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Preface 

This book was written with a dual purpose, as a reference book for practicing 
engineers and as a textbook for students of prestressed concrete. It represents 
the fifth generation of books on this subject written by its author. 

Significant additions and revisions have been made in this edition. Chapters 
2 and 3 contain new material intended to assist the engineer in understanding 
factors affecting the time-dependent properties of the reinforcement and concrete 
used in prestressing concrete, as well as to facilitate the evaluation of their 
effects on prestress loss and deflection. Flexural strength, shear strength, and 
bond of prestressed concrete members were treated in a single chapter in the 
third edition. Now, in the fourth edition, the treatment of flexural strength has 
been expanded, with more emphasis on strain compatibility, and placed in 
Chapter 5 which is devoted to this subject alone. Chapter 6 of this edition, on 
flexural-shear strength, torsional strength, and bond of prestressed reinforce­
ment, was expanded to include discussions of Compression Field Theory and 
torsion that were not treated in the earlier editions. In similar fashion, expanded 
discussions of loss of prestress, deflection, and partial prestressing now are 
presented separately, in Chapter 7. Minor additions and revisions have been 
made to the material contained in the remaining chapters with the exception of 

xv 
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Chapter 17. This chapter, which is devoted to construction considerations, has 
important new material on constructibility and tolerances as related to prestressed 
concrete. 

Appendixes A, B, and C reproduce important documents on computation of 
the loss of prestress, which have found wide use and acceptance among 
practicing engineers. Appendix D, reproduced from Canadian National Standard 
CAN3-A23.3-M84, contains portions of Section 11 and Appendix D of that 
standard-information that is familiar to engineers in Canada but considerably 
less familiar to U.S. engineers. 

The material contained in the appendixes is copyrighted resource material 
that has been reproduced with the permission of the publishers. This important 
material was included in this book because many readers, particularly students, 
may have difficulty accessing it. Readers are encouraged to acquire complete 
copies of the documents from which the reproduced material was taken because 
in some instances only excerpts of the original work were included here. 

Frequent references are made to publications of the American Association of 
State Highway and Transportation Officials, the American Concrete Institute, 
the Canadian Standards Association, and the Prestressed Concrete Institute. 
Engineers and contractors concerned with the design and construction of 
prestressed concrete should be familiar with the publications of these organi­
zations. This book is intended to emphasize the requirements of the Building 
Code Requirements for Reinforced Concrete (ACI 318-89), the 1989 edition of 
the AASHTO Standard Specification for Highway Bridges, and the 1984 edition 
of the Canadian National Standard Design of Concrete Structures for Buildings 
(CAN3-A23.3-M84). These important documents should be included in the 
libraries of engineers engaged in the design and construction of prestressed 
concrete. 

The author wishes to acknowledge, with sincere thanks, the help of Geoffrey 
R. Cook, Victor Garcia Delgado, Donald R. Libby, and Dan Protopopescu, for 
their suggestions, contributions, reviewing, and checking portions of the 
manuscript for this book. 

JAMES R. LIBBY 

San Diego, California 



1 Prestressing 
Methods 

1-1 Introduction 

Prestressing can be defined as the application of a predetennined force or 
moment to a structural member in such a manner that the combined internal 
stresses in the member, resulting from this force or moment and from any antic­
ipated condition of external loading, will be confined within specific limits. The 
prestressing of concrete, which is the subject of this book, is the result of 
applying this principle to concrete structural members with a view toward elimi­
nating or materially reducing the tensile stresses in the concrete. 

The prestressing principle is believed to have been well understood since 
about 1910, although patent applications related to types of construction 
involving the principle of prestress date back to 1888 (Abeles 1949). The early 
attempts at prestressing were abortive, however, owing to the poor quality of 
materials available in the early days as well as to a lack of understanding of the 
action of creep in concrete. Eugene Freyssinet, the eminent French engineer, 
generally is regarded as the first investigator to recognize the nature of creep in 
concrete and to realize the necessity of using high-quality concrete and high­
tensile-strength steel to ensure that adequate prestress is retained. Freyssinet 
applied prestressing in structural application during the early 1930s. The history 
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and the evolution of prestressing are controversial subjects and not well 
documented; so they are not discussed further in this book. The interested reader 
may find additional historical details in the references (Abeles 1949; Dobell 
1950). 

Many experiments have been conducted to demonstrate that prestressed 
concrete has properties that differ from those of nonprestressed reinforced 
concrete. Diving boards and fishing poles have been made of prestressed 
concrete to demonstrate the ability of this material to withstand large deflections 
without cracking. Of more significance, however, is the fact that prestressed 
concrete has proved to be economical in buildings, bridges, and other structures 
(under conditions of span and loading) that would not be practical or economical 
in reinforced concrete. 

Prestressed concrete was first used in the United States (except in tanks) in 
the late 1940s. At that time, most U.S. engineers were completely unfamiliar 
with this mode of construction. Design principles of prestressed concrete were 
not taught in the universities, and the occasional structure that was constructed 
with this new material received wide pUblicity. 

The amount of construction utilizing prestressed concrete has become 
tremendous and certainly will continue to increase. The contemporary structural 
engineer must be well informed on all facets of prestressed concrete. It is indeed 
unfortunate that the subject of prestressed concrete design and construction is 
not included in the undergraduate curriculum of many U.S. universities at this 
time. 

1-2 General Design Principles 

Prestressing, in its simplest form, can be illustrated by considering a simple, 
prismatic flexural member (rectangular in cross section) prestressed by a 
concentric force, as shown in Fig. 1-1. The distribution of the stresses at 
midspan is as indicated in Fig. 1-2. It is readily seen that if the flexural tensile 
stresses in the bottom fiber, due to the dead and live service loads, are to be 
eliminated, the uniform compressive stress due to prestressing must be equal in 
magnitude to the sum of these tensile stresses. 

Live load 

p _II I I I I I I I I I II I I I j j j I I. p 

I.. L ~I 
Fig. 1 -1. Simple rectangular beam prestressed concentrically. 
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Compression Compression Compression Compression 

\+0+\ = ~ 
Tension Tension 

Fig. 1-2. Distribution of stresses at midspan of a simple beam concentrically 
prestressed. 

There is a time-dependent reduction in the prestressing force, due creep and 
shrinkage of the concrete and relaxation of the prestressing steel (see Chapters 
2, 3, and 7). If no tensile stresses are to be pennitted in the concrete, it is 
necessary to provide an initial prestressing force that is larger than would be 
required to compensate for the flexural stresses resulting from the selVice loads 
alone. The prestress loss, which is discussed in detail in Secs. 7-2 and 7-3, 
generally results in a reduction of the initial prestressing force by 10 to 30 
percent. Therefore, if the stress distributions shown in Fig. 1-2 are desired after 
the loss of stress has taken place (under the effects of the final prestressing 
force), the distribution of stresses under the initial prestressing force would have 
to be as shown in Fig. 1-3. 

Prestressing with the concentric force just illustrated has the disadvantage 
that the top fiber is required to withstand the compressive stress due to 
prestressing in addition to the compressive stresses resulting from the selVice 
loads. Furthennore, because prestressing must be provided to compress the top 
fibers, as well as the bottom fibers, if sufficient prestressing is to be supplied to 
eliminate all of the selVice load flexural tensile stresses, the average stress due 
to the prestressing force (the prestressing force divided by the area of the 
concrete section) must be equal to the maximum flexural tensile stress resulting 
from the selVice loads. 

If this same rectangular member were prestressed by a force applied at a point 
one-third of the depth of the beam from the bottom of the beam, the distribution 
of the stresses due to prestressing would be as shown in Fig. 1-4. In this case, 
as in the previous example, the final stress in the bottom fiber due to prestressing 

Compression Compression Compression Compression 

\+0 +\ = 

Tension Tension 

Fig. 1-3. Distribution of stresses at midspan of a simple beam under initial concentric 
prestressing force. 



4 I MODERN PRESTRESSED CONCRETE 

Final stress 

Initial stress 

Fig. 1-4. Distribution of stresses due to prestressing force applied at lower third point 
of rectangular cross section. 

should be equal in magnitude to the sum of the tensile stresses resulting from 
the service loads. By inspection of the two stress diagrams for prestressing (Figs. 
1-2b and 1-4), it is evident that the average stress in the beam, prestressed with 
the force at the third point, is only one-half of that required to develop the 
amount required in the first example. In addition, the top fiber is not required 
to carry any compressive stress due to prestressing when the force is applied at 
the third point. 

The economy that results from applying the prestressing force eccentrically 
is obvious. Further economy can be achieved when small tensile stresses are 
permitted in the top fibers. The tensile stresses may be due to prestressing alone 
or to the combined effects of prestressing and any service loads that may be 
acting at the time of prestressing. This is so because the required bottom-fiber 
prestress can be attained with a smaller prestressing force, which is applied at 
a greater eccentricity under such conditions. This principle is treated in greater 
detail in subsequent chapters. 

In many contemporary applications of prestressing, the flexural tensile stresses 
due to the applied service loads are not completely nullified by the prestressing; 
nominal flexural tensile stresses are knowingly permitted under service load 
conditions. Economy of construction is the motivation for this practice as well. 
The use of flexural tensile stresses under service load conditions is considered 
in detail in this book. 

1-3 Prestressing with Jacks 

The prestressing force in the above examples could be created by placing jacks 
at the ends of the member, if there were abutments at each end sufficiently 
strong to resist the prestressing force developed by the jacks. Prestressing with 
jacks, which mayor may not remain in the structure, depending upon the 
circumstances, has been used abroad on dams, dry docks, pavements, and other 
special structures. This method has been used to a very limited degree in North 
America because extremely careful control of the design (including study of the 
behavior under overloads), construction planning, and execution of the 
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construction is required if the results obtained are to be satisfactory. Further­
more, the loss of prestress resulting from this method is much larger than when 
other methods are used (see Sec. 3-15), unless frequent adjustments ofthe jacks 
are made, because the concrete is basically subjected to constant strain in this 
method of prestressing rather than to nearly constant stress as is the case in 
other methods. For these reasons, and because the types of structure to which 
this method of prestressing can be applied are very limited and beyond the scope 
of usual generalities, subsequent consideration of this method is not given in 
this book (Guyon 1953). 

1-4 Prestressing with Pretensioned Tendons 

Another method of creating the necessary prestressing force is referred to as 
pretensioning. Pretensioning is accomplished by stressing steel wires or strands, 
called tendons, to a predetermined stress, and then, while the stress is maintained 
in the tendons, placing concrete around the tendons. After the concrete has 
hardened, the tendons are released, and the concrete, which has become bonded 
to the tendons, is prestressed as the tendons. attempt to regain the length they 
had before they were stressed. In pretensioning, the tendons usually are stressed 
by the use of hydraulic jacks. The stress is maintained during the placing and 
curing of the concrete by anchoring the ends of the tendons to rigid, nonyielding 
abutments that may be as much as 500 ft or more apart. The abutments and 
appurtenances used in this procedure are referred to as a pretensioning bed or 
bench. In some instances, rather than using pretensioning benches, the steel 
molds or forms that are used to form the concrete members are designed in such 
a manner that the tendons can be safely anchored to the mold after they have 
been stressed. As the results obtained with each of these methods are identical, 
the factors involved in determining which method should be used are of concern 
to the fabricator of prestressed concrete, but do not usually affect the designer. 

The tendons used in pretensioned construction must be relatively small in 
diameter because the bond stress between the concrete and a tendon is relied 
upon to transfer the force in the tendon to the concrete. If the bond stress exceeds 
the bond strength of the concrete, the tendon will slip, and the prestress will be 
lost. The ratio of the bond area (product of the circumference and length of the 
wire) to the cross-sectional area of a circular wire or bar is equal to 4L/d, where 
d is the diameter and L is the length over which the transfer is made; thus the 
bond area available per unit length of tendon decreases as the diameter increases. 
It follows that, for constant tendon stress, the bond stress increases as the tendon 
diameter increases. This explains why several tendons of small diameter 
normally area used in pretensioning concrete, rather than a few larger ones. 
Small-diameter strands composed of several small wires twisted around a straight 
center (core) wire are widely used in pretensioning concrete because of their 
excellent bond characteristics (see Sec. 6-6). 

Pretensioning is widely used in the manufacture of prestressing concrete in 
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North America. The basic principles and some of the methods currently used 
here were imported from Europe, but much has been done to develop and adapt 
the procedures to the North American market. One of these developments was 
the introduction of pretensioned tendons that do not pass straight through the 
concrete member, but are deflected or draped into a path that approximates a 
curve. This procedure was first used on light roof slabs, but subsequently has 
been commonly used in the construction of large structural members. The use 
of deflected, pretensioned tendons is common in the production of large bridge 
girders. 

Although many of the devices used in pretensioned construction are patented, 
the basic principle is in the public domain and has been so for many years. A 
detailed discussion of the construction procedures and equipment used in 
pretensioned construction is given in Chapter 15. 

1-5 Prestressing with Post-tensioned Tendons 

When a member is fabricated in such a manner that the tendons are stressed, 
and each end is anchored to the concrete section after the concrete has been 
cast and has attained sufficient strength to safely withstand the prestressing force, 
the member is said to be post-tensioned. Two types of tendons are used: bonded 
and unbonded. 

Fully bonded post-tensioned tendons consist of bars, strands, or wires, in 
preformed holes, metallic ducts, or plastic tubes, that have been pressure-grouted 
after stressing. The tube is used to prevent the tendon from becoming bonded 
to the concrete at the time that the concrete is placed. After the concrete has 
been sufficiently cured, the tendon is stressed, and the tube is injected with 
grout. The cured grout effectively bonds the tendon to the tube and the concrete 
itself (the outside surface of the tube becomes bonded to the concrete when the 
concrete is placed). Rather than using metallic tubes, bonded tendons can be 
constructed by using holes formed in the concrete with removable rubber tubes 
or hoses; in this method the tendons are inserted into the preformed holes after 
the rubber tubes have been removed, and they are subsequently stressed and 
grouted. Another form of bonded tendons-which mayor may not be partially 
bonded to the concrete section, and are commonly known as external tendons­
is used in special applications, as discussed in Sec. 6-8. 

Unbonded tendons normally consist of strands or wires that are wrapped or 
encased in plastic after having been coated with a grease or a bituminous 
material. The grease sometimes contains a rust inhibitor to help protect the 
tendons from corrosion. Also, waterproof paper wrapping has been used rather 
than plastic. Unbonded tendons normally are assembled in a factory, shipped 
to the job site, and placed in the forms before the concrete is placed. They are 
not grouted after they have been stressed, so they do not become bonded to the 
concrete. 
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Bonded tendons are generally used in bridge construction, but unbonded 
tendons have been so used quite successfully. Unbonded tendons are most 
frequently used in building construction, but bonded tendons are sometimes 
used there also. The quantity of un bonded tendons used annually greatly exceeds 
the amount of bonded tendons used. 

Post-tensioning offers a means of prestressing on the job site, which may be 
necessary in some instances. Very large building or bridge girders that cannot 
be transported from a precasting plant to the job site (because of their weight, 
size, or the distance between the plant and the job site) can be made by post­
tensioning on the job site. Post-tensioning is used in precast as well as in cast­
in-place construction. In addition, fabricators of pretensioned concrete will 
frequently post-tension members for small projects on which the number of 
units to be produced does not warrant the expenditures required to set up preten­
sioning facilities. There are other advantages inherent in post-tensioned 
construction, which are discussed in subsequent chapters. 

In post-tensioning, it is necessary to use some type of device to attach or 
anchor the ends of the tendons to the concrete section. Such devices usually are 
referred to as end anchorages or simply anchorages. The end anchorages, 
tendons, special jacking, and grouting equipment, if used, in post-tensioning 
concrete are collectively referred to as a post-tensioning system. There are 
several different systems in use. Chapter 16 contains a more detailed discussion 
of post-tensioning and post-tensioning systems. 

1-6 Pretensioning vs. Post-tensioning 

It is generally considered impractical to use post-tensioning on very short 
members because the elongation of a short tendon (during stressing) is small 
and requires very precise measurement. In addition, some post-tensioning 
systems do not function well with very short tendons. A number of short 
members can be made in series on a pre-tensioning bench without difficulty and 
with no need for precise measurement of the tendon elongation during stressing; 
relatively long tendon lengths result from making a number of short members 
in series. 

It has been pointed out that very large members may be more economical 
when cast in place and post-tensioned, or when precast and post-tensioned near 
the job site, compared to transporting and handling large pretensioned structural 
members that are cast off-site. 

Post-tensioning allows the tendons to be placed through structural elements 
on smooth curves of any desired path. Pretensioned tendons can be employed 
on other than straight paths, but not without expensive plant facilities and 
somewhat complicated construction procedures. 

Because post-tensioning tendons can be installed in holes preformed in precast 
concrete elements or segments, they can be used to prestress a number of small 
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precast elements together to form a single large structural member. This 
technique, frequently referred to as segmental construction, is discussed in Sec. 
8-3. 

The cost of post-tensioned tendons, measured in either cost per pound of 
prestressing steel or cost per pound of effective prestressing force, generally is 
significantly greater than the cost of pretensioned tendons, because of the larger 
amount of labor required in placing, stressing, and grouting (where applicable) 
post-tensioned tendons, as well as the cost of special anchorage devices and 
stressing equipment. On the other hand, a post-tensioned member may require 
less total prestressing force than an equally strong pretensioned member. For 
this reason, one must be careful when comparing the relative costs of these 
modes of prestressing. 

The basic shape of an efficient pretensioned flexural member may be different 
from the most economical shape that can be found for a post-tensioned design. 
This is particularly true of moderate- and long-span members and somewhat 
complicates any generalization about which method is best under such condi­
tions. 

Post-tensioning generally is regarded as a method of making prestressed 
concrete at the job site, yet post-tensioned beams often are made in precasting 
plants and transported to the job site. Pretensioning often is thought of as a 
method of manufacturing that is limited to permanent precasting plants, yet on 
very large projects where pretensioned elements are to be utilized, it is not 
uncommon for the general contractor to set up a temporary pretensioning plant 
at or near the job site. Each method of making prestressed concrete has partic­
ular theoretical and practical advantages and disadvantages, which will become 
more apparent after the principles are well understood. A final determination of 
the mode of prestressing that should be used on any particular project can be 
made only after careful consideration of the structural requirements and the 
economic factors that prevail for the particular project. 

1-7 Linear vs. Circular Prestressing 

The subject of prestressed concrete frequently is divided into linear prestressing, 
which includes the prestressing of elongated structures or elements such as 
beams, bridges, slabs, piles, and so, and circular prestressing, which includes 
pipe, tanks, silos, pressure vessels, and domes. This book has been confined to 
consideration of linearly prestressed structures. The reader interested in circular 
prestressed concrete structures will find considerable information in the technical 
literature of the American Concrete Institute, the American Society of Civil 
Engineers, the American Water Works Association, and the Prestressed 
Concrete Institute, as well as in civil engineering text and reference books. 
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1-8 Application of Prestressed Concrete 

Prestressed concrete, when properly designed and fabricated, can be virtually 
crack-free under nonnal service loads as well as under moderate overload. This 
is believed to be an advantage in structures exposed to corrosive atmospheres 
in service. Prestressed concrete efficiently utilizes high-strength concretes and 
steels and is economical even with long spans. Reinforced concrete flexural 
members cannot be designed to be crack-free, cannot efficiently utilize high­
strength concrete (except in compression members), and are not economical for 
long-span flexural members. 

A number of other statements can be made in favor of prestressed concrete, 
but there are bona fide objections to the use of this material under specific 
conditions. An attempt is made to point out these criticisms in subsequent 
chapters. Among the more significant advantages of this material are that in 
many structural applications, prestressed concrete is lower in first cost than 
other types of construction, and, in many cases, if the reduced maintenance 
cost inherent in concrete construction is taken into account, prestressed concrete 
offers the most economical solution. Its benefits have been well confinned by 
the very rapid increase in the use of linear prestressed concrete that has taken 
place in the United States since its introduction in the late 1940s. It is well 
known that the advantages of low first cost and maintenance (real economy) 
outweigh intangible advantages that may be claimed except for very special 
conditions. 

The precautions that engineers must observe in designing and constructing 
prestressed concrete structures differ from those required for reinforced concrete 
structures. Some of these precautions are discussed in this book, but others, 
such as those related to specific construction practices and the safety of workers, 
are not. The prudent engineer will keep infonned on such precautions and other 
considerations through the trad€" and technical literature. 

lllustrations of prestressed structures and structural elements are given in 
Chapters 13 and 14, where the various types of building and bridge construction 
are described and compared. 

1-9 Evolution of U.S. Design Criteria 

A document entitled Criteria for Prestressed Concrete Bridges (Bureau of Public 
Roads 1955) presented the first criteria for the design of prestressed concrete 
published in the United States. This brief treatment of the design, materials, 
and construction of prestressed concrete, including a discussion of the provi­
sions contained therein, was successfully used in the design of many of the 
early prestressed concrete bridges and buildings in the United States. A joint 
committee of members of the American Concrete Institute and the American 
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Society of Civil Engineers prepared a report containing tentative recommen­
dations for prestressed concrete that was published in 1958 (ACI-ASCE 1958). 
This report served as the basis for the first provisions for prestressed concrete, 
contained in Building Code Requirements for Reinforced Concrete (ACI 318 
1963); and all subsequent editions of this document (ACI 318) have contained 
provisions for prestressed concrete. Virtually all other U.S. specifications and 
codes for the design of bridges and buildings are based upon ACI 318 although 
many have individual differences in some of their provisions. 
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2-1 Introduction 

2 Steel for 
Prestressing 

As noted in Sec. 1-2, the loss in prestress due to the effects of steel relaxation 
and the shrinkage and creep of concrete generally is from 10 to 30 percent of 
the initial prestress. Computation of prestress losses due to various causes is 
discussed in detail in Sec. 7-2, but it is important here for the designer of 
prestressed concrete to be aware that the greater portion of the loss of prestress 
normally is attributed to the shrinkage and creep of the concrete. Therefore, it 
is necessary to use a high-strength steel, with a relatively high initial stress, in 
the construction of prestressed concrete. 

The shrinkage and creep of concrete produce inelastic volume or length 
changes. Because the tendons used in construction are anchored to the concrete, 
either by bond or by end anchorages, length changes in the concrete result in a 
length change in the tendons. Furthennore, because the steel used for 
prestressing is fundamentally an elastic material at the stress levels employed 
in nonnal designs, the reduction of stress in the tendons that results from length 
changes in the concrete is equal to the product of the elastic modulus of the 
steel and the unit length change in the concrete. 

It is essential that the loss of prestress be a relatively small portion of the 

11 



12 I MODERN PRESTRESSED CONCRETE 

total prestress, in order to attain an economical and feasible design. The elastic 
modulus of steel is a physical property that, for all practical purposes, cannot 
be altered or adjusted by manufacturing processes. In a similar manner, the 
inelastic volume changes of concrete of any particular quality are physical 
properties that cannot be eliminated by using practical construction procedures. 
Therefore, the product of these two factors is normally beyond the control of 
the designer. 

It can be shown that the normal loss of prestress is generally on the order of 
15,000 to 50,000 psi. It is apparent that if the loss of prestress is to be a small 
portion of the initial prestress, the initial stress in the steel must be very high, 
on the order of 100,000 to 200,000 psi. If a steel having a yield point of 40,000 
psi were used to prestress concrete, and if this steel were stressed initially to 
30,000 psi, the entire prestress could be lost, as was the case, indeed, in early 
attempts at prestressing with low-strength steel and poor-quality concrete. 

Research has been conducted into the use of other materials, such as fiber­
glass and aluminum alloys, for prestressing concrete. Some of these materials 
have elastic moduli that are about one-third that of steel. If such materials could 
be safely and economically used, the loss of prestress would be reduced to 
approximately one-third of the loss obtained with steel tendons; hence, the loss 
of prestress possibly could be ignored in normal design practice if these materials 
were employed as tendons. However, many problems must be studied and 
overcome before these materials can be used safely and economically. The use 
of tendons having a low elastic modulus and plastic deformations different from 
those of steel would result in members having post-cracking deflection and 
ultimate strength characteristics different from those obtained when steel tendons 
are used. These problems will be apparent from this chapter's discussion of the 
desirable physical properties of the steel used in prestressing. 

Several basic forms of high-strength steel currently are used in North 
American prestressed work. In general, they can be divided into three groups: 
uncoated stress-relieved wires, uncoated stress-relieved strand, and uncoated 
high-strength steel bars. Each of these types of steel is described briefly in the 
following sections. For a more detailed description of the method of manufac­
ture, chemical composition, and physical properties of these materials, the reader 
should consult the applicable ASTM specifications and the references listed at 
the end of this chapter. 

Other types of wire, such as straightened "as-drawn" wire and oil-tempered 
wire, are used for prestressing in other parts of the world. Experience in Europe 
has shown that oil-tempered wire may, under certain circumstances, be more 
susceptible to stress corrosion (see Sec. 2-11) than the types of steels commonly 
employed in North America. In addition, "as-drawn" wire generally exhibits 
greater relaxation than stress-relieved wire and strand of the types employed 
domestically. Hence, caution should be exercised by the engineer who specifies 
the use of materials that do not conform to usual ASTM standards; some adjust-
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ments in the design may be necessary. These materials are not considered here 
because they are not normally used in North America. 

2-2 Stress-Relieved Wire 

Cold-drawn stress-relieved wire, which was commonly used in post-tensioned 
construction in North America in the past but rarely used in pretensioned 
members, is manufactured to conform to the "Standard Specification for 
Uncoated Stress-Relieved Wire for Prestressed Concrete" (ASTM A 421). 
These specifications provide that the wire be made in two types (BA and WA), 
depending upon whether it is to be used with button- or wedge-type anchorages 
(see Chapter 16). Other major requirements in these specifications include the 
minimum ultimate tensile strength, the minimum yield strength, and the 
minimum elongation at rupture, as well as diameter tolerances. The principal 
strength requirements of ASTM A 421 are summarized in Table 2-1. A supple­
ment to these specifications covers low-relaxation wire (see Sec. 2-10). 

Typical stress-strain curves for uncoated, stress-relieved wires are shown in 
Fig. 2-1. It should be noted that the stress-strain curves for the two wire diame­
ters shown are similar in shape, and that the ultimate tensile strength is higher 
for a wire of smaller diameter. Also, ASTM A 421 requires a minimum elonga­
tion of 4.0 percent when measured in a gage length of 10 in., which means that 
the steel is quite ductile and has a plastic range of considerable magnitude. (The 
plastic range is not shown in Fig. 2-1.) The minimum yield strength for wire 
conforming to ASTM A 421, as a percentage of the breaking strength, is 85 
percent and 90 percent for stress-relieved wire and low-relaxation wire, respec­
tively. 

The use of solid wire has diminished greatly while the use of strand (see Sec. 
2-3) has increased substantially. This trend is expected to continue, for economic 
reasons, in spite of the fact that stress-relieved wire has performed very well in 
prestressed concrete. 

TABLE 2-1 Properties of stress-relieved wire for prestressed concrete contained in 
ASTM A421. 

Nominal 
Diameter (in) 

0.192 
0.196 
0.250 
0.276 

Min. Tensile Strength 
(psi) 

Type 
Type BA WA 

250,000 
240,000 250,000 
240,000 240,000 
235,000 235,000 

*Measured according to procedures specified in ASTM A 421. 

Min. Stress at 1 % 
Extension (psi) * 

Type 
Type BA WA 

212,500 
204,000 212,500 
204,000 204,000 
199,750 199,750 
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Fig. 2-.' . Typical stress-strain curves for wires in elastic range. (Provided by and used 

with the permission of C.F. & I. Steel Corp.) 

2-3 Stress-Relieved Strand 

Most stress-relieved strand used in prestressed concrete construction in the 
United States is made to confonn to the requirements of' 'Standard Specification 
for Uncoated Seven-Wire Stress-Relieved Steel Strand for Prestressed Concrete" 
(ASTM A 416). Basic strength, area, and weight requirements for the two grades 
of seven-wire strands included in ASTM A 416 are given in Table 2-2, and 
pieces of several types of strand are shown in Fig. 2-2. The strands are made 
by twisting six wires, on a pitch of between 12- and 16-strand diameters, around 
a slightly larger, straight central wire. The strands are stress-relieved after being 
stranded. Typical stress-strain curves for seven-wire strands commonly used in 
pretensioning and in multistrand post-tensioning tendons are shown in Figs. 
2-3 and 2-4. ASTM A 416 provides for seven-wire strands in Grade 250, which 
has a nominal ultimate tensile strength of 250,000 psi, and in Grade 270, which 
has slightly larger wires than Grade 250 strand and has a nominal ultimate 
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TABLE 2-2 Properties of uncoated. seven-wire. stress-relieved strand for prestressed 
concrete contained in ASTM A 416. 

Nominal Breaking Strength Nominal Steel Nominal Weight Minimum Load 
Diameter of of Strand Area of Strand of Strands at 1 % Extension 
Strand (in.) (min.lb) (sq in.) (lb. per 1000 ft.) (lb) 

GRADE 250 

! (0.250) 9,000 0.036 122 7,650 
fi,(0.313) 14,500 0.058 197 12,300 
1(0.375) 20,000 0.080 272 17,000 

16(0.438) 27,000 0.108 367 23,000 
i(O.500) 36,000 0.144 490 30,600 
~(0.600) 54,000 0.216 737 45,900 

GRADE 270 

i(0.375) 23,000 0.085 290 19,550 
16(0.438) 31,000 0.115 390 26,350 
i(0.500) 41,300 0.153 520 35,100 
hO.600) 58,600 0.217 740 49,800 

tensile strength of 270,000 psi. A supplement to ASTM A 416 covers low­
relaxation strand, which is discussed in more detail in Sec. 2-10. The minimum 
yield strength for strand confonning to ASTM A 416, as a percentage of the 
breaking strength, is 85 percent and 90 percent for stress-relieved strand and 
low-relaxation strand, respectively, and the minimum elongation at rupture is 
3.5 percent for both grades of strand. The stress-strain curves of Fig. 2-3 clearly 
show different shapes for stress-relieved and low-relaxation strand; the higher 
yield stress is very apparent in the figure. 

When the manuscript for this book was submitted to the publisher for publi­
cation, Subcommittee 1.05 of ASTM Committee A01 was balloting on a major 
revision to ASTM A 416. The revision would make low-relaxation strand the 
standard material to be supplied under ASTM A 416 but provide for the supply 
of stress-relieved strand as well, if specifically ordered by the purchaser. The 
reader should consult the latest version of ASTM 416 for accurate details about 
its contents. 

Stress-strain curves are shown in Fig. 2-3 for a seven-wire strand that has a 
nominal ultimate tensile strength of 300 ksi, as well as for a galvanized seven­
wire strand that has a nominal ultimate breaking strength of 230 ksi. Although 
specialty materials such as these are not covered by the ASTM specifications, 
there are instances where they offer benefits in either economy or serviceability, 
or both, that cannot be obtained with strand that strictly confonns to ASTM 
416. (A strand manufacturer may guarantee a special strand to meet or exceed 
most of the minimum requirements of ASTM 416 and to have other physical 
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Fig. 2-2. Uncoated, uncoated indented, epoxy-coated, and epoxy-coated with grit 
seven-wire prestressing strand. 

properties that exceed the minimum values in the ASTM specification.) Infor­
mation on special strands should be obtained directly from the strand manufac­
turers. 

Strand having properties similar to, but not strictly conforming to the require­
ments of ASTM A 416 is available with a factory-applied coating of epoxy 
(Dorsten, Hunt, and Preston 1984). The coating can be specified to be smooth 
or to have a hard grit material embedded in the exposed surface of the epoxy 
coating. The grit is used to improve bond characteristics in pretensioning appli­
cations. Special anchorage devices are available for use with the epoxy-coated 
strand; these anchorages have teeth that are long enough to extend through the 
coating and penetrate into the surface of the strand itself. The purpose of the 
epoxy coating is to protect the strand from corrosion-an important considera­
tion for strands that may be exposed to corrosive environments in service. The 
epoxy-coated strand is not covered by an ASTM standard, so the engineer 
considering specifying the use of this type of material should investigate its 
properties and performance record thoroughly before so doing. The relaxation 
characteristics, fire resistance, bond stress, creep characteristics at temperatures 
above 120°F, cost, and safety precautions to be followed in the use of all special 
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Fig. 2-3. Typical load-elongation curves for -h-in. diameter, low-relaxation and stress­
relieved seven-wire strands. (Provided by and used with the permission of 
C.F. & I. Steel Corp.) 

materials should be carefully investigated before any strand is used on a specific 
project. 

Strand having indentations in the outer wires, for the purpose of reducing the 
longitudinal movement of pretensioned tendons within the concrete, is covered 
by ASTM A 886. The properties of the indented strand are identical to those 
for strands conforming to ASTM 416 shown in Table 2-2 except that a 5/16-
in. nominal size strand, with a breaking strength of 16,500 lb, is also available 
in Grade 270. 

Another type of uncoated, stress-relieved strand for prestressing concrete is 
covered by ASTM A 779. This material is "compacted," having been drawn 
through a die after being stranded; hence, strands of this type have a cross­
sectional shape as shown in Fig. 2-5. The material is stress-relieved or processed 
for low-relaxation properties after being stranded and compacted. The minimum 
total elongation of compacted strand under maximum load is 3.5 percent in a 
gage length of 24 in. or more. This type of strand has a greater cross-sectional 
area, for any nominal diameter, compared to strand that has not been compacted. 
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The result is a larger ultimate tensile strength for the compacted strand of a 
particular diameter. Basic strength, area, and weight properties for compacted 
strand are given in Table 2-3. 

2-4 High-Tensile-Strength Bars 

Both plain (Type I) and deformed (Type II) high-tensile-strength, alloy steel 
bars are available in nominal diameters from 0.75 to 1.375 in. Bars of other 
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Fig. 2-5. Comparison of cross sections of compacted and noncompacted seven-wire 
strand. 

sizes are available by special arrangement with some bar manufacturers. The 
bars are made from an alloy steel and conform to the "Standard Specification 
for Uncoated High-Strength Steel Bar for Prestressing Concrete," ASTM A 
722. 

The bars are generally cold-stretched in order to raise the yield point and to 
render them more elastic at stress levels below the yield point. After cold­
stretching, they frequently are stress-relieved in order to improve the ductility 
and stress-strain characteristics. Principal minimum requirements in ASTM A 
722 include a minimum tensile strength of 150,000 psi, minimum yield strengths 
for plain and deformed bars of 85 percent and 80 percent of the minimum 
ultimate tensile strength, respectively, and a minimum elongation after rupture 
of 4.0 percent in a gage length equal to 20 bar diameters, or of 7 percent in a 
gage length equal to 10 bar diameters. Bars sometimes are produced with 
properties exceeding the minimum requirements of ASTM A 722. 

A typical stress-strain curve for a high-tensile-strength bar is given in Fig. 
2-6. Deformed bars (Type II) are shown in Fig. 2-7. 

TABLE 2-3 Properties of uncoated. seven-wire. stress-relieved. compacted. steel 
strand for prestressed concrete contained in ASTM A 779. 

Nominal Nominal Weight 
Nominal Breaking Strength Steel Area of Strand 

Diameter (in.) of Strand (min. Ib) (in. 2 ) (per 1000 ft Ib) 

I 47,000 0.174 600 2 
0.6 67,440 0.256 873 
0.7 85,430 0.346 1176 
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2-5 Yield Strength 

An examination of the stress-strain curves for the various types of prestressing 
steels shows that these steels do not have definite yield points. Therefore, an 
arbitrary stress must be specified in order to define the stress that is taken to be 
the yield strength. Because there is no definite yield strength, the term does not 
have the meaning that it would have for a steel with a yield point. Yield strengths 
taken as the stress at a 0.20 percent offset often are used for materials that lack 
a definite yield strength. (In this case the yield stress is the stress at the inter­
section of the stress-strain curve with a line parallel to the linear portion of the 
curve that originates on the abscissa at a strain of 0.20 percent.) Minimum yield 
strengths at I percent extension (an elongation of 1 percent of the gage length) 
are specified in the standard ASTM specifications for wire and strand. Minimum 
yield strengths at 0.7 percent extension and at 0.2 percent offset are specified 
for high-strength bars. Some research work has been done using the stress at a 
0.10 percent offset as the yield strength. Hence, the term yield strength as related 
to prestressing materials is not precise, and the reader is cautioned to use the 
term with care, being certain of its definition in any discussion or recommen­
dations where it is used. 

Some engineers consider ,the minimum yield strength specified in ASTM A 
416 or ASTM A 421-85 percent and 90 percent of the strength of the material 
for stress-relieved and low-relaxation strand and wire, respectively-as equal 
to the actual yield strength at 0.10 percent offset (see eq. 2-1, in Sec. 2-10) as 
well as equal to the 1 percent extension. This practice is generally regarded as 
conservative, as it will result in overestimating the loss due to relaxation. An 
examination of several stress-strain curves revealed that the 0.10 percent offset 
strength varied only + 1. 3 percent from the actual stress at 1 percent extension 
for one manufacturer; for another, the strength at O. 10 percent offset was 
consistently 2 to 3 percent lower than the stress at 1 percent extension. 

The methods to be used in determining the yield strength of prestressing 
steels are given in "Test Methods and Definitions for Mechanical Testing of 
Steel Products" (ASTM A 370). Yield strength requirements for the various 
types of steels used in prestressed concrete are specified in the ASTM specifi­
cations applicable to each type of steel. 

2-6 Modulus of Elasticity 

The elastic modulus of reinforcing steel that is not prestressed is generally taken 
to be equal to 29,000,000 psi, as provided in Sec. 8.5.2 of ACI 318. The elastic 
modulus of reinforcing steel that is to be prestressed generally is based upon 
load-deformation data provided by the manufacturer of the specific material 
used. The reason for this is that prestressing bars and strands frequently are 
made to sizes that are different from their nominal diameter. By this means the 
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bars or strands are intended to have breaking strengths that equal or slightly 
exceed the minimum breaking strengths required by the applicable ASTM 
specifications, but the ultimate unit tensile stresses actually may be less than the 
nominal ultimate unit tensile strength. For this reason, the stress-strain charac­
teristics of prestressing materials used in stressing calculations (see Chapter 16) 
and in flexural strength calculations (see Chapter 5) should be based on test data 
provided by the manufacturer of the actual material to be used and not on 
theoretical values computed by using nominal areas and unit stresses for 
minimum yield strength requirements. 

2-7 Ultimate Tensile Strength 

Because prestressing bars and strands normally are marketed on the basis of 
no~inal areas or diameters that are frequently smaller than their actual cross­
sectional areas or diamters, the actual ultimate tensile strength of the materials 
may be different from their guaranteed ultimate tensile strengths (GUTS). The 
designer of prestressed concrete should be aware of this possibility. 

2-8 Plasticity 

Plasticity at very high stress levels is as essential in prestressing steel as it is in 
ordinary reinforcing steel. It is needed to ensure that ultimate bending moments 
will be reached only after large and very apparent plastic deformations have 
taken place. The use of brittle steel could result in a sudden failure similar to 
that which is characteristic of an overreinforced concrete flexural member. To 
avoid this possibility, the normal practice is to specify that the prestressing steel 
will have a minimum elongation at rupture of 3.5 to 4.0 percent, depending 
upon the type of steel used and the method used to measure the elongation at 
rupture (see ASTM A 416, ASTM A 421, ASTM A 722, ASMT A 779, and 
ASTM A 886). The stre~-strain curves of Figs. 2-3, 2-4, and 2-6 clearly show 
the significant plastic deformations that prestressing materials can withstand 
when loaded to high stress levels. 

2-9 Stress-Strain Characteristics 

The stress-strain characteristics of a prestressing steel, which can be shown as 
a plot of either unit stress (units of force per unit area) or load (units of force) 
versus strain, can be represented by a curve as shown in Fig. 2-8, where stress 
has been used for the ordinate, and the abscissa represents unit strain. (This 
type of plot often is used for prestressing wire, whereas load vs. unit strain is 
more commonly used for strand.) Six points on the curve have been numbered 
for the purpose of illustrating the principal load-deformation characteristics of 



STEEL FOR PRESTRESSING I 23 

prestressing materials. The first portion of the curve is a straight line extending 
from the origin of the plot to point 1. The slope of this portion of the curve 
(Le., an increment of stress divided by the corresponding increment of strain) 
nonnally is referred to as the elastic modulus of the material. The ordinates of 
point 1 can be taken to be the stress and strain at the proportional limit. The 
strain at point 2 defines the stress taken to be the yield stress. The material 
standards for the various prestressing steels specify the strain at point 2 as well 
as the minimum value of stress it must have in order to conform to the standard 
(e.g., a minimum stress of 212,500 psi at an extension of 1 percent in ASTM 
A 421 for a stress-relieved prestressing wire having a diameter of 0.192 in.). 
Points 3 and 4 have ordinates that define a portion of the curve that can be taken 
as a straight line, as a means of facilitating eqUilibrium and strain compatibility 
computations for strength design of prestressed members (see Sec. 5-2), without 
introducing significant error. Point 5 is defined by the greatest stress (load) that 
the material is able to withstand, and point 6 defines the stress and strain at 
failure of the material. 

2-10 Relaxation and Creep 

Relaxation is defined as the loss of stress in a material that is placed under stress 
and held at a constant strain; creep is defined as the change in strain for a 
member held at constant stress. Although tendons in prestressed concrete are 
not subjected to constant strain or to constant stress, it generally is agreed that 
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the condition more closely approximates a condition of constant strain; hence, 
relaxation studies are used to evaluate the loss of prestress that can be attributed 
to the time-dependent inelastic behavior of the steel. A typical relaxation curve, 
showing relaxation as a function of time for a wire specimen initially loaded to 
70 percent of its ultimate tensile strength and held at constant strain and a 
constant temperature of 85°F, is shown in Fig. 2-9. A comparison of the relax­
ations of cold-drawn (not post-treated), stress-relieved, and low-relaxation strand 
after 1000 hours at constant strain and constant temperature of 68°F at various 
levels of initial stress (expressed as a ratio to the guaranteed ultimate tensile 
strength) is given in Fig. 2-10. 

For stress-relieved wire or strand, the loss of stress due to relaxation at normal 
temperatures can be estimated with sufficient accuracy for design purposes using 
the following relationship: 

!llsr = ~ l~~ t (~ _ 0.55 ) (2-1 ) 

where !list is the relaxation loss at time t hours after prestressing,~ is the jacking 
stress, and f; is the 0.10 percent offset stress for the steel under consideration 
(Magura, Sozen, and Siess 1962). The logarithm of time t is to the base 10. 
This relationship is applicable only when the ratio ofh/f; is equal to or greater 
than 0.55. It should be noted thatf; is used here rather than/py, which is the 

,... 
'0 
1\1 

.9 
1\1 :e 
.E -0 ...-
r::: 
CI) 
0 
~ 

~ ...... 
II) 
II) 

.9 
II) 
II) 

~ 
<n 

100.0 

10.0 

1.0 

0.1 
10 

---- -----

v----------
1 I 1 

100 1,000 10,000 100,000 1,000,000 

Time (Hours) 

Fig. 2-9. Stress loss versus time for a stress-relieved wire initially loaded at 70 percent 
of the guaranteed ultimate tensile strength and held at constant length at 
85°F (Provided by and used with the permission of C.F. & I. Steel Corp.) 



u.. o _ 

IX) U) 

CO ~ 
1U~ 
I!!Cii 
5 :E 
~.!: 
o CD 
o~ 
0 .... 
.... -o ... 
~E 
til CD 

~ 
C CD o c. 

'':; 
til til 
X U) 

.!!! til 
CD-
0: 

STEEL FOR PRESTRESSING I 25 

9 

VI 
V / 

/ If 

Cold-drawn / -" 

/ 
/" II 

,." 

Stress-relieve~ 

8 

7 

6 

5 

4 

/ 
./'" 

/ 
3 

2 

low-relaxation -~ 
~ 

-~ 
50 55 60 65 70 75 80 

Initial Stress 

(as a percent of GUTS) 

Fig. 2-10. Comparison of the relaxation of cold-drawn, stress-relieved, and low-relax­
ation strand initially loaded to 70 percent of the guaranteed ultimate tensile 
strength after being under constant strain at 68 0 F for 1000 hours. (Based 
upon data obtained from and used with permission of Florida Wire and Cable 
Company.) 

notation used for the specified yield strength of prestressing steel in ACI 318-
89, because of the difference in definitions of the two yield strengths. 

ILLUSTRATIVE PROBLEM 2-1 Using eq. 2-1 with a 0.10 precent offset stress 
of 256,000 psi and a jacking stress in the steel of 189,000 psi, the approximate 
values for the 270 k grade strand illustrated in Fig. 2-3, compute the relaxation 
loss after 100,000 hours (11.4 years) and 400,000 hours (45.6 years). Note that 
the ratio of the jacking stress to the 0.10 precent offset stress is 0.738 > 0.55. 
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SOLUTION: For t = 100,000 hours: 

iller = 189 X 5~~ (0.74 - 0.55) = 18 ksi 

For t = 400,000 hours: 

5.60 ( ) . iller = 189 X 10 0.74 - 0.55 = 20.0 kSI 

Using eq. 2-1, the efficiency of the steel at various levels of jacking stress 
after 50 years of service can be studied with the aid of Fig. 2-11. From this 
plot it will be seen that the increase in effective stress Ise is nearly equal to the 
increase in jacking stress.fj up to the point where.fj equals 0.601;. Above this 
stress, the efficiency is progressively reduced. For a jacking stress ratio of 0.90, 
virtually no gain in effective stress is realized for increases in jacking stress. 
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In the fabrication of pretensioned concrete members, the tendons are stressed 
to a jacking stress, held at constant elongation for a period of time, and then 
released. At the time when the prestressing force is transferred to the concrete 
(tendons released), the stress in the tendons, ~, is less than the original jacking 
stress, Isj • This is due to the relaxation than has taken place in the interval 
between stressing and transfer. In addition, elastic shortening of the concrete 
takes place upon transfer of the prestressing force to the concrete, and this 
reduces the stress in the prestressed reinforcement to the initial stress, lsi' as 
illustrated in Fig. 2-12a. The effect of relaxation of the steel can be estimated 
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Fig. 2-12. Relationships between stress and time in reinforcement that is (al preten­
sioned and (b) post-tensioned. 
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at time tn' ~ssuming the tendon was stressed at time zero and released at time 
tro by using the following relationship: 

1st; = 1 _ (// _ 0.55) log tn - log tr 
h /y 10 

(2-2) 

in which Ij is the stress in the prestressed reinforcement at the time of release 
of the tendons, andlstn is the stress in the prestressed reinforcement at time tn 
(Magura, Sozen, and Siess 1962). In eq. 2-2, the stresses are in ksi and time is 
in hours. In using eq. 2-2, with pretensioned reinforcement, one must first 
compute the relaxation loss from the time of initial jacking until the time of 
release, using eq. 2-1. This relaxation loss should be subtracted from the original 
jacking stress in the reinforcement to determine the value of I; for use in eq. 
2-2. The computation of the loss due to elastic shortening is explained in Sec. 
7-2 ofthis book. 

As explained in Sec. 7-2 and illustrated in Fig. 2-12b, post-tensioned 
reinforcement is not subjected to the same sequence of jacking stresses as 
pretensioned reinforcement, and eq. 2-2 is not used with post-tensioned 
reinforcement. 

ILLUSTRATIVE PROBLEM 2-2 During the production of pretensioned members 
for a large project, the normal production cycle provided for an 18-hour period 
between the times when the tendons were stressed and were released. Occasion­
ally, because of weekends, holidays, or other events beyond the control of the 
contractor, the time interval between stressing and releasing the tendons was as 
great as 90 hours. Determine the stress in the stress-relieved prestressing steel 
at transfer for time intervals between stressing and release of 18, 42, 66, and 
90 hours for grade 270 k strand having a 0.10 percent offset stress of 240 ksi 
if the initial stress of the strands is always 202.5 ksi. 

SOLUTION: From eq. 2-1: 

log t (202.5 ) 
Illsr = 202.5 10 240 - 0.55 = 5.948 log t 

The computations are summarized in Table 2-4. 

Ghali and Trevino have used the term intrinsic relaxation, Lr , rather than 
relaxation to define the loss of stress in a prestressing tendon held at constant 
strain for a specific period of time (Ghali and Trevino 1985). The intrinsic 
relaxation is assumed to reach its maximum value, L roo , after being under 
constant strain for 500,000 hours. In addition, the term reduced relaxation, L rro 

has been used for the loss of stress in a prestressing tendon. The reduced relax-
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TABLE 2-4 Summary of calculations for I.P. 
2-2. 

t IlFsr ~ at transfer 
(hr) (ksi) (ksi) 

18 7.5 195.0 
42 9.7 192.8 
66 10.8 191.7 
90 11.6 190.9 

ation includes the effects of concrete creep and shrinkage as well as the fact that 
the steel is not subjected to constant strain, as it must be for intrinsic relaxation. 
The relationship between the intrinsic and reduced relaxations is expressed as: 

(2-3) 

where X r is a dimensionless coefficient having a value less than unity. 
The ultimate value of intrinsic relaxation has been found to be function of 

the ratio, A, of the stress in the reinforcement immediately after elastic short­
ening (initial stress) to the strength of the steel (CEB-FIP 1978). The ratio can 
be expressed as: 

A = lsi 
/pu 

(2-4 ) 

where lsi is the stress in the prestressed reinforcement immediately after stressing 
of the concrete (i.e., the stress in post-tensioned reinforcement immediately 
after anchoring [see Sec. 16-6] or the stress in pretensioned reinforcement 
immediately after elastic shortening of the concrete [see Sec. 7-2]), and /Pu is 
the tensile strength of the prestressed reinforcement, either the actual or the 
minimum specified. 

Values of the ratio of intrinsic relaxation to initial steel stress for various 
values of the ratio A are given in Table 2-5 and plotted in Fig. 2-13. These 

TABLE 2-5 Values of the ratio of intrinsic relaxation to initial 
steel stress for different steel types and different ratios of initial 
steel stress to steel tensile strength (after CEB-FIP 1978). 

Type of prestressing 
steel 

Stress-relieved 
group 1 

Low-relaxation 
group 2 

Ratio of initial steel stress to steel 
tensile strength 

0.60 0.70 0.80 

0.25 
0.06 0.12 

0.03 0.06 0.10 
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values are recommended by CEB for use when actual relationships between 
intrinsic relaxation and initial steel stress are not known for the specific steel to 
be used on a project. Ghali and Trevino have proposed equations for approxi­
mating the CEB recommendations for the relationship between the intrinsic 
relaxation/initial steel stress and A. The relationship, which is intended for use 
with values of A greater than 0.4, is: 

Lr ( )2 - = - 1/00 A - 0.40 
Is; 

(2-5) 

in which 1/00 is equal to 1.5 and 0.67 for stress-relieved and low-relaxation 
steels, respectively. The ultimate value of intrinsic relaxation, L roo , which is 
very small and can be neglected for values of the ratio A less than 0.40, is 
projected to reach its limiting value in 57 years (500,000 hours). 

The value of the intrinsic relaxation at time t, for a tendon stressed at time 
t;, can be computed for time increments, (t - t;), up to 1000 hours after 
stressing, from: 

Lr (!) = Lroo {0.0625In [1 + 0.10(t - t;)l} (2-6) 
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For time increments greater than 1000 but less than 500,000 hours, the relax­
ation can be computed from: 

Lr (l) = LrOlJ {2 x 1O-6 (t - ti )} 0.2 (2-7) 

The value of Lr (l) should be taken to be equal to the limiting value for intrinsic 
relaxation, LrOlJ , when (t - ti ) exceeds 500,000 hours. 

As explained above, because of the effects of concrete creep and shrinkage 
(see Sec. 3-10 through 3-13), prestressing tendons are not held at constant length 
after they have been stressed. The creep and shrinkage cause the lengths of the 
prestressed concrete member, and the tendons provided to prestress them, to 
shorten. The shortening results in a reduction in the stress in the tendons. 
Consequently, the relaxation in the tendon also is reduced from what it would 
have been without the shortening (i.e., the reduced relaxation is less than the 
intrinsic relaxation). Ghali and Trevino have proposed the use of a relaxation 
coefficient, Xr' to account for this phenomenon. The relaxation coefficient can 
be computed from 

Xr = e(-6.7+5.3h)G (2-8) 

in which: 

{} = I LpS(l) I - I Lr (l) I 
Isi 

(2-9) 

where I LpS(l) I is the absolute value of the change in stress in the prestressing 
steel due to the combined effects of concrete creep and shrinkage together with 
relaxation of the prestressing steel (total loss of stress in the steel) at time t, 
and I Lr (l) I is the absolute value of the intrinsic relaxation at time t. This calcu­
lation must be done by trial and error because it involves computation of the 
total loss of prestress in the steel as well as the intrinsic relaxation, where the 
total loss of prestress includes the reduced relaxation loss of the prestressing 
steel. Rather than using eq. 2-8, the value of X r can be obtained from tabulated 
data or a plot, such as Table 2-6 and Fig. 2-13, both of which are from Ghali 
and Trevino. 

Elevated temperatures have an adverse effect on the relaxation of prestressing 
steel. For applications where the prestressing tendons will be subjected to 
temperatures in excess of 100°F for extended periods of time, larger allowances 
should be made for the relaxation of the steel (de Strycker 1959; Papsdorf and 
Schwier 1958). 

Relaxation curves for low-relaxation strand stressed initially to 70 percent of 
the guaranteed ultimate tensile strength and held at various temperatures are 
shown in Fig. 2-14. The curves clearly demonstrate the adverse effect of elevated 
temperatures on the long-term relaxation of prestressing steel. In Fig. 2-15, 
values of the relaxation for stress-relieved strand and for low-relaxation strand, 
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TABLE 2-6 Values of the relaxation reduction coeficient x, for various values of {} and 
A lafter Ghali and Trevino 19851. 

Values of A 

{} 0.55 0.60 0.65 0.70 0.75 0.80 

0.0 1.000 1.000 1.000 1.000 1.000 1.000 
0.1 0.6492 0.6978 0.7282 0.7490 0.7642 0.7757 
0.2 0.4168 0.4820 0.5259 0.5573 0.5806 0.5987 
0.3 0.2824 0.3393 0.3832 0.4166 0.4425 0.4630 
0.4 0.2118 0.2546 0.2897 0.3188 0.3429 0.3627 
0.5 0.1694 0.2037 0.2318 0.2551 0.2748 0.2917 

stressed initially to 70 percent of the guaranteed ultimate tensile strength and 
stored at different temperatures, are compared after 1000 hours; the effects of 
temperature and level of initial stress are clearly evident. From these examples, 
it is apparent that the relaxation of prestressing strand is temperature-sensitive 
as well as sensitive to the level of stress to which it is initially stressed. The 
designer of prestressed concrete must be cautious when designing prestressed 
concrete structures that will be exposed to elevated temperatures during their 
service life. 

From the above, one can conclude that the relaxation of the low-relaxation 
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Fig. 2-14. Relaxation versus time for low-relaxation strand stressed initially to 70 
percent of the guaranteed ultimate tensile strength and held at various 
temperatures. (Provided by and used with the permission of C.F. & I. Steel 
Corp.) 
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Fig. 2-15. Effect of temperature on the relaxation of stress-relieved and low-relaxation 
seven-wire strand. stressed initially to 70 percent of the guaranteed ultimate 
tensile strength. after 1000 hours at constant strain. (Based upon data 
obtained from and used with permission of Florida Wire and Cable Company.) 

strand could be taken as approximately 20 percent of that for stress-relieved 
strand for applications at normal temperatures. For applications in which the 
tendons may be exposed to temperatures above 100°F, only low-relaxation-type 
strand should be used. 

In order to determine if prestressing wire or strand is low-relaxation or stress­
relieved, one can perform a short-term constant-strain test on a sample of the 
material. The strain should approximate the strain in the material under the 
initial prestressing stress. For a test period of 30 minutes at constant or nearly 
constant temperature, the relaxation of low-relaxation material should be less 
than 0.50 percent, whereas that of stress-relieved material should be less than 
2 percent. There is no ASTM standard for this test known to the author. 

2-11 Corrosion 

The strength of a prestressed-concrete flexural member is dependent upon the 
condition of its tendons throughout their service life; so they must not experi-
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ence serious deterioration due to corrosion. Prestressing steels are subject to 
nonnal oxidation in approximately the same degree as structural-grade steels. 
Because wire and strand tendons are nonnally of small diameter, it is essential 
that they be protected against significant oxidation. Bar tendons should be 
protected too, but, because of their relatively large diameter, nonnaloxidation 
is of somewhat less concern with them than with wire and strand tendons. 

Protection against corrosion is effected in pretensioned construction by the 
concrete that surrounds the tendons. In bonded post-tensioned construction, the 
tendons are protected by grout injected into the ducts containing the tendons 
after the tendons have been stressed. Unbonded tendons nonnally are coated 
with grease, wax, or bituminous materials and covered with plastic tubing or 
waterproof paper in a factory before being shipped to the construction site; 
chemicals that inhibit oxidation of ferrous metals sometimes are included in the 
coating applied to tendons used in unbonded construction. Hydrated portland 
cement concrete provides an alkaline environment (pH on the order of 11-13) 
that is very effective in preventing corrosion of steel tendons. Cracks or porosity 
in the concrete however, can, cause this protection to be lost (PIP Comission 
on Prestressing 1986). It must be emphasized that research has shown a light, 
hard oxide on the tendons to be desirable in pretensioned members because its 
existence improves the transfer and flexural bond characteristics of the tendons 
(see Sec. 6-6). Light, hard oxides also should be desirable in bonded, post­
tensioned tendons, because of the improved flexural bond. 

To protect prestressing steel against corrosion between the time when it leaves 
the factory and the time when it is processed at a construction site for placement 
in the work, it has become standard practice in some areas to require the steel 
to be wrapped in waterproof paper, with a vapor-phase corrosion inhibitor 
included within the packaging. * 

A vapor-phase corrosion inhibitor is a white, fine-grained powder consisting 
of an organic compound containing nitrogen. The material vaporizes (sublimes), 
and, if the vapors are confined, it will recrystallize on the surface of the steel 
and prevent oxidation. The action of vapor-phase inhibitors can be nullified by 
the following: 

1. Temperatures greater than 160°F. 
2. Free-running water over the surface of the steel. 
3. An acidic environment (pH less than 6.5). 
4. Free circulation of fresh air. 
5. Coatings or films on the steel that prevent the vapor from contacting the 

steel. 

* A convenient way to specify the protective packaging of prestressing materials is to use the provi­
sions of "Standard Recommended Practices for Packaging, Marking, and Loading Methods for 
Steel Products for Domestic Shipment" (ASTM A 700). 
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6. The powder's not being in the immediate vicinity of the steel (farther than 
12 in. away). 

7. An environment containing a high concentration of chlorides. 

The material will work in either air or water, provided that the above conditions 
do not exist to nullify its action. 

Post-tensioned construction occasionally is protected against the effects of 
corrosion by the use of galvanized tendons. This procedure is not used frequently 
because galvanized tendons are less strong than bright tendons of the same size, 
as some of the diameter of galvanized tendons is composed of low-strength zinc 
rather than high-strength steel. Moreover, galvanized tendons are more expen­
sive than bright tendons of equal strength. (For equal-diameter tendons, galva­
nized, seven-wire strands are approximately 15 percent lower in strength and 
10 percent higher in cost.) Furthermore, the various types of anchorage devices 
that have been used in post-tensioning with the older parallel-wire systems 
(rarely used any longer in North America) either cannot anchor galvanized wire, 
because of its low coefficient of friction, or cannot be used without damaging 
its -zinc coating. For these reasons, the use of galvanized wire generally is 
considered to be impractical with parallel-wire systems. The use of galvanized, 
large-diameter strand is feasible under some conditions, however. Galvanized, 
seven-wire strand can be used in some of the more modem anchorage devices, 
but rarely is, because of the cost. 

Galvanized wire and strand are not used in pretensioned concrete because the 
concrete provides adequate protection of the steel against corrosion. 

A type of corrosion referred to as pitting corrosion is the cause of some deteri­
oration (and even failures) of prestressed concrete structures. Calcium chloride 
or sodium chloride in the concrete or grout generally is thought to be the cause 
of this type of corrosion. For this reason, chlorides must never be permitted, 
except in very small (trace) amounts, in the concrete or grout used in prestressed­
concrete construction (Szilard 1969). 

Prestressing steels, particularly wires and strands, are susceptible to a type 
of deterioration termed stress corrosion, which has occurred relatively infre­
quently. Stress corrosion is characterized by a breakdown of the cementitious 
portion of the steel resulting in fine cracks, which can render the steel nearly 
as brittle as glass. Because little is known about this type of corrosion, there is 
no way to be certain that it will not occur during construction of a prestressed 
member. It is true that nitrates (not to be confused with the rust-inhibiting 
nitrites), chlorides, sulfides, and some other agents can result in stress corrosion 
under certain conditions. It is also known that steel is more susceptible to this 
type of corrosion when highly stressed-hence the name "stress corrosion. " 

Another cause of delayed failure, which can occur in high-strength steels, is 
called hydrogen embrittlement. This phenomenon, which apparently results 
when steel is exposed to hydrogen ions (atomic hydrogen) but does not occur 
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when it is exposed to molecular hydrogen, is characterized by a decrease in 
ductility and tensile strength. Hydrogen embrittlement may be promoted by 
electroplating steel with cadmium or zinc, as well as by corrosion and electrical 
currents. Confining the prestressing steel in an environment with a pH greater 
than 8 is thought to be the best protection against the absorption of hydrogen. 

It is interesting to note that aluminum powder, which causes the release of 
hydrogen gas (molecular hydrogen), has been used for many years as an expan­
sion additive for the grouting of post-tensioned tendons. This practice appar­
ently has not been harmful because failures have not been reported in structures 
so constructed. Additives that cause expansion by the release of nitrogen gas 
also are used. 

2-12 Effect of Elevated Temperatures 

In estimating the effect of elevated temperatures on prestressed concrete 
elements, such as temperatures due to uncontrolled fires in buildings, it is neces­
sary to know the effect of such temperatures on the types of steel used in 
prestressing concrete. The report of ACI Committee 216 (ACI 216 1981) 
contains a plot showing the ultimate strengths of two types of prestressing steel, 
as compared to a steel commonly used in structural steel construction, as a 
function of different temperatures. This plot is reproduced here as Fig. 2-16. In 
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Fig. 2-16. Strength of prestressing wire and strand, high-strength alloy bars and struc­
tural steel conforming to ASTM A 36 at high temperatures. (Reproduced 
with the permission of the American Concrete Institute.) 
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Fig. 2-17. Stress-strain curves for uncoated wire used to prestress concrete, 
conforming to ASTM A 421, at various high temperatures. (Reproduced 
with the permission of the American Concrete Institute.) 

addition the report contains a plot comparing the stress-strain curves for stress­
relieved wire conforming to ASTM A 421 at various elevated temperatures, 
which is shown here as Fig. 2-17. The tensile strength of stress-relieved and 
low-relaxation strand as a function of temperature is shown plotted in Fig. 
2-18, and the effect of time and heat on the tensile strength of low-relaxation 
prestressing strand is illustrated in Fig. 2-19. These plots clearly show the sensi­
tivity of prestressing steel to temperatures of the levels frequently encountered 
in fires. The reader is referred to the latest edition of the report of ACI 
Committee 216 and material-specific information from the manufacturers of 
prestressing steels for more information on this subject. 

2-13 Application of Steel Types 

The same basic steel can be used in pretensioning and post-tensioning, but in 
the former· it is necessary that the individual tendons not be so large that they 
cannot be adequately bonded to the concrete, as the bond is relied upon to 
transfer the prestressing force from the steel to the concrete. In post-tensioning, 
as has been explained, end anchorages are used to transfer the prestressing force 
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Fig. 2-18. Tensile strength of stress-relieved and low-relaxation prestressing strand, 
expressed as a percentage of its strength at 70°F, as a function of strength 
at various temperatures. (Based upon data obtained from and used with 
permission of Florida Wire and Cable Company.) 

to the concrete, and the grout, when used, is relied upon to protect the steel 
against corrosion as well as to develop flexural bond stress (i.e., bond stress 
resulting from changes in the externally applied loads). Bond stresses are 
discussed in detail in Secs. 6-6 and 6-7. It should be mentioned here that, 
although in Europe it has been customary to use wires up to 0.276 in. in diameter 
as pretensioning tendons, the usual practice in the United States has been to use 
the uncoated, seven-wire strands described in Sec. 2-3. Little or no use of high­
tensile alloy bars has been made in pretensioning in North America, although 
favorable results have been obtained experimentally in Europe with bars up to 
~ in. in diameter (Base 1958). 

2-14 Idealized Tendon Material 

One may wish to consider the properties that an ideal material for prestressing 
concrete would have. Some characteristics are desirable from one standpoint 
and not from another. For example, high tensile strength coupled with a low 
elastic modulus would permit a high strain under initial stress and minimize the 
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Fig. 2-19. Effect of duration of exposure to high temperatures on the tensile strength 
of low-relaxation prestressing reinforcement. (Based upon data obtained 
from and used with permission of Florida Wire and Cable Company). 
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loss of stress due to the inelastic properties of the concrete. On the other hand, 
with a high tensile strength only a small area of tendon is required, which, 
coupled with a low modulus of elasticity, could result in very high deflections 
upon the application of an overload that caused cracking. In actuality, use of 
the currently available steels generally results in designs that are efficiently 
balanced in serviceability and strength characteristics. Perhaps steels with 
somewhat higher strengths could be used efficiently. Steels without any relax­
ation loss obviously would be advantageous. 

It is also possible that materials of very high strength and low elastic modulus 
eventually will be used in combination with nonprestressed mild reinforcing to 
achieve efficient and economical construction. 

The major desirable physical characteristics of material used for prestressing 
tendons can be summarized as follows: 

1. High strength that allows high prestressing stresses. 
2. Elasticity up to high stress levels. 
3. Plasticity at very high stress levels. 
4. Low elastic modulus at time of stressing to minimize the loss of prestress. 
5. High elastic modulus after bonding to contribute to the stiffness of the 

member. 
6. Low creep and relaxation losses at the stress levels normally employed 

in prestressing and at elevated temperatures. 
7. Resistance to corrosion. 
8. Small diameter or relatively large surface area for the individual tendons 

to achieve good bond characteristics. 
9. Absence of dirt and lubricants on the surface. 

10. Straightness when uncoiled to facilitate handling and placing. 

No material known has all of these desirable qualities, but the high-strength 
steels currently used possess most of them. 

2-15 Allowable Prestressing Steel Stresses 

The two most significant design criteria for prestressed concrete in the United 
States are the Standard Specifications for Highway Bridges, which is published 
by the American Association of State Highway and Transportation Officials 
(AASHTO 1989), and the Building Code Requirements for Reinforced Concrete 
(ACI 318 1989), published by the American Concrete Institute. 

The following allowable stresses in prestressed reinforcement are those 
permitted in Sec. 9.15.1 of the AASHTO Standard Specifications for Highway 
Bridges, 14th Edition (Copyright 1989. The American Association of State 
Highway and Transportation Officials, Washington, D.C. Used by permission). 
The quantitiesf; andf; are the ultimate (tensile) strength and the yield point 
stress of the prestressing steel, respectively. The specific provisions are: 



9. 15. 1 Prestressing steel 
Stresses at anchorages after seating 
Pretensioned members 
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.............................................. 0.70 I; for stress relieved strands 

.............................................. 0.75 I; for low relaxation strands 
Slight overstressing up to 0.85 If for short periods of time may be 
permitted to offset seating losses, provided the stress after seating does 
not exceed the above values. 

Post -tensioned members ................................................... 0.70 I; 
Overstressing up to 0.90 n for short periods of time may be permitted 
to offset seating and friction losses provided the stress at the anchorage 
does not exceed the above value. The stress at the end of the seating 
loss zone must not exceed 0.83 If immediately after seating. 

Stress at service loadt after losses ................................ 0.80 If 

The stresses permitted by ACI 318-89 are as follows: 

1. Due to tendon jacking force, 0.94~y but not greater than 0.80~u' or 
maximum value recommended by manufacturer of prestressing tendons or 
anchorages. 

2. Pretensioning tendons immediately after prestress transfer, 0.82~y but not 
greater than O. 74~u' 

3. Post-tensioning tendons, at anchorages and couplers, immediately after 
tendon anchorage, 0.70/pu' 

It can be seen that both sets of criteria permit higher stresses in the reinforce­
ment during the stressing operation than after seating of the anchorages. In 
addition, both have more restrictive limitations on the initial stress in post­
tensioned reinforcement than in pretensioned reinforcement. Initial stress, in 
pretensioned tendons, is defined as the stress immediately after transfer (release); 
in post-tensioned tendons, it is the stress immediately after anchoring. 
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PROBLEMS 

1. A prestressed member requires an effective prestressing force of 980 kips. 
Detennine the area of steel required for stress-relieved strand, low-relaxa­
tion strand, and high-tensile-strength bars, if the strain change in the concrete 
surrounding the prestressing steel in 700 X 10-6 in.lin. owing to concrete 
elastic shortening, shrinkage, and creep. Assume a 25-year useful life for 
the structure, nonnal temperatures during service, and that the elastic 
modulus of steel is 29,000 ksi; assume that.!;,' and.t;,u are equal to 256 and 
270 ksi, respectively; and assume that the tendons are stressed to 0.70 1;,u 
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initially. Make the computations on the basis of (1) full relaxation of the 
prestressing steel, and (2) reduced relaxation as expounded by Ghali and 
Trevino. 

SOLUTION: 

Using eq. 2-1 with (' = 25 X 365 X 24 = 219,000 hr, and taking!.; = 0.70 
X 270 X 189 ksi for strands and!.i = 0.70 X 150 = 105 ksi for bars, the 
losses due to relaxation alone are: 

Stress-relieved strand: 

log 219,000 (189 ) . 
il!.r = 189 10 256 - 0.55 = 19.0 ksl 

Low-relaxation strand: 

ilFsr = 0.25 X 19.0 = 4.8 ksi 

High-tensile-strength bars: 

il!.r = 0.70 X 105 X 0.03 = 3.2 ksi 

A summary of the calculations for full relaxation is found in Table 2-7, and a 
summary for reduced relaxation in Table 2-8. For reduced relaxation, with the 
value of A equal to 0.70, the values of () are computed as follows: 

S.R. strand, () = ~~: = 0.107, Xr = e( -6.7+5.3 x 0.70)0. \07 = 0.726 

20.3 
L.R. strand, () = 189 = 0.107, Xr = 0.726 

H.T. bars, () = ~~: = 0.193, Xr = e(-6.7+S.3xO.7)O.193 = 0.562 

The reduced relaxations become: 0.762 X 19.0 = 14.5 ksi, 0.762 X 4.8 = 
3.7 ksi, and 0.562 X 3.2 = 1.8 ksi, for stress-relieved strand, low-relaxation 
strand, and high-tensile strength bars, respectively. (See Table 2-8.) 
2. For a pretensioned stress-relieved strand that is released 24 hours after having 

been stressed to 175 ksi, determine the stress remaining in the tendon after 

TABLE 2-7 Summary of computations for full relaxation for Problem 1. 

Initial Relax. Concrete Total As 
stress loss loss loss req'd 

Steel type (ksi) (ksi) (ksi) (ksi) (ksi) 

S.R. strand 189 19.0 20.3 39.3 6.55 
L.R. strand 189 4.8 20.3 25.1 5.98 
H.T. bars 105 3.2 20.3 23.5 12.02 
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TABLE 2-8 Summary of computations for reduced relaxation for Problem 1. 

Initial Relax. Concrete Total 
stress loss loss loss 

Steel type (ksi) (ksi) (ksi) (ksi) 

S.R. strand 189 14.5 20.3 34.8 
L.R. strand 189 3.7 20.3 23.7 
H.T. bars 105 1.8 20.3 22.1 

As 
req'd 
(ksi) 

6.36 
5.93 

11.82 

50 hours, if /pu = 250 ksi and f' = 225 ksi. Assume that the elastic short­
ening is 170 X 10-6 in.lin., and the deferred deformation of the concrete 
(creep and shrinkage) is 825 x 10-6 in. lin. Use an elastic modulus for the 
steel of 28,000 ksi. 

SOLUTION: At 24 hours: 

.:l F = 175 log 24 (175 - 055) = 55 ksi 
Jsr 10 225' . 

The loss due to elastic shortening is 28,000 x 170 x 10-6 = 4.8 ksi, the initial 
loss at the time of the stressing is 5.5 + 4.8 = 10.3 ksi, or approximately 10 
ksi, and the stress remaining after release is 165 ksi. Using eq. 2-2 to determine 
the stress remaining in the steel after 50 years (438,000 hr), one finds: 

JE... = 1 _ (165 _ 0.55) (lOg 438,000 - log 24) = 0.922 
165 225 10 

andfst = 0.922 x 165 = 152 ksi. The loss due to the deferred concrete strain 
is equal to 28,000 x 825 x 10-6 = 23.1 ksi; hence, the effective stress after 
50 years (using full or intrinsic relaxation) is 129 ksi. 



3-1 Introduction 

3 Concrete 
for 
Prestressing 

It is presumed that the reader is familiar with the basic physical properties of 
portland-cement concrete, which is the principal constituent of prestressed 
concrete. It is important that a proper concrete be employed in prestressed 
concrete construction, but only the factors that are of particular interest in this 
type of construction are considered here. General data pertaining to the factors 
affecting the physical properties of concrete can be found in the many publi­
cations and standards of the American Concrete Institute. 

Concretes with compressive strengths of 5000 to 6000 psi at the age of 28 
days, as measured on standard cylindrical specimens, are rather easily obtained 
in most localities today, but little, if any, economic advantage results from the 
use of concretes in this strength range in nonprestressed reinforced concrete 
flexural members. For this reason, concretes with compressive strengths on the 
order of 3000 to 4000 psi are much more commonly used for nonprestressed 
flexural members than are the higher-strength concretes. (The use of concrete 
of moderate and high strength can be both functionally and economically advan­
tageous in columns and other compression members reinforced with nonpre­
stressed reinforcement, however.) This is not the case for prestressed flexural 

45 
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members, where the use of concretes of moderate to high strength is common 
and efficient because of the reduction in weight and cost of the members that it 
makes possible. Furthermore, as has been explained, the time-dependent volume 
changes of concrete (creep and shrinkage) significantly affect the amount of 
prestressing that is lost. Because the higher-strength concretes normally undergo 
substantially smaller volume changes than the lower-strength ones, their use is 
desirable, if not necessary, in many applications. 

Strength and volume changes in concrete are affected by many variables, but 
in practice the engineer's control of these variables normally is limited to the 
writing of specifications intended to govern the amount of water, the types and 
proportions of the aggregates, and the type and amount of cement, as well as 
the types and amounts of admixtures that can be used in the concrete mixture. 
On many projects the engineer is not at liberty to specify particular materials 
available from a single source (producer), but must write specifications relying 
upon nonproprietary standard specifications to obtain the desired results. The 
water content of the concrete mixture should be kept to the minimum required 
for proper placing; by this means its strength is increased and its shrinkage 
reduced. On the other hand, care must be exercised to ensure that sufficient 
water will be present in the plastic concrete mixture so that it can be placed and 
consolidated with conventional methods and equipment and with a reasonable 
amount of labor. The engineer also should specify the method and duration of 
curing the concrete after it has been placed and finished. 

3-2 Cement Type 

The cement used in most prestressed concrete construction is portland cement 
that conforms to "Standard Specification for Portland Cement" (ASTM C 150). 
Blended cements, conforming to "Standard Specifications for Blended Hydraulic 
Cements" (ASTM C 595), also are used. 

The most common types of cement used in prestressed concrete vary from 
one locality to another. Types I (normal), II (modified), and III (high early 
strength) cements, conforming to ASTM C150, all are used extensively, as are 
the air-entraining blends, Types lA, IIA, and lIlA. All give satisfactory results 
under specific local conditions if properly used. 

Type III cement is intended for use when high early strength is desired. 
Because high early strength can permit prestressing at an earlier than usual age, 
the time required to produce prestressed concrete members, especially under 
plant conditions, sometimes is reduced through its use. Type III cement has a 
higher heat of hydration (heat evolved as a result of chemical reactions with 
water during mixing and hardening) than Types I and II cements, and this is 
sometimes found to be objectionable; on the other hand, the heat generated by 
the hydration process, if properly controlled, can be used to accelerate the curing 
of the concrete. Concrete admixtures, which are discussed in the following 
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section, in combination with Types I and II cements and accelerated curing 
methods, also can be used to produce concrete having high early strength, but 
with a more moderate heat of hydration than that of Type III cement. The use 
of Type II cement is required by some agencies because of its greater sulfate 
resistance and a lower heat of hydration than is encountered with cement Types 
I and III. Because the various cements perform in different ways with the variety 
of aggregates and admixtures that are available, concrete mixture designs 
normally are determined by using a number of trial batches made with the 
different materials available in a locality. 

A technical report published by the Prestressed Concrete Institute (Pfeifer 
and Marusin 1981) contains specific recommendations regarding cement 
chemistry for optimum results in the manufacture of precast concrete products. 

Calcium-aluminate cement, also known as high-alumina cement and alumi­
nous cement, has been used to some extent in prestressed concrete in Europe 
but not extensively in North America. Because some of these cements are 
reported to contain significant quantities of sulfides that can undergo chemical 
change and form atomic hydrogen embrittlement of prestressing steel, this 
cement is not recommended for use in prestressed concrete (Szilard 1969). 

3-3 Admixtures 

An admixture is defined as a material other than water, aggregates, hydraulic 
cement, and fiber reinforcement, which is used as an ingredient of concrete or 
mortar, and is added to the batch immediately before or during its mixing (ACI 
116 1985). The use of admixtures has increased dramatically in the past 30 
years with the development of many new types. Admixtures are used in 
prestressed concrete to make the plastic concrete more plastic, retard the initial 
set, accelerate the final set, reduce the amount of water required in the mixture, 
and entrain air in the concrete in order to enhance the durability of the hardened 
product. Admixtures frequently are used to facilitate the placing and handling 
of concrete, as well as to obtain high strength at an early age. 

The admixtures used in concrete for entraining air normally must conform to 
the requirements of ASTM C 260, "Specification for Air-Entraining Admix­
tures for Concrete." Technical specifications for admixtures that reduce the 
amount of water required in the plastic concrete, or retard or accelerate the 
setting of the concrete, as well as those that cause combinations of these effects, 
are contained in "Specification for Chemical Admixtures for Concrete" (ASTM 
C 494). 

The use of concrete admixtures has become very sophisticated, in many 
instances involving combinations of admixtures, some added to the concrete 
during the original batching and others added at the job site after the concrete 
has been mixed for a period of time. Experimentation generally is needed to 
determine the best combination of admixtures to use with the other specific 
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ingredients that will go into a concrete for a particular application. The engineer 
generally relies on the advice of concrete suppliers, consultants, suppliers of 
admixtures, and past experience in initiating a testing program to determine 
what admixtures will perform best on a specific project. 

The adverse effect of chloride ion on reinforcing steel has been recognized 
for many years. It can be particularly serious in prestressing steels, where it can 
cause pitting and stress corrosion. It is for this reason that "Building Code 
Requirements for Reinforced Concrete" (ACI 318-89) limits the amount of 
water-soluble chloride ion in prestressed concrete, at the age of28 days, to 0.06 
percent of the weight of the cement. Materials containing significant amounts 
of chlorides should not be used in prestressed concrete, but trace amounts, 
whether in the mixing water, the aggregates, or admixtures, are unavoidable 
and should not be of concern. 

The engineer always should be careful to check the chloride ion content of 
chemical admixtures proposed for use in a concrete mixture. This often requires 
more investigation than simply reading the sales literature provided for the 
product. 

3-4 Slump 

In the European technical literature on prestressed concrete of the 1940s and 
1950s, there was a strong emphasis on using no-slump or very low-slump 
concrete in prestressed concrete. The purpose behind the recommendation was 
to obtain high concrete strength together with relatively low creep and shrinkage. 
Experience in the United States indicates that the use of no-slump and very low­
slump concrete generally should be confined to products made on vibrating 
tables or vibrating pallets, and perhaps to shallow members that are of such 
configuration that all areas of the member are readily accessible to internal 
vibrators. For example in North America low-slump concrete commonly is used 
in precast hollow core slabs, which are sometimes made by an extrusion process 
and sometimes with a slip form. However, for average prestressed members 
that are too large to be produced on a vibrating table, or that have large bottom 
flanges that cannot be readily vibrated with internal vibrators, it has been found 
that good results are obtained when the slump of the plastic concrete is about 4 
in. With modem high-range water-reducing admixtures, low water-cement 
ratios can be maintained with slumps in the 4 to 6 in. range; hence, the need 
for the use of low-slump concrete no longer exists if modem admixtures are 
used in the concrete. 

3-5 Curing 

After concrete has been placed and consolidated, the cement used as one of the 
constituents combines (hydrates) with some of the mixing water. This process 
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is essential for the concrete to gain strength and other desirable properties. To 
ensure that sufficient water is available forthe hydration process, the concrete 
must be kept from drying; and it is this prevention of drying during hydration 
that is called curing. It is generally recognized that the best method of curing 
concrete is to keep its surfaces wet by the application of water or by sealing the 
surfaces through the application of a coating or moisture barrier. The manufac­
turer can accelerate the hydration process by heating the concrete while 
preventing it from drying. Methods of heating concrete to accelerate hydration 
include the use of steam at high pressure; the use of hot, moist air at atmospheric 
pressure (see Sec. 3-16); and the use of radiant heat from circulating hot water 
or hot oil, electric heating pads, and so on. Covering the concrete surfaces with 
carpets, burlap, or other absorbent material that is kept wet by the application 
of hot water also is an effective means of accelerating the hydration process 
during the curing period. 

Accelerating the hydration process is more important in the manufacture of 
plant-produced prestressed concrete than it is in prestressed concrete products 

t 
produced on site. This is so because of the need to achieve frequent reuse of 
plant facilities through reduction in production time; the cost of products 
produced is reduced if the time required to produce them is reduced. 

The reader should consult "Standard Practice for Curing Concrete" (ACI 
308-81) for a comprehensive treatment of concrete curing. 

3-6 Concrete Aggregates 

The aggregates used in the manufacture of normal concrete members usually 
are satisfactory for prestressed concrete. However, because of the higher 
strengths required for prestressed concrete, it has been difficult, in some local­
ities, to find suitable natural aggregates for prestressed construction. Where a 
choice of aggregates is available, one should make the selection after consid­
ering the ease of obtaining the necessary strength, as well as the magnitude of 
the elastic and inelastic volume changes that might be expected with the different 
types available. Lightweight aggregates of the expanded shale or clay type have 
been used with good results in North America. When lightweight aggregates 
are used in prestressed concrete, one must be careful to make a reasonable 
assessment of anticipated volume changes when estimating the loss of prestress. 

Normal concrete aggregates should conform to the requirements of "Standard 
Specifications for Concrete Aggregates" (ASTM C 33). Aggregates for light­
weight prestressed concrete should conform to "Standard Specifications for 
Lightweight Aggregates for Structural Concrete" (ASTM C 330). 

3-7 Strength 

A principal reason why concrete with a minimum 28-day cylinder compressive 
strength of the order of 4000 to 6000 psi is, used in prestressed concrete members 
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is that concrete of higher strength generally will exhibit lower volume changes 
than concretes of lower strength. In addition, concrete in this strength range is 
relatively easy to produce with contemporary materials and production facili­
ties. Another reason for using higher-strength concretes is that efficient use 
generally can be made of them in prestressed concrete flexural members; this 
is not the case in nonprestressed reinforced concrete members. 

In some localities it is difficult to consistently produce concrete of high quality 
with locally produced concrete materials. The designer of prestressed-concrete 
structures should carefully investigate this problem on each project undertaken. 
It is generally possible to prepare reasonably economical designs with concretes 
of moderately high strength, and thereby avoid the need for strengths that may 
be difficult to obtain under job-site conditions. It is better to anticipate this 
problem and provide for it in the design stage than to struggle with what may 
be an almost impossible situation during construction. 

Whenever possible, and always on major jobs, the concrete mixtures used 
should be trial-patched and laboratory-tested before use on the job. The mixtures 
employed in the work should be proportioned on the basis of field experience 
and/or trial mixtures as provided in Sec. 4.3 of ACI 318. The strength test 
results obtained during the work should be evaluated by using "Recommended 
Practice for Evaluation of Strength Test Results of Concrete" (ACI 214-77). 

A general equation for predicting the compressive strength of concrete at any 
age has been proposed (Branson and Christianson 1971; ACI209 1982). This 
relationship is: 

t 
i ' - i' ct - a + {3t c 

(3-1 ) 

where f' ct is the compressive strength at age t in days, a and {3 are constants, 
andi'c is the compressive strength at the age of 28 days. The average values of 
constants a and {3 have been found to be as shown in Table 3-1. Variations in 
compressive strength as a function of time, using eq. 3-1 and the values of the 
constants a and {3 given in Table 3-1, are shown in Fig. 3-1. 

The compressive strength that eventually will be achieved by moist-cured 

TABLE 3-1 Values of concrete strength coefficients a and {3 for use in eq. 3-1 and 
ratios of eventual strength to 28-day strength (after ACI Committee 20919821. 

Curve 
Concrete Cement in Fig. Eventual str. 

curing type a {3 3-1 28-day str. 

Moist I 4.00 0.85 1 1.18 
Moist II 2.30 0.92 2 1.09 
Steam I 1.00 0.95 3 1.05 
Steam III 0.70 0.98 4 1.02 
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Fig.3-1. Strength-time curves for concrete as predicted by eq. 3-1 for the concretes 
listed in Table 3-1. 

concrete, expressed as a ratio of eventual strength to strength at the age of 28 
days, can be estimated to be as shown in Table 3-1 (ACI209 1986). 

On important projects, and in precasting plants, strength-time curves should 
be developed for the particular concrete mixtures being used. This approach 
pennits the work to be accurately planned in advance and monitored during 
construction, and it facilitates the identification of low-strength concrete at an 
early age. 

The 28-day compressive strength of concrete as a function of the water­
cement ratio for air-entrained and non-air-entrained concrete is illustrated in 
Fig. 3-2; and in Fig. 3-3, the 28-day compressive strength of concrete is shown 
as a function of the voids-cement ratio. These curves are useful in estimating 
the quantities of cement and water that must be used to achieve a desired concrete 
strength with and without entrained air. 

The tensile strength of concrete, sometimes called the direct tensile strength, 
can be estimated from: 

J: = g, [w(f~,)] 1/2 (3-2) 
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Fig, 3-2. Concrete compressive strength in relation to water-cement ratio for air­
entrained and non-air-entrained concrete. The strength decreases with an 
increase in the water-cement ratio; or with the water-cement ratio held 
constant, the use of air entrainment decreases the strength by about 20 
percent (Bureau of Reclamation 1966). 

in which w is the unit weight of the concrete in pounds per cubic foot, I;t is the 
comrpessive strength at time t in days, and gt is equal to 0.33 (ACI209 1982). 
For gt taken to be equal to 0.33 and a concrete having a unit weight, w, equal 
to 144 pcf, eq. 3-2 becomes: 

I , = 4 Jr, 
t ct 

(3-2a) 

The modulus of rupture can be taken as follows: 

J,. = gr [w(f;t)] 112 (3-3) 

in which gr is a constant that normally varies between 0.60 and 0.70. For 
concrete having a unit weight, w, of 144 pcf, the values of the modulus of 
rupture using eq. 3-3 would become: 

J,. = 7.2 -Ii, (3-3a) 

and: 

Ir = 8.4 -Ii, (3-3b) 
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Fig. 3-3. Compressive strength of concrete in relation to voids-cement ratio (Bureau 
of Reclamation 1966). 

for values of gr of 0.60 and 0.70, respectively. Because of the variation that is 
found in the modulus of rupture, the upper or lower limit of eq. 3-3 should be 
used in computations in such a manner that the result will be conservative 
(Branson and Christianson 1971; ACI209 1982). (It should be noted that the 
values specified for the modulus of rupture in Building Code Requirements for 
Reinforced Concrete, ACI 318, are as low as 6..!fc and as high as 7.5..!fc.) 

The strength of lightweight concrete should always be determined by tests. 
The curves of Figs. 3-1, 3-2, and 3-3 should not be expected to apply to light­
weight concrete. 

3-8 Elastic Modulus 

The value of the elastic modulus of concrete is important to the designer of 
prestressed concrete because it must be used in computing deflections and losses 
of prestress. Unfortunately, the elastic modulus of concrete is a function of 
many variables, including the types and amounts of ingredients used in making 
the concrete (cement, aggregates, admixtures, and water), as well as the manner 
and duration of curing the concrete, age at the time of loading, rate of loading, 
and other factors (Troxell, Davis, and Kelley 1956). When possible, it is recom­
mended that the elastic modulus be determined by tests for the concrete to be 
used in a specific application; especially in applications where deflections and 
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loss of prestress are particularly important. When the elastic modulus of the 
concrete is not detennined by tests, it may be assumed to be: 

E = 33 wl.5 ../1.' ct ct (3-4 ) 

in psi, for values of w, the unit weight of the concrete, between 90 and 155 pcf 
(AC1209 1982). For nonnal-weight concrete, eq. 3-4 can be taken as: 

Eet = 57,000 ..[f;, (3-5) 

Based upon test data, eq. 3-4 may give a good representation of the elastic 
modulus for a particular concrete if a value other than 33, as given in eq. 3-4, 
is used. This should be an acceptable procedure if the test data are available. 
ACI Committee 363, High Strength Concrete, has recommended the following 
relationship for the elastic modulus for use in lieu of eq. 3-5 (ACI 363): 

, 112 6 We [ ] [ ]
1.5 

Eet = 40,000 (fet) + 1 X 10 145 (3-6) 

Equations 3-5 and 3-6 are compared graphically in Fig. 3-4. It should be noted 
that eq. 3-5 was based upon test data for concrete having 28-day compressive 
strengths of 6000 psi and less, and eq. 3-6 is intended to better predict the elastic 
modulus for concretes having strengths as high as 14,000 psi. It should also be 
noted that f~t in eqs. 3-5 and 3-6 is the compressive strength of concrete, as 
detennined by tests of standard 6 X 12 in. cylinders made in accordance with 
ASTM C 192 and tested in accordance with ASTM C 39, at the age of t days. 

Klink reported experimental work that led him to conclude that the procedure 
for determining the elastic modulus of concrete in ASTM C 469 produces results 
that are approximately 55 percent lower than those found by measurements 
made with internal strain gages (Klink 1985). The accuracy of Klink's conclu­
sions have been questioned by others; hence, the reader is advised to carefully 
review the technical literature on this subject when designing structures that 
could be adversely affected by differences as great as those reported by Klink 
(Baidar, Jaeger, and Mufti 1989). 

It should be pointed out that eqs. 3-5 and 3-6 are intended to predict the 
values of the elastic modulus that would be obtained if the concrete were tested 
in accordance with ASTM C 469. Because the value of the elastic modulus thus 
obtained is the chord modulus at a stress of 40 percent of the ultimate compres­
sive strength of the cylinder, a value as much as 10 percent higher could be 
anticipated in applications where the concrete is not stressed to such high a 
level. The differences between the tangent moduli at different stress levels and 
the secant modulus are illustrated in Fig. 3-5. 

In prestressing concrete, the prestressing force often is transferred to the 
concrete at a relatively early age (1 to 14 days, depending upon the materials 
and method of curing used). Hence, at the time of stressing the concrete 
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Fig. 3-4. Comparison of relationships for the modulus of elasticity of concrete as 
contained in Sec. 8.5.1 of ACI 318 and as recommended by ACI Committee 
363 (AC1318 1989; ACI363 1984). 

frequently has a strength that is somewhat less than the minimum specified at 
the age of 28 days. Equations 3-5 and 3-6 give a means of approximating the 
modulus of elasticity of the concrete at a given age by relating it to the cylinder 
strength, which varies with age. 

ILLUSTRATIVE PROBLEM 3-1 A post-tensioned beam is to be stressed when 
the concrete strength is 4000 psi. The specifications also provide that the 
minimum cylinder compressive strength at the age of 28 days shall be not less 
than 5000 psi. Compute the elatic modulus that should be used in determining 
instantaneous deflections and stress losses at the time of stressing and at the age 
of 28 days if (1) the concrete is normal concrete, and (2) the concrete is light­
weight concrete having a unit weight of 100 pcf. 

SOLUTION: 

(1) (I , ) 112 
Eel = 57,000 el 

At the time of stressing: 
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Eel = 57,000 X .J4000 = 3,600,000 psi 

At 28 days: 

(2) 

Eel = 57,000 X .J5000 = 4,030,000 psi 

Eel = 1001.5 X 33 (j :1) 1/2 

At the time of stressing: 

Eel = 33,000 X .J4000 = 2,090,000 psi 

At 28 days: 

Eel = 33,000 X .J5000 = 2,330,000 psi 

Creep of concrete, which is discussed in detail in Sec. 3-13, is defined as the 
increase in strain that occurs when a concrete member or specimen is subjected 
to constant stress. Because the elastic modulus of concrete is the quotient of the 

<...::: .... 
0 
c 
0 

.':; 
0 
~ .... 
co 
rn 
co 
rn 
rn 
al ... ... 

(J) 

1.00~----~------~------~------~------~----~ 

0.80 

0.60 

I; 

0.40 \c, 
.s-
~ 
~ 
~ 
~ 

0.20 

Stress-strain 
curve, loading 

Stress-strain curve, unloading 

0.00L-------~------~------~------~------~~----~ 

Strain 

Fig. 3-5. StFess-strain curve for a concrete cylinder loaded in compression, illustrating 
the secant and tangent moduli at a stress of 40 percent of the compressive 
strength and the tangent modulus at zero stress. 
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stress per unit of "elastic" strain or strain that occurs "instantaneously" upon 
the application of stress, an increase in the amount of strain under a sustained 
stress level has the effect of decreasing the modulus of elasticity. Hence, one 
should be aware ofthe two moduli of elasticity commonly used in the analysis 
of concrete. These are the instantaneous modulus, normally referred to simply 
as the elastic modulus and the effective modulus, which is sometimes called the 
reduced or sustained modulus as well. The instantaneous elastic modulus, Ed' 
can be expressed by: 

Stress 
E·=--

el Strain 
(3-7) 

The effective modulus is time-dependent and includes the creep strain that has 
occurred during a period of time in which the concrete is subjected to a sustained 
load. The effective modulus, Eee , can be expressed by: 

E = Stress 
ee Elastic strain + Creep strain 

(3-8) 

The effective modulus, at time t, also can be written: 

(3-9) 

where Vt is the creep ratio at time t. The creep ratio at time t can be defined 
mathematically as: 

Creep strain at time t 
Vt = 

Elastic strain 
(3-10) 

in which Vt is the creep ratio at the age of t days. The value of the effective 
modulus that eventually will be achieved for concrete held under a sustained 
load for a long period of time can be written as: 

E =~ 
eu 1 + Vu 

(3-11 ) 

where Vu is the creep ratio for the ultimate creep strain, or: 

Ultimate creep strain 
Vu = 

Elastic strain 
(3-12 ) 

The values of Vu and Vt are functions of many variables; but principally of the 
relative humidity, concrete quality, and age of the concrete when loaded. 
Additional information on creep of concrete is given in Sees. 3-13 and 3-14. 

The effecitve modulus frequently is used in computing deflections of 
reinforced and prestressed concrete, as well as the losses of prestress in 
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prestressed-concrete members. These subjects are discussed in greater detail ill 
Secs. 7-3 and 7-4. 

The use of an age-adjusted concrete modulus, originally proposed by Trost 
and subsequently supported by Banzant and ACI Committee 209, has become 
accepted practice in recent years (Trost 1967; Banzant 1972; ACI209 1982). 
The age-adjusted concrete modulus, which compensates for time-dependent 
effects on the properties of concrete including concrete age at loading and 
duration of the load, is determined with the use of an aging coefficient. The 
expression for the age-adjusted modulus at time t, Ecat ' is: 

Ec 
Ecat = 1 + 

XVt 
(3-13 ) 

in which X is an aging coefficient normally on the order of 0.6 to 0.9, and the 
other terms are as defined above. Values of the aging coefficient, as computed 
by Bazant, are given in Table 3-2. 

3-9 Poisson Ratio 

When concrete is subjected to a uniaxial stress, a transverse deformation takes 
place simultaneously with the axial (longitudinal) deformation. The ratio of the 
transverse deformation to the axial deformation is known as the Poisson ratio, 
or as Poisson's ratio. Structural engineers must include the effects oftransverse 

TABLE 3-2 Concrete aging coefficients. )( (after Bazant 19721. 

f'ac in days 

f - f'ac 
days Pu 10' 102 103 104 

101 0.5 0.525 0.804 0.811 0.809 
1.5 0.720 0.826 0.825 0.820 
2.5 0.774 0.842 0.837 0.830 
3.5 0.806 0.856 0.848 0.389 

102 0.5 0.506 0.888 0.916 0.915 
1.5 0.739 0.919 0.932 0.928 
2.5 0.804 0.935 0.943 0.938 
3.5 0.839 0.946 0.951 0.946 

103 0.5 0.511 0.912 0.973 0.981 
1.5 0.732 0.943 0.981 0.985 
2.5 0.795 0.956 0.985 0.988 
3.5 0.830 0.964 0.987 0.990 

10' 0.5 0.501 0.899 0.976 0.994 
1.5 0.717 0.934 0.983 0.995 
2.5 0.781 0.949 0.986 0.996 
3.5 0.818 0.958 0.989 0.997 
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defonnations in sophisticated structural analysis of prestressed and reinforced 
concrete plates, shells, and other three-dimensional structures. 

Neville, in Nomograph No.6, has reported the value of the Poisson ratio to 
vary between 0.1l and 0.21, with the ratio being lower for concrete of high 
strength (Neville 1971). 

Based upon experimental work involving the measurement of transverse and 
longitudinal strains near the center of concrete specimens, Klink found the value 
of the Poisson ratio to be about 55 percent greater than when measured on the 
surface of the specimen, as done using the standard method in ASTM C 469. 
(Klink 1985; ASTM 1987). Based upon his research, Klink has proposed the 
following relationship for predicting the value of the Poisson ratio, Pc> for 
concretes of different weights and strengths: 

(3-14 ) 

For a concrete having a unit weight of 144 pcf, eq. 3-14 becomes: 

Pc = 0.0040~ (3-15 ) 

In eq. 3-14, Pc is the Poisson ratio, as measured internally in a specimen, and 
the other tenns are as previously defined. It should be pointed out that Klink's 
experimental work was done on concrete having unit weights that varied from 
95 to 152 pcf and strengths that varied from 1350 to 7322 psi, and predicts 
values of the Poisson ratio about 55 percent greater than those detennined 
following the procedures in ASTM C 469. 

The results reported by Klink have been disputed, and the reader is cautioned 
to .review contemporary technical literature on the subject of the Poisson ratio 
when designing structures where differences in this value on the order of 55 
percent could be significant (Baider, Jaeger, and Mufti 1989). 

3-1 0 Shrinkage 

Shrinkage from three different sources is recognized in concrete: autogenous 
shrinkage, carbonation shrinkage, and drying shrinkage. Autogenous shrinkage, 
which results from the hydration of the cement, nonnally is small in comparison 
to drying shrinkage and is not considered in this book. Carbonation shrinkage 
results from atmospheric carbon dioxide combining with lime (calcium oxide) 
in the concrete to fonn calcium carbonate. This type of shrinkage can be signif­
icant under certain conditions of environment, but it nonnally is not important 
and is not considered in the design of concrete structural elements. Drying 
shrinkage results from the loss of water from concrete, and is the type of 
shrinkage nonnally referred to by structural engineers simply as shrinkage. In 
this book, the tenn shrinkage is intended to mean drying shrinkage. 
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3-11 Drying Shrinkage 

The shrinkage of concrete is an important factor to the designer of prestressed 
concrete for several reasons. As has been stated, the shrinkage of the concrete 
contributes to the loss of prestress. The magnitude of the shrinkage, also must 
be known with reasonable accuracy when the deflection of prestressed members 
is being computed by sophisticated methods. One cannot compute the deflection 
of composite prestressed-concrete members without knowing the shrinkage 
characteristics of each of the concrete in each of the components involved. In 
addition, the magnitude of the concrete shrinkage must be estimated in order to 
evaluate secondry stresses (due to volume changes) that may result. 

The effects of concrete shrinkage in prestressed-concrete structures are 
considerably different from those in reinforced-concrete structures. In reinforced 
concrete the shrinkage strains are resisted by compressive stresses in the 
reinforcing steel, whereas in prestressed concrete the prestressing steel is always 
in tension and causes compressive strains in the concrete that add to the 
shrinkage deformation. In addition, reinforced-concrete flexural members 
normally are cracked, with many closely spaced minute cracks that tend to 
relieve the effect of shrinkage stresses. The designer of prestressed-concrete 
structures must give particular attention to the effects of shrinkage, creep, and 
temperature variations. If these movements are restrained, forces of very high 
magnitude can result, with the very real possibility of serious structural and 
nonstructural damage. This subject is discussed in greater detail in Chapters 12 
and 17. 

The drying shrinkage of concrete is known to result from loss of moisture. 
It also has been shown that concrete will expand if, after having dried or partially 
dried, it is subjected to very high humidity, or if it is submerged in water. 
Shrinkage is known to be affected by the following variables: 

A. Composition of the cement. 
B. Physical properties of the aggregate. 
C. Method and duration of curing. 
D. Relative humidity of the service environment. 
E. Volume to surface ratio/average thickness of the member. 
F. Water content (related to slump). 
G. Admixtures. 
H. Slump of the plastic concrete. 
I. Relative amount of fine aggregate. 
J. Cement content. 
K. Air content. 

A considerable amount of data is available in the literature concerning the 
effect of each of these variables. The discussion that follows is pf a general 
nature but is considered sufficiently accurate for most design purposes, as the 
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designer of prestressed concrete often can control shrinkage to some degree 
through careful consideration of the materials and methods specified for each 
project. The effects of the above variables can be summarized as follows, with 
items H, I, J, and K being included in the discussion of items A through G: 

A. Cement. High early strength portland cement (type III) normally would 
be expected to have a shrinkage 10 percent higher than that of normal portland 
cement (type I) or modified portland cement (type II) (Troxell, Davis, and Kelley 
1956). In addition, a cement exhibiting a large amount of shrinkage may have 
a total shrinkage that is 100 percent greater than that of a cement which, because 
of its chemical composition, exhibits a small amount of shrinkage. This is an 
extreme range, however, and it may be beneficial to investigate the cements 
available in any locality, in order to determine if any of the normally used 
cements have exceptionally high or low shrinkage characteristics. There is some 
evidence that the use of a high early strength cement of good quality may result 
in a concrete that exhibits somewhat lower total volume changes (creep and 
shrinkage combined) in prestressed concrete than would be obtained with normal 
cement (type I) (Troxell, Davis, and Kelley 1956; Hanson 1964). 

B. Aggregates. The physical properties ofthe larger aggregate particles have 
a considerable influence on the shrinkage of concrete because the concrete 
aggregate reinforces the cement paste and resists its contraction. Aggregates 
with higher elastic moduli are stiffer and hence restrict the contraction of the 
paste to a greater degree than those with lower elastic moduli. Aggregates that 
have a low volume change in themselves, due to drying, generally lower 
concrete shrinkage. Concretes containing aggregates of quartz, limestone, 
dolomite, granite, or feldspar are generally low in shrinkage, whereas those 
containing standstone, slate, trap rock, or basalt may be relatively high in 
shrinkage. Therefore, if aggregates of the latter type, or gravels containing a 
large portion of such minerals, are used, an allowance should be made for a 
relatively high shrinkage value. Concretes made with soft, porous sandstone 
may shrink 50 percent more than concretes made with hard dense aggregates 
(Troxell, Davis, and Kelley 1956). 

Aggregate size also has a marked effect on the amount of concrete shrinkage, 
due to the greater restraint on the shrinkage of the mortar by larger particles. 
In addition, increasing the maximum aggregate size results in a reduction of the 
amount of water needed to obtain a given slump. 

Lightweight concrete aggregates manufactured by expanding clay or shale 
have been used to a significant extent in prestressed-concrete structures. High­
quality expanded shale or clay aggregates that are not crushed after burning, 
and hence are coated and less absorbent than crushed materials, have been 
reported to have drying shrinkage characteristics that are approximately of the 
same magnitude and rate as those found with normal aggregates (HHF A 1949). 
Other research has indicated that lightweight aggregates may have shrinkages 
as much as 50 percent greater than those of normal aggregates (HHF A 1949). 
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When the use of lightweight aggregates is contemplated, the designer should 
investigate the shrinkage characteristics of the actual concrete mixture proposed 
for use. 

e. Curing. There is little if any concrete shrinkage during curing, if the 
concrete is kept moist and the loss of moisture is prevented. Some investigators 
report that ultimate shrinkage is unaffected by an increase in the duration of 
curing time (Carlson 1938), but others report a reduction in shrinkage with 
longer curing periods (ACI 209 1982). There is evidence that curing concrete 
at an elevated temperature (atmospheric pressure steam curing) will result in a 
reduction in shrinkage of as much as 30 percent (Klieger 1960; ACI 517 1969). 
The acceleration in curing that is obtained from steam curing apparently leads 
to a more complete hydration of the cement; hence, less free water remains 
available for evaporation, and shrinkage is reduced. Atmospheric pressure steam 
curing has resulted in shrinkage reductions of 10 to 30 percent for type I cement 
and 25 to 40 percent for type III cement, when compared to specimens that 
were moist-cured for 6 days (Hanson 1964). 

D. Humidity. The relative humidity during service has a marked effect on 
shrinkage, with lower humidities resulting in greater shrinkages. Relationships 
for estimating concrete shrinkage as a function of relative humidity were 
proposed by Branson and Christianson (1971), and were incorporated in the 
report of ACI 209 (ACI 209 1982). Variations in temperature and humidity 
during service result in higher shrinkage (and creep) than is obtained under 
constant conditions; so estimates of shrinkage made in laboratory tests may be 
low (Fintel and Khan 1969). 

E. Volume-to-Surface Ratio or Average Thickness of Member. The size of 
the member affects the amount and rate of shrinkage. Because shrinkage is 
caused by evaporation of moisture from the surface, members that have low 
volume-to-surface ratios or small average thicknesses will be expected to shrink 
more, as well as more rapidly, than members having high volume-to-surface 
ratios or greater average thickness. 

F. Water Content. For many years the amount of water in a concrete mixture 
has been considered a very important factor, if not the single most important 
factor, affecting the shrinkage of concrete. The shrinkage of concrete made with 
a particular aggregate has been reported to vary almost directly with the unit 
water content of concrete (Bureau of Reclamation 1966). Recent research has 
shown that this is not correct, and that the reduction of water in a concrete 
mixture through the introduction of a water-reducing admixture does not neces­
sarily result in a reduction of the concrete shrinkage. It still is considered impor­
tant to restrict the amount of water used in concrete, whether prestressed or not, 
to the minimum required for the consistency needed for proper placing and 
compaction. It is recognized that most of the properties considered desirable in 
concrete are improved by reducing the water content in a concrete mixture. The 
water required to obtain the necessary plasticity in a concrete mixture is a 
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function, among other things, of the amount of mortar (cement and sand) in the 
mixture, and for this reason it is desirable to keep the quantity of mortar as low 
as possible. Using the maximum size of coarse aggregate available is one way 
of reducing the mortar content of concrete. 

G. Admixtures. Admixtures may increase, decrease, or have practically no 
effect on the amount of concrete shrinkage. The more commonly used admix­
tures in prestressed work are of the water-reducing and the water-reducing and 
retarding types (classified in ASTM C 494 as types A and D, respectively). 
Admixtures of these types can be further classified according to their general 
chemical composition and, as such, are categorized as lignosulfonates, organic 
acids, or polymers. Unpublished test data indicate that the lignosulfonates tend 
to increase shrinkage (from 5 to 50 percent) when compared with the control 
concrete (a concrete without admixture but having the same slump). In the same 
tests, organic acid types of admixtures showed shrinkages from 89 to 117 percent 
of the control concrete, and the polymer-type admixtures produced shrinkages 
of from 98 to 112 percent of the control concrete. 

3-12 Estimating Shrinkage 

The best method of estimating the amount of concrete shrinkage, which should 
be used in any structural design, is to use shrinkage tests. Established precasting 
plants and firms engaged in supplying ready mixed concrete, cement, or aggre­
gates should have shrinkage test results available for typical concrete mixtures 
obtainable in the localities they serve. If such data are not available, designers 
must either make tests or use their own judgment in estimating the unrestrained 
shrinkage of concrete for particular conditions. A conservative estimate is 
recommended if tests are not made. 

Long-term shrinkage can be estimated from short-term tests using relation­
ships developed by Brooks and Neville (1975). The relationships for predicting 
the shrinkage strain at the age of one year, 1:.365, based upon the shrinkage 
measured at 28 days, 1:.28, for moist-cured concrete are: 

For moist-cured concrete: 

1:.365 = 347 + 1.081:.28 

or, for values of 1:.28 less than 100 X 10-6: 

1:.365 = 521:?i~ 

For steam-cured concrete: 

1:.365 = 243 + 1.511:.28 

or, for values of 1:.28 less than 100 X 10-6: 

1:.365 = 271:?i~7 

(3-16) 

(3-17) 

(3-18 ) 

(3-19 ) 
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The ultimate shrinkage, <=su, can be estimated from the shrinkage at the age of 
one year from: 

<=s365( 1.06<=s365 - 192) 
<=su = 

1.085<=s365 - 265 
(3-20 ) 

In eqs. 3-16 through 3-20 the shrinkages are expressed in millionth inches per 
in. (10-6 in. lin.). 

In the absence of experimental data, Branson and Christianson suggest using 
ultimate shrinkage strains of 800 and 730 millionths inches per inch for moist­
cured and steam-cured concrete at relative humidity of 40 percent, respectively 
(Branson and Christianson 1971). 

A relationship for concrete shrinkage at a time of t days after drying 
commences, <=st> as a ratio of the eventual (ultimate) concrete shrinkage, <=s, is 
contained in the report of Subcommittee II of ACI Committee 209: 

<=st t Oi 

-=--- (3-21 ) 

in which a andfare parameters best determined experimentally for a particular 
concrete, and t is the time in days after drying has commenced. Values of a 
and f and the ultimate drying shrinkage strain, <=su, reported by Subcommittee 
II are given in Table 3-3. If not determined experimentally, the value of a can 
be taken as unity for both moist- and steam-cured concrete. The value off can 
be assumed to be 35 for concrete that has been moist-cured for seven days or 
more. For concrete steam-cured for 1 to 3 days before drying commences, the 
value off can be taken as 55. The ultimate shrinkage of concrete is reported to 
vary between 415 X 10-6 and 1070 x 10-6 in. lin., and an intermediate value 
of 780 x 10-6 is recommended for use in the absence of experimental data for 
a specific concrete. 

The shrinkages of moist-cured and steam-cured concrete as a function of 
time, as predicted by eq. 3-21, are shown plotted in Figs. 3-6 and 3-7, respec­
tively. The parameter a was taken to be equal to one, and the parameter f was 
taken to be 35 and 55 in Figs. 3-6 and 3-7, respectively. 

TABLE 3-3 Values of concrete shrinkage coefficients for use with eq. 3-21 (after ACI 
Committee 2091982). 

Low Average High 
Constant value value value Comment 

Ci 0.90 1.00 1.10 

f 20.00 35.00 130.00 After seven days of moist curing 

f 55.00 After one to three days of steam 
curing 

~u 415 780 1070 
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Fig. 3-6. Shrinkage of concrete after being moist-cured for seven days as predicted by 
eq. 3-21, using unity and 35 for the parameters a and f, respectively. 

The Subcommittee II report provides guidance for adjusting the estimated 
ultimate shrinkage of concrete for several factors. One of these is to account 
for moist-curing periods other than seven days. Values of the curing period 
correction coefficient, 'Yep" are given in Table 3-4 and plotted in Fig. 3-8. It 
should be noted that Fig. 3-8 consists of the data from Table 3-4 connected by 
straight lines; Subcommittee II recommends the use of straight-line interpola­
tion between the values given in Table 3-4. The factor for adjusting the estimated 
ultimate shrinkage for ambient humidities greater than 40 percent, 'Y"A" is given 
in Fig. 3-9. An adjustment of the estimated ultimate shrinkage for size of the 
concrete member can be made either on the basis of the ratio of the volume to 
surface area of the member, 'Y Vss> or on the basis of the average thickness of the 
member, 'Yhs; values for these factors are given in Table 3-5 and Figs. 3-10 and 
3-11. 

Additional correction factors for concrete composition (i.e., slump of concrete 
'Yss> ratio of fine aggregate to total aggregate content 'Yl{;" cement content 'Yew 
and air content 'Yas) given in the Subcommittee II report are intended for use 
only with the average value of ultimate shrinkage (780 x 10-6 in. jin.). These 
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Fig. 3-7. Shrinkage of concrete after one to three days of steam curing as predicted by 
eq. 3-21, using unity and 55 for the parameters a and f, respectively. 

coefficients, presented herein in Figs. 3-12 through 3-15, should not be used 
when shrinkage data have been detennined experimentally for a specific concrete 
in accordance with ASTM C 157, "Standard Test Method for Length Change 
of Hardened Cement Mortar and Concrete. " 

TABLE 3-4 Concrete shrinkage correction 
coefficients for moist curing periods less 
than and more than seven days (after ACI 
Committee 2091982). 

No. of days of 
moist curing 

1 
3 
7 

14 
28 
90 

Shrinkage factor 
'Yeps 

1.20 
1.10 
1.00 
0.93 
0.86 
0.75 
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Fig. 3-8. Variation of shrinkage coefficient 'Yeps for moist curing period as a function of 
the curing period in days. 
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Fig. 3-9. Variation of shrinkage coefficient 'YAs as a function of relative humidity. 
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TABLE 3-5 Shrinkage correction factors "ths 

for average thickness of members from 2 
through 5 in. (after ACI Committee 209 
19821. 

Average thickness 
(in.1 

2 
3 
4 
5 

Shrinkage factor 
"ths 

1.35 
1.25 
1.17 
1.08 

The correction factors provided in the ACI 209 Committee report are used 
by multiplying the product of the several factors with the average value of the 
ultimate shrinkage to obtain the adjusted estimated value. It must be emphasized 
that only one of the two correction factors for member size-that is, the one for 
the average thickness or the one for volume to surface area should be used. This 
is illustrated in the examples given on the next page. 

1 .1 

" '\ V f-'Yvss = 1.2 e- 0.12; 

~ 
I\.. 

0.9 

" ~ " " 
~ 07 ?-- • 

" ...... " " 
0.5 

" 
2 4 6 8 10 

Volume-Surface Ratio, f, in. 

Fig. 3-10. Variation of shrinkage coefficient "tvss as a function of the volume to surface 
ratio. 
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Fig. 3-11. Variation of shrinkage coefficient 'Yhs as a function of average thickness. 

ILLUSTRATIVE PROBLEM 3-2 Estimate the one-year and ultimate shrinkages 
of a moist-cured concrete if the shrinkage at 28 days is 300 millionths in. lin. 
and the concrete is stored at a constant humidity. 

SOLUTION: From eq. 3-16: 

Es365 = 347 + 1.08 X 300 = 671 millionths in.jin. 

1.4 
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1.0 

0.8 
o 

~ 
V 

2 

.., ~ 
~ 
v" 

~ ~'Yss = 0.89 + 0.041 s 

4 6 8 10 
Slump, s, in. 

Fig. 3-12. Variation of shrinkage coefficient 'Yss as a function of concrete slump. 



70 I MODERN PRESTRESSED CONCRETE 

1.2 

-
1.0 

7 ~ 
r-- 'Y1{ts = 0.90 + 0.0021/1 

0.8 

0.6 

0.4 
/" 

0.2 

0.0 
o 

./ 

7 
~ 'Y1{ts = 0.30 + 0.0141/1 

20 40 60 80 100 

Fine Aggregate, percent by weight of Total Aggregate 

Fig. 3-13. Variation of shrinkage coefficient -y",. as a function of percentage of fine 
aggregate in total aggregate by weight. 

and from eq. 3-20: 

671(1.06 x 671 - 192) . . .. 
Esu = 1.085 x 671 _ 265 = 752 mdhonths m·/m. 

Note that in using eq. 3-17 rather than eq. 3-16 (even though the shrinkage at 
28 days is greater than 100 x 10-6 ), the one-year shrinkage is: 

Es365 = 25 X 300°.45 = 677 millionths in. lin. 

ILLUSTRATIVE PROBLEM 3-3 Estimate the ultimate shrinkage for an 
unrestrained cast-in-place concrete slab using the procedure recommended by 
ACI 209 and summarized in Table 3-3 and Figs. 3-8 through 3-15, assuming 
the following: 

1. Concrete is moist-cured for seven days. 
2. Ambient relative humidity in service is 50 percent. 
3. Average thickness of the slab is 6 in. 
4. Concrete slump is 5 in. 
5. Fine aggregate content is 60 percent of the total aggregate. 
6. Cement content is 650 pey. 
7. Air content is 2 percent. 



CONCRETE FOR PRESTRESSING I 71 

1.2 

"fees = 0.75 + 0.00036~ ----------~ 
1.1 

1.0 

0.9 

0.7 
400 600 800 1000 

Cement Content, c, pounds per cubic yard 

Fig. 3-14. Variation of shrinkage coefficient 'Yees as a function of cement content of 
the concrete. 

The computations are summarized in the Table 3-6. The computation for 
ultimate shrinkage is: 

fsu = 780 x 0.96 = 749 millionths in. lin. 
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Fig. 3-15. Variation of shrinkage coefficient 'Yas as a function of air content of the 
concrete. 
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TABLE 3-6 Computations for I.P. 3-3. 

3-13 Creep 

Item 

'Ycps 

'YAs 
'Yhs 

'Yss 

'Yfs 

'Y res 

'Y a.~ 
Product of factors 

Shrinkage factor 

1.00 
0.90 
1.00 
1.10 
1.02 
0.98 
0.97 
0.96 

Creep of concrete is defined as the time-dependent strain that takes place in 
concrete subjected to constant stress. Under laboratory conditions, creep tests 
are made with all conditions of the environment, such as temperature and 
humidity in which the test specimens are stored, being kept as constant as 
possible. Two types of creep are recognized: basic creep and drying creep. 
Basic creep is not dependent upon the loss of moisture from the concrete and 
will occur with concrete protected from drying; however, drying creep, like 
drying shrinkage, is dependent upon the loss of moisture from the concrete to 
its environment. Unlike shrinkage, creep is affected by stress in the concrete as 
well as the maturity of the concrete. Maturity refers to the degree of hydration 
of the cement in the concrete and is a function of time and temperature history 
of the concrete; as an approximation, it often is taken as the age of the concrete. 
For a discussion of maturity as it relates to concrete technology, see "Standard 
Practice for Curing Concrete" (ACI 308-81). In normal structural engineering 
applications, one does not distinguish between basic and drying creep; and creep 
normally is considered to vary directly with the applied stress. The term specific 
creep is also found in the literature, where specific creep is defined as creep per 
unit of stress and has the units of inches per inch per pound per square inch. 

When concrete is placed under stress, it undergoes an elastic or instantaneous 
deformation. If the stress is maintained, the deformation increases with the 
passage of time. If the load is removed after the passage of a period of time, 
as instantaneous recovery of strain occurs, immediately after which a time­
dependent recovery of strain occurs. A permanent strain deformation will 
remain, however, after the removal of the load and after the creep recovery has 
reached its maximum value. This is illustrated in Fig. 3-16. In normal 
engineering practice, creep recovery, because it is relatively small, is ignored 
in evaluating the effects of creep strain remaining after the load has been 
removed. 

Relaxation of concrete is defined as the loss of stress in concrete that is 
subjected to constant strain. It is discussed in Sec. 3-15. 
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Fig, 3-16, Deformation of concrete as a function of time. illustrating instantaneous 
deformation. creep deformation. instantaneous recovery. creep recovery. 
and permanent deformation. 

Prestressed concrete nonnally is not subjected to constant stress or to constant 
strain. It is subjected to time-dependent changes in stress and strain due to 
variations in external loads, together with changes in the prestressing forces 
that result from relaxation of prestressing steel and the shrinkage and creep of 
the concrete, However, for purposes of computing the loss of prestress and 
other computations, the loss due to the plasticity of concrete is more commonly 
based upon creep than on relaxation data for the concrete. 

Detennination of the creep characteristics of concrete to be used in the design 
of a concrete structure is best done by perfonning tests on the specific concrete 
to be used in the project under conditions that approximate the service condi­
tions to which the actual structure will be exposed. (Neville and Liska 1973), 

Progressive producers of prestressed concrete products should have test data 
available on the concrete nonnally used in their products for the infonnation 
and guidance of engineers contemplating the use of those products. Unfortu­
nately, specific test data rarely are available from suppliers of concrete and 
concrete products; so engineers must have methods for estimating creep at 
various concrete ages and under various conditions of service. 

3-14 Estimating Creep 

Creep at the age of one year can be estimated from the amount detennined 
experimentally at the age of 28 days (Brooks and Neville 1975), The relation­
ship for this calculation proposed by Brooks and Neville, in tenns of specific 
creep in order to facilitate the computation, is: 

fsc365 = 0.127 + 1.70fsc28 (3-22 ) 
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in which Ese365 and Ese 28 are the values of specific creep at the ages of one year 
and 28 days, respectively. Ultimate specific creep, Eseu' can be estimated from 
known or estimated values of specific creep at one year by one of the following 
equations: 

1. 15tEse365 
E = 

seu 0.396 + t 
(3-23 ) 

(3-24 ) 

ILLUSTRATIVE PROBLEM 3-4 A concrete having an elastic modulus of 4 X 106 

psi is subjected to a constant stress of 1000 psi at a constant temperature and 
humidity. The creep strain measured after 28 days of loading was found to be 
235 X 10-6 in. lin. Using eqs. 3-22 and 3-34, estimate the ultimate creep strain 
and that at the age of one year. 

SOLUTION: The specific creep at 28 days is: 

235 X 10-6 
Ese28 = 1000 = 0.235 millionths in. lin. Ipsi 

and at 365 days, the specific creep is: 

Ese365 = 0.127 + 1.70 X 0.235 = 0.527 millionths in. I in. I psi 

Assuming ultimate specific creep is obtained at 1500 days: 

( ) 0.6 

1.45 1500 6" h' I' I . 
Eseu = 06 = 0.7 3 mllhont s m. m. pSI 

0.107 + (1500) . 

Therefore, the creep strains at one year and at 1500 days (ultimate) are estimated 
to be as follows: 

Ee365 = 1000Ese365 = 527 X 10-6 in. lin. Ipsi 

and: 

Eeu = 1000Ese l5oo = 763 X 10-6 in. lin. 

Subcommittee II of ACI Committee 209 has proposed methods to be used in 
estimating creep for the cases where specific test data are not available. The 
time~dependent relationship proposed by Subcommittee II is: 

Creep strain at time t VI t'" 

Ultimate creep strain = Vu = d + t'" (3-25) 



CONCRETE FOR PRESTRESSING I 75 

TABLE 3-7 Concrete creep coefficients for use in eq. 3-25 
(after ACI Committee 20919821. 

Low Average High 
Constant value value value 

'" 
0.40 0.60 0.80 

d 6 10 30 
v. 1.30 2.35 4.15 

in which t is the time in days, measured from the time stress is applied (age at 
loading), if; and d are parameters that can be detennined experimentally for each 
particular concrete, and Vu and Vt are the ultimate creep ratio and the creep ratio 
at time t, respectively. The ranges of the parameters if;, d, and Vu reported by 
Subcommittee n, as well as their average values, are given in Table 3-7. 

Using the average recommended values for if; and d, 0.60 and 10, respec­
tively, one can solve eq. 3-25 and plot the values of the ratio of creep at time 
t to the ultimate creep as a function of time. The results of such a calculation 
are shown in Fig. 3-17. As in the case of shrinkage, Subcommittee II recom-
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Fig. 3-17. Creep strain of concrete as a function of time using eq. 3-25, with the 
parameters'" and dbeing taken as 0.60 and 10, respectively. 
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mends the use of the average values of the parameters given in Table 3-7 in the 
absence of data for the specific concrete to be used. In addition, correction 
factors are provided for several different items that influence the amount of 
creep, as follows: 

1. Loading age of the concrete, 'Ylac' Different recommendations are given 
for moist-cured and steam-cured concrete in Figs. 3-18 and 3-19, respec­
tively. (Table 3-8 is to be used with Figs. 3-18 and 3-19.) 

2. Ambient humidity, 'YACO See Fig. 3-20. 
3. Member size, 'Yvsc or 'Yhe- Figs. 3-21 and 3-22 are for use with the volume 

to surface ratio and average thickness methods, respectively. Table 3-9 
contains values for 'Yhc for average thicknesses from 2 through 5 inches. 

4. Concrete slump, 'YSCO See Fig. 3-23. 
5. Fine aggregate to total aggregate ratio, 'Y>/Ico See Fig. 3-24. 
6. Air content, 'Yaco See Fig. 3-25. 

The correction factors are to be used in adjusting the average value of the 
ultimate creep ratio in the same way as for shrinkage; that is, the product of the 
several factors is multiplied by the average value of the ultimate creep ratio 
(2.35) to obtain the adjusted ultimate creep ratio. It should be noted that the 
engineer may select either member size correction factor (average thickness or 
volume-surface ratio), but only one ofthem should be used. As in the case of 
the computations for shrinkage, the correction factors for concrete slump, fine 
aggregate ratio, and air content should be used only when the average value of 
the ultimate creep ratio is being used to estimate the ultimate creep; if experi­
mental data are being used as a basis for the computation, only the factors for 
loading age, humidity during service, and member size should be used. 

TABLE 3-8 Table for ordinates of Figs. 3-18 and 3-19 (after 
ACI Committee 2091982). 

Age at loading 1.13 
days 1.25 tlac 

-0.118 tlac 
-0.094 

1 N/A 1.13 
2 N/A 1.059 
3 N/A 1.019 
4 N/A 0.992 
5 N/A 0.971 
6 N/A 0.955 
7 0.994 0.941 

10 0.953 0.910 
20 0.878 0.853 
28 0.844 0.826 
60 0.771 0.769 
90 0.735 0.740 

100 0.726 0.733 
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Fig. 3-18. Variation of creep coefficient "rlsc for concrete moist-cured for seven days, 
as a function of time in days. 

ILLUSTRATIVE PROBLEM 3-5 Using the data of I.P. 3-3 and assuming the 
concrete to be 10 days old at the time ofloading, compute the estimated ultimate 
shrinkage strain and ultimate creep ratio, using the average parameters given in 
Tables 3-3 and 3-7. 

SOLUTION: The computations for the creep factors are summarized in Table 
3-10. Using the average values for ultimate shrinkage strain and ultimate creep 
ratio recommended by Subcommittee II of ACI Committee 209, the computa­
tions for the ultimate creep ratio and ultimate shrinkage strain are: 

'" .s 
<"-

Ultimate creep ratio = 2.35 x 1.06 = 2.49 
Ultimate shrinkage strain = 7.80 x 0.96 = 740 millionths in. / in. 

1.2 

1.1 

1.0 

0.9 

0.8 

0.7 
o 
o 

\ .... 

\ ............... 
............... [For one to ten days 

\ 
~ roo-

1 
10 

2 
20 

For one to 100 days V 
3 

30 
4 

40 
5 

50 
6 

60 
7 

70 

Age at Loading, days, after one 
to three days of steam curing 

8 
80 

9 10 
90 100 

Fig. 3-19. Variation of creep coefficient "rlsc for concrete steam-cured for one to three 
days, as a function of time in days. 
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Fig. 3-20. Variation of creep coefficient 'Y).c as a function of relative humidity. 

The amount of creep is significantly affected by the age of the concrete at the 
time of loading. Hence, this factor requires careful consideration when one is 
computing the long-tenn deflections and stresses in some fonns of prestressed 
concrete construction, as well as when writing specifications for their construc­
tion (see Secs. 7-2, 7-3, 7-4, and 10-9). This is illustrated in Fig. 3-26, in which 
concrete strains, due to both elastic deformation and creep, are plotted as a 
function of time (Mathivat 1979). In the figure, the strains shown are relative 
to the elastic deformation of the concrete when stressed at the age of 28 days. 
The curve that slopes downward and to the right indicates the elastic defonna-
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Fig. 3-21. Variation of creep coefficient 'Yvsc as a function of volume to surface ratio. 
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Fig. 3-22. Variation of creep coefficient "the as a function of average thickness. 

TABLE 3-9 Creep correction factors Y he for 
average thickness of members from 2 through 5 in. 
(after ACI Committee 2091982). 

Average thickness 
(in.) 

2 
3 
4 
5 

Creep factor 
"the 

1.30 
1.17 
1.11 
1.04 
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Fig. 3-23. Variation of creep coefficient "tse as a function of concrete slump. 
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Fig. 3-24. Variation of creep coefficient -r",. as a function of fine aggregate percentage 
of total aggregate by weight. 
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Fig. 3-25. Variation of creep coefficient -ra. as a function of air content of the concrete. 

TABLE 3-10 Computations for I.P. 3-5. 

Item 

-rlae 

-rl\c 

-rhe 

-rse 

-r",e 

-rae 

Product 

Creep 
factor 

0.95 
0.94 
1.00 
1.16 
1.02 
1.00 
1.06 



'" > 
<0 

"C 

co 
N -o 

CONCRETE FOR PRESTRESSING I 81 

3.70 

3.0 I-+-H-~~ ~+-H-+-+~=--I-+-++~ 2.99 

Q) 

~ 2. 5 1-+++--+-~+-~--hoo4L-~- -,,"~I---I--+-+---........I 2. 50 
... c: <0 

.2 c: 
'til.2 
E 'til 2.0 h+~~-4~~--~~~~I---+-~~­
o E - .... Q) 0 
oQi 

o 
~ 1.5 
o 
Q) 
c: 
<0 ... 
c: 
<0 
t) 1.0 
c: 

0.5 

0.0 

037 14 28 

y 

days 

56 3 6 

H ) ~ 
y 

months 

2 3 

y 

years 

2.11 

1.96 

1.74 

L-:=~~ 1.54 

1.36 

5 10 00 

) 

Instantaneous and Creep Strains for Concrete Loaded at Different Ages 

Fig. 3-26. Instantaneous and long-term concrete strains for different concrete ages at 
the time of loading (after Mathivat 1979). 

tion at different ages of loading. The curves that originate at the curve indicating 
elastic deformation and slope upward and to the right illustrate the strain due 
to creep. The numbers on the creep strain curves indicate the age of the concrete 
at the time of loading, and the numbers at the ends of the creep strain curves 
indicate the ultimate total strain (elastic plus creep strain) relative to the elastic 
strain for loading at the age of 28 days. 
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3-15 Relaxation of Concrete 

It has been explained that when concrete is placed under stress and held at 
constant strain, the stress in the concrete will decrease with the passage of time. 
This phenomenon, known as relaxation, can have beneficial results in some 
cases and adverse effects in others. 

If a concrete pavement slab supported on a frictionless subgrade, for example, 
were to be prestressed by the use of screw jacks reacting against the ends of the 
slab and immovable abutments, as shown in Fig. 3-27, the slab would be 
subjected to constant strain if the jack screws remained stationary after their 
installation and initial stressing (jacking) of the slab. As a result of the relax­
ation of the concrete, the stress in the slab would decrease with the passage of 
time, as illustrated in Fig. 3-28, and would eventually approach a stress of 
approximately one-third of the initial stress (Guyon 1953). If the prestress of 
the slab were being relied upon to control flexural tensile stresses in the slab, 
one would have to apply three times the amount of prestress needed at the time 
of prestressing to have sufficient stress remaining in the slab after the passage 
of one or two years. 

In other situations, the reduction of the stress in the concrete of a reinforced 
or prestressed member due to relaxation can be beneficial. It is important to 
understand this property, and the interested reader will find additional infor­
mation on this subject in Chapter 5 of the ACI Committee 209 report. 

3-16 Accelerating Concrete Curing 

In the manufacture of structural concrete products, it is often desirable or neces­
sary to accelerate the early hydration of the cement in the products so that a 
rapid reuse can be made of the mnufacturing facilities. In the case of precast 
reinforced concrete, it may be necessary to obtain a concrete strength of 1000 
to 2000 psi at the age of 24 hours or less so that the products can be safely 
(without cracking) stripped and moved to storage for further curing, and the 
forms or molds used to make the products can be reused. Concrete strengths 
from 3000 to 4500 psi are required in the manufacture of pretensioned concrete 

Concrete pavement slab 

Screw jack 
Frictionless subgrade 

Screw jack 

Fig. 3-27. Concrete pavement slab prestressed with screw jacks. 
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Fig. 3-28. Relaxation of concrete stress as a function of time after concrete is placed 
under constant strain. 

before the pretensioning tendons can be released, the products removed from 
the prestressing bench, and the facilities reused. The fonns for structural 
concrete and pretensioning benches represent significant capital investments that 
are tied up while the concrete gains the strength required to complete the 
production cycle and pennit reuse of the facilities; so it is apparent that a nominal 
expenditure can be justified for accelerating the hydration of the cement if the 
time required for the concrete to attain the adequate strength can be sufficiently 
reduced. 

Low-pressure or atmospheric-pressure steam curing, which is referred to 
simply as steam curing in this book, often has been employed to accelerate the 
curing of concrete. Well-executed steam curing can result in 24-hour strengths 
equal to or greater than 60 percent of the 28-day strength of concrete specimens 
cured under standard conditions. This method consists of confining the concrete 
products in hot, nearly saturated air at atmospheric pressure by isolating them 
from the nonnal atmosphere in an enclosure into which steam is injected at low 
pressure. 

A process that employs steam at elevated pressure, which is referred to as 
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high-pressure steam curing (or autoclaving), is more effective than low-pressure 
steam curing and has been used in concrete-block-manufacturing plants. High­
pressure steam curing requires that the concrete products be placed in a steel 
pressure vessel in which the pressure can be increased above atmospheric. 
Consequently, this method is not considered to be feasible for large, structural 
concrete products, particularly those that are made on pretensioning benches. 

Hot water and hot oil are used in some applications, in which case the heated 
fluid is pumped through longitudinal cavities in the forms or through pipes in 
or on the casting beds, thus heating the concrete products by radiant heat. This 
method can give results similar to those obtained by steaming, if the products 
are kept from drying during heating. 

Electric blankets also are used, to provide external heat and to confine the 
concrete in an insulated enclosure that prevents it from drying. 

Chemical admixtures designed to accelerate the hydration of the cement in 
concrete are available, but some of them contain chloride ions. Chloride ions, 
except in small amounts, cannot be safely used in prestressed concrete because 
of the danger of chloride-induced corrosion of the prestressing steel. Further­
more, admixtures that do not contain chloride ions generally do not accelerate 
the hydration of normal portland cement sufficiently to achieve the strengths 
required for stressing at an early age. Therefore, in the manufacture of 
prestressed concrete, the concrete frequently is made with high-early-strength 
cement, an admixture that accelerates the set, and it is cured with low-pressure 
steam or some other source of heat. 

It is generally agreed that the optimum curing cycle used when heat is 
employed to increase the early strength of concrete is influenced by the following 
considerations (Troxell, Davis, and Kelley, 1956; ACI 517 1980; Pfeifer and 
Marusin, 1981): 

1. Delay period: After it is placed and vibrated, the concrete must be allowed 
to attain its initial set before steam is applied. 

2. Rate of increasing the concrete temperature: The temperature of the 
concrete, and hence the temperature of the atmosphere surrounding it, 
must be raised at a specific rate to a maximum temperature. 

3. Duration of maintaining the maximum temperature: The maximum 
temperature generally is maintained for a specific period of time. 

4. Rate of cooling: The temperature of the concrete must be reduced slowly. 

The normal North American procedure is to employ a delay period of two to 
six hours, depending upon the type of cement being used. The longer delay 
periods are used when slower-setting cements, retarding admixtures, and higher 
maximum temperatures are used. Specifications for steam curing usually provide 
for the temperature in the enclosure in which the concrete is located to be 
increased at a rate less than 1°F per minute to a maximum temperature that 



CONCRETE FOR PRESTRESSING I 85 

does not exceed 165°F. In sophisticated plants the temperature of the concrete 
itself is monitored during the heating process. The concrete temperature 
frequently exceeds that of the surrounding atmosphere after a period of time, 
because of the heat released from the hydration of the cement in the concrete 
being cured. At a rate of 1°F per minute, the maximum concrete temperature 
will be reached after one or two hours once steaming is commenced, depending 
upon the starting temperature. The facilities used for steam curing in most 
prestressing plants do not permit the temperature to be increased at a precise 
rate; so, the temperature usually is raised in a few small increments over a 
period of time. The maximum temperature is maintained between 140°F and 
165°F for a period that varies from 10 to 20 hours. The products are then 
allowed to cool more or less slowly, depending upon the practice at the partic­
ular plant. Exposing hot concrete products to cold air, particularly under windy 
conditions, without a controlled cooling period can result in surface cracking 
and, in extreme cases, complete fracturing of the concrete. 

Tests should be performed to determine the optimum curing cycle for use 
under specific conditions. Through trial and error, one can determine the delay 
period, maximum temperature, and time required at maximum temperature that 
will yield optimum results. The optimum cycle will give the strength required 
at an acceptable time period and cost. 

3-17 Cold Weather Concrete 

Frequently, in fabricating precast, prestressed concrete members for govern­
mental agencies during winter months, manufacturers are required to conform 
to standard specifications originally written for job-site winter concrete. The 
specifications often stipulate that concrete cannot be placed when the tempera­
ture of the ambient air reaches a particular minimum value, and that the aggre­
gates and mixing water must be heated to temperature that will keep the 
temperature of the plastic concrete from falling below a specific minimum value. 

These specifications may be necessary for job-site cast concrete that will be 
placed and allowed to cure without having the surrounding air artificially heated, 
but imposing them on concrete used in plant-produced products that are steam­
cured frequently has detrimental effects on the eventual concrete strength. There 
is no question that the aggregates used in precasting plants should be kept suffi­
ciently warm to prevent ice or frost formation in the plastic concrete, and that 
the plastic concrete should not be allowed to freeze. However, higher concrete 
strengths are obtained for concrete mixed and placed at lower temperatures than 
for concrete mixed and placed at higher temperatures-a phenomenon attributed 
to the fact that cool plastic concrete mixtures require less water for workability 
than do warmer concretes. 

The use of very hot mixing water, if done improperly, can have a very serious 
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detrimental effect on the strength of concrete, and, in particular, on the early 
strength. If very hot water must be used as the mixing water, it should be added 
to the aggregates before the cement is introduced to the concrete mixer. 

3-18 Fire Endurance of Concrete Elements 

One very important property of concrete and concrete structural elements is 
their ability to resist the effects of heat generated by fire without serious loss of 
strength or complete collapse. Concrete construction generally is considered to 
be among the more fire-resistant types of construction. In the past, the fire 
resistance of many types of prestressed concrete structural elements was deter­
mined by testing the elements, following standards and procedures contained 
in ASTM E 119. Alternative methods for the determination of the fire resistance 
of concrete structural elements, including prestressed concrete elements, are 
given in the "Guide for Determining the Fire Endurance of Concrete Elements" 
(ACI 216R-81). The interested reader is referred to ACI 216R for further infor­
mation on the alternate methods. 

3-19 Allowable Concrete Flexural Stresses 

The two most significant design criteria for prestressed concrete in the United 
States are the Standard Specifications for Highway Bridges, 14th Edition, 
published by the American Association of State Highway and Transportation 
Officials (AASHTO 1989), and the Building Code Requirements for Reinforced 
Concrete (ACI 318 1989), published by the American Concrete Institute. 

The concrete stresses permitted in the AASHTO specifications (Copyright 
1989. The American Association of State Highway and Transportation Officials, 
Washington, D.C. Used by permission) are: 

9.15.2.1 Temporary Stresses before losses due to creep and shrinkage 
Compression 

Pretensioned members................................................. 0.60 f;i 
Post-tensioned members ............................................... 0.55 f;i 

Tension 
Precompressed tensile zone ....................................... No temporary 
allowable stresses are specified. See Article 9.15.2.2 for allowable stresses 
after losses. 
Other areas 
In tension areas with 

no bonded reinforcement................................. 200 psi or 3 ~ 
Where the calculated tensile stress exceeds this value, bonded reinforce­
ment shall be provided to resist the total tension force in the concrete 
computed on the assumption of an uncracked section. 
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The maximum tensile stress shall not exceed 
7.5../f:; 

9.15.2.2 Stresses at service load after losses have occurred 
Compression.................................................................... 0.40 f; 
Tension in the precompressed tensile zone 

(a) For members with bonded reinforcement* .......................... 6.Jiic 
For severe corrosive exposure conditions, such as coastal areas 3.Jiic 

(b) For members without bonded reinforcement ............................. 0 
Tension in other areas is limited by the allowable temporary stresses 
specified in Article 9.15.2.1. 

*IncJudes bonded prestressed strands. 

9.15.2.3 Cracking Stresses* 
Modulus of rupture from tests or if not available, 

For normal weight concrete............................................. 7.5.Jiic 
For sand-lightweight concrete.......................................... 6.3.Jiic 
For all other lightweight concrete...................................... 5.5.Jiic 

9.15.2.4 Anchorage and bearing stress: 
Post-tensioned anchorage at service load 3000 psi 
(but not to exceed 0.9 f;). 

*The total amount of prestressed and non-prestressed reinforcement shall be adequate to develop 
an ultimate load in flexure at the critical section at least 1.2 times the cracking load calculated 
on the basis of the modulus of rupture. 

The concrete stresses permitted in ACI 318 are: 

18.4 Permissible stresses in concrete-Flexural members 
18.4.1 Stresses in concrete immediately after prestress transfer (before time­
dependent prestress losses) shall not exceed the following: 
(a) Extreme fiber stress in compression 0.60 f;i 
(b) Extreme fiber stress in tension except as permitted in (c) 3../f:; 

(c) Extreme fiber stress in tension at ends of simply supported 
members 6 ../f:; 

Where computed tensile stresses exceed these values, bonded auxiliary 
reinforcement (non-prestressed or prestressed) shall be provided in the tensile 



88 I MODERN PRESTRESSED CONCRETE 

zone to resist the total tensile force in concrete computed with the assumption 
of an uncracked section. 
18.4.2 Stresses in concrete at service loads (after allowance for all prestress 
losses) shall not exceed the following: 

(a) Extreme fiber stress in compression 0.45 f~ 
(b) Extreme fiber stress in tension in precompressed 
zone 

tensile 
6JJ; 

(c) Extreme fiber stress in tension in precompressed tensile zone of members 
(except two-way slab systems) where analysis based on transformed cracked 
sections and on bilinear moment -deflection relationships show that immediate 
and long-time deflection comply with requirements of Section 9.5.4, and 
where cover requirements comply with Section 7.7.3.2. 12 JJ; 

18.4.3 Permissible stresses in concrete of Section 18.4.1 and 18.4.2 may be 
exceeded if shown by test or analysis that performance will not be impaired. 

In the above,f~ is defined as the specified compressive strength of the concrete 
in psi and f~i is the compressive strength of the concrete at the time of initial 
prestress. 

The reader's attention is called to the Commentary on Building Code 
Requirements for Reinforced Concrete (ACI 318-89), Secs. 18.4.2(b) and 
18.4.2(c), in which it is pointed out that the concrete covers specified in Secs. 
7.7.3.1 and 7.7.3.2 are closely related to the allowable tensile stresses permitted 
by ACI 318. 

Comparison of these allowable stresses will show that the requirements of 
AASHTO are more conservative than those of ACI 318. This is understandable 
and reasonable because bridge structures are exposed to more severe conditions 
of service (i.e., fatigue, temporary overloads, etc.) than are buildings. 
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PROBLEMS 

1. Prepare a plot showing the variations in concrete tensile strength and modulus 
of rupture as predicted by eqs. 3-2 and 3-3. Use the product of concrete 
compressive strength and unit weight as the ordinate with values of the 
compressive strength from 2000 psi to 10,000 psi and unit weights from 100 
to 160 pef. Use values of the tensile strength and modulus of rupture as the 
abscissa. 

SOLUTION: The computations required for the plot are shown in Table 3-11, 
and the results are plotted in Fig. 3-29. 

TABLE 3-11 Summary of computations for Problem 1. 

wf~ ~ 0.33~ 0.60~ 0.70~ 

200,000 447 149 268 313 
600,000 775 258 465 542 

1,000,000 1000 333 600 700 
1,400,000 ll83 394 710 828 
1,800,000 1342 447 805 939 
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2. Prepare a plot of fet versus Eet for values of the variable w (unit weight of 
concrete) of 100, 120, 140, and 160 pcf. Usefet as the ordinate with values 
from 2000 to 10,000 psi. 

SOLUTION: The computations are summarized in Table 3-12 and plotted in Fig. 
3-30. 
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Fig. 3-29. Plot of the results of Problem 1. 

TABLE 3-12 Computations for Problem 2: Values of the elastic modulus in millions of 
psi for unit weights of concrete from 100 to 160 pcf. 

Unit Weight of Concrete (pcf) 

f' c 100 120 140 160 

2,000 1.48 1.94 2.44 2.99 
4,000 2.09 2.74 3.46 4.22 
6,000 2.56 3.36 4.23 5.17 
8,000 2.95 3.88 4.89 5.97 

10,000 3.30 4.38 5.47 6.68 
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Fig. 3-30. Plot of the results of Problem 2. 

3. A piece of concrete 10 ft long is stressed in compression to 500 psi. The 
initial (elastic) shortening is 0.020 in. After two years the total shortening 
is 0.065 in. Determine the creep ratio at the age of two years. 

SOLUTION: 

. 0.065 - 0.020 
Creep ratio = 0.020 = 2.25 

4. A particular concrete is believed to have a creep ratio of 3.10. At the time 
it is stressed, it undergoes a strain of 230 millionths inches per in. Determine 
the estimated eventual total strain ifthe concrete is kept under constant stress 
in a uniform environment. 

SOLUTION: 

Creep strain = 3.10 X 230 = 713 x 10-6 in.jin. 

Total strain = 943 x 10-6 in.jin. 

S. For the concrete in Problem 4, if the modulus of elasticity is 4000 ksi at the 
time of stressing, determine the effective modulus that eventually will be 
attained. 

SOLUTION: Using eq. 3-9: 

4000 
Ece = 3 0 = 976 ksi 

1 + .1 

6. Determine the ratio of creep strain, at the age of five years, that one might 
expect for a particular normal-weight concrete made with Type I cement, if 
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TABLE 3-13 Summary of computations for Problem 6. 

Age of concrete 
at loading 

(days) 

7 
28 
90 

3.5 
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Fig. 3-31. Plot of the results of Problem 6. 
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TABLE 3-14 Summary of results for Problem 7. 

Time (months) 

1 
3 
6 
00 

Stress remaining (psi) 

160 
132 
119 
100 

the concrete were placed under constant stress at the ages of 7, 28, and 90 
days. Prepare a plot of the results that is similar to Fig. 3-26, assuming that 
the creep ratio for loading at the age of 28 days is 2.00. 

SOLUTION: The computations are made using eqs. 3-1 for strength and 3-5 for 
elastic modulus and Fig. 3-18 for the effect of age at loading on creep strain. 
The results of the computations are summarized in Table 3-13 and plotted in 
Fig. 3-31. It should be noted that the relative total deformations are 3.57,3.00, 
and 2.70 for loading at the ages of 7, 28, and 90 days, respectively. 

7. A concrete pavement for an airfield is to be prestressed by placing jacks at 
the ends of the pavement. The jacks are to be supported by stiff, nonyielding 
abutments at each end of the pavement. If the pavement is to be stressed 
initially to a uniform prestress of 300 psi, and assuming there is no friction 
between the slab and the subgrade (friction does exist in actual applications 
of this type), determine the stress one would expect to remain in the pavement 
after one, three, and six months, as well as at an infinite number of months. 

SOLUTION: The jacks would cause the pavement to be placed in a condition of 
constant strain. Hence, the stress in the pavement would decrease with the 
passage of time because of relaxation of the concrete. From Fig. 3-28, one 
would expect the results shown in Table 3-14. 



4-1 Introduction 

4 Basic Principles 
for Flexural 
Design 

The basic principles and mathematical relationships used in the design and 
analysis of prestressed-concrete flexural members are not unique to this type of 
construction. Virtually all of the fundamental relationships are based upon the 
normal, basic assumptions of elastic design, which form the basis of the study 
of the strength of materials. Although the form in which the relationships appear 
in a discussion of prestressed concrete may be somewhat modified to facilitate 
their application, the student of engineering should have little difficulty in 
understanding these modified relationships. 

Two major forms of design problems are encountered by the engineer engaged 
in the design of prestressed concrete flexural members. Such problems frequently 
are referred to as the review of a member or as the design of a member. 

The review of a member consists of determination of the concrete flexural 
stresses and deflections under various conditions of service load and prestressing 
in order to confirm their compliance with the applicable design criteria. In 
addition, the strength of the member in bending, shear, and bond must be deter­
mined to equal or exceed the minimum strength requirements of the design 
criteria. To review a member as described here, the dimensions of the concrete 
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section, the properties of the materials, the amount and eccentricity of the 
prestressing steel, the amount of the nonprestressed reinforcement, and the 
amount of the web reinforcement must be known. 

The design of a member consists of selecting and proportioning a concrete 
section in which the stresses in the concrete do not exceed the permissible values 
under any combination of service loads and prestressing. Design also includes 
determination of the amount and eccentricity of the prestressing force required 
for the specific section. An important aspect of the design of a member under 
service load conditions is calculation of deflection and confirmation that the 
predicted deflections will not exceed the maximum values permitted by appli­
cable design criteria and are within limits deemed acceptable to the designer. 
The design of a member must include a study of the flexural strength that the 
section can develop under design load, and a determination of the amount of 
nonprestressed flexural reinforcing that may be required. Additionally, a study 
of the shear stresses must be made, and the amount of web reinforcing required 
for adequate shear strength under design loads must be determined. Consider­
ation of tendon development lengths, both for flexural strength and, in the case 
of pretensioned tendons, for transfer length, is included in the design of a 
member. It must be emphasized that the design of a flexural member normally 
is done by trial. The designer must assume a concrete section and compute the 
prestressing force and eccentricity required to confine the concrete stresses 
within the allowable limits under all conditions of service loads. In addition to 
confirming compliance with service loading criteria, the designer must make a 
complete strength analysis in order to confirm compliance with the strength 
requirements of the applicable design criteria. In the design process, several 
adjustments of the trial section normally are required before a satisfactory 
solution is found. 

This chapter is devoted to a consideration of fundamental principles pertaining 
to determination of the concrete stresses due to prestressing, determination of 
the prestressing force and eccentricity required for a specific distribution of 
stresses due to prestressing, consideration of the pressure line in simple flexural 
members loaded in the elastic range, and other topics related to flexural analysis 
and design. The problems given in this chapter are confined to the review type. 
The procedures used in preparing preliminary designs by trial are treated in Sec. 
9-8. 

The elastic analysis and design of prestressed flexural members can be done 
rapidly and accurately only after the fundamental theorems and axioms have 
been thoroughly mastered. Many of the operations discussed in this chapter can 
be done more rapidly by the use of the simple expedients treated in Chapter 7. 
These classical methods should be well understood, however, before one 
attempts to use the expedients. The design and analysis of continuous prestressed 
members, which are treated in Chapter 10, also require complete familiarity 
with the principles presented in this chapter. 



BASIC PRINCIPLES FOR FLEXURAL DESIGN I 97 

4-2 Mathematical Relationships for Prestressing Stresses 

Although prestressing forces sometimes are applied to a prismatic member 
concentrically, it is far more common for them to be applied eccentrically, as 
was explained in Sec. 1-2 and is illustrated in Fig. 4-1. The stresses in a 
prismatic concrete section prestressed with an eccentric force are analyzed as 
combined stresses, that is, the stresses due to an axial force combined with the 
stresses due to a moment. The familiar expression for the combined stresses at 
a section subject to an axial force and a moment is: 

(4-1 ) 

in which f is the fiber stress at a distance y from the centroidal axis, F is the 
axial prestressing force, M is the moment acting on the section, and A and I are 
the area and moment of inertia of the cross section, respectively. 

Because the moment due to the prestressing is equal to the prestressing force 
multiplied by the eccentricity of this force (i.e., M = Pe), and because the 
quotient of the moment of inertia and the area of the cross section is equal to 
the square ofthe radius of gyration of the cross section (i.e., r2 = (I/ A», the 
general eq. 4-1 be written: 

F ( ey ) f = A 1 ± r2 (4-2) 

The sign convention used in the following discussion, as well as in the 
remainder of this book, is based upon tensile stresses, forces, strains, and 
elongations being positive; moments causing tensile stresses at the bottom fibers 
being positive; curvatures and slopes of stress diagrams for positive bending 
moments being positive; and incremental changes in values that are increases 
(i.e., increases in stress, strain, etc.) being positive. The positive and negative 
signs are included in the symbols for a parameter; concrete shrinkage at time t 
(days), which is represented by Est, is always negative, but a change in stress, 

II 

e 
F ... 

(a) 

-
e 

Tension 

elf 
Compression 

(b) 

Fig. 4-1. (a) Freebody diagram of the end of a prism of concrete prestressed with an 
eccentrically applied force. (b) Diagram of concrete stresses. 
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such as a/" could be positive or negative, depending upon whether it is an 
increase or a decrease in the stress. Furthennore, the values of the ordinates, 
y, such as eccentricity e and the distances to the extreme fibers of a cross section, 
are taken as positive when measured downward from the centroidal axis of the 
cross section in the computation of fiber stresses. In special cases in this book, 
the values of the ordinates, y, are measured from an arbitrarily selected refer­
ence point; the reader's attention will be called to this difference when it is 
applied to a particular computation. Using this sign convention, eq. 4-2 can be 
rewritten for the top and bottom fibers of a beam as: 

c ( eyt) /'="A 1+"?" (4-3) 

Jb=~(1 +~;) (4-4) 

where/, andfb are the stresses in the top and bottom fibers due to the prestressing 
alone, respectively. As noted above, the positive and negative signs are included 
in the notation used in eqs. 4-3 and 4-4 (i.e., C, the resultant compressive force 
acting on the section under consideration, and Yt are negative, and Yb is positive, 
as is e when it is below the centroidal axis). 

These relationships are the same for the stresses resulting from the initial and 
the final prestressing forces (see Sec. 1-2). In computing these stresses, one 
would, of course, use the value of C for the initial prestressing force when 
computing the initial stresses due to prestressing and the value of C for the final 
prestressing force when computing the final stresses. Frequently, particularly 
in preliminary design, the designer assumes a ratio between the final and the 
initial prestressing forces for design purposes because the reduction of the 
prestressing force (loss of initial prestress) cannot be estimated accurately until 
the design is nearly complete (see Secs. 7-2 and 7-3). Therefore, if the designer 
bases his or her computations on the final prestressing force and has assumed 
that the total loss will be 15 percent of the initial force, for example, the stresses 
resulting from the initial prestressing force can be detennined by dividing the 
final stresses by 0.85. 

The experienced designer generally prefers to design with the final 
prestressing force assumed to be from 75 to 90 percent of the initial force. A 
comprehensive study of the losses of prestress cannot be made until the basic 
design is finalized. If, when the loss of prestress study is made, it is found that 
the loss will be greater than assumed, the initial prestressing force can be 
increased so that the final force will be satisfactory. In addition, strength 
requirements of design criteria frequently control the amount of prestressed 
flexural reinforcement required; serviceability requirements mayor may not 
control the amount of prestressing required. The advantage of this procedure 
will be apparent after consideration of the data presented in Chapter 9. 
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Nonprestressed reinforcement 

j 
_F,;s 

~ eps C .-
p , ......-.Fns Resultant 

Nonprestressed reinforcement 

p = - (C + Fns + F';s) = Resultant 

Fig. 4-2. Freebody diagram of the end of a prism of reinforced concrete prestressed 
with an eccentrically applied force. 

It should be recognized that most prestressed concrete members contain 
nonprestressed bonded reinforcement in addition to the prestressed reinforce­
ment. The nonprestressed reinforcement may be provided in the member simply 
to facilitate construction, or it may be included for strength or serviceability 
considerations. In any case, if reinforcement of this type is provided in a 
member, it too will become prestressed by the prestressing force. This is illus­
trated in Fig. 4-2. For the purposes of this discussion on the basic principles of 
designing prestressed concrete members, it is assumed the concrete does not 
contain embedded nonprestressed reinforcement, and the prestressing force P 
is equal and opposite to the resultant compressive force in the concrete, C. The 
effect of nonprestressed reinforcement, which can be significant in certain situa­
tions, is discussed in Sees. 7-2, 7-3, and 9-2. 

ILLUSTRATIVE PROBLEM 4-1 Compute the stresses due to prestressing alone 
in a beam with a rectangular cross section 10 in. wide and 12 in. high that is 
prestressed by a final force of 120 k at an eccentricity of -2.5 in. (above the 
centroidal axis). State whether the stresses are compressive or tensile. Compute 
the stresses due to the initial prestressing force if the ratio between the final 
force and the initial force is 0.85. 



100 I MODERN PRESTRESSED CONCRETE 

SOLUTION: 

F = 120 k, C = -120 k, A = 120 sq. in. 

10 X 123 
1=---

12 
• 4 2 1440 . 2 

1440 tn. ,r = 120 = 12 tn. , 

r2 12 

Yt -16 
-2.00 in., - = - = 2.00 in. 

Yb 6 

Final stresses: 

-120 ( -2.5 x -6) fr = 120 1 + 12 = - 2250 psi (compression) 

-120 ( -2.5 X 6) ib = 120 1 + 12 = +250 psi (tension) 

Initial stresses: 

-2250 
fr = ---o.ss = - 2650 psi (compression) 

-250 ib = -- = + 294 psi (tension) 
0.85 

ILLUSTRATIVE PROBLEM 4-2 Compute the prestressing force and eccentricity 
that would be necessary in the beam of I.P. 4-1, in order to obtain a bottom­
fiber compression of 2400 psi and a top-fiber tension of 350 psi, by equating 
the relationships for stresses due to prestressing in the top and bottom fibers. 

SOUTION: 

C (eyt ) • fr = A 1 +? = + 350 pSI 

C (eYb ) . ib = A 1 + --;z = -2400 pSI 

350 -2400 
-6e 

1+-
12 

6e 
1 +-

12 

1025e = 2750 

e = 2.68 in. 
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Using eq. 4-4: 

120 X -2400 
C = 2.68 x 6 = -123,000 lb 

1+---
12 

The familiar principle of superposition is used to determine the combined effect 
of the prestressing and the other loads that may be acting simultaneously on a 
prestressed beam. Although it is possible to write a single equation that will 
accurately define the stress at any particular point in a beam, for normal manual 
calculations it frequently is less confusing if the effect of each load (or 
prestressing) is computed separately, and the net effect is determined by 
algebraically adding the effects of the several loads. 

ILLUSTRATIVE PROBLEM 4-3 Compute the net initial and final concrete stresses 
in the extreme top and bottom fibers at the midspan of a beam that is 10 in. 
wide 12 in. deep and on a span of 25 ft. The beam is to support an intermittent, 
uniformly distributed live load of 0.45 k / ft and is to be prestressed with a final 
force of 120 k positioned with an eccentricity of 2.5 in. The ratio between the 
final and initial prestressing forces is assumed to be 0.85. The unit weight of 
the concrete is 150 pcf. 

SOLUTION: The initial and final stresses due to prestressing in the top and 
bottom fibers are opposite to those in I. P. 4-1 because the eccentricity of the 
prestressing force is positive; these stresses are as shown in Table 4-1, a tabula­
tion of the combined stresses. 

The section modulus of the section is equal to 1/ y or - 240 in. 3 for the top 
fiber and + 240 in. 3 for the bottom fiber. The stresses due to the dead load of 
the beam alone are: 

120 
Wdl = 144 x 0.150 = 0.125 kif 

252 

Mdl = 0.125 x 8 = 9.77 k-ft 

fr = 9.77 ~~~,ooo = -488 psi (compression) 

9.77 x 12,000 488. 
fb = = + pSI 

240 
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TABLE 4-1 Summary of Stresses for I.P. 4-3. 

Initial prestress 
Beam dead load 
Initial prestress plus dead load 
Live load 
Initial prestress plus total load 
Final prestress 
Dead load of beam 
Final prestress plus dead load 
Live load 
Final prestress plus total load 

Top fiber 
(psi) 

+294 
-488 
-194 

-1760 
-1954 
+250 
-488 
-238 

-1760 
-1998 

The stresses due to the live load alone are: 

252 

Mil = 0.45 X 8 = 35.2 k-ft 

35.2 X 12,000 . ( .) 
f, = -240 = -1760 pSI compreSSIon 

35.2 X 12,000 . ( .) 
fb = 240 = + 1760 pSI tensIOn 

The stresses are summarized in Table 4-1. 

4-3 Pressure Line with Straight Tendon 

Bottom fiber 
(psi) 

-2650 
+488 

-2162 
+1760 
-402 

-2250 
+488 

-1762 
+1760 

+2 

At any section of an uncracked beam, the combined effect of the prestressing 
force and the externally applied load will result in a distribution of internal 
concrete stresses that can be resolved into a single resultant force that is equal 
to, but opposite in sign to, the prestressing force. The locus of the points of 
application of this force in any beam, beam-column, or frame is called the 
pressure line. 

The pressure line can be illustrated by considering a rectangular beam 
prestressed by an eccentric, straight tendon, as shown in Fig. 4-3. Under the 
condition of prestressing alone, the beam would have a distribution of internal 
compressive stresses at every cross section as shown in Fig. 4-4a. The resultant 
compressive force in the beam, C, is equal in magnitude to the prestressing 
force, P. The prestressing force and the resultant force in the be.am are applied 
at the same location, d / 6 below the centroidal axis of the beam, at every section 
of the beam as long as other loads are not applied to the beam. 
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Centroidal Axis 

Tendon 

L 

p 

~I 
Fig. 4-3. Simple rectangular beam prestressed by an eccentric straight tendon. 

If a unifonnly distributed load that is of such magnitude that it results in the 
bottom-fiber prestress being nullified at midspan is applied to the beam, the 
resulting stress distribution at midspan would be as indicated in Fig. 4-4b, and 
the pressure line at this point would be applied at a point -d/6 above the 
centroidal axis of the beam. At the quarter points of the beam, under the effects 
of the unifonnly distributed load alone, the stresses due to the external load 
alone are only 75 percent as great as those at midspan. The distribution of 
compressive stresses in the beam from the combination of the prestressing and 
the external load would be a shown in Fig. 4-4c, and the pressure line at this 
point would be located at a distance of -d /12 above the centroidal axis of the 
beam. At the support, because there are no flexural stresses resulting from the 
external load, the pressure line remains at the level of the steel. Plotting the 
location of the pressure line for this loading reveals that it is a parabola with its 
vertex at the center of the beam, as shown in Fig. 4-5. 

In a similar manner, it can be shown that a larger uniformly distributed load 
would result in the pressure line's being moved up even higher, and for a uniform 
load applied upward rather than downward, the result would be a downward 
movement ofthe pressure line. Therefore, it is apparent that the location of the 
pressure line in simple prestressed beams is dependent upon the magnitude and 

(a) (b) (e) 

Fig. 4-4. Stress distributions and pressure-line locations for a simple rectangular beam 
prestressed with a straight eccentric tendon: (a) due to prestressing alone, 
(b) at midspan under full service load, and (c) at quarter point under full service 
load. 
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P 

~I\O 
r----+-*----+-~------___, II 

'" 

Tendon 
L 

P 

Fig. 4-5. Location of pressure line in a simple beam of rectangular cross section, 
prestressed by a force at e = d16, together with a uniformly distributed load 
resulting in zero bottom-fiber stress at midspan. 

direction of the moments applied at any cross section and the magnitude and 
distribution of stress due to prestressing: A change in the external moments in 
the elastic range of a prestressed beam results in a movement of the pressure 
line in the beam. 

Because of the change in the strain in the concrete at the level of the steel 
(assuming the flexural bond strength between the steel and concrete is adequate, 
as it is in pretensioned and bonded post-tensioned beams), there is an increase 
in the stress in the prestressing steel when an external load is applied. This 
occasionally is of importance, but the effect normally is disregarded (see Sec. 
4-11). 

ILLUSTRATIVE PROBLEM 4-4 Compute and draw to scale the location of the 
pressure line for a rectangular beam 10 in. wide and 12 in. deep that is 
prestressed with a force of 120 k at a constant eccentricity of 2.5 in. and is 
supporting a 15 k concentrated force at midspan of a span of 10 ft. Use an 
exaggerated vertical scale in the sketch, and dimension the location of the 
pressure line at the midspan, quarter point, and end of the beam. Neglect the 
dead weight of the beam. 

SOLUTION: From I.P. 4~3 the stresses due to final prestressing of 120 k are 
known to be +250 psi and -2250 psi, and the section moduli are known to be 
=F 240 in. 3 for both the top and the bottom fibers. At the end of the beam, there 
is no moment due to the concentrated load; hence, the pressure line is located 
e = +2.50 in. below the centroidal axis. 

At the midspan: 

PL 15 X 10 
M = 4 = 4 = 37.5 k-ft 
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f 37.5 x 12,000 1875· ( .. fibe ) = = =F pSI compreSSIon In top I r 
=F240 

The stress distribution at midspan is: 

- 1875 + 250 = - 1625 psi 

d' 

e' 

- 2250 + 1875 = - 375 psi 

The distance from the top fiber to the resultant force in the section is computed 
by taking moments about the top fiber as: 

6 X -375 X 120 + (-1250/2) X 120 X 4 
d' = = 4.75 in. 

-375 X 120 + (-1250/2) X 120 

The resultant force is located at e' = 6.00 - 4.75 = 1.25 in. above the centroid 
axis (e = -1.25 in.). 

At the quarter point, the moment due to the external load is only one-half 
that at the midspan. Therefore, the flexural stresses due to the applied load are 
only one-half of those at midspan, or =F 938 psi. 

The stress distribution at the quarter point is: 

- 938 + 250 = - 688 psi 

d' 

c-+-.... 

- 2250 + 938 = 

6 X -688 X 120 + (-624/2) X 120 X 8 
d' = = 6.625 in. 

-688 X 120 + (-624/2) X 120 

The resultant is located at e' = 6.625 - 6.00 = +0.625 in. below the centroi­
dal axis. 
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Fig. 4-6. Location of pressure line, loP. 4-4. 

The results are shown plotted in Fig. 4-6. 

4-4 Variation in Pressure Line Location 

If the stress in the bottom fiber of a beam is to be equal to zero, or to be under 
a compressive stress under the effects of the final prestressing force and service 
dead and live loads, as is the case for a fully prestressed member, the distri­
bution of stresses will be as shown in Fig. 4-7a (see Sec. 7-5). A beam cross 
section is shown in Fig. 4-7b together with certain dimensions of importance 
in the design of prestressed concrete flexural members. The force C shown in 
Fig. 4-7a is the resultant of the unit compressive stresses in the concrete section 
and hence defines the location of the pressure line under the particular condi­
tions of prestressing and service loads that cause the stress distribution illus­
trated. For the forces P, the prestressing force, and C, the resultant compressive 
force, to be in equilibrium, they must be equal in magnitude and opposite in 

e' Centroidal 

Fig. 4-7. Relationship between prestressing force, pressure line, and section properties 
of a beam having zero stress in bottom fiber under design load. (a) Stress 
distribution. (b) Beam cross section. 
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direction. In addition, from eq. 4-4 developed in Sec. 4-2, we can write the 
relationship for the stress in the bottom fiber as follows: 

C ( e'Yb) ib=it 1+7 =0 

from which, for C not equal to zero, one can obtain: 

r2 
e' =-

Yb 

The eccentricity e' of the resultant C in this example, which is negative because 
it is above the centroidal axis, should not be confused with the eccentricity of 
the prestressing force P. 

Another requirement of equilibrium is that the internal and external moments 
be equal in magnitude and opposite in direction at every section. Hence, it 
follows that the total external moment that the beam is resisting at this section, 
and with this distribution of stresses in the concrete, is equal to: 

M, = Mdt + Mil = c(e + ~:) = -p(e + ~:) (4-5) 

in which e is the eccentricity of the prestressing force. 
The above example further illustrates that prestressed beams, functioning in 

the elastic range, resist the moment due to externally applied loads by the 
movement of the resultant of the stresses in the concrete, rather than by an 
increase in the prestressing stress, as was brought out in Sec. 4-3. From eq. 
4-5, it is apparent that if M, is equal to zero, the product of C multiplied by the 
quantity (e + r2 /Yb) also must be equal to zero, and the concrete stresses 
would be distributed as shown in Fig. 4-8. If the external moment (M,) were 
some value less than that which nullifies the precompression of the bottom fibers, 
the force C would be applied above the location of the prestressing steel at a 
distance d equal to: 

e 

M, 
d=­

C 

_1Centroidal axis 

C ...... -+ .. 4---P 

(4-6) 

Fig. 4-8. Distribution of stress and location of C when external moment equals zero 
(prestress alonel. 
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c 
Centroidal axis 

d 

....L... __ -+. __ P 

Fig. 4-9. Distribution of stress and location of resultant C when external moment is of 
nominal magnitude. 

