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Preface

According to the Longman Dictionary of English Language and Culture, a concept
is defined as a principle or idea. A principle is defined as a truth or belief that is
accepted as a base for reasoning or action. Structural concepts are amongst the main

foundations for study, analysis and design in civil and structural engineering.

Structural concepts are key elements for students to understand, for lecturers to

teach and for engineers to use in civil and structural engineering practice. The teach-

ing of structural concepts at university needs to be enhanced to meet changes and

challenges in our current learning environment and in the world of work.

In the past a major part of this understanding has been developed through

working with hand calculations and through experience with construction.

However, now many hand calculations are replaced by the use of computers and

new methods of gaining an understanding of structural concepts are desirable.

Indeed the understanding of structural concepts, fundamental to the sound and

innovative design of structures (buildings, bridges, etc.) is even more important

because of the wide use of computers and the often unquestioning reliance placed on

the results of computer analyses which, although mathematically correct, may be

flawed if they are based on incorrect assumptions and modelling. This is one reason

for criticisms from the construction industry that graduates tend to place over

reliance on the use of computers. Graduates, in general, are good at using computers

but many are unable to judge whether the results obtained from computers are

correct. This suggests that students may not have become adequately familiar with

basic structural concepts during their university studies.

Structural concepts and principles are abstract, and they cannot be seen and felt

directly. For instance, force paths transmit loads from their points of action to struc-

tural supports, and resonance describes the vibration characteristics of a structure

responding to a dynamic load applied at a natural frequency of the structure. If such

concepts and principles could be made more observable and touchable, students

would be better able to understand and remember them.

Engineering examples are often not provided in textbooks to illustrate the appli-

cations of structural concepts. If lecturers could use related engineering examples

and convert appropriate research work into teaching, the interest of students would

be stimulated and their understanding of structural concepts would inevitably

improve.

It has been observed in class situations that students show a greater interest in

topics which are demonstrated physically than in topics that are explained by words

and blackboard/OHP/PowerPoint presentations. They show an even greater interest



 

in practical examples which illustrate the use of concepts in the solution of engin-

eering problems rather than in coursework examples. Students are motivated by

‘hands on’ experience and by linking concepts and models to real engineering prob-

lems.

In such a background, we have been developing what we called seeing and touch-
ing structural concepts to supplement traditional class teaching and learning. To

enable this, three parallel themes are followed:

• providing a series of simple demonstration models for illustrating structural con-

cepts and principles in conventional class teaching which allow students to gain

a better understanding of the concepts;

• providing associated engineering examples to demonstrate the application of the

structural concepts and principles which help to bridge the gap between the stu-

dents’ knowledge and practice;

• converting appropriate research output, which particularly involves structural

concepts, into teaching material to improve existing course contents.

Structural concepts that can be physically demonstrated are identified and simple

demonstration models, suitable for class use, are provided to illustrate the concepts.

Whenever possible, students have been encouraged to help to design and make these

models.

Real interest can be generated and a better understanding can be achieved by

seeing how concepts are used in the design of real structures. Therefore engineering

examples which can illustrate the application of the concepts in practice have been

sought and identified. Poor designs which may be illustrated by collapses have also

been studied as such applications can often show the consequences of misunder-

standing structural concepts.

Research and teaching are undertaken in parallel in universities but links between

research output and undergraduate teaching may not always be developed. Research

output, which particularly concerns or illustrates structural concepts, has been con-

verted to forms suitable for linking with simple demonstration models and practical

applications for use in class teaching. For example, concepts for designing stiffer

structures, human whole-body models in structural vibration and the horizontal

movements of frame structures induced by vertical loads are presented in the book.

We have developed a number of physical models for illustrating structural con-

cepts and identified a number of engineering cases and everyday examples for illus-

trating the applications of these concepts. These models and examples are normally

not included in textbooks but are useful to supplement learning and teaching. Stu-

dents quickly grasp and remember a concept when it is physically demonstrated and

its application is illustrated.

This book, which provides examples of links between structural concepts, simple

demonstration models and engineering examples, will be an aid to lecturers and

should benefit students and engineers/designers in structural engineering and archi-

tecture. It is hoped that it will stimulate the interest of readers to seek further exam-

ples of concepts and their applications.

This book is written like a ‘recipe’ book; most of the structural concepts in the

book are independent and each chapter illustrates one or more related concepts.

Each chapter contains four sections:

Preface xiii



 

1 Definitions and concepts: definitions of the terms used in the chapter are pro-

vided. The concepts are presented concisely in one or two sentences and in a

memorable manner. Key points are also given in some chapters.

2 Theoretical background: if the theory is readily available in textbooks, only a

brief summary is presented together with appropriate references. More details

are given when the theory is not readily available elsewhere. Selected examples

are provided, which aim to show the use of the theory and link with the demon-

stration models illustrated in the next section.

3 Model demonstrations: demonstration models are provided with photographs.

Normally, two related models are provided to show the differences between the

behaviour of the two models thus illustrating the concept. Small-scale experi-

ments are also included in some chapters.

4 Practical examples: appropriate engineering examples are given to show how the

concept has been applied in practice. Some examples come from everyday life

which should be familiar to most people.

Accompanying this book, we have created a website of the same title which can be

found at www.structuralconcepts.org. The website contains most of the contents

presented in the first, third and fourth sections of each chapter in this book. Colour

photos can be downloaded from the website and video clips can be played.

The website and the book have been written initially for students, lecturers and

graduate engineers in Civil and Structural Engineering. However, the contents may

also be useful to similar groups in Architecture, Mechanical and Aerospace Engin-

eering.

To students

This book provides useful and interesting information to enhance the understanding

of structural concepts and to supplement class studies. The level of contents spans

from first year to fourth year of a typical undergraduate course.

The contents of the book can be used in different ways:

1 You can look at any particular chapter after you have been introduced to a

concept in the classroom to help you to gain a better understanding.

2 You can use the book to revise what you have learned in the past.

3 You may ask yourself if you can think of another model which is able to illus-

trate a concept listed (or indeed one that is not listed) or another example which

shows the application of a concept.

Some of the models in the book were developed by our students as they knew which

concepts were difficult to understand and which concepts could be physically

demonstrated.

To lecturers

We hope the book provides useful material to supplement the teaching of structural

concepts. The photos and/or contents in the associated website can be downloaded

for teaching.
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It is hoped that students learn effectively and actively and this, in part, requires

the provision of appropriate activities and/or stimulators. This book and the website

can be used for such a purpose. We have asked our third-year undergraduate

students to read all the contents of the website relating to Statics and assigned them

individual coursework entitled ‘Enhancing the Understanding of Structural Concepts’

for which they needed either to design a physical model to show one structural

concept or to identify a practical example where one structural concept was cre-

atively used. This coursework has been received enthusiastically and the returns

have been excellent and collected to form a booklet. This was then distributed to all

students in the class to form a student source of learning, enabling them to learn

from each other rather than from lecturers and textbooks. Some examples provided

by the students have been included in this book and added to the website.

To engineers

The contents of this book and the associated website are useful to engineers, in

particular, recent graduate engineers. Unlike university students, you will have

gained practical experience but may have forgotten some structural concepts you

learned at university. You may find the book and website useful in three ways:

1 You can revise quickly many structural concepts.

2 You can examine the use of each of the concepts in practice through the exam-

ples provided. It is hoped that this may generate your own ideas for applying the

concepts or indeed any other structural concepts in your work.

3 You can identify, using your own experience, how any of the structural concepts

have been used in your work or in the work of your colleagues. Then consider

how the application of the concepts helps in enhancing your understanding of

structural behaviour and providing more efficient structures.

Engineers aim to achieve safe, economical and elegant designs. A good understand-

ing of structural concepts will help to reach this goal.

Finally, we would very much like to hear from you if you have an idea to illus-

trate a structural concept using a physical model or have any practical examples in

which one or more structural concepts plays an important role. We will acknow-

ledge and add any suitable examples into the website and your contribution will be

shared with others, including students, lecturers and practising engineers.

Tianjian Ji and Adrian Bell

School of Mechanical, Aerospace and Civil Engineering

, UK
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1 Equilibrium

1.1 Definitions and concepts

• A body which is not moving is in a state of equilibrium.

• A body is in a state of stable equilibrium when any small movement increases its

potential energy so that when released it tends to resume its original position.

• A body is in a state of unstable equilibrium if, following any small movement, it

tends to move away from its original position.

• The sum of reaction forces on a body is always equal to the sum of action forces

if the body is in a state of equilibrium, regardless of the positions and magni-

tudes of the action forces.

• If a body is in an equilibrium state, all the moments acting on the body about

any point should be zero.

1.2 Theoretical background

Rigid body: when considering equilibrium of an object subjected to a set of forces,

the object is considered as a rigid body when its deformations do not affect the posi-

tion of equilibrium and/or the forces (either directions or amplitudes) applied on the

body.

Internal forces: internal forces act between particles within a body and occur in

equal and opposite collinear pairs. The sum of the internal forces within a body will

therefore be zero and need not be considered when considering the overall equilib-

rium of the body.

External forces: external forces act on the surfaces of bodies and may be con-

sidered to be distributed and applied over contact areas. When the contact areas are

very small in comparison to the area of the surface, the distributed forces can be ide-

alised as single concentrated forces acting at points on the surface of the body. A

typical example of an external force which is distributed over a surface is wind load

acting on the walls of a building. Concentrated external forces may be considered to

be applied to a bridge deck by a vehicle whose weight is transmitted to the deck

through its wheels which have small contact areas relative to the area of the deck.

Moment: a moment can be either an internal or an external force that tends to

cause rotation of a body. A pair of parallel forces with the same magnitude but

opposite directions form a moment or couple. The magnitude of the moment is

measured by the product of the magnitude of the forces and the perpendicular dis-

tance between the two parallel forces.



 

Body force: a body force, or the self-weight of a body, is the effect of Earth’s

gravity on the body. This force is not generated through direct contact like most

other external forces. The self-weight of a body can be significant in the design of

structures, for example, the self-weight of a concrete floor can be larger than other

applied imposed loads such as those due to people or furnishings. Body forces, other

than self-weight, can also be generated remotely by magnetic or electric fields

(section 1.3.4)

Reactions: the forces developed in the supports or points of contact between

bodies are called reactions. Supports are provided to prevent the movement of a

body. Different types of support prevent different types of movement. The main

types of support which occur in practice in plane structures are:

• Pin supports: a pin support restrains translational movements in two perpendic-

ular directions but allows rotation (Figure 1.1a).

• Roller supports: a roller support restrains translational movement in one direc-

tion but allows translational movements in a perpendicular direction as well as

allowing rotation (Figure 1.1b).

• Fixed supports: a fixed support restrains translational movements in two per-

pendicular directions and prevents rotation (Figure 1.1c).

Conditions of equilibrium of a rigid body: a body is in a state of equilibrium

when it does not move. In this state, the effects of all the forces F and moments M
applied to the body cancel each other. Considering all the forces and moments

applied in the x–y plane, the conditions of equilibrium of the body can be specified

using three scalar equations of equilibrium:

�FX �0 �FY �0 �MA �0 (1.1)

Equation 1.1 indicates that:

• The sums of all the forces in the x and y directions are zero and the sums of the

moments induced by these forces about an arbitrary point are zero.

• The three equations of equilibrium can be used to determine three unknowns in

an equilibrium problem, such as the reaction forces of a simple body in the x–y
plane.

Free-body diagram: a free-body diagram is a diagrammatic representation of a body

or a part of a body showing all forces applied on it by mechanical contact with

other bodies or parts of the body itself. Drawing a free-body diagram which shows

4 Statics

Figure 1.1 Examples of support conditions.

(a) Pin supports (b) Roller supports (c) Fixed supports



 

clearly and completely all the forces acting on the body is an important and neces-

sary skill.

Example 1.1

Figure 1.2a shows a beam which is supported at the left-hand end on a pin support

and at the right-hand end on a roller support. Such a beam is called a simply sup-
ported beam. The beam carries a concentrated vertical force W acting at a distance x
from the left-hand end of the beam. Determine the reaction forces, Ax, Ay and By, at

the two supports.

Equilibrium 5

W

A B

x
L

W
Ax

Ay By

Figure 1.2 A simply supported beam with (a) a concentrated load and (b) its free-body
diagram.

(a) (b)

Solution

A free-body diagram of the beam is shown in Figure 1.2b where the external force

and all the support forces are indicated. Using the three formulae in equation 1.1

gives:

�FX �0 AX �0

�FY �0 AY �BY �W�0

�MA �0 BYL�WX �0

Solving the last two equations leads to: AY �W�Wx/L and BY �Wx/L. The positive

signs of the reaction forces indicate that AY and BY act in the assumed directions as

shown in Figure 1.2b. The second formula shows that the sum of the reaction forces
in the y direction is always equal to the external force W, no matter where it is
placed. A model demonstration of this example is given in section 1.3.1. Further

details can be seen in [1.1].

1.3 Model demonstrations

1.3.1 Action and reaction forces

This model demonstrates what has been shown in example 1.1, namely:

• The sum of reaction forces is always equal to the external force, W, regardless
of the location of the external force.



 

• When the external force, W, is placed above one of the two supports, the reac-
tion force at that support is equal to the external force but acts in the opposite
direction and there is no reaction force at the other support.

Figure 1.3a shows a wooden beam supported by two scales, one at each end. The

scales are adjusted to zero when the beam is in place. Locate a weight of 454 grams

at three different positions on the beam and note the readings on the two scales. It

can be seen that:

• For the three positions of the weight, the sum of the readings (reactions) from

the two scales is always equal to the weight (the external force), see Figure 1.3b.

• The readings on the scales have a linear relation to the distance between the loca-

tions of the supports and the weight. The closer the weight is to one of the scales,

the larger the reading on the scale. An extreme case occurs when the weight is

placed directly over the left-hand scale. The reading on the left-hand scale is the

same as the weight and the reading on the other scale is zero (Figure 1.3c).
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Figure 1.3 Action and reaction.

(a)

(a) (b)

(b) (c)

1.3.2 Stable and unstable equilibrium

This model demonstration shows the difference between stable and unstable equilib-
rium.

The equilibrium of a ruler supported on two round pens (or roller supports) can

be achieved easily as shown in Figure 1.4a. However, supporting the ruler horizon-

tally on a single round pen alone is very difficult, because the external force (self-

Figure 1.4 Stable and unstable equilibrium.



 

weight) from the ruler and the reaction force from the round pen are difficult to

align exactly. If the ruler achieves equilibrium on the single round pen, this type of

equilibrium is unstable and is not maintained if a slight disturbance is applied to the

ruler or to the round pen. The ruler will rotate around the point of contact with the

pen until it finds another support (Figure 1.4b).

1.3.3 A plate–bottle system

This model demonstration shows how an equilibrium state can be achieved.
Figure 1.4 shows that the ruler is in stable equilibrium when it has two round pen

supports and becomes unstable equilibrium when it has only one round pen support.

This, however, does not mean that a body placed on a single support cannot achieve

a state of stable equilibrium.

Figure 1.5a shows a bottle of wine and a piece of wood with a hole. The bottle

can be supported by the wood when the neck of the bottle is inserted into the hole

to the maximum extent, and the two form a single wood–bottle system in equilib-

rium as shown in Figure 1.5b.
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(a) (b)

Figure 1.5 Equilibrium of a bottle and wood system.

The wood–bottle system, supported on the narrow wooden edge, is and feels very

stable, because:

• the two external forces from the weights of the bottle and the wood are equal to

the reaction force generated from the table;

• the sum of the moments of the two action forces about the point where the

support force acts are equal to zero.

Another way of saying this is that the centre of mass of the wood and bottle system

lies over the base of the wood.

1.3.4 A magnetic ‘float’ model

The model demonstrates the effect of magnetic force although the force cannot be
seen.

Figure 1.6 shows a model consisting of an axisymmetric body and a base unit.



 

There are two magnetic rings in the axisymmetric body and two magnets in the base

unit.

It appears surprising that the axisymmetric body can be in an equilibrium posi-

tion when no vertical supports are provided. Where is the force that supports the

weight of the axisymmetric body? When opposite poles of the magnets in the

axisymmetric body and the base unit are the same, the body can be positioned above

the base with no visible support (Figures 1.6a and 1.6c). When the opposite poles

are different, the body rests on the base (Figures 1.6b and 1.6d). In both cases the

external force is the weight of the body. In the first case the reaction forces are the

magnetic forces that push the body away and up while in the second case the reac-

tion forces are provided through the points of contact between the unit and the base.

When the free end of the body (Figure 1.6a) is twisted using the thumb and index

finger, the body is able to rotate many times before stopping. This is because there is

little friction between the rotating body and its lateral glass support.

1.4 Practical examples

1.4.1 A barrier

Counter-balanced barriers can be found in many places, such as the one shown in

Figure 1.7. The weight fixed to the shorter arm counter-balances much of the weight

of the barrier arm, allowing the barrier to be opened easily with a relatively small

downward force near the counter-balance weight.

The barrier can be opened when the moment induced by the counter-balance

weight and the applied downward force is larger than the moment induced by the

weight of the barrier about the support point.
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Figure 1.6 A magnetic float model (courtesy of Professor B. Zhuang, Zhejiang Univer-
sity, China).



 

1.4.2 A footbridge

The form of footbridge shown in Figure 1.8 is a development of the simple counter-

balanced barrier shown in Figure 1.7.
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Figure 1.7 A barrier.

Figure 1.8 A footbridge can be lifted by a single person.



 

The moment induced by the weight of the footbridge deck about the supporting

points on the wooden frame is slightly larger than that induced by the balance

weight, which is placed on and behind a wooden board. The addition of a small

force, applied by pulling on a cable, causes the bridge to open.

1.4.3 An equilibrium kitchen scale

Figure 1.9 shows a kitchen scale that weighs an apple and a banana using the prin-

ciple of equilibrium.

10 Statics

Figure 1.9 An equilibrium kitchen scale.

There is a pivot at the centre of the scale and a pair of arms can rotate about the

pivot. The left and right arms are designed to be symmetrical about the central

pivot. There are two other pivots at the ends of the left and right arms where two

trays are placed. The two arms would be at the same level when an equilibrium state

is achieved. The equilibrium equation for moment (the third equation in equation

1.1) can be used to give:

Weight of the fruits × dL � standard weights placed × dR

where dL and dR are the distances between the central pivot and the left- and right-

hand pivots of application of the weights. Due to the symmetry, dL �dR, the above

equation thus states that the weight of the fruits is equal to the standard weights

placed on the tray. The operation of the scale is thus based on the principle of equi-

librium.

1.4.4 Stage performance

Equilibrium in the posture of the human body can be important in sport and dance.

The two people shown in Figure 1.10 have positioned themselves horizontally



 

such that the centre of mass of their bodies lies over the feet of one of the perform-

ers. The balance shows the strength of the performers and the beauty of the posture.

1.4.5 Magnetic float train

Figure 1.11 shows the first commercial friction-free magnetic ‘float’ train, which

operates between Shanghai City and Pudong Airport. The floating train can reach

speeds in excess of 270mph. The train, with magnets under the cars, ‘floats’ above a

sophisticated electromagnetic track in the same way that the axisymmetric object

‘floats’ above the base unit in the demonstration in section 1.3.4. The weight of the

train (external force) is balanced by magnetic forces (reaction forces) generated

between the magnets in the cars and the track. Since no friction is generated between

the external and reaction forces, much smaller tractive forces are required to propel

the train than would normally be the case.

Float trains have also run in the UK on a prototype route between Birmingham

Airport and a nearby train station, but they were eventually abandoned in 1995

because of reliability problems.

1.4.6 A dust tray

Equilibrium may also be found in several common items used in daily life. Figure

1.12a shows a dust tray which is often used in fast-food restaurants to collect

rubbish from floors. When moving the dust tray between locations, one lifts the ver-

tical handle. The tray then rotates through an angle such that the rubbish will be

kept at the end of the tray as shown in Figure 1.12b. The rotation occurs because
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Figure 1.10 Equilibrium on stage (photograph of Crazeehorse, copyright of Fremantle Media,
reproduced by kind permission).



 

there is a pivot on the tray and the pivot is purposely placed at the position which

will cause the tray to turn. Because the mass centre of the dust tray in its horizontal

position is not in line with the handle, the tray rotates until this is the case. If the

larger portion of the tray lies behind the handle, the direction of rotation is such that

rubbish remains trapped during movement.

Reference

1.1 Hibbeler, R. C. (2005) Mechanics of Materials, Sixth Edition, Singapore: Prentice-Hall

Inc.
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Figure 1.11 A magnetic float train.

Figure 1.12 An application of inequilibrium.

(a) (b)



 

2 Centre of mass

2.1 Definitions and concepts

The centre of gravity of a body is the point about which the body is balanced or the

point through which the weight of the body acts.

The location of the centre of gravity of a body coincides with the centre of mass

of the body when the dimensions of the body are much smaller than those of the

earth.

When the density of a body is uniform throughout, the centre of mass and the

centroid of the body are at the same point.

• If the centre of mass of a body is not positioned above the area over which it is

supported, the body will topple over.

• The lower the centre of mass of a body, the more stable the body.

2.2 Theoretical background

Centre of gravity: the centre of gravity of a body is a point through which the

weight of the body acts or is a point about which the body can be balanced. The

location of the centre of gravity of a body can be determined mathematically using

the moment equilibrium condition for a parallel force system. Physically, a body is

composed of an infinitive number of particles and if a typical particle has a weight

of dW and is located at (x, y, z) as shown in Figure 2.1, the position of the centre of

gravity, G, at (x�, y�, z�) can be determined using the following equations:

x� ��
∫x
∫d

d

W

W
� y� ��

∫y
∫d

d

W

W
� z� ��

∫z
∫d

d

W

W
� (2.1)

Centre of mass: to study problems relating to the motion of a body subject to

dynamic loads, it is necessary to determine the centre of mass of the body. For a par-

ticle with weight dW, and mass dm, the relationship between mass and weight is

given by dW�gdm, where g is the acceleration due to gravity. Substituting this

relationship into equation 2.1 and cancelling g from both the numerator and

denominator leads to:

x� ��
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∫d

d

m

m
� y� ��

∫y
∫d

d

m

m
� z� ��

∫z
∫d

d

m

m
� (2.2)



 

Equation 2.2 contains no reference to gravitational effects (g) and therefore defines a

unique point which is a function solely of the distribution of mass. This point is

called the centre of mass of the body. For civil engineering structures whose dimen-

sions are very small compared to the dimensions of the earth, g may be considered

to be uniform and hence the centre of mass of a body coincides with the centre of

gravity of the body. In practice, no distinction is made between the centre of mass

and the centre of gravity of a body.

The mass, dm, of a particle in a body relates to its volume, dV, and can be

expressed as dm� ρ(x, y, z)dV, where ρ(x, y, z) is the density of the body. Substitut-

ing this relationship into equation 2.2 gives:

x� � y� � z� � (2.3)

Centroid: the centroid C of a body is a point which defines the geometrical centre

of the body. If a body is composed of one type of material, or the density of the

material ρ is constant, it can be removed from equation 2.3 and the centroid of the

body can be defined by:

x� ��
∫x
∫d

d

V

V
� y� ��

∫y
∫d

d

V
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� z� ��

∫z
∫d

d

V

V
� (2.4)

Equation 2.4 contains no reference to the mass of the body and therefore defines a

point, the centroid, which is a function solely of geometry.

If the density of the material of a body is uniform, the locations of the centroid

and the centre of mass of the body coincide. However, if the density varies through-

out a body, the centroid and the centre of mass will not be the same in general

(section 2.3.2).

Equation 2.4 is used to determine the centroid of the volume of a body. The

volume of a particle of the body, dV, can be expressed as dV�Adt where A is

the area of the particle perpendicular to the axis through the thickness, dt, of the

particle.

When the centroid of a surface area of an object, such as a flat plate, needs to be

determined, equation 2.4 reduces to:

∫zρ(x, y, z)dV
��
∫ρ(x, y, z)dV

∫yρ(x, y, z)dV
��
∫ρ(x, y, z)dV

∫xρ(x, y, z)dV
��
∫ρ(x, y, z)dV
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Figure 2.1 Centre of gravity.
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The terms such as xdA in the numerators in the integrals represent the moments of

the area of the particle, dA, about the centroid. The integrals represent the summa-

tions of these moments of areas for the whole body and are usually called the first

moments of area of the body about the axes in question. The integral in the denomi-

nators in equation 2.5 is the area of the body.

When the centroid of a line, effectively a body with one dimension, needs to be

determined, equation 2.5 can be simplified to:

x� ��
∫x
∫d

d

L

L
� y� ��

∫y
∫d

d

L

L
� z� ��

∫z
∫d

d

L

L
� (2.6)

where dL is the length of a short element or part of the line.

Equations 2.4, 2.5 and 2.6 are based on a coordinate system that may be chosen

to suit a particular situation and in general such a coordinate system should be

chosen to simplify as much as possible the integrals. When the geometric shape of an

object is simple, the integrals in the equations can be replaced by simple algebraic

calculations.

Example 2.1

Determine the centroid of the uniform L-shaped object shown in Figure 2.2a.

Centre of mass 15

C

y

x
C

BI

D

EF

H

A

10  mm 60  mm

40  mm

10  mm

y

x

EF

c2

o2

D
c1 o1

H

A I B

C

y2

y2

Figure 2.2 Centroid of an L-shaped object.

(a) (b)

Solution 1

As the L-shaped object consists of two rectangles, ABCH and HDEF, these areas and

the moments of the areas about the axes can be easily calculated without the need for

integration. The areas and their centroids for the coordinate system chosen are:

ABCH: A1 �70×10�700cm2, xC1 �35cm, yC1 �5cm

HDEF: A2 �40×10�400cm2, xC2 �5cm, yC2 �30cm



 

Using the first two formulae in equation 2.5 gives:

x� � � � �24.09cm

y� � � � �14.09cm

Solution 2

The centroid of the L-shaped object can also be determined using a geometrical

method. The procedure can be described as follows:

• Divide the L shape into two rectangles, ABCH and HDEF, as shown in Figure

2.2b. Find the centroids of the two rectangles, C1 and C2, and then draw a line

linking C1 and C2. The centroid of the object must lie on the line C1–C2. The

equation of this line is y–5�–5(x–35)/6.

• Divide the shape into two other rectangles, IBCD and AIEF as shown in Figure

2.2b. Find the centres of the two rectangles, O1 and O2, then draw a line joining

their centres. The centroid of the object must also lie on the line O1–O2 which is

y–5�–4(x–40)/7.

• As the centroid of the object lies on both lines C1–C2 and O1–O2, it must be at

their intersection, C�, as shown in Figure 2.2b. Solving the two simultaneous

equations for x and y leads to x� �24.09cm and y� �14.09cm.

It can be seen from Figure 2.2b that the centroid, C�, is located outside the bound-

aries of the object. As the density of the L-shaped object is uniform, the centre of

gravity, the centre of mass and the centroid coincide, so all lie outside the boundaries

of the object. From the definitions of centre of mass and centre of gravity given in

section 2.1, the L-shaped object can be supported by a force applied at the centre of

mass, perpendicular to the plane of the object. In practice, this may be difficult as

the centre of mass lies outside the object. Section 2.3.3 provides a model demonstra-

tion that shows how an L-shaped body can be lifted at its centre of mass.

Example 2.2

Determine the centre of mass of a solid, uniform pyramid that has a square base of 

15500
�
1100

700×5�400×30
��

700�400

A1yC1 �A2yC2
��

A1 �A2

26500
�
1100

700×35�400×5
��

700�400

A1xC1 �A2xC2
��

A1 �A2
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Figure 2.3 Centroid of a pyramid.
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a×a and a height of h. The base of the pyramid lies in the x–y plane and the apex of

the pyramid is aligned with the z axis as shown in Figure 2.3a.

Solution

Due to symmetry the centroid must lie on the z axis, i.e.

x� �y� �0

The location of the centroid of the pyramid on the z axis can be obtained by using

the third formula in equation 2.4 where the integral is taken over the volume of the

pyramid. Consider a slice of thickness dz of the pyramid which is parallel to the base

with a distance z from the base as shown in Figure 2.3b. The length of the side of

the square slice is a(1–z/h), and hence the volume of the slice is dV�A(z)dz�a2(1–

z/h)2dz. Substituting the above quantities into the third formula in equation 2.4 and

integrating with respect to z through the height of the pyramid gives:

zc � ��
a

a

2h
2h

2/

/

1

3

2
�� �

h

4
�

Thus the centre of mass of a uniform square-based pyramid is located on its vertical

axis of symmetry at a quarter of its height measured from the base.

Example 2.3

The location of the centre of mass of a uniform block is at a height of h from its base

that has a side length of b. Place the block on an inclined surface as shown in Figure

2.4 and gradually increase the slope of the surface until the block topples over. Deter-

mine the maximum slope for which the block does not topple over (assuming there is

no sliding between the base of the block and the supporting surface).

Solution

It would normally be assumed that the block would not topple over if the action line

of its weight remains within the area of the base of the block. Thus the critical

position for the block is when the centre of gravity of the block and the corner of

�h

0

za2(1–z/h)2dz

�h

0

a2(1–z/h)2dz
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Figure 2.4 Centre of mass and stability.



 

the base lie in the same vertical line. Therefore, the critical angle of tilt for the block

is:

θC � tan–1�
b

h

/2
� � tan–1�

2

b

h
� (2.7)

If the assumption is correct, equation 2.7 indicates that if θ�θC the block will not

topple over. The assumption can be checked by conducting the simple model tests in

section 2.3.5. Further details can be seen in [2.1].

2.3 Model demonstrations

2.3.1 Centre of mass of a piece of cardboard of arbitrary shape

This demonstration shows how the centre of mass of a body with arbitrary shape
can be determined experimentally.

Take a piece of cardboard of any size and shape, such as the one shown in Figure

2.5, and drill three small holes at arbitrary locations along its edge. Now suspend

the cardboard using a drawing pin through one of the holes and hang from the

drawing pin a length of string supporting a weight. As the diameter of the hole is

larger than the diameter of the pin, the cardboard can rotate around the pin and will

be in equilibrium under the action of the self-weight of the cardboard. This means

that the resultant of the gravitational force on the cardboard must pass through the

pin. In other words, the action force (gravitational force) and the reaction force

from the pin must be in a vertical line which is shown by the string. Now mark a

point on the cardboard under the string and draw a straight line between this point

and the hole from which the cardboard is supported. Repeat the procedure hanging

the cardboard from each of the other two holes in turn and in each case draw a line

between a point on the string and the support hole. It can be seen that the three lines

(or their extensions) are concurrent at a single point, which is the centre of mass of
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Figure 2.5 Locating the centre of mass of a piece of cardboard of arbitrary shape.

(a) (b) (c)



 

the piece of cardboard and of course is also the centre of gravity and the centroid of

the cardboard.

2.3.2 Centre of mass and centroid of a body

This model is designed to show that the location of the centre of mass of a body can
be different from that of the centroid of the body.

A 300mm tall pendulum model is made of wood. The model consists of a sup-

porting base, a mast fixed at the base and a pendulum pinned at the other end of the

mast as shown in Figure 2.6. A metal piece is inserted into the right arm of the pen-

dulum. The centre of mass of the pendulum must lie on a vertical line passing

through the pinned point. The centroid of the pendulum lies on the intersection of

the vertical and horizontal members. Due to the different densities of wood and

metal, the centroid of the pendulum does not coincide with the centre of mass of the

body.
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Figure 2.6 Centre of mass and centroid.

2.3.3 Centre of mass of a body in a horizontal plane

This demonstration shows how to locate the centre of mass of a horizontal L-shaped
body.

Figure 2.2b shows an L-shaped area whose centre of mass, C, is outside the body.

The following simple experiment, using a fork, a spoon, a toothpick and a wine

glass, can be carried out to locate the centre of mass of an L-shaped body made up

from a spoon and fork.



 

1 Take a spoon and a fork and insert the spoon into the prongs of the fork, to

form an L-shape as shown in Figure 2.7a.

2 Then take a toothpick and wedge the toothpick between two prongs of the fork

and rest the head of the toothpick on the spoon as shown in Figure 2.7b. Make

sure the end of the toothpick is firmly in contact with the spoon.
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Figure 2.7 Centre of mass of an L-shaped body in a horizontal plane.



 

3 The spoon–fork can then be lifted using the toothpick. The toothpick is sub-

jected to an upward force from the spoon, a downward force from the prong of

the fork and forces at the point at which it is lifted as shown in Figure 2.7c.

4 Place the toothpick on to the edge of a wine glass adjusting its position until the

spoon–fork–toothpick is balanced at the edge of the glass as shown in Figure

2.7d. According to the definition of the centre of mass, the contact point

between the edge of the glass and the toothpick is the centre of mass of the

spoon–fork–toothpick system. The mass of the toothpick is negligible in com-

parison to that of the spoon–fork, so the contact point can be considered to be

the centre of mass of the L-shaped spoon–fork system.

5 To reinforce the demonstration, set alight the free end of the toothpick (Figure

2.7e). The flame goes out when it reaches the edge of the glass as the glass

absorbs heat. As shown in Figure 2.7f, the spoon–fork just balances on the edge

of the glass.

If the spoon and fork are made using the same material, the centre of mass and the

centroid of the spoon–fork system will coincide.

2.3.4 Centre of mass of a body in a vertical plane

This demonstration shows that the lower the centre of mass of a body, the more
stable the body.

A cork, two forks, a toothpick, a coin and a wine bottle are used in the demon-

stration shown in Figure 2.8a. The procedure for the demonstration is as follows:

1 Push a toothpick into one end of the cork to make a toothpick–cork system as

shown in Figure 2.8b.

2 Try to make the system stand up with the toothpick in contact with the surface

of a table. In practice this is not possible as the centre of mass of the system is

high and easily falls outside the area of the support point. The weight of the
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Figure 2.8 Centre of mass of a body in a vertical plane.



 

toothpick–cork and the reaction from the surface of the table that supports the

toothpick–cork are not in the same vertical line and this causes overturning of

the system.

3 Push two forks into opposite sides of the cork and place the coin on the top of

the bottle.

4 Place the toothpick–cork–fork system on the top of the coin on which the tooth-

pick will stand in equilibrium as shown in Figure 2.8c.

The addition of the two forks significantly lowers the centre of mass of the tooth-

pick–cork system in the vertical plane below the contact point of the toothpick on

the coin. When the toothpick–cork–fork system is placed on the coin at the top of

the bottle, the system rotates until the action and reaction forces at the contact point

of the toothpick are in the same line, producing an equilibrium configuration.

2.3.5 Centre of mass and stability

This demonstration shows how the stability of a body relates to the location of its
centre of mass and the size of its base.
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Figure 2.9 Centre of mass and stability of three aluminium blocks.



 

Figure 2.9a shows three aluminium blocks with the same height of 150mm. The

square sectioned block and the smaller pyramid have the same base area of

29mm�29mm. The larger pyramid has a base area of 50mm � 50mm but has the

same volume as that of the square sectioned block. The three blocks are placed on a

board with metal stoppers provided to prevent sliding between the base of the

blocks and the board when the board is inclined. As the board is inclined, its angle of

inclination can be measured by the simple equipment shown in Figure 2.9b. Basic data

for the three blocks and the theoretical critical angles calculated using equation 2.7 are

given in Table 2.1. Theory predicts that the largest critical angle occurs with the large

pyramid and the smallest critical angle occurs with the square sectioned block.

The demonstration is as follows:

1 The blocks are placed on the board as shown in Figure 2.9 in the order of

increasing predicted critical angle.

2 The left-hand end of the board is gradually lifted and the square sectioned block

is the first to become unstable and topple over (Figure 2.9b). The angle at which

the block topples over is noted.

3 The board is inclined further and the pyramid with the smaller base is the next to

topple (Figure 2.9c). Although the height of the centre of mass of the two pyra-

mids is the same, the smaller pyramid has a smaller base and the line of action of

its weight lies outside the base at a lower inclination than is the case for the larger

pyramid. The angle at which the smaller pyramid topples over is noted.

4 As the board is inclined further the larger pyramid will eventually topple over

but its improved stability over the other two blocks is apparent (Figure 2.9d).

Once again the angle at which the block topples is noted.

The angles at which the three blocks toppled are shown in Table 2.1. The results of

the demonstration as given in Table 2.1 show that:

• The order in which the blocks topple is as predicted by equation 2.7 in terms of

the measured inclinations and confirms that the larger the base or the lower the

centre of mass of a block, the larger the critical angle that is needed to cause the

block to topple.

• All the measured critical angles are slightly smaller than those predicted by

equation 2.7.

Repeating the experiment several times confirms the measurements and it can be

observed that the bases of the blocks just leave the supporting surface immediately
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Table 2.1 Comparison of the calculated and measured critical angles

Model Cuboid Small pyramid Large pyramid

Height of the model (mm) 150 150 150
Height of the centre of mass (mm) 75 37.5 37.5
Width of the base (mm) 29 29 50
Volume (mm3) 1.26×105 0.420×105 1.25×105

Theoretical max. inclination (deg.) 10.9 21.9 33.7
Measured max. inclination (deg.) 10 19 31



 

before they topple, which makes the centres of the masses move outwards. In the

theory the bases of the blocks remain in contact with the support surface before they

topple.

This demonstration shows that the larger the base and/or the lower the centre of
gravity, the larger will be the critical angle needed to cause the block to topple and
that this angle is slightly less than that predicted by theory.

2.3.6 Centre of mass and motion

This demonstration shows that a body can appear to move up a slope unaided.

Take two support rails which incline in both the vertical and horizontal planes as

shown in Figure 2.10. When a doubly conical solid body is placed on the lower ends

of the rails, it can be observed that the body rotates and travels up to the higher end

of the rails (Figure 2.10b).

It appears that the body moves against gravity though in fact it moves with

gravity. When the locations of the centre of mass of the body, C, are measured at

the lowest and highest ends of the rails, it is found that the centre of mass of the

body at the lower end is actually higher than that when the body is at the highest

end of the rails. It is thus gravity that makes the body rotate and appear to move up

the slope.

The reason for this lies in the design parameters of the rail supports and the

conical body. The control condition is that the slope of the conical solid body

should be larger than the ratio of the increased height to a half of the increased

width of the rails between the two ends.

2.4 Practical examples

2.4.1 Cranes on construction sites

Tower cranes are common sights on construction sites. Such cranes normally have

large weights placed on and around their bases, these weights ensuring that the centre

of mass of the crane and its applied loading lie over its base area and that the centre
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(a) (b)

Figure 2.10 Centre of mass and motion.



 

of mass of the crane is low, increasing its stability. Figure 2.11a shows a typical tower

crane on a construction site. Concrete blocks are purposely placed on the base of the

crane to lower its centre of mass to keep the crane stable as shown in Figure 2.11b.

2.4.2 The Eiffel Tower

Building structures are often

purposely designed to be larger

at their bases and smaller at

their upper parts so that the dis-

tribution of the mass of the

structure reduces with height.

This lowers the centre of mass

of the structure and the greater

base dimensions reduce the

tendency of the structure to

overturn when subjected to

lateral loads, such as wind. A

typical example of such a struc-

ture is the Eiffel Tower in Paris

as shown in Figure 2.12. The

form of the tower is reassuring

and appears to be stable and

safe.
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(a) (b)

Figure 2.11 Cranes on construction sites.

Figure 2.12 The Eiffel Tower.



 

2.4.3 A display unit

Figure 2.13 shows an inclined display unit. The centre of mass of the unit is outside

the base of the unit as shown in Figure 2.13a. To make the unit stable and prevent it

from overturning, a support base is fixed to the lower part of the display unit

(Figure 2.13b). The added base effectively increases the size of the base of the unit to

ensure that the centre of mass of the display unit will be above the area of the new

base of the unit. Thus the inclined display unit becomes stable. Other safety mea-

sures are also applied to ensure that the display unit is stable.
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(a) (b)

Figure 2.13 Inclined display unit.

2.4.4 The Kio Towers

Figure 2.14 shows one of the two 26-storey, 114m high buildings of the Kio

Towers, in Madrid, which are also known as Puerta de Europa (Gateway to

Europe). The Kio Towers actually lean towards each other, each inclined at 15

degrees from the vertical.

The inclinations move the centres of mass of the buildings sideways, tending to

cause toppling effects on the buildings. One of the measures used to reduce these

toppling effects was to add massive concrete counterweights to the basements of the

buildings. This measure not only lowered the centres of the mass of each building

but also moved the centre of the mass towards a position above the centre of the

base of the building.



 

Reference
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Figure 2.14 One of the two Kio Towers.



 

3 Effect of different cross-sections

3.1 Definitions and concepts

Second moment of area (sometimes incorrectly called moment of inertia) is the geo-

metrical property of a plane cross-section which is based on its area and on the dis-

tribution of the area.

• The further the material of the section is away from the neutral axis of the

section, the larger the second moment of area of the section. Therefore the shape

of a cross-section will significantly affect the value of the second moment of

area.

• The stiffness of a beam is proportional to the second moment of area of the

cross-section of the beam.

3.2 Theoretical background

Second moment of area: the second moment of area of a section can be determined

about its x and y axes from the following integrals:

Ix � ∫y2dA Iy � ∫x2dA (3.1)

where x and y are the coordinates of the elemental area dA and are measured from

the neutral axes of the section. The use of these equations can be illustrated by the

simple example of the rectangular cross-section shown in Figure 3.1, where the x
and y axes have their origin at the centroid C, and b and h are the width and height

of the section. Consider a strip of width b and thickness dy which is parallel to the x
axis and a distance y from the x axis. The elemental area of the strip is dA�bdy.

Using the first expression in equation 3.1 gives the second moment of area of the

section about the x axis as:

Ix ��h/2

�h/2

y2bdy� �
b

1

h

2

3

� (3.2)

It can be seen from equation 3.2 that Ix is proportional to the width b and to the

height h to the power of three, i.e. increasing the height h is a much more effective

way of increasing the second moment of area, Ix, than increasing the width b.

Similarly, consider a strip of width h and thickness dx which is parallel to the y
axis and distance x from the y axis. The elemental area of the strip is dA�hdx.
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Using the second expression in equation 3.1 gives the second moment of area of the

section about the y axis as:

Iy ��b/2

�b/2

x2hdx� �
h

1

b

2

3

� (3.3)

Parallel-axis theorem: to determine the second moment of area of a cross-section

about an axis which does not pass through the centroid of the section, the parallel-

axis theorem may be used. Referring to Figure 3.1, the theorem may be stated in the

following manner for the determination of the second moment of area of the section

about the axis, p:

Ip � Ix �Ad2 (3.4)

where Ix is the second moment of area of the section about the x axis; d is the per-

pendicular distance between the x axis and the p axis and A is the area of the

section. Equation 3.4 states that the second moment of area of the cross-section with

respect to the p axis is equal to the sum of the second moment of area about a paral-

lel axis through the centroid and the product of the area and the square of the per-

pendicular distance between the two axes.

For example, the second moment area of the section in Figure 3.1 about the p
axis can be determined using equation 3.1 with y being measured from the p axis

and the range of the integration being between 0 and h, i.e.:

Ip ��h

0

y2bdy� �
b

3

h3

� (3.5)

Alternatively the parallel axis theorem embodied in equation 3.4 can be used to

determine the same second moment of area about the p axis:

Ip � Ix �Ad2 � �
b

1

h

2

3

� �bh��
h

2
��2

� �
b

3

h3

� (3.6)

Relationship between deflection and second moment of area of a beam: the second

h/2

h/2

b/2 b/2

p

dy

y

dx

x

x

y

Figure 3.1 Second moment of area of a rectangular section.
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moment of area of a cross-section is required to calculate the deflection of a beam.

