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Preface

We present a recent advancement in the theory of transport phenomena based on
the Fermi liquid theory. In conventional metals, various transport coefficients are
scaled by the quasiparticles relaxation time, 7, which implies that the relaxation
time approximation (RTA) holds well. However, such a simple scaling does not
hold in many strongly correlated electron systems, reflecting their unique elec-
tronic states. The most famous example would be cuprate high-7, superconductors
(HTSCs), where almost all the transport coefficients exhibit a significant deviation
from the RTA results. Similar anomalous transport phenomena have been
observed in metals near their antiferromagnetic (AF) quantum critical points
(QCPs). Now, we have to demonstrate whether the anomalous transport phe-
nomena in HTSC is the evidence of non-Fermi liquid ground state, or it is just the
violation of the RTA in strongly correlated Fermi liquids. For these purpose, we
develop a method for calculating various transport coefficients beyond the RTA by
employing field theoretical techniques.

In a Fermi liquid, collisions between excited quasiparticles induce a finite
current in the Fermi sea, which is called current vertex correction (CVC). The
existence of CVC was first noticed by Landau. On the basis of the Fermi liquid
theory, we develop a transport theory involving resistivity and Hall coefficient by
including the CVC to satisfy the conservation laws. We find that the CVC exhibits
singular momentum dependence in a nearly AF Fermi liquid, which is induced by
the strong backward scattering due to AF fluctuations. Evidently, this fact explains
the significant enhancement in the Hall coefficient, magnetoresistance, thermo-
electric power, and Nernst coefficient in nearly AF metals. This fact strongly
suggests the validity of the Fermi liquid description of HTSCs for a wide range of
doping; from over-doped to slightly under-doped regime. Further, the present
theory can explain very similar anomalous transport phenomena occurring in
CeMIn5 (M = Co or Rh), which is a heavy-fermion system near the AF QCP, and
in the organic superconductor x-(BEDT-TTF).

In this text, we also discuss the interesting spin-related transport phenomena
that are widely observed in various d- and f-electron systems. In multiband sys-
tems with spin—orbital interaction, the Bloch electron acquires the trajectory- and

vii



viii Preface

spin-dependent Berry phase, which works as the spin-dependent outer magnetic
field. This mechanism presents the anomalous Hall effect (AHE) in ferromagnetic
metals and spin Hall effect (SHE) in paramagnetic metals. The Hall conductivity
due to this mechanism is independent of 7, in highly contrast to the ordinary Hall
conductivity ag;d o 72. Due to this fact, the SHC and AHE are called the quantum
transport phenomena. In Part I, we explain how to calculate these quantum
transport phenomena based on the Nakano-Kubo formula. In Part I, we study the
“giant SHE” that are recently observed in various transition metals, which attracts
great attention for the application of the spintronics. We also study the “spin-
structure-driven AHE” realized in several pyrochlore compounds.

Recently, various new strongly correlated compounds with spin and orbital
degrees of freedoms had been synthesized intensively, by which the condensed
matter physics acquires rich variety. One of the example is the Fe-based HTSC
discovered by Kamihara and Hosono in 2008. We hope that the present text would
be helpful in developing the modern transport theory for these new materials.

I had started the study of transport phenomena in correlated metals during the
master course in the Department of Physics of Kyoto University, under the
supervision of Prof. Kosaku Yamada. I would like to deeply acknowledge Prof.
Kosaku Yamada, Prof. Kazuo Ueda, Prof. Dai S. Hirashima, Prof. Jun-ichiro
Inoue, Prof. Masatoshi Sato, Prof. Yuji Matsuda, Prof. H. D. Drew, Prof. Tetsuro
Saso, Dr. Kazuki Kanki, Dr. Seiichiro Onari, Dr. Yasuyuki Nakajima, and all other
collaborators for fruitful guidances and collaborations.

Nagoya, Japan, September 2012 Hiroshi Kontani
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Basic Concept



Chapter 1
Introduction

1.1 Relaxation Time Approximation (RTA) and Current
Vertex Correction (CVC)

Due to the study of transport phenomena in metals, we can extract various impor-
tant information with regard to the electronic states. In conventional metals, various
transport phenomena are governed by a single parameter, namely, the quasiparticle
relaxation time 7. That is, the relaxation-time-approximation (RTA) holds in con-
ventional metals [1]. For example, resistivity p is proportional to 7!, and 77! o T2
in conventional Fermi liquids. The Hall coefficient Ry is independent of 7, and the
magnetoresistance Ap/py is proportional to 7~2. The thermoelectric power S is pro-
portional to 7 whereas independent of 7 for a wide range of temperatures. The signs
of Ry and S represent the type of carrier (i.e., electrons or holes). These Fermi liquid
behaviors are well explained by the RTA.

In strongly correlated electron systems, however, abovementioned conventional
Fermi liquid behaviors are frequently violated. For example, in cuprate high-7; super-
conductors (HTSCs), both Ry and S/T show strong T-dependence and strongly
enhanced at low temperatures [2—13]. For example, 1/e¢|Ry]| is considerably greater
than the electron density in optimally- or under-doped systems. Similar “non-Fermi-
liquid-like behaviors™ are also observed in organic superconductors [14—17] and
heavy-fermion systems (f-electron systems) [18-21]. Apparently, a simple RTA
does not work well in these metals. To obtain significant information from the trans-
port phenomena in strongly correlated systems, we had to develop the theory beyond
the RTA.

In this textbook, we try to understand the origin of the non-Fermi-liquid-like
transport properties in cuprate HTSCs, which have been intensively studied as
one of the central issues. To understand transport anomaly, various non-Fermi-
liquid ground states had been proposed. For example, P. W. Anderson considered
the resonating-valence-bond (RVB) state, in which the elementary excitations are
described by spinons and holons. It is considered that holons, whose density is small
inunder-doped systems, are responsible for the anomalous transport [6, 22, 23]. Also,
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4 1 Introduction

a lot of efforts have been payed to understand the transport anomaly based on the
assumption of the Fermi-liquid ground state. Within the RTA, transport coefficients
were calculated based on the nearly antiferromagnetic (AF) Fermi liquid picture
[24-27]. However, only a limited experimental results could been understood in
both kinds of studies, so the true ground state had been unclear.

In interacting electron systems, a quasiparticle excitation is decayed by creating
particle-hole excitations by collisions, and the current given by the latter excitations
are represented by the current vertex correction (CVC). The CVCis closely related to
the conservation laws, which is described by the Ward identity in the field theory [28—
33]. The significance of the CVC had been recognized historically, although the CVC
is dropped in the RTA. For example, Landau discussed the CVC in a spherical model,
which is called the backflow in the phenomenological Fermi liquid theory [28-30].
In general, the CVC can be significant in strongly correlated systems. However, its
effect in cuprate HTSCs has not been studied well until recently.

In this textbook, we develop the transport theory based on the Fermi-liquid ground
picture: We discuss the role of CVC in nearly AF Fermi liquids, such as HTSCs,
organic metals, and heavy-fermion systems near the magnetic quantum critical point
(QCP), and find that the prominently developed CVC entirely modifies the RTA results
[34—41]. In a Fermi liquid, the transport coefficients are described by the total current
Jx, which is expressed as a sum of quasiparticle velocity vk and CVC [42-49].
In the present study, we find that the Jx in nearly AF metals shows anomalous
k-dependence due to the CVC. This is the origin of the transport anomalies in nearly
AF metals, such as Ry, Ap/po, S, and the Nernst coefficient (v). We confirm this
idea by performing a numerical study based on the FLEX + CVC theory. In this
approximation, the Coulomb interaction U is the only fitting parameter.

Here, we demonstrate the physical meaning of CVC in an isotropic model
[28-30]. In the RTA, we consider an excited quasiparticle at k in Fig. 1.1 as if it
annihilates after the relaxation time. In this approximation, the conductivity due to
a quasiparticle at k is proportional to the mean free path vi7k. Since 7 oc T2
in a Fermi liquid [28-30], the resistivity according to the RTA, pR™ o 771, is
finite. However, this result is not true since the momentum conservation law ensures
zero resistivity in the absence of Umklapp processes [44]. The correct answer (zero
resistivity) is recovered by considering all the relevant normal scattering process as
shown in Fig. 1.1: When a quasiparticle at k is scattered to k + q after the relaxation
time T7x, a particle-hole pair (at k" — q and k') should be created according to the
momentum and energy conservation laws. The CVC represents the current conveyed
by the particles at (K+q, K’ — q) and a hole atK', which emerge during the scattering
process. Therefore, the zero-resistivity in the absence of the Umklapp process are
explained by considering the CVC [44].

Therefore, the conservation law is a very important constraint on the transport
properties. In the RTA, however, the conservation law is violated because of neglect-
ing the CVC [44, 47]. In this textbook, we find that the CVC is very significant in
nearly AF metals, since it is the origin of a variety of anomalous transport phenomena
in such metals.
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Fermi sea

decays.

current by excited

QPs =CVC

Fig. 1.1 Decay process of a quasiparticle (QP) at k. After the relaxation time 7, the quasiparticle
at k collides with another quasiparticle at K’ in the Fermi sea. As a result, the two quasiparticles
(k + q and K’ — q) and one quasi-hole (k') are created. The total momentum is conserved in this
process

1.2 Non-Fermi-Liquid-Like Transport Phenomena
in Cuprate High-7, Cuprates

In cuprate HTSCs, almost all the transport phenomena deviate from the conventional
behaviors in Fermi liquids, referred to as the non-Fermi liquid behaviors [50, 51].
These phenomena have been studied intensively in order to reveal the true ground
state in HT'SCs.

The Fermi liquid theory has been developed and applied to cuprate HTSCs
by many authors [52]. By using the self-consistent renormalization (SCR) theory,
Moriya, Takahashi and Ueda explained that the correct superconducting (SC) order
parameter d,2_ > as well as T-linear resistivity are derived from the strong AF fluc-
tuations [53-56]. Based on a phenomenological spin fluctuation model, Monthoux
and Pines performed a quantitative analysis for optimally-doped YBCO [57].

As for the study based on the Hubbard model, several authors revealed the appear-
ance of d-wave SC state based on the random-phase-approximation (RPA) [58, 59].
Later, Bickers et al. studied the square-lattice Hubbard model according to a self-
consistent RPA, called the fluctuation-exchange (FLEX) approximation [35, 60-62].
These spin fluctuation theories have succeeded in reproducing various non-Fermi-
liquid behaviors in HTSCs, such as the nuclear spin-lattice relaxation rate given
by NMR/NQR measurements, 1/T1T Zq Imxf] (W) /wl|y=0 T-1. Moreover,
reflecting the T'-dependence of spin fluctuations, the relation 1/7 o T is realized in
2D systems. Therefore, famous T '-linear resistivity in HTSC,

pox /7T, (1.1)

is also explained. (The Fermi liquid behavior 1/7 o T? will recover at very low
T if we can suppress the superconductivity.) These spin fluctuation theories suc-
cessfully reproduce various non-Fermi-liquid-like behaviors in HTSCs except for
the under-doped region |1 — n| < 0.1, where n is the number of electrons per site
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[63-67]. A schematic phase diagram of HTSC is shown in Fig. 1.2. The d,>_2-wave
symmetry in the SC state was confirmed by phase-sensitive measurements [68—70],
and tunneling spectroscopy [71]. dy2_2-wave SC state was also derived according
to the third-order-perturbation theory with respect to U [72].

Regardless of the success of the Fermi liquid theory during the 1990s, the anom-
alous transport phenomena in HTSCs remained unresolved (except for the resistivity)
for a long time. The failure the RTA results was frequently considered as a hallmark
of the breakdown of the Fermi liquid state in cuprates. In HTSCs, | Ry| increases
below Ty ~ 600K as

Ry x1/T (1.2)

above the pseudo-gap temperature 7* ~ 200K, and |Ry| > 1/ne at T* [2, 3, 73].
The sign of Ry is positive in hole-doped systems such as La;_sSrsCuQO4 (LSCO)
[2-4], YBa;Cu307_5 (YBCO) [5, 6] and Tl,Ba;CuOg,5 (TBCO) [7]; however,
it is negative in electron-doped systems such as Nd;_5CesCuO4 (NCCO) [8] and
Pry_5CesCuO4 (PCCO) [9], even though the angle resolved photoemission (ARPES)
measurements resolved hole-like Fermi surfaces [74, 75]. The experimental T -
dependences of Ry for LSCO and NCCO are shown in Fig. 1.3. The magnetore-
sistance of HTSCs also shows strong temperature dependence as

Ap/po o< T™* (1.3)

for a wide range of temperatures in LSCO [13, 76, 77], YBCO [76] and TBCO [78].
These results completely contradict with Kohler’s rule (Ry o const. and Ap/pp o
Po 2 given by the RTA for a single-band model. Interestingly, the following “modified
Kohler’s rule” holds well for optimally-doped LSCO [13, 76], 90 and 60K YBCO
[76] and TBCO [78]:

Ap/po o tan” Oy, (1.4)

Fig. 1.2 Schematic phase AT
diagram of HTSC. AF spin - -
fluctuations start to increase Ty, -~ N Ty
below Ty. At the same time, , AN
Ry starts to increase. Below !
T* (in the pseudo-gap region),

the AF fluctuations are sup-

pressed since the strong SC

fluctuations reduce the density

of states at the Fermi level,

which is called the pseudo-gap

300K

AF -
-1 0.7

2 n
electron doping hole doping
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Fig. 1.3 Experimental Hall coefficient and the thermoelectric power for LSCO and NCCO.
(Ref.[2, 3])

where tan ®y = 0,y /0y, is the Hall angle. This rule strongly suggests that the
anomalous behaviors of the Hall effect and the magnetoresistance have the same
origin. Below T*, however, Ry decreases whereas Ap/pg increases further [79].
Thus, the modified Kohler’s rule is not well applicable below T* [80-82].

For a long time, anomalous transport phenomena have been considered as one of
the strongest objection against the Fermi liquid description of HTSCs. For exam-
ple, to explain Eqs. (1.1)—(1.4), Anderson introduced the Tomonaga-Luttinger model
with two types of relaxation times. However, it is not obvious how to describe the
crossover from the Tomonaga-Luttinger liquid state to the Landau-Fermi liquid state
with doping. On the other hand, we should verify the reliability of the RTA before
abandoning the Fermi liquid picture, since the RTA sometimes yields unphysical
results in correlated metals because of the violation of conservation laws [44]. In
this text, we study the Fermi liquid description for HTSC, starting from the well-
established Fermi liquid state in the over-doped region [52]. We explain that the
anomalous transport phenomena in cuprate HTSCs are understood based on the
Fermi liquid theory by including the CVC.

Here, we discuss the pseudo-gap phenomena in slightly under-doped systems
below T* ~ 200 K, which is also one of the most important issues in HTSC. 1/T; T
starts to decrease below T*, which means that the AF fluctuations are suppressed
in the pseudo-gap region [83-87]. According to ARPES measurements, prominent
deep pseudo-gap appears in the density of states (DOS) below T* [88-91]. A sim-
ple spin fluctuation theory cannot explain the various anomalous phenomena in the
pseudo-gap region. One possible origin would be the strong SC fluctuations [92-94],
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which are induced by the AF fluctuations [95-97]. In Chap. 6, we study the transport
phenomena below 7™ by taking account of the CVC due to both spin and SC fluctua-
tions. However, recent STM/STS and ARPES measurements indicate the occurrence
of a novel density order in heavily under-doped compounds [98—101]. Therefore, we
have not yet achieved the whole understanding of the pseudo-gap phenomena.

1.3 Non-Fermi Liquid Transport Phenomena in CeMIns
(M = Co, Rh, or Ir) and x-(BEDT-TTF)

In twenty-first century, it has been found that transport coefficients frequently exhibit
striking deviations from the Fermi liquid behaviors in strongly correlated metals.
In particular, anomalous transport properties similar to Egs.(1.1)—-(1.4) have been
observed in many systems with strong magnetic fluctuations such as x-(BEDT-
TTF)2X [X = Cu[N(CN);]Br [14], X = Cu[N(CN)2]CI [15, 16], X = Cu(NCS),
[16, 17]], k-(BEDT-TTF)4Hg, goBrg [16], and CeMIns (M = Co, Rh) [18, 19].
BEDT-TTF is an abbreviation of bis(ethylenedithio)tetrathiafulvalene. These exper-
imental facts strongly suggest that the anomalous transport phenomena are not spe-
cific to HTSCs, but universal in nearly AF Fermi liquids [19].

k-(BEDT-TTF) is a layered organic compound made of BEDT-TTF molecules.
The d-wave superconductivity can be realized in a wide region of the pressure-
temperature (P-T') phase diagram, adjacent to the AF insulating states [102]. For
example, Cu[N(CN),]ClI salt at ambient pressure is an AF insulator, with its Néel
temperature 7y = 27 K. Under pressure, 7N decreases and superconductivity appears
via a weak first order transition; The maximum 7. is 13K at 200 bar. An effective
theoretical model is given by the anisotropic triangular lattice Hubbard model at
half-filling [103]. Using the FLEX approximation, the phase diagram of x-(BEDT-
TTF) is well reproduced, and the d-wave superconductivity is expected to be realized
[104-106]. In addition, anomalous transport phenomena in xk-(BEDT-TTF) [14-17]
are quantitatively reproduced by the FLEX 4 CVC theory [107].

CeMIns is a quasi two-dimensional (2D) heavy-fermion compound with weak
in-plane anisotropy p./pa.» ~ 2 [108—110]. At ambient pressure, CeColns is a
superconductor with 7, = 2.3 K. The electronic specific heat coefficient v has
been measured to be 300 mJ/K?>mol at T 2 Tc. In Celrlns, T, = 0.4K and
v = 680 mJ /K2 mol. At ambient pressure, CeRhIns is an AF metal with Ty = 3.8 K,
and it undergoes a SC transition at P. = 2 GPa, indicating that the AF quantum crit-
ical point (QCP) is located at P.. The T-dependence of the NMR relaxation rate
Tfl indicate the presence of quasi 2D AF spin fluctuations in the normal state [111,
112]. The measurements of the angle resolved thermal conductivity [113, 114] and
specific heat [115, 116] revealed that the symmetry of the SC state exhibits d-wave
symmetry. Furthermore, the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) SC state has
been observed [117-121].
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In CeMIns, Eqgs.(1.1)—(1.4) are satisfied very well, and |Ry/ne| ~ 50 is sat-
isfied in CeRhIns near the AF QCP [18, 19]. The Nernst coefficient v is also
strongly enhanced [122].! In addition, modified Kohler’s rule (1.4) is well satisfied
for0 < H < 3 Tesla, irrespective that both o, /H and (Ap/po)/H 2 are drastically
suppressed by a very weak magnetic field (H > 0.1 Tesla) near the AF QCP [18,
19]. These results can be understood by considering the (field-dependence of) CVC
based on the quasi 2D Hubbard model [124].

1.4 Fermi Liquid or Non-Fermi Liquid?

In this text, we assume that the Fermi liquid ground state is realized in a wide range
of the phase diagram in cuprate HTSCs. Based on this idea, we study the anomalous
transport phenomena by taking the CVC into account, which is a main-body effect
overlooked in previous studies. Our final aim is to explain the anomalous transport
phenomena in various nearly AF Fermi liquids in a unified way, including HTSC,
heavy fermions and organic metals.

However, it is a nontrivial question whether the Fermi liquid state is realized in
two-dimensional strongly correlated electron systems near the half-filling. In fact, the
Fermi liquid state seems to be broken in heavily under-doped HTSCs. In the infinite
dimension Hubbard model, the Fermi liquid state with heavy mass is realized next to
the Mott insulating state [125, 126]. In 2D Hubbard models [127], it was rigorously
proved that the limit value of the interaction U, below which the Fermi liquid state
might be realized, is finite. However, in strongly correlated 2D systems, an exotic
non-Fermi liquid ground state may be realized next to the Mott insulating state due
to the strong thermal and quantum fluctuations.

To study the strong correlation effect in HTSCs, the + — J model has been fre-
quently analyzed. The r — J model is derived from the Hubbard model (or d — p
model) by a canonical transformation, by excluding the double occupancy of holes
to represent the strong Coulomb interaction. It is given by

n.n
H = Z PG(li,jC,TUCj(f +ho)Pc+J Z S;-S; (1.5)
(i,j)o (i.))

where Pg represents the exclusion of the doubly occupied state, #; ; is the hopping
integral between (i, j) sites, and J is the superexchange energy between the neighbor-
ing spins. J = 0.10 ~ 0.14meV in real HTSCs. In the #-J model, the Hilbert space
with high-energy state is eliminated by Pg, which enables us to perform numeral
calculations easier or to invent new approximations. Based on the #-J model, var-
ious versions of the new fluid have been proposed, with novel kinds of excitation,

! Note that the sign of v in CeColns is positive according to the definition of the present paper
[Eq. (6.5)]. See also Ref. [123].
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many involving gauge theories of spin-charge separated spinons and holons [22, 23,
128-130]. The exact diagonalization technique [131, 132] has been applied to the
square-lattice #-J model. The ground state phase diagram of the 7-J model has been
studied using the variational Monte Carlo method [133-135], and it was found that
the d,>_ >-wave SC state is realized in a wide range of the phase diagram. Unfortu-
nately, quantum Monte Carlo (QMC) simulation for #-J model is difficult because
of a serious negative sign problem. Instead, QMC simulation for the Hubbard model
with moderate value of U [136, 137] have been performed intensively.

On the other hand, some authors have considered non-Fermi liquid ground states
due to novel quantum criticalities, other than a conventional spin QCP [64, 138, 139].
For example, Varma et al. proposed that the marginal Fermi liquid state is realized
in HTSCs, where the k-independent self-energy is given by [138]

X (w+1id) = AMwln(we/x) —ix), (1.6)

where x = max(|w|, 7T), A is a coupling constant, and w, is a cutoff energy.
This state is not a Fermi liquid since the quasiparticle renormalization factor z =
(1 — OReX/0w)~! = (1 + Mn(w,/x))~" vanishes logarithmically as (w, T) — 0.
The self-energy in Eq.(1.6) can be derived if electrons couple to the following k-
independent charge and spin fluctuations that are singular at 7 = 0:

ImP(w +id) o« min(|w|/T, 1). (1.7)

In this model, p o« —ImX (i) = T, 1/T'T x ImP(w)/w|y—=0 x 1/T, and
the optical conductivity is o (w) o (w — iAx)~!. They are typical non-Fermi liquid
behaviors in HTSCs. A microscopic derivation of the k-independent quantum critical
fluctuations is an important issue.
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Chapter 2
Fluctuation Theory

2.1 Phenomenological Spin Fluctuation Model

Here, we discuss the phenomenological dynamical spin susceptibility Xfl (w) innearly
AF metals. We use the unit ¢ = h = kg = 1 hereafter. This is the most important
physical quantity in such metals since it is the origin of various non-Fermi liquid
behaviors in HTSCs. The functional form of Xf] (w) is given by [1-5]

s X0
- , 2.1
Xal) %1+53F<q—0>2—iw/wsf D

where Q = (&£, ) is the antiferromagnetic (AF) wavevector, and &aF is the
AF correlation length. This is referred to as the Millis-Monien-Pines model [4].
These parameters can be obtained by using NMR/NQR spectroscopy and the neutron
diffraction measurement. In HTSCs above the pseudo-gap temperature 7*, both x o
and 1/wgr are scaled by fil: as follows [6]:

&~ ao/(T + 0), 2.2)

Xo ~ar-&p  Jwg ~ ag - EXp, (2.3)

where ®, ag, o; and oy are constants. Since Y owsf X ng in Eq.(2.3), the
dynamical exponent z is 2. Just above the superconducting transition temperature
T; [7], EAF ~ 2 a in optimally-doped YBCO, whereas it exceeds 100 a in slightly
under-doped NCCO. (a is the unit-cell length; we put a = 1 hereafter.) The relation-
shipwsgs 2 T (wss S T) is satisfied in the over-doped (under-doped) YBCO. Using
this phenomenological model, 7 is well reproduced by solving the strong-coupling
Eliashberg equation [3].

