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Preface

The material of this book has been compiled so that it serves the needs of

students and teachers as well as professional workers who use mathematics. The

contents and size make it especially convenient and portable. The widespread

availability and low price of scientific calculators have greatly reduced the need

for many numerical tables that make most handbooks bulky. However, most cal-

culators do not give integrals, derivatives, series, and other mathematical formulas

and figures that are often needed. Accordingly, this book contains that informa-

tion in an easy way to access in addition to illustrative examples that make

formulas more clear. To facilitate the use of this book, the author and publisher

have worked together to make the format attractive and clear. Students and

professionals alike will find this book a valuable supplement to standard text-

books, a source for review, and a handy reference for many years.
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1 Symbols and Special Numbers

In this chapter, several symbols used in mathematics are defined. Some special

numbers are given with examples and many conversion formulas are studied. This

chapter is essential to understand the next chapters. Topics discussed in this chapter

are as follows:

� Basic mathematical symbols
� Base algebra symbols
� Linear algebra symbols
� Probability and statistics symbols
� Geometry symbols
� Set theory symbols
� Logic symbols
� Calculus symbols
� Numeral symbols
� Greek alphabet letters
� Roman numerals
� Special numbers like prime numbers
� Conversion formulas
� Basic area, perimeter, and volume formulas.

Students encounter many mathematical symbols during their math courses. The

following sections show a categorical list of the math symbols, how to read them,

and some examples.

1.1 Basic Mathematical Symbols

Symbols How to Read It How to Use It Examples

5 equals equality 31 75 10

6¼ does not equal inequality 12 6¼ 10

,.
!5

, is less than (strict) less than 2, 5

# is less than or equal less than or equal to 12,5 12

,5

. is greater than (strict) greater than 7. 3

(Continued)
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(Continued)

Symbols How to Read It How to Use It Examples

$ is greater than

or equal

greater than or equal to 15.5 15

.5
[ ] brackets calculate expression

inside first

[(11 2) � (11 5)]5 18

( ) parentheses calculate expression

inside first

23 (31 5)5 16

1 plus 71 85 15

2 minus 82 25 6

3 times multiplication 73 85 56

∙ dot
� asterisk

4 division sign divided by 12/35 4

/ division slash

--- horizontal line

6 plus-minus both plus and minus

operations

36 55 8 and 22

7 minus-plus both minus and plus

operations

37 5522 and 8

O square root O95 3

3Oa cube root 3O85 2

nOa nth root (radical) for n5 3, nO85 2

j. . .j absolute value or j�5j5 j5j (absolute value)
modulus j31 4ij5 5 (modulus of

complex number)

j divides 5j20
. implies x5 2.x25 4

3 equivalence x1 55 y1 23x1 35 y

’ for each

' there exists

'! there exists.

exactly one

. period decimal point, decimal

separator

2.565 21 56/100

ab power exponent 235 8

a^b caret exponent 2^35 8

% percent 1%5 1/100 10%3 305 3

m per mille 1m5 1/10005 0.1% 10m3 305 0.3
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1.2 Basic Algebra Symbols

Symbols How to Read It How to Use It Examples

X x variable unknown value to find when 2x5 4, then x5 2

� equivalence identical to

9 equal by definition equal by definition

:5 definition cosh x:5 (1/2)(exp x1

exp(2 x))

� approximately equal approximation π� 3.14159

B approximately equal weak approximation 11B10

~ proportional is proportional to if y5 5x, then y~x
N lemniscates infinity symbol

{ is much less than is much less than 3{1000

c is much greater than is much greater than 95c0.2

bxc floor brackets rounds number to

lower integer

b4.3c5 4

dxe ceiling brackets rounds number to

upper integer

d4.3e5 5

x! exclamation mark factorial 4!5 1�2�3�45 24

f(x) function of x maps values of x

to f(x)

f(x)5 3x1 5

(f3g) function composition (f3g) (x)5 f(g(x)) f(x)5 3x,

g(x)5 x2 1.(f3g)(x)5
3(x2 1)

(a,b) open interval (a,b)9{xja, x, b} xA(2,6)

[a,b] closed interval [a,b]9{xja# x# b} xA[2,6]

Δ delta change/difference

Δ discriminant Δ5 b22 4acP
sigma summation—sum of

all values in range

of series

X5
n52

n2 5 22 1 32 1 42 1 52 5 54

PP
sigma double summation X2

j51

X8
i51

xi;j 5
X8
i51

xi;1 1
X8
i51

xi;2

Π capital pi product—product of

all values in range

of series

Πxi5 x1, � x2, � . . . � xn

E e constant/Euler’s

number

e5 2.718281828. . .

Γ Euler�Mascheroni

constant

γ5 0.527721566. . .

Φ golden ratio ϕ5 1.61803398875
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1.3 Linear Algebra Symbol

1.4 Probability and Statistics Symbols

Symbols How to Read It How to Use It Examples

P(A) probability function probability of event A P(A)5 0.5

P(A-B) probability of events

intersection

probability that of

events A and B

P(A-B)5 0.5

P(A,B) probability of events

union

probability that of

events A or B

P(A,B)5 0.5

P(AjB) conditional probability

function

probability of event A

given event B

occurred

P(AjB)5 0.3

f(x) probability density

function (pdf)

P(a# x# b)5
Ð
f(x)dx

F(x) cumulative distribution

function (cdf)

F(x)5P(X# x)

μ population mean mean of population

values

μ5 10

E(X) expectation value expected value of

random variable X

E(X)5 10

E(XjY) conditional expectation expected value of

random variable X

given Y

E(XjY5 2)5 5

var(X) variance variance of random

variable X

var(X)5 4

(Continued)

Symbols How to Read It How to Use It Examples

� dot scalar product a � b
3 cross vector product a3 b

A�B tensor product tensor product of A and B A�B

hx; yi inner product

[ ] brackets matrix of numbers

( ) parentheses matrix of numbers

jAj determinant determinant of matrix A

det(A) determinant determinant of matrix A

jjxjj double vertical bars norm

AT transpose matrix transpose (AT)ij5 (A)ji
A† Hermitian matrix matrix conjugate transpose (A†)ij5 (A)ji
A� Hermitian matrix matrix conjugate transpose (A�)ij5 (A)ji
A21 inverse matrix A A215 I

rank(A) matrix rank rank of matrix A rank(A)5 3

dim(U) dimension dimension of matrix A rank(U)5 3
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(Continued)

Symbols How to Read It How to Use It Examples

σ2 variance variance of population

values

σ25 4

std(X) standard deviation standard deviation of

random variable X

std(X)5 2

σX standard deviation standard deviation value

of random variable X

σX5 2

~x median middle value of random

variable x

~x5 5

cov(X,Y) covariance covariance of random

variables X and Y

cov(X,Y)5 4

corr(X,Y) correlation correlation of random

variables X and Y

corr(X,Y)5 3

ρX,Y correlation correlation of random

variables X and Y

ρX,Y5 3

Mod mode value that occurs most

frequently in

population

MR mid range MR5 (xmax1 xmin)/2

Md sample median half the population is

below this value

Q1 lower/first quartile 25% of population are

below this value

Q2 median/second quartile 50% of population are

below this

value5median of

samples

Q3 upper/third quartile 75% of population are

below this value

X sample mean average/arithmetic mean x5 (21 51 9)/

35 5.333

s2 sample variance population samples

variance estimator

s25 4

S sample standard

deviation

population samples

standard deviation

estimator

s5 2

zx standard score zx5 (x2 x)/sx
XB distribution of X distribution of random

variable X

XBN(0,3)

N(μ,σ2) normal distribution Gaussian distribution XBN(0,3)

U(a,b) uniform distribution equal probability in

range a, b

XBU(0,3)

exp(λ) exponential distribution f(x)5λe2λx, x$ 0

(Continued)
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1.5 Geometry Symbols

Symbols How to Read It How to Use It Examples

+ angle formed by two rays +ABC5 30�

, measured angle ,ABC5 30�

- spherical angle -AOB5 30�

∟ right angle 5 90� α5 90�
� degree 1 turn5 360� α5 60�
0 arcminute 1�5 600 α5 60�590

v arcsecond 105 60v α5 60�59059v
 ��!

AB
line infinite line

AB line segment line from point A to point B

 ��!
AB

ray line that start from point A

AB
_

arc arc from point A to point B

j perpendicular perpendicular lines (90� angle) ACjBC
jj parallel parallel lines ABjjCD
D congruent to equivalence of geometric shapes

and size

ΔABCDΔXYZ

B similarity same shapes, not same size ΔABCBΔXYZ

Δ triangle triangle shape ΔABCDΔBCD

jx2 yj distance distance between points x and y jx2 yj5 5

(Continued)

(Continued)

Symbols How to Read It How to Use It Examples

gamma(c, λ) gamma distribution f(x)5λcxc21e2λx/Γ (c),
x$ 0

χ2(k) chi-square distribution f(x)5 xk/221e2x/2/

(2k/2Γ (k/2))
F(k1,k2) F distribution

Bin(n,p) binomial distribution f(k)5 nCkp
k(12 p)n2k

Poisson(λ) Poisson distribution f(k)5λke2λ/k!

Geom(p) geometric distribution f(k)5 p(12 p)k

HG(N,K,n) hyper-geometric

distribution

Bern(p) Bernoulli distribution

n! factorial n!5 1 � 2 � 3 �? � n 5!5 1 � 2 � 3 � 4 �
55 120

nPk permutation
nPk 5

n!
ðn2 kÞ! 5P35 5!/(52 3)

!5 60

nCk
n

k

� �
combination

nCk 5
n

k

� �
5

n!

k!ðn2 kÞ!
5C35 5!/[3!

(52 3)!]5 10
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1.6 Set Theory Symbols

(Continued)

Symbols How to Read It How to Use It Examples

π pi constant π5 3.141592654. . . is the ratio
between the circumference and

diameter of a circle

c5π � d5 2 �π � r

rad radians radians angle unit 360�5 2π rad

grad grads grads angle unit 360�5 400 grad

Symbols How to Read It How to Use It Examples

{ } set a collection of elements A5 {3,7,9,14}, B5 {9,14,28}

A-B intersection objects that belong to

set A and set B

A-B5 {9,14}

A,B union objects that belong to

set A or set B

A,B5 {3,7,9,14,28}

ADB subset subset has less elements

or equal to the set

{9,14,28}D{9,14,28}

ACB proper subset/strict

subset

subset has less elements

than the set

{9,14}C{9,14,28}

AgB not subset left set not a subset of

right set

{9,66}g{9,14,28}

A+B superset set A has more elements

or equal to the set B

{9,14,28}+{9,14,28}

A*B proper superset/strict

superset

set A has more elements

than set B

{9,14,28}*{9,14}

ANB not superset set A is not a superset of

set B

{9,14,28}N{9,66}

2A power set all subsets of A

Ƥ(A) power set all subsets of A

A5B equality both sets have the same

members

A5 {3,9,14}, B5 {3,9,14},

A5B

Ac complement all the objects that do

not belong to set A

A\B relative complement objects that belong to A

and not to B

A5 {3,9,14}, B5 {1,2,3},

A2B5 {9,14}

A2B relative complement objects that belong to A

and not to B

A5 {3,9,14}, B5 {1,2,3},

A2B5 {9,14}

AΔB symmetric difference objects that belong to A

or B but not to their

intersection

A5 {3,9,14}, B5 {1,2,3},

AΔB5 {1,2,9,14}

(Continued)
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1.7 Logic Symbols

(Continued)

Symbols How to Read It How to Use It Examples

A~B symmetric difference objects that belong to A

or B but not to their

intersection

A5 {3,9,14}, B5 {1,2,3},

A~B5 {1,2,9,14}

aAA element of set membership A5 {3,9,14}, 3AA

x =2A not element of no set membership A5 {3,9,14}, 1 =2A
(a,b) ordered pair collection of two

elements

A3B Cartesian product set of all ordered pairs

from A and B

jAj cardinality the number of elements

of set A

A5 {3,9,14}, jAj5 3

#A cardinality the number of elements

of set A

A5 {3,9,14}, #A5 3

aleph-null infinite cardinality of

natural numbers set

aleph-one cardinality of

countable ordinal

numbers set

Ø empty set Ø5 { } C5 {Ø}

U universal set set of all possible values

ℕ0 natural numbers/whole

numbers set (with

zero)

ℕ05 {0,1,2,3,4,. . .} 0Aℕ0

ℕ1 natural numbers/whole

numbers set

(without zero)

ℕ15 {1,2,3,4,5,. . .} 6Aℕ1

ℤ integer numbers set ℤ5 {. . .23,22,21,

0,1,2,3,. . .}
26Aℤ

ℚ rational numbers set ℚ5 {xjx5 a/b, a,bAℕ} 2/6Aℚ
ℝ real numbers set ℝ5 {xj2N, x,N} 6.343434Aℝ
ℂ complex numbers set ℂ5 {zjz5 a1 bi,

2N, a,N,

2N, b,N}

61 2iAℂ

Symbols How to Read It How to Use It Examples

� and and x � y
^ caret/circumflex and x^y

& ampersand and x & y

1 plus or x1 y

(Continued)
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1.8 Calculus Symbols

Symbols How to Read It How to Use It Examples

lim
x!x0

f ðxÞ Limit limit value of a function

ε epsilon represents a very small

number, near zero

ε!0

e e constant/Euler’s

number

e5 2.718281828. . . e5 lim(11 1/x)x, x!N

y0 derivative derivative—Leibniz’s

notation

(3x3)05 9x2

yv second derivative derivative of derivative (3x3)v5 18x

y(n) nth derivative n times derivation (3x3)(3)5 18

dy

dx
derivative derivative—Lagrange’s

notation

d(3x3)/dx5 9x2

d2y

dx2
second derivative derivative of derivative d2(3x3)/dx25 18x

dny

dxn
nth derivative n times derivation

_y time derivative derivative by time—

Newton notation

€y time second

derivative

derivative of derivative

@f ðx; yÞ
@x

partial derivative @(x21 y2)/@x5 2x

(Continued)

(Continued)

Symbols How to Read It How to Use It Examples

3 reversed caret or x 3 y

j vertical line or xjy
x0 single quote not—negation x0

x bar not—negation X

: not not—negation :x
! exclamation mark not—negation !x

" circled plus/oplus exclusive or—xor x"y

B tilde negation Bx

. implies

3 equivalent if and only if

’ for all

' there exists

) there does not exists

‘ therefore

_ because/since
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1.9 Numeral Symbols

Name European Roman Hindu

Arabic

Hebrew

zero 0 ٠
one 1 I ١ א
two 2 II ٢ ב
three 3 III ٣ ג
four 4 IV ٤ ד
five 5 V ٥ ה
six 6 VI ٦ ו
seven 7 VII ٧ ז
eight 8 VIII ٨ ח
nine 9 IX ٩ ט
ten 10 X ١٠ י
eleven 11 XI ١١ אי
twelve 12 XII ١٢ בי
thirteen 13 XIII ١٣ גי
fourteen 14 XIV ١٤ די

(Continued)

(Continued)

Symbols How to Read It How to Use It Examples

Ð
integral opposite to derivationÐÐ
double integral integration of function

of two variablesÐÐÐ
triple integral integration of function

of three variablesÞ
closed contour/line

integral

∯ closed surface integral

∰ closed volume integral

[a,b] closed interval [a,b]5 {xja# x# b}

(a,b) open interval (a,b)5 {xja, x, b}

i imaginary unit i�O2 1 z5 31 2i

z� complex conjugate z5 a1 bi!z�5 a2 bi z�5 31 2i

z complex conjugate z5 a1 bi!z5 a2 bi z5 31 2i

r nabla/del gradient/divergence

operator

rf(x,y,z)

x� y convolution y(t)5 x(t) � h(t)
ℒ Laplace transform F(s)5ℒ{f(t)}

ℱ Fourier transform X(ω)5ℱ{f(t)}

δ delta function
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1.10 Greek Alphabet Letters

Upper Case Lower Case Greek Letter Name

A α Alpha

B β Beta

Γ γ Gamma

Δ δ Delta

E ε Epsilon

Z ζ Zeta

H η Eta

Θ θ Theta

I ι Iota

K κ Kappa

Λ λ Lambda

M μ Mu

N ν Nu

Ξ ξ Xi

O o Omicron

Π π Pi

P ρ Rho

Σ σ Sigma

Τ τ Tau

Y υ Upsilon

Φ ϕ Phi

(Continued)

(Continued)

Name European Roman Hindu

Arabic

Hebrew

fifteen 15 XV ١٥ וט
sixteen 16 XVI ١٦ זט
seventeen 17 XVII ١٧ זי
eighteen 18 XVIII ١٨ חי
nineteen 19 XIX ١٩ טי
twenty 20 XX ٢٠ כ
thirty 30 XXX ٣٠ ל
forty 40 XL ٤٠ מ
fifty 50 L ٥٠ נ
sixty 60 LX ٦٠ ס
seventy 70 LXX ٧٠ ע
eighty 80 LXXX ٨٠ פ
ninety 90 XC ٩٠ צ
one hundred 100 C ١٠٠ ק
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1.11 Roman Numerals

(Continued)

Upper Case Lower Case Greek Letter Name

C χ Chi

Ψ ψ Psi

Ω ω Omega

Number Roman Numeral

1 I

2 II

3 III

4 IV

5 V

6 VI

7 VII

8 VIII

9 IX

10 X

11 XI

12 XII

13 XIII

14 XIV

15 XV

16 XVI

17 XVII

18 XVIII

19 XIX

20 XX

30 XXX

40 XL

50 L

60 LX

70 LXX

80 LXXX

90 XC

100 C

200 CC

300 CCC

400 CD

(Continued)
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1.12 Prime Numbers

A prime number (or a prime) is a natural number .1 that has no positive divisors

other than 1 and itself. Examples are as follows:

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83,

89, 97, 101, 103, 107, 109, 113, 127, 131, 137, 139, 149, 151, 157, 163, 167, 173,

179, 181, 191, 193, 197, 199, 211, 223, 227, 229, 233, 239, 241, 251, 257, 263,

269, 271, 277, 281, . . .

1.13 Important Numbers in Science (Physical Constants)

� Avogadro constant (NA) 6.023 1026 kmol�1

� Boltzmann constant (k) 1.383 10223 J K�1

� Electron charge (e) 1.6023 10�19 C
� Electron, charge/mass (e/me) 1.7603 1011 C kg�1

� Electron rest mass (me) 9.113 10231 kg (0.511 MeV)
� Faraday constant (F) 9.653 104 C mol�1

� Gas constant (R) 8.313 103 J K21 kmol�1

� Gas (ideal) normal volume (Vo) 22.4 m3 kmol�1

� Gravitational constant (G) 6.673 10�11 Nm2 kg�2

� Hydrogen atom (rest mass) (mH) 1.6733 10�27 kg (938.8 MeV)
� Neutron (rest mass) (mn) 1.6753 10�27 kg (939.6 MeV)
� Planck constant (h) 6.633 10�34 J s
� Proton (rest mass) (mp) 1.6733 10�27 kg (938.3 MeV)
� Speed of light (c) 3.003 108 m s�1

(Continued)

Number Roman Numeral

500 D

600 DC

700 DCC

800 DCCC

900 CM

1000 M

5000 V

10,000 X

50,000 L

100,000 C

500,000 D

1,000,000 M
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1.14 Basic Conversion Formulas

When Converting from Try Performing This Operation

Centimeters (cm) to feet (ft) (cm) � 0.0328083995 (ft)

Centimeters (cm) to inches (in) (cm) � 0.393700795 (in)

Centimeters (cm) to meters (m) (cm) � 0.015 (m)

Centimeters (cm) to millimeters (mm) (cm) � 105 (mm)

Degrees (deg) to radians (rad) (deg) � 0.017453295 (rad)

Degrees Celsius (C) to degrees Fahrenheit (F) [(C) � 1.8]1 325 (F)

Degrees Fahrenheit (F) to degrees Celsius (C) [(F)2 32)] � 0.5555565 (C)

Feet (ft) to centimeters (cm) (ft) � 30.485 (cm)

Feet (ft) to meters (m) (ft) � 0.30485 (m)

Feet (ft) to miles (mi) (ft) � 0.0001893935 (mi)

Feet/minute (ft/min) to meters/second (m/s) (ft/min) � 0.005085 (m/s)

Feet/minute (ft/min) to miles/hour (mph) (ft/min) � 0.011363635 (mph)

Feet/second (ft/s) to kilometers/hour (kph) (ft/s) � 1.097285 (kph)

Feet/second (ft/s) to knots (kt) (ft/s) � 0.59248385 (kt)

Feet/second (ft/s) to meters/second (m/s) (ft/s) � 0.30485 (m/s)

Feet/second (ft/s) to miles/hour (mph) (ft/s) � 0.6818185 (mph)

Inches (in) to centimeters (cm) (in) � 2.545 (cm)

Inches (in) to millimeters (mm) (in) � 25.45 (mm)

Kilometers (km) to meters (m) (km) � 10005 (m)

Kilometers (km) to miles (mi) (km) � 0.621371195 (mi)

Kilometers (km) to nautical miles (nmi) (km) � 0.53995685 (nmi)

Kilometers/hour (kph) to feet/second (ft/s) (kph) � 0.911345 (ft/s)

Kilometers/hour (kph) to knots (kt) (kph) � 0.53995685 (kt)

Kilometers/hour (kph) to meters/second (m/s) (kph) � 0.2777775 (m/s)

Kilometers/hour (kph) to miles/hour (mph) (kph) � 0.621371195 (mph)

Knots (kt) to feet/second (ft/s) (kt) � 1.68780995 (ft/s)

Knots (kt) to kilometers/hour (kph) (kt) � 1.8525 (kph)

Knots (kt) to meters/second (m/s) (kt) � 0.5144445 (m/s)

Knots (kt) to miles/hour (mph) (kt) � 1.15077945 (mph)

Knots (kt) to nautical miles/hour (nmph) Nothing—they are equivalent units

Meters (m) to centimeters (cm) (m) � 1005 (cm)

Meters (m) to feet (ft) (m) � 3.28083995 (ft)

Meters (m) to kilometers (km) (m) � 0.0015 (km)

Meters (m) to miles (mi) (m) � 0.000621371195 (mi)

Meters/second (m/s) to feet/minute (ft/min) (m/s) � 196.850395 (ft/min)

Meters/second (m/s) to feet/second (ft/s) (m/s) � 3.28083995 (ft/s)

Meters/second (m/s) to kilometers/hour (kph) (m/s) � 3.65 (kph)

Meters/second (m/s) to knots (kt) (m/s) � 1.9438465 (kt)

Meters/second (m/s) to miles/hour (mph) (m/s) � 2.23693635 (mph)

Miles (mi) to feet (ft) (mi) � 52805 (ft)

Miles (mi) to kilometers (km) (mi) � 1.6093445 (km)

(Continued)
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1.15 Basic Area Formulas

1.16 Basic Perimeter Formulas

Square 4 � side
Rectangle 2 � (length1width)

Parallelogram 2 � (side11 side2)

Triangle side11 side21 side3

(Continued)

(Continued)

When Converting from Try Performing This Operation

Miles (mi) to meters (m) (mi) � 1609.3445 (m)

Miles/hour (mph) to feet/minute (ft/min) (mph) � 885 (ft/min)

Miles/hour (mph) to feet/second (ft/s) (mph) � 1.4666665 (ft/s)

Miles/hour (mph) to kilometers/hour (kph) (mph) � 1.6093445 (kph)

Miles/hour (mph) to knots (kt) (mph) � 0.868976245 (kt)

Miles/hour (mph) to meters/second (m/s) (mph) � 0.447045 (m/s)

Millimeters (mm) to centimeters (cm) (mm) � 0.15 (cm)

Millimeters (mm) to inches (in) (mm) � 0.0393700785 (in)

Nautical miles (nmi) to kilometers (km) (nmi) � 1.8525 (km)

Nautical miles (nmi) to statute miles (mi) (nmi) � 1.15077945 (mi)

Nautical miles/hour (nmph) to knots (kt) Nothing—they are equivalent units

Pounds/cubic foot (lb/ft3) to kilograms/cubic

meter (kg/m3)

(lb/ft3) � 16.0184635 (kg/m3)

Radians (rad) to degrees (deg) (rad) � 57.295779515 (deg)

Statute miles (mi) to nautical miles (nmi) (mi) � 0.868976245 (nmi)

Square side2

Rectangle length � width
Parallelogram base � height
Triangle base � height/2
Regular n-polygon (1/4) � n � side2 � cot(pi/n)
Trapezoid height � (base11 base2)/2

Circle pi � radius2

Ellipse pi � radius1 � radius2
Cube (surface) 6 � side2

Sphere (surface) 4 � pi � radius2

Cylinder (surface of side) perimeter of circle � height
2 � pi � radius � height

Cylinder (whole surface) areas of top and bottom circles1 area of the side

2(pi � radius2)1 2 � pi � radius � height
Cone (surface) pi � radius � side
Torus (surface) pi2 � (radius222 radius12)
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1.17 Basic Volume Formulas

Cube side3

Rectangular prism side1 � side2 � side3
Sphere (4/3) � pi � radius3

Ellipsoid (4/3) � pi � radius1 � radius2 � radius3
Cylinder pi � radius2 � height
Cone (1/3) � pi � radius2 � height
Pyramid (1/3) � (base area) � height
Torus (1/4) � pi2 � (r11 r2) � (r12 r2)2

(Continued)

Regular n-polygon n � side
Trapezoid height � (base11 base2)/2

Trapezoid base11 base21 height � [csc(theta1)1 csc(theta2)]

Circle 2 � pi � radius
Ellipse 4 � radius1 � E(k,pi/2). E(k,pi/2) is the complete

elliptic integral of the second kind k5 (1/radius1) �

sqrt(radius122 radius22)

Circumference or perimeter

of a circle of radius r

2πr
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2 Elementary Algebra

Elementary algebra encompasses some of the basic concepts of algebra, one of the

main branches of mathematics. It is typically taught to secondary school students and

builds on their understanding of arithmetic. Whereas arithmetic deals with specified

numbers, algebra introduces quantities without fixed values known as variables. This

use of variables entails a use of algebraic notation and an understanding of the general

rules of the operators introduced in arithmetic. Unlike abstract algebra, elementary

algebra is not concerned with algebraic structures outside the realm of real and com-

plex numbers. The use of variables to denote quantities allows general relationships

between quantities to be formally and concisely expressed, and thus enables solving

a broader scope of problems. Most quantitative results in science and mathematics are

expressed as algebraic equations.