Consider a simply supported uniform beam with a span of L, a modulus of elasticity

E and a second moment of area I which carries a uniformly distributed load q. The

deflection at the mid-span of the beam is:

∆��
3

5

8

q

4

L

E

4

I
� (3.7)

Equation 3.7 indicates that the deflection is proportional to the inverse of I. There-

fore to reduce the deflection of the beam it is desirable to have the largest I possible

for a given amount of material.

Relationship between normal stress and second moment of area of a beam: when

a beam is loaded in bending, its longitudinal axis deforms into a curve causing

stresses that are normal to the cross-section of the beam. The normal stress, �x, in

the cross-section at a distance y from the neutral axis can be expressed as:

σx � �
M

I

y
� (3.8)

Equation 3.8 indicates that the normal stress is proportional to the bending moment

M and inversely proportional to the second moment of area I of the cross-section. In

addition, the stress varies linearly with the distance y from the neutral axis.

Example 3.1

Figure 3.2 shows three different cross-section shapes, A, B and C, two of which

are rectangular sections and one is an I-section. They are made up of three identi-

cal rectangular plates of width b and thickness of t. The three sections have the

same areas. Determine and compare the second moments of areas of the three sec-

tions with respect to the horizontal x axis passing through their centroids. For 

b � 3t, 6t, 9t, 12t and 15t compare the relative values of the second moments of

area of the sections.

y

t
t
t

b/2b/2

x

y

b/2

x

b/2

t t t

b

t

b

y

x

t

Figure 3.2 Different cross-sections assembled by three identical strips.

Section A Section B Section C
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Solution

Section A has a width of b and height of 3t (Figure 3.2), thus:

IA ��
b(

1

3

2

t)3

���
27

1

b

2

t3

�

Section B has a width of 3t and height of b (Figure 3.2), therefore:

IB � �
3

1

t

2

b3

� � �
tb

4

3

�

Section C has an I-shape (Figure 3.2). Its second moment of area can be calculated

using the parallel axis theorem stated in equation 3.4:

IC � �
t

1

b

2

3

� �2 �
b

1

t

2

3

� �2bt��
b

2
� � �

2

t
��2

��
7

1

tb

2

3

���
2b

3

t3

��b2t2

The relative values of second moments of area, about the horizontal x axis, with

respect to the second moment of area of section A are:

�
I

I

A

B
� ��

3

1

tb

2

3

��
27

1

b

2

t3
�� �

9

b

t

2

2
� and

I

I
C

A

� ���
7

1

tb

2

3

� � �
8

1

b

2

t3

� � �
12

1

b

2

2t2

���
27

1

b

2

t3
���

2

7

7

b

t

2

2
�� �

2

8

7
� � �

1

2

2

7

b

t
�

The relative I values are given in Table 3.1 for different ratios of b to t.

Table 3.1 Comparison of the relative I values of the three cross-sections

b�3t b � 6t b�9t b�12t B�15t

Section A 1 1 1 1 1
Section B 1 4 9 16 25
Section C 4 12 25 43 65

It can be observed from Table 3.1 that:

• When b�3t, sections A and B have the same width and height and also have

the same second moments of area.

• The ratio of the second moments of area of the section B to section A increases

quadratically with the ratio of b/t.
• Section C (the I-shaped section) has the largest second moment of area. When 

b�9t, its second moment of area is 25 times that of section A and almost 2.8

times that of section B, demonstrating the beneficial use of material in 

I-sectioned steel members which are extensively used in buildings.

• As demonstrated by section C, the farther the areas of the material in a section

are from its centroid, the larger will be the second moment of area.
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Example 3.2

Figure 3.3 shows two cross-sections which have the same area. One is a flat section

with width 2a and thickness t where 2a� t and the other is in a folded V-form with

its dimensions shown in Figure 3.3b. Calculate the second moments of areas of the

two cross-sections about their neutral axes.

t

2a

y

a a

x

a/3 a/3

Figure 3.3 Two sections with the same area.

(a) A flat section (b) V-section

Solution

For the flat form:

If ��
(2

1

a

2

)t3

�� �
a

6

t3

�

For the V-form: the right half of the V-shape can be described by y��8�x (Figure

3.3); the neutral axis can be determined using equation 2.6:

c� � � a

the second moment of area of the V-section with respect to the x axis is:

I�2�a/3

0

y2�1� (y′�)2�tdx� �
1

2

6

7
�a3t

using the parallel axis theorem (equation 3.4), the second moment of area of the 

V-section about its neutral axis is:

Iv � I–Ac2 ��
16

2

a

7

3t
�–2at���3

2�a
��2

� �
4

2

a

7

3t
�

The ratio of the second moments of areas of the V-section to the flat section is:

�
I

I
v

f

� � �
4

2

a

7

3t
� · �

a

6

t3
� � �

8

9

a

t2

2

�

�2�
�

3

2�2�a2t/3
��

2at

2�a/3

0

y�1� (y′)�2�tdx

2�a/3

0

�1� (y′)�2�tdx
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When a�30mm and t�0.4mm, the ratio becomes 5000! This will be demonstrated

in section 3.3.2.

Further details can be seen in [3.1].

3.3 Model demonstrations

3.3.1 Two rectangular beams and an I-section beam

This demonstration shows how the shapes of cross-sections affect the stiffness of a
beam.

The three beams shown in Figure 3.4 can be made using plastic strips, each with

the same amount of material, e.g. three 1mm thick by 15mm wide strips. Figure

3.4a shows the section of the first beam in which the three strips are glued together

to form a section 15mm wide and 3mm deep. The beam shown in Figure 3.4b is the

same as the first beam but its section is turned through 90 degrees. In the beam

shown in Figure 3.4c the three 1mm thick strips are arranged and glued together to

form an I-section. The second moments of area of the three sections about their hor-

izontal neutral axes are in the ratios: 1 :25 :65 (Table 3.1). The stiffnesses of the

three beams can be demonstrated and felt through simple experiments as follows:

(a) Beam 1 (b) Beam 2 (c) Beam 3

Figure 3.4 Three beams with different cross-sections.

1 Support Beam 1 at its two ends, as shown in Figure 3.5a, and press down at the

mid-span of the beam. Notice and feel that the beam sustains a relatively large

deflection under the applied load. This beam has a small value of second

moment of area because the material of the cross-section is close to its neutral

axis.

2 Replace Beam 1 with Beam 2. Press down at the mid-span of the beam whilst

also supporting one end of the beam to prevent its tendency to twist (Figure

3.5b). Note that Beam 2 deflects much less than Beam 1 and that its stiffness

feels noticeably larger. The material of the cross-section in Beam 2 has been dis-

tributed farther away from its neutral axis than was the case for Beam 1, signifi-

cantly increasing its second moment of area.

3 Replace Beam 2 with Beam 3 and again press down at the mid-span as shown in

Figure 3.5c. The beam is stable and feels even stiffer than the rectangular beam
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shown in Figure 3.5b. The increased stiffness is due to the fact that two-thirds of

the material of the cross-section is placed in the flanges, i.e. as far away as pos-

sible from the neutral axis of the section.

The simple demonstration shows that the I-section Beam 3 is significantly stiffer

than the other two beams and that Beam 2 is much stiffer than Beam 1, although all

use the same amount of material.

3.3.2 Lifting a book using a bookmark

This demonstration shows again how the shapes of cross-sections affect the stiffness
of a member.

Figure 3.6a shows two identical bookmarks which are strips of card with length

210mm, width 6mm and approximate thickness 0.4mm. The lower bookmark in

Figure 3.6a is in its original flat form and the upper one is folded and secured with

rubber bands to form the V-shape as shown.

If one tries to lift a book using the bookmark in its flat form, the bookmark bends

and changes its shape significantly and the book cannot be lifted. This is because the

bookmark is very thin and has a small second moment of area around the axis

(a) A rectangular section beam with the larger dimension horizontal

(b) A rectangular section with the larger dimension vertical

(c) I-section

Figure 3.5 The deflections of three beams with the same cross-section area but different
second moments of area.
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passing through the mid thickness of the bookmark, parallel to its width, resulting

in a stiffness which is too small to resist the loading.

It is, however, easy to lift the book using the bookmark in its folded form as

shown in Figure 3.6b. This is because the folded bookmark has a much larger

second moment area since the material is distributed further away from its neutral

axis than in the flat form, providing sufficient stiffness to resist the deformation

induced by the book. As calculated in example 3.2, the member with the V-shaped

section has the stiffness about 5000 times that of the member of the flat section.

(a) Two bookmarks in different shapes (b) Lifting a book using a folded bookmark

Figure 3.6 Effect of shape of bookmarks.

Figure 3.7 A steel-framed building.

3.4 Practical examples

3.4.1 A steel-framed building

I-section members are the most commonly used structural elements in steel building

frames. Figure 3.7 shows a typical steel-framed building using I-shaped sections for

both beams and columns.
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3.4.2 A railway bridge

Figure 3.8 shows a railway bridge. Both the longitudinal and transverse beams are

steel I-sections and are used to support the precast concrete slabs of the deck.

Figure 3.8 A railway bridge.

Figure 3.9 Cellular columns.

3.4.3 I-section members with holes (cellular beams and columns)

As the material close to the neutral axis of a section does not contribute efficiently to

the second moment of area and hence the stiffness of a member, this material can be

removed making the member lighter and saving material. It is quite common to see

I-section beams and columns with holes along their neutral axes.

Figure 3.9 shows a car showroom in which the external columns support the

roof. The external columns are all I-sections with material around their neutral axes
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removed to create a lighter structure of more elegant appearance. Cellular columns

are most effective in cases where axial loads are small. Figure 3.10 shows cellular

beams used in an airport terminal.

Reference

3.1 Gere, J. M. (2004) Mechanics of Materials, Belmont: Thomson Books/Cole.

Figure 3.10 Cellular beams.



 

4 Bending

4.1 Definitions and concepts

For a beam subjected to bending:

• Elongation occurs on one surface and shortening on the opposite surface of the

beam. There is a (neutral) plane through the beam which does not change in

length during bending.

• Plane cross-sections of the beam remain plane and perpendicular to the neutral

axis of the beam.

• Any deformation of a cross-section of the beam within its own plane is

neglected.

• The normal stress on a cross-section of the beam is distributed linearly with the

maximum normal stresses occurring on surfaces farthest from the neutral plane.

4.2 Theoretical background

Beams: normally the length of a beam is significantly greater than the dimensions of

its cross-section. Many beams are straight and have a constant cross-sectional area.

Shear force and bending moment diagrams: when loaded by transverse loads, a

beam develops internal shear forces and bending moments that vary from position

to position along the length of the beam. To design beams, it is necessary to know

the variations of the shear force and the bending moment and the maximum values

of these quantities. The shear forces and bending moments can be expressed as func-

tions of their position x along the length of the beam, which can be plotted along

the length of the beam to produce shear force and bending moment diagrams.

Relationships between shear force (V), bending moment (M) and loading (q) can

be represented by the following equations:

�
d

d

V

x
� ��q(x) (4.1)

�
d

d

M

x
� �V (4.2)

These two equations can be obtained from the free-body diagram for a segment, dx,

of a loaded beam (as illustrated in Figure 4.1), making use of vertical force and



 

moment equilibrium. Equations 4.1 and 4.2 are particularly useful for drawing and

checking shear force and bending moment diagrams of a beam as they state respec-

tively:

• the slope of the shear force diagram at any point along the length of the beam is

equal to minus the intensity of the distributed load;

• the slope of the bending moment diagram at any point along the length of the

beam is equal to the shear force at the point.
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q(x)

x

x

dx

y

M

V

V�dV

q(x )

dx

M�dM

Figure 4.1 Diagrams for deriving equations 4.1 and 4.2.

Figure 4.2 A simply supported beam.

(a) A loaded beam (b) Free-body diagram for element dx

Example 4.1

Draw the shear force and bending moment diagrams for a simply supported beam

subject to a uniformly distributed load q as shown in Figure 4.2a and determine the

maximum bending moment.

A

q

L

B

q
V

M

x

qL/2

q

B

qL/2 qL/2

p�uV

qL/2

qL/2

u
qL2/8

M

(a) (b)

(d) Shear force diagram (e) Bending moment diagram

(c)



 

Solution

Taking the free-body diagram of the beam (Figure 4.2b) and using equation 1.1, it is

possible to determine the reaction forces from the two supports as indicated in

Figure 4.2b. In order to determine the shear force (V) and the bending moment (M)

at a cross-section, the equilibrium of a segment of the beam to the left-hand side of

the section x as shown in Figure 4.2c can be considered. Applying the two equations

of equilibrium gives:

ΣFy �0 �
q

2

L
� �qx�V�0 V�q ��

L

2
� �x� (4.3)

ΣM�0 � �
q

2

L
�x�qx �

x

2
� �M�0 M� �

q

2
� (Lx�x2) (4.4)

The shear force and bending moment diagrams for the beam can be obtained by

plotting equations 4.3 and 4.4 as shown in Figures 4.2d and 4.2e. Equations 4.1 and

4.2 can now be used to check the correctness of the shear force and bending

moment diagrams. As the distributed load is a constant along the length of the beam

(Figure 4.2a), the slope of the shear force diagram is �[qL/2� (�qL/2)]L��q.

According to equation 4.2 and the shear force diagram in Figure 4.2d, the shear

force changes from positive to negative linearly so the bending diagram should be a

curve. The slope of the bending moment diagram, i.e. the shear force, decreases con-

tinuously from qL/2 at x�0 to zero at x�L/2, then further decreases from zero to

�qL/2 at x�L. The maximum moment occurs at the centre of the beam where the

shear force is zero. Thus we have from equation 4.4:

MC � �
q

2
��L ·��

L

2
�����

L

2
��2�� �

q

8

L2

� �0.125qL2

Equation 4.4 also shows that the shape of the bending moment diagram is a

parabola.

In order to achieve a safe and economical design, designers often seek ways to

reduce the maximum bending moment and the associated stress by reducing spans

or creating negative bending moments at supports to offset part of the positive

bending moment.

Example 4.2

If the two supports of the beam in Figure 4.2a move inwards symmetrically by dis-

tances of µL, the beam becomes an overhanging beam with its ends freely extending

over the supports as shown in Figure 4.3a. Determine the value of µ at which the

maximum negative and positive bending moments in the beam are the same and

determine the corresponding bending moment.
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Solution

Figure 4.3b shows the free-body diagram for the beam. The bending moments at

supports B and D, and at mid-span C can be shown to be:

MB �MD ���
1

2
�qµ2L2

MC � �
1

2
�qL��

1

2
� �µ�L� �

1

2
�q��

L

2
��2

� �
1

8
�qL2 � �

1

2
�qµL2

Figure 4.3c and Figure 4.3d show the shear force and bending moment diagrams for

the beam. When the magnitudes of MB and MC are the same, it leads to:

�
1

2
�qµ2L2 � �

1

8
�qL2 � �

1

2
�qµL2 or 4µ2 �4µ�1�0

The solution of this quadratic equation is µ�0.207. Substituting µ�0.207 into the

expression for MB or MC gives:

MB ���
1

2
�q(0.207)2L2 ��0.0214qL2

MC � �
1

8
�qL2 ��

0.2

2

07
�qL2 �0.0214qL2

Comparing the maximum bending moments in the simply supported beam

(0.125qL2) in Figure 4.2a and the overhanging beam (0.0214qL2) in Figure 4.3a, the

former is nearly six times the latter. The reasons for this are:

• the reduced distance between the two supports. Bending moment is proportional

to the span squared and the shortened span would effectively reduce the bending

moment;
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Figure 4.3 A simply supported beam with overhangs.
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(c) Shear force diagram (d) Bending moment diagram



 

• the negative bending moments over the supports due to the use of the overhangs

compensate part of the positive bending moment.

In engineering practice µ�0.2 is used instead of the exact solution of µ�0.207 for

a simply supported overhanging beam. 

Further theoretical background and examples, including the calculation of

stresses in beams, can be found in many textbooks, including [4.1, 4.2 and 4.3].

4.3 Model demonstrations

4.3.1 Assumptions in beam bending

This demonstration examines some of the basic assumptions used in the theory of
beam bending.

A symmetric sponge beam model is made which can be bent and twisted easily

(Figure 4.4a). Horizontal lines on the two vertical sides of the beam are drawn at

mid-depth, indicating the neutral plane and vertical lines at equal intervals along the

length of the sponge are made indicating the different cross-sections of the beam.

Bending the beam as shown in Figure 4.4b, it can be observed that:

• all of the vertical lines, which indicate what is happening to the cross-sections of

the beam, remain straight;

• the angles between the vertical lines and the centroidal line (neutral axis) remain

at 90 degrees;

• the upper surface of the beam extends and the bottom surface shortens;

• the length of the centroidal (neutral) axis of the beam does not change.
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Figure 4.4 Examination of beam-bending assumptions.

(a) (b)



 

4.4 Practical examples

4.4.1 Profiles of girders

Large curtain or window walls are often seen at airport terminals. Figure 4.5 shows

three such walls. These large window walls are supported by a series of plane

girders. The wind loads applied on the window walls are transmitted to the girders

and through the girders to their supports.

The girders act like vertical simply supported ‘beams’. The bending moments in

the ‘beams’ induced by wind loads are maxima at or close to their centres and

minima at their ends. If the wind load is uniformly distributed, the diagrams of

bending moments along the ‘beams’ will be parabolas. Thus it is reasonable to

design the girders to have their largest depths at their centres and their smallest

depths at their ends with the profiles of the girders being parabolas. The girders

shown in Figure 4.5c reflect this and appear more elegant than those shown in

Figures 4.5a and 4.5b.
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Figure 4.5 A series of girders supporting windows at airport terminals.

(a) (b) (c)

4.4.2 Reducing bending moments using overhangs

Figure 4.6 shows a steel-framed multi-storey carpark where cellular beams are used.

The vertical loads from floors are transmitted to the beams and then from the beams

through bending to the supporting columns. Overhangs are used in the structure

which can reduce the bending moments and deflections of the beams. Examining the

first overhang, two steel wires are placed to link the free end of the overhang and the

concrete support. A downward force on the free end of the overhang is provided by

tensions induced in the pair of steel wires. This force will generate a negative

bending moment over the column support which will partly offset the positive

moments induced in the beam by applied loading.



 

4.4.3 Failure due to bending

Figure 4.7a shows a bench which consists of wooden strips, serving as seating and

backing, and a pair of concrete frames supporting the seating and backing. Figure

4.7b shows cracks at the end of the cantilever of one of the concrete frames. The

two main cracks in the upper part of the cantilever (Figure 4.7b) are a consequence

of the normal stresses induced by bending exceeding the limit stress of concrete.
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Figure 4.6 Overhangs used to reduce bending moments and deflections (courtesy of Mr J.
Calverley).

Figure 4.7 A bench with cracks.

(a) A bench (b) Cracks at the end of the cantilever



 

4.4.4 Deformation of a staple due to bending

Staplers are common sights in offices. Figure 4.8 shows a typical stapler which

creates closed staples through a process of bending and plastic deformation. In this

case it can be seen that the two symmetric indents or grooves in the front part of the

base of the stapler have bowed shapes.
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Figure 4.8 A typical stapler.
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Figure 4.9 shows the process of the deformation of a staple by the stapler. Ini-

tially a staple looks like a frame structure without supports at the two ends of the

two vertical elements. When the stapler is depressed, distributed loads are applied

on the horizontal element (the middle part of the frame) and these loads push the

staple through the multiple sheets of paper being joined to meet the metal base of

Figure 4.9 The process of the deformation of a staple.



 

the stapler. When the staple reaches and enters the grooves in the base, both vertical

and lateral forces are applied to the ends of the staple as shown in Figure 4.9a. The

lateral forces, which are induced due to the shape of the grooves, make the two ver-

tical elements of the staple bend and move inwards. When the staple reaches the

position shown in Figure 4.9b, the ends of the staple leave the grooves and no lateral

forces act. In this position the vertical forces are sufficient to continue to bend the

two vertical elements further (Figure 4.9c). Finally, the staple reaches the shape

shown in Figure 4.9d. The large deformations induced are plastic and permanent.
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5 Shear and torsion

5.1 Definitions and concepts

Shear: a force (or stress) which tends to slide the material on one side of a surface

relative to the material on the other side of the surface in directions parallel to the

surface is termed a shear force (or shear stress).

Torsion: a moment that is applied about the longitudinal axis of a member is

called a torque which tends to twist the member about this axis and is said to cause

torsion of the member.

For a circular shaft or a closed circular section member subjected to torsion:

• plane circular cross-sections remain plane and the cross-sections at the ends of

the member remain flat;

• the length and the radius of the member remain unchanged;

• plane circular cross-sections remain perpendicular to the longitudinal axis.

For a non-circular section member or an open section member subjected to torsion:

• plane cross-sections of the member do not remain plane and the cross-sections

distort in a manner which is called warping. In other words, the fibres in the

longitudinal direction deform unequally.

5.2 Theoretical background

5.2.1 Shear stresses due to bending

When a beam bends, it is also subjected to shear forces as shown in section 4.2,

which cause shear stresses in the beam. Considering a vertical cross-section of a

loaded, uniform, rectangular section beam, the shear force and shear stresses in the

cross-section are as shown in Figure 5.1a. It is reasonable to assume that:

• shear stresses τ act parallel to the shear force V, i.e. parallel to the vertical cross-

section;

• the distribution of the shear stresses is uniform across the width (b) of the beam.

Consider a small element between two adjacent vertical cross-sections and between

two planes that are parallel to the neutral surface as shown in Figure 5.1b. The

existence of the shear stresses on the top and bottom surfaces of the element is due



 

to the requirement for equilibrium of the element, which will be demonstrated in

section 5.3.2. The shear stresses on the four planes have the same magnitude and

have directions such that both stresses point towards or both stresses point away

from the line of intersection of the surfaces (Figure 5.1c) [5.1]. Therefore, for deter-

mining shear stresses either the vertical or the horizontal planes may be considered.

Figures 5.2a and 5.2b show the element EFCD which lies between the adjacent

cross-sections AC and BD separated by a distance dx (Figure 5.1a). The shear

stresses on EF can be evaluated using equilibrium in the direction in which the shear

stresses act as [5.1]:

τ��
V∫

b

y

I

dA
���

V

b

A

I

y�
� (5.1)

where: V is the shear force at the section where the shear stress τ is to be calculated;

∫AydA is the first moment of the area DFGH about the neutral axis when τ is to be

determined across the surface defined by the line EF. For regular sections, the integra-

tion can be replaced by the product Ay� in which A is the area of DFGH and y� is the

distance between the neutral axis of the cross-section and the centroid of DFGH; b is
the width of the beam; I is the second moment of area of the cross-section of the beam.
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Figure 5.1 Shear stress on a section [5.1].
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Figure 5.2 Example 5.1.

(a) A cross-section (b) EFDC in the plane parallel to the x–y plane
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Example 5.1

Determine the distribution of shear stress and the maximum shear stress due to a

shear force V in the solid rectangular cross-section shown in Figure 5.2 which has a

width of b and a depth of h.

Solution

To determine the distribution of the shear stress across the depth of the section, con-

sider a horizontal plane defined by the line FG at a distance of y1 from the neutral

axis and calculate the shear stress along this plane (Figure 5.2b). For the area

DFGH, the distance between the centroid of the area and the neutral axis of the

section is y� where:

y� �y1 � �
1

2
���

h

2
� �y1�

Thus the first moment of the area about the neutral axis of the section is:

Ay� �b��
h

2
� �y1�×�y1 � �

1

2
���

h

2
� �y1��� �

b

2
� ���

h

2
��2

�y2
1�

Substituting the expression for Ay� into equation 5.1 gives the shear stress at a depth

y1 from the neutral axis as:
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This result shows that:

• shear stress varies quadratically along the height of the cross-section;

• the shear stress is zero at the outer fibres of the section where y1 �±h/2;

• the maximum shear stress occurs at the neutral axis of the cross-section where

y1 �0, and this maximum stress is:
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The maximum shear stress in a solid rectangular section is 1.5 times the average

value of the shear stress across the section.

More detailed information about shear stresses and further examples can be found

in [5.1].

5.2.2 Shear stresses due to torsion

Consider a uniform, straight member which is subjected to a constant torque along

its length.
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If the member has a solid circular section or a closed circular cross-section, the

relationship between torque, shear stress and angle of twist is [5.1, 5.2]:

�
T

J
� � �

τ
r

� � �
G

L

θ
� (5.2)

where: T is torque, Nm; J is polar second moment of area, m4; τ is shear stress, N/m2

at radius r (m); G is shear modulus, N/m2; θ is angle of twist, radians, over length L,

(m).

Equation 5.2 is derived using the equations of equilibrium, compatibility of defor-

mation and the stress–strain relationship for the material of the member.

For a solid circular member with radius r:

J� �
π
2

r4

� (5.3)

For a hollow circular shaft with inner and outer radii r1 and r2 respectively:

J� �
π
2

�(r4
2 � r4

1) (5.4)

For a thin-walled member with thickness t and mean radius r:

J�2πr3t (5.5)

For thin-walled, non-circular sections, the torque–twist relationship in equation 5.2

becomes:

�
T

J
� � �

G

L

θ
� (5.6)

J� (5.7)

where Ae is the area enclosed by the mean perimeter of the section and t is the thick-

ness of the section. When the section has a constant thickness t around its perimeter

s, equation 5.7 can be written as:

J��
4A

s

2
e t

� (5.8)

The shear stress across the section is given by:

τ��
2A

T

et
� (5.9)

For open sections made with thin plates:

J���
1

3
� bt3 (5.10)
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where b is the width and t is the thickness of each length of plate which makes up

the cross-section.

Example 5.2

There are two members with the same length L, one has a hollow circular section

with inner and outer radii r1 and r2 respectively (Figure 5.3a) and the other has a

similar circular section which has a thin slit cut along its full length (Figure 5.3b).

Compare the torsional stiffness of the two members and determine the ratio of the

stiffnesses when r1 �12.5mm and r2 �40mm.
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r 1
r2 r1 r2

(a) Without a slit (b) With a slit

Solution

For the closed hollow circular section, equation 5.4 should be used and the stiffness

is:

�
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θ
� � �

G

L

J
� � �

G

2L

π
�(r4

2 � r4
1)

The circular section with a split should be treated as a thin rectangular plate using

equation 5.10 to determine the stiffness as:
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Thus the ratio of the torsional stiffness of the closed section to that of the open

section is:
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It can be seen that this ratio is independent of the material used for the members of

hollow circular sections. Substituting r1 �12.5mm and r2 �40mm into the above

formula gives the ratio to be 3.5. This example will be demonstrated in section

5.3.4.

Figure 5.3 Hollow circular sections.



 

Example 5.3

Figure 5.4 shows a hollow square section and an I-section each of which has the same

cross-sectional area, second moment of area about the x axis and length L. Compare

the torsional stiffnesses of the two members when b�16mm and t�1mm.
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Figure 5.4 Two sections with the same area.

Solution

For the square hollow section: this is a thin-walled non-circular hollow section 

and equation 5.7 or equation 5.8 should be used to determine the torsional stiffness

as:
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For the I-section: this may be considered to be an assembly of three thin plates and

equation 5.10 should be used to determine the torsional stiffness as:
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Thus the ratio of the torsional stiffnesses of the closed section to the open section 

is:
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When b�16mm and t�1mm, the ratio is 70. This example will be demonstrated

in section 5.3.5.

Examples 5.2 and 5.3 show that a closed section has a much larger torsional stiff-

ness than an open section although the two cross-sections may have the same cross-

sectional area and second moment of area. This explains why box girder beams

rather than I-section beams are used in practical situations where significant tor-

sional forces are present.

Further theoretical details and examples can be found in [5.1, 5.2, 5.3 and 5.4].



 

5.3 Model demonstrations

5.3.1 Effect of torsion

This demonstration shows the effect of shear stress in a non-circular section member
induced by torsion.

Take a length of sponge of rectangular cross-section and mark longitudinal lines

down the centre of each face. Then add perpendicular lines at regular intervals along

the length of the sponge. Restrain one end of the sponge in a plastic frame as shown

in Figure 5.5 and twist the other end. It can be observed that:

• the lines defining the cross-sections of the beam are no longer straight;

• the angles between the horizontal longitudinal lines, which define the neutral

axis, and the vertical lines are no longer 90 degrees.

These observations are different from those of the beam in bending, see section

4.3.1.
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Figure 5.5 Effect of torsion.

5.3.2 Effect of shear stress

This demonstration shows the existence of shear stress in bending and how shear
resistance/stresses between beams/plates/sheets can significantly increase the bending
stiffness of a beam.

Take two identical thick catalogues and drill holes through one of them and then

put bolts through the holes and tighten the bolts as shown in Figure 5.6a. Place the

two catalogues on a wooden board up against two wood strips, say a quarter of the

thickness of a catalogue, which are secured to the board and apply a horizontal

force at the top right edge of each of the two catalogues as shown in Figure 5.6b. It

is apparent that the thin pages slide over each other in the unbolted catalogue while

in the bolted catalogue there is no movement of the pages. This is because the bolts



 

and the friction between the pages provide horizontal shear resistance and prevent

the pages sliding between each other.

Support the two catalogues at their ends on two wooden blocks on the board as

shown in Figures 5.6c and 5.6d and place the same weight at the mid-span of each

of the two catalogues. Figures 5.6c and 5.6d show the bending deflections of the two

catalogues with the unbolted catalogue experiencing large deformations while the

bolted catalogue experiences only small deformations. The bolts and the friction

between the pages provide horizontal shear resistance between the pages of the

bolted catalogue and make this act as a single member, a ‘thick’ beam or plate,

whereas in the unbolted catalogue the pages act as a series of very ‘thin’ beams or

plates.

A similar but simpler demonstration of the effect of shear stress can be

demonstrated using beams made up of two strips of plastic as shown in Figure 5.7a.

For one beam the two plastic strips are loosely bound with elastic bands and for the

other beam the two plastic strips are securely held together with four bolts that act

as shear connectors and, because of the tension in the tightened bolts, provide com-

pressive forces on the two strips. Suitable sizes for the strips would be 300mm long,

25mm wide and 10mm thick.
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Figure 5.6 Effect of shear stress in catalogues.



 

By applying similar forces to the ends of the beams one can observe and feel the

effect of the shear connection. When bending the beam without shear connectors,

one can see the two strips rub against each other and slightly move relative to

one another. This becomes noticeable at the ends of the strips as there is little

shear resistance between the two strips. When bending the beam with shear con-

nectors, one can feel that the beam is much stiffer than the beam without shear

connectors and it is possible to see that there is no relative movement between the

strips.
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(a) (b) (c)

Figure 5.7 Effect of shear resistance in beams.

5.3.3 Effect of shear force

This demonstration shows how lateral forces can be resisted and transmitted in
frame structures through the use of shear elements, such as shear walls.

Figure 5.8a shows a three-dimensional frame system in which the columns and

beams are made of steel springs with wooden joints linking the beams and columns.

Applying a horizontal force to the top corner of the frame causes the frame to move

in the direction of loading. It can be seen from Figure 5.8a that the angles between

beams and columns are no longer 90 degrees as was the case in the unloaded frame.

If a wooden board is fitted into a lower vertical panel of the frame as shown in

Figure 5.8b and the same force is applied as was the case in the last demonstration,

it is observed that the upper storey experiences horizontal or shear deformations

while the lower storey is almost unmoved. The wood panel acts as a shear wall

which has a large in-plane stiffness enabling it to transmit horizontal loads in the

lower storey directly to the frame supports.

If the wooden board is replaced in a vertical plane in the lower part of one of the

end frames as shown in Figure 5.8c and a force is applied at the joint which is one

bay away from the wooden board, it is observed that the frame to which the force is

applied deforms significantly and the frame where the wooden board is placed has

little movement.

If a further wooden board is placed in a horizontal plane, at first-storey level,

next to the vertical board as shown in Figure 5.8d and a force is applied at the joint

at the corner of the horizontal panel, it can be seen that there is little movement at

the point where the force is applied. This is because the horizontal and vertical

panels have large stiffnesses in their planes and the shear force is transmitted directly

through the wooden boards to the supports.



 

5.3.4 Open and closed sections subject to torsion with warping

This demonstration shows the difference in the torsional stiffness of two circular
members, one with a closed section and the other with an open section where
warping can be observed.

Figure 5.9 shows two foam pipes that are used for insulation and each of the two

pipes has a length of 450mm. The sections have machined slits and in one of the

pipes the slit is sealed using tape and glue. One pipe thus effectively has an open cir-

cular section and one has a closed circular section. The sections have been analysed

in example 5.2 where it was predicted that the torsional stiffness of the closed

section was 3.5 times that of the open section. By twisting the two foam pipes it is

possible to feel the significant difference in their torsional stiffnesses.

When twisting the two foam pipes with a similar effort it can be seen from Figure

5.9 that:

• it is much easier to twist the open section than the closed section;

• the effect of warping can be observed (Figure 5.9a) at the right-hand end of the

pipe which has a slit along its length;
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(a) (b)
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Figure 5.8 Effect of shear walls (the demonstration model was provided by Mr P. Palmer,
University of Brighton).



 

• there is little warping effect on the pipe with the closed section (Figure 5.9b).

5.3.5 Open and closed sections subject to torsion without warping

This demonstration shows the difference in the torsional stiffness of two non-
circular members, one with a closed section and the other with an open section
where warping is restrained.
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(a) (b) (c)

(b)

Figure 5.9 Open and closed sections subject to torsion with warping.

Figure 5.10 Open and closed sections subjected to torsion without warping.

Figure 5.10a shows two 500mm long steel bars, one with a square hollow section

and the other with an I-section which is made by cutting a square hollow section

into two halves along its length and welding the resultant channel sections back to

back. Handles are welded to the ends of the bars to allow end torques to be easily

applied. The sections have been analysed in example 5.3. Due to the addition of the

handles, the warping that occurs in open sections as shown in section 5.3.4 is now

restrained. In other words, the model with the I-section would be stiffer than that

analysed in example 5.3.

By applying torques at the ends of the two bars it is readily felt that the bar with

a closed section is much stiffer than the bar which has an open section.



 

5.4 Practical examples

5.4.1 Composite section of a beam

Figure 5.11 shows a number of steel plates or thin beams which are bolted together

to form a thick beam. As demonstrated in section 5.3.2, due to the action of the

bolts, there are no relative sliding movements between the thin plates/beams when

the beam is loaded and due to the shear resistance of the connecting bolts, the thin

plates/beams act together as a single member, which is many times stiffer than a

member which would result from the plates/beams acting independently.
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(a) (b)

Figure 5.11 Composite sections.

5.4.2 Shear walls in a building

Shear walls and bracing members are often present in buildings to provide lateral

stiffness and to transmit lateral loads, such as wind loads, to the foundations of the

buildings. Figure 5.12 shows one end of a steel-framed building where masonry

Figure 5.12 Shear walls in a steel-framed building.



 

walls and bracing members are used from the bottom to the top of the building to

increase the lateral stiffness of the frame structure.

The dynamic behaviour of this building has been examined, experimentally and

numerically, at five distinct construction stages, including the building with and

without the walls [5.5]. The walls and bracing members contributed significant stiff-

ness to the building which was reflected in the natural frequencies and their associ-

ated mode shapes. The walls and bracing members in the ends of the building

increased the fundamental transverse natural frequency from 0.72Hz for the bare

frame structure to 1.95Hz for the braced structure. The walls in the other two sides

of the building were only one-quarter storey height and they increased the funda-

mental natural frequency from 0.71Hz to 0.89Hz.

5.4.3 Opening a drinks bottle

When opening the lid of a common plastic drinks bottle, a torque T applied to the

cap is gradually increased until the plastic connectors between the cap and the bottle

experience shear failure.

Figure 5.13a shows the connectors which keep the bottle sealed. If there are n
connectors, each with an area A, uniformly distributed along the circumference of

the cap which has a radius of r and the failure shear stress of the plastic connectors

is τf , the equation of torsional equilibrium for the cap before being opened is 

T�nAτr. To open the bottle, the failure shear stress τf has to be reached and the

design of the cap and its connection to the bottle, in terms of the size of the cap and

the number and size of the connectors, needs to be such that this can be achieved

with a modest effort. Figure 5.13b shows the shear failure of the connectors.
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(a) Connectors in the cap of a drinks bottle (b) Shear failure of the connectors

Figure 5.13 Opening a drinks bottle.
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6 Stress distribution

6.1 Concept

For a given external or internal force, the smaller the area of the member resisting

the force, the higher the stress.

6.2 Theoretical background

Normal stress is defined as the intensity of force or the force per unit area acting

normal to the area of a member. It is expressed as:

σ� lim
∆A→0

�
∆
∆
A

P
� (6.1)

where ∆A is an element of area and ∆P is the force acting normal to the area ∆A.

When the normal stress tends to ‘pull’ on the area, it is called tensile stress and if it

tends to ‘push’ on the area, it is termed compressive stress.
Average normal stress often needs to be considered in engineering practice in such

members as truss members, cables and hangers. It is expressed as:

σ� �
A

P
� (6.2)

where P is the resultant normal force or external normal force acting on area A.

Equation 6.2 assumes:

• after deformation, the area A should still be normal to the force P;

• the material of the member is homogeneous and isotropic. Homogeneous mater-

ial has the same physical and mechanical properties at different points in its

volume and isotropic material has these same properties in all directions at any

point in the volume. A typical example of homogeneous and isotropic material

is steel.

Equation 6.2 states that for a given load P, the smaller the area resisting the force,
the larger the normal stress. Further details can be found in [6.1].



 

6.3 Model demonstrations

6.3.1 Balloons on nails

This demonstration shows the effect of stress distribution.
Place a balloon on a single nail and hold a thin wooden plate above the balloon

and position the balloon as shown in Figure 6.1a. Gradually transfer the weight of

the plate onto the balloon. Before the full weight of the plate rests on the balloon, it

will burst. This happens because the balloon is in contact with the very small area of

the single nail, resulting in very high stress and causing the balloon to burst.

Now place another balloon on a bed of nails instead of a single nail. Put the thin

wooden plate on the balloon and add weights gradually onto the plate as shown in

Figure 6.1b. It will be seen that the balloon can carry a significant weight before it

bursts. It is observed that the shape of the balloon changes but it does not burst.

Due to its changed shape, the balloon and hence the weight on the balloon are sup-

ported by many nails. As the load is distributed over many nails the stress level

caused is not high enough to cause the balloon to burst.
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(a) (b)

Figure 6.1 Balloon on nails.

A similar example was observed at a science museum as shown in Figure 6.2. A

6000-nail bed is controlled electronically allowing the nails to move up and down.

When the nails move down below the smooth surface of the bed, a young person lies

on the bed. Then the 6000 nails move up slowly and uniformly and lift the human

body to the position shown in Figure 6.2. If the body has a total uniform mass of

80kg and about two-thirds of the nails support the body, each loaded nail only

carries a force of 0.2N or a mass of 20 grams. Thus the person is not hurt by the

nails.

A similar but simpler demonstration can be conducted following the observation

of the nail beds. Figure 6.3a shows 49 plastic cups which are placed upside down

and side by side. Place two thin wooden boards on them and invite a person to

stand on the boards. The boards spread the weight of the person, 650N, over the 

49 cups, each cup carrying about 13N, which is less than the 19N capacity of a cup.



 

6.3.2 Uniform and non-uniform stress distributions

This demonstration shows the effect of non-uniform stress distribution.

Place a wooden block on a long sponge and apply a concentrated force at the

centre of the block as shown in Figure 6.4a. The sponge under the block deforms

uniformly. If the concentrated force is placed at one end of the block as shown in
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(a) 49 plastic cups placed upside down (b) A person standing on the cups

Figure 6.3 Uniform force distribution.

Figure 6.2 A person lying on a nail bed.



 

Figure 6.4b, the wooden block rotates with part of the block remaining in contact

with the sponge and part separating from the sponge. It can be observed that the

sponge deforms non-uniformly, indicating a non-uniform stress distribution in the

sponge.

6.4 Practical examples

6.4.1 Flat shoes vs. high-heel shoes

A woman wearing high-heel shoes or flat shoes will exert the same force on a floor

but with significantly different stress levels. Figure 6.5 shows a woman weighing

50kg wearing flat shoes (a) and high-heel shoes (b). The stresses exerted by the

shoes can be estimated as follows:

Flat shoes: the contact area of one of the flat shoes (Figure 6.5a) is 12×10�3 m2.

Assuming the body weight is uniformly distributed over the contact area, the

average stress is:

σflat ��
12

50

×
×
10

9
–

.8
3 ×
1

2
��20.4kN/m2

High-heel shoes: assuming that half of the body weight is carried by the high

heels (Figure 6.5b); each high heel carries a quarter of the body weight. The area of

the high heel is 1.0×10�4 m2. Thus the average stress under each high heel is:

σheel ��
12

1

.5

×
×
10

9
–

.
4

81
��1226kN/m2

This shows that the stress under the heels of the high-heel shoes is about 60 times

that under the flat shoes.

A typical adult elephant has a weight of about 5000kg and the area of each foot

is about 0.08m2. Thus the average stress exerted by an elephant’s foot is:
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(a) Uniform stress distribution (b) Non-uniform stress distribution

Figure 6.4 Uniform and non-uniform stress distributions (the model demonstration was pro-
vided by Mr P. Palmer, University of Brighton).



 

σelephant ��
50

0

0

.0

0

8

×
×
9

4

.81
��153.3kN/m2

Elephants have large feet to distribute their body weight. The stress exerted on the

ground by the foot of an elephant is much less than that under the high-heel shoes.
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(a) A flat shoe (b) A high-heel shoe

Figure 6.5 Stresses exerted from flat and high-heel shoes (courtesy of Miss C. Patel) [6.2].

Figure 6.6 Lead blocks used to reduce the uneven stress distribution on foundation.

6.4.2 The Leaning Tower of Pisa

The tilt of one of the world’s most famous towers, the Leaning Tower of Pisa,

developed because of uneven stress distribution on the soil supporting the upper

structure. The eight-storey tower weighs 14500 metric tonnes and its masonry

foundations are 19.6m in diameter. If the stress was uniformly distributed, this



 

would lead to an average stress of 470kN/m2 using equation 6.2. As the underlying

ground consists of about 10m variable soft silty deposits (layer A) and then 40m

very soft and sensitive marine clays (layer B), the Tower shows that the surface of

layer B is dish-shaped due to the weight of the Tower above it [6.3]. Thus the

uneven stresses on the soft soil under the Tower caused the foundation to settle

unevenly, making the Tower lean.

To redress the problem many large blocks of lead were placed on the ground on

the side of the Tower where the settlement was least, as shown in Figure 6.6. The

new stress in the ground caused the firmer soil on this side of the tower to compress,

in turn preventing further leaning of the Tower and returning the Tower back

towards the vertical.
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7 Span and deflection

7.1 Concepts

• For uniformly distributed loads the deflection of a beam is proportional to its

span to the power of four and for a concentrated load the deflection is propor-

tional to its span to the power of three.

• To reduce deflections, an increase in the depth of a beam is more effective than

an increase its width (for a rectangular cross-section).

7.2 Theoretical background

The relationships between displacement v, slope θ, bending moment M, shear force

V and load q for a uniform beam are as follows:

�
d

d

x

v
� � θ (7.1)

EI �
d

d

x

2v
2

� � �M (7.2)

EI �
d

d

x

3v
3

� ��V (7.3)

EI �
d

d

x

4v
4

� �q (7.4)

Equation 7.2 indicates that the displacement function v for a loaded beam can be

obtained by integrating the bending moment function, M, twice with respect to the

coordinate x. Equation 7.4 shows that the displacement function v for a loaded

beam can be obtained by integrating the loading function q four times with respect

to the coordinate x. When carrying out the integrations, the integration constants

can be uniquely determined using the available boundary conditions of the beam.