Theoretically, the relationships in Eqgs. (2.2) and (2.3) are explained by the SCR
theory, due to both self-energy correction and vertex correction to the dynam-
ical susceptibility, referred to as the “mode-mode coupling effect” [8]. These
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16 2 Fluctuation Theory

relationships are also reproduced by the FLEX approximation [9-15], in which only
the mode-mode coupling effect due to the self-energy correction is considered: In the
FLEX approximation, x(0) in the mean-field approximation (or RPA) is strongly
suppressed by the imaginary part of the self-energy. In pure 2D systems, 7y is sup-
pressed to zero by the self-energy, so the Mermin-Wagner theorem is satisfied in the
FLEX approximation [16, 17]. Similar results are obtained by the SCR and FLEX
approximation.

2.2 Model Hamiltonian and FLEX Approximation

Here, we introduce the effective Hamiltonian of strongly correlated metals. It is
given by the kinetic term and the interaction term. The kinetic term is frequently
represented by the tight-binding model, given by the set of hopping integrals between
different Wannier functions. The interaction term is usually approximated as the
local Coulomb interaction, considering the screening effect. In many transition metal
oxides or heavy fermions, Fermi surfaces are composed of more than one d- or f-
orbitals. In the case of cuprate HTSCs, however, orbital degrees of freedom are
absent. The corresponding single-orbital Hubbard model is given as

H=> aqcco+U> CLMCL_WCMCM, (2.4)
ko kK'q

where U is the Coulomb interaction, and eg is the spectrum of the conduction
electron. In a square lattice, eﬁ is given by

eﬁ = 2tp(cos ky + cos ky) + 4ty cos ky cosky + 2t (cos 2k + cos2ky),  (2.5)
where cig is the creation operator of an electron with momentum k and spin . We
represent the electron filling by n, and n = 1 corresponds to the half-filling. n is
smaller (larger) than unity in YBCO and LSCO (NCCO). To fit the band structures
given by the local density approximation (LDA) for YBCO [18], NCCO [19], and
LSCO [20, 21] and by the angle resolved photoemission (ARPES) experiments for
YBCO[22],NCCO [23, 24] and LSCO [25], we select the following set of parameters
[26, 27].

(1) YBCO (hole-doping) and NCCO (electron-doping):

to=-—1, {1, =1/6, and # =—1/5. (2.6)
(II) LSCO (hole-doping):

to=-—1, 1 =1/10, and 1 = —-1/10. 2.7)
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The Fermi surfaces for YBCO and NCCO without interaction are shown in
Fig.2.1a. The deformation of the Fermi surface in the presence of U has been dis-
cussed in Ref. [27]. Note that the Fermi surface in Bi»Sr,CaCu,;0g (BSCCO) is
similar to that in YBCO [28]. Since |f9| ~ 4000K in HTSCs, T = 0.1 in the present
study corresponds to 400 K.

In the RPA, the dynamical spin and charge susceptibilities are given by

X ORP ) = {1 = (UL ] 28)
Xg liw) = =T D G,y iwr +ien)Gyien), (2.9)
k,n

where Gﬁ (ien) = (lep + 0 — eg)’1 is the non-interaction Green function.
Using the complex integration, Eq. (2.9) is given as

00, N _ de 1
Xq () = %/C 2mi ! i T ) — ) @10

where f(¢) = (1 4+ ¢%€)~!, which has poles at ¢ = i(2n + 1)7T on the imaginary
axis, and the corresponding residue is —7'. The complex integration path C is shown
in Fig.2.2a. By changing the integration path to Fig.2.2b, we have only to pick up
two residues at € = ek and € = —iw; + €k4q:

(a)(—n,n) BZ boundary (m,7)

" o: hot spot
¢:coldspot

Arepunoq 7g

(b) AF flu.ctuations
Sk, o) = .._.: q
; < .
(m.~7) k K k

Fig. 2.1 a The Fermi surfaces for YBCO (n < 1) and NCCO (n > 1). The location of the hot
spots and the cold spots are shown. In the FLEX approximation, the hot spot in YBCO shifts to
point B, by reflecting the large DOS at (7, 0). b Diagrammatic representation of the self-energy in
the one-loop (FLEX) approximation
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Fig. 2.2 a The complex
integration path C in the
complex e plane. b A modified
complex integration path C’

go(iwl) _ Z [ —f(ex) " —f(—iw + €ktq)

iw] + €k — €k+q  —Iw] — €k + €k+q

Z J(extq) — flex) @.11)
iw] + €k — €k1q
It is easy to verify that xgo (iwy) is a real function. However, it becomes a complex
function after the analytic continuationiw; (I > 0) - w+idoriw;(l < 0) — w—id.
By expanding 3 (iwr) ~ x&(0)—b(q— Q)2+c|wl| we obtain y§ R (iwy) ~
XOQO(O)[I —-U XOQO(O) + Ub(q — Q)2 — Uclw|1~". After the analytic continuation
iwy(l > 0) = w; +id, we obtain the MMP model in Eq. (2.1) with §AF =Ub/(1—
as), wst = (1 —as)/Uc, and xo = xg(0)/(1 — asy), where ase = Ux§(0) is
the Stoner factor. o, is close to unity near AF-QCP.
In the FLEX approximation [9], the Green functions in Eq. (2.9) are replaced with
the Green functions with self-energy:

Glien) = (i€n + p— e — Dilien)) ™ (2.12)

The FLEX is classified as a conserving approximation whose framework was con-
structed by Baym and Kadanoff [29] and by Baym [30]. For this reason, we can
calculate the CVC without ambiguity, by following the Ward identity I'’ = § X /6G.
Here, the Green function and the self-energy are given by

Silien) =T ) Grqlien — iwy) - Vg(iwr), (2.13)
q.l
. 2 3 S (- 1 cy: 0/
Va(iwn) = U™\ 5xq(wn) + 5xqiwn) — xqiw) ) + U, (2.14)
-1
a9 = x4y - {1 = UGG ] (2.15)
Xq(iw) = =T D" Ggyxliw + i) Gilien). (2.16)

k,n
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where €, = 2n + 1)nT and w; = 2I7T, respectively. The self-energy in Eq. (2.13)
is schematically shown by Fig.2.1b. Xfl(c) (iwy) is the spin (charge) susceptibility,
and Xg(iwl) is the irreducible susceptibility. We solve the Eqgs. (2.13)—(2.16) self-
consistently, choosing p so as to satisfyn =T Zk’n Gliey) - el 0+,

The FLEX approximation is suitable for the analysis of nearly AF Fermi liquids.
Many authors have applied this approximation to the square-lattice Hubbard model
[9-12]. Although it is an approximation, the obtained results are in good agreement
with the results obtained from the quantum Monte Carlo simulations for a moderate
U [9]. The FLEX approximation has also been applied to the ladder compound
Sr14—Ca,Cup404; [13], organic k-(BEDT-TTF) compounds [31-35], and various
extended Hubbard models [36].

Note that the FLEX approximation can not reproduce the pseudo-gap behaviors
below T* ~ 200K in slightly under-doped systems. In Chap.6, we improve this
approximation by taking both spin and SC fluctuations into account (FLEX+T7 -
matrix approximation), and reproduce experimental pseudo-gap behaviors.

Figure2.3 shows xg(w = 0) given by the FLEX approximation, both for YBCO
(n = 0.85; optimum doping) at T = 0.02 and for NCCO (n = 1.20, slightly
over-doping) at T = 0.04, respectively [27]. In optimum YBCO, the Stoner factor
U XOQ(O) ~ 0.98 at T = 0.02, and the AF correlation length &5 is approximately
2~3a (a denotes the lattice spacing). On the other hand, éAp in NCCO (n = 1.20)
exceeds 10 a at T = 0.02. (The broadness of x(q) in YBCO originates from the
closeness of the Fermi surface to the van-Hove singular point at (7, 0).) We stress
that, in both cases, Xfl (w = 0) becomes incommensurate in the RPA, inconsistently
with neutron experiments. Therefore, the self-energy correction given by the FLEX
approximation is important to reproduce appropriate dynamical spin susceptibilities.

a )
D go
YBCO (n=0.85) 1.0 —— /|

2
[\ (1,0) x (m,0)

Fig. 2.3 x(q,w = 0) for a YBCO (n = 0.85) at T = 0.02 and b for NCCO (n = 1.20) at
T = 0.04, given by the FLEX approximation. In YBCO, {ar = 2a—3a, whereas {ar for NCCO
exceeds ~10a at T = 0.02. a is the lattice spacing [27]
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Y

> > RE: > > <

Fig. 2.4 Bethe-Salpeter equation for two-particle Green function L(k, k'). I'' (k, k') is the irre-
ducible four point vertex with respect to the particle-hole channel Gy, Gy

We also stress that the NMR results are quantitatively reproducible in the FLEX
approximation. !

In the FLEX approximation, the Mermin-Wagner theorem is satisfied as proved in
Appendix A of Ref. [16, 17]. Hence, the critical region (U X%(O) 2 0.99) is stable in

2D systems since the SDW order (U XOQ (0) = 1) is prevented by the Mermin-Wagner
theorem. That is, U, = 0o in 2D systems.

In the next stage, we derive the two-particle Green function L(k, k"), by which
transport coefficients are represented in the linear response theory. According to the
microscopic Fermi liquid theory [37, 38], L(k, k) can be obtained by the solution
of the following Bethe-Salpeter equation:

L(k,k'; q) = =Gi1qGibi /T — GiyqGi I (k, k'3 ¢) GG
= —Gy1¢Giopw/T

—T > GG (kK" )Grryg G LK K q),  (2.17)
k//

which is expressed by Fig.2.4. Here k = (K, ic,), I'(k, k'; q) is the full four-point
vertex, and I'! (k, k'; ) is the irreducible four-point vertex. In the conserving approx-
imation (like the FLEX approximation), it is given by the Fourier transformation of
the Ward identity in real space; I/ = 6%/ 6G. Then, transport coefficient obtained
by L(k, k") automatically satisfies conservation laws, proved in Refs. [29, 30]. This is
a great advantage of the conserving approximation for the study of transport phenom-
ena. In the FLEX approximation, irreducible four-point vertex is given in Eq.(5.1)
in Sect.5.1.

2.3 Hot/Cold-Spot Structure and 7 -Linear Resistivity
in Nearly AF Metals

One of the important aspects in nearly AF Fermi liquids is the “hot/cold-spot struc-
ture” of the quasiparticle damping rate, vx = Im Xk (—id) [3, 5, 9, 39-41]. That is,
~k becomes anisotropic in the presence of AF fluctuations. Note that 7x = h/2,

' calculated the 1/ 7, T of Cu nuclei for n = 0.85 using the FLEX approximation. T used Eq. (2.12)
in Ref. [4] by correcting misprints, assuming that A| = B = 3.3 x 10~ eV. The obtained 1/T;T
under H L ¢ is 1-2 (m/s) at ~200 K, which is consistent with experiments.
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and we put i = 1 in the textbook. The portions of the Fermi surface at which ~y takes
the maximum and minimum values are referred to as hot spots and cold spots, respec-
tively [5, 41]. According to the spin fluctuation theory, the hot spots usually exist
around the crossing points with the AF Brillouin zone (AFBZ)-boundary, whereas
the cold spot is at the points where the distance from the AFBZ-boundary is the
largest. Their positions are shown in Fig.2.1a. The electronic states around the cold
spots play the major role for various transport phenomena. Note that the hot spot in
YBCO shifts to the Brillouin zone boundary (point B), by reflecting the large DOS
at (m, 0).

Figure 2.5 shows the k-dependence of vk on the Fermi surface given by the FLEX
approximation [27]. In YBCO, the hot spot moves to the BZ-boundary [point B]
in Fig.2.1a, by reflecting the large DOS at the van-Hove singularity point (7, 0).
Therefore, the spectral weight at the Fermi energy, pk(w) = /(w1 — ex)> + Vﬁ)
at w = 0, is strongly reduced around (7, 0) due to large 7y, consistently with the
ARPES experiments [42]. In NCCO, in contrast, the hot and cold spots are located
at point C and B, respectively. The location of the cold spot in NCCO was first
predicted by the FLEX approximation in Ref. [27] in 1999, and it was later confirmed
by ARPES [23, 24]. According to the spin fluctuation theories [S], Yhot VT, and
Yeold & T except that Eop > (Ak.)~Y; Ak, is shown in Fig.2.1a.

The critical value of U for a spin density wave (SDW) transition in the RPA (i.e.,
the mean-field approximation) is U&TA ~ 2.3in LSCO (n = 0.9). In YBCO and
NCCO, URTA ~ 3.5 for both YBCO (n = 0.9) and NCCO (n = 1.1), since the
nesting is not good due to the large next-nearest and third-nearest hopping integrals
(t1 and £). In YBCO, the dimensionless coupling constant U N (0) is large, since
the van-Hove singular point is close to the Fermi level. Here, N (0) is the DOS at
the Fermi level. Therefore, Im X (0) takes a large value, which significantly reduces
the interacting DOS at (7, 0) as well as Xfl(O) at q = (m, m) [27]. This effect is
smaller in NCCO since the saddle point is far below the Fermi level. For this reason,
&ar for NCCO is much larger than that for YBCO in the FLEX approximation,
consistently with experiments.

0.0 0.00

Fig. 2.5 The k-dependence of ~k on the Fermi surface at various temperatures given by the FLEX
approximation. The cold spot in YBCO (NCCO) is point A (B)
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The real-frequency Green function is given by the analytic continuation of G (i¢;)
in Eq.(2.12). In a Fermi liquid, the advanced (retarded) Green function Gl’g (R) (e) =
Gx(e — (+)id) for e ~ 0 and |k| ~ kF is represented as

G (&) = /(e — Ef — (i), (2.18)
Ex =€) + Zx(0) — p,  Ej = 2z Fx, (2.19)
w =ImZ20), 7 = wn, (2.20)

where zk is the renormalization factor zx = 1/(1 — ORe Xk (€)/0€)=o and E} is

the renormalized quasi-particle spectrum, which is the solution of ReG,_ ! (Ep) =0.
The quasiparticle spectrum is given by

1
pk(e) = —ImGy (e). (2.21)
o
The DOS is expressed as N (€) = > pk(€). In the case of zixyk < 1,

pr(€) = 26 (e — Ey) (2.22)

for e ~ 0.
In the FLEX approximation, 7k is given by the analytic continuation of Eq. (2.13):

1 € € .
"= ;/de [cthﬁ - thﬁ] Im Vg (e + i0) prsq(€) (2.23)

where Vq(w + i) is given by the analytic continuation of Eq. (2.14). Using the spin
fluctuation model in Eq. (2.1), ImVy(0) in Eq. (2.23) is replaced with 3U 2/ 2)Imxfl
(w) = (3U2/2)WXQwsf/(w3 + w?), where Wq = wsf + wsfﬁiF(q - Q)2 According
to Refs. [5, 27], Eq.(2.23) is approximately transformed to

3u2 o dk (nT)?
TN —— | ——Xows ) (2.24)
4 Jrs vk 4wk (wk—x +77T/2)
S0 7k at the hot spot in 2D systems is given by [5]:
Yhot X Téar for mT 2w > 1 (2.25)
Yhot o T2 Exg for T /2wy < 1. (2.26)

Since §ip o T, Aot o /T for any value of wgr/ T This result is recognized in
the numerical study in Fig.2.5. Also, Ycold in 2D systems is obtained as [5]:
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Yeold o< T for wT /2wt ~ (Ear Ake)?, (2.27)
Yeold X T? for 7T 2wt < (EarAke)>. (2.28)

According to Egs. (2.2) and (2.3), 7T /2wy is constant if ® =~ 0, and it is of order
unity in optimally-doped HTSCs. Therefore, Ycoig ¢ T when Eap Ak, ~ O(1), and
Yeold o T? when éapAke. > 1: Ak, represents the “deviation from the nesting
condition at the cold spot” shown in Fig.2.1. Note that the measure part of the Fermi
surface becomes cold when Earp Ak > 1.

Now, we consider the T'-dependence of resistivity by dropping the CVC. In the
SCR theory [39], the resistivity is derived from the Born approximation p  (k)rs =
>k kpk(0). In the case of wgr > T, Eq.(2.24) is simplified as

7k~z

/a(0) Pk 1q(0), (2.29)

where Vq(O) =dVy(w +id)/dw|,=0. Using Eqgs. (2.1) and (2.29), the resistivity is
given as [39, 43]

PSCR X (Vk)FS

o T? Z ImVq(0) D pk(0)pk1q(0)
k
x T2§AF : (2.30)

where d is the dimension of the system. In deriving Eq. (2.30), we utilized the fact
that the q-dependence of Im)'(g 0) = (1/2) 2k Px(0) pr4q(0) is moderate. Since
éar o \/Xg o T ™% nearthe AF-QCP [39], psc is proportional to T4/ (d = 2, 3).
Note that the Fermi liquid behavior pgcr T2 is recovered when &Eap =constant
away from the AF-QCP, like in over-doped systems at low temperatures.

However, Eq. (2.30) would be appropriate only when ~ is moderately anisotropic
[41, 44]: According to the linear response theory, the correct resistivity is give by

p o< 1/ vE)Es ~ Yeold- 2.31)

According to Egs.(2.27) and (2.28), T-linear behavior of p would be realized for
Eap Ak, ~ O(1) (moderately anisotropic 7k case). This would be the case of opti-
mally doped or slightly under-doped YBCO and LSCO. On the other hand, p o T2
for EapAke > 1 (highly anisotropic k case), since the dominant part of the Fermi
surface becomes the cold spot.

In Sect.5.2, we will calculate the resistivity using the FLEX approximation
including the CVC. The obtained p follows an approximate 7 -linear behavior
in under-doped LSCO and NCCO, and it shows a T2-like behavior in the over-doped
NCCO. As for the resistivity, the CVC is quantitatively important.
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In real systems with finite randomness, impurity scattering rate imp, which gives
the residual resistivity, dominates the elastic scattering rate vk at sufficiently low
temperatures. In this case, the “T"2-resistivity in the close vicinity of the AF-QCP”
is not observed: In fact, for yimp > 7k, Eq.(2.31) is given by

p o< 1/{(7k + Yimp) ™1 IFS & Yimp + (k)Fs- (2.32)

Therefore, according to Eq. (2.30), p = po+aT%/? (d = 2, 3) holds near the AF-QCP
in the presence of impurities. In most cases, a > 0 is assured even if the CVC is
taken into account. (@ = 0 is realized only in a special case where the Fermi surface
is completely isotropic and the Umklapp process is absent; see Sect. 3.2.)

2.4 Validity of the Spin Fluctuation Theories

In Sect. 2.2, we explained that the FLEX approximation explains characteristic elec-
tronic properties in optimally-doped HTSC. For example, it can reproduce exper-
imental behavior of the dynamical spin susceptibility Xfl(w), which is given in
Eq. (2.1). Experimentally, AF correlation starts to increase below Ty ~ 600 K. Using
the obtained Xfl (w), both the damping rate ¢ and CVC are appropriately calcu-
lated. For example, the hot/cold spot structure of vk (Fig.2.1a) is reproduced well
for both hole-doped and electron-doped systems, and the anomalous transport are
well reproduced. These facts assure the validity of the FLEX approximation.

Now, we discuss the “weak pseudo-gap behavior” below Tp: Below Tj, the AF
fluctuations suppress the DOS [45-48], Knight shift [49-51] and uniform suscepti-
bility [52, 53]. The weak pseudo-gap in the DOS is shallow and wide in energy. The
obtained weak pseudo-gap behaviors in the FLEX approximation are too moderate,
after the self-consistent determination of the self-energy and Green function. In fact,
a large weak pseudo-gap in the DOS is reproduced at the first iteration stage of the
FLEX. Similar tendency is reported in the GW approximation: This is a first prin-
ciple calculation for the self-energy, which is given by the convolution of the Green
function G and the screened interaction W within the RPA. Although the descrip-
tions of the bandwidth reduction and satellite structure in the quasiparticle spectrum
are satisfactory in a partially self-consistent GW method, they are smeared out in
the fully self-consistent GW due to strong feedback effect [54-56]. Mathematically,
this too strong feedback effect should be canceled by the vertex correction in the
self-energy.

Therefore, to produce a weak pseudo-gap, it is better to apply the (i) fully self-
consistent calculation with vertex corrections or (ii) partially (or no) self-consistent
calculation. Along the lines of method (i), Schmalian and Pines calculated the
self-energy with all the vertex corrections in the (k, k + Q) model by applying a
high-temperature approximation [57, 58]. Using a similar technique, the pseudo-
gap due to strong SC fluctuations had been calculated [59]. It is noteworthy that the
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fourth-order-perturbation theory with respect to U well reproduces the weak pseudo-
gap since the vertex corrections for the self-energy are considered [60]. This method
also reproduces the difference of 7, between YBCO and LSCO [61, 62], and the
p-wave SC state in SrpRuO4 [63, 64].

Along the lines of method (ii), Vilk and Tremblay proposed a two-particle self-
consistent (TPSC) method [65], where full self-consistency is not imposed on the
self-energy. Therein, the renormalized spin susceptibility is given by the RPA, by
using the effective Coulomb interaction Uegr (< U) that is determined so as to satisfy
the sum rule for the susceptibility. This philosophy has been applied to extend the
dynamical mean field theory (DMFT) by including self-energy correction due to
spin fluctuations [66, 67]. These theories can explain the weak pseudo-gap in the
DOS. However, they are not suitable for the study of the transport phenomena since
the conservation laws are not satisfied. To calculate the transport phenomena with
satisfying the conservation laws, the FLEX approximation is very useful.
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Chapter 3
Anomalous Transport Phenomena in Nearly

AF Fermi Liquids

3.1 Boltzmann Transport Theory and RTA

Before investigating the transport coefficients using the microscopic Fermi liquid
theory, we briefly review the relaxation time approximation (RTA) based on the
Bloch-Boltzmann theory [1]. The CVC provides correction for the RTA, and we will
see that the CVC becomes crucial near the AF QCP in later sections.

Here, we consider a non-equilibrium steady state under weak electronic field
E, magnetic field H, and the temperature gradient V7. In a quasi-classical treat-
ment, the distribution function is given as fk(r). According to Liouville theorem,
Je@)(®(t)) = fi@+a0 (x(t + At)) in the absence of impurity and electron-electron
scattering. Therefore, the Boltzmann equation in a nonequilibrium steady state is

expressed as [1]

d . .
£=kak~k+vrk~r:o, 3.1)

where k = —e(E +v x E)and r = vk. Here, we putc = h = 1, and —e (e > 0)
is the charge of electron.
In the presence of electron scattering, Eq. (3.1) is modified as

. 0
Vifk K+ Vefi - F= (i) , (3.2)
at scatt.

where the right-hand-side term represents the rate of change in fx due to scattering
between quasiparticles, which is called the collision integral. Using the scattering
amplitude from the quasiparticle pair (k, k') to (k+q, k' —q), I (k, K’; q), it is given
by [1]
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9 fx
(8— =— > 1K @) [fifiw (I = firg) (I = fio—q)
t scatt. K'q

— (1= fi)(l = fi) ficrafie—q] » (3.3)

where the first (second) term represents the outgoing (incoming) scattering process.
When both E and VT are small, it is convenient to analyze the linearized
Boltzmann equation with respect to E and V. 7. Here, we introduce the displacement

function gx = fx — ff, where f0 = (e!«="/T 4 1)~! is the Fermi-Dirac function
at T = T (r). Considering that gy is linear in E and VT, Eq. (3.2) is linearized as

R €k — [t 0 fk
_ 2’k . V.T +eEl = [ =X
( Oek )Vk [ T e ] ( ot )scatt.