� Sets of numbers
� Absolute value
� Basic properties of real numbers
� Logarithm
� Factorials
� Solving algebraic equations
� Intervals
� Complex numbers
� Euler’s formula.

2.1 Sets of Numbers

Numbers are divided into two parts: real (IR) and complex numbers (C). Real numbers

are divided into two types, rational numbers and irrational numbers.

Real

Real Algebraic

Rational

Integer

Natural

0 2
1

–1

–2

1/2

√2

−√3
−2π

Transcen-
dental

Irrational

e

π

1+√5
2–2/3

2.25
–33

N
Z

Q
AR

R
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Rational Numbers

1. Any number that can be expressed as the quotient of two integers (fraction).

Example: 3/5.

2. Any number with a decimal that repeats or terminates. Example: 5.67676767. . .
10.345612.

3. Subsets of rational numbers:

a. Integers: Rational numbers that contain no fractions or decimals {. . ., 22, 21, 0,

1, 2, . . .}.
b. Whole numbers: All positive integers and the number 0 {0, 1, 2, 3, . . .}.
c. Natural numbers (counting numbers): All positive integers (not 0) {1, 2, 3, . . .}.

Irrational Numbers

1. Any number that cannot be expressed as a quotient of two integers (fraction).

2. Any number with a decimal that does not repeat and does not terminate. Example:

4.34567129. . .
3. Most common example is π (3.14159265359. . .).

Complex Numbers

Complex

Real

Algebraic

Imaginary C

N

100

N

Z

Q

A

R

Im
ag

in
ar

y 
pa

rt

2
3

−1 1/2

– 2/3
−2

−3

Z Q AR R

Irrational

RAQZ

Real part

N0

e

Natural Integer Rational Real algebraic

A

1.5 − 2πi1 + πi e + πi

1 + i

− 3 − 2i

1.7 − 2.8i

πi

i√2 √2 + i√3

√2
−√3

π + i√2

π

Transcen-
dental

i/2

–2i

i

ei

Many engineering problems can be treated and solved by using complex numbers.

Many equations are not satisfied by any real numbers. Examples are

x2 522 or x2 2 2x1 405 0

We must introduce the concept of complex numbers.
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Definition A complex number is an ordered pair z5 ðx; yÞ of real numbers x and y.

We call x the real art of z and y the imaginary part, and we write Re z5 x, Im z5 y.

Example: z5 51 2i.

−2 + 3i

1 + 2i

π + 1.5i

Real number line

Im
ag

in
ar

y 
n

u
m

b
er

 li
n

e

√2 + i/2

−√2 + i

−1 0 1 2 3−2

−2 − i 3 − i−i

−2i

−3i
1 − πi

−1.5 − ei

−3

3i

2i

i

2.2 Fundamental Properties of Numbers

Linear inequalities: Linear inequalities in the real number system are the statements,

such as a. b, a, b, a$ b, a# b, where a & b are real numbers.

Definition

1. a. b3a2 b. 0. Example: 5. 3352 35 2. 0

2. a, b3b. a. Example: 5, 9352 9524, 0

3. a$ b3either a. b or a5 b

4. a# b3either a, b or a5 b

5. a, b, c3a, b& b, c. Example: 23, 5, 11323, 5& 5, 11

Basic properties:

1. a. b; b. c.a. c. Example: 5. 3; 3. 135. 1

a, b; b, c.a, c. Example: 5, 8; 8, 1435, 14
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2. a. b.a6 c. b6 c. Example: 5. 3 ! 52 10525. 32 10527

a, b.a6 c, b6 c

3. a. b; c. 0.ac. bc; ða=cÞ. ðb=cÞ. Example: 6. 3 ! 63 45 24. 33 45 12;
ð6=2Þ5 3. ð3=2Þ5 1:5

4. a.b; c,0.ac,bc; ða=cÞ, ðb=cÞ. Example: 6.3! 63245224,33245212;
ð6=22Þ523, ð3=22Þ521:5

2.3 Absolute Value

Definition The absolute value (or modulus) of a real number x, denoted by the

symbol jxj is a nonnegative number defined as

jxj5 x; x$ 0

2x; x, 0

�

For example, j2j5 2; j0j5 0; j22j52ð22Þ5 2.

–3 –2 –1 0 1 2 3

1

2

3

4
y = |x|

Geometrical interpretation: jxj gives the distance of the point P, representing

the number x on the real number line, from the origin.

–3 –2 –1 0

| –3 |

1 2

It is obvious that jxj, a32a, x, a & jxj# a32a# x# a.

Basic properties of modulus: The following properties of modulus are very use-

ful in different types of problems, especially in mathematics.

1. jxj$ 0

2. x# jxj; 2x# jxj
3. jx1 yj# jxj1 jyj
4. jx2 yj$ jxj2 jyj
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Example

Find the values of x, which satisfy the inequality j2x2 3j# 4.

Solution

j2x23j#4.24#2x23#4.2413#2x#413.21#2x#7.2
1

2
#x#

7

2

So, the values of x are in between21/2 and 7/2 inclusively.

2.4 Basic Properties of Real Numbers

1. Closureness: When two real numbers are added or multiplied together, we get again a real

number. So, we say that the real number system is closed with respect to addition and multi-

plication. It is also closed with respect to subtraction. However, it is closed with respect to

division, only when the divisor is non-zero.

In symbolic form, we write

i. a; bAIR.a6 bAIR as well as abAIR

ii. a; bAIR and b 6¼ 0.
a

b
AIR:

2. Commutativity: a1 b5 b1 a ’ a; bAIR. Example: 21 35 31 2.

3. Associativity: a1 ðb1 cÞ5 ða1 bÞ1 c ’ a; b; cAIR. Example: 21 (31 4)5 (21 3)1 4.

4. Distributivity: a � ðb1 cÞ5 a � b1 a � c ’ a; b; cAIR. Example: 2 � ð31 4Þ5 2 � 31 2 � 4.
We say that multiplication distributes over addition. However, addition does not

distribute over multiplication.

5. Existence of identity elements: a1 05 01 a and a � 15 1 � a ’ aAIR. Example: 31 05 3.

3 � 15 3.

Here, the elements 0& 1 are known as the additive identity and multiplicative identity,

respectively.

6. Division by zero is undefined. Example: 5/0 is undefined.

2.5 Laws of Exponents

For integers x and y:

1. a0 5 1. Example: 705 1

2. ax � ay 5 ax1y. Example: 45 � 495 414
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3. ðaxÞy 5 axy. Example: (45)95 445

4. a2x 5 1=ax. Example: 425 5 1=45

5. ax=y 5
ffiffiffiffiffi
axy

p
. Example: 53=7 5

ffiffiffiffiffi
53

7
p

2.6 Logarithm

1. loga15 0; logaa5 1. Example: log915 0; log15155 1

2. logax
m 5mlogax. Example: log94

2 5 2log94

3. logaðxyÞ5 logax1 logay. Example: log9ð73 18Þ5 log971 log918

4. logaðx=yÞ5 logax2 logay. Example: log9ð7=18Þ5 log972 log918

5. logax5 logab � logbx. Example: log9ð7Þ5 log915 � log157
6. logax5

logbx

logba

Note: From (5), taking x5 a; we get the formula:

logab5
1

logba
: Example: log9185

1

log189

2.7 Factorials

The factorial of positive integer n is the product of all positive integers less than or

equal to the integer n and is denoted by n!

n!5 13 23 33 43?3 n. Example: 5!5 120. By definition 0!5 1.

Binomial expansion: For any value of n, whether positive, negative, integer, or

noninteger, the value of the nth power of a binomial is given by

ðx1yÞn5 xn1 nxn21y1
nðn2 1Þ

2!
xn22y21

nðn2 1Þðn2 2Þ
3!

xn23y31?1 nxyn211 yn

Example

ðx13Þ65x616x5ð3Þ115x432120x333115x23416335136

5x6118x51135x4321540x311215x211458x1729

ð2x23Þ55 ð2xÞ515ð2xÞ4ð23Þ110ð2xÞ3ð23Þ2110ð2xÞ2ð23Þ315ð2xÞð23Þ41 ð23Þ5

532x52240x41720x321080x21810x2243

ðx322=xÞ45 ðx3Þ414ðx3Þ3ð22=xÞ16ðx3Þ2ð22=xÞ214ðx3Þð22=xÞ31 ð22=xÞ4

5x1228x8124x4232116x24
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2.8 Factors and Expansions

ðx1 yÞ2 5 x2 1 2xy1 y2

ðx2 yÞ2 5 x2 2 2xy1 y2

ðx1 yÞ3 5 x3 1 3x2y1 3xy2 1 y3

ðx2 yÞ3 5 x3 2 3x2y1 3xy2 2 y3

ðx1 yÞ4 5 x4 1 4x3y1 6x2y2 1 4xy3 1 y4

ðx2 yÞ4 5 x4 2 4x3y1 6x2y2 2 4xy3 1 y4

ðx2 2 y2Þ5 ðx2 yÞðx1 yÞ

ðx3 2 y3Þ5 ðx2 yÞðx2 1 xy1 y2Þ

ðx3 1 y3Þ5 ðx1 yÞðx2 2 xy1 y2Þ

ðx4 2 y4Þ5 ðx2 yÞðx1 yÞðx2 1 y2Þ

ðx5 2 y5Þ5 ðx2 yÞðx4 1 x3y1 x2y2 1 xy3 1 y4Þ

2.9 Solving Algebraic Equations

Linear equation: ax1 b5 c. If ax1 b5 c and a 6¼ 0, then the root is x5 (c2 b)/a.

Example: Solve 2x2 55 10!x5 (101 5)/25 7.5.

Quadratic equation: ax2 1 bx1 c5 0: If ax2 1 bx1 c5 0; and a 6¼ 0, then

roots are

x5
2b6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 2 4ac

p

2a

Example:

Solve 4x2 1 5x1295 0; x5
256

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52 2 4ð4Þð29Þ

p
2ð4Þ 5

256 13

8

Cubic equation: x3 1 bx2 1 cx1 d5 0. To solve x3 1 bx2 1 cx1 d5 0; let

x5 y2 b=3 then the reduced cubic is obtained as y3 1 py1 q5 0, where
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p5 c2 ð1=3Þb2 and q5 d2 ð1=3Þbc1 ð2=27Þb3. The three roots of reduced

cubic are

y1 5
ffiffiffi
A

3
p

1
ffiffiffiffi
B

3
p

y2 5C
ffiffiffi
A

3
p

1C2
ffiffiffiffi
B

3
p

y3 5C2
ffiffiffi
A

3
p

1C
ffiffiffiffi
B

3
p

where

A52
1

2
q1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=27Þp3 1 ð1=4Þq2

p

B52
1

2
q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=27Þp3 1 ð1=4Þq2

p

C5
211 i

ffiffiffi
3

p

2
; i2 521

Then the solutions in terms of x:

x1 5 y1 2 ð1=3Þb
x2 5 y2 2 ð1=3Þb
x3 5 y3 2 ð1=3Þb

Quartic equation: x4 1 ax3 1 bx2 1 cx1 d5 0

Let y1 be a real root of the cubic equation: y3 2 bx2 1 ðac2 4dÞy1
ð4bd2 c2 2 a2dÞ5 0; then the solutions of the quartic equation are the roots of

z2 1 0:5 a6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 4b1 4y1

p� �
z1 0:5 y1 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y12 2 4d

p� �
.

2.10 Intervals

Definition Given any two real numbers a and b, the set of all real numbers in

between a and b is called an interval. Geometrically, an interval is a part of the

real number line.

There are three types of interval:

i. Open interval: ða; bÞ5 fx:a, x, bg
ii. Closed interval: ½a; b�5 fx:a# x# bg
iii. Left-open interval: ða; b�5 fx:a, x# bg
iv. Right-open interval: ½a; bÞ5 fx:a# x, bg.
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The last two types of interval are known as semi-open or semi-closed intervals.

Example

Express the following sets in terms of intervals.

a. fxAℝ:23# x, 5g
b. fxAℝ:jxj, 3g
c. fxAℝ:jx2 1j# 2g
Solution

a. ½23; 5Þ
b. jxj, 3.23, x, 3.ð23; 3Þ
c. x2 1j j# 2.22# x2 1# 2.221 1# x# 21 1.21# x# 3.½21; 3�.

Example

–2 –1 0 1 2

–2 –1 0 1 2

–2 –1 0 1 2

–2 –1 0 1 2

–2 –1 0 1 2

–2 –1 0 1 2

–2 –1 0 1 2

–2 –1 0 1 2

(1, 2)

(1, 2)

(1, 2)

(1, ∞)

(1, ∞)

(–∞, 2)

(–∞, 2)

(–∞, ∞)

2.11 Complex Numbers

In algebra, we discovered that many equations are not satisfied by any real numbers.

Examples are

x2 522 or x2 2 2x1 405 0

We must introduce the concept of complex numbers.
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Definition A complex number is an ordered pair z5 ðx; yÞ of real numbers x and y.

We call x the real part of z and y the imaginary part, and we write Re z5 x,

Im z5 y.

Example Let z5 5�2i, w5221 i and u5 7i.

Then

ReðzÞ5 5 ImðzÞ522

ReðwÞ522 ImðwÞ5 1

ReðuÞ5 0 ImðuÞ5 7

Two complex numbers are equal, where z1 5 ðx1; y1Þ and z2 5 ðx2; y2Þ:

z1 5 z2 if and only if x1 5 x2 and y1 5 y2

Addition and subtraction of complex numbers: We define for two complex numbers,

the sum and difference of z1 5 ðx1; y1Þ and z2 5 ðx2; y2Þ:

z1 1 z2 5 ðx1 1 x2; y1 1 y2Þ and z1 2 z2 5 ðx1 2 x2; y1 2 y2Þ:

Multiplication of two complex numbers is defined as follows:

z1z2 5 ðx1x2 2 y1y2; x1y2 1 x2y1Þ

Example Let z1 5 ð3; 4Þ and z2 5 ð5;26Þ then

z1 1 z2 5 ð31 5; 41 ð26ÞÞ5 ð8;22Þ

and

z1 2 z2 5 ð32 5; 42 ð26ÞÞ5 ð22; 10Þ

We need to represent complex numbers in a manner that will make addition and

multiplication easier to do.

Complex numbers represented as z5 x1 iy.

A complex number whose imaginary part is 0 is of the form ðx; 0Þ and we have

ðx1; 0Þ1 ðx2; 0Þ5 ðx1 1 x2; 0Þ and ðx1; 0Þ2 ðx2; 0Þ5 ðx1 2 x2; 0Þ

and

ðx1; 0Þ � ðx2; 0Þ5 ðx1x2; 0Þ
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which looks like real addition, subtraction, and multiplication. So we identify ðx; 0Þ
with the real number x and therefore we can consider the real numbers as a subset

of the complex numbers.

We let the letter i5 ð0; 1Þ and we call i a purely imaginary number. Now

consider i2 5 i � i5 ð0; 1Þ � ð0; 1Þ5 ð21; 0Þ and so we can consider the complex

number i2 5215 the real number21. We also get yi5 y � ð0; 1Þ5 ð0; yÞ.
And so we have ðx; yÞ5 ðx; 0Þ1 ð0; yÞ5 x1 iy.

Now we can write addition and multiplication as follows:

z1 1 z2 5 ðx1 1 x2; y1 1 y2Þ5 x1 1 x2 1 iðy1 1 y2Þ

and

z1z2 5 ðx1x2 2 y1y2; x1y2 1 x2y1Þ5 x1x2 2 y1y2 1 iðx1y2 1 x2y1Þ

Example Let z1 5 ð2; 3Þ5 2 1 3i and z2 5 ð5; 2 4Þ5 52 4i, then

z1 1 z2 5 ð21 3iÞ1 ð52 4iÞ5 72 i

and

z1 � z2 5 ð21 3iÞ � ð52 4iÞ5 101 15i2 8i2 12i2 5 221 7i:

Example Solve the quadratic equation x21 4x1 55 0. Using the quadratic formula,

the solutions would be

x5
246

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42 2 43 13 5

p

2
5

246
ffiffiffiffiffiffiffi
24

p

2

We notice a problem, however, since
ffiffiffiffiffiffiffi
24

p
is not a real number. So the

equation x21 4x1 55 0 does not have any real roots.

However, suppose we introduced the symbol i to represent
ffiffiffiffiffiffiffi
21

p
. We could

then find expressions for the solutions of the quadratic as

x5
246

ffiffiffiffiffiffiffi
24

p

2
5

246
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4321

p

2
5

246 2i

2

So the equation has two solutions: x5221 i or x5222 i. These two solutions

are called complex numbers.
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2.12 The Complex Plane

The geometric representation of complex numbers is to represent the complex

number ðx; yÞ as the point ðx; yÞ.

y-axis

x-axis

(2,–3)

2

1

1 2

So the real number ðx; 0Þ is the point on the horizontal x-axis, the purely imaginary

number yi5 ð0; yÞ is on the vertical y-axis. For the complex number ðx; yÞ, x is the real
part and y is the imaginary part. Example: Locate 22 3i on the graph above.

How do we divide complex numbers? Let’s introduce the conjugate of a complex

number then go to division.

Given the complex number z5 x1 iy, define the conjugate z5 x1 iy5 x2 iy.

We can divide by using the following formula:

z1

z2
5

x1 1 iy1

x2 1 iy2
5

x1 1 iy1

x2 1 iy2

x2 2 iy2

x2 2 iy2
5

x1x2 1 y1y2 1 iðx2y1 2 x1y2Þ
x22 1 y22

Example

21 3i

32 4i
5

ð21 3iÞð31 4iÞ
ð32 4iÞð31 4iÞ 5

61 12i2 1 8i1 9i

92 16i2
52

6

25
1 i

17

25

2.13 Complex Numbers in Polar Form

It is possible to express complex numbers in polar form. If the point

z5 ðx; yÞ5 x1 iy is represented by polar coordinates r; θ, then we can write

x5 r cos θ; y5 r sin θ and z5 r cos θ1 ir sin θ5 reiθ. r is the modulus or abso-

lute value of z, jzj5 r5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 y2

p
, and θ is z, the argument of z, θ5 arctanðy=xÞ.

The values of r and θ determine z uniquely, but the converse is not true. The modulus

r is determined uniquely by z, but θ is only determined up to a multiple of 2π. There
are infinitely many values of θ which satisfy the equations x5 r cos θ; y5 r sin θ,
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but any two of them differ by some multiple of 2π. Each of these angles θ is called

an argument of z, but, by convention, one of them is called the principal argument.

Definition If z is a non-zero complex number, then the unique real number θ,
which satisfies

x5 jzjcos θ; y5 jzjsin θ; 2π, θ#π

is called the principal argument of z, denoted by θ5 argðzÞ. Note: The distance from

the origin to the point ðx; yÞ is jzj, the modulus of z; the argument of z is the angle

θ5 arctanðy=xÞ. Geometrically, θ is the directed angle measured from the positive

x-axis to the line segment from the origin to the point ðx; yÞ. When z5 0, the angle θ
is undefined.

The polar form of a complex number allows one to multiply and divide

complex numbers more easily than in the Cartesian form. For instance, if

z1 5 r1e
iθ1 and z2 5 r2e

iθ2 then z1z2 5 r1r2e
iðθ11θ2Þ, z1=z2 5 ðr1=r2Þeiðθ12θ2Þ. These

formulae follow directly from DeMoivre’s formula.

Example For z5 11 i, we get r5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 1 12

p
5

ffiffiffi
2

p
and θ5 arctanðy=xÞ5

arctan 15π=4. The principal value of θ is π=4, but 9π=4 would work also.

