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Preface

In teaching linear statistical models to first-year graduate students or to final-
year undergraduate students there is no way to proceed smoothly without
matrices and related concepts of linear algebra; their use is really essential.
Our experience is that making some particular matrix tricks very familiar to
students can substantially increase their insight into linear statistical models
(and also multivariate statistical analysis). In matrix algebra, there are handy,
sometimes even very simple “tricks” which simplify and clarify the treatment
of a problem—both for the student and for the professor. Of course, the
concept of a trick is not uniquely defined—by a trick we simply mean here a
useful important handy result. Notice the three adjectives we use here, useful,
important, and handy, to describe the nature of the tricks to be considered.

In this book we collect together our Top Twenty favourite matrix tricks
for linear statistical models. Interestingly, nobody can complain that our title
is wrong; someone else could certainly write a different book with the same
title.

Structure of the Book

Before presenting our Top Twenty, we offer a quick tour of the notation, lin-
ear algebraic preliminaries, data matrices, random vectors, and linear models.
Browsing through these pages will familiarize the reader with our style. There
may not be much in our Introduction that is new, but we feel it is extremely
important to become familiar with the notation to be used. To take a con-
crete example, we feel that it is absolutely necessary for the reader of this
book to remember that throughout we use H and M, respectively, for the
orthogonal projectors onto the column space of the model matrix X and onto
its orthocomplement. A comprehensive list of symbols with explanations is
given on pages 427–434.
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In our book we have inserted photographs of some matricians1 and statisti-
cians. We have also included images of some philatelic items—for more about
mathematical philatelic items we recommend the book by Wilson (2001) and
the website by Miller (2010); see also Serre (2007). For “stochastic stamps”—
postage stamps that are related in some way to chance, i.e., that have a
connection with probability and/or statistics, see Puntanen & Styan (2008b).

We do not claim that there are many new things in this book even after the
Introduction—most of the results can be found in the literature. However, we
feel that there are some results that might have appeared in the literature in a
somewhat concealed form and here our aim is to upgrade their appreciation—
to put them into “business class”.

Twenty chapters correspond to our Top Twenty tricks, one chapter for
each trick. Almost every chapter includes sections which are really examples
illustrating the use of the trick. Most but not all sections are statistical. Most
chapters end with a set of exercises (without solutions). Each section itself,
however, serves as an exercise—with solution! So if you want to develop
your skills with matrices, please look at the main contents of a particular
section that interests you and try to solve it on your own. This is highly
recommended!

Our Tricks are not all of the same size2 as is readily seen from the number
of pages per chapter. There are some further matrix tools that might well
have deserved a place in this book. For example, Lagrange multipliers and
matrix derivatives, see, e.g., Ito & Kunisch (2008), Magnus & Neudecker
(1999), as well as Hadamard products and Kronecker products, see, e.g.,
Graham (1981), Horn (1990), Styan (1973a), could have been added as four
more Tricks.

Our twenty tricks are not necessarily presented in a strictly logical order
in the sense that the reader must start from Chapter 1 and then proceed to
Chapter 2, and so on. Indeed our book may not build an elegant mathematical
apparatus by providing a construction piece by piece, with carefully presented
definitions, lemmas, theorems, and corollaries. Our first three chapters have
the word “easy” in their title: this is to encourage the reader to take a look
at these chapters first. However, it may well be appropriate to jump directly
into a particular chapter if the trick presented therein is of special interest to
the reader.

1 Farebrother (2000) observed that: “As the word matrician has not yet entered the
English language, we may either use it to denote a member of the ruling class of a
matriarchy or to denote a person who studies matrices in their medical, geological, or
mathematical senses.”
2 Unlike Greenacre (2007, p. xii), who in his Preface says he “wanted each chapter to
represent a fixed amount to read or teach, and there was no better way to do that than
to limit the length of each chapter—each chapter is exactly eight pages in length.”
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Matrix Books for Statisticians

An interesting signal of the increasing importance of matrix methods for
statistics is the recent publication of several books in this area—this is not to
say that matrices were not used earlier—we merely wish to identify some of
the many recently-published matrix-oriented books in statistics. The recent
book by Seber (2008) should be mentioned in particular: it is a delightful
handbook for a matrix-enthusiast-statistician. Other recent books include:
Bapat (2000), Hadi (1996), Harville (1997, 2001), Healy (2000), Magnus
& Neudecker (1999), Meyer (2000), A.R. Rao & Bhimasankaram (2000),
C.R. Rao & M.B. Rao (1998), and Schott (2005) (first ed. 1996). Among
somewhat older books we would like to mention Graybill (2002) (first ed.
1969), Seber (1980) (first ed. 1966), and Searle (1982).

There are also some other recent books using or dealing with matrix al-
gebra which is helpful for statistics: for example, Abadir & Magnus (2005),
Bernstein (2009) (first ed. 2005), Christensen (2001, 2002), Fujikoshi, Ulyanov
& Shimizu (2010), Gentle (2007), Groß (2003), Härdle & Hlávka (2007), Kollo
& von Rosen (2005), S.K. Mitra, Bhimasankaram & Malik (2010), Pan &
Fang (2002), C.R. Rao, Toutenburg, Shalabh et al. (2008) (first ed. 1995), Se-
ber & A. J. Lee (2003) (first ed. 1977), Sengupta & Jammalamadaka (2003),
Srivastava (2002), S.-G. Wang & Chow (1994), F. Zhang (1999; 2009), and
the Handbook of Linear Algebra by Hogben (2007).

New arrivals of books on linear statistical models are appearing at a regu-
lar pace: Khuri (2009), Monahan (2008), Rencher & Schaalje (2008) (first ed.
1999), Ryan (2009) (first ed. 1997), Stapleton (2009) (first ed. 1995), Casella
(2008), and Toutenburg & Shalabh (2009), to mention a few; these last two
books deal extensively with experimental design which we consider only min-
imally in this book. As Draper & Pukelsheim (1996, p. 1) point out, “the
topic of statistical design of experiments could well have an entire encyclo-
pedia devoted to it.” In this connection we recommend the recent Handbook
of Combinatorial Designs by Colbourn & Dinitz (2007).

There are also some books in statistics whose usefulness regarding matrix
algebra has long been recognized: for example, the two classics, An Intro-
duction to Multivariate Statistical Analysis by T.W. Anderson (2003) (first
ed. 1958) and Linear Statistical Inference and its Applications by C.R. Rao
(1973a) (first ed. 1965), should definitely be mentioned in this context. Both
books also include excellent examples and exercises related to matrices in
statistics. For generalized inverses, we would like to mention the books by
C.R. Rao & S.K. Mitra (1971b) and by Ben-Israel & Greville (2003) (first
ed. 1974), and the recent book by Piziak & Odell (2007). For Schur comple-
ments, see the recent book by Zhang (2005b) and the articles in this book by
Puntanen & Styan (2005a,b).
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The Role of Matrices in Statistics

For interesting remarks related to matrices in statistics, see the papers by
Farebrother (1996, 1997), Olkin (1990, 1998), Puntanen, Seber & Styan
(2007), Puntanen & Styan (2007), Searle (1999, 2000). Of special interest
also are those papers in which statistical ideas are used to prove some ma-
trix theorems, especially matrix inequalities; see, e.g., S.K. Mitra (1973a),
S.K. Mitra & Puntanen (1991), Dey, Hande & Tiku (1994), and C.R. Rao
(2000; 2006). As for the development of the use of matrices in statistics, we
would like to refer to Searle (2005) and to the conversation by Wells (2009,
p. 251), with Shayle R. Searle:

Wells: “You were an early advocate of using matrices in statistics, looking
back this prospective seems obvious. Do you have a conjecture why early progress
on the application of matrices was so slow?”

Searle: “The first of my Annals papers of (1956), 1958 and 1961 was ‘Ma-
trix methods in variance and covariance components analysis’. Its title begs the
question: Why has it taken so long for matrices to get widely adopted where they
are so extremely useful? After all, matrices are two hundred and some years old
and their use in statistics is only slowly becoming commonplace. But this was not
so, even as recently as the 1950s. Even at Cambridge, in lectures on regression in
1952 there was no use of matrices.”

Many thanks to Kimmo Vehkalahti for alerting us to the following interesting
remarks by Bock (2007, p. 41):

“The year 1934 and part of 1935 was a period of intense work for Thurstone. In
1935, the University of Chicago Press published The Vectors of Mind, his extended
treatise on multiple factor analysis. [ . . . ] It also includes, for the first time in the
psychological or statistical literature, an introductory section containing defini-
tions and results of matrix algebra and their geometrical interpretations. [ . . . ]
As a matter of interest, I reviewed both the Journal of the American Statistical
Association and The Annals of Mathematical Statistics looking for applications
of matrix algebra before 1935. Even as late as 1940, JASA contained not only
no matrix algebra, but hardly any algebra at all; it was still largely a journal of
statistics in the old sense—the presentation and analysis of tables of economic
and social indicators. The earliest instance of matrix algebra I could find was in
the AMS, Volume 6, 1935, in an article by Y.K. Wong entitled, ‘Application of
orthogonalization processes to the theory of least-squares’.”

Our Aim

In summary: our aim is not to go through all the steps needed to develop the
use of matrices in statistics. There are already several books that do that in
a nice way. Our main aim is to present our personal favourite tools for the
interested student or professor who wishes to develop matrix skills for linear
models. We assume that the reader is somewhat familiar with linear algebra,
matrix calculus, linear statistical models, and multivariate statistical analysis,
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although a thorough knowledge is not needed, one year of undergraduate
study of linear algebra and statistics is expected. A short course in regression
would also be welcome before going deeply into our book. Here are some
examples of smooth introductions to regression: Chatterjee & Hadi (2006)
(first ed. 1977), Draper & Smith (1998) (first ed. 1966), and Weisberg (2005)
(first ed. 1980).

We have not included any real data or any discussion of computer
software—these are beyond the scope of this book. In real life, when facing
a class of statistics students, there is no way to ignore the need of modern
high-calibre statistical software, allowing, in particular, access to flexible ma-
trix manipulation. Nowadays, pen and paper are simply not enough—clever
software can uncover or increase our understanding of lengthy formulas.

As regards the references, our attempt is to be rather generous—but not
necessarily thorough. Speed (2009, p. 13) asks “Do you ever wonder how
we found references before the www?” and follows with interesting remarks
on today’s methods of finding references. We recommend Current Index to
Statistics, MathSciNet and ZMATH, as well as Google!

The material of this book has been used in teaching statistics students at
the University of Tampere for more than 10 years. Warm thanks to all those
students for inspiring cooperation! The idea has been to encourage students
to develop their skills by emphasizing the tricks that we have learnt to be
used again and again. Our belief is that it is like practicing a sport: practice
makes perfect.

One possible way to use this book as a textbook for a course might be just
to go through the exercises in this book. Students should be encouraged to
solve and discuss them on the blackboard without any notes. The idea would
be to push the student into the waves of individual thinking.

Kiitos!

We are most grateful to Theodore W. Anderson for introducing matrix meth-
ods for statistics to the second author in the early 1960s, and for supervising
his Ph.D. thesis (Styan, 1969) at Columbia University; this then led to the
Ph.D. theses at the University of Tampere by the first author (Puntanen,
1987) and by the third author (Isotalo, 2007).

Much of the work reported in this book follows the extensive collaboration
by the first authors with Jerzy K. Baksalary (1944–2005) during the past 30
years or so; we feel he had an enormous effect on us, and if he were still alive,
he would certainly be very interested (and critical as always) in this book.
Some of our joint adventures in the column and row spaces are described in
Puntanen & Styan (2008a) and in Isotalo, Puntanen & Styan (2008b). For
an appreciation of Jerzy by many scholars and for a complete bibliography
of his publications see Oskar Maria Baksalary & Styan (2007).
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Sincere thanks go also to Oskar Maria Baksalary, Ka Lok Chu, Maria
Ruíz Delmàs, S.W. Drury, Katarzyna Filipiak, Stephen Haslett, Augustyn
Markiewicz, Ville Puntanen, Daniel J.-H. Rosenthal, Evelyn Matheson Styan,
Götz Trenkler, and Kimmo Vehkalahti, and to the anonymous reviewers for
their help. Needless to say that . . . 3

We give special thanks to Jarmo Niemelä for his outstanding help in setting
up the many versions of this book in LATEX. The figures for scatter plots were
prepared using Survo software, online at http://www.survo.fi, (again thanks
go to Kimmo Vehkalahti) and the other figures using PSTricks (again thanks
go to Jarmo Niemelä).

We are most grateful to John Kimmel for suggesting that we write this
monograph, and to Niels Peter Thomas and Lilith Braun of Springer for
advice and encouragement.

Almost all photographs were taken by Simo Puntanen and are based on
his collection (Puntanen, 2010a); exceptions are the photographs of Gene H.
Golub and Shayle R. Searle, which were taken by George P.H. Styan and
Harold V. Henderson, respectively. The photograph of the three authors with
their mentor (p. xi) was taken by Soile Puntanen. The photographs of the
two Markovs are taken from Wikipedia and the photograph of a Tappara
defenceman is based on a hockey card. The images of philatelic items are
based on items in the collection of George P.H. Styan (2010); we owe our
gratitude also to Somesh Das Gupta (1935–2006) for providing us with the
first-day cover for Mahalanobis (p. 90). Scott catalogue numbers are as given
in the Scott Standard Postage Stamp Catalogue (Kloetzel, 2010).

The website http://mtl.uta.fi/matrixtricks supports the book by addi-
tional material.

The research for this monograph was supported in part by the Natural
Sciences and Engineering Research Council of Canada.
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3 cf. Flury (1997, p. ix).
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Introduction

Algernon (Languidly): I don’t know that I am
much interested in your family life, Lane.

Lane: No, sir; it is not a very interesting subject.
I never think of it myself.

Oscar Wilde: The Importance of Being Earnest

Opening Figures

Let us start by considering the three scatter plots of Figures 0.1 and 0.2. In
Figure 0.1a we have three data points

( x1
y1

)
,
( x2
y2

)
,
( x3
y3

)
, while in Figure 0.2

there are 1000 data points. Suppose that we have two tasks:

• Task 1: Draw a line ŷ = α + βx into each scatter plot so that the sum of
the squared vertical distances (yi − ŷi)2 would be as small as possible.

• Task 2: Define the line ỹ = γ + δx so that the sum of squares of the
orthogonal distances of each point (xi, yi) from this line would be minimal.

These tasks are typical things that every statistics student should be able
to do in no time. However, it is extremely clumsy to solve these problems
without knowing some appropriate matrix algebra. If you the reader are not
convinced about the usefulness of matrices, try to solve these problems by
other means—that should finally convince you that the life becomes more
comfortable after familiarizing yourself with handy matrix tricks.

The resulting lines, the regression line and the first major axis of a par-
ticular a confidence ellipse, are represented in Figures 0.8–0.9 (p. 56). By the
confidence ellipse we mean here a constant-density contour assuming that
this sample were taken from a normally distributed population.

The first two scatterplots are based on the following data matrices:

A = (x : y) =

1 1
4 1
4 4

 , (0.1)

B′ = (x : y)′ =
(

x′
y′
)

=
(

1 1 1 2 2 2 3 3 3 4 4 4
2 3 4 1 3 4 1 2 4 1 2 3

)
. (0.2)

Above A = (x : y) stands for a partitioned matrix; the columns of A are
vectors x and y. The matrix B is represented in the transposed form: the ith

1
DOI 10.1007/978-3-642-10473-2_1, © Springer-Verlag Berlin Heidelberg 2011 
S. Puntanen et al., Matrix Tricks for Linear Statistical Models: Our Personal Top Twenty,
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column of B′ is the transpose of the ith row of B. The third data matrix is a
1000× 2 matrix including 1000 observations from a two-dimensional normal
distribution.

1 2 3 4
x

1

2

3

4

y

(a) 1 2 3 4
x

1

2

3

4

y

(b)

Figure 0.1 (a) Three observations, (b) Twelve observations.

-15 -10 -5  0  5  10  15
x

-15

-10

-5

 0

 5

 10

 15

y

Figure 0.2 1000 observations from N2(0,Σ); σx = 5, σy = 4, %xy = 0.7.
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Preliminaries to Linear Algebra and Statistics

First, let us shortly introduce some notation. A more comprehensive list of
symbols with explanations is given on pages 427–434.

The symbols A′, A−, A+, C (A), C (A)⊥, N (A), and rank(A) [or shortly
rk(A)] will stand for the transpose, a generalized inverse, the Moore–Penrose
inverse, the column space, the orthogonal complement of the column space,
the null space, and the rank, respectively, of A. The set of n ×m matrices
is denoted as Rn×m. Occasionally we may denote An×m indicating that A is
an n×m matrix. We only consider matrices with real elements.

It may be worth mentioning that we frequently use the symbol n to indicate
the number of rows in a matrix. This is a trivial fact but it may helpful to
keep this in mind.

Vectors belonging to Rn are denoted by lower-case bold-face Roman letters
like a, b and the matrices belonging to Rn×m in upper-case bold-face Roman
letters like A, B. Random vectors are denoted in the same way as the vectors
in Rn; it is too complicated to devote a particular notation for them. When
dealing with random variables and vectors, our attempt is to use symbols
x, y, . . . for the random vectors and a, b, . . . for vectors with real elements.
This rule will have several exceptions but from the context it should be clear
whether we are dealing with a random or a nonrandom vector.

Column Space

The column space of an n×m matrix A is a subspace of Rn spanned by the
columns of A:

C (An×m) = {y ∈ Rn : there exists x ∈ Rm such that y = Ax } , (0.3)

and, correspondingly, the null space of A is

N (An×m) = {x ∈ Rm : Ax = 0 } ⊂ Rm. (0.4)

For example, if 12 =
( 1

1
)
, then C (12) is a line in R2 going through the origin

and the “point” (1, 1), i.e., it is a line spanned by the vector 12. Notice that
we will drop off the subscript from 1n ∈ Rn if the dimension is obvious from
the context; the same concerns also the identity matrix In.

The columns of An×m = (a1 : . . . : am) are said to be linearly independent
if (and only if) Ax = 0 is satisfied only for the null vector x = 0. In this
situation we say that A has full column rank, i.e.,

N (A) = {0} ⇐⇒ A has full column rank
⇐⇒ the columns of A are linearly independent. (0.5)
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The rank of the matrix A is the maximal number of linearly independent
columns of A, and the dimension of the column space C (A) is rank(A).

The Chapter 1 of this book, entitled Easy Column Space Tricks (pp. 57–
70), is devoted to some essential properties of the column space. Without
(most of) them, it is almost impossible to play with the matrices related
to linear models—or at least it becomes clumsy. For example, in regression
analysis we frequently need to know the rank of the matrix X′X. Then it
really should be obvious4 to us that this rank is precisely the same as the
rank of X; otherwise things proceed far too slowly, so to say.

Generalized Inverse

Hopefully the reader has met the generalized inverses before reading these
lines, but if not, it is not the end of the world. Here we take a very quick look
at them; more thoroughly we go through them in Chapter 4 (pp. 105–120).

The matrix Gm×n is a generalized inverse of An×m if it satisfies the equa-
tion

AGA = A , (mp1)

and we denote A− = G. An equivalent characterization (see Theorem 4,
p. 106) is that G is a generalized inverse of A if b = Gy is a solution
of Ab = y for any y which makes the equation consistent (solvable). The
matrix A+, theMoore–Penrose inverse of A, is defined as the unique solution
to the four equations

(mp1) AA+A = A , (mp2) A+AA+ = A+,

(mp3) AA+ = (AA+)′, (mp4) A+A = (A+A)′.
(0.6)

The set of all generalized inverses of An×m is denoted as

{A−} = {G ∈ Rm×n : AGA = A } . (0.7)

For example, if An×m is such that (A′A)−1 exists, then it is easy to
confirm that

(A′A)−1A′ = A+. (0.8)

It is also useful to know that always

(A′A)+A′ = A′(AA′)+ = A+, A(A′A)−A′ = AA+. (0.9)

4 According to an old (and possibly apocryphal) story, during one of his lectures David
Hilbert once wrote a line on the blackboard and said, “It is obvious that . . . ,” but then
Hilbert paused and thought for a moment. He then became noticeably perplexed, and
he even left the room, returning only after an awkward passage of time. When Hilbert
resumed his lecture, he began by saying “It is obvious that . . . ”. [Cited from Steele
(2004, pp. 55–56).]
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Photograph 0.2 Adi Ben-
Israel (Windsor, Canada, 2007).

If the equation Ab = y is solvable for b and
G is a generalized inverse of A, then b = Gy
is one solution. All solutions (the “general so-
lution”) to Ab = y can be generated through

b0 = Gy + (Im −GA)z , (0.10)

where z ∈ Rm is free to vary. The other way
to express b0 is to write it as

b0 = {one solution to Ab = y}
+ {the general solution to Ab = 0} . (0.11)

The equation An×mBm×q = Yn×q has a so-
lution for B if C (Y) ⊂ C (A) in which case all
solutions can be obtained from

B0 = GY + (Im −GA)Z , (0.12)

where Z ∈ Rm×q is free to vary.
As for the terminology, Ben-Israel & Greville (2003) call a matrix G satis-

fying (mp1) a {1}-inverse, and G satisfying (mp1) and (mp2) a {12}-inverse.
A {12}-inverse is often called a reflexive generalized inverse.

Projectors

If the column spaces C (A) and C (B) are disjoint (sometimes said essentially
disjoint) in the sense that

C (A) ∩ C (B) = {0} , (0.13)

then we have the direct sum decomposition

C (A : B) = C (A)⊕ C (B) . (0.14)

In particular, if C (A) and C (B) in (0.14) are orthogonal [cf. (0.35) p. 10], we
denote C (A : B) = C (A)�C (B). In (0.14), C (B) is a complement of C (A)
in C (A : B), and then every y ∈ C (A : B) has a unique representation as a
sum

y = x + z , where x ∈ C (A), z ∈ C (B) . (0.15)

If C (B) is a complement of C (A) in the whole Rn, not only in C (A : B),
i.e.,

Rn = C (A)⊕ C (B) , (0.16)
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then every y ∈ Rn has a unique representation as a sum

y = yA + yB , where yA ∈ C (A), yB ∈ C (B) . (0.17)

Photograph 0.3 C. Radha-
krishna Rao (Istanbul, 1997).

The vector yA in (0.17) is said to be the projec-
tion of y onto C (A) along C (B). A matrix P
which transforms every y ∈ Rn into its pro-
jection is called a projector onto C (A) along
C (B); that is, the multiplication Py gives the
projection of y:

Py = yA . (0.18)

It appears that the projector P := PA|B onto
C (A) along C (B) may be defined by the equa-
tion

PA|B(A : B) = (A : 0) . (0.19)

Once the decomposition Rn = C (A) ⊕ C (B)
is fixed, then the corresponding projector is
unique.

Rao (1974) considered also an extended ver-
sion of projector in the sense that C (A)⊕ C (B) does not coincide with the
entire Rn; even then (0.19) defines the projector PA|B onto C (A) along
C (B). However, in this situation the projector PA|B need not be unique and
idempotent as is the case when (0.16) holds. We denote the set of matrices G
satisfying G(A : B) = (A : 0) as {PA|B}:

G ∈ {PA|B} ⇐⇒ G(A : B) = (A : 0) . (0.20)

Projectors belong to the set of very important tools in linear models. Their
basic properties are gone through in Chapter 2 (pp. 71–89).

Inner Product and Norm

The inner product and the norm are central concepts in linear algebra—as
well as their statistical “buddies” covariance and variance. The standard inner
product between two vectors x,y ∈ Rn is defined as

〈x,y〉 = x′y =
n∑
i=1

xiyi , (0.21)
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a

b

C (c)
c

C (a : b)

C (a : b)⊥

Figure 0.3 In this figure R3 = C (a : b)⊕ C (c), R3 = C (a : b)� C (a : b)⊥.

1 2 3−1−2

1

2

3

−1

x1

x2

C (a) = C ((2, 1)′)

C (b) = C ((2, 3)′)
C (a)⊥ = C ((−1, 2)′)

Figure 0.4 Here R2 = C (a)⊕ C (b), R2 = C (a)� C (a)⊥.

which is also called the Euclidean inner product in Rn. The corresponding
standard norm (length, 2-norm) in Rn is the positive square root of 〈x,x〉:

‖x‖ = ‖x‖2 = +
√
〈x,x〉 = +

√
x2

1 + · · ·+ x2
n . (0.22)

In general, a real-valued function 〈x,y〉 is an inner product in Rn if it
satisfies the following three properties:

〈x,x〉 ≥ 0 and the equality holds ⇐⇒ x = 0 (positivity), (0.23a)
〈x,y〉 = 〈y,x〉 (symmetry), (0.23b)
〈αx + y, z〉 = α〈x, z〉+ 〈y, z〉 (linearity), (0.23c)
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γa
a

αa

βb
b

δb

g = γa + δb

f = αa + βb

C (a : b)

C (a : b)⊥

Figure 0.5 Geometric illustration of f = αa + βb and g = γa + δb, α > 1, β < 1,
γ < 1, δ > 1. Also the orthocomplement C (a : b)⊥ is marked.

for all x,y, z ∈ Rn, and α ∈ R. If (0.23a) is replaced by the weaker condition
〈x,x〉 ≥ 0, we then have a semi-inner product; now it is possible that 〈x,x〉 =
0 but x 6= 0.

Correspondingly, a general vector norm in Rn is defined as a function
Rn → R, denoted by ‖x‖, that satisfies the following three conditions:

‖x‖ ≥ 0 and the equality holds ⇐⇒ x = 0 (positivity), (0.24a)
‖αx‖ = |α|‖x‖ (positive homogeneity), (0.24b)
‖x + y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality), (0.24c)

for all x,y ∈ Rn, and α ∈ R. If (0.24a) is replaced by ‖x‖ ≥ 0 for all x ∈ Rn,
the norm may be called a seminorm.

Given an inner product 〈x,y〉 and the corresponding norm ‖x‖ =
√
〈x,x〉,

the angle between two nonzero vectors x,y ∈ Rn is the real number θ, 0 ≤
θ ≤ π, such that

cos θ = 〈x,y〉
‖x‖ · ‖y‖ . (0.25a)

Instead of cos∠(x,y), we will frequently use the shorter notation cos(x,y)
to indicate the cosine of the angle between the nonzero vectors x, y:

cos(x,y) = cos∠(x,y) = cos θ = 〈x,y〉
‖x‖ · ‖y‖ . (0.25b)

It is important to notice that the angle is dependent on the given inner
product.

Instead of Rn, consider now the vector space Rn×m, that is, the set of
n×m real matrices. Let A,B ∈ Rn×m and denote
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vec(A) = vec(a1 : . . . : am) =

a1
...

am

 . (0.26)

Then the standard inner product of vec(A) ∈ Rnm and vec(B) ∈ Rnm is

〈vec(A), vec(B)〉 = a′1b1 + · · ·+ a′mbm = tr(A′B) =
n∑
i=1

m∑
j=1

aijbij , (0.27)

where tr(U) refers to the trace of the matrix U:

tr(Un×n) =
n∑
i=1

uii . (0.28)

Hence a natural way to define a matrix inner product is

〈A,B〉 = tr(A′B) , (0.29)

which is called the standard inner product for matrices. The corresponding
standard (Euclidean) matrix norm is the positive square root of 〈A,A〉:

‖A‖F = +
√

tr(A′A) =
[ n∑
i=1

m∑
j=1

a2
ij

]1/2
, (0.30)

where the subscript F refers to Frobenius; the standard matrix norm (0.30)
is often called the Frobenius norm. Because the trace of A′A equals the sum
of the eigenvalues of A′A, see (18.5) (p. 358), we have

‖A‖F =
√

ch1(A′A) + · · ·+ chm(A′A) , (0.31)

where chi(A′A) refers to the ith largest eigenvalue of A′A.
In passing we may refresh the reader’s memory about the useful commu-

tativity property of the trace: tr(Kn×pLp×n) = tr(Lp×nKn×p).
The matrix 2-norm (or the spectral norm) is defined as follows:

‖A‖2 = max
‖x‖2=1

‖Ax‖2 = max
x6=0

(
x′A′Ax

x′x

)1/2

=
√

ch1(A′A) = sg1(A) , (0.32)

where ‖x‖2 refers to the standard Euclidean vector norm, and

sgi(A) =
√

chi(A′A) = δi = the ith largest singular value of A . (0.33)
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Note that the Frobenius norm and the spectral norm are (usually) indeed
different:

‖A‖F =
√
δ2
1 + · · ·+ δ2

r , ‖A‖2 = δ1 , (0.34)

where r = rank(A). For a definition of the general matrix norm, see, e.g.,
Ben-Israel & Greville (2003, p. 13) and Meyer (2000, §5.2).

Vectors x,y ∈ Rn are orthogonal if

〈x,y〉 = 0 which is denoted as x ⊥ y . (0.35)

It is important to pay attention to the fact that orthogonality depends on
the given inner product. If U is a subspace of Rn, the orthocomplement U⊥
of U is the set of all vectors of Rn which are orthogonal to every vector of U :

U⊥ = { z ∈ Rn : 〈z,x〉 = 0 for all x ∈ U } . (0.36)

Again the subspace U⊥ depends on the given inner product. It is easy to
conclude, see Theorem 2 (p. 71), that under the standard inner product in
Rn, the orthocomplement of C (An×m) is

C (A)⊥ = {y ∈ Rn : z′A′y = 0 for all z ∈ Rm }
= {y ∈ Rn : A′y = 0 } = N (A′) . (0.37)

The columns of matrix A = (x : y) ∈ Rn×2 are said to be orthonormal if
x′y = 0 and they have unit length, i.e., A′A = I2. We say that a matrix A
is orthogonal if A ∈ Rn×n and A′A = In (in which case also AA′ = In).

Orthogonal Projector

Let Pn×n be an idempotent matrix, i.e., P2 = P. Then

C (P) ∩ C (In −P) = {0} , (0.38)

and C (In −P) = N (P) (please confirm), and hence

Rn = C (P)⊕ C (In −P) = C (P)⊕N (P) . (0.39)

The column spaces C (P) and C (In−P) may not be orthogonal with respect
to a given inner product, but if they are, we may denote

C (P) ⊥ C (In −P) , (0.40)

and then C (In −P) is the orthocomplement of C (P):

Rn = C (P)� C (In −P) = C (P)� C (P)⊥ = C (P)�N (P) . (0.41)
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Now the matrix P is an orthogonal projector onto C (P) (w.r.t. a given inner
product). Sometimes the term oblique projector is used, to emphasize that
(0.39) is valid but not necessarily (0.41).

Suppose P is an idempotent matrix. Then it satisfies (0.40) with respect
to the standard inner product 〈x,y〉 = x′y = x′Iny, shortly said “w.r.t. In”,
if and only if

x′P′(In −P)y = 0 for all x,y ∈ Rn, (0.42)

i.e., P′ = P′P, and hence P must be symmetric. We can conclude that the
matrix P is an orthogonal projector if it is idempotent and symmetric:

P is orthogonal projector (w.r.t. I) ⇐⇒ P2 = P and P′ = P . (0.43)

If an idempotent symmetric P has the property C (P) = C (A), then P is the
orthogonal projector onto C (A), denoted as PA.

Let Ab∗ denote the orthogonal projection of y ∈ Rn onto C (An×m).
Then it is (at least geometrically) clear that the vector y − Ab∗ must be
orthogonal to every column of A: A′(y−Ab∗) = 0, i.e., A′Ab∗ = A′y, whose
solution can be written as b∗ = (A′A)−A′y. Hence Ab∗ can be expressed
as Ab∗ = A(A′A)−A′y. We will use intensively the fact that PA has the
explicit representation as

PA = A(A′A)−A′ = AA+, (0.44)

which is invariant for any choice of (A′A)−. For detailed introduction of
(0.44), see Theorem 8 (p. 155).

By A⊥ we denote any matrix whose columns span the orthocomplement
of C (A):

C (A⊥) = N (A′) = C (A)⊥. (0.45)

One choice for A⊥ is In −PA. Hence we have

Rn = C (A)� C (A)⊥ = C (A)� C (I−PA) . (0.46)

It is important to remember that the matrix A⊥ is not necessarily unique
(when is it unique?) but the column space C (A⊥) is unique.

Löwner Ordering

If a symmetric matrix An×n is nonnegative definite, we denote A ≥L 0, which
means that

there exists a matrix L such that A = LL′. (0.47)

Instead of “nonnegative definite”, the term “positive semidefinite” is often
used. Notation A >L 0 indicates that A is positive definite, i.e.,
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A = LL′ for some nonsingular Ln×n . (0.48)

The sets of all symmetric nonnegative definite and positive definite n × n
matrices are denoted as NNDn and PDn, respectively. Moreover,

A ≥L B means that A−B = KK′ for some K , (0.49)

and then we say that the matrix B is below A with respect to the Löwner
partial ordering; this ordering is due to Löwner (1934).

In terms of quadratic forms, for a symmetric An×n:

A ≥L 0 ⇐⇒ x′Ax ≥ 0 for all x ∈ Rn, (0.50a)
A >L 0 ⇐⇒ x′Ax > 0 for all nonzero x ∈ Rn. (0.50b)

It is also useful to know that using the principal minors (cf. page 429) and
the ordered eigenvalues ch1(A) ≥ ch2(A) ≥ · · · ≥ chn(A) of a symmetric A,
we have

A ≥L 0 ⇐⇒ chn(A) ≥ 0 ⇐⇒ all principal minors of A are ≥ 0 , (0.51)
A >L 0 ⇐⇒ chn(A) > 0

⇐⇒ all leading principal minors of A are > 0 . (0.52)

Notice that (0.47) means that

A is nonnegative definite =⇒ A is necessarily symmetric. (0.53)

Whenever we talk about a nonnegative definite matrix A we assume that A is
symmetric. Occasionally we may still clarify the situation by talking about “a
symmetric nonnegative definite matrix A” instead of “a nonnegative definite
matrix A” even though the latter implicitly indicates that A is symmetric.

The Löwner partial ordering is a surprisingly strong and useful property.
For example, we observe immediately the following implications of the Löwner
partial ordering:

A ≥L B =⇒ aii ≥ bii , tr(A) ≥ tr(B) , chi(A) ≥ chi(B) ,
det(A) ≥ det(B) , ‖A‖F ≥ ‖B‖F , ‖A‖2 ≥ ‖B‖2 , (0.54)

where i = 1, . . . , n, and chi(·) refers to the ith largest eigenvalue, and ‖A‖F =√
tr(A′A) and ‖A‖2 =

√
ch1(A′A) refer to the Frobenius norm and the

spectral norm, respectively. Notice that if λi = chi(A) for a nonnegative
definite (symmetric) A, then

‖A‖2F = tr(A2) = λ2
1 + · · ·+ λ2

n , ‖A‖22 = λ2
1 . (0.55)
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We may also note that not all nonnegative definite matrices can be put into
Löwner ordering. For example, A =

( 1 0
0 0
)
and B =

( 0 0
0 1
)
are both nonnega-

tive definite but neither A ≥L B nor B ≥L A holds.

Photograph 0.4 Ingram Olkin
(Montréal, 1995).

It appears, see (0.82) (p. 18) that every
correlation matrix is nonnegative definite and
hence one may be inclined to believe that for
example the matrix

A =

 1 −2/3 −2/3
−2/3 1 −2/3
−2/3 −2/3 1

 (0.56)

is nonnegative definite because it “looks like a
correlation matrix”. However, A is not (why?)
nonnegative definite and thereby it is not a
correlation matrix; see, e.g., Yanai (2003),
Puntanen & Styan (2005b, §6.2.1), and Sec-
tion 14.1 (p. 307).

As a thorough reference to matrix orderings
we may mention the book by Marshall, Olkin
& Arnold (2011).

More on Orthogonal Projectors

Consider now the inner product in Rn defined as

〈x,y〉V = x′Vy , (0.57)

where V is a positive definite symmetric matrix. Ben-Israel & Greville (2003,
p. 8) call (0.57) an ellipsoidal norm. Now (see Proposition 2.6, p. 81) the
orthocomplement of C (An×m) with respect to this inner product appears to
be

C (A)⊥V = {y ∈ Rn : z′A′Vy = 0 for all z ∈ Rm } = C (V−1A⊥) . (0.58)

By A⊥V we will denote any matrix whose column space is C (A)⊥V. Recall that
A⊥I is shortly denoted as A⊥. Now we have the following decomposition:

Rn = C (A)� C (A)⊥V = C (A)� C (V−1A⊥) . (0.59)

Every y ∈ Rn has now a unique representation as a sum

y = Ab + V−1A⊥c = y∗ + ẏ , (0.60)

for some b and c (which are not necessarily unique).
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The vector y∗ = Ab is the orthogonal projection of y onto C (A) along
C (A)⊥V. The orthogonal projector PA;V is such a matrix which transforms y
into its projection y∗, i.e., PA;Vy = y∗ = Ab. Its explicit unique represen-
tation is

PA;V = A(A′VA)−A′V . (0.61)

Finally we may recall the well-known fundamental minimizing property of
the orthogonal projector:

‖y−PA;Vy‖V ≤ ‖y−Ab‖V for all b, y , (0.62)

where the norm is defined as ‖z‖2V = z′Vz. It is just the property (0.62) that
makes the orthogonal projector such a powerful tool in linear models and
multivariate analysis.

Eigenvalues and Singular Values

We recall that the scalar λ (real or complex) is an eigenvalue of An×n if

At = λt for some nonzero vector t ∈ Rn, (0.63)

in which case t is an eigenvector of A corresponding to λ. If A is symmetric,
then all eigenvalues are real. The eigenvalues are the roots of the characteristic
equation

det(A− λIn) = 0 . (0.64)

Instead of det(A) we may occasionally use notation |A| (to save space).
As regards the matrix factorizations needed, the most important in this

book is the eigenvalue decomposition5 (EVD) (spectral decomposition): every
symmetric n× n matrix A can be expressed as

A = TΛT′ = λ1t1t′1 + · · ·+ λntnt′n , (EVD)

where T is orthogonal, Λ = diag(λ1, . . . , λn), and λ1 ≥ · · · ≥ λn are the
ordered eigenvalues of A. The columns of T are the orthonormal eigenvectors
of A, and we denote chi(A) = λi.

In particular, for a symmetric nonnegative definite n × n matrix A with
rank r > 0 we have

A = TΛT′ = (T1 : T0)
(

Λ1 0
0 0

)(
T′1
T′0

)
= T1Λ1T′1 = λ1t1t′1 + · · ·+ λrtrt′r , (0.65)

5 According to Benzécri (1973, p. 289): “All in all, doing a data analysis, in good math-
ematics, is simply searching eigenvectors; all the science (or the art) of it is just to find
the right matrix to diagonalize.”
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where λ1 ≥ · · · ≥ λr > 0, Λ1 = diag(λ1, . . . , λr), and T1 = (t1 : . . . : tr),
T0 = (tr+1 : . . . : tn). Note that for a symmetric nonnegative definite A we
have

A+ = T1Λ−1
1 T′1 , (0.66)

and the symmetric nonnegative definite square root of A is

A1/2 = T1Λ1/2
1 T′1 . (0.67)

Moreover,
(A+)1/2 := A+1/2 = T1Λ−1/2

1 T′1 . (0.68)

There is a longish Chapter 18 (pages 357–390) devoted to the eigenvalues.
The other extremely useful matrix factorization needed in statistics is of

course the singular value decomposition (SVD):

An×m = Un×n∆n×mV′m×m = (U1 : U0)
(

∆1 0
0 0

)(
V′1
V′0

)
= U1∆1V′1 = δ1u1v′1 + · · ·+ δrurv′r , (SVD)

where U and V are orthogonal, rank(A) = r, and

∆n×m =
(

∆1 0
0 0

)
, ∆1 = diag(δ1, . . . , δr) , δ1 ≥ · · · ≥ δr > 0 . (0.69)

Above δi is the ith largest singular value, denoted also as sgi(A). The eigen-
values and singular values have crucial properties when finding the extrema
of quadratic forms (p. 360); Courant–Fischer minimax theorem (p. 389),
Eckart–Young theorem (p. 400), Poincaré separation theorem (p. 398), to
mention a few important results.

For example, for a statistician it is more than useful to know that for a
partitioned nonnegative definite covariance matrix

cov(z) = cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
= Σ (0.70a)

we have

ch1(Σ) = max
a 6=0

a′Σa
a′a = max

a′a=1
a′Σa = max

a′a=1
var(a′z) , (0.70b)

and

sg2
1(Σxy) = max

a 6=0,b6=0

(a′Σxyb)2

a′a · b′b
= max

c′c=d′d=1
(c′Σxyd)2 = ch1(ΣxyΣyx) , (0.70c)
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sg2
1(Σ−1/2

xx ΣxyΣ−1/2
yy ) = max

a 6=0,b6=0

(a′Σxyb)2

a′Σxxa · b′Σyyb

= max
c′c=d′d=1

(c′Σ−1/2
xx ΣxyΣ−1/2

yy d)2

= ch1(ΣxyΣ−1
xxΣyxΣ−1

yy )

= max
a 6=0,b6=0

cor2(a′x,b′y) . (0.70d)

Chapter 19 (pages 391–413) is devoted to the singular values. A summary
of some formulas useful for linear models and related matrix theory is pre-
sented in Isotalo, Puntanen & Styan (2008c).

Preliminaries to Random Vectors and Data Matrices

Here we recall some elementary properties of random vectors and data ma-
trices.

An efficient quick tour through random vectors, data matrices, multivari-
ate methods and linear models can be done via Puntanen & Styan (2007)
and Puntanen, Seber & Styan (2007).

Random Vectors

An n ×m random matrix Z is a matrix Z = {zij} of random variables z11,
. . . , znm. The expectation (mean) of a random matrix Z is E(Z) = {E(zij)}.

Photograph 0.5 George A. F.
Seber (Auckland, 1999).

In the textbooks of mathematical statis-
tics, frequently the scalar random variables are
denoted as upper-case light-face italic letters
such as X, Y and Z. We, however, do not fol-
low this rule here. It gets too complicated to
keep up the consistency of notation, in partic-
ular, when dealing with the random vectors.
As was mentioned earlier in this chapter, ran-
dom vectors are denoted in the same way as
the vectors in Rn. Our attempt is to use sym-
bols x, y, . . . for the random vectors and a,
b, . . . for vectors with real elements. From the
context it should be clear whether we are deal-
ing with a random or nonrandom vector.

The variance var(x) of the random vari-
able x is
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var(x) = σ2
x = E(x− µ)2, where µ = E(x) , (0.71)

and the covariance cov(x, y) between the two random variables x and y is

cov(x, y) = σxy = E(x− µ)(y − ν) , where µ = E(x), ν = E(y) . (0.72)

The covariance matrix (or the variance-covariance matrix or dispersion ma-
trix) of the p × 1 random vector x = (x1, . . . , xp)′ is the p × p matrix
cov(x) = Σ of variances and covariances of all the entries of x:

cov(x) = Σ = {σij} = {cov(xi, xj)} = {E(xi − µi)(xj − µj)}
= E(x− µ)(x− µ)′ = E(xx′)− µµ′, (0.73)

where µ = E(x). We will use the short notation

E(x) = µ, cov(x) = Σ : x ∼ (µ,Σ) . (0.74)

The cross-covariance matrix cov(x,y) between the p× 1 random vector x =
(x1, . . . , xp)′ and the q×1 random vector y = (y1, . . . , yq)′ is the p×q matrix
of all the covariances cov(xi, yj):

cov(x,y) = {cov(xi, yj)} = {E(xi − µi)(yj − νj)}
= E(x− µ)(y− ν)′ = E(xy′)− µν′, (0.75)

where µ = E(x) and ν = E(y). Notice that in our notation

cov(x) = cov(x,x) . (0.76)

The correlation matrix cor(x) = ρ, say, of the p × 1 random vector x =
(x1, . . . , xp)′ is the p× p matrix of correlations of all the entries in x:

cor(x) = ρ = {%ij} = {cor(xi, xj)} =
{
σij
σiσj

}
, (0.77)

where σi = √σii = standard deviation of xi; σi, σj > 0. Denoting

Σδ = diag(Σ) , (0.78)

we get

cor(x) = ρ = Σ−1/2
δ ΣΣ−1/2

δ , cov(x) = Σ = Σ1/2
δ ρΣ1/2

δ . (0.79)

Let x be a p×1 random vector with the expectation µ = E(x), covariance
matrix Σ = cov(x), and let A be a q × p (nonrandom) matrix and vector
b ∈ Rq. Then

E(Ax + b) = Aµ+ b , cov(Ax + b) = AΣA′. (0.80)
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We note that

var(a′x) = a′Σa for all nonrandom a ∈ Rp . (0.81)

Because the variance is always nonnegative, (0.81) shows that

♠ every covariance matrix is necessarily nonnegative definite. (0.82)

The above conclusion concerns both theoretical covariance matrix and em-
pirical sample covariance matrix.

When a p-dimensional random variable z (taking values in Rp) follows the
multinormal distribution with µ = E(z) and Σ = cov(z), we denote

z ∼ Np(µ,Σ) . (0.83)

A p-dimensional random vector z is said to have a p-variate normal distribu-
tion Np if every linear function a′z has a univariate normal distribution. If
a′z = b, where b is a constant, we define a′z ∼ N(b, 0).

Alternatively, a p-dimensional random vector z, with µ = E(z) and Σ =
cov(z), is said to have a p-variate normal distribution Np if it can be expressed
as z = µ+Fu, where F is an p×r matrix of rank r and u is a random vector
of r independent univariate random variables. Notice that this definition (as
well as the previous one) allows cov(z) to be singular.

Let z ∼ Np(µ,Σ), where Σ is positive definite. Then z has the density

n(z;µ,Σ) = 1
(2π)p/2|Σ|1/2 e− 1

2 (z−µ)′Σ−1(z−µ). (0.84)

For a reference to multinormal distribution, see, e.g., Rao (1973a, pp. 525–
528), and Seber (2008, §20.5). Speed (2010) gives interesting remarks on how
to define the multivariate normal distribution.

Let us complete this section with a short list of distributional facts; for
further details, see Seber (2008, §20.5) and references therein:

(a) Central χ2-distribution: z ∼ Np(0, Ip): z′z = χ2
p ∼ χ2(p) .

(b) Noncentral χ2-distribution: z ∼ Np(µ, Ip): z′z = χ2
p,δ ∼ χ2(p, δ), δ =

µ′µ .

(c) Noncentral F -distribution: F = χ2
p,δ/p

χ2
q/q

∼ F(p, q, δ), where χ2
p,δ and χ2

q

are independent.
(d) t-distribution: t2(p) = F(1, p) .
(e) Let z ∼ Np(µ,Σ) where Σ is positive definite and let A and B be

symmetric and b ∈ Rp. Then (i)–(v) hold:

(i) z′Az ∼ χ2(r, δ) ⇐⇒ AΣA = A, in which case r = tr(AΣ) =
rk(AΣ), δ = µ′Aµ ,

(ii) z′Σ−1z = z′[cov(z)]−1z ∼ χ2(r, δ), where r = p, δ = µ′Σ−1µ ,
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(iii) (z− µ)′Σ−1(z− µ) ∼ χ2(p) ,
(iv) z′Az and z′Bz are independent ⇐⇒ AΣB = 0 ,
(v) z′Az and b′z independent ⇐⇒ AΣb = 0 .

If Σ is possibly singular and z ∼ Np(0,Σ), then

(vi) z′Az ∼ χ2(r) ⇐⇒ ΣAΣAΣ = ΣAΣ, in which case r =
tr(AΣ) = rk(AΣ) ,

(vii) z′Az and x′Bx are independent ⇐⇒ ΣAΣBΣ = 0 ,
(viii) z′Σ−z = z′[cov(z)]−z ∼ χ2(r) for any choice of Σ− and rank(Σ) =

r .

Above the independence between random variables means of course statis-
tical (stochastic) independence: the random vectors x and y are statistically
independent if and only if the joint distribution function of

( x
y
)
is the product

of the distribution functions of x and y. Intuitively this means that knowing
something about the value of x does not provide any information about the
value of y. For example, if x and y are discrete random variables with values
x1, . . . , xr and y1, . . . , yc, then x and y are statistically independent if and
only if

P(x = xi, y = yj) = P(x = xi) P(y = yj) , i = 1, . . . , r, j = 1, . . . , c ; (0.85)

Photograph 0.6 Theodore W.
Anderson (Fort Lauderdale,
1998).

here P refers to the probability. For a
deeper look at the statistical independence,
see, e.g., Anderson (2003, pp. 10–11). In-
teresting remarks on the independence of
the quadratic forms and so-called Craig–
Sakamoto–Matusita theorem appear, e.g., in
Driscoll & Gundberg (1986), Dumais (2000),
Ogawa & Olkin (2008), and Randles (2007,
pp. 140–141).

Data Matrices

The matrix U ∈ Rn×d is called a data matrix
if it contains the observed values of d variables
u1, . . . , ud, each measured on n individuals (or

corresponding units). We write

Un×d = (u1 : . . . : ud) =

u′(1)
...

u′(n)

 , uj ∈ Rn, u(i) ∈ Rd. (0.86)
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Some authors use the transpose of U as the data matrix, in which case the
data matrix W, say, could be written as

Wd×n = (w1 : . . . : wn), wi ∈ Rd. (0.87)

The notation of (0.87) is handy in particular when the “primary units” are
the observations as in multivariate methods, our notation being more conve-
nient for linear statistical models. While reading a statistical article or book,
the reader should indeed pay attention to such a trivially-feeling feature—
whether the data matrix is defined as (0.86) or as its transpose.

In this section, and also elsewhere, we often denote the data matrix with a
letter U. This allows us then to label the columns of Un×2 for example as x
and y, which sometimes makes the notation easier to follow. We could (and
we will) of course denote the data matrices as

Xn×d = (x1 : . . . : xd) = (x(1) : . . . : x(n))′, (0.88)

or
Yn×d = (y1 : . . . : xd) = (y(1) : . . . : y(n))′. (0.89)

We take minor efforts to save the symbol X for the model matrix in the linear
model—however, these efforts are really mild.

Note that we use symbol d to indicate the number of variables. Here (there
will be many exceptions) we follow the style initiated by George A. F. Seber,
see, e.g., Seber (1984, p. 3), where he states that he departs from a more com-
mon but less convenient notation p for dimension. Indeed d is conveniently
associated with the dimension of the (multidimensional) variable. Symbol n
is quite uniformly used to indicate the number of observations.

In the data matrix Un×d, the vector u(i) ∈ Rd represents the ith case or
the ith observation in the observation space, and uj ∈ Rn represents the jth
variable in the variable space. Sometimes the u(i)’s are called observation
vectors and the uj ’s are called variable vectors. A good treatment of the
observation space and variable space appears, e.g., in Belsley (1991, §1.5).

The data matrix U can be thought to be a realization of the random ma-
trix U which represents a random sample from some population. In other
words, each u(i) is a realization of the d-dimensional random vector u. Math-
ematically this means each u(i) has an identical distribution, and, as a con-
sequence, they have identical means and identical covariance matrices:

E(u(i)) = µ ∈ Rd , cov(u(i)) = Σd×d , i = 1, . . . , n . (0.90)

The second traditional assumption is that the random vectors (observations)
u(i) are statistically independent of each other, which implies

cov(u(r),u(s)) = 0 , for r 6= s . (0.91)
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The stochastic independence of the rows of U is not always holding, and then
that fact should be carefully taken into account. The phrase

“U = (u(1) : . . . : u(n))′ is a random sample” (0.92)

indicates that u(i) are independent unless further information is provided.
Even though the observation vectors u(i) are (usually) uncorrelated, the

variable vectors uj and uk (j 6= k) can be correlated:

cov(uj ,uk) = σjkIn , while E(uj) = µj1n , j, k = 1, . . . , d . (0.93)

In terms of the vec-notation and the Kronecker product (for the definition,
see page 429), we have

u∗ = vec(U) =

u1
...

ud

 , E(u∗) =

µ11n
...

µd1n

 = µ⊗ 1n ∈ Rdn, (0.94)

and

cov(u∗) =

 σ2
1In σ12In . . . σ1dIn
...

...
...

σd1In σd2In . . . σ2
dIn

 = Σ⊗ In ∈ NNDdn . (0.95)

What happens if the rows of Un×d, i.e., the random vectors u(i), are not
statistically independent? We could express this dependence by replacing In
in (0.93) with an n× n nonnegative definite matrix V:

cov(uj ,uk) = σjkV ∈ NNDn , j, k = 1, . . . , d . (0.96)

Then (please confirm) for the rows of U we have

cov(u(r),u(s)) = vrsΣ ∈ NNDd , r, s = 1, . . . , n , (0.97)

and corresponding to (0.95), we get

cov[vec(U)] =

 σ2
1V σ12V . . . σ1dV
...

...
...

σd1V σd2V . . . σ2
dV

 = Σ⊗V ∈ NNDdn . (0.98)

Geometrically U can be interpreted as a collection of n points in Rd, or
as a collection of d points in Rn.

The sample variance of the variable x whose observed values are in the
vector x is defined as
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vars(x) = vard(x) = 1
n−1

n∑
i=1

(xi − x̄)2 = 1
n−1 txx = s2

x , (0.99)

where x̄ = 1
n

∑n
i=1 xi and

txx =
n∑
i=1

(xi − x̄)2 =
n∑
i=1

x2
i − nx̄2 = SSx . (0.100)

The symbol vars(x) refers to the sample variance when the argument is the
variable x while in vard(x) the argument is the vector (data) comprising the
observed values of the variable x. All in all, let’s write down one more time
the theoretical (population) variance and the sample variance:

var(x) = E(x− µ)2 = p1(x1 − µ)2 + · · ·+ pk(xk − µ)2 = σ2
x , (0.101a)

vars(x) = 1
n−1

[
(x1 − x̄)2 + · · ·+ (xn − x̄)2] = s2

x , (0.101b)

where x in (0.101a) is a discrete random variable having values x1, . . . , xk
whose probabilities are p1, . . . , pk; p1 + · · ·+ pk = 1.

The sample covariance between x and y is

covs(x, y) = covd(x,y) = 1
n−1

n∑
i=1

(xi − x̄)(yi − ȳ)

= 1
n−1 txy = 1

n−1 SPxy = sxy . (0.102)

The sample correlation is

cors(x, y) = cord(x,y) = SPxy√
SSx SSy

= sxy
sxsy

= rxy , (0.103)

where we have to assume that sx > 0, sy > 0.
Let 1 ∈ Rn denote the vector of ones and

J = P1 = 1(1′1)−11′ = 1
n11′, C = In − J , (0.104)

where C is the centering matrix, and J = P1 refers to the orthogonal pro-
jector (with respect to the standard inner product) onto C (1). Now

Jx = 1 · 1
n1′x = x̄1 = ¯̄x ∈ Rn, (0.105)

and hence the variable vector x can be centered by premultiplying it by C:

Cx = x− Jx = x− x̄1 = x̃ ∈ Rn. (0.106)

In matrix terms,
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SSx = x′Cx , SPxy = x′Cy , rxy = x′Cy√
x′Cx · y′Cy

. (0.107)

The data matrix U can be centered by premultiplying it by C:

Ũ = CU = U− JU = U− 1 1
n1′U = U− 1ū′

= (Cu1 : . . . : Cud)
= (u1 − ū11 : . . . : ud − ūd1) = (ũ1 : . . . : ũd)

=

u′(1) − ū′
...

u′(n) − ū′

 =

ũ′(1)
...

ũ′(n)

 , (0.108)

where

ū = 1
nU′1 =

ū1
...
ūd

 ∈ Rd, (0.109)

and

ũj = jth centered variable vector , j = 1, . . . , d ,
ũ(i) = ith centered observation vector , i = 1, . . . , n .

Hence the matrix of the sums of squares and products of the deviations about
the mean is

T = Ũ′Ũ = U′CU =
n∑
i=1

(u(i) − ū)(u(i) − ū)′

=
n∑
i=1

u(i)u′(i) − nūū′, (0.110)

and the sample covariance matrix from the data matrix U is

S = 1
n−1T = 1

n−1U′CU = 1
n−1

n∑
i=1

(u(i) − ū)(u(i) − ū)′. (0.111)

Corresponding to the notation vard(x) = 1
n−1x′Cx = s2

x, where the argument
is the data, we may use the notation

covd(U) = 1
n−1U′CU = S , (0.112)

where the argument is the data matrix. Moreover, corresponding to vars(x) =
s2
x, where the argument is the variable x measured, we may denote

covs(u) = S , (0.113)
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where the argument is the d-dimensional variable u which is being measured
(n times, yielding the data matrix U).

The sample correlation matrix is

R = [diag(S)]−1/2 · S · [diag(S)]−1/2, (0.114)

and

rij = cord(ui,uj) = tij√
tiitjj

= sij
sisj

= u′iCuj√
u′iCui · u′jCuj

. (0.115)

If A is a d × q matrix then the covariance matrix calculated from the
transformed data Un×q = UA is

covd(UA) = 1
n−1A′U′CUA = A′ covd(U)A = A′SA . (0.116)

Notice that

U = UA =⇒ u′(i) = u′(i)A =⇒ u(i) = A′u(i) . (0.117)

If u refers to the d-dimensional variable yielding the data matrix U and u
yields UA, then

u = A′u , covs(u) = covs(A′u) = A′ covs(u)A = A′SA . (0.118)

Mahalanobis Distance

The Euclidean distance (squared) of the ith observation u(i) from the mean ū
is of course

‖u(i) − ū‖2 = (u(i) − ū)′(u(i) − ū) =
d∑
j=1

(uij − ūi)2. (0.119)

While describing how far u(i) is from the mean ū, the Euclidean distance is
naturally doing a mathematically good job. But given the data matrix U, one
may wonder if there is a more informative way, particularly in a statistical
sense, to measure the distance between u(i) and ū. In the univariate case,
regarding the variable x, it is natural to calculate

Di = |xi − x̄|√
vars(x)

, (0.120)

because then the distance is measured in units of standard deviation and
then we might well know that Di is large if it exceeds 2 or 3. Moreover, Di

does not depend on the unit of measurement like the Euclidean distance.
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One natural step towards a statistical distance in the multivariate case
when, for simplicity, U = (x : y), would be to calculate

D2
i = (xi − x̄)2

s2
x

+ (yi − ȳ)2

s2
y

= (xi − x̄, yi − ȳ)
(
s2
x 0
0 s2

y

)−1(
xi − x̄
yi − ȳ

)

= (u(i) − ū)′
(
s2
x 0
0 s2

y

)−1
(u(i) − ū) . (0.121)

However, it is easy to construct situations where the above D2
i is relatively

small but at the same time the ith observation is “somehow different” from
the rest of the data points; in particular this happens when x and y are highly
correlated.

An improvement to (0.121), taking the correlations into account, is the
squared (sample) Mahalanobis distance:

MHLN2(u(i), ū, S) = (u(i)−ū)′S−1(u(i)−ū) = ‖S−1/2(u(i)−ū)‖2, (0.122)

where covd(U) = S. For the history of the Mahalanobis distance, see
Das Gupta (1993), and the first article on this concept by Mahalanobis (1936).
(See also Philatelic Item 2.1, p. 90.)

Consider now the following set A:

A = {u ∈ Rd : (u− ū)′S−1(u− ū) = c2 } , (0.123)

where c is a given nonzero constant. The set A is an ellipsoid centered at the
mean ū. Hence we have one fundamental feature of the Mahalanobis distance:

♠ those data points which have equal Mahalanobis distance
from the mean, are located in the same ellipsoid centered at
the mean. (0.124)

In Section 18.6 (p. 372), we discuss more thoroughly some interesting
properties of the Mahalanobis distance.

The population Mahalanobis distance (squared) is defined as follows:

MHLN2(u, µ, Σ) = (u− µ)′Σ−1(u− µ) , (0.125)

where E(u) = µ and cov(u) = Σ. Note that u in (0.125) is a random vector
while u(i) in (0.122) is an observed data point. [We can of course treat (0.122)
as a random quantity, based on random sample U.] Denoting

z = Σ−1/2(u− µ) (0.126)

we get E(z) = 0, cov(z) = Id, and if u ∼ Nd(µ,Σ), then
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z′z = z2
1 + · · ·+ z2

d = (u− µ)′Σ−1(u− µ) ∼ χ2(d) , (0.127)

where zi are independent and each zi ∼ N(0, 1), and χ2(d) refers to the
Chi-squared distribution with d degrees of freedom.

It might be useful to list a few distributional properties related to the
random sample from the multinormal distribution—even though we do not
use these properties very much in what follows. For further details, see, e.g.,
Anderson (2003, Ch. 5), Muirhead (1982, §3.2), and Seber (2008, §21.2.2),
and references therein.

(a) Wishart distribution. Let U′ = (u(1) : . . . : u(n)) be a random sample
from Np(0, Σ), i.e., u(i)’s are independent and each u(i) ∼ Np(0, Σ).
Then W = U′U =

∑n
i=1 u(i)u′(i) is said to a have a Wishart distri-

bution with n degrees of freedom and scale matrix Σ, and we write
W ∼Wishartp(n,Σ).

(b) Let U′ be a random sample from Np(µ, Σ). Then ū = 1
nU′1n and T =

U′(I− J)U are independent and T ∼Wishartp(n− 1,Σ).
(c) Hotelling’s T 2 distribution. Suppose v ∼ Np(0, Σ), W ∼Wishartp(m, Σ),

v and W are independent, and that W is positive definite. Hotelling’s
T 2 distribution is the distribution of

T 2 = m · v′W−1v = v′
( 1
mW

)−1v (0.128)

and is denoted as T 2 ∼ T2(p,m). See also Exercise 0.25 (p. 53).

Example 0.1 (Simple data set of three observations). As an example,
let us consider the following (very) simple data of three observations and two
variables; see the first Opening Example (p. 2). Figures 0.6 and 0.7 illustrate
the situation.

U = (x : y) =

1 1
4 1
4 4

 Kalle
Ville
Maija

, (0.129a)

ū =
(
x̄
ȳ

)
= 1

3

[(
1
1

)
+
(

4
1

)
+
(

4
4

)]
=
(

3
2

)
, (0.129b)

¯̄x = x̄1 =

3
3
3

 , ¯̄y = ȳ1 =

2
2
2

 , (0.129c)

Ũ = (x̃ : ỹ) =

1 1
4 1
4 4

−
3 2

3 2
3 2

 =

−2 −1
1 −1
1 2

 =

ũ′(1)
ũ′(2)
ũ′(3)

 , (0.129d)

S =
(

3 3/2
3/2 3

)
, S−1 = 4

9

(
1 −1/2
−1/2 1

)
, (0.129e)
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where, e.g., the first centered observation vector is

ũ(1) = u(1) − ū =
(

1
1

)
−
(

3
2

)
=
(
−2
−1

)
. (0.129f)

Moreover,

‖u(1) − ū‖2 = ‖u(3) − ū‖2 = 5 , ‖u(2) − ū‖2 = 2 , (0.129g)

MHLN2(u(i), ū,S) = 4/3 , i = 1, 2, 3 . (0.129h)
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Figure 0.6 (Example 0.1) (a) Original data points, (b) centered data points. The mean
point is marked as a filled circle. A confidence ellipse is also drawn; see Figure 0.8a (p. 56).
Each observation has an equal Mahalanobis distance from the mean.

Keeping Observed Data as a Theoretical Distribution

Following Seber (2008, p. 433) we may make the following remark. Let x1,
. . . , xn be the observed values of some empirical variable x, that is, x1, . . . ,
xn is a realized sample of size n. Let us imagine that x∗ is a discrete uniform
random variable whose values are x1, . . . , xn, i.e.,

P(x∗ = xi) = 1
n , i = 1, . . . , n . (0.130)

Then
E(x∗) = x̄, var(x∗) = n−1

n s2
x . (0.131)

More generally, consider a data matrix U = (u(1) : . . . : u(n))′ and define a
discrete random vector u∗ with probability function
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1

2

3

2
2

2

4
y = (1, 1, 4)′

¯̄y = (2, 2, 2)′

ỹ = (−1, −1, 2)′

C (1)

Figure 0.7 (Example 0.1) The variable vector y in the variable space R3; ỹ is the
centered y and ¯̄y = Jy.

P(u∗ = u(i)) = 1
n , i = 1, . . . , n , (0.132)

i.e., every data point has the same probability to be the value of the random
vector u∗. Then

E(u∗) = ū , cov(u∗) = 1
nU′CU = n−1

n S . (0.133)

Moreover, the sample correlation matrix of data matrix U is the same as
the (theoretical, population) correlation matrix of the random vector u∗.
Therefore any property shown for population correlation coefficients, holds
for sample correlation coefficients and vice versa. According to Seber (2008,
p. 433), we can “translate” sample properties into population properties using
an appropriate discrete population.

Preliminaries to Linear Models

In this book, most of our examples are related to the general linear model,
often called the Gauss–Markov model—named after Johann Carl Friedrich
Gauss (1777–1855) and Andrey (Andrei) Andreyevich Markov (1856 N.S.–
1922):

y = Xβ + ε , (0.134)

or in another notation,

M = {y, Xβ, σ2V} , (0.135)
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Photograph 0.7 Andrey (Andrei)
Andreyevich Markov (1856 N.S.–1922)
was a Russian mathematician, who is
best known for his work on stochastic
processes and what is now known as
Markov chains.

Photograph 0.8 Andrei Viktorovich
Markov (b. 1978) is a Russian profes-
sional ice hockey defenceman and an al-
ternate captain of the Montréal Cana-
diens of the National Hockey League
(NHL). (See also Tappara defenceman
in Photograph 10.6 p. 252.)

where

E(y) = Xβ = µ , E(ε) = 0 , cov(y) = cov(ε) = σ2V . (0.136)

(For Gauss, see also Philatelic Item 9.1, p. 214.) For example, if we put
X = (1 : x1 : . . . : xk) and denote p = k + 1, we can write the model as

y1
y2
...
yn

 =


1 x11 . . . x1k
1 x21 . . . x2k
...

...
...

1 xn1 . . . xnk



β0
β1
...
βk

+


ε1
ε2
...
εn

 . (0.137)

Here

• vector y is an n× 1 observable random vector,
• ε is an n× 1 unobservable random error vector,
• X is a known n× p model (design) matrix,
• β is a p× 1 vector of unknown parameters,
• V is a known n× n nonnegative definite matrix, and
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• σ2 is an unknown nonzero constant.

The variable y with values in y, is often called the response variable. The
variables x1, . . . , xk, whose values are in the vectors x1, . . . ,xk, are called
predictors, regressors, explanatory variables, or independent variables. Of
course, the constant variable “1” with values in 1, is also to be considered as
a predictor. It is not necessary to have the vector 1 as a column of X but if
we do have it there, we use the notation

y = Xβ + ε = (1 : X0)
(
β0
βx

)
+ ε = β01 + X0βx + ε . (0.138)

Notice that in this setup, the model matrix X is a matrix of fixed quan-
tities, that is, the values of the predictors can basically be chosen, they
are controllable. Hence, for example, the sample variance of xi, vard(xi) =
x′iCxi/(n−1), is not necessarily an estimate of the corresponding population
variance—because there may not exist any corresponding population. How-
ever, the situation changes if x1, . . . , xk are random variables and x1, . . . ,xk
represent their observed values resulting from a random sample. Then we
might assume that the conditional expectation of the random vector y, given
that the random matrix X has the observed value X, say, is of the form
E(y | X = X) = Xβ; similarly, cov(y | X = X) = σ2V.

Example 0.2 (Three treatments). Assume that we have three treatments
A, B, and C, whose effects on the response variable y we wish to study using
seven individuals. Let us suppose that one way to interpret the treatments
is that A means running 1 hour per day, B means running 2 hours per day,
and C means running 3 hours per day. Then we can consider the following
models:

M : y =



y11
y12
y21
y22
y23
y31
y32


=



1 1
1 1
1 2
1 2
1 2
1 3
1 3


(
β0
β1

)
+



ε11
ε12
ε21
ε22
ε23
ε31
ε32


= Xβ + ε , (0.139a)

M∗ : y =



1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1


µ1
µ2
µ3

+ ε = X∗β∗ + ε , (0.139b)
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M# : y =



1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1




µ
τ1
τ2
τ3

+ ε = X#β# + ε . (0.139c)

Notice that the model M differs essentially from the other two models M∗
and M#. These latter models simply divide the data into three groups—
according to the treatments—and while doing so, the “numerical values” of
treatments disappear. The regressors in M∗ are simply dichotomous variables
defined as x1 = 1, if treatment is A, x1 = 0 otherwise; x2 and x3 being defined
in the corresponding way. Model M# is “overparametrized”; there are more
parameters than necessary to indicate the treatment. Models M∗ and M#
are one-way analysis of variance, ANOVA, models. ut

Example 0.3 (Block model). Let us take a quick look at the block model

M : y = Xγ + ε = (1n : T : B)

µτ
β

+ ε , (0.140)

where

y =


y1
y2
...

yb

 , yi =


yi1
yi2
...
yici

 , B =


1c1 0 . . . 0
0 1c2 . . . 0
...

... . . . ...
0 0 . . . 1cb

 , (0.141)

and n = c1 + · · ·+ cb = number of experimental units, τ = (τ1, . . . , τt)′ is the
vector of treatment effects (t treatments), β = (β1, . . . , βb)′ is the vector of
block effects (b blocks), Bn×b is the design matrix of the block effects, Tn×t
is the design matrix of the treatment effects:

T = (t1 : t2 : . . . : tt) =


T1
T2
...

Tb

 , Ti ∈ Rci×t. (0.142)

The variable ti whose values are in ti, has value 1 if the corresponding unit
receives the treatment i, otherwise it is 0; each unit receives one treatment.
Moreover, let ri denote the number of units receiving the ith treatment:

r = (r1, r2, . . . , rt)′ = vector of replications , (0.143a)
c = (c1, c2, . . . , cb)′ = vector of block sizes , (0.143b)
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so that r′1t = c′1b = n.
Let us denote the design, i.e., the arrangements of treatments on experi-

mental units as a symbol d. For example, if we have t = 3 treatments A, B,
C, b = 2 blocks, and n = 6 experimental units, we could have the following
design d, say, (in the matrix form), where each row represents one block:

d =
(
A B C
A B B

)
. (0.144)

In this situation we have
y11
y12
y13
y21
y22
y23

 =


1
1
1
1
1
1

µ+


1 0 0
0 1 0
0 0 1
1 0 0
0 1 0
0 1 0


τ1τ2
τ3

+


1 0
1 0
1 0
0 1
0 1
0 1


(
β1
β2

)
+


ε11
ε12
ε13
ε21
ε22
ε23

 . (0.145)

The main interest in this kind of model is in comparing the treatments, not
in comparing the block effects.

We will consider properties of experimental design only very briefly in this
book. Experimental design offers a huge area of linear models with a lot of
literature. ut

Example 0.4 (Multivariate linear model). In (0.137) (p. 29) we have
only one response variable y whose observed values are in the vector y. Sup-
pose that we have two response variables y1 and y2 whose observed values
are in the matrix Y:

Y = (y1 : y2) =

y′(1)
...

y′(n)

 . (0.146)

If we now believe that

yi = Xβi + εi , E(εi) = 0 , cov(εi) = σiiIn , cov(ε1, ε2) = σ12In , (0.147)

where i = 1, 2, then we have a multivariate linear model which can be written
as

Y = XB + ε , (0.148)

where
B = (β1 : β2) , ε = (ε1 : ε2) . (0.149)

In this setup, the rows (individuals) are uncorrelated, i.e., cov(y(r),y(s)) = 0,
r 6= s. Using the Kronecker product and the vec-notation, we can obviously
express (0.148) as
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vec(Y) =
(

y1
y2

)
=
(

X 0
0 X

)(
β1
β2

)
+
(
ε1
ε2

)
= (I2 ⊗X) vec(B) + vec(ε) . (0.150)

In view of (0.95) (p. 21), we have

cov[vec(Y)] =
(
σ11In σ12In
σ21In σ22In

)
= Σ⊗ In , (0.151)

and hence the multivariate model (0.148) can be expressed as a univariate
model

{vec(Y), (I2 ⊗X) vec(B), Σ⊗ In} . (0.152)

Section 10.5 (p. 229) deals (shortly) with the estimation under the multivari-
ate linear model. ut

Ordinary Least Squares

The idea in the least squares estimation is to find the vector β so that the
vector Xβ would be as close to the observed y as possible, i.e., we are mini-
mizing the quantity

‖y−Xβ‖2 = (y−Xβ)′(y−Xβ) (0.153)

with respect to β, i.e., we

minimize ‖y− µ‖2 under the condition µ ∈ C (X) . (0.154)

Of course, here we use β and µ as mathematical variables—not as the pa-
rameters of the model M . This sin is rather common in literature, and it
should not be too confusing. The minimum of (0.153) is naturally obtained
by projecting y onto the column space C (X). We will use the notation

H = PX , M = In −H , (0.155)

thereby obtaining the ordinary least squares (OLS) estimator of Xβ as

OLSE(Xβ) = Hy = PXy = Xβ̂ = X̂β = µ̂ = ŷ , (0.156)

the corresponding vector of the residuals being

ε̂ = y−Xβ̂ = y−Hy = My . (0.157)

The matrix H is often called the “hat matrix”. For a clarity, we may call
the vector ε̂ as the OLSE’s residual. (Recall that there are several kinds of
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residuals, like e.g. the BLUE’s and BLP’s residual.) Keeping y as a random
vector so that E(y) = Xβ and cov(y) = σ2V, we have

E(Hy) = HXβ = Xβ , cov(Hy) = σ2HVH , (0.158)

and
E(My) = MXβ = 0 , cov(My) = σ2MVM . (0.159)

For a geometric illustration of the OLS method, see Figure 8.3 (p. 183).

Remark 0.1 (Remember H and M). The reader is strongly encouraged
to put the short notations H and M into his/her active section of the memory.
This investment will be profitable. Of course there is a bunch of notations
worth remembering, but the importance of H and M makes their role worth
emphasizing. ut

In (0.156) the vector β̂ is an arbitrary solution to the normal equation

X′Xβ = X′y . (0.160)

The general solution (the set of all solutions) to the normal equation (which
is always consistent) is

β̂ = (X′X)−X′y + [Ip − (X′X)−X′X]z , (0.161)

Photograph 0.9 Shayle R.
Searle (Auckland, 2005).

where z ∈ Rp is free to vary and (X′X)− is
an arbitrary (but fixed) generalized inverse of
X′X. On the other hand, every solution to the
normal equation can be expressed as

β̂ = (X′X)−X′y , (0.162)

for some choice of (X′X)−.
When X does not have full column rank,

then the vector β̂ = (X′X)−X′y is not unique
and it is not a proper estimator: it is merely
a solution to the normal equations—“. . . this
point cannot be overemphasized”, as stated by
Searle (1971, p. 169). The situation when β̂
is needed is often such that we are interested
in the OLSE of an estimable parametric vec-
tor K′β, which is defined as K′β̂, where β̂ is

any solution to (0.160). In such a situation K′β̂ is indeed unique. Of course
Xβ̂ is always unique. In this context we wish to cite also the following from
Searle (2000, p. 26):

“One of the greatest contributions to understanding the apparent quirkiness of
normal equations of non-full rank (as is customary with linear models), which
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have an infinity of solutions, is due to Rao (1962). Using the work of Moore
(1920) and Penrose (1955), he showed how a generalized inverse matrix yields a
solution to the normal equations and how that solution can be used to estab-
lish estimable functions and their estimators—and these results are invariant to
whatever generalized inverse is being used. Although the arithmetic of generalized
inverses is scarcely any less than that of regular inverses, the use of generalized
inverses is of enormous help in understanding estimability and its consequences.”

Example 0.5 (Three treatments, continued). Notice that in Exam-
ple 0.2 (p. 30), the column spaces C (X∗) and C (X#) are obviously identical
and thereby

PX∗ = PX# = H =

J2 0 0
0 J3 0
0 0 J2

 =



1
2

1
2 0 0 0 0 0

1
2

1
2 0 0 0 0 0

0 0 1
3

1
3

1
3 0 0

0 0 1
3

1
3

1
3 0 0

0 0 1
3

1
3

1
3 0 0

0 0 0 0 0 1
2

1
2

0 0 0 0 0 1
2

1
2


. (0.163)

Hence

OLSE(Xβ∗ |M∗) = OLSE(Xβ# |M#) = Hy =

ȳ112
ȳ213
ȳ312

 , (0.164a)

ε̂ = y−Hy =

y1 − ȳ112
y2 − ȳ213
y3 − ȳ312

 =



y11 − ȳ1
y12 − ȳ1
y21 − ȳ2
y22 − ȳ2
y23 − ȳ2
y31 − ȳ3
y32 − ȳ3


, (0.164b)

and

SSE = min
β
‖y−Xβ‖2 = ‖y1 − ȳ112‖2 + ‖y2 − ȳ213‖2 + ‖y3 − ȳ312‖2

=
2∑
j=1

(y1j − ȳ1)2 +
3∑
j=1

(y2j − ȳ2)2 +
2∑
j=1

(y3j − ȳ3)2

:= SS1 + SS2 + SS3 := SSBetween , (0.165)

where ȳi is the mean of the y-values in the ith group. The OLSE of β∗ under
M∗ is unique but the OLSE of β# under M# is not unique. ut
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Remark 0.2 (Regression line and conditional means). Let the groups
of the previous Example 0.5 be indicated by numbers 1, 2, 3, and let us make
a scatter plot of seven data points, where x (treatment) is on the x-axis and y
on the y-axis; see Exercise 8.11 (p. 186). Fitting a regression line ŷ = β̂0 +β̂1x
means that we have to minimize

‖y−Xβ‖2 =
2∑
j=1

(y1j − α1)2 +
3∑
j=1

(y2j − α2)2 +
2∑
j=1

(y3j − α3)2, (0.166)

where α1 = β0 + β1 , α2 = β0 + 2β1 , α3 = β0 + 3β1. Because (please confirm
if you are hesitant)

ni∑
j=1

(yij − αi)2 ≥
ni∑
j=1

(yij − ȳi)2 = SSi for all αi, i = 1, 2, 3 , (0.167)

we confirm a very important fact:

♠ whenever possible, the regression line goes through the con-
ditional means. (0.168)

In other words, if the conditional means lie on the same line, then that line
is precisely the regression line. This information can be very helpful for quick
drawing of regression lines. Notice that this is just the case in Figures 0.8
(p. 56) and 0.9. ut

Three Important Projectors

When X = 1 ∈ Rn, we will denote

J = P1 = 1(1′1)−11′ = 1
n11′, C = In − J , (0.169)

and hence under the simple basic model M0 = {y, 1β, σ2V} we have

OLSE(β) = β̂ = (1′1)−11′y = 1+y = ȳ , (0.170a)
OLSE(1β) = 1β̂ = Jy = ȳ1 , (0.170b)

where ȳ = 1
n

∑n
i=1 yi. The residual vector under M0 is the centered y:

y− Jy = Cy = ỹ . (0.171)

The three orthogonal projectors H, J, and C (the centering matrix), play
crucial roles in many considerations related to linear regression. An important
fact is also that the sample correlation coefficient between the variables x
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and y, whose values are the elements of vectors x,y ∈ Rn, is the cosine
between the corresponding centered vectors:

cors(x, y) = cord(x,y) = cos(Cx,Cy) = rxy = x′Cy√
x′Cx · y′Cy

. (0.172)

It is important to realize that centering can be interpreted as a projection:

ỹ = y− Jy = Cy = (I−P1)y = P1⊥y = PCy . (0.173)

For the geometry of correlation, see Figure 3.1 (p. 93).

Estimability

Let K′β be a given vector of parametric functions specified by K′ ∈ Rq×p
and let {LE(K′β; y)} denote the set of all linear estimators of K′β, that is,

{LE(K′β; y)} = {Ay : A ∈ Rq×n } . (0.174)

In (0.174) we actually consider only homogeneous linear estimators; inhomo-
geneous linear estimators are of the form

Ay + a : A ∈ Rq×n, a ∈ Rq. (0.175)

A parametric function K′β is said to be estimable if it has a linear unbiased
estimator, i.e., there exists a matrix A such that

E(Ay) = AXβ = K′β for all β ∈ Rp, (0.176)

and hence

K′β is estimable ⇐⇒ ∃A : K = X′A′ ⇐⇒ C (K) ⊂ C (X′) . (0.177)

The OLSE of K′β is defined as

OLSE(K′β) = K̂′β = K′β̂ , (0.178)

where β̂ is any solution to X′Xβ = X′y. Now the condition C (K) ⊂ C (X′)
guarantees that K′β̂ is unique, even though β̂ may not be unique; see Sec-
tion 12.2 (p. 284).

We can also conclude that

{K′β : K′β is estimable } = {AXβ : A ∈ Rq×n } . (0.179)
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The fact that all estimable parametric functions K′β are of the form AXβ
(for some A) means that it is the vector Xβ whose estimation has a central
role in linear estimation.

In particular, a scalar valued parametric function k′β is estimable if

k = X′a for some a ∈ Rn. (0.180)

Hence we can write

{k′β : k′β estimable } = {a′Xβ : a ∈ Rn } . (0.181)

Example 0.6 (Two treatments). As an example, consider the model
{y, Xβ, σ2V}, where

X =


1 1 0
1 1 0
1 1 0
1 0 1

 = (1 : x1 : x2) , β =

µ
τ1
τ2

 , k =

0
0
1

 . (0.182)

Then k′β = τ2 is not estimable because

k =

0
0
1

 /∈ C (X′) = C

1 1 1 1
1 1 1 0
0 0 0 1

 = C

1 1
1 0
0 1

 =


a+ b

a
b

 ,

(0.183)
where a and b can be any real numbers. It is easy to confirm, using the above
technique, that each individual element of β is estimable under {y, Xβ, σ2V}
if and only if X has full column rank. The other way to confirm this is done in
(0.187) below. Notice that the normal equation X′Xβ = X′y in this situation
becomes 4 3 1

3 3 0
1 0 1

µ
τ1
τ2

 =

y1 + y2 + y3 + y4
y1 + y2 + y3

y4

 . (0.184)

Moreover,

(X′X)− =

0 0 0
0 1/3 0
0 0 1

 =⇒

 µ̂
τ̂1
τ̂2

 =

 0
(y1 + y2 + y3)/3

y4

 . (0.185)

ut

The vector β itself is estimable if there exists a matrix A such that

E(Ay) = AXβ = β for all β ∈ Rp, (0.186)

i.e.,
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β is estimable ⇐⇒ ∃A : Ip = AX = X′A′ ⇐⇒ Rp = C (X′)
⇐⇒ X has full column rank . (0.187)

The vector Xβ is (trivially) estimable because E(I · y) = Xβ.
The estimator Ay is unbiased for Xβ if AXβ = Xβ for all β ∈ Rp, i.e.,

AX = X . (0.188)

It is of interest to note that if we consider such a matrix A which satisfies
the condition

C (A) ⊂ C (X) , i.e., A = XL for some L , (0.189)

then we can characterize the unbiasedness of Ay = XLy as follows:

XLy is unbiased estimator of Xβ ⇐⇒ L ∈ {X−} . (0.190)

Photograph 0.10 Jerzy K.
Baksalary (Dortmund, 2003).

We might emphasize at this point that we
overlook so called natural restrictions that
occur when V is singular; they concern the
freedom of β to vary through the whole
Rp. We refer to discussion in Puntanen &
Styan (1990), Christensen (1990), Farebrother
(1990), Harville (1990b), Baksalary, Rao &
Markiewicz (1992), and Tian, Beisiegel, Da-
genais & Haines (2008).

Best Linear Unbiased Estimator

A linear estimator Gy is an unbiased estima-
tor of Xβ if

E(Gy) = Xβ for all β ∈ Rp, (0.191)

and it is the best linear unbiased estimator (BLUE) of Xβ if it has the
smallest covariance matrix (in the Löwner sense) among all unbiased linear
estimators:

cov(Gy) ≤L cov(By) for all By such that E(By) = Xβ . (0.192)

Since the unbiasedness of Gy means that GX = X, and under the model
{y, Xβ, σ2V} we have cov(Gy) = σ2GVG′, we can rewrite (0.192) as

GVG′ ≤L BVB′ for all B such that BX = X . (0.193)



40 Introduction

We denote the BLUE of Xβ as

BLUE(Xβ) = X̃β , (0.194a)

or
BLUE(Xβ) = Xβ̃ . (0.194b)

Sometimes it is convenient to denote µ = Xβ and BLUE(µ) = µ̃.

Remark 0.3. A gentle warning regarding notation (0.194b) may be worth
giving. Namely in (0.194b) β̃ refers now to any vector such that Xβ̃ is the
BLUE(Xβ). The vector β̃ in (0.194b) need not be the BLUE(β)—the pa-
rameter vector β may not even be estimable in which case it cannot have the
BLUE! ut

Let X have full column rank. Then β is estimable and Ay is the BLUE
of β if

AVA′ ≤L BVB′ for all B such that BX = Ip . (0.195)

We denote the BLUE of β as BLUE(β) = β̃. Because the Löwner ordering
is so strong ordering, see (0.54) (p. 12), we have

var(β̃i) ≤ var(β∗i ), i = 1, . . . , p , (0.196a)
tr cov(β̃) ≤ tr cov(β∗) , (0.196b)

det cov(β̃) ≤ det cov(β∗) , (0.196c)
chi[cov(β̃)] ≤ chi[cov(β∗)] , i = 1, . . . , p , (0.196d)
‖cov(β̃)‖F ≤ ‖cov(β∗)‖F , (0.196e)
‖cov(β̃)‖2 ≤ ‖cov(β∗)‖2 , (0.196f)

for any β∗ which is a linear unbiased estimator of β. Above ‖·‖F and ‖·‖2
refer to the Frobenius norm and the spectral norm, respectively.

Consider now the model {y, Xβ, σ2I}, where, for simplicity, we assume
that σ2 = 1. Then

β̂ = (X′X)−1X′y = X+y , cov(β̂) = (X′X)−1. (0.197)

Let By be another linear unbiased estimator of β, i.e., B satisfies BX = Ip.
Then

cov(By− β̂) = cov(By) + cov(β̂)− cov(By, β̂)− cov(β̂,By)
= BB′ + (X′X)−1 −B(X+)′ −X+B′

= BB′ + (X′X)−1 −BX(X′X)−1 − (X′X)−1X′B′

= BB′ − (X′X)−1, (0.198)

which implies
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BB′ − (X′X)−1 = cov(By)− cov(β̂) = cov(By− β̂) ≥L 0 , (0.199)

where the last (Löwner) inequality follows from the fact that every covariance
matrix is nonnegative definite. Now (0.199) means that we have the Löwner
ordering

cov(β̂) ≤L cov(By) for all B: BX = Ip . (0.200)

Thus we have proved a simple version of the Gauss–Markov theorem, which
says that

OLSE(β) = BLUE(β) under {y, Xβ, σ2I} . (0.201)

A generalized version of the Gauss–Markov theorem appears in (0.202)
below in the next subsection and more thoroughly in Theorem 10 (p. 216).
For a positive definite V, see also Exercise 0.16 (p. 50).

The Fundamental BLUE Equation

What is the necessary and sufficient condition that G has to satisfy for Gy
to be the BLUE of Xβ under the model {y, Xβ, σ2V}? The answer is given
in Theorem 10 (p. 216):

the fundamental BLUE equation: G(X : VX⊥) = (X : 0) . (0.202)

The corresponding condition for Fy to be the BLUE of an estimable para-
metric function K′β is

F(X : VX⊥) = (K′ : 0) . (0.203)

It is obvious that in (0.202) the matrix X⊥ can be replaced with M =
In −H = In −PX, and thus (0.202) becomes

G(X : VM) = (X : 0) . (0.204)

For references to (0.202), see, e.g., Drygas (1970, p. 55) and Rao (1973b,
p. 282).

Clearly if G1 and G2 satisfy (0.204), then

G1(X : VM) = G2(X : VM) . (0.205)

In particular, if X is partitioned as X = (X1 : X2), where X1 has p1 and
X2 has p2 columns and

K′ = (X1 : 0) , K′β = X1β1 , (0.206)

then (0.203) becomes, assuming that X1β1 is estimable,
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F(X1 : X2 : VM) = (X1 : 0 : 0) . (0.207)

Hence we can also write

Gy = BLUE(Xβ) ⇐⇒ G ∈ {PX|VM } , (0.208a)
Fy = BLUE(X1β1) ⇐⇒ F ∈ {PX1|(X2:VM) } . (0.208b)

The parametric function X1β1 is estimable if and only if the column spaces
C (X1) and C (X2) are disjoint; see Proposition 16.1 (p. 345).

It is interesting to observe that the OLSE of Xβ is defined as Ay if A
satisfies

A(X : X⊥) = (X : 0) . (0.209)

Similarly By is the OLSE of the estimable parametric function K′β if

B(X : X⊥) = (K′ : 0) . (0.210)

Conditions (0.209) and (0.210) are simply the versions of (0.202) and (0.203)
when V is replaced with In.

For example, consider the estimation of k′β via a′y under the model
{y, Xβ, V}. Then a′∗y is the BLUE of k′β if and only if

a′∗Va∗ = min
a

a′Va = min
a
‖a‖2V subject to X′a = k , (0.211)

i.e., we have to find such a solution to X′a = k which has the minimum
norm when the inner product matrix is V. Now according to (0.203), the
minimizing a∗ must satisfy

X′a∗ = k and a′∗VM = 0′n , (0.212)

which further can be written as

X′a∗ = k and Va∗ ∈ C (X) , (0.213)

i.e.,
E(a′∗y) = k′β and cov(a′∗y,My) = 0′n . (0.214)

All solutions to a consistent equation X′a = k can be generated through
(X′)−k by varying the generalized inverse (X′)−. In order to get the BLUE,
we should be able to pick up an appropriate (X′)−. The correct choice is a
so-called minimum norm g-inverse, denoted as G = (X′)−m(V). Then k′G′y
is the BLUE for k′β.

One may wonder whether (0.202) actually has a solution for G. No wor-
ries, the disjointness of C (X) ∩ C (VM) = {0} guarantees the solution, see
Section 5.1 (p. 123).

It is useful to observe that
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Gy = BLUE(Xβ) =⇒ HGy = BLUE(Xβ) , (0.215)

which further means that

Gy = BLUE(Xβ) =⇒ there exists L : XLy = Gy . (0.216)

Note that in equation (0.202) we can now interpret G as a projector—in
the spirit of (0.19) (p. 6)—onto C (X) along C (VM). In particular, when V
is positive definite, then G is the orthogonal projector onto C (X) when the
inner product matrix is V−1. In this situation the projection direction is, see
(0.58) (p. 13),

C (VM) = C (X)⊥V−1 = C (I−PX;V−1) = N (X′V−1) , (0.217)

where C (X)⊥V−1 refers to the orthocomplement of C (X) with respect to the
inner product defined via V−1.

When V is nonsingular then the BLUE of Xβ is

BLUE(Xβ) = Xβ̃ = X(X′V−1X)−V−1y = PX;V−1y , (0.218)

cf. Aitken (1935, p. 45), so that

min
β

(y−Xβ)′V−1(y−Xβ) = (y−Xβ̃)′V−1(y−Xβ̃) . (0.219)

We may recall here (see, e.g., Albert 1973, and Rao 1973b) three representa-
tions for the BLUE(Xβ):

BLUE(Xβ) = Hy−HVM(MVM)−My := G1y , (0.220a)
BLUE(Xβ) = y−VM(MVM)−My := G2y , (0.220b)
BLUE(Xβ) = X(X′W−X)−X′W−y := G3y , (0.220c)

where
W = V + XUX′, (0.221a)

and U is an arbitrary matrix such that

C (W) = C (X : V) ; (0.221b)

see also Section 10.4 (p. 228). When V is nonsingular the matrix G such that
Gy is the BLUE of Xβ is unique, but when V is singular this may not be so.
However, the numerical value of BLUE(Xβ) is unique with probability 1. The
matrices X and V can be of arbitrary rank but the model must be consistent
in a sense that the realized value of random vector y satisfies

the consistency condition of the model {y, Xβ, V}: y ∈ C (X : V) .
(0.222)



44 Introduction

The consistency condition means, for example, that whenever we have some
statements where the random vector y is involved, these statements need to
hold only for those values of y which belong to C (X : V). Thus, if Gy and
Fy are two presentations of the BLUE(Xβ), then

Gy = Fy for all y ∈ C (X : V) . (0.223)

In view of (0.216), there always exists a matrix L such that BLUE(Xβ)
can be expressed as XLy. The unbiasedness condition (0.190) means that
L ∈ {X−} [in which case rank(XL) = rank(X)], but other than that, the
vector Ly is not necessarily unique. We might denote Ly = β̃, and thereby
BLUE(Xβ) = Xβ̃, but it is important to realize that in this notation the
vector β̃ is unique (with probability 1) only if X has full column rank. In this
case the vector β is estimable, i.e., it has an unbiased linear estimator, and
one general expression for β̃ is

β̃ = (X′X)−1X′y− (X′X)−1X′VM(MVM)−My
= X+y−X+VM(MVM)−My . (0.224)

We can also define β̃ as a solution to the generalized normal equations

X′W−Xβ = X′W−y , (0.225)

Photograph 0.11 Sujit Ku-
mar Mitra (New Delhi, 1992).

where W is defined as in (0.221); see, e.g.,
Baksalary & Puntanen (1989), Mitra (1973b),
and Rao (1971c). The equation (0.225) is con-
sistent for y ∈ C (X : V); see Exercise 12.1
(p. 288). If W is a symmetric nonnegative defi-
nite matrix and β̃ is a solution to (0.225), then

min
β

(y−Xβ)′W−(y−Xβ)

= (y−Xβ̃)′W−(y−Xβ̃) . (0.226)

Notice that once we decide to denote the
BLUE of Xβ as Xβ̃, then, in view of (0.220b)
(p. 43), we also have

Xβ̃ = y−VM(MVM)−My
= G2y , (0.227)

which may look somewhat confusing for a novice. However, as emphasized in
Remark 0.3 (p. 40), (0.227) is simply a short notation for the fact that the
matrix G2 satisfies the BLUE-equation (0.202) (p. 41). Perhaps notation X̃β
would occasionally be preferable to Xβ̃.

In view of (0.227), we can define the BLUE’s residual as
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ε̃ = y− X̃β = VM(MVM)−My = VṀy , (0.228)

where the matrix Ṁ is defined as

Ṁ = M(MVM)−M . (0.229)

The matrix Ṁ appears to be very handy in many considerations and hence
we have devoted one chapter for it, see Chapter 15 (p. 317).

The weighted sum of squares of errors, which is needed when estimating
σ2, see, e.g., Rao (1971a,b), can now be written as

SSE(V) = (y− X̃β)′V−(y− X̃β)

= (y− X̃β)′W−(y− X̃β)
= ε̃′V−ε̃ = y′Ṁy , (0.230)

where W is defined as in (0.221a). See also Section 15.9 (p. 338).
Finally we remark that on the basis of (0.220), it is easy to introduce the

following general representations of the BLUE’s covariance matrix:

cov(X̃β) = HVH−HVM(MVM)−MVH (0.231a)
= V−VM(MVM)−MV (0.231b)
= X(X′W−X)−X′ −XUX′. (0.231c)

The covariance matrix of the BLUE’s residual appears to be (confirm please!)

cov(ε̃) = cov(VṀy) = VṀVṀ′V
= VM(MVM)−MVM[(MVM)−]′MV
= VM(MVM)−MV = VṀV . (0.232)

If X has full column rank, then the expression for the covariance matrix of
the BLUE of β can be written as

cov(β̃) = (X′V−1X)−1

= (X′X)−1 [X′VX−X′VM(MVM)−MVX
]

(X′X)−1

= cov(β̂)− (X′X)−1X′VM(MVM)−MVX(X′X)−1. (0.233)

Example 0.7 (Getting a ticket for over-speeding). We end this chapter
with a simple example in which the details are left to the reader.

Mr. Yrjö Kärkinen was stopped on a highway where the speed limit was
90 km/h. In the court Yrjö claimed that he was driving only 85 km/h. Judge
Juhani Järvinen, dealing with this case, had called a witness, Ms. Maija
Mäkinen, who told that she had been driving in the speed of 80 km/h when
Yrjö heartlessly had passed her. She further explained that Yrjö had been
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driving 10 km/h faster than she. The traffic police Matti Virtanen who had
caught Yrjö told that Yrjö had been driving 100 km/h and Maija 60 km/h.
(a) Identify the appropriate linear model assuming that all five observations

are independent and have the same variance. Compute the ordinary least
squares estimates for the speeds of Yrjö (β) and Maija (α).

[β̂ = 89.375, α̂ = 73.125]
(b) What about if Maija had claimed—instead of saying that Yrjö had been

driving 10 km/h faster than she—that Yrjö had been driving 90 km/h?
(c) Suppose that the Maija’s two observations are correlated (%1) and sim-

ilarly Matti’s two observations are correlated (%2). Write down the co-
variance matrix V of the five observations.

(d) Assuming that %1 = %2 = 0.5, compute the BLUEs for the speeds. Note
that poor Yrjö now gets a ticket. [β̃ = 92.143, α̃ = 74.821]

ut

Exercises

These exercises are supposed to be warm-up exercises—to get rid of the
possible rust in the reader’s matrix engine.

0.1 (Contingency table, 2× 2). Consider three frequency tables (contingency
tables) below. In each table the row variable is x.

(a) Write up the original data matrices and calculate the correlation
coefficients rxy, rxz and rxu.

(b) What happens if the location (cell) of the zero frequency changes
while other frequencies remain mutually equal?

(c) Explain why rxy = rxu even if the u-values 2 and 5 are replaced with
arbitrary a and b such that a < b.

y
0 1

x
0 1 1
1 0 1

z
0 1

0 2 2
1 0 2

u
2 5

0 1 1
1 0 1

0.2. Prove the following results concerning two dichotomous variables whose
observed frequency table is given below.

vars(y) = 1
n− 1

γδ

n
= n

n− 1 ·
δ

n

(
1− δ

n

)
,

covs(x, y) = 1
n− 1

ad− bc
n

, cors(x, y) = ad− bc√
αβγδ

= r ,

χ2 = n(ad− bc)2

αβγδ
= nr2.

y

0 1 total
0 a b α

x
1 c d β

total γ δ n
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0.3. Let z =
( x
y

)
be a discrete 2-dimensional random vector which is ob-

tained from the frequency table in Exercise 0.2 so that each observation
has the same probability 1/n. Prove that then

E(y) = δ

n
, var(y) = δ

n

(
1− δ

n

)
, cov(x, y) = ad− bc

n2 , cor(x, y) = ad− bc√
αβγδ

.

0.4 (Continued . . . ). Show that in terms of the probabilities:

var(y) = p·1p·2 ,

cov(x, y) = p11p22 − p12p21 ,

cor(x, y) = p11p22 − p12p21√
p·1p·2p1·p2·

= %xy .

y

0 1 total
0 p11 p12 p1·

x
1 p21 p22 p2·

total p·1 p·2 1

0.5 (Continued . . . ). Confirm:

%xy = 0⇔ det
(
p11 p12
p21 p22

)
= det

(
a b
c d

)
= 0⇔ p11

p21
= p12
p22
⇔ a

c
= b

d
.

0.6 (Continued . . . ). Show, using (0.85) (p. 19), that the dichotomous ran-
dom variables x and y are statistically independent if and only if %xy = 0.
By the way, for interesting comments on 2× 2 tables, see Speed (2008b).

0.7 (Continued, in a way . . . ). Consider dichotomous variables x and y whose
values are A1, A2 and B1, B2, respectively, and suppose we have n obser-
vations from these variables. Let us define new variables in the following
way:

x1 = 1 if x has value A1, and x1 = 0 otherwise,
x2 = 1 if x has value A2, and x2 = 0 otherwise,

and let y1 and y2 be defined in the corresponding way with respect to the
values B1 and B2. Denote the observed n × 4 data matrix as U = (x1 :
x2 : y1 : y2) = (X : Y). We are interested in the statistical dependence
of the variables x and y and hence we prepare the following frequency
table (contingency table):

y

B1 B2 total
A1 f11 f12 r1

x
A2 f21 f22 r2

total c1 c2 n
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Let eij denote the expected frequency (for the usual χ2-statistic for test-
ing the independence) of the cell (i, j) and

eij = ricj
n

, E = (e1 : e2) , F =
(
f11 f12
f21 f22

)
= (f1 : f2) ,

and c =
(
c1
c2

)
, r =

(
r1
r2

)
. We may assume that all elements of c and r are

nonzero. Confirm the following:

(a) cord(x1,x2) = −1, rank(X : Y) ≤ 3, rank[cord(X : Y)] ≤ 2,
(b) X′1n = r, Y′1n = r, X′X = diag(r) = Dr, Y′Y = diag(c) = Dc,
(c) X′Y = F, E = rc′/n = X′1n1′nY/n = X′JY.
(d) The columns of X′Y(Y′Y)−1 represent the conditional relative fre-

quencies (distributions) of x.
(e) F−E = X′CY, where C is the centering matrix, and hence 1

n−1 (F−
E) is the sample (cross)covariance matrix between the x- and y-
variables.

0.8 (Continued . . . ).

(a) Show that X′CY, X′CX, and Y′CY are double-centered; An×p is
said to be double-centered if A1p = 0n and A′1n = 0p.

(b) Prove that 1n ∈ C (X)∩C (Y) and that it is possible that dim C (X)∩
C (Y) > 1.

(c) Show, using the rule rk(CY) = rk(Y) − dim C (Y) ∩ C (C)⊥, see
Theorem 5 (p. 121), that

rk(Y′CY) = rk(CY) = c− 1 and rk(X′CX) = rk(CX) = r− 1 ,

where c and r refer to the number of categories of y and x, respec-
tively; see Exercise 19.12 (p. 412) In this situation of course c = r = 2.

(d) Confirm that (Y′Y)−1 is a generalized inverse of Y′CY, i.e.,

Y′CY · (Y′Y)−1 ·Y′CY = Y′CY ,

(Dc − 1
ncc′) ·D−1

c · (Dc − 1
ncc′) = Dc − 1

ncc′.

See also part (b) of Exercise 0.11 (p. 49), Exercise 4.9 (p. 120), and
Exercise 19.12 (p. 412).

0.9 (Continued . . . ).

(a) What is the interpretation of the matrix

G =
√
n(X′X)−1/2X′CY(Y′Y)−1/2 =

√
nD−1/2

r (F−E)D−1/2
c ?

(b) Convince yourself that the matrix

G∗ = D−1/2
r (F−E)D−1/2

c
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remains invariant if instead of frequencies we consider proportions
so that the matrix F is replaced with 1

nF and the matrices E, Dr
and Dc are calculated accordingly.

(c) Show that the χ2-statistic for testing the independence of x and y
can be written as

χ2 =
2∑
i=1

2∑
j=1

(fij − eij)2

eij
= ‖G‖2F = tr(G′G) = n tr(PXCPYC) .

See also Exercise 19.13 (p. 413).
(d) Show that the contribution of the ith column of F on the χ2, χ2(f i),

say, can be expressed as (a kind of squared Mahalanobis distance)

χ2(f i) = (f i − ei)′D−1(f i − ei) ,

where

D = diag(ei) =
(
ei1 0
0 ei2

)
=
(
r1ci/n 0

0 r2ci/n

)
= ci

(
r1/n 0

0 r2/n

)
.

0.10 (Multinomial distribution). Consider the random vectors (for simplic-
ity only three-dimensional)

z1 =

z11
z21
z31

 , . . . , zm =

z1m
z2m
z3m

 , x = z1 + · · ·+ zm ,

where zi are identically and independently distributed random vectors
so that each zi is defined so that only one element gets value 1 the rest
being 0. Let P(zi1 = 1) = p1, P(zi2 = 1) = p2, and P(zi3 = 1) = p3 for
i = 1, . . . ,m; p1 + p2 + p3 = 1, each pi > 0, and denote p = (p1, p2, p3)′.
Show that

E(zi) = (p1, p2, p3)′ = p , E(x) = mp ,

and

cov(zi) =

p1(1− p1) −p1p2 −p1p3
−p2p1 p2(1− p2) −p2p3
−p3p1 −p3p2 p3(1− p3)

 =

p1 0 0
0 p2 0
0 0 p3

− pp′

:= Dp − pp′ := Σ , cov(x) = mΣ .

Then x follows a multinomial distribution with parameters m and p:
x ∼ Mult(m,p).

0.11 (Continued . . . ). Confirm:
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(a) Σ is double-centered (row and column sums are zero), singular and
has rank 2.

(b) ΣD−1
p Σ = Σ, i.e., D−1

p is a generalized inverse of Σ. Confirm that
D−1

p does not necessarily satisfy any other Moore–Penrose condi-
tions. See also Exercises 0.8 (p. 48) and 4.9 (p. 120).

(c) We can think (confirm . . . ) that the columns (or rows if we wish) of a
contingency table are realizations of a multinomial random variable.
Let x1 and x2 represent two columns (two observations) from such a
random variable and assume that instead of the frequencies we con-
sider proportions y1 = x1/c1 and y2 = x2/c2. Then xi ∼ Mult(ci,p)
and cov(yi) = 1

ci
Σ, where Σ = Dp − pp′, and the squared Ma-

halanobis distance, say M , between the vectors x1 and x2 can be
defined as follows:

M = c1c2(c1 + c2)−1(x1 − x2)′Σ−(x1 − x2)
= c1c2(c1 + c2)−1(x1 − x2)′D−1

p (x1 − x2) .

Neudecker (1997), Puntanen, Styan & Subak-Sharpe (1998),
Greenacre (2007, p. 270).

0.12. Let Pn×n be an idempotent matrix. Show that

C (P) ∩ C (In −P) = {0} and C (In −P) = N (P) .

0.13. Confirm: A ≥L B and B ≥L C =⇒ A ≥L C .

0.14. Suppose that x and y are p-dimensional random vectors. Confirm:

(a) cov(x + y) = cov(x) + cov(y) ⇐⇒ cov(x,y) = − cov(y,x);
if A = −A′, A is said to be skew-symmetric.

(b) cov(x− y) = cov(x)− cov(y) ⇐⇒ cov(x,y) + cov(y,x) = 2 cov(y).

0.15. Let Gy and Hy be the BLUE and OLSE of Xβ, respectively, under
{y, Xβ, V}. Using (0.220) (p. 43), confirm the following:

cov(Hy−Gy) = cov(Hy)− cov(Gy) = HVM(MVM)−MVH ,

cov(y−Gy) = cov(ε̃) = cov(y)− cov(Gy) = VM(MVM)−MV .

0.16. Consider the model M = {y, Xβ, σ2V}, where V is positive definite
and X has full column rank. Premultiplying the equation y = Xβ+ε by
V−1/2, we get the model

M∗ = {y∗, X∗β, σ2In} , where y∗ = V−1/2y , X∗ = V−1/2X .

Confirm that in view of (0.201) (p. 41),
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OLSE(β |M∗) = (X′∗X∗)−1X′∗y∗
= (X′V−1X)−1X′V−1y := Gy = BLUE(β |M∗) .

Clearly Gy is an unbiased estimator of β under M . Let By be another
unbiased estimator of β under M , i.e., BX = Ip. Show that then By =
BV1/2V−1/2y = BV1/2y∗, and in light of (0.201),

cov[(X′∗X∗)−1X′∗y∗] ≤L cov(BV1/2y∗) ,
(X′V−1X)−1 ≤L BVB′ for all B : BX = Ip ,

so that (X′V−1X)−1X′V−1y is the BLUE for β under M . See also
Exercise 10.8 (p. 261).

0.17 (Continued . . . ). Show that the result of the previous Exercise 0.16 can
be expressed as the equivalence of the following statements:

(a) (X′V−1X)−1 ≤L KK′ for all K : KV−1/2X = Ip,
(b) (X′V−1X)−1 ≤L LVL′ for all L : LX = Ip.

0.18 (Continued . . . ). Confirm that the result of Exercise 0.16 can be intro-
duced also as follows: Denote Gy = (X′V−1X)−1X′V−1y and let By be
an arbitrary linear unbiased estimator of β. Then GX = BX = Ip,
so that (G − B)X = 0, i.e., X′(G − B)′ = 0, which implies that
C (G′ −B′) ⊂ N (X′) = C (X)⊥ = C (M), where M = In −PX. Hence

G′ −B′ = MU for some matrix U.

Premultiplying the above equation by GV yields GV(G′−B′) = 0, and
thereby GVG′ = GVB′ = BVG′, which further implies

(B−G)V(B−G)′ = BVB′ −GVG′ ≥L 0 .

Toutenburg & Shalabh (2009, p. 572).

