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Preface

The Third International Workshop on Numerical Analysis and Lattice QCD
took place at the University of Edinburgh from June 30th to July 4th, 2003. It
continued a sequence which started in 1995 at the University of Kentucky and
continued in 1999 with a workshop at the University of Wuppertal. The aim of
these workshops is to bring together applied mathematicians and theoretical
physicists to stimulate the exchange of ideas between leading experts in the
fields of lattice QCD and numerical analysis. Indeed, the last ten years have
seen quite a substantial increase in cooperation between the two scientific
communities, and particularly so between numerical linear algebra and lattice
QCD.

The workshop was organised jointly by the University of Edinburgh and
the UK National e-Science Centre. It promoted scientific progress in lattice
QCD as an e-Science activity that encourages close collaboration between the
core sciences of physics, mathematics, and computer science.

In order to achieve more realistic computations in lattice quantum field
theory substantial progress is required in the exploitation of numerical meth-
ods. Recently, there has been much progress in the formulation of lattice chiral
symmetry satisfying the Ginsparg–Wilson relation. Methods for implement-
ing such chiral fermions efficiently were the principal subject of this meeting,
which, in addition, featured several tutorial talks aiming at introducing the
important concepts of one field to colleagues from the other. These proceed-
ings reflect this, being organised in three parts: part I contains introductory
survey papers, whereas parts II and III contain latest research results in lattice
QCD and in computational methods.

Part I starts with a survey paper by Neuberger on lattice chiral symmetry:
it reviews the important mathematical properties and concepts, and related
numerical challenges. This article is followed by a contribution of Davies and
Higham on numerical techniques for evaluating matrix functions, the matrix
sign function being the common link between these two first articles. Then,
Boriçi reviews the state-of-the-art for computing the fermion determinant with
a focus on Krylov methods. He also shows that another version of fermions
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respecting chiral symmetry, so-called domain wall fermions, is very closely
related to overlap fermions when it comes to numerical computations. Finally,
Peardon addresses aspects of stochastic processes and molecular dynamics in
QCD simulations. In particular, he reviews the Hybrid Monte Carlo method
(HMC), the work-horse of lattice QCD simulations.

Part II starts with a contribution by Boriçi on statistical aspects of the
computation of the quark determinant: he suggests using order-statistics esti-
mators rather than noisy methods to eliminate bias, and illustrates this with
results for the Schwinger model. The paper by de Forcrand and Jahn studies
Monte Carlo for SU(N) Young-Mills theories: instead of the usual approach of
accumulating SU(2) updates, they perform overrelaxation in full SU(N) and
show that this approach is more efficient in practical simulations. In the next
article, Follana considers various improvements of classical staggered fermi-
ons: for the pion spectrum he shows that undesirable doublers at light quark
masses can indeed be avoided by such improvements. Drummond et al. also
consider improved gauge actions, now using twisted boundary conditions as
an infrared regulator: as they show, the resulting two-loop Landau-mean-links
accurately describe high-β Monte Carlo simulations. The contribution by Joó
is devoted to the study of potential instabilities in Hybrid Monte Carlo sim-
ulations: a theoretical study is presented for the simple harmonic oscillator;
implications for (light quark) QCD simulations are discussed and illustrated
by numerical experiments. The paper by Liu discusses a canonical ensemble
approach to finite baryon density algorithms: several stochastic techniques are
required there, including a new Hybrid Noisy Monte Carlo algorithm to re-
duce large fluctuations. The article by Young, Leinweber and Thomas presents
finite-range regularized effective field theory as an efficient tool to study the
quark mass variation of QCD observables: this includes regularisation schemes
and extrapolation methods for the nucleon mass about the chiral limit.

Part III starts with a paper by Ashby, Kennedy and O’Boyle on a new soft-
ware package implementing Krylov subspace solvers in a modular manner: the
main idea is to gain flexibility and portability by separating the generation
of the basis from the actual computation of the iterates. The paper by van
den Eshof, Sleijpen and van Gijzen analyses Krylov subspace methods in the
presence of only inexact matrix vector products; as an important practical
consequence, they are able to devise strategies on how to tune the accuracy
requirements yielding an overall fastest method, recursive preconditioning be-
ing a major ingredient. Fleming addresses data analysis and modelling for
data resulting from lattice QCD calculations: he shows that the field might
highly profit from elaborate techniques used elsewhere, like Baysian methods,
constrained fitting or total least squares. The paper by Arnold et al. compares
various Krylov subspace methods for different formulations of the overlap op-
erator; a less known method (SUMR), having had no practical applications so
far, turns out to be extremely relevant here. In the next article, Kennedy dis-
cusses theoretical and computational aspects of the Zolotarev approximation.
This is a closed formula L∞ best rational approximation to the sign function
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on two intervals left and right of zero, and its efficient matrix evaluation is of
crucial importance in simulations of overlap fermions. Finally, Wenger uses a
continued fraction expansion of the sign function to show that overlap fermi-
ons are intimately related to the 5-dimensional formulation of lattice chiral
symmetry: based on this he shows he that equivalence transformations can be
used to make the operators involved better conditioned.

We would like to express our gratitude to the authors of the present volume
for their effort in writing their contribution. All papers have undergone a strict
refereeing process and we would like to extend our thanks to all the referees
for their thorough reviewing. AF and ADK gratefully acknowledge support by
the Kavli Institute of Theoretical Physics (KITP), Santa Barbara (supported
in part by the National Science Foundation under Grant No. PHY99–07949).

The book cover shows a QCD-simulation of quark confinement, a result
from a simulation run at Wuppertal University. We are very thankful to
Thomas Lippert and Klaus Schilling for providing us with the picture. Spe-
cial thanks are also due to the LNCSE series editors and to Thanh-Ha Le Thi
from Springer for the always very pleasant and efficient cooperation during
the preparation of this volume.

Edinburgh, Santa Barbara, Pahrump, Tirana Artan Boriçi
March 2005 Andreas Frommer

Bálint Joó
Anthony D. Kennedy

Brian Pendleton
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An Introduction to Lattice Chiral Fermions

Herbert Neuberger

Department of Physics and Astronomy, Rutgers University, Piscataway, NJ08540,
USA neuberg@physics.rutgers.edu

Summary. This write-up starts by introducing lattice chirality to people possessing
a fairly modern mathematical background, but little prior knowledge about modern
physics. I then proceed to present two new and speculative ideas.

1 Review

1.1 What are Dirac/Weyl Fermions?

One can think about (Euclidean) Field Theory as of an attempt to define integrals
over function spaces [1]. The functions are of different types and are called fields. The
integrands consist of a common exponential factor multiplied by various monomials
in the fields. The exponential factor is written as exp(S) where the action S is a
functional of the fields. Further restrictions on S are: (1) locality (2) symmetries.
Locality means that S can be written as an integral over the base space (space-time)
which is the common domain of all fields and the integrand at a point depends at
most exponentially weakly on fields at other, remote, space-time points. S is required
to be invariant under an all important group of symmetries that act on the fields. In
a sense, S is the simplest possible functional obeying the symmetries and generically
represents an entire class of more complicated functionals, which are equivalently
appropriate for describing the same physics.

Dirac/Weyl fields have two main characteristics: (1) They are Grassmann valued,
which means they are anti-commuting objects and (2) there is a form of S, possibly
obtained by adding more fields, where the Dirac/Weyl fields, ψ, enter only quadrat-
ically. The Grassmann nature of ψ implies that the familiar concept of integration
needs to be extended. The definition of integration over Grassmann valued fields is
algebraic and for an S where the ψ fields enter quadratically, as in S = ψ̄Kψ + ....,
requires only the propagator, K−1, and the determinant, detK. Hence, only the
linear properties of the operator K come into play, and concepts like a “Grassmann
integration measure” are, strictly speaking, meaningless, although they make sense
for ordinary, commuting, field integration variables.

Let us focus on a space-time that is a a 4D Euclidean flat four torus, with
coordinates xµ, µ = 1, 2, 3, 4. Introduce the quaternionic basis σµ represented by
2 × 2 matrices:
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σ1 =

(
0 1
1 0

)
σ2 =

(
0 −ı
ı 0

)
σ3 =

(
−1 0
0 1

)
σ4 =

(
ı 0
0 ı

)

The ψ fields are split into two kinds, ψ̄ and ψ, each being a two component function
on the torus. In the absence of other fields the Weyl operators playing the role of
the kernel K are W = σµ∂µ and W † = −σ†

µ∂µ. The Dirac operator is made by
combining the Weyl operators:

D =

(
0 W

−W † 0

)
=

(
0 σµ

σ†
µ 0

)
∂µ ≡ γµ∂µ = −D†

The σµ obey
σ†

µσν + σ†
νσµ = 2δµν σµσ

†
ν + σνσ

†
µ = 2δµν

which implies W †W = −∂µ∂µ = −∂2

(
1 0
0 1

)
. Thus, one can think about W as a

complex square root of the Laplacian. Similarly, one has D†D = DD† = −D2, with
D2 being −∂2 times a 4 × 4 unit matrix.

When we deal with gauge theories there are other important fields [2]. These are
the gauge fields, which define a Lie algebra valued one-form on the torus, denoted by
A ≡ Aµdxµ. We shall take Aµ(x) to be an anti-hermitian, traceless, N ×N matrix.
The 1-form defines parallel transport of N -component complex fields Φ by:

Φ(x(1)) = Pe
∫
C A·dxΦ(x(0))

where xµ(t), t ∈ [0, 1] is a curve C connecting x(0) to x(1) and P denotes path order-
ing, the ordered product of N×N matrices being implicit in the exponential symbol.
Covariant derivatives, Dµ = ∂µ−Aµ, have as main property the transformation rule:

g†(x)Dµ(A)g(x) = Dµ(Ag) Ag ≡ A− g†dg

where the g(x) are unitary N × N matrices with unit determinant. The replace-
ment of ∂µ by Dµ is known as the principle of minimal substitution and defines
A-dependent Weyl and Dirac operators. A major role is played by local gauge trans-
formations, defined by ψ → gψ, ψ̄ → ψ̄g† and A → Ag where ψ is viewed as a
column and ψ̄ as a row. The gauge transformations make up an infinite invariance
group and only objects that are invariant under this group are of physical interest.
In particular, S itself must be gauge invariant and the ψ dependent part of it is of
the form Sψ =

∫
x
ψ̄Wψ with W possibly replaced by W † or by D.

Formally, W−1 is gauge covariant and detW is gauge invariant. Both the con-
struction of W and of D meet with some problems: (1) W may have exact “zero
modes”, reflecting a nontrivial analytical index. The latter is an integer defined as
dimKerW †(A)−dim KerW (A). It is possible for this integer to be non-zero because
the form A is required to be smooth only up to gauge transformations. The space
of all A’s then splits into a denumerable collection of disconnected components,
uniquely labeled by the index. The integration over A is split into a sum over com-
ponents with associated integrals restricted to each component. (2) detW cannot
always be defined in a gauge invariant way, but det(W †W ) = | detW |2 can. Thus,
detW is to be viewed as a certain square root of | detW |2, but, instead of being
a function over the spaces of A it is a line bundle. As a line bundle it can be also
viewed as a line bundle over the space of gauge orbits of A, where a single orbit
is the collection of all elements Ag for a fixed A and all g. The latter bundle may
be twisted, and defy attempts to find a smooth gauge invariant section. When this
happens we have an anomaly.
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1.2 Why is There a Problem on the Lattice?

Lattice field theory [3] tries to construct the desired functional integral by first
replacing space-time by a finite, uniform, toroidal square lattice and subsequently
constructing a limit in which the lattice spacing, a, is taken to zero. Before the limit
is taken functional integration is replaced by ordinary integration producing well
defined quantities. One tries to preserve as much as possible of the desired symmetry,
and, in particular, there is a symmetry group of lattice gauge transformations given
by
∏

x SU(N), where x denotes now a discrete lattice site.
The one-form A is replaced by a collection of elementary parallel transporters,

the link matrices Uµ(x), which are unitary and effect parallel transport from the site
x to the neighboring site to x in the positive µ direction. Traversal in the opposite
direction goes with U†

µ(x). The fields ψ̄ and ψ are now defined at lattice sites only. As
a result, W,W † become finite square matrices. Here are the main problems faced by
this construction: (1) The space of link variables is connected in an obvious way and
therefore the index of W will vanish always. Indeed, W is just a square matrix. (2)
detW is always gauge invariant, implying that anomalies are excluded. In particular,
there no longer is any need to stop the construction at the intermediate step of a
line bundle. These properties show that no matter how we proceed, the limit where
the lattice spacing a goes to zero will not have the required flexibility.

1.3 The Basic Idea of the Resolution

The basic idea of the resolution [4] is to reintroduce a certain amount of indeter-
minacy by adding to the lattice version a new infinite dimensional space in which
ψ is an infinite vector, in addition to its other indices. Other fields do not see this
space, and different components of ψ are accordingly referred to as flavors. Among
all fields, only the ψ fields come in varying flavors. W shall be replaced by a linear
operator that acts nontrivially in the new flavor space in addition to its previous
actions. The infinite dimensional structure is chosen as simple as possible to provide
for, simultaneously, good mathematical control, the emergence of a non-zero index
and the necessity of introducing an intermediary construction of detW as a line
bundle [5].

The structure of the lattice W operator is that of a lattice Dirac type operator.
This special lattice Dirac operator, D, has a mass, acting linearly in flavor space.
With this mass term, the structure of our lattice D is:

D =

(
aM† aW

−aW † aM

)

Only M acts nontrivially in flavor space. To obtain a single Weyl field relevant for
the subspace corresponding to small eigenvalues of −D2, the operator M is required
to satisfy: (1) the index of M is unity (2) the spectrum of MM† is bounded from
below by a positive number, Λ2. (Λa)2 is of order unity and kept finite and fixed
as a → 0. In practice it is simplest to set the lattice spacing a to unity and take
all other quantities to be dimensionless. Dimensional analysis can always be used
to restore the powers of a. In the continuum, we always work in the units in which
c = � = 1. Numerical integration routines never know what a is in length units. The
lower bound on MM† is taken to be of order unity.
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The index structure of M ensures that, for eigenvalues of −D2 that are small
relative to unity, the relevant space is dominated by vectors with vanishing upper
components. These vectors are acted on by the W sub-matrix of D. Moreover, the
main contribution comes from the zero mode of M , so, both the infinite flavor space
and the extra doubling implicit in using a Dirac operator, become irrelevant for the
small eigenvalues of −D2 and their associated eigenspace.

The standard choice for M stems from a paper by Callan and Harvey [6] which
has been ported to the lattice by Kaplan [7]. The matrix M is given by a first order
differential (or difference) operator of the form −∂s +f(s), where s is on the real line
and represents flavor space. f(s) is chosen to be the sign function, but could equally
well just have different constant absolute values for s positive and for s negative.

The construction of the lattice determinant line bundle will not be reviewed here
and we shall skip ahead directly to the overlap Dirac operator.

1.4 The Overlap Dirac Operator

The continuum Dirac operator combines two independent Weyl operators. The Weyl
components stay decoupled so long as there is no mass term, and admit indepen-
dently acting symmetries. Thus, zero mass Dirac fields have more symmetry than
massive ones. In particular, this implies that radiative corrections to small Dirac
masses must stay proportional to the original mass, to ensure exact vanishing in the
higher symmetry case. A major problem in particle physics is to understand why all
masses are so much smaller than the energy at which all gauge interactions become
of equal strength and one of the most important examples of a possible explana-
tion is provided by the mechanism of chiral symmetry. Until about six years ago it
was believed that one could not keep chiral symmetries on the lattice and therefore
lattice work with small masses required careful tuning of parameters.

Once we have a way to deal with individual Weyl fermions, it must be possible
to combine them pair-wise just as in the continuum and end up with a lattice Dirac
operator that is exactly massless by symmetry. This operator is called the overlap
Dirac operator and is arrived at by combining the two infinite flavor spaces of each
Weyl fermion into a new single infinite space [8]. However, unlike the infinite space
associated with each Weyl fermion, the combined space can be viewed as the limit
of a finite space. This is so because the Dirac operator does not have an index –
unlike the Weyl operator – nor does it have an ill defined determinant. Thus, there
is no major problem if the lattice Dirac operator is approximated by a finite matrix.
The two flavor spaces are combined simply by running the coordinate s first over
the values for one Weyl component and next over the values for the other Weyl
component. Since one Weyl component comes as the hermitian conjugate of the
other it is no surprise that the coordinate s will be run in opposite direction when
it is continued. Thus, one obtains an infinite circle, with a combined function f(s)
which is positive on half of the circle and negative on the other. The circle can be
made finite and then one has only approximate chiral symmetry [9]. One can analyze
the limit when the circle goes to infinity and carry out the needed projection on the
small eigenvalue eigenspaces to restrict one to only the components that would
survive in the continuum limit. The net result is a formula for the lattice overlap
Dirac operator, Do [8].

To explain this formula one needs, as a first step, to introduce the original lattice
Dirac operator due to Wilson, DW . That matrix is the most sparse one possible with
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the right symmetry properties, excepting chiral symmetry. It is used as a kernel of
the more elaborate construction needed to produce produce Do. Any alternative to
DW will produce, by the same construction, a new Do, possibly enhancing some of
its other properties. The original Do is still the most popular, because the numerical
advantage of maximal sparseness of DW has proven hard to beat by benefits coming
from other improvements. Thus, we restrict ourselves here only to DW .

DW = m+ 4 −∑µ Vµ

Vµ =
1−γµ

2
Tµ +

1+γµ

2
T †

µ

〈x|Tµ|Φi〉 = Uµ(x)ij〈x|Φj〉

Uµ(x)U†
µ(x) = 1 γµ =

(
0 σµ

σ†
µ 0

)
γ5 = γ1γ2γ3γ4

|Φi〉 is a vector with components labeled by the sites x. The notation indicates
that this is the i-th component of a vector |Φ〉 with components labeled by both a
site x and a group index, j. It is easy to see that VµV

†
µ = 1, so DW is bounded.

HW = γ5DW is hermitian and sparse. The parameter m must be chosen in the
interval (−2, 0), and typically is around −1. For gauge fields that are small, the
link matrices are close to unity and a sizable interval around zero can be shown
to contain no eigenvalues of HW [10]. This spectral gap can close for certain gauge
configurations, but these can be excluded by a simple local condition on the link
matrices. When that condition is obeyed, and otherwise independently on the gauge
fields, all eigenvalues of H2

W are bigger than some positive number µ2. This makes it
possible to unambiguously define the sign function of HW , ǫ(HW ). Moreover, ǫ(HW )
can be infinitely well approximated by a smooth function so long as µ2 > 0. Since, in
addition, the spectrum of HW is bounded from above, Weierstrass’s approximation
theorem applies and one can approximate uniformly ǫ(HW ) by a polynomial in
HW . Thus, as a matrix, ǫ is no longer sparse, but, for µ2 > 0, it still is true that
entries associated with lattice sites separated by distances much larger than 1

µ
are

exponentially small.
The exclusion of some configurations ruins the simple connectivity of the space

of link variables just as needed to provide for a lattice definition of the integer n,
which in the continuum labels the different connected components of gauge orbit
space. The appropriate definition of n on the lattice is [11]

n =
1

2
Trǫ(HW )

It is obvious that it gives an integer since HW must have even dimensions as is
evident from the structure of the γ-matrices. Moreover, it becomes very clear why
configurations for which HW could have a zero eigenvalue needed to be excised.
These configurations were first found to need to be excised when constructing the
lattice version of the detW line bundle.

The overlap Dirac operator is

Do =
1

2
(1 + γ5ǫ(HW ))

γ5 and ǫ make up a so called “Kato pair” with elegant algebraic properties [12].
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1.5 What About the Ginsparg-Wilson Relation?

In practice, the inverse of Do is needed more than Do itself. Denoting γ5ǫ(HW ) = V ,
where V is unitary and obeys “γ5-hermiticity”, γ5V γ5 = V †, we easily prove that
D−1

o = 2
1+V

obeys

{γ5,D
−1
o − 1} = 0

Here, we introduced the anti-commutator {a, b} ≡ ab + ba. In the continuum, the
same relation is obeyed by D−1 and reflects chiral symmetry. We see that a slightly
altered propagator will be chirally symmetric. The above equation, modifying the
continuum relation {γ5,D

−1} = 0, was first written down by Ginsparg and Wilson
(GW) in 1982 [14] in a slightly different form. By a quirk of history, their paper
became famous only after the discovery of Do. The main point of the GW paper
is that shifting an explicitly chirally symmetric propagator by a matrix which is
almost diagonal in lattice sites and unity in spinor space does not destroy physical
chiral symmetry.

It turns out that the explicitly chirally symmetric propagator, 1−V
1+V

, can be used

as the propagator associated with the monomials of the fields that multiply eS , but in
other places where the propagator appears (loops), one needs to use the more subtly
chirally symmetric propagator, D−1

o = 2
1+V

. This dichotomy is well understood and
leads to no inconsistencies [15].

Any solution of the GW relation, if combined with γ5 hermiticity, is of the form
2

1+V
, producing a propagator which anti-commutes with γ5 of the form 1−V

1+V
. V is a

unitary, γ5-hermitian, matrix. Thus the overlap is the general γ5-hermitian solution
to the GW relation, up to an inconsequential generalization which adds a sparse,
positive definite, kernel matrix to the GW relation. The overlap goes beyond the
GW paper in providing a generic procedure to produce explicit acceptable matrices
V starting from explicit matrices of the same type as HW .

When the GW relation was first presented, in 1982, the condition of γ5-
hermiticity was not mentioned. The solution was not written in terms of a unitary
matrix V , and there was no explicit proposal for the dependence of the solution on
the gauge fields. For these reasons, the paper fell into oblivion, until 1997, when Do

was arrived at by a different route. With the benefit of hindsight we see now that it
was a mistake not to pursue the GW approach further.

In 1982 neither the mathematical understanding of anomalies - specifically the
need to find a natural U(1) bundle replacing the chiral determinant - nor the para-
mount importance of the index of the Weyl components were fully appreciated. Only
after these developments became widely understood did it become possible to ap-
proach the problem of lattice chirality from a different angle and be more successful
at solving it. The convergence with the original GW insight added a lot of credence
to the solution and led to a large number of papers based on the GW relation.

Already in 1982 GW showed that if a solution to their relation were to be
found, the slight violation of anti-commutativity with γ5 that it entailed, indeed was
harmless, and even allowed for the correct reproduction of the continuum triangle
diagram, the key to calculating anomalies. Thus, there was enough evidence in 1982
that should have motivated people to search harder for a solution, but this did not
happen. Rather, the prevailing opinion was that chirality could not be preserved on
the lattice. This opinion was fed by a an ongoing research project which attempted
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to solve the lattice chirality problem by involving extra scalar fields, interacting with
the fermions by trilinear (Yukawa) interactions. In this approach one ignored the
topological properties of the continuum Dirac operator with respect to the gauge
background. The Yukawa models never worked, but the people involved did not
attribute this to the failing treatment of topology, and slowly the feeling that chiral
symmetry could not be preserved on the lattice took root.

In retrospect, something went wrong in the field’s collective thought process,
but parallel developments mentioned earlier eventually provided new impetus to
deal with the problem correctly. Luckily, this second opportunity was not missed.
There was however substantial opposition and even claims that the new approach
was not different from the one based on Yukawa interactions, and therefore, was
unlikely to be correct [16].

After the discovery ofDo, fifteen years after the GW paper, a flood of new papers,
developing the GW approach further, appeared. Because the overlap development
already had produced all its new conceptual results by then, no further substantial
advance took place. For example, the importance of topology was reaffirmed in a
GW framework [17], but the overlap already had completely settled this issue several
years earlier. However, this renewed activity generated enough reverberations in the
field to finally eradicate the prevailing assumption of the intervening years, that
chiral symmetry could not be preserved on the lattice.

1.6 Basic Implementation

Numerically the problem is to evaluate ǫ(HW ) on a vector, without storing it, basing
oneself on the sparseness of HW . This can be done because, possibly after deflation,
the spectrum of HW has a gap around 0, the point where the sign function is discon-
tinuous. In addition, since HW is bounded we need to approximate the sign function
well only in two disjoint segments, one on the positive real line and the other its
mirror image on the negative side. A convenient form is the Higham representation,
which introduces ǫn(x) as an approximation to the sign function:

ǫn(x) =

⎧
⎨

⎩

tanh[2n tanh−1(x)] for |x| < 1
tanh[2n tanh−1(x−1)] for |x| > 1
x for |x| = 1

Equivalently,

ǫn(x) =
(1 + x)2n − (1 − x)2n

(1 + x)2n + (1 − x)2n
=
x

n

n∑

s=1

1

x2 cos2
[

π
2n

(
s− 1

2

)]
+ sin2

[
π
2n

(
s− 1

2

)]

lim
n→∞

ǫn(x) = sign(x)

ǫn(HW )ψ can be evaluated using a single Conjugate Gradient (CG) iteration
with multiple shifts for all the pole terms labeled by s above [18]. The cost in op-
erations is that of a single CG together with an overhead that is linear in n and
eventually dominates. The cost in storage is of 2n large vectors. The pole represen-
tation can be further improved using exact formulae due to Zolotarev who solved
the Chebyshev approximation problem analytically for the sign function, thus elim-
inating the need to use the general algorithm due to Remez. However, for so called
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quenched simulations, where one replaces detDo by unity in the functional integra-
tion, the best is to use a double pass [19] version introduced a few years ago but fully
understood only recently [20]. In the double pass version storage and number of op-
erations become n-independent for large n, which, for double precision calculations
means an n larger than 30 or so. Thus, the precise form of the pole approxima-
tion becomes irrelevant and storage requirements are modest. In “embarrassingly
parallel” simulations this is the method of choice because it simultaneously attains
maximal numerical accuracy and allows maximal exploitation of machine cycles.

When one goes beyond the detDo = 1 approximation, one needs to reconsider
methods that employ order n storage. A discussion of the relevant issues in this case
would take us beyond the limits of this presentation; these issues will be covered by
other speakers who are true experts.

2 Beyond Overlap/GW?

The overlap merged with GW because both ideas exploited a single real extra coor-
dinate. The starting point of the overlap construction however seems more general,
since it would allow a mass matrix in infinite flavor space even if the latter were
associated with two or more coordinates. Thus, one asks whether using two extra
coordinates might lead to a structurally new construction [21]. While this might not
be better in practice, it at least has the potential of producing something different,
unattainable if one just sticks to the well understood GW track.

The function f(s) from the overlap is replaced now by two functions f1(s1)
and f2(s2) and the single differential operator ∂s + f(s) by two such operators,
dα = ∂α + fα(sα). Clearly, d1 and d2 commute. A mass matrix with the desired
properties can be now constructed as follows:

M =

(
d1 −id†2
id2 −d†1

)

The two dimensional plane spanned by sα is split into four quadrants according to
the pair of signs of fα and, formally, the chiral determinant can be written as the
trace of four Baxter Corner Transfer Matrices,

chiral det = Tr[KIKIIKIIIKIV]

While this structure is intriguing, I have made no progress yet on understanding
whether it provides a natural definition of a U(1) bundle with the right properties.
If it does, one could go over to the Dirac case, and an amusing geometrical picture
seems to emerge. It is too early to tell whether this idea will lead anywhere or not.

3 Localization and Domain Wall Fermions

3.1 What are Domain Wall Fermions?

Before the form of Do was derived we had a circular s space with f(s) changing
sign at the opposite ends of a diameter. One of the semi-circles can be eliminated by
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taking |f(s)| to infinity there, leaving us with a half circle that can be straightened
into a segment with two approximate Weyl fields localized at its ends. This is known
as the domain wall setup, the walls extending into the physical directions of space-
time. Keeping the length of the segment finite but large one has approximate chiral
symmetry and an operator DDW which acts on many Dirac fields, exactly one of
them having a very small effective mass, and the rest having masses of order unity.

The chiral symmetry is only approximate because matrix elements of 1

D
†
DW

DDW

connecting entries associated with opposite ends of the segment, L and R, do not
vanish exactly. Using a spectral decomposition of D†

DWDDW we have:

〈L| 1

D†
DWDDW

|R〉 =
∑

n

1

Λn
〈Ψn|R〉〈Ψn|L〉∗ 〈Ψn|Ψn〉 = 1

Weyl states are localized at L and R and should not connect with each other. So
long as the distance between R and L is infinite and H2

W > µ2 this is exactly proven
to be the case. For a finite distance S, the correction goes as e−µS . Unfortunately,
µ can be very small numerically and this would require impractically large values
of S. Note that the worse situation occurs if one has simultaneously a relatively
large wave-function contribution, |〈Ψn|R〉〈Ψn|L〉|, and a small Λn. Unfortunately,
this worse case seems to come up in practice.

3.2 The Main Practical Problem

As already mentioned, for the purpose of keeping track of detDo, one may want to
keep in the simulation the dependence on the coordinate s, or, what amounts to a
logical equivalent, the n fields corresponding to the pole terms in the sign function
truncation. This is the main reason to invest resources in domain wall simulations.
In my opinion, if one works in the approximation where detDo = 1 it does not
pay to deal with domain wall fermions because it is difficult to safely assess the
magnitude of chirality violating effects in different observables.

The main problem faced by practical domain wall simulations is that in the
range of interest for strong interaction (QCD) phenomenology HW , the kernel of
the overlap, has eigenstates with very small eigenvalues in absolute value. It turns
out that these states are strongly localized in space-time. However, because of ap-
proximate translational invariance in s they hybridize into delocalized bands into
the extra dimension. As such, they provide channels by which the Weyl modes at
the two locations L and R, where the combined f(s) vanishes, communicate with
each other, spoiling the chiral symmetry. To boot, these states have small Λn. The
one way known to eliminate this phenomenon is to take the separation between the
Weyl modes to infinity. This leads to the overlap where the problem becomes only
of a numerical nature and is manageable by appropriately deflating HW to avoid
the states for which the reconstruction of the sign function by iterative means is too
expensive.

3.3 The New Idea

The new idea is to exploit the well known fact that one dimensional random systems
typically always localize. The standard approach uses a homogeneous s coordinate;
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translations in s would be a symmetry, except for the points at the boundary. Sup-
pose we randomized to some degree the operators HW strung along the s-direction,
randomly breaking s-translations also locally. This would evade hybridization, mak-
ing localized states in the s direction. Now the hope is that the right amount of
disorder would affect only the states made out of the eigenstates of HW that are
localized in the space-time direction because there states have small eigenvalues
making the basis for the hybridized states decay slowly in the s direction.

The problem boils down to invent the right kind, and discover the right amount,
of randomness that would achieve the above. A simple idea is to randomize somewhat
the parameter m in HW as a function of s. A numerical test of this idea, with a small
amount of randomness, has been carried out together with F. Berruto, T. W. Chiu
and R. Narayanan. It turned out that the amount of randomness we used was too
small to have any sizable effect. The test did show however that if the randomness
is very small nothing is lost, so we have something we can smoothly modify away
from. However the computational resources needed for a more thorough experiment
are beyond our means, so the matter is left unresolved.

4 Final Words

Much progress has been attained on the problem of lattice chirality, both concep-
tually and in practical implementations. The old wisdom that symmetry is king in
field theory has been again proven. However, there is room for further progress and
new ideas can still lead to large payoffs; keep your eyes open !
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Computing f(A)b for Matrix Functions f ∗
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Summary. For matrix functions f we investigate how to compute a matrix-vector
product f(A)b without explicitly computing f(A). A general method is described
that applies quadrature to the matrix version of the Cauchy integral theorem. Meth-
ods specific to the logarithm, based on quadrature, and fractional matrix powers,
based on solution of an ordinary differential equation initial value problem, are also
presented

1 Introduction

A large literature exists on methods for computing functions f(A) of a square
matrix A, ranging from methods for general f to those that exploit properties
of particular functions. In this work we consider the problem of computing
y = f(A)b, for a given matrix A and vector b. Our aim is to develop methods
that require less computation than forming f(A) and then multiplying into b.

Motivation for this problem comes from various sources, but particularly
from lattice quantum chromodynamics (QCD) computations in chemistry and
physics; see [6], [17] and elsewhere in this proceedings. Here, f(A)b must
be computed for functions such as f(A) = A(A∗A)−1/2, with A very large,
sparse, complex and Hermitian. Applications arising in the numerical solution
of stochastic differential equations are described in [1], with f(A) = A1/2 and
A symmetric positive definite. More generally, it might be desired to compute
just a single column of f(A), in which case b can be taken to be a unit
vector ei. We mention that Bai, Fahey and Golub [2] treat the problem of
computing upper and lower bounds for a quadratic form uT f(A)v, principally
for symmetric positive definite A.

We treat general nonsymmetric A and assume that factorization of A is
feasible. While our methods are not directly applicable to very large, sparse

∗This work was supported by Engineering and Physical Sciences Research Coun-
cil grant GR/R22612.

†Supported by a Royal Society-Wolfson Research Merit Award.



16 Philip I. Davies and Nicholas J. Higham

A, they should be useful in implementing methods specialized to such A. For
example, in the QCD application the Lanczos-based method of [17, Sec. 4.6]
requires the computation of T−1/2e1, where T is symmetric tridiagonal, while
techniques applying to general f and sparse A and leading to dense subprob-
lems are described by van der Vorst [18].

2 Rational Approximations

A rational approximation r(A) = q(A)−1p(A) ≈ f(A), where p and q are poly-
nomials, can be applied directly to the f(A)b problem to give y = f(A)b ≈
r(A)b as the solution of q(A)y = p(A)b. Forming q(A) is undesirable, so if
this formulation is used then iterative methods requiring only matrix-vector
products must be used to solve the linear system [18]. It may also be possible
to express r(A) in linear partial fraction form, so that y can be computed by
solving a sequence of linear systems involving A but not higher powers (an
example is given in the next section). The issues here are largely in construc-
tion of the approximation r(A), and hence are not particular to the f(A)b
problem. See Golub and Van Loan [8, Chap. 11] for a summary of various
rational approximation methods.

3 Matrix Logarithm

We consider first the principal logarithm of a matrix A ∈ C
n×n with no

eigenvalues on R
− (the closed negative real axis). This logarithm is denoted

by log A and is the unique matrix Y such that exp(Y ) = A and the eigenvalues
of Y have imaginary parts lying strictly between −π and π. We will exploit
the following integral representation, which is given, for example, by Wouk
[19].

Theorem 1. For A ∈ C
n×n with no eigenvalues on R

−,

log
(
s(A − I) + I

)
=

∫ s

0

(A − I)
[
t(A − I) + I

]−1
dt,

and hence

log A =

∫ 1

0

(A − I)
[
t(A − I) + I

]−1
dt. (1)

Proof. It suffices to prove the result for diagonalizable A [11, Thm. 6.2.27
(2)], and hence it suffices to show that

log(s(x − 1) + 1) =

∫ s

0

(x − 1)
[
t(x − 1) + 1

]−1
dt

for x ∈ C lying off R
−; this latter equality is immediate.
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The use of quadrature to approximate the integral (1) is investigated by
Dieci, Morini and Papini [5]. Quadrature is also directly applicable to our
f(A)b problem. We can apply a quadrature rule

∫ 1

0

g(t) dt ≈
m∑

k=1

ckg(tk) (2)

to (1) to obtain

(log A) b ≈

(
m∑

k=1

ck

[
tk(A − I) + I

]−1

)
(A − I)b. (3)

Unlike when quadrature is used to approximate log A itself, computational
savings accrue from reducing A to a simpler form prior to the evaluation.
Since A is a general matrix we compute the Hessenberg reduction

A = QHQT , (4)

where Q is orthogonal and H is upper Hessenberg, and evaluate

(log A) b ≈ Q

m∑

k=1

ck

[
tk(H − I) + I

]−1
d, d = QT (A − I)b, (5)

where the Hessenberg linear systems are solved by Gaussian elimination with
partial pivoting (GEPP). The computation of (4) (with Q maintained in fac-
tored form) and the evaluation of (5) cost (10/3)n3 + 2mn2 flops, whereas
evaluation from (3) using GEPP to solve the linear systems costs (2/3)mn3

flops; thus unless m <
∼ 5 the Hessenberg reduction approach is the more ef-

ficient for large n. If m is so large that m >
∼ 32n then it is more efficient to

employ a (real) Schur decomposition.
Gaussian quadrature is a particularly interesting possibility in (2). It

is shown by Dieci, Morini and Papini [5, Thm. 4.3] that applying the m
point Gauss-Legendre quadrature rule to (1) produces the rational function
rm(A − I), where rm(x) is the [m/m] Padé approximant to log(1 + x), the
numerator and denominator of which are polynomials in x of degree m. Padé
approximants to log(I +X) are a powerful tool whose use is explored in detail
in [3], [10]. These approximations are normally used only for ‖X‖ < 1, and
under this condition Kenney and Laub [13] show that the error in the matrix
approximation is bounded by the error in a corresponding scalar approxima-
tion:

‖rm(X) − log(I + X)‖ ≤ |rm(−‖X‖) − log(1 − ‖X‖)|; (6)

the norm here is any subordinate matrix norm. The well known formula for
the error in Gaussian quadrature provides an exact expression for the error
rm(X)− log(I + X). As shown in [5, Cor. 4.4] this expression can be written
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as a power series in X when ‖X‖ < 1. Both these approaches provide error
bounds for the approximation of (logA) b.

We note that in the case where A is symmetric positive definite, the
method of Lu [14] for computing log(A) that uses Padé approximants is readily
adapted to compute (log A)b. That method places no restrictions on ‖I −A‖2

but it strongly relies on the symmetry and definiteness of A.
In the inverse scaling and squaring method for computing logA [3], re-

peated square roots are used to bring A close to I, with subsequent use of

the identity log A = 2k log A1/2k

. Unfortunately, since each square root re-
quires O(n3) flops, this approach is not attractive in the context of computing
(log A) b.

When ‖I − A‖ > 1, we do not have a convenient bound for the error
in the m-point Gauss-Legendre approximation to (log A) b. While it follows
from standard results on the convergence of Gaussian quadrature [4] that the
error in our approximation converges to zero as m → ∞, we cannot predict in
advance the value of m needed. Therefore for ‖I−A‖ > 1 adaptive quadrature
is the most attractive option.

We report numerical experiments for four problems:

A = eye(64) + 0.5 urandn(64), b = urandn(64,1),
A = eye(64) + 0.9 urandn(64), b = urandn(64,1),
A = gallery(’parter’,64), b = urandn(64,1),
A = gallery(’pascal’,8), b = urandn(8,1),

where we have used MATLAB notation. In addition, urandn(m,n) denotes
an m× n matrix formed by first drawing the entries from the normal N(0, 1)
distribution and then scaling the matrix to have unit 2-norm. The Parter
matrix is mildly nonnormal, with eigenvalues lying in the right half-plane on
a curve shaped like a “U” rotated anticlockwise through 90 degrees. The Pascal
matrix is symmetric positive definite, with eigenvalues ranging in magnitude
from 10−4 to 103.

We computed y = log(A)b using a modification of the MATLAB adaptive
quadrature routine quadl, which is based on a 4-point Gauss-Lobatto rule
together with a 7-point Kronrod extension [7]. Our modification allows the
integration of vector functions. We employ the Hessenberg reduction as in
(5). We also computed the m-point Gauss-Legendre approximation, using the
smallest m such that the upper bound in (6) was less than the tolerance when
‖I − A‖2 < 1, or else by trying m = 1, 2, 3 . . . successively until the absolute
error ‖ log(A)b− ŷ‖2 was no larger than the tolerance. Three different absolute
error tolerances tol were used. The results are reported in Tables 1–4, in which
“g evals” denotes the value of m in (5) that quadl effectively uses.

We see from the results that Gauss-Legendre quadrature with an appro-
priate choice of m is more efficient than the modified quadl in every case. This
is not surprising in view of the optimality properties of Gaussian quadrature,
and also because adaptive quadrature incurs an overhead in ensuring that
an error criterion is satisfied [15]. The inefficiency of adaptive quadrature is
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particularly notable in Table 1, where at least 18 function evaluations are
always required and a much more accurate result than necessary is returned.
Recall, however that unless ‖I − A‖2 > 1 we have no way of choosing m for
the Gauss-Legendre approximation automatically. We also observe that the
error bound (6) provides a rather pessimistic bound for the (logA) b error in
Table 2.

Table 1. Results for A = eye(64)+0.5 urandn(64), b = urandn(64,1). ‖I−A‖2 =
0.5, ‖ log(A)‖2 = 5.3e-1.

Adaptive quadrature Gauss-Legendre

tol g evals Abs. err. m Abs. err. Upper bound in (6)

1e-3 18 1.2e-13 2 7.9e-6 8.4e-4
1e-6 18 1.2e-13 4 1.1e-10 7.6e-7
1e-9 18 1.2e-13 6 4.1e-15 6.7e-10

Table 2. Results for A = eye(64)+0.9 urandn(64), b = urandn(64,1). ‖I−A‖2 =
0.9, ‖ log(A)‖2 = 1.0.

Adaptive quadrature Gauss-Legendre

tol g evals Abs. err. m Abs. err. Upper bound in (6)

1e-3 18 5.6e-10 7 9.7e-13 3.2e-4
1e-6 18 5.6e-10 12 3.1e-15 4.7e-7
1e-9 18 5.6e-10 17 3.1e-15 6.8e-10

Table 3. Results for A = gallery(’parter’,64), b = urandn(64,1). ‖I − A‖2 =
3.2, ‖ log(A)‖2 = 1.9.

Adaptive quadrature Gauss-Legendre

tol g evals Abs. err. m Abs. err.

1e-3 48 1.6e-4 8 5.2e-6
1e-6 48 1.4e-10 10 2.5e-7
1e-9 138 1.6e-13 14 5.2e-10

Table 4. Results for A = gallery(’pascal’,8), b = urandn(64,1). ‖I − A‖2 =
4.5e3, ‖ log(A)‖2 = 8.4.

Adaptive quadrature Gauss-Legendre

tol g evals Abs. err. m Abs. err.

1e-3 198 1.1e-5 128 1.0e-3
1e-6 468 2.8e-10 245 1.0e-6
1e-9 1158 5.7e-14 362 9.8e-10
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4 Matrix Powers

To compute the action of an arbitrary matrix power on a vector we identify
an initial value ODE problem whose solution is the required vector.

Note that for a positive integer p and A having no eigenvalues on R
−,

A1/p denotes the principal pth root: the pth root whose eigenvalues lie in
the segment { z : −π/p < arg(z) < π/p }. For other fractional α, Aα can be
defined as exp(α log A).

Theorem 2. For A ∈ C
n×n with no eigenvalues on R

− and α ∈ R, the initial
value ODE problem.

dy

dt
= α(A − I)

[
t(A − I) + I

]−1
y, y(0) = b, 0 ≤ t ≤ 1, (7)

has a unique solution y(t) =
[
t(A − I) + I

]α
b, and hence y(1) = Aαb.

Proof. The existence of a unique solution follows from the fact that the
ODE satisfies a Lipschitz condition with Lipschitz constant sup0≤t≤1 ‖(A −

I)
[
t(A − I) + I

]−1
‖ < ∞. It is easy to check that y(t) is this solution.

This result is obtained by Allen, Baglama and Boyd [1] in the case α = 1/2
and A symmetric positive definite. They propose using an ODE initial value
solver to compute x(1) = A1/2b.

Applying an ODE solver is the approach we consider here also. The initial
value problem can potentially be stiff, depending on α, the matrix A, and
the requested accuracy, so some care is needed in choosing a solver. Again, a
Hessenberg reduction of A can be used to reduce the cost of evaluating the
differential equation.

We report an experiment with the data A = gallery(’parter’,64),
b = urandn(64,1), as used in the previous section, with α = −1/2 and
α = 2/5. We solved the ODE initial value problem with MATLAB’s ode45

function [9, Chap. 12], obtaining the results shown in Table 5; here, tol is
the relative error tolerance, and the absolute error tolerance in the function’s
mixed absolute/relative error test was set to 10−3tol. It is clear from the
displayed numbers of successful steps and failed attempts to make a step that
ode45 found the problems relatively easy.

5 General f : Cauchy Integral Theorem

For general f we can represent y = f(A)b using the matrix version of the
Cauchy integral theorem:

y =
1

2πi

∫

Γ

f(z)(zI − A)−1b dz, (8)
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Table 5. Results for A = gallery(’parter’,64), b = randn(64,1).

f(A) tol Succ. steps Fail. atts ODE evals Rel. err

A−1/2 1e-3 12 0 73 3.5e-8
1e-6 14 0 85 6.0e-9
1e-9 40 0 241 7.7e-12

A2/5 1e-3 15 0 79 2.8e-8
1e-6 16 0 91 2.4e-9
1e-9 54 0 325 1.8e-12

where f is analytic inside a closed contour Γ that encloses the eigenvalues of
A. We take for the contour Γ a circle with centre α and radius β,

Γ : z − α = βeiθ, 0 ≤ θ ≤ 2π, (9)

and then approximate the integral using the repeated trapezium rule. Using
dz = iβeiθdθ = idθ(z(θ) − α), and writing the integrand in (8) as g(z), we
obtain ∫

Γ

g(z)dz = i

∫ 2π

0

(z(θ) − α)g(z(θ)) dθ. (10)

The integral in (10) is a periodic function of θ with period 2π. Applying the
n-point repeated trapezium rule to (10) gives

∫

Γ

g(z) dz ≈
2πi

n

n−1∑

k=0

(zk − α)g(zk),

where zk − α = βe2πki/n, that is, z0, . . . , zn are equally spaced points on the
contour Γ (note that since Γ is a circle we have z0 = zn). When A is real
and we take α real it suffices to use just the zk in the upper half-plane and
then take the real part of the result. When applied to periodic functions the
repeated trapezium rule can produce far more accurate results than might be
expected from the traditional error estimate [4]

∫ b

a

f(x)dx − Tn(f) = −
(b − a)3

12n2
f ′′(ξ), a < ξ < b,

where Tn(f) denotes the n-point repeated trapezium rule for the function f .
The following theorem can be shown using the Euler-Maclaurin formula.

Theorem 3 ([4, p. 137]). Let f(x) have period 2π and be of class
C2k+1(−∞,∞) with |f (2k+1)(x)| ≤ M . Then

∣∣∣∣
∫ 2π

0

f(x) dx − Tn(f)

∣∣∣∣ ≤
4πM ζ(2k + 1)

n2k+1
,

where ζ(k) =
∑∞

j=1 j−k is the Riemann zeta function.
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We want to apply Theorem 3 to the integral (10)

∫ 2π

0

h(θ) dθ :=
1

2π

∫ 2π

0

(z(θ) − α)f
(
z(θ)
)(

z(θ)I − A
)−1

b dθ (11)

where z(θ) = α + βeiθ. The integrand is continuously differentiable so we
can choose any k in Theorem 3. We need to consider the derivatives of the
integrand in (11), which have the form

h(k)(θ) =
ik

2π

k∑

j=0

(z(θ) − α)j+1

j∑

i=0

cijkf (j−i)(z(θ))(z(θ)I − A)−(1+i)b, (12)

for certain constants cijk.