2.14 Multiplication and Division in Polar Form

Let z1 5 r1 cos θ1 1 ir1 sin θ1 5 r1ðcos θ1 1 i sin θ1Þ and z2 5 r2ðcos θ2 1 i sin θ2Þ
then we have

z1z25r1r2ðcosðθ11θ2Þ1 i sinðθ11θ2ÞÞ and
z1

z2
5

r1

r2
ðcosðθ12θ2Þ1 i sinðθ12θ2ÞÞ

Example

z1 5 11 i5
ffiffiffi
2

p
cos

π
4
1 i sin

π
4

� �
and z2 5

ffiffiffi
3

p
2 i5 2 cos

π
6
1 i sin

π
6

� �

Then

z1z2 5
ffiffiffi
2

p
cos

π
4
1 i sin

π
4

� �
2 cos

π
6
1 i sin

π
6

� �
5 2

ffiffiffi
2

p
cos

5π
12

1 i sin
5π
12

� �
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Since

π
4
1

π
6
5

10π
24

5
5π
12

and

z1

z2
5

ffiffiffi
2

p
ðcosðπ=4Þ1 i sinðπ=4ÞÞ

2ðcosðπ=6Þ1 i sinðπ=6ÞÞ 5

ffiffiffi
2

p

2
cos

π
12

1 i sin
π
12

� �

We can use z2 5 z � z5 r � rðcosðθ1 θÞ1 i sinðθ1 θÞÞ5 r2ðcos 2θ1 i sin 2θÞ

2.15 DeMoivre’s Theorem

zn 5 rnðcos nθ1 i sin nθÞ

where n is a positive integer.

Let r5 1 to getðcos θ1i sin θÞn 5 cos nθ1 i sin nθ.

Example Compute ð11iÞ6

ð11iÞ6 5
ffiffiffi
2

p
cos π

4
1i sin π

4

� �� �6

5
ffiffiffi
2

p 6
cos 6 � π

4
1 i sin 6 � π

4

0
@

1
A

5 8 cos
3π
2

1 i sin
3π
2

0
@

1
A

528i

2.16 Euler’s Formula

eix 5 cos x1 i sin x:
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3 Linear Algebra

Linear algebra is the branch of mathematics concerning vector spaces, often finite

or countable infinite dimensional, as well as linear mappings between such spaces.

Such an investigation is initially motivated by a system of linear equations in sev-

eral unknowns. Such equations are naturally represented using the formalism of

matrices and vectors. Linear algebra is central to both pure and applied mathemat-

ics. For instance, abstract algebra arises by relaxing the axioms of a vector space,

leading to a number of generalizations. Functional analysis studies the infinite-

dimensional version of the theory of vector spaces. Combined with calculus, linear

algebra facilitates the solution of linear systems of differential equations.

Techniques from linear algebra are also used in analytic geometry, engineering,

physics, natural sciences, computer science, computer animation, and the social

sciences (particularly in economics). Because linear algebra is such a well-

developed theory, nonlinear mathematical models are sometimes approximated by

linear ones. Topics discussed in this chapter are as follows:

� Basic types of matrices
� Basic operations on matrices
� Determinants
� Sarrus rule
� Minors and cofactors
� Inverse matrix
� System of linear equations
� Cramer’s rule.

3.1 Basic Definitions

Definition A matrix (plural form—matrices) is an arrangement of numbers in a

rectangular form consisting of one or more rows and columns. Each number in the

arrangement is called an entry or element of the matrix. A matrix is usually denoted

by a capital letter and its elements are enclosed within square brackets [ ] or round

brackets ( ) or double vertical bars ::.
If aij denotes the element in the ith row and jth column of a matrix A, then the

matrix is written in the following form:

a11 a12 . . . a1n
a21 a22 . . . a2n
^ ^ ^ ^
am1 am2 . . . amn

2
664

3
775
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Definition If a matrix has m rows and n columns, we call it a matrix of order m by

n. The order of a matrix is also known as the size or dimension of the matrix.

For example, the matrices A5
1 2 3

21 1 5

� �
; B5

2 1

3 21

1 5

2
4

3
5; and

C5
1 23

2 5

� �
are of the orders 23 3, 33 2, and 23 2, respectively.

Definition Two matrices are said to be equal to each other if and only if they are

of the same order and have the same corresponding elements.

3.2 Basic Types of Matrices

1. Row matrix: A matrix having a single row. Example: 1 22 4
� �

.

2. Column matrix: A matrix having a single column. Example:

21

2

5

2
4

3
5.

3. Null matrix: A matrix having all elements zero. Example:
0 0

0 0

� �
. A null matrix is

also known as a zero matrix, and it is usually denoted by 0.

4. Square matrix: A matrix having equal number of rows and columns. Example: The

matrix
3 22

23 1

� �
is a square matrix of size 23 2.

5. Diagonal matrix: A square matrix, all of whose elements except those in the leading

diagonal are zero. Example:

2 0 0

0 23 0

0 0 5

0
@

1
A.

6. Scalar matrix: A diagonal matrix having all the diagonal elements equal to each other.

Example:

3 0 0

0 3 0

0 0 3

2
4

3
5.

7. Unit matrix: A diagonal matrix having all the diagonal elements equal to 1.

Example:
1 0

0 1

� �
,

1 0 0

0 1 0

0 0 1

2
4

3
5, . . . A unit matrix is also known as an identity matrix

and is denoted by the capital letter I.

8. Triangular matrix: A square matrix, in which all the elements below (or above) the lead-

ing diagonal are zero.

Example:

3 1 4

0 2 21

0 0 4

0
@

1
A and

1 0 0

2 3 0

4 21 5

0
@

1
A are upper triangular and lower triangu-

lar matrices, respectively.

9. Symmetric matrix: A square matrix ½aij� such that aij 5 aji ’ ij. Example:

2 1 23

1 4 5

23 5 0

2
4

3
5.
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10. Skew-symmetric matrix: A square matrix ½aij� such that aij 52aji ’ ij.

Example:

0 2 3

22 0 1

23 21 0

2
4

3
5. Note that the elements in the leading diagonal of a skew-

symmetric matrix are always zero.

3.3 Basic Operations on Matrices

We can obtain new matrices from the given ones by using the following

operations:

1. Addition and subtraction: If A5 ðaijÞ and B5 ðbijÞ are m3 n matrices, then their sum

A1B is defined as the new matrix: ðaij 1 bijÞ, where 1# i#m and 1# j# n. The order

of this sum is again m3 n. Similarly, A2B is defined. Note that the sum or difference of

two matrices is defined only when the matrices have the same size.

Example:

If A5
3 4 22

2 0 1

� �
; B5

1 2 3

4 21 2

� �
; and C5

21 3

2 4

� �

then A1B and A2B are defined, whereas A1C and A2C are not defined.

2. Scalar multiplication: If A5 ðaijÞ is a matrix and k is a scalar, then the scalar multiple of

A by k, denoted by kA, is the matrix B5 ðbijÞ defined by bij 5 kaij. So, to multiply a given

matrix A by a constant k means to multiply each element of A by k.

Example:

Let A5
2 3 21

5 1 4

� �
and k5 2.

Then, we get

kA5 2
2 3 21

5 1 4

� �
5

4 6 22

10 2 8

� �

3. Multiplication: If A5 ðaijÞ and B5 ðbijÞ are two matrices of orders m3 p and p3 n,

respectively, then the product AB is the new matrix C5 ðcijÞ of order m3 n defined by

the formula: cij 5 ai1b1j 1 ai2b2j 1 aipbpj, where 1# i#m and 1# j# n. In short, we

write cij 5
Pp
k51

aikbkj.

Example:

Let A5
2 3 24

1 2 3

� �
and B5

3 1

22 2

5 23

0
@

1
A

Then, we get

AB5
23 31 33 ð22Þ1 ð24Þ3 5 23 11 33 21 ð24Þ3 ð23Þ
13 31 23 ð22Þ1 33 5 13 11 23 21 33 ð23Þ

� �
5

220 20

14 24

� �

4. Transposition: The transpose of an m3 n matrix A5 ðaijÞ is defined as the n3m matrix

A
0
5 ðajiÞ, where 1# i#m and 1# j# n. It is also denoted as AT.

Example:

If A5
2 23 5

6 1 3

� �
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then

AT 5
2 6

23 1

5 3

2
4

3
5

Remarks:

i. A is symmetric3AT 5A

ii. A is skew-symmetric3AT 52A

3.4 Properties of Matrix Operations

Let A, B, and C be given matrices, then the basic properties of matrix addition, sca-

lar multiplication, matrix multiplication, and matrix transposition are stated below

without proof. These properties can be easily verified in examples.

1. Properties of matrix addition and scalar multiplication:

i. A1B5B1A (commutativity)

ii. ðA1BÞ1C5A1 ðB1CÞ (associativity)
iii. A1O5O1A5A, where O is the corresponding null matrix

iv. kðA1BÞ5 kA1 kB, where k is a scalar (distributivity).

2. Properties of matrix multiplication:

i. AB 6¼ BA, in general

ii. AðBCÞ5 ðABÞC (associativity)

iii. AI5 IA5A, where I is the corresponding identity matrix

iv. AðB1CÞ5AB1AC (distributivity).

3. Properties of matrix transposition:

i. ðATÞT 5A

ii. ðA1BÞT 5AT 1BT

iii. ðkAÞT 5 kAT

iv. ðABÞT 5BTAT.

Example 1

Given the matrices
1 2
23 4

� �
and

4 1
2 3

� �
, verify that AB 6¼ BA.

Solution
We have, by multiplication:

AB5
1 2
23 4

� �
:
4 1
2 3

� �
5

13 41 23 2 13 11 23 3
ð23Þ3 41 43 2 ð2 3Þ3 11 43 3

� �
5

8 7
24 9

� �

BA5
4 1
2 3

� �
:

1 2
23 4

� �
5

1 12
24 14

� �

So, AB 6¼ BA.
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Example 2

Given matrix is A5
1 2 23
24 0 5

� �
. Verify that ðATÞT 5 A.

Solution
Here

A5
1 2 23
24 0 5

� �
.AT 5

1 24
2 0
23 5

0
@

1
A.ðATÞT 5 1 2 23

24 0 5

� �

‘ ðATÞT 5 A. Hence, it is verified.

Example

Suppose that a company puts a problem to you:
Determine which of the three methods M1, M2, and M3 of production it should use in

producing three goods A, B, and C. The amount of each good produced by each method is
shown below in matrix form:

A B C
M1

M2

M3

4 6 3
5 9 5
3 4 7

0
@

1
A

The row matrix ð 30 45 42 Þ represents the profit per unit for the goods A, B, and C,
respectively. Use matrix multiplication to decide which method maximizes the total profit.

Solution

Let P5
4 6 3
5 9 5
3 4 7

0
@

1
A and Q5 ð 30 45 42 Þ. Then Q0 5

30
45
42

0
@

1
A.

Now, the total profits from the three methods are given by

R5 PQ0 5
4 6 3
5 9 5
3 4 7

0
@

1
A 30

45
42

0
@

1
A5

1201 2701 126
1501 4051 210
901 1801 294

0
@

1
A5

516
765
564

0
@

1
A

So, the profits obtained from the methods M1, M2, and M3 are Rs. 516, Rs. 765, and
Rs. 564, respectively. Consequently, the second method maximizes the profit.

3.5 Determinants

The determinant of a square matrix A is denoted by the symbol jAj or detA. We

can form determinants of n3 n matrices. Such determinants are called n3 n

determinants.
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Definition

1. If A5 ½a11� is a 13 1 matrix, then its determinant jAj is equal to the number a11 itself.

2. If A5
a11 a12
a21 a22

� �
is a 23 2 matrix, then the determinant is given by

jAj5 a11 a12
a21 a22

����
����5 a11a22 2 a12a21

3. If A5
a11 a12 a13
a21 a22 a23
a31 a32 a33

2
4

3
5 is a 33 3 matrix, then its determinant is given by

jAj 5 a11
a22 a23
a32 a33

����
����2 a12

a21 a23
a31 a32

����
����1 a13

a21 a22
a31 a32

����
����

5 a11ða22a33 2 a23a32Þ2 a12ða21a33 2 a23a31Þ1 a13ða21a32 2 a22a31Þ

Note that the determinant is expanded along the first row. Similarly, the determi-

nant can be expanded along any other row or column carrying (1) or (2) sign

according to the place occupied by the element in the following scheme:

1 2 1
2 1 2
1 2 1

������
������

Example

1. j2j5 2

2.
2 3

4 25

����
����5 23 ð25Þ2 33 452102 125222

3.
1 3 5

2 1 3

3 24 26

������
������5 1

1 3

24 26

����
����2 3

2 3

3 26

����
����1 5

2 1

3 24

����
����, expanding along the first

row

5 1ð261 12Þ2 3ð2122 9Þ1 5ð282 3Þ5 61 632 555 14

3.6 Sarrus Rule

To find the value of a 33 3 determinant, the following rule, called the Sarrus rule

may also be useful.

1. Consider the determinant:

a11 a12 a13
a21 a22 a23
a31 a32 a33

������
������.
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2. Write the three columns and then repeat the first two to have the fourth and fifth columns,

respectively, as follows (vertical bars are to be omitted):

a11 a12 a13 a11 a12
a21 a22 a23 a21 a22
a31 a32 a33 a31 a32

:

3. Write the product of the elements of each leading diagonal with positive sign. Also write

the product of the elements of each secondary diagonal with negative sign.

4. The sum of the products obtained in step (3) gives the value of the determinant.

Example

Use Sarrus rule to find the value of the following determinant:

1 3 5
2 1 3
3 24 26

������
������

Solution
The elements of the given determinant are arranged as follows:

1 3 5 1 3
2 1 3 2 1
3 24 26 3 24

Now, according to Sarrus rule, the value of the determinant is

13 13 ð26Þ1 33 33 31 53 23 ð24Þ2 33 13 52 ð24Þ3 33 12 ð26Þ
3 23 35261 272 402 151 121 365 752 615 14

3.7 Minors and Cofactors

Definition Let D5
a11 a12 a13
a21 a22 a23
a31 a32 a33

������
������ be a 33 3 determinant.

Then the 23 2 determinant obtained by deleting the row and column, in which an

element aij lies, is called the minor of the element and is denoted by Mij.

Definition If Mij is the minor of an element aij of a determinant, then the cofactor

of the element, denoted by Aij is defined as Aij 5 ð21Þi1jMij.

Thus, the minor of a11 in D is M11 5
a22 a23
a32 a33

����
���� and the cofactor is

A11 5 ð21Þ111M11 5M11.

Remarks The value of the determinant D can be expressed in terms of the ele-

ments of any row or column of D.
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Example

Write the cofactors of elements of second row of the determinant

D5
1 2 3
24 3 6
2 27 9

������
������

and hence find the value of the determinant.

Solution
Here

A21 5 ð21Þ211 2 3
27 9

����
����52ð181 21Þ5239

A22 5 ð21Þ212 1 3
2 9

����
����5 92 65 3

A23 5 ð21Þ213 1 2
2 27

����
����52ð272 4Þ5 11

So

A21 5239; A22 5 3; and A23 5 11

Now

D5 a21A21 1 a22A22 1 a23A23 5 ð24Þð239Þ1 3ð3Þ1 6ð11Þ5 231

3.8 Properties of Determinants

Following properties may be helpful to find the values of determinants:

P1: If any two rows or columns of a determinant are identical, then its value equals

zero.

Example

2 3 1

23 4 2

2 3 1

������
������5 0 ½The first and second rows are identical:�

P2: If all the elements in any row or column of a determinant are zero, then the

value of the determinant is also zero.

Example

1 22 5

3 2 4

0 0 0

������
������5 0 ½The elements of third row are all 0:�
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P3: The determinant of a unit matrix is equal to 1.

Example

1 0 0

0 1 0

0 0 1

������
������5 1

P4: The determinant of a diagonal matrix is equal to the product of the diagonal

elements.

Example

2 0 0

0 23 0

0 0 4

������
������5 23 ð23Þ3 45224

P5: The determinant of a square matrix equals the determinant of its transpose.

Example

1 2 3

3 21 2

2 0 23

������
������5

1 3 2

2 21 0

3 2 23

������
������

P6: If any two adjacent rows or columns of a determinant are interchanged, then

the value of the determinant changes by sign.

Example

1 2 3

3 21 2

2 0 23

������
������52

3 21 2

1 2 3

2 0 23

������
������

P7: If each element of a row (or column) of a determinant is multiplied by a scalar

k, then the value of the determinant is also multiplied by k.

Example

3a b c

3l m n

3p q r

������
������5 3

a b c

l m n

p q r

������
������
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P8: A determinant of the form

a1α b c

l1β m n

p1 γ q r

������
������ can be expressed in the form of the

sum of two determinants:

a b c

l m n

p q r

������
������1

α b c

β m n

γ q r

������
������

P9: If a multiple of any row (or column) of a determinant is added to (or subtracted

from) any other row (or column), then the value of the determinant remains

unchanged.

Example

a b c

l m n

p q r

������
������5

a1 kb b c

l1 km m n

p1 kq q r

������
������

P10: The determinant of a product of two square matrices is equal to the product

of their determinants, i.e., jABj5 jAjjBj.

Further Examples

1. Evaluate the following determinants as indicated:

i.
1 2 3
3 21 2
4 0 22

������
������ ðalong the first rowÞ

ii.
1 2 3
3 7 4
2 3 22

������
������ ðalong the first columnÞ

Solution

i.

1 2 3

3 21 2

4 0 22

�������

�������
5 1

21 2

0 22

����
����2 2

3 2

4 22

����
����1 3

3 21

4 0

����
����5?5 42

ii.

1 2 3

3 7 4

2 3 22

�������

�������
5 1

7 4

3 5

����
����2 3

2 3

3 5

����
����1 2

2 3

7 4

����
����5?526
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2. Evaluate the following determinant without expanding

1 1 1
a b c

b1 c c1 a a1 b

������
������

Solution

1 1 1
a b c

b1 c c1 a a1 b

������
������5

1 1 1
a b c

a1 b1 c a1 b1 c a1 b1 c

������
������; R3 ! R3 1 R2

5 ða1 b1 cÞ
1 1 1
a b c
1 1 1

������
������; ða1 b1 cÞ taken common from R3

5 ða1 b1 cÞ3 05 0

3. Prove that
1 1 1
a b c
a2 b2 c2

������
������5 ða2 bÞðb2 cÞðc2 aÞ

Solution

1 1 1
a b c
a2 b2 c2

������
������ 5

1 0 0
a b2 a c2 a
a2 b2 2 a2 c2 2 a2

������
������; C2 ! C2 2 C1 and C3 ! C3 2 C1

5
b2 a c2 a
b2 2 a2 c2 2 a2

����
����; expanding the determinant along R1

5 ðb2 aÞðc2 aÞ 1 1
b1 a c1 a

����
����; taking commons

5 ðb2 aÞðc2 aÞðc2 bÞ
5 ða2 bÞðb2 cÞðc2 aÞ

4. Solve the following equation:

2 23 4
25 6 27
8 29 x

������
������5 0

Solution
Here, we have to find the value of x.
Now

2 23 4
25 6 27
8 29 x

������
������5 0.8

23 4
6 27

����
����1 9

2 4
25 27

����
����1 x

2 23
25 6

����
����5 0

.8ð212 24Þ1 9ð2 141 20Þ1 xð122 15Þ5 0

.2 241 542 3x5 0

.3x5 30

.x5 10
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3.9 Inverse Matrix

Definition A square matrix A is said to be singular, if its determinant Aj j5 0 and

nonsingular, if Aj j 6¼ 0.

Definition The adjoint of a square matrix A, denoted as Adj.A, is defined as the

transpose of the matrix obtained by replacing each element of A by its cofactor.

So, Adj.(A)5 (Aji).

Example Let A5
2 1

1 6

� �
. Then the cofactors of its elements are:

A11 5 6;A12 52 1;A21 52 1; and A22 5 2: So, the matrix of cofactors is

6 21

21 2

� �
.

Definition If A and B are square matrices such that AB5BA5 I, where I is the

unit matrix of the same order, then B is called the inverse (or reciprocal) of A and

is denoted by A21. Similarly, A is said to be the inverse of B.

Thus, AA21 5A21A5 I and BB21 5B21B5 I.

Formula The inverse of a nonsingular matrix A is given by the formula:

A21 5
1

A
ðAdj:AÞ

Note that no inverse of A exists, when Aj j5 0.

Example

Find the inverse of the matrix
0 1 2
1 2 3
3 1 1

2
4

3
5.

Solution

Let A5
0 1 2
1 2 3
3 1 1

2
4

3
5. Then the determinant of A is Aj j5

0 1 2
1 2 3
3 1 1

������
������5

0ð22 3Þ2 1ð12 9Þ1 2ð12 6Þ52 2. Since Aj j 6¼ 0: ‘A21 exists.
Now, the cofactors of the elements of A are

A11 5
2 3
1 1

����
����521; A12 52

1 3
3 1

����
����5 8

A13 5
1 2
3 1

����
����525; A21 52

1 2
1 1

����
����5 1

A22 5
0 2
3 1

����
����526; A23 52

0 1
3 1

����
����523

A31 5
1 2
2 3

����
����521; A32 52

0 2
1 3

����
����5 2

A33 5
0 1
1 2

����
����521
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‘ The matrix of cofactors is
21 8 5
1 26 3
1 3 21

2
4

3
5, hence

AdjðAÞ5
21 1 21
8 26 2
25 3 21

2
4

3
5.

Now

A21 5
1

Aj j AdjðAÞ5
1

ð22Þ
21 1 21
8 26 2
25 3 21

2
4

3
55

1=2 21=2 1=2
24 3 21
5=2 23=2 21

2
4

3
5

‘A21 5

1

2
2
1

2

1

2

24 3 21

5

2
2
3

2

1

2

2
6666664

3
7777775

3.10 System of Linear Equations

� An equation of the form ax1 by1 c5 0, where at least one of the real numbers a and b

is not zero, is called a linear equation in x and y. Similarly, an equation of the form

ax1 by1 cz1 d5 0 is a linear equation in three variables x, y, and z.
� A system of equations can have exactly one solution, no solution, or an infinite number

of solutions. A system with at least one solution is called a consistent system. If it has

unique solution, it is said to be consistent and independent.

Example The system
x1 y5 5

x2 y5 3

	
has exactly one solution. The unique solution is

x5 4; y5 1. So, it is a consistent and independent system.

� A system of equations having no solution is called an inconsistent system.

Example The system
x1 y5 5

x1 y5 7

	
has no solution, because no values of x and y sat-

isfy both equations. Therefore, it is an inconsistent system.

� A system of equations is said to be consistent and dependent, if it has infinitely many

solutions.

Example The system
2x1 y5 7

4x1 2y5 14

	
is consistent, but dependent.
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3.11 Methods of Solution

I. Row-equivalent matrix method: According to this method, to solve a system of linear

equations in two variables, say,
a1x1 b1y5 c1
a2x1 b2y5 c2

	
, we form the following matrix, called

augmented matrix:
a1 b1 : c1
a2 b2 : c2

� �
.

Then, we use row operations to change this matrix into row-equivalent matrices. Some

of the elementary row operations are as follows:

i. Interchange of any two rows, e.g., R12R2.

ii. Multiplication of each element of a row by a non-zero number, e.g., R1 ! 3R1.

iii. Multiple of a row added to (or subtracted from) any other row, e.g.,

R2 ! R2 1 2R1; R2 ! R2 2 3R1.

