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THE SOLVAY CONFERENCES ON PHYSICS

The Solvay conferences started in 1911. The first conference on radiation

theory and the quanta was held in Brussels. This was a new type of
conference and it became the tradition of the Solvay conference; the
participants are informed experts in a given field and meet to discuss one or
a few mutually related problems of fundamental importance and seek to
define the steps for the solution.

The Solvay conferences in physics have made substantial contributions to

the development of modern physics in the twentieth century.
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. (1964)
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“Radiation theory and the quanta”

“The structure of matter”

“Atoms and electrons”

“Electric conductivity of metals™

“Electrons and photons”

“Magnetism”

“Structure and properties of the atomic nuclei”
“FElementary particles”

“Solid state™

“Electrons in metals”

“The structure and evolution of the universe”

“The quantum theory of fields”

“The structure and evolution of galaxies”
“Fundamental problems in elementary particle physics”
“Symmetry properties of nuclei”

“Astrophysics and gravitation”

“Order and fluctuations in equilibrium and nonequilibrium

statistical mechanics”

. (1982)

“High-energy physics. What are the possibilities for extending our

understanding of elementary particles and their interactions to much greater
energies?”’

(1987)
(1991)
(1998)

“Surface science”
“Quantum optics™
“Dynamical systems and irreversibility”

For more information, visit the website of the Solvay Institutes
http://solvayins.ulb.ac.be
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PREFACE

This volume contains the contributions to the XXIst Solvay Conference on
Physics, which took place at the Keihanna Interaction Plaza in the Kansai
Science City. The topic was Dynamical Systems and Irreversibility.

The conference has been made possible thanks to the support of the
Keihanna Foundation, the Honda Foundation, and the International Solvay
Institutes for Physics and Chemistry, founded by E. Solvay.

IoANNIS ANTONIOU
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OPENING SPEECH BY J. SOLVAY

Ladies and Gentlemen,

It is a great pleasure and honor to open here the XXIst Solvay Conference on
Physics. Generally, the Conferences are held in Brussels. There were also a few
organized in the United States. This is the first Solvay meeting organized in
Japan. I would like to interpret this conference as a sign of admiration for the
creativity of Japanese scientists. May I first tell you an anecdote? Ernest Solvay,
my great-grandfather, was a man of multiple interests. He was equally attracted
by physics, chemistry, physiology, and sociology. He was in regular correspon-
dence with outstanding people of his time, such as Nernst and Ostwald. This
was a period where the first difficulty had appeared in the interpretation of the
specific heat by classical physics. Ernest Solvay was bold enough to have his
own opinion on this subject. He thought there were surface tension effects, and
he expressed his view in a meeting with Nernst in 1910. Nernst was a practical
man. He immediately suggested that Ernest Solvay should organize an inter-
national meeting to present his point of view. This was the starting point for the
Solvay Conferences, the first of which took place in 1911. The Chairman was
the famous physicist H. A. Lorentz. At the end of the conference, Lorentz
thanked Ernest Solvay not only for his hospitality but also for his scientific
contribution. However, in fact his contribution was not even discussed during
the meeting. Ernest Solvay was not too disappointed. He thought he had just to
continue to work and appreciated greatly the first conference dealing with
radiation theory and quanta. He therefore decided to organize the ‘““Solvay
Institute for Physics,” which was founded in May 1912. He called it the
“Institut International de Physique” with the goal “‘to encourage research which
would extend and deepen the knowledge of natural phenomena.” The new
foundation was intended to concentrate on the “‘progress of physics.” Article 10
of the statutes required that ““at times determined by the Scientific Committee a
‘Conseil de Physique,” analogous to the one convened by Mr. Solvay in October
1911, will gather, having for its goal the examination of significant problems of
physics.” A little later, Ernest Solvay established another foundation “Institut
International de Chimie.” The foundations were ultimately united into “Les
Instituts Internationaux de Physique et de Chimie,” each having its own
Scientific Committee.

The first Solvay Conference on Physics had set the style for a new type of
scientific meetings, in which a select group of the most well informed experts in
a given field would meet to discuss the problems at the frontiers and would seek

XVii



XViil OPENING SPEECH BY J. SOLVAY

to identify the steps for their solution. Except for the interruptions caused by the
two World Wars, these international conferences on physics have taken place
almost regularly since 1911, mostly in Brussels. They have been unique
occasions for physicists to discuss the fundamental problems that were at the
center of interest at different periods and have stimulated the development of
physical science in many ways. This was a time where international meetings
were very exceptional. The Solvay Conferences were unexpectedly successful.
In his foreword to the book by Jadgish Mehra, “The Solvay Conferences on
Physics,” Heisenberg wrote:

I have taken up these reminiscences in this foreword in order to emphasise
that the historical influence of the Solvay Conferences on the development of
physics was connected with the special style introduced by their founder. The
Solvay Meetings have stood as an example of how much well-planned and
well-organised conferences can contribute to the progress of science.

It was often said that the people who met at Solvay Conferences went
subsequently to Stockholm to receive the Nobel Prize. This is perhaps a little
exaggerated, but there is some truth. It is also at the Solvay Conference in 1930
that one of the most famous discussions in the history of science took place.
This was the discussion between Einstein and Bohr on the foundations of
Quantum theory. Nearly 70 years later it is remarkable to notice that physicists
seem not to agree on who won in this discussion.

There is another, more personal aspect that influences the development of the
Solvay Conferences. When my friend Ilya Prigogine some 40 years ago in 1958
was nominated Director of the Institutes, he extended their activities from
organizing conferences to doing research in a direction that encompasses
today’s theme, “Irreversible Processes and Dynamical Systems.”

The Institutes evolved into a mini Institute for Advanced Study centered
around complex systems, nonlinear dynamics, and thermodynamics. In that
role, they were an impressive success. Work done within the Institutes shows
that far from equilibrium, matter acquires new properties that form the basis of a
new coherence. These results introduced the concept of auto-organization,
which is echoed into economic and social sciences. These innovations were
the reason for Professor Prigogine’s 1977 Nobel Prize.

We all know Professor Prigogine’s passion for the understanding of time. The
flow of time is present on various levels of observations, be it cosmology,
thermodynamics, biology, or economics. Moreover, time is the basic existential
dimension of man, and nobody can remain indifferent to the problem of
time. We all care for the future, especially in the transition period in which
we live today. Curiously, the place of time in physics is still a controversial
subject. I hope that this conference will make a significant contribution to this
vast subject.
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My gratitude goes to the local committee that has organized this conference.
Finally, I want to thank Keihanna Plaza for the magnificent hospitality we
have received there. I would also like to acknowledge the Honda Foundation,
Unoue Foundation, L’ Oreal Foundation, the Consul of Belgium and the European
Commission for financial contributions that have made this conference possible.






INTRODUCTORY REMARKS
BY ILYA PRIGOGINE

I am happy to open the XXIst Solvay Conference on Physics, especially as it
takes place in Japan, in this beautiful setting.

The organization of the Solvay Conference in Kansai Science City is a fitting
tribute to Japanese science. I want also to thank the staff of the Keihanna
Interaction Plaza and especially Mr. Yasuki Takeshima for the hospitality and
the local organization committee chaired by Professor Kitahara, who was many
times our honored guest in Brussels. I am very grateful to Professor Ioannis
Antoniou for his help in the organization of this Conference.

Over the years I had many Japanese students. The first was Professor Toda
and the most recent were Professors Tasaki and Hasegawa, who are here. My
Japanese co-workers had a decisive influence on the evolution of the work of the
Brussels—Austin group.

The subject of the XXIst Conference, ‘“Dynamical Systems and the Arrow of
Time,” is closest to the XVIIth conference, “Order and Fluctuations in
Equilibrium and Nonequilibrium Statistical Mechanics,” held in 1978. It is a
pleasure to mention that a number of people who participated in the 1978
conference are here. Let me mention Professors Arecchi, Balescu, Hao Bai Lin,
Kitahara, Reichl, Sinai,...; I hope I have not omitted anyone.

In the XVIIth Conference, much time was devoted to equilibrium critical
phenomena and to macroscopic nonequilibrium dissipative structures. A high
point was the discussion around the statement by Professor Philip Anderson that
dissipative structures have no intrinsic character as they would depend on the
boundary conditions. This led to hot discussions that have gone on for years. 1
believe that this question is now resolved by the experimental discovery of
Turing structures with intrinsic wave lengths. At no previous Solvay Conference
was the relation between irreversibility and dynamics systematically discussed.
However, this is a fascinating subject as we discover irreversible processes at all
levels of observations, from cosmology to chemistry or biology.

This is a kind of paradox. It is well known that classical or quantum
dynamics lead to a time-reversible, deterministic description. In contrast, both
kinetic theory and thermodynamics describe probabilistic processes with broken
time symmetry. Kinetic theory and thermodynamics have been quite successful.
It is therefore quite unlikely that they can be attributed to approximations
introduced in dynamics. Many attempts have been now developed to give a
deeper formulation to the problem.

XX1



xxii INTRODUCTORY REMARKS BY ILYA PRIGOGINE

From this point of view, there is some similarity between the goal of the first
Solvay Conference held in 1911 and the present conference at the end of the
century. In 1911, the question was how to formulate the laws of nature to include
quantum effects. Now we ask if irreversibility is the outcome of approximations
or if we can formulate microscopic basic laws that include time symmetry
breaking.

In my long experience, I always found that the problem of time leads to
much passion. So I look forward with great expectations to this conference.
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DISCRETE MAPS






NON-MARKOVIAN EFFECTS IN THE
STANDARD MAP

R. BALESCU

Department of Physical Statistics—Plasma, Free University of Brussels,
Brussels, Belgium
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VI. Conclusions
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I. INTRODUCTION

Iterative maps have been extensively used for the study of evolution problems,
as a substitute for differential equations. Of particular importance for the
modeling of classical mechanical systems are Hamiltonian (or area-preserving)
maps. A special case to which a great deal of attention has been devoted is the
Chirikov-Taylor standard map [1-3] (we only quote here a few among the
numerous works devoted to this subject). It is, indeed, the simplest two-
dimensional Hamiltonian map, many properties of which can be derived
analytically:

K
== e i 2 6
Xyl = Xt m SN 27U (1)

0.1 = 0 + x0g (mod 1)



4 R. BALESCU

Here x; is a continuous variable ranging from —oo to 400, 0; is an angle
divided by 2m, and 1 is a “‘discrete time,” taking integer values from 0 to co; K
is a nonnegative real number, called the “stochasticity parameter.” Iterative (in
particular, Hamiltonian) maps prove to be useful tools for the study of transport
processes. In order to treat such problems, one adopts a statistical description.
The consideration of individual trajectories defined by Eq. (1) is then replaced
by the study of a statistical ensemble defined by a distribution function in the
phase space spanned by the variables x and 0: f(x,0;1); this is a 1-periodic
function of 0 and is defined only for nonnegative integer values of . Of special
physical interest is the phase-averaged distribution function, which will be
called the density profile n(x;1):

1

n(x;t) = Jo do f(x,0;1) (2)

It has been known for a long time [1-7] that in the limit of large K, the
evolution described by the standard map has a diffusive character. This
statement has to be made more precise, because it may address various aspects
of the evolution.

In the pioneering work of Rechester and White [4], a Liouville equation for
the distribution function is modified by adding (arbitrarily) an external noise. A
calculation of the mean square displacement of x then yields, for large K, a
diffusion coefficient. This derivation is unsatisfactory for two reasons: (a) the
assumption of a continuous-time Liouville equation for the description of a
discrete-time process and (b) the presence of noise, which introduces from the
very beginning an artificial dissipation.

Abarbanel [5] gave a more transparent derivation, in which these two
assumptions are no longer introduced. He used a projection operator formalism
for the derivation of a kinetic equation. His formalism is close to ours, but uses a
continuous time formalism and is used for a different purpose.

Hasegawa and Saphir [6] gave the first truly fundamental treatment of the
standard map, showing that in the limit of large K, and simultaneously of large
spatial scales, there exists an intrinsic diffusive mode of evolution of the
standard map dynamics (this result was further developed by the present author
[7]). No additional probabilistic assumption is necessary for obtaining this
result. More specifically, these authors proved the existence (in this limit) of a
pole of the resolvent (in Fourier representation) of the form [—(an)zD], where
q is the wave vector and D is identified with the diffusion coefficient.

Given this result, it appears desirable to study more globally the behavior of a
system. In particular, we should like to determine how the system, starting from
an arbitrary initial condition, and evolving by the exact standard map dynamics,
reaches a regime in which the evolution is determined by a diffusion equation.
This goal requires the study of the density profile, Eq. (2).
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In “classic’ statistical mechanics, such a study involves the solution of a
kinetic equation—that is, a closed equation for a reduced distribution function.
A corresponding equation for systems described by discrete time iterative maps
was obtained in a recent paper by Bandtlow and Coveney [8]. They derived an
exact closed equation for the density profile, analogous to the master equation
obtained by Prigogine and Résibois [9] in continuous-time statistical mechanics.
The most important characteristic of both equations is their non-Markovian
nature: The evolution of the system at time t is determined not only by its
instantaneous state, but rather by its past history. It is well known in continuous-
time kinetic theory that, whenever there exist two characteristic time scales that
are widely separated (e.g., the duration of a collision, and the inverse collision
frequency in a gas), the master equation reduces, for times much longer than the
short time scale, to a Markovian kinetic equation.

The Bandtlow—Coveney equation is quite general; it appears that the standard
map provides us with an ideal testing bench for studying its properties. It is
interesting to investigate whether there exist here also two such characteristic
time scales, and under which conditions a markovianization is justified. This
will be the object of the present work.

II. NON-MARKOVIAN AND MARKOVIAN
EVOLUTION EQUATIONS

The evolution of the distribution function of a system governed by the
standard map in discrete time Tt is determined by the Perron—Frobenius
operator U [T]:

f(x,0;t+ 1) = Uf(x,6;7) (3)

Alternatively, one may introduce the propagator, which relates the
instantaneous distribution function to its initial value:

f(x,0;1) = Uf(x,0;0) (4)

In continuous-time dynamics this propagator is related to the Liouville
operator %

U(t) = exp(Z1) (5)

Here and below, Roman letters t,s,... denote real, continuous-time
variables, whereas Greek letters T, o, ... denote discrete-time variables, taking
only integer values.
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The Fourier transform of the distribution function with respect to both phase
space variables will be extensively used below:

oo 00

Pt = > [ dge g (g (6)

m=—o0 v~

As explained in Section I, we are interested in deriving an equation of
evolution for the reduced distribution function, or density profile n(x; t) [Eq. (2)]
or, equivalently, for its Fourier transform, which is simply the m = 0 Fourier
component of the distribution function; it will be denoted by the notation
o(g;1):

o0

n(x;t) = J_ dgq & ¢(g; 1) o

o(q:t) =folg: )

The density profile can also be obtained by acting on the full distribution
function with a projection operator P whose effect is the average over the
angle 0:

Pf (1) =fo(t) = (1) (8)

(In forthcoming equations, the argument g of the distribution functions will not
be written down explicitly whenever it is clearly understood.) Obviously,
P? = P. Let Q be the complement of the projector P; thus P + Q = I, where [ is
the identity operator.

In order to derive a closed equation for the density profile, Bandtlow and
Coveney [8] start from the trivial identity expressing the group property of the
Perron—Frobenius operator:

Ur+1 = UU" (9)
which is projected on the P and Q subspaces and rewritten in the form
PU™" = PUPU" + PUQU" (10)

with a similar equation for QU™"!. A Z-transformation (the analog of the
Laplace transformation for discrete time) is performed on these equations, and
some simple transformations (similar to those of Chapter 15 of Ref. 7) lead,
without any approximations, to the following equation:

T

Pf(t+1) = PY(c)Pf(t — o) + PD(x + 1)Qf(0) (11)

=0
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The diagonal (P — P) operator (1) is defined as follows (for simplicity we
no longer write the P-projectors explicitly):

PUP, 1=0
V(1) =PY(t)P =< 0, =1 (12)
PUQ(QUQ)" 'ouP, 1>2

The nondiagonal “destruction operator” PD(t)Q has a similar form, which
is not written here, because it will not be needed in the forthcoming work. Note
that Eq. (11) is not limited to the standard map: It is easily adapted to a general
iterative map, in arbitrary dimensionality, subject only to some mathematical
regularity conditions, discussed in Ref. 8.

Equation (11) is called the Master equation in discrete time. It is the closest
analog to the Prigogine—Résibois master equation in continuous time [7,9] for
the reduced velocity distribution function in a gas:

@M0£¢¢®®O®+Mﬂq®) (13)

The most conspicuous characteristic of both equations is their non-
Markovian nature, expressed by the convolution appearing in the first term of
the right-hand side. Thus, the instantaneous change at time t, leading to
¢(t + 1), is determined, in principle, by the whole past history. For obvious
physical reasons, y/(T) must be a decreasing function of the time t. The effective
width of this function determines the range of the memory of the process; we
therefore call \y(t) the memory kernel.

The second term in the right-hand side of Eq. (11) is a source term,
describing the effect of the initial angle-dependent part of the distribution on the
evolution at time t of the density profile; it corresponds to the so-called
destruction term acting on the initial correlations in the continuous-time master
equation. Normally, it decreases in time over the same time scale as the memory
kernel.

For simplicity, we shall assume here that the initial distribution function is
independent of the angle 6, hence the destruction term is zero. Using also the
simpler notation, Eq. (8), we rewrite Eq. (11) under this condition in the simpler
form:

o+ 1) =3 ¥(o) ot - o) (14)
o=0

As explained in Section I, whenever there exist two intrinsic, widely
separated time scales, the master equation can be markovianized; that is, the
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retardation effects can be neglected for long times. We must now understand
what this operation means in discrete-time dynamics. Mathematically, it implies
that the right-hand side of Eq. (14) could be approximated by an expression
containing only the distribution function at time 7.

(1) A straightforward, rather brutal way of achieving this goal consists of
neglecting all terms corresponding to ¢ # 0. Equation (14) then reduces to

@o(t+ 1) = ¥(0) @o(7) (15)

This will be called the zero-Markovian approximation. It implies that the
evolution of the density profile occurs without any memory: The memory kernel
(o) has strictly zero width. From the definition (12) it follows that this
amounts to supposing that the “complementary’ states Q f (which only appear
in the terms with ¢ > 2) are completely excluded as intermediate states in the
construction of the memory kernel. The latter reduces to

Y (0) = PUP (16)

that is, the diagonal P — P element of the Perron—Frobenius operator. In
continuous-time dynamics, this approximation corresponds to

8,Pf(1) = PLPY(1) (17)

which is the celebrated Viasov equation [7,10].

(ii) A more subtle markovianization (called the full Markovian approxima-
tion) is performed when the following conditions are satisfied.

(a) The memory kernel is a rapidly decaying function of time. More
precisely, there exists a characteristic time 1y, called the memory time, such that

V(D=0 for >ty (18)

This characteristic time is analogous to the duration of a collision in ordinary
kinetic theory.

(b) The density profile is slowly varying in time. This implies the existence
of a second time scale tg, the relaxation time, much longer than the memory
time: T > Ty, such that

0(1) &= @ (1) for > 1 (19)

where ¢, (t) is the asymptotic form of the distribution function, which is
independent of the initial condition.
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When these conditions are satisfied, then, for long times compared to Ty, the
following approximations are justified in Eq. (14):

e The retardation in the density profile is neglected on the right-hand side:
o(t—0)~ (1)
o The upper limit in the summation is pushed up to infinity.

The resulting equation is then
Pp(t+1) = T oy(t) (20)

The time-independent evolution operator appearing here is

U= i (o) (21)

o=0

Equation (20) is a Markovian equation of evolution, which will be called the
kinetic equation of the map. The name is suggested by the analogous kinetic
equation of continuous-time statistical mechanics; the operator corresponding to
U is there the sum of the Vlasov operator and of the collision operator. The form
of the kinetic equation is similar to the starting equation (3), and the kinetic
operator W plays a role similar to the Perron—Frobenius operator U. It must not
be forgotten, however, that unlike Eq. (3), Eq. (20) is a closed equation for the
density profile, that is, the P-component of the distribution function.

All the considerations of the present section are valid for arbitrary two-
dimensional Hamiltonian maps (and can be easily generalized to higher
dimensionality). We now illustrate the results of this section in the case of the
standard map.

III. MASTER EQUATION FOR THE STANDARD MAP

The advantage of the standard map is that many quantities can be calculated
analytically. Thus, the Fourier representation of Eq. (3) is [7]

Bae )= > | ddlamluld,nl)in(ai) (22)

with the following expression for the matrix elements of the Perron—Frobenius
operator:

(g, m|U|q',m") = 8(¢' — g —m)J_w(dK) (23)
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where J;(x) is the Bessel function of order L It is clearly seen that this operator is
nondiagonal in both ¢ and m. Using now the definition (8) of the P-projector and
the definition (12) of the memory kernel, a straightforward, but rather lengthy
calculation similar to those of Refs. 6 and 7 leads to the following result (details
will be published elsewhere [11]):

V(0) = Jo(gK)

U(1)=0
V() =D > d(m+my+ e+ me) X T, (qK) (24)
my#0 m.#0

}J,,,T(qK)7 1=2,3,...

-1 J
{H‘]mjm.f»l [(q - Zml>K
J=1 =1

This expression is exact, but rather untransparent; in particular, the
dependence on T is not easily grasped. We now restrict the study of the
evolution to a special domain of parameter space, which defines the diffusive
regime:

VE>1, q¢Kk<1 (25)

Let us stress the fact that the mere condition of a large K is not sufficient for
characterizing a diffusive regime. The second condition puts a limit on the wave
vector ¢; it implies that the larger the stochasticity parameter, the larger the
length scales (~g~') for which diffusive behaviour will (eventually) be
observed. It follows from the well-known properties of the Bessel functions that
in the diffusive regime the following orders of magnitude prevail:

Jm(qK) :O[(qK)m]a m:Oalaza
i 20
Il@—mK]=0K"?),  n=+1,42,.... m=0,1,2,...

Under these conditions, the expressions (24) can be approximated by retain-
ing only a small number of terms in the summations. In the present work we
approximate the memory kernel by retaining terms through order (¢K )4. We do
not write down the explicit expressions, which will be published elsewhere [11].

We first check that the memory kernel (g, K; ) [= Y(7)] is a decreasing
function of time. Choosing a rather extreme value for ¢ = 0.01, we plot (2),
V(3), V(4) against K in the range 15 < K < 50 (Fig. 1).

Over this whole range, /(0) varies very slowly from 1 to 0.98; thus it
strongly dominates the remaining three components. The latter have a
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Figure 1. Dependence of the memory kernel i(g,K;t) on the stochasticity parameter K
(g = 0.01). Solid: T = 2; dot: T = 3; dash: 1 = 4.

characteristic oscillating behavior due to the Bessel functions. Their maximum
amplitude (which increases with K) remains everywhere much smaller than
V(0); thus

(W (O) pgar > 0 (2) [pgar > 0 (4) [y (27)

[W(3) is out of phase with (2) and \(4)]. The relative size of these
functions is, however, a sensitive function of K [for instance, when (2)
vanishes, the leading non-Markovian correction would be {(3) or y(4)]. In
spite of these details, the very rapid decay of |(1)]| is obvious. The memory time
defined in Eq. (18) is of the order 1), ~ 4 (this quantity is only defined, as usual,
in order of magnitude: its value depends on the precision accepted in the
calculations). Thus, for the present choice of parameters, the kernel |V(t)]
decreases by three orders of magnitude after 1 = 4.

IV. SOLUTION OF THE GENERAL MASTER EQUATION

We now take advantage of the rapid decrease of the memory kernel, expressed
by Eq. (27), in order to obtain an approximate solution of the non-Markovian
master equation (14). The latter is written in terms of a propagator:

o(t) = W(t)9(0) (28)
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We decide to truncate the convolution in the master equation at the level of
V(4). The propagator then obeys the following approximate equation:

W(t+1) = y(0)W(r) + W(2)W(t —2) + W(3)W(t — 3) + (4)W(t — 4)
(29)

This equation is easily solved through order \(4) (a detailed proof will be
published separately):

2) + (1= 3)W(0)"* ¥(3)
(t=5)-6)W0) *y@2)?®  (30)

W(t) = Y(0)" + (1 —2)W(0)" ¢
+ (=) Y(0) () +

T>6

—

N =

It is understood that in the first members (t < 6) of the sequence (30), the
coefficients of the terms containing a negative power of /(0) are set equal to
Zero.

This solution will be compared to the two Markovian approximations
discussed in Section 2. The zero-Markovian approximation yields a trivially
simple solution:

(31)

that is, simply the first term in Eq. (30).
The full Markovian approximation is also easily obtained from Egs. (20) and
(21), truncated to order (4):

@u(t) = Wi (1) 9(0)

Wi (t) = [Z \IJ(G)]

(32)

Let it be stressed at this point that all the results obtained in the present
section are valid for an arbitrary Hamiltonian map dynamics, provided that the
ordering (27) is valid and the truncation at the level \/(4) is justified. The
truncation level can easily be extended to higher orders if necessary.

V. SOLUTION OF THE STANDARD MAP MASTER EQUATION

The general results obtained in Section IV are now applied to the standard map.
The general expressions of the memory kernel, Eq. (24), are truncated at the
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appropriate level, considering the orders of magnitude (26) pertaining to the
diffusive regime (25). The explicit calculations are somewhat tedious, but
are facilitated by the use of a symbolic computer program, such as Maple. The
result is then inserted into Eqgs. (28)—(32), thus yielding the expressions of the
non-Markovian solution, as well as of its Markovian approximations.

We choose on purpose a relatively small value of K = 22.5. The initial
condition of the density profile (in Fourier representation) will be chosen as the
following rectangular function:

(1, g<oo01

This choice ensures the validity of the second condition (25) over the whole
range of wave vectors.

Figure 2 shows the solution @(g;t) of the non-Markovian master equation
[Eq. (29)] for times t = 10, 100, 1000, 5000. The evolution from the initial
rectangular distribution toward an asymptotic ‘“Gaussian-like” distribution
characteristic of the diffusive regime is quite evident. A more quantitative
conclusion can be drawn from this figure. It is clearly seen that it takes a
time t ~ 1000 for the initial shape of the density profile to be forgotten. This

&(a,7)

0 | | R |

0 0.002 0.004 0.006 0.008 0.01
q

Figure 2. Non-Markovian solution ¢(g, K; 1) at different times. K = 22.5. Dash-dot: © = 10;
dot: T = 100; dash: T = 1000; solid: T = 5000.
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value can be taken as the definition of the relaxation time tg, Eq. (19).
Combining this result with the value of the memory time obtained in Section III,
we see that the ratio of the characteristic times for the standard map in the
diffusive regime is, in order of magnitude,

2

—~ 1072107 (34)
TR

This very small value justifies the use of the markovianized kinetic equation (20)
for T > .

We now wish to examine in more detail the transition from the non-
Markovian to the Markovian regime. We thus compare the non-Markovian
solution @(g;t) (30) with the zero-Markovian solution @,(q;t) (31) and with
the full Markovian solution @,,(g;t) (32). The former has a simple expression
for the standard map in the diffusive regime; using Eq. (24) we find

Wale) = Loak )" = [1 - 10k e~ T) 9

This is precisely of the form of the propagator associated with the diffusion
equation (in Fourier representation), with a diffusion coefficient D:

Wo(t) ~ exp[—D (2rq)* 1] (36)

The diffusion coefficient appearing in the zero-Markovian approximation (35) is
thus

D =Dy, = K? (37)

4(2n)?

The latter value is the well-known quasilinear diffusion coefficient [1-7]. Thus,
the “Vlasov” approximation for the standard map in the diffusive regime is
equivalent to the quasilinear approximation.

In Fig. 3 the three solutions are shown for a short time T = 6 (of the order of
the memory time). As expected, the Markovian approximations deviate
significantly from the non-Markovian one. The deviation is strongest for
large g; the zero-Markovian is definitely not good, even at such short times.

In Fig. 4 the same three solutions are plotted for t = 1000 (of the order of the
relaxation time). On the scale of this figure, the full Markovian solution is now
very close to the ‘“‘exact” non-Markovian one. On the other hand, the zero-
Markovian (quasilinear) solution is significantly wrong. This is a quite
interesting result. Recalling Eqgs. (20) and (21), it is seen that the memory
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Figure 3. Non-Markovian and Markovian solutions for short time, T = 6. K = 22.5. Solid:
Non-Markovian ¢(g, K;t); dash: Zero-Markovian @,(g, K;1); dots: fully Markovian ¢,,(q, K; 7).
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Figure 4. Non-Markovian and Markovian solutions for long time, T = 1000. K = 22.5. Solid:
Non-Markovian ¢(g, K;1); dash: Zero-Markovian ¢,(g, K;t); dots: fully Markovian ¢,,(q, K; 7).
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effect [i.e., V(o) for o > 0] cannot be ignored in the markovianization of the
evolution equation—that is, in the construction of the fully Markovian operator
Wun(t) [Eq. (32)] or ¥ [Eq. (21)]. Thus, the full Markovian approximation
should not be understood as a “memoryless’ evolution. The evolution operator
W is built up by the cumulative action of the exact operator over a finite time
span of the order of the (short) memory time.

It is instructive to look more closely to the way in which the non-Markovian
solution approaches the asymptotic Markovian solution as a function of time. In
Fig. 5 we plot the difference Ap(g;1) = ¢(g;7) — ¢)(g; 1) for a fixed value of
q = 0.004 (in the region of large deviation). The deviation is, of course,
strongest for short time; it approaches zero asymptotically for times longer than
the relaxation time Tz ~ 1000.

The final asymptotic density profile is expected to be a diffusive Gaussian of
the form (36). The “true” diffusion coefficient is obtained from the “‘exact”
non-Markovian density profile by the well-known relation

1 d @e(g;1)

D=— =
2(215)2 dv  0g? =0

(38)

Let ¢@;(g;T) be the Gaussian (36) combined with the diffusion coefficient
(38). In Fig. 6a it is seen that, for T = 1000, the deviation of the non-Markovian

| | | | |
0.005 - -
=
4
S
p
<
0
~0.005 ! ! ! ! !
0 1000 2000 3000 4000 5000 6000

T

Figure 5. Deviation of the fully Markovian from the Non-Markovian solution, as a function of
time. K =22.5, ¢ = 0.004. Ao(q,K;1) = 9(q,K;7T) — 0p(q, K; 7).
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Figure 6. (a) Non-Markovian and Gaussian density profiles at T = 1000. K = 22.5. (b) Devi-
ation of the Gaussian from the Non-Markovian solution at T = 1000. K = 22.5. Do(¢,K;1) =
0(q,K; 1) — 06(q, K; 7).



18 R. BALESCU

0.004
=
4

S 0002
=
]

0

~0.002 | | | | |

0 1000 2000 3000 4000 5000 6000

T

Figure 7. Deviation of the Gaussian density profile from the Non-Markovian solution,
Do(q,K; 1), as a function of time. K = 22.5; g = 0.004.

solution from the corresponding Gaussian is small, but visible. This is better
visualized by plotting the difference Do(g;1) = ¢(¢;7) — 95(g;t) (Fig. 6b).
The relatively important deviation has a nonnegligible maximum.

We now plot the deviation of the non-Markovian solution from the Gaussian
diffusive profile Do(g;T) at the position of the maximum deviation g = 0.004
as a function of time (Fig. 7).

Comparing this figure with Fig. 5 (corresponding to the same value of g), we
note that the deviation of the Gaussian has everywhere an opposite sign
compared to the Markovian solution. Both deviations eventually go to zero; this
takes, however, a very long time (t = 6000 in the present case); this time
actually depends on ¢: Large values of ¢ relax faster than the small ones. The
following interesting conclusion thus follows from this discussion: Over a long
range of intermediate times (1000 < t < 10000) the asymptotic Markovian
density profile is non-Gaussian. The “pure” diffusive regime (36) only sets in
after a time much longer than the relaxation time.

VI. CONCLUSIONS

In this work we presented a first step toward the construction of a kinetic theory
of chaotic dynamical systems described by iterative maps. This theory follows
as closely as possible the methodology of the kinetic theory of continuous-time
dynamical systems developed in the framework of nonequilibrium statistical
mechanics (see, e.g., Refs. 7 and 10). A closed equation for the density profile
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due to Bandtlow and Coveney [8] is taken as a starting point. Particular
attention is devoted to the transition from this non-Markovian equation to a
Markovian approximation, corresponding to the usual kinetic equation. This
transition appears whenever there exist two widely separated time scales: a short
memory time Ty and a long relaxation time tg. Two levels of markovianization
are described. The zero-Markovian approximation consists of neglecting
altogether all memory effects: It is shown to correspond to the Vlasov
approximation of the usual kinetic theory. The full Markovian approximation
introduces a description formally similar to the collision operator of kinetic
theory, although the role of collisions is played here by the intrinsic
stochasticity. The evolution tends asymptotically, for times much longer than
the relaxation time, toward an irreversible process of diffusive type.

The general properties described above are illustrated explicitly in the case of
the Chirikov—Taylor standard map in the diffusive regime, where all calculations
can be done analytically. The conditions of validity of the Markovian approxi-
mation are thus verified. The non-Markovian equation is solved explicitly in this
regime. It can therefore be compared in detail with the Markovian approxi-
mations. The zero-Markovian approximation is shown to correspond to the
quasilinear approximation; it appears to be inadequate for the asymptotic
description of the evolution. Memory effects must necessarily be retained even
in the asymptotic regime, through the construction of the fully Markovian
evolution operator.

The transition from the non-Markovian to the Markovian regime is described
in detail. It was also pointed out that the latter regime is not necessarily a purely
diffusive one, described by a Gaussian density profile. Only for times very much
longer than the relaxation time does the Markovian asymptotic solution tend
towards a diffusive one.
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I. INTRODUCTION

A simple non-Hamiltonian chaotic system, such as the baker map, is a nice
model to investigate the foundations of thermodynamics [1-3]. Because of such
system’s simplicity, we can use them to directly connect a time reversible
dynamics with irreversible thermodynamics. In order to understand irreversi-
bility, it was quite useful to see how a unique time scale such as the relaxation
time, which characterizes irreversibility, appears in a time reversible dynamical
system [2].

21
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In this chapter we will investigate a simple Hamiltonian chaotic system as a
small thermodynamics one [4,5]. To understand thermodynamic laws [6], we
need real energy. We consider thermodynamics as a general theory, which
describes how a system responds to slow external operations. We will introduce
external operations such as isothermal and fixed-volume transformations in our
system and study how the system responds.

Our study is motivated by a pioneer work by Sekimoto and Sasa [7].
They derived the thermodynamic laws of a system governed by the Langevin
equation with slow external operations. In the Langevin equation, white noise
plays a role of heatbath. The correlation time is negligible compared to the time
scale of the external operations. They showed that the work is given as
the difference between the initial and final free energy in the quasi-static
isothermal process. They presented a beautiful derivation of the second law, the
positive excess heat production, using an expansion with respect to the slow
external operation.

In the next section we will construct thermodynamics of the cat map.

In Section II.A, we start with a time-dependent Hamiltonian, which governs
the motion of a periodically kicked particle between two walls. The Poincaré
map can be scaled as a generalized standard map. Because of the chaotic
dynamics, the motion of the particle is irregular. We interpret the irregular
motion as coming from thermal noise from a virtual heatbath. We introduce a

3
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Figure 1. Phase space of the operated system.
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Heat Bath J

Figure 2. Thermodynamics of the cat map.

harmonic oscillator as the heatbath with which the system conserves total
energy.

Because of the mixing property, the probability density physically appro-
aches equilibrium. We define temperature as the average kinetic energy of the
particle. The temperature is determined by the scale of the momentum.

In Section II.B, we will introduce the external isothermal operation and the
fixed-volume one. In the former the walls move while the scale of the
momentum stays fixed. In the latter the scale of the momentum changes without
the walls moving.

In Section II.C, the time evolution of the probability density will be written
as the repeated operation of a pair of transfer operators, with one describing an
isothermal transformation and the other describing the chaotic map.

In Section II.D, we will calculate the work for slow isothermal process.

In Section ILE, following the argument of Sekimoto—Sasa, we derive the
inequality corresponding to the 2nd law of thermodynamics. The inequality may
lose the direct connection to the non-existence of perpetual motion of the
second kind.

In Section IL.F, we will discuss how the ordinary second law of thermo-
dynamics can be recovered in large systems.

In Section III, we will conclude this chapter and comment on extension of
thermodynamics into the region of weak chaos.
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II. THERMODYNAMICS OF THE CAT MAP

A. Hamiltonian

We consider a periodically kicked particle between two walls at X = +L/2. The
time evolution of the particle is governed by the following time-dependent
Hamiltonian:

%m:—aw' Z:M—m (1)
n=—00
The potential depends on time through the periodic 3-function.

Adding a pair of action-angle variables (J, o) corresponding to a harmonic
oscillator, we can rewrite the original non-autonomous system as an extended
autonomous one. In the extended Hamiltonian, the time in the time-dependent
potential is replaced by the new angle variable,

H=#(a)+J (2)

As a result, the total energy is conserved.

We interpret the virtual harmonic oscillator as a heatbath. When the system is
chaotic, the particle moves irregularly. This irregular motion causes a random
energy transfer between the particle and the heatbath. Although our heatbath
includes only a few degrees of freedom, the detailed dynamics inside of the
heatbath are not important. The random energy transfer between the system and
the heatbath is what is essential for thermodynamics.

As we will discuss later, the walls play an important role in an isothermal
operation. At the walls the particle collides elastically such that P changes to
—P. To avoid the frequent flips of the sign at each collision, we choose a
symmetric initial distribution function, py(P,X) = po(—P,—X). Suppose
we choose one symmetric pair of particles, (P,X) and (—P,—X). When
one particle changes the sign of its momentum, the other changes at the same
time. We can reinterpret that as one particle keeping its momentum but jumping
instantaneously from the right-hand wall to the left-hand wall. That is
equivalent to the well-known periodic boundary condition. The periodic
boundary condition means that X,,;; + L/2 should be taken mod L.

We choose a periodic boundary condition with respect to momentum at
P = +A/2, when the particle is kicked.

The Poincaré map of our system is

Pn+l = Pn - V,(Xn) (3)

Xn+1 =X, + Pn+lt/m (4)
P2 P2

Jn = Jn — il L 5

! 2m ' 2m ®)

an—H = Uy + 1 (6)

where the subscript n means the value just before the nth kick.
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We insist that P,y + A/2 should be taken mod A just before a kick.
Then, the kinetic energy reduces less than (A/2)?/2m before the kick. This
means heatbath absorbs energy. It is one of the important roles of our
heatbath. Between two consecutive kicks, we do not insist on any boundary
condition with respect to momentum, because there is no connection with the
heatbath.

We choose V'(X) = —Af(2X/L)/2 and © = mA/L. Then the map of the
particle can be scaled as the generalized standard map,

Pn+1 = Pn +f(xn) (7)
Xn+1 = Xn +pn+] (8)

We have introduced scaled variables defined as p, = 2P, /A and x, = 2X,/L.
The boundary conditions imply that both p,, + 1/2 and x,, + 1/2 should be taken
mod 1. Although we will consider varying the momentum scale A or system size
L as external operation, the map of the scaled variables is kept the same.

For V(X) = —AX?/(2L) so f(x) =x, the map becomes a typical ideal
chaotic map, the cat map. The phase space is uniformly chaotic. The natural
invariant measure is uniform for unit square, —1/2 <x, <1/2 and
—1/2 < p, < 1/2. Because of the mixing property, the expectation value of
the energy function approaches an equilibrium value,

O=-| ax—

1JL/2 1JA/2 P P: 1(A)2)?
= 9)

—A/2 %_3 2m

We define the temperature, ©, as the average kinetic energy of the particle.

B. External Operations

We consider two typical external operations, one isothermal and the other at
fixed volume.

In the isothermal process, we vary slowly the system size L while we keep
the momentum scale A and the mass m so that the temperature remains at ©. For
the isothermal expansion/contraction, we move the two walls to outer/inner
symmetrically. It makes negative/positive work by external operation. Because
the average energy of the particle is kept the same, the energy of the heatbath
decreases/increases.

In the fixed-volume process, the total energy is kept the same, because
there is no external work. For the fixed-volume heating/cooling, the tempera-
ture increases/decreases and the energy transfers from/to the heatbath to/
from the particle. By combining the isothermal contraction and expansion and
also the fixed-volume heating and cooling, we can make a Carnot cycle in this
simple chaotic system.
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We vary the system size/the momentum scale in the isothermal/fixed volume
operation. As we mentioned above, the map of the scaled variables is kept
the same under these operations. We keep the basic dynamical properties the
same under these operations. As an example, we will look in detail at the iso-
thermal expansion. We consider the operation after the nth map. Before the
operation, the particle has the scaled momentum and position (p,,x,). The
momentum and position are scaled back as (P,, X,,) = (p,A/2,x,L,/2) where L,
is the system size after the nth map.

We slowly vary the size of the system from L, to L, = L, 4+ dL within a
time interval 8¢. During the operation, the particle is moving freely between two
moving walls and may collide elastically with the right or left wall. The two
walls move out symmetrically. The velocity of the right-hand wall is given as
V. = 0L/28t > 0.

After the operation, the particle moves to (P,,X,) = (P, X, + P,5t/m)
without collision. If X, + P,dt/m > L,;/2, the particle elastically collides
with the right-hand wall, and then the particle changes both momentum and
position as (Pn,f(n) = (=P, +2mV,, L,y — X, — P,0t/m). On the other hand,
if X, +P,St/m < —L,1/2, then (P,,X,) = (—P,—2mV,,—L,i| — X,—
P,0t/m). After one collision, the particle loses kinetic energy as 0E(P,) =
—2V,,(|P,| — mV,,). After the operation, the new scaled variables are given as
(Pu>Xn) = (2P, /A, 2X, /L, 1). We assume that the time interval of the operation
is so short that there are no more than two collisions during one operation.

We consider the quasi-static isothermal process. We consider a pair of two
consecutive operations. The former is isothermal expansion and the latter is the
cat map. We repeat the pair N times. We make the quasi-static isothermal
process by taking the limit of N going to infinity while keeping AL = NOL
constant.

We also keep the operation time o finite in the limit of N going to infinity.
This means that the duration of collision is finite on the analogy of the gas
system [5]. During the operation, the system does not approach to equilibrium,
because of the free motion. There is a time lag to start approaching to
equilibrium. We will discuss the limit of the zero operation time later.

C. Time Evolution of Probability Density

Now we consider the time evolution of the symmetric probability density,
p,(p,x), in the space of the scaled variables,

Pu(PsX) = Umap Uop(Lu—1) * * = Umap Uop(Lo) Po(p, x) (10)
where Uy, is the Frobenius—Perron operator of the generalized standard map,

Umapp(pax):p(P —f(x—p),x—p) (11)
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and Ugp(L,) governs the time evolution of the probability density during the
nth isothermal operation. If 4mV,,/A —1 <p <2mV(x — 1)L, /(2ASL) +
2mV,,/ A, the particle collides at right-hand wall, and then

L, 4mV,, L, Adt 4mV,,
Uopp(p, x) = L+lp<—p+ x ,L+l(x—1)+mL (p— 1 )) (12)

If 1—4mV,,/A>p>2mV(x+ 1)L,1/(2ASL) —2mV,,/A, the particle col-
lides at left-handed wall, and then

L, 4mV,, L, Adr 4mV,,
Uopp@ax): L+1p(_p_ A ) L+1 (x+l)+mL <p+ A >> (13)

If 2mV(x+1)L,11/(2A3L)—2mV,,/ > 2mV (x — 1)L,41/(2ASL) + 2mV,, /A,
the particle does not collide, and then

L, L

Ll'l
Ut =5 (14)

Ll‘H-l Adt

p
If p<4mV,/A—1 and p <2mV(x — 1)L,;1/(2ASL) + 2mV,,/A or if p >
1 —4mV, /A and p > 2mV(x+ 1)L, /(2ASL) — 2mV,,/A, two new spaces
appear because of the expansion, and

UOpp(p,x) =0 (15)

We choose the uniform invariant density as the initial symmetric density,
po - l.

D. Work

We will estimate the work in the isothermal process. A quasi-static isothermal
process is realized in the limit of N — oo while keeping AL and NV,, constant. In
the case of strong chaos, the probability density is almost equilibrium,
pu(p,x) ~ 1, in the expectation of a smooth observable.

The total work during the isothermal operations is given as the sum of the
energy loss of the particle in the N isothermal operations,

N—-1

n=0
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where
/2 /2
Ou= [ @[ acpm (17)
—1/2 -1/2
_ _ LA Ln+1 L L_A_Ln+1
OE,(p,x) ==V, (|lp|A — 2mV,,) [9( +an L, >+9( X an L, >]
(18)

where Ly = Adt/m.
For large N, we treat dU, = Uy, —1 as a small perturbation in the
expectation for a smooth observable. Using the formal expansion

pn(pv - p()(p Z Urrila;)SU p()(p ) (19)
we obtain
N—1 N—1 n—1
AW = "BE) g+ Y > (SEUR I Uop(Li))g + -+ - (20)
n=0 n=1 i=0

After an easy integration, we obtain the first term as

2

N—-1

2 1
AW = E A2 — SLY T — 21
w <8 n)o = 3Am(/ mV,,)"d ;L (21)

3
I
=

The last sum is related to the Boltzmann entropy for large N,

SLJiILi = log (LN> 2N(ALLN2) +0 (1\}2> (22)

n=0 """

The phase volume of the equilibrium density for the initial and final states is
A; = ALy and A; = ALy, respectively. The first term of the average is the change
of the Boltzmann entropy, AS = log(A¢) — log(A;).

6m\/ AL? 1
0 _— _ _
AW 20 [A 2N . 0} + O(Nz) (23)

We can understand why the Boltzman entropy appears in the work AW
Since the phase volume increases during the isothermal expansion, the empty
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space appears after the operation

L,
Kolpi) = [ 1= 1" Up(L)1 (24)
N+1

After the mixing, the empty space is filled by the probability density and has the
average energy O(y,,)o, Where (), is the area of the empty space. Therefore, the
loss of the kinetic energy of the particle can be related to the area of the empty

space
o= ((0-Tm ) ~ (0-g)who @)

Here we define

SEp0) = (0= Yo (26)

This function will play an important role in an inequality in Section IL.E.
From our definition, the temperature is same as the internal energy. In the
limit N — oo, the work is given as change of the free energy, F = O — 208,

lim AW©® = AF (27)

N—oo

Note that there are O(1/N) correction terms in Eq. (23). As we mentioned
before, these contributions are caused by the free motion of the particle during
the operations.

E. “The Second Law” of Thermodynamics

Now we consider the excess heat production in Eq. (20),

Z
|

—1n

AW = <5E,,Un7i6Uop(Li)>0 (28)

map

Il
_
Il
o

n i

In the case of the Langevin equation [7], the excess heat production satisfies
the second law of thermodynamics, AW() > 0. The Fokker—Plank equation
derived from the Langevin equation includes the small perturbation dF,. This
makes a bilinear form with respect to oE, and guarantees the inequality.

By contrast, the time evolution operator of the probability density includes
dU,yp instead of OE, in our system. Because OE,(p,x) is a different function
from U,,(L;)1, we cannot expect an inequality for the excess heat production.
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If O, (p, x) were 3E,(p, x) defined in Eq. (26), we would have an inequality.
Replacing OF, (p,x) by OE,(p, x), we introduce a modified work,

AW = (3E,), (29)

As we have shown in Eq. (25), (813",,)0 = (3E,),, the modified work is given as
the change of the free energy in the quasi-static limit, AW©®) = AW©) — AF.
Furthermore, we can derive the following inequality by neglecting O(1/N?)

N—1 n—1
AW — AW(0) = Z; Z;@En Una 8Uop(Li))g
N—1 n—1 242 -1
p A .

= —_— 6E]’l n ! 8El

L < Sm @) < Umap >0 (30)
1 NP

:—<Z&§n > >0 (31)

4 n=1 0

where

88, = U SE,U"

map map

(32)

The modified inequality may not be related to the nonexistence of perpetual
motion of the second kind. Because we are considering the small dynamical
system, the fluctuations of the momentum and position are the same order of the
system size. This means that we can be the Maxwell demon. If there exists an
inequality in the scale of the Maxwell demon, the inequality cannot be
equivalent to the nonexistence of perpetual motion of the second kind.

We roughly estimate AW). For convenience, we assume only one dominant
decay mode in the correlation function in Eq. (30). Then, we rewrite

B N—1 n—1 1 B ) 5
AW ~ 10 (SEulvr)e " (vL|BE;)
n=1 i=0
| B N -
~ 76 OEN2IYR) 7= (TLIBEN 2)0 (33)

where yg(p,x)/v.(p,x) is right/left eigenfunctional of the Frobenius—Perron
operator.

For vy < 1, the modified excess heat production is proportional to the lifetime
1/y as

~ 1
AW ~ — (34)
Ny
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From the perturbation theory, the modified excess heat production AW comes
from deviation from the equilibrium state. The lifetime of the excited state is
important factor to determine it. The decay constant is similar to the
Kolmogorov—Sinai entropy that is equivalent to the positive Lyapunov exponent
in a small Hamiltonian chaotic system. It is important that the modified excess
heat production is greater for the smaller Lyapunov exponent. This means that it
increases in the region of weak chaos.

F. Recover of the Second Law in Large System

Now we will discuss the limit of zero operation time 6t — 0. We consider the
scaling 0t — €dt, where € is an infinitesimal positive number. For this scaling,
0L — €dL and N — N/e. Therefore, O(1/N) contributions are suppressed as
O(e/N). In order to avoid this trivial result, we have to scale the decay constant
v — €y in Eq. (34).

We naturally obtain the scaling of the decay constant by multiplying system
size as L — [1/4/€]sL, where the Gauss symbol [R]; means the greatest integer
less than R. By multiplying system size as N, the system becomes multi-cat
map, called the sawteeth map. The extended map has diffusion modes. The least
decay constant has expected scaling as y = Dn*/N?%, ~ Dn?/e, where the
diffusion coefficient is D = 1/24.

By extending the small system to a large one, we keep the nontrivial
contribution AW(!). For the large system, does the ordinary second law recover?
The answer is yes. Because the diffusion modes are associated with intercell
motion of the particle, details of intracell motion do not affect the diffusion
modes. The difference between SE, (p, x) and SE,(p, x) vanishes in the limit of
zero operation time and infinite system size. Therefore, the inequality means the
nonexistence of perpetual motion of the second kind.

The excess heat production is proportional to the variance of the total energy
distribution in Eq. (31). For the Gaussian distribution, we can interpret the
variance as information (AE2) = —(loge "), It is quite important that the
excess heat production can be interpret as scaled loss of information of the total
energy distribution. We will report the details in our forthcoming paper [8].

III. CONCLUSIONS AND REMARKS

In this chapter we constructed thermodynamics of the simple Hamiltonian
chaotic system with a Poincaré map that can be scaled as the cat map. In the cat
map, the ordinary thermodynamics almost worked. The work became a change
of free energy in a quasi-static isothermal process. An important difference
appeared in the second law of thermodynamics. The inequality lost the direct
connection to the nonexistence of perpetual motion of the second kind.
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In our treatment we chose the finite operation time, which is corresponding
the finite duration of collision. When we took the limit of the zero operation
time, the contributions from the decay modes associate with Kolmogorov—Sinai
entropy vanished. Nontrivial contribution can survive for the multiple system. In
the large system, the second law recover and the excess heat production became
the loss of information of the total energy distribution.

We consider the thermodynamics as a general theory that describes how a
system responds to slow external operation. There is no reason to restrict it in
the region of the strong chaos. We will extend it into the region of the weak
chaos, in which the correlation decays in power law. As we encountered in the
previous arguments, new rules may lose the connection of the nonexistence of
perpetual motion of the second kind. But the rules can characterize the
complicated phase structure in the weak chaos.

The weak chaos is an other possibility to obtain nontrivial contributions in
the limit of the zero operation even for small system. The long time correlation
makes nontrivial contribution to the excess heat production. Actually, we have
found anomalous behavior of the excess heat production in the standard map.
We will report it in our forthcoming paper [9].
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I. INTRODUCTION

The idea of using operator theory for the study of dynamical systems is due to
Koopman and was extensively used thereafter in statistical mechanics and
ergodic theory because the dynamical properties are reflected in the spectrum of
the density evolution operators. The evolution of a dynamical system on the
phase space €2 is described by the evolution group {S,}, with 7 real for flows and
integer for cascades. The phase space is endowed with a c-algebra S of mea-
surable subsets of (2 and a probability measure p. Usually p is the equilibrium
measure; that is, S; preserve the measure .:

w(s '(A)) =p(A) forallAcS

The evolution of dynamical systems can be classified according to different
ergodic properties which correspond to various degrees of irregular behavior
such as ergodicity, mixing, exact systems, and Kolmogorov systems. The
ergodic properties of classic dynamical systems can be conveniently studied
in the Hilbert space formulation of dynamics due to Koopman [1,2]. We
consider the Hilbert space L? = L*(f2, S, 1) of square integrable functions on €.
The transformations S, induce the Koopman evolution operators V; acting on the
functions f € L? as follows:

Vi f(®) =£(S; o), oe
The adjoint operator
U =V
is called the Frobenius—Perron operator [2].
As S; preserve the measure |, the operators V, are isometries. If S, are, in

addition, invertible, then V; are unitary. In the case of flows the self-adjoint
generator of V, is known as the Liouville operator:

V_eiLt
r =

In the case of Hamiltonian flows the Liouville operator is given by the Poisson
bracket associated with the Hamiltonian function H:

Lf = i{H, f}

The work of the Brussels group and collaborators over the last 8 years [3—23]
has demonstrated that for unstable systems, classic or quantum, there exist
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spectral decompositions of the evolution in terms of resonances and resonance
states which appear as eigenvalues and eigenprojections of the evolution
operator.

These new spectral decompositions in terms of resonances include the
correlation decay rates, the lifetimes, and the Lyapunov times. In this sense they
provide a natural representation for the evolution of unstable dynamical
systems. The decompositions acquire meaning in suitable dual pairs of
functional spaces beyond the conventional Hilbert space frameworks. For
invertible systems the reversible evolution group, once extended to the
functional space, splits into two distinct semigroups. Irreversibility emerges
therefore naturally as the selection of the semigroup corresponding to the future
observations. The resonances are the singularities of the extended resolvent of
the evolution operator, while the resonance states are the corresponding Riesz
projections computed as the residues of the extended resolvent at the
singularities [10,11].

The spectral decomposition of evolution operators employing the methods of
functional analysis is a new tool for the probabilistic analysis of dynamical
systems. The canonically conjugate approach in terms of the time operator has
also been developed in Brussels during the last 20 years [3,24] and proved
recently to be even more powerful tool for the probabilistic analysis of complex
systems.

Time operators in dynamical systems were introduced in 1978 by B. Misra
and I. Prigogine [3,24] as self-adjoint operators T satisfying the canonical
commutation relation with the Koopman operators V;:

TV{: V[T+tvl (1)

Dynamical systems with time operators are intrinsically irreversible because
they admit Lyapunov operators as operator functions of the time operator
M = M(T), where M is any decreasing function [3,24]. The typical example is
Kolmogorov systems where the spectral projections of the time operator are
averaging projections on the refining K-partitions.

The idea behind the analysis of the evolution semigroup {V;} on a Hilbert
space # through the time operator 7 is to decompose T in terms of a complete
orthonormal set of eigenvectors @, ,, known also as age eigenfunctions:

T(Pn,u =NnQ,q

T=3"n> 10,5000l
Z |(pn.o<><(pn,u| =1
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The Koopman operator V; shifts the eigenvectors ¢, :
Vt(Pn,oc = (Pn+r7u

The index n labels the age and o the multiplicity of the spectrum of the time
operator. As a result the eigenvectors ¢, , of the time operator provide a shift
representation of the evolution:

f= ZanA,ot(Pn,;x = Vf= Zan,a(Pn+f,u = Zan—tﬁa(\on,a
no

n,o n,o

The knowledge of the eigenvectors of T amounts therefore to a probabilistic
solution of the prediction problem for the dynamical system described by the
semigroup {V;}. The spaces ./, spanned by the eigenvectors ¢, , are called age
eigenspaces or spaces of innovation at time (stage) n, as they correspond to
the new information or detail brought at time n.

The relation between the spectral and shift representation of dynamical
systems is like the canonical relation between the position and momentum
representations in quantum mechanics. However, the shift representations can
be derived for a substantially a wider class of systems than dynamical systems
associated with maps. This includes evolution semigroups associated with some
classes of stochastic processes such as stationary, Markov or self similar
processes. We present below some selected results concerning generalized
spectral decompositions and time operator obtained in recent years [6-22,
25-32].

II. GENERALIZED SPECTRAL DECOMPOSITIONS AND
PROBABILISTIC EXTENSION OF THE DYNAMICS
OF UNSTABLE SYSTEMS

The ergodic properties of classic dynamical systems: ergodicity, mixing,
exactness, and Kolmogorov property can be expressed as spectral properties of
the corresponding Koopman or Frobenius—Perron evolution operators. The
spectral approach allows us to study and classify in a unified way dynamical
systems in terms of operator theory and functional analysis.

The drawback of this approach is that the spectra of Frobenius—Perron or
Koopman operators of unstable systems considered on the space L? of square
integrable densities do not contain characteristic time scales of irreversible
changes such as decay rates of the correlation functions. In order that isolated
point spectra corresponding to the decay rates of the correlation functions
emerge, the Frobenius—Perron operator has to be restricted to suitable locally
convex subspaces of L?. For example, for expanding maps, as the
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differentiability of the domain functions increases, the essential spectrum (i.e.,
the spectrum excluding isolated point spectra) of the Frobenius—Perron operator
decreases from unit disk to a smaller one and isolated point spectra appear in the
annulus between the two disks [33,34]. The logarithms of these isolated point
eigenvalues of the Frobenius—Perron operator are known as the Pollicot—Ruelle
resonances [35,36].

In some particular cases it is possible to restrict the Frobenius—Perron
operator to a dense subspace in such a way that its spectrum becomes discrete.
In such a case the Hilbert space L? can be replaced by the dual pair (®, ®*),
where @ is an invariant with respect to U locally convex subspace of L? and &>
is its topological dual. Here the Koopman operator V is extended to the space
®*. Moreover, in many cases it is possible to obtain a generalized spectral
decomposition of V (and also of U) in the form

V:ZZ,'|(P,~)(F£| (2)

where z; are the eigenvalues of U, and |¢;) and (F;| are a biorthogonal family of
the corresponding eigenvectors which are elements of ® and ®*, respectively.
Following Dirac’s notation [37] we denote by the bras ( | and kets | ) the linear
and antilinear functionals, respectively. Formula (2) has to be understood as
follows:

(6Vf) = Zzi(¢|(pi)(Fi|f) = (U$[F)

for any state ¢ and observable f from a suitable dual pair. This procedure is
referred to as rigging, and the triple

O CL?C P

is called a rigged Hilbert space (see Ref. 38 for details).

Summarizing for the reader’s convenience, a dual pair (®,®*) of linear
topological spaces constitutes a rigged Hilbert space for the linear endomorph-
ism V of the Hilbert space # if the following conditions are satisfied:

1. ® is a dense subspace of .

2. ® is complete and its topology is stronger than the one induced by 7.
3. @ is stable with respect to the adjoint VI of V, ie. VI® C ®.

4. The adjoint V' is continuous on ®.

The extension Ve, of V to the dual ®* of ® is then defined in the standard way as
follows:

(¢|Vextf) - (VT(Mf)
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for every ¢ € . The choice of the test function space ¢ depends on the specific
operator V and on the physically relevant questions to be asked about the system.

Let us present now some of the generalized spectral decompositions of the
Frobenius—Perron operators.

A. The Renyi Maps

The B-adic Renyi map S on the interval [0,1) is the multiplication, modulo 1, by
the integer f§ > 2:

S:[0,1) = [0, 1) x+— Sx=px (modl)

The Koopman operator admits the following generalized spectral decom-
position [8.9]:

x 1
;F 3)

where B, (x) is the n-degree Bernoulli polynomial defined by the generating
function:

eZ—l zoo: n! “)

n=0

and

5 |1) n=20
B = 50 e 1) — 8 D)) n= 1,2,

Formula (3) defines a spectral decomposition for the Koopman and Frobenius—
Perron operators in the following sense:

x|
(pIVF) :ZB_ p|B,)(Bu|f)
n=0

for any density function p and observable f in the appropriate pair (®,®*).
The generalized spectral decomposition of the Renyi map has no meaning in
the Hilbert space L?. The derivatives 8 (x) of Dirac’s delta function that appear
as right eigenvectors of the Koopman operator V of the Renyi map are outside
L?. In order to give meaning to these formal eigenvectors the Koopman operator
has to be extended to a suitable rigged Hilbert space. In the case of the Renyi
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map, various riggings exist [19]. For example, we can consider the restrictions
of the Frobenius—Perron operator to a series of test function spaces such as the
space £ of polynomials in one variable, the Banach space &, of entire functions
of exponential type ¢, and others [19]. Among them we looking for such space
that gives the tightest rigging i.e. such for which the test function space is the
(set-theoretically) largest possible within a chosen family of test function
spaces, such that the physically relevant spectral decomposition is meaningful.
In the case of the Renyi map the tight rigging is realized in a natural way by the
space (D’éh = UC <2x &, Where & is the space of entire functions of exponential
type less than ¢, with the inductive limit topology (see Ref. 19 for details).

B. The Tent Maps
The family of tent maps is defined by

T:[0,1) — [0, 1)

_ m(x—%) for xe[i—”,%i)
m —
m(*E2 — x) for x e [l 2ui)
where m=2,3,...,n=0,1,..., [m771] and [y] denotes the integer part of real

number y. The case m =2 corresponds to the well known tent map. The
absolutely continuous invariant measure is the Lebesgue measure dx for all maps
T,,. The Frobenius—Perron operator for the tent maps has the form

m=2

Urp(x) = % [ET:] p<2nn_: x) + S p<2n +nf —~ x)

n=0 n=0

The spectrum consists of the eigenvalues [21]

gt ()

which means that for the even tent maps, m = 2,4, ..., the eigenvalues are
L, i even 5)
Z;i = )
' 0, i odd
and for the odd tent maps, m = 3,5, ..., the eigenvalues are
l .
- i even
=" . 6
l { Y iedd (6)
m
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The eigenvectors of the tent maps can be expressed in terms of the Bernoulli and
Euler polynomials. For even tent maps m = 2,4, ...

B;(5), i=0,2,4,...
fil) = f+5212 i—1,3,5
It i(x)a r=1,3,9...
For odd tent maps m = 3,5, ...
1, i=0
ﬁ(x): Ei(x)v i= 133353"'
Bi(x) + Ei- (%), i=2,4,...

The Bernoulli polynomials are defined by the generating function (4). The Euler
polynomials are defined by the generating function

n

2eM - f
et+1:2;En(x)a, |t < m

The left eigenvectors are given by the following formulas:
For even tent maps m = 2.4, ...

miBi(x), i=0,2,4,...
F,-x = . ~ ~
(x) m’*‘(ﬁEi(X)+Bi+1(x))a i=1,3,5,...

For odd tent maps m = 3,5, ...

1, i=0
Fi(x) = { Ei(x), i=1,3,5,...
Bi(x) + Ei_y(x), i=2,4,...

The expressions B;(x), E;(x) are given by the following formulas as in the case
of the Renyi maps:

. 1, i=0
Bi = i1 . .
(X) (—1.) {6(1—1)(x_ 1) _ 5(!—1)()(:)}7 i=1,2,...

i!

Ei(x) = (=12 {87 (x — 1) + 87 (x)}, i=0,1,...

From Egs. (5) and (6) we observe that the spectrum of the symmetric tent
maps m = 2,4, ... does not contain the odd powers of 1/m. This is a general
property of symmetric maps and is due to the fact that the antisymmetric
eigenfunctions are in the null space of the Frobenius—Perron operator.
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Summarizing, the spectra of the tent maps 7, depend upon m but the
eigenvectors depend only on the evenness of m.

C. The Logistic Map
The logistic map in the case of fully developed chaos is defined by
S(x) =4x(1 —x) for x € [0, 1]

The logistic map is a typical example of exact system. The invariant measure for
1
y/x(1—x)

The spectral decomposition of the logistic map can be obtained from the
spectral decomposition of the dyadic tent map through the well-known
topological equivalence of these transformations [22]. The transformation
g:[0,1) — [0, 1) defined by

dx.

the logistic map is [2] dv(x) =

glx) = Earcos(l — 2x)

defines a topological equivalence between the logistic map and the dyadic tent
map 7:[0, 1) — [0, 1)

T(x) = {2x, for x €0,

2(1—x)  for xelf,

— D=

=

expressed through the formula
S=g'oTog

The transformation g transforms the Lebesgue measure, which is the invariant
measure of the tent map to the invariant measure of the logistic map.

The transformation G intertwines the Koopman operator V of the logistic
map with the Koopman operator Vr of the tent map:

V=GV, G!

The intertwining transformations G and G~', when suitably extended, map the
eigenvectors of V7 onto the eigenvectors of V. Therefore

+00
V= ZznG|(I)n)((Pn|G_l

n=0

+o0 (7)
V= ZZ;1|Fn)(fn|

n=0

with z, = 55, F,(x) = 2%"By, (Larcos(1 — 2x)), f,(x) = Ba, (L arcos(1 — 2x)).
In formula (7) the bras and kets correspond to the invariant measure of the
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logistic map. The meaning of the spectral decomposition of the logistic map is
inherited from the meaning of the spectral decomposition of the tent map in
terms of the dual pair of polynomials; that is it can be understood in the sense

(p|Vf) = Z T ( 2% By, <7ltarcos(1 - 2x)) )(BZn (;ﬂ arcos(1 — 2x)) ‘ f>

for any state p in the space 2 (
space XQ’(

Larcos(1-24)) and any observable f in the anti-dual

Larcos(1 —2x)) :

D. The Baker’s Transformations

The p-adic, p=2,3,..., baker’s transformation B on the unit square

=[0,1) x [0,1) is a two-step operation: (1) Squeeze the 1 x 1 square to a
B x 1/P rectangle and (2) cut the rectangle into B(1 x 1/B)-rectangles and pile
them up to form another 1 x 1 square:

(x,y) = B(x,y) = (Bx—n y?) (for

r r+1
§ B

: r:07...[3—1>
(8)

The invariant measure of the B-adic baker transformation is the Lebesgue
measure on the unit square. The Frobenius—Perron and Koopman operators
are unitary on the Hilbert space L = L? ® L2 of square integrable densities over
the unit square and has countably degenerate Lebesgue spectrum on the unit
circle plus the simple eigenvalue 1 associated with the equilibrium (as is the
case for all Kolmogorov automorphisms).

The Koopman operator V has a spectral decomposition involving Jordan
blocks, which was obtained [7,23] using a generalized iterative operator method
based on the subdynamics decomposition:

v—1
|F00 foo‘ +Z{ZBV | v,r f\/,r| +Z Fv7r+1)(fv,r|} (9)

r=0

The vectors |F\ ) and (f, | form a Jordan basis:

(fvr| V:{%{(fvﬂ +(fv,r+l|} (rio,...,v—l)
F (fv,r| (r—V)
|4 |er) = {ﬁ{ lFV’r) T |FV:’*1>} E

& 1P

r=1,...,v)

(fv,rl Fyp) =8y, Z Z |Fv,r)(fvﬁr| =1

v=0 r=0
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While the Koopman operator V is unitary in the Hilbert space L? and thus has
spectrum on the unit circle |zl =1 in the complex plane, the spectral
decomposition (9) includes the numbers 1/B" < 1 which are not in the Hilbert
space spectrum. The spectral decomposition (9) also shows that the Frobenius—
Perron operator has Jordan-block parts despite the fact that it is diagonalizable
in the Hilbert space. As the left and right principal vectors contain generalized
functions, the spectral decomposition (9) has no meaning in the Hilbert space
L%

The principal vectors f,; and F\ ; are linear functionals over the spaces
L}® %2, and 2, ® Li, respectively [7].

III. TIME OPERATOR AND SHIFT REPRESENTATION
OF THE EVOLUTION

Time operators appear naturally for chaotic systems because the associated
Koopman operators are shift operators on the Hilbert space L? © [1]. In particular
the Koopman operator is a unilateral shift for exact endomorphisms and a
bilateral shift for Kolmogorov automorphisms. It is therefore natural to consider
time operators associated with shifts in general.