Several terms in (12) can make |h(2k+1)(θ)| large and therefore make the
error bound in Theorem 3 large. First, we have the term (z(θ)−α)j+1 where
0 ≤ j ≤ 2k + 1. The term z(θ) − α has absolute value equal to the radius of
the contour, β. Therefore |h(2k+1)(θ)| is proportional to β2k+2 and the error
bound for the repeated trapezium rule will be proportional to β(β/n)2k+1. As
the contour needs to enclose all the eigenvalues of A, β needs to be large for a
matrix with a large spread of eigenvalues. Therefore a large number of points
are required to make the error bound small. Second, we have the powers of
the resolvent, (z(θ)I −A)−(1+i), where 0 ≤ i ≤ 2k+1. These powers will have
a similar effect to β on |h(2k+1)(θ)| and therefore on the error bound. These
terms can be large if the contour passes too close to the eigenvalues of A; even
if the contour keeps well away from the eigenvalues, the terms can be large
for a highly nonnormal matrix, as is clear from the theory of pseudospectra
[16]. A large resolvent can also make rounding errors in the evaluation of the
integrand degrade the computed result, depending on the required accuracy.
Third, the derivatives of f(z) can be large: for example, for the square root
function near z = 0. Finally, the constants cijk in (12) grow quickly with k. In
summary, despite the attractive form of the bound in Theorem 3, rapid decay
of the error with n is not guaranteed.

We give two examples to illustrate the performance of the repeated trapez-
ium rule applied to (10). As in the previous sections, we use a Hessenberg
reduction of A to reduce the cost of the function evaluations. We consider the
computation of y = A1/2b. Our first example is generated in MATLAB by

A = randn(20)/sqrt(20) + 2*eye(20); b = randn(20,1)

We took α = 2 and β = 1.4 in (9), so that the contour does not closely
approach any eigenvalue. From Table 6 we can see that the trapezium rule
converges rapidly as the number of points increases. This is predicted by the
theory since

• β, the radius of the contour, and ‖(z(θ)I − A)−1‖ are small,
• Γ does not go near the origin, and therefore f (k)(z) remains of moderate

size.



Computing f(A)b for Matrix Functions f 23

Our second example involves the Pascal matrix of dimensions 4 and 5.
The Pascal matrix is symmetric positive definite and has a mix of small and
large eigenvalues. As noted above we would like to choose the contour so that
it does not go too near the eigenvalues of A and also does not go near the
negative real axis, on which the principal square root function is not defined.
As a compromise between these conflicting requirements we choose for Γ the
circle with centre (λmin + λmax)/2 and radius λmax/2. The results in Table 7
show that the increases in β and ‖(z(θ)I−A)−1‖ and the proximity of Γ to the
origin cause a big increase in the number of points required for convergence
of the repeated trapezium rule. When we repeated the same experiment using
the 6 × 6 Pascal matrix we found that we required over 1 million points to
achieve a relative error of 7.0 × 10−5.

Our conclusion is that the repeated trapezium rule applied to the Cauchy
integral formula can be an efficient way to compute f(A)b, but the technique
is restricted to matrices that are not too nonnormal and whose eigenvalues can
be enclosed within a circle of relatively small radius that does not approach
singularities of the derivatives of f too closely. We note that Kassam and
Trefethen [12] successfully apply the repeated trapezium rule to the Cauchy
integral formula to compute certain matrix coefficients in a numerical integra-
tion scheme for PDEs, their motivation being accuracy (through avoidance of
cancellation) rather than efficiency.

Table 6. Results for A = randn(20)/sqrt(20) + 2*eye(20), b = randn(20,1),
α = 2, β = 1.4.

No. points 8 16 32 64 128

Rel. err. 3.0e-2 1.0e-3 1.4e-6 3.0e-12 2.1e-15

Table 7. Results for A = gallery(’pascal’,n), b = randn(n,1).

n = 4, α = 13.17, β = 13.15 n = 5, α = 46.15, β = 46.14

No. points Rel. err. No. points Rel. err.

29 1.5e-1 212 1.6e+0
210 5.0e-2 213 6.1e-1
211 9.4e-3 214 1.7e-1
212 4.6e-4 215 2.2e-2
213 1.2e-6 216 4.5e-4
214 8.9e-12 217 2.0e-7
214 3.8e-15 218 9.9e-14
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Computational Methods for the Fermion
Determinant and the Link Between Overlap
and Domain Wall Fermions
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Summary. This paper reviews the most popular methods which are used in lattice
QCD to compute the determinant of the lattice Dirac operator: Gaussian integral
representation and noisy methods. Both of them lead naturally to matrix function
problems. We review the most recent development in Krylov subspace evaluation of
matrix functions. The second part of the paper reviews the formal relationship and
algebraic structure of domain wall and overlap fermions. We review the multigrid
algorithm to invert the overlap operator. It is described here as a preconditioned
Jacobi iteration where the preconditioner is the Schur complement of a certain block
of the truncated overlap matrix.

1 Lattice QCD

Quantum Chromodynamics (QCD) is the quantum theory of interacting quarks and
gluons. It should explain the physics of strong force from low to high energies. Due to
asymptotic freedom of quarks at high energies, it is possible to carry out perturbative
calculations in QCD and thus succeeding in explaining a range of phenomena. At low
energies quarks are confined within hadrons and the coupling between them is strong.
This requires non-perturbative calculations. The direct approach it is known to be
the lattice approach. The lattice regularization of gauge theories was proposed by
[1]. It defines the theory in an Euclidean 4-dimensional finite and regular lattice with
periodic boundary conditions. Such a theory is known to be Lattice QCD (LQCD).
The main task of LQCD is to compute the hadron spectrum and compare it with
experiment. But from the beginning it was realised that numerical computation of
the LQCD path integral is a daunting task. Hence understanding the nuclear force
has ever since become a large-scale computational project.

In introducing the theory we will limit ourselves to the smallest set of definitions
that should allow a quick jump into the computational tasks of LQCD.
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A fermion field on a regular Euclidean lattice Λ is a Grassmann valued function
ψµ,c(x) ∈ G, x = {xµ, µ = 1, . . . , 4} ∈ Λ which carries spin and colour indices
µ = 1, . . . , 4, c = 1, 2, 3. Grassmann fields are anticommuting fields:

ψµ,c(x)ψν,b(y) + ψν,b(y)ψµ,c(x) = 0

for ψµ,c(x), ψν,b(y) ∈ G and µ, ν = 1, . . . , 4, b, c = 1, 2, 3. In the following we
will denote by ψ(x) ∈ G12 the vector field with 12 components corresponding to
Grassmann fields of different spin and colour index.

The first and second order differences are defined by the following expressions:

∂̂µψ(x) = 1
2a

[ψ(x+ aeµ) − ψ(x− aeµ)]

∂̂2
µψ(x) = 1

a2 [ψ(x+ aeµ) + ψ(x− aeµ) − 2ψ(x)]

where a and eµ are the lattice spacing and the unit lattice vector along the coordinate
µ = 1, . . . , 4.

Let U(x)µ ∈ C
3×3 be an unimodular unitary matrix, an element of the SU(3)

Lie group in its fundamental representation. It is a map onto SU(3) colour group of
the oriented link connecting lattice sites x and x+ aeµ. Physically it represents the
gluonic field which mediates the quark interactions represented by the Grassmann
fields. A typical quark field interaction on the lattice is given by the bilinear form:

ψ̄(x)U(x)µψ(x+ aeµ)

where ψ̄(x) is a second Grassmann field associated to x ∈ Λ. Lattice covariant
differences are defined by:

∇µψ(x) = 1
2a

[U(x)µψ(x+ aeµ) − UH(x− aeµ)µψ(x− aeµ)]

∆µψ(x) = 1
a2 [U(x)µψ(x+ aeµ) + UH(x− aeµ)µψ(x− aeµ) − 2ψ(x)]

where by UH(x) is denoted the Hermitian conjugation of the gauge field U(x), which
acts on the colour components of the Grassmann fields. The Wilson-Dirac operator
is a matrix operator DW (mq, U) ∈ C

N×N . It can be defined through 12 × 12 block
matrices [DW (mq, U)](x, y) ∈ C

12×12 such that:

[DW (mq, U)ψq](x) = mqψ
q(x) +

4∑

µ=1

[γµ∇µψ
q(x) − a

2
∆µψ

q(x)]

where mq is the bare quark mass with the index q = 1, . . . , Nf denoting the quark
flavour; ψq(x) denotes the Grassmann field corresponding to the quark flavour with
mass mq; {γµ ∈ C

4×4, µ = 1, . . . , 5} is the set of anti-commuting and Hermitian
gamma-matrices of the Dirac-Clifford algebra acting on the spin components of the
Grassmann fields; N = 12L1L2L3L4 is the total number of fermion fields on a lattice
with L1, L2, L3, L4 sites in each dimension. DW (mq, U) is a non-Hermitian operator.
The Hermitian Wilson-Dirac operator is defined to be:

HW (mq, U) = γ5DW (mq, U)

where the product by γ5 should be understood as a product acting on the spin
subspace.
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The fermion lattice action describing Nf quark flavours is defined by:

Sf (U,ψ1, . . . , ψNf
, ψ̄1, . . . , ψ̄Nf

) =

Nf∑

q=1

∑

x,y∈Λ

ψ̄q(x)[DW (mq, U)](x, y)ψq(y)

The gauge action which describes the dynamics of the gluon field and its interaction
to itself is given by:

Sg(U) =
1

g2

∑

P

Tr (1l − UP)

where P denotes the oriented elementary square on the lattice or the plaquette. The
sum in the right hand side is over all plaquettes with both orientations and the trace
is over the colour subspace. UP is a SU(3) matrix defined on the plaquette P and g
is the bare coupling constant of the theory.

The basic computational task in lattice QCD is the evaluation of the path inte-
gral:

ZQCD =

∫
σH(U)

Nf∏

q=1

σ(ψq, ψ̄q)e
−Sf (U,ψ1,...,ψNf

,ψ̄1,...,ψ̄Nf
)−Sg(U)

where σH(U) and σ(ψq, ψ̄q) denote the Haar and Grassmann measures for the qth
quark flavour respectively. The Haar measure is a SU(3) group character, whereas
the Grassmann measure is defined using the rules of the Berezin integration:

∫
dψµ,c(x) = 0,

∫
dψµ,c(x)ψµ,c(x) = 1

Since the fermionic action is a bilinear form on the Grassmann fields one gets:

ZQCD =

∫
σH(U)

Nf∏

q=1

detDW (mq, U)e−Sg(U)

Very often we take Nf = 2 for two degenerated ‘up’ and ‘down’ light quarks,
mu = md. In general, a path integral has O(eN ) computational complexity which is
classified as an NP-hard computing problem [2]. But stochastic estimations of the
path integral can be done by O(Nα) complexity with α ≥ 1. This is indeed the
case for the Monte Carlo methods that are used extensively in lattice QCD, a topic
which is reviewed in this volume by Mike Peardon [3].

It is clear now that the bottle-neck of any computation in lattice QCD is the
complexity of the fermion determinant evaluation. A very often made approxima-
tion is to ignore the determinant altogether. Physically this corresponds to a QCD
vacuum without quarks, an approximation which gives errors of the order 10% in
the computed mass spectrum. This is called the valence or quenched approximation
which requires modest computing resources compared to the true theory. To answer
the critical question whether QCD is the theory of quarks and gluons it is thus
necessary to include the determinant in the path integral evaluation.

Direct methods to compute the determinant of a large and sparse matrix are
very expensive and even not adequate for this class of matrices. The complexity of
LU decomposition is O(N3) and it is not feasible for matrices with N = 1, 920, 000
which is the case for a lattice with 20 sites across each dimension. Even O(N2)
methods are still very expensive. Only O(N) methods are feasible for the present
computing power for such a large problem.
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2 Gaussian Integral Representation: Pseudofermions

The determinant of a positive definite matrix, which can be diagonalised has a
Gaussian integral representation. We assume here that we are dealing with a matrix
A ∈ C

N×N which is Hermitian and positive definite. For example, A = HW (mq, U)2.
It is easy to show that:

detA =

∫ N∏

i=1

dRe(φi)dIm(φi)

π
e−φHA−1φ

The vector field φ(x) ∈ C
12, x ∈ Λ that went under the name pseudofermion field

[4], has the structure of a fermion field but its components are complex numbers (as
opposed to Grassmann numbers for a fermion field).

Pseudofermions have obvious advantages to work with. One can use iterative
algorithms to invert A which are well suited for large and sparse problems. The
added complexity of an extended variable space of the integrand can be handled
easily by Monte Carlo methods.

However, if A is ill-conditioned then any O(Nα) Monte Carlo algorithm, which
is used for path integral evaluations is bound to produce small changes in the gauge
field. (Of course, an O(eN ) algorithm would allow changes of any size!) Thus, to
produce the next statistically independent gauge field one has to perform a large
number of matrix inversions which grows proportionally with the condition number.
Unfortunately, this is the case in lattice QCD since the unquenching effects in hadron
spectrum are expected to come form light quarks, which in turn make the Wilson-
Dirac matrix nearly singular.

The situation can be improved if one uses fast inversion algorithms. This was the
hope in the early ’90 when state of the art solvers were probed and researched for
lattice QCD [5, 6]. Although revolutionary for the lattice community of that time,
these methods alone could not improve significantly the above picture.

Nonetheless, pseudofermions remain the state of the art representation of the
fermion determinant.

3 Noisy Methods

Another approach that was introduced later is the noisy estimation of the fermion
determinant [7, 8, 9, 10]. It is based on the identity:

detA = eTr log A

and the noisy estimation of the trace of the natural logarithm of A.
Let Zj ∈ {+1,−1}, j = 1, . . . , N be independent and identically distributed

random variables with probabilities:

Prob(Zj = 1) = Prob(Zj = −1) =
1

2
, j = 1, . . . , N.

Then for the expectation values we get:

E(Zj) = 0, E(ZjZk) = δjk, j, k = 1, . . . , N.

The following result can be proven without difficulty.
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Proposition 1. Let X be a random variable defined by:

X = ZT logAZ, ZT = (Z1, Z2, . . . , ZN )

Then its expectation µ and variance σ2 are given by:

µ = E(X) = Tr logA, σ2 = E[(X − µ)2] = 2
∑

j �=k

[Re(logA)jk]2.

To evaluate the matrix logarithm one can use the methods described in [7, 8, 9,
10]. These methods have similar complexity with the inversion algorithms and are
subject of the next section.

However, noisy methods give a biased estimation of the determinant. This bias
can be reduced by reducing the variance of the estimation. A straightforward way
to do this is to take a sample of estimations X1, . . . ,Xp and to take as estimator
their arithmetic mean.

[8] subtract traceless matrices which reduce the error on the determinant from
559% to 17%. [12] proposes a promising control variate technique which can be found
in this volume.

Another idea is to suppress or ‘freeze’ large eigenvalues of the fermion deter-
minant. They are known to be artifacts of a discretised differential operator. This
formulation reduces by an order of magnitude unphysical fluctuations induced by
lattice gauge fields [11].

A more radical approach is to remove the bias altogether. The idea is to get
a noisy estimator of Tr logA by choosing a certain order statistic X(k) ∈ {X(1) ≤
X(2) . . . ≤ X(p)} such that the determinant estimation is unbiased [13]. More on this
subject can be found in this volume from the same author [14].

4 Evaluation of Bilinear Forms of Matrix Functions

We describe here a Lanczos method for evaluation of bilinear forms of the type:

F(b,A) = bT f(A)b (1)

where b ∈ R
N is a random vector and f(s) is a real and smooth function of s ∈ R+.

The Lanczos method described here is similar to the method of [7]. Its viability
for lattice QCD computations has been demonstrated in the recent work of [9]. [7]
derive their method using quadrature rules and Lanczos polynomials. Here, we give
an alternative derivation which is based on the approach of [15, 16, 17]. The Lanczos
method enters the derivation as an algorithm for solving linear systems of the form:

Ax = b, x ∈ C
N . (2)

Lanczos algorithm

Algorithm 1 gives n steps of the Lanczos algorithm [18] on the pair (A, b).
The Lanczos vectors q1, . . . , qn ∈ C

N can be compactly denoted by the matrix
Qn = [q1, . . . , qn]. They are a basis of the Krylov subspace Kn = span{b,Ab, . . . , An−1b}.
It can be shown that the following identity holds:
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Algorithm 1 The Lanczos algorithm

Set β0 = 0, q0 = o, q1 = b/||b||2
for i = 1, . . . n do

v = Aqi

αi = q†i v
v := v − qiαi − qi−1βi−1

βi = ||v||2
qi+1 = v/βi

end for

AQn = QnTn + βnqn+1e
T
n , q1 = b/||b||2 (3)

en is the last column of the identity matrix 1ln ∈ R
n×n and Tn is the tridiagonal

and symmetric matrix given by:

Tn =

⎛

⎜⎜⎜⎜⎝

α1 β1

β1 α2

. . .

. . .
. . . βn−1

βn−1 αn

⎞

⎟⎟⎟⎟⎠
(4)

The matrix (4) is often referred to as the Lanczos matrix. Its eigenvalues, the so
called Ritz values, tend to approximate the extreme eigenvalues of the original matrix
A as n increases.

To solve the linear system (2) we seek an approximate solution xn ∈ Kn as a
linear combination of the Lanczos vectors:

xn = Qnyn, yn ∈ C
n (5)

and project the linear system (2) on to the Krylov subspace Kn:

Q†
nAQnyn = Q†

nb = Q†
nq1||b||2

Using (3) and the orthonormality of Lanczos vectors, we obtain:

Tnyn = e1||b||2

where e1 is the first column of the identity matrix 1ln. By substituting yn into (5)
one obtains the approximate solution:

xn = QnT
−1
n e1||b||2 (6)

The algorithm of [8] is based on the Padé approximation of the smooth and
bounded function f(.) in an interval [19]. Without loss of generality one can assume
a diagonal Padé approximation in the interval s ∈ (0, 1). It can be expressed as a
partial fraction expansion. Therefore, one can write:

f(s) ≈
m∑

k=1

ck
s+ dk
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with ck ∈ R, dk ≥ 0, k = 1, . . . ,m. Since the approximation error O(s2m+1) can
be made small enough as m increases, it can be assumed that the right hand side
converges to the left hand side as the number of partial fractions becomes large
enough. For the bilinear form we obtain:

F(b,A) ≈
m∑

k=1

bT
ck

A+ dk1l
b (7)

Having the partial fraction coefficients one can use a multi-shift iterative solver of
[20] to evaluate the right hand side (7). To see how this works, we solve the shifted
linear system:

(A+ dk1l)xk = b

using the same Krylov subspace Kn. A closer inspection of the Lanczos algorithm,
Algorithm 1 suggests that in the presence of the shift dk we get:

αk
i = αi + dk

while the rest of the algorithm remains the same. This is the so called shift-invariance
of the Lanczos algorithm. From this property and by repeating the same arguments
which led to (6) we get:

xk
n = Qn

1

Tn + dk1ln
e1||b||2 (8)

A Lanczos algorithm for the bilinear form

The algorithm is derived using the Padé approximation of the previous paragraph.
First we assume that the linear system (2) is solved to the desired accuracy using
the Lanczos algorithm, Algorithm 1 and (6). Using the orthonormality property of
the Lanczos vectors and (8) one can show that:

m∑

k=1

bT
ck

A+ dk1l
b = ||b||2

m∑

k=1

eT
1

ck
Tn + dk1ln

e1 (9)

Note however that in presence of roundoff errors the orthogonality of the Lanczos
vectors is lost but the result (9) is still valid [9, 21]. For large m the partial fraction
sum in the right hand side converges to the matrix function f(Tn). Hence we get:

F(b,A) ≈ F̂n(b,A) = ||b||2eT
1 f(Tn)e1 (10)

Note that the evaluation of the right hand side is a much easier task than the
evaluation of the right hand side of (1). A straightforward method is the spectral
decomposition of the symmetric and tridiagonal matrix Tn:

Tn = ZnΩnZ
T
n (11)

where Ωn ∈ R
n×n is a diagonal matrix of eigenvalues ω1, . . . , ωn of Tn and Zn ∈

R
n×n is the corresponding matrix of eigenvectors, i.e. Zn = [z1, . . . , zn]. From (10)

and (11) it is easy to show that (see for example [22]):

F̂n(b,A) = ||b||2eT
1 Znf(Ωn)ZT

n e1 (12)
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where the function f(.) is now evaluated at individual eigenvalues of the tridiagonal
matrix Tn.

The eigenvalues and eigenvectors of a symmetric and tridiagonal matrix can
be computed by the QR method with implicit shifts [23]. The method has an
O(n3) complexity. Fortunately, one can compute (12) with only an O(n2) com-
plexity. Closer inspection of eq. (12) shows that besides the eigenvalues, only the
first elements of the eigenvectors are needed:

F̂n(b,A) = ||b||2
n∑

i=1

z2
1if(ωi) (13)

It is easy to see that the QR method delivers the eigenvalues and first elements of
the eigenvectors with O(n2) complexity.

A similar formula (13) is suggested by [7]) based on quadrature rules and Lanczos
polynomials. The Algorithm 2 is thus another way to compute the bilinear forms of
the type (1).

A note on stopping criterion is in order: if 1/ρi, i = 1, . . . is the residual error
norm of the system Ax = b, it is easy to show that:

ρi+1βi + ρiαi + ρi−1βi−1 = 0

The algorithm is stopped when the linear system Ax = b is solved to ǫ accuracy.
This criterion is only a guide and should be carefully considered depending which
function we are given. For f(s) =

√
s this criterion is shown to work in practice [17].

Algorithm 2 The Lanczos algorithm for computing (1)

Set β0 = 0, ρ1 = 1/||b||2, q0 = o, q1 = ρ1b
for i = 1, . . . do

v = Aqi

αi = q†i v
v := v − qiαi − qi−1βi−1

βi = ||v||2
qi+1 = v/βi

ρi+1 = −(ρiαi + ρi−1βi−1)/βi

if 1/|ρi+1| < ǫ then

n = i
stop

end if

end for

Set (Tn)i,i = αi, (Tn)i+1,i = (Tn)i,i+1 = βi, otherwise (Tn)i,j = 0
Compute ωi and z1i by the QL method
Evaluate (1) using (13)

The Lanczos algorithm alone has an O(nN) complexity, whereas Algorithm 2
has a greater complexity: O(nN) + O(n2). For typical applications in lattice QCD
the O(n/N) additional relative overhead is small and therefore Algorithm 2 is the
recommended algorithm to compute the bilinear form (1).
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We stop the iteration when the underlying liner system is solved to the desired
accuracy. However, this may be too demanding since the prime interest here is the
computation of the bilinear form (1). Therefore, a better stopping criterion is to
monitor the convergence of the bilinear form as proposed in [7].
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Fig. 1. Normalised recursive residual (solid line) and relative differences of (13)
(dotted line) produced by Algorithm 2.

To illustrate this situation we give an example from a 123 × 24 lattice with
µ = 0.2, bare quark mass mq = −0.869 and a SU(3) gauge field background at bare
gauge coupling β = 5.9. We compute the bilinear form (1) for:

f(s) = log tanh
√
s, s ∈ R+

and A = HW (mq, U)2, b ∈ IRN and b−elements are chosen randomly from the set
{+1,−1}.

In Fig. 1 are shown the normalised recursive residuals ‖b−Axi‖2 / ‖b‖2, i =
1, . . . , n and relative differences of (13) between two successive Lanczos steps. The
figure illustrates clearly the different regimes of convergence for the linear system
and the bilinear form. The relative differences of the bilinear form converge faster
than the computed recursive residual. This example indicates that a stopping crite-
rion based on the solution of the linear system may indeed be strong and demand-
ing. Therefore, the recommended stopping criteria would be to monitor the relative
differences of the bilinear form but less frequently than proposed by [7]. More inves-
tigations are needed to settle this issue. Note also the roundoff effects (see Fig. 1) in
the convergence of the bilinear form which are a manifestation of the finite precision
of the machine arithmetic.
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5 The Link Between Overlap and Domain Wall Fermions

Wilson regularization of quarks violates chiral symmetry even for massless quarks.
This is a serious problem if we would like to compute mass spectrum with light
sea quarks. The improvement of the discretization helps to reduce chiral symmetry
breaking terms for a Wilson fermion. However, one must go close to the continuum
limit in order to benefit from the improvement programme. This is not affordable
with the present computing power.

The idea of [24] opened the door for chiral symmetry realization at finite lattice
spacing. [25] proposed overlap fermions and [26] domain wall fermions as a theory
of chiral fermions on the lattice. The overlap operator is defined by [27]:

D(mq, U) =
1 +mq

2
1l +

1 −mq

2
γ5sign[HW (M,U)] (14)

with M ∈ (−2, 0) which is called the domain wall height, which substitutes the orig-
inal bare quark mass of Wilson fermions. From now on we suppress the dependence
on M,mq and U of lattice operators for the ease of notations.

Domain wall fermions are lattice fermions in 5-dimensional Euclidean space time
similar to the 4-dimensional formulation of Wilson fermions but with special bound-
ary conditions along the fifth dimension. The 5-dimensional domain wall operator
can be given by the L5 × L5 blocked matrix:

M =

⎛

⎜⎜⎜⎜⎝

a5DW − 1l P+ −mqP−

P− a5DW − 1l
. . .

. . .
. . . P+

−mqP+ P− a5DW − 1l

⎞

⎟⎟⎟⎟⎠
, P± =

1l4 ± γ5

2

where the blocks are matrices defined on the 4-dimensional lattices and P± are 4×4
chiral projection operators. Their presence in the blocks with dimensions N × N
should be understood as the direct product with the colour and lattice coordinate
spaces. a5 is the lattice spacing along the fifth dimension.

These two apparently different formulations of chiral fermions are in fact closely
related to each other [28] 1. To see this we must calculate for the domain wall
fermions the low energy effective fermion matrix in four dimensions. This can be
done by calculating the transfer matrix T along the fifth dimension. Multiplying M
from the right by the permutation matrix:

⎛

⎜⎜⎜⎜⎝

P+ P−

P+

. . .

. . . P−
P− P+

⎞

⎟⎟⎟⎟⎠

we obtain:

1For a recent review se also [29]
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γ5

⎛

⎜⎜⎜⎜⎝

(a5HWP+ − 1l)(P+ −mqP−) a5HWP− + 1l

a5HWP+ − 1l
. . .

. . . a5HWP− + 1l
(a5HWP− + 1l)(P− −mqP+) a5HWP+ − 1l

⎞

⎟⎟⎟⎟⎠

Further, multiplying this result from the left by the inverse of the diagonal matrix:

⎛

⎜⎜⎜⎝

a5HWP+ − 1l
a5HWP+ − 1l

. . .

a5HWP+ − 1l

⎞

⎟⎟⎟⎠

we get:

T (m) :=

⎛

⎜⎜⎜⎜⎝

P+ −mqP− −T

1l
. . .

. . . −T
−T (P− −mqP+) 1l

⎞

⎟⎟⎟⎟⎠

with the transfer matrix T defined by:

T =
1l

1l − a5HWP+
(1l + a5HWP−)

By requiring the transfer matrix being in the form:

T =
1l + a5HW
1l − a5HW

it is easy to see that [28]:

HW = HW
1

2 − a5DW
(15)

Finally to derive the four dimensional Dirac operator one has to compute the deter-
minant of the effective fermion theory in four dimensions:

detD(L5) =
det T (mq)

det T (1)

where the subtraction in the denominator corresponds to a 5-dimensional theory
with anti-periodic boundary conditions along the fifth dimension. It is easy to show
that the determinant of the L5 × L5 block matrix T (mq) is given by:

det T (mq) = det[(P+ −mqP−) − TL5(P− −mqP+)]

or

det T (mq) = det[
1 +mq

2
γ5(1l + TL5) +

1 −mq

2
(1l − TL5)]

which gives:

D(L5) =
1 +mq

2
1l +

1 −mq

2
γ5

1l − TL5

1l + TL5
(16)

In the large L5 limit one gets the Neuberger operator (14) but now the operator
HW substituted with the operator HW (15). Taking the continuum limit in the fifth
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dimension one gets HW → HW . This way overlap fermions are a limiting theory of
the domain wall fermions. To achieve the chiral properties as in the case of overlap
fermions one must take the large L5 limit in the domain wall formulation.

One can ask the opposite question: is it possible to formulate the overlap in the
form of the domain wall fermions? The answer is yes and this is done using truncated
overlap fermions [30]. The corresponding domain wall matrix is given by:

MTOV =

⎛

⎜⎜⎜⎜⎝

a5DW − 1l (a5DW + 1l)P+ −mq(a5DW + 1l)P−

(a5DW + 1l)P− a5DW − 1l
. . .

. . .
. . . (a5DW + 1l)P+

−mq(a5DW + 1l)P+ (a5DW + 1l)P− a5DW − 1l

⎞

⎟⎟⎟⎟⎠

The transfer matrix of truncated overlap fermions is calculated using the same steps
as above. One gets:

TTOV =
1l + a5HW

1l − a5HW

The 4-dimensional Dirac operator has the same form as the corresponding operator
of the domain wall fermion (16) where T is substituted with TTOV (or HW with
HW ). Therefore the overlap Dirac operator (14) is recovered in the large L5 limit.

6 A Two-level Algorithm for Overlap Inversion

In this section we review the two-level algorithm of [31]. The basic structure of the
algorithm is that of a preconditioned Jacobi:

xi+1 = xi + S−1
n (b−Dxi), i = 0, 1, . . .

where Sn is the preconditioner of the overlap operator D given by:

Sn =
1 +mq

2
1l +

1 −mq

2
γ5HW

n∑

k=1

ak

H2
W + bk1l

where ak, bk ∈ R, k = 1, . . . , n are coefficients that can be optimised to give the best
rational approximation of the sign(HW ) with the least number of terms in the right
hand side. For example one can use the optimal rational approximation coefficients
of Zolotarev [32, 33]. For the rational approximation of sign(HW ) one has:

D = lim
n→∞

Sn

In order to compute efficiently the inverse of the preconditioner we go back to
the 5-dimensional formulation of the overlap operator (see the previous section as
well) which can be written as a matrix in terms of 4-dimensional block matrices:

H =

⎛

⎜⎜⎜⎝

1+mq

2
1l

1−mq

2
γ5HW · · · 1−mq

2
γ5HW

−a11l H2
W + b11l

...
. . .

−an1l H2
W + bn1l

⎞

⎟⎟⎟⎠
.
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This matrix can be also partitioned in the 2 × 2 blocked form:

H =

(
H11 H12

H21 H22

)
,

where the Schur complement is:

S11 = H11 −H12H
−1
22 H21. (17)

We give the following proposition without proof.

Proposition 2. i) The preconditioner Sn is given by the Schur complement:

Sn = S11

ii) Let Hχ = η with χ = (y, χ1, . . . , χn)T and η = (r, o, . . . , o)T . Then y is the
solution of the linear system Sny = r.

Using these results and keeping n fixed the algorithm of [31] (known also as the
multigrid algorithm) has the form of a two level algorithm: This algorithm is in the

Algorithm 3 A two-level algorithm for overlap inversion

Set x1 ∈ C
N , r1 = b, tol ∈ R+, tol1 ∈ R+

for i = 1, . . . do

Solve approximately Hχi+1 = ηi such that ||ηi −Hχi+1||2/||ri||2 < tol1
xi+1 = xi + yi+1

ri+1 = b−Dxi+1

Stop if ||ri+1||2/||b||2 < tol
end for

form of nested iterations. One can see that the outer loop is Jacobi iteration which
contains inside two inner iterations: the approximate solution of the 5-dimensional
system and the multiplication with the overlap operator D which involves the com-
putation of the sign function. For the 5-dimensional system one can use any iterative
solver which suites the properties of H. We have used many forms for H ranging from
rational approximation to domain wall formulations. For the overlap multiplication
we have used the algorithm of [17]. Our tests on a small lattice show that the two
level algorithm outperforms with an order of magnitude the brute force conjugate
gradients nested iterations [31].

Since the inner iteration solves the problem in a 5-dimensional lattice with finite
L5 and the outer iteration solves for the 4-dimensional projected 5-dimensional
system with L5 → ∞, the algorithm in its nature is a multigrid algorithm along the
fifth dimension. The fact that the multigrid works here is simply the free propagating
fermions in this direction. If this direction is gauged, the usual problems of the
multigrid on a 4-dimensional lattice reappear and the idea does not work. In fact,
this algorithm with n fixed is a two grid algorithm. However, since it does not involve
the classical prolongations and contractions it can be better described as a two-level
algorithm. 2

2I thank Andreas Frommer for discussions on this algorithm.
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Monte Carlo Simulations of Lattice QCD

Mike Peardon

School of Mathematics, Trinity College, Dublin 2, Ireland, mjp@maths.tcd.ie

Summary. This survey reviews computational methodologies in lattice gauge the-
ory as a discretisation of QCD. We particularly focus on techniques for stochastic
processes and molecular dynamics which are at the heart of modern lattice QCD
simulations.

1 Introduction

Quantum chromodynamics (QCD) is firmly established as the theory describing
the strong nuclear force. This force explains how protons and neutrons are bound
inside nuclei and how their constituents, the quarks and gluons are permanently
confined. QCD is a strongly interacting, asymptotically free quantum field theory
and so making predictions for its physical consequences at low energies using the
well-established methods of perturbation theory is impossible. The perturbative ex-
pansion does not converge in this region. A means of studying the dynamics beyond
perturbation theory was devised by Wilson [1] and involves discretising space and
time onto a lattice. For introductions to the subject, see Ref. [2] and reviews of the
state-of-the-art in the subject can be found in Ref. [3].

The lattice method for computing the properties of quantum field theories begins
with the path-integral representation. Our task is to compute observables of the
quantum theory of a field φ(x), given by

〈O〉 =
1

Z

∫
Dφ O(φ)e−S(φ).

S(φ) is the action describing the interactions of the theory, Z is the partition func-
tion, chosen such that 〈1〉 = 1 and the metric of space-time is assumed to be Euclid-
ean. Most of the properties of the Minkowski space theory can be computed in this
metric and as we shall see later, having a theory with a real, positive measure on
the space of field configurations, e−S(φ) Dφ is crucial if importance sampling Monte
Carlo methods are to be employed efficiently.

QCD is a gauge theory, of interacting quarks and gluons. The action involves
the Yang-Mills field strength term, and the quark bilinear
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SQCD =

∫
d4x

1

2
Tr FµνFµν + ψ̄ (γµDµ +m)ψ.

A fundamental difficulty arises in writing a lattice representation of the Dirac oper-
ator, γµDµ +m; a naive central difference representation of a first-order derivative
causes too many propagating fermion modes to over-populate the lattice. In the
Wilson formulation, this problem is cured by adding a higher-dimensional operator
(since QCD is asymptotically free, this operator is irrelevant as the lattice spacing
is taken to zero). The price for this quick fix is that chiral symmetry is broken. An-
other form of discretisation leads to the the Kogut-Susskind [4] or staggered lattice
fermion. Here, a remnant of chiral symmetry survives and this ensures staggered
quarks have many useful properties that make their lattice simulation the cheapest
computationally. The difficulty now is that there are still too many flavours, a min-
imum of four in four dimensions. The effect of fewer flavours is mimicked by taking
fractional powers of the staggered determinant, as we will see later. The validity of
this trick is still widely debated (see for example Ref. [5]).

The gluon fields are represented on the lattice by link variables, where Uµ(x)
lives on the link in the positive µ direction originating from site x. These links take
values in the fundamental representation of the gauge group, SU(Nc) with Nc = 3
the number of colours in the theory. For a particular gauge field background, the
Wilson fermion matrix is

MW [U ]xy = δxy − κ
∑

µ

Uµ(x)(1 − γµ)δx+µ̂,y + U†
µ(x− µ̂)(1 + γµ)δx−µ̂,y,

where κ is a function of the bare quark mass and γµ are the 4 × 4 Dirac matrices.
The staggered fermion matrix is

MS [U ]xy = mδxy +
1

2

∑

µ

ηµ(x)(Uµ(x)δx+µ̂,y − U†
µ(x− µ̂)δx−µ̂,y).

Here, m is the bare quark mass, and ηµ(x) = (−1)x1+x2+···xµ−1 are the staggered
phases. These are independent of the gauge and quark fields and stay fixed in
simulations. An important distinction to make at this level is that the two dis-
cretisation matrices presented here act on different vector spaces; the staggered
fermion has Nc = 3 degrees of freedom per lattice site, while the Wilson fermion
has Nc × 2d/2 = 12 per site.

A more recently developed representation of the fermion operator, the overlap [6]
was the centre of attention at this meeting [7]. The lattice fields, like the Wilson ac-
tion have 12 degrees of freedom per site. This formulation has significant theoretical
advantages over the Wilson and staggered formulations, but the advantages come at
an algorithmic cost. The new technology needed to simulate overlap quarks is still
rapidly developing and so in this introduction, I will focus on the state-of-the-art in
simulation techniques that have mostly been developed to simulate simpler formu-
lations of the quark action. These formulations (the Wilson and staggered fermions)
couple the quark and gluon fields together through a very sparse matrix. Recall the
entries of the fermion matrix depend directly on the gluon fields to be integrated
over in the path integral; changing the gluon fields Uµ leads to a change in the ma-
trix M [U ]. The lattice scheme not only provides a non-perturbative regularisation
of the quantum field theory, but in a finite volume, the path integral becomes a
finite (but large) dimensional integral. These problems can be tackled numerically
by performing Monte Carlo simulations.
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2 Importance Sampling Monte Carlo

Importance sampling [8] is a crucial simulation tool in cases when a high-dimensional
integral of a function that is sharply peaked in very small regions of the parameter
space is being performed. This is certainly the case for the path integral; the action
of the field theory is an extensive function of all the degrees of freedom and as such
varies by many orders of magnitude as the fields vary. This action is then used to
construct a probabilistic Boltzmann weight for each field configuration, e−S(φ)Dφ
which then varies by “orders-of-magnitudes-of-orders-of-magnitude”! In importance
sampling, those regions of the integration volume that contribute most are visited
more often in the stochastic sample and so the variance of statistical estimates of
the observables of the theory is then greatly reduced.

The use of a stochastic estimate naturally introduces statistical errors into lattice
determinations of observables and these must be carefully managed. An ensemble of
reasonable size (about 100 configurations as a minimum) must be generated for sta-
tistical inference to be reliable. In most modern calculations, these statistical errors
are no longer the largest uncertainties, rather it is the cost of generating the en-
semble at light fermion masses and on large grid volumes that means extrapolations
to the real world must be made. These extrapolations dominate the uncertainties
in our calculations: importance sampling is certainly working, but it is extremely
expensive.

One other important aspect of Monte Carlo integration of lattice gauge fields is
worth mentioning at this stage. The link variables are elements of the gauge group
(SU(3) for QCD), which is a compact, curved manifold. The appropriate integration
metric on the manifold gives the Haar measure, which has a number of useful prop-
erties in group theory that make the lattice formulation of QCD gauge invariant.
This integration measure must be taken into account in Monte Carlo simulation, but
this seemingly intricate problem is actually solved quite straightforwardly in many
of the simulation applications we discuss here.

3 Markov Methods

The problem of generating the required ensemble of configurations is a significant
challenge to lattice practitioners. As we shall see later, the action is a complicated
function of all the lattice variables and changes to a single variable lead to changes in
the action that require computations over the whole set of variables to be performed.

In fact, the only known means of generating an ensemble of configurations suit-
able for importance sampling calculations is to use a Markov process. The Markov
process, M is a memoryless stochastic update which acts on a state of the system
to generate a new state. Repeated applications of the process forms a sequence of
configurations, the Markov chain:

φ1
M−→ φ2

M−→ φ3
M−→ · · ·

The observation that the Markov process is memoryless means R(φk+1 ←− φk),
the probability of jumping from configuration φk to φk+1, depends only on φk and
φk+1 and no other state in the chain; the chain has no recollection of how it came
to be in its present state. A few constraints on the Markov process are useful:
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firstly the process should be aperiodic (that is it does not enter deterministic cycles)
and connected (there exists a finite number of iterations of the process such that a
transition from any state to any other has non-zero probability). A Markov process
with these properties is termed ergodic.

The important property of any ergodic Markov process is they always tends to
some unique, probabilistic fixed point, Π(φ) such that

Π(φ) =

∫
Dφ′ R(φ←− φ′)Π(φ′).

This fixed-point equation tells us that applying the Markov process once the system
has equilibrated generates a new configuration with the same stochastic properties.
A particular configuration φ has the same chance of appearing before or after the
procedure. This suggests a way of building an importance sampling ensemble such
that a field occurs with probability P(φ); find a Markov process that has P as its
fixed point. Elements in the Markov chain generated by repeated applications of
this process then form our ensemble. This method is Markov chain Monte Carlo
(MCMC).

The drawback of MCMC is that while the Markov process may be memoryless,
the subsequent chain is not. Nearby entries are not necessarily statistically inde-
pendent. This can be illustrated easily in a toy model. Consider a system that has
just two states, |1〉 and |2〉 and a Markov process with transitions described by the
Markov matrix

M =

(
1 − κ1 κ2

κ1 1 − κ2

)
with 0 < κ1, κ2 < 1.

The matrix entry Mij is the probability the system will hop to state |i〉 if it is
currently in state |j〉. The associated process has fixed point probability

Π =
1

κ1 + κ2

(
κ2

κ1

)

and so after a large number of iterations, the system is in state |1〉 with probability
κ2/(κ1 +κ2) and |2〉 with probability κ1/(κ1 +κ2). The conditional probability that
the system is in state |i〉 after t iterations, given it was in state |j〉 initially can be
computed as [MN ]ij so for example when i = j = 1, the probability is

P (φ(t) = |1〉|φ(0) = |1〉) =
κ2

κ1 + κ2
+
κ1(1 − κ1 − κ2)

t

κ1 + κ2
. (1)

Since |1 − κ1 − κ2| < 1, the second term in Eqn. 1 decreases by a factor of λ2 =
1 − κ1 − κ2 every iteration and λ2 is the second largest eigenvalue of the Markov
matrix. The first term is just the probability the system is in state |1〉 in the fixed-
point distribution and the exponential term is the memory of the Markov chain.
These statistical dependencies between nearby entries are called autocorrelations.
Update algorithms are not then all born equal; two different algorithms can have
the same fixed point, but very different autocorrelations. The better algorithm will
have a Markov matrix with smaller second and higher eigenvalues. A perfect “heat-
bath” method would have all other eigenvalues equal to zero.

No perfect algorithms have been constructed for QCD, so all Markov chains
used in simulations will have autocorrelations. These must be monitored carefully
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in the analysis stage of the lattice calculation. Measurements of the autocorrelations
can be made by looking at the statistics of elements of the chain at increasing
separations and testing for independence. In simple averages, data can be gathered
into increasingly large bins until statistical error estimates converge.

The most widely used method to construct a Markov process with a particular
fixed point is to use detailed balance. If a Markov process obeys detailed balance for
fixed point P, the transition rates RP obey

RP(φ′ ←− φ)P(φ) = RP(φ←− φ′)P(φ′),

and since ∫
Dφ′RP(φ′ ←− φ) = 1,

RP has fixed point P as required. Detailed balance is a stronger constraint than is
necessary to ensure the Markov process has the desired fixed point, however it is a
very useful tool in practice. If two or more algorithms that have a common fixed
point are combined to form a compound process, the resulting method shares the
same fixed point, although it does not necessarily obey detailed balance for that fixed
point. The best known examples of Markov processes constructed to obey detailed
balance are those based on the Metropolis algorithm [9].

Metropolis algorithms have two components: a proposal step and an accept/reject
test. In the proposal step, a reversible and area-preserving map on the configuration
space is applied to the current element at the end of the chain. For this map,

R1(φ
′ ←− φ) = R1(φ←− φ′).

At the second stage, φ′ is randomly assigned as the new configuration in the chain
with probability, Pacc given by the Metropolis test:

Pacc = min

[
1,

P(φ′)

P(φ)

]
.

If the proposal φ′ is rejected, the current entry φ is duplicated in the chain.
The Metropolis test has the useful property that the overall normalisation of
the probabilities of the two states, φ and φ′ is not required, only their ratio.
For the exponential weight used in lattice field theory Monte Carlo simulations,
this ratio is a function of the difference in the action on the two configurations:
P(φ′)/P(φ) = exp (S(φ) − S(φ′)).

4 Including the Dynamics of Quark Fields

Quarks are fermions. To represent a fermion field in a path integral, the Grassmann
algebra is used. Grassmann variables anti-commute and have simple integration
rules,

χη = −ηχ,
∫
dχ = 0 and

∫
χ dχ = 1. (2)

Naturally, these types of variables can not be stored directly in a computer,
and while in principle all the required properties of the algebra can be evaluated
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numerically, this requires prohibitively large amounts of storage for practical cal-
culation. Happily, the quark fields of QCD interact with the gluons via a quark
bilinear operator and the fermion path integral can be computed analytically on a
given gluon background. The integral of a function of many Grassmann variables
can be computed using the rules of Eqn. 2, taking care to keep track of the sign
flips from the anticommutation property. The path integral result, for Nf flavours
of mass-degenerate quarks is

∫ ∏

f

Dψ̄fDψf exp

Nf∑

f

ψ̄fM [U ]ψf = (detM [U ])Nf .

A full derivation is presented in most quantum field theory texts (See e.g. Chapter 9
of Ref. [10]). For QCD, asymptotic freedom tells us that operators containing four or
more quark fields are irrelevant in the continuum limit. Quartic terms can however
appear in improved operators, designed to reduce the effects of the finite lattice
cut-off. The difficulties they introduce into simulations mean lattice physicists have
tended to avoid their use. They can be handled in simulation by introducing extra
auxiliary fields that must be integrated over as part of the Monte Carlo calculation.
In nature, the two lightest flavours of quark, “up” and “down” are almost massless
(compared to the scales relevant to QCD interactions) so most effort in algorithm
development has focused on simulating a pair of quark flavours. This situation is
in fact simpler than studying QCD with a single flavour of quark, as we shall see.
The determinants are often expressed as an effective action, so that detM [U ]Nf =
e−Seff [U ] with

Seff [U ] = −Nf ln detM [U ]. (3)

The QCD lattice path integral is then expressed as

Z =

∫
DUDψ̄Dψ e−SG[U ]+ψ̄M [U ]ψ =

∫
DU e−SG[U ]−Seff [U ].

The drawback with solving the fermion path integral directly is that now we have
a non-local function on the gluon field. Here, non-local means that computing the
change in the effective action of Eqn. 3 when a single link variable is altered requires
at least O(V ) operations (where V is the number of degrees of freedom in the
simulation). This is in contrast to simulations of the SU(3) Yang-Mills theory, where
this change in the action requires O(1) computations and very efficient simulation
algorithms that change a single degree of freedom at a time can be constructed.

The most widely used method in importance sampling of including the fermion
determinant when there is an even number of quark fields (or flavours) is to rein-
troduce an integral representation of the determinant, but this time in terms of
standard complex variables. These variables are usually called the pseudofermions
[11]. For two flavours of quarks, the path integral is

detM [U ]2 = detM†M =

∫
Dφ∗Dφ e−φ∗[M†M]−1

φ, (4)

where a useful property of the fermion matrix M has been used, namely

M†[U ] = γ5M [U ]γ5.
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This is usually termed “γ5-hermiticity” and implies detM† = detM (since det γ5 =
1). The result of Eqn. 4 is easily derived by noting that if the positive-definite
matrix M†M is diagonalised, the result is a product of a large set of simple Gaussian
integrals, with widths related to the eigenvalues of M†M . Note that this description
is still non-local.