+e(vk x H) - Vggk. (3.4)

In the same way, the collision integral in Eq. (3.3) is given by

0 1 ~
(ﬁ) = SR K ) { Pk B — Prrg — P}, (BS)
at scatt. T K.q

of ~
where gic = (—8—£‘z)cbk and I (k, ks @) = 1k, K @) fil [0 (1= i, QU= 0.

In deriving Eq. (3.5), we have used the relation I (k, k’; q) = I(k + q, k' — q; —q)
IR _ RA=5D
o )= T !

Egs. (3.4) and (3.5). Using the obtained g, the conductivity is given by

and| — ]. The displacement function gy is given by solving

Ouy = —2e Z vkugk/El/a (3.6)
k

where the factor 2 is attributed to the spin degeneracy.

In Sect.3.2, we will analyze the Boltzmann equations (3.4) and (3.5) based on
the variational principle, which is very powerful in the case of H = V. T = 0 [1].
Unfortunately, it is still difficult to solve the linearized Boltzmann equation in general
cases. Therefore, the RTA is frequently applied to simplify the collision term:

(%) z(%) __% 3.7)
Ot J scar. ot ) car. u's

which means that gy (1) decays in proportion to e~/ in the absence of outer fields.
Note that 7x = 1/2vx is the quasiparticle lifetime. Within the RTA, the linearized
Boltzmann equation is simplified as
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0
_ % _ (e . ) vk (—%) —e(k x H) - Vigk.  (3.8)
Tk Oek

The solution of Eq. (3.8) is given by
afy
r ) ‘Tkvk(_—a ) (3.9
€Kk

Although it is a crude approximation, the RTA can explain the various transport
phenomena in metals with weak correlation.
. 9" gk

According to Eq.(3.9), oH" |1,
erate. In this case, o, under the magnetic field, which is given by Eq.(3.6), has
the following functional form: o, = 7F},, (7 H). This relation given by the RTA is
known as the “Kohler’s rule”, which is well satisfied in many (single band) simple
metals.

Here, we assume H || z. Then, (v x H) - Vx = —H_(vk x V);. Using Eq.(3.9),
the longitudinal conductivity, Hall conductivity, and magnetoconductivity in the RTA
are given by

—gk=(—enc (v x H)- Vi)~ (eE

o 7"~ when the k-dependence of 7 is mod-

ont =2 Z( )vkxn(vkx, (3.10)

d 0
O’}?;FA = —263HZ Z (—d—Q() Vkx (Tk VK X Vk)zﬂ(vkyv (3.11
Kk
AoRTA = 2642 df® Vi)? 3.12
Opy = 2e"H: Z ~den Vkx (TkVk X V)7 Tk ks, (3.12)
k

where (Txvk X Vi), = Tk(vxay — vy(?x). Apparently, the Kohler’s rule
Oxx X T, Oxy XT HZ, AO’RTA X T H2 (3.13)

is satisfied when 7 is rather isotropic.

The RTA works only in heavily over-doped samples (7. ~ 10K) [2-4], where
the Hall coefficient is small and its temperature dependence is tiny. Hussey et al.
determined the anisotropy of 7k in heavily over-doped T12201 by measuring the
Angle-dependent Magnetoresistance Oscillation (AMRO) along c-axis [5, 6], and
calculated transport coefficients using Egs. (3.10)—(3.12). The derived RETA agrees
with the experimental Hall coefficient R;:", whose magnitude is of order 1/ne.

In optimally doped HTSCs, however, the RTA does not work: Stojkovic and Pines
[7] attempted to explain the violation of Kohler’s rule in HTSCs based on the RTA.
They assumed the highly anisotropic 7x model (hot/cold-spot model), where only
the quasiparticles near the cold spot contribute to the transport phenomena. In this
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model, Ry can take a large value since the “effective carrier density for the transport
phenomena” is reduced. They calculated 7 based on the Millis-Monien-Pines model;
the anisotropy of 7x reaches 100 in the optimally doped YBCO, which is too large
to be consistent with the ARPES measurements. (The reason for this overestimation
is that self-consistency is not imposed in their calculations.) In spite of the large
anisotropy of 7y, the obtained enhancement ratio of Ry is about two according to
Ref. [8], which is too small to explain experiments. More disadvantageously, the
magnetoresistance becomes 100 times greater than the experimental value when the
anisotropy of 7k is of the order of 100 [9]. Therefore, the highly anisotropic 7x
model is not applicable for optimally-doped HTSCs. In the next section, we explain
the various anomalous transport phenomena in HTSCs “all together”, by considering
the CVC.

Finally, we discuss the thermoelectric transport phenomena in the presence of
thermal gradient VT # 0: When H = 0 in Eq.(3.9), both the electric current J,

and thermal current J,,,Q are given as
—e
=—2¢ > vk =K}, E, + ?K}w(—VrT)V, (3.14)
k

1
IR =22 (k= vk gk = —eKjy By + K7, (=VT)y, (3.15)

where i, v = x, y, z. The coefficient K, is given as

n n afo
K%W = E (ek — p,) Tkvk,uvk,y —E (3.16)
k
: : ar° (nT)* [0*®
Using the Sommerfeld expansion / PE)\———)de=DP(w)+ —
O¢ 6 Oe? "

+ O(T%), we obtain the relationships
2 _ l 200 1 _ l 2 ﬁ 0
K =—-(xT)"K", K" = =(xnT) K”|. (3.17)
3 3 op

Now, we consider an open circuit (J = 0) in the presence of the electric field and
temperature gradient. Then, the relation E,, = (eT)~'(K'/K)(=V,T), is derived
from Eq. (3.14). Therefore, the thermoelectric power S = E/|V,T| is given as

T 2
—_1K! _ -1 (W3) i
eT KO eT o

= —Ino (1) (3.18)
e Op
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which is called the Mott formula. Here, o () is the electric conductivity for the
chemical potential .

The thermal current J € is finite even in an open circuit. Itis derived from Eq. (3.14)
1

—1K 1
as J¢ = eK! T F(—V,T) + ?Kz(—VrT). Therefore, the thermal conductivity

r = J2/(=V,T) is given by

R =

1 ) (K 1 )2

T K- — %0 (=ViT) (3.19)
Since K? o< 7T? and (K")2/K° o 7T*, we obtain k = K2/ T at low temperatures.
Since o = ¢2 K, we obtain the Wiedemann-Franz law:

K= "0 (3.20)

Note that this relationship is exact beyond the RTA, if the elastic scattering dominates
the inelastic scattering at sufficiently low temperatures.

3.2 The Variational Principle and CVC

In the RTA where g = —gk/7x is assumed, the deviation from the equilibrium
distribution function gi dissipates with time since gx o e~/ in the absence of
outer fields. However, gk should remain finite when the Umklapp scattering process
is absent, because of the momentum conservation laws [1, 10]. On the other hand, the
quasiparticle lifetime 7, = 1/2+x, which is given by Eq. (2.29), is always finite, and
therefore the conservation laws are violated in the RTA. To recover the conservation
laws, we have to take account of the CVCs introduced in Fig. 1.1, which correspond
to Py, Pk1q and Py _q in the collision integral in Eq. (3.3).

To include the CVC into the calculation, we analyze the Boltzmann equations
(3.4) and (3.5) by applying the variational principle. This method had been studied
by Umeda [11, 12], Kohler [13, 14] and Sondheimer [15], and it is explained in
Ref. [1] in detail. When H = VT = 0, the left-hand-side of Eq.(3.4) becomes

) 0
X = —a—fk vk - eE. If we write the right-hand-side of Eq.(3.5) as —P @, the
€Kk

Boltzmann equations is expressed as
X=—-Pd (3.21)

Now, we consider that @ as the trial function with (@) = 0. Then, the lower limit
of the resistivity p is given by the following variational formula:
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_ (o Po)
T (@, X(E =1)?

(3.22)

where (@, ¥) = >, Pr¥ is the inner product. The equal sign in Eq.(3.22) is
realized when the trial function @ is the solution of the Boltzmann equation (3.21).
The variational formula (3.22) will be proved in Appendix A.

Equation (3.22) is easily rewritten as

7 2
_ o7 2k L KK O {Pu+ P — Preig — Pro}

) [@Zk vkx(pk( git):r

The physical meaning of the variational principle is that the current in the nonequi-
librium steady state under E is realized so as to maximize the production of entropy
due to scattering processes (=Joule heat E2/p) [1]. The trial function is generally
constructed as @ = Re Zl’m Y (lA(), where Y/" (ﬁ) is the spherical harmonics.

(3.23)

In crystals, Y, [" (ﬁ) can be replaced with the Fermi surface harmonics [16].

Now, we put @k « [Kk]. - E/E, where [K], is the crystal momentum in the first
Brillouin zone for general k. When the Umklapp scattering process is absent, both
k+q and k' — q are always inside of the first Brillouin zone, and therefore @y + @y —
Dk +q— Pr'—q = 0. Inthis case, the right hand side of Eq. (3.22) vanishes identically.
Therefore, electron-electron correlation does not cause the resistivity (p = 0) if the
Umklapp scattering is absent, irrespective of the shape of Fermi surfaces. [Exactly
speaking, p is finite due to the higher Umklapp scattering processes.] Therefore,
the role of the CVC discussed in Sect. 1.1 is described by solving the Boltzmann
equation.

In the presence of Umklapp scattering processes, p becomes finite since @k +
Dy — Pkiq — Pw—q # 0 for Umklapp scattering; see Fig.3.4b. In this case, it is
empirically known that a simple trial function @k o vi - E/E presents a reasonable
value of p. Then, we obtain p o T2 in three dimensional systems after performing
the momentum integrations in Eq.(3.23), if the scattering amplitude I (not I) is
temperature independent.

In addition, we consider the system with dilute impurities. Then, the Matthiesen’s
rule tells that the resistivity is given as

P = pPo + Pel—cl; (3.24)
where pg is the residual resistivity due to impurities. At sufficiently low temperatures
where p ~ po, Pk is almost determined by the impurity scattering. The variational

principle for pg is given as

% Sk limp (K, K) { @k — P}

omnn ()]

(3.25)
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When the impurity potential is delta functional, the scattering amplitude becomes
fimp(|k|, |K'|). Then, because of the relation |(x|y)|> < (x|x)(y|y), the right-
hand-side of Eq.(3.25) is minimized when @y is proportional to vk - E/E. That
is, the relaxation time approximation <Dll(mp = —eTimpUkx E becomes exact, where
Timp 18 the relaxation time by impurity scattering. In this case, pel—el (K po) in
Eq.(3.24) is given by Eq.(3.22) with &, " = —eTimpvky E. Then, pei_el is finite
even if the Umklapp process is absent, because q)ll(mp + q)ll(l,np - q)ll(lilf] — @Elf q is
non-zero except when the Fermi surface is completely spherical [17].

Although the effect of the CVC can be calculated by using the variational method,
its applicability is limited. Therefore, in later sections, we analyze the CVC based
on the microscopic Fermi liquid theory. Therein, the CVC is included in the total
current Ji, which is obtained by solving the Bethe-Salpeter equation. Using Ji, the
solution of the Boltzmann equation, @, is expressed as

¢k = _eT](Jk : Ev (3.26)

where 7y is the lifetime of quasiparticle at k; 7y = 1/27 = 1/2Im X (—id).

3.3 Analysis of the CVC Based on the Fermi Liquid Theory

Here, we calculate the CVC based on the linear response theory, utilizing the pow-
erful field theoretical techniques. In principle, the CVC can be derived from the
Boltzmann equation (3.3) by applying the variational principle [1]. However, a sys-
tematic calculation of the CVC is very difficult, particularly in the presence of a
magnetic field.

We shortly derive the Nakano-Kubo linear response theory [18-21]. Therein,
we discuss the first-order perturbation theory with respect to the time-dependent
potential:

V() = —e/de#(x)Eu(t) (3.27)

where P, = f dxx;n(x) is the polarization operator and E, is the electronic field.
Then, the time-dependent Schroedinger equation is

7]
i@l(b(t)) = [Ho + V(D]lo(0) (3.28)

where Hj represents the Hamiltonian without outer fields. Now, we express the
eigenstate of Eq.(3.28) as '
|6(1)) = e~ A)]0) (3.29)

where |0) is the initial eigenstate without V', and A(¢) is an unkpown function. When
V =0, A(¢) = 1. By inputting it into Eq. (3.28), we obtain A(t) = —i Vg (1) A(z),
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where Vi (t) = /H0'V (t)e= 10" Since A(t) = 1 — i [ Vu(t)dt' + O(V?), we
obtain

t
16(1)) = 180t [0y — e~ Ho / dVaE0) + 0(VD).  (330)
Thus, the induced current under the electronic field is

(Ju(x, 1)) = (P ju(x)|d(2))
=/dx// dt' (—i){(po(0)|[j.(x, 1), P,(x", )]0 (0))
x 0t —teE,(t) (3.31)

At finite temperatures, this formula is expressed as
o
(Ju(x, ) = /dx’/ dt' (=i)(Lju(x, 0), Py(x", 1) ])ob(t —t)eE, (1) (3.32)
—00

where (- - - )o = Tr{e  Ho ...} /Tr{e= Ho}, _
As following Nakano [18]. we put E, (1) = E,e”"“"*7" (1 > 0). Noticing the
relation P, (x,t) = j,(x, t) and performing the partial integration, we obtain

(Ju(x, 1)) =/dx// dt' (=i){[ju(x, ), ju(x', 1)])o

—lwt —lu)[
|:9(t — )e 100 — z)e :|eE,L (3.33)

After performing the Fourier transformation with respect to (x, ¢), we obtain the
Nakano-Kubo formula for the conductivity [18-21]:

2
o) = —[Kf @ - KLO)]. (334)

where K R (W) = K, (w+ i9) is the retarded current-current correlation function,
given by the Fourier transformation of

Kj ) = —l/ dt' (g, (1), j—qv(HNO —1). (3.35)

Since it is difficult to calculate K R ., (w) directly, we first calculate the following
thermal correlation function

/T )
K (iwr) = /0 dre” " (Tr jg un (0)j—q.0 (7)) (3.36)
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where w; = 27 TI is the Matsubara frequency; here we promise / represents an
integer and # is a half-integer, respectively. Then, the retarded function is obtained
by performing the analytic continuation iw; (> 0) — w + i4.

Next, we consider the conductivities in the presence of the uniform magnetic field.
Then, the hopping integral between site i and j exhibits the Peierls phase:

tm,j =ty ; expl—ie(Am +Aj) - (ty —1;)/2], (3.37)
where t’% . is the original hopping integral, and A,, is the vector potential at site m.

Then, the Hamiltonian and the velocity operator under the magnetic field, H4 and
j ;:‘ respectively, are given by

; U

Hy = Z b, g Cio + o D Mmtim (3.38)
(m,j),o m

Jt ) =D i HA Xy pmol (3.39)

o

Here, we assume that the vector potential is givenby A ; = Ae'97) and take the limit
q — 0 at the final stage of the calculation [22]. (The magnetic fieldis H = iq x A.)
After the Fourier transformation, both the Hamiltonian and the velocity operator of
the order of O(A) are given by [23]

Hy=H—A-j(—q) + 0(A?), (3.40)
X,y
it @) =ju@) =D Avjop(@ — @ + O(AY), (3.41)
«
where ju(q) = —e>y , aueﬁ ‘ ci—q/z,ack+q/2,o’ and jou(q) = e? 2k 3&%% ’

Cch—q /2,0Ck+a/2.0 (0, = 0/0k,, and 0, = 9 / 0k, 0k, .) Then, the current-current
correlation function under H # 0 is given as [22-24]

/T .
Kution = 3 [ are (1 ma. 000,71 (3.42)
m=0,1,--- 0
1T _
= [ e ,0,01,0,7) (3.43)

Xy 1T ‘
+>40 f /O drd7 e T =T (T, (@, 0) ju(— g, 7))
(T, (@, 0], (0, 7)ju(—a, )} + 0(4%), (3.44)

Hereafter, we ignore the spin indices to simplify expressions. According to
Eq. (3.43), K (iwy) without the magnetic field is given by [25]
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Kye(iw) = =2°T D" v o0, Lkn, K'm; iwy)
n,m,Kk,K

= 2T > vl g AL (3.45)
n,k

where gﬁ;l = GﬁGﬁH. Gy, = Gk(iey) is the Green function where 7 is a half-integer,

and L(kn, K'm; iw;) is the two-particle Green function in Eq. (2.27). ”1(2 u= 6eﬁ [0k,
is the velocity of the free electron, and

AV =R+ T D Lkn, K'm: iw)gy ' vy, (3.46)
K ,m

is the three-point vertex.
In the same way, Kohno and Yamada [24] derived the H-linear term of Ky (iwy)
from Eq. (3.44) as

X,y

Ketion =10 HT S 3 [,007 -G — 61 9,08] [ 0,48
nk v

+ [6 point VC term], (3.47)

where €, i$ an antisymmetric tensor with €y, = 1. In deriving Eq.(3.47), we
used the relation H; = i(gxAy — gyA,) and took the limit ¢ — O at the final stage
of calculation [22]. Several kinds of Ward identities have to be correctly applied to
maintain the gauge invariance [24].

In order to derive the conductivity o, (w), we have to perform the analytic con-
tinuations of Egs. (3.45) and (3.47); iw; (I > 0) — w + i6. For the practice of the
analytic continuation, we analyze K (iw;) without vertex correction:

KVC(iw) = —26*T > (0p,)>Gilien) Gk lien +iwy)
n,k
— 2.2 Z% A€ h S w0 )2 (3.48)
— Jc 4mi 2T ke Tk '

where the complex integration path C is shown in Fig.3.1a. In deriving the second
line of Eq. (3.48), we utilized the fact that th% has poles at e = i(2n + 1)7T on the

imaginary axis, and the corresponding residue is 27. By changing the integration
path to Fig. 3.1b, Eq. (3.48) is modified as
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(a) (b)
1 1
2 2
3

3

Fig. 3.1 a The analytic regions 1-3 as a function of a complex variable e. Here, we put Imw > 0.
From each region, gl'(“l and Aﬁxl are analytically continued to become gl((l )(e; w) and Jk;) (e; w)
(i = 1-3), respectively. (b) The path C of the complex integration in Eq. (3.48)

eo]

KMVC(iwy) = —2¢? /

—00

d
4—;<v2x>2 [th%(G{f () — G())Grle + iwy)

Hh Y Gy e — iw) (GR(e) — Gl’?(e))j| : (3.49)

2T

where GR™ () = Gk (e+id), and its functional form is given in Eq. (2.18). Finally,
we perform the analytic continuation iw;(I > 0) — w 4+ i9:

o0
K"VC(w 4 i6) = —2¢2 /

—00

3

de . :

1 )’ > AD (e wygy (e w) (3.50)
i=1

where gl((i )(e; w) (i = 1,2, 3)is given by the analytic continuation of Gk (i€) Gk (ie +
iw) from the region i shown in Fig.3.1a to real frequencies. It is expressed as
gl((l)(e; w) = G{f(e)GlIf(e + w), gl((z)(e; w) = Gl‘?(e)GlIf(e + w), and gl(f)(e; w) =

Gl‘? (e)Gl’;‘ (€ + w). The corresponding thermal factors for region i is )\(1)(6; w) =

th%, AP (g w) = (theg_—Tw - th%), and \® (¢; w) j ;the + ) According to
Egs. (2.18)(2.20), the relation |GF (e)]> = ~ “*(6) ~ TOEW) | 1ds for i < Er.
Tk Tk

s0 ¢@ in Eq.(3.50) gives the dominant contribution. On the other hand, g(''3 is less
significant since two poles locate on the same upper- or lower-complex plane [25].
For this reason, only glﬁz) presents the dominant contribution to the DC conductivity:
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ooV = élmK;‘;VC(w +i6)]w=0

—e> [T S (-5 ) sker

~ 2 (_a_f) i) (3.51)

where f(e) = (e/T + 1)~!, and the relation zk(—afo/ae)E,’; = (=0f%/0e)E, =
0(Ek) holds at low temperatures. Thus, we obtain a;g;"c o !
when v — 0.

In the presence of CVCs, the procedure of the analytic continuation becomes more

complicated: The expression of K, (w + i9) is [25]

, which diverges

*© d
Kxx(w+i6)=—2e2/ el > AV (@ w) K (e w), (3.52)
oo 4
1=1,2,3
K& (e w) =D vt (e w) f8 (e w), (3.53)
k
where i = 1,2,3. JIEQ (e; w) is given by the analytic continuation of Aﬁxl =

Axx(i€n, iwy) in Eq.(3.46), from region i shown in Fig.3.1a to real frequencies.
It is expressed as

. e ¢} de/ .. .
Jlg()(e, w) = v+ Z / mTﬁfk,(e, € w)gl((j,)(e’; w)vg,x, (3.54)
K, j=123""%

where ’Tkl”li/(e, ¢’; w) is the four point vertex correction connected with g (¢; w)
and ¢\ (¢’; w): It is given by the analytic continuation of the full four-point vertex
I (iey, i€y; iwy) in Eq.(2.17), from the region i (j) for i€, (ie,) in Fig. 3.1a to real
frequencies. Thermal factors are included in the definition of ’ZI(']Q, and its functional
form will be given in Appendix B.

According to Eq.(3.54), 7%/ satisfies the following Bethe-Salpeter equation:

T (e, éiw) =TD (e, d;w)

d 7 . P
+ Z /4_6-7(’)”1(6,e”;w)g(l)(e”;w)Tl’](EN»G/;W) (3.55)
Tl
=123

where we dropped the momentum suffices for simplicity, and 7 represent the
irreducible vertex without any particle-hole pairs ). We can also construct the
following Bethe-Salpeter equation according to Eliashberg [25]:
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T (e, éiw) =T (e, d;w)

de’ ) )
+ / 4—6.7@%2(6, ¢ gP (DT w) (3.56)
Tl

where 7@ is the irreducible vertex without any ¢», whereas ¢(") and ¢©® can be

1
included: 7O/ — 7(ij 4 Z / dLT(l)i,lg(l)T(O)l,j.
Pt 4mi
In the same way, we can divide Ky, (w + i9) in Eq.(3.52) into K¢, + K)’C’x; the
former does not contain any ¢‘® and the latter includes more than one ¢‘®. We
neglect K¢ since the dominant contribution of o, o 7! comes from g®. Then,

Kb is rewritten as

© de -
Koo(w+i6) = —2¢2 / 4—;1152)(6; WA (e w)g2 (e W) D (e w)  (3.5T)
—00

The left-hand-side current J]Eg), which is irreducible with respect to g, is given by
7(0) 0 > de O e N0 o2
Sy (6 w) = v, + yp— Z AV W g (€5 w)
oo 4mi
k',I=1,3
X T € € w) /AP (6 w) (3.58)

Also, the right-hand-side current Jk, is given by

/

* de
T (6 w) = L (6 w) + / TR wigd (€ w) I (€ w)  (359)

oo 4mi
0) 0 * de O©21, 4.\ Dy (0
I (e;w) = v, + o Z T (6 € w)g (¢ wivg) (3.60)
—00
K.i=13
Note that 7° 2’2(6, €;w = 0) does not contain any 9(1’3) because of the rela-

tion 7Wi2(e, ¢;w) o« NP (5w) = 0 at w = 0. That is, 7>%(e, €;0) =
d "
TD22(e ¢, 0) + / 4—6,T“>2>2(e, ¢’:0)g P (¢"; 0)T>2(e”, ¢; 0). Using the Ward
Tl
identity, both Jlgg) (e, 0) and fég)(e, 0) are replaced with the quasiparticle velocity
Vky = ”1(2,;( + ORe X (€)/Oky [25]. Jx« is called the total current since it contains the
CVC discussed in previous sections.