Let us recall first the basic notions concerning shifts. A linear continuous
operator V on a Hilbert space # is called a shift if there exists a sequence
{ANn|ln=0,1,2,...}, enumerated by the set of all integers or by the set of all
positive integers, of closed linear subspaces of J# such that

1. A7, is orthogonal to A", if m # n.
2. H =N,

3. For any n, V isometrically maps A", onto A 1.

V is called unilateral shift if n =0, 1,2, ... and bilateral shiftif n € 7.

The number m = dim /"y is called the multiplicity of the (bilateral or
unilateral) shift. We shall call A" = A" the generating space or the innovation
generator of the shift V and call A", = V"(A") the space of innovations at time
(stage) n.

Let V be a unilateral shift of multiplicity m € 4" U {oco} on a Hilbert space
A. An orthonormal basis {y*n=0,1,...,1<a <m+1} is called a
generating basis for V iff Vyy =1y, for all n,a (or equivalently,
Vi =%, if n > 1 and Viy% = 0).

Let V be a bilateral shift of multiplicity m € /U {oco} on a Hilbert space
. An orthonormal basis {y¥|n € Z, 1 <o < m+ 1} is called a generating
basis for V iff Vy2 = y2,, for all n, o (or equivalently, Viy% = x*_, for all n, o).

Let W,, where r € [0,00), t€ R, t€Z or t =0,1,2,...,be a semigroup
flow or cascade of continuous linear operators on a Hilbert space J#. A linear
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operator T on S is called a time operator for the semigroup W, if T has dense
domain Dy, W,(Dy) C Dy for all t > 0 and TW, f = W,(T + t)f for all f € Dr.
A. Time Operator for the Renyi Map [25]
We consider here the 2-adic Renyi map, that is, the transformation
S:[0,1] = [0,1]:
Sx=2x (modl1)

The dynamical system is ([0, 1], {#,dx, {S,},cn}, Where # is the Borel o-
algebra of the interval [0,1], dx symbolizes the Lebesgue measure, and
Sn T S0So0---08. The Koopman operator of the Renyi map is

ﬁ,—/

n—times

f(2x), for x € [0,]

W) =£(59 = {f(Zx— 1), for xe[L1]

As the first step in the construction of the time operator we define the functions
@1 (x) = Tpo,17(2x) — Tpo1(2x — 1)
and
Q1 (x) =V'0(x), for n=1,2,...

Then, for a given ordered set of integers n, n = {ny,...,m} ny < -+ < ng,
define the function

0n(0) £ 0, (x) ... 9, (x)

The Koopman operator acts as a shift on ¢,, ie. Vo, =0, ,,, where
n+1={n +1,...,n, + 1}. Moreover, the functions ©,, where n runs over
all ordered subsets of N, together with the constant = 1, form an orthonormal
basis in L, .

Theorem. Each vector ¢ € A has the following expansion in the basis {¢,}:

oo 2t 1
© = Z Z a‘c,k(pn’; (10)
=1 k=1
where n’tc denotes the set {ny,...,n;} with fixed n; = t while k runs through all

2! possible choices of integers ny < --- < nj_y < t (N can be +00). The
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operator T acts on @ of the form (10) as follows:

N 2'(—1
To = § § Tl k Pk
=1 k=1

Moreover, T satisfies

TV = V*'T 4+ nV", n=12,...

B. Time Operator for the Cusp Map [29]

In this section we present a Time Operator for the so-called cusp map
F:[-1,1] — [-1,1], where  F(x) =1 —2+/]x]

which is an approximation of the Poincaré section of the Lorenz attractor [39].
The absolutely continuous invariant measure of the cusp map has density

_1fx

p(x) = 7

The Koopman operator of the cusp map is the operator V acting on
L? = [*([-1,1],n), where p is the measure with density p defined by the above
formula, is

VI(x) =f(1 =2v/1x)

The generating space ./ of the Koopman operator regarded as a shift coincides
with the space of functions:

{feLl,:f(x)=(+x)gx), where g isodd}
The set of functions

2(1+x)

T sin moLx, a=1,2,...

x(x) =
is an orthonormal basis in the space ./”. We have the following theorem.

Theorem. The set yr=V"y* =y*(8"(x)), a=1,2,...,n=0,1,..., is a
generating basis for the Koopman operator V of the cusp map acting on L, © 1.
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The operator with eigenvectors 5 and eigenvalues n is the natural time operator
of the shift V:

T =l T=YnY [0

n=0 o=I

Remark. Although the spectral representation is formally equivalent to the
shift representation, in the case of the cusp map, the spectral analysis seems to
be quite involved and even not possible for analytic functions [30]. However, the
shift representation of the cusp map is quite simple and explicit, allowing for
probabilistic predictions.
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I. INTRODUCTION AND SUMMARY

Fully chaotic dissipative systems are considered and changes of characteristics
are followed when a control parameter is varied in such a way that these changes
are smooth; in particular the chaotic state is maintained. Besides the permanent
chaos, equal weight is given to the transient one, and the features of the two types
of chaotic motions are compared.

In the case of the transient chaos, one can specify a region () in the phase
space, where the chaotic motion takes place [1-3]. After leaving this region the
trajectory finally settles to an attractor (which can be simple or a chaotic one).
The residence time in {2 depends on the initial condition; its average is given by
the inverse of the escape rate, which is related to the conditionally invariant
measure, a basic concept in the field of transient chaos [1-3]. This measure is
invariant if after each step it is renormalized by a factor fixed by the escape rate.
The physically relevant conditionally invariant measures are those which are
smooth (absolutely continuous with respect to the Lebesgue measure) along the
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expanding directions, and in the following it will be always assumed that this
requirement is fulfilled. (Such a measure can be called Sinai—Ruelle-Bowen
(SRB) type of conditionally invariant measure in analogy with the SRB measure
for permanent chaos [4].) The maximal invariant set S in {2, which is a fractal
with rich multifractal properties [2], is called the repeller. Note that the time
spent in  is longer if the initial point is closer to S. Consequently, the
transiently chaotic motion can be arbitrarily long, which makes this type of
chaos also experimentally relevant. The natural measure on the repeller is obtained
by restricting the conditionally invariant measure to the invariant set S [5].

Scenarios and properties are demonstrated by using a family of one-
dimensional maps with one increasing and one decreasing monotonic branch.
They act on the two preimages Iy and I; of the interval I chosen as [0, 1]. In the
case of permanent chaos I = Iy U I}, while in the case of transient chaos the
trajectory is regarded as escaped, if it gets outside the Iy U I; interval. The maps
are complete in the sense of symbolic dynamics based on a bipartition with
elements Iy, ;.

For maps close to the piecewise linear one, perturbation expansion is applied
to calculate the spectrum of the Frobenius—Perron operator and the entropies [2,
6,7]. By changing further the control parameter, one can arrive at the weakly
intermittent state in the case of permanent chaos. Here the Kolmogorov—Sinai
entropy is still positive (despite of the fact that the fixed point at the origin
becomes marginally unstable, the slope there is unity); the Rényi entropies for
g > 1 are, however, zero [2,8]. (Weak intermittent states are, of course, not
restricted to 1D maps. One can identify such a state also in the Lorenz model
(91)

The analogous state of transient chaos is achieved when the logarithm of the
slope of the map at the origin becomes equal to the escape rate. When
approaching this state the conditionally invariant measure remains smooth (like
the invariant measure in the weakly intermittent state), but the natural measure
highly degenerates; it is entirely concentrated in the fixed point at the origin,
which remains, however, now a strictly unstable fixed point. As a consequence,
not only the ¢ > 1 Rényi entropies, but also the Kolmogorov—Sinai entropy,
become zero [10-12]. One has to emphasize that the repeller preserves its
fractal nature.

The states obtained this way representing border states of chaos are called
critical in the permanent and in the transient chaos as well, since phase
transition-like phenomena can be associated with them within the framework of
the thermodynamic formalism of chaotic systems [2,8,10,11]. The correspond-
ing value of the control parameter is referred to as its critical value. It is worth
noting that while the Kolmogorov—Sinai entropy (the measure of chaoticity) is
decreasing when approaching toward the critical state, the complexity is
increasing [13].
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Finally, a further essential difference between the two types of chaos in their
critical states has to be stressed. Namely, in the transient case, when the control
parameter has arrived at its critical value, a second important conditional
invariant measure emerges, whose properties are very different from the first
one discussed above [12]. The two conditionally invariant measures have large
basins of attraction, a fact that makes both of them physically relevant. The
density of the second conditionally invariant measure is zero at the left endpoint
of the interval 7 [11,12]. Its basin of attraction is constituted by functions also
sharing this property. In particular, an initial distribution restricted to the inside
of the interval I will approach the second conditionally invariant measure. The
basin of attraction of the density of the first one is formed by functions having
finite values at the left endpoint of the interval /. The situation can be understood
by investigating the eigenfunctions of the operator adjoint to the Frobenius—
Perron operator [11,12]. The two measures produce different escape rates.
Interesting consequences concerning transient diffusion processes taking place
in a chain of such maps can be drawn [12]. Namely, the diffusion coefficient can
have a finite jump, when the control parameter reaches its citical value.
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I. INTRODUCTION

How should we understand the origin of biological irreversibility?

As an empirical fact, we know that the direction from the alive to the dead is
irreversible. At a more specific level, we know that in a multicellular organism
with a developmental process, there is a definite temporal flow. Through the
developmental process, the multipotency (i.e., the ability to create different
types of cells) decreases. Initially, the embryonic stem cell has totipotency and
has the potentiality to create all types of cells in the organism. Then a stem cell
can create a limited variety of cells, having multipotency. This hierarchical loss
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of multipotency terminates at a determined cell, which can only replicate its
own type, in the normal developmental process. The degree of determination
increases in the normal course of development. How can one understand such
irreversibility?

Of course this question is not easy to answer. However, it should be pointed
out that:

1. It is very difficult to imagine that this irreversibility is caused by a set of
specific genes. The present irreversibility is too universal to be attributed
to characteristics of a few molecules.

2. It is also impossible to simply attribute this irreversibility to the second
law of thermodynamics. One can hardly imagine that the entropy, even if
it were possible to be defined, suddenly increases at the death, or
successively increases at the cell differentiation process. Furthermore, it
should be generally very difficult to define a thermodynamic entropy to a
highly nonequilibrium system such as a cell.

Then what strategy should we choose?

A biological system contains always sufficient degrees of freedom—say, a
set of chemical concentrations in a cell, whose values change in time. Then, one
promising strategy for the study of a biological system lies in the use of
dynamical systems [1]. By setting a class of dynamical systems, we search for
universal characteristics that are robust against microscopic and macroscopic
fluctuations.

A biological unit, such as a cell, has always some internal structure that can
change in time. As a simple representation, the unit can be represented by a
dynamical system. For example, consider a representation of a cell by a set of
chemical concentrations. A cell, however, is not separated from the outside
world completely. For example, isolation by a biomembrane is flexible and
incomplete. In this way, the units, represented by dynamical systems, interact
with each other through the external environment. Hence, we need a model
consisting of the interplay between inter-unit and intra-unit dynamics. For
example, the complex chemical reaction dynamics in each unit (cell) is affected
by the interaction with other cells, which provides an interesting example of
“intra—inter dynamics.” In the “intra—inter dynamics,” elements having internal
dynamics interact with each other. This type of intra—inter dynamics is not
necessarily represented only by the perturbation of the internal dynamics by the
interaction with other units, nor is it merely a perturbation of the interaction by
adding some internal dynamics.

As a specific example of the scheme of intra—inter dynamics, we will mainly
discuss the developmental process of a cell society accompanied by cell
differentiation. Here, the intra—inter dynamics consists of several biochemical
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reaction processes. The cells interact through the diffusion of chemicals or their
active signal transmission.

If N cells with k degrees of freedom exist, the total dynamics is represented
by an Nk-dimensional dynamical system (in addition to the degrees of freedom
of the environment). Furthermore, the number of cells is not fixed in time, but
they are born by division (and die) in time.

After the division of a cell, if two cells remained identical, another set of
variables would not be necessary. If the dynamical system for chemical state of
a cell has orbital instability (such as chaos), however, the orbits of chemical
dynamics of the (two) daughters will diverge. Hence, the number of degrees of
freedom, Nk, changes in time. This increase in the number of variables is tightly
connected with the internal dynamics. It should also be noted that in the
developmental process, in general, the initial condition of the cell states is
chosen so that their reproduction continues. Thus, a suitable initial condition for
the internal degrees of freedom is selected through interaction.

Now, to study a biological system in terms of dynamical systems theory, it is
first necessary to understand the behavior of a system with internal degrees of
freedom and interaction [4]. This is the main reason why I started a model
called Coupled Map Lattice [5] (and later Globally Coupled Map [6]) about
2 decades ago. Indeed, several discoveries in GCM seem to be relevant to
understand some basic features in a biological system. GCM has provided us
some novel concepts for nontrivial dynamics between microscopic and
macroscopic levels, while the dynamic complementarity between a part and
the whole is important to study biological organization [7]. In the present
chapter we briefly review the behaviors of GCM in Section II, and in Sections
III-V we discuss some recent advances about dominance of Milnor attractors,
chaotic itinerancy, and collective dynamics. Then we will switch to the topic of
development and differentiation in an interacting cell system. After presenting
our model based on dynamical systems in Section VI, we give a basic scenario
discovered in the model, and interpret cell differentiation in terms of dynamical
systems. Then, the origin of biological irreversibility is discussed in Section IX.
Discussion toward the construction of phenomenology theory of development is
given in Section X.

II. HIGH-DIMENSIONAL CHAOS REVISITED

The simplest case of global interaction is studied as the ““globally coupled map™
(GCM) of chaotic elements [6]. A standard example is given by
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where n is a discrete time step and i is the index of an element
(i=1,2,...,N=system size), and f(x) = 1 — ax®. The model is just a mean-
field-theory-type extension of coupled map lattices (CML) [5].

Through the interaction, elements tend to oscillate synchronously, while
chaotic instability leads to destruction of the coherence. When the former
tendency wins, all elements oscillate coherently, while elements are completely
desynchronized in the limit of strong chaotic instability. Between these cases,
elements split into clusters in which they oscillate coherently. Here a cluster is
defined as a set of elements in which x(i) = x(jj) [6]. Attractors in GCM are
classified by the number of synchronized clusters k& and the number of elements
for each cluster N;. Each attractor is coded by the clustering condition
[k, (N1,Na, ..., Ny)]. Stability of each clustered state is analyzed by introducing
the split exponent [6,9].

An interesting possibility in the clustering is that it provides a source for
diversity. In clustering it should be noted that identical chaotic elements
differentiate spontaneously into different groups: Even if a system consists of
identical elements, they split into groups with different phases of oscillations.
Hence a network of chaotic elements gives a theoretical basis for isologous
diversification and provides a mechanism for the origin of diversity and
complexity in biological networks [10,11].

In a globally coupled chaotic system in general, the following phases appear
successively with the increase of nonlinearity in the system (a in the above
logistic map case) [6]:

1. Coherent phase: Only a coherent attractor (k = 1) exists.

2. Ordered phase: All attractors consist of a few (k = o(N)) clusters.

3. Partially ordered phase: Attractors with a variety of clusterings coexist,
while most of them have many clusters (k = O(N)).

4. Turbulent phase: Elements are completely desynchronized, and all
attractors have N clusters.

The above clustering behaviors have universally been confirmed in a variety
of systems.

In the partially ordered (PO) phase, there are a variety of attractors with a
different number of clusters and a different type of partitions [Ny, Ny, ..., Ni].
The clustering here is typically inhomogeneous: The partition [Ny, N;, ..., Ni]
is far from equal partition. Often this clustering is hierarchical as for the number
of elements, and as for the values. For example, consider the following idealized
clustering: First split the system into two equal clusters. Take one of them and
split it again into two equal clusters, but leave the other without split. By
repeating this process, the partition is given by [N/2,N/4,N/8,...]. In this
case, the difference of the values of x,(i) is also hierarchical. The difference
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between the values of x,(i) decreases as the above process of partition is
iterated. Although the above partition is too much simplified, such hierarchical
structure in partition and in the phase space is typically observed in the PO
phase. The partition is organized as an inhomogeneous tree structure, as in the
spin glass model [8].

We have also measured the fluctuation of the partitions, using the prob-
ability Y that two elements fall on the same cluster. In the PO phase, this Y value
fluctuates by initial conditions, and the fluctuation remains finite even if the size
goes to infinity [12,13]. It is noted that such remnant fluctuation of partitions is
also seen in spin glass models [8].

III. PREVALENCE OF MILNOR ATTRACTORS

In the partially ordered (PO) phase, there coexist a variety of attractors
depending on the partition [12]. To study the stability of an attractor against
perturbation, we introduce the return probability P(c), defined as follows [14]:
Take an orbit point {x(i)} of an attractor in an N-dimensional phase space, and
perturb the point to x(i) + §rnd;, where rnd; is a random number taken from
[—1, 1], uncorrelated for all elements i. Check if this perturbed point returns to
the original attractor via the original deterministic dynamics (1). By sampling
over random perturbations and the time of the application of perturbation, the
return probability P(c) is defined as (# of returns)/(# of perturbation trials).
As a simple index for robustness of an attractor, it is useful to define o, as the
largest o such that P(c) = 1. This index measures what we call the strength of
an attractor.

The strength o, gives a minimum distance between the orbit of an attractor
and its basin boundary. In contrast with our naive expectation from the concept
of an attractor, we have often observed attractors” with o, = 0; that is,
P(40) = lims_o P(3) < 1. If o, =0 holds for a given state, it cannot be an
“attractor” in the sense with asymptotic stability, since some tiny perturbations
kick the orbit out of the ‘attractor.” The attractors with o. = 0 are called
Milnor attractors [15,16]. In other words, Milnor attractor is defined as an
attractor that is unstable by some perturbations of arbitrarily small size, but
globally attracts orbital points. The basin of attraction has a positive Lebesgue
measure. (The basin is riddled here [17,18].) Because it is not asymptotically
stable, one might, at first sight, think that it is rather special, and it appears only
at a critical point like the crisis in the logistic map [15]. To our surprise, the
Milnor attractors are rather commonly observed around the PO phase in our
GCM. The strength and basin volume of attractors are not necessarily
correlated. Attractors with o, = 0 often have a large basin volume.

Still, one might suspect that such Milnor attractors must be weak against
noise. Indeed, by a very weak noise with the amplitude o, an orbit at a Milnor
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attractor is kicked away, and if the orbit is reached to one of attractors with
o. > O, it never comes back to the Milnor attractor. Rather, an orbit kicked out
from a Milnor attractor is often found to stay in the vicinity of it [16]. The orbit
comes back to the original Milnor attractor before it is kicked away to other
attractors with o, > o. Furthermore, by a larger noise, orbits sometimes are
more attracted to Milnor attractors. Such attraction is possible, since Milnor
attractors here have global attraction in the phase space, in spite of their local
instability.

Prevalence of Milnor attractors gives us reason to suspect the computability
of our system. Once the digits of two variables x(i) and x(j) agree down to the
lowest bit, the values never split again, even though the state with the
synchronization of the two elements may be unstable. As long as digital
computation is adopted, it is always possible that an orbit is trapped to such
unstable state. In this sense a serious problem is cast in numerical computation
of GCM in general.'

Existence of Milnor attractors may lead us to suspect the correspondence
between a (robust) attractor and memory, often adopted in neuroscience (and
theoretical cell biology). It should be mentioned that Milnor attractors can
provide dynamic memory [4,19] allowing for an interface between outside and
inside, external inputs, and internal representation.

IV. CHAOTIC ITINERANCY

Besides the above static complexity, dynamic complexity is more interesting at
the PO phase. Here orbits make itinerancy over ordered states with partial
synchronization of elements, via highly chaotic states. This dynamics, called
chaotic itinerancy (CI), is a novel universal class in high-dimensional dynamical
systems. Our CI consists of a quasi-stationary high-dimensional state, exits to
“attractor ruins” with low effective degrees of freedom, residence therein, and
chaotic exits from them. In the CI, an orbit successively itinerates over such
“attractor ruins,” involving ordered motion with some coherence among
elements. The motion at ““attractor ruins’’ is quasi-stationary. For example, if
the effective degrees of freedom is two, the elements split into two groups, in
each of which elements oscillate almost coherently. The system is in the vicinity
of a two-clustered state, which, however, is not a stable attractor, but keeps
attraction to its vicinity globally within the phase space. After staying at an
attractor ruin, an orbit exits from it due to chaotic instability, and it shows a high-
dimensional chaotic motion without clear coherence. This high-dimensional

Indeed, in our simulations we have often added a random floating at the smallest bit of x(7) in the
computer, to partially avoid such computational problems.
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state is again quasi-stationary, although there are some holes connecting to the
attractor ruins from it. Once the orbit is trapped at a hole, it is suddenly attracted
to one of attractor ruins—that is, ordered states with low-dimensional dynamics.

This CI dynamics has independently been found in a model of neural
dynamics (by Tsuda [19]), optical turbulence [20], and GCM. It provides an
example of successive changes of relationships among elements.

Note that the Milnor attractors satisfy the condition of the above ordered
states constituting chaotic itinerancy. Some Milnor attractors we have found
keep global attraction, which is consistent with the observation that the
attraction to ordered states in chaotic itinerancy occurs globally from a high-
dimensional chaotic state. Attraction of an orbit to precisely a given attractor
requires infinite time, and before the orbit is really settled to a given Milnor
attractor, it may be kicked away.” When Milnor attractors that lose the stability
(P(0) < 1) keep global attraction, the total dynamics can be constructed as the
successive alternations to the attraction to, and escape from, them. If the attrac-
tion to robust attractors from a given Milnor attractor is not possible, the
long-term dynamics with the noise strength — +0 is represented by successive
transitions over Milnor attractors. Then the dynamics is represented by transi-
tion matrix over Milnor attractors. This matrix is generally asymmetric: Often,
there is a connection from a Milnor attractor A to a Milnor attractor B, but not
from B to A. The total dynamics is represented by the motion over a network,
given by a set of directed graphs over Milnor attractors.

In general, the “ordered states” in CI may not be exactly Milnor attractors
but can be weakly destabilized states from Milnor attractors. Still, the attribution
of CI to Milnor attractor network dynamics is expected to work as one ideal
limit.”

As already discussed about the Milnor attractor, computability of the
switching over Milnor attractor networks has a serious problem. In each event of
switching, which Milnor attractor is visited next after the departure from a
Milnor attractor may depend on the precision. In this sense, the order of visits to
Milnor attractors in chaotic itinerancy may not be undecidable in a digital
computer. In other words, motion at a macroscopic level may not be decidable
from a microscopic level. With this respect, it may be interesting to note that
there are similar statistical features between (Milnor attractor) dynamics with a
riddled basin and undecidable dynamics of a universal Turing machine [23].

2This problem is subtle computationally, since any finite precision in computation may have a
serious influence on whether the orbit remains at a Milnor attractor or not.

3The notion of chaotic itinerancy is rather broad, and some of CI may not be explained by the
Milnor attractor network. In particular, chaotic itinerancy in a Hamiltonian system [21,22] may not
fit directly with the present correspondence.
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V. COLLECTIVE DYNAMICS

If the coupling strength € is small enough, oscillation of each element has no
mutual synchronization. In this turbulent phase, x(i) takes almost random values
almost independently, and the number of degrees of freedom is proportional to
the number of elements N; that is, the Lyapunov dimension increases in
proportion to N. Even in such cases, the macroscopic motion shows some
coherent motion distinguishable from noise, and there remains some coherence
among elements, even in the limit of N — co. As a macroscopic variable we
adopt the mean field,

g _
M=NZ?UND (2)

In almost all the parameter values, the mean field motion shows some dynamics
that is distinguishable from noise, ranging from torus-like to higher-dimensional
motion. This motion remains even in the thermodynamic limit [24].

This remnant variation means that the collective dynamics #, (i) keeps some
structure. One possibility is that the dynamics is low-dimensional. Indeed in
some system with a global coupling, the collective motion is shown to be low-
dimensional in the limit of N — oo (see Refs. 25 and 26). In the GCM equation
[Eqg. (1)], with the logistic or tent map, low-dimensional motion is not detected
generally, although there remains some collective motion in the limit of
N — o00. The mean field motion in GCM is regarded to be infinite-dimensional,
even when the torus-like motion is observed [27-30]. Then it is important to
clarify the nature of this mean-field dynamics.

It is not so easy to examine the infinite-dimensional dynamics, directly.
Instead, Shibata, Chawanya, and the author have first made the motion low-
dimensional by adding noise, and then they studied the limit of noise — 0. To
study this effect of noise, we have simulated the model

N
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where m! is a white noise generated by an uncorrelated random number
homogeneously distributed over [—1, 1].

The addition of noise can destroy the above coherence among elements. In
fact, the microscopic external noise leads the variance of the mean field
distribution to decrease with N [24,31]. This result also implies decrease of the
mean field fluctuation by external noise.
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Behavior of the above equation in the thermodynamic limit N — oo is
represented by the evolution of the one-body distribution function p,(x) at time
step n directly. Because the mean field value

= | om0 a @)
is independent of each element, the evolution of p,(x) obeys the Perron—
Frobenius equation given by
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Falx) = (1 = €)f (x) + ch, (6)

By analyzing the above Perron—Frobenius equation [32], it is shown that the
dimension of the collective motion increases as log(1/c?), with & as the noise
strength. Hence in the limit of ¢ — 0, the dimension of the mean field motion is
expected to be infinite. Note that the mean field dynamics (at N — o0) is
completely deterministic, even under the external noise.

With the addition of noise, high-dimensional structures in the mean-field
dynamics are destroyed successively; and the bifurcation from high-dimen-
sional to low-dimensional chaos, and then to torus, proceeds with the increase of
the noise amplitude. With a further increase of noise to ¢ > ., the mean field
goes to a fixed point through Hopf bifurcation. This destruction of the hidden
coherence leads to a strange conclusion. Take a globally coupled system with a
desynchronized and highly chaotic state, and add noise to the system. Then the
dimension of the mean field motion gets lower with the increase of noise.

The appearance of low-dimensional “order” through the destruction of
small-scale structure in chaos is also found in noise-induced order [33]. Note,
however, that in a conventional noise-induced transition [34], the ordered
motion is still stochastic, since the noise is added into a low-dimensional
dynamical system. On the other hand, the noise-induced transition in the collec-
tive dynamics occurs after the thermodynamic limit is taken. Hence the low-
dimensional dynamics induced by noise is truly low-dimensional. When we say
a torus, the Poincaré map shows a curve without thickness by the noise, since
the thermodynamic limit smears out the fluctuation around the tours. Also,
it is interesting to note that a similar mechanism of the destruction of hidden
coherence is observed in quantum chaos.

This noise-induced low-dimensional collective dynamics can be used to
distinguish high-dimensional chaos from random noise. If the irregular behavior
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is originated in random noise, (further) addition of noise will result in an
increase of the fluctuations. If the external application of noise leads to the
decrease of fluctuations in some experiment, it is natural to assume that the
irregular dynamics there is due to high-dimensional chaos with a global
coupling of many nonlinear modes or elements.

VI. CELL DIFFERENTIATION AND DEVELOPMENT
AS DYNAMICAL SYSTEMS

Now we come back to the problem of cell differentiation and development. A
cell is separated from environment by a membrane, whose separation, however,
is not complete. Some chemicals pass through the membrane; and through this
transport, cells interact with each other. When a cell is represented by a
dynamical system the cells interact with each other and with the external
environment. Hence, we need a model consisting of the interplay between inter-
unit and intra-unit dynamics. Here we will mainly discuss the developmental
process of a cell society accompanied by cell differentiation, where the intra—
inter dynamics consist of several biochemical reaction processes. Cells interact
through the diffusion of chemicals or their active signal transmission, while they
divide into two when some condition is satisfied with the chemical reaction
process in it. (See Fig. 1 for schematic representation of our model.)

We have studied several models [2,3,35-38] with (a) internal (chemical)
dynamics of several degrees of freedom, (b) cell-cell interaction type through
the medium, and (c) the division to change the number of cells.

As for the internal dynamics, an autocatalytic reaction among chemicals is
chosen. Such autocatalytic reactions are necessary to produce chemicals in a
cell, required for reproduction [39]. Autocatalytic reactions often lead to
nonlinear oscillation in chemicals. Here we assume the possibility of such
oscillation in the intracellular dynamics [40,41]. As the interaction mechanism,
the diffusion of chemicals between a cell and its surroundings is chosen.

To be specific, we mainly consider the following model here. First, the state
of a cell i is assumed to be characterized by the cell volume and a set of
functions xl(.m)(t) representing the concentrations of k chemicals denoted by
m=1,... k. The concentrations of chemicals change as a result of internal
biochemical reaction dynamics within each cell and cell-cell interactions
communicated through the surrounding medium.

For the internal chemical reaction dynamics, we choose a catalytic network
among the k chemicals. The network is defined by a collection of triplets (/, j, m)
representing the reaction from chemical m to [ catalyzed by j. The rate of
increase of x!(z) (and decrease of x7'(f)) through this reaction is given by
xgm)(t) (xw(t))“, where o is the degree of catalyzation (o0 = 2 in the simulations

1
considered presently). Each chemical has several paths to other chemicals, and
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Figure 1. Schematic representation of our model.

thus a complex reaction network is formed. Thus, the change in the chemical
concentrations through all such reactions is determined by the set of all terms of
the above type for a given network. (These reactions can include genetic
processes.)

Cells interact with each other through the transport of chemicals out of and
into the surrounding medium. As a minimal case, we consider only indirect
cell—cell interactions through diffusion of chemicals via the medium. The
transport rate of chemicals into a cell is proportional to the difference in
chemical concentrations between the inside and the outside of the cell and is
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given by D(X"(r) — xlw (1)), where D denotes the diffusion constant, and X*)(r)
is the concentration of the chemical at the medium. The diffusion of a chemical
species through cell membrane should depend on the properties of this species.
In this model, we consider the simple case in which there are two types of
chemicals; one that can penetrate the membrane and one that cannot. For
simplicity, we assume that all the chemicals capable of penetrating the
membrane have the same diffusion coefficient, D. With this type of interaction,
corresponding chemicals in the medium are consumed. To maintain the growth
of the organism, the system is immersed in a bath of chemicals through which
(nutritive) chemicals are supplied to the cells.

As chemicals flow out of and into the environment, the cell volume changes.
The volume is assumed to be proportional to the sum of the quantities of
chemicals in the cell, and thus is a dynamical variable. Accordingly, chemicals
are diluted as a result of the increase of the cell volume.

In general, a cell divides according to its internal state, for example, as some
products, such as DNA or the membrane, are synthesized, accompanied by an
increase in cell volume. Again, considering only a simple situation, we assume
that a cell divides into two when the cell volume becomes double the original.
At each division, all chemicals are almost equally divided, with random
fluctuations.

Of course, each result of simulation depends on the specific choice of the
reaction network. However, the basic feature of the process to be discussed does
not depend on the details of the choice, as long as the network allows for the
oscillatory intracellular dynamics leading to the growth in the number of cells.
Note that the network is not constructed to imitate an existing biochemical
network. Rather, we try to demonstrate that important features in a biological
system are a natural consequence of a system with internal dynamics,
interaction, and reproduction. From the study we try to extract a universal
logic underlying a class of biological systems.

VII. SCENARIO FOR CELL DIFFERENTIATION

From several simulations of the models starting from a single cell initial
condition, we have shown that cells undergo spontaneous differentiation as the
number is increased (see Fig. 2 for schematic representation): The first
differentiation starts with the clustering of the phase of the oscillations, as
discussed in globally coupled maps (see Fig. 2a). Then, the differentiation comes
to the stage that the average concentrations of the biochemicals over the cell
cycle become different. The composition of biochemicals as well as the rates of
catalytic reactions and transport of the biochemicals become different for each

group.
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Figure 2. Schematic representation of cell differentiation process, plotted in the phase space of
chemical concentrations.

After the formation of cell types, the chemical compositions of each group
are inherited by their daughter cells. In other words, chemical compositions of
cells are recursive over divisions. The biochemical properties of a cell are
inherited by its progeny; in other words, the properties of the differentiated cells



66 KUNIHIKO KANEKO

are stable, fixed, or determined over the generations (see Fig. 2b). After several
divisions, such an initial condition of units is chosen to give the next generation
of the same type as its mother cell.

The most interesting example here is the formation of stem cells,
schematically shown in Fig. 2c [37]. This cell type, denoted as S here, either
reproduces the same type or forms different cell types, denoted for example as
type A and type B. Then after division events S — S,A, B occur. Depending on
the adopted chemical networks, the types A and B replicate, or switch to
different types. For example, A — A,A1,A2, A3 is observed in some network.
This hierarchical organization is often observed when the internal dynamics
have some complexity, such as chaos.

The differentiation here is ‘“‘stochastic,” arising from chaotic intracellular
chemical dynamics. The choice for a stem cell either to replicate or to
differentiate seems stochastic as far as the cell type is concerned. Because such
stochasticity is not due to external fluctuation but is a result of the internal state,
the probability of differentiation can be regulated by the intracellular state. This
stochastic branching is accompanied by a regulative mechanism. When some
cells are removed externally during the developmental process, the rate of
differentiation changes so that the final cell distribution is recovered.

In some biological systems such as the hematopoietic system, stem cells
either replicate or differentiate into different cell type(s). This differentiation
rule is often hierarchical [42,43]. The probability of differentiation to one of the
several blood cell types is expected to depend on the interaction. Otherwise, it is
hard to explain why the developmental process is robust. For example, when the
number of some terminal cells decreases, there should be some mechanism to
increase the rate of differentiation from the stem cell to the differentiated cells.
This suggests the existence of interaction-dependent regulation of the
differentiation ratio, as demonstrated in our results.

Microscopic Stability

The developmental process is stable against molecular fluctuations. First,
intracellular dynamics of each cell type are stable against such perturbations.
Then, one might think that this selection of each cell type is nothing more than
a choice among basins of attraction for a multiple attractor system. If the
interaction were neglected, a different type of dynamics would be interpreted
as a different attractor. In our case, this is not true, and cell—cell interactions
are necessary to stabilize cell types. Given cell-to-cell interactions, the cell
state is stable against perturbations on the level of each type of intracellular
dynamics.

Next, the number distribution of cell types is stable against fluctuations.
Indeed, we have carried out simulations of our model, by adding a noise term,
considering finiteness in the number of molecules [3,44]. The obtained cell type,
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as well as the number distribution, is hardly affected by the noise as long as the
noise amplitude is not too large.*

Macroscopic Stability

Each cellular state is also stable against perturbations of the interaction term. If
the cell type number distribution is changed within some range, each type of
cellular dynamics keeps its identity. Hence discrete, stable types are formed
through the interplay between intracellular dynamics and interaction. The
recursive production is attained through the selection of initial conditions of the
intracellular dynamics of each cell, so that it is rather robust against the change of
interaction terms as well.

The macroscopic stability is clearly shown in the spontaneous regulation of
differentiation ratio. How is this interaction-dependent rule formed? Note that
depending on the distribution of the other cell types, the orbit of the internal cell
state is slightly deformed. For a stem cell case, the rate of the differentiation or
the replication (e.g., the rate to select an arrow among S — S, A, B) depends on
the cell-type distribution. For example, when the number of “A” type cells is
reduced, the orbit of an “S”-type cell is shifted toward the orbits of “A,” with
which the rate of switch to “A” is enhanced. The information of the cell-type
distribution is represented by the internal dynamics of “S”-type cells, and it is
essential to the regulation of differentiation rate [37].

It should be stressed that our dynamical differentiation process is always
accompanied by this kind of regulation process, without any sophisticated
programs implemented in advance. This autonomous robustness provides a
novel viewpoint to the stability of the cell society in multicellular organisms.

VIII. DYNAMICAL SYSTEMS REPRESENTATIONS
OF CELL DIFFERENTIATION

Because each cell state is realized as a balance between internal dynamics and
interaction, one can discuss which part is more relevant to determine the
stability of each state. In one limiting case, the state is an attractor as internal
dynamics [45], which is sufficiently stable and not destabilized by cell-cell
interaction. In this case, the cell state is called ‘““determined,” according to the
terminology in cell biology. In the other limiting case, the state is totally
governed by the interaction; and by changing the states of other cells, the cell
state in concern is destabilized. In this case, each cell state is highly dependent
on the environment or other cells.

“When the noise amplitude is too large, distinct types are no longer formed. Cell types are
continuously distributed. In this case the division speed is highly reduced, since the differentiation of
roles by differentiated cell types is destroyed.
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Each cell type in our simulation generally lies between these two limiting
cases. To see such intra—inter nature of the determination explicitly, one effective
method is a transplantation experiment. Numerically, such an experiment is
carried out by choosing determined cells (obtained from the normal differen-
tiation process) and putting them into a different set of surrounding cells, to set
distribution of cells so that it does not appear through the normal course of
development.

When a differentiated and recursive cell is transplanted to another cell
society, the offspring of the cell keeps the same type, unless the cell-type
distribution of the society is strongly biased. When a cell is transplanted into a
biased society, differentiation from a *“‘determined’ cell occurs. For example, a
homogeneous society consisting only of one determined cell type is unstable,
and some cells start to switch to a different type. Hence, the cell memory is
preserved mainly in each individual cell, but suitable intercellular interactions
are also necessary to keep it.

Because each differentiated state is not an attractor, but is stabilized through
the interaction, we propose to define partial attractor, to address attraction
restricted to the internal cellular dynamics. Tentative definition of this partial
attractor is as follows:

1. Internal stability. Once the cell-cell interaction is specified (i.e., the
dynamics of other cells), the state is an attractor of the internal dynamics.
In other words, it is an attractor when the dynamics is restricted only to
the variables of a given cell.

2. Interaction stability. The state is stable against change of interaction
term, up to some finite degree. With the change of the interaction term of
the order €, the change in the dynamics remains of the order of O(e).

3. Self-consistency. For some distribution of units of cellular states
satisfying 1 and 2, the interaction term continues to satisfy condition 1
and 2.

We tentatively call a state satisfying 1-3 a partial attractor. Each determined
cell type we found can be regarded as a partial attractor. To define the dynamics
of stem cell in our model, however, we have to slightly modify the condition of 2
to a “Milnor-attractor” type. Here, small perturbation to the interaction term
(by the increase of the cell number) may lead the state to switch to a
differentiated state. Hence, instead of 2, we set the condition:

2/, For some change of interaction with a finite measure, some orbits remain
to be attracted to the state.

So far we have discussed the stability of a state by fixing the number of cells.
In some case, condition 3 may not be satisfied when the system is developed
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from a single cell following the cell division rule. As for developmental process,
the condition has to be satisfied for a restricted range of cell distribution realized
by the evolution from a single cell. Then we need to add the condition:

4. Accessibility. The distribution (3) is satisfied from an initial condition of
a single cell and with the increase of the number of cells.

Cell types with determined differentiation observed in our model is regarded
as a state satisfying 1-4, while the stem cell type is regarded as a state satisfying
1, 2/, 3, and 4.

In fact, as the number is increased, some perturbations to the interaction term
is introduced. In our model, the stem-cell state satisfies 2 up to some number;
but with the further increase of number, the condition 2 is no more satisfied and
is replaced by 2. Perturbation to the interaction term due to the cell number
increase is sufficient to bring about a switch from a given stem-cell dynamics to
a differentiated cell. Note again that the stem-cell type state with weak stability
has a large basin volume when started from a single cell.

IX. TOWARD BIOLOGICAL IRREVERSIBILITY
IRREDUCIBLE TO THERMODYNAMICS

In the normal development of cells, there is clear irreversibility, resulting from
the successive loss of multipotency.

In our model simulations, this loss of multipotency occurs irreversibly. The
stem-cell type can differentiate to other types, while the determined type that
appears later only replicates itself. In a real organism, there is a hierarchy in
determination, and a stem cell is often over a progenitor over only a limited
range of cell types. In other words, the degree of determination is also
hierarchical. In our model, we have also found such hierarchical structure. So
far, we have found only up to the second layer of hierarchy in our model with
the number of chemicals k = 20.

Here, dynamics of a stem-type cell exhibit irregular oscillations with
orbital instability and involve a variety of chemicals. Stem cells with these
complex dynamics have a potential to differentiate into several distinct cell
types. Generally, the differentiated cells always possess simpler cellular
dynamics than do the stem cells—for example, fixed-point dynamics and
regular oscillations.

Although we have not yet succeeded in formulating the irreversible loss of
multipotency in terms of a single fundamental quantity (analogous to
thermodynamic entropy), we have heuristically derived a general law describing
the change of the following quantities in all of our numerical experiments, using
a variety of reaction networks [44,46]. As cell differentiation progresses through
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development, we encounter the following:

I. Stability of intracellular dynamics increases.
II. Diversity of chemicals in a cell decreases.

III. Temporal variations of chemical concentrations decrease, by realizing
less chaotic motion.

The degree of statement I could be determined by a minimum change in the
interaction to switch a cell state, by properly extending the “‘attractor strength”
in Section IIL. Initial undifferentiated cells spontaneously change their state
even without the change of the interaction term, while stem cells can be
switched by a tiny change in the interaction term. The degree of determination
is roughly measured as the minimum perturbation strength required for a switch
to a different state.

The diversity of chemicals (statement II) can be measured, for example, by
S == Sip(log p(i). with p(j) = (x()/32- x(m)). with () as
temporal average. Loss of multipotency in our model is accompanied by a
decrease in the diversity of chemicals and is represented by the decrease of this
diversity S.

The tendency (III) is numerically confirmed by the subspace Kolmorogorov—
Sinai (KS) entropy of the internal dynamics for each cell. Here, this subspace
KS entropy is measured as a sum of positive Lyapunov exponents, in the tangent
space restricted only to the intracellular dynamics for a given cell. Again, this
exponent decreases through the development.

X. DISCUSSION: TOWARD PHENOMENOLOGY THEORY
OF DEVELOPMENTAL PROCESS

In the present chapter, we have first surveyed some recent progress in coupled
dynamical systems—in particular, globally coupled maps. Then we discuss
some of our recent studies on the cell differentiation and development, based on
coupled dynamical systems with some internal degrees of freedom and the
potentiality to increase the number of units (cells). Stability and irreversibility of
the developmental process are demonstrated by the model, and they are
discussed in terms of dynamical systems.

Of course, results based on a class of models are not sufficient to establish a
theory to understand the stability and irreversibility in development of
multicellular organisms. We need to unveil the logic that underlies such models
and real development universally. Although mathematical formulation is not yet
established, supports are given to the following conjecture:

Assume a cell with internal chemical reaction network whose degrees of
freedom is large enough and which interacts each other through the
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environment. Some chemicals are transported from the environment and
converted to other chemicals within a cell. Through this process the cell volume
increases and the cell is divided. Then, for some chemical networks, each
chemical state of a cell remains to be a fixed point. In this case, cells remain
identical, where the competition for chemical resources is higher, and the
increase of the cell number is suppressed. On the other hand, for some reaction
networks, cells differentiate and the increase in the cell number is not
suppressed. The differentiation of cell types forms a hierarchical rule. The
initial cell types have large chemical diversity and show irregular temporal
change of chemical concentrations. As the number of cells increases and the
differentiation progresses, irreversible loss of multipotency is observed. This
differentiation process is triggered by instability of some states by cell-cell
interaction, while the realized states of cell types and the number distribution of
such cell types are stable against perturbations, following the spontaneous
regulation of differentiation ratio.

When we recall the history of physics, the most successful phenomenological
theory is nothing but thermodynamics. To construct a phenomenology theory
for development, or generally a theory for biological irreversibility, comparison
with the thermodynamics should be relevant. Some similarity between the
phenomenology of development and thermodynamics is summarized in Table I.

As mentioned, both the thermodynamics and the development phenomeno-
logy have stability against perturbations. Indeed, the spontaneous regulation in a
stem cell system found in our model is a clear demonstration of stability against
perturbations, similar to the Le Chatelier—Braun principle. The irreversibility in
thermodynamics is defined by suitably restricting possible operations, as
formulated by adiabatic process. Similarly, the irreversibility in a multicellular
organism has to be suitably defined by introducing an ideal developmental
process. Note that in some experiments such as cloning from somatic cells in
animals [47], the irreversibility in normal development can be reversed.

The last question that should be addressed here is the search for macroscopic
quantities to characterize each (differentiated) cellular ‘state’. Although
thermodynamics is established by cutting the macroscopic out of microscopic

TABLE I
Comparison Between Development Phenomenology and Thermodynamics
Parameter Development Phenomenology Thermodynamics
Stability Cellular and ensemble level Macroscopic
Stability against perturbation ~ Regulation of differentiation ratio Le Chatelier—Braun principle
Irreversibility Loss of multipotency Second law

Quantification of irreversibility Some pattern of gene expression?  Entropy
Cycle Somatic clone cycle? Carnot cycle
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levels, in a cell system, it is not yet sure if such macroscopic quantities can be
defined, by separating a macroscopic state from the microscopic level. At the
present stage, there is no definite answer. Here, however, it is interesting to
recall recent experiments of tissue engineering. By changing the concentrations
of only three control chemicals, Ariizumi and Asashima [48] have succeeded in
constructing all tissues from Xenopus undifferentiated cells (animal cap). Hence
there may be some hope that a reduction to a few variables characterizing
macroscopic ‘‘states’” may be possible.

Construction of phenomenology for development charactering its stability
and irreversibility is still at the stage “waiting for Carnot’; but following our
results based on coupled dynamical systems models and some of recent
experiments, I hope that such phenomenology theory will be realized in the near
future.
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I. INTRODUCTION

Consistent incorporation of irreversibility into conservative dynamical systems is
one of important problems in physics. Prigogine and his collaborators have been
studying this problem [1-5] and recently proposed a formalism, called the
complex spectral theory [6—14], which explicitly represents irreversible time
evolution of states for conservative systems as a superposition of decaying terms.
The early stage of this theory was the subdynamics theory [3—-5], where solutions
of the Liouville equation are decomposed into components (or subdynamics)
each obeying Markovian time evolution. The decomposition is carried out in
such a way that the lowest-order approximation satisfies the Markovian
master equation obtained in the van Hove limit [4]. Later the subdynamic
decomposition was shown to be equivalent to the eigenvalue problem of the
Liouville operator corresponding to complex eigenvalues, the imaginary parts of
which are relaxation rates for the forward time evolution [6].1 Because the
Liouville operator of a conservative system is Hermitian in a suitable Hilbert
space, it is inevitable to change mathematical settings in order for the Liouville
operator to have complex eigenvalues. One of the possible settings is the Gelfand
triple (i.e., the rigged Hilbert space), where admissible dynamical variables and/
or states are restricted and the eigenmodes corresponding to complex eigenvalues
are defined as Schwartz’ distributions [8]. In many cases, the test function space
of the Gelfand triple is invariant only for the forward time evolution; as a result,
the evolution becomes a forward semigroup on the space of generalized
functions.

Here we remark that the complex spectral theory applied to quantum
unstable systems such as the Friedrichs model gives the same results as the
contour deformation theory of Sudarshan et al. [15], the rigged Hilbert space
approach of Bohm et al. [16], and the complex scaling approach of Combes
et al. [17]. In the contour deformation theory, the continuous spectra of the
Hamiltonian are analytically continued to complex values and the unstable
states are obtained as usual eigenstates of the analytically continued
Hamiltonian. In the Bohm’s rigged Hilbert space approach, the completeness
relation of the energy eigenstates is represented as an energy integral of a
product of the S-matrix element and analytical functions and unstable states
are obtained from the residues of the S-matrix poles in the second Riemann
sheet. Such unstable states are justified as generalized vectors with the aid of
suitable rigged Hilbert spaces. In the complex scaling approach, a family of one
real-parameter unitary deformation of the Hamiltonian is introduced, the
parameter is analytically continued to complex values, and unstable states are

'Although it was not explicitly explained, one-dimensional subdynamics decomposition of George
and Mayné [5] solves the eigenvalue equation of the Liouville operator.
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obtained as usual eigenfunctions of the analytically continued non-Hermitian
Hamiltonian.

On the other hand, stimulated by the recent progress of the dynamical
systems theory, a new approach is developed in classical statistical mechanics
[18—42]. This dynamical systems approach mainly deals with hyperbolic
systems. Roughly speaking, a hyperbolic system is a system where nearby
trajectories of any trajectory either exponentially deviate from or exponentially
approach to the original trajectory, or, a system where every trajectory is
exponentially unstable along some directions and exponentially stable along the
other directions. Because of the exponential instability of every trajectory, a
hyperbolic system is chaotic. Note that a hyperbolic system can be either
conservative or dissipative. Indeed, there are two directions in the dynamical
systems approach: In one direction, dissipative and time-reversal symmetric
systems, thermostated systems, are investigated; and in the other direction, open
conservative systems are studied. Because we are interested in the conservative
systems, the dissipative case is not discussed.

The dynamical systems approach is believed to be sufficiently generic
because typical systems are considered to satisfy the Gallavotti—-Cohen
hypothesis [26,27], which asserts that the microdynamics of an N-body system
for large N is of hyperbolic character. And, so far, several new results have been
obtained such as relations among Kolmogorov—Sinai entropy, Lyapunov
exponents and transport coefficients (escape-rate formalism [18,19,22]), simple
symmetry of a large-deviation distribution of the entropy production in non-
equilibrium steady states (fluctuation theorem [25,26]), and fractal distributions
describing nonequilibrium steady states [23,25-27,31].

While the complex spectral theory asserts that the state evolution becomes
semigroup, the dynamical systems approach deals with both forward and
backward time evolutions. Then, it is interesting to investigate conditions,
which lead to a description with broken time-reversal symmetry. This point will
be discussed later.

Note that the dynamical systems approach is different from the conventional
ergodic theory because, in the latter, an invariant measure is fixed from the
beginning, while in the former, invariant measures are not fixed. As is well
known in the dynamical systems theory [43], a hyperbolic system may admit
uncountably many invariant (even ergodic) measures, and the selection of a
“physical measure™ is one of important problems. So far, two candidates are
proposed for the physical measure [43]: the Kolmogorov measure and the
Sinai—Ruelle-Bowen measure [44]. The former is a zero noise limit of the
invariant measure of the given system perturbed by a random noise. The latter
describes the time averages of observables on motions where initial data are
randomly sampled with respect to the Lebesgue measure. It should be noted that
both criteria of selecting physical measures are nondynamical because the noise
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in the former is of external origin and the Lebesgue measure in the latter is not
derived from dynamics. This observation seems to imply that the statistical
behavior of a given system cannot be derived from its dynamics alone, contrary to
reductionists’ view. The problem of measure selection, would be irrelevant for
physicists if the choice of an invariant measure did not affect observable
phenomena. However, as will be shown later, this is not the case in general.

In this report, using a reversible area-preserving hyperbolic multibaker map,
the appearance of irreversible state evolution in reversible conservative systems
is illustrated, and several related problems will be discussed.

A multibaker map [19,31,32] is a lattice extension of the conventional baker
transformation, which exhibits a deterministic diffusion. The multibaker maps
and their generalizations are extensively used to illustrate transport properties of
hyperbolic systems including the fractality of nonequilibrium steady states [31,
33], the problem of irreversible entropy production [33,34,36-38,41,42], two or
more kinds of transport [37,38,42], fluctuation theorem [40], and new relations
between fractality of the steady states and transport coefficients [41]. For the
details of recent developments, see the review by Tél and Vollmer [39]. Here,
we deal with the multibaker map with energy coordinate introduced in Ref. 37.

The report is organized as follows. In Section II we describe the multibaker
map with energy coordinate. The evolution of statistical ensembles starting from
smooth initial distributions are discussed in Section III. The nonequilibrium
steady state obtained from the forward time evolution and the decay modes are
shown to have fractality along the contracting direction, and their properties are
consistent with thermodynamics. As a result of the time reversal symmetry,
there exists another steady state with anti-thermodynamical properties. The
states are shown to evolve unidirectionally from the anti-thermodynamical
steady state to the thermodynamically normal steady state in a way consistent
with dynamical reversibility. In Section IV, after briefly reviewing the complex
spectral theory, we show that a description with broken time-reversal symmetry
naturally arises from the requirement of including the (fractal) steady states into
a class of admissible initial states. Problem of measure selection is discussed in
Section V. The last section is devoted to the summary.

II. MULTIBAKER MAP WITH ENERGY COORDINATE

The multibaker map with energy coordinate introduced in Ref. 37 is a caricature
of the periodic Lorentz gas and was constructed based on the following
observation: For the 2d periodic Lorentz gas, the dimension of the phase space is
four: two for the position and two for the momentum of a moving particle. And
each trajectory of a particle can be fully determined by the states at collisions,
which are specified by the name of a scatterer, the scattering position of the
particle on the scatterer (), the direction of the particle velocity just before the
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scattering (\{r), and the kinetic energy of the particle. When one considers the
motion of particles having the same total energy, the kinetic energy can be
omitted and the dynamics of the Lorentz gas is fully described by a map defined
on an array of (0,\)-rectangles, and this map resembles the usual multibaker
map [19,39]. On the other hand, in order to describe the motion of particles with
different energies, it is necessary to use a map defined on an array of pillars,
where the vertical direction corresponds to the kinetic-energy axis and the
horizontal section represents a (6, \r)-rectangle. A multibaker map with energy
coordinate introduced in Ref. 37 mimics this map.

The phase space is a chain I' of three-dimensional cells as shown in Fig. la:

I'={(n,x,y,E)ln€Z, E€R", O0<x<ag, O<y<ag} (1)

where Z and R* stand for the sets of integers and of positive real numbers,
respectively, and ag is a positive function of E. The variables n, x, y, and E
correspond respectively to the name of a scatterer, 0, \ (or s, 6), and the kinetic
energy, and az is the area of a constant “kinetic energy” section of each cell. As
shown in Ref. 37, the form of az is fixed to be az o ¢*f by three conditions: (i)
conservation of the total energy, (ii) invertibility of the map, and (iii)
independence of the transition rates from the “kinetic’ energy E.

In case corresponding to a system under constant external field, the
multibaker map By is given by (cf. Fig. 1b)

BF(’%XJHE)
(n—1, %, I*efy, E+F), (O<x<I)
(n, ©=Lae gy 4 Itag, E), r<x<t-r)y (@

(n+ 1,)%57)“5,{1_y+ (1 =10 )ag}e ¥ E—F)

In the above, F is the parameter corresponding to the applied field,
I =21/(1 +e*?F) is the transition rate from nth to (n = 1)th cells, and
s =1 — 21 to the self-transition rate with / € (0,1/2] a real parameter.

Because we are interested in transports of open conservative systems, we
consider a system where the multibaker chain of length N + 1 is embedded
between infinitely extended “‘free chains” (Fig. 2). Then, (2) holds for
n € [1,N — 1]. The free motion is modeled by simple shifts, that is,

(n_17x7yaE)7 (0<églf)
Br(n,x,y,E) = { (%, E), (r<g<1-1) (3)
(r+15yE), (- <<

where [y = [* forn < —2and l; =1 forn > N+ 2.



82 S. TASAKI

E
Y
X n-1 n n+1
== - =
< F
(a)
N
\
\
\
\
n-1 n n+1

(b)

Figure 1. (a) Schematic representation of the phase space I'. The sectional area at “kinetic
energy”’ E depends on E. The arrow represents the applied field, and hatched squares correspond to a
constant total energy surface. (b) Hyperbolic part of the multibaker map Br on the constant total
energy surface.

The sites n = —1,0,N,N 4 1 are joint sites. The transformation rules for
n=—1 and n=N+1 are mixtures of (2) and (3): Bp(—1,x,y,E) for
1 —I" <x/ag <1 and Bp(N + 1,x,y,E) for 0 < x/ag <[~ are given by (2),
and Bp(—1,x,y,E) for 0<x/ag<1—1I" and Bp(N+1,x,y,E) for
I~ <x/ag <1 by (3). The transformation rule for the sites n =0 and n = N
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Free »>ie MultiBaker Map ————————»i<— Free

=0 n=N"‘

Figure 2. Overall view of the constant energy surface of the open multibaker map Br. In the
shaded cells the map is hyperbolic, and in the unshaded cells the map is a simple shift.

is partly given by (2); that is, Br(0,x,y, E) for I~ < x/ag < 1 and Br(N, x,y,E)
for 0 < x/ap <1 —1I* are given by (2). And the rest cases are given by

X X
Br(0,x,y,E :(—1,1+ Fy.—* _E F), 0< X< 4
7(0,x,y,E) ey Bt i (4)
_ _ Fx—(1—=10Mag
BF(Naxvva)_(N+1a{l y+(1_l )aE}e F’T:E+F 5
O—ﬁ<1§0 (5)
ag

Equations (2)—(5) provide the transformation rule of the multibaker map with
energy coordinate imbedded between free chains.

As clearly seen from (2), the phase space is stretched along the x axis and is
contracted along the y axis, or the multibaker part is hyperbolic. Contrarily, the
dynamics of the free parts is a simple shift operation and there is no phase space
deformation. Hence, the present system is of chaotic scattering type.

Before closing this section, we remark that the map B is time reversal
symmetric. Indeed, let

(n,ag —y,ag — x,E) (for 0 <n<N)
(n,ag —x,ag — y,E) (forn<—lorn>N+1)

L) ={ (©)

Then it is an involution: /> = I and IB".I = B'.

III. STATES AND THEIR EVOLUTION

A. Measures and Time Evolution

We are interested in a situation where identical particles are distributed to the
whole system with finite density. This can be described by the Poisson
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suspension [33,45] because the multibaker map is a toy model of the Lorentz gas
which consists of particles without mutual interaction and admits an equilibrium
state given by a Poisson suspension.

Each configuration of the system is specified by a list of particle coordinates
¢(={a,z2,...} withz; = (n;,x;,y,E;) € ' (j=1,2,...), which is not ordered
and where repetitions are permitted. Because the particle density is assumed to
be finite everywhere, the number of particles included in any compact subset K
of I' should be finite, or only configurations ¢ satisfying #({ N K) < 400 are
allowed where # stands for the cardinal number of the subsequent set. The
collection of such lists forms the phase space X called the configuration space.”

A probability measure on X is defined by specifying probability of finding n
particles (n = 0, 1, ...) in any compact subset K C I'. Here we consider the case
where the number of particles in a compact set K obeys the Poisson distribution.
More precisely, let Cx,, = {¢ € X|#(CNK) =m} be a set of configurations
with m particles in a set K; then the Poisson measure P is defined [45] on the
minimal c-algebra containing all sets of the form Cg , by putting

P(CK,m) _ V(Z')m 67V(K> (7)
P(CK,m N CK’,m’) = P(CKJn) P(CK’.m’) (8)

where v(K) is a measure on I representing the average number of particles in a
set K (hence it is not a probability measure) and the sets K, K’ C I are disjoint.

The multibaker map Bp induces dynamics of configurations via
B;C = {Blz1,Brz2,...}. The time evolution of the Poisson measure induced
by the map Bp is given by

m
P[(CK,m) = P(B;tCK,;rz) = Vt(nl/j) €7Vr(K) (9)
where v,(K) = v(B;'K) is the evolved measure on I'.

When the initial measure v, is absolutely continuous with respect to the
Lebesgue measure with density p,, it is convenient to consider the time
evolution of the partially integrated distribution G; at fixed total energy E, which
is defined by

"y
Giln,x.y,E) = j d'po(By'(n.x,y' E — nF) (10)
0

Let G, be the partially integrated distribution function expressed in terms of
the rescaled coordinates & =x/ag, € [0,1] and M =y/ag, € [0,1] with

2For technical reasons, lists of finite number of particle coordinates are also included in X [45].
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ag, = aefe~"; then the evolution equation of the partially integrated distribu-

tion [37] is

Gro(n, 6, E) = e "Gy (n+1, &) E) (1)

form € [0,17);

N - ~ —1I*
Gt+1(naian7E) :lieiFGt(n"’_ 17 liE_:a laE) +S Gt(”v S§+177 n 7E>
N

(12)
forme[I™,1—17); and
Gip1(n,&M,E)=1"¢"Gi(n+1, I'E, 1,E) +5 Gi(n, s&+1", 1,E)
- -1+
+l+eFGt<n—1, Ire+1—1t, %E) (13)

forme [l —I1,1]

Here we consider a class of initial distributions where particles are uniformly
distributed with respect to the Lebesgue measure on the left chain (—oo, —1]
with particle density (per energy) p_(E) and on the right chain [N + 1, 400)
with particle density p_ (E). When one is interested in the state evolution only in
the middle chain, this initial condition is equivalent to the flux boundary
conditions [31]

G/(—1,6,M,E) = p_(E)age" 1,  G/(N+1,E,n,E) = p, (E)age” ¥ n
(14)

B. Forward Time Evolution
1. Steady States

Equations (11)—(14) were shown to admit a unique stationary solution Gog which
does not depend on & [37]. In terms of the measure v, represented by G, and
three sets

Y c10<?

ag' n ag' n

Fn(E,A):{(n,x,y7E/—nF)0< <1,E<E/<E+A} 15)

Rn(E,A):{(n,x,y,E/—nF) 1—r< <c1,0<2 <1 ,E<E/<E+A}
ag' n ag' n
(16)
Ln(E,A):{(n,x,y,E/—nF)Og <l ,0< 4 <1,E<E/<E+A} a7
ag' n ag' n
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the particle distribution I, « (n, E) per energy per site is given by

H+oo(n, E) = ilir%) V+oo(]~—‘n(E7 A))/A

e 2NHDF (] _ p=2n+1)F .
i {o @ - p @) e e

(18)

lE;nd the corresponding flow J* o +1(E) from the nth to the (n + 1)th sites is given
y

T (E) = Him (v (Ru(E, A) = Ve (L (B, A) /A

nln+1
= I'o(n,E) — I Moo (n+ 1,E)
21 a2 672(N+1)F(1 _ 872[7)

= m(pr(E) - pf(E)) £ 1— 672(N+2>F (19)

Obviously, when p, # p_, the flow is nonvanishing.
When F =0, the particle distribution II, . (n,E) is linear in the site
coordinate n:

Lo (N 4 1LE) — T (~1,E)

(n+1) +ILo(—1,E)  (20)

and Fick’s law of diffusion holds:

H+OO(N+ laE) — H+oo(_1aE)

J (E) = —1
(E) N+2

nln+1

(21)

This flow-density relation and, thus, the steady state G, are not time reversal
symmetric. This is also the case for F # 0.

In terms of the particle distribution and the flow, the intracell distribution is
given by

J+oc (E)

~. n|n+1
£ G (1,1, E) = L (1, ) = ", () 22)

where @, is defined as the unique solution of a functional equation
l_(‘pl‘H—] (111) + Z{r n, (0 <n< l+)

9, ={ 5 0,(155) +1, (r<m<i-r) (@)
o, () +£ (1-m),  (1-1"<n<l)
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with the boundary conditions @_; (1) = @y, ;(n) = 0. As shown in Fig. 3, the
function ¢, has a self-similar graph and the intracell distribution of the steady
state GOC is fractal [31,37]. However, the self-similarity is not complete. Indeed,
the steady-state measure G, is absolutely continuous with respect to the
Lebesgue measure with a density p_ . (n,y, E — nF). The density takes p_(E) or

2
G
-~ 1r
<
0 ! | n
0.0 0.5 1.0
n
(a)
2
=
™ 1T
<
0 s
0.0 0.5 1.0
n
®)

Figure 3. The fractal part @,(n) of the partially integrated distribution G.ioo versus the
rescaled intracell coordinate 1 for It =1~ = 0.3 and N = 8. The functions ¢, (n = 1,3,5, and 7)
are shown, respectively, in (a), (b), (c), and (d).
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Figure 3. (Continued)

p.(E) on the complement of the stable manifold of a fractal set, called the fractal
repeller, which has zero Lebesgue measure [33].

2. Decay Modes

The evolution equations (11)—(13) provide more information. With the aid of a
method of Ref. 46 (see also Ref. 47), one can show that the partially integrated
distribution of any initial measure, which is absolutely continuous with respect to
the Lebesgue measure and possesses a density piecewise continuously



IRREVERSIBILITY IN REVERSIBLE MULTIBAKER MAPS 89

differentiable in &, approaches the steady-state distribution G4 When 1 — +o0:
~ N+1
Gi(n, &M, E) = G1oo(n, M, E) ZK’b )v;(n,m) +8%,(n, &M, E)  (24)

\K \>)
where A = max(1 — 2/, V/I*]~), the j-sum runs over all j=1,... N+ 1
satisfying |k;| > X, a function 8%, decays as |8%,| = O(¢*\") uniformly with
respect to 7, £ and 1, and the relaxation rates k; < 1 are given by

e Y
K = 1 —21+2VItl~cos <[\/—<|>2> (25)

Those rates correspond to the Pollicott—Ruelle resonances [48,49].
The function yj(n, n) describing intracell distribution of the jth decay mode
is defined as the unique solution of a functional equation:

LLy(n+1,3), 0<n<i)
iyj(m”;ﬁ) +@sin (wJ—ﬂm)? (IF<n<1-10)
v;(nm) = \/ﬁyj( 1 M)
—|—K—jsm(("ljl)”]) +‘/Wsm("++2>2m), (1-1"<n<1
(26)
and the coefficient b;(E) is determined by the initial measure:
N ~ ~
b(E) =5 D || a0, (Gn 8 1.E) - Gonln 1)) (27)
n=0 0

where ¥;(n,&) = v;(n, 1) — v;(n, 1 — £). The function vy;(n,m) is dipicted in
Fig. 4, and its graph is fractal. As seen in the figure, faster decay modes have
more singular distributions. The slowest decay mode (the j =1 mode) is a
conditionally invariant measure [50] for a chaotic repeller formed under the
absorbing boundary condition: p_(E) = p_(E) = 0.

We remark that particle distribution per site (18) of the steady state v, ., and
relaxation rates (25) are identical to the corresponding quantities for a one-
dimensional random walk shown in Fig. 5, where the transition rate to the left
adjacent site (the right adjacent site) is /= (I"). Moreover, the macroscopic
distribution corresponding to the decay mode (26) is

10 ) = as | o) = (j)/ (fed) s

which is again equal to the decay mode of the random walk. In short, when
t — 400, the evolution of the measure is equivalent to a random walk, which is
an irreversible stochastic process.
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Figure 4. Intracell distributions of the jth decay modes v;(n,m) versus the rescaled intracell
coordinate 1 for I* =~ = 0.3 and N = 8. The distributions v, (n,m) (n=1,3,5, and 7) of the first
mode are shown in (a), (b), (c), and (d), and those y3(n,n) (n =1,3,5,7) of the third mode are
shown in (e), (), (g), and (h).

Furthermore, along the line of thoughts of Gaspard [33] and Gilbert and
Dorfman [36], the production of a relative coarse-grained entropy of G, with
respect to the Lebesgue measure was shown to be positive and to reduce to the
phenomenological expression in an appropriate scaling limit [37]. Thus, the
steady state G, is irreversible in this sense as well.
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Figure 4. (Continued)

C. Backward Time Evolution and Time Reversal Symmetry

Now we study the backward time evolution. Then the state is conveniently
described by another partially integrated distribution function:

Ht(naxay7 E) = J dx,pO (B;t(n7x/7))7E_ I’lF)) (29)
0
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Figure 4. (Continued)

or its rescaled version H,(n,&,n,E) = H,(n,Eag.,, Nag., E). Because of the

time reversal symmetry of the “map Br, H; for 0 <n <N is related to the
partially integrated distribution G; via the time reversal operation I:

3 3
Ht(nv E.n WE) = aE,n J() dE.a/p()(B;“rI(n7 (] - n)aE,nv (] - &/)aE,mE - HF))

={G.(n,1 =M, LE)=G_(n,1 =M, 1 =& E)}, (30)
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Figure 4. (Continued)

where the subscript p, o [ implies that the initial state of G_, has a density po ol
Applying the previous result (24), if p, o I(n,x,y, E) is piecewise continuously
differentiable in x or py(n,x,y, E) is piecewise continuously differentiable in y,
one finds for r < 0

N+1
Hin &M E) ~ Hooo(n & E) = 3 &' B(E)7;(n,€) + 84,(n,&,,E)  (31)

\Kj\>}.
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Figure 5. A random walk corresponding to the asymptotic evolution of measure v, (# > 1).
The transition probabilities to the left and right adjacent sites are, respectively, [~ and [*. The
random walk has the same decay rate (25), and its stationary distribution and decay modes have the
same expression as those (18) and (28) for the multibaker map Bp.

where 0, = (tzk"‘) - is defined just below (27), the steady-state H_.. is
defined by

T (E)

kol o, E) = o B+ g (1) (32)
and the coefficient b;(E) is given by

- 2

N 1
B(E) = Zjodv,-(n,n){ﬁo(mlmﬁ)—ff-oo(n,l,E)} (33)

N+24~

In the above, we have used H_o (1, 1,E) = G.o(n, 1,E) = I (n, E) /ag .
Note that two steady states vi., are time-reversed states with each other.
Equation (31) shows that when t — —o0, the measure converges to a steady-state
measure vV_,, represented by H_... The functions Vj(n, &) represent relaxation
for t — —o0, or growing for + — +o0, and, thus, will be referred to as grow
modes.