Sign conventions differ in different textbooks [7.1, 7.2, 7.3 and 7.4]. The sign

conventions used in the derivation of the formulae in equations 7.1, 7.2, 7.3 and 7.4

are defined as follows:



 

The directions of the forces and deflections shown in Figure 7.1 are all positive.

Example 7.1

A simply supported uniform beam subject to uniformly distributed load q is shown

in Figure 4.2a. The beam has a length L and constant EI. Use equation 7.2 to deter-

mine the displacement of the beam and its maximum deflection.

Solution

The bending moment diagram for the simply supported beam is illustrated in

example 4.1 and Figure 4.2e. From equation 4.4, the bending moment at x is:

M � �
q

2
� (Lx�x2)

Using equation 7.2 gives:

EI �
d

d

x

2v
2

� � � �
q

2
� (Lx�x2)

Integrating once with respect to x leads to:

EI �
d

d

x

v
� ���

q

4
�Lx2 � �

q

6
� x3 �C1

From symmetry dv/dx�0 at x�L/2. Using this condition the integration constant,

C1, can be determined as C1 �qL3/24. Thus:

�
d

d

x

v
� �� �

2

q

EI
� ��

L

2
� x2 � �

1

3
� x3 � �

1

L

2

3

�� (7.5)
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V
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V�dV

q

u

v

x

(a) Sign convention for bending moment, shear force and load

(b) Sign convention for displacement and slope

Figure 7.1 Positive sign convention.



 

The slopes at the two ends of the beams can thus be determined and are qL3/24 at

x�0 and �qL3/24 at x�L. Integrating equation 7.5 gives:

v�� �
2

q

EI
� ��

L

6
� x3 � �

1

1

2
� x4 � �

1

L

2

3

� x��C2

As v�0 at x�0, C2 �0 and the deflection becomes:

v��
12

q

EI
� ��

1

2
� x4 �Lx3 � �

L

2

3

� x� (7.6)

The maximum deflection occurs at the centre of the beam, when x�L/2. Substitut-

ing x�L/2 into equation 7.6 gives:

vmax ��
12

q

EI
� ��

3

1

2
�L4 � �

L

8

4

� � �
L

4

4

����
3

5

8

q

4

L

E

4

I
� (7.7)

Example 7.2

Figure 7.2a shows a uniform beam, fixed at its two ends, carrying a uniformly dis-

tributed load q. The beam has a length L and constant EI. Determine the deflections

of the beam using equation 7.4.
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(a)

(c) (d) (e)

(b)

Figure 7.2 A beam with two fixed ends subjected to uniformly distributed loads.

Solution

Equation 7.4 gives:

�
d

d

x

4v
4

� �q

Integrating this equation three times and four times leads to:
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The four integration constants, C1 to C4, can be determined using the boundary con-

ditions of the beam. As dv/dx�0 and v�0 at x�0, it can be shown that C3 �0 and

C4 �0. The other two integration constants can be determined using two other

boundary conditions, dv/dx�0 and v�0 at x�L. There is also a symmetry con-

dition available, i.e. dv/dx�0 at x�L/2. Using the two slope conditions gives:

�
q

6

L3

� � �
L

2

2

�C1 �LC2 �0

�
q

4

L

8

3

� � �
L

8

2

�C1 � �
L

2
� C2 �0

Solving these two simultaneous equations gives C1 ��qL/2 and C2 �qL2/12. Thus:

v��
12

q

EI
���

x

2

4

� �Lx3 � �
L

2

2

� x2� (7.8)

Substituting x�L/2 into the above equation gives the maximum deflection of the

beam at its centre:

vmax ��
38

q

4

L

E

4

I
� (7.9)

The bending moments in the beam can be obtained by using equation 7.2:

M�� �
q

2
� �x2 �Lx� �

L

6

2

�� (7.10)

Thus the bending moment is �qL2/12 at the two fixed ends and is qL2/24 at the

centre of the beam. The bending moment diagram is shown in Figure 7.2c.

It can be seen from Figure 7.2c that the difference in the bending moments at the

ends of the beam and the centre of the beam is qL2/8 which is the same as the

maximum bending moment in the simply supported beam in example 4.1. Remov-

ing the rotational restraints at the ends of the beam in Figure 7.2a and replacing

them with two moments as shown in Figure 7.2b, it can be seen that the two beams

are equivalent. This means that for the beam with two fixed ends, the bending

moment diagram in Figure 7.2c can be interpreted as the summation of the bending

diagram due to the end moments, Figure 7.2d, and the bending moment diagram for

a simply supported beam carrying the distributed load, Figure 7.2e.

Table 7.1 summarises the maximum bending moments and maximum deflections

for a uniform beam with various support conditions carrying either a uniformly dis-

tributed load or a concentrated load applied at the most unfavourable position. All

the beams have a length L and constant EI.
From Table 7.1 it can be observed that:

• The maximum deflection of a beam is proportional to its span to the power of
four for uniformly distributed loads or to its span to the power of three for a
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 concentrated load. This conclusion is also applicable for other types of distrib-

uted loading and for concentrated loads applied at different locations.

• Larger maximum deflections correspond to situations where larger maximum
bending moments occur. The most common explanation of this observation

would lie with the different boundary conditions. Whilst this is true, the expla-

nation can also be stated in terms of the general concept, the smaller the internal
forces, the stiffer the structure, and this will be explained and demonstrated in

detail in Chapters 8 and 9.

7.3 Model demonstrations

7.3.1 Effect of spans

This demonstration shows the effects of span and second moment of area of a beam
on its deflections.

A one-metre wooden ruler with cross-section 5mm by 30mm is used and a metal
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Table 7.1 Maximum bending moments and deflections of single-span beams

Boundary conditions and Maximum bending moment Maximum deflection
loading conditions
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block is attached to one of its two ends. One end of the ruler, with the long side of

the cross-section horizontal, is supported to create a cantilever with the concentrated

load at its free end.

1 Observe the displacement at the free end of the cantilever with a span of say

350mm. It can be seen from Figure 7.3a that there is a small deflection at the

free end.

2 Double the span to 700mm as shown in Figure 7.3b and a much larger end dis-

placement is observed. According to the results presented in section 7.2, the end

deflection for a span of 700mm should be eight times that for a span of 350mm

when the effect of the self-weight of the ruler is negligible in comparison to the

weight of the metal block.

3 Turn the ruler through 90 degrees about its longitudinal axis as shown in Figure

7.3c and repeat the tests when much reduced end displacement will be seen. The

formula in Table 7.1 shows that deflection is proportional to the inverse of the

second moment of area which for a rectangular section is given by I�bh3/12. For

the current test, the second moment of area of the section about the horizontal axis

is 36 times that of the section used in the last test, resulting in maximum deflections

of about one thirty-sixth of those in the second test (Figure 7.3b).
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Figure 7.3 Deflections of a cantilever beam subjected to a concentrated load.

(a)

Figure 7.4 Effect of boundary conditions.

(a) Deflections of a simply supported beam (b) Deflections of a fixed beam

(b) (c)

7.3.2 Effect of boundary conditions

This demonstration shows the effects of the boundary conditions, or supports, of a
uniform beam on its deflections and shows that fixed boundary conditions produce
a stiffer beam than do pinned boundary conditions.

Figure 7.4 shows the demonstration model which comprises a wooden frame and



 

two plastic strips with the same length and cross-section. For the fixed beam, a plastic

strip is attached securely to the frame with screws and glue at each end and for the

simply supported beam a plastic strip is encased at its ends which are free to rotate.

A qualitative demonstration can be quickly conducted. Pressing down at the

centres of each of the two beams it is possible to feel qualitatively the difference in

the stiffnesses of the two beams. Based on the results in Table 7.1, the fixed beam is

four times as stiff as the simply supported beam.

The loads applied and the deflections produced can be quantified. For a particular

set of plastic strips, it is found that a concentrated load of 22.3N produces a measured

maximum deflection under the load of 3.5mm for the beam with the fixed ends

whereas for the simply supported beam the maximum deflection is measured to be

13mm. The ratio of the measured displacements is the same as the theoretical ratio.

7.3.3 The bending moment at one fixed end of a beam

This demonstration shows how the end moment in a fixed beam can be measured.
At the fixed end of a beam, both the displacement and the rotation, or slope, are

zero. Using the condition that the slope at a fixed end equals zero, a fixed end condition

can be created and the moment associated with this condition can be determined.

Figure 7.5a shows a simply supported beam with a supporting frame. A hanger is

placed at the centre of the beam so loads can be added. The ends of two vertical

arms at the supports are attached to displacement gauges. Readings from the gauges

divided by the lengths of the arms are the end rotations of the beam. If weights are

placed on two end hangers, they will induce rotations in the opposite directions to

those induced by the load applied at the centre of the beam. When the readings in

the gauges are reduced to zero, a beam with two fixed ends has been created and the

fixed end moments are the products of the weights on the hanger and the horizontal

distances between the ends of the hangers and the supports.

Figure 7.5b shows a mass of 5kg placed on the hanger at the centre of the beam

and Figure 7.5c shows the rotation of the beam at the left support and the reading

of 2.99mm. By adding a mass of 3kg to each of the two end hangers (Figure 7.5d),

the gauge at the left end shows a reading of 0.01mm, indicating that a fixed bound-

ary condition has been created. The associated fixed end moment is 3×9.81×0.125

(the distance between the end hanger and the support)�3.68Nm in this case.
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(a) Before loading (b) Adding a weight at the centre of the beam
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Figure 7.6 Column supports.

(c) Rotation at the end and the reading (d) Adding loads to remove the rotation

Figure 7.5 Bending moments at the fixed ends of a uniform beam.

7.4 Practical examples

7.4.1 Column supports

Floors which extend outside normal building lines can seldom act as cantilevers due

to the effect of the relationship between span, deflection and loading, and thus need

additional column supports as shown in Figure 7.6.



 

7.4.2 The phenomenon of prop roots

In rain forests, plants such as Ficus have prop roots. In the humid and shaded con-

ditions, when the large branches reach a certain length, aerial roots grow down-

wards from the branches. When these aerial roots reach the ground they are similar

to stems that support upper branches, forming the unique phenomenon of prop

roots.

The prop roots provide the necessary and additional vertical supports to the

branches of the tree allowing them to extend their spans further.
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Figure 7.7 Prop roots.

7.4.3 Metal props used in structures

The most effective ways to increase the stiffnesses or reduce the deflections of a

structure are to reduce spans or to add supports, as shown in the last example

obtained from nature.

The Cardiff Millennium Stadium was selected to hold the Eve of the Millennium

concert on 31 December 1999. However, the Stadium was designed for sports

events rather than for pop concerts. During pop concerts, spectators bounce and

jump in time to the music beat and produce dynamic loading on the structure which

is larger than the loading due to their static weight. If one of the music beat frequen-

cies occurs at, or is close to, one of the natural frequencies of the cantilever struc-

ture, resonance or excessive vibration may occur, which affects both the safety and

the serviceability of the structure.

To enable the Eve of the Millennium concert to take place, the cantilever struc-

ture of the Cardiff Millennium Stadium had to be reinforced with temporary metal



 

props, which are similar to the prop roots in section 7.4.2. In this way, the spans of

the cantilevers were effectively reduced and consequently their stiffnesses and

natural frequencies were increased above the range where any unacceptable reson-

ance induced by the spectators was possible.

Figure 7.8 shows a steel prop used to support the deck of a footbridge, which is a

critical structural member to the bridge.
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Figure 7.8 Props used to support a footbridge.

(a) (b)



 

8 Direct force paths

8.1 Definitions, concepts and criteria

Stiffness of a structure is the ability of the structure to resist deformation.

Stiffness of a structure represents the efficiency of the structure to transmit loads

on the structure to its supports.

Internal forces in members are induced when they transmit loads from one part to

another part of the structure. The internal forces can be tension, compression, shear,

torque or bending moment, or a combination of all or some of them.

There are three inter-related concepts relating to the internal forces in a structure:

• the more direct the internal force paths, the stiffer the structure;

• the more uniform the distribution of internal forces, the stiffer the structure;

• the smaller the internal forces, the stiffer the structure.

Following the first concept, five simple criteria can be adopted for arranging bracing

members in frame structures to achieve a direct force path leading to a stiffer struc-

ture.

• Bracing members should be provided in each storey from the support (base) to

the top of the structure.

• Bracing members in different storeys should be directly linked.

• Bracing members should be linked in a straight line where possible.

• Bracing members in the top storey and in the adjacent bays should be directly

linked where possible. (Suitable for temporary grandstands and scaffolding

structures where the number of bays may be larger than the number of storeys.)

• If extra bracing members are required, they should be arranged following the

above four criteria.

8.2 Theoretical background

8.2.1 Introduction

In recent years buildings have become taller, floors wider and bridges longer. It is

expected that the trend of increasing heights and spans will continue. How can engi-

neers cope with the ever-increasing heights and spans, and design structures with

sufficient stiffness? The basic theory of structures provides the conceptual relation-



 

ships between span (L), deflection (∆), stiffness (KS) and natural frequency (ω) for a

single-span beam subject to distributed loads as follows:

∆� �
K

c1

S

� �c2L4 (8.1)

ω�c3�KS�� �
L

c4

2
� (8.2)

where c1, c2, c3 and c4 are dimensional coefficients. The two equations state that:

• the deflection of the beam is proportional to its span to the fourth power;

• the fundamental natural frequency of the beam is proportional to the inverse of

the span squared;

• both the deflection and fundamental natural frequency are related to the stiff-

ness of the structure.

The limitations on displacements and/or the fundamental natural frequency of a

structure specified in building codes actually imply that the structure must possess

sufficient stiffness. Adding supports, reducing spans or increasing the sizes of cross-

sections of members can effectively increase structural stiffness. However, these mea-

sures may not always be possible for practical designs due to aesthetic, structural or

service requirements.

The stiffness of a structure is generally understood to be the ability of the struc-
ture to resist deformation. Structural stiffness describes the capacity of a structure to

resist deformations induced by applied loads. Stiffness (KS) is defined as the ratio of
a force (P) acting on a deformable elastic medium to the resulting displacement (∆),

i.e. [8.1]:

KS � �
∆
P

� (8.3)

This definition of stiffness provides a means of calculating or estimating the stiffness

of a structure, but does not suggest how to make a structure stiffer. The question of

how to design a stiffer structure (the form and pattern of a structure) is a fundamen-

tal and practical problem. It may even be a problem that is more challenging than

how to analyse the structure.

8.2.2 Concepts for achieving a stiffer structure

8.2.2.1 Definition of stiffness

Consider a structure that consists of s members and n joints, with no limitation on

the layout of the structure and the arrangement of members. To evaluate its stiffness

at a particular point in a required direction, a unit force should be applied to the

point in the direction where the resulting deflection is to be calculated.
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Point stiffness is defined as the inverse of a displacement in the load direction on
a node where a unit load is applied. Thus the point stiffness relates to a unit force

which is a function of position and direction. In other words, the point stiffnesses at

different positions and in different directions are different.

Define the stiffness of a structure in a given direction as the smallest value among
all point stiffnesses, i.e.

KS �min{k1, k2,. . ., kj,. . ., kn} (8.4)

where KS is the stiffness, kj is the point stiffness at the jth node in the given direction,

and n is the number of nodes in the structure. Alternatively the stiffness can be

expressed as the inverse of the maximum displacement induced by a unit force at the

load location in the load direction, i.e.

�
K

1

S

� �max{u1, u2,. . ., uj,. . ., un} (8.5)

where uj is the displacement in the load direction of the jth node when a unit force is

applied. The node location where the maximum displacement occurs is the critical
point. The critical points of many structures can be easily identified. For a horizontal

cantilever the critical point for a vertical load would be at the free end of the can-

tilever. For a simply supported rectangular plate the critical point would be at the

centre of the plate for a vertical load. For a plane frame supported at its base the

critical point would be at the top of the frame for a horizontal load. Thus the stiff-

ness of a structure in a specified direction can be calculated directly by applying the

unit load at the critical point in the specified direction.

8.2.2.2 Pin-jointed structures

Consider a pin-jointed structure, such as a truss, containing s bar members and n
pinned joints, with a unit load applied at the critical point of the structure. The dis-

placement at the critical point and the internal forces in the members can be obtained

by solving the static equilibrium equations and expressed in the following form:
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i
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where Ni is the internal force of the i th member induced by a unit load at the critical

point; Li, Ei and Ai (i�1, 2,. . ., s) are the length, Young’s modulus and area of the

ith member respectively. Equation 8.6 provides the basis of a standard method for

calculating the deflection of pin-jointed structures, and can be found in many text-

books [8.2]. According to the definition given by equation 8.5, the stiffness of the

structure is the inverse of the displacement due to a unit load, i.e.

KS � � (8.7)
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where ei �Li /EiAi and is known as the flexibility of the ith member. Three concepts

embodied in equation 8.6 or equation 8.7 can be explored.

The force Ni in equation 8.7 is a function of structural form and for statically

indeterminate structures is also a function of material properties. Therefore, finding

the largest stiffness of a pin-jointed structure may be considered as an optimisation

problem of structure shape. As equation 8.7 forms an incompletely defined optimi-

sation problem, optimisation techniques may not be applied directly at this stage.

Maximising KS is achieved by minimising the summation �
s

i�1

Ni
2ei. The character-

istics of typical components of the summation are:

1 ei >0;

2 Ni can be null;

3 Ni
2 ≥0, regardless of whether the member is in tension or compression.

Therefore, to make the summation �
s

i � 1

Ni
2ei as small as possible, three conceptual

solutions relating to the internal forces can be developed as follows:

1 as many force components as possible should be zero;

2 no one force component should be significantly larger than the other non-zero

forces;

3 the values of all non-zero force components should be as small as possible.

The three conceptual solutions, which are inter-related and not totally compatible,

correspond to three structural concepts.

DIRECT FORCE PATH

If many members of a structure subjected to a specific load are in a zero force state,

the load is transmitted to the supports of the structure without passing through

these members, i.e. the load goes a shorter distance or follows a more direct force

path to the supports. This suggests that shorter or more direct force paths from the
load to the structural supports lead to a larger stiffness for a pin-jointed structure.

UNIFORM FORCE DISTRIBUTION

Consider three sets of data, each consisting of five numbers as shown in Table 8.1.

The sums of the three sets of data are the same, but the largest differences between

the five numbers in the three sets are different. Consequently, the sums of the square

of the three sets are different. The larger the difference of the five numbers in the

three sets, the larger the sum of the squares in the example.
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Table 8.1 Comparison of three sets of data

Set Five data Largest difference �
5

i=1

ai �
5

i=1

ai
2

1 1, 2, 3, 4, 5 4 15 55
2 2, 2, 3, 4, 4 2 15 49
3 3, 3, 3, 3, 3 0 15 45



 

The comparison between the sums of squares in Table 8.1 shows the effect of the

differences between a set of data, which is a simplified case of equation 8.6.

If the largest absolute value of the internal force, |Ni|, is not significantly bigger

than other absolute values of non-zero forces, it means that the absolute values of

the internal forces Ni (i�1, 2,. . ., s) should be similar. In other words, more
uniformly distributed internal forces result in a bigger stiffness of a pin-jointed
structure.

SMALLER FORCE COMPONENTS

If the values of Ni
2 (i�1, 2,. . ., s) are small, it means that the force components,

either compression or tension, are small. In other words, smaller internal forces lead
to a bigger stiffness of a pin-jointed structure.

8.2.2.3 Beam types of structure

For a beam type of structure in which bending dominates, an equation, similar to

equation 8.6, exists as [8.2]:

∆��
s

i�1

�Li

0

�
M

E
i
2

i

(

I

x

i

)
� dx (8.8)

where Mi(x), Li, Ei and Ii are the bending moment, length, Young’s modulus and the

second moment of area of the cross-section of the ith member respectively. Consider

EiIi to be constant for the ith member, then the integral �Li

0
Mi

2(x)dx can be expressed

by M� i
2Li where M� i

2 is the median value of Mi
2(x). Thus equation 8.8 becomes:
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Equation 8.9 has the same format as equation 8.6 where the numerator contains the

square of the internal force. Thus the three concepts derived for pin-jointed struc-

tures can also be extended to beam types of structure associated with equation 8.9.

8.2.2.4 Expression of the concepts

As the previous derivation has not been related to any particular material properties,

loading conditions or structural form, the three concepts are valid for any bar or

beam types of structure and can be used for designing stiffer structures. The three

concepts may be summarised in a more concise form as follows [8.3]:

• The more direct the internal force paths, the stiffer the structure.

• The more uniform the distribution of the internal forces, the stiffer the structure.

• The smaller the internal forces, the stiffer the structure.

The concepts are general and valid when equation 8.6 or equation 8.8 is applicable.
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8.2.3 Implementation

8.2.3.1 Five criteria

Bracing systems may be used for stabilising structures, transmitting loads and

increasing lateral structural stiffness. There are many options to arrange bracing

members and there are large numbers of possible bracing patterns, as evidenced in

tall buildings, scaffolding structures and temporary grandstands. Five criteria, based

on the first concept derived in the last section, have been suggested for arranging

bracing members for temporary grandstands. These criteria are also valid for other

types of structure, such as tall buildings and scaffolding structures. The five criteria

are [8.4]:

• Criterion 1: bracing members should be provided in each storey from the
support (base) to the top of the structure.

• Criterion 2: bracing members in different storeys should be directly linked.

• Criterion 3: bracing members should be linked in a straight line where possible.

• Criterion 4: bracing members in the top storey and in the adjacent bays should
be directly linked where possible.

• Criterion 5: if extra bracing members are required, they should be arranged
following the previous four criteria.

The first criterion is obvious since the critical point for a multi-storey structure is at

the top of the structure and the load at the top must be transmitted to the supports

of the structure. If bracing is not arranged over the height of a structure, its effi-

ciency will be significantly reduced. There are a number of ways to achieve the first

criterion, but the second and the third criteria suggest a way using a shorter force
path. The first three criteria mainly concern the bracing arrangements in different

storeys of a structure. For some structures, such as temporary grandstands, the

number of bays is usually larger than the number of the storeys. To create a shorter

force path or more zero force members in such structures, the fourth criterion gives

a means for considering the relationship of bracing members across the bays of the

structure. The fifth criterion suggests that when extra bracing members are required,

usually to reduce the forces of bracing members and distribute the forces more uni-

formly, they should be arranged using the previous criteria.

Example 8.1

Two four-bay and four-storey plane pinned structures with the same dimensions but

with different bracing arrangements are shown in Figure 8.1. All the members are

made of the same material and have the same cross-sectional area. The vertical and

horizontal members have the same length of one metre. On each structure the same

concentrated loads of 0.5N are applied at the two corner points in the x direction.

(If a unit horizontal load is applied on either the top left or top right node, it is diffi-

cult to determine the internal forces of all members of the two frames by hand as

they are statically indeterminate.) Determine the maximum displacements of the two

structures.
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Solution

The two structures are statically indeterminate. However, they are both symmetric

structures subjected to anti-symmetric loads. According to the concept that a sym-
metric structure subjected to anti-symmetric loading will result in only anti-
symmetric internal forces, the internal forces in the members of the two frames can

be directly calculated using the equilibrium conditions at the pinned joints using the

left half of the frames. For example, the internal forces in the horizontal bars in the

second and third bays of frame A must be zero as the forces in the two bays must be

anti-symmetric and must be in equilibrium at the nodes on the central column. Thus

all the internal forces of the two frames can be easily calculated by hand and are

marked directly next to the elements as shown in Figures 8.1c and 8.1d, where the

positive values mean the members in tension and the negative values indicate the

members in compression.

The internal forces are summarised in Table 8.2. The second row shows the mag-

nitudes of the internal forces; the third row gives the numbers of members that have

the same force magnitude and the fourth row shows the product N2L of the corre-

sponding members. ΣN2L gives the sum of N2L that have the same force magnitude.

It can be seen from Table 8.2 that:

• there are more zero force members in Frame B than in Frame A;

• the differences between the magnitudes of the internal forces in Frame B are

smaller than those in Frame A;
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P � 0.5 N P � 0.5 NP � 0.5 NP � 0.5 N

(a) Bracing arrangement following
the first criterion (Frame A)

(b) Bracing arrangement following
the first three criteria (Frame B)
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(c) Internal forces (N) in Frame A (d) Internal forces (N) in Frame B

Figure 8.1 Two plane frames with different bracing systems.



 

• the magnitudes of the internal forces in Frame B are smaller than those in Frame A.

As Frame A satisfies the first criterion while Frame B satisfies the first three criteria,

according to the concepts given in 8.2.2.4 Frame B should be stiffer than Frame A.

The maximum displacements of the two frames induced by the same loading are

given at the bottom row in Table 8.2. In other words, the lateral stiffness of Frame B

is 3.81 times (29.16 /7.657) that of Frame A, although the same amount of material

is used in the two frames. This demonstrates the effect of using the concepts and cri-

teria defined earlier. Experimental and physical models of the two frames will be

provided to demonstrate the difference between the lateral stiffness of the two

frames in section 8.3.

8.2.3.2 Numerical verification

To examine the efficiency of the concepts, consider a pin-jointed plane frame, consist-

ing of four bays and two storeys with six different bracing arrangements as shown in

Figure 8.2. All frame members have the same Young’s modulus E and cross-sectional

area A with EA equal to 1000N. The vertical and horizontal members have unit

lengths (one metre). A concentrated horizontal load of 0.2 Newton is applied to each of

the five top nodes of the frames. The lateral stiffness can be calculated as the inverse of

the averaged displacement of the top five nodes in the horizontal direction.

The bracing members in the six frames are arranged in such a way that the effi-

ciency of each criterion given in section 8.2.3.1 can be identified. The features of the

bracing arrangements can be summarised as follows:

• the bracing members in Frame (a) satisfy the first criterion;

• the bracing members in Frame (b) satisfy the first two criteria;

• the bracing members in Frame (c) satisfy the first three criteria;

• the bracing members in Frame (d) satisfy the first four criteria;

• two more bracing members are added to Frame (c) to form Frame (e), but the

added bracing members do not follow the criteria suggested;

• four more bracing members are added to Frame (c) or Frame (d) to form Frame

(f), and the arrangement of bracing members in Frame (f) satisfies all of the five

criteria.
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Table 8.2 Summary of the internal forces of the two frames

Frame A Frame B

Force magnitudes (N) 0 |1/2| |�2/2�| |1| |3/2| |2| 0 |1/2| |�2/2�|
No. of elements 16 10 8 4 4 2 28 8 8
N2L (N2m) 0 1/4 �2/2� 1 9/4 4 0 1/4 �2/2�
ΣN2L (N2m) 0 5/2 4�2� 4 9 8 0 2 4�2�
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Note
*The unit in equation 8.6 is Nm. As the force on the left side of equation 8.6 is one N, the energy and the
displacement have the same value. For the studied case, the displacement at the top left and top right
nodes of the two frames are the same. Thus 0.5∆+0.5∆=1·∆



 

Table 8.3 lists the total numbers of members, bracing members and zero-force

members, the five largest absolute values of member forces and the average horizon-

tal displacements of the five top nodes of the six frames. The relative stiffnesses of

the six frames are also given for comparison.

The force paths, which transmit the loads from the tops to the supports of the

frames, are indicated by the dashed lines in Figure 8.2. To emphasise the main force

paths, forces of less than 3 per cent of the maximum force in each of the first three

frames have been neglected in Figure 8.2.

Following the concepts suggested on the basis of equation 8.7, it can be seen from

Table 8.3 and Figure 8.2 that:

• Frame (a) has a conventional form of bracing and the loads at the top are
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Frame (a) Frame (b)

Frame (c) Frame (d)

Frame (e) Frame (f)

Figure 8.2 Frames with different bracing arrangements and force paths (dashed lines).



 

transmitted to the base through the bracing, vertical and horizontal members.

There are five members with zero force.

• In Frame (b) the forces in the bracing members in the upper storey are directly

transmitted to the bracing and vertical members in the lower storey without

passing through the horizontal members that link the bracing members in the

two storeys. Thus Frame (b) provides a shorter force path with three more zero-

force members and yields a higher stiffness than Frame (a).

• In Frame (c) a more direct force path is created with two vertical members in the

lower storey, which have the largest forces in Frame (b), becoming zero-force

members. The shorter force path produces an even higher stiffness, as expected.

• To transmit the lateral loads at the top nodes where bracing members are

involved, forces in vertical members have to be generated to balance the vertical

components of the forces in the bracing members in Frame (c). In Frame (d) two

bracing members with symmetric orientation are connected at the same node,

with one in compression and the other in tension. The horizontal components of

the forces in these bracing members balance the external loads while the vertical

components of the forces are self-balancing. Therefore, all vertical members are in

a zero-force state and Frame (d) leads to the highest stiffness of Frames (a)–(d).

• Two more members are added to Frame (c) to form Frame (e), but comparison

between Frame (d) and Frame (e) indicates that bracing members following the

criteria set out can lead to a higher stiffness than more bracing members which

do not fully follow the criteria.

• Frame (f) shows the effect of the fifth criterion. Four more bracing members are

added to Frame (d) and arranged according to the first three criteria. Now the

lateral loads are distributed between more members, creating a smaller and a

more uniform force distribution, which results in an even higher stiffness.
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Table 8.3 A summary of the results for the six frames (Figure 8.2)

Frame (a) (b) (c) (d) (e) (f)

No. of elements 22 22 22 22 24 26

No. of bracing 4 4 4 4 6 8
elements

No. of zero-force 5 8 10 14 6 8
elements

The absolute values of 1.04 (v) 1.03 (v) 0.75 (b) 0.71 (b) 0.74 (b) 0.40 (b)
the five largest element 0.96 (v) 0.97 (v) 0.72 (b) 0.71 (b) 0.67 (b) 0.40 (b)
forces (N) 0.78 (b) 0.74 (b) 0.69 (b) 0.71 (b) 0.64 (v) 0.37 (b)

(b – bracing members) 0.72 (b) 0.71 (b) 0.67 (b) 0.71 (b) 0.59 (b) 0.37 (b)
(v – vertical members) 0.69 (b) 0.71 (b) 0.53 (v) 0.40 (v) 0.58 (v) 0.33 (b)

The average horizontal 6.60 6.12 4.12 3.23 3.93 1.69
displacement of the five 
top nodes (mm)

The relative stiffness 1 1.08 1.60 2.04 1.68 3.91

The ratio of stiffness to 1 1.08 1.60 2.04 1.12 1.95
the total area of bracing 
members



 

It can be seen from Table 8.3 that the structure is stiffer when the internal forces are

smaller and more uniformly distributed although the first four criteria are derived

based on the concept of direct force paths. These examples are simple and the varia-

tion of bracing arrangements is limited, but they demonstrate the efficiency of the

concepts and the criteria.

The lateral stiffnesses of the frames are provided by the bracing members. It is

interesting to examine the ratio of the relative lateral stiffness to the total area of

bracing members. In this way, frame (d) has the highest ratio.

8.2.4 Discussion

Design of a structure needs to consider several aspects and the stiffness requirement

is one of them. The concept of direct force paths and the criteria which follow from

it may be useful for design of those structures when increasing stiffness is important.

8.2.4.1 Safety, economy and elegance

A useful definition of Structural Engineering has been given in the Journal of the UK
Institution of Structural Engineers [8.5] as follows:

Structural engineering is the science and art of designing and making, with
economy and elegance, buildings, bridges, frameworks, and other similar struc-
tures so that they can safely resist the forces to which they may be subjected.

There are three key factors in the statement: safety, economy and elegance. The

discipline of structural engineering allows structures to be produced with satisfac-

tory performance at competitive costs. Elegance, which is not particularly related to

safety and economy, should also be considered. However, the beauty of the three

structural concepts presented in this chapter lies in integrating safety, economy and

elegance of a structure as a whole. This may be demonstrated by the following

example.

Figure 8.3a shows the bracing arrangement at the back of part of an actual tem-

porary grandstand, where alternative bays were braced from the bottom to the top

and a bracing member is placed on first-storey level in all the other bays. It can be

seen that the bracing system satisfies the first criterion and partly satisfies the third

criterion (section 8.1). A significant increase in the lateral stiffness of the grandstand

can be achieved by using the concept of direct force paths. Without considering the

safety, economy and elegance of the structure but following the concept of the direct

force paths and the first four criteria, the bracing members can be re-arranged as

shown in Figure 8.3b. The calculated lateral stiffnesses of the two frames are

summarised in Table 8.4 [8.4].

The comparison shows that the lateral stiffness of the improved structure is

higher, being 284 per cent of the stiffness of the original structure. The improved

structure is also more economical as the number of bracing members is reduced by

19 per cent. Looking at the appearance of the two frames, one would probably feel

that the frame with the improved bracing arrangement is more elegant.

Application of the concepts leads to structures with larger stiffness and smaller

and more uniform distributions of internal forces, meeting the requirements of
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safety and economy. It is difficult to show that the concepts also lead to elegant

designs. However, the examples of the John Hancock Tower, the Bank of China

(section 8.4.1) and the Raleigh Arena (section 9.4.1) are all well-known safe, eco-

nomical and elegant structures in which the concepts presented in section 8.1 were

used.

8.2.4.2 Optimum design and conceptual design

The three concepts presented are derived on the basis of making displacements

(equation 8.6 or equation 8.9) as small as possible. It is useful to compare the

general characteristics of optimum design methods and the use of the concepts.

Table 8.5 compares the general characteristics of some optimum design methods and

the design methods using the proposed concepts.

88 Statics

(a) Original bracing system

(b) Improved bracing system

Figure 8.3 Bracing arrangements for a temporary grandstand [8.4].

Table 8.4 Comparison of the efficiency of two braced frames (Figure 8.3)

Lateral stiffness (MN/m) No. of bracing members used

Original Frame (OF) (Figure 8.3a) 3.16 64
Improved Frame (IF) (Figure 8.3b) 8.96 52
(IF)/(OF) 284% 81%



 

Compared to optimum design methods, design based on the concepts presented

does not involve an analysis for choosing member cross-sections, does not seek the

stiffest structure and is not subjected to explicitly applied constraints. Therefore,

design using the concepts becomes simple and many engineers can make direct use

of the concepts in their designs. It is useful that the choice of structural form, relat-

ing to force paths, and selection of the sizes of cross-sections are conducted sepa-

rately.

As the concepts are fundamental and they can be applied to a structure globally,

designs of bracing arrangement based on the concepts may be more optimal and

rational than some designs resulting from optimum design processes. Figure 8.4a

shows the optimal topology of a bracing system for a steel building framework with

an overall stiffness constraint under multiple lateral loading conditions [8.6]. The

solution was obtained by gradually removing the elements with the lowest strain

energy from a continuum design, which implied creating a direct force path in an

iterative manner. Figure 8.4b shows the design of the bracing system using the

concept of direct force paths, i.e. the first three criteria. The design of the bracing

system takes only a few minutes. Using the dimensions, cross-sectional sizes and
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Table 8.5 Comparison of design methods

Design using optimum methods Design using the concepts

Objective Seek a maximum or minimum Seek a stiffer structure rather than 
value of a function, such as cost, the stiffest structure
weight or energy

Constraints Explicitly applied Implicitly applied

Solution method Computer-based mathematical The concepts and derived criteria
methods

Loading The optimum design depends on The design is independent of 
loading conditions loading conditions

The cross-sectional Provided as the solution of the To be determined
sizes of members optimum design

Design The optimum design may not The design is practical
be practical

Users Specialists and researchers Engineers

Table 8.6 Displacements of the two designs

Frame without Frame with bracing Frame with bracing 
bracing members suggested in [8.6] using the first 

concept

Horizontal displacement 630mm 87.4mm 78.5mm
at the top of the frame

Maximum horizontal 630mm 87.4mm 84.1mm
displacement and its Top-storey level Top-floor level 11th-storey level
location

Bracing members used 0 100% 67.5%



 

load conditions given in [8.6], the maximum displacements of the two frames have

been calculated and are listed in Table 8.6.

For this example, it can be seen that the design using the first concept is more

practical, economical and is stiffer than the design obtained using an optimisation

technique.
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(a) Optimal topology of bracing system [8.6] (b) Bracing system following the concept of
direct force path

Figure 8.4 Comparison of two designs of bracing system.

8.3 Model demonstrations

8.3.1 Experimental verification

These simple experiments verify the concept that the more direct the internal force
paths, the stiffer the structure, and the first three corresponding criteria.

Three aluminium frames were constructed with the same overall dimensions

of 1025mm by 1025mm. All members of the frames have the same cross-section of

25mm by 3mm. The only difference between the three frames is the arrangement of

the bracing members as shown in Figure 8.3. It can be seen from Figure 8.5 that:

1 Frame A is traditionally braced with eight members, which satisfies the first

criterion.



 

2 Eight bracing members are again used in Frame B but are arranged to satisfy the

first three criteria.

3 A second traditional bracing pattern is used for Frame C with 16 bracing

members arranged satisfying the first two criteria.
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Frame A Frame B Frame C

Figure 8.5 Aluminium test frames (Frames A, B and C are placed from left to right).

The three frames were tested using a simple arrangement. The frames were fixed

at their supports and a hydraulic jack was used to apply a horizontal force at the top

right-hand joint of the frame. A micrometer gauge was used to measure the horizon-

tal displacement at the top left-hand joint of the frame. A lateral restraint system

was provided to prevent out-of-plane deformations [8.7].

The horizontal load-deflection characteristics of the three frames are shown in

Figure 8.6. It can be seen that the displacements of Frame B, which satisfied the first

three criteria, are about one-quarter of those of Frame A for the same load. Frame C
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Figure 8.6 Load-deflection curves for frames A, B and C.



 

with eight more members but not satisfying the third criterion is obviously less stiff

than Frame B. For example, the displacements corresponding to the load of about

1070N are 3mm for Frame A, 0.73mm for Frame B and 2.2mm for Frame C

respectively. The experiment results for Frame A and Frame B align with the conclu-

sions obtained in example 8.1.

8.3.2 Direct and zigzag force paths

This model demonstration allows one to feel the relative stiffnesses of two similar
plastic frames and shows the effect of internal force paths.

In order to ‘feel’ the effect of the force paths, two frames were made of plastic,

with the same overall dimensions 400mm by 400mm and member sizes of 25mm

by 2mm. See Figure 8.7 [8.7]. The only difference between the two frames is the

arrangement of bracing members. The forms of the two frame models are the same

as the example calculated in section 8.2.3 and the test frames A and B in section

8.3.1. The relative stiffnesses of the two frames can be felt by pushing a top corner

joint of each frame horizontally. The frame on the right side feels much stiffer than

the one on the left. In fact, the stiffness of the right frame is about four times that of

the left frame. The load applied to the right frame is transmitted to its supports

through a direct force path while for the frame on the left, the force path is zigzag.
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Figure 8.7 Braced frame models showing direct and zigzag force paths.

8.4 Practical examples

8.4.1 Bracing systems of tall buildings

The 100-storey 344m tall building, the John Hancock Center in Chicago, has an

exterior-braced frame tube structure. An advance on the steel-framed tube, this

design added global cross-bracing to the perimeter frame to increase the stiffness of



 

the structure as shown in Figure 8.8a. Some $15 million was saved on the conven-

tional steelwork by using these huge cross-braces [8.8]. It was regarded as an

extremely economical design which achieved the required stiffness to make the

building stable. One of the reasons for the success was, as can be seen from Figure

8.8a, that the required lateral stiffness of the structure was achieved by using the

cross-braces resulting in direct force paths and smaller internal forces according to

the first concept or the first three criteria (sections 8.1 and 8.2). The Bank of China,

Hong Kong (Figure 8.8b) also adopts a similar bracing system.
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(a) John Hancock Center (b) Bank of China in Hong Kong

Figure 8.8 Bracing systems used in buildings satisfying the first three criteria.

8.4.2 Bracing systems of scaffolding structures

Scaffolding structures are temporary structures that are an essential part of the con-

struction process. Scaffolding imposes certain design restrictions that can be ignored in

the design of other structures. For example, scaffolding structures must be easily assem-

bled and taken apart, and the components should also be relatively light to permit con-

struction workers to handle them. Although scaffolding structures are light and

temporary in the majority of cases, their design should be taken seriously. The concept

of direct force paths and the five criteria are applicable to scaffolding structures.

8.4.2.1 The collapse of a scaffolding structure

The scaffolding structure shown in Figure 8.9 collapsed in 1993 [8.9], although

no specific explanation was given. Using the concept of direct force paths and the



 

understanding gained from the previous examples, the cause of the incident may be

explained. It can be seen that in this scaffolding structure no diagonal (bracing)

members were provided, i.e. no direct force paths were provided. The scaffolding

structure worked as an unbraced frame structure, and the lateral loads, such as wind

loads, on the structure were transmitted to its supports through bending of the

slender scaffolding members. The structure did not have enough lateral stiffness and

collapsed under wind loads only.

8.4.2.2 Some bracing systems used for scaffolding structures

For the convenience of erection of the scaffolding structures shown in Figure 8.10,

standard units were used. The unit shown in Figure 8.10a consists of two horizontal

members, two vertical members and two short bracing members. The unit is useful

for transmitting the vertical loads applied to the top horizontal member to the verti-

cal members that support the unit at its two ends. The unit is equivalent to a thick

beam in the structure and the scaffolding structure becomes a deep beam and

slender column system. The diagonal members used in the structure do not provide

the force paths to transmit the lateral loads on the structure from the top to the

bottom of the structure and do not follow the basic criteria for arranging bracing

members. Therefore it can be seen that the scaffolding structure has a relatively low

lateral stiffness based on the first concept of direct force paths.

Bracing members are also provided in the scaffolding structure shown in Figure

8.10b. However, these bracing members are linked in the horizontal direction but

not connected from the top to the bottom of the structure, and do not create direct

force paths. Therefore, without any calculation, it can be judged that the scaffolding

structure possesses a relatively low lateral stiffness.
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Figure 8.9 Collapse of a scaffolding structure (courtesy of Mr J. Anderson).
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9 Smaller internal forces

9.1 Concepts

• The more direct the internal force paths, the stiffer the structure.

• The more uniform the distribution of internal forces, the stiffer the structure.

• The smaller the internal forces, the stiffer the structure.

Smaller internal forces in a structure or a stiffer structure can be achieved by:

• providing additional supports to the structure;

• reducing spans of the structure; or

• making a self-balanced system of forces in the structure before the forces are

transmitted to the supports of the structure.

The first two measures are obvious. The contents of this chapter are related to the

third measure.

Criterion: if members can be added into a structure in a way that offsets some of

the effects of the external loads or balances some of the internal forces before the

forces are transmitted to the supports of the structure. The internal forces in the

structure will be smaller and the structure will be stiffer.

9.2 Theoretical background

9.2.1 Introduction

In Chapter 8 the ways to achieve direct force paths between the load at the critical

point of a structure and its supports were discussed leading to a stiffer and more

economical design. In this chapter the ways to achieve smaller internal forces in a

structure will be considered and this will also lead to a stiffer and more economical

design.

Increasing the sizes of the cross-sections of members in a structure will effectively

reduce their stress levels but not necessarily the internal forces in the members. This

measure usually increases the amount of material used and therefore the weight of

the structure. Reducing spans is a very effective way to reduce the magnitudes of

internal forces and increase the stiffness of the structure. However, this measure may

not be feasible in many practical cases. Following the third concept derived in

Chapter 8, if the internal forces can be partly balanced by introducing new struc-



 

tural members, smaller internal forces will be created and the structure will be

stiffer. The theoretical background for this concept and for the criterion given in

section 9.1 are provided in this section.