0.19. Consider a random matrix Un×d = (u1 : . . . : ud) = (u(1) : . . . : u(n))′,
where cov(uj ,uk) = σjkV, j, k = 1, . . . , d. Show that

cov(u(r),u(s)) = vrsΣ , r, s = 1, . . . , n .

0.20 (Block design). Using the notation of Example 0.3 (p. 31), create the
matrix T in the following block designs:

d# =
(
A B C
C B A

)
, d∗ =

(
A B C
A C B

)
.

0.21. Consider the block model (0.140) (p. 31). Show that
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X′X =

1′n1n 1′nT 1′nB
T′1n T′T T′B
B′1n B′T B′B

 =

n r′ c′
r Dr N
c N′ Dc



=



n r1 r2 . . . rt c1 c2 . . . cb
r1 r1 0 . . . 0
r2 0 r2 . . . 0 N
...

... . . .
rt 0 0 . . . rt
c1 c1 0 . . . 0
c2 N′ 0 c2 . . . 0
...

...
... . . .

cb 0 0 . . . cb


,

where Dr = diag(r), Dc = diag(c), and N = {nij} ∈ Rt×b is a so-called
incidence matrix; nij = the number of units receiving the ith treatment
in the jth block. Thus N is a contingency table like F in Exercise 0.7
(p. 47); now x = the treatment and y = the block.

Bapat (2000, pp. 99-103).

0.22 (Orthogonal rotation). Denote

Aθ =
(

cos θ − sin θ
sin θ cos θ

)
, Bθ =

(
cos θ sin θ
sin θ − cos θ

)
.

Show that any 2 × 2 orthogonal matrix Q is Aθ or Bθ for some θ.
Transformation Aθu(i) rotates the observation u(i) by the angle θ in
the counter-clockwise direction, and Bθu(i) makes the reflection of the
observation u(i) with respect to the line y = tan

(
θ
2
)
x. For a graphic

illustration of a rotation, see Figure 19.3 (p. 404).
Horn & Johnson (1990, p. 68).

0.23 (Kronecker product). Confirm some of the following important (partic-
ularly in multivariate linear models) properties of the Kronecker product
and the vec-operation:

(a) a′ ⊗ b = ba′ = b⊗ a′,
(b) (A⊗B)′ = A′ ⊗B′,
(c) (A⊗B)−1 = A−1 ⊗B−1, if A and B are nonsingular,
(d) (A⊗B)− = A− ⊗B−,
(e) A⊗B 6= B⊗A, in general,
(f) (A⊗B)(C⊗D) = AC⊗BD,
(g) vec(An×pBp×q) = (B′ ⊗ In) vec(A) = (Iq ⊗A) vec(B),
(h) vec(ab′) = b⊗ a,
(i) vec(ABC) = (C′ ⊗A) vec(B); see Exercise 11.1 (p. 280),
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(j) PA⊗B = PA ⊗PB.
Henderson & Searle (1979, 1981b), Harville (1997, Ch. 16),
Abadir & Magnus (2005, pp. 273–284), Seber (2008, §11.1).

0.24. Consider the set of numbers A = {1, 2, . . . , N} and let x1, x2, . . . , xp
denote a random sample selected without a replacement from A. Denote
y = x1 + x2 + · · ·+ xp = 1′px. Confirm the following:

(a) var(xi) = N2−1
12 , cor(xi, xj) = − 1

N−1 = % , i, j = 1, . . . , p ,
(b) cor2(x1, y) = cor2(x1, x1 + · · ·+ xp) = 1

p +
(
1− 1

p

)
% .

See also Section 10.6 (p. 234).

0.25 (Hotelling’s T 2). Let U′1 and U′2 be independent random samples from
Np(µ1,Σ) and Np(µ2,Σ), respectively. Denote Ti = U′i(Ini − Jni)Ui,
and S∗ = 1

f (T1 + T2), where f = n1 + n2 − 2. Confirm that

T 2 = n1n2
n1+n2

(ū1 − ū2)′S−1
∗ (ū1 − ū2) ∼ T2(p, n1 + n2 − 2) ,

where T2(a, b) refers to the Hotelling’s T 2 distribution; see (0.128) (p. 26).
It can be shown that if µ1 = µ2, then

n1+n2−p−1
(n1+n2−2)p T

2 ∼ F(p, n1 + n2 − p− 1).

0.26 (Continued . . . ). Show that if n1 = 1, then Hotelling’s T 2 becomes

T 2 = n2
n2+1 (u(1) − ū2)′S−1

2 (u(1) − ū2) .

0.27 (Finiteness matters). Throughout this book, we assume that the ex-
pectations, variances and covariances that we are dealing with are finite.
Then, for example, independence of the random variables x and y im-
plies that cor(x, y) = 0. The reader is encouraged to have a look at the
paper by Mukhopadhyay (2010), which provides counterexamples to this
implication in situations when the finiteness is not holding.

0.28 (Magic square). Confirm that the matrix

A =


16 3 2 13
5 10 11 8
9 6 7 12
4 15 14 1

 ,

appearing in Philatelic Item 0.1 (p. 54), is a magic square, i.e., a k × k
array such that the numbers in every row, column and in each of the
two main diagonals add up to the same magic sum, 34 in this case; here
k = 4. The matrix A here defines a classic magic square since the entries
in A are the consecutive integers 1, 2, . . . , k2.
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Show that the Moore–Penrose inverse

A+ = 1
34 · 80


275 −201 −167 173
37 −31 −65 139
−99 105 71 3
−133 207 241 −235


is also a magic square (though not a classic magic square) and that its
magic sum is 1/34.

There are many patterns of numbers in A and in A+ which add up
to the magic sum (34 for A and 1/34 for A+); see Trenkler & Trenkler
(2001). For more about “magic generalized inverses”, see Chu, Drury,
Styan & Trenkler (2010).

Philatelic Item 0.1 The magic square defined by the matrix A in Exercise 0.28
appears in Albrecht Dürer’s copper-plate engraving Melencolia I which is shown on
philatelic sheetlets from Aitutaki (Cook Islands) 1986, Scott 391, and Mongolia 1978,
Scott 1039.

0.29 (Magic square, continued . . . ). Confirm that the matrix

B =


44 54 55 41
49 47 46 52
45 51 50 48
56 42 43 53


is a magic square. Find a scalar c so that B = PAQ + cE, where A
is the Dürer magic square in Exercise 0.28, while E is the 4 × 4 matrix
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with every element equal to 1 and the matrices P and Q are permutation
matrices. The matrix Pn×n is a permutation matrix if it is obtained from
In by rearranging its columns.

The magic square represented by the matrix B here is associated with
a porcelain plate made in Jingdezhen, China, ca. 1775, and presented to
Queen Mary (1867–1953) in 1906; the plate is now in the Victoria and
Albert Museum in London. For further details see Cheng (1984).

For more about magic squares we recommend the books by Benson &
Jacoby (1976) and Pickover (2002).

Philatelic Item 0.2 Philatelic sheetlet from Guinea-Bissau 2009 depicting Albert Ein-
stein (1879–1955), Leonhard Paul Euler (1707–1783), Galileo Galilei (1564–1642), and
Isaac Newton (1643–1727). In addition to contributions involving magic squares and
Latin squares, see Styan (2007), Euler made important discoveries in fields as diverse as
infinitesimal calculus and graph theory; he is also renowned for his work in mechanics,
fluid dynamics, optics, and astronomy.
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Opening Figures: Continued—see page 2
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Figure 0.8 Completed Figures 0.1a and 0.1b. Regression line a bit thicker. The confi-
dence ellipses (constant-density contours) are based on the assumption that samples are
from N2(µ,Σ), where µ and Σ are equal to their sample values. The first major axis of
the ellipse will be along the 135◦ (slope −1) line through µ, and it is the line satisfying
the minimization Task 2 on page 1. See also Figure 19.3 (p. 404).
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Figure 0.9 Completed Figure 0.2: Observations from N2(0, Σ); σx = 5, σy = 4, %xy =
0.7. Regression line has the slope β̂1 ≈ %xyσy/σx. Also the regression line of x on y is
drawn. The direction of the first major axis of the contour ellipse is determined by t1,
the first eigenvector of Σ.



Chapter 1
Easy Column Space Tricks

If you’ve heard this story before, don’t stop me,
because I’d like to hear it again.

Groucho Marx

The column space of an n×m matrix A,

C (An×m) = {y ∈ Rn : there exists x ∈ Rm such that y = Ax } , (1.1)

and, correspondingly, the null space of A,

N (An×m) = {x ∈ Rm : Ax = 0 } , (1.2)

are in every-day use throughout this book. In this chapter we take a good look
at some of their properties, most of them rather elementary. Our experience
is that decent steps in linear models are slow to take unless a reasonable
set of column space tricks is in the immediate access. Some of the results
that we go through are already likely to be in the reader’s toolbox. However,
there cannot be harm in repeating these helpful rules and going through their
proofs.

Theorem 1 (Column space properties). For conformable matrices A
and B, the following statements hold:

(a) N (A) = N (A′A),
(b) C (A)⊥ = C (A⊥) = N (A′),
(c) C (A) ⊂ C (B) ⇐⇒ C (B)⊥ ⊂ C (A)⊥,
(d) C (A) = C (AA′),
(e) rank(A) = rank(A′) = rank(AA′) = rank(A′A),
(f) Rn = C (An×m)� C (An×m)⊥ = C (A)�N (A′),
(g) rank(An×m) = n− rank(A⊥) = n− dim N (A′),
(h) C (A : B) = C (A) + C (B),
(i) rank(A : B) = rank(A) + rank(B)− dim C (A) ∩ C (B),

(j) rank
(

A
B

)
= rank(A) + rank(B)− dim C (A′) ∩ C (B′),
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58 1 Easy Column Space Tricks

(k) C (A + B) ⊂ C (A) + C (B) = C (A : B),
(l) rank(A + B) ≤ rank(A : B) ≤ rank(A) + rank(B),

(m) C (A : B)⊥ = C (A)⊥ ∩ C (B)⊥.

Proof. (a) First,

x ∈ N (A) =⇒ Ax = 0 =⇒ A′Ax = 0 =⇒ x ∈ N (A′A) . (1.3a)

To go the other way,

x ∈ N (A′A) =⇒ A′Ax = 0 =⇒ x′A′Ax = 0
=⇒ Ax = 0 =⇒ x ∈ N (A) . (1.3b)

(b) comes from

C (An×m)⊥ = {y ∈ Rn : y′Az = 0 for all z ∈ Rm }
= {y ∈ Rn : y′A = 0′ } = N (A′) . (1.4)

(c) We see that

C (A) = C (a1 : . . . : am) ⊂ C (B) =⇒ ∃ f i : ai = Bf i, i = 1, . . . ,m
=⇒ A = BF for some F =⇒ A′ = F′B′. (1.5a)

Hence x ∈ N (B′) = C (B)⊥ =⇒ x ∈ N (A′) = C (A)⊥, and thereby we
have shown that

C (A) ⊂ C (B) =⇒ C (B)⊥ ⊂ C (A)⊥. (1.5b)

The reverse relation follows by changing the roles of A and A⊥, and B and
B⊥.

(d) follows from

N (A′) = N (AA′) ⇐⇒ [N (A′)]⊥ = [N (AA′)]⊥

⇐⇒ C (A) = C (AA′) . (1.6)

(e) It is obvious that rank(A) = rank(AA′) and rank(A′) = rank(A′A)
but we still have to show that A and A′ have the same maximal number of
linearly independent columns. We omit the proof which can be done easily
using the full-rank decomposition of the matrix A; see Theorem 17 (p. 349).

(f) Because Rn = U � U⊥ for any subspace U ⊂ Rn, we get (f).
(g) In view of (f), we have

n = rank(A) + rank(A⊥) , (1.7a)

i.e.,
rank(A⊥) = (number of rows of A)− rank(A) , (1.7b)
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which implies (g).
(h) comes from

C (A : B) = {y : y = (A : B)
( x

z
)
for some x, z }

= {y : y = Ax + Bz for some x, z }
= {y : y = y1 + y2 for some y1 ∈ C (A), y2 ∈ C (B) }
= C (A) + C (B) . (1.8)

(i) From (h) it follows that

rank(A : B) = dim C (A : B) = dim [C (A) + C (B)]
= dim C (A) + dim C (B)− dim C (A) ∩ C (B)
= rank(A) + rank(B)− dim C (A) ∩ C (B) . (1.9)

(j) This comes by noting that rank
(A

B
)

= rank(A′ : B′).
(k) Writing

A + B = (A : B)
( I

I
)
, (1.10a)

we see that
C (A + B) = C

[
(A : B)

( I
I
)]
⊂ C (A : B) , (1.10b)

where the last inclusion comes from the fact

C (UF) ⊂ C (U) for any conformable matrices U, F . (1.10c)

(l) is a consequence of (k).
(m) comes from the following:

y ∈ C (A : B)⊥ ⇐⇒ y′(A : B) = 0′ ⇐⇒ A′y = 0, B′y = 0
⇐⇒ y ∈ C (A)⊥ ∩ C (B)⊥. (1.11)

ut

We may almost confess that originally we planned to omit to represent
the results of Theorem 1, because the reader is almost expected to be aware
of them. However, these simple properties are so essential that we . . . , so,
needless to say. They may look sterile but please do not underestimate them.

1.1 Equality C (X′VX) = C (X′V) when V Is
Nonnegative Definite

Suppose that X is an n× p matrix and V is an n×n symmetric nonnegative
definite matrix. Then the following simple result is frequently used:
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C (X′VX) = C (X′V) . (1.12)

The proof of (1.12) comes by noting that V must be of the form V = L′L
for some matrix L, and writing

C (X′VX) = C (X′L′LX) ⊂ C (X′L′L)
= C (X′V) ⊂ C (X′L′) = C [X′L′(X′L′)′]
= C (X′L′LX) = C (X′VX) . (1.13)

Now clearly (1.13) implies (1.12). Trivially we have also

rank(X′VX) = rank(X′V) = rank(VX) , (1.14)

and
X′VX = 0 ⇐⇒ X′V = 0 . (1.15)

1.2 Estimability in a Simple ANOVA

Consider the situation of Example 0.2 (p. 30) where we had the following
models:

M∗ : y =



y11
y12
y21
y22
y23
y31
y32


=



1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1


µ1
µ2
µ3

+ ε = X∗β∗ + ε , (1.16a)

M# : y =



1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1




µ
τ1
τ2
τ3

+ ε = X#β# + ε . (1.16b)

In a more general situation, when we have g groups (or treatments) and ni
observations in the ith group, we can write these models as

M∗ : y =


y1
y2
...

yg

 =


1n1 0 . . . 0
0 1n2 . . . 0
...

... . . . ...
0 0 . . . 1ng



µ1
µ2
...
µg

+ ε
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= X∗β∗ + ε , (1.17a)

M# : y =


1n1 1n1 0 . . . 0
1n2 0 1n2 . . . 0
...

...
... . . . ...

1ng 0 0 . . . 1ng



µ
τ1
τ2
...
τg

+ ε = X#β# + ε , (1.17b)

where n = n1 + · · ·+ng. We see immediately that β∗ is estimable under M∗
because X∗ has full column rank. On the other hand, β# is not estimable
under M#. Which parametric functions of β# are estimable? We answer to
this question by using some properties of Theorem 1.

To simplify the notation, let us drop the subscript # and denote the
model (1.17b) as

M : y = Xβ + ε = (1n : X0)
(
µ
τ

)
+ ε . (1.18)

Now the parametric function k′β is estimable under M if and only if

k ∈ C (X′) = C

(
1′n
X′0

)
= C


1′n1 1′n2 . . . 1′ng
1′n1 0′ . . . 0′
...

...
...

0′ 0′ . . . 1′ng

 = C

(
1′g
Ig

)
. (1.19)

Moreover, because

rank
(

1′g
Ig

)
= rank(1g : Ig) = g , (1.20)

we have, in view of part (g) of Theorem 1,

rank
(

1′g
Ig

)⊥
= (g + 1)− g = 1 . (1.21)

We show next that one choice for
(

1′g
Ig

)⊥
is
(
−1
1g

)
, i.e.,

(
−1
1g

)
:= u ∈

{(
1′g
Ig

)⊥}
. (1.22)

The result (1.22) follows from the facts

u′
(

1′g
Ig

)
= 0′ , rank(u) = rank

(
1′g
Ig

)⊥
= 1 . (1.23)
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According to (1.19), the parametric function k′β is estimable if and only if

k ∈
(

C

(
1′g
Ig

)⊥)⊥
= C (u)⊥, (1.24)

i.e.,
k′u = 0, where u =

(
−1
1g

)
. (1.25)

We can also study the estimability of a parametric function of τ1, . . . , τg
(dropping off the parameter µ); denote this function as `′τ . Then

(0, `′)
(
µ
τ

)
= `′τ , (1.26)

and on account of (1.25), the estimability condition for `′τ becomes `′1g = 0.
We may summarize our findings as follows.
Proposition 1.1. Consider the one-way ANOVA model (1.18). Then k′β is
estimable if and only if

k′
(
−1
1g

)
= 0 , (1.27)

and `′τ is estimable if and only if

`′1g = 0 . (1.28)

The parametric function `′τ is called a contrast if `1 + · · · + `g = 0, i.e.,
(1.28) holds. Contrasts of the form τi − τj , i 6= j, are called elementary
contrasts.

For the estimability in the block model, see Exercise 16.2 (p. 348).
In passing we may mention that (1.22) is a special case of the following

general result:

Proposition 1.2. One choice for a matrix
(

Bn×q
Iq

)⊥
is
(

In
−B′

)
, i.e.,

(
In
−B′

)
∈
{(

Bn×q
Iq

)⊥}
. (1.29)

1.3 Column Space of the Covariance Matrix

Consider the partitioned (p + q)-dimensional random vector z =
( x

y
)
whose

covariance matrix is

cov(z) = cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
= Σ . (1.30)
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Because every covariance matrix is nonnegative definite, there exists a matrix
L = (L1 : L2) such that Σ = L′L:

Σ =
(

L′1
L′2

)
(L1 : L2) =

(
L′1L1 L′1L2
L′2L1 L′2L2

)
=
(

Σxx Σxy
Σyx Σyy

)
. (1.31)

In view of
C (L′1L2) ⊂ C (L′1) = C (L′1L1) , (1.32)

we can immediately conclude the following simple but important facts:

C (Σxy) ⊂ C (Σxx) , C (Σyx) ⊂ C (Σyy) . (1.33)

From (1.33) we can also conclude that

Σyy = 0 =⇒ Σ =
(

Σxx 0
0 0

)
, (1.34)

and in particular

cov
(

x
y

)
= Σ =

(
Σxx σxy
σ′xy σ2

y = 0

)
=⇒ Σ =

(
Σxx 0p
0′p 0

)
. (1.35)

Moreover, let us denote E(x) = µx ∈ Rp and consider the random vector

u = Qx , where Q = Ip −P(Σxx :µx) . (1.36)

Now

E(Qx) = (Ip −P(Σxx :µx))µx = 0 , (1.37a)
cov(Qx) = QΣxxQ = 0 , (1.37b)

and hence (Ip −P(Σxx :µx))x = 0 with probability 1, and so

x ∈ C (Σxx : µx) with probability 1 . (1.38)

For the corresponding condition in a linear model, see Section 5.2 (p. 125).
Notice that for QΣxx

= Ip −PΣxx
,

E[QΣxx
(x− µx)] = (Ip −PΣxx

)(µx − µx) = 0 , (1.39a)
cov[QΣxx

(x− µx)] = QΣxx
ΣxxQΣxx

= 0 , (1.39b)

and hence
x− µx ∈ C (Σxx) with probability 1 . (1.40)

For a clarity, let us write the following proposition:
Proposition 1.3. Using the above notation,
(a) x ∈ C (Σxx : µx) with probability 1,
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(b) x− µx ∈ C (Σxx) with probability 1.
There is one particular consequence from (1.33) that deserves attention:

there exists a matrix B such that ΣxxB = Σxy , (1.41)

i.e.,
L′1L1B = L′1L2 for some B ∈ Rp×q . (1.42)

This is indeed evident because C (L′1L2) ⊂ C (L′1) = C (L′1L1). One solution
to ΣxxB = Σxy is

B = Σ−xxΣxy , (1.43)

where Σ−xx is an arbitrary generalized inverse of Σxx. By varying Σ−xx through
all generalized inverses of Σxx we can generate all solutions to ΣxxB = Σxy.
According to Theorem 11 (p. 267), an alternative way to express all solutions
is

B = Σ−xxΣxy + (Ip −Σ−xxΣxx)Z , (1.44)

where Σ−xx is an arbitrary (but fixed) generalized inverse of Σxx and Z ∈ Rp×q
is free to vary.

The fact (1.41) is a crucial one in several connections. For example, there
are occasions when it is extremely useful to find a matrix A ∈ Rq×p so that
the random vectors x and y−Ax are uncorrelated, i.e.,

cov(x,y−Ax) = Σxy −ΣxxA′ = 0 . (1.45)

Now (1.45) holds if and only if A′ is a solution to

ΣxxA′ = Σxy , (1.46)

which indeed, in view if (1.41), is consistent, the general solution being

A′ = Σ−xxΣxy + (Ip −Σ−xxΣxx)Z , (1.47)

where Z ∈ Rp×q is free to vary. Transposing (1.47) yields

A = Σyx(Σ−xx)′ + Z′[Ip −Σxx(Σ−xx)′] . (1.48)

Choosing Σ−xx as (Σ−xx)′ (this is indeed possible, please confirm!), the general
expression for A can be written as

A = ΣxyΣ−xx + Z′(Ip −ΣxxΣ−xx) . (1.49)

For the above expression, see also (11.16) (p. 269).
We might extend the above simple but helpful results as a proposition.

Proposition 1.4. Using the above notation, the following statements are
equivalent:
(a) cov(x,y−Ax) = 0 .
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(b) The matrix A is a solution to AΣxx = Σyx .

(c) The matrix A is of the form

A = ΣyxΣ−xx + Z′(Ip −ΣxxΣ−xx) , (1.50)

where Z ∈ Rp×q is free to vary.
(d) A(x− µx) = ΣyxΣ−xx(x− µx) with probability 1.

Proof. The equivalence of (a), (b) and (c) has already been shown. In part (d),
it is essential to observe that

C (Σ′yx) = C (Σxy) ⊂ C (Σxx) (1.51)

and
x− µx ∈ C (Σxx) with probability 1. (1.52)

Hence, in view of Theorem 12 (p. 283), the random vector ΣyxΣ−xx(x−µx)
is invariant with respect to the choice of Σ−xx with probability 1. Choosing
Σ−xx as Σ+

xx we see at once that (d) implies that

Ax = ΣyxΣ+
xxx + b for some b ∈ Rq, (1.53)

and so

cov(x,y−Ax) = cov(x,y−ΣyxΣ+
xxx)

= cov(x,y)− cov(x,ΣyxΣ+
xxx)

= Σxy −ΣxxΣ+
xxΣxy

= Σxy −Σxy = 0 , (1.54)

where we have used the fact

BB−C = C ⇐⇒ C (C) ⊂ C (B) . (1.55)

Thus we have shown that (d) implies (a) and thereby (b) and (c). To go the
other way, postmultiplying (1.50) by x−µx and using (1.51) and (1.52) gives

A(x− µx) = ΣyxΣ−xx(x− µx) + Z′(Ip −ΣxxΣ−xx)(x− µx)
= ΣyxΣ−xx(x− µx) . (1.56)

ut
For a reference to Proposition 1.4, see Sengupta & Jammalamadaka (2003,

p. 56).
The squared population Mahalanobis distance between x and µx is defined

for a positive definite Σxx as

MHLN2(x, µx, Σxx) = (x− µx)′Σ−1
xx (x− µx) . (1.57)
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For a singular Σ we can define

MHLN2(x, µx, Σxx) = (x− µx)′Σ−xx(x− µx) , (1.58)

and it is noteworthy that (1.58) it is invariant (with probability 1) with
respect to the choice of Σ−xx. This follows immediately from the fact that
x− µx ∈ C (Σxx) with probability 1.

For the sample Mahalanobis distance we have the corresponding property:

MHLN2(x(i), z̄, Sxx) = (x(i) − x̄)′S−xx(x(i) − x̄) = x̃′(i)S−xxx̃(i) , (1.59)

which remains invariant for any choice of S−xx. To confirm this, we recall that
in (1.59)

x̃(i) = x(i) − x̄ : ith centered observation, (1.60a)
X = (x(1) : . . . : x(n))′ : data matrix, (1.60b)
X̃ = (x̃(1) : . . . : x̃(n))′ : centered data matrix, (1.60c)

Sxx = 1
n−1X̃′X̃ = 1

n−1

n∑
i=1

x̃(i)x̃′(i) : sample covariance matrix, (1.60d)

and x̄ = (x̄1, . . . , x̄p)′. Now of course we have x̃(i) ∈ C (X̃′) = C (Sxx), which
confirms the invariance of the sample Mahalanobis distance (1.59).

1.4 Exercises

1.1. Consider the matrix A =
(
a b
c d

)
. Let the elements of A be independent

observations from the random variable x. What is your guess for the rank
of A if x follows

(a) uniform discrete distribution, values being the digits 0, 1, . . . , 9,
(b) uniform continuous distribution, values being from the interval [0, 1],
(c) Bernoulli distribution: P(x = 1) = p, P(x = 0) = 1− p = q.

1.2. Consider the nonnull vectors u,v ∈ Rn. Prove:

PuPv = PvPu ⇐⇒ u = λv for some λ ∈ R or u′v = 0 .

1.3. Prove Proposition 1.2 (p. 62):
(

In
−B′

)
∈
{(

Bn×q
Iq

)⊥}
.

1.4. Show that the matrices A and A′ have the same maximal number of
linearly independent columns.
Hint: Utilize the full rank decomposition of A, Theorem 17 (p. 349).
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1.5. Consider an n× p matrix A which has full column rank. Confirm that
the columns of A(A′A)−1/2 form an orthonormal basis for C (A).
Hint: Recall that (A′A)−1/2 = TΛ−1/2T′, where A′A = TΛT′ is the
eigenvalue decomposition of A′A.

1.6. Let rank(An×p) = a and rank(Bn×q) = b. Show that the statements

(a) C (A) ∩ C (B) = {0} and (b) C (A)⊥ ∩ C (B)⊥ = {0}

are equivalent if and only if rank(B) = rank(A⊥) = n− rank(A).

1.7. Show that for conformable matrices A,B and Z the following holds:

C (A) ⊂ C (B : Z) & C (B) ⊂ C (A : Z) ⇐⇒ C (A : Z) = C (B : Z) .

1.8. Consider the two Latin square matrices

L1 =


1 2 3 4
2 1 4 3
3 4 1 2
4 3 2 1

 , L2 =


1 2 3 4
3 1 4 2
2 4 1 3
4 3 2 1

 .

Show that both L1 and L2 are singular, and find their ranks. Construct
some choices for L⊥i , i = 1, 2.

In general, a Latin square of size k×k is a square array of k symbols in
k rows and k columns such that every symbol occurs once in each row and
once in each column. A 4× 4 Latin square is in standard-form whenever
1, 2, 3, 4 is in the top row. Show that there are 24 standard-form Latin
squares of order 4.

A Latin square is said tobe criss-cross whenever all the elements in
the main forwards diagonal are equal and all the elements in the main
backwards diagonal are equal. Show that the matrices L1 and L2 are the
only two 4× 4 criss-cross Latin squares in standard form.

The earliest application of a Latin square in Europe seems to be the
one represented by this matrix L1 for the “First elemental figure” in
Ars Demonstrativa by the Majorcan writer and philosopher Ramon Llull
(1232–1316) first published in 1283, see Plate XIII in and Styan, Boyer
& Chu (2009). Recently surfaced manuscripts show that Ramon Llull
anticipated by several centuries prominent work on electoral systems, see,
e.g., Hägele & Pukelsheim (2001). The stamps shown here are from Spain
1963 (Scott 1197), and Andorra/Spanish Administration 1987 (Scott 182).
Depicted on the Andorran stamp is the detail “De Nativitat” from the
Catalan manuscript Llibre de Doctrina Pueril; for a French translation
see “De la nativité” in Raymond Llulle: Doctrine d’Enfant by Llinarès
(1969), pp. 102–103.

The Latin square matrix L2 has been used in printing postage stamps
as noted by Loly & Styan (2010a). Depicted on the sheetlet of stamps
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Philatelic Item 1.1 Stamps for Ramon Llull (1232–1316).

(Philatelic Item 1.2) from the Pitcairn Islands 2007, Scott 647, are the
black noddy, the closely related brown noddy, the blue-grey ternlet, and
the sooty tern.

As indicated by Chu, Puntanen & Styan (2009) and by Loly & Styan
(2010b), 5 × 5 Latin squares have also been used in printing postage
stamps. Depicted on the sheetlet of stamps (Philatelic Item 1.3) from
Pakistan 2004, Scott 1045, are five kinds of tropical fish: neon tetra,
striped gourami, black widow, yellow dwarf cichlid, and tiger barb. This
Latin square has several interesting properties. In particular it is of the
type known as a “knight’s move” or “Knut Vik” design, as described by
Preece (1990):

“Of Latin squares used for crop experiments with a single set of treatments,
the earliest examples (published in 1924) are 5× 5 squares of the systematic
type known as Knut or “knight’s move” designs (Knut Vik being a [Nor-
wegian] person, not a Scandinavian translation of “knight’s move”!), see Vik
(1924); these are Latin squares where all cells containing any one of the treat-
ments can be visited by a succession of knight’s moves (as in chess) and where
no two diagonally adjacent cells have the same treatment.”

For more about Latin squares we recommend the books by Dénes &
Keedwell (1974) and Laywine & Mullen (1998).
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Philatelic Item 1.2 A 4× 4 philatelic Latin square.
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Philatelic Item 1.3 A 5× 5 philatelic Latin square.



Chapter 2
Easy Projector Tricks

Poorly conceived abstraction:
aerodynamics in a viscous fluid.

P.C. Mahalanobis

In this chapter we go through some basic properties of the orthogonal projec-
tors. We are great fans of projectors and believe that their heavy use simplifies
many considerations and helps to understand what is going on particularly in
various minimization problems. We first consider the orthogonal projections
under the standard inner product, and then under the more general cases.
We believe that it is instructive to proceed in this order instead of first going
to the general case.

Theorem 2 (Orthogonal projector). Let A be an n×m matrix, rank(A) =
r > 0, and let the inner product and the corresponding norm be defined as
〈t,u〉 = t′u, and ‖t‖ =

√
〈t, t〉, respectively. Further, let

• A⊥ ∈ Rn×q be a matrix spanning C (A)⊥ = N (A′),
• the columns of the matrices Ab ∈ Rn×r and A⊥b ∈ Rn×(n−r) form bases

for C (A) and C (A)⊥, respectively.

Then the following conditions are equivalent ways to define the unique ma-
trix P:

(a) The matrix P transforms every y ∈ Rn,

y = yA + yA⊥ , yA ∈ C (A), yA⊥ ∈ C (A)⊥, (2.1)

into its projection onto C (A) along C (A)⊥; that is, for each y in (2.1),
the multiplication Py gives the projection yA:

Py = yA . (2.2)

(b) P(Ab + A⊥c) = Ab for all b ∈ Rm, c ∈ Rq.
(c) P(A : A⊥) = (A : 0).
(d) P(Ab : A⊥b ) = (Ab : 0).
(e) C (P) ⊂ C (A), min

b
‖y−Ab‖2 = ‖y−Py‖2 for all y ∈ Rn.
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(f) C (P) ⊂ C (A), P′A = A.
(g) C (P) = C (A), P′P = P.
(h) C (P) = C (A), P2 = P, P′ = P.
(i) C (P) = C (A), Rn = C (P)� C (In −P).
(j) P = A(A′A)−A′ = AA+.
(k) P = Ab(A′bAb)−1A′b.
(l) P = AoA′o = U

( Ir 0
0 0
)
U′, where U = (Ao : A⊥o ), the columns of Ao and

A⊥o forming orthonormal bases for C (A) and C (A)⊥, respectively.

The matrix P = PA is the orthogonal projector onto the column space C (A)
with respect to the standard inner product 〈t,u〉 = t′u. Correspondingly, the
matrix In −PA is the orthogonal projector onto the column space C (A⊥):

In −PA = PA⊥ . (2.3)

Proof. Consider the statement (a) and let y ∈ Rn have a decomposition

y = Ab + A⊥c , (2.4)

for some vectors b and c which are not necessarily unique—even though Ab
and A⊥c are unique. Premultiplying (2.4) by P yields

Py = P(Ab + A⊥c) = Ab . (2.5)

Hence (b) is simply (a) represented in a shorter form. Equation (2.5) must
now hold for all b and c (of conformable dimension), that is, we have

P(A : A⊥)
(

b
c

)
= (A : 0)

(
b
c

)
for all b, c . (2.6)

From (2.6) we immediately conclude the equivalence of (b) and (c). Moreover,
if the columns of Ab form a basis for C (A), then according to Theorem 17
(p. 349), the matrix A has a full rank decomposition

A = AbL′ for some L ∈ Rm×r, (2.7)

where L has full column rank. Hence, postmultiplying

PAbL′ = AbL′ (2.8)

by L(L′L)−1 yields
PAb = Ab . (2.9)

Trivially (2.9) implies (2.8). Similarly we can conclude that PA⊥ = 0 if and
only if PA⊥b = 0 Thus we have confirmed that (a), (b), (c), and (d) are
equivalent.
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What about the explicit expression for P? We may notice that utilizing
some particular properties of generalized inverses, we could at once conclude
that

A(A′A)−A′(A : A⊥) = (A : 0) , (2.10)

and thereby confirm that A(A′A)−A′ is an expression for P. However, below
we will introduce, using a longer route, expressions for P. Before that we may
recall that P is unique—once the column space C (A) is given. Namely, if Q
is another matrix satisfying Qy = Py for every y, then obviously Q = P.

Denote, for simplicity, A⊥b = Z. Then it is straightforward to check that

(Ab : A⊥b )−1 = (Ab : Z)−1 =
(

(A′bAb)−1A′b
(Z′Z)−1Z′

)
. (2.11)

Postmultiplying P(Ab : A⊥b ) = (Ab : 0) by (Ab : A⊥b )−1, yields (k):

P = (Ab : 0)
(

(A′bAb)−1A′b
(Z′Z)−1Z′

)
= Ab(A′bAb)−1A′b . (2.12)

Let us next introduce the expression A(A′A)−A′ for P. Premultiplying
(2.4) by A′ yields the normal equation

A′Ab = A′y , (2.13)

i.e.,
A′(y−Ab) = 0 . (2.14)

From (2.14) we see that if b∗ is a solution to the normal equation (2.13),
then y−Ab∗ is orthogonal to C (A). Now, because

y = Ab∗ + (y−Ab∗), where Ab∗ ∈ C (A), y−Ab∗ ∈ C (A)⊥, (2.15)

the vector Ab∗ is the projection of y onto C (A). Notice that equation (2.13)
is trivially consistent because A′y ∈ C (A′A) = C (A′). The set of all vec-
tors b∗ satisfying (2.13) can be expressed as

b∗ = (A′A)−A′y + [Im − (A′A)−A′A]t , (2.16)

where t is free to vary. Premultiplying (2.16) by A, and using

A(A′A)−A′A = A , (2.17)

gives
Ab∗ = A(A′A)−A′y , (2.18)

and thus we have obtained the expression (j) for matrix P.
In passing we would like to emphasize the importance of (2.17); this re-

sult frequently appears in this book. Without using the knowledge that the
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matrix A(A′A)−A′ is an orthogonal projector, (2.17) can be proved using
the rank cancellation rule, see Section 6.1 (p. 146), or by using the fact that
L(A′A)−A′A = L if and only if C (L′) ⊂ C (A′A); see Theorem 12 (p. 283).

Another way to introduce the expression (j) is the following; see, e.g., Rao
(1974, Lemma 2.6). Suppose that P(A : A⊥) = (A : 0) holds. Then

PA⊥ = 0 ⇐⇒ C (A⊥) ⊂ N (P) = C (P′)⊥ ⇐⇒ C (P′) ⊂ C (A) , (2.19)

and hence
P = LA′ for some L . (2.20)

Substituting (2.20) into PA = A yields

LA′A = A . (2.21)

One solution for the consistent equation (2.21) is L = A(A′A)− and hence
we get

P = A(A′A)−A′. (2.22)

Next we consider the connection between (e) and (g). We can write

‖y−Ab‖2 = ‖y−Py + (Py−Ab)‖2

= ‖y−Py‖2 + ‖Py−Ab‖2 + 2δ , (2.23)

where
δ = y′(In −P)′(Py−Ab) . (2.24)

It is now clear that if δ = 0, then (e) holds:

‖y−Ab‖2 ≥ ‖y−Py‖2 for all b ∈ Rm, y ∈ Rn, (2.25)

where the equality holds if and only if Py = Ab. Condition C (P) = C (A)
implies that Py −Ab = Py − Pt = Pu for some t and u, which together
with P′P = P means that δ = 0; this confirms that (g) implies (e). Note that

P′P = P ⇐⇒ P′ = P and P = P2, (2.26)

which means that (g) and (h) are equivalent.
It becomes a bit trickier to confirm that (e) implies (f). Assume now that

(e) holds. Then C (P) ⊂ C (A) implies that Py − Ab = At for some t.
According to (e), we must now have

‖y−Py + Ab‖2 = ‖y−At‖2 ≥ ‖y−Py‖2 for all b, y . (2.27)

In view of Proposition 2.1 below (p. 76), (2.27) is equivalent to

y′(In −P)′Ab = 0 for all b, y , (2.28)
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i.e., P′A = A. Hence we have proved that (e) is equivalent to (f):

(i) C (P) ⊂ C (A) , (ii) P′A = A . (f)

What about the connection between (f) and (g)? Condition (i) in (f) means
that there exists a matrix L such that P = AL. Postmultiplying (ii) by L
yields P′P = P which further implies that P′ = P, and so (ii) becomes
PA = A. This confirms that (f) implies the following three conditions:

(iii) C (P) ⊂ C (A) , (iv) P′P = P , (v) PA = A , (2.29)

or, equivalently,

(iii) C (P) ⊂ C (A) , (iv′) P′ = P, P2 = P , (v) PA = A . (2.30)

Condition (v) above implies the inclusion C (A) ⊂ C (P) which together with
(iii) implies the equality C (P) = C (A). Moreover, C (P) = C (A) means that
A = PK for some K, which together with the idempotency of P guarantees
that

P ·A = P ·PK = PK = A . (2.31)

Thus (2.30) can be replaced with

(vi) C (P) = C (A) , (vii) P′ = P, P2 = P , (h)

or equivalently with

(viii) C (P) = C (A) , (ix) P′P = P . (g)

Hence we have proved that (f) indeed implies (g). For an alternative proof,
see Mitra & Rao (1974, Lemma 2.1). ut

In the simple situation when we project y ∈ Rn onto the line C (a), where
0 6= a ∈ Rn, Theorem 2 gives the projection

Pay = a(a′a)−1a′y = a′y
a′a a := α∗a . (2.32)

We can now cite Steele (2004, p. 57):

“Anyone who is already familiar with a proof of this formula [Pay is the point in
C (a) which is closest to y] should rise to this challenge by looking for a new proof.
In fact, the projection formula is wonderfully provable, and successful derivations
may be obtained by calculus, by algebra, or even by direct arguments which require
nothing more than a clever guess and Cauchy’s inequality.”

The following result, see Rao (1973a, p. 73, Ex. 19.4), was used in the
proof of Theorem 2. We could have survived without it but it appears to be
useful in several connections and hence it may be appropriate to represent it
here.
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Proposition 2.1. Let A and B be n × m matrices and V be an m × m
nonnegative definite (semi)inner product matrix: 〈a,b〉V = 〈a,b〉 = a′Vb.
Then the following statements are equivalent:

(a) ‖Aα‖V ≤ ‖Aα+ Bβ‖V for all α,β ∈ Rm,
(b) ‖a‖V ≤ ‖a + b‖V for all a ∈ C (A), b ∈ C (B),
(c) 〈a,b〉V = 0 for all a ∈ C (A), b ∈ C (B),
(d) A′VB = 0.

Proof. Of course, (b) is simply another way to express (a), and similarly (d)
is an alternative way to write (c). Assume now that (c) holds. Then (dropping
off the subscript V) ‖a + b‖2 = ‖a‖2 +‖b‖2, which implies (b). Assume then
that (b) holds. Then we also have

‖a‖2 ≤ ‖a + λb‖2 for all a ∈ C (A) , b ∈ C (B) , λ ∈ R , (2.33)

i.e., ‖a‖2 ≤ ‖a‖2 + λ2‖b‖2 + 2λ〈a,b〉, that is,

λ2‖b‖2 + 2λ〈a,b〉 := u2λ2 + 2vλ := f(λ) ≥ 0 for all λ ∈ R . (2.34)

In order for (2.34) to hold, the term v = 〈a,b〉 must (why?) be equal to 0.
Hence our claim “(b) =⇒ (c)” is proved. ut

For a clarity, we may re-express one crucial finding from Theorem 2:

Proposition 2.2 (Normal equations). Let b∗ be an arbitrary solution for
the normal equation A′Ab = A′y. Then Ab∗ is the orthogonal projection of
y onto C (A), i.e., Ab∗ = PAy, and

min
b
‖y−Ab‖2 = ‖y−Ab∗‖2 = y′(In −PA)y . (2.35)

Proof. Let b∗ be a solution to the normal equation

A′Ab = A′y . (2.36)

Then

‖y−Ab‖2 = ‖y−Ab∗ + (Ab∗ −Ab)‖2

= ‖y−Ab∗‖2 + ‖Ab∗ −Ab‖2 + 2(Ab∗ −Ab)′(y−Ab∗)
= ‖y−Ab∗‖2 + ‖A(b∗ − b)‖2 + 2z′A′(y−Ab∗)
= ‖y−Ab∗‖2 + ‖A(b∗ − b)‖2, (2.37)

where z = b∗ − b. The last equality above follows from (2.36). Hence we
have, for any b∗ satisfying the normal equation (2.36),

‖y−Ab‖2 ≥ ‖y−Ab∗‖2 for all b, y . (2.38)
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2.1 Minimal Angle

The following result is almost obvious.

Proposition 2.3 (Maximal cosine and orthogonal projector). The
maximal cosine (minimal angle) between the nonzero vectors y and Ab (for
variable b) is obtained when Ab = aPAy for some a ∈ R:

max
Ab6=0

cos2(y,Ab) = max
Ab6=0

(y′Ab)2

y′y · b′A′Ab = y′PAy
y′y . (2.39)

Proof. In view of the Cauchy–Schwarz inequality, Theorem 20 (p. 415), we
get

(y′Ab)2 = (y′PA ·Ab)2 ≤ y′PAy · b′A′Ab , (2.40)

and so, for y 6= 0, Ab 6= 0,

cos2(y,Ab) = (y′Ab)2

y′y · b′A′Ab ≤
y′PAy · b′A′Ab

y′y · b′A′Ab = y′PAy
y′y . (2.41)

An alternative simple proof goes as follows. First, it is clear that

cos2(y,Ab) = ‖PAby‖2
‖y‖2 = y′PAby

y′y . (2.42)

On account of Proposition 7.1 (p. 152), there is the Löwner ordering

PAb ≤L PA for all b ∈ Rm, (2.43)

i.e.,
‖PAby‖2 ≤ ‖PAy‖2 for all b ∈ Rm, y ∈ Rn, (2.44)

which proves (2.39). ut

The minimal angle between the nonzero vectors Ab and y can be seen as
the minimal angle between the subspaces A = C (A) and B = C (y):

max
u∈A,v∈B
u6=0,v6=0

cos2(u,v) = cos2 min
u∈A,v∈B
u6=0,v 6=0

∠(u,v) . (2.45)

The minimal angle between the subspaces A = C (A) and B = C (B) is
defined to be the number 0 ≤ θmin ≤ π/2 for which

cos2 θmin = max
u∈A,v∈B
u6=0,v6=0

cos2(u,v) = max
Aα 6=0
Bβ 6=0

(α′A′Bβ)2

α′A′Aα · β′B′Bβ

:= max
Aα 6=0
Bβ 6=0

f(α,β) . (2.46)
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The above task in the case when A and B are columnwise orthonormal is
considered via the singular value decomposition on page 134. Here we use a
different approach. Notice that obviously cos2 θmin = 0 if and only if C (A)
and C (B) are orthogonal to each other, i.e., A′B = 0. Similarly cos2 θmin = 1
if and only if C (A) and C (B) are not disjoint, i.e., C (A) ∩ C (B) 6= {0}.

Let us first keep the vector α given and let β vary. Then, in light of
Proposition 2.3, for Aα 6= 0 we have

max
Bβ 6=0

cos2(Aα,Bβ) = max
Bβ 6=0

f(α,β) = α′A′PBAα
α′A′Aα := g(α) , (2.47)

and the maximum is attained if and only if Bβ is a multiple of PBAα i.e.,

Bβ = aPBAα for some nonzero a ∈ R . (2.48)

In view of Proposition 18.9 (p. 377),

max
Aα 6=0

α′A′PBAα
α′A′Aα = α′1A′PBAα1

α′1A′Aα1

= ch1[(A′A)+A′PBA)]
= ch1[A(A′A)+A′PB]
= ch1(PAPB) = λ2

1 . (2.49)

It is noteworthy that according to Proposition 18.9 (p. 377), λ2
1 in (2.49) is

also the largest proper eigenvalue of A′PBA with respect to A′A and α1 is
the corresponding proper eigenvector satisfying

A′PBAα1 = λ2
1A′Aα1 , Aα1 6= 0 . (2.50)

Premultiplying (2.50) by A(A′A)+ yields

PAPBAα1 = λ2
1Aα1 , (2.51)

showing that Aα1 is an eigenvector of PAPB.
Having now characterized α1 so that it maximizes g(α), we should find

β1 so that f(α1,β1) attains its maximum; this happens if and only if (2.48)
holds. Premultiplying (2.51) by PB and using (2.48) we can conclude that

PBPAPBAα1 = λ2
1PBAα1 , (2.52a)

PBPABβ1 = λ2
1Bβ1 , (2.52b)

and
B′PABβ1 = λ2

1B′Bβ1 . (2.53)

We can summarize our conclusions in the following proposition.

Proposition 2.4. Let An×a and Bn×b be given matrices. Then
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max
Aα 6=0,
Bβ 6=0

(α′A′Bβ)2

α′A′Aα · β′B′Bβ = (α′1A′Bβ1)2

α′1A′Aα1 · β′1B′Bβ2

= α′1A′PBAα1
α′1A′Aα1

= ch1(PAPB) = λ2
1 , (2.54)

where λ2
1 is the largest proper eigenvalue of A′PBA with respect to A′A and

α1 is the corresponding proper eigenvector satisfying

A′PBAα1 = λ2
1A′Aα1 , Aα1 6= 0 . (2.55)

The vector β1 is the proper eigenvector satisfying

B′PABβ1 = λ2
1B′Bβ1 , Bβ1 6= 0 . (2.56)

Remark 2.1. Notice that trivially

max
b

cos2(y,Ab) = 1−min
b

sin2(y,Ab) , (2.57)

and that

sin2(y,Ab) = ‖(In −PAb)y‖2
‖y‖2 ≥ ‖(In −PA)y‖2

‖y‖2 = sin2(y,PAy) . (2.58)

ut

Remark 2.2. It is worth emphasizing that the tasks of solving b from

min
b
‖y−Ab‖2 and max

b
cos2(y,Ab) , (2.59)

yield essentially the same solutions Ab∗ = PAy. Obviously cos2(y,Ab) =
cos2(y, λAb) for any λ 6= 0. The equivalence of the tasks in (2.59) will be
utilized in many connections. ut

2.2 Minimizing vard(y− X0b)

As an example of the usefulness of Remark 2.2, consider the following tasks:

(i) min
b

vard(y−X0b) and (ii) max
b

cor2
d(y,X0b) , (2.60)

where U = (X0 : y) = (x1 : . . . : xk : y) is a given n × p data matrix,
p = k + 1. Let C be the centering matrix and denote the centered U as
CU = Ũ = (X̃0 : ỹ). Then
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vard(y−X0b) = 1
n−1‖ỹ− X̃0b‖2, (2.61)

cor2
d(y,X0b) = cos2(ỹ, X̃0b) . (2.62)

In view of Remark 2.2, the solution b∗ to the above problems is

b∗ = (X̃′0X̃0)−1X̃′0ỹ = T−1
xxtxy = S−1

xxsxy := β̂x , (2.63)

where X̃0 is assumed to have full column rank and

T = Ũ′Ũ =
(

X̃′0X̃0 X̃′0ỹ
ỹ′X̃0 ỹ′ỹ

)
=
(

Txx txy
t′xy tyy

)
, (2.64a)

S = 1
n−1T , Sxx = covd(X0) , sxy = covd(X0,y) . (2.64b)

Then

min
b

vard(y−X0b) = 1
n−1 ỹ′(In −PX̃0

)ỹ = 1
n−1 (tyy − t′xyT−1

xxtxy)

= s2
y − s′xyS−1

xxsxy = 1
n−1 y′(In −H)y , (2.65)

where the last equality follows from the decomposition

In −H = In −P(1 : X0) = C−PCX0 = C−CX0T−1
xxX′0C , (2.66)

see (8.108) (p. 170). Moreover,

max
b

cor2
d(y,X0b) =

s′xyS−1
xxsxy

s2
y

=
t′xyT−1

xxtxy

tyy
= R2

y·x , (2.67)

where R2
y·x refers to the sample multiple correlation coefficient squared.

2.3 Minimizing (Y− XB)′(Y− XB)

For a given matrix X ∈ Rn×m (notation X having now no relation to the
model matrix) we have seen that for all b ∈ Rm

(y−Xb)′(y−Xb) ≥ (y−PXy)′(y−PXy) = y′(In −PX)y , (2.68)

where the equality is attained if Xb = PXy. What about if y and b are
replaced by Y ∈ Rn×p and B ∈ Rm×p? Then our object for minimization
would be the p × p matrix (Y − XB)′(Y − XB). We might make a guess
that corresponding to (2.68), for all B ∈ Rm×p we have the following Löwner
ordering:

(Y−XB)′(Y−XB) ≥L (Y−PXY)′(Y−PXY) = Y′QXY, (2.69)
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where QX = In −PX. This is indeed true as can be easily seen. Namely,

(Y−XB)′(Y−XB)
= (Y−PXY + PXY−XB)′(Y−PXY + PXY−XB)
:= (QXY + XL)′(QXY + XL) [XL := PXY−XB]
= Y′QXY + L′X′XL
≥L Y′QXY. (2.70)

Let us write a proposition about the above result.

Proposition 2.5. Suppose that X ∈ Rn×m is a given matrix. Then for any
Y ∈ Rn×p and B ∈ Rm×p we have the Löwner partial ordering

(Y−XB)′(Y−XB) ≥L (Y−PXY)′(Y−PXY) = Y′QXY. (2.71)

The equality in (2.71) holds if and only if XB := XB∗ = PXY. The matrix
B∗ can be written as

B∗ = (X′X)−X′Y. (2.72)

2.4 Orthogonal Projector with Respect to V

Proposition 2.6 (Orthogonal projector with respect to the inner
product matrix V). Let A be an n×m matrix, rank(A) = r > 0, and let
the inner product (and the corresponding norm) be defined as 〈t,u〉V = t′Vu
where V is a positive definite symmetric matrix. Further, let A⊥V be an n× q
matrix spanning

C (A)⊥V = N (A′V) = C (VA)⊥ = C (V−1A⊥) . (2.73)

Then the following conditions are equivalent ways to define the unique ma-
trix P∗:

(a) P∗(Ab + A⊥Vc) = Ab for all b ∈ Rm, c ∈ Rq.
(b) P∗(A : A⊥V) = P∗(A : V−1A⊥) = (A : 0).
(c) C (P∗) ⊂ C (A), min

b
‖y−Ab‖2V = ‖y−P∗y‖2V for all y ∈ Rn.

(d) C (P∗) ⊂ C (A), P′∗VA = VA.
(e) P′∗(VA : A⊥) = (VA : 0).
(f) C (P∗) = C (A), P′∗V(In −P∗) = 0.
(g) C (P∗) = C (A), P2

∗ = P∗, (VP∗)′ = VP∗.
(h) C (P∗) = C (A), Rn = C (P∗) � C (In − P∗); here � refers to the or-

thogonality with respect to the given inner product.
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(i) P∗ = A(A′VA)−A′V, which is invariant for any choice of (A′VA)−,
and thereby P∗ = A(A′VA)+A′V.

The matrix P∗ = PA;V is the orthogonal projector onto the column space
C (A) with respect to the inner product 〈t,u〉V = t′Vu. Correspondingly, the
matrix In −PA;V is the orthogonal projector onto the column space C (A⊥V):

In −PA;V = PA⊥V;V = V−1Z(Z′V−1Z)−Z′

= (PZ;V−1)′ = P′Z;V−1 = PV−1Z;V , (2.74)

where Z ∈ {A⊥}, i.e.,

PA;V = In −P′A⊥;V−1 = In −PV−1A⊥;V . (2.75)

Proof. As was mentioned earlier, it might be more natural to put Proposi-
tion 2.6 as Theorem 2 and then consider the simpler situation but we believe
it is more instructive to start with a simpler case. In any event, the proof
below is very much parallel to that of Theorem 2.

Let us first confirm that (2.73) indeed holds. Just as in (0.58) (p. 13), we
have

C (A)⊥V = {y ∈ Rn : z′A′Vy = 0 for all z ∈ Rm }
= {y ∈ Rn : A′Vy = 0 }
= N (A′V) = C (VA)⊥ = C (V−1A⊥) , (2.76)

where the last equality can be concluded from

A′V ·V−1A⊥ = 0 =⇒ C (V−1A⊥) ⊂ N (A′V) , (2.77)

and

rank(V−1A⊥) = rank(A⊥) = n− rank(A) , (2.78a)
dim C (VA)⊥ = n− rank(VA) = n− rank(A) . (2.78b)

Now the first equality in (2.74) is obvious (or almost obvious) while the
other representations follow by simple substitutions in view of (2.76). The
formula (2.75) is very useful and it is utilized in several places in this book.

Corresponding to (2.4), for every y ∈ Rn we have the decomposition

y = Ab + A⊥Vc = Ab + V−1A⊥c , (2.79)

for some vectors b and c. Premultiplying (2.79) by A′V yields the generalized
normal equation

A′VAb = A′Vy , (2.80)

i.e.,
A′V(y−Ab) = 0 . (2.81)
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Hence, if b∗ is a solution to the generalized normal equation (2.80), then

y−Ab∗ ∈ C (A)⊥V , (2.82)

and Ab∗ is the orthogonal projection of y onto C (A) (with respect to the
given inner product). Now the vector

b∗ = (A′VA)−A′Vy + [Im − (A′VA)−(A′VA)]t , (2.83)

where t is free to vary, is the general solution to the (consistent) equa-
tion (2.80). Premultiplying (2.83) by A gives

Ab∗ = A(A′VA)−A′Vy , (2.84)

and thus we have obtained the expression (i) for the matrix P∗. Note that

A(A′VA)−A′VA = A (2.85)

when V is positive definite; see (6.13) (p. 146).
The proof of the equivalence of statements (f), (g) and (h) is straightfor-

ward and we omit it here.
Let us consider (c). Then, just as in (2.23),

‖y−Ab‖2V = ‖y−P∗y + (P∗y−Ab)‖2V
= ‖y−P∗y‖2V + ‖P∗y−Ab‖2V + 2δ , (2.86)

where
δ = y′(In −P∗)′V(P∗y−Ab) . (2.87)

It is easy to confirm that δ = 0 if any of the statements (f), (g) and (h) holds.
To prove that (c) implies (d), we can proceed just as in the proof of

Theorem 2. Corresponding to (2.27) and Proposition 2.1 (p. 76), the equa-
tion (2.28) becomes

y′(In −P∗)′VAb = 0 for all b, y , (2.88)

i.e.,
P′∗VA = VA . (2.89)

Hence we know that (c) is equivalent to conditions

(i) C (P∗) ⊂ C (A) , (ii) P′∗VA = VA , (d)

which can be equivalently expressed as

P′∗(VA : A⊥) = (VA : 0) . (e)
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From (i) in (d) above it follows that P∗ = AL for some matrix L. Postmul-
tiplying (ii) by L yields

P′∗VP∗ = VP∗ , (2.90)

and thereby VP∗ = P′∗V. Substituting this into (ii) gives

VP∗A = VA . (2.91)

Thus we have shown that conditions (i) and (ii) in (d) imply the following
three conditions:

(iii) C (P∗) ⊂ C (A) , (iv) P′∗VP∗ = VP∗ , (v) VP∗A = VA . (2.92)

It is obvious that the reverse relation “(2.92) =⇒ (d)” holds as well and
hence we can conclude that (c) and (2.92) are equivalent. Notice also that

P′∗VP∗ = VP∗ ⇐⇒ (VP∗)′ = VP∗ and VP2
∗ = VP∗ . (2.93)

Here it is time to take a breath and notice that while proving that
“(2.92) ⇐⇒ (d)” we have not assumed that the inner product matrix V
is positive definite; it could be a singular nonnegative definite matrix. This
fact will be utilized when dealing with the generalized orthogonal projector
in the next section.

However, if V is positive definite, then (v) becomes P∗A = A, and so
C (A) ⊂ C (P∗) which together with (iii) means that C (P∗) = C (A). Hence
in the positive definite case, (2.92) can be replaced with

(iii∗) C (P∗) = C (A) , (iv∗) P′∗VP∗ = VP∗ , (v∗) P∗A = A . (2.94)

Now
P′∗VP∗ = VP∗ =⇒ VP2

∗ = VP∗ =⇒ P2
∗ = P∗ . (2.95)

The idempotency of P∗ and C (P∗) = C (A) imply immediately that P∗A =
A holds. Hence we can delete (v∗) from (2.94) and thereby obtain the con-
ditions appearing in (f)–(h). ut

We will return several times to the important matrix

P∗ = A(A′VA)−A′V , (2.96)

where V is positive definite, but let us devote a minute to it right now. First,
its invariance with respect to (A′VA)− can be shown easily using Theorem
12 (p. 283) or by the rank cancellation rule, see (6.13) (p. 146). Moreover,
Proposition 2.6 tells that P∗ has the following properties (to some of which
we will return to later on):

A(A′VA)−A′V is idempotent , (2.97a)
rank[A(A′VA)−A′V] = rank(A) , (2.97b)
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C [A(A′VA)−A′V] = C (A) , (2.97c)
A(A′VA)−A′VA = A . (2.97d)

2.5 Generalized Orthogonal Projector

Let V be a singular nonnegative definite matrix. Then 〈t,u〉V = t′Vu is
a semi-inner product and the corresponding seminorm (squared) is ‖t‖2V =
t′Vt. Now when V is singular, there are nonzero vectors t whose norm is
‖t‖V = 0. Then t ∈ N (V) = C (V)⊥. Moreover, in view of (2.76) (p. 82),
we have

C (A)⊥V = {y ∈ Rn : z′A′Vy = 0 for all z ∈ Rm }
= N (A′V) = C (VA)⊥. (2.98)

As discussed earlier, when V is positive definite, we have

C (VA)⊥ = C (V−1A⊥) , dim C (VA)⊥ = n− rank(A) , (2.99)

and
A⊥V = V−1A⊥, Rn = C (A)⊕ C (A⊥V) , (2.100)

and for every y ∈ Rn we have a unique decomposition

y = yA + yA⊥ for some yA ∈ C (A), yA⊥ ∈ C (A⊥V) . (2.101)

For a singular nonnegative definite matrix V we can define the matrix A⊥V
again as any matrix spanning C (A)⊥V, and so, in view of (2.98),

C (A⊥V) = C (A)⊥V = N (A′V) = C (VA)⊥. (2.102)

Let b∗ be a solution to the generalized normal equation

A′VAb = A′Vy , i.e., A′V(y−Ab) = 0 , (2.103)

in which case y−Ab∗ ∈ C (A⊥V). Then

y = Ab∗ + (y−Ab∗) , where Ab∗ ∈ C (A), y−Ab∗ ∈ C (A⊥V) , (2.104)

which means that for (even) a singular V we do have the decomposition

Rn = C (A) + C (A⊥V) = C (A) + C (VA)⊥. (2.105)

However, the above decomposition is not necessarily a direct sum, as is easily
demonstrated by considering the matrix L satisfying
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C (L) = C (A) ∩ C (V)⊥ = C (A) ∩N (V) . (2.106)

Then A′VLu = 0 for any vector u, and so Lu ∈ C (A) ∩ C (A⊥V). Note that
the vector Lu has now zero length: ‖Lu‖2V = u′L′VLu = 0.

For any nonnegative definite V we have, on account of Theorem 5 (p. 121),

dim C (VA)⊥ = n− rank(VA)
= [n− rank(A)] + dim C (A) ∩ C (V)⊥, (2.107)

which means that (2.105) becomes a direct sum decomposition if and only if

C (A) ∩ C (V)⊥ = {0} . (2.108)

As mentioned by Rao & Rao (1998, p. 81), the nonuniqueness of (2.105)
makes it difficult to define the projection of y onto C (A). However, according
to Rao & Rao (1998, p. 81): “We need not worry about it. We can get around
this difficulty.”

Let us consider the minimization of ‖y−Ab‖2V. If b∗ is a solution to the
generalized normal equation (2.103), we have

‖y−Ab‖2V = ‖y−Ab∗ + (Ab∗ −Ab)‖2V
= ‖y−Ab∗‖2V + ‖A(b∗ − b)‖2V
≥ ‖y−Ab∗‖2V , (2.109)

and so the minimum of ‖y − Ab‖2V is attained when b∗ is a solution to
(2.103). However, in this situation the vector Ab∗ may not be unique. The
general solution to (2.103) can be expressed as

b∗ = (A′VA)−A′Vy + [Im − (A′VA)−A′VA]u , (2.110)

where u is free to vary. Premultiplying (2.110) by A yields

Ab∗ = A(A′VA)−A′Vy + A[Im − (A′VA)−A′VA]u . (2.111)

On account of Theorem 12 (p. 283) the last term above vanishes for all u,
i.e.,

A(A′VA)−A′VA = A , (2.112)

if and only if C (A′) ⊂ C (A′VA) = C (A′V), i.e., if and only if (2.108) holds:

C (A) ∩ C (V)⊥ = {0} ; (2.113)

see also Proposition 5.4 (p. 132). Notice that if

t = A[Im − (A′VA)−A′VA]u ∈ C (A) ∩ C (V)⊥, (2.114)

then ‖t‖V = 0. Actually, see (5.118) (p. 138),
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C
[
A[Im − (A′VA)−A′VA]

]
= C (A) ∩ C (V)⊥. (2.115)

Now, in view of the proof of Proposition 2.4, in particular in light of (2.92)
(p. 84), we get the following characterization for the generalized orthogonal
projector; see Mitra & Rao (1974). Some related considerations appear also
in Harville (1997, §14.12.i).

Proposition 2.7. Let A be an n × m matrix, rank(A) = r > 0, and
let V be a symmetric nonnegative definite matrix (possibly singular), and
let the semi-inner product (and the corresponding seminorm) be defined as
〈t,u〉V = t′Vu. Then the following conditions are equivalent ways to define
the (possibly nonunique) matrix P:

(a) (i) C (P) ⊂ C (A), (ii) ‖y−Ab‖2V ≥ ‖y−Py‖2V for all b, y.
(b) (i) C (P) ⊂ C (A), (ii) P′VA = VA.
(c) P′(VA : A⊥) = (VA : 0).
(d) (i) C (P) ⊂ C (A), (ii) P′VP = VP, (iii) VPA = VA.
(e) (i) C (P) ⊂ C (A), (ii) (VP)′ = VP, (iii) VPA = VA.
(f) (i) C (P) ⊂ C (A), (ii) P′VP = VP, (iii) rank(VP) = rank(VA).
(g) P = A(A′VA)−A′V+A[Im−(A′VA)−A′VA]U, where U is arbitrary.
(h) P = A(A′VA)−A′V + A(Im −PA′V)U, where U is arbitrary.

The matrix P = PA;V is the generalized orthogonal projector onto the col-
umn space C (A) with respect to the semi-inner product 〈t,u〉V = t′Vu. The
matrix PA;V is unique if and only if

C (A) ∩ C (V)⊥ = {0} , i.e., rank(A) = rank(VA) . (2.116)

Photograph 2.1 Yongge Tian
(New Delhi, 1992).

For related considerations, see also Rao
(1974), Tian (2007, 2009a, 2010), Tian & Tian
(2010), Tian & Wiens (2006), Tian & Takane
(2008b,a, 2009b).

We will complete this section by a quick
comment regarding the projector denoted as
PA|B; see Rao (1974). As was mentioned on
page 6 of the Introduction, PA|B is a notation
for a matrix satisfying

PA|B(A : B) = (A : 0) , (2.117)

where it is assumed that C (A)∩C (B) = {0},
but C (A)⊕C (B) does not necessarily coincide
with the entire Rn. Then (2.117) defines the
generalized projector PA|B onto C (A) along
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C (B). However, in this situation the projector PA|B need not be unique and
idempotent as is the case when C (A)⊕ C (B) = Rn.

There is one crucial difference between the singular and nonsingular V:
for a positive definite V we can characterize the orthogonal projector PA;V
by equation

PA;V(A : V−1A⊥) = (A : 0) , (2.118)

but for a singular V equation (2.118) of course does not work. In view of
Proposition 2.7 we can define the generalized orthogonal projector PA;V by
equation

P′A;V(VA : A⊥) = (VA : 0) . (2.119)

Hence we have
{P′A;V} = {PVA|A⊥} . (2.120)

It is left to the reader to confirm the following identities; see Rao (1974):

(PVA|A⊥ + PA⊥|VA)z = z , (2.121a)
(PVA⊥|A + PA|VA⊥)y = y , (2.121b)
PA|VA⊥y = (In −P′A⊥;V)y , (2.121c)

for all z ∈ C (A⊥ : VA) = C (A⊥ : V) and y ∈ C (A : VA⊥) = C (A : V).
Moreover, let

W = V + XLL′X′, where C (W) = C (X : V) , (2.122)

and denote PX;W− = X(X′W−X)−X′W−, where W− is an arbitrary non-
negative definite generalized inverse of W. Then it appears, see, e.g., Propo-
sition 10.5 (p. 228), that

PX|VX⊥y = PX;W−y for all y ∈ C (X : V) . (2.123)

The matrices PX|VX⊥ , In − P′X⊥;V, and PX;W− obviously yield the BLUE
of Xβ under {y, Xβ, V} and hence they are of great importance in linear
models.

2.6 Exercises

2.1. Prove the equivalence of statements (f), (g) and (h) of Proposition 2.6
(p. 81).

2.2. Prove the statements in (2.121) (p. 88).

2.3. [Equality of two projectors under different inner products] Suppose that
V1 and V2 are positive definite n×nmatrices and rank(Xn×p) = r. Prove
the equivalence of the following statements:
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(a) PX;V−1
1

= PX;V−1
2

, (b) X′V−1
2 PX;V−1

1
= X′V−1

2 ,
(c) P′X;V−1

1
V−1

2 PX;V−1
1

= V−1
2 PX;V−1

1
, (d) V−1

2 PX;V−1
1

is symmet-
ric,

(e) C (V−1
1 X) = C (V−1

2 X) , (f) C (V1X⊥) = C (V2X⊥) ,
(g) C (V2V−1

1 X) = C (X) , (h) X′V−1
1 V2M = 0 ,

(i) C (V−1/2
1 V2V−1/2

1 ·V−1/2
1 X) = C (V−1/2

1 X) ,
(j) C (V−1/2

1 X) has a basis U = (u1 : . . . : ur) comprising a set of r
eigenvectors of V−1/2

1 V2V−1/2
1 ,

(k) V−1/2
1 X = UA for some Ar×p, rank(A) = r,

(l) X = V1/2
1 UA; the columns of V1/2

1 U are r eigenvectors of V2V−1
1 ,

(m) C (X) has a basis comprising a set of r eigenvectors of V2V−1
1 .

Some statements above can be conveniently proved using Proposition 10.1
(p. 218). See also Section 11.1 (p. 269), Exercise 11.9 (p. 281), and (18.81)
(p. 368).

Thomas (1968), Harville (1997, p. 265), Tian & Takane (2008b, 2009b),
Hauke, Markiewicz & Puntanen (2011).

2.4 (Continued . . . ). Show that C (V1X) = C (V2X) ; C (V1X⊥) =
C (V2X⊥), but the following statements are equivalent:

(a) C (V1X) = C (X) , (b) C (V1X⊥) = C (X⊥) ,
(c) C (V−1

1 X) = C (X) , (d) C (V−1
1 X⊥) = C (X⊥) .

2.5. Suppose that V is positive definite n×nmatrix and X ∈ Rn×p. Confirm:

PX;V−1 = X(X′V−1X)−X′V−1

= X(X′V−1/2V−1/2X)−X′V−1/2V−1/2

= V1/2PV−1/2XV−1/2

= V1/2(In −P(V−1/2X)⊥)V−1/2

= V1/2(In −PV1/2M)V−1/2

= In −VM(MVM)−M = In −P′M;V .

See also (2.74) (p. 82), Proposition 5.9 (p. 140), and part (i) of Theorem 15
(p. 318).

2.6. Suppose that C (A) ∩ C (B) = {0n} = C (C) ∩ C (D). Show that then

{PC|D } ⊂ {PA|B } ⇐⇒ C (A) ⊂ C (C) and C (B) ⊂ C (D) .

Kala (1981, Lemma 2.5).
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Philatelic Item 2.1 Prasanta Chandra Mahalanobis (1893–1972) was an Indian scien-
tist and applied statistician. In 1936 he introduced what is now called the Mahalanobis
distance (see the formula in red in the First Day Cover above and pages 24–25). In 1931
Mahalanobis founded the Indian Statistical Institute in Kolkata (shown on the stamp,
Kolkata was then known as Calcutta), and contributed to the design of large-scale sam-
ple surveys. The second five-year plan (1956–1961) focused on industry, especially heavy
industry; domestic production of industrial products was encouraged, particularly in
the development of the public sector. The plan followed the Mahalanobis model, an eco-
nomic development model developed by Mahalanobis in 1953. The stamp (Scott 1449)
was issued by India in 1993, the 100th anniversary of the year in which Mahalanobis
was born.



Chapter 3
Easy Correlation Tricks

In conclusion I must repeat what was said before, that it
is impossible to go deeper into this subject without using
very technical language and dealing freely with
conceptions that are, unhappily, quite unfamiliar to the
large majority of educated men. I can only say that there
is a vast field of topics that fall under the laws of
correlation, which lies quite open to the research of any
competent person who cares to investigate it.

Francis Galton (1890): Kinship and Correlation

In this chapter we remind the reader about one fundamental fact: the geo-
metric interpretation of the sample correlation coefficient. It’s hardly news
for the reader but because of its importance it is worth its own chapter.

Let the n× 2 data matrix U be partitioned as

U = (x : y) =


x1 y1
x2 y2
...

...
xn yn

 =


u′(1)
u′(2)
...

u′(n)

 . (3.1)

Here u(i) = ( xiyi ) ∈ R2 represents the ith case or the ith observation in the
observation space, and the vectors x,y ∈ Rn represent the two variables in
the variable space. Let ū =

(
x̄
ȳ

)
∈ R2 denote the mean vector of x- and

y-variables and S the sample covariance matrix:

ū = 1
n (u(1) + u(2) + · · ·+ u(n)) = 1

nU′1n =
(
x̄
ȳ

)
, (3.2a)

S = 1
n−1U′CU = 1

n−1T = 1
n−1

n∑
i=1

(u(i) − ū)(u(i) − ū)′, (3.2b)

where C is the n × n centering matrix: C = In − J = In − P1. In what
follows, we most of the time drop off the subscript from the vector 1n; from
the context its dimension should be obvious.

Theorem 3 (Correlation coefficient geometrically). For conformable
matrices, the following statements hold:

(a) The vector ¯̄y = ȳ1 is the orthogonal projection of the variable vector y
onto the column space C (1):

¯̄y = ȳ1 = Jy = P1y . (3.3)
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(b) The centered variable vector ỹ is the orthogonal projection of y onto the
column space C (1)⊥:

ỹ = y− Jy = Cy = (I−P1)y = P1⊥y = PCy . (3.4)

(c) Let the variances of the variables x and y be nonzero, i.e., x /∈ C (1) and
y /∈ C (1). Then the sample correlation coefficient rxy is the cosine of the
angle between the centered variable vectors:

rxy = cors(x, y) = cord(x,y)
= cos(Cx,Cy) = cos(x̃, ỹ)

= x′Cy√
x′Cx · y′Cy

. (3.5)

(d) y is centered ⇐⇒ y ∈ C (1)⊥ = C (C) = N (1′).

Proof. All proofs are straightforward consequences from the definitions of the
projectors J and C. See also Figure 3.1 (p. 93). We might, for completeness,
consider the observed values y1, y2, . . . , yn of y and the task to find α ∈ R
such that it minimizes

f(α) =
n∑
i=1

(yi − α)2. (3.6)

The solution comes from

min
α
f(α) = min

α

n∑
i=1

(yi − α)2 = min
α
‖y− α1‖2 = min

u∈C (1)
‖y− u‖2

= ‖y−P1y‖2 = ‖y− Jy‖2 = ‖y− ȳ1‖2 =
n∑
i=1

(yi − ȳ)2. (3.7)

ut

3.1 Orthogonality and Uncorrelatedness

It is essential to recall that orthogonality and uncorrelatedness are not neces-
sarily identical concepts. The following proposition summarizes some related
features.

Proposition 3.1. Let x and y be nonzero n-dimensional variable vectors.
Then it is possible that

(a) cos(x,y) is high, but cord(x,y) = 0,
(b) cos(x,y) = 0, but cord(x,y) = 1.
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C (X)⊥

C (1)

x

Jx = ¯̄x

Cx y

Jy = ¯̄y

Cy

α

α

C (1)⊥

C (1 : x) = C (X)

cos(α) = cord(x, y)

Figure 3.1 Correlation between x and y geometrically.

Moreover, let x /∈ C (1) and y /∈ C (1). Then

cord(x,y) = 0 ⇐⇒ y ∈ C (Cx)⊥ = C (1 : x)⊥ � C (1) . (3.8)

Proof. For the situation (a), Belsley (1991, p. 20) has an illustrative example
where correlation is zero but the cosine is very close to 1. For this purpose,
consider the data matrix

(x : y) =

 1 1
−1 1

0 −2

 . (3.9)

Here x,y ∈ C (C) = N (1′) and x′y = 0, i.e., x and y are centered and
uncorrelated: cord(x,y) = 0. Define t and u so that

t = x + α1 , u = y + α1 , (3.10)

where α is a nonzero real number. Then cord(t,u) = 0 but

cos(t,u) = 3α2√
(x′x + 3α2)(y′y + 3α2)

= 3√(x′x
α2 + 3

)(y′y
α2 + 3

) , (3.11)

which can be made arbitrarily close to 1 by choosing α very large. We could
also consider variables
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v = αx + 1 , w = αy + 1 , where α 6= 0 , (3.12)

in which case cord(v,w) = 0 but

cos(v,w) = 3√
(x′xα2 + 3)(y′yα2 + 3)

. (3.13)

Now cos(v,w) approaches 1 when α tends to 0.
For (b) the following data gives an example:

(x : y) =

0 −1
0 −1
1 0

 . (3.14)

Consider then (3.8). It is obvious that

x′Cy = 0 ⇐⇒ y ∈ N (x′C) = C (Cx)⊥. (3.15)

We next prove that

C (Cx) = C (1 : x) ∩ C (1)⊥ = C (1 : x) ∩ C (C) . (3.16)

Now

Cx = x− x̄1 = (1 : x)
(
−x̄
1

)
, (3.17a)

(1 : Cx) = (1 : x)
(

1 −x̄
0 1

)
:= (1 : x)A , (3.17b)

where A =
( 1 −x̄

0 1
)
is nonsingular and hence we get (a very useful fact to be

used also later on)
C (1 : x) = C (1 : Cx) . (3.18)

Now it is clear that Cx ∈ C (1 : Cx) ∩ C (C). To show the reverse inclusion,
consider

u ∈ C (1 : Cx) ∩ C (C) , (3.19)

which implies that

u = a1 + bCx = Cc for some a, b ∈ R, c ∈ Rn. (3.20)

Premultiplying (3.20) by C shows that u = bCx ∈ C (Cx), and thus (3.16)
is proved. The claim

C (Cx)⊥ = C (1 : x)⊥ � C (1) (3.21)

follows by taking orthocomplements of each side of (3.16). ut

We may note in passing that (3.18) means that
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P(1 : x) = P(1 : Cx) = (1 : Cx)
(
n−1 0

0 (x′Cx)−1

)(
1

Cx

)
= J + Cxx′C/x′Cx = J + PCx , (3.22a)

I−P(1 : x) = C−PCx . (3.22b)

The decomposition (3.22) follows also at once from Theorem 8 (p. 155).

C (X)⊥

C (z)

x

Pzx = rxzz

Mzx y

Pzy = ryzz

Mzy

α

α

C (z)⊥

C (x : z) = C (X)

cos(α) = pcord(x, y | z)
= cor(Mzx, Mzy)

Figure 3.2 Partial correlation rxy·z geometrically.

3.2 On the Role of the Vector 1

In this section we discuss some features of the constant term in linear regres-
sion, that is, on the role of vector 1; see Isotalo, Puntanen & Styan (2006).

So, consider a very simple linear model

M0 = {y, 1β0, σ
2I} . (3.23)

Then obviously

• the vector Jy = OLSE(1β0) = 1(1′1)−11′y = ȳ1 is the vector of the fitted
values,

• the vector Cy = y− Jy = ỹ is the vector of the residuals,
• the residual sum of squares under M0 is
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C (X)⊥

1
x

Cx

Jx = ¯̄x

y

Cy

Jy = ¯̄y

C (1)⊥

C (1 : x) = C (X)

0 = cord(x, y) = cos(Cx, Cy)

Figure 3.3 High cosine between x and y but no correlation. Vectors x and y very close
to 1.

C (X)⊥

z
x

Mzx

Pzx = rxzz

y

Mzy

Pzy = ryzz

C (z)⊥

C (x : z)

0 = pcord(x, y | z)
= cord(Mzx, Mzy)

Figure 3.4 Partial correlation rxy·z = 0. Note that if y is explained by x and z, then
the x’s regression coefficient is 0.

SSE(M0) = SSE0 = y′(I− J)y = y′Cy =
n∑
i=1

(yi − ȳ)2 = SST . (3.24)

What happens here is that we “eliminate” the effect of the column vector
of ones, i.e., 1, from y, and, what is left is just the residual which in this case
is the centered y, i.e., ỹ.

Consider now the model

Mxy = {y, xβ, σ2I} . (3.25)

Then
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• The vector ŷ = OLSE(xβ) is the vector of the fitted values:

ŷ = Pxy = x(x′x)−1x′ · y = β̂x , where β̂ = x′y
x′x . (3.26)

• The vector (I−Px)y is the vector of the residuals.
• The residual sum of squares under Mxy is

SSE(Mxy) = y′(I−Px)y = ‖(I−Px)y‖2. (3.27)

A very natural measure for the “goodness” of this model would be

R2
xy = ‖Pxy‖2

‖y‖2 = ‖ŷ‖
2

‖y‖2 = y′ · x(x′x)−1x′ · y
y′y = cos2(x,y). (3.28)

Note that the goodness measure above can also be expressed as

R2
xy = 1− sin2(x,y) = 1− ‖(I−Px)y‖2

‖y‖2 = 1− SSE(Mxy)
‖y‖2 . (3.29)

The quantity R2
xy defined here is called the coefficient of determination

under Mxy. It is essential to notice that there is no vector 1 in the model Mxy

and hence R2
xy does not necessarily equal to r2

xy, which is the coefficient of
determination in the model M12 = {y, β01 + β1x, σ2I}.

If we now “eliminate the effect of 1 from y and x” (as the phraseology
goes), i.e., we center them, then we can consider the model

Mxy·1 = {ỹ, x̃β, #} , (3.30)

where we have deliberately left the covariance matrix unnotated. Notice
that the model Mxy·1 can be obtained by premultiplying the model Mxy

by the centering matrix C. Now a natural measure for the goodness of the
model Mxy·1 would be

R2
xy·1 = ‖Px̃ỹ‖2

‖ỹ‖2 = ỹ′ · x̃(x̃′x̃)−1x̃′ · ỹ
ỹ′ỹ = cos2(x̃, ỹ) . (3.31)

Obviously R2
xy·1 = cord

2(x,y) = r2
xy, and hence we have shown that r2

xy can
be interpreted as a measure of goodness when y is regressed on x after the
effect of 1 has been eliminated from both x and y.

Above we have ended up to some well-known concepts in linear regression.
We have used only natural and intuitive ways for our considerations. Let us
next take another more formal look at the situation.

Consider the following four models:

M12 = {y, β01 + β1x, σ2I} , M12·1 = {Cy, β1Cx, σ2C} , (3.32a)
Mc = {y, β01 + β1Cx, σ2I} , Mr = {y, β1Cx, σ2I} . (3.32b)
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The model M12 is the full model and all other models are various versions of
it. Obviously M12·1 corresponds to Mxy·1 which was considered above. In all
these versions we have done something related to the constant term: we have
centered something. The above models frequently appear in practice (and in
teaching regression in statistics courses).

Taking a look at the four models in (3.32), we immediately observe an
interesting feature which we may state as a proposition:
Proposition 3.2. Consider the models defined in (3.32), and let X = (1 : x)
have full column rank. Then β̂1 is the same in each model, i.e.,

β̂1(M12) = β̂1(M12·1) = β̂1(Mr) = β̂1(Mc) . (3.33)

Moreover, the residuals under the models M12, M12·1, and Mc are identical.
Proof. The first two equalities in (3.33) are obvious. Model Mc is a reparam-
eterization of M12. This is seen from (1 : Cx) = (1 : x)A, where

A =
(

1 −x̄
0 1

)
. (3.34)

It is easy to confirm that β̂0(Mc) = ȳ and β̂1(Mc) = β̂1(M12). In view of
(3.18), we have

C (1 : Cx) = C (1 : x), P(1 : Cx) = P(1 : x) , (3.35)

and hence the residual vectors under Mc and M12 are identical:

res(Mc) = res(M12) = y−Hy = My . (3.36)

The residual vector under M12·1 becomes

res(M12·1) = Cy−PCxCy
= y− [Jy + Cx(x′Cx)−1x′Cy]
= y− [ȳ1 + (x− x̄1)β̂1]
= y− [(ȳ − x̄β̂1)1 + β̂1x]
= y− (β̂01 + β̂1x)

= y− (1 : x)
(
β̂0
β̂1

)
= y−Xβ̂ = res(M12) , (3.37)

where
β̂0 = ȳ − x̄β̂1 and β̂1 = x′Cy/x′Cx . (3.38)

We shall later give an alternative proof for (3.37) using a decomposition of
the orthogonal projector H; see (8.72) (p. 164). ut
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The first equality in (3.33) is known as (a special case of) the Frisch–
Waugh–Lovell theorem, see Section 8.4 (p. 163).

We may end up to R2 via different routes. One very natural approach
in which the vector 1 has an important role is to consider the simple basic
model where the only explanatory variable is a constant: M0 = {y, 1β0, σ

2I}.
Under M0 we have OLSE(1β0) = Jy = ȳ1, while the residual vector is the
centered y, that is, Cy, and hence the residual sum of squares under M0 is

SSE0 = y′(I− J)y = y′Cy = ‖Cy‖2 = tyy =
n∑
i=1

(yi − ȳ)2 = SST . (3.39)

We may want to compare the full model M12 = {y, 1β0 + xβ1, σ
2I} and

the simple basic model M0 by means of the residual sum of squares: how
much benefit is gained in the residual sum of squares when using also the x-
variable as an explanatory variable. The residual sum of squares under M12
is

SSE = y′(I−H)y = ‖(I−H)y‖2

=
n∑
i=1

(yi − ŷi)2 =
n∑
i=1

[
yi − (β̂0 + β̂1xi)

]2
. (3.40)

The change in SSE when moving from M0 to M12 is

SSE0−SSE = y′(I− J)y− y′(I−H)y = y′(H− J)y = SSR , (3.41)

which is called “sum of squares due to regression”. In this situation the matrix
H−J is symmetric and idempotent, see Proposition 7.1 (p. 152) and (8.119)
(p. 171):

H− J = PCx = Px̃ = PC (X)∩C (1)⊥ . (3.42)

Hence
SSR = ‖(H− J)y‖2 =

n∑
i=1

(ŷi − ȳi)2. (3.43)

The value of SSR tells the reduction in SSE when using M12 instead M0,
but it is definitely more informative to study the relative reduction in SSE,
that is, we have reasons to calculate the ratio

SSE0−SSE
SSE0

= SST−SSE
SST = SSR

SST = 1− SSE
SST = R2. (3.44)

One fundamental property of R2 defined above is that it equals the square
of the correlation coefficient between the y and Hy. We return to this result
later on but we state it here since it nicely illustrates the important role of 1.
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Proposition 3.3. Consider the model M = {y, Xβ, σ2I}, where 1 ∈ C (X)
and let R2 be defined as in (3.44). Then

R = cord(y,Hy) = cos(Cy,CHy) . (3.45)

Proof. We’ll return to the proof later on, see Proposition 8.6 (p. 172). ut

Taking a look at the n× (k + 1) model matrix X = (1 : x1 : . . . : xk), the
first column 1 looks just as any other column but there is one big difference:
all other variables represented in the model matrix X have a nonzero sam-
ple variance. This is so because of course we can request that there are no
multiples of 1 among x1, . . . ,xk. Belsley (1991, p. 196) writes:

“Much confusion surrounding centering arises because of some commonly held mis-
conceptions about the ‘constant term’. This section [6.8] aims at several of these
issues with the goal of showing that, for most of the part, despite much practice
to the contrary, the constant is most reasonably viewed as just another element
in a regression analysis that plays no role different from any other ‘variate’.”

The geometry behind decomposition SST = SSR + SSE is illustrated in
Figure 3.5.

C (X)⊥

C (1)

x

y

¯̄y = Jy = ȳ1 = JHy

ỹ

ŷ = Hy

e = (I − H)y

SS
T

=
SS

E 0

SSR

SS
Eα

α

C (1)⊥

C (1 : x)

SST = SSR + SSE

Figure 3.5 Illustration of SST = SSR + SSE.
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3.3 Partial Correlation Geometrically

Here we very shortly consider sample partial correlations and remind the
readers that they are just ordinary correlations between specific residuals.

Consider two linear models:

Mx = {x, (1 : z)β, σ2I} , My = {y, (1 : z)β, σ2I} . (3.46)

The residuals in these models are

u = ex·Z = res(x; Z) = (I−PZ)x , (3.47a)
v = ey·Z = res(y; Z) = (I−PZ)y , (3.47b)

where Z = (1 : z). Premultiplying the models in (3.46) by the centering
matrix C we get the models which have the same residuals as in (3.47). To
simplify the notation, let us assume that vectors x, y, z are all centered and
denote the corresponding models as

Mcx = {x, zβ, #} , Mcy = {y, zβ, #} . (3.48)

Moreover, since we are now interested in the correlation between these two
residuals, we can assume that the vectors x, y, z in (3.48) are not only
centered but they also have unit length:

1′n(x : y : z) = 0 , x′x = y′y = z′z = 1 . (3.49)

Now
x′y = rxy , x′z = rxz , y′z = ryz , (3.50a)

u = ex·z = res(x; z) = (I−Pz)x = (I− zz′)x = x− rxzz , (3.50b)
v = ey·z = res(y; z) = (I−Pz)y = (I− zz′)y = y− ryzz , (3.50c)

and

u′v = x′(I− zz′)y = rxy − rxzryz , (3.51a)
u′u = x′(I− zz′)x = 1− r2

xz , (3.51b)
v′v = y′(I− zz′)y = 1− r2

yz , (3.51c)

and so we obtain the well-known formula for the partial correlation coefficient:

rxy·z = pcord(x,y | z) = rxy − rxzryz√
(1− r2

xz)(1− r2
yz)

. (3.52)

Obviously rxy·z is well-defined only if r2
xz 6= 1 and f r2

yz 6= 1. In matrix terms
we have
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(u : v)′(u : v) = (x : y)′(I−Pz)(x : y)
= (x : y)′(x : y)− (x : y)′zz′(x : y)
= R11 − r12r′12 := R11·2 , (3.53)

where
cord(x : y : z) = R =

(
R11 r12
r′12 1

)
. (3.54)

Hence the matrix of the partial correlations can be expressed as

pcord[(x : y) | z] = [diag(R11·2)]−1/2R11·2[diag(R11·2)]−1/2. (3.55)

In terms of the original variables, we have

rxy·z = cos[res(x; Z), res(y; Z)] = cos[(I−PZ)x, (I−PZ)y] , (3.56)

where Z = (1 : z). Denoting

U = (x : y : z) = (U1 : z) (3.57)

we get the matrix of the residual vectors

EU1·z = (I−P(1 : z))U1 = (ex·z : ey·z) . (3.58)

Because, see (3.22) (p. 94), I−P(1 : z) = C−PCz , where C is the centering
matrix, we can write EU1·z = (C−PCz)U1. Moreover, denoting

T11·2 := E′U1·zEU1·z = U′1(C−PCz)U1 = U′1CU1 −U′1PCzU1 , (3.59)

the matrix of partial correlations can be expressed as

pcord(U1 | z) = [diag(T11·2)]−1/2T11·2[diag(T11·2)]−1/2. (3.60)

Notice, in view of the rules for inverting a partitioned matrix, see Section 13.1
(p. 294), that T−1

11·2 is upper-left block of the inverse of

T = U′CU =
(

U′1CU1 U′1Cz
z′CU1 z′Cz

)
=
(

T11 t12
t′12 tzz

)
. (3.61)

3.4 Exercises

3.1. Let U = (1 : x : y) be a 100 × 3 matrix where x and y comprise the
observed values of variables x and y, and assume that s2

x > 0 and s2
y > 0.

(a) Suppose that the columns of U are orthogonal. Show that rxy = 0.
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(b) Confirm that if rank(U) = 2, then r2
xy = 1.

3.2. Let x and y be n-dimensional variable vectors (comprising the observed
values of x an y). Show that

cord(a1 + bx, c1 + dy) =
{

cord(x,y) if bd > 0 ,
− cord(x,y) if bd < 0 ,

or in other notation,

cord [(1 : x) ( ab ) , (1 : y) ( cd )] =
{

rxy if bd > 0 ,
−rxy if bd < 0 .

3.3. Consider the 3× 3 data matrix

U = (13 : x : y) =

1 x1 y1
1 x2 y2
1 x3 y3

 .

Confirm that the area of the triangle with vertices (xi, yi), i = 1, 2, 3, is
1
2 det(U). Show that det(U) = 0 ⇐⇒ the three data points lie in the
same line, and hence, assuming that x and y have nonzero variances, we
have r2

xy = 1 ⇐⇒ det(U) = 0.

3.4. Consider the variables x1 and x2 and their sum y = x1 + x2. Let the
corresponding variable vectors be y, x1, and x2. Assume that x1 and x2
are centered and of equal length so that x′1x1 = x′2x2 = d2. Show that

vars(y) = 1
n−12d2(1 + r12) , cor2

s (x1, y) = 1
2 (1 + r12) .

Moreover, let u = x1 − Pyx1 and v = x2 − Pyx2. Show that u = −v
and thereby r12·y = cord(u,v) = −1.

3.5. Let the variable vectors x and y be centered and of equal length.

(a) What is cors(x− y, x+ y)?
(b) Draw a figure from which you can conclude the result above.
(c) What about if x′x = y′y + 0.001?

3.6. Consider the variable vectors x and y which are centered and of unit
length. Let u be the residual when y is explained by x and v be the
residual when x is explained by y. What is the cord(u,v)? Draw a figure
about the situation.

3.7. Consider the variable vectors x, y and z which are centered and of unit
length and whose correlation matrix is
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R =

 1 0 −1/
√

2
0 1 1/

√
2

−1/
√

2 1/
√

2 1

 .

Show that x− y +
√

2z = 0.

3.8. Consider the 17-dimensional variable vectors x = (1, . . . , 1, 1, 4)′ and
y = (−1, . . . ,−1,−1 + 0.001, 4)′. Find cord(x,y) and cos(x,y).

3.9. Suppose that U = (x : y : z) ∈ R100×3 is a data matrix, where the
x-values represent the results of throwing a dice and y-values are obser-
vations from the normal distribution N(0, 1), and z = x + y. What is
your guess for the length of the variable vector z?

3.10. Consider a 3× 3 centering matrix

C =

 2/3 −1/3 −1/3
−1/3 2/3 −1/3
−1/3 −1/3 2/3

 .

Find the following:

(a) a basis for C (C),
(b) orthonormal bases for C (C) and C (C)⊥,
(c) eigenvalues and orthonormal eigenvectors of C,
(d) C+, and C− which has (i) rank 2, (ii) rank 3.

3.11. Suppose that the variable vectors x, y and z are centered and of unit
length. Show that corresponding to (3.8) (p. 93),

rxy·z = 0 ⇐⇒ y ∈ C (Qzx)⊥ = C (x : z)⊥ � C (z) ,

where Qz = In −Pz. See also Exercise 8.7 (p. 185).



Chapter 4
Generalized Inverses in a Nutshell

Any philosophy that can be put in a nutshell
belongs there.

Sydney J. Harris

Let A be a given n × m matrix and y a given n × 1 vector. Consider the
linear equation

Ab = y . (4.1)

Our task is to find such a vector b ∈ Rm that Ab = y is satisfied. It is well
known that (4.1) has
(a) no solution at all, or
(b) a unique solution, or
(c) infinite number of solutions.
Moreover, it is easy to conclude the following:
• The equation Ab = y has a solution, i.e., it is consistent, if and only if y

belongs to C (A).
If a solution exists, it is unique if and only if the columns of A are linearly
independent, i.e., A has full column rank. Then (A′A)−1 exists and premul-
tiplying (4.1) by (A′A)−1A′ yields

b0 = (A′A)−1A′y := G1y . (4.2)

It is obvious that the unique solution to (4.1) can be expressed also as

b0 = (A′NA)−1A′Ny := G2y , (4.3)

where N an arbitrary n × n matrix satisfying condition rank(A′NA) = m.
Note that it is possible that G1y = G2y but G1 6= G2. If A is a nonsingular
square matrix, then of course b0 = A−1y.

We can now try to find such an m × n matrix G, which would behave
like A−1 as much as possible; for example, we might wish that G has such a
property that if (4.1) is consistent, then Gy is one solution. Then G would
work like A−1 while solving a linear equation; corresponding to A−1y we
have Gy as a solution to Ab = y.
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We might emphasize (and repeat) that Ab = y does not necessarily have
a solution in which case G does not help in finding a nonexistent solution.

We can define the generalized inverse Gm×n of matrix An×m in three
equivalent ways, see Rao & Mitra (1971b, pp. 20–21):

Theorem 4. The matrix Gm×n is a generalized inverse of An×m if any of
the following equivalent conditions holds:

(a) The vector Gy is a solution to Ab = y always when this equation is
consistent, i.e., always when y ∈ C (A).

(b) (b1) GA is idempotent and rank(GA) = rank(A), or equivalently
(b2) AG is idempotent and rank(AG) = rank(A).

(c) AGA = A. (mp1)

Proof. We first show that that (c) and (b2) are equivalent, i.e,

AGA = A ⇐⇒ AG is idempotent and rank(AG) = rank(A) . (4.4)

Assume first that AGA = A. Then of course AGAG = AG, so that AG is
idempotent. Because

rank(A) = rank(AGA) ≤ rank(AG) ≤ rank(A) , (4.5)

we necessarily have rank(AG) = rank(A). To go the other way round, assume
that AG is idempotent and rank(AG) = rank(A). Then, in view of the rank
cancellation rule, Theorem 6 (p. 145), we can cancel the underlined terms
from the following equation:

AGAG = AG . (4.6)

Hence (c) implies (b2) and “(c) ⇐⇒ (b2)” is confirmed. The proof of
“(c) ⇐⇒ (b1)” is quite analogous.

To prove “(a) ⇐⇒ (c)”, let the vector Gy be a solution to (4.1) always
when (4.1) is consistent, i.e.,

AGy = y for all y ∈ C (A) , (4.7)

i.e.,
AGAu = Au for all u ∈ Rm, (4.8)

which obviously is equivalent to (c). ut

A generalized inverse is not necessarily unique—it always exists but it is
unique if and only if A−1 exists. If A−1 exists, then pre- and postmultiplying
(mp1) by A−1 we get G = A−1.

The set of all generalized inverses of A is denoted as {A−}:

{A−} = {G : AGA = A } . (4.9)
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Ben-Israel & Greville (2003) use the notation

A{1} = {G : AGA = A } , (4.10)

and denote by A(1) any member in A{1}. Matrix A(1) is also called a {1}-
inverse or inner inverse.

We may emphasize the difference between the uniqueness of solution to
Ab = y and the uniqueness of A−:

• solution is unique ⇐⇒ A has full column rank,
• A− is unique ⇐⇒ A is a nonsingular square matrix.

The existence of the generalized inverse can be easily proved using the full
rank decomposition of A; see Theorem 17 (p. 349):

A = UV′. (FRD)

In (FRD) we have

U ∈ Rn×r, V ∈ Rm×r, rank(U) = rank(V) = r = rank(A) . (4.11)

Now
UV′ ·V(V′V)−1(U′U)−1U′ ·UV′ = UV′, (4.12)

i.e.,
G := V(V′V)−1(U′U)−1U′ ∈ {A−} . (4.13)

It is easy to confirm that G defined in (4.13) satisfies, in addition to

AGA = A , (mp1)

also the following three conditions:

(mp2) GAG = G , (mp3) (AG)′ = AG , (mp4) (GA)′ = GA . (4.14)

Matrix G satisfying all four (mpi) conditions is called the Moore–Penrose
inverse and it is denoted as A+. The matrix A+ appears to be unique.

Eliakim Hastings Moore defined a unique inverse or “general reciprocal”
in his work which was published posthumously in 1935; the results were
announced in 1920 in an abstract. Moore’s1 work appears to have been largely
unnoticed until a resurgence of interest in the early 1950s centered on the use
of generalized inverses in least-squares problems, which were not considered

1 Here is a theorem from Moore (1935, p. 20):

UCB1 IIB2 IIκ12·)·

∃ |λ21 type M2
κ∗M̄

1
κ 3 ·S2κ12λ21 = δ11

M1
κ
· S1λ21κ12 = δ22

M2
κ∗
.
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by Moore. In 1955 Roger Penrose showed that Moore’s generalized inverse is
the unique matrix G that satisfies the four equations. For more about Moore,
see Ben-Israel (2002) and Ben-Israel & Greville (2003, Appendix A).

As a simple example, consider the 2 × 2 matrix A =
( 1 1

1 1
)

= 11′. Then
we immediately see that

AGA = 11′G11′ = 11′ ⇐⇒ 1′G1 = 1 (4.15a)
⇐⇒

G =
(
a b
c 1− a− b− c

)
, where a, b, c are free to vary. (4.15b)

Moreover, the Moore–Penrose is A+ = 1
4
( 1 1

1 1
)

= 1
4A.

If G satisfies the condition (mpi), we denote G = A−i , or G ∈ {A−i }, and
if it satisfies the conditions i and j, we denote G = A−ij or G ∈ {A−ij} and it
may be called an {ij}-inverse.

Let us prove the following:

G ∈ {A−13} =⇒ AG is unique, (4.16a)
G ∈ {A−14} =⇒ GA is unique. (4.16b)

Assume that G,F ∈ {A−13}, and so

AGA = AFA = A , AG = G′A′, AF = F′A′. (4.16c)

Hence

AG = (AFA)G = (AF)(AG)
= F′A′G′A′ = F′(AGA)′ = F′A′ = AF , (4.16d)

and so (4.16a) is proved. The proof of (4.16b) goes in the corresponding way.
If the columns of A are linearly independent, we immediately observe that

(A′A)−1A′ ∈ {A−} . (4.17)

Actually (A′A)−1A′ is the Moore–Penrose inverse of A:

A+ = (A′A)−1A′, when rank(An×m) = m. (4.18)

The matrix AL := (A′A)−1A′ is the left inverse of A in the sense that it
satisfies the equation ALA = Im. If the rows of A are linearly independent,
then

A+ = A′(AA′)−1, when rank(An×m) = n . (4.19)

Then AR := A′(AA′)−1 is the right inverse of A. It is also easy to confirm
that

(A′A)+A′ = A′(AA′)+ = A+. (4.20)
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In particular, if A is a nonzero column vector a, then

a+ = (a′a)−1a′ = 1
a′aa′ (= row vector), a ∈ Rn, a 6= 0 . (4.21)

Correspondingly, if A is a row vector a′, then

(a′)+ = a(a′a)−1 = 1
a′aa (= column vector), a ∈ Rn, a 6= 0 . (4.22)

What about the generalized inverse of the null matrix? It is obvious that
any conformable matrix is appropriate for 0−, and almost equally obvious
that 0+ = 0. Hence for a real number λ, λ+ = 1/λ if λ 6= 0 and λ+ = 0 if
λ = 0. It is also obvious that for the diagonal matrix we have

d1 0 . . . 0
0 d2 . . . 0
...

... . . . 0
0 0 . . . dn


+

=


d+

1 0 . . . 0
0 d+

2 . . . 0
...

... . . . ...
0 0 . . . d+

n

 . (4.23)

We observe that the rank of A− is always greater than or equal to the
rank of A:

rank(A−) ≥ rank(A) . (4.24)

This follows from the following:

rank(A−) ≥ rank(AA−) ≥ rank(AA−A) = rank(A) . (4.25)

4.1 Generalized Inverse & the Singular Value
Decomposition

We shall return to the connection between generalized inverse and singular
value decomposition in Chapter 19 (p. 391), but it is appropriate to have a
quick look at this useful relation right here.

Let An×m have a singular value decomposition

A = U
(

∆1 0
0 0

)
V′, (4.26)

where Un×n and Vm×m are orthogonal and ∆1 = diag(δ1, . . . , δr), δi being
the ith largest singular value of A and rank(A) = r. Then the following
statements hold:

G ∈ {A−} ⇐⇒ G = V
(

∆−1
1 K
L N

)
U′, (4.27)
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G = A+ ⇐⇒ G = V
(

∆−1
1 0
0 0

)
U′ = V1∆−1

1 U′1 , (4.28)

where K, L, and N are arbitrary matrices (of conformable dimensions). Hence
by varying the elements of K, L and N we can generate all generalized
inverses of A.

The proof of (4.28) goes straightforwardly by checking all four Moore–
Penrose conditions. It is worth noting that (4.28) immediately implies a cou-
ple of very useful results. First,

C (A+) = C (V1) = C (A′) , (4.29)

and so the columns of V1 form an orthonormal basis for C (A′); recall that
columns of U1 form an orthonormal basis for C (A). Secondly, we get the
extremely useful expressions for orthogonal projectors PA and PA′ :

AA+ = U1U′1 = PA , A+A = V1V′1 = PA′ . (4.30)

To prove (4.27), assume first that G can be expressed as

G = V
(

∆−1
1 K
L N

)
U′. (4.31)

Then

AGA = U∆V′ ·V
(

∆−1
1 K
L N

)
U′ ·U∆V′

= U
(

∆1 0
0 0

)(
∆−1

1 K
L N

)(
∆1 0
0 0

)
V′ = U

(
∆1 0
0 0

)
V′ = A .

(4.32)

Hence the part “⇐=” of the proof of (4.27) is done. Assume then that there
exists a matrix G such that AGA = A, i.e.,

U∆V′ ·G ·U∆V′ = U∆V′. (4.33)

Premultipying (4.33) by U′ and postmultiplying it by V yields

∆V′GU∆ = ∆ , (4.34)

i.e., (
∆1 0
0 0

)(
F11 F12
F21 F22

)(
∆1 0
0 0

)
=
(

∆1 0
0 0

)
, (4.35)

where
V′GU :=

(
F11 F12
F21 F22

)
. (4.36)
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Equation (4.35) implies that ∆1F11∆1 = ∆1, i.e., F11 = ∆−1
1 . Premultiply-

ing
V′GU =

(
∆−1

1 F12
F21 F22

)
(4.37)

by V and postmultiplying it by U′, leads to

G = V
(

∆−1
1 F12

F21 F22

)
U′. (4.38)

So: since the equation AGA = A implies that G has the representation
(4.38), the result (4.27) is proved.

The result (4.27) describes concretely the lack of uniqueness of the gen-
eralized inverse: the matrices K, L and N have nm − r2 elements and they
can be chosen arbitrarily. It is easy to believe, e.g., that we can choose these
elements in such a manner that A− has a given rank k:

rank(A) ≤ k = rank(A−) ≤ min(n,m) . (4.39)

In addition to (4.27), we can give the following general representations of
a generalized inverse:

Proposition 4.1. Two alternative representations of a general solution to a
generalized inverse of A are

(a) G = A− + U−A−AUAA−,
(b) G = A− + V(In −AA−) + (Im −A−A)W,

where A− is a particular generalized inverse and U, V, W are free to vary. In
particular, choosing A− = A+, the general representations can be expressed
as

(c) G = A+ + U−PA′UPA ,
(d) G = A+ + V(In −PA) + (Im −PA′)W,
(e) G = A+ + VA⊥ + (A′)⊥W.

For the proof of Proposition 4.1, see Theorem 11 (p. 267), Rao & Mitra
(1971b, Th. 2.4.1), and Ben-Israel & Greville (2003, p. 52).

If An×n is a symmetric nonnegative definite matrix and r = rank(A), then
its eigenvalue decomposition is the same as its singular value decomposition:

A = TΛT′ = (T1 : T0)
(

Λ1 0
0 0

)(
T′1
T′0

)
= T1Λ1T′1

= λ1t1t′1 + · · ·+ λrtrt′r , (EVD)

where Λ = diag(λ1, . . . , λn), Λ1 = diag(λ1, . . . , λr), and λ1 ≥ · · · ≥ λr > 0 =
λr+1 = · · · = λn are the ordered eigenvalues of A. The columns of T are the
corresponding orthonormal eigenvectors of A. Then
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A+ = TΛ+T′ = (T1 : T0)
(

Λ−1
1 0
0 0

)(
T′1
T′0

)
= T1Λ−1

1 T′1

= 1
λ1

t1t′1 + · · ·+ 1
λr

trt′r . (4.40)

Photograph 4.1 Götz Tren-
kler (Tampere, 2007).

If A is symmetric but not nonnegative defi-
nite, then some eigenvalues λi are negative but
still (4.40) is the Moore–Penrose inverse of A.
However, the (EVD) is not anymore the sin-
gular value decomposition of A. What small
changes you have then to do in (EVD) to get
an SVD of A?

We complete this section with a matrix de-
composition of Hartwig & Spindelböck (1984),
heavily used in a series of papers by Os-
kar Maria Baksalary and Götz Trenkler, see,
e.g., Baksalary, Styan & Trenkler (2009), and
Trenkler (2006).