In this way, row operations are performed until we get the following special form:

1 0 : p

0 1 : q

� �
. Then the solution of the system will be x5 p; y5 q.

Note: A system of three linear equations with three variables can be solved

similarly.

Example 1

Find the solution, if any, of the system

2x2 3y5 4
5x1 4y5 1

	

Solution
The augmented matrix is

2 23 : 4
5 4 : 1

� �

B
1 2

3

2
: 2

5 4 : 1

2
4

3
5; R1 !

1

2
R1

B

1 2
3

2
: 2

0
23

2
: 29

2
6664

3
7775; R2 ! R2 2 5R1

B

1 2
3

2
: 2

0 1 : 2
18

23

2
6664

3
7775; R2 !

2

23
R2
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B

1 0 :
19

23

0 1 : 2
18

23

2
6664

3
7775; R1 ! R1 1

3

2
R2

Thus the required solution is x5 19=23; y5218=23:

Example 2

Solve the following system of equations:

2x1 y1 6z5 3
x2 y1 4z5 1
3x1 2y2 2z5 2

8<
:

Solution
Starting with the corresponding augmented matrix and using elementary row operations,
we get the following chain:

2 1 6 : 3
1 21 4 : 1
3 2 22 : 2

2
4

3
5B 1 21 4 : 1

2 1 6 : 3
3 2 22 : 2

2
4

3
5; R12R2

B
1 21 4 : 1
0 3 22 : 1
0 5 14 : 21

2
4

3
5; R2 ! R2 2 2R1 and R3 ! R3 2 3R1

B

0 21 4 : 1

0 1 2
3

2
:

1

3

0 5 214 : 21

2
664

3
775; R2 !

1

3
R2

B

1 0
10

3
:

4

3

0 1 2
2

3
:

1

3

0 0 2
32

3
: 2

8

3

2
666666664

3
777777775
; R1 ! R1 1 R2 and R3 ! R3 2 5R2
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B

1 0
10

3
:

4

3

0 1 2
2

3
:

1

3

0 0 1 :
1

4

2
666666664

3
777777775
; R3 ! 2

3

32
R3

B

1 0 0 :
1

2

0 1 0 :
1

2

0 0 1 :
1

4

2
666666664

3
777777775
; R1 ! R1 2

10

3
R3 and R2 ! R2 1

2

3
R3

‘ The required solution is x5 1
2 ; y5 1

2 ; z5 1
4.

3.12 Inverse Matrix Method

Consider the following system of linear equations:

a1x1 b1y5 c1
a2x1 b2y5 c2

:

	

This system can also be written in the form
a1 b1
a2 b2

� �
x

y

� �
5

c1
c2

� �
.

So, we have AX5B, where A5
a1 b1
a2 b2

� �
; X5

x

y

� �
; and B5

c1
c2

� �
.

Now

AX5B

.A21ðAXÞ5A21B

.ðA21AÞX5A21B

.IX5A21B

.X5A21B

For a system of three linear equations:

a1x1 b1y1 c1z5 d1
a2x1 b2y1 c2z5 d2
a3x1 b3y1 c3z5 d3

8<
:
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We have

A5
a1 b1 c1
a2 b2 c2
a3 b3 c3

2
4

3
5; X5

x

y

z

2
4

3
5; and B5

d1
d2
d3

2
4

3
5

So, the relation X5A21B can be used to determine the values of x, y, and z that

satisfy the system.

Example 1

Solve the system

4x1 3y5 13
3x1 y524

	

Solution
The given system can be written in the form

AX5 B

where

A5
4 5
3 1

� �
; X5

x
y

� �
; and B5

13
24

� �

The solution is given by X5 A21B.
Let’s first find A21. Here

Adj:A5
1 25
23 4

� �
and Aj j5 43 12 33 55211

‘A21 5
1

Aj j Adj:A5
1

211

1 25
23 4

� �

Now

X5 A21B5
1

211

1 25
23 4

� �
13
24

� �
52

1

11

33
255

� �
5

23
5

� �

.
x
y

� �
5

23
5

� �

Hence the required solution is x523 and y5 5.
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Example 2

Find the solution, if any, of the following system:

x1 3y2 z523
3x2 y1 2z5 1
2x2 y1 2z521

8<
:

Solution
The given system can be written as

1 3 21
3 21 2
2 21 2

2
4

3
5 x

y
z

2
4

3
55

23
1
21

2
4

3
5

So, we have AX5 B, where

A5
1 3 21
3 21 2
2 21 2

2
4

3
5; X5 x

y
z

2
4

3
5; and B5

23
1
21

2
4

3
5

Let’s find A21 first. The cofactors of the elements of A are

A11 5
21 2
21 2

����
����5 0; A12 52

3 2
2 2

����
����522; A13 5

3 21
2 21

����
����52 1

A21 52
3 21
21 2

����
����525; A22 5

1 21
2 2

����
����5 4; A23 52

21 3
2 21

����
����527

A31 5
3 21
21 2

����
����5 5; A32 52

1 21
3 2

����
����525; A33 5

1 3
3 21

����
����5210

‘ The matrix of cofactors is

0 22 21
25 4 7
5 25 210

2
4

3
5

Again

Aj j5 a11A11 1 a12A12 1 a13A13 5 13 01 33 ð22Þ1 ð21Þ3 ð21Þ52 5 6¼ 0

‘A21 5
1

Aj jAdj:A5
1

2 5

0 25 5
22 4 25
21 7 210

2
4

3
5
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Now

X5 A21B52
1

5

0 25 5
22 4 25
21 7 210

2
4

3
5 23

1
21

2
4

3
5. x

y
z

2
4

3
55

2
23
24

2
4

3
5

Hence the required solution is x5 2, y523, and z524.

3.13 Determinant Method (Cramer’s Rule)

Let us consider the system of equations:
a1x1 b1y5 c1
a2x1 b2y5 c2

	
.

Multiplying the first equation by b2, second by b1, and then subtracting the sec-

ond from the first, we get ða1b2 2 a2b1Þx5 b2c1 2 b1c2.

‘x5
b2c1 2 b1c2

a1b2 2 a2b1
5

c1 b1
c2 b2

����
����

a1 b1
a2 b2

����
����

Similarly, we obtain y5

a1 c1
a2 c2

����
����

a1 b1
a2 b2

����
����
, provided that

a1 b1
a2 b2

����
���� 6¼ 0.

Alternatively, we can write the above-mentioned formulae as shown below:

If

D5
a1 b1
a2 b2

����
����; D1 5

c1 b1
c2 b2

����
����; and D2 5

a1 c1
a2 c2

����
����

then the values of x and y are given by the formulae:

x5
D1

D
and y5

D2

D

In the same way, for a system of three linear equations:

a1x1 b1y1 c1z5 d1
a2x1 b2y1 c2z5 d2
a3x1 b3y1 c3z5 d3

8<
:

the values of x, y, and z are given by the formulae:

x5
D1

D
; y5

D2

D
; and z5

D3

D

49Linear Algebra



where

D5

a1 b1 c1

a2 b2 c2

a3 b3 c3

�������

�������
; D1 5

d1 b1 c1

d2 b2 c2

d3 b3 c3

�������

�������
; D2 5

a1 d1 c1

a2 d2 c2

a3 d3 c3

�������

�������
;

and D3 5

a1 b1 d1

a2 b2 d2

a3 b3 d3

�������

�������
It should be noted here that D 6¼ 0.

Example 1

Use Cramer’s rule to solve the equations: 3x1 4y5 14; 5x1 6y5 22.

Solution
We have

D5
3 4
5 6

����
����5 33 62 53 452 2 6¼ 0

D1 5
14 4
22 6

����
����5 143 62 43 22524

D2 5
3 14
5 22

����
����5 33 222 53 14524

Now, by Cramer’s rule, we get

x5
D1
D

5
24

2 2
5 2; y5

D2
D

5
24

2 2
5 2:

‘ x5 2 and y5 2:

Example

Use the determinant method to solve the following system of linear equations:

2x1 y1 z5 3
2x1 2y1 2z5 1
x2 y2 3z526

8<
:

Solution
First of all, we calculate the following determinants:

D5
2 1 1
21 2 2
1 21 23

������
������5 2

2 2
21 23

����
����2 1

21 2
1 23

����
����1 1

21 2
1 21

����
����5?5210
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D1 5
2 1 1
1 2 2
26 21 23

������
������5 3

2 2
21 23

����
����2 1

1 2
26 23

����
����1 1

1 2
26 21

����
����5?5210

D2 5
2 3 1
21 1 2
1 26 23

������
������5 2

1 2
26 23

����
����2 3

21 2
1 23

����
����2 1

21 1
1 26

����
����5?5 20

D3 5
2 1 3
21 2 1
1 21 26

������
������5 2

2 1
21 26

����
����2 1

21 1
1 26

����
����1 3

21 2
1 21

����
����5?5230

Now, by Cramer’s rule, we have

x5
D1
D

5
210

2 10
5 1; y5

D2
D

5
20

2 10
52 2; z5

D3
D

5
230

2 10
5 3

Hence, the required solution is x5 1; y52 2; and z5 3.
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4 Analytic Geometry and
Trigonometry

Geometry is divided into two branches: analytic geometry and trigonometry.

Trigonometry began as the computational component of geometry. For instance,

one statement of plane geometry states that a triangle is determined by a side

and two angles. In other words, given one side of a triangle and two angles in

the triangle, then the other two sides and the remaining angle are determined.

Trigonometry includes the methods for computing those other two sides. The

remaining angle is easy to find since the sum of the three angles equals

180 degrees (usually written as 180�). Analytic geometry is a branch of algebra

that is used to model geometric objects—points, (straight) lines, and circles being

the most basic of these. In plane analytic geometry (two-dimensional), points are

defined as ordered pairs of numbers, say, (x, y), while the straight lines are in

turn defined as the sets of points that satisfy linear equations. Topics discussed

in this chapter are as follows:

� Plane figures
� Solid figures
� Triangles
� Degrees or radians
� Table of natural trigonometric functions
� Trigonometry identities
� The inverse trigonometric functions
� Solutions of trigonometric equations
� Analytic geometry (in the plane, i.e., 2D)
� Vector
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4.1 Plane Figures—Perimeter (P), Circumference (C),
and Area (A)

Rectangle Parallelogram Trapezoid Triangle Circle

P5 2l1 2w C5 2πr

A5 lw A5 bh A5 (1/2)(a1 b)h A5 (1/2)bh A5πr2

w

l

h

b
h

a

b

h

b

r

4.2 Solid Figures—Surface Area (S) and Volume (V)

Rectangular Solid Circular Cylinder Circular Cone Sphere

S5 2wl1 2hl1 2wh S5 2πr21 2πrh S5πr21πr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 1 h2Þ

p
S5 4πr2

V5 lwh V5πr2h V5 (1/3)πr2h V5 (4/3)πr3

h

w

l

r

h h

rr

r

4.3 Right Triangle

A C

a

b

c

α

β

B

c25 a21 b2 or c5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 1 b2

p
(Pythagorean Theorem)

α1 β5 90�
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sin α5
a

c
5 cos β

cos α5
b

c
5 sin β

tan α5
a

b
5 cot β

cot α5
b

a
5 tan β

sec α5
c

b
5 cosec β

cosec α5
c

a
5 sec β

4.4 Any Triangle

In any triangle with sides a, b, and c and corresponding opposite angles α, β, and γ:

b

c

a

α

β

γ

α1β1 γ5 180�

a1 b. c

b1 c. a

a1 c. a

The law of sines is

a

sin α
5

b

sin β
5

c

sin γ
or

sin α
a

5
sin β
b

5
sin γ
c

The law of cosines is

a2 5 b2 1 c2 2 2cb cos α
b2 5 a2 1 c2 2 2ca cos β
c2 5 b2 1 a2 2 2ab cos γ

The law of tangents is

a1 b

a2 b
5

tanððα1 βÞ=2Þ
tanððα2 βÞ=2Þ
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sin
α
2
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs2 bÞðs2 cÞ

bc

r
, where s5

a1 b1 c

2

cos
α
2
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs2 aÞ

bc

r

tan
α
2
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðs2 bÞðs2 cÞ
sðs2 aÞ

r

Area5
bc sin α

2

Perimeter5 a1 b1 c.

4.5 Degrees or Radians

Angles are measured in degrees or radians: 180� 5π radians; 1 radian5 180�/π
degrees.
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4.6 Table of Natural Trigonometric Functions

Radians Degrees Sin Cos Tan

0.000 00 0.0000 1.0000 0.0000 90 1.5707

0.0175 01 0.0175 0.9998 0.0175 89 1.5533

0.0349 02 0.0349 0.9994 0.0349 88 1.5359

0.0524 03 0.0523 0.9986 0.0524 87 1.5184

0.0698 04 0.0698 0.9976 0.0699 86 1.5010

0.0873 05 0.0872 0.9962 0.0875 85 1.4835

0.1047 06 0.1045 0.9945 0.1051 84 1.4661

0.1222 07 0.1219 0.9925 0.1228 83 1.4486

0.1396 08 0.1392 0.9903 0.1405 82 1.4312

0.1571 09 0.1564 0.9877 0.1584 81 1.4137

0.1745 10 0.1736 0.9848 0.1763 80 1.3953

0.1920 11 0.1908 0.9816 0.1944 79 1.3788

0.2094 12 0.2079 0.9781 0.2126 78 1.3614

0.2269 13 0.2250 0.9744 0.2309 77 1.3439

0.2443 14 0.2419 0.9703 0.2493 76 1.3265

0.2618 15 0.2588 0.9659 0.2679 75 1.3090

0.2793 16 0.2756 0.9613 0.2867 74 1.2915

0.2967 17 0.2924 0.9563 0.3057 73 1.2741

0.3142 18 0.3090 0.9511 0.3249 72 1.2566

0.3316 19 0.3256 0.9455 0.3443 71 1.2392

0.3491 20 0.3420 0.9397 0.3640 70 1.2217

0.3665 21 0.3584 0.9336 0.3839 69 1.2043

0.3840 22 0.3746 0.9272 0.4040 68 1.1868

0.4014 23 0.3907 0.9205 0.4245 67 1.1694

0.4189 24 0.4067 0.9135 0.4452 66 1.1519

0.4363 25 0.4226 0.9063 0.4663 65 1.1345

0.4538 26 0.4384 0.8988 0.4877 64 1.1170

0.4712 27 0.4540 0.8910 0.5095 63 1.0996

0.4887 28 0.4695 0.8829 0.5317 62 1.0821

0.5061 29 0.4848 0.8746 0.5543 61 1.0647

0.5236 30 0.5000 0.8660 0.5774 60 1.0472

0.5411 31 0.5150 0.8572 0.6009 59 1.0297

0.5585 32 0.5299 0.8480 0.6249 58 1.0123

0.5760 33 0.5446 0.8387 0.6494 57 0.9948

0.5934 34 0.5592 0.8290 0.6745 56 0.9774

0.6109 35 0.5736 0.8192 0.7002 55 0.9599

0.6283 36 0.5878 0.8090 0.7265 54 0.9425

0.6458 37 0.6018 0.7986 0.7536 53 0.9250

0.6632 38 0.6157 0.7880 0.7813 52 0.9076

0.6807 39 0.6293 0.7771 0.8098 51 0.8901

0.6981 40 0.6428 0.7660 0.8391 50 0.8727

0.7156 41 0.6561 0.7547 0.8693 49 0.8552

(Continued)
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(Continued)

Radians Degrees Sin Cos Tan

0.7330 42 0.6691 0.7431 0.9004 48 0.8378

0.7505 43 0.6820 0.7314 0.9325 47 0.8203

0.7679 44 0.6947 0.7193 0.9657 46 0.8029

0.7854 45 0.7071 0.7071 1.0000 45 0.7854

Cos Sin Cot Degrees Radians

P.S.: For an angle larger than 45� select such angle from right-hand side and

obtain values in column corresponding to the function at bottom page. For the others

functions like cot5 1/tan, csc5 1/sin, sec5 1/cos.

For an angle not found in the previous table, you can use the following rules:

sin(2θ)52sin θ
cos(2θ)5 cos θ
tan(2θ)52tan θ

sin
π
2
2 θ

� �
5 cos θ sin

π
2
1 θ

� �
5 cos θ sin

3π
2
6 θ

� �
52cos θ

cos
π
2
2 θ

� �
5 sin θ cos

π
2
1 θ

� �
52sin θ cos

3π
2
6 θ

� �
56sin θ

tan
π
2
2 θ

� �
5 cot θ tan

π
2
1 θ

� �
52cot θ tan

3π
2
6 θ

� �
56cot θ

sin(π2 θ)5 sin θ sin(π1 θ)52sin θ sin(2π6 θ)56sin θ
cos(π2 θ)52cos θ cos(π1 θ)52cos θ cos(2π6 θ)5 cos θ
tan(π2 θ)52tan θ tan(π1 θ)5 tan θ tan(2π6 θ)56tan θ

4.7 Trigonometry Identities

Reciprocal Identities

csc u5
1

sin u
sec u5

1

cos u
cot u5

1

tan u

sin u5
1

csc u
cos u5

1

sec u
tan u5

1

cot u

Quotient Identities

tan u5
sin u

cos u
cot u5

cos u

sin u
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Cofunction Identities

sin

�
π
2
2 u

�
5 cos u cos

�
π
2
2 u

�
5 sin u

tan

�
π
2
2 u

�
5 cot u cot

�
π
2
2 u

�
5 tan u

sec

�
π
2
2 u

�
5 csc u csc

�
π
2
2 u

�
5 sec u

Pythagorean Identities

1. sin2θ1 cos2 θ5 1

2. tan2θ1 15 sec2θ
3. cot2θ1 15 csc2θ

Sum and Difference of Angle Identities

1. sin(α1β)5 sin α cos β1 cos α sin β
2. sin(α2β)5 sin α cos β2 cos α sin β
3. cos(α1 β)5 cos α cos β2 sin α sin β
4. cos(α2 β)5 cos α cos β1 sin α sin β

5. tanðα1βÞ5 tan α1 tan β
12 tan α tan β

6. tanðα2βÞ5 tan α2 tan β
11 tan α tan β

Double Angle Identities

1. sin(2θ)5 2sin θ cos θ
cosð2θÞ5 cos2θ2 sin2θ

5 2 cos2 2 1

5 12 2 sin2θ

3. tanð2θÞ5 2 tan θ
12 tan2θ

Half Angle Identities

1. sin
θ
2
5 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 cos θ

2

r

2. cos
θ
2
5 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 cos θ

2

r

3. tan
θ
2
5 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 cos θ
11 cos θ

r

2.
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Product to Sum

sin u sin v5
1

2
ðcosðu2vÞ2cosðu1vÞÞ cos u cos v5

1

2
ðcosðu2vÞ1cosðu1vÞÞ

sin u cos v5
1

2
ðsinðu1vÞ1sinðu2vÞÞ cos u sin v5

1

2
ðsin ðu1vÞ2sin ðu2vÞÞ

Sum to Product

sinu1sinv52sin

�
u1v

2

�
cos

�
u2v

2

�
sinu2sinv52cos

�
u1v

2

�
sin

�
u2v

2

�

cosu1cos v52cos

�
u1v

2

�
cos

�
u2v

2

�
cosu2cosv522sin

�
u1v

2

�
sin

�
u2v

2

�

Power Reducing Identities

sin2u5
12 cosð2uÞ

2

cos2u5
11 cosð2uÞ

2

tan2u5
12 cosð2uÞ
11 cosð2uÞ

sin2u5
12 cosð2uÞ

2

sin3u5
3 sin u2 sin 3u

4

cos3u5
cos 3u1 3 cos u

4

4.8 The Inverse Trigonometric Functions

Arc Sine

Let f :½2π=2;π=2� ! ½21; 1� where f(x)5 sin x. Therefore, its inverse function is

defined by f21:½21; 1� ! ½2π=2;π=2�, where f21(x)5 sin21 x (1/sin x) and is called

the arc sine function.

Hence, if y5 sin21 x3sin y5 x.
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Arc Cosine

Let function g: [0, π] ! [21, 1], where g(x)5 cos x. Therefore, its inverse func-

tion is defined by g21: [21, 1] ! [0, π], where g21(x)5 cos21x and is called the

arc cosine function.

Also, y5 cos21 x 3 x5 cos y.

Arc Tangent

Let h: (2π/2, π/2) ! ℜ, where h(x)5 tan x. Therefore, its inverse function is

defined by h21: ℜ ! (2π/2, π/2), where h21(x)5 tan21x and is called the arc tan-

gent function.

Hence, if y5 tan21x 3 tan y5 x.

4.9 Solutions of Trigonometric Equations

For tan θ5 k, the general solution is θ5 nπ1α, nAΖ, α5 tan21 k.

For cos θ5 k, where jkj# 1, the general solution is θ5 2nπ6α, nAΖ,
α5 cos21 k.

For sin θ5 k, where jkj# 1, the general solution is θ5 nπ1 (21)nα, nAΖ,
α5 sin21 k.

4.10 Analytic Geometry (in the plane, i.e., 2D)

III

III IV

xx2x10

A

B

y1

y

y2

Given two points A(x1, y1) and B(x2, y2):

Distance formula: D5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx12x2Þ2 1 ðy12y2Þ2

q
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Midpoint formula: M5
x1 1 x2

2
;
y1 1 y2

2

� �

Slope formula: m5
y2 2 y1

x2 2 x1

Slope and Angle of Inclination

Slope Angle of Inclination

Definition Steepness of

a line

Angle formed in relation to the x-axis

Notation m α

Computation Y2 2Y1

X2 2X1

�α is the angle formed between the lines

Relation m5 tan α

Parallel lines have equal slopes.

Perpendicular lines have negative reciprocal slopes.

Equations for

Lines: y5mx1 b; y5m(x2 x1)1 y1
Circles: x21 y25 r2 (radius r, center the origin); (x2 h)21 (y2 k)25 r2 (radius r, center (h, k))

A tangent to a circle is a line that touches the circle at only one point.

Theorem: A tangent to a circle is perpendicular to the radius to the point of tangency.

4.11 Vector

Vector equation of a straight line

O

P

A

c

a

r
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r
!

5 a
!

1 t c
!
, t: scalar parameter

a
!
: position vector of a fixed point on the straight line

c
!
: direction vector

r
!
: position vector of any point on straight line

r
!

5 a
!

1 tðb! 2 a
!Þ

B

P

A
O

b
r

a

The length (magnitude) of the 2D vector a5,a1, a2. is given by

jaj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 1 a22

q

The length (magnitude) of the 3D vector a5 ,a1, a2, a3. is given by

jaj5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 1 a22 1 a23

q

Given a non-zero vector a, a unit vector u (vector of length one) in the same direction

as the vector a can be constructed by multiplying a by the scalar quantity 1=jaj, that is,
forming

u5
1

jaj a5
a

jaj

The dot product of two vectors gives a scalar that is computed in the following

manner:

In 2D, if a5,a1, a2. and b5,b1, b2., then dot product5 a � b5 a1b11 a2b2
In 3D, if a5,a1, a2, a3. and b5, b1, b2, b3., then dot product5 a � b5
a1b11 a2b21 a3b3
If the dot product5 0, the vectors are perpendicular

Angle between two vectors: Given two vectors a and b separated by an angle θ,
0# θ#π.