The particle distribution II_..(n, E) per site per energy of the steady state
V_« is equal to that of the state v .:

H—oo(nvE) = kg}) V—oc(rn(Ev A))/A = H+oo(”7E) (34)

Similarly, the macroscopic distribution IT;(n, E) corresponding to the grow mode
is equal to that of the decay mode (28): II, ;(n,E) =II;(n,E). The difference
between the two steady states v, and v_, as well as that between the decay
and grow modes lie in the direction along which the distributions possess
fractality. Indeed, the steady state v, ., and decay modes are fractal along the
contracting y direction, while the state v_,, and grow modes are fractal along the
expanding x direction.
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The two steady states are different also in their flows. The flow J;\r?il in the
state V_o, is opposite to the flow J:lrfil in the state Vioo:

]Wlﬁl(E) = EH}){VfOO(Rn(Ea A)) = Vooo(Lnt1 (E,A))}/A = —J ) (E) (35)

n n|n+1

Because the state v, has consistent properties with the second law of
thermodynamics, the state v_ is anti-thermodynamical. For example, the anti-
Fick law holds for F = O:

I oo(N+ 1,E) — oo (~1,E)
N+2

wn (E) =1 (36)

which corresponds to a negative diffusion coefficient.

D. Unidirectional Evolution of Measures and Time Reversal Symmetry

We have shown that the measure evolves to the steady state v, for t — 400 and
to the state v_,, for t — —oo. More precisely, this is the case when the initial
density py(n, x,y, E) is piecewise continuously differentiable in both x and y; that
is, the support suppp, consists of a finite number of sets with smooth boundaries:
supppy = UM_ D, and p, is continuously differentiable in both x and y on the
closure of each set D,, with bounded derivatives. Because the state v, ., attracts
the class of initial states for t — 4-00, it behaves as an attracting fixed point in the
space of states. On the other hand, the initial states evolve toward v_., for
t — —oo0, and this implies that the initial states deviate from v_, for r — 400, or
the state v_,, behaves as a repelling fixed point. Thus, the states evolve
unidirectionally from the repeller v_., to the attractor v, (c.f. Fig. 6).

This unidirectional evolution is fully consistent with the time reversal
symmetry of the map Bp. To clarify this point, we consider the following
thought experiment. At r = 0, the system is prepared to be in a state vy, which is
one of the initial states described before (14). Until time ¢ = ¢, (> 0), the system
evolves according to the multibaker map Br. At ¢t = ¢, time reversal operation /
is applied. After t = ¢, the system again evolves according to Br. Let ¢ and .¥
be transformations of measures induced by the multibaker map By and the time
reversal operation /:

#Brv(K) = v(BR'K), IV(K) = v(I''K) (37)

where K C I is an arbitrary measurable set. Then the properties of By and
implies

IRBrI = By, Ir=7
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Figure 6. Schematic view of the state evolution. The steady state v. ., with normal transport
properties behaves as an attracting fixed point, and the steady state v_,, with anti-thermodynamical
properties behaves as a repelling fixed point. And any initial state unidirectionally evolves from the
repeller v_ to the attractor v, .. Attracting and repelling processes are described, respectively, by
decay modes and grow modes.

and the state v, at time ¢ is given by
7 Ay 0<r<t
v, = { e o =r<n) (38)
931; BAY (l1 < t)

Note that the state .#v is one of the initial states described before (14).

As the initial state v evolves toward the steady state v, ., (cf. (24)), the state
just before the time reversal operation v,,_ = %}'VO is close to v, for large ?,.
On the other hand, as —#; < 0, the state v; 4 = %;"f Vo just after the time
reversal operation is close to the other stationary state v_.,. Afterwards, the
state v, = %}72’ ' #vy deviates from v_,, and reaches .#v at time ¢t = 2¢;. Then,
the state v, again approaches v,.. Thus, the time reversal operation
discontinuously changes a state v, _ close to v ., into a state v, close to
V_oo, but does not invert the evolution. In this way, the time reversal symmetry
is consistent with the unidirectional state evolution. A similar view was given by
Prigogine et al. [1,51] for the behavior of entropy under time reversal
experiments, where their entropy increases in dynamical evolution and
discontinuously decreases by the time reversal operation.

IV. DESCRIPTION WITH BROKEN TIME
REVERSAL SYMMETRY

In the previous section, forward and backward time evolutions of states are
investigated and a class of initial states, which possess piecewise continuously
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differentiable densities with respect to x and y, are shown to approach steady
states Vi, for f — Zoo in a way consistent with dynamical reversibility.
However, the limits v, do not belong to the same class as the initial states, and
the results are not fully satisfactory. To improve this point, one needs a different
mathematical setting, which does not allow the asymptotic expressions of the
forward and backward state evolutions ( (24) and (31)) to hold simultaneously.
This is also the case for the complex spectral theory. Then, we begin with a brief
summary of the mathematical aspects of the complex spectral theory following
the arguments of [9] (for details, see Refs. 6-14).

A. Complex Spectral Theory

Let (X, Ty, 1) be a classic dynamical system, where X, T, (—oo < t < +00) and
Mo are, respectively, a phase space, a flow representing the dynamical evolution
of each point in X, and an invariant probability measure defined on X. Then,
when the system is mixing, the expectation value of an observable A at time ¢
with respect to an initial state with density p, behaves as follows:

Jin [ A@URE) du(e) = [ 4G duta) | o2 duta)

=Luoww (39)

where U, is an evolution operator of densities defined by Uipy(2) = po(T, 12)
and we have used the normalization condition [, py(z) du(z) = 1. As often
discussed (see, e.g., Refs. 2 and 52), this asymptotic behavior can be identified
with a relaxation process to the equilibrium state The main objective of the
complex spectral theory is to express an average (A), = fx 2)Uipy(z) du(z) as

a superposition of decaying components and to obtain them as a complete set of
generalized eigenvectors of the evolution operator U,.

We restrict ourselves to the simplest case where the expectation values at
time ¢ are superpositions of countably many exponentially decaying terms.
Then, provided that the initial density p, and the real-valued observable A
belong to certain classes of functions, one has

(A)y =D f(A)e™ Fi(py)  (t>0) (40)

J=0

where f;(-) and fj() are antilinear functionals, particularly

ﬁ@sz@ww,.mw:L%@@@
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with o9 =0 and o;’s are complex values with Ima; < 0. Following Dirac’s
notation in quantum theory, the functionals are abbreviated as

f/(B) = <B|ﬁ>» J;;(Po) = <J~Cj|Po>

then
Wltip) = Y0 e (1)
=
The right-hand side is the sesquilinear form defined by
510) = | B@C() du)

As easily seen, in a Hilbert space %> = {A| [, |A(z)[dp(z) < +o0}, the
evolution operator U, is unitary: (U,A|U.B) = (A|B). Therefore, in order to
justify the decomposition (40), a different mathematical setting is necessary. We
consider a space &, C #? of observables A and a space ®_ C £ of initial
densities py, for which the decomposition (40) is possible, and we assume that
the spaces carry some topologies stronger than the Hilbert space topology, are
complete with respect to them and satisfy

Uuld, c®,, Ud. Ccd  (t>0) (42)

where U,T A(z) = A(Tyz). Let @/, be antiduals of ¢, namely spaces of continuous
antilinear functionals over @ equipped with weak topologies, then the evolution
operators U; and Uj can be extended, respectively, to @', and of via

U f(A) =f(UA)  (Aed,, fed,) (43)
Uf(p)=f(Up)  (pe®_, feD) (44)

The antilinear functionals f; and fj appearing in (40) are eigenvectors of the
extended evolution operators:

Ufi=e ™,  Ulf=e%] (45)

In this sense, the decomposition (40) can be regarded as a generalized spectral
decomposition of the evolution operator U,. Equation (40) corresponds to the
case where the generalized spectrum of U, consists only of simple discrete
eigenvalues. Of course, more general spectra such as continuous spectra and
Jordan block structures are possible.

Because the space of continuous antilinear functionals over the Hilbert space
#? is naturally identified with itself, one has a couple of triples:

>, CLCP, D cCcLcCI (46)
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which are nothing but rigged Hilbert spaces or Gelfand triples. A remarkable
feature of those triples is the possibility of semigroup evolution in the extended
spaces. For example, the invariance (42) implies that U, with ¢t > 0 is well-defined
on &', but U; with + <0 may not be defined on @’  because one may have
U/®, ¢ &, for t <O0. Or the evolution U, extended to ®', may be a forward
semigroup. For many examples, this is certainly the case. The noninvariance of
the test function spaces for the backward time evolution implies the
noninvariance of the test function spaces under the time reversal operation I:
I, ¢ .. 1Indeed, because of [U/I = UT,, Uld, c ®, (t>0)and [®, C
leadto U',®, C &, (¢ > 0) and, thus, Ut D Z @, (¢t > 0)implies [P, & D, .
Note that the possibility of the decomposition (40) as well as the invariance of the
test function spaces (42) depend on systems and should be checked case by case.

Now we remark that a set of operators H from ®_ to @' defined by

p = f (p)fi (pe ®_) form a resolution of the natural embeddmg i
o — <I>’ as > I, =i and commute with the evolution operator:
H U, = U,H (t> 0) The operators H are nothing but subdynamics projectors
1nvolved in the early stage of the complex spectral theory [3-5].

As shown by Pollicott [48] and Ruelle [49], for expanding maps and axiom A
systems, the Fourier transform of a correlation function between two dynamical
variables with certain smoothness admits meromorphic extension to the complex
frequency domain and may have complex poles there, which are known as the
Pollicott—Ruelle resonances. Now we turn to the decomposition (40). As seen
from (41), the expectation value (A), is a correlation function between A and p,
with respect to the invariant measure [; its Fourier transform has complex poles
at o = o, which thus correspond to the Pollicott—-Ruelle resonances. For
expanding maps and axiom A systems, Ruelle [49] proved existence of
generalized eigenvectors and a possibility of Jordan block structures.

B. Multibaker Map Revisited

We return to the multibaker map and, for the sake of simplicity, consider the
expectation values of one-particle dynamical variables, which are of the form

o0

AR = Aly) (47)

J=1

where ¢ = {z1,22,...} is a configuration and A(z) is a function defined on the
phase space I'. In the same way as the derivation of the 1-moment measure [45],
the expectation value of A# with respect to the Poisson measure (9) can be easily
calculated and is given by

(a#), = LA#@) ar(¢) = | 4@ av) (48)

T
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or, in terms of the partially integrated distribution function G, by

+0o0o
), =3 jdEL A B a1 E ) G &, )
0,1

n=—00

(49)

where the subscript 1 in d,, implies that d,, G, represents a Stieltjes integral only
with respect to the argument n.

Now we consider the case of + > 0 and where A is supported by a finite
lattice: {(n,x,y,E)J0<n<N, E€R", 0<x<ag0<y<ag} Let the
initial density p, and the observable A be piecewise continuously differentiable
with respect to both x and y; thus the decomposition (24) gives

N+1
W)= %) o = [dES W IH(E) ) B0 + 54, (50
I >

where 8.7, = O(*A"), (A#), . is an average of A* with respect to the

nonequilibrium steady state v, .:

N
(A#>+OO = Z JdE agn J[ ¢ A(n,&agn, Mag,, E — nF) d&d, Gioo(n,m,E)
n=0 0.1
(51)

and the antilinear functional (-|f;(E)) and the linear functional (f](E)|) are
defined by

(BIfi(E \/N+ Zagn o (1, 4, Nagp, E — nF) dedy;(n, )

(52)

fj |p VN—F ZaEVl 1 de ‘i) dn p(n7E.aaE,n7naE,ll7E_ I’lF)
(53)

And 8py = pg — P is the deviation of the initial distribution from the steady-
state distribution p_ . Equation (50) implies that (A#), relaxes to the steady-
state average (A*), _ with relaxation rates |In;].

Because of (A#), — (A%)_ = (A%, U,dpy), (50) can be rewritten as

N+1
(A%, Uidpy) = jdEzAm DK B opo) + 640 (54)

\K |>2
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where (-, -) stands for the sesquilinear form:

JdEZJ (n,x,y,E —nF)p(n,x,y,E —nF) dxdy  (55)

0 aE,,]
and U, is an evolution operator of the distribution:
U”D(i’l,)@y,E—le) p(B (an,E—I’lF)) (56)

Moreover, we have

(UJA'|H(E)) = k(AT H(E)),  (F(E)|USpo) = {(f;(E)[Spy) (1> 0)
(57)

Although p, in the decomposition (54) stands for the average particle density
while p, in the decomposition (41) of the complex spectral theory is the
probability density, their forms are identical. Thus, the present results can be
compared with the complex spectral theory.

C. Condition for Description with Broken Time Reversal Symmetry

As mentioned in the beginning of this section, the class of initial states satisfying
both forward and backward state evolution formulas (24) and (31) does not
contain the limits vi.. Indeed, the initial states are piecewise continuously
differentiable with respect to x and y, while the steady-state densities p, ,, and
p_,, are discontinuous on the stable and unstable manifolds of the fractal repeller
(see Ref. 33), respectively, which consist of infinitely many segments. To remove
this dissymmetry, it is necessary to modify the class of initial states in such a way
that it contains the steady-state densities. However, inclusion of p_ to the initial
states is not compatible with (54). Indeed, the slowest decaying mode f )

(filp) = \/N+ ZaEnJ[OI] dy,(n,€) dn p(n,Eag . Nagn, E —nF) (58)

involves an integral over a conditionally invariant measure supported by the
unstable manifold of the fractal repeller, where the steady state p_,, has
discontinuities. Thus, (58) and (54) are ill-defined for p, = p_,.. In other words,
let ®_ be a space of admissible initial states satisfying (54) and including p, ,;
then p_,, & ®_. Because the state p_,, is the time-reversed state of p, :
P_oo = IP.s this immediately implies the noninvariance of ®_ under time
reversal operation: /®_ ¢ ®_, or the space of admissible initial states ®_ has
broken time reversal symmetry. In short, the requirement of including steady
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states to a class of admissible initial states naturally leads to a description with
broken time reversal symmetry.

Furthermore, if the space ®_ carries a stronger topology than the Hilbert
space topology and is invariant under the forward time evolution U;®_ C $_
(t > 0), the forward evolution U}L (t > 0) can be extended to the (anti)dual space
@’ and admits generalized eigenfunctions f ; corresponding to eigenvalues ;.
The same arguments are applied to U, and observables A. Therefore, the
difference between the time-symmetric description and that with broken time
reversal symmetry lies in the different choice of admissible initial densities and
observables.

V. MEASURE SELECTION AND MACROSCOPIC PROPERTIES

As mentioned in the Introduction, it is well known in the dynamical systems
theory [43] that a hyperbolic system may admit uncountably many invariant
measures. And one of important problems is the selection of a “‘physical
measure.” Such a problem, however, would be physically irrelevant if observable
phenomena would not depend on the measures. We show that it is not the case for
the multibaker map.

Let p®P) be a measure defined by

E+A

WP (TSN (E, A)) = j dE' @ Nag(E)Tap(m) (59)

where TS (E, A) is a set given by

T <0<

ag' n Aag' n

FS’H(E,A):{(H,)C,)I,E,—nF)‘OS <n,E<E,<E+A}
(60)

and \_LIAB(n) =1 — (1 — ). The function \r54(&) is the unique solution of a
functional equation:

(lé) 0<&<i)

Vap(€) =1 B \|/Aﬁ( ;r) +11+;R (F<g<1=17) (61)

A(l— E_qalt
B () +EY a-r<e<)
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where A and P € (0, 1) are positive real parameters. In (60), ag, = age """
(0 <n<N), ag, = age’ (n < —1), and ag, = age MV (N 4+ 1 < n). As is
easily seen, the measure p*® is invariant under the multibaker map By
irrespective of the parameters A and .

Instead of the initial states where the particles are distributed on semiinfinite
segments uniformly with respect to the Lebesgue measure, we consider those
corresponding to the uniform distribution Wlth respect to the invariant measure
nAP)_ Let the initial particle distribution Vo ) be given by

E+A
WO e a) - |

E

£ no_
AN [ (@) | dlag(a)
X 15()(”’ a/aE’.m n/aE’,n7 E/ - nF) (62)

for 0 < n < N with density p, and

(AB)( NE,A)) = { E+AdE/aEf C(ENA g (E)Wap(M) (n<—1)
S AE G p  (EVA TN (E)ap()  (n =N +1)
(63)

Then, if the initial density py(n, &agq, NaEq, E — nF) is piecewise continuously
differentiable in &, as in Section III, one can show that the initial measure
converges to a steady-state measure viAi) for t — 4o0. The steady state particle
distribution IT . (n, E) per energy per site and the associated flow Jn|n +1(E) from
the nth to the (n + 1)th sites are given by

N+1 _ An+l
il n8) = { (0. (8) - p (BN i p (BN'] (64
TiaB) =~ 1B (o, )~ e U (63)

Those results are remarkable because macroscopic properties such as the
particle density per site and the associated flow depend only on the parameters
of the invariant measures A and [, but not on the dynamical parameters [ and F.
As an example, suppose that a given system is known to be described by the
multibaker map Br and consider a question as to whether one can determine
dynamical parameters / and F from the macroscopic properties. The answer to
this question is no because of (64) and (65). Thus, the choice of the invariant
measures does affect the macroscopic properties of the multibaker map, and a
measure selection condition is certainly necessary to relate microscopic
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dynamics with macroscopic properties. Or the problem of the measure selection
is not only mathematically important, but also physically relevant.

As explained in Ref. 43, two conditions of selecting the physical measure are
proposed—that is, robustness against an external noise and describability of
time averages on motions starting from randomly sampled data with respect to
the Lebesgue measure. The former corresponds to the Kolmogorov measure, and
the latter corresponds to the Sinai—Ruelle-Bowen measure [44]. Here we
emphasize again that both criteria are not derived from internal dynamics
because, in the former, a noise should be imposed from outside and, in the latter,
there is no dynamical process which guarantees the distinct role of the Lebesgue
measure. This observation seems to imply that the statistical behavior of a given
system cannot be derived from its dynamics alone, contrary to reductionists’
view.

VI. CONCLUSIONS

In this report, we have illustrated the appearance of irreversible state evolution in
reversible conservative systems using a reversible area-preserving multibaker
map, which is considered to be a typical hyperbolic system exhibiting
deterministic diffusion.

We considered an open multibaker map where a finite chain of multibaker
map is embedded between two semiinfinite free parts. Assuming, as usual (e.g.,
Refs. 2 and 52), that the states are described by statistical ensembles, we investi-
gated the state evolution starting from initial states for which particles distribute
uniformly on the semiinfinite segments with respect to the Lebesgue measure.
The system in question is an infinitely extended system consisting of infinitely
many particles with finite particle density and its state can be described by a Poisson
suspension specified by a measure representing the average particle number.

When time ¢ goes to Foo, the average-number measure v, (precisely
speaking, its cumulative function) at ¢ evolves toward steady states V..,
provided that the initial density is piecewise continuously differentiable. The
state v, possesses transport properties consistent with the second law of
thermodynamics, while v_., has anti-thermodynamical properties. Because the
evolution to v_, for 1 — —oo implies that the state v, is repelled from v_, for
t — o0, the states v, unidirectionally evolve from “a repeller” v_., to “an
attractor’ v, ... This evolution is consistent with the time reversal symmetry as
the time reversal operation induces jump of states near v, ., to those near v_,.

Reviewing the complex spectral theory and evaluating averages of one-
particle dynamical variables along the present approach, their mathematical
structures are compared. At least in the present multibaker map, inclusion of
steady states to a class of admissible initial states naturally leads to a description
with broken time-reversal symmetry.
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Finally, the problem of selecting a physical measure from many invariant
measures, a well-known problem in dynamical systems theory, is discussed
from physical points of view, and different invariant measures are shown to
correspond to different macroscopic properties such as the particle distribution
per site and the associated flow. This implies that the introduction of a
nondynamical measure selection condition is inevitable to bridge between
microscopic dynamics and macroscopic properties and, hence, macroscopic
properties cannot be derived from dynamics alone.
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I. INTRODUCTION

In the present contribution, we summarize recent work on diffusion in spatially
periodic chaotic systems. The hydrodynamic modes of diffusion are constructed
as the eigenstates of a Frobenius—Perron operator associated with the Poincaré—
Birkhoff mapping of the system. The continuous-time dynamics is included in
the Frobenius—Perron operator of the mapping by using the first-return time
function. We show that the transport properties of diffusion can be derived from
this Frobenius—Perron operator, such as the Green—Kubo relation for the
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diffusion coefficient, the Burnett and higher-order coefficients, the Lebowitz—
McLennan—Zubarev expression for the nonequilibrium steady states, and the
entropy production of nonequilibrium thermodynamics. The hydrodynamic
modes are given by conditionally invariant complex measures with a fractal-like
singular character. The construction of the hydrodynamic modes is inspired by
works of Prigogine [1], Balescu [2], Résibois [3], Boon [4], and others.

Recent progress in statistical mechanics has revealed the importance of chaos
to understand normal transport processes such as diffusion, viscosity, or heat
conductivity. During this last decade, many works have shown that microscopic
systems of interacting particles are typically chaotic in the sense that their
dynamics is highly sensitive to initial conditions because of positive Lyapunov
exponents and that this dynamical instability leads to a dynamical randomness
characterized by a positive Kolmogorov—Sinai (KS) entropy per unit time
[5-12]. This dynamical randomness can induce various transport phenomena,
which turn out to be normal in the sense that the associated fluctuations are of
Gaussian character on long times and that the associated hydrodynamic modes
decay exponentially.

Such results have been obtained for systems with few mutually interacting
degrees of freedom. In particular, diffusion has been extensively studied in
systems such as the Lorentz gases, in which a point particle undergoes elastic
collisions in a periodic lattice of ions. The ions have been modeled as hard disks
[13,14] or as centers of Yukawa-type potentials [15]. Normal diffusion has also
been studied in simplified models such as the multibaker maps [16—19]. In the
same context, Gaussian thermostated Lorentz gases have also been studied
[20,21]. In these thermostated systems, the particle is submitted to an external
field and to a deterministic force which is non-Hamiltonian. As a consequence,
phase-space volumes are no longer preserved in thermostated systems, which
constitutes a fundamental difficulty of this approach. Non-area-preserving
multibaker maps have also been considered [22]. In this case, an equivalence
was shown between the non-area-preserving maps and area-preserving maps
with an extra variable of energy allowing the phase space to be larger as the
particle gains kinetic energy [23,24]. In this contribution, we shall focus on
transport in systems that preserve phase-space volumes so that the sum of all the
Lyapunov exponents vanishes Y _,(A;" + A; ) = 0, in agreement with Liouville’s
theorem of Hamiltonian mechanics. For systems of statistical mechanics,
Liouville’s theorem is an important property because it is a consequence of the
unitarity of the underlying quantum mechanics ruling the microscopic
dynamics.

The purpose of the present contribution is to give a short synthesis of the
studies of diffusion and other transport processes in spatially periodic chaotic
systems which obeys Liouville’s theorem. In these studies, a special role is
played by the Poincaré-Birkhoff mapping, which provides a powerful method
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to reduce the continuous-time evolution of statistical ensembles of trajectories
to a discrete-time Frobenius—Perron operator [25]. The concept of microscopic
chaos and the escape-rate formalism will also be shortly reviewed.

The contribution is organized as follows. Section II contains a discussion
about chaos in nonequilibrium statistical mechanics and about the escape-rate
formalism. In Section III, we show how a flow can be reduced to a Poincaré—
Birkhoff mapping and similarly how, in spatially periodic systems, Liouville’s
equation can be studied in terms of a special Frobenius—Perron operator of our
invention. In Section IV, we show that all the known formulae of the transport
theory of diffusion can be derived from our Frobenius—Perron operator and its
classic Pollicott—Ruelle resonances. Applications and conclusions are given in
Section V.

II. MICROSCOPIC CHAOS

In chaotic systems, the sensitivity to initial conditions generates a time horizon
that is of the order of the inverse of the maximum Lyapunov exponent
At = max{A]}, multiplied by the logarithm of the ratio of the final error &gy
over the initial one €;jgar:

1 Efinal
ILyapunov = P In . (1)
xmax Einitial

This Lyapunov time constitutes a horizon for the prediction of the future
trajectory of the system [26]. Starting from initial conditions known to a
precision given by &iiiial, the trajectory keeps a tolerable precision lower than
Efinat ONly during the time interval 0 < ¢ < 1 yapunoy- We notice that the Lyapunov
horizon is movable in the sense that it can be extended to a longer time by
decreasing the initial error gp,. Nevertheless, this requires to increase
exponentially the precision on the initial conditions.

In a dilute gas of interacting particles, a positive Lyapunov exponent has the
typical value [5,6]

bVl
A llnd (2)

where d is the particle diameter, v ~ /kgT/m is the mean velocity, and
I~ (ndz)*1 is the mean free path given in terms of the particle density n. At room
temperature and pressure, a typical Lyapunov exponent takes the value
A" ~ 109 sec™!, which is of the order of the inverse of the intercollisional
time. There are as many positive Lyapunov exponents as there are unstable
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directions in phase space. Pesin’s formula [27] can be used to evaluate the KS
entropy per unit time of a mole of particles at equilibrium:

!
hs = A~ 3NAV; In - (3)

where N,, is Avogadro’s number. The KS entropy characterizes the dynamical
randomness of the motion of the particles composing the gas. The effect of this
microscopic chaos has been observed in a recent experiment where a positive
lower bound has been measured on the KS entropy per unit time of a fluid
containing Brownian particles [28].

At equilibrium, formula (3) shows that the dynamical instability is converted
into an exactly equal amount of dynamical randomness. The reason for this is
that the dynamical instability cannot proceed forever in nonlinear Hamiltonian
systems where the explosion is stopped by nonlinear saturations. In this way,
dynamical randomness is generated by some mechanisms of nonlinear
saturation during the dynamics. The exact compensation of the dynamical
instability by the dynamical randomness is an interesting feature expressed by
Pesin’s formula (3).

In nonequilibrium situations, this exact compensation is broken leading to
the generation of fractal structures in the phase space of the system of particles
[11,29-32]. In the escape-rate formalism, a nonequilibrium situation is induced
by absorbing boundaries in the phase space. These absorbing boundaries
describe for instance an experiment in which the system is observed until a
certain property reaches a certain threshold or exits a certain range of values or a
domain of motion. The time of this event is recorded and the experiment is
restarted. After many repetitions, a statistics of first-passage times can be
performed. Very often, these first-passage times are distributed exponentially,
which defines a rate of exponential decay called the escape rate. This rate
depends on the observed property as well as on the chosen threshold—that is,
on the geometry of the absorbing boundaries. If the observed property is the
position of a tracer particle diffusing in a fluid, the escape rate turns out to be
proportional to the diffusion coefficient. Similarly, if the observed property is
the center of momentum of all the particles composing the fluid, the escape rate
is proportional to the viscosity, and so on [32].

At the microscopic level, the absorbing boundaries select highly unstable
trajectories along which the observed property never reaches the threshold. In
chaotic systems, infinitely many such trajectories exist in spite of the fact that
most trajectories reach the threshold and are absorbed at the boundary (or,
equivalently, they escape out of the domain delimited by the boundaries).
Accordingly, all these trajectories that evolve forever inside the boundaries
without reaching them form a so-called fractal repeller. On this fractal repeller,
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the KS entropy is slightly smaller than the sum of positive Lyapunov exponents,
and the difference is equal to the escape rate [27]

Y= fo — hgs (4)

Because the escape rate v depends on the transport coefficient, it is possible to
relate the transport coefficients to the characteristic quantities of chaos, as shown
elsewhere [11,30-32].

A priori, it is not evident that such a relationship is possible because the
microscopic chaos is a property of the short time scale (1)~ ~ 1071 sec of
the collisions between the particles, although the transport properties manifest
themselves on the long hydrodynamic time scale. However, the nonequilibrium
conditions created by the absorbing boundaries lead to a small difference
between the KS entropy and the sum of positive Lyapunov exponents. This
difference is of the order of the inverse of a hydrodynamic time such as the
diffusion time for a tracer particle to reach the absorbing boundaries. Thanks to
the escape-rate formalism [11,30-32], the connection between both types of
properties thus becomes possible because a difference is taken between two
properties from the short intercollisional time scale.

Subsequent work has shown the fundamental importance of the fractal
repeller of the escape-rate formalism [11,19,25,33,34]. This fractal repeller is
closely associated with the other fractals that appear in infinitely extended
systems without absorbing boundaries. For instance, it has been possible to
show that, in infinitely extended systems such as the periodic Lorentz gas, the
nonequilibrium steady states of diffusion are described by singular measures
(see Section IV) [19,25]. The singularities of these measures originate from the
discontinuities of the invariant density in a large but finite system between two
reservoirs of particles [33]. These discontinuities occur on the unstable
manifolds of the fractal repeller of the trajectories evolving forever between
the two reservoirs. In turn, the singular measures describing the nonequilibrium
steady states are the derivatives of the diffusive hydrodynamic modes with
respect to their wavenumber. As a consequence, these hydrodynamic modes are
also described by singular measures with their singularities intimately related to
the same fractal repeller of the escape-rate formalism. Because the singular
character of these measures is at the origin of the positive entropy production of
nonequilibrium thermodynamics (as shown in Section IV) [34], it turns out that
the fractal repeller of the escape-rate formalism plays a basic and fundamental
role in this whole context. Let us here mention that the escape-rate formalism is
closely related to the scattering theory of transport by Lax and Phillips [35].
These authors have pointed out the importance of the set of trapped
trajectories—today called the fractal repeller—and of its stable and unstable
manifolds in order to define a classic scattering operator.
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III. SPATIALLY PERIODIC SYSTEMS

A. Poincaré-Birkhoff Mapping in Spatially Periodic Systems

We consider a continuous-time system with a phase space that is periodic in
some directions. This is the case for the periodic Lorentz gas in which a point
particle undergoes elastic collisions in a lattice of hard disks or interacts with a
lattice of Yukawa attracting potentials. In the first example [13,14], the system is
defined by the Hamiltonian of kinetic energy for the free motion between the
hard disks and by the condition that the position (x, y) remains outside the hard
disks of diameter d forming a regular lattice .#:

Ju
0= ®)
VE—LP+ 0= >d2  for 1=(l,}) €2 (6)

In the second example [15], the Hamiltonian is given by

2 2
+ _
H:p"2 DiSve-n  win Vi = - 2P g
m les r

Another example is a system composed of a tracer particle moving among
(N — 1) other particles with periodic boundary conditions, as usually assumed in
numerical simulations.

Such systems are described by some differential equations

dX
—=FX 8
—=F(X) (®)
for M variables X. If the conditions of Cauchy’s theorem are satisfied, the
trajectory at time ¢ is uniquely given in terms of the initial conditions Xy, which
defines the continuous-time flow:

X, = @ (Xo) 9)

Because of the periodicity, the phase space can be divided into a lattice of
cells within each of them the vector field (8) is the same. One of these cells
defines the fundamental cell of our lattice in the phase space. The flow in the
full phase space can be reduced to the flow in the fundamental cell with periodic
boundary conditions. The motion on the lattice of cells is followed by a vector 1
belonging to the lattice .. A Poincaré surface of section # can be defined in
this fundamental cell of the phase space. This surface of section is equipped
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with M — 1 coordinates x. During the time evolution, a trajectory (9) will
intersect the surface of section successively at the points {Xn}nfioo and the
times {t,}°° . At each intersection with the surface of section, the vector
locating the trajectory in the lattice is updated so that a sequence of lattice
vectors {l, }”,ﬂo is furthermore generated by the motion.

Because the system is deterministic, each intersection x uniquely determines
the next intersection by a nonlinear map @(x) called the Poincaré-Birkhoff
mapping, a time of first return 7(x), and a vector-valued function a(x) € &

giving the jump on the lattice [25]:

X1 = Q(X,)
the1 = t, + T(x,) (10)
ln+1 =1, + a(xn)

Reciprocally, the flow can be expressed as a suspended flow in terms of the
quantities introduced in the construction of the Poincaré—Birkhoff mapping. In
order to recover the M coordinates X of the original flow, we need to introduce
an extra variable t beside the M — 1 coordinates x of the Poincaré surface of
section. The extra variable t is the time of flight since the last intersection with
the surface of section. This variable ranges between zero and the time 7(x) of
first return in the section: 0 <t < T(x). Thanks to these coordinates, the
suspended flow takes an explicit form given by [25]

n—1 n—1

D(x,1,]) = |@'x,T+1— Y T(¢/x),1+ > a(¢/x) (11)
j=0 Jj=0

forO <t+r—370 T(¢/x) < T(9"x). According to Cauchy’s theorem and the
geometric constructlon there exists a function G that connects the variables of
the suspended flow to the original ones:

X =G(x,1,1) with xe 2?2, 0<t1<T(x), le? (12)

and an isomorphism is established in this way between the suspended and the
original flows:

=G 'o® oG (13)
We notice that the jump vector is given by
T(x)

a(x) =r(x) + Jo vo®' o G(x,0,0)dt — r(ex) (14)
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in terms of the velocity v of the tracer particle at the current position in the phase
space, if r(x) denotes the position with respect to the center of the fundamental
cell at the instant of the intersection x with the surface of section.

B. Frobenius—Perron Operator

Beyond the Lyapunov horizon, the predictability on the future trajectory is lost
and statistical statements become necessary as emphasized by Nicolis [26].
Because the relaxation toward the thermodynamic equilibrium is a process
taking place on asymptotically long times, its description requires the
introduction of statistical ensembles of trajectories.

In a multiparticle system, the use of statistical ensembles corresponds to the
repetition of the same experiment over and over again until the statistical
property is established with confidence. This is the case in scattering
experiments—for instance, in the study of atomic or molecular collisions.
Two beams of particles are sent onto each other, and the scattering cross section
of elastic or inelastic collisions can be measured. These cross sections are such
statistical properties. In a scattering experiment, each beam contains an
arbitrarily large number of particles arriving one after the other with statistically
distributed velocities, impact parameters, and arrival times. In a beam, the
particles are sufficiently separated to be considered as independent so that the
experiment can be described as a succession of independent binary collisions,
forming a statistical ensemble of events.

In a single-particle system such as the Lorentz gas, the statistical ensembles
are introduced for the same use as aforementioned. In such systems, the
statistical ensemble can also be considered for the description of a gas of
independent particles bouncing in a lattice of ions. Indeed, a statistical ensemble
of N trajectories of the bouncing particle is strictly equivalent to a gas of N
independent particles bouncing in the system. In the limit N — oo, the phase-
space distribution of the statistical ensemble is equivalent to the position—
velocity distribution of the gas of independent particles. The relaxation toward
the equilibrium of the former is thus equivalent to the relaxation of the latter.
Our purpose is here to describe this relaxation at the microscopic level without
approximation.

The statistical ensemble is described by a probability density p(X) defined in
the phase space. The time evolution (8)—(9) of each trajectory induces a time
evolution for the whole statistical ensemble according to Liouville’s equation,
which takes one of the following equivalent forms [1,26]:

d:p = —div(Fp) = {H,p} = Lp (15)

where F is the vector field (8), H is the Hamiltonian, {-, -} is the Poisson bracket,
and L is the so-defined Liouvillian operator. As aforementioned, Liouville’s
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equation (15) also rules the position—velocity density of a Lorentz gas of
independent particles.

In the same way as the equations of motion (8) can be integrated to give the
flow (9), the time integral of Liouville’s equation gives the probability density p,
at the current time ¢ in terms of the initial probability density p, according to

p:(X) = exp(Lt)py(X) = po(®'X) = P'py(X) (16)

which defines the Frobenius—Perron operator, here given for volume-preserving
systems.

In Ref. 25, we have shown how this continuous-time Frobenius—Perron
operator decomposes into the discrete-time Frobenius—Perron operator asso-
ciated with the Poincaré-Birkhoff mapping (10), which we assume to be area-
preserving. This reduction is carried out by a Laplace transform in time which
introduces the rate variable s conjugated to the time 7. Furthermore, since the
system is spatially periodic, we perform a spatial Fourier transform that
introduces the wavenumber k. In this way, the probability density decomposes
into the so-called hydrodynamic modes of diffusion. Each of them corresponds
to spatially quasiperiodic inhomogeneities of wavelength L = 2r/| k|| in the
phase-space density. Accordingly, the Frobenius—Perron operator decomposes
into a continuum of Frobenius—Perron operators, one for each wavenumber k [25]:

(Ris £)(x) = exp[—sT (¢~ 'x) — ik -a(¢~'x)] f(0™'x) (17)

where f(x) is the k-component of the density defined in the Poincaré surface of
section 2. For k = 0, the Frobenius—Perron operator (17) reduces to an operator
previously derived by Pollicott [36,37].

In the Frobenius—Perron operator (17), the Laplace transform in time has
introduced an exponential factor exp[—sT(¢~'x)], where T(¢~'x) is the time of
first return in the surface of section 2 after a previous intersection at @~ 'x. This
factor has the following interpretation. Let us suppose that the Frobenius—Perron
operator rules the time evolution of a mode with a decay rate y = —s such that
Rey > 0. The operator (17) should describe locally in the phase space the time
evolution from the previous intersection @~!x up to the current intersection x
with 2. During the first-return time 7(@~'x), the density f decays exponentially
by an amount exp[—yT (¢ 'x)]. The first factor in Eq. (17) is there to
compensate this decay in order to define the conditionally invariant density
associated with the decay mode.

A similar interpretation holds for the factor exp[—ik - a(@~'x)]. During the
same segment of trajectory from @ 'x € 2 to x € 2, the particle has moved in
the lattice by a vector a(@~'x) so that the Fourier k-component f acquires the
phase exp[+ik - a(@~'x)] during this motion. The second factor has thus the
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effect to compensate this phase in order for the component f to continue to
describe the density in the fundamental cell.

According to the previous discussion, we can conclude that a hydrodynamic
mode of wavenumber k will be given by a solution of the generalized
eigenvalue problem [25]:

Rk.Sk\llk = ‘l’k (18)
RL, W = (19)

with the biorthonormality condition taken with respect to the invariant Lebesgue
measure v defined in the surface of section:

(edn)y = 1 (20)

In Egs. (18)—(20), \y is the eigenstate of the Frobenius—Perron operator (17) and
|y is the adjoint eigenstate. In Eq. (18), the eigenvalue of the operator (17) is
taken to be equal to unity in order for s to become the density associated with a
conditionally invariant measure, as discussed above. Indeed, it has been
necessary to include already the decay rate (—s) in the Frobenius—Perron
operator (17) because the Poincaré-Birkhoff mapping (10) is not isochronic.
Therefore, requiring that the eigenvalue of the operator (17) is equal to unity has
the effect of fixing the variable s to a value which depends on the wavenumber k
and which is intrinsic to the system. This value sk is a so-called Pollicott—Ruelle
resonance [36—41]. The Pollicott—Ruelle resonances have been theoretically
studied in different systems such as the disk scatterers [42] or the pitchfork
bifurcation [43] and, notably, in connection with relaxation and diffusion in
classically chaotic quantum systems [44—49]. These resonances have also been
evidenced in an experimental microwave study of disk scatterers [50,51].

Several such Pollicott—Ruelle resonances may exist. In ergodic and
mixing spatially periodic systems, we may expect that there is a unique
Pollicott—Ruelle resonance that vanishes with the wavenumber: limy_.¢ s, = O.
In this limit, the corresponding eigenstate becomes the invariant state, which is
the microcanonical equilibrium measure for volume-preserving Hamiltonian
systems: limg_o\, = 1. However, for small enough nonvanishing wave-
numbers k # 0, the eigenstate is no longer the invariant measure and instead
defines a complex conditionally invariant measure describing a hydrodynamic
mode of diffusion.

In chaotic systems, these conditionally invariant measures are singular
with respect to the Lebesgue measure so that their density s, is not a function
but a mathematical distribution (also called a generalized function) of a type
defined by Schwartz or Gel’fand. A cumulative function can be defined as
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the measure of a m-dimensional rectangular domain [0,x]” in phase space
withO<m<M—1:

A= | i e1)

which is expected to be continuous but nondifferentiable for small enough
wavenumbers k #£ 0 [17,18,25,52-54]. In Eq. (21), dx’ defines the invariant
Lebesgue measure v in the surface of section 2. For m = 1, the cumulative
functions (21) of the hydrodynamic modes of the multibaker maps and of the two-
dimensional Lorentz gases form fractal curves in the complex plane. These
fractal curves are characterized by a Hausdorff dimension that is given in terms
of the diffusion coefficient and the Lyapunov exponent [55,56].

In the next section, we shall present the consequences of these results on the
transport properties of diffusion.

IV. CONSEQUENCES OF THE EIGENVALUE PROBLEM

The generalized eigenvalue problem presented in the previous section defines the
hydrodynamic modes of diffusion at the microscopic level of description. As
summarized here below, all the relevant properties of the transport by diffusion
such as the diffusion coefficient, the higher-order Burnett and super-Burnett
coefficients if they exist, the nonequilibrium steady states, Fick’s law, and the
entropy production of nonequilibrium thermodynamics can be derived from the
Frobenius—Perron operator (17).

A. The Diffusion Coefficient and the Higher-Order Coefficients

We suppose that the leading Pollicott-Ruelle resonance sy is n-times differen-
tiable near k = 0: s € ¥". Hence, the eigenvalue equations (18)—(20) can
be differentiated successively with respect to the wavenumber: oy, Of, 05,
O, ..., 0p [25].
In the absence of external field, there is no mean drift and the first derivatives
give
6ks0 =0 (22)
Ao (x) = —iZa(q)’”x) (23)
n=1
Proceeding in a similar way up to the second derivatives gives us the matrix
of diffusion coefficients (if they exist) as

1 9% 1 &
Dcx - — = [ " n 24
P 2 Ok, Okp 2<T>V”;oo<a (ag o @")), (24)
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Using Eq. (14), which relates the jump vector a(x) to the integral of the particle
velocity v, Eq. (24) implies the Green—Kubo relation:

—+00
D=3 | ditvalupo @), (25)

—00

where [ is the microcanonical equilibrium measure in the original phase
space.

Higher derivatives give expressions for the Burnett and super-Burnett (B,pys)
coefficients if they exist [25]. These higher-order coefficients appear in the
expansion of the dispersion relation of diffusion in powers of the wavenumber:

Z Do ko kg + Y Bupys ko kp ky ks + O(K®) (26)
aPyd

In a recent work [57,58], Chernov and Dettmann proved the existence of these
higher-order coefficients and conjectured the convergence of the expansion (26)
for the periodic Lorentz gas with a finite horizon, on the basis of the formalism
described here.

B. Periodic-Orbit Theory

The periodic-orbit theory of classic systems has been extensively developed
since the pioneering work by Cvitanovi¢ [59]. This theory has been applied to
many dynamical systems that are either classic, stochastic, or quantum. For an
overview of periodic-orbit theory, see Ref. 60.

For Axiom-A spatially periodic systems, the Fredholm determinant of the
Frobenius—Perron operator (17) can be expressed as a product over all the
unstable periodic orbits given by the following Zeta function [25]:

Z(s;k) = Det(I — Ry)
(my+1)-(m,+1)

H H exp(—sT,—ik-a,) (27)
TRy Ay N AT

my -, =0

where A;, with i =1,...,u are the instability eigenvalues of the linearized
Poincaré-Birkhoff mapping (10) for the periodic orbit p. These instability
eigenvalues satisfy |A;,| > 1. T, is the period of p and a, is the vector by which
the particle travels on the lattice during the period. The integer u is the number of
unstable directions in the phase space.

According to the eigenvalue equation (18), the Pollicott—Ruelle resonances
sk are the zeroes of the Fredholm determinant: Z(sx; k) = 0. This result can be
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used in order to obtain a periodic-orbit formula for the diffusion coefficient of
an isotropic d-dimensional diffusive process [61-63]:

! 2
D = 2i20(0) Zplf”ipl(al’l ot ay) Fpy o B
o 1
2d 3 0()' Yty (T + -+ 4 Ty ) Fpy -+ Fp,

(28)

with F, = [T Ay~

We remark that the existence and analyticity of Fredholm determinants such
as (27) has recently been studied for hyperbolic diffeomorphism of finite
smoothness on the basis of a new theory of distributions associated with the
unstable and stable leafs of the diffeomorphism [64].

C. The Nonequilibrium Steady States

At the phenomenological level, a nonequilibrium steady state can be obtained
from a hydrodynamic mode in the limit where the wavelength increases
indefinitely together with the amplitude because lim; . (L/2n)sin (2ng - r/L) =
g-r, where g = Vc is a gradient of concentration c. Accordingly, a non-
equilibrium steady state can be obtained by the following limit [19]:

\Ijnss = _lg : akqjkh(:o (29)

Because the first derivatives of the hydrodynamic mode is given by Eq. (23) and
because the jump vector is related to the time integral of the particle velocity by
Eq. (14), it is possible to obtain the following expression for the phase-space
density of a nonequilibrium steady state with a gradient of concentration
g=Vc:

o0

Ty (X) = g [r(X) )

v(®'X) dt} (30)
where r and v are, respectively, the position and the velocity of the tracer particle
that diffuses [25].

This expression can also be derived from the phase-space probability density
of a nonequilibrium steady state of an open system between two reservoirs of
particles at different densities [33]. These reservoirs have the effect to impose
flux boundary conditions to the diffusive system. As we said in Section II, the
discontinuities of this probability density occur on the unstable manifolds of
the fractal repeller of the escape-rate formalism [33]. In the limit where the
reservoirs are separated by an arbitrarily large distance L — oo while keeping
constant the gradient g, expression (30) is obtained for the phase-space density
with respect to the density at a point in the middle of the system. Expression (30)
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is known as the Lebowitz—McLennan—Zubarev nonequilibrium steady state
[65-68]. This density is an invariant of motion in the sense that {H, Ui} = 0,
where {H, -} is the Poisson bracket with the Hamiltonian.

An essential property of the nonequilibrium steady state is its singular
character that has appeared in the limit L — oo. Indeed, Eq. (30) defines the
density of a measure which is singular with respect to the Lebesgue measure.
This singular character is furthermore of fractal type because the dynamics is
chaotic. The fractal-like singular character is evidenced by considering the
cumulative function associated with the density (30). For the so-called
multibaker model, this cumulative function is given in terms of the continuous
but nondifferentiable Takagi function which is self-similar [19]. This self-
similarity is a reflect of the self-similarity of the underlying fractal repeller in a
finite but large open system.

A consequence of Eq. (30) is Fick’s law:

j=-DVc (31)

obtained by computing the mean flux j of particles for the nonequilibrium steady
state (30) [19,25].

D. Entropy Production

The fractal-like singular character of the nonequilibrium steady state in the limit
of a large system has a fundamental consequence on the question of entropy
production. Indeed, the usual argument leading to the constancy of Gibbs’
entropy becomes questionable because this argument assumes the existence of a
density function for the probability density of the system. Because the density
function may no longer exist in the limit L — oo, we may expect a very different
behavior for the time variation of the entropy [34].

As shown very recently [69], a similar problem is expected for the time-
dependent relaxation toward equilibrium in a finite system. In the long-time
limit + — oo, the relaxation is described in terms of the hydrodynamic modes
which are singular with respect to the Lebesgue measure so that the constancy
of the entropy is here again in question.

A detailed analysis of the entropy production in an elementary model of
diffusion known as the multibaker map has shown that the fractal-like singular
character of the nonequilibrium steady state [34]—and equivalently of the
hydrodynamic modes [69]—explains why the entropy production is positive
and has the following form given by nonequilibrium thermodynamics [70]:

dis [ (Ve)
o= JD ; dr + (32)
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where the dots denote possible corrections of higher orders in the gradient. The
calculation leading to this result simply assumes a coarse-grained entropy based
on a partition of phase space into arbitrarily small cells [34]. Taking an arbitrarily
fine partition allows us to get rid of the arbitrariness of the partition, in analogy
with the procedure used to define the Kolmogorov—Sinai entropy per unit time.

For nonequilibrium steady states, the positive entropy production (32) is
obtained in the limit where an arbitrarily large system is considered before an
arbitrarily fine partition [34]. Indeed, for a finite system in a nonequilibrium
steady state, there is always a small scale in phase space below which the
invariant measure is continuous with respect to the Lebesgue measure, so that
the entropy production vanishes for fine enough partitions. The remarkable fact
is that this critical scale decreases exponentially rapidly in chaotic systems so
that the behavior predicted by nonequilibrium thermodynamics will predomi-
nate even in relatively small systems. This result is especially interesting
because it justifies the use of nonequilibrium thermodynamics already in small
parts of a biological system.

For the time-dependent relaxation toward the equilibrium in chaotic systems,
the positive entropy production (32) will be obtained in the long-time limit
t — oo for any partition into arbitrarily small cells, even if the system is finite
[69]. This remarkable result has its origin in the fact that the hydrodynamic
modes controlling the relaxation are always singular with respect to the
Lebesgue measure even in finite chaotic systems. In this regard, we may
conclude that the second law of thermodynamics is a consequence of the fractal-
like singular character of the hydrodynamic modes that describe the relaxation
toward the equilibrium. This conclusion is natural in view of the fact that this
fractal-like singular character is a direct consequence of the phase-space mixing
induced by the dynamical chaos.

V. CONCLUSIONS

In this short overview, we have summarized recent results about transport by
diffusion in spatially periodic chaotic systems. These results extend to reaction-
diffusion systems as recently shown elsewhere [71-73].

In this context, we have shown that all the relevant properties of transport (as
well as of chemical reaction) are the consequences of a Frobenius—Perron
operator such as Eq. (17). The generalized eigenvalue problem based on this
Frobenius—Perron operator defines the hydrodynamic modes as the slowly
damped long-wavelength eigenstates corresponding to the smallest Pollicott—
Ruelle resonance sk. These modes describe the relaxation toward equilibrium of
quasiperiodic inhomogeneities in the phase-space probability density of a
statistical ensemble of trajectories. The inhomogeneities are quasiperiodic in the
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sense that the wavelength L = 2nt/||k|| of the hydrodynamic mode adds an extra
periodicity to the intrinsic one of the lattice #.

In systems with a gas of independent particles such as the Lorentz gas, the
Frobenius—Perron operator (17) directly describes the relaxation toward
equilibrium of quasiperiodic inhomogeneities in the position—velocity density
of particles composing the gas. Therefore, our results show explicitly how the
relaxation to equilibrium can occur in a N-particle system in the limit N — oc.
Indeed, in this limit, the particle density p(X)—or its Fourier component
f(x)—becomes a smooth function which evolves according to the Frobenius—
Perron operator (16)—or (17)—so that the time evolution of the gas has the
nonequilibrium properties described in Section IV.

A comment is here in order that the Pollicott—Ruelle resonances sy are
defined for the semigroup of the forward time evolution for # — +oco. By time
reversibility, there exists another semigroup for ¢t — —oo with time-reversed
properties. The hydrodynamic modes of the forward semigroup are singular in
the stable directions of the phase space, but they are smooth in the unstable
directions because the dynamics is expanding in the unstable directions. In
contrast, the hydrodynamic modes of the backward semigroup are singular in
the unstable directions and smooth in the stable directions. This inequivalence
constitutes a spontaneous breaking of the time reversal symmetry which is due
to the Lyapunov dynamical instability. We notice that a dynamical instability
without chaos (like in the two-disk scatterer or in the inverted harmonic potential
[11]) is already enough to generate this spontaneous time reversal symmetry
breaking. However, chaos is required to give a fractal character to the singular
conditionally invariant measures of the hydrodynamic modes, which is essential
to obtain the transport properties as well as for the entropy production (32).

We remark that the hydrodynamic modes exist only in the asymptotic
expansions for r — +oo of the time averages (A), of the physical observables
A(X). The relaxation toward equilibrium can be described in terms of
exponentially decaying modes thanks to these time asymptotic expansions.
Because of the dynamical instability, the forward asymptotic expansion turns
out to be inequivalent to the backward asymptotic expansion. The forward
asymptotic expansion for + — +o00 is obtained by the analytic continuation to
complex frequencies exp(st) = exp(iof) with Im @ > 0, while the backward
expansion for + — —oo is given by the analytic continuation to complex
frequencies with Im ® < 0. Supposing that the initial time of the experiment is
taken at r = 0, it is a known result that the forward (resp. backward) asymptotic
expansion converges only for ¢ > 0 (resp. ¢t < 0) [11]. Therefore, the origin
t = 0 constitutes a horizon if we want to use the backward semigroup for future
predictions on the time evolution of a statistical ensemble (or of a gas of
independent particles). Somehow, this horizon is to the statistical ensemble of
trajectories (or to the gas) what the Lyapunov horizon (1) is to a single
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trajectory. We observe that the accumulation of infinitely many trajectories in the
statistical ensemble (or infinitely many particles in the gas) has created a
horizon that is much stronger than the movable Lyapunov horizon (1). The
semigroup horizon at ¢t = 0 restricts the use of the exponentially decaying
hydrodynamic modes to the future relaxation for ¢ > 0. Therefore, this horizon
constitutes a fundamental limit on the use of nonequilibrium thermodynamics
in the description of many-particle systems. In this sense, the semigroup horizon
justifies the irreversible character of nonequilibrium thermodynamics.
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I. INTRODUCTION

In spite of many interesting results obtained in the past [1-17], the kinetic theory
to moderately dense gases faces still great difficulties. The main difficulty is that
the macroscopic transport equations (such as the diffusion equation) are only
“Markovian” equations in which the time change is determined by the
instanteneous state of the system. In contrast, the generalized master equation
first derived by Prigogine and Résibois [18] (see also Ref. 19) indicates
that beyond the Boltzmann type we have “memory effects” and therefore
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non-Markovian behavior. Indeed, introducing the projector P() that projects the

distribution function p(ry,...,ry, vi,...,Vy) on a function depending only on
velocities, we have the well-known expression [19]
0 o ~
i PVp(0) = | BRIt~ 1)+ D 0)p(0) 1)
0

Many attempts have been made to ‘“‘markovianize” this equation (see, for
example, Ref. 6). However, difficulties remain. As discussed briefly in Section
III, the Markovian approximation diverges for two-dimensional systems.
However, it is difficult to believe that transport theory fails in two-dimensional
systems. Also, it is well known that the approach to equilibrium involves slow
nonexponential processes. The memory effects retained in (1) correspond to the
physical situations beyond the Boltzmann approximation valid for low
concentrations.

The approach based on the complex spectral representation of the Liouville
operator introduced by Prigogine and the author shows that these difficulties can
be overcome [20,21]. To make this chapter more accessible, we first present a
brief summary of our method (Section II). In short we consider a class of
distribution functions p which lies outside the Hilbert space (they correspond to
generalized functions or distributions). We then solve the eigenvalue problem
for the Liouvillian L = Ly + L’ in this extended space (L corresponds to free
particles and L’ takes into account interactions). This permits us to introduce
two complete sets of projection operators P") and I1V):

d>oPV=1, Y n¥=1 (2)
v v

where PY) commutes with Lo while I1") commutes with L, and v as defined is the
degree of correlations that is the number of nonvanishing wave vectors in the
Fourier representation of p. The fundamental result of our theory is that each
component PMTIY) p satisfies the closed Markovian equation [Eq. 34].

The Markovian description involves both P and IIV). It applies to
“dressed” or ‘“‘renormalized” distribution functions. For example, the one-
particle velocity distribution function is given by

o(vi,t) = Jdvz . ..JdVNP((’)p(t) = Jdvz . ..JvacpN(vl7 Vo,...Vy, 1) (3)

In contrast, POTI®p takes into account the interaction processes. The
“dressed” velocity distribution function is

0V (vy,1) = Jdvz . JvaP<°>n<°> p(t) (4)
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and this is a functional which depends on the interaction with other particles in
the medium. In other words it is a ‘“collective mode.” This dressing is a
nonequilibrium effect because for equilibrium the dressing effect disappears:
@2’ (Vi) = @ (v1), where @, is the normalized Maxwellian.

This result is interesting, since the original distribution function ¢(vy, ) also
obeys a non-Markovian equation as a result of (1). The well-known Markovian
approximation for the ordinary distribution functions such as the so-called \*z-
approximation in weakly coupled systems is valid only for finite time interval of
order of the mean free time [19]. Both for short and long time scales, the
memory effects neglected in the Markovian approximation dominate in the
evolution of the distribution function. Hence, the ordinary distribution functions
do not satisfy Markovian transport equations. In contrast, the dressed
distribution functions such as ¢ (vy,7) satisfy Markovian equation for all
times. Therefore, it is possible to define transport coefficients in terms of our
dressed distribution functions. An attempt in this direction has already been
made by Thedosopulu and Grecos [22]. They derived linearized hydrodynamics
from kinetic theory for three-dimensional fluids. In their paper they have
already shown that linearized hydrodynamics exist only for the collective
modes.

In this chapter we shall mainly consider classic systems of identical particles
with mass m interacting via hard-core potentials of a diameter ag with number
density n, in d-dimensional space with d > 2. We shall apply our complex
spectral representation of the Liouvillian to the system near equailibrium where
we expect the linearized scheme of kinetic equations is valid. One of the main
conclusions reached in this chapter are that Markovian equations for our dressed
states exist for all dimensions. We then can define transport coefficiencies even
for d =2 (see Section III). Therefore the transition from the Boltzmann
approximation to moderately dense fluids involves a radical change. The
transport coefficients are now associated with collective modes and are no
longer associated with ordinary reduced distribution functions.

However, since our observations of nature are established through measuring
the average values of physical quantities over the original distribution functions,
it is important to follow the time evolution of these distribution functions. The
non-Markovian evolution for the distribution function in (1) can now be
described as the superposition of Markovian evolution for the collective modes:

o)=Y Jdvz . JdVNP(O)H(V)p(t) (s)

A%

This is also true when we study the effect of the long-time tails on the linear
response theory, the so-called Green—Kubo formalism. (For an excellent and still
up-to-date review of these problems, see Ref. 6, as well as the book by Résibois
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and de Leener [13]. See also Refs. 14 and 15.) In this chapter we shall specially
consider the evolution of the normalized dimensionless velocity autocorrelation
function defined by

(V1e(0)v1(£)™

) = M = Jdvlvl,xawl;z) (6)

Here (A)* = [avVdrNApy! with N-particle canonical equilbrium py!, and
d¢(vy;1) is the one-particle reduced function defined by

dop(vy;t) = ijdvl(\’,j1 [drNe”‘L’v1$xpf\? (7)

with B = 1/kgT. We shall show that the long-time tails contributions in (6) lead
to divergences of the Green—Kubo integrals defined in (8) for d < 4.

In the Boltzmann approximation, the autocorrelation function decays in the
relaxation time by the exponential law. It is well known that the memory effect
in the kinetic equation for the hard-core potential leads to power law decay (the
so-called long-time tail) with r~¢/?> which comes from two-mode coupling
between hydrodynamic modes in the ring processes [13]. This result for d = 3
leads to a convergent contribution to Green—Kubo’s “‘diffusion coefficient”
defined by

oy
Dox = lim nTBJo (1) (8)

while leads to serious problem of the Green—Kubo formula for d = 2, since it
leads to a divergence as In + — oo. Indeed, the calculation of I'(¢), based on the
assumption that a diffusive mode exists in the ordinary reduced distribution
functions for d =2, leads to the contradictory result that the diffusion
coefficients does not exist. This problem is related to the fact that the
Markovianization of the ordinary reduced distribution functions for d = 2 fails
because of the appearance of the divergence. In contrast, as mentioned our
complex spectral representation of the Liouvillian leads to a set of well-defined
Markovian kinetic equations near equilibrium for the dressed distribution
functions for all d (including d = 2). Using our spectral decomposition, the non-
Markovian evolution can be split rigorously into independent Markovian
evolutions that can be studied independently of any truncation procedure.
Therefore, our complex spectral representation provides a consistent approach to
estimate the long-time tail effects.

For a long time it has been accepted that the two-mode coupling in the binary
correlations leads to the slowest decay process in I'(¢) for d > 2, and the
“critical dimension” is d = 2; that is, higher modes processes lead to slower
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decay process in the autocorrelation function for d < 2, while they lead to
quicker decay process for d > 2 [23-25]. The phenomenological approach
based on hydrodynamic equations has supported this result [13]. We shall show
this would be true if we restrict all intermediate states only to hydrodynamic
modes. However, we shall show that there are slower decay processes than
binary correlations in higher correlation subspace, which are coming from
processes where nonhydrodynamic modes are incorporated in vertices. Indeed,
we shall show for moderately dense gases that the order of magninude of the
long-time tail is given by
00
L(r)~ ) TV() ©)
=2

A%

Here, T(")(7) is the slowest-decaying contribution I')(¢) in each correlation
subspace and is given by

v) g NV e avey
f\v ¢ Ngv< ) ( ) ‘[,'2 v—2 ,L.fd v—1)/2 10
o~ (i) (= (10)

where T = t/1, is a dimensionless time measured by the unit of the relaxation
time t, = y~! with y = ko(v), and

g=nt" =ki/n, with ng = ain (11)

d

where ko= 1! = ad™!

n is the inverse of the mean free length and (v) =
(mB)fl/ % is the thermal velocity. This shows that the actual critical dimension is
d = 4. Moreover, this shows that Green—Kubo’s diffusion coefficient Dgg
diverges even for d = 3. This is in contrast to the well-defined transport
coefficients associated with the Makovian kinetic equations for our dressed
distribution functions.’

II. COMPLEX SPECTRAL REPRESENTATION

Let us present a brief summary of our method. See Ref. 20 for complete
presentation. The Liouville equation for the N-particle distribution function (d.f.)
p(r¥, vV 1) is given by
p
— =1L 12
iz =Lp (12)
The distribution function is normalized as [dr¥dvp = 1.

! Many of the derivations in the present chapter have been included in detail in Ref. [30].
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The Liouvillian L consists of a free Liouvillian Ly and an interaction part ', that
is,

N N
L=Ly+L'=> 1+ > L, (13)
a=1 b>a=1
where L(()”) = —iv, - (0/0r,). We have the eigenstates

N
Lok, V") = "k, - va kY, V)
a=1

where |k, vV) = [k¥) ® [V¥). They are plane waves (rV[kV)=V~N/2
exp[i S0 | k, - r,], where V is the volume of the system. The eigenstates of
Ly" give a complete orthonormal basis,

S kol = 1, jdvu|va><va| - (14)
k,

and
<kd‘k,a> = Skr(ka - k,a)v <Va|vla> = 6(Va - V/a) (15)

where 5 (k,) is a d-dimensional Kronecker’s delta. In an infinite volume limit,
Oy - Jdka, Q8" (k,) — (k,) (16)
k,

where Q = V/(2n)".

In this chapter we shall consider hard-core interactions. To describe these
interactions we use the “pseudo-Liouvillian” formalism introduced by Ernst et
al. [7] to take into account the singular nature of the hard-core interaction (see
also Ref. 13). In this formalism the matrix element of the interaction is given by

_ éTé,“fL?Sk’(k’u +K), —k, — k)
x 8 (K72 — kN2 (vY — v (17)

&N VNI KN V)

with the “binary collision operator” defined by

T —a | dsevae e ey )
$Vap >0
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w(hhe)re ap is a diameter of the hard spheres, and § is the unit vectqr(a’}ghe operator
b, " replaces v, and v, by their pre-collisional values as b, f (Va, V) =
f(Va, V), where Vv, =V, —8(8- V),V =V, +8(5- Vap), and Vg =V, — Vp.
Moreover, 8 (kV2) is a product of N — 2 Kronecker’s deltas which excludes
the particle a and b. We note that the total wavevector is preserved in the
transition (2.6). As usual, this is a result of the translational invariance of the
interaction in space.

Our method deals with the class of ensembles corresponding to the
thermodynamic limit (i.e., the number of particle N — oo, and the volume
V — oo, with the number density n = N/V finite). This class includes
the canonical distribution. It describes ‘persistent” interactions [20]. The
distribution function p therefore can be decomposed into contributions from
different degrees of correlations,

p_p<op+zzp Dp S AR (19

b>ak,Kk,

where P is the projection operator which retains the vth degree of correlations
[20]. For example, PO retains the “vacuum component” pO(VN ), which is the
velocity d.f. with vanishing wavevectors for all particles k¥ = 0, P®*)p are the

“inhomogeneity components™ p (vV) with k, # 0, and k"~ = 0 for particles
a = 1toN, P&¥)p are the “binary correlation components” Pk, x, Withk, # 0
and k, # 0, and so on. To avoid heavy notations we shall abbreviate the notations
as PU) = plka) p(2) — plkaks) " in the following expressions. We have

LOP(V) — p(V)l@, PV p) — P(V)Svﬁuv ZP(V) =1 (20)

As we have shown (see Ref. 19), the Fourier coefficients with a smaller
number of nonvanishing components in wavevectors k" have a higher-order
dependence on the volume factor V in the large volume limit—for example,
Po/Px, ~ V. The appearance of these delta-function singularities leads to the
usual cluster expansion of the reduced distribution functions. Then, for example,
we have the reduced one-particle distribution function in the limit 2 — oo,

fl(l’l,Vl,l) :del’z-~~dI'NJdV2”-dVNp(I’N,VN,t)
*n(P Vla Qqu Vla

— no(vy, 1) +anqfq(V1,t)eiq'r‘ (21)
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where the volume element 2! in the second line manifests the delta-function
singularity.

Also, because of these singularities, p does not belong to the Hilbert space.
As a result, the hermitian operator L acquires complex eigenvalues Zj(v) breaking
time symmetry. The time evolution of the system then splits into two
semigroups. For Im Z( ) < 0 the equilibrium is approached in our future that is
for t — +o0, whereas for Im Z( Y) > 0 the equilibrium had been reached in our
past. The domain of the two semlgroups do not overlap (see Refs. 20 and 21).
To be self-consistent we choose the semigroup oriented toward our future. Then
we have the complex spectral representation,

¢ 1p(0) ZDF 5 EY p(0) (22)

where F]( and F " are biorthonormal sets of right- and left-eigenstates of the
Liouvillian with the complex eigenvalue Z( )

(V) (V)
L) =20 ), (E =2 (23)

Operating the projection operator P(*) and its orthogonal operator
0™ =1—PM to both sides of (2.12), one has a set of equations for P(")
and Q) components. Solving these equations, one can write the Q)
components as a functional of the P") components. Then, one can find the
eigenstates of L as

)y _ Wy ) FO) _ (g )
) = [PV + @M (ZNEY),  (F = (FPY + 2V (Z7) )]

J

The “creation operator” %Y (z) and the “destruction operator” %)(z) are
defined by

¢V (z) = GYa)LPY),  2V(z) = PYLG) () (25)

with the propagator
Gy(2) = Ve — QVLQ™ (26)
Substituting (24) into (23), we obtain the equation for the P components of
the eigenstates that satisfy the eigenvalue equation of the “collision operators”

\|1<V> , that is,

ey =2, BN E) =60 e)
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where we have put P(Y =4/N \u ) and (F | PV = Nj(v) <\7;V) | with a
normalization constant N and \JJ is given by

Yt (z) = PV LPY) + PV PY) 4 pM M) (Z)P<V) (28)

This operator consists of three components: (1) the free flow Ly, (2) an interaction
linear in L', and (3) nonlinear term of the interaction where L' is incorporated in
the propergagor in € (z).

Note that the eigenvalue problem associated to the collision operators
\IJ(V) (ZJ-(V)) is nonlinear as the eigenvalue Zj(v) appears inside the operators. This
will play an important role. Also, the above relations show that the Liouville
operator shares the same eigenvalues with the collision operators. Assuming
blcompleteness in the space P( ), we may always construct a set of states
{( |} b10rth0g0na1 to {|u >} that is, (i (v) |u >_ SVMS(,B and ), |u >

™| = pv)—and construct a s1m11ar relatlon for the set {( |} biorthogonal
to {\v )} In general, ( | # <~ ) | (see Ref. 20).