Proposition 4.2. Let A ∈ Rn×n be of rank r.
Then there exists an orthogonal U ∈ Rn×n
such that

A = U
(

∆K ∆L
0 0

)
U′, (4.41)

where ∆ = diag(δ1Ir1 , . . . , δtIrt) is the diagonal matrix of singular values of
A, δ1 > δ2 > · · · > δt > 0, r1 +r2 +· · ·+rt = r, and K ∈ Rr×r, L ∈ Rr×(n−r)

satisfy
KK′ + LL′ = Ir . (4.42)

4.2 Generalized Inverse & Oblique Projector

We recall that the idempotent matrix P has the following property:

P2 = P =⇒ P is the oblique projector onto C (P) along N (P) , (4.43)

where the direction space can be also written as

N (P) = C (I−P) . (4.44)

The matrix product AA− is always (for any choice of A−) idempotent and
hence AA− is the oblique projector onto C (AA−) along N (AA−). Since

C (AA−) ⊂ C (A) and rank(AA−) = rank(A) , (4.45)
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we have
C (AA−) = C (A) , (4.46)

and hence

AA− is the oblique projector onto C (A) along N (AA−) , (4.47)

where the direction space can be written as

N (AA−) = C (In −AA−) . (4.48)

Correspondingly,

A−A is the oblique projector onto C (A−A) along N (A−A) . (4.49)

The space N (A−A) can be expressed also as

N (A−A) = C (Im −A−A) . (4.50)

Because
N (A) ⊂ N (A−A) ⊂ N (AA−A) = N (A) , (4.51)

the nullspace N (A) can be expressed as

N (An×m) = C (Im −A−A) . (4.52)

The symmetry of AA+ and A+A implies the fundamental results

AA+ = PA , A+A = PA′ . (4.53)

Note that we can express C (A)⊥ in terms of A−:

C (A)⊥ = C [In − (A′)−A′] = C [In − (A−)′A′] . (4.54)

This comes from
C (A)⊥ = N (A′) . (4.55)

Using (4.52) and (4.55) we obtain the first equality in (4.54) at once. The
second one follows from the fact

{(A−)′} = {(A′)−} . (4.56)

A gentle warning may take a place regarding (4.56): it is not fully correct
to write (A−)′ = (A′)− because (4.56) means the equality between two sets.
However, we do have always

(A+)′ = (A′)+ . (4.57)

We have denoted
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A⊥ = any matrix such that C (A⊥) = N (A′) . (4.58)

We have, for example, the following choices for A⊥:

In − (A′)−A′ ∈ {A⊥} , In − (A−)′A′ ∈ {A⊥} . (4.59)

Replacing (A′)− with (A′)+ in (4.58) and using

(A′)+ = (A+)′, (A′)+A′ = AA+, (4.60)

we get
In −AA+ = In −PA ∈ {A⊥} . (4.61)

For the geometry of generalized inverses, the reader is referred e.g., to
Kruskal (1975), Rao & Yanai (1985a), and Rao (1985b).

4.3 Generalized Inverse & Solutions to a Linear
Equation

As stated earlier, if the equation Ab = y is consistent, then one solution is
A−y. According to (0.11) (p. 5), the general solution b0, say, to a consistent
Ab = y can be expressed as

b0 = {one solution to Ab = y}+{the general solution to Ab = 0} , (4.62)

i.e.,
b0 = A−y + t , (4.63)

where t is an arbitrary solution to At = 0, i.e., t ∈ N (A) = C (I −A−A).
Hence the general solution is expressible as

b0 = A−y + (I−A−A)z , (4.64)

where A− is a (fixed) generalized inverse of A and z is an arbitrary vector.
When we vary z, we obtain all solutions to Ab = y. On the other hand, the
following result holds; see Rao & Mitra (1971b, p. 27).

Proposition 4.3. The class of all solutions to a consistent equation Ab = y
is {Gy}, where G varies through all generalized inverses of A.

We will return to the properties of the solutions to linear equations later
on more thoroughly, see Theorem 11 (p. 267), but let us take a quick tour
right now here.

The solution A+y has one particularly interesting feature: it is the solution
which has minimal norm, i.e., it is the shortest solution. This is seen from
the following. Let b∗ be an arbitrary solution to Ab = y. Then
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‖b∗‖2 = ‖A+y + (Im −A+A)z‖2

= ‖A+y‖2 + ‖(Im −A+A)z‖2 + 2(A+y)′(Im −A+A)z
= ‖A+y‖2 + ‖(Im −A+A)z‖2

≥ ‖A+y‖2 for all z ∈ Rm, (4.65)

which follows from the orthogonality of the vectors

A+y := A′u ∈ C (A′) (for some u) (4.66)

and
(Im −A+A)z = (Im −PA′)z ∈ C (A′)⊥ = N (A) . (4.67)

If G is such a generalized inverse which gives the minimum norm solution
(using the standard Euclidean norm) to a consistent equation

Ab = y (4.68)

for any y [which makes (4.68) consistent], then G is a minimum norm g-
inverse of A, and is denoted as A−m. Let us denote such a generalized inverse
as G. Then G ∈ {A−m} if and only if it satisfies the following inequality:

‖Gy‖ ≤ ‖Gy + (Im −GA)z‖ for all y ∈ C (A), z ∈ Rm, (4.69)

i.e.,

‖GAt‖ ≤ ‖GAt + (Im −GA)z‖ for all t ∈ Rn, z ∈ Rm, (4.70)

In light of Proposition 2.1 (p. 76), the statement (4.70) is equivalent to

(GA)′ = (GA)′GA , (4.71)

which immediately implies the symmetry of GA:

(GA)′ = GA . (4.72)

On the other hand, postmultiplying (4.72) by the idempotent matrix GA
yields (4.71). Hence we have shown that G is a minimum norm g-inverse of
A if and only if

AGA = A and (GA)′ = GA , (4.73)

i.e., G is a {14}-inverse of A.
If the norm is defined as ‖x‖2N = x′Nx, where N is a nonnegative definite

(possibly singular) matrix, then our task is to find such a generalized inverse
G of A which satisfies

‖Gy‖N = min
Ab=y

‖b‖N for all y ∈ C (A) , (4.74a)
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y′G′NGy = min
Ab=y

b′Nb for all y ∈ C (A) . (4.74b)

In this situation, the condition (4.71) comes

(GA)′N = (GA)′NGA , (4.75)

while (4.73) becomes

AGA = A and (GA)′N = NGA , (4.76)

or, equivalently,

(GA)′A′ = A′ and (GA)′N(Im −GA) = 0 . (4.77)

Because C (Im −A−A) = N (A) = C (A′)⊥, we can rewrite (4.77) as

(GA)′A′ = A′ and (GA)′N(A′)⊥ = 0 , (4.78)

which shows that
(GA)′ ∈ {PA′|N(A′)⊥} . (4.79)

Moreover, in view of (2.123) (p. 88),

(GA)′ ∈ {PA′;(N+A′A)−} , (4.80)

where (N + A′A)− is an arbitrary nonnegative definite generalized inverse
of N + A′A.

We may denote a matrix G satisfying (4.76) as A−m(N). If N is positive def-
inite, then (4.79) shows that Q := (GA)′ = A′G′ is the orthogonal projector
onto C (A′) with respect to the inner product matrix N−1:

A′G′ = PA′;N−1 = A′(AN−1A′)−AN−1, (4.81)

which is invariant with respect to the choice of (AN−1A′)−. One expression
for G′ is

G′ = (AN−1A′)−AN−1, (4.82)

and so one choice for G = A−m(N) is, choosing (AN−1A′)− symmetric,

G = A−m(N) = N−1A′(AN−1A′)−. (4.83)

If N is singular, then one choice for A−m(N) is

A−m(N) = (N + A′A)−A′[A(N + A′A)−A′]−. (4.84)

This can be concluded from (4.80). Rao & Mitra (1971b, pp. 46–47) introduce
(4.84) by first showing that the minimum of b′Nb under the condition Ab =
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y is obtained for b = b∗ if and only if there exists a vector λ such that b∗ is
a solution to (

N A′
A 0

)(
b∗
λ

)
=
(

0
y

)
. (4.85)

Solving b∗ from (4.85) they arrive at (4.84).
Consider then the equation

Ab = y , (4.86)

which has no solution. Let G be such a matrix that Gy is a least squares
solution to (4.86) (for any y), i.e.,

‖y−AGy‖2 ≤ ‖y−Ab‖2 for all b ∈ Rm, y ∈ Rn. (4.87)

Then G is a least squares g-inverse (it indeed appears to be a generalized
inverse), and it is denoted as A−` . If the inner product matrix in Rn is V,
then we use notation A−`(V).

The minimization problem in (4.87) is now fully exploited in Propositions
2.6 (p. 81) and 2.7 (p. 87), because the matrix AG in (4.87) is nothing but
the orthogonal projector onto C (A) when the inner product matrix is V:

AG = PA;V . (4.88)

Hence one choice for A−`(V) is

A−`(V) = (A′VA)−A′V. (4.89)

It is easy to confirm that for a positive definite V we have{
[(A′)−m(V)]

′} =
{

(A)−`(V−1)
}
. (4.90)

For example, consider the estimable parametric function k′β under the
model {y, Xβ, V}. Then there exists a vector a ∈ Rn such that

X′a = k . (4.91)

In order to find the BLUE for k′β, we have to find the minimum norm
solution (in a) for (4.91). The solution is a∗ := (X′)−m(V)k := Gk, where

G = (X′)−m(V) = (V + XX′)−X[X′(V + XX′)−X]−. (4.92)

Furthermore,

BLUE(k′β) = a′∗y = k′G′y = k′[(X′)−m(V)]
′y

= k′[X′(V + XX′)−X]−X′(V + XX′)−y . (4.93)
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4.4 A Simple Example

As a simple example, let us consider the linear equation

b2 = b1 + 1 , (4.94)

which in matrix form is

Ab = y , A = a′ = (1,−1) , b =
(
b1
b2

)
, y = 1 . (4.95)

Let us denote the set of all solutions to (4.95) as

V =
{

b ∈ R2 : (1,−1)
(
b1
b2

)
= 1

}
=
{

b ∈ R2 : b2 = b1 − 1
}
. (4.96)

The only nonzero singular value of a′ is the square root of the eigenvalue of
a′a, i.e., sg1(a′) =

√
2. Hence it is easy to conclude that the singular value

decomposition of A = a′ is

a′ = (1,−1) = U∆V′ = 1 · (
√

2, 0)
(

1/
√

2 −1/
√

2
1/
√

2 1/
√

2

)
. (4.97)

Now the general expression for all the generalized inverses of a′ is

(a′)− = V
(

1/
√

2
α

)
=
(

1/2 1/2
−1/2 1/2

)(
1
α

)
=
(

1/2
−1/2

)
+ α

(
1/2
1/2

)
, (4.98)

where α can be any real number.
Choosing α = 3 in (4.96) yields the generalized inverse

(a′)− = (1,−1)− =
(

2
1

)
(4.99)

and the corresponding solution is b0 =
( 2

1
)
· 1 =

( 2
1
)
. Putting α = 0 gives

the Moore–Penrose inverse

(a′)+ =
(

1/2
−1/2

)
= a(a′a)−1, (4.100)

which yields the solution b1 in the Figure 4.1: b1 = A+y.
The nullspace of A = a′ is

N (A) = {b ∈ R2 : Ab = 0 } = {b ∈ R2 : b2 = −b1 } = C

(
1
−1

)
. (4.101)

Hence the set of all solutions to Ab = y is
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V = b0 + N (A) , (4.102)

which is exactly the same conclusion as done above using the SVD.

1

2

3

−1
1 2 3−1−2

b1

b2
N (A) V

b0

b1

Figure 4.1 Set V is the set of all solutions to Ab = y. The vector b1 is the solution
with the shortest norm: b1 = A+y.

4.5 Exercises

4.1. Find all generalized inverses of A =
( 1 0

0 0
)
. What is A+? What about

the reflexive generalized inverse of A? Characterize the set of symmetric
nonnegative definite generalized inverses of A.

4.2. Denote
An×m =

(
B C
D E

)
, Gm×n =

(
B−1 0

0 0

)
,

where rank(Br×r) = r = rank(A). Show that G ∈ {A−}.

4.3. Show that (A′A)−A′ is a {123}-inverse of A.

4.4. Prove: AGA = A & rank(G) = rank(A) =⇒ G ∈
{
A−12

}
, i.e., G is a

reflexive generalized inverse of A.

4.5. Confirm:

(a)
(

0p×n
A−

)
∈ {(0n×p : An×m)−},

(b) det(P) 6= 0, det(Q) 6= 0 =⇒ Q−1A−P−1 ∈ {(PAQ)−}, Q−1A+P−1 =
(PAQ)+.
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4.6. Prove Propositions 4.1 (p. 111), 4.2 (p. 112), and 4.3 (p. 114).

4.7. Let A be symmetric but not nonnegative definite so that some of its
eigenvalues are negative. Then (4.40) is the Moore–Penrose inverse of A.
However, the (EVD) is not anymore the singular value decomposition of
A. What changes you have then to do in (EVD) to get an SVD of A?

4.8. Prove:

X′VX(X′VX)+ = X′V(X′V)+ = (X′VX)+(X′VX) = (VX)+VX .

4.9 (Multinomial distribution). Consider the vector p = (p1, . . . , pn)′, where
pi > 0, i = 1, . . . , n, and 1′np = 1, and denote

Σ = Dp − pp′, where Dp = diag(p) ,

which is a double-centered matrix; Σ1n = Σ′1n = 0; see Exercises 0.8–
0.11 (pp. 48–49). Confirm the following:

(a) Σ ∈ NNDn. Hint: write A =
(Dp p

p′ 1
)
and use, e.g., (14.8) (p. 306).

(b) rank(Σ) = n− 1, N (Σ) = C (1n)
(c) D−1

p ∈ {Σ−}, and the general representation for Σ− is

Σ− = D−1
p + t1′n + 1nu′, Σ− = Σ+ + v1′n + 1nw′,

where the vectors t,u,v and w are free to vary. Show also that Σ+ =
CΣ−C, where C is the centering matrix and Σ− is an arbitrary
generalized inverse of Σ.

Puntanen, Styan & Subak-Sharpe (1998), Styan & Subak-Sharpe (1997),
Tanabe & Sagae (1992), Watson (1996b).

4.10. Prove that the following statements are equivalent:

(a) AY = 0,
(b) C (Y) ⊂ N (A) = C (A′)⊥ = C (I−A−A),
(c) Y = (I−A−A)L for some L,

and correspondingly, show the equivalence of the following statements:

(d) XA = 0,
(e) C (X′) ⊂ N (A′) = C (A)⊥ = C [I− (A−)′A′],
(f) X′ = [I− (A−)′A′]K′ for some K′,

and hence the general solutions to AY = 0 and XA = 0 are, respectively,

Y = (I−A−A)L = (A′)⊥L , X = K(I−AA−) = K(A⊥)′,

where L and K are free to vary.



Chapter 5
Rank of the Partitioned Matrix
and the Matrix Product

More than any other time in history, mankind faces a
crossroads. One path leads to despair and utter
hopelessness. The other, to total extinction. Let us pray
we have wisdom to choose correctly.

Woody Allen: My Speech to the Graduates

There are numerous situations in the world of linear models and multivariate
analysis when we need to find some appropriate expressions for the rank of
the matrix product AB, or of the partitioned matrix (A : B), for conformable
matrices A and B. Our favourite expressions are represented in the following
theorem.

Theorem 5 (Ranks of (A : B) and AB). The rank of the partitioned
matrix

(An×a : Bn×b) (5.1)

can be expressed, for any choice of generalized inverse A−, as

rank(A : B) = rank[A : (In −AA−)B]
= rank(A) + rank[(In −AA−)B]
= rank(A) + rank[(In −AA+)B]
= rank(A) + rank[(In −PA)B] , (5.2)

while the rank of the matrix product An×aBa×m is

rank(AB) = rank(A)− dim C (A′) ∩ C (B⊥)
= rank(A)− dim C (A′) ∩N (B′)
= rank(A)− dim C (A′) ∩ C (Ia −PB) . (5.3)

Proof. Consider the matrices An×a and Bn×b and let A− ∈ Ra×n be an
arbitrary (but fixed) generalized inverse of A. Denoting

L =
(

Ia −A−B
0 Ib

)
, (5.4)

we obtain
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(A : B)L = (A : B)
(

Ia −A−B
0 Ib

)
= (A : −AA−B + B) = [A : (In −AA−)B] . (5.5)

The matrix L is nonsingular and hence (A : B) and (A : B)L have the same
ranks:

rank(A : B) = rank[(A : B)L] = rank[A : (In −AA−)B]
= rank(A) + rank[(In −AA−)B]
− dim C (A) ∩ C [(In −AA−)B] . (5.6)

We shall next show that the column spaces C (A) and C [(In −AA−)B] are
disjoint, and thus (5.6) implies (5.2). If

u ∈ C (A) ∩ C [(In −AA−)B] , (5.7)

then u can be expressed as

u = Aa = (In −AA−)Bb for some a ∈ Ra, b ∈ Rb. (5.8)

Premultiplying (5.8) by AA− yields

AA−u = AA−Aa = u
= AA−(In −AA−)Bb = 0 , (5.9)

and so indeed C (A) and C [(In −AA−)B] are disjoint.
Consider then the matrices An×a and Ba×m (which guarantees that the

product AB is properly defined). To prove (5.3), we first write the obvious
equation

rank(B⊥ : A′) = rank(A) + rank(B⊥)− dim C (A′) ∩ C (B⊥) . (5.10)

On the other hand, in view of (5.2), we have

rank(B⊥ : A′) = rank(B⊥) + rank[(Ia −PB⊥)A′]
= rank(B⊥) + rank(PBA′)
= rank(B⊥) + rank(B′A′)
= rank(B⊥) + rank(AB) , (5.11)

where we have used the fact that rank(PBA′) = rank(B′A′); this becomes
from

rank(B′A′) ≥ rank(PBA′) ≥ rank(B′PBA′) = rank(B′A′) ; (5.12)

see also (5.38) (p. 127). Combining (5.10) and (5.11) yields (5.3). ut
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Notice that (5.2) obviously implies that

rank
(

An×p
Bm×p

)
= rank(A′ : B′) = rank(A) + rank[(Ip −PA′)B′]

= rank
(

A
B(Ip −PA′)

)
. (5.13)

Moreover, because

rank(An×a : Bn×b) = rank(A) + rank[(In −PA)B]
= rank(A) + rank(B)− dim C (A) ∩ C (B) , (5.14)

the following statements concerning the disjointness of two column spaces are
equivalent:

C (A) ∩ C (B) = {0} , (5.15a)
rank(B) = rank[(In −PA)B] , (5.15b)

C (B′) = C [B′(In −PA)] . (5.15c)

For a collection of the disjointness conditions, see Theorem 16 (p. 343). For
the so-called matrix rank method introduced by Yongge Tian (dealing with
the elementary block matrix operations), see, e.g., Tian (2007, 2009a), Tian
& Takane (2008a,b, 2009b), and Tian & Wiens (2006).
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5.1 Decomposition C (X : V) = C (X : VX⊥)

When dealing with linear models we frequently need the column space de-
composition represented in the following proposition:
Proposition 5.1. Consider the linear model {y, Xβ, V} and denote M =
In −H = In −PX. Then

C (X : V) = C (X : VM) = C (X : VX⊥) = C (X)⊕ C (VM) . (5.16)
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Proof. The proof of (5.16) is very easy using Theorem 5; cf. Rao (1974,
Lemma 2.1). First, it is clear that

C (X : VM) ⊂ C (X : V) . (5.17)

The disjointness
C (X) ∩ C (VM) = {0} (5.18)

can be proved by considering u ∈ C (X) ∩ C (VM), which implies

u = Xa = VMb for some a ∈ Rp, b ∈ Rn. (5.19)

Premultiplying (5.19) by M yields

Mu = MXa = 0 = MVMb . (5.20)

Obviously

MVMb = 0 =⇒ b′MVMb = 0
=⇒ V1/2Mb = 0 =⇒ VMb (= u) = 0 , (5.21)

and hence the disjointness (5.18) is proved. In view of the disjointness and
(5.2) we have

rank(X : V) = rank(X) + rank(MV) = rank(X) + rank[(MV)′]
= rank(X) + rank(VM) = rank(X : VM) . (5.22)

Now (5.17), (5.18), and (5.22) imply our claim (5.16). ut

As a related task we may show that

rank
(

V X
X′ 0

)
= rank

(
V
X′
)

+ rank
(

X
0

)
= rank(X : V) + rank(X) , (5.23)

and thereby
C

(
V
X′
)
∩ C

(
X
0

)
= {0} . (5.24)

Namely, according to (5.2) (p. 121),

rank
(

V X
X′ 0

)
= rank

(
X
0

)
+ rank

(
(In+p −P(X

0
))(V X

X′ 0

))
= rank(X) + rank

((
M 0
0 Ip

)(
V X
X′ 0

))
= rank(X) + rank

(
VM
X′
)
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= rank(X) + rank(X : VM) . (5.25)

Of course an alternative simple proof for (5.24) would be to choose u from
the intersection C

( V
X′
)
∩ C

(X
0
)
which implies that

u :=
(

u1
u2

)
=
(

Va
X′a

)
=
(

Xb
0p

)
for some a ∈ Rn, b ∈ Rp. (5.26)

Hence u2 = 0p and now a′Va = a′Xb = 0 implies that u1 = Va = 0n.

5.2 Consistency Condition y ∈ C (X : V)

We recall that the consistency condition (0.222) (p. 43) of the linear model
M = {y, Xβ, V} can be expressed as

y ∈ C (X : V) = C (X : VM) . (5.27)

The condition (5.27) can be obtained by considering the random variable

Q(X : V)y , where Q(X : V) = In −P(X : V) . (5.28)

Now

E(Q(X : V)y) = (In −P(X : V))X = 0 , (5.29a)
cov(Q(X : V)y) = Q(X : V)VQ(X : V) = 0 , (5.29b)

and hence, cf. (1.38) (p. 63), (In −P(X : V))y = 0 with probability 1, and so
(5.27) holds with probability 1.

It is noteworthy that if the model M = {y, Xβ, V} is correct, i.e., it re-
ally holds (so to say), then necessarily (5.27) holds with probability 1. Hence
the phrase “assume that (5.27) holds with probability 1” is actually unnec-
essary if we assume that the model M = {y, Xβ, V} is correct. However,
it is a common practice in the literature of linear models to use phrases like
“consider the model M = {y, Xβ, V} and assume that it is consistent”. This
is best understood in such a manner that the observed (realized) value of the
random vector y satisfies (5.27). For a discussion concerning the consistency
concept, see, e.g., Puntanen & Styan (1990), Christensen (1990), Farebrother
(1990), Harville (1990b), and Baksalary, Rao & Markiewicz (1992).

As stated on p. 43 of the Introduction, the consistency condition means, for
example, that whenever we have some statements where the random vector y
is involved, these statements need to hold only for those values of y which
belong to C (X : V). Thus, two estimators Gy and Fy are equal if and only
if

Gy = Fy for all y ∈ C (X : V) , (5.30a)
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that is,

G(Xa + VMb) = F(Xa + VMb) for all a ∈ Rp, b ∈ Rn. (5.30b)

5.3 Rank of a Partitioned Nonnegative Definite Matrix

Consider a nonnegative definite matrix A = L′L such that

A =
(

L′1
L′2

)
(L1 : L2) =

(
L′1L1 L′1L2
L′2L1 L′2L2

)
=
(

A11 A12
A21 A22

)
. (5.31)

Now, in light of (5.2), we can express the rank of A as follows:

rank(A) = rank(L1 : L2)
= rank(L1) + rank[(I−PL1)L2]
= rank(L′1L1) + rank[L′2(I−PL1)L2]
= rank(A11) + rank(A22 −A21A−11A12)
= rank(A11) + rank(A22·1) . (5.32)

The fact (5.32) is one useful property of the Schur complement: for a nonneg-
ative definite A, the rank is additive on the Schur complement; see (13.61)
(p. 299).

5.4 Equality of C (AF) and C (AG)

Let us prove the following simple result:

C (G) = C (F) =⇒ rank(AG) = rank(AF) . (5.33)

The proof comes at once from

rank(AG) = rank(A)− dim C (A′) ∩ C (G⊥)
= rank(A)− dim C (A′) ∩ C (F⊥) = rank(AF) . (5.34)

Actually, C (G) = C (F) implies that G = FK for some K and hence
C (AG) = C (AFK) ⊂ C (AF) which together with (5.34) means that

C (G) = C (F) =⇒ C (AG) = C (AF) . (5.35)

In particular, because C (LL′) = C (L), we always have

C (ALL′) = C (AL) . (5.36)
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The rank rule for the product yields immediately also the following result:

Proposition 5.2. The following statements are equivalent:

(a) C (An×m) = C (Bn×p).
(b) There exists F : An×m = Bn×pFp×m, where C (B′) ∩ C (F⊥) = {0}.
Moreover, if Bn×p has full column rank, then (a) is equivalent to the follow-
ing:

(c) There exists F : An×m = Bn×pFp×m, where rank(F) = p.

As regards part (c), notice that if Bn×p has full column rank, then C (B′) =
Rp, and hence C (B′) ∩ C (F⊥) = {0} if and only if C (F⊥) = {0}, i.e.,
C (F) = Rp, which means that Fp×m has full row rank; cf. Theorem 17
(p. 349) concerning the full rank decomposition.

Note that trivially
C (APF) = C (AF) , (5.37)

and

rank(AF) = rank(APF) = rank(PFA′)
= rank(F′A′) = rank(PFPA′) = rank(PA′PF) . (5.38)

5.5 Rank of the Model Matrix

Let the n× p model matrix X be partitioned as

X = (1 : x1 : . . . : xk) = (1 : X0) , (5.39)

and so p = k + 1. The sample covariance matrix of the x-variables is

covd(X0) = 1
n−1X′0CX0 = 1

n−1Txx = Sxx , (5.40)

and the sample correlation matrix is

cord(X0) = [diag(Txx)]−1/2Txx[diag(Txx)]−1/2 = Rxx . (5.41)

While calculating the correlations, we assume that all x-variables have
nonzero variances, that is, the matrix diag(Txx) is positive definite, or in
other words:

xi /∈ C (1) , i = 1, . . . , k . (5.42)

Using Theorem 5, we can now prove the following result:
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Proposition 5.3. The rank of the model matrix X = (1 : X0) can be ex-
pressed as

rank(X) = 1 + rank(X0)− dim C (1) ∩ C (X0) (5.43a)
= rank(1 : CX0) = 1 + rank(CX0) (5.43b)
= 1 + rank(Txx) (5.43c)
= 1 + rank(Sxx) , (5.43d)

and thereby

rank(Sxx) = rank(X)− 1 = rank(CX0)
= rank(X0)− dim C (1) ∩ C (X0) . (5.44)

If all x-variables have nonzero variances, i.e., the correlation matrix Rxx
is properly defined, then rank(Rxx) = rank(Sxx). Moreover, the following
statements are equivalent:

(a) det(Sxx) 6= 0,
(b) rank(X) = k + 1,
(c) rank(X0) = k and 1 /∈ C (X0).

Proof. Equation (5.43a) is obvious, and (5.43b) follows immediately from
(5.2). Clearly (5.43c) holds since

rank(CX0) = rank(X′0C′CX0) = rank(X′0CX0) = rank(Txx) . (5.45)

Now (5.43) implies the equivalence between (a), (b), and (c) of at once, and
thereby our claims are proved. ut

We may note that

C (X) = C (1 : CX0), (1 : CX0) = (1 : X0)L , (5.46)

where, see also (3.17a) (p. 94),

L =
(

1 −1+X0
0 Ik

)
=
(

1 − 1
n1′X0

0 Ik

)
=
(

1 −x̄
0 Ik

)
, x̄ =

x̄1
...
x̄k

 . (5.47)

It is noteworthy that

rij = 1 for some i 6= j =⇒ det(Rxx) = 0 (but not vice versa) . (5.48)

For example, if
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Sxx =

 2 −1 −1
−1 2 −1
−1 −1 2

 , Rxx =

 1 −0.5 −0.5
−0.5 1 −0.5
−0.5 −0.5 1

 , (5.49)

then

det(Rxx) = det(Sxx) = 0, rank(Rxx) = rank(Sxx) = 2 . (5.50)

The linear dependence of the columns of Rxx can be also concluded from

Rxx13 = 0 . (5.51)

If Z = (z1 : z2 : z3) represents the data matrix based on centered and
standardized (length of each column is 1) values yielding (5.49), then Rxx =
Z′Z. Now Z′Z13 = 0 implies that Z13 = 0, i.e., z3 = −z1 − z2.

We see that the covariance matrix Sxx is singular if and only if rank(X) <
k + 1, i.e., there exists a nonzero vector a ∈ Rk+1 such that

Xa = a01 + a1x1 + · · ·+ akxk = 0 . (5.52)

Suppose, for notational simplicity, that ak 6= 0. Then (5.52) implies that xk
can be expressed as

xk = b01 + b1x1 + · · ·+ bk−1xk−1 = (1 : x1 : . . . : xk−1)b := X1b , (5.53)

for an appropriate b ∈ Rk. Condition (5.53) means that xk ∈ C (X1), i.e.,

PX1xk = xk , where X1 = (1 : x1 : . . . : xk−1) . (5.54)

If we consider, as in Section 8.3 (p. 161), the model Mk where

Mk = {xk, X1γ, σ
2I} , (5.55)

then the residual sum of squares SSE(k), say, is zero if (5.54) holds. In par-
ticular, if xk /∈ C (1) so that the variance of xk is nonzero, then (5.54) means
that

R2
k·1...k−1 = 1 , (5.56)

where R2
k·1...k−1 is the coefficient of determination when xk is explained by

all other xi’s (plus a constant).
For example, if X = (1 : x : z) where s2

x > 0 and s2
z > 0, then rank(X) = 2

if and only if r2
xz = 1; see Exercise 3.1 (p. 102).

As references to nonsingularity of covariance matrix, we may mention
Das Gupta (1971) and Trenkler (1995).
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5.6 The Rank of the Extended Model Matrix

Consider the model matrix which is partitioned row-wise as

X =
(

X(i)
x′(i)

)
, (5.57)

where, for the notational convenience, x′(i) is the last row of X and X(i)
comprises the rest of the rows of X. Let u denote the last column of In. Then

In −Pu = In −
(

0(n−1)×(n−1) 0n−1
0′n−1 1

)
=
(

In−1 0n−1
0′n−1 0

)
, (5.58)

and

rank(X : u) = 1 + rank(X)− dim C (X) ∩ C (u)
= 1 + rank[(In −Pu)X]
= 1 + rank(X(i)) . (5.59)

Moreover, we have

dim C (X) ∩ C (u) = rank(X)− rank(X(i)) , (5.60)

and obviously

rank(X) = rank(X(i)) ⇐⇒ x(i) ∈ C (X′(i)) , (5.61)

and so

x(i) ∈ C (X′(i)) ⇐⇒ u /∈ C (X)
⇐⇒ Hu 6= u ⇐⇒ u′Hu 6= 1 ⇐⇒ hii 6= 1
⇐⇒ mii = 1− hii > 0 . (5.62)

If we consider the extended model, see Section 8.12 (p. 180):

MZ = {y, Zγ, σ2I} = {y, Xβ + iiδ, σ2I} , (5.63)

where

Z = (X : ii) , ii = the ith column of In , γ =
(
β
δ

)
, (5.64)

then δ is estimable under MZ if and only if ii /∈ C (X); see (8.35) (p. 160).
Thus we can summarize our findings as follows:
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mii > 0 ⇐⇒ Mii 6= 0 ⇐⇒ ii /∈ C (X)
⇐⇒ x(i) ∈ C (X′(i))
⇐⇒ rank(X(i)) = rank(X)
⇐⇒ δ is estimable under MZ = {y, Zγ, σ2I} . (5.65)

5.7 Matrix Volume and the Sample Generalized
Variance

Consider the centered data matrix Ũ = (x̃ : ỹ) whose covariance matrix is
S. Then the determinant of S, i.e., the generalized variance of this data set,
is

det(S) = s2
xs

2
y − s2

xy = s2
xs

2
y

(
1− s2

xy

s2
xs

2
y

)
= s2

xs
2
y(1− r2

xy) , (5.66)

and denoting T = Ũ′Ũ, we have

det(Ũ′Ũ) = det(T) = txxtyy(1− r2
xy) . (5.67)

There is an interesting connection between det(S) and the area of the paral-
lelogram generated by the centered variable vectors x̃ and ỹ; see Figure 5.1.
The squared area of this parallelogram is called the squared volume of the

e = (I − Px̃)ỹ ỹ

ŷ = Px̃ỹ x̃
α

Figure 5.1 A parallelogram defined by the centered variable vectors x̃ and ỹ.

matrix Ũ, and it is

(area)2 := vol2(Ũ) = ‖x̃‖2‖e‖2, (5.68)

where e = ỹ−Px̃ỹ. Now we have

‖e‖2 = ỹ′(In −Px̃)ỹ = ỹ′[In − x̃(x̃′x̃)−1x̃′]ỹ

= tyy −
t2xy
txx

= tyy(1− r2
xy) , (5.69)
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and hence

vol2(Ũ) = txxtyy(1− r2
xy) = det(T) = det(Ũ′Ũ) = (n− 1)2 det(S) , (5.70)

and
det(S) = vol2(Ũ)/(n− 1)2. (5.71)

In the case of p variables, i.e., when Ũ = (ũ1 : . . . : ũp),

det(Sp×p) = vol2(Ũn×p)/(n− 1)p, (5.72)

where the “volume” refers to the parallelepiped spanned by the columns of
Ũ. Three-dimensional parallelepiped is a skewed rectangular box.

So: for a fixed data set, the generalized sample variance is proportional
to the square of the volume generated by the centered variable vectors ũ1,
. . . , ũp. For further reading regarding the concept of volume, see Anderson
(2003, Section 7.5) and Johnson &Wichern (2007, §3.4). Ben-Israel & Greville
(2003, p. 29) consider also the r-dimensional volume, volr(A), of a matrix
A ∈ Rn×m, where rank(A) = r. They define it as a square root of the sum
of the squared determinants of all r × r submatrices, which yields

volr(A) = sg1(A) · · · sgr(A) , (5.73)

where sgi(A) refers to the ith largest singular value of A. See also Ben-Israel
(1992) and Miao & Ben-Israel (1992).

5.8 Properties of X′VX

Proposition 5.4. Let V be a symmetric nonnegative definite n × n matrix
and let X be an n× p matrix. Then the following statements are equivalent:

(a) rank(X′VX) = rank(X),
(b) rank(X′V+X) = rank(X),
(c) C (X′VX) = C (X′),
(d) C (X) ∩ C (V⊥) = {0},
(e) C (X) ∩ C (VX)⊥ = {0},
(f) C (X) ∩ C (V+X)⊥ = {0}.
Moreover,

rank(X′VX) = p ⇐⇒ rank(X) = p and C (X) ∩ C (V⊥) = {0} . (5.74)

Proof. We first note that in view of (5.3) and (1.14) (p. 60), we have
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rank(X′VX) = rank(X′V) = rank(X)− dim C (X) ∩ C (V)⊥, (5.75a)
rank(X′V+X) = rank(X′V+) = rank(X)− dim C (X) ∩ C (V+)⊥. (5.75b)

In light of (4.29) (p. 110), we have for any matrix A, C (A+) = C (A′), and
so C (V) = C (V+) and thereby (a) and (b) are equivalent. The other equiv-
alences follow at once from (5.75a) and (5.75b). A necessary and sufficient
condition for X′VX (and hence X′V+X) to be invertible follows at once
from (5.75a). ut

5.9 Number of Unit Eigenvalues of PAPB

Let A ∈ Rn×a, B ∈ Rn×b, and

A′A = Ia , B′B = Ib , (5.76)

which means that the columns of A and B form orthonormal bases for the
column spaces C (A) and C (B), respectively, and PA = AA′ and PB =
BB′. Our question is now: What is the number of unit eigenvalues (those
eigenvalues that equal to one), say u, of the product PAPB? The product of
two orthogonal projectors is frequently met in statistics and hence it is useful
to know some of its properties.

First, because, see Proposition (13.2) (p. 299),

UV and VU have the same nonzero eigenvalues, (5.77)

the matrices PAPB and PAPBPA have the same nonzero eigenvalues. The
symmetry and nonnegative definiteness of PAPBPA guarantees that these
eigenvalues are all real and nonnegative. Moreover, because

‖PBPAx‖ ≤ ‖PAx‖ ≤ ‖x‖ for all x ∈ Rn, (5.78)

all eigenvalues of PAPB are less than or equal to 1:

ch1(PAPBPA) = max
x6=0

x′PAPBPAx
x′x ≤ 1 . (5.79)

Similarly, the matrices AA′BB′ = PAPB and A′BB′A have the same
nonzero eigenvalues. Hence our task is to find how many times, u, say, 1
is repeated as a root of the characteristic polynomial

det(A′BB′A− λIa) . (5.80)

Now, according to (18.17) (p. 359), u is the dimension of the eigenspace of
A′BB′A with respect to λ = 1, i.e.,
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u = dim N (A′BB′A− Ia) . (5.81)

In view of A′BB′A− Ia = A′(PB − In)A, we have

u = a− rank[A′(In −PB)A]
= a− rank[A′(In −PB)]
= a− [rank(A)− dim C (A) ∩ C (B)]
= dim C (A) ∩ C (B) , (5.82)

that is,
#{ch(PAPB) = 1} = dim C (A) ∩ C (B) . (5.83)

Notice that the squared singular values of A′B are precisely the eigenvalues
of A′BB′A and hence

sg2
1(A′B) = ch1(A′BB′A) = ch1(PAPB) = ‖PAPB‖2 , (5.84)

where ‖·‖2 refers to the matrix 2-norm (spectral norm) of the matrix argu-
ment. Using A′A = Ia, B′B = Ib, and the maximal property of the largest
singular value, see Section 19.1 (p. 395), we can write

sg2
1(A′B) = max

α 6=0,β 6=0

(α′A′Bβ)2

α′α · β′β = max
‖α‖=‖β‖=1

(α′A′Bβ)2

= max
α 6=0,β 6=0

(α′A′Bβ)2

α′A′Aα · β′B′Bβ
= max

u∈C (A),v∈C (B)
cos2(u,v)

= cos2 θmin . (5.85)

The angle θmin, 0 ≤ θmin ≤ π/2, yielding the maximal cosine is called the
minimal angle or the first principal angle between the subspaces C (A) and
C (B); see also (2.46) (p. 77). The other singular values of A′B are the cosines
of the other principal angles. We will return to these concepts in the context of
the canonical correlations. For references, see, e.g., Afriat (1957), Baksalary
& Trenkler (2009a), Ben-Israel & Greville (2003, p. 230), Galántai (2008),
Ipsen & Meyer (1995), Meyer (2000, §5.15), and Miao & Ben-Israel (1992,
1996).

5.10 Properties of X′VX− X′VZ(Z′VZ)−Z′VX

Let Z be a matrix with property

C (Z) = C (X)⊥ = C (M) . (5.86)
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Denote

u = dim C (VH) ∩ C (VM) = dim C (VX) ∩ C (VX⊥) , (5.87)

and
Σ11·2 = X′VX−X′VZ(Z′VZ)−Z′VX = Σ/Z′VZ , (5.88)

where Σ11·2 = Σ/Z′VZ refers to the Schur complement of Z′VZ in Σ:

Σ = (X : Z)′V(X : Z) =
(

X′VX X′VZ
Z′VX Z′VZ

)
. (5.89)

The following result appears to be useful.
Proposition 5.5. With the above notation, the dimension u = dim C (VH)∩
C (VM) can be expressed in the following alternative forms:
(a) u = dim C (V1/2X) ∩ C (V1/2Z),
(b) u = rank(V)− dim C (X) ∩ C (V)− dim C (Z) ∩ C (V),
(c) u = rank(X′PVZ) = rank(HPVM),
(d) u = #{ch(PV1/2HPV1/2M) = 1}.
Moreover,

rank(Σ11·2) = rank(VX)− u
= rank(V)− rank(VZ) = dim C (X) ∩ C (V) . (5.90)

Proof. The proof of (a) and (b) goes easily by noting that

rank[V(X : Z)] = rank(V)
= rank(VX) + rank(VZ)− dim C (VX) ∩ C (VZ)
= rank(V1/2) = rank[V1/2(X : Z)]
= rank(V1/2X) + rank(V1/2Z)− dim C (V1/2X) ∩ C (V1/2Z)
= rank(VX) + rank(VZ)− dim C (V1/2X) ∩ C (V1/2Z) .

(5.91)

To prove (c), we first note that

rank(HPVM) = rank(HPV)− dim C (PVH) ∩ C (H)
= rank(HV)− dim C (PVX) ∩ C (X) . (5.92)

Next we prove the following:

C (PVX) ∩ C (X) = C (V) ∩ C (X) . (5.93)

It is clear that C (PVX)∩C (X) ⊂ C (V)∩C (X). Let then a ∈ C (V)∩C (X)
and so
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a = Vα = Xβ for some α, β . (5.94)

Premultiplying (5.94) by PV yields

PVa = PVVα = Vα = a = PVXβ ∈ C (PVX) , (5.95)

and hence (5.93) indeed holds. Substituting (5.93) into (5.92) gives

rank(HPVM) = rank(HV)− dim C (H) ∩ C (V)
= rank(V)− dim C (M) ∩ C (V)− dim C (X) ∩ C (V)
= u . (5.96)

The result (c) can also be proved by using (5.3) repeatedly; see Puntanen
(1987, Th. 3.4.1) and Drury, Liu, Lu, Puntanen et al. (2002, Lemma 2).

Part (d) comes from (5.83) at once.
Applying the rank additivity rule (5.32) (p. 126) on the partitioned ma-

trix Σ in (5.89), we observe that

rank(Σ) = rank(V) = rank(Z′VZ) + rank(Σ11·2) , (5.97)

and so

rank(Σ11·2) = rank(V)− rank(VZ)
= rank(V)− [rank(V)− dim C (X) ∩ C (V)]
= dim C (X) ∩ C (V) . (5.98)

It is easy to confirm that also rank(Σ11·2) = rank(VX)−u and thereby (5.90)
is proved. ut

The figure u appears to be the number of unit canonical correlations be-
tween random vectors Hy and My when cov(y) = V, or in short,

u = # of unit canonical corr’s between Hy and My . (5.99)

Namely, if
cov

(
Hy
My

)
=
(

HVH HVM
MVH MVM

)
, (5.100)

then, according Proposition 18.11 (p. 381) and (18.180) (p. 383), the nonzero
canonical correlations between Hy and My are the nonzero eigenvalues of
matrix

U := (HVH)−HVM(MVM)−MVH , (5.101)

and the nonzero eigenvalues of U are the same as those of PV1/2HPV1/2M.
It is noteworthy that the general expression for the covariance matrix of

the BLUE for Xβ can be written as

cov[BLUE(Xβ)] = HVH−HVM(MVM)−MVH , (5.102)
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and hence, in light of (5.98),

rank cov[BLUE(Xβ)] = dim C (X) ∩ C (V) . (5.103)

Moreover, because obviously C [cov(Xβ̃)] ⊂ C (X) and C [cov(Xβ̃)] ⊂ C (V)
(why does this hold?) we get C [cov(Xβ̃)] = C (X) ∩ C (V). Recalling from
(0.232) (p. 45) that the BLUE’s residual

ε̃ = y−Xβ̃ = VṀy = VM(MVM)−My (5.104)

has the covariance matrix

cov(ε̃) = VM(MVM)−MV = VṀV , (5.105)

an eager reader can prove the following proposition.

Proposition 5.6. Consider the model {y, Xβ, V} and let ε̃ = y − Xβ̃ be
the BLUE’s residual. Then

C [cov(Xβ̃)] = C (X) ∩ C (V) , and C [cov(ε̃)] = C (VM) . (5.106)

If X has full column rank, then

cov(β̃) = (X′X)−1[X′VX−X′VZ(Z′VZ)−Z′VX](X′X)−1

= cov(β̂)− (X′X)−1X′VZ(Z′VZ)−Z′VX(X′X)−1. (5.107)

Hence
rank[cov(β̃)] = dim C (X) ∩ C (V) ≤ p , (5.108)

and thereby (when X has full column rank)

det[cov(β̃)] 6= 0 ⇐⇒ C (X) ⊂ C (V) . (5.109)

5.11 Intersection C (A) ∩ C (B)

The following result gives an explicit expression for the intersection C (A)
and C (B) which can sometimes be very helpful. For a reference, see Rao &
Mitra (1971b, Complement 7, p. 118).

Proposition 5.7. Consider the matrices An×a and Bn×b and denote QB =
In −PB. Then

C (A) ∩ C (B) = C
[
A(A′B⊥)⊥

]
= C

[
A(A′QB)⊥

]
= C

[
A(Ia −PA′QB

)
]

= C
(
A[Ia − (A′QBA)−A′QBA]

)
. (5.110)
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Proof. Denote
F = A(A′B⊥)⊥ = A(A′QB)⊥. (5.111)

Then C (F) ⊂ C (A). Moreover,

QBF = QBA(A′QB)⊥ = (AQB)′(A′QB)⊥ = 0 , (5.112)

i.e., (In −PB)F = 0 and thereby PBF = F, and so C (F) ⊂ C (B) and

C (F) ⊂ C (A) ∩ C (B) . (5.113)

Using the rank rule of the product, we get

rank(F) = rank
[
A(A′QB)⊥

]
= rank(A)− dim C (A′) ∩ C (A′QB)
= rank(A)− dim C (A′QB)
= rank(A)− rank(A′QB)
= dim C (A) ∩ C (B) . (5.114)

Because C (A′QB) = C (A′QBA), we have

C (A′QB)⊥ = C (A′QBA)⊥ = C
[
Ia − (A′QBA)−A′QBA

]
(5.115)

for any (A′QBA)−, and hence

C (A) ∩ C (B) = C
(
A[Ia − (A′QBA)−A′QBA]

)
. (5.116)

ut

It is obvious that

C (A) ∩ C (B)⊥ = C
[
A(A′B)⊥

]
= C

[
A(Ia −PA′B)

]
. (5.117)

In particular, if X ∈ Rn×p and Vn×n is nonnegative definite, then

C (X) ∩ C (V)⊥ = C
[
X(X′V)⊥

]
= C

[
X(X′VX)⊥

]
= C

(
X[Ip − (X′VX)−X′VX]

)
, (5.118)

and denoting M = In −PX,

C (X)⊥ ∩ C (V)⊥ = C (X : V)⊥

= C
(
M[In − (MVM)−MVM]

)
. (5.119a)

Moreover, it is straightforward to confirm (please do so) that

C (X : V) = N
(
[In −MVM(MVM)−]M

)
. (5.119b)
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5.12 Solution (in Y) to Y(A : B) = (0 : B)

In this example we consider the equation

Y(A : B) = (0 : B) , i.e.,
(

A′
B′
)

Y′ =
(

0
B′
)
. (5.120)

We know that there exists a solution Y for (5.120) if and only if

C

(
0
B′
)
⊂ C

(
A′
B′
)
. (5.121)

The following result gives an equivalent (and very handy) characterization
for the consistency of (5.120); see also Theorem 16 (p. 343) and Kala (1981,
Lemma 2.2).

Proposition 5.8. Let A and B be given n× a and n× b matrices. Then the
equation

Y(A : B) = (0 : B) , (5.122)

i.e., (
A′
B′
)

Y′ =
(

0
B′
)
, (5.123)

has a solution (for Y ∈ Rn×n) if and only if

C (A) ∩ C (B) = {0} . (5.124)

The solution is unique if and only if C (A : B) = Rn.

Proof. From (5.123) we conclude that (5.122) has a unique solution if
and only if the columns of

(A′
B′
)
∈ R(a+b)×n are linearly independent,

i.e., rank(A : B)′ = rank(A : B) = n which is trivially equivalent to
C (A : B) = Rn.

Assume then that (5.122) has a solution Y. Then YA = 0 implies that

C (A) ⊂ N (Y) , (5.125)

while YB = B implies that rank(B′Y′) = rank(B), and hence

rank(B)− dim C (B) ∩ C (Y′)⊥ = rank(B) , (5.126)

i.e.,
C (B) ∩N (Y) = {0} . (5.127)

Now (5.125) and (5.127) together imply the disjointness condition (5.124).
To go the other way, assume that the disjointness condition (5.124) holds.

Then, in light of (5.15) (p. 123),
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C (B′) = C [B′(In −PA)] , (5.128)

which implies the existence of a matrix F such that

B′ = B′(In −PA)F′. (5.129)

The choice Y = F(In − PA) clearly satisfies (5.122), and hence the proof is
completed. ut

We recall that the existence of a matrix G satisfying the fundamental
BLUE equation (0.202) (p. 41), i.e.,

G(X : VM) = (X : 0) , (5.130)

is now guaranteed by Proposition 5.8.

5.13 Some Properties of C (X)⊥V−1

Proposition 5.9. Consider the linear model {y, Xβ, V} and let C (X)⊥V−1

denote the set of vectors which are orthogonal to every vector in C (X) with
respect to the inner product matrix V−1. Then the following sets are identical:

(a) C (X)⊥V−1 , (b) C (VX⊥) , (c) N (X′V−1) ,
(d) C (V−1X)⊥, (e) N (PX;V−1) , (f) C (In −PX;V−1) .

Denote
W = V + XUX′, where C (W) = C (X : V) . (5.131)

Then
C (VX⊥) = C (W−X : In −W−W)⊥, (5.132)

where W− is an arbitrary (but fixed) generalized inverse of W. The column
space C (VX⊥) can be expressed also as

C (VX⊥) = C
[
(W−)′X : In − (W−)′W′]⊥. (5.133)

Moreover, let V be possibly singular and assume that C (X) ⊂ C (V). Then

C (VX⊥) = C (V−X : In −V−V)⊥ ⊂ C (V−X)⊥, (5.134)

where the inclusion becomes equality if and only if V is positive definite.

Proof. The parts (a)–(f) are merely simple repetitions from (2.73) in Propo-
sition 2.6 (p. 81). Notice that the idempotency of PX;V−1 implies imme-
diately the equality of (e) and (f). Obviously C (VM) ⊂ N (PX;V−1) and
rank(VM) = rank(M), while
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dim N (PX;V−1) = n− rank(PX;V−1) = n− rank(X) = rank(M) , (5.135)

and thereby C (VM) = N (PX;V−1).
Let us next prove (5.132), i.e.,

C (VM)⊥ = N (MV) = C (W−X : In −W−W) . (5.136)

Because C (X) ⊂ C (W), there exists a matrix A such that X = WA and
hence

WW−X = WW−WA = WA = X , (5.137)

and so

MVW−X = M(V + XUX′)W−X
= MWW−X = MX = 0 . (5.138)

Similarly,

MV(In −W−W) = MW(In −W−W) = 0 , (5.139)

which together with (5.138) implies that

C (W−X : In −W−W) ⊂ N (MV) = C (VM)⊥. (5.140)

The disjointness

C (W−X) ∩ C (In −W−W) = {0} (5.141)

is seen by taking

u = W−Xa = (In −W−W)b for some a, b , (5.142)

and premultiplying (5.142) by W. It remains to prove that

dim C (VM)⊥ = rank(W−X) + rank(In −W−W) . (5.143)

Now dim C (VM)⊥ = n− rank(VM), and

rank(In −W−W) = n− rank(W) = n− rank(X : V)
= n− [rank(X) + rank(VM)] , (5.144a)

rank(W−X) = rank(X) , (5.144b)

where the last equality comes from

rank(X) ≥ rank(W−X) ≥ rank(WW−X) = rank(X) . (5.145)

Summing up (5.144) proves (5.132), the result due to Rao (1973b, p. 278).
Result (5.134) follows from (5.132).
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To prove the representation (5.133), we utilize Proposition 12.1 (p. 286),
which says, for example, that for W = V + XUX′ the following holds:

C (X : V) = C (W) ⇐⇒ C (X : V) = C (W′) . (5.146)

Using (5.146), we get immediately

C (VX⊥)⊥ = C
[
(W′)−X : In − (W′)−W′] . (5.147)

Noting that one choice for (W′)− is (W−)′, we obtain (5.133). ut

Notice that using C (X⊥V−1) = C (VM), (2.74) and (2.75) (p. 82):

In −PX;V−1 = PX⊥
V−1 ;V−1 = PVM;V−1

= VM(MVM)−M = P′M;V , (5.148)

i.e.,
PX;V−1 = In −PVM;V−1 = In −P′M;V . (5.149)

It is of interest to note that the “perp” symbol ⊥ falls down, so to say,
very “nicely” when V is positive definite:

C (VX⊥)⊥ = C (V−1X) , (5.150)

but when V is singular we have to use a much more complicated rule to fall
down the ⊥ symbol:

C (VX⊥)⊥ = C (W−X : In −W−W) , (5.151)

where W is defined as in (5.131).
In passing we note that according to Proposition 5.6 (p. 137) the C (VX⊥)

is precisely the column space of the covariance matrix of the BLUE’s residual:

C (VX⊥) = C [cov(ε̃)] = C [cov(y−Xβ̃)] . (5.152)

The result (5.151) offers us one way to introduce one particular represen-
tation for the matrix G ∈ {PX|VM}, i.e.,

G(X : VM) = (X : 0) . (5.153)

Now (5.153) implies that (VM)′G′ = 0 so that

C (G′) ⊂ C (VM)⊥ = C
[
(W−)′X : In − (W−)′W′] , (5.154a)

G′ = (W−)′XA′ +
[
In − (W−)′W′]B′ for some A, B , (5.154b)

G = AX′W− + B(In −WW−) for some A, B . (5.154c)

Requesting GX = X yields
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AX′W−X + B(In −WW−)X = AX′W−X = X , (5.155)

because WW−X = X. From (5.155) we can solve A, one obvious solution
being A = X(X′W−X)−; see Proposition 12.1 (p. 286), and thus

G = X(X′W−X)−X′W− ∈ {PX|VM} . (5.156)

5.14 Exercises

5.1. Show that for conformable matrices we have

rank
(

A B
C 0

)
= rank(B) + rank(C) + rank

[
(I−PB)A(I−PC′)

]
.

Marsaglia & Styan (1974a, Th. 19).

5.2. Show that the result of Proposition 5.6 (p. 137) can be written as

C (GV) = C (X) ∩ C (V) , and C [(In −G)V] = C (VM) ,

where Gy is the BLUE of Xβ.

5.3. Denote, as in Section 5.6 (p. 130), X =
(

X(i)
x′(i)

)
, H = PX, in = last

column of In. Show that Hin = in if and only if x(i) is a nonzero vector
satisfying x(i) /∈ C (X′(i)). See also Theorem 16 (p. 343).

5.4. Consider the linear model {y, Xβ, V}, where C (X) ⊂ C (V), and X
has full column rank p. Confirm that

(a) X′V−X = X′V+X for any V−,
(b) rank(X′V−X) = p for any V−, and so X′V−X is invertible for any

V−.

5.5. Using rank(AB) = rank(A)−dim C (A′)∩C (B⊥) prove the Sylvester’s
inequality:

rank(An×pBp×m) ≥ rank(A) + rank(B)− p ,

and confirm that the equality holds if and only if N (A) ⊂ C (B).

5.6. Consider the linear model {y, Xβ, V} and denote W = V + XUX′,
where C (W) = C (X : V), and let W− be an arbitrary generalized
inverse of W. Confirm that then

C (W−X)⊕ C (X)⊥ = Rn, C (W−X)⊥ ⊕ C (X) = Rn,
C [(W−)′X]⊕ C (X)⊥ = Rn, C [(W−)′X]⊥ ⊕ C (X) = Rn.
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Mitra & Moore (1973, p. 140).

5.7 (Continued . . . ). Prove the following:

C (VM) = C (W−X)⊥ ⇐⇒ C (X : V) = Rn.

5.8. Let A ∈ Rn×a and B ∈ Rn×b, and denote QA = In−PA, QB = In−PB.
Show that

rk(PAPBQA) = rk(PAPB) + rk(PA : PB)− rk(A)− rk(B)
= rk(PAPB) + rk(QAPB)− rk(B)
= rk(PBPA) + rk(QBPA)− rk(A)
= rk(PBPAQB) .

Drury, Liu, Lu, Puntanen et al. (2002, p. 463).

5.9. Let us denote, as in (5.57) (p. 130), X =
(

X(i)
x′(i)

)
, ii = the last column

of In. Confirm the equivalence of the following statements; see also part
(f) of Exercise 8.17 (p. 188), and Theorem 16 (p. 343).

(a) x(i) /∈ C (X′(i)) , (b) ii ∈ C (X) , (c) x′(i)(X′X)−x(i) = 1

(d) H = PX =
(

PX(i) 0n−1
0′n−1 1

)
, (e) x′(i)(X′X)−x(i) = 1 .



Chapter 6
Rank Cancellation Rule

There’s no sense in being precise
when you don’t even know what you’re talking about.

John von Neumann

If a ∈ R and y ∈ R have property ay 6= 0, then trivially

`ay = may =⇒ `a = ma , (6.1)

that is, we can cancel y from (6.1) (as well as a). For matrices, the corre-
sponding cancellation does not work. However, there is a very handy trick,
the rank cancellation rule, which allows cancellations for matrices in the style
of (6.1). It seems, according to our experience, that this simple rule has not
received so much appreciation in statistical literature as it earns.

Theorem 6 (Rank cancellation rule: RCR). For any conformable ma-
trices involved,

LAY = MAY and rank(AY) = rank(A) =⇒ LA = MA , (6.2)
DAM = DAN and rank(DA) = rank(A) =⇒ AM = AN . (6.3)

Furthermore,

rank(AY) = rank(A) =⇒ rank(KAY) = rank(KA) for all K . (6.4)

Proof. In view of the rank rule (5.3) (p. 121) of the matrix product, we have

rank(AY) = rank(A)− dim C (A′) ∩N (Y′) , (6.5)

and so, assuming that rank(AY) = rank(A),

C (A′) ∩N (Y′) = {0} . (6.6)

Assumption LAY = MAY can, of course, be rewritten as

Y′(A′M′ −A′L′) = 0 , (6.7)

which is equivalent to
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C (A′M′ −A′L′) ⊂ N (Y′) . (6.8)

On the other hand, obviously C (A′M′ − A′L′) ⊂ C (A′), which, together
with (6.8), implies that

C (A′M′ −A′L′) ⊂ C (A′) ∩N (Y′) . (6.9)

Using (6.6), our claim (6.2) is proved. The proofs of the other parts of the
theorem go along the same lines. For a different proof of the RCR, using a
full rank decomposition, see Section 17.4 (p. 354). ut

The rank cancellation rule was introduced by Marsaglia & Styan (1974a,
Th. 2). See also Rao & Bhimasankaram (2000, Th. 3.5.7).

6.1 Simple Properties of the Hat Matrix H

We consider two (well-known) results giving simple proofs based on the rank
cancellation rule. Consider the following:

X(X′X)−X′X = X , i.e., HX = X , (6.10a)
X(X′X)−X′ is invariant for any choice of (X′X)−. (6.10b)

Of course, it would be trivial to prove (6.10a), if we simply were to use
the fact that H is the orthogonal projector onto C (X). On the other hand,
it is illustrative to consider first the identity

X′X(X′X)−X′X = X′X . (6.11)

Because rank(X′X) = rank(X), we can, in light of (6.3), cancel the under-
lined terms, and hence (6.10a) follows. Similarly, consider the equation

X′X = X′X(X′X)−X′X = X′X(X′X)̃ X′X = X′X , (6.12)

where (X′X)− and (X′X)̃ are two arbitrary generalized inverses. The un-
derlined matrices can now be cancelled and thus (6.10b) is proved.

Let V be a positive definite matrix. Then, corresponding to (6.10), we
have

X(X′VX)−X′VX = X , i.e., PX;VX = X , (6.13a)
X(X′VX)−X′V is invariant for any choice of (X′VX)−. (6.13b)

Because rank(X′VX) = rank(X) for a positive definite V, property (6.13a)
comes from

X′VX(X′VX)−X′VX = X′VX (6.14)
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by deleting the underlined terms.
Moreover, if V is nonnegative definite (possibly singular), then the RCR

gives

X′VX(X′VX)−X′V = X′V , (6.15a)
VX(X′VX)−X′V is invariant for any choice of (X′VX)−. (6.15b)

Notice also that in view of rank(BB′) = rank(B), (6.4) implies that for
any (conformable) matrix Z the following holds:

rank(AA′ZBB′) = rank(AA′ZB) . (6.16)

Similarly,

rank(LB) ≥ rank(LBB′) ≥ rank(LBB′L′) = rank(LB) (6.17)

for any L, and hence

rank(AA′ZBB′) = rank(A′ZBB′)
= rank(A′ZB) = rank(AA′ZB) . (6.18)

In particular, for a nonnegative definite V = LL′ we have

rank(AA′VAA′) = rank(A′VA) = rank(A′LL′A)
= rank(L′A) = rank(LL′A) = rank(VA) . (6.19)

6.2 Properties of X(X′V+X)−X′V+y

Consider the linear model {y, Xβ, σ2V}, and denote

G = X(X′V+X)−X′V+ = XL , (6.20)

where (X′V+X)− is an arbitrary (but fixed) generalized inverse of X′V+X,
and L = (X′V+X)−X′V+. The estimator Gy may be called a weighted least
squares estimator (WLSE) of Xβ.

Proposition 6.1. Let G be defined as in (6.20), i.e.,

G = X(X′V+X)−X′V+ = XL . (6.21)

Then the following five statements are equivalent:

(a) rank(X′VX) = rank(X),
(b) C (X) ∩ C (V⊥) = {0},
(c) C (X) ∩ C (VX)⊥ = {0},
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(d) L = (X′V+X)−X′V+ ∈ {X−},
(e) Gy = X(X′V+X)−X′V+y is unbiased for Xβ.

Moreover, the following three statements are equivalent:

(f) C (X) ⊂ C (V),
(g) G = X(X′V+X)−X′V+ satisfies the equation

G(X : VM) = (X : 0) , (6.22)

that is, Gy = BLUE(Xβ),
(h) Gy = X(X′V+X)−X′V+y is unbiased for Xβ, i.e.,

GX = X , (6.23)

and
X′PVM = 0 . (6.24)

Proof. The equivalence of (a), (b) and (c) was demonstrated already in
Proposition 5.4 (p. 132).

Next we prove that “(a) ⇐⇒ (e)”. Statement (e) is equivalent to

X(X′V+X)−X′V+X = X , (e)

which trivially is equivalent to (d). Consider the identity

X′V+X(X′V+X)−X′V+X = X′V+X . (6.25)

If (a) holds we can cancel the underlined terms and hence (a) implies (e). To
go the other way, (e) implies that

rank(X) ≥ rank(X′V+) ≥ rank[X(X′V+X)−X′V+X] = rank(X) , (6.26)

and hence rank(X) = rank(X′V+) = rank(X′V), i.e., (a) holds.
To prove “(g) ⇐⇒ (h)”, assume first that (g) holds and rewrite (6.22) as

X(X′V+X)−X′V+X = X , (6.27a)
X(X′V+X)−X′V+VM = 0 . (6.27b)

Because (why?)

rank[X(X′V+X)−X′V+] = rank(X′V+), (6.28)

we can cancel X(X′V+X)− from (6.27b) and write (6.27b) equivalently as

X′V+VM = X′PVM = 0 , (6.29)
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and thus we have proved that (g) and (h) are equivalent.
It remains to show that that (f) and (h) are equivalent. If (f) holds, then

also (b) holds and thereby (6.27a) must hold. Furthermore, (f) clearly implies
(6.27b), thus confirming that (f) implies (h). We still have to prove that (h),
i.e., (6.27a) & (6.29), implies (f). To see this, note first that (6.29) can be
equivalently expressed as

C (PVX) ⊂ C (X) . (6.30)

Condition (6.27a) means that

rank(X) = rank(X′V+) = rank(X′V) = rank(X′PV) , (6.31)

which, together with (6.30), implies

C (PVX) = C (X) . (6.32)

Moreover, it is obvious that C (PVX) ⊂ C (V), which, together with (6.32)
yields (f). ut

The linear model

M = {y, Xβ, σ2V} , where C (X) ⊂ C (V) , (6.33)

is often called a weakly singular linear model. In view of the invariance The-
orem 12 (p. 283) and the consistency condition y ∈ C (V), it can be shown
that under a weakly singular linear model {y, Xβ, σ2V}, the estimator

X(X′V−X)−X′V−y is invariant for all g-inverses involved. (6.34)

For comparison of the OLSE, BLUE, and WLSE, the reader is referred to
Baksalary & Kala (1983a), and Lowerre (1974).

Further References

Zyskind & Martin (1969),
Baksalary & Kala (1983a),
Baksalary & Puntanen (1989),
Baksalary, Puntanen & Styan (1990b),
Puntanen & Scott (1996),
Searle (1994),
Yanai (1990).
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Philatelic Item 6.1 Calyampudi Radhakrishna Rao, FRS, (b. 1920) is a world-
renowned Indian-born statistician and National Medal of Science Awardee. The Times
of India chose C.R. Rao as one of the top 10 Indian Scientists of all time. Shown here
is a Special Cover from India Post: Hyderabad, 30 December 2009.



Chapter 7
Sum of Orthogonal Projectors

I speak, by the way, not with any sense of futility, but
with a panicky conviction of the absolute meaninglessness
of existence which could easily be misinterpreted as
pessimism.

Woody Allen: My Speech to the Graduates

In this chapter we give a well-known result regarding the sum of two orthog-
onal projectors. It is a short chapter, but nevertheless, we believe that it is
worthwhile to keep this result in the gallery of active tools when dealing with
matrices in statistics. This chapter is strongly related to the next chapter on
a decomposition of orthogonal projector, beginning on page 155.

Just as in Chapter 2, we first consider a simpler situation, i.e., the projec-
tors under the standard inner product, and only after that take a look at the
more general case in Proposition 7.2 (p. 151).

Theorem 7 (Sum of orthogonal projectors). Let PA and PB be orthog-
onal projectors (with respect to the standard inner product) onto C (A) and
C (B), respectively. Then

PA + PB is an orthogonal projector ⇐⇒ A′B = 0 , (7.1)

in which case
PA + PB = P(A : B) . (7.2)

Proof. The matrix
P := PA + PB (7.3)

is an orthogonal projector if and only if it is idempotent and symmetric. Since
PA and PB are symmetric, P is trivially symmetric. Idempotency holds if

P2 = PA + PB + PAPB + PBPA = PA + PB = P , (7.4)

that is, P is idempotent (and thereby an orthogonal projector) if and only if

PAPB = −PBPA . (7.5)

Postmultiplying (7.5) by PB yields PAPB = −PBPAPB which shows that
PAPB is symmetric: (PAPB)′ = PAPB, i.e., PBPA = PAPB. Hence we
must have
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PAPB = −PAPB , (7.6)

which means that
PAPB = 0 . (7.7)

Premultiplying (7.7) by A′ and postmultiplying by B yields A′B = 0, and
thus we have proved that (7.5) implies A′B = 0. The proof of the reverse
implication “A′B = 0 =⇒ (7.5)” is obvious.

To prove (7.2), we have to show that

C (PA + PB) = C (A : B) , (7.8)

which comes directly from

C (PA + PB) = C

[
(PA : PB)

(
PA
PB

)]
= C (PA : PB) = C (A : B) . (7.9)

ut

Proposition 7.1 (Difference of orthogonal projectors). Let PA and PB
be orthogonal projectors (with respect to the standard inner product) onto
C (A) and C (B), respectively. Then the following five statements are equiva-
lent:

(a) PA −PB is an orthogonal projector,
(b) PAPB = PBPA = PB,
(c) C (B) ⊂ C (A),
(d) ‖PAx‖ ≥ ‖PBx‖ for all x,
(e) PA −PB ≥L 0.

If any of the above conditions hold, then

PA −PB = P(I−PB)A = PC (A)∩C (B)⊥ . (7.10)

Proof. It is easy to confirm that (a), . . . , (e) are equivalent, the proof is left
as an exercise. It remains to show that if any of them holds then

C (PA −PB) = C [(I−PB)PA] = C (A) ∩ C (B⊥) . (7.11)

Because
PA −PB = (I−PB)PA = PA(I−PB) , (7.12)

we can conclude at once that the first equality in (7.11) holds. Moreover,
(7.12) implies that

C (PA −PB) ⊂ C (A) ∩ C (B⊥) . (7.13)

In view of (c) and (5.3) (p. 121), we have
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dim C (A) ∩ C (B⊥) = rank(A)− rank(A′B)
= rank(A)− rank(PAB)
= rank(A)− rank(B) . (7.14)

In light of C (B) ⊂ C (A), we get

rank(PA −PB) = rank[PA(I−PB)]
= rank(A)− dim C (A) ∩ C (B)
= rank(A)− rank(B) , (7.15)

and thus the second equality in (7.11) is proved. ut

Let us next consider the following generalization of Theorem 7.

Proposition 7.2 (Sum of orthogonal projectors with respect to the
inner product matrix V). Let PA;V and PB;V be orthogonal projectors
with respect to the positive definite inner product matrix V onto C (A) and
C (B), respectively. Then

PA;V + PB;V is an orthogonal projector ⇐⇒ A′VB = 0 , (7.16)

in which case PA;V + PB;V = P(A : B);V.

Proof. Let us simplify the notation so that PA = PA;V and PB = PB;V.
Then, according to Proposition 2.6 (p. 81), P = PA + PB is orthogonal
projector with respect to V if and only if

P2 = P and VP = P′V. (7.17)

The only essential difference with the proof of Theorem 7 concerns now the
treatment of the idempotency condition of (7.17), which yields

PAPB = −PBPA . (7.18)

Premultiplying (7.18) by V gives VPAPB = −VPBPA, i.e.,

P′AVPB = −P′BVPA , (7.19)

where we have used VPA = P′AV and VPB = P′BV. Pre- and postmulti-
plying (7.19) by P′A and PB, respectively, yields

P′AVPB = −P′AP′BVPAPB = P′AP′BVPBPA , (7.20)

where we have used (7.18). From (7.20) we see that P′AVPB is symmet-
ric. Hence, on account of (7.19), P′AVPB = −P′AVPB which implies that
P′AVPB = 0, i.e., A′VB = 0. ut
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Philatelic Item 7.1 Shown on the stamp (left panel) from the Republic of Maldives
issued in 2001 (Scott 2571e), Leonid Vitaliyevich Kantorovich (1912–1986) was a So-
viet/Russian mathematician and economist, known for his theory and development of
techniques for the optimal allocation of resources. He was the winner of the Nobel
Memorial Prize in Economic Sciences in 1975. For the Kantorovich inequality see Sec-
tion 20.3 (p. 418). Shown on the stamp (right panel) from the Democratic Republic
of São Tomé and Príncipe issued in 2008 is Abū Abdallāh Muh.ammad ibn Mūsā al-
Khwārizmı̄ (c. 780–c. 850), a Persian mathematician, astronomer and geographer and
scholar in the House of Wisdom in Baghdad. He is considered the founder of algebra, a
credit he shares with Diophantus of Alexandria.

Philatelic Item 7.2 Pierre-Simon marquis de Laplace (1749–1827) was a French math-
ematician and astronomer whose work was pivotal to the development of mathematical
astronomy and statistics. For the Laplace expansion of a determinant, see page 429. The
stamp from France (left panel) was issued in 1983 (Scott 2565) and the stamp (right
panel) from the Republic of Guinea was issued in 2008.



Chapter 8
A Decomposition of the Orthogonal
Projector

Many a young man starts in life with a natural gift for
exaggeration which, if nurtured in congenial and
sympathetic surroundings, or by the imitation of the best
models, might grow into something really great and
wonderful. But, as a rule, he comes to nothing. – He
either falls into careless habits of accuracy or takes to
frequenting the society of the aged and the well-informed.

Oscar Wilde: The Decay of Lying

In this chapter we consider a decomposition of the orthogonal projector onto
the column space of the partitioned matrix (A : B) and demonstrate its
usefulness through several examples. The decomposition introduced is a con-
sequence of Theorem 7 (p. 151).

Theorem 8 (A decomposition of orthogonal projector). The orthogo-
nal projector (with respect to the standard inner product) onto

C (An×a : Bn×b) (8.1)

can be decomposed as

P(A : B) = PA + P(In−PA)B = PA + PC (A : B)∩C (A)⊥ . (8.2)

Proof. We see at once that the sum PA+P(I−PA)B is an orthogonal projector
since A′(I−PA)B = 0. It remains to show that

C (A : B) = C [A : (In −PA)B] , (8.3)

which follows from the obvious column space inclusion

C [A : (In −PA)B] ⊂ C (A : B) , (8.4)

and the rank equality (5.2) (p. 121). We might recall that according to (5.5),

(A : B)L = (A : B)
(

Ia −A+B
0 Ib

)
= [A : (In −PA)B] . (8.5)

The matrix L is nonsingular and hence (8.5) would immediately imply (8.3).
The second equality in (8.2) follows by applying (7.10) (p. 152) to the

difference P(A : B) −PA. It could also be proved by confirming that

C [(I−PA)B] = C (A : B) ∩ C (A)⊥. (8.6)
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Notice that denoting QA = I−PA, we get immediately

I−P(A : B) = QA −PQAB = QA(I−PQAB) . (8.7)

Proposition 8.1 (A decomposition of orthogonal projector with re-
spect to the inner product matrix V). Let V be a symmetric positive
definite matrix (of appropriate dimension). Then

P(A : B);V = PA;V + P(I−PA;V)B;V . (8.8)

Proof. The proof is parallel to Theorem 8 by first noting that

A′V(I−PA;V) = 0 , i.e., P′A;VVA = VA . (8.9)

That (8.9) indeed holds, see Proposition 2.6 (p. 81). ut

Let us denote QA;V = I−PA;V = P′Z;V−1 ,Z ∈ {A⊥} , where in view of
(2.75) (p. 82), or part (i) of Theorem 15 (p. 319),

PA;V = A(A′VA)−A′V = I−V−1Z(Z′V−1Z)−Z′ = I−P′Z;V−1 . (8.10)

Then we can introduce the following explicit representation for P(I−PA;V)B;V:

P(I−PA;V)B;V = QA;VB(B′Q′A;VVQA;VB)−B′Q′A;VV
= QA;VB(B′VQA;VB)−B′Q′A;VV
= P′Z;V−1B(B′VP′Z;V−1B)−B′PZ;V−1V
= P′Z;V−1B[B′Z(Z′V−1Z)−Z′B]−B′Z(Z′V−1Z)−Z′

= V−1ŻB(B′ŻB)−B′Ż , (8.11)

where Ż = Z(Z′V−1Z)−Z′.
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8.1 Mahalanobis Distance & the Hat Matrix H

Let the n× p model matrix X be partitioned as

X = (1 : x1 : . . . : xk) = (1 : X0) =


1 x′(1)
1 x′(2)
...

...
1 x′(n)

 ; p = k + 1 . (8.12)

Here x(i) ∈ Rk represents the ith case or the ith observation in the obser-
vation space, and xi ∈ Rn represents the ith variable in the variable space.
Let x̄ ∈ Rk denote the mean vector of the x-variables and Sxx the sample
covariance matrix:

x̄ = 1
n (x(1) + x(2) + · · ·+ x(n)) = 1

nX′01 =


x̄1
x̄2
...
x̄k

 , (8.13a)

Sxx = 1
n−1X′0CX0 = 1

n−1Txx = 1
n−1

n∑
i=1

(x(i) − x̄)(x(i) − x̄)′, (8.13b)

where C = In −P1 is the centering matrix. Then the squared Mahalanobis
distance of the observation x(i) from the mean vector x̄ is defined as

MHLN2(x(i), x̄, Sxx) = (x(i) − x̄)′S−1
xx (x(i) − x̄) . (8.14)

We will show that the ith element of the hat matrix H has the following
interesting connection to the Mahalanobis distance:
Proposition 8.2. The ith element of the hat matrix H can be expressed as

hii = 1
n + 1

n−1 MHLN2(x(i), x̄, Sxx) . (8.15)

Moreover,

MHLN2(x(i), x̄, Sxx) = (n− 1)h̃ii , where H̃ = PCX0 . (8.16)

Proof. Using the decomposition (8.2), we can write

H = P(1 : X0) = P1 + PCX0

= J + CX0(X′0CX0)−1X′0C
= J + CX0T−1

xxX′0C
= J + 1

n−1CX0S−1
xxX′0C

= J + 1
n−1X̃0S−1

xxX̃′0 , (8.17)
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where X̃0 = CX0 is the centered X0:

X̃0 = CX0 =


(x(1) − x̄)′
(x(2) − x̄)′

...
(x(n) − x̄)′

 . (8.18)

Pre- and postmultiplying (8.17) by i′i and ii, respectively, yields

hii = 1
n + 1

n−1 (x(i) − x̄)′S−1
xx (x(i) − x̄) . (8.19)

In view of (8.17), we have X̃0S−1
xxX̃′0 = (n − 1)PCX0 , and hence the ith

squared Mahalanobis distance is (n − 1)h̃ii, where h̃ii is the ith diagonal
element of the orthogonal projector PCX0 = H̃; see also Section 20.5 (p. 420).

ut

In (8.14) the covariance matrix Sxx is positive definite, but if Sxx is sin-
gular, then we can define the squared Mahalanobis distance as

MHLN2(x(i), x̄, Sxx) = (x(i) − x̄)′S+
xx(x(i) − x̄) , (8.20)

which is actually invariant for the choice of the S−xx; see page 66.
For the use of hat matrix in statistics, see, e.g., Morgenthaler & Clerc-

Bérod (1997), Chatterjee & Hadi (1986, 1988), and Hoaglin & Welsch (1978).

8.2 Subvector of β̂

Let us consider the partitioned linear model

y = X1β1 + X2β2 + ε , (8.21)

or in other notation,

M12 = {y, Xβ, σ2V} = {y, X1β1 + X2β2, σ
2V} , (8.22)

where X1 is an n × p1 matrix and X2 is an n × p2; p = p1 + p2. We also
denote

M1 = {y, X1β, σ
2V} , M2 = {y, X2β, σ

2V} . (8.23)

Models M1 and M2 can be called small models while M12 is a full model.
When rank(X) = p, the ordinary least squares estimator of β under M12 is

OLSE(β) = β̂(M12) = β̂ =
(
β̂1
β̂2

)
= (X′X)−1X′y = X+y , (8.24)
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where the notation β̂(M12) emphasizes that the estimator is calculated under
the model M12. We repeat again that if X has no full column rank, then β̂
simply denotes an arbitrary solution to the normal equation X′Xβ = X′y
and may not be considered as a proper estimator. If X has no full column
rank, we still use the notation

OLSE(β) = β̂ =
(
β̂1
β̂2

)
= (X′X)−X′y . (8.25)

Varying (X′X)− we can generate all expressions for β̂. Note that OLSE(Xβ) =
Hy is unique (once y is given) and

OLSE(Xβ) = Hy = X1β̂1 + X2β̂2 , (8.26)

where Xiβ̂i and β̂i are not necessarily unique.
We may recall that if K is a p×q matrix, then the OLSE of K′β is defined

as
OLSE(K′β) = K′ ·OLSE(β) = K′β̂ . (8.27)

We might use the notation OLSE(K′β) = K̂′β, but we prefer that one used
in (8.27).

When dealing with regression models, it is often very helpful to have the
explicit expression for

β̂2 or X2β̂2 or K2β̂2, where K2 ∈ Rq×p2 . (8.28)

However, such expressions are not necessarily unique. According to Sec-
tion 12.2 (p. 284), and Proposition 16.1 (p. 345), X2β̂2 is invariant with
respect to the choice of β̂2 if and only if X2β2 is estimable. Moreover, K2β̂2
is unique if and only if K2β2 is estimable. It can be seen that

K2β2 is estimable⇔ C (K′2) ⊂ C (X′2M1)⇔ ∃F : K2 = FM1X2 , (8.29)

where
M1 = In −PX1 , PX1 = X1(X′1X1)−X′1 . (8.30)

Now

{K2β2 : K2β2 is estimable } = {FM1X2β2 : F ∈ Rq×n } . (8.31)

Trivially M1X2β2 is estimable and thereby M1X2β̂2 is unique for any choice
of β̂2.

The estimability concept will be needed in the following proposition, where
we will give short & simple proofs for the expressions M1X2β̂2, X2β̂2 and
β̂2; see also Proposition 16.1 (p. 345).
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Proposition 8.3. Consider the partitioned linear model M12. Then M1X2β2
is estimable and its OLSE is

M1X2β̂2 = M1X2(X′2M1X2)−X′2M1y = M1X2β̂2(M12) . (8.32)

Let X2β2 be estimable under the model M12, i.e.,

rank(M1X2) = rank(X2) , or equivalently C (X1) ∩ C (X2) = {0} . (8.33)

Then the OLSE of X2β2 is

X2β̂2 = X2(X′2M1X2)−X′2M1y = X2β̂2(M12) . (8.34)

Moreover, if β2 is estimable under the model M12, i.e.,

rank(M1X2) = rank(X2) = p2 , (8.35)

then
β̂2 = (X′2M1X2)−1X′2M1y = β̂2(M12) . (8.36)

Proof. We may first note that, in view of (5.3) (p. 121),

rank(M1X2) = rank(X2)− dim C (X2) ∩ C (M⊥
1 )

= rank(X2)− dim C (X2) ∩ C (X1) , (8.37)

and hence indeed

rank(M1X2) = rank(X2) ⇐⇒ C (X1) ∩ C (X2) = {0} . (8.38)

Note also that the expression (8.34) is invariant with respect to the choice of
(X′2M1X2)−; see Theorem 12 (p. 283) and Proposition 16.1 (p. 345).

To introduce (8.32), (8.34) and (8.36), we first write, in light of the pro-
jector decomposition (8.2) (p. 155),

H = P(X1 : X2) = PX1 + PM1X2 = PX1 + PM1X2 , (8.39a)
Hy = X1β̂1 + X2β̂2 = PX1y + PM1X2y . (8.39b)

Premultiplying (8.39b) by M1 gives

M1X2β̂2 = PM1X2y = M1X2(X′2M1X2)−X′2M1y . (8.40)

Now if rank(M1X2) = rank(X2) holds, we can cancel, in view of the rank
cancellation rule (p. 145), the left-most M1 and thus (8.34) follows. Similarly,
condition rank(M1X2) = p2 implies (8.36), and thus our claims are proved.

ut

Note that if the condition rank(M1X2) = rank(X2) holds, then Hy can
be expressed as
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Hy = Xβ̂ = X1(X′1M2X1)−X′1M2y + X2(X′2M1X2)−X′2M1y . (8.41)

Next we show the following related result.

Proposition 8.4. If rank(M1X2) = rank(X2), then

X1β̂1(M12) = X1β̂1(M1)−PX1X2β̂2(M12) , (8.42)

and if, in addition to rank(M1X2) = rank(X2), the matrix X1 has full col-
umn rank, then

β̂1(M12) = β̂1(M1)− (X′1X1)−1X′1X2β̂2(M12) . (8.43)

The expressions (8.42) and (8.43) offer a possibility to check the effect
of additional columns of X (i.e., additional explanatory variables) on the
regression coefficients.

Proof (of Proposition 8.4). To prove (8.42), we rewrite (8.39b)

X1β̂1(M12) + X2β̂2(M12) = X1β̂1(M1) + M1X2β̂2(M12) , (8.44)

which can be rearranged as

X1β̂1(M12) = X1β̂1(M1)−PX1X2β̂2(M12) , (8.45)

and thus (8.42) is obtained. Clearly we get (8.43) if—in addition to disjoint-
ness condition (8.33)—the matrix X1 has full column rank. Note that X2
does not necessarily need to have full column rank. ut

Notice that one way express the decomposition (8.39b) is the following:

OLSE(Xβ |M12) = OLSE(X1β1 |M1) + OLSE(M1X2β2 |M12) . (8.46)

We may also note that the covariance matrix of β̂2 under {y, Xβ, σ2V} is

cov(β̂2 |M12) = σ2(X′2M1X2)−1X′2M1VM1X2(X′2M1X2)−1, (8.47)

and hence

V = In =⇒ cov(β̂2 |M12) = σ2(X′2M1X2)−1

≥L σ
2(X′2X2)−1 = cov(β̂2 |M2) . (8.48)

8.3 A Single Regression Coefficient

The formula for a single regression coefficient is now easily available. Let X
be partitioned as
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X = (1 : x1 : . . . : xk−1 : xk) := (X1 : xk) , (8.49)

where
xk /∈ C (X1) , (8.50)

which is a necessary and sufficient condition for the estimability of βk. Then

β̂k = x′kM1y
x′kM1xk

. (8.51)

If V = I, we have

var(β̂k) = σ2

x′kM1xk
= σ2

‖(I−PX1
)xk‖2

, (8.52)

and so we may expect problems in estimation if the column xk is “almost” in
the column space of X1. If we consider such a model Mk where xk is explained
by all other x variables (plus a constant), that is, the model matrix is X1,

Mk = {xk, X1γ, σ
2I} , (8.53)

then the residual sum of squares and the total sum of squares are

SSE(k) = x′kM1xk , SST(k) = x′kCxk = tkk , (8.54)

and so (assuming that tkk > 0)

SSE(k) = SST(k)− SSR(k) = SST(k)
(

1− SSR(k)
SST(k)

)
= SST(k)(1− R2

k) = tkk(1− R2
k) , (8.55)

where R2
k = R2

k·1...k−1 is the coefficient of determination when xk is explained
by all other xi’s. Hence the variance of β̂k can be expressed as

var(β̂k) = 1
1−R2

k

· 1
tkk
· σ2 := VIFk

tkk
· σ2, (8.56)

where
VIFk = 1

1−R2
k

(8.57)

refers to the so-called variance inflation factor. As Belsley (1991, p. 29) states,
much interesting work on collinearity diagnostics has been done with VIF-
like measures, although the concept masquerades under various names; see,
e.g., Stewart (1987).
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8.4 The Reduced Model & the Frisch–Waugh–Lovell
Theorem

Let us consider the full rank partitioned linear model

y = X1β1 + X2β2 + ε , (8.58)

or in other notation, M12 = {y, Xβ, σ2I}. Now we know that

β̂2(M12) = (X′2M1X2)−1X′2M1y . (8.59)

Premultiplying (8.58) by the orthogonal projector M1 yields the model

M12·1 = {M1y, M1X2β2, σ
2M1} . (8.60)

Taking a look at the models, we can immediately make an important conclu-
sion: the OLS estimators of β2 under the models M12 and M12·1 coincide:

β̂2(M12) = β̂2(M12·1) = (X′2M1X2)−1X′2M1y . (8.61)

The equality (8.61) is just the result that Davidson &MacKinnon (1993, 2004,
§1.4, §2.4) call the Frisch–Waugh–Lovell theorem “. . . since those papers seem
to have introduced, and then reintroduced, it to econometricians”; see Frisch
& Waugh (1933), Lovell (1963, 2008), and Baltagi (2000) and (2008, §7.3).
Geometric illustration is in Figure 8.6 (p. 184). For the generalization of the
Frisch–Waugh–Lovell theorem, see Section 15.4 (p. 328).

Representation (8.61) is valid if (and only if)

rank(M1X2) = p2 , (8.62)

which is the estimability condition for β2 under M12 and also under M12·1.
However, in both models the parametric function M1X2β2 is always es-
timable and

M1X2β̂2(M12) = M1X2β̂2(M12·1) . (8.63)

Notice that according to (8.46), we have the decomposition

OLSE(Xβ |M12) = OLSE(X1β1 |M1) + OLSE(M1X2β2 |M12) . (8.64)

This can now be expressed also as

OLSE(Xβ |M12) = OLSE(X1β1 |M1)+OLSE(M1X2β2 |M12·1) . (8.65)

We call M12·1 a reduced model; Groß & Puntanen (2000a) call it a correctly
reduced model. In the reduced model,

• the response variable
M1y = res(y; X1) (8.66)
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is the residual when y is explained by the variables represented by X1,
• the explanatory variables

M1X2 = res(X2; X1) (8.67)

are the residuals of the variables represented by X2 “after elimination of
X1”.

The covariance matrix in model {M1y, M1X2β2, σ
2M1} is singular and

hence there is a good reason to worry whether the OLSE(M1X2β2) equals
BLUE(M1X2β2) under that model. The answer is positive because clearly
the column space inclusion

C (M1 ·M1X2) ⊂ C (M1X2) (8.68)

holds; (8.68) corresponds to condition (vi) in Theorem 10.1 (p. 218).
When X2 = xk, the reduced model is

M12·1 = {M1y, M1xkβk, σ2M1} , (8.69)

and the coefficient of determination in this reduced model is the squared
correlation between M1y and M1xk, which is precisely the squared partial
correlation between y and xk after elimination of all other x-variables:

R2(M12·1) = cord
2(M1y, M1xk)

= pcord
2(y, xk | X1) = r2

yk·12...k−1 . (8.70)

The plots of residuals M1y and M1xk are called added variable plots; see,
e.g., Weisberg (2005, p. 49).

Assuming that 1 ∈ C (X1), the columns M1y and M1xk are centered and
R2(M12·1) can be expressed as

R2(M12·1) = cord
2(M1y, M1xk) = (y′M1xk)2

y′M1y · x′kM1xk

= y′M1xkx′kM1y
y′M1y · x′kM1xk

=
y′PM1xky

y′M1y
. (8.71)

It is also interesting to observe that the OLSE’s residual under the reduced
model M12·1 equals the OLSE’s residual under the full model M12, in short,

res(M12·1) = res(M12) , i.e., res(M1y; M1X2) = res(y; X) . (8.72)

This was already stated in Proposition 3.2 (p. 98) when the model matrix was
simply (1 : x). In the general case, the residual vector under M12·1 becomes,
in view of (8.39a),
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res(M12·1) = M1y−PM1X2M1y
= y− (PX1y + PM1X2y)
= y−P(X1:X1)y = My = res(M12) . (8.73)

Notice that obviously

PM1X2M1y = PM1X2y . (8.74)

Trivially (8.72) implies that the residual sum of squares are identical under
M12·1 and M12:

SSE(M12·1) = SSE(M12) . (8.75)

The total sum of squares under M12·1 is

SST(M12·1) = y′M1y = SSE(M1) , (8.76)

and

SSR(M12·1) = SST(M12·1)− SSE(M12·1)
= SSE(M1)− SSE(M12) = y′PM1X2y . (8.77)

In the reduced model, the regression sum of squares SSR(M12·1) is therefore
the difference between SSE’s of the full model M12 and the small model M1.
Thus we obtain, corresponding to (8.71),

R2(M12·1) = SSR(M12·1)
SST(M12·1) =

y′PM1X2
y

y′M1y

= y′M1y− y′My
y′M1y

= 1− y′My
y′M1y

, (8.78)

and thereby 1−R2(M12·1) = y′My
y′M1y . Because 1−R2(M12) = y′My

y′Cy , we also
have

1−R2(M12) = y′M1y
y′Cy ·

y′My
y′M1y

= [1−R2(M1)][1−R2(M12·1)] . (8.79)

If X2 = xk, then

1− r2
yk·1...k−1 = y′My

y′M1y
, (8.80)

and

1−R2(M12) = [1−R2(M1)](1− r2
yk·1...k−1)

= (1− r2
y1)(1− r2

y2·1) · · · (1− r2
yk·1...k−1) . (8.81)
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8.5 The Subvectors β̂0 and β̂x

Let us consider the partitioned linear model

y = 1β0 + X0βx + ε , (8.82)

or in other notation,

M12 = {y, Xβ, σ2V} = {y, 1β0 + X0βx, σ
2V} , (8.83)

where X0 is an n× k matrix:

X = (1 : x1 : . . . : xk) = (1 : X0) ; p = k + 1 = rank(X) . (8.84)

Using Proposition 8.3 (p. 159) we get at once

β̂x = (X′0CX0)−1X′0Cy = T−1
xxtxy = S−1

xxsxy , (8.85)

where

T = (X0 : y)′C(X0 : y) =
(

X′0CX0 X′0Cy
y′CX0 y′Cy

)
=
(

Txx txy
t′xy tyy

)
, (8.86)

and the sample covariance and correlation matrices of variables x1, x2, . . . ,
xk, y are

S = 1
n−1T =

(
Sxx sxy
s′xy s2

y

)
, R =

(
Rxx rxy
r′xy 1

)
. (8.87)

To solve for the intercept β̂0, we first write the equality

Hy = 1β̂0 + X0β̂x = P1y + PCX0y = Jy + CX0β̂x , (8.88)

i.e., 1β̂0 = Jy− JX0β̂x , from which it immediately follows that

β̂0 = ȳ − x̄′β̂x = ȳ − (x̄1β̂1 + · · ·+ x̄kβ̂k) . (8.89)

If the columns of the matrix (X0 : y) are centered and of equal length,
then it is easy to confirm that

β̂0 = 0 , β̂x = R−1
xxrxy := α̂ . (8.90)

The vector α̂ comprises the so-called standardized regression coefficients.
Note also that if V = I (and rank(X) = p), then

cov(β̂x) = σ2(X′0CX0)−1 = σ2T−1
xx . (8.91)

In particular, if M12 = {y, 1β0 + xβ1, σ
2I}, then M1 = I− J = C, and
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β̂0 = ȳ − x̄β̂1 , β̂1 = (x′Cx)−1x′Cy = x′Cy
x′Cx , var(β̂1) = σ2

x′Cx . (8.92)

Consider the model {y, (1 : x1 : x2)β, σ2I}. Then the correlation between
β̂1 and β̂2 is −r12, the negative of the correlation between x1 and x2:

cor(β̂1, β̂2) = − cord(x1,x2) = −r12 . (8.93)

This comes from the following:

cov(β̂(2)) = cov
(
β̂1
β̂2

)
= σ2(X′0CX0)−1 = σ2T−1

xx = σ2
(
t11 t12
t12 t22

)−1

= σ2

t11t22 − t212

(
t22 −t12
−t12 t11

)
=⇒ cor(β̂1, β̂2) = −t12√

t11 · t22
= −r12 . (8.94)

It is also very useful to observe that ȳ and β̂x are uncorrelated under
{y, (1 : X0)β, σ2I}. This is seen from

cov(β̂x, ȳ) = cov(T−1
xxX′0Cy, 1

n1′y) = T−1
xxX′0C · σ2I · 1

n1 = 0 . (8.95)

Consider the full rank model M = {y, Xβ, σ2I} and suppose that our
interest is to predict a new future value of random variable y∗ when the
x-variables have values (1, x∗1, . . . , x∗k)′ =

( 1
x∗
)

= x#. We assume that y∗
follows the same model as the components of y in M :

y∗ = x′#β + ε∗ = β0 + x′∗βx + ε∗ , var(ε∗) = σ2. (8.96)

In addition we assume that cov(y, y∗) = 0. A good linear predictor (actually
the best, BLUP, see Section 10.9, page 245) for y∗ on the basis of y is naturally

ŷ∗ = x′#β̂ = β̂0 + β̂′xx∗
= (ȳ − β̂′xx̄) + β̂′xx∗ = ȳ + β̂′x(x∗ − x̄) . (8.97)

Then ŷ∗ is obviously an unbiased predictor for y∗ in the sense that

E(ŷ∗ − y∗) = 0 , where ŷ∗ − y∗ = e∗ = prediction error. (8.98)

The variance of ŷ∗ is

var(ŷ∗) = var(x′#β̂) = σ2x′#(X′X)−1x# , (8.99)

which, using cov(β̂x, ȳ) = 0, can be expressed as

var(ŷ∗) = var
[
ȳ + β̂′x(x∗ − x̄)

]
= var(ȳ) + var

[
β̂′x(x∗ − x̄)

]
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= σ2[ 1
n + (x∗ − x̄)′T−1

xx (x∗ − x̄)
]

= σ2[ 1
n + 1

n−1 (x∗ − x̄)′S−1
xx (x∗ − x̄)

]
= σ2[ 1

n + 1
n−1 MHLN2(x∗, x̄, Sxx)

]
. (8.100)

In view of the assumption cov(y, y∗) = 0, which implies that y∗ and ŷ∗ are
uncorrelated, the variance of the prediction error becomes

var(e∗) = var(y∗ − ŷ∗) = var(y∗) + var(ŷ∗)
= σ2[1 + x′#(X′X)−1x#] . (8.101)

When k = 1 we get

var(ŷ∗) = σ2
[

1
n

+ (x∗ − x̄)2

SSx

]
, var(e∗) = σ2

[
1 + 1

n
+ (x∗ − x̄)2

SSx

]
. (8.102)

The formulas for var(ŷ∗) and var(e∗), replacing σ2 with σ̂2, give basis for
the confidence interval for E(y∗) and the prediction interval for y∗; see, e.g.,
Seber & Lee (2003, Ch. 5).

8.6 The Decomposition SST = SSR + SSE

Let us consider the models

M12 = {y, 1β0 + X0βx, σ
2I} , and M0 = {y, 1β0, σ

2I} . (8.103)

The residual sum of squares under M12 is

SSE = y′(I−H)y = ‖(I−H)y‖2 =
n∑
i=1

(yi − ŷi)2. (8.104)

Under the simple basic model M0, we have OLSE(1β0) = Jy = ȳ1, and the
residual vector is the centered y, Cy, and hence the residual sum of squares
under M0 is

SSE0 = y′(I− J)y = y′Cy = ‖Cy‖2 = tyy =
n∑
i=1

(yi − ȳ)2 = SST , (8.105)

which is called the total sum of squares.
The change in SSE when moving from M0 to M12 is

SSE0−SSE = SST−SSE
= y′(I− J)y− y′(I−H)y
= y′(H− J)y = SSR , (8.106)
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Figure 8.1 1000 observations from N2(0, Σ); σx = σy = 1, %xy = 0.7.
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Figure 8.2 Fitting the linear model into the scatterplot of Figure 8.1. (a) Residuals
from the model M0 = {y, 1β0, σ

2I}, (b) residuals from M12 = {y, 1β0 + xβ1, σ
2I}.

which is the “sum of squares due to regression”; see also (3.41) (p. 99). The
relative reduction in SSE when using M12 instead of M0 is

R2 = SSE0−SSE
SSE0

= SST−SSE
SST = SSR

SST = 1− SSE
SST , (8.107)

which is the coefficient of determination, i.e., the multiple correlation coeffi-
cient squared.
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Notice that when X = (1 : X0), we have, corresponding to (3.42) (p. 99),

H = P(1 : X0) = J + PCX0 = J + PX̃0
= J + PC (X)∩C (1)⊥ , (8.108)

and hence
H− J = PCX0 = PX̃0

= PC (X)∩C (1)⊥ . (8.109)

As an orthogonal projector, H− J is idempotent (and symmetric) and so

SSR = y′(H− J)y = ‖(H− J)y‖2 =
n∑
i=1

(ŷi − ȳi)2. (8.110)

In the above definition of the R2 it was essential to have the column 1 in
the model matrix X. Let us us now relax from this assumption for a while
and “redefine” the above sums of squares as

SST =
n∑
i=1

(yi − ȳ)2 = ‖(I− J)y‖2, (8.111a)

SSR =
n∑
i=1

(ŷi − ȳ)2 = ‖(H− J)y‖2, (8.111b)

SSE =
n∑
i=1

(yi − ŷi)2 = ‖(I−H)y‖2. (8.111c)

Note that the only “new” thing concerns SSR. Of course we trivially have

(I− J)y = (H− J)y + (I−H)y , (8.112)

and equally trivially we always have

y′(I− J)y = y′(H− J)y + y′(I−H)y . (8.113)

However, the equation

‖(I− J)y‖2 = ‖(H− J)y‖2 + ‖(I−H)y‖2 (8.114)

holds if and only if (H− J)y and (I−H)y are orthogonal, i.e.,

y′(H− J)(I−H)y = y′(JH− J)y = 0. (8.115)

Now (8.115) holds (for all y) if and only if J = JH, and thereby J = JH =
HJ. Proposition 7.1 (p. 152) immediately gives the following Proposition:

Proposition 8.5. Consider the model M = {y, Xβ, σ2I}. Then the decom-
position SST = SSR + SSE, i.e.,

‖(I− J)y‖2 = ‖(H− J)y‖2 + ‖(I−H)y‖2 (8.116)
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holds for all y if and only if 1 ∈ C (X).

Note that for SST = SSR + SSE to hold, it is not necessary that the vec-
tor 1 is explicitly a column of X; it is enough if 1 ∈ C (X). The decomposition
is also valid in particular if y is centered or y ∈ C (X).

When 1 /∈ C (X), it makes no sense to use R2 as a statistic to describe
how well OLS fits the data. When 1 /∈ C (X), R2 as defined as 1−SSE /SST,
can be even negative! In the no-intercept model, it is natural (see, e.g., Searle
1982, p. 379) to consider the decomposition

y′y = y′Hy + y′(I−H)y , SST∗ = SSR∗+ SSE . (8.117)

Then the coefficient of determination can be defined as

R2
∗ = SSR∗

SST∗
= y′Hy

y′y = 1− SSE
y′y = cos2(y,Hy) . (8.118)

See also (3.29) (p. 97).

8.7 Representations of R2

The coefficient of determination has various equivalent representations, like
for example:

R2 = y′(I− J)y− y′(I−H)y
y′(I− J)y (8.119a)

= y′(H− J)y
y′(I− J)y (8.119b)

=
y′PC (X)∩C (1)⊥y

y′(I−P1)y (8.119c)

= y′PCX0y
y′Cy (8.119d)

= y′CX0(X′0CX0)−1X′0Cy
y′Cy (8.119e)

=
t′xyT−1

xxtxy

tyy
=

s′xyS−1
xxsxy

s2
y

= r′xyR−1
xxrxy (8.119f)

= r′xyα̂ = r1yα̂1 + · · ·+ rkyα̂k , (8.119g)

where α̂ is the vector of standardized regression coefficients. Above we have
used the notation coming from the partitioned matrix of the corrected sums
of squares and cross products of x’s and y:
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T =
(

X′0CX0 X′0Cy
y′CX0 y′Cy

)
=
(

Txx txy
t′xy tyy

)

=


t11 t12 . . . t1k t1y
...

...
...

...
tk1 tk2 . . . tkk tky
ty1 ty2 . . . tyk tyy

 . (8.120)

The presentations in (8.119) can be easily proved using properties of or-
thogonal projectors. The true inverses can be replaced with generalized in-
verses whenever needed. For example, in view of

H = P(1 : X0) = J + PCX0 , (8.121)

we get
I−H = C−CX0(X′0CX0)−1X′0C , (8.122)

and hence
SSE = y′(I−H)y = tyy − t′xyT−1

xxtxy . (8.123)

Here SSE is the Schur complement of Txx in T:

SSE = tyy·x = 1
tyy

= T/Txx , (8.124)

where the notation tyy refers to the last diagonal element of the matrix T−1.
Moreover, it is easy to confirm the following:

1
1−R2 = tyyt

yy = ryy, (8.125)

where ryy is the last diagonal element of the correlation matrix R−1. We may
note that, corresponding to (8.125), the ith diagonal element of R−1

xx can be
expressed as

rii = 1
1−R2

i·1...i−1,i+1,...k
= VIFi , (8.126)

while
R2
i·1...i−1,i+1,...k = 1− 1

rii
. (8.127)

For the use of R−1 in statistics, see, e.g., Raveh (1985).

8.8 R as a Maximal Correlation

One fundamental (and well-known) property of R defined above is that it
equals the correlation coefficient between the y and Hy:
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Proposition 8.6. Consider the model M = {y, Xβ, σ2I}, where 1 ∈ C (X)
and let R2 be defined as in (8.107). Then

R = cord(y,Hy) = cos
[
(I− J)y, (I− J)Hy

]
= cos(Cy,CHy) . (8.128)

Proof. The crucial property needed in (8.128) is the following:

J = HJ = JH . (8.129)

To confirm the important equality (8.129), we note that in view of

H1 = 1 ⇐⇒ 1 ∈ C (X) , (8.130)

we indeed have
HJ = H11′ 1n = 11′ 1n = J , (8.131)

from which (8.129) follows.
To prove (8.128), note first that in view of (8.129), (I − J)H = H − J.

Hence our claim is

R = cord(y,Hy) = cos[Cy, (H− J)y] := a√
b · c

, (8.132)

which indeed is true because

a = y′(I− J)Hy = y′(H− J)y = SSR , (8.133a)
b = y′(I− J)y = SST , (8.133b)
c = y′H(I− J)Hy = SSR . (8.133c)

ut
We may recall that if the vector y is projected onto the line C (1), we get

the mean vector
Jy = ȳ1 . (8.134)

But now, in view of (8.129), also

Jŷ = J(Hy) = Jy . (8.135)

As a result we obtain a right-angled triangle whose corners are at the tops of
the vectors y, Hy (= ŷ), and Jy. Note that an identical triangle is formed by
the tops of the vectors Cy, CHy, and 0; cf. Figure 8.4 (p. 183). The length
(squared) of the hypotenuse of this triangle is SST, while the other sides have
(squared) lengths SSE and SSR, and hence

SST = SSR + SSE , (8.136a)
‖y− Jy‖2 = ‖Jy−Hy‖2 + ‖y−Hy‖2. (8.136b)

It is also worth emphasizing that R2 has the following property:



174 8 A Decomposition of the Orthogonal Projector

Proposition 8.7. With the above notation,

R2 = max
b

cord
2(y,X0b) = cos2(Cy,CX0b∗) , (8.137)

where

b∗ = (X′0CX0)−1X′0Cy = T−1
xxtxy = S−1

xxsxy = β̂x . (8.138)

Proof. The proof is essentially available in Remark 2.2 (p. 79), in (2.2) (p. 79),
and in (9.19) (p. 193). Despite of that, let’s have a quick look at the problem
in hand.

For a simplicity, let us assume that the model matrix X has full column
rank; if this is not the case then all inverses appearing in this context should
be replaced by generalized inverses. Note also that in (8.137) we can replace
b∗ with ab∗, for any nonzero scalar a.

It is obvious, see Proposition 2.3 (p. 77), that the cosine between a given
vector Cy and a vector CX0b (with varying b) is maximal when CX0b is
the orthogonal projection of Cy onto CX0, i.e.,

CX0b∗ = PCX0Cy = CX0T−1
xxtxy . (8.139)

Hence we have

max
b

cos2(Cy,CX0b) = cos2(Cy,PCX0Cy)

= y′CPCX0Cy
y′Cy = SSR

SST . (8.140)

ut
An alternative way to prove that R2 has the maximal property (8.137), is

to consider

cord
2(y,X0b) = (y′CX0b)2

y′Cy · b′X′0CX0b
=

(t′xyb)2

tyy · b′Txxb

≤ t′2T−1
xxtxy · b′Txxb
tyy · b′Txxb =

t′xyT−1
xxtxy

tyy
= SSR

SST , (8.141)

where the inequality is based on the Cauchy–Schwarz inequality; see also
Section 20.2 (p. 417).

Proposition 8.7 means that if we want to find such a linear combination
of variables x1, . . . , xk (whose observed values are in matrix X0) which has
maximal correlation with the variable y (values in vector y), then that linear
combination is

X0β̂x = β̂1x1 + · · ·+ β̂kxk , (8.142)

where β̂x = S−1
xxsxy. Note also, see Remark 2.2 (p. 79), that if our task would

be to find a vector c∗ so that
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min
c

vard(y−X0c) = min
c

1
n−1‖Cy−CX0c‖2 = vard(y−X0c∗) , (8.143)

then the solution would again be β̂x:

min
c

vard(y−X0c) = vard(y−X0β̂x) , (8.144)

and

vard(y−X0β̂x) = 1
n−1 SSE = s2

y − s′xyS−1
xxsxy

= s2
y

(
1− s′xyS−1

xxsxy

s2
y

)
= s2

y(1−R2) . (8.145)

8.9 Testing a Linear Hypothesis

In this section we simply present—without detailed explanation—some im-
portant formulas related to hypothesis testing using orthogonal projectors.
We consider the full rank model M12 = {y, X1β1 + X2β2, σ

2I}. The results
below follow from the distributional properties mentioned on page 18.

First we note that in view of the decomposition (8.2) (p. 155), we have

H−PX1 = PM1X2 = PC (X)∩C (M1) = M1X2(X′2M1X2)−X′2M1 , (8.146)

where Xi ∈ Rn×pi , i = 1, 2. Then the following decompositions hold:

SSE = y′(I−H)y = y′My
= y′(I−PX1 −PM1X2)y
= y′M1y− y′PM1X2y , (8.147a)

SSEH = SSE(under the hypothesis β2 = 0)
= y′(I−PX1)y = y′M1y , (8.147b)

SSEH −SSE = ∆ SSE
= change in SSE due to the hypothesis
= y′(PX −PX1)y = y′PM1X2y
= y′M1X2(X′2M1X2)−1X′2M1y
= β̂′2X′2M1X2β̂2

= β̂′2T22·1β̂2

= β̂′2[cov(β̂2)]−1β̂2σ
2, (8.147c)

where
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T22·1 = X′2M1X2 = X′2(I−PX1)X2

= the inverse of the lower-right p2 × p2 block of (X′X)−1

= the Schur complement of X′1X1 in X′X . (8.147d)

If the hypothesis β2 = 0 is true and y ∼ Nn(Xβ, σ2I), then

F = (SSEH −SSE)/p2
SSE /(n− p) = ∆ SSE /p2

SSE /(n− p)

= β̂′2T22·1β̂2/p2
σ̂2 = β̂′2[cov(β̂2)]−1β̂2σ

2/p2
σ̂2

= β̂′2[ĉov(β̂2)]−1β̂2/p2 ∼ F(p2, n− p) , (8.148a)

where F(· , ·) refers to the F -distribution and ĉov(β̂2) to the estimated co-
variance matrix:

ĉov(β̂2) = σ̂2T−1
22·1 . (8.148b)

As a consequence, we can define the confidence ellipsoid for β2 as follows:

(β̂2 − β2)′T22·1(β̂2 − β2)/p2
σ̂2 ≤ Fα;p2,n−p , (8.149a)

(β̂2 − β2)′[ĉov(β̂2)]−1(β̂2 − β2)/p2 ≤ Fα;p2,n−p , (8.149b)

where Fα;p2,n−p is the (upper) significance point corresponding to the α sig-
nificance level.