Consider a beam type of structure with s members and a concentrated load P
applied at the critical point of the structure. The maximum displacement of the

structure in the loading direction can be expressed as [9.1, 9.2]:

ν1 ��
s

i � 1

�Li

0

�
Mi

P(x

E

)

i

M�
Ii

i
P(x)

�dx (9.1)

where Mi
P(x) and M�i

P(x) are the bending moments of the ith member induced by the

load and a unit force applied respectively on the critical point in the direction where

the displacement is to be calculated. Thus Mi
P(x) and M�i

P(x) have the same form and

sign. If a structural member is added into the structure, the internal forces in the

structure are consequently changed. The internal forces of the modified structure

induced by the load can be expressed as the summation of the internal forces, Mi
P(x),

of the original structure and the change, ∆Mi(x), (i�1, 2, . . ., s). Retaining the force

effect of the member on the structure but neglecting its effect on the stiffness of the

structure (i.e. the change of the stiffness matrix), the displacement at the same loca-

tion becomes [9.1]:
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where

ν2 ��
s

i � 1

�Li

0

�
∆Mi(x

E

)

iI

M�

i

i
P(x)

�dx (9.3)

If the member is positioned in the structure so that many of the terms ∆Mi(x) have

the opposite signs to Mi
P(x) and M�i

P(x), the second term in equation 9.2 will become

negative. Therefore the displacement in equation 9.2 will be smaller than that in

equation 9.1. In other words, the function of the added member is to create addi-

tional internal forces that have the opposite directions to those induced by the con-

centrated load P in the original structure. This reduces the magnitudes of the

internal forces and yields a stiffer structure. The position of the member can be iden-

tified from the deflected shape of the structure and the form of which can be deter-

mined by experience or by calculations. This is best illustrated through examples.

9.2.2 A ring and a tied ring

A ring, with radius R, has a rigidity of EI and is subjected to a pair of vertical forces

P at points B and D as shown in Figure 9.1a [9.3]. Similar to studying the displace-

ments and internal forces of a straight beam, it may be assumed that the ring experi-

ences small deflections allowing the equilibrium equations to be established using

the configurations before deformation. The deformation of the ring is dominated by

bending. Due to symmetry, only the right top quarter of the ring needs to be con-

sidered for analysis (Figure 9.1b). Also due to the double symmetry of the loaded
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ring, the rotations at points A, B, C and D must be symmetric and only the zero

rotations at these locations satisfy the condition. Cutting the ring at any section

defined by θ (Figure 9.1c), the bending moment at the section can be written using

the equilibrium condition as:

MP(θ)�MP(0)� �
P

2

R
� (1�cosθ) (9.4)

where MP(θ) at θ�0 is unknown, but can be determined using the condition that

there is no relative rotation between points B and C. Applying a pair of unit
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moments at B and C to the unloaded quadrant (Figure 9.1b), the bending moment

along the ring is a constant:

MBC(θ)�1 (9.5)

Thus the relative rotation between B and C is:

θB �θC � �
E

1

I
��π/2

0

MP(θ)MBC(θ)Rdθ��π/2

0
�MP(0)� �

P

2

R
�(1�cosθ)�Rdθ�0 (9.6)

giving:

MP(0)�PR ��
1

π
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1

2
�� (9.7)

Substituting equation 9.7 into equation 9.4 leads to:

MP(θ)�PR ��
1

π
� � �

co

2

sθ
�� (9.8a)

Similarly, when the force P is replaced by a unit load, equation 9.8a becomes:

M�P(θ)�R ��
1

π
� � �

co

2

sθ
�� (9.8b)

Substituting equation 9.8 into equation 9.1, the relative vertical deflection between

points B and D of the ring is:

ν1 � �
E

4

I
��π/2

0

MP(θ)M�P(θ)Rdθ� �
P

E

R

I

3

� ��
4

π
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2

π
���0.1488�

P

E

R

I

3

� (9.9)

The deformed shape of the ring subject to the concentrated loads P can thus be

formed and is as shown in Figure 9.1a, where points B and D deform inwards while

points A and C move outwards. To produce the deformations in the opposite direc-

tions to the deformations shown in Figure 9.1a, a pair of horizontal forces, T, are

applied at points A and C of the ring in the inward directions as shown in Figure

9.1d. It can be noted that the forcing condition shown in Figure 9.1d can be

obtained by rotating the ring and forces shown in Figure 9.1a through 90 degrees

anti-clockwise. Thus the bending moments in any section θ of the right top quarter

of the ring due to the pair of horizontal forces T and a pair of unit horizontal forces

can be written using equation 9.8:

MT(θ)�TR��
1

π
� ��

cos(θ
2

–π/2)
���TR��

1

π
� ��

si

2

nθ
�� (9.10a)

M�T(θ)�R��
1

π
� ��

si

2

nθ
�� (9.10b)
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The vertical displacement at point B due to the pair of horizontal forces, T, can be

evaluated using the second term in equation 9.2 as follows:

ν2 � �
E

4

I
��π/2

0

MTM�PRdθ� �
T

E

R

I

3

� ��
1

2
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2

π
����0.1366�

T

E

R

I

3

� (9.11)

It can be seen that the pair of forces, T, produce outward displacements between

points B and D, which offset some of the displacements induced by the vertical loads

P. The negative value is due to the fact that MP(θ) (M�P(θ)) and MT(θ) have opposite

signs. Figure 9.2 compares the normalised moments, MP(θ)/PR (solid line) and

MT(θ)/TR (dashed line) along the top right quarter of the ring (between 0 and π/2).

To provide the pair of forces T, a wire may be added to connect points A and C
across the diameter of the ring horizontally as shown Figure 9.3. Again it may be
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assumed that the tied ring experiences small deformations as was the case for the

untied ring. The tied ring shown in Figure 9.3a will be stiffer than the original ring

shown in Figure 9.1a. This is because the moments and relative vertical displace-

ment between points B and D of the tied ring become:

MPT(θ)�PR(1/π�cosθ/2)�TR(1/π� sinθ/2) (9.12)
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where the force T can be determined using the compatibility condition for the hori-

zontal displacement between points A and C, i.e. the relative displacement between

points A and C of the ring, which is equal to the extension of the wire:

u1 �u2 �uT �0 (9.14)

where u1 and u2 are the relative horizontal displacements between points A and C
induced by the concentrated load P and the horizontal forces T respectively, and µT

is the extension of the wire. The horizontal displacements can be calculated in a

similar manner to the vertical displacement:
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The extension of the tie is:

uT ��
E

2T

TA

R

T

� (9.17)

Substituting equations (9.15�9.17) into equation 9.14 leads to:
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Introducing the non-dimensional rigidity ratio β:

β��
ETA

EI
TR

2

� (9.19)

and substituting equation 9.19 into equation 9.18, the internal force of the wire is:

T��
8π

2

+

(4

(π
–

2

π
–

)

8

β
)β

�P (9.20)

Equations 9.19 and 9.20 indicate that the tension in the wire is a function of the

ratio of the rigidities of the wire to the ring and the radius of the ring. The relation-

ship between T/P and β is plotted in Figure 9.4. It can be seen that T/P increases sig-

nificantly up to approximately β�50 and T/P increases slowly when β>200.

102 Statics

T/P

�
50 100 150 200 250 300

0.8

0.6

0.4

0.2

Figure 9.4 The relationship between T/P and β.

Substituting equation 9.20 into equation 9.12 gives:
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Equation 9.21 indicates that the moment of the tied ring is a function of the location

θ and the rigidity ratio β. Figure 9.5 gives the relation between MPT(θ)/PR and θ
when β�0, 10 and 100 respectively. It can be observed from Figure 9.5 that the

magnitudes of the moments are reduced due to the addition of the tie and with the

increase of the rigidity β.



 

Substituting equation 9.20 into equation 9.13 leads to:
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The ratio of the relative vertical displacements between points B and D of the tied

ring (equation 9.22) to similar displacement of the untied ring (equation 9.9) is:

�ν
ν

1
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�1�

(9.23)

Figure 9.6 shows that the displacement ratio changes with the rigidity ratio β. It can
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be observed from Figure 9.6 that the use of the wire effectively reduces the relative

vertical displacement between points B and D.

It has been shown that the larger the tension force in the wire, the smaller the

bending moment and the smaller the vertical displacement. On the other hand, the

tension force T will not increase significantly when β is larger than 200. Therefore,

equation 9.19 can be used to design the rigidity of the tie.

When ETAT →∞ i.e. β→∞, the maximum tension force and the minimum vertical

defection between the points B and D from equation 9.20 and 9.23 respectively

become:
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Equation 9.25 and Figure 9.6 show that the tied ring is much stiffer than the untied

ring and in the extreme case, β→∞, the stiffness of the tied ring is over six times of

that of the untied ring.

Example 9.1

A rubber ring has a radius R�67.5mm and a circular cross-section with diameter

d�22mm as shown in Figure 9.7a. A similar ring has 15 bronze twisting wires tied
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horizontally through the centre of the ring, as shown in Figure 9.7b. Each of the

wires has a diameter of 0.11mm. Young’s modulus values for the rubber and the

bronze wires are 5N/mm2 and 100000N/mm2 respectively. Calculate the vertical

displacements of the untied ring and the tied ring when a vertical load P of 22.3N is

applied on the top of the two rings.

Solution

For the rubber ring:
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For the tied rubber ring:

ETAT �100000×0.0552π×15�14255N
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For the rings, the ratio of the displacements of the tied rubber ring to the untied

rubber ring is 0.167. In other words, the vertical stiffness of the tied rubber ring is

about six times that of the untied rubber ring. The ratio of 0.167 is slightly larger

than 0.157 given in equation 9.25 when the stiffness of the wire is infinite.

9.3 Model demonstrations

9.3.1 A pair of rubber rings

This pair of models demonstrates that a tied ring is much stiffer than a similar ring
without a tie.

Figure 9.8 shows two rubber rings, one with and one without a wire tied across

the diameter. The dimensions and material properties of the rings are described in

example 9.1 where the calculated vertical displacements of the rings are given. The

same weight of 22.3N is placed on the top of each of the two rings and the reduced

deformation of the tied ring is apparent and its increased stiffness can be seen and

felt. This may be explained since the force in the wire increases as the applied load

increases, and produces a bending moment (equation 9.10a) in the ring in the

(4–π)2 ×1130
���
8π2 +π(π2 –8)×1130
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opposite direction to the bending moment (equation 9.8a) caused by the external

load (Figure 9.2). In this way the force in the wire balances part of the bending

moments in the ring, reducing the internal forces in the ring, thus making it stiffer.

Examples of this criterion in practice are tied arches and tied-pitched roofs. The

ties help to balance horizontal forces and reduce horizontal displacements, thus

effectively increasing the structural stiffness.
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Figure 9.8 Comparison of the deformations of two rubber rings.

9.3.2 Post-tensioned plastic beams

This demonstration shows that a beam with profiled post-tension wires is clearly
stiffer than the same beam with straight post-tensioned wires.

Three 500mm long plastic tubes are stiffened by a pair of steel wires whose loca-

tion differs in each tube, see Figure 9.9:

• Model A: the pair of wires is positioned at the neutral plane of the tube.

• Model B: the pair of wires is positioned between the neutral plane and the

bottom of the tube.

• Model C: the pair of wires is placed externally with a profiled shape rather than

being straight. Two small metal bars, longer than the width of the tube, are

placed underneath the tube to create the desired profile for the wires.

Small metal plates are placed at the ends of the tubes to provide the supports to

fix the wires. The wires are fixed into screws and the screws pass through the holes

in the end plates and are fixed using nuts. By turning the nuts, the tension in the

wires and the forces in the tubes are established. Figure 9.9a shows the details of the

ends of the three tubes and the locations of the wires. Supporting the beams at their

two ends gives three post-tensioned simply supported beams shown in Figure 9.9b.

The structural behaviour of the three model beams can be described as follows:

• Model A: as the wires are placed in the neutral plane of the tube, the tube itself

is in compression and the wires are in tension.

• Model B: as the wires are placed under the neutral plane of the tube, the tube is



 

subjected to both compression and bending (bending upwards) and the wires are

in tension.

• Model C: as shown in Figure 9.9b, the tensions in the wires provide upward

forces through the two diverters to the beam, which will partly balance the

downward loads. In other words, the upward forces are equivalent to two

spring supports to the beam. Thus model C is expected to be significantly stiffer

than models A and B.

Positioning the models in turn on the supports shown in Figure 9.9b then pressing at

the centre of each beam downwards, it can be felt that model C is obviously stiffer

than the models A and B. The three models all form self-balanced systems, but only

model C has enlarged bending stiffness. A practical example of a stiffened floor

using profiled post-tensioned cables will be given in section 9.4.4.

9.4 Practical examples

9.4.1 Raleigh Arena

The roof structure of the Raleigh Arena (Figure 9.10) consists of carrying (sagging)

cables and stabilising (hogging) cables which are supported by a pair of inclined

arches. The structure forms, at least in part, a self-balanced system, which effectively

reduces the internal forces in the arches. The carrying cables apply large forces to

the arches and some of the vertical components of the forces are transmitted to

external columns. Significant portions of the bending moments and the horizontal

components of the shear and compressive forces in the arches are self-balancing at

the points of contact between the two arches. Most of the horizontal components of

the remaining shear and compressive forces in the lower parts of the arches are bal-

anced by underground ties, which have a similar function to the wire tie in the ring

used in the demonstration. The reduced internal forces not only allow the use of less

material but also lead to a stiffer structure.

Another example is the newly built stadium in Nanjing, China. The roof of the

stadium is supported by a pair of arches, which are inclined outwards symmetrically
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Model A Model B Model C

(a) Locations of wires (b) A plastic beam stiffened by externally
profiled wires

Figure 9.9 Three post-tensioned plastic beams with different positions of wires.



 

and do not support each other. Figure 9.11 shows one of the arches. The pair of

arches generates large horizontal forces of 13000kN at their supports. In order to

avoid these horizontal forces at the ends of the arches being applied to the pile

foundations, which are on soft soil, eight post-tension cables of a diameter of 25mm

and a length of 400m are placed underground to link the two ends of each arch to

balance the large horizontal forces. The cables have the same functions as

demonstrated in the tied rubber ring.
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Figure 9.10 The force paths of the Raleigh Arena [9.4].

Figure 9.11 A stadium in Nanjing, China.

9.4.2 Zhejiang Dragon Sports Centre

The Zhejiang Dragon Sports Centre in China (Figure 9.12) was built in 2000. The

stadium has a diameter of 244m and cantilever roof spans of 50m, creating unob-

structed viewing for the spectators. The roof structure adopts double layer lattice

shells that are supported by internal and external ring beams. Cables carry the

internal ring beams back to the support towers located at two ends of the stadium.

The cables are used as elastic supports to the roof, reducing the internal forces

(bending moments) and increasing the stiffness of the shell roof.

The towers are subjected to large forces from the cables, which transmit the



 

weight of the cantilever roof and the loads on the roof to the towers. These forces in

turn cause large bending moments in the 85m tall cantilever towers. To reduce the

bending moments in the towers, post-tension forces were applied to the backs of the

towers providing the bending moments opposing the effects of the cables. In this

way, the bending moments in the towers become smaller. This leads to a saving of

material and a stiffer structure.
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Figure 9.12 Zhejiang Dragon Sports Centre (courtesy of Professor Jida Zhao, China
Academy of Building Research, China).



 

The bending moments in one of the towers are illustrated in Figure 9.13. Figure

9.13a shows qualitatively the elevation of the tower and the forces applied on the

tower together with the bending moments in the tower. The maximum bending

moment occurs at the base of the tower and is noted as MC. Figure 9.13b shows the

action of the post-tension forces applied on the tower and the corresponding

bending moments. As the distance between the vertical line of action of the compres-

sion forces and the neutral axis of the tower varies linearly, the bending moment

increases linearly from Mpa at the top to Mpb at the bottom of the tower, in the

opposite direction to those induced by the cable forces. Finally, Figure 9.13c gives

the combinations of the two sets of forces on the structure and the resulting bending
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Figure 9.13 Illustration of the bending moments in a tower of the Zhejiang Dragon Sports
Centre.

moments. Thus the bending moments due to the combined forces are –Mpa at the top

and Mc –Mpb at the base. The reduced bending moments due to the action of the

post-tensioning of the tower is obvious. According to equation 9.2, the reduced

forces will result in smaller displacements, i.e. a stiffer structure.

Mpa

Mc � Mpb

�

�

P

P

(a) Bending moment due to cable forces

(c) Bending moment due to cable forces and
compression forces

(b) Bending moment due to compression
forces



 

9.4.3 A cable-stayed bridge

There are many long-span cable-suspended and cable-stayed bridges in the world.

Cables are used for the bridges not only because they are light and have high tensile

strength, but also because they can create self-balanced systems in the structures and

because the cables provide elastic supports to reduce the effective span of the decks.

The latter reason is more significant.

Figure 9.14 shows a cable-stayed bridge in Lisbon. The stayed cables act as elastic

supports to the bridge decks, which effectively reduce the internal bending moments

in the decks allowing the large clear spans. As the internal forces become smaller,

the bridge deck becomes stiffer and can span greater clear distance, producing a

more economical design.

This behaviour of the bridge can also be considered using the concept of direct

force paths. Due to the use of cables, the loads acting on the bridge decks are not

transmitted to their supports primarily through bending actions. Rather, loads are

transmitted mainly through the tensile forces in cables to the support tower (Figure

9.14), with the horizontal components of the cable forces induced by the self-weight

of the bridge being self-balanced due to the symmetry of the structure. Vertical com-

ponents of the cable forces pass directly through the tower to the foundation.

As a partially self-balanced system is created, forces are transmitted in a relatively

straightforward manner from the deck to the supports, producing a stiffer and more

economical design.
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Figure 9.14 A cable-stayed bridge in Lisbon.

9.4.4 A floor structure experiencing excessive vibration

A floor in a factory on which machines were operated on a daily basis experienced

severe vibrations causing significant discomfort for workers. It was found that

resonance occurred when the machines operated. The solution to the problem was

to avoid the resonance by increasing the stiffness of the floor or its natural

frequency.



 

It was not feasible to stiffen the floor by positioning additional column supports.

However, the resonance problem was solved in a simple and economical manner by

the Institute of Building Structures, China Academy of Building Research, Beijing,

through stiffening the floor using external post-tensioned tendons as shown in

Figure 9.15.

Due to the profile of the tendons and the post-tension forces applied, additional

upward forces or elastic supports are provided at the points where the steel bars

react against the concrete beams which support the floor. This reduces the internal

forces (bending moments) in the beams, making the floor system stiffer with

increased natural frequencies. With the natural frequencies avoiding the operating

frequency of the machine, resonance did not occur and the response of the floor was

significantly reduced. The static behaviour of the structure is demonstrated in

section 9.3.2.
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Figure 9.15 A floor structure experiencing excessive vibration then stiffened using pro-
filed post-tensioned cables (courtesy of Professor Jida Zhao, China Academy
of Building Research, China).
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10 Buckling

10.1 Definitions and concepts

Buckling of columns: when a slender structural member is loaded with an increasing

axial compression force, the member deflects laterally and fails by combined

bending and compression rather than by direct compression alone. This phenome-

non is called buckling.

Critical load of a structure is the load which creates the borderline between stable

and unstable equilibrium of the structure or is the load that causes buckling of the

structure.

Lateral torsional buckling of beams: lateral torsional buckling is a phenomenon

that occurs in beams which are subjected to vertical loading but suddenly deflect and

fail in the lateral and rotational directions.

• The buckling load of a column is proportional to the flexural rigidity of the

cross-section EI and the inverse of the column length squared L2. Increasing the

value of the second moment of area of the section I and/or reducing the length L
will increase the critical load.

10.2 Theoretical background

10.2.1 Buckling of a column with different boundary conditions

Section 1.3.1 illustrates stable equilibrium and unstable equilibrium using a ruler on

two round pens and on one round pen respectively. The stable and the unstable

equilibrium can also be illustrated in a different manner. Figure 10.1a shows a rigid

bar that has a pin support at its lower end and an elastic spring support with stiff-

ness of k at the other end. An axial compressive load P is applied at the top end of

the bar. When the bar is displaced by an amount ∆, there will be a disturbing

moment P∆ and a restoring moment kL∆ about O. Thus we have:

P∆<kL∆→ stable equilibrium

P∆>kL∆→unstable equilibrium

The critical condition occurs when:

Pcr∆�kL∆ or Pcr �kL



 

Pcr is termed the critical load, which is the borderline between stable and unstable

equilibrium [10.1].
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Figure 10.1 Stable and unstable equilibrium.

Figure 10.2 Comparison of the behaviour of columns [10.2].
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Consider two pin-ended columns that have the same cross-section, but one is

short (Figure 10.2a), i.e. its length is not significantly larger than the dimensions of

its cross-section, and the other is long (Figure 10.2b), i.e. its length is significantly

larger than the dimensions of its cross-section. Normally, they are termed as stocky
and slender struts respectively. When the compressive loads P applied on the ends of

the two columns increase, it can be observed that:



 

• The stocky strut will shorten axially by an amount ∆a, which is proportional to

the load applied. When the load reaches Py, the product of the area of the strut

and the compressive yield stress of the material, the material will deform plasti-

cally. The column ‘squashes’ and Py is termed as the squash load. After remov-

ing the load, the column retains some permanent deformation. The relationship

between the load and the axial deformation is characterised in Figure 10.2a.

• The slender strut without imperfection will remain straight for a perfect strut

when P is small. When the load reaches the critical load Pcr, the product of the

area of the strut and the critical stress, the strut will suddenly move excessively

in a lateral direction. This mode of failure is termed buckling in which the crit-

ical stress is elastic and is often smaller or much smaller than the elastic limit

stress. The relationship between the load and the lateral deformation at the mid-

height of the strut is characterised in Figure 10.2b.

• In practice a slender strut is unlikely to be perfectly straight. If an initial imper-

fection is considered to be defined by a lateral deformation at the mid-height of

the strut with a value of ∆0 under zero axial load, the lateral deformation will

grow at an increasing rate as the load increases. At a certain load which is nor-

mally smaller than or equal to the critical load Pcr, the member fails due to

excessive lateral deformation. The relationship between the load and deforma-

tion is characterised in Figure 10.2c.

Clearly the short stocky strut and the long slender strut have different modes of

failure. The former depends on the yield stress of the material in compression and

the area of the section but is independent of the elastic modulus, the length of the

strut and the shape of the section, while the latter is independent of the yield stress

but depends on the length of the strut, the elastic modulus and the shape and area of

the section.

Figure 10.3a shows a column with pin joints at each end and it is assumed that

the column is straight when unloaded. An axial compressive load is applied through

the longitudinal axis of the column with increasing magnitude until the column

takes up the deformed shape as shown in Figure 10.3b. For this deformation state
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Figure 10.3 Buckling of a pin-ended column.



 

the equilibrium equation is to be established to capture the nature of buckling phe-

nomenon. If Figure 10.3b rotates anti-clockwise through 90 degrees, it becomes a

beam in bending subject to a pair of end forces. Thus the theory of beam bending in

Chapter 7 can be used to establish basic equations for the behaviour of the member.

In order to obtain the differential equation of equilibrium, consider a free-body

diagram from the beam as shown in Figure 10.3c. At the distance y from the top

joint, the displacement is u, the bending moment is M�Pu and the compressive

force is P. These forces and the load P at the top maintain the free-body in equilib-

rium. Using equation 7.2 gives:

EI �
d

d

2

x

u
2

� ��Pu or �
d

d

2

x

u
2

� � �
E

P

I
� u�0 (10.1)

Solving equation 10.1 [10.1, 10.3] gives the expression of the buckling load of the

simply supported column as follows:

Pcr ��
π
L

2E
2

I
� (10.2)

Equation 10.2 indicates that the buckling load is proportional to the rigidity of the
cross-section EI and the inverse of the column length squared L2. Increasing the

value of I and/or reducing the length L will increase the critical load.

The buckling load of the column with different boundary conditions can be

derived in a similar manner. The expressions for the buckling loads will have the

same form as equation 10.2 and can be shown in a unified formula:

Pcr ��
(

π
µ

2

L

E

)

I
2

� (10.3)

where µL is the effective length of the column considering different boundary con-

ditions. Table 10.1 lists and compares the buckling loads of a column with four dif-

ferent boundary conditions.

The results in Table 10.1 show that the critical load of a slender strut with two

fixed ends is four times that of a simply supported column and the critical load of a

simply supported column is four times that of a cantilever. When the compressive

load on a slender strut approaches its critical load, the effective stiffness of the

column tends to zero.

More detailed information for buckling of a column can be found in [10.1, 10.2

and 10.3].

10.2.2 Lateral torsional buckling of beams

The primary function of a beam carrying vertical loading is to transfer loads by

means of bending action and the beam deforms within its vertical plane until it

reaches the full plastic yield stress over the whole of its section at failure. This is

only true if the beam is restrained from sideways or out-of-plane movement. If no

lateral restraint is provided, the beam under load bends in the vertical plane passing

through its neutral axis. Gradually increasing load results in a situation where the
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beam may suddenly deflect sideways and twists before the full yield stress is reached.

This mode of failure is known as lateral torsional buckling, in which collapse is initi-

ated as a result of lateral deflection and twisting [10.2, 10.4 and 10.5].

Consider a uniform, straight and elastic beam without any initial bow or twist

(Figure 10.4), simply supported in both the y–z plane and x–z plane. A pair of

moments is applied at the two ends of the beam and in the y–z plane of the beam

with increasing magnitude until the beam takes up the deformed shape shown in

Figure 10.4. For this deformation state the equilibrium equation is to be established

to capture the nature of lateral torsional buckling phenomenon. Figure 10.4 also

shows the geometrical relationship of section A–A before and after lateral deforma-

tion, illustrating that lateral buckling involves both a lateral deflection u and a twist
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Table 10.1 Comparison of buckling loads of a column with different boundary conditions

Boundary conditions Pinned–pinned Fixed–fixed Fixed–pinned Fixed–free

Critical load �
π
L

2E
2

I
� �

4π
L

2

2

EI
� �

2.05

L

π
2

2EI
� �

π
4

2

L

E
2

I
�

Effective length µL L 0.5L 0.7L 2L

Relative critical load 1 4 2.05 0.25
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Figure 10.4 Lateral buckling of a rectangular beam.



 

ϕ about an axis parallel to the z axis. Both deformations need to be considered to

determine the critical load.

The differential equation of equilibrium is [10.2]:

�
d

d

2

x

ϕ
2

� ��
E

M

IyG

2

J
�ϕ�0 (10.4)

where Iy is the second moment of area of the beam in respect to the y axis. G and J
are the shear modulus and polar second moment of area or torsional constant of the

section, which have been defined in Chapter 5. For a rectangular section J�hb3/3 in

which b and h are the width and height of the beam.

Equation 10.4 has the same format as equation 10.1. Using the same solution

process or simply the analogy, the critical moment, similar to the critical load for

buckling of a column, can be expressed as:

Mcr ��
π�E

L

IyGJ�
� (10.5)

Equation 10.5 shows the coupled nature of the deformation involved in the buckled

shape (Figure 10.4) due to the presence of EIy, the lateral bending rigidity, and GJ,
the torsional rigidity.

For rectangular beams with depth h and width b, Iy �hb3/12 and J�hb3/3 and

substituting them into equation 10.5 gives:

Mcr ��
πhb3

6

�
L

EG�
� (10.6)

Equation 10.6 indicates that the buckling moment is proportional to the height and
the third power of the width of the beam and the inverse of the span of the beam.
Therefore increasing the width of the beam will be more effective than increasing the

height for increasing the critical moment.

Equation 10.5 or equation 10.6 is obtained when the beam is subjected to a con-

stant bending moment. When a concentrated load is applied at the centroid of the

free end of a cantilever, the bending moment in the vertical plane at any cross-

section with distance z from the fixed origin is:

M�P(L�z) (10.7)

Substituting equation 10.7 into equation 10.4 and solving the equation leads to

[10.4]:

Mcr �1.28�
π�E

L

IyGJ�
��0.67�

hb3�
L

EG�
� (10.8)

Equation 10.8 will be verified in section 10.3.3.
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Example 10.1

Consider three brass cantilever beams, A, B and C, which have the same length of

270mm but have different section sizes, 12.7mm×0.397mm (1/2 in.×1/64 in.),

12.7mm×0.794mm (1/2 in.×1/32 in.) and 25.4mm×0.397mm (1 in.×1/64 in.). The

elastic modulus and shear modulus of the material are 100 GPa and 40 GPa respec-

tively [10.3]. Calculate the buckling moments of the three beams and the maximum

concentrated loads which may be applied at the free ends of the beams.

Solution

Equation 10.8 can be directly used for calculating the critical moment of cantilever

beam A as follows:

Mcr �0.67�
hb3�

L

EJ�
�� �125Nmm

The critical load at the free end of the cantilever beam is:

Pcr �Mcr/L�125/270�0.462N

Beam B has twice the thickness of beam A and beam C has twice the height of beam

A; the critical loads for beams B and C can be determined from equation 10.8 and

are 3.70N and 0.924N respectively. The three beams used in this example will be

tested in section 10.3.3 to examine the predictions from equation 10.8.

When an I-sectioned beam is subjected to torsion, axial deformation of the flange

will occur. This type of deformation is called warping. Therefore, the applied torque

will be resisted by the shear stresses associated with pure torsion and the axial

stresses associated with warping. In other words, considering the effect of warping,

the member will have a larger capacity to resist the external torque or will have a

larger buckling moment.

When the beam with the narrow rectangular section studied above is replaced by

an I-section, the effect of warping needs to be considered and equation 10.5 is

extended to [10.2]:

Mcr ��
π�E

L

IyGJ�
��1��

π
L

2

�2

E

G

I

J
w

�� (10.9)

where Iw � Iyh2/4 is the warping constant. If Iw �0, equation 10.9 reduces to equa-

tion 10.5 and considering the effect of warping increases the buckling moment.

10.3 Model demonstrations

10.3.1 Buckling shapes of plastic columns

These models demonstrate the phenomenon of buckling and the buckling shapes of
a column with different boundary conditions. Users can feel the magnitudes of the
buckling forces of the plastic columns.

0.67(12.7)(0.397)3 �10000�0×400�00�
�����

270
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Column buckling behaviour can be demonstrated using slender members such as

a thin plastic ruler.

1 Put one end of the ruler on the surface of a table and the other end in the palm

of one’s hand. Press axially on the top end of the ruler and gradually increase

the compression force. The straight ruler will suddenly deflect laterally as shown

in Figure 10.5a. The deformation becomes larger with further application of the

compressive force. This simulates the buckling of a column with two pinned

ends.

2 Now hold the two ends of the ruler tightly to prevent any rotational and lateral

movements of the two ends of the ruler. Then gradually press axially on the

ruler using the fingers until the ruler deforms sideways as shown in Figure

10.5b. This demonstrates a different buckling shape for a column with two ends

fixed. One can clearly feel that a larger force is needed in this demonstration

than in the previous demonstration.

3 If one intermediate lateral support is provided, so that the ruler cannot move

sideways at this point, a larger compressive force will be required to make the

ruler buckle in the shape shown in Figure 10.5c.
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(a) Two pinned ends (b) Two fixed ends (c) Two pinned ends with a
lateral support at the
middle of the rule

Figure 10.5 Buckling shapes and boundary conditions of a plastic ruler.

10.3.2 Buckling loads and boundary conditions

This model demonstrates qualitatively and quantitatively the relationships between
the critical loads and boundary conditions of a column (equation 10.3) and the cor-
responding buckling shapes.

The model shown in Figure 10.6 contains four columns with the same cross-

section but each with different boundary conditions; (from left to right and from

bottom to top), pinned–pinned, fixed–fixed, pinned–fixed and free–fixed. The model

has load platens on the tops of the columns which allow weights to be added and



 

applied to the columns. This model can demonstrate the different buckling or crit-

ical loads of the columns and the associated buckling shapes or modes.

1 The different boundary conditions should be observed by the user before apply-

ing loads to the columns (Figure 10.6a).

2 Weights are added incrementally to the platens until the columns buckle (Figure

10.6b) at which time the loads, including the weights and the platens, are the

critical loads of the columns and the shapes of the columns are the buckling

modes.

3 With all columns loaded (Figure 10.6b), the relative buckling loads and 

buckling modes can be observed and compared for the different boundary

conditions. Table 10.2 gives the measured critical loads of the four columns.

It is to be expected that there will be some differences between the predicted and

the test critical loads, but significant error occurs in the fixed–free model (Table

10.2). Several trials showed that the free-end at the bottom of the strut was not

really free to move laterally due to a small amount of friction. In addition, the

column is shorter than the others, which can be seen in Figure 10.6a. Real structures

rarely behave in exactly the same manner as the theoretical models.
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(a) Four columns with different boundary
conditions

(b) Critical loads and buckling shapes

Figure 10.6 Critical loads, buckling shapes and boundary conditions of columns.

Table 10.2 Comparison of buckling loads of a column with different boundary conditions

Boundary conditions Pinned–pinned Fixed–fixed Fixed–pinned Fixed–free

Critical load �
π
L

2E
2

I
� �

4π
L

2

2

EI
� �

2.05

L

π
2

2EI
� �

π
4

2

L

E
2

I
�

Relative critical load 1 4 2.05 0.25

Test critical load (N) 5.61 20.8 13.0 4.05

Relative test critical load 1 3.71 2.31 0.72



 

10.3.3 Lateral buckling of beams

This set of models demonstrates the behaviour of lateral buckling of a narrow rec-
tangular beam with different sizes of section and thus the validity of equation 10.8.

The buckling behaviour of the three brass cantilevers described in example 10.1 is

demonstrated through simple tests. One end of each of the brass strips is fixed to a

wooden block through screws, creating cantilevers as shown in Figure 10.7.

Model A: 270mm long cantilever with a 12.7mm×0.397mm
rectangular cross-section

Hold one end of the cantilever (Figure 10.7a) firmly and apply a vertical concen-

trated load at the free end. Increase the load gradually until the beam moves side-

ways and twist (when the loading is about 0.49N). This type of deformation typifies

the form of instability called lateral torsional buckling.
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(a) Model A (b) Model B (c) Model C

Figure 10.7 Lateral torsional buckling behaviour.

Model B: 270mm long cantilever with a 25.4mm×0.397mm
rectangular cross-section

The effect of increasing the height of the section: repeat the type of test carried out

for model A. When the concentrated load reaches approximately 0.98N, the can-

tilever starts to move sideways and twist (Figure 10.7b). This value is twice that of

the critical load for model A. As predicted by equation 10.8, doubling the height of

the narrow beam doubles the buckling moment or the critical load.

Model C: 270mm long cantilever with a 12.7mm×0.794mm
rectangular cross-section

The effect of increasing the width of the section: repeat the type of test carried out

for models A and B. When the concentrated load reaches approximately 3.82N, the



 

cantilever starts to move sideways and twist (Figure 10.7c). The load is now nearly

eight times that which caused lateral torsional buckling of model A. It is about four

times that which caused lateral torsional buckling of model B although the can-

tilever uses the same amount of material as model B. Following equation 10.8, the

buckling load of model C should be exactly eight times that of model A and four

times that of model B.

Model D: model A with a lateral support

The effect of lateral restraint: repeat the type of test carried out for model A but this

time hold the cantilever at mid-span using a finger and thumb to prevent lateral

movement. The loading can increase significantly without lateral buckling. This indi-

cates that the lateral restraint effectively increases the lateral torsional buckling

capacity of the cantilever.

Table 10.3 summarises the theoretical values obtained from equation 10.8 and

the experimental values of the lateral buckling loads. There is close agreement

between the two sets of values.
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Table 10.3 Comparison between the calculated and measured lateral buckling loads

Boundary conditions Model A Model B Model C

Theoretical critical load (N) 0.462 0.924 3.7
Relative theoretical critical load 1 2 8
Test critical load (N) 0.49 0.98 3.83
Relative test critical load 1 2 7.8

10.3.4 Buckling of an empty aluminium can

This demonstration shows that local buckling occurred on a drinks can causes the
global collapse of the can.

The phenomenon of buckling is not limited to columns. Buckling can occur in

many kinds of structures and can take many forms. Figure 10.8a shows that two

(a) (b)

Figure 10.8 Buckling failure of empty drinks cans.



 

empty drinks cans can carry a standing person of 65kg. However, this is close to the

critical loads of the two cans. When the standing person slightly moved his body,

which caused a small shift of some of the body weight from one can to the other, the

thin cylindrical wall of one can buckled and the cans then collapsed completely as

shown in Figure 10.8b.

10.4 Practical examples

10.4.1 Buckling of bracing members

Steel bracing members are normally slender and are not ideal for use in compres-

sion. Therefore they are usually designed to transmit tension forces only. For cross-

braced panels which are often used to resist lateral loads, one bracing member will

be in tension and the other in compression. When the loading is applied in the

opposite direction, the member previously in tension will be subjected to compres-

sion and the other member becomes a tension member.

Figure 10.9a shows one of two bracing members in a panel of a storage rack

which has buckled. Comparing the value of the material stored and cost of 

the bracing members, the use of more substantial bracing members would have

easily been justified. Figure 10.9b shows two buckled bracing members in a

building.
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(a) Buckling of a bracing member in a storage rack (courtesy
of Dr A. Mann, Jacobs)

(b) Buckling of two bracing
members in a building

Figure 10.9 Buckling of bracing members.



 

10.4.2 Buckling of a box girder
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Figure 10.10 Buckling of a box girder (courtesy of Dr A. Mann, Jacobs).

Figure 10.10 shows a box girder that buckled during an earthquake. The girder was

subjected to large compressive forces and the material was also squashed.

10.4.3 Prevention of lateral buckling of beams

Figure 10.11 Additional supports provided to prevent lateral torsional buckling (courtesy of
Westok Ltd).

Figure 10.11 shows a system where additional members are provided to prevent the

lateral and torsional buckling of cantilever beams through reducing the beam length.

Cellular beams are used as supporting structures for the cantilever roof of a grand-

stand. The lower parts of the beams are subjected to compressive forces, but the

lateral supports from the roof cladding on the top of the beams may not be effective

at preventing lateral and torsional buckling at the bottom parts of the beams, thus

additional members are placed perpendicular to the beams.

Figure 10.12 shows the lateral supports provided to two arch bridges. The loads

on the bridges are transmitted through mainly the compression forces in arches to

the supports of the arches. Thus lateral supports are provided to prevent any pos-

sible lateral buckling.
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Figure 10.12 Members are provided to prevent the lateral buckling of arches.



 

11 Prestress

11.1 Definitions and concepts

Prestressing is a technique that generates stresses in structural elements before they

are loaded. This can be used to reduce particular unwanted stresses and/or displace-

ments which would develop due to external loads, or for generating particular

shapes of tension structures.

Prestressing techniques can be used to achieve:

• A redistribution of internal forces: reduction of the maximum internal forces

will permit the design of lighter structures.

• Avoidance of cracks: keeping a member in constant compression means that

there will be no cracks.

• Stiffening a structure or a structural element.

11.2 Theoretical background

Barrels were, and still are, made from separated wooden staves, which are kept in

place by metal bands/hoops as shown in Figure 11.1a. The metal bands are slightly

smaller in diameter than the diameter of the barrel, and are forced into place over

Circular prestressing

Radial pressure

F F

(a) A barrel [11.1] (b) One wooden stave (c) A half of a circular hoop

Figure 11.1 A barrel and its internal forces.



 

the staves. This forces the staves together forming a watertight barrel, i.e. a struc-

ture. From free-body diagrams of a typical stave and half the metal band, as shown

in Figures 11.1b and 11.1c, it can be seen that circular prestressing (compression)

forces are applied along the vertical sides of the stave and the tensile force F on half

of the metal band due to internal pressure, and this is balanced by circular hoop

pressure. When liquid is added to the barrel, the liquid applies tension forces along

the sides of each stave, but this force is and must be smaller than the pre-added com-

pressive forces otherwise the barrel will leak.

Pretensioning and/or post-tensioning is widely used in concrete elements, creating

prestressed concrete. Prestressed concrete may be considered as essentially a concrete

structure with the tendons supplying the prestress to the concrete, or as steel and

concrete acting together, with steel taking tension and concrete taking compression

so that the two materials form a resisting couple against the external actions [11.2,

11.3]. Here focus is on the first aspect.

Concentrically prestressed beams

Consider a simply supported beam prestressed by a tendon through its neutral axis

and loaded by external loads, as shown in Figure 11.2a. Due to the pretension force

F, a uniform compressive stress σc occurs across the section of an area A and this is:

σc � �
A

F
� (11.1)

The stress distribution is shown in Figure 11.2c. If M is the maximum moment at

the centre of the beam induced by the external load, the normal stress at any point y
across the section is:

σb � �
M

I

y
� (11.2)

where y is the distance from the neutral axis and I is the second moment of area of the

section about its neutral axis. The stress distribution defined in equation 11.2 is illus-

trated in Figure 11.2d. Thus the resulting normal stress distribution on the section is:

σ� �
A

F
� ± �

M

I

y
� (11.3)

which is shown in Figure 11.2e. If there is no tensile stress in any section for the

given prestress and load conditions, a beam comprising separate blocks and a

tendon shown in Figure 11.2b is similar to the beam in Figure 11.2a. The prestress

provides compressive stress on the sections of the beam which removes or reduces

the tensile stress induced by external loads.

Eccentrically prestressed beams

If the location of the tendon in Figure 11.2a is placed eccentrically with respect to

the neutral axis of the beam by a distance of e as shown in Figure 11.3a, an addi-
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tional moment will be induced due to the eccentricity e and the resulting normal

stress is given as follows:

σe � �
F

I

ey
� (11.4)

The normal stress distribution across a typical section is illustrated in Figure 11.3d.

It can be seen from Figures 11.3c and 11.3d that σe is in the opposite direction to
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Figure 11.2 A centrally prestressed beam.
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Figure 11.3 An eccentrically prestressed beam.



 

that induced by the load (equation 11.2), making the stress distribution across the

section more even.

Externally prestressed beams

Prestressing tendons can also be used externally and the tendons can be bent or

curved. Figure 11.4a shows a similar beam with two tendons with two bends placed

externally and symmetrically. If a free-body diagram is drawn for the beam and the

tendons, it can be seen that the tendons provide not only the direct compressive

forces but also a pair of upward forces (Figure 11.4b), which can effectively balance

part of external load. To simplify the discussion, it is assumed that there is no fric-

tion loss along the tendon due to the sharp bend and that the deviation produced by

the bends is small in comparison with the length of the beam [11.2, 11.3]. The

upward force P is equal to the component of the pretension force in the vertical

direction, Fy. The resulting normal stress σp due to the pair of vertical upward forces

on the beam is:

σp ��
Fy

I

ay
� (11.5)

Example 11.1

A simply supported prestressed concrete rectangular beam with a span of 8m, a

width of b�0.3m and a height of 2c�0.6m, is subjected to uniform vertical

loading of q�20kN/m. Three ways of using prestressing are considered as follows:

• Case A: a prestressing tendon is placed at the neutral axis of the beam with a

force of 200kN as shown in Figure 11.2a.

• Case B: a prestressing tendon is placed at e�0.2m below the neutral axis with a

force of 200kN as shown in Figure 11.3a.