This condition is illustrated in Fig. 4-9. It should be noted that in using the sign 
convention that has been adopted for this book, positive moments due to exter­
nally applied loads cause tensile stresses in the bottom fibers of beams and thus 
cause upward (negative) movements of the location of the pressure line C. 
Conversely, a negative moment resulting from externally applied loads will 
cause a downward (positive) movement of the pressure line. 

The relationship given by eq. 4-5 is extremely useful in the preliminary design 
of beams as well as in checking final designs. Because the value of(e + r2 hb) 
normally is on the order of 65 percent of the depth of the beam section (it varies 
between the approximate limits of 33 to 80 percent for different cross sections) 
for a given superimposed moment, the designer can assume a dead weight for 
the beam and estimate the prestressing force required for different depths of 
construction. The use of this relationship is demonstrated in Illustrative Problem 
4-5 and treated further in Sec. 9-8, in the discussion of preliminary design. 

It should also be pointed out that if the point of application of the resultant 
compressive force in a prestressed concrete member is restricted to an area that 
does not exceed r2 / Yb above the centroidal axis and r2 h, below the centroidal 
axis, tensile stresses will not exist in the concrete section. This zone in which 
the prestressing force can be applied without tensile stresses is called the kern 
zone. 

ILLUSTRATIVE PROBLEM 4-5 Compute the maximum concentrated load that 
can be applied at the midspan of a beam that is 10 in. wide, 12 in. deep, 
prestressed with 120 k at an eccentricity of +2.5 in., and is to be used on a 
span of 10.0 ft center to center of bearings, without tensile stresses resulting in 
the bottom fibers. 

SOLUTION: Using the basic relationships for flexural design and the section 
properties and stresses due to prestressing known from I.P. 4-3, the moment 
that can be applied to the beam without tensile stresses being created in the 
bottom fibers is: 

2250 X 240 
M, = ib X Sb = 000 = 45.0 k-ft 

12, 
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The moment due to the dead load of the beam itself is: 

Wdl Z2 120 1~ 
M = -- = - x 0 15 x - = 1 56 k-ft 

dl 8 144 . 8 . 

The moment that can be pennitted from the application of the concentrated load 
is equal to 45.0 - 1.56 = 43.4 k-ft, and the concentrated load can be computed 
by: 

43.4 X 4 
p= =174k 10 . 

Using eq. 4-5 for computing the moment at which the stress in the bottom fiber 
is equal to zero yields: 

M = 120 = 45 0 k-ft ( 2.5 + 2.0) 
12 . 

4-5 Pressure Line Location with Curved Tendon 

It was shown in Sec. 4-3 that the pressure line for prestressing alone in a 
prismatic beam is coincident with the prestressing force when the beam is 
prestressed with a straight tendon. This can also be demonstrated for a beam 
prestressed with a tendon that changes slope, as shown in Fig. 4-10. By inspec­
tion, the forces acting on the concrete at the point where the tendon changes 
slope are detennined to be as indicated in Fig. 4-11. The forces acting on the 
concrete are shown at their respective points of application in the freebody 
diagram of Fig. 4-12. In order to detennine where the pressure line is acting at 
the center of the beam, the conditions of statics at point A are investigated. The 
sum of the vertical forces is equal to zero because P sin a is acting downward 

-
____ -V.a 

-
/" ~entroidal ~xis 

C\) 

1'-Tendon 

L L ! b L 
4 4" I 4 4" 

L 

Fig. 4-10. Beam prestressed with tendon that slopes between quarter points and ends. 
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Fig. 4-11. Freebody diagram of tendon in Fig. 4-10 at quarter point. 

at the end of the beam and upward at the quarter point. The sum of the horizontal 
forces indicates that the force R must be equal to P because: 

~ H = P cos a + (P - P cos a) - R = 0 :. R = P 

to determine the distance from the centroidal axis to the point of application of 
the force R (and hence the location of the pressure line at the center of the 
beam), moments are taken about point A as follows: 

and: 

but: 

~ MA = (P sin a) ~ + {P - P cos a)e - (P sin a) ~ - Px = 0 

P 

~ 

~l 
cos a 

PL sin a 
4 +Pe - Pe cos a - Px = 0 

-

4e sin a 
tana=-=---­

L cos a 

p-pg:;:-
Psina 

L -
4 

Ll2 

-

L -
4 

I Center 
of span 

/_~r-
·x 

R=P 

Fig. 4-12. Freebody diagram for half of the beam shown in Fig. 4-10. 
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Fig. 4-13. Simple beam with curved tendon. 

and: 

. 4ecosa 
sma = 

L 

Therefore: 

Pe cos a + Pe - Pe cos a - Px = 0 

Hence, x = e, and the pressure line is coincident with the location of the tendon. 
If a beam with a curved tendon, as shown in Fig. 4-13, is considered, it is 

readily seen that in the stressing of the tendon, the natural tendency for the 
tendon to straighten is resisted by the concrete. If a short segment of the tendon 
is studied as a free body, as shown in Fig. 4-14, forces must be present normal 
to the tendon (neglecting friction) in order to prevent straightening. If friction 
is neglected, the force acting throughout the tendon is uniform in magnitude, 
and because the tendon is flexible, it cannot support any bending moments. 
Therefore, at every point such as point A, the force in the tendon is equal to P 
and is located at the tendon. If the force were not coincident with the tendon at 
A, but were located at some distance from A (as shown by the dashed vector), 
the tendon would have to withstand the moment Pe caused by this eccentricity. 

From this analysis, then, it can be concluded that the pressure line for 
prestressing alone in a simple beam, prestressed with a curved tendon, is coinci­
dent with the path of the tendon because the forces in the concrete must be 

P 

/'" 

Fig. 4-14. Freebody diagram of portion of curved prestressing tendon. 
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equal and opposite to those in the steel to maintain equilibrium. Furthennore, 
it can be shown that the pressure line moves when an external load is applied 
to a beam with a curved tendon, just as it does in a beam with a straight tendon. 

ILLUSTRATIVE PROBLEM 4-6 Compute and plot to scale the location of the 
pressure line for a rectangular beam that is 10 in. wide and 12 in. deep, if the 
beam is prestressed with a force of 120 k and placed on a second-degree 
parabolic path having eccentricities of +2.5 in. below the centroidal axis at 
midspan and zero at the supports. The beam has a span of 10 ft and supports a 
unifonnly distributed dead and live load of 3.5 kIf, including the dead load of 
the beam itself. 

SOLUTION: At midspan: 

102 
M = 3.5 x - = 43.8 k-ft 

8 

43.8 x 12 
Pressure line movement = 120 = 4.38 in. 

Hence, the pressure line moved up 4.38 in. from its original position 2.5 in. 
below, to 1.88 in. above the centroidal axis. 

At the quarter point: 

M = 0.75 x 43.8 = 32.8 k-ft* 

Pressure line movement = 0.75 x 4.38 = 3.28 in. 

and the pressure line is located at 1.40 in. above the centroidal axis. 

1.40" 
1.88" 

2.5' 

. ___ !~SSU~~L 
-------'<-+- -+ -=-.=..: --

--- ----+---
. ~Prestressing force 

2.5' 2.5' 2.5' 

10' 

Fig. 4-15. Location of pressure line for I.P. 4-6. 

*Note that the ordinate of a second degree parabola at the quarter point of the span is 0.75 times 
the ordinate at midspan. 
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At the end: M = 0; pressure line movement = O. 
The locations of the pressure lines for the prestressing force alone as well as 

for the beam under the full uniformly distributed load of 3.5 kIf are shown in 
Fig. 4-15. 

ILLUSTRATIVE PROBLEM 4-7 Calculate the maximum, uniformly distributed 
load that can be applied to the beam of I.P. 4-6 if the bottom fiber stress is to 
be zero at midspan. 

SOLUTION: Under the loaded condition, the pressure line will be at ,2 = 2.00 
in. above the centroidal axis. Hence: 

2.50 + 2.00 
MT = 120 x = 45.0 k-ft 

12 

and: 

= 45 x 8 = 3.60 kIf 
Wmax 102 

4-6 Advantages of Curved or Draped Tendons 

When a simple beam, such as is shown in Fig. 4-16, is prestressed by a straight 
tendon, it deflects upward. From this observation, it is apparent that the dead 
weight of the beam itself is acting at the time of prestressing because, as the 
beam deflects upward, the soffit of the beam no longer is in contact with the 
soffit form, except at the ends of the beam. From this consideration, it can be 
concluded that the actual stress existing in the beam at any point along its length, 
at the time of prestressing, is equal to the algebraic sum of the stresses caused 
by the prestressing and the dead weight of the beam itself. 

The variation in the stresses along the length of the beam in the extreme top 
and bottom fibers, for a beam prestressed with straight tendons, also is illus­
trated in Fig. 4-16. Ignoring loss of prestress, for the purpose of this discussion, 
and assuming, for the concrete in the beam under consideration, that the 
maximum permissible bottom-fiber compressive stress is 2000 psi and the 
maximum permissible top-fiber tensile stress is 200 psi, the beam as illustrated 
is prestressed as highly as possible. Assuming that tensile stresses are not to be 
permitted in the bottom fiber under the total load, it will be seen that 1500 psi, 
or 75 percent of the permissible compressive stress in the concrete at the midspan 
ofthe beam, is available for the superimposed loads, and 25 percent is counter­
acted by the dead load of the beam itself. Furthermore it is observed that the 
maximum concrete stresses occur at the ends of the beam, where dead-load 
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Fig. 4-16. Stress distribution of top and bottom fibers of simple prismatic beam 
prestressed with a straight tendon. 

flexural stresses do not exist, rather than near the midspan, where the flexural 
stresses under the maximum service loads are the greatest. 

If the tendon were placed in the member on a second-degree parabolic curve 
such that the eccentricity were maximum at midspan of the beam and minimum 
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Fig. 4-17. Stress distribution in the top and bottom fibers of a simple prismatic beam 
prestressed with a curved tendon. 

at the ends of the beam, the stresses in the top and bottom fibers would vary 
along the length of the beam, as illustrated in Fig. 4-17. It will be seen, from 
an examination ofthese stress distributions, that the maximum stresses resulting 
from prestress in both the top and bottom fibers occur at midspan of the beam. 



116 I MODERN PRESTRESSED CONCRETE 

Furthennore, it is apparent that, by careful selection of the amount and eccen­
tricity of the prestressing, it is possible to eliminate the reduction in the capacity 
of the beam to withstand a superimposed load due to the dead weight of the 
beam itself, as was the case in the previous example. This can be explained in 
tenns of the pressure line as follows: the prestressing force can be applied lower 
at midspan of the beam than at the ends, without exceeding the pennissible 
stresses, because the dead-load moment of the beam is acting in a direction 
opposite to the moment due to prestressing. The increase in eccentricity that 
can be used is equal to Mdd P. 

The advantage to be gained from curving the tendons obviously is more 
important in members in which the external moment existing at the time of 
prestressing is a large percentage of the total moment. Conversely, if the dead­
load moment acting at the time of prestressing is very small, there is little or 
no advantage (from the standpoint of flexural stresses) in having the prestressing 
force at a greater eccentricity at midspan than it is near the ends. 

It is axiomatic in structural engineering that the dead loads of structures 
become progressively more important and greater, in respect to the total load, 
as the span lengths are increased. This is one of the important considerations 
influencing the nonnal practice of using straight tendons for short members and 
using tendons having variable eccentricity, either pretensioned or post-tensioned, 
for longer members. As is discussed in Sec. 4-9, this fact is also important in 
determining the proper cross-sectional shape of a flexural member. 

It should be recognized that deflected or draped pretensioned tendons cannot 
be placed on smooth curves (see Sec. 15-6). They are often placed on a path 
consisting of a series of straight lines that approximate a second-degree parabola 
or other curve fonn. When the tenn curved tendon is used in this book, it is 
not meant to infer that the tendon must be post-tensioned, or that the path of 
the tendon is a smooth curve. 

Another beneficial effect of curving prestressing tendons is reduction of the 
shear force that must be carried by the concrete section (see Sec. 6-3). This can 
be explained by considering a simple beam prestressed by a tendon placed on 
a second-degree parabolic path, as illustrated in Fig. 4-18 (freebody diagrams 
showing the forces on the tendon and the concrete are shown in Fig. 4-19). If 
the friction between the tendon and the concrete is assumed to not exist, the 
forces exerted by the concrete on the tendon, between midspan and the ends of 
the beam, will be nonnal to the tendon. If the tendon is inclined at angle ex at 
its end, the vertical and horizontal components of the prestressing force at the 
end will be P sin ex and P cos ex, respectively. Because the inclination of the 
forces the concrete applies to the tendon nonnally is small, it can be ignored 
for the purpose of this discussion, and the force the tendon applies to the concrete 
can be assumed to be equal to P sin ex applied vertically upward and uniformly 
distributed between midspan and the end of the beam, as shown in Fig. 4-19. 
If the total shear force at the end of the beam due to the design loads is taken 
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A I~ Sym. abt. 

Curved prestressed tendon 

A 

R 
Fig. 4-18. Half-elevation of a simple beam with curved tendon. 

to be V, acting vertically upward at the end of the beam, the force the concrete 
must resist in shear is equal to V - P sin a. From this example it is apparent 
that the curvature of the tendon has the effect of reducing the vertical shear 
force the concrete section must be able to resist, and, if the tendon were not 
curved, the concrete section would be subjected to the total shear force V. 

A 

it~~~~-----------4~ 
Pcosa 

1 

A P 

Free-body of Forces on the Tendon 

A 

A 
Free-body of Forces on the Concrete 

Fig. 4-19. Freebody diagrams for curved tendon and concrete section. (al Freebody of 
forces on the tendon. (b) Freebody of forces on the concrete. 
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ILLUSTRATIVE PROBLEM 4-8 Detennine the prestressing force and eccentricity 
required to prestress a slab, 4 ft wide, 8 in. deep, that is to be simply supported 
on a span of 30 ft. Maximum final compression in the bottom fibers is 2000 
psi, and maximum allowable, final, top-fiber tensile stress is 300 psi. The slab 
is to made of nonnal-weight concrete and is to support a superimposed load of 
45 psf. The minimum concrete cover for the prestressing tendons is I! in. 
Assume the tendons have a diameter of i in. and have a final prestress of 11 k 
each. If the tendons are straight and in one layer, determine how many tendons 
are required and how thick the concrete cover would be. Detennine how many 
tendons would be required if they could be placed on a parabolic path with a 
concrete cover of I! in. at midspan. 

SOLUTION: 

Slab dead load = 100 psf x 4 ft = 400 plf 
Superimposed load = 45 psf x 4 ft = 180 plf 

580 plf 

302 

M, = 0.58 x 8 = 65.3 k-ft 

bd2 48 x 82 

S = (; = 6 = +512 in. 3 (top fiber negative) 

f 65.3 x 12,000 -1530 . = =+ pSI 
+512 

r2 d r2 d 
- = - = -1.33 in., - = -6 = 1.33 in. 
Y, -6 Yb 

The distribution of stress desired for the minimum amount of prestressing with 
straight tendons will have a tensile stress of 300 psi in the top fiber and 1530 
psi compression in the bottom fiber. Therefore: 

+300 psi j, = ~ (~) = +300 psi , A -1.33 

fb = ~ (1 + 1.;3) = -1530 psi 

300 -1530 
e 

1 + -1.33 

300 + 225e = -1530 + 1150e 

925e = 1830 

e = +1.98 in. 
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From eq. 4-4 with e = 1.98 in.: 

c = -1530 X 48 X 8 = -236000 lb 
2.49 ' 

This would require 22 tendons (P = 242 k), and the concrete cover would be 
4.00 - 1.98 - 0.375/2 = 1.83 in. 

If the tendons are placed on a curved path, the top fiber stress would not limit 
the eccentricity of the prestressing. The eccentricity could be 4.00 - 1.50 -
0.375/2 = 2.31 in., and the prestressing force can be computed from eq. 4-4 
as follows: 

c (2.31) . - 1 + - = -1530 pSI 
384 1.33 

From which the resultant compressive force of -214.7 k is obtained. This 
solution requires 20 tendons, which will provide a force of 220 k. 

ILLUSTRATIVE PROBLEM 4-9 If the maximum final, allowable top-and bottom­
fiber stresses are 170 psi tension and 2000 psi compression, respectively, deter­
mine the maximum superimposed load that can be carried by a 12 in. wide 
beam that is 18 in. deep if flexural tensile stresses are not permitted in the 
bottom fiber under service load, and the beam is to be used on a span of 30 ft. 
Determine the minimum prestressing force and the corresponding eccentricity 
of the force if the beam is prestressed with straight tendons. Determine the 
minimum curved-tendon prestressing force that could be used to carry the same 
superimposed load if the maximum eccentricity is 6 in. (i.e., the center of gravity 
of the tendon is 3 in. above the soffit of the beam). Compute the ratio of the 
two forces. 

SOLUTION: The area of the beam is 216 in.2, the section moduli for the top 
and bottom fibers are += 648 in. 3 , and the upper and lower limits of the kern 
zone are -3.00 in. above and + 3.00 in. below the centroidal axis of the section. 
The desired distribution of stress using straight tendons is controlled by the 
stresses at the ends of the beam; these are final top- and bottom-fiber stresses 
of + 170 psi and - 2000 psi, respectively. Solving eqs. 4-3 and 4-4 simulta­
neously, the eccentricity and prestressing force that will result in the desired 
stress distribution can be determined by: 

c ( e) . fr = A I + -3.00 = 170 pSI 
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-2000 psi 

170 -2000 

e 
1 - -

3 

e 
1 +-

3 

170 + 56.7e = -2000 + 667e 

610e = 2170 

e = 3.56 in. 

-2000 x 216 
C = 3.56 

1 + 3.00 

-198,000 lb 

:. The straight tendon requires an eccentricity of 3.56 in. and a prestressing 
force of 198,000 lb. 

For the curved tendon, the top-fiber stress due to prestressing at midspan can 
be made equal to the arithmetical sum of 170 psi, the allowable tensile stress 
in the top fiber, plus the top-fiber stress due to dead load alone. The bottom­
fiber stress due to prestressing should be 2000 psi compression in order for the 
beam to be able to support the same superimposed load. The moment the beam 
can withstand to nUllify the -2000 psi in the bottom fiber is: 

3.00 + 3.56 
M, = 198 x 12 = 108 k-ft 

The total dead plus superimposed load that results in a moment of 108 k-ft is: 

108 x 8 
W, = 302 = 0.960 kif 

The dead load of the beam is: 

216 
Wd = 144 x 0.150 = 0.225 kif 

and the superimposed dead load is 0.960 - 0.225 = 0.735 kif. The flexural 
stresses due to the dead and superimposed loads will be found to be +469 psi 
and +1531 psi, respectively. Therefore, the top-fiber tensile stress due to 
prestressing can equal the arithmetic sum of 170 and 469, which is 639 psi, and 
the bottom-fiber compressive stress due to prestressing, as explained above, 
should equal -2000 psi. Using these values and solving eqs. 4-3 and 4-4, one 
obtains: 
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+ 1 70 + 470 = + 640 psi 

-2000 psi 

fi = ~ (1 + _e ) 
b A 3.00 

-2000 psi 

Equating the above, one obtains: 

from which: 

and: 

639 

e 
1+-­

-3.00 

-2000 

e 
+--

3.00 

1361e 9 -- = 263 
3 

e = 3 x 2639 = 5.82 in. 
1361 

and the prestressing force is: 

2000 x 216 
P = 147 k 

5.82 
1+-

3.00 

and, finally, the ratio of the prestressing force required for straight and curved 
tendons is 1.35. 

ILLUSTRATIVE PROBLEM 4-10 Compute the shear force carried by the 
prestressing tendon of 120 k and by the concrete section at the ends of the beam 
for the loading and dimensions shown in Fig. 4-20. 

SOLUTION: The sine of the angle at the end of a second-degree parabolic curve 
is equal to the quotient of two times its height (ordinate) and its base (abscissa). 
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I. 

It 
Uniform load! wt = 0.90 k/ft 

I , 
Lparabolic curve 1'13" 

30' 

Fig. 4-20. Beam of I.P. 4-10. 

For the beam in Fig. 4-20: 

2e 4 X 6 
tan a == sin a = - = = 0.0667 

L/2 12 X 30 

P sin a = 120 X 0.0667 = 8.00 k 

Total shear force VI = 0.90 X 15 = 13.5 k 

Shear on concrete Vc = 13.5 - 8.00 = 5.5 k 

4-7 Limiting Eccentricities 

1M 

It was explained in Sec. 4-6 that the designer frequently can allow a greater 
eccentricity of the prestressing force at the midspan of a beam without exceeding 
the allowable stresses at other locations along the span, because of the dead 
weight of the beam itself, which is acting at the time of prestressing. The design 
and analysis of prestressed concrete is further complicated, however, because 
normally two different criteria for permissible stresses must be satisfied: those 
that apply at the time of prestressing and those that apply in the completed 
structure after the losses of prestress have taken place. At the time of stressing, 
the strength of the concrete normally is less than it will be in the completed 
structure, and, because it is recognized the initial stresses in the concrete at the 
time of prestressing will decrease with the passage of time, relatively high 
stresses are permitted. The conditions of loading that cause maximum condi­
tions of stress in the completed structure are different and less predictable than 
those at the time of prestressing; so the stresses permitted in the completed 
structure normally are more conservative (in terms of the ratio of allowable 
stress to ultimate stress) than those permitted at the time of prestressing. Both 
criteria normally permit a maximum tensile stress and a maximum compressive 
stress in the concrete, with the former being much smaller than the latter. In 
the case of precast, prestressed members, the allowable tensile stress is most 
apt to be a limiting criterion in the top fibers at the time of prestressing and in 



BASIC PRINCIPLES FOR FLEXURAL DESIGN I 123 

Prestressing force 
must be confined 

to this area 
Centroidal axis 

__ ~~~~ __________ ~ ____ -J~~~~~_ 

L 

Fig. 4-21. Schematic diagram showing area in which prestress force must be confined 
to satisfy initial and final stress requirements. 

the bottom fibers in the complete structure when subjected to full service load. 
The opposite is the case with the allowable compressive stresses: at the time of 
prestressing the compressive stress in the bottom fibers are more likely to control 
a design than are compressive stresses in the top fibers, and top-fiber compres­
sive stresses are more likely to control under full service load. In most beams, 
a number of combinations of prestressing force and eccentricity can be found 
that will satisfy the conditions of allowable stress. In the interest of economy, 
however, the minimum prestressing force that satisfies the permissible combi­
nations of stress at all locations along the length of the member normally is 
selected. Experienced designers sometimes use prestressing forces somewhat 
greater than the minimum size that could be used, and still comply with the 
minimum requirements of the applicable code, in the interest in facilitating 
construction. 

For a force selected for a particular design, one can compute maximum and 
minimum eccentricities that can be used at various locations along the length 
of PIe beam without exceeding the permissible stresses enumerated above. 
Plotting the eccentricities in a schematic elevation of the beam, generally with 
an exaggerated vertical scale, reveals the limiting dimensions in which the center 
of gravity of the prestressing force must remain in order to satisfy the conditions 
of allowable stress. An example of this type of is shown in Fig. 4-21, where 
the area in which the center of gravity of the prestressing tendons must be 
confined is crosshatched. It generally is not necessary to make a diagram of this 
type for simple span beams designed for uniformly distributed loads, because 
by placing the center of gravity of the prestressing tendons on a curve approx­
imating a second-degree parabola, the stress conditions normally can be satis­
fied without difficulty. The design of nonprismatic beams, continuous beams, 
and beams that have acute or unusual conditions of stress often is facilitated by 
the use of a diagram of this type. 

ILLUSTRATIVE EXAMPLE 4-11 Compute the limits of the eccentricity of the 
prestressing force of 550 k at the midspan, quarter point, and end for a simple 
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TABLE 4-2 Top- and Bottom-Fiber Stresses. I.P. 4-11. 

Max. top Min. top Max. bottom Min. bottom 
Location (psi) (psi) (psi) (psi) 

End 0 0 0 0 
Quarter point -1350 -453 +1530 +328 
Midspan -1800 -605 +2038 +438 

beam if the maximum allowable stresses are: (1) when the minimum condition 
of loading exists (beam dead load alone), 200 psi tension in the top fibers and 
2000 psi compression in the bottom fibers; and (2) when the maximum loading 
condition exists (service dead and live loads), zero tension in the bottom fibers 
and 2200 psi compression in the bottom fibers. The stresses in the top and 
bottom fibers under maximum and minimum conditions of loading are as 
summarized in Table 4-2. The area of the cross section of the beam is 445 in. 2 

and the limits of the kern zone, r2 iYb and r2/YI' are equal to 8.99 and 6.50 
in., respectively. 

SOLUTION: The average compressive stress in the concrete due to the 
prestressing force of 550 k is 550,000 1445 = -1236 psi. At midspan, under 
minimum loading, compressive stress in the bottom fiber can equal -2000 
- 438 = -2438 psi. Rearranging eq. 4-4 solve for the eccentricity, one obtains: 

e = [!;A -IJ;: = [=~~~: -IJ<8.99) = 8.74 in. 

With this value of e, the top-fiber stress due to prestressing alone is: 

[ 8.74 ] . 
f, = -1236 1 + -6.50 = 426 pSI 

and the net top-fiber stress is: 

426 - 605 = - 179 psi < 200 psi ok. 

Under the maximum loading, tensile stress is not permitted in the bottom fibers, 
and the prestress must be equal to -2038 psi or more. Hence: 

[ Ji, ] r2 [-2038] . 
e = CIA - 1 Yb = -1236 - 1 (8.99) = 5.83 In. 

and the top-fiber stress with this eccentricity is: 

[ 5.83 ] 
f, = -1236 1 + -6.50 = -127 psi 

and the net top-fiber stress is: 
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-127 - ISoo = -1927 psi < -22oo psi ok. 

Summary for midspan: 

e max, = 8.74 in., emin = 5.83 in. 

At the quarter point, under minimum loading, the prestressing in the bottom 
fiber can equal -2000 - - 328 = -2328 psi. The eccentricity for this bottom 
fiber stress is: 

e = [!;A - I] ~: = [=~~~: -I] (8.99) = 7.94 in. 

With this value of e, the top fiber stress due to prestressing alone is: 

f, = -1236[ 1 + ~~~o] = 274 psi 

and the net top fiber stress is 274 - 453 = -179 psi > 2oo psi ok. 
Under the maximum loading, tensile stress is not permitted in the bottom 

fibers, and the prestress must be equal to -1530 psi or more. Hence: 

[ fb ] r2 [ -1530] . 
e = CIA - 1 Yb = -1236 - 1 (8.99) = 2.14 lD. 

and the top-fiber stress with this eccentricity is: 

[ 2.14] 
f, = -1236 1 + -6.50 = -829 psi 

and the net top-fiber stress is: 

-829 - 1350 = -2179 psi < -22oo psi ok. 

Summary for midspan: 

emax = 2.14 in., emin = 7.94 in. 

At the end, the compressive stress in the bottom fiber can equal -2000 psi, 
and: 

e = [!;A - 1] ~: = [ =~: -I] (S.99) = 5.56 in. 

For an eccentricity of 5.56 in., the stress in the top fiber is: 

[ 5.56 ] 
f, = -1236 1 + -6.50 = -179 psi < 2oo psi ok. 

Tensile stress is not permitted in the bottom fiber. For this condition of stress, 
the pressure line will be at the upper limit of the kern zone, and the eccentricity 
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Fig. 4-22. Plot of the limits of the prestressing force for loP. 4-11. 
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will be -8.99 in. This eccentricity will produce a stress in the top fiber equal 
to 

[ -8.99J . 
f, = -1236 1 + -6.50 = -2945 pSI 

This stress exceeds the allowable value of - 2200 psi. The eccentricity for a 
top fiber compressive stress of -2200 psi is: 

( 2200 ) e = 1236 - 1 (6.50) = -5.07 in. 

For an eccentricity of -5.07 in., the bottom fiber stress is: 

Jb = 1236 ( 1 + ~~~~7) = -539 psi> 2000 psi, ok. 

Summary for the end of the beam: 

emin = -5.07 in., emax = 5.56 in. 

The limits in which the center of gravity of the prestressing tendons must be 
located are shown in Fig. 4-22. 

4-8 Cross-Section Efficiency 

In a rectangular beam the distribution of the unit flexural stresses in the concrete 
under prestress alone and under total load at the midspan may be as is illustrated 
in Fig. 4-23. The distribution of the forces in this beam will be identical in 
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Unit stress distribution 
for prestress alone and 
prestress plus full load 

Force distribution for 
prestress alone and for 
prestress plus full load 

Fig. 4-23. Distribution of unit stresses and forces in a rectangular beam under prestress 
alone and under prestress plus full load. 

, 
shape to the distribution of the unit stresses, and the conversion of the unit 
stresses to forces can be made by multiplying the unit stresses by the width of 
the cross section. As has been explained, the to.tal moment to which this member 
is subjected can be computed by determining the distance between the points 
of application of the resultant forces in the concrete, under the conditions of 
prestressing alone and when under full load, and multiplying this distance by 
the prestressing force. 

Analysis of a beam with an I-shaped cross section, such as that illustrated in 
Fig. 4-24, will reveal that the distribution of unit stresses varies linearly, as in 
the case of the rectangular cross section; however, because of the variable width 
of the cross section, the distribution of forces is variable, as illustrated. It is 
apparent that the resultants of the force diagrams for the I-shaped member will 
be nearer the extreme fibers of the cross section. For this reason, the resultant 
force in the I-shaped concrete section moves through a greater vertical distance 

Cross section 
Unit stress distribution 
for prestress alone and 
prestress plus full load 

Force distribution for 
prestress alone and for 
prestress plus full load 

Fig. 4-24. Distribution of unit stresses and forces in a beam with I-shaped cross section, 
under prestress alone and under prestress plus full load. 
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when the external load that nullifies the bottom-fiber prestress is applied, than 
is the case with the rectangular cross section of equal depth. From this analysis, 
it is obvious that an I -shaped section will be more efficient and is capable of 
withstanding a greater load than a rectangular section of equal depth, provided 
that the sections are prestressed with forces of equal magnitude and that tensile 
stresses are not allowed in the sections. 

This consideration is the primary reason for using I, T, and hollow shapes in 
prestressed flexural members where major tensile stresses must be avoided, and 
where construction depth is important and must be minimized. Solid slabs and 
rectangular beams are economical under some conditions of span, loading, and 
design criteria; but use of the more complicated shapes generally results in 
minimum quantities of prestressing steel and concrete being required to support 
a particular load condition, so that they frequently are the more economical 
choice. 

The effect of allowing tensile stresses in the top and bottom fibers is discussed 
in Sees. 8-6 and 8-7. Selection of an efficient beam cross section for various 
loading conditions is discussed in Sec. 4-9. 

ILLUSTRATIVE PROBLEM 4-12 Determine the maximum total moments that can 
be imposed upon the I-shaped and rectangular cross sections in Fig. 4-25 if 
each is prestressed with a straight tendon having an effective force of 200 k, 
and if tensile stresses are not allowed under any condition of loading. 

SOLUTION: Because tensile stresses are not allowed under any conditions of 
loading, the prestressing force cannot be applied outside of the kern zone. The 
lower limit of the kern zone is located r2 / Y, below the centroidal axis, and the 
upper limit is located r2 iYb above the centroidal axis (see Sec. 4-4). Therefore: 

For the I shape: 

( 4.22 + 4.22) 
M, = 200 k 12 = 140 k-ft 

~ 

&, b .... .... 

~ 

~ A = 204 in.2 OJ A = 216 in.2 
6" 1= 7748 in.4 &, 1= 5832 in.4 
~ r2 .... r2 r2 

- = - - = - 4.22" - = - - = - 3.00" 
Yt Yb ,Yt Yb 

I. 18" .1 ~ 
Fig. 4-25. Cross sections compared in I.P. 4-12. 
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For the rectangular shape: 

M = 200 k (3.00 + 3.(0) = 100 k-ft 
t 12 

4-9 Selection of Beam Cross Section 

It has been shown that the location of the pressure line in a prestressed-concrete 
flexural member changes upon the application of external load. At the end of a 
member where no moment exists, the pressure line in a simple prestressed­
concrete beam is always coincident with the location of the center of gravity of 
the prestressing force. At the center of the beam, the distance from the center 
of gravity of the prestressing to the pressure line is equal to the total moment 
acting at that point divided by the prestressing force (from eq. 4-6). 

To illustrate the effect of this action on the shape of the optimum concrete 
section, one can consider a simple pretensioned beam that is prismatic, has 
straight tendons, and is subjected to a load of such magnitude that the bottom­
fiber stress is zero at the midspan. At the end of the beam, the pressure line is 
coincident with the center of gravity of the prestressing, a condition that remains 
unchanged despite variations in the external load. Therefore, the optimium 
section at the end will be a shape that is concentric about the prestressing force 
because this shape will result in minimum concrete stresses. At midspan, the 
pressure line acts above the center of gravity of the section; so a top flange is 
necessary to resist this force. Because the stress in the bottom fibers is zero, no 
bottom flange is required to resist stress under this condition of loading. 

The above discussion shows that, as would be expected, the optimum concrete 
section is materially influenced by the prestressing force and the loading. If, in 
the above example, the prestressing tendons were draped in such a manner that 
there was little or no eccentricity at the ends of the beam, there would be no 
need for any shape other than a rectangular section, which is easy to construct 
and is efficient in resisting large, concentric, compressive forces. If the load 
causing zero stress in the bottom fibers at the midspan of the beam were always 
present, there would be no need for a large bottom flange near midspan because 
the pressure line would always be acting near the top of the section, and the 
concrete in the bottom flange would serve only to protect the prestressing steel 
from the effects of fire and corrosion; therefore, aT-shaped section would be 
efficient. On the other hand, if the load that causes zero stress in the bottom 
fibers at midspan is an intermittent load, and if this intermittent load is very 
large in comparison to the dead load of the beam itself, a large bottom flange 
would be required at midspan of the beam to resist or "store" the prestressing 
force until the beam was again required to carry the intermittent load. An I 
shape is better for this purpose than a rectangular shape, for with an I shape the 



130 I MODERN PRESTRESSED CONCRETE 

distance the pressure line can move without tensile stresses resulting in the 
section is greater than with a rectangular shape of equal depth. 

There are basic principles the designer of prestressed-concrete simple beams 
must keep in mind: bottom flanges are primarily for resisting and retaining the 
prestressing force until it is needed to resist the external load, at which time the 
pressure line moves upward; top flanges are needed for fully loaded, flexural 
members because the pressure line is in the vicinity of the top flange when the 
beam is fully loaded (in addition, amply proportional top flanges ensure that 
flexural failures of the brittle type cannot occur, as is discussed in Chapter 5); 
flanged shapes permit greater distance between the pressure line and the center 
of gravity of the prestressing force than is allowed by rectangular shapes, so 
that smaller prestressing forces are required; and, finally, the webs are effective 
primarily in resisting shear stresses. A complete understanding and appreciation 
of these functions will assist the designer in the rapid preliminary design of 
beams, as well as in obtaining economical and efficient designs. 

Because the dead load of a prestressed member constitutes a small portion of 
the total load to which it is subjected for short spans and a large portion of the 
total load for long spans, the use of I-shaped, hollow-rectangular, and solid­
rectangular beams is more common for short-span members, whereas T-shaped 
beams are more often used on long spans. (An exception to this is cast-in-place 
box girder bridge sections, which are often used in long-span bridges, both 
simply supported and continuous; see Chapter 14. 

When straight pretensioned tendons are used in applications in which the 
dead load of the member is large in comparison with the total moment, it often 
is necessary to supply a large bottom flange to resist the prestressing stresses at 
the end. In addition, the large bottom flange may be required to ensure that the 
concrete cover for the tendons will be adequate to protect the tendons against 
corrosion throughout the length of the beam. In such applications, the stress 
level in the bottom flange at the center of the beam, due to the combined effects 
of prestressing and dead load, may be relatively low. Because of the smaller 
area required for post-tensioned tendons, as well as the ease of placing post­
tensioned tendons on curved paths, the size of the bottom flange of post­
tensioned beams is not frequently dictated by the stresses due to prestressing at 
the end or by the amount of concrete required to provide adequate concrete 
cover. 

The designer experienced in field supervision as well as the theoretical aspects 
of prestressed concrete will bear in mind that thin webs of 4 or 5 in. width may 
be theoretically satisfactory with minimum web reinforcement, but their use 
often is problematic, resulting in a member in which it is difficult to place and 
consolidate the concrete. Honeycomb then becomes a real danger. Under normal 
conditions, 6 in. should be regarded as the minimum web width for a precast 
I-shaped beam, and 7 in. is the preferred minimum web width if post-tensioning 
is used. The minimum web width some agencies permit in cast-in-place post-
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tensioned box girder bridge superstructure is 12 in.; experience has shown this 
width is needed in order to provide sufficient space for shear reinforcement, 
post-tensioning tendons, and consolidating the concrete with internal vibrators. 

Extremely narrow top flanges are dangerous in prestressed concrete, just as 
they are in structural steel. The top flange of a beam can buckle like a column 
if it is of narrow dimensions, unsupported laterally, and too highly stressed. 
Field experience has shown the desirability of using reasonably wide flanges to 
reduce the transverse flexibility of girders during handling. This subject is treated 
further in Sec. 17-8. 

The usual ratio for depth of beam to span for simple prestressed-concrete 
beam varies from 1 in 16 to 1 in 22, depending upon the conditions of loading, 
allowable vertical clearance, and type of construction. In lightly loaded, simple 
T -shaped roof members, the depth-to-span ratio may be as great as 1 in 30. 
Simply supported cored slabs of prestressed concrete have been successfully 
used with depth-to-span ratios as great as 1 in 40. Solid, continuous, post­
tensioned roof slabs with depth-to-span ratios as great as 1 in 45 have given 
satisfactory performance. Excessive deflection and vibration under transient live 
loads are more likely to be problems in slender members than in deeper, stiffer 
ones. 

4-10 Effective Beam Cross Section 

The most commonly used procedure in prestressed-concrete design is to base 
the flexural computations in the elastic range upon the section properties of the 
gross concrete section, defined as the concrete section from which the area of 
the reinforcement, the ducts in the case of post-tensioning, has not been 
deducted, and to which the transformed area of the reinforcement has not been 
added. This procedure is considered to render sufficiently accurate results in the 
usual application of prestressed concrete. The accuracy in the computation of 
stressses that would result by basing the computation on the net and transformed 
section properties is not normally justified or significant. One must keep in mind 
that the dimensions of sections are never constructed exactly as specified, and 
the elastic properties ofthe concrete and reinforcement are not known precisely; 
so assumed values must be used in computing transformed section properties. 
It is important, however, that the designer of prestressed concrete be aware of 
the nature of the actual section involved in the various types of construction, 
and that the use of net section and transformed section properties can be impor­
tant under special conditions. Furthermore, Sec. 18.2.6 of ACI 318 requires 
the consideration of the net section in computing the section properties in post­
tensioned members. 

When the prestressing force is applied (at transfer) to pretension a concrete 
member that does not contain nonprestressed flexural reinforcement, the defor­
mation of the concrete is a function of its net section properties because the 
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concrete alone is compressed by the tensile force in prestressing steel. In this 
case, at the time of applying the prestressing force, the prestressing reinforce­
ment shortens and does not assist the concrete in resisting the prestressing force. 
The net section is defined as the section that results when the area occupied by 
the pretensioned reinforcement (or ducts in the case of post -tensioning) is 
deducted from the gross section. Because the pretensioned reinforcement is 
bonded to the concrete, when there is a change of strain in the concrete at the 
level of the prestressed reinforcement after the transfer of the prestressing force 
to the concrete, there must be a corresponding and equal change of strain in the 
presetressing reinforcement. Therefore, when external loads, other than the dead 
load of the beam, which is acting at the time of prestressing, are applied, the 
deformation of a member is a function of the transformed net section, which 
can be defined as the section that results when the area of bonded reinforcement 
(prestressed and nonprestressed) is transformed into an elastically equivalent 
area of concrete, with the area of concrete displaced by the reinforcement taken 
into account. This accomplished by multiplying the areas of the reinforcement 
by the appropriate modular ratios and adding these transformed areas to the net 
concrete section at the proper locations. If the transformed areas are added to 
the gross concete section, the result is the gross-transformed section; if added 
to the net section, the result is the net-transformed section. In normal preten­
sioning practice, the effect of the transformed section is small, and little normally 
is gained by taking these effects into account. The effect of the transformed 
section normally will be greater in large members with bundled pretensioned 
tendons (see Sec. 8-8). However, little can be gained under normal conditions 
by including these refinements in the computations. (See Sec. 9-2 for methods 
of computing section properties.) 

In the case of post-tensioned construction, the deformation of a member that 
does not contain bonded nonprestressed reinforcement is a function of the net 
section under all conditions of prestressing and external load, until such time 
as grout is injected into the ducts and allowed to harden and thereby bond the 
tendons to the concrete section. After bond is established, the deformation of 
the member is a function of the net-transformed section. As in the case of 
pretensioning, under normal conditions little is gained by including these effects 
in the computations. 

The use of the net section properties for the computation of stresses that occur 
before the bonding of post-tensioned reinforcement is required by ACI 318, but 
the use of the transformed section is optional for stresses that occur after 
bonding. 

The net section and net-transformed section properties should be used in 
computing stresses in long-span, post-tensioned girders that have large concen­
trations of ducts in relatively small bottom flanges. In such cases, the areas of 
the ducts can have a significant influence on the compressive stresses in the 
bottom flange resulting from the prestressing, because the area occupied by the 
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ducts may be a large portion of the total bottom flange area. In addition, the 
area of the prestressing reinforcement generally is large and can have a signif­
icant effect upon the stresses due to superimposed loads. 

In transforming an area of nonprestressed reinforcement (tension or compres­
sion), or an area of pretensioned reinforcement, the area of the reinforcement 
should be multiplied by the quantity (n - 1), or in the case of pretensioned 
reinforcement by the quantity ( np - 1), to account for the concrete area 
occupied by the reinforcement (A" A;, or Aps). In the case of post-tensioned 
reinforcement that is bonded by grouting after stressing, it is appropriate to use 
npAps as the area of the transformed reinforcement that is added to the net section 
or net -transformed section. The values of nand np ' the modular ratios for nonpre­
stressed and prestressed reinforcement, respectively, used in the computations 
of transformed section properties should be computed by using the value of the 
elastic modulus of the concrete appropriate for the age of the concrete at the 
time when the change in loading is being considered. The details ofthe different 
types of sections are illustrated in Fig. 4-26, and computations of section 
properties for the various types of sections are discussed in Sect. 9-2. 

ILLUSTRATIVE PROBLEM 4-13 For the pretensioned girder illustrated in Fig. 
4-27, compute the stresses in the concrete due to prestressing, based upon the 
gross and net section properties. In addition, compute the combined concrete 
stresses, based upon the gross, net, and transformed-net sections at the center 
of a span of 40 ft, when the externally applied load is 3.13 klf, the dead load 
of the beam is 0.44 klf, the area of the prestressing steel is 3.20 in. 2 , the eccen­
tricity of the prestressing is 9.40 in., the effective prestressing force is 440 k 
and the modular ratio is 6. 

The section properties of the gross section are: 

A = 418.5 in. 2 I = 44,700 in.4 

Yt = -15.39 in. Yb = 14.61 in. 

,2 ,2 
-6.94 in. - = 7.31 in. 

Yt Yb 

St = -2904 in. 3 Sb = 3060 in. 3 

The area of the net section is 415.3 in. 2 , the eccentricity of the prestressing 
is 9.48 in. (note the slight increase in the eccentricity due to the larger value 
of Yb for the net section), and other section properties for the net section are: 

Yt = -15.32 in. Yb = 14.68 in. 

-6.98 in. 
Yt 

St = -2899 in. 3 

,2 
- = 7.29 in. 
Yb 

Sb = 3025 in. 3 
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Void 

(a) (b) 

(e) (d) 

n(A; - 1) 

(e) 

Fig. 4-26. Cross sections of a beam illustrating: (a) gross concrete section; (b) net 
concrete section having void for either pretensioned reinforcement or duct, 
or preformed hole for post-tensioned reinforcement; (c) gross section 
(containing non prestressed tension and compression reinforcement as well 
as a void for prestressed reinforcement); (d) transformed net section 
(containing transformed non prestressed reinforcement and void for post­
tensioning reinforcement, duct, or pretensioned reinforcement); (e) gross 
transformed section (containing prestressed and nonprestressed reinforce­
ment). 
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Fig. 4·27. Cross section used to demonstrate the effect of the transformed and net 

beam cross sections as compared to gross cross section in I.P. 4·13. 

The section moduli for the transformed-net section are St = - 2926 in. 3 and 
Sb = 3230 in. 3 

SOLUTION: 

The stresses due prestressing based upon the gross section are: 

-440,000 ( 9.40 ) . 
fr = 418.5 1 + -6.94 = 373 PSt 

-440,000 ( 9.40) 
ib = 418.5 1 + 7.31 = -2403 psi 

The stresses due to prestressing based upon the net section are: 

-440,000 ( 9.48 ) fr = 1 + -- = 379 psi 
415.3 -6.98 

-440,000 ( 9.48) 
ib = 414.3 1 + 7.29 = -2437 psi 

The moments due to dead and superimposed load are: 

402 

Md = 0.44 8"" = 88 k-ft 

442 

Msl = 3.13 8"" = 626 k-ft 
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The stresses due to the dead and superimposed load based upon the gross section 
are: 

( ) 12,000 
J, = 88 + 626 -2904 = -364 - 2587 = -2951 psi 

( ) 12,000 . 
fb = 88 + 626 3060 = 345 + 2455 = 2800 pSI 

The combined stresses, based upon the selection properties for the gross section, 
are: 

J, = 373 - 364 - 2587 = - 2578 psi 

Ji, = - 2403 + 345 + 2455 = 397 psi 

The combined stresses in the top and bottom fibers due to prestressing and dead 
load on the net section combined with those due to the superimposed load on 
the transformed-net section are: 

J, = 379 - 364 - 2567 = - 2552 psi 

Ji, = - 2437 + 349 + 2326 = + 238 psi 

ILLUSTRATIVE PROBLEM 4-14 Using the section properties for the gross, net 
and transformed sections listed below, compute the stresses due to prestressing 
in the top and bottom fibers for the post-tensioned girder of Fig. 4-28 based 
upon an effective prestressing force of 2380 k located 5.3 in. above the soffit 
based upon: 

1. The gross section properties. 
2. The net section properties if the area of the post-tensioning ducts is 39.0 

in. 2• 

In addition, determine the allowable uniformly distributed superimposed live 
load on the girder, if the design span is 200 ft based upon: 

1. The gross section properties. 
2. The transformed section properties if nAps = 8.35 in. 2• Finally, compute 

the mtio between the computed allowable superimposed live loads. 

Gross Section Properties 

A = 2051 in.2 

Yt = -53.7 in. 

1= 3,735,950 in.4 

Yb = 69.3 in. 

St = -69,700 in. 3 Sb = 54,000 in. 3 

-34.0 in. 
Yt 

r2 
- = 26.3 in. 
Yb 
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Fig. 4-28. Girder cross section for Problem 4-14. 

Net section properties 

A = 2012 in. 2 I = 3,572,900 in.4 

Yt = -52.5 in. Yb = 70.5 in. 

St = -68,000 in. 3 Sb = 50,750 in. 3 

-33.8 in. 
Yt 

r2 

- = 25.2 in. 
Yb 

Transformed section properties 

A = 2096 in. 2 I = 3,915,500 in.4 

Yt = -55.0 in. Yb = 68.0 in. 

St = -71,300 in. 3 
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SOLUTION: 

(1) Stresses due to prestressing using the gross section: 

-2380 ( 64.0 ) . f, = -- 1 + -- = 1024 pSI 
I 2051 -34.0 

-2380 (64.0) . il> = 2051 1 + 26.3 = -3984 pSI 

(2) Stresses due to prestressing using the net section: 

-2380 ( 65.2 ) 
f, = 2012 1 + -33.8 = 1099 psi 

-2380 ( 65.2) 
il> = 2012 1 + 25.2 = -4243 psi 

The dead load of the beam is 2.14 klf, and Md = 10,700 k-ft. Therefore, the 
allowable superimposed live loads for the gross and net sections are computed 
as: 

(1) For the gross section: 

10,700 x 12,000 . 
idl = -69 700 = 1842 pSI , 

10,700 x 12,000 . 
idb = 54,000 = 2378 pSI 

Final top-fiber stress = -1842 + 1024 = -818 psi 

Final bottom-fiber stress = 2378 - 3984 = -1606 psi 

1606 x 54,000 
Wsll = 12,000 x 5,000 = 1.44 klf 

(2) For the net and transformed sections: 

10,700 x 12,000 . 
idb = -68,000 = -1888 pSI 

-r _ 10,700 x 12,000 _ 530 . 
Jk- ~~O -2 ~ , 

Final top-fiber stress = -1888 + 1099 = -789 psi 

Final bottom-fiber stress = 2530 - 4243 = -1713 psi 
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1713 x 57,600 = 1.64 Idf 
12,000 x 5,000 

Ratio = 1.14 (less for gross section) 

4-11 Variation in Steel Stress 

Because the prestressing steel never is located at the extreme fiber of a 
prestressed beam but is at some distance from the surface of the concrete, the 
maximum change in concrete stress that normally can be expected to occur at 
the level of the center of gravity of the steel is approximately 70 to 80 percent 
of the bottom-fiber stress that results from superimposed loads. With concrete 
that has a cylinder strength of 5000 psi, the stress change in the concrete at the 
level of the steel could be expected to be on the order of 1500 psi. The modular 
ratio between the prestressing steel and the concrete can be assumed to be 6 for 
loads of short duration. As a result, the application of the short-duration, super­
imposed load would cause an increase in steel of approximately 9000 psi, 
provided that the steel and the concrete were adequately bonded. If the steel is 
not bonded to the concrete but is anchored at the ends of the member only, the 
increase in steel stress resulting from the application of the superimposed load 
will be less than 9000 psi because the steel can slip in the ducts. The increase 
in steel stress in unbonded tendons tends to be proportional to the average change 
in the concrete stress at the level of the steel, and thus is affected by the tendon 
shape and the depth of the concrete section. 

It should be noted that the increase in stress of 9000 psi due to the application 
of the superimposed load is only about 7 percent of the final stress normally 
employed in wire or strand tendons, and about 11 percent of the final stress 
normally employed in bar tendons. The reduction in stress in the prestressing 
steel due to relaxation of the steel, shrinkage of the concrete, and creep of the 
concrete is on the order of 10 to 30 percent under average conditions (see Sec. 
7-2). Hence, the stress that exists in the tendon under the superimposed load 
after all of the losses of prestress have taken place is not so high as the initial 
stress in the steel. 

The small variation in steel stress that occurs in a normal prestressed member 
subjected to frequent application of the design load is responsible for the high 
resistance to fatigue failure that is associated with this material (see Sec. 11-6). 

ILLUSTRATIVE PROBLEM 4-15 Compute the increase in the stress in the steel 
at the midspan of the beam in I.P. 4-13 by using the transformed section proper­
ties. The distances from the centroidal axis of the section to the top and bottom 
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fibers are -15.74 in. and + 14.26 in., respectively, and the section moduli for 
the top and bottom fibers are - 2926 in.3 and + 3230 in.3, respectively. 

SOLUTION: The concrete stress at the level of the steel due to the external 
load of 3.13 kIf is: 

Yegs = 14.26 - 5.20 = 9.06. 

626 X 12,000 X 9.06 
iegs = 3230 X 14.26 = 1478 psi 

The increase in steel stress due to the superimposed load is: 

dis = n!c = 6 X 1478 = 8868 psi (tension) 

PROBLEMS 

1. The double-tee slab shown in Fig. 4-29 has an area of 180 sq. in., and a 
moment of inertia of 2860 in. 4 , with the distance from the top fiber to the 
centroid of the cross section 4.00 in. Assume that the concrete weighs 150 
pcf and the member is to be used on a simple span of 24.0 ft. If it is preten­
sioned with one tendon in each stem with an initial force of 16,100 Ib each, 
located 2 in. above the bottom fiber, determine the initial stresses due to 
prestressing and dead load at the support and at midspan. If the loss of 
prestress is 20 percent of the initial force, determine the maximum super­
imposed service load that can be imposed on the member if the allowable 
bottom fiber tensile stress under service load is zero, 200, 400, and 800 psi. 

SOLUTION: 

2 2860 r2 15.89 r2 15.89 
r = -- = 15.89 in. 2, - = -- = -3.97 in., - = -- = 1.59 in. 

180 Yt -4.00 Yb 10.00 

Fig. 4-29. Double-tee slab used in Problem 1. 
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Stresses due to initial prestressing: 

-2 X 16,100 ( 8.00 ) J, = = 1 + -- = 182 psi 
t 180 -3.97 

-2 x 16,100 ( 8.00) fi = = 1 + - = -1079 psi 
b 180 1.59 

Load and moment due to dead load: 

180 
Wd = 144 x 150 = 187.5 plf 

Md = 187.5 X 242 = 13 500 lb-ft 
8 ' 

Stresses due to dead load: 

13,500 x 12 x -4 22 . 
J, = 2860 = - 7 pSI 

13,500 x 12 x 10 566 . 
fb = 2860 = pSI 

Initial stresses at support: 

J, = 182 psi 

fb = - 1079 psi 

Initial stresses at midspan: 

J, = 182 - 227 = -45 psi 

fb = -1079 + 566 = -513 psi 

Final stresses at support: 

J, = 0.80 x 182 = 146 psi 

fb = 0.80 x -1079 = -863 psi 

Final stresses at midspan: 

J, = 146 - 227 = -81 psi 

fb = -863 + 566 = -297 psi 

The allowable superimposed service load will be limited by the bottom-fiber is 
2.5 times that of the section modulus for the bottom fiber. The results of the 
allowable superimposed service load computations are summarized in Table 
4-3. 
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TABLE 4-3 Summary of Computations for Problem 1. 

Allowable Bottom fiber 
bottom stress due to Top fiber stress 

fiber stress superimposed Superimposed due to total 
at service service load service load service load 
load (psi) (psi) (plf) (psf) (psi) 

0 297 98 24 -200 
200 497 165 41 -280 
400 697 231 58 -360 
800 1097 363 91 -520 

Note: Flexural strength requirements, rather than service loads, can be shown 
to govern the allowable loading on this member when the greater tensile stresses 
are permitted (see Chapter 5). 
2. For the condition of prestressing alone, as well as for the four allowable 

bottom-fiber stresses investigated in Problem 1, construct the locations of 
the pressure lines. Use a horizontal scale of 1.0 in. = 4.0 ft and a vertical 
scale of 1.0 in. = 6.0 ft. 

SOLUTION: 

Taking fb to be the bottom-fiber stress due to the total service load, one can 
write: 

M fll 2860fb 0000925" ft 
d = C = Yb C = 10 x 12 x 0.80 x -32,200 = - . Jb 

The computations are summarized in Table 4-4 and Fig. 4-30. 
3. For the beam of Problem 1 loaded as shown in Fig. 4-31, compute and plot 

the location of the pressure line if the effective prestressing force is 24,000 
lb. Include the dead load of the beam. 

TABLE 4-4 Summary of Computations for Problem 2. 

Allowable bottom 
fiber stress due to 
total service load fb Midspan 

(psi) (psi) d (ft) 

0 863 0.798 
200 1063 0.983 
400 1263 1.169 
800 1663 1.539 
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fb = -800 psi 

0.17' 

I~ 
If. Tendons 

24.00' 

Fig. 4-30. Pressure line locations for Problem 2. 

SOLUTION: 

For the concentrated load: 

4500 x 24 
Mmax = 4.5 = 24,000 ft-Ib 

For the beam dead load: 

187.5 X 242 
Mmax = ---8-- 13,500 ft-Ib 

The locations of the pressure line are summarized in Table 4-5. The results are 
plotted in Fig. 4-32. 
4. Solve Problem 3 as if the effective prestress were equal to 48,000 lb. 

4,500lb 

I 8.0' 
/'87.5 pit 

24.0' 

Fig. 4-31. Beam used in Problem 3. 
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TABLE 4-5 Summary of Pressure Line Locations for Problem 3. Values of d = M / C 
(ft). 

Dist. from left end: 
For conc. load: 
For unif. load 
Total 

SOLUTION: 

o 
o 
o 
o 

6 
-0.750 
-0.422 
-1.172 

8 
-1.000 
-0.500 
-1.500 

12 
-0.750 
-0.563 
-1.313 

18 
-0.375 
-0.422 
-0.797 

24 
o 
o 
o 

The total movement of the pressure line will be half as much with an effective 
prestressing force of 48,000 lb. The pressure line locations are summarized in 
Table 4-6. 
5. For the beam shown in Fig. 4-33a, and the total service loads shown in Fig. 

4-33b, plot the location of the pressure line at midspan and the quarter points. 

SOLUTION: 

The solution is shown plotted in Fig. 4-34. 
6. For the beam in Fig. 4-35, plot the location of the pressure line for a 

prestressing force of 100,000 lb if the beam is subjected to a uniform service 
load of 3000 plf. Use scales of 1 in. = 5.00 ft and 1 in. = 1.00 ft horizon­
tally and vertically, respectively. 

SOLUTION: 

The negative moment at the right support due to the load on the overhanging 
end of the beam is: 

-3000 X 1<Y 
Moh = 2 -150,000 ft-Ib 

N ..... 
...: 

8 
~ 

M .... 
~ "j... 

m ..... 
e 

~ ~:nter of gravity of tendons 
24'-0" 

Fig. 4-32. Pressure line for Problem 3. 
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TABLE 4-6 Summary of Pressure Line Locations for Problem 4. Values of d = M / C 
1ft). 

Dist. from left end: 
Total 

o 
o 

6 
-0.586 

48'-0" 

8 
-0.750 

(a) Elevation of beam 

(b) Distribution of loads 

12 
-0.657 

18 
-0.399 

Fig. 4-33. Beam for Problem 5. 

48'-0" 
Center of gravity 
of tendons 

Fig. 4-34. Pressure line for beam of Problem 5. 

24 
o 

b 
I 

N 

J 
'0 

I 

N 
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12.00' 3.00 15.00' 

/30OQPlf 
~ 

t - + .... ! -------" ---1~k :~ 
30.00' 10.00' M 

Fig. 4-35. Beam for Problem 6. 

The simple-span moment for the load on the 30 ft span only is: 

M = 3000 X 302 = 337 000 ft-Ib 
~ 8 ' 

The moments for various distances from the left support are summarized in 
Table 4-7. The solution is completed by dividing the total of the moments by 
the prestressing force, 100 k, and plotting the results as shown in Fig. 4-36. 
7. For the beam shown in Fig. 4-37a, plot the location of the pressure line 

when the uniformly distributed load is acting alone as well as the location 
when the uniformly distributed load and the concentrated loads both are 
acting. 

SOLUTION: 

The moment diagrams for the uniformly distributed load alone, the concentrated 
loads alone, and the combination of the uniform and concentrated loads are 

TABLE 4-7 Summary of Computation of Moments for Problem 
6. 

Dist. Msp Moh M, 
(ft) (ft-k) (ft-k) (ft-k) 

0 0.0 0.0 0.0 
3 121.5 -15.0 106.5 
6 216.0 -30.0 186.0 
9 283.5 -45.0 238.5 

12 324.0 -60.0 264.0 
15 337.5 -75.0 262.5 
18 324.0 -90.0 234.0 
21 283.5 -105.0 178.5 
24 216.0 -120.0 96.0 
27 121.5 -135.0 -13.5 
30 0.0 -150.0 -150.0 
35 0.0 -37.5 -37.5 
40 0.0 0.0 0.0 
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0.' 
Fig. 4-36. Pressure line for Problem 6. 

~ 5k ~ 5k 

~t=~=========P===7C5=k==~====OF·=====100~O=P=lf==========~ 
tr 10.0' 20.0' 10.0' Lo ,.... 

d 

(d) Moment due to Total Loads 

Fig. 4-37. Beam and moment diagrams for Problem 7. 
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TABLE 4-8 Summary of Pressure Line Locations for Problem 7. 

Prestress Prestress and Prestress and 
Point only uniform load total load 

Left end 0.00 0.00 0.00 
Midcant. span -4.50 -2.50 +1.50 
Left support -6.00 +2.00 +10.00 
0.10L -6.00 -0.88 +7.12 
0.20L -6.00 -3.12 +4.88 
0.30L -6.00 -4.72 +3.28 
0.40L -6.00 -5.68 +2.32 
0.50L -6.00 -6.00 +2.00 

shown plotted in Fig. 4-37a-c. The locations of the pressure line at various 
points along the span for the conditions of prestressing alone, prestressing plus 
the unifonnly distributed load, and prestressing plus the combined effects of the 
loads are summarized in Table 4-8 and plotted in Fig. 4-38. 
8. The two-span continuous beam in Fig. 4-39 has variable depth and 

prestressing force. The location of the pressure line and the magnitude of 
the prestressing force are given in Table 4-9. Also given in the table are the 

Pressure Line 

(a) Prestress Plus Uniformly Distributed load 

-2.00" 

(b) Prestress Plus Total load 

Fig. 4-38. Plots of computations for Problem 7. 
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/
pressure line of prestressing force 

20 

Symmetrical about V center support 

100' 100' 

Fig. 4-39. Beam for Problem 8. 

30 

dead load moment and the maximum and minimum live load moments. 
Tabulate the location of the pressure line for the beam when under dead load 
alone as well as when under dead load plus maximum and dead load plus 
minimum live loads. 

SOLUTION: 

The eccentricities of the pressure line in inches, resulting from the computations 
are summarized in Table 4-10. 
9. If f~i = 4000 psi and f~ = 5000 psi, compute the maximum uniformly 

distributed load that the beam in Fig. 4-40 can withstand on a span of 70 ft. 
Make the determination forthe tendons being straight as well as curved. Use 
the stresses permitted by ACI 318 (see Sec. 3-19). Assume that the loss of 
prestress is 20 percent, and the curved tendons can be placed with their 
center of gravity as low as 3.25 in. from the soffit of the beam. The beam 
has a weight of 488 plf, an area of 468 sq. in., and moment of inertia of 
94,184 in.4. The distance from the top fiber to the centroidal axis is 22.54 
in. 

TABLE 4-9 Given Information for Problem 8. 

e P Md Mmax M min 

Pt. (in. ) (k) (k-ft) ( k-ft) ( k-ft) 

0 0.00 1012 0 0 0 
1 2.52 1047 203 416 146 
2 4.68 1088 330 697 216 
3 6.48 1122 379 839 209 
4 7.56 1157 352 846 126 
5 8.16 1198 247 715 -35 
6 4.56 1164 65 446 -274 
7 -0.24 1115 -200 34 -596 
8 -6.96 1074 -555 -527 -1007 
9 -14.76 1026 -1005 -1244 -1753 

10 -21.24 916 -1558 -2123 -2689 
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TABLE 4-10 Summary of Results for Problem 8. 

Pplus Pplus Pplus 
Pt. Ponly Md/ Md/ + Mma. Md/ + Mmin 

0 0.00 0.00 0.00 0.00 
1 2.52 0.19 -4.57 -1.48 
2 4.68 1.03 -6.67 -1.35 
3 6.48 2.43 -6.55 0.19 
4 7.56 3.91 -4.87 2.60 
5 8.16 5.69 -1.48 6.04 
6 4.56 3.89 -0.71 6.71 
7 -0.24 1.91 1.55 8.33 
8 -6.96 -0.76 5.13 10.49 
9 -14.76 -3.01 11.54 17.50 

10 -21.24 -0.83 26.98 34.40 

SOLUTION: 

The limits of the kern zone and the section moduli are computed as follows: 

. 2 94,184 . 2 
Yb = 42 - 22.45 = 19.4610., r = ~ = 201 10. 

r2 201 
-= 
Yt -22.54 

2 · r2 201 03' -8.9 10., - = -9 6 = 1 . 10. 
Yb 1.4 

94,184 
St = -'---

-22.54 
. 3 94,184 . 3 

-417810. , Sb = 19.46 = 484010. 

The allowable initial stresses are 2400 psi in compression and 190 psi in tension. 
The allowable final stresses are 2250 psi in compression and 848 psi in tension. 

6" 

• -2400 psi 
o 

(a) Cross section. (b) Initial stress 
straight tendon. 

+ 152 psi 

(c) Final stress 
straight tendon. 

Fig. 4-40. Beam and stress distribution for Problem 9. 
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(a) Straight tendons: The average prestress for the initial prestressing force 
is computed as follows (see Fig. 4-40b): 

C (22.54) A = - [190 - ( -2400)] ----:u-- + 190 = -1200 psi 

Solving for e using eq. 4-4: 

e = (=~~~ - 1) (10.34) = 10.34 in. < Yb - 3.25 in. 

= 19.46 - 3.25 = 16.21 in. ok 

C = -1200 x 468 = -561.6 k 

The moment capacity, as limited by the service load stresses in the top and 
bottom fibers (see Fig. 4-40c), is computed as follows: 

By top fiber: 

By bottom fiber: 

M = (22~~,~52) (4178) = 836 k-ft 

M = (1~~~,~;8) (4840) = 1116k-ft 

w = 8 x 836 = 1365 If 
702 P 

(b) Curved tendons: The dead load moment due to the weight of the beam 
is: 

488 702 
Md/ = -- x - = 298.9 k-ft 

1000 8 

The stresses due to dead load at midspan are: 

fr = -858 psi, fb = 741 psi 

The shift in the location of the pressure line due to the dead load moment would 
be: 

Md/ 298.0 
d = - = - -- X 12 = -6.39 in. 

C 561.6 

The eccentricity of the prestressing force can be greater with the curved tendon 
than with the straight tendon by the amount of 6.39 in., for a total of 6.39 + 
10.34 = 16.73 in. The maximum eccentricity, as limited by the minimum 
distance from the soffit to the centroid of the prestressing steel (3.35 in.), is: 
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emax = 19.34 - 3.25 = 16.21 in. < 16.73 in. 

Using 16.21 in. and solving for the prestress needed to produce an initial bottom­
fiber stress that is equal to the arithmetical sum of the bottom-fiber stress due 
to beam dead load, 741 psi, and the allowable initial stress, -2400 psi, which 
is 3141 psi, one obtains: 

-3141 = - 1 + --C ( 16.21) 
468 10.34 

C = -572 k 

The top and bottom fiber stresses due to the initial prestressing force of - 572 
kare: 

J, = -572,000 = (1 + 16.21) = 996 psi 
t 468 -8.93 

-572,000 (16.21) . 
fb = 468 = 1 + 10.34 = -3138 pSi 

Net initial top-fiber stress = 996 - 858 = 138 psi 

Net initial bottom-fiber stress = -3138 + 741 = -2397 psi 

The 20 percent loss of prestress results in final top and bottom fiber stresses due 
to prestressing alone of 797 psi and - 2510 psi, respectively. 

Moment capacity limitations of service loads are: 

3" x 3" typo 
/ 

/ 

W 
-"""'"' 

• -
oot 6" -\I \. ~ ,.. 

'" 
(a) 

• 
<0 

_.- r--

-:::: 6" 
II 
• oot 
('II 

II 

II 

• <0 

II 

• 
<0 
M 

II 

-1800 psi 

+200 psi 

(b) 

Fig. 4-41. Cross section of beam and stresses for Problem 10. (a) Cross section. (b) 
Distribution of stresses. 
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TABLE 4-11 Summary of Computations for Problem 10. 

y 

36 
30 
27 
9 
6 
0 

By top fiber: 

By bottom fiber: 

, b b' P 

-1800 36 -64.8 
-1467 36 18 -52.8 
-1300 12 -15.6 

-30 12 -3.6 
-133 36 18 -4.79 
+200 36 +7.20 

M = (2250 + 797) 4178 = 1061 k-ft 
12,000 

(2510 + 848) 4840 
M = = 1354 k-ft 

12,000 

8 x 1061 
w = 702 = 1732 plf 

. 1732 
RatIo = -- = 1 27 

1365 . 

P' 

-26.4 

2.39 

10. For the hollow-box girder shown in Fig. 4-41a, plot the distribution of 
force in the section for the stress distribution indicated in Fig. 4-41b. 

SOLUTION: 

The computations required for preparing the plot are summarized in Table 4-11. 
The plot of the distribution of the forces is shown in Fig. 4-42. 

- 64.8...------...., 
- 52.8 '-----::. ...... 

-26.4 
-15.6_ 3.6 

-2.39 

+7.20 

Fig. 4-42. Distribution of forces in kips per inch for Problem 10. 



5-1 Beams under Overloads 

5 Flexural 
Strength 

It has been shown that a variation in the external load acting on a prestressed 
concrete beam results in a change in the location of the pressure line, for beams 
in the elastic range. This is a fundamental principle of prestressed construction. 
In a normal prestressed concrete beam, this shift in the location of the pressure 
line continues at a relatively uniform rate as the external load is increased, to 
the point where cracks develop in the tension fiber. After the cracking load has 
been exceeded, the rate of movement in the pressure line decreases as additional 
load is applied, and a significant increase in the stress in the prestressing tendon 
and the resultant concrete force begins to take place. This change in the action 
of the internal moment continues until all movement of the pressure line virtually 
ceases. The moment caused by loads that are applied thereafter is offset entirely 
by a corresponding and proportional change in the internal forces, just as in 
nonprestressed reinforced concrete construction. The range of loading that is 
characterized by these different actions is illustrated in the load deflection curve 
of Fig. 5-1. The fact that the load is carried by actions that are fundamentally 
different in the elastic range and in the plastic range is very significant, making 
strength computation essential for all designs of prestressed concrete flexural 
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Ultimate load fOr Plastic range 
over-reinforced Steel stress reaches 

beam \ ~-----+-':":: the yield point 
c:: 
0 CD In plastic range load changes are .. tID "iii c:: offset by stress changes" c:: co co .... 

Cracking load 
.... 

In transition range load changes I-
are offset by stress changes and 
shift of pressure line" 

u CD .. tID In elastic range load changes are f/) c:: co co offset by shift of pressure line" UJ .... 

Deflection 

Fig. 5-1. Load-deflection curve for a prestressed-concrete beam. 

members, to ensure that adequate safety exists. This is true even though the 
stresses in the elastic range may conform to a recognized elastic design crite­
rion. 

It should be noted that the load deflection curve in Fig. 5-1 is very close to 
a straight line up to the cracking load, and that the curve becomes progressively 
more curved as the load is increased above the cracking load. The presence of 
nonprestressed reinforcing steel in the tensile flange will tend to make the 
cracking load more difficult to detect from a load-deflection curve, as well as 
from observations of a beam during loading. The curvature of the load-deflec­
tion curve for loads exceeding the cracking load is due to the change in the 
basic internal resisting moment action that counteracts the applied loads, as 
described above, as well as to inelastic strains that begin to take place in the 
steel and the concrete when stressed to high levels. 

It may be essential for some flexural members to remain crack-free even 
under significant overloads, perhaps because of their being exposed to excep­
tionally corrosive environments during their useful life. In designing prestressed 
concrete members for use in special applications such as this, it may be neces­
sary to compute the load that causes cracking of the tensile flange to ensure that 
adequate safety against cracking is provided. Computation of the moment that 
will cause cracking also is necessary, to ensure compliance with some design 
criteria (see last paragraph of Sec. 5-4). 

Many tests have demonstrated that the load-deflection curves of prestressed 
beams are approximately linear up to and slightly in excess of the load that 
causes the first cracks in the tensile flange. (This linearity is a function of the 
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rate at which the load is applied.) For this reason, normal elastic-design 
relationships can be used in computing the cracking load by simply determining 
the load that results in a net tensile stress in the tensile flange (prestress and the 
effects of the applied loads) that is equal to the tensile strength of the concrete. 
It is customary to assume that the flexural tensile strength of the concrete is 
equal to its modulus of rupture in computing the cracking load. The modulus 
of rupture can be estimated from eq. 3-3. 

It should be recognized that the performance of bonded prestressed members 
is actually a function of the transformed section rather than the gross concrete 
section (see Sec. 4-10), as well as of concrete creep and shrinkage (see Sec. 
7-2). If it is desirable to make a precise estimate of the cracking load, as is 
required in some research work, these effects must be considered. 

ILLUSTRATIVE PROBLEM 5-1 Compute the total uniformly distributed load 
required to cause cracking in a beam that is 10 in. wide, 12 in. deep, and 
supported on a simple span of 25 ft, if the final prestressing force is 120,000 lb 
applied at an eccentricity of 2.50 in. Assume f; = 5000 psi and fr = 

7.2../5000 = 509 psi. 

SOLUTION: 

A = 120 in. 2, I = 1440 in.4 

r2 jy = +2.00 in. (top/bottom fibers, respectively) 

1440 - 3 ( ) S = -6- = +240 in. top/bottom fibers, respectively 

-120,000 ( 2.50) 
fb = 120 = 1 + 2.00 = -2250 psi 

Therefore, the moment that causes cracking must result in a bottom-fiber tensile 
stress equal to 509 psi + 2250 psi = 2759 psi. 

wI 12 fbSb 2759 x 240 
M = - = -- = = 55.18 k-ft 

cr 8 12,000 12,000 

55.18 x 8 
WI = 2 = 0.706 kif 

25.0 

5-2 Principles of Flexural Capacity for Members with Bonded 
Tendons 

When prestressed flexural members that are stronger in shear and bond than in 
bending are loaded to failure, they fail in one of the following modes: 
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1. Failure at Cracking Load. In very lightly prestressed members, the 
cracking moment may be greater than the moment the member can withstand 
in the cracked condition so that the cracking moment is the ultimate moment. 
This condition is rare and is most likely to occur in members that are prestressed 
concentrically, or with small eccentricities and with relatively small amounts 
of prestressing steel. It also can occur in hollow or solid prestressed concrete 
members that have relatively low levels of reinforcement. Determination of the 
possibility that this type of failure will occur is accomplished by comparing the 
estimated moment that would cause cracking to the estimated flexural strength 
of the member. If the estimated cracking load is larger than the computed 
ultimate load, this type of failure would be expected to take place if the member 
were subjected to the required load. Because this type of failure is brittle, it 
occurs without warning. Members that would fail in this fashion should be 
avoided. 

2. Failure Due to Rupture of Steel. In lightly reinforced members subject 
to externally applied load that results in flexural failure, the strength of the steel 
may be attained before the concrete is subjected to high stresses and has reached 
a significantly inelastic state. This type of behavior is likely to be encountered 
in structures that have very large compression flanges and relatively low 
percentages of flexural reinforcement, such as composite bridge stringers. 
Computation of the flexural strength of members subject to this type of failure 
can be done with a high degree of precision. The method of computation, as 
well as the determination of which members are subject to this mode of failure, 
is described below. 

3. Failure Due to Concrete Strain. The usual underreinforced, prestressed 
flexural members encountered in practice are of such proportions that if they 
are loaded to their flexural strength, the steel would be stressed well above its 
yield strength, and the members would attain large deflections before failure. 
Failure of an underreinforced member occurs when the concrete attains the 
maximum strain that it is capable of withstanding. Research has shown that the 
flexural strength of underreinforced flexural members, made with concrete of 
the normal quality used in prestressed concrete work, is attained when the 
concrete reaches a strain on the order of 0.003. The flexural strengths of 
members of this type are limited by concrete strain, load-deformation charac­
teristics, and the amount of the flexural reinforcement. The flexural strength of 
underreinforced concrete can be predicted with relatively high precision. 

4. Failure Due to Crushing of the Concrete. Flexural members that have 
relatively large amounts of prestressing steel or relatively small compressive 
flanges are said to be overreinforced. Overreinforced members, when loaded to 
their flexural capacities, do not attain the large deflections associated with 
underreinforced members, and at failure the stress in the steel does not exceed 
the yield strength by a significant amount if at all. The failure of the member 
is limited by the compressive strength (crushing of the concrete compression 
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flange) and not by the strain in the concrete, as is the case with underreinforced 
members. The flexural strength of overreinforced concrete flexural members is 
computed by a trial-and-error procedure, involving assumed strain patterns, as 
well as by empirical relationships. Both methods are discussed below (Muller 
1956). 

It must be emphasized that there are no precise definitions of the boundaries 
between the different classifications of failures listed above. Provisions are 
included in the Building Code Requirementsfor Reinforced Concrete, ACI 318, 
to alert the structural designer to the special problems associated with lightly 
reinforced, underreinforced, and overreinforced members (see Sec. 5-4). 
Important parameters used in the analysis of the flexural strength of prestressed 
concrete members include the percentage of reinforcement, PP' which is defined 
as follows: 

Aps 
Pp = bd 

p 
(5-1 ) 

where Aps is the area of the prestressed reinforcement in the tension zone, b is 
the width of the compression flange of the member, and dp is the distance from 
the extreme compression fiber to the centroid of the prestressing reinforcing. 
Another factor is the reinforcement index, wp. This dimensionless parameter, 
which is used in contemporary building codes, is defined as follows: 

(5-2) 

where /ps represents the stress in the prestressing steel under the load resulting 
in the ultimate moment, andf; is the specified concrete compressive strength. 

It should be noted thatf; used in eq. 5-2, is defined as the specified compres­
sive strength of concrete, psi, in Chapter 4 of ACI 318 (ACI 318 1989). The 
value of f; normally is specified by an engineer who has designed reinforced 
concrete members that are included in contract plans and specifications for a 
unique project. It is, of course, normal and appropriate that the provisions of 
building codes refer to specified concrete strengths rather than actual concrete 
strengths. It also should be recognized that actual concrete strengths, which 
normally but not always will exceed the specified concrete strengths, are appro­
priately used in the analysis of experimental data and for explaining the basic 
behavior of reinforced concrete members. For this reason, the termfcu is used 
henceforth in this discussion to refer to the concrete cylinder compressive 
strength, in psi. 

In order to simplify the explanation of strain compatibility theory as it relates 
to the computation of ultimate flexural strength, a rectangular beam cross section 
will be assumed throughout the following discussion. This is done to eliminate 
the variable of flange width, which is frequently encountered with I or T cross 
sections. In addition, the following assumptions are made: 
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1. Plane sections are assumed to remain plane. 
2. The stress-strain properties of the steel can be represented by a smooth 

curve without a definite yield point. 
3. The limiting strain of the concrete is equal to 0.003 regardless of the 

strength of the concrete. 
4. The steel and concrete are completely bonded. 
5. The stress diagram of the concrete at failure is such that the average 

concrete stress is 0.85/cu, the depth of the stress block is 0.85kudp, and 
the resultant of the stress in the concrete acts at a distance of 0.42ku from 
the top of the compression block, as is illustrated in Fig. 5-2. 

6. The strain in the top fiber of the concrete section under prestressing alone 
is equal to zero. 

7. The section is subject to pure bending. 
8. The analysis is made for the condition of static loads of short duration. 

The strains illustrated in Fig. 5-2 and used in the derivation are defined as 
follows: 

Ec: concrete strain at extreme fiber due to prestressing (assumed = 0). 
Eu: maximum concrete strain at ultimate moment (assumed = 0.(03). 
Eee: concrete strain at the level of the steel due to prestressing. 
Ecu: concrete strain at the level of the steel at ultimate moment. 
Ese: steel strain due to the effective prestress. 
Eps: steel strain at ultimate moment. 

b 
;'1 

R 
(a) (b) (e) 

";;j""--""'I"'"""",~ 
.:c~ 
('II 
V 
o 
I 

";;j""­

II 

~ .L---I4o--T 

(d) 

Fig. 5-2. Cross section, strain distributions, and stress distribution used in flexural 
strength computations. (a) Cross section of beam. (b) Strains due to 
prestress. (c) Strains at ultimate flexural capacity. (d) Stresses at ultimate 
flexural capacity. 
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Because equilibrium of the section requires that the tensile force in the 
prestressing steel and the compressive force in the concrete be equal, one can 
write: 

or: 

and: 

or: 

T= C 

-I = O.85feuku 
Jps 

Pp 

Expressed in terms of force, eq. 5-3 is written: 

Fps = O.85!eubkudp 

(5-3 ) 

(5-3a) 

By comparing the similar triangles of the concrete strains at ultimate shown 
in Fig. 5-2, the following relationship is seen: 

or: 

( 1 - k) 
feu = fu ~ (5-4 ) 

The strain in the prestressing steel at ultimate moment, fpS! which consists of 
the sum of the strains due to the effective prestress, fse' the strain in the concrete 
at the level of the steel resulting from prestressing, fee' and the strain in the 
concrete at the level of the steel at ultimate moment, feu' can be expressed by: 

(5-5) 

Substituting eq. 5-4 into eq. 5-5, one obtains: 

(5-6) 

which can be rearranged to: 

(5-7) 
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Substituting the value of ku given in eq. 5-7 into the relationship of eq. 5-3, 
the general equation for the stress in the prestressing steel and the strains in the 
concrete and steel under ultimate flexural loading is obtained: 

.. = 0.85feu X fu 
Jps + Pp fu fps - fse - fee 

(5-8) 

All of the terms in this relationship are known or assumed except the strain, 
fsu' and the stress,/p .. in the prestressing steel at failure. The stress-strain curve 
for the prestressing steel actually used in the construction of the flexural member 
represents the second relationship needed to solve eq. 5-8. 

A solution using the strain compatibility procedure described above is illus­
trated in Fig. 5-3, in which the basic assumptions used in the analysis are given 
in the figure itself, and the values of the steel index q" are shown plotted on 
the stress-strain curve for the particular steel that was studied. The steel index 
is defined as: 

Aps/pu /Pu 
q"=--=p -

bdp!eu p feu 
(5-9) 

The steel index was used by some of the early proponents of strain compatibility 
analysis, rather than the reinforcement index (eq. 5-2) that is commonly used 
today. In addition, some of the early analyses were based upon a maximum 
concrete stress of 0.80f; rather than 0.85, and the maximum concrete strain at 
failure was assumed to be 0.0034 rather than 0.003 in. lin. (Muller 1956). The 
results obtained by using these slightly different values are almost identical to 
those obtained using the contemporary assumptions, which were listed above 
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Fig. 5-3. Stress-strain diagram with curves for various values of q" superimposed. 
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and are discussed further in Sec. 5-4. The following discussion, which is based 
upon the paper presented in 1956 by Muller, is used as a means of further 
illustrating the basic principles of using strain compatibility in the flexural 
strength analysis of reinforced concrete beams; it is not intended to imply that 
the limiting stresses and strains used therein are recommended for use today. 

The intersections of the curves for q" with the stress-strain curve in Fig. 5-3 
define the values of steel stress and steel strain that are compatible for different 
values of q". Stress-strain curves are a function of the physical properties of 
the prestressing steel and can be obtained experimentally for each heat of steel 
manufactured; they are not derived mathematically. A trial-and-error procedure 
must be followed if these curves for q" are used in solving strain compatibility 
relationships with a stress-strain curve that cannot be expressed mathemati­
cally. However, it sometimes is feasible to mathematically approximate an 
actual stress-strain curve, or at least the portions of the curves for stresses that 
are greater than the yield strength of the steel, and thereby avoid the use of the 
trial-and-error procedure. 

Values of hm as a function of the steel index, resulting from the analysis 
summarized in Fig. 5-3 are compared graphically in Fig. 5-4 with values 
obtained from the approximate relationship: . 

(5-10) 

This approximate relationship, which was included in the ACI-ASCE Joint 
Committee 323 report "Tentative Recommendations for Prestressed Concrete" 

Ii a en 
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« 140L-_~:__--::-~-~=____::-=--~=_--::~ o 0.60 0.80 1.00 1.20 

" Apsfpu fpu 
Steel Index, q = bdpf~ = Pp f~ 

Fig. 5-4. Variation of fps with the steel index. The actual values of fps shown are based 
on the stress-strain curve of Fig. 5-3, and the approximate values are from 
eq.5-10. 
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Fig. 5-5. Variation of lever-arm-depth ratio. j. with steel index. 

(ACI-ASCE Committee 323 1958), has been included in the major U.S. 
building codes since 1963. In recent years it has been modified to better reflect 
the effects of concrete strength and type of prestressing steel (see Sec. 5-4). As 
can be seen from Fig. 5-4, the values predicted by the approximate relationship 
are conservative for this particular steel, as would be expected. The variation 
of j, the ratio of the resisting moment lever arm to the effective depth of the 
section, is shown as a function of the steel index in Fig. 5-5, and the ratio of 
the ultimate moment capacity to /puApsdp is shown as a function of the steel 
index in Fig. 5-6. 

Tests have shown that for lightly reinforced members, arbitrarily defined as 
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Fig. 5-6. Variation in the factor Mnl fpuApsdp with the steel index. 
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those with steel indices less than 0.08, the flexural capacity can be calculated 
with sufficient accuracy by the relationship: 

(5-11 ) 

The lightly reinforced members fail as a result of the failure of the prestressing 
steel, and before the concrete has become highly stressed. 

The results summarized in Figs. 5-3 and 5-4 indicate that for the particular 
steel studied, the moment capacity is very nearly linear for the lower values of 
the steel index. Members made with this steel, and having relatively low 
amounts of reinforcement (as measured by the steel index), would be expected 
to experience large deformations of the flexural reinforcement before collapse. 
This behavior has previously been described as characteristic of underreinforced 
members. Figures 5-3 and 5-4 also indicate that if this steel were to be used in 
relatively large quantities, the steel stress would be relatively low, and the 
members would perform as described above for overreinforced concrete 
members. 

As was stated above, the relationships that have been developed in this section 
are applicable to flexural members having rectangular cross sections. These 
relationships are equally applicable for flanged sections, provided that the neutral 
axis of the section when loaded to its flexural capacity is within the limits of 
the compression flange. If, when subjected to the ultimate loading, the neutral 
axis is located outside of the flange area, the same strain distribution applies as 
in the case of rectangular sections, but because of the variable width of the 
section that is subjected to compressive stresses, the distance from the extreme 
compressive fiber to the neutral axis is no longer equal to 0.42kudp, and its 
location must be calculated. To facilitate calculation of the location of the 
resultant of the compressive stresses, the compression block can be assumed to 
be rectangular rather than curved, as shown in Fig. 5-2, without the introduction 
of significant error. 

When complete strain compatibility analyses are not made, and small 
quantities of nonprestressed flexural reinforcement are used in combination with 
small quantities of prestressed reinforcement in underreinforced members, the 
additional flexural strength due to provision of the nonprestressed reinforcement 
can be approximated by: 

(5-12 ) 

where d is the distance from the extreme compression fiber to the centroid of 
the nonprestressed reinforcement, and As and 1;, are the area and yield strength 
(60,000 psi maximum) of the nonprestressed reinforcement, respectively. When 
significant amounts of nonprestressed reinforcement are used in combination 
with prestressed reinforcement, strain compatibility analyses should be 
performed. 
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Fig. 5-7. Effect of effective prestressing stress, "0' on the ratio Mnl Ap.fpud for various 
values of steel index, q" lafter J. Muller). 

The effect that unintended variations in the effective stress in prestressed 
reinforcement have on the flexural capacity of prestressed concrete members is 
shown in Fig. 5-7. This figure illustrates the fact that small variations in the 
effective prestress have no significant effect on the flexural strength of 
prestressed members having bonded tendons. It is important to note that even 
if errors are made in estimating the losses of prestress, or in estimating the 
friction during prestressing, or even if the stressing is not carried out with 
reasonably high precision in the field, the effect on the flexural strength is gener­
ally small for flexural members having bonded tendons. 

An obvious difficulty with applying strain compatibility in the design of 
prestressed concrete flexural members is related to determining the stress-strain 
curve for the prestressed reinforcement that will be used. At the time when 
prestressed members are designed, the designer rarely knows the source of the 
prestressing steel to be used in construction, and thus cannot have access to the 
stress-strain characteristics of the prestressing steel that will be used in the 
actual construction. More often than not, the steel that will be used has not yet 
been produced when the structure is being designed. Consequently, it has been 
customary for designers to use mathematical relationships that conservatively 
approximate the stress in the prestressing steel in strength calculations; the 
provisions of virtually all U.S. codes and standards for the design of prestressed 
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concrete pennit the use of relationships of this type. It should be recognized, 
however, that designs based upon strain compatibility analysis, which utilize 
less conservative stress-strain relationships, frequently will be more econom­
ical that those based upon these approximate relationships. For this reason, 
there is considerable interest in avoiding the commonly used approximate 
relationships and instead perfonning strain compatibility analyses based upon 
stress-strain curves intended to reasonably approximate the stress-strain 
characteristics of prestressing steel obtained from any of several sources. Curves 
of this type, which have been included in the publications of the Precast 
Prestressed Concrete Institute since 1978, are reproduced herein as Fig. 5-8 
(PCI 1978, 1985). It is well known that the shapes of the stress-strain curves 
are not the same for prestressing strand produced by different manufacturers, 
and this probably is the case for prestressing wire and high-tensile-strength bars 
as well. The designer of prestressed concrete should exercise care in selecting 
a stress-strain curve for use in a strain-compatibility analysis, and should provide 
a means of confinning that the curve used is reasonably representative of all of 
the prestressing steel used in the actual construction. 

The manufacturers of prestressing steel nonnally do not provide stress-strain 
curves for their products. Upon request, however, they will provide load-strain 
curves that are either typical of their products or are prepared for a particular 
heat or production lot of the products. Load-strain curves are preferred by 
manufacturers, and should be by designers, because they illustrate the actual 
measurements made on test specimens and have not been converted from force 
to unit stress-a process that can result in erroneous results if theoretical areas 
of the test specimens are used. It should be recognized that the diameters, and 
hence the areas, of individual prestressing wires and bars vary from their 
theoretical dimensions. Because strands are made from seven individual wires, 
their dimensions must be expected to vary from the theoretical dimensions as 
well. The variations should be within certain tolerances, set either by the appli­
cable ASTM standard or, in the absence of an ASTM standard, by the manufac­
turer's specifications. The load-strain curves are easily employed in perfonning 
strain-compatibility analyses using the principles and relationships explained 
herein, by simply rearranging the relationships from expressions of stress to 
those of force. 

To facilitate strain-compatibility computations, the stress-strain curve for 
nonprestressed reinforcement nonnally is taken to be bilinear, as shown in Fig. 
5-9. The curve is based upon the premise that the slope of the first portion of 
the curve is equal to the elastic modulus of the nonprestressed reinforcement 
for stresses up to and including its yield strength, and for stresses above the 
yield strength, the strain increases without an increase in stress. For prestressed 
reinforcement, the stress-strain curve can simplistically be assumed to consist 
of three straight lines, as shown for Grades 250 and 270 strand in Figs. 5-lOa 



FLEXURAL STRENGTH I 167 

230 

270 

_I I 
E, ·28,000 ksi / / --- 270 ksi strand 

k 
~ 

/ 
~ 250 ksi strand 

V 

250 

.. 
~ 

J. 

= 
210 

~ .. 

190 

170 

150 
I J 

o .005 .010 .015 .020 .025 ,030 

strain ep• (in'/in.) 

These curves can be approximated by the following equations: 
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Epi • 

270 ksi strand: 

Fig. 5-8. Typical stress-strain curves for seven-wire stress-relieved and low-relaxation 
prestressing strand. (Reproduced with the permission of the Precast/ 
Prestressed Concrete Institute.) 

and 5-lOb, respectively. The first of these lines, which extends from zero stress 
up to an arbitmry stress (point 1) that is somewhat less than the yield strength, 
as in the case of nonprestressed reinforcement, can be assumed to have a slope 
equal to the elastic modulus of the steel. The second line connects the first and 
third lines (points 1 and 2). The coordinates of point 2, the intersection of the 
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Fig. 5-9. Idealized stress-strain diagram for nonprestressed reinforcement of Grades 
40 and 60. 

second and third lines, can be taken to have coordinates of one percent exten­
sion (strain) and the stress equal to the minimum strength at the one percent 
extension required by the applicable ASTM specification. Alternatively, the 
coordinates of point 2 can be taken from points approximating the stress-strain 
curve of a particular prestressing steel as shown in Fig. 5-1Oc. 

The slopes of the third lines in Fig. 5-lOa-c, which are the parameters of the 
"curves" that are of the greatest importance in most designs, present the greatest 
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Fig. 5-10. Simplistic stress-strain curves for Grades 250 and 270 stress-relieved and 
low-relaxation seven-wire strand for prestressing concrete. (a) Grade 250 
seven-wire strand. 

challenge in detennining reasonable values. The ASTM specifications provide 
minimum elongations at rupture (nonnally 3.5 percent for seven-wire strand 
and 4.0 percent for prestressing wire) and a minimum ultimate tensile strength, 
but these elongations may not and most frequently will not occur simulta­
neously: the elongation at rupture is nonnally significantly greater than the 
minimum elongation required by the ASTM specifications, and the ultimate 
tensile strength mayor may not exceed the minimum guaranteed strength by a 
significant margin. For this reason a conservative end point for the slope of the 
third line might be taken as the point identified by the specified minimum 
ultimate tensile strength and an elongation equal to 5 to 7 percent, as is the case 
for the curve in Fig. 5-1Oc. An idealized stress-strain curve for 270 grade strand, 
proportioned as shown in Fig. 5-10c and consisting of two straight lines 
connected by a curved transition section, could be more representative of the 
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r3 -

0.040 

actual prestressing steel than the curves in Figs. 5-lOa and 5-lOb. One should 
not use an idealized curve for design without prior confinnation that it reason­
ably represents the stress-strain characteristics of the actual steel to be used in 
construction. 

It is hoped that the ASTM standards eventually will be modified to include 
stress-strain or load-deformation curves that: 

1. Are acceptable to the prestressing steel manufacturers. 
2. Structural designers can use in approximating the load-elongation curves 

of the various prestressing materials without having to assume that the 
material is capable of attaining ultimate strains greater than the minimum 
values required by the applicable ASTM standard. 

3. Reasonably approximate the load-elongation curves of the various 
prestressing materials. 
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Fig. 5-10. (Continued) (c) Curve approximating a portion of an actual stress-strain 
curve for Grade 270 low-relaxation prestressing strand. 

The stress-strain characteristics of prestressing steels are discussed in detail in 
Sec. 2-9. 

An iterative procedure for determining the relationship between the stress and 
strain in prestressed reinforcement for use in computing the flexural strength of 
prestressed concrete members utilizing a computer program written in BASIC, 
and an approximate, noniterative procedure suitable for hand calculations, have 
been described by Skogman, Tadros, and Grasmick (1988). This work, which 
is based upon previous work by Mattock (1979), Naaman (1977), and by 
Menegotto and Pinto (1973), depends upon the assumption that plane sections 
remain plane and the equation: 

(5-13) 



172 I MODERN PRESTRESSED CONCRETE 

in which: 

and: 

/; = Stress in prestressed reinforcement corresponding to strain E; 

/py = Specified yield strength of prestressed reinforcement 
E; = Strain in the prestressed reinforcement in layer i; 

Eps = Elastic modulus of the prestressed reinforcement 

(5-14 ) 

and the dimensionless constants K, Q, and R are specific values for the stress­
strain curve for a particular steel. (Note: If eq. 5-13 is used for nonprestressed 
reinforcement, then E" the elastic modulus of nonprestressed reinforcement, 
should be substituted for Eps. Abort values for E, K, Q, and R, proposed by the 
authors for use when values are not determined for a specific prestressed 
reinforcement, are given in Table 5-1. Two curves, adapted from the work of 
Skogman, Tadros, and Grasmick, included herein as Figs. 5-11 and 5-12, 
compare the stress ratio for the prestressed reinforcement (ratio of the stress in 

TABLE 5-1 Reinforcement stress-strain constants and 
dimensionless constants for eqs. 5-13 and 5-12. (From 
Skogman. Tadros. and Grasmick 1988.) 

f pu(ksi) fpy/fpu E (psi) K Q R 

270 
0.90 28,000,000 1.04 0.0151 8.449 

strand 
0.85 28,000,000 1.04 0.0270 6.598 

250 
0.90 28,000,000 1.04 0.0137 6.430 

strand 
0.85 28,000,000 1.04 0.0246 5.305 

250 
0.90 29,000,000 1.03 0.0150 6.351 

wire 
0.85 29,000,000 1.03 0.0253 5.256 

235 
0.90 29,000,000 1.03 0.0139 5.463 

wire 
0.85 29,000,000 1.03 0.0235 4.612 

150 
0.85 29,000,000 1.01 0.0161 4.991 

bar 
0.80 29,000,000 1.01 0.0217 4.224 

*Q is based upon the strain in the prestressed reinforcement, €pu, being 
equal to 0.05. 



FLEXURAL STRENGTH I 173 

f"u = 270 ksi, Ans = OJ~ = 5ksi, Ip/lpu = 0.85 

.25 

Ips 
f. .9 

pu 

----- STRAIN COMPATIBILITY 
.85 ------ PROPOSED 

-.-.- ACI 318-83 
-- ---- HARAJLI & NAAMAN 

.8~----~~--__ ~ ______ ~ ______ -L ______ ~ ____ ~ 

o .85 .1 .15 .2 .25 .3 

Fig. 5-11. Stress in prestressed tendon at ultimate flexure as a function of the total 
steel index (after Skogman, Tadros, and Grasmick 1988). (Reproduced with 
the permission of the Precast/Prestressed Concrete Institute.) 

the prestressed reinforcement at ultimate flexural strength to its specified 
strength) to the reinforcement index. The figures show the results obtained by: 

1. A strain compatibility analysis. 
2. The hand-calculation method proposed by the authors. 
3. The equation contained in ACI 318 (eq. 5-34 in this book; eq. 18-3 in 

ACI318). 
4. The method'proposed by Harajli and Naaman (1985). 

The curves clearly show the proposed noniterative method to give excellent 
agreement with the results obtained with the computer program based upon 
strain compatibility, when the constants E, K, Q, and R have been determined 
for the stress-strain curve for a particular steel. 

The hand-calculation method includes six steps: 

1. The stresses in the tension reinforcements, both prestressed and nonpre­
stressed, are assumed to be equal to their respective yield strengths, and the 
stress in the compression reinforcement is assumed to be equal to zero. Based 
upon these assumptions, the total compressive stress in the concrete is computed 



174 I MODERN PRESTRESSED CONCRETE 

!pu = 270 ksi, AnslAps = 2.j~ = 5 ksi, fy = 60 ksi, fpyl!pu = 0.85 

.25 

-----STRAIN COMPATIBILITY 

.85 
- ------ PROPOSED 
-.-·-ACI318-83 
- - - HARAJLI & NAAMAN 

.8~--~---~---~------~----~------~ 
8 .85 .1 .15 .2 .25 .3 

(Aps!pu + Ansfy - A;!y)/f~bdps 

Fig. 5-12. Stress in prestressed tendon at ultimate flexure as a function of the total 
steel index (after Skogman, Tadros, and Grasmick 1988). (Reproduced with 
the permission of the Precast/Prestressed Concrete Institute.) 

under ultimate bending moment based upon equilibrium of the forces in the 
concrete and reinforcement. This is expressed mathematically as: 

(5-15 ) 

2. Using the value of Fe computed in step 1, the depth of the compression 
block is then computed by: 

3, Compute the depth to the neutral axis from: 

a 
c =-

{jl 

(5-16 ) 

(5-17 ) 

For composite sections, the average values of {jb based upon the strengths of 
the different concretes in the compression block, is to be used, This is computed 
as: 

L; 0.85 (J;Ae{jd k 
k 

{jlave = -----F-----
e 

(5-18 ) 
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4. The concrete strains at the levels of the reinforcement are computed as 
follows: 

E; = Eeu (~ - 1) + E;dee (5-19 ) 

in which Eeu is normally taken to be 0.003, d; is the depth from the extreme 
compression fiber to the reinforcement layer under consideration, c is the depth 
of the neutral axis, and E;dee is the decompression strain at the level of the layer 
under consideration (the decompression strain being the strain that takes place 
as a result of loading the member in such a way that the compressive strain in 
the concrete due to the effective prestressing force is nullified). The decompres­
sion strain can be computed by: 

(5-20 ) 

or: 

(5-21 ) 

at the designer's option. The termslse and/p; are the effective and initial stresses 
in the prestressed reinforcement, respectively (see Sec. 7-2), and E; is the elastic 
modulus for the layer of reinforcement at the level under consideration. The 
25,000 psi used in eq. 5-21 for the computation of E;dec is a commonly used, 
but not necessarily accurate, value for loss of prestress. Equation 5-20, which 
requires computation ofthe loss of prestress, is the preferred relationship because 
the computed loss of prestress is frequently a value other than 25,000 psi. 

5. Computations now are made for the values of/; for the various layers of 
reinforcement, using eq. 5-13. Normally it will be found that the strains at the 
levels of the nonprestressed reinforcements exceed their strains at yield; hence, 
the stresses in the nonprestressed reinforcements are taken to be equal to their 
yield strengths. 

6. The computations are completed by first computing new values of Fe and 
a, based upon the stresses in the tension and compressive reinforcements deter­
mined in steps 4 and 5. The depth to the resultant of the compressive force in 
the compression reinforcement and the concrete section, de> is found next, after 
which the flexural strength of the member can be determined by using: 

(5-22 ) 

ILLUSTRATIVE PROBLEM 5-2 Compute the flexural capacity of the composite 
section of Fig. 5-13, which consists of the AASHTO-PCI type III bridge stringer 
with a 6.50 in. cast-in-place slab. The area of the prestressing steel, which is 
Grade 270, is 4.00 sq. in., and it is located with its centroid 5.85 in. above the 
bottom of the beam. The prestressing steel has the stress-strain characteristics 
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Fig. 5-13. AASHTO-PCI type III bridge stringer with a composite deck. 

given in Fig. 5-10c. The concrete cylinder compressive strengths are 5000 psi 
and 3000 psi for the stringer and the cast-in-place deck, respectively. Use the 
principle of strain compatibility, assuming the following strains: fu = 0.003; 
fee = 0.0004; fse = 0.0058. Assume the stress-strain curve for the prestressed 
reinforcement to be a straight line for values of/ps greater than 248 ksi. Assume 
that the equation of the line is: 

/ps = 242 + 400fps ksi 

SOLUTION: The steel index is: 

/I 4 x 275 
q = 72 x 45.65 X 3 = 0.112 

The relationship for strain compatibility, eq. 5-8, is written as follows: 

/, = 0.85feu X fu 
ps + 

Pp fu fps - fse - fee 

By substituting the appropriate values for the terms that are known, this 
becomes: 

/, = 0.85 X 3 x 72 x 45.65 x 0.003 
ps 4.00 fps - 0.0032 

6.286 

fps - 0.0032 
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Solving the equation for the slope of the stress-strain curve simultaneously with 
eq. 5-8 gives a value of J;,s equal to 253.21 ksi and a value for fps of 0.0280 
in. jin. The force in the prestressing steel is 1013 kips, and ku, the ratio of the 
depth of the neutral axis to the effective depth, is computed as follows: 

0.003 
ku = 0.0280 _ 0.0032 = 0.121 

The depth of the compression block is: 

a = 0.85 X 0.121 X 45.65 = 4.70 in. 

For a compression block having a depth of 4.70 in., the concrete stress is: 

1013 
Ie = 72 0 = 3.00 ksi > 0.851eu = 2.55 ksi 

X 4.7 

To prevent the concrete stress from exceeding the maximum permissible value 
of 0.85Ieu, the strength of the concrete would have to be increased to a value 
not less than 3530 psi. 

The moment capacity of the section is computed as follows: 

M = - X 45.65 - - = 3655 k-ft 1013 ( 4.70) 
n 12 2 

ILLUSTRATIVE PROBLEM 5-3 Compute the flexural strength of the stringer of 
I.P. 5-2 using the noniterative hand-calculation procedure proposed by 
Skogman, Tadros, and Grasmick, assuming the prestressing steel to be low­
relaxation, Grade 270. 

SOLUTION: The value of the compressive stress in the concrete is computed 
as: 

Fe = 4.00 X 0.90 X 270 = 972 kips 

The depth of the compression block is computed as: 

972 
a = = 5.29 in. 

72 X 0.85 X 3 

The depth to the neutral axis is computed as: 

5.29 . 
c = 0.85 = 6.22 In. 

The strain for decompression is computed as: 

162 
fidee = -00 = 0.00578 

28, 0 
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and the ultimate strain is computed to be: 

[ 45.65 ] 
Ei = 0.003 6.22 - 1 + 0.00578 = 0.0248 

The stress in the prestressed reinforcement, based upon the strain ul = 2.748, 
is computed to be: 

[ 1 - 0.0151 ] hs = 0.0248 X 28,000 0.0151 + 1/8449 
(1 + 2.7488.449 ) . 

= 247 ksi 

and the new value of Fe is 988 kips, a = 5.38 in., and the nominal flexural 
strength is computed to be: 

Mn = 988 (45.65 1~ 2.69) = 3537 k-ft 

ILLUSTRATIVE PROBLEM 5-4 Compute the flexural capacity of the stringer of 
I.P. 5-2, neglecting the composite action of the deck and assuming that the 
prestressing steel has stress-strain characteristics as shown in Fig. 5-3. 

SOLUTION: Assume the compressive stress block to be rectangular in shape 
with the average concrete stress equal to 0.85.fcu' Assume the concrete strain at 
the level ofthe prestressing steel due to prestressing, ece> to be 0.0004, the steel 
strain due to the effective prestress, ese, to be 0.0050, and the maximum concrete 
compressive strain at the time of flexural failure, eu , to be 0.003. The effective 
depth of the prestressing steel is 45.00 - 5.85 = 39.15 in. and the steel index 
is: 

q" = 4.00 x 275 = 0.351 
16 x 39.15 x 5 

A review of the stress-strain curve in Fig. 5-3 will show that this value of the 
reinforcement index (the reinforcement index and the steel index are of a similar 
order) may cause the beam to be overreinforced in flexure; hence it will be 
analyzed as such. The strain in the steel at flexural capacity will be computed 
using eq. 5-6 and a trial-and-error procedure to determine the depth of the 
compression block. The compression block will be assumed to extend from the 
top of the compression fiber to 0.85kudp' 

Try: 

kudp = 15 in. 

C = 0.85 x 5 [7 x 15 X 0.85 + 9 X 7 + 9 X 4.5/2] = 733 k 

( 39.15 - 15.00) 
Eps = 0.0054 + 0.003 15.00 = 0.102 
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From Fig. 5-3: 

1;,s = 240 ksi, T = 960 k 

c < T; try a larger value of kud 

Try: 

kudp = 21.5 in. 

C = 0.85 x 5[7 x 21.5 x 0.85 + 9 ,< 7 + 9 x 4.5/2] = 897 k 

( 39.15 - 18.50) 
Eps = 0.0054 + 0.003 18.50 = 0.0087 

1;,s = 225 ksi, T = 900 k =: C = 897 k 

Compute the distance from the top fiber to the centroid of the compression 
block: 

0.85 x 7 x 21.5 = 127.9 x 9.14 = 1169.3 

9 x 7 = 63.0 x 3.50 = 220.5 

0.5 X 9 x 4.5 = 20.3 x 8.5 

Totals = 211.2 

dt = 7.40 in. 

172.1 

1561.9 

[ 39.15 - 7.40] 
M =: 900 = 2381 k-ft 

n 12 

As will be shown subsequently, the principle of strain compatibility is easily 
applied to cross sections other than rectangular, in the cases of underreinforced 
and overreinforced sections alike, as well as in members that are provided with 
nonprestressed reinforcement in both the compression and tensile zones. 

5-3 Principles of Flexural Capacity for Members with Unbonded 
Tendons 

The flexural strength relationships developed in Sec. 5-2 for members having 
bonded tendons do not apply to members not having bonded tendons because, 
without bonding, the prestressing tendons can slip (with respect to the concrete) 
during the application of a load. The reader will recall that one of the basic 
assumptions made prior to the derivation of the relationships of Sec. 5-2 was 
that the concrete and steel are completely bonded. Because the tendons can slip 
with respect to the concrete, other variables affect the ultimate moment capacity 
of unbonded prestressed concrete members. After the "Tentative Recommen-
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dations for prestressed Concrete" appeared, the normal U.S. practice was to 
consider the stress in unbonded prestressing steel loaded to flexural failure to 
be as follows: 

hs = he + 15,000 (5-23 ) 

(in psi) with the requirements that the effective stress in the prestressing steel 
be between 0.50hu and 0.60hu and that the reinforcement index not exceed 
0.30 (ACI-ASCE Joint Committee 323 1958). 

Variables that affect the ultimate moment capacity of an unbonded beam, but 
affect bonded beams in a different manner or not at all, include the following: 

1. Magnitude of the effective stress in the tendons. 
2. Span-to-depth ratio. 
3. Characteristics of the materials used in the members. 
4. Form of loading (shape of the bending moment diagram). 
5. Profile of the prestressing tendon. 
6. Friction coefficient between the prestressing steel and the sheath. 
7. Amount of bonded nonprestressed reinforcing. 

Another relationship has been suggested for the value of hs in members with 
unbonded tendons (to be used in lieu of eq. 5-23), as follows: 

( Pp 10) hs = he + 30,000 - Ie X 10 (5-24 ) 

in which he is limited to 0.60hu, Pp is the percentage of prestressing steel, and 
h" he' and I; are in psi. Still another relationship has been more recently 
proposed: 

1.4/; . hs = he + -00 + 10,000 PSt 
1 Pp 

(5-25) 

Equations 5-24 and 5-25 contain the notation for the specified concrete 
compressive strength, I~, because they were suggested for use in building codes. 

The results of tests of members with unbonded tendons as well as eqs. 5-23, 
5-24, and 5-25 are shown in Fig. 5-14 (Yamazaki, Kattula, and Mattock 1969). 
Equations 5-24 and 5-25 have not been widely used because they have not been 
included in any of the U.S. codes or standards. 

A method of computing the ultimate strength of prestressed members (with 
unbonded tendons) that takes into account the variables listed above has been 
proposed (Pannell 1969). This method, which is based upon experimental data 
and is considered slightly conservative, provides the following relationship for 
the ultimate moment: 

(5-26 ) 
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Fig. 5-14. Comparison of values of fps - fse for unbonded beams. Test data and 
suggested mathematical relationships are shown (after Yamazaki, Kattula, 
and Mattock 1969). (Reproduced with the permission of the Precast/ 
Prestressed Concrete Institute.) 

in which: 

with: 

qe + A 
qu = 

1 + 1.6A 

p,Jse 
q =-

e feu 

(5-27) 

(5-28) 

1Q6pp dp 
A = (5-29) 

fcu L 

In eqs. 5-26 through 5-29 the notation is standard, and it should be recog­
nized that the depth of the member, dp , and the span length, L, must be in the 
same units. 

A plot showing the accuracy of eq. 5-26 is given in Fig. 5-15, where the 
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Fig. 5-15. Plot showing the ratio of the computed ultimate moment to that found by 
tests for various effective steel indices (after Pannell 1969). 

ordinate is the ratio of the calculated flexural capacity to the flexural capacity 
measured in tests conducted by various investigators. 

Readers interested in the development in the U.S. practice with unbonded 
tendons will find the 1983 and 1989 reports of ACI-ASCE Committee 423 to 
be sources of valuable information. 

It should be recognized that the flexural capacity of a member prestressed 
with unbonded tendons, unlike members with bonded tendons (see Fig. 5-7), 
may be adversely affected by unintentional variations in the effective prestress. 
Hence, it is considered prudent to exert more care in estimating the losses of 
prestress and in supervising the stressing of unbonded members than would be 
considered necessary for bonded members, to ensure that the desired results are 
obtained. 

5-4 Flexural Strength Code Requirements for Members with Bonded 
Tendons 

The building code requirements for reinforced concrete contained in virtually 
all model building codes, building codes, building codes written for specific 
political jurisdictions and government agencies, and standards used in the United 
States are based upon the ACI standard Building Code Requirements for 
Reinforced Concrete (ACI Committee 318 1989). References in this book to 
ACI 318 or "the code" are intended to mean this particular standard of the 
American Concrete institute. 

The basic design assumptions for the computation of flexural strengths, or 
flexural capacities, of members are contained in Sec. 10.2 of ACI 318. The 
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reader should consult the original document for the actual wording of the basic 
design assumptions, but the following summary is presented to facilitate this 
discussion: 

1. The principles of strain compatibility and equilibrium are to be satisfied. 
2. Plane sections remain plane (except for deep flexural members). 
3. The maximum strain at extreme compression fibers in the concrete section 

is equal to 0.003. 
4. Stress in nonprestressed reinforcement is equal to the product of the strain 

in the concrete at the level of the steel (assuming bond between the steel and 
the concrete is perfect) and the elastic modulus of the steel, with the maximum 
(tensile) and minimum (compressive) values being numerically equal to the 
minimum guaranteed yield strength,h, ofthe steel; see Fig. 5-9 for the assumed 
stress-strain curve for nonprestressed reinforcement. Compression reinforce­
ment in members having prestressed tensile reinforcement, as is the case for 
reinforced concrete members having non prestressed tensile reinforcement, must 
be tied to guard against buckling, as provided in Sec. 7.10.5 of ACI 318. 

5. The tensile strength of concrete is to be neglected in flexural strength 
computations (except for investigating the possibility of failure at the cracking 
load, as described in Sec. 5-2 and subsequently in this section). 

6. The concrete compressive stress distribution may be assumed to be of 
parabolic shape (as shown in Fig. 5-2), trapezoidal, or rectangular (as shown 
in Fig. 5-16), or of other shapes that can be substantiated with the results of 
comprehensive tests. 

7. For simplicity, a rectangular distribution of concrete compressive stress, 
as shown in Fig. 5-16, may be assumed, with the following limitations: 

a. The concrete stress shall be taken as being equal to 0.85f~. 
b. The depth of the compression block shall be taken as being equal to a 

distance of a = {31 c, in which c is the distance from the extreme compres­
sion fiber to the neutral axis (c = kudp in Sec. 5-2). 

c. The factor {31 shall be taken to be equal to 0.85 for concrete compressive 
strengths up to and including 4000 psi; for strengths greater than 4000 but 
less than 8000 psi: 

(31 = 0.85 
0.05U; - 4000) 

1000 
(5-30 ) 

For concrete strengths equal to or greater than 8000 psi, {31 shall be taken 
to be equal to 0.65. 

It should be emphasized that the assumptions from ACI 318 listed above 
differ from those assumed by some of the early proponents of the use of strain 
compatibility methods of analysis as described in Section 5-2, in that the limiting 
concrete strain is taken to be 0.003, rather than 0.0034, and the compression 
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a = {31c 

(a) (b) 

Fig. 5-16. Concrete strain and stress distribution assumed by ACI 318 at limit of flexural 
strength. (a) Strain. (b) Concrete stress. 

stress block may be assumed to be rectangular with a uniform distribution of 
stress equal to 0.85f~ to a depth of {31 c, rather than a parabolic distribution 
having an average stress ofO.80feu acting to a depth of kudp • It should be noted 
that the term {31 is included in ACI 318 to account for the effect of concrete 
strength on the depth of the compressive stress block; experimental studies 
confirmed the need for its inclusion. Note that the term {31 is equal to 0.85 for 
concrete strengths of 4000 psi and less, is equal to 0.65 for concrete strengths 
of 8000 psi or more, and varies linearly between 4000 psi and 8000 psi (at the 
rate of 0.05 per 1000 psi). This is illustrated in Fig. 5-17. 

Using the ACI 318 assumptions listed above, one can rewrite eq. 5-8 for 
strain compatibility as follows: 

0.85{3dps f.u J"s = x -----='-----
wp f.u + f.ps - f.se - f.ee 

(5-31 ) 

It should be noted that the difference between this equation and eq. 5-8 is only 
the {11 in the numerator. 

The principles of strain compatibility explained above can be applied to 
flexural members reinforced with a combination of bonded prestressed and 
nonprestressed reinforcement. In this case, the equations of equilibrium for a 
rectangular section, as shown in Fig. 5-18, become: 

T= C 

(5-32 ) 
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Fig. 5-17. Variation of {3, and f~. 

in which the terms not previously defined are as follows: 

As == Area of nonprestressed tension reinforcement 
A; = Area of nonprestressed compression reinforcement 

b 

1 14E 

L_ .. -, 
As 

~ 

~""-

As .. ---'--.. -

~ 
'\ 

Aps 

Fig. 5-18. Cross section of a rectangular flexural member having bonded nonpre­
stressed tension and compression reinforcement in addition to bonded 
prestressed tension reinforcement. 
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d = Distance from extreme compression fiber to centroid of nonprestressed 
tension reinforcement 

d; = Distance from extreme compression fiber to centroid of compression 
reinforcement 

dp = Distance from extreme compression fiber to centroid of prestressed 
tension reinforcement 

Is = Stress in the nonprestressed tensile reinforcement ( ::5; /y) 
f; = Stress in the nonprestressed compressive reinforcement ( ::5; /y) 
/y = Specified minimum yield strength of nonprestressed reinforcement 

Equilibrium relationships based upon the conditions of strain in the concrete 
and the prestressed and nonprestressed steels, similar to those in eqs. 5-3 through 
5-8, can be written for the stresses in the prestressed and nonprestressed 
reinforcements as well as the nonprestressed compression reinforcement. Once 
the stresses in all the different steels are known, the nominal moment capacity 
of the section can be calculated as in I.P. 5-5 and I.P. 5-6. 

In a similar manner, equations for conditions of equilibrium and compati­
bility of strains can be written for members having other than rectangular cross 
sections. For a T-shaped member, as shown in Fig. 5-19, the basic equation 
for equilibrium is: 

Apsft,s + Asls = O. 85f;[(b - bw)hf + bwa] + A;f; 

in which bw = web width. 

~..I.---+---

A' s 

b 

(5-33) 

Fig. 5-19. Cross section of a T-shaped flexural member having bonded non prestressed 
tension and compression reinforcement in addition to bonded prestressed 
reinforcement. 
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In using eqs. 5-32 and 5-33, the stress in the nonprestressed tension reinforce­
ment normally will be found to be equal to its yield strength. As shown in Fig. 
5-9, the strain required in the nonprestressed reinforcement to stress it to the 
yield strength, based upon an elastic modulus of 29,000 ksi, is 0.00138 and 
0.00207 for Grades 40 and 60, respectively. Because prestressed steels, when 
stressed from the effective stress level to the yield stress, normally will increase 
in stress from 45 to 80 ksi, the stress in the nonprestressed tensile steel normally 
will go through a similar stress increase. As will be seen below, the stress in 
the nonprestressed compression reinforcement may, depending upon its location 
with respect to the extreme compression fiber, be significantly below its yield 
strength at ultimate flexural strength. 

In lieu of requiring the designer to perform a strain compatibility analysis in 
computing the flexural strength of prestressed concrete members, ACI 318 
permits /ps to be taken as follows for bonded tendons, provided that fse is not 
less than 0.50/pu: 

(5-34 ) 

in which: 

d = Distance in inches from extreme compression fiber to centroid of 
nonprestressed tension reinforcement 

dp = Distance from extreme compression fiber to centroid of prestressed 
reinforcement 

~l = Factor defined above in this section 
'Yp = Factor for type of prestressing tendon 

= 0.53 for /py//Pu not less than 0.80 (high-tensile-strength prestressing 
bars) 

= 0.40 for/py//pu not less than 0.85 (stress-relieved wire and strand) 
= 0.28 for/py//pu not less than 0.90 (low-relaxation wire and strand) 

Pp = Ratio of prestressed reinforcement, Aps / bdp 

As/y 
w = Nonprestressed tension reinforcement index = bd/; 

A;/y 
w' = Nonprestressed compression reinforcement index = bd/; 

The use of eq. 5-34 is further restricted by ACI 318 in that if compression 
reinforcement is included (i.e., w' > 0), the term: 

/Pu d , 
Pp 1" + d (w - w ) 

J c P 
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shall be taken not less than 0.17, and d' shall be no greater than 0.15dp • Equation 
5-34 also includes factors intended to compensate for the effects of nonpre­
stressed tension reinforcement, concrete strengths greater than 4000 psi ({j I = 
0.85 for f; of 4000 psi or less), and minimum yield strength (at 1 % extension) 
of the prestressing steel, as well as the presence of nonprestressed compression 
reinforcement (if any). 

The value of /ps computed with eq. 5-34 can be used for the computation of 
the nominal design flexural strength of rectangular sections with tension 
reinforcement alone by: 

Mn = Aps/Ps( dp - ~) + As1~( d - ~) (5-35 ) 

where: 

(5-36 ) 

Equation 5-35 also can be used in flanged sections if the thickness of the flange 
hI is not less than the depth of the compression block a as given in eq. 5-36. 
When the depth of the compression block exceeds the flange thickness, the 
nominal design flexural strength of a section can be computed by: 

(5-37) 

in which: 

(5-38 ) 

and: 

a= 
Apw/ps 

0.85f;bw 
(5-39 ) 

The tensile force represented by Apw/ps (eq. 5-38) is the force the web must 
develop; that is, it is the tensile force not developed by the flange. 

The effect of compressive reinforcement is taken into account by basic princi­
ples. For compression reinforcement to be most effective in rectangular beams, 
it must be positioned in such a way that it will be stressed to its yield strength 
under design load. For this to be the case, using the notation defined in Fig. 
5-20, the following relationships must be satisfied: 

~ = _E_u_ 

d' Eu - E; 
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A' s E' s 

c 

(a) Cross section. (b) Strain 
distribution. 

(c) Force distribution. 

Fig. 5-20. Rectangular beam with compression reinforcement. 

For yielding of the compression reinforcement, the strain in the concrete at the 
level of the compressive reinforcement E; must equal to exceed its yield strain 
Eu and: 

Because E Fy = 0, one can write: 

Apsf"s + Ash = 0.85f:·ab + A;f" 

By taking a = (3IC and rearranging, the expression can be written: 

0.85t1IC d' Eu 
wp + W - W' = = 0.85(3) X - X ---, 

d d Eu - Ev 

Using E;, = f,,jEs and taking Eu to be equal to 0.003, one obtains: 

d' 87,000 
wp + W - W' = 0.85(3) X d x 87,000 - f" (5-40 ) 

One can conclude that the term on the left side of eq. 5-40 must be equal to or 
greater than the term on the right side of the equation if the compression 
reinforcement is to be stressed to its yield strength. If not stressed to its yield 
strength, the compression reinforcement should either be ignored or its effect 
determined from a study of the strain in the compression reinforcement. If the 
compression reinforcement is stressed to its yield strength as predicted from eq. 
5-40, the nominal flexural strength of a rectangular section with compression 
reinforcement can be computed from: 
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where: 

Aps/ps + Ash - A;h 
a = 0.85f~b 

Equations 5-35,5-37, and 5-41 are intended for use in computing the nominal 
flexural strength of members that are underreinforced. Underreinforced members 
are proportioned in such a way that the stress in the tension reinforcement will 
reach the yield strength of the reinforcement before the compressive strain in 
the concrete reaches its limiting value of 0.003. The ACE 318 provisions 
covering this point are contained in Sect. 18.8.1, in which the reinforcement 
index is limited to 0.36131. This can be expressed mathematically by: 

or: 

Wp + : (w - w') :s 0.36131 
p 

for rectangular sections, and by: 

wpw + : (wp - w:") :s 0.36131 
p 

(5-42) 

(5-43) 

(5-44 ) 

for flanged sections. The ratio d / dp is used to account for the difference in the 
effective depths of the prestressed and nonprestressed reinforcement, and the 
term 131 accounts for the effect of concrete strength as previously described. 

Combining the reinforcement index limit of 0.3613) with eq. 5-30 and solving 
for d' gives the following: 

d' = 0.424d 87,000 - h 
87,000 

(5-45) 

which can be reduced to d' = 0.229d and 0.132d for Grades 40 and 60 
reinforcement, respectively. The compression reinforcement will not be stressed 
to its yield strength if it is placed farther from the extreme compression fiber 
than the value of d' given by eq. 5-45. Using these values, the structural designer 
can rapidly check to determine the feasibility of using compression reinforce­
ment to enhance the strength of a particular member. In so doing, the structural 
engineer should not overlook the normal tolerances in concrete construction and 
should determine if, in view of the normal tolerances, compression reinforce­
ment should be used, and if special inspection should be required to ensure that 
the work is performed in an acceptable way. 

Rectangular sections, or flanged sections having their neutral axes located 
within the depth of their flanges, having reinforcement indices exceeding 0.3613) 
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are considered to be overreinforced, and their nominal capacity may be 
computed from basic principles (see I.P. 5-4) or from: 

(5-46) 

For flange sections having reinforcement indices equal to or greater than 0.35~ I 
and their neutral axes not located within the flange depth, the following approx­
imate relationship is permitted for computing the nominal moment capacity: 

Mn = f~bd;{0.36~1 - 0.08~n + 0.85f~{b - bw ) hf{dp - 0.5hf ) 

(5-47) 

Another important requirement in ACI 318 (Sec. 18.8.3), which is equally 
applicable to bonded and unbonded tendons, provides that the minimum factored 
load a section is capable of developing must be at least 1.2 times the cracking 
load, based upon a modulus of rupture equal to 7.5.Ji'c for normal-weight 
concrete (additional provisions are provided in Sec. 9.5.2.3 of ACI 318 for 
concretes other than normal-weight concrete). An exception contained in Sec. 
18.8.3 provides that members having shear and flexural strengths not less than 
twice the minimum required in Sec. 9.2 of ACI 318 are exempt from this 
requirement. This provision is to guard against failure at the cracking load, 
which was described in Sec. 5-2. 

ILLUSTRATIVE PROBLEM 5-5 For the beam cross section shown in Fig. 5-21, 
compute the nominal flexural capacity as well as the stress in the prestressing 
steel at flexural capacity if the span of the beam is 40 ft, the weight of the beam 
is 0.44 kpf, and the dead load moment at midspan is 88.0 k-ft. Use the stress­
strain properties as given in Fig. 5-8 in a strain-compatibility analysis. Compare 
the stress in the prestressing steel computed with the strain-compatibility analysis 
with that computed with the approximate relationship in ACI 318. Assume the 
following materials properties: 

Concrete: 

f; = 7500 psi 

Ec = 5000 ksi 

R = 0.85 _ (f~ - 4000)0.05 = 0.675 
~l 1000 

Prestressing steel: 

/ps = 270 ksi 

/py = 243 ksi 
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Eps = 28,000 ksi 

'Yp = 0.28 

Aps = 2.75 sq. in. 

Pse = 440 kips 

The section properties and other dimensional data are: 

Ac = 415.8 in.2 , I = 44,386 in.4 

Yt = -15.3 in., St = -2900 in. 3, r2/Yt = -6.97 in. 

Yb = 14.7 in., Sb = 3020 in. 3, r2/Yb = 6.25 in. 

dp = 30.00 - 5.20 = 24.8 in. 

e = 14.7 - 5.20 = 9.50 in. 

r21e = 11.24 in. 

SOLUTION: The percentage of prestressing reinforcement is computed as: 

2.75 
Pp = 24 x 24.8 = 0.00462 

This moderate value of the steel index indicates that the strain in the prestressing 
steel will be greater than 0.008 in. lin. Hence, the equation for the Grade 270 

- -l' 0" l' 0" 

\0 

----'-; '-
I ~/ 

6" 
~ 
~ 9 

- ~ N .-
Aps = 2.75 sq in. I 

-"'-
~ 

'0 m 
C"'! 
It) 

10Y:z" 10%" 

Fig. 5-21. Beam cross section for I.P. 5-5. 
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prestressing steel in Fig. 5-9 would be expected to be applicable. This relation­
ship, which is one of the two required for the strain compatibility solution, is: 

0.075 
/ps = 268 - _ 0 0065 < 0.98/ps = 264.6 ksi 

fps • 

The stress in the concrete at the level of the prestressing steel due to effects 
of dead load and the prestress in the steel is: 

!. -440,000 ( 9.50 ) 88.0 x 12000 x 9.50 727' 
= 1 + -- + = -1 pSI 

e 415.8 11.24 44,386 

The strains required for the analysis are: 

fu = 0.003 in./in. 

-1727 000034' I' 
fee = 000 000 =. 10. 10. 5, , 

440,000 . I' 
fse = 28 X 106 X 2.75 = 0.0057 10. 10. 

Substituting these values into the basic relationship for strain compatibility 
(eq. 5-8) gives: 

0.003 !. _ 0.85 x 0.65 x 7.5 
ps - x -----------

0.00462 0.003 + fps - 0.0057 - 0.00034 

J, = 2.6907 
ps fps - 0.00304 

Solving the two equations gives fps = 0.013498 and /ps = 257.28 ksi, from 
which one calculates the tensile force, ku, and a as follows: 

T = 257.28 x 2.75 = 707.52 k 

k = 0.003 = 2 7 
u 0.003 + 0.013498 _ 0.0057 _ 0.00034 O. 8 

a = 0.675 x 0.287 x 24.8 = 4.80 in. < hr = 5.00 in. 

Hence, the section should be analyzed as a rectangular beam. The maximum 
compressive force that the concrete section is capable of resisting is: 

C = -0.85 X 7.5 X 24 X 4.80 = 734.4 k > T = 707.52 k 
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and the nominal moment capacity is: 

Mn = 70;~52 (24.8 _ 4;0) = 1321 k-ft 

By using eq. 5-24 rather than strain compatibility, the calculations become: 

I" - 2 o( _ 0.28 2.75 X 270 ) - 25 4 ksi 
Jps - 7 1 0.67524 X 24.8 X 7.5 - 1. 

2.75 X 251.4 . 
wp = 8 5 = 0.155 < 0.36~1 = 0.243, not overretnforced 

24 X 24. X 7. 

2.75 X 251.4 . . 
a = 0.85 X 7.5 X 24 = 4.52 tn. < 5.00 tn. 

Mn = 2.75 7225 1.4 (24.8 - 4.;2) = 1298.6 k-ft. 

The basic principle of strain compatibility can be developed for a rectangular 
beam having both prestressed and nonprestressed tensile reinforcement with the 
same methods used in developing the relationship for beams having only 
prestressed tensile reinforcement. Equilibrium requires that the tensile and 
compressive forces at a section to be equal in magnitude and opposite in direc­
tion, or T = C, which can be expanded to: 

: (Ash) + Aps/ps = 0.85f;~lbkudp 
p 

in which As and /y are the area and stress at yield for the nonprestressed 
reinforcement located below the neutral axis at a depth d from the compression 
flange. It should be noted that the above relationship is valid only if the strain 
in the nonprestressed reinforcement equals or exceeds 0.0014 and 0.0021 for 
Grades 40 and 60 reinforcement, respectively. Note that multiplying the term 
As/y by the ratio of the effective depths of the nonprestressed and prestressed 
reinforcements, d / dp , converts the effect of the nonprestressed reinforcement 
into an equivalent amount of nonprestressed reinforcement acting at a distance 
dp from the extreme compression fiber. The above relationship can be rearranged 
to: 
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or the equivalent relationship: 

/, = 0.85f~(3lku _ d(As/y) 
ps Pp dpAps 

By substituting eq. 5-7 for ku, one obtains the general equation for a rectangular 
beam having both prestressed and nonprestressed reinforcement in the tensile 
flange: 

~ _ 0.85f~(31 Eu 
Jps - X ----=----

Pp Eu + Eps - Ese - Eee dpAps 
(5-48) 

The strain-compatibility principle can be extended to include sections with 
compression reinforcement by adding the compressive force carried by the 
compression reinforcement to the equilibrium equation. The result is: 

: (AJ;,) + Aps/ps = 0.85f~(3lbkudp + A;f; 
p 

By rearranging this relationship in a manner similar to what was done above in 
developing the relationship for nonprestressed tensile reinforcement, one 
obtains: 

(5-49) 

ILLUSTRATIVE PROBLEM 5-6 For the beam of I.P. 5-5, compute the nominal 
moment capacity of the beam if the area of the Grade 270 prestressed reinforce­
ment is 2.00 sq. in., and, in addition to the prestressed reinforcement, the beam 
is provided with nonprestressed reinforcement having a yield strength of 60.0 
ksi and an area of 3.00 sq. in., located with its center of gravity 4.50 in. from 
the soffit. 

SOLUTION: The values needed for eq. 5-48 are: 

2.00 
Pp = 24 x 24.8 = 0.00336 

!. = -320,000 (1 + ~) + 88.0 x 12,000 x 9.50 = _ 94 . 
e 415.8 11.24 44,386 11 pSI 

Eu = 0.003 

320,000 
Ese = 28,000,000 x 2.00 = 0.0057 

-1194 
Eee = 5,000,000 = -0.00024 



196 I MODERN PRESTRESSED CONCRETE 

Using eq. 5-48: 

" _ 0.85(0.65)(7.5) _____ 0_.00_3 ___ _ 
Jps - X 

0.00336 0.003 + f.ps - 0.0057 - 0.00024 

25.5 (3.0)( 60) 

24.8x 2.00 

3.700 
!"s == eps _ 0.00294 - 92.54 

Solving the above relationship with that for the Grade 270 prestressing strand 
from Fig. 5-8 gives f.ps == 0.013904 and!"s == 257.87, from which the tensile 
force, T, ku, and a are determined to be: 

T == 3.0 X 60 + 257.87 X 2.00 == 695.74 k 

0.003 
ku == 0.013904 _ 0.00294 == 0.274 

a == 0.675 x 0.274 x 24.8 == 4.59 in. 

The concrete compressive stress is: 

695.74 . I 

Ie == == 6.32 kSI < 0.851e 
4.59 X 24 

The nominal moment capacity of the section is: 

180 ( 4.59) 516 ( 4.59) Mn == 12 25.5 - -2- + 12 24.8 - -2- == 1316 k-ft 

Using eq. 5-34: 

w == 3.00 x 60 == 0.0392 
24 x 25.5 x 7.5 

w' == 0 

Pp == 0.00336 

"= (1 _ 0.28 [0.0336 x 270 + 25.5 x 0.0392 l) 
Jps 270 0.675 7.5 24.8 

== 251.9 ksi 

The tensile forces carried by the nonprestressed and prestressed steel areas are 
180 and 504 kips, respectively, the depth of the compression block is computed 
as: 
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= 180 + 504 = 4 47 'n 
a 0.85 X 7.5 X 24 . 1. 

and the nominal moment capacity is: 

M = - 25 5 - - + - 24.8 - - = 1296 k-ft 180 ( 4.47) 504 ( 4.47) 
n 12 . 2 12 2 

ILLUSTRATIVE PROBLEM 5-7 Compute the nominal moment capacity of the 
T -shaped beam having nonprestressed tension and compression reinforcement 
in addition to prestressed reinforcement, as shown in Fig. 5-22. Use the approx­
imation given in ACI 318 for the stress in the prestressing steel when loaded to 
its moment capacity. The dimensions of the section are given in the figure. The 
properties of the materials are given in the following summary: 

f~ = 4000 psi 

/pu = 270 ksi 

/py = 229.5 ksi 

/y = 60 ksi 

f; = 60 ksi 

The parameters needed are computed as follows: 

3.5 
Pp = 60 X 27.75 = 0.00210 

w = 4.0 X 60 = 0.03333 
60 X 30 x 4.0 

1.0 x 60 
w' = 60 x 30 x 4.0 = 0.00833 

/py = 229.5 = 0.85 
/Pu 270.0 

{3\ = 0.85 

Note that from eq. 5-45 for/y = 60 ksi, 0.132 x 27.75 = 3.66 in. > d' = 
1.50 in.; hence, compression reinforcement will be effective. 
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b = 60.0 in. (flange w'idth) 
bw = 16.0 in. (web width) 

h = 32.5 in. (overall height) 
dp = 27.75 in. (depth toAps) 
d = 30.0 in. (depth to A,) 

d' = 1.5 in. (depth toA~) 
hf = 4.5 in. (flange thickness) 

60" 

/1.00 sq. in . 

I .r 

o sq. in., 

""'" 
As = 4.00 sq. In. "" 

f~ = 4.0 ksi 
fpu = 270 ksi 
/py = 229.5 ksi 
fy = 60 ksi 
A, = 4.00 in.2 

A~ = 1.00 in.2 

'in 
" ,...: 
N 

" 0 in 0 N CO) 
CO) 

Fig. 5-22. Cross section of T-beam having compression reinforcement. 

Using eq. 5-34: 

( 0.40 [ 270 30 ]) 
/ps = 270 1 - 0.85 (0.00210) 4.0 + 27.75 (0.025) = 248.6 ksi 

d 
wp + d (w - w') = 0.158 < 0.36131 = 0.306 

p 

T = 3.5 X 248.6 + 4.0 X 60 = 870.1 + 240 = 1110.1 k 

Considering the section to be rectangular-that is, the compression block cannot 
extend below the thickness of the flange (4.50 in. )-the maximum compressive 
force is: 

C = 0.85 X 4.0 x 60.0 x 4.50 + 1.0 x 60 = 918.0 + 60.0 = 978.0 k 

Because T > Cmax, the member must be analyzed as a flanged section. The 
compressive force that must be resisted by the web of the beam is determined 
by subtracting the maximum allowable compressive force that can be imposed 
on the overhanging flanges of the member from the tensile force, T, that can be 
developed by the tensile reinforcement. This computation is done as follows: 

Apw/ps = 1110.1 - 0.85 x 4.0(60.0 - 16.0)4.5 - 1.0 x 60 

= 1110.1 - 673.2 - 60 = 376.9 k 
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and: 

376.9 
wpw = -16-X-2-7-.-75-x-4-.-0 = 0.2122 

d 
wpw + d (w - w') = 0.239 < 0.36{3] = 0.306 

p 

Using eq. 5-37, modified to include compression reinforcement (see eq. 5-41): 

376.9 . 
a = = 6.93 m. 

0.85 X 4.0x 16.0 

376.9 240 
Mn = ----u- (27.75 - 6.93/2) + 12 (30.0 - 27.75) 

673.2 60 
+ ----u- {27.75 - 2.25} + 12 {27.75 - 1.50} 

= 762.3 + 45.0 + 1430.6 + 131.3 = 2369.2 k-ft 

5-5 Design Moment Strength Code Provisions for Members with 
Unbonded Tendons 

The design moment strength provisions in ACI 318 that may be used for 
members prestressed with unbonded tendons if an analysis based upon strain 
compatibility is not performed, as is the case for members with bonded tendons, 
are restricted to use in members where/ps is not less than 0.5/pu. 

For members prestressed with unbonded prestressing tendons that have span­
to-depth ratios of 35 or less, the value of /ps permitted is: 

f; 
/Ps = Ise + 10,000 + 100p

p 
(5-50) 

but /ps in eq. 5-50 may not be taken greater than /py or (Ise + 60,000). For 
span-to-depth ratios greater than 35, the value of /Ps permitted is: 

f; 
/Ps =Ise + 10,000 + 300p

p 
{5-51} 

with the value not to exceed/py or (Ise + 30,000). In eqs. 5-50 and 5-51,/ps' 
Ise, and f; are in psi. When information is available for determining a more 
accurate value of/ps' it may be used. Similarly to eq. 5-34, eqs. 5-50 and 5-51 
are limited for use in applications where Ise is not less than 0.5/pu' 

The relationships given in eqs. 5-42 through 5-44 for determining if members 
are to be analyzed as under- or overreinforced are also applicable to members 
with unbonded tendons. Members with unbonded tendons, in general, must be 
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able to develop factored loads equal to or greater than 1.2 times the cracking 
load with the modulus of rupture equal to 7.5..ffc, as with bonded members. 
Flexural members having flexural and shear strengths at least twice the minimum 
values required by Sec. 9.2 of ACI 318 are exempt from the minimum cracking 
load requirements. 

Unbonded members lacking bonded, nonprestressed reinforcement could be 
subject to sudden brittle failure. For this reason, except as provided in Sec. 
18.9.3.2 of the UBC, which applies to the }X!sitive moment areas of two-way 
flat plates having tensile stresses less than 2..ffc, the code requires a minimum 
amount of nonprestressed reinforcement in the tensile zone of members stressed 
with unbonded tendons. The minimum amount of bonded reinforcing, As, except 
for two-way flat plates (solid slabs of uniform thickness), is specified to be: 

As = O.OO4A (5-52) 

in which A is the area of the concrete section between the flexural tension face 
and the center of gravity of the gross section. The reinforcing must be placed 
as close as possible to the extreme tension fiber and uniformly distributed. It is 
required regardless of the stresses existing in the member under service loads. 

It is interesting to note that Sec. 2618(j)B of the Uniform Building Code 
requires that one-way post-tensioned beams and slabs having unbonded 
reinforcement be designed to carry the dead load plus 25 percent of the unre­
duced superimposed live load tributary to the member by some method other 
than the unbonded post-tensioned reinforcement. (See the UBC for the complete 
requirements.) This provision applies to the design moment strength based upon 
load and strength reduction factors of unity (see Sec. 5-6). Compliance with 
this requirement normally is achieved through the provision of nonprestressed 
reinfoI"C<ement detailed to comply with all requirements of the UBC (i.e., devel­
opment lengths, minimum embedments, etc.). This provision is not included in 
the ACI 318 requirements. 

In the case of flat plates, no bonded reinforcement is required in areas of 
positive moment when the concrete tensile stresses do not exceed 2 ..ffc after all 
losses. If the tensile stress does exceed 2 ..ffc, the minimum area of bonded steel 
is: 

A =~ 
s O.5/y 

(5-53) 

in which/y cannot exceed 60,000 psi, and Nc is the tensile force in the concrete 
under the sum of the service dead and live loads. Again, the steel must be 
uniformly distributed over the section and as close as practicable to the tension 
fiber. In areas of negative moment, the minimum amount of bonded reinforce­
ment required in each direction is: 

As = O.00075hl (5-54 ) 
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in which I is the length of the span in the direction parallel to the reinforcement 
being considered, and h is thickness of the member. The bonded reinforcing is 
to be placed in a width not exceeding the width of the supporting column plus 
3h, the maximum spacing of the bars is 12 in., and there must be at least four 
bars or wires in each direction. The code contains other provisions for deter­
mining the minimum lengths of the reinforcement (UBC 1988). 

ILLUSTRATIVE PROBLEM 5-8 Compute the nominal moment capacity for the 
member shown in Fig. 5-23. The member is stressed with an unbonded tendon, 
fse = 144 ksi, /py = 240 ksi, /py = 192 ksi, f~ = 6.0 ksi, and the span is 40.0 
ft. Use the provisions of ACI 318 for/ps and the method proposed by Pannell. 

SOLUTION: 

L 40.0 
Span-depth ratio = - = - = 16 

d 2.5 

and the ratio of the effective stress to the ultimate tensile strength is: 

I 
~ 

II 
;>; oC> 

fse = 144 = 0.60 > 0.50 
/Pu 240 

1'·0" 1'·0" 

I &, 

I ----'-:::::=~ 
/ 

I ~ 
6" 

..... 

~ 
-- ~ Y;> 

I ;.... 
N 

Aps = 3.20 in.2., 

\1 
b 

en 
N 
Lri 1 

lOW' lOW' 
I I 

I = 44,670 in. 4 Ec= 4 X 106 psi 

Fig. 5-23. Cross section of beam used in I.P. 5-8. 
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Hence, the use of eq. 5-50 is appropriate for the analysis in conformance with 
A CI 318. The steel ratio is: 

3.20 
Pp = 2 2 = 0.00538 4 x 4.8 

and: 

6.0 
/ps = 144 + 10 + 100 x 0.00538 165 ksi 

This value of /ps < /pu = 192 ksi < fse + 60 = 204 ksi. 

Aps/ps = 3.20 x 165 = 528 kips 

528 
a = 0.85 x 6 X 24 = 4.31 in. 

M = 528{24.8 - 2.16) = 996k-ft 
n 12 

Using Pannell's method: 

Pp = 0.00538 

0.00538 X 144 
qe = 6 = 0.129 

A = 106 X 0.00538 X 2.5 = 0.056 
6000 X 40.0 

= 0.129 + 0.056 = 0.170 
qu 1 + 0.0895 

M = 0.170{1 - 0.80 X 0.170)6 X 24 X 24.82 1084 k-ft 
n 12 

5-6 Strength Reduction and Load Factors 

The relationships given in Sees. 5-2 through 5-5 were provided for use in 
computing the nominal design moment in prestressed concrete flexural members. 
The nominal design moment is the flexural strength one would expect if the 
equations used in the calculations were accurate, the materials used in the 
construction had the stress and strain properties assumed in the calculations, 
and the members were constructed with dimensions equal to those assumed in 
the calculations. These conditions do not exist consistently in practice; so a 
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strength reduction factor, </1, is used to reduce the nominal strengths calculated 
with the equations given previously in this chapter. The product of the strength 
reduction factor and the nominal strength is referred to as the reduced nominal 
strength. The reduced nominal strength must equal or exceed the required 
strengths (sometimes referred to as the factored strengths or minimum strengths) 
mandated by the applicable code or standard being used as the design criterion. 
The six different relationships for required strengths are specified in Chapter 9 
of ACI 318. The basic relationship is: 

U = I.4D + 1.7L (5-55) 

in which U is the required strength needed to resist the factored loads or related 
internal moments and forces, D is the dead loads or related internal moments 
and forces, and L is the live loads or related external moments and forces. The 
numerical factors, 1.4 and 1.7, are commonly referred to as load factors. The 
other relations for the required strength contained in Chapter 9 of ACI 318 are 
applicable to members subject to loads from wind, earthquake, earth pressure, 
fluids, impact, differential settlement of supports, concrete creep, concrete 
shrinkage, and temperature change. 

The strength reduction factors given in ACI 318 for flexure and shear are 
0.90 and 0.85, respectively. The factor for shear is lower than that for flexure 
in view of the more brittle (less ductile) nature of shear failures as compared to 
flexural failures of underreinforced members. 

Hence, when one is applying the flexural strength relationships given in this 
chapter in actual design, the nominal moment capacity, Mn , is to be multiplied 
by the strength reduction factor, </1, and the product (i.e. the reduced nominal 
flexural strength) is to be compared to the required flexural strength, Mu (i.e., 
the minimum factored flexural strength permitted by the criteria being used). 
This relation can be expressed as: 

(5-56 ) 

where Md is the service load moment due to dead load and M, is the service 
load moment due to live load. If </1Mn is less than the required strength, Mu, 
adjustments must be made in the design in order to increase the reduced nominal 
flexural strength to equal or exceed the minimum required. 

The codes and standards of some countries use an approach somewhat 
different from the one used in ACI 318 to ensure that adequate strength is 
provided. For example, the Canadian Standards Association building standard 
provides for the use of various strength reduction factors for the different 
materials commonly used in reinforced concrete construction (CSA 1984). The 
strength reductions factors for concrete, prestressed reinforcement, nonpre­
stressed reinforcement, and structural steel are 0.60, 0.90, 0.85, and 0.90, 
respectively. These strength reduction factors (referred to as "resistance 
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factors" in the CSA document), are used with load factors that are different and 
somewhat lower than those required by ACI 318. For example, the basic load­
combination equation for strength contained in the CSA document is: 

(5-57) 

in which aD, au aQ' and aT are load factors for dead load, live load, wind or 
earthquake, and the cumulative effects of temperature, creep, shrinkage, and 
differential settlement, respectively; 'Y is an importance factor; and if; is a load­
combination factor. The values of the load factors for dead, live, wind/earth­
quake, and "T-Ioads" are 1.25 (except that when dead load is resisting 
overturning, uplift, or stress reversal, the dead load factor is 0.85), 1.50, 1.50, 
and 1.25, respectively. The importance factor normally is not to be taken to be 
less than 1.0, and has a minimum value of 0.8 for unimportant structures not 
likely to cause injury or other serious consequences in the event of collapse. 
The load combination factor, if;, is to be taken as 1.0 when only one of the loads 
L, Q, or T is included in eq. 5-57. If two of the loads L, Q, or T are included 
in eq. 5-57, the load combination factor is 0.70, and if all three loads are 
included, the factor becomes 0.60. The load combination for service load checks 
(i.e., cracking and deflection) is: 

D + if;(L + Q + T) (5-58) 

in which the terms are as defined above. 
The above discussion of the provisions of the Canadian standard is not 

complete and is given here only to illustrate the difference between the ACI 318 
approach to safety and those used in other countries. The reader should consult 
and use the complete CSA document if any of its provisions are to be used; it 
normally is considered risky to use only portions of a code or a standard. 
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PROBLEMS 

1. Determine ultimate moment capacity for the double-tee slab of Problem 1 
of Chapter 4 using eq. 5-34for!ps' AssumethatAps = 0.171 in.2,.t;,u = 270 
ksi, the strand is low-relaxation, and!; = 5000 psi. 

SOLUTION: 

Pp 
0.171 

48 x 12 = 0.000297, 'Yp = 0.28, (31 0.80 

270(1 
0.35 x 0.000279 X 270) 

5 = 268.5 ksi 

J;,s 
Pp !; 0.0159 < 0.80 X 0.36 

0.171 X 268.5 

0.288 

a = = 0.225 in. < 2.00 in. 
0.85 x 48 x 5 

and the member can be analyzed as a rectangular section. 
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_ 0.90 x 0.171 x 268.5 [ 0.225] _ 
f/>Mn - 12 12.00 - 2 - 40.93 k-ft 

The design load (factored) for the simple span of 24 ft that will result in the 
moment of 40.93 k-ft is 568.5 plf. Assuming all the superimposed service load 
to be live load, its maximum permitted value would be: 

Wll = 568.5 - 1.4 X 187.5 = 180 plf 
1.7 

This should be compared to the allowable loads as controlled by stresses at 
service load, computed in Problem 1, Chapter 4. If the modulus of rupture of 
the concrete is 7.5 .J 5000 = + 530 psi and the bottom fiber compressive stress 
due to the final prestressing force is - 863 psi as calculated in Problem 1 of 
Chapter 4, the cracking moment for the slab is: 

= (530 + 863)2860 = 3320 k-ft 
MCR 12000 X 10 . 

and the full reduced moment capacity of the section can be utilized because: 

f/>Mn = 40.83 > 1.20 X 33.20 = 39.84 k-ft 

2. If the double-tee slab analyzed in Problem 1 had a concrete strength of 6500 
psi, determine what steps would be necessary to fully utilize the flexural 
capacity of the member. 

SOLUTION: 

fl) = 0.725 

I' _ 0 [ _ 0.386 X 0.000297 X 270] - 6 . 
Jps - 27 1 6.5 - 2 8.7 kSl 

268.7 X 0.171 . 
a = 0.85 X 48 X 6.5 = 0.173 In. 

_ 0.90 X 0.171 X 268.7 [ 0.173] _ 06 ft 
f/>Mn - 12 12 - 2 - 41. k-

By using a modulus of rupture of 605 psi, the minimum reduced flexural strength 
computation becomes: 

1.2(605 + 863)2860 
1.2McR = 12000 X 10 = 41.98 k-ft > 41.06 k-ft 

The flexural strength is 2.2 % less than the minimum required to conform to the 
cracking moment limitation of the code. One option is to increase the flexural 
strength by adding nonprestressed flexural reinforcement. Another would be to 
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increase the quantity of prestressed reinforcement. With Grade 40 nonpre­
stressed reinforcement, the amount required would be approximately: 

0.022 x 268.7 x 0.171 . 2 
As = 40 = 0.25 lD. 

The provision of a number 3 bar in each leg in addition to the prestressing would 
result in the following (using d = 12.5 in. for the nonprestressed reinforce­
ment): 

( [ 0.000297 x 270 12.5 ( 0.22 )]) 
J;,s = 270 1 - 0.386 6.5 + 12 48 x 12.5 X 6.5 

= 268.7 ksi 

and: 

0.171 X 268.7 X 0.22 X 40 . 
a = 0 5 6 48 = 0.206 lD . . 8 X .5 X 

and: 

_ 090(0.171 X 268.7 ( 2 _ 0.206) 0.22 X 40 ( _ 0.206) 
¢MCR - . 12 1 2 + 12 12.5 2 

= 49.18 k-ft > 1.2McR = 41.98 k-ft 

3. Analyze the double-tee beam of Problem 1 for ultimate moment capacity 
under conditions oft; = 5000 psi and the tendon being unbonded. Assume 
that the effective prestress is equal to 80 percent of the ~I'nitial prestress of 
16,100 lb per tendon. 

0.80 X 2 X 16,100 . 
Ise = 0 = 150.6 kSl 

.171 

= 0.171 = 0.000297 
Pp 48 X 12 

The span-to-depth ratio is: 

L 24 X 12 
- = = 20.6 
d 14 

Hence, eq. 5-50 should be used to determine J;,s. 

5000 
J;,s = 150,600 + 10,000 + 100 X 0.000297 

= 329,000 psi > J;,y 
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Use.!;,. = 150,600 + 60,000 = 210,600 psi :S '!;'Y' a = 0.176 in., and: 

_ 0.90 x 0.171 x 210.6 [ 2 _ 0.176J - 32 ft 
tjJMn - 12 1 2 - .17 k-

The cracking moment (from Problem 1) was shown to be 33.20 k-ft. Hence, 
nonprestressed reinforcement must be provided, or some other means must be 
used, to increase the moment capacity of the section to not less than 1.20 x 
33.20 = 39.84 k-ft. The flexural strength of the member must be increased 
approximately 24 percent, or the permissible service loads must be restricted to 
a level that provides twice the load factors permitted in Sec. 9.2 of ACI 318. 
4. The double-tee beam shown in Fig. 5-24 is to be used on a span of 40 ft 

with an overhang of 8 ft at one end. If the member is prestressed with bonded 
stress-relieved strand tendons having an area of 0.58 sq in., an effective 
prestress of 90,000 lb, and.!;,u = 270.0 ksi, determine the adequacy of the 
member from the standpoint of negative moment flexural strength. The 
tendons are located 2.50 in. from the top of the member andn = 5000 psi. 
For the double-tee section, A = 187.5 in.2 , I = 4256 in.4, Y, = 5.17 in., 
and Yb = 10.83 in. 

SOLUTION: 

For negative moment the ratio of the prestressed reinforcement is: 

0.58 
Pp = 5.25 x 13.5 = 0.00818 

The stress in the prestressed reinforcement at design strength is: 

( 0.5 x 0.00818 x 270) 
.!;,. = 270 1 - 5 = 210.34 ksi 

48" 
"111f2" 

I 

~ 

~ 
~ 5112 
Typ. 

\ 

j 

2%" Typ. 

Fig. 5-24. Double-tee slab. 
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. 

\0 ~ .. .q- .... .... 
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The index of the prestressed reinforcement is: 

210.34 X 0.00818 
wp = 5 = 0.344 > 0.3613\ = 0.288 

and the section is overreinforced. The flexural strength is computed, using eq. 
5-46, as: 

0.90 x 5 x 5.25 X 13.52 

cpMn = 12 (0.288 - 0.08 x 0.802 ) = 85.0 k-ft 

The compressive stress in the top fiber due to the effective prestress of 90,000 
lb is computed as follows: 

-90,000 (-2.67) . 
f, = 187.5 1 + -4.39 - 772 pSI 

and the cracking moment is: 

(772 + 530)823 
MCR = = 89.3 k-ft 

12,000 

and 1.2McR = 107.2 k-ft. In this case the cracking moment is greater than 
reduced nominal flexural capacity, and if flexural failure were to occur, it would 
be expected to be sudden and complete. The flexural strength is limited by the 
compressive strength of the section, as is the case in overreinforced concrete 
sections; and because of the narrow width of the bottoms of the stems of the 
double-tee beam, providing tied compression reinforcement in the stems to 
increase the compressive strength is Dot a feasible alternative. 

The reduced flexural strength of 85.0 k-ft amounts to a uniformly distributed 
loading, over the 8 ft length of the overhanging ends, of 2.66 kif or 0.66 ksf. 
Assuming that the superimposed load is primarily live load, for which the load 
factor is 1.7, by using two times the normal load factor the total load that could 
be applied if the cracking moment were controlling rather than the flexural 
strength would be approximately 0.66/2 x 1.7 = 194 psf. The only feasible 
way of increasing the flexural capacity of the section if used as a prestressed 
member with the dimensions given in this analysis is to increase the compres­
sive strength of the concrete so that the cracking moment will control. Alter­
natively, either the eccentricity or the amount of the prestressing reinforcement 
could be reduced and thereby cause the cracking moment to control, or the 
prestressing in the overhanging section could be eliminated and the negative 
moment areas could be designed as nonprestressed reinforced concrete. 
5. Investigate the double-tee beam of Problem 4, under the identical conditions 

given there, if the tendons are unbonded rather than bonded. 
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SOLUTION: 

The span-depth ratio for the cantilever is equal to 12 if the actual length of 
the overhanging end is used as the span length, and 24 if two times the span 
length is used (because it is not a simple span). In either case, eq. 5-50 should 
be used in determining the stress in the prestressed reinforcement for the strength 
analysis. The value found from eq. 5-50 is 171 ksi, which is less than the 
effective prestressing stress plus 60 ksi (215 ksi) and less than the minimum 
specified yield stress (243 ksi). The value of the prestressed reinforcement index 
is 0.28; hence, the member is underreinforced. The reduced nominal moment 
capacity is: 

_ 0.90 x 171 x 0.58 [ 4.44J _ 
cpMn - 12 13.5 - 2 - 83.89 k-ft 

The moment capacity is less than 120 % of the cracking moment ( 107.2 k -ft ), 
and the member does not conform to the code requirements. Addition of flexural 
tensile reinforcement will not correct the situation because additional reinforce­
ment will result in the member becoming overreinforced. 
6. Two identical one-story buildings, having the dimensions shown in Fig. 

5-25, are composed of a continuous post-tensioned roof slab that is 6 in. 
thick supported on concrete bearing walls. One building has bonded tendons; 
the other does not. The roof slab is prestressed with stress-relieved strand 
tendons placed on parabolic paths, as shown in Fig. 5-26. The effective 
stress in the tendons is 15.0 kips per foot of width. The tendons have an 
area of 0.11 sq. in.jft, and~u = 270 ksi. If a catastrophic accident caused 
a downward load of 950 psf to act along the full length and width of one of 
the 4-ft-wide overhangs of the structure, determine its effect on each of the 
buildings. If the catastrophic accident caused a downward load of 1200 psf 
on the overhang, determine its effect on the structures with each type of 
tendons. Assume f; = 4500 psi. 

4 at 20' = 80' 
4'-~-+E---------=':""':"---'------~H-4' 

Fig. 5-25. Elevation of single-story building having a 6 in. one-way slab roof supported 
by bearing walls, used in Problem 6. 
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1 y," Typical all supports 

1 y," Typical all spans 

Fig. 5-26. Tendon layout for 6 in. slab roof for building in Problem 6. 

SOLUTION: 

Bonded tendons: 

Pp = 12 0~1 ~.5 = 0.00204 /ps = 253.3 ksi 

w = 0.115 cpMn = 8.78 k-ft/ft 

-15,000 (-1.5) . It = 72 1 + -1.0 = -521 pSI 

MCR = (503 + 521 )72 = 6.14 k-ft/ft 
12,000 

1.2McR = 7.37 k-ft/ft < 8.78 k-ft/ft ok. 

Unbonded tendons: 

Span 20 x 12 
--= =40 
Depth 6 

:. Use eq. 5-51. 

4.5 
/ps = 136 + 10 + 300 0 = 153.4 ksi x .00204 

Use/ps = 153.4 < 136 + 60 = 166 < /py 

cpMn = 5.46 k-ft/ft 

1.2McR = 7.37 k-ft/ft > 5.46 k-ft/ft NG. 

6" 

Nonprestressed reinforcing must be added to the slab with unbonded tendons to 
increase the moment to 7.37 k-ft/ft. 

12(7.37 - 5.46) _ . 2/ 
As == 60 X 4.5 - 0.085 In. ft 
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Use No.4 bars at 28 in. on centers, As = 0.086 in. 2/ ft. For 950 plf, M = 7.60 
k-ft/ft, and for 1200 plf, M = 9.60 k-ft/ft. 

CONCLUSIONS: For the load of 950 plf the moment in the overhang due to the 
applied load, exceeds the moment capacity of the slab having unbonded tendons 
(7.37 k-ft/ft). The slab overhang would be expected to break off and release 
the prestress in the tendons. Without the prestress in the tendons, the slab in 
the interior spans would be expected to collapse because of its own dead load. 
The moment due to the load of 950 plf would not cause the overhang to fail in 
the slab with bonded tendons. 

For the load of 1200 psf, the overhang on the building with bonded tendons 
would fail. The roof would not collapse, however, because the stress in the 
bonded tendons would not be released by the failure of the overhang. 



6 Flexural-Shear 
Strength, T orsiona I 
Strength, and 
Bond of 
Prestressed 
Reinforcement 

6-1 Introduction 

The topics of flexural-shear strength and bond of prestressed reinforcement are 
closely associated with flexural strength design. For a flexural member to 
perform as intended, it must not fail in bending, flexural shear, or torsional 
shear, or because of inadequate bond ofthe reinforcement. Torsion is not neces­
sarily related to flexure, but it is included in this chapter because it frequently 
occurs in flexural members, and reinforcement for torsional strength frequently 
is closely associated with reinforcement for flexural shear strength. 

6-2 Shear Consideration for Flexural Members 

Reinforced concrete members, when subjected to loads that cause significant 
flexural stresses, often develop cracks that originate in the extreme tensile fibers 
of the members in the vicinity of the larger bending moments. Cracks of this 
type normally are nearly vertical, are caused by flexural tensile stresses, and 
are considered to be relatively unimportant at relatively low loads or bending 
moments. As flexural cracking progresses with the application of load, the area 
over which the cracking occurs extends, and cracks farther away from the areas 

213 
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of highest bending moments tend to become flatter (i.e., less vertical). At higher 
loads (moments), the cracks extend in length, their ends nearest the compres­
sion flange assume a more horizontal path, and they become what are known 
as flexural-shear cracks (as opposed to simple flexural cracks). Flexural-shear 
cracks are potentially dangerous from the standpoint of complete collapse. In 
addition, members having prestressed reinforcement will, on occasion, develop 
web cracks that do not extend to the extreme fibers (tensile or compressive) in 
areas of low bending moment. The latter type of cracking, which is more likely 
to occur in flexural members having T-or I-shaped cross sections, (i.e., cross 
sections with thin webs), is caused by principal tensile stresses that exceed the 
tensile strength of the concrete; they normally originate near the centroidal axis 
of the cross section of the member. 

The existence of shear cracks of these two types mayor may not be precur­
sors of catastrophic collapse of a flexural member; but, because" shear failures" 
that originate from these types of cracking can occur suddenly and with little 
warning, prudent engineers generally provide reinforcement (shear reinforce­
ment) when the conditions of a design indicate reinforcement may be needed 
to ensure that the flexural shear strength of a member equals or exceeds its 
flexural bending strength. 

The two types of flexural shear cracking currently are recognized in one way 
or another in all contemporary design standards for concrete flexural members 
having prestressed and nonprestressed reinforcement. Illustrated in Fig. 6-1, 
they are further described as follows: 

Type I Cracking. This is the type of cracking associated with flexural 
cracking. Some authorities believe that for this type of crack to adversely affect 
the capacity of a member, it must extend in such a manner that the horizontal 
projection of the crack has a length approximately equal to the depth of the 

p p 

Type I crack Type I crack 

Type II crack J 
----L 

Fig. 6-1. Illustration of flexural cracks and Types I and II shear cracks. 
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member. For this reason, some researchers believe that a Type I crack located 
at a distance equal to the depth of the member away (in the direction of lesser 
moment) from a section being investigated for flexural shear strength can be the 
source of a critical flexural shear crack (PCA 1963). In addition, principal tensile 
stresses along a potential Type I crack may be aggravated by flexural cracks 
that occur in the vicinity of the potential Type I crack; and, because principal 
tensile stresses normally are maximum at the centroidal axis of a beam (can be 
taken to be approximately at the middepth of the beam), a flexural crack at one­
half the beam depth from a section under consideration can be considered a 
potential cause for a Type I crack. Shear cracking in members having nonpre­
stressed and prestressed reinforcement most commonly results in Type I cracks. 
The cracks begin as flexural cracks extending approximately vertically into the 
beam. When a critical combination of flexural and shear stresses develops near 
the top of a flexural crack, the crack becomes more inclined, and the potential 
for failure is enhanced. 

Type II Cracking. This type of cracking, which is associated with principal 
tensile stresses in areas where there are no flexural cracks, originates in the web 
of the member near the centroidal axis, where shear and thus principal tensile 
stresses are the greatest. With an increase in loading, they extend towards the 
flanges (PCA 1963). Type II cracking is fairly unusual. It may appear near the 
supports of highly prestressed simple beams that have thin webs, and it also 
may occur near the inflection points and bar cutoff points of continuous, 
reinforced-concrete members subjected to axial tension (MacGregor and Hanson 
1969). 

In view of the above distinctions, it should be apparent that in designing 
flexural members for the effects of shear stresses, one must consider each type 
of cracking and determine the amount of reinforcing that is required to negate 
the adverse effects of each type. Some members must be designed for movable 
live loads, variable spacings between the live loads, and variable conditions of 
loading (as functions of span lengths, continuity, etc.); so designing for the 
different types of "shear cracking" can be confusing. A good understanding of 
the fundamental differences between the types of cracking can help one to gain 
confidence and proficiency in flexural shear design. The reader will find inter­
esting discussions of the classical theories related to the shear strength of 
reinforced and prestressed concrete members in the references listed at the end 
of this chapter. 

In some parts of the world, it has been customary to assume that once a crack 
has formed in a reinforced concrete flexural member, whether reinforced for 
flexure with prestressed or with nonprestressed reinforcement, the total shear 
force must be carried by shear-reinforcing steel without any of the shear force 
being resisted by the uncracked portion of the concrete section. On the other 
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hand, it has been traditional in U.S. practice to assume that a portion of the 
shear force is carried by the concrete section, with shear reinforcing needed 
only for the shear forces that are in excess of those the concrete can safely resist 
itself. Hence, shear design criteria commonly used in the United States have 
been formed with two purposes: to establish the amount of shear force the 
concrete can carry alone and to determine the amount of shear reinforcing 
required to carry the shear force, if any, in excess of that which the concrete 
can sustain itself. 

In recent years a new approach to the design for shear in reinforced concrete 
members has emerged from research work done in Canada (Mitchell and Collins 
1974). This theory was originally presented as the Compression Field Theory. 
More recently it has been modified to include the effects of tension stiffening, 
and the updated version is known as the Modified Compression Field Theory 
(Vecchio and Collins 1986). This theory is an extension of the truss analogy 
approach to the design of reinforced concrete flexural members originally 
proposed by Ritter and subsequently enhanced by Moersch (Ritter 1899; 
Moersch 1902). It recognizes the importance of reinforcement placed in each 
of the two orthogonal directions on the shear strength of reinforced concrete 
flexural members, as well as its effect on the inclination of shear cracks. The 
method has been used to explain the strength behavior of reinforced concrete 
flexural members, with and without prestressing, without relying upon the 
assumption that web cracks must occur at an angle of 45 0 from the centroidal 
axis of the member regardless of the amounts of longitudinal and transverse 
reinforcement. In its complete form, the method is relatively difficult to apply, 
especially to members that must be designed for many, variable combinations 
of loading; so it is probably most useful in research and the investigation of 
failures. It is interesting to note that simplified code provisions based upon the 
Compression Field Theory are included in the Canadian Standards Association 
publication Design of Concrete Structures for Buildings (CSA 1984), 

Another area in which U.S. practice in shear design differs from the practice 
in other parts of the world concerns the design in the support regions of beams, 
areas of beams subjected to concentrated loads, and portions of members having 
abrupt changes in cross section (corbels, haunches, daps, etc.) and discontin­
uities. A comprehensive treatment of this subject will be found in the paper 
"Toward a Consistent Design of Structural Concrete" (Schlaich, Schaefer, and 
Jennewein 1987), and a brief but enlightening treatment will be found in the 
Design of Concrete Structures for Buildings (CSA 1984). The areas in question 
are referred to as disturbed areas, and these areas are modeled as trusses for the 
purpose of determining the concrete compressive stresses in the diagonal struts, 
the tensile forces in the ties, and the stresses in the connections-the latter being 
termed nodal zones. Figure 6-2, which is based upon Fig. Dl3 in CSA 1984 
(see Appendix D), illustrates the components of the truss model and is used 
here to facilitate this discussion of the basic concept. Threaded ends of ties with 
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t 
O.85¢cf:nodal zone 
confined by compression 

Tension tie 

O.60¢cf; nodal zone with 
tension ties in two directions 

O.75¢cf; nodal zone with 
tension tie in one direction 

Note: Threaded ends of rods and nuts used to emphasize the need 
for anchoring the ends of tension elements in the nodal areas. 

Fig. 6-2. Model employed to illustrate the trusslike action of a reinforced concrete beam 
using the truss analogy (after CSA 1984). 

nuts are used to emphasize the need for anchoring the ends of tension elements 
in the nodal areas. The provisions contained Sec. 11.4.7, "Design of Regions 
Adjacent to Supports, Concentrated Loads, or Abrupt Changes in Cross 
Section," in CSA 1984 are discussed in detail in Sec. 6-5 of this chapter. 

6-3 Flexural Shear Design Provisions of ACI 318 

The flexural shear provisions for prestressed concrete members contained in 
ACI 318 include an approximate method that may used to determine the shear 
force that a concrete section can resist without transverse (shear) reinforcement. 
This relationship is: 

(6-1 ) 

The use of the approximate method is limited to members with an effective 
prestress equal to at least 40 percent of the strength of the tensile flexural 
reinforcement. In eq. 6-1, Vu and Mu are the total required (factored) design 
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shear force and moment applied at a section, respectively. When the approxi­
mate relationship is used, the limitations on Vc are: 

2Jlicbwd ~ Vc ~ 5Jlicbwd 

In addition, Vu d / M u ~ 1. The term d in eq. 6-1 is the distance from the extreme 
compression fiber to the centroid of the longitudinal tension reinforcement, and 
bw is the width of the web. 