If the hypothesis βx = 0 is true, where β =
( β0
βx

)
and y ∼ Nn(Xβ, σ2I),

then SSEH = SST and

F = (SSEH −SSE)/k
SSE /(n− k − 1) = SSR /k

SSE /(n− k − 1)

= R2/k

(1−R2)/(n− k − 1) ∼ F(k, n− k − 1) . (8.150)

Let us then have quick look at a more general hypothesis of the type

H : K′β = 0 , (8.151)

where K ∈ Rp×q has full column rank and K′β is estimable, i.e., K = X′A
for some matrix A. Denote

SSEH = SSE(under the hypothesis K′β = 0)
= min

H
‖y−Xβ‖2 = ‖y−Xβ̂r‖2, (8.152)

and let L be a matrix with the property C (L) = N (K′) = C (K)⊥. Let
further X∗ be a matrix satisfying
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C (X∗) = {Xβ : β ∈ C (L) = N (K′)} = C (XL) , (8.153)

i.e.,

C (X∗) is the subspace of C (X) where the hypothesis holds. (8.154)

Now we obviously have

min
H
‖y−Xβ‖2 = min

β
‖y−XLβ‖2 = ‖y−PXLy‖2, (8.155)

so that Xβ̂r = PXLy and in particular if L and X have full column ranks,

β̂r = L(L′X′XL)−1L′X′y . (8.156)

Suppose that X has full column rank and denote N = X(X′X)−1K. Then
C (X∗) can be written as

C (X∗) = {z : z ∈ C (X) and N′z = 0} = C (X) ∩ C (N)⊥. (8.157)

In view of (7.1) (p. 152), we have

PX = PN + PC (X)∩C (N)⊥ = PN + PX∗ , (8.158a)
PX∗ = PX −PN

= H−X(X′X)−1K[K′(X′X)−1K]−1K′(X′X)−1X′, (8.158b)
β̂r = β̂ − (X′X)−1K[K′(X′X)−1K]−1K′β̂ , (8.158c)

SSEH = y′(I−PX∗)y = SSE +β̂′K[K′(X′X)−1K]−1K′β̂ . (8.158d)

The estimator β̂r is the restricted OLSE of β.
Under the model {y, Xβ, σ2V}, where V is positive definite and y ∼

Nn(Xβ, σ2V), the F -statistic for testing the hypothesis H: K′β = d appears
to be

F (V) = Q(V)/q
σ̃2 = [SSEH(V)− SSE(V)]/q

SSE(V)/(n− r) ∼ F(q, n− r, δ) , (8.159)

where K′β is estimable, rk(Kp×q) = q, σ̃2 = SSE(V)/(n − r), r = rk(X),
and

SSE(V) = min
β
‖y−Xβ‖2V−1 = (y−Xβ̃)′V−1(y−Xβ̃) , (8.160a)

SSEH(V) = min
H
‖y−Xβ‖2V−1 , (8.160b)

Q(V) = SSEH(V)− SSE(V) = ∆ SSE(V)
= y′(In −PX∗;V−1)y− y′(In −PX;V−1)y
= y′(PX;V−1 −PX∗;V−1)y . (8.160c)
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8.10 A Property of the Partial Correlation

Consider the last two regressors under the full rank model {y, Xβ, σ2I}:

X = (1 : x1 : . . . : xp−1 : xp) = (X1 : xp−1 : xp) = (X1 : X2) . (8.161)

Then

cov(β̂2) = σ2(X′2M1X2)−1 = σ2
(

x′p−1M1xp−1 x′p−1M1xp
x′pM1xp−1 x′pM1xp

)−1

= c ·
(

x′pM1xp −x′p−1M1xp
−x′pM1xp−1 x′p−1M1xp−1

)
, (8.162)

where c is a positive constant. Now the partial correlation between xp−1
and xp when variables in X1 are held constant, is defined as the correlation
between the residuals

ep−1·1 = (I−PX1)xp−1 = M1xp−1 , (8.163a)
ep·1 = (I−PX1)xp = M1xp . (8.163b)

Because these residuals are centered, their correlation is

cord(ep−1·1, ep·1) =
x′p−1M1xp√

x′p−1M1xp−1
√

x′pM1xp
. (8.164)

Hence we immediately conclude the following result:

Proposition 8.8. With the above notation,

cor(β̂p−1, β̂p) = −pcord(xp−1,xp | X1) = −rp−1,p·1...p−2 . (8.165)

Because the confidence ellipsoid for β2 can be defined by

(β̂2 − β2)′T22·1(β̂2 − β2)/p2
σ̂2 ≤ Fα;p2,n−p , (8.166a)

(β̂2 − β2)′[ĉov(β̂2)]−1(β̂2 − β2)/p2 ≤ Fα;p2,n−p , (8.166b)

we can conclude that the orientation of the confidence ellipse for

β2 =
(
βp−1
βp

)
(8.167)

is determined by (the negative of) the partial correlation between xp−1 and
xp.

Regarding the result (8.165), we may refer to Belsley (1991, p. 33) who
writes “This result, so well known in back-parlor gossip, seems strangely
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absent from statistics texts, so perhaps a formal demonstration is in order.”
The result (8.165) appears e.g. in Rao (1973a, p. 270) (with a missing minus
sign), and in Kanto & Puntanen (1983, 1985).

8.11 Another Property of the Partial Correlation

There is one interesting (curious) feature of the partial correlation coefficient
that may deserve attention; see Kanto & Puntanen (1983, 1985). To simplify
notation, let the model matrix be partitioned as

X = (x1 : x2 : 1 : x3 : . . . : xk) = (x1 : x2 : X3) , (8.168)

and denote

β̂ =

β̂1
β̂2
β̂3

 = (X′X)−1X′y . (8.169)

Proposition 8.9. Consider two vectors of specific residuals:

e1·23 = (I−P(x2 : X3))x1 = M23x1 , (8.170a)
e2·13 = (I−P(x1 : X3))x2 = M13x2 , (8.170b)

i.e., e1·23 is the residual when x1 is explained by all other x-variables. Then
the following result holds:

cord(e1·23, e2·13) = − pcord(x1,x2 | X3) = −r12·3...k . (8.171)

Proof. To prove (8.171), we first note that

cord(e1·23, e2·13) = x′1M23M13x2√
x′1M23x1

√
x′2M13x2

. (8.172)

On the other hand,

β̂1 = (x′1M23x1)−1x′1M23y , β̂2 = (x′2M13x2)−1x′2M13y , (8.173)

and, therefore, straightforward calculation shows that

cor(β̂1, β̂2) = x′1M23M13x2√
x′1M23x1

√
x′2M13x2

. (8.174)

Now, combining (8.172), (8.174) and (8.165) yields our claim (8.171). ut
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8.12 Deleting an Observation: cov(y) = σ2I

Let us consider three linear models:

M = {y, Xβ, σ2In} , (8.175a)
M(i) = {y(i), X(i)β, σ

2In−1} , (8.175b)
MZ = {y, Zγ, σ2In} = {y, Xβ + uδ, σ2In} . (8.175c)

By M(i) we mean such a version of M , where the ith case is deleted; thus
y(i) has n− 1 elements and X(i) has n− 1 rows. For notational simplicity we
delete the last observation. Model MZ is an extended version of M :

Z = (X : u) , u = (0, . . . , 0, 1)′ , γ =
(
β
δ

)
. (8.176)

We will use the following notation:

β̂ = β̂(M ) = OLSE(β) under M , (8.177a)
β̂Z = β̂(MZ) = OLSE(β) under MZ , (8.177b)
δ̂ = δ̂(MZ) = OLSE(δ) under MZ , (8.177c)

β̂(i) = β̂(M(i)) = OLSE(β) under M(i) . (8.177d)

Assume that Z has full column rank, which implies that

C (X) ∩ C (u) = {0} , (8.178)

which means, see Section 5.6 (p. 130), that δ is estimable under the model
MZ . Thereby mii > 0 and, in view of (8.36) (p. 160),

β̂Z = [X′(I− uu′)X]−1X′(I− uu′)y , (8.179a)

δ̂ = u′My
u′Mu = ε̂i

mii
, (8.179b)

where ε̂i refers to the ith element of the residual vector ε̂ = My. Furthermore,
from (8.179a) we see immediately that

β̂Z = (X′(i)X(i))−1X′(i)y(i) = β̂(i) . (8.180)

This result is actually a consequence of the Frisch–Waugh–Lovell theorem:
model MZ corresponds to the full model M12, model M(i) to the reduced
model M12·1 obtained by premultiplying MZ by I−uu′, and M is the “small”
model M1.

Now we can write
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PZy = Zγ̂ = (X : u)
(
β̂Z
δ̂

)
= Xβ̂(i) + uδ̂ . (8.181)

On the other hand,

PZy = Hy + PMuy
= Xβ̂ + Mu(u′Mu)−1u′My

= Xβ̂ + Mu ε̂i
mii

= Xβ̂ + Muδ̂ . (8.182)

Equations (8.181) and (8.182) imply that

Xβ̂ −Xβ̂(i) = uδ̂ −Muδ̂ = Huδ̂ , (8.183a)
X(β̂ − β̂(i)) = Huδ̂ , (8.183b)

(β̂ − β̂(i))′X′X(β̂ − β̂(i)) = hiiδ̂
2. (8.183c)

Premultiplying (8.183b) by (X′X)−1X′ yields (cf. Belsley, Kuh & Welsch
1980, p. 13)

DFBETAi = β̂ − β̂(i) = (X′X)−1X′uδ̂ = (X′X)−1X′u ε̂i
mii

. (8.184)

Of course, we could have arrived at (8.184) directly by simply applying for-
mula (8.43):

β̂1(M12) = β̂1(M1)− (X′1X1)−1X′1X2β̂2(M12) . (8.185)

Note also that from (8.183c) we can obtain a representation for the Cook’s
distance (Cook, 1977):

COOK2
i =

(β̂ − β̂(i))′X′X(β̂ − β̂(i))
pσ̂2 = hiiδ̂

2

pσ̂2

= hii
mii

ε̂2
i

miiσ̂2
1
p

= hii
mii

t2i∗
p
, (8.186)

where

ti∗ = ε̂i
σ̂
√
mii

= the internally Studentized residual. (8.187)

Notice that we use the term “Cook’s distance” from COOK2
i—not from

COOKi; this seems to be a common practice even though there is a slight
inconsistency with the terminology related to the Mahalanobis distance.

Furthermore, because
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PZ = uu′ + P(I−uu′)X =
(

0 0
0′ 1

)
+
(

PX(i) 0
0′ 0

)
, (8.188)

we observe that the SSE under the extended model MZ becomes

SSEZ = y′(In −PZ)y = y′(i)(In−1 −PX(i))y(i) = SSE(i) , (8.189)

which further can be written as

SSEZ = y′(In −PZ)y = y′(In −H−PMu)y = y′(M−PMu)y . (8.190)

Hence the “usual” unbiased estimator of σ2 under MZ is

σ̃2
(i) = 1

n− rk(Z) SSE(i) = 1
n− p− 1 SSE(i) . (8.191)

Notice that (8.189) could have been obtained directly from (8.75) (p. 165),
which says that the SSEs under the full model and the reduced model are
equal. Now it is easy to conclude that the usual F -test statistic for testing
the hypothesis δ = 0 under the model MZ becomes

t2i = SSE(under hypothesis)− SSEZ
1

n−p−1 SSEZ
= y′PMuy

1
n−p−1y′(M−PMu)y

= ε̂2
i

1
n−p−1 SSE(i)mii

= ε̂2
i

σ̂2
(i)mii

, (8.192)

which is the externally Studentized residual (squared).
We note, see (13.18) (p. 293), that applying the determinantal properties

of the Schur complement to matrix

Z′Z =
(

X′X X′u
u′X 1

)
, (8.193)

we get

|Z′Z| = |X′X| · |1− u′X(X′X)−1X′u| = |X′X| · (1− hii) (8.194a)
= 1 · |X′X−X′uu′X| = |X′(i)X(i)| , (8.194b)

and hence
mii = 1− hii = |Z′Z|

|X′X| =
|X′(i)X(i)|
|X′X| . (8.195)

For the consequences of deleting several observations, see Exercise 8.17
(p. 188). Some further generalizations for the considerations of this section
appear in Section 15.8 (p. 337).
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8.13 Geometrical Illustrations

This section comprises figures that illustrate the geometrical meanings of
various concepts presented in this chapter. For geometric considerations in
regression, see also Bring (1996), Bryant (1984), and Margolis (1979). For
the history of the use of geometry in the linear model, see Herr (1980).

C (1)

x
β̂1x

y

ŷ = Hy
= β̂01 + β̂1x

¯̄y = Jy = ȳ1 = JHy
β̂01

e = (I − H)y = y − ŷ

α

C (1 : x)

Figure 8.3 Projecting y onto C (1 : x).

C (X)⊥

C (1)

x

y

¯̄y = Jy = ȳ1 = JHy

ỹ

ŷ = Hy

e = (I − H)y

SS
T

=
SS

E 0

SSR

SS
Eα

α

C (1)⊥

C (1 : x)

SST = SSR + SSE

Figure 8.4 Illustration of SST = SSR + SSE.
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x1

x2
y

ŷ = Hy

r1yx1

r2yx2
δ

α

γ

C (x1 : x2)
cos(δ) = R

Figure 8.5 Large R2 but r1y and r2y very small.

C (X)⊥

C (x1)

C (M1x2)

x2

y

P1y = r1yx1

M1y

e = My

b

ŷ = Hy = P1y + b

α

α

γ

C (x1)⊥

C (x1 : x2)

b = PM1x2 y = PM1x2 M1y = M1x2β̂2

SSE = e′e = 1 − R2

∆ SSE = b′b = R2 − r2
1y

Figure 8.6 Illustration of the reduced model.

8.14 Exercises

8.1. Show that ȳ and s2
y are independent when y ∼ Nn(µ, σ2In).

Hint: Write up ȳ and s2
y in matrix forms and use the results of (e) on

page 18. See also Anderson (2003, p. 77), and Zehna (1991).

8.2. Consider the models Ma = {ya ,Xβa , σ2I} and Mb = {yb ,Xβb , σ2I},
where X = (1n : x1 : x2 : x3), rank(X) = 4, and yb = ya −Xz, where
z = (0, 0, 2, 3)′.
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(a) Express β̂b as a function of β̂a.
(b) Compare the residuals under Ma and Mb.
(c) (X′X)−1X′1n =?

8.3. Let y ∼ Nn(Xβ, σ2I), where X = (1 : X0), β =
( β0
βx

)
, and rank(X) =

k + 1. Prove the following:

(a) y′y/σ2 ∼ χ2(n,β′X′Xβ/σ2),
(b) y′(I−J)y/σ2 ∼ χ2(n− 1,β′X′CXβ/σ2) = χ2(n− 1,β′xTxxβx/σ

2),
(c) y′(H− J)y/σ2 = SSR /σ2 ∼ χ2(k,β′xTxxβx/σ

2),
(d) y′(I−H)y/σ2 = SSE /σ2 ∼ χ2(n− k − 1).
(e) SSR and SSE are independent.

8.4. Prove: (X′2M1X2)−1 ≥L (X′2X2)−1.

8.5. Consider the matrices A ∈ Rn×a, B ∈ Rn×b, and T ∈ Rn×t, and
assume that C (T) ⊂ C (A). Moreover, let U be any matrix satisfying
C (U) = C (A) ∩ C (B) and denote QT = In −PT. Prove that

C (QTU) = C (QTA) ∩ C (QTB) .

Markiewicz & Puntanen (2009, Lemma 5).

8.6. Consider the model {y, Xβ, σ2I}, where 1n ∈ C (X) and denote the
OLS residual as ε̂ = My. Prove the following:

(a) cord(y, ε̂) = (+)(1 − R2)1/2 ≥ 0, i.e., y and ε̂ cannot be negatively
correlated,

(b) cord(ŷ, ε̂) = 0, i.e., the fitted values and residuals are uncorrelated,
(c) cord(xi, ε̂) = 0, i.e., each xi is uncorrelated with the residual,
(d) ε̂′1n = y′M1n = 0, i.e.,

∑n
i=1 ε̂i = 0 = ¯̂ε: ε̂ is centered,

(e) ε̂′ŷ = 0, ε̂′xi = 0,
(f) ŷ′1n = y′H1n = y′1n, i.e., 1

n

∑n
i=1 ŷi = ȳ,

(g) cov(y,Hy) = σ2H = cov(Hy), cov(y,My) = σ2M = cov(My); here
y is a random vector.

8.7. Consider the model {y, Xβ, σ2I}, where X has full column rank and

X = (1 : x1 : . . . : xq : xq+1 : . . . : xk) = (1 : X01 : X2) = (X1 : X2) ,

and β̂ = (β̂′1, β̂′2)′. Show that the following statements are equivalent:

(a) β̂2 = 0,
(b) X′2M1y = 0,
(c) y ∈ C (M1X2)⊥ = C (X)⊥ � C (X1) = C (X1 : X2)⊥ � C (X1),
(d) pcord(X2,y | X01) = 0 or y ∈ C (X1).
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See also Exercise 3.11 (p. 104).
8.8. Prove, using the notation of Section 8.3 (p. 161):

β̂2
k = r2

yk·12...k−1 ·
y′M1y

x′kM1x′k
= r2

yk·12...k−1 · tkk · SSE(y; X1) .

8.9. Consider the linear model M = {y, Xβ, σ2I}, where X = (1 : x) ,x =
in. Prove that the t-statistic for testing the hypothesis β1 = 0 is

t =
yn − ȳ(n)

s(n)/
√

1− 1
n

= yn − ȳ
s(n)

√
1− 1

n

,

where ȳ(n) is the mean of y1, . . . , yn−1 and s(n) their standard deviation.
Confirm that this test statistic is the externally Studentized residual; cf.
(8.192) (p. 182).

8.10. Let H = PX where 1 ∈ C (X). Prove that 1
n ≤ hii ≤ 1

c , where c = the
number of those rows of X which are identical with x′(i) (c ≥ 1). Show
also that for each each off-diagonal element h2

ij ≤ 1
4 .

8.11. Consider the ANOVA model represented in (1.17a) (p. 61), when we
have g groups (or treatments) and ni observations in the ith group:

M : y =


y1
y2
...

yg

 =


1n1 0 . . . 0
0 1n2 . . . 0
...

... . . . ...
0 0 . . . 1ng



µ1
µ2
...
µg

+ ε = Xβ + ε .

Confirm:

H =


Jn1 0 . . . 0
0 Jn2 . . . 0
...

... . . . ...
0 0 . . . Jng

 , M = I−H =


Cn1 0 . . . 0
0 Cn2 . . . 0
...

... . . . ...
0 0 . . . Cng

 ,

Hy =


ȳ11n1

ȳ21n2
...

ȳg1ng

 , My =


Cn1y1
Cn2y2

...
Cngyg

 , (H− Jn)y =


(ȳ1 − ȳ)1n1

(ȳ2 − ȳ)1n2
...

(ȳg − ȳ)1ng

 ,

SST = y′Cny =
g∑
i=1

ni∑
j=1

(yij − ȳ)2, SSE = y′My = SS1 + · · ·+ SSg ,

SSR = y′(H− Jn)y =
g∑
i=1

ni(ȳi − ȳ)2 := SSB , SST = SSR + SSE .
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Observe that under the hypothesis H : µ1 = · · · = µg we have SSEH =
SST and hence SSEH −SSE = SSB, and, under normality, the F -test
statistics for testing H is

F = y′(H− Jn)y
y′My = SSB /(g − 1)

SSE /(n− g) ∼ F(g − 1, n− g) .

In this context, a common practice is to use notation

SSR = SSB = SSBetween , SSE = SSWithin .

For the multivariate versions of the above sum of squares, see page 233.

8.12 (Continued . . . ). Show that in the case of two groups the F -statistics
for the hypothesis µ1 = µ2 can be written as

F = (ȳ1 − ȳ2)2

SS1 + SS2
n− 2

(
1
n1

+ 1
n2

) = n1(ȳ1 − ȳ)2 + n2(ȳ2 − ȳ)2

SS1 + SS2
n− 2

= n1n2
n
· (ȳ1 − ȳ2) ·

(
SS1 + SS2
n− 2

)−1
· (ȳ1 − ȳ2)

= (ȳ1 − ȳ2)2

SSE
n− 2

n

n1n2

∼ F(1, n− 2) = t2(n− 2), n1 + n2 = n .

Notice the connection between the above F and the Hotelling’s T 2 in
(10.115) (p. 234). See also Exercise 0.25 (p. 53).

8.13. Notice that in Figure 8.1 (p. 169) we generate observations from a
two-dimensional distribution N2(0, Σ); σx = σy = 1, %xy = 0.7. Hence
also the explanatory variable x is a random variable which is not the
traditional situation when generating observations from a linear model:
there the values of x are assumed to be fixed and only y is a ran-
dom vector. Confirm that in the random-case (under multinormality)
the hypothesis %xy = 0 can be tested in the “usual” way by calculating
F = r2

xy

(1−r2
xy)/(n−2) . Moreover, convince yourself that in nonrandom case,

i.e., in a standard linear model, there is no parameter corresponding to
%xy and thereby rxy is a summary statistics of the regression but not an
estimate of the nonexisting “population correlation coefficient”.

Weisberg (2005, pp. 80–82).

8.14. Show that in (8.159) (p. 177)

Q(V) = (K′β̃ − d)′[K′(X′V−1X)−1K]−1(K′β̃ − d)
= (K′β̃ − d)′[cov(K′β̃)]−1(K′β̃ − d)σ2,
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and the restricted BLUE for β (supposing X has full column rank) is

β̃r = β̃ − (X′V−1X)−1K[K′(X′V−1X)−1K]−1(K′β̃ − d) .

1 2 3
x

1

2

3

4

5

6

7

8

9

y

Figure 8.7 (Exercise 8.15) Three treatments, 1, 2 and 3; seven observations.

8.15. Consider the scatter plot of Figure 8.7, where we have seven data points
and we have three treatments whose effect on y we wish to study using
one-way ANOVA. Show that the F -statistic for testing the hypothesis
H : µ1 = µ2 = µ3 has value F = 12 with g− 1 = 2 and n− g = 4 degrees
of freedom, and

SST = SSBetween + SSWithin : 42 = 36 + 6 .

8.16 (Continued . . . ). Suppose that the scatter plot of Figure 8.7 represents
a two-dimensional discrete uniform distribution of random variables x
and y. Let E(y | x) denote a random variable whose values are conditional
means E(y | x = 1), E(y | x = 2), E(y | x = 3) with probabilities
P(x = 1), P(x = 2), P(x = 3), respectively. Define the random variable
var(y | x) in the corresponding way and show that

var(y) = var[E(y | x)] + E[var(y | x)] . (8.196)

Casella (2008, p. 9) calls (8.196) as “a most important equality” in his
book on Statistical Design. Confirm the connection between (8.196) and
the ANOVA decomposition SST = SSB + SSE.

8.17 (Deleting the last q observations). Consider the models

M = {y, Xβ, σ2I} and its extended version MZ = {y, Zγ, σ2I},
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where

Z = (X : U), Xn×p =
(

X(1)
X(2)

)
, X(1) ∈ R(n−q)×p, X(2) ∈ Rq×p,

Un×q =
(

0
Iq

)
, γ =

(
β
δ

)
, β ∈ Rp, δ ∈ Rq, H =

(
H11 H12
H21 H22

)
,

M =
(

In−q −H11 −H12
−H21 Iq −H22

)
.

Let M[2] denote the version of model M where the last q observations
have been deleted. Confirm the following statements:

(a) rank(M22) = q−dim C (U)∩C (X) = q−rank(X(2))+dim C (X′(1))∩
C (X′(2)).

(b) M22 is positive definite ⇐⇒ C (X′(2)) ⊂ C (X′(1)) ⇐⇒ rank(X(1)) =
rank(X) ⇐⇒ ch1(U′HU) = ch1(H22) < 1 ⇐⇒ C (X) ∩ C (U) =
{0} ⇐⇒ δ is estimable under MZ = {y, Zγ, σ2I}.

(c) If X(1) has full column rank, then

δ̂ = (U′MU)−1U′My = M−1
22 ε̂2 = M−1

22 M21y1 + y2 ,

where ε̂2 is the lower part of ε̂ = My, and y2 is the lower part of y.
(d) SSEZ = y′(I−PZ)y = SSE[2] = SSE−y′PMUy = SSE−ε̂′2M−1

22 ε̂2 =
SSE−δ̂′M22δ̂, where SSE = y′My and

SSEZ = SSE[2] = y′1(In−q −PX(1))y1 is the SSE under M[2] .

(e) β̂ − β̂[2] = (X′X)−1X′UM−1
22 U′My = (X′X)−1X′(2)M

−1
22 ε̂2

= (X′X)−1X′Uδ̂, where β̂[2] is the OLSE of β under M[2].

(f) C (X′(1)) ∩ C (X′(2)) = {0} ⇐⇒ H =
(

PX(1) 0
0 PX(2)

)
; see also

Theorem 16 (p. 343).
(g) The F -test statistics for testing H : δ = 0 under MZ can be written

as

t2[2] = y′PMUy/q
y′(M−PMU)y/(n− p− q) = y′MU(U′MU)−1U′My/q

SSE[2] /(n− p− q)

= ε̂′2M−1
22 ε̂2/q

SSE[2] /(n− p− q)
∼ F (q, n− p− q, δ′M22δ/σ

2)

= the multiple case analogue of externally Studentized residual.

8.18. Consider the variables x1, x2 and y whose observed data matrix is
(x1 : x2 : y) = (X0 : y) and the sample covariance matrix is
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(a) S = s2

1 r r
r 1 r
r r 1

 =
(

Sxx sxy
s′xy s2

)
, (b) S = s2

 1 r r2

r 1 r
r2 r 1

 .

Find b∗ ∈ R2 so that minb vard(y −X0b) = vard(y −X0b∗). Confirm
that b∗ maximizes cord(y,X0b).

8.19 (Properties of intersection C (A) ∩ C (B)). Let L be a matrix which
spans the intersection of C (A) and C (B), i.e., C (L) = C (A) ∩ C (B)
Prove:

(a) C (A) = C [L : (I−PL)A] = C (A) ∩ C (B)� C [(I−PL)A],
(b) PA = PL + P(I−PL)A = PL + PC (A)∩C (L)⊥ ,
(c) PAPB = PL + P(I−PL)AP(I−PL)B,
(d) (I−PL)PA = PA(I−PL) = PA −PL = PC (A)∩C (L)⊥ ,
(e) C [(I−PL)A] = C [(I−PL)PA] = C (A) ∩ C (L)⊥,
(f) rank(A) = dim C (A) ∩ C (B) + dim C (A) ∩ C (L)⊥.

8.20 (Commuting projectors). Denote C (L) = C (A)∩C (B). Prove that the
following statements are equivalent; see Baksalary (1987):

(a) PAPB = PBPA,
(b) PAPB = PC (A)∩C (B) = PL,
(c) P(A : B) = PA + PB −PAPB,
(d) C (A : B) ∩ C (B)⊥ = C (A) ∩ C (B)⊥,
(e) C (A) = C (A) ∩ C (B)� C (A) ∩ C (B)⊥,
(f) rank(A) = dim C (A) ∩ C (B) + dim C (A) ∩ C (B)⊥,
(g) rank(A′B) = dim C (A) ∩ C (B),
(h) P(I−PA)B = PB −PAPB,
(i) C (PAB) = C (A) ∩ C (B),
(j) C (PAB) ⊂ C (B),
(k) P(I−PL)AP(I−PL)B = 0.

8.21. Suppose that PAPB = PBPA. Show that then

C (PA : PB) = C (PAPB)� C (PAQB)� C (PBQA) ,

where QA = I−PA and QB = I−PB.
Groß & Trenkler (1998), Kala (2009).



Chapter 9
Minimizing cov(y− Fx)

I don’t play accurately—anyone can play accurately—but
I play with a wonderful expression.

Oscar Wilde: The Importance of Being Earnest

In this chapter we consider the problem of finding the minimum—in the
Löwner sense—for the covariance matrix of y−Fx where y and x are given
random vectors and the matrix F is free to vary. This is a fundamental task
in linear models and multivariate analysis and the solution, utilized in several
places in this book, is very much worth remembering.

Theorem 9 (Minimizing cov(y−Fx)). Let x and y be p- and q-dimensional
random vectors, respectively, and let z =

( x
y
)
be a partitioned random vector

with covariance matrix

cov(z) = cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
= Σ . (9.1)

Then
cov(y− Fx) ≥L cov(y−ΣyxΣ−xxx) for all F ∈ Rq×p, (9.2)

and the minimal covariance matrix is

cov(y−ΣyxΣ−xxx) = Σyy −ΣyxΣ−xxΣxy = Σyy·x = Σ/Σxx , (9.3)

the Schur complement of Σxx in Σ.

Proof. The proof is very simple with the help of the Block Diagonalization
Theorem 13 (p. 291). Let us denote

u =
(

u1
u2

)
= Bz =

(
Ip 0

−ΣyxΣ−xx Iq

)(
x
y

)
=
(

x
y−ΣyxΣ−xxx

)
. (9.4)

Then
cov(u) = BΣB′ =

(
Σxx 0
0 Σyy −ΣyxΣ−xxΣxy

)
, (9.5)

indicating that u1 and u2 are uncorrelated:

cov(u1,u2) = cov(x,y−ΣyxΣ−xxx) = 0 . (9.6)
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We can obviously write

cov(y− Fx) = cov[(y−ΣyxΣ−xxx) + (ΣyxΣ−xx − F)x]
:= cov(v1 + v2) . (9.7)

In light of (9.6), the random vectors v1 and v2 are uncorrelated and hence
(9.7) can be written as

cov(y− Fx) = cov(y−ΣyxΣ−xxx) + cov[(ΣyxΣ−xx − F)x]
≥L cov(y−ΣyxΣ−xxx) . (9.8)

Thus our claim is proved. ut

We can approach the above task also through projections. To do this, let
us express the covariance matrix of

( x
y
)
as

cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
=
(

A′A A′B
B′A B′B

)
, (9.9)

where A ∈ Ru×p, B ∈ Ru×q (for some u). Then

cov(y− Fx) = B′B + FA′AF′ −B′AF′ − FA′B
= (B−AF′)′(B−AF′) . (9.10)

In view of Proposition 2.5 (p. 81), we have

(B−AF′)′(B−AF′) ≥L B′(Iu −PA)B , (9.11)

where the equality is attained if and only if

AF′ = PAB = AΣ+
xxΣxy , (9.12)

in which case F′ can be expressed as F′∗ = (A′A)+A′B = Σ+
xxΣxy. Hence

cov(y− Fx) ≥L cov(y− F∗x) = cov(y−ΣyxΣ+
xxx) , (9.13)

where Σ+
xx can be replaced with any Σ−xx.

In view of Proposition 1.4 (p. 64), we can “extend” Theorem 9 as follows.

Corollary 9.1. The following statements are equivalent:

(a) cov(y− Fx) ≥L cov(y−Ax) for all F ∈ Rq×p.
(b) cov(x,y−Ax) = 0.
(c) The matrix A is a solution to AΣxx = Σyx.
(d) The matrix A is of the form

A = ΣyxΣ−xx + L(Ip −ΣxxΣ−xx) , (9.14)
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where L ∈ Rq×p is free to vary.
(e) A(x− µx) = ΣyxΣ−xx(x− µx) with probability 1.

In particular, if the random vector z is partitioned so that

cov(z) = cov
(

x
y

)
=
(

Σxx σxy
σ′xy σ2

y

)
= Σ , (9.15)

then

min
f

var(y − f ′x) = var(y − σ′xyΣ−xxx) = σ2
y − σ′xyΣ−xxσxy

= σ2
y

(
1− σ

′
xyΣ−xxσxy

σ2
y

)
= σ2

y

(
1− %2

y·x) = σ2
y·x , (9.16)

where the minimum is obtained when f is

f∗ = Σ−xxσxy . (9.17)

On the other hand, in view the Cauchy–Schwarz inequality, we have (assum-
ing σ2

y > 0):

cor2(y, f ′x) =
(σ′xyf)2

σ2
y · f ′Σxxf ≤

σ′xyΣ−xxσxy · f ′Σxxf
σ2
y · f ′Σxxf

=
σ′xyΣ−xxσxy

σ2
y

= %2
y·x = cor2(y, f ′∗x) . (9.18)

Thus we have (again) confirmed that the tasks of solving f from

min
f

var(y − f ′x) and max
f

cor2(y, f ′x) , (9.19)

yield essentially the same solutions f∗ = Σ−xxσxy. The corresponding prop-
erties concerning the sample variance and sample correlation are considered,
e.g., in Section 2.2 (p. 79); see also Remark 2.2 (p. 79). The maximal corre-
lation %2

y·x is the squared population multiple correlation coefficient.
Of course, if σ2

y = 0, the multiple correlation coefficient %y·x is not well-
defined. However, in light of (1.35) (p. 63), σ2

y = 0 implies that σxy = 0
and so σ2

y·x = 0. Occasionally it might be worthwhile to make the following
convention:

%y·x = 1 if σ2
y = 0 . (9.20)

Suppose that
( x

y
)
∼ Np+q(µ,Σ), and denote v = y−ΣyxΣ−xxx and so

y = v + ΣyxΣ−xxx = (y−ΣyxΣ−xxx) + ΣyxΣ−xxx . (9.21)

Now cov(v,x) = 0 implies, under multinormality, that v and x are (statisti-
cally) independent, and thereby the conditional distribution of y given that
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x is held fixed at a selected value x = x is normal with

E(y | x = x) = E(v) + ΣyxΣ−xxx = µy + ΣyxΣ−xx(x− µx) , (9.22a)

cov(y | x = x) = cov(v) = Σyy −ΣyxΣ−xxΣxy = Σyy·x ; (9.22b)

see, e.g., Marsaglia (1964) and Muirhead (1982, p. 12).

9.1 Best Linear Predictor

Let f(x) be a scalar-valued function of the random vector x. The mean
squared error of f(x) with respect to y, y being a random variable or a fixed
constant, is

MSE[f(x); y] = E[y − f(x)]2. (9.23)

Correspondingly, if y is a vector (random or fixed) and f(x) is a vector-valued
random vector (function of random vector x), the mean squared error matrix
of f(x) with respect to y is

MSEM[f(x); y] = E[y− f(x)][y− f(x)]′. (9.24)

Let the random vector z (with p+ 1 elements) be partitioned so that

z =
(

x
y

)
, E(z) = µ =

(
µx
µy

)
, cov(z) = Σ =

(
Σxx σxy
σ′xy σ2

y

)
. (9.25)

We might be interested in predicting the random variable y on the basis of
some function of the random vector x; denote this function as f(x). Then we
can call f(x) a predictor of y on the basis of x. Naturally there are advantages
to choose such a predictor f(x) which minimizes the mean squared error
MSE[f(x); y] = E[y−f(x)]2. Such a predictor is called the best predictor and
we may denote it as BP(y; x). Then the BP(y; x) has the property

min
f(x)

E[y − f(x)]2 = E[y − BP(y; x)]2. (9.26)

It can be shown that

♠ the conditional expectation E(y | x) is the best predictor of y,

i.e.,
E(y | x) = BP(y; x) . (9.27)

Here we have to consider E(y | x) as a random variable, not a real number.
The conditional expectation E(y | x = x) is a function of x, and we may
denote it as E(y | x = x) := m(x). Then replacing x with x, m(x) becomes
a random variable m(x), which is denoted as E(y | x). The proof of the
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important result (9.27) is left as an exercise; see, e.g., Christensen (2002,
p. 132), Rao (1973a, p. 264), and Searle, Casella & McCulloch (1992, §7.2).

Consider next the linear (inhomogeneous) predictors:

{LP(y; x)} = { f(x) : f(x) = a′x + b, a ∈ Rp, b ∈ R } . (9.28)

Then the best linear predictor (BLP) of y on the basis of x is defined as

BLP(y; x) = a′∗x + b∗ , (9.29)

if it minimizes the mean squared error:

min
a,b

MSE(a′x + b; y) = min
a,b

E[y − (a′x + b)]2

= E[y − (a′∗x + b∗)]2. (9.30)

It is easy to see that

E[y − (a′x + b)]2 = E[y − a′x− (µy − a′µx) + (µy − a′µx − b)]2

= var(y − a′x) + (µy − a′µx − b)2

= “variance” + “bias2” . (9.31)

The second term above, i.e., the “bias2”, becomes zero when b is chosen as

b∗ = µy − a′µx . (9.32)

According to (9.16) (p. 193), the first term in (9.31), i.e., var(y−a′x), attains
its minimum if a is

a∗ = Σ−xxσxy , (9.33)

and hence the formula for BLP(y; x) is

BLP(y; x) = (µy − σ′xyΣ−xxµx) + σ′xyΣ−xxx
= µy + σ′xyΣ−xx(x− µx) , (9.34)

see Anderson (2003, p. 37), and Christensen (2002, Th. 6.3.2). In particular,
if the conditional expectation E(y | x) is of the form

E(y | x) = α+ β′x , (9.35)

then necessarily BLP(y; x) = E(y | x) and

α = µy − β′µx , and β = Σ−xxσxy . (9.36)

Corresponding to (0.168) (p. 36), we can state the following:

♠ whenever possible, the BLP “goes through” the conditional
means. (9.37)
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The prediction error is

ey·x = y − BLP(y; x) = y − µy − σ′xyΣ−xx(x− µx) , (9.38)

while the variance of the prediction error ey·x becomes

var(ey·x) = σ2
y − σ′xyΣ−xxσxy

= σ2
y

(
1− σ

′
xyΣ−xxσxy

σ2
y

)
= σ2

y(1− %2
y·x) , (9.39)

where %y·x is the population multiple correlation coefficient:

%2
y·x = cor2[y,BLP(y; x)] = cor2(y,σ′xyΣ−xxx) . (9.40)

Notice again that if σ2
y = 0, then var(ey·x) = 0 but the multiple correlation

coefficient %y·x is not well-defined.
Consider a more general case when

z =
(

x
y

)
, µ =

(
µx
µy

)
, Σ =

(
Σxx Σxy
Σyx Σyy

)
. (9.41)

Then the linear predictor Gx + g is the best linear predictor, BLP, for y on
the basis of x, if the Löwner ordering

MSEM(Gx + g; y) ≤L MSEM(Fx + f ; y) (9.42)

holds for every linear predictor Fx + f of y; above

MSEM(Gx + g; y) = E[y− (Gx + g)][y− (Gx + g)]′

= mean squared error matrix. (9.43)

In view of

E[y− (Ax + b)][y− (Ax + b)]′

= cov(y−Ax) + (µy −Aµx − b)(µy −Aµx − b)′, (9.44)

it is easy to confirm that Theorem 9 (p. 191) gives

BLP(y; x) = µy −ΣyxΣ−xxµx + ΣyxΣ−xxx
= µy + ΣyxΣ−xx(x− µx) . (9.45)

The difference y− BLP(y; x) is the prediction error:

ey·x = y− BLP(y; x) = y− µy −ΣyxΣ−xx(x− µx) . (9.46)
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The random vector BLP(y; x) is also called the regression of y on x and
ey·x the vector of residuals of y from its regression on x; worth repeating:

BLP(y; x) = the regression of y on x , (9.47a)
ey·x = residuals of y from its regression on x . (9.47b)

The matrix cov(ey·x) = Σyy·x is the matrix of partial covariances of y (elim-
inating, so to say, the effect of x). The ij-element of the matrix of partial
correlations of y (eliminating x) is

%ij·x = σij·x√
σii·xσjj·x

= cor(eyi·x, eyj ·x) , (9.48)

where

eyi·x = yi − µyi − σ′xyiΣ−xx(x− µx) , σxyi = cov(x, yi) . (9.49)

As mentioned in (9.21)-(9.22) (p. 193), one fundamental fact in multivari-
ate analysis is that under multinormality, i.e., if z ∼ Np+q(µ,Σ), where z is
partitioned as in (9.41), the conditional distribution of y given that x is held
fixed at a selected value x = x is normal with the mean

E(y | x = x) = µy + ΣyxΣ−1
xx (x− µx) , (9.50)

and the covariance matrix (partial covariances)

cov(y | x = x) = Σyy −ΣyxΣ−1
xxΣxy = Σyy·x . (9.51)

Above (and what follows) we assume, for simplicity, that Σ is positive defi-
nite. Elements of Σyy·x are, under multinormality, conditional variances and
covariances, and the partial correlations are conditional correlations. In par-
ticular,

E(y | x = x) = µy + σ′xyΣ−1
xx (x− µx) , (9.52a)

and

var(y | x = x) = σ2
y·12...p = σ2

y·x = σ2
y − σ′xyΣ−1

xxσxy

= σ2
y

(
1− σ

′
xyΣ−1

xxσxy

σ2
y

)
= σ2

y(1− %2
y·x) . (9.52b)

When n = 2, and cor(x, y) = %xy, we have

E(y | x = x) = µy + σxy
σ2
x

(x− µx) = µy + %xy
σy
σx

(x− µx)

=
(
µy −

σxy
σ2
x

µx

)
+ σxy

σ2
x

x , (9.53a)

var(y | x = x) = σ2
y·x = σ2

y(1− %2
xy) ≤ σ2

y = var(y) . (9.53b)
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As was done earlier, we can consider the conditional expectation E(y | x)
as a random vector by replacing x by x. Then, under multinormality,

E(y | x) = µy + ΣyxΣ−1
xx (x− µx) = BLP(y; x) . (9.54)

In view of (9.27) (p. 194), µy + ΣyxΣ−1
xx (x− µx) is (under multinormality)

not only the best linear predictor but also the best predictor of y.
It is worth emphasizing that if z is not multinormally distributed, then

the matrix of the partial covariances Σyy·x is not necessarily the covariance
matrix of the conditional distribution, and correspondingly, the partial cor-
relations are not necessarily conditional correlations.

We collect some properties of BLP in the following proposition.
Proposition 9.1. Let Gx + g be the best linear predictor for y (on the basis
of x), denoted by BLP(y; x), let ey·x be the corresponding residual (prediction
error). Then
(a) BLP(y; x) = µy + ΣyxΣ−xx(x− µx),
(b) E[BLP(y; x)] = µy,
(c) ey·x = y− BLP(y; x) = y− [µy + ΣyxΣ−xx(x− µx)],
(d) cov(ey·x) = Σyy −ΣyxΣ−xxΣxy = MSEM[BLP(y; x); y],
(e) cov(ey·x,x) = 0.

The random vector BLP(y; x) = µy−ΣyxΣ−xx(x−µx) is sometimes called
the linear expectation and denoted also as Ê(y; x). In general,
• BLP(y; x) is neither the conditional expectation of y given x
• nor an estimate of the conditional expectation.

9.2 What Is Regression?

Photograph 9.1 Bernard
Flury (Auckland, 1995).

In (9.47) (p. 197) we defined what we mean
by regression in the context of random vari-
ables: the regression of y on x is the BLP(y;x),
the best linear predictor of y on the basis
of x, which is not necessarily the same as
the conditional mean E(y | x). For exam-
ple Anderson (2003, p. 39), states that even
when we have no multinormality—in which
case BLP(y;x) = E(y | x)—we can define re-
gression by BLP(y;x).

Flury (1997, p. 90) calls the conditional mean E(y | x = x) or its random
version E(y | x) the regression of y on x. Notice that this definition does not
require that E(y | x) is a linear function of x. Flury continues:
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♠ “The student who has taken a regression course before may be somewhat sur-
prised by this definition, because regression analysis is often viewed as a collection
of techniques for fitting equations to observed data. Yet this definition expresses
perfectly the central goal of regression analysis, namely, to estimate the (condi-
tional) mean of a variable, knowing the values of one or several other variables.”

Cook & Weisberg (1999, p. 37) state that

♠ “Regression is the study of how the conditional distribution of y | x changes
with the value of x.”

The first sentence in Weisberg (2005) is:

♠ “Regression analysis answers questions about the dependence of a response
variable on one or more predictors, including prediction of future values of a
response, discovering which predictors are important, and estimating the impact
of changing a predictor or a treatment on the value of the response.”

The Preface of Ryan (2009) begins:

♠ “Contrary to the opinions that some people have expressed in the literature,
regression analysis is a continuously evolving field. It is not already ‘fully devel-
oped’.”

Photograph 9.2 R. Dennis
Cook (Tampere, 1990).

Graphics is of course an extremely impor-
tant tool in regression-related matters, and ev-
ery regression user should take a look at the
classic scatter plots of Anscombe (1973); see
Figure 9.1 (p. 200). [Cf. also papers by Chat-
terjee & Firat (2007) and Haslett & Govin-
daraju (2009).]

In the Preface of his book on Regression
Graphics, Cook (1998) writes: “The original
motivation came from wondering how far com-
puter craphics could be pushed in a regres-
sion analysis. In the extreme, is it possi-
ble to conduct a regression analysis by using
just graphics?” For related references to this
rapidly developing new area (including con-
cepts like “sufficient dimension reduction”), we
may mention Li (1991), Cook (1998, 2007),
Cook, Li & Chiaramonte (2007), and Cook &

Forzani (2008).
The term regression itself has an exceptionally interesting history: see the

excellent chapter entitled Regression towards Mean in Stigler (1999), where
(on p. 177) he says that the story of Francis Galton’s (1822–1911) discovery
of regression is “an exciting one, involving science, experiment, mathematics,
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Figure 9.1 The four data sets of Anscombe (1973). Each pair yields identical numerical
regression output. Lesson: plot, plot, plot!

simulation, and one of the great thought experiments of all time”1; see also
Stigler (1986, Ch. 8).

Galton investigated the relationships between the heights of fathers and
heights of sons. He found that tall fathers tend to have tall sons in general
but he also found that very tall fathers tend to have sons who are in average
shorter (in terms of standard deviations) than their fathers. This can be
concluded well from a bivariate normal distribution:

E(y | x = a)− µy
σy

= %xy
a− µx
σx

. (9.55)

Putting σx = σy we have

E(y | x = a)− µy = %xy(a− µx) . (9.56)

In this father-son-height case 0 < %xy < 1 and hence the son whose father has
x = a is expected to be closer to the average (of the sons) than his father is to
the average of the fathers. Figures 9.2a and 9.2b, illustrating this situation,

1 While telling about the regression fallacy, Stigler (1999, p. 169) refers to Harold
Hotelling’s (1934) criticism on some particular misunderstanding: “To ‘prove’ such a
mathematical result by a costly and prolonged numerical study of many kinds of business
profit and expense ratios is analogous to proving the multiplication table by arranging
elephants in rows and columns, and then doing the same for numerous other kinds of
animals. The performance, though perhaps entertaining, and having certain pedagogical
value, is not important contribution to either zoölogy or to mathematics.”
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are based on classical data of Pearson & Lee (1903) and Galton (1886). See
also a related papers by Wachsmuth, Wilkinson & Dallal (2003), and Smith
(1997).
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Figure 9.2 (a) Data of Pearson & Lee (1903): heights of fathers and sons, in centime-
ters; n = 1078. (b) Data of Galton (1886): height of “midparent” vs. height of adult
child, n = 928. Measurements are centered and scaled so that variances are 1. The size
of a circle is proportional to the number of observations in the corresponding cell of
Galton’s cross-tabulation. The conditional means are marked with filled circles.

9.3 Throwing Two Dice

Let us consider an extremely simple but illustrative example, see Flury (1997,
Example 2.2.3). Let us roll (independently) two dice and denote the numbers
obtained as random variables x1 and x2 and let y denote their sum:

y = x1 + x2 . (9.57)

Let us consider the joint distribution of x1 and y—see the Figure 9.3. Now
we can trivially conclude that

E(y | x1 = x1) = 3.5 + x1, x1 = 1, . . . , 6 , (9.58a)
var(y | x1 = x1) = var(x2) = σ2

2 . (9.58b)

On the other hand

E(xi) = µi = 3.5 , var(xi) = σ2
i = σ2 = 35/12, i = 1, 2 , (9.59a)
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Figure 9.3 Throwing two dice. The random variable y is a sum of two dice, x1 and
x2. The picture shows the joint distribution of x1 and y. The thick line’s equation is
y = 3.5 + x1, which is the BLP of y on the basis of x1 when considering x1 and y
as random variables. The same line forms also the conditional expectation of y given
that x1 has a selected value x1 = x1. The contour drawn is for the bivariate normal
distribution N2(µ,Σ), where µ and Σ are calculated from the joint distribution of x1
and y. The big dot in the figure is the point µ+ at1, where t1 is the first eigenvector of
Σ and a is an appropriate scalar.

E(y) = µy = 7 , var(y) = σ2
y = σ2 + σ2 = 2σ2, (9.59b)

cov(x1, y) = cov(x1, x1 + x2) = var(x1) = σ2, (9.59c)

cor2(x1, y) = [var(x1)]2
var(y) · var(x1) = var(x1)

var(y) = σ2

2σ2 = 1
2 , (9.59d)

E
(
x1
y

)
=
(

3.5
7

)
= µ , cov

(
x1
y

)
= σ2

(
1 1
1 2

)
= Σ . (9.59e)

Hence we get

BLP(y;x1) =
(
µy − µ1

cov(x1, y)
var(x1)

)
+ cov(x1, y)

var(x1) x1 = 3.5 + x1 , (9.60)

and so in this situation, even though the joint distribution is far away from
the normal distribution, we have the equality E(y | x1) = BLP(y;x1) .

Figure 9.3 illustrates the situation. The thin lines are the principal axis of
the contour ellipse for the bivariate normal distribution N2(µ,Σ). They have
the same directions as the eigenvectors of Σ.
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It is easy to conclude that if y = x1 + · · · + xp, where xi’s refer to p
independent dice then

E(y | x1) = 3.5(p− 1) + x1 , var(y | x1) = σ2(p− 1) , (9.61a)

cor2(x1, y) = var(x1)
var(y) = σ2

pσ2 = 1
p
. (9.61b)

9.4 Predictive Approach to Principal Component
Analysis

Next we consider somewhat different prediction problem: we are interested
in predicting the d-dimensional random vector z on the basis of some linear
combinations of z, that is, we want to find

BLP(z; A′z) = best linear predictor of z on the basis of A′z , (9.62)

where A′ ∈ Rk×d is a given matrix. This task makes particular sense if we
are able to find only few linear combinations of z, which give a “reasonable”
prediction for z; this means that the number of the columns of A, k, would
be much smaller than d, the dimension of z. The efficiency of prediction
may be measured by the covariance matrix of the prediction error which we
wish to be “small” in some appropriate sense. This technique can be seen
as a predictive approach to the principal components; see, e.g., Rao (1973a,
pp. 592–593), Rao (1964, §7) Christensen (2001, §3.2.1), and Jolliffe (2002,
Ch. 2).

Let us denote
cov

(
A′z
z

)
=
(

A′ΣA A′Σ
ΣA Σ

)
. (9.63)

Then the following result is easy to establish.

Proposition 9.2. Consider the random vector z with E(z) = µz, cov(z) =
Σ, and let the random vector BLP(z; A′z) denote the BLP of z based on A′z.
Then

BLP(z; A′z) = µz + cov(z,A′z)[cov(A′z)]−[A′z− E(A′z)]
= µz + ΣA(A′ΣA)−A′(z− µz)
= µz + Σ1/2PΣ1/2A(Σ+)1/2(z− µz)
= µz + (PA;Σ)′(z− µz) , (9.64)

where (PA;Σ)′ = ΣA(A′ΣA)−A = P′A;Σ, and the covariance matrix of the
prediction error ez·A′z = z− BLP(z; A′z) is
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cov[z− BLP(z; A′z)] = Σ−ΣA′(A′ΣA)−A′Σ
= Σ(Id −PA;Σ) = Σ1/2(Id −PΣ1/2A)Σ1/2. (9.65)

How to choose the matrix A ∈ Rd×k ? Proposing this question means
that we have some relevant criterion in mind for constructing A, and as said
earlier, a natural measure of the goodness of the prediction is the “size” of
the covariance matrix of the prediction error ez·A′z = z − BLP(z; A′z). For
simplicity we assume in what follows that cov(z) = Σ is positive definite.

Let us first consider the situation when A has only one column, A = a.
Then the covariance matrix of the prediction error is

cov[z− BLP(z; a′z)] = Σ−Σa(a′Σa)−1a′Σ := Σz·a′z . (9.66)

How should the vector a be chosen so that it would give the minimum, in
some sense, for the (9.66)?

Minimizing the trace of Σz·a′z, we have to maximize

tr[Σa(a′Σa)−1a′Σ] = a′Σ2a
a′Σa . (9.67)

In view of Proposition 18.9 (p. 377),

max
a 6=0

a′Σ2a
a′Σa = ch1(Σ2Σ−1) = ch1(Σ) = λ1 , (9.68)

and the maximum is attained when a is chosen as t1, the eigenvector of Σ
corresponding to the largest eigenvalue λ1.

An alternative criterion to construct a is to minimize the Frobenius (Eu-
clidean) norm of Σz·a′z. This can be done using the Eckart–Young theorem,
i.e., Proposition 19.5 (p. 401). For this purpose, let Σ have the eigenvalue
decomposition

Σ = TΛT′ = λ1t1t′1 + · · ·+ λdtdt′d . (9.69)

Then

min
rk(B)=k

‖Σ−B‖2F = min
rk(B)=k

tr(Σ−B)(Σ−B)′ = λ2
k+1 + · · ·+ λ2

d , (9.70)

and the minimum is attained when B is chosen as

B∗ = T(k)Λ(k)T′(k) = λ1t1t′1 + · · ·+ λktkt′k . (9.71)

For k = 1 we have B∗ = λ1t1t′1 and ‖Σ−B∗‖2F = tr(Σ2)−λ2
1. On the other

hand, we obviously have

min
a 6=0
‖Σ−Σa(a′Σa)−1a′Σ‖F ≥ min

rk(B)=1
‖Σ−B‖2F . (9.72)
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Putting a = t1, we get

Σa(a′Σa)−1a′Σ = λ1t1 · λ1t′1
λ1

= λ1t1t′1 . (9.73)

Hence we can conclude that the following criteria yield the same results:

min
a 6=0

tr[Σ−Σa(a′Σa)−1a′Σ] , min
a 6=0
‖Σ−Σa(a′Σa)−1a′Σ‖F . (9.74)

The analogy appearing in (9.74) can be extended to a matrix A comprising
k orthonormal columns. Minimizing the trace of Σz·A′z, we have to maximize

tr(Σ1/2PΣ1/2AΣ1/2) = tr(PΣ1/2AΣ) = tr[A′Σ2A(A′ΣA)−1] . (9.75)

In view of Proposition 19.1 (p. 397),

max
L′L=Ik

tr(L′ΣL) = max
L′L=Ik

tr(PLΣ) = λ1 + · · ·+ λk , (9.76)

and thereby

tr(PΣ1/2AΣ) ≤ λ1 + · · ·+ λk for all A ∈ Rd×k. (9.77)

Choosing A = T(k), we get

tr(PΣ1/2T(k)
Σ) = tr[T′(k)Σ2T(k)(T′(k)ΣT(k))−1]

= λ1 + · · ·+ λk , (9.78)

and hence the maximum of (9.75) is attained when A is chosen as T(k). The
corresponding result is obtained also when minimizing the Frobenius matrix
norm ‖Σ − ΣA(A′ΣA)−1A′Σ‖F . For related considerations regarding the
sample statistics, see Section 19.4 (p. 402).

Proposition 9.3. Let A be a d × k matrix of orthonormal columns, and
consider the best linear predictor of z on the basis of A′z. Then, the Euclidean
norm of the covariance matrix of the prediction error (residual)

‖Σ−ΣA(A′ΣA)−1A′Σ‖F = ‖Σ1/2(Id −PΣ1/2A)Σ1/2‖F , (9.79)

is a minimum when A is chosen as T(k) = (t1 : . . . : tk), where ti are
the k first orthonormal eigenvectors of Σ. Moreover, minimizing the trace of
the covariance matrix of the prediction error, i.e., maximizing tr(PΣ1/2AΣ)
yields the same result.

Consider a particular situation when x and y are p- and q-dimensional
random vectors, and our task is to predict z =

( x
y
)
on the basis of x. Denote
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z =
(

x
y

)
,

(
x
z

)
=

x
x
y

 =
(

(Ip : 0)z
z

)
=
(

A′z
z

)
, (9.80)

and

cov
(

A′z
z

)
=
(

A′ΣA A′Σ
ΣA Σ

)
=

Σxx Σxx Σxy
Σxx Σxx Σxy
Σyx Σyx Σyy

 . (9.81)

Now we can prove the following.

Proposition 9.4 (Cook’s trick). The best linear predictor of z =
( x

y
)
on

the basis of x is

BLP(z; x) =
(

x
µy + ΣyxΣ−xx(x− µx)

)
=
(

x
BLP(y; x)

)
. (9.82)

Proof. We can write

BLP(z; A′z) = µz + ΣA(A′ΣA)−A′(z− µz)

=
(
µx
µy

)
+
(

Σxx
Σyx

)
Σ−xx(x− µx) =

(
µx + ΣxxΣ−xx(x− µx)
µy + ΣyxΣ−xx(x− µx)

)
=
(

x
µy + ΣyxΣ−xx(x− µx)

)
. (9.83)

Above we have used ΣxxΣ−xx(x− µx) = x− µx, which follows from

x− µx ∈ C (Σxx) with probability 1; (9.84)

see (1.40), page 63. ut

We may end this section by an interesting citation from Christensen (2001,
p. 123):

“. . . principal component analysis in its modern form was originated by Hotelling
(1933). It is curious that, although Hotelling was originally interested in a pre-
diction problem (actually a factor analysis problem), he transformed his problem
into one of finding vectors a1, . . . ,ar of fixed length such that a′iy has maximum
variance subject to the condition that cov(a′iy,a′jy) = 0, j = 1, . . . , i− 1. This is
the form in which principal component analysis is traditionally presented.”

Interesting comments on the use/over-use of the principal component anal-
ysis are given by Speed (2008a).
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9.5 A Property of the Prediction Errors

Let z be a d-dimensional random vector with cov(z) = Σ and denote z(i) =
(z1, . . . , zi)′. Consider the following residuals (prediction errors)

e1·0 = z1 , e2·1 = z2 − BLP(z2; z1) , e3·12 = z3 − BLP(z3; z1, z2) , (9.85)

so that
ei·1...i−1 = zi − BLP(zi; z(i−1)) , i = 2, . . . , d . (9.86)

Let e be a d-dimensional random vector of these residuals:

e = (e1·0, e2·1, . . . , ed·1...d−1)′ = (e1, e2, . . . , ed)′. (9.87)

The vector e can be written as

e =


1 0 0 . . . 0
f21 1 0 . . . 0
f31 f32 1 . . . 0
...

...
... . . . ...

fd1 fd2 fd3 . . . 1




z1
z2
z3
...
zd

 = Fz , (9.88)

for the relevant F. In view of part (e) of Proposition 9.1 (p. 198), the
residual ei is uncorrelated with every element of z(i−1). Because each ei,
i = 1, . . . , i − 1, is a function of z(i−1), the residual ei is uncorrelated with
each ei, i = 1, . . . , i− 1. Thereby we can conclude that cov(e) = D is a diag-
onal matrix, where the diagonal elements are the variances of the prediction
errors:

D = diag(σ2
1 , σ

2
2·1, . . . , σ

2
d·1...d−1) , (9.89)

with

σ2
2·1 = σ2

2 − σ2
12/σ

2
1 = σ2

2(1− %2
12) , (9.90a)

σ2
i·x(i−1)

= σ2
i − [cov(x(i−1), xi)]′[cov(x(i−1))]− cov(x(i−1), xi)

= σ2
i (1− %2

i·x(i−1)
) . (9.90b)

Here %i·x(i−1) refers to the population multiple correlation coefficient.
Because F is a lower triangular matrix with 1’s in the diagonal, and

cov(e) = D = FΣF′, we have

det(D) = det(FΣF′) = det(Σ) = σ2
1σ

2
2·1 · · ·σ2

d·1...d−1 ; (9.91)

see also (13.45) (p. 298). Trivially Σ is positive definite if and only if all
diagonal elements of D are nonzero (necessarily then positive). Note that
D = FΣF′ implies that
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Σ = F−1D1/2D1/2(F′)−1 := LL′, (9.92)

where L = F−1D1/2 is a lower triangular matrix. As noted by Das Gupta
(1997), this gives a statistical proof of the triangular factorization of a non-
negative definite matrix; see also Rao (1973a, p. 589). It is straightforward
to confirm that all diagonal elements of L are nonnegative, and that if Σ is
positive definite, then they are positive. If Σ is singular and thereby at least
one diagonal element of D is zero, then the corresponding diagonal element
of L is also zero as well as all elements of the corresponding column. The
decomposition (9.92) is also known as the Cholesky decomposition.

We can do the above considerations also in the variable space using orthog-
onal projectors. To have a quick look at this approach, consider a centered
n× d data matrix X̃ = (x̃1 : . . . : x̃d) and the following residuals

e1·0 = x̃1 , ei·1...i−1 = (In −P(x̃1: ... : x̃i−1))x̃i , (9.93)

and let E be an n× d matrix whose columns are these residuals:

E = (e1·0 : e2·1 : . . . : ed·1...d−1) . (9.94)

Then E′E appears to be a diagonal matrix where the ith diagonal element is

eii = SSE(x̃i; x̃1, . . . , x̃i−1) . (9.95)

If the columns of X̃ have unit length, then

det(E′E) = det(R) = (1− r2
12)(1−R2

3·12) · · · (1−R2
d·12...d−1) , (9.96)

where R is the correlation matrix of from the data matrix (x1 : . . . : xd), and
R2 refers to the coefficient of determination.

9.6 Prediction in the Autocorrelation Structure

Consider, as on page 250, the p-dimensional random vector y, which has the
expectation E(y) = 0 and the covariance matrix:

Σ = σ2{%|i−j|} = σ2


1 % %2 . . . %p−1

% 1 % . . . %p−2

...
...

...
...

%p−1 %p−2 %p−3 . . . 1

 = σ2
(

Σ11 σ12
σ′12 1

)
,

(9.97)

where %2 < 1, and
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σ12 = (%p−1, %p−2, . . . , %2, %)′ ∈ Rp−1. (9.98)

We observe that σ12 can be obtained by multiplying the last column of Σ11
by %:

σ12 = %Σ11u , (9.99)

where u is the last column of Ip−1. Therefore

Σ−1
11 σ12 = Σ−1

11 · %Σ11u = %u = (0, . . . , 0, %)′ := b∗ ∈ Rp−1. (9.100)

Denoting y(i−1) = (y1, . . . , yi−1)′ for i = 2, . . . , p, we observe that the best
linear predictor of yp on the basis of y(p−1) is

BLP(yp; y(p−1)) = b′∗y = %yp−1 , (9.101)

while the corresponding residual (prediction error) is

eyp·y(p−1) = yp − %yp−1 . (9.102)

For each yi, i = 2, . . . , p, we can now consider the corresponding BLPs and
residuals:

BLP(yi; y(i−1)) = %yi−1 , eyi·y(i−1) = yi − %yi−1 := ei . (9.103)

Putting e1 = y1, we can conclude, just as on page 207, that the elements of
vector e = (e1, . . . , ep)′ are uncorrelated and their covariance matrix is

cov(e) = σ2
(

1 0′
0 (1− %2)Ip−1

)
:= σ2D . (9.104)

Noting that

e =


y1

y2 − %y1
y3 − %y2

...
yp − %yp−1

 =


1 0 0 . . . 0 0 0
−% 1 0 . . . 0 0 0
...

...
...

...
...

...
0 0 0 . . . −% 1 0
0 0 0 . . . 0 −% 1

y = Ly , (9.105)

we can observe that cov(e) = cov(Ly) = σ2LΣL′, and hence

LΣL′ = D , (9.106)

i.e., the matrix L diagonalizes Σ. Because det(L) = 1, we have

det(Σ) = det(D) = (1− %2)p−1, (9.107)

while the inverse of Σ appears to be
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Σ−1 = L′D−1L = 1
1− %2 K′K

= 1
1− %2


1 −% 0 . . . 0 0 0
−% 1 + %2 −% . . . 0 0 0
...

...
...

...
...

...
0 0 0 . . . −% 1 + %2 −%
0 0 0 . . . 0 −% 1

 , (9.108)

where

K =


√

1− %2 0 0 . . . 0 0 0
−% 1 0 . . . 0 0 0
...

...
...

...
...

...
0 0 0 . . . −% 1 0
0 0 0 . . . 0 −% 1

 . (9.109)

9.7 Minimizing cov(Hy− FMy)

Consider the linear model {y, Xβ, V}. Then Gy is unbiased for Xβ when-
ever G satisfies the equation GX = X. Let U denote the set of all matrices L
such that

U = {L : Ly = LUE(Xβ) } = {L : LX = X } . (9.110)

In view of Theorem 11 (p. 267), the set U can be expressed in the following
(equivalent) ways:

U1 = {L : L = H + F1(I−H) } , U2 = {L : L = I + F2(I−H) } , (9.111)

i.e.,

U1 = {L : L = H + F1M } , U2 = {L : L = I + F2M } , (9.112)

where F1 and F2 are free to vary. In other words, all unbiased linear estima-
tors of Xβ can be generated through

Hy + F1My (9.113)

by varying F1. The joint covariance matrix of Hy and My is

cov
(

Hy
My

)
=
(

HVH HVM
MVH MVM

)
:= ΣHM . (9.114)

If we now apply the minimization result of Theorem 9 (p. 191) we obtain

cov[Hy−HVM(MVM)−My] ≤L cov(Hy− FMy) for all F . (9.115)
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This means that the minimal covariance matrix is the Schur complement

ΣHM/MVM = HVH−HVM(MVM)−MVH , (9.116)

and that
Hy−HVM(MVM)−My = BLUE(Xβ) . (9.117)

In the same way it is possible to show that when minimizing

cov(y− F2My) (9.118)

with respect to F2, we end up to the representation

y−VM(MVM)−My = BLUE(Xβ) . (9.119)

Here we have
cov

(
y

My

)
=
(

V VM
MV MVM

)
:= ΣIM . (9.120)

So the BLUE’s covariance matrix can be interpreted as a Schur complement:

cov[BLUE(Xβ)] = ΣHM/MVM = ΣIM/MVM . (9.121)

9.8 Exercises

1 2 3 4 5 6
x

1

2

3

4

5

6

y

Figure 9.4 (See Exercise 9.1.) A two-dimensional discrete distribution, each of the 15
pairs appearing with the same probability.

9.1. Consider the Figure 9.4. Find the best predictor for y on the basis of x.
What is cor(x, y)? (Do your calculations without pen and paper.)
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9.2. Prove that E(y | x) is the best predictor for y on the basis of x, i.e.,
E(y | x) = BP(y; x).

Christensen (2002, p. 132), Rao (1973a, p. 264),
Searle, Casella & McCulloch (1992, §7.2).

9.3. Confirm that E[y − (a′x + b)]2 = var(y − a′x) + (µy − a′µx − b)2.

9.4. Let
( x
y

)
be a random vector such that E(y | x = x) = α+ βx. Show (in

details) that then β = σxy/σ
2
x, and α = µy − β · µx. See also (9.35) and

(9.36) (p. 195).

9.5. Prove Proposition 9.2 (p. 203).

9.6. Confirm that (9.96) (p. 208) holds:

det(E′E) = det(R) = (1− r2
12)(1−R2

3·12) · · · (1−R2
d·12...d−1) .

9.7. Mustonen (1997) proposed the following statistics as a measure for total
variability in multivariate normal distribution:

Mvar(Σ) = max
d∑
i=1

σ2
i·12...i−1 ,

where the maximum is sought over all permutations of variables z1, . . . , zd.

(a) Find Mvar(Σ) when d = 2.
(b) Confirm that Mvar(Σ) = tr(D) = tr(FΣF′), where the lower diago-

nal matrix F is given as in (9.88) (p. 207).
(c) Show that det(D) = det(FΣF′) = det(Σ) for every ordering of the

elements y, but Mvar(Σ) = tr(D) can be dependent on the ordering
of the elements of y.

9.8. Let z be a partitioned random vector with positive definite covariance
matrix

cov(z) = cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
= Σ ,

where x has p elements and y has q elements. We can now consider the
vector space R = {u : u = a′z for some a ∈ Rp+q }, where the inner
product and norm are defined as

〈u, v〉 = cov(u, v) , ‖u‖2 = var(u) .

Hence when u = a′z and v = b′z, we have 〈u, v〉 = a′Σb, ‖u‖2 = a′Σa.
Orthogonality of the random variables u and v in R means that u and v
are uncorrelated. Let L be a subspace of R defined as

L = { v : v = b′x for some b ∈ Rp } ⊂ R .
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Confirm that the orthocomplement of L is

L⊥ = { t ∈ R : t = d′(y−ΣyxΣ−1
xxx) for some d ∈ Rq } .

Note that
a′y = a′ΣyxΣ−1

xxx + a′(y−ΣyxΣ−1
xxx) ,

and hence a′ΣyxΣ−1
xxx can be considered as an orthogonal projection of

a′y onto the subspace L. For the connection between geometry, statistics,
and probability, see, e.g., Bryant (1984) and Margolis (1979).

9.9. Denote

Σ+ =
(

Σxx σxy
σ′xy σ2

y

)+
=
(

A′A A′b
b′A b′b

)+
:=
(
· ·
· σyy

)
.

Confirm:

(a) b /∈ C (A) and b 6= 0 =⇒ σ2
y·x > 0 , %2

y·x < 1 , σyy = 1/σ2
y·x .

(b) b ∈ C (A) and b 6= 0 =⇒ σ2
y·x = 0 , %2

y·x = 1 ,
(c) b = 0 =⇒ σ2

y·x = 0 , σyy = (σ2
y·x)+ = 0+ = 0 .

The above results follow from Proposition 13.1 (p. 294). For related con-
siderations, see also Rao (1981).

9.10. The model for factor analysis is x = µ+Af+ε, where x is an observable
random vector of p components; E(x) = µ and cov(x) = Σ. Vector f
is an m-dimensional random vector, m ≤ p, whose elements are called
(common) factors. The elements of ε are called specific or unique factors.
The matrix Ap×m is the unknown matrix of factor loadings. Moreover,

E(ε) = 0 , cov(ε) = Ψ = diag(ψ2
1 , . . . , ψ

2
p) ,

E(f) = 0 , cov(f) = Φ = Im , cov(f , ε) = 0 .

The fundamental equation for factor analysis is cov(x) = cov(Af) +
cov(ε), i.e., Σ = AA′ + Ψ. Show that

cov
(

x
f

)
=
(

Σ A
A′ Im

)
and cov(f −Lx) ≥L cov(f −A′Σ−1x) for all L .

The matrix L∗ = A′Σ−1 can be represented as

L∗ = A′Σ−1 = (A′Ψ−1A + Im)−1A′Ψ−1,

and the individual factor scores can be obtained by L∗(x−µ). (In practice
all quantities are replaced by their estimates.)

Anderson (2003, §14.7), Neudecker & Satorra (2003).
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Philatelic Item 9.1 Johann Carl Friedrich Gauss (1777–1855) was a German math-
ematician and scientist who contributed significantly to many fields, including num-
ber theory, statistics, analysis, differential geometry, geodesy, geophysics, electrostatics,
astronomy and optics. For the Gauss–Markov theorem, see page 41 and Theorem 10
(p. 216). The stamp (left panel) was issued by Germany (Deutsche Bundespost) in 1955
(Scott 725) and the stamp (right panel) was issued by Nicaragua in 1994 (Scott 1985i).



Chapter 10
BLUE

To make a name for learning
when other roads are barred,
take something very easy
and make it very hard.

Piet Hein

In this chapter we focus on the BLUE-related matters, so to say. The most
important thing is the fundamental BLUE equation (10.4) (p. 216).

Over the years, one of our favorite research topics in linear models has been
the equality between OLSE and BLUE of Xβ. In Proposition 10.1 (p. 218) we
collect together some necessary and sufficient conditions for their equality. We
find this collection very useful and we believe it includes several interesting
linear algebraic problems.

While preparing this book, for a long time the title of this chapter was
“OLSE vs. BLUE”, but the simpler version “BLUE” describes better the
matrix tricks under consideration. In the sections of this chapter we consider,
for example, the best unbiased linear predictors, BLUPs, and mixed models.
The equality of the BLUEs under two different linear models is treated in
Section 11.1 (p. 269). A short summary of the best linear unbiased estimation
appears in Puntanen & Styan (2011).

As noted by Puntanen & Styan (1989, p. 154), the first condition for the
equality between OLSE and BLUE of Xβ was obtained by Anderson (1948,
p. 92):

“Let X and V have full rank. If the p columns of the n × p matrix X are linear
combinations of p of the eigenvectors of V, then OLSE is BLUE.”

Anderson’s result was published in Skandinavisk Aktuarietidskrift, and as
Anderson says in his interview in Statistical Science (DeGroot, 1986, p. 102):
“As a result it did not get a great deal of attention . . . So from time to time
people discover that paper.”

There are numerous authors who have contributed in this area (for the
history of OLSE vs. BLUE, see Puntanen & Styan 1989), but obviously the
major breakthroughs were made by Rao (1967) and Zyskind (1967). For
some further references from those years we may mention Kruskal (1968),
Rao (1968), Mitra & Rao (1969), Watson (1967), Zyskind (1969, 1975), and
Zyskind & Martin (1969). For the reviews of the OLSE vs. BLUE -related
problems, see Puntanen & Styan (1989) [including comments by Kempthorne
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(1989) (see also Kempthorne 1976) and Searle (1989)], and Baksalary, Pun-
tanen & Styan (1990a).

We represent here (again) the “fundamental BLUE equation” which guar-
antees that a particular linear estimator Gy is the BLUE of Xβ under
{y, Xβ, σ2V}. These conditions—as well as the conditions for the equal-
ity between OLSE and BLUE—appear to be amazingly useful in various
occasions; see e.g. Werner (1997). Notice that in these considerations σ2 has
no role and hence we may put σ2 = 1.

Photograph 10.1 Hans Joachim Werner (right, Hyderabad, 2000).

Consider the eigenvalue decomposition of the covariance matrix V:

V = TΛT′, (10.1)

where Λ is an n× n diagonal matrix of the n eigenvalues λi of V:

λ1 ≥ λ2 ≥ · · · ≥ λv > 0 = λv+1 = · · · = λn , v = rank(V) . (10.2)

The matrix T is an n× n matrix comprising the corresponding orthonormal
eigenvectors t1, t2, . . . , tn. We also let λ{1} > λ{2} > · · · > λ{t} ≥ 0 denote
the t distinct eigenvalues of V with multiplicities m1, m2, . . . , mt, and let
T{1}, T{2}, . . . , T{t} be matrices consisting of (the sets of) corresponding
orthonormal eigenvectors so that

T = (T{1} : T{2} : . . . : T{t}) , T′iTi = Imi , i = 1, 2, . . . , t , (10.3a)
V = λ{1}T{1}T′{1} + λ{2}T{2}T′{2} + · · ·+ λ{t}T{t}T′{t} , (10.3b)

m1 +m2 + · · ·+mt = n . (10.3c)

Theorem 10 (Fundamental BLUE equation). Consider the general lin-
ear model M = {y, Xβ, V}. Then the estimator Gy is the BLUE for Xβ if
and only if G satisfies the equation

G(X : VX⊥) = (X : 0) . (10.4)
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The corresponding condition for Ay to be the BLUE of an estimable para-
metric function K′β is

A(X : VX⊥) = (K′ : 0) . (10.5)

Proof. It is obvious that in condition VX⊥ = 0 we can have any X⊥. With
the choice of M = I−H as X⊥ our claim becomes

(a) Gy = BLUE(Xβ) ⇐⇒ (b) G(X : VM) = (X : 0) . (10.6)

Notice that in view of Proposition 5.8 (p. 139), equation (b) indeed has a
solution for G and that the solution is unique if and only if C (X : VM) = Rn.
Trivially if G1 and G2 are two solutions to (b), then

G1(X : VM) = G2(X : VM) . (10.7)

Assume first that (b) holds for G, and let F be an arbitrary matrix
(of conformable dimension, of course) satisfying the unbiasedness condition
FX = X. Then

(F−G)X = 0 , i.e., C (F′ −G′) ⊂ C (M) , (10.8)

which implies that F′ − G′ = ML for some matrix L. The assumption
GVM = 0 means that GV(F′ −G′) = GVML = 0, and thereby

cov[Gy, (F−G)y] = GV(F−G)′ = 0 . (10.9)

Now the uncorrelatedness between Gy and (F − G)y means that we can
write

cov(Fy) = cov[(F−G)y + Gy]
= cov[(F−G)y] + cov(Gy) ≥L cov(Gy) , (10.10)

and so indeed (b) implies (a).
To go the other way round, we have to show that if GX = X and

GVG′ ≤L FVF′ for all F: FX = X , (10.11)

then
GVM = 0 . (10.12)

The key in the proof is now choosing F in (10.11) so that it forces our claim
to hold. Let us choose F so that it satisfies both FX = X and FVM = 0.
(Convince yourself that such a choice is always possible!) Then

(G− F)X = 0 , i.e., C (G′ − F′) ⊂ C (M) , (10.13)

which implies that G′ − F′ = MK for some matrix K and so
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FV(G′ − F′) = 0 , i.e., cov[Fy, (G− F)y] = 0 . (10.14)

Therefore,

cov(Gy) = cov[(G− F)y + Fy] = cov[(G− F)y] + cov(Fy) , (10.15)

and so
cov(Gy) ≥L cov(Fy) . (10.16)

However, our assumption (10.11) implies that we must have the equality in
(10.16) which holds if and only if

cov[(G− F)y] = (G− F)V(G− F)′ = 0 , (10.17)

i.e., (G− F)V = 0, and so
GV = FV . (10.18)

Postmultiplying (10.18) by M yields GVM = FVM = 0. This proves our
claim (10.12).

If we replace the unbiasedness condition GX = X with AX = K′ and
then proceed just as in the above proof we obtain (10.5). ut

The proof above follows Groß (2004). There is rich literature in this area;
for recent proofs, see, for example, Puntanen, Styan & Werner (2000b), Bak-
salary (2004), and Baksalary & Trenkler (2009b).

Proposition 10.1 (OLSE vs. BLUE). Consider the general linear model
M = {y, Xβ, V}. Then OLSE(Xβ) = BLUE(Xβ) if and only if any of the
following equivalent conditions holds. (Note: V is replaceable with V+ and
H and M can be interchanged.)

(i) HV = VH,
(ii) HV = HVH,
(iii) HVM = 0,
(iv) X′VZ = 0, where C (Z) = C (M),
(v) C (VX) ⊂ C (X),
(vi) C (VX) = C (X) ∩ C (V),
(vii) HVH ≤L V, i.e., V−HVH is nonnegative definite,
(viii) HVH ≤rs V, i.e.,

rank(V−HVH) = rank(V)− rank(HVH) ,

i.e., HVH and V are rank-subtractive, or in other words, HVH is
below V with respect to the minus ordering,

(ix) C (X) has a basis consisting of r eigenvectors of V, where r = rank(X),
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(x) rank(T′{1}X) + · · · + rank(T′{t}X) = rank(X), where T{i} is a matrix
consisting of the orthogonal eigenvectors corresponding to the ith largest
eigenvalue λ{i} of V; λ{1} > λ{2} > · · · > λ{t},

(xi) T′{i}HT{i} = (T′{i}HT{i})2 for all i = 1, 2, . . . , t,
(xii) T′{i}HT{j} = 0 for all i, j = 1, 2, . . . , t, i 6= j,

(xiii) the squared nonzero canonical correlations between y and Hy are the
nonzero eigenvalues of V−HVH for all V−, i.e.,

cc2
+(y,Hy) = nzch(V−HVH) for all V−,

(xiv) V can be expressed as V = HAH + MBM, where A and B are sym-
metric nonnegative definite, i.e.,

V ∈ V1 = {V ≥L 0 : V = HAH + MBM, A ≥L 0, B ≥L 0 } ,

(xv) V can be expressed as V = XCX′ + ZDZ′, where C and D are sym-
metric nonnegative definite, i.e.,

V ∈ V2 = {V ≥L 0 : V = XCX′ + ZDZ′, C ≥L 0, D ≥L 0 } ,

(xvi) V can be expressed as V = αI + XKX′ + ZLZ′, where α ∈ R, and K
and L are symmetric, such that V is nonnegative definite, i.e.,

V ∈ V3 = {V ≥L 0 : V = αI + XKX′ + ZLZ′, K = K′, L = L′ } .

Proof. We see first that Hy is the BLUE for Xβ if and only if H satisfies
the equation

H(X : VM) = (X : 0) , (10.19)

which holds if and only if HVM = 0; this is condition (iii).
We next go through the proofs of some of the claims of Proposition 10.1.

The reader is encouraged to complete the set of the proofs.
The equivalence between (i)–(iv) is easy to establish. Part (v) is equivalent

to C (VH) ⊂ C (H), i.e.,

VH = HL for some L . (10.20)

Premultiplying (10.20) by H yields HVH = HL = VH, and hence VH is
symmetric, i.e., (i) holds. It is obvious that (i) implies (iv).

Let us then consider the proof for “(iii) =⇒ (ix)”; see Zyskind (1967,
Th. 1). Let the columns of X∗ and Z form orthonormal bases of C (X) and
C (X)⊥, respectively, so that An×n = (X∗ : Z) is orthogonal. Then

HVM = 0 ⇐⇒ X′∗VZ = 0 , (10.21)

and so HVM = 0 implies that
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A′VA =
(

X′∗
Z′
)

V(X∗ : Z) =
(

X′∗VX∗ 0
0 Z′VZ

)
. (10.22)

Let Rx ∈ Rr×r and Rz ∈ R(n−r)×(n−r) be orthogonal matrices such that

R′xX′∗VX∗Rx = Dx , R′zZ′VZRz = Dz , (10.23)

where Dx and Dz are diagonal matrices; the columns of Rx and Rz comprise
the orthonormal eigenvectors of X′∗VX∗ and Z′VZ, respectively. Then the
matrix

S = (X∗ : Z)
(

Rx 0
0 Rz

)
= (X∗Rx : ZRz) ∈ Rn×n (10.24)

is an orthogonal matrix which diagonalizes V:

S′VS =
(

R′x 0
0 R′z

)(
X′∗
Z′
)

V(X∗ : Z)
(

Rx 0
0 Rz

)
=
(

Dx 0
0 Dz

)
. (10.25)

This implies that the columns of S—and thereby the columns of X∗Rx—are
orthonormal eigenvectors of V. Because Rx is orthogonal, we obviously have
C (X∗Rx) = C (X) and so we have proved the implication “(iv) =⇒ (ix)”.

Let us then prove that “(ix) =⇒ (i)”. Let T(r) denote the matrix whose
columns are those orthonormal eigenvectors of V which have the property
C (T(r)) = C (X), and let V have the following eigenvalue decomposition
(with the obvious notation):

V = (T(r) : T(−r))
(

Λ(r) 0
0 Λ(−r)

)( T′(r)
T′(−r)

)
. (10.26)

Now we have H = T(r)T′(r), and hence

HV = T(r)T′(r)V = T(r)T′(r)(T(r) : T(−r))ΛT′

= (T(r) : 0)
(

Λ(r) 0
0 Λ(−r)

)( T′(r)
T′(−r)

)
= T(r)Λ(r)T′(r) = (HV)′, (10.27)

and hence “(ix) =⇒ (i)” is confirmed.
Consider then the claim (vii): HVH ≤L V. Assuming that Hy is the

BLUE for Xβ, we necessarily have

HVH = cov(Hy) ≤L cov(y) = V , (10.28)

because y is an unbiased estimator for Xβ. On the other hand, assume that
(vii) holds, so that V−HVH ≥L 0. This implies that
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U :=
(

H
M

)
(V−HVH)(H : M) =

(
0 HVM

MVH MVM

)
≥L 0 . (10.29)

The nonnegative definiteness of U implies, see (1.33) (p. 63), that C (HVM) ⊂
C (0) and thereby HVM = 0. Thus we have proved that (vii) implies (iii).

It is worth noting that the last conditions from (xiv) onwards are based
on a slightly different approach than the previous ones: in the last conditions
we characterize the set of nonnegative definite solutions V to the equation
HVM = 0. It is easily seen that if the covariance matrix V belongs to any
of the classes Vi, then indeed HVM = 0, guaranteeing that Hy is the BLUE
for Xβ. What remains to prove is that HVM = 0 implies that V can be
expressed as a member of Vi.

Let us first show that that HVM = 0 implies (xiv). To do this we note that
V can be written as V = LL′ for some L, and in view of Rn = C (H)⊕C (M),
we can express L as L = HU1 + MU2 for some U1 and U2. Hence

V = HU1U′1H + MU2U′2M + HU1U′2M + MU2U′1H . (10.30)

Premultiplying (10.30) by H and postmultiplying by M yields, in view of
HVM = 0,

HVM = HU1U′2M = 0 , (10.31)

and hence

V = HU1U′1H + MU2U′2M := HAH + MBM , (10.32)

where A and B are nonnegative definite. This confirms that (iii) implies (xiv).
We can conclude that HVM = 0 implies (xv) by rewriting (10.32) as

V = XX+A(X+)′X′ + ZZ+B(Z+)′Z′ := XCX′ + ZDZ′, (10.33)

where C and D are nonnegative definite.
Let us next confirm that HVM = 0 implies that V can be represented as

a member of V3. So we assume that V = HAH + MBM for some A and B.
Noting that trivially 0 = α(I−H−M) for any α ∈ R, we can write

V = HAH + MBM + α(In −H−M)
= αI + H(A− αI)H + M(B− αI)M , (10.34)

from which we can conclude that V ∈ V3.
We leave the rest of the proofs to be done by the reader.
For the proofs of (viii) and (xiii), see Baksalary & Puntanen (1990a), and

for the proof of (x), see T.W. Anderson (1971, Th. 10.2.2) and (1972, Th. 2)
Baksalary & Kala (1977, p. 309), and Styan (1973b, Th. 2).

For coordinate-free and geometric considerations, see Kruskal (1968), Dry-
gas (1970), Eaton (1970, 1978, 1983), Gnot, Klonecki & Zmyślony (1980),
Zmyślony (1980), and Phillips (1990, 1992). ut
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Next we prove the following result.

Proposition 10.2. Under the linear model {y, Xβ, V} the following state-
ments are equivalent:

(a) OLSE(Xβ) = BLUE(Xβ),
(b) OLSE(K′β) = BLUE(K′β) for every estimable parametric function

K′β.

Proof. If (b) holds then obviously (a) holds because Xβ is estimable. Consider
now an estimable parametric function K′β. Then necessarily K′ = LX for
some matrix L, and so K′β = LXβ and

OLSE(K′β) = OLSE(LXβ) = LHy = L ·OLSE(Xβ) . (10.35)

Now (a) means that
H(X : VM) = (X : 0) . (10.36)

Premultiplying (10.36) by L yields

LH(X : VM) = (LX : 0) , (10.37)

which implies that LHy = BLUE(LXβ), i.e., OLSE(K′β) = BLUE(K′β)
for every estimable K′β. ut

Notice that if X has full column rank, then every parametric function K′β
is estimable and

OLSE(β) = BLUE(β) ⇐⇒ OLSE(Xβ) = BLUE(Xβ) . (10.38)

It is also useful to observe that premultiplying G(X : VM) = (X : 0) by a
given matrix L yields

LG(X : VM) = (LX : 0) . (10.39)

This means that LGy is the BLUE for LXβ, or in other words

BLUE(LXβ) = L · BLUE(Xβ) . (10.40)

The structure of V for which the OLSE of K′β equals the BLUE of K′β is
considered by Rao & Mitra (1971b, p. 159), Groß, Trenkler & Werner (2001,
p. 123), and Isotalo & Puntanen (2009).

10.1 BLUE & Pandora’s Box when X = 1n

Consider the linear model M = {y, 1β, V}, where 1 ∈ Rn. Let g′y be a
candidate for the BLUE(β). The estimator g′y is unbiased for β if



10.1 BLUE & Pandora’s Box when X = 1n 223

E(g′y) = g′1β = β for all β ∈ R , i.e., g′1 = 1 . (10.41)

Therefore, for finding the BLUE(β), we have to

minimize var(g′y) = g′Vg under the constraint g′1 = 1 , (10.42)

that is, we have to find such a solution g∗ to the linear equation g′1 = 1
which has the minimum norm ‖g‖ =

√
g′Vg. One way to do this is to use

the minimum-norm-g-inverse, see (4.93) (p. 117). The other way to proceed is
to consider g∗ as a solution to (10.42), i.e., g∗ is a solution to the fundamental
BLUE equation

g′(1 : V1⊥) = g′(1 : VC) = (1 : 0′) , i.e.,
(

CV
1′
)

g =
(

0
1

)
, (10.43)

where C = I−P1 is the centering matrix; it is one choice for 1⊥. Now

CVg = 0 ⇐⇒ Vg ∈ C (1) ⇐⇒ Vg = γ1 for some γ ∈ R. (10.44)

Therefore we can conclude that g is a solution to (10.43) if and only if there
exists a scalar γ such that g is a solution to(

V 1
1′ 0

)(
g
γ

)
=
(

0
1

)
. (10.45)

The equation (10.45) is often called the Pandora’s Box for the linear model;
see, e.g., Rao (1971c).

In a general situation we observe that

G(X : VM) = (X : 0) ⇐⇒
(

MV
X′
)

G′ =
(

0
X′
)
. (10.46)

In view of

MVG′ = 0 ⇐⇒ C (VG′) ⊂ C (X) ⇐⇒ VG′ = XL for some L , (10.47)

we can formulate the following proposition:

Proposition 10.3 (Pandora’s Box). Consider the general linear model
M = {y, Xβ, V}. Then the estimator Gy is the BLUE for Xβ if and only
if there exists a matrix L ∈ Rp×n so that G is a solution to(

V X
X′ 0

)(
G′
L

)
=
(

0
X′
)
. (10.48)

For further properties of the Pandora’s Box, see Exercise 10.18 (p. 264).
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10.2 OLSE vs BLUE when X = 1n

Consider again the simple linear model M = {y, 1β, V}, where 1 ∈ Rn, and
V is positive definite. Then we have

OLSE(β) = β̂ = (1′1)−11′y = ȳ , var(β̂) = 1
n2 1′V1 , (10.49a)

BLUE(β) = β̃ = (1′V−11)−11′V−1y , var(β̃) = (1′V−11)−1. (10.49b)

Because the “B” in BLUE means “best” in the sense of minimum variance,
we must have

(1′V−11)−1 ≤ 1
n2 1′V1 . (10.50)

We can rewrite (10.50) as

(1′1)2 ≤ 1′V−11 · 1′V1 , (10.51)

which is a special case of the Cauchy–Schwarz inequality. The equality in
(10.51) holds if and only if the vectors V1/21 and V−1/21 are linearly depen-
dent, i.e., there exists a scalar λ ∈ R such that

V1/21 = λV−1/21 , (10.52)

which means that
V1 = λ1 , (10.53)

and hence 1 is an eigenvector of V. In other words, the arithmetic mean is
the BLUE whenever the covariance matrix V has all of its row totals equal;
cf. also Blom (1976) and Zyskind (1969, p. 1361). Condition (10.53) is just
a version of Anderson’s original condition in 1948 for the equality of OLSE
and BLUE.

Notice in passing that if V satisfies (10.53) and all its elements are nonneg-
ative, then V/λ is a doubly stochastic matrix; both the row sums and column
sums are all ones. If also the both diagonal sums equal to one, then V can be
called a superstochastic matrix, see Gustafson & Styan (2009). For example,
the matrix A/34, where A is the magic square of Exercise 0.28 (p. 53) is a
superstochastic matrix.

We may further point out that condition (10.53) is equivalent, for example,
to each of the following conditions:

JV = VJ , JVJ = VJ , CV = VC , (10.54)

where J = P1 = 1
n11′, C = I−J is the centering matrix, and the covariance

matrix V can be singular.
Let us consider a simple example when the model is {y, 1β, V} where
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V =

1 0 0
0 2 0
0 0 3

 and y =

y1
y2
y3

 . (10.55)

Then β̂ = (1′1)−11′y = ȳ and

β̃ = (1′V−11)−11′V−1y =
y1 + 1

2y2 + 1
3y3

11
6

= 6y1 + 3y2 + 2y3
11 , (10.56)

and

var(β̂) = 1
32 1′V1 = 6

9 = 2
3 = 22

33 , (10.57a)

var(β̃) = (1′V−11)−1 = 6
11 = 18

33 . (10.57b)

Photograph 10.2 Roman Zmyślony
(Smolenice Castle, Slovakia, 2009).

Photograph 10.3 Karl Gustafson
(Auckland, 2005).

10.3 OLSE vs BLUE under the Intraclass Correlation
Structure

Consider the linear model M = {y, Xβ, σ2I}:

y = Xβ + ε , where cov(y) = cov(ε) = σ2I . (10.58)
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If we center the model M , that is, if we premultiply (10.58) by the centering
matrix C, then we obtain the model

Mc = {Cy, CXβ, σ2C} . (10.59)

Here the covariance matrix is σ2C, which is singular, and we may wonder
what happens to the BLUE. But now the condition (v) of Proposition 10.1
(p. 218), i.e., C (VX) ⊂ C (X) is satisfied since

C (C ·CX) ⊂ C (CX) . (10.60)

Hence OLSE(Xβ) equals BLUE(Xβ) under Mc.
Consider now V which has the intraclass correlation structure (of which

the centering matrix C is an example), that is, V is of the type

V = (1− %)In + %1n1′n =


1 % . . . %
% 1 . . . %
...

... . . . ...
% % . . . 1

 , (10.61)

where
− 1
n− 1 ≤ % ≤ 1 . (10.62)

Condition (10.62) guarantees the nonnegative definiteness of V because the
eigenvalues of the intraclass correlation matrix are

ch1(V) = 1 + (n− 1)% , ch2(V) = · · · = chn(V) = 1− % ; (10.63)

see Proposition 18.2 (p. 366). In this situation

HV = (1− %)H + %H11′, (10.64)

and thereby HV = VH if and only if

H11′ = 11′H , i.e., HJ = JH , i.e., PXP1 = P1PX . (10.65)

We can now use the Exercise 8.20 (p. 190) to study the commutativity (10.65),
or we can use Proposition 10.1 (p. 218) by replacing V with H and H with
J. Using the latter approach, we can conclude that (10.65) holds if and only
if 1 is an eigenvector of H, i.e.,

H1 = λ1 . (10.66)

Because H is an orthogonal projector, its eigenvalues are 0 and 1, with mul-
tiplicities n− rank(X) and rank(X), respectively. Hence (10.66) holds if and
only of

1 ∈ C (X) or 1 ∈ C (X)⊥. (10.67)
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It is noteworthy that in Proposition 10.1 (p. 218), when characterizing
the set of appropriate covariance matrices V that would yield the equality
between OLSE(Xβ) and BLUE(Xβ), we keep the model matrix X fixed.
There is, however, another approach, originating from McElroy (1967):

Problem: Given a matrix U of rank(U) = u ≤ n− 1, characterize the set W of all
nonnegative definite matrices V such that for every X satisfying

C (U) ⊂ C (X) , (10.68)

the equality OLSE(Xβ) = BLUE(Xβ) holds uniformly with respect to y ∈ C (X :
V).

Photograph 10.4 Thomas
Mathew (Hyderabad, 2007).

McElroy considered the particular case
when U = 1n, and showed that V ∈ W if
and only if

V = aIn + b1n1′n (10.69)

for such scalars a, b that V is nonnegative
definite; in other words, V is a completely
symmetric covariance matrix and thereby V
has the intraclass correlation structure. A gen-
eral condition was obtained by Zyskind (1969,
Th. 1) and Balestra (1970, Th. 1). For a thor-
ough discussion of this approach, see Bak-
salary & van Eijnsbergen (1988), who formu-
lated the result as follows:

Proposition 10.4. Under {y, Xβ, σ2V}, let
U be given. Then for every X satisfying

C (U) ⊂ C (X) the equality OLSE(Xβ) = BLUE(Xβ) holds for all y ∈
C (X : V) if and only if any of the following equivalent conditions holds:

(a) V(I−PU) = tr[V(I−PU)]
n− rk(U) (I−PU),

(b) V can be expressed as V = αI + UAU′, where α ∈ R, and A is sym-
metric, such that V is nonnegative definite, i.e.,

V ∈ W = {V ≥L 0 : V = αI + UAU′, A = A′ } .

Mathew (1983) considered the above problem in the context of two lin-
ear models {y, Xβ, V1} and {y, Xβ, V2}. For interesting econometric-
orienteered discussion on McElroy’s result, see Larocca (2005) and Luskin
(2008).
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10.4 General Expressions for the BLUE

Using Theorem 11 (p. 267), we can get the following representations for the
BLUE of Xβ.
Proposition 10.5. The general solution for G satisfying

G(X : VM) = (X : 0) (10.70)

can be expressed, for example, in the following ways:

(a) G1 = (X : 0)(X : VM)− + F1[In − (X : VM)(X : VM)−],
(b) G2 = X(X′W−X)−X′W− + F2(In −WW−),
(c) G3 = In −VM(MVM)−M + F3[In −MVM(MVM)−]M,
(d) G4 = H−HVM(MVM)−M + F4[In −MVM(MVM)−]M,

where F1, F2, F3 and F4 are arbitrary matrices, W = V + XUX′ and U is
any arbitrary matrix such that C (W) = C (X : V).

Proof. Above, each first term is a particular solution to (10.70) and the second
term is the general solution to the corresponding homogeneous equation

G(X : VM) = (0 : 0) . (10.71)

According to (11.5) (p. 267), the general solution to the consistent equation
YB = C is

Y = CB− + Z(I−BB−) . (10.72)

The representation (a) follows at once from (10.72).
The matrix G2 = X(X′W−X)−X′W− satisfies (10.70); see, e.g., (5.156)

(p. 143), Proposition 12.1 (p. 286) and (12.34) (p. 288). It is easy to confirm
that the first terms of G3 and G4 satisfy (10.70).

Because C (W) = C (X : VM), (10.71) is equivalent to

GW = 0 , (10.73)

for which the general solution is, cf. (11.10) (p. 268),

G = F(W⊥)′ = F(In −WW−) , where F is free to vary , (10.74)

or, equivalently,

G = FT , where N (T) = C (W) and F is free to vary . (10.75)

In view of (5.119) (p. 138),

C (X : V)⊥ = C
(
M[In − (MVM)−MVM]

)
, (10.76a)

C (X : V) = N
(
[In −MVM(MVM)−]M

)
, (10.76b)
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and hence we can choose T in (10.75) as

T = [In −MVM(MVM)−]M . (10.77)

ut

For the relations between the representations of the BLUEs, see, e.g., Al-
bert (1973), Baksalary & Kala (1978b), Pukelsheim (1977), Rao (1978), Rao
& Mitra (1971a), and Watson (1972).

10.5 Multivariate Linear Model

Instead of one response variable y, consider d response variables y1, . . . , yd.
Let the n observed values of these d variables, i.e., n observations from d-
dimensional variable, be in the data matrix

Y = (y1 : y2 : . . . : yd) =

y′(1)
...

y′(n)

 ∈ Rn×d. (10.78)

Denote

X = (x1 : x2 : . . . : xp) =

x′(1)
...

x′(n)

 ∈ Rn×p, (10.79a)

B = (β1 : . . . : βd) ∈ Rp×d. (10.79b)

Assume now that

yj = Xβj + εj , j = 1, . . . , d , (10.80a)
cov(yj) = cov(εj) = σ2

j In , E(εj) = 0 , j = 1, . . . , d , (10.80b)
(y1 : . . . : yd) = X(β1 : . . . : βd) + (ε1 : . . . : εd) , (10.80c)
Y = XB + ε, Y ∈ Rn×d, X ∈ Rn×p , B ∈ Rp×d. (10.80d)

The columns of Y, i.e., y1, . . . ,yd, are n-dimensional random vectors such
that

yj ∼ (Xβi, σ2
j In) , cov(yj , yk) = σjkIn , j, k = 1, . . . , d . (10.81)

Transposing Y = XB + ε we have

(y(1) : . . . : y(n)) = B′(x(1) : . . . : x(n)) + (ε(1) : . . . : ε(n)) , (10.82)
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where the (transposed) rows of Y, i.e., y(1), . . . ,y(n), are independent d-
dimensional random vectors such that y(i) has expectation B′x(i) and covari-
ance matrix Σ; in a short notation

y(i) ∼ (B′x(i), Σ) , cov(y(i),y(j)) = 0 , i 6= j . (10.83)

Notice that in this setup

♠ rows (observations) are independent but columns (vari-
ables) may correlate. (10.84)

We can denote this model shortly as a triplet

A = {Y, XB, Σ} . (10.85)

Denoting

y∗ = vec(Y) =

y1
...

yd

 , E(y∗) =

X . . . 0
... . . . ...
0 . . . X


β1

...
βd

 = (Id ⊗X) vec(B) ,

(10.86)

we get

cov(y∗) =

 σ2
1In σ12In . . . σ1dIn
...

...
...

σd1In σd2In . . . σ2
dIn

 = Σ⊗ In := V∗ . (10.87)

The multivariate model can be rewritten as a univariate model

B = {vec(Y), (Id ⊗X) vec(B), Σ⊗ In} := {y∗, X∗β∗, V∗} ; (10.88)

see, e.g., Searle (1978), Seber (1984, §8.1), and Christensen (2001, pp. 3–5).
By the analogy of the univariate model, we can estimate XB by minimizing

‖y∗ −X∗β∗‖2 = ‖y1 −Xβ1‖2 + · · ·+ ‖yd −Xβd‖2

= tr(Y−XB)′(Y−XB) = ‖Y−XB‖2F . (10.89)

The resulting XB̂ is the OLS estimator of XB which is XB̂ = HY, so that
the ith column of B̂ is β̂i = (X′X)−X′yi. Obviously we have

PX∗ = PId⊗X = Id ⊗H =

H . . . 0
... . . . ...
0 . . . H

 . (10.90)
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Wemay recall from Proposition 2.5 (p. 81) that for any Y ∈ Rn×d, X ∈ Rn×p,
and B ∈ Rp×d we have the Löwner partial ordering

(Y−XB)′(Y−XB) ≥L (Y−HY)′(Y−HY) = Y′MY, (10.91)

where the equality holds if and only if XB := XB̂ = PXY = HY. The
matrix

(Y−XB̂)′(Y−XB̂) = Y′MY = Eres (10.92)

is often called a residual matrix.
Because V∗ is not necessarily a multiple of the identity matrix it is not

fully trivial that the OLSE of X∗β∗ would give the BLUE under the model
B = {y∗, X∗β∗, V∗}. However, the equality

OLSE(X∗β∗) = BLUE(X∗β∗) (10.93)

follows from the commutativity (please confirm!)

V∗PX∗ = PX∗V∗ . (10.94)

An alternative way to confirm (10.93) is to show, see Christensen (2001, p. 5),
that

C [(Σ⊗ In)(Id ⊗X)] = C (Σ⊗X) ⊂ C (Id ⊗X) . (10.95)

We have observed that in multivariate model defined as above, the OLSE
(being actually the BLUE) for XB can be calculated simply as the OLSE
from each individual model. Hence in that sense nothing is gained by this
setup—for example the correlations between the yi-variables have no effect
on the estimates.

Under multinormality (and X having full column rank) the maximum
likelihood estimates are

MLE(B) = B̂, MLE(Σ) = 1
nEres . (10.96)

Under normality the random matrix Eres = Y′MY follows the Wishart dis-
tribution, Eres ∼Wishartd(n−r,Σ), where r = rank(X); see p. 26. We might
be interested in testing a linear hypothesis H : K′B = D, where K ∈ Rp×q,
rank(K) = q, and D ∈ Rq×d are given matrices such that K′B is estimable,
i.e., C (K) ⊂ C (X′). Then it can be shown, cf. (8.158) (p. 177), that the
minimum EH , say, of

(Y−XB)′(Y−XB) subject to K′B = D (10.97)

occurs (in the Löwner sense) when XB equals

XB̂H = XB̂−X(X′X)−K[K′(X′X)−K]−1(K′B̂−D) , (10.98)
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and so we may denote

EH −Eres = (K′B̂−D)′[K′(X′X)−K]−1(K′B̂−D) . (10.99)

As mentioned in Section 8.9 (p. 175), the standard test statistics for univariate
models is proportional to the ratio

SSEH −SSE
SSE , (10.100)

where SSE = y′(In−H)y, SSEH = minH ‖y−Xβ‖2 and H is the hypothesis
under consideration. As pointed out by Christensen (2001, p. 10), correspond-
ing to (10.100), it is natural to base the hypothesis testing in multivariate
model on some appropriate function of the matrix

(EH −Eres)E−1
res , (10.101)

or on some closely related matrix. For further references, see, e.g., Christensen
(2001, §1.2.1), Muirhead (1982, Ch. 10), and Seber (1984, §8.6).

As a simple example we may consider two independent samples Y′1 =
(y(11) : . . . : y(1n1)) and Y′2 = (y(21) : . . . : y(2n2)) from d-dimensional normal
distribution so that each y(1i) ∼ Nd(µ1,Σ) and y(2i) ∼ Nd(µ2,Σ). This
situation can be written in the form of a multivariate linear model as

Y =
(

Y1
Y2

)
=



y′(11)
...

y′(1n1)
y′(21)
...

y′(2n2)


=



µ′1
...
µ′1
µ′2
...
µ′2


+



ε′(11)
...

ε′(1n1)
ε′(21)
...

ε′(2n2)


, (10.102)

that is,
Y =

(
1n1 0
0 1n2

)(
µ′1
µ′2

)
+ ε = XB + ε . (10.103)

Now

H =
(

Jn1 0
0 Jn2

)
, M = In −H =

(
Cn1 0
0 Cn2

)
, (10.104)

HY =
(

Jn1Y1
Jn2Y2

)
=
(
ȳ111n1 : ȳ121n1 : . . . : ȳ1d1n1

ȳ211n2 : ȳ221n2 : . . . : ȳ2d1n2

)
=
(

1n1 ȳ′1
1n2 ȳ′2

)
, (10.105)

and

B̂ =
(

ȳ′1
ȳ′2

)
, Eres = Y′(In −H)Y = Y′1Cn1Y1 + Y′2Cn2Y2 , (10.106)
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where Cn1 and Cn2 are centering matrices. We could be interested in testing
the hypothesis H : µ1 = µ2, i.e., (1,−1)B = µ′1 − µ′2 = 0′d. Notice that in
Exercise 8.11 (p. 186) we considered the corresponding test for univariate
situation. Because

min (Y−XB)′(Y−XB) subject to µ1 = µ2 (10.107)

occurs (in the Löwner sense) when XB equals JnY, where

JnY = 1nȳ′ =
(

1n1 ȳ′
1n2 ȳ′

)
, (10.108)

we have (check the details)

EH −Eres = Y′(In − Jn)Y−Y′(In −H)Y
= Y′(H− Jn)Y = [(H− Jn)Y]′(H− Jn)Y
= n1(ȳ1 − ȳ)(ȳ1 − ȳ)′ + n2(ȳ2 − ȳ)(ȳ2 − ȳ)′

= n1n2
n1 + n2

(ȳ1 − ȳ2)(ȳ1 − ȳ2)′. (10.109)

An alternative simple way to introduce (10.109) is to use (10.99) (p. 232). If
we have g groups, we apparently have

EH −Eres = Y′(In − Jn)Y−Y′(In −H)Y
= Y′(H− Jn)Y
= n1(ȳ1 − ȳ)(ȳ1 − ȳ)′ + · · ·+ ng(ȳg − ȳ)(ȳg − ȳ)′. (10.110)

Following the notation at the end of Exercise 8.11 (p. 186), we can denote

EH −Eres = Y′(H− Jn)Y =
g∑
i=1

ni(ȳi − ȳ)(ȳi − ȳ)′ = EBetween , (10.111)

Eres = Y′(In −H)Y =
g∑
i=1

Y′iCniYi = EWithin . (10.112)

The test statistics for the hypothesis µ1 = µ2 can be be based, e.g., on
the

ch1
[
(EH −Eres)E−1

res
]

= ch1

[ n1n2
n1 + n2

(ȳ1 − ȳ2)(ȳ1 − ȳ2)′E−1
res

]
= α(ȳ1 − ȳ2)′S−1

# (ȳ1 − ȳ2) , (10.113)

where S# = 1
n1+n2−2Eres and α = (n1+n2−2)n1n2

n1+n2
. Hence one appropriate test

statistics appears to be a function of the squared Mahalanobis distance

MHLN2(ȳ1, ȳ2,S#) = (ȳ1 − ȳ2)′S−1
# (ȳ1 − ȳ2) ; (10.114)
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see also (18.120) (p. 374). The statistics

n1n2
n1 + n2

(ȳ1 − ȳ2)′S−1
# (ȳ1 − ȳ2) = T 2 (10.115)

is the famous Hotelling’s T 2, see page 26, and Exercise 0.25 (p. 53). For
further details regarding the two-sample multivariate linear model, see, e.g.,
Seber (1984, §8.6.4) and Christensen (2001, §1.4). For the univariate version
of (10.115) see Exercise 8.12 (p. 187).