An alternative representation of the fermion path integral was proposed by
Lüscher [12]. Starting with P (x), an order n polynomial approximation to 1/x,

1

x
≈ P (x) =

n∑

n=0

cnx
n = cn

∏

i=1

(x− zi),

where {z1, z2, . . . zn} are the n roots of the polynomial. The polynomial of the
positive-definite matrix, Q2 = X†X is then an approximation to the inverse of
Q2, so

Q−2 ≈ P (Q2) ∝
n∏

i=1

(Q− µi)(Q− µ∗
i ).

The weights µi are related to the roots of the polynomial, µi =
√
zi. The two flavour

fermion determinant can now be represented as a Gaussian integral of a large set of
newly introduced fields, χk with a local action

detQ2 ≈ 1

detP (Q2)
∝
∫ n∏

i=1

DχiDχ∗
i exp

(
−
∑

k

χ∗
k(Q− µk)(Q− µ∗

k)χk

)
.

The locality of the action means the local update methods that proved to be so
effective for simulations of the Yang-Mills theory of gluons alone can be reused.
Using a finite polynomial means the algorithm is approximate, becoming exact only
when the degree of the polynomial becomes infinite. The problem discovered with
the method is that, while QCD is only recovered as n→ ∞, the local updates that
can be performed become “stiff” [13]. The change in a link variable after an update
becomes smaller and smaller as n increases. Also, as the fermion mass is decreased
toward its physical value, the order of the polynomial required for a certain level of
precision must increase.

A number of proposals to make this formulation exact for any degree of poly-
nomial have been made [14, 15, 16]. These methods work by introducing an accept-
reject step to make this correction. In his original paper, Lüscher suggested a re-
weighting of the configurations in the ensemble to correct for the approximation.
These techniques have been combined and have become quite sophisticated [17].
They are used in large-scale production runs and can be adapted to cope with an
odd number of fermion flavours.

5 Molecular Dynamics

The most widely used algorithms in large-scale production runs for QCD calcula-
tions are based on the ideas of molecular dynamics. These ideas were first developed
from stochastic differential equations such as the Langevin equation [18, 19] and
then hybrid forms appeared [20]. The advantage of molecular dynamics is that it
is deterministic and so suffers less from random-walk autocorrelations. For a com-
parison and discussion, see Ref. [21]. As a first step, a trivial modification to the
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probability density is made by simply adding a set of Gaussian stochastic variables
and forming the joint probability density,

PJ (π, φ) =
1

ZJ
e−

1
2

π2−S(φ).

Since this joint distribution is separable, expectation values of functions on the
original fields of the theory, φ are completely unchanged by the modification. A
fictitious, “simulation time” coordinate, τ is then introduced and a Hamiltonian is
defined,

H =
1

2
π2 + S(φ). (5)

This formulation now suggests that the newly introduced variables, π should be
considered as conjugate momenta to φ for evolution in τ . The equations of motion
for this dynamics are easily evaluated as

dφ

dτ
= π,

dπ

dτ
= −∂S

dφ
. (6)

Integrating these equations of motion defines a mapping, {φ, π} −→ {φ′, π′} which
exactly conserves the Hamiltonian of Eqn. 5 and Liouville’s theorem implies it is area
preserving. The mapping is also reversible (once we introduce a momentum flip),
since if {φ, π} −→ {φ′, π′} then {φ′,−π′} −→ {φ,−π}. This tells us the mapping
formed by integrating the equations of motion of Eqn. 6 forms a Markov process
with the correct fixed point. This process is not however ergodic. The Hamiltonian
H is conserved, so only contours of phase space with the same value of H as the
original state of the system can be visited. A simple remedy can be made; since
the joint probability distribution of the system is separable, the momenta, π can be
refreshed occasionally from a heat-bath. This ensures all the contours corresponding
to all values of H can be explored.

For simulations of QCD the fields on the lattice are elements of the fundamental
representation of the gauge group, G = SU(3). In the molecular dynamics approach,
the lattice fields are considered to be coordinates of particles moving in an abstract
space. If these fields are then elements of a compact group, the molecular dynamics
must describe motion of points on a curved manifold, rather than a flat, non-compact
space. The properties of Lie groups tell us how to define this motion, since small
changes to a group element are described by elements of the Lie algebra. With
g ∈ G, π ∈ L(G), a small change can be written

g(τ) −→ g(τ + h) = eihπg(t) ≈ (1 + ihπ)g(τ).

and so
dg

dτ
= iπg.

These observations provide a natural way to define a canonical momentum conjugate
to a coordinate of a group element. For the fundamental representation of SU(N),
the Lie algebra is the vector space of traceless, hermitian N × N matrices. The
molecular dynamics coordinates are the link variables, Uµ(x) ∈ G and the momenta
are then pµ(x) ∈ L(G). Time evolution for the gauge fields is then
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U(τ + h) = eihπ(τ)U(τ).

A similar “right momentum” could be defined using the convention U̇ = iUπ. The
interacting Hamiltonian of Eqn. 5 is non-linear and analytic solutions certainly seem
impossible to find. As a result, a numerical integration of the equations of motion
defined by the Hamiltonian (Eqn. 6) is required, using a finite-step-size integrator.

A number of algorithms based around molecular dynamics (and similarly Langevin
evolution) have been developed. One of the most widely used is the R-algorithm
which is able to handle fractional powers of the fermion matrix. This property is
useful for simulations of an arbitrary number of flavours of staggered quarks (al-
though the interpretation of the fractional power of the determinant as a rigorous
quantum field theory is still debated). In the R-algorithm, rather than representing
the fermionic part of the QCD action with a Gaussian integral, a stochastic esti-
mator of the matrix inverse is constructed and used to generate the force on the
momenta. The construction of the algorithm ensures that, by evaluating the matrix
at appropriately chosen points in the numerical integration, the finite-step-size er-
rors appear at O(h2). The use of numerical integration still means the algorithm is
inexact and control of the h→ 0 limit is required.

6 Exact Algorithms

Molecular dynamics integrators with a finite step-size do not exactly conserve the
Hamiltonian. One commonly used integration method, the leap-frog scheme is how-
ever exactly area-preserving and reversible (at least in exact arithmetic). The leap-
frog integration scheme with step-size h is

φ(t) −→ φ(t+ h/2) = φ(t) +
h

2
π(t),

π(t) −→ π(t+ h) = π(t) − h
∂S

∂φ
(t+ h/2),

φ(t+ h/2) −→ φ(t+ h) = φ(t+ h/2) +
h

2
π(t+ h).

The reversibility of the leapfrog scheme is seen from the construction; note that the
force term, ∂S

∂φ
is computed using the field φ evaluated at the half-step, t + h/2.

Each of the three components of the scheme is area-preserving since only one of the
two conjugate degrees of freedom is changed during a given step. Since the three
components have unit Jacobian, so does the composite.

In section 3 it was noted that an area-preserving, reversible proposal scheme is
precisely the required first component of the Metropolis algorithm. This observation
results in an exact algorithm for simulation with dynamical fermions, the Hybrid
Monte Carlo (HMC) algorithm [22]. A leap-frog integrator is used to provide a pro-
posal to a Metropolis test, and ergodicity is maintained by refreshing the momenta
(and any fields representing the fermions) between the Metropolis test and the next
molecular dynamics stage.

The original formulation of the algorithm used the pseudofermion description of
the quark fields. The Hamiltonian for evolution in the fictitious time co-ordinate, τ
is
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H =
1

2
π2 + SG[U ] + φ∗

[
M(U)†M(U)

]−1

φ.

To ensure ergodicity, a compound Markov process is again used. At the beginning
of each update, the pseudofermion fields and the momenta are updated from a
Gaussian heat-bath. The pseudofermion fields φ are held fixed during the molecular
dynamics evolution.

For the pseudofermion action, Spf = φ∗ [M(U)†M(U)
]−1

φ, the subsequent force
term on the momenta is evaluated by considering

dS

dτ
= −φ∗

[
M†M

]−1
(
dM†

dτ
M +M† dM

dτ

) [
M†M

]−1

φ

= −Y ∗ dM

dτ
X −X∗ dM

†

dτ
Y

with
Y = M†−1φ and X = M−1Y. (7)

The most significant expense for numerical simulation arises from the evaluation of
this pseudofermion force term. This requires the vectors X and Y of Eqn. 7 to be
solved at each step, as the gauge fields change (and hence M changes). The physical
parameter region of real interest to lattice physicists is the chiral limit, mq → 0.
In this limit the fermion matrix becomes increasingly ill-conditioned and inversion
becomes more costly. If the inversion process can be accelerated, then the Monte
Carlo algorithm is similarly accelerated. As a result of this observation, a good deal
of effort in the community has gone into finding the best inversion method for the
fermion operator. For the more established fermion methods, the matrix is very
sparse, so finding optimisations for iterative Krylov-space methods was the focus of
this effort. For staggered quarks, the conjugate gradient algorithm applied to M†M
works very well (this is equivalent to using an even-odd preconditioning). For the
Wilson fermion matrix, more intensive studies [23] have found BiCGStab is optimal.
With operators such as the overlap, which is a dense matrix, finding fast inversion
algorithms is a new challenge, discussed at length at the meeting.

Krylov-space methods can be improved greatly by an efficient preconditioner.
For both staggered and Wilson fermions, the preconditioning most widely discussed
is the even-odd (or red-black) scheme. This is an Incomplete Lower-Upper (ILU)
factorisation, constructed by first indexing the sites of the lattice so even sites (x+
y + z + t mod 2 = 0) are ordered first. Now, the fermion matrix can be written

M =

(
Mee Meo

Moe Moo

)

and for both Wilson and staggered quarks, Mee and Moo are easily inverted, so the
ILU factorisation (equivalent to a Schur decomposition) gives

M =

(
Iee 0

M−1
ee Moe Ioo

)(
Mee 0
0 Moo −MoeM

−1
ee Meo

)(
Iee M−1

oe Meo

0 Ioo

)
.

The inversion of M proceeds by finding the inverse of the sub-lattice operator Moo−
MoeM

−1
ee Meo on a modified source. ILU factorisation has been extended to full

lattice lexicographic ordering of the sites. Here, better acceleration of the fermion
inversion algorithms is seen, but these methods are harder to implement on parallel
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computers. A compromise was developed in Ref. [24], with the development of locally
lexicographic schemes (sites stored on a single processor are ordered).

Preconditioning such as the red-black scheme can be incorporated into the
matrix appearing in the pseudofermion action: any positive matrix A for which
detA[U ] = detM†[U ]M [U ] is suitable, and ILU preconditioning preserves this prop-
erty. The red-black method [25] is commonly used, and other preconditioners have
been explored [26, 27] with some speed-ups seen.

After the local bosonic representation of the fermion determinant was suggested,
Frezzotti and Jansen proposed using this formulation within HMC, giving the PHMC
algorithm [28]. They recognised a useful property of polynomials, namely that they
provided a useful means of making modest changes to the importance sampling
measure that include modes with smaller eigenvalues. These modes often make sig-
nificant contributions to expectation values of interesting physical processes.

7 Recent Developments

The ultimate goal of lattice simulation is to approach the point where quarks are
(almost) massless. This is termed the chiral limit; chirality is an exact symmetry of
the quark fields in the limit mq → 0. The physical up and down quark masses are
very close to this limit, certainly lighter than lattice simulations have been able to
reach to date.

The variance in the stochastic estimator of the fermion action, for example the
pseudofermion fields, diverges as the chiral limit is approached. A recent suggestion
by Hasenbusch [29] to reduce the variance in the estimate of the quark dynamics
is to split the pseudofermion fields into two pieces, and use the Gaussian integral
representation separately for each new piece. The identity

detM2 = det(MM̃−1)2 det M̃2 =

∫
DφDφ∗DχDχ∗e−Ssplit ,

with

Ssplit = φ∗M̃
[
M†M

]−1

M̃†φ+ χ∗
[
M̃†M̃

]−1

χ,

then follows, for any non-singular matrix, M̃ . The advantage of the method is the
new stochastic variables introduced to represent the fermions can be coupled to the
gauge fields through two better-conditioned matrices, M̃ and MM̃−1. The molecular
dynamics step-size can be increased by a significant factor for a fixed Metropolis
acceptance and this factor is seen to increase in the chiral limit, mq → 0. The idea
can be generalised and a longer chain of S splittings can be made, since

detM = detMM̃−1
1 det M̃1M̃

−1
2 det M̃2M̃

−1
3 · · · det M̃S .

At present an interesting question remains; is the “infinite split” limit of the algo-
rithm, into S → ∞ better-conditioned fragments, equivalent to using the effective
action of Eqn. 3 directly, without introducing the extra noise associated with a
stochastic estimate?

Another means of accelerating the molecular-dynamics evolution was suggested
by Sexton and Weingarten [30]. They noted that generalised leap-frog integrators



52 Mike Peardon

could be constructed with different effective integration step-sizes for different seg-
ments of the action. The method was tested by splitting the action into the gauge
and pseudofermionic parts, but proved to be of limited use. The method is only
useful if two criteria can be met simultaneously. Firstly, the splitting must break
the action into a piece whose force is cheap to compute and a harder-to-evaluate
piece and secondly, the cheap force segment must have the most rapidly fluctuating
molecular dynamics modes. A low-order polynomial in the PHMC algorithm has
been proposed [31] as a simple way of performing this splitting, and preliminary
tests are encouraging.

The real world of QCD is recovered in the continuum limit, as the lattice spacing
is taken to zero. Renormalisation arguments tell us that there are infinitely many
lattice theories all of which describe QCD in this limit. This idea is known as uni-
versality and means that not only can different fermion formalisms be used, but also
that the gluon and quark field interactions can be introduced in different ways. The
important constraint in designing a lattice description of QCD is to maintain gauge
invariance of the theory; without this, universality arguments are severely weakened
and the lattice theory does not necessarily describe the right theory. There have been
a number of developments leading to new means of coupling the quark and gluon
fields in ways that reproduce the continuum limit more rapidly. The key idea is to
reduce the coupling of the very short distance modes of the theory, which should play
a minor role in the low-energy dynamics we are interested in. These reduction meth-
ods are termed smearing [32]. The recent use of these methods in lattice simulations
stemmed from observations that dislocations (abrupt changes to the gauge fields)
could be greatly reduced by applying a smearing algorithm to the gauge fields. The
link variables appearing in the quark matrix, M are directly replaced by the smeared
links. Discretisations built from these links are called “fat-link” actions [33]. Fat-link
simulations have been performed using global Metropolis methods [34]: remarkably,
these algorithms work well once the short-distance modes are tamed. Fat-link meth-
ods suitable for use in molecular-dynamics schemes are now being introduced [35].
Recently [36], a fully differentiable smearing method, the “stout-link” was proposed
that is better suited to molecular-dynamics based algorithms.

Horváth, Kennedy and Sint [37] proposed an exact algorithm for directly simu-
lating any number of quark flavours. The algorithm begins with a rational approxi-
mation to a fractional power α, e.g

x−α ≈ R(x) =
A(x)

B(x)
,

where A(x) and B(x) are polynomials of degree r. Clearly, the inverse of this ap-
proximation is just B(x)/A(x). A pseudofermion representation of any power of the
determinant, detMα is then constructed by first noting

| detM |2α = det(M†M)α = detR†(M)R(M)

and then using a Gaussian integral representation in the standard way. Multi-shift
solvers [38] allow for efficient application of the matrices A/B or B/A, once these
polynomial ratios are written as a partial fraction sum. The development of this
algorithm, along with PHMC, seems to provide attractive solutions to the use of
inexact algorithms, such as the popular R-algorithm for simulations with a single
flavour of quark or two staggered flavours. These algorithms are currently being
tested [39] in large-scale production runs.
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8 Conclusions

The numerical study of quantum field theories with lattice simulations has evolved
significantly over the past twenty years, but a number of its foundation stones remain
unchanged. All lattice simulations are based on Markov chain Monte Carlo and all
studies involving fermions are significantly more computationally expensive than
those with bosonic fields alone. The expense of simulations with quarks is the major
obstacle and one that never ceases to surprise theorists since the fermion statistics
of Eqn. 2 are much simpler than boson statistics.

The algorithmic problem considered by this meeting is to develop the toolkit of
algorithms further to encompass the newly-devised fermion formulations that obey
the Ginsparg-Wilson relation.
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Determinant and Order Statistics
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Summary. Noisy methods give in general a biased estimation of the quark deter-
minant. In this paper we describe order statistics estimators which eliminate this
bias. The method is illustrated in case of Schwinger model on the lattice.

1 Introduction

The most difficult task in light quark simulations is the computation of the quark
determinant. It is well-known that the determinant of a matrix A ∈ C

N×N scales
poorly with N and may also be ill-conditioned for ill-conditioned matrices A [1]. This
is the case for lattice QCD with light quarks. Hence, Monte Carlo algorithms are
bound to produce gauge fields which are closely related to each other. Therefore,
to get the next independent gauge field configuration we must run a large num-
ber of Monte Carlo steps, each one requiring the computation of the determinant
or its variation. This way efficient methods are sought for the quark determinant
computation.

The standard method is the Gaussian integral representation. If A is positive
definite and Hermitian one has:

detA =

∫ N∏

i=1

dRe(φi)dIm(φi)

π
e−φHA−1φ

If A represents the change between two underlying gauge fields one is often interested
in its noisy estimation:

detA ∼ eφH (1l−A−1)φ

One can use iterative algorithms to invert A which are well suited for large and
sparse problems and have O(N) complexity.

However, such an estimator may not adequately represent determinant changes.
To see this consider A = diag(ε, 1/ε) with ε ∈ (0, 1). The stochastic estimator of the
determinant gives:



58 Artan Boriçi

detA ∼ e(1−ε−1)|φ1|2+(1−ε)|φ2|2

Note that the right hand side goes to zero for ε → 0 while detA = 1 for any
ε ∈ (0, 1).

Noisy methods improve this situation. They are based on the identity:

detA = eTr log A

and the noisy estimation of the trace of the natural logarithm of A [2, 8, 4, 5].
Let Zj ∈ {+1,−1}, j = 1, . . . , N be independent and identically distributed

random variables with probabilities:

Prob(Zj = 1) = Prob(Zj = −1) =
1

2
, j = 1, . . . , N

Then for the expectation values we get:

E(Zj) = 0, E(ZjZk) = δjk, j, k = 1, . . . , N

and the following result holds:

Proposition 1. Let X be a random variable defined by:

X = −ZT logAZ, ZT = (Z1, Z2, . . . , ZN )

Then its expectation µ and variance σ2 are given by:

µ = E(X) = −Tr logA, σ2 = E[(X − µ)2] = 2
∑

j �=k

[Re(logA)jk]2

Proof. To simplify notations we define B = − logA and Y = X − µ. then we have:

X = TrB +
∑

i�=j

ZiZjBij

It is easy to show that:

Zij = Zji = ZiZj , Zij ∈ {+1,−1}

where:

Prob(Zij = 1) = Prob(Zij = −1) =
1

2
Then we can write:

Y =
∑

i<j

Zij(Bij +Bji) ≡
∑

i<j

Yij

where
E(Yij) = 0, E(Y 2

ij) = (Bij +Bji)
2

Since B is Hermitian then Bij +Bji = 2ReBij , so we get:

E(Y ) = 0, E(Y 2) = 2
∑

i�=j

(ReBji)
2 ⊓⊔

To evaluate the matrix logarithm one can use the methods described in [2, 3, 4, 5].
These methods have similar complexity with the inversion algorithms and have been
reviewed by the same author in this volume [6].



Determinant and Order Statistics 59

Now let us turn to the 2×2 example where A = diag(ε, 1/ε) with ε ∈ (0, 1). This
means that we are looking for a noisy estimator of the trace of the diagonal matrix
− logA = diag(− log ε, log ε). In this case the noisy estimator of the determinant is
given by:

detA ∼ e− log ε(Z2
1−Z2

2 ) = e0 = 1

Hence, the noisy estimator is not spoiled by the ill-conditioning of the matrix A.
However, this method gives in general a biased estimation of the determinant as

it is clear from Jensen’s inequality E(e−X) ≥ eE(−X). To compute the bias we use
the central limit theorem:

Proposition 2. For N large the random variable X is normally distributed with
mean µ and variance σ2.

Proof. The proof is based on the fact that Y = X−µ is a sum of N(N−1)/2 indepen-
dent and identically distributed variables with mean zero and variance (2ReBij)

2.
⊓⊔

Using this result the expected value of the noisy exponential is given by:

E(e−X) = e−µ+σ2/2

Clearly, the bias can be reduced by reducing the variance of the estimation. If the
estimator is the average X̄ of the sample X1, . . . ,Xn then we get:

E(e−X̄) = e−µ+σ2/(2n)

This method is not practical since the sample volume grows proportionally to σ2

which itself grows proportionally to N (see Proposition (1)).
There are many variance reduction techniques: [3] subtract traceless matrices

which results in an error reduction from 559% to 17%; [7] proposes a control variate
technique which can be found in this volume; [8] suppresses large eigenvalues of the
fermion determinant, a formulation that reduces by an order of magnitude unphys-
ical variations in the determinant. All these improvements reduce significantly the
variance. Nonetheless, its linear scaling with N doesn’t change.

In this paper we discuss an asymptotically normal estimator which gives an
unbiased determinant. Such an estimator is shown to be a central order statistic.

2 Distribution of an Order Statistic

It is well-known that the sample median is an estimator of the population mean. If
X1,X2, . . . ,Xn is a sample drawn from the same distribution, the median is defined
as the middle point of the ordered sample:

X(1) ≤ X(2) ≤ . . . ≤ X(n)

This is possible if the sample size n is odd. In case n is even the median is defined
to be any number in the interval [X(n/2),X(n/2+1)].

Median is a particular example of a statistic calculated from the ordered data.
In general, X(k), k = 1, . . . , n is called the k’th ordered statistic [9], [10].
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Let X1,X2, . . . ,Xn be distributed according to f(x), x ∈ R. Distribution of
an order statistic X(k) is denoted by fk(x). In this case f(x) is called the parent
distribution.

To find fk(x) one can use a simple heuristic. First, let fk(x)dx be the probability
that X(k) is in an infinitesimal interval dx about x. This means that one of the
sample variables is in this interval, k− 1 are less than x and n− k are greater than
x. The number of ways of choosing these variables is the multinomial coefficient
C(n; k − 1, 1, n − k). If F (x) is the cumulative distribution function of the sample
variables then one gets:

fk(x)dx = C(n; k − 1, 1, n− k)[F (x)]k−1[1 − F (x)]n−kf(x)dx

which gives:

fk(x) =
n!

(k − 1)!(n− k)!
[F (x)]k−1[1 − F (x)]n−kf(x) (1)

The same result can be obtained more formally. Let Fk(x) be the cumulative
distribution function of X(k):

Fk(x) = Prob{X(k) ≤ x}

This is the probability that at least k of Xk are less or equal to x which is given by
the cumulative distribution function of the binomial distribution:

Fk(x) =

n∑

j=k

Cj
n[F (x)]j [1 − F (x)]n−j

Differentiating with respect to x we have:

fk(x) =

n∑

j=k

[Tj−1(x) − Tj(x)], Tj(x) = (n− j)Cj
n[F (x)]j [1 − F (x)]n−j−1f(x)

Since Tn(x) = 0 the sum telescopes down to Tk−1(x), which is the same as equation
(1).

3 Asymptotic Theory

The distribution of an order statistic can be of little use for direct analytical calcu-
lations of moments for most of known parent distributions. Of course one can use
numerical methods to compute numerical values to the desired accuracy. However,
as the sample size grows the order statistic distribution approaches some limiting
distribution. The situation is analogous to the central limit theorem. In general the
distribution is not necessarily asymptotically normal as one could have expected
although this will be the case for the central order statistics that will be dealt with
below.

For 0 < α < 1, let iα = [nα] + 1, where [nα] represents the integer part of nα.
Let also F be absolutely continuous with f positive at F−1(α) and continuous at
that point. Then the following result is true:
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Theorem 1. (asymptotic distribution of a central order statistic). As n→ ∞,

√
nf [F−1(α)]

X(iα) − F−1(α)
√
α(1 − α)

d−→ N(0, 1)

For the proof see [10].
Example. Suppose that the distribution is symmetric around the population

mean µ. Let also assume that the variance σ2 is finite and f(µ) is finite and positive.
For simplicity n is taken to be odd. Then the median X(n+1)/2 is an unbiased
estimator of µ and asymptotically normal. Further, Var[X(n+1)/2] ≈ [4nf(µ)2]−1.

4 Unbiased Estimation of the Fermion Determinant

Let the Xi, i = 1, ..., n be a normally distributed sample of unbiased estimators of
−Tr logA. We are interested in the expected value of e−X(iα) with iα = [nα]+1 and
α as above. Now let xα := (F−1(α) − µ)/σ. Then X(iα) is asymptotically normal

with mean µ + xασ and variance 2πσ2α(1 − α)ex2
α/n. For the expected value one

gets:

E[e−X(iα) ] = e−µ−xασ+πσ2α(1−α)ex2
α /n

To have an unbiased estimator of the fermion determinant in terms of an ordered
statistic one should have:

E[e−X(iα) ] = e−µ

This can be achieved if:
xα = πσα(1 − α)ex2

α/n

The crucial question here is: given n and σ is there a solution of the above
equality in terms of xα? To answer this question we express first α in terms of xα.
Since (X − µ)/σ ∼ N(0, 1) then we have:

α = P [(X − µ)/σ < xα] =
1

2
+

1

2
erf(

xα√
2
)

Hence, the equation to be solved is:

xα =
πσ

4n
[1 − erf(

xα√
2
)2]ex2

α (2)

Using Taylor expansion around xα = 0 one gets:

xα =
πσ

4n
[1 +O(x2

α)]

For small xα the O(x2
α) can be neglected. One gets a unique solution:

xα =
πσ

4n
, xα << 1 (3)

In this case the sample size should be much greater then σ and i can be calculated
to give:

i = [nα] + 1 = [
n

2
+

√
π

2

σ

4
] + 1
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Thus, using order statistics it is possible to have an unbiased estimator of the
fermion determinant from a biased high estimator of the fermion effective action.

However, the estimator is only asymptotically unbiased meaning that the sam-
ple size has to be large enough. In practice, at least from the examples below the
asymptotic regime is reached for n = 40. In many application to lattice fermions σ is
large anyway. Thus, requiring n >> σ will satisfy the conditions of the asymptotic
normality as well.

Note that equation (2) may have more than one solution. Here we restrict our-
selves to the small xα solution (3). This solution must be made accurate using it as
a starting guess in a non-linear equation solver.

Since σ is unknown one has to estimate it from the sample. This is a source
of systematic error that may bias the stochastic estimation of the determinant. To
compute the error one has to substitute σ with its estimator S in equation (2). This
way we get a solution xβ and the error given by:

E[e
µ−X(iβ) ] = e

−xβσ+ πσ2

4n
[1−erf(

xβ√
2
)2]e

x2
β

= exβσ( σ
S
−1) (4)

In order to control this bias one has to compute the right hand side and make
sure that it is small. This can be done using a large sample so that σ is accurately
determined. If possible, one should cross check the results with other methods as it
is shown in the next section.

5 Schwinger Model on the Lattice

Schwinger model is the theory of quantum electrodynamics in two dimensions
(QED2). When discretized on a lattice it shares many features of lattice QCD.
Therefore it is a good starting point to test computational methods, which other-
wise require huge computing resources when applied directly to QCD.

Let Λ be the collection of points x = (x1, x2) on a square lattice in two dimen-
sions. Let also U(x)µ, x ∈ Λ be an unimodular complex number, an element of the
U(1) group. It is a map onto U(1) gauge group of the oriented link connecting lattice
sites x and x+ aeµ. If φ(x), x ∈ Λ is a complex valued function on the lattice, then
covariant differences are defined by:

∇µφ(x) =
1

2a
[U(x)µφ(x+ aeµ) − UH(x− aeµ)µφ(x− aeµ)]

where a and eµ are the lattice spacing and the unit lattice vector along the coordinate
µ = 1, 2.

There are two main discretizations of the Dirac operator on the lattice: the
Wilson and Kogut-Susskind operators. Here we use the latter since it is easier to
manipulate. It is the matrix operator defined by:

[DKS(m,U)φ](x) = mφ(x) −
2∑

µ=1

η(x)µ∇µφ(x)

where m is the electron mass and

η(x)1 = 1, η(x)2 = (−1)x1
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The total number of lattice points is N = L1L2 on a lattice with L1, L2 sites in each
dimension.

Note that DKS(m,U) is a non-Hermitian operator. Let Σ be a diagonal matrix
with Σx,x = (−1)x1+x2 , i.e. its elements change sign according to a checkerboard
or even-odd partition of lattice sites. Since DKS(0, U) links even and odd sites, it
anticommutes with Σ:

DKS(0, U)Σ +ΣDKS(0, U) = 0

This way it is possible to define a Hermitian operator:

HKS(m,U) = ΣDKS(m,U)

The gauge action which describes the dynamics of the gauge field is given by:

Sg(U) = βRe
∑

P

(1l − UP)

where P denotes the elementary square on the lattice or the plaquette. The sum
in the right hand side is over all plaquettes. UP is a U(1) element defined on the
plaquette P and β = 1/(e2a2) is the coupling constant of the theory, e being the
electron charge.

To solve the Schwinger model on the lattice one has to evaluate the path integral:

Z =

∫ ∏

x∈Λ

dU(x)1dU(x)2 [detDW (m,U)]Nf e−Sg(U)

where Nf is the number of electrons in the system. We take here Nf = 2. Using the
fact that detΣ = 1 one has:

detDKS(m,U) = detHKS(m,U)

To simulate the model we use the Metropolis et al algorithm [11] in two steps.
First we propose local changes in the gauge field using the gauge action alone such
that the detailed balance is satisfied:

e−[Sg(U′)−Sg(U)]Pg(U → U ′) = Pg(U ′ → U)

By selecting randomly the next lattice gauge field, one Monte Carlo sweep consists
of applying the above algorithm at each lattice site once. To ensure that gauge field
proposals are statistically independent we perform 10000 Monte Carlo sweeps and
check autocorrelations of the time series of the measured data. Then the second step
is to accept the new configuration U ′ with the Metropolis et al probability:

P̂acc[X(iα);U,U
′] = min{1, e−X(iβ)}

with
detHKS(m,U ′)2

detHKS(m,U)2
≡ eµ(U,U′) = E[e−X(iα) ] ≈ E[e

−X(iβ) ] (5)

where X(iα) and X(iβ) are the order statistics from the sample X1, . . . ,Xn of unbi-
ased noisy estimators of:

µ(U,U ′) = −Tr log[A(m,U ′) −A(m,U)] (6)
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Fig. 1. Two flavors of Swchinger model on a 16×16 lattice at β = 5 and bare quark
Kogut-Susskind fermion mass m = 0.01

and α, β are defined in the previous section.
The average acceptance probability is defined by:

Pacc(U,U
′) =

∫ ∞

−∞
dxfiα(x;U,U ′) min{1, e−x} (7)

Using this definition it can be shown that the detailed balance is satisfied:

eµ(U,U′)Pacc(U,U
′) = Pacc(U

′, U) (8)

The proof is given in the appendix.
Having an unbiased determinant as in (5), the above algorithm is not a surprise.

What is worth noting here is that this algorithm works for gauge field changes of
any size unlike the generally accepted view on such algorithms [12].

To illustrate the algorithm we measure Wilson loops on a 16 × 16 lattice at
β = 5 and bare fermion mass m = 0.01. In Figure 1 we show Wilson loops as a
function of the linear size of the loop using three algorithms: 1) computing exactly
the determinant ratios, 2) using order statistics with n = 30 noisy estimators and
3) the same as in 2) but with n = 40 noisy estimators.

Note that the exact computation of the determinant is a O(N3) process, which is
very demanding for four dimensional models. This complexity should be compared
to the O(Nn) complexity of the noisy method. Using eq. (4) of the previous section
we find that for a fixed error one must have n ∼ N2/3. This result can be derived by
noting that xβ ∼ σ/n, σ2 ∼ N and that E(σ−S) ∼ n−1/2. Hence, the complexity of
the method is O(N1.67). The acceptance of the Metropolis et al for the exact ratio
was about 16%, whereas the acceptance of the new algorithm was about 20%.

We see that already n = 40 estimators are enough to reach the exact ratio
result. This example illustrates the validity of the algorithm and that one can use
different sample volumes in order to control systematic errors. These errors come
from deviations from normality of the order statistic distribution and inaccurate
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estimations of variance σ2. Since σ2 grows proportionally to lattice volume N , one
can argue that deviations from normality should be small on larger lattices. The
more difficult error to control is the error on variance estimation. To check the error
one can repeat calculations for different sample volumes like in the example above.
But this may be expensive and a cheaper way is to calculate the error directly using
eq. (4) of the previous section.

We plan to test the algorithm in the future in the case of QCD with UV-
suppressed fermions [8].
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From the normality of X ∼ N [µ(U,U ′), σ(U,U ′)] we have:

F (x;U,U ′) =
1

2
+

1

2
erf{[x− µ(U,U ′)]/[

√
2σ(U,U ′)]}

and

f(x;U,U ′) =
1√

2πσ(U,U ′)
e[x−µ(U,U′)]2/[2σ(U,U′)2]
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Substituting these in the order statistics distribution (1) and setting k = iα the
acceptance probability (7) is given by:

Pacc(U,U
′) =

∫∞
−∞ dx kCk

n [F (x;U,U ′)]k−1[1 − F (x;U,U ′)]n−kf(x;U,U ′) min{1, e−x}

Changing the integration variable to y = F (x;U,U ′) we get:

Pacc(U,U
′) =

∫ 1

0

dy kCk
n yk−1(1 − y)n−k min{1, e−[µ(U,U′)+

√
2σerf−1(2y−1)]}

Then the reverse acceptance probability will be:

Pacc(U
′, U) =

∫ 1

0

dy kCk
n yk−1(1 − y)n−k min{1, e−[µ(U′,U)+

√
2σerf−1(2y−1)]}

Using µ(U ′, U) = −µ(U,U ′) (see (6)) and changing the integration variable once
more to y → (1 − y) we get:

Pacc(U
′, U) =

∫ 1

0

dy kCk
n (1 − y)k−1yn−k min{1, eµ(U,U′)+

√
2σerf−1(2y−1)} (9)

Now it is easy to check detailed balance (8). There are two cases:

i) For µ(U,U ′) +
√

2σerf−1(2y − 1) ≤ 0 the left hand side of (8) gives eµ(U,U′)

whereas using (9) the right hand side of (8) is:

Pacc(U
′, U) = eµ(U,U′)

∫ 1

0

dy kCk
n (1 − y)k−1yn−ke

√
2σerf−1(2y−1)

Then changing the integration variable again, y → (1 − y), we get:

Pacc(U
′, U) =

eµ(U,U′) ∫ 1

0
dy kCk

n yk−1(1 − y)n−ke−
√

2σerf−1(2y−1) = eµ(U,U′)
E[e−X(k) ]

where X ∼ N(0, σ). But the expectation of the order statistic E[e−X(k) ] = 1 in this
case and k = iα.

ii) For µ(U,U ′) +
√

2σerf−1(2y − 1) > 0 the left hand side of (8) is:

eµ(U,U′)Pacc(U,U
′) =

∫ 1

0
dy kCk

n yk−1(1 − y)n−ke−
√

2σerf−1(2y−1) = E[e−X(k) ]

Again, E[e−X(k) ] = 1 for X ∼ N(0, σ) and k = iα. Using (9), the right hand side of
(8) gives E[1] = 1. ⊓⊔
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Summary. The standard approach to Monte Carlo simulations of SU(N) Yang-
Mills theories updates successive SU(2) subgroups of each SU(N) link. We follow
up on an old proposal of Creutz, to perform overrelaxation in the full SU(N) group
instead, and show that it is more efficient.

The main bottleneck in Monte Carlo simulations of QCD is the inclusion of light
dynamical fermions. For this reason, algorithms for the simulation of Yang-Mills
theories have received less attention. The usual combination of Cabibbo-Marinari
pseudo-heatbath [1] and Brown-Woch microcanonical overrelaxation [2] of SU(2)
subgroups is considered satisfactory. However, the large-N limit of QCD presents a
different perspective. Fermionic contributions are suppressed as 1/N , so that study-
ing the large-N limit of Yang-Mills theories is interesting in itself. High precision
is necessary to isolate not only the N → ∞ limit, but also the leading 1/N correc-
tion. Such quantitative studies by several groups are underway [3]. They show that
dimensionless combinations of the glueball masses, the deconfinement temperature
Tc, and the string tension σ approach their N → ∞ limit rapidly, with rather small
corrections ∼ 1/N2, even down to N = 2. The prospect of making O(1/N2) ∼ 10%,
or even O(1/N) ∼ 30% accurate predictions for real-world QCD is tantalizing. Nu-
merical simulations can guide theory and help determine the N = ∞ “master field”.

Already, an old string prediction Tc/
√
σ(N = ∞) =

√
3

π(d−2)
, first dismissed by the

author himself because it disagreed with Monte Carlo data at the time [4], appears
to be accurate to within 1% or better. Proposals about the force between charges of
k units of ZN charge, so-called k-string tensions, can be confronted with numerical
simulations, which may or may not give support to connections between QCD and
supersymmetric theories [5]. Efficient algorithms for SU(N) Yang-Mills theories are
highly desirable.

Here, we revive an old, abandoned proposal of Creutz [6], to perform overrelax-
ation in the full SU(N) group, and show its superiority over the traditional SU(2)
subgroup approach4 .

4Global updates, of Hybrid Monte Carlo type, are not considered here, because
they were shown to be O(100) times less efficient than local ones for SU(3) in [7].
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1 State of the Art

We consider the problem of updating a link matrix U ∈ SU(N), from an old value
Uold to Unew, according to the probability density

P (U) ∝ exp(β
1

N
ReTrX†U) . (1)

1
N

ReTrX†U is the “local action”. The matrix X represents the sum of the “sta-
ples”, the neighboring links which form with U a closed loop contributing to the
action. This is the situation for the Wilson plaquette action, or for improved actions
(Symanzik, Iwasaki, ...) containing a sum of loops all in the fundamental represen-
tation. Higher representations make the local action non-linear in U . This typically
restricts the choice of algorithm to Metropolis, although the approach below can
still be used to construct a Metropolis candidate (as e.g. in [8]). Thus, X is a sum
of SU(N) matrices, i.e. a general N ×N complex matrix.

Three types of local Monte Carlo algorithms have been proposed:
• Metropolis: a random step R in SU(N) is proposed, then accepted or rejected.
Thus, from Uold, a candidate Unew = RUold is constructed. To preserve detailed
balance, the Metropolis acceptance probability is

Pacc = min(1, exp(β
1

N
ReTrX†(Unew − Uold))) . (2)

Acceptance decreases as the stepsize, measured by the deviation of R from the iden-
tity, increases. And an N×N matrix multiplication must be performed to construct
Unew, which requires O(N3) operations. This algorithm is simple but inefficient, be-
cause the direction of the stepsize is random. By carefully choosing this direction, a
much larger step can be taken as we will see.
• Heatbath: a new matrix Unew is generated directly from the probability den-
sity P (U) Eq.(1). This is a manifest improvement over Metropolis, since Unew is
completely independent of Uold. However, sampling P (U) requires knowledge of the
normalization on the right-hand side of Eq.(1). For SU(2), the simple algorithm of [9]
has been perfected for large β [10]. For SU(3), a heatbath algorithm also exists [11],
although it can hardly be called practical. For SU(N), N > 2, one performs instead
a pseudo-heatbath [1]. Namely, the matrix Uold is multiplied by an embedded SU(2)
matrix R = 1N−2 ⊗ RSU(2), chosen by SU(2) heatbath from the resulting proba-
bility ∝ exp(β 1

N
ReTr(X†Uold)R). Note that computation of the 4 relevant matrix

elements of (X†Uold) requires O(N) work. To approach a real heatbath and decrease
the correlation of Unew = UoldR with Uold, a sequence of SU(2) pseudo-heatbaths

is usually performed, where the SU(2) subgroup sweeps the N(N−1)
2

natural choices

of off-diagonal elements of Ũ . The resulting amount of work is then O(N3), which
remains constant relative to the computation of X as N increases.
• Overrelaxation. Adler introduced stochastic overrelaxation for multi-quadratic
actions [12]. The idea is to go beyond the minimum of the local action and multiply
this step by ω ∈ [1, 2], “reflecting” the link Uold with respect to the action minimum.
This results in faster decorrelation, just like it produces faster convergence in lin-
ear systems. In fact, as in the latter, infrared modes are accelerated at the expense
of ultraviolet modes, as explained in [13]. The overrelaxation parameter ω can be
tuned. Its optimal value approaches 2 as the dynamics becomes more critical. In
this limit, the UV modes do not evolve and the local action is conserved, making
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Fig. 1. SU(N) overrelaxation acceptance versus N .

the algorithm microcanonical. In practice, it is simpler to fix ω to 2, and alternate
overrelaxation with pseudo-heatbath in a tunable proportion (typically 1 HB for
4-10 OR, the latter number increasing with the correlation length). In SU(2), this
strategy has been shown to decorrelate large Wilson loops much faster than a heat-
bath [14], with in addition some slight reduction in the amount of work. It is now the
adopted standard. For SU(N), one performs ω = 2 microcanonical overrelaxation
steps in most or all SU(2) subgroups, as described in [2].

The SU(2) subgroup overrelaxation of Brown and Woch is simple and elegant.
Moreover, it requires minimal changes to an existing pseudo-heatbath program.
But it is not the only possibility. Creutz [6] proposed a general overrelaxation in the
SU(N) group. And Patel [15] implemented overrelaxation in SU(3), whose efficiency
was demonstrated in [7]. Here, we generalize Patel’s method to SU(N).

2 SU(N) Overrelaxation

It may seem surprising at first that working with SU(N) matrices can be as efficient
as working on SU(2) subgroups. One must bear in mind that the calculation of the
“staple” matrix X requires O(N3) operations, since it involves multiplying N ×N
matrices. The relative cost of updating U will remain bounded as N increases, if
it does not exceed O(N3) operations. An update of lesser complexity will use a
negligible fraction of time for large N , and can be viewed as a wasteful use of the
staple matrix X. Therefore, it is a reasonable strategy to spend O(N3) operations
on the link update. A comparison of efficiency should then be performed between (i)

an update of all N(N−1)
2

SU(2) subgroups, one after the other, following Cabibbo-
Marinari and Brown-Woch; (ii) a full SU(N) update, described below, involving a
polar decomposition of similar O(N3) complexity. One may still worry that (ii) is
unwise because the final acceptance of the proposed Unew will decrease very fast
as N increases. Fig. 1 addresses this concern: the acceptance of our SU(N) update
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scheme decreases in fact very slowly with N , and remains almost 1 for all practical
N values.

We now explain how to perform SU(N) overrelaxation, along the lines of [6]. The
idea of overrelaxation is to go, in group space, in the direction which minimizes the
action, but to go beyond the minimum, to the mirror image of the starting point. If
X̂ is the SU(N) group element which minimizes the action, then the rotation from
Uold to X̂ is (X̂U−1

old ). Overrelaxation consists of applying this rotation twice:

Unew = (X̂U−1
old )2Uold = X̂U†

oldX̂ (3)

Unew should then be accepted with the Metropolis probability Eq.(2). The transfor-
mation Eq.(3) from Uold to Unew is an involution (it is equal to its inverse). From
this property, detailed balance follows.

Note that this holds for any choice of X̂ which is independent of Unew/old, result-
ing always in a valid update algorithm. Its efficiency, however, depends on making
a clever choice for X̂. The simplest one is X̂ = 1 ∀X, but the acceptance is small.
Better alternatives, which we have tried, build X̂ from the Gram-Schmidt orthogo-
nalization of X, or from its polar decomposition. We have also considered applying
Gram-Schmidt or polar decomposition to X† or to X∗. In all cases, a subtle issue
is to make sure that Unew is indeed special unitary (detUnew = 1), which entails
cancelling in X̂ the phase usually present in detX. The best choice for X̂ balances
work, Metropolis acceptance and effective stepsize. Our numerical experiments have
led us to the algorithm below, based on the polar decomposition of X, which comes
very close to finding the SU(N) matrix which minimizes the local action. Note that
Narayanan and Neuberger [16] have converged independently to almost the same
method (they do not take Step 3 below).

2.1 Algorithm

1. Perform the Singular Value Decomposition (SVD) of X: X = UΣV †, where U
and V ∈ U(N), and Σ is the diagonal matrix of singular values σi (σi =

√
λi,

where the λi’s are the eigenvalues of the non-negative Hermitian matrix X†X). It
is simple to show that W ≡ UV † is the U(N) matrix which maximizes ReTrX†W .
Unfortunately, detUV † �= 1.
2. Compute detX ≡ ρ exp(iφ). The matrix X̂NN = exp(−i φ

N
)UV † is a suitable

SU(N) matrix, adopted by Narayanan and Neuberger [16].
3. Find an approximate solution {θi} for the phases of the diagonal matrix
D = diag(exp(iθ1), .., exp(iθN )),

∑
N θi = 0 mod 2π, to maximize the quantity

ReTrX†(exp(−i φ
N

)UDV †). To find an approximate solution to this non-linear prob-
lem, we assume that all phases θi are small, and solve the linearized problem.
4. Accept the candidate Unew = X̂U†

oldX̂, where X̂ = exp(−i φ
N

)UDV †, with prob-
ability Eq.(2) 5.

2.2 Efficiency

We set out to compare the efficiency of the algorithm above with that of the standard
SU(2) subgroup approach, as a function of N . Going up to N = 10 forced us to

5This corresponds to an overrelaxation parameter ω = 2. It may be possible to
make the algorithm more efficient by tuning ω, using the LHMC approach of [17].
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consider a very small, 24 system only. We chose a fixed ’t Hooft coupling g2N = 8/3,
so that β = 2N

g2 = 3
4
N2. This choice gives Wilson loop values varying smoothly

with N , as shown in Fig. 2, and is representative of current SU(N) studies. The
Metropolis acceptance, as shown in Fig. 1, remains very close to 1. It increases with
the ’t Hooft coupling.

A first measure of efficiency is given by the average stepsize, i.e. the link change
under each update. We measure this change simply by 〈1− 1

N
ReTrU†

newUold〉. The
SU(N) overrelaxation generates considerably larger steps than the SU(2) subgroup
approach, as visible in Fig. 3. The real test, of course, is the decorrelation of large
Wilson loops. On our 24 lattice, we cannot probe large distances. Polyakov loops
(Fig. 4, left) show critical slowing down as N increases, with a similar exponent
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Fig. 4. Autocorrelation time of Polyakov loop (left) and of (Stimelike − Sspacelike)
(right) versus N , for the two algorithms.

∼ 2.8 using either update scheme. The SU(N) strategy gives a speedup O(3),
more or less independent of N . One observable, however, indicates a different
dependence on N for the two algorithms. That is the asymmetry of the action,
〈∑x ReTr(Plaqtimelike − Plaqspacelike)〉. Fig. 4, right, shows that the speedup pro-
vided by the SU(N) overrelaxation grows like ∼ N0.55. While this may be atypical,
we never observed a slower decorrelation in the SU(N) scheme for any observable.