When applied to simply supported spans subjected to uniformly applied loads 
alone, eq. 6-1 becomes: 

( 
r;;; dO - 2X)) 

VC = O.6";f~ + 700 x( I _ x) bwd ( 6-2) 

where I is the span length, and x is the distance from the support to the point 
under consideration. Equation 6-2 can be represented graphically in terms of 
unit stress, as shown in Fig. 6-3 (from ACI 318R 1983). 

The designer may elect to make a more detailed analysis for the shear design 
of prestressed concrete flexural members by determining the amount of shear 
reinforcing required to guard against failure as a result of Types I and II 
cracking. If this is done, two separate analyses are required because Type I 
cracking is a function of both moment and shear, whereas Type II cracking is 
not a function of moment. In the case of moving loads, maximum moment and 

500 

400 

I'.: 300 
psi 

200 

100 

a 

I f; = 5000 psi I 

3£ 
8 

Distance from Simple Support, x 

Fig. 6-3. Diagram showing the relationship of unit shear stress Vc as a function of the 
span length for a simple prestressed concrete beam supporting a uniformly 
distributed load. Reproduced with the permission of the American Concrete 
Institute. 
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maximum shear do not usually occur at anyone section under the same condi­
tion of loading; so more effort is required to make a complete analysis for 
members designed for moving loads than is needed in the case of a member 
subjected to nonmoving live loads. 

The shear force that can safely be carried by the concrete in areas subject to 
flexural cracking (Type I shear cracks) is computed by: 

in which: 

Vc = O.6J];bwd + Vd + ViMcr 
Mmax 

(6-3) 

Vd = The shear force due to service dead load (unfactored). The service 
dead load includes the self-weight of the member, cast-in-place slabs, 
cast-in-place toppings, and superimposed dead loads, whether acting 
compositely or noncompositely with the member 

Vi = Vu minus Vd 
Mmax = Mu less the moment due to service dead load (unfactored) from the 

self-weight of the member and all superimposed dead load moments 
(Mmax and V; are concomitant) 

bw = the width of the web 
d = the effective depth 

Mcr = the cracking moment 

In applying eq. 6-3, one must use the loading combination resulting in the 
greatest value of M max , not Vi' It is worth repeating that Vi is the shear force 
concomitant with Mmax and not necessarily the greatest design shear force at the 
section under consideration. (This fact has caused considerable difficulty among 
structural designers who have become accustomed to using the loading that 
causes the greatest shear force, rather than the loading that causes the greatest 
moment, when designing for shear.) 

The cracking moment is defined as: 

I 
Mcr = - (6J]; + h,e - fd) 

Yt 
(6-4 ) 

The equation for Mer is given as it appears in ACI 318;h,e andfd are both taken 
to be positive. In eq. 6-4, the terms are defined as follows: 

fd = Stress due to total service dead load, at the extreme fiber of a section 
at which tensile stresses are caused by applied load, psi 

h,e = Compressive stress in concrete due to prestress only after all losses, at 
the extreme fiber of a section at which tensile stresses are caused by 
applied loads, psi 

I = Moment of inertia of section resisting externally applied design loads, 
in.4 
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Yt = Distance from the centroidal axis of the gross section, neglecting the 
reinforcement, to the extreme fiber in tension, in. 

The limits for Vci are: 

1.7.Jflbwd ~ Vci ~ Vew 

Equation 6-5, which is discussed below, is used to compute Yew. 
The shear force that can be carried by the concrete in areas where Type II 

(principal tensile stress) cracking controls, rather than flexural-shear cracking, 
is given in ACI 318 to be as follows: 

Vew = (3.5.Jfl + O.3/pJbwd + Vp (6-5) 

In lieu of using eq. 6-5, Vew can be taken as the shear corresponding to a multiple 
of dead load plus live load, which results in a computed principal tensile stress 
of 4.Jfl at the centroidal axis of the member, or at the intersection of the flange 
and the web when the centroidal axis is located in the flange. 

The definitions of the terms in eq. 6-5 not previously defined are: 

bw = Web width, or diameter of circular section, in. 
d = Distance from extreme compression fiber to centroid of tension 

reinforcement, in. 
/pe = Compressive stress in the concrete, after all prestress losses have 

occurred, at the centroid of the cross section resisting the applied loads, 
or at the junction of the web and flange when the centroid lies in the 
flange, psi (In a composite member, /Pe will be the resultant compres­
sive stress at the centroid of the composite section, or at the junction 
of the web and flange when the centroid lies within the flange, due to 
both prestress and to the bending moments resisted by the precast 
member acting alone. The reduction in the effective prestressing force 
at a section, due to the length required to transfer the prestress to the 
concrete, must be taken into account when computing Vew in preten­
sioned members.) (See Sec. 6-6.) 

Vp = Vertical component of the effective prestress force at the section consid­
ered,lb 

At the option of the designer, in members that are prestressed in one direction 
only, eq. 6-6, which follows, may be used to determine the shear force or unit 
shear stress that will cause a principal tensile stress of 4 .Jfl: 

(6-6) 

If the member is provided with prestressing in two orthogonal directions, such 
as in a beam prestressed with vertical stirrups in addition to longitudinal 
prestressed reinforcement, the relationship for Vew becomes: 
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Vew = [.J(..f4fc + /pev)( 4..!if: + /pc) ]bwd + Vp (6-7) 

in which.t;,ev is the prestressing stress acting at 90 0 from/Pe. 
It should be noted that in the relationships given above in eqs. 6-1, 6-2, 

6-3, 6-4, and 6-5, it is assumed that the concrete is made of normal sand and 
gravel and does not contain lightweight concrete aggregates. A CI 318 provides 
that in lieu of ..!if:, 0.75..!if: be used if the concrete is made with lightweight 

sand and coarse aggregate ("all-lightweight concrete"), and 0.85..!if: be used 
if the concrete made with normal sand and lightweight coarse aggregates (" sand­
lightweight concrete"). In eqs. 6-6 and 6-7, the actual tensile strength of the 
concrete should be used in lieu of 4..!if: if it is known. 

In applying the above equations for Ve, Ve;, and Yew' d is to be taken as the 
depth from the extreme compression fiber to the centroid of the longitudinal 
tension reinforcement, or 0.8 times the overall thickness of the member, which­
ever is greater. 

The shear design at each section is to be based upon: 

(6-8) 

and: 

(6-9) 

Terms in eqs. 6-8 and 6-9 are: 

Ve = Nominal shear strength provided by the concrete; either that obtained 
from eq. 6-1 or the lesser of that obtained from eq. 6-3 or eq. 6-5. 

Vn = Nominal shear strength 
Vs = Nominal shear strength provided by shear (transverse) reinforcement 
Vu = Total design (factored) shear force at a section (Note that for use in 

computing Ve and Vew from eqs. 6-1 and 6-5, the value of Vu to be used 
in eq. 6-8 is the greatest value that occurs at the section. For use with 
Ve; from eq. 6-3, the value of Vu to be used in eq. 6-8 is a function of 
the shear force occurring from the load distribution causing maximum 
moment; this may not be the greatest shear force that can occur at the 
section.) 

q, = Capacity reduction factor, which for shear design is 0.85 
bw = Web width 
d = Depth from extreme compression fiber to the centroid of the longitu­

dinal tension reinforcement, but not less than 0.8 times the thickness 
of the member 

When the value of Vu is greater than q, Ve, shear reinforcement must be provided 
for the shear force in excess of the amount that the concrete can carry. For the 
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usual case of shear reinforcement placed perpendicular to the longitudinal 
reinforcement, the amount of shear force the reinforcement can sustain is: 

Av/yd 
V =--

s S 
(6-10) 

in which Av is the area of the shear reinforcement perpendicular to the flexural 
tension reinforcement within a distance s, and the other terms have been defined 
previously. Note that eq. 6-10 can be rewritten as: 

Vs Av/y 
-=v =-
bwd s bws 

(6-11) 

or: 

Vsbws AV=T ( 6-12) 

in which vs is the unit shear stress. 
Other provisions are contained in ACI 318 for the case of shear reinforcing 

that is not placed perpendicular to the longitudinal reinforcing. Reinforcing of 
this type rarely is used in prestressed concrete construction, and it is not 
discussed in this book. 

It should be noted that vertical stirrups normally are placed at a maximum 
spacing of O. 75 times the thickness of prestressed members, but when Vs exceeds 
4,Jflbw d, the maximum spacing permitted by ACI 318 is 0.375 times the thick­
ness. To guard against principal compression failures; the value of Vs is limited 
to 8.Jjf,bwd. 

It is interesting to note that the reduction of the shear force acting upon the 
section due to the vertical component of the prestressing is included in eq. 6-5 
but not in eq. 6-3. Tests of prestressed concrete members with and without 
inclined tendons have shown this to be appropriate. In designing for shear in 
prestressed member it also is appropriate to include the effects of variation of 
depth of the section (see below) and shear forces resulting from prestress-induced 
deformations in continuous members (see Chapter 10). 

Beams of variable depth and normal configuration have less shear force on 
their webs in areas where the compression flange is inclined to the gravity axis 
than would be revealed from a usual analysis of the flexural shear forces. The 
principle, known as the Resal effect, is illustrated in Fig. 6-4, in which a 
freebody diagram of a portion of a variable-depth continuous beam is shown. 
The portion of the beam shown is near the support, where both the shear force 
and the negative moment are large. If the angle of inclination of the bottom 
flange with respect to the gravity axis of the member is taken as a, and the 
force in the compression flange is designated as Cf , there is a vertical component 
of the force Cf equal to Cf sin a. This vertical component of the force acts in a 
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<t Pier 

~----------~----------------, • T 

Fig. 6-4. Freebody diagram of a portion of a bridge superstructure having variable 
depth. 

direction that reduces the shear force applied to the webs of the member. When 
this effect is applied in an analysis under design loads, the force should be 
determined on the basis of the design moment that is concomitant with the 
design shear force being considered. 

Minimum shear reinforcing provisions are contained in ACI 318 for 
prestressed concrete, as they are for reinforced concrete. Slabs, footings, and 
concrete joist construction are exempt from these requirements. The minimum 
amount of shear reinforcing is: 

A = 50bws 
u fy 

for reinforced or prestressed members not subject to significant 
moments (see ACI 318). For prestressed members, the relationship: 

Aps/Pus ~ 
Au = 801' d b 

'.Iy w 

(6-13) 

torsional 

(6-14) 

may be used if the effective prestress is at least 40 percent of the tensile strength 
of the flexural reinforcement. (As is discussed in Sec. 6-4, ACI 318 does not 
include specific requirements for prestressed concrete members subject to signif­
icant torsional moment.) 

For prestressed concrete flexural members having reactions that induce 
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compression into their end regions, ACI 318 permits the maximum shear force 
to be taken to be the shear force at a distance equal to one-half the thickness of 
the member, h /2, from the support. This recognizes the arch or truss action of 
the concrete in the vicinity of the support. For flexural members reinforced with 
nonprestressed reinforcement that have reactions that induce compression into 
their end regions, ACI 318 permits the maximum shear force to be taken as 
equal to the shear force at a distance of d (the effective depth of the reinforce­
ment) from the support. 

The end regions of flexural members having prestressed or nonprestressed 
reinforcement and reactions that do not induce compression in the end regions 
must be designed for the maximum calculated shear force. 

Punching shear stresses, as might be caused by a concentrated wheel load on 
a prestressed slab or by the supporting column on a flat plate structure, are a 
source of concern to the prestressed-concrete designer. Provisions are made for 
punching shear in concrete slabs and footings, reinforced with prestressed or 
nonprestressed reinforcement, in Sec. 11.11 of ACI 318. The design for shear 
stresses in the vicinity of the columns in flat plates and flat slabs involves a 
determination of shear stresses resulting from the vertical concentric load as 
well as from the moment that must be transferred between the column and the 
slab. The method used in that type of analysis is described in Sec. 13-13 ofthis 
book. 

The basic prestressed concrete shear provisions of the AASHTO specification 
(AASHTO 1989) are similar to those contained in ACI 318. It is interesting to 
note, however, that the AASHTO specifications permit the use of the shear 
design provisions of the 1979 Interim AASHTO Standard Specifications for 
Highway Bridges as an alternative to those contained in AASHTO 1989. 

It should be noted that the shear provisions for prestressed concrete described 
herein, and found in the commonly used U.S. design criteria and codes, are 
written in terms of force rather than unit stress. Before the publication of the 
1977 edition of ACI 318, U.S. design criteria and codes contained shear design 
provisions for reinforced and prestressed concrete members expressed in unit 
stress. The change to expressions of force made in the 1977 edition of ACI 318 
was done in the interest of having consistency of units throughout the code­
that is, having all of the code provisions (except those for the development of 
reinforcing) in terms of force. Unit stress relationships are more desirable than 
force terms for the designer because it is possible to memorize certain limiting 
unit stresses. It is not possible to memorize limiting forces because they are the 
product of unit stresses and dimensions of the cross section, and thus vary from 
member to member. For this reason, it is recommended the structural designer 
consider the use of unit shear stresses rather than shear forces in routine design 
work. The forces can be computed and shown at the completion of the calcu­
lations if necessary to demonstrate specific compliance with the applicable 
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building code. This approach is particularly useful in the evaluation of Type II 
shear cracking in prestressed concrete flexural members, as the maximum unit 
stress is the limiting factor for Type II cracking. (This is occasionally overlooked 
by designers who are not familiar with the basis for the force relationships 
contained in the codes for Vew.) 

The limiting stresses that the designer should keep in mind are as follows: 

1. Minimum value for shear stress in eq. 6-3 for Vci is Ve = 1.7..f1'c. 

2. The minimum value for shear stress Ve in eq. 6-1 is Ve = 2.0..f1'c. 
3. The maximum value of shear stress for shear reinforcement used at normal 

spacing is Ve = 4.0..f1'c. 

4. The maximum value of shear stress Ve in eq. 6-1 is Ve = 5.0..f1'c. 
5. The maximum value for shear stress to be carried by shear reinforcement, 

to guard against a failure due to diagonal compression stresses, is Vs = 
8.0..f1'c. 

ILLUSTRATIVE PROBLEM 6-1 Using the provisions of ACI 318, investigate 
the double-tee slab shown in Fig. 6-5 for web reinforcing using the simplified 
analysis. The dead load of the double-tee slab is 200 plf, the superimposed live 
load is 240 plf, the design span is 40 ft, t; is 5000 psi, and the prestressing 
consists of straight tendons with Aps = 0.58 sq. in., Pse = 90.0 kips, and/pu 
= 270 ksi. The tendons are located 2 in. above the soffit. Plot the results. Use 
bw = 8.00 in. 

~ 

I""" 
--;--

51f2 
Typ. 

48" 

l J 
2%" Typ. 

Fig. 6-5. Double-tee slab. 

;-

. 
\0 ~ 

"<t ..... ..... 
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SOLUTION: 

Service Design 
load load 

Dead load = 0.200 kIf X 20 ft = 4.00 k X 1.4 = 5.60 k 
Liveload = 0.240 kIf X 20ft = 4.80k X 1.7 = 8.16k 

Total reactions = 8.80 k = 13.76 k 

Vumax = 13.76 k 

13,760 
vumax = 8 X 14 = 123 psi 

Vumax = 13.76 = 16.19 k 
cf> 0.85 

Vuinax 16,190 . -- = -- = 145 PSl 
0.85 8 X 14 

vcmin = 2 ,.)5000 = 141 psi 

vcmax = 5 ,.)5000 = 353 psi 

Using eq. 6-2, the relationship for the approximate method with simple spans 
having uniformly distributed loads, expressed in unit stress rather than force, 
gives: 

_ ( ~ 700 X 14(40 - 2X)) 
Vc - 0.6v5000 + 12x(40 _ x) 

Solving for Vc gives values of Vc of 429, 223, and 154 psi for values of x of 2, 
4, and 6 ft, respectively. 

The computations of the minimum shear reinforcement according to eqs. 
6-13 and 6-14, respectively, are as follows: 

50 X 8 X 12 . 
Av = 40,000 = 0.12 sq. lll. 

0.58 270 12 [l4 
Av = 80 40 14 ~8 = 0.055 sq. in. 

The ratio offse to/pu is 0.57 ~ 0.40; hence, the use of eq. 6-14 is appropriate, 
and the minimum area of shear reinforcement of 0.055 sq. in. per foot may be 
used. 

The results are plotted in Fig. 6-6. It should be noted that Vc is greater than 
vu / cf> throughout the length of the member; so shear reinforcement is not 
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290 psi 
Min. web reinforcement required 

141 psi 

145 psi 
Midspan 

Support 

I~ L/2 

Fig. 6-6. Plot of the results of a shear stress analysis for a double-tee slab. 

required for strength considerations. For a small distance, Ve is less than 2vu/ ¢; 
so minimum reinforcement is required in this area. 

ILLUSTRATIVE PROBLEM 6-2 For the double-tee slab of Problem 6-1, deter­
mine the web reinforcing required using both simplified and detailed analyses 
if the design span is 30 ft, the supports are simple, and the superimposed live 
load is 650 plf. The section properties of the slab are: 

A = 189.5 sq. in., I = 4256 in.4, Yt = -5.17 in. 

SOLUTION: Simplified analysis: 

Vu = (1.4 x 0.2 + 1.7 x 0.65) 15 = 20.78 kips 

Vu = 20,780 
¢ 0.85 x 8 x 14 = 218 psi 

Vernax = 5 "'5000 = 353 psi 

Vernin = 2 "'5000 = 141 psi 

At 6 feet from the support, x = 6.00 in eq. 6-2, 

(700)(14)(18) 
Ve = 42 + (12)(6)(24) = 144 psi 

The computations are plotted in Fig. 6-7a. 
Detailed analysis: The computations are summarized in Table 6-1 and plotted 

in Fig. 6-7b. 

Vernin = 1.7"'5000 = 120.2 psi 
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353 psi 

218 psi 

Support 
Midspan 

Min. web reint. req'd 

L/2 

(a) 

Support Midspan 

(b) 

Fig. 6-7. Plots of the results of simplified and detailed shear analyses for a double-tee 
slab. (a) Simplified analysis. (b) Detailed analysis. 

The transmission length for the tendons (see Sec. 6-6) has been taken as 
18.75 in. 

The area of the shear reinforcement provided is based upon the use of Grade 
40 reinforcement and eq. 6-14. Note that with an area of reinforcement of 0.0554 
sq. in. per foot: 

0.0554 X 40,000 x 14 
V = = 2585 Ib 

s 12 
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TABLE 6-1 Summary of Computations for I.P. 6-2. 

Length Vci Vcw Vc Vu Av 

Pt. (ft) (psi) (psi) (psi) (psi) (in. 2 /ft) 

.00 .000 infin 247.4 247.4 218.2 .0554 

.05 1.500 563.4 384.2 384.2 196.4 .0554 

.10 3.000 295.5 389.9 295.5 174.5 .0554 

.15 4.500 198.7 389.9 198.7 152.7 .0554 

.20 6.000 149.2 389.9 149.2 130.9 .0554 

.25 7.500 118.3 389.9 120.2 109.1 .0554 

.30 9.000 96.6 389.9 120.2 87.2 .0554 

.35 10.500 79.9 389.9 120.2 65.4 .0554 

.40 12.000 66.1 389.9 120.2 43.6 .0554 

.45 13.500 53.9 389.9 120.2 21.8 .0554 

.50 15.000 42.4 389.9 120.2 000.0 .0554 

and 

vs = 23.1 psi 

COMMENTS: In this example the simplified analysis is only slightly conser­
vative when compared to the detailed analysis. In the detailed analysis, the 
value of v c increases rapidly between the end of the member and 1.50 ft from 
the end because of the transmission length (transfer distance) required for the 
pretensioned tendons (see Sec. 6-6). 

ILLUSTRATIVE PROBLEM 6-3 Investigate the post-tensioned beam shown in 
Fig. 6-8 for shear reinforcing if the beam has the following section properties: 

A = 876 in. 2 , I = 433,350 in.4, Yt = -25.0 in. 

The design dead loads are as follows: 

Girder dead load = 0.911 kIf 
Superimposed dead load = 0.500 kIf 
Total dead load = 1.411 kIf 

The design span is 80.0 ft, and the design live load is 2.00 kIf. The beam is 
stressed with an effective force of 670 kips and: 

/; = 5000 psi 

/y = 40,000 psi 

/pu = 270,000 psi 
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24" 

I 1 \ 
3" 

7" 
3" 3" . 

0\ (., 
(Y) 

~ 

( ''\ 51/2" 

8" 

r 
r 9" 9" 

Fig. 6-8. Cross section of a beam analyzed for shear stresses. 

The tendon is on a parabolic curve with e = 0 at the support and e = 32.1 
in. at midspan. Use load factors of I.4D + 1.7L, and analyze the beam by the 
detailed analysis. The area of the prestressed reinforcement is 4.00 in. 2• Neglect 
the nonprestressed longitudinal reinforcement. 

SOLUTION: See Table 6-2 for a summary of the computed values of Vci ' vc,,"' 

VC ' vu , and A", The data in Table 6-2 are shown plotted in Fig. 6-9. 

ILLUSTRATIVE PROBLEM 6-4 Investigate the beam of I.P. 6-3 for shear 
reinforcement if the live load consists of one concentrated load of 100 kips 
applied 20 ft from the left support. 

TABLE 6-2 Summary of Computations for I.P. 6-3. 

Length Vci Vew Ve Vu/cP A. 
Pt. (tt) (psi) (psi) (psi) (psi) (in. 2 /ft) 

.00 .000 infin 730.9 730.9 717.0 0.1050 

.05 4.000 1029.6 705.5 705.5 645.3 0.1050 

.10 8.000 601.5 680.1 601.5 573.6 0.1050 

.15 12.000 440.0 654.7 440.0 501.9 0.1299 

.20 16.000 344.9 629.3 344.9 430.2 0.1790 

.25 20.000 276.1 603.9 276.1 358.5 0.1727 

.30 24.000 214.9 575.8 214.9 278.1 0.1360 

.35 28.000 162.3 547.7 162.3 199.9 0.1050 

.40 32.000 118.4 522.8 120.2 129.4 0.1050 

.45 36.000 79.3 499.4 120.2 63.6 0.1050 

.50 40.000 42.4 476.9 120.2 000.0 0.1050 



PRESTRESSED REINFORCEMENT I 231 

Shear reinf. req'd 
1.7VF; 

L/2 

Fig. 6-9. Plot of the results of a shear analysis of the beam shown in Fig. 6-8. 

SOLUTION: The computations are summarized in Table 6-3, and the results 
are shown plotted in Fig. 6-10. 

6-4 Torsion Considerations for Flexural Members 

Flexural members frequently are subjected to the effects of torsion. The torsional 
moments often are small and frequently can be neglected without serious conse­
quences. On the other hand, in some instances torsional stresses can be signif­
icant and lead to failure if not addressed in the designing and detailing of 
reinforced concrete members. Spandrel or facia beams probably are the most 
commonly encountered members in building construction for which torsion 
design can be important. 

The torsional moment acting upon a beam cross section is measured from the 
shear center of the section. The locations of the shear centers for commonly 
encountered cross sections are illustrated in Fig. 6-11 (Oden 1967). The princi­
ples involved in determining the torsional moments on L-shaped spandrel beams 
and a box-girder bridge are illustrated in Figs. 6-12 and 6-13, respectively. 

It is important to recognize the fact that the torsional stiffness and torsional 
strength of "open" sections, such as I-shaped or T-shaped beams, are low in 
comparison to those for a "closed" section such as the cross section of a box­
girder bridge. (See Chapter 14 for illustrations of open and closed bridge 
members.) The torsional strength and stiffness are an important consideration 
in the design of bridges because these structures are frequently subjected to 
significant torsional moments due to eccentrically applied live loads or due to 
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731 psi 

689 psi 

I~ 10 psi 
L ~I 

Fig. 6-10. Plot of the results of the analysis of a prestressed concrete beam supporting 
a concentrated live load of 100 k. 

the configuration of the bridge itself. The superstructures as well as the 
substructures of curved bridges can be subjected to significant torsional moments 
from dead as well as from live loads simply because of their shape. 

Uncracked concrete box girder sections can be analyzed for the effects of 
torsion using the membrane analogy (Timoshenko 1956) or by solving the 
equations of equilibrium (Oden 1967). For the section shown in Fig. 6-14a), 
shear flows, cP, exist as shown in Fig. 6-15 due to the torsional moment M t • 

The equations for the web shear flows at sections B-B' through E-E' are: 

cP6 = cP2 - cPl (6-15 ) 

·cJ>7 = cJ>3 - cJ>2 (6-16 ) 

cJ>s = cJ>3 - cJ>4 (6-17) 

cJ>9 = cJ>4 - cJ>s (6-18) 

Shear flow is equal to the product of the torsional shear stress and the wall 
thickness of the element at the location under consideration. 

The relationship for the torsional couple is: 

(6-19 ) 

in which the notation is as defined in Fig. 6-14a, the areas are as defined in 
Fig. 6-14b, and Mt is the torsional moment applied to the member. 
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(a) 

Shear center lies on 
the axis of symmetry 

Iooe--- Vertical axis of symmetry 

~ Horizontal axis 
--i~ri-- . -L of symmetry 

Shear center 

(b) 

Fig. 6-11. Beam cross section illustrating the locations of shear centers. (a) Member 
with a single axis of symmetry. (b) Member having biaxial symmetry. 

The relationships between the shear flows and the rate of twist (), using the 
same notation from Fig. 6-14a, are: 

cl>1 [BI + HOI + TI] _ cl>6 HI2 = 2GAI () (6-20) 
~I ~I ~I ~2 

H [B T] H23 
CP6 ~ + cl>2 --.l + ~ - cl>7 - = 2GA2() (6-21 ) 

t 12 tb2 tt2 t23 

H [B T] H34 cl>7~ + cl>3 .....l +-2 - cl>8 - = 2GA3() (6-22 ) 
t23 tb3 tt3 t34 

H [B T] H45 
cl>8 ~ + cl>4 -.i + -± - cl>9 - = 2GA4() (6-23 ) 

t34 tb4 tt4 t45 

cl>9 H45 + cl>5 [B5 + T5 + H56] = 2GA5() 
t45 t65 t65 t56 

(6-24 ) 
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Equal Equal 

(c) 

Equal 

-

-

-~ 
(d) 

1--" Equal ,- Equal 

LHorizontal 
of symme 

axis 
try 

1- Equal 

1- Equal 

Fig.6.11. (Continued) (e) Member not having symmetry. (d) Channel-shaped member 
having a single axis of symmetry. 

It should be recognized that the terms representing the areas of the components 
of the section, such as B1/tb1 in egs. 6-20 through 6-24, must include the effect 
of variations in thickness for slabs and webs not having uniform thicknesses. 
The relationship between the rate of twist and the applied moment is: 

() = M t 

JG 
(6-25 ) 
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lFv 

17'7 

(a) 

ex 
(b) 

Fv 

~L-/ 
Shear ee nter 

Rv 

(e) 

Fig. 6-12. L-shaped spandrel beam illustrating torsional moment due to vertical and 
horizontal forces. (a) L-shaped beam supporting a double-tee beam. (b) 
Freebody diagram of elastomeric bearing pad. (c) Freebody diagram of 
L-shaped spandrel beam. 

In eqs. 6-20 through 6-25, G is the shear modulus of the concrete, J is the 
torsional constant for the box-girder cross section, and the other notation has 
been defined above. Solving these equations, one can determine the values of 
the shear flows and the torsional stresses in the components (v t = c/> / t ), as well 
as the value of the torsional constant. (The solution is facilitated by using a unit 
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8' 

Emergency lane 

64.0 ft 

Four design traffic lanes 

(a) 

64.0 ft 

Resultant for three truck loads 
and eccentricity of 17.0 ft 

17' 

2' 6' 4' 6' 4' 6' 4'! 

(b) 

8' 

Emergency lane 

Fig. 6-13. Cross section of box-girder bridge illustrating loading conditions for 
maximum bending moment and maximum torsion. (a) Box-girder bridge with 
four lanes of concentric truck live load (no torsional moment). (b) Box-girder 
bridge with three lanes of eccentric truck live load (with torsional moment). 
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H1 

B1 x 

(a) Cross section of thelclosed section. 

A3 [H23 ; H34 ] B3 

(b) Dimensions of cell 3. 

Fig. 6-14. Cross section of a closed section and a detail of a panel of the member 
illustrating the terminology used in the analysis of shear flow. (a) Cross 
section of the member. (b) Definition of panel element dimensions. 

torsional moment, i.e., substituting unity for M, in eq. 6-25 and substituting 
1/ J for GO in eqs. 6-20 through 6-24.) With these parameters known, one can 
determine the torsional moment that would be expected to cause cracking in a 
box-girder cross section. 

In reinforced concrete members, relatively small torsional moments can be 
resisted by the uncracked concrete section. Larger torsional moments may cause 
the concrete section to crack. After cracking has occurred, the torsion must be 
resisted by a combination of transverse and longitudinal reinforcement, both of 
which are stressed in tension, and portions of the uncracked concrete section 
that act as compression struts. The cracked concrete member can be thought of 
as a three-dimensional, trusslike system, as illustrated in Fig. 6-16, that resists 
the torsion by axial tension and compression forces. 
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M, 

n 
A 

B C 
D 

A' ,..... 
¢1 

C' 

Fig. 6-15. Shear flows due to a torsional moment for the cross section shown in Fig. 
6-14. 

Under a torsional moment approaching the capacity of the member, the 
concrete cover over the reinforcement nearest the outer surface tends to spall 
off and can no longer be counted upon to anchor the transverse reinforcement 
or to serve as a part of the compression struts. Ducts for post-tensioned tendons 
located near the external surfaces of members subjected to high torsional 
moments can further decrease the thickness in the areas of the concrete section 
and adversely affect the compressive strength of the concrete struts. The hooks 
of the transverse reinforcement must extend around the longitudinal reinforce­
ment and be anchored in the interior core of the member to be effective after 
the spalling (Collins and Mitchell 1980). Because of the loss of concrete cover 
and the reduction in area caused by post-tensioning ducts, the Canadian Standard 
requires the use of a reduced thickness of the concrete section in computing the 
torsional strength of concrete members subject to torsional moments that are 
greater than 25 percent of the torsional moment that would be expected to cause 
torsional cracking (CSA 1984). 

Although ACI 318 (Secs. 11.3.1.4 and 11.6) contains provisions for the 
torsion design of concrete members with nonprestressed reinforcement, it does 
not contain similar provisions for members having prestressed reinforcement. 
Code provisions for the design of members with prestressed reinforcement are, 
however, contained in the standards of other countries, such as the Canadian 
building standard (CSA 1984). In addition, publications of trade associations, 
such as the Prestressed Concrete Institute (PCI 1985), contain guidance for the 
design of prestressed concrete members for torsion. 

The reader's attention is called to the fact that in statically indeterminate 
structures redistribution of torsional moment can take place after concrete 
cracking has occurred. In statically determinate structures, however, and partic­
ularly those composed of precast members with connections that do not develop 
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continuity, redistribution cannot take place (ACI 318 1983; ACI 318R 1983; 
CSA 1984). 

6-5 Flexural Shear and Torsion Provisions of CAN-A23.3-M84 

The Canadian standard Design of Concrete Structures for Buildings, unlike ACI 
318, contains minimum design requirements for flexural shear and torsional 
moment for members with prestressed reinforcement as well as with nonpre­
stressed reinforcement. The shear and torsion provisions in CSA 1984 are 
contained in the 11 sections of Clause 11. Five of these sections (11.0 Notation; 
11.1 Scope; 11.2 General Requirements; 11.3 Shear and Torsion Design­
Simplified Method; 11.4 Shear and Torsion Design-General Method) are 
reproduced herein, with the permission of the publisher, in Appendix D. The 
subclauses not reproduced herein include: 11.5 Special Provisions for Deep 
Shear Spans; 11. 6 Special Provisions for Walls; 11. 7 Shear Friction; 11.8 
Special Provisions for Brackets and Corbels; 11.9 Transfer of Moments to 
Columns in Frames; and 11.10 Special Provisions for Slab and Footings. Also 
reproduced herein in Appendix D, with the permission of the publisher, are 
excerpts from Explanatory Comments to Clause 11, Shear and Torsion, 
(excluding those pertaining to Secs. 11-5 through 11.10) of CSA 1984. 

The simplified method of shear design contained in Section 11.3 of CSA 1984 
is based upon the provisions of ACI 318. It differs from ACI 318 in several 
respects, however, as it is intended for use with the Systeme International (SI) 
units of measure, it contains provisions for torsion, and so on. The general 
method of Section 11.4 is based upon the Compression Field Theory. The design 
professional using CSA 1984 may use either of the two methods. 

(The reader is cautioned that the materials in Appendix D are written for use 
with SI units and are only a portion of the original document. Persons who wish 
to use the provisions of CAN3-A23.3-M84 in actual design should become 
familiar with all of its provisions and not rely solely upon the contents of 
Appendix D contained herein.) 

The main provisions of the general method, converted to customary units, 
are presented in the following paragraphs of this section for the purpose of 
acquainting the reader with the code procedures that are being used in applying 
the Compression Field Theory in Canada. To simplify the following discussion, 
reference to the Canadian Standard will be indicated by CSA 1984 for the 
document as a whole, CSA eq. 11-2 for an equation from it, and CSA Sec. 
11.2 for a subclause from the Canadian Standard. 

The expression given in CSA 11.2.4.1 for the torsional moment resistance 
at cracking (CSA eq. 11-2), Ten for a prestressed concrete member is 

/pc 
1 + ---'------:= 

4. 8r1» .. Jif: 
(6-26) 



242 I MODERN PRESTRESSED CONCRETE 

in which Ac is the area within the outside perimeter of the concrete section 
without deducting the areas of holes or voids (sq. in.), Pc is the outside perim­
eter of the concrete section (in.), ¢c is the dimensionless strength reduction 
factor for concrete (see Sec. 5-6), A is the factor to account for density of the 
concrete, and the remaining terms have been defined previously. The torsional 
cracking moment is expressed in inch-pounds. Torsional effects must be consid­
ered in the design if: 

( 6-27) 

where Tu is the design (factored) torsional moment. 
It should be noted that the last term in eq. 6-26 contains the term ~c, the 

compressive stress in the concrete at the centroid of the section due to the effec­
tive prestress, a term that is equal to zero for members that only have nonpre­
stressed reinforcement. Hence, the last term in the eq. 6-26 is equal to one for 
members without prestressed reinforcement. 

CSA Sec. 11.4.2 covers the requirements for the diagonal compressive stress 
in the concrete "struts." The diagonal compressive stress, /2, must not exceed 
the maximum permissible value,f2max. This is expressed mathematically (CSA 
eq. 11-17) as: 

/2 :s; fimax (6-28 ) 

where (CSA eq. 11-19): 

I" A¢c/; /.' 
J2max = 0.8 + 170fl :s; ¢c c (6-29 ) 

in which f 1 is the principal tensile strain in the cracked concrete due to design 
(factored) loads. If the concrete is triaxially confined,f2max is permitted to exceed 
¢c/;· 

In eq. 6-29 (CSA eq. 11-19), the terms fl may be taken to be: 

fx + 0.002 
fl = fx + 28 tan 

(6-30 ) 

The relationships given above in eqs. 6-29, and 6-30 can better be understood 
by considering the free body of a portion of a beam that is subject to nearly 
uniform shear stress over the effective shear depth (dv ) as illustrated in Fig. 
6-17. The angle 8 is the angle of inclination of the compression struts measured 
from the longitudinal axis of the member. The strains in the concrete web of 
the beam in Fig. 6-17 are illustrated in Fig. 6-18 and, from the Mohr's circle 
for strain given in Fig. 6-19, it will be seen that the following relationships for 
tan 8 can be written: 
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fx - 152 
tan/1 = --­

y 

tan/1 = -Y-
15\ - fx 

Equating these relationships and eliminating the tenn y, the following is 
obtained: 

Setting the limiting compressive strain, 152, to -0.002, the relationship given 
above as eq. 6-30 is obtained. The relationship given above as eq. 6-29, which 
was detennined experimentally, relates the principal compressive stress in a 
strut, 12. max' to the principal tensile strain, 15,. 

The relationship for 12, the compressive stress in the concrete strut is: 

j, ~ (tan 8+ ta~ 9) (b~~J (6-31) 

in which /1 is the angle of inclination of the concrete compressive stress (struts) 
measured in degrees from the longitudinal axis of the member (see discussion 
of /1 below), and Vu is the design (factored) shear force with dv the minimum 
effective shear depth and bv the minimum effective web width within the depth 
dv . The effective shear depth, dv , can be taken as the distance, measured perpen­
dicular to the neutral axis, between the resultants to the tensile and compressive 

TE 

/ 
/ 

/ 

./ 

/ 
/ 

/ 
/ 

/ 
/ / 

/ 
/ 

/ 
/ 

Compression strut 

E C 

dv r ....-N 

=-T 

Fig. 6-17. Freebody diagram of beam web subjected to uniform shear stress. 
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Fig. 6-18. Freebody diagram illustrating the stress in the compression strut, '2' the 
angle of inclination of the compression strut, (J, and the strains E" E2' 

and Ex' 

y 

Fig. 6-19. Mohr's circle for strain at the middepth of a beam web. 
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forces due to flexure (inches), but does not need to be taken less than 0.9d. The 
symbol d represents the distance from the extreme compression fiber to the 
centroid of the longitudinal tension reinforcement, but not less than 0.8 times 
the overall height of the member (inches). (Therefore, the minimum value of 
dv is O.72d.) The last term in eq. 6-31, Vu/bvd,,, should be replaced with: 

Vu - cJ>pVp 

bvdv 

for members that have variable depth or inclined prestressed reinforcement; or 
with: 

Vu - cJ>sAlIid cos a./s 
blld" 

for members with inclined stirrups used as shear reinforcement, but the term 
may not be taken to be less than 0.66Vu or: 

if torsional reinforcement is required. In these expressions AOh is the concrete 
area section enclosed by the centerline of exterior closed transverse torsion 
reinforcement including areas of holes, if any, A"i is the cross sectional area of 
inclined shear reinforcement within the distance s, a. is the angle, in degrees, 
between the inclined stirrups or bent-up bars and the longitudinal axis of the 
member, and Ph is the perimeter of the centerline of the closed transverse torsion 
reinforcement. 

In using the Compression Field Theory, the designer selects a value of 0, the 
angle of the inclination of the concrete compressive stresses. The value selected 
affects the amount of transverse (shear) reinforcement needed as well as the 
amount of the longitudinal reinforcement required. Small values of 0 (less than 
45 0 ) will result in less transverse reinforcement but more longitudinal 
reinforcement than would be required if 0 were taken to be 45 0 • Values of 0 
greater than 45 0 will result in greater amounts of transverse reinforcement being 
required. 

The minimum value of 0 that can be used is controlled by eq. 6-28. Values 
of 0 less than the minimum value will result in diagonal compression stresses 
greater than the maximum value permitted by eq. 6-28. Figure 6-20, which is 
based upon Fig. D7 (see Appendix D herein) ofCSA 1984, is useful in assisting 
the designer in selecting the minimum value of 0 that can be used in a particular 
design. Figure 6-20 illustrates the relationship between the shear stress ratio 
and the angle 0, for limiting values of longitudinal strain at mid-depth, Ex, of 
zero and 0.002 (tension). In addition, the limiting values of tensile strain in the 
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0.40,----------------------------------------. 

. g 10.20 
~ 
C/) 
C/) 

l!? ... 
C/) 

iii 
~ 10.10 
C/) 

f t = 0.0015 
Limit for 

-...... Grade 40 reinf. - ...... ,',J , 

f t = 0.0020 
Limit for 
Grade 60lreinf . 

0.00t-;:-------::--=-:---------=-=-:--------I:-----__ ..L.-____ ----J 
10° 

Strut inclination, (), degrees 

Fig. 6-20. Diagram showing the relationship between the angle 9, at which '2 = '2m"X' 
and the shear stress ratio. (Based upon Fig. 07 of CSA 1984.) 

transverse reinforcement, f t , for Grades 40 and 60 reinforcement, are shown as 
upper limits. The ordinate of Fig. D7 in Appendix D, the shear ratio, should 
include the effects of stresses from the vertical component of prestressing, 
variable depth (see Sec. 6-3), and torsion, if applicable, rather than the design 
(factored) shear force alone. 

Whatever value of () is selected, it must be used throughout the analysis. CSA 
Sec. 11.4.2.6 provides that the value of () must not be less than 15° or more 
than 75°. The designer may elect to select a low value of () because it causes a 
reduction in the amount of transverse reinforcement, coupled with an increase 
in the longitudinal reinforcement, and thereby obtain an economical design. 

Spalling of the concrete from the centerline of the outermost layer of 
reinforcement to the exterior surface of the concrete must be assumed in the 
design computations of bv , by CSA Sec. 11.4.2.7, if: 

(6-32 ) 

in which bw is the width of the web, or if torsional reinforcement is required. 
In addition, in computing bv , one-half the diameter of grouted ducts for post­
tensioned tendons and the full diameter of the ducts for unbonded post tensioned 
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tendons must be deducted from the web thickness to detennine the value of b". 
The purpose of this provision is, of course, to obtain the minimum width of the 
concrete section of the compressive struts for use in computing h- In hollow 
sections subjected to torsion, according to CSA Sec. 11.4.2.12, the wall thick­
ness is considered adequate if the distance from the centerline of the outennost 
layer of transverse torsional reinforcement to the inside face of the wall exceeds 
1.5ao . The thickness of the torsional depth, ao , in inches, is detennined from: 

TuPh ( 1 )] 1- tanO+--
0.7 rp c!cA~h tan 0 

(6-33 ) 

CSA Sec. 11.4.3 addresses concerns regarding the yielding of the transverse 
(shear and torsional) reinforcement. The transverse reinforcement must yield 
before the concrete crushes in order to assure a more ductile behavior. Yielding 
can be considered to occur before crushing of the concrete if the strain in the 
transverse reinforcement, €t, is greater than the strain at the yield strength of 
the reinforcement. This is expressed as: 

(6-34 ) 

(The yield strains, €t, are 0.0014 and 0.0021 for Grades 40 and 60 reinforce­
ments are based upon the guaranteed minimum yield strengths and an elastic 
modulus of 29,000 ksi, respectively.) For transverse reinforcement perpendic­
ular to the axis of the member, €t can be computed from (CSA eq. 11-22): 

€t = 15) - €x - 0.002 (6-35 ) 

Equation 6-35 can be derived using the notation in Fig. 6-21 and the Mohr's 
circle for strain in Fig. 6-22. Using a value of €x = 0.002, as provided in CSA 
Sec. 11.4.2.5, results in €t = 15) -0.004. For inclined transverse reinforcement: 

€t = 0.5{€) - 0.002) - 0.5{€) + 0.002) cos 2{0 + a) (6-36) 

The CSA provisions for the design of transverse (shear and torsion) reinforce­
ment are given in CSA 11.4.4. The basic requirement is that the amount of 
transverse reinforcement provided will equal or be greater than the sum of the 
amounts required for coexisting shear and torsion. This can be expressed as: 

(6-37) 

where Avst is the sum of the areas of the transverse reinforcement required for 
flexural shear, Au> and torsion, At, both of which are defined in the following 
discussions. The factored shear resistance (strength) of the member, Vn must 
equal or exceed the minimum required strength, Vu , or: 

(6-38) 
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T 

Maximum value of 1'2 = 0.002 

Fig. 6-21. Freebody diagram illustrating the stress in the compression strut, f2' and the 
strains f1' f2' and ft. 

The factored shear resistance for members not having transverse reinforcement 
inclined to the axis of the member is: 

(6-39 ) 

in which Av is the area of the transverse reinforcement perpendicular to the axis 
of the member within a length s, in inches, along the axis of the member. 

For members with nonprestressed reinforcement and having inclined trans­
verse reinforcement (see CSA Secs. 11.4.4.4 and 11.4.4.5), eq. 6-39 becomes: 

¢sAv/y dv ¢sAvd;' (sin a ) 
V=----+--d --+cosa +¢V 

r stanO s v tan 0 PP 
( 6-40) 

The factored torsional resistance of members with prestressed and nonpre­
stressed reinforcement must be designed in such a way that the torsional resis­
tance equals or exceeds the minimum required torsional moment. This relation­
ship is expressed as: 
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Fig. 6-22. Mohr's circle for strain. 

in which the factored torsional resistance, T" is equal to: 

tPsAth 2Ao 
T =----

, s tan 0 

where 

A = A _ aoPh 
o oh 2 

(6-41 ) 

(6-42) 

(6-43) 

ao is as defined in eq. 6-33 and At is the area of one leg of a closed transverse 
reinforcement (stirrup or tie) within a distance s. 

The spacing limitations for shear and torsional reinforcement, which are found 
in CSA Sec. 11.4.5, provide that the spacing, s, for shear reinforcement placed 
perpendicular to the axis of the member shall not exceed the least of dv , 24 in., 
or dv /3 tan 0, and, the spacing, s, for torsional reinforcement placed perpen-
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dicular to the axis of the member shall not exceed Phl8 tan (). See CSA Sec. 
11.5.2 for the spacing provisions when inclined transverse reinforcement is used. 

The longitudinal reinforcement is to be designed to provide flexural and axial 
load resistances that equal or exceed the minimum required flexural strength 
and axial load using classical methods (the strength reduction factors are 
included in the resistance computations using the CSA procedures). Reduced 
nominal strengths, ¢Mn and ¢Pn, as are commonly used with ACI procedures, 
are not used with the CSA procedures. In addition, the design must include a 
tensile load, Nm acting at mid-depth of the member, to account for the additional 
axial force that results from the use of values for the angle, (), of diagonal 
cracking other than 45 0 • For members not subjected to significant torsional 
moment, the value of the axial force is computed from: 

Vu 
N =-

v tan () 
(6-44 ) 

and for members for which torsion must be considered, the axial force is 
computed from: 

1 
N =-

v tan () 
( 6-45) 

The value of Vu can be reduced by the amount ¢ Vp in eqs. 6-44 and 6-45 for 
members having variable depth or inclined prestressing tendons. The term Po 
in eq. 6-45 is equal to Pn - 4ao. For members having inclined shear reinforce­
ment for use as shear reinforcement, the term Vu in eqs. 6-44 and 6-45 can be 
reduced by the amount: 

but the reduced term must not be taken to be less than O.66Vu • 

Because the values of the design shear force and the design torsion normally 
vary along the length of a flexural member, the values of Nv computed with 
eqs. 6-44 and 6-45 also will vary along the length of the member. (See Fig. 
D 11 in Appendix D.) 

For members having axial compressive forces, Pu that exceed the design load 
causing balanced strain conditions (ACI 318, Sec. 10.3.2 and CSA Sec. 10.3.2), 
the flexural strength of the section must equal or exceed Mu with a concomitant 
axial load equal to the sum of Pu and Nv from eqs. 6-44 and 6-45. 

The provisions in Section 11.4.7 of CSA 1984 apply to the evaluation of 
disturbed areas when the Compression Field theory is being used. Disturbed 
areas are defined as regions having abrupt changes in cross-sectional dimensions 
or forces such as concentrated loads and reactions. Examples of disturbed areas 
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are given in Figs. 6-2, 6-28, 6-29, as well as in Figs. D12, D13, DI5, and DI7 
in Appendix D. Disturbed areas also are defined as regions where it is inappro­
priate to assume that shear stresses are uniformly distributed over the effective 
shear depth. 

The analysis of disturbed areas can involve the investigation of the stresses 
in the concrete struts, the reinforced concrete ties, and the nodal zones of an 
imaginary two- or three-dimensional truss or truss-like system. The compres­
sive stress in the concrete struts must not exceedf2max (eq. 6-29) with the value 
of f I (eq. 6-30) reflecting the conditions of strain of the concrete and reinforce­
ment in the vicinity of the strut. As is the case in investigating the value of 
f2max in struts in undisturbed areas, a value of -0.002 can conservatively be 
used for the maximum compressive strain, f2' in computing the value of fl' The 
maximum stress in the tension ties must not exceed the yield strength of the 
reinforcement used in the ties, and, of course, as is the case with all trusses, 
the struts and ties must be connected to the nodal zones (connections of the 
truss) by bond, hooks, bearing plates, or other types of connection devices. 

Four conditions of confinement of the concrete in the nodal zones are possible. 
One of these is the case where a nodal zone is bounded by two compressive 
struts and bearing areas (i.e., the nodal zone concrete is subjected to biaxial 
compressive stresses). Another is the case where a single tension tie is anchored 
in a nodal zone. A third is the case where more than one tension tie is anchored 
in the nodal zone. The allowable concrete stresses in the nodal zones for these 
three conditions of stress in the nodal zones are 0.85¢cf;, 0.75¢cf;, and 
0.60¢c f;, respectively (see Fig. 6-2). The fourth possible condition of confine­
ment at a nodal zone can exist in a three-dimensional structure where a node is 
triaxially confined by struts or reinforcement. A specific value is not given in 
CSA 1984 for the maximum permissible stress for the fourth condition and, 
owing to the complexity of establishing such a value, it is believed the only 
reliable way to do so would be by experimentation. Compliance with the stress 
limits in the nodal zones is considered to exist if: the compressive stresses in 
the struts bearing against a nodal zone do not exceed the maximum values for 
nodal zone compressive stresses listed above; the bearing stresses due to supports 
or concentrated loads at a nodal zone do not exceed the maximum values for 
nodal zone compressive stresses listed above; and the effective stress due to 
tension tie loads at a nodal zone does not exceed the allowable nodal zone 
compressive stresses listed above. The effective stress due to a tension tie is 
computed by using the concrete area within an imaginary line surrounding the 
tension tie reinforcement, with the further requirement that the centroidal axes 
of the tension tie reinforcement and the effective concrete area must be coinci­
dent. 

CSA 11.4.8 contains provisions intended to control diagonal cracking in 
flexural members. The provisions are applicable in members in which the shear 
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force due to service loads exceed the force, Vcr> that will cause diagonal 
cracking. For members not required to be designed for torsion, that is Tu $ 

0.25Tcr> one may assume that diagonal cracking is adequately controlled if the 
spacing of the transverse reinforcement does not exceed 12 in. and the required 
(factored) shear force does not exceed 7.2¢e .fi'cbwd. Alternatively, diagonal 
cracking may be assumed to be adequately controlled if: the spacing of the 
transverse reinforcement does not exceed 12 in.; the spacing of the longitudinal 
reinforcement along the sides of the member does not exceed 12 in.; and either 
the calculated strain in the transverse reinforcement under service loads does 
not exceed 0.0010 for interior exposure or 0.0008 for exterior exposure, or the 
value of h used in calculating the required amount of transverse reinforcement 
is taken to be equal to or less than 43.5 ksi. The strain in the transverse 
reinforcement under service loads can be computed from: 

[ ] [ ( ) ]2 [ ()3] ~s ~s h he ~r 
E = ---+ 1--- tan 0 X 1- -

sl A"Esd" 1.6At EsAoh 200 f~ VsI 

( 6~46) 

in which VsI and Tsl are the shear force and torsion due to service loads, respec­
tively, and A" and At are the areas of the transverse reinforcement provided for 
shear and torsion, respectively. The shear force at cracking for members not 
subject to torsion or axial tension, Vcr> can be determined from: 

( 6-47) 

If the member is subjected to torsion, eq. 6-47 should be divided by: 

( 6-48) 

and if the member is subject to a service load axial tension, N", the termhc in 
eq. 6-47 should be replaced with the term (fpc - (Ns'/ Ag)), in which Ag is the 
gross area of the concrete section. The second term in eq. 6-46 is provided to 
estimate the direction of the principal compressive stress at service load, and 
the third term in the equation is intended to make an allowance for the influence 
of the tensile stresses in the cracked concrete (tension stiffening). 

This summary of the provisions of the CSA provisions for the design for 
shear and torsion is incomplete. The excerpts from the CSA standard in 
Appendix D should be consulted for exact wording and more details. Before 
one uses the provisions of the CSA standard, the complete document should be 
consulted. 
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ILLUSTRATIVE PROBLEM 6-5 Investigate the single-tee beam shown in Fig. 
6-23 for transverse and longitudinal reinforcement requirements using the 
general method in Chapter 11 of CSA 1984. The service dead and live loads 
are 594 and 600 plf, respectively, and the member is not subject to torsion. Use 
the load and strength reduction factors contained in Chapter 9 of CSA 1984 as 
described in Sec. 5-6 herein. Assume that the concrete cover to the transverse 
reinforcement is 1.5 in., the specified concrete strength is 3000 psi, and the 
concrete is normal weight (i. e., A = 1). The gross area of the concrete section 
is 570 sq. in., the moment of inertia of the section is 68,917 in.4, and, the 
centroid of the concrete section is 9.99 in. measured from the top of the section. 
Assume that the member is prestressed with an effective prestressing force (after 
losses) of 173.5 kips, the beam has a simple span of 60 ft, and the effective 
depth, dp , which varies linearly between midspan and the ends of the member, 
is 32.86 in. and 30.93 in., at midspan and at the supports, respectively. 

SOLUTION: The loads are: 

Dead Load 
Live Load 
Total 

Service Design 

594 plf X 1.25 = 743 plf 
600 plf X 1.5 = 900 plf 

1194 plf 1643 plf 

The design shear force at the ends of the member equal 

Vu = 1643 X 30 = 49,290 plf 

and because, with d = 30.93 in. ( > O. 80h) at the supports, 

A¢c.Ji'cbwd = 1 x O.60.J3000 x 8 x 33 = 8676lb < Vu 

96" 

I' l5< 
...---i---L..-----i:Ji t 

3" 

36" 

• 

Fig. 6-23. T-shaped beam used in loP. 6-5. 
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spalling must be considered. The vertical component of the prestressing force 
is: 

_ (32.86 - 30.93) X 173.5 _ 093 k' 
Vp - 30 x 12 -. IpS 

and 

cf>p Vp = 0.90 x 0.93 = 0.84 kips 

Assuming the transverse reinforcement to have a diameter of 0.5 in. and a 
concrete cover of 1.5 in., the effective shear width, h" = 8.00 - (2 x 1.50 + 
0.50) = 4.50 in. The minimum value of the effective shear depth, d,,, permitted 
to be used in the calculations can be calculated as 0.72 h which is equal to 25.92 
in. At midspan, assuming Ap~s is equal to 173.5 kips/0.58 or approximately 
300 kips, the distance between the resultants of the tensile and compressive 
forces can be taken as 32.86 - 300/0.85 x 3 x 96 = 32.25 in. and, at the 
support, the effective shear depth can be taken as 0.90 X 30.93 = 27.84 in. 
Hence, dp could be assumed to vary linearly from 27.84 in at the support to 
32.25 in at midspan. To facilitate the computations, d is conservatively taken 
to be 27.84 in. throughout the length of the member. Therefore, the shear stress, 
including the effect of the prestressing, is computed to be: 

49,290 - 840 . 
---''----- = 387 pSI 
4.5 X 27.84 

and the shear stress ratio, for use in Fig. D7 in the CSA Appendix D, is found 
to be: 

387 
0.60 x 3000 = 0.215 

The shear stress ratio should be used to determine the value of the angle of the 
principal compressive stress, (), that results in fz = f2max using Fig. D7 of 
Appendix D of CSA 1984. As explained by Collins and Mitchell, diagonal 
crushing is avoided because the diagonal compressive stress is less than the 
diagonal compressive strength if the angle selected is greater than those defined 
by the appropriate curve in Fig. D7 (Collins and Mitchell 1987). Using 0.215 
for the shear stress ratio, the minimum value of () that should be used is estimated 
to be 38°. Adopting a value of 40° for (), the computations for the compressive 
stress in the concrete struts becomes: 

f2 = 387 (tan 40° + _1_) = 783 psi 
tan 40° 
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0.004 
el = 0.002 + tan 400 = 0.00768 

1 X 0.60 X 3000 
12max = 0.80 + 170 X 0.00768 = 855 psi 

Forty degrees will be used for () in the subsequent calculations because 12 < 
12 max' The factored shear resistance provided by the transverse reinforcement 
and the vertical component of the prestressing force, using Grade 60 transverse 
reinforcement spaced at 12 in. on centers, is computed as: 

0.85 X 60Av 22.84 
Vn = X -- + 0.90 X 0.93 = 141Av + 0.84 kips 

12 tan 40° 

and the maximum amount of transverse reinforcement is needed at a distance 
of dv/tan () (27.84 /tan 40° = 33.2 in.) from the support. The shear force at 
this location is equal to 

(49.29)(360 - 33.2) _ 44 4 ki 
360 -.7 ps 

and the maximum area of shear reinforcement needed is 44.74/141 = 0.32 sq. 
in. per foot of length or No.3 stirrups spaced 8.5 in. on centers. The amounts 
of reinforcement needed at various distances from the supports are summarized 
in Table 6-4. 

The minimum area of shear reinforcement computed with CSA eq. 11-3 is 
0.045 sq. in. per foot and the maximum spacing is 0.75 x 36 = 27 in. The 
area of No.3 U-shaped stirrups at the maximum spacing is 0.098 sq. in. per 
foot. The spacing adopted for No.3 stirrups is shown in Fig. 6-24. 

The design is completed by determining the axial force for which longitudinal 

TABLE 6-4 Amounts of -Shear Reinforcement 
Required at Various Locations in the Beam 
Analyzed in I.P. 6-5. 

Distance from Support 
(in.) 

0.00 
33.2 

168.0 
276.0 
360.0 

Area required 
(sq. in.) 

0.32 
0.32 
0.19 
0.08 
0.00 
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Support ---l IE----Midspan 

14.0 ft 9.0 ft 7.0 ft 

Fig. 6-24. Spacing of no. 3 U-shaped stirrups for loP. 6-5. 

reinforcement, iti. addition to that required for flexure, must be provided. This 
force is computed as follows: 

Vu - cPp Vp 49.29 - 0.84 
Nv = = = 57.7 kips 

tan (J 0.839 

This axial tensile force can be resisted by the prestressed reinforcement, if the 
amount provided is sufficient for both the flexural requirements and the axial 
force, by supplementing the amount of prestressed reinforcement, or by 
providing Grade 60, nonprestressed reinforcement in the amount of 57.7/60 = 
0.96 sq. in. 

ILLUSTRATIVE PROBLEM 6-6 Determine the shear, torsional, and axiallongi­
tudinal reinforcements required for a spandrel beam having the cross section 
shown in Fig. 6-25 if the span of the beam is 36 ft, the applied service dead 
and live loads, PVL and Pu , are 6.0 and 5.0 kips, respectively, and the loads 
are applied with an eccentricity of 10 in. and with a spacing of 4 ft on centers 
commencing 2 ft from the supports. The specified concrete compressive strength 
is 4000 psi and the yield strength of the nonprestressed reinforcement is 60 ksi. 
The flexural reinforcement consists of four straight (Vp . = 0) seven-wire 
prestressed strands having an effective prestress of 24.78 kips per strand with 
their centroid located 2.75 in. above the soffit of the beam. The gross area of 
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Fig. 6-25. Cross section of the spandrel beam for loP. 6-6. 
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the concrete section (Ac in CSA) is equal to 1122 in. 2, the moment of inertia 
is 797,000 in.4, and the centroid of the concrete section is located 46.26 in. 
from the top fiber. The concrete is normal weight, and the beam service dead 
load is 1.17 klf. Use the strength reduction and load factors contained in CSA 
1984 as described in Sec. 5-6 herein. Use a concrete cover of 1.5 in. and use 
No.4 bars for the transverse reinforcement. 

SOLUTION: The design dead load of the beam is 1.17 X 1.25 = 1.46 klf. The 
design concentrated dead and live loads, of which there is a total of9, are equal 
to 1.25 X 6 = 7.5 and 1.50 X 5 = 7.5 kips, respectively. Other dimensions 
and parameters needed in the analysis include the following: 

dp = 88.00 - 2.75 = 85.25 in. 

dv = 0.90 x 85.25 = 76.7 in. 

bw = 12 in. 

bv = 12.00 - 2 (1.5 + 0.25) = 8.5 inches. 

Pc = 2 x 88 + 12 + 6 + 18 = 212 in. 

Ph = 2[(88.00 - 2 x 1.75} + (12.00 - 2 x 1.75)] = 198 in. 

Aoh = 8.5(88.00 - 3.5} + 6(7.5} = 763.25 sq. in. 

/" _ 4 x 24,780 _ 88 . 
Jpc - 1122 - pSI 

The end reactions due to the design loads are: 

R,. = 1.46 x 18 + 4.5 x 15.00 = 93.78 kips 

and the shear diagram is as shown in Fig. 6-26. The torsional moments at the 
supports are equal to: 

T,. = 4.5 x 15.00 X 10 = 675 kip-in. 

and the torsion diagram is as shown in Fig. 6-27. The design moment at midspan 
is: 

( 362
) [4.5 ] M,. = 1.46 ""8 + 4 X 15 T + 3.5 + 2.5 + 1.5 + 0.5 

= 851.5 k-ft 

and the service load moment is equal to 640.5 k-ft. 
The need for torsional reinforcement is determined by comparing the 
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Fig. 6-26. Shear diagram for one-half span of beam analyzed in loP. 6-6. 

computed torsional cracking moment to the maximum torsional moment. The 
torsional moment at which cracking would be expected is computed as: 

Tcr = (12121222) 4.8 X 1 X 0.85"'4000 11 + 88 
~ 4.8 X 1 X 0.60 "'4000 

= 1860 k-in. 

and the maximum value of Tu, 675 k-in. is equal to 0.36Tcr and torsional 
reinforcement is required. 

Using the maximum values of design shear force and torsional moment, 
computation of the shear and torsional unit stresses give: 

Vu TuPh 93.78 675 X 198 --+--= +---~ 
b,A, A~h 8.5 X 76.7 763.242 

= 144 + 229 = 373 psi 
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Fig. 6-27. Torsion diagram for one-half span of beam analyzed in loP. 6-6. 

and the ratio of the sum of the shear and torsional stress to ACPc!; is: 

373 ----- = 0.155 
1 x .60 x 4000 

From Fig. D7 from ~SA 1984, the angle () at which/is equal tofzmax is approx­
imately 320. By adopting a value of () equal to 35 0, the diagonal compressive 
stress computations are: 

/2 = (tan 35 0 + _1_) (373) = 794 psi 
tan 35 0 

0.004 
f\ = 0.002 + 2 = 0.01016 

tan 35 0 

1 x 0.60 X 4000 
-r = = 950 psi > -r 
J2max 0.80 + 170 X 0.01016 J2 

The strain in the transverse reinforcement is computed as: 

f\ = 0.01016 - 0.002 - 0.002 = 0.00616 > 0.002 

Hence, the use of Grade 60 reinforcement is acceptable. The relationship for 
the amount of transverse reinforcement required for the factored shear resistance 
within the length s placed perpendicular to the axis of the member is: 
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0.85A,,60 76.7 6 
V = -- = 4 SA 

r 12 tan 350 I' 

To detennine the relationship for the computation of the amount of torsional 
reinforcement, one must compute the values of d" and Apsf"t>s 

a = o 
675,000 X 198 ( 1 )] 1 - tan 35° + ---

0.7 x 1 x 0.60 X 4000(763.25)2 tan 35° 

763.25 
x -- = 1.77 in. 

198 

1.77 x 198 2 
Ao = 763.35 - 2 = 588 in. 

The relationship for the torsional resistance developed by reinforcement having 
an area of At in one leg of a closed stirrup spaced at intervals of sis: 

0.85A t 60 2 x 588 
T = = 7140A 

r 12 tan 350 1 

The amounts of reinforcement, in the fonn of U-shaped stirrups (two legs), 
required for shear and torsion are summarized in Table 6-5. In Table 6-5, the 
areas listed in the third column are for one leg of the reinforcement required 
for torsion. 

The spacing of stirrups required for shear stresses cannot exceed: 

dv . 

3 tan 350 = 36.5 m. 

d" = 76.7 in. 

or 24 in. whichever is the least. For torsion the spacing is limited to: 

8 Pn = 35.3 in. 
tan 35° 

TABLE 6-5 Summary of Shear Reinforcement Requirements for 
I.P.6-6. 

Shear Torsion Total Spacing 
Distance, Reinf. Reinf. Reinf. No.4 

(ft) On. 2 ) On. 2 ) On. 2 ) (in.) 

2 0.195 0.095 0.385 12 
6 0.150 0.074 0.298 16 

10 0.106 0.053 0.212 22 
14 0.061 0.032 0.125 38 
18 0.016 0.010 0.036 133 
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The maximum spacing of No.4 stirrups (two legs, Grade 60) is: 

Avi;, 2 X 0.20 X 60,000 
s = -- = = 40.0 in. 

50bw 50 X 12 

if the flexural tensile reinforcement is not prestressed with an effective force 
equal to or greater than 40 percent of its tensile strength. If the tensile flexural 
reinforcement is prestressed with a force equal to or greater than 40 percent of 
the tensile strength of the flexural reinforcement, the maximum spacing of the 
transverse reinforcement can be determined by using eq. 6-14. 

The additional axial load, resulting from the effects of shear and torsion and 
the angle of 35° selected for the slope of the compression struts, is computed 
as follows: 

1 
N =--

v tan 35 
(9379)2 (675 X 190.0))2 

. + 2(588) 

= 205 kips 

where Po = 198 - 4 X 1.77 = 190.0 in. Nonprestressed reinforcement in the 
amount of3.43 sq. in. or additional prestressing in the amount of 205 kips could 
be provided to resist the axial load. 

To investigate the need for diagonal cracking control, the value of the shear 
cracking load must be determined. Based upon the assumption that the axial 
load computed immediately above will be resisted by nonprestressed reinforce­
ment, an average prestress of 88 psi is used in determining the shear cracking 
load as follows: 

Vcr = [2.4 X 1 X v'4000 11 + 88 .J4OOOJ 12 X 85.25 ~ 4.8 X 1 X 4000 

= 176 ksi > Vs• = 1.17 X 18 + 4.5 X 11 = 70.56 kips 

Hence, if torsion were not present, diagonal cracking would not require further 
study. In view of the fact that torsion does exist, the effect can be taken into 
account by adjusting the value of Vcr computed above by dividing it by the 
following term and comparing the result with the value of Vs.: 

1 + X -- = 1.27 ( 212 X 12 X 85.25 495 ) 
2 X 11222 70.56 
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Applied load typo 

Global tensile tie forces 

Fig. 6-28. Illustration of orientation of tensile and compressive forces in the web of an 
L-shaped spandrel beam having the superimposed loads applied to a ledger 
near the bottom of the beam. 

Dividing the value of the shear cracking load computed above by this factor 
results in an adjusted value of 138 kips> Vse; hence control of diagonal cracking 
does not need further consideration. 

An elevation of a portion of the beam at the support is shown in Fig. 6-28. 
The approximate locations and shapes of the local compression forces at the 
support of the beam are shown by light-weight solid lines and the approximate 
locations and shapes of local tensile forces due to the effect of the applied loads 
are shown by light -weight broken lines. Because of the number of applied loads 
(nine loads applied at a spacing of 4 ft on centers), their effect is not much 
different from the effects one would anticipate for the same amount of load 
uniformly distributed along the length of the beam. Because the loads are applied 
near the bottom of the beam, they will create tensile forces for which added 
reinforcement should be provided. In this example the design loads are relatively 
small (15 kips) and the amount of added reinforcement to transfer the effect of 
the loads upward into the beam is small (0.25 sq. in. of Grade 60 reinforcement 
would be sufficient for each load). The end reaction of the beam is 93.78 kips, 
and the nodal zone at the support has only one tension tie. Hence, the concrete 
compressive stress must be limited to O. 75c/Jc f~, which, for a concrete having 
a specified strength of 4000 psi is equal to 1800 psi, is easily accommodated 
with commonly used bearing details. Anchorage of the tensile tie reinforcement 
must be provided in order to preserve the integrity of the nodal zone. The 
anchorage could be accomplished by providing sufficient development length 
in combination with hooks, or with special anchorage devices. If the loads were 
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Applied load, typo 
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Fig. 6-29. Illustration of the orientation of compressive forces in the web of an L-shaped 
beam having the superimposed loads applied to the top surface of the beam. 

applied to the top of the beam, rather than near the bottom, the locations and 
shapes of the local compressive forces would be approximately as shown in 
Fig. 6-29, and the added tensile reinforcement would not be needed to transfer 
the effect of the applied loads up into the beam. 

6-6 Bond of Prestressed Reinforcement 

Two types of bond stress must be considered in the case of prestressed concrete. 
The first of these, referred to as transfer bond stress, has the function of trans­
ferring the force in a pretensioned tendon to the concrete. Two different basic 
forms of transfer bond stresses are recognized: elastic and plastic transfer bond 
stresses. Transfer bond stresses come into existence when the forces in preten­
sioned tendons are transferred from the prestressing beds to the concrete section 
after the concrete has cured. The second type of bond stress, referred to as 
flexural bond stress and as development bond stress, comes into existence in 
pretensioned and in bonded, post-tensioned members when the members are 
subjected to external loads. Flexural bond stresses do not exist in unbonded, 
post-tensioned construction, which accounts for the term "unbonded post­
tensioned tendon. " 

When a prestressing tendon is stressed, the elongation of the tendon is accom­
panied by a reduction in the diameter due to the Poisson effect. When the tendon 
is released, the diameter increases to its original diameter at the ends of the 
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prestressed member where the tendon is not encased in concrete and, hence, 
not restrained. This phenomenon has generally been regarded as an important 
factor in effecting the transfer of stress from pretensioned tendons, generally 
wires or strands, to the concrete. The stress in the tendon is zero at its extreme 
end, where it is not encased in concrete, and is at a maximum value at some 
distance from the end of the member. Within the length of the tendon from its 
extreme end to the point where it attains maximum stress, called the transmis­
sion length, there is a gradual decrease in the diameter of the tendon, which 
results in the tendon having a slight wedge shape over the length. This phenom­
enon is often referred to as the Hoyer effect after the German engineer E. Hoyer, 
who was one of the early engineers to develop this theory. Hoyer, and others 
more recently, derived elastic theory to compute the transmission length as a 
function of Poisson's ratio for steel and concrete, the moduli of elasticity of 
steel and concrete, the diameter of the tendon, the coefficient of friction between 
the tendon and the concrete, and the initial and effective stresses in the steel 
(Janney 1954). Laboratory studies of transmission lengths have indicated a 
relative close agreement between theoretical and actual values. There can be 
wide variation in bond lengths and stress, however, due to differing dimensions 
and physical properties between concretes and steels, as well as the several 
different surface conditions of prestressing tendons that can exist. All of these 
factors can affect the bond stresses and transfer lengths. 

There is reason to believe that the configuration of a seven-wire strand (i.e., 
six small wires twisted about a slightly larger center wire) results in very good 
bond characteristics. The transfer lengths of strands have been assumed to be 
half as long as those for solid wires of the same nominal diameter for many 
years. It is believed the relatively large surface area and twisted configuration 
of strands effect a significant mechanical stress transfer. 

Although these theoretical relationships are of academic interest, the profes­
sion has relied heavily upon experimental data for the transmission and devel­
opment lengths required for different types and sizes of pretensioning tendons. 
Over the years there has been considerable research concerning development 
and transfer lengths, under both laboratory and actual production conditions 
(Base 1958; Hanson 1969; Cousins, Johnston, and Zia 1990). This research has 
led to the following significant conclusions: 

1. The bond characteristics of clean three- and seven-wire prestressing 
strands and concrete are adequate for the majority of pretensioned 
concrete elements. 

2. Members that are of such a nature that high moments may occur near 
their ends, such as short simple spans and short cantilevers, require 
special consideration with respect to transfer and development lengths. 

3. Clean smooth wires of small diameter are adequate for use in preten­
sioning, but the transmission and development lengths for tendons of this 
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type are known to be greater than those for seven-wire strands (expressed 
as a multiple of the diameter). 

4. For many years, based upon a provision in ACI 318, the transmission 
length for clean seven-wire strands has been assumed to be equal to 50 
times the nominal diameter of the strand, and a very large number of 
structures that have been constructed under this assumption have given 
excellent service. Recent research, however, has shown that actual 
transfer lengths may be significantly longer than 50 diameters (Cousins, 
Johnston, and Zia 1990). 

5. The transmission length of tendons can be expected to increase from 5 
to 20 percent between the time of release and one year after release. 

6. The transmission length of tendons released by flame cutting or with an 
abrasive wheel can be expected to be as much as 20 percent greater than 
the transmission length of tendons that are released gradually. 

7. Hard, nonflaky surface rust and surface indentations effectively reduce 
the transmission lengths required for strand and some forms of wire 
tendons. 

8. Concrete compressive strengths between 1500 and 5000 psi at the time 
of release result in transmission lengths of the same order, except for 
strand tendons larger than 1/2 in. 

9. Because of relaxation and concrete shrinkage, a small length of tendon 
(3 in. ±) at the end of a member can be expected to become completely 
unstressed. 

10. The degree of compaction of the concrete at the ends of pretensioned 
members is very important if good bond and short transmission lengths 
are to be obtained. Honeycombing must be avoided at the ends of preten­
sioned beams. 

11. There is little if any reason to believe that the use of end blocks improves 
the transfer bond of pretensioned tendons, other than that gained by facil­
itating the placing and compacting of the concrete. Hence, the use of 
end blocks is considered unnecessary in pretensioned beams if sufficient 
care is given to consolidation of the concrete. 

12. Tensile stresses and strains develop in the ends of pre tensioned members 
along the transmission length as a result of the wedge effect of the 
tendons. Little if any benefit can be gained in attempting to reduce these 
stresses and strains by providing mild reinforcing steel around the ends 
of the tendons, because the concrete must undergo large deformations 
and probably would crack before such reinforcing steel could be stressed 
enough to become effective. The seriousness of the effect increases with 
tendon size. 

13. Lubricants and dirt on the surface of tendons have a detrimental effect 
on their bond characteristics. 
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Fig. 6-30. Variation in stress in pretensioned wire tendon near end of beam after relax­
ation. 

A curve showing typical variation of stress along the length of a pretensioned 
tendon near the end of a beam is given in Fig. 6-30. It will be seen that this 
curve is approximately hyperbolic. The stress is zero at the extreme end and 
for a distance of approximately 3 to 4 in., as is assumed to be the case in most 
applications. This should be considered in the design of pretensioned members 
and their connections. 

Flexural bond stresses occur between the tendons and the concrete in both 
pretensioned and bonded, post-tensioned members, as a result of changes in the 
extemalload. There are, of course, no transfer bond stresses in post-tensioned 
members because the end anchorage devices transfer the stress from the tendons 
to the concrete. Although it is known that flexural-bond stresses are relatively 
low in prestressed members for loads less than the cracking load, there is an 
abrupt and significant increase in these bond stresses after the cracking load is 
exceeded. Because of the indeterminacy that results from the plasticity of the 
concrete for loads exceeding the cracking load, accurate computation of the 
flexural-bond stresses cannot be made under such conditions. Tests are relied 
upon as a guide for design (Hanson and Kaar 1959; Cousins, Johnston, and Zia 
1990). 

The effect of flexural bond is most evident when two identical post-tensioned 
members, one with bonded and one with unbonded tendons, are tested to 
destruction and the results are compared. The load-deflection curves for such 
tests, when plotted together, would appear as in Fig. 6-31. From these curves, 
it will be seen that the beam with bonded tendons does not deflect as much 
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Fig. 6-31. Comparison of load-deflection curves for bonded and unbonded post­
tensioned construction. 

under a specific load as the one with unbonded tendons. The explanation for 
this behavior is that the tendon in the bonded beam must undergo changes in 
strain equal to the strain changes in the concrete to which it is bonded, whereas 
the unbonded tendon can slip in the duct and the strain changes are averaged. 
Hence, the beam with bonded tendons deforms and deflects as a function of a 
transformed section. This difference can result in the cracking load of the beam 
with bonded tendons being from 10 to 15 percent greater than that of the 
unbonded beam, and the ultimate load may be as much as 50 percent higher. 
The presence of flexural bond results in many very fine cracks in a bonded 
member in which the cracking load is exceeded, whereas in an identical 
unbonded member subjected to the same load, only a few wide cracks occur. 
This is a significant difference because removal of the load from the bonded 
member will result in the fine cracks closing completely, but in the unbonded 
member the wider cracks are less likely to completely close. * 

It is generally believed that once a member with bonded tendons is cracked, 
a significant increase in flexural-bond stress occurs at the point of cracking. As 
load on the beam is increased, the flexural bond stresses at the crack increase 
until slip occurs at the cracked section. Further increase in the external loads 
will be accompanied by additional slip in the tendon. This action will continue 
until the member fails, either by rupture of the steel, by excessive compressive 
strain in the concrete, or, in the case of a pretensioned member, by lack of 
anchorage, when the flexural bond stress is destroyed over a length of a tendon 
that reaches the zone in which the pretension is developed by transfer bond 

*The provision of nonprestressed reinforcement, if in sufficient quantity, will result in a nonbonded 
beam having deflection and cracking characteristics similar to those of a bonded beam. 
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(Nordby 1958; Hanson and Kaar 1959). Research has shown that the embed­
ment length, the length from the free end of the beam to the point at which a 
specific steel stress can be developed, for stands having nominal diameters of 
*, ~, and! in., is of the order given in Table 6-6 (Hanson and Kaar 1959). The 
data in the table are applicable to concrete with a cylinder compressive strength 
of 5500 psi and steel stresses of the order of 150,000 psi. If the distance from 
the section at which the critical stress in the steel occurs is less than the embed­
ment length required to develop the required stress in the steel, the flexural 
strength of the member may be controlled by bond rather than by flexure. In 
such instances, the design should be revised because it is more desirable for the 
controlling mode of failure to be flexural rather than bond. 

Bond considerations for prestressed concrete members are treated in several 
different parts of ACI 318. The first of these is in Sec. 11.4.3, where the effect 
of transfer bond on shear strength near the ends of pretensioned beams is consid­
ered. It is in this section that it is said to be permissible to consider the trans­
mission length of strand and wire tendons to be 50 and 100 diameters, 
respectively. As stated above, these provisions are not considered conservative. 
Section 11.4.4 contains provisions related to shear strength computations near 
the ends of pretensioned members that have some tendons not bonded to the 
concrete for all ofthe distance to the end of the member. (See Sec. 6-3 and I.P. 
6-2.) The development length for prestressed three- and seven-wire strand is 
treated in Sec. 12.9 of ACI 318, where it is provided that strands of these types 
be extended a distance beyond the critical section (for moment) equal to: 

( 6-49) 

TABLE 6-6 Maximum Stresses (psi) That Can be Developed at the Section of 
Maximum Moment for Various Sizes of Seven-Wire Strands and Embedment Lengths 
(Hanson and Kaar 1959). 

Embedment 1· 
4-1n • 

3 . e-In. 1· 
2-1n • 

Length (in.) Strand Strand Strand 

20 194,000 160,000 
30 218,000 187,000 166,000 
40 234,000 201,000 180,000 
50 250,000 211,000 192,000 
60 264,000 220,000 200,000 
70 229,000 206,000 
80 238,000 213,000 
90 247,000 219,000 

100 257,000 226,000 
120 244,000 
140 272,000 
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Here db is the nominal diameter of the strand, and 1;,s and I.e are as defined 
elsewhere in this chapter and have the units of ksi, although the quantity within 
the parenthesis is considered to be dimensionless. If the bonding of the tendons 
does not extend to the end of the member, the length given in eq. 6-49 must be 
doubled if the design allows tensile stresses in the precompressed tensile zone. 
(See Sec. 12.9.3 of ACI 318.) It should be noted that some designers think that 
the development length specified by eq. 6-49 is nonconservative, and that the 
embedment lengths given in Table 6-6 more accurately reflect what is needed. 

Bond is also discussed in Secs. 18.7 and 18.9 of ACI 318, in which flexural 
strength and minimum amounts of bonded reinforcement are treated; these topics 
already have been discussed in detail in this book. 

ILLUSTRATNE PROBLEM 6-7 The 4-ft-wide double-tee beam in Fig. 6-32a is 
supported by an inverted-tee beam, as shown in Fig. 6-32b. The span of the 
double-tee beam is 40 ft, the dead load is 46 psf, the area of the concrete is 
180 in.2, the superimposed dead load is 10 psf, and the live load is 30 psf. The 
member is prestressed with two harped pretensioned strands in each leg. Aps = 
0.4668 in.2 (total for both legs),1;,u = 270 ksi, and Pse = 72.0 kips. The center 
of gravity of the prestressed reinforcement is 5.50 in. above the soffit at the 
supports, is 2.07 in. above the soffit of the member for a length of 4 ft at 
midspan, and varies linearly in between. Assume that the coefficient of friction 
between the double-tee beam and the elastomeric pad is 0.20. The effects of 
shrinkage and creep will cause slippage in the joint. Investigate the member for 
shear with the assumption that the transfer length is 22 in. and the stress in the 
tendon varies linearly in the transfer zone. Design reinforcement for shear and 
support stresses, taking into account the fact that the stress in the tendon is null 
for the first 3 to 4 in. Use load factors of 1.4 and 1.7 for dead and live loads, 
respectively, and f~ = 4000 psi and fy = 400 ksi. 

SOLUTION: From eq. 6-13: 

50 x 8 x 12 
Av = 40000 = 0.120 in.2 per foot , 

and from eq. 6-14: 

The latter controls. 
The computation for Vci' vcw' vc' vu/ cp, and Av are shown in Table 6-7. Note 

that 2vu/ cp < Vc in the centermost 14 ft±; hence stirrups could be omitted over 
this length. 
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Fig. 6-32. Double-tee beam and inverted-tee beam used in J.P. 6-7. (a) Cross section 
dimensions of double-tee beam. (bl Cross section of inverted-tee beam. 

The effect of the transfer length shows in the computation of v cw at the 
support. Because 0.3fpc = 0 at the support, eq. 6-5 yields a value of vcw equal 
to 234 psi at this location (including the last term of eq. 6-5). Note that the 
value Vcw is constant from 2.0 ft to 14.0 ft (points 0.05 to 0.35) from the left 
support. This is explained by the fact that Vp/bwd is a constant 12.8 psi between 
these limits, d being taken equal to 0.80h from the support to 14.0 ft from the 
support and its actual value at points 16 ft and farther from the supports. 

At the supports, the design (factored) reaction can be computed as follows: 

Ru = [1.4{46 + 10) + 1.7(30)]4 x 20 = 10,3521b 
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TABLE 6-7 Summary of the Shear Stress Computations for I.P. 6-7. 

Length Vci Vew Ve vu/rP Ay 
Pt. (ft) (psi) (psi) (psi) (psi) (in. 2 /ft) 

.00 .000 intin 234.1 234.1 135.9 .0573 

.05 2.000 290.9 354.1 290.9 122.3 .0560 

.10 4.000 162.3 354.1 162.3 108.7 .0549 

.15 6.000 118.2 354.1 118.2 95.1 .0538 

.20 8.000 95.2 354.1 107.5 81.5 .0527 

.25 10.000 80.3 354.1 107.5 67.9 .0518 

.30 12.000 69.4 354.1 107.5 54.3 .0508 

.35 14.000 60.6 354.1 107.5 40.7 .0500 

.40 16.000 52.3 353.7 107.5 26.3 .0491 

.45 18.000 44.9 353.3 107.5 12.7 .0483 

.50 20.000 37.9 341.3 107.5 000.0 .0483 

No.3 Bar "-0" Long 

Plate 2%" X 2%" X 3/8" 

Fig. 6-33. Detail of inverted-tee beam supporting a double-tee beam. 

and the maximum horizontal force at each of the four stem supports is equal to 
10,352 X 0.2/2 = 1035 lb. Hence, to control cracking, steel reinforcement 
must be provided across and anchored on each side of the potential crack. In 
order to control crack width, the stress in the steel should be confined to 10,000 
to 20,000 psi. Using one No.3 bar in e~ch leg, the stress would be 9400 psi, 
which is adequate. A good means of anchoring the bar is shown in Fig. 6-33. 

ILLUSTRATIVE PROBLEM 6-8 For the double-tee beam in I. P. 6-7, assuming 
the flexural bond characteristics of the strand to be the same as given for the 
!-in.-diameter strand in Table 6-6, determine the ultimate moment capacity of 
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Fig. 6-34. Curve showing the stress that can be developed by the strand as a function 
of embedment length. 

TABLE 6-8 Table for I.P. 6-8. 

By Flexure By Bond 

Pt. d fps a/2 Mu fps a/2 Mu 

0 8.50 in. 260 0.372 74 0 0 
I 8.88 260 0.372 77 0 0 
2 9.26 260 0.372 81 189 0.270 59 
3 9.64 261 0.373 85 207 0.296 68 
4 10.02 261 0.373 88 223 0.319 76 
5 10.40 261 0.374 92 244 0.349 86 
6 10.78 262 0.374 95 270 
7 11.17 262 0.374 99 270 
8 11.55 262 0.375 103 270 
9 11.93 in. 263 0.376 106 270 

10 11.93 in. 263 0.376 106 270 
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Fig. 6-35. Diagram showing the design moment. the moment capacity limited by 
flexure. and the moment capacity limited by embedment length (bond). 

the member at the 20th points as controlled by bond and flexural strength 
considerations. Detennine which controls. 

SOLUTION: The stress versus embedment length curve based upon the data in 
Table 6-6 is given in Fig. 6-34. The computations for the moment capacity are 
summarized in Table 6-8, and the design moment and moment capacities, as 
limited by flexure and bond, are plotted in Fig. 6-35. The curve would indicate 
that the flexural capacity is adequate with a possible exception very near the 
ends of the beam where flexural strength, as a function of embedment length, 
is uncertain because of lack of data in Table 6-6. This uncertainty is the reason 
why many engineers provide nominal amounts of nonprestressed reinforcement 
near the end of simply supported members. 

6-7 Bonded vs. Unbonded Post-tensioned Construction 

The structural advantages gained by bonding post-tensioned tendons should be 
apparent from the preceding section. Yet, in spite of these advantages, unbonded 
tendons are widely used; literally millions of square feet of post-tensioned 
construction with unbonded tendons are reported to be constructed each year in 
the United States alone. 
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Suppliers of post-tensioning materials, as well as post-tensioning contractors 
and prestressed-concrete fabricators, have reported that the cost of using tendons 
coated with a rust inhibitor and wrapped with plastic or paper is lower than the 
cost of using tendons placed in performed or steel ducts that are grouted in place 
after stressing. The proponents of unbonded tendons point out that lower 
cracking and ultimate moments that are characteristic of unbonded construction, 
as well as the few widely spaced cracks that would appear in the tensile flange 
at loads that exceed the cracking load, can be controlled by providing nonpre­
stressed reinforcing steel in the tensile flanges to supplement the prestressing 
tendons. It is claimed the supplementary reinforcing steel can be provided at 
less cost than would be required to bond the tendons. 

The difference in spacing of the cracks that appear at overloads in unbonded 
and bonded construction is clearly illustrated in Figs. 6-36 and 6-37. In Fig. 
6-36 an overloaded, unbonded beam is shown; wide cracks, spaced 2 to 3 ft 
apart, are clearly visible. The portion of bonded beam shown in Fig. 6-37 is 
immediately adjacent to a section of the beam that was demolished when the 

Fig. 6-36. Beam with un bonded post-tensioned tendons under a load exceeding the 
cracking load. Note wide spacing and relatively great width of the flexural 
cracks in the bottom flange. (Courtesy U.S. Naval Civil Engineering Research 
and Evaluation Laboratory, Port Hueneme, California .) 
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Fig. 6-37. A portion of a beam with bonded post-tensioned tendons after having been 
tested to destruction. Note the close spacing of cracks located between the 
pencil lines. The effectiveness of the grouting is confirmed by the fact the 
cracks are closed and virtually invisible to the unaided eye. (Courtesy U.S. 
Naval Civil Engineering Research and Evaluation Laboratory. Port Hueneme. 
California.) 

beam collapsed during testing. The cracks that were open in the bottom flange 
and web of the beam immediately before collapse lie between the easily seen 
pencil lines. The cracks in the bonded beam were only faintly visible to the 
unaided eye after the failure of the beam. The effectiveness of the grouting in 
the beam of Fig. 6-38 is demonstrated by the fact that the cracks closed so 
completely after flexural failure of the beam. 

During the testing of the beam shown in Fig. 6-37, the effectiveness of the 
grouting also was clearly evidenced by the location of the neutral axis of the 
beam. The location of the neutral axis, determined by measuring flexural strains, 
was found where it would be expected forthe transformed concrete section, and 
lower than would be expected for the net or gross concrete section. 

The sections of the grouted post-tensioning tendons shown in Fig. 6-38 were 
taken from the beam shown in Fig. 6-37. Notice that the metal sheath is very 
well filled with grout and virtually without voids. In addition, friction tape, 
which was used to seize the wires when they were being inserted in the metal 
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Fig. 6-38. Section of grouted post-tensioned tendons removed from the portion of the 
test beam shown in Fig. 6-37 . (Courtesy U.S. Naval Civil Engineering 
Research and Evaluation Laboratory. Port Hueneme. California .) 

sheath, is clearly seen in two sections of the tendon. The friction tape did not 
seriously . restrict the flow of grout. 

These comments are not intended to imply that grouting is always done 
perfectly. It often is not. (See Chapter 15.) 

The use of unbonded tendons will certainly result in satisfactory construction 
if they are properly designed and fabricated. This has been demonstrated by the 
large amount of building construction done successfully with this method in the 
United States and elsewhere. Structural elements designed to be constructed 
with unbonded tendons should be made to conform to, or exceed, the minimum 
provisions of ACI 318 Building Code Requirements for Reinforced Concrete, 
as well as the "Recommendations for Concrete Members Prestressed with 
Unbonded Tendons" (ACI 423.3R 1989). 

6-8 Internal vs. External Post-tensioned Reinforcement 

In recent years there has been an increase in use of post-tensioned tendons that 
are not embedded within the primary concrete structural section throughout their 
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length. Tendons of this type are referred to as external tendons to differentiate 
them from internal tendons that are encased in the structural concrete section 
throughout their length. External tendons normally are positioned within the 
concrete section near their ends, at which points they are anchored to the 
concrete, and at intermediate points where the slopes of their paths change. 
Members with internal and external tendons are illustrated in Figs. 6-39 and 
6-40. 

Elevation 

End Elevation A-A 

Section B-B at Midspan 

Section C-C at support 

Fig. 6-39. Elevation of a three-span continuous beam illustrating typical paths of 
internal post-tensioned tendons. 
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End Elevation A-A 

Section B-B at Midspan 

Section C-C at Support 

Fig. 6-40. Elevation of a three-span continuous beam illustrating the paths commonly 
used with external tendons. 

In the early days of prestressing (late 1940s and early 1950s), the use of 
external tendons was most often done with zinc-coated prestressed reinforce­
ment placed within the voids of hollow-box-girder bridge superstructures. 
Saddles or rockers fabricated from steel commonly were provided at the points 
where the slopes of the tendons were changed in order to optimize the effect of 
the tendons. In contemporary practice, external tendons most often are placed 
within the interior of a hollow box girder where they are not exposed to view 
or weather. In order to take advantages gained through the use of tendon paths 
that are not straight, the tendons frequently are anchored fairly high in the section 
at the ends and follow a path approximating a curve between the ends. When 
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this is done, the tendons are held down at the intennediate points where they 
pass through reinforced concrete blocks or beams especially provided for this 
purpose. 

External tendons generally are enclosed within a metallic or plastic duct (or 
a combination of the two), and are protected against corrosion by portland 
cement grout. On occasion, materials especially compounded for corrosion 
protection are used rather than grout. 

When the tendons are physically connected to the primary concrete structural 
section at the hold-down locations, where the slopes of the tendons change, 
they are not able to slip with respect to the primary concrete member. This 
restraint results in the tendons' perfonning structurally very nearly the same as 
they would if they were placed within the concrete section (i.e., internal tendons) 
and bonded to the concrete section after stressing (Figg and Muller 1987). 

External tendons that are not structurally connected to the primary structural 
concrete member between the ends of the tendons must be expected to be able 
to slip with respect to the concrete member and thus perfonn as one would 
expect for unbonded tendons. 
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PROBLEMS 

1. The girder shown in Fig. 4-27 is designed to support precast rectangular 
beams and a cast-in-place slab. The girder, which had a dead load of 440 
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plf, is to be used on a span of 40 ft and support a superimposed dead load 
of2.00 kips/ft and a superimposed live load of 1.13 kips/ft. Assuming that 
the compressive strength of the all-lightweight aggregate concrete is 5000 
psi, the lightweight concrete shear strength coefficient is 0.75, the effective 
prestressing force is 440 kips, the area of the prestressed reinforcement is 
3.20 in.2, and the ultimate tensile strength of the prestressed reinforcement 
is 250 ksi, design the member for shear reinforcing using Grade 40 nonpre­
stressed reinforcement for the stirrups and the criteria contained in ACI 318. 
Assume that the bonded reinforcing is post-tensioned on a parabolic path 
having distances between the center of gravity of the steel and the soffit of 
5.20 in. at midspan and 12.76 in. at the supports. The girder is simply 
supported. Use load factors of 1.5 and 1.8 for deal load and live load, 
respectively (these load factors were commonly used in U.S. design practice 
some years ago). Plot the results. Confirm that the design conforms to all of 
the shear requirements of Chapter 11 of ACI 318. 

SOLUTION: 

The properties of the beam cross section needed for the analysis are: 

Yb = 14.61 in., I = 44,700 in.4, h = 30.0 in. 

Ac = 418.5 in. 2, t = 6.50 in., bw = 6.00 in. 

The computations are summarized in Table 6-9. The asterisk in the Av column 
at the support (point .00) indicates: 

~ > 0.75 X 8J"j; 

TABLE 6-9 Table for Problem 1. 

Length Vci vew Ve vul q, Av 
Pt. (ft) (psi) (psi) (psi) (psi) (in. 2 Itt) 

.00 .000 infin 378.1 378.1 930.3 ... 

.05 2.000 1574.6 673.9 673.9 837.3 .2942 

.10 4.000 828.3 654.6 654.6 744.3 .1613 

.15 6.000 563.4 635.4 563.4 651.2 .1581 

.20 8.000 418.3 616.1 418.3 558.2 .2517 

.25 10.000 320.8 596.9 320.8 465.1 .2598 

.30 12.000 246.4 577.6 246.4 372.1 .2261 

.35 14.000 184.1 558.1 184.1 277.7 .1684 

.40 16.000 128.5 538.3 128.5 182.2 .0967 

.45 18.000 78.8 519.3 90.1 90.3 .0900 

.50 20.000 31.8 500.6 90.1 000.0 .0900 
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930.3 psi 
Midspan"! 

, 
693 ± psi 

o 0.10 0.20 0.30 0.40 

Fig. 6-41. Shear stress diagram for Problem 1. 

in which 0.75 is the concrete shear strength coefficient for all-lightweight 
concrete, and 8..fFc is the greatest shear stress pennitted by ACI 318 to be 
carried by the shear reinforcement. This illustrates one of the constraints of ACI 
318, but it should be pointed out that it does not apply in this example because 
the maximum shear stress for which it is necessary to design is located at a 
distance equal to one-half of the effective depth of the girder (d / 2) or 8.63 in. 
from the support. Furthermore, in the case of this post-tensioned beam, the 
transfer distance, which is an important consideration in the design of members 
with pretensioned tendons, is not a consideration. The value of 378.1 psi for 
v cw shown in the summary was computed on the basis of zero compressive stress 
due to prestressing at the centroidal axis-normally a conservative assumption 
for post-tensioned concrete but not for pretensioned concrete. The results are 
shown plotted in Fig. 6-41. 

2. For the girder cross section and conditions specified in Problem 1, design 
the central span of the girder for shear, using the detailed analysis of ACI 
318, if the girder has a central span of 40 ft and overhangs of 8 ft at each 
end. The tendon path is composed of compounded second-degree parabolas 
passing through the points indicated in Fig. 6-42. The service loads are 
shown in Fig. 6-43. The concrete is all-lightweight, and the load factors are 
1.5 and 1.8 for dead and live loads, respectively. Plot the results. 

SOLUTION: 

The loads shown in Fig. 6-43 cause the service load and design load end 
moments summarized as follows: 
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(D 

40' 8' 

Fig. 6-42. Elevation of the beam used in Problem 2. 

Girder dead load 
Superimposed dead load 
Live load 

Service loads 
(k-ft) 

-56.32 
-256.00 
-435.20 

Design loads 
(k-ft) 

-84.48 
-384.00 
-783.36 

The computations are summarized in Table 6-10, where the data are given at 
the 20th points. The girder and loading are symmetrical. It should be noted, as 
indicated by the asterisks in the tabulated data at points .00, .05, .95, and 1.00, 
that: 

~ - Vc > 0.75 X 8..fi'c 

To conform to the shear provisions of ACI 318, the web thickness needs to be 
increased in the vicinity of the supports as a means of reducing the shear stresses 
below the maximum acceptable level. The results are shown plotted in Fig. 
6-44. 

P girder = 5.28 kips 
PSDL = 24.00 kips 
PLL = 40.80 kips 

W girder = 440 pit 

/
WSDL = 2000 pit 
wLL = 3400 pit 

P girder = 5.28 kips 
PSDL = 24.00 kips 
PLL = 40.80 kips 

Fig. 6-43. Service loads for beam in Problem 2. 
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1750 

Web reinforcing required by stress 

Midspan 

o 0.10 0.20 0.30 0.40 0.50 

Fig. 6-44. Shear stress diagram for Problem 2. 

3. The double-tee beam shown in Fig. 6-45 is pretensioned with nine ~-in. 
strands in each leg. Each strand has an area of 0.153 in. 2 and a minimum 
guaranteed ultimate tensile strength of 270,000 psi. The strands are 
positioned in three rows of three strands in each leg. The rows are at 2 in. 
on center with the center of the lowest strands being 2 in. above the soffit. 
The lower three strands in each leg are not bonded to the concrete for 12 ft 
at each end. The member is designed for the following loads: 

1"-+ 

30.63" 

'--

*"" 

Double-tee beam 
Concrete topping 
Roofing and insulation 
Live load 

8.75" 

1" 
1 " ...... 

61.25" 

144 " 

~ 

671 plf 
375 plf 
156 plf 
192 plf 

8.75" 

*""1" 

30.63" 

Fig. 6-45. Double-tee beam used in Problem 3. 

f 
~ 1 .-
N 
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The load factors to be used in the design are 1.5 and 1.8 for dead and live 
loads alone. Plot the design load moment diagram and the flexural capacity 
for the member, taking into account the development length requirements of 
ACI 318 (eq. 6-49). Assume concrete compressive strengths of 5000 and 
3500 psi for the double-tee beam and the cast-in-place topping, respectively. 
The effective prestress in the strands is taken to be 154 ksi. The beam is to 
be used on a simple span of 64.3 ft. 

SOLUTION: 

For 18 strands, the center of gravity of the prestressed reinforcement is located 
4 in. above the soffit. The effective depth of the composite section is 22.50 in. 
(26.50 - 4.00) and: 

18 X 0.153 
p = = 0.00085 

p 144 X 22.50 

Ips = 261.1 ksi, wp = 0.0634, a = 1.67 in. 

q,Mn = 0.90 X 18 X 1~·153 X 261.1 l22.50 _ 1.:7l = 1168 k-ft 

760k-Ft.y "" 

/ 
t 

/ 
/ 

/ 

r/>Mn capacity 1168 k- Ft.\. 

"y.....r---~-

"" ",.."" 

ld for 12 21d for 6 strands = 13.20' 

strands = 6.58' 32.15' 

...; 
U. 

I 
.>t!. 

o 

Fig. 6-46. Diagram showing the reduced moment capacity from the support to midspan 
for the beam in Problem 3. 
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For 12 strands, the effective depth of the composite section is 26.50 - 5.00 = 
21.50 in. and: 

12 X 0.152 
Pp = 144 X 21.50 = 0.000593 

Ips = 263.8, a = 1.12 in. 

A.M = 0.90 X 12 X 0.153 X 263.8 [21 50 _ 1.12J = 760 k-ft 
'I' n 12 . 2 

For the 12 strands, the development length for an effective prestressing stress 
of 154 ksi is: 

(261.1 - ~ X 154) 0.50 = 79 in. 

For the six strands that are not bonded for 12 ft at each end of the member, the 
development length is: . 

2 (261.1 - ~ X 154) 0.50 = 158 in. 

The results are shown plotted in Fig. 6-46. 



7 Loss of Prestress, 
Deflection, and 
Partial Prestress 

7 -1 Introduction 

This chapter includes discussions of several important, frequently encountered 
subjects that pertain to the elastic design of simple prestressed concrete flexural 
members. An engineer who frequently is engaged in the design of prestressed 
structures will become familiar with these relationships through design experi­
ence. An engineer who is only occasionally involved in the design or review of 
prestressed members will find that this chapter contains valuable, concise refer­
ence material, presented in a manner that facilitates its use. 

7-2 Factors Affecting Loss of Prestress 

The final stress required in the prestressing steel at each of the critical sections 
in a prestressed member should be specified by the designer. If specific details 
of the method of prestressing are specified, complete stressing schedules and 
sequences, including jacking, initial, and final stresses required in the 
prestressing tendons should be determined and indicated on the construction 
drawings or in the specifications. To do this, it is necessary either to compute 
or assume a value for the loss of stress in the prestressing tendons that results 

289 



290 I MODERN PRESTRESSED CONCRETE 

from the several contributing phenomena. The losses of prestress, including 
those due to friction, must be included in the computation of gage pressures 
and elongations for post-tensioned tendons, as is explained in Chapter 16. 

The various phenomena that contribute to the loss of prestress as well as the 
method of calculation are discussed below. 

Elastic Shortening of Concrete 

When the prestressing force is applied to a concrete section, a deformation of 
the concrete takes place simultaneously with the application of the prestress. 
Because the prestressing reinforcement normally is located in the portion of the 
concrete member that is compressed by the prestressing, the deformation 
normally is a shortening; and because the deformation normally is relatively 
small and takes place over a very short period of time, it commonly is referred 
to as an elastic shortening. 

If the entire prestressing force is applied to the concrete in a single operation, 
as is normally the case in pretensioned construction, a single change in strain 
takes place in the prestressed and nonprestressed reinforcement embedded within 
the concrete member as a result of prestressing. The application of the preten­
sioning force to the concrete frequently is referred to as the transfer of the 
prestressing force, because immediately before the prestressing force is applied 
to the concrete, the force is being resisted by the prestressing bed to which the 
tendons are anchored during the placing and curing of the concrete. In a sense, 
the force is transferred from the prestressing bed to the concrete member. The 
loss in stress in bonded reinforcement resulting from the elastic shortening is 
equal to the product of the stress in the concrete at the level of the reinforcement 
and the modular ratio of the reinforcement to the concrete. In a simple beam, 
the critical section for flexural stress, and hence the section at which the losses 
of prestress should be considered, normally will be at or near the midspan of 
the beam. The critical section for flexural stresses is defined as the section 
subject to the greatest flexural tensile stress, or the minimum compressive stress, 
under service load. When pretensioning is used, the concrete stress that should 
be used in computing the reduction in prestress due to elastic shortening is equal 
to the net, initial concrete stress that results from the algebraic sum of the stresses 
due to initial prestressing and the dead load of the beam at the level of the steel 
at the critical section. 

In the case of post-tensioning, the prestressing normally is done by stressing 
a number of tendons one at a time. Hence, the first tendon stressed is shortened 
by the subsequent stressing of all other tendons, and the last tendon is not short­
ened by subsequent stressing. Therefore, in post-tensioning, an average value 
of stress change can be computed and assumed to affect all tendons equally. 

For the case of all prestressing being applied simultaneously (as in preten­
sioning), the stress in the concrete at the level of the center of gravity of the 
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prestressed reinforcement (after elastic shortening), IccgpS' resulting from an 
initial prestressing force (before elastic shortening) P J, can be computed from: 

__ P J + npSlccgpsAps ( epsep/) Mdeps 
Iccgps - 1 + 2 + --

A r I 

which can be written: 

Iccgps = 

in which: 

PJks + AMdeps/I 

A + npsApsks 

(7-1 ) 

(7-2 ) 

(7-3 ) 

In the above, eps is the eccentricity of the prestressing reinforcement, ep/ is the 
eccentricity of the pressure line due to prestressing only (both eps and ep/ are 
positive below the centroidal axis), nps is the modular ratio of the prestressed 
reinforcement to the concrete, and dead load moments causing tension in the 
bottom fibers are positive. In the case of statically determinate members, the 
term ks becomes: 

2 eps 
ks = I + -

r2 
(7-4 ) 

because the eccentricities of the prestressed reinforcement and the pressure line 
due to prestressing alone are one and the same. As will be seen in Chapter 10, 
this may not always be true for statically indeterminate members. 

In the case of simple, precast, pretensioned members, the value of Iccgps can 
be computed at the critical section and the design adjusted accordingly. The 
critical section may be near the supports with members stressed with straight 
tendons, or it may be between the supports near the point of maximum moment 
due to total service load for members with draped tendons. If the critical section 
is near midspan, a higher jacking force may be permissible without exceeding 
0.70/pu in the prestressed reinforcement immediately after transfer; in other 
words, it may be possible to increase the jacking stress by the amount of npJccgpS 
(see Sec. 2-15). 

For pretensioned members, the value of the stress in the prestressed 
reinforcement, Is;, immediately after elastic shortening is computed from: 

Isi = IJ + npslccgps (7-5a) 

in which IJ is the stress in the prestressed reinforcement due to the force P J. In 
post-tensioned members, as is explained below, the stress in the prestressed 
reinforcement after elastic shortening is: 
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(7-5b) 

The initial stress in the concrete at any fiber y from the centroidal axis of a 
pretensioned or post-tensioned section can be computed from: 

it = - hiAps (1 + ep/ y) (7-6) 
cy A ,2 

Equation 7-1 is applicable to members having nonprestressed reinforcement in 
addition to prestressed reinforcement except that the terms A, eps' ep[' and I are 
for the transformed section rather than the gross concrete section. 

As stated above, in the case of post-tensioned members having a number of 
tendons that are stressed sequentially, the stress in the first tendon stressed is 
reduced slightly by the elastic shortening of each of the tendons stressed subse­
quently. The stress in the last tendon stressed is not affected by the elastic 
shortening caused by the other tendons. Hence, the effect of elastic shortening 
is less than that which occurs when all tendons are stressed simultaneously. In 
post-tensioned members with several tendons, the effect of elastic shortening 
generally is taken to be 50 percent of the value of iccgps computed with eq. 
7-1. 

It should be recognized that the effect of elastic shortening varies along the 
length of the member. In simple spans where there may be one section in the 
span that is most critical from the standpoint of flexural stresses under service 
load, it is a simple matter to adjust the design for elastic shortening at the critical 
section. In continuous spans there may be several critical sections along the 
span, as frequently result from different conditions ofloading. Hence, in contin­
uous members one mayor may not be able to adjust the stress in the tendons 
to eliminate reduction in the prestressing force due to elastic shortening to the 
same degree that is possible in simple span members. 

Creep of Concrete 

The loss in stress in the prestressed reinforcement resulting from the creep of 
the concrete also should be computed on the basis of stresses that occur at the 
critical section for service load flexural stresses rather than for average values 
of service load flexural stresses, because the greatest margin of safety against 
cracking generally is needed at the section of maximum moment. In bonded 
construction, because creep is time-dependent and does not take place to a signif­
icant degree until after bond has been established between the prestressed 
reinforcement and the concrete, the effect of creep on the loss of prestress is 
not averaged along the tendon length. In the case of post-tensioned construction 
in which the tendons are not bonded to the concrete after stressing, the effect 
of creep becomes averaged along the tendon length because the tendon can slip 
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in the member; and, for this reason, the concrete stress at the average centroid 
prestressed reinforcement can be used in the computation of this stress loss. 
Concrete creep is discussed in Secs. 3-13 and 3-14. 

Shrinkage of the Concrete 

The rate at which concrete shrinks as well as the magnitude of the ultimate 
shrinkage can be estimated using the data of Secs. 3-11 and 3-12. The entire 
shrinkage strain is effective in reducing the steel stress in pretensioned construc­
tion, but only the amount of shrinkage that occurs after stressing is of signifi­
cance in post-tensioned members. 

Relaxation of Prestressing Reinforcement 

The relaxation of prestressing reinforcement is discussed in Sec. 2-10. Three 
basic methods for estimating the effect of relaxation are available to the struc­
tural designer. The first of these is to estimate the effect through the use of 
information published by the manufacturers of prestressing steel (see Figs. 2-9 
and 2-10). The second is to use eqs. 2-1 and 2-2 for estimating the relationship 
between relaxation, stress levels, and time. The third procedure is to use the 
methods suggested by Ghali and Trevino, which are discussed in Sec. 2-10. 

Friction Loss 

Although some authors include the loss of stress due to friction between post­
tensioned tendons and their ducts or sheaths with the losses due to the defor­
mation of the materials incorporated in a post-tensioned beam, this is not done 
in this book. Post-tensioning friction losses are treated in Chapter 16, rather 
than in this chapter. The accurate evaluation of friction loss requires knowledge 
of the details given in the post-tensioning placement documents, including the 
placing plans, the details to be used in the placing, the calculations made for 
the stressing procedure, and the anchorage set characteristics of the end anchor­
ages that are to be used. In the case of continuous post-tensioned members, 
however, prudent engineers evaluate friction losses during the design phase. In 
addition, they specify, in the contract doCuments, the friction coefficients used 
in their evaluation, together with the minimum jacking forces at the ends of the 
tendons that will be accepted during prestressing. This preliminary work, 
however, does not eliminate the need for the calculations to be redone by the 
post-tensioning contractor at the time of construction when the actual details of 
the post-tensioning materials, tendon paths, and equipment are known. 

7 -3 Computation of Prestress Loss 

The computations of the losses of prestress due to the shrinkage and elastic 
deformation of the concrete, are straightforward, provided that the parameters 
governing these phenomena are known. The losses due to concrete creep and 
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relaxation of the prestressing reinforcement are more difficult to determine 
accurately because they are functions of both time and level of stress. The 
amount of concrete creep in prestressed concrete varies with the age of the 
concrete at the time of loading, the stress levels in the concrete, and other 
factors, as explained in Chapter 3. The amount of relaxation of the prestressing 
steel is affected by the time-dependent changes in length of the concrete to 
which the tendons are anchored. In other words, these actions are interdepen­
dent. 

Numerous methods of providing for the loss of prestress have been used over 
the years. These have included the use oflump sums (e.g., 35,000 and 25,000 
psi, for pretensioned and post-tensioned reinforcement, respectively); methods 
based upon average values of the several parameters; and, step-function methods 
based upon basic relationships for concrete creep, shrinkage, and elastic 
modulus, prestressed reinforcement relaxation, and the effects of time. The 
prestressed concrete designer must select and use a method that, based upon his 
or her own knowledge and experience, is applicable for the type of design work 
at hand (ACI-ASCE Joint Committee 323 1958; AASHTO 1989; PCI 
Committee on Prestress Losses 1975; Zia, Preston, Scott, and Workman 1979; 
Branson 1974; Ghali 1986; and Subcommittee 5, ACI Committee 435 1963). 

Prestress loss recommendations of the PCI Committee on Prestress Losses, 
the American Association of State Highway and Transportation Officials, and 
the method recommended by Zia et al. are included herein in Appendixes A, 
B, and C. Readers should become familiar with these methods and use them in 
their design work as they deem appropriate. 

In the more sophisticated methods of analysis, the creep and recovery defor­
mations of the concrete have been modeled by using the rate-of-creep principle 
or the superposition principle, as described in ACI 435.1R, or the principles 
described by Neville, Dilger, and Brooks (1983). These methods are illustrated 
in Figs. 7-1,7-2, and 7-3, respectively. The rate-of-creep method assumes that 

II 

¢ D 
II 

Time 

Fig. 7-1. Creep strain by the rate-of-creep method. 
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Fig. 7-2. Creep strain by the superposition method. 

the creep deformation at time t is equal to the product of the stress and the 
ordinate of the specific creep curve corresponding to time t. Once the stress is 
removed, there is no further change in the creep deformation. The superposition 
method predicts the same initial deformations as the rate-of-creep method, but 
assumes that the member is subjected to a tensile stress that is equal in magni­
tude, but of opposite sign, upon removal of the original stress. Furthermore, 
the superposition method assumes that the concrete sustains further creep defor­
mation under the original load and additional time-dependent creep recovery 
under the fictitious tensile stress applied to counteract the original compressive 
stress. The creep-recovery model described by Neville et al. includes an instan­
taneous deformation and time-dependent recoveries after removal of a load. The 
creep-:-time deformation characteristics of concrete normally are assumed to be 
identical, but of opposite sign, in tension and in compression. 

Load removed 

I--------t 

-------t 

Time after loading 

Elastic or instantaneous strain 

Elastic or 
instantaneous 
strain recovery 

Creep recovery 

Permanent 
strain 

Fig. 7-3. Deformation of concrete as a function of time, illustrating instantaneous 
deformation, creep deformation, instantaneous recovery, creep recovery, and 
permanent deformation. 
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The Neville model is believed to be the most accurate method, but its use, 
which is more laborious than the rate-of-creep and superposition methods, is 
considered to be worthwhile only when the creep and other properties of the 
materials are carefully selected, high precision is desired, and the computations 
can be performed by computer or programmable calculator. 

A method of computing the stress loss that is considered to be among the 
more accurate procedures uses a numerical integration procedure that treats the 
several variables as interdependent time functions. This method utilizes mathe­
matical relationships that define the creep-time function of the concrete creep 
phenomenon, the concrete shrinkage-time function, and the prestressing 
reinforcement relaxation-time function for the materials that are to be used. 
With this procedure, the incremental changes in stress in the concrete and 
reinforcement (both prestressed and nonprestressed) are computed for short time 
intervals and the effects integrated over a specific period of time. The individual 
phenomena are treated as time-dependent step functions to facilitate the compu­
tations (ACI Committee 43S 1963). The effect of cracking can be included in 
this type of analysis, following the procedures described below in Sec. 7-S. 

The following basic assumptions are made in employing the numerical 
integration method for predicting prestress losses, as well as in computing 
deflections (see Sec. 7-4). 

1. The initial stresses in the member under consideration are known. 
2. The specific creep versus time relationship for the concrete under constant 

stress is known and can be approximated with sufficient accuracy with a 
step function. 

3. Creep deformations of the concrete are proportional to the concrete stress 
at up to SO percent of the concrete strength. 

4. The shrinkage versus time relationship is known for the concrete under 
consideration and can be treated as a step function. 

S. The shrinkage characteristics of the concrete are uniform over the section. 
6. The stress-strain relationship for the concrete is linear at up to SO percent 

of the flexural strength for loads of short duration. 
7. Strains vary linearly over the depth of the section; that is, plane sections 

remain plane. 
8. The relaxation versus time relationship for the prestressed reinforcement 

is known and can be treated as a step function. 
9. The stress-strain relationships for prestressed and nonprestressed 

reinforcement are linear under short-duration loads. 

This method lends itself to solution by programmable calculator or computer. 
The accuracy of the computations should be enhanced through the use of many 
short time increments (one day, for example) rather than fewer and longer time 
increments. 
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The numerical integration procedure described above is not widely used in 
computing the loss of prestress, for several reasons. If done without the assist­
ance of an electronic device, the computations are tedious and time-consuming, 
and mathematical errors are easily made. In addition, the designer frequently 
does not have specific data for the creep, shrinkage, and elastic properties for 
the concrete or relaxation information for the reinforcement that actually will 
be used in a project. Consequently, the use of the more sophisticated method 
frequently cannot be justified. On important projects, however, the designer can 
use this method to study losses of prestress (and deflections) for several combi­
nations of concrete and reinforcement properties, and to determine upper and 
lower bounds for the loss of prestress (and deflection). This method is recom­
mended for the analysis of concrete structures constructed segmentally (See 
Secs. 8-3, 10-9 and 14-5). 

ILLUSTRATIVE PROBLEM 7-1 
bridge girder shown in Fig. 
analysis. 

Compute the loss of prestress for the composite 
7-4. Use the numerical integration method of 
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Fig. 7-4. Cross section of beam used in LP. 7-1. 
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The concrete parameters are: 

Concrete type 
Compressive strength at 28 days (ksi) 
Unit weight (pcf) 
Concrete elastic modulus coefficient (eq. 3-4) 
Ultimate concrete shrinkage, millionths of in. lin. 
Creep ratio 

Time-dependency parameters for the concrete are: 

Strength (eq. 3-1) a 2.24 
(3 0.92 

Shrinkage (eq. 3-21) a 1.00 

f 35.00 
Creep (eq. 3-25) if; 0.60 

d 10.00 

Precast 
5,500 

115 
26 

350 
1.5 

2.24 
0.92 
1.00 

35.00 

The properties of the prestressed reinforcement are as follows: 

/pu = 270 ksi 

/py = 247 ksi 

CIP 
5,000 

114 
26 

300 

lsi = 189.5 ksi (after elastic shortening of concrete) 

Eps = 27,800 ksi 

Aps = 5.52 sq. in. 

ADucTs = 16.23 sq. in. 

Assume that the relaxation of the prestressing steel can be predicted by eq. 
2-1. 

The construction time sequence is as follows: 

End precast cure: 7 days after girder cast-shrinkage begins 
Prestress: 12 days after girder cast-creep begins 
Cast slab: 197 days after girder cast 
End slab cure: 204 days after girder cast 
Apply SDL: 206 days after girder cast 
End analysis: 600 days after girder cast 

Midspan section properties are as follows: 

Area I 
(in. 2) (in. 4) 

Net precast 949 625158 
Transformed, net precast 1013 710047 
Transformed, composite 1637 1226561 

Yt 
(in.) 

-30.87 
-33.23 
-19.32 

Yb 
(in.) 

44.12 
41.76 
55.67 



LOSS OF PRESTRESS, DEFLECTION, AND PARTIAL PRESTRESS I 299 

TABLE 7-1 Summary of the Loss of Prestress Computations for I. P. 7-1. 

Concrete Fiber Stresses (ksi) 

Steel Beam Slab 

Time stress 
(days) (ksi) Bottom CGS 

12 + 189.5 -2.588 -2.373 
197 +144.5 -1.825 -1.689 
197' +152.9 -0.923 -0.925 
206 +152.7 -0.919 -0.922 
206' +154.3 -0.756 -0.777 
600 + 149.4 -0.670 -0.701 

The midspan moments are as follows: 

Due to precast D.L.: 1535 k-ft 
Due to slab D.L.: 1278 k-ft 
Due to superimposed D.L.: 300 k-ft 

Top 

-0.062 
-0.228 
-0.946 
-0.949 
-1.006 
-1.038 

Bottom 

+0.020 
-0.035 
+0.159 

Top 

-O.OlD 
-0.086 
-0.184 

Rotation 
x 106 

14.67 
21.26 
12.62 
11.41 
11.41 
lD.24 

SOLUTION: The numerical integration method, as described in Sec. 7-2, was 
used to solve this problem, with a programmable calculator used to facilitate 
the computations. The computed values are shown in Table 7-1, from which it 
will be seen that the computed loss of stress is 40.1 ksi at 600 days. Note that 
values are given for the stress remaining in the steel, the concrete stresses in 
the top and bottom fibers of the precast section, and of the slab, as well as for 
rotation of the section. (The rotation is used in deflection calculations, as 
described in Sec. 7-4.) Two sets of data are given for day 197 and 206-for 
before and after the application of the cast-in-place slab and the superimposed 
dead load, respectively. In this example, the limiting value for loss of prestress 
was taken to be reached at 600 days; a more realistic time would be 1200 or 
1600 days. 

Another approach to the computation of the loss of prestress has been proposed 
by Ghali and others (Ghali and Trevino 1985; Ghali and Tadros 1985; Ghali 
1986). The method is relatively simple to apply, but the use of a small special­
purpose computer with programs dedicated to this calculation facilitates the 
computations (Ghali and Elbadry 1985). The method can be applied to fully 
prestressed members and partially prestressed members (see Sec. 7-5), as well 
as nonprestressed members. It relies upon ordinary computation procedures that 
are somewhat complicated by the need to use the net, net-transformed, trans­
formed, and age-adjusted transformed section properties at different steps of the 
process. Prestress loss can be determined for prestressed members that contain 
prestressed and nonprestressed reinforcement, whether fully prestressed or not. 
The method relies upon basic strain compatibility and equilibrium principles, 
without the use of empirical relationships. 
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The procedure is based upon computing the strains and stresses at the section 
under consideration, beginning at the time of first loading and ending after a 
specific time interval. Also, the computations sometimes are made at specific 
points in time that mark notable events in the loading history of the member 
under study. The most simple of the loading histories consists of a single time 
interval that begins with the application of the member's dead load simulta­
neously with its prestressing and ends, after a long period of time, when the 
effects of creep and shrinkage are considered to have reached their ultimate 
values. A more complicated history, which must be divided into two separate 
analyses, includes the application of a second increment of dead load at some 
point in time after prestressing and the application of the dead load of the 
member itself. 

The fundamental process involves an evaluation of the effects of concrete 
creep, concrete shrinkage, and relaxation of the prestressing steel over the time 
increment by the following steps: 

1. Determine the stress and strain, with respect to a reference axis, due to 
the effects of dead load and the initial prestressing force using the net -trans­
formed section properties (i.e., prestressed reinforcement not bonded to the 
section). The reference axis may be located at the centroidal axis of the net­
transformed section or at some other convenient location. Because different 
section properties are used at various points in the analysis, the location of the 
centroidal axis, with respect to the top and bottom extreme fibers, varies as the 
analysis progresses. For this reason the computations may be facilitated by using 
the sections properties computed with respect to the reference axis located at 
the top of the member (top of the composite member if a slab or other element 
is to be added to the original section at another point in the analysis). 

2. Determine the amount of concrete creep and shrinkage deformation that 
would occur if not restrained between the time of prestressing (beginning of the 
analysis time period) and the end of the time interval under consideration. In 
addition, determine the amount of the relaxation of the prestressed reinforce­
ment during the time interval under consideration. The end of the time period 
considered mayor may not coincide with the application of another increment 
of load. 

3. The time-dependent deformations due to concrete creep and shrinkage are 
assumed to take place at a slow rate during the time interval under study. It is 
further assumed that these deformations are artificially restrained by stresses in 
the net concrete section alone and are a function of the age-adjusted elastic 
modulus for the concrete (for the period of time under consideration). The 
restraining stresses have resultant forces and moments (taken with respect to 
the reference axis) due to concrete creep and shrinkage that can be computed 
as follows: 
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tlNcreep = -Eca ov [Anfrat + AnY1/tt] 

tlMcreep = -Eca ov [AnYfrat + In1/tt] 

tlNshrinknge = - EcaOfshtAn 

tlMshrinkage = -EcaOfshtAnY 

(7-7) 

(7-8) 

(7-9) 

(7-10) 

in which An> AnY, and In are the net area, first moment of the net area, and 
moment of inertia of the net area of the concrete section (exclusive of prestressed 
and nonprestressed reinforcements), respectively, with respect to the reference 
axis. Eca is the age-adjusted elastic modulus of the concrete, OV is the increment 
of the creep ratio for this time period under consideration, frat is the strain at 
the reference axis at the beginning of the time period under consideration, Ofsht 
is the unrestrained or free shrinkage deformation of the concrete for the time 
period under consideration, and 1/tt is the curvature (slope of the strain diagram) 
at the beginning of the time period under consideration. The concrete shrinkage 
deformation is assumed to be uniform over the depth of the section. The concrete 
strain due to the relaxation of the prestressed reinforcement, during the time 
period under consideration, can be taken into account with the following force 
and moment: 

tlNrelaxation = ~ (Apstl.t;,sr) 

tlMrelaxation = ~ (ApsYpstl.t;,sr) 

(7-11) 

(7-12) 

in which Aps' tl.t;,sr> and Yps are the area, relaxation loss of stress, and distance 
from the reference axis to the individual layers of the prestressed reinforcement, 
respectively. 

The total force, EN, and moment, EM, required to prevent the deformations 
due to creep and shrinkage, including the effect of relaxation of the force in the 
prestressed reinforcement, are equal to the sums of the above equations for 
change in force and change in moment (eqs. 7-7 through 7-12). 

4. The effect the artificial restraining force and moment, as described in step 
3, on the actual reinforced concrete member is taken into account by applying 
them in the reverse direction (i.e., - EN and - EM) to the age-adjusted trans­
formed section of the member. The use ofthe age-adjusted transformed section 
accounts for the presence of the prestressed and nonprestressed reinforcements 
as well as the fact that the concrete creep and shrinkage and the relaxation of 
the prestressed reinforcement take place slowly over a period of time. 

S. The strain at the reference point and the curvature at the section under 
consideration, at the end ofthe time period under consideration, are determined 
by summing the strains and curvatures determined in the first and fourth steps 
of the above analysis. The stress at the reference point and the slope of the 
stress diagram, 'Y, are determined by summing the stresses obtained in the first, 
third, and fourth steps of the analysis. 
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The use of this procedure is illustrated in illustrative problems at the end of 
this section. 

Ghali has shown that the computations of stresses and strains in reinforced 
concrete members containing prestressed and nonprestressed reinforcements are 
facilitated, when the effects of time on concrete properties (Le., creep, 
shrinkage, instantaneous elastic modulus, and age-adjusted modulus of concrete) 
are taken into account, by computing the section properties ofthe cross sections 
under consideration with respect to an axis that does not pass through the 
centroid of one of the cross sections used in the analysis (see Sec. 9-2) (Ghali 
1986). When this is done, the concrete strain at the location of the reference 
axis, f era , is computed as: 

IraN - (Ay) M 
f era = [ ( ra) ] Ee AIra - Ay ra 

(7-13) 

and the curvature at the section, 1/;, can be determined from: 

(7-14) 

in which Ira is the moment of inertia of the section with respect to the reference 
axis, (AY)ra is the first moment of the area with respect to the reference axis, 
A is the area of the section, N is the axial force applied at the reference axis, 
and M is the moment of the resultant force acting on the section with respect to 
the reference axis. 

It should be noted that the term for the first moment of the area with respect 
to the reference axis in eqs. 7-13 and 7-14, (AY)ra' is equal to zero if the refer­
ence axis passes through the centroid of the area, and, noting that 'Y = Eel/;, 
eqs. 7-13 and 7-14 can be written: 

M = I/;EJ = 'YI 

in which I is the moment of inertia of the section about its centroid. 

(7-15) 

(7-16) 

ILLUSTRATIVE PROBLEM 7-2 Using the general method proposed by Ghali et 
al., compute the loss in prestress for the pretensioned, T-shaped beam having 
the dimensions and reinforcements at midspan shown in Fig. 7-5. Assume, at 
the time of prestressing, that the concrete strength is 3000 psi, and the elastic 
modulus is 3122 ksi. Assume that the ultimate concrete shrinkage is 800 x 106 

in. lin., and the ultimate creep ratio is 2.00. The areas of the nonprestressed 
reinforcements are 1.00 in. 2 for the upper layer and 4.00 in. 2 for the lower 
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b = 60.0 in. (flange width) 
bw = 16.0 in. (web width) 

h = 32.5 in. (overall height) 
dp = 27.75 in. (depth toAps) 

d = 30.0 in. (depth to As) 
d' = 1.5 in. (depth toA~) 
hf = 4.5 in. (flange thickness) 

60" 

./ 1.00 sq. in. 

I 
50 sq. in., 

~ 
.-:r 

Ag = 4.00 sq. In. 

f~ = 4.0 ksi 
/pu = 270 ksi 
/py = 229.5 ksi 
fy = 60 ksi 

As = 4.00 in.2 

A~ = 1.00 in.2 

b 
LO 

in 
" ,..: 
N 

b in ci N M 
M 

Fig. 7-5. Cross section of T-beam having compression reinforcement. 

layer. The area of the prestressed reinforcement is 2.00 in. 2 • The initial stress 
in the prestressed reinforcement, after elastic shortening, is 189 ksi, and the 
ultimate reduced relaxation of the prestressed reinforcement is taken to be 9.1 
ksi. The beam, which has a self weight of 748 plf, is to be used on a span of 
40 ft, and will not support superimposed dead loads but will be subjected to 
occasional uniformly distributed live loads of 750 plf applied for short durations. 
The section properties of the net, net-transformed, transformed, and age­
adjusted transformed sections, with respect to the top fibers of the sections (the 
reference axis), using elastic moduli of 28 and 29 X 106 psi for the prestressed 
and nonprestressed reinforcement, respectively, and an age-adjusted elastic 
modulus for the concrete of 1200 ksi, are given in Table 7-2. 

SOLUTION: The first step in the procedure requires the determination of the 
stresses in the concrete under the effects of initial prestressing and beam dead 
load. The initial force in the prestressed reinforcement (after elastic shortening 
of the concrete) is 189 ksi x 2.00 in.2 = 378 kips, and the midspan moment 
due to initial prestressing and the dead load of the beam, with respect to the 
reference axis, is: 



304 I MODERN PRESTRESSED CONCRETE 

TABLE 7-2 Section Properties for J.P. 7-2. 

First Moment Second Moment 
Area of the Area of the Area 

Section (in. 2) (in. 3 ) (in.4) 

Net 711.0 8718.5 179.277.5 
Net-transfonned 757.5 9847.1 212,738.5 
Transfonned 775.4 10,344.9 226,551.3 
Age-adjusted 

transfonned 878.6 12,949.8 302,268.2 

378 X 27.75 = -10,489.5 kip-in. 

0.748 X 402 X 12 

8 
+ 1,795.2 kip-in. 

Total = -8,694.3 kip-in. 

The initial stresses in the top and bottom fibers of the concrete due to prestressing 
and the dead load of the beam, using the net-transformed section, are +81 and 
-1369 psi, respectively, and the slope ofthe stress diagram, 1', is -44.6 psi/in. 
Note that the net-transformed section was used in determining the initial stresses 
(i.e., prestressed reinforcement not bonded and the nonprestressed reinforce­
ment bonded to the concrete) because the stress of 189 ksi in the prestressed 
reinforcement is specified to be the stress after elastic shortening of the concrete. 
The initial strain in the top fiber is +25.9 X 10-6 in. /in., and the initial curva­
ture, 1/;, is -14.3 X 10-6 in. -1. The initial stress and strain diagrams deter­
mined in step 1 are shown in Fig.7-6. 

l' = - 44.6 psi/in. 

y +81 psi 
+ 25.9 x 10-6 in./in. 

-14.3 x 10-6 in.- 1 

- 1369 psi 

(a) (b) 

Fig. 7-6. Initial stress and strain diagrams for I.P. 7-2. (a) Stress distribution. (b) Strain 
distribution. 
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l/; = - 28.6 x 10-6 in.- 1 

51.88 x 10-6 - 800 x 10-6 - 748.1 x 10-6 

l/; - 28.6 x 10-6 in.- 1 

(a) (b) (e) 

Fig. 7-7. Unrestrained creep, shrinkage, and total deformation for I.P. 7-2. (a) Creep 
deformation. (b) Shrinkage deformation. (c) Total deformation. 

The concrete shrinkage that could occur over the time interval, if free to do 
so without restraint, is 800 millionths in. lin., and it would be the same (uniform 
distribution) over the full depth of the cross section. The unrestrained creep 
deformation, which varies over the depth of the member, is equal to the product 
of the initial strain in the concrete and the increment of the ultimate creep ratio 
that occurs during the time period under consideration. These deformations are 
illustrated in Fig. 7-7. By using these values for concrete shrinkage and creep, 
the resultant forces and moments required to restrain the free concrete shrinkage 
and creep can be determined from eqs. 7-7 through 7-10. In a similar manner, 
the resultant force and moment required to compensate for the effect of the 
relaxation of the prestressing steel that takes place over the time interval are 
computed by using eqs. 7-11 and 7-12. The forces and moments required for 
the restraints are found to be as follows: 

t:..Ncreep = 254.9 kips t:..Mcreep = 5610 in.-kips 

t:..Nshr = 683.0 kips t:..Mshr = 8375 in.-kips 

t:..Nrelax = -18.2 kips t:..Mrelax = -505.0 in.-kips 

L: N = 919.7 kips L:M= 13480 in.-kips 

By using these values for f.N and f.M, the time-dependent changes in strain 
and stress are found to be as shown in Fig. 7-8, and the strain and stress diagrams 
after the time-dependent change are as illustrated in Fig. 7-9. (Note: The strain 
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- 880 x 10-6 in./in. 

+0.57 x 10-6 in.- 1 

(a) Strain 

-158.9 psi 

\1 'Y + 35.0 psi/in. 

+ 978.9 psi 

(b) Stress 

Fig. 7-8. Time-dependent changes in stress and strain in LP. 7-2. (a) Strain. (b) Stress. 

at the reference axis and the curvature in Fig. 7-9 are the sums of those values 
shown in Figs. 7-6 and 7-8. Also, the stresses and the slope of the stress diagram 
shown in Fig. 7-9 are the sums of the values shown in Figs. 7-6 and 7-8.) 

The live load of750 plf that is applied to the beam causes a midspan moment 
of 1800 in.-kips. When it is applied to the beam after the concrete creep and 
shrinkage, as well as the relaxation of the prestressed reinforcement, have 
reached their maximum values, the strains and stress diagrams at midspan are 
as shown in Fig. 7-10. 

-854 x 10-6 in'/in. 

-1299 x 1O-6 in./in. 

1/1 = - 13.7 x 10-6 in.- 1 

(a) Strain 

'Y 

-77.8 psi 

-390.2 psi 

(b) Stress 

Fig. 7-9. Strain and stress distributions after time-dependent change for LP. 7-2. (a) 
Strain. (b) Stress. 
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-930.8 x 10-6 in./in. 

-933.4 x 10-6 

'" = -0.794 x 10-6 in.-1 

(a) Strain 

-352.7 psi 

+11.3 psi 

(b) Stress 

Fig. 7-10. Strain and stress distributions at midspan after all losses of prestress for loP. 
7-2. (a) Strain. (b) Stress. 

The loss-of-prestress computations are completed by detennining the stresses 
and forces in the reinforcements and the concrete under different states-in this 
case, (1) the first or initial state (i.e., at the time of prestressing when the beam 
dead load alone is acting with the prestressing force); (2) the second or ultimate 
state (i.e., at the time when the creep and shrinkage defonnations in the concrete 
and the relaxation in the prestressed reinforcement have reached their maximum 
values, and live load is not present); and (3) the third state, a transient state 
consisting of the second state but including the short-tenn effects of the live 
load. The computations for the stresses and forces in the reinforcements are 
summarized in Table 7-3. The force in the concrete is equal to and opposite the 
sums of the forces in the reinforcements. The forces in the concrete for the 
three states can be summarized as follows: 

State I 

State 2 

State 3 

- 331.41 kips 

-139.16 kips 

-153.16 kips 

A review of the forces in the prestressed reinforcement will show that the 
force in the prestressed reinforcement is on the order of 82 to 84 percent of its 
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TABLE 7-3 Summary of Stresses and Forces in the Nonprestressed and Prestressed 
Reinforcements in the Beam Analyzed in I.P. 7-2. 

State 

Initial (1) 
Ultimate (2) 
Transient (3) 

Reinf. Stress and Force (KSI and KIPS) 

Nonprestressed 

Upper Layer Lower Layer 

Stress Force Stress Force 

+0.13 +0.13 -11.68 -46.72 
-25.38 -25.38 -36.71 -146.84 
-27.34 -27.34 -33.90 -135.60 

Prestressed 

Stress 

+189.00 
+155.69 
+ 158.02 

Force 

+378.00 
+311.38 
+316.10 

initial value in this particular case. A review of the forces in the concrete 
summarized above will show that under States 2 and 3 the force in the concrete 
is on the order of 42 to 46 percent of the initial force in the concrete in this 
case. 

The general method proposed by Ghali and his colleagues can be used to 
calculate the loss of prestress in members that are constructed sequentially, such 
as precast elements having composite toppings, as well as members construCted 
in a single monolith. The major difference in the analysis of a simple beam that 
has a composite topping, when compared to a member that does not, involves 
the treatment of the differences in the creep and shrinkage timetables of the two 
different concretes. This is illustrated in I.P. 7-3, in which the computer program 
Crack was used to facilitate the computations (Ghali and Elbadry 1985). 

ILLUSTRATIVE PROBLEM 7-3 For the beam used in I.P. 7-2, assume that a 
composite concrete topping 4 in. thick is placed upon the top of the beam 28 
days after the prestressing of the beam. Assume that the ultimate shrinkage of 
the concrete topping is 800 x 10-6 in./in., and its ultimate creep ratio is 2.5. 
Assume that 40 percent of the shrinkage and 40 percent of the creep have 
occurred in the beam at the age of 28 days, and the remainder of each occurs 
before the application of a short-term transient live load that results in a midspan 
moment of 4000 in.-kips. Determine the stresses and forces in the reinforce­
ments at the time of stressing, at the age of 28 days, and after concrete creep 
and shrinkage have reached their ultimate values. 

SOLUTION: The problem is solved by following the basic procedures used in 
I.P. 7-2. The single major difference is that an additional step must be added 
to the analysis at the age of 28 days after the time of prestressing, in order to 
take the effect ofthe weight of the cast-in-place slab into account, as well as to 
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Reference aXis\ 

- 256.6 x 10-6 __ L 
-320.7 x 1O-6~_--, 

1/; = - 16.03 x 10-6 in.- 1 

Strain 

J Reference axis 

Top of beam 
---- -

Bottom 
of beam 

Stress 

Fig. 7-11. Strain and stress distributions at midspan of the beam of I.P. 7-3 at State 1 
(time = 28 days, prestress plus beam dead load). 

initiate the effect of composite action and shrinkage of the concrete in the 
concrete topping. To facilitate the computations, the concrete is assumed to be 
cured, and shrinkage is presumed to commence, at the same instant that the 
topping is placed (at the age of 28 days after prestressing of the beam). It should 
be noted that the creep of the concrete topping will not have an influence on 
the computations unless an additional step is introduced between the time of 

Reference aXis\ 

-289.7 x 1O~:}-__ L 

x 10-6 

1/; = -14.11 X 10-6 in.- 1 

(a) Strain 

4" 

32.5" 

-726 psi 

(b) Stress 

Fig. 7-12. Strain and stress distributions at midspan of the beam of I.P. 7-3 at State 2 
(time = 28 days, prestress plus beam dead load plus slab dead load). 
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-974 x 10-6"\1_-+ ___ +-__ 
-r 4" 

-989 x 10-6 

, -1108 x 10-61 
I i 

1/1 = - 3.66 X 10-6 in.- 1 

Strain 

32.5" 

psi 

-505 psi 

Stress 

Fig. 7-13. Strain and stress distributions at midspan of the beam of loP. 7-3 at State 2 
(time = 00, prestress plus beam and slab dead loads). 

placing the topping and the time when the effects of creep and shrinkage of the 
two concretes reach their ultimate values. The strain and stress diagrams for the 
section at midspan for the various steps in the analysis are illustrated in Figs. 
7-11 through 7-14. The stresses and forces in the reinforcement layers are 
summarized in Table 7-4. The forces resisted by the concrete are summarized 
for the various steps as follows: 

'Y 

-1091 x 10-6\ 
-797 pSil 

~~--~~r-----------~--~ 
+ 19.0 x 10-6 in.- 1 ..... 

;------1 

-1071 x 10-6 

+ 4.94 x 10-6 in. -1-l 
-135 psi 

- 911 x 10-6 

+ 205 psi 

Strain Stress 
Fig. 7-14. Strain and stress distributions at midspan of the beam of loP. 7-3 at State 3 

(time = 00, prestress plus beam, slab, and live loads). 
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TABLE 7-4 Summary of Stresses and Forces in the Nonprestressed and Prestressed 
Reinforcements in the Beam Analyzed in I.P. 7-3. 

State 

Initial (I) 28-Day 
W/O Slab (I) 
W/Slab (2) 

Ultimate 
W 10 L. Load (2) 
W IL. Load (3) 

Reinf. Stress and Force (KSI and KIPS) 

Nonprestressed 

Upper Layer 

Stress Force 

+0.13 +0.13 
-10.00 -10.00 
-10.65 -10.65 

-28.84 -28.84 
-30.85 -30.85 

Initial 
28 days 

W /0 Slab 
W /Slab 

Ultimate 
W /0 L. load 
W /L. load 

Lower Layer 

Stress Force 

-11.68 -46.72 
-23.25 -93.00 
-22.31 -89.24 

-31.86 -127.44 
-26.77 -107.08 

-331.31 kips 

-234.68 kips 
-239.37 kips 

-145.02 kips 
-172.11 kips 

Prestressed 

Stress Force 

+ 189.00 +378.00 
+168.84 +337.68 
+169.63 +339.26 

+150.65 +301.30 
+ 155.Q2 +310.04 

The force in the prestressed reinforcement in the ultimate state is on the order 
of 80 percent of the initial force. The force resisted by the concrete in the 
ultimate state is from 44 to 52 percent of the initial force, depending upon 
whether the live load is acting or not. 

Ghali, Tadros and Trevino derived a method of determining the loss of 
prestress for members that have all of the reinforcement, both prestressed and 
nonprestressed, either in one layer or concentric with the concrete section (Ghali 
and Tadros 1985; Ghali and Trevino 1985). The method is more easily applied 
that the general method described above and gives the same results as the general 
method when the conditions described above exist. This method is based upon 
the recognition that the loss of prestress can be expressed as: 

(7-17) 

in which the three terms represent changes in the forces in the concrete, the 
prestressed reinforcement, and the nonprestressed reinforcement during an 
increment of time. It should be recognized that the loss of prestress normally 
results in a reduction in the compressive force in the concrete, a reduction in 
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the tensile force in the prestressed steel, and an increase in the compression (or 
reduction in the tension) in the nonprestressed reinforcement. With the sign 
convention used in this book, as explained in Sec. 4-2, an incremental change 
in a tensile force that increases the tensile force is positive, and one that 
decreases the tensile force is negative. In a similar manner, an incremental 
change that decreases a compressive force is positive, and one that increases a 
compressive force is negative. Therefore, in the normal case, de in eq. 7-17 
is positive, and the other two terms are negative. In this method the change in 
the compressive force resisted by the concrete can be expressed as: 

(7-18) 

in which: 

and: 

1 
{3=-------

[1 + ks~st (1 + XOV )] 

(7-19) 

ov = Incremental creep coefficient for the time period commencing at 
prestressing, tp ' and ending at the time, te , selected for terminating 
the analysis. 

!cst = Initial stress in the concrete, at the location of the center of gravity of 
the combined areas of the prestressed and nonprestressed steels, due 
to prestressing and the dead load acting at the time of prestressing, 
based upon the properties of the transformed, net concrete section. 

n = The ratio of the modulus of elasticity of the steel, using a single value 
for the prestressed and nonprestressed steel, and the elastic modulus 
of the concrete at the time of prestressing. 

Ast = The sum of the areas of the prestressed and nonprestressed (tension 
and compression) reinforcements; that is, Ast = Aps + As + A;. 

Ofs = Increment of concrete shrinkage occurring from the time of 
prestressing, tp ' until the time selected for terminating the analysis, teo 

Est = The elastic modulus selected to represent the elastic properties of the 
prestressed and nonprestressed reinforcement; namely, a single value 
between 28 X 106 and 30 X 106 psi. 

Lrr = The reduced relaxation of the prestressing steel (see eq. 2-3, in Sec. 
2-10). 

k 1 ;. & • • R 
s = + 2:; lor use 10 comput1Og fJ· 

r 
r = Radius of gyration of the net or transformed, net concrete section with 

respect to its centroid as appropriate. 
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x = Concrete aging coefficient (see Sec. 3-8) for the concrete for the time 
increment between tp and teo 

Ac = The net or transformed, net area of the concrete section as appropriate 
(see Sec. 4-10). 

tp = Time of prestressing. 
te = Time at the end of the analysis. 

The three terms within the brackets of eq. 7-18 are factors that determine the 
effect of concrete creep, concrete shrinkage, and relaxation of the prestressing 
steel, respectively, on the loss of prestress. The dimensionless coefficient ~ is 
intended to reduce the full effects of the three terms within the brackets in order 
to correct for the effects of concrete creep and the areas and locations of the 
prestressed and nonprestressed reinforcement in the section. 

In applying the method proposed by Ghali and Trevino, a value of x, the 
concrete aging coefficient, must be assumed at the outset of the computations 
and checked when they are completed. If the assumed value differs significantly 
from the value computed upon completion of the computations, a new value of 
X should be assumed and the computation repeated. Normally, only one itera­
tion is needed to obtain acceptable accuracy. 

After the value of flC has been determined, the combined effect of creep, 
shrinkage, and the change in flC on the distribution of strain on the section as 
well as on the curvature can be determined. The effect of the compressive force, 
flC, on the strain at the centroid of the section can be computed from: 

(7-20) 

in which the first term on the right is used for the effect of concrete creep, and 
Eci is the initial strain in the concrete; the second term represents the effect of 
concrete shrinkage; and the third term gives the effect of the change in the force 
on the section, during the time increment. The term Ecae represents the age­
adjusted elastic modulus of the concrete. The effect on the initial curvature, 1/;;, 
can be determined from: 

(7-21) 

where ec is the eccentricity of flC with respect to the centroid of the section. 
It will be noted that in eq. 7~21 concrete shrinkage is not included. This is 

so because concrete shrinkage does not affect the curvature of the section. The 
incremental change in concrete stress at any point in the section, located at a 
distance y from the centroid axis of the net, transforme4 concrete section, can 
be determined from: 

(7-22) 
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in which 1m is the moment of inertia of the net, transfonned concrete section. 
Finally, the change in stress in the prestressing steel can be detennined by: 

tl/ps = Eps(tlf; + Yps tl1/;;) + Lrr (7-23) 

In eq. 7-23, Yps is measured from the centroid of the net, transfonned concrete 
section to the centroid of the prestressed reinforcement; the first tenn in paren­
theses accounts for concrete shrinkage; the second tenn in parentheses accounts 
for the effects of creep and change in force on the concrete section; and the last 
tenn in the equation represents the relaxation of the prestressed reinforcement. 

ILLUSTRATIVE PROBLEM 7-4 Using the method of Ghali and Trevino, compute 
the loss of prestress for a 12-in.-high segment of a 12-in.-thick concentrically 
post-tensioned wall of a concrete water tank (a) if the wall does not have any 
nonprestressed reinforcement, and (b) if the wall has concentric nonprestressed 
reinforcement with a ratio, p, of 0.0050 in addition to the prestressed reinforce­
ment in (a). The area of the post-tensioning duct is 4.90 in. 2; Aps = 1.53 in.2; 

the initial stress in the prestressed reinforcement (after anchorage set and elastic 
shortening), is;, is 189 ksi; the elastic modulus of the concrete at the time of 
prestressing is a 4000 ksi; assume the elastic modulus is 29,000 ksi for both the 
prestressed and nonprestressed reinforcement; the ultimate creep ratio, 'Yu, is 
2.60; the ultimate concrete shrinkage, feu' is -300 millionths in. lin.; the 
concrete aging coefficient, x, is 0.80; the reduced relaxation of the prestressing 
steel is 7.0 ksi; and the maximum service load on the section of the wall is 209 
kips. Determine the residual stress in the section if the service load is not applied 
to the concrete section until after all losses of prestress have occurred. 

SOLUTION: (a) With no nonprestressed reinforcement in the section. 

Pi = 1.53 x 189 = 289 ksi 
An = 144 - 4.9 = 139.1 in. 2 

Ant = 139.1 + :.~ x 1.53 = 150.2 in. 2 

-289 
lei = 139.1 = -2.08 ksi 

1 
(j = [1.53 + 0] = 0.803 

1 + 139.1 [7.25(1 + 0.80 X 2.6)] 

tlPe = -0.803 ([2.6( -2.08)(1.53)(7.25)] 

+ [-300 X 106 (29000)(1.53)] + [-7.0 X 1.53]} 
= +67.4 kips 

Pe = -289 + 67.4 = -221.6 kips 
Pse = +221.6 kips 
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The axial force due to applied load = +209 kips. The stress in the concrete 
due to axial load = (209/150.2) = + 1.39 ksi. The effective concrete stress 
before the application of the axial load = (-221.6/139.1) = -1.59 ksi and 
the concrete stress under service load = -0.20 ksi. 

(b) With 0.005 x 144 in. 2 = 0.72 in.2 of Grade 60 nonprestressed reinforce­
ment: 

An = 144 - (0.72 + 4.90) = 138.4 in. 2 

Ant = 138.4 + 7.25(0.72) = 143.6 in. 2 

Ag, = 138.4 + 7.25(0.72 + 1.53) = 154.7 in.2 

-289 
lei = 143.6 = -2.01 ksi 

Ps = -2.01 x 7.25 X 0.72 = -10.5 kips 
Pc = -2.01 X 138.4 = -278.2 kips 

1 
~=~--------------------------

[ [ 1.53+0.72J[ ( )]] 1 + 138.8 7.25 1 + 0.80 X 2.6 

= 0.734 
ilPe = -0.734 {[(2.60)( -2.01)(2.25)(7.25)] 

+ [-300 X 10-6 X 29000 X 2.25] + [-7.0 X 1.53J} 
= -0.734[-85.25 - 19.58 - 10.71] = +84.9 kips 

Pc = -278.2 + 84.9 = -193.3 kips 
0.734 X 0.72 

ilPs = 2.25 (-85.25 - 19.58) = -24.66 kips 

0.734 X 1.53 
ilPp = 2.25 (-85.25 - 19.58) + (0.734 X -10.71) 

= -60.18 kips 

The total force change in the reinforcement is equal in magnitude, but of 
opposite sign, to the force change in the concrete. This relationship is expressed 
mathematically as: 

and numerically as: 

ilPnt -60.18 - 24.66 = -84.8 kips 

ilPe +84.9 kips. 

The total stress in the nonprestressed reinforcement due to elastic shortening, 
creep, and shrinkage is: 

24.66 . 
ilIs = -2.01 X 7.25 - 0.72 = -48.82 kSl 
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The stress on the composite section due to the application of the service load 
equals (+209/154.7) = +1.351 ksi and the residual stress in the concrete 
after the application of service load equals - (193.3/138.4) + 1. 351 = 
-0.046 ksi. 

The computation of the loss of prestress, using the Step Function Method 
(Branson 1974), incorporates the creep and shrinkage recommendations of ACI 
Committee 209 as described in Chapter 3. The method includes the effect of 
nonprestressed reinforcement and the effect of loads applied at times after 
prestressing. The relationships presented here can be used for the computation 
of the ultimate loss of prestress (at a long time after prestressing) or the loss at 
a lesser time. As presented, the relationships are for the ultimate values but by 
using values of the creep ratio and shrinkage deformation for a time less than 
infinity, the relationships can be used for computing prestress loss at any time. 
The original Branson paper is detailed and not limited to the information 
presented herein; hence, the reader is encouraged to consult the original work 
for additional information about the underlying assumptions on which the loss 
of prestress computations are based, as well as their extension for use in the 
computation of deflections. 

Equations for the loss of prestress and for stress in the prestressed reinforce­
ment, based upon Branson's work, are presented here for two types of members. 
The first is a prestressed concrete flexural member that is constructed at one 
time and has no structural, composite concrete topping or slab placed on it at 
some period of time after the prestressing of the member. The second is for a 
prestressed concrete flexural member that is provided with a structural, 
composite concrete slab or topping, put into place some time after the original 
member has been prestressed. The procedure presented herein consists of 
consideration of the effects of several different factors that contribute to the loss 
of prestress, which can be represented by several different terms, some using 
notation unique to this discussion. To facilitate understanding Branson's 
methods, the notation used is listed as follows: 

Ag = Gross area of the section. 
1 + (eps)(es ) 

bI2 = (np) 2 (1 + 1/Uu ) 
r 

b22 = np (1 + ~~) (1 + 1/Uu ) 

fccgps = Initial stress in the concrete at the level of the center if gravity of 
the prestressed reinforcement under consideration, immediately 
after prestressing. 

fcdcgps = Concrete stress at the level of the center of gravity of the 
prestressed reinforcement due to differential shrinkage and creep 
of the concretes in composite construction. 
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eps = Eccentricity of the prestressed reinforcement in the noncomposite 
section. 

es = Eccentricity of the nonprestressed reinforcement in the noncom­
posite section. 

epscomp = Eccentricity of the prestressed reinforcement in the composite 
section. 

iccgs = Stress in the concrete at the level of the center of gravity of the 
reinforcement under consideration. 

icdcgs = Stress in the concrete at the level of the center of gravity of the 
reinforcement under consideration due to the effects of differential 
concrete creep and shrinkage. 

lsi = Stress in the prestressed reinforcement immediately after transfer 
(after elastic shortening). 

Eps = Elastic modulus of the prestressed reinforcement. 
Es = Elastic modulus of the nonprestressed reinforcement. 
I = Moment of inertia for the noncomposite section. 

/' = Moment of inertia for the composite section. 
1 

kr = 1 b = Factor accounting for the effects of nonprestressed 
+ 12 

reinforcement in resisting creep and shrinkage deformations. For 
ratios of area of nonprestressed reinforcement to prestressed 
reinforcement equal to or less than 2, the value of kr can be taken 
as: 

k =----
r 1 + As/Aps 

and for very low values of As> ks can be taken equal to unity. 
e ps + ept 

ks = 1 + 2 ' or 1 
r 

2 eps 
+ 2" (see Sec. 7-2). 

r 

m = Ratio of the modulii of elasticity for the nonprestressed reinforce­
ment and the concrete at the time of application of sustained 
superimposed load. 

mps = Ratio of the modulii of elasticity for the prestressed reinforcement 
and the concrete at the time of application of sustained superim­
posed load. 

n = Ratio of the modulii of elasticity of the nonprestressed reinforce­
ment and the concrete. 

nps = Ratio of the modulii of elasticity of the prestressed reinforcement 
and the concrete. 

Pi = Initial prestressing force (after elastic shortening). 
Q = Force generated by the differential deformation due to creep and 

shrinkage in composite construction. 
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TABLE 7-5 Values of as and r",c for Different 
Ages of Loading (see Chapter 3) (after Branson). 

Time interval between 
prestressing and load 
application, in days 

21 
30 
60 
90 

0.38 
0.44 
0.54 
0.60 

r'Be 

0.85 
0.83 
0.78 
0.75 

Ycs = Distance from the centroidal axis of the composite section to the 
centroidal axis of the slab. 

ex s = t'" / (d + t'" ) = Factor used to proportion creep deformation 
between noncomposite and composite sections (see Table 7-5). 

!1fcdcgps = Change in concrete stress at the level of the center of gravity of 
the prestressed reinforcement due to the effects of differential 
shrinkage and creep. 

!1t; = Change in the initial stress in the prestressed reinforcement. 
!1Isr = Change in stress in the prestressed reinforcement due to relaxa­

tion. 
€su = Concrete shrinkage deformation. 

'Ylac = Factor to correct for the effect of concrete age at time of loading 
(see Figs. 3-18 and 3-19 and Table 7-5). 

!1Ps = Loss of prestressing force at time of applying superimposed dead 
load or composite slab. 

!1Pu = Total loss of prestressing force. 
1/ = Concrete relaxation coefficient, ranging from 0.75 to 0.90 with 

an average value of 0.88, intended to account for the effect of 
reducing prestressing force on concrete creep. 

!1P 
A = I - __ u = Factor that is a function of the ultimate loss of 

2Pi 

prestress and the initial prestressing force (see Table 7-6). 

A I = 1 - !1Ps = Factor that is a function of the loss of prestress at the 
2Pi 

time a superimposed load or a composite slab is placed (see Table 
7-6). 

Vu = Ultimate concrete creep ratio. 
p = Nonprestressed reinforcement ratio (As/bd). 

Aps r = 1 + (nks) - (1 + 1/Vu ) 
Ag 

The terms to be considered in an analysis are described as follows: 
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TABLE 7-6 Typical Values for the Ratio of Loss of Initial Prestressing Force to the 
Total Initial Prestressing Force APi/Pi for Different Time Intervals and Different 
Concrete Types. Note that Pu == Pi after the Passage of a Long Time (after Branson 
1974). 

Type of Concrete 

Time interval 
(days) Normal weight Sand-lightweight Lightweight 

20 to 30 0.10 0.12 0.14 
60 to 90 0.14 0.16 0.18 

1000 0.18 0.21 0.23 

1. Elastic shortening of the concrete at the level of the prestressed reinforce­
ment: This is an important factor that contributes to the loss of prestress in the 
case of pretensioned members because the tendons are normally all released at 
the same time (for all practical purposes). It does not contribute to the loss of 
prestress in post -tensioned members if the procedure used in stressing of post­
tensioned reinforcement provides for the loss. This term is npsfccgps and consists 
of the product of npso the modular ratio of the moduli of the prestressed 
reinforcement and the concrete, and!ccgpS' the stress in the concrete at the level 
of the center of gravity of the prestressed reinforcement immediately after 
prestressing. 

2. Concrete creep: Creep is especially important in members having concrete 
stressed to relatively high levels of compression at the location of the prestressed 
reinforcement. The creep terms are: (a) for noncomposite members: 

in which kr is a factor that accounts for the effect of the nonprestressed 
reinforcement in resisting creep and shrinkage deformations, A. is a factor that 
is a function of the ratio of the ultimate loss of prestress and the initial 
prestressing force, and Vu is the ultimate creep ratio. The factor kr is defined as 
follows: 

k =---
r 1 + b12 

where: 

in which 1/ is defined as the concrete relaxation coefficient (similar to Xr in 
Ghali's work described in Sec. 2-10), which ranges from 0.75 to 0.90 and, 
according to Branson, has an average value of 0.88. For ratios of the area of 
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nonprestressed reinforcement to the area of prestressed reinforcement equal to 
or less than 2, the value of kr can be taken to be: 

The factor A is defined as: 

1 
k =----
r 1 + AsiAps 

A = 1 
tJ.Pu 
2Pi 

in which tJ.Pu is the total loss of prestress (excluding the loss due to elastic 
shortening), and Pi is the initial prestressing force. (See Table 7-6 for typical 
values of tJ.Pu / Pi') 

(b) for composite members: The computation of the effect of concrete creep 
involves two computational steps. The first for the portion that occurs before 
composite action is established, and the second for that which occurs after. 
Composite action is established: (a) For before the composite action is estab­
lished: 

and (b) for the Section after composite action is established: 

, I 
krn!ccgsvu[A - asA ] r 

In these expressions as is the ratio of the concrete creep ratio at time t to the 
ultimate creep ratio (from eq. 3-25, as = t'" / d + t"'), and A' is a function of 
the loss of prestress at the time when the slab is cast, tJ.Ps' excluding the initial 
elastic shortening loss, and of the initial prestressing force (after elastic short­
ening loss), Pi' and is equal to 

A' = 1 
tJ.Ps 
2Pi 

(See Table 7-6 for typical values of tJ.Ps/Pi,) 
3. Concrete shrinkage. All of the concrete shrinkage has an influence on the 

loss of prestress in a pretensioned member, but only the concrete shrinkage that 
occurs after prestressing has an influence in the case of post-tensioned members. 
The term: 

where: 
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is used to account for the effect of concrete shrinkage on the loss of prestress, 
and fsu is the ultimate concrete shrinkage. 

4. Relaxation of the prestressed reinforcement. This factor, t:.!s" is equally 
important for members made with both methods of prestressing. The compu­
tation of the relaxation of prestressed reinforcement is discussed in Sec. 2-10. 

5. The elastic effect of superimposed loads. Superimposed dead and live 
loads have an elastic effect on the loss of prestress. The term used for this effect 
is mpslccgs' in which mps is the modular ratio of the prestressed reinforcement 
and concrete at the time when the loads are applied, and fecgs is the stress in the 
concrete at the center of gravity of the prestressed tensile reinforcement due to 
the application of the load(s). 

6. The creep effect of permanent superimposed dead loads. This effect is a 
multiple of the elastic effect of superimposed loads discussed in item 5. The 
term used is: 

mfcegps "flaekruul r 
in which "flae is the correction factor for beam concrete age when loaded (See 
Figs. 3-18 and 3-19) and the other terms have been defined. 

7. Deferential deformation of beam and slab. The change in stress in the 
reinforcement as a result of the differential deformations of the concretes in a 
composite beam is an important consideration in composite construction. The 
term for this effect is t:.!cdcgps in which fedcgps is the concrete stress at the level 
of the center of gravity of the prestressed reinforcement due to the effects of 
differential shrinkage and creep and is computed by: 

Qy cs e ps camp 
t:. fed cgps = mps I I 

where Q is the force generated by the differential shrinkage and creep, Yes is the 
distance from the centroidal axis of the composite section to the centroidal axis 
of the slab, epseomp is the eccentricity of the prestressed reinforcement in the 
composite section, and l' is the moment of inertia of the composite section. 

The loss of prestress is determined as the algebraic sum of the several items 
discussed above. The factor kr accounts for the effect of nonprestressed 
reinforcement; if there is none, or if the amount present is not significant, kr 
can be taken to be equal to unity and eliminated from the computation. 

Summing the terms described above for prestressed reinforcement, the 
equation for noncomposite members is: 

(7-24 ) 
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For composite members that are not shored at the time when the composite 
topping or slab is placed, the equation becomes: 

krEsuEps 
+ r + Aisr + mpJccgs 

[
mpJcCgS 'Ylackrvu] I 

+ r r + A!cdcgps (7-25) 

Relationships for the stress in the nonprestressed reinforcement, similar to 
eqs. 7-24 and 7-25, also have been included to Branson's work. These relation­
ships can be used to determine the stress in nonprestressed reinforcement at any 
location within a member because they are based upon the stresses and strains 
in the concrete at the level of the nonprestressed reinforcement under consid­
eration. The relationship for noncomposite members is 

mpJcCgS 'Y lac V u 
+ mpsfccgs + 1 + b22 

(7-26) 

and, for composite members that are not shored at the time when the composite 
topping or slab is placed, the relationship is: 

(7-27) 

ILLUSTRATIVE PROBLEM 7-5 For the composite post-tensioned girder shown 
in Fig. 7-4 and the data given in I.P. 7-1, estimate the loss of prestress at 
midspan at the age of 600 days using the Branson method. Assume the concrete 
cylinder compressive strength is 4000 psi at the time of prestressing. 

Ec = (115) 1.5 26 v'4000 = 2.03 X 106 psi 

27800 
nps = 2030 = 13.7 

SOLUTION: The initial stress in the prestressed reinforcement, after the elastic 
shortening of the concrete, is;, is given as 189.5 psi in I.P. 7-1. With eps = 
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44.12 - 6.37 = 37.75 in., r2 = (625158/949) = 659 in.2, and ks = 1 + 
(37.752/659) = 3.16 in. (eq. 7-4), the average initial stress in the prestressed 
reinforcement of 189.5 ksi would result in a stress in the concrete at midspan, 
at the level of the center of gravity of the prestressed reinforcement, that is 
equal to: 

(189.5)(5.52)(3.16) (1535)(12)(37.75) _ 23 k· 
949 + 625158 - - . 71 SI 

If the beam were pretensioned rather than post-tensioned, the average stress in 
the prestressed reinforcement immediately before transfer, II, using eq. 7-5, 
would be: 

Ij = 189.5 + 13.7 x 2.374 = 222.0 ksi 

If post-tensioned, the average initial stress in the tendons at the time of stressing 
would be: 

n 1". 

J.' - 1. ..!!:!..:!. . - . + 
J Sl 2 

I;j = 189.5 + 13.7 ~ 2.374 = 205.8 ksi 

After elastic shortening of the concrete, the initial prestressing force, Pi' is 
189.5 x 5.52 = 1046 kips. The concrete slab is placed at 197 days (girder age) 
at which times the concrete strength (eq. 3-1), elastic modulus, and modular 
ratio for beam concrete and the prestressed reinforcement are 

I" _ 197 (5500) 
Jet - 2.24 + 0.92 x 197 

= 5900 psi 

Ee = 2.46 X 106 psi 

27800 
mps = 2460 = 11.3 

The concrete stress at the level of the center of gravity of the prestressed 
reinforcement due to the application of the slab and superimposed dead load is 

1278 x 12 x 35.39 300 x 12 x 49.30 
Icegps = 710,047 + 1,226,561 

= 0.764 + 0.145 = 0.909 ksi 

The relaxation loss of the prestressing reinforcement at 600 days is: 



324 I MODERN PRESTRESSED CONCRETE 

f),,1' = - 189.5 (log 24 x 600) (189.5 _ 0.55) = -17.11 ksi 
Jsr 10 247 

The value of as at 197 days, from eq. 3-25, is 

197°·6 
as = 10 + 1970.6 = 0.70 

and the creep ratio at the age of 600 days, from eq. 3-25, V600 is (Vlac) 

( 600°·60 ) 
V600 = 6 060 1.50 = 1.23 

10+ 00' 

and 'Ylac' from Fig. 3-18 is 
-0.118 

'Ylac = 1.25(197) = 0.67 

The effect of differential shrinkage and creep strain can be estimated as follows: 
For slab concrete shrinkage from 204 days (end of curing) to 600 days using 
eq.3-21: 

Es = -300 C5 ~6396) = -276 millionths in.jin. 

For beam concrete shrinkage between 197 and 600 days: 

( 600 197) 
Es = -350 35 + 600 - 35 + 197 = -33 millionths in.jin. 

The initial top fiber stress in the beam is computed to be: 

It = _1046 (1 + (37.37)( -30.87)) + (1535)(12)( -30.87) 
t 949 659 625158 

= + 0.827 - 0.910 = -0.083 ksi 

At the time when the concrete slab and superimposed dead loads are applied, 
197-206 days, the estimated value of A' is: 

A' == 1 - f)"Ps = 1 _ 0.20P; = 0.90 
2P; 2P; 

and the stress in the top fiber of the precast beam is: 

I' = ( )(_ 08 ) + (1278)(12)( -33.23) + (300)(12)( -19.32) 
Jt 0.90 O. 3 710047 1226561 

= - 0.075 - 0.718 - 0.057 = -0.850 ksi 

and the creep deformation of the top fiber between 197 and 600 days for a stress 
of -0.850 ksi is: 
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-850 (6000.6 1970.6 ) 
--6 6 060 - 06 1.50 = -61 millionths in.jin. 
2.4 10 + 00· 10 + 197 . 

in which 2.46 X 106 psi is the elastic modulus of the concrete at the age of 600 
days. Therefore, the differential strain between the top fiber of the beam and 
the slab is: 

oet = -276 - (-33 - 61) == -182 millionths in. lin. 

Elastic deformation and relaxation of the slab concrete would slightly reduce 
the effect of the differential strain. For the purposes of this analysis, it will be 
assumed that the effective differential strain is -180 millionths in. lin., and the 
elastic modulus of the slab concrete is 2.2 X 106 psi. Hence, the computation 
of the force resulting from the differential strain is: 

2.2 X -180 X 8.33 X 12 X 6.5 
Q = 1000 -257 kips 

and the change in the stress in the prestressing reinforcement as a result of the 
differential strain is: 

" _ (11.3)( -257)(49.30)(22.57) _ + . 
Jcdcgps - 1226561 - 2.63 kSI 

Assuming that kr = 1.0, because nonprestressed reinforcement is not present 
in a significant amount and: 

11.8 X 5.52 X 3.16 r = 1 + 949 (1 + 0.88 X 1.5) = 1.50 

in which ks = 3.16, 71 = 0.88, Vu = 1.5, A = 0.88, A' = 0.90, I I I' = 0.579, 
n = 29/2.46 = 11.8, Aps = 5.52 in. 2 , and Ag = 949 in. 2 • The computation 
for the loss of prestress using eq. 7-25 is: 

J~.fsi = 0 + (0.70)(1.0)(0.90)(13.7)( -2.371)(1.5) 

+ (13.7)( -2.371)(1.0)(1.5)[0.88 - (0.70)(0.90)]0.579 

(1.0)( -350)(27.8) 
+ (1.50)(1000) + (-17.11) + (11.3)( +0.909) 

[ (11.3)( +0.909)(0.67)(1.5)] ( ) 
+ 0.579 + 2.63 

1.50 

= 0 - 30.7 - 7.1 - 6.5 - 17.1 + 10.3 + 4.0 + 2.6 

-44.5 ksi 

fse = 189.5 - 44.5 = 145.0 ksi 
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IlPu = -44.5 x 5.52 = 245.6 kips 

IlPu/P; = 0.235 (not including elastic shortening). 

ILLUSTRATIVE PROBLEM 7-6 For the double-tee beam shown in Fig. 7-15, 
estimate the ultimate loss of prestress using the Branson method. The dead load 
of the double-tee beam is 200 plf, the superimposed dead load is 40 plf, and 
the design span is 40 ft. Assume that the transfer of prestress occurs 24 hours 
after the jacking (stressing) of the pretensioned tendons, and that the stress in 
the prestressed reinforcement immediately before transfer is 200 ksi. Assume 
that Aps = 0.58 in. 2 ,.t;,u = 270 ksi, and.t;,y = 250 ksi. The gross area of the 
section is 189.5 in.2 and the moment of inertia is 4256 in.4 Assume nps = 7.3, 
mps = 6.0, 'Ylac = 0.83, Vu = 2.00, E's = -400 millionths in.jin., and the 
elastic modulus for the prestressed reinforcement is equal to 28,000 ksi. 