A more general multivariate linear model where cov(y∗) = Σ ⊗V, with
Σ and V possibly singular, is considered by Sengupta & Jammalamadaka
(2003, Ch. 10).

10.6 Random Sample without Replacement

Let y1, . . . , yn be a simple random sample from the digits {1, 2, . . . , N}, where
n ≤ N , (a) with replacement, (b) without a replacement. Express the obser-
vations as a linear model

yi = µ+ εi , i = 1, . . . , n . (10.116)

Find the covariance matrix of y. What is, of course, the true value of µ?
Find OLSE(µ) and BLUE(µ). Prove that they are equal. What happens if
the population is {a1, a2, . . . , aN}?

The answers to the above questions follow from the fact that the random
vector y has an intraclass correlation structure, and thereby OLSE equals
BLUE. For a reference, see Zyskind (1969, p. 1361). See also Exercise 0.24
(p. 53),

10.7 Efficiency of the OLSE

Consider a simple linear model M = {y, xβ, σ2V}, where V is positive
definite, and, of course, x 6= 0. Then

β̂ = (x′x)−1x′y , var(β̂) = (x′x)−2x′Vx , (10.117a)
β̃ = (x′V−1x)−1x′V−1y , var(β̃) = (x′V−1x)−1, (10.117b)

and var(β̃) ≤ var(β̂), i.e.,

(x′V−1x)−1 ≤ (x′x)−2x′Vx for all x ∈ Rn. (10.118)

Then we know that
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β̂ = β̃ ⇐⇒ Vx = λx for some x ∈ Rn, λ ∈ R , (10.119)

which means that x is an eigenvector of V. In this situation β̂ is “as good as
it can get”, and

var(β̂) = var(β̃) = (x′V−1x)−1 = (x′x)−2x′Vx . (10.120)

Notice in passing that

cov(β̂, β̃) = (x′x)−1x′ ·V ·V−1x(x′V−1x)−1 = var(β̃) , (10.121)

and hence

cov
(
β̂

β̃

)
=
(

var(β̂) cov(β̂, β̃)
cov(β̃, β̂) var(β̃)

)

=
(

(x′x)−2x′Vx (x′V−1x)−1

(x′V−1x)−1 (x′V−1x)−1

)
=
(

var(β̂) var(β̃)
var(β̃) var(β̃)

)
, (10.122)

and thereby

var(β̂ − β̃) = var(β̂) + var(β̃)− 2 cov(β̂, β̃)
= var(β̂) + var(β̃)− 2 var(β̃) = var(β̂)− var(β̃) . (10.123)

It is natural to ask how “bad” the OLSE could be with respect to the
BLUE. One obvious measure for this is the ratio of the variances:

φ = eff(β̂) = var(β̃)
var(β̂)

= (x′V−1x)−1

(x′x)−1x′Vx(x′x)−1 = (x′x)2

x′Vx · x′V−1x . (10.124)

Clearly we have
0 < eff(β̂) ≤ 1 , (10.125)

where the upper bound is obtained if and only if OLSE equals BLUE. The
lower bound of φ is obtained from the Kantorovich inequality; see Section 20.3
(p. 418) and, e.g., Watson, Alpargu & Styan (1997), Alpargu, Drury & Styan
(1997), Alpargu & Styan (2000):

τ2
1 := 4λ1λn

(λ1 + λn)2 ≤
(x′x)2

x′Vx · x′V−1x = eff(β̂) = φ , (10.126)

where λ1 ≥ λ2 ≥ · · · ≥ λn > 0 are the eigenvalues of V. The lower bound is
obtained when x is proportional either to t1 + tn or to t1− tn; in short, x is
proportional to
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xbad = t1 ± tn = T(i1 ± in) = T


1
0
...
0
±1

 , (10.127)

where ij is the jth column of In and T = (t1 : t2 : . . . : tn) is the matrix with
ti being the orthonormal eigenvectors of V corresponding to the eigenvalues
λ1, λ2, . . . , λn.

If we consider a weakly singular linear model, i.e.,

M = {y, xβ, V} , where x ∈ C (V) , (10.128)

then, see, e.g., Proposition 6.1 (p. 147),

β̃ = (x′V+x)−1x′V+y , var(β̃) = (x′V+x)−1, (10.129)

and
τ2
1 = 4λ1λv

(λ1 + λv)2 ≤
(x′x)2

x′Vx · x′V+x = eff(β̂) = φ , (10.130)

where rank(V) = v; see also Chu, Isotalo, Puntanen & Styan (2004). The
lower bound is obtained when x is proportional to

xbad = t1 ± tv . (10.131)

There is one interesting interpretation of the efficiency that deserves special
attention. Letting V1/2 denote the symmetric positive definite square root of
V, we observe that φ is a specific squared cosine:

φ = (x′x)2

x′Vx · x′V−1x = (x′V−1/2 ·V ·V−1/2x)2

x′V−1/2V2V−1/2x · x′V−1/2V−1/2x

= (z′Vz)2

z′V2z · z′z = cos2(Vz, z) := cos2 α , (10.132)

where
z = V−1/2x , x = V1/2z . (10.133)

It is clear that the upper bound for φ is 1, and it is obtained when the angle
α between the vectors Vz and z is minimized (zero); this happens exactly
when z is an eigenvector of V, that is,

Vz = λz , i.e., Vx = λx for some λ ∈ R . (10.134)

On the other hand, we may look for a vector z such that φ = cos2(Vz, z) is
minimized, i.e., the angle α between the vectors Vz and z is maximized. Since
an eigenvector of V solves the maximization of φ, a vector z solving the min-
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imization of φ may be called an antieigenvector and the corresponding min-
imum an antieigenvalue (squared). Therefore, the first (smallest) antieigen-
value of V is

τ1 = min
z 6=0

cos2(Vz, z) = 2
√
λ1λn

λ1 + λn
=

√
λ1λn

(λ1 + λn)/2 ; (10.135)

the ratio of the geometric and arithmetic means of λ1 and λn. The corre-
sponding first antieigenvectors are

z1 := V−1/2xbad = TΛ−1/2T′ ·T(i1 ± in)

= T
(

1√
λ1

i1 ±
1√
λn

in
)

= 1√
λ1

t1 ±
1√
λn

tn , (10.136)

which can be scaled to have unit lengths and so

z1 =
√
λn√

λ1 + λn
t1 ±

√
λ1√

λ1 + λn
tn . (10.137)

The first (smallest) antieigenvalue of V is also called the cosine of the ma-
trix V, cos(V).

The second antieigenvalue of V is defined as

τ2 = min
z 6=0, z′z1=0

cos2(Vz, z) =
2
√
λ2λn−1

λ2 + λn−1
=

√
λ2λn−1

(λ2 + λn−1)/2 , (10.138)

and the corresponding antieigenvectors are

z2 = T
(

1√
λ2

i2 ±
1√
λn−1

in−1

)
= 1√

λ2
t2 ±

1√
λn−1

tn−1 . (10.139)

The concept of antieigenvalue was introduced by Gustafson (1972). For
recent papers in the antieigenvalues, see, e.g., Gustafson (1994, 1999, 2000,
2002, 2005, 2006, 2007, 2011), Gustafson & Rao (1997), Khattree (2001, 2002,
2003), Rao (2007), and Seddighin (2009).

The Kantorovich inequality yields also matrix versions. Such a possibility
becomes natural when we note that if we assume that x′x = 1, then (10.126)
(p. 235) becomes

4λ1λn
(λ1 + λn)2 x′Vx ≤ (x′V−1x)−1 ≤ x′Vx , (10.140a)

(x′V−1x)−1 ≤ x′Vx ≤ (λ1 + λn)2

4λ1λn
(x′V−1x)−1. (10.140b)

Marshall & Olkin (1990) gave a matrix version of (10.140b) as



238 10 BLUE

(U′V−1U)−1 ≤L U′VU ≤L
(λ1 + λn)2

4λ1λn
(U′V−1U)−1, (10.141)

where U′U = Ip; see also Magness & McGuire (1962). If we substitute U =
X(X′X)−1/2 in (10.141), where X ∈ Rn×p has full column rank, then (10.141)
becomes

(X′X)−1/2X′VX(X′X)−1/2 ≤L
(λ1 + λn)2

4λ1λn
(X′X)1/2(X′V−1X)−1(X′X)1/2,

(10.142)
or equivalently

(X′X)−1X′VX(X′X)−1 ≤L
(λ1 + λn)2

4λ1λn
(X′V−1X)−1, (10.143a)

cov(β̃) ≤L cov(β̂) ≤L
(λ1 + λn)2

4λ1λn
cov(β̃) . (10.143b)

Further generalizations of the matrix inequalities of the type (10.141) ap-
pear in Baksalary & Puntanen (1991), Liu (2000a,b), Liu & Neudecker (1995,
1997), Pečarić, Puntanen & Styan (1996), and Drury, Liu, Lu, Puntanen et al.
(2002).

One frequently used measure for the efficiency of the OLSE(β) in the
general situation is the “Watson efficiency” (Watson 1951, §3.3, Watson 1955,
p. 330) which is defined as the ratio of the determinants of the corresponding
covariance matrices:

φ = eff(β̂) = |cov(β̃)|
|cov(β̂)|

= |X′V−1X|−1

|(X′X)−1X′VX(X′X)−1|

= |X′X|2
|X′VX| · |X′V−1X| . (10.144)

Clearly we have again
0 < eff(β̂) ≤ 1 , (10.145)

and the upper bound is obtained if and only if OLSE equals BLUE.
We recall that Bloomfield & Watson (1975) and Knott (1975) proved the

following inequality which we shortly call the BWK inequality:

φ ≥ 4λ1λn
(λ1 + λn)2 ·

4λ2λn−1
(λ2 + λn−1)2 · · ·

4λpλn−p+1
(λp + λn−p+1)2 = τ2

1 τ
2
2 · · · τ2

p , (10.146)

i.e.,

min
X

φ =
p∏
i=1

4λiλn−i+1
(λi + λn−i+1)2 =

p∏
i=1

τ2
i , (10.147)
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where λi = chi(V), and τi = ith antieigenvalue of V. Assuming that p ≤ n/2,
the minimum of φ is attained when the model matrix X is chosen as

Xbad = (t1 ± tn : t2 ± tn−1 : . . . : tp ± tn−p+1) := TL , (10.148)

where, when p = 3,

L = (i1 ± in : i2 ± in−1 : i3 ± in−2) =



1 0 0
0 1 0
0 0 1
...

...
...

0 0 ±1
0 ±1 0
±1 0 0


. (10.149)

With this choice (and for p = 3) we get

X′X = 2I3 , (10.150a)

X′VX = L′ΛL =

λ1 + λn 0 0
0 λ2 + λn−1 0
0 0 λ3 + λn−2

 , (10.150b)

X′V−1X = L′Λ−1L =


1
λ1

+ 1
λn

0 0
0 1

λ2
+ 1

λn−1
0

0 0 1
λ3

+ 1
λn−2


=


λ1+λn
λ1λn

0 0
0 λ2+λn−1

λ2λn−1
0

0 0 λ3+λn−2
λ3λn−2

 . (10.150c)

If p > n/2, then only the first m := n − p columns of Xbad can be con-
structed as above while the rest of the columns can be chosen from the set
of “unused” eigenvectors tm+1, . . . , tn−m.

The inequality (10.146) was originally conjectured in 1955 by James
Durbin (see Watson 1955, p. 331), but first established (for p > 1) only
twenty years later by Bloomfield & Watson (1975) and Knott (1975). For
further proofs (and related considerations), see Khatri & Rao (1981, 1982).

It is obvious that the Watson efficiency φ remains invariant if X is replaced
with XA, where A is an arbitrary p × p nonsingular matrix. Hence φ is a
function of the column space C (X). We can choose, e.g., an orthonormal
basis for C (X) and then the BWK inequality becomes
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min
X

φ = min
X′X=Ip

1
|X′VX| · |X′V−1X| =

min(p,n−p)∏
i=1

4λiλn−i+1
(λi + λn−i+1)2 .

(10.151)
Another measure of efficiency of OLS, introduced by Bloomfield & Watson

(1975), is based on the Euclidean size of the commutator HV−VH:

ψ = 1
2‖HV−VH‖2F = 1

2 tr(HV−VH)(HV−VH)′

= ‖HVM‖2F = tr(HVMV) = tr(HV2)− tr(HV)2. (10.152)

Clearly ψ12 = 0 whenever OLSE equals BLUE. We will call ψ12 the
“Bloomfield–Watson efficiency”. We immediately observe that in order to
use (10.152), we do not need to impose rank assumptions on X and V.

Assuming that V is positive definite, Bloomfield & Watson (1975) proved
that the commutator criterion satisfies the inequality

ψ ≤ 1
4

p∑
i=1

(λi − λn−i−1)2, (10.153)

and that the equality is attained in the same situation as the minimum of φ.
It is easy to see that (10.153) holds also for a singular V; replace V with a
positive definite matrix V + a2I, and the result follows.

Rao (1985a), studied the trace of the difference between the covariance
matrices of the OLSE and BLUE of Xβ:

η = tr[cov(Xβ̂)− cov(Xβ̃)] = tr[HVH−X(X′V−1X)−1X′] . (10.154)

Just as φ and ψ, also η is a function of the column space C (X), and hence
we can choose an orthonormal basis for C (X), in which case η becomes

η = tr[X′VX− (X′V−1X)−1] . (10.155)

Rao (1985a) showed that

η ≤
p∑
i=1

(√
λi −

√
λn−i+1

)2
. (10.156)

Styan (1983) considered (10.154) when p = 1 and obtained a version of
(10.156). If we consider the general representations (10.154) of Xβ̂ and Xβ̃,
then we get

cov(Xβ̂)− cov(Xβ̃) = HVM(MVM)−MVH , (10.157)

whose trace’s upper bound was considered by Liski, Puntanen & Wang
(1992).
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The efficiency problem raises a great amount of interesting matrix prob-
lems and has received a lot of attention in statistical literature; see

Photograph 10.5 Geoffrey S.
Watson (Montréal, 1995).

Drury, Liu, Lu, Puntanen et al. (2002), and
Chu, Isotalo, Puntanen & Styan (2007), and
the references therein. For further measures
and applications of the relative efficiency of
the OLSE, see, for example, Baltagi (1989),
Liu (2000a,b), Liu & King (2002), Krämer
(1980a), Luati & Proietti (2010), Wang &
Shao (1992), and Yang &Wang (2009). For the
efficiency when V has autocorrelation struc-
ture, see Chipman (1979), Krämer (1980a,
1982, 1984, 1986), and Krämer & Donninger
(1987). For the equality of OLSE and BLUE
under specific model matrices, see Baksalary
(1988) and Herzberg & Aleong (1985).

For the efficiency of the subvector β̂2, see
Section 15.5 (p. 331). Efficiency of the OLSE
was also in a central role in the Ph.D. theses

of Chu (2004) and Isotalo (2007).

10.8 Efficiency and Canonical Correlations

In this section we consider an interesting relation between the Watson effi-
ciency and specific canonical correlations.

When X has full column rank, then, in view of (5.107) (p. 137), the general
expression for the covariance matrix of the BLUE of β can be written as

cov(β̃) = (X′X)−1[X′VX−X′VZ(Z′VZ)−Z′VX](X′X)−1

= cov(β̂)− (X′X)−1X′VZ(Z′VZ)−Z′VX(X′X)−1

= cov(β̂)− (X′X)−1X′VM(MVM)−MVX(X′X)−1

:= cov(β̂)−D , (10.158)

where Z is a matrix with the property C (Z) = C (M), i.e., Z ∈ {X⊥}, and

cov(β̂) = (X′X)−1X′VX(X′X)−1 = X+V(X+)′, (10.159a)
cov(β̂)− cov(β̃) = (X′X)−1X′VZ(Z′VZ)−Z′VX(X′X)−1. (10.159b)

It is interesting to note that in (10.158) the covariance matrix V need not be
positive definite. If V is positive definite, then, of course,

cov(β̃) = (X′V−1X)−1 = cov(β̂)−D , (10.160)
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while under the weakly singular linear model, i.e., when C (X) ⊂ C (V),

cov(β̃) = (X′V+X)−1 = cov(β̂)−D . (10.161)

Now we can express the Watson efficiency φ = eff(β̂) as

φ = |cov(β̃)|
|cov(β̂)|

= |X
′VX−X′VZ(Z′VZ)−Z′VX| · |X′X|−2

|X′VX| · |X′X|−2

= |X
′VX−X′VZ(Z′VZ)−Z′VX|

|X′VX|
= |Ip − (X′VX)−1X′VZ(Z′VZ)−Z′VX| . (10.162)

For (10.162) to be properly defined, we clearly must have

|X′VX| 6= 0 , i.e., rank(X′VX) = p , (10.163)

that is, see Proposition 6.1 (p. 147),

rank(X′V) = rank(X)− dim C (X) ∩ C (V)⊥ = p , (10.164)

which shows that for the Watson efficiency to be properly defined it is nec-
essary that

C (X) ∩ C (V)⊥ = {0} . (10.165)

Moreover, because (see Proposition 5.6, page 137)

rank[cov(β̃)] = dim C (X) ∩ C (V) ≤ rank(X) , (10.166)

we observe that |cov(β̃)| = 0, i.e., the Watson efficiency becomes 0 if the
model is not a weakly singular linear model—even though X has full column
rank. Hence, in order to have a properly defined nonzero Watson efficiency,
we have to assume that

C (X) ⊂ C (V) , (10.167)

which trivially holds if V is positive definite.
Let us next consider the canonical correlations between the random vectors

X′y and Z′y, and similarly between β̂ and β̃. Then we have

cov
(

X′y
Z′y

)
=
(

X′VX X′VZ
Z′VX Z′VZ

)
:=
(

K′K K′L
L′K L′L

)
:= Σ , (10.168)

where we have denoted

K = V1/2X , L = V1/2Z . (10.169)

Notice that with this notation we have
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X′VZ(Z′VZ)−Z′VX = K′PLK , (10.170a)
cov(β̂) = (X′X)−1K′K(X′X)−1, (10.170b)
cov(β̃) = (X′X)−1[K′(In −PL)K](X′X)−1. (10.170c)

Under a weakly singular linear model we have β̃ = (X′V+X)−1X′V+y and
hence

cov(β̂, β̃) = (X′X)−1X′ ·V ·V+X(X′V+X)−1

= (X′X)−1X′ ·PVX(X′V+X)−1

= (X′V+X)−1 = cov(β̃) , (10.171)

and so, just as in (10.122) (p. 235), we have

cov
(
β̂

β̃

)
=
(

cov(β̂) cov(β̃)
cov(β̃) cov(β̃)

)
=
(

(X′X)−1X′VX(X′X)−1 (X′V+X)−1

(X′V+X)−1 (X′V+X)−1

)
:= Γ . (10.172)

Let and κ1 ≥ κ2 ≥ · · · ≥ κp ≥ 0 and θ1 ≥ θ2 ≥ · · · ≥ θp > 0 denote
the (ordered) canonical correlations between X′y and Z′y, and β̂ and β̃,
respectively, i.e.,

κi = cci(X′y,Z′y) , θi = cci(β̂, β̃) , i = 1, . . . , p . (10.173)

We assume that p ≤ n/2 in which case the number of the canonical correla-
tions, i.e., the number of pairs of canonical variables based on X′y and Z′y,
is p.

In view of Proposition 18.11 (p. 381), the number of the nonzero κ2
i ’s is

m = rank(X′VZ) = rank(K′L) = rank(Σ12) , (10.174)

and they can be expressed as the nonzero eigenvalues as follows:

{κ2
1, . . . , κ

2
m} = cc2

+(X′y,Z′y)
= nzch[(X′VX)−1X′VZ(Z′VZ)−Z′VX]
= nzch(PKPL) . (10.175)

[Notice that cc2
+(u,v) is a short notation for the set of the squared nonzero

canonical correlations between the random vectors u and v.] Similarly, there
are

p = rank(Γ12) (10.176)

nonzero θ2
i ’s, and they can be expressed as the (necessarily nonzero) eigen-

values of the matrix
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N1 := [cov(β̂)]−1 cov(β̃)
= (X′X)(K′K)−1(X′X) · (X′X)−1K′(In −PL)K(X′X)−1

= (X′X)(K′K)−1K′(In −PL)K(X′X)−1

= (X′X)[Ip − (K′K)−1K′PLK](X′X)−1, (10.177)

which are the same as those of the matrix

N2 := Ip − (K′K)−1K′PLK . (10.178)

Hence the p (all nonzero) θ2
i ’s are

{θ2
1, . . . , θ

2
p} = cc2(β̂, β̃)

= ch[Ip − (X′VX)−1X′VZ(Z′VZ)−Z′VX] . (10.179)

Thus, in light of (10.175) and (10.179), we can conclude the following inter-
esting connection:

θ2
i = 1− κ2

p−i+1 , i = 1, . . . , p , (10.180a)
cc2
i (β̂, β̃) = 1− cc2

i (X′y,Z′y) , i = 1, . . . , p , (10.180b)

Notice also that the θ2
i ’s are the roots of the equation

|cov(β̃)− θ2 cov(β̂)| = 0 . (10.181)

Now under a weakly singular model and X having full column rank, the
Watson efficiency can be written as

eff(β̂) = φ = |X′X|2
|X′VX| · |X′V+X|

= |X
′VX−X′VZ(Z′VZ)−Z′VX|

|X′VX|
= |Ip − (X′VX)−1X′VZ(Z′VZ)−Z′VX|

=
p∏
i=1

θ2
i =

p∏
i=1

(1− κ2
i ) . (10.182)

The efficiency formula (10.182) in terms of κi’s and θi’s was first introduced
(V being positive definite) by Bartmann & Bloomfield (1981).

In (10.182) there are no worries about the zero θi’s nor unit (1’s) κi’s once
we are dealing with a weakly singular model. As a matter of fact, the number
of unit canonical correlations between X′y and Z′y, say u, is the number of
unit eigenvalues of the product PKPL, which in view of (5.83) (p. 134) and
Proposition 5.5 (p. 135), can be expressed as
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u = #{ch(PKPL) = 1} = dim C (K) ∩ C (L)
= dim C (V1/2X) ∩ C (V1/2Z) = rank(X′PVZ) . (10.183)

Trivially u = 0 if C (X) ⊂ C (V).
It is noteworthy that for the nonzero κ2

i ’s we have

{κ2
1, . . . , κ

2
m} = cc2

+(X′y,Z′y) = nzch(PKPL)
= nzch(PV1/2XPV1/2Z) = nzch(PV1/2HPV1/2M) , (10.184)

and hence

{κ2
1, . . . , κ

2
m} = cc2

+(X′y,Z′y) = cc2
+(Hy,My) . (10.185)

Similarly one can show (left to the reader) that

{θ2
1, . . . , θ

2
p} = cc2(β̂, β̃) = cc2(Xβ̂,Xβ̃) . (10.186)

On account of (10.184), the Watson efficiency can be written also as

φ = |In −PV1/2XPV1/2Z| = |In −PV1/2HPV1/2M| . (10.187)

In this section we have considered the weakly singular model which is
required so that the Watson efficiency would be properly defined. However,
even if the Watson efficiency collapses, so to say, it might still make sense
to utilize the canonical correlations θi or equivalently κi while characterizing
the relative goodness of OLS. Some considerations are done in Section 18.10
(p. 382).

10.9 Best Linear Unbiased Predictor

Consider the general linear model

y = Xβ + ε , i.e., M = {y, Xβ, σ2V} . (10.188)

Let yf denote an m × 1 unobservable random vector containing new obser-
vations. The new observations are assumed to follow the linear model

yf = Xfβ + εf , (10.189)

where Xf is a known m× p model matrix associated with new observations,
β is the same vector of unknown parameters as in (10.188), and εf is an
m × 1 random error vector associated with new observations. It is essential
to understand the difference between the random vectors y and yf : y is
observable but yf is not; yf is a future value of a random vector rising from
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the model (10.189). Our object is to predict the random vector yf on the
basis of y.

The expectations are

E
(

y
yf

)
=
(

Xβ
Xfβ

)
=
(

X
Xf

)
β , (10.190)

and the joint covariance matrix of y and yf is

cov
(

y
yf

)
= σ2

(
V = V11 V12

V21 V22

)
:= σ2Σ . (10.191)

We can denote shortly

Mf =
{(

y
yf

)
,

(
Xβ
Xfβ

)
, σ2

(
V V12

V21 V22

)}
. (10.192)

Notice that we naturally could have denoted the upper-left-block of Σ as
V11 but we have deliberately left the subscripts out so that the reader could
more easily see that Mf is simply the standard linear model {y, Xβ, σ2V}
extended with a new future vector of observations yf .

A linear predictor Ay is said to be unbiased for yf if

E(Ay) = E(yf ) = Xfβ for all β ∈ Rp , (10.193)

i.e., the expected prediction error is 0:

E(yf −Ay) = 0 . (10.194)

We may then say that the random vector yf is unbiasedly predictable. It is
easy to confirm that (10.193) is equivalent to AX = Xf i.e., X′f = X′A,
which means that yf is unbiasedly predictable if and only if

C (X′f ) ⊂ C (X′) , i.e., Xfβ is estimable. (10.195)

Now an unbiased linear predictor Ay is the best linear unbiased predictor,
BLUP, a term introduced by Goldberger (1962), if the Löwner ordering

cov(Ay− yf ) ≤L cov(By− yf ) (10.196)

holds for all B such that By is an unbiased linear predictor for yf .
Notice that if the parameter vector β were known, then E(y) = Xβ := µy

and E(yf ) = Xfβ := µyf and thus in view of (9.45) (p. 196), the BLP of yf
on the basis of y would be

BLP(yf ; y) = µyf −V21V−µy + V21V−y
= µyf + V21V−(y− µy)
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= Xfβ + V21V−(y−Xβ) . (10.197)

The following proposition characterizes the BLUP; see, e.g., Christensen
(2002, p. 283) and Isotalo & Puntanen (2006a, p. 1015).

Proposition 10.6 (Fundamental BLUP equation). Consider the linear
model Mf , where Xfβ is a given estimable parametric function. Then the
linear estimator Ay is the best linear unbiased predictor (BLUP) for yf if
and only if A satisfies the equation

A(X : VX⊥) = (Xf : V21X⊥) . (10.198)

Proof. The proof is parallel to that of Theorem 10 (p. 216)—but in spite of
that, we’ll go through it.

Let A be any matrix satisfying A(X : VM) = (Xf : V21M), where
M = I −H, and let By be any other linear unbiased predictor for yf , i.e.,
BX = Xf . Hence (B−A)X = 0 and so B′ −A′ = ML, for some matrix L.
Moreover, the assumption AVM = V21M implies that

cov[Ay− yf , (B−A)y] = AV(B−A)′ −V21(B−A)′

= (AV−V21)(B−A)′

= (AV−V21)ML = 0 , (10.199)

and hence we have the Löwner ordering

cov(By− yf ) = cov[(By−Ay) + (Ay− yf )]
= cov(By−Ay) + cov(Ay− yf )
≥L cov(Ay− yf ) . (10.200)

Conversely, let Ay be the BLUP for yf . Then the inequality (10.200) must
also hold when B satisfies the equation B(X : VM) = (Xf : V21M). Because
Ay is an unbiased predictor, we have A′ − B′ = MK, for some matrix K,
and just as in (10.199),

cov[By− yf , (A−B)y] = (BV−V21)MK = 0 . (10.201)

Hence we have the Löwner ordering

cov(Ay− yf ) = cov[(Ay−By) + (By− yf )]
= cov(Ay−By) + cov(By− yf )
≥L cov(By− yf ) . (10.202)

Because Ay is the BLUP for yf we must have

cov(By− yf ) = cov(Ay− yf ) (10.203)
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which holds if and only if

cov(Ay−By) = (A−B)V(A−B)′ = 0 , (10.204)

that is, if and only if (A−B)V = 0. Hence AVM = BVM = V21M, which
concludes the proof. ut

It is easy to conclude that the BLUP can be characterized via Pandora’s
Box technique as follows.

Proposition 10.7 (Pandora’s Box and the BLUP). Consider the linear
model Mf , where Xfβ is a given estimable parametric function. Then the
linear estimator Ay is the BLUP for yf if and only if there exists a matrix L
such that A satisfies the equation(

V X
X′ 0

)(
A′
L

)
=
(

V12
X′f

)
. (10.205)

According to Theorem 11 (p. 267), the general solution to (10.198) (whose
consistency confirmation is left as an exercise) can be written, for example,
as

A0 = (Xf : V21M)(X : VM)+ + F(In −P(X:VM)) , (10.206)

where the matrix F is free to vary. Even though the multiplier A may not
be unique, the observed value Ay of the BLUP is unique with probability 1.
We can get, for example, the following matrices Ai such that Aiy equals the
BLUP(yf ):

A1 = XfB + V21W−(In −XB) , (10.207a)
A2 = XfB + V21V−(In −XB) , (10.207b)
A3 = XfB + V21M(MVM)−M , (10.207c)
A4 = Xf (X′X)−X′ + [V21 −Xf (X′X)−X′V]M(MVM)−M , (10.207d)

where W = V + XUX′, with U satisfying C (W) = C (X : V), and

B = (XW−X)−X′W− . (10.208)

Proofs of (10.207) are left to the reader.
In view of (10.207), the BLUP(yf ) can be written as

BLUP(yf ) = Xf β̃ + V21W−(y−Xβ̃)
= Xf β̃ + V21W−ε̃

= Xf β̃ + V21V−ε̃
= Xf β̃ + V21M(MVM)−My
= BLUE(Xfβ) + V21Ṁy
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= Xf β̂ + (V21 −XfX+V)Ṁy
= OLSE(Xfβ) + (V21 −XfX+V)Ṁy , (10.209)

where ε̃ = y−Xβ̃ is the vector of the BLUE’s residual:

Xβ̃ = y−VM(MVM)−My = y−VṀy , (10.210a)
ε̃ = VṀy = WṀy , Ṁ = M(MVM)−M . (10.210b)

It may be worth emphasizing that if A and B are arbitrary matrices satisfying(
A
B

)
(X : VM) =

(
Xf V21M
Xf 0

)
, (10.211)

then (10.209) means, e.g., that

Ay = By + V21Ṁy for all y ∈ C (X : V) = C (X : VM) . (10.212)

Consider next an arbitrary representation Gy for the BLUE of Xfβ, so
that G satisfies G(X : VM) = (X : 0). Then Gy is also the BLUP for yf if
G satisfies G(X : VM) = (X : V21M). Hence we can conclude that

BLUP(yf ) = BLUE(Xfβ) ⇐⇒ V21M = 0
⇐⇒ C (V12) ⊂ C (X) . (10.213)

The above problem was considered by Elian (2000), and Puntanen, Styan
& Werner (2000a). For related considerations, see also Baksalary & Kala
(1981b, Th. 1), Watson (1972, §3)], and Liu (2009).

The following proposition characterizes the equality of BLUP(yf ) and
OLSE(Xfβ), the proof is left as an exercise (see the above references).

Proposition 10.8. Consider the linear model Mf . Then the following state-
ments are equivalent:

(a) BLUP(yf ) = OLSE(Xfβ) = Xf β̂ for a fixed Xf = LX,
(b) C [V12 −V(X′)+X′f ] ⊂ C (X),
(c) C (V12 −VHL′) ⊂ C (X).

Moreover, the following statements are equivalent:

(d) BLUP(yf ) = OLSE(Xfβ) = Xf β̂ for all Xf of the form Xf = LX,
(e) C (VX) ⊂ C (X) and C (V12) ⊂ C (X),
(f) OLSE(Xβ) = BLUE(Xβ) and BLUP(yf ) = BLUE(Xfβ).
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10.10 Examples on the BLUPs

In Section 9.6 (p. 208) we considered the best linear prediction, BLP, in the
autoregressive case, where the covariance matrix is of the type

Σ = σ2{%|i−j|} = σ2


1 % %2 . . . %n

% 1 % . . . %n−1

...
...

...
...

%n %n−1 %n−2 . . . 1


= σ2

(
V v12
v′12 1

)
= cov

(
y

yn+1

)
, (10.214)

where |%| < 1, and the cross-covariance matrix (vector)

v12 = σ2(%n, %n−1, . . . , %2, %)′ ∈ Rn . (10.215)

Putting, for simplicity, E(y) = 0, we obtained, cf. page 209,

BLP(yn+1; y) = %yn . (10.216)

Next we consider the BLUP for the new single observation yf = yn+1 when( y
yn+1

)
follows the linear model where the covariance matrix is as in (10.214).

As noted on page 209, the column v12 can be obtained by multiplying the
last column of V by %:

v12 = %Vin , (10.217)

where in is the last column of In. Therefore

V−1v12 = %V−1Vin = %in , (10.218)

and the BLUP for the new single observation yf = yn+1 is

BLUP(yn+1) = x′∗β̃ + v′12V−1ε̃ = x′∗β̃ + %i′nε̃ = x′∗β̃ + %ε̃n , (10.219)

where x′∗ is the row vector comprising the xi-values of the new observation,
and ε̃ is the vector of the BLUE’s residual. Notice how “simple” it is to make
predictions in this situation.

Consider then the situation where the covariance matrix of
( y
yf

)
has an

intraclass correlation structure:

Σ = (1− %)In+m + %1n+m1′n+m

=
(

(1− %)In + %1n1′n %1n1′m
%1m1′n (1− %)Im + %1m1′m

)
=
(

V V12
V21 V22

)
, (10.220)
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and 1n ∈ C (X), 1m ∈ C (Xf ). Then C (V12) ⊂ C (X) and so in view of
(10.213) (p. 249), we have

BLUP(yf ) = BLUE(Xfβ) . (10.221)

Because BLUE(Xfβ) = OLSE(Xfβ) under the intraclass correlation struc-
ture when 1 ∈ C (X), we have

BLUP(yf ) = OLSE(Xfβ) = Xf (X′X)−X′y = XfX+y . (10.222)

Isotalo & Puntanen (2006a, §4) considered the linear prediction under the
following time series model:

yt = βt+ εt , (10.223)

where t denotes the discrete time variable, β is an unknown parameter, and ut
is the standardized random walk process, cf. Davidson & MacKinnon (2004,
p. 606), with a form

εt = εt−1+ui , ε0 = 0 , E
(

u
un+1

)
= 0 , cov

(
u

un+1

)
= In+1 , (10.224)

where u = (u1, u2, . . . , un)′. Then

εj = u1 + u2 + · · ·+ uj , j = 1, 2, . . . , n+ 1 , (10.225)

and the random vector
( ε
εn+1

)
= (ε1, . . . , εn, εn+1)′ can be written as(
ε

εn+1

)
= K

(
u

un+1

)
, (10.226)

where

K =


1 0 0 . . . 0
1 1 0 . . . 0
1 1 1 . . . 0
...

...
... . . . ...

1 1 1 . . . 1

 :=
(

L 0n
1′n 1

)
∈ R(n+1)×(n+1). (10.227)

Let us assume that yt is observable at times of t = 1, 2, . . . , n. Moreover, we
are interested in predicting the outcome yn+1 = yf at time of t = n+1 based
on observable random variables y1, y2, . . . , yn. Now we can write this model
as

Mf =
{(

y
yn+1

)
,

(
xβ
xfβ

)
,

(
V v12
v′12 v22

)}
, (10.228)

where (y′, yn+1) = (y1, y2, . . . , yn, yn+1), (x′, xf ) = (1, 2, . . . , n, n+ 1), and
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V = cov(y) = cov(ε) = cov(Lu) = LL′

=


1 1 1 . . . 1 1
1 2 2 . . . 2 2
1 2 3 . . . 3 3
...

...
...

. . .
...

...
1 2 3 . . . n− 1 n− 1
1 2 3 . . . n− 1 n

 , (10.229a)

and
v12 = (1, 2, 3, . . . , n− 1, n)′, v22 = n+ 1 . (10.229b)

Photograph 10.6 Jarkko Iso-
talo, ice hockey defenceman,
Tappara (Tampere, 1994).

According to Proposition 10.6 (p. 247), g′y
is the BLUP for yn+1 under (10.228) if and
only if g satisfies the equation

g′(x : Vx⊥) = (n+ 1 : v′12x⊥) . (10.230)

We see immediately that choosing g = n+1
n in ,

where in is the last column of In, gives the
BLUP for yn+1:

BLUP(yn+1) = n+ 1
n

yn . (10.231)

Using Proposition 10.13 (p. 259) Isotalo &
Puntanen (2006a, §3) showed that yn is actu-
ally a linear prediction sufficient statistic for
yn+1.

We may use the above considerations to
show that A−1 = B, where

A =


1 1 1 . . . 1 1
1 2 2 . . . 2 2
1 2 3 . . . 3 3
...

...
...

. . .
...

...
1 2 3 . . . n− 1 n− 1
1 2 3 . . . n− 1 n

 , B =


2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0

0 −1 2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −1
0 0 0 . . . −1 1

 .

(10.232)
In addition, we show that det(A) = det(B) = 1.

According to (10.226) (p. 251), we have ε = Lu, where

L =


1 0 0 . . . 0
1 1 0 . . . 0
1 1 1 . . . 0
...

...
... . . . ...

1 1 1 . . . 1

 ∈ Rn×n, (10.233)
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and A = LL′ = cov(ε). The determinant is det(L) = 1 and so L is nonsin-
gular and also det(A) = 1. Now εj − εj−1 = uj for j = 2, . . . , n, ε1 = u1, and
so

u =


1 0 0 . . . 0 0
−1 1 0 . . . 0 0

0 −1 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 1 0
0 0 0 . . . −1 1

 ε = L−1ε , (10.234)

because ε = Lu. Hence

A−1 = (LL′)−1 = (L−1)′L−1 =


2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0

0 −1 2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −1
0 0 0 . . . −1 1

 , (10.235)

which is B as claimed, and det(B) = 1/det(A) = 1.
For the relation (10.232), see also Watson (1996a) and Zhang (2009, Ex-

ercise 2.20).

10.11 Mixed Linear Models

A mixed linear model can be presented as

y = Xβ + Zγ + ε , (10.236)

where X ∈ Rn×p and Z ∈ Rn×q are known matrices, β ∈ Rp is a vector of
unknown fixed effects, γ is an unobservable vector (q elements) of random
effects with

E(γ) = 0q , cov(γ) = Dq×q , cov(γ, ε) = 0q×p , (10.237)

and E(ε) = 0n, cov(ε) = Rn×n. We may denote this setup briefly as

Mmix = {y, Xβ + Zγ, D, R} . (10.238)

Writing
ξ = Zγ + ε , cov(ξ) = ZDZ′ + R := Σ , (10.239)

we can re-express (10.236) as

y = Xβ + ξ , E(ξ) = 0 , cov(ξ) = cov(y) = Σ , (10.240)
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i.e., as regards the estimation of the fixed effects under the mixed model, we
can consider the following “standard fixed” model

Mfix = {y, Xβ, ZDZ′ + R} = {y, Xβ, Σ} . (10.241)

Clearly for the BLUE(Xβ) we have the following characterization:

Proposition 10.9. Consider the mixed model Mmix = {y, Xβ+Zγ, D, R}.
Then the linear estimator By is the BLUE for Xβ if and only if

B(X : ΣX⊥) = (X : 0) , (10.242)

where Σ = ZDZ′ + R.

Assuming that the covariance matrix Σ = ZDZ′ + R is positive definite
and X has full column rank, we of course have

BLUE(β |Mmix) = β̃ = (X′Σ−1X)−1X′Σ−1y . (10.243)

How to find the BLUP of γ? One approach is to express the mixed model
as two equations:

y = Xβ + Zγ + ε , (10.244a)
γ = 0 · β + εf , (10.244b)

where cov(εf ) = cov(γ) = D and cov(γ, ε) = cov(εf , ε) = 0. Since
cov(y,γ) = ZD, we have

cov
(

y
γ

)
=
(

ZDZ′ + R ZD
DZ′ D

)
=
(

Σ ZD
DZ′ D

)
. (10.245)

Hence, corresponding to (10.192) (p. 246), the mixed model can be expressed
as a version of the model with “new observations”; the new observations being
now in γ:

Mmixed =
{(

y
γ

)
,

(
X
0

)
β,

(
ZDZ′ + R ZD

DZ′ D

)}
. (10.246)

Now Proposition 10.6 (p. 247) gives the following:

Proposition 10.10. Consider the mixed linear model Mmix = {y, Xβ +
Zγ, D, R}. Then the linear estimator Ay is the BLUP for γ if and only if

A(X : ΣX⊥) = (0 : DZ′X⊥) , (10.247)

where Σ = ZDZ′ + R. In terms of Pandora’s Box, Ay = BLUP(γ) if and
only if there exists a matrix L such that A satisfies the equation
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Σ X
X′ 0

)(
A′
L

)
=
(

ZD
0

)
. (10.248)

In view of (10.209) (p. 249), the BLUP(γ) can be written as

BLUP(γ) = γ̃ = DZ′W−(y−Xβ̃)
= DZ′W−ε̃ = DZ′Σ−ε̃
= DZ′M(MΣM)−My = DZ′Ṁy , (10.249)

where ε̃ is the vector of the BLUE’s residual and

W = Σ + XUX′ = ZDZ′ + R + XUX′, C (W) = C (X : Σ) , (10.250)

and the matrix Ṁ is defined as Ṁ = M(MΣM)−M.
As Henderson & Searle (1981a) point out, a difficulty with (10.243) is, in

many applications, that the n× n matrix Σ = ZDZ′ + R is often large and
nondiagonal, so that inverting it is quite impractical. An alternative set of
equations for solving β̃ and γ̃ is, as suggested by Henderson (1950, 1963),(

X′R−1X X′R−1Z
Z′R−1X Z′R−1Z + D−1

)(
β
γ

)
=
(

X′R−1y
Z′R−1y

)
. (10.251)

If β̃ and γ̃ are solutions to (10.251), then Xβ̃ appears to be a BLUE of
Xβ and γ̃ is a BLUP of γ; see, e.g., Henderson, Kempthorne, Searle & von
Krosigk (1959), Christensen (2002, p. 285), Searle (1997, p. 302), Searle,
Casella & McCulloch (1992, §7.6), and Robinson (1991, p. 15). The equa-
tion (10.251) is called Henderson’s mixed model equation. The proof is based
on the equality

(ZDZ′ + R)−1 = R−1 −R−1Z(Z′R−1Z + D−1)−1Z′R−1, (10.252)

which comes from the Duncan inversion formula (13.71) (p. 301).
Henderson (1950, 1963) minimized the following quadratic form with re-

spect to β and γ (keeping γ as a non-random vector):

f(β,γ) =
(

y−Xβ − Zγ
γ

)′(R 0
0 D

)−1(y−Xβ − Zγ
γ

)
, (10.253)

where R and D are assumed to be positive definite. Denoting

y# =
(

y
0

)
, X∗ =

(
X Z
0 Iq

)
, V∗ =

(
R 0
0 D

)
, π =

(
β
γ

)
, (10.254)

yields the following:

f(β,γ) = (y# −X∗π)′V−1
∗ (y# −X∗π) . (10.255)
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The normal equation resulting from minimizing f(β,γ) is now precisely
(10.251) and the minimizing values of β and γ are (when X has full col-
umn rank)

(X′∗V−1
∗ X∗)−1X′∗V−1

∗ y# =
(
β̃
γ̃

)
. (10.256)

Notice that
X∗π̃ =

(
Xβ̃ + Zγ̃

γ̃

)
. (10.257)

We will return to Henderson’s approach in Section 11.3 (p. 272).

Photograph 10.7 Stephen J.
Haslett (Auckland, 2005).

For further references to mixed models, see,
e.g., Christensen (2002, §12.3), Demidenko
(2004), Harville (1990a), Hayes & Haslett
(1999), Jiang (1997, 2007), McCulloch, Searle
& Neuhaus (2008), Searle (1994, 1996, 1997),
Rao (1987), Robinson (1991), and Haslett &
Puntanen (2010b,d). For a discussion whether
the effects should be considered fixed or ran-
dom, see Gelman (2005, §6). For a proposal
“To a non-Bayesian, all things are BLUPs”,
see Speed (1991, p. 44).

We complete this section with a result due
to Isotalo, Möls & Puntanen (2006). They con-
sidered

A = {y, X1β1 + X2β2, R} ,
B = {y, X1β1 + X2γ2, D, R} , (10.258)

where A is a partitioned fixed model and B is a mixed model:

A : y = X1β1 + X2β2 + ε , B : y = X1β1 + X2γ2 + ε , (10.259)

where
E(γ2) = 0 , cov(γ2) = D , cov(γ2, ε) = 0 , (10.260)

and E(ε) = 0, cov(ε) = R, and cov(y | B) = X2DX′2 + R := Σ. The proof
of the following result is left as an exercise.

Proposition 10.11. Consider the models A and B defined above. Then ev-
ery representation of the BLUE for M2X1β1 under the model A is also the
BLUE for M2X1β1 under the model B if and only if

C (ΣX⊥1 ) ⊂ C (X2 : RX⊥) . (10.261)
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Photograph 10.8 Radosław
Kala (Poznań, 2003).

The concept of linear sufficiency was intro-
duced by Barnard (1963), Baksalary & Kala
(1981a), and Drygas (1983)—who was the first
to use the term linear sufficiency—while in-
vestigating those linear statistics Fy, which
are “sufficient” for estimation of Xβ in the
model M . Formally, a linear statistic Fy is
defined to be linearly sufficient for Xβ under
the model M = {y, Xβ, σ2V} if there exists
a matrix A such that AFy is the BLUE of
Xβ. Baksalary & Kala (1981a, p. 913) illus-
trate the situation in the following “concrete”
way (in our notation):

If the vector y subject to the model {y, Xβ, I}
were transformed into the w = X′y, then the
BLUE of Xβ, Xβ̃ = X(X′X)−X′y, would be
obtainable as a linear function of w, namely

as X(X′X)−w . If, however, the same transformation were adopted under the
model {y, Xβ, V} (V positive define but different from In) then the BLUE of
Xβ, having now the form

Xβ̃ = X(X′V−1X)−X′V−1y ,

would no longer be obtainable as a linear function of w = X′y unless C (V−1X) ⊂
C (X). This exception might in fact be expected as the inclusion is a necessary
and sufficient condition for the OLSE and BLUE to be identical.

Baksalary & Kala (1981a, p. 913) and Drygas (1983) showed that a linear
statistic Fy is linearly sufficient for Xβ under the model M if and only if the
column space inclusion C (X) ⊂ C (WF′) holds; here W = V+XLL′X′ with
L being an arbitrary matrix such that C (W) = C (X : V). The hard-working
reader may prove the following proposition.

Proposition 10.12. Let W = V+XLL′X′ be an arbitrary matrix satisfying
C (W) = C (X : V). Then Fy is linearly sufficient for Xβ under M =
{y, Xβ, σ2V} if and only if any of the following equivalent statements holds:

(a) C (X) ⊂ C (WF′),
(b) N (F) ∩ C (X : V) ⊂ C (VX⊥),
(c) rank(X : VF′) = rank(WF′),
(d) C (X′F′) = C (X′) and C (FX) ∩ C (FVX⊥) = {0},
(e) the best linear predictor of y based on Fy, BLP(y; Fy), is almost surely

equal to a linear function of Fy which does not depend on β.
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Moreover, let Fy be linearly sufficient for Xβ under M = {y, Xβ, σ2V}.
Then each BLUE of Xβ under the transformed model {Fy, FXβ, σ2FVF′}
is the BLUE of Xβ under the original model M and vice versa.

In addition to linear sufficiency, Drygas (1983) also considered related
concepts of linear minimal sufficiency and linear completeness. A linearly
sufficient statistic Fy is called linearly minimal sufficient for Xβ under the
model M , if for any other linearly sufficient statistic Sy, there exists a ma-
trix A such that Fy = ASy almost surely. Drygas (1983) showed that Fy is
linearly minimal sufficient for Xβ if and only if the equality

C (X) = C (WF′) (10.262)

holds. Moreover, Drygas (1983) called Fy linearly complete if for every linear
transformation of it, LFy, such that E(LFy) = 0, it follows that LFy = 0
almost surely. According to Drygas (1983), Fy is linearly complete if and
only if

C (FV) ⊂ C (FX) . (10.263)

It was then shown by Drygas (1983) that Fy is linearly minimal sufficient for
Xβ if and only if it is simultaneously linearly sufficient and linearly complete
for Xβ. For related references, see Müller (1987), Müller, Rao & Sinha (1984),
Liu (2002), and Sengupta & Jammalamadaka (2003, Ch. 11).

Baksalary & Kala (1986) extended the notions of linear sufficiency and
linear minimal sufficiency to concern estimation of the given estimable para-
metric function K′β. They proved that Fy is linearly sufficient for K′β under
the model M if and only if

N (FX : FVX⊥) ⊂ N (K′ : 0) , (10.264)

which can be shown to be equivalent to

C [X(X′W−X)−K] ⊂ C (WF′) . (10.265)

Moreover, Fy is linearly minimal sufficient for K′β if and only if

N (FX : FVX⊥) = N (K′ : 0) . (10.266)

Isotalo & Puntanen (2006a) considered the model

Mf =
{(

y
yf

)
,

(
Xβ
Xfβ

)
, σ2

(
V V12

V21 V22

)}
, (10.267)

where yf is the new future vector of observations, and investigated those lin-
ear statistics Fy, which preserve enough information for obtaining the BLUP
of yf as a linear function of them. They call such statistics linearly prediction
sufficient for yf . More formally, under the model Mf , a linear statistic Ty is
called linearly prediction sufficient for yf , if there exists a matrix A such that
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AFy is the BLUP for yf . Moreover, Ty is called linearly minimal prediction
sufficient for yf if for any other linearly prediction sufficient Ay, there exists
a matrix A such that Ty = ASy almost surely. Isotalo & Puntanen (2006a)
proved the following.

Proposition 10.13. Under model Mf , a linear statistic Fy is linearly pre-
diction sufficient for yf if and only if

N (FX : FVX⊥) ⊂ N (Xf : V21X⊥) . (10.268)

Moreover, Fy is linearly minimal prediction sufficient if and only if the equal-
ity holds in (10.268).

Various properties of linear sufficiency, particularly in a partitioned linear
model, were considered by Tian & Puntanen (2009). They also introduced
the concept of OLSE-sufficiency: Fy is linearly OLSE-sufficient for K′β if
there exist a matrix A such that OLSE(K′β) = AFy.

10.13 Admissibility

Consider the linear model M = {y, Xβ, σ2V} and let K′β be an estimable
parametric function, K ∈ Rp×q. Denote the set of all linear (homogeneous)
estimators of K′β as LEq(y) = {Fy : F ∈ Rq×n }. The mean squared error
matrix of Fy with respect to K′β is defined as

MSEM(Fy; K′β) = E(Fy−K′β)(Fy−K′β)′

= E[F(y−Xβ)(y−Xβ)′F′] + (FX−K′)β[(FX−K′)β]′

= cov(Fy) + (FX−K′)β[(FX−K′)β]′, (10.269)

and the quadratic risk of Fy under M is

risk(Fy; K′β) = tr[MSEM(Fy; K′β)]
= σ2 tr(FVF′) + ‖(FX−K′)β‖2

= tr[cov(Fy)] + ‖bias‖2. (10.270)

A linear estimator Ay is said to be admissible for K′β among LEq(y) under
M if there does not exist Fy ∈ LEq(y) such that the inequality

risk(Fy; K′β) ≤ risk(Ay; K′β) (10.271)

holds for every (β, σ2) ∈ Rp × (0,∞) and is strict for at least one point
(β, σ2). The set of admissible estimators of K′β is denoted as AD(K′β).

A general characterization of the class AD(K′β) for an estimable vector
K′β and for nonsingular V is given in Rao (1976, Th. 6.6) and it was extended



260 10 BLUE

to a general Gauss–Markov model by Baksalary & Markiewicz (1988, p. 351).
The result is presented in the following lemma.

Proposition 10.14. Consider the model M = {y, Xβ, σ2V} and let K′β
be an estimable parametric function, i.e., K′ = LX for some L ∈ Rk×n.
Then Fy is admissible for K′β if and only if the following three conditions
hold:

C (VF′) ⊂ C (X) , (10.272a)
FVL′ − FVF′ ≥L 0 , (10.272b)

C [(F− L)X] = C [(F− L)S] , (10.272c)

where S is a matrix satisfying C (S) = C (X) ∩ C (V).

Photograph 10.9 Augustyn
Markiewicz (Tomar, 2006).

It is obvious that under a weakly singular
linear model, i.e., when C (X) ⊂ C (V), the
condition (10.272c) is trivially satisfied and
hence the first two conditions guarantee that
Fy is admissible for K′β. For further refer-
ences on the linear admissibility, see, for ex-
ample, Baksalary & Markiewicz (1989, 1990),
Baksalary, Markiewicz & Rao (1995), Mathew,
Rao & Sinha (1984), and Drygas & Zmyślony
(1988).

We may complete this section by men-
tioning the paper by Markiewicz & Punta-
nen (2009), where the admissibility and linear
sufficiency are studied in a partitioned linear
model.

10.14 Exercises

10.1. Complete the proof of Proposition 10.1 (p. 218).

10.2. Solve the problems presented in Section 10.6 (p. 234).

10.3. Confirm that (10.152) (p. 240) holds:

ψ = 1
2‖HV−VH‖2F = ‖HVM‖2F = tr(HVMV) = tr(HV2)− tr(HV)2.

10.4 (Continued . . . ). Let the columns of X∗ and Z comprise the orthonor-
mal bases for C (X) and C (X)⊥, respectively. Show that

ψ = ‖X′∗VZ‖2F = tr(X′∗V2X∗)− tr(X′∗VX∗)2.
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10.5. Consider the models M = {y, Xβ, V} and M = {y, Xβ, V}, where
X = XA and A is nonsingular. Show that

cov[BLUE(Xβ |M )] = cov[BLUE(Xβ |M )] .

10.6. Consider the linear model {y, Xβ, V}, where V is positive definite
and the columns of Xb form a basis for C (X). Show that then

cov[BLUE(Xβ)] = X(X′V−1X)−X′ = Xb(X′bV−1Xb)−1X′b
= H(HV−1H)−H = (HV−1H)+.

10.7. Show that under a weakly singular model, i.e., C (X) ⊂ C (V), we have

cov[BLUE(Xβ)] = X(X′V−X)−X′ = Xb(X′bV−Xb)−1X′b
= H(HV−H)−H = (HV−H)+,

where the generalized inverses can be any generalized inverses; in the last
representation, however, we must have the Moore–Penrose inverse.

10.8. Consider models M = {y, Xβ, V} and M ∗ = {V−1/2y,V−1/2Xβ, I}
where V ∈ PDn. Show that V−1/2y is linearly sufficient for Xβ under
M and thereby the BLUE for Xβ under M ∗ equals the BLUE under
M . See also Exercise 0.16 (p. 50).

10.9. Consider the models M = {y, Xβ, V} and MW = {y, Xβ, W},
where W = V + XLL′X′, and C (W) = C (X : V). Show the following:

(a) cov(Xβ̂ |MW ) = HWH,

(b) cov(Xβ̃ |MW ) = X(X′W−X)−X′ = (HW−H)+,

(c) cov(Xβ̂ |MW )− cov(Xβ̃ |MW ) = cov(Xβ̂ |M )− cov(Xβ̃ |M ),
(d) {BLUE(Xβ |MW ) } = {BLUE(Xβ |M ) }.

Liski, Puntanen & Wang (1992, p. 126).

10.10. Let B be an n × n matrix and let A be an n × p matrix of rank a.
Show that then, for any n× a matrix A∗ such that C (A∗) = C (A) and
A′∗A∗ = Ia, the equality

A∗(A′∗BA∗)+A′∗ = PA(PABPA)+PA = (PABPA)+

is always true, whereas the equality

A∗(A′∗BA∗)+A′∗ = A(A′BA)+A′

holds if and only if C (A′AA′BA) = C (A′BA).
Baksalary, Puntanen & Styan (1990b, Cor. 2).

10.11. In an example of autocorrelation in a coin-tossing problem, Jensen &
McDonald (1976) consider the following situation:
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y1 = 1, if coin results head in the first toss, 0 otherwise,
y2 = number of heads observed in the next 2 tosses,
y3 = number of heads observed in the next 3 tosses,
. . .
yn = number of heads observed in the last n tosses.

Total number of tosses is therefore n(n+ 1)/2, all tosses being indepen-
dent. Let π denote the probability that the toss of a coin results in a
head. Denoting y = (y1, . . . , yn)′, we can write a linear model

y = πx + ε , cov(y) = σ2V .

Construct x, V, express σ2 as a function of π, and find OLSE(π) = π̂,
and BLUE(π) = π̃, and show that var(π̃)

var(π̂) → 8
9 when n → ∞. Moreover,

confirm that when yi’s are defined so that

yi = number of heads observed in the first i tosses,

so that the total number of tosses is n, then the resulting V is of the form
A in (10.232) (p. 252). Amaze yourself that in both situations (regarding
the definition of yi) we get

π̃ = total number of heads
total number of tosses .

10.12 (Continued . . . ). Show that the correlation matrix R, say, associated
with A, is

R =


1

√
1
2 . . .

√
1
n√

1
2 1 . . .

√
2
n

...
... . . . ...√

1
n

√
2
n . . . 1

 ,

and det(R) = det
(
A−1/2
δ AA−1/2

δ

)
= det(A)

det(Aδ) = 1
n! , where Aδ = diag(A).

10.13. Consider matrices

A =


a1 a1 a1 . . . a1
a1 a2 a2 . . . a2
a1 a2 a3 . . . a3
...

...
... . . . ...

a1 a2 a3 . . . an

 , F =



1 0 0 . . . 0 0
−1 1 0 . . . 0 0

0 −1 1 . . . 0 0
...

...
... . . . ...

...
0 0 0 . . . 1 0
0 0 0 . . . −1 1

 ,

where ai are real numbers, i = 1, . . . , n. Show that FAF′ = D, where
D = diag(a1, a2 − a1, a3 − a2, . . . , an − an−1). Hence obviously
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det(A) = a1(a2 − a1)(a3 − a2) · · · (an − an−1) ,

and A is positive definite if and only if 0 < a1 < a2 < · · · < an. Confirm
that the inverse of A is

A−1 = F′D−1F

=


α1 + α2 −α2 0 0 . . . 0 0
−α2 α2 + α3 −α3 0 . . . 0 0

0 −α3 α3 + α4 −α4 . . . 0 0
...

...
...

...
...

...
0 0 0 0 . . . αn−1 − αn −αn
0 0 0 0 . . . −αn αn

 ,

where αi = 1
ai−ai−1

, i = 1, . . . , n; a0 = 0.
Chu, Puntanen & Styan (2011),

Neudecker, Trenkler & Liu (2009), Moyé (2006, Appendix B).

10.14. Prove Proposition 10.11 (p. 256).

10.15. Consider the model {y, Xβ, V}. Show that the condition XX′V =
VXX′ is sufficient for OLSE(Xβ) = BLUE(Xβ) but not necessary.

Trenkler & Trenkler (2008), Puntanen (2010b).

10.16 (Canner’s data). Consider the model {y, Xβ, V}, where X =
( 1 −1

1 0
1 1

)
,

and

V =

1 0 0
0 c 0
0 0 1

1 % %
% 1 %
% % 1

1 0 0
0 c 0
0 0 1

 =

 1 c% %
c% c2 c%
% c% 1

 .

(a) Prove that V >L 0 ⇐⇒ c 6= 0 and −1/2 < % < 1.
(b) Choose c and % so that 0 < c < % < 1. Show that β̂1 and β̃1 are

identical so that the OLSE- and BLUE-lines are parallel.
(c) Is it possible that all data points are below or above the BLUE-line

ỹ = β̃0 + β̃1x? (Yes!)
(d) Draw the OLSE- and BLUE-lines when % = 0.8, c = 0.6 and y =

(4, 8, 19)′.
Canner (1969), Chu, Isotalo, Puntanen & Styan (2007, p. 3348).

10.17. Prove (10.95) (p. 231):

C [(Σ⊗ In)(Id ⊗X)] = C (Σ⊗X) ⊂ C (Id ⊗X) .

Hint: Show that (Σ ⊗ In)(Id ⊗X) = (Id ⊗X)(Σ ⊗ Ip) or confirm that
C (AU ⊗BV) ⊂ C (A ⊗B) for conformable matrices involved. See also
Exercise 0.23 (p. 52).
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10.18 (Pandora’s Box). Consider the model {y, Xβ, σ2V} and denote

Γ =
(

V X
X′ 0

)
, and C =

(
C1 C2
C3 −C4

)
=
(

V X
X′ 0

)−
∈ {Γ−} .

Confirm the following:

(a) C

(
V
X′
)
∩C

(
X
0

)
= {0} , (b) rk

(
V X
X′ 0

)
= rk(V : X)+rk(X),

(i) XC′2X = X, XC3X = X,
(ii) XC4X′ = XC′4X′ = VC′3X′ = XC3V = VC2X′ = XC′2V,
(iii) X′C1X, X′C1V and VC1X are all zero matrices,
(iv) VC1VC1V = VC1V = VC′1VC1V = VC′1V,
(v) tr(VC1) = rk(V : X)− rk(X) = tr(VC′1),
(vi) VC1V and XC4X′ are invariant for any choice of C1 and C4,
(vii) Xβ̃ = XC′2y,
(viii) cov(Xβ̃) = XC4X′,
(ix) ε̃ = y−Xβ̃ = VC1y,
(x) the BLUE of an estimable function k′β is k′β̃ = k′C′2y = k′C3y ,
(xi) var(k′β̃) = σ2k′C4k,
(xii) σ̃2 = y′C1y/f is an unbiased estimator of σ2; f = rk(V : X) −

rk(X) = rk(VM).
Rao (1971c, 1972), Rao (1973a, pp. 298–300), Hall & Meyer (1975),

Mitra (1982, 1989), Pringle & Rayner (1970, 1971), Rao & Yanai (1985b).

10.19. Consider the linear model A which is partitioned row-wise so that

A = {y, Xβ, V} =
{(

y1
y2

)
,

(
X1
X2

)
,

(
V1 0
0 V2

)}
,

where Xi ∈ Rni×p, Vi ∈ NNDni , i = 1, 2, and n1 + n2 = n. The above
partition leads to two submodels Ai = {yi, Xiβ, Vi}, i = 1, 2, and spe-
cial choices of Xi and Vi correspond to some well-known statistical esti-
mators. Confirm the following statements:

(a) Under the choice V1 = In1 , V2 = 0 and X2 = R, the BLUE of β is
the restricted OLSE

β̂r = β̂1 − (X′1X1)−1R′[R(X′1X1)−1R′]−1(Rβ̂1 − r) ,

where β̂1 = (X′1X1)−1X′1y1 with X1 of full column rank, R of full
row rank and the restriction being Rβ = r.

(b) If V1 = In1 and X2 = R, then the BLUE of β is the ordinary
Theil–Goldberger mixed estimator



10.14 Exercises 265

β̂m = (X′1X1 + R′V−1
2 R)−1(X′1y1 + R′V−1

2 y2) ,

where X1 has full column rank and V2 is positive definite.
Theil & Goldberger (1961), Theil (1968), Diderrich (1985).

10.20 (Continued . . . ). Show that under the model A the following state-
ments are equivalent:

(a) OLSE(Xβ) = BLUE(Xβ),
(b) (i) C (V1X1) ⊂ C (X1), C (V2X2) ⊂ C (X2), and

(ii) LX−1 V1X1 = LX−2 V2X2 for some X−1 and X−2 , and L is any
matrix satisfying C (L′) = C (X′1) ∩ C (X′2).

Groß, Puntanen & Trenkler (1996).

10.21. Consider the model {y, Xβ, V}.
(a) Given X ∈ Rn×p and V ∈ NNDn, what is the set A of matrices

A ∈ Rk×n satisfying A ·OLSE(Xβ) = A · BLUE(Xβ)?
(b) Given X ∈ Rn×p and A ∈ Rk×n, what is the set V of nonnegative

definite matrices V satisfying A ·OLSE(Xβ) = A · BLUE(Xβ)?
(c) Given X ∈ Rn×p, A ∈ Rk×n, and V ∈ NNDn, what is the set Y of

vectors y satisfying A ·OLSE(Xβ) = A · BLUE(Xβ)?
Krämer (1980b), Baksalary (1984), Jaeger & Krämer (1998),

Groß & Trenkler (1997), Groß, Trenkler & Werner (2001).

10.22. Consider the model M = {y, Xβ, V} and let K′β be an estimable
parametric function with K having full column rank. Show that then the
following statements are equivalent:

(a) Fy is unbiased for K′β and Fy is linearly sufficient for K′β,
(b) Fy is the BLUE for K′β.

Baksalary & Kala (1986, p. 334).

10.23. Consider the model A = {y, Xβ, V}, where

y =
(

y1
y2

)
, X =

(
X1
X2

)
, V =

(
V11 V12
V21 V22

)
, Xi ∈ Rni×p.

Suppose that X1 has full column rank and Gy1 is the BLUE for β under
the submodel A1 = {y1, X1, V11}, i.e., G(X1 : V11M1) = (X1 : 0).

(a) Show that
(

M1 −G′X′2
0 In2

)
∈
{(

X1
X2

)⊥}
.

(b) Show that y2 is superfluous with respect to estimating β in the model
A , i.e., Gy1 = (G : 0)y = Fy is linearly sufficient for β, if and only
if

GV11M1 = 0 and GV12 = GV11G′X′2 ,
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which reduces to X2GV11 = V21G′X′1, and in particular, if V is
positive definite, to X2 = V21V−1

11 X1.
Baksalary & Kala (1986, p. 337), Gourieroux & Monfort (1980, p. 1093).

10.24. Let X1β1 be estimable under {y, X1β1+X2β2, V} and denote Ṁ2 =
M2(M2W1M2)−M2, where W1 = V + X1X′1. Show that Ty is linearly
minimal sufficient for X1β1 if and only if any of the following statements
holds:

(a) N (TX1 : TX2 : TVX⊥) = N (X1 : 0 : 0),
(b) C (W1Ṁ2X1) = C (W1T′),
(c) N (T) ∩ C (W1) = N (X′1Ṁ2) ∩ C (W1),
(d) Ty is linearly sufficient for X1β1 and there exists L such that Ty =

LX′1Ṁ2y almost surely.

Confirm that X′1Ṁ2y is linearly minimal sufficient for X1β1.
Isotalo & Puntanen (2006b, Th. 2).

10.25. Prove that equation (10.198) (p. 247),

A(X : VX⊥) = (Xf : V21X⊥) ,

where C (X′f ) ⊂ C (X′), has a solution to A.

10.26. Consider the models Mi = {y, Xβ, Vi}, i = 1, 2, and let Wi be
defined so that Wi = Vi + XUiU′iX′, where C (Wi) = C (X : Vi), i =
1, 2. Suppose that W1 has the eigenvalue decomposition W1 = ZΛZ′,
where the columns of Z ∈ Rn×w1 are orthonormal eigenvectors of W1
with respect to nonzero eigenvalues λ1 ≥ · · · ≥ λw1 > 0 of W1, Λ =
diag(λ1, . . . , λw1), and w1 = rank(W1). Denote Q = Λ−1/2Z′ ∈ Rw1×n.
Premultiplying the model M2 by Q gives M ∗

2 = {Qy,QXβ,QV2Q′}.
Show that OLSE(Xβ |M ∗

2 ) = BLUE(Xβ |M ∗
2 ) if and only if

X′W+
1 V2PW1M = 0.

Suppose that Qy is linearly sufficient for Xβ under M2. Show that then
the above condition becomes X′W+

1 V2M = 0.
Hauke, Markiewicz & Puntanen (2011).



Chapter 11
General Solution to AYB = C

It seemed the world was divided into good people and bad
people. The good ones slept their nights better, while the
bad ones seemed to enjoy the wakening hours much more.

Woody Allen: The Condemned

In almost every chapter of this book we meet linear equations whose explicit
solutions we wish to write up. This is what generalized inverses make nicely
possible. In this chapter we represent the basic result which shows how to
express the general solution for Y satisfying the equation AYB = C.

Theorem 11 (General solution to AYB = C). A necessary and sufficient
condition for the equation

AYB = C (11.1)

to have a solution (for Y) is that, for some A− ∈ {A−}, B− ∈ {B−},

AA−CB−B = C , (11.2)

in which case the general solution is

Y = A−CB− + Z−A−AZBB−, (11.3)

where Z is an arbitrary matrix, and A− and B− are fixed (but arbitrary)
generalized inverses. In particular, if C (C) ⊂ C (A), the general solution to
AY = C is

Y = A−C + (I−A−A)Z . (11.4)

Similarly, if C (C′) ⊂ C (B′), the general solution to YB = C is

Y = CB− + Z(I−BB−) . (11.5)

Proof. If there exists Y such that (11.1) is satisfied, then pre- and postmul-
tiplying (11.1) by AA− and B−B, respectively, yields

AA−AYBB−B = AA−CB−B , (11.6)

i.e.,
AYB = C = AA−CB−B . (11.7)
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Hence the consistency of (11.1) implies (11.2). On the other hand, if (11.2)
holds, then trivially A−CB− is one solution to (11.1) and hence (11.1) is
consistent.

It remains to show that (11.3) is the general solution to (11.1). First,
denote

Y0 = A−CB− + Z−A−AZBB−. (11.8)

Pre- and postmultiplying Y0 by A and B, respectively, we see at once that
Y0 is one solution to (11.1). On the other hand, let Y∗ be an arbitrary
solution to (11.1). Then Y∗ can be written in the form (11.3) by a suitable
choice of Z; for example, Z = Y∗ is such a choice:

Y∗ = A−CB− + Y∗ −A−AY∗BB−. (11.9)

Thus we we have shown that (11.3) provides the general solution.
For the above proof, see Rao & Mitra (1971b, p. 24), and Ben-Israel &

Greville (2003, p. 52). ut

Notice that according to Exercise 4.10 (p. 120) the general solutions to
homogeneous equations AY = 0 and XA = 0 are, respectively,

Y = (I−A−A)L = (A′)⊥L , (11.10a)
X = K(I−AA−) = K(A⊥)′, (11.10b)

where L and K are free to vary, i.e.,

Y = RL , X = KS , where C (R) = N (A) , N (S) = C (A) , (11.11)

and so C (S′) = C (A)⊥ = N (A′).
It is left as an exercise to confirm that

vec(AYB) = (B′ ⊗A) vec(Y) , (11.12)

and hence the equation AYB = C can be rewritten in the usual linear
equation form as

(B′ ⊗A) vec(Y) = vec(C) , (11.13)

where ⊗ refers to the Kronecker product and vec to the vec-operation.
Notice also that the class of all solutions to a consistent equation AY =

C is {A−C}, where A− varies through all generalized inverses of A; cf.
Proposition 4.3 (p. 114).

Let us take a quick look at the general expression for Y′ where Y satisfies
AY = C. Because the general solution to a consistent equation AY = C is
Y = A−C + (I−A−A)Z, where Z is free to vary, we have trivially

Y′ = C′(A−)′ + Z′(I−A−A)′. (11.14)
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Choosing A− as [(A′)−]′ (please confirm that this is possible) shows that one
general expression for Y′ is

Y′ = C′(A′)− + T[I−A′(A′)−] , (11.15)

where T is free to vary. Of course, (11.15) could be obtained directly by
applying (11.5) into the equation Y′A′ = C′. In particular, for a symmetric
A,

A′ = A =⇒ Y′ = C′A−+T(I−AA−), where T is free to vary . (11.16)

One further comment is worth making (repeating, actually): the general
solution Y0 to the consistent equation YB = C can of course be expressed
as

Y0 = a particular solution to YB = C
+ the general solution to YB = 0 . (11.17)

11.1 Equality of the BLUEs of Xβ under Two Models

Consider now two linear models

M1 = {y, Xβ, V1} , M2 = {y, Xβ, V2} , (11.18)

which differ only in their covariance matrices. Then Gy is the BLUE for Xβ
under M1 if and only if G satisfies the equation

G(X : V1M) = (X : 0) . (11.19)

Similarly, Gy is the BLUE for Xβ under M2 whenever

G(X : V2M) = (X : 0) . (11.20)

The set of matrices G satisfying G(X : ViM) = (X : 0) may be denoted as
{PX|ViM}. Now according to Mitra & Moore (1973, p. 139), the comparison
of the BLUEs for Xβ under the models M1 and M2 can be divided into three
questions:

(a) Problem [MM-1]: When is a specific linear representation of the BLUE
of Xβ under M1 also a BLUE under M2?

(b) Problem [MM-2]: When does Xβ have a common BLUE under M1 and
M2?

(c) Problem [MM-3]: When is the BLUE of Xβ under M1 irrespective of the
linear representation used in its expression, also a BLUE under M2?
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We may cite Mitra & Moore (1973):
“When V1 is singular, it is conceivable that the BLUE of an estimable linear func-
tional p′β may have distinct linear representations which are equal with proba-
bility 1 under M1, but need not be so under M2. This shows, in such cases, it is
important to recognize the existence of three separate problems as stated above.
. . . When rank(V1X⊥) = n − rank(X), the BLUE of p′β has a unique linear
presentation. Here, naturally, the three problems merge into one.”

The estimator Gy is the BLUE for Xβ under the both models if and only
if

G(X : V1M : V2M) = (X : 0 : 0) . (11.21)

In view of Proposition 5.8 (p. 139), the above equation has a solution for G
if and only if

C (V1M : V2M) ∩ C (X) = {0} . (11.22)

Equivalent conditions are given in Exercise 11.3 (p. 280).
Let us denote the set of all representations of BLUE for Xβ under Mi as

{BLUE(Xβ |Mi) } = {Gy : G(X : ViM) = (X : 0) }
= {Gy : G ∈ {PX|ViM} } . (11.23)

In light of Proposition 10.5 (p. 228), the general solution to (11.19) can be
written as

G0 = X(X′W+
1 X)−X′W+

1 + F(In −P(X:V1M)) , (11.24)

where F is free to vary and

W1 = V1 + XUX′ , C (W1) = C (X : V1) . (11.25)

If G0y continues to be BLUE under M2, then G0 must satisfy also (11.20):

G0(X : V2M) = (X : 0) . (11.26)

We may shorten the notation as

PX;W+
1

:= X(X′W+
1 X)−X′W+

1 , (11.27)

and then the X-part of (11.26) becomes

PX;W+
1
X + F(In −P(X:V1M))X = X , (11.28)

which is trivially true because PX;W+
1
∈ {PX|V1M}. The V2M-part of

(11.26) is
PX;W+

1
V2M + F(In −P(X:V1M))V2M = 0 . (11.29)

Because (11.29) must hold for every choice of F, we necessarily must have
(In −P(X:V1M))V2M = 0, i.e., C (V2M) ⊂ C (X : V1M); in other words,
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V2M = XN1 + V1MN2 , for some N1, N2 . (11.30)

Substituting (11.30) into (11.29) yields

PX;W+
1

(XN1 + V1MN2) = 0 . (11.31)

Now
PX;W+

1
XN1 = XN1 , PX;W+

1
V1MN2 = 0 , (11.32)

and thereby XN1 = 0. Substituting this into (11.30) yields

C (V2M) ⊂ C (V1M) . (11.33)

To go the other way, assume that V2M = V1MN2 for some N2. Then
postmultiplying

G(X : V1M) = (X : 0) (11.34)

by
( Ip 0

0 N2

)
yields

G(X : V2M) = (X : 0) . (11.35)

Hence we have proved the part “(a) ⇐⇒ (c)” of the following proposition.
We may note that the equivalence of (a) and (c) follows also at once from
the result of Exercise 2.6 (p. 89), due to Kala (1981, Lemma 2.5):

{PC|D } ⊂ {PA|B } ⇐⇒ C (A) ⊂ C (C) and C (B) ⊂ C (D) . (11.36)

Proposition 11.1. Consider the linear models M1 = {y, Xβ, V1} and
M2 = {y, Xβ, V2}, and let the notation

{BLUE(Xβ |M1) } ⊂ {BLUE(Xβ |M2) } (11.37)

mean that every representation of the BLUE for Xβ under M1 remains the
BLUE for Xβ under M2. Then the following statements are equivalent:

(a) {BLUE(Xβ |M1) } ⊂ {BLUE(Xβ |M2) },
(b) {BLUE(K′β |M1) } ⊂ {BLUE(K′β) |M2) } for every estimable K′β,
(c) C (V2X⊥) ⊂ C (V1X⊥),
(d) V2 = V1 + XN1X′ + V1MN2MV1, for some N1 and N2,
(e) V2 = XN3X′ + V1MN4MV1, for some N3 and N4.

For the proof of the above Proposition and related discussion, see, e.g.,
Baksalary & Mathew (1986, Th. 3), Mitra & Moore (1973, Th. 4.1–4.2), and
Rao (1968, Lemma 5), Rao (1971c, Th. 5.2, Th. 5.5), Rao (1973b, p. 289), and
Tian (2009b). The optimality of the BLUEs in a linear model with incorrect
design matrix is considered in Mathew & Bhimasankaram (1983c).

Notice that obviously the following statements are equivalent:
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{BLUE(Xβ |M1) } = {BLUE(Xβ |M2) } , (11.38a)
C (V2X⊥) = C (V1X⊥) . (11.38b)

For the situation of positive definite V1 and V2, see Exercise 2.3 (p. 88).
For the equality of the BLUEs of the subvector X1β1 under two linear

models, see Section 15.6 (p. 333).

11.2 Model MI vs Model MV

One may wonder what happens if we replace in (11.38) the model M1 with the
model MI = {y, Xβ, σ2I} and M2 with the model MV = {y, Xβ, σ2V},
where X has full column rank. Then we can ask the following question:

When does every BLUE of β under MI continue to be the
BLUE of β also under MV and vice versa? (11.39)

The answer follows from the equivalence of the following two statements:

{BLUE(Xβ |MI) } = {BLUE(Xβ |MV ) } , (11.40a)
C (VM) = C (M) . (11.40b)

However, the condition C (VM) = C (M) is not exactly the same as the
classic condition for OLSE(β) to be equal to the BLUE of β which is
C (VM) ⊂ C (M).

Markiewicz, Puntanen & Styan (2010) discuss the above problem conclud-
ing that the classic condition C (VM) ⊂ C (M) is the answer to the following
question: What is a necessary and sufficient condition that OLSE(β), i.e.,
(X′X)−1X′y, is the BLUE for β under the model MV = {y, Xβ, σ2V}?

Moreover, the “somewhat unexpected” condition C (M) ⊂ C (VM) is the
answer to the following question: What is a necessary and sufficient condition
that every BLUE for β under MV = {y, Xβ, σ2V} is also the BLUE for β
under MI = {y, Xβ, σ2I}?

The latter question is rather unusual, and it is the former one that most
statisticians have in mind when they ask for the conditions for the equality
β̂ = β̃ to hold.

11.3 Stochastic Restrictions and the BLUPs

In Section 10.11 (p. 253) we considered a mixed linear model

L = {y, Xβ + Zγ, D, R} , (11.41)
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where y = Xβ + Zγ + ε, X ∈ Rn×p, Z ∈ Rn×q,

E(γ) = 0 , cov(γ) = D , cov(γ, ε) = 0 , (11.42)

and E(ε) = 0, cov(ε) = R, cov(y) = ZDZ′ + R := Σ.
On page 255 we mentioned that Henderson (1950, 1963) obtained the

BLUE for β and BLUP for γ by minimizing the following quadratic form
with respect to β and γ (keeping γ as a non-random vector):

f(β,γ) = (y# −X∗π)′V−1
∗ (y# −X∗π) , (11.43)

where

y# =
(

y
0

)
, X∗ =

(
X Z
0 Iq

)
, V∗ =

(
R 0
0 D

)
, π =

(
β
γ

)
. (11.44)

Photograph 11.1 David A.
Harville (Fort Lauderdale,
1998).

The purpose of this section is to give a
generalized form for Henderson’s result, with-
out any rank assumptions, along the lines of
Haslett & Puntanen (2010b). Our considera-
tions are based on the use of stochastic re-
strictions; see, e.g., Rao, Toutenburg, Shalabh
& Heumann (2008, §5.10). Using different ap-
proach, the results of Henderson have been
generalized, for example, by Harville (1976,
1979).

We recall that Ay is the BLUP for γ under
the mixed model L if and only if

A(X : ΣM) = (0 : DZ′M) , (11.45)

and Gy is the BLUE for Xβ under L if and
only if

G(X : ΣM) = (X : 0) , (11.46)

where M = I−H.
Let us consider the fixed effects partitioned model

F : y = Xβ + Zγ + ε , cov(y) = cov(ε) = R , (11.47)

where both β and γ are fixed (but of course unknown) coefficients, and
supplement F with the stochastic restrictions

y0 = γ + ε0 , cov(ε0) = D . (11.48)

This supplement can be expressed as the partitioned model:
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F∗ = {y∗, X∗π, V∗}

=
{(

y
y0

)
,

(
X Z
0 Iq

)(
β
γ

)
,

(
R 0
0 D

)}
. (11.49)

Here F∗ is just an ordinary partitioned model with fixed effects. It is a par-
titioned linear model F = {y, Xβ + Zγ, R}, supplemented with stochastic
restrictions on γ.

Above we have

y∗ =
(

y
y0

)
, X∗ =

(
X Z
0 Iq

)
= (X∗1 : X∗2) . (11.50)

Notice that C (X∗1) ∩ C (X∗2) = {0}, which means that

X∗1β =
(

Xβ
0

)
and X∗2γ =

(
Zγ
γ

)
(11.51)

are estimable under F∗, and in particular, γ itself is estimable under F∗. We
need later the matrix X⊥∗ for which one choice is (please confirm)

X⊥∗ =
(

In
−Z′

)
M , (11.52)

and so we have

V∗X⊥∗ =
(

R 0
0 D

)(
In
−Z′

)
M =

(
RM
−DZ′M

)
. (11.53)

We can now prove the following result.

Proposition 11.2. With the above notation, the following statements are
equivalent:

(a) The estimator By∗ is the BLUE for X∗π under the augmented model
F∗, i.e.,

By∗ =
(

B11 B12
B21 B22

)
y∗ =

(
B11
B21

)
y +

(
B12
B22

)
y0

= BLUE(X∗π | F∗) , (11.54)

where B12 = Z−B11Z and B22 = Iq −B21Z.
(b) The predictor B21y is the BLUP for γ and (B11−ZB21)y is the BLUE

of Xβ under the mixed model L ; in other words,

KB
(

y
0

)
=
(

B11 − ZB21
B21

)
y =

(
BLUE(Xβ | L )
BLUP(γ | L )

)
, (11.55)

where K =
( In −Z

0 Iq
)
, or equivalently
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B
(

y
0

)
=
(

B11
B21

)
y =

(
BLUE(Xβ | L ) + BLUP(Zγ | L )

BLUP(γ | L )

)
. (11.56)

Proof. The estimator By∗ is the BLUE for X∗π under the model F∗ if and
only if B satisfies the equation

B(X∗ : V∗X⊥∗ ) = (X∗ : 0) , (11.57)

i.e., (
B11 B12
B21 B22

)(
X Z RM
0 Iq −DZ′M

)
=
(

X Z 0
0 Iq 0

)
. (11.58)

From (11.58) we see immediately that

B12 = Z−B11Z , B22 = Iq −B21Z , (11.59)

which yields an important conclusion: once the blocks B11 and B21 are given,
the other two blocks of B become fixed as in (11.59). In view of (11.59),
(11.58) can be equivalently expressed as(

B11 Z−B11Z
B21 Iq −B21Z

)(
X RM
0 −DZ′M

)
=
(

X 0
0 0

)
. (11.60)

Moreover, premultiplying (11.60) by the nonsingular matrix K =
( In −Z

0 Iq
)
,

yields(
B11 − ZB21 −(B11 − ZB21)Z

B21 Iq −B21Z

)(
X RM
0 −DZ′M

)
=
(

X 0
0 0

)
, (11.61)

which can be equivalently written as(
B11 − ZB21

B21

)
(X : ΣM) =

(
X 0
0 DZ′M

)
. (11.62)

Now, in light of (11.45) and (11.46) (p. 273), equation (11.62) is a necessary
and sufficient condition for(

B11 − ZB21
B21

)
y =

(
BLUE(Xβ | L )
BLUP(γ | L )

)
. (11.63)

ut

The following proposition shows that actually all representations of the
BLUEs and BLUPs in the mixed model can be generated through the matrix
B; see Haslett & Puntanen (2010b).
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Proposition 11.3. Assume that B =
(B11 B12

B21 B22

)
satisfies the equation

B(X∗ : V∗X⊥∗ ) = (X∗ : 0) . (11.64)

Then all representations of the BLUEs for Xβ and the BLUPs for γ in the
mixed model L can be generated through(

B11 − ZB21
B21

)
y (11.65)

by varying B11 and B21.

Proof. Proposition 11.2 tells that for the given B, the upper part of(
B11 − ZB21

B21

)
y (11.66)

is one representation for BLUE(Xβ | L ) and the lower part is one repre-
sentation for BLUP(γ | L ). Our claim is that if Ay is an arbitrary given
representation for BLUP(γ | L ) and Gy is an arbitrary given representation
for BLUE(Xβ | L ), then there exists B11 satisfying (11.64) such that the
matrix G can be represented in the form

G = B11 − ZA . (11.67)

According to Theorem 11 (p. 267), the general representations for G, A, and
B11 are the following:

G = (X : 0)(X : ΣM)+ + L1(In −P(X : Σ)) , (11.68a)
A = (0 : DZ′M)(X : ΣM)+ + L2(In −P(X : Σ)) , (11.68b)

B11 = (X : ZDZ′M)(X : ΣM)+ + L3(In −P(X : Σ)) , (11.68c)

where L1, L2, and L3 are free to vary. In our particular situation, L1 and L2
are given. Choosing L3 = L1 + ZL2 yields immediately (11.67) and thus the
proof is completed. ut

11.4 Two Mixed Models

Consider two mixed models

Li = {y, Xβ + Zγ, Di, Ri} , i = 1, 2 , (11.69)

and their augmented versions
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F∗i = {y∗, X∗π, V∗i}

=
{(

y
y0

)
,

(
X Z
0 Iq

)(
β
γ

)
,

(
Ri 0
0 Di

)}
, i = 1, 2 . (11.70)

Then, every representation of the BLUE for X∗π under F∗1 remains the
BLUE for X∗π under F∗2 if and only if the following implication holds:

B(X∗ : V∗1X⊥∗ ) = (X∗ : 0) =⇒ B(X∗ : V∗2X⊥∗ ) = (X∗ : 0) . (11.71)

We may denote this relation shortly

{BLUE(X∗π | F∗1) } ⊂ {BLUE(X∗π | F∗2) } . (11.72)

In view of Proposition 11.2 (p. 274), (11.71) is equivalent to(
B11 − ZB21

B21

)
(X : Σ1M) =

(
X 0
0 D1Z′M

)
(11.73a)

=⇒(
B11 − ZB21

B21

)
(X : Σ2M) =

(
X 0
0 D2Z′M

)
. (11.73b)

On account of Proposition 11.3 (p. 276), the above implication is equivalent
to that both

{BLUE(Xβ | L1) } ⊂ {BLUE(Xβ | L2) } (11.74a)

and
{BLUP(γ | L1) } ⊂ {BLUP(γ | L2) } (11.74b)

hold. On the other hand, according to Proposition 11.1 (p. 271), every repre-
sentation of the BLUE for X∗π under F∗1 remains the BLUE for X∗π under
F∗2 if and only if

C (V∗2X⊥∗ ) ⊂ C (V∗1X⊥∗ ) , (11.75)

i.e.,
C

(
R2M

D2Z′M

)
⊂ C

(
R1M

D1Z′M

)
. (11.76)

We can collect our observations in the following proposition; see Haslett
& Puntanen (2010b).

Proposition 11.4. Using the notation introduced above, the following state-
ments are equivalent:

(a) {BLUE(X∗π | F∗1) } ⊂ {BLUE(X∗π | F∗2) },
(b) {BLUE(Xβ | L1) } ⊂ {BLUE(Xβ | L2) } and {BLUP(γ | L1) } ⊂
{BLUP(γ | L2) },
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(c) C

(
Σ2M

D2Z′M

)
⊂ C

(
Σ1M

D1Z′M

)
,

(d) C

(
R2M

D2Z′M

)
⊂ C

(
R1M

D1Z′M

)
.

Haslett & Puntanen (2010d) studied also the equality of the BLUPs for γ
under two different mixed models—omitting the equality between the BLUEs
for Xβ. So the question is: when does every representation of the BLUP for
γ under the mixed model L1 continue to be the BLUP of γ under the other
mixed model L2, i.e.,

{BLUP(γ | L1) } ⊂ {BLUP(γ | L2) } . (11.77)

Rong & Liu (2010) considered the consequences of misspecification of the co-
variance matrix in a mixed model using different approach. We may mention
that Möls (2004, Th. 5.3) gave a sufficient condition for (11.77), assuming Ri

and Di to be positive definite.
Below is the result of Haslett & Puntanen (2010d).

Proposition 11.5. Using the notation introduced above, the following state-
ments are equivalent:

(a) {BLUP(γ | L1) } ⊂ {BLUP(γ | L2) },

(b) C

(
Σ2M

D2Z′M

)
⊂ C

(
X Σ1M
0 D1Z′M

)
,

(c) C

(
R2M

D2Z′M

)
⊂ C

(
X R1M
0 D1Z′M

)
,

(d) C

(
MΣ2M
D2Z′M

)
⊂ C

(
MΣ1M
D1Z′M

)
,

(e) C

(
MR2M
D2Z′M

)
⊂ C

(
MR1M
D1Z′M

)
.

11.5 Two Models with New Unobserved Future
Observations

Here we take a look at the two linear models (with new unobserved future
observations) Mf and M f , where Xfβ is a given estimable parametric func-
tion:

Mf =
{(

y
yf

)
,

(
X
Xf

)
β,

(
V11 V12
V21 V22

)}
, (11.78a)

M f =
{(

y
yf

)
,

(
X
Xf

)
β,

(
V11 V12
V21 V22

)}
. (11.78b)
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Thus the models may have different model matrices and covariance matrices.
One may now ask for a condition that every representation of the BLUP

for yf under the model Mf is also a BLUP for yf under the model M f .
The answer is given in the following proposition; see Haslett & Puntanen
(2010d,c).

Proposition 11.6. Consider the models Mf and M f (with new unobserved
future observations), where C (X′f ) ⊂ C (X′) and C (X′f ) ⊂ C (X′). Then
every representation of the BLUP for yf under the model Mf is also a BLUP
for yf under the model M f if and only if

C

(
X V11M
Xf V21M

)
⊂ C

(
X V11M
Xf V21M

)
. (11.79)

Proof. For the proof it is convenient to observe that (11.79) holds if and only
if

C

(
V11M
V21M

)
⊂ C

(
X V11M
Xf V21M

)
, (11.80a)

and
C

(
X
Xf

)
⊂ C

(
X V11M
Xf V21M

)
. (11.80b)

Let us first assume that every representation of the BLUP of yf under Mf

continues to be BLUP under M f . Let G0 be a general solution to

G(X : V11M) = (Xf : V21M) (11.81)

i.e.,

G0 = Xf (X′W−X)−X′W− + V21M(MV11M)−M
+ F(In −P(X : V11M)) , (11.82)

where F is free to vary and W (and the related U) are any matrices such
that

W = V11 + XUX′, C (W) = C (X : V11) . (11.83)

Then G0 has to satisfy also the other fundamental BLUP equation:

G0(X : V11M) = (Xf : V21M) , (11.84)

where M = In −PX. The X-part of the condition (11.84) is

Xf (X′W−X)−X′W−X
+ V21M(MV11M)−MX

+ F(In −P(X : V11M))X
= Xf . (11.85)



280 11 General Solution to AYB = C

Because (11.85) must hold for all matrices F, we necessarily have

F(In −P(X : V11M))X = 0 for all F , (11.86)

which further implies that C (X) ⊂ C (X : V11M), and hence

X = XK1 + V11MK2 for some K1 and K2 . (11.87)

The rest of the proof is left as an exercise; see Haslett & Puntanen (2010c).
ut

Of course, if the models Mf and M f we have the same model matrix part( X
Xf

)
, then every representation of the BLUP for yf under the model Mf is

also a BLUP for yf under the model M f if and only if

C

(
V11M
V21M

)
⊂ C

(
X V11M
Xf V21M

)
. (11.88)

Notice that (11.88) implies Proposition 11.5 (p. 278).

11.6 Exercises

11.1. Prove that AYB = C can be rewritten as (B′ ⊗A) vec(Y) = vec(C).
See also Exercise 0.23 (p. 52).

Abadir & Magnus (2005, p. 282), Harville (1997, p. 341).

11.2. Introduce the general solution to AYB = C using Exercise 11.1 and
the fact that the general solution to a consistent equation Uz = t is
z0 = U−t + (I−U−U)w, where w is free to vary.

Rao & Mitra (1971b, pp. 24–25).

11.3. Consider linear models M1 = {y, Xβ, V1} and M2 = {y, Xβ, V2}.
Prove the equivalence of the following statements:

(a) G(X : V1M : V2M) = (X : 0 : 0) has a solution for G,
(b) C (V1M : V2M) ∩ C (X) = {0},

(c) C

(
MV1
MV2

)
⊂ C

(
MV1M
MV2M

)
.

Mitra & Moore (1973, Th. 3.2).

11.4. Show that C (X∗1) ∩ C (X∗2) = {0} in (11.50) (p. 274).

11.5. Prove that
(

In
−Z′

)
M ∈

{(
X Z
0 Iq

)⊥}
.

11.6. Confirm the equivalence between (b)–(e) in Proposition 11.4 (p. 277).
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11.7. Complete the proof of Proposition 11.6 (p. 279).

11.8. Let X be an n × p matrix satisfying 1n ∈ C (X) and suppose that
Z ∈ Rn×q is partitioned as Z = (Z1 : Z2), Zi ∈ Rn×qi , i = 1, 2. Let each
row of Z1 have one element 1 and all others 0 thus implying Z11q1 = 1n.
Moreover, let C = Iq1 − 1q11′q1/q1 denote the q1 × q1 centering matrix,
and denote

D1 =
(

Iq1 0
0 G

)
, D2 =

(
C 0
0 G

)
,

where G is an arbitrary nonnegative definite q2 × q2 matrix. Consider
now two mixed models:

L1 = {y, Xβ + Zγ, D1, R} , L2 = {y, Xβ + Zγ, D2, R} ,

where the only difference appears in D1 and D2. Confirm that in this
situation D1Z′M = D2Z′M and so the condition of Proposition 11.4
(p. 277) is satisfied, and thus the BLUEs and BLUPs are the same under
L1 and L2.

Möls (2004, p. 55).

11.9. Consider the models M1 = {y, Xβ, V1} and M2 = {y, Xβ, V2},
where rank(X) = r. Denote PX;W+

1
= X(X′W+

1 X)−X′W+
1 , where

W1 = V1 + XUU′X′, and C (W1) = C (X : V1) and so PX;W+
1
y is

the BLUE for Xβ under M1. Show that PX;W+
1
y is the BLUE for Xβ

also under M2 if and only if any of the following equivalent conditions
holds:

(a) X′W+
1 V2M = 0,

(b) C (V2W+
1 X) ⊂ C (X),

(c) C (V2M) ⊂ N (X′W+
1 ) = C (W+

1 X)⊥ = C (G); G ∈ {(W+
1 X)⊥},

(d) C (W+
1 X) is spanned by a set of r proper eigenvectors of V2 with

respect to W1,
(e) C (X) is spanned by a set of r eigenvectors of V2W+

1 ,
(f) PX;W+

1
V2 is symmetric,

(g) V2 ∈ {V2 ∈ NNDn : V2 = XN1X′+GN2G′ for some N1 and N2}.
Hint: Notice that according to Exercise 5.6 (p. 143),

C (G)⊕ C (X) = Rn, C (G)⊥ ⊕ C (X)⊥ = Rn,

where G ∈ {(W+
1 X)⊥} and hence every V2 ∈ NNDn can be written as

V2 = FF′ for some A1 and A2 such that F = XA1 + GA2, and so

V2 = XA1A′1X′ + GA2A′2G′ + XA1A2G′ + GA2A′1X′.

For positive definite V1 and V2, see Exercise 2.3 (p. 88).
Mitra & Moore (1973, Th. 2.2), Rao & Mitra (1971b, p. 157).



282 11 General Solution to AYB = C

Philatelic Item 11.1 John von Neumann (1903–1957) was a Hungarian–American
mathematician who made major contributions to a vast range of fields, including set
theory, functional analysis, quantum mechanics, ergodic theory, continuous geometry,
economics and game theory, computer science, numerical analysis, hydrodynamics (of ex-
plosions), and statistics. For the von Neumann trace inequality see Exercise 19.5 (p. 410.
The stamps were issued by Hungary, in 2003 (left panel, Scott 3824) and in 1992 (right
panel, Scott 3354).

Philatelic Item 11.2 Jules Henri Poincaré (1854–1912) was one of France’s greatest
mathematicians and theoretical physicists and in 1886 he was appointed to the Chair
of Mathematical Physics and Probability at the Sorbonne. For the Poincaré separation
theorem for eigenvalues, see Proposition 19.2 (p. 398). The stamp on the left was issued
by France in 1952 (Scott B270) and the stamp on the right, which was issued by Portugal
in 2000 (Scott 2345b), also depicts (in the centre) Kurt Gödel (1906–1978) and (on the
right) Andrei Nikolaevich Kolmogorov (1903–1987).



Chapter 12
Invariance with Respect to the Choice
of Generalized Inverse

Apart from scoring two goals, Finland did nothing
spectacular.

Times of India: Comment after Finland had beaten
India in football 2–0 in Madras, 25 January 1993.

Because we are heavily using generalized inverses, it is very important to
know something about the invariance of the matrix expressions with respect
to the choice of generalized inverses appearing in the expression. Our main
attention in this chapter is focused on the matrix product AB−C, but one
can make corresponding questions concerning, for example, the invariance
of the column space C (AB−C), the rank of AB−C, and the eigenvalues of
AB−C.
Theorem 12 (Invariance wrt the choice of generalized inverse). Let
A 6= 0, and C 6= 0. Then the following two statements are equivalent:
(a) AB−C is invariant with respect to the choice of B−,
(b) C (C) ⊂ C (B) and C (A′) ⊂ C (B′).
In particular, the product BB−C is invariant with respect to the choice of
B− if and only if C (C) ⊂ C (B); in other words,

BB−C = C for all B− ⇐⇒ C (C) ⊂ C (B) . (12.1)

Proof. Suppose that (b) holds. Then there exist matrices U and Z such that
C = BU, A′ = B′Z and hence

AB−C = Z′BB−BU = Z′BU , (12.2)

which does not depend on the choice of B−. As pointed out by Bapat (2000,
p. 35), the matrices U and Z are not unique, but if U1 and Z1 are some other
choices, then AB−C = Z′BU = Z′1BU1. To prove that (a) implies (b), we
first write, in view of Proposition 4.1 (p. 111), the general representation of
B− (= G) as follows:

G = B+ + V(I−PB) + (I−PB′)W , (12.3)

where V and W are arbitrary matrices. This means that varying V and W
in (12.3) we can generate all generalized inverses of B, or, in other words,
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284 12 Invariance with Respect to the Choice of Generalized Inverse

{B−} = {G : G = B+ +V(I−PB)+(I−PB′)W for some V, W } . (12.4)

Premultiplying (12.3) by A and postmultiplying (12.3) by C, yields

AGC = AB+C + AV(I−PB)C + A(I−PB′)WC . (12.5)

The invariance assumption means that the equality AGC = AB+C must
always hold, that is,

AV(I−PB)C + A(I−PB′)WC = 0 for all V, W . (12.6)

Choosing W = B′, we obtain

AV(I−PB)C = 0 for all V . (12.7)

We may now recall the following result:

Let y 6= 0 be a given vector. Then y′Qx = 0 for all Q =⇒ x = 0 . (12.8)

By the assumption, at least one row of A, say a′, has property a′ 6= 0′. Using
this row as y′, and using V as Q, then, according to (12.8), every column of
(I−PB)C equals 0, i.e.,

(I−PB)C = 0 , (12.9)

which means that C (C) ⊂ C (B). The necessity of C (A′) ⊂ C (B′) can be
shown in the same way. ut

The above proof follows that of Rao & Mitra (1971b, Lemma 2.2.4, and the
Complement 14, p. 43), and Rao, Mitra & Bhimasankaram (1972, Lemma 1).

12.1 Invariance of X(X′X)−X′

To take an extremely simple example of the use of Theorem 12, we may
consider the matrix

H = X(X′X)−X′. (12.10)

We surely have met H already repeatedly, but there is no harm to notice
that condition C (X′) ⊂ C (X′X) = C (X′) guarantees the uniqueness of H.

12.2 Estimability and Invariance

A parametric function K′β is said to be estimable if it has a linear unbiased
estimator, i.e., there exists a matrix A such that
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E(Ay) = AXβ = K′β for all β ∈ Rp ; (12.11)

and hence

K′β is estimable ⇐⇒ ∃A : K = X′A′ ⇐⇒ C (K) ⊂ C (X′) . (12.12)

The OLSE for K′β it is defined as K′β̂ where β̂ is an arbitrary solution
to the normal equation

X′Xβ = X′y . (12.13)

The general solution to the normal equation (which is always consistent) is

β̂ = (X′X)−X′y + [Ip − (X′X)−X′X]z , (12.14)

where z ∈ Rp is free to vary and (X′X)− is an arbitrary (but fixed) general-
ized inverse of X′X. We can express (12.14) also as

β̂ = (X′X)−X′y + (Ip −PX′)z1 , (12.15)

or
β̂ = X+y + (Ip −PX′)z2 , (12.16)

where z1 and z2 are free to vary. On the other hand, all solutions to the
normal equation can be generated via

β̂ = (X′X)−X′y , (12.17)

by letting (X′X)− vary through all generalized inverses.
Hence the expression for OLSE of K′β is

OLSE(K′β) = K′(X′X)−X′y + K′(Ip −PX′)z1

= K′X+y + K′(Ip −PX′)z2 , (12.18)

where z1 and z2 are free to vary. An alternative way to express the set of
OLSEs for K′β is of course simply

OLSE(K′β) = K′(X′X)−X′y , (12.19)

where (X′X)− varies through all generalized inverses of X′X. Therefore, it
is easy to confirm the following result:

K′β is estimable (12.20a)
⇐⇒

K′β̂ = K′(X′X)−X′y is invariant for all (X′X)− (12.20b)
⇐⇒

C (K) ⊂ C (X′) . (12.20c)
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12.3 Properties of X′W−X

Proposition 12.1. Let V be an n×n symmetric nonnegative definite matrix,
let X be an n× p matrix, and define W as

W = V + XUX′, (12.21)

where U is a p× p matrix. Then the following statements are equivalent:

(a) C (X) ⊂ C (W),
(b) C (X : V) = C (W),
(c) rank(X : V) = rank(W),
(d) X′W−X is invariant for any choice of W−,
(e) C (X′W−X) is invariant for any choice of W−,
(f) C (X′W−X) = C (X′) for any choice of W−,
(g) rank(X′W−X) = rank(X) irrespective of the choice of W−,
(h) rank(X′W−X) is invariant with respect to the choice of W−,
(i) X(X′W−X)−X′W−X = X for any choices of the generalized inverses

involved.

Moreover, each of these statements is equivalent to

(a’) C (X) ⊂ C (W′),

and hence to the statements (b’)–(i’) obtained from (b)–(i), by setting W′ in
place of W.

Proof. We will prove only some of the implications between the above state-
ments. Further references: Baksalary & Puntanen (1989); Baksalary, Punta-
nen & Styan (1990b, Th. 2); Baksalary & Mathew (1990, Th. 2), Harville
(1997, p. 468).

We begin by noting that the inclusion

C (W) = C (V + XUX′) = C

[
(V : X)

(
In

UX′
)]
⊂ C (X : V) (12.22)

trivially holds, and similarly we have

C (W′) = C (V + XU′X′) ⊂ C (X : V) . (12.23)

Moreover, we recall the decomposition

C (X : V) = C (X : VM) = C (X)⊕ C (VM) , (12.24)

and the obvious inclusions
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C (VM) = C [(V + XUX′)M] = C (WM) ⊂ C (W) , (12.25a)
C (VM) = C [(V + XU′X′)M] = C (W′M) ⊂ C (W′) . (12.25b)

(a) ⇐⇒ (b): Inclusion (12.22) means that (b) is equivalent to

C (X : V) = C (X : VM) ⊂ C (W) . (12.26)

In view of (12.25a), (12.26) holds if and only if C (X) ⊂ C (W), and hence it
seen that (a) ⇐⇒ (b).

(b) ⇐⇒ (c): This follows immediately from C (W) ⊂ C (X : V).
(c) ⇐⇒ (c’): In view of (12.23), we see that (c’), which is

rank(X : V) = rank(W′) , (12.27)

is clearly equivalent to rank(X : V) = rank(W), which is (c).
(a) ⇐⇒ (a’). Since (a) ⇐⇒ (c’), i.e., rank(X : V) = rank(W′), the

inclusions (12.23) and (12.25b) mean that (c’) holds if and only if C (X) ⊂
C (W′). This shows that (a) ⇐⇒ (a’).

(a) ⇐⇒ (d): The product X′W−X is invariant for any choice of W− if
and only if both (a) and (a’) hold. But because (a) ⇐⇒ (a’), we have indeed
(a) ⇐⇒ (d).

(f) ⇐⇒ (g) ⇐⇒ (i): This is easy to confirm. Notice that applying the
rank cancellation rule and (g) into the equation

X′W−X(X′W−X)−X′W−X = X′W−X , (12.28)

yields immediately the claim (i):

X(X′W−X)−X′W−X = X . (12.29)

(a’) =⇒ (g): Since VM = WM, we have

X′W−VM = X′W−WM = X′M = 0 , (12.30)

where we have used (a’), i.e., C (X) ⊂ C (W′). Moreover,

rank(X′W−X) = rank[X′W−(X : VM)]
= rank(X′W−W) = rank(X) . (12.31)

The second equality in (12.31) follows from (b) because

C (X : VM) = C (W) =⇒ rank[A(X : VM)] = rank(AW) (12.32)

for any matrix A, and the third equality in (12.31) comes from (a’).
Notice that (g) implies trivially (e) as well as (h).
We do not show that (f) implies (a) nor that (h) implies (a). For these

proofs, see Baksalary & Puntanen (1989); Baksalary, Puntanen & Styan
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(1990b, Th. 2); Baksalary & Mathew (1990, Th. 2). For related considera-
tions, see also Baksalary & Puntanen (1989, §3), and Harville (1997, pp. 468–
472). ut

We can now also easily check that the matrix

G = X(X′W−X)−X′W− (12.33)

satisfies the BLUE equations. First, part (i) of Proposition 12.1 guarantees
that GX = X. Furthermore, because VM = WM, we have, in view of
X′W−W = X′ and (12.30),

X(X′W−X)−X′W−VM = X(X′W−X)−X′W−WM
= X(X′W−X)−X′M = 0 . (12.34)

Therefore, one representation for the BLUE of Xβ is

BLUE(Xβ) = X[X′(V + XUX′)−X]−X′(V + XUX′)−y , (12.35)

where U is defined so that it satisfies any of the equivalent conditions (a)–(i)
of the above Proposition 12.1.