In conclusion, overrelaxation in the full SU(N) group appears superior to the
standard SU(2) subgroup approach. The results of [7] already indicated this for
SU(3). Our tests presented here suggest that the advantage grows with N , at least
for some observables. For SU(4) in (2+1) dimensions [18], the decorrelation of the
Polyakov loop was ∼ 3 times faster in CPU time, using SU(N) overrelaxation,
although our code implementation used simple calls to LAPACK routines, which
are not optimized for operations on 4×4 matrices. We definitely recommend SU(N)
overrelaxation for large-N simulations.
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Improved Staggered Fermions
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Summary. At light quark masses, finite lattice spacing gives rise to spectrum dou-
blers in the staggered fermion formalism, thus causing ambiguities in the extraction
of physical quantities. We present results for the pion spectrum of simulations show-
ing how improvements of the staggered fermion action remedy this deficiency.

1 Introduction

Accurate calculations of many Standard Model predictions require numerical simula-
tions in lattice QCD with light dynamical quarks. The improved staggered formalism
for light quarks is the only one capable of delivering this in the near future [1]. One
problem of the staggered formalism is the presence of doublers in the spectrum,
and of interactions between them, which we call taste-changing interactions. The
existence of doublers implies that the spectrum of the theory is more complicated
than the spectrum of QCD. Typically there are several staggered versions of a given
QCD operator. They will all give the same answer in the continuum limit, when the
lattice spacing vanishes, but the taste-changing interactions lift this degeneracy in
a finite lattice, causing ambiguities in the extraction of physical quantities.

The improvement of the action is designed to decrease the strength of such
interactions, and is crucial to obtain accurate physical predictions. It is therefore
important to test with simulations the properties of such improved actions. Here we
use the splittings in the pion spectrum, which are very sensitive to taste-breaking
interactions, to test several variants of improved staggered actions.

2 From Naive to Staggered Fermions

Our starting point is the naive lattice discretization of quarks

∗Work in collaboration with C. Davies (University of Glasgow), P. Lepage and
Q. Mason (Cornell University), H. Trottier (Simon Fraser University), HPQCD and
UKQCD collaborations.
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S =
∑

x

ψ̄(x)(γ · ∆ +m)ψ(x) .

∆µψ(x) =
1

2
(Uµ(x)ψ(x+ µ̂) − U†

µ(x− µ̂)ψ(x− µ̂)) .

This naive discretization retains many important features of the QCD La-
grangian, such as a certain amount of chiral symmetry, and has small (O(a2))
discretization errors (a is the spacing of the lattice). It suffers, however, from the
doubling problem. Each quark field actually describes 16 different species of parti-
cles (in 4 dimensions), which we will call tastes, to distinguish them from physical
flavours. This can be understood as a consequence of an exact symmetry of the
action, called doubling symmetry, which for a direction µ is given by

ψ(x) → (i γ5 γµ) exp(iπxµ)ψ(x) .

ψ̄(x) → ψ̄(x)(i γ5γµ) exp(iπxµ) .

In general we have

ψ(x) → Bζ(x)ψ(x) . (1)

ψ̄(x) → ψ̄(x)B†
ζ(x) . (2)

with

Bζ(x) = exp(iπ x · ζ)
∏

µ

(iγ5γµ)ζµ .

ζ = (ζ1, · · · , ζ4), ζµ ∈ {0, 1} .

In order to define the staggered action, we use the fact that the naive quark
action can be diagonalised in spin space by means of a unitary transformation

ψ(x) → Ω(x)χ(x) .

ψ̄(x) → χ̄(x)Ω†(x) .

where
Ω(x) =

∏

µ

(γµ)xµ .

In the new variables χ, the action and the propagator are both diagonal in spinor
space, for any gauge field

S =
∑

x,µ,β

χ̄β(x)(αµ(x)∆µ +m)χβ(x) . (3)

< χ(x) χ̄(y) > = g(x, y) Ispin .

with
αµ(x) = (−1)x1+···+xµ−1 .

Equivalently, going back to the original variables, we see that the spinor structure
of the naive quark propagator is independent of the gauge field,

< ψ(x)ψ̄(y) >= g(x, y)Ω(x)Ω†(y) .
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Here g(x, y) contains all the dependence on the gauge field.
Therefore the naive quark formulation is redundant, and this allows us to “stag-

ger” the quarks, and define the (naive) staggered action by keeping only one of the
four spinor components in (3)

Sstagg =
∑

x,µ

χ̄(x)(αµ(x)∆µ +m)χ(x) .

This reduces the number of tastes from 16 down to 4.

3 Taste-Changing Interactions

The doubling transformations (1, 2) imply the existence of taste-changing inter-
actions. A low energy quark that absorbs momentum close to ζπ/a is not driven
far off-shell, but is rather turned into a low-energy quark of another taste. Thus
the simplest process by which a quark changes taste is by the emission of a hard
gluon of momentum q ≈ ζπ/a. This gluon is highly virtual and must be immedi-
ately reabsorbed by another quark whose taste will also change. Taste changes are
therefore perturbative for typical values of the lattice spacing, and can be corrected
systematically.

In order to test with numerical simulations the reduction of taste-changing in-
teractions, we have calculated the spectrum of pions, where the effect of such in-
teractions can be clearly seen. There are 16 different pions for staggered quarks,
which would all be degenerate in the absence of taste-changing interactions. Due to
taste-changing they split, and are grouped in 4 (approximate) multiplets. We will
therefore use these splittings to gauge the improvement of the action.

4 Improved Actions

To remove taste-changing interactions at tree-level, a set of smeared paths can be
adopted, in place of the original links [2, 3]. In Fig. 1, the first four paths are chosen to
cancel the coupling between the quark field and a single gluon, Aµ, with momentum
ζπ/a, for any ζ. We will call such a smeared link the fat7 link2. It removes the
high-momentum a2 taste-changing interactions, but introduces an additional low-
momentum a2 error. This is corrected for by another ‘staple’ of links called the
Lepage term. Conventionally this is discretised as the straight 5-link staple on the
original link (the fifth path in Figure 1). A further a2 error is removed by the 3-link
Naik term (last path in Fig. 1). With these last two terms, plus tadpole improvement
for all the links, the action is called asqtad improved staggered action.

It is possible to further smear the links in the action and obtain more improved
actions. The HYP action [4] uses a 3-stage blocking procedure to smear the link
in the derivative term. This action involves a step of projection to SU(3) at each
blocking stage.

The smearing process can be iterated, and we have also studied actions composed
of two steps of fat7 or asqtad smearing, with or without projection onto SU(3).

2The coefficients for the paths included in the fat7 action are different than those
shown in Fig. 1, which are correct only for the asqtad action.
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5 Pion Spectrum

The 16 different pions that can be constructed out of staggered fermions are gener-
ated, in naive language, by the set of operators

J5(x) = ψ̄(x) γ5 ψ(x) .

Jµ
5 (x) = ψ̄(x+ µ̂) γ5 U

†
µ(x)ψ(x) .

Jµν
5 (x) = ψ̄(x+ µ̂+ ν̂) γ5 U

†
µ(x+ ν̂)U†

ν (x)ψ(x) .

Jµνρ
5 (x) = ψ̄(x+ µ̂+ ν̂ + ρ̂) γ5 U

†
µU

†
ν U

†
ρ ψ(x) .

Jµνρσ
5 (x) = ψ̄(x+ µ̂+ ν̂ + ρ̂+ σ̂) γ5 U

†
µU

†
ν U

†
ρ U

†
σ ψ(x) .

This operators are orthogonal to each other

< J
(j)
5 (x)J

(k)
5 (0) >∝ δjk .

They are grouped into local, 1 link, 2 links, 3 links and 4 links multiplets, with
degeneracy (1, 4, 6, 4, 1). The pions within each multiplet are approximately degen-
erate. The local one is the Goldstone boson. It is the only one that becomes massless
at finite lattice spacing when the bare quark mass vanishes.

The pions would be degenerate in the absence of taste-changing interactions 3.
We will use the splittings between the multiplets to monitor the strength of such
interactions. In the figures we show the difference between the mass squared of a
given multiplet and the mass squared of the local pion. We only include in the plots
the multiplets which do not involve links in the temporal direction, as they have
smaller statistical errors.

Figure 2 shows the large improvement in going from the naive action to the
asqtad action, as was already shown in previous studies [5, 6].

3We are discussing here only the ”flavour nonsinglet” pions.
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Fig. 2. Pion splittings for naive (KS) and asqtad actions.

In Fig. 3 we compare the results for several improved actions, along with per-
turbative estimates of the splittings. The first thing to notice is the further decrease
in the splittings with more smearing, both for the HYP action and for the actions
formed by iterated smearing. It is also interesting to notice that the introduction of
a Lepage and Naik term (going from fat7 to asqtad) increases taste-breaking effects.
Finally, the good agreement between the perturbative estimates and the simulation
results should be noticed. It is apparent that perturbative calculations are a reliable
guide to the effect of improvement.

In Fig. 4 we study the effect of projection onto SU(3), by comparing the two
best actions with and without projection. As can be clearly seen, the effect of the
projection is considerable. The projection step can be difficult to incorporate into
the usual simulation algorithms for dynamical quarks, and it is therefore important
to explore alternatives.

6 Conclusions

Taste-changing interactions in the staggered quark formulation are a perturbative
phenomenon, which can be removed systematically by improving the action. Per-
turbation theory is a reliable tool to choose the action and to estimate the size of
taste-changing interaction effects. Going from the naive to the asqtad improved ac-
tion reduces strongly the size of such effects, as seen in the pion spectrum. Further
improvement is possible by increasing the amount of smearing. In such case, it is
important to include steps that project the smeared links back onto SU(3).
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Summary. We calculate the two loop Landau mean links for Wilson and improved
SU(3) gauge actions, using twisted boundary conditions as a gauge invariant infrared
regulator. We show that these numbers accurately describe high-β Monte Carlo
simulations, and use these to infer the three loop coefficients.

1 Introduction

Tadpole improvement is now widespread in lattice field theory [1]. Without it,
lattice perturbation theory begins to fail on distance scales of order 1/20 fm.
Perturbation theory in other regularisations, however, seems to be phenom-
enologically successful down to energy scales of the order of 1 GeV (corre-
sponding to lattice spacings of 0.6 fm) [2].

The reason is that the bare lattice coupling is too small [1, 2]. To de-
scribe quantities dominated by momenta of order the cut-off scale (π/a), it
is appropriate to expand in the running coupling, αs, evaluated at that scale.
The bare coupling, however, deviates markedly from this, and its anomalously
small value at finite lattice spacing can be associated with tadpole corrections
[2]. These tadpole corrections are generally process independent, and can be
(largely) removed from all quantities by modifying the action. This corre-
sponds to a resumming of the perturbative series to yield an expansion in
powers of a new, “boosted” coupling that is much closer to αs(π/a).

Perturbatively this amounts to adding a series of radiative counterterms
to the action. Such a series is obtained by dividing each gauge link in the
action by an appropriate expansion, u(PT). It is sufficient that this series is
known only up to the loop order of the other quantities we wish to calculate
using the action.

The factor u(PT) is not unique, but it should clearly be dominated by
ultraviolet fluctuations on the scale of the cut-off. The two most common def-
initions are the fourth root of the mean plaquette (a gauge invariant definition)
and the expectation value of the link in Landau gauge. Both are successful,
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although there are some arguments for preferring the latter [3]. In this paper
we discuss Landau gauge mean link tadpole improvement.

For Monte Carlo simulations, each gauge link in the action is divided by a
numerical factor, u(MC). Its value is fixed by a self–consistency criterion; the
value measured in the simulation should agree with the parameter in the ac-
tion. Obtaining such numerical agreement requires computationally expensive
tuning of the action, although linear map techniques can speed the conver-
gence [4]. In some cases this cost is prohibitive, such as the zero temperature
tuning of highly anisotropic actions for use in finite temperature simulations.
As non–perturbative phenomena should not affect the cut-off scale, a suf-
ficiently high order perturbative series should predict u(MC) such that the
subsequent numerical tuning is unnecessary, or very slight.

In this paper we present the tadpole improvement factors calculated to
two loop order using lattice perturbation theory. This covers the loop order of
most perturbative calculations using lattice actions. In addition, we perform
Monte Carlo simulations over a range of gauge couplings extending from the
high-β regime down to the lattice spacings used in typical simulations. We
show that the two loop predictions agree very well (showing finite volume
effects are not significant to the tadpole improvement factors. For this reason
we refer to both u(PT) and u(MC) as u from hereonin). The small deviations
at physical couplings are shown to be consistent with a third order correction
to u, and we infer the coefficient of this [5].

We demonstrate that the two loop formula predicts the numerically self–
consistent u(MC) to within a few digits of the fourth decimal place, and the ad-
ditional tuning required is minimal (especially when the action can be rescaled
as in [6, 7]). In most cases no tuning is required if the third order is included.

These calculations are carried out for two SU(3) lattice gauge actions;
the Wilson action and a first order Symanzik improved action. Isotropic and
anisotropic lattices are studied, and interpolations in the anisotropy are given.

The results presented here extend and, in some cases, correct the prelim-
inary results presented in [8] and are more fully described in [9]. Extension
of this work to actions including fermions is being carried out, and will be
reported in a future publication.

1.1 The Actions

We consider Wilson (W) and the Symanzik improved (SI [10]) actions:

SW =−
β0

χ0

∑

x,s>s′

Ps,s′

u4
s

− β0χ0

∑

x,s

Ps,t

u2
su

2
t

,

SSI=−
β0

χ0

∑

x,s>s′

(
5

3

Ps,s′

u4
s

−
1

12

Rss,s′

u6
s

−
1

12

Rs′s′,s

u6
s

)

−β0χ0

∑

x,s

(
4

3

Ps,t

u2
su

2
t

−
1

12

Rss,t

u4
su

2
t

)
, (1)
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Table 1. Fits of infinite volume extrapolated perturbative coefficients to functions
of χ.

action quantity const. 1/χ 1/χ2 logχ/χ

Wilson a
(1)
s = b

(1)
s -0.1206 0.1031 -0.0600 -0.0614

a
(1)
t = b

(1)
t 0 -0.0169 -0.0609 0.0088

a
(2)
s -0.0174 0.0199 -0.0235 -0.0411

a
(2)
t 0 0.0038 -0.0250 -0.0012

b
(2)
s 0.0296 -0.0415 0.0149 -0.0134

b
(2)
t 0 0.0180 -0.0153 -0.0085

Symanzik a
(1)
s = b

(1)
s -0.1004 0.0916 -0.0542 -0.0537

improved a
(1)
t = b

(1)
t 0 -0.0123 -0.0527 0.0066

a
(2)
s -0.0300 -0.0215 0.0383 0.0373

a
(2)
t 0 0.0071 -0.0214 -0.0042

b
(2)
s 0.0012 -0.0728 0.0743 0.0645

b
(2)
t 0 0.0129 -0.0109 -0.0068

where s, s′ run over spatial links, Ps,s′ and Ps,t are 1 × 1 plaquettes, Rss,s′

and Rss,t are 2× 1 loops. The bare gauge coupling is g0
2 = 6/β and χ0 is the

bare anisotropy.
We may minimise the dependence of the action on the self–consistent tad-

pole improvement factors through a rescaling

β =
β0

us
3ut

≡
6

g2
, χ =

χ0us

ut
. (2)

This removes all tadpole factors in the Wilson action. In the SI case, the
residual factors are expanded perturbatively, with the radiative terms treated
as counterterms in the action. This is convenient for perturbation theory, but

Σ

one loop two loops

(e) (f)
Haar measure one-loop mean link

(a) (b)

(c) (d)

Fig. 1. Feynman diagrams for the Landau mean link. The contributions (a-f) to
the self energy, Σ, are shown on the right–hand side.
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also is useful when, for instance, self–consistently tuning action parameters in
Monte Carlo simulations [7].

If us = 1 + dsg
2 + O(g4), then

SSI(β, χ, us) = SSI(β, χ, us = 1) + g2∆SSI

∆SSI = βds

6

(
χRss,t + χ−1(Rss,s′ + Rs′s′,s)

)

and g2∆SSI becomes an insertion in the gluon propagator (Fig. 1(f)).

2 Landau Mean Link Improvement

The quantity used for tadpole improvement should be dominated by the short
distance fluctuations of the action. To leading order, the gauge link is unity
with all deviations arising from tadpole contributions. We focus here on the
Landau mean link scheme, where us,t are defined as the expectation values of
spatial and temporal links in Landau gauge.

The perturbative series for ul=s,t can be written as

ul ≡
1

3
〈Tr Ul〉 =

{
1 + a

(1)
l g2 +a

(2)
l g4 +O(g6) ,

1 + b
(1)
l g0

2 +b
(2)
l g0

4 +O(g0
6) .

(3)

The “bare” coefficients a
(i)
l were calculated, and the series then re–expressed

using the “boosted” coupling, g0
2, as per Eqn. (2):

b
(1)
l = a

(1)
l ,

b
(2)
l = a

(2)
l + a

(1)
l

(
3a(1)

s + a
(1)
t

)
. (4)

The Feynman rules are obtained by perturbatively expanding the lattice ac-
tions using an automated computer code written in Python [11, 6, 8, 12].

1 2 3 4 5 6
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−0.03

−0.02

−0.01

0.00

0.01

0.02

b(2) − spatial
b(2) − temporal
a(2) − spatial
a(2) − temporal

1 2 3 4

bare anisotropy, χ

−0.03

−0.02

−0.01

0.00

0.01

0.02

b(2) − spatial
b(2) − temporal
a(2)  − spatial
a(2) − temporal

Fig. 2. Two loop Landau mean link coefficients for the Wilson (left–hand side) and
SI actions.
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The additional vertices associated with the ghost fields and the measure are
given in [11, 6]. The gluon propagator in Landau gauge is discussed in [6, 8].
The Feynman diagrams are shown in Fig. 1.

We follow [11] and use twisted periodic boundary conditions for the gauge
field. There is no zero mode and no concomitant infrared divergences whilst
gauge invariance is still maintained. All choices of boundary condition are
equivalent in the infinite volume limit. For the perturbation theory we employ
doubly twisted boundary conditions [13, 6].

The one loop integration is carried out by summation of all twisted mo-
mentum modes for lattices 16 ≤ Lµ ≤ 32 on a workstation. To speed up the
approach to infinite volume, the momenta are “squashed” in the directions
with periodic boundary conditions using the change of variables k → k′:

k′
µ = kµ − αµ sin(kµ) , (5)

giving an integrand with much broader peaks [11]. Choosing αµ ∼ 1−(χLµ)−1

significantly reduces the dependence on L. All results were extrapolated to
infinite volume using a fit function of the form c0 + c1/L2.

The two loop calculations used a parallel version of Vegas, a Monte Carlo
estimation program [14, 15], on between 64 and 256 processors of a Hitachi
SR2201 supercomputer. Each run took of the order of 24 hours.

We interpolate the perturbative coefficients using the function c0 + c1/χ+
c2/χ2 + c3 log χ/χ. The fit parameters are given in Table 1 and are shown in
Fig. 2. We stress that χ is the anisotropy after the majority of tadpole factors
have been scaled out of the action.

3 Comparison with Monte Carlo Simulation Results

By comparing such truncated series with results from high-β Monte Carlo
simulations, we may check the accuracy of our calculations, the effect of fi-
nite simulation volumes and infer higher order coefficients in the perturbative
expansion [16]. Field configurations were generated using a 2nd order Runge-
Kutta Langevin updating routine. The Langevin evolution algorithm is coded
such that any pure gauge action can be simulated by simply specifying the list
of paths and the associated couplings. The group derivative for each loop is
then computed automatically by an iterative procedure which moves around
the loop link by link constructing the appropriate traceless anti-Hermitian
contribution to the Langevin velocity. This is the most efficient implemen-
tation, minimising the number of group multiplications needed. It applies
whenever the quantity to be differentiated is specified as a Wilson path.

The twisted boundary conditions are implemented in the manner suggested
in [11] where the field simulated, Ū = U everywhere, save Uµ(x)Ωµ when
xµ = Lµ, where Ωµ is the twist matrix associated with the µ direction and
Lµ is the lattice extent. The action S(Ū) is identical to the untwisted action
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0) parametrization.

except that a loop whose projection onto the (µ, ν)-plane, µ < ν, encircles
the point (Lµ + 1

2 , Lν + 1
2 ) has an additional factor of (zµν)−c where c is

the integer winding number. The program assigns the correct phase factors
to each path appropriately. A Fourier accelerated algorithm is vital when
fixing to Landau gauge, which is otherwise prohibitively time consuming. We
found the convergence of the gauge fixing to be fastest for quadruply twisted
boundary conditions when studying anisotropic lattices.

The mean link was measured for the Symanzik improved action for a
range of couplings 5.2 ≤ β ≤ 30. The lower values are within to the physical
region: as a guide, β0 = 2.4 at χ0 = 3 in [17] corresponds to β = 6.37
and a lattice spacing of a = 0.16 fm. The lattices used had χ = 2 and size
L3T = 8316, giving a hypercubic volume with equal sides in physical units.
To show the deviation of the results from perturbation theory, in Fig. 3 we
plot the simulation data with the two loop perturbative prediction already
subtracted.

As discussed above, the simulation boundary conditions were twisted in
all four directions. To compare with the perturbative calculation an adjust-
ment for finite L and T effects is therefore needed. We computed the one loop
tadpole coefficients for the appropriate finite-size values but this proved more
difficult in the two loop case since we applied a twist in two directions only
and achieved most rapid convergence in the integrals by using the change of
variables in Eqn. (5) which is unavailable in the simulation. Of course, the
L, T → ∞ result is independent of the precise details but for the compari-
son with simulation we must allow for a small discrepancy with our theory.
The results are shown in in Fig. 3 and we concentrate on the results for the
Symanzik-improved action. Both the spatial (us) and temporal (ut) tadpole
coefficients are plotted and the fit lines shown are of the form

u− = δb
(2)
i g4

0 + b
(3)
i g6

0 ,
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where δb
(2)
i is the finite-size correction at two loops. Fitting the full range of

data, the χ2/d.o.f. is around 0.6 and the fit coefficients are

δb(2)
s = 0.00032(4) , b(3)

s = − 0.00097(3) ,

δb
(2)
t = 0.00015(1) , b

(3)
t = − 0.00029(1) . (6)

The finite-size correction corresponds to a 2% correction due to finite-size
effects in the two loop calculation. This is certainly very reasonable. The
measurement of the three loop coefficients is accurate to 3% and we should also
expect a finite-size error of a similar order. The main conclusion is that even
in the physical region β ∼ 5−6 perturbation theory works very well indeed for
the Landau mean-link and, moreover, there is no observable deviation from a
three loop O(g6

0) perturbative approximation. This is very encouraging for the
accurate design of QCD actions and the corresponding perturbative analyses
based upon them.
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versity of Tokyo Computing Centre and the Cambridge–Cranfield High Per-
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Summary. It has long been known in the lattice community, that molecular dynam-
ics (MD) integrators used in lattice QCD simulations can suffer from instabilities. In
this contribution we review pedagogically where these instabilities arise, how they
may be noticed and what actions can be taken to avoid them. The discussion is of
relevance to simulations with light quarks such as those attainable using Ginsparg
Wilson fermions.

1 Introduction

Of the currently available algorithms for generating gauge configurations in simu-
lations of lattice QCD with dynamical fermions, the Hybrid Monte Carlo (HMC)
algorithm [1] in one of its many guises is of the most common use.

A feature of HMC like algorithms is their reliance on molecular dynamics (MD)
integrators. It has been noticed in [3] and [4] that the typical leap-frog integrator
can show chaotic behaviour in lattice QCD simulations and that the integrator
can go unstable. Further investigation [5, 6] has shown that the instability in the
integrator can manifest itself on production size lattices at realistic parameters. In
this contribution we will present our current understanding of instabilities in MD
integrators used in the HMC algorithm.

The remainder of this contribution is organised as follows. In section 2 we review
the relevant features of the HMC algorithm; in section 3 we show how instabilities
can arise in the MD part of the HMC algorithm by referring to the case of a simple
harmonic oscillator; in section 4 we will relate this to QCD data; and we draw our
conclusions in section 5.

2 HMC and Molecular Dynamics

HMC simulations generally proceed through the following steps:

i) Momentum Refreshment: new momenta are generated from a Gaussian heatbath.
ii) Molecular Dynamics: the canonical coordinates and momenta are evolved by

solving the equations of motion numerically.
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iii) Accept/Reject step: the new coordinates and momenta at the end of the MD step
are subjected to an accept/reject test. This is typically either Metropolis [7] like
or a Noisy Linear Accept/Reject step [8]. If the new coordinates and momenta
are rejected the new phase space state is taken to be the initial coordinates and
momenta from before the MD.

For further details of these steps we suggest the reader consult [2] in these
proceedings. In this article we will concentrate mostly on the MD step.

For the HMC algorithm to be convergent, it must be ergodic and have the desired
equilibrium distribution as its fixed point. Ergodicity is (hopefully) provided by the
momentum refreshment (which boosts the system to a different randomly chosen
energy hyperplane). For the fixed point condition to be satisfied it is sufficient that
the algorithm satisfies detailed balance. Let us suppose that we are trying to generate
coordinates q and momenta p according to some equilibrium probability distribution
Peq(q, p), and that in the above procedure, the MD generates new coordinates and
momenta (q′, p′) from an initial state of (q, p) with probability P (q′, p′ ← q, p). The
detailed balance condition can be written as:

P (q′, p′ ← q, p)Peq(q, p) dq dp = P (q, p← q′, p′)Peq(q
′, p′) dq′dp′

In order to satisfy detailed balance, it is necessary for the MD step to be
reversible and measure (area) preserving. Typically, a symmetric integrator con-
structed from symplectic update components is used. The symplectic components
guarantee area preservation and their symmetric combination ensures the reversibil-
ity.

Let us consider symplectic update operators Uq(δτ) and Up(δτ) acting on a phase
space state (q, p) as:

Uq(δτ) (q, p) = (q + pδτ, p)

Up(δτ) (q, p) = (q, p+ Fδτ)

where F is the MD Force term, computed from the action S(q) as

F = −∂S
∂q

.

Both Uq(δτ) and Up(δτ) are measure preserving and for reversibility one needs
to use a symmetric combination such as the PQP leap-frog integrator:

U3(δτ) = Up

(
δτ

2

)
Uq(δτ) Up

(
δτ

2

)
(1)

which is of typical use in lattice QCD simulations and has errors of O(δτ3) per time
step.

The construction of higher order integration schemes is possible. In this work
we consider the schemes of [9, 10]. If an integrator defined by update operator Un+1

is available which is accurate to O(δτn+1) for some even natural number n, one can
construct an integrator accurate to O(δτn+3) by combining the Un+1 integrators as:

Un+3 (δτ) = Un+1 (δτ1)
i Un+1 (δτ2) Un+1 (δτ1)

i (2)

with δτ1 =
δτ

2i− s
δτ2 = −sδτ1

and s = (2i)
1

n+2 (3)
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for some arbitrary positive integer i.
Finally we consider another class of symplectic integrators due to Sexton and

Weingarten [11] which rely on splitting the action S(q) into parts that are easy and
hard to integrate respectively. Writing

S(q) = S1(q) + S2(q)

we consider update operators U1 and U2, which are now not improved in the sense
of eqs. (2)-(3). Instead, the subscript labels signify that they update the coordinates
and momenta according to the forces defined from S1(q)and S2(q) respectively. Since
the two improvement schemes are orthogonal to each other, the meaning of the
subscripts should always be clear from the context.

A full update operator which updates the system according to S(q) can then be
constructed as:

US (δτ) = U2

(
δτ

2

) [
U1

(
δτ

n

)]n

U2

(
δτ

2

)
n > 0 .

We note that if we identify U1 with Uq and U2 with Up and choose n = 1, then we
recover in US the 3rd order PQP leap-frog U3 of (1). Integrators of this type are
accurate to O(δτ3) per time step, however, now the coefficient of the third order
error term decreases as 1

n2 . The expected gain from this scheme is that the step–size
error can be reduced by repeated application of computationally cheaper updates
U1 while keeping the same number of applications of U2.

3 Instability in the Simple Harmonic Oscillator (SHO)

We now apply the various integration schemes to the SHO, and demonstrate the
onset of an instability in this simplest of systems. We consider an SHO with action

S(q) =
1

2
ω2q2

and Hamiltonian

H(q, p) =
1

2
p2 + S(q) .

The corresponding force term is

F = −∂S
∂q

= −ω2q

which is linear in q. Consequently we can write the PQP leap-frog update of the
system as a matrix equation:

(
q(t+ δτ)
p(t+ δτ)

)
=

(
1 − 1

2
(ωδτ)2 ωδτ

−ωδτ + 1
4

(ωδτ)3 1 − 1
2

(ωδτ)2

)(
q(t)
p(t)

)
.

The eigenvalues of the update matrix above are:

λ± = 1 − 1

2
(ωδτ)2 ±

√
1 − 1

4
(ωδτ)2 = e±i cos−1(1− 1

2
(ωδτ)2) .
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One can see at once that for ωδτ < 2 the eigenvalues λ± are imaginary and
rotate in the complex plane; however for ωδτ > 2 the arguments of the cos−1 term
become purely imaginary resulting in eigenvalues which are real and of which one is
exponentially increasing with δτ driving the system unstable. At the same time, the
phase space orbits of the oscillator system change from being elliptic to hyperbolic.

To see the idea in a more general way consider the update operator of a sym-
plectic integrator U . Since it is area preserving we have detU = 1 and since all the
components of U are real, the trace Tr U is also real. Writing the two eigenvalues of
U as

λ1 = u1 + iv1 and λ2 = u2 + iv2

we have
v1 = −v2 and u1v2 + u2v1 = 0 .

The conditions on the determinant and the trace then leave two possibilities:

Stable Region
u1 = u2 ⇒ u2

1 + v2
1 = 1 ⇒ λ1,2 = e±iθ

for some real θ.
Unstable Region

v1 = v2 = 0 ⇒ λ1 = η, λ2 =
1

η

for some η ≥ 1.

The general feature is that the instability occurs when eigenvalues change from
imaginary to real, or in other words when the discriminant of the update matrix
changes from positive to negative. Using this observation we can show that the 5th

order system of [9, 10] should be unstable when ωδτ ∈ {0,
√

12 − 6 3
√

4} and the 7th
order integrator goes unstable when ωδτ ∈ (1.592, 1.822) and ωδτ > 1.869. Note
that in both the higher order schemes the situation is worse than in the 3rd order
leap-frog scheme as in the higher order schemes the instabilities occur at smaller
values of ωδτ .

As for the scheme of [11], if U1 = Uq and U2 = Up then we would expect the the
integrator US to go unstable at the same value of ωδτ as the normal PQP integrator,
seeing that the term ωδτ appears only in the Up = U2 step which has the same step
size δτ

2
in both schemes.

4 Instabilities and QCD Simulations

Instabilities in lattice QCD simulations were originally reported by [3, 4] on very
small system sizes (consisting of V = 44 lattice sites.) The authors also reported
observing chaos in the numerical solution of the MD equations of motion. While
the contribution of [4] and the later papers of [3] were simultaneous and are equally
important, our own work in this area is a clear follow up to the work reported in
[4]. Hence we will concentrate mostly on those results and our own below. However
we do urge the reader to also keep in mind the results of [3].

The issue of chaos in the equations of motion is related to the reversibility of the
numerical implementation of the MD integration scheme. As mentioned in section 2,
reversibility is generally required for the detailed balance condition to hold. While
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the schemes discussed in sections 2 and 3 are explicitly reversible in exact arithmetic,
a floating point implementation can suffer from rounding errors. If the integrator
is chaotic, these rounding errors are magnified exponentially with a characteristic
exponent generally referred to as the (first) Lyapunov exponent.

In [4] and also in [3] it was shown that indeed the MD integrator is chaotic (with
a positive Lyapunov exponent). However, metrics of reversibility including the Lya-
punov exponent itself seem not to grow with step size δτ until some critical value
which the authors of [4] ascribed to be the instability in the integrator. Once the in-
stability was encountered, reversibility metrics became very large showing a distinct
lack of reversibility in the integrator. However, this did not present a problem, since
at the critical and larger values of δτ the energy change along a trajectory δH was
already so large that the acceptance test at the end of the trajectory would never
succeed when the integrator was used in an HMC context. It was also noticed that
for lighter quarks this growth of the Lyapunov exponent set in at smaller step-sizes
δτ than for heavier quarks or for quenched (infinitely heavy quarks) QCD.

The authors of [4] made the hypothesis that since an asymptotically free field
theory like QCD essentially acts like a loosely coupled system of harmonic oscillator
modes, there will be a few high frequency modes which drive the system unstable at
a suitably large step size. The lower frequency bulk modes can smooth the transition
from stability to instability, so that it does not occur as abruptly as it does for just a
single mode. The frequency of the modes can be characterised by the force vector.
The infinity norm of the force ||F ||∞ selects the largest element of the force vector
and this characterises the highest frequency mode. The 2-norm of the Force ||F ||2
divided by the number of degrees of freedom ||F ||2/d.o.f characterises the size of the
average bulk mode. It was conjectured that the instability sets in when the Fδτ term
in the momentum update step of the integrator reaches a critical value (akin to the
ωδτ term in the harmonic oscillator system). Furthermore the maximum frequency
of the modes should grow in proportion to some inverse power of the quark mass (on
dimensional grounds) which serves to explain why the instability sets in at smaller
step sizes for lighter quark systems.

In [5, 6] we measured the norms of the forces along each step of an MD trajectory
for a variety of mass and step size values. Our measurements were made on relatively
large lattices of size V = 163 × 32 sites, using step sizes and mass parameters (κ)
that were typical of a large scale HMC simulation at the time.

We show how the fermionic force varies with quark mass in figure 1. We fit data
with the model: F = C(am)α, leaving C and α as free parameters. Our quark mass
am is defined as

am =
1

2

(
1

κ
− 1

κc

)

where κc is the critical value of kappa corresponding to massless quarks. For the
purposes of determining am for the points, we used a value of κc which was de-
termined independently in [12] to be κc = 0.13633. However, for the purposes of
fitting, we left κc as a free parameter in our fits and were gratified when the fit
results were consistent with our independent determination. We note that the fits
measure a small but negative value of α indicating that the force norms do indeed
vary with some inverse power of the quark mass which is entirely consistent with
the hypothesis outlined above.

In figure 2 we show the force norms, and the change in energy along a trajectory
(δH) for a variety of step sizes δτ at a fixed value of the mass parameter κ. We
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Fig. 1. The force norms against the quark mass am for a particular value of δτ .

separate the force into gauge and fermionic contributions. It can be seen that the
fermionic force norms start to increase at δτ = 0.011 accompanied by a sudden
increase in δH. Typically δH needs to be O(1) for reasonable acceptance rates. Here
it has jumped from O(1) to O(100) as the critical value of δτ was crossed.

In figure 3 we show the ∞-norms of the gauge and fermionic forces and the
energy change δH against the mass parameter κ at two values of δτ , one for which
the system remains stable and one for which it goes unstable. We can see that as the
quarks become lighter (κ becomes larger) we reach a value of κ where the fermionic
force suddenly grows accompanied by a large jump in δH at δτ = 0.012. This does
not happen for the smaller step size of δτ = 0.01.

This data all seems entirely consistent with the earlier hypothesis. The integrator
goes unstable at a critical combination of the force and the step size. The instability
is manifested by a large increase in the energy change δH along a trajectory which
then results in drop in the acceptance rate of the HMC algorithm. If the quarks are
sufficiently light, this can happen at values of δτ typical of a production run.

Finally, we note that in dynamical fermion simulations the fermionic force con-
tains the result of solving a large sparse system of equations, usually using a Krylov
subspace method. There is no requirement in the HMC algorithm to solve this system
exactly or even to machine precision, as long as the solution procedure is reversible,
which can be achieved by always using the same initial vector for the solution or
by using a random initial vector. Starting the solution with the result vector from
the last MD step is not reversible unless the solution is carried out with such high
accuracy as to be essentially exact (and independent of the starting vector). Since
generally a large fraction of computer time is spent performing this solution process,
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Fig. 4. The change in energy δH, acceptance probability 〈Pacc〉 and cost metric as
a function of step size and solver residuum

one may be tempted to save some computational effort by solving the system with
a less stringent convergence criteria.

In figure 4 we show the effects of relaxing the solver convergence criterion by
plotting the energy change δH and the corresponding acceptance probability versus
the step size δτ and for various values of the solver target residuum r. We also plot
a cost function which combines the effects of changing he step–size and the resulting
acceptance rates into a cost metric. The top graph is an enlargement of this cost
function around its minimum. The cost is relative to the point with δτ = 0.0055
and r = 10−6. It can be seen that the window of opportunity (low cost) is not very
great and within it, the minimum is very shallow.

We can see that as the target residuum r is increased to r = 5 × 10−4 we
cannot achieve a value of δH which is of O(1) for any step size, whereas even with
a relatively stringent criterion of r = 10−9 we cannot achieve a δH of O(1) for step
sizes greater than about δτ = 0.0085.

5 Summary, Discussion and Conclusions

In this article we have discussed instabilities in the molecular dynamics integrators
used in HMC simulations. We demonstrated the instability pedagogically in the
simple harmonic oscillator system, for the simple leap-frog integrator and for the
higher order integration schemes of [9, 10]. We showed that indeed the problem is
worse for the higher order schemes as the instability is likely to become a problem
there at smaller step sizes than for the leap-frog scheme.
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We do not expect the integration schemes of [11] to alleviate the situation ei-
ther, since they typically consist of making more coordinate update steps for each
momentum update step to reduce the coefficient of the leading error term. The in-
stabilities, however, arise from the combination of the force and the step-size in the
momentum update step whose step–size is not decreased in typical applications of
the scheme since the force computation makes this the more numerically expensive
step.

We discussed the work of [4] and [5, 6] on instabilities in lattice QCD simulations.
We adopted they hypothesis of [4] and showed data from [5, 6] that this picture
was entirely consistent with what can be observed in large volume lattice QCD
simulations. The key features of the picture are

• As the quark masses become lighter the fermionic forces increase
• The system goes unstable when the Fδτ term reaches a critical value (in the

momentum update step of the MD)
• As a result of the above, the energy change along an MD trajectory becomes very

large, resulting in vanishing acceptance rates and therefore costly simulations.
• The problem can be cured by reducing the step-size δτ .

We are particularly concerned with inexact, MD based algorithms such as the
R and Φ algorithms used in staggered fermion simulations, since these algorithms
do not contain an accept/reject step. Hence one may end up hitting the instabil-
ity without knowing about it. The issue can be solved by performing a rigorous
extrapolation of results in δτ , which is not always carried out in practice.
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Summary. I will review the progress toward a finite baryon density algorithm in
the canonical ensemble approach which entails particle number projection from the
fermion determinant. These include an efficient Padé-Z2 stochastic estimator of the
Tr log of the fermion matrix and a Noisy Monte Carlo update to accommodate
unbiased estimate of the probability. Finally, I will propose a Hybrid Noisy Monte
Carlo algorithm to reduce the large fluctuation in the estimated Tr log due to the
gauge field which should improve the acceptance rate. Other application such as
treating u and d as two separate flavors is discussed.

1 Introduction

Finite density is a subject of keen interest in a variety of topics, such as nuclear
equation of state, neutron stars, quark gluon plasma and color superconductivity
in nuclear physics and astrophysics, and high temperature superconductors in con-
densed matter physics. Despite recent advance with small chemical potential at fi-
nite temperature [1], the grand canonical approach with chemical potential remains
a problem for finite density at zero temperature.

The difficulty with the finite chemical potential in lattice QCD stems from the
infamous sign problem which impedes importance sampling with positive probabil-
ity. The partition function for the grand canonical ensemble is represented by the
Euclidean path-integral

ZGC(µ) =

∫
DU detM [U, µ]e−Sg [U ],

where the fermion fields with fermion matrix M have been integrated to give the
determinant. U is the gauge link variable and Sg is the gauge action. The chemical
potential is introduced to the quark action with the eµa factor in the time-forward
hopping term and e−µa in the time-backward hopping term. Here a is the lat-
tice spacing. However, this causes the fermion action to be non-γ5-Hermitian, i.e.
γ5Mγ5 �= M†. As a result, the fermion determinant detM [U ] is complex that leads
to the sign problem.
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2 Finite Chemical Potential

There are several approaches to avoid the sign problem. It was proposed by the
Glasgow group [2] that the sign problem can be circumvented based on the expansion
of the grand canonical partition function in powers of the fugacity variable eµ/T ,

ZGC(µ/T, T, V ) =

B=3V∑

B=−3V

eµ/T BZB(T, V ),

where ZB is the canonical partition function for the baryon sector with baryon
number B. ZGC is calculated with reweighting of the fermion determinant Since
ZGC(µ/T, T, V ) is calculated with reweighting based on the gauge configuration
with µ = 0, it avoids the sign problem. However, this does not work, except perhaps
for small µ near the finite temperature phase transition. We will dwell on this later
in Sec. 3. This is caused by the ‘overlap problem’ [3] where the important samples
of configurations in the µ = 0 simulation has exponentially small overlap with those
relevant for the finite density. To alleviate the overlap problem, a reweighting in
multi-parameter space is proposed [4] and has been applied to study the end point
in the T-µ phase diagram. In this case, the Monte Carlo simulation is carried out
where the parameters in the set α0 include µ = 0 and βc which corresponds to the
phase transition at temperature Tc. The parameter set α in the reweighted measure
include µ �= 0 and an adjusted β in the gauge action. The new β is determined
from the Lee-Yang zeros so that one is following the transition line in the T-µ plane
and the large change in the determinant ratio in the reweighting is compensated by
the change in the gauge action to ensure reasonable overlap. This is shown to work
to locate the transition line from µ = 0 and T = Tc down to the critical point on
the 44 and 63 × 4 lattices with staggered fermions [4]. While the multi-parameter
reweighting is successful near the transition line, it is not clear how to extend it
beyond this region, particularly the T = 0 case where one wants to keep the β and
quark mass fixed while changing the µ. One still expects to face the overlap problem
in the latter case. It is shown [5] that Taylor expanding the observables and the
reweighting factor leads to coefficients expressed in local operators and thus admits
study of larger volumes, albeit still with small µ at finite temperature.

In the imaginary chemical potential approach, the fermion determinant is real
and one can avoid the sign problem [6, 7, 8, 9, 10]. In practice, a reference imag-
inary chemical potential is used to carry out the Monte Carlo calculation and the
determinants at other chemical potential values are calculated through a bosonic
Monte Carlo calculation so that one can obtain the finite baryon partition function
ZB(T, V ) through the Fourier transform of the grand canonical partition function
ZGC(µ/T, T, V ) [8]. However. this is problematic for large systems when the determi-
nant cannot be directly calculated and it still suffers from the overlap problem. The
QCD phase diagram has been studied with physical observables Taylor expanded
and analytically continued to the real µ [9, 10]. Again, due to the overlap problem,
one is limited to small real µ near the finite temperature phase transition.
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3 Finite Baryon Density – a Canonical Ensemble
Approach

An algorithm based on the canonical ensemble approach to overcome the overlap
problem at zero temperature is proposed [11]. To avoid the overlap problem, one
needs to lock in a definite nonzero baryon sector so that the exponentially large
contamination from the zero-baryon sector is excluded. To see this, we first note
that the fermion determinant is a superposition of multiple quark loops of all sizes
and shapes. This can be easily seen from the property of the determinant

detM = eTr log M = 1 +
∑

n=1

(Tr logM)n

n!
.

Upon a hopping expansion of logM , Tr logM represents a sum of single loops with
all sizes and shapes. The determinant is then the sum of all multiple loops. The
fermion loops can be separated into two classes. One is those which do not go
across the time boundary and represent virtual quark-antiquark pairs; the other
includes those which wraps around the time boundary which represent external
quarks and antiquarks. The configuration with a baryon number one which contains
three quark loops wrapping around the time boundary will have an energy MB

higher than that with zero baryon number. Thus, it is weighted with the probability
e−MBNtat compared with the one with no net baryons. We see from the above
discussion that the fermion determinant contains a superposition of sectors of all
baryon numbers, positive, negative and zero. At zero temperature where MBNtat ≫
1, the zero baryon sector dominates and all the other baryon sectors are exponentially
suppressed. It is obvious that to avoid the overlap problem, one needs to select a
definite nonzero baryon number sector and stay in it throughout the Markov chain
of updating gauge configurations. To select a particular baryon sector from the
determinant can be achieved by the following procedure [12]: first, assign an U(1)
phase factor e−iφ to the links between the time slices t and t + 1 so that the link
U/U† is multiplied by e−iφ/eiφ; then the particle number projection can be carried
out through the Fourier transformation of the fermion determinant like in the BCS
theory

PN =
1

2π

∫ 2π

0

dφe−iφN detM(φ) (1)

where N is the net quark number, i.e. quark number minus antiquark number. Note
that all the virtual quark loops which do not reach the time boundary will have
a net phase factor of unity; only those with a net N quark loops across the time
boundary will have a phase factor eiφN which can contribute to the integral in Eq.
(1). Since QCD in the canonical formulation does not break Z(3) symmetry, it is
essential to take care that the ensemble is canonical with respect to triality. To this
end, we shall consider the triality projection [12, 13] to the zero triality sector

det0M =
1

3

∑

k=0,±1

detM(φ+ k2π/3).

This amounts to limiting the quark number N to a multiple of 3. Thus the triality
zero sector corresponds to baryon sectors with integral baryon numbers.

Another essential ingredient to circumvent the overlap problem is to stay in the
chosen nonzero baryon sector so as to avoid mixing with the zero baryon sector
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Fig. 1. Tr logM(φ) for a 83 × 12 quenched configuration with Wilson action as a
function of φ.

with exponentially large weight. This can be achieved by performing the baryon
number projection as described above before the accept/reject step in the Monte
Carlo updating of the gauge configuration. If this is not done, the accepted gauge
configuration will be biased toward the zero baryon sector and it is very difficult to
project out the nonzero baryon sector afterwards. This is analogous to the situation
in the nuclear many-body theory where it is known [14] that the variation after
projection (Zeh-Rouhaninejad-Yoccoz method [15, 16]) is superior than the variation
before projection (Peierls-Yoccoz method [17]). The former gives the correct nuclear
mass in the case of translation and yields much improved wave functions in mildly
deformed nuclei than the latter.

To illustrate the overlap problem, we plot in Fig.1 Tr logM(φ) for a configuration
of the 83 × 12 quenched lattice with the Wilson action at β = 6.0 and κ = 0.150.
This is obtained by the Padé-Z2 estimator [19] of Tr logM with 500 Z2 noises where
the entries of the noise vectors are chosen from the complex Z2 group (i.e. 1 and
−1) [20]. Z2 noise is shown to produce the minimum variance and is thus optimal [23].
This will be explained in more detail later in Sec. 4.1. We see that the it is rather
flat in φ indicating that the Fourier transform in Eq. (1) will mainly favor the zero
baryon sector. On the other hand, at finite temperature, it is relatively easier for the
quarks to be excited so that the zero baryon sector does not necessarily dominate
other baryon sectors. Another way of seeing this is that the relative weighting factor
e−MBNtat can be O(1) at finite temperature. Thus, it should be easier to project
out the nonzero baryon sector from the determinant. We plot in Fig. 2 a similarly
obtained Tr logM(φ) for a configuration of the 8 × 202 × 4 lattice with dynamical
fermions at finite temperature with β = 4.9 and κ = 0.182. We see from the figure
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Fig. 2. Tr logM(φ) for a 8×202×4 finite temperature configuration with dynamical
fermions.

that there is quite a bit of wiggling in this case as compared to that in Fig. 1. This
implies that it is easier to project out a nonzero baryon sector through the Fourier
transform at finite temperature.