In add1t10n to the colhs10n operator, let us introduce the “global” collision

operator defined by

V) = Z \II(V) (%(v))|u;v)><ﬁ;v)| _ Z |uj(v)>Zj§v)<ﬁ](v)| (29)
J J
We also introduce the “global’ creation operator C™ and destruction operator
DV):
¥ =36V )", DY =319V () (o)
J

J

Then we have

(31)

In our earlier work, we have repeatedly introduced the concept of
“subdynamics” [26,27]. The relation of subdynamics to the complex spectral
representation can be seen through the projection operators II() defined by

= S IEE = (PP AV (P DY) (32)
J

where “‘normalization operator 1s defined by AY) =PV (1 +DMCM)
which gives us NJ() ( |A |v )> for the normalization constant. They
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satisfy the orthogonality and completeness relations

LIV = 11V,

)

I — H(V>5V4L, ZH(V) =1 (33)
v

1™ is an extension of P") to the total Liouvillian L. Because these projection
operators commute with the Liouvillian, each component H(V)|p> individually
satisfies the Liouville equation. For this reason, the projection operators II(*) are
associated with subdynamics. Then, (22) leads to a Markovian equation, which is
a closed equation for the “privileged component” [i.e., P*")p(*)(¢)] of each of the
subdynamics pt™)(r) = IV p(7):

i PV ot (1)) = 6P| 1) (34)

This result is important, since as mentioned any component P*) of the total
p(t) = >, p"Y)(#) obeys a non-Markovian equation with memory effects. These
effects can now be described by the superposition of Markov processes, that is,

p(t) =S e Hp(0) = Y [PV + Ve AN P £ DV]p(0)  (35)

v \Y

III. APPLICATION TO MODERATELY DENSE GASES

After this short summary we now consider the application of our approach to
moderately dense systems which consist of N hard spheres (d = 3), or hard disks
(d = 2) with the same mass m. We use the ‘“‘pseudo-Liouvillian” formalism to
take into account the singular nature of the hard-sphere interaction [13] (see also
Ref. 7). We consider situations near equilibrium, then the linearized regime of
the kinetic equations is applicable. In our argument, we follow the standard
hypotheses (see Ref. 13) that (1) the classification of the processes in terms of the
so-called “ring processes” is legitimate, and (2) in evaluation of the transport
coefficients there is a well-defined separation of the hydrodynamic modes from
the contribution of the nonhydrodynamic modes.

Let us consider the reduced one-particle d.f. for the inhomogeneous
component associated to the subdynamics II@. This is defined through the
N-particle d.f. by integrating over the velocities of dummy particles, that is,

AV =" £ (v, (36)
J



TRANSPORT THEORY FOR COLLECTIVE MODES 139

where
FO v, 1) = VN2 jdv{i;‘uq,vN\P@|F}“>><ﬁ§‘”|p<r>> (37)

and we have introduced a new notation for the state |ax, V") = |k, =
k, k"' =0,vV). With this reduction the kinetic equation (34) leads to
Markovian equations:

© HO,0 = O (v (38)
or
.0
ig ) = 1) [P ) (39)

for each component associated to the eigenstate of the collision operator, where
the reduced one-particle collision operator for particle a is defined by [c.f. (28)
and (29)]

W =20 @G @) =315 @NZ (@] (@0)

with
V() =q v, + iKY 4309 () (41)

a

Here r (a) is an eigenstates of the “reduced” collision operator,
w05 @) =215 (@) (42)

and ?]( >( ) is its biorthonormal state. The index a in Y as well as in r](q> (a)
denotes the label of a pancle in which we are interested. To dlstlngulsh the
reduced one-particle states |r >( ))) from the N-particle states |u >> we have
used the double-ket notation for the reduced states.

Corresponding to the three components mentioned in (28), the reduced
collision operator consists of three components: (1) the free flow q - v,, (2) the
“linearized colllslon operator” K, @ associated to L', and (3) the mode-mode
coupling term S\II )( ) associated the last term in (28).

In the thermodynamic limit we have

KVo(v)) = Z(lq,bo|k1|1k,bo>¢’(Vl) (43)
K
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where
Ro=n Jdvbt(“b>(1 + Pap) 0y () (44)
with
(a, bl |ap, by) = TS (k+1-p — q) (45)

Here |ay,by) = [k, =k,k, = k', k"2 =0),P,, is the exchange operator
li.e., Puf(Va, V) = f(Vp,Va)], and @%(v) = (Bm/21)"* exp(—Ppmv?/2) is the
normalized Maxwellian.

For q = 0, Eq. (43) reduces to the well-known linearized Boltzmann collision
operator Kf :

Ko (v,) = anVzTém(l + P1) o, (v2) (V1) (46)

The eigenvalue problem of this operator
K7197(1))) = 11 (1)) (47)

has been studied in several papers (see, for example, Ref. 13). Defining the scalar
product

((elf)) = JdV@eq(V)_'g*(V)f(V) (48)

KB becomes a hermitian operator ((g|K?|f))* = ((f|KE|g)). In the Hilbert space
defined by this scalar product the spectrum kj(.) is discrete and the eigenstates
d)JQ (v1) provide a complete and orthogonal basis,

DTN MI=1, (@ (D]e5(1)) =8 (49)

where the first one in (49) is a formal expression of the relation }_; d);)(vl) X
07 (V1) = 8(vi = V1)@, (v1).

~ As a working example, we here present the case for d = 2 (see Ref. 13 for
d = 3). The solution of the eigenvalue problem (47) leads to fourth-order
degeneracy for the collisional invariants ¢2 that belong to the zero eigenvalue
A = 0for {a} = {1,...,4} (hereafter we shall use the notation {a} to indecate

the eigenstates associated with the collisional invariants). They consist of
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(peq(va) multiplied by 1, vy, vgy, or vi, respectively. In order to specify the
direction in space, we chose x axis toward the direction which is parallel to a
unit vector q of a given wavevector q; that is, v,; = q - V,. Then the normalized
collisional invariants are given by

¢2(Va) = Xg(va)q)eq(va) (50)

where (for i =,2)

1 3 R 2
) = 5 (- = )V v+ nE) (61

13(Va) = V/mBa, - v (51b)
1 mBv2

with the unit vector ¢; which is perpendicular to q.

For the remaining spectrum with j & {a.} we have XJ(? # 0, and the minimum
value of the nonvanishing eigenvalue is of order 7.

For inhomogeneous systems, the eigenvalue equation of the linearized
Boltzmann collision operator is

(K2 —iq-v,)| b (a))) = A1d % (a))) (52)

The left-eigenstate belonging to the same eigenvalue is given by ((d)j(*q) (a)|-
Together with the right-eigenstate, this satisfies bicomplete and biorthonormal
relations [13].

In our calculation we use also the spectral property of the ‘“Boltzmann—
Lorentz operator” K- defined by [13].

KEL0(v,) = [awi ("o, () D(v) (53)

as well as its inhomogeneous OPerator KBL —iq - v,

Among the eigenstates |¢BL g of KB —iq-v,, there is only one
collisional invariant d)%L L (Va) = (pgq(va) with q =0, which is just the
Maxwellian: KZ'¢,,(v,) = 0.

We now consider the last term in (41). Retaining only two-mode processes,
the operator 6\11 @ in (41) becomes

50\ (2) ~ 809 (z;2)

n) » R
= (2n) Jkode( q720|lt 12 )(Z)lt( h)(l +P12)(\Deq(v2)|]k720>

(54)
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where m in S\I'S(v (z;m) denotes that this is assiciated only to the m-mode
processes. The reduced two-particle propagator is defined by

€)= 3 6 @) li2n) AP )"

n=0
1
=@ : = (53)
72— Ly — iK, — iKy — i(2m) " “1ab)
while the “ring”” propagator is defined by
(ab) 1
&r (2) = — (56)
" - L — ik, — ik,

where L(“b ) = ( ) + L( ) uE L(()C).

The propagator has to be evaluated as an analytic continued function from
the upper half-plane of z. To obtain (54) we have approximated the N-particle
propagator Gy, in (28) by retaining only the binary correlation subspace, that is,

Gy~ Gy = PPz — PALP]! (57)
Let us separate the contribution of (54) coming from the first term géR) in
the expans10n in (55) by writing 8\11 (z 2) = S\IJ (z 2R) —|—8\If (z 2R'),

where 8\11 (z, 2R) is the operator obtained by replacing gé b) by ng in (54),

while S\II (z 2R') corresponds to the remaining part of the expansion in (55).

The operator 6\1/ >(z; 2R) is well known [13]. For z=¢ — +i0 it
corresponds to the so-called “ring operator.” This operator corresponds to a
process in which an arbitrary number of collisions occur with particles in the
medium during the two-mode coupling.

Before investigating the eigenvalue g)roblem of the reduced collision operator
for the inhomogeneous component \IJ let us first discuss a simpler case of the
homogeneous component with q = O The derivation of the kinetic equation for
the dressed one-particle velocity distribution function (pj< >(v1, t) associated with
the vacuum-of-correlation subspace near equilibrium is quite parallel to the one
presented above. The resultant equatlon has the same structure as (39) except
that the inhomogeneous component f (vl, t) is replaced by (pj( >(v1, t), and the
collision operator \I/( )( ](q)) is replaced by the one evaluated at q = 0 in (41),
that is,

R
—~
=)
=

0 - 0
0" 0) = V2 [l (1 WIPOLECNE o) (58
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with
0 0 0
iz 9" (v1,0) = 1(Z")o” (vi.1) (59)

Where
0 0 . 0 0

It is interesting to compare this equation to the traditional kinetic equation of
the ordinary distribution function. Then the ring operator is considered in the
literature as the asymptotic form of the formal kinetic equation obtained by the
reduction of the generalized Master equation (1) using the so-called
“Markovian approximation.” In (1) the symbol “~” denotes the ‘‘inverse
Laplace transformation” of the operators defined in (28) with v = 0. In the
Markovian approximation, one replaces p(z — ') by p(¢) and drops the term
with gZ(m(t) neglecting the memory effect. Moreover, taking the asymptotic
limit of the upper bound of time integration to +oco in (1) with an oprimistic
assumption that the asymptotic limit exists, we obtain indeed a Markovian
equation:

0
i—P9s(t) = i\ PO
e p(t) = elgn+\|f (+ie)Pp(r) (61)

From now on, € denotes a positive infinitesimal € — 0+, and we shall not
explicitly write the “limit”” notation. We reduce this Markovian equation to the
one-particle velocity distribution function @(v;) by taking integration over
dummy variables. Then, using the linear approximation near equilibrium, we
obtain the formal kinetic equation [13]:

i%@(vl,t) = [iK? + 80" (+ie)]@(v1,1) (62)

where @(vy, 1) is the bare distribution function defined in (3).

In contrast, in our approach for the dressed state the ar. ument of the collision
operator z = +i€ is replaced by a finite value of z = . This is a
consequence of the nonhnearlty of the eigenvalue problem [see (42)] For the
relaxing modes with é # 0 the order of its magnitude is given by é( ) Y.
The physical meanlng of our operator S\IJ )( (O)) is that the collision process
takes in place in an absorblng medlum

Approximating S\I/ (z) by S\I/ (z, 2R) by retaining the two-mode
processes, we obtain the “ring approx1mation” of the collision operator for
moderately dense systems. The difference between our operator for the dressed
distribution function and the traditional ring operator for the ordinary
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distribution function in (62) is essential, because our operator is finite while the
ring operator as defined traditionally diverges for d = 2. To see this, let us
decompose the ring operator into two parts: 5\11( >(z, 2R) = 6\11 (z, 2R) + Ry,
where the overbar on the operator denotes the contribution from the hydro-
dynamic modes with |k| < ko in the integration in (54), while R,;, denotes the
contribution from the remaining nonhydrodynamic modes. Moreover, we shall
approximate Télz) by Télz) in (54), so that K, for a =1 and 2 in the ring
propagator (56) is approximated by K2.2

It is well known that the diffusion modes [i.e., the share modes and heat
modes associated with oo = 3 and 4 in (50)] leads to the divergence of the
traditional ring operator [13]. Hence we focus here the contribution from these
modes to our collision operator. The integration over the diffusion modes in (54)
leads to a contribution of the order

ko Jd—1

7070 5oy o (1)
89" (z";2R) m(n) L dkk2D§+§(0) (63)

where we have approximated 7(!2) ~ Té ~ v/n and substituted Z zc";
into z, as well as k*D? into —ik - vi; + K& + K% in the denominator of (56) The
angle integration is neglected as it is 1rre1evant to the order of magnitude
estimation (see Ref. 13, for instance). For é LN v this integral is finite for all
dimensions. For three dimensions this is Well known. But (63) is finite even for
d = 2. Indeed, by substituing the order estimate of the Boltzmann diffusion
constant as D5 ~ D = (v) /ko into (63), we obtain S\I/ ( z; ;2R) ~ iyngln 2,
ford =2.

It is well known that the nonhydrodynamic part of the ring diagram gives a
finite correction to the linearized Boltzmann collision operator (see Refs. 1, 13,
and 16). Therefore, our Markovian kinetic equation for the dressed distribution
function exists for all dimensions. This is in contrast to (62) for the ordmary
distribution function, because (63) is a diverging integral for d = 2 if &
replaced by the infinitesimal €. This conclusion agrees with intuition. Two—
dimensional systems approach equilibrium, but non-Markovian effects play
there a more important role as in three-dimensional systems.

We now consider the more complicated case of the inhomogeneous
component \Il<1q>. For this case the eigenvalue equation for the right eigenstate
is given by

v ()] (@) = V|1V (a))) (64)

2In this chapter we shall not discuss the effect of the size of hard spheres for bulk viscosity (see
Refs. 13 and 28).
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In the hydrodynamic case with |q| < ko for d = 3, this equation reduces to
the same eigenvalue equation as introduced by Ernst and Dorfman to discuss the
nonanalytic dispersion relations in classic fluids [3]. They have shown that the
eigenvalue contains the nonanalytic term of order ¢°/2 term for 3d systems. Later
these calculations have been extended to the 2d case [12]. Because these
calculations have been already presented in detail in their papers, we shall not
repeat them. The reader should consult the original papers. Here, we display only
the main results. For d = 2 the ¢ dependence of the eigenvalues that vanish in the
limit ¢ — 0O are given by

e = —igc'c, — ¢*D), + ¢*AyIn (%) (65)
0
where ¢, D}, and A, are positive constants that are independent of g. Their
explicit forms are not important here. The sound velocity ¢’ and the diffusion
constants D/, include correction terms due to the ring process. These corrections
are small for small ng.

The last term in Eq. (65) is also the correction due to the ring process.
This correction is nonanalytic at ¢ = 0. We have the estimate A,/D/, ~ ng
for small ny. For moderately dense systems the diffusion term dominates for
a wide domain of g. Only for extremely small values of ¢ satisfying
q/ko < exp(—1/np), the nonanalytic term becomes larger than the diffusion
term.

The results obtained in this section are interesting, because one can now
define transport coefficients through the Markovian kinetic equation for the
dressed distribution function for arbitrary dimensional systems. We should
emphasize that the coefficients ¢/, D&, and A, in (65) are defined only for the
distribution function of the collective modes which is a functional of the original
distribution function. This is in contrast to the markovianization of the kinetic
equation (62) for the ordinary distribution functions, as it leads to diverging
transport coefficients for d = 2.

As a final part of the subject discussed in this section, let us comment on the
relation between the kinetic equation (59) for the vacuum component discussed
and (39) for the inhomogeneous component. Simply by substituting q = 0 into
Eq. (39) we obtain the same structure of the equation as (59). However, a care
has to be taken to consider their relation. Indeed, as mentioned in Section II
the essential reason why we obtain the irreversible kinetic equations in the
Hamiltonian system is that the distribution functions which we consider are
distributions with the delta-function singularities in the Fourier representation,
and they do not belong to the Hilbert space [see the discussion after (20)]. As a
result of this singularity, the inhomogeneous component ];;?) (vi,t) withq =0
is not equal to (p;-o)(vl, 1) (cf. (21) and the volume factor in the expression).
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Therefore, it should not be astonished to find the logarithmic singularity ~ In g
for d = 2 in the collision operator \Il(q for the 1nh0m0geneous component at
q =0, in spite of the fact that the collision operator \II % for the vacuum
component is always well-defined. The logarithmic smgularlty is so weak that
the coordinate representation of the kinetic equation for the inhomogeneous
component is still well-defined.

IV.  VELOCITY AUTOCORRELATION FUNCTION

In the previous section we studied only the evolution of the dressed distribution
functions associated to POTIO or to PWII(Y). However, the tools introduced in
this chapter enable us to study more general problems such as the time evolution
of original distribution functions [see (3)] as well as autocorrelation functions.
This involves all subdynamics II™"). For this situation the distinction of the
original distribution functions from the dressed distribution functions is not
negligible, and our nonequiliburium renormalization effects become important.
As we shall show now the incorporation of the effects of all subdynamics I1*") in
the autocorrelation functions (6) introduces, as in the renormalization group, the
critical dimension d = 4. Itis for d > 4 that the usual Green—Kubo formalism is
valid, while for d < 4 memory effects decay too slowly. This conclusion clashes
with the traditional point of view that leads to a critical dimension d = 2, and it
deserves a detailed discussion of the long-time tail effects, which will be
presented in the subsequent sections.

Let us first illustrate the calculation of a contnbutlon in the simplest “ring
process” for binary correlation subspace |F )>< | which is in the TI?
subspace in (32). In this subspace the time evolutlon takes place in Pk
subspace, while the initial condition of 3¢(v;;0) and the observable Vi are
both in the vacuum-of-correlation subspace P(?). Hence we have

r@() = Jdv’\’vl,)&o7 VN|p(0)(g(2)(ZJ§2>)P(2)

x exp[~iy® (Z7)]AP PO G (ZP) PO oty (66)

The contribution con51sts of three parts: (i) the transition POg2 >( ) ), (ii) the
time evolution exp[—i'? (z)f]A? in the intermediate PP TI P(2) subspace, and
(iii) the transition P22 (z)P(0).

To write an explicit form of the contribution in (66) it is convenient to
represent the vertices AL, and the propagators (z — LO) by the Prigogine—
Balescu diagram technique [19]. We first consider a process represented by the
ring diagram shown in Fig. 1. In Fig. 1 the renormalized propagator is defined
by the summation of the diagrams shown in Fig. 2. The left-hand part the vertex
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Figure 1. The ring diagram corresponding to (66) as well as to (71) in the binary correlation
subspace, where the renormalized lines are defined in Fig. 2.

at left in Fig. 1 corresponds to the transition (i) mentioned above, the

intermediate two lines correspond to the process (ii), and the right-hand part of

the vertex at right in Fig. 1 corresponds to the transition (iii), respectively.
After the reduction by performing the integrations over the dummy variables

for the particles in the medium, we obtain the contribution corresponding to %@

given by

n

PO (2 pR) .=

g L<10720|il‘(12)|1k727k> (67)

—ig T KD

where &;k’fk) = iZj(k"*k) and the symbol “:=" denotes the correspondence

between the N-particle operator and its reduced expression. Similarly for & @) we

———t b mm O = = O = Ot n e

((Z) L 2 3 7 7 X

(b) S = + c + o_c + «ns
(c) ———— = + L + *—o— +

1 1 1 1 1 0 2
) —e—— - O +

Figure 2. Renormalized lines. For the hard-core interaction we have added the new vertex [the
first term in this diagram in (d)] in addition to the Prigogine-Balescu diagram.
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have the correspondence

1
P(Z)@(Z)(ZJ(Z))P(O)VLXPZI . )d (1, 2k|it(12) 10, 20)

X P(z) — Vi (Peq(Vz) (68)
k,—k . ~
&( ) IKFL

The generator of the motion in the II® subspace is given by the reduced
collision operator

Wz W) = kv K PE KD+ SRRz ) (69)

where vi; = v| — v,. In the process corresponding to the graph in Fig. 1, the last
term dWX*K)(z) in the collision operator is neglected. This approximation
corresponds to the so-called the “ring approximation” which is valid for
moderately dense gases [13]. Moreover, we approximate the ‘“‘renormalization
operator” A® by P(?) in the intermediate part (ii), since the difference P from
A® leads to a higher-order correction in ng, which is small in the moderately
dense gas. Then we have the time evolution corresponding to

e V@A) p@expl(—ik - viy + KB + KE)]P?)
=3 105K (D6 2)))exp[(M, ;+ 2,1 ((dgs ,(Doy ™ (2)]
JsJ
(70)

where M) ( ))) is an eigenstate of the 1nh0m0geneous linearized Boltzmann
operator Lik. v + K% with an eigenvalue Xk while |d)BL ;(1))) is an eigenstate
of the 1nhom0geneous linearized Boltzmann—LorentZ operator —ik - v; + KBE
with an eigenvalue ?\BL see (52).

It is well known that the long-time tail effects in the autocorrelation come
from the diffusion mode in the hydrodynamic modes with the small
intermediate wavevector k < ko (see [6] for instance). For these modes we
have &ék’fk) ~ k*D with D = (v)/ko. On the other hand, the nonvanlshing
eigenvalues of KPL are of order y = ko(v). Hence, we may neglect i ) in the
denominator in (67) and in (68) as compared with the eigenvalues of K5
Furthermore, because we are interested in the contribution from the small value
of the wavevector, we may approximate T]Elz) ~ Télz) as before in Section III.
Combining (67), (68), and (70) with these approximations, we have the
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dominant contribution of the slowest decaying contribution in this subspace as
follows:

(1) ~

nmp

I 2), (K (k)
dk |dvid N T :
(ZTC)dZJk<ko J v, K0 Pai (V)7 (v2)

Jje{a}

X e(}hBL]er Jdv 1dV 2(Peq( 1) ](peq(V,2>_]¢gz),l(V/1)¢]§7k)(vl2>

1
12
X T(g >KBL V]x(peq( ll)q)eq(v;)
_nm it J k|l [Pt (for £ 1, = 1)
]6{0(} k<k0
(71)
where
) 1 2) , (-k k
W = JdV1dV2V1,XWTél >¢1(3L,1)(V1)¢J(' )(Vz) (72)
1

and the hat on f‘<v>(t) denotes that the contribution coming from the processes
where all intermediate states are restricted only to the hydrodynamic modes. The
last expression is the same one obtained by Résibois and de Leener [13]. This
leads to the well-known asymptotic expression of the long-time tail effect ~ r4/2.

In the following sections we shall estimate the contributions from higher-
mode processes. However, as it is easy to expect, the complexity of the
calculation rapidly increases when the degree of correlations increases. Hence
we shall present only order-of-magnitude estimations of their contributions. To
this end, let us first reevaluate the order estimation of the above result. As we
shall see, the following estimation gives a straightforward extention to higher-
order correlations.

We note that vy, is not a collisional invariant of Kp;, ;. This implies that

Vix = VLng]f (73)

where Q8F =1 — PBL with PghL = |¢BL1( )))((d)BLl( )|. Similarly, we intro-
duce Q8 =1 — PBL and Q% =1 — P% for p # 0 with

PEL(L) = o) (DN bR DL, PEB) = D 102 (0) (0! ™ (b))
je{a}
(74)

where PBL(1) and P2(b) are projection operators for the hydrodynamic modes.
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Using these projection operators, we can write the essential part of (71) as

FQ)”“J?““J"““ZV“ OB TS PR (DP2)0, S ()oY (va)e P

Jdvldvmm(vlm (W) PP(1)P <>T“2>i By (75)

where we have replaced KPL by y and My, | + A% by —k*D.

Because KPL ~ nT, (12) the order of magmtude of the transition T(
hydrodynamlc modes and the nonhydrodynamlc mode is given by QBLT,
PBL(1)PB(2) ~ PBL(1)PE(2)T{'” QBL ~ y/n. With obvious notations we may
abbreviate this relation by

between
( 12)

QhT p, ~ PhT Qh ~ = (76)

We substitute this estimation into (75), and then approximate the elgenstate
(I)B“(V]) by its lowest order contribution d)BL](V]) @,y (v1) and 9 (v,) by
¢§(v2), respectively, in the expansion in the series of p. Moreover, we introduce
the dimensionless wave vector measured by the unit of the inverse of the
mean free length y = ,k = k/ko. Using the explicit form of ¢2(v,) presented
in (50) and (51a)—(51c), we finally obtain the order of magnitude estimation
of (75),

A(2) 1 —epe kg —y’t 8

where we have used the fact that the integration over the velocities in (75) leads
to (v)2 with a numerical factor of order one, and we have changed the dummy
variable as x = yy/7 to get the last estimation. This is consistent with the
asymptotic time dependence of (71).

V. TERNARY CORRELATION SUBSPACE

Next we shall estimate the contribution from the ternary correlation subspace
|F >< M | for the graph shown in Fig. 3. Renormalizing again the denominator
with the linearized Boltzmann operator as in (67) and (68), we have a
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Figure 3. The ring diagram corresponding to (78) in the ternary correlation subspace. Here and
in the following figures we abbreviate the renormalized lines of type (a) in Fig. 2 in the P(%) subspace
in both ends indicated by Q.

contribution from the hydrodynamic modes:

———— {10, 201" |1k, 2_4) Py,
3
& K
1
X N Ph<1ka30|t(13)|1k*k’73k’>Ph
e — ik vip + KP4 KB
x exp[(—i(k —K') - v; + KPL + ik - vy + K5 — iK' - v3 + K5)]
1

eP) —ik- vy + KL+ KB

1)) ~ n? Jdkjdk’

x Pp(li_i, 3w |13 |1k, 30) Py

X Ph<1k72*k|t<]2)|10120>Qh (78)

e + K"

where we have abbreviated the velocity integration part. We have for the
diffusion modes &¥) ~ (k? + k”2)D. Hence, we can again neglect &%) in the first
and last denominators as in (66); that is, (£ + KBL) ™' ~ 1/KPL ~ n/y.

In contrast, we cannot neglect ﬁ@ in the denominators of the intermediate
states, since eigenvalues of the linearized collision operators —ik - v + K5L and
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—ik-v, + Kf are of the same order ~ k?D. As a result, the intermediate
denominators lead to the “infrared” singularity at k = k' = 0.

In (78) there appears a new type of transitions which does not exist in (75)—
that is, a type of transitions between the hydrodynamic modes P}, Tli, )Ph such as

Pi{Lie, 301" [ T, 310 )Py ~ ({03110, 3)| TV o ) (16 (3))) (79)

for the hydrodynamic modes m € {a}. These transitions vanish in the limit
k — 0 and kK’ — 0. Hence, by a dimensional analysis the order of magnitude of
this type of transitions is given by (e.g., for k ~ k' < ko)

K
PTVP, ~ k_o% (80)

This compensates the infrared singularities.

Substituting (76), (80), and the above-mentioned estimation for E_,? into (78)
and again replacing the linearized collision operators in the time-dependent part
by their eigenvalues, we have an estimation as

f‘( J Jdk/ kl ; 26—(k2+k/2)Dl‘
n kon) \(k* +k?)D
1 RN eamn
:—zJ (i) (mw) e

~ (v (81)

Dividing the estimation (81) by (77), we obtain gt®=49)/2 Hence, the critical
dimension for this ratio is d = 2. Equation (81) decays quicker than (77) for
d > 2.

The estimation (81) is easily extended to higher-order correlations such as
the contribution from the |F, v >>< F, | subspace for the graph shown in Fig. 4.
Then we obtain the same critical dimension d = 2, as far as we restrict the
intermediate states only to hydrodynamic modes.

However, this type of contribution is not the slowest decaying process. In the
next section we shall show that the incorporation of nonhydrodynamic modes in
intermediate vertices leads to slower decaying processes.

VI. RENORMALIZATION OF VERTICES

Let us now estimate the |F§3>><I~7§(3>| subdynamics contribution of the process
shown in Fig. 5. We estimate the contibution where the intermediate states
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Figure 4. A ring diagram in the vth order correlation subspace with intermediate states
restricted only in the hydrodynamic modes.

B, Q,

Figure 5. The ring diagram corresponding to (85) in the ternary correlation subspace. The
arrows indicate the location of the intermediate rlaxing modes.
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indicated by the arrows in the graph are restricted to nonhydrodynamic modes
(i.e., the relaxing modes), while all other intermediate states are in hydrodynamic
modes. Corresponding to (78), we have

= 1
F<3)(t) ~n? Jdk Jdkl m On (1o, 20[t") |1, 2_1) Py
o 1

1 (13) /
x P, (k,K)P
e kv + KP4 kB! (k. K) P

x exp[(—i(k — K) - v; + KBL ik - vy + K2 — ik - vy + KE)1]

(13) gt 1
x PpT. k,k Py
2 ( ) égS)_ik,Vlz_FKf?L_'_Kg
1
< Pp(Li, 2kt 10, 20) O —5—— (82)
& + Kk

where the double overbar on I_‘<3>(t) denotes that the contribution coming from
the processes which we are looking at. Here, the transition Pth(B)(k, K')P; in
(82) is corresponding to the portion indicated by the arrow on the left-hand side
in Fig. 5 and is defined by

P, (k, K)P, = JdpPh<1k, 30/ 1 _p, 3,) On

1
—i(k—p) vi+KBE+ik-va+ KB —ip-v3+ KB

X On(1i_p, 3plt"¥ | 1w, 31 ) Py (83)

X

where the intermediate propagator is restricted in the nonhydrodynamic modes.
Similarly, the transition P;,sz)(k’ ,K)Pj, in (82) corresponds to the portion
indicated by the arrow on the right-hand side in Fig. 5 with the nonhydrodynamic
intermediate states.

The matrix elements of the transition #(!3) between P;, and 0Oy, or between Q,
and P, in (83) do not vanish at k = k' = 0 [cf. (76); this is also the case for the
transition between (@, and Q;]. Hence the infrared singularities in the
propagator are not compensated by this type of transition. This is in contrast
to the transition between Pj, and P;, which vanishes at the vanishing wavevectors
[see (80)]. As we shall see, this difference is essential to understand the origin of
the slower decay process than (78).

Moreover, we note that the eigenvalues of the linearized collision operators
in the denominator in (83) is bounded from below by a positive constant of
order vy for the relaxing modes in Q;, subspace. Hence, these denominators have
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no singularity at k = 0. Combining this with the property of the matrix elements
of t®) mentioned above, we may estimate the order of magnitude of the
transitions in (83) by the aid of the dimensional analysis as [cf. (76)]

. (13) (1 1P, 130, Lo r3p, 1Y
kw%Pﬂ](kkWh meg @Y&ﬂp ~ k§ ey (84)

where the factor k¢ comes from the integration over p by measuring the
wavevector with its intrinsic unit ko of the system as p = koY, as before. We have
the same esitimation for PhT( )(k’ ,K)Pj, in (82).

To find the order of magnitude estimation of (82), we note a similar structure
of (82) to (78). Hence, if we replace (k' /ko)(y/n) in (81) by kiy/n?, we have the
estimation of (82). This gives us

2 d 2
A(3) 2 AL\ (koY 1 D
I ~ k K[ - - -
)~ [ [a (v) &) () (<k2+k'2>D) ¢
Ng4’52(‘57d/2)2 (85)

It is remarkable that (85) is a slower decaying process than (81).

One can improve the estimate by introducing renormalized vertex 7@
shown in Fig. 6, where all intermediate states are restricted to Q, subspace as
shown in Fig. 7. The order of magnitudes are estimated as [for g < 1; see (11)]

Py~ Pyt 1+ [dal 0ty + [daad S oiry®y oiry?y +|
1
T g ) =t (86)
nl—g
2
(@) 1
a, P o

(b)

Figure 6. (a) The ring diagram with the renormalized vertices in the binary correlation
subspace (c.f. Fig. 1). (b) The ring diagram with the renormalized vertices in the ternary correlation
subspace (c.f. Fig. 3).
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Figure 7. Renormalized vertex where all intermediate states are restricted in the relaxing
modes.

where we have used an estimation [ dp’ QhTéf’b)Qh ~ kdy /n. Similarly, we have

1 .
QTP ~ e PP, I E

== 87
— Py (87)

With these renormallzed vertlces we can estimate the processes (a) and (b)
shown in Fig. 6. For the |F )( 2)| subdynamics contribution of (a), we have

_ 1 1 \? —d/2
@) ~ - <1_) Jdke*"zD[ ~ Lz (88)
n 8 (1-g)

while for |F, é3>><1~7§3)| subdynamics contribution of (b)

2 2 2 ~
RE Tt N8 dk | ak’ K —(k* +k*)Drt ﬂ
)~ =12 — 1 2) € ~ 7}
n?\1l-g 1—g k* +k (1-g)

(89)

where the overbar in T'V)(r) denotes the slowest decaying power law
contributions with the renormalized vertices in ') ().

Dividing the estimate (89) by (88), the ratio is given by gt(*~%)/2. Hence, the
critical dimension for this ratio is d = 4, instead of d = 2. Equation (89) decays
quicker than (88) for d > 4.

This result can be also obtained by comparing the first expression in (88) to
(89). Indeed, (89) contains an additional factor to (88) for v =3 as

M@ 1/ g \° 2\ e g\’
_ - K 0 %D (8 \ _(4-a)2
o0 " <1 — g> Jd <k2 +k’2) ¢ g(l - g) K (90)

We can rel)aeat the same order of magnitude estimation of the contribution
from the \F Fy | subspace for the same type of graphs shown in Fig. 5,
except that each vertex is replaced by the renormalized vertex. Then we obtain
the same ratio as (90) for arbitrary v > 3.

For any v one can easily extend the above order of magunitude estimation to
an arbitrary graph. The result is summarized as follows: We first count the
number of lines in each intermediate state. The slowest decaying processes are
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given by the processes in which the number of intermediate line m increases by
1 (starting with m = 0) by every succesive renomarized vertex, and reaches to
the maximum value m = v, then decreases by 1 until m = 0. An example of the
diagram is obtained by replacing all vertlces in Fig. 5 by renormalized vertices.
Then, the contribution in |Fy v )>< Fy | subspace is obtained by iterative use of
(90) starting with v = 3. This leads finally our main result (10).

VII. DISCUSSIONS AND CONCLUDING REMARKS

It is well known that the basic quantities in statistical mechanics are reduced
distribution functions such as (3). However, it is now well understood that
outside equilibrium they have a complicated time dependence including memory
effects [see (1)]. It is therefore quite remarkable that there exist collective,
dressed, reduced distribution functions, such as f] (vl, t) in (27), which satisfy
Markovian equation in each II") space.

In this chapter we studied only the evolution of the dressed distribution
functions associated with POTI®) or with PIII(D. However, our complex
spectral representetion of the Liouvillian permitted us to study more general
problems such as the auto-correlation function. This involved all subdynamics
1. For this situation the distinction of the original distribution functions from
the dressed distribution functions was not negligible, and our nonequiliburium
renormalization effects became important. We then derived the long-time
estimation (10) for the the autocorrelation function. We can deduce several
interesting conclusions from this result.

There is a critical dimension at d =4, as in the renormalization group.
Higher-order correlations lead to quicker decay process for d > 4, while they
lead to slower decay process for d < 4. For d < 4, the infrared singularity at
k = 0 is so strong that Green—Kubo’s formula for the transport coefficients such
as (8) diverges.

For d < 4, higher-order correlations lead to a diverging contribution of the
summation (9) for large time, so that there is an upper limit of the time scale
© =19 where (10) is applicable for times T < 79. Beyond the limit the
estimation based on the ring processes is likely to be invalid. The value of t( can
be found by putting the ratio (90) equal to one. Then we have

272/(4=d)
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while for a dense case such as ny = 0.5, we obtain

2 for d=2
T~ { 1.3 x 10° for d=23 (93)

For 1 < 1, our estimation (11) leads to T'(¢) ~ ¢t %2 from the binary
correlation subspace v = 2, which is consistent to the numerical simulations [2].
In order to determine whether if the correction T')(¢) due to the ternary
correlation accelerates or decelerates the decay of the autocorrelation function
during this time scale, we need more careful estimation of I'®)(¢) including the
determination of the sign of this contribution by performing the integration over
the angles. We intend to present such a detailed calculation elsewhere.

For d — oo, the long-time tail effects vanish, and Green—Kubo’s formula is
governed by a Markovian kinetic evolution of 8¢() (v, ) with the exponential
decay in a single subspace I1(°).

In contrast to our conclusion of the critical dimension as d =4, the
phenomenological approach based on hydrodynamic equations has led to
the critical dimension d = 2 (see Ref. 6 and the papers cited therein). Because
the new type of the slower decaying processes discussed in this chapter is
associated with the intermediate nonhydrodynamic processes in the vertices, it
is clear why the phenomenological approach based only on hydrodynamic
equations fails to predict these slower processes.

Let us conclude with some general remarks. The traditional approach of the
kinetic theory based on the BBGKY hierarchy relays upon a truncation of the
hierarchy at a certain order of correlations. Because the higher-order
correlations become more important for asymptotic times and for d < 4, this
truncation is incorrect.

The long-time tail effects described by (10) invalidate the Green—Kubo
formalism for d < 4. This was well known for d = 2, but it is also true for
d = 3 because there are contributions of r~',r~"/2, ... coming from multiple
mode—-mode couplings. Still the linear response formalism remains a valuable
tool when used for times where the Markovian approximation to transport
theory is valid [29]. Also, it is rigorous for d — oo. There is an amusing analogy
with the mean field approach in equilibrium statistical mechanics.

In conclusion, our approach based on the spectral decomposition of the
Liouville operator which avoids carefully nondynamical assumptions appears to
be of special interest when going beyond the limit of dilute gases.
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I. TWO KINETIC PHASES EMBEDDED IN THE CLUSTER

An equilibrium cluster is described by the ergodic measure p(x) defined in the
one-particle phase space x,

R(x) = (Nie(x) + (1 = (n)ug(x) (1)

where (r) stands for the mean fraction of the phase space corresponding to the
clustering motions; p.(x) and p,(x) are the normalized characteristic measures
to describe the cluster phase and the gaseous phase, respectively. The probability
density P,(T,) for the residence time 7, in gaseous phase is usually
approximated by the Poissonian, P,(T,) = (Tg>71 exp[—T,/(T,)], but on the
other hand the probability density P.(7.) for the residence time 7. in cluster
phase is quite different from the Poissonian:
dQy

PC(TC):p dT. +(1_p)

dQL o dQc

dT. — dT. )
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where Qw = exp[—AT. %] (negative Weibull distribution), Q; = exp[—B
x(log T.) P (log-Weibull distribution), and p is the fraction of the negative
Weibull component [1-3]. Figure 1 demonstrates the accumulated probability
O.(x)(x = T.), where the scaling regimes corresponding to two components
Ow(or Py) and Qy(or Pp) are clearly observed, and particularly the intrinsic
long-time tails of Qj(x) are systematically prolonged when the cluster size
becomes large; when the total energy E decreases, the size of the cluster
increases. Two kinetic phases generally coexist in big clusters.

The shape of a cluster depends on the strength of interaction between the
cluster and the environment. When the member particles are violently
exchanged in the case of a small cluster, the shape is quite irregular, but in a
large cluster the shape is almost globular and the variation of the shape is very
slow and majestic. This is the reason why the 1/f fluctuation is often observed
in clustering motions. Figure 2 is a typical example of cluster formation in
N-body hamiltonian systems which we have reported in a previous paper [1],
where the stability of member particles is demonstrated by the gray scale which
represents the Gauss—Riemannian curvature; the inside of a cluster has positive
curvature, and the outside has negative one. The Riemannian geometrization,
which was used in the analysis of the Mixmaster universe model [4], is
successfully applied for the rigorous definition of the cluster.

log [log Q(x)]

1980

3 990

Figure 1. Distribution function Q(x) for the trapping time x. Py (x) is the negative-Weibull and
Pr(x) is the log-Weibull. The parameter E is the total energy that controls the size of the cluster.
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=7.4071 ¥ 77

Figure 2. A snapshot of the cluster formation at E = 0, where the number of member particles
is almost 50% of the total particles.

II. UNIVERSALITY OF THE LOG-WEIBULL DISTRIBUTION
CHARACTERIZING ARNOLD DIFFUSION

The log-Weibull component becomes larger and larger when the cluster size
increases and the cluster shape approaches to a globular one. This implies that
the one-particle motion can be approximated by an integrable hamiltonian
H(p, q) if we consider the clustering motions in a large cluster;

H(p,q) = Ho(p) + €Hi(p, ;1) (3)

where Hj is the effective integrable Hamiltonian and the € H(p,q,t) is the
perturbation due to the small derivation from the globular cluster. Equation (3) is
the standard form of nearly integrable hamiltonian systems, where we can use the
Nekhoroshev theorem [7] for slowly drifting motions such as the Arnold
diffusion in the Fermi—Pasta—Ulam models for quartz oscillators [S]. The dis-
tribution function P(T) of the characteristic time T for the diffusion was derived
many years ago [6] in the following form: P(T) o #ch (T > 1). Tt is easily
obtained that the distribution function P(T) for the Arnofd diffusion is nothing
but the log-Weibull distribution function demonstrated in Fig. 1; if we put ¢ = 2,
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the intrinsic long-time tails in cluster formation (in two-dimensional simulations)
are completely understood in terms of the Arnold diffusion [3].

III. QUASI-STRUCTURE SURVIVING AS A WHOLE BODY

Clusters appear almost always in the transitional regime between two different
thermodynamical phases as a stable kinetic phase. The only difference from the
ordinary phase in thermodynamic limit is that the cluster is an extremely small
open system with finite scales in time as well as in space, where microscopic
fluctuations influence prominently on the whole processes extending from the
birth to the death of the quasi-structure. The cluster discussed here behaves like a
giant particle composed of many microscopic particles. The internal structure of
the cluster has been explored for a long time, but no one succeeded in finding out
any rigid structures on the inside of the cluster. However, our simulations
elucidate that the internal structures are clearly understood in terms of the
coexistence of two different kinetic laws embedded in a cluster. The self-
organization of these two different types of kinetic phases is essential in order
that the cluster can survive for long period, and the stability seems to be protected
by its own internal mechanisms, which are inherent to the cluster itself. We can
say that a cluster should be understood as an entity with active nature, and it is
never a passive entity only adapting to the environment.
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I. INTRODUCTION

Using the modern techniques of laser spectroscopy, it has become possible to
observe the radiation interaction of single atoms. The techniques thus made it
possible to investigate the radiation—atom interaction on the basis of single
atoms. The most promising systems in this connection seem to be single atoms
in cavities and also single atoms in traps. The studies in cavities allow us to
select one interacting mode and thus represent the ideal system with respect to a
quantum treatment. In high-Q cavities a steady-state field of photons can be
generated displaying nonclassic photon statistics. It thus becomes possible to
study the interaction also in the limit of nonclassic or sub-Poissonian fields.
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Single trapped ions allow us to observe among other phenomena quantum
jumps and antibunching in fluorescence radiation. The fluorescent channel
represents the interaction with many modes; however, it is also possible to
combine single mode cavities with trapped atoms, as, for example, in the case of
the proposed ion-trap laser.

A new and interesting twist in radiation—atom interaction can be added when
ultracold atoms are used in both cavities and traps. In this case the distribution
of the matter wave plays an important role besides the standing electromagnetic
wave in the cavity, and their interaction is determined by their respective
overlap leading to new effects.

In the following we will review experiments of single atoms in cavities and
traps performed in our laboratory. Furthermore, new proposals for experiments
with ultracold atoms will be discussed. We start with the discussion of the
one-atom maser.

II. EXPERIMENTS WITH THE ONE-ATOM MASER

The one-atom maser or micromaser uses a single mode of a superconducting
niobium cavity [1-4]. In the experiments, values of the quality factor as high as
3 x 10'° have been achieved for the resonant mode, corresponding to an
average lifetime of a photon in the cavity of 0.2 s. The photon lifetime is thus
much longer than the interaction time of an atom with the maser field; during
the atom passes through the cavity, the only change of the cavity field that
occurs is due to the atom-field interaction. Contrary to other strong coupling
experiments in cavities (optical or microwave; see, e.g., Ref. 5 for a comparison
between the different setups), it is possible with our micromaser to generate a
steady-state field in the cavity which has nonclassic properties so that the
interaction of single atoms in those fields can be investigated. Furthermore,
the generation process of those fields has been studied and is well understood.
The experiment is quite unique in this respect; this also holds in comparison
with the one-atom laser [6] which has been omitted in the survey given in
Table 1 of Ref. 5.

The atoms used in our micromaser experiments are rubidium Rydberg atoms
pumped by laser excitation into the upper level of the maser transition, which is
usually induced between neighboring Rydberg states. In the experiments the
atom—field interaction is probed by observing the population in the upper and
lower maser levels after the atoms have left the cavity. The field in the cavity
consists only of single or a few photons depending on the atomic flux.
Nevertheless, it is possible to study the interaction in considerable detail. The
dynamics of the atom-field interaction treated with the Jaynes—Cummings
model was investigated by selecting and varying the velocity of the pump
atoms [2]. The counting statistics of the pump atoms emerging from the cavity
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allowed us to measure the nonclassic character of the cavity field [3,4] predicted
by the micromaser theory. The maser field can be investigated in this way since
there is entanglement between the maser field and the state in which the atom
leaves the cavity [7,8]. It also has been observed that under suitable experi-
mental conditions the maser field exhibits metastability and hysteresis [9]. The
first of the maser experiments have been performed at cavity temperatures of 2
or 0.5 K. In the more recent experiments the temperature was reduced to
roughly 0.1 K by using an improved setup in a dilution refrigerator [9]. For a
review of the previous work see Raithel et al. [10].

In the following we give a brief review of recent experiments which deal
with the observation of quantum jumps of the micromaser field [9] and with the
observation of atomic interferences in the cavity [11]. New experiments on the
correlation of atoms after the interaction with the cavity field will be briefly
mentioned. Furthermore, we will discuss the generation of number or Fock
states, and we will also describe new possibilities opening up when ultracold
atoms are used for the experiments.

A. Quantum Jumps and Atomic Interferences in the Micromaser

Under steady-state conditions, the photon statistics P(n) of the field of the
micromaser is essentially determined by the pump parameter, © = Nel){ 20 fine/2
[10,13]. Here, N is the average number of atoms that enter the cavity during
the decay time of the cavity field t.,y, 2 is the vacuum Rabi floppy frequency,
and t;, is the atom—cavity interaction time. The quantity (v) = (n)/Nex shows
the generic behavior shown in Fig. 1.

0.8

0.6

{ny/N,,

0.4 |

v

0.2

0.0 1 L 1 L L L
0 1 2 314 6.28 9.42 12.57

0

Figure 1. Mean value of v = n/N.y, versus the pump parameter © = Qtiy\/Nex /2, where the
value of © is changed via Nex. The solid line represents the micromaser solution for 2 = 36 KHz,
tine = 35us, and temperature 7 = 0.15 K. The dotted lines are semiclassic steady-state solutions
corresponding to fixed stable gain=loss equilibrium photon numbers [14]. The crossing points
between a line © = const and the dotted lines correspond to the values where minima in the Fokker—
Planck potential V(v) occur (see details in the text).
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It suddenly increases at the maser threshold value © =1 and reaches a
maximum for © ~ 2 (denoted by A in Fig. 1). At threshold the characteristics of
a continuous phase transition [12,13] are displayed. As O further increases, (v)
decreases and reaches a minimum at © = 2w and then abruptly increases to a
second maximum (B in Fig. 1). This general type of behavior recurs roughly at
integer multiples of 2w, but becomes less pronounced with increasing ©. The
reason for the periodic maxima of (v) is that for integer multiples of © = 2x the
pump atoms perform an almost integer number of full Rabi flopping cycles and
start to flip over at a slightly larger value of O, thus leading to enhanced photon
emission. The periodic maxima in (v) for © = 2m,4n , and so on, can be
interpreted as first-order phase transitions [12,13]. The field strongly fluctuates
for all phase transitions being caused by the presence of two maxima in the
photon number distribution P(n) at photon numbers n; and n,(n; < ny).

The phenomenon of the two coexisting maxima in P(n) was also studied in a
semiheuristic Fokker—Planck (FP) approach [12]. There, the photon number
distribution P(n) is replaced by a probability function P(v,t) with continuous
variables T = 1/T.,y and v(n) = n/N, the latter replacing the photon number n.
The steady-state solution obtained for P(v,t), T > I, can be constructed by
means of an effective potential V(v), showing minima at positions where
maxima of P(v, 1), T>> 1, are found. Close to © = 2r and multiples thereof,
the effective potential V(v) exhibits two equally attractive minima located at
stable gain—loss equilibrium points of maser operation [14] (see Fig. 1). The
mechanism at the phase transitions mentioned is always the same: A minimum
of V(v) loses its global character when © is increased, and it is replaced in this
role by the next one. This reasoning is a variation of the Landau theory of first-
order phase transitions, with /v being the order parameter. This analogy
actually leads to the notion that in the limit N,, — oo the change of micromaser
field around integer multiples © = 2m can be interpreted as first-order phase
transitions.

Close to first-order phase transitions, long field evolution time constants are
expected [12,13]. This phenomenon was experimentally demonstrated in Ref. 9,
along with related phenomena, such as spontaneous quantum jumps between
equally attractive minima of V(v), bistability, and hysteresis. Some of those
phenomena are also predicted in the two-photon micromaser [15], for which
qualitative evidence of first-order phase transitions and hysteresis is reported.

The experimental setup used is shown in Fig. 2. It is similar to that described
by Rempe and Walther [4] and by Benson et al. [9]. As before, 3Rb atoms were
used to pump the maser. They are excited from the 55, F' = 3 ground state to
63P3/, m; = +1/2 states by linearly polarized light of a frequency-doubled
c.w. ring dye laser. The polarization of the laser light is linear and parallel to the
likewise linearly polarized maser field, and therefore only Amj; = 0 transitions
are excited. Superconducing niobium cavities resonant with the transition to the
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Figure 2. Sketch of the experimental setup. The rubidium atoms emerge from an atomic beam
oven and are excited at an angle of 82° at location A. After interaction with the cavity field, they
enter a state-selective field ionization region, where channeltrons 1 and 2 detect atoms in the upper
and lower maser levels, respectively. A small fraction of the UV radiation passes through an electro-
optic modulator (EOM), which generates sidebands of the UV radiation. The blueshifted sideband is
used to stabilize the frequency of the laser onto the Doppler-free resonance monitored with a
secondary atomic beam produced by the same oven (location B).

61D3), m; = £1/2 states were used; the corresponding resonance frequency is
21.506 GHz. The experiments were performed in a *He/*He dilution refrigerator
with cavity temperatures 7 ~ 0.15 K. The cavity Q values ranged from 4 x 10°
to 8 x 10°. The velocity of the Rydberg atoms and thus their interaction time #y
with the cavity field were preselected by exciting a particular velocity subgroup
with the laser. For this purpose, the laser beam irradiated the atomic beam at an
angle of approximately 82°. As a consequence, the UV laser light (linewidth ~
2 MHz) is blue-shifted by 50-200 MHz by the Doppler effect, depending on the
velocity of the atoms.

Information on the maser field and interaction of the atoms in the cavity can
be obtained solely by state-selective field ionization of the atoms in the upper or
lower maser level after they have passed through the cavity. For different #;,,, the
atomic inversion has been measured as a function of the pump rate by
comparing the results with micromaser theory [12,13], and the coupling
constant § is found to be 2 = (40 £ 10) krad/s.

Depending on the parameter range, essentially three regimes of the field
evolution time constant Tgeg can be distinguished. Here we only discuss the
results for intermediate time constants. The maser was operated under steady-
state conditions close to the second first-order phase transition (C in Fig. 1). The
interaction time was tj,; = 47us and the cavity decay time was T¢,y = 60 ms.
The value of N¢x necessary to reach the second first-order phase transition was
Nex =~ 200. For these parameters, the two maxima in P(n) are manifested in
spontaneous jumps of the maser field between the two maxima with a time
constant of ~5s. This fact and the relatively large pump rate led to the clearly
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Figure 3. Quantum jumps between two equally stable operation points of the maser field. The
chaneltron counts are plotted versus time (CT1= upper state and CT2 = lower state signals). The
signals of the two different detectors show a counterphase behavior; this makes it easy to
discriminate between signal and noise.

observable field jumps shown in Fig. 3. Because of the large cavity field decay
time, the average number of atoms in the cavity was still as low as 0.17. The two
discrete values for the counting rates correspond to the metastable operating
points of the maser, which correspond to ~70 and ~140 photons. In the FP
description, the two values correspond to two equally attractive minima in the
FP potential V(v). If one considers, for instance, the counting rate of lower-state
atoms (CT2 in Fig. 3), the lower (higher) plateaus correspond to time intervals
in the low (high) field metastable operating point. If the actual photon number
distribution is averaged over a time interval containing many spontaneous field
jumps, the steady-state result P(n) of the micromaser theory is recovered.

In the parameter ranges where switching occurs much faster than in the case
shown in Fig. 3, the individual jumps cannot be resolved; therefore, different
methods have to be used for the measurement. Furthermore, hysteresis is
observed at the maser parameters for which the field jumps occur. Owing to lack
of space, these results cannot be discussed here. For a complete survey on the
performed experiments, see Ref. 9.

The next topic we would like to discuss is the observation of atomic
interferences in the micromaser [11]. Because a nonclassic field is generated in
the maser cavity, we were able for the first time to investigate atomic
interference phenomena under the influence of nonclassic radiation. Owing to
the bistable behavior of the maser field, the interferences display quantum
jumps; thus the quantum nature of the field becomes directly visible in the
interference fringes. Interferences occur because a coherent superposition of
dressed states is produced by mixing the states at the entrance and exit holes of
the cavity. Inside the cavity the dressed states develop differently in time, giving
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rise to Ramsey-type interferences [16] when the maser cavity is tuned through
resonance.

The setup used in the experiment is identical to the one described previously
[9]. However, the flux of atoms through the cavity is by a factor of 5-10 higher
than in the previous experiments, where the 63P;/,—61Ds; transition was used.
For the experiments the Q value of the cavity was 6 x 10°, corresponding to a
photon decay time of 42 ms.

Figure 4 shows the standard maser resonance in the uppermost plot which is
obtained when the resonator frequency is tuned. At large values of N
(Nex > 89) sharp, periodic structures appear. These typically consist of (a) a
smooth wing on the low-frequency side and (b) a vertical step on the high-
frequency side. The clarity of the pattern rapidly decreases when N increases
to 190 or beyond. We will see later that these structures have to be interpreted as
interferences. It can be seen that the atom-field resonance frequency is red-
shifted with increasing Nex, and the shift reaches 200 kHz for Nox = 190. Under
these conditions there are roughly 100 photons on the average in the cavity. The
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Figure 4. Shift of the maser resonance 63P3/,—61Ds/, for fast atoms (fi,c = 35 ps). The upper
plot shows the maser line for low pump rate (Nex < 1). The FWHM linewidth (50 kHz) sets an
upper limit of ~5 mV/cm for the residual electric stray fields in the center of the cavity. The lower
resonance lines are taken for the indicated large values of Nex. The plots show that the center of the
maser line shifts by about 2 kHz per photon. In addition, there is considerable field-induced line
broadening that is approximately proportional to \/Nex. For Nex > 89 the lines display periodic
structures, which are discussed in the text.
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large red-shift cannot be explained by AC Stark effect, which for 100 photons
would amount to about 1 kHz for the transition used. Therefore it is obvious that
other reasons must be responsible for the observed shift.

It is known from previous maser experiments that there are small static
electric fields in the entrance and exit holes of the cavity. It is supposed that this
field is generated by patch effects at the surface of the niobium metal caused by
rubidium deposits caused by the atomic beam or by microcrystallites formed
when the cavities are tempered after machining. The tempering process is
necessary to achieve high-quality factors. The influence of those stray fields is
only observable in the cavity holes; in the center of the cavity they are
negligible owing to the large atom-wall distances.

When the interaction time f#, between the atoms and the cavity field is
increased, the interference structure disappears for f, > 47 ps [11]. This is due
to the fact that there is no nonadiabatic mixing any more between the substates
when the atoms get too slow.

In order to understand the observed structures, the Jaynes—Cummings
dynamics of the atoms in the cavity has to be analyzed. This treatment is more
involved than that in connection with previous experiments, since the higher
maser field requires detailed consideration of the field in the periphery of the
cavity, where the additional influence of stray electric fields is more important.

The usual formalism for the description of the coupling of an atom to the
radiation field is the dressed atom approach [17], leading to splitting of the
coupled atom-field states, depending on the vacuum Rabi-flopping frequency (2,
the photon number n, and the atom-field detuning 6. We face a special situation
at the entrance and exit holes of the cavity. There we have a position-dependent
variation of the cavity field, as a consequence of which () is position-dependent.
An additional variation results from the stray electric fields in the entrance and
exit holes. Owing to the Stark effect, these fields lead to a position-dependent
atom-field detuning 6.

The Jaynes—Cummings Hamiltonian only couples pairs of dressed states.
Therefore, it is sufficient to consider the dynamics within such a pair. In our
case, prior to the atom-field interaction the system is in one of the two dressed
states. For parameters corresponding to the periodic substructures in Fig. 4, the
dressed states are mixed only at the beginning of the atom-field interaction and
at the end. The mixing at the beginning creates a coherent superposition of the
dressed states. Afterwards the system develops adiabatically, whereby the two
dressed states accumulate a differential dynamic phase ® that strongly depends
on the cavity frequency. The mixing of the dressed states at the entrance and exit
holes of the cavity, in combination with the intermediate adiabatic evolution,
generates a situation similar to a Ramsey two-field interaction.

The maximum differential dynamic phase ® solely resulting from dressed-
state coupling by the maser field is roughly 4m under the experimental
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conditions used here. This is not sufficient to explain the interference pattern of
Fig. 4, where we have at least six maxima corresponding to a differential phase
of 12m. This means that an additional energy shift differently affecting upper
and lower maser states is present. Such a phenomenon can be caused by the
above-mentioned small static electric fields present in the holes of the cavity.
The static field causes a position-dependent detuning 6 of the atomic transition
from the cavity resonance; as a consequence we get an additional differential
dynamic phase ®. In order to interpret the periodic substructures as a result of
the variation of ® with the cavity frequency, the phase ® has to be calculated
from the atomic dynamics in the maser field.

The quantitative calculation can be performed on the basis of the micromaser
theory. The calculations reproduce the experimental finding that the maser line
shifts to lower frequencies when N is increased [11]. The mechanism for that
can be explained as follows: The high-frequency edge of the maser line does not
shift with N at all, since this part of the resonance is produced in the central
region of the cavity, where practically no static electric fields are present.
The low-frequency cutoff of the structure is determined by the location where
the mixing of the dressed states occurs. With decreasing cavity frequency, those
points shift closer to the entrance and exit holes, with the difference between
the particular cavity frequency and unperturbed atomic resonance frequency
giving a measure of the static electric field at the mixing locations. Closer to the
holes the passage behavior of the atoms through the mixing locations becomes
nonadiabatic for the following reasons: First, the maser field strength reduces
toward the holes. This leads to reduced repulsion of the dressed states. Second,
the stray electric field strongly increases toward the holes. This implies a larger
differential slope of the dressed state energies at the mixing locations, and
therefore it leads to a stronger nonadiabatic passage. At the same time the
observed signal extends further to the low-frequency spectral region. Because
the photon emission probabilities are decreasing toward lower frequencies, their
behavior finally defines the low-frequency boundary of the maser resonance
line. With increasing N.x the photon number n increases. As for larger values
of n, the photon emission probabilities get larger; also, increasing Nx leads to
an extension of the range of the signal to lower frequencies. This theoretical
expectation is in agreement with the experimental observation.

In the experiment it is also found that the maser line shifts toward lower
frequencies with increasing #;,,. This result also follows from the developed
model: The red shift increases with #;,; because a longer interaction time leads to
a more adiabatic behavior in the same way as a larger N does.

The calculations reveal that on the vertical steps displayed in the signal the
photon number distribution has two distinctly separate maxima similar to those
observed at the phase transition points discussed above. Therefore, the maser
field should exhibit hysteresis and metastability under the present conditions as



176 H. WALTHER

well. The hysteresis indeed shows up when the cavity frequency is linearly
scanned up and down with a modest scan rate [11]. When the maser is operated
in steady-state and the cavity frequency is fixed to the steep side of one of the
fringes, we also observe spontaneous jumps of the maser field between two
metastable field states.

The calculations also show that on the smooth wings of the more pronounced
interference fringes the photon number distribution P(n) of the maser field is
strongly sub-Poissonian. This leads us to the conclusion that we observe
Ramsey-type interferences induced by a nonclassic radiation field. The sub-
Poissonian character of P(n) results from the fact that on the smooth wings of
the fringes the photon gain reduces when the photon number is increased. This
feedback mechanism stabilizes the photon number resulting in a sub-Poissonian
photon distribution.

B. Entanglement in the Micromaser

Owing to the interaction of the Rydberg atom with the maser field there is an
entanglement between field and the state in which a particular atom is leaving
the cavity.

This entanglement was studied in several papers, see, for example, Refs. 8
and [18]. Furthermore, there is a correlation between the states of the atoms
leaving the cavity subsequently. If, for example, atoms in the lower maser level
are studied [19], an anticorrelation is observed in a region for the pump
parameter © where sub-Poissonian photon statistics is present in the maser field.
Recently, measurements [20] of these pair correlations have been performed
giving a rather good agreement with the theoretical predictions by Briegel
et al. [21]. Because the cavity field plays an important role in this entanglement,
the pair correlations disappear when the time interval between subsequent atoms
get larger than the storage time of a photon in the cavity.

C. Trapping States

The trapping states are a steady-state feature of the micromaser field peaked in a
single photon number, and they occur in the micromaser as a direct consequence
of field quantization. At low cavity temperatures the number of blackbody
photons in the cavity mode is reduced and trapping states begin to appear
[22,23]. They occur when the atom field coupling, €2, and the interaction time,
fin, are chosen such that in a cavity field with ny photons each atom undergoes
an integer number, k, of Rabi cycles. This is summarized by the condition

Qtiniy/nq + 1 = knt (1)

When (1) is fulfilled, the cavity photon number is left unchanged after the
interaction of an atom and hence the photon number is “trapped.” This will
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Figure 5. Inversion of the micromaser field under conditions that the trapping states occur. The
thermal photon number in 107, As the pump rate increases, the formation of the trapping states
from the vaccum show up. See also Fig. 6. The trapping states are characterized by (4, k) whereby
ngy is the photon number and & is the number of Rabi cycles.

occur over a large range of the atomic pump rate N. The trapping state is
therefore characterized by the photon number ny and the number of integer
multiples of full Rabi cycles k.

The buildup of the cavity field can be seen in Fig. 5, where the emerging
atom inversion is plotted against interaction time and pump rate. The inversion
is defined as I(fint) = Py(tint) — Pe(tint), Where P (tine) is the probability of
finding an excited state (ground state) atom for a particular interaction time .
At low atomic pump rates (low Ngx) the maser field cannot build up and the
maser exhibits Rabi oscillations due to the interaction with the vacuum field. At
the positions of the trapping states, the field builds up until it reaches the
trapping state condition. This manifests itself as a reduced emission probability
and hence as a dip in the atomic inversion. Once in a trapping state the maser
will remain there regardless of the pump rate. Therefore the trapping states
show up as valleys in the N direction. Figure 6 shows the photon number
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Figure 6. Photon number distribution of the maser field as a function of the atomic flux Ne.
Shown is a numerical simulation. At Ny = 50 a Fock state with rather high purity is achieved.

distribution as the pump rate is increased for the special condition of the five-
photon trapping state. The photon distribution develops from a thermal
distribution toward higher photon numbers until the pump rate is high enough
for the atomic emission to be affected by the trapping state condition. As the
pump rate is further increased, and in the limit of a low thermal photon number,
the field continues to build up to a single trapped photon number and the
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steady-state distribution approaches a Fock state. There is in general a slight
deviation from a pure Fock state resulting from photon losses. Therefore the
state with the next lower photon number has a small probability. A lost photon
will be replaced by the next incoming atom; however, there is a small time
interval until this actually happens, depending on the availability of an atom.
Owing to blackbody radiation at finite temperatures, there is a probability of
having thermal photons enter the mode. The presence of a thermal photon in the
cavity disturbs the trapping state condition and an atom can emit a photon. This
causes the photon number of the field to jump to a value above the trapping
condition nq and a cascade of emission events will follow resulting in a build up
of a new photon distribution with an average photon number n > nq (Fig. 7).
The steady-state behavior of the maser field thus reacts very sensitively on the
presence of thermal photons and the number of lower state atoms increases.
Note that under readily achievable experimental conditions, it is possible for
the steady-state field in the cavity to approach Fock states with a high fidelity.
Figure 8 summarizes results of simulations of the micromaser field
corresponding to Fock states from n = 0 to n = 5. The experimental realization
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Figure 7. Photon number distribution of the maser field. This simulation shows the strong
influence of thermal photons on the steady-state photon number distribution (Nex = 25).
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Figure 8. Purity of Fock states generated in the micromaser under trapping state conditions.
Shown are computer simulations for Fock states between n = 0 and n = 5. The thermal photon
number in ng = 107%.

requires pump rates of Nex = 25 to Ngx = 50, a temperature of about 100 mK,
and a high selectivity of atomic velocity [23].

The results displayed in Fig. 8 show again the phenomenon that is also
evident in Fig. 6: The deviation from the pure Fock state is mainly caused by
losses; therefore a contribution of the state with the next lower photon number is
also present in the distribution. This is caused by the fact that a finite time is
needed in the maser cavity to replace a lost photon.

Experimental evidence that trapping states can be achieved is shown in
Fig. 9a and 9b (see Ref. 23 for details). The measurement was taken at a cavity
temperature of 0.3 K corresponding to a thermal photon number of 0.054. The
plot shows a rescaled inversion that takes the increasing loss of Rydberg atoms
at longer interaction times into account. The shown result gives a good
qualitative agreement with the Monte Carlo simulations performed in Ref. 10.

In Fig. 9a, which displays the results for smaller N, the trapping states
corresponding to the vacuum (ng,k) = (0,1), one photon (1,1), and two
photons (2, 1) and (2,2) are clearly visible while at higher N (Fig. 9b) the
vacuum and one-photon trapping states become less visible. With increasing Nex
the width of the trapping states decreases [22] and the influence of detuning and
velocity averaging becomes larger. At higher pump rates it is also important that
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Figure 9. Experimental measurement of trapping states in the maser field (Weidinger
et al. [23]). Trapping states appear in a reduced probability of finding ground-state atoms. The
rescaling considers the decay of the Rydberg states on their way from preparation to detection.

the proportion of two atom events grows, reducing the visibility of trapping
states.

In the following we would like to mention another method that can be used to
generate Fock states of the field of the one-atom maser. When the atoms leave
the cavity of the micromaser they are in an entangled state with the cavity
field [20]. A method of state reduction was suggested by Krause et al. [24] to
observe the buildup of the cavity field to a known Fock state. By state reduction
of the outgoing atom, also the field part of the entangled atom-field state is
projected out and the photon number in the field either increases or decreases
depending on the state of the observed outgoing atom. If the field is initially in a
state |n), then an interaction of an atom with the cavity leaves the cavity field in
a superposition of the states |n) and |n+ 1) and leaves the atom in a
superposition of the internal atomic states |e) and |g).

U = cos (¢)le)|n) — isin(d)lg)|n + 1) (2)

where ¢ is an arbitrary phase. The state selective field ionization measurement
of the internal atomic state reduces also the field to one of the states |n) or
|n 4 1). State reduction is independent of interaction time; hence a ground-state
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atom always projects the field onto the |n + 1) state independent of the time
spent in the cavity. This results in an a priori probability of the maser field
being in a specific but unknown number state [24]. If the initial state is the
vacuum, |0), then a number state created is equal to the number of ground-
state atoms that were collected within a suitably small fraction of the cavity
decay time.

In a system governed by the Jaynes—Cummings Hamiltonian, spontaneous
emission is reversible and an atom in the presence of a resonant quantum field
undergoes Rabi oscillations. That is, the relative populations of the excited and
ground states of the atom oscillate at a frequency Q+/n + 1, where (2 is the atom
field coupling constant. Experimentally, we measure again the atomic inversion,
I =Py — P.. In the presence of dissipation a fixed photon number » in a
particular mode is not observed and the field always evolves into a mixture of
such states. Therefore the inversion is generally given by

I(n,ti) = =Y Pacos (2Qv/n + Ttin) (3)

where P, is the probability of finding n photons in the mode, and #, is the
interaction time of the atoms with the cavity field.

The experimental verification of the presence of Fock states in the cavity
takes the form of a pump—probe experiment in which a pump atom prepares a
quantum state in the cavity while the Rabi phase of the emerging probe atom
measures the quantum state. The signature that the quantum state of interest has
been prepared is simply the detection of a defined number of ground-state
atoms. To verify that the correct quantum state has been projected onto the
cavity field a probe atom is sent into the cavity with a variable, but well-defined,
interaction time. Because the formation of the quantum state is independent of
interaction time, we need not change the relative velocity of the pump and probe
atoms, thus reducing the complexity of the experiment. In this sense we are
performing a reconstruction of a quantum state in the cavity using a similar
method to that described by Bardoff et al. [25]. This experiment reveals the
maximum amount of information that can be found relating to the cavity photon
number. We have recently used this method to demonstrate the existence of
Fock states up to n = 2 in the cavity [26].