Then

cos θ5
a � b
jaj jbj
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Solving for θ gives

θ5 arccos
a � b
jaj jbj

� �

The cross product (it is defined only for vectors of length 3, i.e., 3D) of two

vectors a and b gives a vector perpendicular to the plane of a and b that is

computed in the following manner:

axb

b

θ

)()()( 122113312332

21

21

31

31

32

32

321

321

321

321

321

321

321

321

babakbabajbabai

bb

aa
k

bb

aa
j

bb

aa
i

bbb

aaa

kji

bbb

aaa

kji

bbb

aaa

kji

bbb

aaa

kji

ba

−+−−−−

+−−

+−−−×
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5 Calculus

Calculus is the mathematical study of change, in the same way that geometry is

the study of shape and algebra is the study of operations and their application to

solving equations. It has two major branches: differential calculus (concerning rates

of change and slopes of curves) and integral calculus (concerning accumulation of

quantities and the areas under curves); these two branches are related to each other

by the fundamental theorem of calculus. Both branches make use of the fundamental

notions of convergence of infinite sequences and infinite series to a well-defined

limit. Calculus has widespread uses in science, economics, and engineering and can

solve many problems that algebra alone cannot. Topics discussed in this chapter are

as follows:

� Functions and their graphs
� Limits of functions
� Definition and properties of the derivative
� Table of derivatives
� Applications of derivative
� Indefinite integral
� Integrals of rational function
� Integrals of irrational function
� Integrals of trigonometric functions
� Integrals of hyperbolic functions
� Integrals of exponential and logarithmic functions
� Reduction formulas using integration by part
� Definite integral
� Improper integral
� Continuity of a function
� Partial fractions
� Properties of trigonometric functions
� Sequences and series
� Convergence tests for series
� Taylor and Maclaurin series
� Continuous Fourier series
� Double integrals
� Triple integrals
� First-order differential equation
� Second-order differential equation
� Laplace transform
� Table of Laplace transforms
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5.1 Functions and Their Graphs

� A function f(x) is a relation between a set of inputs (range) and a set of permissible outputs

(domain) with the property that each input is related to exactly one output. Example of

function: f(x)5 5x. Example of a non function: f(x)56Ox.
� Even function: f(2x)5 f(x). Example: f(x)5 x2.
� Odd function: f(2x)52f(x). Example: f(x)5 x3.
� Periodic function: f(x1 nT)5 f(x). Example: f(x)5 sin(x).
� Inverse function: y5 f(x) is any function, x5 g(y) or y5 f2l(x) is its inverse function.

Example: f(x)5 2x1 3!f21(y)5 (y2 3)/2.
� Composite function: y5 f(u), u5 g(x), y5 f (g(x)) is a composite function.
� Linear function: y5 ax1 b, xAR, a slope of the line, b is the y-intercept. Example:

y5 2x2 10.
� Quadratic function: y5 ax21 bx1 c, xAR. Example: y5 x2.
� Cubic function: y5 ax31 bx21 cx1 d, xAR. Example: y5 x3.
� Power function: y5 xn, nAN.
� Square root function: y5

ffiffiffi
x

p
, xA[0, N).

� Exponential functions: y5 ax, a. 0, a 6¼ 1, y5 ex, if a5 e, e5 2.71828182846. . .
� Logarithmic functions: y5 loga x, xA(0, N), a. 0, a 6¼ 1, y5 ln x, if a5 e, x. 0.

� Hyperbolic sine function: y5 sinh x5
ex 2 e2x

2
; xAR.

� Hyperbolic cosine function: y5 cosh x5
ex 1 e2x

2
; xAR.

� Hyperbolic tangent function: y5 tanh x5
sin h x

cos h x
5
ex 2 e2x

ex 1 e2x
; xAR.

� Hyperbolic cotangent function: y5 coth x5
ex 1 e2x

ex 2 e2x
; xAR; x 6¼ 0.

� Hyperbolic secant function: y5 sech x5
1

cosh x
5

2

ex 1 e2x
; xAR.

� Hyperbolic cosecant function: y5 csch x5
1

sinh x
5

2

ex 2 e2x
; xAR; x 6¼ 0.

� Inverse hyperbolic sine function: y5 arcsinh x, xAR.
� Inverse hyperbolic cosine function: y5 arccosh x, xA[l, N).
� Inverse hyperbolic tangent function: y5 arctanh x, xA(2l, l).
� Inverse hyperbolic cotangent function: y5 arccoth x, xA(2N, 2l), (1, N).
� Inverse hyperbolic secant function: y5 arcsech x, xA(0, l].
� Inverse hyperbolic cosecant function: y5 arccsch x, xAR, x 6¼ 0.

5.2 Limits of Functions

Functions: f(x), g(x)

Variable: x

Real constants: a, k

� lim
x!a

½f ðxÞ1 gðxÞ�5 lim
x!a

f ðxÞ1 lim
x!a

gðxÞ

� lim
x!a

½f ðxÞ2 gðxÞ�5 lim
x!a

f ðxÞ2 lim
x!a

gðxÞ
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� lim
x!a

½f ðxÞ � gðxÞ�5 lim
x!a

f ðxÞ � lim
x!a

gðxÞ

� lim
x!a

f ðxÞ
gðxÞ 5

lim
x!a

f ðxÞ
lim
x!a

gðxÞ ; if lim
x!a

gðxÞ 6¼ 0

� lim
x!a

½kf ðxÞ�5 k lim
x!a

f ðxÞ

� lim
x!a

f ðgðxÞÞ5 f ðlim
x!a

gðxÞÞ

� lim
x!a

f ðxÞ5 f ðaÞ, if the function f(x) is continuous at x5 a

� lim
x!0

sin x

x
5 1

� lim
x!0

tan x

x
5 1

� lim
x!0

sin21 x

x
5 1

� lim
x!0

tan21 x

x
5 1

� lim
x!0

lnð11 xÞ
x

5 1

� lim
x!N

11
1

x

� �x

5 e

� lim
x!N

11
k

x

� �x

5 ek

� lim
x!0

ax 5 1

5.3 Definition and Properties of the Derivative

Functions: f, g, y, u, v

Independent variable: x

Real constant: k

Angle: α

� y0ðxÞ5 lim
Δx!0

f ðx1ΔxÞ2 f ðxÞ
Δx

5 lim
Δx!0

Δy

Δx
5

dy

dx

�

dy

dx
5 tan α
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�

dðu1 vÞ
dx

5
du

dx
1

dv

dx

�

dðu2 vÞ
dx

5
du

dx
2

dv

dx

�

dðkuÞ
dx

5 k
du

dx

� Product rule:

dðu � vÞ
dx

5
du

dx
� v1 u � dv

dx

� Quotient rule:

d

dx

u

v

� �
5

ðdu=dx � vÞ2 ðu � dv=dxÞ
v2

� Chain rule:

y5 f ðgðxÞÞ; u5 gðxÞ; dy

dx
5

dy

du
� du
dx

� Derivative of inverse function:

dy

dx
5

1

dx=dy

where x(y) is the inverse function of y(x).

� Reciprocal rule:
d

dx

1

y

� �
52

dy=dx

y2

� Logarithmic differentiation:

� y5 f(x), ln y5 ln f(x),

�

dy

dx
5 f ðxÞ � d

dx
ln f ðxÞ½ �.

5.4 Table of Derivatives

Independent variable: x

Real constants: C, a, b, c

Natural number: n

�

d

dx
ðCÞ5 0

�

d

dx
ðxÞ5 1
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�

d

dx
ðax1 bÞ5 a

�

d

dx
ðax2 1 bx1 cÞ5 ax1 b

�

d

dx
ðxnÞ5 nxn21

�

d

dx
ðx2nÞ52

n

xn11

�

d

dx

1

x

� �
52

1

x2

�

d

dx

ffiffiffi
x

p� �
5

1

2
ffiffiffi
x

p

�

d

dx

ffiffiffi
xn

p� �
5

1

n
ffiffiffiffiffiffiffiffiffi
xn21n

p

�

d

dx
ðln xÞ5 1

x

�

d

dx
ðloga xÞ5

1

x ln a
; a. 0; a 6¼ 1

�

d

dx
ðaxÞ5 ax ln a; a. 0; a 6¼ 1

�

d

dx
ðexÞ5 ex

�

d

dx
ðsin xÞ5 cos x

�

d

dx
ðcos xÞ52 sin x

�

d

dx
ðtan xÞ5 1

cos2 x
5 sec2 x

�

d

dx
ðcot xÞ52

1

sin2 x
52 csc2 x

�

d

dx
ðsec xÞ5 tan x � sec x

�

d

dx
ðcsc xÞ52 cot x � csc x

�

d

dx
ðarcsin xÞ5 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

12 x2
p
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�

d

dx
ðarcos xÞ52

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p

�

d

dx
ðarctan xÞ5 1

11 x2

�

d

dx
ðarccot xÞ52

1

11 x2

�

d

dx
ðarcsec xÞ5 1

jxj
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 1

p

�

d

dx
ðarccsc xÞ52

1

jxj
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 1

p

�

d

dx
ðsinh xÞ5 cosh x

�

d

dx
ðcosh xÞ5 sinh x

�

d

dx
ðtanh xÞ5 1

cosh2 x
5 sech2 x

�

d

dx
ðcoth xÞ52

1

sinh2 x
52 csch2 x

�

d

dx
ðsech xÞ52 sech x � tanh x

�

d

dx
ðcsch xÞ52 csch x � coth x

�

d

dx
ðarcsinh xÞ5 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 1 1
p

�

d

dx
ðarccosh xÞ5 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 2 1
p

�

d

dx
ðarctanh xÞ5 1

12 x2
; jxj, 1

�

d

dx
ðarccoth xÞ52

1

x2 2 1
; jxj. 1

�

d

dx
ðuvÞ5 vuv21 � du

dx
1 uv ln u � dv

dx
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5.5 Higher Order Derivatives

Functions: f, y, u, v

Independent variable: x

Natural number: n

� Second derivative:

f 00 5 ðf 0Þ0 5 dy

dx

� �0

5
d

dx

dy

dx

� �
5

d2y

dx2

� Higher order derivative:

f ðnÞ 5
dny

dxn
5 yðnÞ 5 ðf ðn21ÞÞ0

� (u1 v)(n)5 u(n)1 v(n)

� (u2 v)(n)5 u(n)2 v(n)

� Leibnitz’s formulas:

� (uv)v5 uvv1 2u0v0 1 uvv

� (uv)v0 5 uv0v1 3uvv0 1 3u0vv1 uvv0

� ðuvÞðnÞ 5 uðnÞv1 nuðn21Þv0 1
nðn2 1Þ

1:2
uðn22Þv0 1?1 uvðnÞ

� ðxmÞðnÞ 5 m!

ðm2 nÞ! x
m2n

� (xn)(n)5 n!

� ðloga xÞðnÞ 5
ð21Þn21ðn2 1Þ!

xn ln a

� ðln xÞðnÞ 5 ð21Þn21ðn2 1Þ!
xn

� (ax)(n)5 ax lnn a

� (ex)(n)5 ex

� (amx)(n)5mnamx lnn a

� ðsin xÞðnÞ 5 sin x1
nπ
2

� �

� ðcos xÞðnÞ 5 cos x1
nπ
2

� �
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5.6 Applications of Derivative

Functions: f, g, y

Position of an object: s

Velocity: v

Acceleration: w

Independent variable: x

Time: t

Natural number: n

� Velocity and acceleration

s5 f(t) is the position of an object relative to a fixed coordinate system at a time t,

v5 s0 5 f0(t) is the instantaneous velocity of the object, w5 v0 5 sv5 fv(t) is the instantaneous
acceleration of the object.

� Tangent line: y2 y05 f0(x0)(x2 x0).
� Normal line:

y2 y0 52
1

f 0ðx0Þ
ðx2 x0Þ

� Increasing and decreasing functions:

If f0(x0). 0, then f(x) is increasing at x0.

If f0(x0), 0, then f(x) is decreasing at x0.

If f0(x0) does not exist or is zero, then the test fails.
� Local extrema: A function f(x) has a local maximum at x, if and only if there exists some

interval containing x, such that f(x1)$ f(x) for all x in the interval.
� A function f(x) has a local minimum at x2, if and only if there exists some interval con-

taining x2, such that f(x2)# f(x) for all x in the interval.
� Critical points: A critical point on f(x) occurs at x0, if and only if either f (x0) is zero or

the derivative doesn’t exist.
� First derivative test for local extrema:

If f(x) is increasing (f0(x). 0) for all x in some interval (a, x1] and f(x) is decreasing

(f0(x), 0) for all x in some interval [x1, b), then f(x) has a local maximum at x1.
� If f(x) is decreasing (f0 (x), 0) for all x in some interval (a, x2] and f(x) is increasing

(f0(x). 0) for all x in some interval [x2, b), then f(x) has a local minimum at x2.
� Second derivative test for local extrema:

If f0(x1)5 0 and fv(x1), 0, then f(x) has a local maximum at x1.

If f0(x2)5 0 and fv(x2). 0, then f(x) has a local minimum at x2.
� Concavity:

f(x) is concave upward at x0 if and only if f0(x) is increasing at x0.

f(x) is concave downward at x0 if and only if f0(x) is decreasing at x0.
� Second derivative test for concavity:

If fv(x0). 0, then f(x) is concave upward at x0.

If fv(x0), 0, then f(x) is concave downward at x0.

If fv(x) does not exist or is zero, then the test fails.
� Inflection points

If f0(x3) exists and fv(x) changes sign at x5 x3, then the point (x3, f(x3)) is an inflection

point of the graph of f(x). If fv(x3) exists at the inflection point, then fv(x3)5 0.
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� L’Hopital’s rule:

lim
x!c

f ðxÞ
gðxÞ 5 lim

x!c

f 0ðxÞ
g0ðxÞ ; if lim

x!c
f ðxÞ5 lim

x!c
gðxÞ5 0 or N:

5.7 Indefinite Integral

Functions: f, g, u, v

Independent variables: x, t, ξ
Indefinite integral of a function:ð

f ðxÞdx;
ð
gðxÞdx; . . .

Derivative of a function:

y0ðxÞ; f 0ðxÞ; F0ðxÞ; . . .

Real constants: C, a, b, c, d, k

Natural numbers: m, n, i, j

�

ð
f ðxÞdx5FðxÞ1C; if F0ðxÞ5 f ðxÞ

�

ð
f ðxÞdx

� �0
5 f ðxÞ

�

ð
kf ðxÞdx5 k

ð
f ðxÞdx

�

ð
½ f ðxÞ1 gðxÞ�dx5

ð
f ðxÞdx1

ð
gðxÞdx

�

ð
½ f ðxÞ1 gðxÞ�dx5

ð
f ðxÞdx2

ð
gðxÞdx

�

ð
f ðaxÞdx5 1

a
FðaxÞ1C

�

ð
f ðax1 bÞdx5 1

a
Fðax1 bÞ1C

�

ð
f ðxÞ f 0ðxÞdx5 1

a
f 2ðxÞ1C

�

ð
f 0ðxÞ
f ðxÞ dx5 lnjf ðxÞj1C
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� Method of substitution:

ð
f ðxÞdx5 f ðuðtÞÞu0ðtÞdt; if x5 uðtÞ

� Integration by parts:

ð
udv5 uv2

ð
vdu, where u(x), v(x) are differentiable functions.

5.8 Integrals of Rational Function

�

ð
adx5 ax1C

�

ð
xdx5

x2

2
1C

�

ð
x2dx5

x3

3
1C

�

ð
xpdx5

xp11

p1 1
1C; p 6¼ 21

�

ð
ðax1bÞndx5 ðax1bÞn11

aðn1 1Þ 1C; n 6¼ 21

�

ð
dx

x
5 lnjxj1C

�

ð
dx

ax1 b
5

1

a
lnjax1 bj1C

�

ð
ax1 b

cx1 d
dx5

a

c
x1

bc2 ad

c2
lnjcx1 dj1C

�

ð
dx

ðx1 aÞðx1 bÞ 5
1

a2 b
ln

x1 b

x1 a

				
				1C; a 6¼ b

�

ð
xdx

a1 bx
5

1

b2
ða1 bx2 a lnja1 bxjÞ1C

�

ð
x2dx

a1 bx
5

1

b3
1

2
ða1bxÞ2 2 2aða1 bxÞ1 a2lnja1 bxj


 �
1C

�

ð
dx

xða1 bxÞ 5
1

a
ln

a1 bx

x

				
				1C

�

ð
dx

x2ða1 bxÞ 52
1

ax
1

b

a2
1n

a1 bx

x

				
				1C
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�

ð
xdx

ða1bxÞ2 5
1

b2
1nja1 bxj1 a

a1 bx

� �
1C

�

ð
xdx

ða1bxÞ2 5
1

b2
1nja1 bxj1 a

a1 bx

� �
1C

�

ð
dx

xða1bxÞ2 5
1

aða1 bxÞ 1
1

a2
1n

a1 bx

x

				
				1C

�

ð
dx

x2 2 1
5

1

2
1n

x2 1

x1 1

				
				1C

�

ð
dx

12 x2
5

1

2
1n

12 x

12 x

				
				1C

�

ð
dx

a2 2 x2
5

1

2a
1n

a1 x

a2 x

				
				1C

�

ð
dx

x2 2 a2
5

1

2a
1n

12 a

x2 a

				
				1C

�

ð
dx

11 x2
5 tan21x1C

�

ð
dx

a2 1 x2
5

1

a
tan21 x

a
1C

�

ð
xdx

x2 1 a2
5

1

2
1nðx2 1 a2Þ1C

�

ð
dx

a1 bx2
5

1ffiffiffiffiffi
ab

p arctan

ffiffiffi
b

a

x

r !
1C; ab. 0

�

ð
xdx

a1 bx2
5

1

2b
1n x2 1

a

b

			 			1C

�

ð
dx

xða1 bx2Þ 5
1

2a
1n

x2

a1 bx2

				
				1C

�

ð
dx

a2 2 b2x2
5

1

2ab
1n

a1 bx

a2 bx

				
				1C

�

ð
dx

ax2 1 bx1 c
5

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 2 4ac

p 1n
2ax1 b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 2 4ac

p

2ax1 b1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 2 4ac

p
					

					1C

�

ð
dx

ax2 1 bx1 c
5

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ac2 b2

p arctan
2ax1 bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ac2 b2

p 1C
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5.9 Integrals of Irrational Function

�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p 5
2

a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p
1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p
dx5

2

3a
ðax1bÞ3=2 1C

�

ð
xdxffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p 5
2ðax2 2bÞ

3a2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p
1C

�

ð
x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p
dx5

2ð3ax2 2bÞ
15a2

ðax1bÞ3=2 1C

�

ð
dx

ðx1 cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p 5
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

b1 ac
p ln

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 ac

pffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p
1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 ac

p
				

				1C

�

ð
dx

ðx1 cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

p 5
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

ac1 b
p arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ax1 b

pffiffiffiffiffiffiffiffiffiffiffiffiffi
ax2 b

p
				

				1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffi
ax1b

cx1d

r
dx5

1

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðax1bÞðcx1dÞ

p
2
ad2bc

c
ffiffiffiffiffi
ac

p ln
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðcx1dÞ

p
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cðax1bÞ

p			 			1C; a.0

�

ð ffiffiffiffiffiffiffiffiffiffiffiffi
ax1b

cx1d

r
dx5

1

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðax1bÞðcx1dÞ

p
2
ad2bc

c
ffiffiffiffiffi
ac

p arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðcx1dÞ
cðax1bÞ

s
1C; a,0; c.0

�

ð
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx

p
dx5

2ð8a2 2 12abx1 15b2x2Þ
105b3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1bxÞ3

q
1C

�

ð
x2dxffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx

p 5
2ð8a2 2 4abx1 3b2x2Þ

15b3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx

p
1C

�

ð
dx

x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx

p 5
1ffiffiffi
a

p ln

ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx

p
2

ffiffiffi
a

pffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx

p
1

ffiffiffi
a

p
				

				1C; a. 0

�

ð
dx

x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx

p 5
2ffiffiffiffiffiffiffi
2a

p arctan
a1 bx

2a

				
				1C; a, 0

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 x

b1 x
dx

r
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 xÞðb1 xÞ

p
1 ða1 bÞ arcsin

ffiffiffiffiffiffiffiffiffiffiffi
x1 b

a1 b

r
1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 x

b2 x
dx

r
52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða1 xÞðb2 xÞ

p
2 ða1 bÞarcsin

ffiffiffiffiffiffiffiffiffiffiffi
b2 x

a1 b

r
1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 x

12 x
dx

r
52

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p
1 arcsin x1C
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�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2 aÞðb2 aÞ
p 5 2arcsin

ffiffiffiffiffiffiffiffiffiffiffi
x2 a

b2 a

r
1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 dx2 cx2

p
dx5

2cx2 b

4c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a1 bx2 cx2

p
1

b2 2 4ac

8
ffiffiffiffiffi
c3

p arcsin
2cx2 bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 1 4ac

p 1C

�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ax2 1 bx1 c
p 5

1ffiffiffi
a

p ln 2ax1 b1 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðax2 1 bx1 cÞ

p			 			1C; a. 0

�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ax2 1 bx1 c
p 52

1ffiffiffi
a

p arcsin
2ax1 b

4a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 2 4ac

p
1C; a, 0

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
dx5

x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
1

a2

2
ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p			 			1C

�

ð
x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
dx5

1

3
ðx21a2Þ3=2 1C

�

ð
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
dx5

x

8
ð2x2 1 a2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
2

a4

8
ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p			 			1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

x2
dx

r
52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p

x
1 ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p			 			1C

�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 1 a2
p 5 ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p			 			1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p

x
dx5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
1 a ln

x

a1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
				

				1C

�

ð
xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
1C

�

ð
x2dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p 5
x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
2

a2

2
ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p			 			1C

�

ð
dx

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p 5
1

a
ln

x

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p
				

				1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p
dx5

x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p
2

a2

2
ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 a2

p			 			1C

�

ð
x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p
dx5

1

3
ðx22a2Þ3=2 1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p

x
dx5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p
1 a arcsin

a

x
1C
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�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p

x2
dx5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p

x
1 ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p			 			1C

�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 2 a2
p 5 ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p			 			1C

�

ð
xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p
1C

�

ð
x2dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p 5
x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p
1

a2

2
ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p			 			1C

�

ð
dx

x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p 52
1

a
arcsin

a

x
1C

�

ð
dx

ðx1 aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p 5
1

a

ffiffiffiffiffiffiffiffiffiffiffi
x2 a

x1 a

r
1C

�

ð
dx

ðx2 aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p 5
1

a

ffiffiffiffiffiffiffiffiffiffiffi
x1 a

x2 a

r
1C

�

ð
dx

x2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p

a2x

�

ð
dx

ðx22a2Þ3=2
52

x

a2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p 1C

�

ð
ðx22a2Þ3=2dx52

x

8
ð2x2 2 5a2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p
1

3a4

8
ln x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 2 a2

p			 			1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
dx5

x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
1

a2

2
arcsin

x

a
1C

�

ð
x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
dx52

1

3
ða22x2Þ3=2 1C

�

ð
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
dx5

x

8
ð2x2 2 a2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
1

a4

8
arcsin

x

a
1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p

x
dx5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
1 a ln

x

a1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
				

				1C

�

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p

x2
dx5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p

x
1 arcsin

x

a
1C

�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p 5 arcsin x1C
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�

ð
dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 2 x2
p 5 sin

x

a
1C

�

ð
xdxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
1C

�

ð
x2dxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 52
x

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
1

a2

2
arcsin

x

a
1C

�

ð
dx

ðx1 aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 52
1

2

ffiffiffiffiffiffiffiffiffiffiffi
a2 x

a1 x

r
1C

�

ð
dx

ðx2 aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 52
1

2

ffiffiffiffiffiffiffiffiffiffiffi
a1 x

a2 x

r
1C

�

ð
dx

ðx1 bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 5
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 2 a2
p arcsin

bx1 a2

aðx1 bÞ 1C; b. a

�

ð
dx

ðx1 bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 5
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 2 a2
p ln

x1 bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 b2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
1 a2 1 bx

				
				1C

�

ð
dx

x2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 52

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p

a2x
1C

�

ð
ða22x2Þ3=2dx5 x

8
ð5a2 2 2x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p
1

3a4

8
arcsin

x

a
1C

�

ð
dx

ða22x2Þ3=2
52

x

a2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 x2

p 1C

5.10 Integrals of Trigonometric Functions

�

ð
sin x dx52cos x1C

�

ð
cos x dx5 sin x1C

�

ð
sin2 x dx5

x

2
2

1

4
sin 2x1C

�

ð
cos2 x dx5

x

2
1

1

4
sin 2x1C
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�

ð
sin3 x dx5

1

3
cos3 x2 cos x1C5

1

12
cos 3x2

3

4
cos x1C

�

ð
cos3 x dx5 sin x2

1

3
sin3 x1C5

1

12
sin 3x1

3

4
sin x1C

�

ð
dx

sin x
5

ð
csc xdx5 ln tan

x

2

			 			1C

�

ð
dx

cos x
5

ð
sec x dx5 ln tan

x

2
1

π
4

� �			 			1C

�

ð
dx

sin2 x
5

ð
csc2 x dx52cot x1C

�

ð
dx

cos2 x
5

ð
sec2 x dx5 tan x1C

�

ð
dx

sin3 x
5

ð
csc3 x dx52

cos x

2sin2 x
1

1

2
ln tan

x

2

			 			1C

�

ð
dx

cos3 x
5

ð
sec3 x dx5

sin x

2cos2 x
1

1

2
ln tan

x

2
1

π
4

� �			 			1C

�

ð
sin x cos x dx52

1

4
cos 2x1C

�

ð
sin2 x cos x dx5

1

3
sin3 x1C

�

ð
sin x cos2 x dx52

1

3
cos3 x1C

�

ð
sin2 x cos2 x dx5

x

8
2

1

32
sin 4x1C

�

ð
tan x dx52 ln cos xj j1C

�

ð
sin x

cos2 x
dx5

1

cos x
1C5 sec x1C

�

ð
sin2 x

cos x
dx5 ln tan

x

2
1

π
4

� �			 			2 sin x1C

�

ð
tan2 x dx5 tan x2 x1C
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�

ð
cot x dx5 ln sin xj j1C

�

ð
cos x

sin2 x
dx52

1

sin x
1C52 csc x1C

�

ð
cos2 x

sin x
dx5 ln tan

x

2

			 			1 cos x1C

�

ð
cot2 x dx52 cot x2 x1C

�

ð
dx

cos x sin x
5 ln tan xj j1C

�

ð
dx

sin2 x cos x
52

1

sin x
1 ln tan

x

2
1

π
4

� �			 			1C

�

ð
dx

sin x cos2 x
5

1

cos x
1 ln tan

x

2

			 			1C

�

ð
dx

sin2 x cos2 x
5 tan x2 cot x1C

�

ð
sin mx sin nx dx52

sinðm1 nÞx
2ðm1 nÞ 1

sinðm2 nÞx
2ðm2 nÞ 1C; m2 6¼ n2

�

ð
sin mx cos nx dx52

cosðm1 nÞx
2ðm1 nÞ 2

cosðm2 nÞx
2ðm2 nÞ 1C; m2 6¼ n2

�

ð
cos mx cos nx dx5

sinðm1 nÞx
2ðm1 nÞ 1

sinðm2 nÞx
2ðm2 nÞ 1C; m2 6¼ n2

�

ð
sec x tan x dx5 sec x1C

�

ð
csc x cot x dx52csc x1C

�

ð
sin x cosn x dx52

cosn11 x

n1 1
1C

�

ð
sinn x cos x dx5

sinn11 x

n1 1
1C

�

ð
arcsin x dx5 x arcsin x1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p
1C
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�

ð
arccos x dx5 x arccos x2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p
1C

�

ð
arctan x dx5 x arctan x2

1

2
lnðx2 1 1Þ1C

�

ð
arccot x dx5 x arccot x1

1

2
lnðx2 1 1Þ1C

5.11 Integrals of Hyperbolic Functions

�

ð
sinh x dx5 cosh x1C

�

ð
cosh x dx5 sinh x1C

�

ð
tanh x dx5 ln cosh x1C

�

ð
coth x dx5 lnjsinh xj1C

�

ð
sech2 x dx5 tanh x1C

�

ð
csch2 x dx52coth x1C

�

ð
sech x tanh x dx52sech x1C

�

ð
csch x coth x dx52csh x1C

5.12 Integrals of Exponential and Logarithmic Functions

�

ð
ex dx5 ex 1C

�

ð
ax dx5

ax

ln a
1C

�

ð
eax dx5

eax

a
1C
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�

ð
x eax dx5

eax

a2
ðax2 1Þ1C

�

ð
ln x dx5 x ln x2 x1C

�

ð
dx

x ln x
5 ln ln xj j1C

�

ð
xn ln x dx5 xn11 ln x

n1 1
2

1

ðn11Þ2

 �

1C

�

ð
eax sin bx dx5

a sin bx2 b cos bx

a2 1 b2
eax 1C

�

ð
eax cos bx dx5

a cos bx2 b sin bx

a2 1 b2
eax 1C

5.13 Reduction Formulas Using Integration by Part

�

ð
xn emx dx5

1

m
xn emx 2

n

m

ð
xn21 emx dx

�

ð
emx

xn
dx52

emx

ðn2 1Þxn21
1

m

n2 1

ð
emx

xn21
dx; n 6¼ 1

�

ð
sinhn x dx5

1

n
sinhn21 x cosh x2

n2 1

n

ð
sinhn22 x dx

�

ð
dx

sinhn x
52

cosh x

ðn2 1Þsinhn21 x
2

n2 2

n2 1

ð
dx

x sinhn22 x
; n 6¼ 1

�

ð
coshn x dx5

1

n
sinh x coshn21 x1

n2 1

n

ð
coshn22 x dx

�

ð
dx

coshn x
52

sinh x

ðn2 1Þcoshn21 x
2

n2 2

n2 1

ð
dx

coshn22 x
; n 6¼ 1

�

ð
sinhn x coshm x dx5

sinhn11 x coshm21 x

n1m
1

m2 1

n1m

ð
sinhn x coshm22 x dx

�

ð
sinhn x coshm x dx5

sinhn11 x coshm11 x

n1m
1

n2 1

n1m

ð
sinhn22 x coshm x dx

�

ð
tanhn x dx52

1

n2 1
tanhn21 x1

ð
coshn22 x dx; n 6¼ 1

83Calculus



�

ð
cothn x dx52

1

n2 1
cothn21 x1

ð
cothn22 x dx; n 6¼ 1

�

ð
sechn x dx5

sechn22 x tanh x

n2 1
1

n2 2

n2 1

ð
sechn22 x dx; n 6¼ 1

�

ð
sinn x dx52

1

n
sinn21 x cos x1

n2 1

n

ð
sinn22 x dx

�

ð
dx

sinn x
52

cos x

ðn2 1Þsinn21 x
1

n2 2

n2 1

ð
dx

sinn22 x
; n 6¼ 1

�

ð
cosn x dx5

1

n
sin x cosn21 x1

n2 1

n

ð
cosn22 x dx

�

ð
dx

cosn x
52

sin x

ðn2 1Þcosn21 x
1

n2 2

n2 1

ð
dx

cosn22 x
; n 6¼ 1

�

ð
sinn x cosm x dx5

sinn11 x cosm11 x

n1m
1

m2 1

n1m

ð
sinn x cosm22 x dx

�

ð
sinn x cosm x dx52

sinn21 x cosm11 x

n1m
1

n2 1

n1m

ð
sinn22 x cosm x dx

�

ð
tann x dx5

1

n
tann21 x2

ð
tann22 x dx; n 6¼ 1

�

ð
cotn x dx52

1

n2 1
cotn21 x2

ð
cotn22 x dx; n 6¼ 1

�

ð
secn x dx5

secn22 x tan x

n2 1
1

n2 2

n2 1

ð
secn22 x dx; n 6¼ 1

�

ð
cscn x dx52

cscn22 x cot x

n2 1
1

n2 2

n2 1

ð
cscn22 x dx; n 6¼ 1

�

ð
xn lnm x dx5

xn11 lnm x

n1 1
2

m

n1 1

ð
xn lnm21; x dx

�

ð
lnm x

xn
dx52

lnm x

ðn2 1Þxn21
1

m

n2 1

ð
lnm21 x

xn
dx; n 6¼ 1

�

ð
lnn x dx5 x lnn x2 n

ð
lnn21 x dx

�

ð
xn sinh x dx5 xn cosh x2 n

ð
xn21 cosh x dx
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�

ð
xn cosh x dx5 xn sinh x2 n

ð
xn21 sinh x dx

�

ð
xn sin x dx52xn cos x1 n

ð
xn21 cos x dx

�

ð
xn cos x dx5 xn sin x2 n

ð
xn21 sin x dx

�

ð
xn sin21 x dx5

xn11

n1 1
sin21 x2

1

n1 1

ð
xn11ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p dx

�

ð
xn cos21 x dx5

xn11

n1 1
cos21 x1

1

n1 1

ð
xn11ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p dx

�

ð
xn tan21 x dx5

xn11

n1 1
tan21 x2

1

n1 1

ð
xn11ffiffiffiffiffiffiffiffiffiffiffiffiffi
12 x2

p dx

�

ð
xndx

axn 1 b
5

x

a
2

b

a

ð
dx

axn 1 b

�

ð
dx

ðax21bx1cÞn 5
22ax2 b

ðn2 1Þðb2 2 4acÞðax21bx1cÞn21

2
2ð2n2 3Þa

ðn2 1Þðb2 2 4acÞ
ð

dx

ðax21bx1cÞn21
; n 6¼ 1

�

ð
dx

ðx21a2Þn 5
x

2ðn2 1Þa2ðx21a2Þn21
1

2n2 3

2ðn21Þ2
ð

dx

ðx21a2Þn21
; n 6¼ 1

�

ð
dx

ðx21a2Þn 5
x

2ðn2 1Þa2ðx21a2Þn21
2

2n2 3

2ðn2 1Þa2
ð

dx

ðx22a2Þn21
; n 6¼ 1

5.14 Definite Integral

Definite integral of a function:

ð b

a

f ðxÞdx;
ð b

a

gðxÞdx; . . .

Riemann sum:

Xn
i51

f ðξiÞΔxi
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Small changes: Δxi
Antiderivatives: F(x), G(x)

Limits of integrations: a, b, c, d

�

ð b

a

f ðxÞdx5 lim
n !N

maxΔxi!0

Xn
i51

f ðξiÞΔxi

where Δxi 5 xi 2 xi21; xi21 # ξi # xi

�

ð b

a

1 dx5 b2 a

�

ð b

a

kf ðxÞdx5 k

ð b

a

f ðxÞdx

�

ð b

a

½f ðxÞ1 gðxÞ�dx5
ð b

a

f ðxÞdx1
ð b

a

gðxÞdx

�

ð b

a

½f ðxÞ2 gðxÞ�dx5
ð b

a

f ðxÞdx2
ð b

a

gðxÞdx

�

ð b

a

f ðxÞdx5 0

�

ð b

a

f ðxÞdx52

ð a

b

f ðxÞdx

�

ð b

a

f ðxÞdx5
ð c

a

f ðxÞdx1
ð b

c

f ðxÞdx for a, c, b

�

ð b

a

f ðxÞdx$ 0; if f ðxÞ$ 0 on ½a; b�

�

ð b

a

f ðxÞdx# 0; if f ðxÞ# 0 on ½a; b�

� Fundamental theorem of calculus:ð b

a

f ðxÞdx5FðxÞjFðxÞjba 5FðbÞ � FðaÞ; if F0ðxÞ5 f ðxÞ

� Method of substitution:

If x5 g(t), then

ð b

a

f ðxÞdx5
ð d

c

f ðgðtÞÞg0ðtÞdt

where c5 g21(a), d5 g21(b)
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� Integration by parts:

ð b

a

udv5 ðuvÞjba 2
ð b

a

vdu

� Trapezoidal rule:

ð b

a

f ðxÞdx5 b2 a

2n
f ðx0Þ1 f ðxnÞ1 2

Xn21

i51

f ðxiÞ
" #

� Simpson’s rule:

ð b

a

f ðxÞdx5 b2 a

3n
f ðx0Þ1 4f ðx1Þ1 2f ðx2Þ1 4f ðx3Þ11 2f ðx4Þ1?1 4f ðxn21Þ1 f ðxnÞ½ �

where

xi 5 a1
b2 a

n
I; I5 0; 1; 2; . . .; n

� Area under a curve:

S5

ð b

a

f ðxÞdx5FðbÞ2FðaÞ

where F0(x)5 f(x).
� Area between two curves:

S5

ð b

a

½f ðxÞ2 gðxÞ�dx5FðbÞ2GðbÞ2FðaÞ1GðaÞ

where F0(x)5 f(x), G0(x)5 g(x).

5.15 Improper Integral

� The definite integral

ð b

a

f ðxÞdx is called an improper integral.

If a or b is infinite, f(x) has one or more points of discontinuity in the interval [a, b].
� If f(x) is a continuous function on [a, N), then

ðN

a

f ðxÞdx5 lim
n!N

ð n

a

f ðxÞdx
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� If f(x) is a continuous function on (2N, b], then

ð b

2N
f ðxÞdx5 lim

n!2N

ð b

n

f ðxÞdx

Note: The previous improper integrals are convergent if the limits exist and are finite;

otherwise the integrals are divergent.

� ðN

2N
f ðxÞdx5

ð c

2N
f ðxÞdx1

ðN

c

f ðxÞdx

If for some real number c, both of the integrals in the right side are convergent, then

the integral

ðN

2N
f ðxÞdx is also convergent; otherwise it is divergent.

� Comparison theorems: Let f(x) and g(x) be continuous functions on the closed interval [a,N).

Suppose that 0# g(x)# f(x) for all x in [a,N).

5.16 Continuity of a Function

The concept of a continuous function is that it is a function, whose graph has no

break. For this reason, continuous functions are chosen, as far as possible, to model

the real world problems. If a function is such that its limiting value at a point equals

the functional value at that point, then we say that the function is continuous there.

Definition A function f ðxÞ is said to be continuous at a point x5 c, if the following

conditions hold true:

1. f ðxÞ is defined at x5 c

2. lim
x!c

f ðxÞ exists
3. lim

x!c
f ðxÞ5 f ðcÞ:

If at least one of these conditions is not satisfied, then the function will be

discontinuous at x5 c. We say that a function is continuous on an interval, if it is

continuous at each point of that interval.

Examples

1. Let a function be such that f ðxÞ5 x2 1 1 for x, 1 and f ðxÞ5 x for x$ 1. Draw the graph

of this function and discuss its continuity at the point x5 1.

2. Given the function f ðxÞ5 ðx2 2 4Þ=ðx2 2Þ for x 6¼ 2 and f ð2Þ5 0. Decide whether this

function is continuous on the interval [0,4]. Justify your answer.
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5.17 Functions and Graphs

Relation R(x): A relation is a correspondence between two sets A and B such that

each element of set A corresponds to one or more elements of set B. Set A is called

the domain of the relation and set B is called the range of the relation.

Function f(x): A function is a relation such that for each element in the domain,

there corresponds exactly one and only one element in the range. In other words,

a function is a well-defined relation.

The function f ðxÞ5 anx
n 1 an21x

n21 1 an22x
n22 1?1 a1x1 a0 is a polynomial

function of degree n, where n is a nonnegative integer and a0; a1; a2; . . .; an are real

numbers. The domain of every polynomial function is ð2N;NÞ.
Rational function: A rational function is a function of the form f ðxÞ5 gðxÞ=hðxÞ,

where g and h are polynomial functions such that hðxÞ 6¼ 0. The domain of a rational

function is the set of all real numbers such that hðxÞ 6¼ 0.

Root function: The function f ðxÞ5
ffiffiffiffiffiffiffiffi
gðxÞn

p
is a root function, where n is a positive

integer.

1. If n is even, the domain is the solution to the inequality gðxÞ$ 0.

2. If n is odd, the domain is the set of all real numbers for which gðxÞ is defined.

5.18 Partial Fractions

Partial fraction decomposition of f(x)/g(x)

1. If the degree of f ðxÞ is not lower than the degree of gðxÞ, use long division to obtain the

proper form.

2. Express gðxÞ as a product of linear factors ax1 b or irreducible quadratic ax2 1 bx1 c,

and collect repeated factors so that gðxÞ is a product of different factors of the form

ðax1bÞn or ðax21bx1cÞn for a nonnegative integer n.
3. Apply the following rules.

Case I. Distinct Linear Factors

To each linear factor ax1 b occurring once in the denominator of a proper

rational fraction, there corresponds a single partial fraction of the form A=ðax1 bÞ,
where A is a constant to be determined.

Case II. Repeated Linear Factors

To each linear factor ax1 b occurring n times in the denominator of a proper

rational fraction, there corresponds a sum of n partial fractions of the form

A1

ax1 b
1

A2

ðax1bÞ2 1?1
An

ðax1bÞn

where the As are constants to be determined.
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Case III. Distinct Quadratic Factors

To each irreducible quadratic factor ax2 1 bx1 c occurring once in the denomi-

nator of a proper rational fraction, there corresponds a single partial fraction of the

form ðAx1BÞ=ðax2 1 bx1 cÞ, where A and B are constants to be determined.

Case IV. Repeated Quadratic Factors

To each irreducible quadratic factor ax2 1 bx1 c occurring n times in the denomi-

nator of a proper rational fraction, there corresponds a sum of n partial fractions of

the form

A1x1B1

ax2 1 bx1 c
1

A2x1B2

ðax21bx1cÞ2 1?1
Anx1Bn

ðax21bx1cÞn

where the As and Bs are constants to be determined.

5.19 Properties of Trigonometric Functions

Properties of the Sine Function

The sine graph has the following characteristics:

1. the sine function is odd since sin(2x)52sin x, that is, symmetrical about the origin

2. the sine function is continuous

3. the sine function is periodic with period 2π since sin x5 sin(x1π)
4. 21# sin x# 1, that is, the range is [21, 1]

5. the curve cuts the x-axis at 0, 6π, 62π, 63π, 64π, . . .

Graph of sin x

θ 0 π
4

π
2

3π
4

π 5π
4

3π
2

7π
4

2π

sin θ 0.0 0.7 1.0 0.7 0.0 20.7 21.0 20.7 0.0

–2π 2π–π π0

y

x
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The graph of y5
1

sin x
5 cosec x:

–2π –π π 2π0

Properties of the Cosine Function

1. The cosine function is even since cos(2x)5 cos x, that is, symmetrical about the y-axis

2. The cosine function is continuous

3. The cosine function is periodic with period 2π since cos x5 cos(x1 2π)
4. 21# cos x# 1, that is, the range is [21, 1]

5. The curve cuts the x-axis at 0, 6
π
2
, 6

3π
2
, 6

5π
2
, . . .

Graph of cos x:

3π
2

– 3π
2

π
2 0– π

2

y

x

Note: The cosine graph has the same shape as the sine graph but the former is

shifted by a distance of π=2 to the left on the x-axis.

Graph of y5 1=cos x5 sec x:
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Properties of the Tangent Function

1. The tan function is an odd function since tan(2x)52tan x

2. The tan function is not continuous since tan x5 sin x=cos x, so y5 tan x is undefined

when cos x5 0, that is, when x5 6
π
2
, 6

3π
2
, 6

5π
2
, . . .

These lines x5 6
π
2
, x5 6

3π
2
, . . . are called vertical asymptotes.

The curve approaches these lines but does not touch them.

3. The tangent function is periodic with period π since tan x5 tan (x1π)
4. tan xAℜ, that is, range5ℜ
5. The curve cuts the x-axis at 0, 6π, 6 2π, . . .

Graph of tan x:

y

–π π

x

0

Graph of y5
1

tan x
5 cot x:

–π π
2

0–
π π
2

3π
2

y

x

5.20 Sequences and Series

A sequence of numbers is simply a list of numbers, generated by some rule.

Examples: 3, 6, 9, 12, . . .
Each term in a sequence can be referred to by its place in the sequence, i.e., first

term, third term, nth term. In the examples above: the third term is 9.
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A sequence can develop in four ways

Divergent 1, 4, 9, 16, . . . The terms keep growing

Convergent
4; 2; 1;

1

2
;
1

4
; . . .

The terms converge on a single value, in this case

0.

Periodic 2, 0, 22, 0, 2, 0, 22, 0,

. . .
The sequence repeats itself after a set number of

terms.

Oscillating 2, 22, 22, 2, 22, . . . The sequence oscillates between two values.

If you add the terms of a sequence together, you get a series: 31 61 91 12.

5.21 Arithmetic Sequences and Series

Arithmetic sequence: Sequences of numbers that follow a pattern of adding a fixed

number from one term to the next are called arithmetic sequences. A sequence with

general term an115 an1 d is called an arithmetic sequence, an5 nth term and

d5 common difference.

Examples The general (nth) term for 2, 6, 10, 14, 18, 22, . . . is 4 and the first term

is 2. If we let d5 4 this becomes an5 a11 (n2 1)d.

The nth or general term of an arithmetic sequence is given by an5 a11 (n2 1)d.

So in our example a15 2 and d5 4 so an5 21 (n2 1)45 21 4n2 45 4n2 2.

The arithmetic series

To calculate the arithmetic series, we can use an5 a11 (n2 1)d, and the sum of

the sequence is

Sn 5
n

2
ða1 1 anÞ5 n

2
2a1 ðn2 1Þd½ �

Examples Find the following sum 31 71 111 151?1 35. We have a15 3,

an5 35, d5 4. To find n, we note that 355 31 (n2 1)4 so that 325 (n2 1)4 and

n5 9. Now we are ready to use the formula:

Sn 5
9

2
ð31 35Þ5 171

5.22 Geometric Sequences and Series

Geometric Sequence

Sequences of numbers that follow a pattern of multiplying a fixed number from

one term to the next are called geometric sequences. A sequence with general
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term an115 anr is called an geometric sequence, an5 nth term and r5 common

ratio.

The nth or general term of an geometric sequence is given by an5 arn21, where

a is the first term.