In deriving the DC-conductivity o,y = IImK,,/0w|,—o from Eq.(3.57), we
have to take the w-linear term from A\@ (¢; w) since @ (¢; 0) = 0. Because of the
relation A (e; w) = 2(—=Df(€)/de) - w + O(w?), the expression of o, with CVC
is given as [25]

afo Jix (EE: 0
Oxx = 62 ZZk (_i) kaMv (3.61)
E} Tk



40 3 Anomalous Transport Phenomena in Nearly AF Fermi Liquids

which is exact when v <« EF. This expression is given by replacing one of the
velocity vk, in the RTA in Eq.(3.10) with the total current Jk.. Since Jky is not
singular with respect to v~ !, Eq.(3.61) is proportional to 4.

Next, we discuss the Hall conductivity due to the Lorentz force: The analytic con-
tinuation of Ky (iwy) had been performed in Refs. [22, 24]. The obtained expression,
which is exact within the most divergent term of order O (y~2), is given by

3 0
e af ka Jk)’
Oy = ——H E 7k (——) = (vk X Vi) —=. (3.62)
Xy 2 E Yk ‘ Yk

which is given by replacing vk, and vk, in the RTA in Eq. (3.11) with Ji, and Ji,:
Jxy is given by Eq. (3.59) by replacing Jlig) with vk,,. This expression was derived
by Fukuyama et al. within the Born approximation [22], and it was proved to be
correct in Fermi liquids [24]. We have dropped the [6 point VC term] in Eq. (3.47)
since they are less singular with respect to 7y, '24]. In particular, its contribution to
oy vanishes in the FLEX approximation.

Apparently, Egs.(3.61) and (3.62) become equal to the RTA results given in
Egs. (3.10) and (3.11) if we replace the total current Jk with the quasiparticle veloc-
ity vy, that is, if we drop the CVC by 72%2. The RTA had been frequently used in
analyzing transport anomaly in high-7; cuprates. However, we will explain that the
neglect of the CVC causes various unphysical results.

In the same way, the present author has derived the exact expressions for the
magneto-conductivity Aoy, = 0xx(H;) —0xx(0) [23]. The expression will be shown
in Eqgs.(5.13) and (5.14) in Sect.5.3: Ac{, is given by replacing two vi,’s in the
RTA result in Eq. (3.12) with the total currents, whereas Aaf . 1s totally absent in the
RTA. Also, the exact expression for the Peltier coefficient ayy = E,/(—V,T) under
the magnetic field is also derived in Ref. [26].

3.4 CVC and Ward Identity

In later analytical and numerical studies, it is convenient to transform Eq. (3.59) into
the following Bethe-Salpeter equation [25]:

) = s + 3 / RV I VAR NEY )

where 7@ = 722 ‘and the total current Ji, appears in both sides of the equations.
Here, vk, = vﬁx + ORe Xk (0)/0k,, and we put ¢ = 0 in Ji,(€) for simplicity.
Equation (3.63) is expressed in Fig. 3.2a. It is given by

€ €
70,0, ¢) = (cthﬁ —thﬁ)( LYo ) = 0. ) (3.64)
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Fig.3.2 aBethe-Salpeter equation (Eq. (3.63)) for the total current J. b Expression for 7]((,0](), 0, €¢)
in the microscopic Fermi liquid theory. The factor —1/2 is necessary to avoid double counting

where I'O:X (X = [I,1V) is given by the analytic continuation from each
region (2, 2; X) in Fig.B.1 in Appendix B. At w = 0, 7;(912, in Eq.(3.64) is irre-
ducible with respect to any particle-hole pair g!'">% because of the relations in
Egs.(B.5) and (B.11).

Here, we have discussed the transport phenomena under the outer field Ee
The DC-conductivity is given under the condition kvr/w < 1 and w — 0, which
is called the w-limit case or hydrostatic case. Landau discussed the transport phe-
nomena in the opposite condition kvr/w > 1, which is called the k-limit case or
hydrodynamic case. He found the significant role of the CVC, which is called the
backflow in the phenomenological Fermi liquid theory.

We analyze the Bethe-Salpeter equation (3.63) in the w-limit and w — 0: Its solu-

ikx—iwt

tion is real since ’]I(((;()/ (0, ¢) in Eq. (3.64) is pure imaginary. Since IkaXk/ 0,00=0

(X =11, 1V), we have to extract the ¢-linear term of Ika(Olz,;X (0, ¢). Since it orig-

inates from the cut of the particle-hole pair or that of the pérticle—particle pair [27],
L1V s divided into two I'’s after taking the derivative of €. Using the relations
such as Imxg(O) = (1/2) >k Px(0) p4(0), the €-linear term of ImI" VX (0, ¢) is
given by [10]

ML Y0, ¢) =7¢ > M2k, K K —q.k +q)
q

1
x (Pk+q(0)pk/+q(0) - EPkJrq(O)pk’—q(O)) ; (3.65)

where I' (k, k’; k' —q, k+q) is the full four-point vertex at the Fermi level, which is a
real function of (K, k', q). The factor % in front of the second term in the curly bracket
in Eq. (3.65) is necessary to avoid double counting. Equation (3.65) is schematically
shown in Fig. 3.2b.

After changing momentum variables, the Bethe-Salpeter equation (3.63) is trans-
formed into [10]
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Jx = vk + Ak, (3.66)
_ (0a) Pk+q(0) by PK—q(0)
AJk—kZ:T k+q 2 J+q+ZT —q 271(, Jk’
(0
ZT(OC) Pk ( )Jk’ (3.67)

where we used the relation [%_ de[cth(e/2T) — th(e/2T)]e = (xT)?. TV (o =
a, b, c) are functions of (k, K’, ), and they represent the forward scattering amplitude
[25, 27]. The expressions for 70 (e = a, b, ¢) at sufficiently low temperatures
are given by [10]

- 7T(7rT) 1
Toxra = —5 3 P K K — . K+ @)pi (00— (0), (3.68)
- (7 T)? 1
LW = T3 KK — 0k + @ 0)picg O) (3.69)
—(0c 7r(7rT) 1
L = T3 PR KK — 4k + Dpag Ope—q©). (3.70)

Since the CVC due to 70 represents the hole current, the minus sign appears in
Eq.(3.70). In Egs. (3.68)—(3.70), we dropped spin indices in I" to simplify equa-
tions: If spin indices are taken into account, %Fz in each equation is replaced with

éFTZT st FT Lt FT ity 38 explained in Ref. [10]. Equations (3.68)—(3.70)

are expressed in Fig.3.3(i). Note that Eqs.(3.68) and (3.69) are equivalent since
I'(k,K'; kK" — q, k + q) is fully antisymmetrized as a consequence of the Pauli prin-
ciple.

In the same way, ImXy(—id) = ~k at sufficiently low temperatures can be
expressed as [10, 27]

Z [ 451806 mme)

= 2 R ka0, (3.71)
k/

which is proportional to 72 at the zero-temperature limit, if the dimension is slightly
higher than two. [In pure 2D systems, 7k & —72InT. ] Equation (3.71) is shown
in Fig.3.3(ii). We note that vk is also given by x = 5 Zk/ T(Ob qPK - q0) =
Y T pe0),

Here, we calculate the CVC in a free dispersion model in the absence of Umklapp
scattering according to Yamada and Yosida [10]. In this case, both 7, and Jx on the
Fermi surface are isotropic, that is, 7k = s and Jx = J - k/kg. By noticing the
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0] (ii)
—~ —~ (Oc)
(a)zk k+q (b) Thkq (c)gk ImZX,;
<~ k+q k-q k keq
k-q ‘ k-q -q
k - k+q k

Fig. 3.3 (i) Diagrammatic representation of Eqgs. (3.68)—(3.70). Each hatched part represents the
real part of the full antisymmetrized four point vertex I (k, K’; kK + q, K — q). Each line with arrow
represents the imaginary part of the Green function. Note that a becomes different from b if we
violate the antisymmetric nature of I'(k,K’; k + q, Kk’ — q) in the course of approximation. (ii)
Diagrammatic representation of Eq. (3.71)

relationship Jx+q + Jx—q — J = Jk and using Egs. (3.68)—(3.71), it is easy to
verify that the CVC in Eq. (3.67) is exactly given by

AJx = Jk, (3.72)

in a free dispersion model. If we put AJkx = cJk (c is a constant), the solution of
Eq.(3.66) is given by Jx = vk/(1 — ¢), which diverges when ¢ — 1. Therefore,
the conductivity given by Eq. (3.61) diverges, which is a natural consequence of the
momentum conservation law [10]. Yamada and Yosida also showed that Ji remains
finite in the presence of the Umklapp processes [10].

Next, we discuss the case where eﬁ is anisotropic. Then, the formal solution of
Eq.(3.63) is given by

Ji=) (- O i, (3.73)
k/

where Cy ' = ff;l 'Z;((?(), (0, €) - pr (0) /2. When eg is anisotropic, quasiparticle

current is not conserved in the normal scattering process; Vk + Vi’ # Vk+q + Vk'—q-
Nonetheless of the fact, one can show that det{i -C } = O as aresult of the momentum
conservation [28, 29]. Therefore, J in Eq. (3.73) and o, diverge in any anisotropic
model without normal Umklapp processes. The same result was already obtained by
the variational principle in Sect. 3.2. [Exactly speaking, pyx = 1/0, is proportional
to 7>V =2 when the N-particle Umklapp scattering processes are present [30].]

The FLEX approximation reproduces the divergence of the conductivity in the
absence of the Umklapp scattering, if one consider the CVC given by the Ward iden-
tity I'! = §X/6G [31, 32]. Therefore, the FLEX approximation will be appropriate
for the study of transport phenomena in correlated electron systems.
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3.5 CVCin Nearly AF Fermi Liquids

We consider the role of the CVC in nearly AF Fermi liquids in the presence of
Umklapp scattering, where the scattering processes are mainly given by the strong AF
fluctuations with q ~ Q. First, we intuitively discuss the CVC in nearly AF metals,
where the quasiparticles are scattered by strong AF fluctuations withq ~ Q = (7, 7).
As shown in Fig.3.4a, the quasiparticle at K’ is scattered to k' — q because of the
momentum conservation. The current due to the quasiparticle at k' — ¢ and the hole
at k' is given by v_q — vi. This current almost cancels after performing the k'-
summation: In fact, the current of the particle-hole pair (k" — q, k") for k" = —K/,
which is shown in Fig.3.4b, is v_x_q — v_r & —v_q + vy since 2q ~ 2Q is
a reciprocal lattice vector. Therefore, the CVC is given only by the quasiparticle
at k 4+ q. Then, the conductivity does not diverge because of the existence of the
Umklapp processes in Fig. 3.4b.

Since the total current J is approximately parallel to vk + vk in nearly AF met-
als, J is not perpendicular to the Fermi surface. Thus, Jk has strong k-dependence
near the AF QCP due to the multiple backscattering between k and k 4+ Q. [The
schematic behavior of J is shown in Fig. 3.7.] This fact is the origin of the enhance-
ment of Ry [33]. Thus far, we discussed only the two-body scattering process, and
ignored the higher-order processes. This is justified when v/ Er < 1, which is well
satisfied in optimally-doped cuprate HTSCs [34-36].

Now, we return to the microscopic analysis. When the scattering processes are
mainly given by the strong AF fluctuations with q ~ Q, we can approximate the full

(a)

(b) ) . g

(=m.-m)

(,—m)

Fig. 3.4 Decay process of a quasiparticle at k in HTSCs. a Due to strong AF fluctuations, this
quasiparticle at k is scattered to k + q (q ~ Q), creating a particle-hole pair (k’, k' — q). b The
current of the particle-hole excitation in a is almost canceled by another particle-hole excitation
(k”, K" — q) for K = —K'. Therefore, the CVC is given by the quasiparticle at k + Q alone
(=Maki-Thompson term). The process (b) is the Umklapp scattering
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four-point vertex in Egs. (3.68)—(3.70) as

0y,
L 6 KK =gk +@) ~ — [ 00035 7

_Xf(_ku,_q(o)o-sl,B . 0'32’54} s (374)

which satisfies the antisymmetric nature of I" that is the consequence of the Pauli
principle. The diagrammatic representation of Eq. (3.74) is shown in Fig. 3.5a. Here,
s; (i = 14) represents the spin index and o is the Pauli matrix vector. U in Eq. (3.74)
is the effective interaction between the electrons and spin fluctuations, given by the
three-point vertex shown in Fig. 3.5b.

In the present subsection, however, we analyze the CVC using the following more
simplified approximation for I":

02
FY1,52;53,S4(k7 k/9 k/ —q, k + q) ~ TX;;(O)O'S],X4 : USz,S3' (375)

Although Eq.(3.75) violates the Pauli principle, this approximation produces the
dominant CVC (Maki-Thompson term) near AF-QCP. In Ref. [37], we analyzed the
CVC using Eq. (3.74), and showed that the analysis based on Eq.(3.75) is justified.

Using the approximation in Eq. (3.75), 7O (o =a,b,c)in Eqgs. (3.68)-(3.70)
are expressed by (a)—(c) in Fig.3.6(i), respectively, where wavy lines represent the
spin fluctuations. The CVCs expressed in (a) and (b) correspond to the current due to
the quasiparticles at k+q and k’ — q, respectively, and the CVC in (c) corresponds to
the current due to the quasi-hole at k" in Fig. 3.4. In the field theory, (a) is called the
Maki-Thompson term, and (b) and (c) are called the Aslamazov-Larkin terms. As
explained in Fig.3.4, the Aslamazov-Larkin terms approximately disappears [33]
whereas the Maki-Thompson term plays an important role when £ap > 1 and

Q= (m, ).

=
I}
=~
=
ES)
~
[
S
xR
=
T
o
|

k’-q k -q U k'-q k
b g q
U= é Argp = Yo D
k+q k k+q | Kok k

Fig.3.5 aDiagrammatic representation of Eq. (3.74). The wavy lines represent the spin fluctuations,
Xﬁl(O). b Diagrammatic representation of U in Eq.(3.74). U is the bare Coulomb interaction in the

Hubbard model and A(k + q, q) is the three-point vertex that is irreducible with respect to U
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(i) (ii)
Y= ,_J'Ol,
o e
][ :l _, mi, O
partlcle partlcle hole _§£.l"._

Fig. 3.6 (i) The CVC within the one-loop approximation due to Eq. (3.75). Here, 7]((?3(1 7](((;3) s

and 7, (OL,) in Fig. 3.3a—c are approximated as a-c, respectively. a corresponds to the Maki-Thompson
term in the FLEX approximation, which represents the CVC (MT) in Fig. 3.4. b and ¢ correspond to
the Aslamazov-Larkin terms, which represent the (AL1) and (AL2) in Fig. 3.4. (ii) The expression
for ~ in the same approximation

According to Eq.(3.75), 1 I'? in 7% becomes (3U*/4) [x; (0)]* after taking the
summation of spin indices. However, we replace %Fz with (3U* / 2)[Xf] (0)]? since

the term (a) in Fig. 3.6 is also derived from 7 () if we use Eq. (3.74). Then, the CVC
in Eq.(3.67) and 7 given in Eq. (3.71) near the AF QCP are obtained as

Pk+q 0)

AJy = Z(FT)Z—[Xq(O)]zl mxg (0) =—— Ji+q, (3.76)

K = Z(wT)ZT[x;(O)FImx‘; (0)pi+q(0), (3.77)
q

where we used the relation Im)'(g 0) = (1/2) 2"k Pk (0)pr+4(0). Since Im)'(f] 0) =
Imy§(0)[Ux}(0)1%, Egs.(3.76) and (3.77) are rewritten as

pk+q( )

30°
Ji=vc+ D, = () Imy QO = Tkt (3.78)
q

302
q

Note that Eq. (3.79) is equivalent to ~ in the spin fluctuation theory in Eq. (2.29).

In this section, we have neglected the energy-dependence of the four-point vertices
[in Egs. (3.68)—(3.70)] and that of the spin susceptibilities [in Egs. (3.76)—(3.79)] to
simplify the discussion. For this reason, Egs. (3.78) and (3.79) are appropriate only for
wst 2, T where w-dependence of Xq(w) canbeignored. Inthe case of wyr < T, (nT)?
in Egs. (3.78) and (3.79) should be replaced with fw“ [cth(e/2T) —th(e/2T)]ede =
4T wst. For any value of wgt /T, they are expressed by Eqs (36) and (33) in Ref. [33],
respectively.
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Here, we approximately solve Eq. (3.78) when Eap >> 1 and Eap Ak, ~ O(1). We
assumek is close to point A in Fig. 2.1a. Since x4 (0) is large only when [ —Q] < §;é ,
the CVC term in Eq.(3.78) is expressed as AJx ~ (Ji+/ k) 2q(3U*/4)(xT)?
Im;'(fl(O), where (k}, k;‘) = (—ky, —ky) for kyk, > 0, and (k}, k;‘) = (ky, ky) for
kyky < 0 as shown in Fig.2.1a. Considering Eq.(3.79), AJk ~ Jx= in the case of
&ar > 1. The more detailed expression for the CVC term A Jx is given by [33]

AJx ~ { Jw )Wk <1/éap
~ Jie {cos(0y —0) )k —ke<1/gar = kK (3.80)

where ax ~ (1 — c/fi]:) < land ¢ ~ O(1) is a constant. The k-dependence of ax
will be moderate if {arp Ak, 2 1. By this simplification, Eq. (3.78) becomes

Jx = vk + o Sk, (3.81)

and the solution is given by [33]

1
Jx = — (v + axvke) . (3.82)
1 — oy

Here, we examine the k-dependence of J givenin Eq. (3.82): (a) near points A and B,
Jx is almost parallel to vk by symmetry. At point A, Jx = vk/(1+ak) ~ %vk since
vk = —vk+. (b) Near point C, Jx ~ ({%F/Zc) (vk + vk+), which is nearly parallel
to the AFBZ. These behaviors of Ji together with vk are schematically shown in
Fig.3.7a. Here, we have assumed that {ap Ak, ~ O(1), where Ak, represents the
deviation from the nesting condition at the cold spot in Fig.2.1a. This condition is

(0,m) BZ (m,m)
0,m
o (m.m)
g?l?f?ilce ‘ C\* effective
FS
o
A
Bl
‘ C xT~
©00) @0 (0,0) Al
(@) (b)

Fig. 3.7 a Schematic total current Jx and the quasiparticle velocity vk on the Fermi surface.
The cold spot is around the point A (B) in hole-doped (electron-doped) HTSCs. b Effective Fermi
surface for 0. The large curvature of the effective Fermi surface around the cold spot presents the
enhancement (and the sign-change) of Ry
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satisfied in slightly under-doped YBCO and LSCO above T, as discussed in Sect. 2.3.
In Fig.2.1b, we show an “effective Fermi surface” that it is orthogonal to Jx around
the cold spot [38]. Based on this concept, we discuss the role of the CVC in the Hall
coefficient in Sect.5.2.

When Eap Ak, > 1, one may think that the CVC is small around the cold spot, so
the increment in Ry by CVC is small. However, this expectation is not true since 7 is
also small by the same reason, and therefore i in Eq. (3.80) is close to unity. We have
verified that the CVC around the cold spot is significant even if {ag Ak, >> 1, by using
a phenomenological x; (w) model given in Eq. (2.1) [39]. Later, we demonstrate that
Ry is strongly enhanced by the CVC using the FLEX approximation, which yields
a realistic functional form of Xfl (w). We will show that the CVC is important in
NCCO, although £ap Ak >> 1 is realized at low temperatures.

Here, we have analyzed the CVC by assuming Eq.(3.75), which corresponds
to the one-loop approximation for the self-energy like the FLEX approximation.
When AF fluctuations are strong, only Maki-Thompson term is important. Moreover,
Eqgs. (3.76) and (3.77) contain the same Kernel function [Xfl(O)]ZImj(; (0) pk1q(0)]
owing to the Ward identity between CVC and ~k. For this reason, the factor
ok in Eq. (3.82) approaches unity near AF-QCP, which assures the anomalous k-
dependence of Jk near AF-QCP that shown in Fig.3.7. In Ref. [37], we have ana-
lyzed the self-energy and the CVC beyond the one-loop approximation by assuming
Eq.(3.74). It is confirmed that the CVC near the AF QCP is important even if the
higher-loop diagrams are taken into account.
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Chapter 4
Anomalous Hall Effect (AHE) and Spin Hall
Effect (SHE)

4.1 Relation Between AHE and SHE

In this chapter, we study the interesting spin-related transport phenomena that are
widely observed in various d- and f-electron systems. For example, in the presence
of the magnetization M, charge current is induced by an electric field E in parallel
to M x E. This phenomenon, which is called the anomalous Hall effect (AHE), has
been studied for a long time, and recently attracted renewed interest. The spin Hall
effect (SHE) in paramagnetic metals has received considerable attention due to its
fundamental as well as technological interest. The SHE is the phenomenon that an
electric field induces a spin current (not a charge current) in a tranverse direction.
The SHE occurs even if the time reversal symmetry is not violated since the spin
current does not change by time reversal. By using the spin Hall effect, one can create
a pure spin current by applying an electric field to a paramagnetic metal. Inversely,
spin current is converted to the electric field in the perpendicular direction via the
inverse SHE.

In 1954, Karplus and Luttinger [1] showed that in multiband ferromagnetic sys-
tems with spin-orbit interaction, a conduction electron feels a force perpendicular
to the electric field even in the absence of magnetic field: For an electron with
s; = =£h/2, the spin-orbit interaction Al -0 is reduced to be £AR/; /2. This term
affects the motion of the electron like a “magnetic field” in a multiorbital system
where the atomic angular momentum is not quenched; we will discuss in detail in
later sections. This is the origin of AHE as shown in Fig.4.1a. When the magneti-

zation is reversed, the charge current due to the AHE, j}’,\HE, also changes its sign.
In a paramagnetic state where Ny = N, jy» = —jy, as shown in Fig.4.1b. Then,

spin current j; = (—=h/2e)(jyt — Jjy,) flows along y-direction where —e (< 0) is
the electron charge, whereas charge current j, = jy4 + jy| cancels out identically.
Therefore, origin of the SHE and that of the AHE are the same. [In above explanation,
we disregarded the fact that the electron spin can be reversed by the x, y components
of the spin-orbit interaction A(lxsx + Iysy) to simplify the explanation. ]

H. Kontani, Transport Phenomena in Strongly Correlated Fermi Liquids, 51
Springer Tracts in Modern Physics 251, DOI: 10.1007/978-3-642-35365-9_4,
© Springer-Verlag Berlin Heidelberg 2013
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(a) (b)
¢ hldY
¢¢ AKX
— —
J, (charge current) J, 8 (spin current)

Fig. 4.1 a AHE in a ferromagnetic metal. b SHE in a paramagnetic metal. In (b), finite AHE
appears when the magnetic field is applied along z-axis

The KL theory is called the “intrinsic Hall effect” since this is an universal
phenomenon in multiband systems in the presence of spin-orbit interaction (SOI),
free from the impurity scattering. Since the intrinsic Hall conductivity under E,
(ofy = jx/Eyor a;y = ji/E,) is independent of the quasiparticle damping rate y,
it cannot be described by the conventional RTA. For this reason, the intrinsic Hall
effect is called the “quantum transport phenomenon”. After the KL theory [1, 2], it
was revealed that the SHE and AHE are also induced by impurity scattering, which
is called the “extrinsic Hall effect”. There are two kinds of the extrinsic mechanism;
the skew scattering [3] and side-jump [4] mechanisms. The former (latter) Hall con-
ductivity is proportional to y (y°). In this chapter, we concentrate on the intrinsic
Hall effect.

Recent experimental efforts have revealed that many metallic compounds show
sizable spin Hall conductivity (SHC). In particular, Pt shows a very huge SHC at room
temperature [5, 6]: The observed SHC in Pt is about 10% times larger than the SHC
reported in n-type semiconductors [7, 8]. To elucidate the origin of the huge SHE
in transition metals, authors in Ref. [9] presented the first report on the theoretical
study of SHE in transition metal compound St RuOy. It was found that the d-orbital
degree of freedom is crucial to realize the huge SHE in various transition metals.
Later, several authors have studied the SHC based on the multiorbital tight-binding
models [10-12].