SOLUTION: 

P} = 200 x 0.58 = 116 kips, Cj = -116 kips 

. 2 4256 . 2 
eps = 8.33 lD., r = 189.5 = 22.46 lD. 

8.832 
k = 1 + -- = 447 

s 22.46· 

200 x 402 

Md = 8 x 1000 = 40.0 k-ft 

!c cgps = 

(-116)(4.47) + (189.5)(40)(12)(8.83) 
4256 

189.5 + (7.3)(0.58)(4.47) 

and: 

npslccgps = 7.3 x -1.582 = 11.55 ksi 

I 

-- -- --

~ 

• • 
L-..I J 

-1.582 ksi 

I i-. .-
Lri 

~ 
CD 
ci .-

Fig. 7-15. Cross section of double-tee beam used in I.P. 7-6. 
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Isi = 200 - 11.55 = 188.45 ksi 

Pi = (200)(0.58) + (7.3)( -1.582)(0.58) = +109.3 kips 

Use Pi = 109 kips, Isi = 188.5 ksi, and np.fccgps = -11.5 ksi. 

As 
Because A = 0, kr = O. 

ps 

The moment due to the superimposed dead load is: 

0.04 x 402 

Msdi = 8 = 8.0 k-ft 

The concrete stress at the level of the center of gravity of the prestressed 
reinforcement due to the superimposed dead load is 

8 x 12 x -8.83 
!csdi = 4246 = -0.200 ksi 

Using eq. 2-2 for computing the relaxation of the prestressed reinforcement 
at time tn = 100,000 hours: 

Istn _ _ (188.5 _ ) log 105 - log 24 _ 
~. - 1 250 0.55 10 - 0.926 

JSI 

and: 

Istn = 0.926 x 188.5 = 174.6 ksi 

and the relaxation loss, after 100,000 hours have passed after elastic shortening 
of the concrete is: 

188.5 - 174.6 = 13.9 ksi 

Assuming A = 0.91 and r = 1.25: 

-400 x 28 
al; = -11.5 + (0.91)( -11.5)(2.00) + 1.25 x 1000 

+ (-13.9) + (6.0 x -0.20) + (6.0)(-0.2~.~~0.83)(2.00) 

= -11.5 - 20.9 - 9.0 - 13.9 + 1.2 + 1.6 = -52.5 ksi 

Ise = 200 - 52.5 = 147.5 ksi 

The ratio of the loss of prestressing force, aPu (-52.5 x 0.58 = -30.45 k), 
to the initial prestressing force, Pi' (109 k), is -0.28. This is greater than the 
0.18 assumed (A = 0.91) hence, a second iteration is performed. The use of 
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A = 0.86 rather than 0.91 in the second tenn in the above computation, changes 
the loss due to concrete creep from -20.9 ksi to -19.8 ksi, the total loss of 
prestress becomes -51.4 ksi, and the ratio ofthe total loss of prestressing force 
to the initial force becomes -0.27. This is acceptably close to the assumed 
value of -0.28, and further iterations are not needed. 

In many applications of prestressed concrete, especially in pretensioned 
members and post-tensioned flat slab and flat plate structures, little if any 
nonprestressed reinforcement is included in the prestressed concrete, and the 
average prestressing stresses are relatively low. In cases such as these, the less 
sophisticated methods of detennining the loss of prestress have proved to give 
satisfactory results. The method of Zia et al. (Zia 1979) is easy to apply and 
intended for use in making a reasonable estimate of loss of prestress for usual 
design conditions (i.e., ordinary structures, simple beams, short-to-moderate 
spans, moderate loads, etc.). The method is not intended for use in special 
structures, such as water tanks. Zia and his colleagues suggest that the methods 
recommended by the PCI Committee on Prestress Losses (Appendix A) be used 
for unusual design conditions. With the PCI Committee method, the total loss 
of prestress is computed as the sum of the effect of elastic shortening, concrete 
creep, concrete shrinkage, and relaxation of the prestressed reinforcement. A 
negative criticism of this method, which can be important in some special 
instances, is that it does not account for the effects of cracking or the provision 
of nonprestressed reinforcement. 

7 -4 Deflection 

Computations of short-tenn deflections in prestressed concrete flexural members 
are made with the assumption that the concrete section acts as an elastic and 
homogeneous material. This assumption is only approximately correct, as the 
elastic modulus for concrete is not a constant value for all stress levels; in 
addition, the elastic modulus varies with the age of the concrete and is influ­
enced by other factors. Furthennore, differences between assumed and actual 
dimensions of the concrete cross section and prestressed and nonprestressed 
reinforcements often exist, as do differences between assumed and actual initial 
stresses in the prestressed reinforcement. As a result, deflection computations 
for prestressed concrete are approximations and should not be considered to 
have high precision. 

The deflections for dead and live loads are calculated by using the funda­
mental principles of the mechanics of materials. Nonnally, the moment of inertia 
of the gross section is used in the computations, but in members that have 
significant amounts of reinforcing steel, the moment of inertia of the trans­
fonned section should be used. The deflection resulting from the prestressing 
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Prismatic 
beam 

Center of gravity 

Straight tendon, P Ibs. 

L 

Elevation 

rMoment =Pe 

Moment Diagram 

PeL 2 
Deflection at ~ = ~ p = - 8EI 

Fig. 7-16. Layout and prestressing-moment diagram for a beam having a straight 
tendon. 

can be readily calculated for prismatic members with known prestressing force 
and eccentricity by use of the area-moment principle. The results of a calcula­
tion of this type for a simple, prismatic member with straight tendons (see Fig. 
7-16) is: 

o = p 
PeL2 

8EI 
(7-28) 

where P is the prestressing force in pounds, e is the eccentricity in inches, L is 
the span in inches, E is the modulus of elasticity of the concrete in psi, and I 
is the moment of inertia of the gross section in inches to the fourth power. 
Positive eccentricities in the above relationship result in upward deflections. * 

In Fig. 7-17, the moment diagram and corresponding deflection due to 
prestressing are shown for a simple, prismatic beam prestressed with a tendon 
having a second-degree parabolic path with no eccentricity at the ends and 
maximum eccentricity at midspan; and in Fig. 7-18, the moment diagram and 
corresponding deflection are indicated for a simple, prismatic member 
prestressed with a tendon that has a path composed of three straight lines, 
symmetry about the midspan, and no eccentricity at the ends. 

It is assumed that the deflections due to the various loads that will be applied 
to a beam can be algebraically superimposed in order to determine the resultant 

*In this book, upward deflections are negative, and downward deflections are positive. The word 
"camber" is reserved for out-of-planeness or flatness built into a member, other than by prestressing, 
for the purpose of achieving a desired shape. 
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Prismatic e I ct. 
;- beam . reenter of gravity 
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l I. 
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Moment Diagram 

. SPeL2 
Deflection at ~ = ~p = - 48EI 

Fig. 7-1 7. Layout and prestressing-moment diagram for a beam having a tendon on a 
parabolic path and no eccentricity at the ends. 

Prismatic beam Center of gravity 

I: 
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/ ~I ~ 
Moment Diagram 

Deflection at ~ = ~p = - 2:~I (3L 2 - 4a2 ) 

Fig. 7-18. Layout and prestressing-moment diagram for a beam having a tendon path 
with constant eccentricity in the midspan area and no eccentricity at the 
ends. 



LOSS OF PRESTRESS, DEFLECTION, AND PARTIAL PRESTRESS I 331 

deflection of the member. In this manner, the deflection of a beam under the 
effects of its dead load and prestressing is computed as the algebraic sum of the 
deflections due to dead load of the beam and due to prestressing. In a similar 
manner, if a beam is prestressed with a tendon that follows a parabolic path that 
has equal eccentricity at the ends, the deflection ofthe beam due to prestressing 
could be determined by computing the algebraic sum of the deflections due to 
dead load plus the effects of prestressing with a straight tendon and with a 
parabolic tendon, as illustrated in Fig. 7-16 and 7-17, respectively. In applying 
the principle of superposition as described above, it is necessary to divide the 
moment due to prestressing into two portions that can be substituted into the 
appropriate relationships for the terms Pe • For unusual conditions of 
prestressing-moment diagrams, or if the designer questions the results obtained 
through the use of the superposition principle, the deflection can be easily calcu­
lated from the basic, area-moment principle. When members with variable 
moments of inertia are used, it is necessary to compute the deflections by use 
of basic principles. Basic principles should be used when the prestressing force 
varies along the length of the tendon, or when the tendon does not follow a 
mathematical curve, as is frequently the case in cast-in-place post-tensioned 
bridges. 

The deflections at the ends of beams that overhang the ends of adjacent spans 
differ from those at the ends of cantilever beams. The difference is due to the 
rotation that occurs at the support where the overhanging portion of the beam 
adjoins the supported span. Cantilever beams have no slope at the supported 
end, and hence have deflections due to the deformations that occur within the 
length of the cantilever span alone. This is illustrated in Fig. 7-19. It frequently 
is found that the deflection at the end of an overhanging beam resulting from 
the deformation of the overhand itself is considerably smaller than that due to 
the deformation of the span to which it is attached. For this reason, deflection 
calculations should always be made for beams having overhanging ends. 

It is well known that in beams having only nonprestressed reinforced concrete, 
the tendency is for the deflection to increase with time as a result of creep. In 
addition, the amount of flexural cracking in a nonprestressed reinforced concrete 
member has a significant influence on the deflection of the member. In a fully 
prestressed concrete beam, the change in deflection is a function of time as well 
as of the distribution of stress in the member under the normal condition of 
loading. For example, if the effects of the prestressing and the dead and live 
loads at the average section of a member were such that the distribution of stress 
was a uniform compression over the thickness of the member, the effect of creep 
would be to shorten the member (deform it axially) without changing its shape 
vertically. If, under the same conditions, the stress in the bottom flange were 
greater than the average compression, the tendency would be for the member 
to increase in upward deflection with the passage of time. If the top-fiber 



332 I MODERN PRESTRESSED CONCRETE 

p 

(a) cantilevered beam 

(b) Overhanging beams 

Fig. 7-19. Deflections of (a) the end of a cantilevered beam and (b) two overhanging 
beams. 

compressive stresses under the normal loading were greater than the average 
compression, the tendency would be for the deflection to increase downward as 
a result of the creep. 

It is interesting to noty that for the deflection due to prestressing alone, the 
effects of concrete shrinkage and steel relaxation are to reduce the deflection 
due to prestressing, because these two effects tend to reduce the prestressing 
force. The effect of creep is to alter the deflection for cases where the resultant 
force in the concrete is significantly eccentric, because the rotational changes 
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due to creep nonnally are greater than the shortening effect is on reducing the 
prestress. 

It should be recognized that the curvature at any section of a beam is equal 
to: 

(7-29) 

This relationship is useful in computing the theoretical deflections, including 
time-dependent defonnations, in concrete members having prestressed 
reinforcement, nonprestressed reinforcement, or a combination of both. 
Computations of this type must be made with the more sophisticated methods, 
such as the Ghali or numerical integration methods, because these methods 
include the computation of the curvatures at the sections of the members 
analyzed. The mathematical relationships for the deflection of beams due to 
prestressing of different types, such as those illustrated in Figs. 7-16, 7-17, and 
7-18, can be rewritten in the fonn: 

(7-30) 

which K is a constant depending upon the path of the tendon. From Fig.7-20 it 
will be seen that the curvature at any section can be computed if the strain 
distribution is known. The curvature is equal to: 

1/;(-) ~ 

(a) (b) (e) 

Fig. 7-20. Strain distributions due to (a) prestressing. (b) transverse loads. and (c) the 
combination of both. 
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if; = fb - f t 

h 
{7-31} 

in which compressive strains are negative, tensile strains are positive, curva­
tures that cause downward deflections are positive, and curvatures that cause 
upward deflection are negative. The relationship applies equally to short- and 
long-tenn rotations. 

In computing long-tenn deflections, using the numerical integration method, 
the loss-of-prestress computations are made as a part of the deflection compu­
tations. The effects of variations in strains and stresses in the nonprestressed 
and prestressed reinforcements must be taken into account, and the curvature 
must be computed at each time increment. The accuracy of the deflection 
computations is improved if the strain, stress, and curvature computations are 
made at several sections along the length of the beam rather than at the location 
of the maximum moment alone. After the curvatures have been detennined at 
the desired locations along the beam length, the deflection can be determined 
by classical methods. 

The step-by-step procedure for computing the deflection of a precast beam 
with a composite cast-in-place slab (such as that shown in Fig. 7-4), using the 
numerical integration method, is as follows: 

1. Detennine shrinkage and creep characteristics of the concrete, as a 
function of time, for use in the analysis. In addition, detennine the relax­
ation characteristics of the prestressing steel as a function of time. 

2. Divide the beam into a number of incremental lengths for use in the 
analysis. The computations described in the following steps must be 
perfonned for each section between the various increments. (Beam 
symmetry, use of incremental lengths, and loading conditions reduce the 
calculations required.) Detennine the time increments to be used. Small 
time increments are desirable from the standpoint of improving accuracy 
in the numerical integration procedure, but the amount of computation 
required is affected by the number of time increments considered (this is 
not an important consideration when a programmable calculator or 
computer is used.) 

3. Compute the stresses in the concrete at the top and bottom fibers as well 
as at the center of gravity of the prestressed steel. The stresses should 
include the effects of the initial prestressing force and all transverse loads. 
(The effect of transverse loads or restraints that are applied at later ages 
must be taken into account at the appropriate time, as is explained below 
in step 10.) 

4. Compute the initial strains in the top and bottom fibers and the curvature 
at the section due to the initial loading condition. 

S. For the duration of the first time increment, compute the changes in 
strains at the top and bottom fibers and at the centroid of the prestressed 
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reinforcement due to creep and to shrinkage. In addition, compute the 
relaxation of the steel during the first time increment. 

6. Compute the total incremental change in stress in the prestressing steel 
due to creep, shrinkage, and relaxation, and, applying this force as a 
tensile force on the concrete section at the location of the centroid of the 
prestressed reinforcement, compute the stresses in the top and bottom 
fibers as well as at the level of the prestressed reinforcement. 

7. Add the stresses from step 6 to those of step 3 in order to find the stresses 
at the end of the time increment. 

8. Compute the strains in the top and bottom fibers as well as the curvature 
at the end of the time interval. 

9. Using the stresses from step 7, repeat the procedure (steps 5 through 8). 
The procedure is repeated until the total time has been considered. 

10. At the appropriate times, the effects of superimposed loads are taken into 
account by computing the changes in stress at the top and bottom fibers 
and at the centroid of the prestressed reinforcement due to the loads. The 
stress at the centroid of the prestressed reinforcement should be multi­
plied by the modular ratio that is appropriate for the time increments 
under study, and the force resulting from the change in stress then applied 
as an incremental change in the prestressing force. The effect of the 
incremental change in the prestressing force on the stresses in the top 
and bottom fibers and at the centroid of the prestressed reinforcement 
should be computed. From these computations, the resulting strains and 
curvature in the concrete can be determined. 

11. The procedure continues (steps 5 through 8) until the total time has been 
considered. 

12. The effect of the differential strains in the cast-in-place concrete and the 
precast concrete is taken into account by first computing the difference 
in the unrestrained changes in strain in the cast-in-place concrete and the 
precast concrete at the interface between the two concretes. Strain 
compatibility is then forced by applying equal and opposite forces to the 
cast-in-place concrete and the beam at their interface. 

13. The stresses from the forces computed in step 12 are to be computed in 
each subsequent time-interval computation and taken into account in the 
routine of steps 5 through 8. 

14. The deflections at various points along the span of the beam, at the end 
of any time interval, can be computed by using the Area-Moment, the 
Conjugate Beam, or another method of analyzing statically indeterminate 
beams. The calculation involves the integration of the curvature diagram 
for the beam. 

It should be apparent that a large amount of tedious computation is needed 
to apply this method. Consequently, the method can best be applied with the 
aid of a programmable calculator or computer. 
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Special structures, such as prestressed concrete bridges that are constructed 
segmentally in cantilever fashion (see Fig. 10-20), may require many time­
dependent steps in their construction. Each time that increments of load or 
prestressing are added to the structure, new stresses, strains, rotations, and 
changes in the forces in the concrete and steel must be determined for each 
segment joint. The numerical integration method of estimating losses of prestress 
and deflection is a logical method to be used in such a case. This method permits 
the effect of time to be computed independently for each of the components. 

The general method of analysis derived by Ghali et al. which is described in 
Sec. 7-3, can be used for the computation of deflections in lieu of the numerical 
integration method. The procedure involves performing all of the steps required 
for the determination of loss of prestress at several locations along the length 
of a member, after which the deflections are computed by using the computed 
curvatures and one of the classical methods of analyzing statically indeterminate 
beams, such as the Conjugate Beam Method. 

When use of the numerical integration or Ghali methods of computing the 
deflection of prestressed reinforced concrete members is not considered 
warranted because ofthe computational effort involved, one can use the modified 
step function method recommended by Branson. In this method, the deflection 
is computed as the algebraic sum of the effects of dead and live loads combined 
with the effects of creep and loss of prestress. The effects of concrete elastic 
shortening, creep, and shrinkage, as well as relaxation of the prestressed 
reinforcement, on the prestressing force are, of course, included in the loss of 
prestress used in the analysis. Two basic relationships are used: one is for the 
analysis of prestressed concrete beams that do not have composite slabs and 
mayor may not have superimposed dead loads, and the second is for prestressed 
concrete beams having composite slabs constructed without or with shoring 
supporting the beam at the time when the composite slab is placed. The 
following notation and definitions, which differ in some respects from those 
used in Branson's paper and supplement the notation given in Sec. 7-3, are used 
in these relationships: 

Od = Deflection due to beam dead load 
Ods = Deflection due to differential shrinkage between beam and slab 

concretes (see eq. 7-34) 
01 = Deflection due to beam live load 
op = Deflection due to prestressing 
Os = Deflection due to slab dead load 

Osdl = Deflection due to superimposed dead load 
Ou = Ultimate deflection 

For a noncomposite fully prestressed concrete beam (i .e., free of cracking 
under maximum loading), the ultimate total load deflection is computed by: 
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Ou = Op [1 + a;u + A(krVu)] + oA 1 + krvul 

+ osdl[1 + 'Ylaekrvul + 01 (7-32) 

For a composite beam that is not shored at the time when the composite topping 
or slab is placed, the ultimate total load deflection is: 

[ aPs , I (apu - aPs ( '))] Ou = op 1 + Pi + askrvuA + r Pi + krvu A - asA 

+ Od [1 + askrvu + (1 - as)(krvu) f,] 
+ Os [1 + askrvu f,] 

(7-33 ) 

For a precast beam that is shored at the time the composite topping or slab 
is placed, the deflections due to the composite topping or slab load is computed 
using eq. 7-33 with the ratio moments of inertia of the beam to the composite 
section deleted from the term for slab deflection. 

For a simple beam, the deflection due to differential shrinkage and creep 
between the slab and beam concretes is computed from 

o _ QyesL2 
ds - 8EI 

e 
(7-34 ) 

in which Q is the force resulting from the differential shrinkage and creep, Yes 
is the distance from the centroid of the composite time based upon the initial 
and final values computed as described above, or employ the more detailed 
procedures suggested by Branson (1974). 

In using eqs. 7-32 and 7-33, the losses of prestress should be estimated by 
using the methods described in Sec.7-3. 

Allowable tensile stresses as high as 12 Jic are permitted in flexural members 
by Sec. 18.4.2 of ACI-318 (ACI Committee 318 1989), provided that compu­
tations are made to confirm that the immediate and long-term deflections comply 
with the requirements of Sec. 9.5 of ACI 318. The latter computation requires 
that the effects of creep, shrinkage, relaxation, and cracking be accounted for 
in the deflection computations. The load-deflection curve of a prestressed 
concrete beam loaded past the cracking load can be represented simplistically 
as shown in Fig. 7-21. It must be pointed out that this curve does not accurately 
depict the deflection characteristics of prestressed concrete beams because, in 
reality, the components of the figure should be curved lines rather than straight 
ones. 
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Fig. 7-21. Simplistic representation of a load-deflection curve for a prestressed 
concrete flexural member. 

For loads below the cracking loads, the deflections can be computed by using 
any of the methods described above. For loadings that cause flexural cracking, 
ACI 318 further provides that the "effective moment of inertia" be used in the 
computations. This term is defined in Sec. 9.5.2.3 as follows: 

Ie=(~:)Ig+[l (~:y}er (7-35) 

The terms in the above are defined as follows: 

Ier = Moment of inertia of the cracked transformed section with respect to 
the centroidal axis. 

Ig = Moment of inertia of the gross concrete section about the centroidal 
axis, neglecting the reinforcement. 

Ma = Maximum moment in member at stage for which deflection is being 
computed. 

Mer = Cracking moment based upon the modulus of rupture of 7.5 Jfc for 
normal weight concrete. See ACI 318, Sec. 9.5.2.3 for lightweight 
concrete. 

The deflections of members subject to cracking can also be made using Ghali's 
method, as is described in the Section 7-5, Partially Prestressed Concrete. 
Because Ghali' s method includes the effects of inelastic deformations of the 
concrete, the presence of nonprestressed reinforcement, as well as cracking, the 
author recommends its use. 

The methods currently available to the structural designer for making deflec­
tion computations for fully-prestressed concrete members are considerably better 
than those that were available past. If done manually, as opposed to using 
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programmable calculators or computers, the effort required to use the contem­
porary methods is considerably greater than that required for nonprestressed 
reinforced concrete or for the methods used in the past for fully prestressed 
members. The trend towards the use of partially prestressed concrete, which is 
discussed in the next section, further complicates the computations for deflec­
tions. As stated previously, the more sophisticated methods are needed only for 
the more sophisticated structures, such as those with long spans or uncommon 
loadings, or those utilizing unusual construction methods or procedures. 

ILLUSTRATIVE PROBLEM 7-7 U sing the numerical integration method, deter­
mine the midspan deflections of the composite beam having the cross section 
shown in Fig. 7-4 if the span is 126.3 ft. The beam is the end span of a three-

TABLE 7-7 Section Properties for I. P. 7-7. 

Net Precast Section 

Area Moment of Yb 
Point (in. 2 ) inertia (in.4) (in.) 

0& 10 949 650,070 43.41 
1&9 949 647,179 43.67 
2&8 949 640,206 43.87 
3&9 949 632,685 44.01 
4&6 949 627,168 44.10 
5 949 625,158 44.12 

Precast Transformed Section 

Area Moment of Yb 
Point (in. 2 ) inertia (in.4) (in.) 

0& 10 1013 650,140 43.48 
1&9 1013 675,091 42.86 
2&8 1013 673,860 42.37 
3&7 1013 691,947 42.03 
4&6 1013 705,214 41.82 
5 1013 710,047 41.76 

Composite Transformed Section 

Area Moment of Yb 
Point (in. 2 ) inertia (in.4) (in.) 

0& 10 1637 1,119,276 56.74 
1&9 1637 1,143,025 56.35 
2&8 1637 1,173,053 56.06 
3&9 1637 1,200,732 55.84 
4&6 1637 1,219,788 55.72 

5 1637 1,226,561 55.67 
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TABLE 7-8 Dead Load Moments, Initial Stress in the Prestressed Reinforcement, and 
Distance from the Beam Soffit to the Center of Gravity of the Prestressed 
Reinforcement at the Tenth Points of the Beam in loP. 7-7. 

Precast DLM CIP Slab DLM SOL Moment fs; Soffit 
Pt. (ft-k) (ft-k) (ft-k) (ksi) Dist. (in.) 

0 0 0 0 189.5 44.50 
1 553 460 125 189.5 30.77 
2 982 818 200 189.5 20.10 
3 1289 1074 250 189.5 12.47 
4 1473 1227 300 189.5 7.90 
5 1535 1278 300 189.5 6.38 
6 1473 1227 250 189.5 7.90 
7 1289 1074 150 189.5 12.47 
8 982 818 0 189.5 20.10 
9 553 460 -175 189.5 30.77 

10 0 0 -445 189.5 44.50 

span beam that is continuous for superimposed dead load and live load but 
simply supported for other dead loads. The 10th point section properties are as 
shown in Table 7-7. Plot a curve illustrating the variation of deflection at 
midspan as a function of time. The dead load moments, initial stress in the 
prestressed reinforcement, and distance from the centroid of the prestressed 
reinforcement to the beam soffit (soffit distance) are shown in Table 7-8. The 
properties of the materials of construction and the time sequence are as given 
inI.P.7-1. 

SOLUTION: The curvatures at the 10th points, based upon the use of the 
numerical integration method of analysis, made with the aid of a programmable 
calculator, are found to be as shown in Table 7-9. The deflections at the 10th 

TABLE 7-9 Curvatures at the Tenth Points for the Beam in loP. 7-7. 

Curvature: x 106 

Pt. 12 Days 197 Days 197'Days 206 Days 206' Days 600 Days 

0 +0.76 +1.33 +1.33 +1.37 +1.37 +2.06 
1 -4.61 -6.93 -3.58 -3.54 -3.01 -2.23 
2 -8.90 -13.29 -7.46 -7.42 -6.61 -5.72 
3 -12.06 -17.75 -10.30 -10.26 -9.26 -8.13 
4 -14.02 -20.40 -12.05 -12.01 -10.83 -9.66 
5 -14.67 -21.26 -12.62 -12.58 -11.41 -10.24 
6 -14.02 -20.40 -12.05 -12.01 -11.03 -9.90 
7 -12.06 -17.75 -10.30 -10.26 -9.66 -8.63 
8 -8.90 -13.29 -7.46 -7.42 -7.42 -6.57 
9 -4.61 -6.93 -3.58 -3.54 -4.27 -3.69 

10 +0.76 +1.33 +1.33 -1.37 -0.53 -0.42 
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TABLE 7-10 Deflections at the Tenth Points of the Beam in I.P. 7-7. 

Deflections (in.) 

Pt. 12 Days 197 Days 197' Days 206 Days 206' Days 600 Days 

0 0 0 0 0 0 0 
I -1.05 -1.54 -0.88 -0.88 -0.80 -0.70 
2 -1.99 -2.93 -1.69 -1.68 -1.54 -1.35 
3 -2.74 -4.02 -2.33 -2.32 -2.13 -1.88 
4 -3.22 -4.72 -2.74 -2.73 -2.51 -2.22 
5 -3.39 -4.96 -2.89 -2.88 -2.65 -2.35 
6 -3.22 -4.72 -2.74 -2.73 -2.53 -2.25 
7 -2.74 -4.02 -2.33 -2.32 -2.17 -1.93 
8 -1.99 -2.93 -1.69 -1.68 -1.59 -1.41 
9 -1.05 -1.54 -0.88 -0.88 -0.84 -0.75 

10 0 0 0 0 0 0 

points for the significant points in the history of the beam are summarized in 
Table 7-10, and the plot of midspan deflection versus time is given in Fig. 
7-22. 

ILLUSTRATIVE PROBLEM 7-8 For the composite post-tensioned beam shown 
in Fig. 7-4 and the loss of prestress computations ofl.P. 7-5, compute the dead 
load midspan deflection at 600 days using the Branson method. Assume the 
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Fig. 7-22. Midspan deflections as a function of time for the beam in I.P. 7-7. 
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tendon to be on a second-degree parabolic path with no eccentricity at the 
supports and an eccentricity at midspan of 37.75 in. The span length is 126.3 
ft. The superimposed dead load of 263 plf results in a moment of -445 k-ft at 
one end of the beam only. Use Pi = 1046 kips and t:..Pu/Pi = -0.235. 

SOLUTION: The elastic deflections are computed to be: 

o = _(5)(1046)(37.75)(126.3)2 X 144 = -744 in 
p 48 X 2030 X 625158 .. 

o = (5)(1535)(126.3)2 X 1728 = +3.47 in. 
d 48 X 2030 X 625158 

o - (5)(126.3)\1728) X 1278 - O. 
s - 48 X 2460 X 710,047 - +2.1 tn. 

With Q = -257 kips, Yes = -19.32 - 3.25 = -22.57 in., 

o _ -257( -22.57)(126.32)(144) _ + . 
ds - (8)(2460)(1226561) - 0.55 tn. 

The midspan deflection due to the superimposed dead load, computed with basic 
principles is: 

Osdl = +0.25 in. 

From I.P. 7-5: 

t:..Pu = -44.5 X 5.52 = -245.6 kips (at 600 days) 

t:..Pu ( ) - = -0.236 at 600 days 
Pi 

Assume: 
t:..Ps - = -0.18 at 200 days, A = 0.88, A' = 0.91, as = 0.70, 'Ylae = 0.67, 
Pi 

I 
kr = 1.0, Ut = 1.23 (at 200 days), and r = 0.51. 

Using eq. 7-33: 

op = -7.44 [1 + ( -0.18) + (0.70)( 1.00)( 1.50)(0.91) 

+ 0.51(0.055 + (1.00)(1.50)(0.88 - 0.70(0.91))] 

= -7.44(2.255) = -16.77 in. 

Od = +3.47[1 + (0.70)(1.00)(1.50) + (1 - 0.70)(1.00)(1.50)(0.51)] 

= +7.77 in. 
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Os = +2.31[1 + (0.70)(1.00)(1.50)(0.51)] 

= +3.55 in. 

Ods = +0.55 [1 + (0.67)( 1.(0)( 1.50) ] 

= +1.10 in. 

Osdl = +0.25 in. 

Ou = -16.77 + 7.77 + 3.55 + 1.10 + 0.25 = -4.10 in. 

ILLUSTRATIVE PROBLEM 7-9 For the double-tee beam of I.P. 7-6, compute 
the ultimate dead load deflection using the modified step function method. 

SOLUTION: 

28 . 
E = - = 3 83 x 106 pSI 

c 7.3 . 

For the total loss of prestress of 63.60 ksi, and an elastic shortening loss of 
11.5 ksi, 

t:.Pu = -52.1 x 0.58 = -30.2 kips, PulP; = -0.28 

(109)( -8.83)(40)2(144) . 
op = - (8)(3830)(4256) = -1.70 tn. 

(5)(0.20)( 40)4 (1728) . 
Od = (384)(3830)(4256) = 0.71 tn. 

o _ (5)(0.04)(40)4(1728) _ . 
sdl - (384)(3830)(4256) - 0.14 tn. 

Ou = -1.70[1 - 0.27 + (0.865)(2.00)] 

+ 0.71[1 + 2.00] + 0.14[1 + (0.83)(2.00)] 

= -4.18 + 2.13 + 0.37 = -1.68 in. 

7-5 Partially Prestressed Concrete 

Partial prestressing was first suggested as a means of permitting the use of higher 
stresses in nonprestressed reinforcement, together with supplementary preten­
sioned tendons, as a means of reducing the cracking of the concrete. Later, 
Abeles suggested the use of high-tensile steel for the entire tensile reinforcement 
but with only a portion of the steel being prestressed (Abeles 1949). In this 
manner, economy would result from the reduction in labor required to stress 



344 I MODERN PRESTRESSED CONCRETE 

and grout the tendons. In addition, the use of high-tensile steel for all of the 
tensile reinforcement was determined to be the most economical alternative 
because the unit cost per unit of ultimate tensile strength is less for high-tensile­
strength steel than for steel having lower tensile strengths. 

Currently there are three motivations for the use of partial prestressing. The 
first is economy of labor and steel costs (i.e., not prestressing and grouting all 
of the flexural reinforcement). Partially prestressed beams of this type will 
normally have somewhat lower flexural strengths than fully prestressed members 
because the average stress in the reinforcement will be lower than it would be 
if all of the flexural reinforcement in the member were prestressed. Therefore, 
the nominal flexural strength of members of this type is best determined by 
using strain compatibility computations. The fundamental principles of flexural 
strength analysis developed in Sec. 5-2 are appropriate for the analysis of 
partially prestressed members of this type. 

If partial prestressing is used in a member because the concrete cross section 
to be used is inefficient, but all of the flexural reinforcement is stressed to normal 
levels, the ultimate moment will not be affected as a result of the use of partial 
prestressing. This can be better understood if the basic reason for using I-and 
T-shaped members (Secs. 4-8 and 4-9) is analyzed and compared to using a 
rectangular section. The preference for the use of I and T shapes normally is 
based upon service load and not strength considerations. If a rectangular section, 
which is easier to manufacture and more resistant to large shear stresses, can 
be found that will work satisfactorily at service loads with moderate tensile 
stresses in the tensile flange, the flexural strength may very well be as high as 
would be found for an I or T beam that had been designed for the same loads, 
but without tensile stresses in the bottom flange under full load. This is partic­
ularly true for short-span members, in which the dead weight itself is not impor­
tant in comparison to the total moment. The motivations for using partial 
prestressing of this second type are the reductions of form and labor costs that 
can be derived through the use of simple rectangular or tapered sections. 

Deflections due to prestressing and differential deflections between members, 
under member dead load and prestress, have been significant problems in the 
manufacture of prestressed-concrete members. The total deflection due to 
prestressing as well as the variation of deflection between individual members, 
which is assumed to be a function of the total deflection, can be reduced by not 
fully prestressing the members in some cases. Assuming that the flexural strength 
is still adequate, this procedure will result in satisfactory construction for many 
types of applications. Hence, the third motivation, which is the principal one, 
is the desire to achieve better performance at service loads without sacrificing 
the minimum safety requirements of the codes. 

Some engineers look forward to the time when the building code provisions 
for reinforced concrete will be applicable for reinforced concrete flexural 
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members regardless of their degree of prestressing. Defining partial prestressed 
concrete is a problem in itself. The degree of prestressing can be thought of in 
terms of the level of prestressing in the flexural tensile reinforcement, or in 
terms of the amount of tension in the concrete under service loads. There is no 
universally accepted definition of partially prestressed concrete at this time. For 
example, a member in which all of the flexural tensile reinforcement is high­
strength steel prestressed to the maximum permissible level permitted by the 
building code might be considered to be fully prestressed by some persons. 
Others may consider fully prestressed concrete to be the condition of no tensile 
stresses in the concrete under service loads. Others may think of partial 
prestressing as a condition that is between these two states of stress. Even though 
not all engineers can agree upon a definition, the use of partially prestressed 
concrete is common. 

Partially prestressed members, designed in conformance with the require­
ments of ACI 318 (i.e., limited flexural tensile stresses in the concrete under 
service loads, designed on the basis of a noncracked section), normally can be 
used without significant risk in building floor and roof members because the 
applied loads normally are predictable with reasonable accuracy, and fatigue is 
not a design consideration. 

Up to now, the principles of prestressing concrete discussed in this book 
basically have been limited to members that are fully prestressed, or that for all 
practical purposes are fully prestressed. The exceptions to this are members that 
take advantage of the provision in ACI 318 permitting the use of flexural tensile 
stresses as great as 12 Ji'c when the design is made to conform with special 
requirements for deflection and corrosion protection. (It should be recognized, 
however, that this level of allowable tensile stress anticipates flexural cracking.) 
The code requires that members using the higher allowable tensile stress must 
be shown to meet the deflection criteria of Sec. 9.5.4 for short- and long-term 
deflections, using bilinear moment-deflection relationships, as well as to meet 
the special concrete cover requirements of Sec. 7.7.3.2. Considerations for 
designing members to conform with the deflection criteria were discussed briefly 
in the preceding section (Sec. 7-4). 

The principle of prestressing concrete, as defined by the originators of the 
method, was stated in the first paragraph of Chapter 1. This definition has, in 
recent years, become the definition of fully prestressed concrete. Thus, fully 
prestressed concrete members are defined, for the purposes of this book, as 
concrete members that do not contain a significant amount of nonprestressed 
reinforcement, and are prestressed to a level of compression that either prevents 
flexural tensile stresses under service loads or restricts them to levels equal to 
or less than the lower-bound flexural tensile strength of the concrete, when 
analyzed with due regard to: strain compatibility, the principles of equilibrium, 
the effects of prestressed and nonprestressed reinforcement, concrete shrinkage, 
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concrete creep, and elastic deformations. In general, the lower-bound concrete 
tensile strength should be taken to be on the order of: 

fr = 0.50../wi (7-36) 

which, for concrete having a unit weight of 144 pcf, is: 

(7-37) 

This is the lowest value for the modulus of rupture for normal-weight concrete 
contained in ACI 318 and is intended to be a conservative value (see Sec. 3-7). 

Partially prestressed concrete members are defined, for the purposes of this 
book, as concrete members that: are prestressed to a level of compression that 
will permit cracking under the maximum service loads; may contain significant 
amounts of nonprestressed reinforcement in addition to prestressed reinforce­
ment; contain prestressed reinforcement that mayor may not be stressed to the 
maximum levels permitted by the applicable building code; but will have suffi­
cient flexural strength to resist the minimum design loads required by the appli­
cable code. This definition presumes that the analysis of members of this type 
includes consideration of: strain compatibility; the principles of equilibrium; 
the effects of prestressed and nonprestressed reinforcements; concrete shrinkage, 
creep, and elastic deformations; the concrete's being incapable of supporting 
tensile stresses after decompression of the section; and the assumption that a 
change in mechanical behavior in flexure occurs as a result of decompression 
(i.e., a change from behavior based upon the properties of the transformed gross 
section to behavior based upon a cracked, transformed section). 

The concept of partially prestressed concrete, as defined herein, requires a 
determination of the combination of axial force and moment that defines the 
transition point between behavior that can be considered to be that of an 
uncracked member and the behavior of a cracked member. The loading that 
defines this transition is called the decompression loading. 

In the determination of the combination of force and moment that causes 
decompression in a member, the amount of axial force and moment remaining 
after decompression has taken place also is determined. 

Decompression for a partially prestressed member is said to exist when the 
stress across the thickness of a section (from top to bottom) equals zero at the 
section under consideration. This is best understood by considering the states 
of stress illustrated in Fig. 7-23. The condition of stress in Fig. 7-23a is that 
existing under final prestress and dead load. The application of a significant 
amount of additional load, as shown in Fig. 7-23b, results in combined stresses 
(prestress plus applied loads), based upon an uncracked section analysis, as 
shown in Fig. 7-23c. Because the concrete section is presumed to be unable to 
withstand tensile stresses, and indeed cannot withstand tensile stresses greater 
than its modulus of rupture, the section cracks and the stress distribution take 
the shape shown in Fig. 7-23d. To evaluate the stresses in the cracked section, 
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Fig. 7-23. Distribution of stresses considered in the determination of the state of 
decompression. (a) Distribution of stress in an uncracked flexural member 
under final prestress plus service dead load. (b) Distribution of stresses on 
the uncracked section due to the service live load. (c) Distribution of stresses 
resulting from the combination of final prestress, service dead, and service 
live loads. (d) Distribution of stresses on a cracked section. (e) Distribution 
of stress, equal to zero over the full thickness of the member, when the 
section is decompressed. 

one must first determine the decompression force and moment. The decompres­
sion force and moment are those required to nullify the condition of stress shown 
in Fig. 7-23a and create a state of zero stress across the full thickness of the 
section, as shown in Fig. 7-23e. By deducting the decompression force and 
moment from the total force and moment producing the combined service live 
load stresses shown in Fig. 7-23c, the axial force and moment to be used in the 
determination of the stresses on the cracked section, as illustrated in Fig. 
7-23d, are obtained. 

By employing Ghali's methods, as explained in Sec. 7-3, the normal force 
and concomitant moment (or eccentricity of the normal force), required for 
decompression loading can be computed from a known concrete stress at a 
reference axis, lera' and the known slope of the stress diagram, -y, using the 
following two equations: 

tJ.Ndeeom = A( -Iera) + Ay( --y) (7-38) 

(7-39) 

in whichlcrm y, and Ira are with respect to a reference axis that mayor may not 
pass through the centroidal axis of the cross section of the member. The negative 
signs for the values of lera and -y in eqs. 7-38 and 7-39 are provided because 
the purpose of the computations is to determine the force and moment that will 
nUllify the condition of stress shown in Fig. 7-23a. 

If the reference axis passes through the centroidal axis of the cross section of 
the member, eqs. 7-38 and 7-39 become: 

tJ.Ndeeom = A( -Iera) 

tJ.Mdeeom = Ira { --y) 

(7-40) 

(7-41 ) 
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The changes in the strain at the reference axis and the curvature due to the 
decompression force and moment are computed from: 

A -fcra 
Ecradecom = E 

c 

'Y 
l/;decom = - E 

c 

(7-42 ) 

(7-43) 

The axial force and moment to be applied to the cracked section (Fig. 7-23d) 
are computed from: 

N - Ndecom = Ncracked-sec 

M - Mdecom = Mcracked-sec 

(7-44 ) 

(7-45) 

in which Nand M are the axial force and bending moment applied to the section 
as a result of prestressing and all applied dead and live loads (Ghali 1986). 

Ghali and his colleagues have written computer programs that facilitate the 
implementation of the methods and procedures they have derived (Elbadry and 
Ghali 1989; Ghali and Elbadry 1985). Although these methods are not needed 
for the more common applications of prestressed concrete, the informed engineer 
must know of their existence, their intended use, and where detailed informa­
tion on them can be obtained. It is hoped that this discussion will help one to 
accomplish these objectives. 

ILLUSTRATIVE PROBLEM 7-10 Using the general method proposed by Ghali 
et aI., compute the stresses, strains, and deflections of the T -beam analyzed in 
J.P. 7-2 ifthe intermittently applied live load is 1667 plf rather 750 plf. Compute 
the decompression force and bending moment as well as the force and moment 
applied to the cracked section. 

32.5 in. 

+ 502 psi> t, = 379 psi 

(a) (b) 

Fig. 7-24. Distribution of stresses under final prestress. dead load. and live load based 
on the uncracked and cracked sections. (a) Stresses on the uncracked 
section. (b) Stresses and forces on the cracked section. 



LOSS OF PRESTRESS, DEFLECTION, AND PARTIAL PRESTRESS I 349 

-77.8 psi + 77.8 psi o psi 

+ 

-390 psi 
(a) 

+390 psi 
(b) 

o psi 
(e) 

Fig. 7-25. Illustration of the effect of the decompression load and moment on the beam 
analyzed in I.P. 7-10. (a) Stress distribution under full pressure plus dead 
load at t = 00. (b) Stress distribution required to decompress the section. (c) 
Stress distribution with the section decompressed. 

SOLUTION: The stresses, strains, curvatures, rotations, and deflections of the 
beam are identical to those computed in I. P. 7-2 under the effects of prestressing 
and dead load. The higher intermittent live load that is applied to the beam in 
this problem, however, causes a moment at midspan of 4000 k-in. and flexural 
tensile stresses, based upon an uncracked section, that exceed the tensile 
strength. For this reason, the condition of stress under the full live load must 
be evaluated by using a cracked section. The distributions of stress under dead 
and live loads for the uncracked and cracked sections are shown in Fig. 7-24. 
The effect of the decompression load is shown in Fig. 7-25. By using the 

TABLE 7-11 Summary of Stresses and Forces for Reinforcement and Concrete 
Section for I.P. 7-10. 

State of Loading and Deformations 

State 1 State 2 State 3 State 4 

Area Stress Force Stress Force Stress Force Stress 
Item On.2 ) (ksi) (k) (ksi) (k) (ksi) (k) (ksj) 

A; 1.00 + 13.1 +13.1 -25.4 -25.4 -24.5 -24.5 -30.4 

As 4.00 -11.7 -46.9 -36.7 -146.8 -33.8 -135.2 -23.7 
Aps 2.00 + 189.0 +378.0 +155.7 +311.4 + 158.4 +316.8 + 166.9 

Acnet -344.2 -139.2 -157.0 

State 1. After initial prestressing, elastic deformation, and under beam dead load. 
State 2. After time-dependent deformation under prestressing and beam dead load. 
State 3. After application of the decompression load and bending moment. 
State 4. After cracking under final prestressing and full dead and live load. 

Force 
(k) 

-30.4 
-94.8 

+333.8 
-208.6 
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computer program called Crack, the stresses and forces in the reinforcements 
and the concrete section were found to be as shown in Table 7-11 for the different 
states in the history of the member (Ghali and Elbadry 1985). 
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PROBLEMS 

1. For the double-tee beam shown in Fig. 7-26, compute the ultimate loss of 
prestress based upon the concrete's being heat-cured normal-weight concrete 
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Center of gravity 
of prestressing steel I. 76/-0" .1 

32" 

Fig. 7-26. Double-tee beam used in Problem 1. (a) Cross section. (b) Elevation. 

having a compressive strength of 4000 psi at transfer and a specified 
minimum strength of 5000 psi at the age of 28 days, using Branson's 
modified step function method. Consider slab dead load alone. The 
prestressed reinforcement is Grade 270 stress-relieved seven-wire strand. 
The section properties, areas, and loadings are: 

Ag = 615 in. 2 Yb = +21.98 in. Ig = 59,720 in.4 

The dead load of the slab is 641 plf, the area of the prestressed reinforcement 
is 2.14 in. 2 , the initial stress in the prestressed reinforcement immediately 
before transfer is 189 ksi, the beam is to be used on a simple span of 76 ft, 
and the eccentricities of the prestressed reinforcement are + 18.48 in. and 
+ 11.12 in. at the midspan and ends, respectively. Assume the ambient 
relative humidity to be 70 percent, the modular ratio to be 7.3, the creep 
ratio for ultimate creep to be 1.88, the ultimate concrete shrinkage to be 
-546 X 106 in.jin., the elastic modulus of the reinforcement to be 28,000 
ksi, tlPu/P; = - 0.18, 1 + b ll = 1, and the ultimate relaxation loss of 
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the prestressed reinforcement to be 0.075Isi' Compare the results with the 
general and simplified methods recommended by the Prestressed Concrete 
Institute (Appendix A) and the AASHTO requirements (Appendix B). 

SOLUTION: 

From eq.7-4: 

From eq. 7-2: 

feegs = 

2 

k = 1 + (18.48) (615) = 4.52 
s 59720 

(189}(2.14}(4.52) + (615}(462.8}(12)( -18.48}/59720 

615 + (7.3}(2.14}(4.52) 

= -1.125 ksi 

Pi = (189}(2.14) + (-1.125}(7.3}(2.14) = 386.9 kips 

lsi = 180,8 ksi, Isr = -0.075 X 180.8 = -13.6 ksi 

Assuming r = 1 + (7.3)(4.52)2.14/615(1 + 0.88 x 1.88) = 1.30, Ee = 
3.83 X 10-6 psi, ." = 0.88, kr = 1, X = 0.91, and using the modified step 
function method with only the first four terms of eq. 7-32, because there is no 
superimposed sustained dead load, the loss of stress in the prestressed reinforce­
ment becomes: 

dls i = (7.3)( -1.125} + (0.91}(7.3)( -1.125}(1.88) 

+ (-546}(28) _ 0.075(180.8) 
(1.30)( 1000) 

= -8.20 - 14.04 - 11.76 - 13.56 = -47.57 ksi 

Using the PCI General Method: 
Elastic shortening: 

fer = fccgs = -1.125 ksi 

ES = nfer = 7.3 X -1.125 = -8.21 ksi 

Creep loss: 

UCR = 63 - (20) (3.83) = -13.6 :. Use 11 

Volume to surface ratio == 1.70 in. 

SCF = 1.05 - 0.70(1.05 - 0.09) = 0.99 

MCF = 1.0 

CR = (11}(0.99}(1.0)( -1.124) = -12.25 ksi 
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Shrinkage loss: 

USH = 
27,000 - (3000)(3.83) 

1000 
-15.51 ksi 

SSF = 1.04 - 0.70{ 1.04 - 0.96) = 0.98 

SH = (-15.51)(0.98) = -15.20 ksi 

Relaxation loss (at t = 105 hours and with!; = 0.90 x 270 = 243 ksi): 

log 105 (189 ) RET = (189) -W 243 - 0.55 = -21.52 ksi 

Summation: 

tJ..fsi = -8.21 - 12.24 - 15.20 - 21.52 = -57.17 ksi 

Using PCI simplified method: 

Aisi = -33.0 + (-13.8){1.125) = -48.5 ksi 

Using the AASHTO methods: 

SH = - 17,000 - (150)(70) = -6.50 ksi 
1000 

ES = (7.3)( -1.125) = -8.21 ksi 

CR = (12)( -1.125) = -13.5 ksi 

Relaxation = -20 + 0.4{8.21) + 0.2{6.5 + 13.5) = -12.72 ksi 

Summation: 

Aisi = -6.50 - 8.21 - 13.50 -12.72 = -40.93 ksi 

Comparison of results: 

Method 

Branson's 
PCI General 
PCI Simplified 
AASHTO 

Total Loss 
(ksi) 

-47.57 
-57.18 
-48.50 
-40.93 

2. A concrete has an elastic modulus of 3000 ksi and is under an initial axial 
compressive stress of 600 psi. The stress is induced by a tendon prestressed 
to 200 ksi. The tendon has an elastic modulus of 30,000 ksi and is perfectly 
elastic (not subject to relaxation). The concrete is free of shrinkage. If the 
creep characteristics of the concrete are defined by eq. 3-25 with 1/; = 0.60 
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and d = 10.0, and if the creep ratio is 3.00, detennine the stress remaining 
in the concrete and in the tendon after a period of ten days using the numer­
ical integration procedure with time intervals of one and ten days. 

SOLUTION: 

The initial strain in the concrete is equal to -600 psi/3 X 106 psi or -200 x 
10-6 in. lin. The computations with a time interval of one day involve the 
following: 

Creep defonnation at time ( ( to.60 ) 
Ultimate creep defonnation = 10 + (0.60 

Increment of creep defonnation between times t and t 
constant stress: 

( 
to.60 (t - I )0.60 ) 

10 + p.60 - 10 + (t _ I t)6() 'Yu 

1 if subject to 

Because the stress on the concrete varies over the time period, the increment 
of creep must be reduced by the ratio of the stress in the prestressed reinforce­
ment at the beginning of the time period, t - 1, to the stress in the prestressed 
reinforcement at the end of the time period, t. This can be expressed as: 

( 
to.60 (t - 1)0.60 ) IsI-1 

.dE - - 'Y --
creep - 10 + to.60 10 + (t _ 1 t 060 U Isl 

The stress in the prestressed reinforcement at time t is: 

The strain in the concrete at time tis: 

and the stress in the concrete at time tis: 

F F Isl 
Jcl =Jcl-I x-F-

Js I-I 

The computations for the ten-day period using time increments of one day are 
summarized in Table 7-12. 

For a time interval of ten days, the computation becomes: 

Creep defonnation = (10 ~01:0.60 ) - 600 X 10-6 

-170.8 X 10-6 in. lin. 
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-171 X 30 
Is = +200 + 1000 = + 194.9 ksi 

+ 194.9 . 
Ie = +200.0 X -600 = -584.7 pSI 

3. For the conditions of Problems 2, compute the steel stress and concrete stress 
remaining at the age often days if, in addition to the creep strain, the concrete 
shrinks as described by eq. 3-17 with e = 1 and I = 35. Use time intervals 
of one day and ten days. Ultimate shrinkage, which is to commence at day 
0, can be assumed to be -400 millionths in. jin. 

SOLUTION: 

The computations for a time interval of one day are summarized in Table 
7-13. 

For 1O-day interval,.:l€ = -170.8 - 88.9 = -259.7 X 106 in.jin . 
.:lis = -7.79 ksi, Is = 192.21 ksi, Ie = -576.62 psi 

4. For the double-tee beam shown in Fig. 7-26, determine the deflection 
assuming Ed = 3.89 X 106 psi, Ee = 4.03 X 106 psi, .:lPujPj = -0.22 
and the remaining data is as given in Problem 1. 

TABLE 7-12 Summary of Computations for Effects of Concrete Creep after Ten Days 
Using an Integration Interval of One Day. 

Day 'Yt/'Yu A'Yt/ 'Yu AEcreep (10- 6 in.!in.) fs (ksi) Ec (10- 6 in.!in.) fc (psi) 

0 0 200 -200 -600 
0.0909 -54.54 

0.0909 198.36 -254.54 -595.08 
0.0407 -24.22 

2 0.1316 197.64 -278.76 -592.92 
0.0304 -18.03 

3 0.1620 197.09 -296.79 -591.27 
0.0248 -14.66 

4 0.1868 196.66 -311.45 -589.97 
0.0212 -12.507 

5 0.2080 196.28 -323.96 -588.84 
0.0186 -10.952 

6 0.2266 195.95 -334.91 -587.86 
0.0166 -9.758 

7 0.2432 195.66 -344.67 -586.98 
0.0151 -8.863 

8 0.2583 195.39 -353.53 -586.18 
0.0137 -8.03 

9 0.2720 195.15 -361.56 -585.46 
0.0127 -7.435 

10 0.2847 194.93 -368.99 -584.79 
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TABLE 7-13 Summary of Effects of Concrete Creep and Shrinkage after a Period of Ten Days 
Using an Integration Interval of One Day. 

Day 

0 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Eshrinkage 8Eshrinkage Ilecreep Econcrete 

(10- 6 in./in.l (10- 6 in./in.l (10- 6 in./in.l t. (ksi) (10- 6 in./in.l tc (psi) 

0 200.00 -200.00 -600 
-11.11 -54.54 

-11.11 198.03 -265.65 -594.09 
-to.51 -24.18 

-21.62 196.99 -300.34 -590.97 
-9.96 -17.97 

-31.58 196.15 -328.27 -588.46 
-9.45 -14.59 

-41.03 195.43 -352.31 -586.29 
-8.97 -12.43 

-50.00 194.79 -373.71 -584.36 
-8.54 -to.87 

-58.54 194.20 -393.12 -582.61 
-8.12 -9.67 

-66.66 193.67 -4tO.91 -581.01 
-7.76 -8.77 

-74.42 193.17 -427.44 -579.52 
-7.40 -7.93 

-81.82 192.71 -442.78 -578.14 
-7.07 -7.34 

-88.89 192.28 -457.19 -576.85 

SOLUTION: 

lei = -1.125 ksi, fsi = 180.8 ksi, and Pi = 387 kips 

5 = p 
(387)(11.2)(762 )(144) 

(8)(3890)(59,720) 

(387)(7.36)[3(762) - 4(382)](144) 

(24)(3890)(59,720) 

-1.93 - 0.85 = -2.78 in. 

(5)(0.641)(764)(1728) 
5d = + (384)(3890)(59,720) = +2.07 in. 

5u = -2.78[1 + (-0.22) + (1.00)(0.91)(1.88)] 

+2.07 [1 + (1.00)1.88] = -6.92 + 5.96 = -0.96 in. 

Note: Eps of 4.03 x 106 psi should be used in the computations of deflections 
for loads applied after the concrete has attained its specified minimum strength. 

5. A rectangular beam 12 in. wide and 42 in. deep is to be prestressed with a 
single bonded tendon having a steel area of 0.918 sq. in. The beam is to be 
used on a span of 60.0 ft. The stress in the prestressed reinforcement after 
elastic shortening will be 189 ksi. Immediately after prestressing, a super-
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imposed load of 825 plf is to be applied to the beam. The parabolic tendon 
path is located 3 in. above the soffit at midspan and 21 in. above the soffit 
at each end. Compute the deflection of the beams using a bilinear deflection 
analysis. Use Ec = 4000 ksi, Eps = 28,000 ksi, and/; = 5000 psi. 

SOLUTION: 

The parameters for the gross section needed in the analysis are: Ac = 504 
in.2,Ig = 74,088 in.4, and r2 = 147 in. 2 , and the section weights 525 p1f. The 
stresses in the concrete section due to prestressing and the applied loads are 
summarized in Table 7-14. 

The bottom-fiber stress under full load exceeds 6,Jf; but is less than 

12.Ji'c. Hence, a bilinear analysis is required. The cracking moment and total 
uniformly distributed load that will result in cracking are: 

74088 1230 + 7.5.J5000 
MCR = ~ 12000 = 517 k-ft 

8 X 517 
WCR = 602 1.149 klf 

The superimposed load required to crack the section is 1149 - 525 = 624 plf. 
The transformed area of the reinforcement, nApS' equals 6.426 in. 2 , and the 
depth to the neutral axis is computed as follows: 

12y2 
-2- = 6.426(39 - y) 

y = 5.95 in. 

The moment of inertia of the cracked section and the effective moment of inertia, 
as provided in ACI 318 (see eq. 7-35) are computed as follows: 

12 x 5.953 2 
feR = 3 + 6.426(39.0 - 5.95) = 7862 in.4 

( 1149)3 I (1149)3J Ie = 1350 + (74088) + L 1 - 1350 7862 = 48693 in.4 

TABLE 7-14 Summary of Concrete Stresses for 
Problem 5. 

Initial prestressing 
Beam dead load 
Superimposed load 
Total 

Top fiber 
(psi) 

+540 
-804 

-1263 
-1527 

Bottom fiber 
(psi) 

-1230 
+804 

+ 1263 
+837 
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+0.80 
+0.569" ~ 
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0 
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Fig. 7-27. Results of the computations for Problem 5. 

The instantaneous deflections are computed as follows: 

a = _(5)(0.918)(189)(18)(602)(144) = 
p ( 48)( 4000)( 74,088) -0.569 in. 

a - (5)(1.149)(604 )(1728) - 'n 
sLI - (384)(4000)(74,088) - 1.1311 . 

(5)(1.201)(604 )(1728) . 
asL2 = (384)(4000)(48,693) = 0.301 m. 

The results are plotted in Fig. 7-27. 

Load 

~ 
(0 
ro 
0 
I 

6. Compute the initial deflection of the simply supported box girder bridge of 
Example IV in Appendix B using the initial stress distribution given in the 
example. Assume the loss of prestress due to elastic shortening is accounted 
for in the stressing procedure (i.e., slight overstressing to offset the loss due 
to elastic shortening). Use Aps = 44.37 in.2 and Wd = 8.36 kif. 

SOLUTION: 

The computations are summarized in Table 7-15. 

7. For the double-tee beam in Fig. 7-26, determine the prestressing force, Pi' 

at the 20th points immediately after transfer, using eq. 7-2. Note that the 
eccentricity varies from 11.12 in. at each end to 18.48 in. at midspan. Use 
n = 7.3, Aps = 2.14 in.2, I = 59,720 in.\ Ac = 615 in?, Pj = 404.46 
kips, and Mdmax = 462.8 k-ft. 

SOLUTION: 

( ) (615)(12)Mde 
404.46 ks + 59,720 

lei = 615 + (7.3)(2.14)ks 
404.46ks + 0.12357 Mde 

615 + 15.622ks 
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TABLE 7-15 Summary of Computations for Problem 6. 

20th Dist. Prestress e 
Pt. (ft) Force (k) (in.) 

0 .000 8129.000 .000 
I 8.100 8154.000 5.950 
2 16.200 8180.000 11.280 
3 24.300 8206.000 15.970 
4 32.400 8232.000 20.040 
5 40.500 8257.000 23.490 
6 48.600 8283.000 26.310 
7 56.700 8309.000 28.500 
8 64.800 8334.000 30.070 
9 72.900 8360.000 31.000 

10 81.000 8386.000 31.320 
II 89.100 8412.000 31.000 
12 97.200 8392.000 30.070 
13 105.300 8366.000 28.500 
14 113.400 8341.000 26.310 
15 121.500 8315.000 23.490 
16 129.600 8289.000 20.040 
17 137.700 8263.000 15.970 
18 145.800 8238.000 11.280 
19 153.900 8212.000 5.950 
20 162.000 8186.000 .000 

Pi = 404.46 - nfciAps = 404.46 - 15.6221ci 

The computations are summarized in Table 7-16. 

Moment 
(k-ft) 

.000 
1167.721 
2183.792 
3065.921 
3804.547 
4405.657 
4876.505 
5222.856 
5444.365 
5554.063 
5537.520 
5419.730 
5299.027 
5087.481 
4749.340 
4292.122 
3709.357 
2990.063 
2129.272 
1138.962 

.000 

I 359 

Defl. 
(in.) 

.000 
-.167 
-.330 
-.483 
-.623 
-.746 
-.849 
-.931 
-.991 

-1.026 
-1.037 
-1.024 
-.986 
-.926 
-.843 
-.740 
-.617 
-.479 
-.327 
-.166 

.000 

8. For the double-tee of Problem 7, determine the instantaneous deflection due 
to prestressing alone, using the values of Pi computed in Problem 7 as well 
as with Pi being a constant value of 386.91 kips. Ec = Eps/n = 3836 ksi. 

TABLE 7-16 Summary of Computations. for Problem 7. 

e Md tei Po 
Pt. (in.) k. (k-ft) (ksi) (kips) 

0 11.12 2.273 0 -1.489 381.21 
I 11.86 2.449 87.9 -1.319 383.85 
2 12.59 2.632 166.6 -1.227 385.29 
3 13.33 2.830 236.0 -1.l47 386.55 
4 14.06 3.036 296.2 -1.077 387.64 
5 14.80 3.256 347.1 -1.024 388.46 
6 15.54 3.487 388.8 -0.991 388.97 
7 16.27 3.726 421.1 -0.981 389.14 
8 17.01 3.980 444.3 -0.998 388.87 
9 17.74 4.241 458.2 -1.043 388.16 

10 18.48 4.517 462.8 -1.l23 386.91 
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TABLE 7-17 Summary of Computations for Problem 8 with Variable Pi' 

20th Dist. Prestress e Moment Defl. 
Pt. (ft) Force (k) (in.) (k-ft) (in.) 

0 .000 381.210 11.120 -353.254 .000 
1 3.800 383.850 11.860 -379.371 -.501 
2 7.600 385.290 12.590 -404.233 -.960 
3 11.400 386.550 13.330 -429.392 -1.376 
4 15.200 387.640 14.060 -454.184 -1.745 
5 19.000 388.460 14.800 -479.100 -2.064 
6 22.800 388.970 15.540 -503.716 -2.332 
7 26.600 389.140 16.270 -527.608 -2.544 
8 30.400 388.870 17.010 -551.223 -2.699 
9 34.200 388.160 17.740 -573.829 -2.794 

10 38.000 386.160 18.480 -594.686 -2.826 

SOLUTION: 

The deflections at the 20th points are summarized in Tables 7-17 and 7-18-the 
first for a variable Pi and the second for a constant Pi' As will be seen from a 
review of the tables, the variation in the initial prestressing force does not have 
a significant effect on the deflections in this instance. 

TABLE 7-18 Summary of Computations for Problem 8 with Constant Pi' 

20th Dist. Prestress e Moment Defl. 
Pt. (ft) Force (k) (in.) (k-ft) (in.) 

0 .000 386.910 11.120 -358.536 .000 
1 3.800 386.910 11.860 -382.396 - .500 
2 7.600 386.910 12.590 -405.933 -.958 
3 11.400 386.910 13.330 -429.792 -1.373 
4 15.200 386.910 14.060 -453.329 -1.740 
5 19.000 386.910 14.800 -477.189 -2.058 
6 22.800 386.910 15.540 -501.048 -2.325 
7 26.600 386.910 16.270 -524.585 -2.536 
8 30.400 386.910 17.010 -548.444 -2.691 
9 34.200 386.910 17.740 -571.981 -2.785 

10 38.000 386.910 18.480 -595.841 -2.818 



8-1 Composite Beams 

8 Additional 
Design 
Considerations 

Flexural members fonned of two concrete components made at different times, 
such as precast and cast-in-place elements, frequently are employed in construc­
tion. Beams so constructed are referred to as composite beams. An illustration 
of a typical composite bridge beam is given in Fig. 8-1. 

Composite construction pennits the precasting of portions of concrete 
members that: (a) may be difficult to fonn because of their shape, (b) are diffi­
cult from the standpoint of placing and consolidating the concrete, and (c) 
contain relatively large amounts of reinforcement. Precasting allows the 
members to be made under working conditions more favorable than those 
nonnally found on construction sites. The need for falsework frequently is 
avoided with composite construction because the precast elements often can be 
designed to support the dead load of the precast concrete elements as well as 
the cast-in-place elements without supplementary temporary support. Dead and 
live loads, applied after the cast-in-place deck has hardened, are supported by 
the composite beam. Composite cast-in-place concrete toppings frequently are 
used as a means of providing flat or level surfaces and to connect precast 
elements together to fonn horizontal diaphragms for resisting lateral loads. 

361 
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The use of large, composite top ftanges contributes to ftexural strength at 
both service and design loads, but does not significantly improve the shear 
strength of prestressed beams. For this reason, there is little structural advan­
tage, if any, to be gained in using composite construction for short-span 
members, in which shear strength generally is more critical than is ftexural 
strength. 

In designing composite beams, it is necessary to know the section properties 
of the various sections involved in the analysis, which may include the gross, 
net, net-transformed, transformed, and age-adjusted section properties of the 
precast and composite sections (see Sec. 4-10). The flexural stresses and strains 
resulting from the various loading effects can be computed only after the section 
properties have been determined. 

In addition, to achieve composite action, the designer must provide a means 
of transferring shear stresses from the concrete that is cast first (hardened 
concrete) to that which is cast subsequently. Nominal shear stresses can be 
transferred by bond alone if the surface of the hardened concrete is clean, 
saturated, and rough, the stress transfer being made by frictional forces at the 
joint between the two concretes. Larger shear stresses can be transferred between 
the two components if, in addition to the above, reinforcement is extended from 
one component into the other and anchored on each side of the joint. The 
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reinforcement develops tensile stresses as a result of small in-plane displace­
ments of the joint between the two components adding to the shear strength of 
the joint. Shear keys normally are not used for transferring shear stresses 
between the elements of a composite member. 

Using the provisions of Sec. 17.5 of ACI 318-89, composite sections must 
be designed for shear based upon 

(8-1) 

in which Vu is the design (factored) shear force at the section under considera­
tion, cP is equal to 0.85 and V nh is the nominal horizontal shear strength of the 
joint (contact surface or surfaces) between the two concrete members intended 
to act as a single composite member. The nominal horizontal shear stress, Vnh' 

is computed as 

(8-2) 

in which bv is the width of the cross section at the contact surface, in inches 
and d is the distance from the extreme compression fiber to the centroid of the 
tension reinforcement for the entire composite section, in inches. The permis­
sible values for Vnh are: 

1. 80 psi when ties, in the form of nonprestressed reinforcement, are not 
provided, but the contact surfaces are clean, free of laitance, and inten­
tionally roughened to a full amplitude of approximately 0.25 in. 

2. 80 psi when vertical nonprestressed reinforcement is provided, and the 
contact surfaces are clean but not intentionally roughened. The reinforce­
ment can be in the form of ties or extended stirrups, proportioned to equal 
to or exceed the requirements of eq. 6-13 (minimum shear reinforcement 
required in Sec. 11.5.5.3 of ACI 381), provided at spacings that do not 
exceed four times the least dimension of the supported element or 24 in. 
It is essential the strength of the reinforcement be developed on each side 
of the contact surface. 

3. 350 psi when the conditions of both (1) and (2) are met. 
4. 0.20f~ :S 800 psi when the code provisions for shear friction are met 

(ACI 318 Sec. 11.7). 

The reader should review the complete requirements of ACI 318 regarding 
composite concrete flexural members. Only the more important points have 
been presented here. 

Differential-shrinkage stresses in composite construction can result in the 
development of tensile stresses being developed in the cast-in-place concrete 
and a reduction in the precompression of the tensile flange of the precast element. 
The differential shrinkage has no effect on the flexural strength of the composite 
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beam, but it does slightly reduce the load required to crack the tensile flange of 
the precast element. This effect should be considered in structures in which the 
cracking load is believed to be critical, but it nonnally is ignored. 

When one is computing the properties of transfonned sections, the difference 
in the elastic properties of the cast-in-place concrete and the concrete and the 
concrete in the precast element must be taken into account by adjusting the 
width of the composite flange in proportion to the modular ratio of the two 
concretes. An example of this type of calculation is given in I.P. 8-1. 

ILLUSTRATIVE PROBLEM 8-1 U sing the gross section properties, compute the 
flexural stresses in the precast and cast-in-place concrete for the composite bridge 
beam section shown in Fig. 8-1 when the sum of the moments due to the dead 
load of the beam, slab, and diaphragms is 673 k-ft, and the sum of the moments 
due to the future wearing surface, live load, and impact is 830 k-ft. The section 
properties for the gross precast and composite sections are as follows: 

Precast section: 

Y, = -24.0 in. S, = -4450 in. 3 Yb = 18.0 in. Sb = 5950 in. 3 

Composite section: It is assumed that the ratio of the elastic moduli of the 
concretes in the slab and girder is 0.60, and the width of the top flange of the 
transfonned section is 0.60 X 56 = 33.6 in. The section properties are: 

Yp = -23.0 in., Sp = -9400 in. 3, 1= 216,000 in.4 

Y, = -17.0 in., S, = -12,700 in. 3 

Yb = 25.0 in., Sb = 8650 in. 3 

SOLUTION: 

Stress in Extreme Fibers (psi) 

Dead load 
Live load 

plus impact 
Totals 

CIP slab Precast top Precast bottom 

-1810 

-1060 -785 
-1060 -2595 

+1360 

+1150 
+2510 

ILLUSTRATIVE PROBLEM 8-2 Compute the gross section properties of the 
precast and composite sections for the cross section shown in Fig. 8-1 when 
the precast beam is made of sand-lightweight concrete having a unit weight of 
112 pcf, and the cast-in-place deck slab is nonnal-weight concrete (145 pcf). 
Assume the 28-day compressive strengths to be 4500 and 3500 psi for the beam 
and deck concretes, respectively. Assume that eq. 3-4 is accurate for both 
concretes. 
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TABLE 8-1 Computations for the Centroid of the Precast 
I-Section Shown in Fig. 8-1. 

Area computation Distance First moment 
Part bx h= A Y Ay 

1 7 x 42 = 294 21 6174 
2 lOx 6= 60 3 180 
3 0.5 x 10 x 3 = 15 7 105 
4 0.5 x 16 x 4.5 = 36 30 1080 
5 16 x 10.5 = 168 36.75 6174 

573 13,713 

SOLUTION: The elastic moduli for the concretes in the precast beam and the 
cast-in-place slab, using eq. 3-4, are 2620 ksi and 3400 ksi, respectively. The 
ratio of the moduli for the concretes is 1. 30. 

The section properties are calculated by first determining the centroid of the 
section under consideration by taking moments about the top of the section, and 
subsequently computing the moment of inertia of the section with respect to a 
horizontal axis passing through the centroid. The computation of the moment 
of inertia is done by summing the moments of inertia, with respect to the refer­
ence axis, of the individual components or parts of the section. For a section 
having n components, this can be expressed mathematically as: 

n 

TABLE 8-2 Computations for the Moment of Inertia for the 
Precast I-Section Shown in Fig. 8-1 with Respect to its 
Centroidal Axis. 

[ 2 42.02] (-23.9 + 21.0) + U 294 45,690 

2 [( -23.9 + 3.0)2 + 6~~2] 60 26,389 

3 [(-23.9 + 7.0)2 + 3~~] 15 4292 

4 [( -23.9 + 30.0)2 + 4~!2] 36 1380 

5 [ 2 10.52] ( -23.9 + 36.75) + U 168 = 29,284 

I = 107,035 in" 
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TABLE 8-3 Computations of the Transformed Composite 
Section Properties. 

1.30 x 56 x 6 = 437 x 3 = 1,310 234 + 3 
573 x 29.9 = 17,132 135 + 0 

1,010 18,442 
18,442 

Y = -- = 18.3" 
p 1,010 

103,569 
77,355 

107,031 
287,955 

Computations for the centroid of the section, computed by taking moments 
about the top fiber, are shown in Table 8-1. The distance from the top fiber to 
the centroid is equal to: 

YI = 
-13,713 

573 
-23.9 in. 

Computations for the moment of inertia about the reference axis that passes 
through the centroid of the precast section are given in Table 8-2. The distance 
from the top of the cast-in-place slab to the centroid of the composite section, 
Yp ' and the moment of inertia of the transformed composite section can be 
computed in an abbreviated form, as shown in Table 8-3; and the distance from 
the top fiber to the centroidal axis, b, is equal to 18,442/1010 = 18.3 in., and 
the moment of inertia of the transformed composite section is 287,955 in.4 . 

8-2 Beams with Variable Moments of Inertia 

The moment due to prestressing with straight tendons can be made to vary along 
the length of a simple beam by varying the depth of the member. Members 
having a variable depth can, of course, be prestressed with curved tendons to 
optimize the effectiveness of the prestressing if that is desired. 

A sloped beam, shown in Fig. 8-2, has variable depth and moment of inertia. 
This type of beam is adaptable to roof construction where the slope of the top 
flange can be used to provide roof drainage. Although beams of this shape have 
been produced, they are not used extensively, as they have several disadvan­
tages that limit their use: 

1. The design of variable-depth beams must be done with care, because the 
maximum moment and maximum flexural stresses may not (probably do not) 

Fig. 8-2. Elevation of a beam with a sloping top flange. 
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Fig. 8-3. Vector diagram of forces at ridge of beam with sloping top flange. 

occur at the same section. Therefore, in order to be certain that the critical 
sections are considered, the service load stresses and flexural strength must be 
investigated at several points along the span. This refinement normally is not 
required in the design of simple beams; so the need for it is not always recog­
nized. 

2. The sloping top flanges intersect at the center of the beam, and the large 
inclined compressive forces resisted by the top flanges intersect at an angle, as 
shown in the vector diagram of Fig. 8-3. Provision must be made for the vertical 
components of the forces if upward buckling of the top flanges is to be avoided. 
This danger is enhanced when penetrations are provided in the webs of the 
beams at midspan for utilities. 

3. Forms for members with sloping flanges are relatively expensive and not 
easily converted for manufacturing the many different span lengths encountered 
in modem commercial and industrial building construction. 

Another type of beam with a variable moment of inertia and depth, which 
can be used to advantage in roof as well as bridge construction, is illustrated in 
Fig. 8-4. This beam can be stressed with straight tendons, and, because the 
depth of the section is greater at the ends, the eccentricity of the prestressing 
force at the ends will be relatively less than at midspan. As a result, the stresses 
in the concrete due to prestressing will not be as great at the ends as they are 
at midspan. In this manner, an effect similar to curving the tendons in a prismatic 
beam can be obtained. 

Another economical method of forming a beam with a variable moment of 
inertia is to use a box section, as illustrated in Fig. 8-5. In a beam ofthis type, 
the hollow core frequently is made with inexpensive plywood or paper forms 
that can be placed lower near midspan than at the ends. In this manner, the 
thicker concrete flanges are placed where needed to resist the larger compressive 
stresses due to pretensioning at the ends and those due to applied loads at 
midspan. 

Beams with variable moments of inertia and depth frequently are used in 

Fig. 8-4. Elevation of beam with variable bottom-flange thickness. 
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Fig. 8-5. Longitudinal cross section of a hollow box beam showing a method of varying 

the moment of inertia. 

continuous prestressed-concrete structures, for the same reasons that variable 
depths are employed in continuous members made of other materials. Conti­
nuity in prestressed-concrete construction is discussed in Chapter 10. 

8-3 Segmental Beams 

Post-tensioned beams consisting of two or more elements or components held 
together by prestressing sometimes are used to facilitate fabrication, transpor­
tation, or erection, or for other considerations. An example of a multielement 
beam formed of three precast units is shown in Fig. 8-6. 
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Joint , 
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Fig, 8-6. Segmental post-tensioned beam, Adapted from bridge over Naugatuck River, 
Route 68, Connecticut, 
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Fig. 8-7. A precast segment of the Downstream Bridge at Auteuil Boulogne Saint-Cloud, 
Paris. (Provided by and reproduced with the permission of the Freyssinet 
Company, Inc., Charlotte, N.C.) 

In beams on which this method is employed, the prestressing force generally 
is very large in comparison to the shear force that must be developed between 
the elements. This is true in part because this method is used most often on 
large, long beams, in which shear forces are not as important as in short beams. 
As a result, the friction that can be developed between the elements due to the 
prestressing force normally is sufficiently large to provide high factors of safety 
against slipping. Keys frequently are provided to facilitate assembly of the units, 
but they normally are not needed for the transfer of shear forces. 

A precast segment of the Downstream Bridge at Autevil in Paris during its 
erection is shown in Fig. 8-7. The long-span girders of this bridge are composed 
of many precast segments held together by longitudinal prestressing. 

ILLUSTRATIVE PROBLEM 8-3 For the beam shown in Fig. 8-6, compute the 
factor of safety against slipping at the joint if the maximum shear load at the 
joint is 70 k. Include the effect of the inclination of the tendons resulting from 
their parabolic path. Assume that the coefficient of friction between the concrete 
units is 1.0 

SOLUTION: The vertical displacement through which the tendon moves 
between midspan and the joint is: 
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( 225)2 
48:8 x 24 = 5 in. 

Taking Oi as the angle of inclination of the tendons at the joint: 

2 X 5 
tan Oi = 12 X 22.5 = 0.037 

P sin Oi = 0.037 X 960 = 35.5 kips 

Vconcrete = V - P sin Oi = 34.5 kips 

p.P = 1.0 X 960 = 960 kips 

Hence, the factor of safety against slipping is calculated as: 

960 
Safety factor = 34.5 == 27.8 

8-4 Tendon Anchorage Zones 

In post-tensioned beams it is customary, and often necessary, to curve the 
tendons vertically and horizontally at the ends of the beams as a means of 
reducing the eccentricity of the prestressing force and providing space in which 
to embed the tendon anchorages in an acceptable configuration. To accomplish 
this objective, as well as to provide sufficient space for nonprestressed secondary 
reinforcement in the anchorage zones, a short section at the end of the beam 
often is enlarged and made rectangular in cross section. This rectangular section, 
commonly called an end block, is illustrated in Fig. 8-8. End blocks occasion­
ally are used with pretensioned members as well, but experience has shown that 
they usually are not needed. The provision of end blocks greatly facilitates the 
placing and compacting of the concrete at the ends of the beams-an important 
consideration in pretensioned as well as post-tensioned members. 

It Bearing Sym. abt. t 

Post-tensioned tendons 

Fig. 8-8. Half elevation of a post-tensioned beam. 
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Compressive-stress path 

p 

Fig. 8-9. Idealized stress paths in end block with a single load. 

The distribution of the principal tensile and compressive stress paths at the 
ends of prismatic members can be visualized by considering the schematic 
diagram, as shown in Fig. 8-9. From this diagram, it will be seen that the stress 
paths are closely spaced near the loaded surface of the member, and that they 
spread to a more uniform distribution some distance from the end of the member. 
The distance from the point of bearing to the section at which the distribution 
of stress can be considered to be without the effects of the concentration of the 
load is approximately equal to one times the thickness of the beam. 

If a prestressing force is applied to the beam, either by a number of smaller 
tendons distributed over the end of the beam or by a single tendon having a 
large bearing plate that has a flexural stiffness similar to that of the concrete on 
which it bears, the condition of stress can be approximated by the diagram of 
Fig. 8-10. In this figure, the load is represented as several small forces acting 
on a common bearing plate. Under this condition of loading, the stress paths 
are seen to be farther apart near the point where the loads are applied, but the 
stresses at one times the depth of the beam from the end of the beam are similar 
to those in Fig. 8-9. 

The above illustrations are oversimplifications of the problem because: 

1. The bearing plates or end anchorages for post-tensioned tendons normally 
do not extend across the full width of a beam; hence, the stress field is 
three-dimensional rather than two-dimensional. 

2. Bearing plates are not provided for pretensioned tendons, but pretensioned 
members do, on occasion, experience each of the types of cracking. 

3. Highly stressed concrete is a nonlinear material at high stress levels and 
does not deform in the manner of an elastic material. Hence, elastic 
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Fig. 8-10. Idealized stress paths in end block with several small loads. 

mathematical models cannot accurately predict the behavior of concrete 
that is subject to high stresses. 

These factors result in the actual stresses in the ends of many post-tensioned 
beams being indeterminate by elastic methods of analysis, and, for this reason, 
the results of elastic analyses of anchorage zone stresses should be considered 
to be approximations and not exact solutions of the problem. The design of end 
blocks and end-block reinforcing is best done by using empirical data if avail­
able. This is especially true for anchorages that cannot logically be modeled as 
elastic plates on elastic supports (i.e., embedded post-tensioning anchorages 
having shapes that do not approximate the shape of a bearing plate). 

Cracking along the paths of tendons near the ends of prestressed beams, as 
illustrated in Fig. 8-11, is not uncommon. One type of cracks is commonly 
called splitting-tensile or bursting cracks, and the other frequently is referred to 
as spalling cracks. Both types of cracks are caused by tensile stresses resulting 
from the distribution of the highly concentrated compressive bearing stresses at 
the ends of the members. 

The term "bursting" has been used to describe a type of failure that 
sometimes occurs in post-tensioned members during the prestressing operation 
or, in some instances, shortly thereafter. More often than not, when this type 
of failure occurs, the highly stressed concrete in the immediate vicinity of the 
post-tensioned anchorage, or anchorages, explodes or bursts. The failures 
normally occur suddenly, without warning, and are somewhat similar to the 
mode of failure associated with the compression testing of high-strength concrete 
cylinders. Because the failures do happen suddenly and result in almost complete 
fragmentation of the concrete, the tensile cracks identified as splitting-tensile 
cracks in Fig. 8-11 normally cannot be observed before, during, or after the 
failure. Investigation of such failures frequently reveals that they are due to the 
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Splitting tensile or bursting crack 

Splitting tensile or bursting crack 

Fig.8-11. Elevation of an end block showing cracks due to tensile stresses. 

concrete in the highly stressed area being of poor quality (low strength, poorly 
compacted, etc.), rather than due to a lack of anchorage zone reinforcement. If 
the concrete fails frequently under a specific set of conditions, either explosively 
or by the appearance of wide splitting-tensile cracks, it is most likely that the 
problem could be corrected by the provision of additional nonprestressed 
reinforcement in the anchorage zone regions. On the other hand, if the concrete 
fails explosively on only a few occasions under a given set of conditions, the 
failure is most likely due to concrete of low quality having been provided at the 
location(s) of the failure(s). It should be pointed out, however, that the provi­
sion of anchorage zone reinforcement in amounts greater than "nominal 
amounts"-even though the designer's experience, the history of the tendons 
and anchorage devices being used, and structural calculations indicate that it is 
not needed if the concrete is of the specified quality-normally would be 
expected to cause an anchorage zone to fail less explosively if the concrete is 
of inadequate quality. 

Although the major building codes in use in North America recognize the 
existence of splitting-tensile and spalling stresses in anchorage zones (see Sec. 
18.13.1 of ACI 318), they do not provide specific criteria for determining when 
reinforcement is required to control them (i.e., maximum tensile stresses). 
Hence, the designer must make this determination based upon his or her own 
knowledge and experience, guidance found in the technical literature, and data 
provided by the suppliers of prestressing materials. 

The studies of anchorage zone stresses performed by Guyon, both photo­
elastic and mathematic, confirmed the locations and nature of spalling and split­
ting-tensile stresses in prisms loaded with concentrated loads (Guyon 1953). In 
his book, Guyon included relationships, in the form of plots, for the following: 
distribution of the splitting-tensile stresses; the location of the maximum tensile 
stress, Xmax; position of zero stress" Xo; and values of the maximum splitting­
tensile stress, fstsmax, and of the resultant splitting-tensile force, FRsTF-all as 
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functions of the ratio a / d, the height of the loaded area a (assumed to extend 
across the width of the prism) to the depth of the concrete prism d. (See Figs. 
8-12, 8-13, and 8-14.) Guyon's nonlinear relationship for the resultant splitting­
tensile force predicts a maximum force of O.3Pj , for the condition of the load 
being applied on a very narrow loaded area (a / d == 0) and a resultant splitting­
tensile force of null fora/d == 1 (see Fig. 8-15). 
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~ <::l~ '-L.....L..-L..-"'-"-~~:--force is uniformly 

.--- applied. 

LJ 
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Fig. 8-12. End and side elevations of end-block models used by Guyon in the analysis 
of end-block stresses. 
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Fig. 8-13. Definition of terms Guyon used in end-block analysis. 

The linear relationship of eq. 8-3 for the resultant splitting-tensile force, FRSTF, 

appears to be a conservative approximation of Guyon's curve: 

FRSTF = O.3F;( 1 - ~) (8-3 ) 

This curve has been recommended by Leonhardt and is included in the CEB­
FIP Model Code (MC78) for use in determining the resultant splitting tensile 
force (Leonhardt 1964; CEB-FIP 1978). The CEB-FIP model code provides 
that the reinforcement used to resist the splitting-tensile stresses should be 
uniformly spaced over a length extending from O. 1 d to 1.0d measured from the 
loaded area, as shown in Fig. 8-16. 

A unique relationship for the resultant splitting-tensile force, which predicts 
forces greater than those described above, is found in the Ontario Highway 
Bridge Design Code (1983). This relationship is: 

FRSTF = O.70F;t/; 

in which the parameter t/; is computed from: 

(8-4 ) 
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The ratios in Fig. 8- 14 are defined as follows: 

f. 
sts;= = ratio of maximum splitting tensile 
f 

stress to uniformly distributed bearing stress at end of prism. 

X 
"'; = ratio of distance location of 

maximum splitting tensile stress to depth of section. 

X 
; = distance to point of zero splitting 

tensile stress. 

fstsd . f I·· ·1 fb = ratio 0 sp IttlOg tensl e stress at 

distance of d from origin to uniformly distributed bearing 

stress at end of prism. 

Fig. 8-14. Plot of maximum splitting-tensile stress, splitting-tensile stress at a distance 
of d from the loaded face, and the location of Xo and Xmax as functions of 
x / d and a / d based upon Guyon's work. 
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Fig. 8-15. Comparison of splitting-tensile forces predicted by methods proposed by 
Guyon, Leonhardt, the Ontario Highway Bridge Design Code, and a finite­
element analysis. 

'" = e-3(a/d) (8-5) 

In eq. 8-5, e is the base of the Napierian logarithms, and the other,tenns are as 
previously defined. According to the provisions in the Ontario Code, the distance 
from the loaded face to the maximum splitting tensile stress, Xmax, can be 
computed from: 

Xmax = O.54( 1 - ",)d (8-6) 

and the reinforcement provided to resist the splitting tensile force should be 
distributed uniformly from O.52Xmax to d measured from the loaded face. 
Because the provisions from the Ontario Code described herein are brief 
excerpts, and thus possibly subject to misinterpretation by the reader as well as 
the author, the reader is advised to consult the complete document for a compre­
hensive understanding of all of the provisions and official updates before using 
the information presented herein for actual design. 
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Fig. 8-16. Area over which placing of splitting tensile reinforcement is recommended 
by the CEB-FIP Model Code. 

When a number of prestressed tendons, pretensioned or post-tensioned, are 
concentrated at one or more locations at the end of a beam, vertical and 
horizontal reinforcing sometimes may be provided to resist spalling-tensile 
cracks and to restrict the widths of the cracks produced. The amount of 
reinforcing required can be estimated by computing the area of reinforcing steel 
required to control the tensile stresses, based upon the following assumptions: 

1. As in Fig. 8-17, the end of the beam can be represented by a free body 
subjected to the components of a force, as shown. To simplify the analysis, 
the vertical forces can be ignored. 

2. With the vertical components of the forces neglected, and with the variable 
width of the cross section taken into account, one obtains the free body 
shown in Fig. 8-18. 

3. Moments acting on horizontal planes between the top and bottom flanges 
can be computed at various locations and the results plotted, as shown in 
Fig.8-19a. 

4. Assuming a resisting couple, as shown in Fig. 8-19b, one can compute a 
tensile force for which nonprestressed reinforcement can be supplied from: 

M 
T=-­

h - z 
(8-7) 

5. To restrict the crack width resulting from the tensile force to approxi­
mately 0.005 in., the stress in the reinforcing steel should be restricted to 
a stress on the order of: 
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Fig. 8-17. Free body of model used in the analysis of spalling stresses at the ends of 
beams. 

P 

(Jf:.)112 
J. = 775 r; (8-8) 

in which J. and /; are in psi and Ab is the area of the size of the bars used 
in the reinforcing. 

6. It should be recognized that the tensile stresses usually occur on horizontal 

y 

t 
+ 

--

cos a 

... X '--------II 
Resultant = - P cos a 

(a) Elevation (b) Distribution of force 

Fig. 8-18. Forces on the end of the model used in the analysis of spalling stresses. 
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Fig. 8-19. Distribution of moments and dimensions used in end-block analysis. 

c 

as well as vertical planes; so horizontal as well as vertical reinforcing 
should be provided. 

ILLUSTRATIVE PROBLEM 8-4 For the pretensioned beam shown in Fig. 8-20 
compute the vertical reinforcing steel required to confine the tensile-crack width 
to 0.005 in. Assume /; = 4000 psi and that No. 3 bars are to be used. 

SOLUTION: The distribution of force is plotted in Fig. 8-2Ia. The unit stress 
and force for various locations between the top and bottom flanges ofthe section 
are shown in Table 8-4. The distribution of moments shown in Fig. 8-21b is 
computed from the forces given in Fig. 8-21a. 

The allowable steel stress is: 

(~)1/2 Is = 755 o.u 18,100 psi 

Assuming z = 6 in. and As = 4 x 0.11 = 0.44 sq. in.: 

165 
Is = (30 _ 6)(0.44) = 15.6 ksi :5 18.1 ksi 
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Fig. 8-20. Beam analyzed in loP. 8-4. 

-20,419 

+ 165 k-in. 

(a) Distribution of force, Ib/in. (b) Distribution of moment 

Fig. 8-21. Results of analysis of loP. 8-4. 

TABLE 8-4 Unit Stresses, Widths, and Forces for Various 
Locations Used in the Analysis of I.P. 8-4. 

y f Width Force 
(in.) (psi) (in.) (lb/in.) 

0 1518.0 18 27,324 
6 1134.4 18 20,419 

12 750.8 6 4505 
24 -16.4 6 -98 
27 -208.2 12 -2498 
30 -400.0 12 -4800 
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Vse two No.3 V-shaped stirrups 4 in. on center, with the first stirrup located 
2 in. from the end of the beam. 

8-5 Spacing of Pretensioned Tendons 

The bond between the tendons and the concrete section at the ends of preten­
sioned members is relied upon to transfer the prestressing force from the tendons 
to the concrete section. Flexural bond stresses are necessary to provide resis­
tance to cracking, minimize crack width, and ensure the development of flexural 
strength under design loads. To achieve the needed bond strength, it is essential 
that the concrete be placed and well compacted around the tendons. To facilitate 
concrete compaction, the dimensioning of embedded materials (i.e., tendons, 
bearings, nonprestressed reinforcement, etc). must be done with care. 

In the manufacture of pretensioned concrete, internal vibration is relied upon 
to a high degree to ensure that the concrete is well consolidated. For this reason, 
particularly in deep beams, it is important that the pretensioning tendons be 
spaced in positions that facilitate extending the head of an internal concrete 
vibrator to the extreme bottom of forms. In addition, the tendons should not be 
placed in a configuration that unduly restricts the flow and consolidation of the 
plastic concrete in spaces not directly accessible to the vibrator head. 

In the interest of lower production costs, through saving labor in handling 
and stressing the prestressed reinforcement in the manufacture of pretensioned 
concrete, the trend has been toward the use of fewer, large seven-wire strands 
in lieu of many small strands or solid wires. As progress has been made in 
prestressed-concrete manufacturing techniques, and as more has been learned 
about the action of transfer bond and fatigue on flexural bond stresses, the size 
of tendons commonly used has been increased from! to 4 in. Strands as large 
as 0.60 in. in diameter also have been used in pretensioned construction in 
recent years. It should be recognized that the head of the internal vibrator used 
in compacting the concrete in beams with 0.50 in. tendons spaced at 2 in. on 
centers, which is a common spacing with tendons of this size, is restricted to a 
space less than 14 in. in diameter. Because internal vibrators with large heads 
are much more effective than those with smaller heads, the placing of the 
concrete often is materially facilitated if at least one, relatively wide, vertical 
opening (through which a large internal vibrator head can be inserted) is provided 
at the center of deep members. This is illustrated in Fig. 8-22, in which it will 
be seen that omission of strands in the center row allows the use of a vibrator 
head having a diameter of 3 in. or more. 

Concentrating groups of tendons at the ends of pretensioned members, as is 
often done when deflected pretensioned tendons are used, can result in a 
tendency for spalling-tensile cracks at the ends of the members, just as large 
concentrations of prestressing forces may cause cracking in the ends of post-
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Fig. 8-22. Cross section of a pretensioned beam showing tendon spacing to facilitate 
placing and vibrating concrete. 

tensioned members. Designers should be aware of this possibility and adjust 
their design accordingly. 

The clear concrete cover (i.e., the distance from the edge of tendons to the 
surface of the concrete and the clear space between tendons within a member, 
in the area in which transfer bond must be developed, also must be chosen with 
care. Placing the tendons too close to the surface of a member can cause split­
ting along the tendons. Smaller tendons have been placed as close as 1 in. to 
the surface without adverse effects, but experience has shown that larger tendons 
should not be closer than 2 in. to the surface. The model building codes (see 
Sec. 7.6.7 of ACI 318-89) generally restrict the center-to-center spacing of 
seven-wire strands to four times the nominal diameter of the strand. Strands 
larger than ~ in. in nominal diameter, especially those having strengths greater 
than 41.3 kips (the minimum required for 270 grade strand by ASTM 416; see 
Chapter 2), may require greater spacings to achieve acceptable results. 

8-6 Stresses at Ends of Pretensioned Beams 

In simple prismatic beams of normal configuration, pretensioned with straight 
tendons, the eccentric pretensioning force results in compressive stresses in the 
bottom flange and a tendency for tensile stresses in the top flange. Furthermore, 
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in well-proportioned beams, the service-load compressive stresses in the top 
flange at midspan do not approach the maximum values permitted and, thus 
normally do not present a problem. The amount of prestressing required, as a 
rule, is controlled by the flexural tensile stress in the bottom flange caused by 
the service loads, which the prestressing force must fully or partially nullify. 
The usual design criteria permit some tensile stress in the top flange from the 
combination of initial prestressing and service dead load without provision of 
nonprestressed reinforcement, and higher tensile stresses if nonprestressed 
reinforcement is provided in an amount proportioned to resist the entire tensile 
force in the concrete. 

To see the effect of top-flange tensile stresses on the quantities of materials 
required for a given design, consider the beam shown in Fig. 8-23. Assume 
that this beam will be used on a span of 70 ft, no tensile stress is to be allowed 
in the bottom fibers under full service load, and the flexural stresses due to the 
dead load of the girder and the superimposed load are as summarized in Table 
8-5. Under these conditions, the minimum prestressing force needed to produce 
the required 2000 psi compression in the bottom fibers with various amount of 
tensile stress in the top fibers is as summarized in Table 8-6. From Table 8-6, 
it can be seen that a reduction of 12 % can be made in the amount of prestressing 
steel required if a tensile stress of 160 psi is permitted in the top fibers, and 
23.7% if a tensile stress of 320 psi is permitted. 

Another consideration is that, as was explained in Sec. 6-6, the stress in a 
pretensioned tendon is null at its end but increases to a maximum value at a 
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Fig. 8-23. Beam cross section used in illustrating the effect of top-fiber tensile stresses 
on the prestressing force. 
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TABLE 8-5 Summary of Stresses for Discussion in Sec. 8-6. 

Stress due to dead load of girder only 
Stress due to superimposed load only 
Total stress 

Top Bottom 
fiber fiber 
(psi) (psi) 

-524 
-826 

-1350 

+780 
+1220 
+2000 

short distance, the transmission length, from the end of the beam. The size of 
the transmission length is primarily a function of the type and size of the tendon. 
Values of 50 and 100 diameters nonnally are used in estimating the transmission 
length for strand or wire tendons, respectively. The initial stress in a strand 
tendon having a diameter of t in. varies along the transmission length approx­
imately as shown in Fig. 8-24. 

An additional consideration is that a force applied to an elastic body causes 
stresses in the body that flow out along smooth curves or stress paths. A large 
force applied to the end of a prism, such as shown in Fig. 8-25, results in 
principal compressive stresses that follow a pattern similar to the soiled lines, 
and principal tensile stresses that follow along lines similar to the dashed lines. 
At a distance of about one times the depth of the block from the end, the stresses 
are approximately equal to the values that would be computed from the usual 
combined stress relationship used in structural design. In other words, the effect 
of the concentration of the load is virtually eliminated at a distance of one times 
the depth of the prism from the end of the member. 

As a result of the combined effects of the transmission length required to 
develop full bond and the distance required for the concentrated prestressing 
force to fully distribute, the maximum tensile stress in the top fibers does not 
occur at the immediate end of the beam. This is a significant phenomenon that 
can affect the economy of a design. 

Returning to the example used above, if the effects of transmission length 
and distribution of the concentrated force are taken into account on the beam, 
acting on a span of 70 ft, the tensile stress of 320 psi resulting from the 45 
tendons in this example would not be acting at the immediate end of the beam, 
but would be acting at a distance of from 4 to 8 ft from the end of the beam. 
The actual tensile stress in the top fibers of the beam would be less than 320 

TABLE 8-6 Summary of Stresses. Forces. and Tendons for 
Discussion of Sec. 8-6. 

Allowable top-fiber tensile stress (psi) 
Minimum prestressing force required (k) 
No. of tendons (11 k) required 

zero 
644 

59 

160 
570 
52 

320 
491 

45 
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Fig. 8-24. Variation in initial stress in a pretensioned tendon near the end of a beam. 

psi, owing to the effect of the dead load of the beam. Table 8-7 summarizes the 
effect of the stress in the top fiber of the beam resulting from the dead weight 
of the beam on the net, final tensile stress in the top fibers, as well as the amount 
of unstressed reinforcing that would be required to control tensile stresses 
exceeding 160 psi. 

From this study it is apparent that, in taking all of these factors into consid­
eration, the designer may be able to reduce the amount of prestressed reinforce­
ment required in a specific elastic service load design as much as 25 percent 
without adding nonprestressed reinforcement in the top flange to resist tensile 
stresses in the concrete. 

8-7 Bond Prevention in Pretensioned Construction 

In Sec. 4-6, it was shown that the concrete stresses at the ends of a member 
prestressed with straight tendons may limit the service load capacity of the 
member. Furthermore, it is shown that by varying the eccentricity of the 
prestress, the stresses at the ends can be reduced, and the service load capacity 
of the member can be increased. The moment caused by prestressing and the 
stresses at the ends of members prestressed with straight pretensioned tendons 
also can be reduced by varying the prestressing force. This can be accomplished 
by varying the prestressing force. This can be accomplished by preventing a 
portion of the tendons from bonding to the concrete at the immediate ends of 
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p 

Fig. 8-25. Approximate paths of principal tensile and compressive stresses in an 
eccentrically loaded prism. 

TABLE 8-7 Summary of Stresses and Areas of Nonprestressed Reinforcement for 
Discussion of Sec. 8-6. 

Distance from the end to the 
point under consideration (ft) 0 4 6 8 

Theoretical top-fiber stress (psi) +320 +320 +320 +320 

Top-fiber stress due to girder 
dead load (psi) 0 -113 -164 -213 

Net tension under dead load of 
girder plus prestress (psi) +320 +207 +156 +107 

Area of nonprestressed 
reinforcement required (in. 2) 3.00 1.42 0 0 
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the member, and, in so doing, preventing the unbonded tendons from 
prestressing the concrete at the ends. 

This principle can best be explained by considering an example such as the 
beam shown in Fig. 8-26. The pretensioning tendons, as located in the figure, 
result in an initial, top-fiber tensile stress due to prestressing of 384 psi. It can 
be shown that by preventing bond on five tendons in the bottom row and four 
tendons in the second row, as indicated in the figure, the initial tensile stress in 
the top fibers at the ends can be reduced to 270 psi. 

The length over which the bond must be prevented is a function of the beam 
dead load stresses. In most cases, they reduce the initial stresses to permissible 
values only a few feet from the end of the beam. The transmission length 
required for the tendons to develop full tension, as well as the distance required 
for the pretensioning force to distribute, which are discussed in Sec. 8-6, also 
should be taken into account when calculating the maximum tensile stresses at 
the ends of members. 

It is believed that bond prevention can be used to advantage with complete 
safety if the tendons that will remain unbonded are sheathed with a split, plastic 
tube, or a heavy paper or cloth tape having a waterproof adhesive. Grease and 
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Fig. 8-26. Beam section indicating method of preventing bond on pretensioned 
tendons. 



ADDITIONAL DESIGN CONSIDERATIONS I 389 

chemicals that retard the concrete set have been used in lieu of plastic tubes or 
tape as a means of preventing bond. Because of the danger of a worker's 
inadvertently or carelessly applying the grease or retarder to incorrect tendons 
or an incorrect number of tendons, this procedure should be permitted only 
when strict, continuous supervision and inspection can be provided to prevent 
errors. 

As pointed out in Sec. 6-6, if bond is prevented at the end of a strand tendon, 
and the design allows tension in the precompressed tensile zone, the length 
required for flexural bond stresses to develop the strength of the tendon is taken 
to be twice as great as that for a tendon that is bonded to the end of the member 
(see Sec. 12.9.3, ACI 318). 

ILLUSTRATIVE PROBLEM 8-5 Compute the stresses due to a prestressing force 
of 11 k per tendon for the AASHTO-PCI bridge stringer, type III, pretensioned 
as shown in Fig. 8-27, sections A-A and B-B. The plastic tubes indicated are 
used to reduce the stresses due to prestressing. The section properties of the 
concrete section are: 

A = 560 in. 2, Yt = -24.63 in., r2/Yt = -9.06 in. 

1= 125,400 in.4, Yb = 20.27 in., rdYb = 11.03 in. 

The computations for the center of gravity of the prestressed reinforcement at 
section A-A, by taking moments about the bottom (soffit) of the section, are 
summarized in Tables 8-8 and 8-9. The top and bottom fiber stresses are 
computed as follows: 

At Section A-A: 

292.5 
e = 20.27 - 50 = 14.43 in. 

50 x 11,000 ( 14.43 ) 
fr = - 560 1 + -9.06 = 580 psi 

50 x 11,000 ( 14.43) 
fb = - 560 1 + 11.03 = - 2270 psi 

At Section B-B: 

247 
e = 20.27 - 38 = 13.75 in. 

38 x 11,000 ( 13.75) . 
fr = - 560 1 + -9.06 = 386 pSI 

38 X 11,000 (13.75) . 
fb = - 560 1 + 11. 03 = - 1680 pSI 
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7" 

50 tendons @ 11 k ea. 

Section A-A 

Split plastic tubes-r-O" Ig. 
on 12 tendons as shown 

All dimensions and details as in 
Section A-A except as noted 

Section B-B 
Fig. 8-27. AASHTO-PCI type III bridge stringer pretensioned with 50 tendons. Section 

A-A shows details in typical section. Section B-B shows details near end 
where plastic tubes are used to prevent 12 tendons from bonding. 

8-8 Deflected Pretensioned Tendons 

For the reasons explained in Sec. 4-6, it frequently is desirable to have preten­
sioned tendons follow a path more eccentric near midspan than at the ends of a 
beam. This method also is used as a means of reducing the deflection due to 
prestressing. It generally is preferable to use this method of controlling the 
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TABLE 8-8 Calculations for the Location of the 
Center of Gravity of the Prestressed Reinforcement 
with Respect to the Bottom of the Concrete Section 
for Section A-A of Fig. 8-27. 

Number of Distance Product 
tendons (in.) (in.) 

10 2.00 20.00 
10 3.75 37.50 
10 5.50 55.00 
8 7.25 58.00 
6 9.00 54.00 
4 10.75 43.00 
2 12.50 25.00 

50 5.85 292.50 

stresses in pretensioned members rather than to use bond prevention (see Sec. 
8-7). 

When applied to double-tee roof and floor slabs, the tendons commonly are 
deflected at one or two points within the span and supported in a higher position 
at the ends, in a configuration similar to that shown in Fig. 8-28. It should be 
noted that the tendons are stacked, one on top of the other, in the low portion 
of their paths near midspan and are spaced out at the ends. In this manner, the 
tendons are spaced apart where they must develop the all-important transfer 
bond and are stacked or bundled at midspan where flexural bond stresses must 
be developed. This construction practice has been used a great deal with very 
satisfactory results. The flexural bond strength at the center of such members 
is considered as good as or better than that achieved in grouted, post-tensioned 
construction. 

Deflected tendons have been used extensively in the construction of bridge 
beams. The theoretical principles involved in their use in bridge construction 
are the same as in roof slabs. It can be shown that the same flexural strength 
that is obtained with spaced, deflected tendons normally can be achieved by 

TABLE 8-9 Computation of Center of Gravity of 
Bonded Tendons for Section S-S of Fig. 8-27. 

Number of Distance Product 
tendons (in.) (in.) 

50 292.50 
-4 2.00 -8.00 
-4 3.75 -15.00 
-4 5.50 -22.00 

38 6.51 247.5 
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Fig. 8-28. Pretensioned double-tee roof slab with deflected tendons. 

using bond prevention on selected tendons near the ends of the beams, but some 
nonprestressed reinforcing may be required with the unbonded tendons. 
Although the use of unbonded tendons avoids the need for the large capital 
investment required for deflecting equipment, as well as the labor required in 
the deflecting operation, the labor involved in bond prevention is significant in 
itself. Details of both methods of pre tensioning are illustrated in Fig. 8-29, with 
AASHTO-PCI type III bridge stringers. 

If the deflected, pretensioned tendons in the AASHTO-PCI type III stringer 
were bundled at the center instead of being spaced out, the stress in the bottom 
flange at the midspan due to prestressing alone, and therefore the capacity of 
the stringer, could be increased 4 percent without additional materials or labor 
being required. If the number of bundled, deflected tendons were increased to 
20, and each tendon had an initial prestressing force of 13,000 lb, the initial 
net bottom-fiber compressive stress (prestress + dead load) at the center of the 
girder would be on the order of 2425 psi if the girder had a span of 70 ft. This 
latter tendon layout would develop the maximum practical capacity of this 
concrete section for the span of 70 ft, which would not be possible with spaced 
tendons of the same size. 

8-9 Combined Pretensioned and Post-tensioned Tendons 

The structural advantages of draped tendons can be obtained without materially 
reducing the economy of pretensioned construction with straight tendons by 
using a combination of pretensioned and post-tensioned tendons. This is illus-
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(a) Elevation AASHO-PCI, Type m. Bridge Stringer with Bond Prevention 

50 Tendons 

Section A-A Section B-B 

Split plastic tubes 
,..., 7'-0" Ig. 

on 12 tendons 

(b) Elevation AASHO-PCI. Type m. Bridge Stringer with a Portion of the 
Tendons Deflected. 

Elevation C-C Alternate Sections D-D 

20 Bundled 
deflected 
tendons 

Fig. 8-29. Elevations and sections of AASHTO-PCI type III bridge stringer shown (a) 
prestressed with pretensioned tendons utilizing bond prevention, and (b) 
pretensioned with a portion of the tendons deflected. 
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trated in Fig. 8-30, in which the details of the AASHTO-PCI type III bridge 
stringer are shown with two combinations of pretensioned and post-tensioned 
tendons. 

The use of 48 pretensioned tendons and one small post-tensioned tendon (59 
k initial force) results in a distribution of prestressing stresses equivalent to that 
obtained with 36 straight and 14 deflected tendons (50 tendons total) and with 
bond prevention in combination with 50 tendons, as shown in Fig. 8-29. The 
number of pretensioned tendons in this solution could be reduced to 42 tendons 
if the post-tensioned tendons were stressed before the pretensioning force was 
completely released on the concrete section. With this procedure, if steam curing 
were to be used, it would be necessary to partially release the pretensioned 
tendons and allow the girders to cool somewhat before post-tensioning and 
completing the release of the pretensioning force; this is done to eliminate the 

Center of gravity of 
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(a) Half Elevation AASHO·PCI. Type III. Bridge Stringer 
with Combined Pre· and Post·tensioned tendons 

48 Straight 
pre·tensioned 

tendons 

Post· tensioned 
tendon at 
59.000 lb. 

2 Post·tensioned tendons 
at 88.500 lb. each 
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(b) Alternate Sections at Center Line 

Fig. 8-30. Half-elevation and section of beam prestressed with pretensioned and post­
tensioned tendons. 
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possibility of vertical cracks fonning in the girder as a result of the strain changes 
that take place in the concrete and in the pretensioning tendons during curing 
and cooling (see Sec. 17-3). However, with 48 tendons, as shown, the preten­
sioning force could be released when the concrete attained a strength of 4000 
psi, and the girders could be removed from the casting bed immediately and 
post-tensioned subsequently. 

If two larger post -tensioned tendons were used rather than one small tendon 
(Fig. 8-30), the stresses due to prestressing would be nearly equivalent to those, 
in the same beam section, that would result from 56 tendons with 20 of them 
deflected, as shown in Fig. 8-29-which, as was explained previously, would 
be the maximum stresses that nonnally could be imposed on this section if it 
were to be used on a 70-ft span. 

For combined pretensioning and post-tensioning, it is not necessary to use 
end blocks if the post-tensioned tendons can be tenninated at the top of the 
member rather than at the end. Small post-tensioning tendons are readily adapt­
able to this detail. 

8-10 Buckling Due to Prestressing 

All structural engineers are aware of the danger of buckling of columns or other 
long, slim compression members. The question of possible buckling of a 
prestressed member as a result of the prestressing force, as differentiated from 
an externally applied load, is raised frequently. Obviously, when prestressing 
is done by the application of external load such as jacking against abutments, 
the possibility exists that the member will buckle. In such a case, it is essential 
that buckling be investigated in the conventional manner. Also, if tendons are 
used to prestress the member, and the tendons are placed externally in such a 
fashion that they are in contact with the member at its ends alone, there is some 
possibility of buckling. 

When the tendons are placed internally and are in contact with the member 
at points between its ends, the tendency to buckle is reduced significantly. When 
the tendons are in intimate contact with the member throughout its length, as is 
the nonnal case, in post-tensioning and in pretensioning, there is no possibility 
of buckling due to the prestressing force. This fact has been demonstrated 
experimentally and mathematically and can be understood by considering the 
difference between the action of prestressing and column action. 

Column action is characterized by an increase in eccentricity of the load as 
the load is increased above a critical value. This is illustrated in Fig. 8-31, in 
which it is seen that the column load has an eccentricity of e at load P, and if 
the load is increased to f:J', the member deflects an additional amount, .!le. This 
action continues until the critical value of P + f:J' is reached, and the column 
buckles. 
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P+AP 
P 

e+Ae 
e 

P 
P+AP 

Fig. 8-31. Illustration of column action. 

Prestressing action results in a specific distribution of stresses in a member. 
The eccentricity of the prestressing force remains constant, even if the member 
is deflected laterally, provided that, as was mentioned above, the tendons and 
concrete are in intimate contact with each other. If the concrete section were 
cast slightly curved or crooked, as is often the case, the effect of the prestressing 
alone would be to straighten the concrete member (opposite to column action) 
because the tendon would attempt to assume a straight path. 

Prestressed columns and piles, which are pretensioned or post-tensioned with 
the tendons in ducts through the members in the normal manner, of course can 
buckle under externally applied loads, and these members must be designed 
with care. Prestressed columns and prestressed piles are treated in Sec. 11-3. 

Consider a square, prismatic concrete member cast as a segment of a circular 
arc and having a single post-tensioned tendon located at the center of gravity 
of the member throughout its length. When the tendon is stressed, the concrete 
is subjected to a compressive stress uniformly distributed over the square cross 
section. In addition, a transverse force exists between the tendon and the 
concrete; this force, which can be calculated by using the methods in the 
following section, must exist because if it did not, the tendon. would not retain 
its curved shape. If one draws a free body of the concrete section alone, it will 
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Transverse forc.es on the concrete section 

P P 

(a) Elevation of a curved post-tensioned concrete member 

Post-tensioned tendon located at the 
center of gravity of the cross section 

(b) Section A-A 

Force from the tendon 

(c) Distribution of forces in the concrete section 
Fig. 8-32. Global and local force distributions on a curved, prismatic post-tensioned 

member. 

be apparent it is stressed in an archlike manner, as shown in Fig. 8-32a. If the 
member were to have an I-shaped cross section, as shown in Fig. 8-32b, instead 
of being solid and square, the global archlike action would remain for the 
member as a whole, but secondary or local stresses would exist within the cross 
section. The local stresses would include transverse shear and flexural stresses 
because the radial force distribution in the concrete section and the tendon would 
be as shown in Fig. 8-32c. This can be an important consideration in curved, 
flanged sections such as box-girder bridges. 
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The top flanges of flexural members that do not have adequate lateral support 
also can fail as a result of buckling. For this reason, the designer should give 
attention to the conditions of support and loading when selecting the dimensions 
of the concrete section. This is subject is discussed in Secs. 4-9 and 17-8. 

8-11 Secondary Stresses Due to Tendon Curvature 

In considering a short segment of a curved post-tensioned tendon, such as that 
shown in Fig. 8-33, neglecting friction between the tendon and the concrete, it 
will be seen that the forces acting upon the tendon include the axial tension P, 
which acts throughout the length of the tendon, and the radial forces c, applied 
to the tendon by the concrete in keeping the tendon in the curved path. If the 
segment under consideration is infinitesimal, the length of the segment can be 
taken as ds, the angular change in length ds can be designated as dOl., and the 
radius of curvature of the tendon is p. Because a very small angle is equal to 
the tangent of the angle, one can write: 

and: 

ds 
tan 01. = dOl. =­

p 

ds 
p =­

dOl. 

It is evident from the vector diagram, Fig. 8-34, that the unit stress exerted by 
the steel on the concrete is: 

cds = PdOl. 

which can be rewritten: 

Fig. 8-33. Freebody diagram of an infinitesimal length of a curved tendon. 
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Fig. 8-34. Vector diagram of forces acting on curved tendon. 

and because: 

the expression becomes: 

Pda 
c=--

ds 

ds 
p =­

da 

P 
c=-

P 
(8-9 ) 

This expression is useful in determining the secondary stresses that result when 
a tendon is placed on a curve in thin webs or on a curved path in an end block. 
Only on rare occasions are the unit stresses between the concrete and the tendon 
intense enough to cause difficulty. The curvatures must be high, and the concrete 
cover must be small to produce critically high stresses. 

ILLUSTRATIVE PROBLEM 8-6 Compute the secondary stress between a curved 
tendon and the duct ifthe radius of curvature is 25 ft, and the force in the tendon 
is 500 k. 

SOLUTION: Using eq. 8-9; 

P 500 
c = - = - = 20 klf 

p 25 

8-12 Differential Tendon Stress 

The question of the effect of differences in the stresses in the individual elements 
in parallel-wire and parallel-strand post-tensioning, or in the individual tendons 
in a pretensioned member, is sometimes raised. It can be stated that the normal 
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variations in stress encountered in practice do not exceed the nonnal tolerances 
expected in structural design. 

Consider the case of a parallel-wire, post-tensioned tendon composed of n 
wires stressed to a total force of P. The force P is measured during construction 
by detennining the elongation of the tendon during stressing as well as by 
measuring the force required to stress the tendon. The value as P nonnally can 
be controlled within the required tolerance without difficulty. 

The average stress in the individual wires is P / n. There will be a variation 
in the unit stresses between the individual wires for the following reasons: 

1. The wires are not connected to the jack in such a manner that the length 
of each wire is precisely equal, but all wires are elongated the same amount. 
The effect is small in almost all instances because the wires are very stiff and 
are confined in a relatively small duct or sheath that renders it physically impos­
sible for one wire to have significantly more curvature, hence length, than the 
average wire. 

2. The difference in the length between individual wires is important only 
with respect to the amount of the elongation of the tendon that is obtained during 
stressing. If, for example, the elongation of a tendon that is 100 ft long is 7 in., 
a difference in length of! in. between an individual wire and the average wire 
length will result in a stress variation of only ±3.5 percent from the average 
stress in the tendon. The total force in the tendon will not be affected because 
the average elongation is not affected. 

3. Variation in the modulus of elasticity of prestressing wire, along the length 
of one wire and from coil to coil, of as much as ±4 percent is not uncommon. 

4. Although the relaxation loss of a wire that is more highly stressed than 
average will be greater than the average relaxation loss, this will be offset by 
wires stressed less than the average. 

5. The estimate of losses of stress in the tendons is generally not as precisely 
known as the initial prestressing stresses in the tendon. 

For relatively short, large, multi-wire or multi-strand tendons placed on small 
radii and through considerable curvature (such as in nuclear reactor vessels), 
the difference in length between individual wires or strands on the inside and 
outside of the curvature can be significant and thus cannot be pennitted. It 
instances such as this, the tendons frequently are assembled twisted rather than 
parallel to equalize the lengths of their individual wires or strands. 

In general, the same factors that affect parallel-wire post-tensioned tendons 
affect pretensioned tendons. The exception is that the pretensioned tendons are 
not confined in a sheath or a duct; so the variation is length could be significant 
if the tendons were not laid out approximately parallel, prior to stressing. 
Although the wires usually are sufficiently parallel before stressing, a small 
force nonnally is applied to each tendon before the tendons are stressed to their 
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final value. This force straightens the tendons and equalizes the lengths. This 
procedure is not necessary when the tendons are stressed individually, as is 
discussed in Chapter 15. 

8-13 Standard vs. Custom Prestressed Members 

Prestressed-concrete manufactures tend to favor the production of selected types 
of members that they are equipped to produce rather than members customized 
for an individual project. The primary reason for this is that the manufacturers 
of prestressed concrete prefer to use the same concrete forms many times to 
reduce the amount of form cost that must be charged to each unit, and the labor 
needed to produce the prestressed concrete can be reduced to a minimum if 
workers perform the same duties each day and are not confronted with variable 
duties and operations. Furthermore, when a standard products are made, load 
tables and advertising literature can be prepared for distribution to purchasers 
and specifiers of prestressed concrete products, and the manufacturers often can 
operate with a smaller sales-engineering force than would be required if custom 
products were used exclusively. 

Standard prestressed-concrete members often have been used on small struc­
tures where the use of custom-made members would not have been cost-effec­
tive, because of the high cost of the special forms required. Because all structural 
methods and framing schemes have their limitations, and because many large 
structures have peculiar framing or loading requirements, the designer should 
carefully consider the economy that could result from the use of custom-made 
members on large projects. 

8-14 Precision of Elastic Design Computations 

Prestressed-concrete flexural members normally are designed with the assump­
tion that the concrete is an elastic material under the service loads, and the 
stresses under such conditions of loading are made to conform to a standard or 
to design criteria. In addition, as has been pointed out, the flexural strength 
must be computed to ensure that the elastic design has resulted in adequate 
safety factors. 

It is well known that concrete is not as elastic material, however, and that 
the stresses computed on the basis of elastic assumptions can be considered only 
as approximations. Furthermore, in order to facilitate the design of prestressed 
members, most engineers base their computations upon the gross concrete 
section instead of using the net and transformed sections. Errors in the elastic 
computations are introduced as a result of this simplification, as is apparent 
from the discussions in Secs. 4-10 and 4-11. These considerations lead to the 
conclusion that normal elastic-design computations can only be considered 
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approximate, and that nothing is gained by using more than three significant 
figures in such computations. 

It is significant that strength computations of bonded prestressed concrete 
construction can be made with good precision if the characteristics of the steel 
are known. Flexural strength capacity computations are virtually independent 
of the elastic properties of the concrete and are not materially influenced by 
variations in the effective prestress. For these reasons, the flexural strength 
computations usually are more important and precise than the elastic design 
computations. 

8-15 Load Balancing 

Consider a tendon that is placed on a parabolic path in a simple beam in such 
a fashion that the sag of the tendon at midspan, as measured vertically from a 
straight line connecting the ends of the tendon, is equal to e, as shown in Fig. 
8-35. If the total uniformly distributed dead load supported by the beam is equal 
to W, the load will be exactly balanced by the upward force of the tendon: 

wl2 
Pe=-

8 
(8-10 ) 

because, for the tendon to retain its parabolic path, a uniformly distributed 
upward force (neglecting friction) must be acting on it. In this particular case, 
if there is no eccentricity of the tendon at the ends of the beam, the pressure 
line acts along the centroidal axis of the member, and the compressive stress in 
the concrete section will be equal to the force in the tendon divided by the area 

p~ ~P 

e 

Centroidal axis 

Tendon on parabolic path 

Fig. 8-35. The principle of load balancing with prestressed tendons. 
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of the concrete member at each section of the beam. This principle of load 
balancing is a useful design aid in certain circumstances. 

Some structural engineers use the load balancing principle in the design of 
prestressed concrete flexural members, both simple beams and continuous 
beams. In the 1950s and early 1960s, before tensile stresses were commonly 
used in prestressed concrete flexural members, some designers used the load 
balancing principle to determine the prestressing force for balancing the dead 
load on a member and simply reviewed the design under total service load and 
design load, using the selected prestressing force. If the stress in the tensile 
flange was close to nil under the total service load, the prestressing force selected 
by the load balancing principle was adopted and used. 

In contemporary practice, significant flexural tensile stresses are permitted by 
the major building codes, and some designers, who continue to employ the load 
balancing concept in their preliminary designs, do so by selecting prestressing 
forces and tendon paths that will balance a portion of the service dead load 
rather than the full dead load. In this procedure, after the load balancing concept 
is used to select a prestressing force for the preliminary design, a review is 
made of the flexural and shear stresses, as well as deflection, under full service 
load, and the flexural strength is checked under design loads. Modifications are 
made on a trial basis until an acceptable solution is found (see I.P. 13-1 in Sec. 
13-11). 

The load balancing principle also can be used for determining the loads that 
prestressed tendons impose upon concrete members. This is useful in the 
analysis of members having continuous as well as simple spans (see Chapter 
10). 
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9 Design Expedients 
and Computation 
Methods 

9-1 Introduction 

A deterrent to the use of prestressed concrete in the past has been the greater 
amount of effort required to design prestressed structures in comparison to that 
required to design reinforced-concrete or structural-steel structures. The 
contemporary structural designer typically did not study prestressed concrete as 
a part of his or her formal education and is not familiar with the basic design 
principles. The fact that prestressed concrete design now is being taught at the 
graduate level in most universities will help alleviate this situation. 

This chapter is intended to bridge the gap between theoretical considerations 
and practical design methods. The methods explained here can be applied in 
many different ways, and can be modified by individual designers for special 
conditions or to suit their preferences. 

The discussions included in this chapter are intended to apply to concrete 
members that can be classified as fully prestressed. Fully prestressed members 
(see Sec. 7-5), for the purposes of the discussions contained herein, are defined 
as members in which: (1) the amount of nonprestressed principal flexural 
reinforcement is not significant and is limited to support bars for the web 
reinforcement and other secondary reinforcements; (2) the service load tensile 

404 
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stresses are limited to values that do not exceed the assumed tensile strength of 
the concrete (Le., the members are not expected to suffer flexural cracking under 
service loads); and (3) the stresses in the concrete are considered to be unaffected 
by the effects of concrete creep and shrinkage except for their affect on the loss 
of prestress. Section 7-3 discusses the important effects of significant amounts 
of nonprestressed reinforcement, as well as the effects of concrete creep and 
shrinkage and relaxation of prestressed reinforcement, on the stresses in the 
concrete. 

The design expedients discussed herein originally were developed to facilitate 
design calculations made with a slide rule. Experience has shown slide rule 
accuracy to be sufficient. The use of modern electronic calculators and 
computers will render some of these methods unnecessary under usual condi­
tions, but they still can be very useful under some circumstances. 

9-2 Computation of Section Properties 

The computation of axial and flexural stresses in a concrete section due to 
prestressing, and of external loads and moments, requires a determination of 
the area, the first moment of the area, and the moment of inertia (second moment 
of the area) of the section under study. The other properties frequently used to 
facilitate the computation of stresses are determined from these basic properties. 

The computation of the basic properties of a section can be done by several 
methods, all producing the same results. These methods differ only in the 
organization of the computations and in the reference axis used in computing 
the first and second moments of the area. One convenient approach is to use an 
axis parallel and tangent to the top of the section as the reference axis for 
computing the area of the section, the first moment of the area, and the location 
of the centroidal axis with respect to the reference axis. The moment of inertia 
of the section then can be computed about the reference axis, the centroidal 
axis, or another reference axis. Whichever procedure is used in a design office 
or by an individual engineer, it should be used consistently in order to facilitate 
the checking and reviewing of the computations. 

Moment-of-inertia computations can be made by using one or more variations 
of the basic relationship: 

{9-l} 

which can be expressed in words as follows: The moment of inertia of a section 
about a reference axis (/ra) is equal to the sum of the moment of inertia of the 
section with respect to the axis parallel to the reference axis that passes through 
the centroid of the section (/0) and the product of the area of the section (A) 
and the square of the distance between the two axes (y2). This relationship is 
illustrated in Fig. 9-1. 



406 I MODERN PRESTRESSED CONCRETE 

10= moment of inertia 
of A about axis 0-0 

x 

Center of gravity of A 
o 

y 

x ---------
In= 10 + Al = moment of 

inertia of area A about axis x-x 

Fig. 9-1. Notation for moment-of-inertia computations. 

Figure 9-2 gives the location of the centroids, and the moments of inertia 
about their centroids, of various shapes frequently encountered in prestressed­
concrete design. The locations of the· centers of gravity and the moments of 
inertia of other, less common sections that may be encountered can be found in 
standard engineering references or calculated by using basic mathematical 
relationships. It should be noted that the moments of inertia given in Fig. 9-2 
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4 ' 

o 12 12 '1', 'I' 12 

I = 7rd 4 = Ad2 =A,I,. ,1,.= d2 
o 64 16 '1', 'I' 16 

Fig. 9-2. Areas and moments of inertia for common geometric shapes. 



DESIGN EXPEDIENTS AND COMPUTATION METHODS I 407 

are expressed in tenns of the dimensions of the section, and as a function of 
the area of the section and the section height or diameter. The expressions giving 
the moments of inertia in tenns of the areas of the sections are used to facilitate 
the computation of moments of inertia for complex shapes when done in tabular 
fonn. This is illustrated in the following discussion. 

The method of computation is best explained with an example. The area, the 
first moment of the area with respect to a horizontal axis passing through the 
top of the section, the location of the centroid of the area, and the moment of 
inertia about a horizontal axis passing through the centroid of the area of the 
AASHTO-PCI standard bridge beam, type N, are computed, as an illustration 
of a recommended procedure. Referring to Fig. 9-3 and Table 9-1, the proce­
dure is as follows: 

b b 
g ~ 

II 
II , .. ... ... 

b 
....: 
C\I 

II 
,'" ... 

b 
ori 
II b=20" 

Fig. 9-3. AASHTO-PCI bridge beam, type IV, divided into rectangles and triangles to 
facilitate the computation of section properties. 
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TABLE 9-1 Computation of Section Properties of the AASHTO Type IV Bridge Beam, 
in Tabular Form. 

Area (A) 
Computation y' Ay' y y2 <b y2 + <b A ( y2 + <b) 

Part (in. x in. = in. 2 ) (in.) (in. 3 ) (in.) (in. 2 ) (in. 2 ) (in. 2 ) (in.4) 

1 
2 
3 
4 
5 

8 x 54 = 432 27.0 
12 x 8 = 96 4.0 

12 x 6/2 = 36 10.0 
18 x 9/2 = 81 43.0 

18 x 8 = 144 50.0 

EA = 789 
y, = 23,124/789 = -29.3 in. 

11,700 2.30 5.3 243 248 107,000 
384 25.3 640 5.33 645 62,000 
360 19.3 373 2.0 375 13,500 

3,480 13.7 188 4.5 193 15,600 
7,200 20.7 428 5.33 433 62,300 

EAy' = 23,124 1= 260,400 
S, = 260,400/ -29.3 = -8880 in. 3 

260,400 
r2 /y, = -11.3 in. 

789 x -29.3 
Yb = +54.0 - 29.3 = +24.7 in. Sb = 260,400/ + 24. 7 = + 10,500 in. 3 

260,400 . 
r2/Yb 789 x +24.7 = +13.4 ID. 

1. Divide the cross section into shapes of known area, centroid locations, 
and moments of inertia with respect to their centroids, such as the rectan­
gles and triangles numbered 1 through 5 in Fig. 9-3. To facilitate the 
computations, the number of component areas that must be included in 
the table was reduced: the rectangular areas listed as parts 2 and 5 in Table 
9-1, as well as the triangular areas listed as parts 3 and 4, each consist of 
two parts in the figure. 

2. Prepare a table, such as Table 9-1, as follows: compute the areas of 
component parts; determine and list the distances, y', from the top of the 
section to the centroids of the component areas; compute and list the 
moments of the component areas with respect to the top of the section 
(reference axis), A;; and compute the area of the section (I:A), as well 
as the first moment of the section with respect to the top of the section 
(I:Ay' ). 

3. Divide the first moment of the section (EAy') by the area of the section 
(I:A), to obtain the distance from the top of the section to the centroid of 
the section (Yt). It should be noted that Yt is negative because it is measured 
upward from the centroidal axis. 

4. Compute and tabulate the distances from the centroids of the component 
areas tot he centroid of the section ofthe component areas, y, by using Yt 
- y'. 

5. Tabulate the squares of y. 
6. Compute and tabulate the factors cp by which the component areas are to 

be multiplied to obtain their moments of inertia with respect to their 
centroids (see Fig. 9-2). 
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7. Tabulate the sums of (l + cJ». 
8. Multiply, tabulate, and sum the tenns A (l + cJ» for each of the compo­

nent areas. The summation of these tenns is the moment of inertia of the 
section. 

9. The distance from the centroidal axis to the bottom fiber is computed as 
Yb = h + Yr, and the section moduli for the top and bottom fibers and the 
distances to the upper and lower limits of the kern zone are computed as 
follows: 

I ? I 
Sr =-

AYr Yr Yr 

I ? I 
Sb =- -=-

Yb Yb AYb 

Bridge stringers, such as the AASHTO-PCI standard prestressed-concrete 
beams for highway bridges, frequently are used with a cast-in-place deck slab 
that acts compositely with the stringers, as a result of shear stresses that develop 
between the slab and the top of the stringers (see Sec. 8-1). Computation of the 
composite section properties for an AASHTO-PCI bridge beam, type IV, with 
a 6 X 36 in. cast-in-place top flange, as illustrated in Fig. 9-4, can be done by 
using the same fundamental procedure as described above. This is illustrated in 
Table 9-2. 

36" 

~--,-----------~--~ 

Cast·in·place 
slab 

AASHTO-PCI 
bridge beam, 

type IV 

~ 

Fig. 9-4. Composite section composed of AASHTO-PCI bridge beam, type IV, and 6 x 
36 in. cast-in-place concrete slab. 
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TABLE 9-2 Computation of the Section Properties of the Composite Beam Illustrated 
in Fig. 9-4. 

Area 
Computation y' 

Part (in. x in. = in.2) (in.) 
Ay' 
(in. 3 ) 

Slab 36 x 6 in. = 216 3.0 648 25.3 640 3.0 
Beam = 789 35.3 27,800 7.0 49 * 

EA = 1005 in. 2 EAy' = 28,448 in. 3 

yp = -28.3 in. 

y, = -22.3 in. 

Yb = +31.7 in. 

Sp = -15,500 in. 3 

S, = -19,600 in. 3 

Sb = +13,800in. 3 

y2 + fiI 
(in. 2) A( y + fil2) (in.4) 

643 
49 

139,000 
38,600 

260 400* 
1 = 438,000 in.4 

*The value of 10 is known to equal 260,400 in.4 for the precast section. Hence, the value of fiI 
is not computed for this portion of the composite section and the value of 10 for the precast section 
is simply added in the A (y2 + fiI) column. 

The concrete in the deck slab does not have the same elastic modulus as the 
concrete in the precast, prestressed concrete stringers under usual conditions 
because the quality of the concrete used in cast-in-place bridge decks normally 
is not as high as that used in the stringers. In computing the properties of the 
composite section, this effect is taken into consideration by using a transformed 
cross section that consists of the gross section of the prestressed beam and a 
slab section having a depth equal to that of the actual slab (less any allowance 
for wearing surface) plus the elastically equivalent slab width. The width 
normally assumed to be effective (as provided in the applicable design criteria) 
is multiplied by the ratio of the elastic modulus of the slab concrete to the elastic 
modulus of the concrete in the beam to give the elastically equivalent slab width. 
If the slab and beam concretes are assumed to have moduli of 3.5 x 106 psi 
and 5.0 x 106 psi, respectively, the elastically equivalent width of the slab that 
should be used in the composite section would be 3.5/5.0 = 0.70 times the 
effective width. 

Note that yp and y, are used to denote the distances from the centroidal axis 
of the composite section to the top fibers of the cast-in-place deck and the top 
fibers of the precast stringer, respectively. This procedure is recommended to 
avoid confusion, with the subscript t being used to denote the top fibers of the 
precast section in the computations of the section properties of the precast 
section. 

In Table 9-2, it will be noted that there is no entry for the beam in the cf> 
column. The moment of inertia of the precast section about its center of gravity 
is known, and so is simply added to the last column. 

After the designer becomes accustomed to the use of this tabular form, the 
computation of section properties becomes rapid and routine. The effects of 
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minor adjustments in the concrete sections often are determined by subtracting 
or adding areas to the section that is being modified, rather than by recomputing 
the section properties of the modified section. In addition, the column headed 
(i + 4» often is eliminated in actual calculations, and the terms i and 4> are 
added mentally as their sum is multiplied by the area. When electronic calcu­
lators are used, the columns headed y, i, 4>, and (i + 4» frequently can be 
eliminated from the table, thereby reducing the amount of written work needed 
for the computations. 

As was explained in Sec. 7.3, in some methods of analysis used with 
prestressed concrete, it is more convenient to use the section properties computed 
about a reference axis other than the centroidal axis or axes of the member. 
This is a result of the different locations of the centroidal axis of a member at 
the different stages in an analysis. The computation of the first moments of the 
area and the moments of inertia of the different sections that must be considered 
actually is facilitated by using a single axis for all of the computations. In the 
case of a member that is first put into service in one configuration but later 
changed to another, such as a precast beam that eventually is modified to include 
a composite slab, the computation of the section properties is facilitated by 
performing all section-property calculations about a reference line coincident 
with the top surface of the composite slab. 

ILLUSTRATIVE PROBLEM 9-1 Compute the areas, first moments of the area, 
and moments of inertia of the gross, net, net-transformed, and age-adjusted 
transformed sections for the member analyzed in I.P. 7-2. The dimensions of 
the concrete section and the prestressed and nonprestressed reinforcements are 
shown in Fig. 7-5. The elastic modulus ofthe concrete at the time of prestressing 
is 3122 ksi, the aging coefficient for the concrete is 0.80, and the ultimate creep 
ratio is 2.00. The elastic moduli for the prestressed and nonprestressed 
reinforcements are 28 X 103 and 29 x 103 ksi, respectively. The computations 
are summarized in Table 9-3. 

9-3 Allowable Concrete Stresses for Use in Design Computations 

Most prestressed-concrete design criteria specify maximum allowable initial, or 
temporary, compressive and tensile stresses, as well as maximum allowable 
final, or permanent, compressive and tensile stresses. This approach generally 
is considered necessary or justified for several reasons: 

1. In order to obtain an economical and realistic production schedule under 
many conditions, it is essential that the prestress be applied to the member 
before the concrete attains the specified minimum 28-day cylinder strength. 
Hence, it is normal practice to apply the prestress to the concrete when the 
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TABLE 9-3 Computation of tha Araas. First Moments. and Moments of Inertia. as 
Described in I.P. 9-1. for the Section in Fig. 7-5. 

Gross Section: 
In - 1) b h A y' Ay' y.2+h2/12 

na 16 x 32.5 = 520 x 16.25 = 8450 352 183,083 
na 44x 4.5 = 198 x 2.25 = 445 6.75 1,336 

718 8895 184,419 

Net Section: 
In - 1) b h A y' Ay' y,2+h2/12 

na 718 8895 184,419 
na 1 x 1.50 = -1.5 2.25 -2 
na -2 x 27.75 = -55.5 770 -1,540 
na -4 x 30.00 = -120.0 900 -3,600 

7fl ----s7i8 179,277 

Net-Transformed Section: 
In - 1) b h A y' Ay' y.2+h2/12 

na 718 8895 184,419 
8.29 8.3 x 1.50= 12 2.25 19 
na -2.0 x 27.75 = 55.5 770 -1,540 

8.29 33.2 x 30.00 = 994.7 900 29,844 
757.5 9847.1 212,742 

Age-Adjusted Transformed Section: 
y,2+ h2/12 In - 1) b h A y' Ay' 

na 718 8895 184,419 
(23.17)1 23.17 x 1.50 = 34.8 2.25 57 
(22.33)2 -44.67 x 27.75 = 1239.5 770 34,396 
(23.17)4 92.67 x 30.00 = 2780.1 900 83,403 

878.5 12,950 302,277 

strength of the concrete is on the order of 4000 psi (or less) although the speci­
fied minimum cylinder strength of the concrete at the age of 28 days generally 
is on the order of 5000 psi (or more). Therefore, the temporary, or initial, 
allowable stresses are based upon a cylinder strength lower than that used in 
determining the final, or permanent, allowable concrete stresses. 

2. The initial prestressing force is the maximum prestressing force ever to 
be imposed on the member. This force is subject to a reduction in the amount 
of 10 to 30 percent. The reduction or relaxation of the prestressing force starts 
to take place immediately after stressing and requires years to reach its practical 
maximum value. 

3. The stresses imposed on the member due to prestressing are of opposite 
direction to those imposed by the service loads; that is, the prestressing normally 
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causes small tensile stresses in the top fibers and large compressive stresses in 
the bottom fibers of simple beams, whereas the superimposed loads that will be 
carried by the beams cause tensile stresses in the bottom fibers and compressive 
stresses in the top fibers. 

4. The stresses resulting from prestressing can be controlled by the fabricator 
with relatively high precision, but for normal applications neither the designer 
nor the fabricator can control or predict very precisely the loads that will be 
imposed on the structure while it is in service. For this reason, and in view of 
the reasons listed in items (2) and (3), the safety factor required to guard against 
failure of the concrete during stressing does not need to be as high as that 
required for the design loads. 

In a beam pretensioned with straight tendons, the highest initial stresses occur 
near the ends where there is no dead load moment to counteract the effects of 
the prestressing (see Sec. 4-6). Therefore, the restrictions on the temporary 
allowable stresses at the ends of the beam, provided that the beam does not 
contain significant amounts of nonprestressed reinforcement, can be expressed 
mathematically as follows: 

~i (1 + e~t) ~ 6~ (9-2) 

and: 

(9-3 ) 

where Ci is the resultant compressive force in the concrete section, and is equal, 
but of opposite sign, to the product of is;, the initial stress in the prestressing 
steel, and Aps ' the area of the prestressed reinforcement; A is the area of the 
concrete; e is the eccentricity of the tendon; r is the radius of gyration; t;; is 
the concrete cylinder strength at the time of stressing; and Yt and Yb are the 
distances from the centroidal axis to the top and bottom fibers, respectively.* 

If C is the force in the concrete resultant to the product of ise' the effective 
stress in the tendons, and Aps ' the area of the prestressed reinforcement, and 
t; is the cylinder strength at 28 days, and j,t and j,b designate the total stresses 
due to dead and live loads in the top and bottom fibers at the section of maximum 
moment, respectively, the restrictions on the final allowable stresses can be 
expressed mathematically as follows: 

C (eyt ) , A I + 7 + j,( ~ 0.40fc (9-4 ) 

*Values of e and yare positive when below the centroidal axis, and negative above. The terms on 
the right side of eqs. 9-2 through 9-5 are based upon the stresses allowed by the AASHTO Standard 
Specifications/or Highway Bridges (see Sec. 3-19). 



414 I MODERN PRESTRESSED CONCRETE 

and: 

c (eYb) r;:; A 1 +""""7 + j,b :S 3.Jf~ (9-5) 

In eqs. 9-2 through 9-5, the symbols for the forces and stresses include the 
required signs. 

For an assumed concrete section and an assumed ratio, m, of the effective 
steel stress to the initial steel stress, one can write: 

C Ise m=-=-
Ci lsi 

and the values offn andj,b can be computed and substituted in eqs. 9-2 through 
9-5, in which case all of the terms that appear in the equations will be known 
or assumed except for the values of C and e. Because a number of combinations 
of these terms normally will satisfy each of the four equations, the combinations 
that will satisfy all of the equations can be determined by plotting each of the 
four relationships as shown in Fig. 9-5. The shaded area of Fig. 9-5 indicates 
the combinations of C- 1 and e that satisfy the conditions of the allowable stresses 
for the assumed section. 

Although the procedure for plotting a figure similar to that shown in Fig. 
9-5, first suggested by Magnel (1948), will yield accurate results and is useful 
as an instructional aid, it is too cumbersome and time-consuming to be used as 
a general design procedure. It illustrates the fact that there frequently are several 
combinations of prestressing force and eccentricity that will result in compli­
ance with specific combinations of maximum and minimum allowable stresses. 

IseAps (1 + eYt) /, < 040/' A ,2 + tt ==' c 

IseAps (1 + ey t ) < -3.JF:; 
rnA ,2 == ci 

IseAps (1 + eYb ) +/, > 0 
A ,2 tb = 

IseAps (1 + eYb ) < 060/' 
rnA ,2 =' ci 

e 
Fig. 9-5. Graphical solution of four equations for the prestressing force and eccen­

tricity (after Magnell. 
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9-4 Limitations of Sections Prestressed with Straight Tendons 

It should be apparent that fully bonded, straight pretensioning tendons can be 
used only in prismatic beams in which the maximum flexural stress in the bottom 
fibers, due to the total load, does not exceed the arithmetic sum of either (a) 
the allowable tensile stress and the final bottom-fiber stress due to prestressing 
or (b) the allowable tensile stress and the allowable compressive stress. If, for 
example, the maximum stress in the bottom fiber due to the total extemalload 
were 2300 psi, and the allowable tensile stress and the final compressive stress 
due to prestressing (assuming the final stress due to prestressing to be less than 
the allowable final compressive stress) were +400 psi and -2000 psi, respec­
tively, the design would not be restricted by the bottom-fiber stress. The 
maximum load that could be applied without exceeding the allowable stresses 
would be one that resulted in a maximum bottom-fiber stress of +2400 psi. 

In a similar manner, the top-fiber stress may limit the capacity of a prismatic 
beam section if the maximum flexural stress in the top fiber, due to the total 
load, is greater than the arithmetic sum of the allowable compressive stress in 
the member, after loss of prestress, and the allowable permanent tensile stress. 

As a result of these limitations, the designer normally can determine if a 
specific concrete section can be used with straight tendons without calculating 
the magnitude and eccentricity of the prestressing force. It is necessary only to 
determine the stresses in the section due to the total load and compare these 
values with the sum of the appropriate, allowable stresses. 

ILLUSTRATIVE PROBLEM 9-2 Determine the maximum moment that the section 
in Fig. 9-6 can withstand if pretensioned with straight tendons having initial 
and final stresses of 180 and 154 ksi, respectively, if f~i and f~ are 4000 and 
5000 psi, respectively, and the initial tensile stress cannot exceed the following: 

Top fiber: 

Initial tensile stress = 3"'4000 = + 190 psi 

Final compressive stress = 0.40 x -5000 = -2000 psi 

Bottom fiber: 

Initial compressive stress = 0.60 x -4000 = -2400 psi 

Final tensile stress = 3"'5000 = +212 psi 

Final compressive stress = 0.40 x -5000 = -2000 psi 

SOLUTION: The stresses at the time of stressing will reduce to !~~ = 0.856 of 
their initial value as a result of the prestressing losses. Therefore, .the maximum 
stress due to all loads will be limited as follows: 
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3" 

6" 
r---+ 

15" 36" 

6" 

6" 

Fig. 9-6. Beam section and stress distribution for I.P. 9-2. 

Top fiber = 2000 + 0.856 X 190 = 2163 psi 

Bottom fiber = 212 + 0.856 x 2400 = 2266 psi 

Bottom fiber = 212 + 2000 = 2212 psi 

The allowable moments as controlled by the top and bottom fibers are: 

M = -2163 X 63,300 = 604 -ft 
t -18.9 x 12000 k 

M - 2212 X 63,300 - 2 
t - 17.1 X 12000 - 68 k-ft 

The stresses in the top fiber control the capacity of this section with these design 
criteria. 

9-5 Limitations of Sections Prestressed with Curved Tendons 

In considering the stress in the bottom fiber at any specific section of a simple 
beam prestressed with a curved tendon, it should be apparent that the maximum 
stress due to extemalloads must not exceed the arithmetic sum of the stress due 
to the effective prestressing force and the allowable tensile stress in the 
completed structure. In addition, the algebraic sum of the stress due to the initial 
prestressing force and the stress due to the minimum loading condition must 
not exceed the allowable, initial compressive stress. 
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ILLUSTRATIVE PROBLEM 9-3 Detennine the maximum allowable total moment 
on the beam section of Fig. 9-6 if a curved tendon is used, and the initial and 
final stresses in the prestressed reinforcement are 187 and 162 ksi, respectively. 
The design span is 50.0 ft. The allowable stresses are those used in I.P. 9-2. 
The compressive strength at the time of prestressing is -4000 psi, and the 
specified compressive strength at 28 days is - 5000 psi. 

SOLUTION: The beam dead load is equal to 0.450 kif, and the dead load 
moment at midspan is equal to 141 k-ft. Dead load flexural stresses: 

141 X 12 
It = _ 3350 = -0.505 ksi 

141 X 12 
h, = 3700 = +0.457 ksi 

Maximum allowable stress and moment as limited by top fiber: 

It = -0.40 X 5000 - 505 - !:~ (3"4000) = -2669 psi 

M = -2669 x 3350 = 745 k-ft 
t 12000 

Maximum allowable stresses and moment as limited by bottom fiber: 

162 ~ 
fb = (0.60 x 4000) 187 + 457 + lv4000 = 2726 psi 

fb = (0.40 x 5000) + 457 + 3"5000 = 2669 psi 

Mb = 2669 x - 3700 = 823 k-ft 
12000 

It should be recognized that the maximum allowable top and bottom fiber stresses 
due to prestressing may not always be attainable (see Sec. 9-7). 

The initial tensile stresses in the top fibers of beams prestressed with curved 
tendons normally are not critical at the section of maximum moment in beams 
of good proportions. If the top-fiber stresses do limit the design of beams with 
curved tendons, the problem usually is due to excessive, compressive stress 
under maximum loading conditions. Top-fiber stresses are much more apt to be 
a concern in a beam with a thin, narrow top flange than in a beam with a thick, 
wide top flange. 
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9-6 Minimum Prestressing Force for Straight Tendons 

In the design-by-trial procedure commonly used in designing prestressed flexural 
members, a beam with known cross-sectional properties is tentatively adopted 
and reviewed to determine the stresses due to the external loads. If the external 
loads result in stresses within practical limits (see Sec. 9-4), then the prestressing 
force and concomitant eccentricity required to develop the desired net concrete 
stresses must be determined. When straight tendons are used in prismatic simple 
beams subjected to usual loading conditions, the maximum stresses under 
minimum loading conditions (dead load of the beam alone, usually) occur at 
the ends of the beam where there is no moment due to external loads. The 
maximum stresses under the maximum loading conditions occur near midspan. 
The procedures recommended for determining the minimum prestressing force 
and its required eccentricity for different specific conditions are illustrated with 
explanations in I.P. 9-4 through I.P. 9-6. 

ILLUSTRATIVE PROBLEM 9-4 Determine the prestressing force and eccentricity 
required to prestress a slab, 4 ft wide and 8 in. deep, with straight tendons. The 
slab is to be used, simply supported, on a span of 30 ft and is to be composed 
of normal concrete (150 pet) with!;i = 4000 psi and!; = 5000 psi. The super­
imposed load is 45 psf, and the member will be exposed to a corrosive 
atmosphere in service. 

SOLUTION: 

Loads and moments: 

Slab dead load = 4 X 100 = 400 plf 

Superimposed load = 4 x 45 = 180 plf 

Total load = 580 plf 

The bending moment due to the total load is: 

302 

MIL = 0.580 8 = 65.25 k-ft 

The section modulus of the slab is: 

S = 48 X 82 = 512 in 3 6 . 

and the top and bottom fiber stresses due to the total load are: 

~ 65.25 x 12,000 1530. 
JI = -512 = - pSI 
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~ _ 65.25 x 12,000 _ 1530 . 
Jb - - + pSl 

512 

Assume that nonprestressed reinforcement is not to be used in the top flange 
to resist tensile stresses in the concrete. The final stress in the bottom fiber due 
to prestressing must be equal to + 1530 psi. (Because the slabs are to be exposed 
to a corrosive atmosphere, to guard against cracking and to protect the 
prestressed reinforcement against corrosion, the net bottom-fiber stress should 
not be tensile under fun load.) If nonprestressed reinforcement is not to be 
provided at the ends, the top-fiber tensile stress at the ends, due to initial 
prestress, should be equal to or less than 3 .J4000 = 190 psi. Assuming that 
the ratio of the effective stress to the initial stress in the prestressed reinforce­
ment is 0.85, the tensile stress in the top fiber resulting from the effective 
prestress must not exceed 0.85 x 190 = 160 psi. Therefore, the stress distri­
bution due to the final prestressing force should be as shown in Fig. 9-7. 

The prestressing stress at the centroid of a section is equal to the average 
compressive stress in the concrete due to the prestressing force ( - P / A) because 
the distance from the centroidal axis of the concrete section, y, is equal to zero 
for the fiber at the centroidal axis, and the familiar equation for stress due to 
prestressing: 

becomes: 

P ( ey) f= - 1 +-A r2 

P 
f= -

A 

This fundamental principle is applicable for sections that are symmetrical or 
asymmetrical about the centroidal axis. The average stress can be rapidly 

+ 160 psi 

4" 

8" 

4" 

-1530 psi 

Fig. 9-7. Distribution of stresses due to final prestressing force for I.P. 9-4. 
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o psi ---.----r 

4" 

8" 

4" 

-1690 psi 

Fig. 9-8. Distribution of stresses for loP. 9-4. 

computed by use of the relationships indicated in Fig. 9-8, from which it will 
be seen that: 

p ( ) Yt (4.0) A = ib - j" d + f, = -1690 8.0 + 160 = -685 psi 

Therefore, the final prestressing force can be computed by: 

(-685 x 48 x 8) 
p = - = 263 kips 

1000 

This force must develop -1530 psi in the bottom fiber, and the familiar 
relationship for the bottom-fiber stress due to prestressing: 

can be rewritten: 

( fb ) r2 (-1530 )(8) 
e= ·C/A -1 Yb = -685 -1 6 = 1.65 in. 

Note that r2 / Y = d / 6 for a rectangular section. 
If it is decided to use nonprestressed reinforcement in the top fibers to resist 

the tensile stresses in the concrete due to prestressing, the initial, top-fiber tensile 
stress might be as great as 6~ = 380 psi, and the top-fiber tensile stress due 
to the effective prestressing force could be as great as 0.85 x 380 = 320 psi. 
Assuming that it is desired to limit the top-fiber tensile stress to 300 psi, the 
required distribution of prestress will be as shown in Fig. 9-9, and the compu­
tation of C and e will be: 
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+300 psi 

4" 

c.g.s.~_7"-__ -+-
8" 

4" 

-1530 psi 

Fig. 9-9. Required prestress distribution for I.P. 9-4. 

C 
A 

4.0 
-1830 X -8 + 300 = -615 psi 

.0 

P = 236 kips 

e = -- - 1 - = 1.98 in. ( -1530 ) (8.0) 
-615 6 

Compare the simplicity of this computation to the effort required using the 
classical relationship demonstrated in 1. P. 4-8. 

ILLUSTRATIVE PROBLEM 9-5 For the slab of 1.P. 9-4, assume that the super­
imposed load will be 100 psf. Compute the required prestressing force and 
eccentricity, assuming: (1) the final top-fiber tensile stress due to prestressing 
must not exceed 300 psi, and no tension is to be allowed in the bottom fibers; 
and (2) the final top-fiber stress due to prestressing must not exceed 300 psi, 
and the net stress in the bottom fiber under full load must not exceed 400 psi. 

SOLUTION: Loads and moments: 

Slab dead load = 4 X 100 = 400 plf 

Superimposed load = 4 X 100 = 400 plf 

Total load = 800 plf 

302 
Total moment = 0.80 x 8 = 90.0 k-ft 

90.0 X 12,000 
Top-fiber stress = -512 -2110 psi 

90.0 X 12,000 
Bottom-fiber stress = 512 = 2110 psi 
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Part (1): The bottom-fiber stress of -2110 psi is too high for I;; = -4000 
psi because 0.85 X 0.60 x -4000 = -2040 psi. If this solution is to be used, 
and if the design is to conform to the allowable stresses specified above, the 
value of I;; must be equal to -2110/(0.85 X 0.60), which is equal to -4150 
psi. It should be pointed out that the net compression in the top fiber will be 
-2110 + 300 psi = -1810 psi. If the final net compressive stress is to be 0.40 
I; or less, the minimum value of I; is 4500 psi. Assuming that these values of 
initial and final concrete strength are to be used, the required values of C and 
e are (see Fig. 9-10): 

C 
A 

4.0 
-2410 X - + 300 

8.0 

-905 psi 

P = 348 kips 

e = -- - 1 - = 1.77 m. ( -2110 ) (8.0) . 
-905 6 

Part (2): The desired distribution of concrete compressive stresses due to 
prestressing is as shown in Fig. 9-11, and the values of P and e become: 

4.0 C 

A 
-2010 X - + 300 

8.0 

-705 psi 

P = 271 kips 

e = (-1710 _ 1)(8.0) = 190 in 
-705 6 . . 

+300 psi 

4 H 

4 H 

- 211 0 psi 

Fig. 9-10. Distribution of stresses, part (1) of loP. 9-5. 

aH 
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+300 psi 
--.------. 

4" 

8" 

4" 

Fig. 9-11. Distribution of stresses, part (2) of I.P. 9-5. 

This example illustrates a procedure that can be adopted if the initial concrete 
stresses (or final stresses) are nominally higher than would be allowable for the 
quality of concrete that was at first assumed; the designer can increase the value 
of the concrete strength at the time of prestressing and at the age of 28 days 
(within reasonable limits) in order to confine the stresses within the allowable 
limits. Also illustrated is the procedure used in the calculation of the prestressing 
required for members in which tensile stresses are permitted in the bottom fibers 
of the members under full load. 

ILLUSTRATIVE PROBLEM 9-6 Compute the prestressing force and eccentricity 
required to produce a final stress of + 300 psi in the top fibers and - 2000 psi 
in the bottom fibers of an AASHTO-PCI type III bridge beam, as shown in Fig. 
9-12. The section properties required for the analysis are as follows: A = 560 
in. 2 , Yt = 24.7 in., and r2 iYb = 11.03 in. 

Yt = -24.7 in. 
+300 psi 

-1--11-- , ___ Centroidal aX_i_s ___ '--::.~ ___ _ 

Yb = 20.3 in. 

(a) AASHTO-PCI Type III 
bridge beam. 

-2000 psi 

(b) Distribution of effective 
prestress 

Fig. 9-12. Cross section of AASHTO-PCI type III bridge beam and distribution of effec­
tive prestress required. 
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SOLUTION: The desired distribution of stresses is illustrated in Fig. 9-12, and 
P and e are computed as follows: 

P ( 24.7) . A = - -2300 X 45.0 + 300 = -962 PSl 

P = 539 kips 

e = (~2: - 1) (11.03) = 11.90 in. 

9-7 Minimum Prestressing Force for Curved Tendons 

Because the dead load of a beam is acting at the time of prestressing, the eccen­
tricity of prestressed reinforcement can be greater near midspan of a simple 
beam than at the ends, without the net concrete stresses exceeding the allowable 
values, as was explained in Sec. 4-6. This is the reason for draping or curving 
the tendons. This procedure results in a variable prestressing moment along the 
length of the beam; hence, the stresses in the concrete due to curved prestressing 
tendons should be investigated at several locations along the length of the beam. 
For prismatic members having straight tendons, the amount of prestressing 
needed is controlled by the conditions of stress at the position of maximum 
moment; this remains true for members having curved tendons if the maximum 
eccentricity of the prestressed reinforcement occurs at the location of the 
maximum moment. For members having variable depth, the amount of 
prestressing needed may be controlled by the conditions of stress at a section 
other than the section at which maximum moment occurs. 

In detailing a member, the prestressing force must be developed by a specific 
number of whole tendons. Fractions of tendons cannot be used, and, to avoid 
errors, all tendons in a pretensioned concrete member are normally of the same 
size and grade. For reasons of economy, the number of tendons should be as 
low as possible, and they should be stressed to their maximum allowable stress. 

ILLUSTRATIVE PROBLEM 9-7 For the AASHTO-PCI bridge beam, type III, 
which is to be used on a span of 70 ft, compute the minimum prestressing force 
and eccentricity that can be used if the member must withstand a superimposed 
moment of 800 k-ft at midspan. The superimposed moment varies parabolically 
from a maximum value at midspan to zero at the support. Assume that the 
minimum specified concrete strength and the minimum concrete strength at the 
time of prestressing are 5000 psi and 4000 psi, respectively. The centroidal axis 
measured from the top fiber, the area, and the moment of inertia of the 
AASHTO-PCI bridge beam, type III, are 24.7 in., 560 in.2, and 125,400 in.4, 
respectively. The dead load of the beam itself is 0.585 kif. 
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TABLE 9-4 First Table for I.P. 9-7. 

Top Fiber Bottom Fiber 

Stresses due to total moment 
Stresses due to dead load only 

-2740 psi 
-845 psi 

+2250 psi 
+695 psi 

SOLUTION: 

702 
Moment due to dead load of beam = 0.585 X 8 = 358 k-ft 

Moment due to the superimposed load = 800 k-ft 

Total moment at midspan = 1158 k-ft 

The stresses due to dead load and total load are summarized in Table 9-4. 
The distribution of concrete stresses due to the effective prestress at midspan 

must be as shown in Fig. 9-13a, if the net top-fiber stress due to total load plus 
effective prestress is to be held to 0.401; = 0.40 X 5000 = 2000 psi, and if 
the tensile stresses in the bottom fiber due to the total load are to be exactly 
nullified by the effective prestress, nonprestressed reinforcement is not to be 
used, and the top-fiber concrete stress due to initial prestressing plus dead load 
ofthe beam is to be limited to 190 psi. Assumingfse/fsi = 0.85, the prestressing 
distribution shown in Fig. 9-13b limits the top-fiber stress to the allowable value 
and exactly nullifies the total load stress in the bottom fiber. The bottom-fiber 
stress, due to the effective prestress, could be as high as 0.40 I; + 695 = 2695 
psi. The most economical design will result from a prestressing force that can 
develop the required minimum effective prestress in the bottom fibers ( + 2250 
psi) without exceeding the allowable, initial tensile stress in the top fibers, such 

+ 740 psi +845 + 160 + 1005 psi 

- 2250 psi - 2250 psi 

(a) (b) 

Fig. 9-1 3. Stress distributions for I. P. 9-7. 
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as is shown in Fig. 9-13b, if such a stress distribution can be obtained with a 
practical eccentricity. 

For the distribution of stress shown in Fig. 9-13b, the values of C and e are: 

C 24.7 - = -3255 X - + 1005 = -782 psi 
A 45.0 

P = 438 kips 

e = (~2::~ - 1 )(11.03) = 20.70 in. 

It is apparent that this is not a solution for this case because the required eccen­
tricity is greater than the distance from the centroidal axis of the section to the 
bottom fibers (Yb); hence, if this solution were used, the centroid of the 
prestressed reinforcement would be below the bottom of the beam. Therefore, 
the distribution of stress due to the effective prestress must be revised in such 
a manner that the eccentricity is reduced. 

Using the distribution of stress indicated in Fig. 9-13a, the values of C and 
e are: 

C 
A 

24.7 
-2990 X 45.0 + 740 = -900 psi 

P = 504 kips 

( -2250) . 
e = -900 - 1 (11.03) = 16.5 lD. 

This solution is reasonable for the conditions at midspan, and should be adopted, 
because the stresses are allowable and the eccentricity of 16.5 in. results in the 
centroid of the prestressed reinforcement being 3.8 in. from the bottom of the 
beam, allowing adequate concrete cover. 

Because the dead-load moment and the moment due to the superimposed 
loads vary parabolically (from maximum at the center of the span to zero at the 
supports), it can be specified that the eccentricity of the prestressing is zero at 
the support. Nominal eccentricities above or below the center of gravity of the 
section could be allowed at the supports without exceeding the allowable 
stresses. 

At the quarter point, the stresses due to the dead and superimposed loads are 
only 75 percent of the stresses due to these loads at midspan, or - 2060 and 
+ 1690 psi in the top and bottom fibers, respectively. Assume that the effective 
force in the prestressed reinforcement is 504 k, and the eccentricity is 16.5 in. 
at midspan; if the eccentricity varies parabolically to zero at the supports, it 
would be 75 percent of 16.5 in. at the quarter point, and the stresses due to the 
effective prestress would be: 
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TABLE 9-5 Second Table for I.P. 9-7. 

Top Fiber Bottom Fiber 

Stress due to dead load of beam 
Effective prestress 
Net, minimum loading 
Stress due to superimposed 
load 
Net, maximum loading 

-634 
+332 
-302 

-1420 

-1722 

504,000 ( 12.4 ) 
fr = - 560 1 + -9.06 = 332 psi 

+521 
-1912 
-1391 
+1165 

-226 

504,000 ( 12.4 ) ib = - 560 1 + 11.03 = -1912 psi 

It can be shown that these stresses due to prestressing will result in net concrete 
stresses, under minimum and maximum loading conditions at the quarter point 
of the span, that are within the allowable values. The stresses are summarized 
in the Table 9-5. 

ILLUSTRATIVE PROBLEM 9-8 For the beam and the conditions specified in I.P. 
9-7, determine the number of high-tensile-strength steel rods, in sheaths having 
a diameter of 1.5 in., that could be used, if the rods were to be used with an 
effective prestress of 82 keach, andfselfsi = 0.85. 

SOLUTION: Assume six rods, so that: 

P = 6 x 82 = 492 kips 

MT = P{e + ,2 iYb) = 1158 = 492{e + 11.03) 

e = 17.3 in. 

Check the computations: 

492,000 ( 17.3 ) . 
fr = - 560 1 + -9.06 = 800 pSI 

492,000 ( 17.3 ) ib = - 560 1 + 11.03 = -2250 psi 

This solution is satisfactory. It should be noted the stress distribution is between 
those of parts (a) and (b) of Fig. 9-13, and the distance from the soffit of the 
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I 4@3" = 1'-0" I 
E ~ 6-11h"4> high-tensile rods 

in lW'4> O_D_ sheath 

Fig_ 9-14_ Position of post-tensioning tendons, LP_ 9-8_ 

beam to the centroid of the tendons is 3_0 in.-a distance that will allow a clear 
concrete cover of 2 in. for sheaths if placed as shown in Fig. 9-14. 

ILLUSTRATIVE PROBLEM 9-9 Assume that the beam for I. P. 9-7 is to be stressed 
with a combination of pretensioned and post-tensioned reinforcement. Deter­
mine the amount and eccentricity of the prestressing required for each of these 
methods, if it is assumed that the maximum, initial, tensile and compressive 
concrete stresses are 350 psi and -2400 psi, respectively, andfsJfsi = 0.85. 
The amount of the post-tensioned reinforcement is to be kept as small as 
possible. Assume that the post-tensioned reinforcement is not to be prestressed 
until the beam has been pretensioned and removed from the casting bed. 

SOLUTION: The maximum distribution of stress that can be allowed by the 
effective prestress in the straight pretensioned tensions is as shown in Fig. 
9-15, for which the values of P and e are: 

C 

A 

24.7 
-2340 x - + 300 = 985 psi 

45.0 

P = 551 kips 

e = (-=-29~50) (+ 11.03) = + 11.81 in. 

Assuming that the supplementary prestressing is accomplished with one post­
tensioned tendon at an eccentricity of 17.5 in. (2.8 in. from the bottom of the 
beam to the centroid the tendon), the prestressing force required to increase the 
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0.85 x 350 = 300 psi 

0.85 x - 0.60 x 4000 = - 2040 psi 

Fig. 9-15. Distribution of stresses, first solution, loP. 9-9. 

bottom-fiber stress, -210 psi, to a total value of -2250 psi, is calculated as 
follows: 

C 

A 

-210 

1 + --( 17.5 ) 
11.03 

P = +45.5 kips 

-81.2 psi 

~ = _ 45,500 ( +~) 
Jt 560 1 -9.06 +76 psi 

45,500 ( 17.5 ) 
fb = - 56() 1 + 11.03 = -210 psi 

Summarizing, the net concrete stresses for this solution are as shown in Table 
9-6. 

If this combination of prestressing is adopted, the value of f~ required for 
conformance to the design criteria is -2364 /0.40 = -5900 psi. If this value 
is too high, the member must be redesigned with a larger top flange, in order 
to resist the compressive stresses, or the tensile stresses in the top flange due to 
prestressing must be increased. 

Because the top-fiber tensile stress resulting from the effective pretensioning 
is confined to + 300 psi, to revise the prestressing so that the value of f~ does 

TABLE 9-6 First Table for I.P. 9-9. 

Stress due to total moment 
Effective prestress: pretension 
Effective prestress: post-tension 
Net concrete stresses 

Top Fiber 

-2740 psi 
+300 psi 
+76 psi 

-2364 psi 

Bottom Fiber 

+2250 psi 
-2040 psi 
-210 psi 

o psi 
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+300 psi 

-2250 + 1420 = -830 psi 

Fig. 9-16. Distribution of stresses, second solution, I.P. 9-9. 

not have to exceed -5000 psi, the post-tensioning must develop +440 psi in 
the top fiber. Thus, the top-fiber compressive stress will not exceed -2000 psi 
under maximum loading conditions. Assuming that the centroid of the post­
tensioned reinforcement is 4.40 in. above the bottom of the beam (e = 15.9 
in.), the force required to develop the required tensile stress of +440 psi in the 
top fiber and the concomitant compressive stress in the bottom fiber are: 

J,=440= -~(1 +~) 
I 560 -9.06 

P = 326 kips 

326,000 ( 15.9 ) 
fb = - 560 1 + 11.03 = -1420 psi 

Hence, the required stress distribution due to the supplementary effective 
pretensioning is as shown in Fig. 9-16, and the P and e required are as follows: 

C 

A 

24.7 . 
-1130 x - + 300 = -320 pSI 

45.0 

P = 179 kips 

( -830 ) 
e = -320 - 1 (+ 11.03) = 17.6 in. 

TABLE 9-7 Second Table for I.P. 9-9. 

Stresses due to M, 
Stresses due to post-tensioning 
Stresses due to pretensioning 
Net concrete stresses 

Top Fiber 

-2740 psi 
+440 psi 
+300 psi 

-2000 psi 

Bottom Fiber 

+2250 psi 
-1420 psi 
-830 psi 

o psi 
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The net concrete stresses resulting from this combination of prestress are 
summarized in Table 9-7. 

The above problem illustrates that the capacity and method of prestressing 
used may be limited by compressive stresses in the top fiber of the beam. This 
condition is particularly acute in beams having long spans and narrow top 
flanges. 

9-8 Preliminary Design of Flexural Members 

The preliminary design of a prestressed concrete flexural member, from an 
analytical point of view, involves proportioning of a concrete section, selection 
of the strength of concrete to be used, selection of the types and grades of 
reinforcements to be used, and determination of the quantities of prestressed 
and nonprestressed reinforcements needed to conform to the applicable design 
standards. In actual engineering practice, however, economic considerations are 
very important, and preliminary design normally involves the study of several 
preliminary design alternatives for the purpose of determining the relative cost 
of the different designs considered acceptable from analytical considerations 
alone. 

In Sec. 4-4, it was shown that for a simple beam that has zero bottom-fiber 
stress in the loaded state, the total moment that the beam can withstand is 
expressed by: 

(9-6) 

In a similar manner, if the stress in the top fiber due to the effects of prestressing 
alone is to be zero, it can be shown that the eccentricity of the prestressing force 
must not be greater than r2 IY, below the centroidal axis of the section (i.e., e 
= _r2 IY,). Therefore, if tensile stresses are not to be permitted in a section 
under the conditions of no load and maximum loads, the relationship of eq. 
9-6 can be written: 

(9-7) 

The relationships are useful in making preliminary designs of fully prestressed 
members because, by assuming values for MD and P, the required value of the 
quantity (e + r 2 /Yb) can be computed. In employing these relationships in 
preliminary design, the engineer should keep the following fundamental factors 
in mind: 

1. Most economical designs of simple beams have values of C / A (the average 
compressive stress in the concrete) between -500 and -900 psi. This gives a 
means of making a rough check on the estimated dead weight of the beam 
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without assuming a specific cross section. (Considerably lower values of average 
prestress, C / A, generally are used in precast members with large top flanges, 
such as T-shaped beams, as well as in solid slabs.) 

2. The dead weight of the beam itself is a small portion of the total load for 
short-span beams, whereas for long-span beams, the dead load of the beam 
itself may be of great importance. 