12.4 Exercises

12.1. Show that the generalized normal equation X′W−Xβ = X′W−y is
consistent, i.e., it has a solution for β when W is defined as

W = V + XUX′, C (W) = C (X : V) ,

and y ∈ C (X : V).

12.2. Prove the following: Let y 6= 0 be a given vector. Then y′Qx = 0 for
all Q =⇒ x = 0.

12.3. Complete the proof of Proposition 12.1 (p. 286).

12.4. Consider the linear model M = {y, Xβ, V}. Show that the following
statements are equivalent:

(a) M(MVM)−M ∈ {V−} for any choice of (MVM)−,
(b) C (X) ∩ C (V) = {0},
(c) cov(Xβ̃) = 0.

Furthermore, confirm the following statements:

(d) M(MVM)−M ∈ {(MVM)−} for any choice of (MVM)−,
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(e) M(MVM)−M = (MVM)+ for any choice of (MVM)− if and only
if C (X : V) = Rn.

Puntanen & Scott (1996, Th. 2.2).

12.5. Consider again the linear model M = {y, Xβ, V}, and let F be a
given n× n matrix. Show that the equation

X′FXβ = X′Fy

has a solution for β for all y ∈ C (X : V) if and only if C (X′FV) ⊂
C (X′FX).

12.6 (Continued . . . ). Denote PX;F = X(X′FX)−X′F, with F satisfying
C (X′FV) ⊂ C (X′FX) 6= {0}. Show the equivalence of the following
statements:

(a) PX;Fy is invariant for any choice of (X′FX)− for all y ∈ C (X : V),
(b) PX;Fy is unbiased for Xβ,
(c) rank(X′FX) = rank(X).

Baksalary & Puntanen (1989, Lemma 1).

12.7. The nonnull n×m matrices A and B are said to be parallel summable
if the matrix A(A + B)−B is invariant with respect to the choice of
(A + B)−. Show that the rank of A(A + B)−B is invariant with respect
to the choice of (A + B)− if and only if A and B are parallel summable.

Rao & Mitra (1971b, pp. 188–189), Puntanen, Šemrl & Styan (1996).
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Philatelic Item 12.1 Tadeusz Banachiewicz (1882–1954) was a Polish astronomer,
mathematician and geodesist. For the Banachiewicz inversion formula for partitioned
matrices, see Section 13.1 (p. 294). The stamp (left panel) was issued by Poland in
1983 (Scott 2565). For more about Banachiewicz and his inversion formula see Grala,
Markiewicz & Styan (2000). The French mathematician Baron Augustin-Louis Cauchy
(1789–1857) started the project of formulating and proving the theorems of infinitesi-
mal calculus in a rigorous manner. For the Cauchy–Schwarz inequality see Chapter 20
(p. 415). The stamp (right panel) was issued by France in 1989 (Scott 2176).



Chapter 13
Block-Diagonalization
and the Schur Complement

It’s a great place for trees.
Alongside the trees you will find other trees,
which blend into a forest running for a thousand miles.
If you’ve never seen a forest running,
then Finland is the place for you.

Monty Python’s Spamalot

In this chapter we present a block-diagonalization result for a symmetric non-
negative definite matrix. We may emphasize that the block-diagonalization
result, sometimes called the Aitken block-diagonalization formula, due to
Aitken (1939, Ch. 3, §29), is mathematically indeed quite simple just as it is.
However, it is exceptionally handy and powerful tool for various situations
arising in linear models and multivariate analysis, see, e.g., the derivation of
the conditional multinormal distribution in Anderson (2003, §2.5); cf. also
(9.21)–(9.22) (p. 193). We also consider the Schur complements whose use-
fulness in linear models and related areas can hardly be overestimated.
Theorem 13 (Block-diagonalization of an nnd matrix). Let A be a
symmetric nonnegative definite matrix partitioned as

A =
(

A11 A12
A21 A22

)
, (13.1)

where A11 is a square matrix. Then the following decomposition holds:

A =
(

I 0
A21A=

11 I

)(
A11 0
0 A22 −A21A−11A12

)(
I A~

11A12
0 I

)
:= BCD , (13.2)

where A=
11, A−11, and A~

11 are arbitrary generalized inverses of A11, and

A22·1 = A/A11 = A22 −A21A−11A12

= the Schur complement of A11 in A . (13.3)

Moreover,(
I 0

−A21A=
11 I

)
·A ·

(
I −A~

11A12
0 I

)
=
(

A11 0
0 A22 −A21A−11A12

)
= B−1AD−1. (13.4)
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Proof. Straightforward calculation proves the result. In the proof we use the
column space inclusion, see Section 1.3 (p. 62):

C (A12) ⊂ C (A11) , (13.5)

and Theorem 12 (p. 283); notice that also C (A21) ⊂ C (A22) holds. First,

BC =
(

I 0
A21A=

11 I

)(
A11 0
0 A22·1

)
=
(

A11 0
A21A=

11A11 A22·1

)
=
(

A11 0
A21 A22·1

)
, (13.6)

where we have utilized the fact

A21A=
11A11 = A21 , (13.7)

which follows from C (A′21) = C (A12) ⊂ C (A11) = C (A′11). Moreover, on
account of A11A~

11A12 = A12, we have

BCD =
(

A11 0
A21 A22·1

)(
I A~

11A12
0 I

)
=
(

A11 A11A~
11A12

A21 A21A~
11A12 + A22·1

)
=
(

A11 A12
A21 A21A~

11A12 + A22·1

)
. (13.8)

Finally

A21A~
11A12 + A22·1 = A21A~

11A12 + A22 −A21A−11A12 = A22 , (13.9)

because

A21A~
11A12 = A21A−11A12 for all A~

11, A−11 ∈ {A−11} . (13.10)

The property (13.4) follows from(
I 0
U I

)−1
=
(

I 0
−U I

)
, (13.11)

and thus the proof is completed. ut

It is obvious that we can also write

A =
(

I A12A=
22

0 I

)(
A11 −A12A−22A21 0

0 A22

)(
I 0

A~
22A21 I

)
:= EFG , (13.12)
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where A=
22, A−22, and A~

22 are arbitrary generalized inverses of A22.
Moreover, consider A which is partitioned as (13.1) but we only know that

C (A12) ⊂ C (A11) and C (A′21) ⊂ C (A′11) , (13.13)

so that A is not necessarily symmetric nor nonnegative definite and A11 need
not be a square matrix. Even then, proceeding as in the proof of Theorem 13,
we see that the decomposition

A =
(

I 0
A21A=

11 I

)(
A11 0
0 A22 −A21A−11A12

)(
I A~

11A12
0 I

)
=
(

I 0
A21A=

11 I

)(
A11 0
0 A22·1

)(
I A~

11A12
0 I

)
(13.14)

is valid. Similarly, if

C (A21) ⊂ C (A22) and C (A′12) ⊂ C (A′22) , (13.15)

then we have

A =
(

I A12A=
22

0 I

)(
A11 −A12A−22A21 0

0 A22

)(
I 0

A~
22A21 I

)
=
(

I A12A=
22

0 I

)(
A11·2

0 A22

)(
I 0

A~
22A21 I

)
. (13.16)

The matrix A22·1 is the Schur complement of A11 in A, denoted also as

A22·1 = A/A11 . (13.17)

For a comprehensive review in the literature, see, e.g., Ouellette (1981), and
Styan (1985). Other surveys of the Schur complement and its applications
include Carlson (1986), Cottle (1974), Henderson & Searle (1981a), and the
monograph edited by Zhang (2005b) including chapters by Puntanen & Styan
(2005a,b). The term “Schur complement” was introduced by Haynsworth
(1968a,b) following work by Schur1 (1917), who showed that (for A11 being
a nonsingular square matrix)

|A| = |A11||A/A11| = |A11||A22·1| = |A11||A22 −A21A−1
11 A12| , (13.18)

1 Issai Schur (1875–1941) published under “I. Schur” and under “J. Schur”. He was
a superb lecturer and his lectures were meticulously prepared and were exceedingly
popular. Walter Ledermann (1983) remembers attending Schur’s algebra course which
was held in a lecture theatre filled with about 400 students: “Sometimes, when I had to
be content with a seat at the back of the lecture theatre, I used a pair of opera glasses
to get a glimpse of the speaker.”
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and so the determinant is multiplicative on the Schur complement. In view of
(13.18), Haynsworth (1968a,b) introduced notation (13.17). Because for the
block-diagonal matrix we have(

Ff×f 0
0 Gg×g

)
=
(

F 0
0 Ig

)(
If 0
0 G

)
=⇒

∣∣∣∣F 0
0 G

∣∣∣∣ = |F||G| , (13.19)

we see from (13.14) (p. 293) that

|A| = |A11||A22 −A21A−11A12| , (13.20)

holds when C (A12) ⊂ C (A11) and C (A′21) ⊂ C (A′11); these column space
inclusions trivially hold, for example, if A is nonnegative definite or if A11 is
invertible.

13.1 “Inverting” a Partitioned nnd Matrix—Schur
Complement

An immediate consequence of Theorem 13 is the standard formula for the
inverse of a positive definite matrix. Since it is of the same form as the cor-
responding Moore–Penrose inverse, we state here the following result whose
proof is left to the reader as an exercise; see Marsaglia & Styan (1974b).

Proposition 13.1. Let A be a symmetric nonnegative definite matrix. Then
there exists a matrix L such that A = L′L, where L = (L1 : L2) and hence

A = L′L =
(

L′1L1 L′1L2
L′2L1 L′2L2

)
=
(

A11 A12
A21 A22

)
. (13.21)

If any of the following three statements hold, then all three hold:

(a) rank(A) = rank(A11) + rank(A22), i.e., C (L1) ∩ C (L2) = {0},

(b) A+ =
(

A+
11·2 −A+

11·2A12A+
22

−A+
22A21A+

11·2 A+
22 + A+

22A21A+
11·2A12A+

22

)
,

(c) A+ =
(

A+
11 + A+

11A12A+
22·1A21A+

11 −A+
11A12A+

22·1
−A+

22·1A21A+
11 A+

22·1

)
,

where

A22·1 = A22 −A21A−11A12 = L′2(I−PL1)L2 , (13.22a)
A11·2 = A11 −A12A−22A21 = L′1(I−PL2)L1 . (13.22b)

We may draw the reader’s attention to the fact that the condition C (L1)∩
C (L2) = {0} must necessarily hold if we want to find the Moore–Penrose
inverse of a partitioned nonnegative definite matrix using the formulas (b)
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and (c). However, the following matrix A# is always (why?) a generalized
inverse of A:

A# =
(

A~
11·2 −A~

11·2A12A~
22

−A~
22A21A~

11·2 A~
22 + A~

22A21A~
11·2A12A~

22

)
, (13.23)

where A11·2 = L′1Q2L1, with B~ denoting a generalized inverse of B and
Q2 = I − PL2 = I − L2(L′2L2)−L′2. In particular, the matrix A# is a
symmetric reflexive generalized inverse of A for any choices of symmetric
reflexive generalized inverses (L′2L2)~ and (L′1Q2L1)~. We say that A#, de-
fined in (13.23), is in Banachiewicz–Schur form. For further references on
the Banachiewicz–Schur form, see, e.g., Banachiewicz (1937a,b), Baksalary,
Puntanen & Yanai (1992), Baksalary & Styan (2002), Grala, Markiewicz &
Styan (2000), and Tian & Takane (2009a).

13.2 Inverting X′X

As an example, let us consider a linear model {y, Xβ, σ2I}, where the n ×
(k + 1) model matrix X, having full column rank, is partitioned as

X = (1 : x1 : . . . : xk) = (1 : X0) , X = (X1 : X2) . (13.24)

Here X0 is an n×k matrix, X1 is n×p1 and X1 is n×p2; p1 +p2 = p = k+1.
Now we have

X′X =
(

X′1X1 X′1X2
X′2X2 X′2X2

)
, (X′X)−1 =

(
· ·
· (X′2M1X2)−1

)
, (13.25)

where M1 = In −PX1
. If

X′X =
(

1′1 1′X0
X′01 X′0X0

)
, (13.26)

then, with C denoting the centering matrix,

(X′X)−1 =
(
· ·
· (X′0CX0)−1

)
=
(
· ·
· T−1

xx

)
. (13.27)

Denoting T−1
xx = {tij}, we obtain the last diagonal element of T−1

xx , i.e., the
last diagonal element of (X′X)−1:

tkk = (x′kM1xk)−1 = 1
x′k(In −PX1

)xk
= 1
‖(In −PX1

)xk‖2
, (13.28)
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where PX1
is the orthogonal projector onto C (1 : x1 : . . . : xk−1) = C (X1).

Therefore,

tkk is huge ⇐⇒ xk belongs almost to C (X1) . (13.29)

Under the model {y, Xβ, σ2I}, the variance of β̂k is var(β̂k) = σ2tkk, and
hence it is not good news for the estimation of βk if the last column of X is
almost a linear combination of the other columns; cf. (8.52) (p. 162),

Denoting

T = (X0 : y)′C(X0 : y) =
(

X′0CX0 X′0Cy
y′CX0 y′Cy

)
=
(

Txx txy
t′xy tyy

)
, (13.30)

we get

T−1 :=
(
· ·
· tyy

)
=
(
· ·
· (tyy − t′xyT−1

xxtxy)−1

)
, (13.31)

where
tyy = 1

tyy·x
= 1
tyy − t′xyT−1

xxtxy
= 1

SSE . (13.32)

If R is a sample correlation matrix of variables x1, . . . , xk, y,

R =
(

Rxx rxy
r′xy 1

)
, (13.33)

then the last diagonal element of R−1 is

ryy = 1
1− r′xyR−1

xxrxy
= 1

1−R2 = 1
1−R2

y·x
, (13.34)

where R2 is the multiple correlation squared when y is explained by the
variables x1, . . . , xk (and constant). Moreover, we of course have

R2 = 1− 1
ryy

. (13.35)

As stated on page 172, the ith diagonal element of R−1
xx can be expressed as

rii = 1
1−R2

i·1...i−1,i+1,...k
= VIFi = ith variance inflation factor , (13.36)

while
R2
i·1...i−1,i+1,...k = 1− 1

rii
. (13.37)
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13.3 Determinants, Ranks and Schur Complements

Let A be a symmetric nonnegative definite matrix partitioned as in (13.1).
Then from

A =
(

I 0
A21A−11 I

)(
A11 0
0 A22 −A21A−11A12

)(
I A−11A12
0 I

)
=
(

I A12A−22
0 I

)(
A11 −A12A−22A21 0

0 A22

)(
I 0

A−22A21 I

)
(13.38)

we observe immediately the formulas for the determinant:

|A| = |A11||A22 −A21A−11A12| (13.39a)
= |A22||A11 −A12A−22A21| . (13.39b)

Furthermore, from (13.39) we get the inequality

|A| ≤ |A11| · |A22| . (13.40)

In particular, if the random vector z =
( x
y

)
, where x is a p-dimensional

random vector, has the covariance matrix

cov(z) = cov
(

x
y

)
=
(

Σxx σxy
σ′xy σ2

y

)
= Σ , (13.41)

then we get immediately the formulas for the determinant:

|Σ| = |Σxx|(σ2
y − σ′xyΣ−xxσxy)

= |Σxx|σ2
y·x

= |Σxx|σ2
y

(
1− σ

′
xyΣ−xxσxy

σ2
y

)
= |Σxx|σ2

y(1− %2
y·x) , (13.42)

where we assume that σ2
y > 0. If σ2

y = 0, then of course σxy = 0 and |Σ| = 0.
Similarly, denoting var(xp) = σ2

p, and x(p−1) = (x1, . . . , xp−1)′, we get

|Σxx| = |cov(x(p−1))|
[
σ2
p − [cov(x(p−1), xp)]′[cov(x(p−1)]− cov(x(p−1), xp)

]
= |cov(x(p−1))|σ2

p·x(p−1)

= |cov(x(p−1))|σ2
p(1− %2

p·x(p−1)
) . (13.43)

Hence we can conclude that the following holds; see also page 208:

|Σ| = |cov(x(p−1))|σ2
pσ

2
y(1− %2

p·x(p−1)
)(1− %2

y·x) , (13.44)
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and

|Σ| = σ2
1σ

2
2 · · ·σ2

pσ
2
y(1− %2

2·1)(1− %2
3·12) · · · (1− %2

p·12...p−1)(1− %2
y·x)

= σ2
1σ

2
2·1 · · ·σ2

p·1...p−1σ
2
y·1...p , (13.45)

where we can define %2
i·12...i−1 = 1 if σ2

i = 0; see (9.20) (p. 193). It is obvious
that

|Σ| ≤ σ2
1σ

2
2 · · ·σ2

pσ
2
y , (13.46)

where the equality holds if and only if Σ is a diagonal matrix or contains a
zero column (row). The result (13.46) is often called the Hadamard’s deter-
minantal inequality; it can be written also as

|A|2 ≤ (a′1a1)2(a′2a2)2 · · · (a′pap)2, (13.47)

where A = (a1 : a2 : . . . : ap) ∈ Rp×p.
If ρ is the correlation matrix based on the covariance matrix Σ, then

|ρ| = |Σ|/|diag(Σ)|, and so

|ρ| = (1− %2
2·1)(1− %2

3·12) · · · (1− %2
p·12...p−1)(1− %2

y·x) ≤ 1 , (13.48)

Moreover, if X = (1 : X0) ∈ Rn×(k+1) and

T = (X0 : y)′C(X0 : y) =
(

X′0CX0 X′0Cy
y′CX0 y′Cy

)
=
(

Txx txy
t′xy tyy

)
, (13.49)

A = (X : y)′(X : y) =
(

X′X X′y
y′X y′y

)
, (13.50)

then

|T| = |Txx|(tyy − t′xyT−xxtxy) = |Txx| · SSE , (13.51a)
|A| = |X′X|(y′y− y′Hy) = |X′X| · SSE . (13.51b)

Let us then consider the eigenvalues of the matrix products UV and VU
(for conformable U and V). This can be done conveniently using the Schur
complement. First, it is easy to confirm that

det
(

Iu Uu×v
Vv×u Iv

)
= |Iu| · |Iv −VU| = |Iv| · |Iu −UV| , (13.52)

and hence
|Iv −VU| = |Iu −UV| . (13.53)

Suppose that λ 6= 0. Then

|λIv −VU| = |λ(Iv −VUλ−1)| = λv|Iv −VUλ−1|
= λv|Iu −UVλ−1| = λv|λ−1(λIu −UV)|
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= λv−u|λIu −UV| , (13.54)

which implies the following very important result:

Proposition 13.2. The matrices UV and VU have the same set of nonzero
eigenvalues, including multiplicities, i.e.,

nzch(UV) = nzch(VU) . (13.55)

An alternative proof for Proposition 13.2 can be obtained by noting first
that (

Iu U
0 Iv

)−1(UV 0
V 0

)(
Iu U
0 Iv

)
=
(

0 0
V VU

)
. (13.56)

Thus the matrices

A =
(

UV 0
V 0

)
, and B =

(
0 0
V VU

)
(13.57)

are similar and hence they have the same eigenvalues; see (18.22) (p. 360).
Because A and B are block-triangular matrices, their eigenvalues are the
eigenvalues of the diagonal blocks UV, 0u×u, and VU, 0v×v, respectively.
From this (13.55) follows.

In this context we may briefly consider the concept of the inertia, denoted
as In(A). The inertia of a symmetric n×n matrix A is defined as the ordered
triple

In(A) = {i+(A), i−(A), i0(A)} , (13.58)

where i+(A), i−(A), and i0(A) are the number of positive, negative, and
zero eigenvalues of A, respectively, all counting multiplicities. Then

rank(A) = i+(A) + i−(A) , n = i+(A) + i−(A) + i0(A) . (13.59)

From the block-diagonalization theorem we then conclude that the inertia of
a (symmetric) partitioned nonnegative definite A has the property

In(A) = In(A11) + In(A22 −A21A−11A12) (13.60a)
= In(A22) + In(A11 −A12A−22A21) . (13.60b)

Consequently, we can conclude that

rank(A) = rank(A11) + rank(A22·1) , (13.61)

as shown by Guttman (1946), and so the rank is additive on the Schur com-
plement. Actually, see (13.14) (p. 293), (13.61) holds if

C (A12) ⊂ C (A11) and C (A′21) ⊂ C (A′11) , (13.62)
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which conditions of course are satisfied e.g. if A is (symmetric) nonnegative
definite or if A−1

11 exists. Similarly C (A21) ⊂ C (A22) and C (A′12) ⊂ C (A′22)
imply

rank(A) = rank(A22) + rank(A11·2) . (13.63)

For further details on the rank additivity on the Schur complement, see
Marsaglia & Styan (1974a, Th. 19, Cor. 19.1).

For interesting remarks on the determinants, and in particular, their his-
torical development, see Tee (2003).

13.4 Inverting a Sum of Matrices

Consider now a nonsingular (not necessarily positive definite) matrix An×n
partitioned as

A =
(

A11 A12
A21 A22

)
, (13.64)

where A11 is a square matrix. Then, according to (a) and (b) of Section 13.1
(p. 294), we can express the inverse A−1 in the following two ways:

A−1 =
(

A−1
11·2 −A−1

11·2A12A−1
22

−A−1
22 A21A−1

11·2 A−1
22 + A−1

22 A21A−1
11·2A12A−1

22

)

=
(

A−1
11 + A−1

11 A12A−1
22·1A21A−1

11 −A−1
11 A12A−1

22·1
−A−1

22·1A21A−1
11 A−1

22·1

)

:=
(

A11 A12

A21 A22

)
, (13.65)

where

A22·1 = A22 −A21A−1
11 A12 = A/A11 , (13.66a)

A11·2 = A11 −A12A−1
22 A21 = A/A22 . (13.66b)

From (13.65), we immediately observe the following matrix equality:

A−1
11·2 = A−1

11 + A−1
11 A12A−1

22·1A21A−1
11 , (13.67)

that is,

(A11 −A12A−1
22 A21)−1

= A−1
11 + A−1

11 A12(A22 −A21A−1
11 A12)−1A21A−1

11 . (13.68)

If A is symmetric and denoted as
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A =
(

E F
F′ G

)
, (13.69)

then (13.68) becomes

(E− FG−1F′)−1 = E−1 + E−1F(G− F′E−1F)−1F′E−1. (13.70)

Denoting B = −G−1, we can express (13.70) as

(E + FBF′)−1 = E−1 −E−1F(B−1 + F′E−1F)−1F′E−1

= E−1 −E−1FB(B + BF′E−1FB)−1BF′E−1. (13.71)

As illustrated by Henderson & Searle (1981a), and Ouellette (1981), for-
mula (13.71) has many applications in statistics. Formula (13.71) is consid-
ered to be due to Duncan (1944) and Woodbury (1950), and is often referred
to as Duncan formula, or Woodbury formula. The case

(E + αf f ′)−1 = E−1 − αE−1f f ′E−1

1 + αf ′E−1f , where α ∈ R , (13.72)

is often attributed to Sherman & Morrison (1949, 1950). For a survey on up-
dating the inverse of a matrix, see Hager (1989). The motivation for diagonal
increments to ease matrix inversion in least squares problems is discussed in
Piegorsch & Casella (1989).

Partitioning the model matrix row-wise as

X =
(

X(1)
x′(n)

)
, (13.73)

we get one application of (13.72):

(X′(1)X(1))−1 = (X′X− x(n)x′(n))−1 = [X′(In − ini′n)X]−1

= (X′X)−1 + 1
1− hnn

(X′X)−1x(n)x′(n)(X′X)−1, (13.74)

where hnn is the last diagonal element of the hat matrix H = PX.

13.5 Generating Observations with a Given Covariance
Matrix

Let w =
(
w1
w2

)
be a two-dimensional random vector with covariance matrix

cov(w) = cov
(
w1
w2

)
=
(

1 %
% 1

)
, %2 < 1 . (13.75)
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Then the block-diagonalization theorem gives us decompositions(
1 0
−% 1

)(
1 %
% 1

)(
1 −%
0 1

)
=
(

1 0
0 1− %2

)
, (13.76a)(

1 0
% 1

)(
1 0
0 1− %2

)(
1 %
0 1

)
=
(

1 %
% 1

)
, (13.76b)

i.e., (
1 0
%
√

1− %2

)(
1 %

0
√

1− %2

)
:= AA′ =

(
1 %
% 1

)
. (13.77)

This implies that if

cov(t) = cov
(
u
v

)
=
(

1 0
0 1

)
, (13.78)

then
cov(At) = cov

(
1 0
%
√

1− %2

)(
u
v

)
=
(

1 %
% 1

)
. (13.79)

Choosing B =
( σx 0

0 σy

)
, we get a random vector z =

( x
y

)
= BAt whose

covariance matrix is

cov(z) = cov
[(

σx 0
%σy

√
1− %2σy

)(
u
v

)]
=
(

σ2
x %σxσy

%σxσy σ2
y

)
= Σ . (13.80)

Transforming z = BAt, that is,

x = σx · u , (13.81a)
y = σy[% · u+

√
1− %2 · v] , (13.81b)

is a very handy way to generate 2-dimensional observations having a given
covariance matrix Σ. We can first generate n observations from the random
vector t whose covariance matrix is I2, put these n observations as the rows
of the matrix T ∈ Rn×2, and then postmultiply T by the matrix L′, where

L = BA =
(
σx 0
σy% σy

√
1− %2

)
. (13.82)

An alternative way to do this would, of course, be to postmultiply T by Σ1/2.
If we generate observations of z from N2(0,Σ) according to (13.81), then

we can see a couple of interesting things at once. First, let’s keep x fixed at
level x∗ in which case u is fixed as u∗ = x∗/σx, and hence the conditional
variance of y is

var(y | x = x∗) = var(σy
√

1− %2 · v) = σ2
y(1− %2) . (13.83)
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Similarly we get

E(y | x = x∗) = E
(
y | u = x∗

σx

)
= σy% ·

x∗
σx

+ σy
√

1− %2 · E(v) = σxy
σ2
x

x∗ . (13.84)

It is noteworthy that (13.83) and (13.84) are, of course, precisely the con-
ditional expectation and variance of y under multinormality N2(0,Σ). The
point here is that (13.81) offers an interesting way to introduce these repre-
sentations.

13.6 Exercises

13.1. Prove Proposition 13.1 (p. 294).

13.2. Suppose that A =
(B C

D F
)
, where B,C,D,F ∈ Rn×n and B and D

commute: BD = DB. Confirm that for invertible B the formula (13.18)
(p. 293) implies that det(A) = det(BF − DC). Actually this holds for
even if B is not invertible; the proof can be done using a continuity
argument.

Abadir & Magnus (2005, p. 116),
Puntanen & Styan (2005a, p. 4), Schur (1917, pp. 215–216).

13.3. Prove that for B ∈ Rb×b and D ∈ Rd×d:
∣∣∣∣B C
0 D

∣∣∣∣ = |B||D|.
Hint: For invertible B, use (13.18) (p. 293). If rank(B) < b, then confirm

that
∣∣∣∣B C
0 D

∣∣∣∣ = 0 = |B|.

13.4. Let P ∈ Rn×n orthogonal projector (symmetric idempotent) which is
partitioned as

P =
(

P11 P12
P21 P22

)
,

where P11 is a square matrix. Show that then the Schur complement
P22·1 = P22 −P21P−11P12 is also an orthogonal projector.

Baksalary, Baksalary & Szulc (2004).

13.5 (Wedderburn–Guttman theorem). Consider A ∈ Rn×p, x ∈ Rn, y ∈
Rp and assume that α := x′Ay 6= 0, and denote

B =
(

A Ay
x′A x′Ay

)
. (13.85)

Using the rank-additivity on the Schur complement, see (13.61) (p. 299),
prove the Wedderburn–Guttman theorem:
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rank(A− α−1Ayx′A) = rank(A)− 1 . (13.86)

Citing Chu, Funderlic & Golub (1995, p. 512): “This Weddenburn rank-
one reduction formula is easy to prove, yet the idea is so powerful that
perhaps all matrix factorizations can be derived from it.”

Wedderburn (1934), Guttman (1944, 1946, 1952, 1957),
Hubert, Meulman & Heiser (2000), Takane & Yanai (2005, 2007).

13.6. Let the covariance matrix of the random vector y =
( y1
y2

)
be I2. Find

such random variables z1 = ay1 + by2 and z2 = cy1 + dy2 that

cov
(
z1
z2

)
= cov(z) = cov(Ay) =

(
1 2
2 9

)
= Σ .

Confirm that (13.81) (p. 302) gives a solution A1 =
( 1 0

2
√

5
)
, and that

further solutions are obtained by choosing A2 = TΛ1/2, and A3 =
TΛ1/2T′ = Σ1/2, where Σ = TΛT′ is the eigenvalue decomposition
of Σ.

13.7. Let A ∈ NNDn and 0 6= α ∈ R. Show that

(In + αA)−1 = A+(αIn + A+)−1 + In −PA .



Chapter 14
Nonnegative Definiteness
of a Partitioned Matrix

. . .And don’t believe anyone who says
you can’t get tomatoes here. Of course
you can. And bags to put them in.
It all adds up to a must-see experience.

Monty Python’s Spamalot

The nonnegative definiteness of a symmetric partitioned matrix can be char-
acterized in an interesting way in terms of submatrices. Our experience is
that this characterization is a very handy tool in various problems related to
the Löwner partial ordering.

Theorem 14 (Nonnegative definiteness of a partitioned matrix). Let
A be a symmetric matrix partitioned as

A =
(

A11 A12
A21 A22

)
, (14.1)

where A11 is a square matrix. Then the following three statements are equiv-
alent:
(a) A ≥L 0,

(b1) A11 ≥L 0, (b2) C (A12) ⊂ C (A11), (b3) A22 −A21A−11A12 ≥L 0,
(c1) A22 ≥L 0, (c2) C (A21) ⊂ C (A22), (c3) A11 −A12A−22A21 ≥L 0.

Proof. Let A ∈ Rp×p, A11 ∈ Rp1×p1 and A22 ∈ Rp2×p2 , and assume first that
(a) holds. Then there exists a matrix Lq×p (for some q) such that A = L′L,
where L = (L1 : L2), Li ∈ Rq×pi , and hence

A = L′L =
(

L′1L1 L′1L2
L′2L1 L′2L2

)
=
(

A11 A12
A21 A22

)
. (14.2)

From (14.2) we observe immediately that (b1) and (b2) hold. Writing

A22·1 = A22 −A21A−11A12 = L′2L2 − L′2L1(L′1L1)−L′1L2 (14.3)

we get
A22·1 = L′2(Iq −PL1)L2 ≥L 0 , (14.4)

and hence (a) implies (b). Similarly we can prove that (a) implies (c). To
go the other direction, note first that the column space inclusion (b2) means
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that the Schur complement A22·1 is invariant for any choice of a generalized
inverse A−11. Moreover, (b2) implies that the following decomposition holds:

A =
(

Ip1 0
A21A+

11 Ip2

)
·
(

A11 0
0 A22 −A21A−11A12

)
·
(

Ip1 A+
11A12

0 Ip2

)
:= F′GF . (14.5)

The verification of (14.5) is straightforward in the spirit of the block-diago-
nalization Theorem 13 (p. 291). The matrix F in (14.5) is invertible and thus
A is nonnegative definite if and only if G is nonnegative definite, and so

A11 ≥L 0 and A22·1 ≥L 0 =⇒
(

A11 0
0 A22·1

)
≥L 0 =⇒ A ≥L 0 . (14.6)

In the same way we can prove that (c) implies (a). ut
Dey, Hande & Tiku (1994) give a statistical proof for Theorem 14. While

we believe that Albert (1969) and (1972, Th. 9.1.6) was the first to establish
these nonnegative definiteness conditions we are well aware of Stigler’s Law
of Eponymy, Stigler (1999, Ch. 14, p. 277), which “in its simplest form” states
that “no scientific discovery is named after its original discoverer”.

Consider a special case when we have the symmetric matrix

A =
(

B b
b′ α

)
, where α > 0 . (14.7)

Then, on account of Theorem 14, the following statements are equivalent:

A ≥L 0 , (14.8a)

B− bb′
α
≥L 0 , (14.8b)

B ≥L 0 , b ∈ C (B) , α− b′B−b ≥ 0 . (14.8c)

For related considerations, see also Farebrother (1976), Baksalary & Kala
(1983b), Bekker & Neudecker (1989), and Baksalary, Schipp & Trenkler
(1992, Th. 1).

When A11 and A22 are positive definite, it follows at once that C (A12) ⊂
C (A11) and C (A21) ⊂ C (A22). Hence the following three statements are
equivalent:
(a) A >L 0,

(b1) A11 >L 0, (b3) A22 −A21A−1
11 A12 >L 0,

(c1) A22 >L 0, (c3) A11 −A12A−1
22 A21 >L 0.

In particular, putting A12 = Ip1 and denoting A11 = U, A−1
22 = V, we get

U ≥L V ⇐⇒ V−1 ≥L U−1 and U >L V ⇐⇒ V−1 >L U−1. (14.9)
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14.1 When Is a “Correlation Matrix” a Correlation
Matrix?

Consider a symmetric matrix

R =

 1 r12 r13
r21 1 r23
r31 r32 1

 , where all r2
ij ≤ 1 . (14.10)

When is this matrix R a proper correlation matrix, that is, such a correlation
matrix which could be obtained from some real data? It is very crucial to
realize that this is not the case for arbitrary chosen “correlations” rij . The
key point here is that R must be nonnegative definite.

We define a correlation matrix R be a square p × p symmetric nonnega-
tive definite matrix with all diagonal elements equal to 1. This definition is
natural in the sense that given such a matrix R, we can always construct an
n×p data matrix whose correlation matrix is R. Consider p variables u1, . . . ,
up whose observed centered values are the columns of U = (u1 : . . . : up),
and assume that each variable has a nonzero variance, i.e., ui 6= 0 for each
i. Let each column of U have unit length. Now since the correlation coeffi-
cient rij is the cosine between the centered vectors ui and uj , the correlation
matrix R is simply U′U, and thereby nonnegative definite. Note that U′U
is not necessarily a correlation matrix of the ui-variables if U is not centered
(even though the columns of U have unit length). It is also clear that or-
thogonality and uncorrelatedness are equivalent concepts when dealing with
centered data.

Photograph 14.1 Haruo
Yanai (New Delhi, 1992).

Interpreted as cosines, the off-diagonal el-
ements rij of such a correlation matrix then
satisfy the inequality r2

ij ≤ 1 for all i 6= j;
i, j = 1, 2, . . . , p. To go the other way, sup-
pose that the square p×p symmetric matrix R
has all its diagonal elements equal to 1 and
all its off-diagonal elements r2

ij ≤ 1; i 6= j
(i, j = 1, 2, . . . , p). Then when is R a correla-
tion matrix? That is, when is it nonnegative
definite?

The special case when p = 3 is of particu-
lar interest, see, e.g., Hauke & Pomianowska
(1987), Baksalary (1990), Yanai (2003), Yanai
& Takane (2007), Arav, Hall & Li (2008),
and in particular, Puntanen & Styan (2005b,
§6.2.1), which we closely follow in this section.
Olkin (1981) considers the above results (i)–

(vii) in the case where three sets of variables are available.
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Let us consider the 3× 3 symmetric matrix (14.10). Using Theorem 14 it
is now easy to prove the following result.

Proposition 14.1. The following statements concerning (14.10) are equiva-
lent:

(i) R is a correlation matrix,
(ii) det(R) = 1− r2

12 − r2
13 − r2

23 + 2r12r13r23 ≥ 0,
(iii) (r12 − r13r23)2 ≤ (1− r2

13)(1− r2
23), or equivalently,

r13r23 −
√

(1− r2
13)(1− r2

23) ≤ r12 ≤ r13r23 +
√

(1− r2
13)(1− r2

23) ,

(iv) (r23 − r12r31)2 ≤ (1− r2
12)(1− r2

31),
(v) (r13 − r12r32)2 ≤ (1− r2

12)(1− r2
32),

(vi) (a) rxy ∈ C (Rxx) and (b) ryy·x = 1 − r′xyR−xxrxy ≥ 0, where, for
convenience,

R =

 1 r12 r1y
r21 1 r2y
ry1 ry2 1

 =
(

Rxx rxy
r′xy 1

)
=
(

Rxx rxy
r′xy ryy

)
, (14.11)

(vii) Rxx·y = Rxx − rxyr′xy ≥L 0, where

Rxx − rxyr′xy =
(

1− r2
1y r12 − r1yr2y

r12 − r1yr2y 1− r2
2y

)
. (14.12)

Proof. The proof relies on the fact that (i) is equivalent to the nonnega-
tive definiteness of R. Using Albert’s result, and since ryy = 1 is certainly
nonnegative and clearly C (r′xy) ⊂ R, (i) holds if and only if

Rxx·y = Rxx − rxyr′xy ≥L 0 , (14.13)

and thus (vii) is proved. Similarly, R ≥L 0 if and only if

rxy ∈ C (Rxx) , ryy·x = 1− r′xyR−xxrxy ≥ 0 , Rxx ≥L 0 . (14.14)

In (14.14) the last condition is always true since r2
12 ≤ 1, and hence (vi) is

obtained. Conditions (ii)–(v) follow from (vii) at once. ut

Notice that one way to consider the nonnegative definiteness of R in
(14.10), would, of course, be to calculate all principal minors of R, i.e., the
determinants of all submatrices of R that have been obtained by deleting the
same rows and columns from R. Then R is nonnegative definite if and only
if all principal minors are nonnegative. Similarly, R is positive definite if and
only if all leading principal minors are positive. The seven principal minors
of R are
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det(R) , det
(

1 r12
r12 1

)
, det

(
1 r13
r13 1

)
, det

(
1 r23
r23 1

)
, 1 , 1 , 1 .

(14.15)
Trivially the last six principal minors are nonnegative (assuming all r2

ij ≤ 1)
and hence R is nonnegative definite if and only if det(R) ≥ 0.

The quantity

r2
12·y = (r12 − r1yr2y)2

(1− r2
1y)(1− r2

2y) , (14.16)

is well defined only when both r2
1y 6= 1 and r2

2y 6= 1 and then (when R
is a correlation matrix) it is the formula for the squared partial correlation
coefficient between variables (say) x1 and x2 when y is held constant.

When R is a correlation matrix, the quadratic form r′xyR−xxrxy repre-
sents the squared multiple correlation coefficient when y is regressed on the
variables x1 and x2:

R2
y·12 = r′xyR−xxrxy . (14.17)

The matrix Rxx is singular if and only if r2
12 = 1. If r12 = 1, then (a) of

(vi) forces r1y = r2y and so rxy = r1y12. Choosing R−xx = R+
xx = 1

4
( 1 1

1 1
)
,

we get r′xyR−xxrxy = r2
1y. Similarly, if r12 = −1, then (a) of (vi) implies that

r1y = −r2y, and again r′xyR−xxrxy = r2
1y. If r2

12 6= 1, then we have

R2
y·12 =

r2
1y + r2

2y − 2r12r1yr2y

1− r2
12

. (14.18)

Of course, if r12 = 0 then R2
y·12 = r2

1y + r2
2y, but it is interesting to observe

that both
R2
y·12 < r2

1y + r2
2y (14.19)

and
R2
y·12 > r2

1y + r2
2y (14.20)

can occur. As Shieh (2001) points out, “. . . the inequality [(14.20)] may seem
surprising and counterintuitive at first . . . but it occurs more often than one
may think.” A geometric illustration of (14.20) is in Figure 8.5 (p. 184). For
related literature, the reader is referred, e.g., to Hamilton (1987), Bertrand
& Holder (1988), Cuadras (1993, 1995), Freund (1988), and Mitra (1988).

Let us now take two simple examples. First, consider the intraclass corre-
lation structure:

A =

1 r r
r 1 r
r r 1

 = (1− r)I3 + r131′3 . (14.21)

The determinant det(A) = (1− r)2(1 + 2r), and hence A in (14.21) is indeed
a correlation matrix if and only if
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− 1
2 ≤ r ≤ 1 . (14.22)

If r = −0.5, then the corresponding centered variable vectors x1, x2 and y
lie in the same plane so that the angle of each pair is 120◦. In general, the
p× p intraclass correlation matrix

R =


1 r . . . r
r 1 . . . r
...

... . . . ...
r r . . . 1

 =
(

Rxx rxy
r′xy 1

)
=
(

Rxx r1p−1
r1′p−1 1

)
(14.23)

must satisfy
− 1
p− 1 ≤ r ≤ 1 , (14.24)

which follows from the fact, see Proposition 18.2 (p. 366), that the eigenvalues
of R are

ch(R) =
{

1 + (p− 1)r with multiplicity 1 ,
1− r with multiplicity p− 1 .

(14.25)

Notice that Rxx1p−1 = [1 + (p− 2)r]1p−1 and thereby, if r 6= − 1
p−2 ,

1p−1 = [1 + (p− 2)r]−1Rxx1p−1 . (14.26)

Now for a nonnegative definite R, (14.22) guarantees that r 6= − 1
p−2 and,

see (18.73) (p. 367),

r′xyR−xxrxy = r2

[1 + (p− 2)r]2 1′p−1RxxR−xxRxx1p−1

= r2

[1 + (p− 2)r]2 1′p−1Rxx1p−1 = (p− 1)r2

1 + (p− 2)r . (14.27)

If R is a correlation matrix, then R2
y·x = r′xyR−xxrxy, with R2

y·x referring to
the squared multiple correlation when y is explained by the xi-variables (plus
the constant). It is left as an exercise to confirm that (14.24) is equivalent to

r′xyR−xxrxy = (p− 1)r2

1 + (p− 2)r ≤ 1 . (14.28)
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14.2 A ≤L B ⇐⇒ C (A) ⊂ C (B) and ch1(AB+) ≤ 1

The result mentioned in the header above does not fit 100 per cent in this
section—we are not using Albert’s result—but in any event, it gives a handy
characterization for the Löwner ordering A ≤L B.

We begin with the following result.

Proposition 14.2. Let An×n and Bn×n be nonnegative definite symmetric
matrices. Then

A ≤L B =⇒ C (A) ⊂ C (B) . (14.29)

Proof. One way to prove (14.29) is to write A = UU′, B = VV′, and
B−A = NN′, and then use the fact that B = UU′ + NN′, which implies

C (B) = C (U : N) = C (U) + C (N) = C (A) + C (N) . (14.30)

An alternative way is to note that

B ≥L A ≥L 0 ⇐⇒ x′Bx ≥ x′Ax ≥ 0 for all x ∈ Rn. (14.31)

Choose now x ∈ N (B) = C (B)⊥ and note that in view of (14.31), we must
have

0 ≥ x′Ax ≥ 0 , (14.32)

and hence x ∈ N (A) = C (A)⊥, i.e., N (B) ⊂ N (A). Obviously, cf. part (c)
of Theorem 1 (p. 57),

N (B) ⊂ N (A)⇔ [N (A)]⊥ ⊂ [N (B)]⊥ ⇔ C (A) ⊂ C (B) . (14.33)

ut
Proposition 14.3. Let An×n and Bn×n be nonnegative definite symmetric
matrices. Then the following two statements are equivalent:

(a) A ≤L B,
(b) C (A) ⊂ C (B) and ch1(AB+) ≤ 1.

Proof. Let B have an eigenvalue decomposition B = T1Λ1T′1, where the
columns of T1 ∈ Rn×b are the orthonormal eigenvectors corresponding to
nonzero eigenvalues of B, and Λ1 is the diagonal matrix of these eigenvalues
and rank(B) = b. Denoting L = T1Λ1/2

1 and K = T1Λ−1/2
1 , we have

LL′ = B, KK′ = B+, LK′ = T1T′1 = PB . (14.34)

Assume first that A ≤L B, i.e.,

T1Λ1T′1 −A ≥L 0 . (14.35)

Pre- and postmultiplying (14.35) by K′ and K, respectively, yields
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Ib −K′AK ≥L 0 , (14.36)

which holds if and only if

1 ≥ ch1(K′AK) = ch1(KK′A) = ch1(B+A) , (14.37)

and thus we have confirmed that (a) implies (b).
Suppose then that (b) holds. Then ch1(B+A) ≤ 1 means that necessarily

(14.36) holds. Pre- and postmultiplying (14.36) by L and L′, respectively,
gives

LL′ − LK′AKL′ = B−PBAPB ≥L 0 . (14.38)

Assumption C (A) ⊂ C (B) implies that PBAPB = A, and hence (14.38)
means that (a) holds. Thus the proof is completed.

Note that the nonzero eigenvalues of AB− are invariant with respect to
the choice of B−. Namely, writing A = FF′, we have

nzch(AB−) = nzch(FF′B−) = nzch(F′B−F) , (14.39)

where the matrix F′B−F is invariant for any choice of B− because C (F) ⊂
C (B). ut

Photograph 14.2 Friedrich
Pukelsheim (Smolenice Castle,
Slovakia, 2009).

The proof above follows that of Liski &
Puntanen (1989); see also Stępniak (1985) and
Baksalary, Liski & Trenkler (1989). Note that
the equivalence of (a) and (b) gives immedi-
ately the result (14.9) (p. 306), i.e.,

A ≤L B ⇐⇒ B−1 ≤L A−1, (14.40)

where A and B are positive definite. For a
quick proof of (14.40), see also Andrews &
Phillips (1986), and Pukelsheim (1993, p. 13).

14.3 BLUE’s Covariance Matrix as a Shorted Matrix

Following Isotalo, Puntanen & Styan (2008a, §4), let us consider a simple
linear model {y, 1β, V}, where V is positive definite. Let our task be to find
a nonnegative definite matrix S which belongs to the set

U = {U : 0 ≤L U ≤L V, C (U) ⊂ C (1) } , (14.41)

and which is maximal in the Löwner sense; that is, a nonnegative definite
matrix which is “as close to V as possible” in the Löwner partial ordering,
but whose column space is in that of 1. This matrix S is called the shorted
matrix of V with respect to 1, and denoted as Sh(V | 1).
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Because S is nonnegative definite, we must have S = LL′ for some L of
full column rank. Further, the condition C (S) ⊂ C (1) implies that L = α1
for some nonzero scalar α and hence S = α211′. Our objective is to find a
scalar α so that α211′ is maximal in the Löwner sense, which means that α2

must be maximal. The choice of α2 must be made under the condition

α211′ ≤L V. (14.42)

We show that the maximal value for α2 is

α2 = (1′V−11)−1. (14.43)

To confirm that (14.43) gives the maximal α2, consider the matrix

A =
(

V 1
1′ α−2

)
. (14.44)

Then, according to (14.7) and (14.8) (p. 306), the equivalent condition sets
(b) and (c) can in this situation be written as

(b1) V ≥L 0 , (b2) 1 ∈ C (V) , (b3) α−2 − 1′V−11 ≥ 0 , (14.45a)
(c1) α−2 ≥ 0 , (c2) α 6= 0 , (c3) V− α211′ ≥L 0 . (14.45b)

Clearly the first two conditions vanish when V is positive definite and hence
we have

α−2 − 1′V−11 ≥ 0 ⇐⇒ V− α211′ ≥L 0 . (14.46)

Therefore the maximal choice is as in (14.43) and the shorted matrix S is

Sh(V | 1) = (1′V−11)−111′, (14.47)

which is precisely the covariance matrix of BLUE(1β) under {y, 1β, V}.
This result can be also generalized as shown below.

Consider now a general case of U :

U = {U : 0 ≤L U ≤L V, C (U) ⊂ C (X) } . (14.48)

The maximal element U in U is the shorted matrix of V with respect to
X, and denoted as Sh(V | X). The concept of shorted matrix (or operator)
was first introduced by Krein (1947), and later rediscovered by W.N. An-
derson (1971), who introduced the term “shorted operator”. Mitra & Puri
(1979, 1982) were apparently the first to consider statistical applications of
the shorted matrix and the shorted operator.

As shown by W.N. Anderson (1971), and by W.N. Anderson and Trapp
(1975), the set U in (14.48) indeed has a maximal element and it, the shorted
matrix, is unique.
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Consider now the general linear model M = {y, Xβ, V}. Then, as Mitra
& Puntanen (1991) proved,

cov[BLUE(Xβ)] = Sh(V | X) . (14.49)

Let us go through the proof which is rather easy, while the result (14.49)
itself is somewhat unexpected. To prove (14.49), let Gy = BLUE(Xβ) and
so

cov(Gy) = GVG′ ≤L V = cov(y) , (14.50)

because y is an unbiased estimator of Xβ. Let U be an arbitrary member of
U , which implies that U = HAA′H for some matrix A and

U = HAA′H ≤L V , where H = PX . (14.51)

Premultiplying (14.51) by G and postmultiplying it by G′ yields

GUG′ = GHAA′HG′ = HAA′H = U ≤L GVG′, (14.52)

where we have used the fact that GH = H. Now (14.52) confirms that GVG′
is the maximal element in the class U , i.e., (14.49) holds.

For a review of shorted matrices and their applications in statistics, see
Mitra, Puntanen & Styan (1995) and Mitra, Bhimasankaram & Malik (2010).

14.4 Exercises

14.1. Consider B =

1 a r
a 1 r
r r 1

 , where a is a given real number, a2 ≤ 1.

What are the possible values for r such that B is a correlation matrix?
Answer: r2 ≤ 1+a

2 .

14.2. Consider

R =


1 0 r r
0 1 r −r
r r 1 0
r −r 0 1

 .

What are the possible values for r such that R is a correlation matrix?
Find the squared multiple correlation coefficients R2

4·123, R2
3·124, . . .

Yanai & Takane (2007, p. 352).

14.3. Consider (p + q)-dimensional random vectors
( x

y
)
and

( u
v
)
, where x

and u are p-dimensional. Let

cov
(

x
y

)
=
(

Σxx Σxy
Σyx Σyy

)
= Σ , cov

(
u
v

)
=
(

Σuu Σuv
Σvu Σvv

)
.
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Prove: rank(Σ) = rank(Σxx) ⇐⇒ %yi·x = 1, i = 1, . . . , q, where %2
yi·x =

σ′xyiΣ−xxσxyi/σ
2
yi = squared population multiple correlation coefficient.

If σyi = 0, then %yi·x may be put 1; see (9.20) (p. 193).
Mitra (1973a).

14.4 (Continued . . . ). Suppose that cov
(( x

y
)
,
( u

v
))

= 0, and denote
( z

w
)

=( x
y
)

+
( u

v
)
. Prove: %wi·z = 1 =⇒ %yi·x = 1 and %vi·u = 1, i = 1, . . . , q.

Mitra (1973a).

14.5. Let 0 ≤L A ≤L B and and let A~ and B~ be symmetric reflexive
generalized inverses of A and B, respectively. Show that then

A~ ≥L B~ ⇐⇒ C (A~) = C (B~) .

Liski & Puntanen (1989).

14.6. Let 0 ≤L A ≤L B. Using the Exercise 14.5 prove the result due to
Milliken & Akdeniz (1977):

A+ ≥L B+ ⇐⇒ rank(A) = rank(B) .

14.7. Show that the following five statements are equivalent when consider-
ing the linear model {y, Xβ, V} with G a generalized inverse of X.

(a) XGVG′X′ ≤L V,
(b) G′ is a minimum-V-seminorm generalized inverse of X′,
(c) XGy is the BLUE for Xβ,
(d) XGVG′X′ ≤rs V, i.e., rk(V−XGVG′X′) = rk(V)−rk(XGVG′X′),
(e) XGVG′X′ = Sh(V | X).

In (d) the symbol ≤rs denotes the rank-subtractivity partial ordering or
the minus ordering introduced by Hartwig (1980).

Mitra, Puntanen & Styan (1995),
Chipman (1968, Lemma 1.2; 1976, Lemma 1.2).

14.8. Show that the shorted matrix S = Sh(V | X) has the following prop-
erties:

(a) C (S) = C (X) ∩ C (V),
(b) C (V) = C (S)⊕ C (V− S),
(c) rank(V) = rank(S) + rank(V− S),
(d) SV+(V− S) = 0,
(e) V− ∈ {S−} for some (and hence for all) V− ∈ {V−}, i.e., {V−} ⊂
{S−}.

14.9. The minus (or rank-subtractivity) partial ordering for the two n ×m
matrices A and B is defined as

A ≤rs B ⇐⇒ rank(B−A) = rank(B)− rank(A) .
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Confirm that A ≤rs B holds if and only if any of the following conditions
holds:

(a) A−A = A−B and AA− = BA− for some A− ∈ {A−},
(b) A−A = A−B and AA∼ = BA∼ for some A−, A∼ ∈ {A−},
(c) {B−} ⊂ {A−},
(d) C (A) ∩ C (B−A) = {0} and C (A′) ∩ C (B′ −A′) = {0},
(e) C (A) ⊂ C (B), C (A′) ⊂ C (B′) & AB−A = A for some (and hence

for all) B−.
Hartwig (1980), Hartwig & Styan (1986),

Baksalary, Pukelsheim & Styan (1989), Mitra (1972, 1986).

14.10. Let A ≤L B, where A ≥L 0 and B >L 0. Prove that then det(A) =
det(B) =⇒ A = B. What about if we if we only assume that B ≥L 0?

14.11. Let V ∈ NNDn and G ∈ {V−}. Find necessary and sufficient condi-
tions for

(a) G ∈ NNDn,
(b) G ∈ NNDn and G is a reflexive generalized inverse of V.

Hint: Use the general representation ofV− = T
(

Λ−1
1 L

M N

)
T′, and Al-

bert’s conditions for a partitioned matrix being nonnegative definite. The
answer to (b) is then

G = T
(

Λ−1
1 L

L′ L′Λ1L

)
T′, where L is an arbitrary matrix.

14.12. Let A and B be nonnegative definite n × n matrices. Show the fol-
lowing:

(a) A ≤L B =⇒ A1/2 ≤L B1/2.
(b) In general, A ≤L B does not imply A2 ≤L B2.
(c) A ≤L B & AB = BA =⇒ A2 ≤L B2.

Baksalary & Pukelsheim (1991), Zhang (1999, pp. 169–170),
Abadir & Magnus (2005, p. 332), Baksalary, Hauke, Liu & Liu (2004).

14.13. Show that for conformable matrices A and B we have

AB′ + BA′ ≥L 0 ⇐⇒ ch1
[
(A−B)′(AA′ + BB′)−(A−B)

]
≤ 1 .

Hint: Write AB′ + BA′ = (AA′ + BB′)− (A−B)(A−B)′ and apply
Proposition 14.3 (p. 311).

14.14. Suppose that V ∈ NNDn, A ∈ Rn×n, and VA2 = VA. Show that
then A′VA ≤L V ⇐⇒ A′V = VA.

Baksalary, Kala & Kłaczyński (1983).



Chapter 15
The Matrix Ṁ

A child of five would understand this.
Send someone to fetch a child of five.

Groucho Marx

It is well known that if V is a symmetric positive definite n× n matrix, and
(X : Z) is a partitioned orthogonal n× n matrix, then

(X′V−1X)−1 = X′VX−X′VZ(Z′VZ)−1Z′VX . (15.1)

In this chapter we illustrate the usefulness the above formula, and in partic-
ular its version

Z(Z′VZ)−1Z′ = V−1 −V−1X(X′V−1X)−1X′V−1, (15.2)

and present several related formulas, as well as some generalized versions. We
also include several statistical applications. One way to confirm (15.1) is to
observe that

[(X : Z)′V(X : Z)]−1 = (X : Z)′V−1(X : Z) , (15.3a)(
X′VX X′VZ
Z′VX Z′VZ

)−1
=
(

X′V−1X X′V−1Z
Z′V−1X Z′V−1Z

)
, (15.3b)

and then note, using the Schur complement, that the upper-left block of
[(X : Z)′V(X : Z)]−1 is the inverse of the right-hand side of (15.1).

The center of attention in this chapter is the matrix

Ṁ = M(MVM)−M , (15.4)

where M = In −H = In − PX. In particular, if V is positive definite and
V1/2 is its positive definite symmetric square root, and Z is a matrix with
the property C (Z) = C (M), then we obviously have

Ṁ = M(MVM)−M
= V−1/2V1/2M(MV1/2V1/2M)MV1/2V−1/2

= V−1/2PV1/2MV−1/2
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= V−1/2PV1/2ZV−1/2 = Z(Z′VZ)−Z′, (15.5)

which is clearly unique. In general, the matrix Ṁ is not necessarily unique
with respect to the choice of (MVM)−. In view of Theorem 12 (p. 283), Ṁ is
unique if and only if C (M) ⊂ C (MV), which is easily seen to be equivalent
to Rn = C (X : V); see also Exercise 12.4 (p. 288). Even though Ṁ is not
necessarily unique, the matrix product

PVṀPV = PVM(MVM)−MPV := M̈ (15.6)

is, however, invariant for any choice of (MVM)−, i.e.,

M̈ = PVṀPV = PVM(MVM)−MPV = PVM(MVM)+MPV . (15.7)

The matrices Ṁ and M̈ appear to be very handy in many ways related to
linear model M = {y, Xβ, V}; we meet them there repeatedly, sometimes
even unexpectedly. In this chapter, we collect together various properties of Ṁ
and M̈ and show several examples illustrating their usefulness in the context
of linear models. Our presentation follows much that of Isotalo, Puntanen &
Styan (2008d). We will by no means cover all applications of Ṁ; for example,
we skip over the so-called restricted maximum likelihood (REML) method,
introduced by Patterson & Thompson (1971); see also LaMotte (2007).

Theorem 15 (Matrix Ṁ). Consider the linear model M = {y, Xβ, V},
and let the matrices M, Ṁ, and M̈ be defined as

M = I−PX , Ṁ = M(MVM)−M , M̈ = PVṀPV . (15.8)

Assume that the condition
HPVM = 0 (15.9)

holds. Then

(a) M̈ = PVM(MVM)−MPV = V+ −V+X(X′V+X)−X′V+,
(b) M̈ = MV+M−MV+X(X′V+X)−X′V+M,
(c) M̈ = MM̈ = M̈M = MM̈M,
(d) M(MVM)+M = (MVM)+M = M(MVM)+ = (MVM)+,
(e) M̈VM̈ = M̈, i.e., V ∈ {(M̈)−},
(f) rk(M̈) = rk(VM) = rk(V)− dim C (X) ∩ C (V) = rk(X : V)− rk(X),
(g) If Z is a matrix with property C (Z) = C (M), then

M̈ = PVZ(Z′VZ)−Z′PV , VṀV = VZ(Z′VZ)−Z′V . (15.10)

(h) Let (X : Z) be orthogonal. Then always (even if HPVM = 0 does not
hold)

[(X : Z)′V(X : Z)]+ = (X : Z)′V+(X : Z) . (15.11)
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Moreover, if in addition we have HPVM = 0, i.e., C (VH)∩C (VM) =
{0}, then

[(X : Z)′V(X : Z)]+

=
(

[X′VX−X′VZ(Z′VZ)−Z′VX]+ −X′V+XX′VZ(Z′VZ)+

−(Z′VZ)+Z′VXX′V+X [Z′VZ−Z′VX(X′VX)−X′VZ]+

)
=
(

X′V+X X′V+Z
Z′V+X Z′V+Z

)
. (15.12)

(i) If V is positive definite and C (Z) = C (M), then

Ṁ = M̈ = M(MVM)−M = (MVM)+ = Z(Z′VZ)−Z′

= V−1 −V−1X(X′V−1X)−X′V−1

= V−1(I−PX;V−1) , (15.13)
X(X′V−1X)−X′ = V−VZ(Z′VZ)−Z′V

= V−VṀV , (15.14)
X(X′V−1X)−X′V−1 = I−VZ(Z′VZ)−Z′

= I−VṀ = I−P′Z;V

= I−PVZ;V−1 . (15.15)

(j) If V is positive definite and (X : Z) is orthogonal, then

(X′V−1X)−1 = X′VX−X′VZ(Z′VZ)−1Z′VX . (15.16)

Proof. Proceeding as Puntanen & Scott (1996, p. 323), we denote

A = (V+)1/2X , B = V1/2M , (15.17)

where V1/2 = T1Λ1/2
1 T′1, (V+)1/2 = T1Λ−1/2

1 T′1; here Λ1 is a diago-
nal matrix of the nonzero (necessarily positive) eigenvalues of V, and T1
is a matrix comprising the corresponding orthonormal eigenvectors. Now
V1/2(V+)1/2 = T1T′1 = PV, and hence, in view of Theorem 7 (p. 151),

PA + PB = P(A : B) (15.18)

whenever the equation
A′B = X′PVM = 0 (15.19)

holds. Let us next confirm that if (15.19) holds, then

C (A : B) = C (V) . (15.20)

It is obvious that C (A : B) ⊂ C (V), and that rank(A) = rank(VX),
rank(B) = rank(VM). Moreover,
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rank[V(X : M)] = rank[PV(X : M)] = rank(V) , (15.21)

from which, in view of (15.19), it follows that

rank(PVX) + rank(PVM) = rank(V) , (15.22)

and thereby rank(A) + rank(B) = rank(V), and so (15.20) indeed holds.
Hence the equation (15.18) can be written as

PA + PB = PV . (15.23)

Substituting the explicit formulas of PA and PB into (15.23), we have

(V+)1/2X(X′V+X)−X′(V+)1/2+V1/2M(MVM)−MV1/2 = PV . (15.24)

Pre- and postmultiplying (15.24) by (V+)1/2 gives

V+X(X′V+X)−X′V+ + PVM(MVM)−MPV = V+, (15.25)

i.e., we have obtained our claim (a):

PVM(MVM)−MPV = V+ −V+X(X′V+X)−X′V+. (15.26)

The claim (b) follows from the following (see Proposition 15.1, page 321):

HPVM = 0 ⇐⇒ PVM = MPV ⇐⇒ PVM = MPVM . (15.27)

Property (c) follows from (a) at once. To prove (d) we can use the identity

A+ = (A′A)+A′ = A′(AA′)+. (15.28)

Now (15.28) gives, for example,

M(MVM)+M = M[(MVM)′ ·MVM]+(MVM)′ ·M
= M(MVM)+. (15.29)

Property (e) is obvious, and (f) holds because

rank[PVM(MVM)+MPV] = rank[PVM(MVM)+]
= rank[PVM(MVM)]
= rank(PVMVM)
= rank(VMVM) = rank(VM) . (15.30)

Result (g) comes from the following:

PVM(MVM)−MPV = (V+)1/2PV1/2M(V+)1/2

= (V+)1/2PV1/2Z(V+)1/2
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= PVZ(Z′VZ)−Z′PV . (15.31)

The proof of (h) comes immediately from Proposition 13.1, (p. 294), which
states that if a symmetric nonnegative definite matrix A is partitioned as
A =

(A11 A12
A21 A22

)
, then

rank(A) = rank(A11) + rank(A22) (15.32a)
⇐⇒

A+ =
( A+

11·2 −A+
11·2A12A+

22
−A+

22A21A+
11·2 A+

22 + A+
22A21A+

11·2A12A+
22

)
, (15.32b)

where A11·2 = A11 −A12A−22A21 is the Schur complement of A22 in A.
The results (i) and (j) are easy to obtain. ut

It is helpful to give various equivalent characterizations for the important
condition HPVM = 0.

Proposition 15.1. Consider the linear model M = {y, Xβ, V}. Then the
following statements are equivalent:

(a) HPVM = 0,
(b) PVM = MPV,
(c) C (PVH) ⊂ C (H),
(d) C (VH) ∩ C (VM) = {0},
(e) C (V1/2H) ∩ C (V1/2M) = {0},
(f) C (X) = C (X) ∩ C (V)� C (X) ∩ C (V)⊥,
(g) u = dim C (VH)∩C (VM) = rank(HPVM) = 0, where u is the number

of unit canonical correlations between Hy and My.

The equivalence of (a)–(c) follows from Proposition 10.1 (p. 218) by re-
placing V with PV. For other parts, see Proposition 5.5 (p. 135).

We now present a generalized version of Theorem 15 as a proposition. The
proof when W is (symmetric) nonnegative definite follows along the lines of
Theorem 15 with obvious changes. The general case, however, is a bit more
complicated.

Proposition 15.2 (Matrix Ṁ: general case). Consider the linear model
M = {y, Xβ, V}. Let U be any p × p matrix such that the matrix W =
V + XUX′ satisfies the condition C (W) = C (X : V). Then

PWM(MVM)−MPW = (MVM)+ (15.33a)
= W+ −W+X(X′W−X)−X′W+, (15.33b)

that is,
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PWṀPW := M̈W = W+ −W+X(X′W−X)−X′W+. (15.34)

Moreover, the matrix M̈W has the corresponding properties as M̈ in Theo-
rem 15.

Proof. Equality (15.33a) follows by observing that PW = H + PMVM. We
note that if W is a symmetric nonnegative definite matrix, then substituting
A = (W+)1/2X and B = W1/2M into (15.17), and proceeding as in the
proof of Theorem 15, we can introduce the decomposition (15.33b).

Consider now the general case. Let us denote

G1 = In −VM(MVM)−M , G2 = X(X′W−X)−X′W−. (15.35)

Now both G1 and G2 satisfy the fundamental BLUE equation, i.e.,

(G1 −G2)(X : VM) = 0 , (15.36)

which is equivalent to

C (G′1 −G′2) ⊂ C (X : VM)⊥ = C (W)⊥, (15.37)

i.e., there exists a matrix F′ such that

G′1 −G′2 = (In −PW)F′. (15.38)

Postmultiplying the equation

X(X′W−X)−X′W− = In −VM(MVM)−M + F(I−PW) (15.39)

by W yields

X(X′W−X)−X′ = W−VM(MVM)−MV
= W−WM(MVM)−MW . (15.40)

Pre- and postmultiplying (15.40) by W+ yields

W+X(X′W−X)−X′W+ = W+ −PW′M(MVM)−MPW , (15.41)

In view of Proposition 12.1 (p. 286), we have

C (X : V) = C (W) ⇐⇒ C (X : V) = C (W′) (15.42)

and hence in this situation PW′ = PW, and thereby (15.41) implies our
claim (15.33b). ut

We complete this section by mentioning some references which are related
to Theorem 15 and Proposition 15.2. Let us first recall that when X has
full column rank and V is positive definite, then the OLSE and BLUE of
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β under M = {y, Xβ, V} are, respectively, β̂ = (X′X)−1X′y, and β̃ =
(X′V−1X)−1X′V−1y, while the corresponding covariance matrices are

cov(β̂) = (X′X)−1X′VX(X′X)−1, cov(β̃) = (X′V−1X)−1. (15.43)

Hence we have the Löwner ordering

(X′X)−1X′VX(X′X)−1 ≥L (X′V−1X)−1, (15.44)

i.e., the matrix

(X′X)−1X′VX(X′X)−1 − (X′V−1X)−1 := D (15.45)

is nonnegative definite. What is interesting here in (15.45), is that the ex-
plicit alternative expression for the nonnegative definite matrix D is available.
Namely, according to part (i) of Theorem 15 (p. 318),

cov(β̃) = (X′V−1X)−1

= (X′X)−1[X′VX−X′VZ(Z′VZ)−1Z′VX](X′X)−1

= X+[V−VZ(Z′VZ)−1Z′V](X+)′

= cov(β̂)−X+VZ(Z′VZ)−1Z′V(X+)′, (15.46)

and hence

cov(Xβ̃) = X(X′V−1X)−1X′ = HVH−HVZ(Z′VZ)−1Z′VH . (15.47)

Among the first places where (15.46) occurs are probably the papers by Kha-
tri (1966, Lemma 1) and Rao (1967, Lemmas 2a, 2b and 2c); see also Rao
(1973a, Problem 33, p. 77).

Srivastava & Khatri (1979, Cor. 1.9) present part (a) of Theorem 15 when
V is positive definite. Khatri (1982, Lemma 6) generalized the considerations
towards our Proposition 15.2 (using a different proof).

Other related references include de Hoog, Speed & Williams (1990), Koch
(1969), Khatri (1990, Th. 1), Puntanen (1997), Bhimasankaram & Saha Ray
(1997, Lemma 2.1), Satorra & Neudecker (2003, Lemma 1), and Searle,
Casella & McCulloch (1992, pp. 451–452).

The most general formulation related to our discussion, is given, according
to our understanding, in Baksalary, Puntanen & Styan (1990b, Th. 3):
Proposition 15.3. Consider the model M = {y, Xβ, V} and let U be such
that W = V + XUX′ satisfies C (W) = C (X : V). Then the equality

W = VB(B′VB)−B′V + X(X′W−X)−X′ (15.48)

holds for an n× p matrix B if and only if

C (VW−X) ⊂ C (B)⊥ and C (VM) ⊂ C (VB) , (15.49)
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or, equivalently,
C (VW−X) = C (B)⊥ ∩ C (V) , (15.50)

the subspace C (VW−X) being independent of the choice of W−.

15.1 Representations for the BLUE

Consider first a weakly singular model M = {y, Xβ, V}, where

C (X) ⊂ C (V) . (15.51)

Now (15.51) immediately implies HPVM = 0 and hence

PVM(MVM)−MPV = V+ −V+X(X′V−X)−X′V+. (15.52)

Premultiplying (15.52) by V and using (15.51) yields

X(X′V−X)−X′V+ = PV −VM(MVM)−MPV

= PV −VṀPV . (15.53)

It is important to note that (15.53) is a “plain” matrix equality that holds if
C (X) ⊂ C (V) holds. Now the consistency of the model M implies that (with
probability 1) y ∈ C (X : V), which now becomes y ∈ C (V). Postmultiplying
(15.53) by y yields the following:
Proposition 15.4. Under a weakly singular linear model M = {y, Xβ, V},
for every y ∈ C (V), we have,

X(X′V−X)−X′V−y = y−VM(MVM)−My = y−VṀy . (15.54)

It is worth emphasizing that (15.54) is a statistical equation; it does not
hold for every y, but we know that the realized value of y belongs C (V), and
that is enough when dealing with a weakly singular linear model.

In Proposition 15.4 we have two representations for the BLUE of Xβ;
note that even though Ay and By were the BLUEs, the multipliers A and B
need not be equal. The left-hand representation in (15.54) is sometimes called
the Zyskind–Martin estimator, cf. Zyskind & Martin (1969), while the right-
hand formula is a general representation in the sense that it is valid without
any further assumptions. Note that the Zyskind–Martin estimator is invari-
ant with respect to the choice of the generalized inverses involved;see also
Proposition 6.1 (p. 147).

The matrices

G1 = I−VM(MVM)−M = I−VṀ , (15.55a)
G2 = X(X′W−X)−X′W−, (15.55b)
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satisfy
Gi(X : VM) = (X : 0) , i = 1, 2 , (15.56)

and hence G1y and G2y are general expressions for BLUE(Xβ) in the sense
that they are valid without any rank conditions. Note that

y−G1y = VṀy = ε̃ (15.57)

is a general representation for the “raw” residual of the BLUE(Xβ).
Premultiplying (15.56) by H, we see immediately that HG1 := G3 pro-

vides one further representation for the BLUE of Xβ:

BLUE(Xβ) = Hy−HVM(MVM)−My = G3y , (15.58)

and so the difference between the OLSE(Xβ) and BLUE(Xβ) is

OLSE(Xβ)− BLUE(Xβ) = HVM(MVM)−My = HVṀy . (15.59)

The expressions G1, G2 and G3 appear, e.g., in Albert (1973, p. 182), Drygas
(1970, p. 78), and Rao (1973b, p. 285). In passing we may mention that
utilizing (15.59), Baksalary & Kala (1980) provided an upper bound for the
Euclidean norm ‖OLSE(Xβ)−BLUE(Xβ)‖ in terms of the singular values of
HVM, eigenvalues of MVM and the residual vector My; see also Haberman
(1975), Baksalary & Kala (1978a), and Trenkler (1994, p. 261).

Premultiplying the equation

PWM(MVM)−MPW = W+ −W+X(X′W−X)−X′W+ (15.60)

by W yields

X(X′W−X)−X′W+ = PW −VM(MVM)−MPW , (15.61)

and hence for every y ∈ C (X : V) = C (W), we have

X(X′W−X)−X′W−y = y−VṀy . (15.62)

Equality (15.61) is a “plain” mathematical matrix equality (which always
holds), while (15.62) is a “statistical” equality which necessarily holds (only)
if y ∈ C (X : V). Note also that premultiplying (15.61) with H yields another
plain matrix decomposition:

X(X′W−X)−X′W+ = H−HVM(MVM)−MPW . (15.63)

15.2 The BLUE’s Covariance Matrix

Under the linear model M = {y, Xβ, V},
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cov[BLUE(Xβ)] = HVH−HVM(MVM)−MVH
= V−VM(MVM)−MV = V−VṀV , (15.64)

and thereby, see Exercise 0.15 (p. 50),

cov(Hy−Gy) = cov(Hy)− cov(Gy) = HVM(MVM)−MVH , (15.65)

and

cov(y−Gy) = cov(ε̃) = cov(y)− cov(Gy)
= VM(MVM)−MV = VṀV , (15.66)

where Gy = BLUE(Xβ) and ε̃ is the BLUE’s residual

ε̃ = VM(MVM)−My = VṀy . (15.67)

In particular, if HPVM = 0, then according to Theorem 15 (p. 318),

PVM(MVM)−MPV = V+ −V+X(X′V+X)−X′V+. (15.68)

Pre- and postmultiplying (15.68) by V implies

PVX(X′V+X)−X′PV = V−VM(MVM)−MV . (15.69)

It is straightforward to confirm that (15.69) correspondingly implies that
HPVM = 0. Actually it is possible to prove the following result, see, e.g.,
Puntanen & Scott (1996, Th. 2.6)

Proposition 15.5. Consider the linear model M = {y, Xβ, V}, and let Xβ̃
be the BLUE of Xβ. Then the following statements are equivalent:

(a) HPVM = 0,
(b) there are no unit canonical correlations between Hy and My,
(c) cov(Xβ̃) = X∗(X′∗V+X∗)+X′∗,
(d) cov(Xβ̃) = H(HV+H)+H = (HV+H)+,
(e) cov(Xβ̃) = PVH(HV+H)−HPV,
(f) cov(Xβ̃) = PVX∗(X′∗V+X∗)−X′∗PV,
(g) cov(Xβ̃) = PVX(X′V+X)−X′PV,

where X∗ is a matrix whose columns form an orthonormal basis for C (X).

We may also note that the decomposition (15.33b) (p. 321) can be written
equivalently as in (15.40) (p. 322):

X(X′W−X)−X′ = W−VM(MVM)−MV, (15.70)
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where W = V + XUX′, and hence the BLUE’s covariance matrix has the
representation

X(X′W−X)−X′ −XUX′ = V−VṀV = cov(Xβ̃) . (15.71)

Choosing U nonnegative definite, i.e., U = LL′, (15.71) implies the Löwner
ordering

cov(Xβ̃) ≤L X[X′(V + XUX′)−X
]−X′ (15.72)

for all nonnegative definite U such that C (V + XUX′) = C (X : V).

15.3 Partitioned Linear Model

Consider the full rank partitioned linear model

M12 = {y, X1β1 + X2β2, V} , (15.73)

where X1 and X2 are n× p1 and n× p2 matrices, respectively. Denoting

Ṁ1 = V−1 −V−1X1(X′1V−1X1)−1X′1V−1

= V−1(In −PX1;V−1) = M1(M1VM1)−M1 , (15.74)

we obtain the well-known result:

Proposition 15.6. Consider the linear model M12 = {y, X1β1+X2β2, V},
where X has full column rank and V is positive definite. Then

BLUE(β2) = (X′2Ṁ1X2)−1X′2Ṁ1y = β̃2(M12) , (15.75)

where Ṁ1 is defined as in (15.74).

Proof. Observe first that in this situation rank(X′2Ṁ1X2) = p2:

rank(X′2Ṁ1X2) = rank[X′2M1(M1VM1)+M1X2]
= rank[X′2M1(M1VM1)]
= rank(X′2M1V) = rank(X′2M1) = rank(X2) . (15.76)

Denoting N = (X′2Ṁ1X2)−1X′2Ṁ1 ∈ Rp2×n, we observe, on account of
(10.5) (p. 217), that (15.75) holds if and only if N satisfies the equation

N(X1 : X2 : VM) = (0 : Ip2 : 0) . (15.77)

The equation N(X1 : X2) = (0 : Ip2) is obvious. It remains to show that
X′2Ṁ1VM = 0, which follows from (15.74) at once. ut
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Notice that Proposition 15.6 could of course be proved by using the rules
of inverting a partitioned positive definite matrix.

We recall that

OLSE(β2) = (X′2M1X2)−1X′2M1y = β̂2(M12) , (15.78)

and so we have a striking correspondence between the representations of the
OLSE and BLUE of β2. Representation (15.75) is one of the most useful
results due to Theorem 15.

15.4 The Frisch–Waugh–Lovell Theorem

Let us consider the partitioned linear model M12 = {y, X1β1 + X2β2, V}.
Premultiplying M12 by the orthogonal projector M1 yields the reduced
model:

M12·1 = {M1y, M1X2β2, M1VM1} . (15.79)

Obviously the OLS estimators of M1X2β2 under M12 and M12·1 coincide,
see Section 8.4 (p. 163):

M1X2β̂2(M12) = M1X2β̂2(M12·1) = M1X2(X′2M2X2)−1X′2M2y .
(15.80)

What about the BLUE of M1X2β2 in the reduced model M12·1?
Before proceeding we notice that in view of Proposition 16.1 (p. 345), the

following statements are equivalent:

K′2β2 is estimable under M12, (15.81a)
C (K2) ⊂ C (X′2M1) , (15.81b)

K′2 = LM1X2 for some L . (15.81c)

Moreover, it is easy to confirm that K′2β2 is estimable under M12 if and only
if K′2β2 is estimable under M12·1.

Let us denote

{BLUE(M1X2β2 |M12) } = {Ay : Ay is BLUE for M1X2β2 } . (15.82)

Then we can formulate the generalized Frisch–Waugh–Lovell theorem as fol-
lows; see, e.g., Groß & Puntanen (2000a, Th. 4).

Proposition 15.7 (Generalized Frisch–Waugh–Lovell Theorem). Ev-
ery representation of the BLUE of M1X2β2 under M12 remains the BLUE
under M12·1 and vice versa, i.e., the sets of the BLUEs coincide:

{BLUE(M1X2β2 |M12) } = {BLUE(M1X2β2 |M12·1) } . (15.83)
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In other words: Let K′2β2 be an arbitrary estimable parametric function under
M12. Then every representation of the BLUE of K′2β2 under M12 remains
the BLUE under M12·1 and vice versa.
Proof. Assume that Fy is the BLUE for M1X2β2 under M12, which means
that F is an arbitrary solution to

F(X1 : X2 : VM) = (0 : M1X2 : 0) . (15.84)

We first show that (15.84) is equivalent to

F = AM1 , where A(M1X2 : M1VM1QM1X2) = (M1X2 : 0) . (15.85)

Now FX1 = 0 holds if and only if F = AM1 for some matrix A. Hence
(15.84) holds if and only if F can be expressed as F = AM1 for some A,
where A satisfies

AM1(X2 : VM) = (M1X2 : 0) . (15.86)

Because, cf. (8.7) (p. 156),

M = In −P(X1 : X2) = In −PX1 −PM1X2 = M1QM1X2 , (15.87)

we can rewrite (15.86) as

AM1(X2 : VM1QM1X2) = (M1X2 : 0) , (15.88)

i.e.,
A(M1X2 : M1VM1QM1X2) = (M1X2 : 0) , (15.89)

which confirms the equivalence of (15.84) and (15.85).
Obviously (15.89) can be written as

AM1(M1X2 : M1VM1QM1X2) = (M1X2 : 0) , (15.90)

which means that AM1y = Fy is the BLUE for M1X2β2 under the reduced
model M12·1 = {M1y, M1X2β2, M1VM1} and so we have shown that

{BLUE(M1X2β2 |M12) } ⊂ {BLUE(M1X2β2 |M12·1) } . (15.91)

To prove the reverse inclusion in (15.91), we suppose that BM1y is an
arbitrary representation for the BLUE of M1X2β2 under M12·1, i.e., B is an
arbitrary solution to

B(M1X2 : M1VM1QM1X2) = (M1X2 : 0) . (15.92)

Then, in light of the equivalence of (15.84) and (15.85), BM1y is also the
BLUE for M1X2β2 under M12. ut

Let us next consider the explicit expression for the BLUE of M1X2β2 un-
der M12; these being the same as under M12·1. Applying part (b) of Propo-
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sition 10.5 (p. 228), one representation for the BLUE of M1X2β2 under
M12·1 = {M1y, M1X2β2, M1VM1} is AM1y, where

A = M1X2(X′2M1W−
∗M1X2)−X′2M1W−

∗ , (15.93)

with W∗ being any matrix of the form

W∗ = M1VM1 + M1X2U∗X′2M1 (15.94)

satisfying the condition

C (W∗) = C (M1X2 : M1VM1) = C (M1X2 : M1V) . (15.95)

Let W2 and the corresponding U2 be defined as

W2 = V + X2U2X′2 , where C (W2) = C (X2 : V) , U2 ≥L 0 . (15.96)

Now C (W2) = C (X2 : V) implies that C (M1W2) = C (M1X2 : M1V)
and thereby an appropriate choice for W∗ is W∗ = M1W2M1 where W2 is
defined in (15.96). Hence

BLUE(M1X2β2) = AM1y = M1X2(X′2Ṁ1WX2)−X′2Ṁ1Wy , (15.97)

where
Ṁ1W = M1W−

∗M1 = M1(M1WM1)−M1 . (15.98)

Let us denote L = (X′2Ṁ1WX2)−X′2Ṁ1W so that

M1X2L(X1 : X2 : VM) = (0 : M1X2 : 0) . (15.99)

If rank(M1X2) = rank(X2), i.e., C (X1) ∩ C (X2) = {0}, i.e., X2β2 is es-
timable, then we can cancel the left-most M1 on each side of (15.99) and
thus conclude that X2Ly is one representation for BLUE of X2β2.

For a convenience, we may write the following proposition:

Proposition 15.8. Consider the linear model M12 = {y, X1β1+X2β2, V},
where X has full column rank. Then

β̂2(M12) = β̂2(M12·1) and β̃2(M12) = β̃2(M12·1) . (15.100)

One gentle warning regarding (15.100) may be worth mentioning. Namely,
assuming that X has full column rank, and writing

A1y = β̂2(M12) = OLSE(β2 |M12) , (15.101a)
A2y = β̂2(M12·1) = OLSE(β2 |M12·1) , (15.101b)

then the multipliers A1 and A2 are unique. However, writing
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B1y = β̃2(M12) = BLUE(β2 |M12) , (15.102a)
B2y = β̃2(M12·1) = BLUE(β2 |M12·1) , (15.102b)

does not necessarily mean that B1 and B2 are unique. Equation β̃2(M12) =
β̃2(M12·1) is actually a short notation for the claim that every representation
of the BLUE for β̃2 under M12 remains the BLUE under M12·1 and vice
versa.

The first equality in (15.100) is known as the Frisch–Waugh–Lovell the-
orem; see Frisch & Waugh (1933) and Lovell (1963, 2008). For related re-
sults, see Groß & Puntanen (2000a), Gourieroux & Monfort (1980), Bhi-
masankaram & Sengupta (1996, Th. 6.1), and Sengupta & Jammalamadaka
(2003, §7.10). Further considerations are being made by Groß & Puntanen
(2000b, 2005), Werner & Yapar (1995), Chipman (1998, §2.2), and Fiebig,
Bartels & Krämer (1996).

The reduced model has been studied, for example, in Aigner & Balestra
(1988, p. 970), Nurhonen & Puntanen (1992b), Puntanen (1996, 1997), Bhi-
masankaram & Saha Ray (1997), Bhimasankaram, Shah & Saha Ray (1998),
and Zhang, Liu & Lu (2004).

Groß & Puntanen (2000a) considered also extensively the model

Mr = {y, M1X2β2, V} . (15.103)

Under Mr, the OLSE of M1X2β2 is obviously the same as under M12 and
M12·1. Groß & Puntanen (2000a) provided, e.g., conditions under which the
BLUE of M1X2β2 in Mr remains the BLUE under M12. For related results,
see also Kala & Pordzik (2009).

15.5 The Watson Efficiency of a Subvector

Let us again consider the partitioned linear model M12, where X2 has full
column rank and assume further that

C (X1) ∩ C (X2) = {0} . (15.104)

Then according to Proposition 15.8 (p. 330),

β̂2(M12) = β̂2(M12·1) and β̃2(M12) = β̃2(M12·1) , (15.105)

where M12·1 = {M1y, M1X2β2, M1VM1} . Suppose we have the following
problem:

When is the OLSE of β2 under M12 the BLUE of β2 , (15.106)

or in a short notation:
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When does β̂2(M12) = β̃2(M12) hold? (15.107)

Because of (15.105) we can transfer these questions to concern the reduced
model M12·1. Moreover, applying the Proposition 10.1 (p. 218), we get im-
mediately the following proposition.

Proposition 15.9. Consider a partitioned linear model M12, where X2 has
full column rank and the disjointness property C (X1) ∩ C (X2) = {0} holds.
Then the following statements are equivalent:

(a) β̂2(M12) = β̃2(M12),
(b) β̂2(M12·1) = β̃2(M12·1),
(c) C (M1VM1X2) ⊂ C (M1X2),
(d) C [M1VM1(M1X2)⊥] ⊂ C (M1X2)⊥,
(e) PM1X2

M1VM1 = M1VM1PM1X2
,

(f) PM1X2
M1VM1QM1X2

= 0, where QM1X2
= In −PM1X2

,
(g) PM1X2

VM1 = M1VPM1X2
,

(h) PM1X2
VM = 0,

(i) C (M1X2) has a basis comprising p2 eigenvectors of M1VM1.

There is also an alternative elementary way to prove Proposition 15.9.
Namely, noting that β̂2(M12) = (X′2M1X2)−1X′2M1y and recalling from
(10.5) (p. 217) that Ay is the BLUE for an estimable parametric function
K′β if and only if A(X : VM) = (K′ : 0), we see that (15.107) holds if and
only if

(X′2M1X2)−1X′2M1(X1 : X2 : VM) = (0 : Ip2 : 0) , (15.108)

i.e., M1X2VM = 0, which is the condition (h) of Proposition 15.9.
Let X = (X1 : X2) have full column rank, and C (X) ⊂ C (V), but V is

possibly singular. Then

β̃2(M12) = (X′2Ṁ1X2)−1X′2Ṁ1y , (15.109)

where Ṁ1 = M1(M1VM1)−M1. Moreover,

cov(β̃2 |M12) = cov(β̃2 |M12·1) = (X′2Ṁ1X2)−1, (15.110)

and

cov(β̂2 |M12) = cov(β̂2 |M12·1)
= (X′2M1X2)−1X′2M1VM1X2(X′2M1X2)−1. (15.111)

The corresponding Watson efficiencies are
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eff(β̂ |M12) = |cov(β̃ |M12)|
|cov(β̂ |M12)|

= |X′X|2
|X′VX| · |X′V+X| , (15.112a)

eff(β̂2 |M12) = |cov(β̃2 |M12)|
|cov(β̂2 |M12)|

= |X′2M1X2|2
|X′2M1VM1X2||X′2Ṁ1X2|

, (15.112b)

eff(β̂1 |M1) = |X′1X1|2
|X′1VX1| · |X′1V+X1|

, (15.112c)

eff(β̂1 |M1H) = |X′1X1|2
|X′1VX1| · |X′1(HVH)−X1|

, (15.112d)

where
M1H = {Hy, X1β1, HVH} . (15.112e)

In a series of papers, Chu, Isotalo, Puntanen & Styan (2004, 2005, 2007,
2008), considered a particular decomposition of the Watson efficiency. They
observed that the total Watson efficiency eff(β̂ |M12) of the OLSE(β) under
the partitioned weakly singular linear model M12, where X has full column
rank, can be expressed as the product

eff(β̂ |M12) = eff(β̂1 |M1) · eff(β̂2 |M12) · 1
eff(β̂1 |M1H)

, (15.113)

where

eff(β̂1 |M1H) = |X′1X1|2
|X′1VX1| · |X′1(HVH)−X1|

. (15.114)

In particular, Chu, Isotalo, Puntanen & Styan (2005) proved that the follow-
ing three statements are equivalent:

eff(β̂ |M12) = eff(β̂2 |M12) , (15.115a)
C (X1) ⊂ C (VX) , (15.115b)

Hy is linearly sufficient for X1β1 under model M1 . (15.115c)

Some properties of the Watson efficiency of the estimable parametric func-
tion K′β, using the Frisch–Waugh–Lovell theorem, are studied by Isotalo,
Puntanen & Styan (2009).

15.6 Equality of the BLUEs of X1β1 under Two Models

In Section 11.1 (p. 269), we considered the equality of the BLUEs for Xβ un-
der two linear models which were different only in their covariance matrices.
Following Haslett & Puntanen (2010a), we will now consider the correspond-
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ing equality for the X1β1. A further, different proof (for (a) ⇐⇒ (b) below)
appears in Mathew & Bhimasankaram (1983a, Th. 2.4).

Proposition 15.10. Consider the partitioned linear models

M12 = {y, X1β1 + X2β2, V} , M 12 = {y, X1β1 + X2β2, V} , (15.116)

and assume that X1β1 is estimable under M12. Then the following statements
are equivalent:

(a) {BLUE(X1β1 |M12) } ⊂ {BLUE(X1β1 |M 12) },
(b) C (VM) ⊂ C (X2 : VM),
(c) C (M2VM) ⊂ C (M2VM).

Proof. Consider first the equivalence of (b) and (c). Clearly if (b) holds, then

C (M2VM) ⊂ C [M2(X2 : VM)] = C (M2VM) , (15.117)

i.e., (c) holds too. To go the other way, (c) implies the column space inclusion

C (X2 : M2VM) ⊂ C (X2 : M2VM) , (15.118)

which, in view of C (K : L) = C (K : QKL) (for any conformable K, L), is
equivalent to

C (X2 : VM) ⊂ C (X2 : VM) . (15.119)

Now (c) follows from (15.119).
The proof for “(a) ⇐⇒ (b)”, or, equivalently, for “(a) ⇐⇒ (c)”,

can be constructed using the generalized Frisch–Waugh–Lovell theorem, i.e.,
Proposition 15.7 (p. 328). For this purpose, we consider the reduced models

M12·2 = {M2y, M2X1β1, M2VM2} , (15.120a)
M 12·2 = {M2y, M2X1β1, M2VM2} . (15.120b)

Notice that all estimable parametric functions of β1 under M12 are of the
form

LM2X1β1 for some matrix L . (15.121)

On the basis of the generalized Frisch–Waugh–Lovell theorem, we know that
every BLUE for M2X1β1 under the reduced model M12·2 remains BLUE for
M2X1β1 under the partitioned model M12 and vice versa; in short,

{BLUE(M2X1β1 |M 12) } = {BLUE(M2X1β1 |M 12·2) } , (15.122a)
{BLUE(M2X1β1 |M12) } = {BLUE(M2X1β1 |M12·2) } . (15.122b)

Therefore we can base the equality studies of the BLUE(M2X1β1) on the
reduced models, and so
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{BLUE(M2X1β1 |M 12) } ⊂ {BLUE(M2X1β1 |M12) } (15.123a)
⇐⇒

{BLUE(M2X1β1 |M 12·2) } ⊂ {BLUE(M2X1β1 |M12·2) } (15.123b)
⇐⇒

C [M2VM2(M2X1)⊥] ⊂ C [M2VM2(M2X1)⊥] , (15.123c)

where the last statement follows from Proposition 11.1 (p. 271). Now, cf.
(8.7) (p. 156),

M = In −P(X1 : X2) = In −PX2 −PM2X1 = M2QM2X1 , (15.124)

and thereby (15.123c) can be expressed as (c). On the other hand, when X1β1
is estimable under M12, it is easy to conclude that (15.123a) is equivalent to
(a) which confirms “(a) ⇐⇒ (c)”. ut

15.7 Adding a Variable: a Recursive Formula for the
BLUE

In Proposition 8.4 (p. 161), we showed that if

C (X1) ∩ C (X2) = {0} , i.e., rank(M1X2) = rank(X2) , (15.125)

then
X1β̂1(M12) = X1β̂1(M1)−PX1X2β̂2(M12) , (15.126)

and if, in addition to (15.125), the matrix X1 has full column rank, then

β̂1(M12) = β̂1(M1)− (X′1X1)−1X′1X2β̂2(M12) . (15.127)

In this section we consider a generalization of these results.
Let us denote

Gy = BLUE(Xβ |M12) , G11y = BLUE(X1β1 |M1) , (15.128a)
G1y = BLUE(X1β1 |M12) , G2y = BLUE(X2β2 |M12) . (15.128b)

What this means is that G, G1, G2, and G11 are any matrices satisfying the
following equations:

G(X1 : X2 : VM) = (X1 : X2 : 0) , (15.129a)
G11(X1 : VM1) = (X1 : 0) , (15.129b)

G1(X1 : X2 : VM) = (X1 : 0 : 0) , (15.129c)
G2(X1 : X2 : VM) = (0 : X2 : 0) . (15.129d)
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In other words, G, G11, G1, and G2 are arbitrary members of the sets

{PX|VM} , {PX1|VM1
} , {PX1|(X2:VM)} , and {PX2|(X1:VM)} , (15.130)

respectively.
Notice that now we consider at the same time the full model M12 and the

small model M1. These models have different consistency conditions and to
avoid any contradiction we will assume the following:

C (X2) ⊂ C (X1 : V) , i.e., C (X1 : X2 : V) = C (X1 : V) . (15.131)

The following decomposition of the BLUE(X1β1) appears to be useful.

Proposition 15.11. Assume that (15.125) and (15.131) hold, that is, X1β1
is estimable and C (X2) ⊂ C (X1 : V), and denote

F = X1(X′1W−
1 X1)−X′1W−

1 , (15.132)

where W1 = V + X1U1X′1 , C (W1) = C (X1 : V) . Then

X1β̃1(M12) = X1β̃1(M1)−X1(X′1W−
1 X1)−X′1W−

1 X2β̃2(M12)
= X1β̃1(M1)− FX2β̃2(M12) , (15.133)

or in other notation, for all y ∈ C (X : VM):

BLUE(X1β1 |M12) = BLUE(X1β1 |M1)− F · BLUE(X2β2 |M12) ,
(15.134)

G1y = G11y− Fy , (15.135)

where the G-matrices are defined as in (15.129).

Proof. Assumption C (X2) ⊂ C (X1 : VM) implies that

X2 = X1L1 + VML2 for some L1, L2 . (15.136)

Now

G1(X1 : X2 : VM) = (X1 : 0 : 0) , (15.137a)
G11(X1 : X2 : VM) = (X1 : G11X2 : G11VM) , (15.137b)

FG2(X1 : X2 : VM) = (0 : FX2 : 0) . (15.137c)

Corresponding to (15.124) (p. 335), we have M = M1QM1X2
, and hence

G11VM = G11VM1QM1X2 = 0 . (15.138)

Noting that F is one member of the class {PX1|VM1} and using (15.136) and
M = M1QM1X2

, we get
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G11X2 = G11(X1L1 + VML2) = X1L1 , (15.139a)
FX2 = X1(X′1W−

1 X1)−X′1W−
1 (X1L1 + VML2) = X1L1 . (15.139b)

Hence we can conclude that

G1(X1 : X2 : VM) = G11(X1 : X2 : VM)− FG2(X1 : X2 : VM) ,
(15.140)

and thus the proof is completed. ut

The above proof appears in Haslett & Puntanen (2010a). Proposition 15.11,
using different formulation and proof, appears also in Werner & Yapar (1996,
Th. 2.3). In the full rank model, i.e., X has full column rank, and V is positive
definite, see, e.g., Haslett (1996).

Notice that under a weakly singular partitioned linear model M12, where
the column space disjointness condition C (X1)∩C (X2) = {0} holds, we have

X1β̃1(M12) + X2β̃1(M12) = X1β̃1(M1) + VṀ1X2β̃2(M12) . (15.141)

Further, if X1 has full column rank, then

β̃1(M12) = β̃1(M1)− (X′1V−X1)−1X′1V−X2β̃2(M12) . (15.142)

Using Proposition 15.11 (p. 336), Haslett & Puntanen (2010a) proved the
following result; for related results, see Nurhonen & Puntanen (1992a) and
Isotalo, Puntanen & Styan (2007), who studied whether the equality of the
OLSE and BLUE continues after elimination of one observation.

Proposition 15.12. Consider the linear models M12 and M 12, and assume
that X1β1 is estimable and C (X2) ⊂ C (X1 : V). Moreover, assume that
every representation of BLUE(X1β1) under the small model M1 continues to
be BLUE of X1β1 under M 1, and vice versa. Then the following statements
are equivalent:

(a) X1β̃1(M12) = X1β̃1(M 12),
(b) X′1W−

1 X2[β̃2(M12)− β̃2(M 12)] = 0.

In particular, under the condition rank(X′1W−
1 X2) = rank(X2) = p2, we

have

X1β̃1(M12) = X1β̃1(M 12) ⇐⇒ β̃2(M12) = β̃2(M 12) . (15.143)

15.8 Deleting an Observation: cov(y) = σ2V

Consider the generalization of Section 8.12 (p. 180) so that we have the
following three linear models:
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M = {y, Xβ, σ2V} , (15.144a)
M(i) = {y(i), X(i)β, σ

2V(i)} , (15.144b)
MZ = {y, Zγ, σ2V} = {y, Xβ + iiδ, σ2V} . (15.144c)

We assume that both X and Z have full column rank and that V is positive
definite. By M(i) we mean such a version of M , where the ith case is deleted;
thus y(i) has n−1 elements and X(i) has n−1 rows. (For notational simplicity
we delete the last one.) Let us denote

β̃ = β̃(M ) = BLUE(β) under M , (15.145a)
β̃(i) = β̃(M(i)) = BLUE(β) under M(i) , (15.145b)
β̃Z = β̃(MZ) = BLUE(β) under MZ . (15.145c)

Model MZ is an extended version of M :

Z = (X : ii) , ii = (0, . . . , 0, 1)′, γ =
(
β
δ

)
. (15.146)

Using the Frisch–Waugh–Lovell theorem, it can be shown that β̃(M(i)) =
β̃(MZ), and moreover,

DFBETAi(V) = β̃ − β̃(i) = (X′V−1X)−1X′V−1ii
ε̇i
ṁii

, (15.147)

where ε̇ = Ṁy, and

ṁii = i′iṀii = i′iM(MVM)−Mii
= i′i[V−1 −V−1X(X′V−1X)−1X′V−1]ii . (15.148)

The term ṁii corresponds now to mii in the formulas of the ordinary Stu-
dentized residuals; cf. (8.192) (p. 182) and Exercise 15.4 (p. 341).

We complete this section by noting that the generalized Cook’s distance
is

COOK2
i (V) = (β̃ − β̃(i))′X′V−1X(β̃ − β̃(i))/(pσ̃2) , (15.149)

where σ̃2 = SSE(V)/(n − p) = y′Ṁy/(n − p); for SSE(V), see Section 15.9
below. For further related references, see Schall & Dunne (1988, p. 164),
Haslett (1996), Hayes & Haslett (1999), Christensen, Pearson & Johnson
(1992), Puterman (1988), and Martin (1992).

15.9 Weighted Sum of Squares of Errors

The ordinary, unweighted sum of squares of errors SSE is defined as
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SSE = SSE(I) = min
β
‖y−Xβ‖2 = y′My , (15.150)

while the weighted SSE is (when V is positive definite)

SSE(V) = min
β
‖y−Xβ‖2V−1 = ‖y−PX;V−1y‖2V−1

= y′[V−1 −V−1X(X′V−1X)−X′V−1]y
= y′M(MVM)−My = y′Ṁy . (15.151)

In the general case, the weighted SSE can be defined as

SSE(V) = (y−Xβ̃)′W−(y−Xβ̃) , (15.152)

where Xβ̃ = BLUE(Xβ) and W = V + XUX′, with C (W) = C (X : V).
Then, recalling that the BLUE’s residual is ε̃ = y − Xβ̃ = VṀy, it is
straightforward to confirm the following:

SSE(V) = (y−Xβ̃)′W−(y−Xβ̃)
= ε̃′W−ε̃ = y′ṀVW−VṀy
= y′ṀWW−WṀy = y′ṀWṀy
= y′ṀVṀy = y′ṀVV−VṀy
= ε̃′V−ε̃ = y′Ṁy . (15.153)

Note that SSE(V) is invariant with respect to the choice of W−.
We recall, in light of Proposition 15.2 (p. 321), that the following holds:

M̈W = PWṀPW = W+ −W+X(X′W−X)−X′W+. (15.154)

From (15.154) it follows that for every y ∈ C (W) = C (X : V),

y′PWṀPWy = y′[W+ −W+X(X′W−X)−X′W+]y , (15.155)

i.e.,

SSE(V) = y′Ṁy = y′[W− −W−X(X′W−X)−X′W−]y . (15.156)

Therefore, we can conclude the following result where the matrix Ṁ nicely
shows its usefulness.

Proposition 15.13. Under the linear model {y, Xβ, V}, the weighted sum
of squares of errors can be written as

SSE(V) = ε̃′W−ε̃ = ε̃′V−ε̃ = y′Ṁy = y′M̈y . (15.157)

The sum SSE(V) provides an unbiased estimator of σ2:
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E(y′Ṁy/f) := E(σ̃2) = σ2, f = rank(VM) . (15.158)

This is easy to see because using

E(y′Ay) = E[tr(y′Ay)] = E[tr(Ayy′)]
= tr[A E(yy′)] = tr[A(σ2V + Xβ(Xβ)′]
= σ2 tr(AV) + β′X′AXβ , (15.159)

where A is a symmetric matrix, we get

E(y′Ṁy) = σ2 tr(ṀV) = σ2 tr[M(MVM)−MV]
= σ2 tr[MVM(MVM)−] = σ2 rank[MVM(MVM)−]
= σ2 rank(MVM) . (15.160)

The proof of the following proposition, originally proved (by other means)
by Groß (1997a), shows another interesting application of the matrix Ṁ.
Proposition 15.14. Under the linear model {y, Xβ, V}, the following state-
ments are equivalent:
(a) SSE(I) = y′My = y′Ṁy = SSE(V) for all y ∈ C (X : V),
(b) (VM)2 = VM.

Proof. Because y ∈ C (X : VM) there exist vectors a and b such that y =
Xa + VMb and so (a) holds if and only if

b′MV·M·VMb = b′MV·M(MVM)−M·VMb for all b ∈ Rn, (15.161)

i.e.,
b′MVMVMb = b′MVMb for all b ∈ Rn, (15.162)

which is further equivalent to (cf. Harville 1997, Cor. 14.1.3)

MVMVM = MVM . (15.163)

Clearly (b) implies (15.163). On the other hand, in view of rank(MVM) =
rank(VM), the rank cancellation rule allows us to cancel the left-most M in
(15.163), and so we obtain (b). ut

For related references, see Groß (1997a, Prop. 1), Koch (1969, p. 970),
Young, Odell & Hahn (2000), Young, Scariano & Hallum (2005), and Wang,
Wu & Ma (2003).

15.10 Exercises

15.1. Prove Proposition 15.5 (p. 326).
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15.2. Prove Proposition 15.12 (p. 337).

15.3. Prove (see page 338):

β̃ − β̃(i) = (X′V−1X)−1X′V−1ii
ε̇i
ṁii

,
ε̇i
ṁii

= δ̃ = BLUE(δ |MZ) .

15.4. Consider the models defined as in (15.144) (p. 337). Show that the
F -test statistics for testing δ = 0 under MZ is

t2i (V) = ε̇2
i

ṁiiσ̃2
(i)

= δ̃2
i

ṽar(δ̃i)
,

where ε̇ = Ṁy = V−1ε̃, ε̃ is the BLUE’s residual, and (n− p− 1)σ̃2
(i) =

SSE(i)(V) = SSEZ(V). The statistics t2i (V) is a generalized version of
the externally Studentized residual, cf. (8.192) (p. 182).

15.5. Suppose that V has the intraclass correlation structure and 1 ∈ C (X),
where Xn×p has full column rank. Show that then DFBETAi(V) =
DFBETAi(I). What about the equality between Cook’s distance COOK2

i

and the generalized Cook’s distance COOK2
i (V)?

15.6. Express the Cook’s distance COOK2
i (V) as a function of an appropri-

ate Mahalanobis distance.

15.7. Consider a partitioned model M12 = {y, Xβ, V}, where X has full
column rank and V is positive definite. Suppose that β̂1 is fully efficient
under the small model M1 = {y, X1β1, V}. Show that

eff(β̂1 |M12) = 1 ⇐⇒ X′1X2β̃2(M12) = X′1X2β̂2(M12) .

Isotalo, Puntanen & Styan (2007).

15.8. Consider the models M and M(i), defined in (15.144) (p. 337), where
X and (X : ii) have full column ranks. Suppose that β̂ = β̃ under M .
Show that the equality β̂(i) = β̃(i) for all i = 1, . . . , n holds if and only if
MVM = c2M for some nonzero c ∈ R.

Nurhonen & Puntanen (1992a), Isotalo, Puntanen & Styan (2007).

15.9. According to (8.192) (p. 182), the F -test statistic for testing the hy-
pothesis δ = 0 under the model MZ(I) = {y, Xβ + uδ, σ2I}, where
u = ii, becomes

t2i = y′PMuy
1

n−p−1y′(M−PMu)y
= ε̂2

i
1

n−p−1 SSE(i)mii

,

which is the squared externally Studentized residual. Under the model
MZ(I) the test statistic t2i follows an F -distribution with 1 and n− p− 1
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degrees of freedom. Denote MZ(V) = {y, Xβ + uδ, σ2V}. Prove that
under the model MZ(V): t2i ∼ F(1, n − p − 1) ⇐⇒ MVM = c2M for
some c 6= 0.

Nurhonen & Puntanen (1991), Rao & Mitra (1971b, Ch. 9).

15.10. Write up the solution to Exercise 15.9 when Z = (1 : in). Moreover,
confirm that the following statements are equivalent:

(a) CVC = c2C for some c 6= 0,
(b) V = α2I + a1′ + 1a′, where a is an arbitrary vector and α is any

scalar ensuring the positive definiteness of V.

Above C denotes the centering matrix. Confirm also that the eigenvalues
of V in (b) are α2 + 1′a ±

√
na′a, each with multiplicity one, and α2

with multiplicity n − 2. These results appear useful when studying the
robustness of the Grubbs’s test for detecting a univariate outlier.

Baksalary & Puntanen (1990b), Baksalary, Nurhonen & Puntanen (1992),
Lehman & Young (1993), Markiewicz (2001).

15.11. Consider the models M% = {y, Xβ, σ2V} and M0 = {y, Xβ, σ2I},
where X = (1 : x1 : . . . : xk) and V has the intraclass correlation
structure V = (1 − %)In + %1n1′n, with − 1

n−1 < % < 1. Show that the
weighted sum of squares of errors under M% is

SSE(V) = y′Ṁy = y′M(MVM)−My
= (1− %)−1y′My = (1− %)−1 SSE(I) .

15.12 (Continued . . . ). Denote X = (1 : x1 : . . . : xk−1 : xk) = (X1 : xk).
The F -test statistics for testing the hypothesis H : βk = 0 under M0 and
under M% are

F0 = y′(M1 −M)y
y′My/f , F% = y′(Ṁ1 − Ṁ)y

y′Ṁy/f
,

respectively, where M1 = I − PX1 , Ṁ1 = M1(M1VM1)−M1 and f =
n− rank(X). Confirm that F0 = F%. For the robustness of the F -test, see
Khatri (1981), Mathew & Bhimasankaram (1983a,b), Mathew (1985).

15.13. Suppose that X has full column rank, V ∈ PDn, and L = X′1V−1X1,
N = (X′1V−1X1)−1X′1V−1X2. Show using (15.142) (p. 337):

cov[β̃1(M12)] = (X′2Ṁ1X2)−1 = cov[β̃1(M1)] + cov[Nβ̃2(M12)]
= L−1 + N(X′2Ṁ1X2)−1N′.



Chapter 16
Disjointness of Column Spaces

My good friend Jacques Monod spoke often of the
randomness of the cosmos. He believed everything in
existence occurred by pure chance with the possible
extension of his breakfast, which he felt certain was made
by his housekeeper.

Woody Allen: My Speech to the Graduates

In this chapter we collect together various equivalent characterizations for
the disjointness of the column spaces C (A) and C (B), by which we mean
that C (A) and C (B) have only the null vector in common; here A and B
are n× p and n× q matrices. There are numerous situations in linear models
and multivariate analysis when we meet the problem of disjointness.