4.2 AHE in Two-Orbital Tight-Binding Model

For a long time, the intrinsic Hall effect proposed by KL had been underestimated.
This would be because the theoretical model assumed in Ref. [2] was too oversimpli-
fied, and therefore quantitative analysis of O’fy could not be achieved. In 1994, authors
in Refs. [13, 14] derived a simple expression of the intrinsic AHE in the periodic
Anderson model, which is a frequently-used canonical model for heavy fermion

systems. This study strongly indicates that the large AHE in heavy fermion systems
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originates from the intrinsic mechanism. Based on the similar method, intrinsic AHE
had been studied in various metals.

In this section, we study the intrinsic AHC in a simple tight-binding model with
(dyxz, dy;)-orbitals. The band structure of this model corresponds to a and 8 bands of
SroRuOy4. Here, we represent the creation operator of an electron on xz (yz) orbital

as cﬁT (cly(T). The Hamiltonian without Zs-coupling is given by H® = >, 6&2&61(,

where
R %-x EX,V

and éli = (T ). §F = —2tcosky, & = —2tcosky and & = 4’ sinky sinky.
Here, —t and =+’ are the hopping integrals between nearest-neighbors and next-
nearest-neighbors, respectively. They are shown in Fig.4.2.

Then, the velocity is given by 9, = Bﬁﬁ /0k,, where i = x, y. They are given
by

A 21 sin ky 41" cos ky sinky,
Ur = (4t’ cos ky sin k, 0 ’ 42)
o 0 41" sink, cos ky
Uy = (4t’ sinky cosk,  2tsink, ) .3)

Thus, the inter-orbital velocity vy (v;y ) is an odd-function of ky (ky ), which is called
the “anomalous velocity”.

Finally, we introduce the atomic /s-coupling 2Al - s: We put the coupling constant
as 2 in this section. It is expressed as H* = > Eltfz”ék. Because |xz) = —(|I; =
+1) — I, = —1))/+/2 and |yz) = i (|l; = +1) + |I; = —1))/~/2i, h* in the present
orbital basis is given by

" = sgn(s:)Aty, (4.4)

where 7, is the Pauli matrix for the orbital space. Note that } y = fz = 0 in the present
basis. Hereafter, we put ug = 1 for the simplicity of calculation.

Fig. 4.2 Hopping integrals
between the a same orbitals
and b different orbitals. The
sign of the inter-orbital hop-
ping integral changes by 7 /2
rotation. This fact gives rise to
the anomalous velocity

®) |

N\
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__The Green function in the presence of atomic /s-coupling, Gk(®) = (0 + n—
— h*)~1,is given by

(Gxxny) _ 1 (a)+u—?§l'(v oK ) @5)
Gyx Gyy d(w) o o+ p=& ) .

where ¢ = & +iAsgn(s;) and d(w) = (@ + p — &) (@ + . — &) — |ow |, which
is expressed as

dw) = (+pu—EN(0+n—E), (4.6)

1 , ,
Ef = 3 (g{(‘ +& + \/(élf — &) +4|ak|2) , 4.7)

where Eljf represents the quasiparticle dispersion. Figure 4.3 shows the Fermi sur-
faces for (¢,¢') = (1,0.1). In SrpRuQy, '/t ~ 0.1. The splitting A* represents
the minimum band-splitting (|E]_(" — E, |) measured from the Fermi surface of
Elf-band. In Fig.4.3, k* represents the position of the minimum band-splitting,
A =min{AT, A7}.

Assuming the orbital diagonal quasiparticle damping y, the retarded (advanced)
Green function is given by

fﬁ)(w) Gop (@ + (H)iy), (4.8)

where o, f = xz, yz.

The expression of the intrinsic AHC is derived from the Kubo formula, Eq. (3.48),
for multiorbital systems. Its diagrammatic expression is shown in Fig.4.4. Then,
we have to perform the analytic continuation exactly to obtain the expression of
the intrinsic term that is of order yo. According to Refs. [15] and [16], the exact
expression of the intrinsic AHC without vertex correction is

G/sz v +‘7;7u”’ (4.9)
de af
it = 3 [ (5)
k,aa’Bp’
GR, G4 ! GR,GR , +GA, G4 4.10
Sy Gl =5 (Gl Gl + Gl Glu) | @10)
de
aII Z / 0!0! ﬂﬂf(w)
kaa’ﬂﬂ’

0 R R R 0 R
[a Gap - Gl = Gy 5 -G

Gaﬂ, Gﬁa,+Gaﬂ, Gg‘a,}, (4.11)


http://dx.doi.org/10.1007/978-3-642-35413-7_3

4.2 AHE in Two-Orbital Tight-Binding Model 55

(@), [ — ]
+ A=0.2
KN\ t'/t=0.H
1 L 4
Ey el
velp
\
I
(0,0) (m,m) (1,0) (0,0)
(b) (c)
(1) 7 7 () (—n,m) (m,m)
n=0.6 J n=1.4 &
A'=0.54

(-m,—m) - k; ' (t,~m) (-mt,—m Ky ,~T)

Fig. 4.3 a The bandstructure of the two-orbital model for (¢, ) = (1, 0.1), which corresponds to
SroRuOy. b, ¢ Fermi surfaces forn = 0.6 andn = 1.4

where f(€) is the Fermi distribution function. Note that Eq. (4.10) [Eq. (4.11)] is
derived from Eq.(3.50), with the factor A (A(1:¥). We call 6,/ and o;/" the
“Fermi surface term” and the “Fermi sea term”, respectively, according to literature.

From now on, we calculate the intrinsic AHC in the present model. Using the

square lattice symmetry of the present model, we obtain that

(@) ®) )
Y f—+o
V)( ............ V FETEETY S e D
o /©,B Y Vy Vy
o

Fig. 4.4 a Green function from orbital « to orbital 8, b velocity orbital « to orbital 8, and ¢
diagrammatic expression for the AHC without CVC
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de , af\ 4y
olil = AZ/Evf‘v;) ( ) TR (4.12)
k

2 2
all_z)LZ/ . vy}f()[(l) _(dLA)} (4.13)

where v¥¥vy” = 8¢’ sin® k, cos ky. Here, it is essential that v¥*vy” is the totally

symmetric representation (A1g), and it does not vanish after the k summation. Note
that the term proportional to GRGR 4 G4 GA in ofy’[ vanishes identically.

Here, we derive the expressions for oxy and af)” at T = 0. Then, the w-
integration in Eq. (4.13) can be performed using the relation

/“ dx . —Q2u—a—>b)
oo —a)2(x = b2 (a—Db)X(n—a)(n—b)
2 (et 4.14
_<a—b>3“(b—u)' (19

The final result for the intrinsic AHC is given by

of, = ol +oble 4ol b, (4.15)
2A
ol = ZHNT v , (4.16)

Y T (= ED vy (e — B2 +vD)
1

g1l _ 2_)‘ vaxvxy
xy - x Yy + —\2
T4 (Ey — Ep)

2u — Ejf — E; +2i
xlm{ ] S b ] 4.17)

(b — Ey +iy)(u— Eyg +iy)

a,llb __ 4 xx, Xy 1
Oy =2 U Uy —(E+ “E)
k k k

+_ )
N =LA 4.18)
E —p—iy

Later, we perform numerical calculation of the AHC using these expressions. (The
expressions of the AHC for general multiorbital models had been derived in Ref.
[11].) When the number of bands is infinite and y — 0, o,?vl 1% §s written as the
integration of the Berry curvature over the Brillouin zone as explained in Sect. 11.5,
known as the Thouless-Kohmoto-Nightingale-den Nijs (TKKN) formula [17].
Before performing the numerical study, we analyze Eqgs. (4.16), (4.17) and (4.18)
when y is very small. According to Ref. [16], Eqgs.(4.16)—(4.18) are rewritten as

follows for y — O:
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S — EY) +8(u — E
Ta > v (w "3 (w ok ) (4.19)
Kk (Ek - Ek)
ot~ —ol | (4.20)
—0 ED)+0(u— E.
ol ~4AZ oy = (E+ ) +E()‘; k) 4.21)
k

According to Eq. (4.21), the main contribution to a)?y’”b comes from an area near k*
in Fig.4.3, if E;‘ > 0and £, < 0 are satisfied. When dx = E;‘ — E,_ is small, then
(—0(u — Elf) +0(u—Ep))/dx =~ 26(n — (Elf + E})/2). In this case, we obtain

allb N4)‘Z xx x)’8('u (El—(i__’_El:)/z)
(Ef — Ep)?

~ a‘g’. (4.22)

In case of y — 0, Uﬁy’”b is written as the Berry curvature formula, as shown in
Sect. 11.5.

From now on, we perform the numerical calculation for both ny and oy, at
T = 0, assuming a complete ferromagnetic state where n, = n and n4 = 0. In
this case, m, = upn. (We put up = 1 hereafter.) The unit of conductivity in this
section is e?/ ha, where h is the Plank constant and « is the unit cell length (inter-
layer distance in 2D systems). If we assume the length of unit cell a is 4 Angstrom,
e?/ha ~10°Q 'em™ L.

Figure4.5a shows the n-dependence of o,y forn = 02 ~ 1.8. n = 2isa

ferromagnetic band insulators. In this model, o, (n) = —oy,(2 — n). Here, we put
Y y
n
(@) 06 ——— : : (b) ‘
N t/t=0.1, y=0.05
0.4} L ]
03} /
< A=0.1, =0.15t < /
g, 0.0 \\(J/ny ) B, /
bi v=0.05 NN & 0.2} // ~ j
| —— 6, (0.1, t4=0.15) k —n=0.
031 . 5 G=02, th=0.1) LS e n=0.4
i n=0.6
08, 0.5 1 15 2 % 0.2 0.4 0.6

A

Fig. 4.5 a Obtained total AHC (crx\) and (7 , as a function of n = m. It is verified that oy, ~ axl),
is well satisfied. €2/ ha =~ 10> Q~'em ™! if we put the unit cell length @ = 4 Angstrom. Oy is not
a monotonic function of m, and changes its sign at m,; ~ 1. b A-dependence of oy, forn = 1.4
and 0.6
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= 0.05, which is sufficiently smaller than A shown in Fig.4.3. If we assume
t = 4000 K, the bandwidth is approximately 4|t = 16000 K. At n ~ 1.8, |0y,
exceeds 0.5 x 103 Q~'em™!, which is comparable with experimental value in Fe
[18] and in SroRuO3 [19]. Figure 4.5b shows the A-dependence of |0y | forn = 0.6
and 1.4. |oyy| is approximately proportional to A below A ~ 0.2, whereas it tends to
saturate when A is as large as Ay —¢ since A = Ef{* — E,. increases with A [18].

Next, We examine the y-dependence of the AHC. Figure 4.6a shows the total AHC
(Oxy), 0”, —Ulla and al)lb for n = 1.4. We see that all of them are y-independent
when y < A. On the other hand, they start to decrease with y when y > A: Thrs is

easily recognized from the functional forms of Eqs. (4.16)—(4.18). We see that o
olla Ilb
Oxy
section. On the other hand, o, ~ o, whereas 0.y is quite different from o/ [? for

I
xy

almost equal to — and o,y & when y « A, as discussed in the prev1ous

y > A. As aresult, the Fermi surface term o
behavior of the AHC for a wide range of y.

We also study the relation between the AHC and the resistivity p = 1/0y.
Figure4.6b shows that o, is independent of p when p < 0.1 [~100 w2 cm]. On the
other hand, oy, starts to decrease for p 2 0.1 in proportion to p~2. This crossover
behavior of oy, at p ~ 100 |L€2 cm is observed universally by recent experiments on
various transition metal ferromagnets by Asamitsu et al. [20].

In summary, we derived a general expression for the intrinsic AHC o, valid for
any quasiparticle damping rate y, by performing the analytic continuation carefully.
Using the general expression, we analyzed the AHE in the two orbital model, which
presents the o and B bands of SroRuOy, and it is convenient for the study of the
intrinsic H2.11 effect. In case of y <« A, axy is independent of y. In this case,

oll Ila

Oxy ~ since o, ty almost cancels with 0 . The relationship oy, ~ a also

succeeds in reproducing the overall

(@) 10

————

" ~,
107 ¢ o, ~const

A=0.2, t/t=0.1
3 -3
10 107 ¢ —_— 04 \
; ———- n=06
107 ‘ : : 107 = :
10° 10" 10° 10' 10” 10" , 10 10
¥ plah/e’]
Fig. 4.6 a y-dependences of U”, ”, —a! 1 @and o/ VI b respectively. 0Oyy shows a crossover behav-

ior at y ~ A. It is verified that o reproduces a overall behavior of the total oy, for a wide range
of y. b Obtained relation between oyy and p = 1/oy, forn = 1.6 and 0.4. p = 0.1 corresponds
to 100 L2 cm. Experimentally, o,y = 102 ~ 10° Q7 lem™! for p = 1 ~ 100 12 cm, whereas
Oxy X p~2 for p > 100 nQcm
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holds in metallic states. In the opposite case y > A, oy, is proportional to y ~2. Inthis
_ 1Ib

case, the relation oy, = Oy is no more valid whereas the relation oy ~ axly holds
well. Therefore, the AHC shows a crossover behavior from oy, Y (Ru « p?)
10 Oyy X ¥ 72 (Ry o p°) as the quasiparticle damping y increases. This crossover
behavior was first discovered in Ref. [13].

Therefore, for a wide range of y, the relation

Oy ~ o;y (Fermi surface term) 4.23)

would be realized universally in real metallic systems, since the Fermi sea terms
almost cancel each other except for a special situation where p lies inside a narrow
anticrossing band gap.

In Fig.4.7, we present an intuitive explanation for the intrinsic Hall effect based
on the two-orbital model. Here, we consider the motion of a |-spin electron along a
triangle of a half unit cell. An electron in the d,,-orbital can transfer to the d,,-orbital

and vice versa using the SOI for | -electron —hkl}, (yzliz|xz) = —(xz|iz|yz) =1i.
These relations are derived fArom the fact that the (m/ 2)-rotation operator about the
z-axis is given by exp(—iml;/2) = cos(w/2) — il,sin(w/2) = —il, for l;z = 1.

By considering the sign of the interorbital hopping integral (+¢") and the matrix
elements of the SOI, it can be shown that a clockwise (anti-clockwise) motion along
any triangle of the half unit cell causes the factor +i (—i). This phase factor is called
the “orbital Berry phase”.

This factor can be interpreted as the Aharonov-Bohm phase factor e271%/%0 [¢g =
he/e], where ¢ = ¢ Adr = ¢ /4 represents the “effective magnetic flux” through
the triangle of the half unit cell. Since the effective magnetic flux for 1-electron is

2ALS,: S,=—1/2

yz

-ih\ i

Fig.4.7 The orbital Berry phase for | -electron through triangles of half unit cells in the two-orbital
model. The “effective magnetic flux” for 1-electron is —¢g/4 (¢po = hc/e)
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opposite in sign, 1-electrons and | -electrons move in opposite directions. Thus, the
effective magnetic fluxin Fig. 4.7 givesrise toa AHE whenny # n . Therefore, large
AHE due to such “orbital Berry phase” will be ubiquitous in multiorbital systems.

We comment that the present (d,;, dy;)-tight binding model in a paramagnetic
state shows a finite SHC azy Since s; is conserved in the present model, oy,
is simply given by (—h/e) times Eq (4.15). As shown in Fig.4.5, oy, reaches
0.6 [(1/e)(e?/ ha)] ~ 600 [hie™! Q@ 'em~!] for a = 4 Angstrom, whlch is almost
one order of magnitude larger than typical SHC in semimetals.

Although s, is conserved in the present two-orbital model, s, is no more conserved
in real Ru-oxides because of the existence of the d,-orbital Fermi surface. This is
also true in various transition metals. Because of this reason, the two-orbital model is
inappropriate for the realistic study of the SHE. Thus, to understand the origin of the
recently observed giant SHC in transition metals [5, 6], authors in Ref. [9] analyzed
the SHC in the #¢-orbital (d,;, dy;, dyy) tight-binding model with SOI, which well
represents the band structure of SroRuQOy. It was revealed that the spin-dependent
orbital Berry phase in Fig.4.7 causes giant SHC in various paramagnetic transition
metal compounds.

4.3 General Expression for the AHC and SHC

In this section, we derive the expression for the AHC for the general multiorbital
models. We consider a tight-binding model given by the set of hopping integrals
between different Wannier functions:

HO — Z c k Cﬂka (424)
k,af

where o and g are atomic orbital and spin indices. When the quasiparticle damplng
y is diagonal and independent of orbital, the Green function is given as GR (w) =

(w4 pu— I-AII? +(—)i y)_1 . Under the vector potential, the momentum K in the kinetic
term is replaced with k + e¢A. (—e is the electron charge.) Therefore, the velocity in
the orbital basis is given by

JH? dHO
Dy = —teAl = K (4.25)
deA,, ok,

Here, we derive the general expression for the AHC in the orbital basis, which
is convenient for numerical calculations. There is a k-dependent unitary matrix Uy
which diagonalize the Hamiltonian as

0
Z Uli,la Hkaﬁ Uk, pm = Egdim, (4.26)
ap
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where «, B are orbital indices, and [/, m are band indices. Ell( gives the dispersion
of the /th band. When the quasiparticle damping y is diagonal and independent of
orbital,

8
F l,m

Ul GE Uk m = —, 4.27)
Z k, /o kaﬁ B E{( ( )l)/

Then, Eqgs. (4.10) and (4.11) are rewritten as

1 1
ol = —— > (k)™ (Jiy)™ : :

Y 2nN kém ' B —iy)(ER - —iy)

—1
= 5 > Im () ()™ }
T K,[#m
1
x Im § — . — m— (4.28)
(Ey — —ly)(E —p+iy)
,II 1 l

1 1
Im T P
(w+u—E +iy)? (@+npn—E +iy)

1 1
_ , 4.29
(w+M—EL+iV)(w+u—E|’Z’+iV)2] 2%

where (Jku)ml is given by Zaﬂ Uli,ma (ka)o‘/3 Uy, g1, which is not diagonal even
in the band-diagonal basis. Note that we dropped the diagonal terms [ = m in
the summations in Eqs. (4.28) and (4.29) since they vanish identically. We also
note that the transformation from the first row to the second row in Eq.(4.28) was
performed since > Lm Re {(ka)ml (Jky)lm} vanishes identically after k-summation.

After performing the w-integration in Eq.(4.29), the Fermi sea term is given by
a,ll a,lla a,llb

Oyy =0xy — +oxy ,where
1
I1la ml Im
o = > m [ ™|
" 27N Kz E, — E/

EL+ E" —2u —2i
kT ok TR T A ] (4.30)

x Im ] - p -
(Ex —m —iy)EY —pn—iy)

1 1
a,llb ml Im
’ = — E Im { Ji Ji } _—
ny ﬂNkl#m (k)™ ( ky) (Ell( —Elr(n)2

EL—pu—i
xIm | ZEZH VAL 431
EY —p—iy
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Here, we used the following relation to perform the w-integration:

/“ dx[ 1 B 1 ]

oo x—a)(x—-b) (x—a)(x—Db)?
_ a+b—-2u 3 2 ln(a—p,)
(a—ba—wb—-p (@—b? \b—pn)’

(4.32)

In the same way, we can obtain the SHC by replacing (Jx y"lin Egs. (4.28)-(4.31)

with the spin velocity

)™ =D UL )P Ui i, (4.33)
of

where Oy, = {Dkx, §;}/2.In Chap. 11, we will calculate the AHC and SHC in various
multiorbital models using Egs. (4.28)—-(4.31) and Eq. (4.33).
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Chapter 5
Transport Phenomena in Cuprate HTSCs
Above T*

5.1 FLEX 4+ CVC Approximation

In this chapter, we discuss the transport phenomena in cuprate HTSCs above the
pseudo-gap temperature 7% where the SC fluctuations would be negligible. Here
we concentrate on the FLEX + CVC approximation: The self-energy is given
by Eq.(2.13), and the kernel function in the Bethe-Salpeter equation, 7 I(SL,, is
given by Eq. (3.64). The total current J is obtained by solving the Bethe-Salpeter
equation [1].

In the FLEX approximation, the self-energy is given by the convolution of G and V
asin Eq.(2.13). Then, I'’ = § X /6G (Ward identity) contains one Maki-Thompson
term that is given by taking derivative of G, and two Aslamazov-Larkin terms that
are given by taking derivative of V. These three terms corresponds to (a)—(c) in
Fig.3.6 [1, 2] given by the simplification in Eq.(3.75). Considering the relation
X9 /6Gw = —(Gi+q + Gi—q), We can derive I = §%/0Gy in the FLEX
approximation as

1
Fk,k’ (€n, €n') = Vi k(e — €n)

- | -
-7y U? 5 Uxg(wn) + D%+ S UXGwn) = -1

q.! B N
X Gg—qlen — w) Gy —q(&n — wr)

3 1
=T 2 U | SWUxg@) + D + S Uxgwn = D =1
q.! - -
X Gipqlen +w)Gr—q (6w — wi), (5.1)

where the first term is the Maki-Thompson term, and the last two terms are the
Aslamazov-Larkin terms. Hereafter, we drop the Aslamazov-Larkin terms since they
are negligible in nearly AF Fermi liquids (XXQ > X"Q, XOQ), as discussed in Sect. 3.5.
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Then, the kernel function of the Bethe-Salpeter equation (3.63) is obtained by the
analytic continuation of Vi/_k(e,r — €,). It is given by Eq.(B.8) at w = 0, where
I} €)= V(€ —e+id) and I} (e, ¢) = I/} (e, €) = V(€ — e — i6) for the
Maki-Thompson term (see Fig. B.1a). The obtained kernel function is TO (e, ¢) =

€ —¢ € , . , .
CthT — thﬁ (V(e —€e+1i0) — V(e —e— 15)). Thus, the Bethe-Salpeter

equation in the FLEX 4 CVC theory is given by [1],

Jk(6) = vi(e) + Z/ |:Cth —th;—Ti|

x IV (€' — e +i0) - [Gg(€ +id)* - Jq(€) (5.2)

where vk (e) = Vk(eﬁ + Re Xk (¢)). By using the relation f[cth(e/ZT) — th(e/2T)]
ede = (7T)?%, and assuming the relation wsr > T', Eq. (5.2) is simplified as

Pk+q(0)
Tk+q

2
Jx(e) = mVq(0)

Tiras (5.3)

which is equivalent to Eq.(3.78) if we approximate V4 ~ 3U 2xf] /2. [Note that
U = U in the FLEX approximation.] The numerical solution of Eq. (5.2) is shown in
Fig.5.1, which confirms the behavior of J in Fig. 3.7a. This singular k-dependence
of J is realized because oy in Eq. (3.80) approaches unity for {Ap — oo. This result
is not specific to the FLEX approximation since the same vertex function [’Z]((’(:(),]
appears in both (3.63) and (3.71) in the microscopic Fermi liquid theory, because of
the Ward identity. For this reason, singular k-dependence of J for £ap >> 1, which
is shown in Fig.5.1 given by the FLEX approximation, is a universal behavior in
Fermi liquids near the AF QCP.

Inhole-doped systems, 7k attains its minimum (maximum) at point A (B) as shown
in Fig.2.5 [3, 4]. At low T, the local minimum of | J]| is located at points A and
B, and its maximum is located at point C, schematically shown in Fig. 3.7a. Further,
Fig.5.1b shows that the mean free path with CVC, |Lg| = |Jx/7k/|, attains its local
minimum at point A for 7 < 0.02, since | J k| rapidly increases as k deviates from the
point A. In fact, Eq. (3.82) suggests that | J k| fiF | vk +vk= |, which will takes a large
value near the AF QCP except at points A and B. In later sections, we explain that
the local minimum structure of | Lk | at point A becomes prominent below 7*, which
causes the significant increases in the Nernst coefficient and magnetoresistance.