3. When straight tendons are used in short, simple-span members, the value 
of the quantity (e + r2 iYb) approaches the lower limit as given in eq. 9-7 
(r2/Yt + r2 iYb)' 

4. When curved or draped tendons are used in beams of moderate to long 
spans, the value of e frequently is limited by the dimensions of the concrete 
section, rather than by top- or bottom-fiber stresses, and eq. 9-6 approaches: 

(9-8) 

5. When tensile stresses are allowed in the bottom fibers in the fully loaded 
state, the pressure line goes higher than r2 / Yb above the center of gravity of 
the section, and the relationship given by eq. 9-6 can be rewritten: 

(9-9) 

The value of '" to be assumed in the above relationship must be estimated by 
considering the absolute value of the allowable bottom-fiber tensile stress with 
respect to the absolute value of the bottom-fiber stress resulting from prestressing 
alone. For example, if the bottom-fiber stress due to the effective prestress must 
be confined to -2000 psi, and the allowable tensile stress in the bottom fiber 
is +400 psi, the value of (e + r2 iYb) must be increased by the ratio'" = 
2400/2000 = 1.20 to give an accurate estimate of the movement of the pressure 
line that will take place when the beam is loaded from the condition of zero 
bottom-fiber stress (due to extemalloads) to the point where the stress in the 
bottom fiber is +400 psi. If the bottom-fiber stress due to the effective prestress 
alone is as high as -3000 psi, as it frequently is in long-span, post-tensioned 
members, an allowable tensile stress of +400 psi in the bottom fiber would 
result in a ratio for '" of 3400 / 3000, which is equal to 1.13. 

6. The value of the term (e + r2 iYb) varies from 33 to 80 percent of the 
depth of the beam, depending upon the efficiency of the cross section, the allow­
able stresses, and the dead-load moment. Average values of this factor for use 
in estimating the preliminary design of roof and bridge girders are between 60 
and 75 percent of the depth of the member, with the larger values being appli­
cable to the longer spans and to members with relatively large flanges. 

7. The average value for the depth-to-span ratio for most simple beams can 
be assumed to be 1/20. This ratio does vary between relatively wide limits, 
but for simple beams it is rarely greater than 1/6 or less than 1/24, except for 
solid and cored slabs. 
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ILLUSTRATIVE PROBLEM 9-10 Estimate the depth of a beam required to carry 
a superimposed moment of 800 k-ft on a span of 70 ft using curved tendons. 

SOLUTION: Assume the weight of the girder will be 400 p1f. 

702 

Total moment = 0.40 X ""8 + 800 = 1045 k-ft 

If (e + r 2 /Yb) = 0.70d, and P = 400 kips: 

1045 
d = 0.70 X 400 = 3.73 ft 

This amounts to a depth-to-span ratio of 1 to 18.8. If the average compressive 
stress due to prestressing is -1000 psi, P = 400 k, and A = 400 in.2 , then the 
weight of the girder will be 415 p1f. The estimated dead weight of the beam is 
reasonably close to the assumed value, but the depth is somewhat greater than 
normal for this span. Therefore, try P = 450 k, A = 450 in.2 , and Wd = 470 
plf. 

702 

Total moment = 0.45 X ""8 + 800 = 1088 k-ft 

1088 
d = 0.70 X 450 = 3.46 ft 

The depth-to-span ratio for this prestressing force is 1 to 20.2, which is reason­
able and slightly more slender than average. It is apparent that a preliminary 
estimate can be made with the data developed here, as the magnitude of the 
prestressing force and the concrete quantity are known approximately. 

ILLUSTRATIVE PROBLEM 9-11 For the conditions states for I.P. 9-10, assume 
that the depth of the beam cannot exceed 3.5 ft, owing to headroom restrictions. 
Estimate the prestressing force required, and determine a preliminary cross­
sectional shape. Assume that the member is to be post-tensioned,f~ = -5000 
psi, and no tensile stresses are to be allowed in the bottom fibers. Check the 
estimate. 

SOLUTION: Assume Wd = 0.50 kif and (e + r2 IYb) = 0.70d; then: 

7~ 
Mr = 0.50 X ""8 + 800 = 1106 k-ft 

1106 
P = 0.70 X 3.5 = 451 kips 
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For a beam 42 in. deep, the web thickness normally is about 7 in. The average 
stresses in the flanges can be estimated to be - 2000 psi for the purpose of 
selecting dimensions of the trial section. For the top flange, the total force that 
must be resisted is 451 k because the pressure line will be quite high when the 
beam is fully loaded. Furthermore, the top flange of a member that is 70 ft long 
should be about 70/35 or 2 ft wide. Therefore, the thickness of the top flange 
can be computed by: 

451,000 . 
t = 2000 X 24 == 9.40 In. 

The bottom flange must resist a smaller force than the top flange because the 
dead load of the beam is acting at the time of stressing. The force that the 
bottom flange must resist can be approximated by multiplying the estimated 
prestressing force by the ratio of the moment due to the superimposed load and 
the moment due to the total load, or: 

800 . 
451 kips X 1106 == 330 kips 

Assuming that the width of the bottom flange is to be 18 in., the thickness of 
the bottom flange can be computed by: 

330,000 
t = 2000 X 18 == 9.20 in. 

The assumed trial section is shown in Fig. 9-17, where the estimated values of 
the thicknesses for the top and bottom flanges calculated are shown superim­
posed. 

To check the estimated prestressing force and concrete area, the section 
properties of the trial section are computed as follows: 

A = 576.5 in. 2 1= 115,680 in.4 
Y, = -19.7 in. S, = -5860 in. 3 r 2 /y, = -10.2 in. 

Yb = +22.3 in. r2/Yb = +9.00 in. 

The moment due to dead load is computed as follows: 

702 

MD = 0.60 x 8 = 368 k-ft 

and when combined with the moment due to superimposed load, 800 k-ft, the 
moment due to total load is found to be 1168 k-ft. Assuming e = +22.3 - 4.5 
= + 17.8 in., the prestressing force is computed to be: 
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24" 

7" 

18" .. I 
Fig. 9-17. Cross section of a beam. loP. 9-11. 

p = 1168 X 12 = 523 kips 
17.8 X 9.0 

and the stresses are summarized in Table 9-8. 
Examination of the stresses will reveal that the net compressive stress in the 

top fiberis -1713 psi when the beam is under full load. This value is substan­
tially below the value of -2000 psi, allowable for the assumed concrete 
compressive strength of 5000 psi. In addition, if fci is to be -4000 psi because 
the dead load of the beam is acting at the time of stressing, the -1850 psi 
compression in the bottom fibers is below the allowable initial stress. Therefore, 
the area of the flanges can be reduced. 

TABLE 9-8 First Table for I.P. 9-11. 

Stress due to dead load 
Stress due to superimposed load 
Total 
Stress due to prestressing 
Net stress 

Top Fiber 

-753 psi 
-1640 psi 
-2393 psi 

+680 psi 
-1713 psi 

Bottom Fiber 

+853 psi 
+ 1850 psi 
+2703 psi 
-2700 psi 

+3 psi 
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In addition to considerations of stress, the following factors must be evalu­
ated in selecting the final shape of the section: 

1. Flanges must not be so thin that they might be broken during the handling 
and transportation of the members. 

2. The top flange should have sufficient width to protect against undue lateral 
flexibility during transportation and erection, as well as to ensure that the 
flange will not buckle under load if it is to be used in the completed struc­
ture without supplementary lateral support (see Secs. 4-9 and 17-8). 

3. The bottom flange must be of such shape that the prestressing tendons can 
be positioned with adequate cover and spacing to protect them against 
corrosion and to facilitate placing of the concrete, and, when post­
tensioning is used, the shape of the bottom flange must allow curving of 
the tendons (without small radii of curvature) up into the web while the 
minimum cover is maintained. 

4. For reasons of economy, the shape should be simple as possible to facil­
itate the fabrication. 

5. The slopes provided as transitions between the flanges and the webs should 
be of such size and shape that danger of honeycomb and the entrapment 
of air bubbles in the bottom flange is minimized. In addition, stripping of 
the form is facilitated by large slopes on the flanges. 

24" 

r 

Fig. 9-18. Beam cross section, revised, LP. 9-11. 
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TABLE 9-9 Second Table for I.P. 9-11. 

Stress due to dead load 
Stresses due to superimposed load 
Total 
Stress due to prestressing 
Net stresses 

Top Fiber 

-735 psi 
-1770 psi 
-2505 psi 

+665 psi 
-1840 psi 

Bottom Fiber 

+814 psi 
+1960 psi 
+2774 psi 
-2770 psi 

+4 psi 

In this example, it is assumed that the flanges can be reduced to 6 in. in 
thickness at their extremities, as shown in Fig. 9-18, and the revised section 
properties and stresses are computed as follows: 

A = 520.5 in.2 I = 108,090 in.4 
Yt = -19.9 in. St = -5430 in.3 r2 /Yt = -10.4 in. 

Yb = +22.1 in. Sb = +4900 in.3 r 2 /Yb = +9.39 in. 

The dead load of the member is found to be 0.542 kIf, and the midspan moment 
due to dead load is 332 k-ft. The superimposed dead load moment is 800 k-ft, 
and the moment due to dead plus superimposed loads is equal to 1132 k-ft. 
Assuming the eccentricity of the prestressed reinforcement to be equal to + 22.1 
- 4.5 = + 17.6 in., the prestressing force is computed as: 

1132 X 12 
P = 9.39 X 17.6 = 503 kips 

and the stresses are summarized in Table 9-9. 
It should be noted that the prestressing force required in the final design is 

about 11 percent higher than the preliminary estimate, and the concrete quantity 
is about 4 percent higher in the final design. The errors result from assuming 
(e + r2 iYb) to be equal to 0.70d and its being only O.644d in the final design. 

The initial stress in the bottom fiber should be checked. Assumingfse/fs; = 
0.85, the initial bottom-fiber stress would be -2445 psi, and the value of I;; 
should be -4450 psi if the initial compression is restricted to 0.551;;, and 
-4100 psi if the initial compression is limited to 0.60/;;. 

ILLUSTRATIVE PROBLEM 9-12 Design a pretensioned T-beam to be used in a 
roof on a simple span of 60 ft. The superimposed dead load is 16 psf, and the 
live load is 30 psf. Use a noncomposite section, I; = 4000 psi, /Pu = 270 ksi, 
loss of prestress = 40,000 psi, and /y = 60,000 psi. Allowable stresses and 
load factors are to conform to ACI 318. Use normal-weight concrete and a 
width of 8 ft. 
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Fig. 9-19. Cross section and details of T-beam used in loP. 9-12. 

SOLUTION: The depth-to-span ratio for simple prestressed beams is usually 
between 1 in 16 and 1 in 22 but may be as shallow as 1 in 40. For a span of 
60 ft, the depth would be expected to be between 3.75 ft and 2.75 ft. Because 
the span is relatively long, a depth-to-span ratio of 1 in 40 probably is not 
feasible. For a first try, assume a depth of 2.75 ft. The top flange can have a 
variable depth to save dead load and to give greater depth at the face of the web 
where the cantilever moment is greatest. Shear would not be expected to be a 
problem on a span of 60 ft with roof loads. An 8-in.-wide web probably will 
provide sufficient space for the tendons. In view of these considerations, adopt 
the trial section shown in Fig. 9-19a. The properties of the section are summa­
rized as follows: 

A = 572 in.2 1= 54,863 in.4 

Y, = -8.62 in. S, = -6365 in.3 r2 h, = -11.13 in. 

Yb = +24.38 in. Sb = +2250 in.3 r2 hb = +3.93 in. 
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TABLE 9-10 First Table for I.P. 9-12. 

Load Moment 

Total dead load 
Superimposed dead load 
Superimposed live load 

596 plf 
128 plf 
240 plf 

268.2 k-ft 
57.6 k-ft 

108.0 k-ft 

The loads and maximum moments are summarized in Table 9-10, and the 
stresses at midspan are summarized in Table 9-11. 

The stresses are relatively low and it is apparent that a solution can be found 
with this depth. Allowing a bottom-fiber tensile stress of 8Jjf, = + 506 psi, 
the prestress must equal -1807 psi in the bottom fibers. 

Assume that the centroid of the prestressed reinforcement is located 4.0 in. 
from the soffit of the beam, and, hence, its eccentricity is -20.38 in. By using 
this eccentricity, the prestressing force required for a bottom fiber stress of 
-1807 psi is computed as follows: 

C -1807 
-=----
A 1 + -20.38 

+3.93 

-292 psi 

P = - (-292)(572) = 167 kips 

Assuming that the strands have an initial stress of 0.701;, .. = 189 ksi (after 
transfer) and the loss of prestress is 40 ksi, each strand will have an effective 
force of (0.153)( 149) = 22.8 k, and 7.32 strands would be required to provide 
a force of 167 kips. Using the eight-tendon layout shown in Fig. 9-19b, the 
distance from the soffit to the centroid of the prestressed reinforcement is: 

d' = 3 X 2 + 3 X 4 + 2 X 6 = 3.75 in. 
8 

and the eccentricity is +20.63 in. Using these values for the initial prestressing 
force and the eccentricity, the top- and bottom-fiber stresses due to prestressing 

TABLE 9-11 Second Table (midspan stresses' for 
I.P.9-12. 

T.D.L. 
S.D.L. 
S.L.L. 
Total 

Top Fiber 
(psi) 

-506 
-109 
-204 
-819 

Bottom Fiber 
(psi) 

+1430 
+307 
+576 

+2313 
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are: 

8 X 22,800 ( 20.63 ) 
/, = 572 = 1 + _ 11.13 = + 272 psi 

8 X 22,800 ( 20.63 ) 
fb = 572 = 1 + +3.93 = -1993 psi 

This results in a satisfactory design from an elastic design viewpoint with an 
average prestress of - 319 psi. The stresses at the end of the member would 
have to be controlled by preventing bond on two or three tendons or deflecting 
the tendons upward at the ends to reduce the eccentricity. 

For this solution, the midspan flexural strength is computed as follows: 

Aps = 8 X 0.153 = 1.224 in. 2, b = 96 in., d = 29.25 in. 

= 1.224 = 0.000436 
Pp 96 X 29.25 

( 0.5 X 0.000436 X 270) . 
1;,s = 270 1 - 4.0 = 266.0 kSl 

w = p 
0.000436 X 266.0 

4.0 

= 0.0290 < 0.30 :. underreinforced 

1.4 dwp = 1.19 in. < 2.00 in. 

Therefore, analyze as a rectangular beam: 

ApsJ;,s . 
a = -b.1" = 1.00 In. 0.85 ,,; 

A..M = d - - = 702 k-ft 
0.90 Aps1;,s ( a) 

~ n 12 2 

Mu = 1.4[268.2 + 57.6] + 1.7[108.0] = 639.7 k-ft 

The flexural capacity is about 10 percent greater than the minimum required. 
The design shear at each reaction is: 

Vu = [1.4(724) + 1.7(240)] 620 = 42,6501b 

v = 42,650 = 182 psi = 2.88Jjf. 
u 8 X 29.25 c 
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A . ~ 1.224 x 270 x [2 J29.25 
vrnm 80 x 60 x 29.25 8 

= 0.054 in.2/ft 

Av/y 0.054 x 60,000 . 
v = - = = 34 pSI 

s bws 8 x 12 

Therefore, with minimum reinforcement: 

<bvn = 0.85 (126 + 34) = 136 psi 

Using eq. 6-2 converted to unit stress: 

~ 29.25(60 - 2x) 
Vc = 0.6,,4000 + 700 ( ) 

12x 60 - x 

= 37.9 + 1706(60 - 2x) 
x(60 - x) 

The computations for v c are summarized in Table 9-12. Note that 5.Ji'c = 316 
psi and 2.Ji'c = 126 psi, and stirrups are not required by stress considerations. 

The design should be completed by making short-and long-term deflection 
studies and comparing the results to the design criteria being used, or to other 
performance standards that the designer may wish to adopt. 

If the designer were to elect to use a depth-to-span ratio of 1 in 30, the depth 
would be 24 in. rather than 33 in., and the section properties would become: 

A = 500 in. 2 I 12,810 in.4 

Yt = -5.75 in. -3793 in. 3 

Yb = + 18.25 in. 

r2 IYt = -7.59 in. 

r2 IYb = +2.39 in. 

Loads and midspan moments are as summarized in Table 9-13, and the flexural 
stresses at midspan are shown in Table 9-14. Using 8.Ji'c tension in the bottom 

TABLE 9-12 Third Table for I.P. 9-12. 

x vc Vsmin. cp(vc + v,) vu 
(tt) (psi) (psi) (psi) (psi) 

0 316 34 298 182 
6 316 34 298 146 
9 194 34 194 127 

12 145 34 152 109 
15 126 34 136 91 
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TABLE 9-13 Fourth Table for I.P. 9-12. 

Beam dead load 
Superimposed dead load 
Superimposed live load 

Load 

521 plf 
128 plf 
240 plf 

Moment 

234.4 k-ft 
57.6 k-ft 

108.0 k-ft 

fiber, the required bottom-fiber prestress is -3511 psi. Assuming e = 18.25 
- 4.0 = 14.25 in.: 

p= 500 X -3511 _ 52 ki 
14.25 - 2 ps 

1 + 2.39 

This requires 11 strands, and the average prestress in the concrete is -504 psi. 
Using 12 strands spaced 2 in. on center, as shown in Fig. 9-19c, e = 18.25 -
5.00 = + 13.25 in., and: 

+ = _ 22,800 X 12 ( 13.25) = +408 . 
Jt 500 1 + -7.59 PSt 

+ = _ 22,800 X 12 ( 13.25) = -3581 . 
Jb 500 1 + 2.39 PSt 

This, too, is a satisfactory solution for elastic flexural stresses. The average 
prestress of -547 psi is greater than the -319 psi required with a depth of 33 
in.; hence, more creep deformation must be accommodated in the structure if 
the 24 in. depth is used. Bond prevention or tendon deflection must be used to 
control the stresses. The latter would be preferred for the 24 in. depth because 
of the high bottom-fiber prestress. 

TABLE 9-14 Fifth Table for I.P. 9-12. 

B.D.L. 
S.D.L. 
S.L.L. 
Total 

Top 
(psi) 

-742 
-182 
-342 

-1266 

Bottom 
(psi) 

+2354 
+578 

+1085 
+4017 
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TABLE 9-15 Sixth Table for I.P. 9-12. 

x Vc v. q,(Vc + v.) Vu 
(ft) (psi) (psi) (psi) (psi) 

0 316 63 322 260 
3 316 63 322 234 
6 202 63 225 208 
9 139 63 172 182 

12 126 63 160 156 
15 126 63 160 130 
18 126 63 160 104 

The flexural strength computations become: 

12 x 0.153 
Pp = 96 x 19 = 0.00101 

/ps = 260.8 ksi 

wp = 0.0656 < 0.30 

1.4 dwp = 1.75 in. < 2.00 in. 

a = 1.47 in. 

cbMn = 656 k-ft 

Mu = 592.4 k-ft 

I 443 

The flexural strength is about 11 percent greater than the minimum required. 
The design shear at each reaction is 39,500 lb, and: 

39,500 . 
Vu = 8 x 19.0 = 260 PSt 

1.836 X 270 X 12 (19 . 2 

Aumin = 80 X 60 X 19 ~8 = 0.100 lD. 1ft 

Using eq. 6-2 converted to unit stress: 

= 379 1108(60 - 2x) 
Vc • + x(60 - x) 

and the computations for shear stresses are as summarized in Table 9-15. As 
will be seen, shear reinforcing greater than the minimum permitted is required 
by stress considerations between 6 and 12 ft from the ends of the beam. 

To complete the design, a deflection study should be made. 



444 I MODERN PRESTRESSED CONCRETE 

The above example demonstrates that there is a family of acceptable designs. 
One designer may prefer the deeper T -beam over the more shallow one because 
of the lower average prestress, and hence lower deferred strain, as well as 
because of the smaller deflections associated with deeper members. Concrete 
stresses are only one design parameter that must be considered; frequently, the 
designer selects a design with concrete stresses lower than the maximum 
permitted under service loads. 

ILLUSTRATIVE PROBLEM 9-13 Prepare the preliminary design for a simple post­
tensioned beam that is to be used on a span of 32 ft. The beam is to have a 
composite concrete slab that is 5 in. thick. Superimposed dead and live loads 
are 20 psf and 125 psf, respectively. The width tributary to the beam is 30 ft. 
Assume the beam and slab concrete has a specified compressive strength of 
4000 psi at age 28 days, and that the beam and slab are cast in place monolith­
ically. Use the allowable stresses of ACI 318. 

SOLUTION: The relatively short span and high superimposed loads will render 
shear stresses an important design consideration. The loads without the beam 
stem are as follows: 

Slab (tributary width of 30 ft): 1875 plf 
Superimposed dead load: 600 plf 
Superimposed live load: 3750 plf 

The live load is greater than the dead loads; hence, a bottom flange may be 
required to resist the prestressing force when the live load is not applied. 

The span-depth ratio for a heavily loaded beam is generally lower than for a 
lightly loaded beam. In view of these considerations, for a first trial section, 
adopt a beam that has an overall depth of 2 ft (span-depth ratio of 16) and a 
width of 12 in. with no bottom flange. The trial section is shown in Fig. 9-20. 
The top flange width is taken to be 16 times the flange thickness plus the width 
of the web. For the assumed section, the area is 688 in. 2 , and the moment of 
inertia is 29,768 in.4. The other section properties are as follows: 

Yt = -6.48 in. 

Yb = + 16.52 in. 

St = -4594 in. 3 

Sb = + 1600 in. 3 

r2 iYt = -6.68 in. 

r2 iYb = +2.47 in. 

The weight of the beam stem is 238 plf, and the midspan moments are: 

Beam/slab dead load (238 + 1875)( 128) = 270.5 k-ft 
Superimposed dead load ( 600)( 128) = 76.8 k -ft 
Superimposed live load (3750)( 128) = 480.0 k-ft 

Total moment = 827.3 k-ft 
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Fig. 9-20. Beam cross sections used in I.P. 9-13. 
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Midspan flexural stresses are summarized in Table 9-16. A review of the flexural 
stresses reveals that the section will not be satisfactory because the bottom-fiber 
stresses are too high for concrete having a specified strength of 4000 psi. If the 
bottom flange were increased in width to 24 in., the bottom-fiber stress due to 
total load should be reduced to an acceptable value and result in an acceptable 
solution. 

TABLE 9-16 First Table for I.P. 9-13. 

Beam/slab dead load 
Superimposed dead load 
Superimposed live load 

Total load 

Top 
(psi) 

-707 
-201 

-1254 
-2162 

Bottom 
(psi) 

+1911 
+542 

+3390 
+5843 
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Adding a bottom flange to the section, as shown in Fig. 9-20b, is another 
alternative. With the bottom flange, the area of the section is 778 in. 2, the 
moment of inertia is 44,985 in.\ and other section properties become: 

Yt = -8.05 in. St = -5588 in. 3 r2 ht = -7.18 in. 

Yb = + 15.95 in. St = +2820 in.3 

The additional dead load due to the bottom flange is 94 plf, and the loads and 
midspan moments are: 

Beam/slab dead load: 2207 plf, 282.5 k-ft 
Superimposed dead load: 600 plf, 76.8 k-ft 
Superimposed live load: 3750 plf, 480.0 k-ft 

and the midspan flexural stresses are as summarized in Table 9-17. If tensile 
stresses were used, a solution would be possible with this section, provided that 
the tendon could be sufficiently eccentric to nUllify the effects of dead load. The 
maximum tension necessary is +3571 + (-1202 - 327 - 1800) = +242 
psi. (It should be noted that 1800 psi is equal to 0.45/; for a specified concrete 
compressive strength of 4000 psi. ) With a tension of + 242 psi and an assumed 
eccentricity of + 12.00 in., the prestressing force required its: 

3329 X 778 
p = 00 = 601.5 kips 

12. 
1 + 3.63 

and the average compressive stress in the concrete due to prestress is -773 psi. 
This value of average prestress is not unrealistic but would cause significant 
creep deformation. 

A shear analysis for the member, based upon/y = 60,000 psi and a parabolic 
path for the tendon (e = + 12.00 in. at midspan), is summarized in Table 
9-18. A review of this table will show that the 12-in.-thick web results in only 
minimum shear reinforcement being required. Hence, the web thickness could 
be reduced if the designer so desired. 

TABLE 9-17 Second Table for I.P. 9-13. 

Beam/slab dead load 
Superimposed dead load 
Superimposed live load 

Total load 

Top 
(psi) 

-607 
-165 

-1031 
+1803 

Bottom 
(psi) 

+1202 
+327 

+2042 
-3571 
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TABLE 9-18 Summary of Shear Stresses. I.P. 9-13. 

Length Vci Vcw Vc VU A" 
Pt. (ft) (psi) (psi) (psi) (psi) (in. 2 1ft) 

.00 .000 infin 779.0 779.0 841.8 0.2419 

.05 1.600 1303.7 747.0 747.0 757.7 .1200 

.10 3.200 870.8 714.3 714.3 673.5 .1200 

.15 4.800 682.6 681.7 681.7 589.3 .1200 

.20 6.400 555.4 649.1 555.4 505.1 .1200 

.25 8.000 452.3 616.4 452.3 420.9 .1200 

.30 9.600 361.0 583.8 361.0 336.7 .1200 

.35 11.200 276.2 551.2 276.2 252.5 .1200 

.40 12.800 192.1 517.3 192.1 165.1 .1200 

.45 14,400 113.2 484.7 113.2 81.1 .1200 

.50 16.000 37.9 453.3 107.5 000.0 .1200 

The cost of fonning the bottom flange, and the added costs of placing 
reinforcing steel stirrups in a beam of this shape, are barriers to the adoption of 
this section as a final one. 

Rather than adding the bottom flange, another solution would be to increase 
the depth of the beam. 

Still another solution would be to increase the depth as well as the stem 
width. Increasing the depth to 32 in. and increasing the stem width to 16 in. 
will be the basis for another trial. Using a top flange width of 8 ft (L /4), the 
area and moment of inertia of the section are 912 in. 2 and 85,450 in.4, respec­
tively, and the other properties needed for flexural stress computations are: 

Yt = -10.08 in. St = -8477 in. 3 ,2 ht = -9.30 in. 

Yb = +21.92 in. Sb = +3898 in. 3 ,2 hb = +4.27 in. 

The midspan stresses become as shown in Table 9-19. 
An examination of these stresses will show that the superimposed dead and 

live loads cause a bottom-fiber stress of + 1713 psi. Hence, tensile stresses can 
be avoided with the solution, if so desired. It also should be apparent that the 
height or thickness of the stem could be reduced if that is desired. 

TABLE 9-19 Fourth Table for I.P. 9-13. 

Beam/slab dead load 
Superimposed dead load 
Superimposed live load 
Total load 

Top 
(psi) 

-421 
-109 
-679 

-1209 

Bottom 
(psi) 

+916 
+236 

+1477 
+2629 



448 I MODERN PRESTRESSED CONCRETE 

The prestressing force required can be determined for the case of zero tension 
by: 

854.4 X 12 
Pse = 2/ e + r Yb 17.92 + 4.27 = 462.0 kips 

in which e = +21.92 - 4.00 = +17.92 in. 
This solution can be checked as follows 

fr= 462,000 (1 + 17.92) 
912 -9.30 

+470 psi 

462,000 ( 17.92) 
fb = 912 I + 4.27 = -2633 psi 

If one wished to permit tensile stresses under full load, the prestressing force 
could be reduced. 

For a tensile stress of 6.Jic = 379 psi, the prestressing force can be deter­
mined from eq. 4-4 as follows: 

912 X (-2629 + 379) 
P = - 17.92 = 394.9 kips 

1+--
-4.27 

To complete the design, one must investigate short-and long-term detlec­
tions, design the shear reinforcement, and confirm the adequacy of the flexural 
strength. 

9-9 Shear Reduction Due to Parabolic Tendon Curvature 

In Sec. 4-6, it was shown that the curvature of prestressing tendons results in a 
reduction in the shear force that the concrete must withstand. Furthermore, it 
was shown that this reduction is equal to the vertical component of the 
prestressing force at the point under consideration. The vertical component of 
the prestressing force is equal to P sin a, in which a is the angle of inclination 
of the tangent to the prestressing tendon, with respect to the centroidal axis of 
the member, at the point under consideration. 

Because the angle is small in almost all instances, the sine and tangent are 
practically equal. Hence, the tangent can be used in computing the vertical 
component of the prestressing force without introducing significant error. 

The computation of the tangent of the angle of inclination for tendons placed 
on a series of chords is basic and requires no explanation. For tendons on second­
degree parabolic curves, the computation of the tangent of the angle of incli­
nation is equally simple if the properties of a parabola are understood. 
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Fig. 9-21. Diagram of fundamental properties of a parabola. 

A parabola is shown in Fig. 9-21 with the dimensions and tangents that are 
most important in the analysis of prestressing shear forces. It will be seen from 
the figure that the tangent to the parabola at the centerline of the support is 
inclined at an angle of a to the reference line parallel to the centroidal axis of 
the member, and that the tangent of the angle a is equal to: 

2E 4E 
tana=--=-

L/2 L 
(9-10) 

The dimension E is the total displacement of the prestressing force and is equal 
to the normal eccentricity of the force only when the eccentricity of the 
prestressing force is zero at the ends. The units of E and L must be the same. 

It is apparent from the freebody diagram of Fig. 9-22, in which the forces 
that act on the concrete as a result of prestressing with a parabolic tendon are 
shown, that the vertical component of the prestressing force results in a 
uniformly distributed upward load on the beam. It also should be apparent that 
the internal shear forces resulting from the vertical component of the prestressing 
force vary uniformly from a maximum value at the support to zero at midspan. 
Hence, the vertical component of the shear stress carried by the tendon at points 
between the end and the midspan of the beam can be determined by the following 
relationship: 
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. LI2 - X 
P sm ex = P sin ex x LI2 (9-11 ) 

in which x is the distance from the support to the point under consideration. 
Although the relationships presented here are derived for tendons placed on 

second-degree parabolic paths, they normally can be applied to tendons placed 
on other curves without introducing significant error. If the displacement of a 
tendon is very large in comparison to the span, as is sometimes the case in post­
tensioned folded plates or shells, it is advisable to compute the reduction in 
shear using the sine of the angle at the point under consideration as determined 
from the tendon layout. 

An example of the computation of the shear component for a tendon on a 
second-degree parabolic curve is given in I.P. 4-10. 

9-10 Locating of Pretensioning Tendons 

The selection of the location or pattern of the pretensioning tendons must be 
made after the cross-section shape, the prestressing force, and the eccentricity 
have been determined. This is done by trial, and generally can be accomplished 
quickly if the computations are made according to a specific procedure. The 
procedure consists of first determining the number of tendons required, by 
dividing the required effective prestressing force by the maximum allowable 
effective prestressing force for one tendon. Second, the positions of the required 
number of tendons are determined by computing moments of the tendons at 
assumed locations, which are adjusted and readjusted as required until the 
centroid of the tendons is at the desired location. The procedure can be illus­
trated by the sketch of Fig. 9-23, which represents the cross section of a beam 
that requires N tendons placed with their centroid at a distance d' from the 
bottom of the beam. If n), n2, n3, ... nn represent the number of tendons in 
the first, second, third, and nth rows from the bottom of the beam, and Y), Y2' 
Y3, ... Yn represent the distances from these rows to the bottom of the beam, 

Psina 

Pcos a 

t=tsupport L 
2 

tBeam 

p 
I 

~ I 
Fig. 9-22. Freebody diagram of the forces exerted on a beam prestressed by a tendon 

having a second-degree parabolic path. 
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Fig. 9-23. End elevation of a pretensioned concrete beam. 

it is apparent that in order to obtain the desired location, the following relation­
ship must be satisfied: 

Nd' = I: (Ylnl + Y2~ + Y3n3 + ... Ynnn) (9-12) 

Because the values of N and d' are known, the majority of the tendons can be 
located, and the value of the term to the right of the equals sign adjusted to the 
desired value with the remaining tendons. 

It is apparent that the majority of the tendons will be near the bottom of the 
member in order to achieve the required eccentricity. It is desirable that some 
tendons be supplied near the top of most members for the purpose of supporting 
the reinforcing, inserts, and other embedded items. This frequently can be done 
with the required number of tendons, without supplying additional tendons 
specifically for this purpose. 

In tendon patterns that have some tendons high in the section, the upper 
tendons should be disregarded in computing the ft.exural strength of the section. 
The distance to the centroid of the lower group of tendons, which would be 
highly stressed at ultimate load, should be determined for use in calculating the 
ultimate moment capacity. 

ILLUSTRATIVE PROBLEM 9-14 Compute the location of the tendons required 
to produce a prestressing force of 538 k at an eccentricity of + 11.9. in. in the 
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Fig. 9·;Z4. End elevation of pretensioned concrete beam, showing tentative tendon 
layout, loP. 9-14. 

AASHTO-PCI bridge beam, type ill, if the tendons to be used have an effective 
force of 11 k each, and Yb = +20.3 in. 

SOLUTION: The number of tendons required is computed as 538/11 = 49 
each. The distance from the soffit of the beam to the center of gravity of the 
steelis computed as d' = 20.3 - 11.9 = 8.4 in., andNd' = 49 x 8.4 = 412. 
The summation of the moments of the tendons in their final location should 
equal 412. Forty-five of the tendons are tentatively positioned as shown in Fig. 
9-24, and the moment of the tendons computed about the bottom of the section 
is equal to 278. Therefore, the remaining four tendons must have an average 
distance from the bottom of the beam equal to: 

412 - 278 
Yavemge = 4 = 33.5 in. 
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This average distance is of the order of 75 percent of the depth of the beam, 
and it appears that the tendon layout should be adjusted in order to include one 
more tendon in the bottom group. Therefore, the pattern is revised by increasing 
the number of tendons in the sixth row, from the bottom of the second, to 5 
and reducing the number of tendons in the seventh row, to 2. The moment of 
the 45 tendons in the revised tendon pattern is 287.25. The average distance 
required for the three remaining tendons is computed as follows: 

412 - 287.25 
Yaverage = 3 = 41.5 in. 

The final tendon layout is illustrated in Fig. 9-25. The values of d' and d~ 
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Fig. 9-25. End elevation of pretensioned concrete beam. showing final tendon layout. 
loP. 9-14. 
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are computed as follows: 

411.75 . 
d' = ~ = 8.40 10. 

d' = 287.5 = 625· 
u 46 . 10. 

The flexural strength should be computed on the basis of the lowest 46 tendons 
having their center of gravity located 6.25 in. from the soffit of the beam. 

9-11 Stresses at Ends of Prismatic Beams 

In employing bond prevention or in using nonprestressed reinforcing as a means 
of controlling the stresses resulting from initial prestress at the end of a beam, 
it is necessary to analyze the flexural stresses resulting from the dead weight of 
the beam near its end. This is needed to detennine the limits over which the 
bond must be prevented or over which the special end reinforcement should be 
provided. This can be done by using the fundamental principles of strength of 
materials through the use of factors selected from unit parabolic curves, or by 
computing the location of the required dead load stresses through the use of the 
known properties of parabolas. These methods should yield identical results. 
The use of the latter method is shown in the following problem. 

ILLUSTRATIVE PROBLEM 9-15 Compute the length over which nonprestressed 
reinforcing is required at the ends of a simple prismatic beam in which the top­
fiber stresses due to initial prestressing are equal to + 360 psi, and the maximum, 

¢. Support 

.. 

¢.Beam 

,...::! 

.. -
.... -

Fig. 9-26. Diagram used to compute stresses at different locations along the length of 
a beam having a parabolic moment diagram, J.P. 9-15. 
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allowable tensile stress without nonprestressed reinforcing is + 190 psi. The 
stress in the top fibers at midspan of the beam due to dead load alone is -730 
psi. The beam has a span of 70 ft. 

SOLUTION: The stress due to dead load in the top fiber varies parabolically, 
as shown in Fig. 9-26. It is necessary to detennine the distance from the end 
of the beam, where the top-fiber stress is 360 - 190 = 170 psi, because at this 
location the net concrete stress will be + 190 psi, which can be allowed without 
nonprestressed reinforcement. The ordinates of the parabola vary according to 
the relationship: 

fmidspan - Ix = (L/:/~ xYfmidspan 

which can be written: 

L [ (fmidspan - 1x)1/2] 
x = - 1-

2 fmidspan 

Using the values given in the example: 

_ [ (730 - 170)1/2] 
x - 35 1 - 730 

= 35 x 0.125 = 4.37 ft 

9-12 Length of Bond Prevention 

When the initial prestressing stresses at the ends of a simple pretensioned beam 
exceed the allowable stresses, the effect of the prestressing can be reduced by 
preventing bond on a specific number of tendons over a specific length, as is 
explained in detail in Sec. 8-7. The length over which the bond must be 
prevented can be computed according to the methods suggested in Sec. 9-11. 
The number and location of tendons that should be prevented from bonding to 
the concrete can be determined by computing the effect of one tendon in each 
of the lower rows of the tendon pattern and then, by trial, determining the 
number of tendons in each row that should be prevented from bonding to the 
concrete. 

ILLUSTRATIVE PROBLEM 9-16 The double-tee beam shown in Fig. 9-27 has a 
simple span of 64.3 feet and is pretensioned with nine strands, each of which 
has an area of 0.153 in.2, in each leg. The strands, which are placed in three 
rows of three strands in each leg, have 2-in. center-to-center spacings, vertically 
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Fig. 9-27. Cross section of double-tee beam used in loP. 9-16. 

and horizontally, with the centroid of the nine-strand groups being located 4 in. 
above the soffits of the legs. The prestressed reinforcement has a minimum 
guaranteed ultimate tensile strength of 270 ksi, a jacking stress of 189 ksi, and 
an effective prestress of 154 ksi. The normal-weight concrete in the double-tee 
beam and the sand-lightweight concrete in the topping (115 pef) have specified 
compressive strengths of 5000 and 3500 psi, respectively. Compute the distance 
over which bond must be prevented if the double-tee beam has a dead load of 
671 plf" and the allowable initial compressive and tensile stresses in the concrete 
are -2100 and + 177 psi, respectively. Assume that the ratio of the elastic 
moduli of the prestressed reinforcement and the concrete, n, at the time of 
prestressing, is 14.0. The area of the double-tee beam is 840 in.2, and the 
moment of inertia is 43,759 in.4. The section properties needed for the compu­
tation of flexural stresses are: 

Yt = -7.175 in. r2 jyt = -7.26 in. 

Yb = +16.825 in. Sb = +2600 in. 3 r2 jyb = +3.10 in. 

SOLUTION: For 18 strands, Aps = 2.754 in.2, e = + 12.825 in., and from eq. 
7-3: 

k _ (12.825)2(840) _ 
s - 1 + 43759 - 4.16 

Using eq. 7-2 with Md expressed in kip-ft: 

+ = 2165 - 2.954Md 
Jegs 1000.4 

and for 12 strands, Aps = 1.836 in.2, e = +11.825 in., ks = 3.68, and: 

1277 - 2.724Md 
!cgs = 934.6 
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The stress in the prestressing steel after elastic shortening, Is;, is: 

Is; = Isj - n/CgS 

The initial concrete stresses in the top and bottom fibers, respectively, are: 

and: 

f, Is;Aps ( ep1Yt ) 12Md = --- 1 +- +--
t A ,2 St 

h Is;Aps ( ep1Yb ) 12Md = --- 1 +- +--
b A ,2 Sb 

The computations are summarized in Table 9-20. The results at the 20th 
points (from the support to midspan) as well as at 6 and 7 ft from the support 
are given for 18 strands; for 12 strands, the results are given at the support and 
at 2 ft from the support. Because the transmission length for 4-in. strands is on 
the order of 25 in., the 12 strands can be bonded full length without exceeding 
the permissible stresses. All 18 strands can be fully bonded at 7 ft from the end 
without the stresses being excessive; in consideration of the transmission length, 

TABLE 9-20 Table for I.P. 9-15. 

Distance 
from End Md eps ept fc.g .•. f t fb fsi Pi 

(ft) (k-ft) (in.) (in.) (ksi) (ksi) (ksi) (ksi) (k) 

0.000 .000 +12.825 +12.825 -2.163 +.398 -2.675 158.713 437.097 
3.215 65.888 +12.825 + 12.825 -1.968 +.276 -2.417 161.438 444.600 
6,430 124.840 +12.825 +12.825 -1.794 +.166 -2.186 163.875 451.313 

.5 9.645 176.857 + 12.825 +12.825 -1.640 +.069 -1.983 166.026 457.236 

'" 0"' 
12.860 221.939 + 12.825 +12.825 -1.507 -.014 -1.806 167.890 462.370 

"0 '" 16.075 260.085 +12.825 +12.825 -1.395 -.085 -1.657 169.467 466.713 c"'" ell"> 19.290 291.295 +12.825 + 12.825 -1.302 -.144 -1.534 170.758 470.267 _f'-
(I). 

N 22.505 315.570 +12.825 +12.825 -1.231 -.189 -1.439 171.761 473.031 
~ II 25.720 332.909 +12.825 +12.825 -1.180 -.221 -1.371 172.478 475.006 

-..::'G.. 28.935 343.312 +12.825 +12.825 -1.149 -.241 -1.331 172.908 476.191 
32.150 346.780 +12.825 +12.825 -1.139 -.247 -1.317 173.052 476.585 
0.000 .000 +12.825 + 12.825 -2.163 +.398 -2.675 158.713 437.097 
6.000 117.400 +12.825 +12.825 -1.816 +.180 -2.215 163.567 450.465 
7.000 134.600 + 12.825 +12.825 -1.765 +.147 -2.148 164.279 452.424 

.5 
'" 0"' "0 '" c'" e«> _00 

(I)""'; 

~ II 
0.000 .000 + 11.825 + 11.825 -1.367 +.233 -1.789 169.851 311.847 

-..::a 2.000 41.800 + 11.825 + 11.825 -1.245 +.153 -1.614 171.556 314.978 



458 I MODERN PRESTRESSED CONCRETE 

TABLE 9-21 Table for I.P. 9-16. 

Bottom Slab Moment of 
20th Thickness Area Inertia Yb Weight 
Pt. (in.) (sq. in.) (in.4) Yt (in.) (in.) (plf) 

0.00 12.000 9744.5 8847614 -40.7 37.3 10,150 
0.05 10.438 9313.4 8543251 -39.5 38.5 9,700 
0.10 8.875 8882.0 8169629 -38.1 39.9 9,250 
0.15 7.313 8450.1 7714397 -36.5 41.5 8,800 
0.20 5.750 8019.5 7161480 -34.6 43.4 8,350 

the bottom 6 strands can be prevented from bonding to the concrete for 5 ft at 
each end. 

ILLUSTRATIVE PROBLEM 9-17 A continuous cast-in-place post-tensioned 
bridge is to have the cross section shown in Example IV of Appendix B. 
Assuming that the bottom slab thickness varies linearly from 5.75 in. to 12 in. 
over a length equal to 0.20 times the span length, compute the gross section 
properties for the cross section at the 20th points between 0 and 0.20L. 

SOLUTION: The results of the computations are summarized in Table 9-21. 

REFERENCE 
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10-1 Introduction 

Flexural 
Continuity 

Continuity is provided in the construction of prestressed concrete buildings, 
bridges, and other structures for the same basic reasons that it is used with other 
materials, including savings in construction materials and reductions in 
construction costs. Of perhaps greater importance are the advantages of 
improved performance under service and design loads as a result of smaller 
deflections, increased redundancy, and, in some cases, improved performance 
under dynamic loads. Because these benefits are approximately the same for 
structural elements made with prestressed concrete and those made with other 
materials used in comparable applications, they will not be discussed in detail 
in this book. 

Continuous prestressed members, whether made of concrete or of another 
structural material, have a unique characteristic that the structural engineer must 
not overlook, involving the moments, shear forces, and reactions that result 
from the prestressing itself. A continuous prestressed flexural member, if free 
to deform (i.e., unrestrained by its supports), deforms axially and most 
frequently deflects transversely from its original shape. If the transverse deflec-
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tions due to prestressing are restrained by the supports, moments and shear 
forces are created as a result of the restraint. The moments induced in the 
continuous members by the restraint of the transverse deformations are often 
referred to as the secondary moments (and secondary shear forces) due to 
prestressing or, more simply, the secondary moments, and the reactions at the 
supports that are created by restraining the deformations are often referred 
to as secondary reactions due to prestressing or, more simply, the reactions 
due to prestressing. Methods of determining the secondary effects, using the 
classical methods of analysis for indeterminate structures, are illustrated in 
this chapter. 

The inelastic deformations of structural elements made from materials that 
are subject to time-dependent deformations, such as concrete, can be an impor­
tant consideration in some prestressed-concrete continuous members. For stati­
cally indeterminate concrete flexural members constructed monolithically in a 
topology (configuration) that remains unchanged throughout their useful lives, 
the inelastic behavior of the concrete does not affect the internal moments and 
shear forces, except for the effect of the loss of prestress. On the other hand, a 
member initially constructed in a topology that is subsequently changed to 
another can experience significant time-dependent changes in its internal 
moments and shear forces. This change can be greater than those due to the 
loss of prestress alone. The time-dependent changes result from inelastic defor­
mations of the concrete that tend to make the member behave as it would have 
done if it had been originally constructed in the final topology. This consider­
ation is discussed in detail in Sec. 10-9. 

There are many different ways of configuring continuous prestressed concrete 
beams and frames. Cast-in-place and precast concrete construction both are used 
effectively in the construction of continuous beams and frames. It is not possible 
to discuss all of the possible configurations in a book such as this. The reader 
should be aware that the structural configurations found to be economical in the 
construction of continuous bridges vary greatly from one region of the country 
to another, and the same is true for building construction. Some of the types of 
continuous beams used in bridge and building construction are described in 
Chapters 13 and 14. The reader can find much more information on these 
subjects through publications of numerous local and national trade associations 
related to the concrete construction industry. 

Many engineers have the impression that continuous prestressed structures 
are difficult to design and analyze because of the moments that result from the 
deformation of the structure during prestressing. As will be seen in the following 
discussion, except for structures constructed by using methods that involve 
changes in the topology of the structure, the analysis of continuous prestressed 
structures is not particularly complex and involves only familiar principles used 
in the analysis of elastic statically indeterminate structures. 
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10-2 Elastic Analysis with Straight Tendons 

The moment due to dead and live loads in an indetenninate prestressed-concrete 
structure are calculated by using the same classical methods employed in 
analyzing statically indetenninate structures composed of other materials. The 
one significant difference in a prestressed structure is that secondary moments 
mayor may not result from the prestressing. These moments, which are due to 
defonnation of the structure, also are calculated by the usual methods of indeter­
minate analysis. In most areas of structural design, the tenn secondary moments 
denotes undesirable moments that must be avoided if possible. In prestressed 
concrete design, the secondary moments are not always undesirable, and more 
often than not they cannot be avoided. It is essential that the designer be aware 
that such moments do exist and that they must be included in the design of 
statically indetenninate prestressed structures. 

In the design and analysis of continuous prestressed concrete beams, the 
following assumptions generally are made: 

1. The concrete acts as an elastic material within the range of stresses 
pennitted in the design. 

2. Plane sections remain plane. 
3. The effects of each cause of moments can be calculated independently and 

superimposed to attain the result of the combined effect of the several 
causes (the principle of superposition). 

4. The effect of friction on the prestressing force is small and can be 
neglected. 

5. The eccentricity of the prestressing force is small in comparison to the 
span, and, hence, the horizontal component of the prestressing force can 
be considered unifonn throughout the length of the member. 

6. Axial defonnation of the member is assumed to take place without 
restraint. 

Research into the perfonnance of continuous prestressed-concrete beams has 
revealed that these assumptions do not introduce significant errors in nonnal 
applications. If the cracking load of a beam is exceeded, and in cases where the 
effect of friction during post-tensioning of the tendon is significant, special 
attention should be given to these effects. The axial defonnation that results 
from prestressing can have a significant effect on the moments and shear forces 
when they are restrained, as in rigid frames; hence, special investigation into 
the effects of this phenomenon may be required. Some of these effects will be 
considered subsequently, but for the general discussion that follows, the above 
assumptions will be assumed to be valid. 

The nature of secondary moments can be illustrated by considering a two­
span, continuous, prismatic beam that is not rotationally restrained by its 
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supports, but which must remain in contact with them, as illustrated in Fig. 
1O-1a. This beam is prestressed with a straight tendon that has a prestressing 
force of P and eccentricity, with respect to the centroidal axis of the beam, of 
eps' This would tend to make the beam deflect away from the center support by 
the amount: 

0= 
2EI 

( 10-1) 

Because the beam must remain in contact with the center support, a downward 
reaction must exist at the location of the center support to cause an equal but 
opposite deflection. The deflection at the center of a beam that has a span of 
2/, due to a concentrated load (Rb) applied at the center, is equal to: 

Rb l3 
o = 6EI (10-2) 

Because the deflections must be equal in magnitude but opposite in direction, 
by equating eqs. 10-1 and 10-2 the value of Rb is found to be: 

Rb I3 = Pel 2 
---

6EI 2eI (10-3 ) 

Rb = 
3 Peps 

---

By applying the rules of statics, it can be shown that the forces acting upon the 
beam must be as shown in Fig. 1O-1d in order to maintain equilibrium, and the 
moment diagram due to prestressing alone is as shown in Fig. 1O-1e. 

By dividing the moment due to prestressing at each section by the prestressing 
force P, the eccentricity of the pressure line, ep [' can be found and plotted (Fig. 
10-1£). At the ends, as would be expected, the pressure line is seen to be coinci­
dent with the location of the prestressing force, whereas at the center support 
the pressure line is at -eps from (above) the centroidal axis of gravity of the 
beam. The effect of the secondary reaction, Rb , has been to move the pressure 
line from an eccentricity of eps below the centroidal axis of the beam to an 
eccentricity of -eps!2 above the center of gravity at the center support. Because 
there are no additional external loads between the end support and the center 
support (the weight of the beam itself being neglected), and because the path 
of the tendon is straight between the supports (i.e., no curvature or angle points 
between the supports), the pressure line is a straight line, as shown in Fig. 
10-1 f. It will be seen from this example that the secondary moment is secondary 
in nature (Le., it results from the deformation of the beam), but not in magni­
tude. 

As the above example illustrates, if the prestress results in a deformation of 
the structure (there are cases where this does not occur), secondary reactions as 
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Fig. 10-1. Two-span continuous beam prestressed with a straight tendon having 
constant eccentricity of e. 
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well as secondary moments are the result. (This explains why some persons 
refer to secondary reactions and moments as the reactions and moments due to 
prestressing.) Because the secondary reactions and secondary moments are 
functions of each other, the secondary moments vary linearly, and the secondary 
shear forces are constant between the supports. The addition of the secondary 
moment, as shown in Fig. IO-lc, to the prestressing moment diagram, Fig. 10-
lb, results in the diagram of the total moment due to prestressing Fig. lO-le. 
Because the secondary reactions can only cause a moment that varies linearly, 
its effect is to displace the pressure line linearly from the centroid of the 
prestressed reinforcement, in direct proportion to the distance from the supports. 
It is also apparent from this example that, if the reactions resulting from the 
prestress force are known, the locations of the pressure line and the stresses due 
to prestressing at any point along the length of the beam can be determined. 

The stresses in the concrete at y from the centroidal axis due to prestressing 
in continuous beams are calculated from the basic relationship: 

C( ep /y ) J; =- 1+-
cy A r2 

(10-4 ) 

in which ep / is the eccentricity of the pressure line and not the eccentricity of 
the tendon, eps (although these eccentricities may be one and the same, as will 
be seen). An important axiom is illustrated by the above example: the pressure 
line due to prestressing is not necessarily coincident with the center of gravity 
of the prestressed reinforcement in statically indeterminate prestressed concrete 
structures. This axiom is also applicable to members made of materials other 
than concrete that are subjected to prestress. 

If the position of the tendon in the above example is revised so that it is 
coincident with the location of the pressure line computed above, the resulting 
tendon location and moment diagram due to prestressing alone would be as 
shown in Fig. 1O-2a and 1O-2b, respectively. Removing the reaction at B, in 
order to render the structure statically determinate, and using the principle of 
elastic weights, the reactions and forces acting on the beam are as shown in 
Fig. IO-2c. The deflection of the beam at B due to the prestressing is equal to 
the moment at B resulting from the elastic weights, or: 

Because the deflection due to prestressing at B is nil, no secondary reaction is 
required at B to keep the center support in contact with the beam, and there are 
no secondary moments. In this example, the pressure line and the center of 
gravity of the prestressed reinforcement are coincident, and the tendon is said 
to be concordant. In the first example, the pressure line and the center of gravity 



Peps 

eps 

Prestressing 
tendon 

t _ Pep,! 

4El 

1 

FLEXURAL CONTINUITY I 465 

eps Centroidal axis 
of beam 

2 
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(a) Elevation 
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(b) ;; diagram combined with loads used 

in an elastic weights analysis 
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Location of prestressing tendon and 

pressure line (concordant tendon) 

(d) Location of pressure line 

Fig. 10-2. Two-span continuous beam prestressed with a tendon on straight paths 
having an eccentricity of e at the ends and - e / 2 at the center support. 

of the prestressing were not coincident, and the tendon is said to be noncon­
cordant. 

If the tendon is placed in the path shown in Fig. 1O-3a, the elastic weights 
are as shown in Fig. 1O-3b, and the reactions and moments due to prestressing 
are found to be as shown in Fig. IO-3c and IO-3d. In this case the moment 
diagram due to prestressing, and hence the location of the pressure line, are the 
same as in the first two examples. The tendon in the third example is noncon­
cordant. 
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Fig. 10-3. Two-span continuous beam prestressed with a tendon on straight paths 
between supports with no eccentricity at the center support. 

The above examples illustrate several principles that are useful in the elastic 
design and analysis of statically indeterminate prestressed structures. In the three 
examples, the only variable is the eccentricity of the prestressing tendon at the 
center support. The force in the tendon, P, as well as the eccentricity of the 
tendon at the end supports, epse' was the same in each case. Inspection of the 
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Fig. 10-4. Freebody diagrams with (a) straight tendon of eccentricity e, (b) tendon 
sloping from eccentricity of e at each end to -e / 2 above the center support, 
and (c) tendon sloping from eccentricity of e at the ends to 0 at the center 
support. 

three solutions shows the moments on the concrete section that resulted from 
each tendon layout to be identical, although the secondary reactions and 
secondary moments are different. It is apparent, from inspection of the moment 
diagrams used in these examples, that if the eccentricity at the end of the member 
were changed to another value, epse + /lepseo the moment due to prestressing, 
and thus the location of the pressure line, would be changed. Freebody diagrams 
for each of the three examples (Fig. 10-4) reveal that the net forces that act on 
the members (combination of components of the prestressing force and the 
secondary reactions) are identical for the three conditions of prestressing, as is 
to be expected if the total moments due to prestressing are equal. 
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The above examples also illustrate the very important principle of linear 
transfonnation, which can be stated as follows: The path of the prestressing 
force in any continuous prestressed beam is said to be linearly transformed 
when the location of the path at the interior supports is altered without altering 
the position of the path at the end supports and without changing the intrinsic 
shape (straight, curved, or series of chords) of the path between any supports. 
Linear transfonnation of any tendon can be made without altering the location 
of the pressure line. 

The only difference between the three tendon paths in the above examples is 
that they are displaced from each other, at every section, by an amount that is 
in direct (linear) proportion to the distance of the section from the end of the 
member. The eccentricity of the tendon at the end supports and the shape of 
the tendon between the supports were not changed. It will be shown subse­
quently that the principle of linear transfonnation is equally applicable to tendons 
that are curved, and, from the above examples, it is apparent that the principle 
applies to concordant tendons as well as nonconcordant tendons. 

The principle of linear transfonnation is particularly useful in designing 
continuous beams when it may be desirable to adjust the location of the tendon 
in order to provide more protective concrete cover over the prestressing tendons 
without altering the locations of the pressure line. 

Another significant principle, apparent from these examples, is that the 
location of the pressure line in beams stressed by tendons alone is not a junction 
of the elastic properties of the concrete. (The elastic modulus of the concrete 
did not appear in the value of the secondary reaction in eq. 10-3, for example.) 
Therefore, the only effect of changes in the elastic properties of the concrete in 
a statically indetenninate member (i.e., creep and shrinkage) is a reduction in 
the prestressing force, just as it is in statically detenninate structures. This has 
been confinned by tests (Saeed-Un-Din 1958). (Note that this does not apply 
to a structure built in a topology that is subsequently revised to a topology 
different from the original one; see Secs. 10-1 and 10-9.) 

On the other hand, if the location of the pressure line is altered by adjustment 
of the reactions of a continuous beam, such as by displacing the beam upward 
or downward at one or more of the supports (with large hydraulic jacks), the 
reactions and moments induced thereby are a function of the elastic properties 
of the concrete. Therefore, when such methods are used, the effect of creep 
must be included in the analysis of the structures by employing a procedure 
based upon an age-adjusted elastic modulus for the concrete, similar to that used 
in analyzing the effects of differential settlement. 

Additional understanding of the action of secondary moments can be gained 
by considering a prismatic beam fixed at each end in such a manner that rotation 
of the ends of the beam cannot take place. A beam of this type, prestressed 
with a straight tendon that is stressed to a force P and at eccentricity epso is 
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- - - -

(a) Fully Restrained Prismatic Beam Prestressed 
with a Straight and Eccentric Tendon 

(b) Unrestrained Prismatic Beam Prestressed 
with a Straight and Eccentric Tendon 

~'" 

eps ) 

P 

~ 

Effect of end restraint on prismatic prestressed beams. (a) Fully restrained 
prismatic beam with a straight eccentric tendon. (b) Unrestrained prismatic 
beam with a straight eccentric tendon. 

illustrated in Fig. 1O-5a. Neglecting the dead weight of the beam itself, if the 
ends were released and allowed to rotate, the beam would deflect upward as a 
nonnal, simply supported prestressed-concrete beam would do. This is illus­
trated in Fig. 10-5b. Because the ends ofthe beam are fixed and cannot rotate, 
it is apparent that another (secondary) moment must be present at the ends to 
nUllify the end rotation caused by the prestressing moment Peps' The secondary 
moment must cause a rotation at each end that is equal in size, but opposite in 
direction, to that which results from the prestressing moment. It thus can be 
concluded that the secondary moment is equal to -Peps' It is significant in this 
particular case (prismatic fixed beam prestressed by a straight tendon) that the 
secondary moment has the effect of nUllifying the effect of the eccentricity of 
the prestressing force and results in a unifonn compressive stress ( - P / A) due 
to prestressing at every cross section. Again in this example, as has been noted 
previously, the secondary moment is secondary in nature but not in size. 

If a haunched beam of rectangular cross section, as shown in Fig. 10-6, is 
prestressed with a straight tendon located at the elastic center of the member, 
the prestressing will result in stresses 'of the proper direction for resisting 
negative moments at the ends of the beam and positive moments at the midsec-
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Center of gravity of the section 

p p 

Elastic center 

Fig. 10-6. Haunched beam of rectangular cross section prestressed with a straight 
tendon. 

tion of the beam, and there will be no secondary moments. (The elastic center 
is defined as the location through which a force may be applied without causing 
rotations at the ends of the beam.) Applying the same principles used in the 
above discussion of the prismatic beam, it can be shown that if the straight, 
prestressing tendon is not located at the elastic center, secondary moments will 
result in combined stresses that are equal to the stresses that would occur if the 
tendon were located at the elastic center. 

The location of the elastic center of the haunched beams of Fig. 10-7 can be 
determined by solving the relationship: 

rL / 2 epsdx = 0 
Jo I 

( 10-5) 

The value of y that satisfies eq. 10-5 is the location of the elastic center. 
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Fig. 10-7. Beams with straight and parabolic haunches. 
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The examples given above for straight tendons are useful in all design 
problems, but are of particular use in short-span continuous slabs, such as in 
bridge decks. 

10-3 Elastic Analysis of Beams with Curved Tendons 

The introduction of curvature to the tendon path does not affect the basic methods 
or principles of analysis in any way. Calculation of the secondary reactions or 
moments can be made without the use of computers or programmable calcula­
tors, by using the principle of elastic weights, the theorem of three moments, 
or other classical methods, if desired. The familiar moment distribution method 
is considered among the easier methods for analyzing prismatic beams that have 
simple tendon paths. For beams with variable moments of inertia, the theorem 
of three moments, which may be simplified by using a sernigraphical method 
of computing the static moments of the M / I diagram, is rapid and easily under­
stood. Each of these methods is used subsequently in example problems, and a 
brief explanation is given of the procedures followed in applying them. 

The methods used in the analysis of continuous prestressed-concrete members 
do not affect the results obtained, and those used in actual design should be 
selected by the designer according to the ease of application of the various 
methods for the particular conditions at hand. 

When the moment distribution method is used, the end eccentricities, curva­
ture, and abrupt changes in slope of the prestressing tendons are converted into 
specific, equivalent end moments, uniformly applied loads, and concentrated 
loads, respectively. Fixed end moments for the equivalent loadings are subse­
quently distributed in the usual manner. The conversion of end eccentricity and 
curvature of the tendon into equivalent loading is illustrated by considering the 
beam shown in Fig. lO-Sa. This two-span continuous beam is prestressed by a 
tendon having an eccentricity of e1 at each support. The tendon path extends 
downward, following a second-degree parabola between supports, with a total, 
vertical ordinate at midspan of et • 

As was shown in Sec. 9-9, the tangent to a second-degree parabolic tendon 
path at the support is equal to: 

tan () = 4et 

I 

Because the curvatures are small (see design assumptions in Sec. 10-2), tan () 
= sin () = (), and the vertical component of the force in the tendon at each end 
of each span is: 

. 4Pet V =Psm()=--
P I 
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(a) Elevation 

I 

Center of gravity 
of beam 

(b) Equivalent Loading 

Note: To prevent upward deflection of beam at center support, center reaction for 
prestressing alone acts downward rather than upward as shown. 

Fig. 10-8. Beam continuous over two spans prestressed with a tendon on second­
degree parabolic path in each span. 

Therefore, the total vertical component of the prestressing force that acts on 
each span of the beam is equal to twice the force that acts at each end, and the 
equivalent uniformly applied load is found to be: 

2 x 4Pet wi = -----' 
I 

8 Pet 
w=--12 ( 1O-6) 

The vertical components of the prestressing force that occur at the supports 
do not cause moments in the beam, but pass directly through the supports. For 
this reason, they are disregarded in the equivalent loading. The horizontal 
component of the prestressing tendon is eccentric by an amount equal to e) at 
each end of the beam, and the equivalent loading must, therefore, include end 
moments in the amounts of Pel. The effect of the end moment is included in 
the analysis in the same way that a moment due to a cantilevered end would 
be. The equivalent loading is shown in Fig. lO-8b. 
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I 
2 

Fig. 10-9. Value of e, to be used for tendon on second-degree parabolic path termi­
nating at different elevations. 

Fig. 10-10. Tendon path composed of compounded second-degree parabolas. 

When the tendon curves parabolically over the length of the span but with 
the ends of the curve at different elevations, the values of e, and I to be used in 
eq. 10-6 are as shown in Fig. 10-9. If the tendon path is fonned of compounded 
second-degree parabolas, as shown in Fig. 10-10, the equivalent load due to 
tendon curvature is computed by: 

(10-7) 

It usually is sufficiently accurate to assume that all curves are parabolic even 
though they may be circular or of other shape. Because the eccentricity normally 
is small in comparison to the span, the error introduced by this assumption is 
small. 

The vertical load resulting from an abrupt change in slope of the tendons is 
computed as follows: 

Vp = P sin (J, == P tan (J, 

The value of tan (J is determined by the dimensions of the tendon, as is illus­
trated in Fig. 10-11. 

ILLUSTRATIVE PROBLEM 10-1 Compute the moments due to prestressing and 
draw the pressure line for the prismatic beam shown in Fig. 10-12. Use moment 
distribution and the theorem of three moments. 
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Prestressing tendon = P 

Fig. 10-11. Equivalent loads for tendons placed on a series of straight slopes. 

SOLUTION: The equivalent uniformly distributed load due to the parabolic 
path of the tendon is computed from eq. 10-6, in which the prestressing force 
is 500 kips, the span length is 100 ft, and et is computed as: 

[ 0.50 + 1.20] 
et = - 0.80 + 2 = -1.65 ft 

and the equivalent load is: 

w = 8 X 5~~2 -1.65 = -0.66 kIf 

The values of et and w are negative because they cause negative moments. The 
fixed end moments for use in the moment distribution method of analysis are: 

-0.66(100)2 
M~ = M~e = - = 550 k-ft 

12 

-0.66(100)2 = -550 k-ft 
12 

The moments at the ends of the beam due to the eccentricity of the prestressing 
force are: 

MA = - [ -0.50 x 500] = 250 k-ft 

Me = + [ -0.50 x 500] = -250 k-ft 
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¢..Sym. abt. 

Center of gravity of 500k prestress 

Center of gravity of beam 

B 50' 50' 
100' 

(a) Elevation of Prismatic Beam 

-0.66 k/ft 

- 250 k-ft (--j~====---------:-----~~~~-------t ) -250 k -ft I ffffftffffffffffff~ 
Ra lRb Rc 

F.E.M. 
Bal. 
O.H. 
C.O. 

(b) Equivalent Loading Due to Prestress 

-550 k·ft + 550 k·ft -550 k·ft + 550 k·ft 
+550} {-550 
-250 --------.... _______ +250 

+150 -150 
Moments -250 + 700 -700 +250 

(c) Distribution of Moments 

.......... fl..k.ft ,..., 

............... ~ ...........:::: ~ 
- 350 k _ft)i" (d) Moment Due to Prestressing 

-1.20' 

Pressure line 

Prestress 

(e) Location of Pressure Line 

Fig. 10-12. Analysis of two-span continuous beam with moment distribution. 
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The distribution of moments is perfonned in Fig. lO-12c, and the moment 
diagram due to prestressing is plotted in Fig. 10-12d. The computed moment 
at the interior support is 700 k-ft, and the eccentricity of the pressure line is: 

700 
ep / = - 500 = -1.40 ft 

The pressure line is located 0.20 ft above the tendon at the interior support. At 
midspan of spans AB and BC, using the principle of linear transfonnation, the 
pressure line is found to be located 0.10 ft above the tendon path. This is shown 
in Fig. 1 0-12e. Because of the symmetry of the beam and the loading, the three­
moment equation for this example is reduced to: 

WZ2 

250 + 4MB + 250 = 

2 

-0.66(100)2 

2 

MB = + 700 k-ft 

ILLUSTRATIVE PROBLEM 10-2 Compute the moments due to prestressing for 
the prismatic beam and condition of loading illustrated in Fig. 10-13. Use 
moment distribution and the theorem of three moments. 

SOLUTION: The concentrated loads in the two spans are computed as follows: 

( -1.50 -2.30) 
Span AB = 500 ~ + ~ = -41.2 kips 

( -0.80 + -1.60) . 
Span BC = 500 50 = -24.0 kips 

The fixed end moments are: 

M~= -
-41.2 x 60 x 402 

+395 k-ft 
1002 

M~A = + 
-41.2 X 602 x 40 

-593 k-ft 
1002 

M~c = -
-24.0 x 50 x 502 

+300 k-ft 
1002 

M~B = + 
-24.0 x 50 x 502 

-300 k-ft 
1002 
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c.g. Beam 

c.g. 500k Prestress 

40' B 50' 50' c 
100' 

(a) Elevation 

t- 41 .2k t-24.O k 

~Rb 
(b) Equivalent Loading 

+593 k·ft -300 k·ft 

+198 -150 
-170 -170 
+621 k-ft -620 k-ft 

(c) Distribution of Moments 

+300 k-ft 
-300 

o 

~~ 
~-616k-ft 

(d) Moment Due to Prestressing 

A c 
c.g. Prestress 

(e) Location of Pressure Line 

Fig.10-13. Analysis of two-span continuous beam with moment distribution. 
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The moments are distributed in Fig. 10-13, and the moment at the interior 
support is found to be 621 k-ft, and the eccentricity of the pressure line at the 
interior support is: 

621 
ep/ = - 500 = -1.24 ft 

Therefore, the pressure line is 0.44 ft above the location of the tendon at the 
interior support. The distances from the pressure line to the tendon at points D 
and E are found by using linear transformation: 

. 0.44 X 60 
At pomt D: 100 = 0.264 ft 

. 0.44 X 50 
At pomt E: 100 = 0.220 ft 

Using the theorem of three moments, the computation of the moment at B for 
the above example is as follows: 

-41.1 X 60 [(100? _ (60?1 
100 

_ -24.0 x 50 [(100)2 _ (50)2] 
100 

400MB = 158,000 + 90,000 

MB = +620 k-ft 

ILLUSTRATIVE PROBLEM 10-3 Compute the moment due to prestressing for 
the beam illustrated in Fig. 10-14. Note that the relative moment of inertia is 
1.00 for the outermost 60 ft of each span and 1.15 for the center 40 ft of the 
beam. The centroidal axis of the beam is a horizontal line (the variable moment 
of inertia is the result of an abrupt change in web thickness or an abrupt, 
symmetrical change in top and bottom flange thicknesses, or both). 

SOLUTION: In Fig. 10-14, parts (b) through (e), the Pe diagram, the Pell 
diagram, the assumed Mb diagram, and the Mbll diagram, respectively, are 
plotted. The value of Mb can be determined rapidly by employing the principle 
of elastic weights. The principle is used here by computing and equating the 
moments (deflections) at the center of the span AC of the beam loaded with the 
Mil diagrams for Pe and Mb. 
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0.80~ 0.70'~ It Sym abt. 

'\ Center of gravity of beam 

"\ .3:;' __ 
~ \: Prestress = 1000k 

..;-
R 

I = LOO for 60' JI=1l5 1=1l5J I = LOO for 60' 
-~ 

50' 30' 30' 50' 

80' 80' 
-------~ 

(a) Elevation of Beam with Variable Moment of Inertia 

D k.ft 

~k-ft ~ 
(b) PI' Diagram (primary moment) 

(c) Prl I Diagram 

(d) M" Diagram (due to secondary reaction Rh ) 

(e) Mh II Diagram 

~ft 

~~ 
(f) Actual Moment Due to Prestressing 

Center of gravity 
of pressure line 

Center of gravity of 
prestressing tendon 

(g) Elevation of Beam ShOWing Location of Pressure Line 

(' 

Fig. 10-14. Analysis of two-span continuous beam with a variable moment of inertia, 
using the principle of elastic weights. 
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The upward deflection due to the Pe / I diagram, ope' is: 

-SOO X 50/2 = -20,000 X 46.70 = -933,000 

-300 X 10 = -3,000 X 25.00 = -75,000 

-500 X 10/2 = -2,500 X 26.70 = -66,700 

-261 X 6/2 = -7S3 X IS.00 = -14,100 

+60S X 14/2 = +4,256 X 4.67 = + 19,5OO 

-22,000 -1,069,000 

Ope = -22,027 X SO + 1,069,000 = -691,100 k-fe /in.4 

The downward deflection due to the Mb/ I diagram, oMb, is: 

0.750Mb X 60/2 = 22.5Mb X 40.00 = 9OO.0Mb 

0.652Mb X 20 = 13.0Mb X 10.00 = 130.0Mb 

0.21SMb X 20/2 = 2.2Mb X 4.67 = 14.6Mb 

37.7Mb 1044. 6Mb 

oMb = - 37.7Mb X SO + 1044.6Mb = -1965Mb 

Equating the two deflections and solving for Mb: 

-691,000 
Mb = = + 352 k-ft 

-1965 

The combined (actual) moment diagram due to prestressing and the location of 
the pressure line are as shown in Fig. 10-14f and lO-14g, respectively. 

It should be noted that the total moment due to prestressing and not the 
secondary moment was computed in I.P. 10-1 and I.P. 10-2. When equivalent 
loads are used for the analysis of moment due to prestressing, the total moment 
due to prestressing is computed. In I.P. 10-3, the secondary moment and not 
the total moment due to prestressing was computed. The secondary moment 
due to prestressing is computed when the effects of prestressing are analyzed, 
by using the basic principles of indeterminate structural analysis with the primary 
moment due to prestressing being considered as the initial loading condition. 

With the general availability of electronic computers and programmable 
calculators, the analysis of continuous prestressed-concrete structures is greatly 
facilitated. These devices particularly aid in the analysis of members with 
variable prestressing forces, variable moments of inertia, and variable eccen-
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tricity; so there is no longer a need for engineers to avoid the inclusion of these 
variations. 

10-4 Additional Elastic Design Considerations 

From the previous discussions, one should recognize that in applying the 
moment distribution method in the analysis of the moments due to prestressing, 
the effect of the prestressing is analyzed by determining an equivalent loading 
that is a function of the eccentricity of the tendon at the end supports and of the 
intrinsic shape of the tendon between supports, but is independent of the eccen­
tricity of the tendon at the interior supports. There is a family of tendon paths 
that will result in this equivalent loading, but there will be only one pressure 
line for this loading. Also, the pressure line that results from an equivalent 
loading is the location of the concordant tendon for the particular equivalent 
loading (i.e., end eccentricities and intrinsic shapes of the tendon paths within 
the individual spans). Furthermore, the location of the pressure line is deter­
mined by dividing the moment diagram resulting from the equivalent loading 
by the effective prestressing force. From these considerations, the following 
corollary should be apparent: A moment diagram for a particular beam, due to 
any condition of loading on the beam, defines a location for a concordant 
tendon; therefore, if a tendon is placed on a path proportional to any moment 
diagram for a particular loading on a beam, the tendon will be concordant. 
This principle is useful in selecting a trial path for a tendon for which it is not 
necessary to determine the effects of secondary moments. 

From the discussions of linear transformation in Sec. 10-2, the principles of 
elastic design that form the basis of the analysis of statically indeterminate 
structures, and the illustrative problems in the preceding section, the following 
axioms and corollaries applicable to most continuous beams can be stated (see 
Sec. 10-2 for an exception): 

1. For any particular beam, a specific shape or path of the prestressing tendon 
between the supports will result in a specific pressure-line location for 
each specific value of eccentricity at the end supports. 

2. Alteration of the eccentricity at one or both end supports, without revision 
to the intrinsic shape of the tendon path, will result in a linear shift in the 
location of the pressure line for any particular continuous beam. 

3. Alteration of the eccentricity of the tendon path at the interior supports 
will not affect ~e location of the pressure line if the eccentricities at the 
ends of the beam and the intrinsic shapes of the tendon paths within the 
spans remain unchanged. 

4. The conditions of continuity require that the deflection of a beam at the 
supports be equal to zero and that the end rotations of each span that 
adjoin at a common interior support be equal. These conditions apply 
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equally to the effect of the prestressing force (pressure line) and to the 
effect of external loads. 

5. The distribution of moments, and hence the path of the pressure line, due 
to the prestressing can be determined by resolving the forces that the 
prestressed reinforcement exerts on a member into equivalent loads and 
end moments, and then, using the equivalent loads, calculating the 
moments resulting therefrom in the continuous structure. 

6. The location of a pressure line is directly proportional to the moment in 
the continuous beam that results from a specific condition of (equivalent) 
loading. 

Concordant tendon locations are not more desirable than nonconcordant 
tendon locations. It is true that concordant tendon paths generally do not result 
in a more efficient design; but sometimes it is convenient to start a design with 
an assumed tendon path that is concordant, in order to avoid the necessity of 
determining secondary moments. The tendon location then can be linearly trans­
formed, or otherwise altered, into a nonconcordant tendon that may result in 
better design details. 

From the discussion in Sec. 4-7, one can see that the location of the pressure 
line of a simple beam must be confined within certain limits in order to comply 
with the flexural stresses permitted by the design criteria. The same is true of 
continuous prestressed-concrete beams and frames. The major difference 
between continuous and simple beams in this respect is that in continuous beams 
there are more critical locations restricting the path of the pressure line than in 
simple beams. However, except in situations where the service load compres­
sive stresses exceed the permissible values, the limits within which the pressure 
line must be contained in order to conform to the service load design criteria 
can be made less restrictive by increasing the effective prestressing force. 

10-5 Elastic Design Procedure 

It is difficult to generalize on the best procedure for the complete design of a 
structure because many factors must be addressed, including theoretical elastic 
design considerations as well as economic and construction constraints (i. e. , 
methods of construction feasible for the specific site, minimum clearance 
requirements, first cost, etc.). Therefore, the procedure outlined in the following 
discussion is for the structural analysis portion of the "design." The process 
consists of reviewing a concrete section selected after due consideration has 
been given to all the other governing factors. 

The computation of the maximum and minimum live-load moments that can 
occur at various sections along a continuous prestressed beam is no different 
from that done for other types of construction. The unique procedures in the 
design of continuous prestressed beams involve determination of the minimum 
prestressing force, together with an acceptable tendon path, that will perform 
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satisfactorily with the assumed concrete section. The nonnal design procedure 
is as follows: 

I. Compute the moments due to dead load, superimposed dead load, and 
live loads. For structures subject to moving live loads, the maximum and 
minimum moments must be determined. 

2. Adopt a trial layout and effective prestressing force for the prestressed 
reinforcement. The shape and location of the trial layout should consider 
practical controls, such as the space required to place the tendons with 
adequate cover, that do not interfere with the position of nonprestressed 
reinforcement or with other embedded items. Some engineers make 
preliminary flexural strength calculations at this step in the process as 
well, to confinn that the assumptions made up to this point appear to be 
acceptable from a strength standpoint. 

3. Determine the secondary moments due to prestressing. 
4. Compute the flexural stresses at the critical points along the span under 

the combinations of dead loads and prestressing alone, as well as with 
maximum and minimum live load. 

5. If the elastic analysis reveals stresses that exceed those pennitted by the 
applicable design criteria, or if it reveals the design of some portions of 
the structure to be overly conservative, the dimensions of the concrete 
section, the prestressing force, or the layout of the prestressed reinforce­
ment, or all three, may be revised and the procedure repeated until an 
acceptable solution is obtained. 

6. After the designer is satisfied with the flexural design under service loads, 
the adequacy of the flexural strength must be confinned, and the member 
must be designed for the shear forces. 

ILLUSTRATIVE PROBLEM 10-4 Determine a satisfactory means of prestressing 
the beam shown in Fig. 10-15. The beam is a hollow box and varies in depth 
from 24 to 49 in. The superimposed live load is 600 plf. Each span may be 
loaded independently of the other span. 

SOLUTION: The section properties at the 20th points (intervals of 5 ft) of span 
AB are summarized in Table 10-1, together with the following moments: 

1. Dead load on both spans. 
2. Dead load on both spans plus live load on span AB only. 
3. Dead load on both spans plus live load on span Be only. 
4. Maximum moment. 
5. Minimum moment. 

Based on experience, a tendon path-whose ordinates are given in Table 
10-2-is adopted for a trial, as is the effective prestressing force of 800 kips. 
The path does not follow a mathematical curve but was selected by plotting. 
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tSym. abt. Prismatic 
I section 
I Straight ·haunch b~" typo 

~ __ ~~~~~~~~ __ ~soc __ tio_n~~~ __ ~~~~l~ 
ABC 4'.0" 6" 

(a) Elevation 
A-A ,- 20 Spaces @5' = 100' 

~ 
II 

A 

(b) Division of Span for Computations B 

Fig. 10-15, Continuous beam analyzed in loP. 10-4. 

Using the trial path given in Table 10-2 and the force of 800 kips, the secondary 
moment due to prestressing is found to be 272 k-ft at B; there is no secondary 
moment at the end supports. With this secondary moment, the location of the 
pressure line and the stresses due to prestressing alone are computed to be as 
shown in Table 10-2. Combining the stresses due to prestressing with those due 
to the four loading conditions shown results in the stresses given in Table 
10-3. 

A review of Table 10-3 will reveal that the stresses under dead load and 
prestressing are all compressive. The maximum value is -1541 psi. Hence, 
the beam cannot be critical with respect to initial stresses. Under the other three 
loading conditions, it will be seen that the more critical stresses occur in span 
AB when the live load is on that span alone. The maximum compressive stress 
is -2476 psi, and the greatest tensile stress is 308 psi. If the concrete strength 
at 28 days were specified to be 5500 psi, the maximum co!!!,>ressive stress 
would be 0.45fc, and the tensile stress would amount to 4.2.Jfc; both of these 
values are well within those permitted by ACI 318. 

With the electronic computational devices commonly used today, the most 
efficient method of designing continuous prestressed concrete members for 
service loads is by trial and review. The number of iterations needed to achieve 
a satisfactory design can be significantly reduced, however, by making prelim­
inary computations before enlisting the assistance of the computer or 
programmable calculator. 

10-6 Limitations of Elastic Action. 

As stated previously, prestressed-concrete continuous structures perform 
substantially as elastic structures under loads that do not result in stresses that 
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exceed the nonnal working stresses pennitted by recognized prestressed-concrete 
design criteria. Adequate experimental data are available to substantiate this. 

Under nonnal conditions, when the service loads for which a structure has 
been designed are exceeded, the concrete stresses remain reasonably elastic up 
to the load that causes visible cracking in the structure. The first cracks are not 
visible to the unaided eye and do not materially affect the performance of the 
structure. In the testing of prestressed-concrete flexural members, when the load 
at which the first crack observed with the unaided eye during a beam test is 
plotted on a load-deflection curve, it often is found to be below the point at 
which pronounced deviation of the tangent to the elastic deflection curve takes 
place (see Fig. 5-1). 

In most continuous structures, the cracking load will not be reached simul­
taneously in all highly stressed sections because the value of the moment varies 
along the length of the member, and, when members are designed for moving 
live loads, the largest moments that may occur at different sections under .he 
assumed design loads do not occur under the same condition of loading. 
Furthermore, once the cracking load has been significantly exceeded at a section, 
there is a reduction in the effective moment of inertia at the cracked section 
and, hence, the stiffness of the member in the cracked area. At loads that result 
in one or more areas of a beam being stressed substantially above cracking, the 
effective modulus of elasticity of the concrete in the cracked areas may be lower 
than it is in areas that remain stressed in the elastic range, further contributing 
to the reduction in stiffness of the member in the cracked areas. 

Because of the localized changes in stiffness of a continuous member subjected 
to significant overload, the distribution of moments ceases to be proportional to 
the distribution of moments in the elastic range. This is explained by the fact 
that, after cracking has occurred to a significant degree at one or more areas in 
a beam, the moment that results from the application of additional loads is 
carried in greater proportion by the parts of the member that remain uncracked. 
The areas first to attain a highly cracked and highly stressed condition yield 
more upon the application of additional load than areas that remain uncracked; 
hence, the cracked areas resist less of the additional loads than would be 
indicated by purely elastic analysis. This phenomenon is called redistribution 
of the moments. 

The redistribution of moments often, but not always, causes continuous beams 
designed on a purely elastic basis to have very high factors of safety. This 
phenomenon can be illustrated by considering the fixed beam of Fig. 10-16. 
This beam, when subjected to loads slightly above cracking, has a distribution 
of moments that is virtually identical to the distribution that would result from 
an elastic analysis. When an additional increment of load, .dw , is applied, the 
stiffnesses of the cracked sections with respect to the uncracked sections are not 
as great as the relative stiffnesses were before cracking; so the distribution of 
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I. .1 
(a) Fixed·end Beam 

h~ Flexural cracks 

w k/ft "'I'~ 
~ 

(b) Nominally Overloaded, Fixed Beam 
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(c) Moments in Nominally Overloaded, Fixed Beam 

Plastic Moment Plastic Moment 
(w+ Llw)k/ft 

• w~ ~2 ( " ) = w; ~2 
M (w + Llw)l2 '----------~2'-..--------' (w + Ll w) l2 

n < 12 M = wp 12 + Llwl~ ~ Mn < 12 
p 24 8 

(d) Moments in Significantly Overloaded, Fixed Beam 

Fig. 10-16. Variations in moments in a fixed-end beam subjected to various conditions 
of overload. 

moments deviates from the elastic distribution. For redistribution to be complete, 
the sections that crack first must form hinges that are completely plastic. If 
plastic hinges form at the ends of the beam of Fig. 10-16, the moments at the 
ends would not increase upon the application of additional load. The ends would 
simply rotate, and the positive moment would increase as a result of the appli­
cation of further increases in load on the beam. 

The redistribution of moments takes place in varying degrees. Redistribution 
is said to be complete when the various critical sections of a beam all attain a 
high degree of plasticity and attain the ultimate moments indicated by the flexural 
strength analysis developed in Sec. 5-2. Many continuous beams, if loaded to 
destruction, would fail before redistribution was complete. Engineers do not 
fully understand why this is so. 
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Additional research is needed on the phenomena that control the redistribu­
tion of moments, but it is now believed that the following conditions improve 
the redistribution of moments that occurs in a beam when loaded to destruction: 

1. Low values of the steel index. 
2. Good bond between the prestressing reinforcement and the concrete. 
3. The use of nonprestressed reinforcement to improve cracking patterns in 

areas of high moment in: (a) beams with bonded prestressed reinforce­
ment but with very low values for the steel index, and (b) beams that have 
unbonded tendons. 

4. The prevention of large inclined shear cracks in areas of high moment 
because cracks of this type reduce the flexural strength and rotation capac­
ities of sections. The use of nonprestressed shear reinforcement is consid­
ered necessary in the areas of high shear as well as in areas of high 
moment. 

5. Use of members having large differences in flexural capacity at the various 
sections, in which moment distribution seems to be more complete than 
in members in which the flexural capacity is nearly equal at all critical 
sections (Guyon 1956). 

The Building Code Requirements for Reinforced Concrete (ACI 318) permit 
very limited redistribution of moments in continuous prestressed concrete beams. 
These provisions, which are reproduced here with the permission of the 
American Concrete Institute, are as follows: 

18.10-Statically indeterminate structures 
18.10 .1-Frames and continuous construction of prestressed concrete shall 

be designed for satisfactory performance at service load conditions and for 
adequate strength. 

18.10.2-Performance at service load conditions shall be determined by 
elastic analysis, considering reactions, moments, shears and axial forces 
produced by prestressing, creep, shrinkage, temperature change, axial defor­
mation, restraint of attached structural element, and foundation settlement. 

18.1O.3-Moments to be used to compute required strength shall be the 
sum of the moments due to reactions induced by prestressing (with a load 
factor of 1.0) and the moments due to factored loads, including redistribution 
as permitted in Section 18.10.4. 

18.10.4-Redistribution of negative moments due to gravity loads in 
continuous prestressed concrete flexural members. 

18.10.4 .1-Where bonded reinforcement is provided at supports in accor­
dance with Section 19.9.2, negative moments calculated by elastic theory for 
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any assumed loading arrangement may be increased or decreased by not more 
than 

Wp + ~ (W - WI)] 
percent 

0.36,81 
( 10-8) 

18.10.4.2-The modified negative moments shall be used for calculating 
moments at section within spans for the same loading arrangement. 

18.10.4.3-Redistribution of negative moments shall be made only when the 
section at which moment is reduced is so designed that wP' [wp + d / dp (w -
w' )], or [wpw + d / dp - (ww)], whichever is applicable, is not greater than 
0.2413\· 

The definitions of the steel indices (w, wP' ww, wpw, w', and w~) are as given 
in Secs. 5-2, 5-4, and 5-5. 

From these provisions it will be seen the redistribution of moments would be 
a maximum value of 20 percent for a reinforcement index of 0, and a minimum 
value of 6.67 percent when the applicable steel index is 0.20. 

10-7 Analysis at Design Loads 

Flexural strength analysis for indeterminate prestressed concrete structures 
should be based upon an elastic analysis or upon an elastic analysis including 
the limited redistribution of moments according to eq. 10-8 and the other 
requirements specified in Sec. 10-6 above. 

In investigating the safety of a multi span continuous beam under design 
loading, all conditions of loading must be considered. The loading arrangement 
that would result in the collapse of the member due to negative moment may 
be quite different from the loading that would result in collapse due to positive 
moment or from positive and negative movement, simultaneously, in the same 
span. In addition, because reversal of moments occurs in continuous structures, 
it is possible to have critical positive moments develop under overload in areas 
of the beams that normally are stressed by negative moments. The opposite 
condition is also possible. Therefore, to facilitate the determination of the 
flexural strength of a member, an envelope of the maximum and minimum 
moment capacities that can be developed at various sections in the member is 
computed and plotted as shown in Fig. 10-17. Moment diagrams due to the 
various conditions of loading (with the appropriate load factors) are computed 
and plotted in the envelope. The moments can be distorted from those obtained 
by the elastic analysis as much as the excerpt from ACI 318 given in Sec. 10-
6 permits, on projects governed by this code. If the moment diagrams so 
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Negative ultimate·moment 
capacity 

Moment due to uniform 
load on all spans 

Positive ultimate· 
moment capacity 

Moment due to uniform 
loading on alternate spans 

Fig. 1 0-1 7. Moment diagrams for uniform loads on all spans and on alternate spans of 
a multispan beam superimposed on an envelope of flexural capacities. 

computed fall within the limits of the flexural strength envelopes, the design is 
satisfactory. If not, the design must be altered. 

Before 1975, it was customary in the United States to ignore secondary 
moments due to prestressing in making a strength analysis. This is no longer 
the case. The secondary moments that exist when the member is loaded in the 
elastic range do not disappear as the load is increased and the member 
approaches its capacity. Ignoring the existence of the secondary moments in the 
strength analysis is the same as assuming a redistribution of moment in the 
amount of the secondary moment; it may very well be that this amount exceeds 
that pennitted by the applicable design criteria. 

ILLUSTRATIVE PROBLEM 10-5 Compute the ultimate moment for the beam of 
I.P. 10-4, using the nonconcordant tendon path in Table to-4. Assume I'c = 
5500 psi,.t;,u = 270 ksi, Aps = 5.00 in.2 The design load is to be taken as l.4D 
+ 1.7L, where D and L are the service dead and live loads, respectively. 

SOLUTION: The design moments for various conditions of loading are shown 
in Table 10-4. The secondary moment, which is not factored, is included in the 
design (factored) dead load because both are of a "pennanent" nature. These 
moments are used, together with the positive and negative moment capacities 
computed at various locations along the span, to construct the diagram shown 
in Fig. to-18. An examination of this figure will reveal that for the condition 
of maximum design load on both spans (curve 1), the design moment diagram 
is well within the envelope of the positive and negative moment capacities. For 
the conditions of design dead load and secondary moment on both spans but 
with design live load on span AB only (Curve 2), the design moment curve 
slightly exceeds the positive moment capacity in span AB (about 2 %), whereas 
in span Be the design moment curve is very close to being tangent to the negative 
moment capacity curve near midspan. One should not count on any redistri-
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Design dead load and live 
load moment with secondary 
moment due to prestressing 
(live load on span AB only). 
Curve 2. 

, 
I 

Design dead and live load moments 
with secondary moment due to 
prestressing (live load on Spans AB 
and BC). Curve 1. 

Negative moment capacity 

I, , " , 
~~ ,// / '" .," 
~"'Positive moment capacity .... ~ 

Fig. 10-18. Analysis of moment capacity of beam of loP. 10-5 for loading on both 
spans simultaneously. 

Redistributed design dead load 
and live load moment with 
secondary moment due to 
prestressing (live load on 
Span AB only). 

Increased negative 
moment capacity 

I 
I 

I 
I , / , , / 

'~-:~ '. -~ 
Positive moment capaci~ 

Fig. 10-19. Analysis of moment capacity of beam of loP. 10-5 for loading on one span 
alone. 
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bution of moment in a case such as this because the fonnation of a plastic hinge 
in either span will prevent use of the "excess" negative moment capacity at 
the interior support. If the negative moment capacity in the spans were increased 
by the provisions of additional nonprestressed reinforcement in the upper 
portions of the beams near midspan, a diagram such as that shown in Fig. 
10-19 could be obtained, and some redistribution of moment could be counted 
upon. 

In continuous beams, the reinforcement indices can be substantially greater 
than is normally experienced in simple beams; in the latter, reinforcement 
indices of 0.10 to 0.40 are commonly found. In continuous beams, the 
reinforcement indices may be as high as 2.00 because the tendon may be very 
near the flange when the section is subject to moment reversal. Such highly 
reinforced areas would certainly fail suddenly; thus critical areas of this type 
should be investigated with great care and modified so that adequate safety of 
the structure is assured. 

10-8 Additional Considerations 

The effect of tendon friction during stressing was not discussed in the preceding 
sections on the design of continuous beams. The fundamental principles that 
govern friction loss of post-tensioned tendons are the same for simple and 
continuous beams; and because it is a practical rather than theoretical consid­
eration, the discussion of tendon friction is included in the discussion of post­
tensioning methods (Chapter 16). 

Tendon friction can result in substantial losses of stress, and for this reason, 
particularly in the design of continuous structures, the designer must select a 
tendon layout that will minimize friction losses. The designer should estimate 
the friction loss as various layouts are studied; and if high losses are both signif­
icant and unavoidable, the design should be made on the basis of a variable 
prestressing force. 

The use of sharp bends or abrupt changes of slope in the tendon generally is 
avoided, as these features can result in significant secondary bending stresses 
in the tendon. 

The angular change through which the tangent to a post-tensioned tendon 
passes has an important influence on the friction loss that occurs during stressing. 
Larger losses result from the larger curvatures. From this standpoint, a tendon 
layout composed of two chords is theoretically preferable to a second-degree 
parabolic layout because the angular change with a parabola is twice that of the 
angular change obtained with chords. 

In short-span, continuous prestressed structures, the dead load of the structure 
is small in comparison to the live load; and if the structure is subjected to a 
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moving live load, the critical sum of the maximum and minimum moments is 
nearly the same as the simple beam moment for the same span. Therefore, the 
prestressing force required for short-span continuous structures is not signifi­
cantly less than that required for a simple span. This greatly reduces the economy 
of materials that one would normally expect from the use of continuity. The 
advantages of less deflection and greater resistance to lateral and longitudinal 
loads, among others, are still attained through the introduction of continuity in 
short-span structures. 

When the dead-load moment is a large portion of the total moment, the varia­
tion in moment in a continuous beam is less than is found in simple beams, 
and, for this reason, the prestressing force is less for the continuous structure. 
This accounts for the fact that continuity is used on long-span bridge structures 
to a much greater degree than on short-span bridges. 

The same general procedures of design and analysis that have been presented 
in this chapter are used in designing prestressed-concrete rigid frames. In such 
construction, special attention must be given to the moments that result from 
axial shortening of the members due to prestressing, creep, shrinkage, and 
temperature effects. 

10-9 Effect Topology Change 

In Sec. 10-1 it was pointed out that changes in topology (configuration) of stati­
cally indeterminate structures constructed with prestressed concrete can result 
in significant time-dependent changes in their internal moments and shear forces. 
This is best explained by considering the example of a bridge constructed in 
cantilever, as is shown during construction and after completion in Fig. 10-20. 
The method consists of constructing the bridge superstructure in a series of 
pieces commonly called segments, as shown in Fig. IO-20b. The segments can 
be constructed in place (cast-in-place segmental construction), or segments can 
be used that are precast at a location other than their final location, after which 
they are transported to the structure and set in place (precast segmental construc­
tion). With this type of construction, the structure is built in one topology, a 
simply supported cantilevered structure, that ultimately is changed to another 
topology, a statically indeterminate continuous beams (or frame) structure. To 
understand how this affects the moments and shear forces in the structure, 
consider the fixed-end cantilevered beams shown in Fig. 1O-21a. After the 
cantilevered beams are constructed, but before the cast-in-place closure joint is 
constructed, the cantilevered spans have the deflected shape shown in Fig. 
1O-21b. If the cantilevers were not connected to each other by the cast-in-place 
closure joint for a long period of time, the deflection of the cantilevers would 
increase because of the effect of concrete creep, as shown in Fig. 1O-21c; and 
during this period the ends of the cantilevers would experience time-dependent 



FLEXURAL CONTINUITY I 497 

I 

Span 1 Span 2 Span 3 

(a) Elevation of completed bridge 

I 

1r / 
(b) Elevation during construction 

Fig. 10-20. Principle of erecting bridges segmentally in cantilever. (a) Elevation of 
completed structure. (b) Elevation during construction. 

rotations, as shown in Fig. 1O-21d. Casting the closure joint between the ends 
of the cantilevers completes the construction and provides restraint against 
further rotation of the ends of the cantilevers. The restraint results in a concrete­
creep-induced positive moment in the completed fixed-end beam, and the 
creation of the positive moment in the span is accompanied by a reduction of 
the negative moments at the supports. The amount of the positive moment intro­
duced into the completed beam is dependent upon the amount of concrete creep 
that has occurred before the restraint is introduced. If the restraint is not applied 
until the cantilevers are very old and virtually all of the creep has taken place, 
the amount of the positive moment introduced will be very small. If, on the 
other hand, the cantilevers are completely erected very rapidly and the closure 
joint concrete is placed and cured before very much concrete creep has taken 
place in the cantilevers, the amount of positive moment introduced will be signif­
icant, approaching the amount that would have existed had the structure been 
built in its final topology (Ketchum 1986). 

The introduction of creep-induced moment into structures due to changes in 
topology is not limited to bridges constructed in cantilever. It occurs to varying 
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(a) 

(b) 

(e) 

(d) 

II 
(e) 

Fig. 10-21. Illustration of the redistribution of moments in a structure erected in a 
topology different from the final one. (a) Two cantilever spans without 
deflection. (b) Elastic deflection of cantilevers before closure joint is placed. 
(c) Deflection of cantilevers that would occur with the passage of time if 
the closure joint were not placed. (d) Rotation at the ends of the canti­
levers due to time-dependent effects of concrete creep and shrinkage and 
relaxation of the prestressed reinforcement. (e) Completed fixed-end beam 
constructed in cantilever. 

degrees in bridges and buildings constructed with precast, prestressed concrete 
beams and girders that are made continuous for superimposed dead loads and 
live loads by the provision of non prestressed reinforcement in cast-in-place slabs 
cast over the tops of the beams. It occurs in bridges constructed with the span-
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by-span method of erection if the spans are made continuous after erection, in 
bridges constructed with precast sections erected by the push-on method of 
erection, and in other sophisticated methods of constructing and erecting 
concrete structures. 

The moments induced into structures by changes in topology, such as the 
positive moments described for the bridge built in cantilever, can be analyzed 
by using the time-dependent methods of analysis described in Chapter 7 for 
computing loss of prestress and deflection of prestressed-concrete flexural 
members. The same basic principles of determining time-dependent changes of 
strain and rotation used in determining losses of prestress and deflections are 
used in determining moments induced by changes in topology. The computa­
tions however, are, tedious, time-consuming, and best done with the aid of a 
computer (Ketchum 1986). 
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PROBLEMS 

1. A slab 8.333 ft long has straight haunches at each end as shown in Fig. 10-
6. The slab is rectangular in cross section and is solid. The slab depth is 14 
in. at each end and 7 in. for the central 3.33 ft. The length of each haunch 
is 2.50 ft. The top surface of the slab is level. If the slab is to be prestressed 
with a straight tendon that is parallel to the top surface of the slab, determine 
where the tendon must be placed if secondary moments due to prestressing 
are to be avoided. 

SOLUTION: 

Assume a trial location, such as at 3.50 in. from the top surface, that results in 
no eccentricity in the center portion of the slab, and compute the rotations at 
the ends of the slab. Compute the moment required at each end of the slab 
required to cause an equal but opposite rotation at each end of the slab. This 
moment is the secondary moment for the tendon positioned at the trial location. 
The trial location should be adjusted by an amount equal to Msec / P. Adding 
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this adjustment to the trial location will give the location of the concordant 
tendon. The results can be checked by computing the rotation at the ends of the 
member with the adjusted tendon location; there should not be any rotations at 
the ends. In this case, the correct location is 4.55 in. from the top of the slab. 

2. A prismatic beam has five equal continuous spans of 50 ft each. It is 
prestressed by a straight tendon located at an eccentricity of eps below the 
centroidal axis of the beams. Determine the location of the pressure line for 
prestressing alone. 

SOLUTION: 

The pressure line locations in terms of eps are as follows: 

End supports: + 1.00 in. (below the centroidal axis of the members). 
First interior supports: -0.263 in. (above the centroidal axis). 
Second interior supports: +0.053 in. (below the centroidal axis). 



11 

11-1 Introduction 

Direct Stress 
Members, 
Temperature, 
and Fatigue 

The first part of this chapter is devoted to a discussion of prestressed members 
subject to direct stress. Except for rock and soil anchors and piles, prestressed 
concrete is not used extensively for members that are designed primarily to 
resist direct stress. 

The second part is devoted to a consideration of fire resistance, the effect of 
nominal temperature variations, and fatigue of prestressed concrete. 

11-2 Tension Members 

The use of rigid frames, trusses, certain types of continuous beam framing, 
soil-retaining anchored bulkheads (both temporary and permanent), and other 
types of structures frequently requires structural components that are basically 
subject to direct tensile stress alone. These members are frequently referred to 
as tension ties or more simply as ties. The cross sections of two prestressed 
concrete ties are shown in Fig. 11-1. For reasons of economy or function, or 
simply to facilitate construction, it may be preferable to use concrete ties with 
prestressed reinforcement rather than ties made of nonprestressed reinforced 
concrete or structural steel. 

Prestressed concrete ties can be proportioned to have controlled deformations 

501 
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~------------+-----Duct 

(a) 

Aps in grouted duct 

(b) 

Fig. 11-1. Cross sections of prestressed concrete tension ties. (a) Prestressed concrete 
soil anchor. (b) Square concrete tension tie with nonprestressed confine­
ment reinforcement, and longitudinal prestressed and non prestressed 
reinforcement. 

in a way not possible with steel or nonprestressed reinforced concrete. For 
example, steel or reinforced-concrete ties nonnally are designed with a stress 
in the steel of the order of 20,000 psi under service load. If the modulus of 
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elasticity of the steel is to be 29 X 106 psi, the defonnation of a tie having a 
length of 1000 in. and stress of 20,000 psi would be: 

20,000 X 1000 . 
ilL = 29 X 106 = 0.69 m. 

If for some reason this amount of defonnation is not acceptable, it could be 
reduced through the use of a lower allowable stress. The use of a lower stress 
would, of course increase the quantity of steel and the cost of the tie. 

Alternatively, the concrete section of a prestressed concrete tie can be propor­
tioned to control the stress in the concrete. Hence, the service load defonnation 
of the tie can be restricted to any desired limits without requiring an increase 
in the quantity of the prestressed reinforcement over the amount needed to resist 
the service load. If the modulus of elasticity of the concrete in a tie is 4 X 106 

psi, and the concrete stress due to the effective prestress alone is 2000 psi, the 
defonnation of a tie 1000 in. long under full load (concrete stress being nil 
under full load) would be: 

2000 X 1000 
ilL = 4 X 106 = 0.50 in. 

By restricting the stress in the concrete due to prestressing to a lower limit, the 
defonnation can be reduced to any desired quantity. If, for example, it is deter­
mined that the maximum defonnation that can be pennitted is 0.25 in. in a 
prestressed concrete tie 1000 in. long with an effective concrete stress of 2000 
psi, the area of the concrete in the prestressed tie could be doubled. By this 
means, the stress in the concrete would be reduced to 1000 psi, and the defor­
mation would become 0.25 in. 

The use of prestressed ties in exposed roof trusses may be preferred over the 
use of steel ties because of the greater fire resistance and more acceptable 
appearance inherent in reinforced concrete members, as compared to unpro­
tected steel members. 

With correct proportioning, prestressed concrete ties can remain crack-free 
under service loads and thus less subject to deterioration by corrosion than ties 
having nonprestressed reinforcement. Therefore, in some applications 
prestressed concrete ties may be preferred over concrete ties having nonpre­
stressed reinforcement or structural steel ties encased in concrete or other 
protective materials. 

In using prestressed concrete ties, the designer must include the effects of 
concrete creep and shrinkage, in addition to elastic defonnation, in evaluating 
the total defonnation of the tie. If the tie were prestressed and immediately 
thereafter put into service, assuming the superimposed load and the prestressing 
force to be very nearly equal, the concrete stress in the tie would be near zero, 
and there would be little deferred defonnation due to creep; shrinkage would 
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exist, however, and should be carefully evaluated in applications where corro­
sion of the reinforcement is of concern. 

If a prestressed concrete tie were to be precast, prestressed, and stored for a 
period of time before being placed in service, a substantial amount of the 
concrete creep and shrinkage deformation would take place before its installa­
tion. For service loads of short duration applied after its installation, the tie 
would elongate in proportion to the modulus of elasticity of the concrete at the 
age when the load was applied. If the service load were to be held at a constant 
value that nullified the effective prestressing force, the concrete stress would be 
reduced to near zero, and no creep deformation would take place with the 
passage of time (additional concrete shrinkage would occur, however). Upon 
the removal of the load, an elastic shortening, in proportion to the elastic 
modulus of the concrete at the time when the load was removed, would take 
place. Furthermore, a partial recovery of the creep deformation would take place 
with the passing of time. 

Accurate prediction of the amount of deferred strain that would be recovered 
upon removal of the load can be made only if the properties of the concrete are 
known. The strain is generally lower, however, for unloading than it is for 
loading, and a residual strain normally remains in the concrete after unloading. 
This is illustrated in the strain-time diagram of Fig. 11-2 (Guyon 1953). 

The total strains occurring in a concrete of a particular quality, subjected to 
constant sustained stresses applied at different loading ages, are as illustrated in 
Fig. 11-3 (Ross 1958). Using the principles of superposition, one can employ 
curves like these to estimate creep effects with different concrete ages at the 
time of loading. For example, assume that a unit stress of 1000 psi is applied 
at the age of 28 days and held constant until the age of 91 days, at which time 
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Fig. 11-2. Concrete strains under long-term loading and unloading. 
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Fig. 11-3. Total strain due to constant sustained stress applied at various ages to a 
high-strength concrete stored at high humidity lafter Ross). 

it is completely removed. The strain-time diagram would be as in Fig. 11-4. 
The curve of Fig. 11-4 is constructed by using the curves from Fig. 11-3 with 
the assumption that the strain deformations upon loading and unloading at any 
particular age of the concrete take place at the same rate, are of the same magni­
tude, and are of opposite sign. 

It should be apparent that as the service load applied to a prestressed concrete 
tie is increased, the concrete stress is reduced and the steel stress is increased 
in direct proportion to the strain change in the concrete. Because the elastic 
modulus of concrete in tension normally is taken to be the same as in compres­
sion, the action will continue until the tensile strength of the concrete is reached, 
at which time the concrete will crack, and the entire load must thereafter be 
carried by the reinforcement alone. If the load subsequently is reduced below 
the value of the effective prestress in the reinforcement at the time when the 
load is removed, the cracks in the concrete will close, and a compressive force, 
equal to the difference in the effective prestressing force in the reinforcement 
and the service load, will exist in the concrete. 

If the load resisted by the concrete in a prestressed concrete tie immediately 
prior to cracking is greater than the tensile strength of the reinforcement, the 
cracking load will be the ultimate load (provided that the deformation required 
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Fig. 11-4. Strain versus time diagram for concrete having creep characteristics as in 
Fig. 11-3, loaded to 1000 psi at the age of 28 days and unloaded at the age 
of 91 days. 

to rupture the reinforcement can be achieved and not prevented by redundancy 
in the structure). This condition is more apt to exist in members prestressed 
with small percentages of reinforcement, as discussed for flexural members in 
Sec. 5-1. 

Consideration of the action of prestressed ties and of the elastic and inelastic 
properties of concrete leads one to conclude that the designer must consider the 
stress level in the concrete and the duration of the applied loads in estimating 
the eventual deformations that will be achieved in prestressed concrete ties. The 
tie deformations can be large and can result in a serious deflection of the struc­
ture that they are provided to support. Such deformation could result in impor­
tant, undesirable stresses or deformations in the supported structure. 

11-3 Columns and Piles 

Prestressed concrete members axially loaded in compression are designed by 
using the same principles of strain compatibility and equilibrium used in the 
design and analysis of concrete members having nonprestressed reinforcement. 
Section 18.11 of ACI 318 provides that members with an effective prestress less 
than 225 psi must have the minimum amount of nonprestressed reinforcement 
specified for concrete columns having nonprestressed reinforcement. There is 
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no minimum amount of nonprestressed reinforcement required for columns 
having an effective prestress of 225 psi or more. 

Prestressed reinforcement in axially loaded compression members is required 
to be enclosed either by ties, spaced at the least dimension of the column but 
not more than 48 tie diameters, or by spirals that conform to the minimum 
requirements for nonprestressed reinforced concrete columns (see Sec. 18-11, 
ACI 318). Larger amounts of transverse reinforcement should be provided near 
the ends of compression members because it is at these location that splitting 
and shear stresses normally are the greatest, and cracking is most likely to occur. 

Strength (sometimes referred to as ultimate strength) interaction diagrams can 
be constructed for prestressed concrete members by using the principles of strain 
compatibility and equilibrium. These diagrams, which graphically represent the 
relationship between the axial load and moment capacities of the members, 
typically are of the shape shown in Fig. 11-5. The figure shows that they are 
similar to interaction diagrams for concrete columns having nonprestressed 
reinforcement. 

An interaction diagram can be drawn for each different column configuration. 
A diagram's construction is a function of the dimensions of the concrete section, 
the amount of the prestressed and nonprestressed reinforcements, and the 
physical properties of the materials. To make an interaction diagram, one 
preferably should have stress-strain diagrams for the prestressed and nonpre­
stressed reinforcements to be used in the column. 

600 

500 

400 

200 

100 

00 200 400 600 800 1000 1200 

Mn. k-in. 

Fig. 11-5. Interaction diagram for the 14 in. square pile of loP. 11-1. 
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The intersection of the interaction curve with the ordinate is the compressive 
strength capacity of the column under concentric load. It usually is taken to be 
the strength of the column when it is subjected to a unifonn strain in the concrete 
of 0.002. The point of maximum moment capacity of the column is sometimes 
referred to as the balanced point. The balanced point defines the combination 
of axial load and moment at which crushing of the concrete in the compression 
flange and yielding of the longitudinal reinforcement in the tension flange will 
occur simultaneously. The point on the curve where the axial load is equal to 
zero is the flexural capacity of the section. 

The capacity reduction factors specified in Sec. 9-3 of ACI 318 apply to 
axially loaded prestressed concrete members as well as to members that do not 
have prestressed longitudinal reinforcement. When the axial loads are greater 
than that at the balanced point, for members with normal ties for confinement 
reinforcement, ACI 318 provides that the capacity reduction factor ( cp ) be taken 
as 0.70. If spiral confinement reinforcement is used, cp can be taken as 0.75. 
The value of cp is permitted to vary linearly from 0.70 at the balanced point to 
0.90 for zero axial load. The latter provision acknowledges that under a condi­
tion of bending alone the value of cp is specified to be 0.90 (ACI 318). 

From Fig. 11-5, it can be observed that the interaction diagram is nearly 
linear for the higher values of axial load (the portion of the curve between its 
intercept with the ordinate and point A). For structural design computations, it 
is sufficiently accurate to assume that this portion of the curve is linear even 
though it actually has slight curvature. 

The interaction curve can be constructed by computing the axial load and 
moment capacity of a section under different distributions of strain across the 
section. The assumed strains to be used are shown in Fig. 11-6, where the 
distribution of strain is given for three unique conditions. The first of these, 
which is for the condition of no moment on the section (i.e., Mn = 0, and Pn 
is equal to its maximum value), has unifonn strain equal to Eo across the section 
(Fig. 11-6a). The second strain distribution is triangular in shape, as shown in 
Fig. 11-6b, and varies from nil on one face of the section to a value of Eu on 
the other face. The third distribution of strain is for the condition of tensile 
strain on one face and Eu on the other (Fig. 11-6c). 

For the condition shown in Fig. 11-6a, the section is under unifonn stress 
and strain because the section is under axial load alone. The reinforcement and 
the concrete are assumed to be perfectly bonded and stressed in the elastic range. 
The application of the axial force results in a reduction in the force in the 
prestressed reinforcement equal to: 

f1J;,s = EoEps 

where EO is negative because it is a strain due to a compressive stress (i.e., a 
shortening). The forces in the prestressed reinforcement on the tensile and 
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Axis of ApI 

(a) Strain Distribution Assumed for 
Interaction Curve Point atMu = 0 

Centroidial axis 

(b) Strain Distribution Assumed for 
Interaction Curve at Point A 

(c) Strain Distribution for Points 
Between Point A and Where ~ = 0 

Fig. 11-6. Strain distributions for use in preparing interaction curves. 

compressive sides of the centroidal axis are equal (for symmetrical reinforce­
ment), and are: 
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and: 

Tc = A;s(fps - il.J;s) 

The strength of the concrete is taken to be 0.85fc, and: 

Cu = 0.85fcbh 

where band h are the width and depth of the concrete section, respectively. 
The nominal axial force strength of the section for this condition of strain 
becomes: 

Pn = Cu - TT - Tc 

For the condition of strain shown in Fig. 11-6b, the changes in the steel 
stresses on the tension and compression sides of the section, respectively, 
become: 

and the forces in the prestressed reinforcement are: 

TT = ApsC{Ps - il.J;,s) 

and: 

Tc = A;s(J;,s - il.J;s) 

The strength of the concrete is: 

C = 0.85f31fcbh 

where f3j, as explained in Sec. 5-4, is equal to 0.85 for specified concrete 
strengths of 4000 psi or less, and is reduced at the rate of 0.05 for each 1000 
psi in strength in excess of 4000 psi, with a minimum value of 0.65. From the 
above, using the principle of equilibrium, one can write: 

Pn = C - TT - Tc 
and: 

Mn = c(~ -0.42h) + TT(d - h/2) + Tdh/2 - d') 

The distance 0.42 h in the above equation is used for the location of the resultant 
of the concrete compressive force measured from the fiber having the ultimate 
strain, rather than 0.33h, to account for the inelastic behavior of concrete at 
high stress levels. 
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For the case where tensile strains exist, as shown in Fig. 11-6c, the stress 
for a particular strain in the reinforcement must be determined from the stress­
strain curve for the reinforcement. The strains in the reinforcements on the 
tensile and compressive sides of the section are determined from: 

and: 

d-c 
f.ps = f.pse + f.u -­

C 

c - d' 
f.;s = f.pse + f.u-­

C 

where f.pse is the strain in the prestressed reinforcement due to the effective stress 
at the time under study. The force in the tendons on the tensile side becomes: 

TT = /psAps 

in which /ps is the steel stress corresponding to a strain of f.ps from the stress­
strain curve for the prestressing steel. On the compression side, the steel 
continues to perform elastically and: 

Tc = A;s[fse - Epsf.u (c ~ d') ] 
The force in the concrete section becomes: 

and Pn is: 

The moment is: 

Mn = C(h/2 - 0.42c) + TT(d - h/2) - (h/2 - d') 

For the case of pure bending (P n = 0), one needs to perform the nominal 
flexural strength analysis of the member. This is more easily done by direct 
solution, using the principles described in Secs. 5-2 and 5-4, rather than by trial 
and assuming different configurations for the distribution of strain. 

The procedure described above is for the case of a rectangular column with 
the reinforcement confined to two rows-one in the compression side and one 
in the tension side of the column. The basic principles can be used for columns 
with more than two rows of steel. 

Interaction diagrams for circular prestressed-concrete columns can be made 
by following the same general methods described above for rectangular columns. 
The relationship for the force in the concrete, based upon work done by the 
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--,-r.85fc' 

----------------~ 

(a) Strain Distribution (b) Concrete Stress 
Distribution 

(c) Half Section of 
Circular Column 

Fig. 11-7. Data for analysis of circular columns. 

Portland Cement Association (1960) and the tenns shown in Fig. 11-7, is: 

0.85f~D2 (cf>t 1. 1 [2 [cf>t - cf>2 
Ce = 2 -2 - -4 SID 2cf>t - 2 cos cf>2 2 

(1.134k) j 

- ~ (sin 2cf>t - sin cf>2] - ~ cos cf>2 (sin3 cf>t - sin3 cf>2) 

- :2 (sin 4cf>t - sin 4cf>2 - 4cf>t + 4cf>2)]) 

and the relationship for the moment in the concrete is: 

0.85!, D3 [1 1 [cos2 cf> Me = e - sin3 cf>t - 2 _____ 2 (sin3 cf>t - sin3 cf>2) 
4 3 (1.134k) 3 

COScf>2. .2 + ----ui (SID 4cf>t - SID 4cf>2 - 4cf>t + 4cf>2) 

+ COS2 cf>t sin3 cf>t - COS2 cf>2 sin3 cf>2 + sin3 cf>t - sin3 cf>2]] 
5 7.5 

As will be seen from Fig. 11-7 the angles cf>t and cf>2 are functions of the strain 
distribution and the cross section of the column. The angle cf>t varies with the 
distance between the neutral axis and the centroid of the column. Note that cos 
cf>t = (1 - 2k) when k is less than 1. The angle cf>2 is equal to 7f when k is 
greater than 1. The angle cf>t is defined by the point on the strain diagram where 
the strain is equal to 0.0017 in. lin. From Fig. 11-7 it will be seen that: 

Y2 = (! - k)D + kD ~ = D[! - k + k~] 
2 Eu 2 Eu 
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and: 

1 f, 
cos4J2 =-2- k + k -

fu 

The value of Pn for Mn = 0 should be computed by using a concrete strain 
of 0.002, as was done for the rectangular column. Other points on the diagram 
can be found by using the maximum flexural strain of 0.003. The effects of the 
prestressed reinforcement, for both forces and moments, should be treated in 
the same manner as they are with rectangular sections. 

It should be recognized that prestressed-concrete columns have lower axial 
load capacities than do reinforced-concrete columns. The prestressing force 
causes compressive stresses in the concrete and thus reduces its capacity to carry 
externally applied axial load. In nonprestressed reinforced-concrete columns, 
the reinforcement is stressed in compression, and thus assists the concrete in 
resisting axial load. 

The effects of slenderness must be considered in the design of prestressed­
concrete columns. This can be done by using the approximate methods contained 
in Sec. 10.11 of ACI 318 or by using a time-dependent analysis that employs 
the fundamental principles used by Ghali in his methods of computing the loss 
of prestress and deflection of prestressed concrete members (see Chapter 7). A 
nonlinear procedure for the analysis of slenderness effects for long concrete 
columns, using the Ghali approach to the analysis of prestressed concrete 
members for stress, strain, and deflection, has been developed by Gilbert and 
Micldeborough. This approach involves an iterative procedure that employs the 
age-adjusted effective modulus of the concrete and can be applied to cracked as 
well as noncracked sections. The procedure gives a means of investigating the 
effects of sustained loading (i.e., the charge in deflection that occurs as a result 
of deferred strains) on the P(fJ + ad) effect. A computer program has been 
developed to facilitate the analysis (Gilbert and Micldeborough 1989). 

ILLUSTRATIVE PROBLEM 11-1 Construct the interaction curve for a square 
column having sides 14 in. long, an effective depth, d, of 11.5 in. to the tensile 
reinforcement, and a depth, d', of 2.5 in. to the compression reinforcement. 
The column is prestressed with four 0.5 in. strands, two on the tension side and 
two on the compression side of the member. The ultimate tensile strength of 
the prestressed reinforcement is 270 ksi, the effective stress in the prestressed 
reinforcement before the application of external load is 160 ksi, and the elastic 
modulus is 28,000 ksi. The capacity reduction factor is to be taken as 0.70 for 
loads greater than the balanced load, and is to vary linearly from 0.70 to 0.90 
between the balanced load and zero load capacity. Assume fO = 0.002, fu = 
0.003,!'c = 5000 psi, and {3, = 0.80. 
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SOLUTION: For the case of a concentric load: 

tl/Pse = tlJ;,se = (0.002)(28,000) = 56 ksi 

TT = Tc = (2)(0.153)(160 - 56) = 31.8 k 

C = (0.85)(5)(14)(14) = 833 k 

Pn = 833 - (2)(31.8) = 769 k 

For the case of zero strain in the concrete on the tensile side and Eu strain in the 
concrete on the compression side: 

[ 14.0- 11.5] . 
tl/Pse = 0.003 14 28,000 = 15.0 ksl 

[ 14.0 - 2.5] . 
tlJ;,se = 0.003 14 28,000 = 69.0 ksl 

TT = (2)(0.153)(160 - 15.0) = 44.37 k 

Tc = (2)(0.153)(160 - 60.0) = 27.85 k 

C = (0.80)(0.85)(5)(14)(14) = 666.4 k 

Pn = 594.2 k 

Mn = 666.4[7.0 - (0.42)(14)] + 44.4(11.5 - 7.0) 

- (27.8)(7.0 - 2.5) = 821.0 k-in. = 68.4 k-ft 

For the case of tensile strain on the tensile side of the section, and Eu = 0.003 
on the compressive side, with the strain in the prestressed reinforcement due to 
the prestress alone being equal to 160 + 28,000 = 0.00571, the strains in the 
reinforcement on the tension and compression sides become: 

[ 11.5 - c] 
Eps = 0.00571 + 0.003 c 

E;s = 0.00571 - 0.003 [ c -c2.5] 

The stress in the reinforcement on the tension side must be determined from 
the stress-strain curve for the reinforcement being used. Assuming that the 
relationship between the stress and strain in the reinforcement can be taken to 
be as shown in Fig. 11-8, the stress in the reinforcement on the tensile side is 
easily determined for a particular strain. The results of the computations are 
summarized in Table 11-1 and shows plotted in Fig. 11-5. (The stress-strain 
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Fig. 11-8. Stress-strain curve for prestressed reinforcement used in LP. 11-1. 

TABLE 11-1 Summary of Computations for I.P. 11-1. 

Po = 769.352 k .70 x Po = 538.546 k 
c(in.) Pn(k) Mn(k-ft) c/>Pn cf>Mn cf> 

14.000 594.184 68.393 415.928 47.875 .700 
13.300 559.511 81.120 391.657 56.784 .700 
12.600 524.688 92.250 367.281 64.575 .700 
11.900 489.688 101.791 342.781 71.253 .700 
11.200 454.478 109.749 318.134 76.824 .700 
10.500 419.016 116.135 293.311 81.294 .700 
9.800 383.248 120.962 268.273 84.673 .700 
9.100 347.103 124.248 242.972 86.973 .700 
8.400 310.488 126.014 217.341 88.210 .700 
7.700 272.284 126.663 192.238 89.426 .706 
7.000 235.960 124.870 172.851 91.473 .732 
6.300 199.878 121.215 151.721 92.010 .759 
5.600 163.608 115.806 128.529 90.976 .785 
4.900 126.899 108.656 103.057 88.241 .812 
4.200 89.453 9.739 75.019 83.646 .838 
3.500 51.369 88.774 44.442 76.804 .865 
2.800 12.705 75.246 11.329 67.096 .891 
2.580 .000 59.126 .000 53.213 .900 

MUrrulX = 126.752 k-ft at c = 7.858 in. 0.70Mumax = 88.726 k-ft. 
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curve for the prestressed reinforcement in this example is an arbitrary curve 
selected for the purpose of this problem and should not be used in actual design.) 

Prestressed-concrete piles have been used extensively in the United States. 
The types of piles can be divided into three classifications: (1) cylinder piles, 
(2) pretensioned, precast piles, and (3) pretensioned spun piles, which are 
described as follows (PCI 1985): 

1. Post-tensioned, multielement cylinder piles are made by precasting hollow 
cylinders of concrete in sections about 16 ft long with wall thickness of 5 
in. or more. Holes are formed longitudinally in the walls when the sections 
are cast. After the precast sections have cured, they are aligned, and post­
tensioning tendons are threaded through the holes in the walls, after which 
they are stressed and grouted. In this manner, piles up to 150 ft long have 
been made. Cylinder piles also are made with pretensioned reinforcement. 
In this process, the piles are cast either in conventional molds (wet-cast) 
or in traveling molds that slipform the hollow sections. Cylinder piles 
normally are made in diameters from 36 to 54 in. and have been used with 
service loads up to 550 tons. The hollow shape is efficient for resisting 
axial loads, as well as for resisting bending moments that may be applied 
from any direction. Typical details and dimensions for cylinder piles are 
given in Fig. 11-9. 

2. Pretensioned, precast piles have been made with square, rectangular, 
triangUlar, hexagonal, octagonal, and round-both hollow and solid-cross 
sections. Pretensioned piles have been used extensively in the construc­
tion of waterfront structures. They are made with the normal procedures 
used in pretensioned construction. This type of pile has been used more 
than cylinder or spun piles have. Typical details and dimensions of square 
and octagonal prestressed piles are shown in Figs. 11-lOa and 11-lOb. It 
should be noted that the capacities in Figs. 11-lOa and 11-lOb are based 
upon stress and not on strain. The capacities listed in the figures should 
not be used in actual applications until an analysis has been made of the 
effects of slenderness, secondary moments due to deflection, and the 
potential for buckling for the actual conditions anticipated for the proposed 
use. 

3. Pretensioned spun piles are made in individual molds designed to resist 
the pretensioning force during the casting and curing of the pile. The 
manufacturing procedure consists of placing the tendons and reinforcing 
cage in steel molds, stressing the tendons, and placing the mold on 
revolving wheels that tum the mold as the concrete is placed. The centrif­
ugal force compacts the concrete and forces the excess water from the 
plastic concrete. The pile is then cured and stripped from the mold. 
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Prestressed-concrete piles have better driving characteristics than reinforced­
concrete piles. The prestressed piles penetrate the soil better and with less effort. 
In addition, prestressed piles can be made longer than is practical with 
reinforced-concrete piles, because of their lower dead weight and higher resis­
tance to bending moments. 

Prestressed concrete sheet piles have been widely used on waterfront struc­
tures throughout the world. They generally are solid, are rectangular in cross 
section, and have tongue-and-groove joints formed in their edges to interlock 
them with adjacent piles in the completed structure. Prestressed concrete sheet 
piles normally are made with pretensioned reinforcement, but bonded post­
tensioned reinforcement also has been used successfully. 

The procedure used in the design of prestressed piles is no different from that 
employed in the design of columns that have axial load or combined axial load 
and bending. The amount of prestressing provided in the piles normally is 
controlled by handling stresses, but a minimum average prestress in the concrete 
of 700 psi is used to prevent the piles from cracking during driving. Such 
cracking has occurred on many projects, and is normally due to tensile stresses 
in the piles that result from the piles rebounding elastically from the driving 
hammer. This type of cracking is more likely to occur when driving is 
commenced (particularly in soft materials) and before significant tip resistance 
has developed. The cracking can be controlled by using techniques compatible 
with job-site conditions (Smith 1960). 

11-4 Fire Resistance 

Fire resistance, as determined by standard tests, has been used as a measure of 
the ability of a structural element to prevent the spread of fire and to retain 
structural strength at elevated temperatures. The fire resistance of a member 
generally is expressed in hours and is intended to be indicative of the length of 
time that the member can be subjected to a standard fire test without failing. 
Failure may result from the inability of the member to adequately perform in 
anyone of these circumstances: 

1. Walls, floors, and roof elements must not experience a temperature rise, 
on the side opposite to the fire, that would allow inflammable material to 
ignite by conduction. 

2. Walls, floors, and roof elements must not permit flames, hot air, or gases 
to pass through the member and ignite or cause inflammable materials to 
ignite. 

3. All structural members must retain sufficient strength at elevated temper­
atures to ensure the safety of the occupants as well as firefighters. 

4. The elements must retain their structural integrity under the action of a 
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stream of water applied during or immediately after exposure to the 
standard fire test. 

In detailing structural elements. to resist the effects of fire, building designers 
traditionally have relied upon the fire resistance provision contained in the model 
building codes or fire ratings established by carefully controlled tests of actual 
structural elements. The concrete cover requirements for prestressed reinforce­
ment, taken from Table No. 43-A of the 1988 edition of the Uniform Building 
Code and reproduced here as Table 11-2. are an example of commonly used 
data (ICBO 1988). The reader is advised to consult complete fire protection 
provisions in an appropriate edition of the model building codes for applicable 
requirements for each individual application of prestressed concrete. 

Many types of prestressed concrete standard products, such as double-T slabs, 
cored slabs, and so on, have been tested for fire resistance and carry the approval 
of the various testing agencies. Manufacturers of prestressed concrete, the 
Prestressed Concrete Institute, and the Post-Tensioning Institute can provide 
specific data for different types of prestressed concrete applications. 

11-5 Normal Temperature Variation 

The effect of nominal atmospheric temperature variations on the performance 
of prestressed structures and on the effective prestress is occasionally questioned 
by persons who are not familiar with the use of prestressed concrete. Because 
the thermal coefficients of linear expansion for steel and concrete are of the 
same order (6.5 X 10-6 in./in.;oF), if the steel and concrete have the same 
temperatures at all times, there is no significant effect on the effective prestress 
for normal changes in temperature. 

If the tendons are not bonded to the member, but are exposed to the 
atmosphere, it would be possible for the temperature of the tendons to be 
different from that of the concrete section. Under such conditions, the effect of 
temperature variations should be studied on the basis of estimated maximum 
temperature differentials and their effect on the effective prestress. 

Atmospheric temperature variations can result in significant stresses in struc­
tures prestressed by jacks rather than by tendons (see Secs. 1-3 and 16-9). The 
effect of temperature variations must be given careful consideration when this 
type of prestressing is used. 

A prestressed member with either bonded or unbonded tendons will expand 
or contract with temperature variations. Provision should be made for thermal 
expansion and contraction in prestressed construction in the same way as is done 
for structures made with other materials unless conditions indicate that the effect 
can be reasonably neglected. It should be kept in mind that changes in the length 
of a member can cause stresses only if the length change is restrained. 

If a temperature gradient exists within a member, such as those frequently 
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experienced from solar heating, and the temperature distribution through the 
thickness of the members is known, the stresses and strains within the section 
are easily computed (Priestley 1978). Priestley has shown that the nonlinear 
distribution of temperature would yield a nonlinear distribution of strain if it 
were unrestrained. This imaginary strain, which is referred to as the free strain, 
would be equal to the product of the thermal coefficient of expansion and the 
temperature at each level through the thickness of the member. Because plane 
sections must remain plane under all loading effects in the elastic range, the 
strain through the thickness of the member, referred to for the purpose of this 
discussion as the final strain, even when under the effects of the temperature 
gradient, must vary linearly from the top fiber to the bottom fiber. The differ­
ence between the free strain and the final strain is the strain that is created to 
maintain the linear strain distribution, referred to as the restraint strain. These 
strains are illustrated in Fig. 11-11. 

The final strain, Ey , at any level y from the top of the section is: 

(11-1) 

(a) Free strain (b) Restraint strain (e) Final strain 

Fig. 11-11. Strain diagrams for temperature gradient analysis of concrete structures. 
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and, taking the free strain at any level, ffy, which is equal to the product of the 
temperature ty , at level y, and the thermal coefficient of expansion, a, the stress 
at level y is: 

( 11-2) 

The axial force on the section is equal to the summation of the forces at each 
level, and is expressed by: 

P = Ec 1: (fy - ffy)bydy (11-3) 

and the moment on the section, with respect to its centroidal axis, is: 

M = Ec J: (fy - ffy)by(Y - n )dy (11-4) 

in which n is the distance from the centroid to the top of the concrete section. 
The force and moment on the section are each equal to zero if the section 

under consideration is in a simply supported beam (i.e., without axial or 
rotational restraints at the supports). In taking this consideration into account, 
Priestley has shown that the curvature, 1/1, of the section and the strain at the 
neutral axis, fO, can be expressed by: 

1/1 = ~ 1: tyby(y - n)dy (11-5) 

and: 

( 11-6) 

In eq. 11-5 I is the moment of inertia of the section about its centroidal axis, 
and in eq. 11-6 A is the area of the section. 

The curvature from eq. 11-5 causes an upward deflection of a simple beam 
for the condition of a higher temperature on the top of the section (a negative 
deflection for the notation used in this book) with accompanying rotations at 
the supports. If the beam had restrained ends, like one of the interior spans of 
the four-span continuous beam shown in Fig. 11-12a, the rotation would be 
restrained by a moment that is: 

(11-7) 

and a distribution of moments along the length of the member, having the shape 
shown in Fig. 11-12b, would result from the effects of the temperature gradient. 
If the moment, in the continuous beam due to the effects of the temperature 
gradient is designated by M m , and if eq. 11-2 is rewritten in a general form 
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~ 21Q' t I 
(a) 

(b) 

21Q' ~ 155' :i 
I I 

POSITIVE MOMENT 
(TENSION IN BOTTOM FIBER) 

Fig. 11-12. Elevation and secondary moments due to a temperature gradient of 30°F 
for a four-span continuous prestressed concrete beam. (a) Elevation of 
beam. (b) Moment diagram. 

based upon the curvature of the section, the strain at the centroidal axis, and 
the stress due to the temperature gradient (if one exists), the equation then takes 
the form: 

( 11-8) 

Priestley's research has shown the temperature gradients resulting from solar 
heating in bridges to vary according to a fifth-power curve. This has led to the 
thermal design gradient shown in Fig. 11-13, in New Zealand. 

Other researchers have reported on experimental studies, field investigations, 
and bridge design practices with respect to the effects of temperature gradients 
on bridge structures. The interested reader should consult the following refer­
ences: Leonhardt, Kolbe, and Peter 1965; Leonhardt and Lippoth 1970; 
Hoffman, McClure, and West 1983; and Imbsen et al. 1985. 

ILLUSTRATIVE PROBLEM 11-2 For the double-tee beam shown in Fig. 11-14a, 
if used on a simple span of 50 ft, determine the deflection due a linear temper­
ature gradient through the thickness of the member with the top fiber tempera­
ture being 58°F higher than the bottom fiber temperature. The area of the 
concrete section is 456 in.2 , and the moment of inertia is 21,670 in.4. Assume 
that the thermal coefficient of expansion for the concrete is 6 x 10-6 

in. / in. ;OF. 

SOLUTION The temperature gradient is plotted in Fig. 11-14b. Using eqs. 
11-5 and 11-6, the values of the curvature and the strain at the centroidal axis 
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h 

1200 mm == 
47.2 in. 

Y 

Asphalt paving 

T 

~\~ t; 

100 mm == 
4 in. 

Deck over enclosed 
cell of box girder 

Webs, stems, and deck overhangs 

200 mm == 
8 in. "'---Bottom of concrete section 

IE( 

For temperature in Centigrade 
and y and h in mm: 

T = 32 - 0.2h 
5 

t,=T(-Y-) 
.' 1200 

t~ = (5.00 - 0.05h) °C 

For temperature in Fahrenheit 
and y and h in inches: 

T = 57.6 - 9.14h 
5 

t, = T(-Y- ) 
.I 47.2 

t~, = (9.00 - 2.28h) OF 

Fig. 11-13. Thermal gradients used in design of concrete bridges in New Zealand (after 
Priestley). 

are determined as follows: 

6 X 10-6 

1/; = 21670 [(54)(96)(1.5 - 5.92)(3) + (25.5)(8)(10 - 5.92)(21)] , 

6 X 10-6 -6 
= 21670 [-68,740 + 17,479] = -14.19 X 10 , 

6 X 10-6 
EO = 456 [(54)(96)(3) + (25.5)(8)(21)] 
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96" 3" 1< ~I 
I~--------------------------------------------~I--~~~ 

24" 

+58°F 

24" 

Fig. 11-14. Double-tee beam used in loP. 11-2. (a) Cross section. (b) Temperature 
gradient. 

6 X 10-6 
= 456 [15,552 + 4,284] 

= 0.000261 in. lin. 

The curvature is constant over the length of the simply supported beam, and, 
using the conjugate beam principle, the deflection computation becomes: 

1/IP -14.19 X 1O-6 (5<r)(144) . 
°midspan = 8 = 8 = -0.64 10. 

The designer frequently does not have precise information with respect to the 
extreme temperature gradient that a particular structure will experience in 
service. Knowing the location of the structure (longitude and latitude), its align­
ment, the superelevation, and possible shading from mountains or other objects, 
it is possible to estimate the maximum effect that solar heating may have on a 
particular structure (Priestley 1976). Therefore, some engineers believe that an 
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approximate method of analysis will yield results that are adequate for most 
design work. The approximate method consists of assuming that the top flange 
is raised to a uniform temperature higher than that of the other parts of the cross 
section. If unrestrained, the top flange would experience an increase in length 
as a result of the temperature increase. The expansion of the top flange is resisted 
by the webs and the bottom flange. By combining these effects, using the princi­
ples of equilibrium and strain compatibility, an estimate of the effect is obtained. 

The first step in computations with the approximate method consists of 
computing the forces that would exist in the top flange due to the increase in 
temperature if the flange were completely restrained. The force results in a 
compressive stress in the top flange. The effect of the force on the section as a 
whole is computed by applying a tensile force equal in magnitude to the 
compressive force computed in the first step. The tensile force is applied at the 
centroid of the top flange. The sum of the stresses from the two forces gives 
the approximate stresses due to thermal effects in the section. 

As an example, consider the bridge cross section shown in Fig. 11-15. 
Assume that the top flange temperature is 30°F higher than that of the webs 
and bottom flange. The compressive stress in the top flange, if fully restrained, 
would be: 

where 0: is the coefficient of thermal expansion, and Ec is the elastic modulus 
of the concrete. If 0: = 6.5 X 10-6 and Ec = 3 X 106 psi,!c = 585 psi. The 
force in the top flange would be: 

585 x 5000 
p = = 2925 k 

1000 

as shown in Fig. 11-16a. The tensile force applied 5.29 in. from the top of the 
section produces the stresses shown in Fig. 11-16b, and the combined stresses 

AREA OF TOP FLANGE;;; 5000 l. IN. 

Fig. 11-15. Cross section of a single-cell concrete hollow-box girder bridge superstruc­
ture. 



DIRECT STRESS MEMBER, TEMPERATURE, AND FATIGUE I 531 

- 585 psi + 554 psi -31 psi 
(Comp.) --+- (Tension) --------rt- (Comp.)_ 

-130 psi 
1---....... ---~~--lr--+----+-:4-::5-::5-p-S":'l'i --+-" (Comp.) 

(a) 

(Tension) 

-105psi 
(Comp.) 

(b) (c) 

-105psi 
(Comp.) 

Fig. 11-16. Stresses in the bridge section of Fig. 11-15, by approximate calculation, 
for a linear temperature gradient of 30° F. (a) Stress in restrained top flange. 
(b) Stress due to axial force applied by the top flange. (c) Combined 
stresses. 

are as shown in Fig. 11-16c. These are the approximate stresses that would 
exist if the beam were a single simply supported span. 

If the beam were made continuous over four spans, as shown in Fig. 11-12a, 
it can be shown that secondary moments and reactions, as shown in Fig. 11-
12b, would exist. The secondary reactions are those required to prevent the 
beam from deflecting upward from its supports as a result of the thermal 
gradient. The secondary moment at the first interior support results in a stress 
of 314 psi (compression) in the top fiber and 510 psi (tension) in the bottom 
fiber. The net stress in the member due to the effect of the differential temper­
ature would be obtained by combining the stresses shown in Fig. 11-16c with 
those resulting from the secondary moment of Fig. 11-12b. 

11-6 Fatigue 

Fatigue strength of structural elements is important if the elements are to be 
subjected to frequent reversals or variations in stress. Resistance to fatigue is 
an essential property for bridge members, but is not normally an important 
consideration in building construction. 

Although the effect of fatigue on prestressed-concrete beams is not completely 
understood, there has been considerable research into the causes and types of 
fatigue failures that may result under the action of stress variations of various 
ranges. 
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Fatigue failures could be expected to occur in any of the following modes: 

1. Failure of the concrete due to flexural compression. 
2. Failure of the concrete due to diagonal tension or shear. 
3. Failure of the prestressing steel due to flexural, tensile-stress variations. 
4. Failure of pretensioned beams due to loss of bond. 
5. Failure of the end anchorages of post-tensioned beams. 

Although the fatigue limit for concrete in compression alone generally is 
thought to be from 50 to 55 percent of the static compressive strength, no reports 
of failures of prestressed concrete flexural members due to compressive flexural 
stresses are known to the author. Apparently restriction of the concrete 
compressive stress in complete bridge structure to 0.40/; results in adequate 
safety (Nordby 1958). It should be pointed our that the fatigue limit mentioned 
above is for the load alternating from zero to the maximum value, which is a 
larger variation than is normally experienced in prestressed concrete flexural 
members in actual service. 

In composite bridge stringers U; = 5000 psi) of moderately long span, the 
compressive stress in the top fibers of the precast section may vary from 1500 
psi under the loading condition of dead load alone to 2000 psi under the loading 
condition of dead load plus live load and impact. In a similar manner, the 
compressive stress in the composite flange (cast-in-place deck, /; = 3000 psi) 
may vary from zero to 900 psi. It is apparent that these ranges of stress variation 
and maximum values are considerably below the fatigue limit of the concrete 
in compression (0 to 0.50/;), and for this reason fatigue of the concrete should 
not be a problem under these conditions. A variation of stress in the compres­
sive flange from zero to 0.40/;, due to the application of live load plus impact 
alone, would only be expected to occur in short-span bridge structures. 

Fatigue failures due to diagonal tension or shear apparently have not been 
observed in prestressed concrete practice or research. Prestressed railroad ties, 
which are subjected to high-shear stresses, have shown distress when tested 
under repeated loads, as well as in service, but failure usually is caused by lack 
of adequate bond rather than insufficient shear or diagonal tensile strength. 
(Railroad ties are very special elements because of their high-shear loads and 
short -shear spans.) 

The majority of fatigue failures found in the testing of prestressed beams have 
resulted from fatigue of the tendons. It appears that after the cracking load is 
reached, concentrations of stress or other phenomena related to the cracks 
develop in the tendons in the vicinity of the cracks, and failure results. It must 
be emphasized, however, that most tests reveal that the fatigue resistance of 
prestressed-concrete beams is high and generally superior to that of conven­
tionally reinforced concrete. 

In several fatigue tests conducted abroad, it was found that individual wires 
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contained in the prestressing tendons failed by fatigue at points where they 
passed over spacers used to hold the wires in position (Sawko and Saba 1968). 
This would lead one to suspect that the secondary stress that develops in the 
wire due to its passing over a spacer (usually a small-diameter wire or bar) can 
be sufficiently severe to cause a point of fatigue weakness and possible fatigue 
failure. No failures in actual structures due to this effect are known to the author, 
but he believes that designers should avoid the use of spacers and the use of 
sharp bends in prestressed reinforcement when possible, if fatigue is a consid­
eration in the structure. 

Bond failures have been found in testing very short-span members, as was 
mentioned above. It appears that cracking of the beam sets up conditions that 
result in deterioration of the flexural bond between the tendon and the concrete 
as additional variations in the load are applied. When the flexural bond is 
destroyed from the point of cracking to the vicinity of the support, in the region 
where transfer bond is developed, failure ensues (see Sec. 6-6). 

The available experimental data lead one to conclude that the types of tendons 
normally used domestically in pretensioned work provide adequate safety against 
bond failure for members of usual proportions. 

There are indications that a light, hard coating of normal oxidation on the 
surface of the tendons improves the dynamic bond properties, just as it improves 
the static bond properties (see Sec. 6-6 for other factors that affect bond stresses). 

No reports of fatigue failures in the steel at the anchorages of post-tensioned 
members are found in the literature. This type of failure is extremely unlikely 
in bonded construction because the grout is very effective in developing flexural 
bond stresses. This was demonstrated in one test in which the end anchorages 
were removed from the tendons of a grouted beam, and the member was then 
subjected to a fatigue test. The results were satisfactory, and failure resulted 
from fatigue of the tendons, not from lack of bond. 

In unbonded post-tensioned construction, the end anchorages could be 
subjected to some variation in stress under the action of variation in external 
load. This type of construction is not generally used in members that will be 
subjected to frequent variations in stress; however, there are very few experi­
mental results available on the performance of this type of construction under 
repeated loads. 

Existing acceptance standards for unbonded tendons include fatigu~ test 
requirements (PTI 1981). 

11-7 Siabs-on-Grade 

Concrete slabs-on-grade (or slabs-on-ground) are commonly used in the 
construction of commercial, industrial, and residential buildings. These slabs 
frequently are constructed of plain, unreinforced concrete or concrete that does 
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not contain sufficient reinforcement for it to qualify as reinforced concrete 
according to the provisions of ACI 318. For residential construction, slabs 
having a nominal thickness of 4 in. (3.5 in. actual thickness) frequently are 
used with welded wire fabric having Wl.4 wires spaced at 6 in. on centers each 
way (6 X 6 Wl.4 /Wl.4). If properly constructed on well-compacted soil that 
is nonexpansive, or on soil that is expansive but held at a constant moisture 
content, such slabs have performed very well. 

To be properly constructed, unreinforced slabs (using the ACI 318 definition) 
must be provided with contraction joints if the normal cracking due to concrete 
shrinkage is to be confined to the locations desired by the responsible party 
(architect, contractor, developer, or engineer, depending upon the circum­
stances). It should be recognized that the reinforcement in concrete is under 
compressive stress and does not resist concrete shrinkage deformation until after 
the concrete has cracked. If slabs-on-ground are to be constructed free of cracks, 
special methods must be used in their construction. The use of shrinkage­
compensating portland cement (type k cement), or admixtures that give normal 
portland cement shrinkage-compensating characteristics, together with suffi­
cient nonprestressed reinforcement, is one means of constructing crack-free 
slabs-on-grade. Another method of avoiding cracks in concrete slabs-on-grade, 
which has been widely used, involves prestressing the concrete by using post­
tensioned tendons. The use of shrinkage compensating concrete is outside the 
scope of this book, and the interested reader is referred to the Standard Practice 
for the Use of Shrinkage-Compensating Concrete (ACI 223). 

The use of post-tensioned slabs-on-grade was developed in the 1970s with 
the primary purpose being to control cracking in slabs constructed on expansive 
or compressible soils. The original reason for the development of prestressed 
concrete, the elimination of cracks in concrete structures, was the motivation 
for this application. The principle involves the creation of compressive stresses 
in the concrete in such a way that the effects of creep and shrinkage will not 
result in axial forces that exceed the tensile strength of the concrete, the effects 
of friction from the soil supporting the slab will be overcome by the prestressing, 
and flexural stresses in the slab due to movements of the supporting soil (expan­
sion or contraction) or the superimposed loads (posts, bearing walls, heavy 
objects, etc.) will not result in flexural stresses exceeding the flexural tensile 
strength of the concrete. 

The design of post-tensioned slabs-on-ground is based upon a combination 
of empirical relationships and theoretical considerations. The designer must have 
considerable site-specific information from a soils engineer with respect to the 
soil parameters that should be used in the design. The design methods for slabs­
on-ground recommended by the Post-tensioning Institute are included as an 
optional method of design in the 1988 Uniform Building Code Standards (ICBO 
1988; PTI 1980). 
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12 

12-1 General 

Connections for 
Precast Members 

The connections between precast members or between precast and cast-in-place 
members should be designed to be capable of withstanding the design (factored) 
vertical and horizontal loads in which they will be subjected, without failure, 
excessive deformation, or rotation. It is generally preferred that the strengths 
of connections exceed the strengths of the members connected. In seismically 
active areas, ductility of the connections is as important as strength, if not more 
important. Details of connections should be such that they accommodate, or 
are readily adjusted to accommodate, construction tolerances. The tolerances 
considered are not just variations in length, width, and elevation, but also include 
unintended deviations from the specified or theoretical planes of bearing (PCI 
Committee on Connections 1988). Connections should be detailed to provide 
erection clearances, bends of the reinforcement, and clearances that may be 
required for special requirements such as the post-tensioning of tendons after 
erection. 

In the interest of economy, connections should be as simple as possible and 
designed in such a way that during the erection of the precast members the 
members will be stable when set into place and can be disconnected from the 

536 
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erection equipment quickly, with no need for temporary bracing. Some connec­
tions require the erection equipment to provide stability while welding or other 
time-consuming operations are performed in order to achieve stability; but they 
frequently are not economical. Connections should be of such a configuration 
that they are easily inspected during assembly as well as after their completion. 

The designer should pay particular attention to the details of connections to 
be sure the structure will act as it has been assumed to act in the design of the 
individual elements. If the beams that are connected to opposite sides of a 
column are designed as simple beams, the connection details should not result 
in the members being continuous or partially continuous because of a cast-in­
place reinforced concrete slab or topping or other mechanical fasteners. On the 
other hand, if the members have been designed to be continuous under certain 
conditions of loading, the connections should be carefully detailed to achieve 
the intended continuity. 

Flexural members undergo rotations and deflections due to the application of 
transverse loads. Rotations and deflections due to other effects, such as temper­
ature, creep, shrinkage, and so on, may also occur. Connection details, partic­
ularly for simple spans, should provide for the rotations that will occur at 
supports without restraint, and with no risk of spalling from a member being 
supported at an unreinforced edge (see Fig. 12-1). 

Connections that incorporate welded reinforcing steel should be used with 
caution. Reinforcing steel frequently contains relatively high amounts of carbon 
and other elements, which can have an influence on its weldability and the 

Beam in rotated position 

Column with corbel 

Fig. 12-1. Corbel edge loading reSUlting from rotation of a supported beam. 
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procedures that must be followed to obtain acceptable welds. This combination 
of carbon and other elements is known as the carbon equivalent. The codes of 
the American Welding Society and most building codes require that the carbon 
equivalents of steels being welded be known and used as the basis for the selec­
tion of welding procedures and electrodes. It is essential to use prequalified 
welds, workers who are certified welders for the types of welding to be done, 
and special inspection when needed, to assure the required quality of welds. It 
is considered good practice not to permit welding of reinforcing bars at their 
intersections (crossing bars), or welding bars close to bends (within two bar 
diameters) or in locations where the bars have been bent and straightened. Tack 
welds should be permitted only at locations where they will become part of a 
permanent, prequalified weld (A WS D 1.4-79). 

Publications containing typical connection details and methods for facili­
tating their design and proportioning are available from the national and regional 
prestressed concrete trade associations, as well as from producers of prestressed 
concrete products. Designers should be familiar with these details, how they 
evolved, and the structural theory or experimental work on which they are based. 
A designer should not assume that typical details are satisfactory for his or her 
purposes without understanding and agreeing with the basis for their ability to 
perform the function for which they are intended. It is sometimes useful to 
research the evolution of a detail contained in a contemporary publication, by 
reviewing previous editions of the same publication (if they exist), as a means 
of understanding the basis for contemporary recommendations. Several publi­
cations of the Prestressed Concrete Institute that are very useful in the design 
of connections are listed in the references to this chapter. 

12-2 Horizontal Forces 

In several of its sections, ACI 318 contains design requirements that include 
the consideration of horizontal forces. Section 11.9 of ACI 318, which pertains 
to the design of corbels and brackets, requires a minimum horizontal force of 
20 percent of the vertical force supported by the corbel unless special provisions 
are made to avoid horizontal forces. For the designer to evaluate special provi­
sions that might be used to avoid horizontal forces, the sources of the forces, 
such as concrete creep and shrinkage, temperature effects, and so on, must be 
evaluated, and the theoretical displacements that could result from the effects 
must be determined (see Sees. 3-12, 3-14, and 11-5). It is considered better 
practice to evaluate the forces and displacements where possible rather than to 
use the minimum force specified in ACI 318 because the latter can be signifi­
cantly incorrect in some instances. In addition to the horizontal forces that may 
exist, the designer should determine the rotations that will occur at the ends of 
the supported members; these too are important considerations in the design of 
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a connection. Using well-designed connection details that avoid horizontal 
forces or control their magnitude is a common, proven approach. 

The computation of horizontal forces to be used in the design of connections 
for restrained members can be done by first determining the unrestrained change 
in length of the member that would be expected to occur after the member is 
erected and the connection effected. The force from the restraint that can be 
developed in the connection and in the structure as whole then must be deter­
mined. 

If a simple prestressed concrete beam were fully restrained, such as being 
attached to two infinitely stiff shear walls, as shown in Fig. 12-2, the restraining 
force, Ro would be the force that would cause an increase of strain equal to oL 
in the bottom fibers, computed as follows: 

R _ EeAoL 

0- L(l + ~:) 
(12-1 ) 

In the case of a single span supported vertically and restrained against trans­
lation, but not rotation, by two columns of equal stiffness (as shown in Fig. 
12-3), the value for Ro can be computed as: 

3EeIellL 
Ro = 2H3 ( 12-2) 

in which Ee and Ie are the elastic modulus and the moment of inertia of the 
column, respectively. For a multispan frame containing a number of equal spans 
restrained by columns of equal stiffness, such as shown in Fig. 12-4, the force 
in the interior spans can be approximated by: 

(12-3 ) 

in which n is the number of spans, i is the number of the span under consid­
eration reckoned from the end, and Ro is computed from eq. 12-2. In eqs . 

.., * I,...------------,o_+_: 
RO"-t t~RO 

RL (a) Elevation of Restrained Beam RR 

~I.~I ______________ ~ 
(b) Moment Due to Restraint 

Fig. 12-2. Simple beam with horizontal eccentric forces resulting from restraint. 
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f1 
Fig. 12-3. Effect of beam shortening in a frame composed of two cantilevered columns 

and a beam with hinged beam-to-column joints. 

12-1 and 12-2, the age-adjusted modulus of elasticity of the concrete should be 
used in computing Ro (see Sec. 3-8). 

In multispan structures where difficulty is experienced in applying eq. 12-3, 
the restraining force interior spans can be roughly approximated as being equal 
to 50 percent of the applied prestressing force (PCI Committee on Connections 
1988; Burton, Corley, and Hognestad 1967). 

12-3 Corbels 

Corbels on columns, pilasters, and walls of the type commonly used for 
supporting precast concrete beams have been extensively studied, experimen­
tally and analytically, by the Portland Cement Association (Kriz and Raths 
1965). The testing has resulted, in part, in the recommendations shown in Fig. 
12-5, which can be summarized as follows: 

1. The minimum distance from the bearing plate to the edge of the corbel 
should be 2 in. 

2. The tensile reinforcement should be welded to an anchorage bar of the 
same size as the tensile reinforcement. 

3. The depth of the corbel at the outside face of the bearing plate should be 
not less than one-half the depth (d) at the face of the support. 

4. If a horizontal (tensile) force is to be resisted in addition to the vertical 
force, a steel plate should be provided, welded to the tensile reinforcement 
and embedded in the top of the corbel. 

Fig. 12-4. Effect of beam shortening in a frame composed of n beams and n + 
columns with hinged beam-to-column joints. 



Beam 

Anchorage bar same size 
as tensile reinforcement 
welded to tensile 
reinforcement 

Face of bearing plate 
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wall or pilaster 

Steel plate fillet welded to 
tensile reinforcement if 
"Bearing Plate" is steel & 
horizontal forces are to be 
resisted 
Tensile 
rei nforcement 

Shear reinforcement 
of closed stirrups 

Fig. 12-5. Typical details for reinforced concrete corbels. 

5. The mlmmum cover on the tensile reinforcement and on the shear 
reinforcement should be ~ in. and ~ in., respectively. 

It should be recognized that the welding of crossing reinforcing bars, as 
specified in item 2 above, is not normally considered good engineering practice. 
On the other hand, experience has shown that in this particular detail it does 
provide the necessary anchorage to the tensile reinforcement without adverse 
effects (eRSI 1984). A preferred procedure for anchoring the end of the tensile 
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reinforcement to the concrete would be to fillet-weld the ends of the tensile 
reinforcement to flat steel plates or angles, similar to those described in Sec. 
12-4, mther than to an anchomge bar. 

The shear span, a, and the distance from the extreme fiber to the tensile 
reinforcement, d, used in the design of corbels are illustmted in Fig. 12-5. 

The types of failures experienced in corbels that have not been designed, 
detailed, or constructed correctly are illustmted in Fig. 12-6. A toe cmck in the 
corbel and a heel cmck in the beam, both of which can result from the rotation 
of the supported beam, are illustmted in Fig. 12-6. In addition, a flexural-tension 
cmck in the corbel near the surface of the column extension above is shown in 
Fig. 12-6. Wide flexural-tension cmcks can be the result of an insufficient 
amount of tensile reinforcement near the top surface of the corbel or inadequate 
anchomge (development) of the bar on either of the two sides of the cmck. Also 
illustmted in Fig. 12-6 are the compression strut and tensile tie forces one uses 
in a truss analogy analysis of a corbel. 

12-4 Column Heads 

The term column head is used for the structural connection consisting of a 
prismatic column that supports one or two beams at its top. A column head is 

--------
---------

Beam heel +------...... 
crack 

Deflection due 
to creep for 
unloaded span 

-----
Corbel toe 
crack 

d h 

Compression strut 

Bearing stress = ~ where A is the contact area 

between the corbel and the supported member 

Fig. 12-6. Typical toe crack in a reinforced concrete corbel and typical heel crack in 
the end of a precast concrete beam supported by a corbel. 
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Beam Beam 

Bearing pad 

Column 

Fig. 12-7. A precast concrete column head supporting two precast concrete beams. 

illustrated in Fig. 12-7. A study of the ultimate strength of column heads with 
various reinforcing details, loaded in various ways, was conducted by the 
Portland Cement Association (Kriz and Raths 1963) to detennine relationships 
for use in the strength evaluation of this type of connection. 

The study revealed that if the bearing stresses were not restricted to conven­
tionallevels, column heads reinforced with sufficient amounts of nonprestressed 
lateral reinforcement, when loaded to failure, would be expected to fail by 
concrete crushing. Without well-detailed lateral reinforcing in sufficient 
quantities, they would be expected to fail in shear if the load were applied at a 
distance of 1.5 in. orless from the edge of the column and by splitting ifloaded 
at a distance greater than 1.5 in. from the face of the column (see Fig. 12-8). 
Lateral reinforcement should be anchored by welding cross bars close to the 
ends of the lateral reinforcement or by welding bearing plates or angles to the 
lateral reinforcing, as shown in Fig. 12-9. As in the case of corbels, horizontal 
loads have a significant effect on the strength of column heads and should be 
prevented or controlled at acceptable levels when possible. The uniformity of 
the bearing stress between the beam and the column head was found to have a 
significant effect on the strength of a column head. 

The prudent designer will provide for the tolerances associated with the 
manufacture and erection of precast concrete members, as well as the effects of 
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p 

..... 1--< 1.5" p p p 

v-Crack 

\ 
...... f---> 1.5" 

\¥..--Crack Crack 

v v 

(a) s < 1.5 in. (b) s > 1.5 in. (c) Two loads, S > 1.5 in. 

Fig. 12-8. Modes of failure for reinforced concrete column heads. 

horizontal forces and beam end rotations due to loadings, when designing 
column heads. This is most commonly done by providing elastomeric or other 
types of structural bearings. 

The nominal bearing strength of a laterally reinforced column head that is 
uniformly loaded in bearing across the width of the column head, b, in which 
the horizontal forces are either prevented or controlled, can be computed by: 

in which: 

--,-"_ .... " 
fC--.... " 
" , , ' " , " , , , ' , " , , 
I , , , , , , 

a) 

fb = (A)(B)(C) (12-4 ) 

A ~ 6O.Jf;~ (12-5 ) 

B = 0 for s < 2.00 (12-6a) 

b) (c) 

Fig. 12-9. Configurations of welded lateral reinforcement in concrete column heads. 
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and, for s ;a: 2.00: 

[.4.; 
B = 1 + C1 ~b :s; 2.00 ( 12-6b) 

and, when the lateral reinforcement in the column head is welded to transverse 
bars of equal size: 

C = (~r·/v. (12-7a) 

but when the lateral reinforcement in the column head is welded to a steel bearing 
plate of a steel angle 

(12-7b) 

Notation used in the above equations, and not previously defined; is as follows: 

Asl = Area of the lateral reinforcement (minimum yield strength of 40,000 
psi) per inch of bearing plate width, b, with Asl :s; 0.16 in.2 lin. of 
bearing plate width. 

b = Width of the bearing plate measured perpendicular to the direction 
of s. 

C1 = Constant equal to zero when s is less than 2 in. and equal to 2.5 
when s is equal to 2 in. or more. 

Jb = The nominal bearing strength in psi. 

NulVu = Ratio of horizontal and vertical design loads (factored). 
s = Distance from the edge of the column to the center line of the 

bearing plate. 
I = Length of the bearing plate measured in the direction of s. 

Because very little increase in strength was found to be achieved by using lateral 
reinforcing having a yield point greater than 40,000 psi, the yield strength does 
not appear in the above relationships. 

In eq. 12-6, the term A represents the strength of a column head that has no 
lateral reinforcing and is subjected to vertical loads only. The term B is a strength 
increase factor that reflects the effects of properly anchored lateral reinforcing 
when the distance s exceeds 2 in. The term B should not exceed 2, because an 
increase in the amount of lateral reinforcing above that which results in B being 
equal to 2 causes little increase in the bearing strength. The term C is a strength 
reduction factor that accounts for the effects of horizontal loads acting in combi­
nation with the vertical loads. 

The lateral reinforcing should be placed near the top of the column with a 
concrete cover of i in. or the minimum permitted by the applicable code. The 
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lateral reinforcing can be placed in two layers when necessary to facilitate 
concrete placing and compaction. 

The nominal bearing strength computed with eq. 12-4 should be used in 
comparing the design (factored) load to the strength as: 

(12-8 ) 

in which q, is taken to be 0.85 or less. 

ILLUSTRATIVE PROBLEM 12-1 Design the column head for a 12 in. x 12 in. 
column that is to support two beams symmetrically placed about the centerline 
of the column. Horizontal loads are prevented. The design (factored) load for 
each beam is 200,000 lb,f~ = 4000 psi, and the bearing pad width is 3 in. 

SOLUTION: Provide a 1 in. gap between girders, and use a distance s equal to 
of 2.75 in. as a means of providing equal edge distances for the beam and 
column. 

= 42.75 . A = 69,,4000 x 3 - = 4239 pSI 
3.00 

Assuming that transverse reinforcement is not required, B = 1, and, because 
Nu = 0, C = 1, and: 

q,Vn = 0.85 x 4239 x 3 x 12 x 12 = 129,700 lb < 200,000 lb 

Hence, lateral reinforcing is required and the term B from eq. 12 must equal or 
exceed: 

200,000 . fA:t 
B = 129,700 = 1.54 = 1 + 2.5 ~12 

because s > 2.00 in. and: 

= 2 (1.54 - 1.0)2 = 12 (0.54)2 = ° 56' 2 
Asl 1 2.5 2.5' m. 

Three No.4 bars, which are provided with a No.4 anchorage bar welded at 
each end, give a lateral reinforcing area of 0.60 sq. in. and provide a good 
solution. Note that the actual ultimate bearing stress on the concrete with this 
solution would be 5560 psi, and: 

AsI 0.60 . 2 t 6' 2 t 12 = 12 = 0.050 m. m. < 0.1 m. m. 
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12-5 Ledgers and Ledges 

Cast-in-place concrete walls, inverted-tee beams and L-shaped beams frequently 
are used to support other precast, prestressed concrete members such as double­
tee beams. The portion of the wall on which the supported member bears 
frequently is called a ledger, and the portion of a beam on which the supported 
member bears is called a ledge. Typical ledges and a ledger are illustrated in 
Fig. 12-10. The vertical and horizontal loads that supported members impose 

c ast-in-place tOPPln9l 
1 
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-~ 
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Double-t 
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Cast-in-place concrete composite slab 

j 
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- -
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r -=-- ~ 

(b) 

Fig. 12-10. A typical concrete ledger and a typical concrete ledge. (a) Cast-in-place 
concrete ledger s\lpporting a double-tee beam. (b) Ledges of inverted-tee 
beam supporting double-tee beams. 
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Fig. 12-10. (Continued) (c) Ledge at L-shaped beam supporting a double-tee beam. (d) 
Reinforcement in a cast-in-place ledger. 
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upon ledgers can cause heel cracks in the supported members and toe cracks in 
ledges or ledgers unless these members are correctly designed and effectively 
reinforced. Elastomeric bearing pads, which are discussed in Sec. 12-9, are 
effective in reducing the horizontal forces at the connections, as well as in 
reducing the incidence of heel and toe cracks, but they normally do not elimi­
nate the need for reinforcement. The stem reinforcement in the ends of the 
double-tee stems frequently consists of a steel angle or plate anchored to the 
concrete, similar to the detail shown in Fig. 12-11. 

The reinforcement in ledges and ledgers, which can be designed following 
the procedure contained in Design and Typical Details of Connections for 
Precast and Prestressed Concrete (PCI 1988), consists of reinforcement for 
flexure and axial tension (As), longitudinal reinforcement (AI)' and hanger 
(vertical axial tensile force) reinforcement (Ash)' as shown in Fig. 12-12. The 
hanger reinforcement is not needed in the walls supporting ledgers. The selec­
tion of the concrete dimensions and the detailing of the reinforcement in ledges 
and ledgers, as shown in Fig. 12-12, should be done by taking the actual dimen­
sions of the reinforcing steel bars, bar bend dimensions, bar bending tolerances, 
bar placing tolerances, and concrete dimensional tolerances into account. It 
should be noted that the reinforcement is effective only if it is anchored suffi­
ciently to develop the required stresses in the reinforcement. The minimum 
tension embedment lengths, ldh' for 90 0 and 1800 standard hooks can be found 
in reinforcing steel design and detailing aids (CRSI 1984). 

Potential horizontal 
crack 

Potential vertical crack 

Shear reinforcement 

Flexural reinforcement 

Reinforcement for 
axial tensile force 

Fig. 12-11. Typical reinforcement for the bottom of a double-tee beam stem at its 
support. 
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Fig. 12-12. Typical ledger and ledge reinforcement based upon the recommendations 
of the Precast/Prestressed Concrete Institute. 

12-6 Oapped End Connections 

The ends of beams sometimes are dapped, as illustrated in Fig. 12-13, to reduce 
the overall depths of floor and roof construction as well as to obtain the desired 
appearance for a building. The provision of a dap introduces a condition of 

LJM 
"' H :; 

H~'------, 

Fig. 12-13. Forces and moment on the dapped end of a prestressed concrete beam. 
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Rf 

Note that compression struts are denoted by arrows toward the 
nodal zones and tension ties are denoted by arrows away from 
the nodal zones. 

Fig. 12-14. Truss analogy model of the forces at the dapped end of a beam. 

stress that requires reinforcing details different from those used in beams that 
are not dapped. The forces that must be considered in the desigp of beams with 
dapped ends are illustrated, using the truss analogy, in Fig. 12-14, and the 
locations of potential cracking that must be considered in proportioning the 
reinforcement are shown in Fig. 12-15. The cracks indicated in Fig. 12-15 are 
described as follows: 

1. Diagonal tension (shear) crack in the extended end of the beam. 
2. Potential direct shear crack used in the shear-friction analysis of the 

horizontal reinforcement that extends across the crack. 
3. Diagonal crack (shear) emanating from the reentrant corner of the dapped 

end. 
4. Diagonal tension (shear) crack in the full-depth section of the beam. 



552 I MODERN PRESTRESSED CONCRETE 

[jJ ~ @] @] 

r 
MU( r' )M, 

h 
----. 

Nu"--
Nu 

lR 

Fig. 12-15. Locations of potential cracking influencing reinforcement details in a dapped 
end beam. 

The recommendations contained in the PCI Design Handbook for the design 
of beams with dapped ends have been different in each edition of the handbook 
(PCI 1971, 1978, 1985). For this reason, it is recommended that designers of 
beams with dapped ends consult the most recent publications of the Prestressed 
Concrete Institute before commencing the design of beams of this type. Further­
more, it is recommended that designers check their work by using an analysis 
based upon the truss analogy. 

Beams with dapped ends frequently are used for spandrel beams in buildings. 
Spandrel beams often are subjected to torsional moments as a result of the 
connection details for the members supported by the spandrel beam, the support 
details for the spandrel beam itself, and the location of the shear center of the 
spandrel beam cross section. This is illustrated in Fig. 12-16. It is important 
that the torsional moments applied to spandrel beams be investigated during 
design, and that torsional reinforcement be provided when needed. 

12-7 Post-tensioned Connection 

Continuity of beam-column connections can be obtained by utilizing the 
principle of segmental construction shown in Fig. 12-17. This connection has 
the advantage that continuity can be developed without the use of embedded 
steel plates and field-welding. The principal disadvantage of this detail is that 
temporary shoring must be used to support the precast beams until the concrete 
closure pour is placed and cured, and the tendons are prestressed. This type of 
joint would be expected to result in a slightly longer construction time than 
would be experienced with other types of connections because of the time 
required to place and cure the cast-in-place concrete. Furthermore, shortening 
of the beam concrete from the effects of concrete shrinkage and creep may cause 
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Fig. 12-16. Typical forces on a spandrel beam that cause torsional moments. 

larger moments in the column than would be expected with other connection 
details. 

12-8 Column Base Connections 

Precast column base connections commonly used in precast concrete buildings 
are shown in Fig. 12-18. Each detail has certain advantages relative to the 
fabrication of the precast columns and the field work required after the erection 
of the columns, but there is little difference in the details from the standpoint 
of structural performance. 

It should be observed that these details do not permit the extension of 
nonprestressed reinforcing steel dowels from the foundations into the columns 
as is commonly done in cast-in-place construction. Hence special attention must 
be given to the connection details if it is necessary or desired to transfer signif­
icant loads and moments between the column bases and the foundations. 
Welding of the longitudinal column reinforcement to the column bearing plates 
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Fig. 12-17. Post-tensioned beam-column connection. 

and filling of the space between the bottom of the column base plate and the 
top of the concrete foundation must be done well after the precast column has 
been erected and positioned, in order to achieve satisfactory results. The material 
used in filling the space should be dry-packed portland cement mortar or one 
of the premixed non-shrink products commercially available for this purpose. 
The designer must understand that the capacity of this type of connection gener­
ally is considered to be limited by the allowable bearing stress in the weaker of 
the two concretes. The provision of jam nuts on the anchor bolts immediately 
beneath the base plates facilitates plumbing and adjusting the elevation of the 
columns at the time of erection. 

Grout pad 

Fig. 12-18. Typical column base connections for precast concrete columns. 
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Column connections of the types shown should be designed by using a 
capacity reduction factor of 0.70, as required for tied columns by most building 
codes. The critical section in the design of the base plate that extends beyond 
the edge of the column is commonly taken as the plane tangent to the column 
reinforcing steel nearest the anchor bolts that are loaded in tension. 