Theorem 16 (Disjointness of column spaces). For conformable matrices
A and B, the following statements are equivalent:

(a) C (A) ∩ C (B) = {0},

(b)
(

A′
B′
)

(AA′ + BB′)−(AA′ : BB′) =
(

A′ 0
0 B′

)
,

(c) A′(AA′ + BB′)−AA′ = A′,
(d) A′(AA′ + BB′)−B = 0,
(e) (AA′ + BB′)− is a generalized inverse of AA′,
(f) A′(AA′ + BB′)−A = PA′ ,

(g) C

(
0
B′
)
⊂ C

(
A′
B′
)
,

(h) N (A : B) ⊂ N (0 : B),
(i) Y(A : B) = (0 : B) has a solution for Y,

(j) P(A′
B′
) =

(
PA′ 0
0 PB′

)
,

(k) rank(QBA) = rank(A),
(l) C (A′QB) = C (A′),

(m) PA′QBA′ = A′,
(n) ch1(PAPB) < 1,
(o) det(I−PAPB) 6= 0.
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Proof. Applying the rank cancellation rule (p. 145) to the equation

(A : B)
(

A′
B′
)

(AA′ + BB′)−(A : B)
(

A′
B′
)

= (A : B)
(

A′
B′
)
, (16.1)

we can cancel (A : B) from the left side on each part of the equation. Rewrite
(16.1) as(

A′
B′
)

(AA′ + BB′)−(A : B)
(

A′ 0
0 B′

)(
I
I

)
=
(

A′ 0
0 B′

)(
I
I

)
. (16.2)

The disjointness condition (a) is clearly equivalent to

rank
[(

A′ 0
0 B′

)(
I
I

)]
= rank

(
A′ 0
0 B′

)
, (16.3)

and, therefore, (a) implies that (I : I)′ can be cancelled from both sides of
(16.2) which yields (b). Clearly (b) implies (c) and (d), and (c) & (d) together
is equivalent to (b). Since C (A) ⊂ C (AA′ + BB′), we must always have

(AA′ + BB′)(AA′ + BB′)−A = A , (16.4)

that is, we always have

AA′(AA′ + BB′)−A = A−BB′(AA′ + BB′)−A . (16.5)

Now equation (16.5) proves the equivalence between (c) and (d). Thereby also
(c) implies (b). Furthermore, (e) clearly implies (f) and if (f) is postmultiplied
by A′, we obtain (c). To prove that (c) implies (a), we take a vector z ∈
C (A) ∩ C (B), i.e., there exist vectors a and b such that

u = Aa = Bb . (16.6)

Premultiplying (16.6) by AA′(AA′ + BB′)− and using (c) yields (a). State-
ment (g) is equivalent to

P(A′
B′
) ( 0

B′
)

=
(

0
B′
)
. (16.7)

Writing out the explicit expression of the orthogonal projector in (16.7) proves
the equivalence between (g) and the preceding statements. The equivalence
between (g) and (f) is obvious.

The rest of the proof is left to the reader. ut
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16.1 Estimability of X2β2

Let us consider the partitioned linear model

M12 = {y, Xβ, V} = {y, X1β1 + X2β2, σ
2V} , (16.8)

where X1 is an n× p1 matrix and X2 is an n× p2; p = p1 + p2. We may now
ask when is the parametric function X2β2 estimable under M12. We know
that X2β2 is estimable if it has a linear unbiased estimator, i.e., there exists
a matrix A such that

E(Ay) = AXβ = AX1β1 + AX2β2 = X2β2 for all β ∈ Rp, (16.9)

i.e., A(X1 : X2) = (0 : X2). Therefore, we can conclude the following:

X2β2 is estimable ⇐⇒ C

(
0

X′2

)
⊂ C

(
X′1
X′2

)
, (16.10)

which in view of Theorem 16 is equivalent to

C (X1) ∩ C (X2) = {0} . (16.11)

Our interest may focus on estimation of estimable parametric functions
Lβ2. Then Lβ2 = (0 : L)

( β1
β2

)
is estimable if and only if there exists a

matrix A such that A(X1 : X2)β = (0 : L)β for all β ∈ Rp, i.e.,

A(X1 : X2) = (0 : L) for some A . (16.12)

We can now prove, see Groß & Puntanen (2000a, Lemma 1), that (16.12) is
equivalent to

L = BM1X2 for some B , (16.13)

i.e., C (L′) ⊂ C (X′2M1). If L = BM1X2, then A = BM1 satisfies (16.12).
Conversely, if (16.12) holds for some A, then AX1 = 0, implying A = BM1
for some B. Hence L = BM1X2.

We may collect the summary of our results in the following proposition;
see also Baksalary, Puntanen & Yanai (1992, Lemma 1).

Proposition 16.1. Let us consider the partitioned linear model M12 =
{y, X1β1 + X2β2, σ

2V}. Then the following statements are equivalent:

(a) Lβ2 is estimable,
(b) C (L′) ⊂ C (X′2M1),
(c) L = BM1X2 for some B.

In particular, β2 is estimable if and only if

rank(X′2M1) = rank(X2) = p2 . (16.14)
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Moreover, denoting

PX2·X1 = X2(X′2M1X2)−X′2M1 , (16.15)

the following statements are equivalent:

(i) X2β2 is estimable,
(ii) C (X′2) = C (X′2M1),
(iii) rank(X′2) = rank(X′2M1),
(iv) C (X1) ∩ C (X2) = {0},
(v) PX2·X1X2 = X2,
(vi) PX2·X1 is invariant with respect to the choice of (X′2M1X2)−,
(vii) PX2·X1 is a projector onto C (X2) along C (X1)⊕ C (X)⊥,
(viii) H = PX2·X1 + PX1·X2 .

For an extensive study of the estimability, see Alalouf & Styan (1979a,b).

16.2 When is (V + XUX′)− a G-inverse of V?

Consider a linear model {y, Xβ, V} and let W be defined as

W = V + XAA′X = (V1/2 : XA)(V1/2 : XA)′, (16.16)

where A satisfies the condition

C (X : V) = C (W) . (16.17)

Note that (16.17) is now equivalent to rank(X : V) = rank(XA : V). Then
one representation for the BLUE of Xβ is

BLUE(Xβ) = X(X′W−X)−X′W−y . (16.18)

Now one may ask which choice of A makes W− to be also a generalized
inverse of V, that is,

V(V + XAA′X)−V = V . (16.19)

The answer comes immediately from Theorem 16: A must satisfy the dis-
jointness condition

C (V) ∩ C (XA) = {0} . (16.20)

As suggested by Groß (1997b), one possible choice to A to satisfy both (16.17)
and (16.20) is for example A = X+(In −PV). For further discussion on this
topic, see also Mitra (1973b).
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16.3 Usual Constraints

Proposition 16.2. Consider the matrix X ∈ Rn×p, rank(X) = r, and let L
be an q × p matrix. Then the equation(

X
L

)
β =

(
µ
0

)
(16.21)

has a unique solution for β for every given vector µ ∈ C (X) if and only if
the following two conditions hold:

(a) C (X′) ∩ C (L′) = {0},
(b) rank(X′ : L′) = p.

Proof. Equation (16.21) has a solution for β if and only if(
µ
0

)
∈ C

(
X
L

)
, i.e., P(X

L
) (µ

0

)
=
(
µ
0

)
, (16.22)

which can be written as(
X
L

)
(X′X + L′L)−(X′ : L′)

(
µ
0

)
=
(
µ
0

)
. (16.23)

Requiring (16.23) to hold for every µ ∈ C (X) yields(
X
L

)
(X′X + L′L)−(X′ : L′)

(
X
0

)
=
(

X
0

)
. (16.24)

In light of Theorem 16 (p. 343), (16.24) holds if and only if C (X′)∩C (L′) =
{0}. Moreover, equation (16.21) has a unique solution if and only if

rank(X′ : L′) = rank(X) + rank(L)− dim C (X′) ∩ C (L′) = p . (16.25)

Thus the proposition is proved. ut
Proposition 16.2 is useful when imposing “usual” constraints on the normal

equation X′Xβ = X′y in order to obtain a unique solution; see, e.g., Searle
(1971, §5.7), Seber (1980, §3.4, Appendix 1), and Monahan (2008, §3.8).
We note that if we want to find L so that there is only one solution to
X′Xβ = X′y which satisfies the constraint Lβ = 0, we need to consider the
equation (

X′X
L

)
β =

(
X′y
0

)
, (16.26)

which is equivalent (why?) to(
X
L

)
β =

(
PXy

0

)
. (16.27)
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Once the vector y is given, PXy becomes a vector µ, say, belonging to C (X).
Finding L so that whatever the value of µ ∈ C (X) is, then the solution β for
(16.27) is unique, yields the task whose solution is given in Proposition 16.2.
The unique solution to (16.27) is (X′X + L′L)−1X′y.

16.4 Exercises

16.1. Complete the proof of Theorem 16 (p. 343).

16.2. Consider the block model given in Example 0.3 (p. 31):

y = Xγ + ε = (1n : T : B)

µτ
β

+ ε , where T ∈ Rn×t, B ∈ Rn×b.

A block design is said to be connected if all elementary contrasts of treat-
ment effects, i.e., those of form τi−τj , are estimable. The matrix T′QBT
is often called a C-matrix: Cd = T′QBT. Confirm the following:

(a) `′τ is estimable ⇐⇒ ` ∈ C (T′QB) = C (T′QBT).
(b) `′τ is estimable =⇒ `′τ is a treatment contrast.
(c) The block design is connected ⇐⇒ rank(T′QBT) = t − 1 ⇐⇒

dim C (T) ∩ C (B) = 1.
Bapat (2000, pp. 99-103).

16.3. Consider the same situation as in Exercise 16.2 above but denote, for
convenience, X1 = Tn×t and X2 = Bn×b, and assume that we have the
linear model {y, X1β1 + X2β2, σ

2In}. Confirm that

cov
(

X1y
X2y

)
= σ2

(
Dr N
N′ Dc

)
,

where Dr = diag(r), Dc = diag(c), and N = {nij} ∈ Rt×b are defined
as in Exercise 0.21 (p. 51). Show that the canonical correlations between
X1y and X2y are the singular values of the t×b matrix D−1/2

t ND−1/2
b =

{nij/√ricj}. Moreover, show that the block design in this situation is
connected if there is precisely one unit canonical correlation between
X1y and X2y. (See also Exercise 19.12, page 412.)

Styan (1985, §2.2), Puntanen & Styan (2005b, §6.4).



Chapter 17
Full Rank Decomposition

The lion and the calf shall lie down together
but the calf won’t get much sleep.

Woody Allen: The Scrolls

This chapter shows how helpful it is to express a matrix A as a product UV′
where both U and V have full column ranks.

Theorem 17 (Full rank decomposition). Let A be an n×m matrix with
rank r > 0. Then A can be written as a product

A = UV′, (17.1)

where
rank(Un×r) = rank(Vm×r) = r , (17.2)

i.e., U and V have full column ranks.

Proof. Let U be an n× r matrix whose columns form a basis for the column
space of A. Then every vector in the column space of A can be expressed as
a linear combination of the columns of U. In particular, every column ai of
A can be written as

ai = Uvi , i = 1, . . . ,m , (17.3)

for some vi ∈ Rr (which is unique after fixing the basis U). Hence there
exists a matrix Vm×r such that

A = UV′ = U(v1 : . . . : vm) . (17.4)

Because
r = rank(A) = rank(UV′) ≤ rank(V′) ≤ r , (17.5)

we observe that V has full column rank, and the theorem is proved. ut

We note that in the full rank decomposition (17.1) the columns of U form
a basis for the column space C (A), and clearly the columns of V form a basis
for C (A′):

C (U) = C (A) , C (V) = C (A′) . (17.6)

Sometimes it is convenient to choose the columns of U or V orthonormal.
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It is worth emphasizing that the full rank decomposition is (like also
some other tricks in this book) mathematically very simple—but it can
be an amazingly handy tool at appropriate situations. As references, we

Photograph 17.1 Pochiraju
Bhimasankaram (Hyderabad,
2007).

may mention Marsaglia & Styan (1974a,
Th. 1), Bhimasankaram (1988), and Piziak &
Odell (1999).

17.1 Some Properties
of an Idempotent Matrix

In this section we consider three properties of
an idempotent matrix An×n that can be easily
proved using the full rank decomposition

A = UV′, (17.7)

where rank(Un×r) = rank(Vn×r) = r. The
first property is the following:

Proposition 17.1. With the above notation,

A = A2 ⇐⇒ V′U = Ir . (17.8)

Proof. To prove (17.8), we first assume that A is idempotent:

UV′ = UV′UV′, (17.9)

Premultiplying (17.9) by the matrix (U′U)−1U′ yields the equality

V′ = V′UV′, (17.10)

Now postmultiplying (17.10) by V(V′V)−1 gives our claim V′U = Ir. On
the other hand, if V′U = Ir, then

A2 = UV′UV′ = UIrV′ = A , (17.11)

and thus (17.8) is proved. ut
As a second result, we prove the following implication:

Proposition 17.2.

A = A2 =⇒ rank(A) = tr(A) . (17.12)

Proof. This comes at once from (17.8):

tr(A) = tr(UV′) = tr(V′U) = tr(Ir) = r = rank(A) . (17.13)
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ut

Also the following result can be easily proved using the full rank decom-
position (see Groß, Trenkler & Troschke 1997):

Proposition 17.3. Let A = A2. Then

A = A′ ⇐⇒ C (A) = C (A′) . (17.14)

Proof. The idempotency of A implies that A has a full rank decomposition
A = UV′, where V′U = Ir, and

C (A) = C (U) , C (A′) = C (V) . (17.15)

If C (A) = C (A′), then the orthogonal projectors onto C (A) = C (U) and
onto C (A′) = C (V) must be identical, i.e.,

U(U′U)−1U′ = V(V′V)−1V′. (17.16)

Premultiplying (17.16) by UV′ we obtain, using V′U = Ir,

U(U′U)−1U′ = UV′ = A , (17.17)

and so A indeed is symmetric. ut

17.2 Rank Additivity

We prove the following result:

Proposition 17.4. Let A and B be non-null n × m matrices, and let
rank(A) = a, rank(B) = b. Then the following statements are equivalent:

(a) rank(A + B) = rank(A) + rank(B),
(b) dim C (A) ∩ C (B) = dim C (A′) ∩ C (B′) = 0.

Proof. Assume first that (a) holds. Then, in view of

rk(A) + rk(B) = rk(A + B) = rk
[
(A : B)

(
Im
Im

)]
≤ rk(A : B) = rk(A) + rk(B)− dim C (A) ∩ C (B) , (17.18a)

rk(A) + rk(B) = rk(A + B) = rk
[
(In : In)

(
A
B

)]
≤ rk

(
A
B

)
= rk(A) + rk(B)− dim C (A′) ∩ C (B′) , (17.18b)

it is clear that (a) implies (b).
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To go the other way round, let A and B have the full rank decompositions

A = A1A′2 , B = B1B′2 , (17.19)

where

C (A) = C (A1) , A1 ∈ Rn×a, C (B) = C (B1) , B1 ∈ Rn×b, (17.20a)
C (A′) = C (A2) , A2 ∈ Rm×a, C (B′) = C (B2) , B2 ∈ Rm×b. (17.20b)

Then

A + B = A1A′2 + B1B′2 = (A1 : B1)
(

A′2
B′2

)
:= UV′. (17.21)

In view of the disjointness assumption C (A2) ∩ C (B2) = {0}, we have

rk(Vm×(a+b)) = rk(A2 : B2) = rk(A2) + rk(B2) = a+ b , (17.22)

which means that V has full column rank. This further implies that rk(U) =
rk(UV′) since

rk(U) ≥ rk(UV′) ≥ rk[UV′V(V′V)−1] = rk(U) . (17.23)

Hence we have

rk(A + B) = rk(UV′) = rk(U) = rk(A1 : B1) , (17.24)

which, in light of the disjointness assumption C (A1) ∩ C (B1) = {0}, yields

rk(A + B) = rk(A1 : B1) = rk(A1) + rk(B1) , (17.25)

and hence our claim is proved. ut

As references to Proposition 17.4, we may mention Marsaglia & Styan
(1972), and Marsaglia & Styan (1974a, Th. 11); see also Rao & Bhi-
masankaram (2000, p. 132).

17.3 Cochran’s Theorem: a Simple Version

In this example we consider the following simple version of the Cochran’s
Theorem; for extended versions, see, e.g., Marsaglia & Styan (1974a), Ander-
son & Styan (1982), and Bapat (2000, p. 60).

Proposition 17.5. Let A and B be n× n matrices satisfying the condition

A + B = In . (17.26)
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Then the following statements are equivalent:

(a) rank(A) + rank(B) = n,
(b) A2 = A and B2 = B,
(c) AB = 0.

Proof. “(c) =⇒ (b)”. If (c) holds, then, in view of (17.26), B = In−A, and

AB = A(In −A) = A−A2 = 0 , (17.27)

and hence A = A2 (and similarly B = B2).
“(b) =⇒ (a)”. If (b) holds, then rank(A) = tr(A) and rank(B) = tr(B),

and (17.26) implies

n = tr(In) = tr(A + B) = tr(A) + tr(B) = rank(A) + rank(B) . (17.28)

“(a) =⇒ (c)”. We assume that a + b = n, when a = rank(A), and
b = rank(B) = n− a. Consider the full rank decompositions of A and B:

A = A1A′2 , A1 ∈ Rn×a , B = B1B′2 , B1 ∈ Rn×(n−a) , (17.29)

which means that

A1A′2 + B1B′2 = (A1 : B1)
(

A′2
B′2

)
:= FG = In . (17.30)

Because (A1 : B1) = F is an n× n matrix satisfying the equation FG = In,
the matrix G is the inverse of F, and hence satisfies the equation

GF =
(

A′2
B′2

)
(A1 : B1) = In , (17.31)

that is,(
A′2
B′2

)
(A1 : B1) =

(
A′2A1 A′2B1
B′2A1 B′2B1

)
=
(

Ia 0
0 In−a

)
= In . (17.32)

The final claim AB = 0 is achieved when the equation

A′2B1 = 0 (17.33)

is premultiplied by A1 and postmultiplied by B′2. ut
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17.4 Proof of the RCR Using the Full Rank
Decomposition

In Chapter 6 (p. 145) we have already proved the rank cancellation rule:

LAY = MAY and rank(AY) = rank(A) =⇒ LA = MA , (17.34)

but it is of interest to give a proof using the full rank decomposition (as
done in Marsaglia & Styan 1974a). To do this, let An×m have a full rank
decomposition

A = UV′, (17.35)

where

rank(Un×r) = rank(Vm×r) = r = rank(An×m) . (17.36)

Assumption LAY = MAY can be written as

L ·UV′ ·Y = M ·UV′ ·Y , i.e., LU(V′Y) = MU(V′Y) . (17.37)

Therefore, if the r×pmatrix V′Y has full row rank, then we can postmultiply
(17.37) by (V′Y)′[(V′Y)(V′Y)′]−1 and obtain the equality

LU = MU . (17.38)

Our claim would then follow by postmultiplying (17.38) by V′. Our task is,
therefore, to show that

rank(V′Y) = r . (17.39)

Assumption rank(AY) = rank(A) implies that rank(UV′Y) = r. but since
U has full column rank, we get

rank(V′Y) ≥ rank(UV′Y) ≥ rank[(U′U)−1U′UV′Y] ≥ rank(V′Y) ,
(17.40)

and hence indeed (17.39) holds.

17.5 Exercises

17.1. Let A have a full rank decomposition A = UV′. Prove the claim (4.13)
(p. 107): A+ = V(V′V)−1(U′U)−1U′.

17.2. Proposition 17.5 (p. 352) can be generalized as follows: Let A1, . . . ,Am

be n×n matrices such that In = A1 + · · ·+Am. Then the following three
conditions are equivalent:

(a) n = rank(A1) + · · ·+ rank(Am),
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(b) A2
i = Ai for i = 1, . . . ,m,

(c) AiAj = 0 for all i 6= j.

Confirm the following: Let z ∼ Nn(µ, In) and let z′z = z′A1z +
· · · + z′Amz. Then any of the three above conditions is a necessary
and sufficient condition for z′Aiz to be independently distributed as
χ2[rank(Ai), ·]. For the χ2-distribution, see page 18.

17.3. Let

W = In + X− 2J ,

where X is an n×n symmetric involutory doubly-stochastic matrix, i.e.,
X2 = In and X1n = 1n, and J = 1

n1n1′n.

(a) Show that W is scalar-potent, i.e., W2 = cW for some scalar c.
(b) Find the scalar c and confirm that W is nonnegative definite.
(c) Find the rank(W) as a function of the trace tr(X) and hence show

that tr(X) is even if and only if n is even.
(d) Show that the rank(W) = 1 if and only if n + tr(X) = 4. [When

rank(W) = 1 then the matrix In −W is a Householder transforma-
tion, see Exercise 18.23 (p. 390).]

For an application of the results in this exercise to magic squares see
Chu, Drury, Styan & Trenkler (2010).

17.4. (a) Let A and B be symmetric n× n idempotent matrices and let Z
be n× n nonnegative definite, such that A + Z = B. Show that Z is
idempotent and AZ = 0.

(b) Let the random variables x1 and x2 follow central chi-squared dis-
tributions with degrees of freedom f1 and f2, respectively, such that
x1 − x2 = x3 ≥ 0 with probability 1. Then show that x3 follows a
chi-squared distribution and find the number of degrees of freedom.
Show also that x2 and x3 are independently distributed.
The results in this exercise may be called the Hogg–Craig theorem,
following results in Hogg & Craig (1958); see also Ogasawara & Taka-
hashi (1951) and Styan (1970).

17.5 (Group inverse). Let A be an n × n matrix such that rank(A) =
rank(A2). Then the group inverse A# is the unique matrix satisfying

(a) AA#A = A, (b) A#AA# = A#, and (c) A#A2 = A.

If A has full-rank decomposition UV′ show that V′U is nonsingular and
that A# = U(V′U)−2V′.

For more about the group inverse see Ben-Israel & Greville (2003,
pp. 156–161).
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Philatelic Item 17.1 As observed by Tee (2003), “Determinants were applied in 1683
by the Japanese mathematician Takakazu Seki Kôwa (1642–1708) in the construction of
the resolvent of a system of polynomial equations [but] were independently invented in
1693 by Gottfried Wilhelm von Leibniz (1646–1716)”; see also Farebrother, Styan & Tee
(2003). Leibniz was a German mathematician and philosopher who invented infinitesimal
calculus independently of Isaac Newton (1643–1727). The stamp (left panel) for Seki
was issued by Japan in 1992 (Scott 2147) and the stamp (right panel) for Leibniz by
St. Vincent in 1991 (Scott 1557) as “Head librarian for the electors of Hannover (&
co-inventor of calculus)”.

Philatelic Item 17.2 Charles Lutwidge Dodgson (1832–1898), better known by the
pen name Lewis Carroll, was an English author, mathematician, Anglican clergyman
and photographer. As a mathematician, Dodgson was the author of Condensation of
Determinants (1866) and Elementary Treatise on Determinants (1867). His most fa-
mous writings, however, are Alice’s Adventures in Wonderland and its sequel Through
the Looking-Glass. The sheetlet was issued by Tristan da Cunha in 1981 (Scott 287a)
and shows the Dodgson family outside the Croft Rectory (in Darlington, Yorkshire),
c. 1860; Charles is shown seated on the ground at the left of the group. Edwin Heron
Dodgson (1846–1918), Charles’s youngest brother (shown kneeling third from the right),
apparently saved the population of Tristan da Cunha from starvation. For more see Fare-
brother, Jensen & Styan (2000).



Chapter 18
Eigenvalue Decomposition

The late night slowed him down just enough to give a
lecture the whole class could follow.

IMS Bulletina: About Walter T. Federer, after he had
gone downhill skiing all weekend and had not gotten back
until after midnight.

a McCulloch, Hedayat & Wells (2008, p. 13)

There is no way to survive in the middle of statistical considerations with-
out being pretty well aware of the main properties of the eigenvalues and
eigenvectors. This chapter provides a summary of some central results.

Theorem 18 (Eigenvalue decomposition). Let A be an n×n symmetric
matrix. Then A can be written as a product

A = TΛT′ = λ1t1t′1 + · · ·+ λntnt′n , (EVD)

and thereby

(At1 : At2 : . . . : Atn) = (λ1t1 : λ2t2 : . . . : λntn) , AT = ΛT , (18.1)

where Tn×n is orthogonal, Λ = diag(λ1, . . . , λn), and λ1 ≥ · · · ≥ λn are the
ordered eigenvalues of A; we denote chi(A) = λi. The columns ti of T are
the orthonormal eigenvectors of A.

Consider the distinct eigenvalues of A, λ{1} > · · · > λ{s}, and let T{i} be
an n ×mi matrix consisting of the orthonormal eigenvectors corresponding
to λ{i}; mi is the multiplicity of λ{i}. Then

A = TΛT′ = λ{1}T{1}T′{1} + · · ·+ λ{s}T{s}T′{s} . (18.2)

With this ordering, Λ is unique and T is unique up to postmultiplying by a
blockdiagonal matrix U = blockdiag(U1, . . . ,Us), where Ui is an orthogonal
mi×mi matrix. If all the eigenvalues are distinct, then U is a diagonal matrix
with diagonal elements equal to ±1.

In particular, for a nonnegative definite n × n matrix A with rank r > 0
we have

A = TΛT′ = (T1 : T0)
(

Λ1 0
0 0

)(
T′1
T′0

)
= T1Λ1T′1

= λ1t1t′1 + · · ·+ λrtrt′r , (18.3)
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where λ1 ≥ · · · ≥ λr > 0, Λ1 = diag(λ1, . . . , λr), and

T1 = (t1 : . . . : tr) , T0 = (tr+1 : . . . : tn) . (18.4)

The above eigenvalue decomposition, also called the spectral decomposi-
tion, is in heavy use in our book. In this chapter we go through some central
properties of eigenvalues and eigenvectors—not proving everything. There is
an enormous amount of literature on this area and we try to pick some results
which are particularly useful for a statistician. For further details, including
thorough proofs (which we skip over) of Theorem 18, the reader is referred,
e.g., to Meyer (2000, Ch. 7) Harville (1997, Ch. 21), Horn & Johnson (1990,
Ch. 1), Searle (1982, Ch. 11), Seber (2008, Ch. 6), and Stewart (2001, Ch. 1).

Before refreshing the reader’s memory about the eigenvalues, we may men-
tion two obvious but important consequences of (18.3):

tr(A) = tr(TΛT′) = tr(T′TΛ) = tr(Λ) , (18.5a)
|A| = |TΛT′| = |T||Λ||T′| = |T′||T||Λ| = |T′T||Λ| = |Λ| , (18.5b)

where |·| denotes the determinant; recall that instead of det(·) we may oc-
casionally use notation |·| (to save space). It is worth mentioning that the
properties (18.5) hold even if A is not symmetric.

We recall that the scalar λ (complex or real) is an eigenvalue of An×n if

At = λt for some nonzero vector t , (18.6)

in which case t is an eigenvector of A corresponding to λ and (λ, t) is an
eigenpair for A. In particular, let λi and λj be two distinct eigenvalues of
a symmetric A with ti and tj being the corresponding eigenvectors. Then
premultiplying Ati = λiti by t′j shows that necessarily t′itj = 0. If λ{i} is
a multiple root of a symmetric matrix, then, as stated in Theorem 18, it is
possible to construct a set of mi orthonormal eigenvectors corresponding to
λ{i}.

Writing (18.6) as
(A− λIn)t = 0, t 6= 0 , (18.7)

we see that λ is an eigenvalue of A if and only if A−λIn is a singular matrix,
i.e., λ is a root for the characteristic equation

pA(λ) = det(A− λIn) = 0 . (18.8)

The function pA(λ) = det(A−λIn) is called the characteristic polynomial of
A. Moreover, the set of all eigenvectors associated with λ is

{ t 6= 0 : (A− λIn)t = 0 } = { t 6= 0 : t ∈ N (A− λIn) } . (18.9)

The eigenvalues of A are the n roots of the characteristic equation (18.8).
That these roots indeed exist, is not not a trivial matter, as Harville (1997,
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p. 533) points out. The set of all n eigenvalues is called the spectrum of A
and we denote it as

ch(A) = {λ1, λ2, . . . , λn} . (18.10)

Some authors define the spectrum as a set of distinct eigenvalues, but in our
notation, for example,

ch(I2) = {1, 1} . (18.11)

If A is symmetric, then all eigenvalues appear to be real and then we can
order them so that

chi(A) = λi = ith largest eigenvalue of A . (18.12)

Notice, for example, that the characteristic equation A =
( 0 1
−1 0

)
is λ2+1 = 0,

and hence the eigenvalues of A are not real numbers.
The characteristic polynomial can be uniquely decomposed as

pA(λ) = det(A− λIn) = (λ− λ{1})m1(λ− λ{2})m2 · · · (λ− λ{s})ms , (18.13)

where the numbers λ{i} are distinct and

m1 +m2 + · · ·+ms = n . (18.14)

The algebraic multiplicity of the eigenvalue λ{i} is mi. We may denote

alg multA(λ{i}) = mi . (18.15)

We call

N (A− λIn) = the eigenspace of A corresponding to λ . (18.16)

The geometric multiplicity of λ is the dimension of the eigenspace of A cor-
responding to λ:

geo multA(λ) = dim N (A− λIn) = n− rank(A− λIn) . (18.17)

In other words, the geometric multiplicity of λ is the maximal number of
linearly independent eigenvectors corresponding to the eigenvalue λ. It can
be shown that

geo multA(λ) ≤ alg multA(λ) for each λ ∈ ch(A) , (18.18)

where the equality holds e.g. when A is symmetric. Actually, the following
statements concerning the matrix An×n are equivalent:

A is diagonalizable, (18.19a)
geo multA(λ) = geo algA(λ) for all λ ∈ ch(A) , (18.19b)
A has n linearly independent eigenvectors. (18.19c)
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The matrix An×n is said to be diagonalizable whenever there exists a non-
singular matrix Fn×n such that

F−1AF = D for some diagonal matrix Dn×n , (18.20)

i.e., A is similar to a diagonal matrix. In particular, any symmetric A is
diagonalizable. The matrices An×n and Bn×n are said to be similar if there
exists a matrix Ln×n such that

L−1AL = B . (18.21)

It is easy to confirm that

L−1AL = B =⇒ ch(A) = ch(B) . (18.22)

We complete this short introductory review by mentioning a few well-
known features of the eigenvalues. One very frequently used property of eigen-
values is that for any matrices An×p and Bp×n, the products AB and BA
have the same nonzero eigenvalues, see Proposition 13.2 (p. 299):

nzch(AB) = nzch(BA) . (18.23)

Recall also that the nonnegative definite square root of the nonnegative
definite matrix A = TΛT′ can be defined as

A1/2 = TΛ1/2T′ = T1Λ1/2
1 T′1 . (18.24)

The matrix TΛ1/2T′ is the only symmetric nonnegative definite matrix whose
squared value equals A; for the proof, see Bapat (2000, p. 21) and Harville
(1997, §21.9). Moreover,

(A+)1/2 = T(Λ+)1/2T′ = T1Λ−1/2
1 T′1 , (18.25)

and hence
A1/2(A+)1/2 = T1T′1 = PA . (18.26)

It is also obvious that

Ak = TΛkT′ , A0 = TΛ0T′ = T1T′1 = PA . (18.27)

As was mentioned earlier, there are far more useful results about the eigen-
values but we better proceed forward and . . .

18.1 The Maximal Value of x′Ax

Let a symmetric matrix An×n have the eigenvalue decomposition
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A = TΛT′ = T1Λ1T′1 = λ1t1t′1 + · · ·+ λrtnt′n , (18.28)

where λ1 ≥ λ2 ≥ · · · ≥ λn are the ordered eigenvalues of A. We show now
that

max
x′x=1

x′Ax = λ1 , (18.29)

and that the maximum is attained when x = t1. Our claim comes at once
from the following:

x′Ax = x′TΛT′x = y′Λy
= λ1y

2
1 + λ2y

2
2 + · · ·+ λny

2
n

≤ λ1(y2
1 + y2

2 + · · ·+ y2
n) = λ1y′y = λ1 , (18.30)

where we have denoted y = Tx and thereby y′y = 1. The maximum is clearly
attained when x is chosen as t1. In the same way we can prove that

min
x′x=1

x′Ax = λn . (18.31)

Note that we can of course write the following:

λ1 = max
x6=0

x′Ax
x′x , λn = min

x6=0

x′Ax
x′x . (18.32)

The expression x′Ax/x′x is known as a Rayleigh ratio (quotient) or Rayleigh–
Ritz ratio according to two physicists, third Baron Rayleigh (John William
Strutt) and Walter Ritz.

Let us denote

T(k) = (t1 : . . . : tk) : the first k columns of T , (18.33a)
T[k] = (tn−k+1 : . . . : tn) : the last k columns of T . (18.33b)

The second largest eigenvalue λ2 can be obtained as follows:

ch2(A) = λ2 = max
x∈L

x′Ax , (18.34)

where the maximum is taken over the set

L = {x ∈ Rn : x′x = 1, x′t1 = 0 }
= {x ∈ Rn : x′x = 1, x ∈ C (t2 : . . . : tn) }
= {x ∈ Rn : x′x = 1, x ∈ C (T[n−1]) } . (18.35)

Above we have used the obvious fact that

Rn = C (t1)� C (T[n−1]) , (18.36)

and thereby
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x′t1 = 0 ⇐⇒ x ∈ C (T[n−1]) . (18.37)

Obviously λ2 can be characterized also as

ch2(A) = λ2 = min
x6=0,x∈C (T(2))

x′Ax = min
x6=0,T′[n−2]x=0

x′Ax . (18.38)

The ith largest eigenvalue can be defined in the corresponding way. We
may present the results as a proposition.

Proposition 18.1. Let An×n be symmetric. Then

(a) ch1(A) = λ1 = max
x6=0

x′Ax
x′x = max

x′x=1
x′Ax,

(b) chn(A) = λn = min
x6=0

x′Ax
x′x = min

x′x=1
x′Ax,

(c) chn(A) = λn ≤
x′Ax
x′x ≤ λ1 = ch1(A),

(d) ch2(A) = λ2 = max
x′x=1, t′1x=0

x′Ax,

(e) chk+1(A) = λk+1 = max
x′x=1,T′(k)x=0

x′Ax = λk+1, k = 1, . . . , n− 1.

18.2 Principal Components

Let a p-dimensional random vector x have E(x) = µ and cov(x) = Σ and let
the eigenvalue decomposition of Σ be

Σ = TΛT′, Λ = diag(λ1, . . . , λp) , T′T = Ip , (18.39)

where λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 are the ordered eigenvalues of Σ. We might be
interested in knowing which linear combination b′x has the largest variance
under the condition b′b = 1. Now, the Proposition 18.1 gives the answer at
once: the random variable wi = t′1x, which is the first element of the random
vector w = T′x:

w = T′x =

t′1x
...

t′px

 . (18.40)

The centered random variable

y1 = w1 − E(w1) = t′1(x− µ) (18.41)

is the first (population) principal component of x. Thus we have

max
b′b=1

var(b′x) = var(t′1x) = var[t′1(x− µ)] = var(y1) = λ1 . (18.42)
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The second principal component of x is the random variable b′(x−µ) where
b is a solution to the task

max var(b′x) subject to cov(y1,b′x) = 0, b′b = 1 . (18.43)

Because (assuming λ1 > 0)

cov(y1,b′x) = t′1Σb = λ1t′1b = 0 ⇐⇒ t′1b = 0 , (18.44)

the task (18.43) becomes

max var(b′x) subject to t′1b = 0, b′b = 1 , (18.45)

for which the solution is b = t2 and so the random variable y2 = t′2(x − µ)
is the second principal component of x. In general,

max
b′b=1,T′(i−1)b=0

var(b′x) = var(t′ix) = var(yi) = λi , (18.46)

i.e., t′ix has maximum variance of all normalized linear combinations uncor-
related with the elements of T′(i−1)x.

All in all, the principal components yi are centered and uncorrelated ran-
dom variables such that

y = T′(x− µ) = w− µw =

w1 − µw1
...

wp − µwp

 , (18.47a)

E(y) = 0 , cov(y) = Λ , (18.47b)
tr cov(y) = tr(Σ) = λ1 + λ2 + · · ·+ λp . (18.47c)

We can scale the random vector y so that (Σ being positive definite)

z = Λ−1/2y = Λ−1/2T′(x− µ) , (18.48)

and thereby
E(z) = 0 , cov(z) = Ip . (18.49)

. Now

z′z = y′Λ−1y = (x− µ)′TΛ−1T′(x− µ) = (w− µw)′Λ−1(w− µw)

= (w1 − µw1)2

λ1
+ (w2 − µw2)2

λ2
+ · · ·+ (wp − µwp)2

λp

= y2
1
λ1

+ y2
2
λ2

+ · · ·+ y2
p

λp
= z2

1 + z2
2 + · · ·+ z2

p

= (x− µ)′Σ−1(x− µ) = MHLN2(x, µ, Σ) . (18.50)
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From above we see that the squared Mahalanobis distance MHLN2(x, µ, Σ)
is the sum of squares of the centered and normed (variance 1) uncorrelated
random variables

wi − E(wi)√
var(wi)

= yi√
var(yi)

= zi . (18.51)

In particular, if x ∼ Np(µ,Σ), then z ∼ Np(0, Ip) and

(x− µ)′Σ−1(x− µ) = z′z ∼ χ2(p) . (18.52)

If rank(Σ) = r < p, then we can define

z = (Λ+)1/2y , Λ+ =
(

Λ−1
1 0
0 0

)
, Λ1 = diag(λ1, . . . , λr) , (18.53)

and so

z′z = y′(Λ+)1/2y

= (w1 − µw1)2

λ1
+ (w2 − µw2)2

λ2
+ · · ·+ (wr − µwr )2

λr

= y2
1
λ1

+ y2
2
λ2

+ · · ·+ y2
r

λr
= z2

1 + z2
2 + · · ·+ z2

r

= (x− µ)′Σ+(x− µ) = MHLN2(x, µ, Σ) . (18.54)

Notice that actually (18.54) is invariant with respect to the choice of Σ−; see
page 65.

We will return to the principal components in connection with the singular
value decomposition, see Section 19.4 (p. 402). For a predictive approach to
principal component analysis, see Section 9.4 (p. 203).

18.3 Eigenvalues of Σ2×2

Let’s look at a simple example where we have a covariance matrix

cov(z) = cov
(
x
y

)
=
(
σ2
x σxy

σyx σ2
y

)
= Σ . (18.55)

Then the characteristic polynomial for Σ is

pΣ(λ) = λ2 − (σ2
x + σ2

y)λ+ (σ2
xσ

2
y − σ2

xy) = λ2 − tr(Σ)λ+ det(Σ) , (18.56)

and the eigenvalues are

λ1, λ2 = 1
2

[
σ2
x + σ2

y ±
√

(σ2
x − σ2

y)2 + 4σ2
xy

]
. (18.57)
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In light of (18.5) (p. 358), we of course have

tr(Σ) = σ2
x + σ2

y = λ1 + λ2 , (18.58a)

det(Σ) = σ2
xσ

2
y

(
1− σ2

xy

σ2
xσ

2
y

)
= σ2

xσ
2
y(1− %2

xy) = λ1λ2 . (18.58b)

The eigenvector t1 =
(
t11
t21

)
with respect to λ1 is a nonzero solution to the

equation (Σ− λ1I2)t1 = 0, i.e.,

(σ2
x − λ1)t11 + σxyt21 = 0 , (18.59a)

σxyt11 + (σ2
y − λ1)t21 = 0 . (18.59b)

Suppose that σ2
x > σ2

y. Then it is easy to conclude that t21 can be put 0 if
and only if σxy = 0 (please confirm!), in which case t11 can be any nonzero
real number. Notice that it is the ratio t21/t11 which specifies the eigenvector;
see also Exercise 18.14 (p. 387).

In particular, if σ2
x = σ2

y = σ2 and σxy = σ2%xy > 0, we have

λ1 = σ2 + σxy = σ2(1 + %xy) , λ2 = σ2 − σxy = σ2(1− %xy) , (18.60)

while the standardized eigenvectors are

t1 = 1√
2

(
1
1

)
=
(

cos θ
sin θ

)
, t2 = 1√

2

(
−1

1

)
=
(
− sin θ

cos θ

)
, (18.61)

where θ = 45◦. If σxy < 0, then λ1 = σ2 − σxy and t1 = 1√
2 (−1, 1)′. If

σxy = 0, then λ1 = λ2 = σ2 and t1 can be chosen as any nonzero vector in
R2.

Let z ∼ N2(µ,Σ), where Σ is positive definite. Then z has the density

n(z;µ,Σ) = 1
(2π)1/2|Σ|1/2 e− 1

2 (z−µ)′Σ−1(z−µ). (18.62)

It is obvious that the contours of constant density for N2(µ,Σ) are ellipses
defined by z such that

A = { z ∈ R2 : (z− µ)′Σ−1(z− µ) = c2 } . (18.63)

How are the axes of this ellipse located? The major axis is the longest diam-
eter (line through µ) of the ellipse, that is, we want to find a point z1 of the
ellipse which has the maximal Euclidean distance from the mean point µ:

max‖z− µ‖2 subject to z ∈ A . (18.64)

Denoting u = z− µ, the above task becomes
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max u′u subject to u′Σ−1u = c2. (18.65)

It is not complicated to confirm that the solution to (18.65) is

u1 = z1 − µ = ±c
√
λ1t1 , and u′1u1 = c2λ1. (18.66)

Correspondingly, the minor axis is the shortest diameter of the ellipse A.
One way to prove that (18.66) is the solution to (18.65), is to use the

method of Lagrangian multipliers, by determining the stationary points by
considering

ψ = u′u− λu′Σ−1u , (18.67)

where λ is a Lagrangian multiplier. Differentiating ψ with respect to the
components of u yields the result; see Anderson (2003, p. 466). The other
way is to note that (18.65) can be expressed as

max v′Σv subject to v′v = c2, (18.68)

where v = Σ−1/2u and hence u = Σ1/2v. The details of the proof are left as
an exercise.

The ellipse A is centered at µ and the axes are determined by ui =
±c
√
λiti, where λi = chi(Σ) and ti is the corresponding eigenvector. If

σ2
x = σ2

y = σ2 and σxy = σ2%xy > 0, then the first eigenvector t1 lies
along the 45◦ line through the point µ = (µx, µy)′. The lengths (or actually
half-lengths) of the axes are then

c
√
σ2 + σxy = cσ

√
1 + %xy and c

√
σ2 − σxy = cσ

√
1− %xy . (18.69)

18.4 Eigenvalues of the Intraclass Correlation Matrix

If Ap×p = (a − b)Ip + b1p1′p for some a, b ∈ R, then the matrix A is called
a completely symmetric matrix. If it is a covariance matrix then it is said
to have an intraclass correlation structure. The following proposition collects
together some useful properties of completely symmetric matrices. The proof
is left to the energetic readers; see also Exercise 18.17 (p. 388).

Proposition 18.2. Consider the matrices

Ap×p = (a− b)Ip + b1p1′p , Σp×p = (1− %)Ip + %1p1′p . (18.70)

Then

(a) det(A) = (a− b)n−1[a+ (p− 1)b],
(b) the eigenvalues of A are a+(p−1)b (with multiplicity 1), and a−b (with

multiplicity n− 1),
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(c) A is nonsingular if and only if a 6= b and a 6= −(p − 1)b, in which case
A−1 = 1

a− b
(
Ip −

b

a+ (p− 1)b1p1
′
p

)
,

(d) ch(Σ) =
{

1 + (p− 1)% with multiplicity 1,
1− % with multiplicity p− 1,

(e) Σ is nonnegative definite⇐⇒ − 1
p−1 ≤ % ≤ 1 ,

(f) t1 = α1p = eigenvector w.r.t. λ1 = 1 + (p− 1)%, 0 6= α ∈ R,
t2, . . . , tp are orthonormal eigenvectors w.r.t. λi = 1− %, i = 2, . . . , p,
t2, . . . , tp form an orthonormal basis for C (1p)⊥,

(g) det(Σ) = (1− %)p−1[1 + (p− 1)%],
(h) Σ1p = [1 + (p − 1)%]1p := λ11p; if % 6= − 1

p−1 , then 1p = λ−1
1 Σ1p in

which case

1′pΣ−1p = λ−2
1 1′pΣΣ−Σ1p = λ−2

1 1′pΣ1p = p

1 + (p− 1)% , (18.71)

(i) Σ−1 = 1
1− %

(
Ip −

%

1 + (p− 1)%1p1′p
)
, for % 6= 1, % 6= − 1

p−1 .

(j) Let z =
( x
y

)
be a (p + 1)-dimensional random vector with intraclass

covariance structure

cov
(

x
y

)
= σ2

(
Σxx σxy
σ′xy 1

)
= σ2[(1− %)Ip+1 + %1p+11′p+1] , (18.72)

where (necessarily) − 1
p ≤ % ≤ 1. Then

%2
y·x = σ′xyΣ−xxσxy = p%2

1 + (p− 1)% . (18.73)

(k) Let x and y be p-dimensional random vectors with intraclass covariance
structure

cov
(

x
y

)
=
(

Σ %1p1′p
%1p1′p Σ

)
, (18.74)

where Σp×p = (1− %)Ip + %1p1′p. Then

cor(1′px,1′py) = p%

1 + (p− 1)% . (18.75)

18.5 Proper Eigenvalues; B Positive Definite

In this section, as well as in Section 18.7, we consider the proper eigenvalues
and proper eigenvectors following Rao & Mitra (1971b, §6.3); see also Mitra &
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Rao (1968), as well as de Leeuw (1982), McDonald, Torii & Nishisato (1979)
Mitra & Moore (1973, Appendix), Scott & Styan (1985), SenGupta (1991),
and Isotalo, Puntanen & Styan (2008a, §2).

Let A and B be two symmetric n× n matrices of which B is nonnegative
definite. Let λ be a scalar and w a vector such that

Aw = λBw, Bw 6= 0 . (18.76)

Then we call λ a proper eigenvalue and w a proper eigenvector of A with
respect to B, or shortly, λ is a proper eigenvalue of the pair (A,B).

Before allowing B to be singular (but still nonnegative definite), let us
consider the situation when B is assumed to be positive definite. In such a
case, (18.76) becomes

Aw = λBw , w 6= 0 . (18.77)

Premultiplying (18.77) by B−1 yields the usual eigenvalue equation

B−1Aw = λw , w 6= 0 . (18.78)

Now the matrix B−1A is not necessarily symmetric but that is no problem
because

nzch(B−1A) = nzch(B−1/2B−1/2A) = nzch(B−1/2AB−1/2) , (18.79)

where the matrix B−1/2AB−1/2 is symmetric and thereby the eigenvalues of
B−1A are all real. Notice that premultiplying (18.77) by B−1/2 yields

B−1/2Aw = λB1/2w , (18.80)

i.e., B−1/2AB−1/2 ·B1/2w = λB1/2w, which shows that

(λ,w) is an eigenpair for (A,B) (18.81a)
⇐⇒

(λ,B1/2w) is an eigenpair for B−1/2AB−1/2 (18.81b)
⇐⇒

(λ,w) is an eigenpair for B−1A . (18.81c)

Rewriting (18.77) as
(A− λB)w = 0 , (18.82)

we observe that nontrivial solutions w for (18.77) exist if and only if

det(A− λB) = 0 . (18.83)

The expression A − λB, with indeterminate λ, is called a matrix pencil or
simply a pencil.

It is left as an exercise to confirm that if λ 6= µ then
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(λ,w) and (µ,v) are eigenpairs for (A,B) =⇒ w′Bv = 0 . (18.84)

It is straightforward to obtain the following very important result:

max
x6=0

x′Ax
x′Bx = max

x6=0

x′B1/2 ·B−1/2AB−1/2 ·B1/2x
x′B1/2 ·B1/2x

= max
z∈C (B1/2), z6=0

z′B−1/2AB−1/2z
z′z

= max
z 6=0

z′B−1/2AB−1/2z
z′z

= ch1(B−1/2AB−1/2) = ch1(B−1A) . (18.85)

We cannot resist the temptation to write up some useful (in particular
for a statistician) properties of the eigenvalues of the pair (A,B) when B is
positive definite.
Proposition 18.3. Let An×n be symmetric and let Bn×n be positive definite.
Then

(a) max
x6=0

x′Ax
x′Bx = ch1(AB−1) := λ1, i.e., λ1 = the largest root of

det(A− λB) = 0 . (18.86)

(b) The vectors w1, . . . ,wn satisfy

max
x6=0

x′Ax
x′Bx = w′1Aw1

w′1Bw1
= ch1(AB−1) , (18.87a)

max
x′Awj=0,x6=0
j=1,...,i−1

x′Ax
x′Bx = w′iAwi

w′iBwi
= chi(AB−1) , i > 1 , (18.87b)

if and only if wi is an eigenvector of AB−1 corresponding to the eigen-
value chi(AB−1) = λi, i.e., λi is the ith largest root of (18.86).

(c) max
x6=0

(a′x)2

x′Bx = max
x 6=0

x′ · aa′ · x
x′Bx = ch1(aa′B−1) = a′B−1a.

Notice that in part (c) of Proposition 18.3, we utilize the handy fact

nzch(aa′B−1) = nzch(a′B−1a) = a′B−1a . (18.88)

It is important to observe that (c) can be obtained also using the following
version of the Cauchy–Schwarz inequality, see Section 20.1 (p. 416):

(a′x)2 ≤ x′Bx · a′B−1a for B >L 0, for all a, x ∈ Rn. (18.89)

In light of the above inequality we get, for x 6= 0,
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(a′x)2

x′Bx ≤
x′Bx · a′B−1a

x′Bx = a′B−1a . (18.90)

The equality in (18.89) occurs if and only if

x = αB−1a for some α ∈ R . (18.91)

What happens if the matrix B in part (d) of Proposition 18.3 is nonneg-
ative definite and thus possibly singular? Again, according to Section 20.1
(p. 416), we have

(a′x)2 ≤ x′Bx · a′B+a for B ≥L 0, for all a ∈ C (B) x ∈ Rn, (18.92)

which yields, for Bx 6= 0,

(a′x)2

x′Bx ≤
x′Bx · a′B+a

x′Bx = a′B+a . (18.93)

Above we can replace B+ with any B− because a′B−a is invariant with
respect to the choice of B−. To ease the referencing, we’ll put this observation
as a separate proposition.
Proposition 18.4. Let Bn×n be nonnegative definite and a ∈ C (B). Then

max
Bx 6=0

(a′x)2

x′Bx = a′B−a , (18.94)

where the equality is obtained if and only if Bx = αa for some α ∈ R, i.e.,

x = αB−a for some α ∈ R . (18.95)

The following result gives the crucial condition for simultaneous diagonal-
ization by orthogonal matrix (see, e.g., Rao 1973a, p. 41, Searle 1982, p. 312).

Proposition 18.5. Let A and B be symmetric n × n matrices. Then there
exist an orthogonal Qn×n such that both Q′AQ and Q′BQ are diagonal if
and only if AB = BA.

Proposition 18.6. Consider the symmetric matrices An×n and Bn×n.
(a) If B positive definite, then there exists a nonsingular matrix Q such that

Q′AQ = Λ = diag(λ1, . . . , λn) , Q′BQ = In , (18.96)

where Λ is the diagonal matrix of the solutions for λ to det(A−λB) = 0,
i.e., the eigenvalues of B−1A. The columns of Q are the eigenvectors of
B−1A.

(b) Let B be nonnegative definite with rank(B) = b. Then there exists a
matrix Ln×b such that
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L′AL = Λ = diag(λ1, . . . , λb) , L′BL = Ib . (18.97)

(c) Let B be nonnegative definite, rank(B) = b, and assume that

rank(N′AN) = rank(N′A) , where N = B⊥. (18.98)

Then there exists a nonsingular matrix Qn×n such that

Q′AQ =
(

Λ1 0
0 Λ2

)
, Q′BQ =

(
Ib 0
0 0

)
, (18.99)

where Λ1 ∈ Rb×b and Λ2 =∈ R(n−b)×(n−b) are diagonal matrices.

Proof. Consider the claim (b), and let B have the eigenvalue decomposition

B = (T1 : T0)
(

D1 0
0 0

)(
T′1
T′0

)
= T1D1T′1 , (18.100)

where D1 = diag(d1, . . . , db) with di being the nonzero (necessarily positive)
eigenvalues of B. Pre- and postmultiplying (18.100) by K′ = D−1/2

1 T′1 and
K = T1D−1/2

1 , respectively, yields K′BK = Ib. Now K′AK is a symmetric
b × b matrix and we may denote its eigenvalue decomposition as K′AK =
UΛU′, and thereby

U′K′AKU = Λ . (18.101)

It is easy to confirm that the matrix KU = T1D−1/2
1 U is precisely the matrix

L satisfying both L′AL = Λ and L′BL = Ib.
The proof of (c) appears in Rao & Mitra (1971b, Th. 6.2.2) and in Mitra

& Rao (1968, Th. 3.2). The key in their proof is to utilize the matrix

F = In −N(N′AN)−N′A , (18.102)

which, in light of (18.98), has the property N′AF = 0. Defining

S = (FL : N) , (18.103)

where Ln×b satisfies (18.97), and Nn×(n−b) has full column rank, it is seen
that

S′AS =
(

L′F′AFL 0
0 N′AN

)
:=
(

E 0
0 G

)
, S′BS =

(
Ib 0
0 0

)
. (18.104)

The next step in the proof is to consider the eigenvalue decompositions E =
UΛ1U′ and G = VΛ1V′, and choose

Q = S
(

U 0
0 V

)
. (18.105)
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Then the above matrix Q satisfies (18.99). It is left as an exercise to confirm
that Q is nonsingular. ut

18.6 Statistical Distance

Consider the n× 2 data matrix U:

U = (x : y) =

x1 y1
...

...
xn yn

 =

u′(1)
...

u′(n)

 , (18.106)

so that the vectors u(i) are observations from a two-dimensional variable
u =

( x
y

)
. The Euclidean distance (squared) of the ith observation u(i) from

the mean ū is of course

‖u(i) − ū‖2 = (u(i) − ū)′(u(i) − ū) = (xi − x̄)2 + (yi − ȳ)2 . (18.107)

While describing how far u(i) is from the mean ū, the Euclidean distance
is surely doing mathematically good job—as stated on page 24. But given
the data matrix U, one may wonder if there is a more informative way,
particularly in statistical sense, to measure the distance between u(i) and ū.
In univariate case it is natural to calculate

Di = |xi − x̄|√
vars(x)

, (18.108)

because then the distance is measured in units of standard deviation and
then we might well know that Di is large if it exceeds 2 or 3. Moreover, Di

does not depend on the unit of measurement like the Euclidean distance. We
can now consider a generalization of (18.108) into a multivariate situation in
the spirit of Flury (1997, §5.2); see also Flury & Riedwyl (1986). For that
purpose, let us define a new variable

z = a′u = a1x+ a2y , (18.109)

so that the n values of this new variable are represented by the variable vector

z = Ua =

a′u(1)
...

a′u(n)

 . (18.110)

Then zi = a′u(i) and z̄ = a′ū, and so the distance Di for z is



18.6 Statistical Distance 373

Di(a) = |zi − z̄|√
vars(z)

=
|a′(u(i) − ū)|√

a′Sa
, (18.111)

where covd(U) = S. Let us then find a vector a∗ which maximizes the uni-
variate distance Di(a).

In view of Proposition 18.4 (p. 370),

max
Sa 6=0

D2
i (a) = (u(i) − ū)′S−(u(i) − ū) , (18.112)

which is nothing but the squared (sample) Mahalanobis distance

MHLN2(u(i), ū,S) = max
Sa 6=0

D2
i (a) . (18.113)

The maximum is attained for any vector a∗ proportional to S−(u(i) − ū).
According to (1.59) (p. 66), the sample Mahalanobis distance is invariant
with respect to the choice of S−.

Flury (1997, §5.2) calls the squared Mahalanobis distance as the squared
standard distance while some authors call it the squared statistical distance.

Following Flury, let’s repeat one more time the principle used above: We
look at all possible linear combinations Ua and find the one or the ones for
which a′u(i) and a′ū are as distant from each other as possible—in terms of
the standard deviation of Ua. The resulting maximal squared distance is the
squared sample Mahalanobis distance MHLN2(u(i), ū,S).

Let S = TΛT′ be the eigenvalue decomposition of the sample covariance
matrix S based on the n×2 data matrix U defined in (18.106). Let Ũ be the
centered data matrix, and let w be a new two-dimensional variable defined
as

w =
(
w1
w2

)
= T′(u− ū) . (18.114)

Then the n values of the variable w can be written as

W′ = (w(1) : . . . : w(n)) = T′(u(1) − ū : . . . : u(n) − ū) =
(

w′1
w′2

)
, (18.115)

so that the data matrix of the new variables w1 and w2 is

W = (w1 : w2) = ŨT

=

(u(1) − ū)′T
...

(u(n) − ū)′T

 =

w′(1)
...

w′(n)

 =

w11 w12
...

...
wn1 wn2

 . (18.116)

Then w̄ =
( 0

0
)
and covd(W) = Λ =

(
λ1 0
0 λ2

)
, and, corresponding to (18.50),

for a positive definite S, we have
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MHLN2(u(i), ū,S) = (u(i) − ū)′S−1(u(i) − ū)
= (u(i) − ū)′TΛ−1T′(u(i) − ū)
= w′(i)Λ−1w(i)

= w2
i1

vars(w1) + w2
i2

vars(w2)
= MHLN2(w(i),0,Λ)
= MHLN2(w(i), w̄, covd(W)

)
. (18.117)

Thus we see that the squared sample Mahalanobis distance is the sum of
squares of centered and normed (variance 1) uncorrelated variables; see also
page 364.

Given two samples, represented by the data matrices U1 ∈ Rn1×p and
U2 ∈ Rn2×p, it is natural to measure the statistical distance of the corre-
sponding sample means ū1 and ū2 by

Dū(a) = |a
′(ū1 − ū2)|√

a′S#a
. (18.118)

Above S# is an appropriately calculated unbiased pooled sample covariance
matrix:

S# = 1
n1 + n2 − 2(U′1Cn1U1 + U′2Cn2U2) , (18.119)

where Cn1 and Cn2 are centering matrices. The maximum for D2
ū(a) is

MHLN2(ū1, ū2,S#) = (ū1 − ū2)′S−#(ū1 − ū2) ; (18.120)

see also (10.114) (p. 233). The maximizing vector a∗ is now any vector pro-
portional to

S−#(ū1 − ū2) , (18.121)

which is called a linear discriminant function for the given samples. For the
linear discriminant function in the case of possibly singular covariance matrix,
see, e.g., Ben-Israel & Levin (2006, p. 80).

18.7 Proper Eigenvalues; B Nonnegative Definite

Now it’s high time to return to the equation

Aw = λBw, Bw 6= 0 , (18.122)

where An×n is symmetric and Bn×n is nonnegative definite and thus possibly
singular. As stated earlier, we call λ a proper eigenvalue and w a proper
eigenvector of the pair (A,B). In such a situation there may exist a vector
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w 6= 0 such that Aw = Bw = 0, in which case

(A− λB)w = 0 (18.123)

is satisfied with arbitrary λ. We call such a vector w an improper eigenvector
of A with respect to B. The space of improper eigenvectors is precisely

N (A) ∩N (B) = C (A : B)⊥, (18.124)

which has dimension

f = dim N (A) ∩N (B) = n− rank(A : B) . (18.125)

We call f the number of improper eigenvalues of A with respect to B.
Notice that if (18.123) holds for some nonzero w, then necessarily

det(A− λB) = 0 (18.126)

is satisfied for any λ ∈ R. Then the pencil A − λB (with indetermi-
nate λ) is said to be singular; otherwise the pencil is regular. Clearly if
f = dim N (A) ∩ N (B) > 0, then the pencil is singular. In particular, if
A and B are nonnegative definite, then according to part (c) of Proposi-
tion 18.6 (p. 370),

|A− λB| = 0 ⇐⇒ |Q′(A− λB)Q| = 0 ⇐⇒ |Λ1− λIb||Λ2| = 0 . (18.127)

From above we immediately see that if at least one element of Λ2 equals 0,
then the determinant |A − λB| vanishes for every λ ∈ R and so the pencil
A− λB is singular.

For a slightly different approach to the concept of the proper eigenvalue
(for singular pencils), using the term generalized eigenvalue, see Gantmacher
(1959, Ch. 12), Golub & Van Loan (1996, §7.7), Stewart & Sun (1990, Ch. 6),
and Watkins (2007).

For a positive definite B, we have, as seen earlier on page 368,

ch(A,B) = ch(B−1A, In) = ch(B−1A) = ch(B−1/2AB−1/2) , (18.128)

and

(λ,w) is an eigenpair for (A,B) ⇐⇒ (λ,w) is an eigenpair for B−1A .
(18.129)

If B is singular, we might wonder whether, for instance, the following might
be true:

ch(A,B) = ch(B+A) ? (18.130)

We will soon see that (18.130) does not always hold, but, if C (A) ⊂ C (B),
then indeed (18.130) holds for nonzero eigenvalues:
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C (A) ⊂ C (B) =⇒ nzch(A,B) = nzch(B+A) . (18.131)

Before returning (18.131), we will make a quick visit to some results of Rao
& Mitra (1971b, §6.3); see also Mitra & Rao (1968). The following result is
a consequence of part (c) of Proposition 18.6 (p. 370).
Proposition 18.7. (Rao & Mitra, 1971b, Th. 6.3.1) Let An×n and Bn×n
both be symmetric matrices of which B is nonnegative definite, rank(B) = b,
and assume that

rank(N′AN) = rank(N′A) , where N = B⊥. (18.132)

Then there are precisely b proper eigenvalues of A with respect to B,

ch(A,B) = {λ1, . . . , λb} , (18.133)

some of which may be repeated or null. Also w1, . . . ,wb, the corresponding
eigenvectors, can be so chosen that if W is an n × b matrix with wi its ith
column, then

W′BW = Ib , W′AW = Λ1 , C (AW) ⊂ C (B) , (18.134)

where Λ1 is a diagonal matrix of λ1, . . . , λb.
We note that condition (18.132) holds, for example, if A is nonnegative

definite, or if C (A) ⊂ C (B).
Proposition 18.8. (Rao & Mitra, 1971b, Th. 6.3.2) Let A and B be as in
Proposition 18.7, and assume that (18.132) holds. Then the nonzero proper
eigenvalues of A with respect to B are the same as the nonzero eigenvalues
of

[A−AN(N′AN)−N′A]B− (18.135)

and vice versa for any generalized inverses involved; i.e.,

nzch(A,B) = nzch
(
[A−AN(N′AN)−N′A]B−

)
. (18.136)

In particular,

C (A) ⊂ C (B) =⇒ nzch(A,B) = nzch(AB−) . (18.137)

Is the set nzch(AB−) invariant with respect to the choice of the generalized
inverse B−? This is indeed the case for (symmetric) nonnegative definite A
and B, satisfying C (A) ⊂ C (B). To confirm this, write A = CC′ and

nzch(AB−) = nzch(CC′B−) = nzch(C′B−C) . (18.138)

Now, in view of Theorem 12 (p. 283), the matrix product C′B−C is invariant
with respect to the choice of the generalized inverse B− if and only if C (C) ⊂
C (B), which in this case of course holds.
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The following proposition generalizes the part (b) of Proposition 18.3
(p. 369).

Proposition 18.9. Suppose An×n is symmetric and Bn×n is a symmetric
nonnegative definite matrix satisfying

C (A) ⊂ C (B) . (18.139)

Then

max
Bx 6=0

x′Ax
x′Bx = w′1Aw1

w′1Bw1
= λ1 = ch1(B+A) = ch1(A,B) , (18.140)

where λ1 is the largest proper eigenvalue of A with respect to B and w1 the
corresponding proper eigenvector satisfying

Aw1 = λ1Bw1 , Bw1 6= 0 . (18.141)

Proof. Because B+1/2B1/2 = PB and PBA = A, we obtain, proceeding as
in (18.85),

max
Bx 6=0

x′Ax
x′Bx = max

Bx 6=0

x′B1/2 ·B+1/2AB+1/2 ·B1/2x
x′B1/2 ·B1/2x

= max
z∈C (B1/2), z6=0

z′B+1/2AB+1/2z
z′z

≤ ch1(B+1/2AB+1/2)
= ch1(B+A) = ch1(B−A) for all z = B1/2x . (18.142)

Now, if B is singular, the vector z ∈ C (B1/2) = C (B) is not free to
vary through the whole Rn and hence we have “≤” above. However, if
λ1 = ch1(B+A) and w1 is the corresponding eigenvector of B+A, then

B+Aw1 = λ1w1 . (18.143)

Premultiplying (18.143) by B yields, in light of (18.139), Aw1 = λ1Bw1,
and thereby w′1Aw1 = λ1w′1Bw1. Hence, in case of C (A) ⊂ C (B), we have

max
Bx 6=0

x′Ax
x′Bx = w′1Aw1

w′1Bw1
= λ1 = ch1(B+A) = ch1(A,B) . (18.144)

On the other hand, if C (A) ⊂ C (B) does not hold, then, according to
de Leeuw (1982, p. 91) the ratio x′Ax/x′Bx can be made as big as one
wants. See also Ben-Israel & Levin (2006, p. 81). ut

Assume now that C (A) ⊂ C (B) and that λ is a nonzero solution to

Aw = λBw , for some Bw 6= 0 , (18.145)
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that is, (λ,w) is a proper eigenpair of (A,B). Premultiplying (18.145) by B+

yields
B+Aw = λB+Bw = λPBw , (18.146)

and hence, in light of APB = A, we have

B+APBw = λPBw . (18.147)

Because in (18.145) the scalar λ is nonzero, also the vector Aw = APBw
is a nonzero vector which further implies that PBw 6= 0. Hence the equa-
tion (18.147) shows that (λ,PBw) is an eigenpair for B+A, and so we have
confirmed that for nonzero λ

(λ,w) is a proper eigenpair of (A,B)
=⇒ (λ,PBw) is a proper eigenpair of B+A . (18.148)

It is not difficult to show that the implication in (18.148) holds also in the
reverse direction, and thus it is a generalization of (18.81) (p. 368).

18.8 Eigenvalues of the BLUE’s Covariance Matrix

Let’s take a look at the following somewhat peculiar result:

Proposition 18.10. Consider the linear model M = {y, Xβ, V}. The
nonzero proper eigenvalues of V with respect to H are the same as the nonzero
eigenvalues of the covariance matrix of BLUE(Xβ).

Proof. The proof follows at once from Proposition 18.8. To do this, consider
the equation

Vw = λHw, Hw 6= 0. (18.149)

Applying Proposition 18.8 we immediately observe that the nonzero proper
eigenvalues of V with respect to H are the nonzero eigenvalues of

[V−VM(MVM)−MV]H− (18.150)

which are exactly the same as the nonzero eigenvalues of

H[V−VM(MVM)−MV]H (18.151)

which is the covariance matrix of the BLUE(Xβ).
An alternative proof, without using Proposition 18.8, is done by Isotalo,

Puntanen & Styan (2008a, Th. 2.3). ut
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18.9 Canonical Correlations and Proper Eigenvalues

The maximal value of the ratio

(α′A′Bβ)2

α′A′Aα · β′B′Bβ , (18.152)

where An×a and Bn×b are given matrices, is being considered in various
places of this book; see Section 2.1 (p. 77) and Section 5.9 (p. 133).

According to Proposition 2.4 (p. 78), we have

max
Aα 6=0,
Bβ 6=0

(α′A′Bβ)2

α′A′Aα · β′B′Bβ = (α′1A′Bβ1)2

α′1A′Aα1 · β′1B′Bβ2

= α′1A′PBAα1
α′1A′Aα1

= ch1(PAPB) = λ2
1 , (18.153)

where λ2
1 is the largest proper eigenvalue of A′PBA with respect to A′A and

α1 is the corresponding proper eigenvector satisfying

A′PBAα1 = λ2
1A′Aα1 , Aα1 6= 0 . (18.154)

The vector β1 is the solution to

B′PABβ1 = λ2
1B′Bβ1 , Bβ1 6= 0 . (18.155)

Consider now an n-dimensional random vector u whose covariance matrix
is cov(u) = In. Then x = A′u and y = B′u are a- and b-dimensional random
vectors whose covariance matrix is

cov
(

x
y

)
= cov

(
A′u
B′u

)
=
(

A′A A′B
B′A B′B

)
:=
(

Σ11 Σ12
Σ21 Σ22

)
= Σ . (18.156)

Let %i denote the ith largest canonical correlation between the random vectors
A′u and B′u. Then %1 is defined as the maximum value of the correlation
between arbitrary linear combinations α′A′u and β′B′u. Let α1 and β1 be
the corresponding maximizing values of α and β. Then α′1A′u and β′1B′u
are called the first canonical variables. In view of (18.153),

%2
1 = max

Aα 6=0,
Bβ 6=0

(α′A′Bβ)2

α′A′Aα · β′B′Bβ = α′1A′PBAα1
α′1A′Aα1

= ch1(PAPB) . (18.157)

In other words, %2
1 is the largest proper eigenvalue of A′PBA with respect

to A′A and α1 is the corresponding proper eigenvector satisfying

A′PBAα1 = %2
1A′Aα1 , Aα1 6= 0 . (18.158)
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Moreover, Aα1 is the eigenvector of PAPB with respect to the eigenvalue %2
1:

PAPBAα1 = %2
1Aα1 , (18.159)

and similarly Bβ1 is the eigenvector of PBPA with respect to the eigen-
value %2

1:
PBPABβ1 = %2

1Bβ1 . (18.160)

We also have

%2
1 = ch1[A(A′A)−A′B(B′B)−B′]

= ch1[B′A(A′A)−A′B(B′B)−]
= ch1(Σ21Σ−11Σ12Σ−22) . (18.161)

In particular, if A and B have full column ranks,

(A′A)−1A′PBAα1 = %2
1α1 , (18.162a)

(B′B)−1B′PABβ1 = %2
1β1 , (18.162b)

or in other notation,

Σ−1
11 Σ12Σ−1

22 Σ21α1 = %2
1α1 , (18.162c)

Σ−1
22 Σ21Σ−1

11 Σ12β1 = %2
1β1 . (18.162d)

The second largest canonical correlation %2 is defined as the maximum
correlation between α′A′u and β′B′u, but now Aα and Bβ are not arbitrary
vectors of C (A) and C (B); they are subject to constrains that α′A′u is
uncorrelated with α′1A′u, and β′B′u is uncorrelated with β′1B′u so that

cov(α′A′u,α′1A′u) = α′A′Aα1 = 0 , (18.163a)
cov(β′B′u,β′1B′u) = β′B′Bβ1 = 0 . (18.163b)

The third (and higher order) canonical correlations are defined in the corre-
sponding way. We may assume that

rank(A) ≤ rank(B) , (18.164)

in which case the number of the canonical correlations, i.e., the number of
pairs of canonical variables α′iA′u and β′iB′u, is r, where r = rank(A).

Let α1, . . . ,αr satisfy

A′PBAαi = %2
iA′Aαi , Aαi 6= 0 , i = 1, . . . , r , (18.165)

or, equivalently,

PAPBAαi = %2
iAαi , Aαi 6= 0 , i = 1, . . . , r . (18.166)
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It is easy to confirm that if %2
i 6= %2

j , then α′iA′Aαj = 0, i.e., α′iA′u and
α′jA′u are uncorrelated. Even in the case of multiple roots %2

i ’s, it is possible
to choose αi so that α′iA′Aαj = 0 for all i 6= j. One simple way to conclude
this is to use Proposition 18.7 (p. 376).

The following proposition gives a summary about the properties of canon-
ical correlations based on the covariance matrix

cov
(

A′u
B′u

)
=
(

A′A A′B
B′A B′B

)
=
(

Σ11 Σ12
Σ21 Σ22

)
= Σ , (18.167)

where r = rank(A) ≤ rank(B). We may denote the ith largest canonical
correlation as cci(A′u,B′u) = %i, and

cc(A′u,B′u) = {%1, . . . , %r} = the set of all cc’s, (18.168a)
cc+(A′u,B′u) = {%1, . . . , %m} = the set of nonzero cc’s, (18.168b)

where m = rank(A′B).

Proposition 18.11. With the above notation, the following statements hold:

(a) there are r = rank(A) pairs of canonical variables α′iA′u,β′iB′u, and r
corresponding canonical correlations %1 ≥ %2 ≥ · · · ≥ %r,

(b) the vectors αi are the proper eigenvectors of A′PBA with respect to A′A,
and %2

i ’s are the corresponding proper eigenvalues,
(c) the %2

i ’s are the r largest eigenvalues of PAPB,
(d) the nonzero %2

i ’s are the nonzero eigenvalues of PAPB, or in a short
notation,

cc2
+(A′u,B′u) = nzch(PAPB) , (18.169)

(e) the vectors βi are the proper eigenvectors of B′PAB with respect to B′B,
(f) the number of nonzero %i’s is

m = rank(A′B) = rank(A)− dim C (A) ∩ C (B)⊥, (18.170)

(g) the number of unit %i’s is

u = dim C (A) ∩ C (B) , (18.171)

(h) the number of zero %i’s is

s = rank(A)− rank(A′B) = dim C (A) ∩ C (B)⊥. (18.172)
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18.10 More about Canonical Correlations and the
Watson Efficiency

In Section 10.8 (p. 241) we considered the canonical correlations between X′y
and Z′y, and between β̂ and β̃. Those consideration were made assuming that
X has full column rank and the model is a weakly singular linear model. We
denoted

κi = cci(X′y,Z′y) , θi = cci(β̂, β̃) , i = 1, . . . , p , (18.173)

and observed that

θ2
i = 1− κ2

p−i+1 , i = 1, . . . , p , (18.174a)
cc2
i (β̂, β̃) = 1− cc2

i (X′y,Z′y) , i = 1, . . . , p . (18.174b)

If X has not full column rank, then β is not estimable and naturally it does
not have a BLUE. In such a situation we mean by β̃ such an estimator for
which Xβ̃ is the BLUE for Xβ, and correspondingly β̂ has the property
Hy = Xβ̂.

Let us now relax from all rank assumptions and consider the linear model
M = {y, Xβ, V} and denote

G = H−HVM(MVM)−M . (18.175)

Then Gy = BLUE(Xβ), and its covariance matrix is

cov[BLUE(Xβ)] = GVG′

= HVH−HVM(MVM)−MVH
= HV1/2(I−PV1/2M)V1/2H
= K′(I−PL)K , (18.176)

where K = V1/2H and L = V1/2M. Note that in (10.169) (p. 242) we had
K = V1/2X and L = V1/2Z. Moreover,

cov
(

Hy
My

)
=
(

HVH HVM
MVH MVM

)
=
(

K′K K′L
L′K L′L

)
, (18.177)

and in view of cov(Gy,Hy) = GVH = GVG′, we have

cov
(

Hy
Gy

)
=
(

HVH GVG′
GVG′ GVG′

)
=
(

K′K K′QLK
K′QLK K′QLK

)
, (18.178)

where QL = I−PL. Denote

T1 = (HVH)−HVM(MVM)−MVH , (18.179a)
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T2 = (HVH)−GVG . (18.179b)

Then the nonzero canonical correlations between the random vectors Hy and
My are the nonzero eigenvalues of the matrix T1, i.e.,

cc2
+(Hy,My) = {κ2

1, . . . , κ
2
m} = nzch(T1)

= nzch[(HVH)−HVM(MVM)−MVH]
= nzch(PKPL) , (18.180)

where m = rank(HVM). We may assume that rank(VH) ≤ rank(VM),
in which case the number of the canonical correlations is h, where h =
rank(VH). The nonzero canonical correlations between Hy and Gy are the
nonzero eigenvalues of the matrix T2:

cc2
+(Hy,Gy) = {θ2

1, . . . , θ
2
g} = nzch(T2)

= nzch[(HVH)−GVG′]
= nzch[(K′K)−K′(I−PL)K]
= nzch[PK(I−PL)] , (18.181)

where g = rank(GVG′) = dim C (X) ∩ C (V).
Now the squared canonical correlations κ2

i ’s are the proper eigenvalues of
K′PLK with respect to K′K, i.e.,

HVM(MVM)−MVHw = κ2HVHw , HVHw 6= 0 , (18.182)

which, in light of HVM(MVM)−MVH = HVH−GVG′, can be written
as

GVG′w = (1− κ2)HVHw , HVHw 6= 0 . (18.183)

Similarly the squared canonical correlations θ2
i ’s are the proper eigenvalues

of K′(I−PL)K = GVG′ with respect to K′K = HVH:

GVG′w = θ2HVHw , HVHw 6= 0 . (18.184)

Hence

GVG′w = θ2HVHw = (1− κ2)HVHw , HVHw 6= 0 , (18.185)

and we can conclude the following.
Proposition 18.12. Under the linear model {y, Xβ, V} we have the follow-
ing relation:

cc2
i (Hy,My) = 1− cc2

h−i+1(Hy,Gy) , i = 1, . . . , h , (18.186)

where h = rank(VH).
We can use the following notation:
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κ2
1 = · · · = κ2

u = 1 , (18.187a)
1 > κ2

u+1 ≥ · · · ≥ κ2
u+t = κ2

m > 0 , (18.187b)
κ2
u+t+1 = κ2

m+1 = · · · = κ2
m+s = κ2

h = 0 , (18.187c)

and of course

κ2
i = 1− θ2

h−i+1 , i = 1, . . . , h = rank(VH) . (18.188)

The value of t above is the number of unit eigenvalues of the product PKPL,
see (5.83) (p. 134):

u = dim C (K) ∩ C (L) = dim C (VX) ∩ C (VZ) = rank(HPVM) . (18.189)

For the values ofm, s and t, and for further related considerations, see Isotalo,
Puntanen & Styan (2008a).

What about the Watson efficiency when X does not have full column
rank, i.e., rank(X) = r < p? In such a situation det(X′VX) = 0 and the
Watson efficiency as the ratio of the determinants of the covariance matrices
is not properly defined. However, the nonzero squared canonical correlations
κ2

1, . . . , κ
2
m between X′y and Z′y are the nonzero eigenvalues of the matrix

X′VZ(Z′VZ)−Z′VX(X′VX)−, (18.190)

and under a weakly singular linear model all κi’s are less than 1. Hence

0 6= |Ip −X′VZ(Z′VZ)−Z′VX(X′VX)−| =
m∏
i=1

(1− κ2
i ) := φ∗, (18.191)

where m = rank(HVM). Now, as Chu, Isotalo, Puntanen & Styan (2005,
p. 84) point out, a natural question arises: what is the (estimable) parametric
function L′β, say, whose efficiency φ∗ actually is? The answer is F′β, where
F comes from the full rank decomposition of X:

X = X∗F′ , X∗ ∈ Rp×r, F ∈ Rp×r, rank(X) = rank(F) = r . (18.192)

Here the columns of X∗ and F span the column spaces C (X) and C (X′),
respectively. In this situation,

F = X′X∗(X′∗X∗)−1 := X′X∗U . (18.193)

Because
cc(X′y,Z′y) = cc(X′∗y,Z′y) = {κi} , (18.194)

we see that

φ∗ = |Ir −X′∗VZ(Z′VZ)−Z′VX∗(X′∗VX∗)−1|
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= |X
′
∗VX∗ −X′∗VZ(Z′VZ)−Z′VX∗|

|X′∗VX∗|

= |X′∗X∗|2
|X′∗VX∗| · |X′∗V+X∗|

. (18.195)

On the other hand, under a weakly singular model, we have,

cov(Xβ̃) = X(X′V+X)−X′

= V1/2V+1/2X(X′V+1/2V+1/2X)−V+1/2V1/2X′

= V1/2PV+1/2XV1/2

= V1/2PV+1/2X∗V
1/2 = X∗(X′∗V+X∗)−1X′∗ ; (18.196)

see Exercise 10.6 (p. 261). Because F′β = UX′∗Xβ where U = (X′∗X∗)−1,
it is straightforward to observe that

cov(F′β̃) = cov(UX′∗Xβ̃)
= UX′∗X∗(X′∗V+X∗)−1X′∗X∗U = (X′∗V+X∗)−1, (18.197)

and

cov(F′β̂) = UX′∗VX∗U = (X′∗X∗)−1X′∗VX∗(X′∗X∗)−1. (18.198)

Recall that β̃ and β̂ refer to vectors satisfying BLUE(Xβ) = Xβ̃ and
OLSE(Xβ) = Xβ̂. For a clarity, we may summarize our finding in the fol-
lowing.

Proposition 18.13. Consider a weakly singular model M , and let X have
a full rank decomposition X = X∗F′. Then

φ∗ = |Ip −X′VZ(Z′VZ)−Z′VX(X′VX)−|
= |Ir −X′∗VZ(Z′VZ)−Z′VX∗(X′∗VX∗)−1|

= eff(F′β̂) = |cov(F′β̃)|
|cov(F′β̂)|

=
m∏
i=1

(1− κ2
i ) , (18.199)

where m = rank(X′VZ), and κ1, . . . , κm are the (nonzero) canonical corre-
lations between the OLS fitted values and the residuals.

It is worth noting that the φ∗ is properly defined if there are no unit
canonical correlations between Hy and My, i.e., u = 0. For this the weak
singularity of the model is sufficient but not necessary. Hence we could extend
Proposition 18.13 by assuming only that u = 0. However, in this situation,
(18.196) does not necessarily hold. We survive from the problems by assuming
that the columns of X∗ are orthonormal—the details are left to the reader.



386 18 Eigenvalue Decomposition

For further references regarding canonical correlations in the case of sin-
gular V, the reader is referred to Khatri (1976, 1978, 1989, 1990), Seshadri
& Styan (1980), Rao (1981), Latour, Puntanen & Styan (1987), Wang &
Chow (1987), SenGupta (1991), Baksalary, Puntanen & Yanai (1992), Yanai
& Puntanen (1993), and Drury, Liu, Lu, Puntanen et al. (2002).

18.11 Exercises

18.1. Let A2×2 be symmetric. Show that

A ≥L 0 ⇐⇒ tr(A) ≥ 0 and det(A) ≥ 0 .

18.2. Consider symmetric A =
( a b
b c

)
with eigenvalues λ1 ≥ λ2. Show that

2|b| ≤ λ1 − λ2, and that if A is positive definite, then

|b|√
ac
≤ λ1 − λ2
λ1 + λ2

,
|b|
a
≤ λ1 − λ2

2
√
λ1λ2

,
|b|√
c
≤
√
λ1 −

√
λ2 .

Zhang (2005a, p. 86).

18.3. Denote u = z − µ as in (18.65) (p. 366). Show, using (a) (18.67)
(p. 366), (b) (18.68), that the solution to

max ‖z− µ‖2 subject to (z− µ)′Σ−1(z− µ) = c2

is u1 = z1 − µ = ±c
√
λ1 t1 and u′1u1 = c2λ1.

18.4. Let A and B be symmetric nonnegative definite n×n matrices. Prove
the following:

(a) tr(AB) ≤ ch1(A) · tr(B),
(b) A ≥ B =⇒ chi(A) ≥ chi(B), i = 1, . . . , n.

Show that in (b) we must have at least one strict inequality if A 6= B.
Bapat (2000, p. 83), Seber (1984, pp. 528–529).

18.5. Let PA and PB be orthogonal projectors of order n× n. Confirm the
following:

(a) −1 ≤ chi(PA −PB) ≤ 1, i = 1, . . . , n,
(b) 0 ≤ chi(PAPB) ≤ 1, i = 1, . . . , n,
(c) trace(PAPB) ≤ rank(PAPB).

18.6. Suppose that C (A) ⊂ C (C) and C (B) ⊂ C (D) for matrices A, B,
C, and D, each having n rows. Show that chi(PAPB) ≤ chi(PCPD),
i = 1, . . . , n.
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18.7. Confirm (18.84) (p. 369): If λ 6= µ and A and B are symmetric, then

(λ,w) and (µ,v) are eigenpairs for (A,B) =⇒ w′Bv = 0 .

18.8 (Simultaneous diagonalization by an orthogonal matrix). Prove Propo-
sition 18.5 (p. 370): Let A and B be symmetric n×nmatrices. Then there
exists an orthogonal Q such that both Q′AQ and Q′BQ are diagonal if
and only if AB = BA.

Rao (1973a, p. 41), Searle (1982, p. 312).

18.9. Prove that the matrix Q in (18.105) (p. 371) is nonsingular.

18.10. Let u denote a random vector with covariance matrix cov(u) = In
and let K ∈ Rn×p and L ∈ Rn×q. Confirm the following result: The
canonical correlations between the random vectors K′QLu and L′QKu
are all less than 1, and are precisely those canonical correlations between
the vectors K′u and L′u that are not equal to 1.

Styan (1985, Th. 2.5), Jewell & Bloomfield (1983),
Puntanen (1987, p. 38).

18.11 (Continued . . . ). Apply the previous exercise to the situation when K
and L be defined as K = V1/2H and L = V1/2M.

18.12 (Continued . . . ). Let F be a matrix with the property C (F) = C (K)∩
C (L). Show that the nonzero eigenvalues of PKPL−PF are all less than
1, and are precisely the t canonical correlations between the vectors K′u
and L′u that are not equal to 1.
Hint: According to Exercise 8.19 (p. 190): PKPL −PF = PQFKPQFL.

18.13. Consider the random vector z =
( x

y
)
, with cov(z) = Σ where Σ is

positive definite and denote z∗ =
( x∗

y∗
)
, with cov(z∗) = Σ−1. Confirm

that the canonical correlations between x and y are precisely the same
as those between x∗ and y∗. What about, in the singular case, replacing
Σ−1 with an appropriate generalized inverse?

Jewell & Bloomfield (1983), Latour, Puntanen & Styan (1987),
Baksalary, Puntanen & Yanai (1992).

18.14. As in (18.59) (p. 365), let t1 =
(
t11
t21

)
be the eigenvector of Σ with

respect to λ1. Suppose that σxy 6= 0. Show that the ratio of the second
and first element of the eigenvector t1 is

t21
t11

= λ1 − σ2
x

σxy
= λ1 − σ2

x

σxσy%xy
= σxy
σ2
x − λ2

.

18.15. Show, using (10.135) (p. 237) that the first antieigenvalue of the 2×2
covariance matrix Σ is

τ1 = cos(Σ) = 2
√
λ1λ2

λ1 + λ2
= 2σxσy

√
1− %2

xy

σ2
x + σ2

y

.
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Find also the corresponding antieigenvectors.

-3 -2 -1  0  1  2  3
x

-3

-2

-1

 0

 1

 2

 3

y

 

 a

 

 

Figure 18.1 (See Exercise 18.16.) A 95% confidence region for the observations from
N2(0,Σ).

18.16. The points inside the ellipse

A =
{

z ∈ R2 : (z− µ)′Σ−1(z− µ) = χ2
α, 2
}

form a 100(1−α)% confidence region for the observations from N2(µ,Σ);
see Figure 18.1. Assume that we have 10 000 observations from z and that
µ = 0, Σ =

( 1 %
% 1
)
.

(a) What is your guess for the regression line when y is explained by x
(and the constant).

(b) Find the vector a =
(
a1
a2

)
in Figure 18.1 when α = 0.05.

[a2
1 = σ2χ2

0.05,2 = χ2
0.05,2]

(c) What is the cosine of the angle between the regression line and the
major axis.

(d) Why is a1 > 1.96?

18.17 (Eigenvalues of a completely symmetric matrix). Consider a completely
symmetric matrix Ap×p = (a− b)Ip + b1p1′p, where a, b ∈ R; see Propo-
sition 18.2, page 366. Show that

L−1AL =


a− b 0 0 . . . 0 b

0 a− b 0 . . . 0 b
...

...
...

...
...

0 0 0 . . . a− b b
0 0 0 . . . 0 a+ (p− 1)b

 := F ,
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where L carries out elementary column operations:

L =
(

Ip−1 0p−1
−1′p−1 1

)
, L−1 =

(
Ip−1 0p−1
1′p−1 1

)
,

and hence det(A) = (a− b)p−1[a+ (p− 1)b]. Confirm that

det(A− λIp) = 0 ⇐⇒ det(Ip − λF) = 0 .

18.18. Prove the rest (in addition to the above Exercise 18.17) of Proposi-
tion 18.2 (p. 366) concerning the eigenvalues of the intraclass correlation
structure.

18.19 (Canonical correlations in the intraclass correlation structure). As in
(18.74) (p. 367), consider

cov
(

x
y

)
=
(

Σ %1p1′p
%1p1′p Σ

)
,

where Σp×p = (1 − %)Ip + %1p1′p. Show that there is only one nonzero
canonical correlation between x and y and that it is

cc1(x,y) = p%

1 + (p− 1)% .

18.20 (Courant–Fischer minimax theorem). Let An×n be symmetric with
eigenvalues λ1 ≥ · · · ≥ λn and corresponding orthonormal eigenvectors
t1, . . . , tn. Furthermore, let k be a given integer with 2 ≤ k ≤ n and let
B denote an n× (k − 1) matrix. Show that then

(i) min
B

max
B′x=0

x′Ax
x′x = λk and (ii) max

B
min

B′x=0

x′Ax
x′x = λn−k+1 .

The result (i) is obtained when B = T(k−1) = (t1 : · · · : tk−1) and x = tk,
where ti are the orthonormal eigenvectors corresponding to λi.

Abadir & Magnus (2005, p. 346), Bapat (2000, Th. 2.4),
Seber (1984, pp. 525–526).

18.21. The spectral radius of An×n is defined as the maximum of the abso-
lute values of the eigenvalues of A; often denoted in literature as ρ(A).
Suppose that each element of A is nonnegative and denote c = A′1n,
r = A1n. Then it can be shown, see e.g. Rao & Rao (1998, p. 471), that

min
i
ci ≤ ρ(A) ≤ max

i
ci , and min

i
ri ≤ ρ(A) ≤ max

i
ri . (18.200)

If each element of B is nonnegative and B1n = 1n, then B is said to be
(row) stochastic and if also B′1n = 1n, then B is doubly stochastic. Use
(18.200) to prove that for a row stochastic matrix we have ρ(B) = 1.
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18.22. Consider the n×n real symmetric matrix Apq, where all the elements
in the first p and last p rows and columns are equal to a 6= 0 and all the
elements in the q×q “centre” are equal to b, with q = n−2p. For example,
with n = 5, p = 1 and q = 3,

A13 =


a a a a a
a b b b a
a b b b a
a b b b a
a a a a a

 .

Find, with p > 1 and q > 1: (1) rank(Apq), (2) the eigenvalues of Apq,
(3) a simple necessary and sufficient condition for Apq to be nonnegative
definite, (4) A+

pq, and (5) show that the orthogonal projector ApqA+
pq

does not depend on a or b.
Chu, Puntanen & Styan (2010).

18.23. Consider the n× n matrix R = In − 2hh′, where the n× 1 vector h
satisfies h′h = 1. Show that

(a) R is orthogonal, i.e., RR′ = In.
(b) R is symmetric and hence R2 = In.
(c) R is tripotent, i.e., R3 = R.
(d) Find the eigenvalues of R.
(e) Show that the determinant det R = −1.
(f) Show that h is an eigenvector of R and identify the associated eigen-

value.

The matrix R here is known as a Householder transformation and is used
in computing least-squares estimates, see, e.g., Golub & Styan (1973),
Golub & Van Loan (1996, p. 209). A matrix A such that A2 = In is said
to be involutory. For some useful rank equalities for involutory matrices
see, e.g., Tian & Styan (2001). All involutory matrices are tripotent: for
connections between tripotent matrices and Cochran’s theorem, see, e.g.,
Anderson & Styan (1982).

18.24. Denote α̂ = R−1
xxrxy, where Rxx is the sample correlation matrix

of the variables x1, . . . , xk and rxy is the vector of correlations between
xi and y. Given the correlation matrix Rxx, find the conditions for the
cosine between the vectors α̂ and rxy to be (a) ±1, (b) minimum.

Waller & Jones (2010).



Chapter 19
Singular Value Decomposition

The Mayor of Finland: A character
who really shouldn’t be in this musical.

Monty Python’s Spamalot

While the eigenvalue decomposition A = TΛT′, say, concerns only sym-
metric matrices, the singular value decomposition (SVD) A = U∆V′, say,
concerns any n × m matrix. In this chapter we illustrate the usefulness of
the SVD, particularly from the statistical point of view. Surprisingly many
statistical methods have connections to the SVD.

Theorem 19 (Singular value decomposition). Let A be an n×m (m ≤
n) matrix with rank r > 0. Then A can be written as a product

A = (U1 : U0)
(

∆1 0
0 0

)(
V′1
V′0

)
= U∆V′ = U1∆1V′1 = U∗∆∗V′

= δ1u1v′1 + · · ·+ δrurv′r , (19.1)

where

∆1 = diag(δ1, . . . , δr) , δ1 ≥ · · · ≥ δr > 0 , ∆ ∈ Rn×m,

∆ =
(

∆1 0
0 0

)
=
(

∆∗
0

)
∈ Rn×m, ∆1 ∈ Rr×r, ∆∗ ∈ Rm×m,

δr+1 = δr+2 = · · · = δm = 0 ,
δi = sgi(A) =

√
chi(A′A)

= ith singular value of A , i = 1, . . . ,m ,

∆∗ = diag(δ1, . . . , δr, δr+1, . . . , δm) = the first m rows of ∆ ,

Un×n = (U1 : U0) , U1 ∈ Rn×r, U′U = UU′ = In ,
Vm×m = (V1 : V0) , V1 ∈ Rm×r, V′V = VV′ = Im ,

U∗ = (u1 : . . . : um) = the first m columns of U , U∗ ∈ Rn×m,

V′A′AV = ∆′∆ = ∆2
∗ =

(
∆2

1 0
0 0

)
∈ Rm×m,
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U′AA′U = ∆∆′ = ∆2
# =

(
∆2

1 0
0 0

)
∈ Rn×n,

ui = ith left singular vector of A; ith eigenvector of AA′.
vi = ith right singular vector of A; ith eigenvector of A′A .

Above we have, for simplicity, assumed that m ≤ n. A more general ap-
proach would be to denote p = min(n,m) and express A as

A = U
(

∆1 0
0 0

)
V′ = U

(
∆? 0
0 0

)
V′, (19.2)

where ∆? = diag(δ1, . . . , δr, δr+1, . . . , δp), and so

An×m has r nonzero and p− r zero singular values. (19.3)

However, in what follows, we assume that m ≤ n. Notation sg(A) will stand
for set of the singular values of An×m (m ≤ n):

sg(A) = {sg1(A), . . . , sgm(A)} (19.4)

while
nzsg(A) = {sg1(A), . . . , sgr(A)} (19.5)

denotes the set of the nonzero singular values.
Mustonen (1995, pp. 15–16) has a useful interpretation for the multivari-

ate observations through the singular value decomposition. He considers the
multinormal observations from Nn(0,Σ) and emphasizes that they can be
thought to be generated from (0, 1)-normal independent variables in three
phases. This comes from the equality y = Ax +µ, where x ∼ Nn(0, In) and
cov(y) = AA′ := Σ. Taking an SVD A = U∆V′, we see that multiplica-
tion V′x keeps the variables uncorrelated and hence y could be defined as
y = U∆z + µ, where z ∼ Nn(0, In). Now

(a) multiplication by ∆ means shrinking or expanding,
(b) multiplication by U means rotation, and
(c) adding µ means moving the center of distribution out of the origin.

The importance of the singular value decomposition is reflected nicely, for
example, in the Preface (to the first edition) of Golub & Van Loan (1996,
pp. xiii–xiv):

“Indeed, perhaps the most recurring theme in the book is the practical and theo-
retical value of this [SVD] decomposition. Its algorithmic and mathematical prop-
erties have a key role to play in nearly every chapter. In many respects Matrix
Computions is an embellishment of the manuscript ‘Everything You Wanted to
Know About the Singular Value Decomposition (But Were Afraid to Ask)’ au-
thored by our colleague Alan Cline.”
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Horn & Olkin (1996, p. 470) comment on the importance of the singular value
decomposition as follows:

“The following singular value decomposition is arguably the most basic and useful
factorization known for all real or complex matrices.”

Interesting comments on the singular value decomposition appear also in
Moler (2006).

Photograph 19.1 Gene H.
Golub (Uppsala, 2006).

The proof below follows that of Searle
(1982, p. 316); for other proofs, see, e.g., Stew-
art (1998, p. 62), Golub & Van Loan (1996,
§2.5.3), and Horn & Olkin (1996, Th. 2.1).
The history of the singular value decomposi-
tion has been documented in Horn & Johnson
(1990, §3.0), and Stewart (1993); see also Horn
& Olkin (1996, §2). For the uses of the SVD of
the model matrix X in a regression analysis,
see Mandel (1982) and Nelder (1985), and as
a tool for solving estimability problems, see,

e.g., Eubank & Webster (1985).

Proof of the SVD. Consider the eigenvalue decomposition of the symmetric
nonnegative definite m×m matrix A′A:

A′A = V∆2
∗V′ = (V1 : V0)∆2

∗(V1 : V0)′, (19.6)

where ∆2
∗ is an m × m diagonal matrix whose diagonal elements are the

eigenvalues of A′A:

∆2
∗ =

(
∆2

1 0
0 0

)
, ∆2

1 ∈ Rr×r, r = rank(A) , (19.7a)

∆2
1 = diag(δ2

1 , . . . , δ
2
r) , δ2

1 ≥ · · · ≥ δ2
r > 0 = δ2

r+1 = · · · = δ2
m , (19.7b)

δ2
i = chi(A′A) , i = 1, . . . ,m , (19.7c)

V = (V1 : V0) , V1 = (v1 : . . . : vr) ∈ Rm×r. (19.7d)

Note that the matrices A′A and AA′ have the same nonzero eigenvalues:

{δ2
1 , . . . , δ

2
r} = nzch(A′A) = nzch(AA′) . (19.8)

The columns of the matrix V1 ∈ Rm×r are the orthonormal eigenvectors
corresponding to the nonzero eigenvalues δ2

i of A′A, and the columns of
V0 ∈ Rm×(m−r) are the orthonormal eigenvectors corresponding to the zero
eigenvalues of A′A. Furthermore we have

VV′ = V′V = Im . (19.9)

Now (19.6) can be written as
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A′A = V∆2
∗V′ = (V1 : V0)

(
∆2

1 0
0 0

)(
V′1
V′0

)
= V1∆2

1V′1 , (19.10)

which implies that
∆2

1 = V′1A′AV1 . (19.11)

Define now the n× r matrix U1 as follows:

U1 = AV1∆−1
1 ∈ Rn×r. (19.12)

Then the columns of U1 are orthonormal since in view of (19.11), we have

U′1U1 = ∆−1
1 V′1A′AV1∆−1

1 = ∆−1
1 ∆2

1∆−1
1 = Ir . (19.13)

We can now form an n× (n− r) matrix U0 so that

U = (U1 : U0) ∈ Rn×n (19.14)

is orthogonal. When (19.12) is postmultiplied by ∆1V′1, we obtain

U1∆1V′1 = AV1V′1 = A , (19.15)

where we have used the fact V1V′1 = PA′ . Notice also that

AV0 = 0 . (19.16)

Hence we finally have the singular value decomposition

A = (U1 : U0)
(

∆1 0
0 0

)(
V′1
V′0

)
= U∆V′. (19.17)

ut

Note that because the first m rows of ∆ are the rows of ∆∗, i.e.,

∆n×m =
(

∆∗(m×m)
0(n−m)×m

)
, (19.18)

the singular value decomposition can also be written as

A = U∗∆∗V′, (19.19)

where U∗ = (u1 : . . . : um), i.e., U∗ comprises the first m columns of U. The
decomposition (19.19) is often called a thin SVD while A = U1∆1V′1 can be
called a reduced SVD.

As stated above, the columns of

U = (u1 : . . . : ur︸ ︷︷ ︸
U1

: ur+1 : . . . : um : . . . : un︸ ︷︷ ︸
U0

) , (19.20a)
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V = (v1 : . . . : vr︸ ︷︷ ︸
V1

: vr+1 : . . . : vm︸ ︷︷ ︸
V0

) (19.20b)

are the left and right singular vectors of A, respectively. Moreover, we have

A′A = V∆2
∗V′, AA′ = U∆2

#U′, (19.21)

where

∆2
∗ =

(
∆2

1 0
0 0

)
∈ Rm×m, ∆2

# =
(

∆2
1 0

0 0

)
∈ Rn×n, (19.22)

and so (as in the proof of the SVD) the columns vi are eigenvectors of A′A
and ui are eigenvectors of AA′. We can conclude (please confirm) that the
singular vectors satisfy

C (V1) = C (A) C (U1) = C (A′) , (19.23a)
Avi = δiui , A′ui = δivi , i = 1, . . . ,m , (19.23b)

A′ui = 0 , i = m+ 1, . . . , n , (19.23c)
u′iAvi = δi , i = 1, . . . ,m , u′iAvj = 0 for i 6= j . (19.23d)

As stated by Stewart (1998, pp. 65–66; 2001, p. 205), the SVD is “es-
sentially unique” and hence we usually speak about the singular value de-
composition; the repeated singular values are a source for nonuniqueness.
The singular values themselves are unique. Citing Stewart (2001, p. 205):
“The right singular vectors corresponding to a multiple singular value are
not unique, but the space they span is. Once the right singular vectors have
been specified, the left singular vectors corresponding to nonzero singular
values are uniquely determined by the relation Avi = δiui.” Moreover, Stew-
art points out that when n > m, the matrix AA′ has n−m additional zero
eigenvalues; Stewart (2001, p. 205) calls them “honorary singular values”.

19.1 Maximal Value of x′Ay

Let A be an n × m (m ≤ n) matrix with rank r > 0, and let A have the
singular value decomposition

A = U∆V′ = U1∆1V′1 = δ1u1v′1 + · · ·+ δrurv′r . (19.24)

We show now that
max

x′x=y′y=1
x′Ay = δ1 , (19.25)

and that the maximum is attained when
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x = u1 , y = v1 . (19.26)

Let x and y be arbitrary vectors of Rn and Rm, respectively, satisfying
x′x = y′y = 1. Then applying the Cauchy–Schwarz inequality, we obtain

(x′Ay)2 = (x′U∆V′y)2 = (x′U ·∆V′y)2

≤ x′UU′x · y′V∆′∆V′y = y′V∆2
∗V′y := t′∆2

∗t
= δ2

1t
2
1 + δ2

2t
2
2 + · · ·+ δ2

r t
2
r

≤ δ2
1(t21 + t22 + · · ·+ t2r)

≤ δ2
1(t21 + t22 + · · ·+ t2r + · · ·+ t2m)

= δ2
1y′VV′y

= δ2
1 , (19.27)

where we have denoted t = V′y ∈ Rm. The maximum is clearly attained
when x and y are chosen as in (19.26).

Note that we can of course write the following:

sg1(A) = δ1 = max
x6=0,y6=0

x′Ay√
x′x · y′y . (19.28)

Furthermore, the second largest singular value δ2 can be obtained as fol-
lows:

sg2(A) = δ2 = max x′Ay , (19.29)

where the maximum is taken over the set

{x ∈ Rn,y ∈ Rm : x′x = y′y = 1, x′u1 = y′v1 = 0 } . (19.30)

The ith largest singular value can be defined in the corresponding way so
that

max
x6=0,y 6=0

U(k)x=0,V(k)y=0

x′Ay√
x′x · y′y = δk+1 , k = 1, . . . , r − 1 , (19.31)

where U(k) = (u1 : . . . : uk) and V(k) = (v1 : . . . : vk); the maximum occurs
when x = uk+1 and y = vk+1.

19.2 When is A′A = B′B?

In linear models, and in particular, in multivariate analysis, we may meet the
following problem: Let A and B be given n×m matrices. What is then the
necessary and sufficient condition for
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A′A = B′B . (19.32)

The answer is:
A = QB for some orthogonal Q . (19.33)

The sufficiency of (19.33) is obvious. To prove that (19.32) implies (19.33),
we note that, in view of (19.32), there exists an orthogonal matrix V such
that

A′A = B′B = V
(

∆2
1 0

0 0

)
V′ ∈ Rm×m, (19.34)

where ∆1 is an r × r diagonal matrix; rank(A) = rank(B) = r. From the
proof of the singular value decomposition, we recall that it is possible to
construct orthogonal n× n matrices F and G such that

A = F
(

∆1 0
0 0

)
V′, B = G

(
∆1 0
0 0

)
V′. (19.35)

Choosing now
A = FG′ ·G

(
∆1 0
0 0

)
V′ := QB , (19.36)

gives the required result since QQ′ = FG′GF′ = In.
As references concerning (19.32), we may mention Vinograde (1950), Horn

& Olkin (1996, Th. 3.1), Neudecker & van de Velden (2000, 2001), and Young
& Young (2004).

19.3 Approximation by a Matrix of Lower Rank

We begin with the following result.

Proposition 19.1. Let An×n be a given symmetric matrix of rank r > 0,
whose eigenvalue decomposition is

A = TΛT′, Λ = diag(λ1, . . . , λn) , (19.37)

and T = (t1 : . . . : tn), T′T = In. Let k be a given integer, k ≤ n. Then

max
G′G=Ik

tr(G′AG) = λ1 + · · ·+ λk , (19.38)

where the upper bound is obtained when

G = (t1 : . . . : tk) := T(k) . (19.39)

Proof. To prove (19.38), we first write

tr(G′AG) = tr(G′TΛT′G) := tr(Y′ΛY) = tr(YY′Λ) , (19.40)
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where Y = T′G. Then Y′Y = G′TT′G = Ik, and the matrix

YY′ := P ∈ Rn×n (19.41)

is an orthogonal projector, with diagonal elements satisfying

0 ≤ pii ≤ 1, i = 1, . . . , n , p11 + · · ·+ pnn = k = rank(P) . (19.42)

Hence we have

tr(G′AG) = tr(PΛ) = p11λ1 + · · ·+ pkkλk + · · ·+ pnnλn , (19.43)

and in view of (19.42),

tr(G′AG) ≤ λ1 + · · ·+ λk . (19.44)

The upper bound in (19.44) is clearly obtained when (19.39) holds. ut

Photograph 19.2 Alastair J.
Scott (Auckland, 1994).

For a reference of result (19.38), see,
e.g., Rao (1973a, p. 63), and Harville (1997,
Th. 21.12.5). We may note that (19.38) could
be also easily proved using the Poincaré sep-
aration theorem; see, e.g., Rao (1973a, p. 64),
Rao (1980, Th. 2.1), Scott & Styan (1985,
p. 213), and Abadir & Magnus (2005, p. 347),
and Mäkeläinen (1970a, Th. 4.1, Cor. 4.2.2):

Proposition 19.2. Let An×n be a symmetric
matrix, and let Gn×k be such that G′G = Ik,
k ≤ n. Then, for i = 1, . . . , k,

chn−k+i(A) ≤ chi(G′AG) ≤ chi(A) .
(19.45)

Equality holds on the right of (19.45) simulta-
neously for all i = 1, . . . , k if and only if there
exists Un×k such that

U′U = Ik , AU = UΛ(k) , and C (U) = C (G) , (19.46)

where Λ(k) ∈ Rk×k is a diagonal matrix containing the k largest eigenvalues
of A. Equality holds on the left of (19.45) if and only if there exists Ln×k
such that L′L = Ik, AL = LΛ[k] and C (L) = C (G), where Λ[k] ∈ Rk×k is a
diagonal matrix containing the k smallest eigenvalues of A. Equivalently we
can state that the upper bound in (19.45) is attained if and only if G = UN,
where Nk×k is orthogonal and the columns of U are any set of orthonormal
eigenvectors of A corresponding to the k largest eigenvalues.

In particular, the upper bound in (19.45) is attained when
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G = (t1 : . . . : tk) = T(k) , (19.47)

and the lower bound when

G = (tn−k+1 : . . . : tn) := T[k] , (19.48)

where the columns of T are the orthonormal eigenvectors of A.

The inequalities in (19.45) are being named after Henri Poincaré (1890,
pp. 259–260); see also Philatelic Item 11.2, (p. 282). For a related version of
(19.45) see Exercise 19.9 (p. 411).

In Propositions 19.3–19.6 we consider the Frobenius norm of the matrix L:
‖L‖2F = tr(LL′).