• Case C: a pair of prestressing tendons are placed with bends at a�1.5m and

c�0.3m as shown in Figure 11.4a. The total forces of the two tendons are

200kN.

Calculate the maximum and minimum stresses in the central section of the beam for

the three designs.

Solution

The horizontal and vertical components of the tendon force applied at the ends of

the beam for case C are respectively (Figure 11.4b):

Fx �200×��1.5

1
2

.5

+�0.32�
��196kN

Fy �P�200×��1.5

0
2

.3

+�0.32�
��39.2kN
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The moments induced by the uniform load, the eccentricity and the upward forces

are thus:

M� �
q

8

L2

� ��
20

8

×82

��160kNm

Me �Fe�200×0.2�40kNm

Mp �Fya�39.2×1.5�58.8kNm

Thus the maximum normal stresses induced by F (or Fx), M, Me and Mp at the centre

of the beam are respectively:

σc � �
A

F
� ��

3

2

0

0

0

0

×
0

6

0

0

0

0
��1.11N/mm2

σct � �
F

A
x
� ��

3

1

0

9

0

6

×
0

6

0

0

0

0
��1.09N/mm2
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Figure 11.4 An externally prestressed beam.
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σq ��
bh

M
3/

c

12
�� �8.89N/mm2

σe ��
bh

M
3/

e

1

c

2
���

4

0

0

.

×
3

0

×
.

0

3

.

×
63

1

×
0

1

9 ×
01

1
2

2
��2.22N/mm2

σp ��
bh

M
3/

p

1

c

2
�� �3.27N/mm2

Thus the resulting stresses at the bottom and top fibres in the section at the centre of

the beams are:

Case A:

Bottom: �σc1 �σq ��1.11�8.89�7.78N/mm2

Top: �σc1 �σq ��1.11�8.89��10.0N/mm2

Case B:

Bottom: �σc �σq �σe ��1.11�8.89�2.22�5.56N/mm2

Top: �σc �σq �σe ��1.11�8.89�2.22��7.78N/mm2

Case C:

Bottom: �σct �σq �σp ��1.09�8.89�3.27�4.53N/mm2

Top: �σct �σq �σp ��1.09�8.89�3.27��6.71N/mm2

The results show that the eccentrically placed tendon is more effective than the cen-

trally placed tendon in reducing the stress levels; and the externally placed profiled

tendons may be even more effective. The other benefit of using the externally placed

profiled tendons is to increase the stiffness of the beam. A practical example is given

in section 9.4.4.

Prestressing can also be used to create tension structures in which the internal

forces of the structures are tensile; for example fabric membranes, prestressed cable

nets and cable beams in the form of trusses or girders.

High-tensile steel cables can transmit large axial forces in tension. The ever-

increasing spans and elegance of modern suspension and cable-stayed bridges and

cable roofing structures are the most obvious examples in which large loads are sup-

ported and transmitted by members and cables in tension. The Raleigh Arena in

North Carolina, US, mentioned in section 9.4.1, is well-known for its cable roof

structure supported by a pair of inward-inclined arches [11.4, 11.5].

58.8×0.3×109 ×12
���

0.3×0.63 ×1012

160×0.3×109 ×12
���

0.3×0.63 ×1012
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11.3 Model demonstrations

11.3.1 Prestressed wooden blocks forming a beam and a column

This model demonstrates the effect of prestressing which makes separate wooden
blocks act as a beam or column.
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(a)

(a) (b) (c)

(b)

Figure 11.5 Effect of prestressing (1).

Figure 11.5a shows a number of separated wooden cubes which are linked using

a metal wire through small holes at their centres. One end of the wire passes over a

support post while the other end is constrained horizontally by a metal post prevent-

ing the cubes from falling down. The structure formed cannot support even its own

weight and the cubes simply hang on the wire. If weights are attached to the right-

hand end of the wire, the wire is tightened. The metal post and the increased com-

pressive prestress between the cubes enable them to form a structure that can now

carry an external load as shown in Figure 11.5b.

Figure 11.6 Effect of prestressing (2).



 

A loose elastic string, with one end fixed to a base, passes through the central

holes of a pile of wooden blocks as shown in Figure 11.6. The effect of prestress can

be demonstrated as follows:

1 Push the column from one side, it will topple as shown in Figure 11.6a.

2 Reform the column and tighten the elastic string anchoring it to the top block

(Figure 11.6b)

3 Hold the base of the model and again push one side of the column. This time

the blocks act as a single member which cannot be easily toppled as shown in

Figure 11.6c.

11.3.2 A toy using prestressing

This model demonstrates the effect of tension in strings which makes a toy stable
and upright.

A popular toy (Figure 11.7a) makes use of prestressing. The mechanism for the

prestressing is illustrated in Figures 11.7b and 11.7c.

Strings are threaded through the legs of the toy and attached to the base. A spring

is used to push the base down and create tension in the strings to hold the toy

upright and stable (Figure 11.7b).

When the base is pushed upwards, the tension in the string is released. The sec-

tions of the legs are no longer held in place and become unstable and the toy col-

lapses (Figure 11.7c). When the force is released, the spring makes the base move

down, the strings become taught and the toy straightens and becomes stable.

11.4 Practical examples

11.4.1 A centrally post-tensioned column

Figure 11.8 shows three piles of stones which form stone columns in a park. This

landmark is similar to the wooden block column model shown in Figure 11.6. A
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(a) (b) (c)

Figure 11.7 Prestressing used in a toy (courtesy of Miss G. Christian) [11.6].



 

steel bar, with one end anchored into a foundation below the stones, is threaded

through pre-made central holes in the stones. The bar is then tensioned to make the

stone blocks act together similar to a single member.
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Figure 11.8 Centrally post-tensioned stone columns.

11.4.2 An eccentrically post-tensioned beam

In order to reduce the maximum sagging bending moment of a beam and its

maximum deflection when loaded, prestressing can be used to produce initial

hogging bending moments and upward deflections, which will offset parts of the

bending moments and deflections induced by the subsequent downward vertical

loading.

To produce a hogging bending moment and upward deflection of a beam, the

post-tensioned steel bar needs to be placed below the neutral axis of the cross-

section of the beam. The position of the tendon should be as low as possible to

produce larger hogging moments and deflections or to allow smaller post-tension

forces.

Figure 11.9 shows a composite beam that has a span of over 10m [11.7]. The

cross-section of the beam is T-shaped and the post-tensioning tendon is placed at a

position much lower than the neutral axis of the section.

11.4.3 Spider’s web

Spiders have been able to produce silk for the last 400 million years and have been

building orb webs for the last 180 million years. The webs have evolved to arrest the



 

flight and capture fast-moving and relatively large insects [11.8, 11.9]. Figure 11.10

shows two spiders’ webs that consist of radial threads, capture spirals and anchor

threads.

The anchor threads span from the supports and suspend the radial threads. The

radial threads are then overlaid by the sticky capture spirals. The prestressing is
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Figure 11.9 An eccentrically post-tensioned beam.

Figure 11.10 Spiders’ webs (courtesy of Dr A. S. K. Kwan, Cardiff University).



 

applied during construction by simply pulling the individual strands tighter around

their supports.

11.4.4 A cable-net roof

Cable-net roofs are ideally suited for use with long span structures such as gymna-

sia. Figure 11.11a shows half of the cable-net roof used for the Sichuan Provincial

Gymnasium, which was built in 1988 and is able to contain over 10000 seated spec-

tators [11.10].
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(a) (b)

Figure 11.11 Cable-net roof of the Sichuan Provincial Gymnasium.

The stiffness of the cable-net roof was established by prestressing. By applying

forces at the ends of prestressing (hogging) cables, tension forces are induced in both

carrying (sagging) cables and prestressing cables. The prestressing and carrying

cables are normally placed perpendicularly to each other (Figure 11.11b). The level

of prestress applied should ensure that no prestressing cables are slack for any load

configuration.
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12 Horizontal movements of
structures induced by vertical
loads

12.1 Concepts

• Vertical loads acting on structures can induce horizontal movements. Exceptions

are symmetric structures subject to symmetric vertical loads and (rarely) anti-

symmetric structures subject to anti-symmetric loads.

• The magnitudes of the horizontal movements of structures in response to verti-

cal loads depend on the load distribution and the structural geometry.

• When the frequency of a dynamic vertical load is close to one of the lateral

natural frequencies of a structure, resonance in the lateral direction of the struc-

ture can occur.

12.2 Theoretical background

When a structure moves horizontally, it is usually considered that this is in response

to horizontal loads. However, vertical loads can also induce horizontal movements.

This is because structures are three-dimensional and movements in the orthogonal

directions are often coupled. For some structures such horizontal movements can be

a significant design consideration, especially when dynamic response is important.

Horizontal movements may result from the following:

• Horizontal loading, for example wind loading which will generate translational

movement of tall buildings.

• Loading that, although primarily vertical, has a horizontal component, for

example walking. The Millennium Footbridge in London is a structure where

significant horizontal movements were induced by people walking [12.1].

• Vertical loading acting on asymmetric structures. Due to the structural geome-

try, vertical loads can induce both vertical and horizontal movements, i.e. verti-

cal motion is coupled with the horizontal response. An example is a simple

frame that has two columns with different lengths subject to vertical loading,

which will be studied in section 12.2.1.3.

• Vertical loading acting asymmetrically on structures. Due to their location, ver-

tical loads can induce both vertical and horizontal movements. An example is

that of a train crossing a bridge and producing horizontal movements orthogo-

nal to the rails; this will be discussed later.

This chapter considers the last two situations where vertical loading can generate

horizontal movements of frame structures [12.2].



 

12.2.1 Static response

12.2.1.1 A symmetric system

Consider a simple symmetric frame with no horizontal forces but subjected to a con-

centrated vertical load as shown in Figure 12.1a. The beam has a length of L and

rigidity of EIb and the two columns have the same length of h and rigidity of EIc.

If the axial deformations of the columns and the beam of the frame can be con-

sidered to be negligible, the structure has three degrees of freedom; the horizontal

displacement, u, and the rotations, θA and θB at the connections of the beam and

columns. Thus the equations of static equilibrium of the frame are given by:

�
E

h

I
3

c
� � �� ��� � (12.1)

where

α�h/L β�EIb/EIc (12.2)

MA and MB are the fixed end moments of the beam produced by the vertical loading.

By convention the positive sign occurs when the end moment induces clockwise

rotation. As the coefficient matrix in equation 12.1 is fully populated, the horizontal

displacement is coupled with the rotations.

0

MA

MB

u
θA

θB

6h
2h2αβ
4h2(αβ+1)

6h
4h2(αβ+1)

2h2αβ

24

6h
6h
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Figure 12.1 A symmetric frame subjected to an asymmetrical vertical load.

Expanding the first row of equation 12.1 gives:

u���
h(θA

4

+θB)
� (12.3)

(a) (b)



 

Therefore u is zero when θA ��θB. This occurs when symmetric loads are applied to

the beam. Solving equation 12.1 gives the horizontal movement of the frame due to

the vertical load:

u��
4

–

(6

(M

αβ
A

+

+

1

M

)α
B)

L
� �

E

h

I

3

c

� (12.4)

The negative sign indicates that the movement of the frame is to the left.

Now consider a horizontal load that will induce the same horizontal movement

as the vertical load. This will be termed an equivalent horizontal load. If a horizon-

tal force of F to the left is applied at one of the beam/column connections instead of

the vertical load, the solution of equation 12.1 gives the horizontal displacement as:

u��
1

–(

2

3

(

α
6α

β
β
+

+

2)

1

F

)
� �

E

h

I

3

c

� (12.5)

For the same horizontal displacement at the beam–column connections of the frame,

equating equations 12.4 and 12.5 gives the equivalent horizontal load:

F�

��
(M

L
A

P

+

T

M

V

B)
��

(3αβ
3

+2)α
� PTV �CLCSPTV �CLSPTV (12.6)

in which

CL ��
M

L
A

P

+

T

M

V

B
� (12.7)

CS ��
(3αβ

3

+2)α
� (12.8)

CLS �CLCS (12.9)

where PTV is the total vertical load, for the studied case PTV �P; CL is a load factor

that relates to the type and distribution of vertical loads; CS is a structure factor that

is a function of structural form (α) and the distribution of member rigidities (β); CLS

is an equivalent horizontal load factor.

It can be seen that the smaller the values of α and β the larger the structure factor

CS. It should also be noted that, for this case, the load factor and the structure factor

are independent.

Equation 12.6 indicates that the equivalent horizontal load can be expressed as a

product of the load factor, the structure factor and the vertical load. Table 12.1 pro-

vides values of the load factor CL for several vertical load distributions on a beam

with two fixed ends. Table 12.2 shows the structure factors CS for a range of geo-

metry and rigidity ratios.

12(MA +MB)(6αβ+1)
���
4(6αβ+1)(3αβ+2)αL
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Consider a particular case where α�1, β�1 and a concentrated load P acts at a

quarter the length of the horizontal member of the frame as shown in Figure 12.1a.

The moments in equation 12.1 are:

MA ���
3

6

P

4

h
� MB � �

9

6

P

4

h
� (12.10)

Substituting these into equation 12.6 gives:

F��
1

6

1

3

3

P

0
��0.05625P (12.11)
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Table 12.1 The load factor (CL) for different load distributions on a uniform beam with two
fixed ends

Load distribution MA MB CL

Uniformly distributed load over full length �qL2/12 qL2/12 0
Concentrated load acting at a quarter of the 

span from the right �3PL/64 9PL/64 3/32
Uniformly distributed load over a half of the 

span from right �5qL2/192 11qL2/192 1/16
Uniformly distributed load over three-quarters 

of the span from right �63qL2/1024 81qL2/1024 3/128

Table 12.2 The structure factor (CS) for different ratios of length and rigidity for a symmetric
frame

β=0.5 β=1 β=2

α=0.5 2.182 1.714 1.200
α=1 0.8570 0.6000 0.3750
α=2 0.3000 0.1875 0.1071

Table 12.3 The equivalent horizontal load factor (CLS) for a symmetric frame

β=0.5 β=1 β=2 β=0.5 β=1 β=2 β=0.5 β=1 β=2

α=0.5 0.2045 0.1607 0.1125 0.1364 0.1071 0.0750 0.0511 0.0402 0.0281
α=1 0.0804 0.0563 0.0352 0.0536 0.0375 0.0234 0.0201 0.0141 0.0088
α=2 0.0281 0.0176 0.0100 0.0188 0.0117 0.0067 0.0070 0.0044 0.0025



 

In this case the horizontal movement of the frame at the beam–column connec-

tions induced by the vertical load P is equal to that of a horizontal load of 5.625

per cent of P applied on one of the connections in the direction of the movement

of the frame.

Example 12.1

Consider the frame shown in Figure 12.1a with h�6m, L�6m, E�30×109 N/m2,

Ib � Ic �0.254/12�3.255×10�4 m4 and for two loading cases:

1 A vertical concentrated load, P�100kN, acts at one-quarter of the length of the

beam from the right end of the frame.

2 A horizontal concentrated load, F�0.05625P�5.625kN, acts on the left

beam–column connection towards to the left.

Calculate the horizontal displacements induced by the two loading cases respec-

tively.

Solution

Figure 12.1b shows the deformed shape of the frame subject to the concentrated

vertical load. The horizontal displacements determined by solving equation 12.5 and

by using the finite element method are �7.406mm and �7.405mm respectively.

The lateral displaced induced by the equivalent lateral load is also �7.406mm

through the computer analysis.

The combined effect of the load and structure factors are shown in Table 12.3,

which provides the equivalent horizontal load factors CLS for α�0.5, 1 and 2, and

β�0.5, 1 and 2.

From Tables 12.1, 12.2 and 12.3 it can be seen that:

• The magnitude of the horizontal displacement induced by vertical loads (equa-

tion 12.4) or the equivalent horizontal load (equation 12.6) depends on the load

distribution and the structural form.

• The structure factors CS are significantly larger than the load factors CL.

• The smaller the values of α and β, the larger the equivalent horizontal load

factor, i.e. if the frame is relatively short and has a relatively large span, and/or

the rigidity of the beam is smaller than that of the column, the frame will have a

relatively large horizontal load factor. Hence, the equivalent horizontal load for

a taller frame is smaller than that for a shorter frame if both are subjected to the

same vertical loading.

• The height/length ratio α is more significant than the rigidity ratio β when deter-

mining the magnitude of the horizontal movement.

• The horizontal movement of a frame due to vertical loads is zero when MA �
�MB, i.e. when concentrated loads act on the beam/column joints or when a

symmetric load is applied to the beam.

It is useful to explain why the frame moves to its left when the vertical load is

applied on the right half of the frame.
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Figure 12.2 Conceptual analysis of the lateral movements of a simple frame subjected to an
asymmetric vertical load.
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Applying a lateral constraint at the left-hand beam–column joint, the bending

moment diagram of the frame can be drawn for no lateral movements of the frame

as shown in Figure 12.2b where M�B >M�A due to the location of the load. The free-

body diagram of the beam and two columns of the frame can be plotted (Figure

12.2c) based on the bending moment diagram, where VA, FA and VB, FB are the



 

internal shear forces and axial forces on the connections A and B respectively, and S
is the force in the horizontal support at A assumed to be towards the right.

Considering the equilibrium of the beam in the horizontal direction gives:

S�VA –VB �0

As MB >MA, then VB >VA. Thus S is positive, i.e. acting in the assumed direction. As

there is no horizontal restraint on the beam–column connection in the actual frame,

the action of S must be removed. Following the principle of superposition, this can

be achieved by adding a force –S on the left beam–column connection as shown in

Figure 12.2d. Obviously –S causes the frame to move to its left. Adding the two

loading conditions shown in Figures 12.2b and 12.2d together forms the actual

frame with the vertical load (Figure 12.2a) and adding together the displacements of

the two loading cases shows horizontal deflections of the frame.

12.2.1.2 An anti-symmetric system

If the left column of the frame shown in Figure 12.1a is rotated through 180 degrees

about its connection to the beam, the frame becomes anti-symmetric as shown in

Figure 12.3a. The equivalent horizontal load can be found, similar to that in section

12.2.2.1, as:
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A
� (12.13)

CS ��
(αβ+

3

2)α
� (12.14)

where CLS is defined by equation 12.9. Equations 12.12, 12.13 and 12.14 have the

same form as equations 12.6, 12.7 and 12.8. For comparison similar tables for the

load factor, the structure factor and the equivalent horizontal load factor of the anti-

symmetric frame are given in Tables 12.4, 12.5 and 12.6.

In addition to the conclusions drawn from section 12.2.1.1 which are also valid

for the anti-symmetric system, it can be deduced that:

• The load factor CL and structure factor CS for the anti-symmetric systems are

significantly larger than those for the symmetric system. Hence, the magnitude

of the horizontal movement due to vertical loads depends primarily on the struc-

tural form.
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• Equation 12.12 indicates that the anti-symmetric frame has no horizontal move-

ment when MA �MB, which requires a particular distribution of anti-symmetric

vertical loading. For any other vertical loading there will be a resulting horizon-

tal movement.

Example 12.2

Consider the frame shown in Figure 12.3a with similar properties to those used for

example 12.1, i.e. h�6m, L�6m, E�30×109 N/m2, Ib � Ic �0.254/12�3.255×
10�4 m4 and P�100kN (acting at one-quarter the length of the beam from the right

end). Calculate the horizontal movement of the anti-symmetric frame at the

beam–column connection.

Solution

The equivalent horizontal load can be evaluated using equation 12.12 and is

18.75kN. Computer analysis is used to determine the horizontal displacements

induced first by the vertical load of 100kN, and then by a horizontal load of

18.75kN, applied at the beam–column connection, towards the left. The displace-

ments are found to be identical and have a value of –34.56mm. Figure 12.3b shows

the deformed shape of the frame subject to the concentrated vertical load.

12.2.1.3 An asymmetric system

If the lengths of the columns of the frame shown in Figure 12.1a are different, the

frame becomes asymmetric, as shown in Figure 12.4a. The ratios given in equation

12.9 are redefined as follows:

α�h1/L β�EIb/EIc γ�h1/h2 (12.15)
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Figure 12.3 An anti-symmetric frame with an asymmetrical load.

(a) (b)



 

and the equivalent horizontal load becomes:

F� PTV �CLSPTV (12.16)

where:

CLS � (12.17)

CLS is an equivalent horizontal load factor, which is a function of the load

3[(αβ(2– γ2)+2γ]MA +3[αβ(2γ2 –1)+2γ2]MB
�����

αL[4(αβ+1)γ+αβ(3αβ+4)]PTV

3[(αβ(2– γ2)+2γ]MA +3[αβ(2γ2 –1)+2γ2]MB
�����

αL[4(αβ+1)γ+αβ(3αβ+4)]PTV
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Table 12.4 The load factor (CL) for different load distributions for an anti-symmetric system

Load distribution MA MB CL

Uniformly distributed load over full length �qL2/12 qL2/12 1/6
Concentrated load acting at a quarter of the 

span from the right �3PL/64 9PL/64 3/16
Uniformly distributed load over a half of the 

span from right �5qL2/192 11qL2/192 1/6
Uniformly distributed load over three-quarters 

of the span from right �63qL2/1024 81qL2/1024 3/16

Table 12.5 The structure factor (CS) for different ratios of length and rigidity for an anti-
symmetric frame

β=0.5 β=1 β=2

α=0.5 2.667 2.400 2.000
α=1 1.200 1.000 0.750
α=2 0.500 0.375 0.250

Table 12.6 The equivalent horizontal load factor (CLS) for an anti-symmetric frame

β=0.5 β=1 β=2 β=0.5 β=1 β=2 β=0.5 β=1 β=2

α=0.5 0.5000 0.4500 0.3750 0.4444 0.4000 0.3330 0.5000 0.4500 0.3750
α=1 0.2250 0.1875 0.1406 0.2000 0.1667 0.1250 0.2250 0.1875 0.1406
α=2 0.0938 0.0703 0.0469 0.0833 0.0625 0.0417 0.0938 0.0703 0.0469



 

distribution, location and structural form. In contrast to the symmetric and anti-

symmetric frames considered in the previous two sections, the load factor and the

structure factor are coupled for the asymmetric frame.

Consider γ�3/2. The equivalent horizontal load factors for the same loading

cases, length ratios α and rigidity ratios β, as for the symmetric and anti-symmetric

frames, are given in Table 12.7.

Comparing the results in Tables 12.3 and 12.7, it can be seen that the equivalent

horizontal load factors for the asymmetric frame are significantly larger than those

for the symmetric frame. This again shows that structural form affects the magni-

tudes of horizontal movements of frame structures subject to vertical loads.
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Figure 12.4 An asymmetrical frame with an asymmetrical load.
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Example 12.3

Consider the frame shown in Figure 12.4a with h1 �L�6.0m, h2 �4m, E�30×
109 N/m2, Ib � Ic �3.255×104 m4 and P�100kN (acting at one-quarter the length of

the beam from the right end). Calculate the horizontal movement of the asymmetric

frame at the beam–column connection.

Solution

The equivalent horizontal load for this case is evaluated using equation 12.16 and is

15.73kN. The horizontal displacements of the frame from computer analysis for the

Table 12.7 The equivalent horizontal load factor (CLS) for an asymmetric system

β=0.5 β=1 β=2 β=0.5 β=1 β=2 β=0.5 β=1 β=2

α=0.5 0.4269 0.3800 0.3146 0.3197 0.2892 0.2442 0.2251 0.2162 0.1952
α=1 0.1900 0.1573 0.1184 0.1446 0.1221 0.0938 0.1081 0.0976 0.0796
α=2 0.0786 0.0592 0.0400 0.0616 0.0469 0.0322 0.0488 0.0398 0.0285



 

vertical loading and a horizontal load of 15.73kN applied to the left at the left-hand

beam–column connection have the same value of –10.59mm. Figure 12.4b shows

the deformed shape of the frame.

12.2.1.4 Further comparison

Table 12.8 summarises the ranges of the equivalent horizontal load factors for the

three types of frame subject to three types of vertical loading for variations of α and

β between 0.5 and 2. From Table 12.8 it can be seen that:

• The equivalent horizontal load factors for the anti-symmetric frame have the

largest values, but this type of structure may not be common.

• The equivalent horizontal load factors of the asymmetric frame are at least

double those of the symmetric frame for the same loading conditions.
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Table 12.8 Comparison of the ranges of the equivalent horizontal load factor (CLS)

Symmetric Anti-symmetric Asymmetric 
frame frame frame

Concentrated load acting at 0.2045�0.0100 0.5000�0.0469 0.4269�0.0400
one-quarter of the span from 
the right

Uniformly distributed load over 0.1364�0.0067 0.4444�0.0417 0.3197�0.0322
a half of the span from right

Uniformly distributed load over 0.0511�0.0025 0.5000�0.0469 0.2251�0.0285
three-quarters of the span 
from right

12.2.2 Dynamic response

When a structure is subjected to dynamic loading, resonance may occur with a con-

sequent, and potentially significant, increase in response (see Chapters 15 and 16).

The possibility of vertical dynamic loading resulting in a resonant horizontal

response therefore must be considered.

Consider the frame discussed in 12.2.1.1 and shown in Figure 12.1a subjected to

a simple sinusoidal vertical load, P(t), with maximum amplitude P0:

P(t)�P0 sin2πfpt (12.18)

where fp is the frequency of the load and t is time. The mass densities for the

columns and the beam are assumed to be m� and 10m� respectively, with the high

density of the beam representing added loads that may arise from floors supported

by the beam, etc. The equation of undamped forced vibrations of the frame can be

shown [12.2]:
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The elements in the coefficient matrix for accelerations are obtained in the same

manner as those in coefficient matrix for displacements. The mode shapes and

natural frequencies of the structure can be found by solving the eigenvalue problem

associated with equation 12.19. Taking the mass density, m�, equal to 150kg/m and

other data as used in example 12.1, the three natural frequencies of the frame are

1.39Hz, 5Hz and 14.5Hz and the corresponding mode shapes are shown in Figure

12.5. The first mode shows the dominated horizontal movements of the frame while

the two other modes give symmetric and anti-symmetric rotations of the two con-

nections of the frame respectively. The response in the first mode of the frame is:

A1(t)��
φ21MA

K

+

1

φ31MB
��

1–(f

1

p/f1)
2

� sin2πfpt (12.20)

where A1(t) is the amplitude of the horizontal motion of the frame and φ21MA �
φ31MB is the load for the first mode, which acts in the horizontal direction. Equation

12.20 indicates that if the load for the first mode is not equal to zero and the load

frequency (fp) is close to the fundamental natural frequency (f1), the vertical load will

induce near resonant vibration of the frame in the horizontal direction. This conclu-

sion can be verified numerically.
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(a) Horizontal movement (b) Symmetric movement (c) Anti-symmetric movement

Figure 12.5 Mode shapes of the symmetric frame.

Example 12.4

Consider the frame defined in example 12.1 with the additional data as follows:

m� �2400kg/m3 × (0.25m)2 �150kg/m, fp �1.39Hz, P0 �100kN and P(t) �
P0 sin2πfpt

Calculate the dynamic displacements of the frame in the lateral direction using equa-

tion 12.19.

Solution

Dynamic analysis was carried out by computer with the damping set to zero. Figure

12.6 shows the time history of the horizontal motion of the frame, up to ten seconds,

due to the vertical harmonic load. A typical resonance situation is encountered.



 

Although the example is simple, it illustrates the important phenomenon that:

If the frequency of a vertical load is close to one of the horizontal natural fre-
quencies of a structure, resonance in the horizontal direction can occur as a
result of vertical excitation.

This situation should be recognised in the design of structures.

The necessary condition for no horizontal movement of the frame occurs when

the vertical loads are applied either symmetrically on the beam or at the

beam–column joints. For any other distributions of vertical dynamic loads, reson-

ance can occur with motion in the horizontal direction.

12.3 Model demonstrations

12.3.1 A symmetric frame

Figure 12.7 shows a simple symmetric plastic frame unloaded (a) and carrying an

asymmetrically concentrated load positioned close to the right-hand column (b). It
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Figure 12.6 Resonant response of the frame.

Figure 12.7 A symmetric frame subjected to an asymmetric load.



 

can be observed that the horizontal member deflects vertically and the loaded frame

moves to the left. Note that the movement is to the left for the load placed to the right

of the centre line of the frame. If the vertical load was a harmonic dynamic load and

its frequency matched the natural frequency of the frame in its horizontal direction,

resonance with significant horizontal movements of the frame would occur.

12.3.2 An anti-symmetric frame

Figure 12.8 shows a simple anti-symmetric plastic frame unloaded (a) and carrying

an asymmetrically concentrated load positioned close to the right-hand column (b).

It can be observed that the horizontal member deflects vertically and the loaded

frame moves to its left. Again the movement is to the left for the load placed to the

right of the centre line of the frame.
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(a) (b)

Figure 12.8 An anti-symmetric frame subjected to an asymmetric load.

12.3.3 An asymmetric frame

Figure 12.9 shows a simple asymmetric plastic frame unloaded (a) and carrying a

concentrated load positioned close to the right-hand column (b). The horizontal

(a) (b)

Figure 12.9 An asymmetric frame subjected to an asymmetric load.



 

member deflects vertically and it can be observed that the loaded frame moves to the

left. Again the movement is to the left for the load placed to the right of the centre

line of the frame.

12.4 Practical examples

12.4.1 A grandstand

Figure 12.10 shows coupled vertical and front-to-back movement of the cross-

section of a grandstand in one typical mode of vibration. It can be seen that the

front-to-back movements of the grandstand are larger than the vertical movements

of the two tiers for this particular mode. This mode shape indicates that resonance

in the front-to-back direction would occur if one of the frequencies of vertical

loading on a tier was close to the natural frequency associated with the mode, even

though the vertical movement will be small. It has been observed at a pop concert

that a stand moved much more significantly in the front-to-back direction than in

the vertical direction although the human loading was primarily in the vertical

direction.
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Figure 12.10 Typical mode of vibration of a frame model of a cantilever grandstand
showing coupled vertical and front-to-back movements [12.3].

12.4.2 A building floor

A 9m by 6m test panel of a large composite floor is shown in Figure 12.11. The

structural response of the panel was measured for a group of 64 students jumping

following a music beat (Figure 12.12). At the centre of the test floor panel, the verti-

cal acceleration was recorded for just over 16s, as was the horizontal acceleration in

the direction orthogonal to the direction in which the students were facing. The

peak vertical acceleration was 0.48g and the corresponding horizontal acceleration



 

0.03g. The autospectra for these records are shown in Figure 12.13 and the charac-

teristic response can be seen in both directions. The test area was part of the much

larger flooring system (Figure 12.11) and the vertical human loading was thus

applied asymmetrically on the structure as a whole, which induced the horizontal

motion of the whole building system.

154 Statics

Figure 12.11 A plan of a floor used for crowd jumping tests at its corner panel.

Figure 12.12 64 students jumping on a floor in response to music.
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Figure 12.13 The acceleration spectrum in the vertical and horizontal directions for 64
students jumping on a floor.
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12.4.3 Rail bridges

Horizontal movements of some railway bridges have been observed as trains passed

over them. Because of the increasing speed of trains a number of bridges have had to

be re-assessed for safety. As there are often two or more rail tracks on a bridge, the

loading from any one train is effectively applied in an asymmetrical manner on the

structure generating lateral horizontal movements of the bridge. There will also be

some horizontal forces generated by lateral movement of the railway vehicles, even

along straight tracks. With the increasing speed of trains, the vertical loading fre-

quency will increase and this may be a problem if resonance occurs, i.e. if one of the

train load frequencies in the vertical direction is close to one of the lateral natural

frequencies of the bridge. It is therefore necessary to check horizontal as well as ver-

tical natural frequencies of bridges to ensure that both are above the likely loading

frequencies associated with trains running at higher speeds.
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13 Energy exchange

13.1 Definitions and concepts

Conservative systems: a system is said to be conservative if no energy is added or

lost from the system during movement. This is an idealised system but one that can

be used to aid the solution of many problems. In real structures internal friction

forces will do work and damping will dissipate energy.

Conservation of energy means that the total energy at two different positions or

at two different times is the same in a conservative system.

Conservation of momentum indicates that the momentum of a system is the same at

two different times when the resulting external force is zero between those two times.

• Energy can be transformed from one form to another, for instance, mechanical

energy can be changed into electrical energy.

• For a conservative system, the total energy is constant and a body once moved

will continue to move or to vibrate. During motion there is a constant exchange

between potential energy and kinetic energy.

• For a non-conservative system, energy has to be added continuously to maintain

motion.

13.2 Theoretical background

Gravitational potential energy of a mass is defined as the work done against gravity

to elevate the mass a distance above an arbitrary reference position where the gravi-

tational potential energy is defined to be zero. Thus the potential energy is:

Ug �mgh (13.1)

where m is the mass of the body, g is the gravitational acceleration and h is the

height of the mass above the reference position.

Elastic potential energy is the potential energy found in the deformation of an

elastic body, such as a spring or a deformable beam. The elastic potential energy in a

spring with stiffness k when it is displaced with a distance of u is defined as:

Ue � �
1

2
� ku2 (13.2)



 

This is the total work required to take the mass from its original position to a dis-

placement of u. For a deformable beam with rigidity EI, the elastic potential energy

due to bending of the beam is expressed as:

Ue � �
1

2
��L

0

EI��
d

d

x

2v
2

��2

dx (13.3)

where v(x) is the deformation of the beam along its length. The elastic potential

energy defined by equation 13.3 is also called the strain energy of the beam. The

strain energy due to shear forces can be disregarded if the length of a beam is much

greater than the depth (say the ratio of the span to the depth of the beam is larger

than 8) [13.1]. Strain energy or elastic potential energy is always positive, regardless

of the direction of the displacement.

Kinetic energy of a mass of m with a velocity of u̇ is defined as:

T� �
1

2
� mu̇2 (13.4)

This is equal to the work required to move the mass from a state of rest to a velocity

of u̇. As is the case for the strain energy, the kinetic energy is always positive regard-

less of the direction of motion. For a vibrating beam with distributed mass of m(x),

the kinetic energy is:

Ue � �
1

2
� �m(x)v̇2dx (13.5)

All the forms of energy are scalar quantities with SI units of Nm or Joules (J).

Conservative systems: for a conservative system, the total energy is constant. In

other words, if the energy of the system is calculated at two different locations or

two different times, the values of energy at the two locations/times are the same, i.e.:

U1 �U2 or U1 �U2 �0 (13.6)

Equation 13.6 shows the principle of conservation of energy and indicates that

energy can be transformed from one form to another whilst keeping the total energy
constant. The principle of conservation of energy (equation 13.6) leads to a useful

method of analysis.

The basic equation of motion of a mass m moving in a particular direction is:

�F�mv̈� �
d

d

t
�(mv̇) or �F� �

d

d

t
�(G)� Ġ (13.7)

where F is the force acting on the mass and v̈ is the acceleration of the mass. The

product of the mass and velocity is defined as the momentum G�mv̇. Equation

13.7 indicates that the resultant of all forces acting on the mass equals its rate of the

change of momentum with respect to time. Momentum has SI unit of kg m/s or Ns.

Equation 13.7 can be extended to other directions, including rotation. If the
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resultant force on a mass or a system is zero during an interval of time, the momen-

tum in that interval is constant, i.e.:

G1 �G2 or G1 �G2 �0 (13.8)

Equation 13.8 shows the principle of conservation of momentum and states that the
momentum at a time interval is constant if the resultant force is zero during that
time interval. This principle of the conservation of momentum (equation 13.8) also

leads to a method for solving some problems. In addition, equation 13.8 can be

applied to both conservative and non-conservative systems.

Example 13.1

A 5kg cylinder is released from rest in the position shown in Figure 13.1 and com-

presses a spring of stiffness k�1.8kN/m. Determine the maximum compression vmax

of the spring and the maximum velocity v̇max of the cylinder [13.1].

Solution

Consider the system to be conservative in which the effect of air resistance and any

friction is negligible. The cylinder moves down vmax before it rebounds due to the

spring action.
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Before releasing the cylinder from the rest (position 1), the total gravitational

potential and elastic potential energies are:

Ug1 �mgh�5×9.81× (0.1�vmax) and Ue1 �0

The reference position is selected to be where the spring experiences its maximum

deflection. The total energies at the reference position (position 2) are:

Ug2 �0 and Ue2 � �
1

2
�kv2

max �900v2
max

Using the condition of energy conservation (equation 13.6) leads to:

900v2
max �5×9.81(0.1�vmax) or 900v2

max �49.5v2
max �49.5�0

Solving the above equation gives vmax �0.264m.

The total gravitational potential and kinetic energies at the position immediately

before the cylinder contacts the spring (position 3) are:

Ug3 �mgh�5×9.81×0.1�4.95Nm and T3 � �
1

2
�mv̇2

max �2.5v̇max

Equating the total energy at positions 1 and 3 gives:

4.95�2.5v̇2
max �5×9.81(0.1�0.264)�17.9

Thus the maximum velocity of the cylinder is:

v̇max ��17.9–�4.95��3.59m/s

Example 13.2

Consider a simply supported beam of length L, with flexural rigidity of EI and a

uniformly distributed mass of m�. The vibration in the fundamental mode of the

beam is defined as:

v(x,t)�A0sinωtsin �
π
L

x
� (13.9)

where A0 is the vibration amplitude and ω is the natural frequency of the vibration.

Determine the expression for the natural frequency of the beam.
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Solution

The total energy of the system at anytime can be calculated, but the simplest case to

consider is when the strain energy reaches its maximum while the kinetic energy is

zero, or when the kinetic energy reaches its maximum while the strain energy is

zero.

At t�π/(2ω), the displacement and velocity of the beam are:

v�x, �
2

π
ω
���A0 sinω��

2

π
ω
��sin �

π
L

x
� �A0 sin �

π
L

x
�

v̇�x, �
2

π
ω
���A0ωcosω��

2

π
ω
��sin �

π
L

x
� �0

Thus the total energy is equal to the maximum strain energy. Using equation 13.3

gives:

Ue,max � �
1

2
��L

0

EI��
d

d

x

2v
2

��2

dx� �
1

2
��L

0

EI��A0�
L

π2

2
�sin�

π
L

x
��2

��
A2

0

2

E

L

I
4

π4

��
L

2
� ��

A

4

2
0E

L

I
3

π4

�

At t�π/ω, the displacement and velocity of the beam are:

v(x, π/ω)�A0sinω��
ω
π

��sin �
π
L

x
� �0

v̇(x, π/ω)�A0ωcosω��
ω
π

��sin �
π
L

x
� ��A0ω sin�

π
L

x
�

The total energy of the system is equal to the maximum kinetic energy. Using equa-

tion 13.5 gives:

Tmax � �
1

2
��L

0

m�v̇2dx� �
1

2
��L

0

m���A0ω sin�
π
L

x
��2

��
A2

0ω
2

2m�
��

L

2
� ��

A2
0ω

4

2m�L
�

Using equation 13.6, i.e. equating the maximum strain energy to the maximum

kinetic energy, gives:

ω2 ��
E

m

I

L

π
4

4

�

A more powerful way of using energy concepts for solving problems is to use the

Lagrange equation. For free vibration, this may be written as [13.2, 13.3, 13.4]:

�
d

d

t
���

∂
∂
T

v̇
��� �

∂
∂
U

v
� �0 (13.10)

where T and U are the kinetic and potential energies of the system respectively.

Example 13.2 is re-analysed to show the usefulness of the Lagrange method.
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The motion of the beam (13.9) is written as:

v(x, t)�A(t)φ(x)�A(t)sin �
π
L

x
� (13.11)

The kinetic energy of the system is:

T� �
1

2
��L

0

m�v̇2dx� �
1

2
��L

0

m��Ȧ(t)sin �
π
L

x
��2

dx��
Ȧ2(

2

t)m�
��

L

2
� ��

Ȧ2(t

4

)m�L
� (13.12)

The elastic potential energy is:

U� �
1

2
��L

0

EI��
d

d

x

2v
2

��2

dx� �
1

2
��L

0

EI��A(t)�
L

π2

2
� sin�

π
L

x
��2

��
A

2

2E

L

I
4

π4

��
L

2
� ��

A2(

4

t)

L

E
3

Iπ4

� (13.13)

Substituting the kinetic and elastic energies into equation 13.10 leads to:

Ä(t)��
E

m�

I

L

π
4

4

�A(t)�0 (13.14)

Substituting A(t)�A0 sin(ωt) into equation 13.14 gives:

ω2 ��
E

m

I

L

π
4

4

�

This is the same as that obtained in example 13.2.

Comparing the solution procedures using the principle of the conservation of

energy and the Lagrange equation, it can be noted that:

• The Lagrange equation leads to an equation of motion and the natural fre-

quency can be obtained directly from the definition, while the principle of the

conservation of energy leads to the solution of the natural frequency without

producing the equation of motion.

• For the Lagrange equation the kinetic and elastic potential energies only need to

be represented at an arbitrary position. Using the principle of the conservation

of energy requires evaluating the kinetic and elastic potential energies at two dif-

ferent positions or times.

13.3 Model demonstrations

13.3.1 A moving wheel

This demonstration shows the energy exchange between several common forms of
energy, including gravitational potential energy, kinetic energy, energy loss due to
friction and electromagnetic energy.

Two parallel, parabolic plastic tracks supporting an aluminium wheel are shown

in Figure 13.2. Three small magnets are placed on the perimeter of the aluminium

wheel. Four batteries are located in the track support and an electromagnetic field is

also provided in the base support.
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Place the wheel at one end of the tracks and release it. The wheel rolls towards

the middle of the tracks with increasing speed as the potential energy of the wheel

changes to kinetic energy. When passing the middle part of the tracks, the wheel

speeds up due to a charge of electromagnetic energy which is sufficient to compen-

sate for the energy loss due to the friction between the wheel and the tracks. The

wheel then moves upwards and the kinetic energy is converted to potential energy.

When all the kinetic energy is converted, the wheel stops and then starts to roll back

down the track for a new cycle of movement. The wheel will continue to roll back-

wards and forwards along the track as long as sufficient electromagnetic energy is

provided to compensate for the energy loss due to friction.

13.3.2 Collision balls

This demonstration shows the use of the principles of conservation of energy and
conservation of momentum.

Figure 13.3 shows a Newton’s cradle which consists of five identical stainless steel

balls suspended from above and arranged in a row with each ball just touching its

neighbour(s). When one pulls a ball back and releases it, it collides with the row of

the remaining balls, ejecting one at the far end. If one pulls two balls and releases

them, they eject two balls at the far end as shown in Figure 13.3. Lifting and releas-

ing three balls ejects three balls at the far end, and pulling four ejects four.

First consider the collision between two identical balls of mass m, one moves with

initial velocity u̇1i and the other is at rest with u̇2i �0. After the collision, the two
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Figure 13.2 A moving wheel showing energy transformation.



 

balls move with velocities u̇1f and u̇2f respectively. Conservation of momentum

requires:

mu̇1i �mu̇1f �mu̇2f or u̇1i � u̇1f � u̇2f

Conservation of energy requires:

�
1

2
�mu̇2

1i � �
1

2
� mu̇2

1f � �
1

2
� mu̇2

2f or u̇2
1i � u̇2

1f � u̇2
2f

Squaring the first equation and subtracting the second equation leads to:

(u̇1f � u̇2f)
2 � (u̇2

1f � u̇2
2f)�0 or u̇1f u̇2f �0

As u̇2f ≠0, u̇1f �0. This shows that after collision the first ball will be at rest [13.5,

13.6].