Examples The general (nth) term for 2, 6, 18, 54, . . . is an5 a1(3)
n21 and the first

term is 2.

5.23 The Finite Geometric Series

If an5 arn21 is a geometric sequence then the sum of the sequence is

Sn 5
Xn
i51

an 5 a
12 rn

12 r

� �

Example 31 61 125 21. This is a geometric series with common ratio 2, where

a5 3, an5 12, r5 2.

Sn 5 3
12 23

12 2

� �
5 3

27

21
5 3ð7Þ5 21

5.24 The Infinite Geometric Series

If an5 arn21 is a geometric sequence and jrj, 1 then the sum of the infinite

sequence is

Sn 5
XN
i51

an 5
a

12 r

Examples

� 221 42 81 161? ! We have a522, r522 this infinite series diverges because

r522 and j22j is not ,1. There is no sum.
� 241 121 61 31 3/21 3/41? ! We have a5 24, r5 1/2 so that

Sn 5
24

12 ð1=2Þ 5 48

94 Mathematical Formulas for Industrial and Mechanical Engineering



5.25 Some of Finite and Infinite Series

11 21 31?1 n5
nðn1 1Þ

2

21 41 61?1 2n5 nðn1 1Þ

11 31 51?1 ð2n2 1Þ5 n2

k1 ðk1 1Þ1 ðk1 2Þ1?1 ðk1 n2 1Þ5 nð2k1 n2 1Þ
2

12 1 22 1 32 1?1 n2 5
nðn1 1Þð2n1 1Þ

6

13 1 23 1 33 1?1 n3 5
nðn11Þ

2

� �2

12 1 32 1 52 1?1 ð2n21Þ2 5 nð4n2 2 1Þ
3

13 1 33 1 53 1?1 ð2n21Þ3 5 n2ð2n2 2 1Þ

11
1

2
1

1

22
1

1

23
1?1

1

2n
1?5 2

11
1

1!
1

1

2!
1

1

2!
1?1

1

ðn2 1Þ! 1?5 e

5.26 Convergence Tests for Series

A series converges iff the associated sequence of partial sums represented by {Sk}

converges. The element Sk in the sequence above is defined as the sum of the first

“k” terms of the series.

5.27 Series Tests

In this section the various tests mentioned in the previous section will be introduced,

and a number of examples will be considered in class to illustrate the various tests.
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General (nth) term test (also known as the divergence test):

If lim
n!N

an 6¼ 0, then the series
PN

n51 an diverges.

Note This test is a test for divergence only, and says nothing about convergence.

Geometric Series Test

A geometric series has the form
PN

n50 ar
n, where “a” is some fixed scalar

(real number). A series of this type will converge provided that jrj, 1, and the

sum is a/(12 r). A proof of this result follows.

Consider the kth partial sum, and “r” times the kth partial sum of the series

Sk 5 a1 ar1 1 ar2 1 ar3 1?1 ark

rSk 5 ar1 1 ar2 1 ar3 1?1 ark 1 ark11

The difference between rSk and Sk is ðr2 1ÞSk 5 aðrk11 2 1Þ.
Provided that r 6¼ 1, we can divide by (r2 1) to obtain

Sk 5
aðrk11 2 1Þ
ðr2 1Þ :

Since the only place that “k” appears on the right in this last equation is in the

numerator, the limit of the sequence of partial sums {Sk} will exist iff the limit

as k!N exists as a finite number. This is possible iff jrj, 1, and if this is true

then the limit value of the sequence of partial sums, and hence the sum of the

series, is S5 a=ð12 rÞ:

5.28 Integral Test

Given a series of the form
PN

n5k an, set an5 f(n) where f(x) is a continuous function

with positive values that are decreasing for x$ k. If the improper integral

lim
L!N

ð L

x5k

f ðxÞdx exists as a finite real number, then the given series converges. If the

improper integral above does not have a finite value, then the series above diverges.

If the improper integral exists, then the following inequality is always true

ðN

x5p11

f ðxÞdx#
XN
n5p

an # ap 1

ðN

x5p

f ðxÞdx
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By adding the terms from n5 k to n5 p to each expression in the inequalities

above it is possible to put both upper and lower bounds on the sum of the series.

Also it is possible to estimate the error generated in estimating the sum of the series

by using only the first “p” terms. If the error is represented by Rp, then it follows that

ðN

x5p11

f ðxÞdx#Rp #

ðN

x5p

f ðxÞdx

5.29 Comparison Tests

There are four comparison tests that are used to test series. There are two conver-

gence tests and two divergence tests. In order to use these tests it is necessary to

know a number of convergent series and a number of divergent series. For the tests

that follow we shall assume that
PN

n51 cn is some known convergent series, thatPN
n51 dn is some known divergent series, and that

PN
n51 an is the series to be tested.

Also it is to be assumed that for nA{1, 2, 3, . . ., k2 1} the values of an are finite and

that each of the series contains only positive terms.

5.30 Ratio Test

Given a series
PN

n51 an with no restriction on the values of the ans except that they

are finite, and that lim
n!N

j an11

an
j5 L, the series converges absolutely whenever

0# L, 1, diverges whenever 1, L#N, and the test fails if L5 1.

5.31 Absolute and Conditional Convergence

A convergent series that contains an infinite number of both negative and positive

terms must be tested for absolute convergence.

A series of the form
PN

n51 an is absolutely convergent iff
PN

n51 janj the series of
absolute values is convergent.

If
PN

n51 an is convergent, but
PN

n51 janj the series of absolute values is divergent,
then the series

PN
n51 an is conditionally convergent.

A shortcut:

In some cases it is easier to show that
PN

n51 janj is convergent.
It then follows immediately that the original series

PN
n51 an is absolutely

convergent.
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5.32 Taylor and Maclaurin Series

If

f ðxÞ5
XN
n50

cnðx2aÞn

has a power series representation, then

cn 5
f nðxÞ
n!

and

f ðxÞ5
XN
n50

f nðxÞ
n!

ðx2aÞn 5 f ðaÞ1 f 0ðaÞðx2 aÞ1 f 00ðaÞ
2 !

ðx2aÞ2

1
fwðaÞ
3!

ðx2aÞ3 1?1
f nðaÞ
n!

ðx2aÞn 1?

which is called a Taylor series at x5 a.

If a5 0, then

f ðxÞ5
XN
n50

f nðxÞ
n!

xn 5 f ð0Þ1 f 0ð0Þx1 f 00ð0Þ
2!

x2 1
fwð0Þ
3!

x3 1?1
f nð0Þ
n!

xn 1 . . .

is the Maclaurin series of f centered at x5 0.

Expansions for some function:

1

x
5 12 ðx2 1Þ1 ðx21Þ2 2 ðx21Þ3 1 ðx21Þ4 2?1 ð21Þnðx21Þn

1

12 x
5
XN
n50

xn 5 11 x1 x2 1 x3 1 x4 1?

ex 5
XN
n50

xn

n!
5 11

x

1!
1

x2

2!
1

x3

3!
1

x4

4!
1?

sin x5
XN
n50

ð21Þn x2n11

ð2n1 1Þ! 5 x2
x3

3!
1

x5

5!
2

x7

7!
1?
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cos x5
XN
n50

ð21Þn x2n

ð2nÞ! 5 12
x2

2!
1

x4

6 !
2

x8

8 !
1?

tan21 x5
XN
n50

ð21Þn x2n11

2n1 1
5 x2

x3

3
1

x5

5
2

x7

7
1?

lnð11 xÞ5
XN
k50

ð21Þk xk11

k1 1
5 x2

x2

2
1

x3

3
2

x4

4
1?

ð11xÞα 5 11
XN
k51

αðα2 1Þ. . .ðα2 k1 1Þ
k!

xk

5 11αx1
αðα2 1Þ

2!
x2 1

αðα2 1Þðα2 2Þ
3!

x3 1?

5.33 Continuous Fourier Series

For a function with period T, a continuous Fourier series can be expressed as

f ðtÞ5 a0 1
XN
k51

ak cosðkw0tÞ1 bk sinðkw0tÞ

The unknown Fourier coefficients a0, ak, and bk can be computed as

a0 5
1

T

� �ð T

0

f ðtÞdt

Thus, a0 can be interpreted as the “average” function value between the period

interval ½0;T �.

ak 5
2

T

0
@
1
Að T

0

f ðtÞcosðkw0tÞdt

� a2kðhence ak is an ‘‘even’’ functionÞ

bk 5
2

T

0
@
1
Að T

0

f ðtÞsinðkw0tÞdt

� 2 b2kðhence bk is an ‘‘odd’’ functionÞ
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Example 1

Using the continuous Fourier series to approximate the following periodic function (T5 2π s)
shown in Figure 5.1:

f ðtÞ5 t for 0, t#π
π for π# t, 2π

�

Specifically, find the Fourier coefficients a0; a1; . . .; a8 and b1; . . .; b8.

Solution
The unknown Fourier coefficients a0, ak, and bk can be computed based on the following
equations:

a0 5
1

T

� �ð 2π

0

f ðtÞdt

a0 5
1

ð2πÞ 3
ð π

0

t dt1

ð 2π

π
πdt

� 


a0 5 2:35619

ak 5
2

T

� �ð T52π

0

f ðtÞcosðkw0tÞdt

ak 5
2

2π

� �
3

ð π

0

t cos k3
2π
T

3 t

� �
dt1

ð 2π

π
π3 cos k3

2π
T

3 t

� �
dt

� 


ak 5
1

π

� �
3

ð π

0

t cosðktÞdt1
ð 2π

π
π cosðktÞdt

� 


f(t)

f1(t) = t

0
t

f2(t) = π

T = 2π

π

π 2π

Figure 5.1 A periodic function (between 0 and 2π).
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The “integration by part” formula can be utilized to compute the first integral on the
right-hand side of the above equation.

For k5 1; 2; . . .; 8, the Fourier coefficients ak can be computed as

a1 520:6366257003116296

a2 52 5:0703528576787213 1026 � 0

a3 520:07074100153210318

a4 525:0703200925696663 1026 � 0

a5 520:025470225589332522

a6 525:0702653333026043 1026 � 0

a7 520:0012997664818977102

a8 52 5:0701886126046953 1026 � 0

Similarly

bk 5
2

T

� �ð 2π

0

f ðtÞ sinðkw0tÞdt

bk 5
1

π

� �
3

ð π

0

t sinðktÞdt1
ð 2π

π
π sinðktÞdt

� 


For k5 1; 2; . . .; 8, the Fourier coefficients bk can be computed as

b1 520:9999986528958207

b2 520:4999993232285269

b3 520:3333314439509194

b4 520:24999804122384547

b5 520:19999713794872364

b6 520:1666635603759553

b7 520:14285324664625462

b8 520:12499577981019251
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Any periodic function f ðtÞ, such as the one shown in Figure 5.1, can be represented by
the Fourier series as

f ðtÞ5 a0 1
XN
k51

ak cosðkw0tÞ1 bk sinðkw0tÞ
� �

where a0, ak, and bk have already been computed (for k5 1; 2; . . .; 8) and

w0 5 2πf

5
2π
T

5
2π
2π

5 1

Thus, for k5 1, one obtains

f 1ðtÞ � a0 1 a1 cosðtÞ1 b1 sinðtÞ

For k5 1 ! 2, one obtains

f 2ðtÞ � a0 1 a1 cosðtÞ1 b1 sinðtÞ1 a2 cosð2tÞ1 b2 sinð2tÞ

For k5 1 ! 4, one obtains

f 4ðtÞ � a0 1 a1 cosðtÞ1 b1 sinðtÞ1 a2 cosð2tÞ1 b2 sinð2tÞ1 a3 cosð3tÞ1 b3 sinð3tÞ
1 a4 cosð4tÞ1 b4 sinð4tÞ

Plots for f 1ðtÞ, f 2ðtÞ, and f 4ðtÞ are shown in Figure 5.2.

4

3.5

3

2.5

2

1.5

1

0.5

0
0 1 2 3

t
4 5 6 7

f(
t)

f(t)
f1(t)
f2(t)
f4(t)

Figure 5.2 Fourier approximated functions.
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It can be observed from the figure that as more terms are included in the Fourier series,
the approximated Fourier functions more closely resemble the original periodic function as
shown in Figure 5.1.

Example 2

The periodic triangular wave function f ðtÞ is defined as

f ðtÞ5

2π
2

for 2π, t,
2π
2

2t for
2π
2

, t,
π
2

2π
2

for
π
2
, t,π

8>>>>>>><
>>>>>>>:

Find the Fourier coefficients a0; a1; . . .; a8 and b1; . . .; b8 and approximate the
periodic triangular wave function by the Fourier series (Figure 5.3).

Solution
The unknown Fourier coefficients a0, ak, and bk can be computed based on the following
equations:

a0 5
1

T

� �ð π

2π
f ðtÞdt

a0 5
1

ð2πÞ 3
ð 2π=2

2π
2
π
2

� �
dt1

ð π=2

2π=2
ð2tÞdt1

ð π

π=2
2
π
2

� �
dt

( )

π
2

0

f(t)

f(t) = –t

t

π
π2

π

−π

2
–

π
2

–

T
2

T
2

Figure 5.3 Periodic triangular

wave function.
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a0 520:78539753

ak 5
2

T

� �ð π

2π
f ðtÞcosðkw0tÞdt

where

w0 5
2π
T

5
2π
2π

5 1

Hence,

ak 5
2

T

� �ð π

2π
f ðtÞcosðktÞdt

or

ak 5
2

2π

� � ð 2π=2

2π
2
π
2

� �
cosðktÞdt1

ð π=2

2π=2
ð2tÞcosðktÞdt1

ð π

π=2
2
π
2

� �
cosðktÞdt

( )

Similarly

bk 5
2

T

� �ð π

2π
f ðtÞsinðkw0tÞdt5

2

T

� �ð π

2π
f ðtÞsinðktÞdt

or

bk 5
2

2π

� � ð 2π=2

2π
2
π
2

� �
sinðktÞdt1

ð π=2

2π=2
ð2tÞsinðktÞdt1

ð π

π=2
2
π
2

� �
sinðktÞdt

( )

The “integration by part” formula can be utilized to compute the second integral on
the right-hand side of the above equations for ak and bk.

For k5 1; 2; . . .; 8, the Fourier coefficients ak and bk can be computed and summarized
as in Table 5.1.

The periodic function (shown in Example 1) can be approximated by Fourier series as

f ðtÞ5 a0 1
XN
k51

ak cosðktÞ1 bk sinðktÞ
� �

Thus, for k5 1, one obtains

f 1ðtÞ5 a0 1 a1 cosðtÞ1 b1 sinðtÞ
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For k5 1 ! 2, one obtains

f 2ðtÞ5 a0 1 a1 cosðtÞ1 b1 sinðtÞ1 a2 cosð2tÞ1 b2 sinð2tÞ

Similarly, for k5 1 ! 4, one has

f 4ðtÞ5 a0 1 a1 cosðtÞ1 b1 sinðtÞ1 a2 cosð2tÞ1 b2 sinð2tÞ1 a3 cosð3tÞ1 b3 sinð3tÞ
1 a4 cosð4tÞ1 b4 sinð4tÞ

Plots for functions f 1ðtÞ; f 2ðtÞ; and f 4ðtÞ are shown in Figure 5.4.
It can be observed from the figure that as more terms are included in the Fourier series,

the approximated Fourier functions closely resemble the original periodic function.

Table 5.1 Fourier Coefficients ak and bk for Various k Values

k ak bk

1 0.999997 20.63661936

2 0.00 20.49999932

3 20.3333355 0.07073466

4 0.00 0.2499980

5 0.1999968 20.02546389

6 0.00 20.16666356

7 20.14285873 0.0126991327

8 0.00 0.12499578

f(t)
f1(t)
f2(t)
f4(t)

2

1.5

1

0.5

0

–0.5

–1

–1.5

–2
–4 –3 –2 –1

t
0 1 2 3 4

f(
t)

Figure 5.4 Fourier approximated functions.
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5.34 Double Integrals

A double integral is used to calculate the area under a surface over a bounded region.

In order to approximate the volume under a surface over a domain D, the domain

can be divided into rectangles. Each of these rectangles has an x and a y dimension

denoted as Δx and Δy, respectively. Therefore, the area of each rectangle is defined

as ΔA5ΔxΔy.

To obtain the actual volume under a surface, the partitions of the domain must

be made infinitely small by finding the infinite limit of the double summations

in the volume approximation. As this limit approaches infinity, the error of the

approximation approaches 0.

V 5 lim
m!N

lim
n!N

Xm
i51

Xn
j51

f ðx�ij; y�ijÞΔAij

5 lim
m;n!N

Xm
i51

Xn
j51

f ðx�ij; y�ijÞΔAij

5

ðð
D

f ðx; yÞdA

The domain D of the double integral can be broken into the components dx and

dy, which produces the notation:

V 5

ð b

a

ð d

c

f ðx; yÞdy dx

To evaluate a double integral, the integrand must first be integrated relative to

the first differential. All variables other than that of the first differential are treated

as constants. The bounds for the inner integral are entered into the antiderivative,

which then is integrated relative to the second differential.

For example:

ð 2

0

ð 3

1

ðx2yÞdy dx
ð 2

0



1

2
x2y2

�3
1

dx

ð 2

0

�
9

2
x2 2

1

2
x2
�
dx

ð 2

0

4x2 dx



4x3

3

�2
0�

32

3
2 0

�

32

3
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5.35 Triple Integrals

A triple integral has a three-dimensional domain. Since the resulting function exists

in four dimensions, the function cannot be represented graphically. However, some

mathematicians label the results of a triple integral as hypervolume. The formula

for calculating a triple integral can be determined as

lim
m!N

lim
n!N

lim
p!N

Xm
i51

Xn
j51

Xp
k51

f ðx�ijk; y�ijk; z�ijkÞΔzjkΔyjkΔxjk

5

ððð
E

f ðx; y; zÞdV

5

ð b

a

ð d

c

ð f

e

f ðx; y; zÞdz dy dx

Example

Use a triple integral to find the volume of the solid bounded by the graphs of z5 x2 1 y2

and the plane z5 4.

Solution
The following graph shows a plot of the paraboloid z5 x2 1 y2 (in blue), the plane z5 4
(in red), and its projection onto the x2 y plane (in green).

z E

D

5

4

3

2

–2–3
–1

1 2

–2

2 y x 3

1

The triple integral
ÐÐÐ

EdV will evaluate the volume of this surface. In the z direction,
the surface E is bounded between the graphs of the paraboloid z5 x2 1 y2 and the plane
z5 4. This will make up the limits of integration in terms of z. The limits for y and x are
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determined by looking at the projection D given on the x2 y plane, which is the graph of
the circle x2 1 y2 5 4 given as follows:

1

0–3 –2 –1 1 2

x

y

D

3

–1

–3

3

–2

2

Taking the equation x2 1 y2 5 4 and solving for y gives y5 6
ffiffiffiffiffiffiffiffiffiffiffiffi
42 x2

p
. Thus the limits

of integration of y will range from y52
ffiffiffiffiffiffiffiffiffiffiffiffi
42 x2

p
to y5

ffiffiffiffiffiffiffiffiffiffiffiffi
42 x2

p
. The integration limits in

terms of x hence range from x522 to x5 2. Thus the volume of the region E can be
found by evaluating the following triple integral:

Volume of E5

ððð
E

dV5

ð 2

22

ð ffiffiffiffiffiffiffiffi
42x2

p

2
ffiffiffiffiffiffiffiffi
42x2

p

ð 4

x21y2
dz dy dx

If we evaluate the innermost integral we get the following:

ð 2

22

ð ffiffiffiffiffiffiffiffi
42x2

p

2
ffiffiffiffiffiffiffiffi
42x2

p

ð 4

x21y2
dz dy dx5

ð 2

22

ð ffiffiffiffiffiffiffiffi
42x2

p

2
ffiffiffiffiffiffiffiffi
42x2

p ½z�
				
z54

z5x21y2
dy dx

5

ð 2

22

ð ffiffiffiffiffiffiffiffi
42x2

p

2
ffiffiffiffiffiffiffiffi
42x2

p ½42 ðx2 1 y2Þ�dy dx

Since the limits involving y involve two radicals, integrating the rest of this result in
rectangular coordinates is a tedious task. However, since the region D on the x2 y plane
given by x2 1 y2 5 4 is circular, it is natural to represent this region in polar
coordinates.
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Using the fact that the radius r ranges from r5 0 to r5 2 and that θ ranges from θ5 0
to θ5 2π and also that in polar coordinates, the conversion equation is r2 5 x2 1 y2, the
iterated integral becomes

ð 2

22

ð ffiffiffiffiffiffiffiffi
42x2

p

2
ffiffiffiffiffiffiffiffi
42x2

p ½42 ðx2 1 y2Þ�dy dx5
ð 2π

0

ð 2

0

ð42 r2Þr dr dθ

Evaluating this integral in polar coordinates, we obtain

ð 2π

0

ð 2

0

ð42 r2Þr dr dθ 5
ð 2π

0

ð 2

0

ð4r2 r3Þdr dθ ðdistribute rÞ

5

ð θ52π

θ50

2r22
1

4
r4
				
r52

r50

dθ

0
@

1
A ðintegrateÞ

5

ð θ52π

θ50

2ð2Þ2 2 1

4
ð2Þ4

0
@

1
A2 0

2
4

3
5dθ ðsub in limits of integrationÞ

5

ð θ52π

θ50

4 dθ ðsimplifyÞ

5 4θ
				
θ52π

θ50

ðintegrateÞ

5 4ð2πÞ2 4ð0Þ ðsub in limits of integrationÞ
5 8π

Thus, the volume of E is 8π.

5.36 First-Order Differential Equations

Linear equations:

dy

dx
1 gðxÞy5 f ðxÞ

The general solution is

y5

ð
e

Ð
gðxÞdx

f ðxÞdx

e

Ð
gðxÞdx

1C

Separable equations:

dy

dx
5 f ðxÞgðyÞ
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The general solution is

ð
dy

gðyÞ 5
ð
f ðxÞdx1C

Exact equations: Mðx; yÞdx1Nðx; yÞdy5 0 is called exact if @M=@y5 @N=@x
and not exact otherwise.

The general solution is

ð
Mðx; yÞdx1

ð
Nðx; yÞdy5C

Homogeneous equations: dy=dx5 f ðx; yÞ is homogeneous if the function

f ðtx; tyÞ5 f ðx; yÞ
The substitution z5 y=x converts the equation to separable xðdz=dxÞ1 z5 f ð1; zÞ
Bernoulli equations:

dy

dx
1 gðxÞy5 f ðxÞyn

The substitution z5 y12n converts the equation to linear ðdz=dxÞ1
ð12 nÞgðxÞz5 ð12 nÞf ðxÞ

5.37 Second-Order Differential Equations

Homogeneous linear equation with constant coefficients: y00 1 by0 1 cy5 0. The

characteristic equation is λ2 1 bλ1 c5 0.

If λ1 6¼ λ2 (distinct real roots) then y5 c1e
λ1x 1 c2e

λ2x.

If λ1 5λ2 (repeated roots) then y5 c1e
λ1x 1 c2xe

λ1x.

If λ1 5α1 βi and λ2 5α2βi are complex numbers (distinct real roots) then

y5 eαxðc1 cos βx1 c2 sin βxÞ.