The stiffness of the connection used in design should include the effects of 
bolt elongation and plate deflection, as well as foundation rotations. The bolt 
design should be based upon the area at the root of the threads and not the 
nominal bolt diameter. If shear forces are to be transmitted by a connection, 
special consideration should be given to the stresses resulting from the combined 
shear and tensile stresses. 

12-9 Elastomeric Bearing Pads 

Elastomeric bearing pads, formulated with natural or artificial elastomers (rubber 
or rubber-like materials) combined with mineral fillers, have been used in both 
concrete and steel structures since the 1950s (Du Pont 1957). They offer some 
very attractive benefits if they are made of good-quality materials and correctly 
proportioned. Some of their advantages are: 

1. Elastomeric bearing pads are capable of supporting compressive stresses 
in the range of 500 to 1000 psi in their most simple configuration (i.e. , 
unreinforced and unconfined), depending upon the shape and composition 
of an individual pad (Fig. 12-19). 

2. If used in a configuration that prevents excessive bulging at the unloaded 
surfaces of the pads, through lamination with steel or other materials (as 
shown in Fig. 12-20) or by the confinement of external restraining devices, 
the elastomeric materials are capable of supporting compressive stresses 
as high as 3000 psi. 

Fig. 12-19. Solid, unreinforced elastomeric bearing pad. (Based upon data obtained 
from and used with permission of JVllnc., Skokie, Illinois.) 
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Fig. 12-20. Elastomeric bearing pad reinforced by lamination with steel plates. (a) 
unloaded pad. (b) Loaded pad. 

3. When used between two surfaces of concrete, such as those commonly 
found at the ends of precast concrete flexural members where they are 
supported by corbels, column heads, ledgers, and so on, elastomeric 
bearing pads of correct proportions and composition are capable of 
compensating for small differences in the out-of-planeness (i.e., surfaces 
that are not parallel) that commonly exists at these locations. This is illus­
trated in Fig. 12-21. 

4. When correctly designed, fabricated, and installed, elastomeric bearing 
pads are capable of accommodating displacements due to the effects of 
concrete creep and shrinkage, as well as temperature variations, without 
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Fig. 12-21. Elastomeric bearing pad in a joint having rotational deformation. 

large horizontal forces being created. This is illustrated in Fig. 12-22a. 
In the design of some elastomeric bearing pads, particularly in building 
construction, the designer sometimes relies upon the supported member's 
slipping over the top surface of the elastomeric bearing pad as a means of 
relieving the forces that would be developed because of concrete creep 
and shrinkage if restrained as shown in Fig. 12-22b. 

5. When correctly designed, fabricated, and installed, elastomeric bearing 
pads are capable of accommodating rotations such as those that occur at 
the ends of flexural members due to the application of extemalloads and 
environmental effects (temperature changes, temperature gradients, etc.). 

6. Elastomeric bearing pads function as a result of compressive and shear 
deformations of the material and, if well compounded with materials of 
good quality, are basically unaffected by corrosion, oxidation, foreign 
materials, inelastic deformation, and time-dependent variations in friction 
characteristics. (See Table 12-1 for typical values of the shear modulus 
for elastomers of different hardnesses.) 

Some elastomeric bearing pads are composed of the elastomer alone, whereas 
others are formed of elastomeric materials laminated with steel plates or fabrics 
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Fig. 12-22. Mechanisms relieving the forces due to concrete creep and shrinkage with 
elastomeric bearing pads. (a) Elastomeric bearing pad deformed because 
of shear stresses. (b) Slippage of a supported member. 
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TABLE 12-1 Modulus of Elasticity in Shear. 

50 Durometer Hardness 

110 psi at 70°F 
l.lO x llO psi at 20°F 
1.25 x llO psi at O°F 
1.9 x 110 psi at -20°F 

60 Durometer Hardness 

160 psi at 70°F 
l.l x 160 psi at 20°F 
1.25 x 160 psi at O°F 
1.9 x 160 psi at -20°F 

70 Durometer Hardness 

215 psi at 70°F 
l.lO x 215 psi at 20°F 
1.25 x 215 psi at O°F 
1.9 x 215 psi at -20°F 

of various types. Others are composed of elastomeric materials and randomly 
oriented fibers embedded within the pads, as illustrated in Fig. 12-23. The 
provision of laminated materials and embedded fibers within the elastomer 
reduces the bulging of the unloaded edges of elastomeric pads, and, because 
shear stresses result from the bulges, higher loads can be safely used on these 
reinforced pads. Cotton-fiber duck laminated with an elastomer, as shown in 
Fig. 12-24, has been used successfully in bearing pads for many years. Plain 
elastomer pads are suitable for use only in applications where relatively small 
compressive stresses will result from the vertical loads, and larger horizontal 
displacements will not be experienced. 

Specifications for the design and fabrication of elastomeric bearing pads for 
use in highway bridges have been included in the AASHTO Standard Specifi­
cations for Highway Bridges for many years. (The provisions in the current 
edition are significantly different from those contained in the earlier editions; 
AASHTO 1989.) Unfortunately comparable design and fabrication standards 
do not exist for elastomeric bearing pads used in building construction. Recom­
mendations for the design of elastomeric bearing pads, some based upon the 
AASHTO standards and some based upon information from the producers of 
elastomeric materials, have been included in the publications of the Prestressed 

Fig. 12-23. Elastomeric bearing pad reinforced with randomly oriented fibers. (Based 
upon data obtained from and used with permission of JVI Inc., Skokie, 
Illinois.) 



560 I MODERN PRESTRESSED CONCRETE 

Fig. 12-24. Bearing pad composed of cotton-fiber duck laminated with an elastomer. 
(Based upon data obtained from and used with permission of JVI Inc., 
Skokie, Illinois.) 

Concrete Institute for many years (see PCI 1971, 1978, 1985). In some industry 
publications elastomeric bearing pads that conform to the requirements in the 
AASHTO specifications have been referred to as structural grade pads, and pads 
that do not conform to the AASHTO standard have been termed commercial 
grade pads (PCI 1978). Unfortunately, commercial grade pads do not have to 
be manufactured to meet minimum standards and mayor may not have physical 
properties that suit them for use in the construction of precast concrete struc­
tures. Numerous failures have occurred in structures constructed with commer­
cial grade elastomeric bearing pads; some of these have been limited to the pads 
themselves, whereas others have resulted in damage to the supporting or 
supported members. In spite of the fact that there is no industry-consensus 
standard for elastomeric bearing pads used in building construction, knowl­
edgeable and responsible producers of elastomeric bearing pads do exist. The 
designer and the user of elastomeric bearing pads should carefully investigate 
the source, composition, and experience record for the specific elastomeric 
bearing pads proposed for use on each project. 

Bridge design practice in many European countries requires that elastomeric 
bearing pads be designed and detailed to be replaceable. This requirement is 
the result of a number of failures in elastomeric bridge bearings. The removal 
and the replacement of these pads are greatly facilitated if provided for when 
the bridge is designed. 

Fabricated metal bearings, similar in construction to a hydraulic jack but 
having an elastomeric material as the compressible material rather than a fluid, 
are commonly used in bridge construction. Bearings of this type, which are 
frequently referred to as pot bearings, are covered by patents and copyrights, 
and for this reason it is best to obtain details about them from the manufacturers. 
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12-10 Other Expansion Bearings 

Other materials, such as steel plates coated with low-friction coatings, graphite­
impregnated materials, steel rollers, steel rockers, and bronze plates containing 
grooves filled with lubricants, have been used with varying degrees of success 
in prestressed concrete structures. The newer low-friction plastic-coated steels, 
as shown in Fig. 12-25, appear promising. The designer should investigate any 
proposed bearing material as thoroughly as possible before use, understanding 
that the horizontal forces that can develop when bearings do not perform as 
expected can be very large and can result in serious structural problems. 

12-11 Fixed Steel Bearings 

Bearing details similar to those shown in Fig. 12-26 have been used in many 
instances without difficulty. If the steel bearing plates supporting the beams are 
welded together, or if they become fixed to each other by the products of corro­
sion, they can transmit large forces that may cause cracking and eventual failure 
of the concrete in the connected parts. If the plates are not welded together and 
the center shim plate width is small, as compared to the upper and lower plates, 
the action of the bearing can approximate that of a rocker. 

If top reinforcing is provided at a connection similar to the one shown in Fig. 
12-26, and the steel bearings at the bottom of the member are welded together, 
rotations at the end of the beam will be restrained, and the construction will be 
structurally continuous for loads after continuity has been established. In a case 
such as this, the reinforcing, as well as the bearings, should be designed for the 
forces resulting from the continuity as well as from restrained concrete creep, 
shrinkage volume, and temperature deformations. 

Fig. 12-25. Teflon-coated steel plate for use in a structural bearing. (Based upon data 
obtained from and used with permission of JVllnc., Skokie, Illinois.) 
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Fig. 12-26. Beam connection detail with welded steel plates at bottom .. and nonpre­
stressed continuity reinforcement at top. 

Fixed connections commonly are provided at the tops of beams, as shown in 
Fig. 12-26, through the provision of reinforcement in the cast-in-place concrete 
topping. Horizontal displacement of the top of the girder is prevented by the 
cast-in-place reinforced concrete, but the bottom supports usually are designed 
to move horizontally as well as to rotate. In this way, the effects of concrete 
creep and shrinkage, rotations due to applied loads, and deformations due to 
temperature effects can take place with reduced restraint and little if any cracking 
or other adverse effects. 

12-12 Wind / Seismic Connections 

It is often necessary to provide a means of transferring shear forces between 
individual precast concrete structural elements to provide resistance to lateral 
loads that will be applied to a building or other structure. A cast-in-place bonded 
concrete topping placed over precast members frequently is used to effect the 
shear transfer and form a diaphragm. 
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When a concrete topping is not used, connections are frequently provided 
between the individual precast units to transfer the shear forces. The connec­
tions can consist of concrete shear keys, adhesives, or metal inserts that are 
connected by welding or bolting. The use of concrete shear keys for this purpose 
is not common, because if they are to be effective, the precast units must be 
restrained against movements that would separate them. (Shear keys themselves 
normally are not capable of transferring tensile forces.) Although such restraint 
sometimes is possible by the inclusion of continuous prestressed or nonpre­
stressed reinforcement in the end joints (over the supporting beams or girders), 
the details in doing so can be involved and not straightforward. Adhesives are 
not commonly used to provide shear strength because they are not resistant to 
heat and thus cannot be used structurally in fire-rated construction. In addition, 
the weakest part in a connection made with adhesives in a concrete structures 
is most often the strength of the concrete at the glue line and not that of the 
adhesive itself. A commonly used shear connector detail for double-tee, single­
tee, and channel slabs is shown in Fig. 12-27. It should be noted that this detail 
includes the welding of reinforcing steel, and when it is used, the recommen-

Pocket grout 
after welding 

Fig. 12-27. Typical wind/seismic connection used in flanges of double-tee slabs. 



564 I MODERN PRESTRESSED CONCRETE 

dations for welding reinforcing steel of the American Welding Society should 
be followed (A WS 1979). 

One should remember that the imposition of a force on the connection results 
in compression in some ofthe bars. Because they are positioned in thin sections, 
the bars cannot be tied and braced against buckling, as is customary when 
concrete reinforcement is used in compression. Connections of this type cannot 
be expected to exhibit great ductility-an important consideration in designing 
for seismic forces. 

Hollow core slabs (for building construction) made with some processes can 
be provided with metallic inserts that can be used to develop the required shear 
forces. Other manufacturing processes do not permit the inclusion of metal 
inserts, and products made by these methods frequently are used with a struc­
tural topping in areas where lateral loads due to wind and earthquake must be 
resisted. 

Concrete shear keys can be used efficiently in bridges to transfer lateral and 
longitudinal shear forces between bridge superstructures and substructures. The 
shear keys frequently are provided between the end diaphragms and bent (or 
pier) caps or at the abutments. The keys can be lined with thin (0.25 in.) expan­
sion-joint material to prevent bond where they are designed to be fixed against 
displacements but must be free to rotate. Thicker expansion-joint material or 
expanded polystyrene frequently is used to line keys designed to provide for 
displacements (expansion bearings) as well as rotations. 

12-13 Shear-Friction Connections 

When it is inappropriate to consider shear as a measure of diagonal tension, 
contemporary engineering practice recognizes the shear-friction concept as a 
means of transferring shear forces. The method can be used in the design of 
corbels, according to the provision of ACI 318, when the ratio ofthe shear span 
to the effective depth is 0.50 or less. There are many conditions where the 
concept finds application in precast structural concrete elements. 

In the shear-friction concept, a crack is assumed to exist in the member in 
the location where one might expect the element to fail in shear. Reinforcement 
placed across the crack is assumed to provide a force normal to the crack and 
develop a frictional resistance that prevents displacement of the crack. If the 
amount of reinforcement is sufficient, the frictional resistance will be greater 
than the applied shear force, and slippage will be avoided. The reinforcing 
should be placed approximately perpendicular to the crack. 

The unit shear stress Vu is not permitted (in ACI 318) to exceed 800 psi or 
0.2f;, whichever is less, and the area of steel required is computed from: 

A -~ 
if - cJ>fy/l-

( 12-9) 
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in which the yield strength on the nonprestressed reinforcement, /Y' cannot 
exceed 60,000 psi, the strength reduction factor cannot be taken to be greater 
than q, = 0.85, and p., the friction coefficient, is equal to 1.4 for concrete cast 
monolithically, 1.0 for concrete placed against clean, artificially roughened, 
hardened concrete (construction joints) surfaces, and 0.70 for concrete placed 
against clean, unpainted as-rolled steel. 

If tensile stress as well as shear stress exists across the potential crack, 
additional reinforcement must be provided to resist the tensile stress. In any 
case, the reinforcement must be placed in such a manner that it is adequately 
anchored on each side of the assumed crack, and it must be well distributed 
over the area. 

It should be noted that values of the friction coefficient p. recommended by 
the Prestressed Concrete Institute are larger than those contained in ACI 318 
(PCI 1985). The PCI recommendations are based upon experimental data. 
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13 Roof and Floor 
Framing Systems 

13-1 Introduction 

The subjects of prestressed and nonprestressed reinforced-concrete roof- and 
floor-framing systems are inseparable because identical concrete sections 
sometimes are used with each mode of reinforcing, and because some framing 
schemes incorporate elements composed of each type of construction. For this 
reason, each will be considered in this discussion although the emphasis will 
be placed upon members with prestressed reinforcement. Nonprestressed 
reinforced-concrete elements will be discussed only when they are used in lieu 
of or in combination with prestressed elements. 

The desirable features of floor and roof systems frequently, but not always, 
will include the following: 

1. Good performance at service loads with adequate strength for design 
loads and with minimal, if any, cracking. 

2. Economy in first cost. 
3. Low maintenance cost. 
4. Adaptability to long and short spans with minimum revision to the 

manufacturing facilities. 

567 
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5. Minimum total depth of construction. 
6. Ease in providing vertical openings of various sizes for elevators, stair­

wells, plumbing, skylights, and so on. 
7. High stiffness of individual precast units (low deflection). 
8. Ease in developing diaphragm action of roof or floor structures for 

resisting horizontal loads (seismic, wind, etc.). 
9. A clean, attractive soffit that is smooth or nearly so, and thus can often 

be left exposed in the completed building. 
10. Stability of precast elements during manufacture, transportation, and 

erection at the job site. 
11. Low, uniform, stable deflection. 
12. Good fire resistance. 
13. Good thermal and sound insulating qualities. 
14. Large and small daily production possible with minimum capital invest-

ment. 
15. Minimum erection time. 
16. Large equipment and skilled labor not required for erection. 
17. A minimum of additional labor, forms, or welding required for joining 

the elements at the time of or after erection. 
18. Ability to withstand forces imposed in handling, transport, and erection 

without cracking or permanent deformation. 

Clearly no one framing scheme can offer all these advantages. The relative 
importance of the factors listed above will vary from job to job, in different 
applications, and in different localities. 

It is not possible to discuss each system and method of framing that has been 
used or produced as a standard product in the United States. There have been 
many different methods and variations of those methods. A directory of precast, 
prestressed-concrete producers and their products, published in 1969 by the 
Prestressed Concrete Institute (PCI 1969), included thirteen types of beams, 
girders, and joists; nine types of "stemmed" units (i.e., double-tee beams, 
single-tee beams, etc.); five types of members with continuous internally formed 
voids; eleven types of piles; and a variety of architectural and miscellaneous 
units. The PCI Design Handbook among other PCI publications, also contains 
valuable data regarding the commonly used prestressed concrete products (PCI 
1985). The following discussion is limited to general schemes that have received 
reasonably widespread acceptance, and is confined to general terms. 

13-2 Double-Tee Slabs 

Double-tee slabs, which are used extensively in North America for both roof 
and floor construction, have been made in a variety of widths and depths, as 
illustrated in Fig. 13-1. When they are used as floor slabs, a concrete topping 
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Fig. 13-1. Typical double-tee beam dimensions. 

from 2 to 4 in. thick usually is placed over the top of the slabs. The topping 
concrete generally is designed to be bonded to the precast double-tee slab and 
to perform as a composite component of the member for loads applied after 
curing of the topping. The topping also provides a means of obtaining a flat 
wearing surface, developing shear transfer through the composite construction, 
and installing seismic collector and chord reinforcement. Because of casting 
irregularities, variations in deflection, and other construction inaccuracies, the 
upper surface of erected double-tee slabs cannot be expected to be flat and true 
to line. A concrete topping frequently is not used in roof construction, the 
insulation and roofing often being applied directly to the precast slabs. 

Owing to the poor performance of cast-in-place concrete toppings in some 
parts ofthe United States, primarily where deicing salts are used and the concrete 
is exposed to cycles of freezing and thawing, some manufacturers of double­
tee slabs produce slabs with top flanges that are 4.5 in. thick or more, to avoid 
the need for a cast-in-place concrete topping on parking structures. (Minor 
amounts of cast-in-place concrete frequently are needed for corrosion protection 
of field connections, even with the thicker top flanges.) The double-tee slabs 
with the thicker top flanges are commonly referred to as pretopped double-tee 
slabs. 

When a concrete topping is not used, it is normal practice to provide field-
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welded connections in the edges of the top flanges to allow for the transfer of 
shear stresses between the individual slabs and to develop diaphragm action 
(see Sec. 12-12). The connections also help to eliminate differential live load 
deflection between the flanges of adjacent double-tee slabs. Differential deflec­
tions between adjacent slabs may result in damage to roofing applied to the 
slabs. Nonstructural fill material frequently is applied to the top surfaces of 
adjacent double-tee slabs as a means of eliminating abrupt changes in elevation 
at the joints and thereby helping to avoid damage to the roofing at the joints. 

If field-welded connections are to be used to resist earthquake-induced forces, 
they should be designed for three or four times the forces to which they would 
be subject under the code-specified lateral force, unless tests have been made 
that demonstrate that the connections have sufficient ductility (energy-absorp­
tion capability) to render this requirement unnecessary. If tests are used, they 
should demonstrate that the diaphragms formed through the use of the connec­
tions will not displace to such an extent that the overall stability of the structure 
under seismic forces is questionable. 

Double-tee slabs are structurally efficient. The slab portion is quite thin and 
has well-balanced negative and positive moments. The legs of the joists or tees 
are thin and normally are highly stressed. The legs do not have significant 
torsional stiffness, but this consideration is not normally important in roof or 
floor construction. The slabs are relatively light when compared to other types 
of framing for the longer spans, and they contain little excess material. A signif­
icant contribution to a slab's structural efficiency results from the fact that a 
very large portion of the total dead load is acting on the slab at the time of 
prestressing. Double-tee slabs can be obtained at relatively low cost in virtually 
all sections of the United States. 

in applications that do not require beams to support the slabs, such as single­
span commercial buildings with bearing walls, the depth required for double­
tee slab construction is quite small. When it is necessary to support the double­
tee slabs on beams and columns, the total depth of construction may become 
relatively great. This is particularly true if long spans are required in each direc­
tion, for, during erection, the slabs must be lowered vertically upon the 
supporting members, and they cannot be rotated (in a horizontal plane) into 
position because of their width. The inverted-tee beam, which is illustrated in 
Fig. 13-2, has been widely used with double-tee slabs. The inverted-tee beam 
mayor may not be prestressed, mayor may not be made continuous in the 
completed structure, but does not have an efficient cross-sectional shape for 
long simple spans. For the longer spans, a large wide top flange is necessary 
to achieve the required flexural strength. In applications where a cast-in-place 
topping will be provided to act compositely with an inverted-tee beam, the 
topping may provide an adequate top flange. An efficient solution for long spans 
in each direction is the use of double-tee slabs in combination with beams that 
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Fig. 13-2. Inverted-tee beam supporting double-tee beam. 

have wide flanges, as illustrated in Fig. 13-3; the large total depth of the struc­
ture should be noted. 

The size of vertical openings that can conveniently be provided in double-tee 
slabs is restricted to the clear width of the flange between stems unless special 
strengthening or intermediate support can be developed. The top flange of the 
slab is essential in developing flexural strength; so the openings may have to 
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Fig. 13-3. Double-tee beam supported by prestressed concrete wide-flange beam. 
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be confined to the areas near the ends of the span where the moments are low. 
The soffits of double-tee beams are left exposed in many industrial and commer­
cial applications. 

Double-tee slabs are stable during manufacture and erection, but they must 
be handled with reasonable care, or the relatively fragile, outstanding flanges 
can be cracked. Double-tee slabs occasionally have large upward deflections 
due to prestressing. The deflection sometimes is not uniform from slab to slab, 
and, in an attempt to minimize this undesirable feature, deflected tendons and 
partial prestressing frequently are used. When they are fabricated with a top 
flange on the order of 2 in. thick, as is frequently the case, the fire resistance 
of double-tee slabs can be made to have a two-hour fire rating if the stems are 
large enough to protect the prestressed reinforcement, and if the slabs are 
provided supplementary insulation and built-up roofing. When they are provided 
with a cast-in-place concrete topping, a fire rating of two hours is easily 
obtained. 

Double-tee slabs normally are made on pretensioning benches from 200 to 
400 ft long although some manufacturers use longer beds, and some have used 
individual molds that resist the pretensioning force during concrete placing and 
curing (i.e., stress-resisting forms). 

Because of the relatively large size of each double-tee slab, the erection time 
normally required with these members is not excessive (on a unit-area basis), 
and equipment of moderate size usually will work efficiently. The amount of 
labor required to complete the structural roof or floor during and after erection 
varies from job to job, depending upon the amount of welding and other tasks 
required to complete the structure. 

Some manufacturers have supplied this type of slab made of ordinary 
reinforced concrete rather than prestressed concrete. Virtually all double-tee 
slabs currently are made pretensioned. Adequate results can be obtained with 
reinforced concrete on short and moderate spans if sufficient camber is provided 
in the members so that creep and shrinkage will not cause sagging. 

Double-tee slabs fabricated by reputable and skilled manufacturers are 
efficient in many applications. They not only perform well, but have a pleasing 
appearance. 

13-3 Single-Tee Beams or Joists 

Single-tee beams of two general types are used in roof and floor construction. 
The first of these is made with the same mold that is used in double-tee beams 
and has the general dimensions shown in Fig. 13-4. The advantages and disad­
vantages of single-tee members of this type are virtually identical to those of 
the double-tee slab, with the exception of stability of the members during 
erection. 

The other type of single-tee beam is made in a mold that allows the dimen-
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Fig. 13-4. Tee-beam made in double-tee mold. 

sions to be varied approximately as is indicated in Fig. 13-5. This member can 
be used on roof spans up to 120 ft in length and in bridge spans up to about 60 
ft. The web and flange thicknesses, which are greater than those normally used 
in double-tee slabs, can easily be varied. The large single-tee has been used 
extensively in many parts of the United States. The section is one of high struc­
tural efficiency. 

Single-tee beams of each type normally are made with a constant depth 
(prismatic cross section) rather than variable dimensions. It is essential that 
some type of temporary support be provided during transportation and erection 
to prevent these members from falling or being accidentally tipped on their side, 
until such time as they are incorporated in the structure and become permanently 
braced. 
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Fig. 13-5. Large tee-beam made in special mold. 
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13-4 Long-Span Channels 

Long-span channels are members that, like double-tee slabs, incoIporate a thin 
slab with ribs in such a way that the member can be used for relatively long 
spans without supplementary joists. Therefore, long-span channels have been 
used to span from bearing wall to bearing wall or from beam to beam, in the 
same way that double-tee slabs have been used. This single factor differentiates 
long-span channels from short-span channels, which normally do not have 
prestressed reinforcement. (Short-span channels require joists if used on spans 
that exceed 8 to 10 ft.) Long-span channels can be used on somewhat greater 
spans than are possible with standard double-tee slabs, as a rule, because they 
are narrower than a double-tee slab but have ribs comparable to or larger than 
those of the double-tee slab. 

As with single-tees, some forms of channels are made from the same forms 
used to make double-tee slabs; so they have the same general attributes as 
double-tee slabs. There is no need to consider this form of channel any further 
here. The general dimensions that are used in some channels of this type are 
given in Fig. 13-6. 

Channels of many other dimensions have been used. When the top flanges 
and ribs are made thicker, the strength is increased, as are the fire resistance, 
stiffness, weight, and cost. The deflection, and the variation of deflection 
between members, are less with channels of more ample proportions, such as 
the one illustrated in Fig. 13-7. With the thicker ribs, it is possible to develop 
good shear distribution between adjacent members in a structure. In addition, 
the heavier sections are less fragile than the lighter double-tee slabs. 

End and intermediate diaphragms or flange stiffeners have been used in some 
types of prestressed and reinforced-concrete channels, but the provision of the 
secondary members greatly complicates the manufacturing facilities and 
techniques that must be employed. Temperature changes, shrinkage, and elastic 
shortening of the concrete (due to prestressing) all have a tendency to make the 
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Fig. 13-6. Channel slab made in double-tee mold. 
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Fig. 13-7. Channel slab of moderate proportions. 

precast member cling to the form or mold. These effects can be minimized by 
placing contraction joints in the forms. 

Channels have several theoretical or practical advantages over double-tee 
slabs, as can be seen from the above discussion, but the advantages have not 
proved to be sufficiently important to justify the additional cost that results from 
their use. Long-span concrete channel slabs made with nonprestressed 
reinforcement concrete are efficient and cost-effective for moderate spans when 
manufactured in quantity. 

13-5 Joists 

Prestressed joists, or small beams, of various types and sizes are used with 
many types of deck materials, such as short-span channels, concrete plank, cast­
in-place concrete, poured gypsum, and lightweight insulating roof materials 
composed of cement-coated wood fibers. Typical sizes and shapes of such joists 
are shown in Fig. 13-8. This type of framing is without question the most versa­
tile because the cross-sectional shape of the joist does not restrict the maximum 
span on which it can be used to the same degree as with channel slab, double­
tee slab, and single-tee beam construction. This versatility is due to the joist 
spacing's not being a fixed dimension. 

The depth of construction required with joist framing is a somewhat greater 
than is needed in comparable spans of channel slabs and double-tee slabs when 
each type is used in bearing-wall construction, but it may be somewhat less 
when interior girders are required. The relatively lower construction depth that 
is possible with interior girders results from using girders that have a flat upper 
surface on the bottom flange on which the joists are supported. This type of 
girder, which is illustrated in Fig. 13-9, can be used without difficulty in joist 
construction; the joists can be rotated into position because of their relatively 
small width. As was explained previously, this cannot be done with double-tee 
and channel slabs because of their wide widths. 

Another significant advantage with joist construction is the ease of allowing 
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Fig. 13-8. Prestressed concrete joints. 

for vertical openings. Because joist spacings nonnally range from 2.5 to 8.0 ft, 
the size of the vertical openings obtainable without special framing or strength­
ening is greater than that which is possible with most other types of precast 
framing. 

Many of the other desirable characteristics of roof and floor framing systems 
with joists are functions of the design of the joists themselves and thus escape 
generalization. Included in this category are the maximum span, fire resistance, 
stability during handling, stiffness, appearance of the joists, and amount and 
stability of the deflection. Well-designed joists, however, will be satisfactory 
in all of these respects. 

prestressed 
girder 

Roof deck 

... Prestressed joist 

Fig. 13-9. Cross section through girder supporting prestressed concrete joints. 
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The degree of diaphragm action that can be developed, the appearance of the 
soffit, the fire resistance, and the thermal insulation characteristics, as well as 
the erection time and labor required, are contingent upon the type of deck 
selected for use with the joists. 

13-6 Precast Solid Slabs 

Prestressed-concrete solid slabs of two types are possible: small, prestressed 
planks that are 2 to 4 in. thick, and larger pretensioned slabs that are 6 to 12 
in. thick. The smaller plank has been used in the United States, primarily as 
permanent forms for bridge decks, but some difficulty has been experienced in 
controlling the deflection and straightness of the individual units. Researchers 
believe that the variations in deflection between individual planks are combined 
effects of the normal variation in the quality of the concrete, the shrinkage of 
the concrete, and the fact that the eccentricity of the tendons is not maintained 
as precisely as is needed to obtain a uniform product. 

Large, solid prestressed slabs capable of carrying roof loads or nominal floor 
loads on spans to about 30 ft are economical if made partially prestressed. 
Although solid pretensioned slabs have not been used to a great extent in the 
United States, they have been used in special applications such as precast soffit 
slabs for composite construction of pier decks. Hollow, precast, pretensioned 
slabs and solid, cast-in-place, post-tensioned slabs, which are discussed subse­
quently, have been widely used in building construction. The same general 
types of structures could be made with each type of construction. The principal 
advantages of pretensioned solid slabs are their ease of manufacture, small depth 
of construction, and smooth soffit. The presence of a smooth soffit eliminates 
the need for applied or suspended ceilings in some structures. The principal 
disadvantages of solid slabs include the dead weight of the slabs, which can be 
partially offset by using lightweight concrete, and the difficulty of providing 
large penetrations. 

Solid slabs can be used with precast, prestressed beams soffits, as is illus­
trated in Fig. 13-10. Cast-in-place concrete, which is placed between the ends 
of the slabs, connects the slabs and the beam soffit so that the beam has a 
T -shape for all subsequently applied loads. In addition, in order to minimize 
deflections or to increase the flexural strength, nonprestressed reinforcement can 
be extended from the slabs into the cast-in-place concrete to develop continuity 
for superimposed loads. 

13-7 Precast Hollow Slabs 

Hollow or "cored" slabs have been used extensively. The primary advantages 
and disadvantages of these types of elements are substantially the same as for 
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Fig. 13-10. Solid slabs with prestressed beam soffit. 

the solid slabs discussed in Sec. 13-6, the primary difference being that the 
hollow slabs are lighter and structurally more efficient in the elastic range. 
Typical cross sections of the hollow slabs currently produced in the United 
States are illustrated in Fig. 13-11. 

The slabs normally are made in long continuous castings and are cut to the 
desired length, with a concrete saw, after they have been cured. Sometimes, 
layers of slabs are cast one on top of the other (over a period of several days) 
until the stack is several slabs deep. The slabs cannot be cut or removed from 
the bench until the last slab cast has gained sufficient strength to allow it to be 
prestressed. 

Other types of hollow slabs have been made by casting the slabs in the normal 
manner (wet cast) and with voids formed in the slab by using paper tubes, which 
are left in the member, or with metal or inflatable rubber tubes, which are 
removed from the slab after it has hardened. 

13-8 Cast-in-Place Slabs 

Four general types of cast-in-place concrete slabs, or slablike members, are 
commonly made using prestressed concrete . 

. }O).O:O.·,Q',6·'O;·o".d.;'O:· .. 3 
3'·4"± I .. 

Fig. 13-11. Typical sections of hollow slabs produced in the United States. 
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Most frequently referred to as one-way slabs, two-way slabs, flat slabs, and 
flat plates, they are described briefly as follows: 

1. One-Way Slabs. The term one-way slab is used for a type of concrete 
construction formed of a slab or slablike member supported in such a way as 
to have dead-load bending moments, for all practical purposes, in only one of 
the two orthogonal directions. One-way slabs are supported by wall or stiff­
beam supports that extend across the entire width of the slabs and only permit 
deflections having single curvature. The supports usually are oriented perpen­
dicular to the longitudinal axis of the slab but can be at an angle (skew) from 
the perpendicular to the longitudinal axis. One-way slabs may be simple spans 
or may be continuous over three or more supports. 

2. Two-Way Slabs. Two-way slabs, which are generally square or rectan­
gular in plan, are supported on all four sides by continuous supports of walls 
or stiff beams. The slabs may have several continuous spans in each ofthe two 
orthogonal directions. The deflected surfaces of two-way slabs have double 
curvature. 

3. Flat Slabs. Flat slab normally are supported by a series of columns. The 
columns are most frequently, but not always, positioned in a square or rectan­
gular pattern. Flat slabs do not have stiff beams or walls spanning from column 
to column, in either direction. Flat slabs have drop panels or capitals at the 
junction of the slab soffits and the tops of the columns. They normally are 
continuous over several supports. 

4. Flat Plates. Flat plates basically are identical to flat slabs except that they 
have a flat soffit without drop panels or capitals. This type of construction 
commonly is used in lift-slab construction in which one or more slabs are cast 
on top of each other below their final position. After post -tensioning of the slab 
reinforcement, the slabs are lifted to their final position and connected to the 
supporting columns. If cast-in-place, the formwork needed for flat plates is the 
most simple required for cast-in-place concrete construction. Flat plates 
frequently have shear stresses in the concrete at locations of the columns that 
are relatively high and sometimes require reinforcement. Shear stresses often 
limit the span lengths that can be used with flat plates. 

Additional specific comments on these four types of prestressed concrete 
construction will be found in Sections 13-9, 13-10, and 13-11. Additional infor­
mation on their elastic analysis and behavior can be found in the references. 
(Brotchic and Wynn 1975; Kawai 1957; Kist and Bouma 1954; and Wester­
gaard 1930.) 

In the past, cast-in-place post-tensioned concrete slabs used in building 
construction normally had a minimum thickness of 4.5 in. in order to comply 
with the minimum requirements for a two-hour rating in the fire codes. Contem­
porary codes require thickness from 3.6 to 5.0 in., depending upon the type of 
aggregates used in the concrete, for a two-hour fire rating (see Table No. 
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43-C, UBC 1988). The slab thicknesses used in one-way slabs, which often are 
used on short spans, frequently are controlled by the fire code provisions of the 
applicable building code rather than by strength or serviceability considerations. 
The minimum thicknesses of two-way systems (i.e., two-way slabs, flat slabs, 
and flat plates) are more often than not controlled by serviceability and strength 
considerations rather than fire resistance. 

In the interest of economy for longer spans, cast-in-place post-tensioned floors 
and roofs frequently are constructed with ribbed slabs in lieu of solid slabs. 
Construction of this type often is referred to as waffle slab construction because 
the ribs, which are similar in dimension to those commonly used in typical one­
way pan-joist construction, are provided in each of the orthogonal directions 
and have soffits with a "waffle" appearance. The ribbed slabs normally are 
designed by following the same general procedures used in the design and 
analysis of solid flat slabs (Aalami 1989). 

The maximum sag between the lines of supports that a tendon can have under 
normal conditions-that is, a tendon having an outside diameter of 0.75 in. and 
the slab not exposed to weather, in an interior span of a continuous slab having 
a thickness of 5.0 in.-is 2.75 in. If the slab is exposed to weather and the 
tensile stress in the concrete exceeds 6.Jl'c, the concrete cover requirements in 
ACI 318 are more stringent (Sec. 7.7.3.2), and the maximum sag that can be 
achieved is only 2.00 in. (ACI 318 1989). Considerable care must be exercised 
in cons~ructing thin cast-in-place slabs if the intended tendon positions and sags 
are to be obtained; normal construction tolerances for concrete thickness, 
formwork, and placing of reinforcement can have a significant effect on the 
sags actually achieved in the field. 

In the design of cast-in-place post-tensioned slabs, it is desirable to keep the 
average prestress reasonably low in order to minimize creep deformation 
(Aalami and Barth 1989). Considerable cracking has occurred in structures made 
with slabs of these types as a result of elastic shortening of the concrete at the 
time of prestressing, as well as the deformation caused by concrete creep and 
shrinkage (see Sec. 17-3). Therefore, the trends in design have been toward 
using low amounts of average prestress in the concrete (minimum value of 125 
psi) and permitting flexural tensile stresses in the slabs when under total service 
load. One technique commonly used to reduce the average compressive stress 
in post-tensioned slabs and plates, when load balancing is used as the method 
of analysis, is to balance a portion of the total dead load rather than the full 
dead load. The amount of dead load balanced by the prestressing may be only 
60 to 80 percent of the total dead load. When the dead load is only partially 
balanced, nonprestressed reinforcement frequently is needed to provide the 
minimum required flexural strength (see Secs. 5-3 and 5-5). 

In preliminary design, and frequently in the final design as well, designers 
often assume that the post-tensioned tendons will be placed on paths as shown 
in Fig. 13-12, and they ignore the need for counter-curvature in the tendons at 
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End span First interior span 

Fig. 13-12. Tendon paths used in preliminary design. 

the high points in their paths (supports). With this assumption, the computations 
for load balancing are significantly facilitated (see Secs. 8-15 and 10-4). 

It normally is necessary to terminate the tendons near middepth of the slab 
at the outermost ends of the end spans. The size of the end anchorages and the 
thickness of the slab normally dictate this. Hence, as will be seen from Fig. 
13-12, it is common to have a greater sag in the interior spans than in the end 
spans. This has significant bearing on the amount of prestressing required 
because e, in eq. 8-9, is equal to the midspan sag in a span and not the eccen­
tricity of the tendon. In the interest of economy, the designer frequently provides 
some tendons that extend the entire length of the structure, these being propor­
tioned for the prestress required in the most critical of the interior spans, plus 
some additional shorter tendons that do not extend the full length, as shown in 
Fig. 13-13, in the end spans. This has proved to be an efficient method of 
achieving the higher prestress required in the end spans. . 

As pointed out above, the sag in the end spans normally is smaller than that 
in the interior spans. On occasion, the end spans overhang the end supports, 
and the tendons in the end spans can be placed on paths identical to those in 
the interior spans, thus eliminating the need for supplementary tendons (see Fig. 
13-14). 

13-9 One-Way CIP Slabs 

The design of one-way slabs, with either simple or continuous spans, is done 
by employing the principles presented for simple and continuous flexural 

Supplementary tendon for end span 

End span First interior span 

Fig. 13-13. Supplementary tendon for end spans. 
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Fig. 13-14. Slab with overhanging end. 

members in Chapters 4 through 10. In order to simplify the calculations, the 
slabs normally are modeled with a width of one foot rather than the actual 
width. After the amount of prestressing steel and reinforcing steel required for 
a width of one foot has been determined, it is a simple matter to extend these 
data to the actual slab width. 

Transverse bending moments exist in one-way slabs subjected to concen­
trated loads. The transverse reinforcing required for a specific condition may 
be dictated by the applicable design criteria or, in special cases, may be deter­
mined by the use of an elastic analysis. The elastic analysis of transverse bending 
moments in one-way slabs is beyond the scope of this book; the interested reader 
is referred to the references listed at the end of this chapter. Bridge deck research 
related to the amount of reinforcement needed for wheel loads has led researchers 
to conclude that elastic analysis methods do not accurately predict the perfor­
mance of one-way slabs reinforced with nonprestressed reinforcement. Future 
research may show this to be true for one-way slabs having prestressed 
reinforcement as well (Pucher 1964; Csagoly and Lybas 1989). 

Since 1976, the Uniform Building Code (UBC 1976) has contained a provi­
sion for the minimum permissible amount of nonprestressed reinforcement in 
one-way slabs and beams prestressed with unbonded tendons. This provision, 
which will be found in Sec. 2618(j)B of the 1988 edition of the UBC and is not 
contained in ACI 318, is as follows: 

B. Bonded reinforcement shall be required regardless of service load stress 
conditions. 

One-way, unbonded, post-tensioned slabs and beams shall be designed to 
carry the dead load of the slab or beam plus 25 percent of the unreduced 
superimposed live load by some method other than the primary unbonded 
post-tensioned reinforcement. Design shall be based on the strength method 
of design with a load factor and capacity reduction factor of one. All 
reinforcement other than the primary unbonded reinforcement provided to 
meet other requirements of this section may be used in the design. 

Additional recommendations specifically meant for one-way post-tensioned slabs 
having unbonded tendons are contained in Sec. 3.2 of ACI-ASCE 423.3R 
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(1989). Building code requirements specifically intended for one-way slabs post­
tensioned with unbonded tendons are contained in Sec. 18.9.2 of ACI 318. 
Strength analyses are required for one-way slabs as they are for all prestressed 
concrete flexural members. 

Cast-in-place concrete one-way slabs supported by cast-in-place concrete 
beams, both of which are post-tensioned with unbonded tendons, have been 
used extensively in automobile parking garages in the United States. These 
concrete structures frequently are multistory although many are only one-story 
high but support wood frame structures. Frequently the framing ofthe structures 
consist of slabs, 4.5 in. thick, that span between beams spaced 18 ft on centers, 
with larger spacings used in some cases. The beams, which frequently span 
from 55 to 70 ft, normally are continuous over their interior supports where 
possible. 

13-10 Two-Way CIP Slabs 

The design of buildings that incorporate two-way prestressed concrete slabs 
should be done following the procedures given in Sec. 13-7 of the Building 
Code Requirements for Reinforced Concrete, ACI 318 (1989). The effects of 
the dead and live loads and the effects of the prestressing normally are analyzed 
independently and subsequently superimposed. The effects of prestressing can 
be analyzed by using load balancing principles, equivalent loadings, or basic 
principles, as described in Secs. 8-15 and 10-3 of this book. Specific require­
ments for two-way slabs post-tensioned with unbonded tendons are contained 
in Sec. 3.3 of ACI-ASCE 423.3R and in Sec. 18.9.3 of ACI 318. (ACI318 
1989; ACI-ASCE 423.3R 1989). As with all prestressed-concrete flexural 
members, strength analyses are essential, in addition to serviceability analyses. 

Two-way slabs supported by cast-in-place concrete beams are not used as 
extensively as flat slabs and flat plates because of the higher construction costs 
associated with structures that include cast-in-place beams and girders. 

See Sec. 13-12 for additional information on the flexural analysis of cast-in­
place slab construction with beams. 

13-11 Cast-in-Place Flat Slabs and Plates 

The following discussion of flat slabs is equally applicable to flat slabs and flat 
plates unless otherwise noted. 

Flat slabs and plates should be designed following the provisions of Sec. 
13-7 of ACI 318, but excluding the provisions in Secs. 13.7.7.4 and 13.7.7.5, 
which are not intended for slabs having prestressed reinforcement. Hence, the 
design of prestressed flat slabs commonly is done by analyzing the slab in each 
of the two principal directions, as if it were a one-way slab-beam in each direc-
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tion, using the stiffness requirements for the slab-beams and columns contained 
in ACI 318. See Sec. 13-12 for further discussion on the flexural analysis of 
flat plates and slabs. The commentary to ACI 318-89 is very useful in under­
standing the intent of the code requirements for flat slabs and flat plates (ACI 
318 1989). 

In recognition of stiffness differences in the portion of the slab along the 
column lines (column strips) and the portion of the slab located between column 
lines (middle strips), it was customary in the 1970s and early 1980s to place a 
greater percentage of the prestressing tendons in the column strips than in the 
middle strips as is done with flat slabs constructed with nonprestressed 
reinforcement. The proportioning of the tendons between the column strips and 
the middle strips was left to the judgment of the designer, but guidelines for 
tendon distribution were available in the ACI-ASCE Committee 423 tentative 
report published in 1969. These recommendations were as follows: 

3.2.4.2.-For panels with length/width ratios not exceeding 1.33, the 
following approximate distribution may be used: 

Simple spans: 55 to 60% of the tendons are placed in the column strip, 
with the remainder in the middle strip; 

Continuous spans: 60 to 70% of the tendons are placed in the column 
strip. 

When length/width ratio exceeds 1.33%, a moment analysis should be made 
to guide the distribution of tendons. For high values of this length/width 
ratio, only 50% of the tendons along the long direction shall be placed in the 
column strip, while 100% of the tendons along the short direction may be 
placed in the column strip. Tests indicate that the ultimate strength is 
controlled primarily by the total amount of tendons in each direction, rather 
than by the tendon distribution. Some tendons should be passed through the 
columns or at least around their edges. 

3.2.4.3.-The maximum spacing of tendons in column strips should not 
exceed four times the slab thickness, nor 36 in. (91 cm), whichever is less. 
Maximum spacing of tendons in the middle strips should not exceed six times 
the thickness of the slab, nor 42 in. (107 cm), whichever is less. 

The above recommendations were superseded in 1983 when the 1969 tenta­
tive report was withdrawn and replaced with "Recommendations for Concrete 
Members Prestressed with Unbonded Tendons." The spacing and distribution 
of tendons recommended for two-way systems in the 1983 document are illus­
trated in Fig. 13-15. The newer recommendations, which are based upon exper­
imenta1 research work, are for placing the tendons with a uniform (or nearly 
uniform) spacing in one direction and banding them together over the column 
lines in the orthogonal direction. The use of the banded tendon configuration 
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Fig. 13-15. Plan of flat plate slab showing spacing of tendons using banded tendon 
distribution. 

greatly facilitates placing the tendons and reduces construction cost. Specific 
recommendations for the detailing of banded tendons are as follows: 

1. The tendons required in the design strips of a slab may be banded in one 
direction and distributed in the other. The design strips are defined as the 
portions of the slabs center-to-center of adjacent panels in each direction. 

2. In the distributed direction at least two tendons should be placed inside 
the design shear section at the columns. 

The document includes numerous other detailed recommendations for minimum 
quantities and placing requirements for nonprestressed bonded reinforcement 
and maximum tendon spacings, and recommendations a minimum average 
prestress of 125 psi. Persons interested in the design and construction of cast­
in-place flat slabs and flat plates are advised to carefully read the complete 
committee report as well as future revisions or new versions of the report. 

For many years ACI-ASCE Committee 423 has recommended that post­
tensioned tendons be placed through the columns, or close to their edges, in 
flat slabs and flat plates for the purpose of providing redundancy at the supports 
in the event of a catastrophic failure. This is an important detail that should not 
be overlooked. Tests have shown that flat slabs and plates tested to destruction 
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do not completely collapse if tendons pass through or close to the supporting 
columns; the failed slab remains suspended on the columns. 

Office buildings, commercial buildings, and residential buildings, with and 
without parking levels, frequently are constructed by using cast-in-place flat 
slabs (and flat plates). Advantages of the method include the use of flat, or 
relatively flat, soffits, which facilitate the construction of the structural slab and 
interior partitions, in addition to providing a relatively low story height. 

Experience with post-tensioned flat slab and flat plate construction utilizing 
unbonded banded tendons has shown them to be susceptible to the formation of 
relatively wide cracks parallel to the column lines perpendicular to the direction 
of the banded tendons-the location of the greatest negative moment when the 
structure is analyzed as a plate with one-way bending. It is believed that the 
width of cracks of this type would be significantly reduced by the provision of 
bonded, nonprestressed reinforcement placed near the top surface of the slabs 
in these areas. Present code provisions do not require, and committee recom­
mendations do not recommend, the provision of nonprestressed reinforcement 
in these areas. ACI 318, in Sec. 18.9.3, and the ACI-ASCE 423.3R Recom­
mendations, in Sec. 3.3, both require supplemental reinforcement over the 
columns (areas of large negative moment peaks) in each direction. Additional 
discussion of cracking in cast-in-place post-tensioned slabs is included in Sec. 
17 -3 of this book. 

The deflection of prestressed flat slabs may be a significant factor in the design 
of this type of construction, just as it is in other types of framing. (The deflec­
tion of flat slabs can be determined by using the principles outlined in Sec. 
7-4.) It should be pointed out that the deflections due to prestressing in each 
direction (span) are additive, as are the deflections due to the applied loads. 

The original ACI-ASCE Joint Committee report for members prestressed 
with unbonded tendons, "Tentative Recommendations for Concrete Members 
Prestressed with Unbonded Tendons" (ACI-ASCE 423.1R 1969), which has 
been superseded by ACI-ASCE 423.3R-89, contained the following remarks 
relative to span-thickness ratios: 

3.2.5 Deflection and Camber 
3.2.5.1. Span-thickness ratios. For prestressed slabs continuous over two 
or more spans in each direction, the span-thickness ratio should generally 
not exceed 42 for floors and 48 for roofs. These limits may be increased 
to 48 and 52, respectively, if calculations verify that both short- and long­
term deflection, camber and vibration frequency and amplitude are not 
objectionable. 
3.2.5.2. Short- and long-term deflection and camber should be computed 
and checked for serviceability for all members. 
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Subsequent reports of ACI-ASCE Committee 423 do not contain guidelines for 
span-thickness ratios, and the designer must select thicknesses based upon 
deflection calculations, past experience, and his or her own judgment. The 
designer frequently is tempted to reduce the slab thickness for the purpose of 
reducing dead load, reducing the quantity of concrete, and thereby enhancing 
the economy of a design. One must remember that a reduction in slab thickness 
has the following results: 

1. An increase in the quantity of the prestressed reinforcement, which has 
an adverse effect on first cost. 

2. An increase in the average compressive stress in the concrete causing an 
adverse effect on initial and deferred concrete deformations. 

3. An adverse effect on deflection and vibration characteristics. 

The designer is responsible for evaluating these several points when selecting 
a final thickness. 

ILLUSTRATIVE PROBLEM 13-1 Prepare a preliminary design for a post­
tensioned flat plate that has five spans of 24 ft in each direction. The floor slab 
is to be designed for a superimposed dead load of 25 psf and a reducible live 
load of 50 psf. Assume that the live load is to be reduced at the rate of 0.08 
percent per sq ft of tributary area but not more than 40 percent. U se f~ = 4000 
psi,.!;,u = 270 ksi, and assumef.e = 165 ksi. 

SOLUTION: The span-to-depth (thickness) ratio for various slab thicknesses is 
as follows: 

Thickness (in.) 

10 
9 
8 
7 
6 

Span/Thickness 

28.8 
32.0 
36.0 
41.1 
48.0 

For serviceability reasons (i.e., better deflection, vibration, and deformation 
characteristics) adopt the 8 in. thickness. Thicknesses of 7 or 7.5 in. also could 
be used with reasonable performance under many types of service conditions. 

Assume that the slab will be post-tensioned with tendons having an outside 
diameter of 0.75 in., and that a clear cover of 1.5 in. is required at the top of 
the slab and 0.75 in. at the bottom. The theoretical sag of an interior span would 
be: 

8.00 - (1.50 + 0.38) - (0.75 + 0.38) = 5.00 in. 

For an end span, assuming that the centroidal axis of the tendon is at middepth 
of the slab at the end of the span, 1.13 in. above the slab soffit at midspan, and 
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1.88 in. below the top of the slab at the first interior support, the sag at midspan 
would be: 

( ) (4.00 - 1.88) . 
4.00 - 1.13 + 2 = 3.93 tn. 

In order to balance the full dead load in an interior span, the required prestressing 
force for a slab width of one foot, using eq. 8-10, would be: 

0.125 x 242 x 12 = 21.6 klf 
Pse = 8 x 5.00 

and the average prestress is 225 psi. The end span requires a prestressing force 
of: 

0.125 X 242 x 12 = 27.5 klf 
Pse = 8 x 3.93 

for which the average prestress is 286 psi. These levels of prestress are somewhat 
greater than those commonly used but not excessive, and they will be adopted 
for a first trial. The tendons will be designed and detailed for the paths shown 
in Fig. 13-16a, but actually they will be placed more like the path shown in 

(a) Tendon path used in design. 

rn [§J [!J 
1~" 

[§] ~ 1~" 
~ 

I I I I I 

4F 
4" 

(b) Actual tendon path. 

Fig. 13-16. Tendon layout for loP. 13-1. (a) Tendon path used in design. (b) Actual 
tendon path as placed. 
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Fig. 13-16b because they cannot be placed without reversed curvature at the 
supports, as shown in Fig. 13-16b. The supplementary end-span tendons will 
tenninate at the quarterpoint of the first interior span closest to the end of the 
slab. If the tendon path is straight from the centerline of the first interior support 
to its anchorage at the quarterpoint of the first interior span, an upward force, 
equal to the product of the force in the tendon and the sine of the angle of 
inclination, is applied to the concrete at the anchorage point; the existence of 
this relatively small force frequently is ignored in the analysis of post-tensioned 
flat plates. For the preliminary design, the prestressing force will be assumed 
to be constant and equal to 27.5 kpf for the end span and the adjacent 6.00 ft 
of the first interior span. For the remaining length, the prestressing force will 
be assumed to equal 21.6 kpf. The amount of prestressing tenninating at the 
quarterpoint of the first interior span is 5.9 klf, and the upward component of 
this force, based upon a straight tendon path, is 0.174 klf. The force is ignored 
in the following analysis. 

As explained in Chapter 10, the location of a pressure line (path of a concor­
dant tendon) for a continuous structure is defined by a moment diagram for the 
structure. In this case, to balance the dead load of the beam, the desired shape 
of the pressure line is proportional but of opposite sign to the moment diagram 
for dead load. The computations are facilitated by finding the moment diagram 
for a uniformly distributed load of one kip per linear foot, as illustrated in Fig. 
13-17, in which the unit-load moments at midspans and the interior supports 
are shown. The unit-load moment diagram can be used to detennine the 
moments for the total dead load ( +0.125 klf), the effective prestressing force 
that balances the dead load (-0.125 klf), and the live load (+0.030 klf). 
These moments are shown in Fig. 13-18. 

Because the effective prestressing force exactly balances the dead load of the 
beam at every section along the length of the slab under the effects of dead load 

[j] 

i 
I , 

[§] 1Ul ~ ~ ~ 

1- 5.608 k-ft 1 1 

I 

5 spans @ 24.0 ft = 120.0 ft 

1 1-, 3.316 

,+-5.684 k~ 
Sym. abt. 

k-ft 

Fig. 13-17. Moment diagram for unit load of 1 kif acting upward on slab of I. P, 13-1. 
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[j]] ~ ~ 
I 

- 5.684 k-ft 

I 

I 
+ 5.608 k-ft 

I 
+ 2.368 k-ft 

I +3.31~ k-ft 

I 
,- 2.45 k-ft 

I 
+3.31 k-ft , 

(b) 

~ " A79 k-~t d· 76 k-ft 
F '~~I I ~~ 

+ 0.59 k-ft + 0.32 k-ft + 0.44 k-ft 

(e) 

Fig. 13-18. Moment diagrams for dead load. prestressing. and live load on slab of loP. 
13-1. (a) Moment due to uniformly distributed dead load of +0.125 kif. 
(b) Moment diagram due to effective prestress. (c) Moment diagram due 
to uniformly distributed live load of 0.030 kif. 

and the effective prestress alone, the concrete stress at every section is equal to 
the average compressive stress due to prestressing over the full thickness of the 
slab (i.e., the pressure line is coincident with the centroidal axis of the member). 
The moment due to the live load, which is equal to 24 percent of the moment 
due to dead load (0.030/0.125 = 0.24), causes an upward displacement of the 
location of the pressure line near the midspans. The locations of the centroidal 
axis of the prestressed reinforcement (eps ), the pressure line due to prestressing 
alone (epl), as well as the pressure line plus dead load (epl+dl) and the pressure 
line plus total load (epl+tl), are shown as paths 1,2, 3, and 4, in Fig. 13-19, 
respectively. Using the effective prestressing forces of 27.5 and 21.6 kIf for the 
end and interior portions of the beam, respectively, the computations for the 
pressure line locations at various positions along the member are based on the 
following simple relationship: 

12M 
il.e = -- = 

Pse 

12M 

-c 
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Fig. 13-19. Plot of the pressure line location for the first-trial effective prestressing 
forces in LP. 13-1. 

in which Ile is the change in location of the pressure line due to the moment M 
at a position where the effective prestressing force is Pse , as summarized in 
Table 13-1. 

The stresses in the top and bottom fibers of the slab due to the resultant 
compressive force in the concrete (-27.5 and -21.6 kips, depending upon the 
location) are computed by using eqs. 4-3 and 4-4, in which e is the eccentricity 
of the pressure line. The stresses under the effects of effective prestress and 
total load, in psi, are summarized in Table 13-2. 

The stresses shown in the summary are all compressive and below allowable 
values. It is apparent the amount of prestressing can be reduced if full load 
balancing is not considered necessary for deflection control or other reasons. 
Reducing the amount of prestressing will result in a reduction in the cost of the 
structure. 

For a second trial, the prestressing will be reduced to balance only 60 percent 
of the dead load. In this case, the effective prestressing forces required are 
reduced to 16.5 and 13_0 kIf at the end and interior portions of the member, 

TABLE 13-1 Pressure Line Locations (in.) for p •• as Shown in Fig_ 13-19. 

Nodal Point 

Load elfect 6 11 16 21 26 
Elf. Prestress +2.45 -3.31 +1.32 -3.16 +1.84 
oedl -2.45 +3.31 -1.32 +3.16 -1.84 

epl+dl 0.00 0.00 0.00 0.00 0.00 
dell -0.59 +0.79 -0.32 +0.76 -0.44 

epl:11 -0.59 +0.79 -0.32 +0.76 -0.44 
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TABLE 13-2 Summary of Stresses (psi) under the Effects of Total Load in First Trial 
of I.P. 13-1. 

Top fiber 
Bottom fiber 

6 
-413 
-159 

Nodal Point 

11 
-116 
-456 

16 
-279 
-171 

21 
-96 

-354 

26 
-299 
-151 

respectively. Following the procedure described above, the locations of the 
pressure line with the lower prestressing forces are summarized in Table 13-3 
and plotted in Fig. 13-20, and the concrete stresses are summarized in Table 
13-4. 

A review of the stresses summarized above will show that the compressive 
stresses are well within the allowable value, the tensile stresses in the top fiber 
do not exceed 6Jfl, and the bottom fiber tensile stresses, except for point 6, 

do not exceed 2Jfl, which is equal to 126 psi. Tensile stresses in areas of 
positive moment are limited to 2Jfl (by Sec. 18.9.3.1 of ACI 318) unless 
nonprestressed reinforcement is provided in the amount of: 

A = Nc 
s 0.5A 

The tensile stress at point 6 exceeds 126 psi, and the amount of Grade 60 
nonprestressed reinforcement that would be required for the stress of + 165 is 
computed to be (see Fig. 13-21): 

8 (1655:509) = 6.04 in. 

165 x 12 x 1.96 9 
N = = 1. 4 klf 

c 2xlOOO 

1.94 . 2/ 
As = 60 = 0.032 m. ft 

TABLE 13-3 Pressure Line Locations (in.) for p •• = 16.5 and 13.0 kif as Shown in 
Fig. 13-20. 

Nodal Point 

Load effect 6 11 16 21 26 
Eff. prestress +2.45 -3.31 +1.32 -3.16 +1.84 
oedl -4.08 +5.51 -2.19 +5.25 -3.06 

epl+dl -1.63 +2.20 -0.88 +2.10 -1.22 
lJ.eu -0.98 +1.32 -0.53 +1.26 -0.73 

epl+tl -2.61 +3.52 -1.41 +3.36 -1.95 
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Fig. 13-20. Plot of the pressure line location for the second-trial effective prestressing 
forces in loP. 13-1. 

In the event that the use of nonprestressed reinforcement in positive moment 
areas of the end spans is to be avoided, the prestressing force in the end spans 
can be increased and the tensile stress in the concrete reduced. 

The design is finished by completing several steps that are interdependent: 

1. The flexual design in the orthogonal direction must be completed. If the 
tendon layout designed above is to be used in one direction, the tendon 
layout to be used in the other direction should be detailed to avoid conflicts 
between the prestressed and nonprestressed reinforcement to be provided 
in the two directions. (Tendons in only one direction, together with the 
minimum required nonprestressed reinforcement, can be placed with their 
centroids 1.88 in. from the top of the slab in the vicinity of the columns 
supporting the slab. The designer should investigate this possibility 
carefully before selecting the tendon paths for the orthogonal direction.) 

2. The minimum reinforcement in the negative moment areas, as provided 
in Sec. 18.9.3.3 of ACI 318, must be computed and details selected. 

3. The details for the minimum reinforcement for the positive moment areas, 
if needed, should be determined. 

4. A flexural strength analysis, using the methods explained in Chapter 5, 

TABLE 13-4 Summary of Stresses (psi) for Second Trial of I.P. 13-1. 

Top fiber 
Bottom fiber 

6 
-509 
+165 

Nodal Point 

11 
+283 
-625 

16 
-279 

+8 

21 
+206 
-477 

26 
-334 
-63 
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- 509 psi 

6.04" 

8" 

1.96" 

+ 165 psi 

Fig. 13-21. Computation of the location of the neutral axis, the value of the axial force, 
Nc' and the area of nonprestressed reinforcement needed in loP. 13-1. 

should be made for each of the orthogonal directions with due consider­
ation for differences in details. 

5. Shear stresses must be investigated at the columns. The designer may find 
it necessary to increase column sizes or to provide drop panels in order to 
meet the minimum requirements of the applicable building code. 

6. A deflection analysis is required by most building codes for the purpose 
of confirming compliance with maximum permissible values. The deflec­
tion computations should include the effects of nonprestressed flexural 
reinforcement, concrete creep and shrinkage, and relaxation of the 
prestressed reinforcement (see Sec. 7-4). The deflections oftwo-way slabs 
normally are computed as the sum of the defleCtions of a column strip and 
a middle strip, each oriented in one of the orthogonal directions. 

13-12 Flexural Analysis - CIP Construction 

The flexural analysis of cast-in-place construction involves making reasonable 
assumptions relative to the stiffnesses (or flexibilities) of the components of the 
structure and performing an analysis based upon these assumptions. The 
commentary to ACI 318-83, in Sec. 13.7, contains specific guidance on 
assumptions that can be made to simplify the calculations without serious 
compromise of accuracy. These recommendations include the dimensions of 
the equivalent frames, as shown in Fig. 13-22, as well as dimensions and flexural 
stiffnesses of the beam and column elements, as shown in Figs. 13-23 through 
13-27, for use in the frame analysis. It should be noted that ACI 318 permits 
the moments of inertia of the slab-beams and the columns between the joint 
areas to be based on the gross cross section. When hand calculations are used, 
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w2/ = 12 = width of slab in an interior equivalent frame 

Fig. 13·22. Definition of plan dimensions for equivalent frame. 

the commentary to ACI 318 suggests the use of equivalent columns in the 
analysis of gravity loads, which combine the stiffnesses of the slab-beam and a 
torsional member, An equivalent column is intended to model the behavior of 
the columns above and below the slab-beam, normally with the far ends of the 
columns fixed against rotations, together with the torsional members framing 
into the sides of the joint of the columns and slab-beam, as shown in Fig. 
13-28. The restraint of the slab-beam, which is monolithic with the torsional 
member and the column but not shown in Fig, 13-28, is dependent upon the 
rotation of the torsional member and the columns above and below. The flexi-
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Fig. 13-23. Dimensions of a slab system with beams in each of the orthogonal direc­
tions (based upon Fig. 13.7.3 of ACI318R 1983). 
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Equivalent slab-beam stiffness diagram 

Fig. 13-24. Flat slab system with drop panels but without capitals (based upon Fig. 
13.7.3 of ACI318R 1983). 
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Typical section through an interior span 

Section A-A having a 
moment of inertia of I, 

Section B-B having a 
moment of inertia of 12 
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.. _____ .J 12 

Equivalent section C-C 2 

having a moment of inertia of ( C2 ) 
1- -

12 
EI E ~ 

I" c, /2 
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12 

Fig. 13-25. Flat slab system with drop panels and capitals (based upon Fig. 13.7.3 of 
ACI318R 1983). 
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Fig. 13-26. Flat plate system without capitals (based upon Fig. 13.7.3 of ACI 318R 
1983). 
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Ie above 

Ie below 

Right 
torsional 
member 

Left torsional 

torsional 
members Left 

panel 
edge 

Bottom of column, 
mayor may not be 
rotationally fixed. 

~'--::Jt::'~ 
~~7C2 

Fig. 13-28. Simplified physical model of equivalent column. Note that the slab-beam 
that frames into the torsional member is not shown (based upon Fig. B, 
ACI318R 1983). 

bility of the equivalent column can be taken as: 

1 1 1 
-=~-+-
Kec ~Kc K, 

Equation 13-1 can be rewritten in terms of stiffness as: 

~Kc 

~Kc 
1 +--

K, 

(13-1) 

(13-2 ) 

The exploded illustration of the equivalent column shown in Fig. 13-29 defines 
the several separate stiffnesses to be included in the determination of its stiff-
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Slab-beam 

Panel centerline~ 

"~ 

Actual column above 

,,~panel centerline 

/ "­
"-Torsional member Ktr 

Slab-beam 

Actual column below 

Fig. 13-29. Equivalent column consisting of column plus torsional members (based 
upon Fig. C, ACI318R 1983). 

ness. The tenn EKe in eqs. 13-1 and 13-2, using the model in Fig. 13-29, 
becomes: 

(13-3 ) 

for the equivalent column. 
The tenn Kt in eqs. 13-1 and 13-2 accounts for the effect of the stiffnesses of 

the torsional members. For torsional members having constant cross section and 
elastic properties over their lengths, and extending in the transverse direction 
from the equivalent column a distance of 12/2 from the centerline of the slab­
beam under consideration (i.e., the transverse spans on each side of the center­
line of the slab-beam are designated 12), ACI 318 mandates that this tenn be 
computed from: 

(13-4a) 

where Ees is the elastic modulus of the slab-beam concrete, C is a torsional 
constant (defined in eq. 13-5 below), 12 designates the transverse spans (which 
do not have to have equal lengths), and C2 is the width of the column in the 
transverse direction (see Fig. 13-28). It should be noted that eq. 13-4a is based 
upon torsional member lengths of 1d2, as shown in Figs. 13-28 and 13-29. To 



ROOF AND FLOOR FRAMING SYSTEMS I 603 

facilitate the computation of Kt , the 9 in the numerator of the equation accounts 
for the shorter lengths of the torsion members. Eq. 13-4a can be written with 
12/2 in the denominator, rather than 12, and 4.S in the numerator, rather than 
9. 

If the transverse spans, 12 , are of equal length on both sides of the centerline 
of the slab-beam, eq. 13-4a can be written: 

18Ecs C 
Kt = 3 

12(1-~:) 
(13-4b) 

and for the case of 12 not having equal lengths on each side of the centerline of 
the slab-beam (i.e., 112 *- Ir2 ), eq. 13-4a can be approximated by: 

18Ecs C 
Kt = 3 

lave (1 - t2) 
ave 

(13-4c) 

in which lave is the average of the transverse spans on the left and right sides of 
the centerline of the slab-beam, respectively. 

In analyzing edge frames, eq. 13-4c would normally have a value of 12 in the 
transverse direction that is continuous, but not for the discontinuous side. 
Guidance for the determination of the torsional stiffness for an edge frame having 
a beam cantilevered from the discontinuous edge is not given in ACI 318 or the 
commentary to ACI 318. If a slab (which mayor may not contain a beam) 
extends outward (cantilevered) from an edge column, torsional flexibility (twist) 
would be provided by the cantilevered construction. It is appropriate to include 
this effect of stiffness in the design of construction having this configuration. 
One can include the effect of the cantilever in the torsional stiffness computation 
by using twice the length of the cantilever for 1/2 or Ir2 in eq. 13-4c. 

The constant C in eqs. 13-4a, 13-4b, and 13-4c is equal to: 

( x) x3 y 
C = 2: 1 - 0.63 Y 3 (13-S) 

In using eq. 13-S, the cross section under consideration is divided into rectan­
gular parts in which the dimension of the shorter side is taken to be x, and the 
dimension of the longer side is taken to be y. The areas of torsional members 
for different configurations, based upon Fig. 13.7.S.1 in the commentary on 
ACI 318, are shown in Fig. 13-30. 

In the case of a slab-beam containing a beam parallel to its centerline, the 
value of Kt computed from eq. 13-4a, 13-4b, or 13-4c must be increased to 
account for the greater stiffness resulting from the parallel beam. The commen­
tary to ACI 318 states that the following relationship must be used for this 



604 I MODERN PRESTRESSED CONCRETE 

c, c, 

+ L:=; B ~ 
(a) (b) 

Ir;:~hf 
~ 

(c) (d) 

c 

(e) (f) 

(a) A portion of a flat plate having a width equal to the width 
of the column (Condition A of Sec. 13.7.5.1 of ACI 318). 

(b) A portion of a flat slab without capital having a width equal to the 
column width (Condition A of Sec. 13.7.5.1 of ACI 318). 

(c) A portion of a flat slab with a capital having a width equal to the width 
of the capital (Condition A of Sec. 13.7.5.1 of ACI 318). 

(d) Transverse beam as defined in Sec. 13.2.4 of ACI 318. 

(e) Transverse beam as defined in Sec. 13.2.4 of ACI 318. 

(f) A portion of a slab having a width equal to the column width plus 
that part of the transverse beam below (and above if any) the slab 
(Condition B of Sec. 13.7.5.1 of ACI 318). 

Fig. 13-30. Examples of cross sections of torsional members (based upon Sec. 13.2.4. 
Sec. 13.7.5.1. and Fig. 13.7.5.1 of ACI 318R). 
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putpOse: 

( 13-6) 

in which K,a is the increased torsional stiffness including the effect of the parallel 
beam, Isb is the moment of inertia of the slab-beam including the stem of the 
parallel beam shown in Fig. 13-29, and Is is the moment of inertia of the slab­
beam neglecting the stem of the parallel beam. 

It is recommended that the reader review the complete contents of ACI 318-
83, the Commentary of ACI 318-83 (ACI 318R-83), and all subsequent revisions 
to these documents before designing cast-in-place prestressed concrete slabs of 
any type. A paper by Corley and Jirsa, together with a discussion by Eberhardt 
and Hoffman, provide background information that is an important aid to under­
standing the action covered in Sec. 13-7 of ACI 318 (Corley and Jirsa 1970; 
Eberhardt and Hoffman 1971). 

ILLUSTRATIVE PROBLEM 13-2 The three-story building shown in plan in Fig. 
13-31 has three spans of 36 ft in each of the two orthogonal directions. The 
exterior columns have their centers located 15 in. from the edge of the slabs 
and the interior spacing of the columns is 36.0 ft. The story heights, top-of­
slab to top-of-slab, are 11.0 ft each from the lowest level through the roof. The 
roof slab is 9.0 in. thick, and the floor slabs are 11.0 in. thick except in the 
areas of the drop panels. Drop panels 14.0 in. in thickness, in addition to the 
slab thicknesses, are provided at the roof and the floors. The plan dimensions 
of the drop panels are different for the various levels at the comer columns, the 
edge columns, and the interior columns as will be seen in Fig. 13-32. The 
nonprestressed reinforced concrete columns, because of architectural consid­
erations, have a diameter of 30.0 in. The concrete in the slabs is sand-light­
weight concrete having a specified strength of 4000 psi, an elastic modulus of 
2500 ksi, and a unit weight of 115 pef. The column concrete has a specified 
strength of 4000 psi, an elastic modulus of 3600 ksi, and a unit weight of 145 
pef. Determine the effective stiffnesses of the equivalent columns for use in a 
frame analysis as provided in Sec. 13-7 of ACI 318. 

SOLUTION: The column heights, as defined in Fig. 13-32, are equal to the 
floor-to-floor height of 11.0 ft, for all practical putpOses, at each level; hence, 
11.0 ft is used for the column height at all levels. Using Eee = 3600 ksi, Ie = 
39,760 in.4, and Le = 132 in. 

4 EecI 4 X 3600 X 39760 . 4 
Kc above = Kc below = L = 132 = 4,337,500 lD. 

Using x = 23 in. (including the drop panel depth) and y = 30 in., the value of 
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TABLE 13-5 Summary of Parameters used in Computation of the Effective Column 
Lengths and the Effective Column Lengths for I.P. 13-2. 

Exterior Equiv. Frame Interior Equiv. Frame 

Roof Floors Roof Floors 

Kc k-in. 4,337,500 8,675,000 4,337,500 8,675,000 
C in.4 62,900 74,200 62,900 74,200 
K, k-in. 20,523,679 24,215,576 8,131,600 9,594,300 
Kec k-in. 3,580,800 6,387,000 2,828,700 4,555,793 
lee ft 13 15 17 21 

Note: The values for Kc for the roof are for a column below the roof, and those for the floors are 
for columns above and below. 

Cbecomes: 

( 23) 233 X 30 . 4 
C = 1 - 0.063 X 30 3 = 62,904 m. 

Using Ees = 2500 ksi, for an interior column at the roof, the value of K, is: 

18 X 2500 x 62904 
K, = -------3- = 8,131,600 k-in. 

432(1 -~) 
432 

and the stiffness of the equivalent column becomes: 

4,337,500 . 
4 337 500 = 2,828,700 k-m. 

1 +' , 
8,131,600 

and the effective column length becomes: 

( 337500 ) 
Lee = 11 X 1 + 8,13i,600 = 17 ft 

The values of Ke, C, K" Kee, and the effective column lengths are detennined 
to be as summarized in Table 13-5. 

13-13 Shear Design for Flat Slabs and Flat Plates 

In flat slabs and flat plates, a significant portion of the shear stress at a column 
is a result of the moment that must be transferred between the slab and the 
column. The shear stresses resulting from moment transfer at an interior column, 
together with definitions of the dimensions of the critical sections, are shown 
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b, = c, + d 

ffi x@ix!c, 
Lt-_L_I~ 
LsW 

y 

hslab or hdrop panel 

I I 
d c, or c2 d 

"2 b, or b2 "2 
d c, or c2 d 
"2 ---.-j.*--b-,'--o-r-b--=2=---';~- "2 

Fig. 13-33. Distribution of shear stresses at an interior column and the dimensions 
used in their determination. 

in Fig. 13-33. The moment may be the result of gravity loads or lateral loads. 
Only a portion of the moment is assumed to be transferred by flexure. The 
portions of the moment assumed to be transferred by flexure and shear are: 

'Yf = 
2~1 1+- -
3 b2 

1 
(13-7) 
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'Yv = = 'Yt 
1 

( 13-8) 

2~1 1 + - -
3 b2 

in which b l is the width of the critical section parallel to the direction of the 
span, and b2 is the width of the critical section perpendicular to the direction of 
the span. The dimensions b l and b2 , together with the effective depth, d, are 
illustrated in Figs. 13-33, 13-34, and 13-35 for interior, edge, and comer 
columns under moments about the x-x and y-y axes. (Note: The values of b l 

and b2 in these figures are based upon the widths of the column and the thickness 
of the slab plus the thickness of the drop head or panel at the location of the 
column, if any. If more critical, the values of b l and b2 should be based upon 
the widths of the drop head or panel, if any, and d should be taken as the 
thickness of the slab alone.) 

y 

c, 

J 
~---!--4 I 

I 
I 
I 

_...J 

b, - x· x 

+ dl2 

y 

y 

y 

y b, = c, + d 

C2 \ 
\ 

1----_- -Tf\-
T Ic ~ 

. I _ I--
f--

~ I 
IC 

x x x 

1---- I-_...J_L-

I 
b2 = c2 + d/~ 

l 

T 
y 

~M xx 

y 

X--/-I--

/y 
Mxx 

Fig. 13-34. Distribution of shear stresses at an edge (exterior) column and the dimen­
sions used in their determination. 
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C, b2 = C2 + d/2 
t------t--t \ 

_....I 

b, - x X 

b, = c, + d/2 

fM xx 

y 

;{ 

--x--r:!:EElEtlW:tl;1tl'---- . - x ·x 

y i: 
Fig. 13-35. Distribution of shear stresses at a corner column and the dimensions used 

in their determination. 

The maximum shear stress is taken to be the sum of the shear stresses due to 
the design vertical force, Vu, and to the design moment, Mu' This relationship 
can be written as: 

(13-9) 

in which: 

Ac = Area of the critical section. 
c = Distance from the neutral axis to the fiber under consideration, which, 

for symmetrical sections, is (~I y + (~y and, for asymmetrical 

~(d)2 (hI - X)2 (d)2 sections, Variesfrom~x2 + \2) to - -2- + 2 orfrom 
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Jy' + (~)' to - (b,; y)' + (~)'. (Note: The volue, of c given 

above are correct when used with the polar moment of inertia, leo 
However, C frequently is taken to be x, - (b l - x), y, or - (b l - y) 
rather than the values given above. The error is so doing is small when 
bl is large in comparison to d. ) 

le = The polar moment of inertia for the critical section. 

For an interior column with moments about the x-x or y-y axis, bl = CI + d, 
b2 = C2 + d, and: 

( 13-10) 

and: 

d(cl + d)3 (CI + d)d3 d( d) (CI + d)2 1 = + + 2 C + --
e 6 6 2 2 

dbi bld3 db2b~ =-+--+--
6 6 2 

(13-11 ) 

For a column along the edge of a slab as shown in Fig. 13-34, the terms b l and 
b2 are defined in Fig. 13-34, and the area of the critical section with respect to 
the x-x and y-y axes becomes: 

Aey = 2dbl + db2 

Aex = dbl + 2db2 

For moments about the y-y axis, the polar moment of inertia is: 

dbi bld 3 ( )2 2 
ley = 6" + -6- + 2dbl bl - X + b2dx 

where: 

db~ x = ---'---
2dbl + db2 

For moments about the x-x axis, the polar moment of inertia is: 

db~ b2d3 (b2)2 1 =-+-+2db -
ex 12 12 I 2 

For a corner column (see Fig. 13-35): 

(13-12a) 

(13-12b) 

(13-13 ) 

(13-14 ) 

(13-15) 
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dbi 
x=-

2Ac 
( 13-16) 

db~ 
y=-

2Ac 
( 13-17) 

For moments about the y-y and x-x axes, respectively, are: 

db~ bl d3 (bl )2 2 J = - + -- + db - - x + db x 
c 12 12 I 2 2 

(13-18) 

and 

(13-19 ) 

At columns in two-way prestressed concrete slabs meeting the minimum 
requirements of Sec. 18.9.3 of ACI 318, the nominal shear strength of the 
concrete at the column, as specified in Sec. 11.12.2.2 of ACI 318, expressed 
in terms of stress rather than force, is: 

( 13-20) 

where (3p is the lesser of 3.5 and asd/bo + 1.5. The values of as and bo' the 
perimeter of the critical sections, for interior, edge, and comer columns are: 

Column type 

Interior 
Edge 
Corner 

2(b l + b2 ) 40 
2b l + b2 or b l + 2b2 30 

bl + b2 20 

In eq. 13-20, Vp is the vertical component of all effective prestress forces 
crossing the critical section, and /Pc is the average compressive stress in the 
concrete due to effective prestress forces only (after allowance for all prestress 
losses). When eq. 13-20 is used, ACI 318 requires that no portion of the column 
cross section be permitted to be closer to a discontinuous edge than four times 
the slab thickness, f; is not to be taken greater than 5000 psi, and/pc is not to 
be taken less than 125 psi or more that 500 psi in each of the orthogonal direc­
tions. Although not specifically stated in Sec. 11.12.2.3 of ACI 318, the provi­
sions of Sec. 11.2 should be used when lightweight concrete is to be employed. 
The fact that Vp should be carefully evaluated in thin slabs is emphasized in the 
ACI-ASCE recommendations. It is pointed out that field placing practices 
(tolerances, placing errors, etc.) can have a significant effect of the value of Vp ' 

and the term can conservatively be taken to be zero. 
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For cases when it is not appropriate to use eq. 13-20 for the value of Vc or 
Vc' the provisions of Sec. 11.12.2.1 of ACI 318, which are for nonprestressed 
slabs and footings, should be used. The value of Vp can conservatively be taken 
as zero and should be included in the calculations only if the reverse curvature 
in the tendons in the vicinity of the supports is included in its detennination. 

ILLUSTRATIVE PROBLEM 13-3 For the building ofl.P. 13-2, compute the shear 
stresses in the slabs at the corner and edge columns at the second and third floor 
slabs and the roof if the live loads are 100 psf, nonreducible, 50 psf, reducible 
to 30 psf, and 12 psf, nonreducible, respectively. The shear forces and moments 
due to dead loads, live loads, and prestressing are computed to be as summa­
rized in Table 13-6. 

SOLUTION: To facilitate the computations, the analysis is based upon a rectan­
gular column having its center 14 in. from the edge of the slab in each of the 
orthogonal directions as shown in Fig. 13-36b, rather than upon the actual 
dimensions shown in Fig. 13-36a. The values of the area, polar moment of 
inertia, and "rl' together with the numbers of the equations used to compute 
them, and the maximum slab shear stress for the corner columns and edge 
columns at the roof and the third and second floors, are summarized in Table 

TABLE 13-6 Summary of Shear and Moments for I.P. 13-3. 

Roof Floor Floor 

Comer columns: 
Vdl k 41 64 64 
M d1xx k-ft 209 340 340 
M d1yy k-ft 209 340 340 

VII k 7 16 55 
M llxx k-ft 34 90 269 
M llyy k-ft 34 90 269 

Vp k 0 0 0 
Mpsxx k-ft -59 -105 -158 
Mpsyy k-ft -59 -105 -158 

Edge Columns: 
Vdl k 82 128 128 
M d1xx k-ft 418 680 680 
M d1yy k-ft 49 35 35 

VII k 14 32 110 
M llxx k-ft 66 178 536 
M llyy k-ft 9 17 31 

Vp k 0 0 0 
Mpsxx k-ft -119 -209 -317 
Mpsyy k-ft 0 0 0 
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Fig. 13-36. Plan of corner columns showing (a) actual dimensions and (b) those 
assumed to facilitate the analysis. 

13-7. The value of the first tenn in eq. 13-20 for the comer and the edge columns 

is greater than 4; so the maximum value pennitted by ACI 318, 4Ji'c, controls 
the design. It should be noted thatthe maximum average shear stress pennitted 

with eq. 13-20 in the sand-lightweight-concrete slab is 0.85 x 4"4000 = 215 
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TABLE 13-7 Summary of the Values of Area. Polar Moment of Inertia. and 'Y. 
Together with the Equations Used to Compute Them. and the Maximum Shear Stress 
for the Comer Columns and Side Columns at the Roof and Third and Second Floors. 
The Values of V,:! bod in the Following Table Were Computed with eq. 11-36 in ACI 
318. 

Roof Floor 3 Floor 2 

Comer Columns: 
Ac in.2 Eq. 13-15 716 1,116 1,458 

I"" in.4 Eq. 13-19 171,793 405,531 900,266 
Icy in.4 Eq. 13-18 171,793 405,531 900,266 

'Y/x Eq. 13-7 0.40 0.40 0.40 
'Yfy Eq. 13-7 0.40 0.40 0.40 
v. psi Eq. 13-9 189 185 174 

~ psi Eq. 13-20 215 215 215 
bod 

Edge Columns 
Ac in. 2 Eq. 13-12 1,432 2,119 2,688 

I"" in.4 Eq. 13-14 343,585 785,146 1,709,473 
Icy in.4 Eq. 13-13 2,180,817 4,043,180 7,842,356 
v. psi Eq.13-9 134 135 139 

~ psi Eq. 13-20 215 215 215 
bod 

psi; hence, reinforcement is not required at any of the locations studied. It also 
should be noted that the interior column connections are less critical than those 
on the periphery of the building because the moments that must be transferred 
are smaller and the perimeters of the critical section are larger at the interior 
columns than at the columns on the periphery. 
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14 

14-1 Introduction 

Bridge 
Construct1on 

Prestressed concrete has been used extensively in U.S. bridge construction since 
its first introduction from Europe in the late 1940s. Literally thousands of 
highway bridges of both precast, prestressed concrete and cast-in-place post­
tensioned concrete have been constructed in the United States. Railroad bridges 
utilizing prestressed concrete have become common as well. The use and evolu­
tion of prestressed concrete bridges is expected to continue in the years ahead. 

It is not possible to give a comprehensive discussion of all types of prestressed 
concrete bridges in this book. There are many different types as well as varia­
tions within the types. The reader interested in a more comprehensive discus­
sion of the subject is referred to references listed at the end of this chapter. 

The following discussion of various factors influencing the design of bridges 
is presented with respect to fully prestressed simple span bridges unless other­
wise stated. The same general principles apply in the design of continuous spans. 
Partial prestressing is not used in bridge construction to the extent that it is in 
other types of structures, and hence is not considered in this discussion. In 
addition, this presentation basically is limited to highway bridges designed for 
normal truck loadings. The same principles apply to bridges designed for other 

620 
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purposes and types of loading; however, the span range in which each basic 
type of framing is most efficient may be altered if the ratio of the dead load to 
live load is appreciably different with the other types of live loading. 

The basic configuration of the most efficient and economical structural 
elements in prestressed-concrete bridges for any specific structure is a function 
of the following: 

1. Span length 
2. Design live and impact loads 
3. Configuration of the structure 
4. Allowable concrete stresses 
5. Size of the structure 
6. Site-imposed requirements 

The effects of each of these factors are discussed below, as a means of intro­
ducing the reader to basic considerations. In subsequent sections various basic 
types of commonly used highway-bridge construction, as well as some less 
common yet economical modes of prestressed bridge construction, are 
discussed, and the limitations of each type are pointed out. 

The distance between the supports of a bridge span affects the design in three 
ways: 

1. The dead load of a bridge member, in proportion to the live and total 
loads, increases as the span is increased. Therefore, for bridges with very short 
spans, the live load for which the bridge must be designed is very nearly the 
total load, and, for very long spans, the dead load is of much greater signifi­
cance than the live load. 

2. The moment for which a flexural member must be designed approaches 
being a function of the square of the span, whereas the shear for which a beam 
must be designed is basically a direct function of the shear span and the load. 
Thus, for moving live loads, the shear force in short spans is very large in 
proportion to the bending moment, and, in long spans, the bending moment is 
of much greater importance than the shear forces. 

3. The impact loads that must be included in the design, which are usually 
considered as a function of the live load, are smaller for long spans than for 
short spans. 

These three considerations have a significant influence on the optimum cross 
section for bridge members for different span lengths. Bearing in mind that only 
relatively nominal tensile stresses are allowed in the precompressed tensile zone 
under the effect of the total load in most contemporary bridge design, one can 
see that the principles of elastic design are of greater significance in bridge 
design than in building design. The strength of a bridge structure, like almost 
all other structures, is very important and must be great enough to ensure the 
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safety of persons using the structure even under accidental overloads. Ductility 
is an important property for assuring safety in bridge construction, as it is in 
other types of structures. 

To facilitate this discussion, it will be assumed that tensile stresses are not 
to be permitted under full service load. This is done even though, as explained 
in Sec. 3-19, contemporary design criteria permit tensile stresses in prestressed 
concrete bridges under some circumstances. 

Considering the maximum total moment relationship (see Sec. 4-4): 

Mt = Md + M/ = C(e + r2 iYb) (14-1) 

it becomes apparent that, because the dead load is very small for short-span 
bridges, eq. 14-1 approaches: 

Mt = M/ = C(e + r2Yb) (14-2) 

From eq. 14-2, it follows that when a short simple-span structure is acted upon 
by dead load alone, the pressure line is located at a distance nearly equal to the 
eccentricity of the prestressed reinforcement, eps' below the center of gravity 
of the section. Therefore, the cross section of the member must have a relatively 
large bottom flange for resisting the prestressing force during the periods when 
the live load is not being applied. Solid slabs, hollow slabs, and beams with 
large top and bottom flanges but with webs of good proportions, all satisfy these 
conditions. Bridge cross sections of this type utilizing precast sections with 
prestressed reinforcement are illustrated in Fig. 14-1. 

When a bridge span is large, shear is less important than it is in a shorter 
span, and dead load is a large percentage of the total load. Consideration of the 
total moment relationship given in eq. 14-1, and of the location of the pressure 
line under the action of prestressing plus dead load, leads one to recognize that 
under the condition of no live load, the pressure line in a simple span will be 
located at a distance equal to Md / C above the center of gravity of the prestressed 
reinforcement. Because the dead load is acting at the time of prestressing, a 
large bottom flange is not needed near midspan to resist the prestressing force 
during the periods in which the intermittent live load is not applied. In precast 
construction, unless the prestressing is done in two or more stages, the entire 
dead load of the structure will not be acting at the time of prestressing, and a 
bottom flange of moderate size may be needed near midspan to resist the 
prestressing force temporarily during construction; this is true even for bridges 
with long spans. In cast-in-place bridges having long spans, on the other hand, 
T -shaped beams often are very efficient because all of the dead load, with the 
possible exception of sidewalks and wearing surfaces, is acting at the time of 
prestressing. Efficient cross sections for simple prestressed bridges with 
relatively long spans approach those shown in Fig. 14-2 for cast-in-place and 
precast construction. 
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2" Bituminous surfacing 

(a) Solid Pre·tensioned Slabs 
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thickness varies 

(b) Hollow Pre·tensioned Slab 

(c) Pre·tensioned Beams 

Sym. abt. t 

Sym. abt. t 

Fig. 14-1. Half-sections of typical prestressed-concrete short-span bridges. 

Large compression flanges are required for the development of flexural 
strength in both long and short spans. Furthermore, in long-span structures 
where bending moment is of greater importance than shear, a large top flange 
is necessary for serviceability considerations as well. 

The optimum cross sections for spans of moderate length have dimensions 
falling between those that are desirable for short- and for long-span structures. 
Hence, I-beams or hollow boxes, as shown in Fig. 14-3, are found to be efficient 
for bridges of moderate span length. 

It should be apparent that exceptionally large live loads, such as those 
encountered in railroad bridges, would render the use of solid and hollow slabs 
efficient for spans of moderate length, whereas very light, live loads, such as 
those found in the design of pedestrian bridges, would permit the use of 
T-beams, even for relatively short spans. 

Structural continuity is an important consideration in bridge design. Short­
span continuous bridge structures often experience significant reversals of 
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Fig. 14-2. Half-sections of typical long-span bridges. 

moment due to live load. In addition, there normally are significant negative 
live moments at the interior supports and significant positive moments at or near 
the midspans. Because of this, short-span continuous structures often require 
cross sections that are approximately symmetrical throughout the full length of 
the structure. Hollow-box and I-shaped sections are efficient for structures of 
this type. Frequently, the depth of the superstructure is variable in continuous 
short-span bridge elements, with the greater depth being near the supports; the 
basic cross-sectional shape, however, usually is maintained throughout the entire 
length ofthe structure. Long-span continuous bridges are not subject to moment 
reversals to the degree found in short-span structures, and, because of the greater 
importance of dead load in bridges having long spans, larger top rather than 
bottom flanges are more efficient in areas of positive moment, with the opposite 
true at locations of negative moment. 

The allowable stresses in the concrete and the prestressing steel have a signif­
icant influence on the efficiency of cross-sectional shapes of prestressed concrete 
elements under specific conditions of span and loading. The allowable concrete 
stress in the top fibers of precast pretensioned sections has a significant influence 
on the amount of prestressed reinforcement needed in pretensioned beams. The 
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Fig. 14-3. Sections of precast prestressed-concrete beams commonly used in bridges 
of moderate length. 

customary limit of 0.40/; for compressive stress under service load in bridge 
design only becomes important for girders having long spans. By using 
customed-designed members, which could be precast or cast-in-place, and 
erection techniques designed for a specific long-span bridge, as opposed to the 
more typical or standard shapes and sizes of members that must be used on 
smaller projects, a bridge designer often can achieve greater economy in labor 
and materials than would be possible with the standard or more typical members. 
It is feasible to use special designs on large projects because the cost of the 
concrete forms and the plant required to produce special members often does 
not represent a large portion of the total cost of the work; the opposite is the 
case on small projects. 

In designing small bridges with precast prestressed concrete members, the 
designer must use elements that require very simple custom-made forms or use 
standard prestressed concrete products routinely produced by manufacturers or 
contractors located in the general vicinity of the job site. It normally is not 
feasible for the relatively large cost of steel forms and plant facilities required 
for the efficient production of precast prestressed concrete bridge members to 
be amortized on a single small job. 

Each site has certain characteristics that influence or perhaps even dictate 
which bridge design and construction techniques might be feasible. Among these 
factors are the purpose of the bridge (i.e., grade separation, river crossing, 
railroad crossing, etc.), the accessibility of the site from existing precasting 
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plants, the skew required, the quantity and quality of labor and materials avail­
able near the site, and so on. Any of these considerations can have an important 
bearing on the feasibility of the different types of framing and construction 
procedures. 

The types of framing discussed below in Secs. 14-2 and 14-3 have been used 
almost without deviation for bridges of short and moderate spans in the United 
States because the construction procedures that are feasible for small structures 
of these types are unlikely to be the controlling factors in design. When 
designing long-span bridges, the designer may be compelled to use cast-in-place 
or precast construction, either to facilitate construction or to maintain minimum 
horizontal and vertical clearances during the work. The type of framing that 
may be economical for a bridge or grade separation structure in a metropolitan 
area in the United States may be far different from the type of framing that may 
be economical in some remote location in the world where skilled labor and 
modem equipment are less available than in more popUlated areas. Therefore, 
no further attempts will be made to generalize about the influence of the many 
factors that affect or control bridge type selection. 

14-2 Short-Span Bridges 

Short-span bridges, for the purposes of this discussion, will be assumed to have 
a maximum span of 45 ft. It should be understood that this is an arbitrary figure, 
and there is no definite line of demarcation between short, moderate, and long 
spans in highway bridges. As mentioned above, short-span bridges are most 
efficiently made of precast prestressed-concrete hollow slabs, I-beams, solid 
slabs or cast-in-place solid slabs, and T-beams of relatively generous propor­
tions. 

Precast solid slabs are most economical when used on very short spans. The 
slabs can be made in any convenient width, but widths of 3 or 4 ft have been 
common. Keys frequently are cast in the longitudinal sides of the precast units. 
After the slabs have been erected and the joints between the slabs have been 
filled with concrete. the keys transfer live load shear forces between the adjacent 
slabs. 

Precast solid slabs may be of the type shown in Fig. 14-1, in which case from 
1.5 to 2 in. of asphaltic concrete or other bituminous paving material can be 
applied to serve as a leveling course and wearing surface. Composite slabs 
formed of solid precast slabs, as shown in Fig. 14-4, are an efficient design for 
short-span bridges. In the composite construction, the cast-in-place concrete 
serves as the leveling course, the wearing surface, and the structural top flange 
in areas of positive bending moment. The composite topping can be used to 
develop continuity for live loads, if desired, by placing nonprestressed negative 
moment reinforcement in the cast-in-place concrete at the locations of the interior 
supports. Because of the relatively high live load moment, as a fraction of the 
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Fig. 14-4. Half-section of a composite precast-slab bridge. 

total load moment, and moment reversals, which are characteristic of short­
span continuous construction, little is to be gained in first-cost savings through 
the use of continuity in short -span bridges. Advantages that may lead the 
designer to specify continuous construction include increased resistance to lateral 
loads, reduced deflections, better appearance, and the elimination of deck joints_ 

Precast hollow slabs used in short-span bridges may have round or square 
voids. They too are generally made in units 3 to 4 ft wide with thicknesses from 
18 to 27 in. Precast hollow slabs can be made in any convenient width and 
depth, and frequently are used in bridges having spans from 20 to 50 ft. Longi­
tudinal shear keys are used in the joints between adjacent hollow slabs in the 
same way as with solid slabs. Hollow slabs mayor may not be used with a 
composite, cast-in-place concrete topping, but the use of a leveling course of 
some type normally is required as a means of obtaining an acceptable appear­
ance and levelness. 

Transverse reinforcement normally is provided in precast concrete bridge 
superstructures for the purpose of tying the structure together in the transverse 
direction. Well-designed ties ensure that the individual longitudinal members 
fonning the superstructure will act as a unit under the effects of the live load. 
In slab bridge construction, transverse ties most frequently consist of threaded 
steel bars placed through small holes formed transversely through the member 
during fabrication. Nuts frequently are used as fasteners at each end of the bars. 
In some instances, the transverse ties consist of post-tensioned tendons placed, 
stressed, and grouted after the slabs have been erected. The transverse tie usually 
extends from one side of the bridge to the other, and is placed along the skew. 
In a bridge having a large skew, the individual slabs frequently are tied together 
by connecting adjacent units with short bars that are placed perpendicular to the 
longitudinal axis of the bridge and only extend between two units. The short 
bars are offset as required by the skew. This detail is illustrated in Fig. 14-5. 

Channel sections of various thicknesses have been used in short-span bridges. 
The channels are used in the same general way that the solid and hollow slabs 
are used, with the single exception that a transverse tie of the elements in 
channel-slab bridges often is developed by bolting the ribs of adjacent channels 
together, rather than by using tie bars that extend across the entire width of the 
bridge. This is illustrated in Fig. 14-6. 
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Fig. 14-5. Half-plan of skewed bridge showing staggered transverse tie-bar layout, 

The crown or superelevation ofthe bridge deck, when using any of the short­
span bridges of the types discussed above, is developed in one of three ways: 
(1) by constructing the bearing seats for the precast units on the abutments and 
piers on straight slopes matching the required crown or superelevation; (2) by 
constructing the abutment and pier bearing seats level, and achieving the 
-required crown or superelevation with a topping having a variable thickness; or 
(3) by constructing level bearing seats for each of the precast units in such a 
way that the top surfaces of the precast units are a series of level steps on which 
a topping can be placed to obtain the required superelevation or crown. These 
methods have all been illustrated in Figs. 14-1 through 14-6. 

Short-span bridges commonly are made by using composite-stringer 
construction. This bridge type is illustrated in Fig. 14-7, in which the AASHTO-

Bituminous surfacing 

Fig, 14-6, Half-section of a bridge with precast prestressed-concrete channel slabs, 



BRIDGE CONSTRUCTION I 629 

1 W' at <t Brg. typo 

Pre-tensioned stringer typo 
Cast-in-place 

diaphragm @ 20'± D.C. 

Sym. abUt 

Fig. 14-7. Half-section of a short-span composite-stringer bridge. 

PCI Type I bridge stringer is shown. There is little advantage in using composite 
construction for bridges having short spans from the standpoint of flexural 
stresses, as the flexural stresses normally are not critical. Furthermore, a precast 
stringer should have flanges that are wide enough to provide lateral stability 
during handling, transport, and erection. Top flanges having dimensions that 
provide stability in handling and transport usually are adequate in the completed 
structure from the standpoint of lateral buckling even though steps have not 
been taken to ensure the development of full composite action. 

The shear forces imposed on the stringers in short-span bridges frequently 
are too large to be resisted by the concrete alone. Hence, shear reinforcement 
normally is required. The amount of shear reinforcement required may be 
relatively large if the webs of the stringers are relatively thin. 

When stringer construction is used for spans between 30 and 45 ft, it gener­
ally is considered desirable to use stringers with web thicknesses of 7 to 10 in. 
as a means of increasing the shear force resisted by the concrete and reducing 
the amount of web reinforcement required. Stringer spacings used in this type 
of construction are generally on the order of 4 to 6 ft. When larger spacings are 
used, the shear stresses in the concrete become difficult to accommodate. 

Concrete diaphragms, reinforced with post-tensioned reinforcement or 
nonprestressed reinforcement, normally are provided transversely at the ends 
and at intermediate locations along the span in stringer-type bridges. The 
diaphragms ensure the lateral distribution of the live loads to the various stringers 
and prevent individual stringers from displacing or rotating significantly with 
respect to the adjacent stringers. The diaphragms normally are placed along the 
skew. In bridges in which the skew is large, the intermediate diaphragms may 
consist of short cast-in-place beams placed perpendicular to the longitudinal 
axis of the stringers in a staggered configuration across the bridge, in much the 
same way as is commonly done in steel stringer bridges or in the hollow-slab 
skew bridge in Fig. 14-5. 
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No generalities will be made here about the relative cost of each of the above 
types of construction; construction costs are a function of many variables which 
prohibit meaningful generalizations. However, it should be noted that the 
stringer type of construction requires a considerably greater construction depth 
that is required for solid, hollow, or channel slab bridge superstructures. Stringer 
construction does not require a separate wearing surface, as do the precast slab 
types of construction, unless precast slabs are used to span between the stringers 
in lieu of the more commonly used cast-in-place reinforced concrete deck. 
Stringer construction frequently requires smaller quantities of superstructure 
materials than do slab bridges (unless the spans are very short). The construc­
tion time needed to complete a bridge after the precast members have been 
erected is greater with stringer framing than with the slab type of framing. 

14-3 Bridges of Moderate Span 

Again for the purposes of this discussion only, moderate spans for bridges of 
prestressed concrete are defined as being from 45 to 80 ft. Prestressed concrete 
bridges in this span range generally can be divided into two types: stringer-type 
bridges and slab-type bridges. The majority of the precast prestressed concrete 
bridges constructed in the United States have been stringer bridges using 
I-shaped stringers, but a large number of precast prestressed concrete bridges 
have been constructed with precast hollow-box girders (sometimes also called 
stringers). Cast-in-place post-tensioned concrete has been used extensively in 
the construction of hollow-box girder bridges-a form of construction that can 
be considered to be a slab bridge. 

Stringer bridges, which employ a composite, cast-in-place deck slab, have 
been used in virtually all parts of the United States. For moderate spans, the 
AASHTO-PCI stringers, Types II and ill, frequently are used. These stringers 
normally are used at spacings of about 5 to 6 ft. The cast-in-place deck is 
generally from 6.0 to 8.0 in. in thickness. This type of framing is very much 
the same as that used on composite-stringer construction for short-span bridges 
(see Fig. 14-7). 

The AASHTO-PCI stringer Types I through IV have relatively small flanges, 
with the top flange smaller than the bottom one. (The dimensions of the 
AASHTO-PCI stringers are given in Fig. 14-8). Because of the small flanges, 
relatively large depths of construction are required when these stringers are 
used. This is a disadvantage in some applications, but not always. A large 
stringer depth does result in a small prestressing force being required for a 
specific span and stringer spacing. 

In some instances, the bridge construction depth is of great importance, and, 
in such cases, stringers with larger top and bottom flanges, such as those illus­
trated in Fig. 14-9, can be used at spacings offrom 6 to 8 ft with a significantly 
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Fig. 14·8. AASHTO-PCI standard bridge stringers. 

smaller depth of construction than would be required if stringers with smaller 
flanges were used. 

Another important consideration in the configuration of precast prestressed 
concrete bridge stringers is the size of the top flange. As has been pointed out, 
the dead weight of a structure, as well as the stringer alone, becomes greater 
as the span is increased. The significance of this behavior can best be under­
stood if a stringer with a smaller top flange than bottom flange is analyzed for 
various stringer spacings on a span of 70 to 80 ft, with composite construction. 
It frequently will be found that the size of the bottom flange is adequate, and 
that the capacity and the spacing of the member are limited by the concrete 
compressive stresses in the smaller top flange. If the span were only 50 ft, and 
the same procedure were followed, the bottom flange would be found to limit 
the design. This difference is due to the difference in the ratio of dead to live 
load that occurs as the span is increased. This restriction can be avoided by 
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Fig. 14-9. Bridge stringers with large top and bottom flanges. 

selecting stringer shapes similar to that shown in Fig. 14-10, when the span is 
greater than 70 ft. 

Composite stringer construction also is used with details similar to those 

2'-4" 

7" 

Fig. 14-10. Well-proportioned bridge stringer for span of 60 to 70 ft. 
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.Poured-in-place concrete 
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Precast, prestressed stringer 

Fig. 14-11. Partial section of a moderate-span bridge. 

shown in Fig_ 14-11. In this type of framing, the top flange of the girder is 
reinforced or post-tensioned transversely and fonns a portion of the deck of the 
completed superstructure. The slab between the flanges of the stringers can be 
either cast-in-place or precast. Another scheme is to cast the stringers with daps 
near the top for use in supporting precast slabs. This can be done with I-shaped 
stringers or with hollow stringers, as shown in Fig. 14-12. Still another scheme 
utilizes precast deck soffit slabs (which serve as fonns for the cast-in-place deck 
topping) adjusted to the corrected elevation during construction through the use 
of field-cut polystyrene foam supports, as shown in Fig. 14-13. 

To eliminate the need for large bottom flanges on stringers in the span range 
of 50 to 70 ft, two-stage post-tensioning has been employed. This procedure 
consists of using aT-shaped beam in which 50 to 75 percent of the tendons are 
stressed before the beam is removed from the casting bed. After the stringer 
has been erected and the deck has been cast, the remaining tendons are stressed. 
This construction scheme is restricted to post-tensioned or combined preten­
sioned and post-tensioned construction. The second-stage post-tensioning, 

Bituminous surfacing 
Sym. abt.¢. 

Grout joint 

Fig. 14-12. Half-section of a bridge with precast deck slabs. 
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Fig. 14-13. Partial section of a bridge with precast prestressed-concrete slabs used as 
stay-in-place forms for the deck. 

which cannot be done until the deck has attained reasonable strength, may 
prolong the construction time. 

Solid cast-in-place post-tensioned concrete slab bridges have been used in 
applications where the depth of construction is exceptionally critical. The depth­
to-span ratio for simple spans can be from 1 in 26 to 1 in 30. It is more usual 
in slab-type bridges, however, to use precast, hollow boxes. A typical cross 
section for an element of this type is illustrated in Fig. 14-3. 

Diaphragm details in moderate-span bridges are generally similar to those of 
the short spans, with the exception that two or three interior diaphragms 
sometimes are used, rather than just one at midspan as in the short-span bridge. 

As in the case of short-span bridges, the minimum depth of construction in 
bridges of moderate span is obtained by using slab construction, which may be 
either solid- or hollow-box in cross section. Average construction depths are 
required when stringers with large flanges are used in composite construction, 
and large construction depths are required when stringers with small bottom 
flanges are used. Composite construction may be developed through the use of 
cast-in-place concrete decks or with precast concrete decks. Lower quantities 
of materials normally are required with composite construction, and the dead 
weight of the superstructure normally is less for stringer construction than for 
slab construction. 

14-4 Long-Span Bridges 

Prestressed concrete bridges having spans of the order of 100 ft are of the same 
general types of construction as structures having moderate span lengths, with 
the single exception that solid slabs are not used for long spans. The stringer 
spacings are frequently greater (with stringers at 7 to 9 ft) as the span lengths 
of bridges increase. Because of dead weight considerations, precast hollow-box 
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construction generally is employed for spans of this length only when the depth 
of construction must be minimized. Cast-in-place post-tensioned hollow-box 
bridges with simple and continuous spans frequently are used for spans on the 
order of 100 ft and longer. 

Simple, precast, prestressed stringer construction would be economical in the 
United States in spans up to 300 ft under some conditions. However, only 
limited use has been made of this type of constmction on spans greater than 
100 ft. For very long simple spans, the advantage of precasting frequently is 
nullified by the difficulties involved in handling, transporting, and erecting the 
girders, which may have depths as great as 10 ft and weigh over 200 tons. The 
exceptions to this occur on large projects where all of the spans are over water 
of sufficient depth and character that precast beams can be handled with floating 
equipment, when custom girder launchers can be used, and when segmental 
construction techniques can be used (see Secs. 8-3, 14-5, 18-4, 18-5, and 
18-7). 

Precast, long-span bridges may approach the general shape illustrated in Fig. 
14-14. A very long, narrow, simple-span bridge of cast-in-place construction 
will approach the cross section shown in Fig. 14-15. These types of bridges 
may be more accurately described as girder bridges rather than stringer bridges. 
The general reduction in (or elimination of) the size of the bottom flange, as 
well as the large top flange supplied in the cross sections of Figs. 14-14 and 
14-15, should be noted. 

The use of cast-in-place, post-tensioned, box-girder bridges has been exten­
sive. Typical examples of the cross sections are shown in Fig. 14-16. Although 
structures of these types occasionally are used for spans less than 100 ft, they 
more often are used for spans in excess of 100 ft and have been used in struc­
tures having spans in excess of 300 ft. Structurally efficient in flexure, especially 
for continuous bridges, the box girder is torsionally stiff and hence an excellent 

Cast·in·place 
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Fig. 14-14. Section of a long-span bridge with precast prestressed-concrete girders. 
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Fig. 14-15. Section of a long-span cast-in-place prestressed-concrete bridge. 

type of structure for use on bridges that have horizontal curvature. Some 
governmental agencies use this form of construction almost exclusively in urban 
areas where appearance from underneath the superstructure, as well as from the 
side, is considered important. 

14-5 Segmental Bridges 

Bridges that are constructed in pieces of various configurations, connected 
together in some way, frequently are referred to as segmental bridges. The 
segments may be cast-in-place or precast, elongated units, such as portions of 
stringers or girders, or relatively short units that are as wide as the completed 
bridge superstructure. 

The Esbly Bridge in France is an example of one of the earliest precast 
concrete segmental bridges. This bridge is one of five bridges that were made 
with the same dimensions and utilized the same steel molds for casting the 
concrete units. All of the bridges span the River Marne, and because of the 
required navigational clearances and the low grades on the roads approaching 
the bridge, the depth of construction at the center of each span was restricted. 
The bridges were formed of precast elements, 6 ft long, and were made in 
elaborate molds by first casting and steam-curing the top and bottom flanges in 
which the ends of the web reinforcement were embedded. The flanges were 
then jacked apart, and held apart by the web forms while the web concrete was 
cast and cured. Releasing and stripping the web forms resulted in the prestressing 
of the webs. The 6-ft-Iong elements were temporarily post-tensioned in the 
factory into units approximately 40 ft long. The 40 ft units were transported to 
the bridge site, raised into place, and post -tensioned together longitudinally, 
after which the temporary post-tensioning was removed. Each span consists of 
six ribs or beams that were post-tensioned together transversely after they were 
erected. Hence, the beams are triaxially prestressed. The completed Esbly 
Bridge consists of a very flat, two-hinged, prestressed concrete arch with a span 
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Fig. 14-16. Typical cross sections of cast-in-place prestressed-concrete box-girder 
bridges. 
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Fig. 14-17. The Esbly bridge across the Marne river in France. (Provided by and repro­
duced with the permission of the Freyssinet Company, Inc., Charlotte, 
N.C.) 

of 243 ft and a depth at the midspan of about 3 ft . The bridge is shown in Fig. 
14-17. 

Cast-in-place prestressed concrete segmental construction, in which relatively 
short, full-width sections of a bridge superstructure are constructed cantilevered 
from both sides of a pier, originated in Germany shortly after World War II. 
This procedure sometimes is referred to as balanced cantilever construction. 
The well-known, late German engineer U. Finsterwalder is credited with being 
the originator of the technique. The basic construction sequence used in this 
method is illustrated in Fig. 14-18, which shows that segments, erected one 
after another on each side of a pier, form cantilevered spans. The construction 
sequence normally progresses from pier to pier, from one end of the bridge to 
the other, with the ends of adjacent cantilevers being jointed together to form 
a continuous deck (see Figs. 10-20, 18-12 and 18-13). The individual segments 
frequently are made in lengths of 12 to 16 ft in cycles of four to seven days. 
The method has been used in the United States for bridges having spans as long 
as 750 ft. 

The segmental construction technique also has been used with precast 
segments. The technique originated in France and has been used in the construc­
tion of bridges having spans in excess of 300 ft . The eminent French engineer 
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Fig. 14-18. Erection sequence for segmental bridges using the cantilever technique. 



640 I MODERN PRESTRESSED CONCRETE 

Fig. 14-19. The King Fahed Causeway connecting Saudi Arabia and Bahrain 
constructed of precast segments erected span-by-span. (Provided by and 
used with the permission of the King Fahed Causeway Authority. EI 
Khobar. Saudi Arabia .) 

Jean Muller is credited with originating precast segmental bridge construction 
using match-cast segments. The precast segments may be erected in balanced 
cantilever, similar to the method described above for cast-in-place segmental 
bridges constructed in cantilever, or by using the span-by-span technique 
described in Sec. 18-6. Precast segments have been made in precasting plants 
located on the construction site as well as off site. The segments frequently are 
stored for a period of weeks or months before being moved to the bridge site 
and erected-a factor having favorable effects on concrete strength, shrinkage, 
and creep. Construction of precast segmental bridge superstructures normally 
progresses at a rapid rate once the erection process begins. The erection of 
precast concrete segments normally does not commence, however, until such 
time as a large number of segments have been precast and stockpiled because 
the erection normally can progress at a faster rate than the production of the 
segments. 

The five bridges that form a part of the King Fahed Causeway extending from 
the eastern shore of Saudi Arabia to the island nation of Bahrain were constructed 
segmentally using plant-cast precast prestressed concrete span segments. A 
portion of the causeway, which is 26 kilometers long, is shown in Fig. 14-19. 
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15 

15-1 Introduction 

Pretensioning 
Equipment and 
Procedures 

Pretensioning, as explained in Sec. 1-4, is the tenn used for the process of 
making prestressed concrete in which the prestressed reinforcement is stressed 
before the concrete is placed. Pretensioned concrete is most commonly made 
in pennanent precasting plants, but, on single construction projects that include 
a large quantity of pre tensioned members, it has been found feasible to construct 
a pretensioning facility on the job site and amortize it on the one project. 

Pennanent pretensioning facilities were first constructed in the United States 
in the early 1950s. Like the early producers of pretensioned concrete, most 
present-day manufacturers do not limit their products to prestressed concrete 
but produce other precast concrete products as well. The number of plants and 
the volume of pretensioned products made in them have steadily increased over 
the years. The precast prestressed-concrete producers constitute an important 
part of the U.S. construction industry through their involvement in the produc­
tion of structural members for buildings, bridges, and piers, as well as structural 
products such as piling and railroad ties. Many manufacturers of prestressed 
concrete structural products make architectural concrete products as well. 
Readers interested in learning more about the products made by precast 
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prestressed-concrete manufacturers can do so by contacting the Precast/ 
Prestressed Concrete Institute, the trade organization that represents the precast 
prestressed-concrete manufacturers. * 

The stress in pretensioning tendons must be maintained as nearly constant as 
possible during placing and curing of the concrete. This can be accomplished 
in two ways: (1) The tendons are stressed and anchored to individual steel molds 
designed to withstand the prestressing force as well as the stresses resulting 
from the plastic concrete. (2) The tendons, after being stressed, are restrained 
by a special device, called a pretensioning bench or bed. Pretensioning benches 
also provide a level surface on which the concrete forms are supported. 

In addition to these devices, other equipment peculiar to pretensioned 
construction, including the mechanisms used to stress and release the 
prestressing tendons, the forms, the vibrators, and the tendon deflectors, are 
discussed in this chapter. 

15-2 Pretensioning with Individual Molds 

With the exception of a few firms that have employed stress-resisting molds in 
the manufacture of double-tee roof slabs and pretensioned spun piles, this 
technique has not received wide use in the United States. In plants where preten­
sioned concrete railroad ties and small joists for residential construction are 
produced, this method has the advantage of allowing individual units to be 
mass-produced, with products (and molds) moving through the plant in a 
production cycle, rather than requiring the materials and plant be brought to the 
molds or forms, as is done when pretensioning benches are used. Another 
advantage of this method, when employed on small pretensioned products, is 
that the prestressing plant need not be as large and as elongated as that required 
in using a conventional pretensioning bench because small pretensioned products 
in their individual molds can be stacked and need not be arranged in long rows. 
This advantage applies, but to a lesser degree, with large products that can only 
be handled with very large cranes and cannot be stacked very high, if at all. 

15-3 Pretensioning Benches 

Pretensioning benches normally are designed to withstand a specific maximum 
force applied at a specific maximum eccentricity. Therefore, it is customary, 
when establishing the capacity of a pretensioning bench, to give the maximum 
permissible force (shear) and maximum permissible moment that the bench is 
to safely withstand. The maximum moment normally is expressed in terms of 
the bench proper (slab portion of the bench, which extends between the uprights 
at the abutments) and not necessarily in terms of the top surface at the abutments, 
which may be recessed to accommodate the stressing mechanism. 

"Precast/Prestressed Concrete Institute, 175 West Jackson Boulevard, Chicago, Illinois 60604. 
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Pretensioning benches generally are of the following types: 

I. Column type, which may serve as the mold or form, as well as the device 
that restrains the tendons. 

2. Independent-abutment type, in which independent abutments rely upon 
soil pressure, piling, or rock foundations for stability. 

3. Strut-and-tie type. 
4. Abutment-and-strut type. 
5. Tendon-deflecting type. 
6. Portable benches. 

As each bench type has its own specific areas of application, the types are 
discussed separately in the following paragraphs. 

One more definition is necessary, before the types of pretensioning benches 
are discussed, pertaining to the uses to which benches are put. Some benches 
are designed to produce a specific product and thus may be referred to as fixed 
benches; other benches are designed to produce any type of product normally 
encountered in practice and so are termed universal benches. 

Column Benches 

Column benches rely upon the column action of the bench alone to resist the 
prestressing force; and the eccentricity of the prestressing force, with respect 
to the bench, must be confined to relatively low values to achieve efficiency 
and economy with this type of bench. Therefore, the use of column benches 
generally is restricted to fixed benches designed to produce a singe-tee, double­
tee, or pile. An example of a column-type bench, which is designed to produce 
double-tee slabs, is shown in Fig. 15-1. 

Column-type benches generally are designed according to the usual column 
design procedures. Adequate safety against crushing of the concrete and 
buckling must be provided in the design. The dead weight of the bench normally 
is sufficient to prevent the column from buckling. The buckling could occur (a) 
with the center of the bench displacing upward, (b) by the two ends displacing 
upward, or (c) by a combination of center and end displacement, as shown in 
Fig. 15-2. 

Column-type benches normally are not used for universal benches or in 
benches where a relatively large eccentricity of the prestressing force must be 
accommodated. 

Independent-Abutment Benches 

This type of pretensioning bench is composed of two large abutments that are 
structurally independent of each other as well as of the paving material used as 
a casting surface between the abutments. When embedded in soil, the abutments 
may rely exclusively upon the weight of the abutment and passive soil pressure 
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Fig_ 15-1. Column-type pretensioning bench for producing double-tee beams. 

for stability, but it is more common to incorporate piling in the abutments to 
increase their stability against sliding and overturning. Abutments of these two 
types are shown in Fig. 15-3. 

When founded on sound rock, independent abutments can be formed by 
keying into the rock and, if necessary, increasing the resistance of the abutments 
to overturning by providing ties extending into and anchored in the rock, as 
shown in Fig. 15-4. 

The design of independent abutments requires accurate knowledge of the 
character of the soil or rock on which the abutments will be located. The effects 
of long-term loading and variations in loading on the mechanical properties of 
the foundation material must be known for the abutment design. Because of the 
difficulty of accurately determining the mechanical properties of the foundation 
material, few pretensioning facilities employ abutments of this type. When the 
foundation material is satisfactory for independent abutments, this type of bench 
is relatively low-cost for long benches. Because the casting surface between the 
abutments is not a structural component of a bench having independent 
abutments, it can be considerably lighter than that required for other types of 
benches. 

~ ~v~ .• IAV/i~ 
IE L .1 IE L .1 IE L .1 

Fig. 15-2. Possible shapes of column buckling. 
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Fig. 15-3. Independent abutments in soil. 

Strut-and- Tie Bench 

The principle of the strut-and-tie pretensioning bench is shown in Fig. 15-5, 
where it will be seen that the prestressing force results in a tensile force in the 
tie and a compressive force in the strut. The uprights are relied upon to distribute 
the prestressing force to the strut and tie. This type of bench can be used for 
large eccentricities and is adaptable to universal pretensioning benches. A 
disadvantage of this type of bench, when large prestressing forces are used, is 
that the compressive force in the strut is larger than the prestressing force (C 
= P + T), and the dimensions of the strut must be of adequate size to prevent 
buckling. Another objection to the use of this principle for long benches is 
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Fig. 15-4. Independent abutment on rock. 
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Fig. 15-5. Elevation of strut-and-tie pretensioning bench. 
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related to the deformations of the bench components due to the prestressing 
force. The application of the prestressing force causes the tie to lengthen and 
the strut to shorten. In addition, the effects of the deformations are amplified at 
the level of the prestressing tendons by the lever action of the uprights. For 
these reasons, strut-and-tie benches generally are used only on short benches, 
such as those in laboratories. 

Abutment-and-Strut Bench 

This is the most common type of pretensioning bench. Its structural principle 
is illustrated in Fig. 15-6, where it will be seen that the prestressing force has 
a tendency to overturn the abutments about the concrete hinges, as well as to 
force the two abutments to slide toward each other. The overturning of the 
abutment is prevented by the weight of the abutment, and sliding of the 
abutments is prevented by the slab or strut that separates the two abutments. 
The provision of the hinge between the abutments and the slab ensures that the 
slab section is subjected to a direct axial force alone. 

The design of this type of bench consists of determining the amount and 
shape of the concrete abutment that will provide an adequate safety factor against 
overturning, as well as the reinforcement for the abutment and the proportions 
of the slab. 

The approximate quantity of concrete required for the two abutments for this 
type of bench can be computed from: 

Q = 35 + O.06M (15-1) 

~Recess to accommodate stress;"g mech=\_ 

~ ~ rconcretehlOge ~ ~ 
rtJ .... _L_J ___ / l Strut (strut load = P) I~,, ___ L]_L_...J--,I 

Abutment 
Fig. 15-6. Elevation of abutment-and-strut pretensioning bench. 
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in which Q is the approximate quantity of concrete in cubic yards, and M is the 
moment due to prestressing kip-feet for which the bench is designed. For 
preliminary estimates, the quantity of nonprestressed reinforcement required 
can be assumed to be 75 pounds per cubic yard. The approximate weight of the 
structural steel uprights required for the two ends can be computed for: 

W = 3500 + 6M (15-2) 

in which W is the approximate weight of the uprights in pounds. The quantity 
computed from eq. 15-2 does not include the cross beams, templates, pull rods, 
or other components of the stressing mechanism that may be required. 

Tendon-Deflecting Benches 

Most of the methods used in deflecting the tendons in pretensioned beams 
and girders require that the tendons be held down at the lower points by devices 
attached to the slab portion of the pretensioning bench. The tendons are 
supported at the high points by devices that bear on the bench. The bench thus 
is subjected to a series of vertical loads, as well as to the axial load associated 
with abutment and strut benches. This type of loading and the bench shape 
usually employed under such conditions are illustrated in Fig. 15-7. 

Because of large vertical forces, which may have to be applied at virtually 
any point along the bench, the use of the concrete hinge characteristic of the 
abutment and strut bench is not feasible. Furthermore, because the slab portion 
of the bench is subject to combined bending and direct stress, the slab must be 
made of reinforced or prestressed concrete rather than concrete that is basically 
unreinforced, as is used in abutment-and-strut benches. The cost of benches 
designed for deflected tendons is substantially greater than that of abutment­
and-strut benches of equal capacity. 

The quantity of materials required for the abutments of a tendon-deflecting 
bench can be approximated from eqs. 15-1 and 15-2. 

Portable Benches 

Pretensioning benches that can be moved from job site to job site have been 
used to a limited degree. The portable benches may be of any of the above types 

Vertical forces resulting from 
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p. D ~ 
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Fig. 15-7. Elevation of a tendon-deflecting pretensioning bench. 
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Fig. 15-8. Pretensioning bench with adjustable length. 

and may be entirely or only partially portable. An example of a partially portable 
bench is a bench of the abutment-and-strut type in which the principal compo­
nents of the abutment are portable, and the strut and counterweight portions of 
the abutments are not moved. 

In the design of universal pretensioning benches, it is often desired to provide 
a means of adjusting the length of the bench to minimize waste of the preten­
sioned reinforcement. This has been done by using large pull-rod extensions in 
the mechanisms used to prestress the tendons (see Sec. 15-4). Another method 
is to provide a long dead-end abutment with several alternative positions for the 
dead-end uprights, as illustrated in Fig. 15-8. The provision of an intermediate 
abutment with removable uprights also has been used successfully. Intermediate 
abutments designed to withstand the prestressing load from either end of the 
bench, as shown in Fig. 15-9, have been used to improve the efficiency of 
pretensioned concrete production. 

The maximum force used in the design of a pretensioning bench should be 
about 15 percent greater than the initial force applied to the bench. Experience 
has shown that shrinkage of the concrete and temperature variations, which 
occur during curing and stripping of the concrete, result in the prestressing 
force's being larger at the time of release than it is immediately after stressing. 
The increase in stress is a function of (1) the ratio of the length of the prestressed 
reinforcement embedded in concrete to the total distance between the anchor­
ages at the ends of the bench, (2) the shrinkage characteristics of the cement 
used in the concrete, (3) the type of curing used, and (4) the air temperature 
during stripping. The increase in stress in the prestressed reinforcement varies 
with the ratio of the length of the embedment of the prestressed reinforcement 
in the concrete to the distance between anchorage points. The increase also is 
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affected by the curing time, being more severe when the air temperature during 
stripping is low. 

15-4 Stressing Mechanisms and Related Devices 

The tensioning of pretensioning tendons can be done by stressing each tendon 
individually or be stressing all the tendons one time. Each method has distinct 
advantages, and the method that will be used most frequently in a prestressed 
concrete plant has a significant influence on the design of the stressing mecha­
nism that will be used. It is possible to design the stressing mechanism for the 
very efficient stressing of tendons individually rather than collectively. It is also 
possible to design the stressing mechanism in such a way that the tendons can 
all be released simultaneously with hydraulic jacks rather than by being cut one 
at a time. 

If the stressing is to be done by stressing one stand at a time, the ram used 
for the stressing normally must have a stroke of 30 to 48 in. and a working 
capacity of from 10 to 20 tons. The stroke and capacity needed depend upon 
the length and size of the tendons to be stressed. If the tendons are to be released 
simultaneously, large rams, whose capacity depends upon the maximum 
prestressing force for which the bench is designed, must be provided for this 
purpose. The stroke of the ram used to release the pretensioned tendons is 
dependent upon the length of the tendons not embedded in the concrete and on 
whether the release is done in one or several steps. 

Releasing the tendons simultaneously with hydraulic rams offers the advan­
tage that the force can be transmitted to the concrete products slowly, so that 
shock or impact loading is avoided. The result is that the transmission length 
is minimized. In addition, with this type of equipment the products can be 
partially released if that becomes necessary or desirable. The principle disad­
vantage of releasing the tendons with hydraulic jacks is that all of the strain is 
released at one end of the production line, with the result that the products at 
the releasing end tend to move away from the releasing end. The amount of 
movement is a direct function of the elastic deformation of the concrete products 
and the length of the tendons not embedded in the concrete. When deflected 
tendons are used, releasing the tendons simultaneously from one or even from 
both ends may not be possible, as releasing the tendon-deflecting devices before 
the prestressing force is released may not be feasible. Another advantage of 
releasing all the tendons at one time is that with this procedure the cutting of 
the tendons between precast units can be done without adhering to a strict 
schedule. 

Releasing the tendons individually generally is done by cutting them one at 
a time with an acetylene torch, saw, or hydraulic cutters. The tendons must be 
cut according to a strict sequence if eccentric loading in the concrete products 
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is to be minimized, as well as to prevent too many tendons from being cut at 
one location along the length of the bench. Cutting too many tendons at one 
location along the bench length will result in the failure of the remaining tendons. 
In other words, the tendons at each end of each product in the whole line should 
be cut at approximately the same time. 

When all the tendons are to be stressed simultaneously, the rams used to 
stress the tendons must be of large capacity. Unless the stressing is done in 
several increments, a procedure that is not recommended for normal operations, 
the stroke of the rams must be on the order of 30 to 48 in. The same rams used 
to stress the tendons can be used to release them, but during the releasing opera­
tion, the required stroke is smaller. 

When the tendons are stressed individually, it is not necessary to apply an 
initial load to each tendon to equalize their lengths, as is often required (by 
construction specifications) when all the tendons are stressed simultaneously. 
Furthermore, if the tendons are being stressed individually and an anchor slips 
on a tendon during or after the stressing, the tendon that has slipped can easily 
be prestressed. If, on the other hand, the tendons are all being stressed simul­
taneously and the tendon slips, it is necessary to release all the tendons and 
prestress them after the slipped tendon has been reanchored. 

It will be found that the cost of the hydraulic jacks is greater in installations 
designed to stress all the tendons simultaneously than in those designed for the 
stressing of individual strands. The total labor cost of stressing is about equal 
with both methods if an initial force must be applied to each tendon before all 
are stressed simultaneously. More time may be required for stressing the tendons 
individually when there is a large number of tendons. The time factor can be 
important in some instances because, in the interest of safety, all work in the 
vicinity of a pretensioning bench must be stopped during the stressing opera­
tion. 

The stroke of the rams specified for any particular installation should be based 
upon the anticipated elongation of the reinforcement during stressing, with an 
allowance included for slack in the anchorages. The normal theoretical elonga­
tion for the pretensioning tendons is between 7 and 8 in. per 100 ft of length. 
The slack and anchorage take-up is much larger when the tendons are stressed 
individually than when they are stressed simultaneously. This is so because 
when the tendons are to be stressed simultaneously, an initial force normally is 
applied to each tendon individually when their anchorages are installed for the 
purpose of removing slack and equalizing the initial tendon lengths. 

Experience has shown that for prestressing concrete the use of hydraulic rams 
is preferred over the use of hydraulic jacks. The capacities and strokes needed 
in pretensioning plants are much more efficiently provided by double-acting 
hydraulic rams rather than jacks. The latter rely upon internal springs to return 
the pistons to the closed (or open) position upon the release of the hydraulic 
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pressure, and this is not efficient when large capacities are needed. The hydraulic 
rams used in prestressing concrete should be designed to develop the maximum 
load required in normal operations at a pressure from 5000 to 6000 psi, and to 
have a maximum rated pressure of not less than 10,000 psi. The pistons of the 
rams, which are exposed when the ram is extended, should be hard-chrome­
plated to protect them against corrosion and other minor damage. 

The hydraulic pump used to operate the rams should be designed for a 
maximum intermittent operating pressure of 10,000 psi and have a minimum 
continuous operating pressure of 5000 to 6000 psi. The pumping unit assembly, 
which includes the hydraulic pressure gages, valves, and piping, should be 
designed as simply as possible to facilitate its use. The unit should be provided 
with at least one calibrated pressure gage that is not used in routine stressing 
operations but is reserved for checking the calibration of the gages that are used 
in normal stressing operations. In addition, the pumping unit should be assem­
bled in such a way that damaged pressure gages can be easily removed and 
replaced. 

The stressing mechanisms used in prestressing benches consist of uprights, 
pull rods, cross beams, and templates in addition to the hydraulic rams and 
pumping unit. The uprights, pull rods, cross beams, and templates normally 
are fabricated of structural steel and, as an assembly, are referred to as the 
structural frame or simply as the frame. Structural frames are used to transfer 
the load in the tendons to the abutments and to provide a means of anchoring 
the tendons, as well as to stress the tendons and, in some cases, release them. 
Unless screw jacks or hydraulic rams with threaded piston shafts are used to 
maintain the deformation in the prestressing tendons during the production cycle, 
the structural frames must be provided with a reliable means of maintaining the 
deformation. Simple hydraulic jacks or rams cannot maintain a constant strain 
under load over a period of time. 

Several types of structural arrangements can be used for stressing mecha­
nisms. The type best suited for a specific situation depends upon a number of 
factors, including (1) the capacity of the bench, (2) the type of products to be 
made on the bench (i.e., fixed or universal bench), (3) the method of stressing 
to be used, and (4) the method of releasing the prestressing force to be used. 
Instead of discussing each of these factors individually, three types of structural 
stressing and releasing systems are described to illustrate differences in the 
structural arrangements of stressing mechanisms. The designer must determine 
which arrangement is best suited to the needs of each installation, after carefully 
weighing the advantages and disadvantages of the different systems. 

The first system to be considered is that shown in Fig. 15-10. It consists of 
cross beams, templates, fixed uprights, and, at the stressing end, vertical beams 
and pull rods. The vertical beam at the stressing end is held away from the fixed 
uprights by a strut at the top and the concrete abutment at the bottom. The clear 
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Fig. 15-10. Pretensioning stressing mechanism, type 1. 

space between the vertical beams and the fixed uprights is used for nuts and 
plates that hold the force in the pull rods when the rams are not in use. This 
system is shown with four, small-stroke, high-capacity center-hole rams (100 
ton), with high-strength steel pull rods extending through the rams. The mecha­
nism is intended to be used in stressing tendons individually with the 15-ton 
long-stroke ram. Alternately, all the tendons can be stressed simultaneously, 
either by using the four, small-stroke high-capacity rams as shown, and taking 
several increments of loading to obtain the required elongation of the tendons, 
or by using four, long-stroke high-capacity rams and obtaining the elongation 
in one stressing operation. It must be pointed out that unless the center of gravity 
of the prestressing force is coincident with the center of gravity of the pull rods, 
the pressures in the four rams will not be equal during stressing (if all tendons 
are stressed simultaneously) and releasing. This situation can complicate the 
operation of the hydraulic system and be dangerous if not controlled properly. 
From the plan view in Fig. 15-10, it will be seen that the area between the 
uprights is free of obstructions; this is essential when the tendons are to be 
stressed individually. 
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The system shown in Fig. 15-11 is designed for tensioning the tendons 
individually at one end and releasing them simultaneously at the other end. The 
stressing end consists of uprights, which support the template, and has provision 
for a long-stroke small-capacity stressing jack that may be used with an 
individual abutment, or that may be of the type that bears directly on the template 
or anchorage device during stressing. The releasing end in this bench consists 
of a template, crossbeams, uprights, jacking yokes, and pull rods. The releasing 
is done with two rams. If so desired, all the tendons could be stressed simul­
taneously with this bench by stressing from the end normally used for releasing 
the tendons. This system is less difficult to operate than the system discussed 
above because the large-capacity rams have been reduced from four to two. By 
using a releasing mechanism that is a combination of the one shown in Fig. 
15-11 and that shown in Fig. 15-12, the number of releasing rams could be 
reduced to one. It must be emphasized that the center of gravity of the 
prestressing force and the axis of the releasing ram(s) have to be coincident in 
this scheme to maintain the stability of the mechanism. 

The system shown in Fig. 15-12 is designed for stressing all the tendons 
simultaneously. Because the ends of the tendons are not accessible to a long-
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Fig. 15-12. Pretensioning stressing mechanism, type 3. 

stroke low-capacity ram in this mechanism, single tendon stressing cannot be 
used. This mechanism utilizes only. one large-capacity ram, which nonnally 
would have a long stroke. The ram must be placed at a location that renders its 
axis coincident with the center of gravity of the prestressing force. If this is not 
done, the mechanism will not be stable during stressing and releasing. 

To simplify the illustrations of the mechanisms in Figs. 15-10 through 
15-12, rollers or other devices nonnally provided to support the movable 
members are not shown, nor are the devices used to adjust the vertical location 
of the cross beams and releasing rams. Such accessories should be provided 
with each type of mechanism to facilitate making adjustments to the mechanism 
and to aid the operations during stressing and releasing, as well as to reduce 
the friction in the system during its operations. 

The anchorage devices placed on the tendons to connect them to the templates 
during stressing and curing of the concrete also are a part of the stressing mecha­
nism. Several satisfactory types of devices are available for this purpose, and 
device selection does not materially affect the operation of the stressing mecha­
nism. 

A dynamometer or load cell frequently is used to calibrate the pressure gauge 
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used with the long-stroke jack in stressing the tendons individually. The 
dynamometer is not normally used to measure the force in the tendons during 
routine production because of the risk of breaking the device if an accident 
occurs. 

15-5 Forms for Pretensioning Concrete 

Stressing-resisting forms or molds used in the manufacture of pretensioned 
concrete are special structural elements not normally encountered in practice. 
For this reason, this discussion will be confined to the forms or molds that are 
used on pretensioning benches and are not designed to resist a prestressing force. 

The desirable features for the forms used in pretensioned concrete are varied, 
with form requirements differing from product to product. In general, the desir­
able characteristics of forms can be summarized as follows: 

1. High resistance to damage due to rough handling and to the high humidity 
associated with heat curing. This requirement normally eliminates the use 
of wood forms, which do not perform well under repeated use, particu­
larly when exposed to hot moist air during curing. Although concrete forms 
have been used successfully, the lighter steel forms generally are preferred. 

2. Precision of form units and dimensions. To facilitate their manufacture 
and transport, forms generally are made in relatively small panels, 
connected to form larger sections. It is essential that the panels fit together 
precisely, and have joints that do not leak. 

3. Ease of handling. In erecting or stripping forms, it is essential that 
individual pieces of the form that must be handled not be awkward to 
handle, and that they tend to hang plumb when suspended. This charac­
teristic facilitates laying the form on their backs for cleaning, as well as 
adjusting them to the precise position required during assembly. 

4. Design that permits one side of the form to be erected in the final position 
independently of the opposite side. This facilitates the layout of the 
member being made, as well as the formation of blockouts and transverse 
holes through the member, and securing the web reinforcement and post­
tensioning units, if any, in the proper locations. 

5. Adjustability. The forms or components of the forms should be adjust­
able, allowing products that have several different shapes to be made from 
the form or its form components. 

6. Resistance to vibration. The forms must be strong enough to withstand 
the effects of form vibration. Brackets or rails that aid in attaching form 
vibrators should be supplied with the forms. 

7. Rigid structural soffit form. The soffit form must be rigid and must not 
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Fig. 15-13. Cross section of an adjustable steel form suitable for the manufacture of 
pretensioned concrete beams. 

defonn during use. The soffit fonn should be a structural element to which 
side fonns can be securely attached (anchored against lateral and uplift 
loads), and should prevent the side fonns from moving during concrete 
placing. The latter requirement is particularly significant in the manufac­
ture of I-shaped beams having large, bottom flanges on which large uplift 
forces may occur. 

8. Construction that includes a minimum of joints. All joints should be as 
tight as possible to minimize leakage and bleeding. 

An illustration of a type of custom-made fonn incorporating the above 
characteristics is presented in Fig. 15-13. It should be noted that the side-fonn 
units are narrow, and, when stripped, can easily be turned on their backs to 
facilitate cleaning. Each side fonn can be set up independently of the other by 
attaching it to the concrete soffit and plumbing it with the adjustable brace. The 
removable web fonns can be replaced by web fonns of various shapes, and the 
wastes concrete soffit can be removed and replaced with soffit fonns of other 
widths and heights. In this way, the side fonns can be utilized in making a 
variety of different beam cross sections. The continuous rail on each side fonn 
facilitates placing and clamping fonn vibrators at any location along the fonn. 
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15-6 Tendon-Deflecting Mechanisms 

As stated previously, it often is desirable in long-span pretensioned-concrete 
members to have the tendons more eccentric near midspan than at the ends of 
a beam. In the manufacture of many pretensioned-concrete products, the tendons 
follow a straight path through the member. If the path of the pretensioned 
tendons is to be other than straight, vertical forces must be applied to the tendons 
to change the path. The devices used to apply the vertical forces and deflect the 
tendons from straight paths are called tendon deflectors or tendon-deflecting 
mechanisms. These mechanisms frequently consist of devices that support the 
tendons in the high position and devices that hold the tendons in the lower 
position. These devices generally are referred to as hold-up devices and hold­
down devices, respectively. 

In applying the principle of deflected tendons to double-tee roof and floor 
slabs, it is customary to deflect the tendons at one or two points near midspan, 
as shown in Fig. 15-14, with the result that the lowest tendon is straight 
throughout the entire length of the member, and the remaining tendons are 
spaced apart near the ends of the slab. The steel end forms (or bulkheads) that 
form the ends of the concrete members also serve as the tendons hold-up and 
spacing devices. The hold-down devices, which hold the tendons down from 
the top, are similar to that shown in Fig. 15-15. 

Because in double-tee slabs the slope distance from the end bulkhead to the 
lowest point of the tendon path is rarely of significantly greater length than the 
horizontal distance between the end bulkhead and the hold-down device, the 
usual construction procedures is to stress all the tendons to the desired initial 
stress, install the end bulkheads, place the hold-down devices at the proper 
locations and push the tendons down one at a time to the lower position using 
a hydraulic ram temporarily installed in the hold-down devices. The tendons 
are held in the deflected position with nuts or pins, and the ram is moved to the 
nest hold-down device. The procedure is repeated until the tendons are deflected 
at all the hold-down points. 

After the concrete has gained sufficient strength to allow the prestress to be 
released, the hold-down devices are removed, and the pretensioning force is 
released. If the pretensioning force is released with hydraulic rams from one 
end of the bench, the slab nearest the releasing end will move a few inches 
toward the other end of the bench at the time of release; this accounts for the 
necessity of removing the hold-down devices before releasing the pretensioned 
tendons. 

In the case of deeper members with deflected tendons, the slope length of the 
deflected tendon path can be significantly greater than the horizontal distance 
between the deflection points. When this condition exists, it is important that it 
be considered in calculating the initial stress applied to the tendons. 
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Fig, 15-14. Double-tee beam with deflected tendons. 

At the present time, there is no standard method used to deflect the preten­
sioning tendons in bridge-girder construction. Several methods have been used 
or proposed for deflecting the tendons in bridge girders, as described in the 
following paragraphs. 

Jacking Down at the Hold-Down Points 

The method is shown schematically in Fig. 15-16. The procedure followed in 
this system is substantially the same as that used in deflecting the tendons in 
double-tee slabs, except that the length of the deflected-tendon path may be 
significantly greater than the length of the straight path, so that the initial 
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Fig . 15-15. Hold-down device shown spanning a double-tee form with workmen in the 
process of deflecting the tendons with a hydraulic jack. (Provided by and 
used with the permission of the FMC Corp., Chicago, Illinois.) 

prestress applied to the tendon must be adjusted accordingly. In addition, the 
end bulkheads normally are not sufficiently strong to act as the hold-up device; 
so special devices must be supplied for this purpose. 

One method of deflecting the tendons in this way is shown in Fig. 15-17. In 
this method, metal anchors provided in the upper surface of the prestressing 

PD5 PD3 PDI PD2 PD4 PD6 
T=T I +T2 " ;' " T=T I +T2 

HU HU HU HU 
Initial tension Tb in "up" position. Strand profile and final tension T by 

push down (P D). which increases strand tension by T2 • 

Fig. 15-16. Illustration of jacking down at the hold-down points. 
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Fig. 1 5-17. Tendon hold-down device for use with jacking down at the hold-down 
points. 
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Fig. 15-18. Illustration of jacking up at the hold-up points. 

bench are used to anchor the bottom end of the hold-down device, and a center­
hole jack is used to jack the tendons down. A strand chuck anchors the tendons 
in the deflected position. The strand chuck and the hold-down anchors are 
expended with this procedure. The jacking must be done according to a prede­
termined sequence in order to equalize the effects of friction along the bench. 

Jacking Up at the Hold-Up Points 

This procedure, which is shown schematically in Fig. 15-18, is virtually the 
same as that used in jacking down at the hold-down points. The principal differ­
ence is that the tendons are stressed in the lower position, attached securely to 
the pretensioning bench at the hold-down points by a device that extends through 
the soffit form, and the tendons are jacked up at the hold-up points (see Fig. 
15-19). 

After the members are removed from the bench, the cavity at the bottom of 
the beam at each hold-down point must be patched. 

Stressing the Deflected Tendons Individually 

Satisfactory results have been obtained in some instances by placing and 
stressing the tendons in the deflected path. When this procedure is used, some 
means of reducing the effect of the friction that occurs between the tendons and 
the hold-down and hold-up devices must be employed. The methods that have 
been used to reduce the effect of the friction include stressing the tendons from 
each end, supplying rollers with needle bearings at each hold-down and each 
hold-up point during the stressing (the low friction rollers are removed after 
stressing is completed so they can be reused many times), and applying a vibra­
tion to the tendons as they are stressed. The vibration reduces the coefficient of 
friction at the hold-down and hold-up points. Again in this method, the hold­
down devices must extend through the soffit form, which results in a cavity that 
must be patched after the members are removed from the pretensioning bench. 
The scheme is illustrated in Fig. 15-20. 

Each of the methods discussed above has advantages and disadvantages, and 



(a) 

(b) 

Fig. 15-19. (a) A general view of the deflecting mechanism. showing the hold-down 
devices. the deflected tendons. and the tower used to deflect the tendons . 
(b) The expendable hold-down device attached to a removable portion of 
the soffit form. which is anchored to the pretensioning bench. 
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Fig. 15-20. Deflected or draped tendons stressed in the deflected position. Single- or 
multiple-strand tensioning is in the draped position. The strand profile is 
established by hold-downs (HD) and hold-ups (HU). 

the method used on any particular project must be selected on the basis of the 
available equipment and the desired results. Significant disadvantages of the 
use of deflected tendons include the large capital investment in the stressing 
bed, the cost of the deflecting mechanisms, the friction losses that occur along 
the deflected tendons, the secondary stresses in the tendons where they pass 
over small-diameter pins and rollers (does not apply to all methods), and the 
extra labor required to deflect the strands. 
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16-1 Introduction 

Post-tensioning 
Systems and 
Procedures 

Materials and equipment for post-tensioning concrete are available from a 
number of firms in the United States. These firms market reinforcement for 
prestressing concrete, ducts, anchorages, accessories, and equipment for 
stressing and grouting post-tensioned tendons. As a part of their services, the 
firms normally provide shop drawings for the use of their products and equip­
ment on specific projects. The specialist firms in post-tensioning normally can 
supply field technicians qualified to supervise and instruct workers in the correct 
methods and procedures for installing, stressing, and grouting their products. 
In some regions, the suppliers of post-tensioning materials are subcontractors 
and contract for the materials installed. 

The details of the post-tensioning systems available in the United States are 
continually changing. For this reason, no attempt will be made to describe the 
specific details of the various systems. The reader interested in specific details 
of post-tensioning systems is advised to contact the Post-Tensioning Institute* 
and request a listing of its members who are suppliers of post-tensioning 
materials, equipment, and services. 

*Post-Tensioning Institute, 301 West Osborn, Phoenix, Arizona 85013. 
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The primary differences between post-tensioning and pretensioning, from the 
construction viewpoint, can be summarized as follows: 

1. Post-tensioning offers a means of prestressing concrete, either in a 
precasting plant or at the job site, without requiring a large capital investment 
in pretensioning facilities. 

2. Post-tensioned tendons allow the construction of cast-in-place structures 
that would not be feasible in pretensioned concrete. 

3. Tendons to be post-tensioned can easily be placed on curved paths without 
special deflecting equipment. 

4. Friction losses during stressing normally are significant with post­
tensioned tendons, and thus should be considered during design as well as during 
construction. This is especially true for continuous members, in which friction 
can have a very significant effect during construction and in service. 

5. Each post-tensioned tendon must be stressed individually, and this 
requiryment, in combination with the costs of the end anchorages, ducts or 
sheatlls, special equipment, and grouting of the tendons, normally results in the 
unit cost (cost per pound of effective prestressing force) of post-tensioned 
tendons being substantially greater than the cost of pretensioned tendons. 

6. Post-tensioning anchorage devices and stressing equipment often are 
protected by patents, frequently require unique manufacturing techniques and 
facilities, and require strict quality control during manufacture and use. As a 
result, each system generally is only available from the patent holder or his or 
her agent. 

In addition to a very brief description of the general types of post-tensioning 
systems this chapter presents a discussion of construction procedures used in 
post-tensioned construction, and of the computation of friction losses, gage 
preSSll;res, and tendon elongations resulting from tendon stressing. Special 
construction methods and devices unique to post-tensioned construction are 
discussed as well. 

16-2 Description of Post-tensioning Systems 

The post -tensioning systems that have been used in this country can be separated 
into four general categories: 

1. Parallel-wire systems 
2. Multi-strand systems 
3. Single-strand systems 
4. High-tensile-strength bar systems 

The steels used in the tendons of the various systems have the general charac­
teristics discussed in Chapter 2. 
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Parallel-wire systems, which were widely used in North America for a number 
of years, are rarely used now. These systems employ a number of wires bundled 
or grouped into a unit referred to as a tendon or a cable. The term parallel wire 
is not a precise means of describing the relative position of the individual wires 
in the tendons, as, in some instances, the individual wires are bundled or grouped 
together without spacers and without concern as to whether the individual 
elements are parallel or not. Hence, the term simply serves as a means of distin­
guishing systems that employ tendons composed of a number of smooth wires, 
bundled into groups, from other types of tendons. 

The original Freyssinet system was one of the first, if not the first, parallel­
wire post-tensioning system in the world. It received its name from the eminent 
French engineer Eugene Freyssinet, who invented the anchorage device used 
in the system. The system was introduced in the United States in the early 
1950s, when the use of linear prestressed concrete, made with high-strength 
steel, was beginning to gain momentum. The anchorage device used in this 
system consists of two parts, normally referred to as the female cone and the 
male plug. Freyssinet anchorages of two early types are shown in Fig. 16-1. 
Anchorage cones were used to anchor the wires by the frictional forces resulting 
from the wedge shape of the male plug and the hole in the female cone. 

The original Freyssinet system, which utilized a heavily reinforced concrete 
female cone and a basically unreinforced male plug, together with tendons 
composed of smooth, solid wires, has not been marketed in the United States 
for many years. For a period of time it was replaced with anchorages composed 
of female cones and male plugs composed of cast steel (rather than reinforced 
concrete) for use with seven-wire strands. The anchorages marketed as the 

Fig. 16-1. Freyssinet anchorage cones. (Provided by and reproduced with the permis­
sion of the Freyssinet Company. Inc .• Charlotte. N.C.) 
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Fig. 16-2. Freyssinet post-tensioning anchorage type K. (Provided by and reproduced 
with the permission of the Freyssinet Company, Inc., Charlotte, N.C.) 

Freyssinet system at the time of publication of this book consist of steel castings 
designed to anchor a number of seven-wire strands with individual wedge 
anchors. This anchorage is illustrated in Fig. 16-2. 

Special jacks were required to use the early Freyssinet systems. The jacks 
actually consisted of two rams connected in series; steel wedges on the periphery 
of the main piston were used to attach the individual wires to the main or 
stressing ram. Strand anchors were used later in a similar manner, with strands. 
After the wires or strands had been stressed by the introduction of hydraulic 
pressure to the main piston, the pressure was maintained in the main piston 
while hydraulic pressure was applied to the secondary or plugging piston to 
force the male plug into the cavity of the female cone. The stressing was 
completed by releasing the pressure in the plugging piston, after which the 
pressure in the main piston was released. The jack was then disconnected from 
the tendon by removing the wedges. The post-tensioning operation was 
completed by cutting and removing the excess wire or strand at the ends of the 
tendons, and grouting the tendons. Figure 16-3 shows a Freyssinet jack 
connected to a parallel-wire tendon in the stressing position, as well as a tendon 
that has been stressed and one that has not been stressed. The mechanics of the 
stressing sequence are shown in Fig. 16-4. 

The Freyssinet anchorage cone was provided with a port through the male 
plug for the injection of grout after stressing. Before grouting, it was necessary 
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Fig. 16-3. Freyssinet jack in stressing position. (Provided by and reproduced with the 
permission of the Freyssinet Company, Inc., Charlotte, N.C.). 

to plug the openings between the wires, the male plug, and the female cone 
because large quantities of grout would escape through the openings and reduce 
the effectiveness of the grouting apparat\.ls if this were not done. The principle 
of grouting with the Freyssinet system is shown in Fig. 16-4. 

Because of the need for a wedge to move longitudinally with the wires, 
strands, or bars being anchored with a wedge-type anchorage, and thereby 
develop the lateral forces essential to anchor a tendon by friction, a portion of 
the elongation of the tendon resulting from prestressing the tendons is lost when 
the prestressing force is transferred from the jack to the anchorage device. The 
loss of elongation was enhanced, in the case of the original Freyssinet cones, 
by the elastic expansion of the female cone that took place upon the anchoring 
of the tendon. The entire loss of elongation resulting from these actions is 
referred to as the loss due to the elastic deformation of the anchorage, the loss 
due to seating the anchorage, or the seating loss. 

The loss due to the elastic deformation of the anchorages can be significant 
under certain conditions (a subject that is discussed further in Sec. 16-6). In 
some cases the effect of the elastic deformation of the anchorage is beneficial, 
as will be seen in the discussion of stressing calculations, and some modem 
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Fig. 16-4. Stressing sequence in the original Freyssinet system. Showing (a) the 
stressing. (b) the plugging. and (c) the grouting of the tendon. (Provided by 
and reproduced with the permission of the Freyssinet Company. Inc .• 
Charlotte. N.C.). 

post -tensioning systems provide a means of introducing an adjustable reduction 
in the elongation at the anchorage that simulates the effect of anchorage defor­
mation. 

Several multi-strand post-tensioning systems, employing from one to as many 
as 48 seven-wire strands in each tendon, have been available in the United 
States. All of the systems rely upon steel wedges or wedge-anchors for the 
anchorage of the strands. Details of the anchorages, grouting procedures, and 
stressing equipment should be obtained from the suppliers of the individual 
systems because the systems are frequently modified and improved. 

End anchorage of parallel-wire post-tensioning tendons also has been achieved 
through the use of enlarged sections, or heads, cold-formed on the ends of wire 
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having a diameter of 0.25 in. (The cold-formed heads have been referred to as 
button heads in the technical literature.) Several systems utilizing this principle 
have been available in the United States, but they no longer are. The basic 
system has been used with a number of variations, but in all of them, the button 
heads bear on a stressing ring, block, or disk to which a hydraulic jack is attached 
for stressing. After stressing, the stressing ring, block, or disk is locked in the 
stressed position, either with shims or with threaded nuts. Button-headed wires 
connected to disks that have been stressed and shimmed, are being stressed, 
and have not been stressed are illustrated in Fig. 16-5. 

In the 1950s, tendons composed of a single, large, multi-wire strand, with 
either swaged or zinc-attached end anchorages, were available in this country . 
They were very appealing from several viewpoints, but, unfortunately, proved 
to be uneconomical in competition with other types of tendons. For this reason 
large-strand tendons have not been available in North America for many years. 

Another type of post-tensioning tendon that once was extensively used in the 
United States utilizes smooth, high-tensile-strength steel bars. Tendons of this 
type were developed in England, where they are known as Lee-McCall bars. 
The smooth high-tensile-strength bars have been used with threaded nuts and 
couplers as well as with wedge-type anchorages, as shown in Fig. 16-6. 

High-tensile-strength steel bars are currently available with deformations 
formed on their exterior surfaces. These deformations are in the form of a helix 
that permits their use as coarse threads in couplers as well as in anchorages. 
Deformed bars for prestressing concrete are illustrated in Fig. 16-7 with two 

Fig. 16-5. End anchorages of tendons with cold-formed button heads. (Provided by 
and used with the permission of Prescon, Corp., San Antonio, Texas, a 
general contractor.) 
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Fig. 16-6. Anchorages and couplers used with bar systems. (Provided by and used 
with the permission of Howlett Post-tensioning Systems. Berkeley. 
California.) 

types of anchorages. Both of the anchorages incorporate spherical seats that 
prevent bending moments in the bars because of the axis of the bar not being 
perpendicular to the anchorage plate. The anchorage shown in Fig. 16-7b, which 
incorporates tapered surfaces within the anchorages assembly, permits the 
bearing plate to be several degrees from perpendicular to the anchorage plate 
without inducing bending moments in the prestressed bar. 

Couplers are used to join individual high-strength steel bars together at the 
job site to form long, continuous bar tendons. The provision of couplers in a 
prestressed concrete member affects the detailing and construction of the member 
and must not be overlooked during the preparation of shop drawings and instal­
lation of the tendons. 

The devices used to stress button-head tendons and high-tensile-strength steel­
bar tendons are simple, double-acting center-hole hydraulic rams or jacks. 
Devices of these types are readily available in many sizes. The center-hole rams 
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Fig . 16-7. Anchorages used with thread-bars. (a) Deformed high-strength bar having 
an anchorage with a spherical seat and tapered shim plate . (b) Deformed 
high-strength steel bar with a spherical seat. (Based upon data obtained 
from and used with permission of Dywidag Systems International USA, Inc.) 
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commonly used at this time are much less expensive and lighter than the stressing 
devices of equivalent capacity used in most of the early post-tensioning systems. 

Each system of post-tensioning offers certain advantages and disadvantages, 
and no attempt is made here to discuss all the systems or factors that may influ­
ence the designer or contractor in selecting a specific system for a particular 
applicati~n. The designer should select and specify the systems that will best 
meet the requirements of each individual job. In most applications, however, 
the systems all will work equally well; so the controlling factor is the cost of 
the materials, equipment, and labor required to install, stress, and grout the 
tendons. 

16-3 Sheaths and Ducts for Post-tensioning Tendons 

In prestressed construction, it is essential that the tendons not become bonded 
to the concrete until after they have been prestressed. In post-tensioned 
construction, because the tendons cannot be stressed until the concrete has been 
placed and has attained a significant strength, it is necessary that the concrete 
be prevented from coming into contact with the tendons before it has hardened. 
This can be accomplished with anyone of three commonly used methods. One 
method, used for unbonded post-tensioned tendons, is to enclose the tendons in 
factory-applied materials. This approach permits the tendons to be placed in the 
forms before the concrete is placed without risk that they will become bonded 
to the concrete during the placing and curing processes, and thus ensures that 
they will be free to move at the time of prestressing. Another method involves 
the use of holes formed in the concrete at the locations where the post-tensioned 
tendons are to be placed. With this method, after the concrete has been placed 
and has attained sufficient strength for prestressing, the tendons are inserted in 
the preformed holes, stressed, and grouted. A third method consists of placing 
the tendons in metallic tubes that are (a) sufficiently stiff to maintain their shape 
during the placing and consolidating of the concrete and (b) sufficiently cement­
tight to prevent the concrete (and cement) from coming into contact with the 
reinforcement. External tendons, which usually are placed within the concrete 
section over relatively short portions of their lengths, generally are placed in 
metal ducts used to preformed holes where they pass through the concrete 
sections (i.e., end blocks and deviation blocks), and in plastic pipes where they 
are not encased in the concrete. External tendons normally are grouted through 
their lengths after they have been installed and stressed, but they are bonded to 
the concrete only at the end blocks and deviation blocks. 

Unbonded post-tensioned tendons are used in practically all cast-in-place, 
prestressed concrete used in building construction in the United States. The 
tendons for this construction usually are fabricated in a factory and shipped to 
job sites in large rolls. (Coiling them into rolls at the factory facilitates their 
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transport, handling, and placing.) The tendons prefabricated for unbonded 
construction nonnally consist of single seven-wire strands that have been coated 
with a lubricant containing a rust inhibitor and covered with plastic sheaths 
extruded over the coated strands. Groups of two or more single-strand tendons 
frequently are bundled together, after their fabrication as single-strand tendons, 
to facilitate their handling and placing at the job site. The tendons often must 
comply with the requirements of the Specification for Unhonded Single Strand 
Tendons published by the Post-Tensioning Institute (PTI 1985). This specifi­
cation contains requirements for tendons that are intended for use in normal as 
well as corrosive environments. As described above, tendons of these types are 
meant to be embedded in the plastic concrete and stressed after the concrete has 
gained sufficient strength. 

Bond post-tensioned tendons also are used in building construction, but the 
quantity is very small compared to the amount used in unbonded construction. 
When bonded tendons are to be used in building construction, they frequently 
are assembled in a factory with the strands placed in flexible metal hoses to 
facilitate their being coiled for transport to the job site. The tendons are placed 
in the fonns and tied to nonprestressed reinforcement to prevent their displace­
ment during the placing of the concrete. After the concrete has gained sufficient 
strength and the tendons have been stressed, the metal hoses (ducts) are filled 
with portland cement grout (see Sec. 16-8). 

A high percentage of the post-tensioned tendons used in bridge construction 
are inserted into holes prefonned in the concrete with semirigid, metallic tubing. 
After the concrete has been placed and has gained sufficient strength for 
stressing, the tendons are pulled into the prefonned holes, stressed, and grouted. 
Instead of using semirigid or rigid metal tubing, prefonned holes can be made 
with removable rubber tubes. The tubes must be stiffened during concrete 
placing, either by being inflated with water or air or by the insertion of remov­
able, smooth-steel rods. The rubber tubes are removed from the concrete after 
it has set. 

It is important that ducts and sheathing be protected and not damaged during 
transport, handling, and placing. The duct should be strong enough to retain its 
shape during the placing and consolidation of the concrete. If the duct or 
sheathing is damaged during concrete placing, the tendons may become bonded, 
or a considerable friction loss may develop during the stressing of the tendons. 
In some cases, the tendons cannot be stressed to an acceptable level because of 
the friction or bonding. 

16-4 Forms for Post-tensioned Members 

Wood fonns are commonly used in the construction of cast-in-place prestressed 
concrete buildings, bridges, and other types of structures. Fonns suitable for 
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the construction of nonprestressed reinforced-concrete structures are suitable for 
the construction of cast-in-place prestressed-concrete structures. The forms 
normally require falsework to support them; and because the dead load of the 
structure supported by the falsework often is redistributed by the application of 
the prestressing force, special care must be exercised in its design (see Secs. 
17-2 and 17-17). 

Wood forms have been commonly used in the construction of job-site precast 
post-tensioned concrete on small projects, where the cost of using steel forms 
would be prohibitive. Wood forms are not usually made adjustable, but are 
constructed to produce members of only one size. Well-constructed wood forms 
properly oiled during use frequently can be used ten or more times before they 
must be completely reconstructed or discarded. Lining the inside surfaces of 
wood forms with light-gage metal, or using plastic-impregnated plywood in the 
forms, reduces the amount of moisture that the wood absorbs from the plastic 
concrete and increases its life expectancy. 

In using wood forms, the method of curing the concrete must be such that 
expansion of the wood due to absorption of moisture will not crack the concrete. 
This problem, which is particularly acute with I-shaped beams, necessitates 
protecting the form surfaces that are not in contact with the concrete as well as 
the surfaces that are, if water curing is to be used before the form is stripped. 
Heat- or steam-curing is not recommended for concrete members made in wood 
forms. 

Steel forms frequently are used in the construction of post-tensioned members 
when the number of reuses of the forms justifies their higher cost. 

The same characteristics that are desirable for forms used in the manufacture 
of pretensioned concrete members are, for the most part, desirable in the 
manufacture of post-tensioned concrete members (see Sec. 15-5). In the 
manufacture of pretensioned concrete members, it frequently is necessary to 
place the soffit form as close to the top surface of the pretensioning bench as 
possible, to minimize the stress in the uprights and the overturning moment on 
the abutments. This is not a consideration in post-tensioned construction, and 
the soffit forms can be built elevated on small columns with elastomeric vibra­
tion insulators to maximize the benefits of form vibration. This scheme is illus­
trated in Fig. 16-8, where it will be seen that the form vibrator can be attached 
to the soffit form as well as the side forms. The vibrators can be moved along 
the length of the form as the concrete is placed, or, if desired, vibrators may 
be positioned at several locations along the length of the form, thus eliminating 
the need to move them. When form vibration is used, it frequently must be 
supplemented with internal vibration. The use of elastomeric pads and form 
vibrators, for all practical purposes, makes the form into a combination form 
and vibrating table of the type commonly used in the manufacture of small 
concrete products. The procedure is feasible only in precasting plants. 
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Fig. 16-8. Form designed for use with external (form) vibrators. 

16-5 Effect of Friction during Stressing 

The forces along the length of a post -tensioned tendon varies because of friction 
between the tendon and the duct or sheathing. The frictional forces, which are 
created during stressing, are considered to be a function of two effects: the 
intentional (primary) curvature or dmping of the tendon and the unintentional 
(secondary) curvature (or wobble) from the intended path. Typical coefficients 
of friction (I-' and K) for each of these effects, which are specified in post­
tensioning design criteria in the United States, are listed in Table 16-1. Field 
tests sometimes are made for the purpose of determining the actual friction 
coefficients for the materials being used on a specific application. 

The stress at any point in a tendon can be determined by substituting the 
proper coefficients in the relationship: 

( 16-1) 

in which To is the force at the jacking end; Tx is the force at point X ft from the 
jacking end; e is the base of the Naperian logarithms; K is the secondary curva­
ture or wobble friction coefficient; I-' is the primary curvature friction coeffi­
cient; ex is the total angle change between the tangents to the tendon at the end 
and at point X (resultant or sum of the horizontal and vertical angles), in mdians; 
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TABLE 16-1 Typical Coefficients of Friction for each of the Effects Specified in Post­
tensioning Design Criteria in the United States 

Design Values 
Type of Tendon Type of Duct p. K 

Uncoated wire or Bright flexible metal sheath 0.30 0.0020 
large diameter Galvanized flexible metal sheath 0.25 0.0015 
strands Galvanized rigid metal sheath 0.25 0.0002 

Mastic coated, paper or plastic wrapped 0.05 0.0015 

Uncoated seven- Bright flexible metal sheath 0.30 0.0020 
wire strand Galvanized flexible metal sheath 0.25 0.0015 

Galvanized rigid metal sheath 0.25 0.0002 
Mastic coated, paper or plastic wrapped 0.08 0.0014 

Bright metal bars Bright flexible metal sheath 0.20 0.0003 
Galvanized flexible metal sheath 0.15 0.0002 
Galvanized rigid metal sheath 0.15 0.0002 
Mastic coated, paper or plastic wrapped 0.05 0.0002 

and X is the distance in feet from the jacking end to the point under consider­
ation. 

For values of (p,cx + KX) :s 0.30, Sec. 18.6.2 of ACI 318 permits the use 
of the following relationship in lieu of eq. 16-1: 

To = Tx(1 + ,",CX + KX) (16-2 ) 

The variation in stress in a post-tensioned tendon stressed from one end, 
according to the above relationship, will be as illustrated in Fig. 16-9. The 
maximum value of stress in the tendon occurs at the jacking end, and the 
minimum value at the dead end. If the tendon were stressed from each end 
simultaneously, the curve would be _symmetrical about the midpoint of the 
tendon and would have the shape of curve AB on each side. 

For very long tendons and tendons in continuous beams, the effects of friction 
during post-tensioning should be investigated by the designer at the time when 
the tendon paths are selected. In this way, the loss of stress due to friction will 
be determined, and the designer will be alerted to the need, if any, for special 
friction loss precautions in the project specifications. Special procedures that 
can be used to reduce the effects of friction include using galvanized duct rather 
than bright duct, using semirigid duct in lieu of flexible duct, reducing the 
curvature of the tendons, and lubricating the tendons with water-soluble oil. 
Note: If used, the oil is removed by flushing the ducts with water before the 
tendons are grouted. The use of water-soluble oil to reduce friction generally is 
employed only as a last resort when serious friction is encountered on the job 
site. It is not recommended that this procedure be relied upon during design. 
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Fig. 16-9. Variation in stress due to friction in a tendon post-tensioned from one end. 

ILLUSTRATIVE PROBLEM 16-1 Compute the force that would be expected in a 
post-tensioned tendon at midspan of a beam that is 100 ft long. The tendon is 
on a second-degree parabolic path having an ordinate of 3 ft at midspan. Assume 
that the duct is to be a bright flexible metal hose, and that tendon is to be 
composed of parallel seven-wire strands. Repeat the computations with galva­
nized duct. 

SOLUTION: Because the tangent ofthe angle between the tangents to the tendon 
can be assumed to be numerically equal to the value of the angle expressed in 
radians, the value of a is found by: 

4e 4 X 3 
a = tan a = - = -- = 0.12 

L 100 

U sing the coefficients from Table 16-1: 

p-a = 0.30 x 0.12 = 0.036 

KX = 0.0002 X 50 = 0.100 

0.136 

Tx = 0. 873To 

With galvanized rather than bright duct, the value of p- + KX is 0.105 and: 

To = 1.111 Tx 

16-6 Elastic Deformation of Post-tensioning Anchorages 

As explained in Sec. 16-5, the variation in force and stress along the length of 
a post-tensioned tendon at the time of stressing is assumed to follow the curve 
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Fig. 16-10. Variation in stress in condition I before and after seating of the anchorage. 

ABC in Fig. 16-10. The curve EDBC in this figure defines the assumed variation 
in stress after the tendon has been stressed and anchored. It will be noted that 
a reduction in the stress at the stressing end of the tendon resulted from the 
anchoring process (see Sec. 16-2). The reduction in stress occurs when the 
prestressing force is transferred from the ram or jack to the anchorage device. 
At this instant, a portion of the elongation of the tendon is lost because of the 
deformation of the anchorage device. Although some positive-type anchorage 
devices, such as those used with high-tensile-strength steel threaded bars, when 
properly applied, have no appreciable deformation of the anchorage, the wedge­
or cone-type anchorages often deform significantly as the load is applied to 
them. (Other types of anchorages, which were used in the past but are no longer 
used in new construction in the United States, had components stressed in their 
plastic ranges; several hours were required with these anchorages to reach the 
limiting value of the anchorage deformation.) The manufacturers anchorages 
devices accepted for use on a particular project should provide information 
relative to the anchorage deformation anticipated with the use of their products. 
Anchorage deformations should be measured in the field, at least periodically, 
as a means of confirming that the anticipated deformations are being obtained. 

To facilitate computation of the effects of anchorage deformation on the stress 
in a tendon, the curves AB, AD, BC, and DE in Fig. 16-10 are assumed to be 
straight lines. The slopes of lines AB and DE are assumed to be of equal magni­
tude, but of opposite sign. Tests have shown these assumptions to be reason­
able. 

The state of stress indicated in Fig. 16-10 will be referred to as condition I. 
This condition is characterized by the stress at midspan not being affected by 
the deformation of the anchorage; that is, the length X is less than one-half the 
length of the beam. This condition generally occurs in long members or in 
tendons having relatively high friction. In some instances, it is desirable to 
stress tendons having stress distributions of this type from one end only, but 
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because this condition generally exists only in tendons of considerable length, 
they are more frequently stressed from both ends simultaneously. 