Now consider the case of several balls. Let m1 be the total mass of the balls

launched with velocity u̇1i and m2 be the total mass of the balls ejected with velocity

u̇2f. Noting that after collision, m1 becomes stationary, i.e. u̇1f �0 and using conser-

vation of momentum and conservation of energy gives:

m1u̇1i �m2u̇2f

�
1

2
�m1u̇2

1i � �
1

2
�m2u̇2

2f

Squaring the first equation and subtracting 2m1 times the second equation gives:

(m2 �m1)m2u̇2
2f �0

This equation shows that the number of balls ejected is equal to the number of balls

launched if all the steel balls are the same size, as shown in Figure 13.3.
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13.3.3 Dropping a series of balls

This model gives an entertaining demonstration of conservation of energy.
Figure 13.4 shows four rubber balls of different sizes placed together using a

plastic bar passing through their centres with the smaller balls resting on the larger

balls.

When the balls are lifted vertically for a distance of about 0.15m from a desk and

then released, the smallest ball rebounds to hit the ceiling which is over two metres

above the desk. This observation can be explained using either the principle of con-

servation of energy or the principle of conservation of momentum.

The total mass of the four balls is 120g and the mass of the smallest ball is 5g. The

gravitational potential energy of the balls before dropping them is estimated to be:

mgh�0.12×9.81×0.15�0.177Nm

After the impact of the largest ball on the desk, the three larger balls bounce up

almost together about 0.03m. According to the conservation of energy, the total

gravitational potential energy before and after impact should be the same if no

energy loss takes place, i.e.:

0.177�0.115×9.81×0.03�0.005×9.81×h1

From the above equation, the predicted bounce height of the smallest ball is 2.92m.

Actually there is some loss of energy due to the impacts between the largest ball and
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Figure 13.4 Dropping a series of balls.



 

the desk and between the adjacent balls, so the smallest ball would not bounce quite

as high as 2.92m.

This example can also be analysed using the principle of conservation of momen-

tum.

13.4 Practical examples

13.4.1 Rollercoasters

Figure 13.5a shows a rollercoaster which is raised from ground level to the top of

the first tower using mechanical energy. This builds up a reservoir of potential

energy in the rollercoaster.

When the rollercoaster is released at the top of the tower, it moves forward and

down, the potential energy being quickly converted to kinetic energy and the speed of

the rollercoaster increasing accordingly. The speed reaches its maximum when the

rollercoaster reaches the lowest point between two adjacent towers. The rollercoaster

then moves up to the next tower, the kinetic energy changing back to potential energy,

and the speed of the rollercoaster reduces as its potential energy increases. The rest of

the towers, dips, twists and turns of the ride, serve to change the energy of the roller-

coaster back and forth between potential energy and kinetic energy (Figure 13.5b).

During the motion, some energy will be lost due to friction and, for this reason,

the first tower must be higher than all the other towers so that sufficient energy is

provided to overcome the energy loss.
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13.4.2 A torch without a battery

Torches are normally powered by batteries. However, Figure 13.6 shows an envi-

ronmentally friendly torch which works on the principle of energy exchange.

When one shakes the torch, the strong magnet at the far right in the body of

the torch (Figure 13.6) moves and passes through electrical wires backwards and

forwards and produces an electric current. Part of the kinetic energy generated by

the magnet is converted to electric energy. The electric energy then changes into

chemical energy through the electronic circuit and is stored in an internal storage

cell. When a user switches on the torch, the chemical energy in the storage cell con-

verts to electric energy and the electric energy changes to light energy in the bulb.
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Figure 13.6 An environmentally friendly torch.
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14 Pendulums

14.1 Definitions and concepts

A simple gravity pendulum consists of a massless string with one end attached to a

weight and the other end fixed. When an initial push is given, the pendulum will

swing back and forth under the influence of gravity.

A rotational suspended system: a rigid body is suspended by two massless

strings/hangers of equal length, fixed at the same point and the body rotates about

the fixed point in the plane of the strings.

A translational suspended system: a rigid body is suspended by two parallel and

vertical massless strings/hangers with equal length and the strings rotate about their

own fixed points. Thus the rigid body moves in parallel to its static position in the

plane of the strings.

• The natural frequency of a simple pendulum is independent of its mass and only

relates to the length of the massless string.

• The natural frequency of a translational suspended system is independent of its

mass and the location of its centre of mass and is the same as that of an equiva-

lent simple pendulum.

• The natural frequency of a rotational suspended system is dependent on the

location of its centre of mass but is independent of the magnitude of its mass.

• An outward inclined suspended system is a mechanism. When it is loaded verti-

cally and asymmetrically, it will move sideways and rotate.

• The lateral natural frequency of a suspended bridge estimated using simple

beam theory will be smaller than the true lateral natural frequency.

14.2 Theoretical background

14.2.1 A simple pendulum

Well-known for its use as a timing device, the simple pendulum is a superb tool for

teaching science and engineering. It can serve as a model for the study of the linear

oscillator [14.1].

Consider a pendulum consisting of a concentrated mass m suspended from a

pivotal point by an inextensible string of length l as shown in Figure 14.1. Several

assumptions are used to investigate the linear oscillation of a pendulum, the prin-

cipal ones being:



 

• Negligible friction, i.e. the resulting torque on the system about the pivot is due

solely to the weight of the mass.

• Small amplitude oscillations which means that the sine of the rotation, θ, can be

replaced by the rotation when specified in radians.

• The mass of the string is negligible and the mass of the body is concentrated at a

point.

The equation of motion of the pendulum can be established using Newton’s second

law directly or using the Lagrange equation. The moment induced by the weight of

the mass about the pivot is mgl sinθ where g is the acceleration due to gravity. The

moment of inertia of the mass about the pivot is ml2 and the angular acceleration is

d2θ/dt2. Using Newton’s second law gives:
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Figure 14.1 A simple pendulum.

ml2 �
d

d

2

t

θ
2

� ��mgl sinθ or �
d

d

2

t

θ
2

� � �
g

l
� sinθ�0 (14.1)

Using the second assumption, sinθ�θ when θ is small and measured in radians. This

leads to the equation of motion for small amplitude oscillations:

�
d

d

2

t

θ
2

� � �
g

l
�θ�0 (14.2)

Substituting θ(t)�θ0sin(ωt) into equation 14.2 (or according to the definition given

in Chapter 15) gives the expression for the natural frequency of the pendulum

system as:

f� �
2

ω
π
� � �

2

1

π
� ��

g

l
�� (14.3)

Equation 14.3 indicates that the natural frequency of the pendulum system is a func-
tion of the length l and is independent of the mass of the weight.



 

14.2.2 A generalised suspended system

Consider the generalised suspended system shown in Figure 14.2. This consists of a

uniform rigid body symmetrically suspended by two massless and inextensible

inclined strings/hangers. The top ends of the hangers are restrained by vertical and

horizontal springs with stiffnesses kx and ky respectively. The centroid of the rigid

body is constrained by horizontal, vertical and rotational springs with stiffnesses of

kox, koy and kor respectively.
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Figure 14.2 A generalised suspended system.

The rigid body has a length b, and thickness h, mass M and moment of inertia I
about its centroid. The two symmetrically inclined strings have the same length l.
The lower end of each string has a pinned connection to one end of the rigid body

and the upper end has a pinned connection to an elastic support. The two inclined

angles of the strings under gravity loading when in static equilibrium are the same

and are θ. Changing the angles allows the strings to be inclined outwards (θ >0, as

shown in Figure 14.2), inwards (θ <0) or vertical (θ�0). These properties form the

basis for this study.

Small amplitude vibrations of the system are considered so that linearisation of

the movement of the system is reasonable. It is significant to note that:

• The small second order quantities of the displacement should be considered

when gravitational potential is concerned.

• Small amplitude vibrations of the system take place about its position of static

equilibrium.

• The sway angle of the left string can be different to that of the right string

during vibration.



 

This model can be used, for example, to represent a section of a suspension bridge

and then used to study its lateral and torsional movements. Here the rigid body rep-

resents the bridge deck; kx and ky represent the constraints from the suspension

cables while kox, koy and kor represent the actions on the deck section from its neigh-

bouring elements.

Due to symmetry, the model shown in Figure 14.2 has one symmetrical and two

anti-symmetrical vibration modes, which can be studied separately. A detailed inves-

tigation of the dynamic characteristics of the system is given in [14.2]. The findings

of some simple special cases are provided in the following subsections.

14.2.2.1 Symmetric (vertical) vibration

When θ�0 or kx �∞, as shown in Figures 14.3a and 14.3b respectively:

ω2 ��
koy �

M

2ky
��ω 2

oy �ω2
y (14.4)

where ω 2
oy �koy/M and ω 2

y �2ky/M. This is the natural frequency of a single degree-

of-freedom system consisting of a mass M and two parallel springs with stiffnesses

koy and 2ky.

When ky �∞ as shown in Figure 14.3c, there is:

ω2 ��
koy �2

M

ky/tan2θ
���

s

c

i

o

n

s
2

θ
θ

� �
g

l
� �ω 2

oy ��
tan

1
2θ
�ω 2

x ��
s

c

i

o

n

s
2

θ
θ

�ω 2
g (14.5)

in which ω 2
x �2kx/M and ω 2

g �g/l. 2kx/tan2θ is the projected vertical stiffness of the

two lateral springs due to the inclined strings/hangers and the third term in equation

14.5 shows the suspension effect.

It can be observed from equations 14.4 and 14.5 that:

• When θ�0 (Figure 14.3a), i.e. the strings/hangers are vertical, the horizontal

stiffness at the hanging points has no effect on the symmetric vertical vibration

of the rigid body.

• When kx �∞ (Figure 14.3b), the inclined angle has no effect on the symmetric

vertical vibration.

• When ky �∞ (Figure 14.3c), both the horizontal stiffness kx at the hanging points

and gravity affect the natural frequency of the symmetric vertical vibration.

• When ky �∞, the natural frequency monotonically increases with the decreases

of the inclined angle and tends to infinity when θ is close to zero.

• When ky �∞, the natural frequency is the same for �θ and θ.

14.2.2.2 Anti-symmetric (lateral and rotational) vibration

When θ�0 as shown in Figure 14.3a, the natural frequencies of the rotational and

swaying vibrations of the suspended system are respectively:

ω2 ��
b

2

2k

I
y

��ω 2
or (14.6)
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ω2 �ω 2
ox ��

ω
ω
2
x �

2
gω

ω

2
x

2
g

� (14.7)

where ωor ��kor/I� and ωox ��kox/M� are the natural frequencies of the rigid body

in the rotational and horizontal directions without the actions of the hangers.

It can be seen from equations 14.6 and 14.7 that:

• The rotational vibration of the rigid body is independent of the horizontal stiff-

nesses kx, kox and the vertical stiffness koy.

• The swaying vibration is independent of the vertical stiffnesses ky, koy and the

rotational stiffness kor.

Equation 14.7 can be rewritten as:

ω2 �ωoxβ (14.8)

where

β��1+��� (14.9)
1

���
(ωox/ωg)

2 +kox/(2kx)
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Figure 14.3 Typical suspended systems.



 
β is the magnification factor for the suspension effect. It can be seen from equations

14.8 and 14.9 that the lateral natural frequency of the system with suspension is

always larger than that of the system without suspension. This indicates that the
lateral natural frequency of a suspended bridge estimated using simple beam theory
will be smaller than the true lateral natural frequency. Table 14.1 gives the magnifi-

cation factors when ωox/ωg varies between 0.01 and 100 and kox/kx changes between

1 and 100. The results indicate that the larger the value of ωox/ωg and/or the larger

the value of kox/kx, the smaller the suspension effect.

When ky �∞, kx �∞ and kox �koy �kor �0 as shown in Figure 14.3d, only the

swaying vibration occurs. Considering a uniform rectangular rigid body, its moment

of inertia about the centroid of the body is I�M(b2 �h2)/12. The solution is:

ω�ωgµ (14.10)

where

µ���� (14.11)

where µ is the magnification factor related to the inclined angle and the other design

parameters. As the denominator in the square root is always positive, equation

14.11 requires a valid solution:

1� tan2θ(1�2lsin θ/b)>0 (14.12)

From equations 14.11 and 14.12 and parametric analysis [14.2] it can be seen that:

• When θ >0 the natural frequency monotonically increases with increasing b/l.
However, when θ <0 the natural frequency monotonically decreases with

decreasing b/l.
• The natural frequency is independent of the mass of the rigid body. Increasing

the thickness–length ratio h/b results in a decrease of the natural frequency.

However, for relatively small inclined angles such as |θ| <40º, the effect of h/l on

the natural frequency is very small.

• The critical angle is θ ��arcsin( 3�b/2l�) which can be obtained from equation

14.12. Only when the inclined angle is larger than the critical angle will the

system oscillate. Otherwise, the system is in a state of unstable equilibrium, as

will be demonstrated in section 14.3.1.

• The critical angle must be negative. When b< l, there is always a critical angle at

1+tan2θ(1+2lsinθ/b)
���
cosθ[1+tan2θ(1+h/b)/3]
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Table 14.1 Values of β for varying values of ωox/ωg and kox/kx

ωox/ωg kox/kx =1 kox/kx =5 kox/kx =25 kox/kx =100

0.01 1.732 1.183 1.039 1.010
0.1 1.721 1.183 1.039 1.010
1 1.291 1.134 1.036 1.010
10 1.005 1.005 1.004 1.003
100 1 1 1 1



 

which the natural frequency of the system becomes zero. However, when b≥2l,
equation 14.12 holds. Therefore, the necessary condition for an unstable equi-

librium state is that the two strings cross each other.

14.2.3 Translational and rotational suspended systems

When θ�0 the system shown in Figure 14.3d becomes a translational suspended

system in which the motion of the rigid body is around the two points where the

two strings are fixed. Any position of the rigid body is therefore parallel to its ori-

ginal position.

In this case the magnification factor µ is equal to unity and equation 14.8 reduces

to equation 14.1, i.e. the natural frequency of the translational suspended system

can be calculated using the equation for a simple pendulum.

One interesting feature of the system is that the system has a constant natural fre-

quency defined by equation 14.1 even if a mass is added to the rigid body. The size

of the mass and the location of the centre of mass do not affect the natural fre-

quency of the system.

When the two fixed points of the two strings meet, it becomes a rotational sus-

pended system in which the motion of the rigid body is around the single fixed

point. Its natural frequency can be calculated using equation 14.10. The rotational

suspended system has some different dynamic characteristics from the translational

suspended system.

The natural frequencies of the translational and rotational suspended systems and

the effect of the added mass on the two systems will be examined through demon-

stration models in section 14.3.2.

14.3 Model demonstrations

14.3.1 Natural frequency of suspended systems

This model demonstration verifies equation 14.10 and shows the unstable equilib-
rium state at which the suspended system will not oscillate.

A suspended system consists of a uniform hollow aluminium bar with a

square section (a rigid body) and two symmetric strings to suspend the bar. The bar

has a length of b�0.45m, total mass of M�0.094kg and moment of inertia about

its centroid of I�0.0016kg.m2. The length and the angles of the strings can be

varied.

Three typical suspension forms include vertical (Figure 14.4a, θ�0), outward

inclined (Figure 14.4b, θ>0) and inward inclined (Figure 14.4c, θ<0) suspension

systems. In the tests, an initial lateral displacement is applied to the bar and the bar

is suddenly released to generate free vibrations. The number of oscillations is

counted and a stopwatch is used to record the duration of the vibrations. The

swaying natural frequencies of seven different forms of suspension were measured

and are listed in Table 14.2 together with the theoretical predictions obtained using

equation 14.10. It can be seen that there is good agreement between the measured

and calculated lateral natural frequencies.

Figure 14.4d shows an unstable equilibrium state of the system where the two

strings cross each other. An additional horizontal string is applied to prevent out-
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(a) Vertical suspension system (b) Outward inclined suspension system

(c) Inward inclined suspension system (d) Unstable equilibrium state

Figure 14.4 Typical forms of a suspension system used for demonstration and tests.

Table 14.2 Comparison of the measured and predicted lateral natural frequencies

Parameters Experiment Theory Error (%)

θ=0o, l=0.415m 0.778Hz 0.774Hz �0.5
θ=�10.15o, l=0.431m 0.773Hz 0.769Hz �0.5
θ=�22.28o, l=0.825m 0.543Hz 0.536Hz �1.3
θ=�30.69o, l=0.485m 0.718Hz 0.717Hz �0.1
θ=�52.7o, l=0.584m UES UES �
θ=24.66o, l=0.405m 0.930Hz 0.929Hz �0.1
θ=48.4o, l=0.324m 1.67Hz 1.71Hz �2.4

Note
UES � Unstable equilibrium state.



 

plane movement of the system. When a small movement is applied to the system, the

aluminium bar moves to, and balances at, a new position without oscillation.

14.3.2 Effect of added masses

The models demonstrate that the natural frequency of a translational suspended
system is independent of its mass and the location of the centre of the mass and is
the same as that of an equivalent simple pendulum.

Figure 14.5 shows another simple pendulum system. A plate is suspended by four

strings through four holes at the corners of the plate. The other ends of the four

strings are fixed to two cantilever frames as shown in Figure 14.5. The strings are

vertical when viewed from an angle perpendicular to the plane of the frame and are

inclined when viewed in the plane of the frame.
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Figure 14.5 A model of a translational suspended system and a rotational suspended
system.

When the plate moves in the plane of the steel frames, it forms a translational

pendulum system in which the plate remains horizontal during its motion.

Figure 14.6 shows two similar translational suspended systems in which the

masses sway in the plane of the supporting frames. Eight magnetic bars and a steel

block are placed on the plate of one suspended system to raise the centre of mass of

the system. Applying the same displacement to the two plates in the planes of the

frames and releasing them simultaneously, it can be observed that the two sus-

pended systems with different masses and different centres of mass sway at the same

frequency. This demonstrates that the natural frequency of a translational suspended
system is independent of its mass and the location of the centre of mass.



 

The suspended systems in Figure 14.6 can also be used as two identical rotational

suspended systems when the plates sway perpendicularly to the planes of the frames.

Applying the same displacements to the two plates in the direction perpendicular to

the frames and then releasing them simultaneously, it can be observed that the plate

with the added weights oscillates faster than the other plate.

Figure 14.7 shows two arrangements of eight identical magnetic bars. In one case

the eight bars stand on the plate (Figure 14.7a) and in the other case four magnetic

bars are placed on the top and bottom surfaces of the plate respectively (Figure

14.7b). The two cases have the same amount of mass but different centres of mass.

Conducting the same experiment as before for the rotational suspended systems, it

can be seen that the system with standing bars oscillates faster than that with hori-

zontal bars.

The systems shown in Figures 14.5 and 14.7b have different amounts of mass

but the same location of the centre of mass. If the oscillations of the two systems

shown are generated by giving the same initial displacements in the plane perpen-

dicular to the frames, it can be observed that the two systems oscillate at the same

frequency.

The two sets of experiments demonstrate that the natural frequency of a rota-
tional suspended system is dependent on the location of its centre of mass but is
independent of the magnitude of its mass.

Table 14.3 compares the times recorded for 30 oscillations of the translational

and rotational suspended systems with added masses. Each case was tested twice.
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Figure 14.6 Effects of mass and the centre of mass.



 

14.3.3 Static behaviour of an outward inclined suspended system

This demonstration shows that an outward inclined suspended system is a mechan-
ism that moves sideways if a vertical load is applied asymmetrically on the plate.

Consider two suspended systems, where a steel plate is suspended by two vertical

strings and the same plate is suspended by two symmetrically outward inclined

strings, as shown in Figure 14.8.

Place similar weights asymmetrically on the two plates as shown in Figure 14.8b.

It can be observed that the vertically suspended system does not experience any
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Figure 14.7 Effect of the centre of mass.

(a) (b)

Table 14.3 Comparison of the times for 30 oscillations of the suspended systems

Translational suspended Rotational suspended 
systems (seconds) systems (seconds)

Empty (Figure 14.5) 34.3, 34.4 34.4, 34.5

With full weights (Figure 14.6) 34.3, 34.5 32.3, 32.4

With magnetic bars placed vertically 34.2, 34.2 33.4, 33.3
(Figure 14.7a)

With magnetic bars placed horizontally 34.2, 34.3 34.3, 34.3
(Figure 14.7b)



 

lateral movement while the outward inclined suspended system undergoes both

lateral and rotational movements.

For the vertically suspended system, the vertical and lateral movements are

independent and the vertical load only induces vertical deformations of the strings

with little rotation due to the difference of the elastic elongation of the strings. For

the plate suspended by the two outward inclined strings, the horizontal and rota-

tional movements of the plate are coupled. The movements relate to the geometry of

the system rather than the elastic elongation of the strings.

Pendulums 181

(a)

(b)

Figure 14.8 Static behaviour of an outward inclined suspended system.



 

14.4 Practical examples

14.4.1 An inclined suspended wooden bridge in a playground
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Figure 14.9 An inclined suspended wooden bridge in a playground.

As demonstrated in section 14.3.3, an inclined suspended system moves sideways

if a vertical load is applied asymmetrically. The phenomenon should be avoided in

engineering structures, as it may lead to unsafe structures. However, Figure 14.9

shows an outward inclined suspended wooden footbridge in a playground. The

bridge is purposely built in such a way so that the bridge wobbles when a child

walks on the bridge, creating excitement and a challenge for crossing the bridge.

14.4.2 Seismic isolation of a floor

As the natural frequency of a translational suspended system is only governed by its

length and is independent of its mass, the concept of a pendulum seismic isolator

was developed and used in Japan.

As shown in Figure 14.10, a floor suspended from girders of a building frame in

the form of a translational suspended system was adopted for the exhibition rooms

of an actual museum for pottery and porcelain in Japan. The area of the suspended

floor is about 1000m2, and its mass is about 1000 tonnes. Hinges having universal

joints were used for the upper and lower ends of the hangers. The hangers were

4.5m long, producing a natural period of more than four seconds, which was con-

sidered sufficiently long for seismic isolation.

14.4.3 The Foucault pendulum

Figure 14.11 shows a huge brass pendulum that swings across the lower foyer in the

Manchester Conference Centre at the . The pendulum was

set up as a tribute to Jean Bernard Leon Foucault.



 

Jean Bernard Leon Foucault (1819–1868), a French physicist, demonstrated the

earth’s rotation using his famous pendulum. He suspended a 28kg bob with a 67m

wire from the dome of the Pantheon in Paris. Foucault was acclaimed by witnesses

for proving that the earth does indeed spin on its axis. As the plane of the pendulum

oscillation remained unchanged with the stars, they could understand that the Pan-

theon moved around the pendulum, and not vice versa!
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Hangers

Suspended
floors

Figure 14.10 A translational suspended floor (courtesy of Professor M. Kawaguchi).

Figure 14.11 The Foucault pendulum.



 

Foucault’s pendulum was the first dynamical proof of the earth’s rotation in an

easy-to-see experiment.
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15 Free vibration

15.1 Definitions and concepts

Free vibration: a structure is said to undergo free vibration when it is disturbed from

its static stable equilibrium position by an initial displacement and/or initial velocity

and then allowed to vibrate without any external dynamic excitation.

Period of vibration: the time required for an undamped system to complete one

cycle of free vibration is the natural period of vibration of the system.

Natural frequency: the number of cycles of free vibration of an undamped system

in one second is termed the natural frequency of the system, and is the inverse of the

period of vibration.

A SDOF system: if the displacement of a system can be uniquely determined by a

single variable, this system is called a single-degree-of-freedom (SDOF) system. Nor-

mally it consists of a mass, a spring and a damper. The square of the natural fre-

quency of a SDOF system is proportional to the stiffness of the system and the

inverse of its mass.

A generalised SDOF system: consider a discrete system that consists of several

masses, springs and dampers, or a continuous system that has distributed mass and

flexibility. If the shape or pattern of its displacements is known or assumed, the dis-

placements of the system can then uniquely be determined by its magnitude (a single

variable). This system is termed a generalised SDOF system. The analysis developed

for a SDOF system is applicable to a generalised SDOF system.

• For a structure with a given mass, the stiffer the structure, the higher the natural

frequency.

• The larger the damping ratio of a structure, the quicker the decay of its free

vibration.

• The higher the natural frequency of a structure, the quicker the decay of its free

vibration.

• The fundamental natural frequency reflects the stiffness of a structure. Thus it

can be used to predict the displacement of a simple structure. Also the displace-

ment of the structure can be used to estimate its fundamental natural frequency.



 

15.2 Theoretical background

15.2.1 A single-degree-of-freedom system

Consider a SDOF system, as shown in Figure 15.1a, that consists of:
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Figure 15.1 Free vibration of a SDOF system.

(a) A SDOF system (b) Free-body diagram

• A mass, m, (kg or Ns2/m), whose motion is to be examined.

• A spring with stiffness k, (N/m). The action of the spring tends to return the

mass to its original position of equilibrium. Thus the direction of the elastic

force applied on the mass is opposite to that of the motion. Hence the force on

the mass is –ku (N).

• A damper (dashpot) that exerts a force whose magnitude is proportional to the

velocity of the mass. The constant of proportionality c is known as the viscous
damping coefficient and has units of Ns/m. The action of the damping force

tends to reduce the velocity of motion. Thus the direction of the damping force

applied on the mass is opposite to that of the velocity of the motion. The force is

expressed as –cu̇ (N).

Considering the free-body diagram in Figure 15.1b, the equation of motion of the

system can be obtained using Newton’s second law as:

mü��cu̇�ku (15.1)

or

mü�cu̇�ku�0 (15.2)

The frequency of oscillation of the system, called its natural frequency in Hz, is:

f� �
2

ω
π
� � �

2

1

π
� ��

m

k
�� (15.3a)

For viscous damping, it can be shown that:

c�2ξmω (15.3b)

where ξ is the damping ratio. Substituting equation 15.3 into equation 15.2 gives:

ü�2ξωu̇�ω2u�0 (15.4)



 

The solution of equation 15.4 is in the form of [15.1, 15.2]:

u�Aes1t �Bes2t (15.5a)

s1,2 � [�ξ±�ξ2 –1�]ω (15.5b)

where A and B are constants that can be determined from the initial conditions. It

can be seen from equation 15.5 that the response of the system depends on whether

the damping ratio ξ is greater than, equal to or smaller than unity.

Case 1: ξ�1, i.e. critically-damped systems.

In this special case, there are two identical roots from equation 15.5b:

s1 � s2 ��ω (15.6)

Substituting equation 15.6 into equation 15.5a gives:

u� (A�Bt)e�ωt (15.7)

If the mass is displaced from its position of static equilibrium at time t�0, the initial

conditions u(0) and u̇(0) can be used to determine the two constants in equation

15.7. Thus equation 15.7 can be written as:

u� [u(0)(1�ωt)� u̇(0)t]e�ωt (15.8)

Equation 15.8 can be illustrated graphically in Figure 15.2a for the values of 

u(0)�1cm, u̇(0)�1cm/s and ω�1rad/s. This shows that the response of the

critically-damped system does not oscillate about its equilibrium position, but

returns to the position of equilibrium asymptotically, as dictated by the exponential

term in equation 15.8.

It is of interest to know the condition if the response crosses the zero-deflection

position. Solving equation 15.8 at u�0 gives the condition that the response crosses

the horizontal axis once at time:

t�� �
u̇(0)

u

+

(0

u

)

(0)ω
� (15.9)

Consider a case where u(0)�1cm, u̇(0)��1.4cm/s and ω�1rad/s and where t
must be larger than zero. Substituting the values into equation 15.9 gives the solu-

tion t�2.5s. Figure 15.2b shows the curve defined by equation 15.8 for this

particular case. It can be seen that the response crosses the zero-deflection position

at 2.5s then monotonically approaches the zero-deflection position.

Case 2: ξ>1, i.e. overcritically-damped systems.

In this special case, the solution given in equation 15.5 can be re-written as [15.2,

15.3]:

u(t)� [Asinhω�t�Bcoshω�t]e�ξωt (15.10)
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 where ω� �ω�ξ2 –1�. The constants A and B can be determined using the initial con-

ditions u(0) and u̇(0) and equation 15.10 becomes:

u(t)���u̇(0)+

ω�
u(0)ξω
� sinh ω� t�u(0)coshω�t�e�ξωt (15.11)

Equation 15.11 shows that the response reduces exponentially, which is similar to

the motion of the critically-damped system. For example, using the same data 

u(0)�1cm, u̇(0)�1cm/s and ω�1rad/s as were used for producing Figure 15.2a,

but with ξ�2. The free vibration of the overcritically-damped system is shown in

Figure 15.3.

Comparing the displacement-time histories in Figures 15.2a and 15.3, it can be

noted that the overcritically-damped system takes a longer time to return to the ori-

ginal equilibrium position than the critically-damped system. The movement of an

overcritically-damped system will be demonstrated in section 15.3.3.
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Figure 15.2 Free vibration of a critically-damped system.
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Case 3: ξ<1, i.e. undercritically-damped systems.

In this special case, the two roots in equation 15.5b become:

s1,2 ��ξω ± iωD (15.12)

where

ωD �ω�1–ξ2� (15.13)

ωD is the damped natural frequency of the system in free vibrations. The solution

given in equation 15.5 becomes:

u(t)� [AcosωDt�BsinωDt]e�ξωt (15.14)

Using the initial conditions u(0) and u̇(0), the constants can be determined leading to:

u(t)���u̇(0)�

ω
u

D

(0)ξω
� sinωDt�u(0)cosωDt�e�ξωt (15.15)

or

u(t)�dcos(ωDt�θ)e�ξωt (15.16)

where

d��u(0)2 ����u̇(0)�+

ω
u

D

(0)�ξω
�	2� (15.17a)

sinθ��
u̇(0)

ω
+

D

u

d

(0)ξω
�; cosθ��

u(

d

0)
� (15.17b, c)
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Figure 15.3 Free vibration of an overcritically-damped system.



 

θ � tan�1
�u̇(0

ω
)+

Du

u

(

(

0

0

)

)ξω
�� (15.18)

Figure 15.4 shows a typical free vibration of an undercritically-damped SDOF

system defined by equation 15.16.
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Figure 15.4 Free vibration of an undercritically-damped system.

From Figure 15.4 and equation 15.15 it can be seen that:

• The damped system oscillates about the position of equilibrium with a damped

natural frequency of ωD.

• The oscillation decays exponentially.

• The rate of the exponential decay depends on the product of the damping ratio

ξ and the natural frequency of ω.

This last point indicates that a system with a higher natural frequency will decay
more quickly than a similar system with a lower natural frequency in free vibration.

Example 15.1

Two lightly damped SDOF systems have the same damping ratio ξ�0.05 (or 5 per

cent critical) but different natural frequencies of ω1 �2π rad/s and ω2 �4π rad/s

respectively. Applying the same initial displacement u(0)�1.0cm to the two systems

and releasing them simultaneously will generate free vibrations. Calculate the expo-

nential decay at t�3s and plot the vibration time histories.

Solution

For the first system: �ξω1t��0.05×2π×3��0.3π��0.942

The exponential decay is: e�ξω1t �e�0.942 �0.390

For the second system: �ξω2t��0.05×4π×3��0.6π��1.885

The exponential decay is: e�ξω2t �e�1.885 �0.152

Figure 15.5 shows the curves of free vibrations of the two systems using equation

15.15. The results show that the higher the natural frequency, the quicker the decay
of its free vibration.



 

15.2.2 A generalised single-degree-of-freedom system

Consider the vibration of a particular mode of a structure, the vibration can be

described by a SDOF system. Thus it is necessary to calculate the generalised proper-

ties of the system, i.e. the generalised mass, damping and stiffness.

Consider a continuous system, such as the simply supported beam shown in

Figure 15.6a. For a particular mode of vibration φ(x), which may be known or, if

not, be assumed with a maximum value of unity, the vibration of the mode can be

described by the variable z(t) at the centre of the beam and the movement of the

beam at coordinate x as z(t)φ(x). The vibration of the beam v(x, t) in the particular

mode can then be represented by:

v(x, t)�z(t)φ(x) (15.19)

The generalised properties for the vibration of the system in the particular mode are

[15.2]:

Modal mass: m*��L

0

m(x)φ(x)2dx (15.20a)

Modal stiffness: k*��L

0

EI(x)φ′′(x)2dx (15.20b)

Damping coefficient: c*�2ξm*ω (15.21)

The equation of motion of the system (equation 15.2) then becomes:

m*z̈�c*ż�k*z�0 (15.22)

The natural frequency of the vibration mode of the structure can be obtained from

equation 15.22 as follows:

ω2 � �
m

k*

*
� � (15.23)

�L

0

EI(x)φ′′(x)2dx

�L

0

m(x)φ(x)2dx
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Figure 15.5 Comparison of the decay of free vibration of two systems with different natural
frequencies.

(b) System 2 (�2 � 4� rad/s)



 

The accuracy of the natural frequency of the vibration mode depends on the quality

of the known or assumed mode shape φ(x). In order to obtain a good estimation of

the natural frequency, the assumed shape φ(x) should satisfy as many boundary con-

ditions of the structure as possible. In general:

1 For a pinned support at x�0, the displacement and bending moment at the

support should be zero, i.e.:

φ(0)�0 and φ′′ (0)�0

2 For a fixed support at x�0, the displacement and rotation at the support

should be zero, i.e.:

φ(0)�0 and φ′ (0) �0

3 For a free end at x�0, the bending moment and shear force at the free end

should be equal to the applied load P and bending moment M, i.e.:

EIφ′′(0)��M and EIφ′′′(0)��P

If there is no applied loading at the free end, M�P�0.
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Figure 15.6 A simply supported beam with three fundamental mode shapes considered.

(a) A simply supported beam

(b) Comparison of three mode shapes

(c) Comparison of the second derivatives of the three mode shapes



 

A good approximation of the fundamental mode shape is the shape of static deflec-

tion of a structure when it is subjected to distributed loads proportional to the mass

distribution of the structure.

Example 15.2

Figure 15.6a shows a simply supported beam with a length of L, uniformly distrib-

uted mass of m� and flexural rigidity of EI. Three different mode shapes will be con-

sidered in this analysis. They are:

1 φ1(x)�4(x/L)(1�x/L) (15.24a)

2 φ2(x)� �
1

5

6

L

x
4

�(L3 �2Lx2 �x3) (15.24b)

3 φ3(x)� sin�
π
L

x
� (15.24c)

Calculate and compare the modal masses, modal stiffnesses and natural frequencies

determined using the three mode shapes.

Solution

Figure 15.6b compares the three mode shapes used in equation 15.24 where the hor-

izontal axis is x/L, varying between 0 and 1. It can be seen that the curves defined by

equation 15.24b and equation 15.24c almost overlap although there are small dif-

ferences between the curves defined by equation 15.24a and equations 15.24b and

15.24c.

Differentiating equations 15.24a, 15.24b and 15.24c twice with respect to x
gives:

φ1′′(x)�� �
L

8
2

� (15.25a)

φ2′′(x)�� �
192

5

x

L

(L
4

–x)
� (15.25b)

φ3′′(x)�� �
L

π2

2
� sin �

π
L

x
� (15.25c)

Figure 15.6c compares the shapes of the three second derivatives. The curves defined

by equation 15.25b and equation 15.25c are close to each other. However, there are

significant differences between the curves defined by equation 15.25a and equations

15.25b and 15.25c.

Case 1: this assumed shape satisfies φ(0)�0 and φ(L)�0. However, φ′′(0)≠0 and

φ′′(L)≠0. Using equations 15.20 and 15.23 gives:
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Case 2: equation 15.24b is the shape of the static deflection curve when the beam is

subjected to a uniformly distributed load. This function satisfies the required bound-

ary conditions and:
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Case 3: equation 15.24c is the true shape of the fundamental mode of a simply

supported beam and leads to:
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194 Dynamics

Table 15.1 Comparison of coefficients of m*, k* and ω2

k*=a1EI/L3 m*=a2m�L ω2 =a3EI/(m�L4)

a1 R.E. a2 R.E. a3 R.E.

Equation 15.26a 64 31.4% �
1

8

5
� 6.7% 120 23.2%

Equation 15.26b �
6

1

1

2

4

5

4
� 0.9% �

3

7

9

8

6

7

8

5
� 0.8% �

30

3

2

1

4
� 0.1%

Equation 15.26c �
π
2

4

� 0% �
1

2
� 0% π4 0%



 

Table 15.1 compares coefficients of m*, k* and ω2 in equation 15.26 and gives

the relative errors (R.E.) against the exact values. It can be seen from Table 15.1

that:

• Equation 15.26b produces a solution very close to the true solution given by

equation 15.26c.

• The solution obtained using equation 15.26a is 23 per cent larger than the true

solution, which is because the assumed mode shape does not fully satisfy the

boundary conditions.

• The differences between the modal stiffnesses are larger than the differences

between the modal masses, as there are small differences between the three

shape functions which are used for calculating the modal masses, but there are

larger differences between the second derivatives of the three functions which

are used to calculate the modal stiffnesses.

• Using the assumed mode shapes overestimates the modal stiffness, modal mass

and natural frequency of the beam.

Conceptually, the use of assumed mode shapes rather than the true mode shapes is

equivalent to applying additional external constraints on the structure to force the

structure to deform in the assumed mode shape. These constraints effectively stiffen

the structure, leading to an increased stiffness, and hence overestimate the true

natural frequencies. This indicates that the lowest natural frequency obtained using

a number of different assumed mode shapes would be the closest to the true value.

For instance, the estimated natural frequency in case 2 is smaller than that in case 1,

thus case 2 provides a better estimation than case 1.

15.2.3 A multi-degrees-of-freedom (MDOF) system

Consider the free vibration of a linear system that consists of N degrees-of-freedom.

The equation of undamped free vibration of the system has the following form:

Mv̈�Kv�0 (15.27)

where M is the mass matrix, K is the stiffness matrix and v is the vector of displace-

ments. The natural frequencies and mode shapes of the system can be obtained by

solving the eigenvalue problem:

[K�ω i
2M]φi �0 (15.28)

where ωi and φi are the natural frequency and shape of the ith mode (i�1, 2, . . ., N).

ωi
2 is also known as an eigenvalue or characteristic value.

The N modes obtained from equation 15.28 are independent, i.e. no one mode

can be expressed by a linear combination of the other modes. These modes satisfy

the following orthogonality conditions:

φi
TKφj �0 φi

TMφj �0 i≠ j (15.29a)

φi
TKφi �Ki φi

TMφi �Mi i� j (15.29b)
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where Ki and Mi are the modal stiffness and modal mass of the ith mode and are

positive, and related by:

Ki �ω i
2Mi (15.30)

The summation of the response of several modes of a structure can be used to repre-

sent the structural response. As the N independent mode vectors form a base in the

N dimensional space, any other vector in the space can be expressed as a linear com-

bination of the N mode vectors, i.e.:

v�z1φ1 �z2φ2 � . . .�zNφN �
N

i�1

ziφi (15.31)

where zi is the magnitude of the ith mode, defining the contribution of the mode to

the total response. In practice, it is frequently the case that only the first few modes

can reasonably represent the total dynamic response of structures. This leads to an

effective simplification of analysis without significant loss of accuracy. Figure 15.7

shows the vibration of a cantilever column. Its deflected shape can be reasonably

represented by the summation of the response of the first three modes. (The shapes

of the first two modes of vibration of a cantilever will be shown in section 15.3.5.)
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Figure 15.7 Deflected shape as the sum of modal components [15.2].

15.2.4 Relationship between the fundamental natural frequency
and the maximum displacement of a beam

The fundamental natural frequency of a uniform beam can be expressed using

equations 15.23 and 15.26:

f� �
2

ω
π
� � �

2

b

π
1
� ��

m�

E

L

I
4

�� (15.32)

where b1 is a constant related to the boundary conditions. The values of b1 for

beams with common boundary conditions are given in Table 15.2. For example, 



 

b1 �π2 for a simply supported beam. From Chapter 7 it is known that the maximum

displacement of the uniform beam, listed in Table 15.2, subjected to self-weight can

be expressed in a unified form as follows:

∆�d1 �
m�

E

g

I

L4

� (15.33)

where g is gravity, m� is the distributed mass of the beam along its length L and d1 is

a constant dependent on the boundary conditions. For example, d1 �5/384 for a

simply supported beam. The constant d1 for the beams with four common boundary

conditions are given in Table 15.2.
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Table 15.2 Coefficients for single-span beams

Simply supported beam Fixed end beam Propped cantilever Cantilever
beam beam

b1 9.87 22.4 15.4 3.52
d1 0.0130 0.00260 0.00542 0.125
A1(m1/2/s) 0.561 0.570 0.565 0.621
B1(m/s2) 0.315 0.325 0.320 0.385

It can be noted that equations 15.32 and 15.33 contain the same term EI,
through which a relationship between the fundamental natural frequency f and the

maximum displacement ∆ due to the self-weight of a beam can be established. Equa-

tions 15.32 and 15.33 can be expressed as:

EI��
4π2

b

m�
2
1

L4

�f 2 EI�d1 �
m�g

∆
L4

�

leading to:
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As the constants b1 and d1 are given, the coefficients A1 and B1 can be calculated for

the beams listed in Table 15.2 and have units of m1/2/s and m/s2 respectively. The

corresponding values of A1 and B1 are given in Table 15.2 using g � 9.81m/s2. Thus

the displacement ∆ is measured by m in the above two equations. The fundamental

natural frequency of a beam can be calculated using Table 15.2 and equation 15.34

if the maximum displacement of the beam due to its self-weight is known. Alterna-

tively, the maximum displacement of a beam can be estimated using Table 15.2 and

equation 15.35 if the fundamental natural frequency is available either from

calculation or vibration measurement. Examples 15.3 and 15.4 illustrate the

applications.



 

Example 15.3

A cantilever beam supporting a floor has a self-weight of 20kN/m. A static analysis

of the beam shows the maximum displacement of 0.06m subject to live load of

30kN/m. Calculate the fundamental natural frequency of the beam.

Solution

The maximum displacement of the structure subjected to its self-weight should be

0.06× (20/30)�0.04m. For a cantilever beam, select A1 �0.621 from Table 15.2.

The fundamental natural frequency of the cantilever beam is thus calculated as:

f�A1��
∆
1

���0.621 ��
0.

1

04
���3.11Hz (15.36)

Example 15.4

A simply supported beam bridge has a self-weight of 30kN/m and the fundamental

frequency of the bridge of 4.5Hz. Estimate the maximum displacement of the bridge

for the live load of 150kN/m.

Solution

For a simply supported beam, select B1 �0.315 from Table 15.2. Using equation

15.35 gives the maximum displacement of the bridge for self-weight only as:

∆�B1�
f

1
2
� �0.315�

4.

1

52
� �0.0156m

The maximum displacement due to the live load will be:

0.0156×150/30�0.078m

It is interesting to note in Table 15.2 that the values of A1 and B1 for the four cases

are close, in particular for the first three cases; indicating that A1 and B1 are not sen-

sitive to boundary conditions. This observation is useful for practical application of

equations 15.34 and 15.35 as boundary conditions are often not either truly pinned

or fixed. Actually, the effect of boundary conditions have been considered in ∆ for

determining the fundamental natural frequency f, and in f for calculating the

maximum displacement ∆.

15.2.5 Relationship between the fundamental natural frequency
and the tension force in a straight string

The vibration of a straight string in tension can be described by the following equa-

tion [15.4]:

m� �
∂
∂

2

t

v
2

� �F �
∂
∂
x

2v
2

� (15.37)

198 Dynamics



 

where v is the transverse vibration of the string, and is a function of time t and posi-

tion x. F is the tension force in the string and m� is the distributed mass of the string.