In Ref.[1], we solved the Bethe-Salpeter equation by considering both
Maki-Thompson term and the Aslamazov-Larkin terms, and calculated both p and
Ry. It is verified numerically that the Aslamazov-Larkin terms are negligible in
nearly AF metals.
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(a) (b)
34 30

" LSCO (n=0.9)

/2

~ « /4
D

—m/4 L 0 . , .
B (hot) A (cold) B’ B (hot) A (cold) B’
Fig. 5.1 a6/ = tan~!(Jy,/ Jky) and b mean free path with CVC obtained by the FLEX +CVC
method. |Lg| = |Jk/%|- —dGI{/dkH at the cold spot (A) increases as T decreases. | Lk| attains its
local minimum at the cold spot for 7 < 0.02, which induces increases in the Nernst coefficient
and magnetoresistance. We also plot the mean free path without CVC; |lk| = |vk/~k|. The Fermi
surface is shown in Fig.3.7

5.2 Resistivity and Hall Coefficient

First, we analyze the conductivity o, using Eq. (3.61). According to the approximate
expression for Ji in Eq. (3.82),

2
U
[k Jicx leold = [1 ks ] (5.4)
+ ak
cold

at the cold spot of YBCO [point A], at which the relationship k = —k* is satisfied.
Since 1/(1 4 ak) ~ 1/2 when £aF >> 1, it is obtained as oy, ~ oA /2. Therefore,
the resistivity p is slightly increased by the CVC [1]. Since the effect of the CVC on
p is not large, the RTA result is qualitatively correct.

Figure 5.2a shows the numerical results of p for LSCO (n = 0.92 and U = 4.5)
given by the FLEX and FLEX+ T -matrix approximations. In the FLEX approxima-
tion without CVC, p shows an approximate 7 -linear behavior for 7 > 0.02 (~80 K).
Because of the CVC, p is slightly enhanced for wide range of temperatures, and p
shows a tiny “kink” structure at ~7Tp, below which AF fluctuations strongly grow.
This result is consistent with experiments [5]. The kink becomes more promi-
nent in the FLEX+T7 -matrix approximation, which will be discussed in Sect.6.2.
In Fig.5.2a, p = 1-250, nQ2cm at T = 0.08—320 K: The resistivity increases
with U, and p ~ 450 uQ2cm for YBCO with U = 8 and n = 0.9 [1]. Consis-
tently, p &~ 200—300 n2 cm at 300K in optimally-doped YBCO and LSCO, and
it increases to 400—600 <2 cm in slightly under-doped compounds (n ~ 0.1) [6].
However, the FLEX 4+ CVC method cannot reproduce the huge resistivity in heavily
under-doped compounds.
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Fig.5.2 a pfor LSCO obtained by the FLEX (without CVC) and FLEX + CVC approximations. pis
slightly enhanced because of the CVC. We also plot p obtained by the FLEX + T-matrix (without
CVC) and [FLEX + T-matrix] + CVC approximations. The FLEX + T-matrix approximation
coincides with the FLEX approximation for 7' >> T*, where SC fluctuations disappear. T = 0.2
corresponds to 800K. b p for NCCO obtained by the FLEX (without CVC) and FLEX 4 CVC
approximations

Figure 5.2b shows the p for NCCO (U = 5.5) obtained by the FLEX approx-
imation (within the RTA) and the FLEX + CVC approximation. In the case of
n = 1.20 (over-doped), p shows a T>-like behavior below T = 0.1—400 K, which
is consistent with experiments. In the case of n = 1.10 (under-doped), p shows an
approximate 7 -linear behavior when the CVC is included in the calculation. Interest-
ingly, prLEX+CvVC < PFLEX(RTA) forn = 1.10 below T = 0.06, since | Jx| > |vk|
due to the CVC in NCCO at low temperatures.

Next, we discuss the Hall coefficient. Using the Onsager’s relation oy, = —0o,,
the general expression for oy in Eq. (3.62) and o)lfyTA in Eq.(3.11) in 2D systems can
be rewritten as [1]

3
e dk OLx
Oxy/H; = — ! (L )
Z

4 Jus @m2 7K g
e dk” —d6;! 1
=— |Jxl? ) =, (5.5)
4 Jrs (27)2 dky ) 42
3 v
RTA € dk| 2 (_‘wk) 1
Oxy JH; = — |vk| C =, (5.6)
W T Jes @2 dkj o0

where Ly = Jx/7%, 91{ = tan_l(JkX/Jky) and Hl'é = tan_l(vkx/vky). dk is the
momentum tangent to the Fermi surface, which is depicted in Fig. 3.7a. Note that | Lk|
represents the mean free path by considering the CVC. In deriving above equations,
we used the relation |vk|0/0k) = (Z x vk) - Vi = (vk X V). in 2D systems. Using

the relation , /vl + viya/ak‘, = (vk X V), 0xy ina 3D system is given by
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2 2
S dS VUi Ty L (—agl ) 1
| Jkl * =5
F Yk

H, = —
e/ He s@m? ol dky

: (5.7)

where d Sk represents the Fermi surface element, and dk) is the momentum tangent
to the Fermi surface and parallel to the xy-plane. We stress that the k-derivative of
~k does not contribute to oy, whereas it is important for Aoy, and oy.

In the expression of afyTA, (—d0y /dk) represents the curvature of the Fermi
surface [7, 8]; in both hole-doped and electron-doped HTSCs, (—d 01‘2 Jdky) ~
1/kp (> 0) on the Fermi surface. On the other hand, (—d@l{ /dky) exhibits strong
k-dependence in nearly AF metals, as shown in Fig.3.7a: It is positive (negative)
around point A (B). Since the cold spot locates at point A in hole-doped systems [1],
the present study predicts that Ry > 0 in hole-doped systems. [Note that the charge
of electron is —e (e > 0).] On the other hand, Ry < 0 in electron-doped systems
with strong AF fluctuations since the cold spot in electron-doped systems is B [1]. To
understand the role of the CVC within the scheme of the RTA, we have introduced
an “effective Fermi surface” obtained by bending the true Fermi surface such that it
is orthogonal to Ji [9]. The effective Fermi surface in HTSCs is shown in Fig.3.7b:
Its curvature is equal to (—d 911 /dky) by definition, and it takes a large positive (neg-
ative) value around the cold spot in hole-doped (electron-doped) systems. Therefore,
Ry in hole-doped (electron-doped) systems exhibits a large positive (negative) value
at low temperatures [1].

Figure5.3a, c, and d shows the numerical results for Ry given by the FLEX +
CVC approximations. In hole-doped systems (n < 1), Ry increases as the doping
0 = |1 — n| decreases. On the other hand, Ry for electron-doped systems (n > 1)
becomes negative below 7 = 0.09—400 K. For a long time, it had been considered
that the negative Ry in electron-doped systems is a strong evidence of the breakdown
of the Fermi liquid state. However, it is naturally explained in terms of the Fermi
liquid picture since the curvature of the “effective Fermi surface” becomes negative
around point B, depicted in Fig.3.7b [1].

As shown in Fig.5.3a, ¢, and d, Ry in the RTA (without CVC) slightly decreases
at low temperatures, because of the deformation of the interacting Fermi surface [1]:
The curvature of the Fermi surface is reduced by the k-dependence of the self-energy
when AF fluctuations are strong. A tiny increment in RII}TA in YBCObelow T = 0.02
is caused by the strong anisotropy of k. In the present calculation, Yhot/Yeold = 3
at 7 = 0.02.

Figure 5.3b shows the k| -dependence of Ao (k) = vk-Lk/|vk|and Aoy, (k) =
|Lx|*(—00] JOk)), where 0y = fpg dkj Aoy (k) and oyy = $rg dkj Aoy (k).
In both o,y and oy, the electrons around the cold spot gives the dominant con-
tributions. oy, is slightly reduced by including the CVC. On the other hand, o,
obtained from the FLEX + CVC theory is considerably larger than UEVTA, since
|d0]] /dky| > |d6} /dk;| at the cold spot. Ay (k)) is large only around the cold
spot, and it becomes negative around the hot spot.

Here, we discuss the temperature dependence of Ry in detail using the approxi-
mate expression for J in Eq. (3.82). Since dou/Ok) = 0 at the cold spot [point A]
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Fig. 5.3 a Strong T-dependence of Ry for LSCO obtained by the FLEX 4+ CVC approximation.
In contrast, RETA given by the RTA (without CVC) is almost T'-independent. Ry obtained using the
FLEX + T-matrix approximation is also shown; it starts to decrease below 7* ~ 0.04 (~160) K
(pseudo-gap behavior). b k|-dependence of Aoy, (k) and Aoy (k) at T = 0.02. Note that 0, =
Jrs dky Aoy (ky). € Ry for YBCO in the FLEX + CVC method. d Ry for NCCO in the FLEX +
CVC method

because of the symmetry,

dJk _ 1 (dvk dvk*) (5.8)

- = — ta
dk 1-— oz]% dk K dk|
at the cold spot. Then, by noticing the relationships (vyx x dvgx/dk)), = —(vk X
dvg/dk|); and (vg+ x dvg/dk|), = —(vk x dvk=/dk));, we obtain that
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dJx o —do]
ka—) = |Jxl
( dky J dky )
1 —doy
_ 2|vk|2( k) , (5.9)
-« dkyi /ol

which is proportional to (1 — o) ™! 512“: [1]. In fact, Fig.5.1a shows that Eq. (5.9)
increases as the temperature decreases. As a result, Ry behaves as [1]

|Ru| o EXp. (5.10)

Thus, both the sign and the T'-dependence of Ry in hole-doped HTSC are successfully
reproduced in the present approach.

Finally, we discuss electron-doped systems. At the point B in Fig. 2.1a, |kg —kp’' —
QJ isequal to |kg — kg — Q| for Q = (w, —7). Then, the CVC at kg, which is given
by the second term of Eq. (3.78), is approximately proportional to J g + Jp» = 0.
Therefore, ax = 0 in the simplified Bethe-Salpeter equation (3.81) and Jx =~ vk at
point B. Since a rapidly increases if k deviates from point B, (—d 9]{ /dky) attains
a large negative value around the cold spot of NCCO. Therefore, the negative sign
of Ry is realized by considering the CVC.

5.3 Magnetoresistance

Next, we study the orbital magnetoresistance Ap/pp in HTSCs by considering the
CVC. According to the linear response theory [10], the magnetoresistance due to the
Lorentz force (k — k 4 ¢A) is given by

Ap/po = —A0rx |00 — (0xy /002 (5.11)

where agx denotes the conductivity without a magnetic field, and Aoy, = oy (H;)—
0

o, 1s the magneto-conductivity due to the Lorentz force. This orbital magneto-
conductivity is always negative and proportional to v 73, so it is significant in good
metals with small . In the RTA, the first term in Eq.(5.11) is always dominant
except when the Fermi surface is isotropic, so the orbital magnetoresistance Ap/pg
is always positive [10]. This statement is true beyond the RTA, since the enhancement
of | Aoy | due to the CVC is larger than that of (axy)z.

In strongly correlated metals with large -, on the other hand, the Zeeman effect
causes a large field dependence of v; v(H) = v(0) - (1 — aH?). Usually, a > 0 and
la| o< (m*/m)? since the Zeeman splitting reduces the inelastic scattering. In heavy
fermion systems, this Zeeman splitting mechanism causes the “negative” magne-
toresistance at T ~ Tk, (Ap/po)zeeman X (Y(H) —7(0))/~v(0) —aH?. However,
positive orbital magnetoresistance given by Eq. (5.11), Ap/po o< v(0)~> H?, is dom-
inant for T « T since ~(0) is small in the coherent Fermi liquid regime.
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Here, we concentrate on the orbital effect, and neglect the Zeeman effect on . By
performing the partial integration, the magneto-conductivity in Eq. (3.12) is rewritten

in 2D systems as
dk; 5 (89;;)2 (6|lk|)2 1
— v l +\ —, 5.12)
- (ZW)QI k| [I k| ok, ok, - (

where Iy = vk/~k. Here, we used the relation |vk|0/0k; = (2 x vk) - Vi =
(vk X Vk); in 2D systems. When the Fermi surface is spherical, the second term
in the bracket in Eq (5.12) vanishes identically. In this case, ogx = e’kpvg /47y,
Oxy = (evp/Z’y)U” and Aoy, = —(evp/Z’y)2 o, according to the RTA, where
kr and vp are the Fermi momentum and Fermi velocity, respectively. Therefore,
Ap/po given in Eq.(5.11) becomes zero. Except for this special case, the orbital
magnetoresistance is always positive [10].

The general expression for the magneto-conductivity is derived by performing
the analytic continuation of Eq.(3.42) for m = 2 [11]. This work enables us to
calculate the magneto-conductivity along with satisfying the conservation laws. At
low temperatures, the magneto-conductivity can be expressed by a simple form [11]:
Aoy = Ac?, + Acb , and

RTA _
Ao Oxx

4 a0 1
Aot = —H>. & ) a)? —, 5.13
Oxx 2’ ;Zk< e )Ef:{ ko ) . ( )
Ac® H? 642 o (D — dir} 2 (5.14)
o, = — - — _— — — .
XX 2 e Zk De 5 kx \Pkx kx rka
8ka
dix = , 5.15
kx = |kl ok, (5.15)
0
ka = Vkx + Z/ _T(O)/(O ) ]E/ )Jk’x’
(0) pr (0)
Dy = dix +Z —T (0, H—=——= e D (5.16)

where Ly = Jx /v and T © (O €') is the irreducible four-point vertex in the particle-
hole channel introduced in Eq (3.63). AO’RTA in Eq.(3.12) is given by Eqgs.(5.13)
and (5.15), by replacing Jk with vk. In the FLEX approximation, f de = L (0), 0, ¢) ~

(BU?/2)(xT)*Imdx; ., (w)/Owl.—0, as shown in Eq. (3.78).
Using the relation Aoy, = Aoy, we can rewrite Aoy, as

2
dkj 5 (99 ALk \* | 1
Ac? Lk | =X —, (517
Oxx = (2 )2| k| (8k| + ak” - s ( )



http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3

5.3 Magnetoresistance 73

where Ly = Jx/7k- According to Eq. (5.9), the first term in the bracket in Eq. (5.17)
is proportional to (d Gl{ / dk”)goldfyc_o?d x fich_O?d [12]. Further, remaining terms (the
second term in Eq.(5.17) and Aaf?x) are also proportional to fiF%_ofd for a wide
range of temperatures, since the kj-derivative of 'Z_I((f)l(), yields a factor proportional to

512“; [1, 12]. In Sect. 6.2, we will explain that | L | becomes highly anisotropic below
T* due to AF+SC fluctuations. For this reason, due to the second term in Eq. (5.17),
Ap/po is drastically enhanced below 7* in under-doped HTSCs.

Therefore, the magnetoresistance in nearly AF metals behaves as

Ap/po o H*EXp - p? oc T4 (5.18)

above T* due to the CVC since pp o« T and 512“ o T~!. Equation (5.18) is consistent
with experimental results in LSCO [13-15], YBCO [14] and TBCO [16]. On the other
hand, in a conventional Fermi liquid where £aF is constant, Eq. (5.18) gives Kohler’s
rule Ap/py o< H? Po 2, Equations (5.10) and (5.18) directly imply the “modified
Kohler’s rule” [12]

Ap/po « H? tan® 0y, (5.19)

where tan 0y = oy, /ogx = H Ry/po. Experimentally, the modified Kohler’s rule
is well satisfied in various HTSC compounds [13, 14, 16] and in CeMIns(M =
Co or Rh) [9, 17], whereas the conventional Kohler’s rule is completely broken.
The modified Kohler’s rule implies the same origin of the enhancements of Ry and
Ap/po; the CVC due to AF fluctuations.

Figure 5.4 shows the numerical results for (a) YBCO and (b) LSCO by using the
FLEX + CVC method. The coefficient
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(a) : : : (b) 200——F—F+—
C"RTA(nz()‘g) 0.85 Cpra (X0.5)
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Fig. 5.4 ( = (Ap/po) cot? Oy for a YBCO and b LSCO calculated by the FLEX 4+ CVC method
for0.02 < T < 0.1(80 ~ 400 K). The modified Kohler’s rule (( =const.) holds well by considering
the CVC. In contrast, (rta obtained by the RTA exhibits a strong 7'-dependence. [Reference [12]]
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ACyy - O
¢ = (Ap/po) cot” fyy = —ﬁ -1 (5.20)
Xy

is nearly constant for a wide range of temperatures, only when the CVCs are cor-
rectly considered: In Fig.5.4, we show that (rra = (Ap/ po)RTA(cot2 fu)rta and
408N o6Y°

(MCRTA = —————=-~>— — 1. Here, (rra increases as T decreases, since the
(oCVC)2
X

anisotropy of |lx| = |vk/7k| increases at low temperatures. In contrast, (Mc-RTA
decreases at low temperatures since the Ry is strikingly enhanced by the CVC. Only
whenboth oy and Ao, are calculated using the FLEX + CVC method, the modified
Kohler’s rule ¢ & const. is satisfied.

The experimental value is ( =~ 1.5-1.7 for YBCO [14] and { ~ 2-3 for
T1pBa;CuOg4s [16]. In contrast, ¢ takes much larger value in LSCO: ( ~ 13.6
for a slightly over-doped sample (x = 0.17) [15], and it increases (decreases) as
the doping increases (decreases) [13]. In both these systems, the modified Kohler’s
rule (5.19) is well reproduced by the FLEX 4+ CVC method, as shown in Fig.5.4. In
YBCO, the dominant contribution is given by Ac¢,, particularly by the first term in
the bracket in Eq. (5.17) that includes (89{ / 8k‘|)2. In the case of LSCO, the second
term in Eq. (5.17) is very important. In LSCO, the Fermi surface is very close to the
van-Hove singularity point (7, 0) since both |¢'/¢| and |¢t”/¢] in Eq. (2.5) are smaller
than those in other systems. Since vk = 0 at (7, 0), the anisotropy of the velocity
|vk| on the Fermi surface is larger in LSCO. Hence, the second term in Eq. (5.17) [or
Eq.(5.12)] takes a large value in LSCO. In heavily over-doped LSCO at § = 0.225,
where CVC is expected to be unimportant, ¢ exceeds 100 [13]. This result is consis-
tent with recent ARPES measurement [18], which shows that the Fermi surface in
LSCO passes through (7, 0) in the over-doped region § = 0.2-0.22.

Therefore, experimental value of ( gives us a useful measure of the anisotropy of
Ly = Jx/%. (Lx =~ Iy in weakly correlated systems.) In Ce MIns| (M = Rh, Co), ¢
is of order O (100) [9], which indicates that the anisotropy of Lk is large in the main
Fermi surface.

5.4 Thermoelectric Power

We also discuss the thermoelectric power, S. In cuprate HTSCs, S takes a large value
in under-doped systems, and it increases as 7 decreases below the room temperature.
Except for over-doped compounds, S > 0 in hole-doped systems [19-26] whereas
S < 0 in electron-doped systems [27, 28] below the room temperature. We stress
that the peak temperature of S is nearly equal to the pseudo-gap temperature 7* in
many hole-doped compounds; in HgBa,CuO445 [23, 24], LSCO, YBCO [25] and
Bi»SrpRCu;05 (R = Ca, Y, Pr, Dy or Er) [26]. By neglecting the CVC, Hildebrand
et al. calculated the thermoelectric power for YBCO using the FLEX approximation
[29]. Here, we study the thermoelectric power both for hole-doped and electron-
doped systems using the FLEX + CVC method.
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According to the linear response theory [30-33], the thermoelectric power in a
Fermi liquid system is given by

S = Qyx/0Oxx, (5.21)

where oy, is the diagonal Peltier conductivity; j, = axx(—V,T). It is given by
[30-33],

aye = K2 (w+i0)/iw| . (5.22)
where K (w + i0) is given by the analytic continuation of [33]
(s 1 7 —WAT 0 :
K (iwy) = 7/ dre N (T7 j(0) jx (7)), (5.23)

where j and j € are charge and heat current operators, respectively. The heat current is
defined by the following energy conservation law; 0; (h(r) — un(r))+V - j 2(r) =0.
Then, j< contains complex two-body terms in the presence of electron-electron
correlation. Fortunately, the Ward identity allows us to rewrite the heat current as
J kQ(e) = ¢evy, where vy = Vk(eﬁ + Re X) [33]. By performing the analytic contin-
uation of Eq. (5.23), we can derive the exact expression of ay, of order O (Eg/7) as

[33]
—e de { Of°
Qxx = T Zk:/ . (_E) €Vkx (€)
% (i @1Gk©F = 206 (OReGK(9)?) (5.24)

where Jk, (€) is the total current given in Eq. (3.63). At sufficiently low temperatures,
Qi 18 simplified as

nr = _eﬂ'zT / dk 1 i (ka(EE)ka(Elt)) ’ (5.25)
3 Jrs @m)? zklvk(E)| Ok \ vk (Ep) Ik (Ey)

where —e (e > 0) is the electron charge. dk represents the momentum verti-

cal to the Fermi surface. When v is energy-independent, Eq.(5.25) yields S =

—enT [6zy0xx = —Tm*/3en (m* = m/z is the effective mass) in the 2D isotropic

system with Ey = k2/2m — ju.

Figure 5.5 shows the damping rate y(k, €;) = Im X4 (k, ¢}) for YBCO and NCCO
given by the FLEX approximation at 7 = 0.02, along (0, 0) — (7, 7) and (0, 7) —
(m, 7). This strong momentum-dependence of Yk (Ey) causes large thermoelectric
power in HTSC: In Fig.5.6a, we show the numerical results of S for YBCO and
NCCO given by the FLEX 4+ CVC method. In LSCO, § > 0 in the optimally-doped
case (n = 0.85) below the room temperature, and it increases in the under-doped
case. In NCCO (n = 1.10), S < 0 and it takes a peak around 200 K. These results
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are consistent with the experimental results [19-25]. The origin of the non-Fermi-
liquid-like behavior is the strong k— and e-dependences of y (¢) shown in Fig.5.5. In
nearly AF Fermi liquids, O (Ey)/0k1 > 0 atpoint A in Fig.2.1a since 7 increases
near the AFBZ. Since point A is the cold spot of YBCO, Eq. (5.25) becomes positive
in YBCO. Therefore, S > 0 in under-doped YBCO and LSCO. On the other hand,
§ < 0in NCCO since 0vk(Ey)/0ky < 0 at point B. Numerical results of S are
summarized in Fig. 5.6a.

In YBCO, S slightly decreases if the CVC is included, since |Jk| < |vk| around
the cold spot. In NCCO, in contrast, absolute value of S is enhanced by the CVC. In
both cases, the effect of the CVC on S is much smaller than that on Ry. Figure 5.6b
shows the § for YBCO (n = 0.90), together with Si, (Sout) Which denotes the con-
tribution from the inside (outside) of the AFBZ. Si, is positive and it deviates from
a conventional behavior (S o T) since the e-dependence of Yk (e) becomes large
inside of the AFBZ at lower temperatures. On the other hand, S,y is negative and
it approaches zero as T decreases. Therefore, the sign of S = Sj; + Sout becomes
positive below T = 0.075 (~300 K).