The assumed variation in stress referred to as condition II is shown in Fig. 
16-11. In this case, the stress at midspan is affected by the deformation of the 
anchorage: that is, the distance X is greater than one-half the length of the beam. 
There generally is no advantage to be gained in stressing a tendon simulta­
neously from both ends if it has this type of stress distribution. 

The most severe effects from the deformation of the anchorage are found in 
short tendons and those with very low friction. In this case, the stress along the 
entire length of the tendon, including the dead end, is reduced by the defor­
mation of the end anchorage. This condition is characterized by the computed 
length of distance X being greater than the length of the tendon. The assumed 
distribution of stress for condition III is illustrated in Fig. 16-12. 

A method for determining the effect of anchorage deformation on the stresses 
after seating of the anchorage consists of the following steps: 

1. Determine the relationship between the stress at the stressing end and at 
midspan (or other critical section) resulting from the friction, as explained in 
Sec. 16-5. This can be expressed as: 

where: 

10 = It etP 

KL 
cJ> = /let + -

2 

2. Assume that the deformation of the anchorage does not affect the stress 
at midspan of the beam (condition I), and compute the slope, {3, of the curve 
between midspan and the stressing end as follows: 

..... Cl::l. 
N 
1-

2fdetP - 1) 
(3=---­

L 

Before anchorage 

After anchorage 

Slope ={3 ~ 

Slope = -(3 , 

(16-3 ) 

Dead end & _0 ~----------------+----1------------~ 
x 

Fig. 16-11. Variation in stress in condition II before and after seating of the anchorage. 
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Fig. 16-12. Variation in stress in condition III before and aher seating of the anchorage. 

3. Compute the length of the tendon on which the stress is reduced by the 
anchorage deformation as: 

x = Jdis (16-4 ) 

where X is the length of tendon that is affected in inches, {3 is the slope in 
psi / in., Eps is the modulus of elasticity of the prestressed reinforcement in psi, 
and d is the deformation of the anchorage in inches. 

4. If X is less than L/2, condition I exists, the stress at midspan is not 
affected, and the stress at each end is readily computed if desired. 

5. If X is greater than L/2, but less than L, condition II exists. The stress 
loss at midspan resulting from the anchorage deformation is equal to: 

(16-5) 

If this loss is too great to be tolerated, higher initial stresses should be investi­
gated by using a trial procedure until a satisfactory solution is found. 

6. If X is found to be greater than L, condition III exists, and the loss at the 
center of the tendon is equal to: 

dEps 
It =­

L 
(16-6 ) 

and the stress after anchorage at the center of the tendon can be computed 
directly. 

It must be emphasized again that the anchorage deformation for some post­
tensioning systems is very small and can be reasonably neglected. Anchorage 
deformations as large as 1 in. have been observed with wedge-type anchors 
under unusual conditions. It is important to recognize that this phenomenon 
exists and that it must be taken into consideration during design and construc­
tion. This is particularly true when short tendons are to be used. 
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ILLUSTRATIVE PROBLEM 16-2 Detennine the effect of the elastic defonnation 
of the anchorage cone on the stress in the prestressed reinforcement at midspan 
of a tendon 100 ft long placed on a second-degree parabolic path having a 
midspan ordinate of 3 ft. The desired stress after anchorage at midspan is 
165,000 psi, the defonnation of the anchorage is 0.50 in., the modulus of 
elasticity of the prestressed reinforcement is 28,000,000 psi, and a bright metal 
duct is to be used. In addition, detennine the effect if the duct were to be galva­
nized rather than bright. 

SOLUTION: The effect of friction for these conditions was detennined in IP. 
16-1. Using the calculated value for etP , the computation of {3 and X becomes: 

2 X 265,000 X 0.15 . . 
{3 = 100 X 12 = 41.2 pSl/m. 

X= 0.50 X 28 X 106 5 
41.2 = 84 in. < 600 in. 

L 

2 

Therefore, condition I exists because the defonnation of the anchorage of 0.50 
in. does not reduce the stress in the tendon at midspan. 

Using galvanized sheath: 

0.11 ./. (3 = 41.2 X - = 30.2 PSl m. 
0.15 

X= 
0.50 X 28 x 106 

30.2 = 680 in. > 600 in. 
L 
2 

The reduction in stress at midspan due to the defonnation of the anchorage is: 

it = 2 x 30.2(680 - 600) = 4830 psi 

Therefore, the stress remaining in the tendon at midspan after the tendon has 
been anchored is 165,000 - 4800 = 160,200 psi. If the stress at midspan is 
increased to 169,000 psi at the time of stressing, the values of {3, X, and the 
loss of stress in the prestressed reinforcement at midspan are calculated as 
follows: 

2 x 169,000 x 0.11 
{3 = = 31.0 psi 

1200 

X= 
0.50 x 28 x 106 6 . ------ = 72 m. 

31.0 
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and the stress at midspan after the deformation of the anchorage is 169,000 -
2 X 31.0 X 72 = 164,500 psi, which is less than the 165,000 psi required. 
Hence, the stress at midspan should be increased to 169,500 psi at the time of 
stressing in order to have 165,000 psi after anchorage. 

It should be noted that the stress at the end of the tendon required to obtain 
165,000 psi in the tendon at midspan is equal to 165,000 X 1.15 = 190,000 
psi when a bright duct is used. When galvanized duct is used, the stress at the 
end of the tendon required to obtain the desired stress at midspan after anchoring 
is equal to 169,500 X 1.11 = 188,000 psi. It will be seen that the required 
tendon stress at the stressing end of the tendon is not materially reduced by the 
use of galvanized sheath in this case. 

ILLUSTRATIVE PROBLEM 16-3 Compute the jacking and initial stresses (stresses 
before and after anchorage, respectively) for the tendon layout shown in 
Example V of Appendix B if the tendons are jacked to a force of 6460 kips at 
each end. The prestressing tendons consist of 208 strands each, having an area 
of 0.153 sq. in. The friction coefficients are II- = 0.25 and K = 0.0002. The 
elastic modulus of the steel is 27,000 ksi, and the anchorage set is 0.625 in. 
Determine the location of the maximum and minimum points of stress, assuming 
the tendons to follow second-degree parabolic paths between the dimensioned 
points; assume linear variation of stress between these points. 

SOLUTION: The friction coefficients, angle changes, and distances between 
points along the tendon path are summarized in Table 16-2. The computations 
are summarized in the Table 16-3, as well as in Fig. 16-13. 

TABLE 16-2 Friction Coefficients. Angle Changes. and Distances 
between Points along the Tendon Path for I.P. 16-3. 

Point /L ex K /:;.X 

A 
0.25 0.0686 0.0002 81.00 

B 
0.25 0.1157 0.0002 64.80 

C 
0.25 0.1157 0.0002 16.20 

D 
0.25 0.1250 0.0002 15.00 

E 
0.25 0.1250 0.0002 60.00 

F 
0.25 0.0740 0.0002 75.00 

G 
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TABLE 16-3 Summary of Computations for I.P. 16-3. 

Friction Jacking Initial 
Point H(ft) L (ft) factor stress (ksi) stress (ksi) 

A 3.610 1.000 202.991 180.890 
81.000 

B 0.833 1.0339 196.334 187.547 
35.343 
29.456 191.941 

C 4.583 1.0781 188.279 188.279 
16.200 

D 5.520 l.l133 182.320 182.320 
0.788 

Pt./min. stress l.l153 181.992 
14.211 

E 4.583 1.0797 187.992 187.992 
24.744 

191.418 
35.255 

F 0.833 1.0340 196.301 186.536 
75.000 

G 3.610 1.000 202.991 179.846 

16-7 Computation of Gage Pressures and Elongations 

Under optimum condition, the designer of a post-tensioned structure will select 
a specific system of post-tensioning for use on the project, prepare the compu­
tations for gage pressures and elongations needed in the field during construc­
tion, and include a summary of the computations on the construction plans. In 

~ 116.34' 

~02.99 kSI 

110.26' 

202.99 ksi 
191.42 ksi 

r.J~~~=::=1~1179.85 ksi 

180.89 ksi 
anchorage Before anchorage 

A G 

75.00' 
~ 16.20' ~ 0 jF I 

81.00' J 64.80' _II 60.00' 
~--------~~I~~=-~I ~----~~I~------~~ 

162.00' -+it--~15.00' 150:00' 

Fig. 16-13. Plot of stresses in the tendon of I.P. 16-3 before and after seating of the 
anchorage. 
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following this procedure, the designer is assured that the stressing can be 
achieved as intended. When the system of post-tensioning is not specified, the 
computation of gage pressures and elongations must be prepared by the 
contractor or the contractor's agent and submitted to the engineer for review 
and acceptance. In the latter case, it is recommended the summary of the 
stressing data be included on the shop drawings or in a project manual for post­
tensioning if one is prepared. 

The computations of gage pressures and elongations are conveniently made 
and summarized by using a form similar to the one in Table 16-4. Some systems 
of post-tensioning may not require all of the line items included in the list shown 
in the table, whereas other systems may require more. Hence, the listing should 
be adjusted for the needs of each specific post-tensioning system. 

The length of the prestressing tendon used in the computations normally is 
taken as the horizontal projection of the tendon. For more precise computations 
in structures having tendons with large second-degree parabolic curvatures, the 

TABLE 16-4 Typical Calculation Sheet for Use in Computing the Gage Pressures and 
Elongations in Post-tensioning. 

Item Number 

1. Type of tendon 
2. Area of steel (in. 2) 

3. Length of tendon (ft) 
4. Length of tendon (in.) 
5. Distance from anchorage to marks (in.) Note: 

For one-end stressing, use only the length at stressing end. 
For two-end stressing use the length at both ends 

6. Total length of unit to be stressed (in.) 
7. Desired effective stress (psi) 
8. Losses of prestress. 

a. Elastic shortening* 
b. Relaxation, creep and shrinkage 

9. Desired stress before anchorage deformation (psi) 
10. Effect of anchorage deformation (psi) 
11. Desired jacking stress at center (psi) 
12. Anticipated jacking stress at jack (psi) 
13. Anticipated gauge pressure (psi) 
14. Maximum gauge pressure (psi) 
15. Elongation to be obtained (in.) 

a. Total 
b. Net 

16. Special instructions 

Tendon Numbers 
1 2 3 

*The losses of prestress should include all the effects listed in Sec. 7-2. The loss due to elastic 
shortening is often left to be included in the stressing computations. This should be investigated 
for each job. 
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tendon length can be computed by using: 

L' ~ (1 + ~:)L ( 16-7) 

in which L is the horizontal projection of the tendon, a is the ordinate of the 
parabolic tendon path, and L' is the true tendon length. Provision is made in 
the table for the length to be recorded in both feet and inches, as the former is 
used in the computation of the effect of friction and the latter in the computation 
of elongations. 

The distance from the anchorage to the reference mark or marks on the tendon 
used in measuring the elongation during stressing is recorded in item 5 in the 
table. Although this may at first appear to be an unnecessary refinement, it 
should be noted that with some systems of post-tensioning the distance between 
the reference mark and the end anchorage may be significant and, if ignored, 
introduce an unnecessary error in the computation of elongations. 

If the designer has specified the final prestressing force required 'in the struc­
ture, rather than the initial force, the computation of the losses of prestress must 
be made as a part of the computations for the post-tensioning shop drawings 
(see Sec. 7-3). If the initial tendon stress has been specified, it can be entered 
directly in item 9. The effect of the deformation of the anchorage, if any, must 
be computed and entered in item to. The desired jacking stresses at the 
midlength and end of the tendon, based upon the computations for the effects 
of the anchorage deformation, are entered as items 11 and 12, respectively. The 
value of the jacking stress at the ends is not normally allowed to exceed 70 to 
80 percent of the guaranteed minimum ultimate tensile strength of the reinforce­
ment, depending upon the criteria being used. 

One' normally anticipates that the gage pressure will be greater than the 
theoretical pressure due to the internal friction of the jack and, in some systems, 
due to the friction of the tendons where they pass over the anchorage and jack 
during stressing. The friction can range from 2 to 15 percent, depending upon 
the post-tensioning system. Calibration of prestressing jacks normally is required 
as a means of determining a reasonable estimate of the friction. Jack calibration 
data can be plotted to obtain curves that graphically display the relationship 
between the gage pressure and the stress in the reinforcement or jacking force. 
The gage pressure that would be anticipated in obtaining the desired initial stress 
at the end of the tendon can be taken directly from calibration curves. Gage 
pressures determined from the calibration curves are referred to as "antici­
pated" because the actual values are affected by frictional forces and thus are 
subject to variation. It is customary for the elongations of the tendons measured 
during stressing to be used as the controlling measurement during prestressing. 
The usual procedure is to increase the pressure on the jack to the anticipated 
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pressure and then check the elongation. If the elongation is not within the 
required tolerances, the pressure is adjusted, without exceeding the maximum 
permissible pressure, until a satisfactory elongation is obtained. The maximum 
permissible gage pressure (corresponding to the maximum allowable jacking 
stress) is determined from the calibration curve in the same way as the antici­
pated gage pressure. 

Before the reference marks used in measuring the elongation of the tendons 
are placed on the tendons, it is normal procedure to apply a small pressure, 
about 10 percent of the anticipated gage pressure, to the tendon to firmly tighten 
the jack to the anchorage and reduce or eliminate any slack that may be in the 
system. The force or pressure used in removing the slack should not vary during 
a project, if at all possible, in order to reduce the risk that workers will use an 
incorrect stressing procedure. This risk is believed to be greater if the initial­
force procedure varies on a project. 

Because the initial pressure applied to the tendon results in a small stress in 
the tendon, the amount of elongation that occurs during the application of the 
remaining force, and is used in controlling the stressing operation, is an incre­
ment of the total deformation. Furthermore, because there is a variation in stress 
along the length of the tendon as a result of friction, an average value for the 
stress is used in determining the elongation. In the case of stressing from one 
end only, the average stress is the stress at the midlength of the tendon in most 
instances, whereas, in the case of stressing from each end simultaneously, the 
average stress would occur approximately midway between the ends and the 
midlength of the tendon. After the average stress has been determined, the total 
and incremental elongations that would result from the average stress can be 
calculated from the stress-strain characteristic for the specific reinforcement 
that will be used on the project. 

16-8 Construction Procedure in Post-tensioned Concrete 

Although the construction details and the system of post-tensioning to be used 
on a project can have a significant influence on the construction procedure used, 
experience indicates that several general statements and precautions should be 
brought to the attention of the reader. Careful planning and attention to details 
of construction in post-tensioned elements are important and can have a signif­
icant influence on the success of projects that include post-tensioned construc­
tion. 

The procedure normally followed in the construction of post-tensioned beams 
consists of: 

1. Erecting the soffit form and one side form. 
2. Placing the ordinary reinforcing steel, reinforcement to be prestressed, 

and end anchorages. 
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3. Erecting the second side fonn. 
4. Placing and curing the concrete. 
5. Stripping the concrete fonns. 
6. Stressing the grouting the tendons. 

In projects involving the production of many post-tensioned members, the 
ordinary reinforcing and post-tensioning materials frequently are tied together 
in a jig and set in the fonns as a unit as a means of reducing the time needed 
to prepare for concrete placement. On smaller jobs, the post-tensioning units 
nonnally are tied in place after the reinforcing steel cage is partially or 
completely assembled in the fonns. The latter procedure is much more common, 
and it must be emphasized that the erection of one side fonn can facilitate the 
layout and installation of the nonprestressed reinforcement, inserts, and block­
out fonns, and can expedite the assembly of post-tensioned members. 

When post-tensioning tendons in ducts and sheaths are used, the tendons 
must be securely tied in place at small intervals in such a way that secondary 
curvature (wobble) of the tendons is minimized, and the primary curvature of 
the tendons is reasonably close to the path specified on the drawings. 

It is important for the location of the tendons at the midspan of simple flexural 
members to be close to the locations specified on the drawings. As was shown 
in Sec. 4-9, the centroidal axis of the tendons does not nonnally need to be 
placed within precise limits at points between the midspan of the beam and the 
ends to achieve satisfactory results. However, it nonnally is important that a 
tendon be placed on smooth curves that will minimize friction losses during 
stressing although it is not of great concern if the tendon is not precisely on the 
specified path between the locations of maximum moment. 

No general statement can be made about the maximum pennissible spacing 
for the ties and supports that secure the post-tensioning tendons in place during 
placing of the concrete. This is a function of the type and size of tendons, as 
well as the arrangement of the reinforcing steel and tendon path required. 

Care must be exercised in tying tendons in place because it is possible to 
damage the ducts or sheath during the tying process. This is particularly true 
with plastic sheaths. A damaged sheath may pennit the intrusion of grout and 
allow the tendons to become bonded to the concrete, thereby making it impos­
sible to stress them. 

After the tendons and anchorages have been tied in place, they should be 
carefully inspected to ensure that they are securely tied at all locations, and 
there is no possibility of mortar leaking into the sheath or anchorage device 
during the placing and consolidation of the concrete. Although mortar that leaks 
into a sheath, duct, or anchorage does not always result in a bonded tendon that 
is impossible to stress, the labor that is needed to clean the areas affected by 
the leakage before stressing can be started (or to overcome the high friction in 
the tendon that may be encountered during stressing) frequently exceeds the 
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amount of labor required to properly seal the sheath and anchorage before 
concreting. 

When ducts are to be preformed in the concrete, the procedure is very similar 
to that followed for tendons that are in sheaths or metal hoses. Rubber ducts 
should not be tied so tightly to the reinforcing that they will be difficult to 
remove. 

The manufacturers of some types of post-tensioning tendons recommend that 
a tendon be moved back and forth in the sheath during and after the placing of 
the concrete to ensure that it has not become bonded to the concrete by mortar 
that may have found its way into the ducts or sheaths. Although there is no 
technical objection to this procedure, it is not feasible for all systems of post­
tensioning, and it is considered unnecessary if sufficient attention is given to 
the prevention of leaks before the concrete is placed. Rigid sheaths that are 
placed in the forms without having the tendons in them sometimes become 
damaged by the internal vibrators used in placing the concrete. This is most 
likely to occur in areas that are congested with embedded materials, and the 
damage can be so great as to prevent insertion of the tendons. To guard against 
this problem, it is recommended that the sheaths be inspected during the 
concreting operation to confirm that they remain open. This is easily done by 
pulling (with a small wire or cable) or pushing (with compressed air) a ball 
through the ducts while the concrete is being placed or immediately thereafter. 

The post-tensioning tendons normally are stressed and grouted as soon as 
possible after the curing of the concrete has been completed. The stressing 
should be done by following the procedure recommended by the manufacturers 
of the post-tensioning anchorages and stressing equipment. 

Grouting of tendons that are to be bonded normally is done very soon after 
the completion of the stressing. The grouting procedure used varies with the 
post-tensioning system. The grouting ports and sheaths of all post-tensioning 
systems are small and prohibit the use of large-grain sand in the grout. Fine 
sand is used occasionally for the purpose of reducing the quantity of cement 
required in the grout. In most cases the grout is neat portland cement grout 
containing no aggregates, which mayor may not contain admixtures. 

Recommendations for grouting post-tensioning tendons are included in Sec. 
3.3 of the Post-tensioning Manual (PTI 1985) as well as in the standard speci­
fications of most of the state departments of transportation. Recent work on 
improved grouts and grouting techniques for large ground anchors, utilizing 
grouts having very low water-cement ratios and modem concrete admixtures, 
and on corrosion protection of prestressing systems in concrete bridges and 
corrosion protection for prestressed ground anchors, has been published in the 
technical literature. (Houlsby 1988; Perenchio, Fraczek, and Pfeifer 1989; FIP 
1986). Readers interested in corrosion protection of post-tensioned systems 
should consult these references. 
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During freezing weather, the grout injected into post-tensioning ducts may 
freeze and cause cracking of the concrete along the paths of the tendons. This 
can be avoided by heating the member for 24 to 48 hours after grouting, which 
allows the grout to harden before it freezes. 

If members that are to be post-tensioned will be exposed to freezing weather 
before the tendons are grouted, the ducts or sheaths should be drained of all 
water that may collect in the ducts during placing, curing, and storage of the 
members. If this is not done and water finds its way into the ducts and freezes, 
the members may crack in the same way as when grout freezes in the ducts. 
Water should not be allowed to remain in ducts containing post-tensioning 
tendons for more than just a few days, even if there is no danger of freezing. 
Corrosion of the reinforcement generally will proceed at a more rapid rate when 
the tendons are partially submerged in water or stored in a moist environment. 

16-9 Post-tensioning with Jacks 

It was explained in Sec. 1-3 that concrete sometimes is prestressed with jacks 
rather than with tendons. A special flat jack made for this purpose is shown in 
Fig. 16-14. The flat jack is made of metal formed with a bar-bell-shaped cross 

Fig. 16-14. Flat jack used in prestressing concrete. (Provided by and reproduced with 
the permission of the Freyssinet Company, Inc., Charlotte, N.C.) 
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C~-C) 
(a) 

(b) 

(c) 

Mortar fill 

!' . 

Mortar fill 

:.:. .. 
Inject grout 

<E--- under pressure 

Fig. 16-15. The principle followed in using flat jacks, showing (a) cross section of a 
jack, (b) jack in position before stressing, and (c) jack in position after 
stressing. 

section, as shown in Fig. 16-15. The jack is used by placing it between two 
objects to be stressed, filling the space between the jack and the objects, and 
pressurizing the jack with water, oil, or grout. The pressure causes the jack to 
expand, as shown in Fig. 16-15. Flat jacks are made in various sizes and can 
exert very large forces. Their maximum stroke (maximum movement upon being 
pressurized) is small, normally on the order of an inch or two. Although flat 
jacks are very special devices that are not commonly used, they can be most 
helpful in special circumstances. 

16-10 Construction of Segmental Beams 

Post-tensioned concrete beams may be made of a number of elements or 
segments post-tensioned together to form a structural unit. This procedure has 



POST-TENSIONING SYSTEMS AND PROCEDURES I 693 

o 
;-1" Mortar joint typo 

e I I I a 
(a) 

D 

L Cold joint typo 

aW aiD a 
(b) 

( Cold jointlyp. 

(c) 

Fig. 16-16. Post-tensioned beams composed of several elements or segments. 

been used to facilitate the forming, casting, handling, transporting, and erecting 
of large beams. Three types of segmental beams are illustrated in Fig. 16-16. 
It will be seen that a member may be formed of many elements made in small 
forms on vibrating tables, or of only a few large elements made by the same 
general procedure used in the construction of monolithic members. Preformed 
holes, formed with removable rubber tubes or permanent semirigid metallic 
hoses, are used in segmental members. 

Post-tensioned bridge members composed of many small precast segments 
with mortar joints, as shown in Fig. 16-17, were constructed shortly after World 
War II. The mortar was necessary in these early structures because the segments 
were cast individually in molds (not match cast), and the mortar was needed in 
the joints to assure uniform bearing between the segments. Mortared joints can 
present some difficulty in the assembly of segmental members because it is 
difficult to fill the joints and prevent the mortar from entering the post-tensioning 
ducts and bonding to the tendons. In addition, placing the mortar is labor-inten­
sive: In the case of the Esbly Bridge it was possible to apply the prestress to 
the segmental beams immediately after the mortar was placed, as the total defor­
mation of the plastic mortar was very small because the widths of the joints 
were very small. Thin mortar joints cannot fail under the compressive stresses 
caused by prestressing even if the mortar is partially plastic at the time of 
stressing. The stresses arch across the joint. 

The need for mortar joints in beams made of several elements can be avoided 
with the match casting technique, which was first used in 1951 in upstate New 
York. The principle of match casting is simple: The several segments are cast 
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Fig. 16-17. The Esbly bridge over the Marne River in France. (Provided by and repru­
duced with the permission of the Freyssinet Company, Inc., Charlotte, 
N.C.I 

against each other at different times and with a light coating in the joint between 
the members to prevent their becoming bonded to each other. By casting the 
segments against each other, the unbonded cold joints between the elements 
have a perfect fit. Because a thin layer of a bond breaker is used between the 
elements, they can be separated for handling and transportation purposes. Shear 
keys, which provide vertical and horizontal projections of the end surfaces, are 
often provided at the ends of each element to facilitate aligning the elements 
during their assembly in the field . The shear keys normally are not required for 
structural considerations because of friction and the large compressive force 
applied to the joint by the prestressing. In contemporary practice, the joints 
between the individual segments frequently are coated with epoxy resin at the 
time of reassembly. The epoxy ensures a good fit, provides protection against 
the intrusion of air and moisture, facilitates the assembly of the segments, and 
glues the pieces together. A major bridge on which this procedure was used is 
shown in Fig. 16-18. 

When segmented beams composed of only a few pieces are reassembled in 
the field, it is not necessary to set the elements close together and in precise 
alignment. It generally is easier and more expeditious to set them on wooden 
blocks, with a space between the elements. This procedure facilitates placing 
the post-tensioning tendons in the ducts. The elements can be pulled together 
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Fig. 16-18. The Oleron Bridge in France. (Provided by and reproduced with the permis­
sion of the Freyssinet Company, Inc., Charlotte, N.C.) 

and stressed with the aid of post-tensioning jacks after the tendons have been 
inserted. 
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17 

17 -1 Introduction 

Construction 
Considerations 

The design and fabrication of structural elements must be done with care and 
understanding to assure the desired qUality. This is true of elements made of 
concrete members having prestressed reinforcement, whether precast or cast­
in-place, just as it is for members made with nonprestressed reinforcement or 
other materials. Most problems that occur during construction are avoidable, 
and most have been experienced by other individuals. The purpose of this 
chapter is to describe some of the problems experienced in the fabrication of 
prestressed-concrete members and, where possible, to provide methods that can 
be used to avoid them. 

17-2 Support-Related Problems 

Prestressed concrete beams, both precast and cast-in-place, sometimes are 
designed to have overhanging ends. A beam of this configuration is shown in 
Fig. l7-1a. If the beam is constructed on a rigid soffit form, for example, a 
pretensioning bench as shown in Fig. 17-1b, or stiff falsework, the member will 
be uniformly supported throughout its length. Upon application of the 

696 
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(a) 

Intended Location of Support 
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(c) 
Actual Location of Support after Stressing Due to Deflection 

Fig. 17-1. Example of unintended mode of support of a beam cast on a concrete casting 
bed. (a) Intended locations of supports. (b) Mode of support during casting 
and prestressing. (c) Deflected shape and locations of supports after 
prestressing. 

prestressing force, the concrete member tends to deflect, and, depending upon 
the specific conditions, mayor may not become supported at the ends of the 
overhangs, as shown in Fig. 17-1c, rather than at the intended locations of its 
supports, as shown in Fig. 17-1a. If the bottom fibers of the member are not 
reinforced for positive moments with bonded reinforcement in the vicinity of 
the intended supports, wide flexural cracks, as shown in Fig. 17-1c, can occur 
at those locations. This condition can be mitigated by the provision of bonded 
reinforcement in the areas that will be subjected to temporary positive bending 
moments, or avoided by preventing the beam from becoming supported at its 
ends at the time of prestressing. 

Post-tensioned concrete members cast in place on falsework have suffered 
serious distress, as has the falsework, due to the phenomenon described above, 
in beams without overhanging ends. Upward deflection of the beam, due to the 
application of the prestressing force, can transfer the full dead load of the beam, 
which has been partially carried by each of the falsework bents, so that it is 
carried by the end bents alone. This is illustrated for a simple beam in Fig. 
17-2. After prestressing, the bents at the ends of the member may need to be 
strong enough to support one-half or more of the total dead load of the 
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f f 
(a) 

(b) 

(e) 

Fig. 17-2. Example of unintended mode of support of a beam cast on falsework. (a) 
Intended locations of supports. (b) Mode of support during casting and 
prestressing. (c) Deflected shape and locations of forces at the overhanging 
ends after prestressing. . 

prestressed concrete beam (see Sec. 17-17). Special bracing may be required 
for the end falsework bents as well. 

Pretensioned concrete beams can crack at the extreme ends of the beam at 
the time of transfer of the prestress because of the rotations and horizontal forces 
resulting from prestressing. This is illustrated in Fig. 17-3. Prestressing causes 
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Reaction of beam = R 

Fig. 17-3. Cracking at the end of a simple beam due to rotation and shortening. The 
position of the beam before stressing is shown by the broken lines. The 
coefficient of friction between the beam and the soffit form is denoted 
by",. 

the beam to be supported by reactions R at each end of the beam. The frictional 
force, p.R, is due to the shortening of the beam and the reaction at the end of 
the beam. This type of cracking can be avoided either by making it possible for 
the ends of the beams to rotate without restraint at the time of prestressing or 
by reinforcing the ends of the beams in such a way that serious cracking will 
not occur. 

The supports at the ends of flexural members sometimes have been detailed 
to consist of as-cast concrete surfaces bearing on one another, as illustrated in 
Fig. 17-4. If the two surfaces, the soffit of the supported member and the ledge 
of the supporting member, are free of foreign materials, smooth, and coplanar 
(i.e., the two planes are parallel), the bearing stresses may be within acceptable 
values, and the connection may perform satisfactorily. On the other hand, if the 
surfaces are not free of foreign materials, smooth, and parallel to each other 
when joined, or if rotations occur at the end of the supported member due to 
the effects of applied loads or solar heating of the top surfaces of the supported 
member, the bearing stresses may not be at acceptable levels, and failure can 
occur. Elastomeric bearing pads, among other materials, have been used 
successfully to avoid the problems associated with "dry" concrete-to-concrete 
joints (see Sec. 12-9). 

Another occasionally encountered source of cracking in precast concrete 
members is a result of insufficient lengths of bearings at supports or connec-
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Double-tee beam having uniform 
bearing at the faying surface 

d 

Double-tee beam rotated 
because of applied loads 

Inverted-tee beam 

Fig. 17-4. Connection of double-tee beams and inverted-tee beam. 

tions. The connection of the stem of a double-tee beam to a cast-in-place ledger 
is one location where this problem has been experienced. The cracking can be 
in the form of "heel" cracks in the supported member, in this case the stem of 
the double-tee beam, or a "toe" crack in the supporting member, in this case 
the bottom flange of the inverted-tee beam. Several factors can contribute to 
these types of cracks, including: 

1. An insufficient length of bearing. This length is shown as d in Fig. 17-4. 
The bearing stresses in the concrete of both members are directly depen­
dent upon the length of bearing. This length may be adequate as detailed 
in the construction documents, but not when the effects of normal precast­
concrete manufacturing tolerances are included in the detail. Incorrect 
location of on-site construction, such as the locations of column and wall 
foundations, also may cause bearing lengths to be shorter than intended. 

2. The horizontal force transferred between the connected members. The 
transfer may be a result of friction at the faying surfaces, the welding of 
steel plates embedded in the two members, or another mechanical connec­
tion at the location of the supports. The horizontal force can be due to the 
effects of concrete creep, shrinkage, or temperature change. 

3. Rotation of the supported member. The end of the supported member 
frequently rotates with respect to the supporting member as a result of the 
application of loads or differential temperature (i.e., a temperature 
gradient) through the thickness of the supported member. 

4. Insufficient anchorage of prestressed reinforcement. The prestressed 
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reinforcement sometimes does not have an adequate length to develop 
transfer bond stresses at the end of the supported member. 

5. Insufficient anchorage of nonprestressed reinforcement. The anchorage 
length of nonprestressed reinforcement sometimes is insufficient to develop 
the required stress in the reinforcement at the ends of the members. 

6. Poor quality of construction. Cracking at the connections of precast 
members sometimes is attributed to the poor quality of the members 
themselves (i.e., honeycomb, low concrete strength or quality, etc.). 

The fact that millions of connections of this type exist and perform in a 
completely satisfactory way is sufficient proof that many failures that have 
occurred would have been avoided if the connections had been properly 
designed, detailed, and constructed (assuming that the failures were not caused 
by abnormal transient loads such as those from earthquakes and very strong 
winds). 

Settlement of falsework is another type of failure due to unintended perfor­
mance of supports provided for prestressed-concrete members. The settlement 
may be due to the normal consolidation of the supporting soils or to other causes. 
Settlement has been caused by the erosion of soils or by their becoming saturated 
and losing shear strength when concrete curing water or rainwater was not being 
diverted away from the soils supporting the construction. Proper attention to all 
aspects of falsework design and construction can prevent these types of failures. 

17-3 Restraint of Volume Changes 

The restraint of concrete creep and shrinkage deformations, which was said to 
be of concern in the design of supports in Sec. 17-2, has been the cause of 
considerable global cracking in prestressed-concrete structures. These effects 
must not only be considered locally in a structure having prestressed-concrete 
components, such as in the design of connections, but also for the structure as 
a whole (globally). 

If the deformations due to elastic shortening, creep, shrinkage, and temper­
ature changes can occur without restraint in a concrete member with prestressed 
reinforcement, they will not cause stresses in the concrete. If, on the other hand, 
the deformations due to these effects are restrained, the resulting forces can be 
large and are limited by the effective force in the prestressed reinforcement and 
the ability of the restraining member to resist cracking, translation, or rotation. 

Prestressed-concrete buildings are more susceptible to the adverse effects of 
restraint forces than are reinforced-concrete buildings constructed without 
prestressing. In reinforced-concrete buildings, the creep of concrete tends to 
reduce the tensile stresses due to concrete shrinkage as well as to increase the 
transverse deflections of beams and slabs; also in reinforced-concrete buildings, 
concrete shrinkage has the effect of creating compressive stresses in the 
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reinforcement and tensile stresses in the concrete, both of which normally are 
partially relieved by concrete creep and the formation of closely spaced, narrow 
cracks in the concrete. In buildings in which prestressed concrete is connected 
to restraining elements, on the other hand, the deformations due to creep and 
shrinkage of the concrete tend to shorten the prestressed concrete, an effect that 
in tum transfers a part of the compressive force from the prestressed concrete 
to the restraining elements; cracking of the prestressed concrete does not reduce 
the tensile forces in the prestressed reinforcement, but sil1'ply transfers the 
reactions of the prestressing force from the prestressed concrete to the restraining 
elements (shear walls and frames). 

Consider the framing plan of the building shown in Fig. 17-5. The shear 
walls have been placed at the comers of each of the four sides of the structure 
to provide stability and resist the effects of lateral loads. This configuration is 
the least favorable in buildings having prestressed-concrete floors and roofs. 
Assuming that the building has only one story and the concrete roof is prestressed 
in each of the orthogonal directions, the tendency for the concrete in the roof 
to shorten because of the effects of elastic shortening (if the roof is post­
tensioned), creep, and shrinkage will be resisted by the shear walls. Consid­
ering the deformation in the long direction of the structure, the shortening of 
the concrete will tend to transfer the prestressing force from the prestressed­
concrete roof to the stiff, shear walls at each end of each side of the building. 
Through arch action, the roof at each end of the building will transfer the forces 
from the prestressing tendons, from the prestressed-concrete structure between 
the "arches" at the ends of the building, to the shear walls on each side of the 

Fig. 17-5. Plan of rectangular building having a prestressed-concrete roof and shear­
resisting walls at the corners. 
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o 
Forces from longitudinal /_-~ 
post-tensioned tendons 

Forces due to post-tensioned 
tendons in slab between ---' 
column lines 2 and 7 

Fig. 17-6. Partial plan of the building shown in Fig. 17-5, showing arch action of the 
prestressed-concrete roof at one of the narrow ends of the building. 

building, as illustrated in Fig. 17-6. If the shear walls are sufficiently strong in 
shear and flexural strength, as well as able to resist the overturning moment 
caused by the total effective prestressing force in the longitudinal direction, the 
entire prestressing force could be transferred to the shear walls. For this to 
occur, the shrinkage deformation occurring after the roof is connected to the 
shear walls must be greater than the elastic deformation of the roof due to 
prestressing. In the narrow direction the roof cannot develop arch action because 
the depth-span ratio of the diaphragm is not favorable for it. Hence, in the short 
direction the roof will deform as shown in Fig. 17-7, with a portion of the total 
prestressing force in the short direction resisted by the shear walls at each end 
and the remainder resisted by compressive stresses in the concrete in the roof. 

The framing plan shown in Fig. 17-8 has the shear walls located near the 
center of the building length in each of the two orthogonal directions. This is 
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~~-.--~--~------t-------

t Forces from transverse 
post-tensioned tendons 

Fig. 17-7. Partial plan of the building shown in Fig. 17-5, showing the transverse 
deformation of the roof due to the elastic shortening, creep, and shrinkage 
of the concrete. 

the most favorable arrangement of shear walls for buildings with prestressed­
concrete roofs and floors because the lateral stability of the structure is provided, 
with minimum restraint of the creep, shrinkage, and temperature deformations 
that will occur in the roof and floors. With this configuration, a portion of the 
prestressing force will be resisted by the shear walls, with an accompanying 
reduction in the prestressing in the floors or roof in the vicinity of the walls, 
unless the walls are prestressed by tendons provided in the walls themselves or 
in the roof areas adjacent to the walls. 
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I- 5@4Q'·O"=200'·O" ~I 
Framing Plan No.1 
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Shear wall 
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Framing Plan No.2 

Fig. 17-8. Plan of a building with a prestressed-concrete roof and shear-resisting walls 
near the centers of each exterior wall line. 
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Fig. 17-9. Plan of a building with a prestressed-concrete roof and shear-resisting walls 
in a core near the center of the structure. 

Placing shear walls near the center of square or rectangular buildings, as 
shown in Fig. 17-9, gives a layout similar to that of the framing plan shown in 
Fig. 17-8 from the standpoint of roof deformations due to prestressing, creep, 
and shrinkage. Although this layout should be acceptable in locations with a 
low risk of seismic activity, its use is not considered appropriate in locations of 
high seismic risk; high torsional strength is considered necessary for structures 
that may be exposed to earthquakes. 

The effects of restraint of elastic, creep, and shrinkage deformations of 
concrete are less severe for the upper levels of multistory buildings than for the 
lowest story. This is so because the deformations, except for the elastic defor­
mation at the time of prestressing, are time-dependent, and if the construction 
sequence is reasonably rapid, the differential effects of creep and shrinkage 
deformations are minimized. The lowest story of a multistory building, on the 
other hand, is similar in behavior to a single-story building with respect to time­
dependent deformations. The deflected shapes of two multistory prestressed 
concrete buildings are shown in Fig. 17-10. One of the buildings has equal story 
heights throughout the height of the building, and the other has equal story 
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Fig. 17-10. Elevation sections of two multistory buildings having the same heights. (a) 
Building in which all stories have a height of 15 ft. (b) Building with a first­
story height of 30 ft., with the remaining stories having a height of 15ft. 

heights except for the first story, which has a greater height than the others. 
The longer first-story column lengths in the second building have a favorable 
effect on the column moments induced by the time-dependent deformations of 
the prestressed concrete floors and roof. 

Cracking in the shear walls and columns of prestressed-concrete buildings, 
due to the effects of concrete deformation, can be severe. In some cases the 
cracking has been so serious that new buildings have required repair before 
being placed in selVice. Column cracking can be especially serious in split­
level parking structures if shear walls are placed at locations that enhance the 
moments and shear forces in the columns located along the column line between 
the split levels. 

In the manufacture of heat- or steam-cured pretensioned-concrete products, 
if the curing is stopped before the pretensioned tendons have been released, the 
concrete members and the tendons exposed between the members cool and 
contract. The contraction results in an increase in the tension in the exposed 
tendons between the members because the ends of the tendons are firmly 
anchored to the abutments of the pretensioning bench. This tensile stress will 
be aggravated by shrinkage of the concrete if the concrete has not been kept 
moist during the curing period as well as after the curing has stopped. The 
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Concrete beams which have been steam cured and cooled 
but on which the pre·tensioning has not been released 

Vertical cracks 15'·25' o.c. which extend from the top flange 
downward from 50% to 75% of the depth of the beam 

Center of gravity of the tendons 

300'± 

Fig. 17-11. Cracking in pretensioned beams due to shrinkage and temperature defor­
mations aggravated by heat curing. 

combined effect can result in the cracking of concrete members at intervals of 
15 to 25 ft, as illustrated in Fig. 17-11. In some cases this has resulted in the 
tendons breaking at the anchorages, which are locations of highly concentrated 
stresses in the prestressed reinforcement. For this reason, heat or steam curing 
should never be discontinued for a significant length of time unless the stress 
in the pretensioning tendons is released (or partially released). If there is a need 
to discontinue heat or steam curing after a period of time, and the concrete 
cylinders have not gained sufficient strength to allow the full release of the 
prestress, the tendons should be partially released to prevent cracking and reduce 
the risk of tendon breakage. Experience has shown that releasing the tendons 
about 25 percent of the amount that the tendons would contract if the entire 
prestress were released is sufficient to avoid cracking. It is best, although not 
always essential, that the forms be loosened before the partial release is made 
to avoid the possibility of form damage. Also, a breakdown in the curing facility 
could result in the cracking of the members; in such an eventuality, under 
average conditions of design, a partial release of the prestressing force should 
be made if the concrete strength exceeds 3000 psi. 

It is also possible to have relatively wide cracks form in post-tensioned 
members for similar reasons (temperature drop, concrete shrinkage, or both). 
This is particularly true in long, large members that have small quantities of 
nonprestressed reinforcement. The cracks can be avoided by keeping the 
concrete wet continuously until the main reinforcement is prestressed. In this 
way, shrinkage deformation will not occur. Another method of avoiding 
cracking of this kind is to prestress the member, either partially or completely, 
very soon after curing is completed. In other words, long periods of drying or 
large temperature variations should be avoided until after the concrete has been 
prestressed. 

The use of unbonded post-tensioned tendons in the construction of buildings 
in the United States has increased dramatically in the past two decades. They 
are widely used in the construction of parking, residential, and commercial 
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buildings, and the increase has been enhanced by changes in allowable stresses 
at service load in the model building codes. The present codes do not require 
prestressed concrete to be fully prestressed, and pennit the use of partial 
prestressing with tensile stresses (computed on an uncracked section) exceeding 
the tensile strength of the concrete. The use of unbonded tendons also has been 
enhanced by research that has led to the development of alternate tendon-layout 
configurations for the construction of post-tensioned flat plates. Although this 
mode of prestressed-concrete construction is used extensively and nonnally is 
found to be acceptable from both strength and serviceability standpoints, it 
frequently results in cracking that is objectionable to some persons. The primary 
cause of the cracking is the restraint of the concrete defonnations associated 
with prestressed concrete, and not the use of unbonded tendons. The industry 
appears to recognize this characteristic behavior for this fonn of prestressed­
concrete construction. Some engineers active in the post-tensioning industry 
suggest that provisions should be included in construction documents for build­
ings utilizing unbonded post-tensioned tendons to provide for crack repair at a 
prescribed time after the completion of construction (Aallami and Barth 1989). 

When used in the construction of parking structures, unbonded post-tensioned 
construction often consists of relatively thin, one-way post-tensioned slabs 
having short spans that extend over beams of considerably greater span and 
dimension. Cracking frequently is found in the thin slabs (4.5-6.0 in. thick), 
but not in the thicker and wider beam stems (12-24 in. wide and 36-48. in. 
thick). It would appear that the cracking in the thinner slabs is enhanced by 
their drying (and shrinking) more rapidly than the wider beams. In many cases 
cracking of this type probably could be reduced by water curing the thin slabs 
over a period of 7 to 14 days, but this step would not be expected to eliminate 
the cracking. 

Some engineers who specialize in the design of buildings prestressed with 
unbonded tendons advocate providing a caveat on the construction drawings 
intended to call to the attention of building officials, owners, and contractors 
the fact that cracking can be expected in cast-in-place post-tensioned buildings, 
and that in the designer's opinion the presence of cracking is not serious from 
the standpoints of serviceability and strength. 

17-4 Post-tensioning Anchorage Zone Failures 

Cracks in end blocks may occur in the loaded face as well as along the paths 
of the post-tensioned tendons. The cracks are either caused by tensile stresses 
resulting from the anchorage forces or by an insufficient distance (concrete 
cover) between the tendon and the edge of the concrete. Control of end-block 
cracking is best accomplished by providing nonprestressed reinforcing steel in 
accordance with the methods described in Sec. 8-4, and by providing sufficient 
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edge distance for the tendons. Concrete quality in the end blocks sometimes is 
adversely affected by poor concrete consolidation, which is due either to the 
end block's being congested with reinforcing or to poor workmanship. Conges­
tion-consisting of anchorages, tendons, anchorage zone nonprestressed 
reinforcement, reinforcement for concrete tensile stresses in the concrete in the 
vicinity of the supports, and so on-is not uncommon in the ends of beams. 
However, it is generally preferable to have high-quality, well-compacted 
concrete at the ends of beams, even if some reinforcement that is considered 
desirable must be omitted, as opposed to having a beam end that has all the 
reinforcement considered desirable, but in which the concrete cannot be well 
compacted. 

Occasionally, the concrete in the vicinity of the end anchorages of post­
tensioning tendons does not have adequate compressive strength because of 
poor consolidation or for some other reason. As a result of the low strength, 
the concrete sometimes fails by crushing at the time of prestressing. This type 
of failure should not be confused with the splitting type of end-block failures 
or cracking described in Sec. 8-4. The failures due to splitting tensile stresses 
are characterized by the concrete in the failed areas being in large pieces, 
whereas failures due to the crushing of concrete result in severely fractured 
concrete. The best means of avoiding crushing failures is to take the steps 
necessary to ensure that the concrete in the vicinity of the anchorages is properly 
compacted and of good quality. 

Concrete crushing failures normally are repaired by removing the fractured 
concrete and replacing it with good-quality new concrete. 

The extreme ends of post-tensioned members have been precast as a means 
of facilitating the placing and consolidation of the concrete in congested end 
blocks. When this is done, the end sections normally are cast horizontally rather 
than in a vertical position. Sometimes they are cast on a vibrating table to further 
facilitate the placing and consolidating of the concrete. 

Large-diameter reinforcing bars placed in the ends of concrete beams in the 
immediate vicinity of post-tensioning anchorages can result in cracking, 
spalling, and crushing failures, as the large bars are very rigid and unable to 
deform in a manner compatible with the deformations of the highly stressed 
concrete. Hence, the placing of large nonprestressed reinforcing bars in highly 
compressed anchorage areas should be done with caution, and avoided if 
possible. 

17-5 Shear Cracking 

The minimum shear design provisions for prestressed concrete, contained in 
Chapter 11 of ACI 318-89, are expressed in force relationships but based upon 
concrete unit-stress considerations. Unfortunately, not all designers understand 



CONSTRUCTION CONSIDERATIONS I 711 

this, and this confusion has caused eq. 11-13 of ACI 318 (eq. 6-5 in this book) 
to be used incorrectly. Shear failures of flexural members have resulted from 
misinterpretation of the code. The commentary to ACI 318 clearly explains that 
eq. 11-13 of ACI 318 is intended to predict web-shear cracking when the 
principal tensile stress is equal to approximately 4..ffc at the centroidal axis of 
the cross section. Engineers should recognize that when the unit shear stress 
Vcw equals 4..ffc at the centroidal axis (or the intersection of the flange and the 
web if the centroidal axis is located within the flange), the limiting shear force 
V cw is equal to the product of the unit stress Vcw and bwd, where bw is the web 
width. Note: The value of bw should not be taken as the average value of b over 
the thickness of the beam. This value is illustrated in Fig. 17-12. 

Precast prestressed concrete beams sometimes are constructed with 
overhanging ends and in-span hinges, for use with a suspended or "drop-in" 
beam. This is done as a means of obtaining distributions of dead- and live-load 
moments in the completed structure similar to those that would exist in a contin­
uous beam. This configuration is illustrated in Fig. 17-13. Precast beams of this 
type with post-tensioned tendons have developed cracks following the tendon 
paths in the overhanging ends. The cracks result from principal tensile stresses, 
oriented approximately normal to the path of the tendons. This condition of 
stress occurs at the time when the tendons are stressed only if the large dead­
load reaction that is to be supported at the end of the overhang is not in position. 
This is illustrated in Fig. 17-14a. The vertical component of the prestressing 

Flange width 

d 
h 

Fig. 17-12. Cross section of a precast prestressed-concrete beam having a composite 
cast-in-place slab and closure between the ends of double-tee slabs 
supported by the top flange. The cross-hatched area equals bwd for eq. 
6-5 IACI 318 eq. 11-13). 
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Precast overhanging beam 

Fig. 17-13. Bridge formed of precast prestressed-concrete girders with overhanging 
ends supporting precast prestressed-concrete girders suspended from the 
overhanging ends. 

forces in the tendons tenninating in the overhanging end of the beam, which 
act upward in this case, result in large shear forces along the length of the 
overhanging span (see Secs. 4-6 and 9-9). The dead- and live-load reactions 
from the suspended span act downward and counteract the upward vertical 
component of prestressing in the completed structure. This condition is best 
controlled by stressing some of the tendons before the precast beams are trans­
ported to the site, with the remaining tendons being stressed after the suspended 
span has been erected. 

17-6 Tendon Path Cracks 

If post-tensioned tendons are grouted during subfreezing temperatures and the 
concrete member containing the tendons is not protected against freezing, water 
in the grout that has not hydrated with the cement sometimes freezes. After 
freezing, the water occupies a greater volume than it occupied before freezing, 
and the concrete surrounding the frozen water sometimes cracks along the tendon 
path. Curing the concrete containing the newly grouted tendons with low­
pressure steam or moist heat for a short period of time after grouting is an 
effective way of preventing cracking of this type. In European practice, 
occasionally some of the mixing water in the grout has been replaced with 
alcohol during freezing weather for the purpose of lowering the freezing point 
of the grout and eliminating the cracking. The quality of the grout suffers from 
this procedure, however, and it can be recommended only under emergency 
conditions. 

Cracks following the paths of post-tensioned tendons have resulted from the 
settlement of the concrete and the entrapment of water below the ducts in thin­
webbed 1- or T-shaped members. This is best avoided by using members that 
do not have unusually thin webs for the size of the ducts being used and by 
using concrete mixes that have low settlement characteristics. 

The use of high pressures in grouting post-tensioned tendons in large ducts 
also can cause cracks that follow the tendon paths. The risk of this cause of 
cracking can be evaluated by making simple calculations and comparing the 
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tensile stresses in the net concrete section with the anticipated tensile strength 
of the concrete at the time of grouting. The risk of this type of cracking can be 
materially reduced and normally eliminated by using grouting pressures appro­
priate for the size of the tendons being used. 

Cracks occurred in the soffits of beams having a combination of post-tensioned 
and pretensioned tendons, as illustrated in Fig. 17-15. These cracks followed 
the paths of the post -tensioned tendons in the center portions of the beams where 
the tendons paths were straight as well as close and parallel to the soffits of the 
beams. To facilitate the fabrication of the beams, the V-shaped stirrups were 
oriented with the plane of the stirrup parallel to the centroidal axis of the beams, 
and thus did not extend transversely across the bottom flange. When first 
discovered, the cracks were thought to be the result of water freezing in the 
post-tensioning ducts. Subsequent investigation proved this was not the cause. 
The cracking was eventually controlled by providing transverse nonprestressed 
reinforcement in the bottom flanges near the soffit, as shown in Fig. 17-16. 

Cf. Bearing 
I 

I L Post-tensioning tendons 

Half Elevation (stirrups and pretension tendon not shown) 

#5 U Stirrups 

Post -tension i ng tendons 
Pretensioning tendons 

~ Span 
sym.abt. 

I 

Fig. 17-15. Beam with combined pretensioned and post-tensioned tendons and a crack 
in the soffit. 
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#5 U Stirrups 

Fig. 17-16. Bottom flange transverse reinforcing. 

17-7 Honeycombing 

Concrete that has large air voids caused by the failure of the mortar (portland 
cement, sand, and water) filling the spaces between the coarse aggregate parti­
cles is said to be honeycombed. Honeycombing is a result of the concrete's not 
being completely consolidated. Incomplete consolidation may be due to poor 
proportioning of the concrete constituents or poor vibration of the concrete 
during its placing. Poor vibration of concrete frequently is caused by congestion 
of materials embedded in the concrete (i.e., large quantities of reinforcing steel, 
other embedded materials, and block-out forms), which inhibits the placing of 
the concrete in some areas of a member. If the webs of 1- and T -shaped members 
are thin and congested with prestressed and nonprestressed reinforcement, 
consolidation of the concrete with internal vibrators may be inadequate, with 
resultant honeycombing. 

Honeycombed concrete should be repaired as soon as it is discovered. If 
concrete curing is continued by keeping the concrete saturated after honey­
combing is found, repairs normally can be made that will not adversely affect 
the strength or durability of the member. The methods of repairing honey­
combed concrete contained in ACI 301-84 are recommended (ACI 301 1984). 

17-8 Beam Lateral Stability 

When long-span precast prestressed-concrete beams are needed, they frequently 
are designed with narrow flanges as a means of minimizing their weight and 
cost. If not laterally supported, by a slab or other framing as they normally are 
in a completed structure, beams with narrow flanges have a tendency to deflect 
laterally and buckle when lifted, transported, or subjected to transverse load. 
Precast beams normally have minor imperfections acquired during their fabri-
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cation or storage. The imperfections consist of such things as having not been 
cast perfectly straight, not being perfectly symmetrical about a vertical axis 
passing through the centroidal axis of the member, having an unintended 
horizontal eccentricity of the prestressing force, or having a lateral deflection 
due to solar heating. Although not normally important in the completed struc­
ture, the imperfections often create a tendency for the beam to deflect laterally 
and be unstable under its own dead load alone, during handling and transport. 
Analytical methods are available for the evaluation of the stability of precast 
prestressed-concrete beams when suspended from inserts in their tops, as they 
frequently are during handling in the precasting yard and erection at the job 
site, as well as when supported at their bottoms on flexible supports, as they 
normally are when in transport and initially set in place at the job site (Mast 
1989). 

As a sidelight to this subject, it is interesting to note that the maximum spacing 
between lateral supports for the compression flange of concrete beams permitted 
in ACI 318 (Sec. 12.4.1) is 50 times the least width of the compression flange. 
This code provision, however, is intended to prevent lateral buckling of the 
compression flange of a beam in a completed structure; it is not meant to apply 
to the handling and transport of precast concrete members. 

17-9 Uniformity of Deflections 

The deflection of prestressed-concrete members can present problems during 
construction when they are significantly different from the deflection anticipated 
by the structural designer. This difficulty accounts for the use of the detail shown 
in Fig. 17-17 for precast prestressed-concrete bridge beams used with a cast­
in-place concrete deck. The detail anticipates that the deflections of the girders 
will not be exactly as computed and provides a means of compensating for 
variations between theoretical and actual deflections. Occasionally, the detail is 
specified as shown in Fig. 17-18. This detail is not recommended because it 
cannot be applied to every section of every girder in a bridge; deflection varia­
tions between the individual girders prevent this. In addition, when the detail 
shown in Fig. 17-18 is used, the specified profile and grade of the bridge deck 
often has to be field-adjusted for the top surface of the finished deck to follow 
a revised profile that does not compromise the effective depths of the bridge 
deck reinforcement. 

Variations in the deflections of precast concrete beams and slabs used in 
building construction can present problems during construction if provision has 
not been made for variations from the theoretical values. Roofing cannot be 
applied directly to precast concrete surfaces that have abrupt differences in 
elevation, or over open joints between the individual precast elements, without 
risk that it will be damaged. For this reason, provisions should be made to 
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Fig. 17-17. Recommended bridge deck detail. 

eliminate the adverse effects of sharp edges and joints where roofing will be 
applied directly to the surfaces of precast members. 

Wind/seismic connections, as discussed in Sec. 12-12 and illustrated in Fig. 
12-27, may not align in the erected construction because of differential deflec­
tion between adjacent members. If the differential deflection is significant, it 
may prevent the connection from being completed as shown on the construction 

Fig. 17-18. Bridge deck detail that is not recommended. 
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drawings and intended by the structural designer. This contingency should be 
addressed in the construction documents. If members having short span lengths, 
such as those that terminate at a floor penetration, are placed adjacent to 
members having longer spans, the elevations along the lengths ofthe members, 
as well at the intermediate support for the short span, may differ significantly 
from those of the members having longer spans. This possibility should be 
addressed in the construction documents and not left for resolution at the 
construction site. 

Floor construction often consists of precast prestressed-concrete elements over 
which a cast-in-place topping is placed to achieve a smooth, level wearing 
surface (or a surface having the desired slope). The concrete topping frequently 
is designed to be bonded to the precast elements and to contribute to the strength 
of the floor construction through composite action. Conduits for electrical, 
telephone, and other utilities, which sometimes must cross over each other, 
frequently are embedded in the cast-in-place topping. The prudent designer will 
consider these factors in selecting the minimum thickness of the cast-in-place 
topping as well as in specifying where the minimum thickness is to be provided 
(i.e., midspan of the precast elements or at their supports). 

The variation in deflections between members of identical dimension and 
composition is undoubtedly the best measure of the quality control achieved in 
the production of prestressed concrete. It reflects the integration of all the factors 
that affect the deflections of the members, including the actual physical proper­
ties of the concrete, the actual prestressing (i.e., force and eccentricity), the 
uniformity of concrete dimensions, and so on. The existence of large variations 
in deflection between members of identical dimensions and materials must be 
interpreted as an indication of significant variations in the properties of the 
materials used in the members, the dimensions of the members, and the amount 
of prestressing force and the eccentricity. A significant difference in age between 
members that are otherwise identical also can account for a difference in their 
deflections. 

Deflection tolerances and differential deflection tolerances, considered to be 
normal standards of the industry, have been published by the Prestressed 
Concrete Institute (PCI 1985). When stricter tolerances are required, the 
designer is expected to so specify; greater cost must be expected to accompany 
a reduction in normal tolerances (see Sec. 17-16). 

17-10 Composite Concrete Topping 

As stated previously, a cast-in-place concrete topping often is placed over the 
top of precast prestressed-concrete members to provide a flat or level top surface, 
to increase the flexural strength, to increase the shear strength, to increase the 
stability of a structure by providing a horizontal diaphragm, or for all of these 
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purposes. The requirements for horizontal shear strength, as a requisite to 
reliable composite action in concrete flexural members, are contained in Chapter 
17 of ACI 318. The requirements for shear transfer between precast elements 
and the cast-in-place topping, in construction that does not include nonpre­
stressed reinforcement to tie the two elements together, make it necessary that 
the contact surfaces be clean, free of laitance, and intentionally roughened. 
(Intentionally roughened is defined in ACI 318 as the provision of a roughened 
surface having a full amplitude of approximately 0.25 in.) Although intentional 
roughening is feasible and straightforward for wet -cast precast elements such 
as double-tee beams (the most commonly used method of casting concrete), it 
is not feasible for precast elements, such as hollow-core slabs, that are dry-cast 
(produced by extruding or slipforming methods). Most manufacturers of wet­
cast products, whether they are or are not to be used with composite toppings, 
do not provide intentional roughening unless it is specified in the contract 
documents, as it adds to the production cost of precast products. Manufacturers 
of dry-cast products have proven, through experimental research, that composite 
action will be provided without intentional roughening, as defined in ACI 318, 
ifthese steps are followed correctly: 

1. The top surfaces are given a special finish rather than the normally used 
smooth finish. (The special finish does not, however, provide a roughness 
equivalent to the 0.25 in. amplitude required by ACI 318.) 

2. After transport and erection at the job site, the top surfaces of the products 
are thoroughly soaked the day before the cast-in-place concrete topping is 
to be placed. 

3. The products are moistened, but not soaked, the day that the concrete 
topping is placed. 

It should be noted that step 1 above normally would be the responsibility of the 
manufacturer of the precast products, but the other two steps normally would 
be the responsibility of the purchaser. (Because of this split responsibility, the 
design professional specifying the use of composite construction that includes 
dry-cast members should carefully delineate the responsibilities of each of the 
two parties in the contract documents.) 

Experience has shown that composite action is not always achieved as 
intended by the designer and the contract documents. This may become apparent 
as a result of failures, or it may be found by accident when, for one reason or 
another, a "hollow sound" is heard when the surface of the concrete topping 
is struck with a hammer, or when the structure is surveyed by dragging a heavy 
chain over the surface of the topping. Coring sometimes is used in investigating 
the bonding of a cast-in-place topping to precast elements. The cores frequently 
are studied by using petrographic methods for the purpose of establishing the 
quality of the concretes used in the construction, as well as the concrete quality 
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at the very critical interface of the two concretes. The use of a borescope facil­
itates the examination of the bond of the concrete topping to the precast element 
at the holes from which cores have been removed. Some engineers question the 
reliability of using the bond of the topping to the precast concrete in a core 
removed from the construction; they point out that the coring of the concrete 
itself may cause the topping and the substrate to become delaminated. 

There are literally millions of square feet of precast concrete members that 
have composite concrete toppings in North America, and the bonding of only 
a small fraction of a percent of that total area has been questioned. It is believed 
that composite action can be counted upon with a high degree of confidence if 
the correct construction methods are used. 

17 -11 Corrosion of Prestressing Steel 

The steel used in prestressing concrete generally is considered to be more sensi­
tive to corrosion than the steel used in nonprestressed reinforced-concrete 
construction. Furthennore, with the exception of high-strength bars, the steel 
elements used in prestressing concrete (i.e., wires and strands) are small in 
comparison to most of the bars used as nonprestressed reinforcement. It is 
generally agreed, however, that the best protection that the reinforcement can 
have, whether prestressed or not, is to be surrounded by cement-rich grout or 
concrete that is well compacted and as impenneable as possible. Grout and 
concrete are alkaline, and steel has been shown by experiment and experience 
not to corrode when confined in an alkaline atmosphere. 

When the reinforcement is not protected by a sufficient cover of dense concrete 
and is in a nonalkaline environment that includes oxygen and moisture, corro­
sion frequently will fonn on its surface. The products of corrosion, which 
('Ccupy a volume greater that the uncorroded material, may cause cracking, 
staining, and eventually spalling of the concrete. Hence, corrosion of the 
reinforcement must be avoided if reinforced-concrete structures are to have a 
reasonably long service life. 

The use of epoxy-coated reinforcement, for both prestressed and nonpre­
stressed reinforcement, has gained popularity in recent years as a means of 
protecting ferrous reinforcement against corrosion. Its use, however, generally 
is limited to bridge decks, marine structures, and large projects where corrosion 
is a major concern. 

The strands shown in Fig. 17-19 were first noticed by a spalled area in the 
top surface of the prestressed concrete deck of a wharf. The strands were 
corroded completely through by the action of seawater, which found its way to 
the upper surface of the deck during heavy stonns. The strands were embedded 
in a mortar-filled joint between precast slabs, and the portland cement mortar, 
made with a ~-in. maximum-size aggregate, had not been well compacted. 
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Fig. 17-19. Corroded post-tensioned tendon. 

Consequently, the strands were not completely embedded in a cement-rich 
environment. It is interesting to note that , on the same wharf, a grouted post­
tensioned tendon that was exposed to alternating wetting and drying from 
seawater when a prestressed-concrete pile was damage by the impact of a ship, 
had bright wires when its sheath was opened and the grout removed. This case 
clearly demonstrated the ability of portland cement grout to protect tendons in 
a corrosive environment. 

The action of chloride ion, which is present in some premixed compounds 
formulated for making non-shrink concrete, mortar, and grout, was found to 
have caused corrosion at the end anchorages of post-tensioning tendons. The 
non-shrink concrete had been used to replace the concrete under a post­
tensioning anchorage that had crushed during stressing . It is believed that the 
non-shrink concrete was porous and permitted rainwater to penetrate through 
the patch and reach the anchorage and tendon. This moisture, in combination 
with the chloride ion and perhaps the metallic aggregate in the premixed 
material, resulted in the wires being severely corroded in the areas adjacent to 
the repairs. The use of non-shrink aggregates is not recommended in prestressed 
concrete construction unless it is first confirmed they do not contain chemicals 
that are harmful to prestressed reinforcements. 

Stress corrosion, which was described in Sec. 2-11, has been blamed for the 
failure of prestressing wire on at least two projects in North America. One 
project consisted of prestressed-concrete pipe in which some of the pipe concrete 
contained calcium chloride and some did not. Stress corrosion was found in 

, , 

varying concentrations in all the pieces of pipe made with concrete containing 
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calcium chloride, whereas none was found in any pipe that did not contain 
calcium chloride. Based on this experience, it seems obvious that calcium 
chloride (and probably any material containing the chloride ion) should not be 
used in prestressed concrete (Monfore and Verbeck 1962). On the second 
project, some post-tensioning wires were left ungrouted (after they had been 
stressed) for a period of several months because of certain difficulties experi­
enced in the construction. When the work was resumed, it was found, upon 
prestressing of the previously stressed tendons, that some of the wires had 
corroded and broken. It is believed that this failure would not have happened 
if the tendons had been grouted reasonably soon after prestressing. New tendons 
that replaced the corroded ones have given good service for over 35 years. 

17 -12 Grouting Post-tensioned Tendons 

The equipment currently used for mixing and injecting grout into post-tensioned 
tendons is much more efficient than that used when post-tensioning was intro­
duced in the United States. However, from time to time difficult still will be 
experienced in grouting, due to such problems as the grout being improperly 
mixed or proportioned, cement lumps in the grout, improper flushing of the 
ducts prior to grout injection, unintended obstructions in the post-tensioning 
ducts, or malfunction of the equipment. A frequent result is that one or more 
tendons may become partially grouted and plugged before grout has filled the 
entire duct. 

To salvage members with partially grouted tendons, holes must be drilled 
into the post-tensioning duct with great care to avoid damaging the tendons. 
The extent of the grouting and the location of obstruction can be determined by 
a systematic drilling of holes along the length of the tendon. After the extent 
of the grouting has been determined, the tendons should be flushed with lime 
water, which is alkaline, and the empty portions of the tendons grouted. The 
holes drilled to determine the locations of the obstructions in the ducts are used 
as grouting ports. Grouting procedures are described in Sec. 16-8. 

17-13 Coupler Damage 

Post-tensioning tendons sometimes are provided with couplers to accommodate 
a particular construction procedure or to make long tendons out of two or more 
short ones. The couplers normally are considerably larger in diameter than the 
tendons and must be provided with a housing larger than the duct in which the 
tendons are placed, to prevent them from becoming bonded to the concrete. In 
addition, the housing forms a space for the coupler to move during the stressing 
operation. If, during stressing, the tendon is released through tendon breakage 
or some other mishap, or if the distance provided in the coupler housing is not 
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sufficiently large, the coupler may come to bear on the concrete at the end of 
the housing. Experience has shown that this can cause spalling of the concrete 
in the vicinity of the housing. 

Care must be taken to ensure that the housings for the couplers are large 
enough, and that the couplers are properly located in them when the tendon is 
stressed. If this is not done and the concrete is damaged because of the coupler 
bearing on the concrete at the end of the housing, the tendon must be unstressed, 
the fractured concrete removed, and a patch applied to the member. Patches of 
this type must be applied with care. The use of epoxy mortars may be preferred 
because this type of damage normally would occur sometime after the curing 
of the concrete has ceased. 

17 -14 Dead End Anchorages 

Frequently, for one reason or another, it is either necessary or convenient to 
stress post-tensioned tendons from one end only. When this is done, the end of 
the tendon where the stressing is done is called the stressing end, and the 
nonstressing end is frequently referred to as the dead end. In some cases when 
one-end stressing, is used it is more convenient to use a dead end anchorage 
that is embedded in the concrete and thus inaccessible during the stressing 
operation. Care must be taken when inaccessible dead end anchorages are used 
because it can be very costly to correct dead end anchorages that do not perform 
as intended. 

Wedge-type post-tensioning anchorages at the nonjacking end of tendons must 
move when the tendons are stressed. The transverse forces that anchor the tendon 
can be developed only if the wedge moves. Hence, when wedge-type anchor­
ages are used as dead end anchorages, provision must be made to ensure that 
the tendon and the wedge can move during stressing. If the anchorage is 
embedded in concrete, provision must be made to prevent the concrete from 
coming in contact with the wedge and tendon. Details of dead end anchorages 
vary from one post-tensioning system to another; hence, specific details should 
be obtained from the suppliers of post-tensioning anchorages. 

Dead end anchorages, frequently referred to as pigtail anchorages, have been 
made by embedding the nonstressing ends of parallel wire and strand tendons 
in loops or a spiral configuration. An anchorage of this type is shown in Fig. 
17-20. Most suppliers of post-tensioning materials supply variations of pigtail 
anchorages for strand tendons (i.e., post-tensioning anchorages that rely upon 
bond stresses to anchor the dead end). The method has the advantage of saving 
the cost of regular anchorage hardware, but it must be executed correctly, or 
the anchorages will fail from insufficient bond strength, excessive compressive 
stresses, or spalling of the concrete. When looped or curved wires or strands 
are used for dead ends, it is recommended that the radii of the bends be computed 
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Fig. 17-20. Looped or pigtail anchorage. 

by using the relationship for secondary stresses due to tendon curvature given 
in Sec. 8-11. The bearing stress between the tendons and the concrete should 
not exceed the compressive strength of the concrete test cylinders. In addition, 
it is recommended the individual wires or strands in a tendon be carefully held 
apart with spacers, as shown in Section AA of Fig. 17-20, to ensure that each 
wire or strand will be completely embedded in well-compacted concrete. The 
wires or strands should not be bundled in the curved portion where bond stresses 
are developed for anchorage. The concrete in the vicinity of the anchorage 
should be provided with supplementary nonprestressed reinforcement. If at all 
possible, tests should be made on the anchorages, with the concrete and details 
designed for a specific project, to confirm their adequacy before use. 

1 7 -1 5 Congestion of Embedded Materials 

The concrete sections of buildings, bridges, and other structures frequently are 
congested with nonprestressed reinforcement, prestressed reinforcement, end 
anchorages for post-tensioned tendons, inserts for lifting precast members, 
expansion joints including their anchorages, anchorages and sole plates for 
bearings, and other embedded materials and blockout formwork. The most 
serious congestion normally exists at the ends of flexural members and the inter­
sections of structural members. Frequently, the congested areas are at the 
locations of the tops of bridge piers where the pier reinforcement, the pier cap 
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reinforcement, and the superstructure reinforcement come together from all three 
directions. In buildings the most serious problems with congestion occur where 
beams, girders, and columns intersect. The problem is the most severe in 
reinforced concrete frames designed to be ductile. 

With designs made and detailed in such a way that it is physically possible 
to place all of the specified embedded materials as detailed, contractors, often 
find it is very difficult to place and consolidate the concrete. The problem 
sometimes is worsened by concrete specifications that require a low slump and 
relatively large maximum aggregate size. No matter what others may believe, 
structural designers often are not free to do all they would like to do to mitigate 
problems of this type. The engineers frequently cannot control the overall 
dimensions of a structure and must conform to design criteria mandated by law, 
their contract with their client, or the standard of practice for structural designers. 
It is important that structural designers be aware of this serious problem and do 
what they can to facilitate construction. 

17 -16 Dimensional Tolerances 

The owners, designers, and constructors of prestressed concrete structures all 
should be aware of the dimensional tolerances published by trade and profes­
sional organizations that are intended, by the authors, to apply to various aspects 
of prestressed-concrete members. Relevant documents include publications of 
the American Association of State Highway and Transportation Officials, the 
American Concrete Institute, the Precast/Prestressed Concrete Institute, the 
Concrete Reinforcing Steel Ihstitute, The Post-Tensioning Institute, and 
numerous government agencies (which are frequently the designers and owners 
of projects). 

The construction documents prepared by structural designers frequently do 
not address the. question of acceptable tolerances to the extent needed to make 
the intent of the designer and the requirements of the construction contract clear 
and unambiguous. One reason for this is that there is no. single published 
"super" standard on tolerances that addresses the need for integrating the toler­
ances published by the different construction trades, owners, government 
agencies, and professional organizations. If such a document existed, it would 
be a simple matter for designers to state in the construction documents that the 
tolerances in the" super" standard should be used unless other values are speci­
fied in the specifications (or special provisions) for a specific construction 
project. 

This problem has plagued the construction industry for many years, and many 
different examples could be given to illustrate the problem; but, for the purpose 
of this discussion, consider the shear reinforcement and other reinforcement that 
must be coordinated with the shear reinforcement in the cast-in-place post­
tensioned box-girder bridge cross section shown in Fig. 17-21. Assuming that 
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Fig. 17-21. Cast-in-place prestressed-concrete box-girder bridge details. (a) Cross 
section. (b) Detail section of the exterior girder. (c) Detail of a typical 
stirrup. 
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Standard Specifications for Highway Bridges (AASHTO 1989) was used in the 
design, the designer would note that Sec. 8.22.1 of Division I of the standard 
requires a minimum concrete cover of the reinforcement of 2.0 in. and 1.0 in. 
at the top and bottom surfaces of the section, respectively, and, in addition, 
would take the following part of Sec. 8.27 of Division IT of this standard into 
account in detailing the bridge: 

8.27.1 Shear reinforcement shall extend at least to the centroid of the tension 
reinforcement, and shall be carried as close to the compression and tension 
surfaces of the member as cover requirements and the proximity of other 
reinforcement permit. Shear reinforcement shall be anchored at both ends for 
its design yield strength. 

8.27.2 The ends of single leg, single U, or multiple-U stirrups shall be 
anchored by one of the following means: 

8.27.21 A standard hook plus an embedment of the sitrrup leg length of 
at least 0.51d between the mid-depth of the member d/2 and the point of 
tangency of the hook. 
8.27.2.2 An embedment length of ld above or below the mid-depth of the 
member on the compression side but not less than 24 bar or wire diameters 
or, for deformed bars or deformed wire, 12 inches. 
8.27.2.3 Bending around the longitudinal reinforcement through at least 
180 degrees. Hooking or bending stirrups around the longitudinal 
reinforcement shall be considered effective anchorage only when the 
stirrups make an angle of at least 45 degrees with the longitudinal 
reinforcement. 
8.27.2.4 For each leg of welded smooth wire fabric ... 

In addition, Sec. 5.6.1 of Division IT of the AASHTO standard states in part: 

Steel reinforcement shall be accurately placed in the positions shown on the 
plans and firmly held during the placing and setting of concrete. Bars shall 
be ... 

Based upon the 'above, one can understand why the designer would detail the 
stirrups as shown in Fig. 17-21b and expect them to be placed exactly as shown 
without tolerance (because the AASHTO specification does not include placing 
tolerances for concrete reinforcement). The fabricator of the reinforcing steel, 
not finding more restrictive requirements in the job specifications, would rely 
on the tolerances published by either the American Concrete Institute or the 
Concrete Reinforcing Steel Institute and assume that stirrups would be accept­
able if bent as shown in Fig. 17-21c (ACI 315 1980; CRSI 1986). The carpen­
ters, in building the forms for the section, noting that the AASHTO standard 
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does not specify tolerances for the forms in Sec. 2.4.19, may choose to rely on 
the formwork tolerances in ACI 117-81 and consider that they have complied 
with the standard of practice if the forms were constructed within the tolerances 
shown in Fig. 17-21a. Thus it is apparent that with the tolerances the reinforcing 
steel fabricator and the carpenters consider appropriate, the clear cover of the 
reinforcement at the top and bottom of the stirrup could be as little as 1.25 in. 
or as great as 4.0 in., rather than the 2.5 in. the designer specified on the 
drawings. 

The tolerances considered standard for precast concrete products by the 
Precast/Prestressed Concrete Institute are published in Chapter 8 of the PCI 
Design Handbook (PC I 1985). It is interesting to note that the PCI recognizes 
the importance of clearly assigning the responsibility for tolerances in contract 
documents, and of considering tolerances as part of the conceptual design. 
Section 8.1.4 of the PCI Design Handbook emphasizes the problem of the 
accumulation of tolerances and the need for contract documents to clearly note 
special tolerance requirements. 

In addition to dimensional tolerances, the principal individuals involved in 
the design and construction of prestressed concrete should be aware of the toler­
ances contained in the commonly used standard specifications for the various 
materials used in prestressed concrete construction. 

The designer should give consideration to the dimensional tolerances that 
might be expected in the construction of prestressed concrete. Special allow­
ances may be required to provide for the fact that concrete members cannot be 
made to exact dimensions, as is the case with members made of other materials. 

Cast-in-place prestressed concrete can be expected to be built within the same 
dimensional tolerances that one would expect for nonprestressed reinforced­
concrete construction. In the case of precast concrete, the designer should 
specify the maximum dimensional tolerances that he or she is willing to accept. 
It should be recognized that exceptionally small permissible tolerances would 
be expected to increase the cost of precast members. 

Dimensional tolerances, which may be specified by reference, are contained 
in Standard Tolerances for Concrete Construction (ACI 117 1981) for cast-in­
place construction, in Details and Detailing of Concrete Reinforcement (ACI 
315 1980) for nonprestressed reinforcement, and in the PCI Design Handbook 
for precast prestressed-concrete members (PCI 1985). 

17 -1 7 Falsework Design 

Cast-in-place prestressed-concrete structures normally are constructed on false­
work. The requirements of the falsework are very similar to those for nonpre­
stressed-concrete construction with this very important exception, explained in 
Sec. 17-2: The act of post-tensioning the reinforcement can result in a redistri-
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(a) 

Hinge or 
construction joint 

(b) 

Point of support 
from future 
construction 

Fig. 17-22. Cast-in-place prestressed-concrete bridge with an in-span hinged or 
construction joint. (a) Before prestressing with all shores supporting load. 
(b) After upward deflection due to prestressing and a large reaction being 
supported by the falsework bent at the joint. 

bution of the dead load that can be critical to the strength and stability of the 
falsework. This must be taken into account in simple beams, as illustrated in 
Fig. 17-2, and in beams that are continuous on one end and have a construction 
joint or in-span hinge at the other, as illustrated in Figs. 17-22 and 17-23. 

Experience has shown that falsework requires lateral bracing if it is to resist 
the effects oflateralloads. The lateral loads may be due to wind or impact forces 
due to vehicular or other types of accidents. (It generally is agreed that it is not 
economically feasible to design construction falsework for the effects of earth-

I 

f 

Reaction 
from future I 
construction + 

t-; 

L-J L.......IL.......IL.......IL.......I L-J ........................................ L....J 

Fig. 17-23. Cast-in-place prestressed-concrete bridge with an in-span hinge or 
construction joint. 
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quake.) The bracing provided falsework that is to support prestressed-concrete 
construction should be designed to be effective for the condition of loading 
before post-tensioning and after post-tensioning. 

Guidance for the design and construction of falsework for cast-in-place 
concrete construction can be found in Standard Specifications (CAL TRANS 
1988). 

17 -18 Constructibility 

Problems in construction have been associated with prestressed concrete since 
it was introduced in North America. Although some of the problem related to 
the construction of post-tensioned structures can exist in members with preten­
sioned reinforcement, this discussion ofconstructibility is confined to 
prestressed, post-tensioned concrete. Post-tensioned prestressed-concrete struc­
. tures are constructed most often by a general contractor for a specific project 
on a job site with details and conditions that vary from site to site. Pretensioned 
prestressed concrete most often consists of plant-produced members having 
standard details, made on a routine basis by an organization involved in the 
routine manufacture of precast concrete products. Hence, constructibility issues 
are routinely resolved in-house by the producer without the constructibility 
disputes associated with post-tensioned prestressed concrete. 

The primary sources of the problems commonly heard from general contrac­
tors that relate to the constructibility of post-tensioned concrete structures can 
be categorized as follows: 

1. Congestion of Embedded Materials. The materials that are to be embedded· 
in the concrete at some locations, as described in greater detail in Sec. 17-15, 
sometimes are difficult or even impossible to place as specified on the contract 
drawings; or if the embedded materials are successfully placed, it is difficult or 
impossible to place and consolidate the concrete as specified in the contract 
documents. 

2. Anchorage Zone Reinforcement. The sizes, shapes, and quantities of 
nonprestressed reinforcement needed in the anchorage zones of post-tensioned 
tendons, for the purpose of resisting the effects of tensile splitting and spalling 
stresses, should be clearly specified in the contract documents. The general 
contractor should not be made responsible for the design and details of anchorage 
zone reinforcement. 

3. Interference of Embedded Materials. The contract drawings should be 
complete in details and dimensions. It should be possible to place all specified 
embedded materials, forms for blockouts, concrete, and so on, without inter­
ference from the embedded materials and the forms. 

4. Tolerances. The dimensions of the concrete section, dimensions of 
embedded materials, and other dimensions that relate to the dimensions of the 
concrete section and the embedded materials (e.g., concrete clear cover to 
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reinforcement) should not preclude the use of standard tolerances contained in 
the publications of trade associations, professional organizations, or the owner. 

S. Erection Methods. Conceptual structural erection schemes included in 
contract documents should be workable schemes that provide the clearances 
necessary for construction operations (i.e., clearance for prestressing jacks, 
forms, precast elements, etc.) and should identify all materials, both temporary 
and permanent, needed for the scheme to be workable (Gee 1989). 

6. Geometric Control. The contract documents should clearly define which 
of the two parties of the contract (i.e., owner/engineer or general contractor) is 
responsible for the analytical and field geometric control of segmental struc­
tures, cable-stayed structures, etc., during their construction. 

7. Quality Control. Contract documents should contain specific information 
on all quality control methods, procedures, or equipment, other than the usual 
construction equipment and labor responsibilities normally recognized to be the 
responsibility of the contractor. 

The following comments are offered as the author's opinions on how the 
responsibilities for these problems should be delegated to the parties involved. 
They are presented in the order in which the problems were listed. 

For many years manufacturers of precast concrete products have been aware 
of the need to identify areas of possible congestion and interference of embedded 
materials and to resolve the problems, if any, before commencing production. 
To accomplish this, they have relied upon well-prepared, complete shop 
drawings. Some of the shop drawings have been drawn to large scales (even 
full size in some instances) for whole products or portions of products where 
insufficient clearances or interferences would appear to exist; reinforcing bars 
must· be drawn to their actual size, not their nominal size. Skilled and experi­
enced general contractors use these methods as well. This is the obvious solution 
for avoiding problems of interference between embedded materials and 
unacceptable congestion in structural concrete members (items 1 and 3 above). 
It would seem appropriate for the designer to prepare drawings of this type for 
cast-in-place prestressed-concrete construction, to the extent possible, before 
the plans and specifications are advertised for bidding. However, the designer 
can perform these studies only after assuming specific details for the post­
tensioning tendons, end anchorages, other embedded materials, and construc­
tion methods; if the contractor elects to use post-tensioning details and embedded 
materials other than those assumed by the designer in the design analysis, the 
onus should appropriately be on the contractor to identify problems related to 
constructibility with the materials and construction methods that he or she 
selects. It also would seem appropriate for the engineer to identify the assump­
tions that he or she has made in performing a constructibility analysis for 
congestion and interference. This would assist in identifying responsibility for 
this aspect of the work in the event of a dispute. 

Anchorage zone reinforcement details and quantities present a problem to the 
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designer of a post -tensioned structure that must be left open to competition 
during bidding for all available post-tensioning systems-a customary require­
ment in public works in North America. To design anchorage zone reinforce­
ment correctly, the engineer must know the sizes of the tendons to be used and 
their exact locations and spacings, as well as the dimensions and details of the 
end anchorage including any peculiarities of the anchorage that might influence 
the details of the anchorage zone reinforcement. One obvious solution to the 
dilemma is for the engineer to assume that a particular post-tensioning system 
will be used, and to detail the anchorage zone reinforcement for that particular 
system and make provisions in the contract documents that if other systems are 
used, the anchorage zone reinforcement must be redesigned at the expense of 
the contractor. Some owners may not permit this procedure and may not be 
willing to assume the additional cost of the engineering it would entail. If the 
successful bidder elects to use a post-tensioning system different from the one 
used by the engineer, the contractor must provide new details of post-tensioning 
and anchorage zone reinforcement, satisfactory to the engineer, detailed for use 
by the system that the contractor chooses. There does not seem to be an easy 
solution to this problem, but one thing is certain: if the anchorage zone 
reinforcement is not shown on the contract drawings, the contract documents 
should make all bidders well aware that this is the case and that the onus is on 
the successful contractor to provide anchorage zone reinforcement as required 
for the post-tensioning method that he or she elects to use. Design criteria, 
acceptable to the owner or engineer, for the anchorage zone reinforcement 
should be included in the contract documents for the information of the bidders. 

Construction tolerances normally do not present serious constructibility 
problems in the contemporary cast-in-place post-tensioned concrete construc­
tion designed by experienced engineers. This has not always been the case, 
however. There have been disputes over tolerances on this type of project in 
the past, but, through the cooperation of contractors and engineers, details and 
methods for avoiding the problems have evolved. Contract documents should 
be very clear with respect to the tolerance requirements for each specific project. 
It would seem appropriate for the contract documents to contain graphical and 
written requirements for the following: 

1. Specific tolerances for the actual as-constructed dimensions of the concrete 
sections, together with a clearly stated method for their measurement. 

2. Specific tolerances for the outside dimensions of nonprestressed reinforce­
ment after fabrication, together with a procedure for measurement and 
confirming its compliance before it is installed. 

3. Specific methods for combining the tolerances for embedded items, 
dimensions of the concrete section, and concrete cover requirements. 

4. Specific remedial measures that would be permitted in the event that the 
specified tolerances are exceeded. 
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In addition, the contract documents should identify all materials or dimensions 
that require tolerances that are more restrictive than those specified in trade 
association documents and consensus standards of organizations related to the 
construction industry. 

The engineer clearly is obligated not to mislead the bidders with respect to 
erection methods or procedures. All assumptions as to construction loads, 
sequence of construction, or other limitations used in the design must be clearly 
stated in the contract documents. If construction engineering analyses, tempo­
rary prestressing, materials not shown in the contract documents, and so on, 
are needed for certain erection procedures, the bidders should be so advised in 
the contract documents. 

The need for clearly defining responsibility for construction surveying, 
geometric control, testing and inspection, and any uncommon testing require­
ments such as load tests, strain measurements, stress measurements, and so 
forth, not normally and routinely performed by a general contractor or subcon­
tractor, should be made very apparent in the contract documents. 
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18-1 Introduction 

Erection of 
Precast 
Members 

The availability of adequate erection equipment and the feasibility of using the 
equipment on a specific job site are important considerations in detennining 
whether the use of precast prestressed concrete is appropriate for a specific 
project. Both factors can have a significant effect on the cost of erecting precast 
concrete structures. The availability of erection equipment of adequate capacity 
is of particular importance in the planning and construction of medium- and 
high-rise buildings where the use of precast concrete is being considered. High 
reaches require cranes with long booms, and equipping a crane with a long 
boom can have a significant adverse effect on its lifting capacity. Large mobile 
cranes of the types required to erect the larger precast members are costly and, 
most important, are not readily available in all localities. In bridge construction, 
the use of mobile cranes to erect precast members may not be feasible because 
of the weights and reaches involved, limited access to the site, the risk offtoods, 
vehicular traffic, or other considerations. The designer must give careful consid­
eration to all the factors affecting the methods that can be used in the construc­
tion of a proposed structure, including erection, for each individual structure, 
and must prepare a design suitable for the job and the conditions of the job site. 

734 
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18-2 Truck Cranes 

Truck cranes commonly are used to erect precast concrete units in the construc­
tion of buildings and bridges. In determining the availability of cranes with 
adequate capacity for a specific project, the designer should be aware of the 
factors that affect the capacity of a crane and reduce its actual lifting capacity 
from its maximum rated capacity. The maximum rated capacity of a crane is 
the maximum load it can lift with a relatively short boom and with the minimum 
possible load radius. The load radius is the horizontal distance measured from 
the vertical axis about which the crane cab (or "house") rotates to the vertical 
axis passing through the center of mass of the load. This is illustrated in Fig. 
18-1. 

Capacities for specific cranes having rated capacities of 35, 65, and 82 tons 
are given in Tables 18-1, 18-2, and 18-3. The data given in the tables are for 
illustrative purposes only and should not be used for cranes other than those 
for which the tables were prepared. It should be understood that for large loads 
on short radii, the capacity of a crane normally is limited by structural consid­
erations (i.e., strength of the boom, etc.), whereas for loads at larger radii, the 
capacity normally is limited by the ability of the crane to resist overturning. 
From Table 18-3 it will be seen that a crane having a rated capacity of 82 tons, 

Fig. 18-1. Load radius for a truck crane. 
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TABLE 18-1 Capacities of a 35-Ton Truck Crane with Angle Boom. 

·Capacities are based on machine equipped with Retractable High Gantry, 8 X 4 drive Carrier-g' 0" wide, 
12:00 X 20 14-ply rating tires, Power Hydraulic Outriggers, 13,200#ctwt, 

100M 100M 
hint 0.. Oufrinon On TI ... !'oint 0.. 00trItIg0 .. On T .... 

a....,. ....... AntI" Ht,W .... S .. 1M. S .. a....,. 
_us 

AntI,· Ht,W 1M. S .. 10. -10' 79' .0' 9" 70,000' 70,000' 53,100 .0,800' 15' 80' 75' 5" 53,100' 53,100' 29,.00 25,500 

11' n' .0' 7" 70,000' 70,000' .6,300 37,800' 20' 76' 7.' ." .40,700· ,(0,700· 19,900 17,100 

12' 75' .0' 3" 69,300' 69,300' .1,000 35,200' 25' 72' 72'11" 31,200' 31,200' 1.,800 12,500 

13' 7.' 39'11" 6.,500' 6.,500' 36,800 32,300 30' 67' 71' I" 25,100· 25,100· 11,500 9,600 

35' I.' 72' 39' 9" 60,300' 60,300' 33,300 29,200 70' 35' 63' 68' 9" 20,900' 20,900' 9,300 7,700 

15' 70' 39' ." 56,600' 56,600' 30,.00 26,500 .0' 58' 65'11" 17,700' 17,700' 7,700 6,300 

20' 61' 37' I" .2,100' .2,100' 21,000 18,100 SO' .8' 58' ." 13,200' 13,000 5,500 .,300 

25' 51' 33' 9" 32,600· 32,600' 15,900 13,600 60' 36' .7' 2" 10,300 9,900 .,000 3,100 

30' .0' 28' 9" 26,500' 26,500· 12,600 10,700 70' 17' 26'11" 8,100 7,800 3,000 2,200 

35' 2.' 20' 9" 22,200' 22,200' 10,.00 8,800 
20' 78' U' 8" .0,.00' .0,.00' 19,600 16,800 

10' 80' .5'10" 70,000· 70,000' 53,000 410,500· 25' 7.' 83' ." 30,900' 30,900' 1.,500 12,200 

11' 79' .5' 8" 70,000' 70,000· .6,200 37,600' 30' 70' 81' 9" 2.,700' 2.,700' 11,200 9,300 

12' 77' .5' 5" 69,000' 69,000' .0,900 35,000' 35' 67' 79' 9" 20,500' 20,500' 9,000 7,.00 

13' 76' .5' 2" 6.,200' 6.4,200· 36,600 32,200 80' .0' 63' 77' 5" 17,300· 17,300· 7,.00 5,900 

I.' 7.' •• '11" 60,100· 60,100' 33,100 29,000 SO' 5.' 71' 3" 12,900' 12,700 5,100 .,000 

.0' 15' 73' •• ' 7" 56,.00' 56,.00' 30,200 26,.00 60' .5' 62' 8" 9,900· 9,600 3,700 2,800 

20' 65' .2' 8" .1,900' 41,900· 20,800 17,900 70' 33' 50' 3" 7,900 7,500 2,700 1,900 
25' 57' 39'10" 32,400· 32.400· 15,700 13,.00 80' 16' 28' 5" 6,100· 6,000 1,900 1,200 

30' .8' 36' I" 26,300' 26,300' 12,500 10,600 

35' 37' 30' 7" 22,000· 22,000' 10,200 8,600 
20' 79' 9.'10" 36,300' 36,300· 19,300 16,500 

.0' 23' 21'10" 18,900' 18,900 8,600 7,200 25' 76' 93' 9" 30,500' 30,500' 1.,200 11,900 

30' 73' 92' ." 24,400· 2 ..... 00· 10,900 9,000 
12' 80' 55' 8" 68,600' 68,600' .0,600 34,500' 35' 70' 90' 7" 20,100' 20,100' 8,700 7,100 
13' 79' 55' 5" 63,800' 63,800' 36,300 31,900 90' .0' 66' 88' 7" 16,900' 16,900' 7,000 5,600 
I.' 77' 55' 3" 59,600· 59,600· 32,800 28,700 50' 59' 83' 3" 12,500' 12,500 .,800 3,700 
IS' 76' 5.'11" 55,900· 55,900· 29,900 26,100 60' 51' 76' 2" 9,600' 9,.00 3,.00 2,.00 

SO' 20' 70' 53' 5" .1.500' "1,500· 20,500 17,600 70' .2' 66' 8" 7.500· 7,300 2,.00 1,600 
25' 6.' 51' ." 32,000· 32,000· 15,.00 13,100 80' 31' 53' 2" 5,800· 5,700 1,600 900 
30' 57' .8' 7" 25,900' 25,900' 12,200 10,200 90' 15' 29' 9" 3,900' 3,900' 1,000 .00 
35' 50' •• '11" 21.600' 21,600' 9,900 8,300 

.0' .2' .0' 2" 18,500· 18,500· 8,300 6,900 20' 80' 105' I" 32,400· 32,.00' 19,000 16,200 

50' 20' 23' 9" 13,900 13,500 6,100 .,900 25' 77' 103'11" 27,000' 27,000' 13,900 11,600 

30' 7.' 102' 9" 22,800' 22.800· 10,600 8,700 
13' 81' ~' 9" 63,300' 63,300· 36,000 31,700 35' 71' 101' 2" 19.300· 19.300· 8,.00 6,800 
I.' 

8r 
~' 6" 59,100· 59,100· 32,600 28,500 

15' 7 ' 65' 3" 55,.400· 55,.00' 29,600 25,800 

20' 7.~ 63'11" AI,I00· 41,100· 20,200 17,.00 

.0' 68' 99' ." 16,300· 16.300· 6,700 5,300 

100' 50' 62' 9.' 9" 12.100· 12,100· .,500 3,.00 

60' 55' 88' 8" 8,800' 8,800' 3,100 2,100 
60' 25' 69" 62' 3" 31,600' 31,600' 15,100 12,800 70' .8' 80' 9" 6,600' 6,600· 2,000 1,200 

30' 63' 60' I" 25,500' 25,500' 11,800 9,900 80' .0' 70' ." 5,000· 5,000' 1,300 600 
35' 58' 57' 3" 21,200' 21,200' 9,600 8,000 90' 30' 55'10" 3,600' 3,600· 700 -
.0' 52' 53' 9" 18,100' 18,100· 8,000 6,600 100' I.' 31' I" 2,300' 2.300· 200 -
50' 39' .3'10" 13,600' 13,300 5,800 .,600 

60' 18' 25' 5" 10,500 10,200 .,300 3,.00 

(Courtesy 0/ Link-Belt Speeder,) 

when used with a 100 ft boom and a load radius of 40 ft, has an approximate 
capacity of 21 to 23 tons when working on outriggers, The maximum capacity 
depends upon whether the load is being lifted over the side or over the end of 
the carrier (truck chassis), This table clearly illustrates the effect of boom length 



TABLE 18-2 Capacities of a 65-Ton Truck Crane. 

·Capacities are based on machine equipped with Boom Gantry, 8 X 4 drive Carrier-11' 0" wide, 14:00 X 
20 18-ply rating tires, Power Hydraulic Outriggers, 18,000 Ibs. ctwt and 4,000 Ibs, Bumper ctwt, 

BOOM DN OUTIIIIElS ON TIRES BOOM ON our.ICllIS ON TilES 

"i.t 
t'lIII~ Rallius • 111' Ht.W • lu. Sillt Relf Si~_ 

'lilt 
Lei"" Radius Anile HI.W. .... Side lelf Sillt 

12' 78' 45' 11" 130.000' 130,000' 76,700' 62,310' 
13' 76' 45' 7" 128,040' 127,140' 73,870' 58.450' 
14' 74' 45' 4" 119,790' 119,080' 71,250' 55,010' 

40' 15' 73' 45' 0" 112.500' 111.960' 68,790' 51,930' 
20' 65' 43' 1" 88,000' 85,930' 47,760 35,510 
25' 57' 40' 5" 67.530' 66,660 35,540 26,140 
3~' 48' 36' 6" 54.380' 49,320 28,010 20,370 
35' 37' 31' 1" 44.890' 38,810 22,860 16,460 
40' 23' 22' 5" 37,240' 31,730 19,150 13,600 

3D' 77' 123' 10" 53,930' 49,780 27.630 20,010 
40' 72' 121' 1" 37,460' 31.820 18.690 13,160 
50' 67' 117' 4" 28,140 22,780 13.630 9.290 
50' 62' 112' 6" 21,620 17,330 10.380 6,800 

120' 70' 56' 106' 6" 17,270 13,660 8,100 5,060 
80' 50' 99' 0" 14,140 11,070 6,420 3.780 
90' 44' 89' 8" 11,790 9,100 5.130 2.790 

100' 36' 77' 8" 9.960 7,560 4,090 2,000 
110' 27' 61' 6" 8,470 6,320 3,250 1,350 

13' 79' 55'11" 127,380' 127,110' 73,630' 58,370' 120' 13' 34' 2" 7,240 5.280 2,520 -
14' 78' 55' 8" 119,760' 119.050' 71,010' 54,930' 
15' 76' 55' 5" '112,480' 111.930' 66.560' 51.850' 
20' 70' 53'11" 85,980' 85,900' 47,890 35,650 

50' 25' 64' 51'10" 67.600' 68,990 35,650 26.250 
30' 58' 48'11" 54,490' 49,560 28.100 20.470 
35' 50' 45' 5" 45.000' 39,030 22,980 16,560 
40' 43' 40' 7" 38,lSO' 31,960 19,270 13,730 
SO' 21' 24' 4" 28,390 23,030 14,220 9,870 

3~' 78' 134' 0" 52.380' 49,720 27.490 19.870 
40' 74' 131' 6" 37,280' 31,720 18.540 13.010 
50' 69' 128' 1" 27,960' 22,660 13,470 9.130 
60' 64' 123'10" 21,490 17.200 10.210 6.640 

130' 70' 59' 118' 4" 17.130 13.5SO 7.940 4.900 
80' 54' 111' 8" 14.000 10.930 6,260 3,620 
90' 48' 103' 7" 11,650 8,960 4,960 2.630 

100' 42' 93' 7" 9,810 7,420 3.940 1.840 
15' 79' 65'10" 112,630' 112,070' 68,410' 51,920' 
20' 74' 64' 5" 88,080' 85,990' 48,170 35,930 
25' 69' 62' 8" 67,770' 67.420 35,850 26.450 
30' 63' 50' 6" 54,670' 49,880 28,250 20,630 

50' 35' 58' 57' 8" 45,150' 39,270 23,100 16.680 
40' 52' 54' 2" 38,270' 32,160 19,380 13.830 
SO' 39' 44' 4" 28,580 23,220 14,330 9,980 
50' 19' 26' 1" 22,060 17,760 11,020 7.440 

110' 35' 80' 11" 8,340 6,190 3.090 1,200 
120' 26' 63'10" 7,120 5,160 2.390 -
130' 13' 35' 4" 6.080 4,290 1.770 -I-- t-

30' 79' 144' 2" 47.730' 47,730' 27,340 19,730 
40' 75' 141' 11" 37,090' 31,610 18,380 12.8SO 
50' 71 ' 138' 10" 27,760' 22,530 13,310 8,970 
60' 66' 134' 10" 21,360 17,060 10.050 6,480 
70' 62' 129' 11" 16,980 13.400 7,770 4,740 

20' 76' 74' 10" 85,930' 85,840' 48,150 35,920 
25' 72' 73' 4" 67,660' 67,530 35.810 26.410 
3~' 68' 71' 6" 54,600' 49,930 28.200 20.580 

70' 35' 63' 69' 2" 45.080' 39,300 23.050 16.630 
40' 58' 66' 5" 38,190' 32,170 19.320 13.780 
SO' 48' 58' 11" 28,580 23,220 14.280 9.930 
50' 36' 47'10" 22.100 17,800 11.010 7,430 

140' 80' 57' 123' 11" 31,850 10,780 6.090 3.450 
90' 52' 116' 8" 11,500 8,810 4,800 2.460 

100' 46' 107'11" 9,660 7,270 3,770 1,680 
110' 40' 97' 4" 8,190 6,040 2,930 1,040 
120' 33' 84' 0" 6,980 5,020 2.230 -
130' 25' 66' 1" 5,960 4,160 1,640 -
140' 12' 36' 5" 5.D70 3.420 1.110 -

70' 17' 27' 7" 17.710 14.130 8.690 5.650 35' 78' 153' 5" 39,180' 38,750 21.960 16.580 
20' 78' 85' 0" 85.750' 85,660' 48.100 35,870 
25' 74' 83'10" 67,560' 67,560' 35,730 26.340 
30' 70' 82' 2" 54.500' 49.940 28,120 20.490 
35' 67' 80' 2" 44.980' 39.280 22.960 16.540 

80' 40' 63' 77'·11" 38.090' 32.140 19.220 13.690 
50' 54' 71' 10" 28,530 23,170 14.180 9.840 
50' 45' 63' 1" 22,OSO 17,760 10.930 7.350 
70' 33' SO'10" 17,700 14,120 8.640 5,600 

1-
80' 16' 29' 1" 14.540 11,470 6.920 4.270 .. _- c-... 
20' 79' 95' 4" 81,510' 81,510· 48.030 35,800 
25' 76' 94' 2" 67,420' 67,420' 35.640 26,250 
30' 73' 92' 8" 54.380' 49,920 28.010 20,390 
35' 69' 91' 0" 44,840' 39,240 22.840 16.430 
40' 66' 89' 0" 37,950' 32,080 19,110 13.570 

90' 50' 59' 83' 2" 28,480 23.090 14,060 9.720 
50' 51' 76' 7" 21,970 17,670 10.810 7,240 
70' 42' 67' 1" 17.620 14.040 8.530 5.500 
80' 31' 53' 8" 14,500 11,420 6.840 4,200 
90' 15' 30' 8" 12.110 9,420 5.510 3,170 

25' 77' 104' 5" 67,260' 67,260' 35,530 26,140 
30' 74' 103' 2" 54,240' 49,890 27.890 20,270 
40' 68' 99' 10" 37,790' 32,010 18.960 13:440 

100' 50' 62' 95' 2" 28,380 23.000 13.930 9.590 
60' 55' 89' 1" 21,870 17,570 10.680 7,100 
70' 48' 81' 2" 17,520 13,940 8.400 5,360 

40' 76' 152' 4" 34.890' 31,500 18,220 12,690 
50' 72' 149' 4" 27,320' 22,400 13.150 8.800 
50' 68' 145' 8" 21,210' 16,920 9.880 6.310 
70' 64' 141' 1" 16,840' 13,2SO 7,600 4.560 
80' 59' 135' 8" 13,700' 10,630 5.920 3,280 

lSD' 90' 55' 129' 2" l',3SO' 8,660 4.620 2,290 
100' 50' 121' 5" 9,510' 7,120 3,600 1.510 
110' 45' 112' 1" 8,030' 5,880 2.760 -
120' 39' 100' 11" 6,820' 4,870 2,070 -
130' 32' 86'11" 5,770' 4,010 1,470 -
140' 24' sa' 0" 4,810" 3,290 - -
lSD' 12' 37' 6" 4,060' 2,640 - -
35' 79' 163' 7" 36,()70' 36,070' 21.830 15.420 
40' 77' 162' 6" 31.450' 31,380 18,060 12.530 
SO' 73' 159' 10" 25,070' 22,270 12,980 8,640 
60' 69' 156' 5" 20,110' 16,770 9,710 6,140 
70' 65' 152' 2" 16,680' 13,100 7,430 4,390 
80' 61' 147' 2" 12,760' 10,470 5.740 3,100 

160' 90' 57' 141' 2" 10,520' 8,500 4,450 2.120 
100' 53' 134' 5" 8,660' 6,960 3,420 1.330 
110' 48' 125' 11" 7,110' 5,720 2,590 -
120' 43' 116' 2" 5,830' 4,710 1.890 -
130' 38' 104' 5" 4,770' 3,860 1,300 -
lSD' 23' 70' 5" 3,130' 2,500 - -
160' 11' 38' 6" 2,540' 1,940 - -

80' 40' 70'10" 14,400 11,320 6.720 4.080 
90' 3~' 56' 5" 12,040 9.350 5.410 3.070 

100' 14' 31'10" 10.170 7.780 4.350 2.250 

25' 79' 114' 8" 64.820' 64.820' 35,410 26.030 
3~' 76' 113' .6" 54,090' 49,840 27,760 20,150 
40' 70' 110' 6" 37,630' 31,920 18,840 13,300 
SO' 65' 106' 5" 28,260 22,890 13.790 9.440 

110' 60' 59' 101' 0" 21,750 17.460 10.530 6,960 
70' 53' 94' 2" 17.400 13,820 8,260 5.220 
80' 46' 85' 7" 14,280 11,200 6,580 3,930 
90' 38' 74' 5" 11,930 9.240 5,280 2.940 

100' 28' 59' 0" 10,080 7,690 4.240 2.140 
110' 14' 33' 0" 8.580 6.430 3.370 1.470 

(Courtesy 0/ Link·Belt Speeder,) 
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TABLE 18-3 Capacities of an 82-Ton Truck Crane with Tubular "Hi-lite" Boom. 

IOOW W ON OUnlGGEkS ON TIRES 100M W ON OUTlI&&EIS ON TilES 100M W 9N OUTRIc;.aElS 
loom loom loom 
'oint 'oint 'oint ...... • A Hei;ht Sid. l •• r Sid. lear L • A HaiCJht Sid. a •• r Sid • I .. , L • A Haitht Sid. a •• , 

12' 78° 45' 7" IM,ooo' 104,000· 77.590· 119,8SO' 25' 79' 1,4' bN 68.000· 08,000' ]),400 4S.430 lS' 79' lol' 0" 41.120· 41,120· 
Il' 70' 45' 4" ISl,080' 153,380· 72,250' 115.550· lO' 70' Ill' 5" O2.bOO' 02,000' 2b,010 l8,280 40' 77' Ib2' 5" lb,900' lo,900' 
'4' 75· 45' 2" 143,280· 143,560· b7,S40' 104,770 lS' 73' 112' 0" 52,190 54.470' 20,980 ll,370 50' 73' 159' B" 29.270· 29,170' 
IS' 73' 44'11" 1].4,610· 134,890· 63.400· 95.160 40' 71' 110' 5" 42,050 46,510' 17,340 2b,lSO 60' b9' ISo' 4" 21.780 24,000' 

40' 10' ob' 4l' 0" 101.000' IOl,2bO' 45,470 04.770 50' bS' lOb' 4' lO.710 lS,SbO' 12,450 19,570 70' bS' 151' I" 17,960 19.740' 
25' 57° 40' 4" BO,2BO' BI.lOO' ll.S70 4B,bl0 110' 60' 59° 101' O· 13.550 2B.370' 9,lOO IS,IBO bO' 80' 6'· '047' , .. 14.510 IS.b60' 
lO' 48' 3b' 7" bS,ooo' 65,850· 2b,2S0 l8,S80 70' 53' 94' 2" 18.7bO 2l.300' 7,100 12,120 (]) 90' 57' 141' 2" 11,920 Il.l~· 
lS' l8' 31' ." 51,800 55,060' 21,290 11,720 80' 4b· 85' 7" 15,340 19,510' 5,480 9,840 100' 51' 134' 2" 9.900 11.020· 
40' 2"" 23' 0" 42,190 45,540· 17,b70 lb,720 90' ]8° 74' 7" 12,700 Ib.S80· 4,120 8,090 110' 48' 12b' 0" 8.290 9,280· 

100' 29' 59' 5" 10.740 14,150' 1,120 ~,b90 110' 4l' lib' .. " b,960 7,770· 

13' 79" 55' 8" 143,850' 14l,850' 72,100' 115,270· I roo 14' )4' ," 9,090 12.290' 2,370 5,520 IlO' 18' 104' 7" 5,860 b,SlO' 

14' 78° 55' b" 140,420· 140,420' 67.510' 105,000 140' 11' 90' I_ 4,910 5,500' 

IS' 7JD 55' 4" 1)4,590' 137.210' bl.l60' 95.370 lO' 77' m' 7" 59.140· 59,140' 25,8bO l8,120 ISO' 14' 70'11" 4.100 4. bOO· 

20' 71' 5l'10" 101.890' 103,260' 45,b4O 04.920 15' 75' m' 5" 52.100 54,270' 20.810 11.200 IbO' 12' 19'11" l.l70 l.920' 

50' 25' 6<4-0 51' 8" 80,]70' 81,400' ll.700 48,740 40' 72' 120'1'" 41,540 46.290' 17.180 2b.180 
10' 58' 49' 0" bS,090' b5.940' 2b.170 l8.b90 50' b7' 117' 2" lO.S90 l5.320' 12.180 19.390 15' 79' 17)' 8" 38,110' 38,110' 
15' 51' 45' 5" Sl,ObO 55.160' 21,410 11,840 120' bo'Ib2' 112' bH 2l.410 28.150' 9.110 15,010 40' 78' 172' 7" 34.270' )4,270' 
40' 4)' 40'10" 42.bbO 47,210' 17.B20 2b.8bO 70' 5b' lOb' b" 18.b10 23,080' b.9l0 11,940 SO' ]4' 170' I" 27.170' 27,170' 
45' HO l4' 0- l5.9l0 41.100' 15.090 11,070 80' 50' 9Q' '" 15.190 19.100' 5.l10 9.b70 60' 71' IbO'll- 22.100' 12,100' 
50' 22' 15' 0" lO.8S0 )4,b80' 12.910 20.070 90' 44' 89"0" 12.b10 Ib,370' 4.050 7,920 70' b7' Ibl' I" 17.780 19.920' 

100' lb' 77" ," 10.590 14.040' l.OSO b.S20 80' bl' 158' 5" 14.3l0 15.770' 

IS' 79' bS' b" IlO.ooo' 110,000' bl.SlO' 95,860 110' 27' 61'1'" 8.970 12,llO' 2,2l0 S,l80 170' 90' 59' 15l' 0" 11,740 Il,IOO' 

20' 74' 64' 4" 102.090' 10].380' 45,980 b5.2l0 120' 14' 15' 5" 7.b10 10,510' 1.5l0 4.410 (]) 100' 55' 14b' 7" 9.720 10.e40' 

25/ 6'1° b2' 7" 80,580' 81.610' ll.940 48.960 
110' 51' 139' I" 8,100 8.980' 

bO' lO' 04' 60' 5- 65,240' bb.IOO' 2b.SbO l8.8bO 10' 78' I)]"'" 55.590' 55.590' 25.b90 17.950 
120' 47' IlO' 5" b,780 7,460' 

15' 58' 57' 8" S2.lbO 55.290' 21.5bO 3r,cno l5' 7b' m' 8" 51. lbO' 51,160' 20.040 ll.020 
110' 42' 120' 2" S.b70 b,24O' 

40' 52' 54' 2" 42,910 47.310' 17.940 2b.980 40' 74° Ill' 5- 41.420 45 .. 400' 17.000 2b.000 
140' 37' 107'11" 4,730 5,100' 

50' 19' 44' b" ll,ObO lb.340' Il.OSO 20.190 50' b9' 128' 0" lO.4S0 l5,loo' 11.100 19,210 
ISO' lO' 92'10" 1,920 4.310' 

60' 20' 2b'10" 2l,890 19,090' 9.850 15.750 60' MO 121' 8" 23.2bO 17.9l0· 8.940 14,820 lbO' 2l' 73' 0" 1,200 1,510' 

110' 70' 59' J IS' 4" 18,460 22.850' b.750 , 1.750 170' 12' 040'"" 1,SbO 2,820' 

20' 7b' 74' 7" 100.500' 100.500' 45.900 bS,200 80' 54' III' 8- 15.010 19,070' 5.120 9.480 

25' 72' 7)' 2" 80.490' 81.520' 1l.900 48.910 90' 48' 10l' 7" 12.450 16,100' l.870 7.7l0 40' 78' 182'11" 31,110' 31.110' 

10' b8' 71' 5" 65,150' 05.990' 2b.SOO l8.800 100' 42' 9l' 8" 10.430 Il.810' 2.880 b,)40 50' 75' 180' b" 25,100' 25,100' 

70' 15' bl' b9' I" 52,400 55.180' 21,500 ) 1,(110 110' lS' 81' 2" 8.820 11.920' 2.0bO 5.210 60' 72' 177' b" 20.350' 20.150' 

40' 59' bb' 4" 42.910 47,210' 17.890 2b.910 120' 2b' M' 4" 7,480 10.320' ---- 4.2bO 70' b8' 17)'1'" Ib.OOO 19,360' 

50' 48' 58'11" 11,070 30,270' Il.ooo 2Q,I30 IlO' Il' lb' 7" b.3S0 8.900' ---- l,4)O 80' bS' Ib9' b- 14.140 15.550' 

60' lb' 47'11" 23.910 29.0bO' 9,840 15.740 
180' 90' bl' 1M' b" 11.550 12,710' 

70' 18' 18' b" 19,110 13,920' 7.590 12.b10 lO' 79' 144' , .. 52.170' 52,170' 25,510 37.780 
(]) 100' 58' 158' 7- 9,510 10.480' 

15' 77' 141' 0- 47,450' 47,450' 20.470 10.850 
110' 54' lSI' 8" 7,910 8,700' 

40' 75° 141"0" 42.300 42,790' lb,B20 25.820 
120' 50' 14)'10" b,580 7.140' 

20' 7a- a-4'II" 95,000· 95,000· 45,910 b5.11O 50' 11- 118' 8" 10,lOO 14,780· 11.910 19,020 
1)0' 45' IH' 8" 5,480 6,010· 

25' 74' 8l' 8" 80.350' 81,380' ll.820 48.820 
60' bb' 134' 8" 21.100 27.b80' 8.760 14,630 

140' 41' 12l'll" 4.540 4,990' 
30' 71° 81' I" b5,ooo' b5.860' 2b.410 l8.700 

70' b2' 129'10" 18.190 22.blO' b.SbO II.SbO 
150' l5' III' 2" l,730 4,100· 

l5' 07' 80' I" 52.180 55.040' 21,-400 lI.800 1-40' 80' 57' '23',," 14,8bO 18,8-40· 4.9l0 9,290 
160' lO' 95' b" 3.020 1.320' 

80' 40' bl' 77'10" 42.890 -41.080· 17.780 2b.800 
90' 52' lib' 8" 11,280 15.9)0' l.b80 7,540 

170' 22' 75' 0" 2.400 2,MO· 
50' 55' 71' 8" 11,020 16,120· 12.900 20.010 100' 4b' 108' 0" 10,2bO 11.600' 1.b90 b.150 

180' II' 41"," 1.830 2,010· 
60' 45' bl' 1" 2l.880 28.940' 9.750 14,640 
70' )40 51' I" 19,100 21,850· 7,540 12,550 110' 41' 97' b" 8,bSO 11.700' 1.880 5.D20 

80' 17' 10' 0" 15.blO 10.000' 5.800 10.ll0 120' )4' 84' 2- 7.110 10,100· ---- 4.080 
130' 25' bb' 7" b.200 8,750' ---- l.270 
140' Il' l7' 8" 5.140 7.480' ---- 1.570 

20' 79' 95' I" 90,000' 90.000' 45.820 b5.040 
15' 7b' 9-4' 0" 77.0l0' 77.0l0' ll,710 48.700 l5' 78' '53' 4" 44.330· 44,330· 20,290 10,b60 10' 73' 91' 7" M.840' b5.b90' lb,290 l8,570 
l5' 70' 90'11" 51.340 54,870' 21.270 ll.b70 40' 16' 152' I" 19,730' 19.730' Ib.040 2S.blO 

90' 40' 66' 88'11" 41.8l0 46.910· 17,b50 2b,b70 50' 72' 149' 2" 10.100 31.b90' 11,720 18.830 

50' 59' 83' 8" lO.94O 15.950' 12,770 19.890 bO' b8' 145' r 22.940 25.900' 8.560 14,410 

00' 51' 7b' 8" 23.790 18.760' 9.b20 15.510 70' M' '41' ,. 18,llO 21,410· b.360 II.lbO 

70' 42° b7' 2" 19,010 2l,b90' 7.420 12.430 ISO' 80' 59' 135' 7" 14.b80 Ib.860' 4,7-40 9,090 
I 80' ll' 54' 0" 15.580 19.890· 5.780 10.150 90' 55° 119' 2- 12.100 14,-410· 1.490 7,340 

90' Ib' 11' b" 12,970 16,920· 4.480 8.150 100' 50' 121' 5- 10.090 12.230' 2.-490 5.9bO 
110' 45' 112' 2" 8,-470 10.3bO' l,b80 4,8l0 
120' 39' la" I" 7.150 8,880' ---- l.890 

25' 78' 104' 4" 72.720' 72.720· ll.590 48.570 1l0' 31' 87' 2" b.040 7.610· ---- l,090 
lO' 75' 101' 0" 04.040' 65,490· 20.lbO l8.4l0 140' 14' b8'10" 5,090 6,510' ---- 2.400 
l5' 72' 101' b" 52,270 54,b70' 21.130 ll.520 ISO' 12' 18'10" 4.250 5,610· ---- 1.780 
40' 69' 99' 8" 41,750 4b.720' 17.500 2b.Sl0 

100' 50' bl' 95' I" 10,8l0 3S.7bO' 12.b20 19.730 
bO' Sb' 89' I" 23.b80 28,580' 9,470 15.350 
70' 48' 81' 4" 18,900 23,500' 7.270 11,280 
80' 40' 71' 0" 15.470 19,110· 5.040 10.010 
90' lO' 56'10- 12,880 16.710' 4,l80 8,240 

100' IS' 12'10" 10.840 14,400' 1.340 b,810 

(Courtesy o/Link-Belt Speeder.) 

and load radius on the lifting capacity of a truck crane, and structural designers 
should be aware of these data. It should be noted that the capacity of a truck 
crane is less when it is used without the benefit of its outriggers and is supported 
by its tires alone. Outriggers extend transversely from the carrier and increase 

ONTIUS 

Sid • la.r 

20,110 lO,480 
Ib,4S0 25,440 
II.SlO IB.blO 
B.l70 14.240 
b,l60 11.160 
4.540 8.890 
1.290 7.140 
2,290 5,760 
1.490 4,blO 

---- 1,b90 
---- 2.890 
---- 1.210 
---- l.blO 
---- ----

19.9l0 10.190 
Ib.270 15,250 
11,)40 18,410 
8.170 14,010 
5.960 10,9bO 
4.ll0 B.b90 
l,080 b,94O 
2,090 5.550 

---- 4,420 
---- 1,480 
---- 1.b90 
---- 2.010 
---- ----
---- ----
---- ----

Ib,070 2S.0bO 
11.140 18.130 
7.970 Il,810 
5.760 10.7SO 
4,1l0 8,480 
1.880 b,7)O 
1.890 5.340 
---- 4,110 
---- 1.180 
---- 2.490 
---- 1,8!0 
---- ----
---- ----
---- ----
---- ----
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the overturning capacity of the crane. It also is important to understand that a 
crane must be as close as possible to level when lifting large loads. The problems 
and costs associated with leveling the terrain on which a crane is to operate 
must be addressed in determining the feasibility of an erection method. If it is 
necessary to move a large precast member some distance by moving 
("walking") with one or more cranes, the ground over which they must move 
must be made smooth, very nearly level, and firm. 

Precast building beams and girders often can be efficiently erected by using 
truck cranes in combination with small dollies, even when the building dimen­
sions, site conditions, or crane capacity precludes the possibility of the crane 
setting the members into their final locations. In this case, one or two cranes 
are used to hoist the precast member to the proper elevation, where it is set on 
two dollies. The dollies are then used to move the member horizontally to the 
final location. The dollies can be provided with hydraulic jacks that permit the 
members to be raised or lowered as needed after they have been positioned 
horizontally. This method does not work well, however, on sloping floors of 
the type frequently used in parking garages. 

18-3 Crawler Cranes 

Crawler cranes with high capaCItIes occasionally are used to erect precast 
members. Crawler cranes must be moved from site to site on large trailers, so 
their use is often costly and difficult in developed areas. The load radius for a 
crawler crane is measured in a manner similar to that of a truck crane (see Fig. 
18-2). 

The capacities of a 103.5-ton crawler crane are given in Table 18-4. Crawler 
cranes working under maximum lifts, like truck cranes, must be level and on 
firm ground. 

18-4 Floating Cranes 

Floating cranes, some with capacities as great as 1500 metric tons, are available 
in some parts of the world. The girder shown being erected in Fig. 18-3 weighs 
230 tons and is approximately 200 ft long. Cranes of this type are very efficient 
in erecting precast concrete members in bridges and piers located on or over 
water. The use of floating cranes is restricted to sites at which the water is 
relatively calm, without excessive currents or high waves, and of sufficient 
depth. Truck and crawler cranes sometimes are placed on barges and used as 
floating cranes. 

18-5 Girder Launchers 

Large precast bridge girders sometimes are erected with girder launchers of the 
type shown in Fig. 18-4. Launchers generally incorporate steel trusses, although 
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Radius 

Fig. 18-2. Load radius for a crawler crane. 

aluminum has been used. For short spans, steel beams have been used to erect 
relatively light concrete girders in lie of steel trusses (Stergiou 1967). 

There have been many different variations in the construction of girder 
launchers, but they almost invariably are designed to be advanced from span to 
span by moving over the previously erected girders and cantilevering out to the 
next pier. When set in position, the launcher provides an overhead structure 
strong enough to support the necessary erection loads. Launchers normally are 
provided with hoists for raising and lowering the precast concrete girders as 
required in the erection process. Some launchers provide transverse rails and 
trollies for moving the girders laterally and setting them in their final position. 
Others are not equipped to move the precast concrete girders transversely, in 
which case, after being set on the piers, the girders are moved laterally on 
greased plates until they reach their final position. The sequence in erecting a 
bridge with a girder launcher is illustrated in Fig. 18-5. 

It should be noted that the launcher shown in Fig. 18-5 is approximately 1.7 
times the length of the girder that is to be erected. One of the precast concrete 
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TABLE 18-4 Capacities of a 103.5-Ton Crawler Crane with Tubular "Hi-lite" Boom. 

w w W 
lOON loom Ctwt. Ctwt. lOON loom Ctwt. CIwt. lOON loom CIwt. CIwt. 

Point "A" "AI" Point "At" ""," Poi .. "A" "AI" 
~ .. d .. .... 10 Hei,ht Le."" Radius An" • Heitht LenCJtII Radius AItCJI. Hei,ht 

!l' SO' sb' 0" 207.000' 207,000' 25' 79' II~'IO- M.OIO 102.bOO 35' SO' 174' 0- 42,170 61.340· 
14' 79' 55'10" ISs.oqO' 207,000' 30' 77' 113' 9- 52,910 79.140 40' 78' 173' 0" 34.SbO 53.060 
IS' 7S' 55' S- 160,470· 207.000' 35' 14' 112' 5- 42.600 O4.oqO SO' 75' 170' 7- 2S.3S0 39,310 
Ib' 77' 55' b- 144.660 200.000' 40' 71' 110'11" 35.420 s3.b20 bO' 71' Ib9' b- 19 .. 190 30,7S0 
17' 7b' 55' 3- 129.310 IS7,910 SO' bs' 10b'll- 2b,OOO 39.940 70' b7' Ib3' 8- 15.480 24.970 
IS' )4' 54'10- IIb,S30 Ib9.9S0 110' bO' bO' 101' 9" 20.410 31.b70 80' 64' 159' ," 12.570 20.750 

50' 19' 73' 54' 7- 106,490 155.050 70' 54' 95' 2- Ib,390 25.870 90' 60' 153' 9- 10,360 17.SSO 
20' 72' 54' 4- 97.7S0 144,720 80' 47' 86'10- 13,4S0 21.bOO 170' 100' Sb' 147' 5- a.b20 15.040 
25' bb' 52' 5- 69,010 102.bOO 90' 39' 7b' ,- 11.2bO IS.400 110' 51' 140' I" 7,220 !l.010 
30' 59' 49'10" 52.910 79.140 100' 30' bl' b" 9.500 15,920 120' ~7' 131' 7- b.OOO II,HO 
35' 53' 40' 5- 42,600 O4.oqO 110' 17' 3S' 2- S,04O 13.S30 130' 43' 121' b- smo 9.930 
40' 45' 42' I" 35,420 s3.b20 140' ]7' loq' b- 4,250 8.730 
SO' 25' 27' S" 2b.000 39.940 25' SO' 125' 0" b9.010 /01 ,bOO- ISO' 31' 94'10- 3.530 7.700 30' 7S' 124' 0- 52.910 79.140 lbO' 2~' 75' S- 2.S90 b,790 14' SI' bb' 0" ISs,090' 201.160' 35' 75' 122'10- 42.600 64.oqO 170' 13' 4b' 0- 2,300 5,960 IS' SO' 65'10- 160.470· 197.940' 40' 73' 121' 5- 35,420 s3.b20 
Ib' 79' bs' S- 144,bOO 197.500' SO' bS' 117'10- 2b,ooo 39.940 35' SO' IS4' 2- 42,040 ss.bsO' 
17' 7S' bs' 5- 129,310 IS7,910 120' bO' b3' 113' 2- 20.250 31.540 40' 79' IS3' 3- 34.720 51.970' 
IS' 77' bs' 2- I1b,S30 Ib9.9S0 70' 57' 107' 4- Ib.200 25.740 SO' 75' IS0'11- 25.230 39.160 
19' 7b' M'II- IOb.490 Iss.0SO SO' 51' 100' ,- 13.3SO 21.540 bO' 72' 17S' 0- 19.340 30.b30 

bO' 20' 75' M' 9- 97.7S0 144.720 90' 45' 91' 0- 11,140 IS.ll0 70' b9' 174' 5- 15.320 24.S10 
25' 70' bl' 2- b9,Ol0 I 02. bOO 100' ]7' 79' b- 9.400 Is.SIO SO' bs' 170' 2- 12.410 20,590 
30' bs' bl' ,- 52.910 79.140 110' 29' M'," 7,970 13.760 90' b2' IbS' 2" 10.200 17.390 
35' 60' SS' b- 42,600 O4.oqO 120' Ib' 39' 7- b.700 12.030 ISO' 100' SS' 159' 5- S.460 14.SS0 
40' 54' 55' 2- 35,420 s3.b20 110' 54' 152' 8" 7,060 12.&50 
50' 41' 45'11- 2b.000 39.940 25' S,' 135' 2" b9.010 93.2S0' 120' SO' 144'10" 5.900 II.ISO 
1>0' 23' 29' 9- 20,410 31.b90 30' 79' 134' )" 52,910 79.140 130' 4b' 135'10- 4,930 9,770 

35' 77' Ill' 2- 42.600 b4.090 140' 41' 125' .- 4.100 S.SSO Ib' SI' 75'11" I 44,bOO 179,500' 40' )4' 131'10- 35,390 s3.b20 ISO' 30' 112'10- 3.3S0 7,SSO 17' SO' 75' S- 129,310 179,000· SO' 70' 12S' )" 2s.9bO 39.900 IbO' 30' 91' 7- 2,750 b.MO IS' 79' 75' 5- IIb,S30 Ib9.9S0 60' bS' 124' 4" 20.110 31.400 170' 23' 77' 9- 2.ISO S,S4O 19' 7S' 75' 3- 106.490 155.050 130 70' 60' I p~~ '" Ib.IIO 2s.bOO ISO' 13' 47' I" l,bOO 5.110 20' 77' 75' 0" 97.780 144.720 SO' 55' 112' S- 13.210 21.390 
70' 25' 73' 73' 8- b9.010 102.bOO 90' 49' 104' q" 11.000 18.190 35' SO' 194' 4" 41.900 49.9SO' 

30' bS' 71'1'" 52.910 79.140 100' 43' 95' 0- 9.260 Is.b70 40' 79' 193' 5- 34.SS0 46,080· 
35' 04' b9' 9- 42.600 04,090 110' 3b' 82'10- 7.840 13.640 SO' 7b' 191' 3" 25.080 39.010 
40' 60' b7' ,- 35.420 s3.b20 120' 27' bb' 7- b.b70 11,940 bO' 73' 188' )" 19.IS0 30.470 
SO' SO' bO'OO 2b.000 39.940 130' IS' 4" 0" 5.640 10.490 70' 70' ISS' I- 15,160 24.650 
bO' 38' 49' b" 20.410 31,b90 80' b7' lSI' 2- 12.240 20.430 
70' 211 31' 8- Ib.sl0 2b,OOO 30' 80' , ..... 7" 52.910 79.140 90' b3' i7t>' b" 10.030 17.220 

35' 77' 143' 5- 42.540 64.030 100' 60' 17" 0" S.290 14.710 17' 81' SS' 9- 129.310 1604,000· '0' 75' 142' 3- 35.260 SHOO 190' 110' Sb' Ib4'10" b.890 12.b80 18' SO' SS' b- I1b.830 162.000· SO' 71' 137' .... 25.820 39.750 120' 53' IS)' S- 5.730 11.010 19' 79.5' 85' 5- 106,490 155.050 bO° b7' 135' 4- 19.950 31.240 130' 49' 149' 5- 4,760 9.b10 20' 79' SS' 3- 97.7S0 144.720 70' b2' 130' b- 15.960 25.440 I~O' 45' 140' 0- 3.940 S.420 25' 75' 84' ," b9.010 102.bbO 140' 80' 57' 124' 8" 13.0SO 21.230 ISO' 40' 129' 0- 3.220 7,390 SO' 30' 72' S2' )" 52.910 79.140 90' 52' 117' 8" 10.S40 IS,030 lbO' 35' lib' 0" 2,590 b,490 35' bS' SO' 9- 42.600 64.090 100' 47' 109' 2- 9.100 15.520 170' 30' 100' 2- 2.040 s.b9.0 40' 64' 7S' b- 35.420 s3.b20 110' 41' 98'11- 7,700 13,490 180' 23' 79' 9" 1,540 4,980 50' 55' 72' 7- 2b,OOO 39,940 120' 35' 8b' 0- b,s30 11,800 190' 13' 48' )"" 1,070 4,320 1>0' 4b' 04' 5- 20,410 31,b90 130' 2b' bS'II- S,S40 10,380 
70' 35' 52' 9" 16,510 26.000 140' IS' i2' 3" 4,600 9,1-40 40' 80' 20]' 7" H .. 430 45.200· 
SO' 20' ll' 5- 13,b20 21,SOO 50' 77' 201' bH 24,920 35.830· 

30' 80' 154' 7" 52,900 7S.8QO· 60' 7" 198'11" 19,020 30,310 19' SI' 95' 8- 100,490 147.000· 3S' 7S' IS3' S- 42,400 b3,900 70' 7)' 195' 9- 14,990 24,4S0 20' SO' 95' 5- 97,780 139,290' 40' 76' 152' b- 3S,120 Sl,320 SO· b8' 192' 0- 12,080 20,260 25' 77' 94' 5- b9,010 I 02 ,bOO 50' 72' 14Q' 9" 25,600 39,600 90' bS' 187' 1" 9,SOO 17,050 30' 14' 93' I- 52,910 79,140 bO' bS' 14b' 2- 19,190 31,OSO 100' bl' IS2' b- S,120 14,540 3S' 70' 91' S- 42,600 04,090 70' 04' 141' 9" IS,790 2S,2S0 liD' SS' 176' 8- 6,720 12,510 90' 40' b7' S9' b- 3S,420 S3,b20 ISO' SO' 60' 136' 5- 12,SSO 21,060 200' 120' 55' 170' I" S,sbO 10.840 50' 60' S4' S- 2b,000 39,940 90' 55' 130' ,- 10,b70 17,S70 130' 51' 162' b- 4.590 9,440 bO' S2' 77' S- 20,410 31,690 100' 5" 122' 6- 8,940 15,350 140' 47' 153'11" 3,770 8,240 70' 43' 68')" 16.510 26,000 liD' 45' 113' 6- 7,530 13,320 ISO' 43' 144' I" 3,OSO 7,220 SO' ll' SS'IOO 13,620 21,SOO 120' 40' 102' 7- b,370 l1,bsO lbO' 39' !l2' 8" 2,430 6,320 90' IS' 35' ,- I1,J70 18,560 IJO' ll' S9' 0- 5,390 10,230 170' ]4' Ilq' 210 I,S80 5,530 140' 26' 71' 3- 4,540 9,020 180' 29' 102'10" 1,380 4,830 20' SI' lOS' 7- 97,7S0 127.550· ISO' 14' 43' b- 3.7S0 7,9SO IqO' 22' 81' q" - 4,190 25' 7S' 104' 8- b9,010 102,bOO 
200' 12' 49' 4" - 3,600 30' 75' 103' 6- 52,910 79,140 30' 81' Ib4' q" S2,S10 70.120' 

35' 72' 102' 0" 42,600 O4,oqo 3S' )9' Ib3'10- 42,290 b3,780 
40' 09' 100' 3- 35,420 s3,b20 40' 17' 162' 9- 34,990 53,190 

100' 50' b3' 95'10" 2b,ooo 39,940 SO' 74' 160' 2- 25,520 39,460 
60' sb' 90'0" 20,410 lI,b90 1>0' 70' IS6'10- 19,640 30,930 
70' 49' S2' 4- 16,500 2S,980 70' bO' IS2' 9- IS,64O 2S,120 
SO' 41' 72' 5- 13,SSO 21,770 80' b2" 141'10" 12,730 20,910 
90' Jl' SS' 9- II,3S0 IS,S40 IbO' 90' SS' 142' A" 10,520 17,710 

100' 17' lb' S- 9,SSO 15,970 100' S3' 135' 2- 8,780 15,190 
110' 49' 127' I- 7,370 13,170 
120' 44' 117' 7- 6,210 11,490 

(Courtesy of Link-Belt Speeder.) 130' 38' 106' I" S,240 10,OSO 
140' ]2' 92' 0" 4,400 S,8S0 
ISO' 25' 73' b- 3,b70 7,S30 
160' 14' 44' 9- 3,000 6,900 
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Fig. 18-3. Floating crane erecting a 230-ton girder on Crossbay Parkway Bridge in New 
York City . 

Fig. 18-4. Girder launcher erecting a 70-ton. 130-ft-long girder in Bolivia. 



Fig. 18-5. 
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Sequence in using a girder launcher. (1) Launcher assembled with girder 
connected for a counterweight. (2) Launcher and girder being moved into 
place for erecting first span. (3) Launcher in place for erecting first span. (4) 
Girder connected to launcher at outboard end. (5) Girder supported by 
launcher. (6) Girder erected. 

girders is used for a counterweight when the launcher is being advanced into 
position. 

The approximate weights of concrete bridge girders with wide top flanges, 
and thus suitable for launcher erection without temporary lateral bracing, 
together with the approximate weights of a launcher truss of sufficient strength 
for various combinations of weight and span, are shown in Fig. 18-6. The weight 
of the dollies used to move the precast concrete girders to the launcher, the 
hoists, and other necessary equipment is approximately equal to that of the 
launcher itself. 

Girder launchers capable of erecting girders 220 ft long and weighing 270 
tons have been designed, and their use has proved feasible. For the longer and 
heavier girders, launchers having guy-cables supported from a central tower, 
as shown in Fig. 18-4, are considered to be the most economical. For erecting 
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Fig. 18-6. Approximate bridge girder and launcher-truss weights for various spans. 

shorter spans, cantilevered trusses, without a central tower, as shown in Fig. 
18-7, have proved economical and efficient. 

18-6 Falsework 

Falsework can be used to erect precast bridge girders economically under condi­
tions where large cranes and girder launchers cannot be used because of inavail­
ability or site conditions. The falsework may consist of wood or steel towers 
supporting steel or wood beams. The precast girders nonnally are rolled onto 
the beams and then slid transversely into place on greased plates. Alternately, 
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Fig . 18-7. Cantilevered launching truss . 

the girders may be precast in segments, assembled, stressed, and grouted on 
falsework. The latter procedure eliminates the need for moving the assembled 
girder. Many methods of sliding girders transversely have been used. The details 
of the scheme used on the Bamako Bridge are shown in Fig. 18-8 (Muller 
1960). 

Falsework of the types used in cast-in-place construction can be used in the 
erection of bridges designed to be constructed segmentally with precast concrete 
segments erected in cantilever. With this technique, the segments can be as 
large as permitted by the available transport and erection equipment, and the 
cantilever or negative moment tendons can be placed in the configuration 
normally used in cantilever construction or extended over the entire length of 
the cantilevered segments, as shown in Fig. 18-9. The construction is completed 

Wood struts 

Side View End View 

Fig. 18-8 . Bamako Bridge apparatus for transverse sliding of girder. 
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(a) Two cantilevers before post-tensioning 

Post-tensioned 
cantilever tendons 

Cantilever tendons to be 
post-tensioned 

(b) Two sets of two cantilevers 

Joint cast after completion of both 
cantilevers and falsework removed 

Continuity tendons 

(c) Center span completed by cast-in-place closure and 
post-tensioning of continuity tendons 

Fig. 18-9. Falsework utilized with the cantilever erection technique. 

by the placing of the cast-in-place concrete joint between the ends of the canti­
levered segments and the installation of the continuity tendons. 

Conventional falsework often is used to erect precast segments in the end 
spans of structures erected in cantilever, and has been used with the span-by­
span technique. The latter is illustrated in Fig. 18-10, where it will be seen that 
the segments are erected on falsework provided with adjustable jacks for' 'fine 
grading" the erected segments. The erected segments normally are post­
tensioned together first to form simple spans supported at their ends by the piers. 
After the adjacent span is erected and the cast-in-place closure has been cast 
and cured, continuity tendons are placed and stressed as shown. In this method, 
if correctly executed, the falsework bents near the piers do not have to support 
the entire dead-load reaction of the individual spans segments; this is done by 
the piers. 

Precast concrete segments for a number of bridges have been erected by using 
falsework trusses rather than the conventional falsework, as illustrated in Fig. 
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Post-tensioned tendons 