Considering the vibration of the first mode:

v(x, t)�Asin �
π
L

x
� sin(2πf)t (15.38)

where L is the length of the string and f is the fundamental natural frequency of the

string in the transverse direction. Substituting equation 15.37 into equation 15.36

gives:

F�4m�L2f 2 (15.39)

Equation 15.38 indicates that:

• The tension force in the string can be calculated using the fundamental natural

frequency obtained from either measurement or analysis.

• The tension force in the string is proportional to the total mass of the string m�L,

its span L and its natural frequency squared, f 2.

Similar formulae to equation 15.38 are available for predicting the tension force in a

string or a cable [15.5]. Section 15.3.6 will provide a model test and section 15.4.6

will show a practical application.

15.3 Model demonstrations

15.3.1 Free vibration of a pendulum system

This demonstration shows the definitions of natural frequency and period of a
simple system.

Figure 15.8 shows a pendulum system consisting of five balls suspended by strings

with equal length (known as Newton’s cradle). Push the balls in a direction parallel

to the plane of the frames to apply an initial displacement and release the balls. The

balls then move from side to side in free vibration at the natural frequency of the

system.

Count the number of oscillations of the balls in 30 seconds and the number of

oscillations divided by 30 is the natural frequency of the oscillations of the pendu-

lum system in cycles per second or Hz. The inverse of the natural frequency is the

period of the oscillations. For the studied system, 40 cycles of oscillation in 30

seconds were counted. Thus the natural frequency of the system is 40/30�1.33Hz

and the period is 1/1.33�0.75s.

The vertical distance between the supports of the strings and the connecting

points on the balls is 140mm so the theoretical value of the natural frequency is:

f� �
2

1

π
� ��

L

g
��� �

2

1

π
� ��

9

1

8

4

1

0

0
���1.33Hz (14.3)
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15.3.2 Vibration decay and natural frequency

This set of models demonstrates that the higher the natural frequency of a structure,
the quicker the decay of its free vibration.

A single steel ruler and a pair of identical steel rulers, bolted firmly together, are

placed side by side as cantilevers shown as in Figure 15.9a. Give the ends of the two

cantilevers the same initial displacement and release them suddenly at the same time

(Figure 15.9a). Free vibrations of the rulers follow and it will be observed that the

bolted double ruler stops vibrating much more rapidly than the single ruler (Figure

15.9b).
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Figure 15.8 Free vibration and natural frequency of a pendulum system.

(a) Applying the same initial displacement

Figure 15.9 The decay of free vibration and the natural frequencies of members.

(b) The double ruler stops vibration more
quickly than the single ruler



 

The rate of decay of free vibration is proportional to the product of the damping

ratio and the natural frequency of the structure as shown in equation 15.15 and

example 15.1. The bolted double ruler has a higher natural frequency since its

second moment of area is eight times of that of the single ruler, making it eight times

as stiff as the single ruler, while its mass is just double of that of the single ruler. In

fact the fundamental natural frequency of the bolted double ruler is twice that of the

single ruler. The damping ratios for the two cantilevers can be considered to be the

same. Hence this demonstration verifies the concept that the higher the natural fre-
quency of a structure, the quicker the decay of its free vibration.

15.3.3 An overcritically-damped system

This demonstration shows the movement rather than the vibrations of an overcriti-
cally-damped beam subject to an initial displacement.

Figure 15.10 shows two cantilever metal strips representing two cantilever beams.

The one on the left is a conventional metal strip and the one on the right uses two

metal strips with a layer of damping material constrained between the two strips.

Apply the same initial displacement on the free ends of the two cantilevers and

release them at the same time. It is observed that the cantilever on the right returns

to its original position slowly without experiencing any vibration. This is the

phenomenon of an overcritically-damped system described in section 15.2.1 and

Figure 15.3.
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Figure 15.10 Demonstration of an overcritically-damped system.



 

15.3.4 Mode shapes of a discrete model

This demonstration shows the two mode shapes of a discrete TDOF system.
Figure 15.11 shows a two-degree-of-freedom (TDOF) model that has two natural

frequencies and two vibration modes. Apply initial horizontal displacements of the

two masses in the same direction and then release them at the same time, the first

mode of vibration is generated, Figure 15.11a. Apply initial horizontal displace-

ments of the two masses in opposite directions and then release them at the same

time, the second mode of vibration is generated, Figure 15.11b.
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(a) The first mode of vibration

Figure 15.11 Mode shapes of a TDOF model.

(b) The second mode of vibration

15.3.5 Mode shapes of a continuous model

This demonstration shows the shapes of the first two modes of vibration of a contin-
uous beam.

Take a long plastic strip and hold one end of the strip as shown in Figure 15.12.

Then moving the hand forward and backward slowly, it generates the first mode of

vibration as shown in Figure 15.12a. Do the same but increase the speed of the

movement, it excites the second mode of vibration as given in Figure 15.12b. The

two mode shapes of the strip are similar to those shown in Figure 15.7.



 

15.3.6 Tension force and natural frequency of a straight tension bar

This experiment verifies equation 15.38 and shows that the force in a tension bar
can be predicted using natural frequency measurement.

Two steel bars with different diameters (6mm and 8mm) and lengths (2.55m and

2.73m) were fixed to the steel frame shown in Figure 15.13a. Two strain gauges
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(a) The first mode of vibration

Figure 15.12 Mode shapes of a cantilever.

(b) The second mode of vibration

(a)

Figure 15.13 Verification test of a tension bar.

(b)



 

were glued on each of the bars opposite to each other at the mid-points of the bars.

Tension forces were applied through turnbuckles at the ends of the bars, and the

values of forces were determined through strain measurements. A small accelerome-

ter was fixed to one of the two bars as shown in Figure 15.13b to record vibrations.

Vibration tests of the tension bars were conducted and accelerations were

recorded when the bars were tensioned to different levels. Fundamental natural fre-

quencies were determined from spectral analysis of the acceleration responses. For a

range of measured fundamental natural frequencies Table 15.3 compares the meas-

ured tension forces in the 6mm tension bar and the forces predicted using equation

15.38 where the measured fundamental natural frequency values were taken. For

predictions, the following values were used: L�2.55m, ρ�7850kg/m3 and A�πr2

�π(0.003)2 m2.
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Table 15.3 Comparison of the measured and predicted tension forces for 6mm bar [15.5]

Experimental results Prediction using equation 15.38

Natural frequency (Hz) Tension force (kN) Tension force (kN) Relative error (%)

13.9 1.16 1.16 0.00
15.5 1.42 1.39 2.11
16.9 1.70 1.65 2.94
18.3 1.98 1.93 2.53
19.6 2.25 2.22 1.33
20.5 2.50 2.43 2.80
21.9 2.77 2.77 0.00
22.8 3.05 3.00 1.67

It can be seen from Table 15.3 that the tension forces in a tensioned bar can be

predicted using equation 15.38 and the natural frequency measurements.

15.4 Practical examples

15.4.1 A musical box

A musical box is a device that produces music using mechanical vibration. Figure

15.14a shows one of many decorative music boxes which are readily available. The

core of the music box is the unit shown in Figure 15.14b.

A spring is used to rotate a music tube, converting the potential energy stored in

the spring into the kinetic energy which drives the rotation of the tube. Raised

points on the tube displace cantilever metal bars causing them to vibrate and gener-

ate sound. Different geometries (lengths and cross-sections) of the bars (see Figure

15.15) provide different natural frequencies of the bars, generating different music

notes. The distribution of the raised points on the tube is designed to create a

particular music tune when the tube rotates. The music unit shown in Figure 15.14b

has 18 metal bars generating 18 different musical notes.



 A given musical note relates to a particular natural frequency of the vibrating

body. Table 15.4 gives the relationships between some natural frequencies and

music notes.

Figure 15.16 shows part of the keyboard of a piano. The main reference point on

a piano is known as Middle C. This is the white note located approximately in the

centre of the keyboard and immediately to the left of a pair of black keys. Striking

the Middle C key, the sound generated corresponds to a frequency of 262Hz. The

next white key, D, to the right of the Middle C key, produces a sound corresponding

to a frequency of 294Hz.
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(a) A musical box

Figure 15.14 A musical box and its core (the models are provided by Professor B. Zhuang,
Zhejiang University, China).

(b) The core of the musical box

Figure 15.15 Cantilever beams with different lengths and sections in the music box (mm)
[15.6].

8

0.5
16

Table 15.4 Relations between natural frequency and music note [15.6, 15.7]

Natural frequency (Hz) 261.6 293.7 329.6 349.2 392 440 493.9
Music note (Middle) C D E F G A B



 

15.4.2 Measurement of the fundamental natural frequency of a
building through free vibration generated using vibrators

When the free vibrations of a structure can be measured as accelerations, velocities

or displacements, the natural frequencies of the structure can be determined from

their vibration time histories.

Figure 15.17 shows an eight-storey steel-framed test building in the Cardington

Laboratory of the Building Research Establishment Ltd. Different dynamic test
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Figure 15.16 The keyboard of a piano.

Figure 15.17 The test building (courtesy of Building Research Establishment Ltd).



 

methods were used to determine the natural frequencies of this building. One of the

methods used was to record the free vibrations of the building [15.8].

Four vibrators mounted at the corners of the roof of the building were used to

generate movement of the structure. Once movement was initiated the vibrators

were turned off and the resulting free vibrations of the structure were measured by

accelerometers. Figure 15.18 shows the acceleration–time history of the decayed

vibrations. The frequency of the oscillations, which is a natural frequency of the

structure, was determined from the time history as the inverse of the time interval

between two successive acceleration peaks.

15.4.3 Measurement of the natural frequencies of a stack through
vibration generated by the environment

Environmental effects such as air movements around a structure can also induce

vibrations, though such vibration may be very small. These types of vibration may

not be exactly free vibration as they are caused by disturbances due to external

effects, such as wind. However, the concept of free vibration can still be used to

identify the natural frequencies of a structure.

Figure 15.19 shows a 97.5m tall multiflare stack which can be used to burn off

excess gases. A laser test system was set up approximately 100m from the stack to

monitor the stack vibrations. Several velocity–time histories on selected measure-

ment points of the stack were measured when wind was blowing.

The natural frequencies of 0.67Hz and 0.73Hz were measured which corre-

sponded to the fundamental modes in the two orthogonal horizontal directions.
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Figure 15.18 The free vibration record of the building.



 15.4.4 The tension forces in the cables in the London Eye

The wheel of the London Eye is stiffened by cables as shown in Figure 15.20. There

are 16 rim rotation cables, each around 60mm thick. In addition, there are 64 spoke

cables, which are all 70mm thick and are spun from 121 individual strands in

layers. Part of the tension in the cables will be lost due to normal operations after a

period of time. Thus the cables need to be re-tensioned to maintain their design

values. It is not convenient to measure the tension force directly in each of the

cables. Instead, transverse impact loads are applied to each cable to generate free

vibrations, from which the fundamental natural frequency of the cable in the trans-

verse direction can be determined. Using the measured fundamental natural fre-

quency, the tension in each cable can be predicted using equation 15.38 or similar

equations. Tension losses can then be identified and recovered.
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Figure 15.19 A multiflare stack.
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Figure 15.20 The London Eye.



 

16 Resonance

16.1 Definitions and concepts

Resonance is a phenomenon which occurs when the vibration of a system tends to

reach its maximum magnitude. The frequency corresponding to resonance is known

as the resonance frequency of the system. When the damping of the system is small,

the resonance frequency is approximately equal to the natural frequency of the

system.

• The resonance frequency is related to the damping ratio, the input (loading or

ground motion) and the selected measurement parameter (relative or absolute

movement, displacement, velocity or acceleration).

• Increasing damping will effectively reduce the response of the structure at

resonance.

For a single-degree-of-freedom (SDOF) system subject to a harmonic input, such as

a direct load or a base motion, there are three characteristics:

• The maximum dynamic displacement is close to the static displacement for a

given load amplitude if the load frequency is less than a quarter of the natural

frequency of the system.

• The maximum dynamic displacement is less than the static displacement if the

load frequency is more than twice the natural frequency of the system.

• The maximum dynamic displacement is several times the static displacement if

the load frequency is close to or matches the natural frequency of the system.

16.2 Theoretical background

Although the above statements are abstracted from the study of a single-degree-of-

freedom system subject to a harmonic input, they are applicable to many practical

situations. This is because:

• The response of a structure can be expressed as the summation of the responses

of several modes of vibration, and the response of each mode can be represented

using a SDOF system.

• Some common forms of dynamic loading can be expressed as a summation of

several harmonic components.



 

This section summarises the fundamental characteristics of the response of a SDOF

system to a harmonic load. Many reference books, such as [16.1, 16.2], deal with

other types of dynamic load as well as with multi-degrees-of-freedom systems.

16.2.1 A SDOF system subjected to a harmonic load

16.2.1.1 Equation of motion and its solution

Consider a SDOF system comprising a mass, m, attached to a spring of stiffness k,

and a viscous damper of capacity c as shown in Figure 16.1a subjected to a har-

monic load:

P(t)=P0sinωpt (16.1)

where P0 is the force magnitude and ωp is the angular frequency of the load. A free-

body diagram of the system is shown in Figure 16.1b, from which the equation of

motion can be obtained using Newton’s second law:

mü=F0sinωpt–cu̇–ku (16.2a)

or

mü+cu̇+ku=F0sinωpt (16.2b)
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Figure 16.1 A SDOF system subject to a harmonic force.

(a) A SDOF system subject to a harmonic load (b) Free-body diagram

The particular solution of equation 16.2b can be written in the following form:

u(t)=Asin(ωpt–θ) (16.3)

where A is a constant which is equal to the maximum amplitude of the motion that

follows the force by θ, called the phase lag. Equation 16.3 indicates that the mass

experiences simple harmonic motion at the load frequency ωp.

Differentiating equation 16.3 in respect to u once and twice and substituting u, u̇
and ü into equation 16.2b leads to:

mAω 2
p sin(ωpt–θ+π)+cAωpsin(ωpt–θ+π/2)+kAsin(ω pt–θ)=P0sinωpt (16.4)

Inertial force Damping force Spring force Applied force



 

Equation 16.4 shows that:

• The spring or elastic force lags the applied harmonic force by an angle of θ.

• The damping force precedes the spring force by π/2.

• The inertial force precedes the damping force by π/2, but has an opposite direc-

tion to the spring force.

A vector diagram of all the forces acting on the body is shown in Figure 16.2 from

which it can be shown that:

P2
0 = (kA–mω2

pA)2 + (cωpA)2 (16.5)
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Figure 16.2 A diagram of force vectors.

The magnitude of the motion A can be obtained from equation 16.5 as:

A=

= �
P

k
0
� (16.6)

where

β= �
ω
ω

p
� (16.7)

c=2ξmω (16.8)

β, called the frequency ratio, is the ratio of the frequency of the load, ωp, to the

natural frequency of the system, ω. The phase lag between the applied force and the

displacement can also be found from Figure 16.2 as:

tanθ=�
kA

c

–

A

m

ω
A
p

ω2
p

�=�
1

2

–

ξ
(ω
ω

p

p

/

/

ω
ω

)2
�=�

1

2

–

ξ
β
β

2
� (16.9)

1
���
�(1–β2�)2 + (2ξ�β)2�

P0
���
�(k–mω�2

p)
2 + (c�ωp)

2�



 

Equations 16.3, 16.6 and 16.9 are the solutions of a SDOF system subject to a har-

monic force in steady state vibration. They are the same as those derived from the

solution of the differential equation (equation 16.2) [16.1, 16.2]. The derivation and

solution indicate that:

• The displacement of the mass lags the force by θ.

• The velocity of the mass is ahead of its displacement by π/2.

• The acceleration of the mass leads its velocity by π/2 and the displacement by π.

• When 1–β2 =0 or θ=90° in equation 16.9, the force diagram in Figure 16.2

becomes a rectangle. The inertial force and the spring force balance each other

and the external load is countered by the damping force. As the damping force

is generally much less than the inertia and spring forces, the system response will

be much bigger than when the other system forces dominate.

16.2.1.2 Dynamic magnification factor

Considering the static displacement of the mass as:

∆= �
P

k
0
� (16.10)

Equation 16.6 can be written in the following form:

A=∆ × MD (16.11)

where

MD = (16.12)

Equation 16.11 indicates that the maximum dynamic displacement (A) can be
expressed as a product of the corresponding static displacement (∆) and a dynamic
magnification factor (MD), which is thus a function of the frequency ratio and the
damping ratio. MD therefore refers the dynamic characteristics of the system subject

to a harmonic force.

For several damping ratios (ξ=0.01, 0.1, 0.2 and 0.5), MD is shown in Figure

16.3 as a function of the frequency ratio (β). These curves can be interpreted as

follows:

• when the load frequency is less than one-quarter the natural frequency of the

system, the maximum dynamic displacement is close to the static displacement

of the system;

• when the load frequency is more than twice the natural frequency, the

maximum dynamic displacement is much lower than the static displacement of

the system;

• when the load frequency is equal or close to the natural frequency, resonance

will occur and the maximum dynamic displacement can be several times the

static displacement of the system.

1
���
�(1–β2�)2 + (2ξ�β)2�
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The significance of these observations is:

• if the load moves slowly, or the frequency of the load is much lower than the

natural frequency of a structure, it can be treated as a static problem;

• if the load frequency is significantly larger than the natural frequency of a struc-

ture, dynamic analysis may not be required;

• the situation when the load frequency is close to the natural frequency of the struc-

ture will generate a resonant response and this is a situation to avoid. Increasing

system damping will, however, effectively reduce the response at resonance.

16.2.1.3 The phase lag

The particular solution of equation 16.2b can be obtained by solving the differential

equation and is in the following form:

u(t)= �
P

k
0
� ��(1–β2)2

1

+(2ξβ)2
��[(1–β2)sinωpt–2ξβcosωpt] (16.13)

Let:

sinθ= (16.14a)

cosθ= (16.14b)

Using the relationship:

1–β2

���
�(1–β2�)2 + (2ξ�β)2�

2ξβ
���
�(1–β2�)2 + (2ξ�β)2�
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Figure 16.3 Variation of dynamic magnification factor with frequency ratio.



 

sinωptcosθ–cosωptsinθ=sin(ωpt–θ) (16.15)

and substituting equations 16.10, 16.12 and 16.14 into equation 16.13 leads to a

concise expression:

u(t)=∆⋅MDsin(ωpt–θ) (16.16)

where θ and MD have been given in equations 16.9 and 16.12 respectively. Equation

16.16 is normally used instead of equation 16.13 in calculations because it has a

simpler form.

It should be noted that equation 16.13 and equation 16.16 do not always give

identical results. The difference between equation 16.13 and equation 16.16 is due

to the definitions of the angle θ in equation 16.9 and equation 16.14. Since 2ξβ will

always be positive, the variation of the phase lag should be between 0 and π in equa-

tion 16.14 as shown in Figure 16.4a. However, the angle θ in equation 16.16

defined by equation 16.9 varies between –π/2 and π/2 shown in Figure 16.4b, which

does not match that in the original equation (equation 16.13) as shown in Figure

16.4a. This can be examined in detail as shown in Table 16.1.

This difference is important in certain situations.
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Table 16.1 Comparison of the phase lags defined in Figure 16.4a (equation 16.14) and Figure
16.4b (equation 16.9)

Situation θ in Figure 16.4a θ in Figure 16.4b Conclusion

when 1� β2 >0 0<θ<π/2 0<θ<π/2 Equation 16.14�Equation 16.9
when 1�β2 <0 π/2<θ<π �π/2<θ<0 Equation 16.14�Equation 16.9

2JVp

1 �b2
u

2JVp

1 �b2
u

(a) 0<θ<π in the actual situation (Equation
16.14)

(b) –π/2<θ<π/2 in Equation 16.9

Figure 16.4 Definition of the range of the phase lag, θ.



 

Example 16.1

A SDOF system subjected to a harmonic load has the following parameters:

F0 =1N; k=1kN/m; β=1.1; ξ=0.02; ωp =2π rad/s

Calculate the response of the system when the phase lags are calculated using equa-

tion 16.9 and equation 16.14 respectively.

Solution

Substituting the above data into equation 16.14 gives:

2ξβ=0.044 1–β2 =–0.21 �(1–β 2�)2 + (2ξ�β)2�=0.2146

sinθ=0.2050 θ can be 11.83° or 168.17°

cosθ=–0.9787 θ can be 168.17° or –168.17°

The actual phase lag should satisfy both equations 16.14a and 16.14b. Thus it must

be 168.17°.

When equation 16.9 is used, it yields

tanθ=–0.2095 and θ=–11.83°

The phase difference between –11.83° an 168.17° is exactly 180°. The response

curves generated using equation 16.13 and equation 16.16 are given in Figure 16.5

showing the 180° phase difference.

To this incompatibility, a supplementary condition must be introduced and equa-

tion 16.9 should be written in the following form:

tan–1��1
2

–

ξ
β
β

2
��+π if 1–β 2 <0

θ=

tan–1��1
2

–

ξ
β
β

2
�� if 1–β 2 >0 (16.17)
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Figure 16.5 Harmonic vibration of a damped SDOF system.



 

Then the response calculated using equations 16.16 and 16.17 is the same as that

using equations 16.13 and 16.14.

The supplementary condition (equation 16.17) is necessary and straightforward

when equation 16.16 is used, but this has not been emphasised elsewhere. The pos-

sible error in calculating phase lag does not affect the magnitude of the response

when a SDOF system is subjected to a single harmonic load; however, when several

harmonics, such as those for human jumping loads, need to be considered, the errors

in the calculation of phase lags will affect the magnitudes and pattern of the loads

and consequently the response of the structure subjected to these loads [16.3].

16.2.2 A SDOF system subject to a harmonic support movement

Consider a SDOF system subjected to vertical harmonic ground or support move-

ments. The ground motion is defined as follows:

vg =Bsinωpt (16.18)

where B is the magnitude of the ground movement and ωp is the frequency of the

ground movement.
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Figure 16.6 A SDOF system subject to vertical ground movements.

The equation of motion of the SDOF system is:

m(vg +v)+cv̇ +kv=0 (16.19)

where v is the movement of the mass relative to the ground. Substituting equation

16.18 into equation 16.19 gives:

mv̈+cv̇ +kv=mω2
pBsinωpt (16.20)

Comparing equation 16.20 and equation 16.2b, it can be seen that they are identical

when P0 =Bmω2
p. Thus the solution of equation 16.20 has the same form as equation

16.3 and the magnitude of the vibration using equation 16.6 is:

A=

=�
B

m

m

ω
ω

2

2
p

� = (16.21)
Bβ 2

���
�(1–β2�)2 + (2ξ�β)2�

1
���
�(1–ω2

p�/ω2)2 +� (2ξωp�/ω)2�

Bmω2
p

���
�(k–mω�2

p)
2 + (c�ωp)

2�



 

Thus the solution of equation 16.20 is:

v(t)=BMRsin(ωpt–θ) (16.22)

where the phase lag θ has been given in equation 16.17 and MR is the dynamic mag-

nification factor for the relative movement of the system to ground and is defined as:

MR = (16.23)

If the absolute motion, va =vg +v, of the mass is considered, equation 16.19 can be

rewritten as:

mv̇a +cv̇a +kva =cv̇g +kvg

=cBωpcosωpt+kBsinωpt

=B�k2 + (cω�p)
2� sin(ωpt+φ) (16.24)

where

φ=tan–1��
cω
k

p
��=tan–1[2ξωp/ω] (16.25)

As both 2ξωp and ω are positive, φ varies between 0 and π/2. Thus, similar to equa-

tion 16.22, the solution of equation 16.24 can be written as:

va(t)=BMAsin(ωpt+φ–θ) (16.26)

where MA is the dynamic magnification factor for the absolute movement of the

system and is expressed as:

MA = (16.27)

The phase lag in equation 16.26 has been defined in equation 16.17.

Comparing the ground motion, equation 16.18, and the absolute movement of

the system, equation 16.26, it can be noted that the magnification factor MA in equa-

tion 16.27 is also called the motion transmissibility that is the ratio of the amplitude

of the absolute vibration of the system to the amplitude of the ground motion.

Similar to Figure 16.3 for the magnification factor when the system is subjected to a

harmonic load, Figures 16.7 and 16.8 show the dynamic magnification factors for

the relative and absolute displacement respectively for four damping values, 0.01,

0.1, 0.2 and 0.5 when the system is subjected to harmonic ground motion.

The same qualitative observations as those from Figure 16.3 can be obtained

from Figure 16.8.

�1+(2ξ�β)2�
���
�(1–β 2�)2 + (2ξ�β)2�

β2

���
�(1–β 2�)2 + (2ξ�β)2�
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16.2.3 Resonance frequency

It can be observed from Figures 16.3, 16.7 and 16.8 that the resonance frequency is

different to and maybe larger or smaller than the natural frequency of the system.

This difference is more pronounced for higher damping ratios. The resonance fre-

quency can be obtained by differentiating the magnification factors with respect to

the frequency ratio and letting the functions be zero. For the magnification factors

given in equations 16.12, 16.23 and 16.27:

�
∂
∂
M

β
D

�= �
∂
∂
β
� � �=0 (16.28a)

1
���
�(1–β 2�)2 + (2ξ�β)2�
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Figure 16.7 The magnification factor for the relative movement of the system.
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Figure 16.8 The magnification factor for the absolute movement (motion transmissibility)
of the system.
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∂
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∂
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β
� � �=0 (16.28b)

�
∂
∂
M

β
A

�= �
∂
∂
β
� � �=0 (16.28c)

The solution of equation 16.28 gives the relationship between the resonance and

natural frequencies of a SDOF system as follows:

When subjected to a harmonic load:

fR = f �1–2ξ2� (16.29a)

When subjected to a harmonic ground motion and examining the relative move-

ment:

fR,R =��1

f

–2ξ2�
� (16.29b)

When subjected to a harmonic ground motion and considering the absolute move-

ment:

fR,A =��
�1+

4	8

ξ
ξ
2

2�–	1
�	 (16.29c)

Thus the differences between the natural frequency and the three resonance frequen-

cies can be quantified using equation 16.29. Table 16.2 lists the ratios of the reson-

ance frequency to the natural frequency for different damping ratios and for the

three expressions.

�1+(2ξ�β)2�
���
�(1–β 2�)2 + (2ξ�β)2�

β 2

���
�(1–β 2�)2 + (2ξ�β)2�
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Table 16.2 Effect of damping ratio on the resonance frequency

ξ 0.01 0.05 0.1 0.2 0.3 0.4 0.5

Equation 16.29a fR/f 0.9999 0.9975 0.9899 0.9592 0.9055 0.8246 0.7071
Equation 16.29b fR,R/f 1.0001 1.0025 1.0102 1.0426 1.1043 1.2127 1.4142
Equation 16.29c fR,A/f 0.9999 0.9975 0.9903 0.9647 0.9301 0.8927 0.8556

It can be observed from Table 16.2 that:

• The resonance frequency is related to the damping ratio. When the damping

ratio is less than 0.1, there are negligible differences between the natural fre-

quency and resonance frequency.

• The resonance frequency is also related to the input loading or ground motion

and to the type of displacement (relative or absolute movement).

Structures in civil engineering normally have damping ratios smaller than 10 per

cent. Therefore there is usually no need to distinguish between the resonance fre-

quency and natural frequency in the vibration of structures.



 

16.3 Model demonstrations

To see a resonant response, it requires an input device that can generate either har-

monic base motion, such as a shaking table, or harmonic load, such as using a vibra-

tor, together with a simple structure that has a natural frequency within the

frequency range of the input.

16.3.1 Dynamic response of a SDOF system subject to harmonic
support movements

This demonstration shows the observations obtained from Figures 16.3 and 16.8,
i.e. the relationship between the response of a SDOF system and the ratio of the fre-
quency of input to the natural frequency of the system.
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Figure 16.9 The model of a SDOF system.

An elastic string and a mass can form a simple SDOF system as shown in Figure

16.9. Hold the end of the string and move it up and down harmonically to simulate

the harmonic support movement of the SDOF system. This corresponds to the

model shown in Figure 16.6. The movement of the mass can be described using

equation 16.24, and the ratio of the maximum movement of the mass to that of the

hand is shown in Figure 16.8.

The dynamic phenomena shown in Figure 16.8 can be demonstrated qualitatively

as follows:

• The person holding the string first moves his/her hand slowly up and down, cre-

ating a situation where the frequency of the support (hand) movement is much

smaller than the natural frequency of the SDOF system. It will be observed that

the amplitude of movement of the mass is almost the same as that of the support

(hand), as indicated by Figure 16.8 when the frequency ratio is less than 0.25.

• When the hand moves up and down quickly, it creates a situation that the fre-

quency of the hand movement is larger than the natural frequency of the system.



 

It can be seen that the hand movements are much larger than the movements of

the mass, as indicated in Figure 16.8 when the frequency ratio is larger than 2.0.

• Finally, when the hand moves up and down at a frequency close to the natural

frequency of the system, a situation is created in which resonance develops. It is

observed that the movements of the mass are much larger than the hand move-

ments, as indicated in Figure 16.8 when the frequency ratio is near to unity.

16.3.2 Effect of resonance

This demonstration shows that a cantilever experiences significant vibration at
resonance.

Figure 16.10a shows a medical shaker that can generate vibrations at a frequency

of 5Hz or 10Hz in three perpendicular directions. A steel ruler and a longer and

thicker steel ruler are mounted on a wooden plate that can be firmly placed on the

shaker as shown in Figure 16.10b. Both rulers are selected to have their fundamental

natural frequencies slightly less than 5Hz.

Switch on the shaker at the frequency of 10Hz and it will be seen that the two

rulers vibrate with very small amplitudes in comparison with the movement of the

shaker.

Change the vibration frequency from 10Hz to 5Hz and it will then be observed

that both rulers vibrate with significant amplitudes as the fundamental frequencies

of the rulers are close to the shaking frequency.
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(a) A medical shaker and two cantilevers (b) Simulated shaking table test

Figure 16.10 Demonstration of resonance.



 

16.4 Practical examples

In certain situations resonance should be avoided in civil engineering structures. This

requires the knowledge of the natural frequencies of the structure and the frequen-

cies of the dynamic loading applied to it.

16.4.1 The London Millennium Footbridge

The London Millennium Footbridge is the first new pedestrian bridge crossing over

the Thames in Central London for more than a century. The bridge is located

between Peter’s Hall on the north bank leading to Saint Paul’s Cathedral and the

new Tate Modern Art Gallery on the south bank. The bridge has three spans over a

total length of 325 metres. The lengths of the three spans are 81 metres for the north

span, 144 metres for the main span and 100 metres for the south span.
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Figure 16.11 The London Millennium Footbridge.

The London Millennium Footbridge, Figure 16.11, opened on 10 June 2000. It

was estimated that between 80000 and 100000 people crossed the bridge during the

opening day with a maximum of 2000 people on the bridge at any one time. During

the opening day unexpected lateral movements, or ‘wobbling’, occurred when

people walked across the bridge. Two days later the bridge was officially closed in

order to investigate the causes of the vibration. After investigation and modification,

the bridge reopened in December 2001 [16.4]. Since then millions of people have

visited the bridge and there has been no reoccurrence of ‘wobbling’ problems.

As constructed, the bridge had lateral natural frequencies as follows:

• south span: first lateral natural frequency was about 0.8Hz;

• central span: first two lateral natural frequencies were about 0.5 and 0.95Hz;

• north span: first lateral natural frequency was about 1Hz.

It was reported that excessive vibrations of the bridge in the lateral direction did not

occur continuously but built up when a large number of pedestrians were on the

south and central spans of the bridge and then died down if the number of people

on the bridge reduced or if the people stopped walking [16.4].

Resonance is related to forcing frequencies. Walking is a periodic movement on a

flat surface in which two feet move alternately from one position to another and do



 

not leave the surface simultaneously. When people walk in a normal way, walking

has its own frequency. This is illustrated in Figure 16.12.

When people walk, they produce vertical loading on the walking surface, such as

floors and footbridges. The time from one vertical load generated by one foot to the

next vertical load induced by the other foot is the period of the walking load in the ver-

tical direction, denoted as TV. People walking generate not only vertical forces, but also

lateral forces. The force generated laterally by the right foot is normally in the opposite

direction to the force induced by the left foot. Therefore the time required for reproduc-

ing the same pattern of force can be counted from the left (or right) foot to the next

step of the left (or right) foot. In other words, the period of lateral forces (TH) is just

twice the period of the vertical force induced by people walking, or the frequency of the

lateral walking loads is a half of that of the vertical walking loads [16.5].

Figure 16.13 shows the distribution of walking frequencies obtained from 400
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Figure 16.12 Periods of walking forces.
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Figure 16.13 Distribution of frequency of walking loads in the vertical direction [16.6].



 

people walking on two footbridges in Manchester [16.6]. The horizontal axis indi-

cates the walking frequency in the vertical direction while the vertical axis shows the

number of observations of particular frequencies. It can be seen from Figure 16.13

that most of the 400 frequencies of people walking are between 1.6Hz and 2Hz in

the vertical direction. As the walking frequency in the lateral direction is just half

that in the vertical direction, the corresponding frequencies of people walking in the

lateral direction are between 0.8Hz and 1Hz.

It can be noted that the frequencies of walking loads in the lateral directions were

close to the lateral natural frequencies of the south and central spans of the London

Millennium Footbridge where excessive vibrations occurred. It was also observed

that people walking in large groups tended to synchronise their walking paces.

When the footbridge started wobbling, more people would walk at the frequency of

the wobbling, which enhanced the synchronisation. This synchronisation magnified

the effect of the lateral footfall forces on the footbridge. The wobbling of the foot-

bridge was caused by resonance that synchronisated the walking loads.

16.4.2 Avoidance of resonance: design of structures used for pop
concerts

British Standard BS 6399: Part 1, Loading for Buildings [16.6], introduced in Sep-

tember 1996, included a new section on synchronised dance loading. It stated that

any structure that might be subjected to this form of loading should be designed in

one of two ways: to withstand the anticipated dynamic loads or to avoid significant

resonance effects. The first method requires dynamic analysis to assess the structural

response to the loading in order to calculate a safety margin. The second method

requires that the structure should be designed to be sufficiently stiff so that

the lowest relevant natural frequency of the structure is above the range of load fre-

quencies considered. The second approach is simpler and only requires the calcula-

tion of natural frequencies. However, both approaches need knowledge of the load

frequencies.

Dance-type activities, such as keep-fit exercises, aerobics and audience movements

at pop concerts, are more common now than ever before. These activities are likely

to be held on grandstands, dance floors and in sports centres. Therefore, the use

and/or design of these structures should consider the effect of the human-induced

dance-type loads. Figure 16.14 shows a pop concert where people moved, jumped,

bobbed and swayed, in time to the music.

Dance is movement with rhythmic steps and actions, usually to accompanying

music. Efforts have been made to study dance-type loads since prediction of the

response of a structure subject to this loading requires an understanding of the

loading. Dance-type loads are functions of the type of dance activity, the density and

distribution of the dancers, the frequency of the music, load factors and the dynamic

crowd effect.

There are many different types of dancing and a wide range of beat frequencies

for dance music, however, dance frequencies tend to be in the range of 1.5–3.5Hz

for individuals and 1.5–2.8Hz for groups of people.

Figure 16.15 shows an autospectrum obtained from accelerometers monitoring

vertical motions of a grandstand during a pop concert [16.8]. The vertical axis indi-

cates the normalised acceleration squared per Hz, while the horizontal axis shows
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frequency. It can be seen that the frequencies corresponding to the peaks of

responses are the beat frequency of the music and integer multiples of the beat fre-

quency. This phenomenon has been observed in a number of measurements taken

during pop concerts and can be explained theoretically. As spectators at pop con-

certs move with the music beat, the frequency of dance-type loads can be determined
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Figure 16.14 At a pop concert.
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Figure 16.15 Structural response to the music beat frequency at a pop concert [16.8].



 

from the beat frequency of music played on these occasions. The beat frequencies of

210 modern songs have been determined [16.9].

The 210 songs consisted of 30 songs from each of the 1960s, the 1970s and the

1980s, and 120 songs from the 1990s. The 1990s music was further classified into

four main types, dance, indie, pop and rock, with 30 songs for each group. All the

songs selected had been popular in their time and thus provided a good sample of

popular music. The frequency distribution of the 210 songs surveyed is given in

Figure 16.16. It can be seen that the majority of songs (202 out of 210) are in the

frequency range of 1–2.8Hz.

Human loading, such as jumping, bobbing and walking, contains several har-

monic components with the load frequency, two times the frequency, three times the

frequency and so on. However, only the first two or three components are signific-

ant and need to be considered in design. For example, if the load or music frequency

is not larger than 2.8Hz and the first three load components are considered for a

floor subject to jumping type loading, the highest frequency in the load to be con-

sidered will not be larger than 2.8×3=8.4Hz. This corresponds to the threshold

value of natural frequency in BS6399: Part 1 of 8.4Hz in the vertical direction, for

which no dynamic analysis of the structure is required [16.7].
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Figure 16.16 Frequency distribution of the 210 modern songs [16.9].

16.4.3 Measurement of the resonance frequency of a building

The concept of resonance can be used to identify the natural frequencies of a struc-

ture. A harmonic force with appropriate amplitude is applied to the structure and

the corresponding maximum structural response is then recorded. The procedure is

repeated a number of times with different forcing frequencies. The frequency corre-

sponding to the largest value of these maximum responses is the resonant frequency

of the structure. As civil engineering structures have damping ratios far less than 10

per cent, the resonance frequency measured from the forced vibration is actually the

natural frequency of the structure, as shown in Table 16.2.



 

Among a number of experiments carried out on the test building shown in Figure

15.17 were forced vibration tests with vibration generators used to shake the struc-

ture in a controlled manner at frequencies within the range 0.3Hz to 20Hz [16.10].

Four vibration generators were placed at the four corners of the roof of the building

and the building response was monitored using accelerometers aligned to the

measure motions in appropriate directions. The response of the building was

sampled using optimised filtering, amplification and curve fitting and then nor-

malised by converting the measured accelerations to equivalent displacements which

were then divided by the applied forces. The maximum normalised displacement

corresponding to a particular load frequency was plotted as a cross in Figure 16.17.

This process was repeated for a number of load frequencies to produce many crosses

in Figure 16.17, which are linked by a best-fit one-degree-of-freedom curve. The fre-

quency corresponding to the largest response is a resonance frequency of the struc-

ture. For this building the resonant frequency was 0.617Hz in one main direction.

This technique has been widely used in structural engineering, mechanical engin-

eering and other areas.
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16.4.4 An entertaining resonance phenomenon

Figure 16.18a shows a replica bronze washbowl which was used in ancient China.

Four fish are cast into the bottom of the washbowl in an anticlockwise direction

around the centre of the base as shown in Figure 16.18b. The washbowl is symmet-

ric about the plane that passes through the centre of the bowl and is parallel to the

two handles. Now, such bowls are used for entertainment, as the water in the wash-

bowl can be made to spurt up to 300mm into the air around the locations of the

fishes’ mouths when two hands rub the handles on the washbowl. This effect can be

produced as follows:

1 The washbowl is filled half full with water and placed on a wet kitchen towel set

in the shape of a ring of radius of about 80mm.

2 Clean two hands using soap and water and the palms are used to rub the



 

handles of the washbowl as shown in Figure 16.18c. The two palms move

forward and backward alternatively and periodically, creating a pair of anti-

symmetric periodical forces applied to the symmetrically located handles of the

washbowl.

3 Sound will generate from between the palms and the handles and ripples will

form on the water surface (Figure 16.18c).

4 Continuing the hand movements will cause drops of water to jump out almost

vertically from locations around the mouths of the fishes. Figure 16.18d shows

the situation when the resonance occurs.

Only small forces are applied to the two handles of the washbowl in the vertical and

forward–backward directions. As the hands move periodically, resonance occurs

when the frequency of hand movement matches one of the natural frequencies of the

washbowl–water system. The evidence of the resonance is sound and ‘jumping

water’.
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(a) Replica bronze washbowl (b) Four fishes cast into the bottom of the bowl

(c) Ripple on water surface (d) Water jumping out vertically

Figure 16.18 An entertaining resonance phenomenon.
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17 Damping in structures

17.1 Concepts

• The larger the damping ratio, ξ, the larger the ratio of successive peak displace-

ments in free vibration (un/un+1), and the quicker the decay of oscillations.

• The damping ratio can be determined from measurements using the vibration

theory of a single-degree-of-freedom system.

• The damping ratio is a measure of the amount of damping in a structure which

can effectively reduce structural vibration at resonance.

• The higher the amplitude of free vibration of a structure, the larger will be the

critical damping ratio and the smaller will be the natural frequency.

17.2 Theoretical background

The process by which vibrations decrease in amplitude with time is called damping.

Damping dissipates the energy of a vibrating system and can do this in a number of

ways. There are several different types of damping: friction, hysteretic and viscous.

For structural systems the damping encountered is best described using a viscous

model in which the damping force is proportional to its velocity. The damping ratio

ξ is expressed as a fraction of critical damping and is often written as a percentage

(i.e. 1 per cent critical).

The value of the damping ratio is required for predicting structural responses

induced by different forms of dynamic loading. When structural vibrations are too

large, artificial damping devices can be used to increase the damping and therefore

reduce the levels of the vibrations. For example, dampers were installed in the

London Millennium Footbridge to reduce the large lateral vibration of the bridge

that occurred as a result of people walking across the bridge.

17.2.1 Evaluation of viscous-damping ratio from free vibration tests

Consider the equation of motion of a single-degree-of-freedom system with viscous

damping:

mü+cu̇+ku=0 (17.1)

The solution of equation 17.1 has been given in equation 15.15 as follows:

u(t)=��u̇(0)+

ω
u

D

(0)ξω
� sinωDt+u(0)cosωDt�e–ξωt (15.15)



 

where ω and ωD are the angular frequencies of the undamped and damped systems

respectively.

Example 17.1

Consider free vibrations of an undercritically damped system that has the following

properties: f=ω/2π=1.0Hz, ξ=0.05, u(0)=10mm and u̇(0)=0

Solution

Substituting the above data into equation 15.15, the displacements of the system can

be represented in graphical form as shown in Figure 17.1.
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Figure 17.1 Damped free vibration.

It can be seen that:

• the damped system oscillates about its neutral position with a constant angular

frequency ωD;

• the oscillation decays exponentially due to the damping.

Consider any two successive positive peaks such as un and un+1 which occur at time

n(2π/ωD) and (n+1)(2π/ωD) respectively. Equation 15.15 can be used to obtain the

ratio of the two successive peak values as:

�
u

u

n

n

+1

�=exp(2πξω/ωD) (17.2)

Taking the natural logarithm of both sides of the equation and substituting 

ωD =ω�1–ξ2� into equation 17.2, the logarithmic decrement of damping, δ, is

obtained since ξ is normally small for structural systems:



 

δ=ln �
u

u

n

n

+1

�= =2πξ or ξ= �
2

δ
π
� = �

2

1

π
� ln �

u

u

n

n

+1

� (17.3)

Equation 17.3 indicates that:

The larger the damping ratio ξ, the larger the ratio of un/un+1 and thus the quicker
the decay of the oscillation.

Considering two positive peaks from Figure 17.1 which are not adjacent, say un

and un+m, equation 17.3 becomes:

δ=ln �
u

u

n+

n

m

�= =2πmξ or ξ=�
2m

δ
π

� (17.4)

Thus the damping ratio can be evaluated from equation 17.3 or equation 17.4 by

measuring any two positive peak displacements and the number of cycles between

them.

If the damping is perfectly viscous, equation 17.3 and equation 17.4 will give the

same result. However, this may not be true in all practical situations as will be

shown in section 17.4.