4 Noisy Monte Carlo with Fermion Determinant

In order to implement the canonical ensemble approach, it is clear that one needs to
evaluate the fermion determinant for the purpose of particle projection. Since the
pseudofermion approach does not give the determinant in the Markov process, it is
not applicable. In view of the fact that it is impractical to calculate the determinant
directly for realistic volumes, a Monte Carlo algorithm which accommodates an
unbiased estimate of the probability and an efficient way to estimate the determinant
are necessary for the finite baryon density calculation.

A Noisy Monte Carlo algorithm [18] with Padé-Z2 estimates [19, 20] of the Tr log
of the fermion matrix are developed toward this goal and a numerical simulation
with Wilson dynamical fermion is carried out [21]. We shall summarize the progress
made so far.

The QCD partition function can be written in the form
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Z =

∫
dU e−Sg(U)

∫ ∞∏

i=1

dηi P
η(ηi)

×
∞∏

k=2

dρk P
ρ(ρk) f(U, η, ρ) ,

where Sg(U) is the gauge action. f(U, η, ρ) stands for f(U, {ηi}, {ρk}) which is an
unbiased stochastic estimator [22] of the fermion determinant eTr log M via an infinite
number of auxiliary variables ρk and ηi. P

η(ηi) = δ(|ηi| − 1) is the distribution for
the Z2 noise ηi and P ρ(ρk) = θ(ρk)−θ(ρk−1) is the flat distribution for 0 ≤ ρk ≤ 1.
With f(U, {ηi}, {ρk}) being the stochastic expansion

f(U, {ηi}, {ρk}) = 1 +

{
x1 + θ (1 − ρ2)

{
x2 + θ

(
1

3
− ρ3

)
{x3 + . . .

. . . +θ

(
1

n
− ρn

)
{xn + . . .}

}}}
(2)

where xi = η†i lnM(U)ηi, one can verify [22] that

∞∏

i=1

dηiP
η(ηi)

∞∏

k=2

dρkP
ρ(ρk)〈f(U, {ηi}, {ρk})〉 = eTr ln M(U),

and the stochastic series terminates after e terms on the average.
Since the estimator f(U, η, ρ) can be negative due to the stochastic estimation,

the standard treatment is to absorb the sign into the observables, i.e.

〈O〉P =
〈O sgn(P ) 〉|P |
〈 sgn(P ) 〉|P |

.

With the probability for the gauge link variable U and noise ξ ≡ (η, ρ) written
as P (U, ξ) ∝ P1(U)P2(U, ξ)P3(ξ) with

P1(U) ∝ e−Sg(U)

P2(U, ξ) ∝ |f(U, ξ)|

P3(ξ) ∝
∞∏

i=1

P η(ηi)
∞∏

k=2

P ρ(ρk),

the following two steps are needed to prove detailed balance [18, 21].
(a) Let T1(U,U

′) be the ergodic Markov matrix satisfying detailed balance with
respect to P1, in other words P1(U)T1(U,U

′)dU = P1(U
′)T1(U

′, U)dU ′. Then the
transition matrix

T12(U,U
′) = T1(U,U

′) min
[
1,
P2(U

′, ξ)

P2(U, ξ)

]

satisfies detailed balance with respect to the P1(U)P2(U, ξ) (with ξ fixed).
(b) The transition matrix

T23(ξ, ξ
′) = P3(ξ

′) min
[
1,
P2(U, ξ

′)

P2(U, ξ)

]
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satisfies detailed balance with respect to P2(U, ξ)P3(ξ) (with U fixed).
From (a), (b) it follows that T12 and T23 keep the original distribution P (U, ξ)

invariant and interleaving them will lead to an ergodic Markov process with the
desired fixed point.

4.1 Padé - Z2 Estimator of Tr ln M with Unbiased Subtraction

In Eq. (2), one needs to calculate xi = η†i lnM(U)ηi in the stochastic series expansion
of the fermion determinant. An efficient method is developed to calculate it [19]. First
of all, the logarithm is approximated using a Padé approximation, which after the
partial fraction expansion, has the form

lnM(U, κ) ≈ RM (U) ≡ b0 I +

NP∑

i=1

bi (M(U, κ) + ci I)
−1 (3)

where NP is the order of the Padé approximation, and the constants bi and ci are the
Padé coefficients. In our implementation we have used an 11-th order approximation
whose coefficients are tabulated in [19]. The traces of lnM are then estimated by
evaluating bilinears of the form η†RM (U)η. If the components of η are chosen from
the complex Z2 group, then the contributions to the variance of these bilinears come
only from off diagonal elements of RM (U) [23, 20]. In this sense, Z2 noise is optimal
and has been applied to the calculation of nucleon matrix elements involving quark
loops [24]. An effective method reducing the variance is to subtract off a linear
combination of traceless operators from RM (U) and to consider

E[Tr RM (U), η] = η† (RM (U) − αiOi) η .

Here the Oi are operators with Tr Oi = 0. Clearly since the Oi are traceless they
do not bias the estimators. The αi are constants that can be tuned to minimize the
fluctuations in E[Tr RM (U), η].

With other types of noise such as Gaussian noise, the variance receives contribu-
tions from diagonal terms which one cannot subtract off. In this case, the unbiased
subtraction scheme described here is ineffective. In practice, the Oi are constructed
by taking traceless terms from the hopping parameter expansion for M−1(U). It is
shown for Wilson fermions on a 83 × 12 lattice at β = 5.6, these subtractions can
reduce the noise coming from the terms (M(U) + ci)

−1 in Eq. (3) by a factor as
large as 37 for κ = 0.150 with 50 Z2 noises [19].

4.2 Implementation of the Noisy Monte Carlo Algorithm

The Noisy Monte Carlo algorithm has been implemented for the Wilson dynamical
fermion with pure gauge update (Kentucky Noisy Monte Carlo Algorithm) for an
84 lattice with β = 5.5 and κ = 0.155 [21]. Several tricks are employed to reduce
the fluctuations of the Tr lnM estimate and increase the acceptance. These include
shifting the Tr lnM with a constant, ∆β shift [25], and splitting the Tr lnM with
N ‘fractional flavors’. After all these efforts, the results are shown to agree with
those from the HMC simulation. However, the autocorrelation is very long and the
acceptance rate is low. This has to do with the fact that Tr lnM is an extensive
quantity which is proportional to volume and the stochastic series expansion of ex
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converges for x ≤ 6 for a sample with the size of ∼ 103 − 104. This is a stringent
requirement which requires the fractional flavor number N ≥ 15 for this lattice. This
can be seen from the distribution of x =

∑
f (TrRf

M (U)− λfPlaq− xf
0 )/N in Fig. 3

which shows that taking N to be 15, 20, and 25, the largest x value is less than 6.
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Fig. 3. Distributions of x for the three noisy simulations

As the volume increases, this fractional flavor needs to be larger to keep x smaller
than 6 for a sample of the size ∼ 103

−104. At the present volume (84), the autocor-
relation is already much longer than that of HMC, it is going to be even less efficient
for larger volumes. This is generic for the Noisy Monte Carlo algorithm which scales
with volume as V 2, while HMC scales as V 5/4.

5 Hybrid Noisy Monte Carlo Algorithm – a New
Proposal

It is clear that the inefficiency of the Noisy Monte Carlo algorithm for the fermion
determinant is due to the large fluctuation of the Tr ln M estimator from one gauge
configuration to the next. We shall propose a combined Hybrid Monte Carlo (HMC)
and Noisy Monte Carlo (NMC) to remove such fluctuations in the context of the
finite density.

With the baryon number projection discussed in Sec. 3, we can write the partition
function for the finite baryon sector with B baryons as

ZB =

∫
dp dU dφ

†
dφe

−p2/2−Sg(U)+φ†(M)−1φ

{
1
2π

∫ 2π

0
dθ e−i3Bθ det M(θ)

det M(θ = 0)

}
.
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In this case, one can update the momentum p, the gauge link variable U and the
pseudofermion field φ via HMC and then interleave with NMC for updating the
determinant ratio

R =
1
2π

∫ 2π

0
dθ e−i3Bθ detM(θ)

detM(θ = 0)
. (4)

As described in Sec. 4, NMC involves two Metropolis accept/reject steps to up-
date the ratio with the Padé - Z2 estimator of the Tr ln difference of the determinants,
i.e. Tr(lnM(θ) − lnM(θ = 0)). It is pointed out [26] that for zero temperature, one
can approximate the continuous integral over θ with a discrete sum incorporating
triality zero projection [12, 13] so that the partition function is a mixture of different
ZB for different baryon number B. In other words, the approximation

1

2π

∫ 2π

0

dθ e−i3Bθ detM(θ) −→ 1

3BN

3BN−1∑

k=0

e
−i 2πkB

3BN detM(2πkB/3BN ), (5)

leads to the mixing of the baryon sector B with those of B ± BN , B ± 2BN .... If
B is small and BN > B, then the partition will be dominated by ZB with small
mixture from ZB±BN

, ZB±2BN
, .... For example, if we take B = 1 and BN = 5, the

discrete approximation gives an admixture of partition function with baryon number
B = 1, 5, 11,−4,−9, .... At zero temperature, the partition function ZB behaves like
e−BmN Ntat , one expects that the mixing due to baryons other than B = 1 will be
exponentially suppressed when mnNtat > 1.

Two points need to be stressed. First of all, it is crucial to project out the particle
number in Eq. (5) before the Metropolis accept/reject step in order to overcome the
overlap problem. Secondly, given that the ratio R in Eq. (4) is replaced with a
discrete sum

R =
1

3BN

3BN−1∑

k=0

e
−i 2πkB

3BN eTr(ln M(2πkB/3BN )−ln M(0)),

which involves the difference between the Tr lnM(2πkB/3BN ) and Tr lnM(0), it
takes out the fluctuation due to the gauge configuration which plagued the Kentucky
Noisy Monte Carlo simulation in Sec. 4. Furthermore, the Tr ln difference is expected
to be O(1) as seen from Fig. 1. If that is indeed the case, it should lead to a better
convergence of the stochastic series expansion in Eq. (2) and the algorithm scales
with volume the same as HMC.

5.1 Another Application

Here we consider another possible application of the Hybrid Noisy Monte Carlo
algorithm. HMC usually deals with two degenerate flavors. However, nature comes
with 3 distinct light flavors – u, d and s. To consider u and d as separate flavors,
one can perform HMC with two degenerate flavors at the d quark mass and then
employ NMC to update the determinant ratio

Rud =
detM†

d detMu

detM†
d detMd

= eTr(ln Mu−ln Md). (6)
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Since both the u and d masses are much smaller than ΛQCD, Tr(lnMu − lnMd)
should be small. If the Tr ln difference is small enough (e.g. O(1)) so that the accep-
tance rate is high, it could be a feasible algorithm for treating u and d as distinct
flavors so that realistic comparison with experiments can be done someday. It is
shown recently that the Rational Hybrid Monte Carlo Algorithm (RHMC) [27, 28]
works efficiently for two flavor staggered fermions. It can be applied to single flavors
for Wilson, domain wall, or overlap fermions at the cost of one pesudofermion for
each flavor. We should point out that, in comparison, the Hybrid Noisy approach
discussed here saves one pseudofermion, but at the cost of having to update the
determinant ratio Rud in Eq. (6).

While we think that the Hybrid Noisy Monte Carlo algorithm proposed here
might overcome the overlap and the low acceptance problems and the determinant
detM(θ) is real in this approach, the fact that the Fourier transform in Eq. (5)
involves the baryon number B may still lead to a sign problem in the thermodynamic
limit when B and V are large and also when the temperature T is low. However, as
an initial attempt, we are more interested in finding out if the algorithm works for
a small B such as 1 or 2 in a relatively small box and near the deconfinement phase
transition temperature. We should point out that in a special case of two degenerate
flavors with the same baryon number, the ratio R in Eq. (4) becomes

R =
( 1
2π

∫ 2π

0
dθ e−i3Bθ detM(θ))2

detM†M(θ = 0)
,

which is positive and is thus free of the sign problem.
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Summary. We review recent analysis that has developed finite-range regularised
chiral effective field theory as an efficient tool for studying the quark mass variation
of QCD observables. Considering a range of regularisation schemes, we study both
the expansion of the nucleon mass about the chiral limit and the practical application
of extrapolation for modern lattice QCD.

1 Introduction

State-of-the-art lattice calculations in dynamical QCD are typically restricted
to the simulation of light quark masses which are at least an order of magni-
tude larger than their physical values. This necessitates an extrapolation in
quark mass in order to make comparison between theory and experiment. This
extrapolation to the chiral regime is non-trivial due to non-analytic variation
of hadron properties with quark mass.

It has recently been established that chiral extrapolation can be accurately
performed with the use of finite-range regularisation (FRR) in chiral effective
field theory [1, 2]. We highlight some of the features of finite-range regular-
isation and demonstrate the application to the extrapolation of the nucleon
mass.

2 Effective Field Theory and Renormalisation

Chiral perturbation theory (χPT) is a low-energy effective field theory (EFT)
of QCD, for a review see Ref. [3]. Using this effective field theory, the low-
energy properties of hadrons can be expanded about the limit of vanishing
momenta and quark mass. In particular, in the context of the extrapolation of
lattice data, χPT provides an expansion in mq about the chiral limit. Equiv-
alently, this can be translated to an expansion in the scale-independent pion
mass, mπ, through the Gell-Mann–Oakes–Renner (GOR) relation m2

π ∝ mq
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[4]. Goldstone boson loops play an especially important role in the theory as
they give rise to non-analytic behaviour as a function of quark mass. The low-
order, non-analytic contributions arise from the pole in the Goldstone boson
propagator and hence are model-independent [5]. It is the renormalisation of
these non-analytic contributions which form the primary issue of discussion
in this paper.

Renormalisation in effective field theories has been discussed in the peda-
gogic introduction given a few years ago by Lepage [6]. The problem considered
in this lecture was to develop an effective field theory for the solution of the
Schrödinger equation for an unknown potential. The key physical idea of the
effective field theory is to introduce an energy scale, λ, above which one does
not attempt to understand the physics. Considering one does not pretend to
control physics above the scale λ, one should not include momenta above λ
in computing radiative corrections. Instead, one introduces renormalization
constants which depend on (or “run with”) the choice of cut-off λ so that, to
the order one works, physical results are independent of λ.

In this study Lepage reconstructs the potential based on the low-energy
EFT, using both dimensional regularisation and a cutoff scheme, which we
refer to as FRR. It is found that, to the working order of the low-energy
expansion, the FRR scheme has vastly improved properties over the dimen-
sionally regulated counterpart. The poor performance of dimensional regular-
isation can be understood in terms of the incorrect contributions associated
with short-distance physics. In particular, dimensional regularization involves
integrating loop momenta in the effective field theory over momenta all the
way to infinity – way beyond the scale where the effective theory has any
physical significance.

In the context of fitting lattice data to the chiral expansion of the EFT we
are led to the evaluation of loop corrections using a finite scale in the regulari-
sation prescription. This scale is chosen to lie below that where the low-energy
theory breaks down. Any possible residual dependence on the specific choice
of mass scale (and form of regulator function) will be eliminated by fitting
the renormalisation constants to nonperturbative QCD – in this case data
obtained from lattice QCD simulations. The quantitative success of applying
the method is to be judged by the extent to which physical results extracted
from the analysis are indeed independent of the regulator.

3 Chiral Expansion of the Nucleon Mass

We now turn to an investigation of the effective rate of convergence of the
chiral expansions obtained using different functional forms for the regulator.
We also make a comparison with the results obtained using a dimensionally
regulated approach.

Lattice QCD provides us with a reliable, non-perturbative method for
studying the variation of MN with mq. To constrain the free parameters of the
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expansion we take as input both the physical nucleon mass and recent lattice
QCD results of the CP-PACS Collaboration [7] and the JLQCD Collaboration
[8]. For details of the expansion and the parameters see Ref. [1].

The physical scale of the lattice simulations is set using Sommer scale,
r0 = 0.5 fm [9, 10]. For the purpose of chiral extrapolation it is important
that the method for setting the scale does not contaminate the chiral physics
being investigated. Being based on the static quark potential, which is rather
insensitive to chiral physics, the Sommer scale is ideal in the present context.

We describe the expansion of the nucleon mass at next-to-leading non-
analytic order by

MN = a0 + a2m
2
π + a4m

4
π + a6m

6
π + χπIπ(mπ, 0) + χπ∆Iπ(mπ,∆) , (1)

where the terms involving χπ and χπ∆ describe the one loop chiral corrections
to the nucleon mass for N → Nπ and N → ∆π, respectively. The chiral
couplings are fixed to their phenomenological values

χπ = −
3

32πf2
π

g2
A , χπ∆ = −

3

32πf2
π

32

25
g2

A .

The corresponding loop integral, in the heavy-baryon limit, is given by

Iπ(mπ,∆) =
2

π

∫ ∞

0

dk
k4

√
k2 + m2

π[∆ +
√

k2 + m2
π]

,

with the nucleon–delta mass splitting defined at the physical value, ∆ =
M∆ − MN .

The form of Eq. (1) is unrenormalised and divergent behaviour of the loop
integrals must be regularised. We study a variety of regularisation schemes for
the chiral expansion. We allow each scheme to serve as a constraint curve for
the other methods. In particular, we generate six different constraint curves,
for each regularisation, that describe the quark mass dependence of MN . The
first case corresponds to the truncated power series obtained through the
dimensionally regulated (DR) approach. The second procedure takes a similar
form but we maintain the complete branch point (BP) structure at mπ = ∆
[11]. Finally, we use four different functional forms for the finite-ranged, ultra-
violet vertex regulators — namely the sharp-cutoff (SC), monopole (MON),
dipole (DIP) and Gaussian (GAU). We refer to Ref. [1] for details.

As highlighted above, provided one regulates the effective field theory be-
low the point where new short distance physics becomes important, the essen-
tial results will not depend on the cut-off scale [6]. We use knowledge learned
in Ref. [1] as a guide for the appropriate scales for each of the regulator forms.
In particular, we choose regulator masses of 0.4, 0.5, 0.8 and 0.6 GeV for the
sharp, monopole, dipole and Gaussian regulators, respectively.

In each case, both DR-based and FRR, we fit four free parameters, a0,2,4,6

to constrain the expansion of the nucleon mass using the physical nucleon mass
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Fig. 1. Various regularisation schemes providing constraint curves for the variation
of MN with pion mass. The short dash curve corresponds to DR and the long dash
curve to the BP approach, as discussed in the text. The four FRR curves (solid) are
indistinguishable at this scale.

and the lattice data discussed above. The values of the non-analytic contri-
butions are fixed to their model-independent values. The resultant curves are
displayed in Fig. 1. All of the curves are in good agreement with each other
and are able to give an accurate description of the lattice data and match the
physical value of MN .

The best fit parameters for our constraint curves, M(mπ), are shown in
Table 1. It is important to note that the parameters listed in this table are

Regulator a0 a2 a4 a6

DR 0.877 4.06 5.57 −3.24
BP 0.821 4.57 8.92 −2.02

SC 1.02 1.15 −0.359 0.055
MON 1.58 0.850 −0.162 −0.007
DIP 1.22 0.925 −0.177 −0.009
GAU 1.11 1.03 −0.265 0.024

Table 1. Coefficients of the residual series expansion of the nucleon mass for various
regularization schemes, as explained in the text. All units in appropriate powers of
GeV.

bare quantities and hence renormalisation scheme dependent. To make rig-
orous comparison to the parameters of the effective field theory, the loop
contributions must be Taylor expanded about mπ = 0 in order to yield the
renormalisation for each of the coefficients in the quark mass expansion about
the chiral limit [1, 12]. In any regularisation scheme, the renormalised chiral
expansion is given by
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MN = c0 + c2m
2
π + χπm3

π + c4m
4
π − χπ∆

3

4π∆
m4

π log
mπ

µ
+ . . . .

We note that the definition of the parameter c4 is implicitly dependent on the
scale of the logarithm, which we set to µ = 1GeV.

The renormalised expansion coefficients for each of the regularisation
schemes are shown in Table 2. The most remarkable feature of Table 2 is
the very close agreement between the values of the renormalised coefficients,
especially for the finite-range regularisation schemes. For example, whereas
the variation in a0 between all four FRR schemes is 50%, the variation in c0 is
a fraction of a percent. For a2 the corresponding figure is 30% compared with
less than 9% variation in c2. If one excludes the less physical sharp cut-off
(SC) regulator, the monopole, dipole and Gaussian results for c2 vary by only
2%. Finally, for c4 the agreement is also good for the latter three schemes.

It is the higher order terms that highlight why the FRR schemes are so
efficient. Considering a4 and c4 we observe that the renormalised coefficients
are consistently very large for the three smooth FRR schemes, whereas the
bare coefficients of the residual expansion are two orders of magnitude smaller!
That is, once the non-analytic corrections are evaluated with a FRR the resid-
ual series (ie. the ai coefficients) shows remarkably improved convergence and
hence the truncation is shown to be reliable.

The dimensional regularisation schemes do not offer any sign of conver-
gence, where the bare expansion coefficients are much larger — a factor of 30
in the case of a4. It is interesting to observe, that although these coefficients
are large they are not large enough to reproduce consistent values with the
smooth FRR results reported in Table 2.

Regulator c0 c2 c4
DR 0.877 4.10 5.57
BP 0.881 3.84 7.70

SC 0.895 3.02 14.0
MON 0.898 2.78 23.5
DIP 0.897 2.83 21.7
GAU 0.897 2.83 21.2

Table 2. The renormalised chiral expansion parameters for different regularisation
schemes. All units in appropriate powers of GeV.

We take each of our constraint curves and then do a one-to-one comparison
to determine the efficiency of any alternative scheme in describing the con-
straint. Being based on the same EFT, all of the regularisation prescriptions
have precisely the same structure in the limit mπ → 0. As our test window
moves out to larger pion mass the accurate reproduction of the low-energy
constants serves as a test of the efficiency of the regularisation.
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Although the analysis is modified slightly, we find results which are equiva-
lent to the study in Ref. [1]. All regularisation schemes are demonstrated to be
equivalent for pion masses below m2

π ∼ 0.4GeV2. Above this scale, accurate
reproduction of the low-energy constants is restricted between the different
regulators. It is evident that the DR-type schemes and the FRR schemes can-
not give consistent results over such large ranges of pion mass. The agreement
between the FRR schemes alone is excellent over the entire range considered.
We also note that our choice of scale, Λ, was set to the best phenomenological
value given the guidance of Ref. [1]. It is worth noting that if one tuned Λ it
could exactly reproduce the BP curves, as the BP dimensional regularisation
is identical to FRR with Λ → ∞.

It is evident that if one wishes to study the chiral expansion based
on DR chiral EFT in lattice QCD one must only work with data below
m2

π ∼ 0.4GeV2. In fact, one would need a large number of accurate points in
this region in order to reliably fix four fitting parameters. In addition, data
very near the physical pion mass would be necessary. On the other hand, it
is apparent that by using the improved convergence properties of the FRR
schemes one can use lattice data in the region up to 1.0 GeV2. This is a regime
where we already have impressive data from CP-PACS [7], JLQCD [8], MILC
[13] and UKQCD [14]. In particular, the FRR approach offers the ability to
extract reliable fits where the low-mass region is excluded from the available
data. The consideration of this practical application to the extrapolation of
lattice data will be discussed further below.

4 Chiral Extrapolation

In the previous discussion all we were interested in was the expansion about
the chiral limit and hence we obtained the best phenomenological curves by
including the physical nucleon mass as a constraint. Here we examine the
extrapolation of real lattice QCD results. Thus the extrapolation gives physical
predictions of nonperturbative QCD from lattice simulations.

We examine the same two sets of lattice data, as discussed above. For the
four FRR considered, we investigate the residual regulator dependence on the
chiral extrapolation. For comparison, we also show extrapolations based on
the DR-based EFT. As in the previous section, we allow the coefficients of the
analytic terms up to m6

π to be determined by the lattice data. The regulator
masses are once again fixed to their preferred values. We show the best fits in
Fig. 2.

All finite-range regularisation prescriptions give almost identical results,
with the discrepancies beyond the resolution of Fig. 2. The extrapolation of
lattice QCD data based on FRR χPT establishes that that the extraction of
physical properties can be systematically carried out using simulation results
at quark masses significantly larger than nature.
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Fig. 2. Extrapolation of lattice data for various regularisation schemes. The four
indistinguishable, solid curves show the FRR extrapolations. The short dash-dot
curve corresponds to the DR scheme and the long dash-dot that of BP.
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Fig. 3. The extrapolated nucleon mass for varying dipole mass, Λ.

The insensitivity of the extrapolation for a wide range of regulator scale
is shown in Fig. 3. We show the variation of the extrapolated nucleon mass,
at the physical pion mass, for dipole masses ranging between 0.6 to 1.0 GeV.
It is observed that the residual uncertainty introduced by the regulator scale
is less than 2%. Compared to the 13% statistical error in the extrapolation,
this discrepancy induced by the choice of scale is insignificant.
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5 Conclusion

We have demonstrated the accuracy and reliability of extrapolations of lattice
QCD based on FRR chiral EFT. The extrapolation distance is still very large,
meaning that the statistical uncertainties do not yet provide accurate predic-
tive power. As dynamical simulations of lattice QCD with improved actions
approach lighter quark masses, FRR χPT will provide for accurate extraction
of physical QCD properties.

This work was supported by the Australian Research Council.
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Summary. Iterative solvers based on Krylov subspace techniques form an impor-
tant collection of tools for numerical linear algebra. The family of generic solvers
is made up of a large number of slightly different algorithms with slightly different
properties, which leads to redundancy when implementing them. To overcome this,
we build the algorithms out of modular parts, which also makes the connections
between the algorithms explicit. In addition to the design of this toolkit, we present
here a summary of our initial investigations into automatic compiler optimisations of
the code for the algorithms built from these parts. These optimisations are intended
to mitigate the inefficiency introduced by modularity.

1 Introduction

Iterative solvers are popular for approximately solving the equation Ax = b for
vector x given vector b and square sparse matrix A. They have an advantage over
sparse factorisation techniques in that they only rely on being able to perform ma-
trix – vector products and assorted vector operations. Hence there are no problems
such as “fill – in” when altering the operator A, which lead to increased storage re-
quirements. For large enough and sparse enough problems, they are the only feasible
method.

The iterative solvers based on Krylov subspace techniques form a populous fam-
ily: FOM, GMRES, IOM(k), CG, SYMMLQ, QMR, etc. These algorithms have
much in common, although this is not always obvious from their derivation. Specifi-
cally, with the notable exception of the Lanczos-type product methods [4] (LTPMs),
they can be formulated using a Lanczos algorithm to generate the basis vectors of
the Krylov subspace and the projection of the operator onto that subspace, followed
by a decomposition of the projected matrix to find some approximation from the
generated subspace. The different combinations of Krylov space generation and de-
composition along with the orthogonality condition imposed on the residual at each
step give rise to the different algorithms.

On top of the basic flavours of algorithm we can make additions such as multi-
shift solvers, look-ahead to avoid breakdown in the two-sided Lanczos algorithm,
etc. The large number of combinations of options means that writing separate codes
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for the algorithms leads either to repetition in coding or missing out combinations.
We solve this problem in our approach by developing a toolkit of pieces that can be
plugged together to create the solvers. Building the algorithms from parts can incur
some overhead in terms of extra work on an actual machine, however. Explicitly
stitching together pieces to form an algorithm presents us with the opportunity to
possibly save work that, if we only examined each piece locally, we would not be able
to spot. This is where compiler transformations play a part, because the compiler
exploits its global knowledge of the program to do the optimisations across modules
that may originally have been part of the specific algorithm.

2 Algorithmic Approach

We give here a quick sketch of the algorithms in question to make the basis of our
work clear. For a comprehensive exposition of these ideas we refer the reader to
[3, 6]. The subject of our attention is the m × m matrix equation Ax = b. The
basic relationship exploited to construct the solvers is the Arnoldi relation, which
describes how to construct a basis of the Krylov space Kn(A,v1) where v1 is the
first column of the m× n matrix Vn (where n is the current step):

AVn = VnHn,n + βnvn+1e
H
n (1)

= Vn+1H n+1,n

This relation is used directly for the long recurrence solvers such as FOM and GM-
RES, where Vn has orthonormal columns and Hn,n is upper Hessenberg, both by
construction, and A is non-Hermitian. Important simplifications result from either
having a Hermitian operator or employing the two-sided Lanczos process to gener-
ate biorthogonal matrices Vn and Wn that are non-orthogonal bases of the Krylov
spaces Kn(A,v1) and Kn(AH ,w1) respectively. The choice of the dual start vec-
tor w1 is arbitrary subject to the constraint that (v1,w1) �= 0. In both of these
cases the Hessenberg matrix in (1) becomes tridiagonal – in the former because the
Hermiticity-preserving similarity transformation:

V
H
n AVn = V

H
n VnHn,n + βn(VH

n vn+1)e
H
n (2)

= Tn,n

indicates the structure of Hn,n, and in the latter case by considering the two two-
sided versions of (2) and exploiting the biorthogonality of Vn and Wn. A tridiagonal
T implies three-term recurrences to compute the basis V (and W). It is also possi-
ble to truncate the long recurrences for a non-Hermitian matrix A (e.g., IOM(k)).
This gives a banded upper Hessenberg matrix in (1), but the basis V is no longer
orthonormal.

The standard way to proceed is to start from an orthogonality condition on the
residual rn = b−Axn, and derive a solution in terms of some pivotless decomposition
of the projected matrix Hn,n or H n+1,n. To specify the orthogonality condition we
introduce a matrix Sn and require that rn is orthogonal to its columns:
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S
H
n rn = S

H
n (b − Axn) = 0

S
H
n AVnyn = S

H
n b

Here we have explicitly used the fact that the solution xn is a linear combination
of the columns of Vn, with yn an n vector. The orthogonality condition is usually
implicitly tied to the decomposition of the projected Hessenberg matrix that is
used in the algorithm. For instance, Galerkin (i.e., orthogonal residual) methods are
typically coupled with an LU decomposition, but it is possible to use others[5], such
as LQ (which is QR transposed).

The standard groupings of basis generation, orthogonality condition and de-
composition with the appropriate name follow. For the Galerkin methods, with an
LU decomposition, Sn = Vn gives us FOM or DLanczos (which is closely related
to CG) depending on the Hermiticity of A, and Sn = Wn gives us BiDLanczos
(related to BiCG). Similarly, for the minimum residual methods with a QR de-
composition, Sn = AVn gives us GMRES or MINRES. We cannot get QMR easily
from an orthogonality condition using W because it minimises ||βe1 − T n+1,nyn||2
directly. By choosing our solution xn from a different space, xn = A

H
Vnyn with

Vn ∈ Kn(AH ,b), we get the minimum error methods:

S
H
n AA

H
Vnyn = S

H
n b

and choosing Sn = Vn along with an LQ decomposition gives us GMERR or
SYMMLQ3. These combinations are summarised in Table 1.

Table 1. Summary of popular iterative methods

Name Basis Generation Orthogonality Condition Decomposition

FOM Arnoldi Galerkin LU

GMRES Arnoldi Minimum residual QR

GMERR Arnoldi Minimum error LQ

CG (DLanczos) Hermitian Lanczos Galerkin LU

MINRES Hermitian Lanczos Minimum residual QR

SYMMLQ Hermitian Lanczos Minimum error LQ

BiCG (BiDLanczos) Two-sided Lanczos Galerkin LU

QMR Two-sided Lanczos (Quasi) Minimum residual QR

To get our solution xn, we substitute the Arnoldi relation into the equation
from the orthogonality condition to get an expression in terms of yn and Hn,n or
H n+1,n. We can arrange the RHS to reduce to βe1 for Galerkin and minimum error,

or H
H
n+1,nβe1 for minimum residual. Once we have solved the expression for yn, we

can find xn as the linear combination of the appropriate basis vectors.
For the long recurrence algorithms we have now finished the derivation. However,

for algorithms with short recurrences for generating the Krylov space bases, we also

3Interestingly there does not seem to be a well known two-sided (quasi) minimum
error algorithm.
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need a short recurrence for the solution vector to avoid the need to keep or re-
generate the basis vectors. We do this by introducing search vectors pn, also with
their own short recurrence. To give the general flavour, we demonstrate for the
Galerkin algorithms, using a pivotless LU decomposition in the expression derived
from the orthogonality condition:

S
H
n AVnyn = S

H
n b

Tn,nyn = βe1

LnUnyn = βe1

Vnyn = (VnU
−1
n )

︸ ︷︷ ︸
(L−1

n βe1)︸ ︷︷ ︸
xn = Pn zn

Here zn is a vector of length n. Given this definition, we note that as zn is defined
as the result of a forward substitution, so zn = zn−1 + ζnen and hence our short
recurrence for x is:

xn = Pn−1zn−1 + ζnpn

xn = xn−1 + ζnpn (3)

The short recurrence for Pn comes from its definition in terms of Vn and Un, the
latter of which has only a diagonal and superdiagonal term in any column:

PnUn = Vn

un,n pn + un−1,n pn−1 = vn

pn = (vn − un−1,n pn−1)/un,n (4)

In a similar fashion, substituting (1) into the orthogonality condition for the min-
imum residual algorithms yields a least-squares problem which can be solved by a
QR decomposition. The R involved now has two terms above the diagonal, so the
recurrence for P requires two p vectors to be kept. SYMMLQ also uses a QR decom-
position, but the grouping leads to an update of the p vectors based on the unitary
part of the factorisation, Q.

3 Choice of Language

The aim of this work is to factor out as much common structure from the algorithms
as possible, and to represent the relationships in sec. 2 actually in the code. As
such we needed an environment with excellent support for abstraction, and careful
consideration had to be given to the language to use. The following is a summary
of some alternatives along with the reasons they were rejected:

• System of C/C++ macros (Expression Templates[8], etc.)
– poor type checking (relies on the underlying language)



A Modular Iterative Solver Package in a Categorical Language 127

– compile time error messages that are difficult to decipher
– very difficult for host language compiler to analyse and optimise

• 3G Languages (C, FORTRAN, etc.)
– a fundamental lack of support for abstraction within the language
– language semantics are frequently an obstacle to optimisation
– poor type checking

• Object Oriented Languages (C++ objects, Java, etc.)
– inheritance is the wrong abstraction for the subset of linear algebra that we

are interested in – it is good for subset relations and unary operators but
bad for expressing set membership and binary operators

– a general reliance on dynamic mechanisms, e.g. throwing type-cast exceptions
at run-time rather than giving compile-time errors

The final choice was a statically-typed functional language. These languages give
type correctness without run-time overheads, good feedback on static errors, and
have strong support for abstraction by means of the type system. Specifically, first-
class functions and strongly typed functors are a powerful combination. From this
family we chose Aldor.

Aldor[2] is a statically-typed mixed functional/imperative language with a pow-
erful type system that includes limited dependent typing. It is designed both for el-
egance of expression and performance, incorporating a whole program optimisation
strategy in its design. The type system has two basic units; domains and categories.
A domain is an abstract data type, i.e., a representation of domain elements and
operations on them, and it is typed by belonging to one or more categories. A cate-
gory is an interface, i.e., a list of function signatures, and categories can inherit from
and extend simpler categories. To qualify for membership of a category, a domain
has to implement the functions in the interface is some manner. Hence, an algo-
rithm can be specified abstractly in terms of categorical operations. This makes the
algorithms both readable and flexible—we can specialise simple domain operations
to make them efficient on a given machine without touching the algorithm. For ex-
ample, parallelism or vectorisation for a high performance computer can be hidden
completely within the low level domains; and, less dramatically, generic source rou-
tines can be replaced by libraries tuned for performance on a particular workstation
(see sec.5).

Aldor is a very small language, so the majority of domains and categories are
written by the user. Both domains and categories can be parameterised—a perti-
nent example of this is a category we have defined called LinearSpace which is
parameterised by a domain that itself belongs to the category Field. In this way we
can specify what operations we need on an arbitrary vector space without fixing in
advance the domain to represent the ground field.

4 Developing the Framework

The component parts of the solvers are separated and organised using Aldor’s ad-
vanced type system, and implemented using its functional language features. The
collection of pieces comprises a number of different Krylov basis generators based on
the different Lanczos processes, different decompositions to apply to the projected
matrix, different operators, and more prosaic pieces such as matrices, vectors and
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scalars. Any given solver that fits into our framework can easily be built from a
subset of these pieces.

4.1 Linear Algebra Categories

The linear algebra categories are used to abstract the basic operations that the
solvers rely on. An illustrative subset of the types we use are presented in Table 2,
where each category is parameterised by a domain from the category listed below
it, and a small subset of ancestors that the category inherits from is presented.

Table 2. Examples of Linear Algebra Categories

Category Sample of ancestors Example

HermitianLinearOperator LinearOperator, LinearAlgebra the matrix A

InnerProductSpace LinearSpace, Module, Group vectors v, w

FieldWithValuation Ring, EuclideanDomain, complex scalars
ArithmeticSystem α, β

Valuation Monoid, BasicType non-negative
real scalars γ

The inclusion of the valuation in the hierarchy is interesting as it is possible to
use the type system to convey information on the relationships between pieces of
the algorithm. For instance, the matrix of normalisation coefficients from the Krylov
subspace generated by a Hermitian linear operator on an inner product space consists
of scalars from the valuation domain (by Hermiticity and construction) rather than
the ground field.

Given that the linear operator is a parameter to the main algorithm, we get ver-
sions of the solvers that use pre-conditioning more-or-less for free. For example, to
left pre-condition with M, all that is needed is some surrounding code that constructs
the appropriately updated right hand side Mb, and either explicitly constructs the
pre-conditioned operator MA or simply couples the matrices using function com-
position and wraps them as a single operator. A solver is then called on the new
right hand side with the new operator. Right and symmetric pre-conditioning can be
treated similarly, but the efficiency gains possible in the special case of symmetric
pre-conditioning using some N = M

2 would need a special purpose Krylov space
recurrence.

4.2 Framework Categories

The framework categories are used to abstract the relationships of parts of the
algorithm to one another so that different pieces can be substituted to give different
solver algorithms. The high level organisation of the algorithm consists of some
initialisation followed by a loop enclosing three nested parts:

• The solution vector update – creating xn using xn−1 and pn
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V(i) : integer -> vector ==

1. compare i with current state j

2. if i < j then reset state to start
and recurse with V column(i)

3. otherwise do (i - j) calls to
step Forward() to cycle the
recurrence

4. update i to equal j
5. return the vector v2

step Forward : () -> () ==

1. u := A v1;

2. alpha := (u * w1)/delta;

3. beta := (gamma * delta)/deltaOld;

4. v2 := u - alpha * v1 - beta * v2;

5. w2 := AH w1 - conj(alpha) * w1

- conj(beta) * w2;

6. deltaOld := delta;

7. deltaTemp := (v2 * w2);

8. gamma := norm(v2);

9. delta := deltaTemp/gamma^2;

10. (v1, v2) := (v2/gamma, v1);

11. (w1, w2) := (w2/conj(gamma), w1);

Fig. 1. Code for the recurrence and pseudo-code for the “lazy matrix” V of a Krylov
space basis derived from a two-sided Lanczos process. Initialisation of variables in
the recurrence has been omitted.

• The search vector update – creating pn with vn and some previous number of
p vectors

• The basis vector update – creating vn using Avn−1 and some previous v (and
possibly w) vectors

In order to keep as close as possible to the derivation in sec. 2, the search and
basis vectors are presented (by means of a category) as a matrix of column vectors
(that is P, V and optionally W). The columns of these matrices cannot be enumerated
and stored explicitly, so a matrix is implemented lazily with a recurrence to facilitate
the illusion. Hence, by way of example, the solution vector update is written in terms
of requests for columns of P. These column vectors are generated behind the scenes
by the recurrence for the search vectors, which itself makes use of the lazy matrix
V.

4.3 Implementing Lazy Matrices

To implement lazy matrices we use Aldor’s syntactic sugar for function application
to be able to write a column-fetch operation from a matrix as a user function.
This function takes some matrix representation and an index as arguments, and
gives a vector as a result. The underlying matrix representation is just a (first-class)
function, and the column-fetch is a wrapper that applies this function to some integer
argument.

The function that represents a matrix in this way generates any given column
vector by iterating a recurrence on some hidden state that is set up when the lazy
matrix is first constructed. For example, consider a Krylov space object that rep-
resents the results of a two-sided Lanczos process. The Krylov space object K is
constructed from an operator A and two start vectors v1 and w1. From this some-
what abstract object we derive three lazy matrices – the matrix of basis vectors
V, its dual counterpart W, and the tridiagonal matrix of normalisation coefficients
T. Each of these is a function from an index value to a column vector, with their
respective hidden states initialised with the values A, v1 and w1.
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A pseudo-code for the lazy matrix V can be found in Fig. 1 along with the
actual Aldor code for its underlying recurrence. When this function is called with
integer argument i, it cycles the recurrence for the Krylov basis vectors until it has
generated the i-th vector, which it then returns. If the sequence of requested vectors
is i, j, k, . . . with i ≤ j ≤ k ≤ . . ., then a procedure that starts from scratch each
time will waste effort. A better approach, as demonstrated, is to store the current
state after a request i so that we can begin from there next time, provided the next
request j ≥ i. If j < i then we restart. In addition, we can save work and space
by sharing the same state with the recurrences for W and T in the hope that the
index of any request to one of these matrices is greater than or equal to any previous
request to any of them. This of course matches the sequence of indices in the context
of iterative solvers, and hence we get correctness and memory economy by laziness
and performance by caching.

5 Compiler Optimisations

Separately optimising simple functions where a program spends most of its time
can bring large benefits for performance, especially if the pieces are hand coded by
experts. However, dividing a program into pieces prevents the sharing of information
across module boundaries, and this lack of global information can mean that we miss
important opportunities for optimisation. By contrast, a compiler can break the
boundaries introduced by modularity and perform cross-component optimisation on
a case-by-case basis. The gain from breaking these boundaries may outweigh the
benefit of locally superior optimisation in a chain of functions.

By way of simple illustration, consider a pre-compiled library routine for element-
wise adding two vectors, and a routine written in source code for the same purpose. If
our program needs to add three vectors, then the opaqueness of the library routine
forces us to use it twice and make six vector traversals in total (three per call –
the two arguments and the result). In contrast, by having the source available a
compiler could combine together two copies of the function for adding two vectors
to create a specialised function for adding three vectors. This new function would
only require four vector traversals in total, by avoiding writing out and then re-
reading the intermediate result. This way the code is written using a minimal set of
high-level routines but compiled to an efficient specialised program.

We present in this section the experimental results for prototype compiler trans-
formations to exploit cross-component optimisation for our solver codes in this man-
ner, and compare it to a solver augmented with calls to a high performance library.
The results show that cross-component optimisation can be highly effective.

5.1 Experiments

Our prototype problem is a nearest neighbour operator on a regular three dimen-
sional grid of complex scalars, such as might arise from approximating a Laplacian
using finite differences (i.e. a 3D stencil). We present this as a simple example rather
than advocating using this type of solver for these problems. Ultimately we wish to
progress to experiments with a pure Wilson-Dirac operator from QCD. The algo-
rithm for the solve is QMR (which uses the code in Fig. 1 to generate its Krylov
space basis), and the machine used is a 1GHz Pentium 3 (Coppermine).
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Library Augmented Code

This program represents the common library substitutions that a reasonably expert
programmer might make. This consists of using the level 1 BLAS functions from
a high performance library, the choice here being the ATLAS [9] binary package
(version 3.4.1) for the Pentium 3. The sparse matrix-vector product (i.e. the stencil)
is not substituted with anything as there is no real standard library that covers all
possible sparse matrix schemes. The total number of vector traversals in this version
is 24 reads and 12 writes.

Transformed Code

The hand-transformed program is based on aggressive multiple transformations of
the pure Aldor version of the code. These transformations include loop fusion, re-
moval of temporaries, constant folding and delaying computations (we refer the
reader to [7] for details). The total number of vector traversals in this version is 10
reads and 5 writes, showing a significant increase in locality.

Table 3. Performance of ATLAS augmented against Transformed code for QMR

Problem Library augmented Transformed Speed-up of
size (seconds) (seconds) transformed code

103 1.15 1.04 1.1

L1 cache (16kB) ≤ 103

153 4.27 4.27 1.0
203 11.87 10.70 1.1
253 26.01 20.73 1.25

253 < L2 cache (256kB) < 263

303 49.86 34.99 1.42
353 80.18 60.02 1.33
403 136.94 101.00 1.35

Results

Our results are presented in Table 3. They show that, for our example operator,
cross-component optimisation can bring large benefits. The library augmented code
spends at least 60% percent of its time in the library functions, and at most 40%
of its time applying the operator, the (untransformed) code for which is common to
both versions.

6 Related Work

There are many iterative solver packages – see [1] for one review. Most packages
either prescribe data structures or leave the implementation of low level routines
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that rely on them to the user. The first of these options necessarily imposes a
compromise of efficiency, and the second usually implies a strict separation between
the algorithm and the low level routines, limiting optimisation possibilities. Our
project differs in that the low level routines are written in Aldor and hence are both
customisable and available for ambitious transformations. Some projects based on
C++ templates share our unified approach, but they suffer the software engineering
drawbacks outlined in sect. 3.

Numerical work in functional languages is rare. The closest piece of work of
which we are aware [10] differs by implementing a single iterative method phrased
in a non-modular way, and using a language based on normal order evaluation. They
do not go into optimisation in any detail.

7 Conclusion and Future Work

In this paper we have presented our approach to engineering a family of numerical
algorithms from parts. We chose Aldor as the host language to reduce the software-
engineering burden and maximise usability. The choice of language and style of
modularisation presents both novel problems and novel opportunities for compiler
optimisation which we are investigating.

The current work will be continued to cover more experiments and formalise
the transformations. The simplest extensions thereafter would be to add multi-shift
solvers and look-ahead. An interesting but more complex extension would be to
revise the framework to incorporate LTPMs and eigensolvers.
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Summary. There are classes of linear problems for which a matrix-vector product is
a time consuming operation because an expensive approximation method is required
to compute it to a given accuracy. One important example is simulations in lattice
QCD with Neuberger fermions where a matrix multiply requires the product of the
matrix sign function of a large sparse matrix times a vector. The recent interest in
this and similar type of applications has resulted in research efforts to study the
effect of errors in the matrix-vector products on iterative linear system solvers. In
this paper we give a very general and abstract discussion on this issue and try to
provide insight into why some iterative system solvers are more sensitive than others.

1 Introduction

The central problem in this paper is to find an approximate solution to the
equation

Ax = b.

For some linear problems the matrix-vector product can be an expensive op-
eration since a time consuming approximation must be constructed for the
product, as for example in simulations in lattice QCD with Neuberger fermi-
ons. The recent interest in this, and other applications, has resulted in research
efforts to study the impact of errors in the matrix-vector products on iterative
linear system solvers, e.g., [3, 4, 8, 10]. The purpose of this paper is to give
general and abstract novel insight into why some iterative system solvers are
more sensitive than others. This understanding is, for example, important to
devise efficient strategies for controlling the errors and, moreover, to choose a
suitable iterative solver for a problem. Therefore, we conclude this paper by
discussing shortly how this insight can be used to derive strategies for con-
trolling the error. Experiments with these strategies and additional ideas that
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can be exploited in simulations in lattice QCD with Neuberger fermions are
discussed in [1].