(a) Erection of first span 

~~ ~~:~J=:r--r-;-r,~"""""""'jl 
I I 

, 

~ 
(b) Erection of second span 

~~~~:~1f=r-T"""T""""T"", b, ' :~:,Il~,~~ ~j 
~ I I Falsework I I 

: removed : : 

(c) Erection of third span 

Fig. 18-10. Falsework utilized with the span-by-span erection technique. 

18-11. With this technique the falsework trusses are supported by the piers and 
moved forward (for mUlti-span structures) as the erection progresses. The false­
work trusses can be designed to support the segments from the soffit of the slab 
overhangs or from hangers attached to transverse beams that span between the 
trusses. 

18-7 Erection with Gantries 

Virtually all large bridges constructed with precast segments have been erected 
with a gantry or gantries designed expressly for the particular structure. There 
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C 

~ 
(a) Erection truss in position for erection of span A-B 

(b) Erection truss in position for erection of span B-C 

(c) Cross section of erection truss and bridge section. 

Fig. 18-11. Trusses utilized with the span-by-span erection technique. (a) Erection truss 
in position for erecting segments in a span. (b) Erection truss advanced to 
next span after prestressing of previously erected span. (c) Cross section 
of erection truss and bridge section. 
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have been cases, however, in which gantries constructed for one project have 
been modified and used on a subsequent project or projects. The preferred 
erection method uses the specially designed gantries because they are capable 
of erecting the segments at a more rapid rate than other types of equipment and 
procedures, and, once erected and placed in service, they are completely 
independent of the terrain (or water) over which they are working. The relatively 
high first cost of erection gantries cannot be amortized on a bridge of low or 
moderate cost. 

The first erection gantry used to erect precast concrete segments was employed 
in 1964 on the Oleron bridge in France, shown in Fig. 18-12. The erection was 
done one segment at a time, with the segments being delivered to the gantry 
over the top of the previously erected structure. The four gantries used in the 
erection of the Rio-Niter6i bridge in Brazil were able to erect a typical span of 
262 ft every seven days. The gantries used on the Rio-Niter6i bridge were 
designed to erect two segments at the same time, with the segments being trans­
ported to the gantries on barges, as shown in Figs. 18-13 and 18-14. 

The designs of some bridges do not provide sufficient strength at the connec­
tion of the superstructure to the substructure to resist the unbalanced moment 
induced by the cantilever erection technique. In this case, temporary bracing 

Fig. 18-12. Gantry erecting precast segments on the Oleron Bridge. (Provided by and 
reproduced with the permission of the Freyssinet Company, Inc., Charlotte, 
NC) 
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Fig. 18-13. Rio-Niter6i Bridge during construction. (Provided by and reproduced with 
the permission of the Freyssinet Company, Inc., Charlotte, NC) 

must be provided to stabilize the structure during the erection process. The 
bracing has been done by using the erection gantry itself, as shown in Fig . 
18-15. 

Contemporary erection gantries are much different from the ones used on the 
01eron and Rio-Niter6i bridges, and their evolution is expected to continue as 
experience is gained from each new application. 
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Appendices 

A. Recommendations for Estimating Prestress Losses, 
Prepared by the PCI Committed on Prestress Losses 

B. Excerpts from the Eleventh, Thirteenth, and Fourteenth 
Editions of the AASHTO STANDARD SPECIFICATIONS 
FOR HIGHWAY BRIDGES 

C. Estimating Prestress Losses, by Paul Zia, H. Kent Preston, 
Norman L. Scott, and Edwin B. Workman 

D. Section 11 and Appendix D from Design o(Concrete Struc­
tures for Buildings a National Standard of Canada. 
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This PCI Committee report summarizes 
data on creep and shrinkage of concrete 
and steel relaxation, and presents both 
a general and a simplified design 
procedure for using these data in 
estimating loss of prestress after any given 
time period. A Commentary explains the 
design provisions. Detailed design examples 
for pretensioned and post-tensioned concrete 
structures explain the procedures. 

This report is reprinted from the copyrighted JOURNAL of the Prestressed Concrete 
Institute, Vol. 20, No.4, July-August 1975. Reprinted with permission. 
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COMMITTEE STATEMENT 
This recommended practice is intended to give the 
design engineer a comprehensive summary of research 
data applicable to estimating loss of prestress. It 
presents a general method whereby losses are 
calculated as a function of time. 
This report contains information and procedures for 
estimating prestress losses in building applications. The 
general method is applicable to bridges, although 
there are some differences between it and the AASHTO 
Standard Specifications for Highway Bridges with 
respect to individual loss components. 
A precise determination of stress losses in prestressed 
concrete members is a complicated problem because 
the rate of loss due to one factor, such as relaxation of 
tendons, is continually being altered by changes in 
stress due to other factors, such as creep of concrete. 
Rate of creep in its turn is altered by change in tendon 
stress. It is extremely difficult to separate the net 
amount of loss due to each factor under different 
conditions of stress, environment, loading, and other 
uncertain factors. 
In addition to the foregoing uncertainties due to 
interaction of shrinkage, creep, and relaxation, physical 
conditions, such as variations in actual properties of 
concrete made to the same specified strength, can vary 
the total loss. As a result, the computed values for 
prestress loss are not necessarily exact, but the 
procedures here presented will provide more accurate 
results than by previous methods which gave no 
consideration to the actual stress levels in concrete 
and tendons. 
An error in computing losses can affect service 
conditions such as camber, deflection, and cracking. It 
has no effect on the ultimate strength of a flexural 
member unless the tendons are un bonded or the final 
stress after losses is less than O.5fpu. 
It is not suggested that the information and procedures 
in this report provide the only satisfactory solution to 
this complicated problem. They do represent an 
up-to-date compromise by the committee of diverse 
opinions, experience and research results into relatively 
easy to follow design formulas, parameters, and 
computations. 
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CHAPTER 1-GENERAL ASPECTS RELATED TO 
PRESTRESS LOSSES 

1.1-Tensioning of Prestressing 
Steel 

l.l.l-Pretensioned construction 

For deflected prestressing steel, loss 
DEF, occurring at the deflecting de­
vices, should be taken into account. 

1.l.2-Friction in post-te:1sioned con­
struction 

Loss due to friction in post-tensioned 
construction should be based upon 
wobble and curvature coefficients 
given below, and verified during 
stressing operations. The losses due 
to friction between the prestressing 
steel and the duct enclosure may be 
estimated by the following equation: 

FR=T.[l-e-(KI,.+".)] (1) 

When (Klt3! + p,a) is not greater than 
0.3, the following equation may be 
used: 

(2) 

Table 1 gives a summary of friction 
coefficients for various post-tension­
ing tendons. 

1.2-Anchorage 

Loss ANC, due to movement of pre­
stressing steel in the end anchorage, 
should be taken into account. Slip at 
the anchorage will depend upon the 
particular prestressing system uti­
lized and will not be a function of 
time. Realistic allowance should be 
made for slip or take-up as recom­
mended for a given system of 
anchorage. 

1.3-Transfer of Prestress 

Loss due to elastic shortening may 
be calculated according to the pro­
visions in this recommended prac­
tice. The concrete shortening should 
also include that resulting from sub­
sequent stressing of prestressing 
steel. 

1.4-Effect of Members in 
Structures 

Loss of prestress of a member may 
be affected by connection to other 
structural elements or composite ac­
tion with cast-in-place concrete. 
Change in prestress force due to 
these factors should be taken into ac­
count based on a rational procedure 
that considers equilibrium of forces 
and strain compatibility. 

Table 1. Friction coefficients for 
post-tenSioning tendons. 

Wobble 
Type of coefficient, 
tendon K, per foot 

Tendons in flexible 
metal sheathing 
Wire tendons 0.0010 - 0.0015 
7-wire strand 0.0005 - 0.0020 
High strength 

Curvature 
coeffi­
cient, '" 

0.15 - 0.25 
0.15 - 0.25 

bars 0.0001 - 0.0006 0.08 - 0.30 

Tendons in rigid 
metal duct 
7-wire strand 0.0002 

Pre-greased tendons 
Wire tendons and 

0.15 - 0.25 

7-wire strand 0.0003 - 0.0020 0.05 - 0.15 

Mastic-coated 
tendons 
Wire tendons and 
7-wire strand 0.0010 - 0.0020 0.05 - 0.15 
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CHAPTER 2-GENERAL METHOD FOR COMPUTING 
PRESTRESS LOSSES 

2.1-Scope 

2.1.I-Materials 

2.1.1.I-Lightweight concrete­
Lightweight aggregate concrete with 
a unit weight between 90 and 125 
lb per cu ft where the unit weight 
varies because of replacement of 
lightweight fines with normal 
weight sand. 

2.1.1.2-Normal weight concrete­
Concrete with an approximate unit 
weight of 145 lb per cu ft where all 
aggregates are normal weight con­
crete aggregates. 

2.1.1.3-Pres tressing Stee l-High 
strength prestressing steel that has 
been subjected to the stress-relieving 
process, or to processes resulting in 
low relaxation characteristics. 

2.1.2- Prestressed units 

Linearly prestressed members only. 
Excluded are closed sections pre­
stressed circumferentially. 

2.1.3-Curing 

2.1.3.1-Moist cure-Impermeable 
membrane curing or other methods 
to prevent the loss of moisture from 
the concrete. 

2.1.3.2-Accelerated cure-Curing in 
which the temperature of the con­
crete is elevated to not more than 
160F for a period of approximately 
18 hours, and steps are taken to re­
tain moisture. 

2.1.4-Environment 

Prestressed concrete subjected to 
seasonal fluctuations of temperature 

and humidity in the open air or to 
nominal room conditions is covered. 

The values for UGR and USH are 
based on an average ambient rela­
tive humidity of 70 percent. 

2.2-Total Loss 

2.2.I-Pretensioned construction 

Tr, = ANG + DEF + ES 

+ I (GR + SH + RET) 

" 

2.2.2-Post-tensioned construction 

TL = FR + ANG + ES 

+ I (GR + SH + RET) 

" 
2.3-Loss Due to Elastic 

Shortening (ES) 

(3) 

(4) 

Loss of prestress due to elastic 
shortening of the concrete should be 
calculated based on the modulus of 
elasticity of the concrete at the time 
the prestress force is applied. 

2.3.1-Pretensioned construction 

In calculating shortening, the loss of 
prestress shall be based upon the 
concrete stress at the centroid of the 
prestressing force at the section of 
the member under consideration. 

This stress, for. is the compressive 
stress due to the prestressing force 
that is acting immediately after the 
prestress force is applied minus the 
stress due to all dead load acting at 
that time. 
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2.3.2-Post-teosioned construction Table 2. Minimum time Interval&. 

The average concrete stress between 
anchorages along each element 
shall be used in calculating shorten­
ing. 

2.4-Tlma-Dependent Losses 
(General) 

Prestress losses due to steel relaxa­
tion and creep and shrinkage of 
concrete are inter-dependent and 
are time-dependent. To account for 
changes of these effects with time, a 
step-by-step procedure can be used 
with the time interval increasing 
with age of the concrete. Shrinkage 
from the time when curing is 
stopped until the time when the COD­

crete is prestressed should be de­
ducted from the total calculated 
shrinkage for post-tensioned con­
struction. It is recommended that a 
minimum of four time intervals be 
used as shown in Table 2. 
When significant changes in loading 
are. expected, time intervals other 
than those recommended should be 
used.· Also, it is neither necessary, 
nor always desirable, to assume that 
the design live load is continually 
present. The four time intervals 
above are recommended for mini­
mum non-computerized calculations. 

2.5-Loss Due to Creep of 
Concrete (CRJ 

2.5.1-Loss over each step 

Loss over each time interval is given 
by 

Step 
Beginning time, 

'. EndtI'me, t 

Pretensloned 
anchorage of 
prestresSing 

Age at prestressing steel 
1 of concrete 

Post-tensioned: 
end of curing 
of concrete 

Age = 30 days, or 
time when a mem-

2 End of Step 1 ber Is SU~ected to 
load In a dltlon to 
Its own weight 

3 End of Step 2 Age=1 year 

4 End of Step 3 End of service life 

taking into account the loss of pre­
stress force occurring over the pre­
ceding time interval. 

The concrete stress fe at the time f1 
shall also include change in applied 
load during the preceding time in­
terval. Do not include the factor 
MCF for accelerated cured concrete. 

2.5.2-Ultimate creep loss 

2.5.2.1-Normal weighf concrefe 
(UCR) 

Moist cure not exceeding 7 days: 

UCR = 95 - 2OEoIIOS :=!= 11 (7) 

Accelerated cure: 

UCR = 63 - 2OEc/1OS:=!= 11 (8) 

2.5.2.2-Lightweight concrete (UCR) 

CR = (UCRXSCFXMCF) X Moist cure not exceeding 7 days: 

(PCRXfc) (6) UCR = 76 - 2OEc/1OS:=!= 11 (9) 

where fo is the net concrete compres- Accelerated cure: 
sive stress at the center of gravity 
of the prestressing force at time f1> UCR = 63 - 2OEc/1OS:=!= 11 (10) 
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Table 3. Creep factors for 2.5.3-EHect of size and shape of 
various volume to surface ratios. member (SCF) 

Volume to surface 
ratio, in. 

1 
2 
3 
4 
5 

>5 

Creep factor 
SCF 

1.05 
0.96 
0.87 
0.77 
0.68 
0.68 

Table 4. Creep factors for various 
ages of prestress and periods 

of cure. 

Age of prestress Period of Creep 
transfer, days cure, days factor, MCF 

3 3 1.14 
5 5 1.07 
7 7 1.00 

10 7 0.96 
20 7 0.84 
30 7 0.72 
40 7 0.60 

Table 5. Variation of creep with 
time after prestress transfer. 

Time after 
prestress 

transfer, days 

1 
2 
5 
7 

10 
20 
30 
60 
90 

180 
365 

End of 
service life 

Portion of 
ultimate 

creep, AUC 

0.08 
0.16 
0.18 
0.23 
0.24 
0.30 
0.35 
0.45 
0.61 
0.61 
0.74 

1.00 

Table 6. Shrinkage factors for 
various volume to surface ratios. 

Volume to surface 
ratio, in. 

1 
2 
3 
4 
5 
6 

Shrinkage factor 
SSF 

1.04 
0.96 
0.86 
0.77 
0.69 
0.60 

To account for the eHect of size 
and shape of the prestressed mem­
bers, the value of SCF in Eq. (6) is 
given in Table 3. 

2.5.4-EHect of age at prestress and 
length of cure (MCF) 

To account for effects due to the 
age at prestress of moist cured con­
crete and the length of the moist 
cure, the value of MGF in Eq. (6) is 
given in Table 4. The factors in this 
table do not apply to accelerated 
cured concretes nor are they appli­
cable as shrinkage factors. 

2.5.5-Variation of creep with time 
(AUC) 

The variation of creep with time 
shall be estimated by the values 
given in Table 5. Linear interpola­
tion shall be used between the 
values listed. 

2.5.6-Amount of creep over each 
step (PCR) 

The portion of ultimate creep over 
the time interval tl to t, PGR in Eq. 
(6), is given by the following equa­
tion: 

PGR = (AUG)t - (AUG\ (11) 

2.6-Loss Due to Shrinkage of 
Concrete (SH) 

2.6.I-Loss over each step 

Loss over each time interval is given 
by 

SH = (USH)(SSF)(PSH) (12) 

2.6.2-Ultimate loss due to shrink­
age of concrete 

The following equations apply to 



762 I APPENDIX A 

both moist cured and accelerated 
cured concretes. 

2.6.2.1-Normal weight concrete 
(USH) 

USH = 27,000 - 3OOOEc/1Q8 (13) 

but not less than 12,000 psi. 

2.6.2.2-Lightweight concrete 
(USH) 

USH = 41,000 - 10,OOOEc/1()8 (14) 

but not less than 12,000 psi. 

2.6.3-Effect of size and shape of 
member (SSF) 

To account for effects due to the 
size and shape of the prestressed 
member, the value of SSF in Eq. (12) 
is given in Table 6. 

2.6.4-Variation of shrinkage with 
time (AUS) 

The variation of shrinkage with time 
shall be estimated by the values giv­
en in Table 7. Linear interpolation 
shall be used between the values 
listed. 

2.6.5-Amount of shrinkage over 
each step (PSH) 

The portion of ultimate shrinkage 
over the time interval tl to t, PSH 
in Eq. (12), is given by the following 
equation: 

PSH = (AUS), - (AUS)" (15) 

2.7-Loss Due to Steel 
Relaxation (RET) 

Loss of prestress due to steel relaxa­
tion over the time interval tl to t 
may be estimated using the follow­
ing equations. (For mathematical 
correctness, the value for tl at the 
time of anchorage of the prestressing 

Table 7. Shrinkage coefficients 
for various curing t ....... 

Time after 
end of 

curing, days 

1 
3 
6 
7 

10 
20 
30 
60 
90 

180 
365 

End of 
service life 

Portion of 
ultimate 

shrinkage, AUS 

0.08 
0.16 
G.2O 
D.22 
0.27 
0.36 
OM 
0.65 
0.62 
0.68 
0.86 

1.00 

steel shall be taken as 1/24 of a 
day so that log tl at this time equals 
zero.) 

2.7.1-Stress-relieved steel 

RET = f.,{ [log 24t-Iog 24tl] 110} X 

where 

[fBflfPl! - 0.55] (16) 

f.tlfPl! - 0.55 ;:;" 0.05 
fPl! = 0.85 f,.. 

2.7.2-Low-reIaxation steel 

The following equation applies to 
prestressing steel given its low relax­
ation properties by simultaneous 
heating and stretchin~ operations. 

RET = f.,{ [log 24t-Iog 24tl] 145} X 

[fBflfPl! - 0.55] (17) 

where 

fBflfPl! - 0.55 ;:;" 0.05 

fPl! = 0.90 f," 

2.7.3-Other prestressing steel 

Relaxation of other types of pre­
stressing steel shall be based upon 
manufacturer's recommendations 
supported by test data. 
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CHAPTER 3-SIMPLIFIED METHOD FOR COMPUTING 
PRESTRESS LOSSES 

3.1-Scope 

Computations of stress losses in ac­
cordance with the General Method 
can be laborious for a designer who 
does not have the procedure set up 
on a computer program. The Simpli­
fied Method is based on a large num­
ber of design examples in which the 
parameters were varied to show the 
effect of different levels of concrete 
stress, dead load stress, and other 
factors. These examples followed 
the General Method and the proce­
dures given in the Design Examples. 

3.2-Principles of the Simplified 
Method 

3.2.1-Concrete stress at the critical 
location 

Compute tOf' and tcds at the critical 
location on the span. The critical 10-

cation is the point along the span 
where the concrete stress under full 
live load is either in maximum ten­
sion or in minimum compression. If 
fedB exceeds fer the simplified method 
is not applicable. 

fer and fedB are the stresses in the 
concrete at the level of the center of 
gravity of the tendons at the critical 
location. fer is the net stress due to 
the prestressing force plus the weight 
of the prestressed member and any 
other permanent loads on the mem­
ber at the time the prestressing force 
is applied. The prestressing force 
used in computing fer is the force 
existing immediately after the pre­
stress 'has been applied to the con­
crete. feds is the stress due to all per­
manent (dead) loads not used in 
computing fer. 

Table 8. Simplified method equations for computing total prestress loss (TL). 

Equation !concrete 
Tensioning Equations number weight Type of tendon 

~W LW SR LR BAR PRE POSl 

N-SR-PRE-70 X X X TL = 33.0 + 13.8f •• - 4.5f ••• 

L-SR-PRE-70 X X X TL = 31.2 + 16.8f .. - 3.8f ••• 

N-LR-PRE-75 X X X TL = 19.8 + 16.3f •• - 5.4f ••• 

L-LR-PRE-76 X X X TL = 17.5 + 20.4f •• - 4.8f ••• 

N-SR-POST -68.5 X X X TL = 29.3 + 5.1' .. - 3.0f ••• 

L-SR-POST -68.5 X X X TL = 27.1 + 10.1' •• - 4.9' ••• 

N-LR-POST -68.6 X X X TL = 12.5 + 7.0f •• - 4.11 ••• 

L-LR-POST -68.5 X X X TL = 11.9 + 11.1f •• - 6.2/ ••• 

N-BAR-POST-70 X X X TL = 12.8 + 6.91 .. - 4.0f, •• 

L-BAR-POST-70 X X X TL = 12.5 + 10.9f" - 6.0f ••• 

Nole: Values of TL. I ... and I ••• are expressed in ksi. 
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3.2.2-S;mplified loss equations 

Select the applicable equation from 
Table 8 or 9, substitute the values 
for f,,. and f"ds and compute TL or 
1."., whichever is desired. 

3.2.3-Basic parameters 

The equations are based on mem­
bers ha\'ing the following proper­
ties: 

1. Volume-to-surface ratio = 2.0. 

2. Tendon tension as indicated in 
each equation. 

3. Concrete strength at time pre­
stressing force is applied: 
3.500 psi for pretensioned mem­
bers 
5000 psi for post-tensioned mem­
bers 

4. 28-day concrete compressive 
strength = 5000 psi. 

5. Age at time of prestressing: 
18 hours for pretensioned mem­
bers 

30 days for post-tensioned mem­
bers 

6. Additional dead load applied 30 
days after prestressing. 

Compare the properties of the beam 
being checked with Items 1 and 2. 
If there is an appreciable difference, 
make adjustments as indicated un­
der Section 3.4. 
It was found that an increase in con­
crete strength at the time of pre­
stressing or at 28 days made only a 
T'ominal difference in final loss and 
could be disregarded. For strength 
at prestressing less than 3500 psi or 
for 28-day strengths less than 4500 
psi, an analysis should be made fol­
lowing Design Example 1. 
Wide variations in Items 5 and 6 
made only nominal changes in net 
loss so that further detailed analysis 
is needed only in extreme cases. 

3.2.4-Computing fer 

fer = Ats!/ Ae + A.f.! 6 2/1.-
M'e/Ie (18) 

Table 9. Simplified method equaUons for computing effective prestress ('8e)' 

Equation poncrete 
Number weight Type of tendon Ten~ioning Equations 

NW LW SR LR BAR PRg POST 

N-SR-PRE-70 X X X I .. = If - (33.0 + 13.8f.r -11f.4,) 

L-SR-PRE-70 X X X I" = ff - (31.2 + 16.8f.r -13.5f •• ,) 

N-LR-PRE-75 X X X flO = ff - (19.8 + 16.3f.r -11.9f.4,) 

L-LR-PRE-75 X X X f .. = ff - (17.5 + 20.4f.r -14.5f •• ,) 

N-SR-POST-68.5 X X X f .. = f" - (29.3 + 5.1f.r - 9.5f •• ,) 

L-SR-POST-68.5 X X X f .. = f" - (27.1 + 10.1'.r -14.6f.4,) 

N-LR-POST-68.5 X X X f,. = f" - (12.5 + 7.01.r -10.6f •• ,) 

L-LR-POST -68.5 X X X f .. = f" - (11.9 + 11.1f .. -15.9f.4,) 

N-BAR-POST-70 X X X f .. = f,. - (12.8 + 6.9f.r -10.5f.4,) 

L-BAR-POST-70 X X X f .. = f" - (12.5 + 10.9f .. - 15.7f.,,) . 
Note: Values of ',. '.i' 'er' and 'd. are expressed in ksf. 
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3.2.5-Tendon stress for preten­
sioned members 

Except for members that are very 
heavily or very lightly· prestressed, 
fSi can be taken as follows: 

For stress-relieved steel 

fs' = 0,90 ft 

For low-relaxation steel 

fst = 0.925 ft 

(19) 

(20) 

3.2.6 Tendon stress for post-ten­
sioned members 

Except for members that are very 
heavily or very lightly· prestressed 
f si can be taken as 

fSi = 0.95 (To - FR) (21) 

3.3-Equations for Simplified 
Method 

3.3.1-Total prestress loss 

The equations in Table 8 !;!:ive total 
prestress loss TL in ksi. This value 
corresponds to TL shown in the 
summaries of Design Examples 1 
and 3. 

3.3.2-Effective stress 

The equations in Table 9 give effec­
tive stress in prestressing steel under 
dead load after losses. This value 
corresponds to f.. shown in the 
summary of Design Example l. 

As shown in the summary of De­
sign Example 1, the stress existing 
in the tendons under dead load af­
ter all losses have taken place is the 
initial tension reduced by the 

"When f.r computed by Eq. (18) using 
the approximations for f., is greater than 
1600 psi or less than 800 psi the value of 
f.. should be checked as illustrated in 
Design Example 2. 

amount of the total losses and in­
creased by the stress created in the 
tendon by the addition of dead load 
after the member was prestressed. 
The increase in tendon stress due to 
the additional dead load is equal to 
feM (E8 /E.). 

f .. = ft - TL + fCdiEs/ E,.) (22) 

3.3.3-Explanation of equation 
number 

The equation number in Tables 8 
and 9 defines the conditions for 
which each equation applies: 

1. The first term identifies the type 
of concrete. 
N = normal weight = approxi­
mately 1451b per cu ft 
L = lightweight = approximately 
115 lb per cu ft 

2. The second term identifies the 
steel in the tendon: 
SR = stress-relieved 
LR = low-relaxation 
BAR = high strength bar 

3. The third term identifies the 
type of tensioning: 
PRE = pretensioned and is based 
on accelerated curing 
POST = post-tensioned and is 
based on moist curing 

4. The fourth term indicates the 
initial tension in percent of fp,,: 
For pretensioned tendons it is 
the tension at which the ten­
dons are anchored in the casting 
bed before concrete is placed. 

For post-tensioned tendons it is 
the initial tension in the tendon 
at the critical location in the 
concrete member after losses 
due to friction and anchor set 
have been deducted. 
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3.4-Adiustment for Variations 
from Basic Parameters 

3.4.1-Volume-to-surface ratio 

Equations are based on V /S = 2.0 

3.4.2.2-Post-tensioned tendons 

Equations are based on fBi = 185,000 
psi. If fSi is less than 185,000 psi re­
duce the total stress loss: 

V /S ratio 1.0 2.0 3.0 4.0 For stress-relieved strands 

Adjustment, 
percent +3.2 0 -3.8 -7.6 

Example: For V /S = 3.0, decrease 
TL by 3.8 percent. 

3.4.2-Tendon stress 

3.4.2.1-Pretensioned tendons 
Pretensioned tendons are so seldom 
used at stresses below those shown 
for the equations in members 
where the final stress is important, 
that examples covering this condi­
tion were not worked out. Design 
Example 1 can be followed if nec­
essary. 

t:.TL = 0.41 (185,000 - fSI) (23) 

For low-relaxation strands 

t:.TL = 0.09 (185,000 - fBi) (24) 

For high strength bars which are 
based on fSi = 0.70 f"" 

t:.TL = 0.09 (0.70 f"" - fsi) (25) 

If fSi is greater than the value used 
in preparing the equations, t:.TL will 
be a negative number and will there­
fore increase the value of TL. Note 
that fBI is limited to a maximum of 
0.70 fp" by ACI 318-71. 

COMMENTARY 

In this report a wide range of data 
has been assimilated to develop a 
general method for predicting loss of 
prestress, but including specific nu­
merical values. In addition, creep 
and shrinkage of concrete and steel 
relaxation are presented as functions 
of time. By calculating losses over 
recommended time intervals, it is 
possible to take into account the in­
terdependence of concrete and steel 
deformation. 
It must be emphasized that losses, 
per se, are not the final aim of cal­
culations. What is determined is 
the stress remaining in the prestress­
ing steel. The stress remaining, how­
ever, must be evaluated using ra­
tional procedures. 

The notation commonly used in the 
ACI Building Code is adopted 
wherever possible. For new terms, 
descriptive letters are used. 
References are listed chronological­
ly. Not all the references listed were 
used in developing the numerical 
recommendations. They are in­
cluded because of their value in un­
derstanding time-dependent behav­
ior. 

Chapter 1-General Aspects 
Related to Prestress Losses 

1.1-Friction losses during post-ten­
sioning are estimated using familiar 
equations, but with up-dated coeffi­
cients (see Reference 30). No known 
systematic study has been made of 
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losses that occur at deflecting de­
vices in pretensioned construction. 
The provision is to warn that friction 
at these points may produce condi­
tions where the desired steel stresses 
are not reached. 

1.2-Seating losses are particularly 
important where the length of pre­
stressing steel is short. For this con­
dition, tolerances in seating defor­
mation should not be overlooked. 

1.3-The effect of post-tensioning of 
each individual tendon on previous­
ly anchored tendons should be con­
sidered. This applies, of course, 
when pretensioned and post-ten­
sioned systems are combined. 

lA-Many problems have occurred 
because of unaccounted restraint 
and the effects of volume changes of 
concrete cast at different times. 
There are several references that 
give techniques for calculating these 
effects (References 6, 9, 10, 12, 20, 
29, 30). This reminder is included 
here, even though losses are but one 
factor influenced by structural inte­
gration. 

Chapter 2-General Method for 
Computing Prestress Losses 

This section presents the range of 
data studied and, consequently, the 
range of applicability. Extrapolation 
has been avoided beyond docu­
mented data. In effect, this also 
shows where additional research is 
needed. Some practices and condi­
tions common to certain areas of the 
country cannot be incorporated be­
cause no information is available. It 
is in this situation that experience, 
engineering judgment, and local 
sources of information are depended 
upon. 

2.2-Total loss of prestress is the sum 
of losses due to individual factors. 
Eqs. (3) and '(4) list the factors to be 
taken into account for each type of 
construction. The terms ANC, DEF, 
and FR are defined in Section 1. The 
remaining terms are defined in Sec­
tion 2. Losses due to creep, shrink­
age, and steel relaxation are the sum 
of losses during each time interval 
described in Section 2.4. 

2.3-It is not desirable to be "con­
servative" and assume a low value 
for the modulus of concrete. The es­
timated modulus should reHect what 
is specified for minimum concrete 
strength and what is specified for 
permissible variation of concrete 
strength. 

2.4-The step procedure is recom­
mended to realistically approach the 
actual behavior of prestressed con­
crete. By this technique, it is possi­
ble to evaluate loss of prestress with 
change in time and change in stress. 
What is done here is to take into ac­
count the interdependence of one 
deformation on the other. Specific 
steps are outlined in succeeding sec­
tions. 

2.5-Ultimate creep is the total 
amount of shortening measured on 
standard 6 x 12-in. cylinders. Fig. 1 
illustrates that values differ accord­
ing to the type of cure and the type 
of concrete (References 2, 14, 15, 21, 
24). Ultimate creep is affected by 
relative humidity as shown in Fig. 2 
(References 3, 7, 8, 11, 17). In stan­
dard tests, specimens are stored at 
50 percent relative humidity. Aver­
age relative humidity over the ma­
jority of the United States is 70 per­
cent (Reference 18). Eqs. (7), (8), (9), 
and (10), therefore, are based on 
data shown in Figs. I and 2. 
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Fig. 3 presents the relationship be­
tween creep and the size and shape 
of the test specimen (see References 
7, 11, 17, 19). To apply standard 
creep data to actual members, a 
creep factor SCF is introduced. Val­
ues of SCF versus volume to surface 
ratios are listed in Section 2.5.3. 

Similarly, age at loading and extent 
of moist-cure affect the amount of 
ultimate creep. Data in Fig. 4 (see 
Referenecs 3, 4, 11, 14) illustrate the 
trend. For moist-cured concretes, 
VCR is modified by the factor MCF 
in Section 2.5.4. 

A generalization of creep-time data 
(References 2, 15, 24) was developed 
to take into account the rate of 
shortening due to creep. A typical 
creep curve is shown in Fig. 5. The 
portion of ultimate creep AVe at a 
given time is listed in Table 5. The 

... 3.0 ... I I .. .. -... 
.~ 2.5 r- • '\ .. \.A .. , ·A '\ Q. 

amount of creep PCR in a given time 
interval is simply the difference of 
the amount of creep at the beginning 
and end of the time interval. 
The terms, SCF, MCF, and PCR are 
non-dimensional. VCR was devel­
oped from creep data expressed as 
strain in millionths per psi concrete 
stress. By multiplying these data by 
the steel modulus of elasticity, unit 
steel stress per unit concrete stress 
was obtained. 
Therefore, in Eq. (6), steel stress is 
obtained by multiplying concrete 
stress f. by the product of these four 
non-dimensional terms. As stated in 
Section 2.5, f. is the net concrete 
stress that results from at least full 
dead load and possibly some portion 
of the live load. The amount of live 
load, if any, present for extended 
periods is left to the engineer's judg­
ment. 
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Fig. 1. Ultimate creep versus modulus of elasticity. 
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2.6-Comments on loss due to shrink­
age are similar to those for creep, ex­
cept that concrete stress is not a fac­
tor. Ultimate shrinkage strain from 
standard tests is shown in Fig. 6 
(References 1, 2, 14, 15, 21, 24). 
These data were modified to 70 per­
cent relative humidity using infor­
mation illustrated in Fig. 7 (Refer­
ences 3, 7, 8, 11, 17), and multiplied 
by the steel modulus of elasticity to 
obtain Eqs. (13) and (14). USH is the 
loss in steel stress due to shrinkage 
shortening. 

USH is influenced by the size and 
shape of the prestressed member. 
Shrinkage volume/surface data are 
presented in Fig. 8 (References 7, 11 
17, 19). The size factor SSF is given 
in Table 6. By multiplying USH by 
SSF, standard test data can be ap­
plied to actual prestressed members. 
The variation of shrinkage with time 
was generalized using data in Ref­
erences 2, 15, and 24. This informa­
tion is given in Table 7 as the por­
tion of ultimate shrinkage AUS for a 
specific time after the end of curing. 

The amount of shrinkage PSH oc­
curring over a specifi.: time interval 
is the difference between the amount 
of shrinkage at the bbginning of the 
time interval and that at the end of 
the time interval. 
The loss of prestress over one time 
interval due to shrinkage of concrete 
is stated in Eq. (12). 

2.7-Eqs. (16) and (17) (References 
13, 32) give the loss of prestress due 
steel relaxation. The time tt in 
Step 1, listed in Section 2.4, is at an­
chorage of the prestressing steel. In 
pretensioned construction, where 
elevated temperatures are used in 
curing, losses during curing can be 
studied more closely using Refer­
ences 5, 22, and 26. 
Fig. 9 shows typical steel relaxation 
with time under constant strain. It is 
seen that losses are less for lower 
initial stresses. This illustrates that 
by taking into account concrete 
shortening and steel relaxation over 
a previous time period, subsequent 
losses are less than that under as­
sumed constant strain. 

NOTATION 

Ac = gross cross-sectional area of 
concrete member, sq in. 

As = cross-sectional area of pre- e 
stressing tendons, sq in. 

ANC = loss of prestress due to anchor­
age of prestressing steel, psi 

AUC = portion of ultimate creep at Er 
time after prestress transfer 

AUS = portion of ultimate shrinkage 
at time after end of curing Eel 

C R = loss of prestress due to creep 
of concrete over time interval 
tt to t, psi Es 

DEF = loss of prestress due to deflect-

ing device in pretensioned con­
struction, psi 

= tendon eccentricity measured 
from center of gravity, of con­
crete section to center of gravi­
ty of tendons, in. 

= modulus of elasticity of con­
crete at 28 days taken as 
33w3/~vf':, psi 

= modulus of elasticity of con­
crete at time of initial pre­
stre~s, psi 

= modulus of elasticity of steel, 
psi 
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ES 

fed8 

fe 

It 

= loss of prestress due to elastic 
shortening, psi 

= concrete compressive stress at 
center of gravity of prestress­
ing force due to all permanent 
(dead) loads not used in com­
puting I cr, psi 

= concrete compressive stress at 
center of gravity of prestress­
ing steel, psi 

= compressive strength of con­
crete at 28 days, psi 

= initial concrete compressive 
strength at transfer, psi 

= concrete stress at center of 
gravity of prestressing force 
immediately after transfer, psi 

= guaranteed ultimate tensile 
strength of prestressing steel, 
psi 

= stress at 1 percent elongation 
of prestressing steel, psi 

= effective stress in prestressing 
steel under dead load after 
losses 

= stress in tendon at criticalloca­
tion immediately after pre­
stressing force has been ap­
plied to concrete 

= stress in prestressing steel at 
time tJ, psi 

= stress at which tendons are an­
chored in pretensioning bed, 
psi 

FR = friction loss at section under 
consideration, psi 

Ie = moment of inertia of gross 
cross section of concrete mem­
ber, in.4 

K = friction wobble coefficient per 
foot cf prestressing steel 

It" = le'lgth of prestressing steel 
from jacking end to point x, ft 

MCF = factor that acc:mnts for the 
effect of age at prestress and 
length of moist cure on creep 
of concrete 

Mds = moment due to dead weight 
added after member is pre-
stressed 

M' = moment due to loads, includ­
ing weight of member, at time 
prestress is applied to concrete 

P = final prestress force in member 
after losses 

Po = initial prestress force in mem­
ber 

PCR = amount of creep over time in­
terval tl to t 

PSH = amount of shrinkage over time 
interval tl to t 

RE = total loss of prestress due to 
relaxation of prestressing steel 
in pretensioned construction, 
psi 

REP = total loss of prestress due to 
relaxation of prestressing steel 
in post-tensioned construction, 
psi 

RET = loss of prestress due to steel 
relaxation over time interval 
tl to t, psi 

SCF = factor that accounts for the ef­
fect of size and shape of a 
member on creep of concrete 

SH = loss of prestress due to shrink­
age of concrete over time in­
terval tl to t, psi 

SSF = factor that accounts for the 
effect of size and shape of a 
member on concrete shrinkage 

= time at end of tim~ interval, 
days 

tl = time at beginning of time in-
terval, days 

To = steel stress at jacking end of 
post-tensioning tendon, psi 

T,r = steel stress at any point x, psi 
TL = total prestress loss, psi 
UCR = ultimate loss of prestress due 

to creep of concrete, psi per 
psi of compressive stress in the 
concrete 

USH 

tV 

ex 

= ultimate loss of prestress due 
to shrinkage of concrete, psi 

= weight of concrete, Ib per cu ft 
= total angular change of post­

tensioning tendon profile from 
jacking end to point x, radians 

= friction curvature coefficient 
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DESIGN EXAMPLES 

The following three design examples 
were prepared solely to illustrate the 
application of the preceding recom­
mended methods. They do not neces­
sarily represent the real condition of 
any real structure. 

Design aids to assist in calculating 
prestress losses are included in the 
PCI Design Handbook (see Refer­
ence 35). The aids will reduce the 
calculations required. However, de­
tailed study of losses and time-de­
pendent behavior will follow the 
steps outlined in the design exam­
ples. 
The first example applies the general 
method to a pretensioned double-tee 
and the second example uses the 
simplified method for the same 
member. The third example problem 
illustrates the general method for a 
post-tensioned structure. 

In these examples it is assumed that 
the member geometry, load condi­
tions, and other parameters have 
been defined. Consequently, the de­
tailed moment and stress calcula­
tions are omitted. 

DESIGN EXAMPLE 1 

Pretensioned Double Tee 
Reference: PCI Design Handbook, p. 
3-33. 

Data: Double-tee section lOLDT32 + 2. 
Strand pattern 128-D1. 
Steam cured, lightweight dOuble-tee 
(115 lb per cu ft) with 2-in. topping of 
normal weight concrete (150 lb per cu 
ft). 
The beam is designed to carry a live 
load of 40 psf over a 70-ft span. 

Required: Calculate the losses at the 
critical section, taken as 0.4 span in 
the PCI Design Handbook. fei = 3500 
psi, f c' = 5000 psi 

Section properties: 

Non-composite 

A = 615 in.2 

I = 59,720 in.4 

Yb = 21.98 in. 
Yt = 10.02 in. 
Zb = 2717 in.3 

Zt = 5960 in.3 

Weight: 491lb per ft 
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Deslqn Example 1. Cross section of double-tee beam. 

Composite 

I = 83,00] in.4 
Ybc = 25.40 in. 
Ytc = 8.60 in. 
Zb = 3268 in.3 
Zt = 9651 in.3 
Weight: 741 Ib per ft 

The beam is prestressed by twelve lh-in. 
diameter 270-grade strands, initially 
tensioned to 0.70 fpll' 

Eccentricity of strands: 

At ends = 12.98 in. 
At center = 18.73 in. 
fpy = 2JO ksi 

Transfer at 18 hours after tensioning 
strand, topping cast at age 30 days. 

Losses-Basic data 

rCi = 3500 psi 
Ec; = 115u (33v3500) 

= 2.41 X 10" psi 
f c' = 5000 psi 
Ec = 1151.5 (33v5000) 

= 2.88 X IOu psi 

Volume to surface ratio = 615/364 
= 1.69 

SSF = 0.985 
SCF = 0.988 

UCR = 63 - 20(E./l()6) 
(but not less than 11) 

= 63 - 20(2.88) = 11 

USH = 41,000 - 1O,000(Ec/106) 

(but not less than 12,000) 
= 41,000 - 10,000(2.88) 
= 12,200 psi 

At critical section 
e = 12.98 + 0.8(18.73 - 12.92) 

= 17.58 in. 

(UCRXSCF) = 10.87 

(USHXSSF) = 12,017 psi 

Stage 1: Tensioning of steel to transfer 

t1 = 1/24 day 
t = 18/24 day 
fst = 189,000 psi 

RET = f.t [(log 24t -log 24 t1)jl0] X 

[f"lfn!l - 0.551 
= 189,000 [(log 18)/10] X 

[189/230 - 0.55] 
= 6450 psi 

Dead load moment at 0.4 span 
MDL = w(x/2XL - x) 

= (491/1000)(28/2)(70 - 28) 
= 2B9 ft-kips 

Stress at center of gravity of steel due 
to MDL 
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fe = [289,000(12)/59,720] 17.58 
= 1020 psi (tension) 

Assume ES = 13 ksi, then 
fSi = 189.0 - 6.45 - 13.0 

= 169.55 ksi 
Po = 169.55(12)(0.153) 

= 311.3 kips 

Stage 3: Topping placement to end ot 
one year 

tl = 30 days 

t = 1 year = 365 days 
PCR = 0.74 - 0.35 = 0.39 

PSH = 0.86 - 0.42 = 0.44 

Stress at center of gravity of steel due f.t = 160,509 psi 

to Po: 
fe = 311,300/615 + 

311,300 (17.58)2/59,720 
= 2117 psi (compression) 

f"r = 2117 - 1020 = 1097 psi 
ES = fcrfE./Ec) 

= 1097(28.0/2.41) 
= 12,750 psi"" 13 ksi (ok) 

SH=CR=O 

Total losses in Stage 1 = 
6450 + 12,750 = 19,200 psi 

Stage 2: Transfer to placement of top­
ping after 30 days 

t1 = 18i24 day 
t = 30 days 
PCR =0.35 
PSH =0.42 
f." = 189,000 - 19,200 

= 169,800 psi 
RET = 169,800 [(log720-1og18)/10] 

X [169.8/230 - 0.55] 
= 5119 psi 

CR = 10.87(0.35)(1097) = 4173 psi 

SH = 12,017(0.42) = 5047 psi 

Total losses in Stage 2 
5119 + 4173 + 5047 = 14,339 psi 

~1oment due to weight of topping 
250(28/2)(70 - 28) = 147,000 ft-Ib 

Stress at center of gravity of steel due 
to weight of topping 

147,000(12)(17.58)/59,720 = 519 psi 

Increase in strand stress due to topping 
519(28.0/2.88) = 5048 psi 

Strand stress at end of Stage 2 
169,800 - 14,339 + 5048 = 160,509 psi 

RET = 160,509 [(log8760-log720)/ 
10] X [160.5/230 - 0.55] 

= 2577 psi 

fe = 2117(160,509/169,550) -
1020 - 519 

=465 psi 

CR = 10.87(0.39)(465) = 1971 psi 

SH = 12,017(0.44) = 5287 psi 

Total losses in Stage 3 

2577 + 1971 + 5287 = 9835 psi 

Summary of steel stresses at 
various stages (Design Example 1) 

Stress level at 
various stages 

Strand stress atter 
tensioning and 

Steel 
stress, 

ksi Percent 

deHection (0.70fp lI) •• 189.0 100.0 
Losses: 

Elastic 
shortening = 12.75 6.7 
Relaxation: 6.45+ 

5.12 + 2.58 + 
2.54 = 16.69 8.8 

Creep: 4.17 + 
1.97 + 0.97 = 7.11 3.8 

Shrinkage: 5.05 + 
5.29 + 1.68 = 12.02 6.4 

Total losses, TL .... 48.57 25.7 
Increase of stress 

due to topping ..... 5.05 2.7 

Final strand stress 
under total dead 
load (f.e) .......... 145.48 77.0 
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Stage 4: One year to end of service life 

tl = 1 year 
t = end of service life (say 40 years) 
PCR = 1 - 0.74 = 0.26 
PSH = 1 - 0.86 = 0.14 
f,t = 160,509 - 9835 = 150,674 psi 
RET = 150,674 [(log 350,400-
log 8760)/10] X [(150.7/230) - 0.55] 

= 2537 psi 
fe = 2117(150,674/169,550) -

1020 - 519 
= 343 psi 

CR = 10.87(0.26)(343) = 969 psi 
SH = 12,017(0.14) = 1682 psi 

Total losses in Stage 4 = 
2537 + 969 + 1682 = 5188 psi 

DESIGN EXAMPLE 2 

Application of Simplified 
Procedure to Design EXlmple 1 
Com;lUte feds 

fell., = eMd,/I 
= 17.58(147)(12)/59,720 
= 0.519 ksi 

Compute fcr 

fer = A,f..,;/ Ac + A,fs;e2/Ie + M' e/lc 
f.i = 0.90ft = 0.90(189) = 170.1 ksi 
fer = 1.84(170.1)/615 + 

·1.84(170.1)(17.58)2/59,720 -
289(12)(17.58)/59,720 

= 0.509 + 1.620 - 1.021 
= 1.108 ksi 

Equation L-SR·PRE-70 from Table 8 is 
TL = 31.2 + 16.8fer - 3.8frd8 

= 31.2 + 16.8(1.108) - 3.8(0.519) 
= 31.2 + 18.61 - 1.97 
= 47.84 ksi 

Adjustment for volume to surface ratio 
= 1.69 

Use a straight-line interpolation be­
tween adjustment values for V /S = 2.0 
and V /S = 1.0 

Adjustment = (0.31}(3.2) = + 0.99% 

Net TL = 1.0099(47.84) = 48.31 ksi 
In Design Example 1, TL = 48.57 ksi 

Difference = 0.26 ksi 

Compute fse 

To find fse in accordance with discus­
sion under Section 3.32, and stress in 
tendons due to dead load applied after 
member was prestressed. 

This stress is equal to 
fCdlE,/Ee) = 0 .. 519(28/2.88) = 5.03 ksi 
fse = 189 - 48.31 + 5.05 = 145.74 ksi 

Note that fse can also be computed from 
the equations shown in Table 9. 

Equation L-SR-PRE-70 from Table 9 h 
fse = ft - (31.2 + 16.8fer - 13.5fcd,) 

= 189 - (31.2 + 16.8 X 1.108-
13.5 X 0.519) 

= 189 - (31.2 + 18.61 - 7.01) 
= 189 - (42.8) 

An adjustment for variations in the 
basic parameters should be applied t() 

the quantity in parentheses. In t' 11<; 

case, adjust for a V /S of 1.69. The ad­
justment is +0.99 percent. The ad­
justed quantity becomes 

1.0099(42.8) = 43.22 
f.e = 189 - 43.22 = 145.78 ksi 

Checking the assumed value of f<i: 

In the application of the simplified 
method to Design Example 1, the value 
of fSj was assumed to be 170.1 ksi. 

The following p:'ocedure can be used to 
check the acc·.uacy of this assumed 
value. 

For this exam Ie the exact value of 
f,; is the initial stress of 189 ksi re­
duced by strand relaxation from ten­
sioning to release and by loss due to 
elastic shortening of the concrete as the 
prestressing force is applied. 

From Section 2.7.1, the re'axation loss 
in a stress-relieved strand is 

RET = fst [(log 24t -log 24t\)/1O] X 
[f.t!fw - 0.55] 
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fe = [289,000(12)/59,720] 17.58 
= 1020 psi (tension) 

Assume ES = 13 ksi, then 
f'i = 189.0 - 6.45 - 13.0 

= 169.55 ksi 
Po = 169.55(12)(0.153) 

= 311.3 kips 

Stage 3: Topping placement to end ot 
one year 

tl = 30 days 

t = 1 year = 365 days 
PCR = 0.74 - 0.35 = 0.39 

PSIi = 0.86 - 0.42 = 0.44 

Stress at center of gravity of steel due f'l = 160,509 psi 

to Po: 
f. = 311,300/615 + 

311,300 (17.58)2/59,720 
= 2117 psi (compression) 

f,.r = 2117 - 1020 = 1097 psi 
ES = fc,(E./Ee) 

= 1097(28.0/2.41) 
= 12,750 psi = 13 ksi (ok) 

SH=CR=O 

Total losses in Stage 1 = 
6450 + 12,750 = 19,200 psi 

Stage 2: Transfer to placement of top­
ping after 30 days 

tl = 18/24 day 
t = 30 days 
peR =0.35 
PSH = 0.42 
f,t = 189,000 - 19,200 

= 169,800 psi 
RET = 169,800 [(log720-log18)/10] 

x [169.8/230 - 0.55] 
= S119 psi 

CR = 10.87(0.35)(1097) = 4173 psi 

SH = 12,017(0.42) = 5047 psi 

Total losses in Stage 2 
S119 + 4173 + 5047 = 14,339 psi 

~1oment due to weight of topping 
250(28/2)(70 - 28) = 147,000 ft-Ih 

Stress at center of gravity of steel due 
to weight of topping 

147,000(12)(17.58)/59,720 = 519 psi 

Increase in strand stress due to topping 
519(28.0/2.88) = 5048 psi 

Strand stress at end of Stage 2 
169,800 - 14,339 + 5048 = 160,509 psi 

RET = 160,S09 [(log8760-Iog720)/ 
10] X [160.5/230 - 0.55] 

= 2577 psi 

fe = 2117(160,509/169,550) -
1020 - SI9 

=465 psi 

CR = 10.87(0.39)(465) = 1971 psi 

Sli = 12,017(0.44) = 5287 psi 

Total losses in Stage 3 

2577 + 1971 + 5287 = 9835 psi 

Summary of steel stresses at 
various stages (Design Example 1) 

Stress level at 
various stages 

Strand stress after 
tensioning and 

Steel 
stress, 

ksi Percent 

deHection (0.70fp lI) .. 189.0 100.0 
Losses: 

Elastic 
shortening = 12.75 6.7 
Relaxation: 6.45+ 

5.12 + 2.S8 + 
2.S4 = 16.69 8.8 

Creep: 4.17 + 
1.97 + 0.97 = 7.11 3.8 

Shrinkage: 5.05 + 
5.29 + 1.68 = 12.02 6.4 

Total losses, TL .... 48.57 25.7 
Increase of stress 

due to topping. . . . . 5.05 2.7 

Final strand stress 
under total dead 
load (f.e) ••••...... 145.48 77.0 
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Stage 4: One year to end of service life 

tl = 1 year 
t = end of service life (say 40 years) 
PCR = 1 - 0.74 = 0.26 
PSH = 1 - 0.86 = 0.14 
f.t = 160,509 - 9835 = 150,674 psi 
RET = 150,674 [(log 350,400-
log 8760)/10] X [(150.7/230) - 0.55] 

= 2537 psi 
fe = 2117(150,674/169,550) -

1020 - 519 
= .'343 psi 

CR = 10.87(0.26)(343) = 969 psi 
SH = 12,017(0.14) = 1682 psi 

Total losses in Stage 4 = 

2537 + 969 + 1682 = 5188 psi 

DESIGN EXAMPLE 2 

Application of Simplified 
Procedure to Design Enmple 1 
Com~ute feds 

fer/., = eMd,/I 
= 17.58(147)(12)/59,720 
= 0.519 ksi 

Compute fer 

fer = A,f..,;/ Ac + A,fs;e2/Ie + M' e/lc 
fSi = 0.90ft = 0.90(189) = 170.1 ksi 
fer = 1.84(170.1)/615 + 

1.84(170.1)(17.58)2/59,720 -
289(12)(17.58)/59,720 

= 0.509 + 1.620 - 1.021 
= 1.108 ksi 

Equation L-SR-PRE-70 from Table 8 is 
TL = 31.2 + 16.8fcr - 3.8frds 

= 31.2 + 16.8(1.108) - 3.8(0.519) 
= 31.2 + 18.61 - 1.97 
= 47.84 ksi 

Adjustment for volume to surface ratio 
= 1.69 

Use a straight-line interpolation be­
tween adjustment values for V /S = 2.0 
and VIS = 1.0 

Adjustment = (0.31)(3.2) = + 0.99% 

Net 1'L = 1.0099(47.84) = 48.31 ksi 
In Design Example 1, TL = 48.57 ksi 

Difference = 0.26 ksi 

Compute fse 

To find f.e in accordance with discus­
sion under Section 3.32, and stress in 
tendons due to dead load applied after 
member was prestressed. 

This stress is equal to 
fCdiEs/Ec) = 0.519(28/2.88) = 5.03 ksi 
fse = 189 - 48.31 + 5.05 = 145.74 ksi 

Note that fse can also be computed from 
the equations shown in Table 9. 

Equation L-SR-PRE-70 from Table 9 i~ 
fse = ft - (31.2 + 16.8fcr - 13.5fcdJ 

= 189 - (31.2 + 16.8 X 1.108 -
13.5 X 0.519) 

= 189 - (31.2 + 18.61 - 7.01) 
= 189 - (42.8) 

An adjustment for variations in the 
basic parameters should be applied t:) 

the quantity in parentheses. In t'lI<; 
case, adjust for a V /5 of 1.69. The ad­
justment is +0.99 percent. The ad­
justed quantity becomes 

1.0099(42.8) = 43.22 
f.e = 189 - 43.22 = 145.78 ksi 

Checking the assumed value of f.<i: 

In the application of the simplified 
method to Design Example 1, the value 
of fsi was assumed to be 170.1 ksi. 

The following p:'ocedure can be used to 
check the acc·.lracy of this assumed 
value. 

For this exam Ie the exact value of 
f.,j is the initial stress of 189 ksi re­
duced by strand relaxation from ten­
sioning to release and by loss due to 
elastic shortening of the concrete as the 
prestressing force is applied. 

From Section 2.7.1, the re'axation loss 
in a stress-relieved strand is 

RET = fst [(log 24t -log 24t ,)/10] X 

[fst/f P1I - 0.55] 
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For stress-relieved strand 
fpy = 0.85(270) = 229.5 ksi 

By definition in Section 2.7.1, when 
time is measured from zero, log 24t] = 0 

RET = 189 [(1.255 - 0)/10] X 
[189/229.5 - 0.55] 

= 6.49 ksi 

Stress loss due to elastic shortening of 
concrete 

ES = (E./Ec)lcr = (28/0.24)1.108 
= 12.93 ksi 

Then, f.i = 189 - 6.49 - 12.93 = 
169.58 ksi 
and 0.90 ft = 170.10 ksi 

Therefore, there is a 170.10 - 169.58 = 
0.52 ksi stress error in fRio 

Consequently, in this particular case 
there is no need for a second trial. 

As an example, assume a large error in 
the estimated f'I' say 10 ksi, and check 
its effect. The strand relaxation will not 
cha.nge. 
Therefore, the change in ES will be 

t1ES = (1O/liO.l)12.93 = 0.76 ksi 

If desired, the original estimate of Ixi 
ean be adjusted by 10 ksi and frr can 
be recalculated. One sueh cycle should 
always give an adequate accuracy. 

DESIGN EXAMPLE 3 

Post-Tensioned Unbonded Slabs 

The following is a procedure for calcu­
Jat" ng the prestress losses in the longi­
tudinal tendons which extend from end 
to end 0: the slab (see sketch showing 
floor plan and tendon profiles). 

Data 

Ie = 150 lb per cu ft 
f': (23 days) = 4000 psi 

Prestressed at age 4 days 
f,: = 3000 psi 

~Ioist cured 7 days. 

Loads 

71h-in. slab = 94 psf 
Superimposed load = 60 psf 
The tendon profile shown is designed 
to balance 85 psf. 

Friction Loss (FR) 

The slab is prestressed by 270-grade, 
Ih-in. diameter strand, pregreased and 
paper wrapped. 

Coefficient of friction, p. = O.OH 
Wobble coefficient, K = 0.001.5 
Ipy = 230 ksi. 

Angular changes along tendon will be: 
(J.{// = 2(2.5)/ [12(12)] 

= 0.0347 radians 

(JJ/e = (JEF = (JFG = (JEL = 
2(4.0) / [12(9.6)] 

= 0.0694 radians 

e(,1l = (Jnl? = (JOH = (JHK = 
2(1.(1)/ [12(2.4)] 

= 0.0694 radians 

Angular change between A and L 
a = 0.0347 + 4(0.0694) + 4(0.0694) 

= 0.59 radians 

FR at L (middle of length of slah) 
= Tn [1-("- (Iif. + /La)] 

= 1"'f) [l-e-- ((1I.IIUl:",)(lin) + (n.ll)oo,)(u.:i!l)~] 
== T'J [l_c--(II.ullu+u.fI-li)] 

= 0.12H T" 

TIll' distrihutio1l of frictio:ml loss is not 
uniform, hut nearly proportional to 
(K + p.a/L). However, the variation of 
strand stress before anchoring is ap­
proximately as shown on p. 72. 

Anchorage loss (ANC) 

Anchorage set in a sin:~lt· strand anchor 
= 1/8 in. 
= Shaded area in diagram X (l/EJ 

Area = (1/8)29,000 = 3625 ksi-ft 
= 302 ksi-in. 

The maximum strand stress after seat­
ing of anchorage occurs x ft from end, 
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CD 

N-'-----~ __ +_+~+-+-
2 I I I I 

~{ 

ACTUAL LONGITUDINAL TENDON PROFILE 

(TENDON STRESSED FRDM BOTH ENDS) 

DIMENSIONS FROM SLAB FACE TO TENDON CGS 

~--~--------~----.r~--------~------~--~ 

THEORETICAL TENDON PROFILE 
(REQUIRED FINAL PRESTRESS FORCE SHOWN) 

Design Example 3. Plan and tendon profiles of post-tensioned unbonded slab. 
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A B C E F G H K 

STRAND STRESS 
SEFORE SEATING 

o 
Z 
<t 

12' 

x 

96' 4.S' 

II:: 
II. 

O.l280T() 

Approximate variation of strand stress. 

and this stress T a! must not exceed 
0.7(}ff}u = 189 ksi. 

To - Tx = 0.0380 To + 
(0.0550 - 0.0380)To(x - 21.6)/4.8 

Area = (To - Ta)12 + 
(0.9806 To - Tx)21.6 + 
(0.9620 To - Tx) (x - 12) 

Therefore 
Tx = 0.9620To = 

O.0170To (x - 2l.6)/4.8 
= 189 ksi 

(To - T",)12 + (0.9806To - T",)21.6 + 
(0.9620To - Tx) (x - 12) 

= 302 ksi-ft 

These equations can be solved by trial 
and error. 

Approximate solution: 

x = 25.5 ft 
To = 200 ksi 
T", = 192.4 - 2.8 = 189.6 = 189 ksi 

Area = 124.8 + 140.8 + 37.8 
= 303.4 = 302 ksi-ft (ok) 

For initial end tension before anchorage 
To = 200 ksi (=0.74 fpu) 

YIaximum stress after anchorage 
Tx = 189.6 ksi 

ANC = 2(To - Til) = 20.8 ksi 

T.4 = 200 - 20.8 = 179.2 ksi 

FR = 0.128 To = 25.6 ksi 

TL = 200 - 25.6 = 174.4 ksi 

Average stress after anchorage: 

Til = 183.2 ksi, Tc = 186.9 ksi 

Tov = (To/60)(0.5) [(0.896)(12) + 
(0.916)(21.6) + (0.935)(13.5) + 
(0.948)(4.8) + (0.945)(20.1) + 
(0.908)(24.0) + (0.891)(14.4) + 
(0.872)(9.6)] 

= 182.8 ksi 

Elastic shortening loss (ES) 

In post-tensioned structural members, 
the loss caused by elastic shortening of 
concrete is only a fraction of the corre­
sponding value in pretensioned mem­
bers. 

The fraction varies from zero if all 
tendons are tensioned simultaneously to 
0.5 if infinitely many sequential steps 
are used. 

In a slab, strands are spaced far apart 
and it is unlikely that the stretching of 
one strand will affect stresses in strands 
other than those immediately neighbor­
ing. 
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A fa( tor of 0.25 will be used. 

ES = 0.25(E. - EcJ fer 

In a design such as this in which the 
prestress approximately balances the 
dead load, and the level of prestress is 
low, a sufficiently close estimate of fer 
can be obtained by using the average 
prestress P / A. 

The design final prestress force is 14.7 
kips per ft for interior spans and 19.6 
kips per ft for end spans. Assuming a 
long-term prestress loss of 15 percent, 
the initial prestress force will be 17.3 
kips per ft and 23.1 kips per ft, respec­
tively. The average strand stress after 
anchorage is 182.8 ksi. 

Therefore, the required area of steel for 
the end spans is 

A. = 23.1/182.8 = 0.126 sq in. per ft 

This required area is supplied by 1h-in. 
diameter strands spaced at 14 in. 

A. = 0.131 sq in. per ft 

Every fourth strand will be termi­
nated in the first interior span, leaving 
an A. of 0.098 sq in. per ft. 

The actual initial prestressing forces 
are: 

End span 
0.131(182.8) = 23.9 kip~ per ft 

Interior span 
0.098(182.8) = 17.9 kips per ft 

The average concrete stresses are 266 
and 199 psi, respectively. 

fer = (1/120) [(266)(48) + (199)(72)] 
= 226 psi 

EM = 33w1.5'1f,./ = 33(150)1.5'13000 
= 3.32 X 106 psi 

ES = 0.25(226)(29/3.32) = 494 psi 

After all the strands have been ten­
sioned and anchored: 

Tav = 182.8 - 0.494 = 182.3 ksi 

At midspan of the middle span 
Strand stress (at L) 

174.4 - 0.494 "" 173.9 ksi 

fer"" [(173.9)(0.098)] / [(12)(7.5)] 
"" 0.189 ksi 

Long-term losses 

The calculation for long-term losses 
will be for the midspan of the middle 
span (at Section L). 

Stage 1: To 30 days after prestressing 

Relaxation: 

tl = 1/24 day 
t = 30 days 
f.t = 173.9 ksi 
fst/fplI = 0.756 

RET = f.t [(log 24t -log 24t1)/10] >< 
[(f.t/fplI) - 0.55] 

= 173,900(0.2857)(0.206) 
= 10,230 psi 

Creep: 

CR = (UCRXSCFXMCFXPCRXfr) 

UCR = 95 - (20E./I06) 

but not less than 11 psi 
E. = 33(150)1.GV4000 

= 3.83 X 106 psi 
UCR = 95 - 76.6 = 18.4 psi 

V /S ratio = 0.5(slab thickness) 
= 0.5(7.5) 
= 3.75 in. 

SCF =0.80 

MCF = 1.07 (estimated) 
(UCRXSCF)(MCF) = 15.75 

fe = fer = 189 psi 
PCR =0.35 

CR = 15.75(0.35)(189) = 1042 psi 

Shrinkage: 

SH = (USHXSSFXPSH) 
USH = 27,000 - (3000 E,./106) 

but not less than 12,000 
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USH = 27,000 - 11,490 = 15,510 psi 
VIS = 3.75 in. 
SSF =0.79 

(USHXSSF) = 12,270 psi 
Time after end of curing = 27 days 
PSH =0.402 

SH = 12,270(0.402) = 4933 psi 

Total losses in Stage 1: 

RET + CR + SH = 10,230 + 1042 + 
4933 

= 16,205 psi 

Tendon stress at end of Stage 1 
173,900 - 16,205 = 157,695 psi 

Concrete fiber stress 
189(157,695/173,900) = 171.4 psi 

Stage 2: To 1 year after prestressing 

Relaxation: 

tl = 30 days 
t = 1 year = 365 days 
f. t = 157,695 psi 

l.tl'plI = 157.7/230 = 0.671 
RET = 157,695 [(log 8760-log 30)/10] 

X [(0.671 - 0.55)] 
= 2070 psi 

Creep: 

fe = 171.4 psi 
PCR = 0.74 - 0.35 = 0.39 
CR = 15.75(0.39)(171.4) = 1053 psi 

Shrinkage: 

PSH = 0.86 - 0.402 = 0.458 
SH = 12,270(0.458) = 5620 psi 

Total losses in Stage 2: 

2070 + 1053 + 5620 = 8743 psi 

At end of Stage 2, tendon stress at Sec­
tion L 

157,695 - 8743 = 148,9.52 psi 

Concrete fiber stress 
189(148,952/173,900) = 161.9 psi 

Stage 3: To end of service life (taken 
as 50 years) 

Relaxation: 

tt = 1 year = 365 days 
t = 50 years = 18,250 days 
log 24t - log 24tl = 1.699 
f., = 148,952 psi 

1.,lfpy = 0.634 
RET = 148,952(0.1699)(0.084) 

= 2126 psi 

Creep: 

fe = 161.9 psi 
PCR = 1 - 0.74 = 0.26 
CR = 15.75(0.26)(161.9) = 663 psi 

Shrinkage: 

PSH = 1 - 0.86 = 0.14 
SH = 12,270(0.14) = 1718 psi 

Summary of steel stre ... s 
at various stages 

(Design Example 3) 

Stress level at 
various stages 

Tensioning stress 

Steel 
stress, 

ksi Percent 

at end ............ 200 
Average stress 

after seating ....... 182.8 
~1iddle section 

stress after 
seating ........... 174.4 100.0 

Losses: 
Elastic 

shortening •• 0.5 0.3 
Relaxation .... 14.4 8.2 
Creep ........ 2.7 1.6 
Shrinkage ..... 12.3 7.0 
Total losses 
after seating. . . . . .. 29.9 17.1 

Final strand stress at mid-
dle section without 
superimposed load .. 144.5 82.9 
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i'otal long-term losses: 

RET = 10,230 + 2070 + 
2126 = 14,426 psi 

CR = 1042 + 1053 + 
663 = 2,758 psi 

SH = 4933 + 5620 + 
1718 = 12,271 psi 

Total losses = 29,355 psi 

This example shows the detailed steps 
in arriving at total losses. It is not im­
plied that this effort or precision is re­
quired in all design situations. 

The PCI Post-Tensioning Manual pro­
vides a table for approximate prestress 
loss values which is satisfactory for 
most design solutions. The value rec-

ommended for slabs with stress-relieved 
270-kip strand is 30,000 psi which com­
pares with the calculated value of 
29,355 psi. 

Final tendon stress at Section L 
17;~.9 = 29.4 = 144.5 ksi 

Percentage loss after anchorage 
(174.4 - 144.5)/174.4 = 17.1 percent 

but greater than 15 percent (assumed 
initially) 

Assuming the same percentage loss pre­
vails over the entire tendon length, the 
average prestressing forces after losses 
are. 19.8 and 14.8 kips per ft, respec­
tively, which are adequate when com­
pared with the design requirements. 
Therefore, r'.lvision is not needed. 



Appendix B 

Section 9.16 of the 
AASHTO Standard Specifications 

for Highway Bridges 
Fourteenth Edition 

1989 

Figure 9.16.2.1.1 of the 
AASHTO Standard Specifications for Highway 

Bridges 1986 Interim 
Thirteenth Edition 

1983 

Commentary Article 1.6.7(B) and Example 
Applications of the AASHTO Standard Specifications 

for Highway Bridges 1976 Interim 
Eleventh Edition 

1973 

This copyrighted material is reproduced with the permission of the American Association of 
State Highway and Transportation Officials, Washington, D.C. 

789 



Appendix B 

Section 9.16 of the 
AASHTO Standard Specifications 

for Highway Bridges 
Fourteenth Edition 

1989 

9.16 LOSS OF PRESTRESS 

9.16.1 Friction Losses 
Friction losses in post-tensioned steel shall be based on experimentally deter­

mined wobble and curvature coefficients, and shall be verified during stressing 
operations. The values of coefficients assumed for design, and the acceptable 
ranges of jacking forces and steel elongations shall be shown on the plans. 
These friction losses shall be calculated as follows: 

(9-1 ) 

When (KL + p.a) is not greater than 0.3., the following equation may be 
used: 

(9-2) . 
The following values for K and p. may be used when experimental data for 

the materials used are not available: 

Type of Steel 

Wire or ungah'anized strand 

High-strength bars 

Type of Duct 

Bright metal sheathing 
Galvanized metal sheathing 
Greased or asphalt-coated and 

wrapped 
Galvanized rigid 
Bright metal sheathing 
Galvanized metal sheathing 

K/ft. 

0.0020 
0.0015 

0.0020 
0.0002 
0.0003 
0.0002 

p. 

0.30 
0.25 

0.30 
0.25 
0.20 
0.15 

791 
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Friction losses occur prior to anchoring but should be estimated for design 
and checked during stressing operations. Rigid ducts shall have sufficient 
strength to maintain their correct alignment without visible wobble during 
placement of concrete. Rigid ducts may be fabricated with either welded or 
interlocked seams. Galvanizing of the welded seam will not be required. 

9.16.2 Prestress Losses 

9.16.2.1 General 

Loss of prestress due to all causes, excluding friction, may be determined by 
the following method. * The method is based on normal weight concrete and 
one of the following types of prestressing steel: 250- or 270-ksi, seven-wire, 
stress-relieved strand; 240-ksi stress-relieved wires; or 145- to 160-ksi smooth 
or deformed bars. Refer to documented tests for data regarding the properties 
and the effects of lightweight aggregate concrete on prestress losses. 

TOTAL LOSS 

.:lfs = SH + ES + CRe + CRs 

where 

.:lfs = total loss excluding friction in pounds per square inch; 
SH = loss due to concrete shrinkage in pounds per square inch; 
ES = loss due to elastic shortening in pounds per square inch; 

CRe = loss due to creep of concrete in pounds per square inch; 

(9-3) 

CRs = loss due to relaxation of prestressing steel in pounds per square inch. 

9.16.2.1.1 Shrinkage 

Pretensioned Members 

Post-tensioned Members 

SH = 17,000 - 150 RH 

SH = 0.80(17,000 - 150 RH) 

(9-4) 

(9-5) 

where RH = mean annual ambient relative humidity in percent (see Figure 
9.16.2.1.1). 

*Should more exact prestress losses be desired, data representing the materials to be used, the 
methods of curing, the ambient service condition and any pertinent structural details should be 
detennined for use in accordance with a method of calculating prestress losses that is supported by 
appropriate research data. See also FHW A Report FHW A/RD '85/045, Criteria for Designing 
Lightweight Concrete Bridges. 
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9.16.2.1.2 Elastic Shortening 

Pretensioned Members 

Post-tensioned Members* 

where 

Es 
ES = 0.5 - feir 

Eei 

(9-6) 

(9-7) 

Es = modulus of elasticity of prestressing steel strand, which can be assumed 
to be 28 x 106 psi; 

Eei = modulus of elasticity of concrete in psi at transfer of stress, which can 
be calculated from: 

E· = 33w3/2~ 
Cl Cl (9-8) 

in which w is the concrete unit weight in pounds per cubic foot and 
f~i is in pounds per square inch; 

feir = concrete stress at the center of gravity of the prestressing steel due to 
prestressing force and dead load of beam immediately after transfer; 
feir shall be computed at the section or sections of maximum moment. 
(At this stage, the initial stress in the tendon has been reduced by elastic 
shortening of the concrete and tendon relaxation during placing and 
curing the concrete for pretensioned members, or by elastic shortening 
of the concrete and tendon friction for post-tensioned members. The 
reductions to initial tendon stress due to these factors can be estimated, 
or the reduced tendon stress can be taken as 0.63 f~ for stress relieved 
strand or 0.69 f~ for low relaxation strand in typical pretensioned 
members.) 

9.16.2.1.3 Creep of Concrete 

Pretensioned and post-tensioned members. 

eRe = 12 feir - 7 feds 

where 

(9-9) 

feds = concrete stress at the center of gravity of the prestressing steel due to 
all dead loads except the dead load present at the time the prestressing 
force is applied. 

*Certain tensioning procedures may alter the elastic shortening losses. 
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9.16.2.1.4 Relaxation of Prestressing Steel* 

Pretensioned Members 

250 to 270 ksi Strand 
CR. = 20,000 - 0.4 ES - 0.2 (SH + CRe) 

for stress relieved strand 

CR. = 5,000 - 0.10 ES - 0.05 (SH + CRe) 
for low relaxation strand 

Post-tensioned Members 

250 to 270 ksi Strand 
CR. = 20,000 - 0.3 FR ~ 0.4 ES - 0.2(SH + CRe) 

for stress relieved strand 

CR. = 5,000 - 0.07 FR - 0.1 ES - 0.05(SH + CRe) 
for low relaxation strand 

240-ksi Wire 
CR. = 18,000 - 0.3 FR - 0.4 ES - 0.2(SH + CRe) 

145- to 160-ksi Bars 
CR. = 3,000 

where 

(9-10) 

(9-10A) 

(9-11 ) 

(9-11A) 

(9-12) 

FR = friction loss stress reduction in psi below the level of O. 70 f~ at 
the point under consideration, computed according to Article 
9.16.1. 

ES,SH, = appropriate values as determined for either pre-tensioned or post­
and CRe tensioned members. 

9.16.2.2 Estimated Losses 

In lieu of the preceding method, the following estimates of total losses may 
be used for prestessed members or structures of usual design. These loss values 
are based on use of normal weight concrete, normal prestress levels, and average 
exposure conditions. For exceptionally long spans, or for unusual designs, the 
method in Article 9.16.2.1 or a more exact method shall be used. 

*The relaxation losses are based on an initial stress equal to the temporary stress allowed by Article 
9.15.1. 
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Table 16.2.2 Estimate of Prestress Losses 

Type of Prestressing 
Steel 

Pretensioning Strand 
Post-Tensioning" 

Wire or Strand 
Bars 

f~ = 4,000 psi 

32,000 psi 
22,000 psi 

Total Loss 

f~ = 5,000 psi 

45,000 psi 

33,000 psi 
23,000 psi 

"Losses due to friction are excluded. Friction losses should be computed according to Article 9.16.1. 
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Commentary Article 1.6.7(B) and Example 
Applications of the AASHTO Standard Specifications 

for Highway Bridges 1976 Interim 
Eleventh Edition 

1973 
Illlroduction 

The subject revIsion to Section 1.6.7(8)-Prestress Losses in the 1973 
AASHTO Specifications for Highway Bridges is based largely on consideration of 
research results (1.2)* made available subsequent to the adoption of the current 
specitication. and on a proposed revision of the specifications with respect to losses 
in post-tensioned bridges presented at thc 1972 AASHTO regional Bridge Com­
mittee meetings (3l. 

Precise determination of prestress losses in a given situation is very complex 
and requires detailed information on the materials to be used. the methods of 
curing. the ambient exposure conditions. and other detailed construction informa­
tion that usually is not available to designers. For large and/or special structUres 
such as precast or cast-in-place segmental cantilever bridges it may be appropriate 
or necessary to obtain this information. in order to maintain control of the 
geometry of the bridge during construction. For most structures. precise calcula­
tion of losses is not necessary. and it is possible to calculate reasonably accurate 
and satisfactory approximations of prestress losses for general design use. 

The necessary level of precision in calculation of losses is subject to both 
technical and subjective evaluation. It has long been recognized that the value 
used for loss of prestress does not affect the ultimate strength of a bridge. but 
is important with respect to serviceability characteristics such as deflection. 
camber. stresses. and cracking (4). The value used for prestress loss also has an 
intluence on :!conomy in that higher values of losses require somewhat more 
prestressing steel. However. it has been shown that both the serviceability and 
economy of prestressed bridges are relatively insensitive to sizeable variations in 
the value assumed for prestress losses in typical designs (5). None-the-less. there is 
disagreement between agencies and designers as to what degree of precision is 
necessary in the calculation of losses. and there is some ambiguity in the research 
results on this subject. even when attempts are made to relate the research to a 
common base. 

As a result of the above considerations. the subject revision of the AASHTO 
prestress loss specifications provides for three optional methods of loss calculation 
as follows: 

1) The lump sum loss values in Section 1.6.7(8)(2). 
2) The more precise and detailed provisions of Section 1.6.7(8)(1). 
J) The use of still more exact procedures for loss calculation under the 

provisions of the footnote on page one of the proposed revision. 

A detailed commentary of considerations related to the tirst two approaches is 
presented below. Due to the broad nature of calculations and procedures that 
might be involved in calculating losses under the provisions of the footnote as 
noted under the third option above. the discussion of this approach is not included 
in the commentary. 

*!'Iumbers in parenthesis refer to references listed at the end of the commentary. 
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Section 1.6. 7(B)( /} 

As compared to the existing specifications. the revision adds consideration of 
three types of tendons used for post-tensioned structures: 250 or 270 ksi (1724 or 
1862 MPa). seven-wire. stress-relieved strand: 240 ksi (l655 MPa). stress-relieved 
wires: or 145 to 160 ksi (1000 to 1103 MPa) smooth or deformed bars. 

The total loss is specitied as the direct addition of losses due to shrinkage. 
elastic shortening. concrete creep. and steel relaxation. Addition of these losses in 
this manner is an approximation because the losses are to some extent inter­
related. As will be discussed below under Section 1.6. 7(B)( I)(d). Relaxation of 
Prestressing Steel. the inter-relationship of losses is considered in the formulas 
given for relaxation of prestressing steel. 

The loss format of addition of four loss components is similar to the pro­
cedure outlined in the "Criteria for Prestressed Concrete Bridges" published by 
the U.S. Department of Commerce. Bureau of Public Roads in 1954 (6). However. 
the values related to each of the four components in the loss equation have been 
moditied to more accurately renect the research that has occurred in each area 
since 1954. 

Section 1.6.7 (B)(/}(a)-Shrinkage 

The two equations for loss due to concrete shrinkage give similar shrinkage 
losses to those included in the table in the current specifications. However. the 
equations have the advantage of eliminating the abrupt jump in shrinkage loss 
between the three humidity ranges. A map of the United States showing the 
average annual ambient relative humidity is presented in Fig. 1 (7). This map is to 
be used as the basis for determining average annual ambient relative humidity for 
use in calculating shrinkage lo .. s. 

The ultimate shrinkage strain of small specimens (8. 9) was assumed to be 
550 x 10-& at 50 percent relative humidity. This is an average value for shrinkage 
strain. some concretes may inherently shrink somewhat more and others some­
what less. Research indicates that shrinkage strains are reduced 10 to 40 percent 
by steam curing (10). 

Research (11) has shown that shrinkage is related to the size or thickness of 
the member. This factor is usually expressed as the Volume/Surface ratio of the 
member. In development of the subject equations an average Volume/Surface 
ratio of 4 inches (.102 m) was assumed. and the ultimate shrinkage strain was 
reduced by a factor of 0.77. The \'olume/surface ratio is effectively one-half the 
average member thickness and it therefore represents the distance from the drying 
surface to the center of the member. 

Shrinkage loss is also a function of the average ambient relative humidity of 
the environment. The amount of shrinkage reduces as the humidity increases. In 
some cases concrete stored under ~'ater has been observed to expand slightly. In 
developing the existing AASHTO specifications. humidity shrinkage factors were 
assumed as follows (12): 

Average Ambient 
Relative Humidity 

Percent 

100-75 
"'525 
:!S-O 

Humidity Shrinkage 
Coefficient 

0.3 
1.0 
1.3 
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Based on the above assumptions and on assumed modulus of elasticity for 
steel of 28 x \0' psi (.193 x \0' \1Pal. shrinkage losses were calculated for the 
table in the existing specitications as the product of the four interior columns in 
the table below: 

Steel Volume/ Shrinkage 
Shrinkage Modulus- Surface Humidity Loss-psi 

Humidity Strain psi (MPal Factor Factor (MPa) 

100-75 SSO x 10-6 28 x 10' 0.77 .3 3.540 
(.193 x 10') (24.41) 

75-25 550 x \0-' 28 X 10' 0.77 1.0 11.800 
\.193 x 106) (81.36) 

25-() SSO x 10-' 28 X 106 0.77 1.3 15.250 
(.193x 10') (105.15) 

These shrinkage loss values were rounded to 5.000. 10.000 and 15.000 for use 
in the existing (1973 edition) AASHTO specitications. 

Multiplication of the shrinkage loss equation for post-tensioned design by the 
factor 0.8 is in consideration of the fact that post-tensioning is not accomplished 
until the concrete has reached an age of at least seven days at which time 20 
percent of the shrinkage is assumed to have occurred. This is a very conservative 
assumption on time of stressing relative to concrete age for most bridges. A 
general curve relating shrinkage (or creep) to time is presented in Fig. Cl(13). Use 
of some other reduction factor in the equation for shrinkage loss for post-tensioned 
applications might be considered if the designer has knowledge that the elapsed 
time from concrete placement to stressing will be signiticantly greater than seven 
davs. 

. In the discussion relative to the subject revision of the loss specification. some 
expressed the view that the basic ultimate shrinkage strain of SSO x 10-1 was 
too low. while others suggested that it was too high. and still others felt the 
value to be satisfactory. This value was retained. and the tabular values in the 
existing specitication were replaced by the two linear equations for reasons 
described above. 

1.6. 7(BII/)(b) ELASTIC SHORTENING. 

The table of losses due to elastic shortening in the current AASHTO 
Specitication has been deleted in the revision. and the formula for elastic 
shortening loss has been generalized by including the ratio of the modulus of 
elasticity of steel to the modulus of concrete at release. The formula in the current 
~pecitications uses a value of 7 for the ratio of the moduli of elasticity. 

A signiticant revision is in the detinition of the concrete stress to be used in 
calculating elastic shortening loss. In the current specifications. this value is given 
the nomenclature fer where fer = average concrete stres;. at the center of gravity 
llf the prestressing steel at time of release. The reason for using the average value 
llf concrete stress (along the length of the beam) was to avoid the necessity of 
precise .:a1culation of stresses at each point in a beam before a value of the elastic 
\hortening loss could be obtained. It was intended that the average stress value 
could be estimated or obtained from the table values so that it would not be 
necessary for designt:fs (0 use a trial and error process of design iterations in order 
to obtain a value for the elastic shortening loss. Use of average stress along the 
center of gravity of the steel is a conservative approximation since the average 
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stresses and related elastic shortening is greater than the stress and elastic shorten­
ing at the points of maximum moment. 

The current specifications were criticized for use of average concrete stresses 
in calculating both elastic shortening and concrete creep losses. It was pointed out 
that this process was theoretically incorrect and that the actual elastic shortening 
loss (and creep loss) is dependent on the concrete stress at the section under 
consideration. In development of the proposed revision. it was agreed that the 
definition of stress for use in elastic shortening loss calculations would be more 
precise if related to the section under consideration. and it was acknowledged that 
this increase in precision might require a trial and error design process. To 
minimize the amount of additional design calculation. the final specification 
wording related the concrete stress . .Ieir .. for use in the elastic shortening formula 
to ..... the section or sections of maximum moment." rather than the section 
under consideration. For a simple span precast design. this change results in a 
requirement of loss calculation at one point only. whereas relating the definition of 
.Ieir to the section under consideration would have required a separate loss 
calculation at each point where stresses were investigated. For simple spall pre­
tensioned designs. it should be understood that the intent of the proposed revision 
as written is that elastic shortening loss (and concrete creep loss) is to be calcu­
lated only at the point of maximum moment. and that this value is to be used as 
the loss value throughout the length of the beam. For continuous post-tensioned 
bridges. the intent of this portion of the specification is that the loss value be 
calculated at each controlling point of maximum positive or negative moment 
along the length of the structure. 

It should be noted that the stress in the tendon for pretensioned products for 
use in calculating .Ieir should be reduced from the initial stress value by an amount 
to allow for elastic shortening of the concrete and for steel relaxation prior to 
release of the tendon force to the member.'" Recognizing that this further compli­
cates the iterative process for the designer. an approximate value of the reduced 
tendon stress of 0.63 1s' is provided. This approximation relates to tendons 

*See Figures C2 and C3 for steel relaxation losses for constant strain specimens of stress 
rclieyed and stabilized 270k( 1.2 \-iN) strand. 
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stressed initially to 0.70 1s'. ~ote that initial overstress is pennitted so that the 
initial tendon stress after transfer to concrete is not greater than 0.70 1s': this 
requires more accurate estimates for initial losses to ensure the correct tendon 
stress at transfer. It is more complicated to obtain the reduced tendon force for 
calculation of 1cir for post-tensioned applications because the reduction depends 
on both elastic shortening and tendon friction. In addition. the use of initial 
tendon stresses in excess of 0.70 1s' is quite common in post-tensioned applications 
to compensate for anchor seating loss. If the designer is willing to sacrifice some 
accuracy for convenience in calculation: a value of 0.65 1s' might be used in 
calculating .fcir for post-tensioned designs. For structures utilizing long tendons 
where the friction losses become sizeable. this approximation would become quite 
conservative. 

For post-tensioned members with only one tendon. there would be no elastic 
shortening loss because the member shortening takes place prior to tendon anchor­
age. However. most post-tensioned applications involve multiple tendons. When 
multiple tendons are used. the tirst tendon stressed and anchored sustains elastic 
shortening loss due to stressing of all subsequent tendons. The last tendon stressed 
sustains no elastic shortening loss. As a result of this. the fonnula for elastic 
shortening loss for post-tensioned structures includes a factor of 0.5 to approxi­
mate the total elastic shortening loss as the average loss in all tendons. In some 
applications. the total elastic shortening loss is eliminated by temporarily over­
stressing each tendon by the amount of elastic shortening anticipated. While the 
designer should be aware of this option for special structures. this procedure does 
complicate the stressing operation and it should only be used where the potential 
economies in tendon material justify the additional work in the tield. and where 
the stressing crew is sufficiently trained that a different stress level can be specified 
in each tendon with reasonable assurance that the stressing will be properly 
carried out. 

1,6. 718}(I)(c) CREEP OF CONCRETE 

The formula in the proposed re\'ision for loss due to concrete creep is based 
on both tield measurements and analytical studies conducted at the University of 
Illinois (I). This formula utilizes the same value of fcir as detined and discussed 
above in the section on elastic shortening loss. This results in the same complica­
tions relative to calculating concrete creep loss as were discussed above with 
respect to elastic shortening. 

The quantity fcds related to the permanent loads applied after prestressing 
and represents the change of concrete tiber stress at c.g.s. caused by these loads. 
Usually. the application of load causes the concrete tiber stress at c.g.s. to 
decrease in magnitude. and thereby reduces the loss due to concrete creep: hence 
the negative sign in the formula for CRe. 

/.a. 7(B)(I)(dl RELAXATION OF PRESTRESSING STEEL 

Ncw formulas are added in ·he ~ection on steel relaxation relative to the 
various types of steel used for tendons of post-tensioned structures. 

The <;teel relaxation loss formulas for post-tensioned structures utilizing strand 
and wire tendons include terms reflecting the intluence of friction loss. It is 
intended that steel relaxation losses tor post-tensioned structures be computed at 
the same points of maximum positi\'e and negative moment as were used for 
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.:alculation of clastic shortening and .:oncrete creep loss. For post-tensioned struc­
tures utilizing bar tendons. a tlat value of steel relaxation loss of 3000 psi (20.68 
\1Pal is specitied. Representatives <>t companies supplying bar tendons have 
suggested that the steel relaxation loss for bars should also consider the friction 
loss reduction and other loss modification factors used for strand and wire 
tendons. While this was acknowledged as theoretically correct. it was considered 
that such a formula was an unnecessary retinement in view of the very nominal 
steel relaxation loss specified for bar tendons. This loss value for bar tendons is an 
arbitrary tigure developed on consideration of constant strain steel relaxation loss 
.:urves for both smooth and deformed bars (Jl. 

All formulas for steel relaxation loss consider. in an approximate way. the 
inter-relationship between steel relaxation and other losses. The higher the losses 
due to elastic shortening. concrete creep. and shrinkage. the lower will be the steel 
stress and the related steel relaxation loss. This inter-relationship can be evaluated 
accurately by use of time-related curves for losses due to steel relaxation. shrink­
age. and concrete creep. and by use ,)t a step-by-step integration process consider­
ing the inter-relationship of the losses. The formulas in the proposed revision were 
developed to provide approximations ,)( loss values that would be obtained by this 
more precise integration process. 

During tina I development of the revision. it was suggested that the base 
loss values of 20.000 psi (137.90 M Pal for strand and 18.000 psi 024.11 
MPa) for wire should be modified to retlect the actual constant strain steel 
relaxation loss for wire and strand which is about 15 percent for tendons stressed 
to an initial stress of 0.70 fs '. These \'alues would be about 28.300 psi (195.12 
MPal for strand. and about 25.200 psi (173.75 MPal for wire. It was felt that this 
would put the equations in a more direct relationship to research results from 
constant strain strand tests. While there was agreement that such a procedure 
would be preferable from a technical standpoint. it was noted that all the modifi­
cation factors in the formulas would have to be increased so that the net losses 
would remain the same as those resulting from the proposed equations. Further. it 
was noted that studies would have to be made to de\'elop appropriate values for 
the reduction coetlicients in the tormulas. In view of these considerations. it was 
decided to retain the equations as previously developed with base loss values of 
20.UOO psi 1137.90 MPa) for strand and 18.000 psi 1124.11 MPa) for wire. 

In application of the friction loss reduction in the equations for steel relaxa­
tion loss for post-tensioned wIre and strand tendons. note that the value of FR to 
be used is limited to the reduction in stress level below stress level of 0.70 fs'. 
Post-tensioning tendons are commonly stressed in excess of 0.70 fs' (usually to 
about U. :'4 fs ') to allow for anchor seating loss. While this process often results in 
some small portion of the tendon length retaining a stress slightly in excess of 0.70 
ls' immediately after anchoring. the equations for steel relaxation in wire and 
strand tendons are considered applicable. However. due to this over stressing. it is 
necessary to limit the value of FR in the equation to the reduction below a stress 
of 0.70 .Is· (rather than the total friction loss) in order to retain the basic 
presumption of the equations that the initial stress is 0.70 fs·. 

Steel relaxation increases rapidly with increases in initial stress above 0.70 ls·. 
and it decreases rapidly as stresses go below O. '70 fs·. The decreases in stress are 
considered in the equations. It is emphasized. however. that the equations are 
not accurate where initial stresses at points of maximum moment exceed 0.70 fs·· 
Where such over stressing is specitied. an adjustment (increase) should be made in 
the steel relaxation loss values. 
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l.tJ.7(B1I2) LUMP SUM VALUES FOR PRESTRESS LOSS 

Nearly all prestressed concrete bridges now in service were designed using the 
lump sum loss values of 35.000 psi (241.32 MPa) for pre tensioned applications 
and 25.000 psi 072.37 MPa) plus friction for post-tensioned applications. In 
general the performance and serviceability characteristics of these bridges have 
been excellent. The revision of prestress losses in the 1971 AASHTO Interim 
Specitications was motivated by an awareness that research had shown some of the 
initial assumptions made in developing the initial lump sum loss values might be 
unconservative. This was particularly true with respect to steel relaxation loss. but 
applied to some extent to shrinkage and concrete creep losses. However. the basic 
intent of the provisions of the 1971 AASHTO Interim Specifications on prestress 
losses was to permit designers to develop lump sum losses that considered the 
prestress level and exposure conditions of the ~tructure as well as the results of 
research then available. Some designers inferred an accuracy. or a requirement for 
precision. in the 1971 Interim Specitications that was not intended. As has been 
noted above. precise calculation of prestress losses is quite involved and requires 
detailed information on materials. exposure. and construction procedures not 
generally available to designers. Further. such precise calculations are usually not 
warranted from the standpoints of structural economy. serviceability. or strength. 

There are numerous factors in the design of prestressed concrete bridges. as 
with bridges of other materials. that are included in the specitications for the 
convenience of the designer with the understanding that these factors are onlv 
approximations of actual behavior. Some of the provisions of Section 3-Distribu­
tion of Loads in the 1973 AASHTO Specitications exemplify such approximations. 
There are other similar approximations in the specitications. and in regard to 
prestressed concrete bridge design. a signiticant conservative approximation exists 
in the general use of the gross concrete section to compute section properties. Use 
of transformed section properties for all loads applied after prestressing is perfectly 
valid technically. and can result in an increase in the bottom section modulus in 
the order of 10 to 15 percent. 

In view of the generally satisfactory performance of bridges designed using 
lump sum loss values. the conservative approximations in other portions of the 
specitications. and the convenience to the designer. it was considered desirable 
that the revision should include lump sum loss values for "prestressed members 
or structures of usual design." The introductory paragraph to the section indicates 
that structures of usual design include those of normal weight concrete. normal 
prestress levels. and average exposure conditions. In addition. it is suggested that 
the more precise procedures of Section 1.6.7(8)( 1) should be used for structures of 
exceptionally long span or unusual design. The table of lump sum values includes 
concrete strengths of 4000 and 5000 psi (27.58 and 34.47 MPa). However. the 
lump sum loss values may be used for bridges with concrete strengths SOO psi 
(3.45 MPa) above or below the values of 4000 psi and 5000 psi (27.58 and 34.47 
MPa) listed in the table headings. Thus. the range of concrete strengths covered 
by the lump sum loss values may be considered to extend from 3SOO psi to SSOO 
psi (24.\3 to 37.92 MPa). These lump sum loss values were developed on the 
assumption that the full allowable compressive stress of concrete is required by 
stress conditions during the life of the member. For structures or elements where 
the concrete strength is determined on the basis of the nominal minimums in the 
~pecitications. and where full utilization of the allowable compressive stresses does 
not occur during the life of the structure. the lump sum loss values will be 
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somewhat conservative. Such conditions often occur when an over-size section is 
used for a short span due to the esthetic consideration of matching the depth of 
~ection used on a longer adjacent span. 
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Appendix C 

Estimating Prestress Losses 
by Paul Zia, H. Kent Preston, Norman L. 

Scott, and Edwin B. Workman 

Equations for estimating prestress losses due to 
various causes are presented for pretensioned and post· 
tensioned members with bonded and unbonded tendons. 
The equations are intended for practical 'design applica· 
tions under normal design conditions as discussed in the 
commentary. Using the equations. sample computations 
are carried out for typical prestressed concrete beams 
selected from the literature. The comparison of the 
results shows fairly good agreement. 

Keywords: beams 'supports); ereep properties; (rietion; post. 
tensioning; prestreued concrete; prestressing steels: prestress 
lou; pretensioning; shrinkage: stress relaxation: unbonded 
prestressing. 

Prepai-ed as a part of the work 0(. and sponsored by. ACl·ASCE Commitlft 423, 
Prulreued Concrete. 

l.lI· ••• etl •• 

The prestressing force in a prestressed concrete 
member continuously decreases with time. The fac· 
tors which contribute to the loss of prestress are 
well known and they are clearly specified in the 
current Code.' The Code provisions for prestress 
losses (ACI 318·77, Section i8.S) are written both in 
performance language and in specific how·io-do·it 
procedures for losses due to friction. Without de· 
tailed analyses, design engineers are permitted to 
use lump sum loss values as suggested by the Code 
Commentary. Z These lump sum loss values were 
originally proposed by the U.S. Bureau of Public 
Roads' and by the ACI·ASCE Committee 323.' Ex· 
periences have shown, however, that these lump 
sum values may not be adequate for some design 
conditions. 

More recently, design recommendations have 
been developed by others"""""'·'" to implement 
the performance requirements of Section 18.6. Most 
procedures are relatively complex and convey the 
impression of an exactness that may not actually 
exist. The authors, members of ACI·ASCE Commit· 
tee 423, prepared this report as. a means of obtain-

ing reasonably accurate values for the various code· 
defined sources of loss. A similar procedure was 
developed and adopted for use in bridge design. II It 
should be noted that the procedures described 
below are not intended fop special structures such 
as water tanks. 

C •• pat.tlon of L_es 
Elastic Shortening of CoD':J'ete (ES) 

For members with bonded tendons, 

leir 
ES= K .. E'E; (1) 

in which 

K .. = 1.0 for pi'etensioned members 
K .. = 0.5 for post-tensioned members when tendons 
are tensioned in sequential order to the same· ten­
sion. With other post· tensioning procedures, the 
value for K .. may vary from (} to 0.5. 

leit' = K('iri(,pi - '8 (2) 

in which Kd , = 1.0 for post-tensioned members 
K d , = 0.9 for pretensioned members. 

For members with unbonded tendons, 

l<IM 
~=~~- ~ 

Ed 

in which l, .. = average compressive stress-· in the 
concrete along the member length at the center of 
gravity of the tendons immediately after the 
prestress has been applied to the concrete. 

Creep of Concrete (CH) 
For members with bonded tendons, 

E, 
CR = K"'E'(l", - l«h) , 

(3) 

Reproduced with the permission of the American Concrete Institute, Detroit, Michigan. 
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in which 

K" = 2.0 for pretensioned members 
K" = 1.6 for post-tensioned members 

For members made of sand lightweight concrete 
the foregoing values of K" should be reduced by 20 
percent. 

For members with unbonded tendons, 

E, 
CR = K"E"I.,. (3A) , 
Shrink .. ge of Concrete (SH) 

V 
SH = 8.2 x 10-6 KobE, (1 - 0.06 i (100 - RHl (4) 

in which 

K,. = 1.0 for pretensioned members 

or 

K ob is taken from Table 1 for post-tensioned 
members. 

TOLE I - Val_.f .... f.r 
paIl.le .... eed .e.lten 

Time after 
end of moist 

curing to 
application of 

prestress, 
days 3 5 7 

K .. 0.92 0.85 0.80 0.77 

Relaxation of Tendons (RE) 

10 

0.73 

RE = [K .. - J(SH + CR + ES)) C 

20 30 60 

0.64 0.58 0.45 

(5) 

in which the values of K .. , J and C are taken from 
Tables 2 and 3. 

T.tBLE 1- Val.es .f .~ a •• J 

Type of tendon· K .. J 

270 Grade stress-relieved 
strand or wire 20,000 0.15 
250 Grade stress-relieved 
strand or wire 18,500 0.14 

240 or 235 Grade stress-
relieved wire 17,600 0.13 

270 Grade low-relaxation 
strand 5,000 0.040 

250 Grade low-relaxation 
wire 4,630 0.037 

240 or 235 Grade low-
relaxation wire 4,400 0.035 

145 or 160 Grade stress-
relieved bar 6,000 0.05 

·la 8CIIIIIC'duD willi ASTM A411-n. ASTM AC2I-'II. or ASTII A'I22·1S 

lpill,.. 

0.80 
0.79 
0.78 
0.77 
0.76 
0.75 
0.74 
0.73 
0.72 
0.71 
0.70 
0.69 
0.68 
0.67 
0.66 
0.65 
0.64 
0.63 
0.62 
0.61 
0.60 

Frietion 

Stress relieved 
strand or wire 

1.45 
1.36 
1.27 
1.18 
1.09 
1.00 
0.94 
0.89 
0.83 
0.78 
0.73 
0.68 
0.63 
0.58 
0.53 
0.49 

Streas-relieved bar 
or 

low relaxation 
strand or wire 

1.28 
1.22 
1.16 
1.11 
1.05 
1.00 
0.95 
0.90 
0.85 
0.80 
0.75 
0.70 
0.66 
0.61 
0.57 
0.53 
0.49 
0.45 
0.41 
0.37 
0.33 

Computation of friction losses is covered in Sec­
tion 18.6.2 of ACI 318-77' and its Commentary.' 
When the tendon is tensioned, the friction losses 
computed can be checked with reasonable accuracy 
by comparing the measured elongation and the 
prestressing force applied by the tensioning jack. 

C ••• e.tary 
Determination of loss of prestress in accordance 

with Section 18.6.1 of ACI 318-77 usually involves 
complicated and laborious procedures because the 
rate of loss due to one factor, such as relaxation of 
tendons, is continually altered by changes in stress 
due to other factors such as shrinkage and creep of 
concrete. Rate of creep is, in turn, altered by the 
change in tendon stress. Many of these factors are 
further dependent upon such uncertainties as 
material properties, time of loading, method of cur­
ing of concrete, environmental conditions, and 
construetion details. 

The equations presented are intended for a 
reasonable estimate of loss of prestress from the 
various sources. They are applicable for prestressed 
members of normal designs with an extreme fiber 
compressive stress in the precompressed tensile zone 
under the full dead load condition ranging from 350 
psi (2.41 MPa) to 1750 psi (12.1 MPa) using a 
minimum concrete cylinder strength f~ of 4000 psi 
(27.6 MPa) and a unit weight of concrete of at least 
115 per (1842.3 kg/m3 ). For unusual design condi­
tions, a more detailed procedure should be consid­
ered.8 

Aetual losses, greater or smaller than the 
estimated values, have little effeet on the design 



strength of a flexural member with bonded tendons 
unless the final tendon stress after losses is less than 
o .5 {pu' However, they affect service load behavior, 
such as deflection and camber, connections, or 
cracking load. Over-estimation of prestress losses 
can be almost as detrimental as underestimation, 
since the former can result in excessive camber and 
horizontal movement. 

Careful consideration of losses may be required 
for simply supported, slender members which may 
be sensitive to small changes in deflections. For ex­
ample, shallow beams supporting flat roofs may be 
subject to ponding if sensitive to deflection. 

Elastic Shortening of Concrete 
Prestress loss due to elastic shortening of con­

crete is directly proportional to the concrete strain 
at the center of gravity of prestressing force im­
mediately after transfer. For example, for members 
of simple span, 

I", = Kd,l,pi - If 
/p 

= K",\; + 

The different values for the coefficients K" and 
K", account for the difference in the order of 
transfer. In applying Equation (2), the transformed 
section of a member may be used in lieu of the 
gross concrete section. 

Creep of Concrete 
Part of the initial compressive strain induced in 

the concrete immediately after transfer is reduced 
by the tensile strain resulting from the superim­
posed permanent dead load. Loss of prestress due 
to creep of concrete is therefore proportional to the 
net permanent compressive strain in the concrete. 

For prestressed members made of sand 
lightweight concrete, there is a significantly larger 
amount of loss due to elastic shortening of concrete 
because bf its lower modulus of elasticity, resulting 
in an overall reduction in loss due to crjlep. This ef­
fect is accounted for by a 20 percent reduction of 
the creep coefficient. For members made of· all 
lightweight concrete, special consideration should be 
given to the properties of the particular lightweight 
aggregate used. 

Unbonded Tendons 
Since an unbonded tendon can slide within its 

duct, for most flexural members it does not 
undergo the same stress induced strain changes as 
the concrete surrounding it. For this reason, the 
average compressive stress, {'1M' in the concrete is 
suggested for use in evaluating prestress losses due 
to elastic shortening and creep of concrete. This prO. 
cedure relates the elastic shortening and creep of 
concrete prestress losses for unbonded tendons to 
the average member strain, rather than the strain at 
the point of maximum moment. The somewhat 
higher residual tensile stress in an unbonded tendon 
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logically results in somewhat higher loss due to steel 
relaxation. 

Shrinkage of Concrete 
Shrinkage strain developed in a concrete member 

is influenced, among other factors, by its 
volume/surface ratio and the ambient relative 
humidity. Thus, the effective shrinkage strain E •• is 
obtained by multiplying the basic ultimate 
shrinkage strain E •• of concrete, taken as 550 x 10-1 , 

by the factors (1 - 0.06 V/ S) and (1.5 - 0.015RHl. 
Thus 

= 8.2 )(lo-ell - 0.06 ~) 1100 - RH) 

The loss of prestress due to shrinkage is therefore 
the product of the effective shrinkage E", and the 
modulus of elasticity of prestressing steel. The fac­
tor K", accounts for the reduction in shrinkl\ge due 
to increased curing period. 

It should be noted that for some lightweight con­
crete, the basic ultimate shrinkage strain E", may 
be greater than the value used here. In addition, 
the following tabulated correction factors for the ef­
fect of the ambient relative humidity may be used 
in lieu of the expression (l.5 - 0.015 RHI: 

Ave. Ambient RH(%) 

40 
50 
60 
70 
80 
90 

100 

Relaxation of Tendons 

Correction Factor 

1.43 
l.29 
1.14 
1.00 
0.86 
0.43 
0.00 

Relaxation of a prestressing tendon depends upon 
the stress level in the tendon. Basic relaxation 
values K", for the different kinds of steel are 
shown in Table 2. However, because of other 
prestress losses, there is a continual reduction of 
the tendon stress, thus causing a reduction in relax­
ation. The reduction in tendon stress due to elastic 
shortening of concrete occurs instantaneously. On 
the other hand, the reduction due to creep and 
shrinkage takes place in a prolonged period of time. 
The factor J in Equation (5) is specified to approx­
imate these effects. 

Maximum LollI 
The total amount of prestress loss due to elastic 

shortening, creep, shrinklge, and relaxation need 
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not be more than the values given below if the ten­
don stress immediately.after anchoring does not ex­
ceed 0.83 i,,: 

Type of strand 

Stress relieved strand 
Low-relaxation strand 

Maximum Loss psi (MPa) 

Normal Lightweight 
Concrete Concrete 

50,000 (345) 
40,000 (276) 

55,000 (380) 
45,000 (311) 

Seating Loss at Anchorage 
Many types of anchorage require that the anchor­

ing device "set" from 1/8 in. (3.2 mm) to 'I. in. (6.4 
mm) in order to transfer force from the tendon to 

TABLE .. -lie •••• t. I .... refere.ee' 

Deck width Transfer 
Beam Beam x thickness at 

Cast 

the concrete. The actual seating loss varies with 
field technique and anchor type. As the seating loss 
is small, it is not practicable to measure it with ac­
curacy; therefore it is important to recognize the ef­
fects of maximum and minimum values of seating 
loss. Usually long tendons with curvature will be 
unaffected by seating loss, since the required ten­
don elongation generally necessitates stressing to 
the maximum initial value to overcome friction. For 
short tendons, however, the elongation correspond­
ing to the range of stress of 70 percent to 80 per­
cent of the ultimate is too small to nullify seating 
logs, and attempts to obtain the necessary elonga­
tion would require exceeding the 80 percent limit 
with possible rupture of the tendon. Thus, the 

No. of Initial 
deck strands stress t", t", RH VIS 

No. section & weight (days) (days) + ,/, in. -', (ksi) (psi) (psi) % (in.) 

HG1 AASHTO-III No Deck 2'/, 20 189 1411 0 80 4.06 
HG2 AASHTO-III 96x8-800 1 90 22 189 1622 765 80 4.06 
HG3 AASHTO-III 8Ox5-310 2'/, 90 22 189 1596 297 50 4.06 
HG4 AASHTO-III 96x8-800 7 90 24 189 1721 761 80 4.06 
HG5 8 ft Single Tee 96x2-200 2'/, 90 12 189 1125 695 80 2.07 
HG6 8 ft Double Tee 96x2·200 2'" 90 24 189 1600 696 80 1.87 
HG7 54 in. I-Beam 60x5-310 2'/, 90 30 189 1554 309 80 3.60 
HG8 8 ft Single Tee 96x2-200 2'/, 90 12 205" 1469 695 80 2.07 
HG9 AASHTO·III 96xB-BOO 2'/, 90 24 205" 2020 761 80 4.06 
HG10 54 in. I-Beam 96x8-800 2'" 90 30 205" 1646 796 80 3.80 

"Low relaxation strand 
E, = 28)( 10' psi, E., = 3.5 )( 10' psi and E. = 4.2)( 10' psi 

TOLE 5 - te .......... 11_ val_ "Ie ....... pate •• raee •• re wi' • 
.. earede.1 reAl .... talae •• y Dera ••• ez ••• G ••• le fD I: Gl 

Beam ES CB SH BE Total 
No. Method (psi) (psi) (psi) (psi) (psi) 

HG1 Proposed 11288 18813 3473 14964 48538 
H&G 9057 17656 3836 18699 49219 

HG2 Proposed 12976 11427 3473 15819 43695 
H&G 10364 15327 3836 18085 47614 

HG3 Proposed 12788 17320 8663 14164 52955 
H&G 10202 25840 7195 16743 59981 

HG4 Proposed 13788 12800 3473 15494 45535 
H&G 10965 11793 3836 19370 45966 

HG5 Proposed 9000 5733 4022 17187 35942 
H&G 8170 9374 5348 18949 41642 

HG6 Proposed 12800 12053 4077 15861 44591 
H&G 11264 18069 5348 18840 49522 

HG7 Proposed 12432 18600 3600 15105 47737 
H&G 9964 17285 3723 16414 49408 

HG& Proposed 11752 10320 4022 4154 30248 
H&G 10295 16192 5348 4558 36393 

HG9 Proposed 16160 16787 3473 3720 40140 
H&G 12816 19760 3835 4564 40996 

HG10 Proposed 13188 11333 3600 4070 32171 
H&G 10552 15154 3835 4388 33910 



Rating loss in short tendons should be deducted 
from the prestress that iI applied to the tendon by 
the tensioning jack. 

R41atriiiifDg Effect of Adjoining Elements 
Loss of prestress to adjoining elements of the 

structure must be properly evaluated. If a member 
lis in contact with or attsched to another member 
during the post-tensioning operation, there can be a 
transfer of prestressing force from one member to 
the other. 

After the structure is complete, there will be 
volume changes due to creep and shrinkage of con­
crete and to variations of temperature. If the 
member can not move freely to accommodate these 
volume changes, there will be a transfer of 
prestressing force from the prestressed member to 
the restraining member and a resultant loss 01 
prestress in the prestressed member. 

.... Ie C •••• t.do .. 

In order to assess whether the proposed equa­
tions are appropriate for estimating prestress 
losses, the following sample computations have been 
prepared for typical prestressed beams selected 
from the test program reported by Hernandez and 
Gamble.' The pertinent data regarding the beams 
are summarized in, Table 4. With the procedures 
described herein, the computed prestress loss 
values are compared with the theoretical values ob­
tained by Hernandez and Gamble as shown in Table 
5. It should be noted that the theoretical predic­
tions made by Hernandez and Gamble were based 
on their revised rate of creep method treated as a 
step-by-step numerical integration procedure with 
short time intervals. The unit creep and shrinkage 
strains versus time relationships were 
based on the 1970 CEB recommendations" which 

T.taLI • - 1Ie_ •• ta In. ptl 1IeII,. B •• tI ... " 
I.r .... Ie ... ,.tad ... 

Initial Initial 
Beam Beam Span prestreas stress Ecc. 
No. Sec. 1ft) P .. (kips) ~(ksi) e(in.) 

Zl 8DT24 62 230.6 189 14.15 
Z2 4DT14 50 173.9 189 7.34 
Z3 8DT12 28 115.7 189 4.13 
Sl 8DT12 26 115.7 189 4.13 
Sl. 8DT12 26 115.7 189 4.13 
Sib 8DT12 26 115.7 189 4.13 
S2 8DT24 72 404.8 189 13.65 
S2a 8DT24 72 404.8 189 13.65 
S2b 8DT24 72 404.8 189 13.65 
sa 8DT24 42 115.7 189 12.15 
SSa SDT24 42 115.7 189 12.15 
84 8LDT24 42 115.7 189 12.15 
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were found to be comparable to the field data ob­
tained in theii- study. It can be seen that the com­
parisons show fairly good agreement. 

Additional sample computations have been car­
ried out on selected double T beams lilted in the 
PCl Design Handbook. The double T beam proper­
ties are summarized in Table 6. The results are 
shown in Table 7. It iI interesting to note that for 
those slender beams (i.e., Z2 and S2) with very 
small superimposed permanent load and under fair­
ly low humidity, the total loss of prestress would 
be quite significant. With more superimpoaed per­
manent load and/or higher humidity, the total 
prestress loss value is reduced. (Compare Sta and 
Sib with SI, or S2a and S2b with S2, or S3a with 
S3.) Comparison of S3a with S4 also shows that the 
total prestress loss value iI somewhat increased for 
the beam made of lightweight concrete. 

T.taL1 T - ....... 1 .... Ie ....... do .. 
lor .reteall •• e •• e ... In • 
PO 1IeII,. B •• tlhok 

Beam ES CR SH BE Total 
No. (l!siJ (l!siJ (l!!iJ (l!!i) (l!!iJ 
Zl 6896 5693 6268 17171 36028 
Z2 16064 19613 10653 13051 59381 
Z3 3784 5400 5340 17821 32345 
Sl 4352 7253 10681 16657 38943 
Sla 4352 4880 10681 17013 36926 
Sib 4352 4880 5841 17814 32387 
S2 16280 27133 10447 11921 65781 
S2a 16280 18933 10447 13151 58811 
S2b 16280 18933 5224 13934 54371 
S3 2816 4693 5224 18090 30823 
SSa 2816 3061 5224 18335 29436 
S4 5622 5486 5224 17550 33882 

£ ••••• 0- .... 
For IlOI'IIIaI wL eoacnte: E .. .. S.S-IO"pIE E. .. Ux. 
For 1i.1I'.Lcoacret.e: E .. .. 2.5-10" pei E. .. 3.1IC1 

Superimposed 
assumed 

D.L. permanent I c1r f ... RH VIS 
(lbslft) load (lbslftl (psi) (psi) ('III) (in.) 

418 112 862 435 70 1.5 
188 56 2008 537 50 1.2 
299 40 473 88 75 1.16 
299 0 544 0 50 1.16 
299 120 544 178 50 1.16 
299 120 544 178 75 1.16 
418 0 2035 0 50 1.5 
418 120 2035 615 50 1.5 
418 120 2035 615 75 1.5 
418 0 352 0 75 1.5 
418 80 352 122.4 75 1.5 
S20 80 502 122.4 75 1.5 
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COBel .. lou 

Simple equations for estimating losses of 
prestress have been proposed which would enable 
the designer to estimate the various types of 
prestress loss rather than a lump sum value. It is 
believed that these equations, intended for practical 
design applications, would provide fairly realistic 
values for normal design conditions. For unusual 
design situations and special structures, more 
detailed and complex numerical analysis should be 
used. -

No'atl •• 
A, = area of gross concrete section at the cross 

section considered 
A", = total area of prestressing tendons 
CR = stress loss due to creep of concrete 
C= a factor used in Eq. (5), see Table 3 
e = eccentricity of center of gravity of tendons 

with respect to center of gravity of concrete 
at the cross section considered 

Ed = modulus of elasticity of concrete at time 
prestress is applied 

E, modulus of elasticity of concrete at 28 days 
E, modulus of elasticity of prestressing ten· 

dons. Usually 28,000,000 psi 

ES = stress loss due to elastic shortening of con­
crete 

= stress in concrete at center of gravity of 
tendons due to all superimposed permanent 
dead loads that are applied to the member 
after it has been prestressed 

= net compressive stress in concrete at center 
of gravity of tendons immediately after the 
prestress has been applied to the concrete. 
See Eq. (2) 
average compressive stress in the concrete 
along the member length at the center of 
gravity of the tendons immediately after the 
prestress has been applied to the concrete 

= stress in concrete at center of gravity of 
tendons due to P p; 

= stress in concrete at center of gravity of 
tendons due to weight of structure at time 
prestress is applied 

= stress in tendon due to PpIO Ip; = Pp;IA", 
= ultimate strength of prestressing tendon, psi 
= moment of inertia of gross concrete section 

at the cross section considered 
= a factor used in Eq. (5), See Table 2 
= a factor used in Eq. (2) 
= a factor used in Eq. (3) 
= a factor used in Eq. (1) 
= a factor used in Eq. (5). See Table 2. 

Annual average ambient relative humidity 



Ma - bending moment due to dead weight of 
member being prestressed and to any other 
permanent loads in place at time of 
prestressing 

P" - prestressing force in tendons at· critical loca­
tion on span after reduction for losses due 
to friction and seating loss at anchorages 
but before reduction for ES. CR. SH. and 
BE. 

BE - stress loss due to relaxation of tendons 
RH z average relative humidity surrounding the 

concrete member. See annual average am· 
bient relative humidity map appended. 

SH = stress loss due to shrinkage of concrete 
V /S = volume to surface ratio. Usually taken ss 

gross cross-sectional area of concrete 
member divided by its perimeter. 

1 in. = 25.4 mm 
1 it = .3048 m 
1 psi = .0069 MPa 
1 ksi = 70.31 kgf/em' 
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11. Shear and Torsion 
11.0 Notatton 
ao = equivalent depth of compression for members in torsion, 

millimetres (see Equation (11-26» 

Ac = area enclosed by outside perimeter of concrete cross section 
including area of holes, if any, square millimetres 

ACY = area of concrete section resisttng shear transfer, square 
millimetres 

Ag = gross area of concrete cross section, square millimetres 

AI = total area of longitudinal reinforcement to resist torsion, 
square millimetres 

Ao = area enclosed by shear flow path including area of holes, if 
any, square millimetres (see Clauses 11.3.7.7 and 11.4.4.8) 

AOh = area enclosed by centreline of exterior closed transverse 
torsion reinforcement including area of holes, if any, square 
millimetres 

Aps = area of prestressed reinforcement in tension zone, square 
millimetres 

As = area of non prestressed tension reinforcement, square milli-
metres 

AI = area of one leg of closed transverse torsion reinforcement; 
square millimetres 

Ay = area of shear reinforcement perpendicular to the axis of a 
member within a distance, s, square millimetres 

AYf = area of shear-friction reinforcement, square millimetres 

Ayj = cross sectional area of inclined shear reinforcement within a 
distance, s, square millimetres 

bo = perimeter of critical section for' slabs and footings, milli­
metres 

by = minimum effective web width within depth dy, millimetres 
(see-Glauses 11.4.2.7 and 11.4.2.8) 

bw = web width or diameter of circular section, millimetres (for 
joist construction defined by Clause 8.11, bw shall be taken as 
equal to the average web width) 
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d = distance from the extreme compression fibre to the centroid 
of longitudinal tension reinforcement, but need not be less 
than O.8h for prestressed members, millimetres (for circular 
sections d need not be less than the distance from the 
extreme compression fibre to the centroid of the tension 
reinforcement in the opposite half of the member) 

dp = distance from the extreme compression fibre to the centroid 
of prestressed reinforcement, millimetres 

dv = effective shear depth, which can be taken as the distance, 
measured perpendicular to the neutral axis, between the 
resultants of the tensile and compressive forces due to flexure 
but need not be taken less than O.9d, millimetres 

Es = modulus of elasticity of steel, megapascals 

f~ = specified compressive strength of concrete, megapascals 

4 = square root of specified compressive strength of concrete, 

fpc 

megapascals 

= compressive stress in concrete (after allowance for all 
prestress losses) at the centroid of the cross section resisting 
externally applied loads or at the junction of the web and 
flange when the centroid lies within the flange, megapascals 
(in a composite member fpc is the resultant compressive 
stress at the centroid of the composite section or at the 
junction of the web and flange when the centroid lies within 
the flange, due to both prestress and moments being resisted 
by the precast member acting alone) 

= specified tensile strength of tendons, megapascals 

= specified yield strength of non prestressed reinforcement, 
megapascals 

= diagonal compressive stress in concrete, megapascals (see 
Clause 11.4.2.2) 

= diagonal crushing strength of concrete, megapascals (see 
Clause 11.4.2.3) 

= overall height of member, millimetres 

= distance measured from the bottom of a loading interface to 
the extreme face of a supporting member in the directloll of 
the load but need not be taken less than 75 mm, millimetres 



SECTION 11. SHEAR AND TORSION I 819 

h, = overall depth of a supporting member in the direction of the 
applied shear, millimetres 

M, = factored moment at section, newton millimetres 

N, = factored axial load normal to the cross section occurring 
simultaneously with V,; includes effects of tension due to 
creep and shrinkage, newtons 

Nse = ax.al tensile load at specified load, newtons 

Nr = factored axial tensile resistance of member, newtons 

Nv = equivalent factored axial load caused by shear and torsion, 
newtons (see Clause 11.4.6) 

Pc = outsid.e perimeter of the concrete cross section. millimetres 

Ph = perimeter of the centreline of the closed transverse torsion 
reinforcement, millimetres 

Po = perimeter of the shear flow path (see Clause 11.4.6.1), milli­
metres 

Pbr = factored axial load resistance at balanced stram conditions, 
computed using the resistance factors in Clause 9.3, newtons 
(see Clause 10.3.2) 

s = spacing of shear or torsion reinforcement measured parallel 
to the longitudinal axis of the member, millimetres 

T, = factored torsional moment, newton millimetres 

T cr = pure torsional cracking resistance, newton millimetres 

Tr = factored torsional resistance provided by circulatory shear 
flow, newton millimetres 

T se = torsion due to specified loads, newton millimetres 

vr = factored shear stress resistance, megapascals 

V c = factored shear resistance provided by tensile stresses in the 
concrete, newtons 
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Vcr = cracking shear resistance under combined loading, newtons 

V cw = factored shear resistance provided by the concrete when 
diagonal cracking results from excessive principal tensile 
stress in the web, newtons 

V, = factored shear force at section, newtons 

V p = component in the direction of the applied shear of the 
effective prestressing force or, in Clause 11.4 for variable 
depth members, the sum of the component of the efiective 
prestressing force and the components of flexural com­
pression and tension in the direction of the applied shear, 
positive if resisting applied shear, newtons 

Vr = factored shear resistance, newtons 

Vs = factored shear resistance provided by shear reinforcement, 
newtons 

Vse = shear due to specified loads, newtons 

a = angle between inclined stirrups or bent-up bars and the 
longitudinal axis of the member, degrees 

a, = angle between the shear-friction reinforcement and the shear 
plane, degrees 

f3c = ratio of the long side to short side of the concentrated load or 
reaction area 

'Y, = fraction of unbalanced moment transferred by flexure at 
slab-column connections (see Clause 13.3.3.3) 

'Yv = fraction of unbalanced moment transferred by eccentricity of 
shear at slab-column connections 

= 1 - 'Y, 

Ese = tensile strain in transverse reinforcement due to specified 
loads 

£1 = tensile strain in transverse reinforcement due to factored 
loads 

Ex = longitudinal strain at mid-depth of the member when the 
section is subjected to M" N" and Nv' positive when tensile 
(see Clause 11.4.2.5) 

£1 = principal tensile strain in cracked concrete due to factored 
loads 
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J.l = coefficient of friction 

o = angle of inclination of diagonal compressive stresses to the 
longitudinal axis of the member, degrees 

A = factor to account for low density concrete (see Clause 11.2.3) 

cf>c = resistance factor for concrete (see Clause 9.3.2) 

cP p = resistance factor for prestressing tendons (see Clause 9.3.3) 

cf>s = resistance factor for reinforcement (see Clause 9.3.3) 

11.1 Scope 
Provisions of Clause 11 shall apply to the design of structural elements 
subject to shear or to combined shear and torsion. 
Note: See Appendix 0 for explanatory comments on Clause 11. 

11.2 General Requirements 

11.2.1 Design Methods and Design Considerations 

11.2.1.1 
One-way flexural members shall be designed for shear and torsion 
either by the simplified method of Clause 11.3 orthe general method of 
Clause 11.4. In either case the general requirements of Clause 11.2 
shall be satisfied. 

11.2.1.2 
,=or deep flexu ral members, walls, shear friction, brackets and corbels, 
transfer of moments to columns in frames, and slabs and footings, the 
special provisions of Clauses 11.5 through 11.10 shall apply. 

11.2.1.3 
In determining shear resistance, the effects of axial tension due to 
creep, shrinkage, and thermal effects in restrained members shall be 
considered wherever applicable. 

11.2.1.4 
For variable depth members, the components of flexural compression 
and tension in the direction of the applied shear shall be taken into 
account if their effect is unfavourable and may be taken into account if 
their effect is favourable. 
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11.2.1.5 
In determining shear resistance, Vr, the effect of any openings in 
members shall be considered. 

11.2.2 Shear and Torsion Reinforcement Details 

11.2.2.1 Types of Shear Reinforcement 
Transverse reinforcement provided for shear may consist of: 
(a) stirrups perpendicular to the axis of the member; 
(b) welded wire fabric with transverse wires located perpendicular to 
the axis of the member, provided that the transverse wires can undergo 
a minimum elongation of 4% measured over a gauge length of at least 
100 mm, which includes at least one cross wire; 
(c) stirrups making an angle of 45° or more with the longitudinal 
tension reinforcement inclined to intercept potential diagonal cracks; 
(d) for nonprestressed members, shear reinforcement may consist of 
No. 35 or smaller longitudinal bars bent to provide an inclined portion 
having an angle of 30° or more with the longitudinal bars and crossing 
potential diagonal cracks. However, only the centre three-fourths of 
the inclined portion of these bars may be considered effective; and 
(e) spirals. 

11.2.2.2 Anchorage of Shear Reinforcement 
Stirrups and other bars or wires used as shear reinforcement shall De 
anchored at both ends according to Clause 12.13 to develop the 
design yield strength of the reinforcement. 

11.2.2.3 Types of Torsion Reinforcement 
Transverse reinforcement provided for torsion may consist of: 
(a) closed stirrups perpendicular to the axis of the member; 
(b) a closed cage of welded wire fabric with transverse wires meeting 
the minimum elongation requirements of Clause 11.2.2.1 (b) located 
perpendicular to the axis of the member; and 
(c) spirals. 

Longitudinal reinforcement is also required. 

11.2.2.4 Anchorage of Torsion Reinforcement 
Transverse torsion reinforcement shall be anchored: 
(a) according to Clause 12.13.2(a) or Clause 12.13.2(b) ill regions 
where the concrete surrounding the anchorage is restrained against 
spalling (see Clause 11.4.2.7); or 
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(b) by means of 1350 standard hooks where the concrete sur­
rounding the anchorage is unrestrained against spalling. 

A longitudinal reinforcing bar or bonded prestressing tendon shall be 
placed in each corner of the closed transverse reinforcement required 
for torsion. The nominal diameter of the bar or tendon shall not be less 
than s/16. 

Longitudinal torsion reinforcement shall be anchored in accordance 
with Clause 12.1. 

11.2.2.5 Yield Strength of Shear and Torsion Reinforce­
ment 
The yield strength used in design calculations of shear and torsion 
transverse reinforcement shall not exceed 400 MPa. 

11.2.3 Low and Normal Density Concrete 
Values of the modification factor, A, to account for the type of concrete 
shall be 
A = 1.00 for normal density concrete; 
A = 0.85 for structural semi-low density concrete; and 
A = 0.75 for structural low density concrete. 

Linear interpolation may be applied if partial sand replacement is 
used. 

11.2.4 Consideration of Torsion 

11.2.4.1 
If the magnitude of the torsion, T" determined by analysis using 
stiffnesses based on uncracked sections exceeds O.2ST cr' then tor., 
sional effects shall be considered and torsional reinforcement 
designed in accordance with Clause 11.3 or 11.4 shall be provided. 
Otherwise torsional effects may be neglected. 

In lieu of more detailed calculations, Tcr may be taken as 

Tcr = (A~pc) 0.4A4>c.Jf; (11-1) 

for non prestressed members; and 

Tcr = (A~pc) O.4A4>cR V 1 + f.,/(0.4A4>cJfj (11-2) 

for prestressed members. 
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11.2.4.2 
In a statically indeterminate structure where reduction of torsional 
moment in a member can occur due to redistribution of internal forces, 
the maximum factored torsion, TI, may be reduced to 0.67Tcr provided 
that the corresponding adjustments to torsions, moments, and shears 
are made in the member and in adjoining members to account for the 
redistribution. For a spandrel beam where the torsion is caused by a 
slab, the factored torsion in the spandrel can be assumed to vary 
linearly from zero at midspan to 0.67T cr at the face of the support. 

11.2.5 Minimum Shear Reinforcement 

11.2.5.1 
A minimum area of shear reinforcement shall be provided in all regions 
of flexural members where the factored shear force, VI' exceeds 0.5Vc 
or the factored torsion, TI, exceeds 0.25Tcr' This requirement may be 
waived for: 
(a) slabs and footings; 
(b) concrete jOist construction defined by Clause 8.11; 
(c) beams with a total depth of not greater than 250 mm; and 
(d) beams cast integrally with slabs with a total depth of not greater 
than 2.5 times the thickness of the slab nor 600 mm. 

11.2.5.2 
In lieu of more detailed calculations, Vc in Clause 11.2.5.1 may be taken 
as 0.2Acf>c Jr; bwd. 

11.2.5.3 
The minimum shear reinforcement requirements of Clause 11.2.5.1 
may be waived if it can be shown by test that the required flexural and 
shear resistances can be developed when shear reinforcement is 
omitted. Such tests shall simulate the effects of differential settlement, 
creep, shrinkage, and temperature change, based on a realistic 
assessment of such effects occurring in service. 

11.2.5.4 
Where shear reinforcement is required by Clause 11.2.5.1 or by 
calculation, the minimum area of shear reinforcement shall be 
computed by: 

(11-3) 
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11.2.5.5 
For prestressed members with an effective prestress force of not less 
than 40% of the tensile strength of the flexural reinforcement, the 
minimum area of shear reinforcement may be computed by Equa­
tion (11-3) or Equation (11-4). 

11.2.5.6 

s . ;rr 
dV~ 

(11-4) 

In calculating the term Ay in Equations (11-3) and (11-4), inclined 
reinforcement and transverse reinforcement used to resist torsion may 
be included. 

11.3 Shear and Torsion Design-Simplified Method 

11.3.1 Required Shear Reinforcement 
Transverse reinforcement required for shear shall be determined from 
the requirement that: 

(11-5) 

11.3.2 Factored Shear Resistance 
The factored shear resistance shall be computed by: 

Vr=Vc+Vs (11-6) 

where 
Vc is· determined in accordance with Clause 11.3.4 or Clause 11.3.5; 
and 
V s is determined in accordance with Clause 11.3.6. 

11.3.3 Calculation of V. in Regions Near Supports 

11.3.3.1 
The shear, VI' in regions near supports may be reduced in accordance 
with Clause 11.3.3.2 or 11.3.3.3 when both of the following conditions 
are satisfied: 
(a) the support reaction, in the direction of the applied shear, 
introduces compression into the end region of the member; and 
(b) no concentrated load occurs within a distance, d. from the face of 
a support for nonprestressed members or within a distance, h/2. for 
prestressed members. 
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11.3.3.2 
For non prestressed members, sections located less than a distance, d, 
from the face of a support may be designed for the same shear, V" as 
that computed at a distance, d. 

11.3.3.3 
For prestressed members, sections located less than a distance, h/2, 
from the face of a support may be designed for the same shear, V" as 
that computed at a distance, h/2. 

11.3.4 Calculation of V c-Nonprestressed Members 

11.3.4.1 
For members subject to shear and flexure only 

V c = 0.2Acf>c.Jf. bwd 

11.3.4.2 
For members subject to axial tension 

where N, is positive for tension. 

(11-7) 

(11-8) 

In calculating Nr the influence of the coexisting flexural moment 
shall be taken into account. Alternatively, Nr may be taken as 
0.6Acf>c vr; Ag• 

11.3.4.3 
For members subject to axial compression 

( 3N,) 
V c = 0.2Acf>c vr; 1 - A f' bwd 

g c 

where N, is positive for tension. 

11.3.5 Calculation of V c-Prestressed Members 

11.3.5.1 

(11-9) 

For members with an effective prestress force of not less than 40% of 
the tensile strength of the flexural reinforcement 

(11-10) 
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but Vc need not be taken as less than 0.2xq,c4bwd, nor shall it 
exceed V cw given in Clause 11.3.5.2. The quantity V,dp/M, shall not be 
taken as greater than 1.0 where M, is the factored moment occurring 
simultaneously with V, at the section considered. 

11.3.5.2 
V c shall not exceed V cw 

Vew = 0.4Xq,eJ'f; (J1 + fpc.Jf:) bwdp + q,pVp 
0.4Xq,c fe 

In Equation (11-11) dp need not be taken less than O.Sh. 

11.3.5.3 

(11-11) 

In pretensioned members the reduced prestress in the transfer length 
of prestressing tendons shall be considered when computing fpc and 
V p' The prestress force may be assumed to vary linearly from zero at 
the point at which bonding commences, to a maximum at a distance 
from the end of the tendon equal to the transfer length, assumed to be 
50 diameters for strand and 100 diameters for single wire. 

11.3.5.4 
For prestressed members with an effective prestress force of less than 
400/0 of the tensile strength of the flexural reinforcement. Ve shall be 
taken as 0.2Xq,e J'f; bwd. 

11.3.6 Calculation of V. 

11.3.6.1 
When shear reinforcement perpendicular to the axis of a member is 
used 

(11-12) 

11.3.6.2 
When inclined stirrups are used as shear reinforcement 

(11-13) 
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11.3.6.3 
When shear reinforcement consists of a single bar or a single group of 
parallel bars, all bent up at the same distance from the support: 

Vs = 4>sAvifysin Q (11-14) 

but not greater than 0.3A4>c 4 bwd 

11.3.6.4 
When shear reinforcement consists of a series of parallel bent-up bars 
or groups of parallel bent-up bars at different distances from the 
support, the shear strength, Vs' shall be taken as 0.75 times the value 
given by Equation (11-13), but not greater than 0.5A4>c4bwd. 

11.3.6.5 
Where more than one type of shear reinforcement is used to reinforce 
the same portion of a member, Vs shall be computed as the sum of the 
V s values computed for the various types. 

11.3.6.6 
For beams designed according to Clause 11.3, V s shall not be greater 
than 0.8A4>c4bwd. 

11.3.7 Design of Torsional Reinforcement 

11.3.7.1 
Where required by Clause 11.2.4, torsion reinforcement shall be 
provided in addition to the reinforcement required to resist the 
factored shear, flexure, and axial forces, which act in combination with 
the torsion. 

11.3.7.2 
In regions near supports, which satisfy the requirements of Clause 
11.3.3, non prestressed sections located less than a distance, d, from 
the face of the support may be designed for the same torsion, Tfl as that 
computed at a distance, d, while prestressed sections located less than 
a distance h/2 from the face of the support may be designed for the 
same torsion, Tf, as that computed at a distance, h/2. 

11.3.7.3 
The transverse reinforcement required for torsion shall be determined 
from the requirement that Tr ~ Tf. 
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11.3.7.4 
The factored torsional resistance shall be computed by: 

Tr = 2Ao<l>sAtf/s 

11.3.7.5 

(11-15) 

The required area, AI' of longitudinal bars distributed symmetrically 
around the section shall be computed by: 

(11-16) 

11.3.7.6 
In the flexural compression zone of a member the area of longitudinal 
torsion steel required may be reduced by an amount equal to 
M,I(0.9dfy) where Mf is the factored moment at the section acting in 
combination with Tf• 

11.3.7.7 
The area enclosed by the torsional shear flow, Ao' may be taken as 
0.85Aoh· 

11.3.7.8 
For hollow sections in torsion, (he distance measured from the 
centreline of the transverse torsion reinforcement to the inside face of 
the wall shall be not less than' 0.5Aoh/Ph. 

11.3.7.9 
The cross sectional dimensions shall be such that 
(V,Ibwd) + (TfPh/Aoh2) 

does not exceed 0.25A<I>cf~. 

11.3.8 Spacing Limits for Shear and Torsion Reinforce­
ment 

11.3.8.1 
The spacing of required shear reinforcement placed perpendicular to 
the axis of a member shall not exceed d/2 in non prestressed members 
and 0.75h in prestressed members, nor 600 mm. 
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11.3.8.2 
Inclined stirrups and bent longitudinal reinforcement shall be so 
spaced that every 45° line, extending toward the reaction from the 
mid-depth of the member, 0.5d, to the longitudinal tension reinforce­
ment, shall be crossed by at least one line of effective shear rein­
forcement. (See also Clause 11.2.2.1 (d).) 

11.3.8.3 
When Vs exceeds 0.4Ac/>c4bwd, the maximum spacings given in 
Clauses 11.3.8.1 and 11.3.8.2 shall be reduced by one-half. 

11.3.8.4 
Spacing of transverse torsion reinforcement shall not exceed Ph/8 nor 
300 mm. 

11.3.8.5 
Spacing of longitudinal bars distributed around the perimeter of the 
transverse torsion reinforcement shall not exceed 300 mm. (See also 
Clause 11.2.2.4.) 

11.3.9 Indirect Loads 

11.3.9.1 
The provisions of this Clause apply to members loaded by brackets, 
ledges, or crossbeams. 

11.3.9.2 
When a load is applied to a side face of a member, additional transverse 
reinforcement capable of transmitting a tensile force of (1 - hb/h,) 
times the applied factored load shall be provided. In the supporting 
member, only the additional full depth transverse reinforcement in a 
region within a distance, hb' from the shear interface may be assumed 
effective. In the supported member, only the additional full depth 
transverse reinforcement within a distance of one-quarter of the 
effective depth of the supported member on each side of the shear 
interface may be assumed effective. This requirement may be waived if 
the interface transmitting the load extends to the top of the supporting 
member and if the average shear stress on this interface is not greater 
than 0.25Ac/>c 4 
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11.4 Shear and Torsion Design-General Method 
Note: See Apoendix D for eXDlanatory comments on me general method. 

11.4.1 General Principles and Requirements 

11.4.1.1 
Members shall be designed to have adequate resistance, adequate 
ductility, and satisfactory performance at service load levels. 

11.4.1.2 Resistance 
The resistance of members in shear or in shear combined with torsion 
shall be determined by satisfying applicable conditions of equilibrium 
and compatibility of strains and by using appropriate stress-strain 
relationships for reinforcement and for diagonally cracked concrete. 
Cross sectional dimensions shall be chosen to ensure that the 
diagonally cracked concrete is capable of resisting the inclined 
compressive stresses. Longitudinal and transverse reinforcement 
capable of equilibrating this field of diagonal compression shall be 
provided. 

11.4.1.3 Ductility 
The amount of reinforcement in a member shall be such that a reserve 
of strength exists after initial cracking. In addition, the reinforcement 
and the cross sectional details and properties shall be such that the 
transverse reinforcement yields prior to the diagonal crushing of 
concrete. 

11.4.1.4 Serviceability 
Cross sectional properties and reinforcement details shall be chosen 
to ensure adequate control of diagonal cracking at specified loads. 

11.4.1.5 
The resistance requirements of Clause 11.4.1.2 may be considered 
satisfied if the concrete crushing limits of Clause 11.4.2 are satisfied, 
the transverse reinforcement requirements of Clauses 11.4.4 and 
11.4.5 are satisfied, the longitudinal reinforcement requirements of 
Clause 11.4.6 are satisfied, and the requirements of Clause 11.4.7 are 
satisfied, if applicable. 
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11.4.1.6 
The ductility requirements of Clause 11.4.1.3 may be considered 
satisfied if the minimum shear reinforcement requirements of Clause 
11.2.5 are satisfied and the reinforcement strain limits of Clause 11.4.3 
are satisfied. 

11.4.1.7 
The serviceability requirements of Clause 11.4.1.4 may be considered 
satisfied if the crack control requirements of Clause 11.4.8 are 
satisfied. 

11.4.2 Diagonal Compressive Stresses in Concrete 

11.4.2.1 
The cross sectional dimensions may be considered adequate to avoid 
diagonal crushing of the concrete if: 

(11-17) 

11.4.2.2 
The diagonal compressive stress in the concrete, f2' may be computed 
as: 

(11-18) 

11.4.2.3 
The diagonal crushing strength of the concrete, f2max ' may be 
computed as: 

(11-19) 

however, f2max shall not exceed A<I>cf~ unless the concrete is triaxially 
confined. 

11.4.2.4 
The principal tensile strain, El , may be computed as: 

Ex + 0.002 
E=E+----

1 x tan20 
(11-20) 
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11.4.2.5 
I n lieu of determining Ex by performing a plane sections analysis for the 
section under the loads M" Nf and Ny, its value may be taken as 0.002. 

11.4.2.6 
In evaluating sectional resistance, (J may be chosen to have any value 
between 15° and 75°; however, the same value of (J must be used in 
satisfying all of the requirements at a section. 

11.4.2.7 SpalUng of Concrete Cover 
If the shear, V" exceeds X4Ic4bwd or if torsional reinforcement is 
required, spalling of the concrete cover shall be accounted for in 
determining by; otherwise spalling may be neglected. If spalling is to be 
accounted for, the concrete cover down to the centreline of the 
outermost reinforcement shall be assumed to have spalled off unless 
the ends of the compression diagonals are restrained against spalling. 
Transverse reinforcement shall not be anchored in the cover concrete 
if spalling is to be accounted for. 

11.4.2.8 
In determining the minimum effective web width, by, the diameters of 
ungrouted ducts or one-half of the diameters of grouted ducts shall be 
subtracted from the web width at the level of these ducts. 

11.4.2.9 
For variable depth members or for prestressed members with inclined 
tendons, the term, V" in Equation (11-18) shall be replaced by 
(V, - 4IpVp). 

11.4.2.10 
When inclined stirrups are used as shear reinforcement, the term V, in 
Equation (11-18) may be replaced by (V, - 4I.AYifydycos a/s); however, 
this term shall not be taken as less than 0.66V,. 

11.4.2.11 
If torsional reinforcement is required by Clause 11.2.4.1, the term 
(V,/bydy) in Equation (11-18) shall be replaced by (V,Ibydy + T,Ph/Aoh2). 

11.4.2.12 
For hollow sections in torsion the wall thickness may be considered 
adequate to avoid diagonal crushing of the concrete if the distance 
from the centreline of the outermost transverse torsional reinforce­
ment to the inside face of the wall exceeds 1.5ao' (See Clause 11.4.4.9.) 
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11.4.3 Yielding of Transverse Reinforcement 

11.4.3.1 
The cross sectional and reinforcement properties may be considered 
adequate to ensure the yielding of the transverse reinforcement prior 
to the diagonal crushing of the concrete if: 

f, > flEs 
11.4.3.2 

(11-21) 

For transverse reinforcement perpendicular to the axis of the member 

(11-22) 

11.4.3.3 
For transverse reinforcement inclined to the axis of the member 

f, = 0.5(fl - 0.002) - 0.5(fl + 0.002) cos 2(0 + a) 

11.4.4 Design of Transverse Reinforcement 

11.4.4.1 

(11-23) 

The transverse reinforcement provided shall be at least equal to the 
sum of that required for shear and that required for the co-existing 
torsion. 

11.4.4.2 
The transverse reinforcement required for shear shall be determined 
from the requirement that vr ;;;:: VI. 

11.4.4.3 Factored Shear Resistance 
The factored shear resistance shall be computed by: 

cPsAyfy d 
Vr = -s- tanYo + cPpVp (11-24) 

11.4.4.4 
If inclined stirrups are used as transverse reinforcement, the term 

cPsAYify (Sin a ) 
dy --ll + cos a 

S tan v 

shall be added to the expression for V r. 
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11.4.4.5 
In calculating Vr tor non prestressed members, transverse reinforce­
ment consisting of a series of parallel bent-up bars at different 
distances from the support may be treated as inclined stirrups, except 
that dy shall be replaced by 0.75dy in Clause 11.4.4.4. and the additional 
shear resistance calculated in Clause 11.4.4.4 shall not exceed 
0.3 )...cPc ~ bydy. 

11.4.4.6 
The transverse reinforcement required for torsion shall be determined 
from the requirement that Tr ~ Tf• 

11.4.4. 7 Factored Torsional Resistance 
The factored torsional resistance shall be computed by 

cPsAtfy 2Ao 
T =--

r stan 0 
(11-25) 

11.4.4.8 
The area. Ao. enclosed by the torsional shear flow may be computed as 

AOh - aoPh/2. 

11.4.4.9 
The equivalent torsional depth of compression. ao• may be computed 
as 

a = AOh [1-
o Ph 

(11-26) 

11.4.4.10 Uniformly Loaded Beams 
For a region of a beam supported on its bottom surface and subject to 
uniform loading on its top surface but not subjected to concentrated 
applied loads. the transverse reinforcement requIred within a length 
d/tan 0 may be determined by using the lowest values of VI and TI 
which occur within this length. provided that the value of (J has been 
chosen to satisfy the requirements of Clauses 11.4.2 and 11.4.3 using 
the highest values of VI and Tf which occur within this length. 
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11.4.5 Spacing Limits for Transverse Reinforcement 

11.4.5.1 
Spacing of shear reinforcement placed perpendicular to the axis of 
member shall not exceed the smallest of d/(3tan 8), dy , or 600 mm. 

11.4.5.2 
Where inclined stirrups or bent longitudinal reinforcement, or both are 
required to resist shear, they shall be so spaced that every line inclined 
at an angle 0 to the longitudinal axis is crossed by at least three lines of 
effective shear reinforcement. 

11.4.5.3 
The spacing of transverse reinforcement provided for torsion shall not 
exceed Ph/(8tanO). 

11.4.6 Design of Longitudinal Reinforcement 

11.4.6.1 
Longitudinal reinforcement shall be designed by the plane sections 
theory described in Clause 10 to resist the factored moment, Mf, and 
the axial load, Nf, together with the additional factored axial tensile 
load, Ny, acting at mid-depth of the member, except if a design 
according to Clause 11.4.7 indicates that less reinforcement is 
required. The equivalent axial tensile load, Ny, shall ba computed by: 
(a) for members in which torsion can be neglected according to 
Clause 11.2.4.1 

Vf 
N =--

y tan 8 

(b) for other members 

1 
N =--

y tan 0 

where 
Po may be computed as (Ph - 4ao) 

11.4.6.2 

(11-27) 

For variable depth members or for prestressed members with inclined 
tendons the term Vf in Equations (11-27) and (11-28) shall be replaced 
by (Vf - cf>p V p). 
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11.4.6.3 
When inclined stirrups are used as shear reinforcement, the term Vf in 
Equations (11-27) and (11-28) may be replaced by (V f -

<psAYifydycos ads); however, this term shall not be taken as less than 
0.66Vf • 

11.4.6.4 
For members subjected to axial compression, Nf, in excess of the 
balanced load, Pbr, the cross section shall be capable of resisting the 
moment, Mf, together with an axial compression load of Nf + Ny, where 
the additional compression. Ny. determined from Equation (11-27) or 
Equation (11-28) shall be assumed to act at mid-depth. 

11.4.6.5 
If longitudinal reinforcement is designed to satisfy Clauses 11.4.6 and 
12.1, the requirements of Clauses 12.10.3,12.10.4,12.10.5, and 12.11.3 
may be waived. 

11.4.7 Design of Regions Adjacent to Supports, Concen­
trated Loads, or Abrupt Changes in Cross Section 

11.4.7.1 
The provisions of this Clause shall apply in determining the resistance 
of regions near discontinuities, such as abrupt changes in cross 
sectional dimensions or cross sectional forces, where it is inappro­
priate to assume that the shear stresses are uniformly distributed over 
the depth, dy. 

11.4.7.2 
These regions shall be idealized as trusses consisting of concrete 
compressive struts and reinforcing steel tension ties interconnected 
by nodal zones of multi-directionally compressed concrete. The 
trusses shall be capable of providing internal load paths for all of the 
forces acting on the regions. 
Note: See Appendix 0 for description of nodal zones 

11.4.7.3 
The concrete compressive stress in the struts shall not exceed f2max 

given by Clause 11.4.2.3, where El is determined by considering the 
strain conditions of the concrete and the reinforcement in the vicinity 
of the strut 
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11.4.7.4 
Tension tie reinforcement shall be effectively anchored to transfer the 
required tension to the nodal zone of the truss in accordance with 
Clause 12. 

11.4.7.5 
Unless special confining reinforcement is provided. the concrete 
compressive stresses in the nodal zones shall not exceed the following 
limits: 
(a) O.85c/>cf~ in nodal zones bounded by compressive struts and 
bearing areas; 
(b) O.75c/>cf~ in nodal zones anchoring only one tension tie; and 
(c) O.60c/>cf~ in nodal zones anchoring tension ties in more than one 
direction. 

11.4.7.6 
The stress limits in nodal zones may be considered satisfied if the 
following conditions are met: 
(a) the compressive stresses in struts bearing ag8\nst th~ nodal zone 
do not exceed the stress limits given in Clause 11.4.7.5; 
(b) the bearing stresses on the nodal zone produced by concentrated 
loads or reactions do not exceed the stress limits given in Clause 
11.4.7.5; and 
(c) the tension tie reinforcement is distributed over an effective area 
of concrete at least equal to the tensile tie force divided by the stress 
limits given in Clause 11.4.7.5. The effective area of concrete may be 
assumed to be the area of concrete surrounding the tension tie 
reinforcement and having the same centroid as that reinforcement. 

11.4.7.7 
In deep beams and corbels and in regions near direct supports or 
concentrated loads. where the concrete can be idealized as a series of 
uninterrupted compressive struts radiating from the nodal zone at the 
direct support or concentrated load. the concrete compressive stress 
limits of Clauses 11.4.7.3 and 11.4.7.5 may be considered satisfied by 
satisfying only the requirements of Clauses 11.4.7.6(b) and 11.4.7.6(c). 

11.4.8 Control of Diagonal Cracking 

11.4.8.1 
The control of diagonal cracking shall be investigated if the shear due 
to specified loads. Vse' is greater than the shear. Vcr. causing diagonal 
cracking. 
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11.4.8.2 
It may be assumed that the control of diagonal cracking at specified 
loads is adequate if the following three conditions are met: 
(a) the spacing of the transverse reinforcement does not exceed 
300 mm; 
(b) the shear force, VI' does not exceed 0.6A<Pc4bwd; and 
(c) torsion can be neglected according to Clause 11.2.4.1. 

11.4.8.3 
For members not meeting the requirements of Clause 11.4.8.2 it may 
be assumed that the control of diagonal cracking at specified loads is 
adequate if Items (a) and (b) and either Item (c) or Item (d) are met, as 
follows: 
(a) the spacing of the transverse reinforcement does not exceed 
300 mm; and 
(b) the spacing between longitudinal reinforcing bars along the 
exposed sides of the member does not exceed 300 mm; and 
(c) the calculated strain in the transverse reinforcement at specified 
loads does not exceed 0.001 for interior exposure and 0.0008 for 
exterior exposure; or 
(d) the value of fy used in calculating the transverse reinforcement is 
taken as not greater than 300 MPa. 

11.4.8.4 
The strain in the transverse reinforcement at specified loads may be 
calculated as follows: 

Ese = [ AVEsesd + Tses ] [ (1 - -.!.L fpf~) tan 8 ] 0.5 X 
v s v 1.6 AIESAoh 200 c 

(11-29) 

where 
Av and AI are the amounts of transverse reinforcement provided for 
shear Rnd torsion, respectively. 

11.4.8.5 
In lieu of more detailed calculations the cracking snear, Vcr' may be 
determined as follows: 
(a) for members not subject to torsion 

"cr = [ O.2A4 J, + fp!(O.4A.Jfj ] bwd (11-30) 
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(b) for members subjected to combined shear and torsion, the 
cracking shear, Vcr' may be determined by dividing the value obtained 
from Equation (11-30) by the factor 

(c) the influence of an axial tensile load, Nse' can be accounted for by 
replacing the term, fpc' in Equation (11-30) 

( 
NSE: ) 

by fpc - A . 
9 

11.4.8.6 
When inclined stirrups are used as shear reinforce~nt, the strain in 
these stirrups may be computed by dividing the value from Equa­
tion (11-29) by 

[ sin Q + cos Q ] 

tan 8 
with Ay replaced by Ayi. 

11.4.8.7 
For uniformly loaded beams loaded on the top surface and supported 
on the bottom, the strain in the transverse reinforcement within a 
length, d/tan 8, may be determined by using the lowest values of Vse 
and Tse' which occur within this length. 

11.4.8.8 
Concentrated loads that can be transmitted directly to supports by 
compressive struts satisfying the requirements of Clause 11.4.7 may 
be neglected when calculating the strain in the transverse rein­
forcement. 

11.5 Special Provisions for Deep Shear Spans 

11.5.1 
The provisions of Clause 11.5 shall apply for those parts of members in 
which: 
(a) the distance from the point of zero shear to the face of the support 
is less than 2d; or 
(b) a load causing more than 50% of the shear at a support is located 
less than 2d from the face of the support. 
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11.5.2 
Shear design of deep shear spans shall be in accordance with the 
requirements of the general method, as specified in Clause 11.4 and 
modified in accordance with Clause 11.5.3. In particular see Clause 
11.4.7. 
Note: Special attention must be given to the anchorage of longitudinal 
reinforcement in deep beams. See Clauses 11.4.7 and 12.10.6. 

11.5.3 Minimum Shear Reinforcement Requirements for 
Deep Shear Spans 

11.5.3.1 
The area of transverse shear reinforcement, Av' shall not be less than 
0.002bws, and s shall not exceed dIS nor 300 mm. 

11.5.3.2 
Pairs of longitudinal reinforcing bars shall be distributed over the 
depth of the beam. The cross sectional area of each pair of bars, with 
one bar near each face, shall be not less than 0.002bw times the spacing 
between the pairs of bars. This spacing shall not exceed d/3 nor 
300 mm. 

11.6 Special Provisions for Walls 

11.6.1 
The design for shear forces due to concentrated loads acting per­
pendicular to the face of walls shall be in accordance with the 
provisions for slabs in Clause 11.10. 

11.6.2 
The design for shear forces in the plane of walls shall be in accordance 
with the requirements of Clause 11.3 or 11.4 with minimum rein­
forcement in accordance with Clause 14.3. 

11.6.3 
The design for shear strength at construction jOints shall be in 
accordance with the requirements of Clause 11.7. 

11.7 Shear Friction 

11.7.1 
The provisions of Clause 11.7 are to be applied where it is appropriate 
to consider shear transfer across a given plane, such as an e)(isting or 
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potential crack, an interface between dissimilar materials, or an 
interface between two concretes cast at different times. 

11.7.2 
The resistance of cross sections subject to shear transfer as described 
in Clause 11.7.1, shall be calculated in accordance with the provisions 
of Clause 11.7.3 or 11.7.4. 

11.7.3 
A crack shall be assumed to occur along the shear plane considered. 
The required area of shear-friction reinforcement, Ayf, across the shear 
plane, may be designed using either Clause 11.7.4 or any other shear 
transfer design method that results in the prediction of resistance in 
substantial agreement with results of comprehensive tests. 

11.7.3.1 
The provisions of Clauses 11.7.5 through 11.7.10 shall apply for all 
calculations of shear transfer resistance. 

11.7.4 Shear Friction Design Method 

11.7.4.1 
When shear-friction reinforcement is perpendicular to the shear plane, 
the factored shear resistance, Vr, shall be computed by: 

(11-31) 

where 
p. is the coefficient of friction in accordance with Clause 11.7.4.3. 

11.7.4.2 
When shear-friction reinforcement is inclined to the shear plane at an 
angle, af' such that the shear force produces tension in the shear­
friction reinforcement, the factored shear resistance, Vr, shall be 
computed by: 

Vr = lPsAYffy(p. sin af + cos af) (11-32) 

11.7.4.3 
The coefficient of friction, p., in Equation (11-31) and Equation (11--32) 
shall be: 
(a) for concrete placed monolithically. . . . . . . . . . . . . . . . . . . .. 1.25>"; 
(b) for concrete placed against hardened concrete with the surface 
intentionally roughened as specified in Clause 11.7.9 ......... 0.9>"; 
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(c) for concrete placed against hardened concrete not intentionally 
roughened ..••••..............•......................•. O.SA; and 
(d) for concrete anchored to as-rolled structural steel by headed 
studs or by reinforcing bars (see Clause 11.7.10) .............. 0.6A. 

11.7.5 
The factored shear resistance, V r' shall not be greater than 0.2Sq,cf~Acv 
nor 6.Sq,cAcv' 

11.7.6 
When calculating Vr• the yield strength of the shear-friction rein­
forcement shall not be taken as greater than 400 MPa. 

11.7.7 
The net tension across the shear plane shall be resisted by additional 
reinforcement. The net compression across the shear plane may be 
taken into account when calculating the required shear-friction 
reinforcement, provided that only the minimum value of the com­
pression which will occur during the life of the structure is considered 

11.7.8 
The shear-friction reinforcement shall be appropriately placed along 
the shear plane and shall be anchored to deve.lop the specified yield 
strength on both sides by embedment, hooks, or welding to special 
devices. 

11.7.9 
For the purpose of Clause 11.7, when concrete is placed against 
previously hardened concrete, the interface for shear transfer shall be 
clean and free of laitance. If p. is assumed equal to O.gA, the interface 
shall be roughened to a full amplitude of approximately S mm. 

11.7.10 
When shear is transferred between as-rolled steel and concrete using 
headed studs or welded reinforcing bars, the steel shall be clean and 
free of paint. 

11.8 Special Provisions for Brackets and Corbels 

11.8.1 
Brackets and corbels shall be designed in accordance with the 
requirements of Clause 11.4.7 and the additional requirements of this 
Clause. 
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Appendix D 
Explanatory Comments to 
Clause 11, Shear and Torsion 

General 
Clause 11 of this Standard contains some provisions for shear design 
that are significantly different from those contained in previous 
standards. This Appendix is given to assist the design engineer in the 
application of these new provisions. The clauses are numbered as in 
Clause 11 with a letter 0 prefixed. 

011.2.1 Oeslgn Methods and Oesign Considerations 
Beams can be designed for shear either by the traditional V c + V s 

approach (see Clause 11.3) or a more general approach based on the 
Compression Field Theory (see Clause 11.4). 

011.2.2.1 Types of Shear Reinforcement 
To effectively increase shear capacity, transverse reinforcement must 
be capable of undergoing substantial strains prior to failure. Welded 
wire fabric, particularly if fabricated from small wires and not stress 
relieved after fabrication, may fail at the cross wire intersections before 
the required strain is reached. 

011.2.4 Consideration of Torsion 
Torques that do not exceed one-quarter of the pure torsional cracking 
torque will not cause a significant reduction in either flexural or shear 
strength and hence can be neglected. After cracking, there is a 
substantial reduction in the torsional stiffness relative to the flexural 
stiffness. If the torsion in the member is a function of torsional stiffness, 
the resulting redistribution of internal forces will maintain the 
maximum torsion in the member at about the cracking torque even as 
the loads are increased. This cracking torque will be about two-thirds 
of the pure torsional cracking load. 

011.2.5 Minimum Shear Reinforcement 
Minimum shear reinforcement restrains the growth of inclined 
cracking, and hence increases ductility and provides a warning of 
failure. Such reinforcement can be omitted if there is no significant 
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chance of diagonal cracking. It can also be omitted if the member is of 
minor importance or if the member is part of a redundant structural 
system which allows substantial redistribution of load and hence will 
display adequate ductility. 

011.3.4 Calculation of V c-Nonprestressed Members 
Previous standards have given several alternative procedures for 
calculating Vc. In order to be brief and understandable, this Standard 
gives only one procedure for calculating V c. V c is modified to account 
for the detrimental effect of axial tension and the beneficial effect of 
axial compression (see Reference 1 ).If the axial tension is so high that, 
acting together with the flexural moment, it will cause yielding of any of 
the longitudinal reinforcement, then V c is taken as zero. 

011.3.6.4 Maximum V 5 for Parallel Bent-Up Bars 
The upper limit has been specified to exclude cases which may exhibit 
undesirable cracking at service load levels. 

011.3.9 Indirect Loads 
The design provisions of Clause 11.3 were developed primarily from 
tests in which loads pushed down upon the top face of beams while 
supports pushed up on the bottom face. If loads are applied to the side 
face of a beam, additional transverse reinf{)rcement is required to 
support these loads and hang them up to the top face of the member. 
To be effective, this reinforcement must be placed close to the loaded 
interface (see Figure 01). Note that in determining the zone of 
effective reinforcement, hb need not be taken as being less than 
75 mm. If the shear stress is low enough that diagonal cracks are 
unlikely to form, no additional reinforcement is needed. 

011.4.1 General Principles and Requirements (General 
Method) 
The resistance and behaviour of members in shear or torsion, or both, 
can be investigated in detail by performing a sectional analYSis that 
considers the equilibrium, compatibility, and stress-strain require­
ments for different portions of the section. Such an analysis (see 
Figure 02) would show that the shear stress distribution is not uniform 
and that the direction of principal compressive stresses changes over 
the depth of the beam. In lieu of the detailed analysis implied in 
Clause 11.4.1.1 a more direct procedure, which concentrates on the 
conditions at mid-depth of the beam, is permitted by Clause 11.4.1.5. 
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Zone for Additional Reinforcement 
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Figure 02 
Detailed Study of Beam in Shear 
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Figure 03 
More Direct Procedure-.for Beam in Shear 
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In this procedure (see Figure 03) the shear stresses are assumed to be 
uniformly distributed over an area by wide and dy deep, the direction of 
the principal compressive stresses (defined by angle 8) is assumed to 
remain constant over dy and tensile stresses in cracked concrete are 
ignored. 

011.4.2 Diagonal Compressive Stresses in Concrete 
If the principal tensile stress in the web concrete is zero, then the 
principal compressive stress in the web concrete will be related to the 
shear stress on the web concrete by an equilibrium Equation (11-18), 
which can be derived from the Mohr's circle given in Figure 04. If the 
web concrete is severely deformed (large E,), its ability to resist 
compressive stresses will be substantially reduced. Equation (11-19), 
which relates the failure value of f2 to the strain E, perpendicular to the 
direction of f2 (see Figure 05), was derived from the work reported in 
Reference 2. The principal tensile strain, E" is related to the longi­
tudinal strain at mid-depth, Ex (see Figure 03), the principal com­
pressive strain (assumed to be -0.002), and the principal strain 
direction (assumed to coincide with the principal stress direction) by 
compatibility Equation (11-20), which can be derived from the Mohr's 
circle given in Figure 06. Sections with high axial compreSSion, 
prestress, or low values of moment will have small web deformations 
(low Ex and thus low E,) and hence will be able to tolerate higher shear 
stresses. 

The value of f2max is reduced for lightweight concrete because f2 
must be transmitted across the typically more steeply inclined cracks 
that formed at lower loads (see Figure 05). Cracks in lightweight 
concrete usually pass through the aggregate and hence have relatively 
smooth surfaces that limits their ability to transmit the stresses. 

011.4.2.6 
The value of 8 can be chosen by the designer. Values of 8 sm,.lIer than 
45° will result in less transverse reinforcement/but more longitudinal 
reinforcement being required which is usually an economical trade off. 
As 8 is made smaller, f2' the diagonal compressive stress due to the 
applied shear, becomes larger and f2max, the limiting value of f2' 
becomes smaller. For a given beam the lower limit for 8 is set when f2 
reaches f2max. The lower the shear stress on the concrete, the lower the 
value of 8 at which f2 will equal f2max (see Figure 07). 
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011.4.2.7 
Clause 11.4.2.7 discusses spalling of the web at high shears. The 
outwards thrust of the diagonal compressive stresses in the concrete 
must be equilibrated by the tensile forces in the transverse reinforce­
ment. Unless the cover concrete is bearing against a flange, the 
compressive stresses in the cover concrete will need to "curve in" 
towards the reinforcement (see Figure 08). This changing of direction 
requires tensile stresses perpendicular to the plane of the stirrups, 
which may cause the concrete to split along the plane of weakness 
formed by the stirrups. For members in torsion the highest compres­
sive stresses occur near the outer surface and hence these members 
are particularly vulnerable to spalling of the concrete cover. 

011.4.2.12 
Torsion is assumed to be resisted by a "tube" of uniformly stressed 
concrete, ao thick, whose outer surface is the centreline of the 
outermost transverse torsional reinforcement. The diagonal com­
pressive stresses caused by the torsion will in fact be greater near the 
outside surface and will reduce to zero at about 1.5ao from this surface. 

011.4.3 Yielding of Transverse Reinforcement 
The requirement that the transverse reinforcement must yield prior to 
crushing of the concrete, limits the maximum shear that a given cross 
section can resist as shown by the dashed lines in Figure 07. 

The geometry of the web deformations is given by Equations (11-22) 
and (11-23), which can be derived from a Mohr's circle of strain such as 
that shown in Figure 06. 

011.4.4 Oesign of Transverse Reinforcement 
Transverse reinforcement must be provided to equilibrate the out­
wards thrust of the diagonal compressive stresses in the concrete. 
Equations (11-24) and (11-25) express this equilibrium requirement. 

As the torsion on a given cross section increases, the thickness, ao' 

of the "torsional tube" becomes larger and hence the area enclosed by 
the centreline of the tube, Ao' becomes smaller. (See Reference 3 for 
more details.) 

The free body diagram in Figure 09 demonstrates why, for uniformly 
loaded beams, the transverse reinforcement within a length d/tan 8 
may be designed to resist the lowest shear within this length as stated 
in Clause 11.4.4.10. 
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011.4.6 Design of Longitudinal Reinforcement 
The shear force on the section is resisted by diagonal compressive 
stresses in the concrete. Thus, in Figure 03, it is the vertical com­
ponent of the force 0 that is carrying the shear. The horizontal 
component of 0 is equivalent to an axial compression on the concrete 
of Vltan 8. This unwanted compression needs to be cancelled out by 
tensile forces in the longitudinal reinforcement (see Figure 010). 
Thus, shear causes compressive stresses in the concrete and tensile 
stresses in the longitudinal reinforcement. In terms of the tension in the 
longitudinal reinforcement, the shear is equivalent to an axial tensile 
load of Vltan 8. 

When both torsion and shear act on a section, the shear stresses due 
to torsion and shear will add on one side of the section and counteract 
on the other side. To account for the fact that the torsion and shear 
effects are not simply additive, the required equivalent tension, Ny, is 
taken as the square root of the sum of the squares of the individually 
calculated tensions. 

Rather than designing the longitudinal reinforcement at a section to 
resist moment, Mf, and equivalent axial tension, Ny, it may be more 
convenient to design only for a larger moment of Mf + 0.5Nydy. 
Designing for this increased moment will give essentially the same 
additional longitudinal reinforcement. Figure D11 illustrates this 
procedure for a uniformly loaded beam supported by cross girders. 

011.4.6.4 
Failure of sections subjected to high axial compressions will be 
governed by crushing of the concrete in compression rather than 
yielding of the reinforcement in tension. For such sections, the 
detrimental effect of the concrete compressive stresses due to shear 
can be accounted for by adding an equivalent axial compression equal 
to Ny. 

011.4.6.5 
In traditional North American reinforced concrete design procedures, 
the influence of shear on the longitudinal reinforcement is accounted 
for by detailing rules about the development of flexural reinforcement. 
These traditional rules can be waived, if the influence of shear on the 
longitudinal reinforcement has been accounted for directly. 
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011.4.7 Design of Regions Adjacent to Supports, Con­
centrated Loads, or Abrupt Changes in Cross Section 
The design procedures detailed in Clauses 11.4.2, 11.4.3, 11.4.4, and 
11.4.6 are based on the assumptions that the shear stresses are 
uniformly distributed over the depth, dv (see Figure 03) and that the 
principal compressive stress trajectories can be approximated by a 
series of parallel lines representing the compression field (see 
Figure 011). In regions near discontinuities, such as those shown in 
Figure 012, these assumptions do not apply and hence it is appro­
priate to use procedures that more closely approximate the actual flow 
of forces. 

The internal flow of forces in these disturbed regions can be 
approximated by truss models such as that shown in Figure 013. The 
zones of high unidirectional compressive stress in the concrete are 
modelled as compressive struts, while tension ties are used to model 
the principal reinforcement. The regions of concrete subjected to 
multi-directional stresses, where the struts and the ties meet (the 
nodes of the truss) are represented by "nodal zones". 

011.4.7.3 
The reinforcing bars of a tension tie are bonded to the surrounding 
concrete. Hence, if the reinforcing bars are to yield in tension, there 
must be an average tensile strain in the concrete. If a tension tie 
crosses a compressive strut, this tensile straining will reduce the 
capacity of the concrete to resist compressive stresses. I n the direction 
of the strut the concrete undergoes its highest compressive strain, 
while in the direction of the bar it must undergo tensile, strain (see 
Figure 014). The largest tensile strain, E,. will occur in the direction 
perpendicular to the strut (ie, cracks are assumed to be occurring 
parallel to the strut). To yield the bar, El must become greater as the 
angle between the bar and the strut becomes smaller. In this situation 
Equation (11-20) can be used to determine El if Ex is taken as the 
average strain in the bar and () as the angle between the bar and the 
strut. Equation (11-19) can then be used to determine the maximum 
possible stress in the strut. (In both applications of Equation (11-20), () 
is the angle between the direction in which Ex is measured and the 
direction of fc2') 

Note that the compressive struts do not have to be of constant cross 
section along their lengths (the sloping struts in Figure 013 have been 
taken as being somewhat wider near the bottom). As the force in a strut 
will be constant, the stress will be inversely proportional to the area. 
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D11.4.7.4 
Tension tie reinforcement can be anchored to the nodal zone by 
appropriate embedment lengths, hooks, or mechanical devices in 
accordance with the requirements of Clause 12. For the purpose of 
checking the stresses in the nodal zones, the tie reinforcement can be 
regarded as being anchored by bearing against the far side of the nodal 
zone as shown in Figure 013. 

D.11.4.7.5 
The allowable concrete compressive stresses in nodal zones are 
related to the degree of confinement of these zones. Thus the zones 
beneath the loads shown in Figure 013 are allowed to be stressed to 
O.85q,cf~ (if they were triaxially confined by special reinforcement, 
higher stresses would be possible) while the zone above the right 
reaction is restricted to O.75q,cf~ and the zone at the bottom of the left 
strut is restricted to O.60q,cf~. If the tie reinforcement was really 
anchored by bearing against metal plates at the back of the nodal 
zones then these lower limits could be increased to the O.85q,cf~ value. 

011.4.7.7 
In situations such as that shown in Figure 015, where the compressive 
stresses in the concrete can be represented by a series of struts 
radiating out from a nodal zone, the highest stresses in the concrete 
will occur at the nodal zone. In such cases the concrete stresses need 
only be checked at the nodal zones. For the Case shown, the truss 
would be satisfactory if the depth of the top nodal zone at midspan was 
large enough to ensure that the compressive stress due to the flexural 
compression was less than· O.85q,cf~, if the bearing stress at the 
supports was less than O. 75q,cf~, and if the tension tie reinforcement 
could resist the flexural tension and was anchored over a sufficient 
depth of the beam, so that the tension divided by the width of the beam 
and the depth over which the steel was anchored was less than O. 75q,cf~. 

The radiating compressive stresses in regions near direct supports 
will influence the design of the longitudinal reinforcement. In com­
parison to situations where the support reactions "feed in" over the 
depth of the beam, less longitudinal reinforcement will be required 
(compare Figures 011 and 016). In Figure 016 the reinforcement 
required adjacent to the bottom face near the support remains the 
same (near the simple support this reinforcement must be anchored 
over a depth sufficient to satisfy Clause 11.4.7.6(c», but the rein­
forcement adjacent to the top face need not exceed the amount 
required to resist the maximum moment. 
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011.4.8 Control of Diagonal Cracking 
Excessively wide diagonal cracks are unsightly and increase the risk of 
corrosion of the reinforcement. Cracking is controlled by limiting the 
spacing of the reinforcement and by limiting the strain in the transverse 
reinforcement at service loads. The strain limit of 0.001 was suggested 
in Reference 4. 

Equation (11-29) is based on estimating the principal compressive 
stress direction at service load (the second factor) and making an 
allowance for the influence of the tensile stresses in the cracked 
concrete (the last factor). More details on the derivation of this 
equation are given in Reference 3. 

011.5 Special Provisions for Deep Shear Spans 
The simplified method is not appropriate for the design of deep shear 
spans. The influence of the shear on the longitudinal reinforcement 
requirements needs to be calculated directly. Hence the general method 
is used. 

The function of the minimum reinforcement is to control diagonal 
cracking and to increase the ductility of the member. 

011.8 Special Provisions for Brackets and Corbels 
Brackets and corbels are to be designed by the strut and tie models 
described in Clause 11.4.7 (see Figure 017). 

The traditional limits on the corbel dimensions have been retained. 
Corbels and brackets usually support the ends of beams. With time 
these beams will shorten due to shrinkage, creep (for prestressed 
beams), and temperature changes. Unless bearings have been used, 
which allow these movements to freely occur, the change in length will 
be resisted by the friction between the beam and the corbel. 

011.10 Special Provisions for Slabs and Footings 
These are essentially the ACI provisions for slabs except that the 
detailed rules for shearhead design have not been reproduced and 
"nailhead type" shear reinforcement is specifically permitted. 
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Beam(s) 
cantilever, 331 
composite, 361-366 
conjugate, 335 
cross section, 129-139 
double-tee, 547, 700 
elastic analysis of, with curved tendons, 

471-481 
facia, 231 
1-, 626 
inverted-tee, 570, 700 
pretensioned, 383 
prismatic, stresses at ends of, 455-455 
segmental, 368-370, 692-695 
single-tee, 572-573 
spandrel, 231, 256-257, 552 
stresses at ends of pretensioned, 383 
T-shaped, 622, 623, 626, 633 
variable-depth, 336-367 
with variable moments of inertia, 366-368 

Beam and slab, deferential deformation of, 
321 

Beam lateral stability, 715-716 
Bearings 

expansion, 561 
fabricated metal, 560 
fixed steel, 561-562 
pot, 560 

Bed, pretensioning, 5 
Bench(es) 

abutment-and-strut, 647-648 
column, 644 
fixed, 644 
independent-abutment, 644-646 
portable, 648-650 
pretensioning, 5, 7, 572, 643-650 
strut-and-tie, 646-647 
tendon-deflecting, 648 
universal, 644 

Biaxial compressive stresses, 251 
Bond(s) 

flexural, 264, 267-268 
prevention, 386-390, 442 
length of, 455-458 
of prestressed reinforcement, 264-274 
transfer, 264 

Bonded post-tensioned construction, 274-277 
Bond stress, types of, 264 
Borescope,720 
Box-girder bridge, 130, 231, 397 
Box section, in forming beams, 367 

Bridge construction, 7, 620-626 
box girder, 130,231, 397 
cantilever, 336, 749 
distance betwee supports, 621 
elastomeric bearing pads in, 560 
long-span, 130, 532, 624, 634-636, 637 
moderate spans, 630-634 
prestressed-concrete, 621 
segmental, 636, 638-640 
short-span, 624, 626-630 
and structural continuity, 623-624 
T-shaped beams in, 622, 623 
use of falsework in, 744-747 
use of gantries in, 747-750 
use of mobile cranes in, 734 

Bridge deck research, 582 
Buckling, due to prestressing, 395-398 
Bursting, 372-373 
Bursting cracks, 372 
Button heads, 671 

Calcium-aluminate cement, 47 
Calcium carbonate, 59 
Calcium chloride, 35, 722 
Calcium oxide, 59 
Camber, 329n, 586-587 
Canadian Standards Association, strength 

reduction factors, 203-204 
Cantilever construction, 331, 336, 744, 749 
Capacity reduction factors, 508 
Carbonation shrinkage, 59 
Carbon equivalent, 538 
Cast-in-place concrete, 577 
Cast-in-place construction, flexural analysis 

of, 594-610 
Cast-in-place plates, 583-594 
Cast-in place slabs, 578-581, 583-594 

one-way, 581-583 
two-way, 583 

CEB-FIP Model Code, 375 
Cement, 46-47 
Channel(s) 

long-span, 574-575 
short-span, 574 

Chloride ion, 721 
adverse effect of, on reinforcing steel, 48 

Circular prestressing, 8 
Cold-formed heads, 671 
Cold weather concrete, 85-86 
Column base connections, 553-555 
Column benches, 644 



Column cracking, 707 
Coumn heads, 542-546 
Columns, 506-521 

prestressed, 396 
Composite beams, 361-366 
Composite cast-in-place concrete toppings, 361 
Composite concrete topping, 718-720 
Composite construction, 361-362 
Composite stringer construction, 632 
Compression Field Theory, 216, 241, 245, 

250 
Compressive reinforcement, 188-189 
Computer program, for analysis stress-strain, 

171 
Concordant, 464 
Concrete, 720 

accelerating, 82-85 
admixtures, 46-48, 63 
aggregates, 49, 61-62 
allowable, 86-88 
cement, 46-47, 61 
cold-weather, 85-86 
creep, 1, 11,46,72-81,292-293,319-

320,701-709 
curing, 48-49, 62, 82-85 
elastic modulus, 53-58 
elastic shortening of, 290-292, 319 
failure due to crushing of the, 157-158 
fire endurance, 86 
flexural stresses, 86-88 
humidity, 62 
inelastic volume changes, 12 
partially prestressed, 343-350 
poisson ratio, 58-59 
for prestressing, 45-94 
relaxation, 82 
shrinkage, 46,59-71,293,305,320-321 
slump, 48 
stmgth, 45, 49-53 
tensile strength, 51-52 
volume changes in, 46 
volume-to-surface ratio, 62 
water content, 62-63 

Concrete crushing failures, 710 
Concrete diaphragms, 629 
Concrete Reinforcing Steel Institute, 725, 727 
Concrete section 

computation of properties, 405-411 
limitation of prestressed 

with curved tendons, 416-417 
with straight tendons, 415-416 
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Concrete shear keys, 563, 564 
Concrete strain, failure due to, 157 
Concrete stresses, allowable, for use in design 

computations, 411-414 
Concrete topping, composite, 718-720 
Congestion, 710, 715 

of embedded materials, 724-725 
Conjugate beam, 335 
Conjugate beam method, 336 
Connections( s) 

column base, 553-555 
dapped end, 550-552 
field-welded, 570 
post-tensioned, 552-553 
shear-friction, 564-565 
wind/seismic, 562-564, 570, 717-718 

Connections for precast members, 536-538 
column base connections, 553-555 
column heads, 542-546 
corbels, 540-542 
dapped end connections, 550-552 
elastomeric bearing pads, 555-560 
expansion bearings, 561 
fixed steel bearings, 561-562 
horizontal forces, 538-539 
ledgers and ledges, 547-550 
post-tensioned connection, 552-553 
shear-friction connections, 564-565 
wind/seismic connections 562-564, 570, 

717-718 
Constructibility, 730-733 
Construction considerations, 696 

beam lateral stability, 715-716 
composite concrete topping, 718-720 
congestion of embedded materials, 724-725 
constructibility, 730-733 
corrosion of prestressing steel, 720-722 
coupler damage, 722-723 
dead-end anchorages, 723-724 
dimensional tolerances, 725-728 
falsework design, 728-730 
grouting post-tensioned tendons, 722 
honeycombing, 266, 715 
post-tensioning anchorage zone failures, 

709-710 
restraints of volume changes, 701-709 
shear cracking, 710-712 
support-related problems, 69b-701 
tendon path cracks, 712-714 
uniformity of deflections, 716-718 

Construction tolerances, 732 
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Corbels, 540-542, 564 
Coring, 719 
Corrosion 

pitting, 35 
steel, 33-36,720-722 
stress, 35, 721-722 

Couplers, 672 
damage, 722-723 

Crack (computer program), 350 
Crack(s) 

bursting, 372 
column, 707 
flexural-shear, 214-215, 215 
flexural-tension, 542 
heel, 542, 700 
spalling, 372, 373 
spalling-tensile, 378 
splitting-tensile, 372, 373 
tendon path, 712-714 
toe, 542, 700 
web,216 

Cracking 
column, 707 
diagonal, 251-252, 262-263 
end-block, 709-710 
flexural, 331, 338 
flexural shear, 214-215 
shear, 710-712 
type I, 214-215, 218, 219 
type II, 215, 218, 225 

Cracking load, failure at, 157 
Cracking moment, 219 
Cranes 

crawler, 739 
floating, 739 
truck, 735-739 

Crawler cranes, 739 
Creep 

in concrete, I, II, 76, 72-81, 292-293, 
319-320, 701-709 

effect of, 332-333 
estimating, 73-81 
in steel, 23-33 

Creep effect, of permanent superimposed dead 
loads, 321 

Creep-induced moment, 497-498 
Creep-recovery model, 295-296 
Cross beams, 652 
Cross section 

effective beam, 131-139 
gross, 131, 132 

I-shaped, 214 
net, 131-132 
net-transformed, 132 
selection of beam, 129-131 
transformed, 132 
T-shaped, 214 

Cross-section efficiency, 126-129 
Curing, 48-49 

accelerating, 82-85 
steam, 83-84 

Custom prestressed members, 401 

Dapped end connections, 550-552 
Dead-end abutment, 649 
Dead-end anchorages, 723-724 
Dead load, 101, 138,203,204,321,361, 

446,622 
Dead-load moment, 496 
Decompression, for partially prestressed 

member, 346-347 
Deflection, 299, 328-343, 333, 344, 572, 

586-587 
downward, 329 
long-term, 333, 334 
uniformityof,716-718 
upward, 329, 331-332 

Deflection analysis, 594 
Deflection tolerances, 718 
Depth-to-span ratio, 634, 703 
Design expedients and computation methods, 

404-405 
allowable concrete stresses, 4II-414 
length of bond prevention, 455-558 
limitations of sections prestressed 

with curved tendons, 416-417 
with straight tendons, 415-416 
locating of pretensioning tendons, 450-

454 
minimum prestressing force 

for curved tendons, 424-431 
for straight tendons, 418-424 

preliminary design of flexural members, 
431-448 

section properties, 405-4II 
shear reduction due to parabolic tendon 

curvature, 448-450 
stesses at ends of prismatic beams, 454-455 

Design moment strength code provisions for 
members with unbonded tendons, 199-
202 

Development bond stress, 264 



Diagonal cracking, 251-252, 262-263 
Diaphragms, end and intennediate, 574 
Differential deflection tolerances, 718 
Differential-shrinkage stressed, 363-364 
Dimensional tolerances, 725-728 
Direct stress, 501-521 
Direct tensile strength, 51-52 
Disturbed areas, 250-251 
Dollies, 739, 743 
Drying creep, 72 
Drying shrinkage, 59, 60-63 
Dynamometer, 655-656 

Earthquake-induced forces, 570 
Eccen!ricities, limiting, 122-126 
Effective moment of inertia, 338 
Elastic action, limitations of, 484, 488-491 
Elastic analysis 

of beams with curved tendons, 471-481 
of beams with straight tendons, 461-471 
of transverse bending moments, 582 

Elastic center, 470 
Elastic deformation of post-tensioning anchor­

ages, 679-685 
Elastic design, 481-482 
Elastic design computation, precision of, 401-

402 
Elastic design procedure, 482-484 
Elastic effect, of superimposed loads, 321 
Elasticity, modulus of, 21-22, 53-58 
Elastic shortening, of concrete, 290-292, 319 
Elastomeric bearing pads, 549, 555-560, 676, 

699 
Embedded materials 

congestion of, 724-725, 730 
interference of, 730 

End anchorages, 7, 37-38, 581 
End-block cracking, 709-710 
Epoxy-coated reinforcement, 720 
Epoxy coating, 16 
Erection of precast members, 731, 734 

crawler cranes, 739 
falsework, 744-747 
floating cranes, 739 
with gantries, 747-750 
girder launchers, 739-744 
truck cranes, 735-739 

Esbly Bridge, 636, 638-640, 693 
External post-tensioned reinforcement, 277-

280 

Failures, bond, 533 
Falsework,744-747 

design, 728-730 
need for, 361 
settlement of, 701 

Fatigue, 531-533 
Fiberglass, 12 
Finsterwalder, U., 638 
Fire endurance, 86 
Fire resistance, 521-522 
Fixed benches, 644 
Flange stiffeners, 574 
Flat jack, 691-692 
Flat plates, 579 

cast-in-place, 583-594 
shear design for, 610-618 
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Flexural analysis, of cast-in-place construc­
tion, 594-610 

Flexural bond stress, 264, 267, 382 
Flexural capacity 

for members with bonded tendons, 156-179 
for members with unbonded tendons, 179-

182 
Flexural continuity, 459-460 

additional considerations, 481-482, 495-
496 

analysis at design loads, 491-495 
effect topology change, 496-499 
elastic analysis of beams 

with curved tendons, 471-481 
with straight tendons, 461-471 

elastic design procedure, 482-484 
limitations of elastic action, 484, 488-491 

Flexural design 
advantages of curved or draped tendons, 

113-122 
basic principles for, 95-153 
cross-section efficiency, 126-129 
effective beam cross section, 131-139 
limiting eccentricities, 122-126 
mathematical relationships for prestressing 

stresses, 97-102 
pressure line location 

with curved tendon, 109-113 
with straight tendon, 102-106 

selection of beam cross section, 129-131 
variation in pressure line location, 106-109 
variation in steel stress, 139-153 

Flexural members 
preliminary design of, 431-448 
torsion considerations for, 231-241 
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Flexural shear cracking, 214-215 
Flexural shear design 

under ACI 318,217 
under CAN-A23.3-M84, 241-264 

Flexural-shear strength, 213-217 
Flexural strength 

beams under overloads, 154-156 
design moment strength code provisions for 

members with unbonded tendons, 199-
202 

flexural capacity for members with bonded 
tendons, 156-179 

failure at cracking load, 157 
failure due to concrete strain, 157 
failure due to crushing of the concrete, 

157-158 
failure due to rupture of steel, 157 

flexural capacity for members with 
unbonded tendons, 179-182 

flexural strength code requirements for 
members with bonded tendons, 182-
199 

strength reduction and load factors, 202-
204 

Flexural strength analysis, 344, 593-594 
for indeterminate prestressed concrete struc­

tures, 491-495 
Flexural strength code requirements for 

members with bonded tendons, 182-
199 

Flexural stresses, critical section for, 290 
Flexural tensile stresses, 213 
Floating cranes, 739 
Floor framing systems. See Roof and floor 

framing systems 
Form vibration, 676 
Freebody diagram, 97, 116,243,244,449, 

467 
Freyssinet, Eugene, 1, 667 
Freyssinet anchorages, 667-670 
Freyssinet systems, 667-670 
Friction, effect of, during stressing, 677-679 
Friction loss, 293 
Fully prestressed members, 404-405 

Gage pressures and elongations, computation 
of,685-688 

Galvanized tendons, 35 
Gantries, erection with, 747-750 

Geometric control, 731 
Ghali integration methods, 333, 336, 338, 347 
Girder launchers, 739-744 
Gross concrete section, 131 
Gross-transformed section, 132 
Grouting, 6, 690-691, 720 

effectiveness of, 276, 277 
post-tensioned tendons, 722 

Guaranteed ultimate tensile strengths (GUTS), 
22 

Heel cracks, 542, 700 
High-alumina cement, 47 
High-tensile-strength steel bars, 18-20, 666, 

671-672 
Hold-down points, jacking down at, 659-662 
Hold-up points, jacking up at, 662, 663 
Hollow core slabs, 564 
Honeycombing, 266, 715 
Horizontal forces, 538-539 
Horizontal shear stress, 363 
Hoyer, E., 265 
Hoyer effect, 265 
Hydration process, accelerating, 49, 84 
Hydraulic jacks, cost of, 651 
Hydraulic pump, 652 
Hydrogen embrittlement, 35-36 

Impact loads, 621 
Independent-abutment benches, 644-646 
Independent abutments, 644-646 
Interaction curve, construction of, 508 
Interaction diagram, 507 

for circular prestressed-concrete columns, 
511-512 

Internal post-tensioned reinforcement, 277-
280 

Intrinsic relaxation, 28 
I-shaped stringers, 633 

Jacking down at hold-down points, 659-662 
lacking up at hold-up points, 662, 663 
lacks 

calibration, 687 
flat, 691-692 
hydraulic, 651 
post-tensioning with, 691-692 
prestressing with, 4-5 

loists, 575-577 



Kern zone, 108, 128 
King Fahed Causeway, 640 

Launchers, girder, 739-744 
Ledgers and ledges, 547-750 
Lee-McCall bars, 671 
Linear prestressing, 8 
Linear transfonnation, 468 
Live loads, 361 
Load balancing, 402-403, 580 
Load cell, 655-656 
Load deflection curve, 155 
Load factors, and strength reduction, 202-204 
Load radius, 735, 738, 739 
Load-strain curves, 166 
Local factors, 203 
Longitudinal shear keys, 627 
Long-span bridges, 634-636, 637 
Long-span channels, 574-575 
Loss of prestress, factors affecting, 289 

Match casting, 693-694 
Mathematical relationships, for prestressing 

stresses, 97-102 
Midspan flexural stresses, 445 
Moderate span bridges, 630-634 
Modified Compression Field theory, 216 
Modified step function method, 336 
Modulus of elasticity, 21-22 
Mohr's circle, 242, 244 
Moment(s) 

cracking, 219 
redistribution of, 488-490 
secondary, 460, 468-470, 480 
torsional, 238-239 
transverse bending, 582 

Moment distribution method, 481 
Moment of inertia 

beams with variable, 366-368 
computations for, 366, 405-406 

Mortared joints, 693-694 
Muller, Jean, 640 
Multi-strand post-tensioning systems, 666, 

670-671 

Napierian logarithms, 377 
Net section, 131-132 
Net-transformed section, 132 
Neville model, 295-296 
Nodal zone concrete, 251 
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Nonconcordant, 465 
Nonprestressed reinforcement, 268n 
Numerical integration method, 296-297, 299, 

333, 334-335, 336 

Oleron Bridge, 749-750 
One-way ClP slabs, 578-583 
One-way slabs, 579 
Ontario Highway Bridge Design Code, 375-

377 
Overloads, beams under, 154-156 

Parabolic tendon curvature, shear reduction to, 
448-450 

Parallel-wire systems, 666, 667 
Partial prestressing, 620 
PCl Committee on Prestress Losses, 328 
Petrographic method, 719-720 
Pigtail anchorages, 723 
Piles, 506-521 

octagonal prestressed, 519 
post-tensioned, multielement, 516, 517 
prestressed, 396, 516 
pretensioned precast, 516, 518, 519 
pretensioned spun, 516, 521, 643 
square prestressed, 518 

Pitting corrosion, 35 
Plasticity, 22 
Plates 

flat, 579 
cast-in-place, 583-594 
shear design for, 610-618 

Poisson effect, 264 
Poisson ratio, 58-59, 265 
Portable benches, 648-650 
Post-tensioned concrete, construction proce­

dure in, 688-691 
Post-tensioned connection, 552-553 
Post-tensioned construction, bonded vs. 

unbonded, 274-277 
Post-tensioned reinforcement, internal vs. 

external, 277-280 
Post-tensioning, 8 

comparison of pretensioning and, 666 
friction loss in, 293 
parallel-strand, 399 
parellel-wire, 399-400 
vs. pretensioning, 7-8 

Post-tensioning anchorages, elastic deforma­
tion of, 679-685 
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Post-tensioning anchorage zone failures, 709-
710 

Post-tensioning Institute, 522, 665,675,725 
Post-tensioning system, 7, 665-666 

computation of gage pressures and elonga-
tions, 685-688 

construction of segmental beams, 692-695 
construction procedures, 688-691 
description of, 666-674 
effect of friction during stressing, 677-679 
elastic defonnation of post-tensioning 

anchorages, 679-685 
fonns for, 675-676 
with jacks, 691-692 
sheaths and ducts for, 674-675 

Post-tensioning tendons, sheaths, and ducts 
for, 674-675 

Precast hollow slabs, 577-578, 627 
Precast Prestressed Concrete Institute, 166, 

643,725 
Precast solid slabs, 577, 626-627 
Pressure, location of with curved tendon, 109-

113 
Pressure line, 102 

with straight tendon, 102-106 
variation in location of, 106-109 

Prestressed concrete, 1, 2 
application of, 9 
deterrent to, 404 
properties of, 2 

Prestressed Concrete Institute, 8, 47, 522, 
538, 552, 559-560, 565, 568, 718 

Prestressed concrete members, flexural shear 
provisions for, 217-231 

Prestressed-concrete piles, 516 
Prestressed concrete ties, 502-503 

proportioning of, 501-502 
Prestressed members, standard vs. custom, 

401 
Prestressed railroad ties, 532 
Prestressed reinforcement, bond of, 264-274 
Prestressing 

buckling due to, 395-398 
concentric, 2, 3 
concrete, 5-6, 45-94 
definition of, 1 
eccentric, 4 
evolution of U.S. design criteria, 9-10 
general design principles, 2-4 
history of, 1-2 
with jacks, 4-5 

linear vs. circular, 8 
partial, 343-350 
with post-tensioned tendons, 6-7 
with pretensioned tendons, 5-6 
pretensioning vs. post-tensioning, 7-8 
steel for, 11-44 

Prestressing concrete, manufacture of, 5-6 
Prestressing reinforcement, relaxation of, 293 
Prestressing steel, corrosion of, 720-722 
Prestressing stresses, mathematical relation-

ships for, 97-102 
Prestressing tendons, 31 
Prestress loss, 2, 11-12 

computation of, 293-328 
factors affecting, 289-293 

Prestressed reinforcement, relaxation of, 321 
Pretensioned beams, stresses at ends of, 383 
Pretensioned construction, bond prevention in, 

386-390 
Pretensioned spun piles, 516, 521, 643 
Pretensioning, 5, 8 

comparison of post-tensioning and, 666 
definition of, 642 
vs. post-tensioning, 7-8 

Pretensioning bench, 5, 7, 572, 643-650 
Pretensioning equipment and procedures, 642-

643 
forms for pretensioning concrete, 656-657 
pretensioning benches, 643-644 

abutment-and-strut bench, 647-648 
column benches, 644 
independent-abutment benches, 644-646 
portable benches, 648-650 
strut-and-tie bench, 646-647 
tendon-deflecting benches, 648 

pretensioning with individual molds, 643 
stressing mechanisms and related devices, 

650-656 
tendon-deflecting mechanisms, 658-659 

jacking down at hold-down points, 659-
662 

jacking up at the hold-up points, 662, 
663 

stressing deflected tendons individually, 
662,664 

Prismatic beams, stresses at ends of, 454-455 
Pull rods, 652 
Punching shear stresses, 224 

Quality control, 731 



Rate-of-creep method, 294-295 
Redistribution of the moments, 488-490 
Reduced nominal strength, 203 

Reinforced concrete, building code require­
ments for, 490-491 

Relaxation, 23-33 
of prestressed reinforcement, 293, 321 

Relaxation coefficient, computation of, 31 
R6sal effect, 222 
Resistance, to fatigue, 531 
Resistance factors, 203-204 
Restraint of volume changes, 701-709 
Rio-Niteroi Bridge, 749-750 
Rockers, 279 
Roof and floor framing systems, 567-568 

cast-in-place flat slabs and plates, 583-594 
deflection and camber, 586-587 

cast-in place slabs, 578-581 
double-tee slabs, 568-572 
flexural analysis of cast-in-place construc-

tion, 594-610 
joists, 575-577 
long-span channels, 574-575 
one-way CIP slabs, 578-583 
precast hollow slabs, 577-578 
precast solid slabs, 577 
shear design for flat slabs and flat plates, 

610-618 
short-span channels, 574 
single-tee beams or joists, 572-573 
two-way CIP slabs, 583 

Saddles, 279 
Secondary effects, 460 
Secondary moments, 460, 461-462 
Secondaryreactions,460,462,464 
Segmental bridges, 636-640 
Shear cracking, 710-712 
Shear design 

Canadian practice in, 216-217 
for flat slabs and flat plates, 610-618 
U.S. practice in, 216 

Shear-friction connections, 564-565 
Shear reduction, due to parabolic tendon 

curvature, 448-450 
Shear stresses, transfer of, 362-363 
Shear stress ratio, 254 
Short-span bridges, 626-630 
Short-span channels, 574 
Shrinkage, 59-71 

concrete, 293, 305, 320-21 

drying, 60-63 
estimating, 63-71 
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Shrinkage deformations, restraint of, 701-709 
Single-strand systems, 666 
Slab(s) 

double-tee, 568-572, 570, 572, 574, 643, 
658 

flat, 579, 610-618 
cast-in-place, 583-594 
shear design for, 610-618 

one-way, 579 
one-way cast-in-place, 581-583 
precast hollow, 577-578, 627 
precast solid, 577, 626-627 
two-way, 579 
two-way cast-in-place, 583 

Slabs-on-grade, 533-534 
Slab-type bridges, 630 
Slenderness, effects of, ill 
Slump, 48 
Sodium chloride, 35 
Solar heating, 529 
Spalling cracks, 372, 373 
Span-depth ratio, 444 
Span-thickness ratios, 586 
Splitting-tensile cracks, 372, 373 
Standard prestressed-concrete members, 401 
Steam curing, 83-84 
Steel 

carbon equivalent of, 538 
cormsion, 33-36, 720-722 
creep, 23-33 
effect of elevated temperatures, 36-37 
elastic modulus of, 12 
failure due to rupture of, 157 
low-friction, plastic-coated, 561 
modulus of elasticity, 21-22 
plasticity, 22 
for prestressing, 11-44 
relaxation, 23-33 
stress-strain characteristics, 22-23 
ultimate tensile strength, 22 
yield strength, 21 

Steel index, 161-164 
Steel stress, variation in, 139-153 
Step function method, 316-328 
Stirrups, U-shaped, 714 
Strain compatibility 

basic principle of, 194 
relationship for, 176 

Strain compatibility analysis, 166, 173 
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Strain compatibility theory, 158 
Strand anchors, 668 
Strength reduction, and load factors, 202-204 
Stress 

biaxial compressive, 251 
development bond, 264 
differential-shrinkage, 363-364 
at ends of pretensioned beams, 383-386 
flexural bond, 264, 267 
horizontal shear, 363 
punching shear, 224 
secondary due to tendon curvature, 398-399 
top-flange tensile, 384 
transfer bond, 264 

Stress corrosion, 35, 721-722 
Stressing, effect of friction during, 677-679 
Stress-relieved strand, 14-18,24 
Stress-relieved wire, 13, 24 
Stress-strain characteristics, 22-23 
Stress-strain curves, 162, 166-167,514,516 
Stringer-type bridges, 630 
Structural continuity, 623-624 
Structural elements 

fatigue strength of, 531 
fire resistance of, 521-522 

Structural frames, 652 
Strut-and-tie bench, 646-647 
Superimposed loads, elastic effect, 321 
Superposition, 101, 295, 331, 504-505 
Support-related construction problems, 696-

701 

Tack welds, 538 
Temperature, normal variation in, 522-531 
Templates, 652 
Tendon(s), 5 

bonded, 6, 7, 156-179 
bond post-tensioned, 675 
combined pretensioned and post-tensioned, 

392-395 
concordant, 464, 482 
curved 

advantages, 113-122 
elastic analysis of beams with, 471-481 
limitations of sections prestressed with, 

416-417 
minimum prestressing force for, 424-431 
pressure line location, 109-113 

deflected, 390-392, 442 
individual stressing of, 662, 664 

deflected pretensioned, 390-392 

design moment strength code provisions for 
members with unbonded, 199-202 

draped, advantages of, 113-122 
external, 6, 280, 674 
flexural capacity for members with bonded, 

156-179 
flexural strength code requirements for 

members with bonded, 182-199 
flexural capacity for members with 

unbonded, 179-182 
galvanized, 35 
noncordant, 465 
post-tensioned, 7-8, 722 

grouting, 722 
prestressing, 6-7 
sheaths and ducts for, 674-675 

prestressing, 31 
pretensioned, 5, 7 

deflected, 390-392 
prestressing with, 5-6 
spacing of, 382-383 

pretensioning 
locating, 450-454 
stress in, 643 

secondary stresses due to curvature of, 398-
399 

straight 
elastic analysis of beams with, 461-471 
limitations of sections prestressed with, 

415-416 
minimum prestressing force for, 418-424 
pressure line location, 102-106 

unbonded, 6, 7 
unbonded post-tensioned, 264, 674-675, 

708-709 

Tendon anchorage zones, 370-382 
Tendon-deflecting benches, 648 
Tendon-deflectors, 658-664 
Tendon friction, 495 
Tendon path cracks, 712-714 
Tendon stress, differential, 399-401 
Tension members, 501-506 
Tension ties, 501 
Ties, 501 
Time-dependent deformation, 300 
Toe cracks, 542, 700 
Tolerances, 730-731 
Top-fiber stresses, 417 
Top-fiber tensile stress, 429 
Torsion, 213 



Torsional reinforcement, 258-261 
Torsional strength, 231-241 
Torsion considerations, for flexural members, 

231-241 
Torsion provisions, of CAN-A23.3-M84, 

241-264 
Transfer bond stresses, 264 
Transfer of the prestressing force, 290 
Transformed net section, 132 
Transmission length, 265, 266 
Transverse reinforcement, 627 
Transverse bending moments, 582 
Truck cranes, 735-739 

Ultimate strength, 507 
Ultimate tensile strength, 22 
Unbonded post-tensioned construction, 274-

277 
Uniform Building Code, 582 
Uniformity of deflections, 716-718 
Universal benches, 644 
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Uprights, 652 
U -shaped stirrups, 714 

Vapor-phase inhibitors, 34 
Variable-depth beams, design of, 366-367 

Waterproof paper wrapping, 6 
Wedge-type post-tensioning anchorages, 723 
Wind/seismic connections, 562-564, 570, 

717-718 
Wire(s) 

"as-drawn," 12 
button-headed, 671 
oil-tempered, 12 
parallel, 399-400, 666, 667 
stress-relieved, 13, 24 
post-tensioning, 722 

Yield strength, 21 

Zinc-coated prestressed reinforcement, 279 
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