5.38 Laplace Transform

Why Laplace Transforms?

1. Converts differential equations to algebraic equations—facilitates combination of multiple

components in a system to get the total dynamic behavior (through addition and

multiplication)

2. Can gain insight from the solution in the transform domain (“s”)—inversion of transform

not necessarily required
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3. Allows development of an analytical model which permits use of a discontinuous

(piecewise continuous) forcing function and the use of an integral term in the forcing

function (important for control)

4. System analysis using Laplace transform

X(s)

G(s)

Dynamic system
Y(s)

YðsÞ5GðsÞ XðsÞ
yðtÞ5 L21ðYðsÞÞ ! inverse Laplace transform

Definition Laplace transform of x(t)

L½xðtÞ�5XðsÞ5
ðN

0

xðtÞe2st dt ðs5 σ1 jωÞ

5.39 Table of Laplace Transforms

Function, f(t) Laplace Transform, F(s)

1 1/s

T 1/s2

t2 2/s3

tn n!/sn11

e2at 1/(s1 a)

tne2at n!/(s1 a)n11

sin(bt) b/(s21 b2)

cos(bt) s/(s21 b2)

e2atsin(bt) b/((s1 a)21 b2)

e2atcos(bt) (s1 a)/((s1 a)21 b2)

sinh(bt) b/(s22 b2)

cosh(bt) s/(s22 b2)

tsin(bt) 2bs/(s21 b2)2

tcos(bt) (s22 b2)/(s21 b2)2

u(t) unit step function 1/s

u(t2 d) e2sd/s

δ(t) 1

δ(t2 d) e2sd
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6 Statistics and Probability

Probability and statistics are two related but separate academic disciplines.

Statistical analysis often uses probability distributions and the two topics are often

studied together. However, probability theory contains much that is of mostly of

mathematical interest and not directly relevant to statistics. Moreover, many topics

in statistics are independent of probability theory.

Probability (or likelihood) is a measure or estimation of how likely it is that some-

thing will happen or that a statement is true. Probabilities are given a value between

0 (0% chance or will not happen) and 1 (100% chance or will happen). The higher

the degree of probability, the more likely the event is to happen, or, in a longer series

of samples, the greater the number of times such event is expected to happen.

Statistics is the study of the collection, organization, analysis, interpretation, and

presentation of data. It deals with all aspects of data, including the planning of data

collection in terms of the design of surveys and experiments. Topics discussed in

this chapter are as follows:

� Mean
� Median
� Mode
� Standard deviation
� Variance
� Coefficient of variation
� z-Score
� Range
� Central limit theorem
� Counting rule for combinations
� Counting rule for permutations
� Binomial probability
� Poisson probability
� Confidence intervals
� Sample size
� Regression and correlation
� Pearson product�moment correlation coefficient
� Test statistic for hypothesis tests about a population proportion
� Chi-square goodness-of-fit test statistic
� Standard normal distribution table
� Student’s t-distribution table
� Chi-square table
� Table of F-statistics, P5 0.05
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6.1 Arithmetic Mean

For sample: x5

P
x

n
. For population: μ5

P
x

N
.

6.2 Median

The median is the middle measurement when an odd number (n) of measurement

is arranged in order; if n is even, it is the midpoint between the two middle

measurements.

6.3 Mode

It is the most frequently occurring measurement in a set.

6.4 Geometric Mean

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2. . .xnn

p

6.5 Standard Deviation

s5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
x2x

� �2
ðn2 1Þ

s

or

s5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n
P

x2
� �

2
P

x
� �2

nðn2 1Þ

s

6.6 Variance

v5 s2

6.7 z-Score

z5
x2 x

s
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6.8 Coefficient of Variation

CV ð%Þ5 standard deviation

mean
3 100

6.9 Sample Covariance

sxy 5

Pðxi 2 xÞðyi 2 yÞ
n2 1

6.10 Range

Range5 largest data value2 smallest data value.

6.11 Central Limit Theorem

z5
x2μ
σ=

ffiffiffi
n

p ; n$ 30

6.12 Counting Rule for Combinations

nCr 5
n!

r!ðn2 rÞ!

6.13 Counting Rule for Permutations

nPr 5
n!

ðn2 rÞ!

6.14 Properties of Probability

Let

P denotes a probability

A, B, C denote specific events
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PðAÞ denotes the probability of event A occurring

PðAÞ5 number of times A occurred

number of times trial was repeated

Computing probability using the complement: PðAÞ5 12PðACÞ
Addition law: PðA,BÞ5PðAÞ1PðBÞ2PðA-BÞ
Conditional probability: PðAjBÞ5PðA-BÞ

PðBÞ or PðBjAÞ5PðA-BÞ
PðAÞ

Multiplication law: PðA-BÞ5PðBÞPðAjBÞ or PðA-BÞ5PðAÞPðBjAÞ
Multiplication law for independent events: PðA-BÞ5PðAÞPðBÞ
Expected value of a discrete random variable: EðxÞ5μ5

P
xf ðxÞ

6.15 Binomial Probability Function

f ðxÞ5 n!

x!ðn2 xÞ! p
xð12pÞðn2xÞ

6.16 Expected Value and Variance for the Binomial
Distribution

EðxÞ5μ5 np VarðxÞ5 σ2 5 npð12 pÞ

6.17 Poisson Probability Function

f ðxÞ5 μxe2μ

x!

where f ðxÞ is the probability of x occurrences in an interval, μ is the expected value

or mean number of occurrences in an interval, and e5 2.718.

6.18 Confidence Intervals

Confidence interval for a mean (large samples): x2 zc
σffiffiffi
n

p ,μ, x1 zc
σffiffiffi
n

p
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Confidence interval for a mean (small samples): x2 tc
sffiffiffi
n

p ,μ, x1 tc
sffiffiffi
n

p
yp2E, y, yp1E, where yp is the predicted y value for x:

E5 teSe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11

1

n
1

ðx2xÞ2
SSx

s

Confidence interval for a proportion (where np. 5 and nq. 5):

r
n
2 zc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr=nÞð12 ðr=nÞÞ

n

q
, p, r

n
2 zc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr=nÞð12 ðr=nÞÞ

n

q

6.19 Sample Size

Sample size for estimating means n5
zcσ
E

� �2
.

Sample size for estimating proportions n5 pð12 pÞ zc

E

� �2
with preliminary esti-

mate of p.

n5
1

4

zc

E

� �2
with no preliminary estimate of p.

6.20 Regression and Correlation

SSx 5
X

x2 2

P
x

� �2
n

SSy 5
X

y2 2

P
y

� �2
n

SSxy 5
X

xy2

P
x

� � P
y

� �
n

Least squares line

y5 a1 bx

where b5 SSxy=SSx and a5 y2 bx.

Standard error of estimate

Se 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SSy 2 bSSxy

n2 2

r

where b5 SSxy/SSx.
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6.21 Pearson Product�Moment Correlation Coefficient

r5
SSxyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SSxSSy

p

6.22 Test Statistic for Hypothesis Tests about a Population
Proportion

Z5
p2 p0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðp0ð12 p0ÞÞ=n
p

6.23 Chi-Square Goodness-of-Fit Test Statistic

χ2 5
X

fo2feð Þ2
fe

; df 5 ðc2 1Þ

6.24 Standard Normal Distribution Table

Cumulative probabilities: P(Z# z) for z# 0

0z

Probability
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Z 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01 0.00

23.5 0.0002

23.4 0.0002 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003

23.3 0.0003 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0005 0.0005 0.0005

23.2 0.0005 0.0005 0.0005 0.0006 0.0006 0.0006 0.0006 0.0006 0.0007 0.0007

23.1 0.0007 0.0007 0.0008 0.0008 0.0008 0.0008 0.0009 0.0009 0.0009 0.0010

23.0 0.0010 0.0010 0.0011 0.0011 0.0011 0.0012 0.0012 0.0013 0.0013 0.0013

22.9 0.0014 0.0014 0.0015 0.0015 0.0016 0.0016 0.0017 0.0018 0.0018 0.0019

22.8 0.0019 0.0020 0.0021 0.0021 0.0022 0.0023 0.0023 0.0024 0.0025 0.0026

22.7 0.0026 0.0027 0.0028 0.0029 0.0030 0.0031 0.0032 0.0033 0.0034 0.0035

22.6 0.0036 0.0037 0.0038 0.0039 0.0040 0.0041 0.0043 0.0044 0.0045 0.0047

22.5 0.0048 0.0049 0.0051 0.0052 0.0054 0.0055 0.0057 0.0059 0.0060 0.0062

22.4 0.0064 0.0066 0.0068 0.0069 0.0071 0.0073 0.0075 0.0078 0.0080 0.0082

22.3 0.0084 0.0087 0.0089 0.0091 0.0094 0.0096 0.0099 0.0102 0.0104 0.0107

22.2 0.0110 0.0113 0.0116 0.0119 0.0122 0.0125 0.0129 0.0132 0.0136 0.0139

22.1 0.0143 0.0146 0.0150 0.0154 0.0158 0.0162 0.0166 0.0170 0.0174 0.0179

22.0 0.0183 0.0188 0.0192 0.0197 0.0202 0.0207 0.0212 0.0217 0.0222 0.0228

�1.9 0.0233 0.0239 0.0244 0.0250 0.0256 0.0262 0.0268 0.0274 0.0281 0.0287

21.8 0.0294 0.0301 0.0307 0.0314 0.0322 0.0329 0.0336 0.0344 0.0351 0.0359

21.7 0.0367 0.0375 0.0384 0.0392 0.0401 0.0409 0.0418 0.0427 0.0436 0.0446

21.6 0.0455 0.0465 0.0475 0.0485 0.0495 0.0505 0.0516 0.0526 0.0537 0.0548

21.5 0.0559 0.0571 0.0582 0.0594 0.0606 0.0618 0.0630 0.0643 0.0655 0.0668

21.4 0.0681 0.0694 0.0708 0.0721 0.0735 0.0749 0.0764 0.0778 0.0793 0.0808

21.3 0.0823 0.0838 0.0853 0.0869 0.0885 0.0901 0.0918 0.0934 0.0951 0.0968

21.2 0.0985 0.1003 0.1020 0.1038 0.1056 0.1075 0.1093 0.1112 0.1131 0.1151

21.1 0.1170 0.1190 0.1210 0.1230 0.1251 0.1271 0.1292 0.1314 0.1335 0.1357

21.0 0.1379 0.1401 0.1423 0.1446 0.1469 0.1492 0.1515 0.1539 0.1562 0.1587

20.9 0.1611 0.1635 0.1660 0.1685 0.1711 0.1736 0.1762 0.1788 0.1814 0.1841

20.8 0.1867 0.1894 0.1922 0.1949 0.1977 0.2005 0.2033 0.2061 0.2090 0.2119

20.7 0.2148 0.2177 0.2206 0.2236 0.2266 0.2296 0.2327 0.2358 0.2389 0.2420

20.6 0.2451 0.2483 0.2514 0.2546 0.2578 0.2611 0.2643 0.2676 0.2709 0.2743

20.5 0.2776 0.2810 0.2843 0.2877 0.2912 0.2946 0.2981 0.3015 0.3050 0.3085

20.4 0.3121 0.3156 0.3192 0.3228 0.3264 0.3300 0.3336 0.3372 0.3409 0.3446

20.3 0.3483 0.3520 0.3557 0.3594 0.3632 0.3669 0.3707 0.3745 0.3783 0.3821

20.2 0.3859 0.3897 0.3936 0.3974 0.4013 0.4052 0.4090 0.4129 0.4168 0.4207

20.1 0.4247 0.4286 0.4325 0.4364 0.4404 0.4443 0.4483 0.4522 0.4562 0.4602

20.0 0.4641 0.4681 0.4721 0.4761 0.4801 0.4840 0.4880 0.4920 0.4960 0.5000
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Cumulative probabilities: P(Z# z) for z$ 0.

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359

0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753

0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141

0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517

0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224

0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549

0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852

0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133

0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621

1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830

1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015

1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177

1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441

1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545

1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633

1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706

1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817

2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857

2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890

2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916

2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952

2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964

2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974

2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981

2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990

3.1 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993

3.2 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995

3.3 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997

3.4 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998

3.5 0.9998
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6.25 Table of the Student’s t-distribution

You must use the t-distribution table when working problems when the population

standard deviation (σ) is not known and the sample size is small (n, 30).

α

;tα ν

The table gives the values of tα;ν , where

Pr(Tν. tα;ν)5α with ν degrees of freedom

v α

0.1 0.05 0.025 0.01 0.005 0.001 0.0005

1 3.078 6.314 12.076 31.821 63.657 318.310 636.620

2 1.886 2.920 4.303 6.965 9.925 22.326 31.598

3 1.638 2.353 3.182 4.541 5.841 10.213 12.924

4 1.533 2.132 2.776 3.747 4.604 7.173 8.610

5 1.476 2.015 2.571 3.365 4.032 5.893 6.869

6 1.440 1.943 2.447 3.143 3.707 5.208 5.959

7 1.415 1.895 2.365 2.998 3.499 4.785 5.408

8 1.397 1.860 2.306 2.896 3.355 4.501 5.041

9 1.383 1.833 2.262 2.821 3.250 4.297 4.781

10 1.372 1.812 2.228 2.764 3.169 4.144 4.587

11 1.363 1.796 2.201 2.718 3.106 4.025 4.437

12 1.356 1.782 2.179 2.681 3.055 3.930 4.318

13 1.350 1.771 2.160 2.650 3.012 3.852 4.221

14 1.345 1.761 2.145 2.624 2.977 3.787 4.140

15 1.341 1.753 2.131 2.602 2.947 3.733 4.073

16 1.337 1.746 2.120 2.583 2.921 3.686 4.015

17 1.333 1.740 2.110 2.567 2.898 3.646 3.965

18 1.330 1.734 2.101 2.552 2.878 3.610 3.922

19 1.328 1.729 2.093 2.539 2.861 3.579 3.883

20 1.325 1.725 2.086 2.528 2.845 3.552 3.850

21 1.323 1.721 2.080 2.518 2.831 3.527 3.819

22 1.321 1.717 2.074 2.508 2.819 3.505 3.792

23 1.319 1.714 2.069 2.500 2.807 3.485 3.767

24 1.318 1.711 2.064 2.492 2.797 3.467 3.745

25 1.316 1.708 2.060 2.485 2.787 3.450 3.725

26 1.315 1.706 2.056 2.479 2.779 3.435 3.707

27 1.314 1.703 2.052 2.473 2.771 3.421 3.690

28 1.313 1.701 2.048 2.467 2.763 3.408 3.674

29 1.311 1.699 2.045 2.462 2.756 3.396 3.659
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6.26 Chi-square Table

v α

0.1 0.05 0.025 0.01 0.005 0.001 0.0005

30 1.310 1.697 2.042 2.457 2.750 3.385 3.646

40 1.303 1.684 2.021 2.423 2.704 3.307 3.551

60 1.296 1.671 2.000 2.390 2.660 3.232 3.460

120 1.289 1.658 1.980 2.358 2.617 3.160 3.373

N 1.282 1.645 1.960 2.326 2.576 3.090 3.291

df P5 0.05 P5 0.01

1 3.84 6.64

2 5.99 9.21

3 7.82 11.35

4 9.49 13.28

5 11.07 15.09

6 l2.59 16.81

7 14.07 18.48

8 15.51 20.09

9 16.92 21.67

10 l8.31 23.21

11 19.68 24.73

12 21.03 26.22

13 22.36 27.69

14 23.69 29.14

15 25.00 30.58

16 26.30 32.00

17 27.59 33.41

18 28.87 34.8l

19 30.14 36.19

20 31.41 37.57

21 32.67 38.93

22 33.92 40.29

23 35.17 41.64

24 36.42 42.98

25 37.65 44.31

26 38.89 45.64

27 40.11 46.96

28 41.34 48.28

29 42.56 49.59

30 43.77 50.89
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df2 df1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20 30

3 10.13 9.55 9.28 9.12 9.01 8.94 8.89 8.85 8.81 8.79 8.76 8.74 8.73 8.71 8.70 8.66 8.62

4 7.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.96 5.94 5.91 5.89 5.87 5.86 5.80 5.75

5 6.61 5.79 5.41 5.19 5.05 4.95 4.88 4.82 4.77 4.74 4.70 4.68 4.66 4.64 4.62 4.56 4.50

6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.03 4.00 3.98 3.96 3.94 3.87 3.81

7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.64 3.60 3.57 3.55 3.53 3.51 3.44 3.38

8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.35 3.31 3.28 3.26 3.24 3.22 3.15 3.08

9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.14 3.10 3.07 3.05 3.03 3.01 2.94 2.85

10 4.96 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.98 2.94 2.91 2.89 2.86 2.85 2.77 2.70

11 4.84 3.98 3.59 3.36 3.20 3.09 3.01 2.95 2.90 2.85 2.82 2.79 2.76 2.74 2.72 2.65 2.57

12 4.75 3.89 3.49 3.26 3.11 3.00 2.91 2.85 2.80 2.75 2.72 2.69 2.66 2.64 2.62 2.54 2.47

13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 2.77 2.71 2.67 2.63 2.60 2.58 2.55 2.53 2.46 2.38

14 4.60 3.74 3.34 3.11 2.96 2.85 2.76 2.70 2.65 2.60 2.57 2.53 2.51 2.48 2.46 2.39 2.31

15 4.54 3.68 3.29 3.06 2.90 2.79 2.71 2.64 2.59 2.54 2.51 2.48 2.45 2.42 2.40 2.33 2.25

16 4.49 3.63 3.24 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2.46 2.42 2.40 2.37 2.35 2.28 2.19

17 4.45 3.59 3.20 2.96 2.81 2.70 2.61 2.55 2.49 2.45 2.41 2.38 2.35 2.33 2.31 2.23 2.15

18 4.41 3.55 3.16 2.93 2.77 2.66 2.58 2.51 2.46 2.41 2.37 2.34 2.31 2.29 2.27 2.19 2.11

19 4.38 3.52 3.13 2.90 2.74 2.63 2.54 2.48 2.42 2.38 2.34 2.31 2.28 2.26 2.23 2.16 2.07

20 4.35 3.49 3.10 2.87 2.71 2.60 2.51 2.45 2.39 2.35 2.31 2.28 2.25 2.23 2.20 2.12 2.04

22 4.30 3.44 3.05 2.82 2.66 2.55 2.46 2.40 2.34 2.30 2.26 2.23 2.20 2.17 2.15 2.07 1.98

24 4.26 3.40 3.01 2.78 2.62 2.51 2.42 2.36 2.30 2.25 2.22 2.18 2.15 2.13 2.11 2.03 1.94

26 4.23 3.37 2.98 2.74 2.59 2.47 2.39 2.32 2.27 2.22 2.18 2.15 2.12 2.09 2.07 1.99 1.90

28 4.20 3.34 2.95 2.71 2.56 2.45 2.36 2.29 2.24 2.19 2.15 2.12 2.09 2.06 2.04 1.96 1.87

30 4.17 3.32 2.92 2.69 2.53 2.42 2.33 2.27 2.21 2.16 2.13 2.09 2.06 2.04 2.01 1.93 1.84

35 4.12 3.27 2.87 2.64 2.49 2.37 2.29 2.22 2.16 2.11 2.08 2.04 2.01 1.99 1.96 1.88 1.79

6.27 Table of F-statistics, P5 0.05



7 Financial Mathematics

The world of finance is literally FULL of mathematical models, formulas, and sys-

tems. It is absolutely necessary to understand certain key concepts in order to be

successful financially, whether that means saving money for the future or to avoid

being a victim of a quick-talking salesman. Financial mathematics is a collection of

mathematical techniques that find application in finance, e.g., asset pricing: deriva-

tive securities, hedging and risk management, portfolio optimization, structured

products. This chapter has links to math lessons about financial topics, such as

annuities, savings rates, compound interest, and present value. Topics discussed in

this chapter are as follows:

� Percentage
� The number of payments
� Convert interest rate compounding bases
� Effective interest rate
� The future value of a single sum
� The future value with compounding
� The future value of a cash flow series
� The future value of an annuity
� The future value of an annuity due
� The future value of an annuity with compounding
� Monthly payment
� The present value of a single sum
� The present value with compounding
� The present value of a cash flow series
� The present value of an annuity with continuous compounding
� The present value of a growing annuity with continuous compounding
� The net present value of a cash flow series
� Expanded net present value formula
� The present worth cost of a cash flow series
� The present worth revenue of a cash flow series

Symbols used in financial mathematics are as follows:

P: amount borrowed

N: number of periods

B: balance

g: rate of growth

m: compounding frequency
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r: interest rate

rE: effective interest rate

rN: nominal interest rate

PMT: periodic payment

FV: future value

PV: present value

CF: cash flow

J: the jth period

T: terminal or last period

7.1 Percentage

Percent means “out of one hundred.” To change a percent to decimal, drop the

% sign, and divide by 100. This is equivalent to moving the decimal point two

places to the left. Example: 45%, 76.25%.

7.2 The Number of Payments

N5
2logð12 rFV=PMTÞ

logð11 rÞ

7.3 Convert Interest Rate Compounding Bases

r2 5 11
r1

n2

� �n1=n2

2 1

" #
n2

where r1 is original interest rate with compounding frequency n1 and r2 is the stated

interest rate with compounding frequency n2.

7.4 Effective Interest Rate

rE5 11
rN

100m

� �m=ðpayments=yearÞ½ �
2 1

( )
3 100

7.5 The Future Value of a Single Sum

FV5 PVð11rÞn
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7.6 The Future Value with Compounding

FV5 PV 11
r

m

� �n2m

7.7 The Future Value of a Cash Flow Series

FV5
Xn
j21

CFjð11rÞi

7.8 The Future Value of an Annuity

FVa 5 PMT
ð11rÞn 2 1

r

� �

7.9 The Future Value of an Annuity Due

FVad 5 PMT
ð11rÞn 2 1

r

� �
ð11 rÞ

7.10 The Future Value of an Annuity with Compounding

FVa 5 PMT
ð11ðr=mÞÞmn 2 1

r=m

� �

7.11 Monthly Payment

PMT5P
rð11rÞn

ð11rÞn 2 1

� �

7.12 The Present Value of a Single Sum

PV5
FV

ð11rÞn
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7.13 The Present Value with Compounding

PV5
FV

ð11ðr=mÞÞnm

7.14 The Present Value of a Cash Flow Series

PV5
Xn
j51

FVj

ð11ðr=mÞÞj

7.15 The Present Value of an Annuity with Continuous
Compounding

PVacp 5
12 e2rt

r

7.16 The Present Value of a Growing Annuity with
Continuous Compounding

PVga 5
PMTð12 e2rt1gtÞ

er2g 2 1

7.17 The Net Present Value of a Cash Flow Series

NPV5
Xn
j21

CFj

ð11rÞj

7.18 Expanded Net Present Value Formula

NPV5
XT
T50

CFT

ð11rÞT
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7.19 The Present Worth Cost of a Cash Flow Series

PWC5
Xn
j21

CFj

ð11rÞj

where CFj, 0.

7.20 The Present Worth Revenue of a Cash Flow Series

PWR5
Xn
j21

CFj

ð11rÞj

where CFj. 0.
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