2 Krylov Subspace Methods

An important class of iterative solvers for linear systems is the class of Krylov
subspace solvers. A Krylov subspace method is characterized by the fact
that it is an iterative method that constructs its approximate iterate in step
j, xj , from the j dimensional Krylov subspace, Kj , defined as the span of
{b,Ab, . . . ,Aj−1b}. There are various ways of constructing these iterates.
Of particular importance are Krylov subspace methods that construct their
iterates in an optimal way. Two strategies that are considered in this paper
are

1. Galerkin extraction: where xj = xGAL
j ∈ Kj such that rGAL

j = rj :=
b − AxGAL

j ⊥ Kj

2. Minimal residual extraction: where xj = xMR
j ∈ Kj and rMR

j = rj :=
b − Axj and ‖b − Axj‖2 is minimal.

The observations we make are not difficult to extend to the situation of using
other test spaces. Methods like Bi-CGstab [11], however, do not straightfor-
wardly fit into the framework of this paper.

In Krylov subspace methods the Krylov subspace is (implicitly) expanded
by applying the matrix to some vector zj in step j + 1. The vectors zj for
j = 0, . . . , k−1 necessarily form a basis for the Krylov subspace. (Notice that
in this paper we assume that the starting vector of the iterative methods is the
zero vector.) We try to provide insight into the influence of (deliberate) errors
in the matrix-vector multiplies on the iterative method. It will therefore come
as no surprise that the particular choice of the zj will play an important role
in the remainder of this paper. Other quantities of interest are the iterates, xj ,
and the residuals, rj := b − Axj . We will assume that the following relation
links together the quantities of interest after k iteration steps:

AZk = Rk+1Sk and xk = ZkS−1
k e1, (1)

with Sk being a (k + 1)× k upper Hessenberg matrix and Sk the k × k upper
block of Sk. The definition of Sk depends on the method used but we stress
that the recursions described by (1) do not have to be explicitly used by
the particular method. More specifically, the basis used in the extraction of
xj from the Krylov subspace may differ from the basis of zj ’s used for the
expansion. Throughout this paper capital letters are used to group together
vectors which are denoted with lower case characters with a subscript that
refers to the index of the column (starting with zero for the first column).
Hence, Rkej+1 = rj .
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3 Approximate Matrix-Vector Products

To model the existence of perturbations on the exact matrix-vector products
we assume that the matrix-vector products are computed by the function
Aη(v) that represents approximations to the matrix-vector product Av with
a relative precision η as

Aη(v) = Av + f with ‖f‖2 ≤ η‖A‖2‖v‖2.

The precise source for the existence of these perturbations can be various and
are at this point not of interest. We neglect other errors.

In case the matrix-vector product is computed to some relative precision
ηj in step j + 1, we assume that (1) becomes

AZk + Fk = Rk+1Sk and xk = ZkS−1
k e1. (2)

The vector fj is the j + 1-th column of Fk and it contains the error in the
matrix-vector product in step j + 1 and we, therefore, have that ‖fj‖2 ≤
ηj‖A‖2‖zj‖2. It can be easily checked that this assumption is appropriate for
all inexact Krylov methods that we consider in this paper. (Notice that we
assume that there are no roundoff errors.) The perturbation Fk in (2) causes
that rk is not a residual for the vector xk defined by the second relation. As a
consequence one should be careful when assessing the accuracy of the iterate
xk. Instead we have the following inequality involving the norm of the residual
gap, that is the distance between the true residual, b−Axk, and the computed
residual, rk:

‖b − Axk︸ ︷︷ ︸ ‖2 ≤ ‖ rk − (b − Axk)︸ ︷︷ ︸ ‖2 + ‖ rk︸︷︷︸ ‖2.

true residual residual gap computed residual

We notice that the size of the true residual is unknown in contrast to the size
of the computed residual and it follows from (2) that the gap is bounded by

‖rk − (b − Axk)‖2 = ‖FkS−1
k e1‖2 ≤

k−1∑

j=0

ηj‖A‖2‖zj‖2|e
∗
j+1S

−1
k e1|. (3)

Focusing on the residual gap is not uncommon in theoretical analyses of
the attainable accuracy of iterative methods in the finite precision context, see
e.g., [9]. It is based on the frequent observation that the computed residuals
eventually become many orders of magnitude smaller than machine precision
and, therefore, the attainable precision is determined by the size of the resid-
ual gap. A similar technique can be used for getting insight into the effect of
approximate matrix-vector products on Krylov methods: if we terminate as
soon as ‖rk‖2 is of order ǫ, then the size of the gap determines the precision
of the inexact process. When we plot the convergence curve of the true resid-
uals then from some point on the decrease of the residual norms stagnates
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and the level at which this occurs is determined by the size of the resid-
ual gap. Extensive numerical experiments confirm this observation for other
problems. With this assumption we see that the sensitivity of the stagnation
level of a particular Krylov subspace method is determined by the quantities
‖zj‖2|e

∗
j+1S

−1
k e1|. The purpose is to investigate the size of these quantities to

give some understanding of the sources that influence the sensitivity of Krylov
subspace methods.

Some preliminary insight can be given. We have that

xk︸︷︷︸ = Zk︸︷︷︸ S−1
k e1.

extraction choice basis

This shows that the size of the elements of this vector do not only depend
on the optimality properties of the iterates (i.e., how xk is chosen from Kk)
but also on the choice of the basis given by the zj . On termination, when
xk ≈ x, we expect no essential difference between a Galerkin extraction and
minimal residual extraction. On the other hand, linear dependence in the
matrix Zk implies that elements of the vectors |S−1

k e1| (where the absolute
values are taken elementwise) can be relatively large and results in a large
sensitivity of the particular method to inexact matrix-vector products. The
choice of the expansion basis, rather than the extraction method, determines
the sensitivity to errors in the matrix-vector products. In the following we will
make this statement more precise.

3.1 The General Case

We study the size of the elements of ‖zj‖2|e
∗
j+1S

−1
k e1| by assuming exact

matrix-vector products for the moment, i.e., (1) holds. This problem was
studied in related formulation in [8, 10]. We first have to introduce some no-
tation. Let M and N be Hermitian, positive definite, n dimensional matrices.
We define

δM→N ≡ max
y �=0

‖y‖M

‖y‖N

which gives the following norm equivalence

(δN→M)−1‖y‖N ≤ ‖y‖M ≤ δM→N‖y‖N. (4)

We furthermore define the inner product <z,y>M≡ z∗My and assume that
Zk is an M-orthogonal basis (that is, the columns of the matrix Zk are or-
thogonal in the <·, ·>M inner product). Now we have for all x̃j ∈ Kj

|e∗j+1S
−1
k e1|‖zj‖

2
M

= | <zj ,xk>M |

= | <zj ,xk − x̃j>M | ≤ ‖xk − x̃j‖M‖zj‖M.
(5)

Here we have made use of the fact that < zj , x̃j >M= 0. Recall that xMR
j

is defined as the approximation from the space Kj that minimizes the error
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Table 1. Values for various Krylov subspace methods assuming that M = M∗ and
N = N∗ are strictly positive definite.

Example method M N δI→M δM→N δN→A
∗
A

ORTHORES I A 1
√

‖A−1‖2

√
‖A−1‖2

GMRES I A∗A 1 ‖A−1‖2 1

CG A A
√

‖A−1‖2 1
√

‖A−1‖2

GCR A A∗A
√

‖A−1‖2

√
‖A−1‖2 1

in A∗A-norm, or, equivalently, minimizes the 2-norm of the residual rMR
j =

b − AxMR
j . With this definition and (5), we get the bound

‖zj‖2|e
∗
j+1S

−1
k e1| ≤

‖zj‖2

‖zj‖M

(
‖x − xMR

j ‖M + ‖x − xk‖M

)

≤ δI→M δM→A
∗
A

(
‖rMR

j ‖2 + ‖rk‖2

)
. (6)

This simple argument in combination with the bound on the residual gap (3)
suggests that, if the inexact Krylov subspace method is terminated as soon as
‖rk‖2 ≤ ǫ, then the size of the residual gap is essentially bounded by a constant
times the norm of the residuals corresponding to a minimal residual extraction.
Notice that these residuals form a monotonically decreasing sequence and are
therefore bounded.

If, for some N, the particular Krylov subspace method produces an iterate,
x̃j , that minimizes the error in the N-inner product, then we can even remove
the ‖rk‖2 term in (6): we have that ‖x − x̃j‖

2
N

= ‖xk − x̃j‖
2
N

+ ‖xk − x‖2
N
.

Using this we get

‖xk − x̃j‖M ≤ δM→N‖xk − x̃j‖N ≤ δM→N‖x − x̃j‖N ≤ δM→N δN→A
∗
A‖r

MR

j ‖2,

which leads to the bound

‖zj‖2|e
∗
j+1S

−1
k e1| ≤ δI→M δM→N δN→A

∗
A‖r

MR

j ‖2. (7)

For several well-known Krylov subspace methods we have summarized the
relevant quantities in Table 1. Substituting these values into (7) finally shows,
for all methods mentioned in the table, that

‖zj‖2|e
∗
j+1S

−1
k e1| ≤ ‖A−1‖2‖r

MR

j ‖2. (8)

From our discussion it is clear that the optimality properties of the iterates
can simplify the bound (6) somewhat. Since we terminate as soon as ‖rk‖2 ≤ ǫ,
it follows that the impact of the choice of the optimality properties (i.e., the
N-inner product) for the iterates is small. (However, it can be large during
some iteration steps of the iterative process.) A more important factor in the
sensitivity for approximate matrix-vector products is the conditioning of the
basis z0,. . . ,zk−1 which is determined by the choice of the matrix M. For
example, if M = A and A is indefinite then the basis can be almost linear
dependent. See [10] for a different point of view, analysis and examples. We
will focus on this in the next section
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3.2 The Matrix Zk is A-orthogonal

In this section we consider the situation that z∗i Azj = 0 for i < j. Or in
other words, Z∗

kAZk is upper triangular which reduces to a diagonal matrix
in case A is Hermitian. If the matrix A is Hermitian positive definite then
the vectors zj form an orthogonal basis with respect to the A-inner product
and, therefore, Zk is orthogonal with respect to a well-defined inner product.
Consequently, we do not expect that the elements of the vector ‖zj‖2|S

−1
k e1|

can be arbitrary large as is shown by equation (8) in the previous section.
For general matrices A, the situation is more problematic. Assuming that

zj = rMR
j , we prove in the appendix for minimal residual extraction the

following, reasonably sharp, estimate:

|e∗j+1S
−1
k e1| ≤ ‖A−1‖2

(
‖rGAL

j ‖2

‖rMR
j ‖2

+
‖rGAL

j+1‖2

‖rMR
j ‖2

‖rMR
j+1‖2

‖rMR
j ‖2

)
. (9)

This shows that the j-th element of the vector |S−1
k e1| might be large if the

Galerkin process has a very large residual in the j − 1-th or j-th step. This
reflects near linear dependence in the columns of the matrix Zk and results
in relatively large upper bound on the residual gap.

To illustrate the previous observations, we have included the results of a
simple numerical experiment in Figure 1 where the matrix is diagonal with
elements {1, 2, . . . , 100} − 5.2025 and the right-hand side has all components
equal. The matrix is constructed such that the Galerkin residual is very large
in the fifth step. As a result the A-orthogonal basis is ill conditioned. Ap-
proximate matrix-vector products are simulated by adding random vectors
of relative size 10−10 to the exact product. For the methods mentioned in
Table 1 we have included the results in this figure.
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Fig. 1. Illustration that the use of “A-orthogonal” vectors zj can have a negative
impact on the stagnation level of a method in case of very large intermediate Galerkin
residuals.
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The left picture shows the convergence curves of the true residuals of the
CG and GCR methods. Both methods apply their matrix-vector products
to, in the exact case, an A-orthogonal basis. As predicted by (9) and the
expression for the gap (3), we see that the height of the largest peak of the
Galerkin residuals (which coincide with the CG residuals) determines the
precision that can be achieved with the GCR method. The stagnation level
for the CG method is not very different, as expected. In the right picture
we have two methods, ORTHORES and GMRES, that apply their matrix-
vector products to an, in the exact case, orthogonal basis. The height of the
largest peak is here not of importance and, in fact, the attainable precision
is close to 10−10. Notice that the choice of the extraction technique is not of
influence on the stagnation level. Both GCR and GMRES employ minimal
residual extraction, while CG and ORTHORES use the Galerkin approach.
The use of short recurrences does not play a role either. In contrast to GMRES,
ORTHORES relies on short recurrences.

4 Discussion

In the previous section we considered the size of the quantities ‖zj‖2|e
∗
j+1S

−1
k e1|

in exact iterative methods. This allowed us to give an abstract and general
discussion and identify the main sources of sensitivity towards errors in the
matrix-vector products. This allows us to take a fresh point of view on sta-
bility issues in iterative linear system solvers. For example, in rounding error
analyses of the conjugate gradient method, traditionally the sensitivity of this
method in case of a large intermediate residual is attributed to instabilities
in the Cholesky decomposition implicitly made in the CG method, e.g., [2].
Here we argue that it can be explained by the fact that we work with an ill-
conditioned basis. This also explains why we see precisely the same stagnation
level in the GCR method, which does not involve a Cholesky decomposition
and, moreover, uses full orthogonalization and extracts its iterates such that
they are minimal residual approximations, in contrast to CG. Moreover, our
heuristic framework also gives an alternative explanation for the observations
in [6] that the impact of rounding errors on the attainable accuracy of Krylov
methods is not essentially influenced by the smoothness of the residual con-
vergence curve. Notice, that possible instabilities are caused by the choice of
an inappropriate solution method and are not part of the problem to be solved
itself and can be easily circumvented by switching to a different method. For
example, instead of CG for indefinite problems one can use ORTHORES.

We considered the size of the quantities in the exact case. Nevertheless,
this is in some sense a best case scenario: if these elements are large then,
they are not expected to be small in the practical case. Moreover, they give a
good understanding of what we see happen in practice and certainly provides
a good guideline for the selection of a suitable Krylov subspace as a solver. For
most methods in case of perturbed matrix-vector products, i.e., we are in the
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situation of (2), analogous results can be derived by interpreting the vector
S−1

k e1 as constructed by an exact process applied to a Hessenberg matrix with
starting approximate solution vector e1 which then proves the bound that is
given in [10, 8] for the inexact GMRES method.

5 Practical Consequences: Relax to the Max

The previous sections we gave insight into the effect of approximate matrix-
vector products on Krylov subspace solvers for linear systems. An impor-
tant practical consequence of this work should be the construction of efficient
strategies for controlling the error in the products such that the overall cost of
approximating the products is as small as possible. From a practical point of
view this means that we should allow the errors in the matrix-vector products
to be as large as possible. In [10] strategies for choosing the ηj are derived by
bounding each summand of the sum in (3) on a small, appropriate multiple
of ǫ. Combining this remark with Equation (8) suggests, in the relevant cir-
cumstances, to use a relative precision for the matrix-vector product in step
j + 1 that is bounded by

ηj =
ǫ

‖rMR
j ‖2

. (10)

In some iterative methods we have only available the length of rGAL
j instead of

rMR
j , as for example the CG method. However, we notice that (see, e.g., [5])

‖rMR

j ‖2 =

(
j∑

i=0

‖rGAL

i ‖−2
2

)−1/2

.

An interesting property of (10) is that it requires very accurate matrix-
vector products in the beginning of the process, and the precision is relaxed
as soon as the method starts converging, that is, the residuals become increas-
ingly smaller. This justifies the term relaxation strategy for this choice of ηj

which was introduced by Bouras and Frayssé who reported various numeri-
cal results for the GMRES method in [3]. For an impressive list of numeri-
cal experiments they observe that the GMRES method with tolerance (10)
converges roughly as fast as the unperturbed version, despite the, sometimes
large, perturbations. Furthermore, the norm of the true residual (‖b−Axj‖2)
seemed to stagnate around a value of O(ǫ).

Despite the recent efforts, the theoretical understanding of the effect of
perturbations of the matrix-vector products is still not complete, see for more
discussion and references e.g., [10, 7]. In particular the effect of perturbations
on the convergence speed is not yet fully understood. (Practical experience
with these strategies is however very promising: the speed of convergence does
not seem to be much affected.) We note, however, that the convergence speed
can be cheaply monitored during the iteration process, whereas the residual
gap can only be computed using an expensive matrix-vector product.
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A A Technical Result

For convenience we assume in this appendix that a vector is appended with
additional zeros if this is necessary to make dimensions match. In this appen-
dix we prove (9). In its proof we need the Arnoldi relation

AVk = Vk+1T k, with Vke1 = b,

where Vk spans the k dimensional Krylov subspace Kk and T k is k+1×k up-
per Hessenberg. We recall that the minimal residuals are equal to the GMRES
residuals given our assumption of exact arithmetic and matrix-vector prod-
ucts. Assume that T k has full rank and define the vector γk = (γ0, . . . , γk)∗ ∈

R
k+1 such that γ∗

kT k = 0
∗

and e∗1γk = 1. It was shown in [10] that

rMR

k = ‖γk‖
−2
2 Vk+1γk and rGAL

k = γ−1
k Vk+1ek+1. (11)

The relation between the vector γk and the residuals can be expressed for the
residuals rMR

j with j = 0, . . . , k − 1 by the relation

RMR

k = VkΥkΘ−2
k with Υkej+1 = γj and Θk = diag(‖γ0‖2, . . . , ‖γk−1‖2).

This gives us a QR-decomposition for the matrix RMR

k which we need in the
following lemma.

Lemma 1. For exact minimal residual approximations with Zk = RMR

k and
without preconditioning, we have that

S−1
k e1 = (ARMR

k )†rMR

0 = Θ2
kΥ−1

k T †
ke1 (12)

e∗j+1Θ
2
kΥ−1

k =
‖γj‖

2
2

γj
e∗j+1 −

‖γj‖
2
2

γj+1
e∗j+2. (13)

Here, M† denotes the Moore-Penrose generalized inverse of a matrix M.

Proof. As observed we have that ARMR

k = AVkΥkΘ−2
k . This gives

(ARMR

k )†rMR

0 = (AVkΥkΘ−2
k )†rMR

0 = Θ2
kΥ−1

k (AVk)†rMR

0 = Θ2
kΥ−1

k T †
ke1.

Equality (13) follows from the observation that Υk = diag(γk−1)J
−1
k where

Jk is lower bidiagonal with −1 on its subdiagonal and 1 on its diagonal.
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To bound the elements of the vector T †
ke1 we can use the observation that

the Hessenberg matrix T k is equal to the generated Hessenberg matrix for an
exact GMRES process applied to the matrix T k with starting vector e1. Now
we can use, with some additional work, the presented bounds in Section 3.1
(or the equivalent ones from [10, 8] for the GMRES method). In combination
with (12) and (13) this gives, for general matrices A,

|e∗j+1S
−1
k e1| ≤ ‖T †

k‖2

(
‖γj‖2

|γj |
+

‖γj‖2

|γj+1|

‖γj‖2

‖γj+1‖2

)

≤ ‖A−1‖2

(
‖rGAL

j ‖2

‖rMR
j ‖2

+
‖rGAL

j+1‖2

‖rMR
j ‖2

‖rMR
j+1‖2

‖rMR
j ‖2

)
.

In the last inequality we have used (11).
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Summary. The Lattice QCD (LQCD) community has occasionally gone through
periods of self-examination of its data analysis methods and compared them with
methods used in other disciplines [22, 16, 18]. This process has shown that the
techniques widely used elsewhere may also be useful in analyzing LQCD data. It
seems that we are in such a period now with many groups trying what are generally
called Bayesian methods such as Maximal Entropy (MEM) or constrained fitting
[19, 15, 1, 7, 5, and many others]. In these proceedings we will attempt to apply
this process to a comparison of data modeling techniques used in LQCD and NMR
Spectroscopy to see if there are methods which may also be useful when applied to
LQCD data.

1 Lattice QCD and NMR Spectroscopy

A common problem in Lattice QCD is the estimation of hadronic energies Ek(p) of
k = 1 · · ·K states from samples of the hadronic correlation function of a specified
set of quantum numbers computed in a Monte Carlo simulation. A typical model
function is

C(p, tn) =

K∑

k=1

Ak(p) exp [−(t0 + na)Ek(p)] (1)

Ak, Ek ∈ R, 0 ≤ E1 ≤ · · · ≤ Ek ≤ Ek+1 ≤ · · · ≤ EK

where one of the quantum numbers, the spatial momentum p, is shown explicitly for
illustration. The correlation function is estimated at each time tn, n = 0 · · ·N − 1
with the N chosen such that (E2 − E1)tN−1 ≫ 1. This enables the ground state
energy E1 to be easily determined from the large time behavior. To accurately
estimate the k-th energy level requires choosing a sampling interval a−1 ≫ Ek −E1.
Unfortunately, computational constraints typically force us to choose time intervals
larger (a−1 ∼ 2 GeV) and number of time samples smaller (N ∼ 32) than is ideally
preferred.
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In an idealized nuclear magnetic resonance (NMR) spectroscopy1 experiment, a
sample is placed in an external magnetic field and a transient field from an RF coil
is used to temporarily drive the various nuclei into a non-equilibrium distribution of
magnetic spin states. Then, as the sample relaxes back to its equilibrium distribu-
tion, each type of excited nuclei radiates at a characteristic frequency fk. The sum
of all these microscopic signals are picked up by another RF coil, giving rise to the
free induction decay (FID) signal

yn =
K∑

k=1

ake
iφke(−dk+i2πfk)tn + en, n ∈ [0, N − 1] (2)

ak, φk, dk, fk ∈ R; dk ≥ 0; noise : en ∈ C.

As the frequencies are known a priori, an experienced operator can incorporate
this prior knowledge by Fourier transforming the data and matching Lorentzian
peaks against existing databases. Bayesian methods are then used to constrain the
frequencies, enabling the estimation of the other parameters. Of particular interest
are the amplitudes ak, which are related to the number of various nuclei in the
sample, and the damping rates dk, which are related to the mobility and molecular
environment of the nuclei.

Both Eqs. (1) and (2) can be written in the form

yn =
K∑

k=1

akα
n
k (3)

or in matrix notation y = Φ(α) a. In numerical analysis, this is known as a Vander-
monde system and Φ is a Vandermonde matrix. Note also that all the parameters
α which enter non-linearly in the model only appear in the Vandermonde matrix
and the remaining linear parameters in a. This suggests that if the best fit values of
only the non-linear parameters, α̂, were known a priori then the remaining best fit
values of the linear parameters, â could be determined using a linear least squares
algorithm. Hence, linear and non-linear parameters need not be determined simul-
taneously and in Sec. 2 we will discuss the best known algorithm that exploits this
feature.

We have found that all of the model functions we use to fit hadronic correlations
in LQCD can be written in the Vandermonde form. For a less trivial example, here is
the model function for mesonic correlations with periodic (or anti-periodic) temporal
boundary conditions and either Wilson (σ=1) or staggered (σ=-1) fermions

C(τn) =
K∑

k=1

σknAke
−aNEk/2 cosh(anEk), 0 ≤ Ek ≤ Ek+2.

In this case, if we choose αk = σk cosh(aEk) to be the parameters of the Van-
dermonde matrix Φ then we can construct the data vector y from the correlation
data

yn =
1

2n−1

n−1∑

j=0

(
n− 1

j

)
C(τn−2j−1).

1In medical applications, MRS is a preferred abbreviation, probably to avoid the
perceived public aversion to anything nuclear.
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where
(

n
j

)
are binomial coefficients.

In NMR spectroscopy and in LQCD, fitting data often requires an experienced
user to interact with the fitting program, i.e. to provide initial guesses to the mini-
mizer or to choose what prior knowledge may be used to constrain the minimization,
and this can often be a time-consuming process if the data are of marginal quality.
In LQCD fitting programs, the effective mass technique is often used to provide
non-interactive initial guesses to the minimizer. In NMR spectroscopy, more general
analogues, called black box methods, have been developed for situations where an
expert user is unavailable or the rate of data acquisition precludes interaction. In
Sec. 3, we will look at the generalization of the effective mass technique, which will
lead to a Hankel system that must be solved.

2 VARPRO: Variable Projection Algorithm

In Sec. 1, we considered data whose model may be written as y = Φa, as in Eq. (3),
with the data vector y ∈ R

N and the linear parameter vector a ∈ R
K and N > 2K is

necessary for the problem to be over-determined. The non-linear parameter vector α

is used to determine the components of the non-linear parameter matrix Φ ∈ R
N×K

of the general form

Φ =

⎛

⎜⎝

φ1(t1,α) · · · φK(t1,α)
...

. . .
...

φ1(tN ,α) · · · φK(tN ,α)

⎞

⎟⎠ .

Non-linear least squares problems of this type form a special class known as sepa-
rable non-linear least squares and have been well studied in the numerical analysis
community for the past thirty years.

To see how this special structure can be exploited, recall the least squares func-
tional to be minimized is

r21(α,a) = |y − Φ(α)a|2 . (4)

Now, suppose we were given a priori the value of the non-linear parameters α at
the minimum of Eq. (4) which we denote α̂. We can easily determine a posteriori
the linear parameters â by solving the corresponding linear least squares problem.
The solution is simply

â = Φ
+(α̂)y (5)

where Φ+(α̂) is the Moore–Penrose pseudo-inverse of Φ(α̂) [30]. Substituting Eq. (5)
back into Eq. (4) we get a new least squares functional that depends only on α

r22(α) =
∣∣y − Φ(α)Φ+(α)y

∣∣2 . (6)

P(α) ≡ Φ(α)Φ+(α) is the orthogonal projector onto the linear space spanned
by the column vectors of Φ(α), so P⊥(α) ≡ 1 − P(α) is the projector onto the
orthogonal complement of the column space of Φ(α). Hence, we can rewrite Eq. (6)
more compactly as

r22(α) =
∣∣∣P⊥(α)y

∣∣∣
2

.
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This form makes it easier to see why r22(α) is commonly called the variable projection

(VARPRO) functional. It has been shown [10] that the minima of r2(α) and the
corresponding values of a from Eq. (5) are equivalent to the minima of r21(α,a).

One complication of the VARPRO method is computing the gradient ∂r2/∂α

when the gradients ∂φk(tn,α)/∂α are known. The solution is presented in some
detail in [10] and an excellent FORTRAN implementation [4] is available in the Netlib
Repository.

From our review of the NMR spectroscopy literature, it appears that the
VARPRO method, and in particular the Netlib implementation, is competitive with
the standard least squares method using either the LMDER routine of the MINPACK

library or the NL2SOL routines of the PORT library, both also available in the Netlib
Repository. In general, the VARPRO functional requires fewer minimizer iterations,
but the gradient computation is more expensive. Note that the Levenberg-Marquardt
minimizer in [20] performs quite poorly relative to these three and we cannot rec-
ommend its use in production code.

Apart from the issue of numerical speed and accuracy of the VARPRO method,
we see two additional benefits of this method over the standard method. First, by
reducing the dimensionality of the search space by postponing the determination
of â, this also means that starting estimates for â are not needed. For LQCD, this
is a great benefit, since good guesses for α are easily obtained from the black box
methods of Sec. 3. Second, when the incorporation of Bayesian prior knowledge is
desired, for LQCD it seems easier to develop reasonable priors for the energies Ek

than the amplitudes Ak. When using the VARPRO method, only priors for the
energies are needed. Of course, if reliable priors for the amplitudes are available,
one should instead use the standard method. Finally, data covariance can easily be
incorporated in the usual way

r22(α) =
[
P

⊥(α)y
]T

C
−1(y)

[
P

⊥(α)y
]
.

3 Black Box Methods

3.1 Effective Masses

The best example of a black box method widely used in LQCD is the method of
effective masses. Let’s consider the problem of Eq. (3) for the case N=2, K=1

(
yn

yn+1

)
=

(
αn

1

αn+1
1

)
(a1) ⇒ α1 =

yn+1

yn
, a1 =

yn

αn
1

As expected, the problem is exactly determined, so there is an unique zero residual
solution. For the model function of Eq. (1) the effective mass is meff = − log(α1).
Note that the non-linear parameter α1 is determined first from the data and then
the linear parameter a1 can be determined. This is an indication of the separability
of the least squares problem discussed in Sec. 2.

As we are unaware of its presentation elsewhere, here is the two-state effective
mass solution. We start from Eq. (3) for N=4, K=2
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⎛

⎜⎜⎝

yn

yn+1

yn+2

yn+3

⎞

⎟⎟⎠ =

⎛

⎜⎜⎝

1 1
α1 α2

α2
1 α

2
2

α3
1 α

3
2

⎞

⎟⎟⎠

(
a1α

n
1

a2α
n
2

)
. (7)

If we compute three quantities from the data

A = y2
n+1 − ynyn+2

B = ynyn+3 − yn+1yn+2

C = y2
n+2 − yn+1yn+3

then the two solutions for the non-linear parameters αk come from the familiar
quadratic equation

α1,2 =
−B ±

√
B2 − 4AC

2A
. (8)

As before, the linear parameters a1,2 can also be determined once the non-linear
parameters are known

akα
n
k =

1

2

[
yn ±

√
(B2 − 4AC)[4A3 + (B2 − 4AC)y2

n]

B2 − 4AC

]

where some care must be taken to properly match solutions.
In general, when N=2K there should always be such a unique zero residual

solution. From inspection of Eq. (7) the N=4, K=2 problem is a set of 4 coupled
cubic equations. Unfortunately, due to Abel’s Impossibility Theorem [2], we should
expect that general algebraic solutions are only possible for N≤5. Yet, the rather
surprising result of Eq.(8) is that after properly separating the non-linear parameters
αk, the N=4, K=2 problem is of quadratic order. Thus, we suspect that it is also
possible to find algebraic solutions to the three-state and four-state effective mass
problems when properly reduced to cubic and quartic equations after separation of
variables.

3.2 Black Box I: Linear Prediction

In order to compute solutions of Eq. (3) when the system is over-determined (N >
2K) or when an algebraic solution is not available, we consider the first black box
method called linear prediction. We form a K-th order polynomial with the αk as
roots

p(α) =

K∏

k=1

(α− αk) =

K∑

i=0

piα
K−i (p0 = 1). (9)

Since p(αk) = 0 the following is true

αm
k = −

K∑

i=1

pi α
m−i
k , m ≥ K. (10)

When Eq. (10) is substituted in Eq. (3) we find the following relation

ym = −
K∑

k=1

pk ym−k, m ≥ K. (11)



148 George T. Fleming

Because Eq. (11) enables us to “predict” the data ym at larger times in terms of the
data ym−K , · · · , ym−1 at earlier times, the pk are commonly called forward linear

prediction coefficients.
Using Eq. (11) we can construct the linear system hlp = −Hlpp

⎛

⎜⎜⎜⎝

yM

yM+1

...
yM−1

⎞

⎟⎟⎟⎠
= −

⎛

⎜⎜⎜⎝

y0 · · · yM−1

y1 · · · yM

...
. . .

...
yN−M−1 · · · yN−2

⎞

⎟⎟⎟⎠

⎛

⎜⎜⎜⎝

pM

pM−1

...
p1

⎞

⎟⎟⎟⎠
, N ≥ 2M. (12)

In numerical analysis, this is known as a Hankel system and the matrix Hlp is a
Hankel matrix. After solving Eq. (12) for p, the roots of the polynomial of Eq. (9)
are computed to determine the parameters αk. The ak parameters can subsequently
be determined from Eq. (5).

In the presence of noisy data, the equality in Eq. (12) is only approximate,
even for the case N = 2M , so some minimization method like least squares must
be used. This doesn’t mean that the parameter estimates from linear prediction
agree with the parameter estimates from the least squares methods of Sec. 2. Gauss
proved [8] that the least squares estimates of fit parameters for linear problems have
the smallest possible variance. In this sense, least squares estimates are considered
optimal although we know of no proof that this holds for non-linear problems. Since
linear prediction estimates may not agree with least squares, they are considered
sub-optimal even though there is no proof that the variance is larger, due to non-
linearity.

A popular method for solving Eq. (12) is the LPSVD algorithm [14]. In this
method, we construct Hlp for M as large as possible, even if we are only interested
in estimating K < M parameters. After computing the SVD of Hlp, we construct a
rank K approximation HlpK

Hlp = UΣV
† = (UKU2)

(
ΣK

Σ2

)
(VKV2)

† , HlpK = UKΣKV
†
K .

ΣK contains the K largest singular values. By zeroing Σ2 to reduce the rank of
Hlp, much of the statistical noise is eliminated from the problem. From the Eckart–
Young–Mirsky theorem [6, 17], this rank K approximation is the nearest possible un-
der either the Frobenius norm or matrix 2-norm. Then, after solving hlp = −HlpKp

for the pm coefficients, the M roots of the polynomial in Eq. (9) are computed using
a root-finding algorithm. Since the rank of Hlp was reduced to K, only K roots are
valid parameter estimates. Typically, the K largest magnitude roots are chosen.

Our experience with this algorithm is that the largest magnitude roots often have
unphysical values if K is set larger than a reasonable number given the statistical
precision of the data. There are also several issues which may be of some concern.
First, we found that root-finding algorithms all come with caveats about stability
and susceptibility to round-off error and must be treated with some care. Also,
since statistical noise is present on both sides of Eq. (12), the rank-reduced least
squares solution is probably not appropriate and one should probably use an errors-
in-variables (EIV) approach like total least squares (TLS), which we will describe in
Sec. 3.3. We have found that the TLS variant of LPSVD, called LPTLS [21], gives
better parameter estimates than LPSVD.
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3.3 Total Least Squares

In the standard linear least squares problem Ax ≈ b

minimize
x∈RK

‖Ax − b‖2 , A ∈ R
N×K , b ∈ R

N , N ≥ K (13)

an important assumption for the solution, i.e. Eq. (5), to be considered optimal
is that the only errors are in the data vector b and further that those errors are
i.i.d. (independent and identically distributed). When errors also occur in A, as in
Eq. (12), then a new approach, often called errors-in-variables (EIV), is required
to restore optimality. Note that the errors in A that cause the loss of optimality
need not be purely statistical: numerical round-off errors or choosing to fit a model
function which differs from the “true” model function are potential sources of error
which could cause loss of optimality.

To understand the total least squares (TLS) solution to the EIV problem, con-
sider the case when a zero residual solution to Eq. (13) exists. Then, if we add b as
a column of A, written [Ab], it cannot have greater column rank than A because
b ∈ Ran(A). If we compute the SVD of [Ab] we will find that the singular value
σK+1 = 0. When the solution of Eq. (13) has non-zero residual, we may find the
singular value σK+1 of [Ab] to be non-zero as well. But, we can construct the near-
est rank R ≤ K approximation to [Ab] (in the sense of the Eckart–Young–Mirsky
theorem) and this gives us the TLS solution. The TLS solution was computed in
[11, 9], although the name was not coined until [12]. A comprehensive review [28] of
the subject is available.

Finally, TLS is very sensitive to the distribution of errors in [Ab]. If the errors
are not known to be i.i.d. then it is crucial to scale the matrix before using the
TLS algorithm. If the data are uncorrelated, then a method known as “equilibrium”
scaling [3] is sufficient. If the data are correlated, then Cholesky factors of the co-
variance matrix must be used. In this case, it is better to use either the generalized
TLS algorithm (GTLS) [24, 25] or the restricted TLS algorithm (RTLS) [29] which
are more robust when the covariance matrix is ill-conditioned. Implementations of
various TLS algorithms are available in the Netlib Repository [23].

3.4 Black Box II: State Space Methods

The name for these methods is derived from state-space theory in the control and
identification literature [13]. The basic approach is to compute the non-linear pa-
rameters αk of Eq. (3) without needing to compute the roots of a polynomial, as
in Sec. 3.2. From Eq. (12), we start by noting that Hs = [Hlphlp] is also a Hankel
matrix

Hs =

⎛

⎜⎝

y0 · · · yM−1 yM

...
. . .

...
...

yN−M−1 · · · yN−2 yN−1

⎞

⎟⎠ M ≥ K, N −M > K.

A Vandermonde decomposition exists for this matrix

SAT
T =

⎛

⎜⎜⎜⎝

1 · · · 1
α1 · · · αK

...
. . .

...

αN−M−1
1 · · · αN−M−1

K

⎞

⎟⎟⎟⎠

⎛

⎜⎝

a1

. . .

aK

⎞

⎟⎠

⎛

⎜⎜⎜⎝

1 · · · 1
α1 · · · αK

...
. . .

...
αM

1 · · · αM
K

⎞

⎟⎟⎟⎠

T

. (14)
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in terms of the linear (ak) and non-linear (αk) parameters of Eq. (3). If we could
compute this decomposition directly, then the problem would be solved. Alas, no
such algorithm is currently known.

An indirect method exists to compute this decomposition called Hankel SVD
(HSVD). We will consider here a TLS variant called HTLS [27]. First, we note the
shift invariance property of S (and similarly for T)

S
↑
A = S↓, A = diag(α1, · · · , αK).

Next, we note that if such a decomposition is possible, then S, A and T are all
of rank K by inspection, so Hs is at least of rank K, as well. So, using SVD we
construct the nearest rank K approximation to HsK

HsK = (UKU2)

(
ΣK

0

)
(VKV2)

† = UKΣKV
†
K . (15)

By comparing the decompositions of Eq. (14) and Eq. (15) we can see

Span(S) = Span(UK) =⇒ UK = SQ =⇒ U
↑
K = UK↓Q

−1
AQ.

So, computing the TLS solution of
[
U

↑
KUK↓

]
will give us Q−1

AQ, which we can

then diagonalize using an eigenvalue solver to get our estimates of αk.
In our experience with these black box methods, the HTLS algorithm seems to

be the most robust. However, we would like to emphasize two points.
First, the estimates of αk from HTLS are considered sub-optimal because HsK

in Eq. (15) is only approximately, but not exactly, a Hankel matrix because the SVD
does not enforce the Hankel structure throughout. A similar problem occurs while

constructing the TLS solution of
[
U

↑
KUK↓

]
. Structured TLS algorithms (STLS)

exist which can construct HsK while preserving the Hankel structure (see [26] for
references) and hence restoring the optimality of the estimates. While we have not
yet tried these STLS algorithms, we note that all of them involve iterative procedures
to restore the structure. Thus, under the “no free lunch” theorem, we suspect that
the price of restoring optimality is roughly equivalent to performing the (optimal)
non-linear least squares minimizations described in Sec. 2.

Our second observation is that LQCD data is always correlated, so that a GTLS

or RTLS algorithm is needed to compute the TLS solution of
[
U

↑
KUK↓

]
. But, co-

variance estimates of UK are not readily computed from the data covariance matrix
because of the required SVD. Thus, a jackknife or bootstrap resampling method is
required to estimate cov(UK). Since we expect to use a resampling method to esti-
mate the covariance of the αk, this means that there is an inner and outer resampling
loop so the method can easily become computationally expensive if the number of
data samples becomes large. In this case, blocking the data is recommended.

4 Conclusions

We have found that reviewing the literature of other fields where data analysis of
exponentially damped time series is also prevalent to be quite fruitful. Our review
has discovered several mature analysis methods which are virtually unknown (or
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unmentioned) in the Lattice QCD literature. We have performed several tests of all
the methods discussed on fake data and on some actual LQCD data are encouraged
by the results. So, we are incorporating these techniques into our production versions
of analysis programs and expect to report results soon.

Finally, we would like to acknowledge that we have found Leentje Vanhamme’s
Ph.D. Thesis [26] an extremely useful guide to the literature of the NMR spec-
troscopy community. We would encourage anyone interested in learning more to
start there. An electronic copy is currently available online.

This work was supported in part by DOE contract DE-AC05-84ER40150 un-
der which the Southeastern Universities Research Association (SURA) operates the
Thomas Jefferson National Accelerator Facility.
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Summary. We investigate optimal choices for the (outer) iteration method to use
when solving linear systems with Neuberger’s overlap operator in QCD. Different for-
mulations for this operator give rise to different iterative solvers, which are optimal
for the respective formulation. We compare these methods in theory and practice
to find the overall optimal one. For the first time, we apply the so-called SUMR
method of Jagels and Reichel to the shifted unitary version of Neuberger’s operator,
and show that this method is in a sense the optimal choice for propagator compu-
tations. When solving the “squared” equations in a dynamical simulation with two
degenerate flavours, it turns out that the CG method should be used.

1 Introduction

Recently, lattice formulations of QCD respecting chiral symmetry have at-
tracted a lot of attention. A particular promising such formulation, the so-
called overlap fermions, has been proposed in [9]. From the computational
point of view, we have to solve linear systems involving the sign function
sign(Q) of the (hermitian) Wilson fermion matrix Q. These computations are
very costly, and it is of vital importance to devise efficient numerical schemes.

A direct computation of sign(Q) is not feasible, since Q is large and sparse,
whereas sign(Q) would be full. Therefore, numerical algorithms have to follow
an inner-outer paradigm: One performs an outer Krylov subspace method
where each iteration requires the computation of a matrix-vector product
involving sign(Q). Each such product is computed through another, inner
iteration using matrix-vector multiplications with Q. In an earlier paper [12]
we investigated methods for the inner iteration and established the Zolotarev
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rational approximation together with the multishift CG method [5] as the
method of choice.

In the present paper we investigate optimal methods for the outer iteration.
We consider two situations: the case of a propagator computation and the
case of a pseudofermion computation within a dynamical hybrid Monte Carlo
simulation where one has to solve the “squared” system. As we will see, the
optimal method for the case of a propagator computation is a not so well-
known method due to Jagels and Reichel [8], whereas in the case of the squared
system it will be best to apply classical CG on that squared system rather
than using a two-pass approach.

This paper is organized as follows: We first introduce our notation in Sec-
tion 2. We then discuss different equivalent formulations of the Neuberger
overlap operator and establish useful relations between the eigenpairs of these
different formulations (Section 3). We discuss optimal Krylov subspace meth-
ods for the various systems in Section 4 and give some theoretical results on
their convergence speed based on the spectral information from Section 3.
In Section 5 we compare the convergence speeds both, theoretically and in
practical experiments. Our conclusions will be summarized in Section 6.

2 Notation

The Wilson-Dirac fermion operator,

M = I − κDW ,

represents a nearest neighbour coupling on a four-dimensional space-time lat-
tice, where the “hopping term” DW is a non-normal sparse matrix, see (17)
in the appendix. The coupling parameter κ is a real number which is related
to the bare quark mass.

The massless overlap operator is defined as

D0 = I + M · (M†M)−
1
2 ,

where M† denotes the conjugate transpose of M . For the massive overlap
operator, for notational convenience we use a mass parameter ρ > 1 such that
this operator is given as

D = ρI + M · (M†M)−
1
2 . (1)

In the appendix, we explain that this form is just a scaled version of Neu-
berger’s original choice, and we relate ρ to the quark mass, see (21) and (22).

Replacing M in (1) by its hermitian form Q, see (18), the overlap operator
can equivalently be written as

D = ρI + γ5 sign(Q) = γ5 · (ργ5 + sign(Q)),
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with γ5 being defined in (19) and sign(Q) being the standard matrix sign func-
tion. Note that ργ5 + sign(Q) is hermitian and indefinite, whereas γ5 sign(Q)
is unitary.

To reflect these facts in our notation, we define:

Du = ρI + γ5 sign(Q), Dh = ργ5 + sign(Q),

where Du = γ5Dh. Both these operators are normal, i.e. they commute with
their adjoints.

3 Formulations and Their Spectral Properties

3.1 Propagator Computations

When computing quark propagators, the systems to solve are of the form

Dux = (ρI + γ5 sign(Q))x = b. (2)

Multiplying this shifted unitary form by γ5, we obtain its hermitian indef-
inite form as

Dhx = (ργ5 + sign(Q))x = γ5b. (3)

The two operators Du and Dh are intimately related. They are both nor-
mal, and as a consequence the eigenvalues (and the weight with which the
corresponding eigenvectors appear in the initial residual) solely govern the
convergence behaviour of an optimal Krylov subspace method used to solve
the respective equation.

Very interestingly, the eigenvalues of the different operators can be ex-
plicitly related to each other. This allows a quite detailed discussion of the
convergence properties of adequate Krylov subspace solvers. To see this, let
us introduce an auxiliary decomposition for sign(Q): Using the chiral repre-
sentation, the matrix γ5 on the whole lattice can be represented as a 2 × 2
block diagonal matrix

γ5 =

(
I 0
0 −I

)
, (4)

where both diagonal blocks I and −I are of the same size. Partitioning sign(Q)
correspondingly gives

sign(Q) =

(
S11 S12

S†
12 S22

)
. (5)

In Lemma 1 below we give a convenient decomposition for this matrix that is
closely related to the so-called CS decomposition (see [6, Theorem 2.6.3] and
the references therein), an important tool in matrix analysis. Actually, the
lemma may be regarded as a variant of the CS decomposition for hermitian
matrices where the decomposition here can be achieved using a similarity
transform. The proof follows the same lines as the proof for the existence of
the CS decomposition given in [11].
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Lemma 1. There exists a unitary matrix X such that

sign(Q) = X

(
Φ Σ
Σ Ψ

)
X†, with X =

(
X1 0
0 X2

)
.

The matrices Φ, Ψ and Σ are real and diagonal with diagonal elements φj, ψj

and σj ≥ 0, respectively. Furthermore, φ2
j + σ2

j = ψ2
j + σ2

j = 1 and

φj = −ψj if σj > 0 (6)

φj , ψj ∈ {−1,+1} if σj = 0. (7)

Note that in the case of (6) we know that φj and ψj have opposite signs,
whereas in case (7) we might have φj = ψj = 1 or φj = ψj = −1. The key point
for X in Lemma 1 is the fact that γ5X = Xγ5. This allows us to relate the
eigenvalues and -vectors of the different formulations for the overlap operator
via φj , ψj and σj . In this manner we give results complementary to Edwards et
al. [2], where relations between the eigenvalues (and partly the -vectors) of the
different formulations for the overlap operator were given without connecting
them to sign(Q) via φj , ψj and σj . The following lemma gives expressions for
the eigenvectors and -values of the shifted unitary operator Du.

Lemma 2. With the notation from Lemma 1, let x1
j and x2

j be the j-th column
of X1 and X2, respectively. Then spec(Du) = {λu

j,±} with

λu
j,± = ρ + φj ± i

√
1 − φ2

j if σj �= 0

λu
j,+ = ρ + φj , λu

j,− = ρ − ψj if σj = 0.

The corresponding eigenvectors are

zu
j,± =

(
∓ix1

j

x2
j

)
if σj �= 0

zu
j,+ =

(
x1

j

0

)
, zu

j,− =

(
0
x2

j

)
if σj = 0.

Proof. With the decomposition for sign(Q) in Lemma 1, we find, using
X†γ5 = γ5X

†,

X†γ5 sign(Q)X = γ5X
† sign(Q)X =

(
Φ Σ
−Σ −Ψ

)
.