Proposition 19.3. Let A be a given n ×m matrix of rank r, and let B be
an n×m matrix of rank k (< r). Then

(A−B)(A−B)′ ≥L (A−APB′)(A−APB′)′

= A(Im −PB′)A′, (19.49)

and hence
‖A−B‖2F ≥ ‖A−APB′‖2F . (19.50)

Moreover, if B has the full rank decomposition

B = FG′, where G′G = Ik , (19.51)

then PB′ = PG, and

(A−B)(A−B)′ ≥L (A− FG′)(A− FG′)′

= A(Im −GG′)A′. (19.52)

Proof. The proof is a simple consequence from Proposition 2.5 (p. 81), but
let’s go through it anyways. We observe that

A−B = (A−APB′) + (APB′ −B) := S + R , (19.53)

where

SR′ = (A−APB′)(PB′A′ −B′)
= APB′A′ −AB′ −APB′A′ + AB′ = 0 . (19.54)

Hence

(A−B)(A−B)′ = SS′ + RR′

≥L SS′ = A(Im −PB′)A′, (19.55)
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which proves our claim (19.50). Note that (19.52) is simply another way to
express (19.49). ut

Now we are (finally) ready to state and prove the following fundamental
result due to Eckart & Young (1936); see also Householder & Young (1938).
This result is often called the Eckart–Young theorem.

Proposition 19.4 (Eckart–Young Theorem). Let A be a given n × m
matrix of rank r, with the singular value decomposition

A = U∆V′ = U1∆1V′1 = δ1u1v′1 + · · ·+ δrurv′r . (19.56)

Let B be an n×m matrix of rank k (< r). Then

min
B
‖A−B‖2F = δ2

k+1 + · · ·+ δ2
r , (19.57)

and the minimum is attained taking

B = Ḃk = δ1u1v′1 + · · ·+ δkukv′k . (19.58)

Proof. The proof of (19.57) goes now very smoothly using Propositions 19.1
and 19.3. Letting the columns of G be an orthonormal basis of C (B′), we
observe, in view of (19.52), that

‖A−B‖2F ≥ ‖A−AGG′‖2F = tr[A(Im −GG′)A′]
= tr(AA′)− tr(G′A′AG) . (19.59)

Now, on the basis of (19.38) (p. 397),

tr(G′A′AG) ≤ ch1(A′A) + · · ·+ chk(A′A) = δ2
1 + · · ·+ δ2

k (19.60)

for all G such that G′G = Ik. Hence (19.59) implies

‖A−B‖2F ≥ δ2
k+1 + · · ·+ δ2

r (19.61)

for all Bn×m such that rank(B) = k. Clearly the equality is attained when
(19.58) holds, and thus our claim (19.57) is proved. ut

It is worth noting that the Löwner ordering (19.49) implies also

chi(A−B)(A−B)′ ≥ chi[A(Im −PB′)A′] ≥ chi+k(AA′) , (19.62)

for i+ k ≤ r, i.e.,

sgi(A−B) ≥ sgi+k(A) , (19.63)

where the last inequality in (19.62) follows from Proposition 19.2 (p. 398);
details are left as an exercise, see Exercise 19.8 (p. 411).
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Stewart (1993, p. 563) points out that actually Eckart & Young (1936)
rediscovered the result which earlier had appeared in a more general form
in the paper by Schmidt (1907); see also Hubert, Meulman & Heiser (2000,
p. 71). Instead of the “Eckart–Young theorem” Stewart (1993) calls Propo-
sition 19.4 the “Schmidt’s approximation theorem” and so do Ben-Israel &
Greville (2003, p. 213), who also use the term best rank-k approximation of
A. For further discussion on Proposition 19.4, which we still (slightly in-
correctly) continue to call the Eckart–Young theorem, see Mirsky (1960),
Chipman (1997), Harville (1997, pp. 556–559), and Stewart & Sun (1990,
208–210).

For a general reference to matrix approximation, see Rao (1979, 1980),
and for the related comments on the use of the singular value decomposition
in psychometrics, see Takane (2004), and Yanai & Takane (2007). Hubert,
Meulman & Heiser (2000) review some connections between numerical linear
algebra and applied statistics/psychometrics and their respective concerns
with matrix factorization and the subsequent rank reduction of a matrix.

For completeness we write the Eckart–Young theorem also in the situation
when A is symmetric.

Proposition 19.5. Let An×n be a symmetric matrix of rank r, with eigen-
value decomposition

A = T∆T′ = λ1t1t′1 + · · ·+ λrtrt′r . (19.64)

Then

min
rank(B)=k

‖A−B‖2F = min
rank(B)=k

tr(A−B)(A−B)′ = λ2
k+1+· · ·+λ2

r , (19.65)

and the minimum is attained when

B = T(k)Λ(k)T′(k) = λ1t1t′1 + · · ·+ λktkt′k . (19.66)

We complete this example with the following result useful in factor analysis
(Schönemann 1966, Green 1952).

Proposition 19.6. Let A and B be given n×p matrices and let Op×p be the
set of orthogonal p× p matrices. Then

min
Z∈Op×p

‖A−BZ‖2F = ‖A−BZ∗‖2F , (19.67)

where Z∗ = UV′ is obtained from the singular value decomposition B′A =
U∆V′.

Proof. Following Vehkalahti, Puntanen & Tarkkonen (2007, Lemma 1), we
first write
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‖A−BZ‖2F = tr[(A−BZ)(A−BZ)′]
= tr(AA′) + tr(BB′)− 2 tr[Z(B′A)′] , (19.68)

and observe that minimizing (19.68) is equivalent to maximizing tr[Z(B′A)′].
Using the singular value decomposition B′A = U∆V′, where U,V ∈ Op×p,
we obtain

tr[Z(B′A)′] = tr[Z(U∆V′)′] = tr(U′ZV∆) = tr(Q∆) , (19.69)

where Q = U′ZV ∈ Op×p, being the product of orthogonal matrices. Because
the elements of Q can not exceed 1, we have

tr(Q∆) =
p∑
j=1

qjjδj ≤
p∑
j=1

δj = tr(∆) , (19.70)

and the maximum of (19.69) and hence the minimum of (19.68) is clearly
attained when Q = Ip. Our claim (19.67) follows by selecting Z = Z∗ = UV′,
as then Q = U′UV′V = Ip. ut

19.4 Principal Component Analysis

In Section 18.2 (p. 362) we considered the (population) principal components
and defined the random variable b′1(x−µx) to be the first principal compo-
nent if the maximum of var(b′x) under the condition b′b = 1 is attained for
b = b1. The second principal component is defined as b′2(x − µx) where b2
maximizes var(b′x) under the conditions b′b = 1 and cor(b′x,b′1x) = 0.

In Section 9.4 (p. 203), we were interested in predicting the p-dimensional
random vector x on the basis of some linear combinations of x, that is, we
want to find

BLP(x; A′x) = best linear predictor of x on the basis of A′x , (19.71)

where A′ ∈ Rk×p. How to obtain the A ∈ Rp×k? The criterion to construct
A can obviously be based on the covariance matrix of the prediction error
x− BLP(x; A′x) = e:

cov(e) = Σ−ΣA(A′ΣA)−1A′Σ . (19.72)

In Proposition 9.3 (p. 205) we concluded that the minimum of the (squared)
Frobenius norm ‖cov(e)‖2F = tr [cov(e)]2 is attained when A chosen as T(k),
where the columns of T(k) comprise the first k eigenvectors of cov(x) = Σ.
Moreover, minimizing the trace of cov(e) yields the same result.

The above two different approaches both yield the principal components.
In this section we present two more approaches: one based on the observed
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data points and fitting there a subspace appropriately, while in the other
approach we deal with the variable space. These are sample analogies to the
predictive approach in population.

Let X̃ be an n × p centered data matrix containing n measurements of p
variables. Let us denote

X̃ = (x̃1 : x̃2 : . . . : x̃p) =


x̃′(1)
x̃′(2)
...

x̃′(n)

 . (19.73)

Here the columns (corresponding to variables) x̃i are vectors in the variable
space Rn, and (the transposes) of the rows (corresponding to observations)
x̃′(j) are vectors in the observation space Rm.

Consider now the scatter plot of the n centered observations (or points)
in the observation space Rp. Let Gm×k, where k < p, be a matrix with
orthonormal columns. Then C (G) is an k-dimensional subspace of the ob-
servation space Rp, and the orthogonal projector onto that subspace is

GG′ = PG . (19.74)

How should G be chosen if we wish that

C (G) goes “nicely” through the scatter plot? (19.75)

g

x(1)

‖e(1)‖

x(2)

‖e(2)‖
x(3)

‖e(3)‖

Figure 19.1 Minimizing orthogonal distances.

One natural criterion for “niceness” is based on the orthogonal distances of
the data points (observations) x̃(i) from the subspace C (G). We may denote

e(i) = (Im −PG)x̃(i) , i = 1, . . . , p , (19.76)
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Figure 19.2 The scatter plot of the 12 observations of the centered data matrix ap-
peared in Figures 0.1b (p. 2) and 0.8b (p. 56). Denote the centered data matrix as
X̃.
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Figure 19.3 (Continuation to Figure 19.2.) (a) The centered data matrix X̃ is post-
multiplied by the rotation matrix T: X̃T = (w : z). What is T = (t1 : t2)? (b) The
orthogonal distances of the data points from the line C (t1) are marked up.

and
E′ = (Im −PG)X̃′. (19.77)

The columns of E′ are the differences (residuals) between the data points and
their projections onto C (G). Minimizing the sum of squared norms of these
differences means that we have to minimize

‖E‖2F = ‖X̃− X̃PG‖2F , (19.78)

that is, we have to minimize
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tr(E′E) = tr(X̃′X̃)− tr(PGX̃′X̃) , (19.79)

which is equivalent to maximizing

tr(G′X̃′X̃G) subject to G′G = Ik . (19.80)

On the basis of (19.38), the matrix G minimizing (19.78) comprises the first
k orthonormal eigenvectors of X̃′X̃, which we may denote as

Ġ = T(k) = (t1 : . . . : tk) , (19.81)

and

min
G′G=Ik

‖E‖2F = ‖X̃− X̃ĠĠ′‖2F
= ‖X̃− X̃T(k)T′(k)‖2F
= chk+1(X̃′X̃) + · · ·+ chp(X̃′X̃)
= sg2

k+1(X̃) + · · ·+ sg2
p(X̃) . (19.82)

Note that the eigenvectors X̃′X̃ are the same as those of the covariance
matrix, S, say, of the observed data:

S = 1
n− 1X̃′X̃ . (19.83)

The new projected observations are the columns of the matrix

T(k)T′(k)X̃′ = PT(k)X̃′. (19.84)

In particular, if k = 1, the new projected observations are the columns of

t1t′1X̃′ = t1(t′1X̃′) = t1(t′1x̃(1), . . . , t′1x̃(n)) := t1s′1 , (19.85)

where the vector

s1 = X̃t1 =

t′1x̃(1)
...

t′nx̃(n)

 ∈ Rn (19.86)

comprises the values (scores) of the first (sample) principal component; the
ith individual has the score t′ix̃(i) on the first principal component. The scores
are the (signed) lengths of the new projected observations.

Let us change our approach a little bit and do some considerations in the
variable space Rn. Consider a given centered data matrix X̃ = (x̃1 : x̃2 :
. . . : x̃p) and let X̃a be a vector in the variable space Rn, and suppose that
a′a = 1. How to choose the vector a ∈ Rp so that the vector X̃a goes “nicely”
through the bunch of variable vectors x̃1, x̃2, . . . , x̃p? Now the orthogonal
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projection of the variable vector x̃i onto the line C (X̃a) is pi = PX̃ax̃i, and
the corresponding difference (a kind of residual) is

f i = (In −PX̃a)x̃i =
(

In −
X̃aa′X̃′

a′X̃′X̃a

)
x̃i . (19.87)

The matrix of all f i-vectors is

F = (f1 : f2 : . . . : fp) = (In −PX̃a)X̃ , (19.88)

and it seems natural to choose a so that the matrix F is small in some sense.
Taking the Euclidean matrix norm, we get

f(a) := ‖(In −PX̃a)X̃‖2F = tr(X̃′X̃)− tr(PX̃aX̃X̃′)

= tr(X̃′X̃)− a′(X̃′X̃)2a
a′X̃′X̃a

. (19.89)

Now the minimum of f(a) is attained when a is chosen as the eigenvector
corresponding to the largest eigenvalue of X̃′X̃ = (n − 1)S. Notice that S
and X̃′X̃ have the same eigenvectors. Hence we conclude that this approach,
putting the vector X̃a into the variable space in an appropriate way, yields the
same results as the corresponding task in the observation space on page 403.
Corresponding considerations can be done also in the more general case by
looking for a matrix A ∈ Rp×k with orthonormal columns such that the
residual matrix F in (19.88) is

F = (f1 : f2 : . . . : fp) = (In −PX̃A)X̃ . (19.90)

Let us take a look at the connection between the SVD and the principal
component analysis. Let X̃ be a centered n× p data matrix whose SVD is

X̃ = U∆V′ := U∆T′, (19.91)

where we have replaced the “traditional” notation V with T. Then

X̃′X̃ = V∆′∆V′ := TΛT′, (19.92)

and so T is the matrix of the orthonormal eigenvectors of X̃′X̃ and the
diagonal matrix Λ comprises its eigenvalues (squared singular values of X̃).
If we consider a best rank-1 approximation of the centered data matrix X̃,
then the Eckart–Young theorem (p. 400) tells us that

min
B,rank(B)=1

‖X̃−B‖2F = δ2
2 + · · ·+ δ2

p , (19.93)

and that the minimum is attained by taking
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B = Ḃ1 = δ1u1t′1 , (19.94)

where t1 is the first eigenvector of X̃′X̃ (or equivalently, the first eigenvector
of covariance matrix S), i.e., the first right singular vector of X̃, satisfying
[see (19.23), p. 395]

X̃′X̃t1 = δ2
1t1 , X̃t1 = δ1u1 . (19.95)

Hence we have

Ḃ1 = δ1u1t′1 = X̃t1t′1 = s1t′1 , where s1 = X̃t1 , (19.96)

which is precisely the result obtained above by minimizing the sum of squared
distances. To repeat one more time, the best rank-1 approximation of the
centered data matrix X̃ is the matrix Ḃ1 = s1t′1 whose rows are multiples
of t′1; the columns of Ḃ′1 = t1s′1 are projections of the data points onto the
one-dimensional space (line) C (t1).

It is interesting to observe that the matrix approximation by a matrix
of a lower rank indeed yields the principal component analysis. It is also
noteworthy, cf. Mustonen (1995, p. 65), that, as in (19.86) with k = 1, the
values (scores) of the principal components can be obtained directly from the
SVD of X̃; the values of the jth principal component are in the jth column
of

U∆ = X̃T . (19.97)

The columns x̃(i), say, of matrix T′X̃′ represent the new rotated observations
(data points); the cosine between the original observations x̃(i) and x̃(j) is
the same as the cosine between the new observations x̃(i) and x̃(j) since T
is orthogonal. Note also that the variables corresponding to the columns of
X̃T, i.e., the principal components, are uncorrelated because T′X̃′X̃T = ∆2

∗
is a diagonal matrix.

19.5 Generalized Inverses through the SVD

Different types of generalized inverses can be conveniently characterized
through the singular value decomposition. In the following, we will simply
list (without proofs) some results. The following characterizations appear,
e.g., in Rao (1973a, Complement 28, pp. 76–77), and Ben-Israel & Greville
(2003, Ex. 14, p. 208).

Let An×m have a singular value decomposition

A = U
(

∆1(r×r) 0r×(m−r)
0(n−r)×r 0(n−r)×(m−r)

)
V′. (19.98)
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Then the following statements hold:

G ∈ {A−} ⇐⇒ G = V
(

∆−1
1 K
L N

)
U′, (19.99)

G ∈ {A−12} ⇐⇒ G = V
(

∆−1
1 K
L L∆1K

)
U′, (19.100)

G ∈ {A−13} = {A−` } ⇐⇒ G = V
(

∆−1
1 0
L N

)
U′, (19.101)

G ∈ {A−14} = {A−m} ⇐⇒ G = V
(

∆−1
1 K
0 N

)
U′, (19.102)

G = A+ ⇐⇒ G = V
(

∆−1
1 0
0 0

)
U′, (19.103)

where K, L, and N are arbitrary matrices.
For the proof of (19.99), see page 110 of Section 4.1.

19.6 Canonical Correlations and the SVD

Canonical correlations are considered in various parts of this book; see, e.g.,
Section 2.1 (p. 77), Section 5.9 (p. 133), and Section 18.9 (p. 379).

As in Section 18.9, consider now random vector u whose covariance matrix
is cov(u) = In. Then

cov
(

A′u
B′u

)
=
(

A′A A′B
B′A B′B

)
:=
(

Σ11 Σ12
Σ21 Σ22

)
= Σ . (19.104)

Let %i denote the ith largest canonical correlation between the random vectors
A′u and B′u. Then %1 is defined as the maximum value of the correlation
between arbitrary linear combinations α′A′u and β′B′u. Let α1 and β1 be
the corresponding maximizing values of α and β. Then α′1A′u and β′1B′u
are called the first canonical variables. In view of (18.157) (p. 379),

%2
1 = max

Aα6=0,
Bβ 6=0

(α′A′Bβ)2

α′A′Aα · β′B′Bβ = α′1A′PBAα1
α′1A′Aα1

= ch1(PAPB) . (19.105)

Hence we immediately see that

%1 = sg1
(
(A′A)+1/2A′B(B′B)+1/2) = sg1

(
Σ+1/2

11 Σ21Σ+1/2
22

)
, (19.106)

where we have denoted shortly (U+)1/2 = U+1/2. (Actually we can use any
generalized inverse U− which is nonnegative definite.)
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Suppose, for simplicity, that A and B have full column ranks. Then, in
view of (19.28) (p. 396),

%2
1 = max

α6=0,β 6=0

(α′A′Bβ)2

α′A′Aα · β′B′Bβ

= max
α6=0,β 6=0

[
α′(A′A)1/2(A′A)−1/2A′B(B′B)−1/2(B′B)1/2β

]2
α′(A′A)1/2(A′A)1/2α · β′(B′B)1/2(B′B)1/2β

= max
a 6=0,b6=0

[
a′(A′A)−1/2A′B(B′B)−1/2b′

]2
a′a · b′b

= max
a′a=b′b=1

(a′Σ−1/2
11 Σ12Σ−1/2

22 b′)2 = (a′1Σ
−1/2
11 Σ12Σ−1/2

22 b′1)2

= sg2
1(Σ−1/2

11 Σ12Σ−1/2
22 ) = ch1(Σ−1

11 Σ12Σ−1
22 Σ21) , (19.107)

where a1 = Σ1/2
11 α1 and b1 = Σ1/2

22 β1 are the first left and right singular
vectors of Σ−1/2

11 Σ12Σ−1/2
22 , respectively.

Next we show one geometric approach to end up to canonical correlations;
see also Section 2.1 (p. 77).

Let Xn×a and Yn×b be centered data matrices (having full column ranks)
of variables x1, . . . , xa and y1, . . . , yb, respectively. The problem is to find
vectors f = Xr ∈ C (X) and g = Ys ∈ C (Y) such that their cosine, i.e., the
sample correlation cord(Xr,Ys) is maximal. Keeping first f = Xr fixed, the
vector Yṡ closest to f is

Yṡ = PYXr = Y(Y′Y)−1Y′Xr , (19.108)

and hence

cos2(Xr,Yṡ) = cos2(Xr,PYXr) = r′X′PYXr
r′X′Xr := γ2. (19.109)

The maximal value of γ2 is

ch1
[
X′PYX(X′X)−1] = ch1(PXPY) := γ2

1 , (19.110)

which is the largest sample canonical correlation (squared) between the sets
of variables {x1, . . . , xa} and {y1, . . . , yb}.

19.7 Exercises

19.1. Find the rotation matrix T in Figure 19.3 (p. 404).
19.2. Confirm that the singular value decomposition of the row vector (1, 1)

is
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(1, 1) = 1 ·
(√

2 0
0 0

)( 1√
2

1√
2

1√
2 − 1√

2

)
.

Notice that (1, 1) has no zero singular values—unless we take into account
the honorary singular values; see page 395.

19.3. Let A ∈ Rn×a with rank(A) = r and denote

B =
(

0 A
A′ 0

)
∈ R(n+a)×(n+a), sgi(A) = δi , i = 1, . . . , r .

Show that the nonzero eigenvalues of B are δ1, . . . , δr,−δ1, . . . ,−δr.
19.4. Consider A ∈ Rn×m with rank(A) = r, and suppose that we construct

U1 ∈ Rn×r and V1 ∈ Rm×r with orthonormal columns so that AA′U1 =
U1∆2

1, and A′AV1 = V1∆2
1, where ∆2

1 is a diagonal matrix comprising
the r nonzero eigenvalues of A′A. Thus the columns of U1 and V1 are
orthonormal eigenvectors of AA′ and A′A, respectively. Why does not
this necessarily yield the singular value decomposition A = U1∆1V′1?

Abadir & Magnus (2005, p. 226).

19.5. Consider symmetric n× n matrices A and B. Then
n∑
i=1

chi(A) chn−i−1(B) ≤ tr(AB) ≤
n∑
i=1

chi(A) chi(B) . (19.111)

Suppose that A ∈ Rn×p, B ∈ Rp×n. Show, using Exercise 19.3, that the
above result, due to von Neumann (1937), implies the following:

−
k∑
i=1

sgi(A) sgi(B) ≤ tr(AB) ≤
k∑
i=1

sgi(A) sgi(B) , (19.112)

where k = min
(
rank(A), rank(B)

)
.

Rao & Rao (1998, pp. 386–387).

19.6. Consider A,B ∈ Rn×m, where rank(A) = r > rank(B) = k, and
α1 ≥ · · · ≥ αr and β1 ≥ · · · ≥ βk are the singular values of A and B,
respectively. Confirm, using (19.112), that the following holds:

‖A−B‖2F = tr(A′A) + tr(B′B)− 2 tr(A′B)

≥
r∑
i=1

α2
i +

k∑
j=1

β2
j − 2

k∑
j=1

αjβj

=
k∑
j=1

(αj − βj)2 +
r∑

i=k+1
α2
i ≥

r∑
i=k+1

α2
i , (19.113)

thus offering an alternative proof for the Eckart–Young theorem (p. 400).
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19.7. Suppose that A, B and A − B are symmetric nonnegative definite
n× n matrices. Prove that then

chi(A−B) ≥ chi+k(A) , i = 1, . . . , n− k ,

and with equality for all i if and only if

B =
k∑
i=1

chi(A)tit′i = T(k)Λ(k)T′(k) ,

where Λ(k) comprises the first k eigenvalues of A and T(k) = (t1 : . . . : tk)
is the matrix of the corresponding orthonormal eigenvectors of A.

Okamoto & Kanazawa (1968), Okamoto (1969),
Fujikoshi, Ulyanov & Shimizu (2010, p. 505).

19.8. Prove (19.62) (p. 400): For A,B ∈ Rn×m, where rank(A) = r and
rank(B) = k, we have

sgi(A−B) ≥ sgi+k(A) , i+ k ≤ r , (19.114)

and sgi(A−B) ≥ 0 for i+ k > r. The equality is attained in (19.114) if
and only if k ≤ r and B =

∑k
i=1 sgi(A)tiu′i, where A =

∑c
i=1 sgi(A)tiu′i

is the SVD of A.
Rao (1980, pp. 8–9), Rao & Rao (1998, p. 382), Stewart (1993, §6).

19.9. Let A and B be nonnegative definite n× n matrices so that C (A) ⊂
C (B), b = rk(B), and let Xn×p be a matrix with r = rk(BX). Then

chb−r+i(B−A) ≤ chi[(X′BX)−X′AX] ≤ chi(B−A) , i = 1, . . . , r .

Show that the upper bound above is attained simultaneously for all i =
1, . . . , r if and only if there exists Q1 ∈ Rn×r such that

Q′1BQ1 = Ir , AQ1 = BQ1D1 , and C (BQ1) = C (BX) ,

where D1 ∈ Rr×r is a diagonal matrix comprising the r largest proper
eigenvalues of A with respect to B and the columns of Q1 are the cor-
responding proper eigenvectors. Confirm that the upper bound above is
attained by choosing X so that the columns of Q1 span C (X).

Scott & Styan (1985, Th. 2).

19.10. Let f be a function defined in the set NNDp. Then it can be shown
that a necessary and sufficient condition for f to be

(a) strictly increasing, i.e., f(A) > f(B) if A ≥L B and A 6= B,
and

(b) invariant under orthogonal transformation, i.e., f(W′AW) = f(A)
for any orthogonal W,
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is that f(A) = g[ch1(A), . . . , chp(A)] for some g that is strictly increasing
in each argument. This means that minimizing f(A) with respect to A
is equivalent to simultaneously minimizing the eigenvalues of A.

Confirm that tr(A), the Frobenius norm ‖A‖F , and det(A) satisfy
the above definition. Show that if f satisfies (a) and (b), and y is a given
p-dimensional random vector, then

f [cov(y−Ax)] is minimized for any x and any Ap×k

if and only if Ax = T(k)T′(k)y, where T(k) comprises the first k orthonor-
mal eigenvectors of cov(y).

Okamoto & Kanazawa (1968), Seber (1984, pp. 177–178),
Fujikoshi, Ulyanov & Shimizu (2010, §10.2).

19.11. The variables (columns) x1, . . . ,xp are exactly collinear if one of the
xi is an exact linear combination of the others. This is exact collinearity,
i.e., linear dependency, and by term collinearity or near dependency we
mean inexact collinear relations. Condition number of X is defined as:

cond(X) = κ(X) = ch1/2
max(X′X)

ch1/2
min(X′X)

= sgmax(X)
sgmin(X) .

Show that the following result holds:

κ(X1 : X2) ≥ κ(X1 : M1X2) ≥ κ(M1X2) .

Belsley (1991, Th. 6.1).

19.12 (Contingency table, r × c). Consider the similar situation as in Exer-
cise 0.7 (p. 47), but suppose the variables x and y have values A1, . . . , Ar
and B1, . . . , Bc, respectively, and assume that we have n observations
from these variables. Let us define new variables in the following way:

x1 = 1 if x has value A1, and x1 = 0 otherwise,
. . .

xr = 1 if x has value Ar, and xr = 0 otherwise,

and let y1, . . . , yc be defined in the corresponding way with respect to the
values B1, . . . , Bc. Denote the observed n× (r + c) data matrix as

U = (x1 : . . . : xr : y1 : . . . : yc) = (X : Y) .

Let our task be to calculate canonical correlations %i, say, between the
x-variables and the y-variables, that is, we are interested in linear combi-
nations Xα and Yβ which have maximal correlation. (Actually it might
be better to denote %̂i because these are a sample statistics.) Suppose that
r ≤ c, in which case we have r pairs (Xαi,Yβi) yielding the c canonical
correlations %i. Show, using Exercise 0.8 (p. 48):
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%i = sgi
[(

(X′CX)−
)1/2X′CY

(
(Y′CY)−

)1/2]
= sgi

[
D−1/2

r (F−E)D−1/2
c

]
= sgi(G∗) ,

where C is the centering matrix, (X′CX)− ∈ NNDr, (Y′CY)− ∈ NNDc,
and, as in Exercise 0.7 (p. 47):

Dc = Y′Y = diag(c) , Dr = X′X = diag(r) ,
c = Y′1n ∈ Rc, r = X′1n ∈ Rr,
F = X′Y ∈ Rr×c: contingency table of x vs. y ,
E = rc′/n ∈ Rr×c: “expected” frequencies of the contingency table F ,
G∗ = D−1/2

r (F−E)D−1/2
c = (X′X)−1/2X′CY(Y′Y)−1/2.

19.13 (Continued . . . ). Confirm:

(a) %2
i = chi(PCXPCY) = chi(CPXCPY),

(b) %2
i = chi[D−1

r (F−E)D−1
c (F−E)′].

(c) χ2 = n tr(PCXPCY) = n(%2
1 + · · ·+ %2

r); see Exercise 0.9 (p. 48).
(d) Let G∗ = U∆V′ be the SVD of G∗. Then αi = D−1/2

r ui and
βi = D−1/2

c vi yield the %i.
(e) Check from literature how close we are to the correspondence anal-

ysis.
Greenacre (2007, pp. 201–202), Izenman (2008, §17), Rao (1995).

19.14 (Continued . . . ). Confirm the following:

(a) PCXPCY = PXPY − J,
(b) nzch(PXPY) = {1, %2

1, %
2
2, . . . , %

2
r},

(c) nzch(PCXPCY) = {%2
1, %

2
2, . . . , %

2
r},

(d) nzch(PQYXPQXY) = { %2
i : 0 < %2

i < 1 }; see Exercise 18.10 (p. 387).
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Philatelic Item 19.1 Paul Anthony Samuelson (1914–2009) was the first American
to win the Sveriges Riksbank Prize in Economic Sciences in Memory of Alfred Nobel
(in 1970). The Laguerre–Samuelson inequality connects an 1880 theorem of Edmond
Nicolas Laguerre (1834–1886) concerning polynomials with all real roots and a 1968
inequality of Samuelson for the maximum and minimum deviation from the mean, see
Section 20.5 (p. 420). The stamp (left panel) for Samuelson was issued by Guinea-Bissau
in 2005. Jan Tinbergen (1903–1994) was a Dutch economist, who was awarded the first
Sveriges Riksbank Prize in Economic Sciences in Memory of Alfred Nobel in 1969 for
having developed and applied dynamic models for the analysis of economic processes.
Tinbergen shared this Nobel Prize with the Norwegian economist Ragnar Anton Kittil
Frisch (1895–1973). For the Frisch–Waugh–Lovell theorem see Section 15.4 (p. 328). The
stamp (right panel) for Tinbergen was issued by The Netherlands in 1995 (Scott 894).

Philatelic Item 19.2 John William Strutt, 3rd Baron Rayleigh, OM (1842–1919) was
an English physicist who, with Sir William Ramsay, KCB (1852–1916), discovered the
element argon, an achievement for which he earned the Nobel Prize for Physics in 1904.
For a real symmetric matrix A the Rayleigh quotient x′Ax/x′x lies between the mini-
mum and maximum eigenvalues of A, see Section 18.1 (p. 360).



Chapter 20
The Cauchy–Schwarz Inequality

Yes, I’ve learnt from my mistakes
and I think I’m now able to repeat them almost exactly.

Peter Cook

As Steele (2004, p. 1) says, there is no doubt that the Cauchy–Schwarz in-
equality is one of the most widely and most important inequalities in all of
mathematics. This chapter gives some examples of its use in statistics; fur-
ther examples appear in several places in this book. The Cauchy–Schwarz
inequality is also known as the Cauchy–Bouniakowsky–Schwarz inequality
and is named after Augustin-Louis Cauchy (1789–1857) (see also Philatelic
Item 12.1, p. 290), Viktor Yakovlevich Bouniakowsky [Buniakovskii, Bun-
yakovsky] (1804–1899), and [Karl] Hermann Amandus Schwarz (1843–1921);
see Cauchy (1821)1 Bouniakowsky (1859, pp. 3–4), and Schwarz (1888,
pp. 343–345), and the book by Steele (2004, Ch. 1).

Theorem 20 (The Cauchy–Schwarz inequality). Let x and y be n × 1
nonnull real vectors. Then

(x′y)2 ≤ x′x · y′y , for all x, y (20.1)

is the vector version of the Cauchy–Schwarz inequality. Equality holds in
(20.1) if and only if x and y are linearly dependent, i.e.,

(x′y)2 = x′x · y′y ⇐⇒ there exists λ ∈ R : x = λy . (20.2)

Proof. There are many ways to prove (20.2), see, e.g., Marcus & Minc (1992,
p. 61). We prove it here using the presentation of the orthogonal projector
onto the column space C (x). Namely, it is obvious that

y′(In −Px)y ≥ 0 , (20.3)

i.e.,
y′y− y′x(x′x)−1x′y ≥ 0 , (20.4)

1 As Steele (2004, p. 10) says: “Oddly enough, Cauchy did not use his inequality in his
text, except in some illustrative exercises.”
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(x′y)2

x′x ≤ y′y , (20.5)

from which (20.1) follows. Clearly the equality in (20.1) holds if and only if

(In −Px)y = 0 , (20.6)

which is equivalent to the right-hand side of (20.2). Note that clearly the
equality in (20.1) holds if x = 0 or y = 0. ut

20.1 Specific Versions of the Cauchy–Schwarz Inequality

Let A be an n×n nonnegative definite symmetric matrix with the eigenvalue
decomposition

A = TΛT′,
Λ = diag(λ1, . . . , λn) , T = (t1 : . . . : tn) , T′T = In .

(20.7)

Here λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0, and ti is the eigenvector corresponding to λi.
In particular, denoting T1 = (t1 : . . . : tr) and Λ1 = diag(λ1, . . . , λr), where
r = rank(A), we get the symmetric nonnegative definite square root of A:
A1/2 = T1Λ1/2

1 T′1. Similarly we get (A+)1/2 = T1Λ−1/2
1 T′1 and

A1/2(A+)1/2 = T1T′1 = PA . (20.8)

Substituting now x = A1/2u and y = (A+)1/2v into (20.1) we obtain

[u′A1/2(A+)1/2v]2 ≤ u′A1/2A1/2u · v′(A+)1/2(A+)1/2v , (20.9a)
(u′PAv)2 ≤ u′Au · v′A+v . (20.9b)

Equality holds in (20.9) if and only if

A1/2u and (A+)1/2v are linearly dependent, (20.10)

for which one sufficient condition is

u ∈ N (A) or v ∈ N (A) . (20.11)

Requesting that u /∈ N (A) and v /∈ N (A) the equality in (20.9) can be
characterized by the condition

A1/2u = λA+1/2v for some λ ∈ R , (20.12)

which is equivalent (please confirm) to

Au = λPAv for some λ ∈ R . (20.13)
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Furthermore,

(u′v)2 ≤ u′Au · v′A−v for all v ∈ C (A) . (20.14)

Equality holds in (20.14) if and only if

Au = λv for some λ ∈ R . (20.15)

Clearly, if A positive definite, we have

(u′v)2 ≤ u′Au · v′A−1v , (20.16)

and

(u′u)2 ≤ u′Au · u′A−1u , (20.17a)

1 ≤ u′Au · u′A−1u
(u′u)2 , (20.17b)

(u′u)2

u′Au · u′A−1u ≤ 1 , (20.17c)

where the equality holds (assuming u 6= 0) if and only if u is an eigenvector
of A:

Au = λu for some λ ∈ R . (20.18)

20.2 Maximizing cor(y, b′x)

Consider a (p + 1)-dimensional random vector z = (x′, y)′ whose covariance
matrix is

cov(z) = cov
(

x
y

)
=
(

Σxx σxy
σ′xy σ2

y

)
= Σ . (20.19)

What is then the vector b∗ ∈ Rp which gives the maximal value for the
correlation between the random variables y and b′x, i.e.,

max
b

cor2(y,b′x) = cor2(y,b′∗x) . (20.20)

Using the Cauchy–Schwarz inequality it is easy to prove, see (9.18) (p. 193)
that

b∗ = Σ−xxσxy , (20.21)

which could, of course, be multiplied with any nonzero scalar, and

max
b

cor2(y,b′x) =
σ′xyΣ−xxσxy

σ2
y

= %2
y·x , (20.22)
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which is the population multiple correlation coefficient (squared).

20.3 The Kantorovich Inequality

As pointed out in Section 10.7, p. 234), the Watson efficiency under the model
M = {y, xβ, σ2V}, where V is positive definite, is

φ = eff(β̂) = var(β̃)
var(β̂)

= (x′V−1x)−1

(x′x)−1x′Vx(x′x)−1 = (x′x)2

x′Vx · x′V−1x , (20.23)

and by the Cauchy–Schwarz inequality, we have 0 < φ ≤ 1. The upper bound
is obtained if and only if β̂ = β̃.

The lower bound of φ is obtained from the Kantorovich inequality; cf., e.g.,
Watson, Alpargu & Styan (1997):

τ2
1 := 4λ1λn

(λ1 + λn)2 ≤
(x′x)2

x′Vx · x′V−1x = φ , (20.24)

where λ1 ≥ λ2 ≥ · · · ≥ λn > 0 are the ordered eigenvalues of V. The lower
bound is obtained when x is proportional to t1± tn, where t1, t2, . . . , tn are
the orthonormal eigenvectors of V corresponding to the eigenvalues λi. The
other way to write the Kantorovich inequality is, of course,

x′Vx · x′V−1x
(x′x)2 ≤ (λ1 + λn)2

4λ1λn
:= µn = 1

τ2
1
. (20.25)

The inequality (20.25) is usually attributed to Leonid Vitaliyevich Kan-
torovich for the inequality he established in Kantorovich (1948, pp. 142–144),
Kantorovich (1952, pp. 106–107); see also Philatelic Item 7.1 (p. 154). As ob-
served by Watson, Alpargu & Styan (1997), the inequality (20.25) originates
from Frucht (1943) and so it may be called “Frucht–Kantorovich inequality”.

The upper bound µn in (20.24) may be written in several different ways,
e.g.,

µn = (λ1 + λn)2

4λ1λn
=
(

(λ1 + λn)/2√
λ1λn

)2
, (20.26)

the square of the ratio of the arithmetic and geometric means of λ1 and λn.
We may call this upper bound µn the “Kantorovich ratio”. Moreover, we will
call 1− (1/µn) the “Wielandt ratio” and write

ν2
n = 1− 1

µn
. (20.27)

Other ways of expressing µn include
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µn = (λ1 + λn)2

4λ1λn
= 1

4

(√
λ1
λn

+
√
λn
λ1

)2

= 1
2(λ1 + λn) · 1

2

(
1
λ1

+ 1
λn

)

=
(√

λ1λn

/
2

1
λ1

+ 1
λn

)2
= 1

1−
(
λ1−λn
λ1+λn

)2 . (20.28)

As noted in Section 10.7 (p. 237), the first antieigenvalue of V is

τ1 =
√
λ1λn

(λ1 + λn)/2 = 1√
µn

. (20.29)

20.4 The Wielandt Inequality

Let Vn×n be a positive definite matrix and let x and y be nonnull vectors in
Rn satisfying the condition x′y = 0. Then

(x′Vy)2

x′Vx · y′Vy ≤
(
ψ − 1
ψ + 1

)2
=
(
λ1 − λn
λ1 + λn

)2
= ν2

n , (20.30)

say, where λ1 ≥ · · · ≥ λn > 0 are the eigenvalues of V and ψ is the condition
number:

ψ = λ1/λn = cond(V) . (20.31)

We will refer to (20.30) as the “Wielandt inequality”. For the geometric mean-
ing of the Wielandt inequality, see Gustafson (1999). The first appearance of
(20.30) in a statistical context seems to be by Eaton (1976).

The matrix Ṁ and the Cauchy–Schwarz inequality give an interesting
proof for the Wielandt inequality, see Isotalo, Puntanen & Styan (2008d).

Proposition 20.1. Let V be an n × n nonnegative definite matrix with
rank(V) = v and let λ1 ≥ · · · ≥ λv > 0 be the nonzero eigenvalues of
V, and t1, . . . , tv the corresponding orthonormal eigenvectors. Let x ∈ C (V)
and y be nonnull vectors satisfying the condition x′y = 0. Then

(x′Vy)2

x′Vx · y′Vy ≤
(
λ1 − λv
λ1 + λv

)2
= 1− 4λ1λv

(λ1 + λv)2 := ν2
v . (20.32)

The upper bound is attained when x = t1 + tv and y = t1 − tv.

Proof. Let us denote M = In − Px. Then x′y = 0 ⇐⇒ y = Ma for some
a ∈ Rn. Hence our goal is to find x and a which maximize

(x′Vy)2

x′Vx · y′Vy = (x′VMa)2

x′Vx · a′MVMa := f(x,a) . (20.33)
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In light of (20.14) (p. 417), we can write

(x′VMa)2 = (x′VM · a)2 ≤ x′VM(MVM)−MVx · a′MVMa
= x′VṀVx · a′MVMa for all x,a ∈ Rn, (20.34)

and so, using x ∈ C (V) and part (a) of Theorem 15 (p. 318),

f(x,a) ≤ x′VṀVx
x′Vx = x′V[V+ −V+x(x′V+x)−1x′V+]Vx

x′Vx

= 1− (x′x)2

x′Vx · x′V+x = 1− eff(β̂ |M ) . (20.35)

The term eff(β̂ |M ) in (20.35) is the efficiency of OLSE(β) under the simple
weakly singular linear model M = {y, xβ, V}. In view of the Kantorovich
inequality, we have

eff(β̂ |M ) ≥ 4λ1λv
(λ1 + λv)2 . (20.36)

Substituting (20.36) into (20.35) yields (20.32). ut

20.5 How Deviant Can You Be?

As Olkin (1992, p. 205) states, Thompson (1935) showed that the deviation
of any particular observation from the mean is bounded by a multiple of
the standard deviation. Implicit in Thompson’s article is the Samuelson’s
inequality:
Proposition 20.2. Let us denote

ȳ = 1
n

n∑
i=1

yi , s2
y = 1

n− 1

n∑
i=1

(yi − ȳ)2 = 1
n− 1y′Cy , (20.37)

where y = (y1, . . . , yn)′ ∈ Rn, and C is the centering matrix. Then

(yk − ȳ)2 ≤ n− 1
n

n∑
i=1

(yi − ȳ)2 = (n− 1)2

n
s2
y , k = 1, . . . , n . (20.38)

We may cite Olkin (1992, p. 205) who states that although the inequality
(20.38) appeared in early literature, it was not popularly known until the
article by Samuelson (1968). Overviews of the development of Samuelson’s
inequality can be found in Olkin (1992), Jensen (1999), and Jensen & Styan
(1999). (See also Philatelic Item 19.1, p. 414.)

Proof (of Samuelson’s inequality). To prove (20.38), along the lines of Wolkow-
icz & Styan (1979), we first note that yk − ȳ can be expressed as
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yk − ȳ = u′Cy , (20.39)

where u = ik = kth column of In. Hence we get

(yk − ȳ)2 = y′Cuu′Cy = u′Cu · y′Cu(u′Cu)−1u′Cy
= ckk · y′PCuy = n−1

n · y′PCuy . (20.40)

In view of the Cauchy–Schwarz inequality (and since y′PCu = y′CPCu), we
get

(y′PCuy)2 = (y′C ·PCuy)2 ≤ y′Cy · y′PCuy , (20.41)

i.e.,
y′PCuy ≤ y′Cy = (n− 1)s2

y . (20.42)

Multiplying (20.42) with (n − 1)/n gives our claim (20.38). The equality is
obtained if all other yi’s are equal except yk. ut

Note that if n = 5 million, then a single observation could not be more
than 2236 standard deviations above the mean.

Trenkler & Puntanen (2005) considered the following generalization of
Samuelson’s inequality, where

x̄ = 1
n (x(1) + · · ·+ x(n)) = X′01 1

n =

x̄1
...
x̄k

 , (20.43a)

Sxx = 1
n−1X′0CX0 = 1

n−1Txx = 1
n−1

n∑
i=1

(x(i) − x̄)(x(i) − x̄)′. (20.43b)

Proposition 20.3. With the above notation,

(n− 1)2

n
Sxx − (x(j) − x̄)(x(j) − x̄)′ ≥L 0 , (20.44)

or equivalently,

(x(j) − x̄)′S−1
xx (x(j) − x̄) ≤ (n− 1)2

n
, j = 1, . . . , n . (20.45)

The equality above holds if and only if all x(i) different from x(j) coincide
with their mean.

For the proof, see Trenkler & Puntanen (2005), and Arnold & Groeneveld
(1974, Cor. 1); cf. also Proposition 8.2 (p. 157). For related references see
also Farebrother (2009) and Olkin & Raveh (2009).
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20.6 Two Inequalities Related to Cronbach’s alpha

Proposition 20.4. Let V be a symmetric nonnegative definite p× p matrix.
Then

1′V1 ≥ p

p− 1 [1′V1− tr(V)], (20.46)

i.e., (assuming 1′V1 6= 0),

1 ≥ p

p− 1

(
1− tr(V)

1′V1

)
. (20.47)

The equality in (20.46) is obtained if and only if V = δ211′ for some δ ∈ R.

Proof. Following Vehkalahti, Puntanen & Tarkkonen (2009, Th. 1), let us
rewrite (20.46) as (p− 1)1′V1 ≥ p1′V1− p tr(V), that is,

1′V1
1′1 ≤ tr(V) = λ1 + λ2 + · · ·+ λp , (20.48)

where λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 are the eigenvalues of V; we will denote
λi = chi(V). Since

max
z6=0

z′Vz
z′z = λ1 = ch1(V) ,

the inequality (20.48) indeed holds. The equality in (20.48) means that

λ1 ≥
1′V1
1′1 = λ1 + λ2 + · · ·+ λp ,

which holds if and only if λ2 = · · · = λp = 0 and vector 1 is the eigenvector
of V with respect to λ1, i.e., V is of the form V = λ111′. ut

An alternative proof of Proposition 20.4 appears in Vehkalahti (2000,
Lemma 4.1). The right-hand term of (20.47), i.e.,

p

p− 1

(
1− tr(V)

1′V1

)
:= α(1) , (20.49)

can be interpreted as Cronbach’s alpha, see Cronbach (1951).
Below we give a related result, see Vehkalahti, Puntanen & Tarkkonen

(2009, Th. 3).

Proposition 20.5. Let V be a symmetric nonnegative definite p× p matrix
with Vδ = diag(V) being positive definite. Then

max
a 6=0

a′Va
a′Vδa

= ch1(V−1/2
δ VV−1/2

δ ) = ch1(RV ) , (20.50)
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where RV = V−1/2
δ VV−1/2

δ , i.e., RV can be considered as a correlation
matrix. Moreover,

a′Va
a′Vδa

≤ p for all a ∈ Rp, (20.51)

where the equality is obtained if and only if V = δ2qq′ for some δ ∈ R and
some q = (q1, . . . , qp)′, and a is a multiple of a∗ = (1/q1, . . . , 1/qp)′.

Proof. In view of Proposition 18.3 (p. 369),

max
a 6=0

a′Va
a′Vδa

= ch1(V−1
δ V) = ch1(V−1/2

δ VV−1/2
δ ) , (20.52)

and thus (20.50) is confirmed. It is obvious that the largest eigenvalue µ1
of a p × p correlation matrix RV has property µ1 ≤ p, and clearly µ1 = p
if and only if RV = 11′, i.e., V must be of the form V = γ2qq′ for some
γ ∈ R and q = (q1, . . . , qp)′ ∈ Rp. It is easy to conclude that if V = γ2qq′,
then the equality in (20.51) is obtained if and only if a is a multiple of
a∗ = V−1/2

δ 1 = 1
γ (1/q1, . . . , 1/qp)′. ut

20.7 Matrix Versions of the Cauchy–Schwarz
and Kantorovich Inequality

Consider the matrices An×a and Bn×b. Then the matrix In − PB is an
orthogonal projector and hence is nonnegative definite:

In −B(B′B)−B′ ≥L 0 . (20.53)

Moreover, (20.53) implies, cf. Chipman (1964, p. 1093), that

A′B(B′B)−B′A ≤L A′A (20.54)

which is a matrix version of the Cauchy–Schwarz inequality. Equality in
(20.54) holds (for a nonnull B) if and only if

C (A) ⊂ C (B) . (20.55)

Note that from (20.54) we get the determinantal version (supposing that
p = q) of the Cauchy–Schwarz inequality:

|A′B|2 ≤ |A′A| · |B′B| . (20.56)

Let then V be a symmetric nonnegative definite n × n matrix and X an
n × p matrix. Substituting A = V1/2X and B = (V+)1/2X into (20.54),
Baksalary & Puntanen (1991, Th. 1) proved the inequality
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X′PVX(X′VX)−X′PVX ≤L X′V+X , (20.57)

with equality if and only if

C (VX) = C (PVX) . (20.58)

Obviously we can express (20.57) equivalently as

X′PVX(X′V+X)−X′PVX ≤L X′VX . (20.59)

Let us then have a look at the matrix versions on the Kantorovich inequal-
ity. When u′u = 1, we may express the Kantorovich inequality as

u′Vu ≤ (λ1 + λn)2

4λ1λn
(u′V−1u)−1, (20.60)

which is more convenient for matrix extensions. Marshall & Olkin (1990)
generalized the Kantorovich inequality by showing that in the Löwner partial
ordering

U′VU ≤L
(λ1 + λn)2

4λ1λn
(U′V−1U)−1, (20.61)

where the n×n matrix V is positive definite with eigenvalues λ1 ≥ · · · ≥ λn,
while the n × p matrix U satisfies U′U = Ip. It is easy to see that V and
V−1 in (20.61) may be interchanged and so we also find that

U′V−1U ≤L
(λ1 + λn)2

4λ1λn
(U′VU)−1. (20.62)

Let Xn×p has full column rank. Then, as pointed out on page 238,

(X′V−1X)−1 ≤L (X′X)−1X′VX(X′X)−1

≤L
(λ1 + λn)2

4λ1λn
(X′V−1X)−1. (20.63)

We may complete this section by considering the following result (see
Lemma 1 of Drury, Liu, Lu, Puntanen et al. 2002):

Proposition 20.6. Let V be an n × n nonnull nonnegative definite matrix
and let the matrices X and Y be n× p and n× q, respectively. Assume that
equation

X′PVY = 0 (20.64)

holds. Then

V−PVX(X′V+X)−X′PV ≥L VY(Y′VY)−Y′V , (20.65)

and hence
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X′VX−X′PVX(X′V+X)−X′PVX ≥L X′VY(Y′VY)−Y′VX (20.66)

for any choices of generalized inverses (X′V+X)− and (Y′VY)−. Equality
holds in (20.65) if and only if

rank(V) = rank(VX) + rank(VY) , (20.67)

and then equality holds in (20.66).

Proof. To prove (20.65), we first denote K = (V+)1/2X and L = V1/2Y,
and so, in view of (20.64), F′L = 0, and

PK + PL = P(K : L) := PU . (20.68)

Substituting the explicit representations of the projectors into (20.68), yields

(V+)1/2X(X′V+X)−X′(V+)1/2 + V1/2Y(Y′VY)−Y′V1/2

= PU ≤L PV , (20.69)

where the last Löwner ordering follows from the column space inclusion
C (U) ⊂ C (V). Pre- and postmultiplying (20.69) with V1/2 gives (20.65)
at once. Moreover, the equality in (20.65) holds if and only if

C (U) = C (K : L) = C (V) , (20.70)

which yields (20.67). ut

Photograph 20.1 Shuangzhe
Liu (Canberra, 2005).

For further matrix versions of the Kan-
torovich and Wielandt inequalities, see Al-
pargu, Drury & Styan (1997), Alpargu &
Styan (2000), Baksalary & Puntanen (1991),
and Drury, Liu, Lu, Puntanen et al. (2002),
Khatri & Rao (1981, 1982), Liu & King (2002),
Liu & Neudecker (1995, 1997, 1999), Liu
(2000b), Pečarić, Puntanen & Styan (1996),
Wang & Shao (1992), and Rao (2007). For
matrix trace Wielandt inequalities with sta-
tistical applications, see Liu, Lu & Puntanen
(2009).

20.8 Exercises

20.1. Prove the Proposition 20.3 (p. 421).

20.2. Prove (20.57) (p. 424):
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X′PVX(X′V+X)−X′PVX ≤L X′VX ,

with equality if and only if C (VX) = C (PVX).

20.3. Choosing X = (Ip : 0)′ in (20.63) (p. 424) confirm that

(V11)−1 ≤L V11 ≤L
(λ1 + λn)2

4λ1λn
(V11)−1,

V−1
11 ≤L V11 ≤L

(λ1 + λn)2

4λ1λn
V−1

11 ,

where V is positive definite and V−1 =
(

V11 V12

V21 V22

)
.

20.4. Confirm that the upper bound in (10.143b) (p. 238), cf. (20.63) (p. 424,
i.e., in

cov(β̃) ≤L cov(β̂) ≤L
(λ1 + λn)2

4λ1λn
cov(β̃) ,

is attained, for example, when

X = 1
2


1 1
1 −1
1 1
−1 1

 , V =


1 r 0 0
r 1 0 0
0 0 1 r
0 0 r 1

 , 0 < r < 1 .

Magness & McGuire (1962).

20.5 (A matrix version of the Kantorovich inequality). Let V be a nonneg-
ative definite matrix with rank(V) = v > 1, and X ∈ Rn×p. Show that
then

X′VX ≤L
(λ1 + λv)2

4λ1λv
X′PVX(X′V+X)−X′PVX .

Notice that in (20.59) (p. 424) we have the lower bound for X′VX.
Drury, Liu, Lu, Puntanen et al. (2002, Th. 1).

20.6 (A matrix version of the Wielandt inequality). Let V be positive def-
inite, and let X ∈ Rn×p, Y ∈ Rn×q satisfying X′Y = 0. Show that
then

X′VY(Y′VY)−Y′VX ≤L

(
λ1 − λn
λ1 + λn

)2
X′VX .

Observe that if n = p+ q and X = (Ip : 0)′ and Y = (0 : In−p)′, we get

V12V−1
22 V21 ≤L

(
λ1 − λn
λ1 + λn

)2
V11 .

Drury, Liu, Lu, Puntanen et al. (2002, Th. 2), Wang & Ip (1999, Th. 1).
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R real numbers
Rn×m set of n×m real matrices
Rn×mr subset of Rn×m consisting of matrices with rank r

Rns subset of Rn×n consisting of symmetric matrices
NNDn subset of Rns consisting of nonnegative definite (nnd) matrices:

A ∈ NNDn ⇐⇒ A = LL′ for some L; instead of nnd, the term
positive semidefinite is often used

PDn subset of NNDn consisting of positive definite (pd) matrices: A =
LL′ for some nonsingular L

0 null vector, null matrix; denoted also as 0n or 0n×m
1n column vector of ones, shortened 1

In identity matrix, shortened I

ij the jth column of I; the jth standard basis vector
A = {aij} matrix A with its elements aij

An×m n×m matrix A

a column vector a ∈ Rn

A′ transpose of the matrix A

(A : B) partitioned (augmented) matrix
A = (a1 : . . . : am) An×m represented columnwise

A =

a′(1)
...

a′(n)

 An×m represented row-wise

A−1 inverse of the matrix A

A− generalized inverse of the matrix A: AA−A = A, also called {1}-
inverse, or inner inverse

{A−} the set of generalized inverses of A

427
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A−12 reflexive generalized inverse of A: AA−A = A, A−AA− = A−,
also called {12}-inverse

A+ the Moore–Penrose inverse of A: the unique matrix satisfying the
four Moore–Penrose conditions:

(mp1) AA−A = A, (mp2) A−AA− = A−,

(mp3) (AA−)′ = AA−, (mp4) (A−A)′ = A−A

A−ij generalized inverse of A satisfying the Moore–Penrose conditions
(mpi) and (mpj)

A1/2 symmetric nnd square root of A ∈ NNDn: A1/2 = TΛ1/2T′,
where A = TΛT′ is the eigenvalue decomposition of A

A+1/2 (A+)1/2

In(A) = (π, ν, δ) inertia of the square matrix A: π, ν, and δ are the number of posi-
tive, negative, and zero eigenvalues of A, respectively, all counting
multiplicities

〈a,b〉 standard inner product in Rn: 〈a,b〉 = a′b; can denote also a
general inner product in a vector space

〈a,b〉V inner product a′Vb; V is the inner product matrix (ipm)
a ⊥ b vectors a and b are orthogonal with respect to a given inner prod-

uct
‖a‖ Euclidean norm (standard norm, 2-norm) of vector a, also denoted

‖a‖2: ‖a‖2 = a′a; can denote also a general vector norm in a vector
space

‖a‖V ‖a‖2V = a′Va, norm when the ipm is V (ellipsoidal norm)
〈A,B〉 standard matrix inner product between A,B ∈ Rn×m: 〈A,B〉 =

tr(A′B) =
∑

i,j
aijbij

‖A‖F Euclidean (Frobenius) norm of the matrix A: ‖A‖2F = tr(A′A) =∑
i,j
a2
ij

‖A‖2 matrix 2-norm of the matrix A (spectral norm):

‖A‖2 = max
‖x‖2=1

‖Ax‖2 = sg1(A) = +
√

ch1(A′A)

‖A−1‖2 matrix 2-norm of nonsingular An×n: ‖A−1‖2 = 1/ sgn(A)
cond(A) condition number of nonsingular An×n: cond(A) = ‖A‖2‖A−1‖2 =

sg1(A)/ sgn(A)
cos(a,b) cos∠(a,b), the cosine of the angle, θ, between the nonzero vectors

a and b: cos(a,b) = cos θ = cos∠(a,b) = 〈a,b〉
‖a‖‖b‖

∠(a,b) the angle, θ, 0 ≤ θ ≤ π, between the nonzero vectors a and b:
θ = ∠(a,b) = cos−1(a,b)

A[α, β] submatrix of An×n, obtained by choosing the elements of A which
lie in rows α and columns β; α and β are index sets of the rows
and the columns of A, respectively

A[α] A[α, α], principal submatrix; same rows and columns chosen
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AL
i ith leading principal submatrix of An×n: AL

i = A[α, α], where
α = {1, . . . , i}

A(α, β) submatrix of A, obtained by choosing the elements of A which do
not lie in rows α and columns β

A(i, j) submatrix of A, obtained by deleting row i and column j from A

minor(aij) ijth minor of A corresponding to aij : minor(aij) = det(A(i, j)),
i, j ∈ {1, . . . , n}

cof(aij) ijth cofactor of A: cof(aij) = (−1)i+j minor(aij)
det(A) determinant of the matrix An×n: det(a) = a, a ∈ R, det(A) =∑n

j=1 aij cof(aij), i ∈ {1, . . . , n}: the Laplace expansion by minors
along the ith row

det(A[α]) principal minor
det(AL

i ) leading principal minor of order i
|A| determinant of the matrix An×n

diag(A) diagonal matrix formed by the diagonal entries of An×n

diag(d1, . . . , dn) n× n diagonal matrix with listed diagonal entries
diag(d) n× n diagonal matrix whose ith diagonal element is di

Aδ diagonal matrix formed by the diagonal entries of An×n

rk(A) rank of the matrix A

rank(A) rank of the matrix A

tr(A) trace of the matrix An×n : tr(A) =
∑n

i=1 aii

trace(A) trace of the matrix An×n

vec(A) vectoring operation: the vector formed by placing the columns of
A under one another successively

A⊗B Kronecker product of An×m and Bp×q:

A⊗B =

a11B . . . a1mB
...

...
...

an1B . . . anmB

 ∈ Rnp×mq

A/A11 Schur complement of A11 in A =
(A11 A12

A21 A22

)
:

A/A11 = A22 −A21A−11A12

A22·1 A22 −A21A−11A12

A ≥L 0 A is nonnegative definite: A = LL′ for some L; A ∈ NNDn
A >L 0 A is positive definite: A = LL′ for some invertible L; A ∈ PDn
A ≤L B B −A is nonnegative definite; B −A ∈ NNDn; A lies below B

with respect to the Löwner ordering
A <L B B−A is positive definite; B−A ∈ PDn
A ≤rs B A and B are rank-subtractive; rk(B−A) = rk(B)− rk(A); A lies

below B with respect to the minus ordering
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Sh(V | X) the shorted matrix of V ∈ NNDn with respect to Xn×p, Sh(V | X)
is the maximal element U (in the Löwner ordering) in the set
U = {U : 0 ≤L U ≤L V, C (U) ⊂ C (X) }

PA orthogonal projector onto C (A) (w.r.t. I): PA = A(A′A)−A′ =
AA+

PA;V orthogonal projector onto C (A) w.r.t. V ∈ PDn:
PA;V = A(A′VA)−A′V

PA;V generalized orthogonal projector onto C (A) w.r.t. V ∈ NNDn:
PA;V = A(A′VA)−A′V+A[I− (A′VA)−A′VA]U, where U is
arbitrary

PA|B projector onto C (A) along C (B): PA|B(A : B) = (A : 0)
{PA|B} set of matrices satisfying: PA|B(A : B) = (A : 0)

PU orthogonal projector onto the vector space U (w.r.t. a given inner
product)

C (A) column space of the matrix An×p: C (A) = {y ∈ Rn : y =
Ax for some x ∈ Rp }

N (A) null space of the matrix An×p: N (A) = {x ∈ Rp : Ax = 0 }

C (A)⊥ orthocomplement of C (A) w.r.t. I: C (A)⊥ = { z ∈ Rn : z′Ax =
0 ∀x ∈ Rp } = N (A′)

A⊥ matrix whose column space is C (A⊥) = C (A)⊥

C (A)⊥V orthocomplement of C (A) w.r.t. V: C (A)⊥V = { z ∈ Rn : z′VAx =
0 ∀x ∈ Rp } = N (A′V)

A⊥V matrix whose column space is C (A)⊥V
pA(x) the characteristic polynomial of A: pA(x) = det(A− xI)
U ⊂ V U is a subset of V; possibly U = V
U + V sum of the vector spaces U and V
U ⊕ V direct sum of the vector spaces U and V
U � V direct sum of the orthogonal vector spaces U and V
U ∩ V intersection of the vector spaces U and V

chi(A) = λi the ith largest eigenvalue of An×n (all eigenvalues being real)
ch(A) set of all n eigenvalues of An×n, including multiplicities, called

also the spectrum of A: ch(A) = {ch1(A), . . . , chn(A)}
ch(A,B) set of proper eigenvalues of symmetric An×n with respect to B ∈

NNDn; λ ∈ ch(A,B) if Aw = λBw,Bw 6= 0

nzch(A) set of the nonzero eigenvalues of An×n:
nzch(A) = {ch1(A), . . . , chr(A)}, r = rank(A)

chvi(A) eigenvector of An×n with respect to λi = chi(A): a nonzero vec-
tor ti satisfying the equation Ati = λiti

sgi(A) = δi the ith largest singular value of An×m: sgi(A) = +
√

chi(A′A) =
+
√

chi(AA′)
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sg(A) set of the singular values of An×m (m ≤ n):
sg(A) = {sg1(A), . . . , sgm(A)}

nzsg(A) set of the nonzero singular values of An×m:
nzsg(A) = {sg1(A), . . . , sgr(A)}, r = rank(A)

ρ(A) the spectral radius of An×n: the maximum of the absolute values
of the eigenvalues of An×n

vars(y) sample variance of the variable y
vard(y) = s2

y sample variance: argument is the variable vector y ∈ Rn:
vard(y) = 1

n−1y′Cy = 1
n−1

∑n

i=1(yi − ȳ)2

covs(x, y) sample covariance between the variables x and y
covd(x,y) = sxy sample covariance: arguments are variable vectors ∈ Rn:

covd(x,y) = 1
n−1x′Cy = 1

n−1
∑n

i=1(xi − x̄i)(yi − ȳ)

cord(x,y) = rxy sample correlation: rxy = x′Cy/
√

x′Cx · y′Cy = cos(Cx,Cy)
¯̄x projection of x onto C (1n): ¯̄x = Jx = x̄1n
x̃ centered x: x̃ = Cx = x− Jx = x− x̄1n
U n× d data matrix of the u-variables:

U = (u1 : . . . : ud) =

u′(1)
...

u′(n)


u1, . . . ,ud “variable vectors” in “variable space” Rn

u(1), . . . ,u(n) “observation vectors” in “observation space” Rd

ū vector of means of the variables u1, . . . , ud: ū = (ū1, . . . , ūd)′

Ũ centered U : Ũ = CU, C is the centering matrix
ũ1, . . . , ũd centered variable vectors

ũ(1), . . . , ũ(n) centered observation vectors

vard(ui) = s2
i sample variance: argument is the variable vector ui ∈ Rn:

vard(ui) = 1
n−1u′iCui = 1

n−1
∑n

`=1(u`i − ūi)2

covd(ui,uj) = sij sample covariance: arguments are variable vectors ∈ Rn:
sij = 1

n−1u′iCuj = 1
n−1

∑n

`=1(u`i − ūi)(u`j − ūj)

ssp(U) = {tij} matrix T (d×d) of the sums of squares and products of deviations
about the mean: T = U′CU =

∑n

i=1(u(i) − ū)(u(i) − ū)′

covd(U) = {sij} sample covariance matrix S (d× d) of the data matrix U:
S = 1

n−1T = 1
n−1

∑n

i=1(u(i) − ū)(u(i) − ū)′

cord(ui,uj) = rij sample correlation: arguments are variable vectors ∈ Rn

cord(U) = {rij} sample correlation matrix R (d× d) of the data matrix U:
R = cord(U) = (diag S)−1/2S(diag S)−1/2

MHLN2(u(i), ū,S) sample Mahalanobis distance (squared) of the ith observation from
the mean: MHLN2(u(i), ū,S) = (u(i) − ū)′S−1(u(i) − ū)
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MHLN2(ūi, ūj ,S∗) sample Mahalanobis distance (squared) between two mean vectors:
MHLN2(ūi, ūj ,S∗) = (ūi − ūj)′S−1

∗ (ūi − ūj), where
S∗ = 1

n1+n2−2 (U′1Cn1 U1 + U′2Cn2 U2)

MHLN2(u,µ,Σ) population Mahalanobis distance squared:
MHLN2(u,µ,Σ) = (u− µ)′Σ−1(u− µ)

E(·) expectation of a random argument: E(x) = p1x1 + · · · + pkxk if
x is a discrete random variable whose values are x1, . . . , xk with
corresponding probabilities p1, . . . , pk

var(x) = σ2
x variance of the random variable x: σ2

x = E(x− µx)2, µx = E(x)
cov(x, y) = σxy covariance between the random variables x and y:

σxy = E(x− µx)(y − µy), µx = E(x), µy = E(y)

cor(x, y) = %xy correlation between the random variables x and y: %xy = σxy
σxσy

cov(x) covariance matrix (d × d) of a d-dimensional random vector x:
cov(x) = Σ = E(x− µx)(x− µx)′

cor(x) correlation matrix (d× d) of the random vector x:
cor(x) = ρ = (diag Σ)−1/2Σ(diag Σ)−1/2

cov(x,y) (cross-)covariance matrix between the random vectors x and y:
cov(x,y) = E(x− µx)(y− µy)′ = Σxy

cov(x,x) cov(x,x) = cov(x)
cor(x,y) (cross-)correlation matrix between the random vectors x and y

cov
( x
y

)
partitioned covariance matrix of the random vector

( x
y

)
:

cov
(

x
y

)
=
(

Σxx σxy
σ′xy σ2

y

)
=
(

cov(x,x) cov(x, y)
cov(x, y)′ var(y)

)
x ∼ (µ,Σ) E(x) = µ, cov(x) = Σ

x ∼ Np(µ,Σ) x follows the p-dimensional normal distribution Np(µ,Σ)
n(x;µ,Σ) density for x ∼ Np(µ,Σ), Σ pd:

n(x;µ,Σ) = 1
(2π)p/2|Σ|1/2

e−
1
2 (x−µ)′Σ−1(x−µ)

cci(x,y) ith largest canonical correlation between the random vectors x
and y

cc(x,y) set of the canonical correlations between the random vectors x
and y

cc+(x,y) set of the nonzero (necessarily positive) canonical correlations be-
tween the random vectors x and y; square roots of the nonzero
eigenvalues of PAPB:

cc+(x,y) = nzch1/2(PAPB) = nzsg[(A′A)+1/2A′B(B′B)+1/2] ,

cov
(

x
y

)
=
(

A′A A′B
B′A B′B

)
X = (1 : X0) in regression context often the model matrix
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X0 n× k data matrix of the x-variables:

X0 = (x1 : . . . : xk) =

x′(1)
...

x′(n)


x1, . . . ,xk variable vectors in the variable space Rn

x(1), . . . ,x(n) observation vectors in the observation space Rk

ssp(X0 : y) partitioned matrix of the sums of squares and products of devia-
tions about the mean of data (X0 : y):

ssp(X0 : y) =
(

Txx txy
t′xy tyy

)
= (X0 : y)′C(X0 : y)

covd(X0 : y) partitioned sample covariance matrix of data (X0 : y):

covd(X0 : y) =
(

Sxx sxy
s′xy s2

y

)
cord(X0 : y) partitioned sample correlation matrix of data (X0 : y):

cord(X0 : y) =
(

Rxx rxy
r′xy 1

)
H orthogonal projector onto C (X), the hat matrix: H = X(X′X)−X′ =

XX+ = PX

M orthogonal projector onto C (X)⊥: M = In −H

J the orthogonal projector onto C (1n): J = 1
n1n1′n = P1n

C centering matrix, the orthogonal projector onto C (1n)⊥:
C = In − J

(X1 : X2) partitioned model matrix X

M1 orthogonal projector onto C (X1)⊥: M1 = In −PX1

β̂ solution to normal equation X′Xβ = X′y, OLSE(β)

Xβ̂ = ŷ ŷ = Hy = OLS fitted values, OLSE(Xβ), denoted also X̂β = µ̂,
when µ = Xβ

β̃ solution to generalized normal equation X′W−Xβ = X′W−y,
where W = V + XUX′, C (W) = C (X : V)

β̃ if V is positive definite and X has full column rank, then β̃ =
BLUE(β) = (X′V−1X)−1X′V−1y

Xβ̃ BLUE(Xβ), denoted also X̃β = µ̃

ȳ mean of the response variable y: ȳ = (y1 + · · ·+ yn)/n
x̄ vector of the means of k regressor variables x1, . . . , xk: x̄ =

(x̄1, . . . , x̄k)′ ∈ Rk

¯̄y projection of y onto C (1n): ¯̄y = Jy = ȳ1n
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ỹ centered y, ỹ = Cy = y− ¯̄y

β̂x β̂x = T−1
xxtxy = S−1

xxsxy: the OLS-regression coefficients of x-
variables when X = (1 : X0)

β̂0 β̂0 = ȳ − β̂′xx̄ = ȳ − (β̂1x̄1 + · · · + β̂kx̄k): OLSE of the constant
term (intercept) when X = (1 : X0)

BLP(y; x) the best linear predictor of the random vector y on the basis of
the random vector x

BLUE(K′β) the best linear unbiased estimator of estimable parametric func-
tion K′β, denoted as K′β̃ or K̃′β

BLUP(yf ; y) the best linear unbiased predictor of a new unobserved yf
LE(K′β; y) (homogeneous) linear estimator of K′β, where K ∈ Rp×q:

{LE(K′β; y)} = {Ay : A ∈ Rq×n }

LP(y; x) (inhomogeneous) linear predictor of the p-dimensional random
vector y on the basis of the q-dimensional random vector x:
{LP(y; x)} = { f(x) : f(x) = Ax + a, A ∈ Rp×q, a ∈ Rp }

LUE(K′β; y) (homogeneous) linear unbiased estimator of K′β:
{LUE(K′β; y)} = {Ay : E(Ay) = K′β }

LUP(yf ; y) linear unbiased predictor of a new unobserved yf :
{LUP(yf ; y)} = {Ay : E(Ay− yf ) = 0 }

MSEM(f(x); y) mean squared error matrix of f(x) (= random vector, function of
the random vector x) with respect to y (= random vector or a
given fixed vector): MSEM[f(x); y] = E[y− f(x)][y− f(x)]′

MSEM(Fy; K′β) mean squared error matrix of the linear estimator Fy under
{y, Xβ, σ2V} with respect to K′β:
MSEM(Fy; K′β) = E(Fy−K′β)(Fy−K′β)′

OLSE(K′β) the ordinary least squares estimator of parametric function K′β,
denoted as K′β̂ or K̂′β; here β̂ is any solution to the normal
equation X′Xβ = X′y

risk(Fy; K′β) quadratic risk of Fy under {y, Xβ, σ2V} with respect to K′β:
risk(Fy; K′β) = tr[MSEM(Fy; K′β)] = E(Fy−K′β)′(Fy−K′β)

M linear model: {y, Xβ, σ2V}: y = Xβ+ε, cov(y) = cov(ε) = σ2V,
E(y) = Xβ

Mmix mixed linear model: Mmix = {y, Xβ+Zγ, D, R}: y = Xβ+Zγ+
ε; γ is the vector of the random effects, cov(γ) = D, cov(ε) = R,
cov(γ, ε) = 0, E(y) = Xβ

Mf linear model with new future observations yf :

Mf =
{(

y
yf

)
,

(
Xβ
Xfβ

)
, σ2

(
V V12

V21 V22

)}



List of Figures and Philatelic Items

Fig. 0.1, p. 2 (a) Three observations, (b) twelve observations.
Fig. 0.2, p. 2 1000 observations from N2(0,Σ); σx = 5, σy = 4, %xy = 0.7.
Fig. 0.3, p. 7 In this figure R3 = C (a : b)⊕ C (c), R3 = C (a : b)� C (a : b)⊥.
Fig. 0.4, p. 7 Here R2 = C (a)⊕ C (b), R2 = C (a)� C (a)⊥.
Fig. 0.5, p. 8 Geometric illustration of f = αa+βb and g = γa+δb, α > 1, β < 1,

γ < 1, δ > 1. Also the orthocomplement C (a : b)⊥ is marked.
Fig. 0.6, p. 27 (Example 0.1) (a) Original data points, (b) centered data points.

The mean point is marked as a filled circle. A confidence ellipse is
also drawn; see Figure 0.8a (p. 56). Each observation has an equal
Mahalanobis distance from the mean.

Fig. 0.7, p. 28 (Example 0.1) The variable vector y in the variable space R3; ỹ is
the centered y and ¯̄y = Jy.

Fig. 0.8, p. 56 Completed Figures 0.1a and 0.1b. Regression line a bit thicker. The
confidence ellipses (constant-density contours) are based on the as-
sumption that samples are from N2(µ,Σ), where µ and Σ are equal
to their sample values.

Fig. 0.9, p. 56 Completed Figure 0.2: Observations from N2(0, Σ); σx = 5, σy = 4,
%xy = 0.7. Regression line has the slope β̂1 ≈ %xyσy/σx. The direction
of the first major axis of the contour ellipse is determined by t1, the
first eigenvector of Σ.

Fig. 3.2, p. 95 Partial correlation rxy·z geometrically.
Fig. 3.3, p. 96 High cosine between x and y but no correlation. Vectors x and y very

close to 1.
Fig. 3.4, p. 96 Partial correlation rxy·z = 0. Note that if y is explained by x and z,

then the x’s regression coefficient is 0.
Fig. 3.5, p. 100 Illustration of SST = SSR + SSE. (Same as Fig. 8.4, p. 183.)
Fig. 4.1, p. 119 Set V is the set of all solutions to Ab = y. The vector b1 is the

solution with the shortest norm: b1 = A+y.
Fig. 5.1, p. 131 A parallelogram defined by the centered variable vectors x̃ and ỹ.
Fig. 8.1, p. 169 1000 observations from N2(0,Σ); σx = σy = 1, %xy = 0.7.

435



436 List of Figures and Philatelic Items

Fig. 8.2, p. 169 Fitting the linear model into the scatterplot of Fig. 8.1. Residuals
from (a) M0 = {y,1β0, σ

2I}, (b) M12 = {y,1β0 + xβ1, σ
2I}.

Fig. 8.3, p. 183 Projecting y onto C (1 : x).
Fig. 8.4, p. 183 Illustration of SST = SSR + SSE. (Same as Fig. 3.5, p. 100.)
Fig. 8.5, p. 184 Large R2 but r1y and r2y very small.
Fig. 8.6, p. 184 Illustration of the reduced model.
Fig. 8.7, p. 188 Three treatments, 1, 2 and 3; seven observations.
Fig. 9.1, p. 200 The four data sets of Anscombe (1973). Each pair yields identical

numerical regression output. Lesson: plot, plot, plot!
Fig. 9.2, p. 201 (a) Data of Pearson & Lee (1903): heights of fathers and sons, in cen-

timeters; n = 1078. (b) Data of Galton (1886): height of “midparent”
vs height of adult child, n = 928. Measurements are centered and
scaled so that variances are 1.

Fig. 9.3, p. 202 Throwing two dice, see Section 9.3. The random variable y is a sum
of two dice, x1 and x2. The picture shows the joint distribution of x1
and y. The thick line’s equation is y = 3.5 + x1, which is the BLP of
y on the basis of x1 when considering x1 and y as random variables.

Fig. 9.4, p. 211 (See Exercise 9.1.) A two-dimensional discrete distribution, each of
the 15 pairs appearing with the same probability.

Fig. 18.1, p. 388 (See Exercise 18.16.) A 95% confidence region for the observations
from N2(µ,Σ).

Fig. 19.1, p. 403 Minimizing orthogonal distances.
Fig. 19.2, p. 404 The scatter plot of the 12 observations of the centered data matrix

appeared in Figures 0.1b (p. 2) and 0.8b (p. 56).

Fig. 19.3, p. 404 (Continuation to Figure 19.2.) (a) The centered data matrix X̃ is
postmultiplied by the rotation matrix T: X̃T = (w : z). What is
T = (t1 : t2)? (b) The orthogonal distances of the data points from
the line C (t1) are marked up.

Ph.I. 0.1, p. 54 Two philatelic sheetlets with Dürer’s Melencolia I.
Ph.I. 0.2, p. 55 Philatelic sheetlet from Guinea-Bissau 2009 depicting Albert Ein-

stein (1879–1955), Leonhard Paul Euler (1707–1783), Galileo
Galilei (1564–1642), and Isaac Newton (1643–1727).

Ph.I. 1.1, p. 68 Stamps for Ramon Llull (1232–1316).
Ph.I. 1.2, p. 69 A 4× 4 philatelic Latin square, Pitcairn Islands 2007, Scott 647.
Ph.I. 1.3, p. 70 A 5× 5 philatelic Latin square, Pakistan, 2004.
Ph.I. 2.1, p. 90 Prasanta Chandra Mahalanobis, FRS (1893–1972) was an Indian

scientist and applied statistician. In 1936 he introduced what is now
called the Mahalanobis distance. In 1931 Mahalanobis founded the
Indian Statistical Institute in Kolkata.

Ph.I. 6.1, p. 150 Calyampudi Radhakrishna Rao, FRS, (b. 1920) is a world-renown-
ed Indian-born statistician and National Medal of Science Awardee.
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Ph.I. 7.1, p. 154 Leonid Vitaliyevich Kantorovich (1912–1986) was a Soviet/Rus-
sian mathematician and economist. Abū Abdallāh Muh.ammad ibn
Mūsā al-Khwārizm̄ı (c. 780–c. 850), a Persian mathematician, as-
tronomer and geographer and scholar in the House of Wisdom in
Baghdad. He is considered the founder of algebra, a credit he shares
with Diophantus of Alexandria.

Ph.I. 7.2, p. 154 Pierre-Simon marquis de Laplace (1749–1827) was a French
mathematician and astronomer whose work was pivotal to the de-
velopment of mathematical astronomy and statistics.

Ph.I. 9.1, p. 214 Johann Carl Friedrich Gauss (1777–1855) was a German math-
ematician and scientist who contributed significantly to many fields,
including number theory, statistics, analysis, differential geometry,
geodesy, geophysics, electrostatics, astronomy and optics.

Ph.I. 11.1, p. 282 John von Neumann (1903–1957) was a Hungarian–American math-
ematician who made major contributions to a vast range of fields,
including set theory, functional analysis, quantum mechanics, ergodic
theory, continuous geometry, economics and game theory, computer
science, numerical analysis, and statistics.

Ph.I. 11.2, p. 282 Jules Henri Poincaré (1854–1912) was one of France’s greatest
mathematicians and theoretical physicists and in 1886 he was ap-
pointed to the Chair of Mathematical Physics and Probability at the
Sorbonne.

Ph.I. 12.1, p. 290 Tadeusz Banachiewicz (1882–1954) was a Polish astronomer, math-
ematician and geodesist. The French mathematicianBaron Augustin-
Louis Cauchy (1789–1857) started the project of formulating and
proving the theorems of infinitesimal calculus in a rigorous manner.

Ph.I. 17.1, p. 356 Determinants were applied in 1683 by the Japanese mathematician
Takakazu Seki Kôwa (1642–1708) in the construction of the re-
solvent of a system of polynomial equations [but] were independently
invented in 1693 by Gottfried Wilhelm von Leibniz (1646–1716).
Leibniz was a German mathematician and philosopher who invented
infinitesimal calculus independently of Isaac Newton (1643–1727).

Ph.I. 17.2, p. 356 Charles Lutwidge Dodgson (1832–1898), better known by the
pen name Lewis Carroll, was an English author, mathematician,
Anglican clergyman and photographer. As a mathematician, Dodgson
was the author of Condensation of Determinants (1866) and Elemen-
tary Treatise on Determinants (1867). His most famous writings, how-
ever, are Alice’s Adventures in Wonderland and its sequel Through
the Looking-Glass.

Ph.I. 19.1, p. 414 Paul Anthony Samuelson (1914–2009) was the first American to
win the Sveriges Riksbank Prize in Economic Sciences in Memory
of Alfred Nobel (in 1970). Jan Tinbergen (1903–1994) was a Dutch
economist, who was awarded the first Sveriges Riksbank Prize in Eco-
nomic Sciences in Memory of Alfred Nobel in 1969.

Ph.I. 19.2, p. 414 John William Strutt, 3rd Baron Rayleigh, OM (1842–1919) was
an English physicist who, with Sir William Ramsay, KCB (1852–
1916), discovered the element argon, an achievement for which he
earned the Nobel Prize for Physics in 1904.
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Baksalary, J. K. & Mathew, T. (1990). Rank invariance criterion and its application to
the unified theory of least squares. Linear Algebra and its Applications, 127, 393–401.
[286, 288]

Baksalary, J. K., Nurhonen, M. & Puntanen, S. (1992). Effect of correlations and un-
equal variances in testing for outliers in linear regression. Scandinavian Journal of
Statistics, 19, 91–95. [342]

Baksalary, J. K. & Pukelsheim, F. (1991). On the Löwner, minus, and star partial
orderings of nonnegative definite matrices and their squares. Linear Algebra and its
Applications, 151, 135–141. [316]

Baksalary, J. K., Pukelsheim, F. & Styan, G. P. H. (1989). Some properties of matrix
partial orderings. Linear Algebra and its Applications, 119, 57–85. [316]

Baksalary, J. K. & Puntanen, S. (1989). Weighted-least-squares estimation in the general
Gauss–Markov model. In Statistical Data Analysis and Inference (Y. Dodge, ed.),
North-Holland, pp. 355–368. [44, 149, 286, 287, 288, 289]



442 References

Baksalary, J. K. & Puntanen, S. (1990a). Characterizations of the best linear unbi-
ased estimator in the general Gauss–Markov model with the use of matrix partial
orderings. Linear Algebra and its Applications, 127, 363–370. [221]

Baksalary, J. K. & Puntanen, S. (1990b). A complete solution to the problem of robust-
ness of Grubbs’s test. The Canadian Journal of Statistics, 18, 285–287. [342]

Baksalary, J. K. & Puntanen, S. (1991). Generalized matrix versions of the Cauchy–
Schwarz and Kantorovich inequalities. Aequationes Mathematicae, 41, 103–110. [238,
423, 425]

Baksalary, J. K., Puntanen, S. & Styan, G. P. H. (1990a). On T.W. Anderson’s contri-
butions to solving the problem of when the ordinary least-squares estimator is best
linear unbiased and to characterizing rank additivity of matrices. In The Collected
Papers of T.W. Anderson: 1943–1985 (G. P. H. Styan, ed.), Wiley, pp. 1579–1591.
[216]

Baksalary, J. K., Puntanen, S. & Styan, G. P. H. (1990b). A property of the dispersion
matrix of the best linear unbiased estimator in the general Gauss–Markov model.
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Wishart-distribution 26, 231

double-centered matrix 48–50, 120, 413
doubly-stochastic matrix 355
Duncan formula 301
Dürer’s Melencolia I 54

E

Eckart–Young theorem 204, 400
symmetric A 401

efficiency
of OLSE 234–241
the Watson efficiency,

eff(β̂) = |cov(β̃)|/|cov(β̂)|
238

η = tr[cov(Xβ̂)− cov(Xβ̃)] 240
ψ = 1

2‖HV−VH‖2 240
and canonical correlations 241, 382
of β̂2 332
of OLSE under autocorrelation

structure 241
eigenspace 359
eigenvalue decomposition 14, 357, 393
eigenvalues 357–390

(λ,PBw) as an eigenpair for B+A
378

(λ, t) as an eigenpair for (A, I) 358
(λ, t) as an eigenpair for A 358
(λ,w) as an eigenpair for B−1A 375
(λ,w) as an eigenpair for (A,B) 368
ch(A) 359
ch(A,B) = ch(B−1A) 368, 375
ch(Σ2×2) 364
ch1(A,B) = ch1(B+A) 377
|A− λB| = 0 368
|A− λI| = 0 358
nzch(A,B), B singular 376
nzch(A,B) = nzch(B+A),

C (A) ⊂ C (B) 376
nzch(AB) = nzch(BA) 299, 360
algebraic multiplicity 359
and determinant 358
and trace 358
geometric multiplicity 359
intraclass correlation 226, 310, 366,

388
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of (HVH)−HVM(MVM)−MVH
383

of α2I + a1′ + 1a′ 342
of CPXCPY 413
of PCXPCY 413
of PQYXPQXY 413
of PKPL −PF 387
of PXPY 413
of PA −PB 386
of PAPB 78, 133
of the BLUE’s covariance matrix 378
proper eigenvalues 78, 368
proper eigenvalues and canonical

correlations 383
proper eigenvalues, B ≥L 0 374
the slope of the major axis 365, 387
unit eigenvalues of PV1/2HPV1/2M

135, 244, 383
unit eigenvalues of PAPB 133, 134

elementary column operation 389
elementary contrast 348
elephants in rows and columns 200
equality
of OLSE and BLUE 215
of OLSE and BLUE, several conditions

218–222
Xβ̂ = Xβ̃ 218–222
BLUP(yf ) = BLUE(Xfβ) 249
BLUP(yf ) = OLSE(Xfβ) 249
COOKi(I) = COOKi(V) 341
SSE(I) = SSE(V) 340
A′A = B′B 396
PX;V1 = PX;V2 88
β1(M12) = β1(M 12) 333
β̂(M(i)) = β̃(M(i)) subject to
β̂(M ) = β̃(M ) 341

β̂1(M12) = β̃1(M12) subject to
β̂1(M1) = β̃1(M1) 341

β̂2(M12) = β̃2(M12) 332
β̃1(M12) = β̃1(M ∗

12) subject to
β̃1(M1) = β̃1(M ∗

1 ) 337
β̃1(M12) = β̃1(M1) 336
of BLUPs of γ under two mixed models

278
of BLUPs of yf under two models

279
of OLSE and BLUE under multivariate

linear model 231
of the BLUEs of X1β1 under two

models 333
of the BLUEs under two models 269
of the OLSE and BLUE of the

subvectors 332

estimability
definition 37
and invariance 284
in a simple ANOVA 60
of βk 162
of δ in the extended model 130
of K2β2 159
of β2 160
of K′β 37, 284
of X2β2 160, 345

expected frequency 48
expression
wonderful 191

externally Studentized residual 182, 186
generalized 341

F

factor analysis viii, 213, 401
factor scores 213
factorization
triangular 207

finiteness matters 53
frequency table 46, 47, 413
Frisch–Waugh–Lovell theorem 99, 163,

180, 328
generalized 328

Frucht–Kantorovich inequality 418
full rank decomposition 349
proof of RCR 354

G

Galton’s discovery of regression 199
Gauss–Markov model see linear model
Gauss–Markov theorem
generalized version 216
simple version 41

generalized inverse 4
general representation 111
least squares A−` 117
minimum norm (X′)−

m(V) 42
minimum norm A−m 115
minimum seminorm 116, 315
nonnegative definite 316
reflexive 5, 119, 316
through SVD 109, 408

generalized normal equation 44, 82, 288
generalized variance, |S| 131, 132
generating observations 301
geometric illustration

SST = SSR + SSE 183
correlation 93
high cosine, no correlation 96
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large R2 but small r1y and r2y 184
minimizing orthogonal distances 403
partial correlation 95
partial correlation zero 96
projecting y onto C (X) 183
reduced model 184

group inverse 355
Grubbs’s test 342

H

Hadamard product vi
Hadamard’s determinantal inequality

298
Hartwig–Spindelböck decomposition

112
hat matrix, H 33
remember H and M 34
hii as a determinant 182
and Mahalanobis distance 157, 421

heights of fathers and sons 199
Henderson’s mixed model equation 255
Hogg–Craig theorem 355
hopelessness 121
Hotelling’s T 2 26, 53, 187, 234
Householder transformation 355, 390
hypothesis
βk = 0 under the intraclass correlation

342
δ = 0, outlier testing 182, 341
µ1 = · · · = µg 187
µ1 = µ2 187
K′B = D 231
K′β = 0 176
β2 = 0 176
βx = 0 176
δ = 0, outlier testing 189
µ1 = µ2 233
%xy = 0 187
linear 175
outlier testing when X = (1 : in) 186

I

idempotent matrix
C (A) ∩ C (I−A) = {0} 10
rk(A) = tr(A) 350
full rank decomposition 350

incidence matrix 52
independence
linear 3
statistical 19
cov(β̂x, ȳ) = 0 167
cov(ey·x,x) = 0 198

cov(x,y−Ax) = 0 64
cov(x,y−ΣyxΣ−xxx) = 0 192
of ȳ and s2

y 184
of ū and U′CU 26
of SSR and SSE 185
of dichotomous variables 47
of quadratic forms 19

Indian Statistical Institute 90
inequality

chi[(X′BX)−X′AX] ≤ chi(B−A)
411

chi+k(A) ≤ chi(A−B) 411
chi(AA′) ≤ chi(AA′ + BB′) 386
chi(G′AG) ≤ chi(A) 398
|tr(AB)| ≤

∑k

i=1 sgi(A) sgi(B) 410
‖a‖V ≤ ‖a + b‖V 76
κ(X1 : M1X2) ≤ κ(X1 : X2) 412
λn ≤ x′Ax/x′x ≤ λ1 362
sgi+k(A) ≤ sgi(A−B) 411
tr(AB) ≤ ch1(A) · tr(B) 386
tr(PAPB) ≤ rk(PAPB) 386
Bloomfield–Watson–Knott 238
Cauchy–Schwarz 77, 174, 396, 415,

421
Cauchy–Schwarz, matrix version 423
Cronbach’s alpha 422
Frucht–Kantorovich 418
Hadamard 298
Kantorovich 235, 418
Kantorovich, matrix version 237, 424,

426
Poincaré separation theorem 398
Samuelson 420
Sylvester 143
triangle 8
von Neumann 410
Wielandt 419
Wielandt, matrix version 425, 426

inertia 299
inner product 6, 11
semi 8
standard 6, 11

intercept
the role of the vector 1 95–100

intercept β̂0 166
intersection

C (A) ∩ C (B), several properties 190
C (A) ∩ C (B) = C [A(A′QB)⊥] 137

intraclass correlation 225, 234
F -test 342
BLUP 250
canonical correlations 389
eigenvalues 226, 310, 366, 388
multiple correlation 310
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invariance
and estimability 284
of MHLN2(x,µx,Σxx) 65
of MHLN2(u(i), ū,S) 66
of ΣyxΣ−xx(x− µx) 65
of AB−C 283
of BB−C 283
of K′β̂ 284
of X′(V + XUX′)−X 286
of X(X′V−X)−X′V−y 149
of X(X′X)−X′ 284
of the F -test 342
of the Watson efficiency 239
under orthogonal transformation 411

inverse
of E + αf f ′ 301
of E + FBF′ 301
of In + αA 304
of A = {aij} = {min(i, j)} 252
of X′X 295
of a partitioned matrix 300
of a partitioned nonnegative definite

matrix 294
of autocorrelation matrix 209
of correlation matrix 172
of sum of matrices 300

involutory matrix 355, 390

K

Kantorovich inequality 235, 418
matrix version 237, 424, 426

Kantorovich ratio 418
Kronecker product vi, 21, 32, 230, 263,

268, 280
properties 52

L

Lagrange multipliers vi
Lagrangian multiplier 366
Laplace expansion of determinant 429
LATEX x
Latin square 67
Latin square, philatelic 68
Law of Eponymy, Stigler’s 306
least squares see OLSE
least-squares g-inverse 117
linear completeness 258
linear expectation 198
linear hypothesis see hypothesis
linear model
preliminaries 28–33
centered 225

consistent 43, 125
extended, MZ 180, 338
mixed 253
multivariate 32, 229
reduced, M12·1 163, 328
simple basic, M0 99, 168
simple: y = β0 + β1x+ ε 97–100, 166
weakly singular 149, 236, 242
without the ith observation, M(i)

180, 338
linear prediction sufficiency 252, 258
linear sufficiency 257–259, 265
linear unbiased estimator 37
lower triangular matrix 207
Löwner ordering see minimizing

definition 12
C (A) ⊂ C (B) & ch1(AB+) ≤ 1 311
implications 12, 40

M

magic square 53–55
Mahalanobis distance 157, 421

MHLN2(ȳ1, ȳ2,S#) 233, 374
MHLN2(u(i), ū,S) 25
MHLN2(x,µ,Σ) 25, 364
MHLN2(x∗, x̄,Sxx) 168
data points having the same MHLN

25
invariance 65
maximizing [a′(u(i)−ū)]2

a′Sa 373
matrix M̈

PVṀPV 317
matrix Ṁ

M(MVM)−M 45, 317
matrix derivative vi
matrix inequality

Cauchy–Schwarz 423
Kantorovich 237, 424, 426
Wielandt 425, 426

maximizing
(a′x)2/x′Bx 369
cor(y, f ′x) 417
cord(Xr,Ys) 409
cord(y,X0b) 79, 173
‖HV−VH‖2F 240

(α′A′Bβ)2

α′A′Aα·β′B′Bβ 78
[a′(u(i)−ū)]2

a′Sa 373
U subject to U ≤L V, C (U) ⊂ C (X)

312
α′A′PBAα/α′A′Aα 78
a′Σ2a/a′Σa 204
u′u subject to u′Σ−1u = c2 365



482 Subject Index

x′Ax/x′Bx 369
x′Ax subject to x′x = 1 360
x′Ay subject to x′x = y′y = 1 395
cos(y,Ab) 77
cos2(u,v),u ∈ A,v ∈ B 78
tr(G′AG) 397
tr[cov(Xβ̂)− cov(Xβ̃)] 240
var(b′x) subject to b′b = 1 362

mean squared error 194
mean squared error matrix 194, 196, 259
mean vector of x-variables

x̄ = X′01 1
n 157

Melencolia I by Dürer 54
minimizing

(Y−XB)′(Y−XB) 80, 231, 399
(y−Xβ)′W−(y−Xβ) 44
(y1 − α)2 + · · ·+ (yn − α)2 92
E[y− (Ax + b)][y− (Ax + b)]′ 196
MSEM(Ax + b; y) 196
cov(Ay − yf ) subject to AX = Xf

246
cov(By) subject to BX = Ip 41
cov(Gy) subject to GX = X 39, 41,

216
cov(Hy− FMy) 210
cov(y− Fx) 191
eff(β̂) = |cov(β̃)|/|cov(β̂)| 238
‖X̃− X̃PG‖ 404
‖X̃−B‖ 406
‖A − BZ‖F subject to Z orthogonal

401
‖A −B‖ subject to rk(B) = k 399,

400
‖Σ−ΣA(A′ΣA)−1A′Σ‖ 205
‖y−Ax‖V 14, 81
‖y−Ax‖V, singular V 87
‖y−Ax‖ 71, 76
‖y−Xβ‖ 33
‖y1 − α11‖+ · · ·+ ‖yg − αg1‖ 36
Σ−Σa(a′Σa)−1a′Σ 204
b′Nb subject to Ab = y 116
b′b subject to Ab = y 115
x′Ax subject to x′x = 1 360
x′Ay subject to x′x = y′y = 1 395
cos2(Vz, z) 237
tr(PΣ1/2AΣ) 205
var(a′y) subject to X′a = k 42, 117
var(g′y) subject to 1′g = 1 223
var(y − f ′x) 193
vard(y−X0b) 79, 174
f [cov(y−Ax)] 412
angle 77
mean squared error 195
mean squared error matrix 196

orthogonal distances 403
minimum norm g-inverse 116
minimum seminorm g-inverse 116, 315
minus ordering 218, 315
mixed linear model 253

A(X : ΣX⊥) = (0 : DZ′X⊥),
Ay = BLUP(γ) 254

B(X : ΣX⊥) = (X : 0),
By = BLUE(Xβ) 254

and stochastic restrictions 273
as a model with a new future

observation 254
BLUE of Xβ 254
BLUP of γ 254
Henderson’s mixed model equation

255
Pandora’s Box 254
two mixed models 277

model matrix
X = (1 : X0) 30, 127
Xbad 235–237, 239
extended, (X : in) 180, 338
extended, [X : (0 : Iq)′] 188
rank 128

Montréal Canadiens 29
Moore–Penrose inverse, A+

four conditions 4, 107
(A+)′ = (A′)+ 113
C (A+) 110
AA+ = PA 113
A+ = (A′A)+A′ = A′(AA′)+ 4
A+A = PA′ 113
a+ 109
through FRD 107
through SVD 109

multinomial distribution see distribu-
tion

multinormal distribution
definition 18
conditional 291
conditional covariance cov(y | x) 194,

197
conditional mean E(y | x) 194, 197
conditional variance var(y | x) 197
density function 18, 365
E(y | x) = BLP(y | x) = BP(y | x)

198
multiple correlation
R3·12 309
Ry·x 80, 169, 296
xk explained by other xi’s 129, 162
as a max correlation 172
how to end up to R2? 99
intraclass correlation 310
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population, %y·x 193, 207, 315, 418
representations for R2

y·x 171
multivariate linear model 32, 229
Mustonen’s measure of multivariate

dispersion, Mvar 212

N

natural restrictions 39
Nobel Prize
Jan Tinbergen 414
John William Strutt 414
Leonid Vitaliyevich Kantorovich 154
Paul Anthony Samuelson 414
Ragnar Frisch 414

nonnegative definite matrix 11
nonnegative definiteness
of R 308
of partitioned matrix 305

nonzero eigenvalues
of UV and VU 299

norm 7
ellipsoidal 13
Euclidean 7
Frobenius 9
matrix 9
matrix 2-norm 9
semi 8
spectral 9
standard 7

normal distribution see multinormal
distribution

normal equations 34, 76
general solution 34
generalized 44, 82, 288

null space 3

O

observation space 20, 91, 157, 403
OLSE
definition 37
of β0 166
of βk 162
of β 34
of β1(M12) 161
of β2 159
of βx 166
of K′β 37
of M1X2β2 159
of Xβ 33
restricted 177, 264

ordinary least squares see OLSE
orthocomplement

(M : −MZ)′ ∈ {X⊥∗ } 274, 280
[(B′ : I)′]⊥ 62
C (VX⊥) 140
C (VX⊥) = C (W−X : I −W−W)⊥

140
C (V−1X)⊥ 140
C (X)⊥V−1 140
U⊥ 10
A⊥ 10, 11, 71, 113
A⊥V 13, 81
A⊥V, V singular 85

orthogonal matrix 10
orthogonal projector see projector

C = I− J 36, 91, 172
H = PX 36, 172
J = P1 = 1

n11′ 36, 91, 172
PC(A)∩C(B) 190
PC(A)∩C(B⊥) 152
PA;V 81
PA;V, V singular 87
PX;V−1 43
PX;V−1 = I−P′M;V 82, 89, 319
PX;W− 88
PA 72
commuting PAPB = PBPA 152, 190
decomposition P(A : B) = PA + PQAB

155
difference PA −PB 152
generalized 87
onto C (P) 11
Schur complement, P22·1 303
sum PA + PB 151

orthogonality and uncorrelatedness
92–95

orthonormal
columns 10

over-speeding 45

P

Pandora’s Box
BLUE 223
BLUP 248
mixed model 254
properties 264
when X = 1 223

parallel summable matrices 289
parallelepiped 132
parallelogram 131
partial correlation 178, 179, 309
partial correlation geometrically

101–102
partitioned matrix
g-inverse 294
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inverse 294
MP-inverse 294
nonnegative definiteness 305
rank 121

pencil 368, 375
permutation matrix 55
philatelic Latin square 68
photo of
Anderson, Theodore W. xi, 19
Baksalary, Jerzy K. 39
Ben-Israel, Adi 5
Bhimasankaram, Pochiraju 350
Cook, R. Dennis 199
Flury, Bernard 198
Golub, Gene H. 393
Gustafson, Karl 225
Harville, David A. 273
Haslett, Stephen J. 256
Isotalo, Jarkko xi, 252
Kala, Radosław 257
Liu, Shuangzhe 425
Markiewicz, Augustyn 260
Markov, Andrei Viktorovich 29
Markov, Andrey (Andrei) Andreyevich

29
Mathew, Thomas 227
Mitra, Sujit Kumar 44
Olkin, Ingram 13
Pukelsheim, Friedrich 312
Puntanen, Simo xi
Rao, C. Radhakrishna 6
Scott, Alastair J. 398
Searle, Shayle R. 34
Seber, George A. F. 16
Styan, George P.H. xi
Tappara defenceman 252
Tian, Yongge 87
Trenkler, Götz 112
Watson, Geoffrey S. 241
Werner, Hans Joachim 216
Yanai, Haruo 307
Zmyślony, Roman 225

Poincaré separation theorem 398
positive definite matrix 11
predicted value ŷ∗ 167
prediction error 246

y− BLP(y; x) 196, 198
ei·1...i−1 207
autocorrelation structure 209
Mahalanobis distance 167
with a given x∗ 167

prediction interval for y∗ 168
principal components 362, 402
and Hotelling 206

from the SVD of X̃ 407
predictive approach 203

principal minors 12, 308, 429
leading 12, 429

projector
PA|B 87
PX|VX⊥ 43, 88
oblique 11
onto C (A) along C (B) 6

proper eigenvalues
and canonical correlations 383

PSTricks x
psychometrics viii, 401

Q

quadratic risk
risk(Fy; K′β) 259

R

random effects 253
random sample without replacement 53,

234
rank

rk(AB) = rk(A)− dim C (A′) ∩ C (B⊥)
121

rk(A : B) = rk(A) + rk(QAB) 121
rk(APB) = rk(AB) 127
rk(PAPBQA) 144
additive on the Schur complement

126, 299, 303
of cov(ε̃) 137
of cov(β̃) 137
of cov(Xβ̃) 137
of A + B 351
of CX0 128
of HPVM 135, 321
of Txx = X′0CX0 128
of X 128
of X′(V + XUX′)−X 286
of X′VX 132, 147
of X′V+X 132
of correlation matrix 127
of the extended model matrix 130
of the model matrix 127
of the partitioned matrix 297

rank additivity
rk(A) = rk(A11) + rk(A22·1) 126,

299, 303
rk(A + B) = rk(A) + rk(B) 351

rank cancellation rule, RCR 145
rank-subtractivity see minus ordering
Rayleigh ratio (quotient) 361
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reduced model
M12·1 163, 328
M1H 333

reflection 52
regression
what is it? 198

regression coefficients
β̂0 = ȳ − x̄′β̂x 166
β̂x = T−1

xxtxy = S−1
xxsxy 166

correlation between β̂1 and β̂2 167
correlation between β̂i and β̂j 178
standardized 166, 171

regression fallacy 200
regression line and conditional means

36, 198
regression towards mean 199
relative reduction in SSE 169
residual

e(i) = (Im −PG)x̃(i) 404
ei·1...i−1 208
y− BLP(y; x) 196, 198
ei·1...i−1 207
externally Studentized 182, 186, 341
internally Studentized 181
of BLUE, ε̃ = VṀy 44, 325, 339
of OLSE, ε̂ = My 33

residual sum of squares, SSE 99, 168
restricted BLUE 188
restricted OLSE 177, 264
rotation 52, 392, 404, 407, 409

S

Samuelson’s inequality 420
scalar-potent matrix 355
Schmidt’s approximation theorem 401
Schur complement vii, 291

Σ/Z′VZ 135
Banachiewicz–Schur form 295
BLUE’s covariance matrix 211
determinant 294
in the projector 303
inverse of a pd matrix 294
rank-additivity 299, 303

seminorm 87
Sherman & Morrison formula 301
shorted matrix 312
shrinking 392
similarity 299, 360
simple basic model, M0 99, 168
simultaneous diagonalization
by an orthogonal matrix 370
of commuting matrices 370

single regression coefficient 161

singular value decomposition 391–413
honorary sv’s 395
in psychometrics 401
reduced 394
thin 394
uniqueness 395

singular vectors: left, right 395
skew-symmetric 50
solution

to AYB = C 267–282
space

observation 20, 91, 157, 403
variable 20, 91, 157, 403

spectral radius 389
spectrum see eigenvalues
square root of

A 15, 236, 360, 416
A+ 416
Σ 302

stamp
al-Khwārizmı̄, Muh. ammad 154
Banachiewicz, Tadeusz 290
Carroll, Lewis 356
Cauchy, Augustin-Louis 290
Dodgson, Charles 356
Dürer’s Melencolia I 54
Einstein, Albert 55
Euler, Leonhard Paul 55
Galilei, Galileo 55
Gauss, Johann Carl Friedrich 214
Gödel, Kurt 282
Japan 1992 356
Kantorovich, Leonid Vitaliyevich 154
Kolmogorov, Andrei Nikolaevich 282
Laplace, Pierre-Simon de 154
Leibniz, Gottfried Wilhelm von 356
Llull, Ramon 68
Mahalanobis, Prasanta Chandra 90
Neumann, John von 282
Newton, Isaac 55
Pakistan 2004 70
Pitcairn Islands 2007 69
Poincaré, Henri 282
Rao, C. Radhakrishna (special cover)

150
Samuelson, Paul Anthony 414
Seki Kôwa, Takakazu 356
St. Vincent 1991 356
Strutt, John William (3rd Baron

Rayleigh) 414
Tinbergen, Jan 414
Tristan da Cunha 1981 356

stamps
stochastic vi
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Stigler’s Law of Eponymy 306
stochastic matrix 224, 389
doubly stochastic 224, 389
superstochastic 224

stochastic restrictions 273
stochastic stamps vi
strictly increasing function 411
Studentized residual 181, 182, 186, 341
generalized 341
multiple analogue 189

subvector
β̂0 = ȳ − x̄′β̂x 166
β̂x = T−1

xxtxy = S−1
xxsxy 166

efficiency of β̂2 332
of β̂ 159
of β̃ 327, 330

sufficiency
linear 257–259, 265
linear minimal 258, 266
linear prediction 252, 258

sufficient dimension reduction 199
sum of squares

SSBetween = n1(ȳ1− ȳ)2 + · · ·+ng(ȳg −
ȳ)2 35, 187

SSWithin = SS1 + · · ·+ SSg 187
EWithin 233
due to regression, SSR 99, 169
of errors, SSE 99, 168
of errors, weighted 45, 339, 342
total, SST 99, 168

superstochastic matrix 224
Survo x
Sylvester’s inequality 143

T

Tappara, Tampere 252
Theil–Goldberger mixed estimator 264
theorem
Albert 305
Cochran 352, 354, 390
Courant–Fischer 389
Craig–Sakamoto–Matusita 19
Eckart–Young 204, 400
Frisch–Waugh–Lovell 99, 163, 180,

328
Gauss–Markov 41, 216
Hogg–Craig 355
Poincaré 398
Schmidt 401
Wedderburn–Guttman 303

total sum of squares see sum of squares
trace
‖A‖2F = tr(A′A) 9

A = A2 =⇒ rk(A) = tr(A) 350
tr(KL) = tr(LK) 9
sum of the eigenvalues 358

treatments
three treatments A,B,C 30, 35, 188
two treatments, estimability 38

triangular factorization 207
tripotent matrix 390

U

unbiased estimator of σ2, σ̃2 339
unbiasedly predictable 246
unit canonical correlations 136, 321

V

variable space 20, 91, 157, 403
variance

var(x) = σ2
x = E(x− µ)2 16

sample variance vars(x) = vard(x) =
1

n−1x′Cx 21
var(ŷ∗) 167
var(e∗) 168
conditional: var(y | x) under

multinormality 197
generalized variance, |S| 131, 132
of β̂k 162, 296
of prediction error with a given x∗

168
variance inflation factor, VIF 162, 172,

296
vec-operation 8, 21, 32, 52, 230, 263, 268,

280
vector space of linear combinations of

random variables 212
volume of the matrix 131

W

Watson efficiency 238
of β̂2 332

weakly singular model 149, 236, 242
Wedderburn–Guttman theorem 303
weighted least squares estimator, WLSE

147
weighted sum of squares of errors 45,

339, 342
E(y′Ṁy/f) 339

Wielandt inequality 419
matrix version 425, 426

Wielandt ratio 418
Wishart-distribution see distribution
Woodbury formula 301
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