5.5 Comments on Over-Doped HTSCs and Other Transport
Coefficients

In this text, we have shown that the CVC is very important for various transport
phenomena in optimally- or slightly under-doped HTSCs. Here, we shortly discuss
on the transport coefficients in over-doped systems. In clean heavily over-doped
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Fig.5.6 aSfor YBCOand NCCO given by the FLEX + CVC approximation, by including the CVC
for J. Reflecting the reduction in AF fluctuations, S starts to decrease below 7* ~ 0.04 (~160) K
in the FLEX +7 -matrix method, which is consistent with the experimental pseudo-gap behavior in
S. b Sin(oury denotes the thermoelectric power given by the inside (outside) of the AFBZ. Siora1 =
Sin + Sout. [Reference [34]]

LSCO samples, Ry is almost temperature-independent for 6 2 0.24 [35]. Further,
its sign smoothly changes from positive to negative between 6 = 0.28 and 0.32,
corresponding to the change in the curvature of the Fermi surface. Hussey et al. also
showed that the RTA analysis is successful in heavily over-doped T12201 [36, 37]
and LSCO [38]. These experimental results are consistent with the present theory:
According to the present analysis, the RTA works well in heavily over-doped systems
since the CVC is unimportant when the AF fluctuations are very weak. This fact is
well explained in Ref. [5].

We also comment on other important theoretical study involving the CVC in
strongly correlated systems. In the interacting electron gas model, the electron
cyclotron frequency w, is given by eH /mc, where m is the bare electron mass.
In 1961, Kohn proved that w, is unchanged by electron-electron interaction due to
the consequence of the angular momentum conservation law, which is called the
“Kohn’s theorem” [39]. The Kohn’s theorem is also proved by the phenomenologi-
cal Fermi liquid theory, by correctly considering the CVC [40]. Kanki and Yamada
studied this problem based on the microscopic Fermi liquid theory, and found that
w, is influenced by the electron-electron correlation if the Umklapp processes are
present [41]. Moreover, the effect of the vertex correction on the Raman spectroscopy
in HTSC was studied [42].
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5.6 Summary of This Chapter

We have investigated the mechanism of non-Fermi-liquid-like transport phenomena
in Fermi liquids with strong magnetic fluctuations. This problem had been widely
recognized in the study of cuprate HTSC. The RTA for the anisotropic 7x model,
which would be realized by strong AF fluctuations, is unable to reproduce relation-
ships (1.1)—(1.4) consistently. These anomalous transport properties are not special
phenomena in HTSC, but universal in Fermi liquids near AF QCP.

In the Fermi liquid theory, the total current Jy, which is responsible for the
transport coefficients, is given by the summation of the quasiparticle velocity vk
and the CVC A Jx. In interacting electron systems, an excited quasiparticle induces
other particle-hole excitations by collisions, and the CVC represents the current due
to these particle-hole excitations. Since the CVC is ignored, the RTA frequently
yields unphysical results, especially in strongly correlated systems. However, the
CVC in HTSCs have not been analyzed in detail until 1999.

In the presence of strong AF fluctuations, (a) quasiparticle damping rate vx =
1/27x becomes anisotropic, and the portion of the Fermi surface with small ~
(cold spot) governs the transport phenomena [3, 4]. At the same time, (b) the total
current Jx becomes highly anisotropic due to large CVC [1]. Note that (a) and
(b) occur simultaneously since both of them originate from the same origin; the
strong backward scattering between k and k*(k — k* &~ Q) shown in Fig.2.1a.
Mathematically, yx = Im Xk (—id) and the CVC are closely connected by the Ward
identity near AF QCP, that is, the same vertex function 7]((23/ appears in Egs. (3.71)
and (3.63). Because of (a) and (b), anomalous transport phenomena in nearly AF
metals are well explained in a unified way.

To demonstrate to the significance of the CVC, we calculated Ry, Ap/pp, S and
v based on the FLEX (or FLEX+T -matrix) approximation by including CVCs.
The obtained results semiquantitatively reproduce the various experimental facts in
slightly under-doped HTSCs. The present study strongly suggests that the striking
deviation from the Fermi liquid behaviors (such as eqs.(1.1)—(1.4)) are ubiquitous
in strongly correlated metals near the AF QCP, not specific to HITSCs. Note that the
increment in Ry is also observed in non-SC metals near AF phase, such as V,_,03
[43] and R>_,Bi,RuyO7 (R = Sm or Eu) [44, 45].

We emphasize that the CVC-induced anomalous transport phenomena are also
reproduced by several kinds of spin fluctuation theories. In fact, Kanki and Kontani
[46] calculated Jk based on the Millis-Monien-Pines model in Eq. (2.1), by assuming
a realistic set of parameters for optimally-doped YBCO. The obtained J represents
the characteristic k-dependence in nearly AF metals as shown in Fig.3.7. As aresult,
it is general that Ry is prominently enhanced by the CVC when the AF fluctuations
are strong, independent of the types of the spin fluctuation theories.
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Chapter 6
Transport Phenomena in HTSCs Below T'*

6.1 Mechanism of Pseudo-Gap Phenomena: Suppression of p,
Ry and S Below T*

In cuprate HTSCs, the DOS [1-4], Knight shift [5—7] and uniform susceptibility
[8, 9] starts to decrease below Ty ~ 700K, corresponding to the growth of AF
fluctuations. The weak pseudo-gap in the DOS is shallow and wide in energy. These
“weak pseudo-gap behaviors” are reproducible in the FLEX approximation, although
the obtained gap behaviors are rather moderate because of the fully self-consistent
determination of the self-energy and the Green function. (The weak pseudo-gap in
the DOS is prominent at the first iteration stage of the FLEX.) Mathematically, this
too strong feedback effect in the fully self-consistent calculation should be canceled
by the vertex correction in the self-energy.

In under-doped HTSCs, a deep pseudo-gap in the DOS emerges below 7* ~
200K; see Fig. 1.2. The origin of this “strong pseudo-gap” has been a central issue
with regard to HTSCs. It does not originate from the spin fluctuations since the
strength of the spin fluctuations decrease below 7* [5, 10-13]. According to early
ARPES measurements [14—17], the k-dependence of the pseudo-gap around the
cold spot coincides with that of the d,>_ 2-wave SC gap function. This pseudo-gap
structure in the quasiparticle spectrum p(k, w) = ImG (k, w —id) /7 starts to appear
below T*. Below T¢, the quasiparticle spectrum shows sharp peaks at the edge of the
SC gap (w ~ A) since the inelastic scattering is reduced by the SC gap. At the same
time, a dip-hump structure is induced around wy (= A) by the strong resonance
peak in Imx® (w) at w, ~ 40meV in YBCO and Bi;SrpCaCu,Og (BSCCO). Note
that wgy ~ A + w, and w, < 2A (resonance condition).

Motivated by these experimental facts, various strong-coupling theories of SC
fluctuations have been studied to reproduce the pseudo-gap phenomena [ 18-24]. Sev-
eral groups developed the “FLEX + T -matrix theory”, where the normal self-energy
correction induced by the strong SC fluctuations, Z‘ECF (e), has been self-consistently
included into the FLEX approximation. The SC “amplitude” fluctuations are given by
the ladder-type T -matrix (=particle-particle scattering amplitude by AF fluctuations),
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which greatly increase below T*. The T-matrix due to the Thouless instability for
the d,>_>-channel is given by

AFF AFF
Ti:q(ens ens wi) = ViR (en — en) + T D VG (60 — em)
m.,p

X Gp(em)G—p—Fq(_em + wl)Tp,k’;q(Emy €n's W), (6.1)

which is shown in Fig.6.1a. VA is given in Eq.(2.14). In the FLEX + T-matrix
approximation, the Green function and the self-energy are given by

Gi(en) =lien +p — g — T (en) — ZT(e)] ™!, (6.2)
™ () = Eq. (2.13),
Z8F (en) = T D" G xrq(—en + @) Tickeq(ens €05 @), 6.3)
q.l
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Fig. 6.1 a T-matrix induced by the AF fluctuations. b Self-energy X (w) in the FLEX + 7 -matrix
approximation. ¢ DOS given by the FLEX + T-matrix approximation. The pseudo-gap appears
below T* ~ 0.04 due to the strong SC fluctuations. d ImEI?FF(—ié) and ImElfCF(—i(S) given
by the FLEX + T-matrix approximation at 7 = 0.02. For comparison, Im Xy (—iJ) in the FLEX
approximation at 7 = 0.02 is also shown
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where Z‘I?FF and Z‘ECF are shown in Fig.6.1b. The quasiparticle damping rate is
Tk = Im{Z‘l’?FF(—i(S) + EECF(—ié)}. In the FLEX4T -matrix approximation, we
solve Egs.(2.13), (2.14), and (6.1)—(6.3) self-consistently. However, it is difficult
to calculate Eq.(6.1) since a lot of memory in computer is required. Fortunately,
Eq.(6.1) can be simplified by considering only the d,>_ >-channel and drop other
pairing channels as T . q (€n, €475 wi) ~ Yk (€)Y (en/)th(wl), where 1k o cos ky —
cosky [21, 23, 24]. This approximation would be reasonable for T 2 7. in HTSCs.
Then, the k-dependence of Z‘E’CF becomes Z‘ECF o Tx k;q X wi.

In the present approximation, 7* is defined as the temperature below which
Z‘ECF takes a considerable value. T* is slightly greater than the TFLEX given in
the FLEX approximation. Although FLEX + T -matrix theory satisfies the Mermin-
Wagner-Hohenberg theorem, finite 7¢ is obtained when weak three-dimensionality
is assumed. Sufficiently above T*, the FLEX + T-matrix theory is equivalent to the
FLEX approximation since EECF ~ (. The obtained DOS and the self-energy are
shown in Fig. 6.1c, d, respectively. Below T* ~ 0.04, a strong pseudo-gap structure
appears in the FLEX 4 7T-matrix approximation, due to the cooperation of the real
part and the imaginary part of EECF [24]. Since AF fluctuations are suppressed below
T* due to the pseudo-gap in the DOS, the obtained Im EI’?FF(O) is much smaller than
Im X (0) given by the FLEX approximation, as recognized in Fig.6.1d. Below T¢,
the strong pseudo-gap in the FLEX + T-matrix approximation smoothly changes to
the SC gap [18].

Here, we discuss transport phenomena in the pseudo-gap region: In YBCO
[25, 26], Bi2201 and Bi2212 [27], Ry shows a maximum around the pseudo-gap
temperature 7%, at which 1/ T T shows the maximum value. Also, the peak temper-
ature of § is nearly equal to 7* in HgBa;CuQOy4.5 [28, 29], LSCO, YBCO [30] and
Bi;SroRCuy0g (R = Ca, Y, Pr, Dy and Er) [31]. As discussed in Ref. [32], these
behaviors are naturally understood since both of them are strikingly enhanced by the
AF fluctuations above T*. Therefore, both Ry and S should decrease below T* in
accordance with the reduction in the AF fluctuation [32]. The obtained p, Ry and S
for hole-doped systems by using the [FLEX + T-matrix]+CVC method are shown
in Figs.5.2a, 5.3a, and 5.6a, respectively. In this approximation, the Bethe-Salpeter
equation is given as

d ' / / /
Ji(€) = vk(e) + Z/ 4—;7,((?]2,(6, NIGR ()2 T (), (6.4)
k/

where the kernel function is 7;((’(1)()/(6, €y =i [cthi—}6 + th%] Im{Vg_ (e — €) —
Tk k:k—K (€, € € — €)}, and Tk x.k—k represents the 7-matrix defined in Eq.(6.1).
The detailed method of calculation is explained in Ref. [24].

As shown in Figs. 5.3a and 5.6a, both Ry and S start to decrease below T* ~ 0.04
(~160K), consistently with experiments [28—30]. Figure 5.2a shows the resistivity
given by the FLEX approximation and the FLEX + T-matrix approximation, both
of which are given by including CVCs. As pointed out in Ref. [33], p given by the
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Fig.6.2 a Ap/po for LSCO in the [FLEX+ T -matrix]+CVC; The modified Kohler’srule Ap/pg o
tan? Ay holds above T*. Below T* ~ 0.04 (~ 160) K, modified Kohler’s rule is violated since
Ap/po increases quite drastically that is caused by the CVC due to AF+4SC fluctuations. b v for
LSCO in the [FLEX+T-matrix]+CVC; the abrupt increase in v below 7* is caused by the CVC
due to AF+SC fluctuations. Experimental data veyp is cited from [38—40]. ¢ v for NCCO obtained
by the FLEX+CVC approximation. Experimental data veyp, is cited from [41]. (Reference [42])

FLEX+CVC method shows a tiny “kink” structure at 7o ~ 0.12, actually observed
in LSCO [34] and YBCO [35]. In addition, large kink structure appears at 7* in the
[FLEX + T-matrix]+CVC method, since the inelastic scattering is reduced by the
formation of the strong pseudo-gap. As shown in Fig.6.1d, ImEl‘?FF (0) decreases
quickly below T*, in accordance with the emergence of ImZ‘ECF (0). As a result,
p ~ T? below T*. To summarize, p, Ry and S are suppressed in the pseudo-gap
region.

In the FLEX + T -matrix theory, the SC “amplitude” fluctuations is the origin of
the pseudo-gap formation. Other than this scenario, various mechanisms of pseudo-
gap formation have been proposed. For example, Kivelson and Emery proposed
the SC “phase” fluctuation scenario [36]: they considered that the amplitude of the
SC order-parameter develops in the pseudo-gap region, whereas the global phase
coherence is absent. Moreover, several hidden-order scenarios, such as d-density
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wave formation [37], have been proposed. To elucidate the correct scenario, study
of anomalous transport phenomena in the pseudo-gap region is very significant. In
the following, we show that the SC “amplitude” fluctuations scenario enables us to
understand the anomalous transport phenomena below 7* in a unified way.

6.2 Enhancement of Nernst Coefficient and Magnetoresistance
Below T'*

In contrast to Ry and S, the Nernst coefficient v strongly increases in the pseudo-gap
region by approximately 100 times than that in conventional metals [38—40, 43, 44].
The modified Kohler’s rule in Eq.(5.19) violates in the pseudo-gap region, since
the magnetoresistance Ap/pg increases faster than T—* [45, 46]. Such nontrivial
behaviors of v and Ap/pg have attracted considerable attention as a key phenomenon
closely related to the origin of the pseudo-gap.

Here, we study the Nernst coefficient. The definition of v is v = §,,/H, =
—E,/H,V,T, which is the off-diagonal thermoelectric power under a magnetic
field. According to the linear response theory [47-50], v is given by

v =[axy/0xx — Soxy/0xx]| /H-, (6.5)

where oy y = ji/(—=ViT),and ayy = ji/(—V,T)is the off-diagonal Peltier conduc-
tivity under the magnetic field H;. (In the RTA, o, = (—e/ T)K;x in Eq.(3.14).) In
conventional metals with simple Fermi surfaces, v is small because of an approximate
cancellation between the first and the second terms in Eq. (6.5), which is known as the
Sondheimer cancellation. (This cancellation is perfect only when eﬁ = k*/2m.) In
HTSCs, however, Sondheimer cancellation does not occur since o,y is considerably
enhanced. That is, o, is the origin of giant Nernst coefficient in LSCO below T*
and in NCCO below Ty [38-40, 43].

In this study, we investigate o,y due to the quasiparticle transport, and find that
iy is prominently enhanced below 7™ if we include the CVC caused by SC and AF
fluctuations. As a result, v & o, /0y, takes a large value below T*. Moreover, we
show that all the transport anomalies below T* are understood as the quasiparticle
transport phenomena in a unified way. Although the Maki-Thompson-type CVC
due to SC fluctuations is unimportant in d-wave superconductors when the elastic
scattering is dominant [51], it plays significant roles when the inelastic scattering is
dominant like in cuprates.

We note that Ussishkin et al. studied v induced by short-lived Cooper pairs, which
is independent of the quasiparticle lifetime and order O(fyo) [52]. However, the qua-
siparticle transport will be dominant in good metals where kgl ~ Eg/7v > 1. Here,
| = vk is the mean free path, and kr/ = 1 corresponds to 1700 p€2cm in cuprate
HTSCs. Therefore, the relation kgl > 1 is satisfied in slightly under-doped HTSC,
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in which p < 200 Qcm above T. Hereafter, we calculate oy, due to quasiparticle
transport by considering the CVC.

In the microscopic Fermi liquid theory, ayy is given by the correlation function
between the heat and charge currents in the presence of H; # 0. Therefore, a,,
is given by Eq. (3.44) by replacing j,, with j/?. After the analytic continuation, the
exact expression for oy of the order ~~2 is given by [50]

ayy = Hy - Z/ ( )|ImG OGO

x |k () |k (€) Ak (€), (6.6)

oL
Ax(e) = (Qk<e> x 82(6)) : (6.7)
040 = 4, () + Z / L@ OPO.  68)

where Lk (e) = Jx(e)/k(€), q(€) = € - vk is the quasiparticle heat velocity, and
Oy (e) is the total heat current [24, 50]. Since the CVC term in Eq. (6.8) vanishes if
we omit the energy dependence of T( ) (€, €), the CVC for Qy(e) is expected to be
unimportant. Therefore, Q) (¢) ~ qk(e) [24, 50]. In the FLEX + T -matrix approxi-
mation, ’Zi((k),(e =i [cthe 7 + thyz ] Im{Vg_k (e —€) — Tk k:k—k' (€, €; e — €)}.

In contrast to Ry and S, the Nernst coefficient v [38-40, 43] and Ap/po [45,
46, 53] in LSCO rapidly increase below T*. These facts are also explained by the
[FLEX + T-matrix]+CVC method as shown in Fig.6.2a, b. Since Ry decreases
whereas Ap/pg increases drastically below T*, the plot of Ap/pg as a function of
tan? Oy forms an “inverse S-shape”, which results in the violation of the modified
Kohler’srule below T*. This resultis very similar to the experimental results provided
in Ref. [53].

Next, we discuss v in NCCO using the FLEX (not FLEX + T -matrix)
approximation since the pseudo-gap is not observed in NCCO. The obtained v is
shown in Fig. 6.2c; it takes a large positive value only when the CVC are taken into
account. In NCCO, v increases gradually as T decreases, and it starts to decrease
below ~120 K. The obtained behaviors of v are semiquantitatively consistent with
experimental results [41]. Therefore, the present study can explain the experimental
behaviors of v and Ap/py in HTSCs both above and below 7*.

Here, we explain a theoretical reason why v is enhanced in both LSCO and NCCO:
Ak in Eq. (6.7) can be rewritten as

Ak = Ok Lk (96} /0ky) cos(6] — 02) + Qx(OLx/dky) sin(@] —02),  (6.9)
where 91{ = tan_l(Jky/ka), QkQ = tan_l(Qky/Qkx), and Ly = Jx/7k is the mean

free path with CVC. In the RTA, the heat current is given by g, = € - vk. Since
Op = Hﬁ, the second term is absent in the RTA. If the CVC is taken into account,
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we obtain 91! # GkQ since the CVC for ¢ is usually small (i.e., @y ~ qy) [24, 50]:
As we have explained, the CVC represents the current of the excited quasiparticles
induced by electron-electron scatterings. The charge CVC can be large because of
the momentum conservation law. However, the heat current g, = (eﬁ — 1) VK is not
conserved even in the free dispersion model, that is, ¢y + ¢ # Q1q + qw/—q €VeN
if eg + eﬁ, = eﬁ +q + 6%, ¢ For this reason, the heat CVC is small in general, and
therefore the thermal conductivity « is finite even if the Umklapp process is absent:
In a 3D free dispersion model, x = (9/8) <RTA within the second-order perturbation
theory with respect to U [50].

Since 91{ * HQ, the second term gives rise to an enhancement of v if Ly is
highly anisotropic around the cold spot. Figure5.1b shows Lk in LSCO given by
the FLEX 4 CVC approximation, showing that 0Ly /0k takes a large value near
the cold spot below 7" = 0.02. (Note that 0Ly /0k = 0 just at point A.) This is the
origin of increment in vpgx in Fig.6.2b. As shown in Fig.6.2¢c, v gx for NCCO
is much larger than vppgx for LSCO, because of the large anisotropy of LELEX in
NCCO due to the relation £ap > 1 in NCCO.

Next, we consider the increment of v in the pseudo-gap region in LSCO using
the FLEX + T-matrix method, shown as vprgx + T in Fig.6.2b. The CVC due
to SC fluctuations (Maki-Thompson term) represents the forward scattering caused
by the short-lived Cooper pairs. The CVC due to the d,2_2-wave SC fluctuations
magnifies Ji except at the nodal point (point A in Fig.3.7). When the Ginzburg-
Landau correlation length, which is proportional to (T — T.)~ !/, is longer than
&AF, the Bethe-Salpeter equation (6.4) in the FLEX + T-matrix approximation is
approximately given as [24]

Jx ~ v + Z / — TS0, )G (N T

ImESCF —id
+ #
Tk

Jx (6.10)

where ’Z;(FEEX (0, ¢') represents the Maki-Thompson term due to AF fluctuations.
The last term comes from the Maki-Thompson term due to SC fluctuations, which
produces the forward scattering. Then, the total current is approximately obtained as

Jx & (1 + hy) JRo75¢F (6.11)
hi = Im Z5CF (0)/Im ZETF(0), (6.12)

where J°~ SCF is given by the FLEX approximation without 25CF and T5CF . Thatis,
JIo—SCF Uk + QKK
1—o
hy represents the enhancement factor due to SC fluctuations. Due to /i, the anisotropy
of Lx = |Jx/7k| becomes very large below 7™ near the cold spot, because of the
development of ImEECF(O) x 1/)1% below T* shown in Fig.6.1d. For this reason,

, where ax = (1 —c¢¢ AF) had been introduced in Eq. (3.80).


http://dx.doi.org/10.1007/978-3-642-35365-9_5
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3

88 6 Transport Phenomena in HTSCs Below 7*

the second term in Eq. (6.9) takes a large value in the neighborhood of the point A
[24]. Therefore, the rapid increment in v below T* is well understood based on the
[FLEX + T -matrix]4+CVC theory.

If the AF fluctuations are absent, 9]{ = 9kQ = 0, even if the CVC due to SC
fluctuations are taken into account. Therefore, to explain the enhancement in v in the
pseudo-gap region, we have to include CVCs due to both spin and SC fluctuations.
In contrast, Ry decreases below 7™ in proportion to 5%«}? since the second term in
Eq.(6.9) is absent if we replace Q) with J.

6.3 Fermi Arc Picture and Transport Phenomena

Figure 6.3 shows the intensity of the spectrum pg (w) = ImGg(w — id)/m atw =0
given by the FLEX and FLEX+T-matrix approximations for LSCO (n = 0.9),
at T = 0.02 ~ 80K. The intensity of px(0) at around (7, 0) is suppressed in the
FLEX approximation, which is called the Fermi arc structure. This structure becomes
more prominent in the FLEX + T-matrix approximation, because the quasiparticle
damping rate due to strong d,>_>-wave SC fluctuations, which is given in Eq. (6.3)
in the FLEX + T'-matrix approximation, takes large values around (7, 0). The Fermi
arc structure is observed by ARPES measurements in many compounds, such as
Bi2212 [16, 54-56] and LSCO [57].

The Fermi arc structure is also observed in under-doped NCCO: In the ARPES
measurements [58, 59], the intensity of pk (0) for a portion of the Fermi surface near
the AFBZ (see Fig. 2.1) is strongly suppressed below 7n ~ 150 K by the SDW order.
Below T, Ry is negative by reflecting the small electron-like Fermi surface around
(m, 0), which is caused by the reconstruction of the Fermi surface due to the SDW
order. Surprisingly, Ry remains negative even above 7Ty, although SDW-induced
Fermi surface reconstruction is absent. Moreover, no anomaly in Ry is observed at
Tn. This highly nontrivial fact is explained by the Fermi liquid theory by considering

(a) p,(0)in the FLEX approx. (b) P, (0)in the FLEX+T-matrix approx.
(LSCO, n=0.9)

S =N WA

(mt,m) (mt,m)

Fig. 6.3 a Quasiparticle spectrum pg(0) = ImGy(—id)/m for LSCO at T = 0.02 given by the
FLEX approximation. pk (0) is shown only when pg (0) > 0.1. The contour is shown on the basal
plane. b pk(0) given by the FLEX + T-matrix approximation. The contour shows a “Fermi arc
structure”
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the CVC, as shown in Fig.5.3d. In NCCO, pseudo-gap state due to AF fluctuations
is observed above T by ARPES measurements [60].