The advantages of using free vibration test responses to obtain values of damping

ratio are:

• the requirements for equipment and instrumentation are minimal in comparison

with forced vibration test methods;

• only relative displacement amplitudes need to be measured;

• the initial vibration can be generated by any convenient method, such as an

initial displacement, an impulse or a sudden change of motion.

17.2.2 Evaluation of viscous-damping ratio from forced vibration tests

The dynamic magnification factor of a single-degree-of-freedom system subject to a

harmonic load is shown in section 16.2, i.e.:

MD = �
∆
A

st

� = (16.12)

where fp is the frequency of the load and f is the natural frequency of the system. At

resonance of a structure with a low damping ratio, the frequency of oscillation is

approximately equal to the natural frequency of the structure, i.e. fp = f and equation

16.12 becomes:

MD = �
∆
A

st

� = �
2

1

ξ
� (17.5)

Thus if both the static displacement and the maximum dynamic displacement of a

single-degree-of-freedom system (or a particular mode of a structure) at resonance

can be determined experimentally, the critical damping ratio can be calculated from

equation 17.5. More accurate methods for determining the damping ratio from

forced vibration tests can be found in references [17.1, 17.2 and 17.3].

1
���
�(1– f 2

p/�f2)2 + (2�ξfp/f)2�

2πmξ
�
�1–ξ2�

2πξ
�
�1–ξ2�
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17.3 Model demonstrations

17.3.1 Observing the effect of damping in free vibrations

This set of models demonstrates the effect of damping provided by oil in free vibra-
tion, which can be observed by eyes.

Take a steel ruler and form a cantilever as shown in Figure 15.9a. Give the tip of

the ruler an initial displacement and release it. The steel ruler will perform many

cycles of oscillation before it becomes stationary, indicating that the damping ratio

associated with steel alone is low.

Figure 17.2a shows two identical steel strips acting as cantilevers. The only dif-

ference between the two cantilevers is that connected to the free end of the cantilever

on the left is a vertical metal bar which in turn is attached to a disk immersed in oil.

Figure 17.2b shows the disk by lifting up the free end of the strip. Thus the effect of

the oil and the device can be examined.

Press the free ends of the two cantilevers down by the same amount and then

release them suddenly. It will be observed that the cantilever on the left only vibrates

for a small number of cycles before stopping while the cantilever on the right oscil-

lates through many cycles demonstrating the effect of viscous damping provided by

the oil.

17.3.2 Hearing the effect of damping in free vibrations

This set of models shows the effect of damping provided by rubber bands in free
vibration, which can be heard by ears.
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Figure 17.2 Effect of the damping provided by oil.

(a) (b)



 

The sound heard from the free vibrations of a taut string, such as a violin string,

links two different physical phenomena, sound transmission and the string vibra-

tions, which both can be described using the same differential equation of motion.

Thus hearing sound can be related to observing free vibrations, in this case those of

a taut string.

Figure 17.3 shows two identical steel bars, one is a bare bar and the other has

rubber bands wrapped around it. The effect of the damping added by the rubber can

be demonstrated as follows:

• Suspend the bare bar and give it a knock at its lower end using the other metal

bar as shown in Figure 17.3a. A sound will be generated from the bar for

several seconds as it reverberates.

• Suspend the wrapped bar and give it a similar knock on the exposed metal part

(Figure 17.3b). This time only a brief dull sound is heard as the rubber wrap-

ping dissipates much of the energy of the vibration.
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Figure 17.3 Effect of damping on sound transmission.

(a) (b)

17.4 Practical examples

17.4.1 Damping ratio obtained from free vibration tests

The true damping characteristics of typical structural systems are normally very

complex and difficult to define with few structures actually behaving as ideal single-

degree-of-freedom systems. Notwithstanding this, the earlier discussion of single-

degree-of-freedom systems can be useful when considering more complex practical

structures.

A free vibration test was conducted on a full-sized eight-storey test building

(Figure 15.19) to identify the critical damping ratio of its fundamental mode [17.4].

In order to amplify the displacements of the structure the building was shaken, by a



 

set of vibrators mounted at the four corners on the roof of the building, at the fun-

damental frequency of the building. After the vibrators were suddenly stopped, the

ensuing free vibrations of the roof of the building were measured. The decay of the

vibrations in one of the two main directions of the building is shown in Figure

15.18. As the excitation caused vibrations effectively only in the fundamental mode,

the contributions of other modes of vibration to the decaying response of the struc-

ture were negligible.
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Table 17.1 Natural frequency and damping ratio determined from various sections of decay

Relative amplitude Natural frequency (Hz) Damping ratio (%)

1.00 0.611 2.87
0.366 0.636 1.81
0.181 0.645 1.28
0.106 0.647 1.02
0.062 0.656 0.85

The natural frequency and damping ratio of the response of the structure can be

determined from the records shown in Figure 15.18. Five continuous 10s samples of

vibrations were extracted from the response and a curve-fitting technique was used

to produce smooth curves from which the natural frequency and damping ratio

could be determined. One such smoothed curve, superimposed on the measured

curve, is shown in Figure 17.4. The response frequency and damping ratio values

extracted from the five samples are given in Table 17.1 and related to the amplitude

of vibration at the start of each sample [17.4].
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Figure 17.4 Extraction of natural frequency and damping ratio from free vibration
records [17.4].

From Table 17.1 it can be observed that:

• the higher the amplitude of vibration, the smaller the natural frequency and the

larger the damping ratio;



 

• the natural frequency for the relative amplitude of 1.00 is 6.86 per cent lower

than that for the relative amplitude of 0.062 while the damping ratio at the rela-

tive amplitude of 1.00 is 238 per cent higher than that at the relative amplitude

of 0.062.

When the building vibrated with small amplitudes, the relative movements between

joints and other connections in the structure were small involving frictional forces

doing less work leading to lower damping ratios than were found when amplitudes

were larger with associated larger relative joint movements and friction related

work. These variations have been observed in many different types of structure.

17.4.2 Damping ratio obtained from forced vibration tests

The forced vibration tests of the framed steel building for obtaining its resonance

frequency are described in section 16.4.3. The frequency spectrum obtained from

the experiment and curve fitting are shown in Figure 16.17.

The natural frequency and damping ratio obtained from the forced vibration tests

were 0.617Hz and 2.25 per cent respectively. It can be noted that the measured

values have a characteristic negative skew compared to the best-fit curve. This is

typical of this type of measurement and shows one aspect of non-linear behaviour as

observed in free vibration tests of buildings and other structures.

It can be observed from Table 9.1 that the measurements from the forced vibra-

tion tests agree favourably with those obtained from the free vibration tests for rela-

tive amplitudes between 0.366 and 1.000. In general, forced vibration tests normally

provide larger forces than free vibration tests. Therefore forced vibration tests fre-

quently produce smaller values for natural frequencies and larger values for

damping ratios than those obtained from free vibration tests.

17.4.3 Reducing footbridge vibrations induced by walking

A total of 37 viscous dampers were installed on the London Millennium Footbridge

in order to remove the lateral vibrations of the bridge which occurred when people

walked across the bridge. The majority of these dampers are situated beneath the

bridge deck supported by transverse members (Figure 17.5a). One end of each
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Figure 17.5 Damping devices installed on the London Millennium Footbridge.

(a) (b)



 

viscous damper is connected to the apex of a steel V brace, known as a chevron. The

apex of the chevron is supported on roller bearings that provide vertical support but

allow sliding in the other directions. The other ends of the chevron are fixed to the

neighbouring transverse members [17.5].

Viscous dampers were also installed in the planes between the cables and the deck

at the piers (Figure 17.5b) to provide damping of the lateral and lateral–torsional

modes of vibration.

17.4.4 Reducing floor vibration induced by walking

Damping can be introduced into concrete floors by sandwiching a layer of high

damping material between the structural concrete floor and a protective concrete

topping. This acts in a similar manner to the demonstration model described in

section 15.3.3.

During the bending of the floor induced by footfall vibrations, energy is dissi-

pated through the shear deformation produced in the damping material by the rela-

tive deformations of the two concrete layers (Figure 17.6). The technique was

originally used to damp out vibrations of aircraft fuselage panels when the resonant

frequencies of the panels were over 200Hz.

A floor panel, 6m by 9m, in the steel-frame test building at the BRE Cardington

Laboratory was selected for testing with and without damping layers (Figure 17.7).

A variety of comparative tests were conducted including heel-drop tests, forced

vibration tests and walking tests at different paces.

Figure 17.8 shows the comparison of acceleration–time histories induced by the

same individual walking on the floor panel without and with the damping layer. The

benefit of the constrained damping layer in reducing the vibration of the floor is

obvious.
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Figure 17.7 The test floor (courtesy of Dr B. Ellis).
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18 Vibration reduction

18.1 Definitions and concepts

The dynamic vibration absorber (DVA) or tuned mass damper (TMD) is a device

which can reduce the amplitude of vibration of a structure through interactive

effects. A TMD consists of a mass, connected by means of an elastic element and a

damping element to the structure.

• The amplitude of vibration of a structure at resonance can be effectively reduced

through slightly increasing or reducing the natural frequency of the structure

thus avoiding resonance from an input at a given frequency.

• The amplitude of vibration of a structure can be reduced through base isolation

which changes the natural frequencies of the system.

• The amplitude of vibration of a particular mode of a structure can be effectively

reduced using a tuned mass damper.

18.2 Theoretical background

Reducing vibration levels induced by different kinds of dynamic loads is a major

requirement in the design of some civil engineering structures. The loads include

those induced by wind, earthquakes, machines and human activities. For example,

some structures prone to wind loads are those which possess a relatively large

dimension either in height or length, such as tall buildings and long-span roofs.

Common methods of reducing structural vibration include base isolation, passive

energy dissipation and active or semi-active control.

Base isolation: an isolation system is typically placed at the foundation of a struc-

ture, which alters the natural frequencies of the structure and avoids resonance from

the principal frequency of the excitation force. In earthquake resistance design, an

isolation system will deform and absorb some of the earthquake input energy before

the energy can be transmitted into the structure.

Passive energy dissipation: dampers installed in a structure can absorb some of

the input energy from dynamic loading and/or alter the natural frequencies of the

structure, thereby reducing structural vibrations. There are several types of damper

used in engineering practice, for example viscoelastic dampers, friction dampers,

tuned mass dampers and tuned liquid dampers.

Semi-active and active control: the motion of a structure is controlled or modified

by means of a control system through providing external forces which oppose the

action of the input.



 

In a similar manner to the previous chapters, limited theoretical background is

provided, which serves to explain the demonstration models and practical examples

illustrated in this chapter. More detailed information on this topic can be found

from [18.1, 18.2 and 18.3].

Altering the structural stiffness, increasing damping of a structure or placing a

tuned mass damper is the relatively simple and effective measure to reduce structural

vibrations.

18.2.1 Change of dynamic properties of systems

Equation 16.11 has showed that the dynamic response of a single-degree-of-freedom

system is the product of the static displacement and the dynamic magnification

factor which is defined in equation 16.12. This is shown graphically in Figure 18.1

with damping ratios of ξ=0.01, 0.02, 0.03 and 0.05 in the range of frequency ratio

between 0.9 and 1.1. Table 18.1 compares the magnification factors of the SDOF

system when the frequency ratios are 0.95, 1.0 and 1.05 respectively using equation

16.12. It can be observed from Figure 18.1 and Table 18.1 that:

• Increasing the damping ratio can effectively reduce the vibrations at resonance,

simply doubling the damping ratio reduces the peak response by a factor of

approximately two.
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Figure 18.1 Magnification factor as a function of force frequency ratio.

Table 18.1 Magnification factors MD close to resonance

ξ=0.01 ξ=0.02 ξ=0.03 ξ=0.05

β=0.95 10.1 9.56 8.85 7.35
β=1.0 50.0 25.0 16.7 10.0
β=1.05 9.56 9.03 8.31 6.81



 

• A slight change of the natural frequency of the SDOF system away from the

resonance frequency can effectively reduce the dynamic response. For instance,

when the system has a damping ratio of 0.01, the resonance response can be

reduced about 80 per cent by increasing or reducing the natural frequency 5 per

cent. The same level of vibration reduction requires increasing the damping ratio

from 0.01 to 0.05.

Altering the natural frequency of a structure and/or increasing the corresponding

damping ratio can reduce vibration at resonance. The concepts behind the two mea-

sures are different. Altering the natural frequency of a structure aims to avoid reson-

ance and the structure will experience lower levels of vibration. Increasing damping

will increase energy dissipation in a structure, and although the structure will still

experience resonance, response reduces through energy dissipation.

Increasing structural stiffness to increase the natural frequency of the structure

may not affect the damping ratio or damping mechanism of the structure. The prac-

tical case given in section 9.4.4 is a typical example where the floor was stiffened

with the profiled external tendons and the fundamental natural frequency of the

floor was increased. It was thought that the added tendons would not change the

damping mechanism of the floor. It is important to note that structural alterations to

increase stiffness may also result in increased mass, thus limiting changes to the

natural frequencies.

Reducing structural stiffness reduces the natural frequency of a structure and this

approach may be used to avoid resonance. Base isolation systems have been used

successfully for the earthquake-resistant design of buildings. An earthquake will

shake a building. Placing a base isolation system between the building and the foun-

dation/ground can reduce the level of earthquake forces transmitted to the building.

The base isolation system reduces the fundamental natural frequency of the building

to a value lower than the predominant frequencies of ground motion to avoid

resonance. The first vibration mode of the isolated building is primarily deformation

of the isolated system and the building itself appears rigid as illustrated in Figure

18.2. This type of isolation system may absorb a relatively small amount of earth-

quake energy to suppress any possible resonance at the isolation frequency, but its

main function is to change the natural frequency of the building and deform itself.

This type of isolation works when the system is linear and elastic, even when it is

lightly damped.
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Figure 18.2 Base isolation of a building.



 

Increasing the damping ratio of a structure by incorporating viscoelastic dampers

into the structure may also provide additional stiffness along with a dissipative

mechanism. Thus the vibration reduction of the structure due to the added damping

materials or dampers could be the combined effect of the increased damping and the

increased stiffness. Examples are the London Millennium Footbridge where the

viscous dampers were fitted in conjunction with the use of a continuous bracing

system as discussed in section 17.4.3 and the test floor panel incorporated with a

layer of rubber together with an additional layer of concrete in section 17.4.4.

18.2.2 Tuned mass dampers

The dynamic vibration absorber (DVA) or tuned mass damper (TMD) is a device

which can reduce the amplitude of vibration of a system through interactive effects.

A TMD consists of a mass, connected by means of an elastic element and a damping

element to the system. The principle of TMD reducing vibration of a primary struc-

ture is to transfer some structural vibration energy from the structure to the TMD

and to split the resonance peak into two less significant resonances. Thus it reduces

the vibration of the primary structure while the TMD itself may vibrate significantly.
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Figure 18.3 A tuned mass damper and a SDOF structure.

Figure 18.3b shows a SDOF system subjected to a harmonic load and its response

has been shown in Chapter 16. A tuned mass damper can be placed on the system,

forming a two-degree-of-freedom system as shown in Figure 18.3c. The equation of

motion of the new system can be described as:

� �� � +� �� � +� �� �=� � (18.1)

uS and uT are the displacements of the SDOF structure system and the TMD respec-

tively; the damping coefficient and stiffness are denoted by CT and KT for the TMD

and CS and KS for the structure. P0 is the magnitude of the external force applied to

the structure system with a frequency ωp.
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For an appreciation of the efficiency of a TMD in reducing structural vibration,

consider a simplified situation where the structural damping is neglected, i.e. CS =0.

Thus the response of the structural system is infinite at resonance without a TMD.

Similar to the dynamic magnification factor defined in Chapter 16 for a SDOF

system, the dynamic magnification factor for an undamped structural system with a

TMD is:

R=����� (18.2)

where β=ωp/ωS is the forcing frequency ratio; γ =ωT/ωS is the natural frequency ratio;

ωS =�KS/MS	 is the natural frequency of the structural system; ωT =�KT/MT	 is the

natural frequency of the TMD system; ξT =CT/2MTωT is the damping ratio of the

TMD system; α is the mass ratio of the TMD to the structure.

It can be seen from equation 18.2 that the magnification factor is a function of

the four variables, α, ξT, β and γ. Plots of the magnification factor R as a function of

the frequency ratio β are given in Figure 18.4a for γ=1 and α=0.05 with three ξT

values (0.0, 0.03 and 0.1), in Figure 18.4b for γ=1 and ξT =0.03 with three α values

(0.01, 0.05 and 1.0) and in Figure 18.4c for α=0.05 and ξT =0.03 with three γ values

(0.9, 1.0 and 1.1).

(γ 2 –β2)2 + (2ξTγβ)2

������
[(γ2 –β2)2(1–β2)2 –αγ 2β2]2 + (2ξTγβ)2(1–β2 –αβ2)2
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0.03 (solid line) and 0.1 (dark solid line)
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(b) γ = 1, ξT = 0.03 with α = 0.01 (dashed
line), 0.05 (solid line) and 0.1 (dark solid line)

Figure 18.4 Dynamic magnification factor as function of β.



 

It can be observed conceptually from Figure 18.4 that:

• When ξT=0 and β=γ, the structural mass is stationary, i.e. the applied load and the

force generated by the TMD cancel each other (equation 18.2 and Figure 18.4a).

• The damping in the TMD is important for reducing the vibration at the reson-

ance frequencies of the new two-degrees-of-freedom system (Figure 18.4a).

• The larger the mass ratio, the wider the spread of the two new natural frequen-

cies of the TDOF system, and the smaller the response at β=1 (Figure 18.4b).

• A TMD is more effective in reducing the vibration of the structure at the natural

frequency of the TMD than at that of the structure (Figure 18.4c).

• A TMD can effectively reduce the resonant vibration of a structure with rela-

tively low damping.

It is noted that large movements of a TMD should be considered. In practice several

types of TMD have been developed to accommodate different requirements [18.1].

In a TMD a solid (concrete or metal) block often acts as the mass, but in tall build-

ings a tank filled with water serves the same purpose; this may be considered to be a

tuned liquid damper (TLD). Liquids are used to provide not only all the necessary

characteristics of the TMD system but also the damping through sloshing action. The

mathematical description of TLD response is difficult, but structural implementation is

often quite simple.

18.3 Model demonstrations

18.3.1 A tuned mass damper (TMD)

This demonstration compares free vibrations of a SDOF system and a similar system
with a tuned mass damper, and shows the effect of the tuned mass damper in free
vibration.

Figure 18.5 shows a single-degree-of-freedom (SDOF) system consisting of a mass

and a spring attached to the left hand of a cross arm. The same SDOF system is

attached to the right end of the cross arm and a smaller SDOF system is suspended
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Figure 18.5 Comparison of vibration with and without a tuned mass damper.



 

from it. The smaller SDOF system, which is used as a tuned mass damper, has the

same natural frequency as that of the main SDOF system. In other words, the ratio

of stiffnesses of the two springs is the same as the ratio of the two masses.

Displace the two main SDOF systems downward vertically by the same amount

and then release them simultaneously. It can be seen that the amplitude of vibration

of the SDOF system on the left is greater than that of the one on the right. The

tuned mass damper vibrates more than the mass to which it is attached. The vibra-

tion of the tuned mass damper applies a harmonic force to the SDOF system, which

suppresses the movements of the main mass.

The effect of a tuned mass damper is most significant if a harmonic load is

applied to the system with a frequency close to the natural frequency of the system.

18.3.2 A tuned liquid damper (TLD)

This demonstration compares free vibration of two SDOF systems, one with and
one without water, and shows the effect of a turned liquid damper in reducing free
vibration.

A tuned liquid damper (TLD) is basically a tank of liquid that can be tuned to

slosh at the same frequency as the structure to which it is attached.

Two circular tanks are attached to the top of two identical flexible frames as

shown in Figure 18.6. The tank on the right is filled with some coloured water. The

effect of water sloshing on the vibration of the supporting structure can be

demonstrated as follows:

1 Displace the tops of the two frames laterally by similar amounts.

2 Release the two frames simultaneously and observe free vibrations of the two

frames. The amplitude of vibration of the frame on the right decays much more

quickly than that of the frame on the left.
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Figure 18.6 Comparison of vibration with and without the effect of liquid.



 

The difference is due to the water sloshing in the tank and dissipating the energy of

the system.

18.3.3 Vibration isolation

This demonstration compares forced vibrations of two glasses containing similar
amounts of water, one with and one without a plastic foam support, and shows the
effect of base isolation.

A medical shaker can be used as a shaking table to generate harmonic base move-

ments in three perpendicular directions. A glass is fixed directly to a wooden board

while a similar glass is glued to a layer of plastic foam which is mounted on the

wooden board, as shown in Figure 18.7.

Fill the two glasses with similar amounts of water. When the shaker moves at a

preset frequency, it can be seen that the water in the glass on the plastic foam moves

less than that in the other glass. The difference is due to the effect of the plastic

foam, which isolates the base motion and also produces a natural frequency of the

glass–water–foam system which is lower than that of the glass–water system and is

thus farther away from the vibration frequency.
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Figure 18.7 Altering structural frequency using base isolation.

18.4 Practical examples

18.4.1 Tyres used for vibration isolation

Figure 18.8 shows two tyres placed between the ground and a generator in a rural

area of a developing country. The presence of the tyres reduced the natural fre-

quency of the generator and moved it away from the operating frequency. Although

the operators of the generator may not have known much about vibration theory,



 

they knew from experience that the presence of the tyres could reduce the level of

vibration.

18.4.2 The London Eye

The British Airways London Eye is the largest observation wheel in the world

(Figure 18.9a). It was built by the River Thames in the heart of London, just oppos-

ite to the Palace of Westminster. The wheel has a height of 135m and carries 32 cap-

sules which can hold up to 800 people.

In order to reduce vibrations in the direction perpendicular to the plane of the

wheel due to wind loads, 64 tuned mass dampers were installed in steel tubes which

are uniformly distributed around the wheel. One of these tubes is indicated in Figure

18.9b. The relation between the tuned mass damper and the tube is illustrated in

Figure 18.10. A mass and a spring in the tube were designed with a natural fre-

quency close to the natural frequency of the wheel in the direction perpendicular to

the plane of the wheel. Plenty of room is available in the tube to allow large move-

ments of the tuned mass damper. No excessive vibration of the wheel has been

observed in this direction since it was erected [18.4].

18.4.3 The London Millennium Footbridge

A total of 26 pairs of vertical tuned mass dampers were installed over the three

spans of the London Millennium Footbridge [18.5]. These comprise masses of
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Figure 18.8 Tyres used for base isolation (courtesy of Professor B. Zhuang, Zhejiang
University, China).



 
A TMD is placed
inside of the tube

(a) Front view (b) A tuned mass damper placed inside of a
tube

Figure 18.9 The London Eye.

Figure 18.10 A tuned mass damper in a tube of the London Eye.

Figure 18.11 Two tuned mass dampers under the deck of the London Millennium Foot-
bridge.



 

between one and three tonnes supported on compression springs. The tuned mass

dampers are situated on the top of the transverse arms beneath the deck. One pair of

the tuned mass dampers is shown in Figure 18.11.

These tuned mass dampers would become effective if the footbridge experienced

relatively large vertical vibrations, though such vibrations were not the primary

source of the well-publicised problems when the bridge first opened.
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19 Human body models in structural
vibration

19.1 Concepts

• A stationary person, i.e. one who is sitting or standing, acts as a mass-spring-

damper rather than as an inert mass in both vertical and lateral structural vibra-

tion.

• A walking or jumping person acts solely as dynamic loading on structures and

thereby induces structural vibration.

• A bouncing person acts as both dynamic loading and a mass-spring-damper on

structures in vertical structural vibration.

19.2 Theoretical background

19.2.1 Introduction

How people interact with their environment is a topical issue and one of increasing

importance. One form of physical interaction which is understood poorly, even by

professionals, is concerned with human response to structural vibration. This is

important, for example, when determining how dance floors, footbridges and grand-

stands respond to moving crowds and for determining how stationary people are

affected by vibration in their working environment. Human–structure interaction

provides a new topic that describes the independent human system and structural
system working as a whole and studies the structural vibration where people are
involved and human body response to structural movements.

When a structure is built on soft soil, the interaction between the soil and the

structure may be considered; when a structure is in water, such as an offshore plat-

form, the interaction between the structure and the surrounding fluid may be con-

sidered. Similarly when a structure is loaded with people, the interaction between

people and structure may need to be considered. An interesting question is why has

this not been considered earlier? There are two reasons:

1 The human body is traditionally considered as an inert mass in structural vibra-

tion. For example, Figure 19.1 is a question taken from a well-known textbook

on Engineering Mechanics [19.1] where the girl is modelled as an inert mass in

the calculation of the natural frequency of the human–beam system.

2 The human mass is small in comparison with the masses of many structures and

in this situation its effect is negligible. Thus there have been no requirements

from practice for considering such effects as human–structure interaction.



 

Dynamic measurements were taken on the North Stand at Twickenham when it

was empty and when it was full of spectators (section 19.4.1). The observations on

the stand suggested a new concept that the stationary human whole-body acts as a
mass-spring-damper rather than an inert mass in structural vibrations. The phenom-

enon was reproduced in the laboratory (section 19.3.1). It was confirmed that the
stationary human whole-body did not act as an inert mass but appeared to act as a
mass-spring-damper system in structural vibrations [19.2].

Today, many structures are lighter and have longer spans than earlier similar

types of construction and as a consequence the effect of human bodies has become

more important. The newly emerged problems are the human-induced vibrations of

grandstands and footbridges, where crowds of people are involved, and the human

perception of structural vibration induced by human actions.

The study of human–structure interaction is concerned with both structural

dynamics and body biomechanics [19.3, 19.4]. The former belongs to engineering

while the latter is part of science. The following diagram describes the study of

structural dynamics:
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Figure 19.1 A girl standing on a beam [19.1] (permission of John Wiley & Sons Inc.).

Output
(displacements , etc.)

Input
(dynamic loads) Model of a str ucture

or a real str ucture

Figure 19.2 The basic studies in structural dynamics.

The structure may range from a simple beam to a complex building, or from a car

to an aeroplane. The relationships between input, output and the model of a struc-

ture can normally be described by governing equations and the solution of the equa-

tions is the output. In the diagram the input, output and the structure can be

quantified or at least quantified statistically.

If a similar diagram to Figure 19.2 is required to describe the basic studies in bio-

mechanics of the human body, it may be represented as follows:



 
The objective of the study of human response to vibration is to establish relation-

ships between causes and effects [19.5]. However, there are no governing equations

available to describe the relationships between causes, people and effects. This might

be because one cause may generate a range of effects and/or different causes induce

the same effect. In addition, the effects, relating to comfort, interference and percep-

tion of vibration, may be descriptive and difficult to quantify.

As human–structure interaction is a new topic and the problems in practice have

only recently emerged, there is only limited information available on the topic. Yet

understanding the human whole-body models in structural vibration and the

dynamic properties of the whole-body subject to low amplitude vibration are critical

in the development of this new topic. The concept of human–structure interaction

has been partly considered in a design code and a design guidance [19.6, 19.7].

In the future it is probable that structures will have longer spans and be lighter,

and the human expectation of quality of life and working environment will be

greater. Therefore, engineers will need an improved understanding of human–

structure interaction to tackle these problems where structural serviceability and/or

human comfort are concerned.

19.2.2 Identification of human body models in structural vibration

Human whole-body models in structural vibration can be qualitatively identified

through experimental methods by placing the human body on a vibrating structure.

A structure is considered as a single-degree-of-freedom (SDOF) system as shown

in Figure 19.4b, which has a natural frequency of ωS =�KS/MS� where KS and MS are

the stiffness and mass of the SDOF system. If a human body acts as an inert mass

MH on the SDOF structure system (Figure 19.4c), the natural frequency of the

human–structure system becomes:

ωHS =��<�� =ωS (19.1)

Therefore the natural frequency of the human–structure system would be less than

that of the structure system.

If a human whole-body is considered as a mass-spring-damper system with coeffi-

cients MH1, KH1 and CH1 which are consistent with the vibration of the first mode of

the body as shown in Figure 19.5a, its natural frequency is:

ωH =��
M

KH

H

1

1

�� (19.2)

KS
�
MS

KS
�
MS +MH
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Figure 19.3 The basic study in body biomechanics.



 

Placing the SDOF human body model (Figure 19.5a) on to the SDOF structure

system (Figure 19.5b) forms a two-degrees-of-freedom (TDOF) system (Figure

19.5c). The equation of motion of the human–structure system is the same as that

for a SDOF structure system with a tuned mass damper attached.

The natural frequencies of the combined human–structure system (Figure 19.5c)

can be obtained by solving the corresponding eigenvalue problem of the following

equations of motion:

� �� 	+� �� 	+� �� 	=� 	 (19.3)

By neglecting the damping terms a harmonic solution that satisfies the above equa-

tion can be determined as:

� 	=� 	 sin(ωt+φ) (19.4)

The symbols AS and AH in equation 19.4 represent the amplitudes of the vibration of

the system. Substituting equation 19.4 into equation 19.3 gives the following equations:

� �� 	=� 	 (19.5)
0
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Figure 19.4 A human–structure model when the body acts as an inert mass.
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Figure 19.5 A human–structure model when the body acts as a mass-spring-damper.

(a) Model of a body (b) Model of a structure (c) Model of a human–structure system

(a) Model of a body (b) Model of a structure (c) Model of a human–structure system



 

For convenience the following terms are defined:

α=�
M

M
H

S

1
� γ= �

ω
ω

H

S

�

where α and γ are called the modal mass ratio and the frequency ratio of the SDOF

human body system to the SDOF structure system, and have positive values. Solving

equation 19.5 gives the natural frequencies of the TDOF system ω1 and ω2 represen-

ted using ωS, ωH and α:

ω2
1 = �

1

2
��ω2

S +αω 2
H +ω 2

H –�(ω 2
S +α�ω2

H +ω�2
H)2 –4ω�2

Sω 2
H�� (19.6a)

ω 2
2 = �

1

2
��ω 2

S +αω 2
H +ω 2

H +�(ω 2
S +α�ω 2

H +ω�2
H)2 –4ω�2

Sω 2
H�� (19.6b)

Thus frequency relationships between the human–structure system (ω1, ω2) and the

independent human and structure systems (ωS, ωH) can be found as follows:

Relationship 1:

ω 2
1 +ω 2

2 =ω 2
S +(1+α)ω 2

H >ω 2
S +ω 2

H (19.7)

This relationship indicates that the sum of square of the natural frequencies of the
combined human–structure system is larger than that of the corresponding human
and structure systems. Equation 19.7 is obtained by adding equation 19.6a to

equation 19.6b.

Relationship 2:

ω1ω2 =ωSωH (19.8)

This relationship indicates that the product of natural frequencies of the
human–structure system equals that of the corresponding human and structure
systems. Equation 19.8 can be derived by multiplying equation 19.6a and equation

19.6b.

Relationship 3:

ω1 < (ωS, ωH)<ω2 (19.9)

This relationship indicates that the natural frequencies of the human and structure
systems are always between those of the human–structure system. Equation 19.9 can

be determined as follows:

�
ω
ω

2

S

� =����1.0+αγ2 + γ2 +�(1.0+�αγ 2 + γ�2)2 –4γ�2�
�����

2.0
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>����

=���=�1+αγ2�/2�>1.0 (19.10)

Substituting equation 19.10 into relationship 2 (equation 19.8) leads to relationship

3.

The three relationships are valid without any limitation on the values of the

natural frequencies of the human and structure systems and valid for any system

that can be represented as a TDOF system.

Equation 19.1 and equation 19.9 provide the qualitative relationships to identify

human body models in structural vibration through experiments.

19.3 Demonstration tests

19.3.1 The body model of a standing person in the vertical direction

The tests demonstrate that a standing person acts as a mass-spring-damper rather
than an inert mass in vertical structural vibration while a walking or jumping person
acts solely as loading on structures.

Figure 19.6a shows a simply supported reinforced concrete beam with an

accelerometer placed at the centre of the beam. Striking the middle of the beam

vertically with a rubber hammer caused vertical vibrations of the beam. The

acceleration–time history recorded from the beam and the frequency spectrum

abstracted from the record are shown in Figures 19.7a and 19.7b. It can be observed

that the simply supported beam has a vertical natural frequency of 18.7Hz and the

system has a very small damping ratio shown by the decay of the free vibrations

which lasts more than eight seconds.

A person then stood on the centre of the beam as shown in Figure 19.6b and a

human–structure system was created. A rubber hammer was again used to induce

vibrations. Figures 19.7c and 19.7d show the acceleration–time history and fre-

quency spectrum of the beam with the person. Comparing the two sets of measure-

ments in Figure 19.7 shows that:

• The measured vertical natural frequency of the beam with the person was

20.0Hz which is larger than that of the beam alone (Figures 19.7b and 19.7d).

This observation coincides with relationship 3, i.e. ωS <ω2.

• The beam with the person possesses a much larger damping ratio than the beam

alone as the free vibration of the beam with the person decays very quickly

(Figure 19.7c). This is also evident from Figure 19.7d as the peak in the spec-

trum of the beam with the person has a much wider spread than that of the

beam alone (Figure 19.7a).

Further tests were conducted to identify the effects qualitatively of human bodies

in structural vibration, including tests on the beam with a dead weight and the beam

1.0+αγ2 + γ2 +�(1.0�� γ2)2�
���

2.0

1.0+αγ 2 + γ 2 +�(1.0+�γ 2)2 –4�γ 2�
����

2.0
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(a) An empty beam (b) A person standing on the beam

Figure 19.6 Test set-up for identifying human body models in vertical structural vibration.
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Figure 19.7 Measurements of the identification tests in vertical directions [19.2].



 

occupied by a person who moved, both jumping and walking. The measured fre-

quencies for these cases are listed in Table 19.1, which shows:

• The dead weights, which were placed centrally on the beam for two tests,

reduced the natural frequency as expected. This can be accurately predicted

using equation 19.1.

• The test with the person standing on the beam showed an increase in the meas-

ured natural frequency. This observation cannot be explained using the inert

mass model or equation 19.1. Thus it is clear that the standing human body

does not act as an inert mass in structural vibration.

• The measured frequency for the vibrations when the person sat on a stool on the

beam was also higher than that of the beam alone.

• Significant damping contributions from the human whole-body were observed

for both standing and sitting positions, as can be appreciated from Figure 19.7

for the standing person.

• Jumping and walking also provided interesting results in that they did not affect

either natural frequency or damping. The unchanged system characteristics

would appear to be because the moving human body is not vibrating with the

beam.
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Table 19.1 Natural frequencies observed on the beam [19.2]

Description of experiments Measured natural frequency (Hz)

Bare beam (Figure 19.6a) 18.7
Beam plus a mass of 45.4kg (100 lb) 15.8
Beam plus a mass of 90.8kg (200 lb) 13.9
Beam with T. Ji standing (Figure 19.6b) 20.0
Beam with T. Ji sitting on a high stool 19.0
Beam with T. Ji jumping on spot 18.7
Beam with T. Ji walking on spot 18.7

Two concepts can be identified from the above tests:

• A stationary person, e.g. sitting or standing, acts as a mass-spring-damper rather
than as an inert mass in structural vibration.

• A walking or jumping person acts solely as loading on structures.

19.3.2 The body model of a standing person in the lateral direction

The tests demonstrate that a standing person acts as a mass-spring-damper rather
than an inert mass in lateral structural vibration [19.8].

Figure 19.8a shows a single-degree-of-freedom rig for both vertical and horizon-

tal directions used for identification tests of human body models in structural vibra-

tion. The test rig consists of two circular top plates bolted together, three identical

springs supporting the plates and a thick base plate. The test procedure is simple and

is the same as that conducted in section 19.3.1. The free vibration test of the test rig

alone was first conducted using a rubber hammer to generate an impact on the rig in



 

the lateral direction. Then a person stood on the test rig and an impact was applied

in the lateral direction parallel to the shoulder of the test person as shown in Figure

19.8b. Figure 19.9 shows the displacement-time histories and the corresponding

spectra of the test rig alone and the human-occupied test rig in the lateral directions.

It can be noted from Figure 19.9 that:

• The standing body contributes significant damping to the test rig in the lateral

direction (Figures 19.9a and 19.9c).

• There is one single resonance frequency recorded on the test rig alone (Figure

19.9b) but two resonance frequencies are observed from the human–structure

system in the lateral direction (Figure 19.9d).

• The single resonance frequency of the test rig alone is between the two resonance

frequencies of the human-occupied test rig (relationship 3 in section 19.2.2).

• Human whole-body damping in the lateral directions is large but less than that

in the vertical direction as shown by the vibration time history of the

human–structure system in the lateral directions which is longer than that in the

vertical directions (Figure 19.7c), although the test structures are different.

The experimental results of the identification tests conducted in the lateral directions

clearly indicate that a standing human body acts in a similar manner to a mass-
spring-damper rather than an inert mass in lateral structural vibration.

Further identification tests have been conducted on the same test rig with a

bouncing person who maintains contact with the structure. It is observed that:

• A bouncing person acts as both loading and a mass-spring-damper on structures
in vertical structural vibration.

• The interaction between a bouncing person and the test rig is less significant
than that between a standing person and the test rig.
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(a) A SDOF test rig (b) A person standing on the test rig

Figure 19.8 Test set-up for identifying human body models in lateral structural vibration.
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4

3

2

�4

�3

�2

�1

0

1

0

Displac
eme

nt
 (

mm)

1 2 3 4 5 6 7 8 9 1 0
Time (sec)

(c) Free vibration of a human–rig system
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Figure 19.9 Measurements of the identification tests in lateral directions.

19.4 Practical examples

19.4.1 The effect of stationary spectators on a grandstand

Measurements were taken to determine the dynamic behaviour of the North Stand

(Figure 19.10) at the Rugby Football Union ground at Twickenham. The grandstand

has three tiers and two of them are cantilevered. Dynamic tests were performed on

the roof and cantilevered tiers of the stand, with further measurements of the

response of the middle-cantilevered tier to dynamic loads induced by spectators

during a rugby match [19.2].

Spectra for the empty and full grandstand are given in Figure 19.11. Figure

19.11a shows a clearly defined fundamental mode of vibration for the empty struc-

ture. Instead of the expected reduction in natural frequency of the stand as the

crowd assembled, the presence of the spectators appeared to result in the single

natural frequency changing into two natural frequencies (Figure 19.11b). Figure



 

19.11 shows that the dynamic characteristics of the grandstand changed significantly

when a crowd was involved and that the structure and the crowd interacted. This

pattern was also noted in two other locations of the stand where measurements were

taken.

Comparing the spectra for the empty stand and fully occupied stand, three

significant phenomena are apparent:

• an additional frequency was observed in the occupied stand;
• the natural frequency of the empty stand is between the two natural frequencies

of the occupied stand;
• the damping increases significantly when people were presented.

Considering human bodies simply as masses cannot explain the above observations.

The observations suggest that the crowd acted as a mass-spring-damper rather than

just as a mass. When the crowd is modelled as a single-degree-of-freedom system,

the structure and the crowd form a two-degrees-of-freedom system. Based on this

model, the above observations can be explained. These observations complement the

laboratory tests described in section 19.3.
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Figure 19.10 The North Stand, Twickenham.
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Figure 19.11 Response spectra of the North Stand, Twickenham.



 

19.4.2 Calculation of the natural frequencies of a grandstand

It is common for a grandstand, either permanent or temporary, to be full of specta-

tors during a sports event or a pop concert as shown in Figure 19.12. In this situ-

ation, the human mass can be of the same order as the mass of the structure. When

calculating the natural frequencies of a grandstand for design purposes, it is neces-

sary to consider how the human mass should be represented. It is recommended in

BS6399: Part 1: Loading for Buildings [19.6] and the Interim Guidance [19.7] that

empty structures should be used for calculating their natural frequencies, i.e. the

human mass should not be included. This is because the worst situation for design

consideration is when people move rather than when people are stationary. There-

fore engineers will not underestimate the natural frequencies of grandstands through

adding the mass of a crowd to the structural mass.
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Figure 19.12 A grandstand full of spectators.

19.4.3 Dynamic response of a structure used at pop concerts

During a pop concert, it is rare that everyone moves in the same way following the

music. Some people will move enthusiastically, jumping or bouncing, some will

sway and some will remain stationary, either sitting or standing. Those who are sta-

tionary will provide significant damping to the structure as observed from the previ-

ous demonstrations and thus will alter the dynamic characteristics of the structure

and effectively damp the level of vibration induced by the movements of the others.

This in part explains why the predicted structural vibrations induced by human

movements, where stationary people are not considered, are often much larger than

vibrations measured on site.

The effect of stationary people in structural vibration has been considered in the

new version of the Interim Design Guidance [19.7] for predicting the response of

grandstands used for pop concerts.

19.4.4 Indirect measurement of the fundamental natural frequency
of a standing person

If a stationary person should be modelled as a single-degree-of-freedom (SDOF)

system in structural vibration, what are the natural frequency, damping ratio and

the modal mass of the human SDOF system?



 

The natural frequency of a human body cannot be obtained directly using tradi-

tional methods and tools of structural dynamics, such as sensors (accelerometers) which

cannot be conveniently mounted on a human body. However, a method has been

developed to estimate the natural frequency of a standing person by experiment

without touching the person whilst still using the methods of structural dynamics.

A simple formula can be derived based on the three frequency relationships

derived in section 19.2.2 using the measurements of the natural frequency of the

empty structure and the resonance frequency/frequencies of the human–structure

system as demonstrated in section 19.3. For example, the demonstration given in

section 19.3.2 shows the natural frequency of the test rig alone of 6.10Hz and the

two resonance frequencies of the human–rig system of 5.20Hz and 7.30Hz respec-

tively in Figure 19.9. Using equation 19.8 gives an estimated natural frequency of

the standing person of 6.22Hz in the lateral direction. It should be noted that this is

an approximation because:

• The measurements in Figure 19.9d are the resonance frequencies which include

the effect of human body damping while equation 19.8 does not consider any

effect of damping.

• The simple mass-spring-damper model is good enough for identifying the

models of a human body in structural vibration qualitatively. However, this

body model is developed on fixed ground rather than on a vibrating structure.

The indirect measurement method needs to be improved; nevertheless it uses the

methods of structural dynamics to study the biomechanics properties of a human

body, which is fundamentally different from the methods of body biomechanics

where shaking tables are used [19.9].

19.4.5 Indirect measurement of the fundamental natural frequency
of a chicken

Six hundred million chickens are consumed each year in the UK. It has been

observed sometimes during transportation that healthy chickens become ill and are

unable to stand. Possible causes for this have been found to arise from the effect of

resonance associated with the transportation.

In order to prevent the resonance in which a natural frequency of the truck

matches the body natural frequency of chickens, the natural frequency of a typical

chicken needs to be identified. When studying body biomechanics to determine the

characteristics of a human body, a subject is asked to sit or to stand on a shaking

table for a short period of vibration. However, this technique cannot be applied to

studying the natural frequency of a chicken, as the chicken will fly off when the

shaking table moves.

The method developed for indirectly measuring human body natural frequencies

could be used to obtain the natural frequency of a chicken. Figure 19.13 shows a

chicken perched on a wooden beam. A slight impact on the beam can generate

vibration of the beam and the chicken, which will not cause anxiety in the chicken.

When the frequencies of the bare beam and the beam with the chicken are meas-

ured, the natural frequency of the chicken can be estimated from the two measure-

ments and a simple equation.
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Figure 19.13 Indirect measurement of the natural frequency of a chicken (courtesy of Dr J.
Randall).
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