D. Generation of GHZ States

The following proposal for the creation of states of the Greenberger—Horne—
Zeilinger (GHZ) type [28,29] is an application of the vacuum trapping state. By
the use of the vacuum trapping state a field determination during the
measurement is not necessary, which simplifies strongly the preparation of the
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GHZ states. We assume that the cavity is initially empty, and two excited atoms
traverse it consecutively. The velocity of the first atom, and its consequent
interaction time, is such that it emits a photon with probability (sin¢ 1)2 =
51.8%, where @, = 0.744 7 is the corresponding Rabi angle ¢ of (2) for n = 0.
The second atom arrives with the velocity dictated by the vacuum trapping
condition; for n = 0 it has ¢ = m in (2), so that ¢ = V2 forn = 1. Assuming
that the duration of the whole process is short on the scale set by the lifetime of
the photon in the cavity, we thus have

first

|0,e,¢) — |0,e,e)cos(p,) —i|1,g,e)sin(@,)

second —10,e,e)cos(@,) — |2, g, &) sin (@, )sin(v2 1)

atom

—ill,g,e) sin((pl)cos(\/iﬂ) (4)

where, for example, |1, g, ¢) stands for “one photon in the cavity and first atom in
the ground state and second atom excited.”” With the above choice of
sin(@,) = 0.720, we have cos(,) = sin(p,)sin(v/2 1) = —0.694, so that the
two components with even photon number (n = 0 or n = 2) carry equal weight
and occur with a joint probability of 96.3%. The small 3.7% admixture of
the n = 1 component can be removed by measuring the parity of the photon
state [30] and conditioning the experiment to even parity. The two atoms and the
cavity field are then prepared in the entangled state:

Vony — %uo,e,@ +2.8.8) (5)

which is a GHZ state of the Mermin kind [31] in all respects.

E. The One-Atom Maser and Ultracold Atoms

In this section we discuss the case where the micromaser is pumped by
ultracold atoms; in this limit the center-of-mass motion has to be treated
quantum mechanically, especially when the kinetic energy (hk)2 / 2M of the
atoms is of the same order or smaller than the atom—field [32] interaction
energy 7).

For simplicity, we consider here the situation where an atom in the excited
state |e) is incident upon a cavity that contains n photons so that the combined
atom-field system is described by the state |e,n) = (|v,,) + |v5,1))/V2. The
dressed-state components |y, ;) and | v, ), which are the eigenstates of the
atom—field interaction Hamiltonian, encounter different potentials giving rise to
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different reflection and transmission of the atom. Appropriate relative phase
shifts between the dressed-state components during the atom—field interaction
may result in the state (| v,",,) — | v,.,))/V2 =| g,n+ 1), which corresponds
to the emission of a photon and a transition to the lower atomic level | g).
Likewise, changes in the relative reflection and transmission amplitudes may
lead to a de-excitation of the atom.

For thermal atoms, the emission probability shown in Fig. 10 displays the
usual Rabi oscillations as a function of the interaction time t. For very slow
atoms, however, the emission probability is a function of the interaction length L
and shows resonances such as the ones observed in the intensity transmitted by a
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Figure 10. Emission probability for (a) thermal atoms with k/x = 10 versus the interaction
time Qt and (b) ultracold atoms with k/x = 0.1 versus the interaction length L, and the
corresponding repulsive (dashed lines) and attractive (dotted lines) atom—field potential. The
constant « is defined by (k) /2m = A,
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Figure 11. Reflection and transmission of the atoms at the potential barrier for the |y, )
and at the potential well for the |y, ;) component (a) out of the mazer resonance and (b) on
resonance.

Fabry—Perot resonator. The resonances occur when the cavity length is an
integer multiple of half the de Broglie wavelength of the atom inside the
potential well.

Figure 11 illustrates the reflection and transmission of the atom for a cavity
whose mode function is a mesa function, which approximates the lowest TM
mode of a cylindrical cavity. For very cold atoms, the dressed-state component
that encounters the potential barrier is always reflected. In general, the other
dressed-state component is also reflected at the well. The situation changes
dramatically if the cavity length is an integer multiple of half the de Broglie
wavelength. In this case, the | v, ) is completely transmitted, which implies a
50% transmission probability for the atom. A detailed calculation [32] shows
that in such a situation the emission probability for a photon is 1/2 for each of
the two dressed-state components, yielding an overall emission probability
Pemission = 1/2

So far, we have discussed the motion and atom—field interaction of a single-
atom incident upon the cavity. Due to the unusual emission probability, a beam
of ultracold atoms can produce unusual photon distributions such as a shifted
thermal distribution. For details about this microwave amplification by
z-motion-induced emission of radiation (mazer), the reader is referred to the
trilogy [33-35].

In order to see the mazer resonances for atoms with a certain velocity spread,
the interaction length L has to be small. Whereas in the usual cylindrical
micromaser cavities the smallest cavity length is given by half the wavelength
of the microwaves, cavities of the reentrant type, as depicted in Fig. 12, allow
for an interaction length much smaller than the wavelength. With such a device,
an experiment with realistic parameters seems possible [34].
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III. ION TRAP EXPERIMENTS

Besides the experiments performed with atoms in a cavity the trapped ion
techniques provide another way to investigate quantum phenomena in radiation
atom interaction. In the following recent experiments and new proposals for
experiments will be reviewed.

A. Resonance Fluorescence of a Single Atom

Resonance fluorescence of an atom is a basic process in radiation—atom
interactions and has therefore always generated considerable interest. The
methods of experimental investigation have changed continuously due to the
availability of new experimental tools. A considerable step forward occurred
when tunable and narrow band dye laser radiation became available. These laser
sources are sufficiently intense to easily saturate an atomic transition. In
addition, the lasers provide highly monochromatic light with coherence times
much longer than typical natural lifetimes of excited atomic states. Excitation
spectra with laser light using well-collimated atomic beam lead to a width being
practically the natural width of the resonance transition; therefore it became
possible to investigate the frequency spectrum of the fluorescence radiation with
high resolution. However, the spectrograph used to analyze the reemitted
radiation was a Fabry—Perot interferometer, the resolution of which did reach
the natural width of the atoms, but was insufficient to reach the laser linewidth
(see, e.g., Hartig et al. [36] and Cresser et al. [37]). A considerable progress in
this direction was achieved by investigating the fluorescence spectrum of
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ultracold atoms in an optical lattice in a heterodyne experiment [38]. In these
measurements a linewidth of 1 kHz was achieved; however, the quantum
aspects of the resonance fluorescence such as antibunched photon statistics
cannot be investigated under these conditions becasue they wash out when more
than one atom is involved.

Thus the ideal experiment requires a single atom to be investigated. For some
time it has been known that ion traps enable us to study the fluorescence from a
single laser-cooled particle practically at rest, thus providing the ideal case for
the spectroscopic investigation of the resonance fluorescence. The other
essential ingredient for achieving a high resolution is the measurement of the
frequency spectrum by heterodyning the scattered radiation with laser light as
demonstrated with many cold atoms [38]. Such an optimal experiment with a
single trapped Mg* ion is reviewed in the following. The measurement of the
spectrum of the fluorescent radiation at low excitation intensities is presented.
Furthermore, the photon correlation of the fluorescent light has been
investigated under practically identical excitation conditions. The comparison
of the two results shows a very interesting aspect of complementarity because
the heterodyne measurement corresponds to a ‘“‘wave” detection of the
radiation, whereas the measurement of the photon correlation is a ‘““particle”
detection scheme. It will be shown that under the same excitation conditions the
wave detection provides the properties of a classic atom (i.e., a driven
oscillator), whereas the particle or photon detection displays the quantum
properties of the atom. Whether the atom displays classic or quantum properties
thus depends on the method of observation.

The spectrum of the fluorescence radiation is given by the Fourier transform
of the first-order correlation function of the field operators, whereas the photon
statistics and photon correlation is obtained from the second-order correlation
function. The corresponding operators do not commute, and thus the respective
observations are complementary. The present theory on the spectra of
fluorescent radiation following monochromatic laser excitation can be
summarized as follows: Fluorescence radiation obtained with low incident
intensity is also monochromatic owing to energy conservation. In this case,
elastic scattering dominates the spectrum, and thus one should measure a
monochromatic line at the same frequency as the driving laser field. The atom
stays in the ground state most of the time, and absorption and emission must be
considered as one process with the atom in principle behaving as a classic
oscillator. This case was treated on the basis of a quantized field many years ago
by Heitler [39]. With increasing intensity upper and lower states become more
strongly coupled leading to an inelastic component, which increases with the
square of the intensity. At low intensities, the elastic part dominates since it
depends linearly on the intensity. As the intensity of the exciting light increases,
the atom spends more time in the upper state and the effect of the vacuum
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fluctuations comes into play through spontaneous emission. The inelastic
component is added to the spectrum, and the elastic component goes through a
maximum where the Rabi flopping frequency Q =T'/+/2 (I' is the natural
linewidth) and then disappears with growing (2. The inelastic part of the
spectrum gradually broadens as () increases and for 2 > I"/2 sidebands begin to
appear [37,40].

The experimental study of the problem requires, as mentioned above, a
Doppler-free observation. In order to measure the frequency distribution, the
fluorescent light has to be investigated by means of a high-resolution
spectrometer. The first experiments of this type were performed by Schuda
et al. [41] and later by Walther [42], Hartig et al. [36], and Ezekiel and co-
workers [43]. In all these experiments, the excitation was performed by single-
mode dye laser radiation, with the scattered radiation from a well-collimated
atomic beam observed and analyzed by a Fabry—Perot interferometer.

Experiments to investigate the elastic part of the resonance fluorescence
giving a resolution better than the natural linewidth have been performed by
Gibbs and Venkatesan [44] and Cresser et al. [37].

The first experiments that investigated antibunching in resonance fluores-
cence were also performed by means of laser-excited collimated atomic beams.
The initial results obtained by Kimble, Dagenais, and Mandel [45] showed that
the second-order correlation function g () had a positive slope that is
characteristic of photon antibunching. However, g(® (0) was larger than g<2)(t)
for + — oo due to number fluctuations in the atomic beam and to the finite
interaction time of the atoms [46,47]. Further refinement of the analysis of the
experiment was provided by Dagenais and Mandel [47]. Rateike et al. [48] used
a longer interaction time for an experiment in which they measured the photon
correlation at very low laser intensities (see Cresser et al. [37] for a review).
Later, photon antibunching was measured using a single trapped ion in an
experiment that avoids the disadvantages of atom number statistics and finite
interaction time between atom and laser field [49].

As pointed out in many papers, photon antibunching is a purely quantum
phenomenon (see, e.g., Cresser et al. [37] and Walls [50]). The fluorescence of a
single ion displays the additional nonclassic property that the variance of the
photon number is smaller than its mean value (i.e., it is sub-Poissonian) [49,51].

The trap used for the present experiment was a modified Paul trap, called an
endcap trap [52]. The trap consists of two solid copper—beryllium cylinders
(diameter 0.5 mm) arranged collinearly with a separation of 0.56 mm. These
correspond to the cap electrodes of a traditional Paul trap, whereas the ring
electrode is replaced by two hollow cylinders, one of which is concentric with
each of the cylindrical endcaps. Their inner and outer diameters are 1 and 2 mm,
respectively, and they are electrically isolated from the cap electrodes. The
fractional anharmonicity of this trap configuration, determined by the deviation
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of the real potential from the ideal quadrupole field, is below 0.1% (see Schrama
et al. [52]). The trap is driven at a frequency of 24 MHz with typical secular
frequencies in the xy-plane of approximately 4 MHz. This required a radio-
frequency voltage with an amplitude on the order of 300 V to be applied
between the cylinders and the endcaps.

The measurements were performed using the 325, /2= 32P; /o transition of
a 24Mg" ion at a wavelength of 280 nm. The heterodyne measurement is
performed as follows. The dye laser excites the trapped ion while the
fluorescence is observed in a direction of about 54° to the exciting laser beam.
However, both the observation direction and the laser beam are in a plane
perpendicular to the symmetry axis of the trap. A fraction of the laser radiation
is removed with a beamsplitter and then frequency-shifted [by 137 MHz with an
acousto-optic modulator (AOM)] to serve as the local oscillator. An example of
a heterodyne signal is displayed in Fig. 13. The signal is the narrowest optical
heterodyne spectrum of resonance fluorescence reported to date. Thus our
experiment provides the most compelling confirmation of Weisskopf’s
prediction of a coherent component in resonance fluorescence. The linewidth
observed implies that exciting laser and fluorescent light are coherent over a
length of 400,000 km. Further details on the experiment are given in Refs. 53
and 54.

Investigation of photon correlations employed the ordinary Hanbury—Brown
and Twiss setup. The setup was essentially the same as described by Diedrich
and Walther [49]. The results are shown and discussed in Ref. 53 also.

The presented experiment describes the first high-resolution heterodyne
measurement of the elastic peak in resonance fluorescence of a single ion. At
identical experimental parameters we also measured antibunching in the photon
correlation of the scattered field. Together, both measurements show that, in the
limit of weak excitation, the fluorescence light differs from the excitation
radiation in the second-order correlation but not in the first-order correlation.
However, the elastic component of resonance fluorescence combines an
extremely narrow frequency spectrum with antibunched photon statistics,
which means that the fluorescence radiation is not second-order coherent as
expected from a classic point of view [55]. The heterodyne and the photon
correlation measurement are complementary because they emphasize either the
classical wave properties or the quantum properties of resonance fluorescence,
respectively.

B. The Ion-Trap Laser

There have been several theoretical papers on one-atom lasers in the past
[56-60]. This system provides a testing ground for new theoretical concepts and
results in the quantum theory of the laser. Examples are atomic coherence
effects [61] and dynamic (i.e., self-generated) quantum-noise reduction
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Figure 13. Heterodyne spectrum of a single trapped 24 Mg ™" ion. Left: Resolution bandwidth
0.5 Hz. The solid line is a Lorentzian fit to the experimental data; the peak appears on top of a small
pedestal being 4 Hz wide. The latter signal is due to random phase fluctuations in the spatially
separated sections of the light paths of local oscillator and fluorescent light; they are generated by
variable air currents in the laboratory. Right: Heterodyne spectrum of the coherent peak with
sidebands generated by mechanical vibrations of the mount holding the trap. The vibrations are due
to the operation of a rotary pump in the laboratory. For details see Ref. 54.

[59,62,63]. All these aspects are a consequence of a pump process whose
complex nature is not accounted for in the standard treatment of the laser. So far
there is one experiment where laser action could be demonstrated with one atom
at a time in the optical resonator [6]. A weak beam of excited atoms was used to
pump this one-atom laser.
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A formidable challenge for an experiment is to perform a similar experiment
with a trapped ion in the cavity. Mirrors with an ultrahigh finesse are required,
and a strong atom—field coupling is needed. After the emission of a photon, the
ion has to be pumped before the next stimulated emission can occur. Similar to
what occurs in the resonance fluorescence experiments that show antibunching
[45,49], there is a certain time gap during which the ion is unable to add another
photon to the laser field. It has been shown [59] that this time gap plays a
significant role in the production of a field with sub-Poissonian photon statistics.

We have investigated the theoretical basis for an experimental realization of
the ion-trap laser. Our analysis takes into account details such as the multilevel
structure, the coupling strengths, and the parameters of the resonator. It has been
a problem to find an ion with an appropriate level scheme. We could show that it
is possible to produce a laser field with the parameters of a single Ca™ ion. This
one-atom laser displays several features, which are not found in conventional
lasers: the development of two thresholds, sub-Poissonian statistics, lasing
without inversion, and self-quenching. The details of this work are reported in
Refs. 64 and 65. In a subsequent paper [66], also the center-of-mass motion of
the trapped ion was quantized. This leads to additional features of the ion trap
laser, especially a multiple vacuum Rabi-splitting is observed.

The Ca' scheme is sketched in Fig. 14a. It contains a A-type subsystem: The
ion is pumped coherently from the ground state to the upper laser level 4P,
and stimulated emission into the resonator mode takes place on the transition to
3D;, at a wavelength of 866 nm. Further pump fields are needed to close the
pump cycle and to depopulate the metastable levels.

Although spontaneous relaxation from the upper laser level to the ground
state takes place at a relatively large rate of 140 MHz and suppresses the atomic
polarization on the laser transition, laser light is generated for realistic
experimental parameters due to atomic coherence effects within the A
subsystem. The occurrence of laser action is demonstrated in Fig. 14b for a
resonator with a photon damping rate A = 1 MHz and a vacuum Rabi frequency
g = 14.8 MHz on the laser transition. For the numerical calculation of the
realistic scheme, the Zeeman substructure and the polarizations of the fields
have to be taken into account. With increasing coherent pump (2, the mean
photon number inside the resonator first increases and then decreases. Both the
increase and decease of the intensity are accompanied by maxima in the
intensity fluctuations, which can be interpreted as thresholds. Laser action takes
place in between these two thresholds. This is confirmed by the Poissonian-like
photon distribution given in the inset of Fig. 14b. In addition, the linewidth of
the output spectrum is in the laser region up to 10 times smaller than below the
first and beyond the second threshold [65]. Note that for a thermal distribution
the solid and dashed curves in Fig. 14b for the intensity and the intensity
fluctuations would coincide.
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Figure 14. (a) Schematic representation of the Ca™ scheme for the ion-trap laser. (b) Mean
photon number <aTa> (solid curve) and Fano factor F (dashed curve) versus the coherent pump
strength 2. The parameters are A = 1, g = 14.8, 'y = 40, and I'; = 100. The inset shows the photon
distribution for 2 = 50. All rates are in MHz.

For a nonvanishing Lamb-Dicke parameter 1, higher vibrational states will
be excited during the pump and relaxation processes; the amplitude of the
atomic motion will increase. Therefore, the ion will in general not remain at an
antinode of the resonator mode, and the strength of the atom—field coupling will
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decrease. However, the atom can be prevented from heating up by detuning a
coherent pump field. The coupling strength is given by the product of a constant
go depending on the transition probability and a motion-dependent function that
is determined by an overlap integral involving the motional wavefunction of the
atom and the mode function of the field [66].

In a simple two-level laser model with decay rate R4z and pump rate Rpy4, the
cooling process may be incorporated by coupling the atomic motion to a
thermal reservoir with cooling rate B and thermal vibron number p. In such a
simple model, the discrete nature of the quantized motion shows up below
threshold in a multiple vacuum Rabi splitting of the output spectrum [66]. This
is illustrated in Fig. 15. The pairs of peaks correspond to different vibrational
states with different atom—field coupling.

The cooling mechanism is most transparent in the special case of resolved-
sideband cooling. The coherent pump may be detuned to the first lower
vibrational sideband so that with each excitation from 4§, to 4P, one vibron
is annihilated and the CM motion is cooled. Eventually, all the population will
collect in the motional ground state of the atomic ground state 45, /, and cannot
participate in the lasing process. The coherent pump strength is now given by
Qp times a motion-dependent function. In order to maintain laser action in the
presence of the cooling, an additional broadband pump field I' may be applied
to the cooling transition. Figure 16 indicates that a field with a mean photon
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Figure 15. Multiple vacuum Rabi splitting in the output spectrum S, (®) for the two-level atom
with quantized CM motion. The parameters are A =0.1, B=0.05, n=0.5, Ry =0.1,
Rpa = 0.001, and n = 0.7. All rates are in units of go.
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(b'b)

(a'a)

Figure 16. Time evolution of the mean photon number (solid curve) and the mean vibron
number (dashed curve) in the Ca* ion-trap laser with sideband cooling. The parameters are A = 0.5,
go =148, Qy =100, I' =T'; =40, I';, = 100, and n = 0.1 on the laser transition. Initially, the
atom is in the ground state and the vibronic distribution is thermal with (bTh) = 0.1. All rates are
in MHz.

number <a*a> = 2.3 is generated while the mean vibron number is restricted to
a value of (b'h) = 0.5. If a larger mean vibron number is acceptable, the pump
rate " can be increased and more population takes part in the laser action. This
leads to considerably larger mean photon numbers. The calculation shows that it
is possible to incorporate a cooling mechanism in a multilevel one-atom laser
scheme and to obtain significant lasing also for nonperfect localization of the
atom. Although it is difficult to reach the resolved-sideband limit in an
experiment, cooling may still be achieved in the weak-binding regime by
detuning a coherent pump field.

IV. CONCLUSIONS

In this chapter, recent experiments with single atoms in cavities and traps are
reviewed. It is especially pointed out that using ultracold atoms will lead to new
interesting aspects in atom-matter interaction. The possibility that now
ultracold atoms are available bring such experiments into reach in the near
future.

The quantum-mechanical CM motion of the atoms incident upon a
micromaser cavity is equivalent to a scattering problem that involves both a
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repulsive and an attractive potential. The emission probability for an initially
excited ultracold atom exhibits sharp resonances when the de Broglie
wavelength fits resonantly into the cavity. These resonances may be observed
experimentally with the help of a reentrant cavity. Whereas the eigenstates of
the atomic motion are continuously distributed for the maser, the motion is
confined to a trapping potential in the one-atom laser. The discrete nature of the
CM motion in the trap is reflected below threshold by multiple vacuum Rabi
splitting. In order to prevent the atom from being continuously heated by the
pump and relaxation processes, sideband cooling has been incorporated into
the model. The recently proposed Ca™ ion-trap laser is used to illustrate the
possibility of one-atom lasing in the presence of a cooling mechanism.

There is one very interesting application of the “mazer”” which should be
briefly mentioned here: The device can act as a filter for matter waves and can
thus be used to increase the coherence length of an atomic beam, in the same
way that a Fabry—Perot can be used to increase the coherence length of a light
wave. This application is discussed in Ref. 67.
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I. QUANTUM SUPERPOSITION AND DECOHERENCE

There is a basic difference between the predictions of quantum theory for
quantum systems that are closed (isolated) and open (interacting with their
environments.) In the case of a closed system, the Schrodinger equation and the
superposition principle apply literally. In contrast, the superposition principle is
not valid for open quantum systems. Here the relevant physics is quite different,
as has been shown by many examples in the context of condensed matter physics,
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quantum chemistry, and so on. The evolution of open quantum systems has to be
described in a way violating the assumption that each state in the Hilbert space of
a closed system is equally significant. Decoherence is a negative selection
process that dynamically eliminates nonclassic states.

The distinguishing feature of classic systems, the essence of ‘“classic
reality,” is the persistence of their properties—the ability of systems to exist in
predictably evolving states, to follow a trajectory which may be chaotic, but is
deterministic. This suggests the relative stability—or, more generally, predict-
ability—of the evolution of quantum states as a criterion that decides whether
they will be repeatedly encountered by an observer and can be used as
ingredients of a “classic reality.” The characteristic feature of the decoherence
process is that a generic initial state will be dramatically altered on a
characteristic decoherence time scale: Only certain stable states will be left on
the scene.

Quantum measurement is a classic example of a situation in which a
coupling of a macroscopic quantum apparatus A and a microscopic measured
system S forces the composite system into a correlated, but usually exceedingly
unstable, state. In a notation where |Ag) is the initial state of the apparatus and
[\) the initial state of the system, the evolution establishing an A—S correlation
is described by

)[Ao) =D ouloi)|Ao) — Y oo Ai) = |) (1)

An example is the Stern—Gerlach apparatus. There the states |o;) describe
orientations of the spin, and the states |A;) are the spatial wavefunctions centered
on the trajectories corresponding to different eigenstates of the spin. When the
separation of the beams is large, the overlap between them tends to zero
({(Ax|A}) ~ du). This is a precondition for a good measurement. Moreover,
when the apparatus is not consulted, A—S correlations would lead to a mixed
density matrix for the system S:

Py = Y loul*[ow) (ox| = Tr(@)(D| 2)
k

However, this premeasurement quantum correlation does not provide a sufficient
foundation to build a correspondence between the quantum formalism and the
familiar classic reality. It only allows for Einstein—Podolsky—Rosen quantum
correlations between A and S, which imply the entanglement of an arbitrary
state—including nonlocal, nonclassic superpositions of the localized status of
the apparatus (observer)—with the corresponding relative state of the other
system. This is a prescription for a Schrédinger cat, not a resolution of the
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measurement problem. What is needed, therefore, is an effective superselection
rule that “outlaws” superpositions of these preferred *’pointer states.” This rule
cannot be absolute: There must be a time scale sufficiently short, or an
interaction strong enough, to render it invalid, because otherwise measurements
could not be performed at all. Superselection should become more effective
when the size of the system increases. It should apply, in general, to all objects
and allow us to reduce elements of our familiar reality—including the spatial
localization of macroscopic system—from Hamiltonians.

Environment-induced decoherence has been proposed to fit these require-
ments [1]. The transition from a pure state |®)(®| to the effectively mixed p,g
can be accomplished by coupling the apparatus A to the environment €. The
requirement to get rid of unwanted, excessive, EPR-like correlations (1) is
equivalent to the demand that the correlations between the pointer states of the
apparatus and the measured system ought to be preserved in spite of an
incessant measurement-like interaction between the apparatus pointer and the
environment. In simple models of the apparatus, this can be assured by
postulating the existence of a pointer observable with eigenstates (or, more
precisely, eigenspaces) that remain unperturbed during the evolution of the open
system. This ‘“nondemolition” requirement will be exactly satisfied when the
pointer observable O commutes with the total Hamiltonian generating the
evolution of the system:

[(H + Hin), 0] = 0 (3)

For an idealized quantum apparatus, this condition can be assumed to be satisfied
and—provided that the apparatus is in one of the eigenstates of O—Ileads to an
uneventful evolution:

[Ak)€0) — |Ax) lex (7)) (4)

However, when the initial state is a superposition corresponding to different
eigenstates of O, the environment will evolve into an |A;)-dependent state:

> olAe) |leo) = D oulAn)ex(®)) (5)
k k

The decay of the interference terms is inevitable. The environment causes
decoherence only when the apparatus is forced into a superposition of states,
which are distinguished by their effect on the environment. The resulting
continuous destruction of the interference between the eigenstates of O leads to
an effective environment-induced superselection. Only states which are stable in
spite of decoherence can exist long enough to be accessed by an observer so that
they can count as elements of our familiar, reliably existing reality.
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Effective reduction of the state vector follows immediately. When the
environment becomes correlated with the apparatus,

®)leo) — Z%V‘k o) ex(r)) = [¥) (6)

but the apparatus is not consulted (so that it must be traced out), we have

Pas = Tr|¥)(¥| = Z|Oﬂk| |Ak) (A [ok) (o] (7)

Only correlations between the pointer states and the corresponding relative states
of the system retain their predictive validity. This form of p, follows, provided
that the environment becomes correlated with the set of states {|Ax) } (it could be
any other set) and that it has acted as a good measuring apparatus, so that
(ex(?)|ew (1)) = S (the states of the environment and the different outcomes are
orthogonal).

Let us consider a system S ruled by a Hamiltonian Hy and coupled to the
environment through the term

H = wE (8)

where v is the coupling strength, x is a coordinate of the system, and E is an
environment operator. As we trace the overall density operator over an ensemble
of environments with temperature 7, the system’s density matrix in the
coordinate representation, p(x,x’), evolves according to the following master
equation [2]:

dp 1 , kT ,
= [Ho,p]—v(x—x)(ax—6x«)p—n;(x—x)2p (9)

where m := v?/2, and y := m/2m is the drift coefficient that rules the evolution
of the first moments. “Negative selection’ consists of the rapid decay of the off-
diagonal elements of p(x,x’). Indeed, for i — 0, the last term on the right-hand
side of (9) prevails, providing the solution

p(xaxlvt) = p(X,X,,O)CXp (‘ﬂ?(x —X’)2> (10)

With Ax =x —x, we see that an initial offset p(x,x’,0) decays after a

decoherence time
1 g\’
== 11
Ty (AX) an
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where

h h
App = — = 12
b p 2mkT (12)

is the thermal de Broglie length. At length scales Ax >> Apg, we have 1p < 1/1,
such that the system decoheres rapidly and then continues with the standard
Brownian decay on the time scale 1/y.

II. OPTICAL IMPLEMENTATION OF MESOSCOPIC
QUANTUM INTERFERENCE

The possibility of interference between macroscopically distinct states (the
so-called Schrodinger cats [3]) has been suggested by Leggett [4—6] for the case
of two opposite magnetic flux states associated with a SQUID.

Recently, two experiments on Schrodinger cats have been demonstrated. In
the first one [7] the two different states |+ o) are coherent states of the
vibrational motion of a °Be’ion within a one-dimensional ion trap. The
maximum separation reported between the two states corresponds to about
2|a| = 6. In the second one [8] the two different states are coherent states of a
microwave field, with a maximum separation up to about 3.3.

An optical experiment would consist of generating the superposition of two
coherent states of an optical field and detecting their interference. Generating a
superposition of coherent states requires some nonlinear optical operations, and
different proposals have been formulated, based respectively on %) and y?
nonlinearities. In the first one [9] a coherent state, injected onto a %*) medium,
evolves toward the superposition of two coherent states 180° out of phase with
each other. However, for all practically available %) values, the time necessary
to generate the superposition state, which scales as 1/%%), is always much
longer than the decoherence time. We recall that for a superposition
(Jou) 4+ | — &))/v/2 of two coherent states, the decoherence time is given by
the damping time of the field, divided by the square distance (4|o|?) [9].

The second proposal, by Song, Caves, and Yurke (SCY) [10], consists of an
optical parametric amplifier (OPA) pumped by a coherent field, generating an
entangled state of signal (S) and readout (R) modes. Passing the S mode through
a further OPA, and measuring its output field conditioned upon the photon
number on the R mode, should yield interference fringes, associated with the
coherent superposition of two separate states. However, the fringe visibility is
extremely sensitive to the R detector efficiency, and as a result the SCY
interference has not been observed so far.

We have recently introduced a modified version of SCY, whereby fringes can
still be observed at the efficiencies of currently available detectors [11]. The
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price to be paid is a very low count rate, which is, however, compensated for by
the use of a high-frequency pulsed laser source. Our setup is shown in Fig. 1.

Choosing the back-evasion condition of Ref. 12 it can be shown that the state
of the two field modes at the output of the first OPA apparatus is

) = e~ TXs¥x0, 0) (13)

where T = 2sinh(r), r being proportional to the product of the pump laser
amplitude and the nonlinear susceptibility x?) of the parametric amplifier [13],
and XS = (&S + &;)/\/2, YR = (LAIR - &;)/(l\/i)

3 a
Laser i i
! ci
! i
! i
! i
o] ! i
! i
! i
; .
SHG i b i
[0}
:2(1) ! PBS
T ora EePNEetl opa e
S I
PRt I R
R ' a I(_: V
L
[ . -
NI o
1
OPA
LO
D
D
<+ Gate

Figure 1. Layout of the proposed experiment: SHG, second harmonic generation; OPA, optical
parametric amplifiers (including polarization rotators); PBS, polarizing beam splitter; R, readout
channel; S, signal channel; D, detectors; LO, local oscillator for homodyne. The homodyne detection
is performed via a balanced scheme. The dashed—dotted box on the S channel (magnified in the
inset) denotes the optional insertion of a Mach—Zehnder interferometer with two inputs, a and ¢, and
one output, b. Branch c include a phase adjustment in order to build the superposition state given by
Eq. (25). When no interferometer is inserted, a coincides with b.
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In the representation of the eigenstates |xs, yz) of Xg e Yg, [\s) is written as

V(xs, &) = (x5, y&|W) = e~ T8, (x5, y&) (14)

where \,(xs, yg) is the wavefunction of the vacuum state.

By a photodetection measurement on mode R, we obtain the (not
normalized) state \Iff of mode S conditioned upon the photon number n on R,
that is,

(0.0}

@mr{ dy(xs, Y)W ) (15)

—00

where 7 is the photon number detected on R and \s,,(yg) is the number state |n) in
the yg representation of the R mode.
The integral

PO = | WP ax (16

gives the probability that n photons are in mode R.
The probability distribution of x;,, conditioned on the photon number in mode
R, is [13]

[Wa(xs)*

P(n)
2 1y (2n41)/2
— (2”)”(1 + T /2) X2n€7(1+T_/2) (17)
n!/2n!(2n — N S

P(xs|n) =

Both the dependence of P(n) upon n [Eq. (16)] and the dependence of P(x|n)
upon x [Eq. (17)] for n between 0 and 10 have been visualized in Figs. 1 and 2 of
Ref. 11.

For n > 0 the conditional probability (17) is approximated by the sum of two
Gaussians whose distance increases with n. The width of each of the two peaks
is smaller than that corresponding to a coherent state. SCY suggested to increase
the peak separation by passing the S signal through a degenerate OPA, described
by the evolution operator

U](I"]) = 67”@3&37&;&;) (18)

The output of this second OPA consists of the superposition of two near-
coherent states.
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When measuring the quadrature Y at the output of the second OPA for a
fixed photon number n detected on the R channel, interference fringes should
appear as a result of the superposition.

The probability distributions P(ys|n) of Ys for n that goes from 0 to 10 and
for T = 3 are reported in Fig. 5 of Ref. 11. Of course, if we sum up several of
them with their weights P(n), the interference fringes cancel out. From this fact,
it is easily understood how critical the quantum efficiency of the R
photodetector is.

Let us suppose that the R photodetector has an efficiency ny < 1. For the
time being, we refer to a single photomultiplier detector. Selecting the laser
wavelength, the quantum efficiency of the photocatode can be n; = 0.05. If n
photons impinge on it, the probability of detecting m photons is given by the
binomial distribution

P(min) = (7 )1 =ng)" " (19)

Thus, the probability of yg conditioned by the detection of m photons on R is
given by

Py (ys|m) = ZP ys|n)P(n|m)

n>m

-y P(}’s|n)]5((;:)|n)P(n) 20)

n>m

where P(n) is given by Eq. (16) and the normalization factor in the denominator
is N(m) = ¥, P(m|n)P(n).

The P,, are reported in Fig. 2, using the parameters chosen in [13] (T = 3),
for some values of the efficiency and for m that goes from 1 to 5. With n, = 0.7
the fringes practically disappear, and therefore no superposition is observed.

The last term of Eq. (20), based on Bayes theorem, says that in order to get
the distribution of yg, conditioned by the detection of m photons, we must
consider all distributions P(ys|n) for n > m, each one weighted by the
probability P(n|m) of n photons when m of them have been counted. With the
parameters considered in Ref. 13, P(n|4) has the behavior reported in Fig. 3a
(we have set m = 4). The uncertainty on n implies a reduction of the fringe
visibility on ys.

We aim at reducing the width of the distribution P(n|m), based on the
available efficiency of commercial detectors. The only parameter that we can
change is the gain T of the first OPA. Reducing the value of gain T, the
distribution P(n) decays faster for increasing n. In Fig. 3b we have reported
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Figure 2. Probability distribution Py, (ys|m) of yg for T =3 and different efficiencies of the
readout detector:n, = 0.7 (dashed line), n; = 0.5 (solid line).

P(n|4) for ng = 0.3 and for T = 2, 1, and 0.4. In this last case we note a sharp
reduction of the probability for n > m; therefore if the detector counts m, there
is a very small probability of having n > m photons.

To confirm such a guess, we report in Fig. 4 the distributions Py (ys|m) for
some values of T and for np = 0.3.

The very remarkable fact is that for T = 0.4, the fringe visibility is not
practically affected by lowering the quantum efficiency. An alternative detection
scheme replaces the single photomultiplier with an array of single-photon
detectors [14,15]. In such a case the binomial distribution (8) no longer holds,
and one should instead recur to Eq. (11) of Ref. 12. This change does not affect
the fringe visibility.

Lowering T has no practical influence on the separation of the two near-
coherent states at the exit of the second OPA for the same photon number m in
mode R.

However, there is a price to pay, indeed: A small T lowers the probability of
photon detection on mode R. In Fig. 5 of Ref. 9 we have reported the
distribution N(m), for ng = 0.05 and T = 0.4. N(4) is less than 101°; thus
even if we utilize a pulsed laser with frequency 80 MHz and select m = 4, we
have less than one favorable event every 100 seconds.

Thus, we must compromise between the fringe visibility and the counting
rate.
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Figure 3. Conditional probability of an impinging photon number n when the detector registers
m = 4 for (a) different efficiencies Ny at a fixed OPA gain T = 3 and (b) different gains T at a fixed
efficiency ny = 0.3.

A much higher counting rate is obtained by using an array of diodes
following the proposal by Paul et al. [14,15]. For four photons, the count rate is
now on the order of 1079, thus yielding 20-80 counts per second with a laser
pulsed at an 80-MHz rate.
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Figure 4. As Fig. 2 but with fixed ng = 0.3, T =1 (dashed line), and 7' = 0.4 (solid line).

The Ys quadrature is measured via a homodyne detector. The mode S is
superposed to a reference field at frequency m, with appropriate phase, and we
measure the intensity of the superposition.

The probability that the S detector counts N photons in the resulting field, if
its efficiency is 1, is given by

+00 2
[ (NlyshUys — A) dys 1)

J =00

Po(N) =

Accounting for the photodetector efficiency mng < 1, the count probability
becomes

P)(M) =Y P,(N)P(M|N) (22)
where
POuIN) = ()1 = g 23)

In Fig. 5a we report the distributions P}) (M) for some values ng of the homodyne
detector efficiency in the case of a superposition of two coherent states of
opposite phase with separation 2|a| = 2+/5. For 1 s = 0.8 the fringes are barely
visible.
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Figure 5. Photocount distribution after the homodyne detection for an input field of two
coherent states | % o) where |oc\2 = 5 for different homodyne detector efficiencies ng and with a pre-
OPA set at different gains [: (a) /=1 (no pre-OPA), (b) /=0.3, (c) / =0.15. The different
horizontal scales correspond to different LO intensity for the three cases.
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Figure 5. (Continued)

We expect that use of PIN diodes should provide a high detection efficiency
[16]. However, we devise a way to improve the fringe visibility as if the
efficiency were very close to unity.

P(M|N) has the effect of rounding off the distribution P,(N). By spreading
the distribution P,(N), it becomes less sensitive to this roundoff. This can be
done by incorporating in the detection system a pre-OPA whose role consists in
separating the fringes.

Indeed, the decoherence rate is proportional to the square root of the distance
between the two states in the phase plane; thus an auxiliary OPA before the
homodyne, with gain less than unity for the xsg quadrature, reduces the
separation and therefore reduces the effect of the losses.

If I(<1) is the shrinking factor for xs in the auxiliary OPA, then the
probability P,(N) of Eq. (21) changes to

+00 2
j (NlyshWli(ys — A)] dys (24)

—00

Po(N) =

The corresponding distributions P)(M) are reported for / = 0.3 and 0.15 in
Figs. 5b and 5c, respectively, for the case |a|* = 5. With / = 0.3 and 1y = 0.7 the
fringes are well visible, confirming the validity of the proposed strategy.
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Notice that Fig. 5 is evaluated for a photon number around 100, for sake of
demonstration; in fact, the experiment is carried with a much higher LO
intensity.

To summarize, the opposite roles of second and third OPA consist, res-
pectively, of putting the two states of the superposition away and then
reapproaching them. This means that a measurement done in the intermediate
space region would resolve two widely separate states. The setup here proposed
is an optical implementation of the ideal experiment suggested for the same
purpose by Wigner in the case of two spin 1/2 particles, by use of two Stern—
Gerlach apparatuses [17].

III. “WHICH PATH” EXPERIMENT WITH A
LARGE PHOTON NUMBER

The availability of an intermediate spatial region suggests a way of transforming
the phase-space separation of the two states of the superposition into a real space
separation. Precisely, we might insert a Mach—Zehnder interferometer between
second and third OPA. The two inputs of the first beam splitter are fed,
respectively, by the superposition state (o) -+ | — o)) /+/2 and by a coherent state
|v) with |y| = |o| and adjustable phase. By a suitable choice of this phase, the two
separate arms A and B of the interferometer have a field given by the
superposition

B1)4l0)5 +10)4(B2) g (25)
where [B,| = |B,| = \/§|°‘|~

Thus, a photodetection performed on the two arms of the interferometer
would provide a photon number 2|oc|2 on one arm and O on the other or
viceversa; however, if no measurement is performed within the interferometer,
the homodyne system at the output will detect an interference between the two
alternative paths. Adjusting the two interference arm lengths, we recover the
input states at interferometer output. This final measurement is a ““which path”
experiment, upgraded to a packet of 2|oc|2 photons. So far this experiment had
been performed with only one photon, whereas in our setup it is scaled to a large
photon number.

The corresponding experiment is being carried at the National Institute of
Applied Optics (INOA) in Florence, Italy.

A first run, with an Nd:YAG mode locked laser at A = 1.06 um, was
hampered by the low efficiency of available avalanche Si detectors at that
wavelength. An improved version, using a Ti:Sa laser at A = 800 nm, provides a
much better matching within the peak efficiency of the Si detectors. Preliminary
reconstructions of the Wigner function of the superposition state have already
tested the soundness of the proposed scheme.
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I. INTRODUCTION

In the present chapter we investigate a general model of quantum system
interacting with a bosonic reservoir via a Hamiltonian of the form

H = Hy + \H;

where H; is called the free Hamiltonian and H; is called the interaction
Hamiltonian.

The stochastic golden rules, which arise in the stochastic limit of quantum
theory as natural generalizations of Fermi golden rule [1,2], provide a natural
tool to associate a stochastic flow, driven by a white noise (stochastic
Schrodinger) equation, with any discrete system interacting with a quantum
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field. This white noise Hamiltonian equation, when put in normal order,
becomes equivalent to a quantum stochastic differential equation. The Langevin
(stochastic Heisenberg) and master equations are deduced from this white noise
equation by means of standard procedures that are described in Ref. 1.

We use these equations to investigate the decoherence in quantum systems.

In Ref. 3, extending previous results obtained with perturbative techniques in
Ref. 9, it was shown in the example of the spin—boson Hamiltonian that the
decoherence in quantum systems can be controlled by the following constants
(c.f. Section 2 for the definition of the quantities involved):

Re(gls)?; = jdk (0 P2n8(0(k) — )N (K)

In this chapter we extend the approach of Ref. 3 from two-level systems to
arbitrary quantum systems with discrete spectrum. Our results show that the
stochastic limit technique gives us an effective method to control quantum
decoherence.

We find that in the above-mentioned interaction, all the off-diagonal matrix
elements, of the density matrix of a generic discrete quantum system, will decay
exponentially if Re(g|g) are nonzero. In other words, we obtain the asymptotic
diagonalization of the density matrix.

Moreover, we show that for the generic quantum system the off-diagonal
elements of the density matrix decay exponentially as exp(—N Re(g|g)?), with
the exponent proportional to the number N of particles in the system. Therefore
for generic macroscopic (large N) systems the quantum state will collapse into
the classic state very quickly. This effect was built in by hands in several
phenomenological models of the quantum measurement process. In the
stochastic limit approach it is deduced from the Hamiltonian model.

This observation contributes to the clarification of one of the old problems of
quantum theory: Why do macroscopic systems usually behave classically? That
is, why do we observe classic states although the evolution of the system is a
unitary operator described by the Schrodinger equation?

The quantum Markov semigroup we obtain leaves invariant the algebra
generated by the spectral projections of the system Hamiltonian; and the
associated master equation, when restricted to the diagonal part of the density
matrix, takes the form of a standard classic kinetic equation. This master
equation describes the convergence to equilibrium (Gibbs state) of the system,
coupled with the given reservoir (quantum field).

Summing up: The convergence to equilibrium is a result of quantum
decoherence.

If we can control the interaction so that some of the constants Re(g|g) are
zero, then the corresponding matrix elements will not decay in the stochastic
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approximation—that is, in a time scale that is extremely long with respect to the
slow clock of the discrete system. In this sense the stochastic limit approach
provides a method for controlling quantum coherence.

The general idea of the stochastic limit (see Ref. 1) is to make the time
rescaling t — 1/ A? in the solution of the Schrodinger (or Heisenberg) equation
in the interaction picture U,()L> = ¢iMoe=itH  associated to the Hamiltonian H,
that is,

0
— v = —inH (1)U

ot

with H;(t) = e™ He~"_ This gives the rescaled equation

d
9y

_ i 2y77(%)
ot T _X H[([/?\ )U,/;LZ (1)

and one wants to study the limits, in a topology to be specified,

. » .1 !
iU =0, img A (5) = @

The limit A — O after the rescaling t — t/ A2 is equivalent to the simultaneous
limit A — 0,  — oo under the condition that 22t tends to a constant (interpreted
as a new slow time scale). This limit captures the dominating contributions to
the dynamics, in a regime of long times and small coupling, arising from the
cumulative effects, on a large time scale, of small interactions (A — 0). The
physical idea is that, when observed from the slow time scale of the atom,
the field looks like a very chaotic object: a quantum white noise, that is, a
d-correlated (in time) quantum field b* (¢, k), b(t,k) also called a master field.

The structure of the present chapter is as follows.

In Section II we introduce the model and consider its stochastic limit.

In Section III we derive the Langevin equation.

In Section IV we derive the master equation for the density matrix and show
that for nonzero decoherence the master equation describes the collapse of the
density matrix to the classic Gibbs distribution and discusses the connection of
this fact with the procedure of quantum measurement.

In Section V, using the characterization of quantum decoherence obtained in
Section IV and generalizing arguments of Ref. 3, we find that our general model
exhibits macroscopic quantum effects (in particular, conservation of quantum
coherence). These effects are controllable by the state of the reservoir (that can
be controlled by filtering).
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In Section VI we apply our general scheme to the model of a quantum system
of spins interacting with a bosonic field and derive a quantum extension of the
Glauber dynamics.

Thus our stochastic limit approach provides a microscopic interpretation, in
terms of fundamental Hamiltonian models, of the dynamics of quantum spin
systems. Moreover, we deduce the full stochastic equation and not only the
master equation. This is new even in the case of classic spin systems.

II. THE MODEL AND ITS STOCHASTIC LIMIT

In the present paper we consider a general model, describing the interaction of a
system S with a reservoir, represented by a bosonic quantum field. Particular
cases of this general model were investigated in [3-5]. The total Hamiltonian is

H = Hy + \H; = Hg + Hg + \H;

where Hp is the free Hamiltonian of a bosonic reservoir R:
Hp = Jw(k)a*(k)a(k) dk

acting in the representation space % corresponding to the state (-) of bosonic
reservoir generated by the density matrix N that we take in the algebra of spectral
projections of the reservoir Hamiltonian. The reference state (-) of the field is a
mean zero gauge invariant Gaussian state, characterized by the second-order
correlation function equal to

(a(k)a” (k') = (N(k) + 1)d(k — k)
(a*(k)a(k')) = N(k)d(k — k')
where the function N (k) describes the density of bosons with frequency k. One of

the examples is the (Gaussian) bosonic equilibrium state at temperature Bfl.
The system Hamiltonian has the following spectral decomposition:

Hg=> &P,

where the index r labels the spectral projections of Hg. For example, for a
nondegenerate eigenvalue ¢, of Hyg the corresponding spectral projection is

P, = &) (e/|

where |¢,) is the corresponding eigenvector.
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The interaction Hamiltonian H; (acting in #’s ® %) has the form

Hy = Z(Df ®A(gj) + D ©A™(g)), Alg) = Jdkg(k)a(k)

where A(g) is a smeared quantum field with cutoff function (form factor) g(k). To
perform the construction of the stochastic limit, one needs to calculate the free
evolution of the interaction Hamiltonian: H;(t) = e Hye~ o,

Using the identity

1:2138,

we write the interaction Hamiltonian in the form

H; = Z ZPS,D;PS;_ Jdkgj(k)a(k) + h.c. (3)

i
Let us introduce the set of energy differences (Bohr frequencies)
F={0w=¢ —& :&,¢& € SpecHs}
and the set of all energies of the form
Fo = {& : Jey(&r, & € Spec Hs) such that &, — & = ©}

With these notations we rewrite the interaction Hamiltonian (3) in the form

=D > D PuDPi Jdkgj(k)a(k) +he.

j oeF g €F,

— Z ZE Jdkgj (k)a(k) + h.c. (4)

j ocF

where

= Z Pg,_oXP, (5)

g,€F,
It is easy to see that the free volution of E,(X) is

eiIHSEm (X)efitHs — e*it(DEm (X)
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Using the formula for the free evolution of bosonic fields
eitHRa(k)efitHR _ efitm(k)a(k)

we obtain the following for the free evolution of the interaction Hamiltonian:

=> > Ey(D; Jdkgj k)e "e®=0)g(k) + h.c. (6)

j ©€eF

In the stochastic limit the field H,(¢) gives rise to a family of quantum white

noises, or master fields. To investigate these noises, let us suppose the following:
1. o(k) >0, Vk.

2. The (d — 1)-dimensional Lebesgue measure of the surface {k : @(k) = 0}

is equal to zero (so that §(w(k)) = 0) (e.g., w(k) = k> +m with m > 0).

Now let us investigate the limit of H;(¢/A*) using one of the basic formulae
of the stochastic limit:

tim exp(%f@)) — 218(1)3(f(K)) )

which shows that the term 8(f(k)) in (7) is not identically equal to zero only if
f(k) = 0 for some & in a set of nonzero (d — 1)-dimensional Lebesgue measure.
This explains condition (2) above.

The rescaled interaction Hamiltonian is expressed in terms of the rescaled
creation and annihilation operators

|
o1, k) = T e 0=y k), ®wEF

After the stochastic limit, every rescaled annihilation operator corresponding to
any transition from €, to &, with the frequency ® = €, — ¢,» generates nontrivial
quantum white noise

1
bo(t,k) = hm akw(t k) = %1n})x e =) k)

with the relations
(1K), 53, (1 )] = limfar o, K), a5 o (1K)
1 1
= 111}11}\‘— e ll_Z(m(k)_m)S(k — kl) (8)
= 21t5(t — t’)8(w(k) —0)d(k — k')
[bo (1, k), by (7', K)] =

y Y
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[c.f. (7)]. This shows, in particular that quantum white noises, corresponding to
different Bohr frequencies, are mutually independent.
The stochastic limit of the interaction Hamiltonian is therefore equal to

=> > E,(D Jdkg] (k)by(1, k) + h.c. (9)

j eF

The state on the master field (white noise) b (z,k), corresponding to our
choice of the initial state of the field, is the mean zero gauge invariant Gaussian
state with correlations:

(% (t,k)bo (1 k') = 2r8(t — ')d(w(k) — ®)8(k — K')N (k)
(bo(t, k)b, (1 k') =2n8(t — ')d(w(k) — @)8(k — k') (N (k) + 1)
and vanishes for noises corresponding to different Bohr frequences.
Now let us investigate the evolution equation in the interaction picture for

our model. According to the general scheme of the stochastic limit, we obtain
the (singular) white noise equation

d
Ui = —ih()U, (10)

whose normally ordered form is the quantum stochastic differential equation [6]
dU; = (—idH(t) — Gdt)U; (11)

where A(t) is the white noise Hamiltonian (9) given by the stochastic limit of the
interaction Hamiltonian and

Z Z (Eo(D))dBijo(t) + Eo(D))dB,,(1)) (12)
dB,o(f) = Jdkgj(k) rdt bo(t,k) dt (13)

According to the stochastic golden rule (11) the limit dynamical equation is
obtained as follows: The first term in (11) is just the limit of the iterated series

solution for (1)
1 t+-dt T
lim — H—)d
fi‘%xL ’<x2> !
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The second term, Gdt, called the drift, is equal to the limit of the expectation
value in the reservoir state of the second term in the iterated series solution for (1)

1 1+dt t
it o [ (3)n(2)

Making in this formula the change of variables t =1, — #; we get

1 t+dt 0 T
ik [ [ ol 5))
A0 )2 , 1 - 1 22 1 22 T2 ( )

Computing the expectation value and using the fact that the limits of oscillating
factors of the form lim;_,ge™"1/ ** vanish unless the constant c is equal to zero, we
see that we can have a nonzero limit only when all oscillating factors of a kind

eicn /3 (with #1) in (14) cancel. In conclusion we obtain

=3[ ax( [ v + e )5

ij oEF Y~

+ [ ket >e"f<w<">°°>N<k>Ew<Di>E;<D,->)

and therefore from the formula

o —i 1
"odr = = —iPP.— 1
J_we dr= ' = () PP (15)

we obtain the following expression for the drift G:

5% ([aratie ) s E D)D)

 [aha g ™ B D)D)

=3 (silg))y Eo(D)ES(D)) + (ilg)w Ea(DEL(D))  (16)

ij ocF

Let us note that for (16) we have the following Cheshire Cat effect found in
Ref. 3: Even if the frequency o is negative and therefore does not generate a
quantum white noise, the corresponding values (g| g)i in (16) will be nonzero. In
other words, negative Bohr frequencies contribute to an energy shift in the
system, but not to its damping.
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Remark. If F is any subset of Spec Hs and X, are arbitrary bounded operators
on K, then for any t € R we have

e P X, Py = P X, Py =Y Py X Py e

g.€F g €F g.€F

In other words, ) . - Pe, X, P;, belongs to the commutant L™ (Hs)' of the abelian
algebra L™ (Hy), genemted by the spectral projections of Hs.

A corollary of this remark is that, for each o € F, for any bounded operator
X € L®(Hs)" and for each pair of indices (i,j) the operators

Eo(Di)XE, (D;), E,(Di)XEq(D;) (17)

belong to the commutant L®(Hs) of L>(Hs). In particular, if Hg has
nondegenerate spectrum so that L (Hs) is a maximal abelian subalgebra of
B(#s), the operators (17) also belong to L (Hg).

III. THE LANGEVIN EQUATION

Now we will find the Langevin equation, which is the limit of the Heisenberg
evolution, in interaction representation. Let X be an observable. The Langevin
equation is the equation satisfied by the stochastic flow j,, defined by

Ji(X) = U; XU,
where U, satisfies Eq. (11) in the previous section, that is,
dU, = (—idH(t) — Gdr)U, (18)
To derive the Langevin equation we consider
djy(X) = jorar(X) — ji(X) = dU; XU, + U XdU, + dU:XdU, (19)
The only nonvanishing products in the quantum stochastic differentials are
dBio(1)dB;,,(1) = 2Re(gilg;), dt,  dB;, (1) dBju(t) = 2Re (gilg;),, dt (20)

Combining the terms in (19) and using (18), (12), (16), and (20), we get the
Langevin equation

dj,(X Z JroBu(X)aM* (1) = Y ji o Byi(X)dM™(1) + j, 0 09(X) d

n=—1,1;jo

(1)
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where

dM 0 (0) = dBjo(r), 0o ju(X) = —ilX, E, (D))] (22)
dM' (1) = dB;, (1), 01,70 (X) = —iX, Eo(D))] (23)

and
B0(X) = ZZ(—nmmgf);[x, E.(D)Eo(D))
ij weF

+ iIm(g,'|g,~)$ [X7 Em(Di)EZ)(Dj)]

+ 2Relelg), (E5(DIXEL(D) — 3 (X, EL(DIED)) )
+ 2Relely)] (EulDIXEL(D) S X EDIELD)} ) ) (24)

is a quantum Markovian generator. The structure map 6y(X) has the standard
form of the generator of a master equation [7]:

B0(X) = W(X) — 5 {(W(1),X} +ilH,X

where W is a completely positive map and H is self-adjoint. In our case ¥(X) is a
linear combination of terms of the type

E; (D;)XE.(D;)

Remark. A corollary of the remark at the end of Section Il is that the
Markovian generator 6y maps L™ (HS)/ into itself. Moreover, if X in (24) belongs
to the L®°(Hs), then the Hamiltonian part of 0¢(X) vanishes and only the
dissipative part remains. In particular, if Hg has nondegenerate spectrum, then
00(X) maps L (Hs) and has the form
00(X) = > > (2Re(gilg), (Ei,(D)XEo(D;) — XE;,(D;)Eo(D;))
ij oeF
+2Re(gilg;), (Eo(Di)XE, (D)) — XEo(D;)Eg (D))

®

for any X € L™ (Hs).

In Ref. 8 the following theorem was proved.
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Theorem. For any pair of operators in the system algebra X, Y, the structure
maps in the Langevin equation (21) satisfy the equation

0.(XY) = 0,(X)Y + X0, (Y +ZcﬁveB (Y)

where the structure constants cﬁ‘Y is given by the Ito table:

dMP (t)dm” (¢ Z Bram®(r)

The conjugation rules of dM*(t) and 0, are connected in such a way that
formula (21) defines a x-flow (x o j, = j, o %).

Let us now investigate the master equation for the density matrix p.

We will show that if the reservoir is in the equilibrium state at temperature
B!, then for the generic system with decoherence the solution of the master
equation p(#) with ¢+ — oo tends to the classic Gibbs state with the same
temperature B~'. This phenomenon realizes the quantum measurement
procedure: The quantum state (density matrix) collapses into the classic state.

To show this we use the control of quantum decoherence that was found in
the stochastic approximation of quantum theory (see Ref. 3 and discussion
below).

Let us consider the evolution of the state (positive normed linear functional
on system observables) given by the density matrix p, p(X) = tr pX. The
evolution of the state is defined as follows:

p: =J; (P) = p ol
Therefore from (21) we obtain the evolution equation:

dp,(X) = p o dji(X —POZJrOB X) dM*(1 Zp, X) dM*(1))

Only the stochastic differential dt in this formula will survive and we obtain the
master equation

2 Pi(X) = p, 0 00(X) = 03(p)(X) (25)

Let us consider the density matrix p = pg ® Pg,
0= P v, D)V
[TRY

where |u), |v) are eigenvectors of the system Hamiltonian H.



226 L. ACCARDI AND S. V. KOZYREV

Using the form (24) of 0y, the master equation (25) will take the form

> pta vl (vl = 3 pla, v,

> (—ilm(gilgj);(|u><V|Xw(8v)DfPsVijPsv—Xm(Su)Ps.lD?Psyij“> (v)

ij ocF

T 2Re(gilg)s (x( )6 + ©)Ps 20D W) (VD P o

1 y .
3 () {VIxe (ev)D; Pe,—oDjPe, + Xm(gu)PsuDi PE,.—ij|l~l> <V|)>
+iIm(gilg)) s (1) (VX (& + ©)DiPe, oD} Pe, — %8y + ®)

X Pg,DiPs, oD [0)(v]) + 2Re(gilg)), (Xw(gu)Xm(SV)PapmDi|H><V|D;P8\m

l * *
= 3005+ ODPe oD + 7l + P DI caDi W) )
(26)

where y,,(g,) = 1 if g, € F,, and equals O otherwise.
IV. DYNAMICS FOR GENERIC SYSTEMS

Let us investigate the behavior of a system with dynamics defined by (26). This
dynamics will depend on the Hamiltonian of the system.

We will call the Hamiltonian Hg generic, if:

1. The spectrum Spec Hg of the Hamiltonian is nondegenerate.

2. For any Bohr frequency o there exists a unique pair of energy levels &,
¢ € Spec Hg, such that

wo=¢c—¢

We investigate (26) for generic Hamiltonian. We also consider the case of one
test function g;(k) = g(k), although this is not important. In this case the
Markovian generator 6 takes the form

0(X) = 3" |(|Dlo)? (—i1m<g|g>c,c, X, o) (o] + 2Re(slg) e

c,0’

« (Ioolio/X10) = 5 (X, o} o} ) + 1m(sl) X, [0} ']

+ 2Relele) s (1) (0lXIo) — 50X, ) ) ) @)
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Here we use the notion

(818)uo = (818)s, e,

+
oo’

Notice that the factors Re(g|g)
opposite case.
It is easy to see that the terms in (27) of the form

are > 0 only for &5 > €, and vanish for the

o) {cl(c"|X]c")

for off-diagonal elements of the density matrix X = |u)(v| are equal to zero. We
will show that in such case Eq. (26) will predict fast damping of the states of the
kind |p)(v].

In the nongeneric case one can expect the fast damping of the state |p)(v|
with different energies €, and &,.

With the given assumptions the action of 8y on the off-diagonal matrix unit
[w)(v|, €y # &y is equal to Auy|p)(v|, where the number A,, is given by the
following:

A = Y _(—iTm(g]g)  [(cIDIW)|* + iTm(g|g) 5 (s |DIV)*

(e

+i1m(glg)g, [(1IDIo)|* — im(glg) s, (vIDIo)|* — Re(glg) ol {o|DI)
— Re(g]g) ol (SIDIV)I* — Re(glg) 5, [ {nID]o)* — Re(glg) g, [(vID|o) ")
(28)

The map 6y multiplies off-diagonal matrix elements of the density matrix pg
by a number A,. Let us note that

ReA,, <0

We will prove in the present section that for generic Hamiltonian the map 6y,
mixes diagonal elements of the density matrix but does not mix diagonal and
off-diagonal elements (the action of 6, on-diagonal element is equal to the
linear combination of diagonal elements). Therefore

T (I {v]) = exp(At)[) (V]

We see that if any of the Re(g|g)|(B|D|o)|* in (28) is nonzero, then the
corresponding off-diagonal matrix element of the density matrix decays. We
obtain an effect of the diagonalization of the density matrix. This gives an
effective criterium for quantum decoherence in the stochastic approximation:
The system will exhibit decoherence if the constants Re(g|g)™ are nonzero.
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Now we estimate the velocity of decay of the density matrix |p)(v| for a
quantum system with N particles. The eigenstate |pt) of the Hamiltonian of such
a system can be considered as a tensor product over degrees of freedom of the
system of some substates. Let us estimate from below the number of degrees of
freedom of the system by the number of particles that belong to the system (for
each particle we have few degrees of freedom). To obtain the estimate from
below for the velocity of decay we assume that |(|D|p)|* in (28) is nonzero
only if the state o differs from the state | only for one degree of freedom.

Then the summation over ® (or equivalently over ) in (28) can be estimated
by the summation over the degrees of freedom, or over particles belonging to
the system. If we have total decoherence, [i.e., all Re(g|g) are nonzero] then,
taking all corresponding |(c|D|u)|* = 1, we can estimate (28) as —NRe(g|g),
where N is the number of particles in the system, or

Ji (1) {v]) = exp(=NRe(g|g)1) 1) (V| (29)

The off-diagonal element of the density matrix decays exponentially, with the
exponent proportional to the number of particles in the system. Therefore for
macroscopic (large N) systems with decoherence the quantum state will collapse
into the classic state very quickly.

This observation clarifies why macroscopic quantum systems usually behave
classically. Equation (29) describes such a type of behavior, predicting that the
quantum state damps at least as quickly as exp(—NRe(g|g)?). Therefore a macro-
scopic system (large N) will become classic in a time of order (NRe(g|g)) .

In the final section of this chapter we will illustrate the collapse
phenomenon (29) using the quantum extension of the Glauber dynamics for a
system of spins.

We see that the stochastic limit predicts the collapse of a quantum state into
a classic state and, moreover, allows us to estimate the velocity of the
collapse (29). One can consider (29) as a more detailed formulation of the Fermi
golden rule: The Fermi golden rule predicts exponential decay of quantum
states; formula (29) also relates the speed of the decay to the dimensions
(number of particles) of the system.

Consider now the system density matrix pg € %, where % is the algebra
generated by the spectral projections of the system Hamiltonian Hg, and
consider the master equation (27) (we consider the generic case). We will find
that the evolution defined by this master equation will conserve the algebra ¢
and therefore will be a classic evolution. We will show that this classic evolution
in fact describes quantum phenomena.

For pg, € € we define the evolved density matrix of the system

ps, =Y _ p(o,1)|o)(o]

c
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For this density matrix the master equation (25) takes the form

4P(0:0) = S (p( 1 (2Re(glg) | (0IDIo) + 2Relglg) (D]} )

— p(0,1)(2Re(8]8) 5/ (1DIS")|* + 2Re(glg) 0 (0 IDI) )
(30)

Let us note that if p(o, ) satisfies the detailed balance condition

p(0,1)2Re(8]8) o = P(0”,1)2Re(8]8) 50y (31)

then p(o,¢) is the stationary solution for (30).
Let us investigate (30) and (31) for the equilibrium state of the field. In this
case

1
1— e*Bm(H
1
—_ 2 — —
= 2 [ g P3(0(K) + o0 — 80) T

CUG’ + CGG’
o 1 — e—B(SG—SU/) 2Re(g|g)60, o eB(SU_Sc’) —1

2Re(glg) g = 2 Jdk 18(k)*8(0(k) + €6 — £5)

Equation (30) takes the form

d ‘ Cox|(c'|D|0)|* — Cool(c|D|c")|?
a th _ (oo} (oo}
dr p(G, t)e — EG, 1— e—B(szsﬁ/)
X (p(6/7 t)eﬁscl - p(Ga t)eﬁsc) (32)

Let us note that Cs are nonzero (and therefore positive) only if denominators in
(32) are positive, and Cy/ are nonzero only if the corresponding denominators
are negative.

If the system possesses decoherence, then Cywr and Cq are nonzero and the
solution of Eq. (32) for t+ — oo tends to the stationary solution given by the
detailed balance condition (31)

plo,t)  _ p(a1)
1— e_B(SG_SG’) B eB(SG_Sc’) —1

or

p(Gv t)eﬁsc = p(le t)eBSU/
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This means that the stationary solution (31) of (30) describes the equilibrium
state of the system

efﬁgc
p(G’t) - Z ,e*BSc/
(o3

For a system with decoherence the density matrix will tend, as t — oo, to the
stationary solution (31) of (30). In particular, as ¢t — oo, the density matrix
collapses to the classic Gibbs distribution.

The phenomenon of a collapse of a quantum state into a classic state is
connected with the quantum measurement procedure. The quantum uncertainty
will be concentrated at the degrees of freedom of the quantum field and vanishes
after the averaging procedure. One can speculate that the collapse of the
wavefunction is a property of open quantum systems: We can observe the
collapse of the wavefunction of the system averaging over the degrees of
freedom of the reservoir interacting with the system. Usually the collapse of a
wavefunction is interpreted as a projection onto a classic state (the von
Neumann interpretation). The picture emerging from our considerations is more
general: The collapse is a result of the unitary quantum evolution and
conditional expectation (averaging over the degrees of freedom of quantum
field). This is a generalization of the projection: It is easy to see that every
projection P generates a (nonidentity preserving) conditional expectation
Ep(X) = PXP; more generally, a set of projections P; generates the conditional
expectation

Z o, Ep,, o >0
7

but not every conditional expectation could be given in this way.

We have found the effect of the collapse of density matrix for
p(t) = (U;pU;), where U, = limy_ge™e~™ is the stochastic limit of
interacting evolution. The same effect of collapse will be valid for the limit
of the full evolution e ¥ because the full evolution is the composition of
interacting and free evolution. The free evolution leaves invariant the elements
of diagonal subalgebra and multiplies the above-considered nondiagonal
element |o’)(c| by the oscillating factor e”(s~%), Therefore for the full
evolution we obtain the additional oscillating factor, and the collapse
phenomenon will survive.

V. CONTROL OF COHERENCE

In this section we generalize the approach of Ref. 3 and investigate different
regimes of qualitative behavior for the considered model.
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The master equation (30) at first sight looks completely classic. In this
chapter we derived this equation using quantum arguments. Now we will show
that (30) in fact describes a quantum behavior. To show this we consider the
following example.

Let us rewrite (30) using the particular form (16) of (g|g)*. Using (15)
and (16), we obtain

—p o,1) ZZankLg PN () + 1)(p(0",D8(0(k) + &6 — &) |(0]D]c")[?

— p(0,1)3(0(k) + &' — £0)|('[DIo)[*)
+N(K)(p(c’,1)3(0(k) + £ — £6)(0'|D]o) |
— p(0,0)8(0(k) + &5 — &57)|(a]D]0") ) (33)

The first term (integrated with N(k) + 1) on the right-hand side of this
equation describes the emission of bosons, and the second term (integrated
with N(k)) describes the absorption of bosons. For the emission term the part
with N(k) describes the induced emission, and the part with 1 describes the
spontaneous emission of bosons.

Let us note that the Einstein relation for probabilities of emission and
absorption of bosons with quantum number k

probability of emission ~ N(k) + 1

probability of absorption  N(k)

is satisfied in the stochastic approximation.