Since the actions of X and X† represent a similarity transform, we can easily
derive the eigenvalues and eigenvectors of γ5 sign(Q) from the matrix on the
right. This can be accomplished by noticing that this matrix can be permuted
to have a block diagonal form with 2 × 2 blocks on the diagonal, so that the
problem reduces to the straightforward computation of the eigenvalues and
eigenvectors of 2 × 2 matrices. This concludes the proof.
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As a side remark, we mention that Edwards et al. [2] observed that the
eigenvalues of Du can be efficiently computed by exploiting the fact that most
of the eigenvalues come in complex conjugate pairs. Indeed, using Lemma 1
and the fact that γ5X = Xγ5 we see that we only have to compute the
eigenvalues of the hermitian matrix S11 (and to check for 1 or −1 eigenvalues
in S22).

With the same technique as in Lemma 2 we can also find expressions for
the eigenvalues and eigenvectors of the hermitian indefinite formulation.

Lemma 3. With the same notation as in Lemma 2, we have that spec(Dh) =
{λh

j,±} with

λh
j,± = ±

√
1 + 2φjρ + ρ2 if σj �= 0

λh
j,+ = ρ + φj , λh

j,− = −ρ + ψj if σj = 0.

The corresponding eigenvectors are

zh
j,± =

(
(φjρ + λh

j,±)x1
j√

1 − φ2
j x2

j

)
if σj �= 0,

zh
j,+ =

(
x1

j

0

)
, zh

j,− =

(
0
x2

j

)
if σj = 0.

As an illustration to the results of this section, we performed numerical
computations for two sample configurations. Both are on a 44 lattice with β =
6.0 (configuration A) and β = 5.0 (configuration B) respectively. 4 Figure 1
shows plots of the eigenvalues of M for these configurations. We used κ =
0.2129 for configuration A, κ = 0.2809 for configuration B.

Figure 2 gives plots of the eigenvalues of Du and Dh for our example
configurations with ρ = 1.01. It illustrates some interesting consequences of
Lemma 2 and Lemma 3: With C(ρ, 1) denoting the circle in the complex plane
with radius 1 centered at ρ, we have

spec(Du) ⊆ C(ρ, 1),

and, moreover, spec(Du) is symmetric w.r.t. the real axis. On the other hand,
spec(Dh) is “almost symmetric” w.r.t. the origin, the only exceptions corre-
sponding to the case σj = 0, where an eigenvalue of the form ρ + φj with
φj ∈ {±1} not necessarily matches −ρ + ψj with ψj ∈ {±1}, since we do not
necessarily have ψj = −φj . Moreover,

spec(Dh) ⊆ [−(ρ + 1),−(ρ − 1)] ∪ [(ρ − 1), (ρ + 1)]. (8)

4The hopping matrices for both configurations are available at www.math.uni-
wuppertal.de/org/SciComp/preprints.html as well as matlab code for all meth-
ods presented here. The configurations are also available at Matrix Market as
conf6.0 00l4x4.2000.mtx and conf5.0 00l4x4.2600.mtx respectively.
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Fig. 1. Eigenvalues for the Wilson fermion matrix M for configurations A (left) and
B (right)
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Fig. 2. Eigenvalues of Du (left column) and Dh (right column) all for ρ = 1.01. The
upper plots are for configuration A, the lower for configuration B.
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Finally, let us note that we have some σj equal to zero as soon as 0 is an eigen-
value of the massless operator γ5 + sign(Q), i.e., as soon as the configuration
has non-trivial topology.

3.2 Dynamical Simulations

In a simulation with dynamical fermions, the costly computational task is
the inclusion of the fermionic part of the action into the “force” evolving the
gauge fields. This requires to solve the “squared” system

D†
uDux = b ⇐⇒ D2

hx = b.

We will denote Dn the respective operator, i.e.,

Dn = D2
h = D†

uDu.

If we plug in the definition of Du, we find that

Dny = D†
uDuy =

(
(ρ2 + 1)I + ρ(γ5 sign(Q) + sign(Q)γ5)

)
y = b, (9)

from which we get the interesting relation

DuD†
u = γ5D

†
uDuγ5 = D†

uDu. (10)

As is well known, (9) becomes block diagonal, since, using (4) and (5), we
have

Dn =

(
(ρ2 + 1)I + 2ρS11 0

0 (ρ2 + 1)I − 2ρS22

)
y = b. (11)

In practical simulations, the decoupled structure of (11) can be exploited
by running two separate CG processes simultaneously, one for each (half-size)
block. Since each of these CG processes only has to accommodate a part of
the spectrum of Dn, convergence will be faster. An alternative usage of the
block structure is to compute the action of the matrix sign function on a
two-dimensional subspace corresponding to the two blocks and to use a block
type Krylov subspace method. We do not, however, pursue this aspect further,
here. As another observation, let us note that if γ5b = ±b, then computing
Dnb requires only one evaluation of the sign function instead of two (“chiral
projection approach”).

As with the other formulations, let us summarize the important spectral
properties of the squared operator Dn.

Lemma 4. With the notation of Lemma 1, spec(Dn) = {λn
j,±} with

λn
j,± = 1 + 2φjρ + ρ2 (double eigenvalue) if σj �= 0

λj,+ = (ρ + φj)
2, λj,− = (−ρ + ψj)

2 if σj = 0.
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The corresponding eigenvectors are the same as for Dh or, equivalently, the
same as for Du or, again equivalently,

(
x1

j

0

)
,

(
0
x2

j

)
.

Notice also that spec(Dn) satisfies

spec(Dn) ⊆ [(ρ − 1)2, (ρ + 1)2].

4 Optimal Krylov Subspace Methods

4.1 Propagator Computation

Let us start with the non-hermitian matrix Du. Due to its shifted unitary form,
there exists an optimal Krylov subspace method based on short recurrences to
solve (2). This method was published in [8] and we would like to term it SUMR
(shifted unitary minimal residual). SUMR is mathematically equivalent to full
GMRES, so its residuals rm = b − Duxm at iteration m are minimal in the
2-norm in the corresponding affine Krylov subspace x0 + Km(Du, r0) where
Km(Du, r0) = span{r0, Dur0, . . . , Dm−1

u r0}. From the algorithmic point of
view, SUMR is superior to full GMRES, since it relies on short recurrences and
therefore requires constant storage and an equal amount of arithmetic work
(one matrix vector multiplication and some vector operations) per iteration.
The basic idea of SUMR is the observation that the upper Hessenberg matrix
which describes the recursions of the Arnoldi process is shifted unitary so that
its representation as a product of Givens rotations can be updated easily and
with short recurrences. For the full algorithmic description we refer to [8].

Based on the spectral properties of Du that we identified in Section 3, we
can derive the following result on the convergence of SUMR for (2).

Lemma 5. Let xk be the k-th iterate of SUMR applied to (2) and let rk
u be

its residual. Then the following estimate holds:

‖rk
u‖2 ≤ 2 ·

(
1

ρ

)k

‖r0
u‖2. (12)

Proof. Since Du is normal, its field of values F (Du) = {〈Dux, x〉, ‖x‖2 = 1}
is the convex hull of its eigenvalues so that we have F (Du) ⊆ C(ρ, 1), the
disk centered at ρ with radius 1. A standard result for full GMRES (which is
mathematically equivalent to SUMR) now gives (12), see, e.g., [7].

Let us proceed with the hermitian operator Dh from (3), which is highly
indefinite. The MINRES method is the Krylov subspace method of choice for
such systems: It relies on short recurrences and it produces optimal iterates
xk in the sense that their residuals rk

h = γ5b−Dhxk are minimal in the 2-norm
over the affine subspace x0 + Km(Dh, r0

h).
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Lemma 6. Let xk be the iterate of MINRES applied to (3) at iteration k and
let rk

h be its residual. Then the following estimate holds:

‖rk
h‖2 ≤ 2 ·

(
1

ρ

)⌊k/2⌋

‖r0
h‖2. (13)

Here, ⌊k/2⌋ means k/2 rounded downwards to the nearest integer.

Proof. (13) is the standard MINRES estimate (see [7]) with respect to the
information from (8).

As a last approach to solving the propagator equation, let us consider the
standard normal equation

DuD†
uz = b, x = D†

uz. (14)

Note that there exists an implementation of the CG method for (14) known
as CGNE [6] which computes xk = D†

uzk and its residual with respect to (2)
on the fly, i.e., without additional work.

4.2 Dynamical Simulations

We now turn to the squared equation (9). Since Dn is hermitian and positive
definite, the CG method is the method of choice for the solution of (9), its
iterates ym achieving minimal error in the energy norm (see Lemma 7 below)
over the affine Krylov subspace y0 + Km(Dn, r0).

Lemma 7. Let yk be the iterate of CG applied to (9) at stage k. Then the
following estimates hold (y∗ = D−1

n b)

‖yk − y∗‖Dn
≤ 2 ·

(
1

ρ

)k

‖y0 − y∗‖Dn
, (15)

‖yk − y∗‖2 ≤ 2 ·
ρ + 1

ρ − 1

(
1

ρ

)k

‖y0 − y∗‖2.

Here, ‖ · ‖Dn
denotes the energy norm ‖y‖Dn

=
√

y†Dny.

Proof. The energy norm estimate (15) is the standard estimate for the CG

method based on the bound cond(Dn) ≤ ((ρ + 1)/(ρ − 1))
2

for the condition
number of Dn. The 2-norm estimate follows from the energy norm estimate
using

‖y‖2 ≤

√
‖D−1

n ‖2 · ‖y‖Dn
≤
√

‖Dn‖2 · ‖y‖2

with ‖D−1
n ‖2 ≤ 1/(ρ − 1)2, ‖Dn‖2 ≤ (ρ + 1)2.
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5 Comparison of Methods

Based on Lemma 5 to 7 we now proceed by theoretically investigating the
work for each of the three methods proposed so far. We consider two tasks:
A propagator computation where we compute the solution x from (2) or (3),
and a dynamical simulation where we need to solve (9).

5.1 Propagator Computation

The methods to be considered are SUMR for (2), MINRES for (3) and CGNE
for (14). Note that due to (10), Lemma 7 can immediately also be applied to
the CGNE iterates zk which approximate the solution z of (14). In addition,
expressing (15) in terms of xk = D†

uzk instead of zk turns energy norms into
2-norms, i.e. we have

‖xk − x∗‖2 ≤ 2 ·

(
1

ρ

)k

‖x0 − x∗‖2. (16)

In order to produce a reasonably fair account of how many iterations we
need, we fix a given accuracy ε for the final error and calculate the first
iteration k(ε) for which the results given in Lemmas 5 and 6 and in (16)
guarantee

‖ xk(ε) − x∗ ‖2 ≤ ε· ‖ r0 ‖2, x∗ solution of (2),

where r0 = b−Dux0, x0 being an identical starting vector for all three meth-
ods (most likely, x0 = 0). Since k(ε) will also depend on ρ, let us write
k(ε, ρ). The following may then be deduced from Lemma 5 and 6 and (16) in
a straightforward manner.

Lemma 8. (i) For SUMR we have

‖ xk − x∗ ‖2 ≤
1

ρ − 1
· ‖ rk

u ‖2 ≤
2

ρ − 1

(
1

ρ

)k

· ‖ r0 ‖2,

and therefore

k(ε, ρ) ≤
− ln(ε)

ln(ρ)
+

− ln(2/(ρ − 1))

ln(ρ)
.

(ii) For MINRES we have using ‖r0
h‖ = ‖r0

u‖, since r0
h = γ5r

0
u

‖ xk − x∗ ‖2 ≤
1

ρ − 1
· ‖ rk

h ‖2 ≤
2

ρ − 1
·

(
1

ρ

)⌊ k
2 ⌋

· ‖ r0
h ‖2,

and therefore

k(ε, ρ) ≤ 2 ·

(
− ln(ε)

ln(ρ)
+

− ln(2/(ρ − 1))

ln(ρ)

)
.
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(iii)For CGNE we have

‖ xk − x∗ ‖2 ≤ 2 ·

(
1

ρ

)k

· ‖ x0 − x∗ ‖2 ≤ 2 ·

(
1

ρ

)k

·
1

ρ − 1
· ‖ r0 ‖2,

and therefore

k(ε, ρ) ≤
− ln(ε)

ln(ρ)
+

− ln(2/(ρ − 1))

ln(ρ)
.

The arithmetic work in all these iterative methods is completely dominated
by the cost for evaluating the matrix vector product sign(Q)v. MINRES and
SUMR require one such evaluation per iteration, whereas CGNE requires two.
Taking this into account, Lemma 8 suggests that MINRES and CGNE should
require about the same work to achieve a given accuracy ε, whereas SUMR
should need only half as much work, thus giving a preference for SUMR.
Of course, such conclusions have to be taken very carefully: In a practical
computation, the progress of the iteration will depend on the distribution of
the eigenvalues, whereas the numbers k(ε, ρ) of Lemma 1 were obtained by
just using bounds for the eigenvalues. For large values of ρ the theoretical
factor two between SUMR and MINRES/CGNE on the other hand, can be
understood heuristically by the observation that SUMR can already reduce
the residual significantly by placing one root of its corresponding polynomial in
the center of the disc C(ρ, 1) whereas for the hermitian indefinite formulation
two roots are necessary in the two separate intervals. For smaller values of ρ
the differences are expected to be smaller except for eigenvalues of Du close
to ρ + 1.

Figure 3 plots convergence diagrams for all three methods for our example
configurations. The diagrams plot the relative norm of the residual ‖rk‖/‖r0‖
as a function of the total number of matrix vector multiplications with the
matrix Q. These matrix vector multiplications represent the work for evaluat-
ing sign(Q)v in each iterative step, since we use the multishift CG method on
a Zolotarev approximation with an accuracy of 10−8 with 10 poles (configura-
tion A) and 20 poles (configuration B) respectively to approximate sign(Q)v.
The true residual (dotted) converges to the accuracy of the inner iteration.
Note that the computations for configuration B are much more demanding,
since the evaluation of sign(Q)·v is more costly. We did not use any projection
techniques to speed up this part of the computation.

Figure 4 plots convergence diagrams for all three methods for additional
examples on a 84 lattice (β = 5.6, κ = 0.2, ρ = 1.06) and a 164 lattice (β = 6.0,
κ = 0.2, ρ = 1.06) respectively.

MINRES and CGNE behave very similarly on configuration A. This is to
be expected, since the hermitian indefinite matrix Dh is maximally indefinite,
so that for an arbitrary right hand side the squaring of the matrix inherent
in Dn should not significantly increase the number of required iterations.

SUMR always performs best. The savings compared to MINRES and
CGNE depend on ρ, β and the lattice size and reached up to 50%.
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Fig. 3. Propagator computation: Convergence of MINRES for (3), CGNE for (14)
and SUMR for (2). Left column is for ρ = 1.01, right column for ρ = 1.1. The upper
plots are for configuration A, the lower for configuration B.
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Fig. 4. Propagator computation: Convergence of MINRES for (3), CGNE for (14)
and SUMR for (2). Left plot is for a 84 lattice, right plot for a 164 lattice.
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As a side remark, let us mention that the dichotomy between hermitian
indefinite and non-hermitian positive definite formulations is also a field of
study in other areas. For example, [3] investigates the effect of multiplying
some rows of a hermitian matrix with minus one in the context of solving
augmented systems of the form

(
A B

BT 0

)(
x
y

)
=

(
b
0

)
⇐⇒

(
A B

−BT 0

)(
x
y

)
=

(
b
0

)
.

5.2 Dynamical Simulations

Let us now turn to a dynamical simulation where we compute the solution y∗

from (9). The methods to be considered are CG for (9), a two-sweep SUMR-
approach where we solve the two systems

D†
ux = b, Duy = x

using SUMR for both systems (note that D†
u is of shifted unitary form, too),

or a two-sweep MINRES-approach solving the two systems

Dhx = b, Dhy = x.

It is now a bit more complicated to guarantee a comparable accuracy for
each of the methods. Roughly speaking, we have to run both sweeps in the
two-sweep methods to the given accuracy. Lemma 8 thus indicates that the
two-sweep MINRES approach will not be competitive, whereas it does not
determine which of two-sweep SUMR or CG is to be preferred. Our actual
numerical experiments indicate that, in practice, CG is superior to two-sweep
SUMR, see Figure 5.
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CG (solid) for (9) Left plot is for ρ = 1.01, right plot for ρ = 1.1. Both plots are for
configuration A.
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6 Conclusion

We have for the first time applied SUMR as the outer iteration when solving
a propagator equation (2) for overlap fermions. Our theoretical analysis and
the numerical results indicate that this new method is superior to CGNE as
well as to MINRES on the symmetrized equation. In practice, savings tend
to increase with larger values of ρ. We achieved savings of about 50% for
physically interesting configurations.

We have also shown that when solving the squared equation (9) directly,
as is required in a dynamical simulation, a two sweep approach using SUMR
is not competitive to directly using CG with the squared operator. This is in
contrast to the case of the Wilson fermion matrix, where it was shown in [4]
that the two-sweep approach using BiCGstab performs better than CG.5

In the context of the overall inner-outer iteration scheme, additional issues
arise. In particular, one should answer the question of how accurately the
result of the inner iteration (evaluating the product of sign(Q) with a vector)
is really needed. This issue will be addressed in a forthcoming paper, [1].

Acknowledgements. G.A. is supported under Li701/4-1 (RESH Forscher-
gruppe FOR 240/4-1). N.C. enjoys support from the EU Research and Train-
ing Network HPRN-CT-2000-00145 “Hadron Properties from Lattice QCD”.

A Definitions

The Wilson-Dirac matrix reads M = I − κDW where

(DW )nm =
∑

µ

(I − γµ) ⊗ Uµ(n)δn,m−µ + (I + γµ) ⊗ U†
µ(n − µ)δn,m+µ. (17)

The Euclidean γ-matrices in the chiral representation are given as:

γ1 :=

⎡

⎢⎢⎣

0 0 i 0
0 0 0 i

−i 0 0 0
0 −i 0 0

⎤

⎥⎥⎦ γ2 :=

⎡

⎢⎢⎣

0 0 −1 0
0 0 0 1

−1 0 0 0
0 1 0 0

⎤

⎥⎥⎦ γ3 :=

⎡

⎢⎢⎣

0 0 0 i
0 0 −i 0
0 i 0 0

−i 0 0 0

⎤

⎥⎥⎦ γ4 :=

⎡

⎢⎢⎣

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎤

⎥⎥⎦ .

The hermitian form of the Wilson-Dirac matrix is given by

Q = γ5 M, (18)

with γ5 defined as the product

γ5 := γ1γ2γ3γ4 =

⎡

⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎤

⎥⎥⎦ . (19)

5BiCGstab is not an alternative to SUMR in the case of the overlap operator,
since, unlike BiCGstab, SUMR is an optimal method achieving minimal residuals
in the 2-norm.
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B Massive Overlap Operator

Following Neuberger [10], one can write the massive overlap operator as

DN (µ) = c
(
(1 + µ)I + (1 − µ)M(M†M)−

1
2

)
. (20)

The normalisation c can be absorbed into the fermion renormalisation, and
will not contribute to any physics. For convenience, we have set c = 1/(1−µ).
Thus, the regularizing parameter ρ as defined in eq. (1) is related to µ by

ρ = (1 + µ)/(1 − µ). (21)

The physical mass of the fermion is then given by

mf =
2µ

κ(1 − µ)
. (22)
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Summary. We review the theory of elliptic functions leading to Zolotarev’s for-
mula for the sign function over the range ε ≤ |x| ≤ 1. We show how Gauss’
arithmetico-geometric mean allows us to evaluate elliptic functions cheaply, and
thus to compute Zolotarev coefficients “on the fly” as a function of ε. This in turn
allows us to calculate the matrix functions sgnH,

√
H, and 1/

√
H both quickly and

accurately for any Hermitian matrix H whose spectrum lies in the specified range.

1 Introduction

The purpose of this paper is to provide a detailed account of how to compute the
coefficients of Zolotarev’s optimal rational approximation to the sgn function. This is
of considerable interest for lattice QCD because evaluation of the Neuberger overlap
operator [1, 2, 3, 4] requires computation of the sgn function applied to a Hermitian
matrix H. Numerical techniques for applying a rational approximation to a matrix
are discussed in a companion paper [5], and in [6, 7].

In general, the computation of optimal (Chebyshev) rational approximations
for a continuous function over a compact interval requires an iterative numerical
algorithm [8, 9], but for the function sgnH (and the related functions

√
H and

1/
√
H [5]) the coefficients of the optimal approximation are known in closed form

in terms of Jacobi elliptic functions [10].
We give a fairly detailed summary of the theory of elliptic functions (§2) [11, 12]

leading to the principal modular transformation of degree n (§2.7), which directly
leads to Zolotarev’s formula (§3). Our approach closely follows that presented in [11].

We also explain how to evaluate the elliptic functions necessary to compute the
Zolotarev coefficients (§4.4), explaining the use of the appropriate modular transfor-
mations (§2.7) and of Gauss’ arithmetico-geometric mean (§4.2), as well as providing
explicit samples of code for the latter (§4.3).
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2 Elliptic Functions

2.1 Introduction

There are two commonly encountered types of elliptic functions: Weierstrass (§2.4)
and Jacobi (§2.6) functions. In principle these are completely equivalent: indeed each
may be expressed in terms of the other (§2.6); but in practice Weierstrass functions
are more elegant and natural for a theoretical discussion, and Jacobi functions are
the more convenient for numerical use in most applications.

Elliptic functions are doubly periodic complex analytic functions (§2.2); the com-
bination of their periodicity and analyticity leads to very strong constraints on their
structure, and these constraints are most easily extracted by use of Liouville’s theo-
rem (§2.3). The constraints imply that for a fixed pair of periods ω and ω′ an elliptic
function is uniquely determined, up to an overall constant factor, by the locations
of its poles and zeros. In particular, this means that any elliptic function may be ex-
panded in rational function or partial fraction form in terms of the Weierstrass (§2.5)
function with the same periods and its derivative. Furthermore, this in turn shows
that all elliptic functions satisfy an addition theorem (§2.5) which allows us to write
these expansions in terms of Weierstrass functions with unshifted argument z (§2.5).

There are many different choices of periods that lead to the same period lattice,
and this representation theorem allows us to express them in terms of each other:
such transformations are called modular transformations of degree one. We may also
specify periods whose period lattice properly contains the original period lattice; and
elliptic functions with these periods may be represented rationally in terms of the
original ones. These (non-invertible) transformations are modular transformations
of higher degree, and the set of all modular transformations form a semigroup that
is generated by a few basic transformations (the Jacobi real and imaginary trans-
formations, and the principal transformation of degree n, for instance). The form of
these modular transformations may be found using the representation theorem by
matching the location of the poles and zeros of the functions, and fixing the overall
constant at some suitable position.

One of the periods of the Weierstrass functions may be eliminated by rescaling
the argument, and if we accept this trivial transformation then all elliptic functions
may be expressed in terms of the Jacobi functions (§2.6) with a single parameter k.

In order to evaluate the Jacobi functions for arbitrary argument and (real) pa-
rameter we may first use the Jacobi real transformation to write them in terms of
Jacobi functions whose parameter lies in the unit interval; then we may use the
addition theorem to write them in terms of functions of purely real and imaginary
arguments, and finally use the Jacobi imaginary transformation to rewrite the lat-
ter in terms of functions with real arguments. This can all be done numerically or
analytically, and is explained in detail for the case of interest in (§4).

We are left with the problem of evaluating Jacobi functions with real argument
and parameter in the unit interval. This may be done very efficiently by use of
Gauss’ method of the arithmetico-geometric mean (§4.2). This makes use of the
particular case of the principal modular transformation of degree 2, known as the

Gauss transformation to show that the mapping (a, b) �→
(

1
2
(a+ b),

√
ab
)

iterates

to a fixed point; for a suitable choice of the initial values the value of the fixed point
gives us the value of the complete elliptic integral K, and with just a little more
effort it can be induced to give us the values of all the Jacobi functions too (§4).
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This procedure is sufficiently fast and accurate that the time taken to evaluate
the coefficients of the Zolotarev approximation for any reasonable values of the range
specified by ε and the degree n is negligible compared to the cost of applying the
approximate operator sgnH to a vector.

2.2 Periodic Functions

A function f : C → C is periodic with period ω ∈ C if f(z) = f(z + ω). Clearly,
if ω1, ω2, . . . are periods of f then any linear combination of them with integer
coefficients,

∑
i niωi, is also a period; thus the periods form a Z-module.

It is obvious that if f is a constant then this Z-module is dense in C, but the
converse holds too, for if there is a sequence of periods ω1, ω2, . . . that converges to
zero, then f ′(z) = limn→∞ [f(z + ωn) − f(z)] /ωn = 0. It follows that every non-
constant function must have a set of primitive periods, that is ones that are not
sums of integer multiples of periods of smaller magnitude. Jacobi showed that if f is
not constant it can have at most two primitive periods, and that these two periods
cannot be collinear.

2.3 Liouville’s Theorem

From here on we shall consider only doubly periodic meromorphic functions, which
for historical reasons are called elliptic functions, whose non-collinear primitive pe-
riods we shall call ω and ω′. Consider the integral of such a function f around the
parallelogram ∂P defined by its primitive periods,

∮

∂P

dz f(z) =

∫ ω

0

dz f(z) +

∫ ω+ω′

ω

dz f(z) +

∫ ω′

ω+ω′
dz f(z) +

∫ 0

ω′
dz f(z).

Substituting z′ = z − ω in the second integral and z′′ = z − ω′ in the third we have

∮

∂P

dz f(z) =

∫ ω

0

dz
[
f(z) − f(z + ω′)

]
+

∫ ω′

0

dz [f(z + ω) − f(z)] = 0,

upon observing that the integrands identically vanish due to the periodicity of f . On
the other hand, since f is meromorphic we can evaluate it in terms of its residues,
and hence we find that the sum of the residues at all the poles of f in P is zero. Since
the sum of the residues at all the poles of an elliptic function are zero an elliptic
function cannot have less than two poles, taking multiplicity into account.

Several useful corollaries follow immediately from this theorem. Consider the
logarithmic derivative g(z) = [ln f(z)]′ = f(z)′/f(z) where f is any elliptic function
which is not identically zero. We see immediately that g is holomorphic everywhere
except at the discrete set {ζj} where f has a pole or a zero. Near these singularities
f has the Laurent expansion f(z) = cj(z− ζj)

rj +O
(
(z − ζj)

rj+1
)

with cj ∈ C and
rj ∈ Z, so the residue of g at ζj is rj . Applying the previous result to the function
g instead of f we find that

∮
∂P
dz g(z) = 2πi

∑
j rj = 0, or in other words that the

number of poles of f must equal the number of zeros of f , counting multiplicity in
both cases.

It follows immediately that there are no non-constant holomorphic elliptic func-
tions; for if there was an analytic elliptic function f with no poles then f(z) − a
could have no zeros either.
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If we consider the function h(z) = zg(z) then we find

∮

∂P

dz h(z) =

∫ ω

0

dz h(z) +

∫ ω+ω′

ω

dz h(z) +

∫ ω′

ω+ω′
dz h(z) +

∫ 0

ω′
dz h(z)

=

∫ ω

0

dz
[
h(z) − h(z + ω′)

]
+

∫ ω′

0

dz [h(z + ω) − h(z)]

=

∫ ω

0

dz
[
zg(z) − (z + ω′)g(z)

]
+

∫ ω′

0

dz [(z + ω)g(z) − zg(z)]

= −ω′
∫ ω

0

dz g(z) + ω

∫ ω′

0

dz g(z)

= −ω′ {ln[f(ω) − a] − ln[f(0) − a]} + ω
{
ln[f(ω′) − a] − ln[f(0) − a]

}

= 2πi(n′ω′ + nω),

where n, n′ ∈ N are the number of times f(z) winds around the origin as z is taken
along the straight line from 0 to ω or ω′. On the other hand, Cauchy’s theorem tells
us that ∮

∂P

dz h(z) =

∮

∂S

dz zf ′(z)

f(z)
= 2πi

m∑

k=1

(αk − βk),

where αk and βk are the locations of the poles and zeros respectively of f(z), again
counting multiplicity. Consequently we have that

∑m
k=1(αk − βk) = nω+n′ω′, that

is, the sum of the locations of the poles minus the sum of the location of the zeros
of any elliptic function is zero modulo its periods.

2.4 Weierstrass Elliptic Functions

The most elegant formalism for elliptic functions is due to Weierstrass. A simple
way to construct a doubly periodic function out of some analytic function f is to
construct the double sum

∑
m,m′∈Z

f(z−mω−m′ω). In order for this sum to converge

uniformly it suffices that |f(z)| < k/z3, so a simple choice is Q(z) ≡ −2
∑

m,m′∈Z
(z−

mω−m′ω′)−3. Clearly this function is doubly periodic, Q(z+ω) = Q(z+ω′) = Q(z),
and odd, Q(−z) = −Q(z).

The derivative of an elliptic function is clearly also an elliptic function, but in
general the integral of an elliptic function is not an elliptic function. Indeed, if we
define the Weierstrass ℘ function1 such that ℘′ = Q we know that ℘(z+ω) = ℘(z)+c
for any period ω. In this case we also know that ℘ must be an even function,
℘(−z) = ℘(z), because Q is an odd function, and thus we have ℘( 1

2
ω) = ℘(− 1

2
ω)+c

by periodicity and ℘( 1
2
ω) = ℘(− 1

2
ω) by symmetry, and hence c = 0. We have thus

shown that

℘(z) ≡ 1

z2
+

∫ z

0

dζ

{
Q(ζ) +

2

ζ3

}

is an elliptic function. Its only singularities are a double pole at the origin and its
periodic images.

1The name of the function is ℘, but I do not know what the name of the function
is called; q.v., “Through the Looking-Glass, and what Alice found there,” Chapter
VIII, p. 306, footnote 8 [13].
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If we expand ℘ in a Laurent series about the origin we obtain

℘(z) =
1

z2
+

∞∑

j=1

∑

m,m′∈Z

|m|+|m′|�=0

(2j + 1)z2j

(mω +m′ω′)2(j+1)
≡ 1

z2
+
g2
20
z2 +

g3
28
z4 + · · · ,

where the coefficients are functions only of the periods

g2
60

=
∑

m,m′∈Z

|m|+|m′|�=0

1

(mω +m′ω′)4
, and

g3
140

=
∑

m,m′∈Z

|m|+|m′|�=0

1

(mω +m′ω′)6
. (1)

From this we find ℘′(z) = −2z−3 + 1
10
g2z + 1

7
g3z

3 + · · ·, and therefore [℘′(z)]
2

=
4z−6

{
1 − 1

10
g2z

4 − 1
7
g3z

6 + · · ·
}

and [℘(z)]3 = z−6
{
1 + 3

20
g2z

4 + 3
28
g3z

6 + · · ·
}
.

Putting these together we find

[℘′(z)]2 − 4[℘(z)]3 + g2℘(z) = −g3 +Az2 +Bz4 + · · · .

The left-hand side is an elliptic function with periods ω and ω′ whose only poles
are at the origin and its periodic images, the right-hand side has the value −g3 at
the origin, and thus by Liouville’s theorem it must be a constant. We thus have
[℘′(z)]2 = 4[℘(z)]3 − g2℘(z) − g3 as the differential equation satisfied by ℘. Indeed,
this equation allows us to express all the derivatives of ℘ in terms of ℘ and ℘′; for
example

℘′′ = 6℘2 − 1
2
g2, ℘′′′ = 12℘℘′,

℘(4) = 6(20℘3 − 3g2℘− 2g3), ℘(5) = 18(20℘2 − g2)℘
′.

(2)

We can formally solve the differential equation for ℘ to obtain the elliptic integral
which is the functional inverse of ℘ (for fixed periods ω and ω′),

z =

∫ z

0

dζ = −
∫ z

0

dζ ℘′(ζ)√
4℘(ζ)3 − g2℘(ζ) − g3

=

∫ ∞

℘(z)

dw√
4w3 − g2w − g3

.

It is useful to factor the cubic polynomial which occurs in the differential equa-
tion, ℘′2(z) = 4(℘ − e1)(℘ − e2)(℘ − e3), where the symmetric polynomials of the
roots satisfy e1 + e2 + e3 = 0, e1e2 + e2e3 + e3e1 = − 1

4
g2, e1e2e3 = 1

4
g3, and

e21 + e22 + e23 = (e1 + e2 + e3)
2 − 2(e1e2 + e2e3 + e3e1) = 1

2
g2.

Since ℘′ is an odd function we have −℘′( 1
2
ω) = ℘′(− 1

2
ω) = ℘′( 1

2
ω) = 0, and

likewise ℘′( 1
2
ω′) = 0 and ℘′ ( 1

2
(ω + ω′)) = 0. The values of ℘ at the half-periods

must be distinct, for if ℘( 1
2
ω) = ℘( 1

2
ω′) then the elliptic function ℘(z) − ℘( 1

2
ω′)

would have a double zero at z = 1
2
ω′ and at z = 1

2
ω, which would violate Liouville’s

theorem. Since the ℘′ vanishes at the half periods the differential equation implies
that ℘ ( 1

2
ω) = e1, ℘ ( 1

2
ω′) = e2, ℘ ( 1

2
(ω + ω′)) = e3, and that e1, e2, and e3 are all

distinct.
The solution of the corresponding differential equation with a generic quartic

polynomial, y′2 = a(y−r1)(y−r2)(y−r3)(y−r4) with ri �= rj , is easily found in terms
of the Weierstrass function by a conformal transformation. First one root is mapped
to infinity by the transformation y = r4 + 1/x, giving x′2 = −a(x− ρ1)(x− ρ2)(x−
ρ3)/ρ1ρ2ρ3 with ρj = 1/(rj − r4). Then the linear transformation x = Aξ +B with
A = −4ρ1ρ2ρ3/a and B = (ρ1+ρ2+ρ3)/3 maps this to ξ′2 = 4(ξ−e1)(ξ−e2)(ξ−e3)
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where ej = (ρj −B)/A. The solution is thus y = r4 + 1/(A℘+B), where ℘ has the
periods implicitly specified by the roots ej .

It is not obvious that there exist periods ω and ω′ such that g2 and g3 are given
by (1), nevertheless this is so (see [11] for a proof).

A simple example of this is given by the Jacobi elliptic function sn z, which

is defined by z ≡
∫ sn z

0
dt
[
(1 − t2)(1 − k2t2)

]− 1
2 , and hence satisfies the differ-

ential equation (sn′z)2 =
(
1 + (sn z)2

) (
1 − k2(sn z)2

)
together with the bound-

ary condition sn 0 = 0. We may move one of the roots to infinity by substitut-
ing sn z = 1 + 1/x(z) and multiplying through by x(z)4, giving x′2 = −2(1 −
k2) [x+ 1

2
] [x− k/(1 − k)] [x+ k/(1 + k)]. The linear change of variable x(z) =

−
[
12ξ(z) + 1 − 5k2

]
/
[
6(1 − k2)

]
then puts this into Weierstrass’s canonical form

ξ′2 = 4(ξ − e1)(ξ − e2)(ξ − e3) = 4ξ3 − g2ξ − g3 with the roots

e1 =
k2 + 1

6
, e 5±1

2
= −k

2 ± 6k + 1

12
; (3)

and correspondingly g2 = 1
12

(k4 + 14k2 + 1), and g3 = 1
63

(k2 + 1)(k2 + 6k+ 1)(k2 −
6k + 1). Clearly the Weierstrass function ℘(z) with periods corresponding to the
roots ej is a solution to this equation. A more general solution may be written as
ξ(z) = ℘(f(z)) for some analytic function f ; for this to be a solution it must satisfy
the differential equation, which requires that f ′(z)2 = 1, so ξ(z) = ℘(±z +∆) with
∆ a suitable constant chosen to satisfy the boundary conditions. It turns out that
the boundary values required for sn are satisfied by the choice ξ(z) = ℘(z −K(k)),

where K(k) ≡
∫ 1

0
dt
[
(1 − t2)(1 − k2t2)

]− 1
2 is the complete elliptic integral. We shall

later derive the expression for sn in terms of the Weierstrass functions ℘ and ℘′ with
the same argument and periods by a simpler method.

The Weierstrass ζ-Function

It is useful to consider integrals of ℘, even though these are not elliptic functions. If
we define ζ′ = −℘, whose solution is

ζ(z) ≡ 1

z
−
∫ z

0

du

{
℘(u) − 1

u2

}

where the path of integration avoids all the singularities of ℘ (i.e., the periodic
images of the origin) except for the origin itself. The only singularities of ζ are a
simple pole with unit residue at the origin and its periodic images. Furthermore, ζ is
an odd function. However, ζ is not periodic: ζ(z+ω) = ζ(z)+η where η is a constant.
Setting z = − 1

2
ω and using the fact that ζ is odd we obtain ζ(− 1

2
ω) = ζ( 1

2
ω) + η =

−ζ( 1
2
ω), or ζ( 1

2
ω) = 1

2
η. If we integrate ζ around a period parallelogram P containing

the origin we find a useful identity relating ω, ω′, η and η′: 2πi =
∮

∂P
dz ζ(z) =

∫ c+ω

c
dz [ζ(z) − ζ(z + ω′)] +

∫ c+ω′

c
dz [ζ(z + ω) − ζ(z)] =

∫ c+ω′

c
dz η −

∫ c+ω

c
dz η′ =

ηω′ − η′ω.

The Weierstrass σ-Function

That was so much fun that we will do it again. Let (ln σ)′ = σ′/σ = ζ, so
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σ(z) ≡ z exp

[∫ z

0

du

{
ζ(u) − 1

u

}]
,

where again the integration path avoids all the singularities of ζ except the origin.
σ is a holomorphic function having only simple zeros lying at the origin and its
periodic images, and it is odd. To find the values of σ on the period lattice we
integrate σ′(z + ω)/σ(z + ω) = ζ(z + ω) = ζ(z) + η = σ′(z)/σ(z) + η to obtain
lnσ(z + ω) = lnσ(z) + ηz + c, or σ(z + ω) = c′eηzσ(z). As usual we can find the

constant c′ by evaluating this expression at z = − 1
2
ω, σ( 1

2
ω) = −c′e− 1

2
ηωσ( 1

2
ω),

giving c′ = −e 1
2

ηω and σ(z + ω) = −eη(z+ 1
2

ω)σ(z).

2.5 Expansion of Elliptic Functions

Every rational function R(z) can be expressed in two canonical forms, either in a
fully factored representation which makes all the poles and zeros explicit,

R(z) = c
(z − b1)(z − b2) · · · (z − bn)

(z − a1)(z − a2) · · · (z − am)
,

or in a partial fraction expansion which makes the leading “divergent” part of its
Laurent expansion about its poles manifest,

R(z) = E(z) +
∑

i,k

A
(i)
k

(z − ak)i
.

In these expressions bi are the zeros of R, ai its poles, c and A
(i)
k are constants, and

E is a polynomial. It is perhaps most natural to think of E, the entire part of R, as
the leading terms of its Laurent expansion about infinity.

An arbitrary elliptic function f with periods ω and ω′ may be expanded in two
analogous ways in terms of Weierstrass elliptic functions with the same periods.

Multiplicative Form

To obtain the first representation recall that
∑n

j=1(aj − bj) = 0 (mod ω, ω′), so we
can choose a set of poles and zeros (not necessarily in the fundamental parallelogram)
whose sum is zero. For instance, we could just add the appropriate integer multiples
of ω and ω′ to a1. We now construct the function

g(z) =
σ(z − b1)σ(z − b2) · · ·σ(z − bn)

σ(z − a1)σ(z − a2) · · ·σ(z − an)
,

which has the same zeros and poles as f . Furthermore, it is also an elliptic func-

tion, since g(z + ω) = exp
[
η
∑n

j=1(aj − bj)
]
g(u) = g(u). It follows that the ratio

f(u)/g(u) is an elliptic function with no poles, as for each pole in the numerator there
is a corresponding pole in the denominator, and for each zero in the denominator
there is a corresponding zero in the numerator. Therefore, by Liouville’s theorem,
the ratio must be a constant f(u)/g(u) = C, so we have

f(z) = C
σ(z − b1)σ(z − b2) · · ·σ(z − bn)

σ(z − a1)σ(z − a2) · · ·σ(z − an)
.



176 A. D. Kennedy

Additive Form

For the second “partial fraction” representation let a1, . . . , an be the poles of f lying
in some fundamental parallelogram. In this case, unlike the previous one, we ignore
multiplicity and count each pole just once in this list. Further, let the leading terms of
the Laurent expansion about z = ak be

∑mk
r=1(−1)r(r−1)!A

(r−1)
k (z−ak)−r; the func-

tion gk(z) ≡ −
∑mk

r=1A
(r−1)
k ζ(r−1)(z−ak) = −A(0)

k ζ(z−ak)+
∑mk

r=2A
(r−1)
k ℘(r−2)(z−

ak) then has exactly the same leading terms in its Laurent expansion.
Summing this expression over all the poles, we obtain g(z) =

∑n
k=1 gk(z) =

−∑n
k=1

∑mk
r=1A

(r−1)
k ζ(r−1)(z − ak). The sum of the terms with r > 1, being sums

of the elliptic function ℘(z − ak) and its derivatives, is an elliptic function. The

sum of terms with r = 1, ϕ(z) = −∑n
k=1A

(0)
k ζ(z − ak), behaves under translation

by a period as ϕ(z + ω) = ϕ(z) − η
∑n

k=1A
(0)
k = ϕ(z), where we have used the

corollary of Liouville’s theorem that the sum of the residues at all the poles of the
elliptic function f in a fundamental parallelogram is zero. It follows that the sum
of r = 1 terms is an elliptic function also, so the difference f(z) − g(z) is an elliptic
function with no singularities, and thus by Liouville’s theorem is a constant C. We
have thus obtain the expansion of an arbitrary elliptic function f(z) = C + g(z) =

C −∑n
k=1

∑mk
r=1A

(r−1)
k ζ(r−1)(z − ak), where the ζ functions have the same periods

as f does.

Addition Theorems

Consider the elliptic function f(u) = ℘′(u)/ (℘(u) − ℘(v)); according to Liouville’s
theorem the denominator must have exactly two simple zeros, at which ℘(u) = ℘(v),
within any fundamental parallelogram. ℘ is an even function, ℘(−v) = ℘(v), so these
zeros occur at u = ±v. At u = 0 the function f has a simple pole, and the leading
terms of the Laurent series for f about these three poles is (u−v)−1+(u+v)−1−2/u.
The “partial fraction” expansion of f is thus f(u) = C+ ζ(u−v)+ ζ(u+v)−2ζ(u),
and since both f and ζ are odd functions we observe that C = 0.

Adding this result, ℘′(u)/ (℘(u) − ℘(v)) = ζ(u − v) + ζ(u + v) − 2ζ(u), to the
corresponding equation with u and v interchanged, −℘′(v)/ (℘(u) − ℘(v)) = −ζ(u−
v)+ζ(u+v)−2ζ(v), gives (℘′(u) − ℘′(v)) / (℘(u) − ℘(v)) = 2ζ(u+v)−2ζ(u)−2ζ(v).
Rearranging this gives the addition theorem for zeta functions ζ(u + v) = ζ(u) +
ζ(v) + 1

2
(℘′(u) − ℘′(v)) / (℘(u) − ℘(v)).

The corresponding addition theorem for ℘ is easily obtained by differentiating
this relation

−℘(u+ v) = −℘(u) + 1
2

℘′′(u)[℘(u) − ℘(v)] − ℘′(u)[℘′(u) − ℘′(v)]

[℘(u) − ℘(v)]2

and adding to it the same formula with u and v interchanged to obtain

−2℘(u+ v) = −℘(u) − ℘(v) + 1
2

[℘′′(u) − ℘′′(v)][℘(u) − ℘(v)] − [℘′(u) − ℘′(v)]2

[℘(u) − ℘(v)]2
.

Recalling that a consequence of the differential equation satisfied by ℘ is the iden-
tity (2), 2℘′′ = 12℘2 − g2, we have ℘′′(u) − ℘′′(v) = 6[℘(u)2 − ℘(v)2], and thus

℘(u+ v) = −℘(u) − ℘(v) + 1
4

(
℘′(u)−℘′(v)
℘(u)−℘(v)

)2

.
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Differentiating this addition theorem for ℘ gives the addition theorem for ℘′.
Since higher derivatives of ℘ can be expressed in terms of ℘ and ℘′ there is no need
to repeat this construction again.

Representation of elliptic functions in terms of ℘ and ℘′

Consider the “partial fraction” expansion of an arbitrary elliptic function f in terms
of zeta functions and their derivatives, f(z) = C+

∑n
k=1

∑mk
r=1A

(r−1)
k ζ(r−1)(z−ak).

This expresses f(z) as a linear combination of zeta functions ζ(z − ak), which are
not elliptic functions, and their derivatives ζ(r)(z−ak) = −℘(r−1)(z−ak) which are.
We may now use the addition theorems to write this in terms of the zeta function
ζ(z) and its derivatives ζ(r)(z) = −℘(r−1)(z) of the unshifted argument z.

For the r = 1 terms the zeta function addition theorem gives us
∑n

k=1A
(0)
k ζ(z−

ak) =
∑n

k=1A
(0)
k ζ(z)+R1 (℘(z), ℘′(z)), were we use the notation Ri(x, y) to denote

a rational function of x and y; i.e., an element of the field C(x, y). The coeffi-
cients in R1 depend transcendentally on ak, of course. This expression simplifies to
just the rational function R1(℘, ℘

′) on recalling that, as we have previously shown,∑n
k=1A

(0)
k = 0.

Using the addition theorems for ℘ and ℘′ all the terms for r > 1 may be ex-
pressed in the form

∑n
k=1A

(r−1)
k ζ(r−1)(z − ak) = −

∑n
k=1A

(r−1)
k ℘(r−2)(z − ak) =

Rr (℘(z), ℘′(z)). We have thus shown that f = R(℘, ℘′). In fact, since the differen-
tial equation for ℘ expresses ℘′2 as a polynomial in ℘ we can simplify this to the
form f = Re(℘) + Ro(℘)℘′. A simple corollary is that if f is an even function then
f = Re(℘) and if it is odd then f = Ro(℘)℘′.

A corollary of this result is that any two elliptic functions with the same periods
are algebraic functions of each other. If f and g are two such functions then f =
R1(℘) +R2(℘)℘′, g = R3(℘) +R4(℘)℘′, and ℘′2 = 4℘3 − g2℘− g3; these equations
immediately give three polynomial relations between the values f , g, ℘, and ℘′, and
we may eliminate the last two to obtain a polynomial equation F (f, g) = 0. To be
concrete, suppose Ri(z) = Pi(z)/Qi(z) with Pi, Qi ∈ C[z], then we have

P̄1(f, ℘, ℘
′) ≡ Q1(℘)Q2(℘)f − P1(℘)Q2(℘) − P2(℘)Q1(℘)℘′ = 0,

P̄2(g, ℘, ℘
′) ≡ Q3(℘)Q4(℘)g − P3(℘)Q4(℘) − P4(℘)Q3(℘)℘′ = 0,

P̄3(℘, ℘
′) ≡ ℘′2 − 4℘3 + g2℘+ g3 = 0;

we may then construct the resultants2

P̄4(f, ℘) ≡ Res
℘′

(
P̄1(f, ℘, ℘

′), P̄3(℘, ℘
′)
)

= 0,

P̄5(g, ℘) ≡ Res
℘′

(
P̄2(g, ℘, ℘

′), P̄3(℘, ℘
′)
)

= 0,

F (f, g) ≡ Res
℘

(
P̄4(f, ℘), P̄5(g, ℘)

)
= 0.