Formula (33) describes a macroscopic quantum effect. To show this let us
take the spectrum of a system Hamiltonian (the set of system states ¥ = {c}) as
follows: Let ¥ contain two groups X; and X, of states with the energy gap
between these groups (or, for simplicity, two states ¢, and o, with &5, > £g,).
This type of Hamiltonian was considered in different models of quantum optics;
for a review see Ref. 10 (for the case of two states we get the spin—boson
Hamiltonian investigated in [3] using the stochastic limit). Let the state (-) of
the bosonic field be taken in such a way that the density N(k), of quanta of the
bosonic field, has support in a set of momentum variables k such that

0 <ok <o < |eg, — &s,l, k € supp N(k) (34)

This means that high-energetic bosons are absent. It is natural to consider the
state (-) as a sum of an equilibrium state at temperature Bfl and an
nonequilibrium part. Therefore the density N(k) will be nonzero for small k
because the equilibrium state satisfies this property.
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Under the considered assumption (34) the integral of &-function d(w(k)+
€s, — €5,) With N(k) in (33) is identically equal to zero. Therefore the right-
hand side of (33) will be equal to

> 2 [ de g ()P (p( )8(0(K) + & — e (DI

—p(o,1)3(0(k) + & — £0)|{0'ID|o)[*)

It is natural to consider this value (corresponding to the spontaneous emission of
bosons by the system) as small with respect to the induced emission (for
N(k) > 1).In this case the density matrix p(o,7) will be almost constant in time.
This is an effect of conservation of quantum coherence: In the absence of bosons
with the energy (k) equal to &5, — &, the system cannot jump between the
states ¢; and o, (or, at least, this transition is very slow), because in the
stochastic limit such a jump corresponds to quantum white noise that must be on
a mass shell.

At the same time, the transitions between states inside the groups X; and X,
are not forbidden by (34), because these transitions are connected with the soft
bosons (with small k) that are present in the equilibrium part of (-). In the above,
the assumptions equation (33) describes the transition of the system to
intermediate equilibrium, where the transitions between groups of states >; and
Y, are forbidden.

If the state () does not satisfy the property (34), then the system undergoes
fast transitions between states 6| and 6,. We can switch on such a transition by
switching on the bosons with the frequency ®(k) = &5, — €q,.

In conclusion, Eq. (33) describes a macroscopic quantum effect controlled by
the distribution of bosons N (k) which can be physically controlled, for example,
by filtering.

VI. THE GLAUBER DYNAMICS

In the present section we apply the master equation (30) to the derivation of the
quantum extension of the classic Glauber dynamics. The Glauber dynamics is a
dynamics for a spin lattice with nearest-neighbor interaction (see Refs. 11 and
12). We will prove that the Glauber dynamics can be considered as a dynamics
generated by the master equation of the type (30) derived from a stochastic limit
for a quantum spin system interacting with a bosonic quantum field.

We take the bosonic reservoir space % corresponding to the bosonic
equilibrium state at temperature Bfl. Thus the reservoir state is Gaussian with
mean zero and correlations given by

(a* (K)a(k)) = g — Sk~ K)
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For simplicity we only consider the case of a one-dimensional spin lattice,
but our considerations extend without any change to multidimensional spin
lattices.

The spin variables are labeled by integer numbers Z; and for each finite
subset A C Z with cardinality |A|, the system Hilbert space is

Hs=Hp = DpepC
and the system Hamiltonian has the form
1 2 ~Z
Hs=Hy = - Z ;50557
rs€A
where o7, o), 62 are Pauli matrices (r € A) at the rth site in the tensor product
Gi=1®---®1®6i®1®-~-®1

For any r, s € A
Jrs:]erRv ]rr:O

We consider for simplicity the system Hamiltonian that describes the interaction
of spin with the nearest neighbors (Ising model):

Jrs = ror+1

The interaction Hamiltonian H; (acting in #g ® %) has the form

Hi=Y oial(g), V() =A(g)+A"(g), Alg)= Jdk g(k)a(k)

reA

where \ is a field operator, and A(g) is a smeared quantum field with cutoff
function (form factor) g(k).

The eigenvectors |o) of the system Hamiltonian Hs can be labeled by spin
configurations ¢ (sequences of +1), which label the natural basis in #g
consisting of tensor products of eigenvectors of o (spin-up and spin-down
vectors |g,), corresponding to eigenvalues €, = £1)

|o) = @realer)

In the present section we denote ¢, the energy of the spin at site » and denote
E(o) the energy of the spin configuration o:

1
E(o) = ) Z JsErEg

rseA
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The action of the operator 7. on the spin configuration ¢ is defined using the
action of o on the corresponding eigenvector |c), so the operator o7 flips the
spin at the rth site in the sequence o (i.e., it maps the vector |g,) in the tensor
product into the vector |— ¢€,}). From the form of Hg and H; it follows that in
(30) the matrix element (c|D|c’) of any two eigenvectors, corresponding to the
spin configurations o, o', will be nonzero only if the configurations &, o’ differ
exactly at one site. If the configurations &, ¢’ differ exactly at one site, then
(c|D|o”) = 1.

The (Classic) Glauber dynamics will be given by the master equation for the
density matrix after using the algebra of spectral projections of the system
Hamiltonian (30):

d _
Pl = > (070, 1)(2Re(glg) g0 + 2Re(8]2) o10)
reA

— p(0,1)(2Re(g8) r0. 0 + 2Re(8]8) 5 6165)) (35)

which gives the Glauber dynamics of a system of spins (see Refs. 11 and 12).
Here

- 2
ZRe(g|g)ch¢G =2n Jdk lg(k)["6(o(k) — Jr—1,8—1 — Jrrr1€41) 1 o bo®
(36)

and analogously all the other (g|g)*.

Up to now we have investigated the dynamics for the diagonal part of the
density matrix. The master equation for the off-diagonal part of the density
matrix (25) will give the quantum extension of the Glauber dynamics. We
consider now this off-diagonal part:

> p(w v, ) (vl

Y

From (25) and (28) we obtain the equation for the off-diagonal elements of the
density matrix:

d
Ep(% Vv, t) ZAWP(H, Vv, t) (37)

Auv = Z(—ilm(g|g);0.:u+ iIm(g|g)\7,G':V+ ilm(glg)ct;p,u
relA
- lIm(g|g):)'rfvv - Re(g‘g);lotp - Re(g|g)\7,0fv

- Re(g|g):y_;p,u - Re(g|g);;v,v) (38)
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Equations (35), (37), and (38) describe the quantum extension of the classic
Glauber dynamics (35). As was already noted in Section IV, the coefficient A, in
(38) is proportional to |A| (the number of particles in the system). Due to the
summation on r € A the coefficient A, will diverge for large |A| (the real part of
A,y will tend to —o0). Therefore the density matrix will collapse to the diagonal
subalgebra (the classic distribution function) very quickly.

Let us consider now the particular case of a one-dimensional system with a
translationally invariant Hamiltonian:

Jrs :Jr,r-H =J>0

The translationally invariant Hamiltonian does not satisfy the generic
nondegeneracy conditions on the system spectrum that we have used in the
derivation of Egs. (35) and (37), and therefore we cannot apply these equations to
describe the dynamics for this Hamiltonian.

However, in the translation invariant one-dimensional case we can
investigate these equations by direct methods.

In this case the (g|g)i, given by (36), are nonzero only if g, =&, = 1,
and we get for (36)

_ 1 C
2Re(elg) g0 = 21 |k 8K)B0(6) ~ 20) 1y = 1o

(39)

Therefore for one-dimensional translation invariant Hamiltonians we obtain
for (35) (compare with Refs. 11 and 12)

c

d — X
—p(o,1) = =y (M p(o70,1) = p(o, 1))

di < reAiE(0) > E(o}o)

bY (ploton e Moo (40)

rel\;E(c) <E(co)

The detailed balance stationary solution of (40) satisfies the following: For two
spin configurations ¢, ;¢ that differ by the flip of spin at site r, the energy of
corresponding configurations differ by 2J. The expectation p(it), L = 0, 67G of
configuration with the higher energy will be e~?# times less.

For the off-diagonal part of the density matrix for the case of one-
dimensional translation invariant Hamiltonian, the terms in the imaginary part
of (38) cancel and using (39) we get for (38)

2C 2C 1+e 2
Auv:_2(1 _672[3/4'62131 ) 2CZ] — 2B

rel
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This sum, over r, of equal terms diverges with |A| — co. Therefore the off-
diagonal elements of the density matrix that satisfy (37) will decay very quickly;
and for sufficiently large ¢, |A| the dynamics of the system will be given by
classic Glauber dynamics.

For the master equation considered above we used the master equation for
generic (nondegenerate) Hamiltonian. This gives us the Glauber dynamics. But
the translation invariant Hamiltonian is degenerate. Therefore in the translation
invariant case we will obtain some generalization, of the Glauber dynamics. To
derive this generalization, let us consider the general form (26) of the master
equation. For the considered spin system this gives

5 bt Ol = 3 oo vit) - (= il ez

K,V a,beA

X C X X
= [P 03 Pu-oy i) (V]) + 1 — o287 (lPE<M)+JGaH><PE(V>+JGbV|
1
= 5 (Pr) OaPr) o3 V] + [P E<u>GZPE<u>JGZM><VI))

. ’ C
+ i([0) (PE(v) 04 Pv+ 63, V| — [PE() 0, Pus o) (V]) tTow 1

1
< (1Prt-0030) P53 = 5 (1) (P 03P 03
T 1Pay 0P L) <v|>)) (41)

Here C is given by (39), operator Py, is a projector onto the states with the
energy E(u), and operator P,_ is given by

Py =1m(g|g)_,Prw)—s + Im(glg)y Pe(v) + Im(glg)| Pev)+s

1 1

- 2 _
(g‘g)a =PP. Jdk‘g(k” m(k)—l—a]l—e—ﬁ‘”(")’ a = 1,0,1

For the operator P, we obtain the analogous expression
Py = Im(glg)t1PE(v)—J + Im(g\g)(TPEm +Im(g|g) | Pr(v)+s
with the coefficients (g|g).':

1 1

+_ 2 _
(glg), =P.P. Jdk|g(k)| (k) —al Pl — 1’ a=-1,0,1
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Equation (41) gives the quantum generalization of the Glauber dynamics. The
matrix elements p(y, v, ¢) of the density matrix corresponding to the states p, v
with different energies will decay quickly. But for the translation invariant
Hamiltonian there exist different p, v with equal energies. Corresponding matrix
elements will decay with the same speed as the diagonal elements of the density
matrix. Moreover, one can expect nonergodic behavior for this model. Therefore
the generalization (41) of the Glauber dynamics is nontrivial.

VII. EVOLUTION FOR SUBALGEBRA OF LOCAL OPERATORS

In this section, to compare with the results of [4] we consider the dynamics of
spin systems, described in the previous section, for Hamiltonian with not
necessarily a finite set of spins A but for local observable X.

The observable X is local if it belongs to the local algebra—that is, UHF
algebra (uniformly hyperfinite algebra):

M:U&/A

A is finite
where .o/ is the x-algebra generated by the elements
®,‘Xi, Xi =1 fOl" I g A

Consider now the action of 0y on local X:

X =% ( ~ i)y (X B (D) Eo (D)

ij oeF

+ I ) X, Eo(D) EL (D)
+ 2Relel) (B (DIXE(D) — 5 1X.E5 (DIE(D) )
# 2Relil); (EalDIXEL(D) 5 (X EalDIELD)) ) ) (42
For E,(D;) we obtain
Eo(Di) = Y Prr-oDiPr)
E(r)eF,

=1®gi1)(ei1]| @ —e) (el @ ei1)(Em| @ T +1® [ —gi1)
X (—gi_1| ® e (—&| @ | — €ip1){—€ip1| ® 1 (43)
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with the frequency o of the following form:

o =Ji_1€-1+ Jiif18i+1

Therefore the operator E,, given by (43) is local; moreover, the correspond-
ing map 6y given by (42) maps ./ into itself.

Formula (43) explains the physical meaning of the operator E,(D;). For
positive o it flips the spin at site i along the direction of the mean field of its
neighbors (for negative o it flips the same spin into the opposite direction).
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I. INTRODUCTION

At my presentation at Solvay XXI, I showed that my operator trigonometry
provided a natural geometry for the analysis of quantum probabilities in certain
spin systems—for example, as related to Bell’s inequality. These results have
since been published in recent papers [1,2]. Therefore here I will only summarize
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those results, with further details available from those papers. Then I want to
move forward and present my more recent finding that the operator trigonometry
may also be intrinsically connected to certain Kaon systems. I only briefly
mentioned this fact at the end of Refs. 1 and 2. In particular here I will show that
CP violation may be seen as a certain slightly unequal weighting of the CP
antieigenvectors. The results presented here are preliminary, and it is hoped that
their refinements may be pursued elsewhere.

II. OPERATOR TRIGONOMETRY

My operator trigonometry came into being 35 years ago in a question about
multiplicative perturbation of contraction semigroup infinitesimal generators.
The setting was the functional analysis of partial differential equation initial
value problems. Although that setting was one of abstract mathematics, in
hindsight it may be seen that one of the questions which I addressed at that time,
that of multiplicative perturbation BA of a given semigroup generator A,
naturally led to both of the key entities of the operator trigonometry: the cos ¢p(A)
and the sin$(A) of an arbitrary linear operator A. Here ¢(A) denotes what I
called the angle of A: the maximum (or supremum) angle through which the
operator A may turn vectors in its domain Z(A).

A. Brief History of the Operator Trigonometry

For more details see Refs. 3 and 4, where the developments of the operator
trigonometry are brought up to 1995, and see Ref. 5 for an update to 2000. Also I
will refer to Ref. 6 for some other recent developments of the operator
trigonometry.

The origins of the operator trigonometry can be traced back to 1966 and
three theorems characterizing contraction semigroup generators.

Theorem 1 (Hille—Yosida—Phillips—Lumer). In a Banach space X, a densely
defined linear operator A is the infinitesimal generator of a contraction
semigroup e iff it is dissipative and R(I — A) = X.

Theorem 2 (Rellich—Kato—Sz.Nagy—Gustafson). IfA is a contraction semigroup
generator and B is A-small, then A + B is a generator iff A + B is dissipative.

Theorem 3 (Gustafson). If A is a generator and B is bounded and strongly
accretive, then BA is a generator iff BA is dissipative.

Of course there are a number of generalizations of these results to bounded
semigroups, left and right perturbations, and so on (see the literature). Recall that
A dissipative means that Re [Ax,x] =0 for all x in the domain of A, for some
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given semi-inner product, A accretive means —A is dissipative, B m-accretive
(also called B strongly accretive) means that Re [Bx, x] = m||x||* for some m > 0,
and B is A-small means ||Bx|| = al|x|| + b||Ax]| for some b < 1.

Theorem 1 may be usefully viewed in the control theory context. Generators
of stable evolutions must have their spectra in the left half-complex plane.
Theorem 2 is, as is well known, essential to the proof of the spectral
completeness of the Hamiltonians of quantum physics. For example, you may
take A = —A and B = —1/r—that is, A the self-adjoint Laplacian diffusion
operator and B the Coulomb potential. Then i(A 4 B) is the hydrogen operator,
here arranged with its spectrum placed on the imaginary axis, which still counts
as being dissipative, although in the nonstrict sense. Theorem 3 also has
physical applications (e.g., to stochastic time changes), but it is the least
important of the above three theorems in the abstract semigroup generator
theory. Nonetheless, it was Theorem 3 which led to the operator trigonometry.

Theorem 2 may be proved from Theorem 1, and Theorem 3 may be proved
from Theorem 2 (see Ref. 3 and 4. What is missing from Theorem 3 is a criteria
for BA to be dissipative when A is dissipative and B is accretive. This question is
the origin of the operator trigonometry. Consider in particular the question of
when bounded operators A and B are both m-accretive and you want BA to be
accretive. From that question in 1966—1968, I found the following four results.

Theorem 4. For bounded A and B which are both m-accretive on a Banach
space X, a sufficient condition for BA to be accretive is

sind(B) < cosd(A) (1)

In (1), ¢(A) denotes the angle of an operator A, defined through the first
antieigenvalue p of A

. . Re[Ax, x|
p=cosd(A) = inf ———— (2)
50 [[Ax]| |l
and sin ¢(B) denotes the entity
v =sin$(B) = iI;f lleB — 1| (3)
€0

That v deserves to be called sin ¢ (B) follows from the following important result.

Theorem 5. For any bounded strongly accretive operator B on a Hilbert space X,

VA(B) + 1 (B) =1 (4)



242 KARL GUSTAFSON

I mention that (4) is no longer true for X a general Banach space. I refer to
Theorem 5 as the min—max theorem of the operator trigonometry because I
proved it that way.

Theorem 6. For any bounded strictly positive selfadjoint or Hermitian operator
A on a Hilbert space X,

cosp(A) =

In (5) M = ||A|| = the upper bound of A and m = |[A~!||”" = the lower bound of
A. One more important result from the early days is the following Euler equation
of the variational functional (2).

Theorem 7. For A a strongly accretive bounded operator on a Hilbert space, the
functional in (2) has Euler equation

2||Ax|*[lx]|*(Re A)x — ||x||*Re(Ax, x)A*Ax — ||Ax||*Re(Ax,x)x =0  (6)

The Euler equation (6) is satisfied by the first antieigenvectors (see below). When
A 1is self-adjoint, Hermitian, unitary, or normal, all of A’s eigenvectors also
satisfy (6). Thus (6) generalizes the Rayleigh—Ritz variational characterization of
eigenvectors to also include antieigenvectors. The antieigenvectors minimize the
functional (2), whereas the eigenvectors maximize it.

All of the above became known in the period 1966—1968. However, we were
able to show that for unbounded accretive operators A in a Hilbert space,
cosp(A) = 0. This in itself is an interesting geometrical characterization of the
topological distinction between bounded and unbounded strongly accretive
operators A: The unbounded operators can turn vectors as close to 90° as you
like, whereas the bounded ones cannot. However, from the point of view of
differential equations in Hilbert spaces (e.g., see Ref. 7), the most interesting
contraction semigroup generators (e.g., heat equation, Schrodinger equation,
etc.) are unbounded. For unbounded operators, criterion (1) is not very
interesting. So I lost interest in the operator trigonometry for awhile.

Later (the 1980s) my interests turned to computational fluid dynamics (e.g.,
see Refs. 3 and 7. One learns quickly that in those applications about 80% of
your computer time is used doing linear solvers Ax = b. Here A is a very large
sparse matrix, often symmetric positive definite (called SPD in the following).
As an important widely computed example, A will be a discretized Laplacian or
related potential operator. One set of methods for solving very large linear
systems Ax = b are the so-called iterative methods. Classic versions of these are
the Jacobi, Gauss—Seidel, and Successive Overrelation schemes, but there are
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interesting faster, more recent algorithms too. See my discussion in Ref. 5.
Often the convergence rates of these algorithms depend significantly, although
not totally on A’s largest and smallest eigenvalues A, and A;. In a series of
papers (see Ref. 5) in the 1990s I was able to provide an alternate, new theory of
convergence of many of these methods, in terms of my operator trigonometric
entities sin(A) and cos¢p(A). Such a geometrical understanding of linear
solver iterative convergence, notwithstanding the intensive development for
industry of these computational methods over the last 30 years, had not been
evident before the operator trigonometry came along.

B. Essentials of Operator Trigonometry

It is possible that the abstract operator trigonometry theory discussed above will
find applications elsewhere in operator-theoretic abstract models. However, in
this section I restrict A to be a real SPD n x n matrix with simple eigenvalues. In
this way we can fix ideas and summarize the essentials of the operator
trigonometry. Besides, A (an SPD matrix) is probably the most important
situation for applications. Remember that the operator trigonometry is concerned
with an operator’s critical turning angles, analogous to the standard spectral
theory which is concerned with an operator’s critical stretchings—that is, a
matrix A’s eigenvalues and corresponding eigenvectors. Accordingly, I gave the
names antieigenvalues and their corresponding antieigenvectors to A’s critical
angles (cosines thereof) and the vectors which are turned those amounts,
respectively. For a symmetric n X n positive definite matrix A with eigenvalues
0 <X <Ay--- <A, and corresponding normalized eigenvectors xi, . . ., X,, we
then have [3,4] the following fundamental matrix-trigonometric entities:

. {Ax,x) 2V,
= o8O = 8 ]~ 7+
M — M
Mn +Ap (7)
$(A) = the (maximum turning) angle of A

Ay 1/2 o |2
jE<7~1 + Ay ) e (M +k,,> o

The first antieigenvectors xl+ and x! are turned by A the maximal turning angle
¢(A), and p, is called the corresponding first antieigenvalue. Higher
antieigenvalues and antieigenvectors were originally defined variationally, but
later it was seen that it is more natural to define them as

' 2 1/2 . 1/2
Ry (. il )y 8
xi (mxnm) Tt + <x,-+x,”-+1) 5 (®)

vi =sin$p(A) = min |eAd —I|| =
>0
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These are the vectors most turned by A on the reducing subspaces
sp{xi,...,xn—it1} as one excludes the preceding antieigenvectors already
accounted for. The cases when the A; are not simple eigenvalues pose no
problem, and then the eigenvector components of the corresponding antieigen-
vectors just inherit those higher eigenvector multiplicities (see Ref. 6). The
important early result (1968) was that in Hilbert space one has the relationship
(4), written more graphically as cos? $(A) + sin? (A) = 1. The same relation-
ship holds on the reducing subspaces for the reduced turning angles ¢,(A).
Without (4), in my opinion, there is no operator trigonometry.

I have normalized the antieigenvectors in (7) and (8) to norm one, but clearly
any scalar multiple of an antieigenvector is also an antieigenvector. Obviously
any (real, nonzero) scalar multiple of A or A~! has the same operator
trigonometry as A. However, it is important to note that the two antieigenvectors
x'. do not determine a corresponding antieigenspace. Notice that sp {x;,x’; }is
just the span sp {x,_;;1,x;} of the two constituent eigenvectors.

Early on in the operator trigonometry I defined a ““total”” operator turning
angle for arbitrary operators A by

|{Ax, x)|

08 Gy (A) = f\lgéfom 9)

For A a diagonalized normal operator, the total antieigenvectors are the same as
in (7) and (8) except that the A; must be replaced by |A;| throughout those
expressions. One property of ¢, (A) that I want to point out for use later in this
chapter is the following. Letting A be a unitary operator U, it follows directly
from (9) that cos Gy (U) = miny ey (|2, where W(U) denotes the numerical
range of U. (See Ref. 4.) For U, a unitary operator, its numerical range W (U) is
just the closure of the convex hull of its spectrum. Thus for a strongly accretive
unitary matrix U, cos®y,, (U) is the distance from the origin of the complex
plane to the nearest point of W(U)—or, stated another way, the distance to the
nearest chord between U’s eigenvalues on the unit circle.

C. Extended Operator Trigonometry

With a view toward extending the rather complete operator trigonometry known
for A (an SPD matrix) to arbitrary invertible n x n matrices A for the
computational linear solver problem Ax = b, recently in Ref. 6, I extended
the operator trigonometry to arbitrary (i.e., beyond A positive self-adjoint)
invertible operators A via A’s polar decomposition A = U|A| via the fact that |A|
is positive self-adjoint. Then I set ¢,(A) = ¢(JA]). This is not entirely
satisfactory because I ignore the unitary part U of A’s polar factorization. Of
course I was originally interested in the critical relative turnings, just as in the
eigenvalue theory one is interested in the critical relative stretchings. So the



CP VIOLATION AS ANTIEIGENVECTOR-BREAKING 245

uniform turnings that one would find in a unitary operator U were not what was
sought. I will return to this point later in this chapter.
In my extended operator trigonometry, one changes definition (3) to

sind,(A) = inf ||eA — U|| (10)
€
Then, considering, for example, A to be arbitrary n X n nonsingular matrix with
singular values o, 26,2 --- 20, > 0, we obtain from (7) that
. . c1(A) — ca(A)
A) = Al —I|| =—F—F——F""F—= 11
sind,(4) = min elA] 1] = S-S (11)

One may check that the key min—max identity (4) is then satisfied if one modifies
(2) to

o Ul
cosd,(A) = S0 Tl "

Cos ¢,(A) is then given as in (7) with A; and A, replaced by o, and oy,
respectively.

Because more details on the extended operator trigonometry are available in
the recent paper [6], I will just summarize the main points in the following
theorem.

Theorem 8. Let A be an arbitrary invertible operator on a complex Hilbert
space X. From A = U|A| polar form define the angle d(A) according to (10) and
cos O(A) according to (12). Then the min—max identity

sin” d, (A) + cos® ¢, (A) = 1 (13)

holds, and a full operator trigonometry of relative turning angles obtains for A
from that of |A|. In this extended operator trigonometry, the Euler equation (6) is
replaced by the simpler expression, with ||x|| = 1 for simplicity:

Ax 2]|Alx
- +x=0 14
(APx,x)  (|Afx,x) (14)

Now a few remarks. As concerns my extended operator trigonometry, surely
one could have instead used the singular value decomposition of A, left polar
form, or other factorizations of A. However, after I tried several alternatives, I
preferred the right polar form. Remember that this exists for arbitrary closed
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operators in a Hilbert space. However, that choice comes at the price of ignoring
any trigonometric effects of the unitary factor of A. Until recently I had little
need for some finer operator trigonometry of unitary operators, since intuitively
one can view them as block uniform rotations or block mirror symmetries.
However, when considering quantum computing, it became clear [5] that I now
need a better operator trigonometry for unitary operators. This also became
clear as concerns the treatment of quantum spin probabilities [1,2]. It also
becomes clear from this chapter. I am not going to try to remedy this lacuna in
my theory here, but I hope to do so elsewhere.

The operator trigonometry is at once both generally defined and quite
incomplete. Even in the A SPD case where [ have a “complete” theory, one finds
new things. For example, I showed in Ref. 6 that the angle ¢, between the two
first antieigenvectors x! and x! is always ¢(A) + n/2. This finding led to other
new facts and questions [5,6]. As another example, recently I wondered: Can I
make the antieigenvectors x) orthogonal? That would make them more
resemble the setting for eigenvectors. Let me observe here that the answer is
yes, and quite immediate. Define a new inner product (x,y), = (Ax,y). Then
you may quickly verify that

A A
Loy a1y n N A =
<x+7x7>A - <Ax+7x7> - <7\’1 + 7\.,1) >"1 (7\‘1 ¥+ 7\‘”) xn 0 (15)

This orthogonality extends to various combinations of the higher antieigenvec-
tors as well. For example, one may confirm that <xiL,xj7 )4 =0 for any
1=i<n/2, 1 Zj=n/2, by a similar computation. However, for i # j that
fact was already a consequence of x, and ¥_ being in orthogonal reducing
subspaces of A. The same pairwise orthogonality holds for the extended operator
antieigenvectors using the |A| inner product. However, it is not a property of the

total antieigenvectors.

III. QUANTUM PROBABILITY

About 5 years ago (1996) I noticed a connection between my operator
trigonometry and certain issues occurring in or related to quantum spin system
probabilities. Essentially, the result became that certain inequalities obtained by
Bell and Wigner for consideration of hidden variables in quantum mechanics,
and certain inequalities obtained by Accardi and Fedullo for the existence or
nonexistence of quantum or classic probability logics, can all be embedded
naturally into my operator trigonometry, which then also extends those earlier
results. See Refs. 1 and 2 for full details.

In this section I will refer to the papers [1,2] for all bibliographical citations
that I mention here. Also I will be brief. For the purposes of this chapter, this
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section may be regarded as the bridge between the operator trigonometry of
Section II and its new application to CP violation in Section IV. It was my
finding [1,2] that my operator trigonometry provides a natural and more general
geometry for these quantum probability spin systems that prompted me to look
further into quantum elementary particle theory and, in particular, into the CP-
violation models.

A. Bell’s Inequality

The following is well known, so I will summarize. In 1935 Einstein, Podolsky,
and Rosen created a gedanken experiment which they claimed demonstrated that
conventional quantum mechanics cannot provide a complete description of
reality. In 1951 David Bohm addressed this issue and formulated his version of a
hidden variable theory which could conceivably provide a more complete
description within quantum mechanics. In 1964 Bell presented his famous in-
equality and exhibited certain quantum spin measurement configurations whose
expectation values could not satisfy his inequality. Bell’s analysis assumes that
physical systems (e.g., two measuring apparatuses) can be regarded as physically
totally separated, in the sense of being free of any effects one from the other.
Thus his inequality could provide a ““test” that could be failed by measurements
performed on correlated quantum systems. In particular, he argued that local
realistic hidden variable theories could not hold. As is well known, the 1982
physical experiments of Aspect et al. demonstrated that beyond any reasonable
doubt the Bell inequalities are violated by certain quantum systems, and papers
continue to appear with further demonstrated violations. However, it should be
stressed that these experiments show the violation of certain locality assumptions
and do not really deal with the hidden varable issues.

In a 1970 paper, Wigner simplified and clarified in several ways the argument
of Bell. Wigner assumed that all possible measurements are predetermined,
even if they involve incompatible observables; moreover, any measurement on
one of two apparatuses does not change the present outcomes of measurements
on the other apparatus. Thus the meanings of locality and realism are made
more clear, and both assumptions are present in the model setup. It is helpful to
imagine, for example, that the ‘hidden variable” is just the directional
orientation of each of the two apparatuses, each of which can be thought of as
just a three-dimensional possibly skew coordinate system. Then two spin 1/2
particles are sent to the apparatuses, each to one, both coming simultaneously
from a common atomic source, with perfect anticorrelation and singlet pro-
perties. Nine measurements are then needed to simultaneously measure the
direction vectors ®;, ®,, ®3 of the two spins. Each spin has two possible values
1/2 =+, —1/2 = —, so each measurement can permit four relative results:
++, ——,+—, —+. Therefore there are 4° possible outcomes. Wigner then
assumes that the spins are not affected by the orientation of the particular
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measuring apparatus. This reduces the outcomes to 2 possibilities. For
example, if the hidden variables are in the possibility domain (+, —, —; — + —),
then the measurement of the spin component of the first particle in the o,
direction will yield value spin = 4, no matter what direction the spin of the
second particle is measured.

I will come back to Bell’s original inequality below. However, it is less
interesting than Wigner’s version, because Bell’s considerations evolved from
thinking in terms of Kolmogorovian classic probabilities, whereas Wigner
placed the question squarely in quantum mechanical Hilbert space. To continue,
Wigner reformulates Bell’s setup and reduces the outcomes to 2° possibilities—
for example, the instance in which the hidden variables are in the domain
(+,—,—;—,+,—) that I mentioned above. Then he shows that these 64
possibilities can be grouped by sixteens, with most terms canceling. In the first
of the four resulting spin measurement possibilities—that is, that of ++ for the
first particle in direction ®; and for the second particle in direction w;—Wigner
then arrives at the conclusion that the hidden parameters can reproduce the
quantum mechanical probabilities only if the three directions ®;,®;,®3 in
which the spins are measured are so situated that

1 1 1 1 1 1
Esin2§923 +§Sin2§912§ Esinzien (16)
Then to make the point very clear, he specializes to the case in which the three
directions ®;, ®;,®3 in 3 space are coplanar and with ®, bisecting the angle
between ®; and ®3. Then 01, = 6,3 = 63;/2 and inequality (16) becomes

. 1 1. . 1 1
sin® (5 612> = Esmz(elz) = 2sin® (5 612) cos? (5 612> (17)

from which cos?(161,)=1/2 and hence 63, =26;,=n. Thus condition (16),
which is necessary for appropriate quantum mechanical spin probabilities for the
hidden variable theories, is violated for all 83; < . Wigner then assets (without
giving the details) that the same conclusion may be drawn for all coplanar
directions. He also similarly considers the other three spin measurement
configurations and in each case reduces them to inequalities analogous to (16),
with similar conclusions. I treat all of these in [1,2], so we will look only at this
first of the four spin configuration possibilities here.

B. A General Triangle Inequality

In the early operator trigonometry we needed the following general triangle
inequality (e.g., see Refs. 3 and 4). It does not seem to be well known. Its “truth”
is geometrically “‘self-evident,” but we never found a proof so we had to provide
one ourselves.
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Let x,y,z be any three vectors in a real or complex Hilbert space of any
dimension. For convenience take them to be of norm 1, although that is not
necessary. Let (x,y) = a; +iby, (y,z) = as + iba, (x,z) = az + ibs. Define the
angles ¢, ¢, ¢, in [0, 7] by cosd,, = aj, cosd,, = ay, and cos ¢,, = as.

Theorem 9. There holds the general triangle inequality
¢xz é (I)xy + d)yz (18)
The easiest proof of (18) seems to arrive via the Gram matrix

(xx) (xy) (x2)
G=|mx 0y 2 (19)
(z,x) (Zy) (22

A Gram matrix is positive semidefinite in any number of dimensions, and it is
definite iff the given vectors are linearly independent. Let me prove (18) here so
that you may get the feel of Theorem 9 and, more importantly, so that it will
become clear that Wigner’s results are a special case of (18).

It suffices to show

cos ¢, = cos (0, + ¢,) (20)

which by the sum formula for cosines is equivalent to

1 —a\/1-diZaja — a; (21)

The desired result (18) follows trivially when the right-hand side of (21) is
negative. In the other case we need

(1—a®)(1 — ) Z(aray — a3)* (22)
which is equivalent to
1 —a} —d} —d} +2a1aa5 20 (23)

But for unit vectors the determinant of the Gram matrix (19) becomes (using
complex cancellations)

1 ay as
IGl=|a1 1 a|=1+2a1aa5 — (a; +a3+a3)20 (24)
as  dp 1

which is equivalent to (23).
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Let us now look at Wigner’s inequalities (16) and (17) above from the
operator trigonometric perspective. The Gram determinant G of (24) vanishes if
and only if the three directions are coplanar, no matter what their frame of
reference. Then we may write the equality (24) as follows:

(1-a)+(1—a)—(1—a3) =2a3(a3 — a1a2) (25)

or in the terminology of Wigner

o1 . o(1 .o (1

sin® <§ 912) + sin? <§ 923) — sin? (E 613)
=2 16 l9 — 16 l9 26
= 2cos 5013 cos 5013 cos 5012 cos 502 (26)

Wigner’s situation for avoidance of probability violation in the coplanar case is
equivalent to the right-hand side of (26) being nonnegative. Because all half-
angles in (26) do not exceed n/2, except for the trivial case when % 013 = /2, the
nonnegativity of (26) means that of its second factors. By choosing the direction
®, to be the “one in between” among the half-angles, we can without loss of
generality assume that 5015 + 36,3 = 103. The required nonnegativity of (26)
then reduces by the elementary cosine sum formula to

012+ 023\ 1 012 4 023 012 — 023
cos (T) =5 [cos| =5 — + cos — (27)

that is, cos((012 + 023)/2) =cos((012 — 623)/2), which is false for positive 0.
This completes Wigner’s argument and is the meaning of coplanar quantum
probability violation.

Theorem 10. The Wigner hidden variable geometric considerations are special
cases of the operator trigonometry.

C. Classic and Quantum Probabilities

Motivated partially by Bell’s and Wigner’s inequalities and also by related
classic versus quantum probability issues, Accardi and Fedullo (and others)
developed certain key inequalities upon which their results as to whether certain
spin systems could support Kolmogorov classic probabilities or Hilbert-space
quantum probabilities depended. I don’t want to reproduce all the details of how I
showed that these inequalities may also be seen as special cases of the general
triangle inequality (18), so see Refs. 1 and 2 for those details. However, to make
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the point clear here, note that the key inequality of Accardi and Fedullo (1982),
namely

cos? o + cos’ P 4 cos’y — 1 = 2 cosa cos Bcosy (28)

a necessary and sufficient condition for the angles o, 3,y of a quantum spin
model in a two-dimensional complex Hilbert space, is precisely the same as the
operator trigonometry relation (23) for the real cosines aj,ay, asz of the angles
between arbitrary unit vectors in any complex Hilbert space. The angles of
inequality (28) are related to transition probability matrices P(A|B), P(B|C),
P(C|A) for three observables A, B, C which may take two values. See Refs. 1 and
2 for more specifics.

Theorem 11. The Accardi—Fedullo probability geometric considerations are
special cases of the operator trigonometry.

There is one comment I would like to add here. It is that the embedding of
the Accardi—Fedullo et al. results within my operator trigonometry is to this date
only established for the case of three observables that may take on two values.
Via Pauli spin matrices, in that case the issues concerning quantum probabilities
then reduce to questions about 2 x 2 matrices. Moreover, in that situation the
necessary inequalities for the existence of classic Kolmogorov probabilities may
be seen to be included within the same inequalities needed for the quantum
case. If one goes to, say, two observables with four possible values, one has an
open question. Obviously there are many other related open questions. I hope to
address some of those matters in a later publication.

Finally, let’s look at Bell’s Inequality, as I promised above. There is of course
a huge literature on Bell-type inequalities, and I have cited some sources for that
in Refs. 1 and 2. However, keep in mind that our real interest in this chapter is
with quantum probabilities, whereas Bell’s model evolved from Kolmogorovian
probability concepts. The original Bell inequality is

|P(a,b) — P(a,c)| =1+ P(b,c) (29)

Here P(a, b) is the expectation value of the product of the spin components along
unit vector directions a and b. Bell showed that if one considers expectation
values, for which P(a,b) = —cos0,;, then some direction combinations will
violate (29). Let us cast that situation into the operator trigonometric frame of
this chapter. Let az = c0s0,., a; = cos04, ax = cos 0. Square Bell’s inequality
(29), which then becomes the two cases

2, 2, 2
aji + a5 + a5 + 2[azar — aza; — axay]

lIANIA

1
30
a% + a% + a% + 2|aa; — aza; — azax] =1 (30)
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Consider the first case, and the second may be similarly examined. Insert the
Grammian expression (24) into (30) to obtain

1— (a? + a% + a%) + 2a1a2a3 — 2a1a2a3 — 2a3a; + 2aza; + 2aa; 20 (31)
that is,
|G| = 2[611612613 + azap, — aza; — Clzal] (32)

When the directions a, b, ¢ are coplanar, |G| = 0 and the right-hand side of (32)
will tell you exactly the violating directions—that is, those for which the right-
hand side is positive. Similar violating and nonviolating directional delineations
may in principle be obtained for the general noncoplanar case |G| > 0 in the
same way. Such Bell inequality constraints appear to give rise to some interesting
new trigonometric algebraic—geometry inequalities, even in the low-dimensional
case of three space dimensions.

IV. CP SYMMETRY VIOLATION

The principal goal of this chapter is to report the interesting natural occurrence of
the operator trigonometry within the CP elementary particle theory. More details
as well as investigation of possible extensions of this finding to more general
elementary particle considerations will be pursued elsewhere. Also for the
reasons that will become clear below, I hope the elementary particle physics may
help indicate appropriate extensions of the operator trigonometry in the future.

I first noticed this intrinsic connection of the operator trigonometry to the
CP-violation developments when reading the recent review [8] where Bertram
Schwarzschild discusses the most recent [9] experimental results that apparently
finally remove all doubts about physical demonstration that CP violation exists.
See the original experimental finding of CP violation in Ref. 10, the early
theoretical models [11,12], and the extensive experimental work and results
[13,14] about 10 years ago as cited in Ref. 8. Here I want only to attempt a
“thumbnail” sketch for the nonspecialist of some of the issues involved. For
that I will lean heavily on Refs. 8—14, and I have also consulted the treatments
in Refs. 15-20.

A. Elementary Particle Physics

The standard model (Glashow—Weinberg—Salam—Yang—Mills et al.) of elemen-
tary particle physics is based upon the gauge group S(U(2) x U(3)), which may
be represented as a subset of the 5 x 5 unitary matrices. The goal is to understand
all of the interactions of matter which are seen in the large particle accelerators.
The famous CPT theorem [15] states the necessary invariance of any quantum
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field theory under the combined action of charge conjugation C, parity reversal
P, and time reversal T. That is, if you reverse the sign of charge, the sign of space,
and the sign of time, in any order, the local field theory remains valid. From a
scattering theory point of view, through S-matrix analysis continuation from
positive to negative energies, one is led to formulate the existence of
antiparticles, that correspond to an exact interchange of the outgoing states
with the incoming states.

CP denotes the combined operation of charge conjugation (the replacement
of particles by their antiparticles) and parity inversion (mirror symmetry in
space). The only two undisputed physical manifestations of CP symmetry
violation in nature to date are (a) the predominance of matter over antimatter in
the visible universe and (b) decay of neutral K mesons. The latter was first
demonstrated in Ref. 10. There the K; meson in a helium gas was shown to
decay into two charged pions, symbolically K; — n*n~, in about 2 x 1073 of
the experiments. Here K; denotes the longer-lived of the two neutral kaon
eigenstates of lifetime and mass, and Kg denotes the short-lived eigenstate. Let
K° and K° be the two (degenerate) mass eigenstates of strangeness. Strangeness
is an added quantum number that is conserved by the strong and
electromagnetic interactions, although not by the weak interaction. For parity
conservation, one needs pair pure states so K° and K° have assigned eigenvalues
of A; = +1 and A, = —1, respectively. The landmark paper [10] then concluded
on the basis of the experimental evidence that K; could not be a pure CP
eigenstate. Let

K°+K° K° —K°
K N K> /3 (33)
be the pure CP eigenstates, with eigenvalues 41 and —1, respectively. Then
before CP violation was demonstrated, it was assumed that K] = K, and, by
symmetry, also Kg = K. The result of Ref. 10 is that K} could not be a pure CP
eigenstate due to the presence of a two-pion decay mode. From their
measurements they then proposed that K; is a mixture of K, (predominant)
and a small amount of K|, specifically [10]

K = K, + €K,

=2712[(K° — K°) 4 €(K° + K°)] (34)

where the small CP-violation mixing parameter is about € = 0.0023.

Shortly after Ref. 10, in Ref. 11 it was proposed that CP violation might be
due to a very, very weak interaction—say, 10~7 of the standard weak
interaction. See also the discussion of other models in Ref. 12, where the need
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to introduce new interacting weak fields to implement the CP-violating decays
is put forth. However, according to the recent summary [8], the experiments
[13,14] and especially the most recent experiments [9] support the assertion
that, at least in part, the kaon CP violation may be explained within the standard
model without the need to postulate the existence of some new superweak force.

B. Strangeness Total Antieigenvectors

Let me consider here the more common occurrence of CP symmetry—that is, no
CP violation. Then in the neutral kaon situation we have

K° —K°
K, =K, = T = st strangeness total antieigenvector
- (35)
. K° +K° .
K; = Ki = ———=— = 2nd strangeness total antieigenvector

V2

where here for convenience I have just moved the =+ in the earlier antieigenvector
expression (7) to F in the second term; that is, a normal operator’s total first
antieigenvectors are given by [3,4]

}\l 1/2 |>\‘1| 1/2
o ('7) . <4) . 36
=\ mieml) T\ (36)

Because n = 2 and |A;| = |A,| = 1 for the mass eigenstates K° and K°, (35) says
that the longer-lived kaon mass eigenstate K;, which is the focus of the
experimental studies reported in Refs. 8-10, 13, and 14, would be the first
strangeness total antieigenvector. This is my first observation.

Theorem 12. The two CP eigenstates K, and K, are exactly the two strangeness
total antieigenvectors.

Next I want to recall the notion of quark mixing matrix. In Ref. 12 by
appropriate phase convention arguments it was shown that the 4 x 4 re-
presentation matrix of the SUyeu(2) interaction was of the form A =
K [% g] K~'; and by ignoring the gauge field, one could focus on the 2 x 2
unitary matrix

_ { cos0 sme] (37)

—sin® cos6

Such matrices and their generalizations are commonly referred to as CKM
(Cabibbo—Kobayashi-Maskawa) matrices or, more commonly, just as the quark
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mixing matrix. Their purpose is to relate the quark mass eigenstates to the (e.g.,

K _
K

1 1 1|[K°| _ |Ki| _ |K§
Al k- [R] - &
in terms of the quark mixing matrix with a phase parameter 6 = /4.

A simple computation reveals that the quark mixing matrix U in (37) has
eigenvalues A; = ¢ and A, = ¢, corresponding eigenvectors x; = \/% [!] and
X =5 [_li], and total antieigenvectors x_ = [?] and x, = [(1)], respectively,
according to (36). Of course, U is a uniform rotation matrix and all real vectors

are rotated an angle —0, but I want to single out the two antieigenvectors x4
here. Simple computations verify that

weak) interaction eigenstates. Thus I may write (35) in the form U [i} =
that is, specifically,

[(Uxy, x1)| _ Re(Uxl,xl)
UL ULkl

= cosf (39)

Thus from (2), (9), (36), and (39) we have verified the following theorem.

Theorem 13. The quark mixing matrix (37) has total antieigenvectors (36).
These are also its usual (real) antieigenvectors. U’s antieigenvalues are
total

W = cos® = W and U’s operator angles are $(U) = G (U) = 6.

Reference 12 also presented an interesting 3 X 3 unitary quark mixing matrix
(which I won’t reproduce here) that results from assuming that there is another
field interaction in the model. The later formulation and finding of top and
bottom quarks and the extension of quartet models to octet models justified this
extension of the CP-violation theory to larger unitary quark mixing matrices. I
don’t want to go into “‘all that” here, but there seem to be many still unresolved
related issues [16-20]. In principle, we could compute the antieigenvectors and
operator trigonometry for such octet models should that appear to be interesting.

C. CP Violation as Antieigenvector-Breaking

Turning now to the CP-violation case and accepting the Christenson et al. [10]
ansatz that K} = K, + €K is a mixed CP state [see (34) above], immediately we
see that the effect of the mixing parameter € # 0 is that the kaon longer-lived
mass eigenstate K is no longer a strangeness antieigenvector in the sense of (36).
I don’t know what this really means physically, but from the operator
trigonometry point of view it means that CP violation not only breaks a
fundamental physical symmetry but it also somehow reduces a maximum turning
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angle of a strangeness operator. I will call this phenomena antieigenvector-
breaking. This is my second main observation.

Theorem 14. CP violation with nonvanishing mixing parameter € implies that
the mass eigenstates K; and Kg are no longer the proper strangeness
antieigenvectors.

Let me provide some feeling for Theorem 14 by a small computation. If I
match the K; = K, + €K ansatz [10] with a corresponding assumption that
K3 = K; — €K, we may see the perturbative effect of the CP-violating mixing
parameter. I hasten to say that to my knowledge the K§ mixing parameter need
not exist, need not be €, and so on, but the computation can proceed anyway.
Then we arrive at the quark mixing relation

1 11 1 -1 K° Kg

alaleb Al @
The CP-symmetry quark mixing matrix U has become U + eU”. The CP-
violating quark mixing matrix U + €U has eigenvalues L;, = (1 4 ¢€)/v2+
i(1 —€)/v/2. Although these eigenvalues lie on a (1 + €2)"/? radius and the
matrix is no longer unitary or orthogonal, this broken-symmetry quark mixing
matrix M of (40) is still a normal operator. Thus its antieigenvectors could be
computed according to the known operator trigonometry, and thus one could
express the CP-violating eigenstates as perturbed antieigenvectors of strange-
ness. This perturbed quark mixing matrix has a slightly smaller operator turning
angle than that of the CP-symmetry quark mixing matrix. This can be ascertained
by plotting the two eigenvalues, drawing the chord between them, and then using
the property I pointed out just after (9), that the cos {,o,; (M) is the distance from
the origin to this chord. This antieigenvalue property holds for normal operators
as well. From this one finds that instead of ¢, (U) = 6 = 1/4, one now has
turning angle (M) =tan"'((1 —€)/(1+¢€)). For the experimental
e = 0.0023, this turning angle is about 44.868°. Finally I comment that for
both U and M, one obtains the antieigenvalue at real phase; that is, the midpoint
of the chord lies exactly on the real axis.

V. CONCLUSION

A complete treatment of this new connection of the operator trigonometry to
elementary particle physics would necessitate further extension of my operator
trigonometry and will hopefully be pursued elsewhere. Also, there is a lot to
learn about the theoretical physical elementary particle models, both standard
and nonstandard. Moreover, the big business that these experimental efforts
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really constitute must be recognized. Note that there are 49 authors of Ref. 13
and 29 authors of Ref. 14 and 33 additional acknowledged staff workers in
Ref. 13, a total of 111 scientists. The large group [9] that produced the latest
CP-violation measurements is so far unnamed but represents a continuation of a
15 year competition between Fermilab and CERN on the CP-violation question.

Acknowledgments

I would like to thank the Solvay Institute for the invitation and financial support enabling my
participation in this Congress. In particular, I would like to thank Professors Ilya Prigogine and
Ioannis Antoniou for organizing this Congress and for many pleasant and fruitful collegial
discussions over the years. I would also like to thank the Japanese sponsors of the Congress. In
particular, I believe a hearty statement of appreciation should go to Professor Kazuo Kitahara and his
team, who carried the burdens of local arrangements and who also collected in an extremely
conscientious and impressive manner all of the taped or written comments associated with the lectures
at the Congress. I would like to acknowledge several useful conversations with Luigi Accardi
concerning Kolmogorov and Quantum probability models. Finally, I would like to thank Professor
Takehisa Abe of the Shibaura Institute of Technology, Professor Mitsuharu Otani of Waseda
University, and Dr. Mei Kobayashi of IBM—Japan for hosting me in Tokyo for two lectures as I
unjetlagged there a couple of days just prior to the Congress.

References

1. K. Gustafson, Quantum trigonometry. Infinite Dimensional Analysis, Quantum Probab. Relat.
Topics 3, 33-52 (2000).

2. K. Gustafson, Probability, geometry, and irreversibility in quantum mechanics. Chaos, Solitons &
Fractals, 12, 2849-2858 (2001).

3. K. Gustafson, Lectures on Computational Fluid Dynamics, Mathematical Physics, and Linear
Algebra, World Scientific, Singapore, 1997.

4. K. Gustafson and D. Rao, Numerical Range, Springer, Berlin, 1997.

5. K. Gustafson, An unconventional computational linear algebra: Operator trigonometry, in
Unconventional Models of Computation, UMC’2K, 1. Antoniou, C. Calude, and M. Dinneen,
eds., Springer, London, 2001, pp. 48-67.

. K. Gustafson, An extended operator trigonometry. Lin. Algebra & Appl. 319, 117-135 (2000).

. K. Gustafson, Partial Differential Equations and Hilbert Space Methods, Dover, New York, 1999.

B. Schwarzschild, Comments on CP violation in kaon decay. Physics Today, May, 17-19 (1999).

. P. Shawhan, KTeV Report, Fermilab seminar, 24 February, 1999.

10. J. Christenson, J. Cronin, V. Fitch, and R. Turlay, Evidence for the 2r decay of the K3 meson.
Phys. Rev. Lett. 13, 138-140 (1964).

11. L. Wolfenstein, Violation of CP invariance and the possibility of very weak interactions. Phys.
Rev. Lett. 13, 562-564 (1964).

12. M. Kobayashi and T. Maskawa, CP-violation in the renormalizable theory of weak interaction.
Prog. Theor. Phys. 49, 652-657 (1973).

13. G. Barr et al., A new measurement of direct CP violation in the neutral kaon system. Phys. Lett.
B317, 233-242 (1993).

14. L. Gibbons et al., Measurement of the CP-violation parameter Re (€'/€). Phys. Rev. Lett.

70, 1203-1206 (1993).

© o N o



258 KARL GUSTAFSON

15.
16.
. L. Mathelitsch and W. Plessas, Broken Symmetries. Springer, Berlin, 1998.
18.
19.
20.

G. Luders, Proof of the TCP Theorem. Ann. Phys. 2, 1-15 (1957).
C. Jarlskog, CP Violation, World Scientific, Singapore, 1989.

I. Bigi and A. Sanda, CP Violation, Cambridge Press, Cambridge, 2000.
C. Froggatt and H. Nielson, Origin of Symmetries, World Scientific, Singapore, 1991.

A. Afriat and F. Selleri, The Einstein, Podolsky, and Rosen Paradox, Plenum Press, New York,
1999.



PART FOUR

EXTENSION OF QUANTUM THEORY
AND FIELD THEORY






DYNAMICS OF CORRELATIONS.
A FORMALISM FOR BOTH INTEGRABLE AND
NONINTEGRABLE DYNAMICAL SYSTEMS*

I. PRIGOGINE

Center for Studies in Statistical Mechanics and Complex Systems, The
University of Texas, Austin, Texas, U.S.A.; and International Solvay Institutes
for Physics and Chemistry, Free University of Brussels, Brussels, Belgium

CONTENTS

I.  Introduction

II. Poincaré’s Theorem
III. Extension of Unitary Transformations
IV.  Dynamics of Dissipative Systems

V. Concluding Remarks
Acknowledgments
References

I. INTRODUCTION

It is well known that classic dynamics and quantum mechanics leads to time
reversible and deterministic laws. Still in many fields we discover situations
where this picture of nature is not applicable. There are two obvious examples:
kinetic theory (or nonequilibrium statistical mechanics) and thermodynamics.
Kinetic theory deals with probabilities. As in thermodynamics, it includes a
broken time symmetry. You find in many books that kinetic theory and
thermodynamics are based on approximations. But that is difficult to accept.
Indeed to quote only one example, kinetic theory as developed by Boltzmann and

*This chapter is a revised version of the paper presented at the Solvay conference in 1998.
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others leads to predictions of transport coefficients for dilute gases, which are in
complete agreement with observation. Also nonequilibrium thermodynamics
leads to the prediction of coherent structures, which are in quantitative
agreement with experiment. For this reason, our group has always been
interested to formulate dynamics in such a way that probabilities and time
symmetry breaking are included in the microscopic description.

Classic or quantum mechanics are generally formulated in the Hilbert space
formalism. For such systems, dynamics can be reduced to a set of noninteracting
modes by a canonical or unitary transformation. On the other hand, we know
from Poincaré that most systems are nonintegrable. As we shall see, these
systems break time symmetry and cannot be described by unitary evolution in
the Hilbert space. Integrable systems and nonintegrable systems seem to obey
quite different laws. But we have now obtained a unified formulation of
dynamics, which applies to both (a) the integrable systems for which there
exists a unitary operator U leading to a diagonalization of the Hamiltonian and
(b) nonintegrable systems outside the Hilbert space. As we shall see, this
involves the construction of a nonunitary transformation operator A that
corresponds to an analytic extension of U. Therefore we see that kinetic theory
and thermodynamics, far from being based on any ‘““falsification” of dynamics,
are well-defined extensions of classic or quantum dynamics. For reasons we
shall explain later, our form of dynamics can be called a dynamics of
“correlations.”

Many years ago, in my monograph of 1962 [1], I introduced the idea of
“dynamics of correlations.” However, it is only in recent years that, thanks
mainly to the work of Professor Tomio Petrosky and Dr. Gonzalo Ordonez, the
generality of this approach was made explicit. In a sense, the main point is that
we replace interactions (potential energy) by correlations. For integrable
systems, we shall show that these concepts are equivalent. But for nonintegrable
systems we can now formulate dynamics in terms of correlations, replacing
the potential energy. In this chapter, we shall try to give a simple introduction to
the physical ideas. Calculations can be followed in the original papers [2—-6].

II. POINCARE’S THEOREM

We consider systems with Hamiltonian
H=Hy+\V (1)

where Hj is the unperturbed Hamiltonian describing noninteracting particles,
and V is the interaction. The coupling constant A is assumed to be dimensionless.
For integrable systems, Poincaré has shown that the invariants associated with Hy
can be extended to H. The interaction V can be eliminated. But Poincaré has also
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shown that for most classic systems there appear divergences in the construction
of invariants of motion. We call these systems ‘‘nonintegrable in the sense of
Poincaré.” More precisely, the divergences occur in the perturbation expansion
(i.e., expansion in A" with n > 0) of invariants of motion other than functions of
the Hamiltonian. The divergences are due to vanishing denominators, which
occur when the frequencies of the system obey relations called Poincaré
resonances. Then the interactions cannot be eliminated by unitary (or canonical)
analytical transformations.

An essential condition for the appearance of Poincaré resonances is that the
frequencies are continuous functions of the momenta. This implies that quantum
systems in a finite volume are integrable because they have discrete spectra.
However, the situation changes when we consider systems in the limit of infinite
volume.' Then we have a continuous spectrum and resonances.

We can still deal with the vanishing denominators if we interpret them as
distributions; for example,

1 1

= ;
w w =t ie

= 9% + mid(w) 2)

where € > 0 is an infinitesimal. We shall come back later to the choice of Fie,
which is crucial to obtain well-defined perturbation expansions. For such
situations, the nonunitary transformation A leads to new units of systems that
cannot be reduced to trajectory or wavefunction descriptions.

For nonintegrable systems we have no more ‘“‘certainty.” We come to a
different description. Indeed, once the regularization of Poincaré’s divergences
is achieved, we find two unexpected new elements: the breaking of time
symmetry and the appearance of intrinsic probabilities. We come to new units or
modes, which are no longer invariants. They obey irreversible kinetic processes
describing their mutual interactions.

The basic problem of classic mechanics or quantum mechanics is the
diagonalization of H. This corresponds to the introduction of a unitary operator
U, such that H is diagonal. For integrable systems, we can always diagonalize
H. For nonintegrable systems, this is generally not possible. Our interest is in
nonintegrable systems.

There is a second aspect, which is clearly exhibited on the level of
probability or distribution functions p in the Liouville—von Neumann space. As
is well known, we have

.0
l&PZLHP, Ly =1[H, ] (3)

" This avoids the introduction of boundary conditions. We never have isolated dynamical systems as
correlations cross the boundaries.
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where we use a unit 7 = 1. Ly is a ‘“‘superoperator” (in quantum mechanics, it
acts on the density operator p). Because Ly is a Hermitian operator, Eq. (3) has
only real eigenvalues in the Hilbert space for p. To describe dissipative processes,
we need an extension of Ly outside the Hilbert space [7]. Therefore the
formulation of dynamics for nonintegrable systems involves an extension of the
statistical description outside the Hilbert space.

The idea that interactions may kick the system out from the Hilbert space
was already introduced by Dirac in the frame of field theory [8].

III. EXTENSION OF UNITARY TRANSFORMATIONS

In order to have a common formulation for both integrable and non-integrable
systems, we study the dynamics in the Liouville space. We shall consider
quantum mechanics. The dynamics is given by the Liouville-von Neumann
equation (3). As for the Hamiltonian (1) we have Ly = Ly + ALy.

Let us consider first the case of noninteracting particles, with L = 0. We
decompose the density operator p into independent components

p=>_ P 4)

where P1) are projectors to orthogonal eigenspaces of L [see Eq. (20)]. We have
LOP(V) — p(V)LO — wMptv) (5)

where w(¥) are real eigenvalues, which are in quantum mechanics the differences
of energies between the ket and bras of a dyatic operator [e.g., see (24)].

The unperturbed Liouville equation is then decomposed into a set of
independent equations,

0
iaPMp _ W(V)P(V)p (6)

We associate the diagonal component of p with v = 0. We have w(®) = 0; that is
the diagonal density matrices are invariants of motion in the unperturbed case.
The off-diagonal components with v # 0 simply oscillate with frequencies w(¥).

Next we consider the interacting case, with A # 0. We first assume that the
system is integrable in the sense of Poincaré. This means that we can construct,
by perturbation expansion or otherwise, a superoperator U that puts the
dynamics into the same form as in the unperturbed case. We have

d
iz Up = (ULyU ")Up 7
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This corresponds to a change of representation,
p=p=Up, Ly = ©=ULyU™! (8)

(hereafter we use overbars to denote operators defined for integrable systems).
The defining property of this transformation is that the transformed Liouville
operator is diagonal in the unperturbed basis; that is, we have

eprY =pveo

v = M p) (9)

where w!") are the real eigenvalues of ©, corresponding to w") shifted by the
interaction. As a consequence, the dynamics is reduced to the set of equations

d
i&PMﬁ:wMﬂ”ﬁ (10)

Let us note that for the integrable case the problem of diagonalization of Ly
is reducible to the problem of diagonalization of the Hamiltonian H. As is well
known in quantum mechanics, U is factorizable as

U=uxu' (11)

where u is the transformation that diagonalizes H (we use the notation
(A x B)p = ApB to denote factorizable superoperators). Due to the factoriz-
ability of U, for v = 0 we still have w(©) = 0. This means that there is a one-to-
one correspondence (through the transformation U) between the unperturbed and
the perturbed invariants of motion.

In the nonintegrable case we can no longer construct U, due to Poincaré’s
resonances. However, as mentioned before, we can extend the construction of U
if we interpret the denominators as distributions with suitable analytic
continuations. We shall present an example below.

Our new construction leads to a nonunitary operator A, which is an extension
of U to nonintegrable systems. We have now the transformations

p=p=Ap, Ly=0=ALyA" (12)
The transformed Liouville equation is then

i~p—0p (13)

Qo

The transformed Liouvillian © (now called the “collision operator” in kinetic
theory) is no longer diagonal in the unperturbed basis of projectors (this would
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bring us back to the integrable case). However, we may still require the
commutation with the unperturbed projectors, because

orY) = pg = oW (14)

This means that © is block-diagonal in the unperturbed basis of P(*). It leads to
transitions inside each P(Y) subspace. R

We can introduce the complete set of P(*) projectors and express A and © in
this set:

A=>"PYA,  ©=)6Y (15)
v v

Let us also note that Eq. (14) can be written as

LylIV) =11V Ly (16)
where

v = A~'PVA (17)

The projectors II") have been used extensively in our approach [9]. The
dynamics is decomposed into a set of independent ‘‘subdynamics.”

Instead of obtaining a set of equations with invariant or oscillating solutions,
we now obtain a set of Markovian kinetic equations

i 2Py — GVt (18)
ot

There is an important point: In the construction of A (instead of U), time
symmetry is broken as a consequence of the analytic continuation of the
denominators. As a consequence, the operator O is not Hermitian and leads to
complex eigenvalues. It becomes a dissipative operator that describes
dissipative processes such as decay or diffusion. To lowest order in the
coupling constant, it reduces to Pauli’s collision operator of quantum
mechanics. In classic mechanics it leads to the Fokker—Planck equation. From
the similitude relation of the operator © with the Liouville operator, we can
show that Ly has the same eigenvalues as ©. This is only possible if p is not in
the Hilbert space. To introduce time irreversibility, we need to go outside the
Hilbert space: p is then a “distribution” (generalized function). Furthermore,
the appearance of kinetic equations means that the wavefunction description is
not preserved by the transformation A. Indeed, in contrast to U, A is a
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nonfactorizable superoperator. In this representation for nonintegrable systems,
dynamics is described in the Liouville-von Neumann space and not in terms of
wavefunctions.

In both integrable and nonintegrable cases, we transform the Liouville
equation into a set of independent equations. But as already mentioned in the
integrable case, the meaning is quite different from the nonintegrable case.
Indeed, Eq. (7) corresponds to oscillations, while Eq. (18) corresponds to
Markovian kinetic equations. Note that all non-Markovian memory effects are
eliminated in the representation p = Ap, which describes interacting dressed
particles or modes [10].

Before we go further, let us define more precisely the meaning of the
projection operators P(*). As an example, consider a model of a particle
interacting with a field, the Friedrichs model with Hamiltonian

H = o 1){1] + ) onlk) (k] +2 ) Vi(lk) (1] + [1)(k]) (19)
k k

The state |1) represents the bare particle (or atom) in its excited level and no field
present, while the state |k) represents a bare field mode of momentum & together
with the particle in its ground state. The interaction describes transitions between
these states, corresponding to absorption and emission processes.

For density matrices the diagonal elements provide the probability to find the
particle in the state |1) or the field in a mode |k), while the off-diagonal
elements give information on the quantum correlations between particle and
field, or among field modes. The interaction changes the state of the
correlations. Hence, in the density matrix formulation, there appears naturally
a “dynamics of correlations’ [1]. To formulate this more precisely, let us first
introduce the concept of the “vacuum-of-correlations subspace’ that is the set
of diagonal dyads |o)(c| with oo = 1,k. We then introduce an integer d that
specifies the degree of correlation. This is defined as the minimum number d of
successive interactions ALy by which a given dyadic state can reach the vacuum
of correlation. For example, the dyadic states |1) (k| and |k)(1]| corresponding to
particle—field correlations have d = 1, while the dyads |k)(k’| corresponding to
field—field correlations have d = 2. For the Friedrichs model, d = 2 is the
maximum value of the degree of correlation.

The projection operators are written explicitly P,

PO =" Jo; 00)) ({o;
2 (20)

POV = o B)) (o B (o #B)
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which are orthogonal and complete:

pwp) — P(H)Spw ZP(V) =1 (21)
v

with (v) = (0) or (af). Here we have introduced a double-ket notation |p)) as a
double-bra ((A| for the operators p and A with a definition of an inner product:

((Alp)) = Tr(Ap) (22)

and we have represented a dyadic operator as |o; B)) = |a) (B|. The projector P(©)
corresponds to the vacuum of correlations subspace, while the projectors P*!)
and PU%) correspond to the d = 1 subspace and P*¥) to the d = 2 subspace. The
complement projectors Q1) are defined by

PY + oV =1 (23)

They are orthogonal to PY  (de., QVPY =pPVOM =0) and satisfy
[Q(V)]2 = QM. As mentioned before, the bare projectors P") commute with L
and they are eigenprojectors of Ly,

[p(V)7 Ly =0, LOP(V) — M p) (24)
where w") are the eigenvalues,

w©® — 0, wB) — oy — op (25)

IV. DYNAMICS OF DISSIPATIVE SYSTEMS

We come now to what we may call the backbone of our approach. For integrable
systems, we have seen that the central problem is the construction of the unitary
operator U in the Liouville—von Neuman space. For nonintegrable systems, we
introduced in our previous papers [5-7] new operators C), DM )
corresponding to the dynamics of correlations. The superoperator C*) is an
“off-diagonal” superoperator, because it describes off-diagonal transitions
Cc™ = oM cMPpM from the P correlation subspace to the Q1Y) subspace.
By operating C) on the v correlation subspace P(*), this operator creates
correlations other than the v correlation. In particular, C(©) creates higher
correlations from the vacuum of correlations. For this reason the C*) are
generally called ““creation-of-correlations’ superoperators, or creation operators
in short. Conversely, the D) = PMDMQM are called destruction operators.



DYNAMICS OF CORRELATIONS 269

The superoperator y¥) = PMyMPM) is “diagonal,” because it describes a
diagonal transition between states belonging to the same subspace P(").

In terms of these operators, we may indeed consider dynamics as a dynamics
of correlations. U is expressed in terms of the kinetic operators C, D, and . The
kinetic operators for integrable systems are given by definition by the relations

3V = pMy-1pv)

26

cVx™ = gWy-1pt) (26)
We also have the Hermitian conjugate components
[X(V)]T = pMyp

: (27)

where DY) = [C’(V)]T. The diagonalization of the Hamiltonian starting with the
projectors P") is equivalent to the dynamics of correlations. We have

U-lpv — (p(V) + C(V)))—((V)
_ (28)

PV = [X(V)]Jf(p(V) + D(V))

As we shall see later, the “kinetic operators” for integrable systems form the
basis used to perform the analytic continuation to nonintegrable systems.

For the integrable case the transformation U relates bare eigenfunctions of Ly
to dressed eigenfunctions of Ly. The eigenfunctions of Ly are given by the
dyads of eigenstates of H as |,; &)B>> where

|43 bp)) = |0o) (Dpl = [({ds; B[] (29)
and H|d,) = @y|d,,). The states |o) are eigenstates of Hy, while |d,,) are dressed
eigenstates of H. In terms of the unitary operators U in the wavefunction space
and U~! in the Liouville—von Neumann space we have, respectively [c.f.
Eq. (11)],

[6s) =uo),  [dy bp)) = UM o B)) (30)

One can also write the eigenfunctions of Ly in terms of the kinetic operators.
Here we use the notation [5,7]

) = 105:0,)),  [FP)) = 0,5 0p)) (2 #B) (31)
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Then we have
Ly|F})) = wY|F})) (32)
where w*P) = @, — op and w(©® = 0. From Eq. (28) we obtain
F7) = PV +CONR), (F = (5P DY) (33)

where |f')) = %V|v;)) where j is a degenerary index [see an example j = o in
3D].

Note that I‘:(V)|FJY>> =1[f")) and oW F})) = C'(V>|fjv>>. Hence the QW)
component of |F})) is a functional of the PY) component,

OV |F))) = CVPV|E))) (34)
Similarly, for the left eigenstates of Ly we have
Vo™ — ((E¥1pV) pv)
(FF1QY = ((Fj [P DY (35)

The functional relations expressed by Eqgs. (34) and (35) are highly nontrivial. It
is at the basis of the construction of dynamics of nonintegrable systems.