A corollary of this corollary is obtained by letting g = f ′, which tells us that every
elliptic function satisfies a first order differential equation of the form F (f, f ′) = 0
with F ∈ C[f, f ′].

2In practice Gröbner basis methods might be preferred.
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A second metacorollary is obtained by considering g(u) = f(u + v), for which
we deduce that there is a polynomial C〈v〉[f(u)][f(u + v)] ∋ F = 0, where C〈v〉
is the space of complex-valued transcendental functions of v. On the other hand,
interchanging u and v we observe that F ∈ C〈u〉[f(v)][f(u+v)] too. The coefficients
of F are therefore both polynomials in f(u) with coefficients which are functions
of v, and polynomials in f(v) with coefficients which are functions of u. It therefore
follows that the coefficients must be polynomials in f(u) and f(v) with constant
coefficients, F ∈ C[f(u), f(v), f(u + v)]. In other words, every elliptic equation has
an algebraic addition theorem.

2.6 Jacobi Elliptic Functions

We shall now consider the Jacobi elliptic function sn implicitly defined by z ≡∫ sn z

0
dt
[
(1 − t2)(1 − k2t2)

]− 1
2 . This cannot be anything new — it must be express-

ible rationally in terms of the Weierstrass functions ℘ and ℘′ with the same periods.
The integrand of the integral defining sn has a two-sheeted Riemann surface

with four branch points. The values of z for which sn(z, k) = s for any particular
value s ∈ C are specified by the integral; we immediately see that there two such
values, corresponding to which sheet of the integrand we end up on, plus arbitrary
integer multiples of the two periods ω and ω′. These periods correspond to the non-
contractible loops that encircle any pair of the branch points. There are only two
independent homotopically non-trivial loops because the contour which encircles all
four branch points is contractible through the point at infinity (this is a regular
point of the integrand, as may be seen by changing variable to 1/z).

We may choose the first period to correspond to a contour C which contains the
branch points at z = ±1. We find

ω =

∮

C

dt√
(1 − t2)(1 − k2t2)

=

[∫ 1

0

−
∫ 0

1

−
∫ −1

0

+

∫ 0

−1

]
dt√

(1 − t2)(1 − k2t2)
= 4K(k),

taking into account the fact that the integrand changes sign as we go round each
branch point onto the other sheet of the square root. Likewise, we may choose the
second period to correspond to a contour C′ enclosing the branch points at z = 1
and z = 1/k; this gives

ω′ =

∮

C′

dt√
(1 − t2)(1 − k2t2)

=

[∫ 1/k

1

−
∫ 1

1/k

]
dt√

(1 − t2)(1 − k2t2)
.

If we change variable to s =
√

(1 − k2t2)/(1 − k2) we find that

∫ 1/k

1

dt√
(1 − t2)(1 − k2t2)

= i

∫ 1

0

ds√
(1 − s2)(1 − k′2s2)

= iK(k′),

where we define k′ ≡
√

1 − k2. We thus have shown that the second period ω′ =
2iK(k′) is also expressible as a complete elliptic integral.

The locations of the poles of sn are also easily found. Consider the integral∫∞
1/k

dt [(1 − t2)(1 − k2t2)]−
1
2 , by the change of variable s = 1/kt we see that it is

equal to
∫ 1

0
ds (ks2)−1

[(
1 − 1/k2s2

) (
1 − 1/s2

)]− 1
2 = K(k). We therefore have that



Fast Evaluation of Zolotarev Coefficients 179

∫ ∞

0

dt√
(1 − t2)(1 − k2t2)

=

[∫ 1

0

+

∫ 1/k

1

+

∫ ∞

1/k

]
dt√

(1 − t2)(1 − k2t2)
= 2K(k)+iK(k′),

and thus sn has a pole at 2K(k) + iK(k′).
We mentioned that there are always two locations within the fundamental par-

allelogram at which sn(z, k) = s. One of these locations corresponds to a contour C1

which goes from t = 0 on the principal sheet (the positive value of the square root
in the integrand) to t = s on the same sheet, while the other goes from t = 0 on the
principal sheet to t = s on the second sheet. This latter contour is homotopic to one
which goes from t = 0 on the principal sheet to t = 0 on the second sheet and then
follows C1 but on the second sheet. If the value of the first integral is z, then the value
of the second is 2K(k)−z, thus establishing the identity sn(z, k) = sn(2K(k)−z, k).

Since the integrand is an even function of t the integral is an odd function of sn,
from which we immediately see that sn(z, k) = − sn(−z, k).

We summarise these results by giving some of the values of sn within the fun-
damental parallelogram defined by ω = 4K and ω′ = 2iK′:

z 0 K 2K 3K iK′ K + iK′ 2K + iK′ 3K + iK′

sn(z, k) 0 1 0 −1 ∞ 1/k −∞ −1/k

where we have used the notation K ≡ K(k) and K′ ≡ K(k′).

Representation of sn in terms of ℘ and ℘′

From this knowledge of the periods, zeros, and poles of sn we can express it in terms
of Weierstrass elliptic functions. From (3) we know that the periods ω = 4K, ω′ =
2iK′, and ω+ω′ = 4K+2iK′ correspond to the roots e1, e2, and e3; that is ℘ ( 1

2
ω) =

e1, ℘ ( 1
2
ω′) = e2, and ℘ ( 1

2
(ω + ω′)) = e3. Since sn(z, k) is an odd function of z it must

be expressible as R (℘(z))℘′(z) where R is a rational function; since it has simple
poles in the fundamental parallelogram only at z = 1

2
ω′ = iK′ and z = 1

2
(ω+ω′) =

2K + iK′ it must be of the form sn(z, k) = R̄ (℘(z))℘′(z)/ [(℘(z) − e2) (℘(z) − e3)]
with R̄ a rational function.3 The Weierstrass function has a double pole at the origin,
its derivative has a triple pole, and the Jacobi elliptic function sn has a simple zero,
so we can deduce that R̄ (℘(z)) must be regular and non-zero at the origin, and hence
R̄ is just a constant. As sn(z, k) = z + O(z3) near the origin this constant is easily
determined by considering the residues of the poles in the Weierstrass functions, and
we obtain the interesting identity sn(z, k) = − 1

2
℘′(z)/ [(℘(z) − e2) (℘(z) − e3)].

Representation of sn2 in terms of ℘

We can use the same technique to express sn(z, k)2 in terms of Weierstrass elliptic
functions. The differential equation satisfied by s(z) ≡ sn(z, k)2 is s′2 = 4s(1 −
s)(1−k2s), which is reduced to Weierstrass canonical form ζ′2 = 4ζ3− ḡ2ζ− ḡ3 with
ḡ2 = 4

3
(k4 + k2 + 1) and ḡ3 = 4

27
(2k2 − 1)(k2 − 2)(k2 + 1) by the linear substitution

s =
(
ζ + 1

3
(1 + k2)

)
/k2. The roots of this cubic form are ē1 = − 1

3
(1 + k2), ē 5±1

2
=

3Remember that the logarithmic derivative of a function d ln f(z)/dz =
f ′(z)/f(z) always has a simple pole at each pole and zero of f .
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1
3
(2 ± k2). The general solution of this equation is ζ(z) = ℘(±z + c) where c is a

constant, and since sn(z, k)2 has a double pole at z = iK(k′) we have sn(z, k)2 =[
℘ (z − iK(k′)) + 1

3
(1 + k2)

]
/k2. This can be simplified using the addition formula

for Weierstrass elliptic functions to give4 sn(z, k)2 = 1/ [℘(z) − ē1]. Of course, we
could have seen this immediately by noting that sn(z, k)2 is an even elliptic function
with periods 2K(k) and 2iK(k′) corresponding to the roots ēi, and therefore must
be a rational function of ℘(z). Since it has a double pole at z = iK(k′) and a
double zero at z = 0 in whose neighbourhood sn(z, k)2 = z2 + O(z4) the preceding
expression is uniquely determined.

A useful corollary of this result is that we can express the Weierstrass function
℘(z) with periods 2K(k) and 2iK′(k) rationally in terms of sn(z, k)2, namely ℘(z) =
sn(z, k)−2+ē1, and thus any even elliptic function with these periods may be written
as a rational function of sn(z, k)2.

Addition formula for Jacobi elliptic functions

We may derive the explicit addition formula for Jacobi elliptic functions using a
method introduced by Euler. Consider the functions s1 ≡ sn(u, k), s2 ≡ sn(v, k)
where we shall hold u+ v = c constant. The differential equations for s1 and s2 are
s′21 = (1 − s21)(1 − k2s21), s

′2
2 = (1 − s22)(1 − k2s22), where we have used a prime to

indicate differentiation with respect to u and noted that v′ = −1. Multiplying the
equations by s22 and s21 respectively and subtracting them gives W (s1, s2) · (s1s2)′ =
(s1s

′
2 − s2s

′
1)(s1s

′
2 + s2s

′
1) = (s21 − s22)(1 − k2s21s

2
2), where we have introduced the

Wronskian W (s1, s2) ≡ det

(
s1 s2
s′1 s

′
2

)
. If we differentiate the differential equations for

s1 and s2 we obtain s′′1 = −(1+k2)s1 +2k2s31, s
′′
2 = −(1+k2)s2 +2k3s32; subtracting

these equations gives W ′ = (s1s
′
2 − s2s

′
1)

′ = s1s
′′
2 − s2s

′′
1 = −2k2s1s2(s

2
1 − s22) =

(s21−s22)(1−k2s21s
2
2)

′/(s1s2)
′. We may combine the expressions we have derived for W

and W ′ to obtain (lnW )′ = W ′/W = (1−k2s21s
2
2)

′/(1−k2s21s
2
2) =

(
ln(1 − k2s21s

2
2)
)′

.
Upon integration this yields an explicit expression for the Wronskian, W = C(1 −
k2s21s

2
2) where C is a constant, by which we mean that it does not depend upon

u. The constant does depend on the value of c = u + v, and it may be found by
evaluating formula at v = 0.

To do so it is convenient to introduce two other Jacobi elliptic functions
cn(u, k) ≡

√
1 − sn(u, k)2 where cn(0, k) = 1; and dn(u, k) ≡

√
1 − k2 sn(u, k)2,

where dn(0, k) = 1. In terms of these functions we may write sn′ u = cnu dnu, fur-
thermore they satisfy the identities (sn u)2+(cnu)2 = 1 and (k2 snu)2+(dnu)2 = 1,
and differentiating these identities yields cn′ u = − snu dnu, dn′ u = −k2 snu cnu.

We may now write C = W (snu, sn v)/
[
1 − (k snu sn v)2

]
= [snu cn v dn v +

sn v cnu dnu]/
[
1 − (k snu sn v)2

]
, remembering that v′ = −1. Setting v = 0 gives

C = snu = sn c, and thus we have the desired addition formula sn(u + v) =
(snu cn v dn v + sn v cnu dnu) /

(
1 − (k snu sn v)2

)
.

4The Weierstrass functions in this expression implicitly correspond to the roots
ēi, whereas as those in the previous expression for sn(z, k) corresponded to the ei.
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2.7 Transformations of Elliptic Functions

So far we have studied the dependence of elliptic functions on their argument for
fixed values of the periods. Although the Weierstrass function appear to depend
on two arbitrary complex periods ω and ω′ they really only depend on the ratio
τ = ω′/ω. If we rewrite the identity ℘(z) = ℘(z+ω) = ℘(z+ω′) in terms of the new
variable ζ ≡ z/ω we have ℘(ωζ) = ℘ (ω(ζ + 1)) = ℘ (ω(ζ + τ)). Viewed as a function
of ζ we have an elliptic function with periods 1 and τ , and as we have shown this
is expressible rationally in terms of the Weierstrass function and its derivative with
these periods.

Another observation is that there are many choices of periods ω and ω′ which
generate the same period lattice. Indeed, if we choose periods ω̃ = αω + βω′, ω̃′ =

γω + δω′ with det

(
α β
γ δ

)
= 1 then this will be the case. This induces a relation

between elliptic functions with these periods called a first degree transformation.

Jacobi imaginary transformation

Jacobi’s imaginary transformation, or the second principal5 first degree transforma-
tion, corresponds to the interchange of periods ω′ = −ω̃ and ω = ω̃′. We start with
the function sn(z, k)2 which has periods ω̃ = 2K and ω̃′ = 2iK′, and consider the
function sn(z/M, λ)2 with periods ω = 2ML and ω′ = 2iML′ (with L = K(λ) and
L′ = K(λ′) as usual). For suitable M and λ we have ML = iK′ and iML′ = −K,
corresponding to the desired interchange of periods.

Since sn(z/M, λ)2 is an even function whose period lattice is the same as that of
sn(z, k)2 it must be expressible as a rational function of sn(z, k)2, and this rational
function may be found by matching the location of poles and zeros. sn(z/M, λ)2 has
a double zero at z/M = 0 and a double pole at z/M = iL′. This latter condition
may be written as z = iML′ = −K, or z = K upon using the periodicity conditions
to map the pole into the fundamental parallelogram. Thus

sn
( z
M
, λ
)2

=
A sn(z, k)2

sn(z, k)2 − sn(K, k)2
=

A sn(z, k)2

sn(z, k)2 − 1
.

The constant A may be found by evaluating both sides of this equation at z =
iK′: on the left sn(iK′/M, λ)2 = sn(L, λ)2 = 1, whereas on the right we have A
because sn(z, k) → ∞ as z → iK′. We thus have A = 1.

The value of λ is found by evaluating both sides at z = −K + iK′: on the
left sn ((−K + iK′)/M, λ)

2
= sn(iL′ + L, λ)2 = 1/λ2, and on the right we have

A/(1 − k2) since sn(−K + iK′, k)2 = 1/k2. We thus have λ =
√

1 − k2 = k′.
From these values for A and λ we may easily find M , as iK′ = ML =

MK(λ) = MK(k′) = MK′ gives M = i. We may therefore write the Jacobi
imaginary transformation as sn(−iz, k′)2 = sn(z, k)2/

(
sn(z, k)2 − 1

)
, or equiva-

lently sn(iz, k′) = i sn(z, k)/ cn(z, k), where we have made use of the fact that sn2 is
an even function, and chosen the sign of the square root according to the definition
of cn and the fact that sn(z, k) = z +O(z3).

5The first principal first degree transformation may be derived similarly. See [11]
for details.
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Principal transformation of degree n

We can also choose periods ω̃ and ω̃′ whose period lattice has the original one as
a sublattice, for instance we may choose ω̃ = ω and ω̃′ = ω′/n where n ∈ N.
Elliptic functions with these periods must be rationally expressible in terms of the
Weierstrass elliptic functions with the original periods, although the inverse may
not be true. This relationship is called a transformation of degree n.

Let us construct such an elliptic function with periods 4K and 2iK′/n, where
K ≡ K(k) and K′ ≡ K(k′) with k2 + k′2 = 1. We may do this by taking sn(z, k)
and scaling z by some factor 1/M and choosing a new parameter λ. We are thus
led to consider the function sn(z/M, λ), whose periods with respect to z/M are
4L ≡ 4K(λ) and 2iL′ ≡ 2iK(λ′), with λ2 + λ′2 = 1. Viewed as a function of z it
has periods 4LM and 2iL′M , and M and λ are thus fixed by the conditions that
LM = K and L′M = K′/n. The ratio f(z) ≡ sn(z/M, λ)/ sn(z, k) must therefore
be an even function of z with periods 2K and 2K′;

f(±z + 2mK + 2im′K′) =
sn
(

±z+2mK+2im′K′
M

, λ
)

sn(±z + 2mK + 2im′K′, k)

=
sn
(
± z

M
+ 2mL+ 2im′nL′, λ

)

sn(±z + 2mK + 2im′K′, k)
=

±(−)m sn
(

z
M
, λ
)

±(−)m sn(z, k)
= f(z)

for m,m′ ∈ Z; and hence f(z) must be a rational function of sn(z, k)2.
Within its fundamental parallelogram the numerator of f(z) has simple zeros

at z = m2iL′M = m2iK′/n for m = 0, 1, . . . , n − 1 and simple poles for m =
1
2
, 3

2
, . . . , n− 1

2
; whereas its denominator has a simple zero at z = 0 and a simple pole

at z = iK′. Hence, if n is even f(z) has simple zeros for m = 1, 2, . . . , 1
2
n− 1, 1

2
n+

1, . . . , n − 1, a double zero for m = 1
2
n, and simple poles for m = 1

2
, 3

2
, . . . , n − 1

2
;

whereas if n is odd then m = 1, 2, . . . , n−1 give simple zeros and m = 1
2
, 3

2
, . . . , 1

2
n−

1, 1
2
n+ 1, . . . , n− 1

2
simple poles. Therefore there are 2⌊ 1

2
n⌋ zeros and poles, and it

is easy to see that they always come in pairs such that the zeros occur for sn(z, k) =
± sn(2iK′m/n, k) and the poles for sn(z, k) = ± sn (2iK′(m− 1

2
)/n, k) with m =

1, . . . , ⌊ 1
2
n⌋. We thus see that the rational representation is

f(z) ≡ sn
(

z
M
, λ
)

sn(z, k)
=

1

M

⌊ 1
2

n⌋∏

m=1

1 − sn(z,k)2

sn(2iK′m/n,k)2

1 − sn(z,k)2

sn(2iK′(m− 1
2
)/n,k)2

, (4)

where the overall factor is determined by considering the behaviour near z = 0.
The value of the quantity M may be determined by evaluating this expression

at the half period K where sn(K, k) = 1 and sn(K/M,λ) = sn(L, λ) = 1, so

M =

⌊ 1
2

n⌋∏

m=1

1 − 1
sn(2iK′m/n,k)2

1 − 1

sn(2iK′(m− 1
2
)/n,k)2

.

The value of the parameter λ is found by evaluating the identity at z = K + iK′/n,

where sn
(

K+iK′/n
M

, λ
)

= sn
(

K
M

+ i K′
nM

, λ
)

= sn(L+ iL′, λ) = 1
λ
.

It will prove useful to write the identity in parametric form
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sn
( z
M
, λ
)

=
ξ

M

⌊ 1
2

n⌋∏

m=1

1 − cmξ
2

1 − c′mξ2
, (5)

with ξ ≡ sn(z, k), cm ≡ sn(2iK′m/n, k)−2 and c′m ≡ sn (2iK′(m− 1
2
)/n, k)

−2
.

This emphasises the fact that sn(z/M, λ) is a rational function of sn(z, k) of degree
(2⌊ 1

2
n⌋ + 1, 2⌊ 1

2
n⌋).

3 Zolotarev’s Problem

Zolotarev’s fourth problem is to find the best uniform rational approximation to
sgnx ≡ ϑ(x)−ϑ(−x) over the interval [−1,−ε]∪ [ε, 1]. This is easily done using the
identity (5) derived in the preceding section.

We note that the function ξ = sn(z, k) with k < 1 is real and increases monoton-
ically in [0, 1] for z ∈ [0,K], where as before we define K ≡ K(k) to be a complete
elliptic integral. Similarly we observe that sn(z, k) is real and increases monotoni-
cally in [1, 1/k] for z = K+ iy with y ∈ [0,K ′] and K′ ≡ K(k′), k2 +k′2 = 1. On the
other hand, sn(z/M, λ) has the same real period 2K as sn(z, k) and has an imagi-
nary period 2iK′/n which divides that of sn(z, k) exactly n times. This means that
sn(z/M, λ) also increases monotonically in [0, 1] for z ∈ [0,K], and then oscillates
in [1, 1/λ] for z = K + iy with y ∈ [0,K ′].

In order to produce an approximation of the required type we just need to rescale
both the argument ξ so it ranges between −1 and 1 rather than −1/k and 1/k, and
the function so that it oscillates symmetrically about 1 for ξ ∈ [1, 1/k] rather than
between 1 and 1/λ. We thus obtain

R(x) =
2

1 + 1
λ

x

kM

⌊ 1
2

n⌋∏

m=1

k2 − cmx
2

k2 − c′mx2
(6)

with k = ε. On the domain [−1,−ε] ∪ [ε, 1] the error e(x) ≡ R(x) − sgn(x) satisfies
|e(x)| ≤ ∆ ≡ 1−λ

1+λ
, or in other words ‖R − sgn ‖∞ = ∆. Furthermore, the error

alternates 4⌊ 1
2
n⌋ + 2 times between the extreme values of ±∆, so by Chebyshev’s

theorem on optimal rational approximation R is the best rational approximation of
degree (2⌊ 1

2
n⌋+1, 2⌊ 1

2
n⌋). In fact we observe that R is deficient, as its denominator

is of degree one lower than this; this must be so as we are approximating an odd
function. Indeed, we may note that R′(x) ≡ (1−∆2)/R(x) is also an optimal rational
approximation.

4 Numerical Evaluation of Elliptic Functions

We wish to consider Gauss’ arithmetico-geometric mean as it provides a good means
of evaluating Jacobi elliptic functions numerically.

4.1 Gauss Transformation

Gauss considered the transformation that divides the second period of an elliptic
function by two, ω′

1 = ω1 and ω′
2 = 1

2
ω2. This is a special case of the principal
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transformation of nth degree on the second period considered before (4) with n = 2,
hence

sn
( z
M
, λ
)

=
sn(z, k)

M

⎡

⎣
1 − sn(z,k)2

sn(iK′,k)2

1 − sn(z,k)2

sn( 1
2

iK′,k)2

⎤

⎦ ,

with the parameter λ corresponding to periods L = K/M and L′ = K′/2M . Using
Jacobi’s imaginary transformation (the second principal first degree transformation,
with ω′

1 = −ω2 and ω′
2 = ω1),

sn(iz, k) = i
sn(z, k′)

cn(z, k′)
, (7)

we get

sn
( z
M
, λ
)

=
sn(z, k)

M

⎡

⎢⎣
1 + sn(z,k)2 cn(K′,k′)2

sn(K′,k′)2

1 +
sn(z,k)2 cn( 1

2
K′,k′)2

sn( 1
2

K′,k′)2

⎤

⎥⎦ .

Since sn(K′, k′) = 1, cn(K′, k′) = 0,6 sn( 1
2
K′, k′) = 1/

√
1 + k, and cn( 1

2
K′, k′) =√

k/(1 + k), we obtain sn(z/M, λ) = sn(z, k)
[
1 + k sn(z, k)2

]−1
/M .

To determineM we set z = K: 1 = sn(K/M,λ) = sn(K, k)
[
1 + k sn(K, k)2

]−1
/M

= [1 + k]−1/M , hence M = 1/(1 + k). To determine λ we set u = K + iK′/2:

sn

(
K

M
+
iK′

2M
,λ

)
=

sn(K + 1
2
iK′, k)

M [1 + k sn(K + 1
2
iK′, k)2]

.

Now, from the addition formula7 sn(u + v) = (snu cn v dn v + sn v cnu dnu)/[1 −
(k snu sn v)2], we deduce that

sn

(
K +

iK′

2

)
=

snK cn iK′
2

dn iK′
2

+ sn iK′
2

cnK dnK

1 −
(
k snK sn iK′

2

)2 =
cn iK′

2
dn iK′

2

1 −
(
k sn iK′

2

)2 .

Furthermore sn( 1
2
iK′, k) = i sn( 1

2
K′, k′)/ cn( 1

2
K′, k′) = i/

√
k, and correspondingly

cn( 1
2
iK′, k) =

√
(1 + k)/k, and dn( 1

2
iK′, k) =

√
1 + k, giving sn(K + 1

2
iK′, k) =

1/
√
k. We thus find 1/λ = sn(L+ iL′, λ) = 1/2M

√
k or λ = 2M

√
k = 2

√
k/(1 + k).

Combining these results we obtain an explicit expression for Gauss’ transformation

sn

(
(1 + k)z,

2
√
k

1 + k

)
=

(1 + k) sn(z, k)

1 + k sn(z, k)2
.

6Let x ≡ sn( 1
2
K, k), then by the addition formula for Jacobi elliptic functions

sn(K, k) = 1 = 2x
√

1 − x2
√

1 − k2x2/(1 − k2x4). Hence (1 − k2x4)2 = 4x2(1 −
x2)(1 − k2x2), so k4x8 − 4k2x6 + 2(2 + k2)x4 − 4x2 + 1 = 0 or, with z ≡ 1/x2 − 1,
[z2 − (1 − k2)]2 = 0. Thus z = ±

√
1 − k2 = ±k′, or x = 1/

√
1 ± k′. Since 0 < x < 1

we must choose the positive sign, so sn ( 1
2
K(k), k) = 1/

√
1 + k′.

7We shall suppress the parameter k when it is the same for all the functions
occurring in an expression.
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4.2 Arithmetico-Geometric Mean

Let an, bn ∈ R with an > bn > 0, and define their arithmetic and geometric means
to be an+1 ≡ 1

2
(an + bn), bn+1 ≡

√
anbn. Since these are means we easily see that

an > an+1 > bn and an > bn+1 > bn; furthermore a2
n+1 − b2n+1 = 1

4
(a2

n + 2anbn +
b2n) − anbn = 1

4
(a2

n − 2anbn + b2n) = 1
4
(an − bn)2 > 0, so an > an+1 > bn+1 > bn.

Thus the sequence converges to the arithmetico-geometric mean a∞ = b∞.
If we choose an and bn such that k = (an − bn)/(an + bn), e.g., an = 1 + k and

bn = 1 − k, then

1 + k =
(an + bn) + (an − bn)

an + bn
=

an

an+1
,

k2 =

(
an − bn
an + bn

)2

=
(an + bn)2 − 4anbn

(an + bn)2
= 1 − b2n+1

a2
n+1

,

4k

(1 + k)2
=

(1 + k)2 − (1 − k)2

(1 + k)2
= 1 −

(
1 − k

1 + k

)2

= 1 −
(

(an + bn) − (an − bn)

(an + bn) + (an − bn)

)2

= 1 − b2n
a2

n

.

If we define sn ≡ sn
(
(1 + k)z, 2

√
k

1+k

)
and sn+1 ≡ sn(z, k) then Gauss’ transformation

tells us that

sn =
(1 + k)sn+1

1 + ks2n+1

=
ansn+1

an+1

[
1 +
(

an−bn

an+bn

)
s2n+1

] =
2ansn+1

(an + bn) + (an − bn)s2n+1

.

On the other hand

z =

sn+1∫

0

dt√
(1 − t2)(1 − k2t2)

=
1

1 + k

sn∫

0

dt√
(1 − t2)

[
1 − 4k

(1+k)2
t2
] ,

and these two integrals may be rewritten as

z =

sn+1∫

0

dt√

(1 − t2)

[
1 −
(

1 − b2
n+1

a2
n+1

)
t2
] =

an+1

an

sn∫

0

dt√
(1 − t2)

[
1 −
(
1 − b2n

a2
n

)
t2
] .

Therefore the quantity

z

an+1
=

∫ sn+1

0

dt√
(1 − t2)[a2

n+1(1 − t2) + b2n+1t
2]

=

∫ sn

0

dt√
(1 − t2)[a2

n(1 − t2) + bnt2]

is invariant under the transformation (an, bn, sn) �→ (an+1, bn+1, sn+1), and thus

z

an+1
=

∫ s∞

0

dt√
(1 − t2) [a2∞(1 − t2) + b2∞t2]

=
1

a∞

∫ s∞

0

dt√
1 − t2

=
sin−1 s∞
a∞

.
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This implies that s∞ = sin
(

a∞z
an+1

)
= sin(a∞z) with our previous choice of an =

1 + k, bn = 1 − k ⇒ an+1 = 1, bn+1 =
√

1 − k2. We may thus compute sn+1 =
sn(z, k) = f(z, 1,

√
1 − k2) for 0 < k < 1 where

f(z, a, b) ≡
{

sin(az) if a = b
2aξ

(a+b)+(a−b)ξ2 with ξ ≡ f
(
z, a+b

2
,
√
ab
)

if a �= b.

Furthermore, if we take z = K(k) then sn+1 = 1 and sn = 2an/[(an + bn) + (an −
bn)] = 1; thus s∞ = sin(a∞K) = 1, so a∞K = π/2 or K(k) = π/2a∞.

4.3 Computer Implementation

An implementation of this method is shown in Figures 1 and 2.
The function arithgeom recursively evaluates the function f defined above. One

subtlety is the stopping criterion, which has to be chosen carefully to guarantee
that the recursion will terminate (which does not happen if the simpler criterion
b==a is used instead) and which ensures that the solution is as accurate as possible
whatever floating point precision FLOAT is specified. Another subtlety is how the
value of the arithmetico-geometric mean *agm is returned from the innermost level
of the recursion. Ideally, we would like this value to be bound to an automatic
variable in the calling procedure sncndnK rather than passed as an argument, thus
avoiding copying its address for every level of recursion (as is done in here) or
copying its value for every level if it were explicitly returned as a value. Unfortunately
this is impossible, since the C programming language does not allow us to have
nested procedures. The reason we have written it in the present form is so that
the code is thread-safe: if we made agm a static global variable then two threads
simultaneously invoking sncndnK might interfere with each other’s value. The virtue
of this approach is only slightly tarnished by the fact that the global variable pb used
in the convergence test is likewise not thread-safe. The envelope routine sncndnK is
almost trivial, except that care is needed to get the sign of cn(z, k) correct.

4.4 Evaluation of Zolotarev Coefficients

The arithmetico-geometric mean lets us evaluate Jacobi elliptic functions for real
arguments z and real parameters 0 < k < 1. For complex arguments we can use the
addition formula to evaluate sn(x+ iy, k) in terms of sn(x, k) and sn(iy, k), and the
latter case with an imaginary argument may be rewritten in terms of real arguments
using Jacobi’s imaginary transformation. We can either use these transformations
to evaluate elliptic functions of complex argument numerically, or to transform alge-
braically the quantities we wish to evaluate into explicitly real form. Here we shall
follow the latter approach, as it is more efficient to apply the transformations once
analytically.

Zolotarev’s formula (6) is

R(x) =
2

1 + 1
λ

x

kM

⌊ 1
2

n⌋∏

m=1

k2 − cmx
2

k2 − c′mx2
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#include <math.h>

#define ONE ((FLOAT) 1)

#define TWO ((FLOAT) 2)

#define HALF (ONE/TWO)

static void sncndnK(FLOAT z, FLOAT k, FLOAT* sn, FLOAT* cn,

FLOAT* dn, FLOAT* K) {

FLOAT agm;

int sgn;

*sn = arithgeom(z, ONE, sqrt(ONE - k*k), &agm);

*K = M_PI / (TWO * agm);

sgn = ((int) (fabs(z) / *K)) % 4; /* sgn = 0, 1, 2, 3 */

sgn ^= sgn >> 1; /* (sgn & 1) = 0, 1, 1, 0 */

sgn = 1 - ((sgn & 1) << 1); /* sgn = 1, -1, -1, 1 */

*cn = ((FLOAT) sgn) * sqrt(ONE - *sn * *sn);

*dn = sqrt(ONE - k*k* *sn * *sn);

}

Fig. 1. The procedure sncndnK computes sn(z, k), cn(z, k), dn(z, k), and K(k). It
is essentially a wrapper for the routine arithgeom shown in Figure 2. The sign of
cn(z, k) is defined to be −1 if K(k) < z < 3K(k) and +1 otherwise, and this sign is
computed by some quite unnecessarily obfuscated bit manipulations.

static FLOAT arithgeom(FLOAT z, FLOAT a, FLOAT b, FLOAT* agm) {

static FLOAT pb = -ONE;

FLOAT xi;

if (b <= pb) { pb = -ONE; *agm = a; return sin(z * a); }

pb = b;

xi = arithgeom(z, HALF*(a+b), sqrt(a*b), agm);

return 2*a*xi / ((a+b) + (a-b)*xi*xi);

}

Fig. 2. Recursive implementation of Gauss’ arithmetico-geometric mean, which is
the kernel of the method used to compute the Jacobi elliptic functions with para-
meter k where 0 < k < 1. The function returns a value related to sn(z, k′), and
also sets the value of *agm to the arithmetico-geometric mean. This value is simply
related to complete elliptic function K(k′) and also determines the sign of cn(z, k′).
The algorithm is deemed to have converged when b ceases to increase: this works
whatever floating point precision FLOAT is specified.
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with cm ≡ sn(2iK′m/n, k)−2 and c′m ≡ sn(2iK′(m − 1
2
)/n, k)−2. We may evaluate

the coefficients cm and c′m by using Jacobi’s imaginary transformation (7),

cm = −
[
cn(2K′m/n, k′)

sn(2K′m/n, k′)

]2
, c′m = −

[
cn(2K′(m− 1

2
)/n, k′)

sn(2K′(m− 1
2
)/n, k′)

]2
.

We also know that M =
∏⌊ 1

2
n⌋

m=1 (1 − cm)/(1 − c′m), and 1/λ = (ξ̄/M)
∏⌊ 1

2
n⌋

m=1 (1 −
cmξ̄

2)/(1 − c′mξ̄
2) with ξ̄ ≡ sn(K + iK′/n, k). We may use the addition formula

to express the Jacobi elliptic functions of complex argument in terms of ones with
purely real or imaginary arguments, so

ξ̄ = sn

(
K +

iK′

n
, k

)
=

snK cn iK′
n

dn iK′
n

+ sn iK′
n

cnK dnK

1 −
(
k snK sn iK′

n

)2

=
cn iK′

n
dn iK′

n

1 −
(
k sn iK′

n

)2 =
cn iK′

n

dn iK′
n

.

These may be converted to expressions involving only real arguments by the use of
Jacobi’s imaginary transformation (7),

sn

(
iK′

n
, k

)
=
i sn
(

K′
n
, k′
)

cn
(

K′
n
, k′
) ,

cn

(
iK′

n
, k

)
=

√√√√1 +

[
sn
(

K′
n
, k′
)

cn
(

K′
n
, k′
)
]2

=
1

cn
(

K′
n
, k′
) ,

dn

(
iK′

n
, k

)
=

√√√√1 +

[
k sn
(

K′
n
, k′
)

cn
(

K′
n
, k′
)
]2

=
dn
(

K′
n
, k′
)

cn
(

K′
n
, k′
) ,

giving the simple result ξ̄ = 1/ dn(K′/n, k′).
Putting these results together we have

R(x) = Ax

⌊ 1
2

n⌋∏

m=1

x2 − am

x2 − a′m

with

am =
k2

cm
= −

⎡

⎣k
sn
(

2K′m
n

, k′
)

cn
(

2K′m
n

, k′
)

⎤

⎦

2

, a′m =
k2

c′m
= −

⎡

⎣k
sn
(

2K′(m− 1
2
)

n
, k′
)

cn
(

2K′(m− 1
2
)

n
, k′
)

⎤

⎦

2

,

A =
2

1 + 1/λ

1

k

⌊ 1
2

n⌋∏

m=1

cm
c′m

(
1 − c′m
1 − cm

)
, ∆ =

1 − λ

1 + λ
,

where ∆ is the maximum error of the approximation.
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Summary. We use a continued fraction expansion of the sign–function in order to
obtain a five dimensional formulation of the overlap lattice Dirac operator. Within
this formulation the inverse of the overlap operator can be calculated by a single
Krylov space method and nested conjugate gradient procedures are avoided. We
point out that the five dimensional linear system can be made well conditioned
using equivalence transformations on the continued fractions.

1 Introduction

Let us start with noting the overlap Dirac operator D describing chirally symmetric
fermions on the lattice [1],

D =
1

2

(
1 + γ5sign

(
H(−m)

))
, (1)

where H(−m) is a hermitian Dirac operator with a negative mass parameter −m
of the order of the cut-off of the lattice theory, m ∼ O(1/a). A bare quark mass µ is
most conveniently introduced as D(µ) = (1−µ)D+µ. In order to calculate efficiently
the sign–function in eq.(1) one can use a rational approximation sign(x) ≃ Rn,m(x)
where Rn,m is a (nondegenerate and irreducible) rational function with algebraic
polynomials of order n and m as numerator and denominator, respectively. Rational
approximations usually converge much faster with their degree than polynomial
approximations, but of course for our specific application it might still be much more
expensive to apply the low degree denominator of the rational function than to apply
a high order polynomial. However, noting that a rational function can be expanded as
a partial fraction by matching poles and residues, i.e., Rn,m(x) ∼ x

∑
k ck/(x

2 +qk),
one can use a multi–shift linear system solver where the convergence is governed by
the smallest of the shifts qk. The overall cost is therefore roughly equivalent to one
inversion of H2.

In order to do physics we need to compute inverses of the overlap operator D(µ)
to obtain propagators, fermionic forces for Hybrid Monte Carlo, etc. If we consider
the multi–shift linear system above, we realise that the inversion of D(µ) leads to a
two–level nested linear system solution, which is rather cumbersome and forbidding.
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It is well known how this can be avoided [2, 3]: by introducing a continued fraction
representation of the rational approximation and auxiliary fields, the non–linear
system D(µ)ψ = χ can be unfolded into a set of systems linear in H. The auxiliary
fields can be interpreted as fields living in a fictitious fifth dimension and in this
way the nested 4D Krylov space problem reduces to finding a solution in a single 5D
Krylov space. One can also regard the auxiliary fields as additional fermion flavours
which, when integrated out, generate an effective Dirac operator equivalent to D(µ).

2 Matrix Representation of the Sign–function

Consider a rational approximation to the sign–function and expand it as a continued
fraction3,

R2n+1,2n(x) = α0x+
α1

x+
· · ·

· · · +
α2n

x

. (2)

If we rewrite the linear system

(
α0x+

α1

x+ ···
···+ α2n

x

)
ψ = χ (3)

using appropriate auxiliary fields φ1, φ2, . . . , φ2n we obtain the system

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

α0x
√
α1√

α1 −x √
α2√

α2 x

. . .

−x √
α2n√

α2n x

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

ψ
φ1

φ2

...
φ2n−1

φ2n

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

χ
0
0
...
0
0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. (4)

By performing explicitly a UDL decomposition it is easy to see that eq.(2) is just
the Schur complement with respect to the (2 : 2n+1, 2 : 2n+1) block of the matrix,
and that eq.(4) reduces to eq.(3).

The rational function can also be mapped into a so–called simple continued
fraction

R2n+1,2n(x) = β0x+
1

β1x+
· · ·

· · · +
1

β2nx

which leads to a different matrix

3Note that since polynomial approximations can also be expanded into continued
fractions all our considerations apply to them as well.
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⎛

⎜⎜⎜⎜⎜⎜⎜⎝

β0x 1
1 −β1x 1

1 β2x

. . .

−β2n−1x 1
1 β2nx

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

,

and we find that the αi’s and βi’s are related through

β0 = α0, β1 =
1

α1
, . . . , βi =

1

αiβi−1
, . . . ,

α0 = β0, α1 =
1

β1
, . . . , αi =

1

βi−1βi
, . . . .

In order to understand the relation between different continued fraction represen-
tations of the same rational function in detail we need to take a closer look at the
properties of continued fractions (see e.g.[4, 5]).

3 Continued Fractions

A generic (truncated) continued fraction An

Bn
is conveniently written as

An

Bn
= β0 +

α1|
|β1

+
α2|
|β2

. . .+
αn

βn
.

Simple continued fractions have the property αi = 1, i = 1, ..., n and one usually
writes

An

Bn
= [β0;β1, β2, . . . , βn] .

Continued fractions are widely used in many areas of physics and mathematics,
in particular also in number theory. Finite continued fractions provide an alternative
representation of rational numbers and form the basis of rational approximation the-
ory. Infinite continued fractions on the other hand can be used to represent irrational
numbers. Some numbers have beautiful continued fraction expansions while others
have very mysterious ones. Let us quickly note a few examples for our amusement:

φ = [1; 1, 1, 1, 1, . . .],√
2 = [1; 2, 2, 2, 2, . . .],

e = [2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, 8, 1, 1, 10, 1, . . .],

π = [3; 7, 15, 1, 292, 1, 1, 1, 2, 1, 3, 1, . . .],

where φ = 1
2
(1 +

√
5) is the golden mean. It is interesting to note that there is no

regular pattern known for π, and it is not known why this is so.
Evaluation of continued fractions can be done through forward or backward

recurrence algorithms, and the former makes use of the intimate relation between
continued fractions and the coupled two term relations

A−1 = 1, A0 = β0, B−1 = 0, B0 = 1,

Ai = βiAi−1 + αiAi−2, i = 1, 2, 3, . . . ,

Bi = βiBi−1 + αiBi−2, i = 1, 2, 3, . . . ,
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which can equivalently be written as an iterative matrix equation,

(
Ai

Bi

)
=

(
Ai−1 Ai−2

Bi−1 Bi−2

)(
βi

αi

)
.

There is also an interesting connection between continued fractions, Moebius trans-
formations and the corresponding unimodular matrices.

The natural arithmetic operation for continued fractions is inversion and the
corresponding rule is particularly simple:

[β0;β1, . . . ]
−1 =

{
[0;β0, β1, . . . ] if β0 �= 0,
[β1;β2, . . . ] if β0 = 0.

It is also helpful to write down the rule for the multiplication of a continued fraction
by a constant c,

c · [β0;β1, . . . , βn] = [c · β0;
β1

c
, c · β2,

β3

c
, c · β4, . . . ].

Most important for our purpose, however, is the equivalence transformation of a
continued fraction which is stated in the following theorem:

Theorem 1. Two continued fractions β0 + α1|
|β1

+ . . .+ αn

βn
and β′

0 +
α′

1|
|β′

1
+ . . .+

α′
n

β′
n

are equivalent iff there exists a sequence of non–zero constants cn with c0 = 1 such
that

α′
i = cici−1αi, i = 1, 2, 3, . . . , n,

β′
i = ciβi, i = 0, 1, 2, . . . , n.

The theorem is easily seen to hold true by explicitly writing out the full continued
fraction,

β0 +
α1

β1 +
α2

β2 +
· · ·

· · · +
αn

βn

= β0 +
c1α1

c1β1 +
c1c2α2

c2β2 +
· · ·

· · · +
cn−1cnαn

cnβn

and it is also clear that in terms of approximants we simply have An

Bn
= c1c2...cnAn

c1c2...cnBn
.

So we find that a given rational function corresponds to an equivalence class of
continued fractions and the class is parametrised by the (non–zero) coefficients ci.
While the equivalence transformation itself appears to be rather trivial, and indeed
leaves the value of the continued fraction invariant, it affects the spectrum of the
corresponding matrix representation [3].

In the analytic theory of continued fractions one considers continued fractions
of the form

β0(z) +
α1(z)|
|β1(z)

+
α2(z)|
|β2(z)

+ . . . ,

i.e., the coefficients are functions of a complex variable z. So–called J–fractions are
of the special form

[0; r1z + s1, r2z + s2, r3z + s3, . . . ],
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where ri, si are complex numbers with ri �= 0. One can show that the n-th approxi-
mant of a J–fraction is an element of Rn−1,n. Conversely, let

Pn−1(z) = p1z
n−1 + p2z

n−2 + . . .+ pn ,

Qn(z) = q0z
n + q1z

n−1 + . . .+ qn ,

then we have
Pn−1(z)

Qn(z)
= [0; r1z + s1, r2z + s2, . . . , rnz + sn]

where ri, si are uniquely determined by pi, qi. We can now replace z by −z, apply
an appropriate equivalence transformation and, using the fact that Pn−1(z)/Qn(z)
is odd, we find si = 0 from uniqueness. Therefore we can always write

z
Pn−1(z

2)

Qn(z2)
= [0; k1z, k2z, k3z, . . . , kmz] ,

where m = 2n− 1 for Qn(0) = 0, or m = 2n for Qn(0) �= 0.

4 Application to the Overlap Operator

We are now in a position to apply our knowledge to find the solution to the equation
2

1−µ
γ5D(µ)ψ = χ. Collecting the results from the previous two sections we obtain

an equivalence class of five dimensional linear systems

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

Aγ5 + k0H c1
c1 −c21k1H c1c2

c1c2 c22k2H

. . .

−c22n−1k2n−1H c2n−1c2n

c2n−1c2n c22nk2nH

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

ψ
φ1

φ2

...
φ2n−1

φ2n

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

χ
0
0
...
0
0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

where the ki’s and n are uniquely determined by the given rational approximation
to the sign–function, the ci’s parametrise the corresponding equivalence class and
A = 1+µ

1−µ
. It is now crucial to see how the spectrum of the five dimensional matrix

depends on the free parameters ci as we already emphasised in the last section.
While for a generic set of parameters the five dimensional system is usually ill–
defined, the condition number can be kept under control with a clever choice of
ci’s [3, 6] enabling one to optimise the matrix, e.g., for fast inversions. As was
pointed out in [3] the equivalence transformations can be understood as a block
Jacobi preconditioning without any computational overhead. The particularly simple
structure of the five dimensional operator allows improvements in various directions:
one can easily change and optimise the hermitian overlap kernel H or apply various
well known preconditioning techniques such as an even–odd or ILU decomposition
[6].

It is instructive to see that the first auxiliary field disentangles γ5 from the
sign–function, i.e., (A · γ5 + sign(H))ψ = χ maps into

(
A · γ5 c
c −c2sign(H)

)(
ψ
φ

)
=

(
χ
0

)
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where we used sign = sign−1. Additional fields are then only used to generate the
sign–function (or its approximation, respectively). We now have two systems which
can be easily solved,

ψ =
1

A
γ5(χ− cφ), φ =

1

c
sign(H)ψ,

yielding recursion relations for ψ and φ,

ψ(i+1) =
1

A
γ5(χ− sign(H)ψ(i)), φ(i+1) =

1

A
sign(H)γ5(

1

c
χ− φ(i)).

Equivalently, there are recursion relations for the residuals and one can show that

|r(i)ψ,φ| =
(1 − µ

1 + µ

)i

|r(0)ψ,φ|.

Of course one can use a similar recursive scheme for the case where sign(H) is
expressed as a continued fraction and one has several auxiliary fields.

Projection of eigenvectors of H close to 0 is a valuable tool to improve ap-
proximations to the overlap operator and here it is straightforward to implement.
However, we wish to point out that in this formulation it might not be necessary at
all. Consider the linear system in the lower right corner,

c2n−1c2nφ2n−1 − c22nk2nHφ2n = 0. (5)

For a typical rational approximation to the sign–function we have k2n ≫ 1 and
with the choice c2n ≃ 1/

√
k2n+1 ≪ 1. So it turns out that the system in eq.(5) is

essentially equivalent to finding eigenvectors of H close to zero, i.e., the two Krylov
spaces possibly have a large overlap. Indeed a truncation in the fifth dimension, i.e.,
of a given continued fraction, changes the approximation only in the neighbourhood
around H = 0 and therefore provides a natural truncation scheme for approxima-
tions of fixed accuracy. It also opens up the possibility of applying successively better
approximations to the overlap operator which are ultra–local in five dimensions.

5 Summary and Outlook

We have shown how to use a continued fraction expansion of the sign–function in
order to obtain a five dimensional formulation of the overlap lattice Dirac operator.
We have pointed out that the operator can be made well conditioned using equiva-
lence transformations on the continued fractions. It is now important to investigate
in detail strategies to exploit this freedom in practical applications and such a study
is under way [6]. If successful, and first results indicate that this is indeed the case,
the formulation would provide a valuable alternative for the simulation of dynamical
chiral fermions.
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