The above construction allows us to give an explicit expression to the
collision operator in (9) in terms of the kinetic operators [7]

0 — PO 4 [z 1ALy, EMF (36)

The main result is that the dyadic formulation of quantum mechanics can be
expressed in terms of the kinetic operators. This is the starting point for our
transition from integrable to nonintegrable systems.

The time evolution of the density matrix in the unperturbed representation
depends on the correlations. These correlations replace here the interaction V
[see Eq. (8)]. The situation changes for integrable systems when we go to the
unitary representation. Then both interactions and correlations are eliminated
[as the kinetic equation reduces to Eq. (6)]. The elimination of the interaction or
the correlations are equivalent problems for integrable systems (see Ref. 2).

We go now to nonintegrable systems. We have then to eliminate Poincaré’s
divergences. This is done by analytic continuation of the resonances which
appear in the kinetic operators C, D, y. The key point is to choose the sign of ie
depending on whether we have a transition to higher, equal, or lower
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correlations, in each term of the perturbation expansion [4,7,9]. We use the same
formal expression (28) for A

AP0 — (PO 4 ¢y, )

PVA = [X(V)]*(p(\’) + D(V)) (37)
However, the analytic continuation breaks the unitarity of the transformation. A
has a new property called star-unitarity [9], which is an extension of unitarity. We
have A~! = A*, where * denotes star conjugation. Star conjugation means
Hermitian conjugation plus a change in the role of higher and lower correlations.

Instead of Up, we now consider Ap, which satisfies the same equation as Up
but now O is the “collision operator’ of kinetic theory [compare Eq. (10) and
Eq. (18)].

Let us consider an example. We consider again the Friedrichs model (19).
We assume ®; > 0. The state |1) is either unstable or stable, depending on
whether its energy m; is above or below a certain positive threshold energy,
respectively [5]. This threshold depends on the coupling constant and the
potential. We first restrict ourselves to situations where ®; < 0. This condition
ensures that the state |1) is stable and also that all terms in the perturbation
expansion are well-defined (i.e., we have integrability in the sense of
Poincaré [11]).

In addition to the bare states, we can construct dressed states |¢,) that are
eigenstates of H. For example, for the particle state we have

H|,) = 01]dy) (38)

where @, is the (real) shifted energy of the discrete state.
The exact state |¢,) is known and is expandable in perturbation series (see,
e.g., Ref. 11). To first order in A we have

=) -3 Yy 1 002) (39)

T O — O
which is a superposition of states |1) and |k).

The dressing of the bare particle may be written as the result of a unitary
transformation in the Hilbert space,

w1 =11) (40)

To the dressed particle state we associate the density operator

w1 (L= 1) (9] (41)
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which is an invariant of motion. We can write the transformation (4.16) as

U1 1)) = |15 b)) (42)

The remarkable point is that, as we have already noticed, U can be expressed in
terms of the kinetic operators (C, D, %) we have introduced. This leads to a closed
link between quantum mechanics (or classic mechanics) and kinetic theory.

Now we turn to the case where the energy of the bare particle ®; is above its
threshold of stability. In this case the state |1) becomes unstable and decays
emitting photons. For this case, one can show that the state |¢,) disappears due
to “Poincaré resonances” at w; = o in Eq. (39) [3,11]. In other words, there is
no eigenstate of H that can be obtained by a unitary transformation acting on the
bare state |1). The disappearance of |¢p;) may be interpreted as the
disappearance of one of the invariants of motion (i.e., |¢;){(d,]). The system
is non-integrable in the sense of Poincaré. We come here to an unsolved
problem of quantum mechanics [12,13]: how to define a dressed unstable state.
We have of course the state |1;1)) as well as the dressed states |¢,; ¢;)) for
integrable systems. In spite of the considerable literature, this problem is not
solved. However, on the level of the Liouville—von Neumann dynamics we can
introduce a dressed particle state through the nonunitary transformation A
obtained by the analytic continuation of U:

ATY1:1)) = pf, (43)

pi, corresponds to the dressed unstable particle defined in the Liouville space,
and the superscript “p”’ stands for the perturbed state. This state is outside the
Hilbert space. This is in agreement with our remark that dissipation is only
meaningful outside the Hilbert space. The properties of p, have been studied in
a recent paper [5], where the analytic continuation of A is given. p/, has a strict
exponential decay, while wavefunctions present deviations from exponential
behavior. This deviation is difficult to accept because this would destroy
indiscernibility. Note that our method separates effects due to the preparation of
the unstable state from the decay. According to the preparation we have different
short time behavior. This corresponds to the “Zeno time” [14] as well as other
effects. In contrast, the behavior of pf; is universal. Note also that p/; no longer
leads to the well-known Lorentz shape, but to a distribution of photons with finite
dispersion.

In Ref. 5 we have presented the exact form of U and A in all orders of A.
Here we present, as an example, specific components of U and A, up to second
order in A

APV2

T 1Y —
(U1 1)) = ==y

+ 0o\ (44)
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for the integrable case and present

((k; k| A7 1;1)) :%[(m_ﬁo%ie)ﬁc.c.] +0(x4) (45)

for the nonintegrable case. Equation (44) corresponds to the well-known
Rayleigh—Schrédinger expansion (in Liouville space), while Eq. (45) corres-
ponds to an extension of the Rayleigh—Schrddinger expansion to nonintegrable
dynamical systems. Note that if we insist on keeping a unitary transformation for
the nonintegrable case, we would obtain a diverging distribution as

' omennt gy — oy + i€)|2
1 1~<0)

This is an example of Poincaré’s divergences. It occurs at the resonance o; = ®;.
It is related to the collision operator 0 [3]. However, for the nonunitary
transformation Eq. (45) we avoid the divergence by a suitable choice of analytic
continuation.

The fourth-order corrections are given by

2172 2v2
(kU1 1), = —— 5~ MV
(601 - COk) 1 (0)1 - 601)
2v72 2v72
L, WV A2V )

(o — mk)3 0 — @y

for the integrable case and by

1 AV2 AVE
(U k| A1 1), = — = k L +ce.
2 | (o) — o + i€)* 5~ (o) — o + ic)
A V2 AV?
k 3 Z L — <+ C.C.

(0] — o +i€)” T7 01 — 0 + 1€

1 AP V2 APV?
+— —.Z*C.C. —.Z*C.C.

8 | (o) — oy + i€) (0] — o + i€)

(48)

for the nonintegrable case. The expansion in terms of A can be pursued to all
orders in A, but the radius of convergence of the series is generally not known.
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However, we have an exact compact expression for any value of A for the
Friedrichs model considered here [5]. As already mentioned, the analytic
continuation has been done by separating the transitions from higher correlations
from the transitions to lower correlations [4,9]. The analytical continuation is not
unique. In each term we could replace ie by —ie. The possibility of two different
extensions corresponds to the inversion between past and future and is the basis
for dissipative processes. Our method leads to a separation of processes that lead
to equilibrium in the future from processes that lead to equilibrium in the past.
The main point is that we can separate these processes in terms of two different
“semigroups.” Which semigroup to choose is a question of coherence. In the
universe as known to us, all dissipative processes have the same direction. This is
by definition the direction from past to future. Anyway the irreversible processes
appear as a result of analytic continuation, and not due to any falsification.
However, the mathematics of irreversible processes is highly nontrivial. For
example, we have in the integrable case

UH? = (UH)? (49)
The operator U is “distributive.” In contrast, A is nondistributive:
AH? + (AH)? (50)

This difference indicates that there are no more discrete levels, and that we have
an uncertainty relation between energy and lifetime:

AEAt > 1/2 (51)
where At is the lifetime and AE is given precisely by the difference [4,5]
(AE)® = (AH?) — ((AH)?) (52)

The time energy radiation takes here a clear meaning. The energy shift AE
differs slightly from the usual value [5]. Our approach could be verified
measuring the line shape that differs radically from the classic Lorenz shape.

V. CONCLUDING REMARKS

The dynamical description of dissipative systems has previously led to some
contradictions. On the level of Fokker—Planck or Pauli equations, one retains At
terms. In this limit, A ~ U. If this would be the case, irreversibility would indeed
be only the result of approximations. But A can never be exactly equal to U. The
At approximation corresponds only to an asymptotic expansion. It is true that for
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large 7, equilibrium would be achieved and there would be no more dissipation.
But for finite A, however small, we have A # U, and we go outside the Hilbert
space.

Note also that our method also applies to thermodynamic systems with N
particles in a volume V in the limit N — oo, V — oo with the density ¢ = N/V
finite. In general, these systems are nonintegrable. The same applies to field
theory. Free fields are integrable systems. But, in general, interacting fields are
not integrable. The interactions between fields lead again to dissipation and
require an extension of dynamics outside the Hilbert space [15].
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I. INTRODUCTION

Quantum Field Theory was initiated by P. Jordan and developed by P. A. M.
Dirac and by W. Heisenberg and W. Pauli to apply the quantum rules to arbitrary
systems (including fields) and in particular to cope with the problems of radiation
and matter. There have always been questions about mathematical consistency
and physical interpretation. An essential difference with ordinary nonrelativistic
quantum mechanics appeared very soon, when von Neumann proved the
uniqueness of the irreducible representations of the commutation rules for a
system with finite numbers of degrees of freedom, whereas the theorem was
definitely false for infinite systems—that is, for quantum fields. In the first, finite
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case, the commutation rules

lgi, pjl =ihd; or [ai,a}] = J;

would imply that there exists an essentially unique vacuum state |0 ) with
ai| O> =0

The existence of different, inequivalent vacua, or even the nonexistence of
vacuum at all in the case of infinite degrees of freedom, was pointed out later
and elaborated by Friedrichs, Wightman and Schweber, Segal, van Hove, and
others. This has nothing to do, of course, with the separability of the underlying
Hilbert space, a fact that we physicists assume, but which is not mathematically
necessary; even with a countable infinite number of degrees of freedom, there
are a myriads of inequivalent irreducible representations of the conmutation
relations.

Von Neumann’s theorem as such guaranteed that, for example, Heisenberg’s
matrix mechanics and the Schrodinger equation would produce the same results,
even when they departed from the naive Bohr—Sommerfeld old quantum theory
results, for example in the %hm value for the zero point energy for the
oscillator: In fact, Heisenberg’s treatment stressed the energy representation,
whereas Schrodinger used the coordinate representation; that the wave equation
was nothing but a particular representation of Heisenberg—Born—Jordan
commutation rules was something subtle, which even Niels Bohr never
accepted completely.

Dirac’s (and simultaneously Jordan’s) work on the transformation theory
(1927) was the culmination of the axiomatic treatment of Quantum Mechanics
(as distinct from Q.FE.T.). Dirac himself was more proud of this development
than any other of his (many) contributions to quantum mechanics. Transforma-
tion theory emphasizes the geometric, frame-independent and invariant
description of quantum mechanics. The underlying quantum reality, somewhat
cryptic, can only be revealed through a particular representation; whichever one
takes, however, breaks the representation independence. One cannot but think
that exactly the same is true in general relativity, where coordinate
independence is dialectically opposed to the necessity of a particular frame to
state a concrete problem and to exhibit the solutions. In modern times, one
assumes that the M-theory is still provisional because we do not know yet the
representation-independence mode of the description of the former string
theory; we only know six corners of the domain, the five allowable string
theories, and the ‘“‘crown jewel,” namely, supergravity in 11 dimensions.

Dirac’s infinite sea of filled negative energy states was a constructive answer
to the negative side of von Neumann’s theorem for the relativistic electron field;
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the “natural” representation, with all positive and negative levels empty, did not
describe reality, but was in agreement with the (anti-)commutation relations all
the same. But Dirac’s choice was also in agreement with the irreducible
representation which has the lowest energy, because all the negative-energy
levels were filled.

II. SECOND QUANTIZATION

Quantum Field Theory was connected from the beginning with (special)
relativity; in fact, there is a widespread belief that there is no consistent
relativistic description of a single particle because of the phenomenon of pair
creation, the many-body interpretation of the negative energy states, and so on.
However, this is a point of view that R. P. Feynman would have challenged. One
can go a long way with a relativistic quantum mechanics of a particle, with
antiparticles, for example, understood as particles going backwards in time; this
is especially true if one is interested only in an S-matrix description.

However, there is a beautiful description of many-body problems, even in
nonrelativistic mechanics, by means of quantum field theory. This is the second
quantization of Dirac (again!) and Jordan, O. Klein, and E. P. Wigner. Starting,
for example, with the Schrodinger equation (with 2m =h = 1)

V() + EV(x) = V(x) ¥(x)

one gets a complete set of eigenfunctions; there is first the (possible) discrete
spectrum, bounded from below:

u,(x) = (xjn), E(n) =E,, n=1,...,N
and improper ‘“‘eigenfunctions” of the continuum part
u(x) = (x| k) 0<K=E<oco
So the spectrum is continuous, 0 < E < oo, with possibly several bound

states of negative energy, E, < 0.
Now the “free” second quantized field is described by an expansion

= tn(x) ay + wi(x) a

Of course, one can use two real (hermitean) fields instead of the complex
one,

P(x) = D1 (x) +i Pa(x) = {P1(x), P2(x)}
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which is very convenient for many reasons, as emphasized by J. Schwinger and
others.
The time-dependent form of the Schrodinger equation in terms of real

components is
iﬁ<¢d0)( 0 -Wﬁ)(%U»
0r \ (1) +V2 0 V(1)
where \y = \y; + i s,. Here \; and s, contain both signs of frequencies, though
\ and \/* contains positive and negative frequencies, respectively. ; and s, are
real, and only they should be considered as the basic ingredient when we

quantize.
Jordan and Klein determined the conmutation relations to be

[, @] = S, ax, al,] = 3(k — k')

if there is no restriction on the spectrum of the number operator Ny, = a,tak, which
fits well with the concept of ‘“‘ordinary” classic particles. Anticommutation
relations for spinor particles (fields) were soon advanced in the subsequent work
of Jordan and Wigner (1928).

The approach of Jordan went counterintuitive to the eminently ‘“‘particle”
point of view prevailing at the time in the orthodox quarters of Gottingen and
Copenhagen; let us recall that the literal “wavelike” interpretation of the
Schrédinger equation was eventually rejected by the inventor himself, when it
was clear that it makes no sense to think of the electron smeared out throughout
the space: As H. Weyl proved very soon, the probability of simultaneous
detection of “bits” of the electron at two separated points is zero, because it
would correspond to the product of two commuting but different projection
operators. Physically it is clear that the electron is indivisible!

II. CONTINUUM SPECTRUM

Let us mention two perennial conundrums of nonrelativistic quantum mechanics
that show up also in the theory of quantized fields. We refer to the treatment of
the continuum spectrum and the collapse of the wave packet. We shall not have
too much to say about the second topic, because of the fact that for the virtual,
potential, or propensity interpretation of the wavefunction, rooted in the
Aristotelian philosohy and favored by Heisenberg and K. Popper among others,
there is nothing real which collapses. In any case this belongs to the interpretative
program of quantum mechanics, which is beyond the modest aim of this chapter.

The so called “improper’ states, necessary to describe scattering, resonance
decay, and so on, are essential. They do have an irreproachable description,
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again due to von Neumann. He completed the proof, due to Hilbert and Schmidt
(1906), of the spectral resolution for self-adjoint operators to the unbounded
case: The corresponding resolution of the identity is

L= Sl + | PE) du(e)

where P(E) is a family of projection-valued measures with P(—o0) =0,
P(400) = 1. Likewise, the Hamiltonian resolves as

H = E,|n)(n|+ JEE dP(E)

valid even in the case (which is usual) where H is an unbounded operator, as long
as it is self-adjoint (hypermaximal in the now-obsolete von Neumann
terminology); here |n)(n| are the bona fide projectors onto the bound states
|n), whereas P(E) is a projector measure, associated to the continuum spectrum
for all values less than E. The theorem guarantees that the usual description with
“eigenfunctions” on the continuum with well-defined energy will go through to
describe the scattering situation. In fact, Dirac’s physical way to circumvent the
continuum spectrum problems with tricks like the delta “function,” separated
bra’s and ket’s, and so on, although horrifying the mathematicians at the time, is
seen today as just an anticipation of the perfectly respectable distribution theory
of L. Schwartz (1950). What Dirac does is just to write down

pretending that |E) is a state. It is not, but the average  » |E)(E| du(E) always
exists as a bona fide operator.

Nevertheless, there are alternatives; one might as well enlarge the Hilbert
space by introducing the topological dual of a physical subspace, which will
extend itself beyond the limits of the original Hilbert space, in particular beyond
the square-integrable functions in the Lebesgue realization of an abstract Hilbert
space. This is the rigged Hilbert space formalism, pioneered by I. M. Gelfand
for other reasons. In recent times A. Bohm, M. Gadella, and coworkers have
used this consistently for the scattering and resonant states.

The treatment of resonances in quantum theory has a long history, starting
with Dirac’s time-dependent perturbation theory (1926), Gamow’s tunnel effect
description of a-decay in radioactive nuclei, the Weisskopf—Wigner treatment of
radiation damping and line breadth, and the resonance formulae of Breit and
Wigner, and later Kapur and Peierls (developed in the mid-1930) and
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subsequently Peierls himself. The Kapur—Peierls formalism has been ‘‘re-
discovered” recently in connection with the rigged Hilbert space approach.
One might reasonably ask, Do resonances correspond to complex energy
eigenvalues? The simple answer is: Yes, if you take the inverse lifetime of the
unstable state as measured by the imaginary part of the “complex” energy. No,
if you remember from your school days that Hermitian operators have only real
eigenvalues. So?

IV. RESONANCES AND POLES

The temptation to study the Schrodinger equation with complex eigenvalues or
alternatively the analytic continuation of the analytic states and the scattering
amplitude to the complex region has been irresistible. The improper
understanding of either approach has led to a lot of nonsense in the physical
literature.

Let us first make a simple remark. For a free particle, the spectrum is
continuous and bounded from below. But we can ask the question, How are the
solutions of the Schrodinger equation for negative energies, or for that matter
for complex values? The mathematical solutions are there, of course; there are
two of them, linearly independent. Are they of any use? Of course! For
example, to construct all the transparent potentials [first found by Kay and
Moses (1955), by the inverse scattering method] one starts with these mock
(=unphysical) negative-energy solutions for the free particle (e.g.,
V(x) = cosh(x)), applies the double Darboux isospectral method (developed
in 1885!), and constructs the solitonic potentials by iteration, which are
perfectly well-defined and very important; for example, in the first step one just
obtains V(x) = —2sech?(x), the paradigm of reflectionless potentials.

To study rigorously the complex continuation of the wavefunction, let us
write the most general solution of the time-dependent Schrodinger equation,

V(1) = ch exp(—iE,t) + J:O g(E) exp(—iEt) dE

On the real axis there are only the poles of any bound states plus a branch cut
for the continuum; of course, in the complex k-plane there is no branch cut, so
one can get around the cut in the energy plane by considering a two-sheeted
Riemann surface, the physical and the unphysical. In the simplest case of a
finite-range potential, in the k-plane there are only “B’’-type singularities,
corresponding to bound states, which lie in the positive imaginary axis,
“A”-type singularities, in the negative imaginary axis, called sometimes
antibound states, and “‘C”’-type singularities, associated to resonances, which
are complex and appear as pairs in Imk < 0.
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There is nothing to prevent us from modifying the integration contour in
the complex energy plane, as long as we do not cross any singularity when we
move off the real axis. Needless to say, the Hamiltonian operator, assumed to be
analytic, is also continued.

Of course, if we insist on deforming the contour even crossing a new pole
(that should be the analytic concept of resonance), the formula is still correct, as
long as we duly include the residue contribution of that pole. Therefore:

The contributions to the integral on the real axis, which do not include the
resonance contribution, are the same as the contribution on a deformed contour
crossing some poles (resonances), as long as they are properly taken into
account.

What is the time evolution of resonances? If the time evolution is given by

(1)) = exp(—iH1) [y(0))

then the survival amplitude is the overlap

A(D) = (V' (0) [¥(®)
where (\"| is the dual function; then
(V"(0),| V(1)) =1  independent of ¢

Of course, for the analytic continuation the Fourier component should be
written as

8(E) — g (E7)

as it is clear from the transformation formula.

Now the survival probability is the square of the modulus of the overlap
{(V"(t;) | \(£2) ). Of course, it does not make sense at all to say that “the state”
decays, in the sense of becoming smaller. Because the resonance is a discrete
eigenstate of the analytically continued Hamiltonian, it is stationary. The state
has unit norm and keeps it! We can say that the probability diminishes in a
phenomenological approximation if we overlook the states in which the
decaying systems go into, looking only to the part of the original state that
persists; it is like saying that energy is not conserved in friction because we do
not keep track of the energy lost on the rubbed body!

Physically it is useful to understand the resonances to be associated with
poles. The Hamiltonian evolution preserves scalar products both in the Hilbert
space and in the more general dual space. Note that the “Hamiltonian’ that acts
in the dual complex space is not, strictly speaking, the original (Hermitian) one,
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but is its continuation with complex parameters; this reconciles the “incon-
gruence” of the very ‘“same’ Hermitian operator getting complex eigenvalues!

Furthermore, the process is even reversible in time [so we do not subscribe
to the philosophy that resonance decay in an essentially irreversible proces;
absorption is as good as spontaneous emission; that much was clear from a very
early discussion between Einstein and Ritz (1908)]. The state has constant (unit,
in fact) norm, and hence the survival probability cannot exceed one. So if one
looks back in time, it does not make sense to say that the resonance was
‘“arbitrarily big” in the past. In fact, the time evolution is symmetric under time
reversal, if one properly takes into account the transition to the dual state of the
decaying state. Reversibility holds, of course, only if the Hamiltonian itself is
time-reversal invariant, which is usually the case but by no means always.

If # is the original space, #” is the dual, and 4, A" " are the continued
spaces in the complex domain, only a dense set in # maps into 2#”; a delta
function maps into a distribution in #”, not in . In #" it is the Weisskopf—
Wigner resonance written as a Lorentz line shape:

(E—z2)"' = (E—Ey—il/2)"!

V. SPIN-STATISTICS AND CPT

Prigogine has raised the question of the statistics of the unstable particles. We are
able to give a precise answer to this, in the dual space formalism. That is, the
continued operators a(z) and a'(z) satisfy the same canonical commutation
relations, namely [a(z), a'(z)] = 8. So, for example, in the two-resonance state
we have al al|0) = al al |0); scalar resonances obey Bose statistics.

The disentanglement of quantum field theory from it’s relativistic heritage is
shown also in that some of the crowning results of the relativistic situation, the
connection between spin and statistics and the CPT theorem, can be seen to
remain valid also in the nonrelativistic situation. Here we are going only to show
some results.

The key issue in the spin-statistics theorem turns out to be merely the
structure of the equations of motion under the three-dimensional rotation group,
with the attendant spin (= double-valued) representations. The stable homotopy
of the fundamental groups starts precisely at dimension three, namely,

TC](SO(I’!)) = ZQ, n>?2

This is naturally true of the rotation group itself, SO(3); it is also true of its
inclusion in the Galilei group or, for that matter, in the Lorentz or the Poincaré
group. This has been shown in detail only recently, but was hinted at already by
Bacry and others.
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The projective nature of the space of rays of quantum mechanics makes it
possible for the half-integral spin representations to exist. The spin-statistics
theorem then merely signals the price: They have to have the antisymmetric
property, with the attendant Pauli “Auschliessprinzip,” which is the key to
understand structures in the Universe; were it not for this principle, the matter
would appear amorphous, with all the particles in the ground state—no
chemical valence, no chemical bond, no molecules, no life, no ourselves,
nothing!

The spin-statistics connection holds also for arbitrary dimension (greater
than 2 + 1); witness the modern treatment of supersymmetric charges and
transformations with Grassmann numbers.

It applies, mutatis mutandis, to the CPT theorem. There is no problem in
defining P and T for any spacetime situation, whether relativistic or not. One
writes routinely, for any field

PO(X, 1) P =n,pO(—%,1)
for the parity operation, where, for example, B is needed for Fermi fields; and
TO(X, 1) T ' = exp(iny) ®* (X, —1)

recalling the antilinear nature of time reversal, as discovered by Wigner in 1932.
As for charge conjugation, for any quantized field one can define

Co(x)C™!
from the expansion of ®(x) in terms of creation and annihilation operators as
Ca;C' =b,  CalC™' =b]

for a general complex field. Or, more to the root the matter, for purely Hermitian
fields the natural definitions are

CakC’l = *ay, etc.

Recall that the C operation is antilinear in the first quantized formalism, but
linear in second quantization, whereas time reversal is always antilinear. With
these definitions, it is not difficult to show that any Hermitian (= real)
Lagrangian for nonrelativistic fields as well as for relativistic quantized fields
has to be CPT invariant. Again, the result holds with generality because P and T
do not have a relativistic origin; as for C, it is characteristic of the quantum
theory.
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I. INTRODUCTION

As is well known (see, e.g., Ref. 1) in quantum mechanics, there is no Hermitian
time operator 7 conjugate to a Hamiltionian H bounded from below, such that
[H,7] = —i. Indeed, the operator 7 would imply the existence of a displacement
operator exp(iAEQ/OE) that could shift the energy of physical states to arbitrary
negative values.

As noted by Prigogine [2], the nonexistence of 7 in the usual formulation of
quantum theory is connected to the dual role of the Hamiltonian, both as energy
and time translation operator. This “degeneracy” can be lifted by going to the
Liouvillian formulation of quantum dynamics.

287
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In the Liouvillian formulation the fundamental objects are density operators,
and the generator of motion is the Liouville superoperator Ly = [H,]. We use
the term ‘‘superoperator” to indicate that Ly acts on ordinary quantum-
mechanical operators [2].

Assuming that the spectrum of H is in the positive real line, the spectrum of
the Liouville superoperator will be in all the real line, because the eigenvalues
of Ly are differences of energies. As a result, one can introduce [2,3] a
Hermitian superoperator T that satisfies

Ly, T] = —i (1)

In other words, the time superoperator can be constructed if there is a continuous
spectrum of energy and no discrete energy levels. This situation occurs, for
example, in systems having resonances associated with unstable states.

As shown by Misra, Prigogine, and Courbage [4,5] (see also Refs. 6 and 7) in
classic mechanics, the existence of a time operator may be linked to the
appearance of instabilities in dynamics, leading to dissipative processes. Once
the time operator is constructed, one can define a microscopic ‘“‘entropy”
operator M as a monotonic function of T (this is a Lyapounov function
analogous to Boltzmann’s H function). The entropy operator indicates the
“distance” of the system to its final asymptotic state, which emerges as a result
of dissipation. Both 7" and M can only be defined in terms of ensembles, and not
in terms of trajectories.

As in classic mechanics, in quantum mechanics we can construct an entropy
superoperator once we have 7. Both the time and entropy superoperators do not
preserve the purity of states, and hence they have to be formulated in the space
of density operators. In short, for both classic and quantum mechanics the
existence of instabilities, resonances, or dissipation is connected to the existence
of time and entropy operators acting on ensembles [2].

The time operator has been previously constructed for classic systems such
as the baker map [2,5], free relativistic fields with energy unbounded from
below [6,8], and nonconservative systems described by the diffusion equation
[9]. Here we present the explicit construction of 7" for a Hamiltonian quantum
system, the Friedrichs model, with energy bounded from below (C. Lockhart [3]
has constructed a time operator f acting on wave functions for the Friedrichs
model with no lower bound on the energy).

In Section II we outline a general procedure to construct the time
superoperator for systems with a continous spectrum.' In Section III we apply
this construction to the Friedrichs model. We estimate the average age of the

' Many of the derivations in the present chapter have been included in Ref. 10. Therefore here we
shall omit some details.
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excited state in the case of weak coupling. The main result is that the average
age coincides with the lifetime of the excited state. In Section IV we estimate
the age fluctuations of the excited state. It is found that these fluctuations are
large, on the order of the lifetime. In Section V we make a few comments on the
entropy superoperator. This operator is formulated in terms of a nonunitary
transformation A [5] that leads to a nonlocal representation of dynamics with
broken time symmetry [11].2

II. CONSTRUCTION OF THE TIME SUPEROPERATOR

Let us consider the Hamiltonian
H=3 | dwldn ool @)
o

where w is the energy and o is a degeneracy index. The energy eigenstates satisfy
the usual orthonormality and completeness relations,

> j [y, 1) (1] = 1 N

<¢w’7 O(/M)W, O() = 8(W - W/)8o<,ot’

In the Liouville space [10,14] the dyads |b,,, o) (d,,, o | are eigenstates of Ly
with eigenvalues w — w’. It is convenient to introduce the variables v and w,

/
v=w—w, w2y (4)
2
as well as the notation
@y, W, 0,0)) = [y, 0) (b, | (5)

Then the eigenvalue equation of Ly is written as

LH‘(I)V7W7 o, O£I>> = V|¢V7W7 a, O£I>> (6)

2In recent years an alternative approach to obtain representations of dynamics with broken time
symmetry has been developed. This approach is based on the construction of complex spectral
representations of Ly both in classic [12,13] and quantum [14] mechanics. The relation between this
approach and the approach based on the time superoperator is an interesting question we shall
consider in a separate publication (see the comment at the end of Section V.)



290 G. ORDONEZ ET AL.

The spectrum of v runs from —oo to +00. As the eigenstates of Ly are density
operators, we need to define their inner product in order to introduce the linear
space structure. The inner product of two operators A and B is defined trough the
trace ((A|B)) = Tr(AB). Now, similar to the usual position and momentum
operators, the solution of the commutation relation (1) is constructed for the time
superoperator T by taking the Fourier transform of the states |®,, w, o, o)) over
the variable v. However, some care is necessary because the variable v cannot
vary independently of w. Indeed, we have w=w+v/2 >0 and W = w—
v/2 >0, so we have w > |v|/2. In the (v/2, w) plane the allowed region is the
shaded region shown in Fig. 1 (see Ref. 15 for a discussion on the spectrum of
Ly). For given w, the variable v is restricted between the values —2w and 2w, as
indicated by path I of Fig. 1. In order to remove this restriction, we choose
integration paths such as II in Fig. 1 [3]. Along this path the vertical distance

E=w-—|v|/2 (7)

to the lower edge of the shaded region remains constant.

Introducing the set & = (E, o, o), which consists of all the parameters that
are constant along path II, we relabel the eigenstates of Ly as |®y, £)). Then we
arrive at the expression of the eigenstates of 7"

20.8) = | e iang) (8)

—o V2T

v/2

Yy

Figure 1. Spectrum of Ly and integration paths for Fourier transform.



AGE AND AGE FLUCTUATIONS IN AN UNSTABLE QUANTUM SYSTEM 291

Note that we may write the unit superoperator as

=Y | aeenens =X | aen.end

g g 7T

where

ZEZJ:CdE (10)

& o0

We shall refer to the states (8) as “age eigenstates’ [9]. The time superoperator is
then

T = jx a8 (1), £) (B (1) ¢ (1)
L2

Similar to the position operator, we may represent the time superoperator in
terms of its conjugate variable as t = i0/0v:

r=| ayieoig e (12

We define the expectation value (or average) of T associated with a state p as

(pIT[p))
((plp))

As shown in Refs. 2 and 10 we have d<T>p(t) = dft; that is, the ordinary time ¢ is
the average of 7. This allows us to interpret (T') o as the “average age” of the
state p and justifies the names “‘time superoperator’ and ‘‘age eigenstate” for T’
and its eigenstates.’

The time superoperator is Hermitian in the Liouville space, and it does not
preserve the purity of states [10]. This last property is easily seen in terms of the
superoperator exp(ivT), which is an energy-difference shift operator. Acting on
a pure state |d,,, o) {(d,,, o, we obtain

exp(iVT) [Py, ) (Byyy o = O(V)|yypys ) (Dyys 0] + O(=V) |y, ) (Dyy 0 (14)

(T), = (13)

where 0 is the usual step function. Equation (14) is no longer a pure state.

3The zero of time plays no special role as we can always shift this point to # = #, by defining a new
operator 7" = T + to. This new operator still satisfies the commutation relation (1) as 7 is a constant
that commutes with Ly. Ages are always measured with respect to the zero of time.
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The construction we have shown here is quite general, and it can even be
applied to free particles. The interest of our construction, however, is in cases
where the dynamics is unstable, as we show next.

III. AVERAGE AGE OF AN EXCITED STATE

Now we apply the results obtained in the previous section to the one-dimensional
Friedrichs model [16] with Hamiltionian

Dwi( l|+ZJ dwlw, a)w(w, o]
HZJ dw £(w) (w0 (1] + 1) (w, ) (15)

This model describes a bare atom with two discrete states: a ground state and an
excited state. The atom interacts with a set of field modes of frequencies w (we
use units with # = 1 and ¢ = 1). The interaction f(w) is assumed to be real. The
state |w, o) represents a field mode (or “photon””) in the presence of the bare atom
in its ground state. The index o is again a degeneracy index. The degeneracy is

given by
n= Z (16)

o

For example, for a one-dimensional massless scalar field we have w = |k| and
o = +1, depending on the sign of the momentum k. The state |1) represents the
bare atom in its excited state with no photons present. We assume the states |1)
and |w, o) form a complete orthonormal basis in the wavefunction space, namely,

;dew|w,oc><w,oc|+|l><l| _ .

(1w, o) = (w, 1) =0, W alw, o) = 8(w — w')8y

The Hamiltonian (15) can also be interpreted as a simple model of an
unstable particle. In this alternative interpretation the state |1) represents the
bare particle and the states |w, o) represent the decay products.

We shall assume that the potential is of the form

w2
w = —— 18
SO = T (18
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where r is a positive integer and wj, is the ultraviolet cutoff of the interaction
with

Wy 2> Wi (19)

For the interaction satisfying

~—

00 2
wy > %sz dwf (w

(20)
0 w

the excited state becomes unstable due to resonances [17].
The exact eigenstates of H are known [16] and are given by*

o
n*(w)
+ijdw’M|w',oc'>} (21)

w—w +i0

[P ) = W, o) +

where n*(w) = n(w £i0), with

00 2 2 w
n(z)Ez—m—nL dw%(w) (22)

We assume that the function [n*(w)] ™" continued to the lower half-plane has
one pole (with y > 0) at

where vy is the decay rate.

The eigenstates (21) form a complete orthonormal set as in Eq. (3). As a
result of the resonance instability, the excited state (corresponding to the point
spectrum) disappears from the complete set of eigenstates of H [16].

We shall calculate the average (T), = ((p;|T|p,)) where

Ip1)) = {1 (24)

IIreet)

“The states (21) correspond to the “in” states of scattering theory—that is, the asymptotic time-
evolved free states for t — +o00. We may obtain “‘out” states by taking the complex conjugate of
(21). This corresponds to the change to "= —T in the time superoperator constructed from these
states.
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is the bare excited state [we have ({p,|p,)) = 1]. For simplicity we shall consider
the case of weak coupling A < 1 and assume that w; > y. Under these
assumptions we may focus on the exponential region of the decay of the excited
state, where we can neglect the deviations from exponential decay (note that the
average value of T involves the complete “history” of the evolution of p;).

Going back to the original variables w,w’ and using (21), we find the exact
form of the states |®,,&)) = |D,,E, 0, ) as

|¢E+vaa><¢E70‘/| for v>20

|bg, o) (b, 0|  for v <O (25)

By, B,y o)) = [ 6oy o | = {
Defining

32 fery feM (E+vn=(E)]™' for v >0
W fi fe s (EM (-] for v<0
(26)

gV, E) = ((p1|®,§)) = {

we obtain [see Eq. (12)]
(o) o0 a
Ty, = (oaltlo)) = | av | arstvmigeer) @)
A few manipulations lead to [10]
00 00 2
(T),, = —ik4n2J va dEf(EiJFV)2
‘ o Jo Int(E+V)
AE) (n‘(E +v) _nt(E+ v)’) )

M (E)P\N(E+V) nH(E+V)
where N (w)’ = on*(w)/Ow. Using the relation
n A2 f2(w) _ 1
et ) >
and the approximations
nw) =1+00%), W] =w-u]"+00%)  (30)

which are valid for A < 1, we get

©dE v JOC dv v?

T %L 2 (E— i) + /4 do 2R[(E+v—n)* +2/4] o
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Using w; > 7 this leads to the average age of the excited state

<T>P1 ~

<=

which in our approximation is the same as the lifetime y~'.
IV. AGE FLUCTUATIONS

Because the bare excited state is not an eigenstate of 7, we expect that its average
age will have fluctuations. We define the time fluctuation associated with a state
p as AT, with

(AT), =(T%), - (T),)? (33)

Due to the commutation relation in Eq. (1), the fluctuations of 7 and Ly must
obey the relation

(AT),(ALy), > 1/2 (34)

(with 71 = 1). For pure states p normalized as Tr(p) = 1, the fluctuations of the
Liouvillian are easily shown to be related to the fluctuations of the Hamiltonian
as

(ALy)) = 2(AH), (35)
where
(AH); = Tr(H’p) — [Tr(Hp)]? (36)

as usual. In the following we shall calculate the time fluctuation for the bare
excited state and verify that it satisfies the relation (34).
The operator T? may be written as [c.f. Eq. (12)]

00 2
r—-| S B0, E) (B4, (37)
e 13

\Y

Therefore we have [c.f. Eq. (26)]

) 00 2
<T2>p]:fn2J dvj dEg(V,E)%g*(V,E) (38)

—00 0
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Integrating by parts, we obtain

2

{o¢] {o.¢] a
%) =n? El—g(v,E
1)y, =0 | av] a ‘GVg(V, ) (39)
Using Eq. (26) and the relations (29) and (30), we obtain
> *dE Y Cdv v
(T >p1"‘v“2 M ~\2 > o — 2 5
0 2T (E—w1)" +7v2/4)o T(E+v—w)" +7v2/4
<f(E+v)’>2_f(E+v)'< 1 +CC)
fE+V) fEE+V)\E+v—2z
1
+ — (40)
(E+v—wi)" +v2/4

where f(w)" = 0 f(w)/Ow. For the potential (18), one can show that the first two
terms in brackets in Eq. (40) give contributions on the order of 1/wi and
1/(wy7y), respectively. These contributions can be neglected as compared with
the contribution of the third term, which gives

(T, ~ (41)
Inserting this result and Eq. (32) in Eq. (33), we obtain

AT, ~ (42)

=2 | =

Therefore the age fluctuation of the bare excited state is as large as its average
age.
The energy fluctuation of the bare state is given by

(AH, ) = n ro dwd2 f2(w) (43)
0

Therefore we obtain

2n ro aw\* f2(w) (44)
0

(AT), (ALy), = i\/

The square root is of the order of Awy,, while the decay ray v is of the order Awi.

Therefore [c.f. Eq. (19)] we obtain (AT), (ALy), >> 1/2.This verifies Eq. (34).
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Before closing this section we remark that, in general, higher powers of T
(i.e., T' with [ > 3) may have diverging expectation values, due to the branch-
point singularity at v = 0 (corresponding to the edge of path I in Fig. 1).” The
branch point appears as a consequence of the positivity of energy. As is well
known, this leads to deviations in the exponential decay of the excited state for
long times. For long times the decay follows an inverse power-law decay in time
as 177 with p positive integer [18]. Therefore, the integral over time in the
expectation value of 7’ will diverge if { > p — 2. In spite of this divergence, one
can still d6eﬁne other functions of 7 such as the energy-difference shift operator
exp(ivT).

V. ENTROPY SUPEROPERATOR

We first define a superoperator A = F(T) as
A= ST ie.g) . (45)
= 5

where F(t) is an arbitrary nonincreasing and bounded function of ¢. This is a
nonunitary transformation, first introduced by Misra et al. [5,11] for unstable
dynamical systems such as the baker transformation. In our case, A acts on
density operators as p = Ap. The transformed density operators p evolve
according to a Markovian equation that breaks time symmetry. Through A we
define the entropy superoperator as M = ATA. This satisfies M > 0 and

d
M)y <0 (46)

The expectation value of M then gives the negative of an entropy function. This
expectation value may be put in the form [5,11] (M), = Tr(p'p).

As shown in Ref. 11, there is a close relation between entropy and
nonlocality. For example, for the baker map, A transforms points in phase space
into ensembles corresponding to nonlocal distributions p [11]. In quantum
mechanics, A has an analogous properties. First of all (similar to 7') it does not
preserve the purity of states. This is analogous to the nonpreservation of
trajectories in classic mechanics. Second, the transformation A introduces
delocalization of states in the space representation. To see this we take as an
example F(r) = 0(—t). Associated with the photons we introduce the position

>We thank S. Tasaki for pointing this out.

®The situation is quite similar to what happens with the integral [*_dx f(x)(x? +x2)7%. This
diverges for f(x) = x* with I > 1. However, for f(x) = exp(ikx) the integral is well-defined.
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kets |x), which are related to the momentum states as (x|w,o) = (211)_1/ 2
exp(iowx), for k = alw| and oo = +. The density operator corresponding to the
position kets is p, = |x)(x|. Because in the bare state p; there are no photons,
we have (x|p,|x) = ((p;|p;)) = 0. On the other hand, for the transformed states
p, = Ap, and p, = Ap, we obtain a nonvanishing overlap [10]

((PalP1)) = ((puM]p1)) ~ ve ™™ (47)

This demonstrates the delocalization induced by the A transformation and the
entropy operator.

We remark that the choice of the decreasing function F(7) is not unique. The
main point is that the existence of the time superoperator implies the existence
of an entropy superoperator. The function F(¢) should be linked to the intrinsic
decay rates of the system (i.e., to ). One possibility to achieve this is to relate
the construction we have presented here with the construction based on the
complex spectral representation of the Liouville operator [14, 16, 19, 20]. This
will be considered elsewhere.

VI. CONCLUDING REMARKS

Through the time superoperator we have introduced the concepts of age, age
fluctuation, and entropy for the Friedrichs model describing a single excited
atom or unstable particle.

There is a close relation between (a) the existence of instabilities and
resonances and (b) the existence of the time superoperator. This can be seen
explicitly in the Friedrichs model. In this model one can obtain a stable
configuration when the inequality (20) is not satisfied. In this case there is no
resonance between the discrete state and the continuous states. The discrete
state does not decay (it has an infinite lifetime as we have y = 0). In this case
one can show that the time operator cannot be constructed because there appears
an isolated point in the spectrum of H. This isolated point spoils the possibility
of obtaining a complete set of age eigenstates by Fourier transformation of the
continuous states [c.f. Eq. (9)].

The time superoperator leads to a formulation of quantum unstable dynamics
where time and ensembles play a fundamental role [2]. In the future we hope to
extend this formulation to relativistic field theories.
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I. RESONANCES AND DECAY

A. Introduction

This is the first time that I find in one room together many people from whom I
have learned and who got me interested in irreversibility and who provided
advice and criticism: Ilya Prigogine, Manolo Gadella, Ioannis Antoniou, and
Nico van Kampen. And there are of course others who are not here. To express
my appreciation and pay my respect to them, I shall include some personal
remarks after I have introduced the subject.

But the real heroine in this story is the mathematics of the Rigged Hilbert
Space, which led to an idea so foreign to my upbringing that I could have never
dreamt of it.

* Proceedings of the XXI Solvay Conference, 1998.
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B. From the Golden Rule to the Gamow Kets

For me the story of (quantum mechanical) irreversibility started with the Golden
Rule of Dirac:

7(0) = JdEZ (b, E|VIf)P8(E — Ep) (1)

all b
b#bP

Here 5/(0) is the initial decay rate or transition rate for the decaying state
D — | P)(fP| with energy Ep, which decays into the decay products described
by the projection operator:

A= ZJ dE|E,b)(E,b|,  where Hy|E,b) = E|E,b) (2)

all b
b#bD

V is the interaction Hamiltonian for the decay, and the total Hamiltonian is
H = Hy+ V. Example: fP is a K? decaying into the channels n*n~, n°n,
ntmy, and so on, which we label by the channel quantum number 1. E is the
energy and b =bb,...b, stands for all other quantum numbers (e.g.,
directions) of all asymptotic decay products. If one chooses in place of
A= Zn A, only the A, of the decay channel, n (e,g., N = ntn), then the sum
over all b in (1) and (2) is replaced by the sum over the b, for the nth decay
channel only. The rate in (1) will then become the partial initial decay rate @n (0)
and 2(0) = Y, #x(0).

According to the fundamental postulates of quantum mechanics, the
transition or decay probability at the time 7—that is, the probability to find
the observable A in the state

WD(Z) _ e—thWDeiHr or fD(t) _ e—thfD (3)
at the time r—is
2(1) = THAWP (1)) = Tr(eAe WD) = (PAFP()  (4)

The decay rate (transition probability per unit time) at ¢ should then be given by
the time derivative (1) = d#()/dt of (1), and the right-hand side of (1)
should be obtained by taking the time derivative of the right-hand side of (4) and
then setting ¢ = 0.

This is how I wanted to derive the Golden Rule (1) from the fundamental
quantum mechanical probabilities (4) for my quantum mechanics class in the
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1970s. The mathematical restrictions of the Hilbert space (HS) were no
considerations, because Dirac kets

H|Eab:F> :E‘Eab:’:% eth‘Eab:F> :eiEt|E7b:F> (5)

and the Lippmann—Schwinger equation

|E,bT) = |E,b) + V|E,b) (6)

E—HTFie

were freely used.

It turned out that (1) cannot be derived from (4), certainly not if f? is an
eigenvector of Hy, HyfP = EpfP or if fP is an eigenvector of H. Also, taking
any arbitrary element of the HS for f2 or more complicated mixed states W? of
the HS does not allow us to derive something like (1) from 4." The reason is that
Dirac’s Golden Rule [1] (and also the method of Weisskopf and Wigner [2] or
Lee—Oehme-Yang’s effective theory with a two-dimensional complex Hami-
Itonian matrix [3]) are approximate methods. And “‘there does not exist...a
rigorous theory to which these methods can be considered as approxi-
mations’ [4].

In order to derive a Golden Rule, an eigenvector ¢ = |Eg — il'/2)v/2nT of
the (self-adjoint, semibounded) Hamiltonian H with complex eigenvalue
(Eg —iI'/2), that is,

H|Eg —iI'/27) = (Eg — il'/2)|Eg — iT'/27), (7)
and the exponential time evolution
\|JG(t) _ e—in‘le _ e—iERze—gz\llG (8)

had to be postulated. Such vectors do not exist in the HS, but this was not a big
issue, because Dirac-Lippmann-Schwinger kets (5) and (6) are not in HS.

In the meanwhile, both the well-accepted Dirac kets (5) [7] and the much less
popular Gamow kets (7) [8] have been given a mathematically precise meaning
as functionals of a rigged Hilbert space (RHS):

b, C H C DX 9)

! At that time the theorem [5]—which states that the probabilities like (4) are identical to zero, under
the ususal assumptions for decay probabilities and for the Hamiltonian H, if f° € HS and A is a
positive operator in HS—was not available. But it was pretty obvious that a HS vector /2 would not
do the job. However, it was well known that the exponential law could not hold for the survival
probability (1 — 2(t)) if f was in HS [6].
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The eigenvalue equation (5) as well as (7) and (8) are understood as a generalized
eigenvalue equation in RHSs (of Hardy class).

A generalized eigenvector of an operator A is defined to be that F' € ®X
which fulfills

(AD|F) = (O|AF) = 0(d|F) forall ¢ € &, (10)

where the number o is called the generalized eigenvalue. The first equality in (10)
defines (uniquely) the conjugate operator A* of any continuous operator A in the
space @ ... Equation (10) is also written as

AIF) = olF),  |F) € & (11)

Therefore, to be precise, in (5) and (7) the operator H* should have been used,
whereas Dirac just wrote H. The conjugate operator for the unitary operator
U(t) = ™ in @, is the operator in ®:

U () = (¢™) = e (12)
where the subscript + is the label of the space ¢, (Hardy class of upper half-
plane).

Thus the Rigged Hilbert Space (9) is already needed for the Dirac kets (5)
and the new Gamow kets (7) do not require a new mathematical theory.?

A resonance and decaying state is associated with an S-matrix pole at the
position zg = Egx — iI'/2 on the second sheet of the analytically continued jth
partial S-matrix element (j = angular momentum of the decay products or spin
of the resonance), and has a Breit-Wigner energy distribution. The decaying
state vector f? in (1), though a problematic notion in the HS theory, should
therefore have a Breit-Wigner energy wave function:

o= 3.J°o dEIE, b>\/% (13)

i)o Egr—iS—E

Using (7), (8), and \|JG =fP of (13) as postulates, one can obtain in a
heuristic way something like (1) from the fundamental probabilities (14).
However, postulates cannot be made arbitrarily; instead, they have to be
consistent with each other. But there is no way that one can derive (7) for the
vector P of (13), not to speak of justifying (8).

2 Except that the Dirac kets can be defined on a larger dense subspace ® of # (Schwartz space) and
the Gamow kets only on the Hardy space ®, because these require continuation to negative and
complex energies.
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However, one can modify (13) a little bit and postulate a vector \|!G:

== dEE,b”) ————— 14
V=] gV (14)
(where —oop means integration along the negative semiaxis in the second
sheet?). For practical purposes, (13) and (14) differ very little when I'/2Eg is
small. But for “ of (14) one can prove the following:

1. O, if considered as functional over the Hardy class space @, can be
derived as pole term at zzg = Eg — i['/2 in the lower half-plane of the
second sheet of the analytically continued S-matrix element.

2. Equation (7) is fulfilled in the sense of (10) or (11), as a generalized
eigenvalue equation with \IJG € ®}.

In order to obtain statement 1, the Hardy class property of the spaces @ is
needed. In order to prove statement 2 and a similar equation for all powers H" of
H, the Schwartz space property is needed. Therefore we chose for @ the space
of “very well behaved” vectors, which means the following:

1. ¥~ € &, is well-behaved (i.e., the energy wavefunction ("E|\") €
Schwartz space).

2.y~ € &, has some analyticity properties (precisely (" E[\y") is a Hardy
class function analytic in the upper half-plane).®

Gadella has shown that, with this property of ®., the triplet of spaces (9) is
indeed an RHS [9], which is needed in order to justify (5) and the Dirac basis
vector expansion [c.f. (26) below (Dirac bra-ket formalism)].

For this RHS (9) of Schwartz and Hardy class, we now have to derive (8) as a
generalized eigenvalue equation [in the sense of (10) with ¢ =y, F = |,
A =U(r) = €M for the vector © given by (14). The surprising, totally
unforeseen and unintended result was that for \LIG € ¢ (Hardy class) one can
show that (8) cannot hold for ¢t < 0, but one can prove it as a generalized
eigenvalue equation for ¢ > 0:

e:HXZ\IIG _ efiERte%’\pG for ¢ >0 only (15)

This means that the time evolution operators (12) on the space ®’ form only a
semigroup, not a reversible unitary group like the U(#) in the Hilbert space #.

3 For the theory of resonances the first sheet of the S-matrix is irrelevant; when we talk of analytic
functions we will always mean the second (or higher) sheet of the S-matrix.
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With equations (5), (7), (14), and (15) mathematically well established, one

can obtain the Golden Rule from the fundamental postulate (4) of quantum
mechanics. For the decaying state W?, one takes the Gamow state

1
Wé = 7 ) (W] (f is a normalization factor) (16)

and derives for

2(1) = Tr(AW (1)) = (W ()| AN (1)) 4)

using (15) and the Lippmann—Schwinger equation (6), with some mathematical
qualifications, the result [10]:

t>0 (17)

T _ 7671—‘[ > G\ |2 1 .
20 =1-e" | 4B > WE VNP (ot

This is the probability for the transition of the decaying state W¢ into all

mixtures of decay products A of (2). We have normalized* W¢ such that

P(00) =1 (at r — oo the probability for the decay products is certainty).
Taking the time derivative of (17), one obtains the decay rate

r'/2n )
(E— Eg)* +1/2*’

P(t)=e"2n ro dE Y |(E, b|VIY9)[? 0 (18)
0

b#bD

The time directedness of the decay (increase of the probability for the decay
products), t > 0, is a consequence of the semigroup property (15). The initial
decay rate is then obtained from (18) as

; B 0 G\ 12 T'/2n
7(0)_2nJ dE[;DKE,b\VW )| E—E < ()27 (19)

We will call formulas (18), (19), and also (17) the exact Golden Rule.
Comparing (19) with (17) for 2(0) = 0 (at t = 0 the decay is to begin and
the probability for the decay products is zero), one finds

20)=T  (=T/n) (20)

“The kets |Eg —i'/2) inherit their normalization from the &-function normalization
("DE'|Eb™) = 3(E' — E) of the Dirac kets; the other factors in (14), including the phase factor,
are arbitrary. Then f in (16) is chosen such that 2(cc) is normalized to unity.
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From the exponential time dependence in (17) or (18), we obtain that the lifetime
Tg [which is defined by the exponential law as the time during which the rate went
down to ﬁ of its initial value, and therefore precisely defined only if the
exponential law (1.18) holds] is given by

TR:f (=h/T) (21)
The results (20) and (21) mean that the imaginary part of the complex energy
in (7), which is also the imaginary part of the S-matrix pole position and the
width of the Breit—Wigner energy distribution (14) is equal to the initial rate @(0)
of the decay probability (4) and also equal to the inverse lifetime. All the
equations (17), (18), (19), (20), (21) are exact, [although (19) is not of much
practical use for the calculation of ?(O) = I" because I" appears on both sides of
the equations].
To obtain the very useful Golden Rule of Dirac, one makes the following
(Born) approximation:

(b, EIVIV®) ~ (b, E|V|f") (22a)
r

55 0 (22b)

Er =~ Ep (22¢)

The Breit—Wigner energy distribution (natural line shape) has the property

) T'/2n B B
Ao E B2 220

Using (22), one obtains from (19) the initial decay rate in this Born
approximation:

20 =5 [dE Y |0, EVIf)PS(E - En) (1
b

which is the Dirac Golden Rule (1).

Summarizing, to satisfy our desire to ““derive” Dirac’s Golden Rule (1), we
had to postulate the existence of a new generalized vector ¢ with the
properties (7) and (8). These Gamow vectors come in pairs. To every Gamow
vector U° = |[Eg —il'/27)V/21T € @7, there is also another Gamow vector
V° = |Eg +il'/2)v/2rT

HO = (Eg +iT/20V°%,  |Eg+il/2") € &% (23)
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in another RHS
d_ C H CP* (24)

with the same HS 2 but with a space ®_ that is Hardy class in the lower half-
plane.

There can be several Gamow vectors of given angular momentum j in a
particular quantum physical system ¢ = |Eg —il;/2), i=1,2,---, N
corresponding to N poles of the jth partial S-matrix. The Gamow vectors
have the following features, some of which we have not yet mentioned above:

1. They are derived as functionals of the resonance pole term at
zr = Er —i['/2 (and at z; = Er +iI'/2) in the second sheet of the
analytically continued S-matrix [11].

2. They are given by (14) and have a Breit—-Wigner energy distribution

|(CENC)* = %m which extends to negative energy values on

the second sheet indicated in the representation (14) by —ooy [11].

3. The decay probability 2(r) = Tr(A|WC)(WC|) of yO(r), 1> 0, into the
final non-interacting decay products described by A can b(e) calculated as a
_ a2

function of time, and from this the decay rate 2(t) = 5~ is obtained by

differentiation [10,12] This leads to an exact Golden Rule (with the
natural line shape given by the Breit—Wigner) and the exponential decay
law

Pu(t) = e 1Ty >0 (25)

n’

where I'y, is the partial width (or partial initial decay rate) for the decay
products Ay (I'y, = branching ratio x I'). In the Born approximation
(VC = fP = an eigenvector of Hy=H —V; I'/ErR — 0; Ex - Ep=a
discrete eigenvalue of Hj in its continuous spectrum) this exact Golden
Rule goes into Fermi’s Golden Rule No. 2 of Dirac.

4. The Gamow vectors \© are members of a “complex” basis vector
expansion [11]. In place of the well-known Dirac basis system expansion
(Nuclear Spectral Theorem of the RHS) given by

0" = S I E6T) + | T aplEn) (Bl (26)

(where the discrete sum is over bound states, which we henceforth
ignore), every state vector ¢ € ®_ can also be expanded as

O == D NP0 + L TaEEN (RS @)
i=1



TIME ASYMMETRIC QUANTUM MECHANICS 309

where —ooyy indicates that the integration along the negative real axis (or
other contour) is in the second Riemann sheet of the S-matrix).> N is the
number of resonances in the system (partial wave), each occurring at the
pole position zg, = Eg, — iI';/2. This allows us to mathematically isolate
the exponentially decaying states \LIIG

The ‘“‘complex” basis vector expansion (27) is rigorous. The
Weisskopf—Wigner approximate methods are tantamount to omitting the
background integral in (27), that is,

N
" =S W e, e == o") (28)
i=1

For instance, for the K — KY meson system with N = 2,

o = YSbs + VPh; (29)

For the case of a single decaying state, N = 1 (27) becomes

6 = WO + | " EE) (FElp) (30)

and a prepared state ¢ € ®_ is only approximately represented by an
exponentially decaying Gamow vector \|JG € Pl:

ot "=yl (31)

5. The time evolution of every state prepared by a macroscopic apparatus is
obtained from (30) as

d)+(t) _ efth(bJr — e—iERte—l“/ZthG><\le|d)+>

e - B )
0

In addition to the exponential time dependence, it has the time
dependence given by the “‘background integral,” which is nonexponential.
Theoretically, such a background term is always present in the prepared
state vector (1)+ € &_ C A, but it could be arbitrary small.

The properties (7), (14), (15), (25), (26), (27), and (32) are not independently
postulated conditions for the Gamow vectors but are, instead, derived from each
other in the mathematical theory of the RHS. These are properties that one
would require of a vector which is to represent the ‘“‘state’” of an unstable
particle or of a resonance. In fact the Gamow vector combines features which
one has observed as different aspects of the phenomena associated with
resonance scattering and decay and which were in the past only vaguely and
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approximately related to each other in a collision theory [13]° based on
Weisskopf—Wigner’s approximate methods [2].

For instance, the exponential decay law (25) and (17), which allows the
definition of a lifetime 1, has been observed and confirmed with high accuracy
for numerous radioactive decays and other decay phenomena with 7/tgzEg (or
h/tgMpg in the relativistic case) ~ 107 and less [14]. To describe this
phenomenon, one needed a vector with the property (7) and (8).5 Because such
vectors were not available in the standard theory, one postulated a finite
dimensional complex Hamiltonian matrix and used its eigenvectors [3,15].
However, it remained unclear how this finite matrix could be a submatrix of the
infinite-dimensional self-adjoint Hamiltonian. Now (27) explains this as the
approximation (28).

The converse problem of the mathematically derived deviations from the
exponential law for any vector [e.g., also fP of (13)] in the Hilbert space
evolving with a self-adjoint semibounded Hamiltonian f?(¢) = e~ fP [6] is
also overcome by ¢ because y“ ¢’ and V¥ is not in #, thus allowing the
exponential law (8). This exponential law (8) for the vector leads to the
exponential law (17) and (25) for the decay rates. This, in turn, permits us to
define a lifetime tg. From (17) or (25) it follows that ©g = //T", where I is the
imaginary part of the energy eigenvalue of (8), which, in turn, is the same as the
I" of the Breit—Wigner energy distribution in (14).

However, in spite of the exponential law for the decaying state per se,
deviations from the exponential law, as may have been observed in Ref. 16,
(c.f. Fig. 1), can be explained in our theory if one interprets ¢ € ®_ as the
state prepared by the (macroscopic) experimental apparatus. Due to the
background term in (32), there are deviations from the exponential law for a
prepared state. And according to (32), these deviations change with the energy
distribution ("E|p*)—that is, with the experimental conditions of state
preparation. The nonexponential background term can become substantial.
But the time evolution of the unstable particle  will always be exponential
with the same lifetime tg = 7i/T" because this is according to (32) independent
of experimental changes in state preparation. An unstable particle is something
defined by its mass (or Er) and its lifetime and independent of the experimental
preparations.’

In scattering experiments, one observes a different aspect of the resonance:
unstable particle phenomenon for a different range of the resonance parameter
I'/Eg (or T'/Mg) > 1077 (e.g., Z boson, hadron resonances). One sees a bump

3 Using Dirac kets and the Lippmann—Schwinger equation but not Gamow kets [13].
SForN =2 [3] or N =finite [15], one needs the superpositions (29) or (28), respectively.

7 If more than one unstable particle is involved as in (29), the rate W(t) may not be exponential as in
(18) due to the interference of the two (or more) Gamow states.
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Figure 1. The logarithm of the survival probability (1 — 2(r)) as a function of time shows
some deviations from linearity. (From Ref. 16, with permission of the author.)

in the cross section which one analyzes in terms of a Breit—-Wigner amplitude
B.W. and a background term B (or a resonant and a background phase shift). For
a resonance in this range of the parameter I'/Eg, one fits the cross-section data
to |B+ B.W. \2 and determines Ey as the position of the maximum and I" as the
width of the Breit—Wigner. Because of the ever-present background B, which is
related to the second term in (30), and other corrections, this is not without
ambiguities. It is certainly impossible to distinguish experimentally between an
“ideal” Breit—Wigner that extends over E from —oo to +o0o as in (14) and a
Breit—Wigner of (13) which is zero for “unphysical’ values E < 0.

The width I' and the lifetime tz have a completely different origin. I' is the
width of a Breit—Wigner amplitude, which together with the background give
the scattering amplitude (or S-matrix element). For the S-matrix definition of a
resonance, one does not need a vector; but if one wants to associate with the
resonance a ‘“‘resonance state vector,” f° of (13) would do fine.® 15 is the
lifetime measured by a fit of the experimental counting rate (Nn(t) /N) ~
P,(1)/T to the exponential e /™ of (25) (log(N(t)/N) = —t/tg). Thus

8#D is in the Hilbert space #, but it is not in the domain of the Hamiltonian H(||H f”|| — oo); so it
could, in particular, not be an energy eigenvector in the Hilbert space sense.
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observationally the width T' and the inverse lifetime 1/t are different
quantities: One comes from the Breit—-Wigner distribution for the energy,
whereas the other comes from the (linear) time dependence (of the logarithm) of
the counting rate. These observationally different quantities I" and 1/tg become
the same only through the Gamow vector (14). And it is important that [ is a
generalized vector \|JG € @7 (14) and not the Hilbert space vector fP e 3).
Changing the integration from O0<E<oco to —oog<E < +o0o is
important [17]—mathematically because it changes a Hilbert space vector
into a Rigged Hilbert Space vector, and physically because it makes the
observationally different quantities I' and 1/tg the same (I' = /i/tg), not only
approximately and vaguely, but precisely.

For this, one needs the Rigged Hilbert Space quantum mechanics. Gamow
vectors /“ have all the properties that one heuristically wanted for unstable
particles and resonances. They are the central ingredients of a mathematical
theory of which the Weisskopf—Wigner approximate method, the effective
theories with finite complex Hamiltonian (e.g., the Lee-Oehme—Yang theory [3]
and many in nuclear physics [15]), and Dirac’s Golden Rule are approximations.
But, in addition, they have an unwanted and mostly undesired feature, the
semigroup time evolution (15)—which is in contrast to the reversible unitary
group evolution of the Hilbert space and expresses something like irreversibility
on the microphysical level. Without the Gamow vector and without the RHS
there is no rigorous theory in which (18) can be derived and for which (20), (21),
and (23) hold. But, in welcoming these results, one also has to contend with the
semigroup time evolution (15). We want to discuss this feature next, and we
shall see that it is, after all, not as bad as one may have thought.

II. PROBABILITY AND TIME ASYMMETRY

A. Introduction

Because I did not know what to do with the puzzling mathematical result (15)
that I obtained when I asked the question about the relationship between the
quantum mechanical probabilities (4) and the decay rate (1), I showed my
paper [11] to Ilya Prigogine. But I could not get him interested in it; and because
I also had a lot of difficulty in getting the paper published, I kept working on my
other subject using unitary group representations, for which not reversing time
(or any other parameter) is abominable. In the meanwhile, Gadella, working by
himself, established the mathematics of the Rigged Hilbert Space of Hardy class
functions. About 10 years later, when also Gadella had given up on this subject,
I happened to hear a talk at a conference by loannis Antoniou. To my surprise,
he had not only understood the idea of quantum mechanics in Rigged Hilbert
Space, but had also learned the mathematics and was using it for the intrinsic
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irreversibility of the Brussels group. Antoniou’s talk convinced me to return to
the subject of resonances, decaying states, and their time evolution, and I also
persuaded my Rigged Hilbert Space collaborator Gadella to rejoin me. In order
to study irreversibility and to learn about the arrows of time, I started my visits
to Dr. Prigogine’s office and in these sessions he got me really sold on this
subject with such statements as ‘all irreversibility comes from the time
evolution of resonances.”

At that time Nico van Kampen was visiting Texas and I wanted to get a
second opinion. I remember that we talked for some time on the phone and we
did not seem to understand each other, but then he must have finally caught on,
because he remarked something like ““O there are people who say that there is
irreversibility on the microphysical level, but that is heresy.”

I liked his choice of words and quoted van Kampen in my talk at a
subsequent conference so that the audience would not mistake this semigroup
irreversibility for the conventional irreversibility in quantum statistical
mechanics due to external influences of a reservoir or measurement apparatus
upon an open quantum system. But then this came back to me in a referee’s
report in which the referee—who must have been in the audience—rejected the
paper saying among others that “‘the authors themselves call this heresy.” When
I showed this report to Ilya Prigogine, his reaction was something like “I am
proud to be a superheretic.” In the meanwhile I have learned that the semigroup
evolution (15) is not that heretic after all.

The irreversibility of (15) is the time asymmetry of the solutions of a time-
symmetric dynamical equation with time-asymmetric boundary conditions. In
classic physics, there are several well-known examples of time-asymmetric
boundary condition for time-symmetric dynamical equations (the radiation
arrow of time, the cosmological arrow of time). It is the peculiarity of the Hilbert
space’ which disallows time-asymmetric boundary conditions for solutions of
the time-symmetric Schrodinger equation. But time-asymmetric, specifically
purely outgoing boundary conditions were suggested a long time ago [18].

B. From Gamow Kets to Microphysical Irreversibility

Time-asymmetric quantum theory is mathematically described by the appro-
priate choice of spaces for the solutions of the usual time-symmetric
Schrédinger equation with asymmetric boundary conditions. This is done with
the aid of the two Rigged Hilbert Spaces (9) and (24).'° The questions then are,
What is the physical interpretation of the two rigged Hilbert spaces, are there

°In HS the exponential ¢’ is not defined by the converging exponential series but by the Stone—von

Neumann calculus.
1% And also by the Lippmann—Schwinger (integral) equation. Vaguely, the Gamow kets |Ex T i’ /2%)
of (7) and (23) are just an analytic continuation of the Lippmann—Schwinger—Dirac kets (6).
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fundamental reasons for boundary conditions that lead to the two rigged Hilbert
spaces, and what is the basis and the physical evidence for quantum mechanical
irreversibility of the kind described by (15)?

In quantum physics one measures probabilities (4). In experiments, the state
W [or the pure (idealized) state ¢] is prepared by a preparation apparatus, and
the observable A (or the idealized observable |\){\|) is registered by a
registration apparatus (e.g., a detector). For instance, ¢ can be the in-states ¢+
of a scattering experiment, and the observables s can be the detected out-states
y~ of a scattering experiment.

The measured (or registered) quantities are ratios of (usually) large numbers
Ny (1)/N, the detector counts. They are interpreted as probabilities (e.g., as the
probability to measure the observable A, in the state W at the time f) and
represented in the theory according to (4) by 2y (A (7)) = Tr(AzW(2)):

Ny(0)/N = 2(1) = Tr(Ag ()W(0)) = Tr(Aq ()W (1) = (¥~ ()]0 )* (33)

In Hilbert space quantum mechanics the theoretical probabilities can be
calculated at any time using the unitary reversible group evolution

W(t) = e W)™, &) = Ul(1)dy = e ™ $(0)
where —oo0 <t < o0 (34a)

or, in the Heisenberg picture,
A(t) = e Age ™, where —o00 << 00 (34b)

The probabilities 2, (t) = Ny (f)/N cannot be observed at any arbitrary
positive or negative time ¢. The reason is the following:

A state needs to be prepared before an observable can be measured, or
registered in it.
We call this truism the preparation = registration arrow of time [19]; it is an
expression of causality. Let #o (= 0) be the time at which the state has been
prepared. Then, 2(¢) is measured as the ratio of detector counts:

N,
PE(1) = % for t>1 =0 (35)

If there are some detector counts before ¢t = #(, they are discounted as noise
because the experimental probabilities

can not fulfill ZP(r) %0, for t<f=0 (36)

Though in the Hilbert space theory 2w (A(t)) = Py;)(A) can be calculated at
positive or negative values of ¢ — fy using the unitary group evolution (34a) or
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(34b), an experimental meaning can be given to #(¢) only for 7 > #,. The
preparation = registration arrow of time clearly sets states apart from
observables. In standard quantum mechanics the same set of vectors # (usually
the whole HS) is used for states W = |$) (| as well as observables A = |{) (]
(and the |\s) are usually called “eigenstates” even if they are observables). In
scattering theory the vectors controlled by the preparation apparatus d)in, ¢ are
called in-states and the vectors controlled by the registration apparatus (e.g.,
detector) are called out-states Y°", \~, though [y*")(y*"| is really an
observable defined by the detector [c.f. Eq. (38) below]. Thus in scattering
theory, one at least introduces the set of (pure) states {¢p*} and the set of
observed “properties” {\" } separately, though soon one makes the hypothesis
{67} = {V~ }(= #), in exceptional cases realizing that this is not quite in
agreement with our intuition of causality [20]. Based on the preparation =
registration arrow of time, we will distinguish meticulously between states and
observables by choosing for the in-state vectors the space ®_ of (24),
{¢"} = ®_ and choosing for the out-observable vectors the space @ of (9),
{V¥~} = ®,. Thus we make the following hypothesis: Each species of quantum
physical systems has a pair of Rigged Hilbert Spaces: ¢~ € &_ C # C &
defined by the preparation apparatus and = € &, C # C ®7 defined by the
registration apparatus. Both have the same . One can then see [21] that the
Hardy class properties of @, and ®_ are such that prepared states ¢ € ®_ must
be there before observables ™) (y~| € @, can be measured in them.

The vectors Y with the semigroup time evolution (15) describe quantum
physical states in nature that evolve only into the positive direction of time,
t > tp. Resonances and unstable particles have this property, though the
irreversible character of quantum mechanical decay has rarely been mentioned
in the literature. There are, however, exceptions [22].

We shall now demonstrate the time asymmetry of the quantum mechanical
decay process and explain the meaning of the time #y, using the neutral kaon
state Kg as an example. Its time evolution is entirely due to the Hamiltonian of
the neutral kaon system and free of external influences.!!

The process (idealized, because in the real experiment one does not use a ™~
but a proton beam) that prepares the neutral kaon state is

np = AK°, K'=ntn” (37)
K? is strongly produced with a time scale of 1023 sec and it decays weakly, with

a time scale of 107!% sec, which is roughly equal to the lifetime tx, of K?. Thus
fo, the time at which the preparation of the K state WK is completed and the

"Because here we are only interested in the fundamental concepts of decay, we discuss a simplified
K? system for which the K? as well as the CP violation is ignored [23].
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Figure 2. Schematic diagram of the neutral K-meson decay experiment.

registration can begin, is very well-defined (within 10~!31x). A schematic
diagram of a real experiment [24] is shown in Fig. 2. The state WK’ is created
instantly (at fo & 1073 1x) at the baryon target T (and the baryon B is excited
from the ground state (proton) into the A state, with which we are no further
concerned). We imagine that a single particle K° is moving into the forward
beam direction, because somewhere at a distance, say at d, from T, we “‘see” a
decay vertex for ™ n~; that is, a detector (registration apparatus) has been built
such that it counts m™n~ pairs that are coming from the position d>. The
observable registered by the detector is the projection operator for the ntn~
decay channel (n =n"n")

An(t2) = w7, ) (w7 ] = W (L)) (U™ (1) (38)

for those m™nn~ which originate from the fairly well-specified location d,. From
the position (in the lab frame) di°, the momentum p of the K° (= the z
component of the momentum of the n*n~ system), and the mass mg of K°, one
obtains the time 5 (in the KO rest frame) that the K° has taken to move from T
to d. This is given by the simple formula of relativity di® = £ mLK which we
write dy = 1, -

We do not have to focus at only one location d;, but can count decay vertices
at any distance d. The detector (described by the projection operator
An(r) =|ntn,)(n"n, 1| counts the m'm~ decays at different times
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t=t, t, t3,... (in the rest frame of the K°), and these correspond to the
distances from the target d; = pt; /mg, dy = pty/mk, ... (in the lab frame).

One “‘sees” the decay vertex d; for each single decay and imagines a single
decaying K° microsystem that had been created on the target T at time #o (= 0)
and then traveled for a time #; until it decayed at the vertex d;. We give the
following interpretation to these observations: A single microphysical decaying
system K° described by WX’ has been produced by a macroscopic preparation
apparatus and a quantum scattering process, at a time ¢ = 0. Each count of the
detector is the result of the decay of such a single microsystem. This particular
microsystem has lived for a time ¢,—the time that it took the decaying system to
travel from the scattering center T to the decay vertex d;. The whole ntn~
detector registers the counting rate AN, (t;)/At ~ NZ(t) as a function of d;—
that is, of 1; = %di, for ---t; >---tp >t >ty = 0. (N is the total number of
counts.)

Figure 3 shows the counting rate AN, (#;)/At plotted as a function of time ¢
(in the K° rest frame). (It is normalized to 2(0) = 1, i.e., to AN”<O> y=1)

No ntr~ are registered for ¢ <ty = 0—that is, clicks of the counter for
't~ that would point to a decay vertex at the position d_ in front of the target
T are not obtained (if there were any, they would be discarded as noise). One
finds for the counting rate

ANy (1)

~0 =0 39
Ar , 1<t (39)

in agreement to the preparation = registration arrow of time (36). This is so
obvious that one usually does not mention it.
For ¢ > 0 one expects the following from the prediction (18) or (25):

iAN(ti) ~e 1t
N At

t>0=ty (40)

From Fig. 3 one can see that this is indeed fulfilled to a high degree of accuracy.

More importantly, we see that the state WX'(r) = [yS (1)) (WS (1)| or the
Gamow vector \Jfg(t) of (15) (with Er = Mg and I' = I') describes the state of
an ensemble of single microsystems K° created at an “‘ensemble” of times f,
all of which are chosen to be identical to the initial time # =0 for the
(mathematical) semigroup. The decay probabilities are the statistical prob-
abilities for this ensemble of individual K° systems, and ¢ in WK’ is the time in
the “life” of each single decaying K° system that had started at ¢ = 0. It is not
the time in the experimentalists life in the laboratory or the time of a “wave
packet” of K°’s. The mathematical semigroup time ¢ = 0 and the physical
time f at which the preparation of the state is completed can be thought of as



318 A. BOHM

K¢ Decay Rate
a\
N
T T TTTTm]
1l

0 1 2 3 4 5 6 7 8

Proper Time (x10’1os)

Figure 3. Kj decay rate versus proper time. (From Ref. 24, with permission.)

the ensemble of times #; at which each single quasistable particle described by
the state (“ has been created. If this time of preparation 7, can be accurately
identified (e.g., for K° within 10~"31x), then the decaying Gamow state can be
experimentally isolated as a quasistationary microphysical system. The experi-
mental time ordering (35) for the observed probabilities are the same as the time
ordering of (17) calculated for the probabilities 2(f) = Tr(Ay [ (£)) (W (1)])
from the semigroup evolution (15) of \°.

The semigroup time evolution of Gamow kets describes the irreversible
character of microphysical decay. The time asymmetric boundary condition of
the RHSs, the preparation =- registration arrow of time, and the time ordering of
the quantum mechanical probabilities are manifestations of a fundamental time
asymmetry in quantum physics.
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I. INTRODUCTION

As is well known, the present formalism of physics contains Planck constant 7,
light speed c, and gravitation constant G, as given universal constants, but never
ask their origins. Besides, we have no theory to give the elementary charge e (of
an electron) in terms of other fundamental parameters. They must be
unsatisfactory from the fundamental point of view [1].

In this chapter we discuss possible origins of the quantum fluctuation, within
the framework of new quantization schemes such as stochastic and
microcanonical quantizations, to give quantum mechanics in the infinite limit
of an additionally introduced time (i.e., fictitious time) different from the
ordinary one, assuming that G = 0. This work also leads us to another view that
“a D-dimensional quantum system is equivalent to a (D + 1)-dimensional
classic system.”
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For this purpose, it would be better to start this chapter from the following
formula:

mCZ‘C

VN

which was given by Hayakawa and Tanaka [2] under the following assumptions:

b~ (1)

1. The universe is composed of N (>> 1) fundamental particles, with mass m
and lifetime .

2. The universe is an open system put in a bigger space—time world to give
AN/N ~ 1/+/N.

3. The quantum mechanical energy—time uncertainty relation still holds: We
remark that, at least, this prepares a consistency check of modern physics
theory and the structure of the universe or, at most, a doorway to deeper
dynamics beyond quantum mechanics.

The original authors found a nice order of magnitude by identifying the
fundamental particle with neutrino 40 years ago [2]. Nevertheless, everything
(in particular, neutrino mass # 0) should be improved by recent observations,
and the above three assumptions should be examined by new information of
cosmology and particle physics. However, we can hardly go further beyond
quantum mechanics unless we have a deeper dynamics.

In this chapter we examine a few quantization schemes (such as stochastic
and microcanonical quantizations) as a preliminary step to future dynamics, as
to whether they can suggest possible origins of the quantum fluctuation or of
Planck constant, and also show another view that a D-dimensional quantum
system is equivalent to a (D + 1)-dimensional classic system. Remember that
we keep 1 as a given universal constant and assume G ~ 0.

One may expect to find a doorway to new future dynamics beyond quantum
mechanics, in recent cosmic ray observations—anomalies of high-energy
particle distributions, the nonvanishing neutrino mass, and so on.

II. CANONICAL QUANTIZATION AND BOHM’S THEORY

As is well known, the canonical quantization brings quantum mechanics into an
operator theory, in which every dynamical quantity is represented by an
operator on a Hilbert space. Its operator nature is specified by canonical
commutation relations. Note that the reasoning that 7 is a measure of the classic
random motion can hardly be derived from the canonical quantum mechanics
itself. On the other hand, we know that the path-integral method (which is
equivalent to the conventional canonical quantum mechanics) is a sort of
c-number quantization, but never asks a deeper origin of the quantum
fluctuation. In order to avoid the mathematically ill-posed nature of the original
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path-integral method, we are sometimes recommended to use a Euclid measure
exp(—S/h) (S being the Euclid action) introduced by means of transformation
Xo — —ixg (xp standing for the real time). Remember that the final goal of the
stochastic or microcanonical quantizations is to give quantum mechanics of this
type. These theories have introduced 7 as a given measure of the quantum
fluctuation, but never ask its deeper origins.

As far as we know, Bohm’s theory of quantum mechanics is a nice example
to discuss a possible origin of the quantum fluctuation [3]. For the sake of
simplicity, let us discuss Schrodinger equation in the one-dimensional
nonrelativistic case. He reformulated the Schrodinger equation in terms of
R and S defined by

A
wzﬁexp(%), R=NP  p=vs )
as a “Newtonian equation,” that is,
dp
—=-V(V+YV, 3
= V(4 Vg) G)

with the quantum mechanical potential

= _ﬁw (4)

Bohm planned to eliminate quantum mechanics within this fomulation: A
quantum mechanical particle (originally obeying classic Newtonian equation of
motion) moves in unknown ether that makes random fluctuating forces,
fo =—-VVo [3]

This line of thought, if turned inversely, is considered to be a sort of
quantization method. Actually, Nelson formulated his way of stochastic
quantization analogously to this idea [3].

According to Bohm—Nelson’s idea, the quantum fluctuation is rooted in the
classic random process in the real space—time world, where # is introduced as a
given measure. As is well known, every quantum property must come from
the classic fluctuating forces. In order to reproduce quantum mechanics,
therefore, we have to ascribe all strange properties, such as the nonlocal long-
distance correlations, to the classic random forces, for example, fo = —VVq in
the Bohm’s theory. Mathematically it may be accepted, but physically not.

In order to avoid this kind of difficulty, we have only to introduce
the sfochastic or microcanonical quantization method, which quantizes
D-dimensional quantum systems through classic motions in the (D + 1)-
dimensional space—time world [4,5]. To do this, we have to introduce an
additional dependence of dynamical quantities on a fictitious time (say, 7) but
not only on the ordinary one (say, x°).
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III. STOCHASTIC AND MICROCANONICAL QUANTIZATIONS

We briefly describe a basic nature of these new quantization schemes, such as
stochastic and microcanonical quantizations, by introducing the above
additional dependences of dynamical quantities on the fictitious time t.

1. The former (i.e., SQ) is based on the idea that a D-dimensional quantum
system is equivalent to a hypothetical (D + 1)-dimensional classic
stochastic process [4]. We assume that the Planck constant % is a measure
of magnitude of the fluctuation to generate the stochastic process, but
never ask its deeper origins. This idea was not quite new, because Suzuki
invented a new calculation method for quantum spin systems by making
use of Trotter’s formula [6].

2. The latter (i.e., MCQ) is based on the idea that a D-dimensional quantum
system is equivalent to a (D + 1)-dimensional classic deterministic
motion [5]. Note that the Planck constant is defined with a statistical
average of (D + 1)-dimensional kinetic energy over fictitious-time initial
values. One might expect that a sort of chaotic behavior in this case would
be regarded as the quantum fluctuation. Recently, however, we have
shown that the average over the initial values is also essentially important
(in the harmonic oscillator case) [7].

Someone may be interested in the second, because we would expect that a
sort of chaotic behavior of the surrounding classic systems would provoke the
quantum fluctuation. We could also suppose that such a classic system should
usually provoke any fluctuation by means of a huge number of constituents. In
an opposite way to this conventional idea, however, we have to mention a
possibility that an appropriate classic system with a few degrees of freedom can
provoke dephasing (or irreversibility) to give the wavefunction collapse in
quantum measurements [8]. Also note that this kind of idea cannot quantize any
linear system without chaotic behavior—for example, the harmonic oscillator
system. For this reason, we do not expect any direct connection between the
quantum fluctuation and such a chaotic behavior in any quantization scheme.

A. SQ in a (D+1)-Dimensional Space-Time World
The SQ is formulated in terms of the following basic equation and the statistical

properties:

Oq(x, 1) oS
= 7% +n (x7 t) (5)
ot 8¢ q=q(x;1)

M) =0, MrOn. ) =263 —1)dx—¥)  (6)
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(see Ref. 4). It is true that the SQ is completed by (5) and (6); but in order to
discuss a possible relation to the conventional quantum mechanics, it is more
convenient to replace the Langevin method with the Fokker—Planck method, by
which we obtain

Plg,1] == Nexp(—S[q]/h) (7)

The last equation tells us that the SQ is equivalent to quantum mechanics of the
Feynman type, as mentioned before [4]. Also remember that 7 is a given
universal constant.

In the case of a one-dimensional harmonic oscillator [7], we describe the SQ
in terms of g, (¢), a Fourier component of g(x, ) on {u,(x) = (1/vX) exp(k,x)}
with k, = 2mn/X for period X. Thus we are led to the basic Langevin equation
and the statistical property

dqg,(t
D) gm0, R=0? 4k ®)

M. (1)) =0, M () (t)) = 208, 8(1 — 1) ©)

whose solution is given by

13
n(t) = qe " + JO dr' e 50, (1) (10)

The last equation tells us that ¢, (¢) should have a definite fluctuation, irrespective
of fictitious-time initial values, for sufficiently large ¢, so that we can safely
neglect these fictitious-time initial values. Note that we can obtain the continuous
limit of the discretized Fourier representation through

I | 1 ® G
-3 6(R) — =
XZ;Q,% (")HZRJ,W(D2+k2

(11)

Apart from the fictitious initial values, we obtain

h

(Ag); = {a7) = a0 (12)

2
(Ap)? = <<qu) > — () - 1) (13)

with a small but finite € and
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We easily understand that the first term of (13) vanishes for finite €, and the
negative value of (Ap)t2 comes from the use of Euclidean measure. Here we
should notice that the neglect of 3(¢) is also obtained by replacing k?/2 with
—? /£2,,. An additional ansatz is that the & integral in (11) can be evaluated only

from the pole, k = i®, and written as

Jk — Gk = im)

1 [* Gk
1
J_OC o + k2 20 (13)

11
e rel( 5 R
X202 () = 5,

in the continuous limit [7]. Remember that the same replacement rule can also
work in the MCQ.
Finally we obtain the following formula for the uncertainty products:

hZ 2 Jv2111w2t

At) = (Ag) [(Ap)7| = e dz (16)

T4 m
which implies that for increasing #, A(z) starts from an unlikely value, say
zero, and reaches the quantum mechanical one "’ /4 (see Fig. 1). This is a
possible model to generate the quantum fluctuation by means of fictitious-time
evolution.

0

0.3 T T T T T T T T T

025 [

02 I T

0.15 [ 7

0.1 [ 7

0.05 7

0 2 4 6 8 10 12 14 16 18 20

2me°t

Figure 1. The SQ-temporal change of the uncertainty product A = (Aq)i,(Ap)i,, starting
from 0, for increasing ¢.
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B. MCQ in a (D -+1)-Dimensional Space-Time World

The MCQ is formulated in terms of the following basic equation:

L,
A = K1) + Slq (1), K=Y som@m (17
dq, (1) _ ol T, (1) dm,(t) o aS[‘I]
which are to be supplemented by the quantization rule
i = lim 2(K[rn(?)]) (19)

t—00

(see Ref. 6). (---) stands for the statistical average over fictitious time initial
values, g, and p, .

In the case of one-dimensional harmonic oscillator, we have the effective
“Hamiltonian" and ‘“‘potential” as follows:

Hycg = K[n(f)] + S (20)
K] = Y5 mOm,  S=Y a0 mRan @)

for the (D + 1)-dimensional classic motion. This basic equation yields

gn(t) = ¢!V cos Q1 + 1% sin €, ¢ (exact solution) (22)
(1) = 1 cos Q1 — mS,q\” cos Q¢ (exact solution) (23)
h= Z(% (0)y (quantization) (24)

where q,<10> and pS,O) stand for the fictitious-time initial values, and H,SO) =
(1 /2m)n(n°)*n,€°> + (mQﬁ/Z)qE,O)*qﬁ,o). Furthermore, we introduce an additional
ansatz that those which destroy the fluctuation virial theorem or are vanishingly
small in the infinite X be neglected.

For {gy") = 0.(m") = 0. (@ g, oc (m"m,)) o 8y, o = (01",
and B, = <TC,(10)*TE,(10)>, we obtain

1 Bu
(Ag);, = 3 > [anu + cos2Q,1) + — o (1 — cos20,1) (25)

(Ap);, = —(mo)*(Aq), (26)

x,t
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Here we have used the same replacement (as in the SQ case) and the above
. 1—0o0 . 1—
ansatz. Noting that cos? 2t = % and cos (or sin) 2, 2,0, we know that

(ACI))ZC,; = (AQ)* + %Z (ocn - ﬁ Bn>cos2Qnt (27)
(Ap);, = (AP)* — (mo)’[(Aq);, — (AQ)] (28)
where (AQ)? = lim,_. (Aq)i,t = (h/2mw), (AP)* = lim,_‘oo(Ap)it =

—(mmw/2), and A = (AQ)*|(AP)?| = (i2/4).
For o, = 0, we obtain

(ACI)?:,[:O =0, (Ap)z,;zo =0 (29)

For details, see Ref. 7. The uncertainty product starts from an unlikely value,
zero, and reaches the quantum mechanical one, n? /4. The situation is similar to
the SQ case (Fig. 1), so that we can also regard this process as another model to
generate the quantum fluctuation in fictitious-time evolution.

IV. CONCLUSION

We have suggested possible origins or mechanisms of the quantum fluctuation,
by means of stochastic and microcanonical quantization methods. We have also
showed that a D-dimensional quantum system is equivalent to a (D + 1)-
dimensional classic one, in both quantization schemes.

Almost all theories can only explain the situation that 7 is a measure of the
fluctuation, but never ask its deeper origins. Only the Hayakawa-Tanaka
formula might suggest a possible reasoning of 7 within a deeper (cosmological
and/or particle-physical) framework, even though we have some questions. At
least this theory might suggest that neutrino would become one of the most
important particles in the twenty-first century.

In addition to the quantum fluctuation mentioned above, we left many other
interesting problems unanswered. For example, we do not know a deeper
reasoning of the quantum correlations (i.e., of Bose and Fermi statistics), which
are very difficult to understand physically. It seems that the problem would be
closely related to the fundamental EPR question. On the other hand, the
Weinberg—Salam and electroweak theories would indicate that only a special
choice of fundamental particles could give us the renormalizability. If so, we
can hardly know whether we can discuss the fundamental questions, such as the
quantum fluctuation and quantum correlation, irrespective of the renormaliz-
ability. In this context, we should understand the recent development as if the
renormalizability should become the first principle to cover the whole physics in
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terms of fundamental particles. We are therefore interested in the following
questions: ‘“How deep a level of matter or what kind of particle model is enough
to discuss a deeper origin of the quantum fluctuation and the quantum
correlation? Besides these kinds of problems, we are also interested in another
question, as to whether we can find a deeper origin of the quantum fluctuation in
a classic chaotic behavior of the surrounding atmosphere. These questions must
be related to a rather philosophical question, reductionism. We have to say that
quantum mechanics is still developing.
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“Auschliessprinzip” (Pauli), quantum field spin-
statistics, 285

Backward time evolution, irreversibility in
multibaker maps, time reversal
symmetry, 91-95

Baker’s transformation, unstable system
harmonic analysis, spectral
decomposition and probabilistic
extension, 42-43

Banach space

operator trigonometry, 240-243
unstable system harmonic analysis, spectral
decomposition and probabilistic
extension, Renyi maps, 39
Bandtlow-Coveney equation, iterative maps, 5
non-Markovian/Markovian evolution
equations, 6-9

Bayes theorem, mesoscopic quantum
interference, 206-212

Bell’s inequality, operator trigonometry,
quantum probability, 247-248

classical probability and, 251-252

Bernoulli polynomial, unstable system harmonic
analysis, spectral decomposition and
probabilistic extension, 38—39

tent maps, 40-41

Bessel function, iterative maps, master equation,
standard map, 10-11

Bilateral shift, unstable system harmonic
analysis, time operator, 43-46

Binary correlation components, moderately
dense gas transport, spectral
representation, 135-138

Biological irreversibility

cell differentiation
dynamic system development, 62—64
dynamic system representation, 67—69
macroscopic stability, 67
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Biological irreversibility (Continued)
microscopic stability, 66—67
scenario, 64—67
chaotic itineracy
characteristics, 58—-59
Milnor attractors, 57-58
collective dynamics, 60—62
high-dimensional chaos, 55-57
phenomenology theory of development,
70-72
physical properties, 53—55
thermodynamics, irreducibility to, 69—70
Blackbody radiation, micromaser experiments,
trapping states, 176—182
Bohm’s theory, canonical quantization,
322-323
Bohr frequencies, stochastic limit, bosonic
reservoir model, 219-223
Boltzmann approximation, moderately dense
gas transport, theoretical background,
132-133
Boltzmann entropy, cat map thermodynamics,
work estimation, isothermal operations,
28-29
Boltzmann-Lorentz operator
moderately dense gas transport, 141-146
velocity autocorrelation function,
148-150
Bona fide operators, quantum field theory,
281-282
Born approximation, time asymmetric quantum
mechanics, Dirac Golden rule-Gamow
ket transition, 307-312
Bosonic reservoirs, stochastic limit
basic equations, 215-218
coherence control, 231-232
Glauber dynamics, 232-237
model, 218-223
Breit-Wigner energy distribution, time
asymmetric quantum mechanics, Dirac
Golden rule-Gamow ket transition,
304-312
Broken time reversal symmetry, irreversibility in
multibaker maps, 96—102
Burnett coefficients, chaotic systems, Poincaré-
Birkhoff mapping, 120

Cabibbo-Kobayashi-Maskawa (CKM) matrices,
strangeness total antieigenvectors,
254-255

SUBJECT INDEX

Canonical quantization, quantum fluctuation,
322-323
Cat map, hamiltonian chaotic system
thermodynamics, 24-31
external operations, 25—-26
Hamiltonian equation, 24-25
large system recovery, 31
probability density, time evolution, 26-27
Second Law thermodynamics, 29-31
work estimation, 27-29
Cauchy’s theorem, chaotic systems, Poincaré-
Birkhoff mapping, spatially periodic
systems, 114-119
Cell differentiation, biological irreversibility
dynamic systems
development, 62—-64
representation, 67-69
macroscopic stability, 67
microscopic stability, 66—67
scenario, 64—67
Chaotic systems
biological irreversibility
cell differentiation
dynamic system development, 62—64
dynamic system representation, 67-69
macroscopic stability, 67
microscopic stability, 66—67
scenario, 64—67
chaotic itineracy
characteristics, 58-59
Milnor attractors, 57-58
collective dynamics, 60—62
high-dimensional chaos, 55-57
phenomenology theory of development,
70-72
physical properties, 53-55
thermodynamics, irreducibility to, 69—-70
critical states, permanent/transient chaos,
49-51
diffusion, Poincaré-Birkhoff mapping
eigenvalue consequences, 119-123
entropy production, 122-123
higher-order coefficients, 119-120
nonequilibrium steady states, 121-122
periodic-orbit theory, 120-121
microscopic chaos, 111-113
spatially periodic systems, 114-119
theoretical background, 109-111
Cheshire Cat effect, stochastic limit, bosonic
reservoir model, 222-223
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Chirikov-Taylor standard map, properties,
3-5,19
Classical mechanics
iterative maps, 4-5
operator trigonometry, quantum probability,
250-252
stochastic limit, generic system dynamics,
229-230
superposition principles, 200-203
Closed equations, iterative maps, 5
Clustered states
biological irreversibility, high-dimensional
chaos, 56-57
kinetic law formation, 161-164
Coarse-grained entropy, irreversibility research,
forward time evolution, decay modes,
90-91
Coherence
biological irreversibility, high-dimensional
chaos, 56-57
stochastic limit, control of, 230-232
Collective dynamics
biological irreversibility, 60—62
moderately dense gas transport
applications, 138-146
spectral representation, 133-138
ternary correlation subspace, 150-152
theoretical background, 129-133, 131-133
velocity autocorrelation function,
146-150
vertices’ renormalization, 152-157
Collision operator
integrable/nonintegrable correlation
dynamics, 265-268
moderately dense gas transport
applications, 139-146
spectral representation, 134-138
velocity autocorrelation function, 149-150
Configuration space, irreversibility in multibaker
maps, measures and time evolution,
84-85
Continuous-time Liouville equation, iterative
maps, 4
non-Markovian/Markovian evolution
equations, 5-9
Continuum spectrum, quantum field theory,
280-282
Control theory, operator trigonometry, 241
Cooling mechanisms, single-atom ion trapping,
ion-trap lasers, 193-194
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Coplanar quantum probability violation,
operator trigonometry, quantum
probability, 250

Correlation dynamics, integrable/nonintegrable
dynamic systems

basic principles, 261-262
dissipative systems, 268-274
Poincaré’s theorem, 262-264
unitary transformation, 264—268

Coulomb potential, operator trigonometry, 241

Counting rate, mesoscopic quantum
interference, 207-212

Coupled map lattices (CML), biological
irreversibility, high-dimensional chaos,
55-57

CP symmetry, violation, 252—-256

antieigenvector-breaking mechanics,
255-256
elementary particle physics, 252—-254
strangeness total antieigenvectors, 254—-255
CPT theorem
CP symmetry violation, 252—254
quantum field theory, 284-285

Critical states, permanent/transient chaos,
physical properties, 49-51

Cusp map, unstable system harmonic analysis,
time operator, 45-46

Darboux isospectral method, quantum field
resonances and poles, 282-284
De Broglie wavelength, micromasers, ultracold
atoms, 185-186
Decay states
irreversibility in multibaker maps, forward
time evolution, 88-91
stochastic limit, generic system dynamics,
228-230
time asymmetric quantum mechanics
Dirac Golden rule-Gamow ket transition,
302-312
transition to microphysical irreversibility,
316-318
Decoherence
coherence control, 230-232
mesoscopic quantum interference, 203-212
principles, 199-203
stochastic limit
basic equations, 215-218
generic systems, 226—230
Glauber dynamics, 232-237
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Decoherence  (Continued)
Langevin equation, 223-226
local operators, subalgebra, 237—-238
model for, 218-223
“which path” experiment, 212
Degeneracy index, unstable systems
excited state, average age, 292—295
time superoperator construction, 289-292
Degrees of freedom, biological irreversibility,
54-55
Density matrix
integrable/nonintegrable correlation dynamics
dissipative systems, 270-274
unitary operator, 264—-268
stochastic limit, 216-218
generic system dynamics, 227-230
Glauber dynamics, 234-237
Density profile, iterative maps, 4
non-Markovian/Markovian evolution
equations, 6-9
Destruction operators
integrable/nonintegrable correlation
dynamics, dissipative systems, 268—-274
iterative maps, non-Markovian/Markovian
evolution equations, 7-9
Development, biological irreversibility,
phenomenology theory, 70-72
Differential dynamic phase, micromaser
experiments, atomic interference,
174-176
Diffusion
chaotic systems, Poincaré-Birkhoff mapping
eigenvalue consequences, 119-123
entropy production, 122-123
higher-order coefficients, 119-120
nonequilibrium steady states, 121-122
periodic-orbit theory, 120-121
microscopic chaos, 111-113
spatially periodic systems, 114-119
theoretical background, 109-111
iterative maps, 4
master equation, standard map, 10-11
moderately dense gas transport, 144-146
Dirac delta function
quantum field theory, 278-279
unstable system harmonic analysis, spectral
decomposition and probabilistic
extension, Renyi maps, 38—39
Dirac Golden Rule, time asymmetric quantum
mechanics, 302-312
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Discrete time master equation, iterative maps,
non-Markovian/Markovian evolution
equations, 7-9

Dissipative systems, integrable/nonintegrable
correlation dynamics, 268-274

collision operator, 266268

Distribution theory, quantum field theory,
281-282

Double Darboux isospectral analysis, quantum
field resonances and poles,

282-284

Dressed unstable states, integrable/
nonintegrable dynamic systems,
dissipative systems, 272-274

Drift parameter, stochastic limit, bosonic
reservoir model, 222-223

Dynamical systems theory

biological irreversibility, 55
cell differentiation
development of, 62-64
representation of, 67-69
collective dynamics, 60—62
integrable/nonintegrable correlation dynamics
basic principles, 261-262
dissipative systems, 268—-274
Poincaré’s theorem, 262-264
unitary transformation, 264-268
multibaker maps, reversible maps,
irreversibility in, 78-80
stochastic limit
generic systems, 226—-230
Glauber dynamics, 232-237

Eigenvalues
chaotic systems, Poincaré-Birkhoff mapping,
119-123
entropy production, 122-123
higher-order coefficients, 119-120
nonequilibrium steady states, 121-122
periodic-orbit theory, 120-121
moderately dense gas transport
collision operators, 142—-146
spectral representation, 136—-138
operator trigonometry, symmetric positive
definite (SPD) matrix, 243-244
Eigenvectors
operator trigonometry, 242-243
time asymmetric quantum mechanics, Dirac
Golden rule-Gamow ket transition,
303-312
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Einstein-Podolsky-Rosen quantum correlations
operator trigonometry, quantum probability,
247-248
superposition and decoherence, 200-203
Einstein relation, stochastic limit, coherence
control, 231-232
Electroweak theory, quantum fluctuation, 328—
329
Elementary particle physics, CP symmetry
violation, 252-254
Entanglement, micromaser experiments, 176
Entropy production
chaotic systems, Poincaré-Birkhoff mapping,
122-123
unstable systems
superoperators, 297-298
time superoperators, 288-289
Escape rate, chaotic systems, Poincaré-Birkhoff
mapping, microscopic chaos, 112-113
Euclid measurements
canonical quantization, 323
quantum fluctuation, (D + 1)-dimensional
space-time world, 326
Euler equation, operator trigonometry, 242—243
extended operators, 245-246
Euler polynomial, unstable system harmonic
analysis, spectral decomposition and
probabilistic extension, tent maps,
40-41
Evolution equations
iterative maps, 5-9
stochastic limit, Langevin equation, 223—-226
Excited states, unstable systems, average age,
292-295
Exponential law, time asymmetric quantum
mechanics, Dirac Golden rule-Gamow
ket transition, 310-312
Extended operators, operator trigonometry,
244-246
External operations, cat map thermodynamics,
25-26

Fabry-Perot resonator
micromasers, ultracold atoms, 185-186
single-atom ion trapping, resonance
fluorescence, 186-189
Fast damping predictions, stochastic limit,
generic system dynamics, 227-230
Fermi Golden rule, stochastic limit, 215-218
bosonic reservoir model, 221-223
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Fermi-Pasta-Ulam models, log-Weibull
distribution, Arnold diffusion,
163-164

Feynman quantum mechanics, quantum
fluctuation, (D + 1)-dimensional space-
time world, 325-326

Fick’s law of diffusion

chaotic systems, Poincaré-Birkhoff mapping,
nonequilibrium conditions, 122

irreversibility in multibaker maps, forward
time evolution, 86—88

Field evolution time constant, micromasers,
quantum jumps and atomic interference,
171-176

First-order phase transitions, micromasers,
quantum jumps and atomic interference,
170-176

Fixed-volume operations, cat map
thermodynamics, 25-26

Fluorescence radiation, single-atom ion
trapping, 187-189

Fock state, micromaser experiments, trapping
mechanisms, 179-182

Fokker-Planck equation

cat map thermodynamics, 29-31

integrable/nonintegrable correlation
dynamics, unitary operators, 266—268

integrable/nonintegrable dynamic systems,
274-275

micromasers, quantum jumps and atomic
interference, 170-176

Forward time evolution, irreversibility in

multibaker maps
decay states, 88-91
steady states, 85-88
Fourier transform
iterative maps
master equation, standard map, 9-11
non-Markovian/Markovian evolution
equations, 6-9
standard map master equation solution,
14-18
moderately dense gas transport, spectral
representation, 135-138
quantum fluctuation, (D + 1)-dimensional
space-time world, 325-326
single-atom ion trapping, resonance
fluorescence, 187-189
unstable systems, time superoperator
construction, 290—292
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Fractal repeller, chaotic systems, Poincaré-
Birkhoff mapping, microscopic chaos,
112-113

Fredholm determinant, chaotic systems,
Poincaré-Birkhoff mapping, periodic-
orbit theory, 120-121

Free chains, multibaker maps, 81-83

Friedrichs model

integrable/nonintegrable dynamic systems
dissipative systems, 271-274
unitary operator, 267-268
unstable systems, excited state, average age,
292-295

Fringe visibility, mesoscopic quantum
interference, 207-212

Frobenius-Perron operator

biological irreversibility, collective dynamics,
61-62
cat map thermodynamics
probability density time evolution,
26-27
Second Law thermodynamics, 30—31
chaotic systems, Poincaré-Birkhoff mapping,
109-111
periodic-orbit theory, 120-121
spatially periodic systems, 116-119
critical states, transient and permanent chaos,
50-51
iterative maps
master equation, standard map, 9-11
non-Markovian/Markovian evolution
equations, 5-9
unstable system harmonic analysis, 34—36
spectral decomposition and probabilistic
extension, 36—-43
Baker’s transformation, 42—43
Renyi maps, 38-39
tent maps, 39-41
Full Markovian approximation, iterative maps
general solution, 12
non-Markovian/Markovian evolution
equations, 8-9
standard master equation solution, 16-18

Gallavotti-Cohen hypothesis, irreversibility
research, 79-80
Gamow ket, time asymmetric quantum
mechanics, 302-312
transition to microphysical irreversibility,
313-318
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Gaussian diffusive profile, iterative maps,
standard master equation solution,
16-18
Gaussian distribution
cat map thermodynamics, 31
stochastic limit, bosonic reservoir, 218-223
*“Gaussian-like” distribution, iterative maps,
standard map solution, 13-18
Gauss-Reimann curvature, cluster formation
kinetics, 162—164
Generating basis, unstable system harmonic
analysis, time operator, shift
representation, 43-46
Generic system dynamics, stochastic limit,
226-230
Gibbs distribution, stochastic limit
generic system dynamics, 230
Langevin equation, 225-226
Gibbs’ entropy, chaotic systems, Poincaré-
Birkhoff mapping, 122-123
Glashow-Weinberg-Salam-Yang-Mills model,
CP symmetry violation, 252—254
Glauber dynamics, stochastic limit, 232-237
Globally Coupled Map (GCM), biological
irreversibility, 55
chaotic itinerancy, Milnor attractors, 57—-59
collective dynamics, 60—62
high-dimensional chaos, 55-57
Gram matrix, operator trigonometry
classical and quantum probability, 252
triangle inequality, 249-250
Greenberger-Horne-Zeilinger (GHZ) states,
micromaser experiments, 182—183
Green-Kubo relation
chaotic systems, Poincaré-Birkhoff mapping,
109-111
diffusion coefficients, 120
moderately dense gas transport
applications, 138-146
spectral representation, 133-138
ternary correlation subspace, 150-152
theoretical background, 129-133
velocity autocorrelation function, 146—-150
vertices’ renormalization, 152—157
Gustafson theorem, operator trigonometry, 240

Hamiltonian chaotic system, thermodynamics
basic properties, 21-23
cat map, 24-31
external operations, 25-26
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Hamiltonian equation, 24-25
large system recovery, 31
probability density, time evolution, 26—27
Second Law thermodynamics, 29-31
work estimation, 27-29
Hamiltonian equations
bosonic reservoirs, 215-218
stochastic limit
bosonic reservoir model, 218-223
coherence control, 231-232
Glauber dynamics, 232-237
Hamiltonian maps, properties, 3-5
Hanbury-Brown protocols, single-atom ion
trapping, resonance fluorescence, 189
Hardy space, time asymmetric quantum
mechanics
Dirac Golden rule-Gamow ket transition,
304-312
transition to microphysical irreversibility,
315-318
Harmonic analysis, unstable systems
operator theory, 34-36
spectral decomposition and probabilistic
expansion, 36-43
Baker’s transformations, 42—43
logistic map, 41-442
Renyi maps, 38-39
tent maps, 39-41
time operator and shift-represented evolution,
43-46
cusp map, 45-46
Renyi map, 44-45
Hausdorff dimension, chaotic systems, Poincaré-
Birkhoff mapping, spatially periodic
systems, 119
Heat bath, cat map thermodynamics, 24-25
Heisenberg equation
quantum field theory, 278—279
stochastic limit
basic equation, 216-218
Langevin equation, 223-226
Hermitian operator
integrable/nonintegrable correlation dynamics
dissipative systems, 269-274
Poincaré’s theorem, 264
operator trigonometry, 242—243
unstable systems, time superoperator
construction, 291-292
High-dimensional chaos, biological
irreversibility, 55-57
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collective dynamics, 60—62
operator theory, 55-57
Higher-order coefficients
chaotic systems, Poincaré-Birkhoff mapping,
diffusion, eigenvalue problem,
119-120
collective transport, 157-158
Hilbert space
canonical quantization, 322-323
integrable/nonintegrable dynamic systems
correlation dynamics, 262
dissipative systems, 271-274
Poincaré’s theorem, 263264
unitary operator, 266—268
irreversibility research, 78—80
broken time reversal symmetry, spectral
theory, 98—99
moderately dense gas transport, 140-146
operator trigonometry, 241-243
classic and quantum probability, 250-252
extended operators, 245-246
symmetric positive definite (SPD) matrix,
243-244
triangle inequality, 249-250
stochastic limit, Glauber dynamics,
232-237
superposition principles, 200—203
time asymmetric quantum mechanics,
301-312
Dirac Golden rule-Gamow ket transition,
303-312
transition to microphysical irreversibility,
314-318
unstable system harmonic analysis
operator theory, 34-36
shift representation, 43—-46
spectral decomposition and probabilistic
extension, 37-43
Baker’s transformation, 43
Hille-Yosida-Phillips-Lumer theorem, operator
trigonometry, 240
Hopf bifurcation, biological irreversibility,
collective dynamics, 61-62
Hydrodynamic modes
chaotic systems, Poincaré-Birkhoff mapping,
nonequilibrium conditions, 121-122
moderately dense gas transport, 138—146
ternary correlation subspace, 151-152
Hyperbolic systems, irreversibility research,
79-80
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Improper states, quantum field theory,
280-282
Inequality derivation, cat map thermodynamics,
30-31
Inhomogeneity components, moderately dense
gas transport, 144—146
spectral representation, 135-138
Integrable dynamical systems, correlations
basic principles, 261-262
dissipative systems, 268-274
Poincaré’s theorem, 262—264
unitary transformation, 264-268
Integrated distribution function, irreversibility
research
measures and time evolution, 84-85
multibaker maps, backward time evolution
and time reversal symmetry, 91-95
Interaction stability, biological irreversibility,
cell differentiation, 68—69
Interaction time, micromasers, atomic
interference, 174-176
Interference decay, decoherence, 201-203
Internal stability, biological irreversibility, cell
differentiation, 68—69
Intrinsic diffusive evolution, iterative maps, 4
Inverse Laplace transformation, moderately
dense gas transport, 143-146
lon trap experiments, single atoms
laser techniques, 189-194
resonance fluorescence, 186—189
Irreversibility. See also Biological irreversibility
microphysical, time asymmetric quantum
mechanics
probability, 312-318
resonances and decay, 301-312
reversible multibaker maps
backward time evolution and reversal
symmetry, 91-95
broken time reversal symmetry, 96—102
spectral theory, 97-99
energy coordinates, 80—83
forward time evolution, 85-91
decay modes, 88-91
steady states, 85-88
measure selection and macroscopic
properties, 102-104
physical principles, 78—80
time evolution measures, 83-85
unidirectional measures evolution and time
reversal symmetry, 95-96
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Isothermal operations, cat map thermodynamics,
25-26
work estimation, 27-29
Iterative maps, non-Markovian effects
general master equation solution, 11-12
non-Markovian and Markovian evolution
equations, 5-9
properties, 3-5
standard equations, 9-11
solutions, 12-18

Jaynes-Cummings model, micromaser
experiments, 168—169
atomic interference, 174-176
trapping states, 182
Jordan blocks, unstable system harmonic
analysis, spectral decomposition and
probabilistic extension, Baker’s
transformation, 42-43

Kaon eigenstates
CP symmetry violation, breaking
mechanisms, 255-256
strangeness total antieigenvectors, 254—255
time asymmetric quantum mechanics,
transition to microphysical
irreversibility, 315-318
Kapur-Peierls formalism, quantum field theory,
281-282
Kinetic energy
integrable/nonintegrable correlation
dynamics, Poincaré’s theorem, 263-264
multibaker maps, 81-83
Kinetic equations
cluster formation, 161-164
iterative maps, 4-5
standard map solution, 14-18
moderately dense gas transport, 143146
Kinetic operators, integrable/nonintegrable
correlation dynamics, dissipative
systems, 269-274
Kolmogorov measure
irreversibility research, 79-80
macroscopic properties, 104
operator trigonometry
classic and quantum probability,
250-252
quantum probability, 248
unstable system harmonic analysis
shift representation, 43—46
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spectral decomposition and probabilistic
extension, Baker’s transformation,
42-43
Kolmogorov-Sinai entropy
biological irreversibility, 70
chaotic systems, Poincaré-Birkhoff mapping,
110-111
entropy production, 123
microscopic chaos, 112-113
critical states, transient and permanent chaos,
50-51
irreversibility research, 79-80
Koopman evolution operators, unstable system
harmonic analysis, 34-36
shift representation, 43-46
spectral decomposition and probabilistic
extension, 36—-43
Baker’s transformation, 42—43
logistic map, 41-42
Renyi maps, 38-39

Lamb-Dicke parameter, single-atom ion
trapping, ion-trap lasers, 192-194
Landau theory, micromasers, quantum jumps
and atomic interference, 170-176
Langevin equation
cat map thermodynamics, 29-31
stochastic limit, 223-226
Laplace transform
chaotic systems, Poincaré-Birkhoff mapping,
spatially periodic systems, 117-119
iterative maps, non-Markovian/Markovian
evolution equations, 6-9
operator trigonometry, 241
Lasers
single-atom ion trapping, 189-194
“which path” experiments, 212
Lebesgue measure
chaotic systems, Poincaré-Birkhoff mapping
entropy production, 122-123
nonequilibrium conditions, 122
spatially periodic systems, 118-119
irreversibility research, 79-80
forward time evolution
decay modes, 88-91
steady states, 87-88
macroscopic properties, 103-104
measures and time evolution, 84-85
stochastic limit, bosonic reservoir model,
220-223
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unstable system harmonic analysis
spectral decomposition and probabilistic
extension, Baker’s transformation,
42-43
time operator, Renyi map, 44-45
Lebowitz-McLennan Zubarev nonequilibrium,
chaotic systems, Poincaré-Birkhoff
mapping, 122
Le Chatelier-Braun principle, biological
irreversibility, phenomenology theory,
71-72
Linearized Boltzmann collision operator
moderately dense gas transport, 140-146
ternary correlation subspace, 150-152
vertices renormalization, 154-157
Linearized regimes, moderately dense gas
transport, 138—146
Liouville equation
chaotic systems, Poincaré-Birkhoff mapping,
110-111
spatially periodic systems, 116—119
integrable/nonintegrable correlation
dynamics, unitary operator, 264—-268
integrable/nonintegrable dynamic systems,
dissipative systems, 272-274
irreversibility research, 78—-80
iterative maps, 4
non-Markovian/Markovian evolution
equations, 5-9
moderately dense gas transport
spectral representation, 133-138
theoretical background, 130-133
unstable systems
age fluctuations, 295-297
time operators, 287-289
time superoperator construction,
289-292
Liouville operator, unstable system harmonic
analysis, 34-36
Liouville-von Neumann space, integrable/
nonintegrable correlation dynamics
dissipative systems, 268-274
Poincaré’s theorem, 263-264
unitary operator, 264-268
Lippmann-Schwinger equation, time
asymmetric quantum mechanics, Dirac
Golden rule-Gamow Ket transition,
303-312
Local operators, stochastic limit, subalgebra
evolution, 237-238
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Logistic map, unstable system harmonic
analysis, spectral decomposition and
probabilistic extension, 41-42

Log-Weibull distribution, Arnold diffusion,
163-164

Lorentz gas

chaotic systems, Poincaré-Birkhoff mapping,
110-111
diffusion coefficients, 120
spatially periodic systems, 114-119
irreversibility in multibaker maps, measures
and time evolution, 84—85
multibaker map energy coordinate, 80—-83

Lorenz attractor, unstable system harmonic
analysis, time operator, cusp map,
45-46

Lyapunov operators

biological irreversibility
collective dynamics, 60—62
thermodynamic irreducibility, 70
cat map thermodynamics, Second Law
thermodynamics, 31
chaotic systems, Poincaré-Birkhoff mapping,
110-111
microscopic chaos, 111-113
irreversibility research, 79-80
unstable system harmonic analysis, operator
theory, 34—-36
unstable systems, time superoperators,
288-289

Mach-Zender interferometry
mesoscopic quantum interference, 204-212
“which path” experiment, 212
Macroscopic stability
biological irreversibility, cell differentiation,
67
irreversibility research, measurement
selection, 102-104
stochastic limit
coherence control, 231-232
generic system dynamics, 228—-2320
Many-body problems, quantum field theory,
279-280
Markovian equations
collective transport, 157-158
integrable/nonintegrable correlation
dynamics, unitary operator, 266—268
irreversibility research, 78—80
iterative maps
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evolution equations, 5-9
kinetic equations, 5
standard map solution, 13-18
moderately dense gas transport
applications, 139-146
spectral representation, 138
theoretical background, 129-133
Markovian generator, stochastic limit
generic system dynamics, 226—230
Langevin equation, 224—226
Master equation
iterative maps
general solution, 11-12
non-Markovian/Markovian evolution
equations, discrete time, 7-9
standard map, 9-11
solution for, 12-18
moderately dense gas transport, 143-146
stochastic limit, 216-218
coherence control, 231-232
Glauber dynamics, 232-237
Langevin equation, 223-226
Maxwell demon, cat map thermodynamics,
30-31
Measurement techniques, irreversibility
research, 79-80
macroscopic properties, 102-104
time evolution and, 83-85
unidirectional evolution, 95-96
Memory kernel, iterative maps
master equation, standard map, 10-11
non-Markovian/Markovian evolution
equations, 7-9
Memoryless evolution, iterative maps, standard
master equation solution, 16—18
Memory time, iterative maps
master equation, standard map, 11
non-Markovian/Markovian evolution
equations, 8-9, 19
Mesoscopic quantum interference, optical
implementation, 203-212
Microcanonical quantization
(D +1)-dimensional space-time world,
327-328
quantum fluctuation, 321-322
Micromasers, 168—186
entanglement, 176
GHZ generation, 182-183
quantum jumps and atomic interferences,
169-176
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trapping states, 176-182
ultracold atoms, 183-186
Microphysical irreversibility, time asymmetric
quantum mechanics
Gamow kets, 313-318
Golden rule and Gamow kets, 302-312
probability, 312-318
resonances and decay, 301-312
Microscopic chaos, Poincaré-Birkhoff mapping,
111-113
Microscopic stability, biological irreversibility,
cell differentiation, 66—67
Milnor attractors
biological irreversibility, cell differentiation,
68-69
biological irreversibility, chaotic itinerancy,
57-59
Min-max theorem, operator trigonometry, 242—
243
extended operators, 245-246
Mixmaster universe model, cluster formation
kinetics, 162—164
Moderately dense gases, transport theory
applications, 138—146
spectral representation, 133-138
ternary correlation subspace, 150—152
theoretical background, 129-133
velocity autocorrelation function, 146-150
vertices’ renormalization, 152-157
Monte Carlo simulations, micromaser
experimenets, trapping states,
180-182
Multibaker maps
irreversibility
broken time reversal symmetry, 99-102
energy coordinates, 80—83
theoretical background, 80
reversible maps
backward time evolution and reversal
symmetry, 91-95
broken time reversal symmetry, 96—102
spectral theory, 97-99
energy coordinates, 80—83
forward time evolution, 85-91
decay modes, 88-91
steady states, 85-88
measure selection and macroscopic
properties, 102-104
physical principles, 78—80
time evolution measures, 83—-85
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unidirectional measures evolution and time
reversal symmetry, 95-96
Multipotency, biological irreversibility, 69—70

N-body Hamiltonian systems, cluster formation,
kinetic laws, 161-164
Negative selection, superposition and
decoherence, 202-203
Nekhoroshev theorem, log-Weibull distribution,
Arnold diffusion, 163-164
Neutrino, quantum fluctuation, 322, 328
Noise-induced transitions, biological
irreversibility, collective dynamics,
60-62
Nonequilibrium conditions, chaotic systems,
Poincaré-Birkhoff mapping, 112-113
entropy production, 122-123
steady state eigenvalue problem, 121-122
Nonhydrodynamic modes, moderately dense gas
transport, 138—146
Non-integrable dynamical systems, correlations
basic principles, 261-262
dissipative systems, 268-274
Poincaré’s theorem, 262—264
unitary transformation, 264—268
Nonlocal long-distance correlation, canonical
quantization, 323
Non-Markovian equations
iterative maps
derivation, 5
evolution equations, 5-9
general solution, 11-12
standard map solution, 13-18
moderately dense gas transport, theoretical
background, 131-133
Nonrelativistic quantum mechanics, quantum
field theory, 280-282
Nonunitary operators, integrable/nonintegrable
correlation dynamics, 265-268
Nonzero systems, stochastic limit, generic
system dynamics, 229-230
Nuclear Spectral Theorem, time asymmetric
quantum mechanics, Dirac Golden rule-
Gamow Ket transition, 308—312
Number operator, quantum field theory, 280

Off-diagonal elements
integrable/nonintegrable correlation
dynamics, unitary operator, 264—-268
stochastic limit, 216-218
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Off-diagonal elements (Continued)
generic system dynamics, 227-230
Glauber dynamics, 234-237

One-atom maser. See Micromaser

One-dimensional systems, stochastic limit,

Glauber dynamics, 235-237
Open quantum systems, superposition
principles, 199-203
Operator theory
quantum field theory, 281-282
unstable system harmonic analysis, 34—36
Operator trigonometry
extended operators, 244—246
historical background, 240-243
principles of, 243-244
quantum probability, 246—252
Bell’s inequality, 247-248
classical probabilities and, 250—252
general triangle inequality, 248—250
Optical experiments, mesoscopic quantum
interference, 203-212
Optical parametric amplifier (OPA)
mesoscopic quantum interference, 203-212
“which path” experiment, 212
Ordered phase, biological irreversibility, high-
dimensional chaos, 56—57

Partial attractors, biological irreversibility, cell
differentiation, 68—69

Partially ordered phase, biological irreversibility

chaotic itinerancy, 57-58
high-dimensional chaos, 56—57

Particle distribution, irreversibility in multibaker

maps, forward time evolution, 86—88
Pauli matrices
integrable/nonintegrable dynamic systems,
274-275
collision operator, 266—268
stochastic limit, Glauber dynamics,
232-237
Pauli principles, quantum field theory, 285
Paul traps
mesoscopic quantum interference, 208—212
single-atom ion trapping, resonance
fluorescence, 188-189
Periodic boundary condition, cat map
thermodynamics, 24-25

Periodic-orbit theory, chaotic systems, Poincaré-

Birkhoff mapping, 120-121
Permanent chaos, critical states, 49-51

Perron-Frobenius operator. See Frobenius-
Perron operator
Pesin’s formula, chaotic systems, Poincaré-
Birkhoff mapping, microscopic chaos,
112-113
Phenomenology theory, biological
irreversibility, 70-72
Photodetector apparatus
mesoscopic quantum interference,
206-212
“which path” experiment, 212
Photon distribution, micromaser experiments,
trapping states, 176—182
PIN diodes, mesoscopic quantum interference,
211-212
Poincaré-Birkhoff mapping, chaotic systems
eigenvalue consequences, 119-123
entropy production, 122-123
higher-order coefficients, 119-120
nonequilibrium steady states, 121-122
periodic-orbit theory, 120-121
microscopic chaos, 111-113
spatially periodic systems, 114-119
theoretical background, 109-111
Poincaré map
cat map thermodynamics, 24-25
unstable system harmonic analysis, time
operator, cusp map, 45-46
Poincaré’s theorem, integrable/nonintegrable
correlation dynamics, 262—-264
dissipative systems, 270-274
unitary operator, 264—-268
Pointer states, superposition principles,
201-203
Poisson equation, cluster formation kinetics,
161-164
Poisson suspension, irreversibility in multibaker
maps
broken time reversal symmetry, 99-102
measures and time evolution, 83-85
Pole characteristics, quantum field theory,
282-284
Pollicott-Ruelle resonances
chaotic systems, Poincaré-Birkhoff mapping
diffusion coefficients, 119-120
periodic-orbit theory, 120-121
spatially periodic systems, 118-119
irreversibility research
broken time reversal symmetry, spectral
theory, 99
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forward time evolution, decay modes,
89-91
P-projector, iterative maps, master equation,
standard map, 10-11
Prigogine-Balescu diagram, velocity
autocorrelation function, 146—150
Prigogine-Résibois master equation, iterative
maps, non-Markovian/Markovian
evolution equations, 7-9
Probabilistic extension, unstable system
harmonic analysis, spectral
decomposition, 36-43
Baker’s transformations, 42-43
logistic map, 41-42
Renyi maps, 38—-39
tent maps, 39-41
Probability density
cat map thermodynamics, time evolution,
26-27
Second Law thermodynamics, 29-31
chaotic systems, Poincaré-Birkhoff mapping,
spatially periodic systems, 116—119
mesoscopic quantum interference,
205-212
time asymmetric quantum mechanics,
312-318
“Pseudo-Liouvillian” formalism, moderately
dense gas transport
applications, 138-146
spectral representation, 134-138
Pump parameters
micromasers
quantum jumps and atomic interference,
169-176
ultracold atoms, 183-186
single-atom ion trapping, ion-trap lasers,
190-194

Quantization rules, quantum fluctuation
canonical quantization, Bohm’s theory,
322-323
principles of, 321-322
stochastic and microcanonical quantizations,
324-328
Quantum field theory
historical background, 277-279
continuum spectrum, 280-282
resonances and poles, 282-284
second quantization, 279-280
spin-statistics and CPT theorem, 284-285
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Quantum jumps, micromasers, 169-176
Quantum probability, operator trigonometry,
246-252
Bell’s inequality, 247-248
classical probabilities and, 250-252
general triangle inequality, 248—250
Quantum superposition
mesoscopic quantum interference, 203-212
principles, 199-203
“which path” experiment, 212
Quark mixing matrix
CP symmetry violation, antieigenvector
breaking, 255-256
strangeness total antieigenvectors, 254—255
Quasilinear diffusion coefficient, iterative maps,
standard master equation solution,
14-18
Quasi-structure, cluster formation, 164

Rabi floppy frequency
micromaser experiments
Greenberger-Horne-Zeilinger (GHZ)
states, 182-183
trapping states, 176—182
micromasers
quantum jumps and atomic interference,
169-176
ultracold atoms, 184-186
single-atom ion trapping, 188—-189
ion-trap lasers, 190-194
Ramsey experimental protocol, micromasers,
atomic interference, 173-176
Rayleigh-Ritz characterization, operator
trigonometry, 242-243
Rayleigh-Schrddinger equation, integrable/
nonintegrable dynamic systems,
dissipative systems, 273-274
Relaxation time, iterative maps, non-Markovian/
Markovian evolution equations, 8-9,
19
Rellich-Kato-Sz.Nagy-Gustafson theorem,
operator trigonometry, 240
Renyi maps, unstable system harmonic analysis
spectral decomposition and probabilistic
extension, 38—-39
time operator, 44-45
Resolved-sideband cooling, single-atom ion
trapping, ion-trap lasers, 193-194
Resonance fluorescence, single-atom ion
trapping, 186-189
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Resonances
quantum field theory, 281-284
time asymmetric quantum mechanics, Dirac
Golden rule-Gamow ket transition,
311-312
unstable systems, excited state, average age,
293-295
Resonator frequency, micromasers, atomic
interference, 173-176
Reversibility properties, quantum field theory,
282-285
Reversible multibaker maps, irreversibility
backward time evolution and reversal
symmetry, 91-95
broken time reversal symmetry, 96—102
spectral theory, 97-99
energy coordinates, 80—83
forward time evolution, 85-91
decay modes, 88-91
steady states, 85-88
measure selection and macroscopic
properties, 102-104
physical principles, 78—80
time evolution measures, 83—-85
unidirectional measures evolution and time
reversal symmetry, 95—96
Riemannian geometrization
cluster formation kinetics, 162164
quantum field resonances and poles,
282-284
Rigged Hilbert space
irreversibility research, 78—80
quantum field theory, 281-282
time asymmetric quantum mechanics
Dirac Golden rule-Gamow ket transition,
303-312
probability and time asymmetry, 312-318
transition to microphysical irreversibility,
313-318
unstable system harmonic analysis, spectral
decomposition and probabilistic
extension, 37-43
Renyi maps, 38—-39
Ring operator
moderately dense gas transport, 142—146
velocity autocorrelation function, 146-150
vertices renormalization, 152-157
Rydberg states, micromaser experimenets,
168-169
trapping states, 180—182

Sawteeth map, cat map thermodynamics, 31
Scattering experiments, time asymmetric
quantum mechanics, Dirac Golden
rule-Gamow ket transition, 310-312
Schrodinger equation
canonical quantization, 323
mesoscopic quantum interference,
203-212
quantum field theory, 278-280
eigenvalues, 282-285
quantum superposition, 199-203
stochastic limit, 215-218
time asymmetric quantum mechanics,
probability and time asymmetry,
312-318
Schwartz space property, time asymmetric
quantum mechanics, Dirac Golden rule-
Gamow ket transition, 305-312
Second harmonic generation, mesoscopic
quantum interference, 204-212
Second Law of Thermodynamics, cat map
thermodynamics, 29-31
Second quantization, quantum field theory,
279-280
Selfadjoint operator
operator trigonometry, 242—-243
quantum field theory, 281-282
Self-consistency, biological irreversibility, cell
differentiation, 68—69
Self-quenching, single-atom ion trapping, ion-
trap lasers, 190-194
Shift representation, unstable system harmonic
analysis
operator theory, 36
time operator evolution, 43—46
Sinai-Ruelle-Bowen (SRB) measure
critical states, transient and permanent chaos,
50-51
irreversibility research, 79-80
macroscopic properties, 103—104
Single atoms
ion trap experiments
laser techniques, 189-194
resonance fluorescence, 186—189
micromasers, 168-186
entanglement, 176
GHZ generation, 182-183
quantum jumps and atomic interferences,
169-176
trapping states, 176—182
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ultracold atoms, 183-186
physical properties, 167-168
Slow clock technique, stochastic limit, 217-218
Song-Caves-Yurke (SCY) protocol, mesoscopic
quantum interference, 203-212
Space-time continuum
canonical quantization, 323
quantum fluctuation, (D + 1)-dimensional
space-time world, 323-326
Spatially periodic systems, Poincaré-Birkhoff
mapping, 114-119
Frobenius-Perron operator, 116—119
Special relativity, quantum field theory and,
279-280
Spectral decomposition
irreversibility research, 78—80
unstable system harmonic analysis
operator theory, 35-36
probabilistic extension, 36—43
Baker’s transformations, 42—43
logistic map, 41-42
Renyi maps, 38—-39
tent maps, 39-41
Spectral representation
irreversibility in multibaker maps, broken
time reversal symmetry, 97-99
moderately dense gas transport, 133-138
Spin operators, stochastic limit, Glauber
dynamics, 233-237
Spin-statistics theorem, quantum field theory,
284-285
State reduction techniques, micromaser
experimenets, trapping states, 181-182
Steady states
chaotic systems, Poincaré-Birkhoff mapping,
nonequilibrium conditions, 121-122
irreversibility in multibaker maps
broken time reversal symmetry, 100—-102
forward time evolution, 85-88
micromasers
quantum jumps and atomic interference,
169-176
trapping states, 176—182
Stem cells, biological irreversibility, cell
differentiation, 66-69
Stern-Gerlach apparatus, superposition
principles, 200-203
Stieltjes integral, irreversibility in multibaker
maps, broken time reversal symmetry,
99-102
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Stochasticity parameter
biological irreversibility, cell differentiation,
66-69
iterative maps, 4
master equation, standard map, 10-11
Stochastic limit
basic equations, 215-218
bosonic model, 218-223
Stochastic quantization, quantum fluctuation
(D + 1)-dimensional space-time world,
323-326
principles, 321-322
Strangeness total antieigenvectors, CP symmetry
violation, 254-255
Subalgebraic solutions, stochastic limit,
237-238
Subdynamics
moderately dense gas transport, spectral
representation, 137-138
velocity autocorrelation function, 146150
vertices renormalization, 152—157
Sub-Poissonian calculations
micromaser experiments
atomic interference, 176
entanglement phenomena, 176
single-atom ion trapping, ion-trap lasers,
190-194
Super-Burnett coefficients, chaotic systems,
Poincaré-Birkhoff mapping, 120
Superoperators
integrable/nonintegrable correlation dynamics
dissipative systems, 268—-274
Poincaré’s theorem, 264
unstable systems
entropy superoperator, 297-298
time superoperators, 287-289
Symmetric positive definite (SPD) matrix,
operator trigonometry, 242—243
extended operators, 244—246
properties of, 243-244

Tent maps, unstable system harmonic analysis,
spectral decomposition and probabilistic
extension, 39-41

Ternary correlation subspace, collective
dynamics, 150-152

Thermodynamics

biological irreversibility
irreducibility of, 69-70
phenomenology theory, 70-72
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Thermodynamics (Continued)
Hamiltonian chaotic system
basic properties, 21-23
cat map, 24-31
external operations, 25-26
Hamiltonian equation, 24-25
large system recovery, 31
probability density, time evolution,
26-27
Second Law thermodynamics, 29-31
work estimation, 27-29
Time asymmetric quantum mechanics,
microphysical irreversibility
Gamow Kkets, 313-318
Golden rule and Gamow kets, 302-312
probability, 312-318
resonances and decay, 301-312
Time-dependent Hamiltonian
cat map, 24-25
quantum field theory, 282-285
Time-dependent Schrodinger equation, quantum
field theory, 282—285
Time evolution
cat map thermodynamics, probability density,
26-27
Second Law thermodynamics, 29-31
irreversibility in multibaker maps
backward time evolution and reversal
symmetry, 91-95
decay states, 88-91
forward time evolution, 85-91
measures, 83—-85
steady states, 85-88
single-atom ion trapping, ion-trap lasers,
193-194
time asymmetric quantum mechanics, Dirac
Golden rule-Gamow ket transition,
305-312
velocity autocorrelation function, 148-150
Time operators, unstable system harmonic
analysis
operator theory, 35—36
shift-represented evolution, 43-46
Time reversal symmetry, irreversibility in
multibaker maps
backward time evolution, 91-95
broken time, 96-102
unidirectional measures evolution, 95-96
Time superoperator, unstable systems,
construction of, 289-292
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Total operators, operator trigonometry,
symmetric positive definite (SPD)
matrix, 244

Transfer coefficients, irreversibility research,
79-80

Transient chaos, critical states, 49-51

Transition probability, time asymmetric
quantum mechanics, Dirac Golden rule-
Gamow ket transition, 302-312

Trapping states

micromaser experiments, 176-182
single-atom ion trapping
ion-trap lasers, 189-194
resonance fluorescence, 186—189

Triangle inequality, operator trigonometry,
quantum probability, 248—250

Turbulent phase, biological irreversibility, high-
dimensional chaos, 56-57

Twiss protocols, single-atom ion trapping,
resonance fluorescence, 189

Ultracold atoms, micromaser experiments,
183-186
Unidirectional measures evolution,
irreversibility in multibaker maps, time
reversal symmetry, 95-96
Uniformly hyperfinite (UHF) algebra, stochastic
limit, 237-238
Unilateral shift, unstable system harmonic
analysis, time operator, 43-46
Unitary operator
integrable/nonintegrable correlation
dynamics, 264-268
dissipative systems, 271-274
operator trigonometry
extended operators, 244—246
symmetric positive definite (SPD) matrix,
244
Unstable systems
age fluctuations, 295-297
aging in excited states, 292—-295
entropy superoperator, 297-298
harmonic analysis
operator theory, 34-36
spectral decomposition and probabilistic
expansion, 36—43
Baker’s transformations, 42—-43
logistic map, 41-442
Renyi maps, 38—-39
tent maps, 39-41
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time operator and shift-represented
evolution, 43-46
cusp map, 45-46
Renyi map, 44-45
physical properties, 287-289
quantum field theory, 284-285
time superoperator construction, 289-292

Vacuum components
moderately dense gas transport, spectral
representation, 135-138
quantum field theory, 278-279
trapping states, micromaser experiments,
182-183
Vanishing denominators, integrable/
nonintegrable correlation dynamics,
Poincaré’s theorem, 263—264
Velocity autocorrelation function
collective dynamics, 146—150
moderately dense gas transport, theoretical
background, 132-133
Vertices renormalization, collective dynamics,
152-157
Virial theorem, microcanonical quantization,
(D +1)-dimensional space-time world,
327-328
Vlasov equation, iterative maps, non-
Markovian/Markovian evolution
equations, 8-9
Von Neumann’s theorem, quantum field theory,
278-279

Wall properties, cat map thermodynamics,
24-25
probability density, time evolution, 26-27
Weak coupling, unstable systems, excited state,
average age, 294-295
Weibull distribution, cluster formation kinetics,
162-164
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Weinberg-Salam theory, quantum fluctuation,
328-329

Weisskopf predictions, single-atom ion trapping,
resonance fluorescence, 189

Weisskopf-Wigner approximations

quantum field theory continuum spectrum,
281-282

time asymmetric quantum mechanics, Dirac
Golden rule-Gamow ket transition,
306-312

“Which path” experiment, quantum
superposition, 212

White noise equations, stochastic limit,
215-218

Wigner function, operator trigonometry,
quantum probability, 247-248

triangle inequality, 249—-250

Work estimation, cat map thermodynamics,

isothermal process, 27-29

Yukawa potentials, chaotic systems, Poincaré-
Birkhoff mapping, spatially periodic
systems, 114-119

Zeno time, integrable/nonintegrable dynamic
systems, dissipative systems,
272-274
Zero-Markovian equation, iterative maps
general solution, 12, 19
non-Markovian/Markovian evolution
equations, 8-9
Zero operation time, cat map thermodynamics,
31
Zeta function, chaotic systems, Poincaré-
Birkhoff mapping, periodic-orbit theory,
120-121
Z-transformation, iterative maps, non-
Markovian/Markovian evolution
equations, 6-9
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