It is sometimes claimed that the enhancement of Ry in HTSC can be explained
by the reduction in the “effective carrier density at the Fermi level (n¢¢r)” due to the
emergence of the Fermi arc, since Ry o 1/enesr in the RTA. However, this argument
is not true since Ry starts to decrease below T*, whereas the length of the Fermi arc
shrinks due to SC fluctuations. We have explained in Sect. 6.1 that the reduction in
Ry in the pseudo-gap region is closely related to the reduction in the AF fluctuations.

If the distinct Fermi arc structure due to the highly anisotropic 7k is realized, it
inevitably leads to a huge magnetoresistance within the RTA: in fact, Aoy, diverges
when the k-dependence of the mean free path lx = vk7k is not continuous on the
Fermi surface; in this case, the second term in Eq. (5.12) diverges as pointed out in
Ref. [61]. Therefore, the modified Kohler’s rule given by Eq. (1.4) cannot be satisfied.
In summary, a unified understanding of anomalous transport phenomena in HTSC
cannot be achieved by the simple Fermi arc picture without the CVC.

6.4 Summary and Future Problems

We have studied p, Ry, Ap/po, S and v in HTSCs using the FLEX + T -matrix
approximation. The results are shown in Figs.5.2a, 5.3a, 5.6a, and 6.2a—b. We can
explain that (i) Ry and S start to decrease below T*, (ii) p starts to deviate from
the T-linear behavior at Ty, and it is approximately proportional to 72 below T*.
Moreover, (iii) v and Ap/p further increase below T*. [The RTA cannot explain
the enhancement of v since the second term in Eq. (6.9) vanishes identically in the
RTA.] Therefore, the present study gives us a unified understanding of the various
anomalous transport phenomena in both below and above 7*.

In NCCO (and CeMIns), v starts to increase in proportion to T below Ty ~
600K, because of the CVC due to strong AF fluctuations; {4 > 1. In LSCO,
on the other hand, increment in v below Ty is small since £ap is of order 1; v
in LSCO starts to increase rapidly below T* <« Ty, with the aid of the strong SC
fluctuations. It should be noted that v takes a very large value in the vortex-liquid
state above H.; in a clean 2D sample, reflecting the high mobility of the vortices.
Therefore, v is frequently used as a sensitive probe for the mixed state. Based on
his observation, Ong et al. proposed that spontaneous vortex-antivortex pairs emerge
in under-doped systems below 7*, and they govern the transport phenomena in the
pseudo-gap region [38—40]. However, this assumption seems to contradict with the
other transport coefficients; for example, the flux-flow resistance does not appear
below T*.

Finally, we comment on the recent experimental progress on the origin of the
pseudo-gap phenomena. For example, Hanaguri et al. found the formation of the
checker board pattern in lightly hole-doped Ca;_,Na,CuO;,Cl, by the STM/STS
measurements [63] Also, Kondo et al. [64] and Yoshida et al. [62, 65] performed
the ARPES measurement for under-doped cuprates, and found a strong deviation of
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Fig. 6.4 Schematic picture of the energy gap on the Fermi surface of under-doped HTSCs. Near
the nodal region, the k-dependence of the pseudo-gap is simple d-wave type, and it merges to the
SC gap below T¢, validating the SC fluctuation scenario. Near the anti-nodal region, the pseudo-gap
is much larger than the SC gap size, and it exist even below 7¢. (Ref. [62])

the pseudo-gap from a simple d-wave form. It is found that the pseudo-gap near the
node (Fermi arc) originates from the SC fluctuations, whereas that near the anti-nodal
region is different in origin, since the energy-scale of the gap is very large, as shown
in Fig. 6.4. Since the large pseudo-gap near the anti-nodal region exists even below
T¢, its origin might be unconventional density order.

In summary, there are many evidences that the SC fluctuations play important
roles in the pseudo-gap region, at least near the nodal region (or the cold spot).
The transport phenomena are determined by the electronic states near the nodal
region, whereas insensitive to the anti-nodal region. In this section, we have shown
that characteristic anomalous transport phenomena in the pseudo-gap region can
be reproduced by the FLEX + T-matrix approximation. We stress that the present
study will be valid even in the coexistence of a different pseudo-gap mechanism that
strongly modifies the electronic state in the anti-nodal region. We have to pay much
more efforts to achieve the complete understanding of the pseudo-gap phenomena.
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Chapter 7
AC Transport Phenomena in HTSCs

In previous sections, we discussed the DC transport phenomena in nearly AF
metals, and found that various non-Fermi-liquid-like behaviors originate from the
same CVC. In principle, the AC transport phenomena can yield further useful and
decisive information about the electronic status. Unfortunately, the measurements
of the AC transport coefficients are not common because of the difficulty in their
observations, except for the optical conductivity oy, (w) measurements.

Fortunately, Drew’s group has been reported reliable measurements of the AC Hall
coefficient Ry(w) = oyxy (w)/a)%x (w) in YBCO [1-4], BSCCO [5], LSCO [6], and
PCCO [7, 8]. They found that the w-dependence of Ry(w) in HTSC shows amazing
non-Fermi-liquid-like behaviors, which have been a big challenge for researchers for
a long time. Here, we show that this crucial experimental constraint is well satisfied
by the numerical study using the FLEX + CVC method.

In the RTA, both o, (w) and oy, (w) in a single-band model follow the following
“extended Drude forms”:

2
RTA XX
= = 7.1
Tex @) 2y0(w) — iz lw 7.1
25y
oM w) = i (7.2)

2yow) —iz"lw)?’
where z~! is the mass-enhancement factor and g (w) is the w-dependent damping rate
in the optical conductivity, which is approximately given by vo(w) & (Ycold(w/2) +
Yeold (—w/2)) /2 for small w. According to the spin fluctuation theory [9], vo(w)
max{w/2, 7T}, which is observed by the optical conductivity measurements. The
w-dependence of z is important in heavy-fermion systems (1/z > 1 at w = 0),
whereas it will not be so important in HTSC since 1/z is rather small. Expressions
(7.1) and (7.2) are called the “extended Drude form”. Within the RTA, the AC-Hall
coefficient is independent of w even if the w-dependence of z is considered:

RTA 2
RR™A (W) = 2.,/ ~ 1/ne. (7.3)
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7.1 AC Hall Effect in Hole-Doped Systems

Very interestingly, Drew’s group has revealed that Ry(w) in HTSC decreases dras-
tically with w: as shown in Fig.7.1, ImRy(w) shows a peak at ~wp = 50 cm~ ! in
optimally-doped YBCO [4]. Moreover, Im Ry (w) is as large as Re Ry (w) for w 2 wy.
Both ReRy(w) and Im Ry (w) are connected by the Kramers-Kronig relation. Such
a large w-dependence of Ry cannot be explained by the RTA, even if one assume an
arbitrary (k,w)-dependence of the quasiparticle damping rate vk (w). Therefore, the
AC-Hall effect presents a very severe constraint on the theory of HTSCs.

Recently, we studied both o, (w) and oy (w) in HTSC using the FLEX + CVC
method, by performing the analytic continuation of Egs.(3.45) and (3.47) using
the highly accurate Pade approximation introduced in Refs. [10, 11]. Since the w-
dependence of the CVCis correctly included, the obtained o x (w) and oy (w) satisfy
the following f-sum rules very well:

o0
/ Reo (w)dw = me* D" (076, /0k)ny.. (7.4)
0 X

/ Reo,(w)dw = 0, (7.5)
0

the relative error is less than 2.5 % [10]. A useful f-sum rule for the Hall angle has
been derived in Ref. [12]. The obtained numerical results are shown in Fig.7.2a—c.
In Fig.7.2a, it is found that o, (w) =~ CTE}A(Q)) is realized, indicating that the
CVC is not so important for o, (w). The peak frequency of Imo ., (w) is wy, = 0.06
at T = 0.02. It is verified that o (w) is well reproduced by Eq. (7.1), by substituting

Fig. 7.1 Ry(w) in optimally-
doped YBCO at 95K, derived
from Faraday rotation. The
closed circles and squares
represent experimental values
of ReRy(w) and ImRyg(w),
respectively. Lines are guides
for eye [4]
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W) = (Yeold (@/2) + Yeold(—w/2))/2. However, o84 (w) do not satisfy the f-
sum rule [10]. In Fig.7.2b, 0.y (w) given by the FLEX + CVC method completely
deviates from the RTA result J}}yTA (w), meaning the significant role of the CVC for
AC Hall effect. The peak frequency of Imoy (w) is wyy, = 0.01, which is six times
less than wyy, consistently with experiments. This fact cannot be explained by using
the extended Drude form. The effect of CVC on o,y (w) is important for very wide
frequency range; w < 0.3 (~1000cm ™). In fact, oK (w) do not satisfy the f-
sum rule in Eq.(7.5), since the magnitude of Rea)l}yTA (w) for w > 0.1, which takes
negative values, is too small if the CVC is dropped. The significance of the CVC is
well understood by studying the AC Hall coefficient shown in Fig. 7.2¢: Ry(w) given
by the FLEX + CVC method show striking w-dependences, whereas RETA (w)isa
nearly real constant of the order 1/ne. This fact means that the strong violation of the
extended Drude rule [UEEA (w)2 x afyTA (w)] is caused by the strong w-dependence
of the CVC, which is very prominent at low frequencies w < wgr ~ T.

Here, we study the origin of the w-dependence of oy, (w) by considering the

w-dependence of the CVC. The Bethe—Salpeter equation for w # 0 is given by

dé
Ji(esw) = v + / 2 2 Tikeg (e €5 0)
T e
X G (€ +w/DGR (€ —w/2) Jiiq(diw), (7.6)

which is equivalent to Eq. (3.63) when w = 0. A simplified Bethe—Salpeter equation
for w = 0 is given in Eq. (3.81). Here, we extend Eq.(3.81), to the case of w # 0.
By noticing the relationship G{f+q(e’ + w/Z)Gl’;‘+q(e’ —w/2) ~ mpk(e) -2/ —
iwz™ "), Eq.(7.6) is simplified for |w| < 7 as

-2
(@) = vt T e @), (1.7)
M — iwz

where (1 — og) ™! 53\};. In deriving Eq. (7.7), we assumed that the e-dependence
of xg (€ +i0) is small for || < ~. The solution of Eq.(7.7) is given by

Jx

2y —iwz™h? 2
2y —iwz ™) |:vk ak - 2y 1vk{|’ (7.8)

- 2y —iwz™H? — (ak - 27)? 2y —iwz™

which is equivalent to Eq. (3.82), when w = 0. Similar to the derivation of Eq. (5.9),
we get

aJx 2y —iwz™1)? dvk
K0k T 2y —iwz )= (o292 K By

J (7.9)

As aresult, oyy(w) for w < 7o 1s approximately given by
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dk 1 oJ

_ 3 I k

(W H = ¢ 71{:5 @m)? 2y —iwz )2 ("“ * ok )
Qx)?

~ ((1 — ak)2v0 — iwz H((1 + )2y —iwz™h)’

(7.10)

If we omit the CVC (i.e., ax = 0), Eq.(7.10) is equivalent to the extended Drude
form in Eq. (7.2). According to Eq.(7.10), the solution of Reoyy(wp) = 0 is given

by wo = 2,/1 — aim, which is much smaller than the solution obtained from the

RTA; wi™ = 2z7. This analytical result can be recognized in the numerical result
shown in Fig.7.2a, b. As a result, the striking w-dependence of Ry(w) in HTSCs for
|w| < 7o can be explained by including the CVC.

We explain that the effect of CVC is still large even for the infrared region
w < 0.3 (~1000cm™"). This fact is required by the f-sum rule in Eq.(7.5) when
the DC oy, is significantly enhanced by the CVC. Schmadel et al. [5] observed
Oxy(w) in optimally doped BSCCO for a wide range of w (< 0.3 ~1000 cm™!), and
found that oy (w) follows a “simple Drude form™; o,y o (27vyy — izw)~2, where
w-dependence of 7y, is much smaller than yp(w) and v, < 70(0). In Fig.7.3a,
b, we show the experimental w- and T-dependences of Re,/B/oyy (X 7vyy) and
Im,/B/0oyy (x —zw), together with the theoretical results by FLEX + CVC. In the
infrared region where T < w (= 950 cm™ ), it is experimentally found that (i)
~xy depends on w only weakly, whereas (ii) vy, o T is realized below 300 K. This
result is highly contradicts the RTA result, since v9 o max{w, 7T} in nearly AF
metals. This mysterious behavior is well reproduced by the FLEX + CVC method,
as indicated by the solid dots in Fig.7.3b. This result indicates that the effect of the
w-dependence of yp(w) on the AC-Hall conductivity approximately cancels with that
of the CVC.
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Fig. 7.3 a w-dependence of /B /o,y in BSCCO at 300K. Open squares and diamonds represent
real and imaginary part of theoretical result given by the FLEX + CVC method. b /B /0oy, in

optimally-doped BSCCO at 950 cm™!. The solid dots represent the result of the FLEX + CVC
method [5]
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Interestingly, the Hall angle 0y(w) = oy (w)/ox(w) follows an approximate
simple Drude form in both YBCO [2] and LSCO [6]—fy(w) o (2vg — izw) !
with an w-independent constant vyg &« 7T~" (n = 1.5 ~ 2). (Exactly speaking,
both o, and 6y cannot follow the simple Drude forms at the same time when o,
exhibits an extended Drude form.) This experimental fact has also been theoretically
reproduced [10]. Therefore, the anomalous (w, T')-dependences of oy (w) and Ry (w)
in HTSCs can be semiquantitatively explained by the FLEX + CVC method—a
microscopic theory without any fitting parameters except for U. At the present stage,
the FLEX 4+ CVC method is the only theory that is able to explain the anomalous
AC and DC transport coefficients in a unified way.

7.2 AC Hall Effect in Electron-Doped Systems

In this section, we study the AC-Hall effect of the electron doped cuprates using the
FLEX 4+ CVC method. Figure 7.4 shows the temperature and doping dependences
Ty (W) on overdoped Pry_xCexCuO4 (PCCO) at THz

g w
frequencies <10 meV [8]. ThéxHall signals were found to be linear in field over the
measured magnetic field range of £8 T. At finite frequencies near zero temperatures
where inelastic scattering is still large, we observe a strong suppression of the Hall
response which corresponds to electron-like contributions coming into oy, even at
T =0.

First, we discuss the DC Hall effect: In Fig.7.4, the DC Hall angle 6 (0) for
x = 0.17 is negative for SOK < T < 300K, since DC Hall conductivity o, (0)
is negative because of the CVC due to spin fluctuations, as discussed in Chap. 5.
At higher temperatures (7 2 300K), o, (0) approaches to U}fyTA(O) > 0 since the
CVC due to spin fluctuations become weak. The CVC is also less important at lower
temperatures (7 S 50K) in the presence of the residual elastic scattering Yimp, as
we will discuss in Chap. 8: The CVC due to spin fluctuations is suppressed by ~Yimp
when the inelastic scattering rate is smaller than ~imp at lower temperatures.

At finite frequencies, the temperature dependence of Reflyy(w) becomes weaker
and weaker as increasing w. Especially, at w = 10.5 meV, Refy (w) becomes positive
for 75K < T < 150K, at which the CVC is very important in DC Hall effect. This
result indicates that the effect of the CVC becomes small with w, as is the case
with hole-doped systems. As for the imaginary part, Imfyg(w) = 0 at w = 0. At
w = 5.24meV, however, Imfyy(w) is as large as the real part in magnitude, whereas
its temperature dependence becomes moderate at w = 10.5meV, indicating that the
CVC becomes smaller at higher w.

We should also stress that Refy(w) at w = 10.5meV starts to decrease below
~60K, and becomes negative below ~20K. These very complicated temperature
and frequency dependences of AC Hall effect would indicate the important role of
the CVC, which presents strong temperature and frequency dependences.

of the Hall angle 0y (w) =
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Fig. 7.4 The real and imaginary parts of the Hall angle measured at DC, 5.24, and 10.5meV [8].
The negative value at finite temperature in both the real and imaginary parts of 0 (w) signify strong
electron-like contributions which dominate the oxy response, a clear deviation from the simple
hole-like Fermi surface observed by ARPES. Depicted in grey with each data set are error bars
derived from the juxtaposition of uncertainties in thickness, oxx, and O

To examine the role of CVCs on the IR Hall response, we calculate the frequency
and temperature dependent conductivity for overdoped PCCO within the FLEX +
CVC approximation. The model parameters (¢, ¢’, ) and U are the same as those
for NCCO given in Chap.5. The strong scattering process in nearly AF metals not
only shortens the quasiparticle lifetime (i.e., hot-spot), but also changes the direction
of electron motion: The former and the latter effects are described by the self-energy
and the CVC, respectively. How the electron scattering due to spin fluctuations leads
to strong CVC effects is illustrated in Fig.3.7.

Figure 7.5 shows the AC Hall angle obtained by the FLEX + CVC approximation.
The nearest neighbor hopping integral is taken as t = 0.36eV and the quasiparticle
damping rate due to elastic scattering was set at yimp = 3.5meV corresponding to
Pimp ~ S W82 cm. In the RPA without the CVC, the Hall angle follows the simple
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2u
2y (w) —iz lw
ReGI%PA (w) and Imﬂgp A(w) are always positive, reflecting the large hole-like Fermi
surface.
When the CVC are taken into account in Fig. 7.5, both Reflyy and especially Imfy
take on increasingly negative values as temperature is lowered from room temper-

ature and the AF fluctuations become stronger. According to Eq.(7.7), the CVC is
AF 42
controlled by the parameter ax = akk T : The total current is

& AR+ (wzH?

Drude formula: GEPA(w) = . As shown in the insets of Fig.7.5,

written as Jk ~ vkl_’_—ai{:k*. Here, the damping rate v is given by the sum of
—a}

the inelastic damping rate due to AF fluctuations (%‘?F) and the elastic damping rate

(7imp)- (The factor oy (S1) in Eq. (7.7) is replaced with o (yaF/7) as we will discuss

in Chap.8.) In optimally-doped cuprates, the damping rate due to AF fluctuations

is approximately given as yap ~ a max{w, 7T} and a ~ O(1). Considering the

function form of ¢y, the CVC due to strong AF fluctuations (cx ~ 1) is suppressed

when (i) YAr/7 = YAE/ (YAF + Yimp) < 1, which will be satisfied at low T and low

Fig. 7.5 Prediction of the ¥ imp=3-5mMeV
real and imaginary part of
the Hall angle by incorporat- -
ing current-vertex corrections 2 \
(CVCs) induced by magnon | == \

' without CVC

scattering. The Hall angle cal- - S =<2
i N
culated in the FLEX approx- Y, \\2:\ ~e_0 — .}

imation without including
CVCs is shown in the insets
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w. [In fact, the CVC term in Eq.(3.78) vanishes if we replace vk1q (< T2) with
~'"MP £ () at T = 0.] Also, the CVC becomes weaker in the (ii) collisionless regime
w>>.

In Fig.7.5, at w = 0 and SmeV, Refy(w) < 0 below 300K due to the CVC.
However, Refl (w) changes to positive at T = 50 ~ 100K because of the suppres-
sion of the CVC by impurities (reason (i)). At w = 10meV, in contrast, Refy(w) is
positive below 300K, since the effect of the CVC is small in the collisionless regime
(reason (ii)). However, Ref(w) starts to decrease below 70K, indicating that the
CVC becomes important at lower temperatures. In fact, the factor ax ~ 1 — c{Xﬁ
approaches to unity at low temperatures. (For T = 0 and ~imp > 0, the CVC due to
spin fluctuations is absent at w = 0, whereas the CVC will be important for w > 0
since yafp/7y increases with w.) Therefore, overall T- and w-dependences of Ay in
PCCO are well reproduced by taking the CVC into account. In addition, Fig.7.5
shows the calculated results for two different doping levels which demonstrate the
reduction of the CVC effects in the over-doped region.

In summary, strong and complex temperature and frequency dependences of the
AC Hall conductivity in PCCO are naturally reproduced in the FLEX +CVC approx-
imation. This result provides us a very strong indication that the electron-doped
cuprates are well described by the Fermi liquid picture. The present study shows that
the CVCs contribute significantly to the magnetotransport properties of PCCO and,
by extension, suggest that CVC effects would also be the underlying mechanism
causing the anomalous Hall transport in the hole-doped cuprate systems [13].
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Chapter 8
Impurity Effects in Nearly AF Metals

In earlier sections, we studied the transport phenomena in nearly AF metals without
randomness. By including CVCs, we succeeded in explaining the anomalous DC
and AC transport phenomena in a unified way, in both hole- and electron-doped
cuprate HTSCs. However, effects of impurity or disorder cannot be negligible in
many compounds. In fact, the residual resistivity due to disorder increases drastically
as the system approaches to the half-filling [1]. Moreover, STM/STS measurements
revealed that the electronic states in under-doped HTSCs are highly inhomogeneous
at the nanoscale, reflecting the random potential induced by the disordered atoms
outside of the CuO; plane [2]. These experimental facts are reproduced by assuming
that the SC pairing interaction (due to spin fluctuations) is strongly influenced by the
impurity potential [3, 4].

Further, the anomalous transport phenomena near the AF QCP are sensitive to
the randomness. For example, the hot/cold spot structure due to strong AF fluctua-
tions would be smeared out by impurities, since the impurity-induced damping rate
A'™P is usually isotropic. Also, the CVC due to electron-electron interaction is sup-
pressed when the impurity scattering is dominant: In fact, the CVC term in Eq. (3.78)
vanishes if we replace Y44 (X T?) with 4™ =£ 0 at very low temperatures. There-
fore, anomalous transport phenomena due to CVC are expected to be suppressed by
impurities.

However, this naive expectation would be valid only when the impurity potential is
weak, in which the Born approximation is applicable. When the impurity potential is
strong, the cross term between the impurity potential and Coulomb interaction could
modify the many-body electronic states of the host metal, and resulting in a new
anomalous transport phenomena. In this chapter, we will show that a “strong” local
impurity potential in under-doped HTSCs induces drastic and widespread changes in
the electron-electron correlation around the impurity site. Thus, the impurity effect
in HTSCs depends on the strength of the impurity potential. Hereafter, we study the
nontrivial impurity effects in nearly AF Fermi liquids.
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Springer Tracts in Modern Physics 251, DOI: 10.1007/978-3-642-35365-9_8,
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8.1 Hall Coefficient in the Presence of ‘“Weak”
Local Impurities

First, we study the effect of “weak local impurities” on the transport phenomena
within the Born approximation, where the quasiparticle damping rate due to impurity
scattering is given by

Y = nip I > IMGk (i) = TnimpI >N (0), (8.1)
k

where nimp is the impurity density, / is the impurity potential, and N (0) is the DOS
at the chemical potential. Then, the total quasiparticle damping rate i is given by

A = i+ 7™, (8.2)

where i represents the quasiparticle damping rate due to inelastic scattering, which
is given by Eq. (3.71) in the Fermi liquid theory or by Eq. (2.23) in the FLEX approxi-
mation. (Here, we ignored the self-energy correction given by the cross terms between
U and /. This simplification is not allowed for a large 7, as we will show in Sect. 8.2.)
Also, the CVC due to local impurities vanishes identically within the Born approx-
imation. Therefore, in the case of vimp # 0, the Bethe-Salpeter Equation (3.78) is
modified as

Pk+q 0)
2:Yk—i-q

3U? o
Jk=v+ . T(wT)z Imy; (0) Jiiq
q

~ vk + i Sk, (8.3)

where ax = ak - (7k/7k)- Thus, an approximate solution of Eq. (8.3) is

1 ~
Jx = —— (vk + axvke) . (8.4)
1 — oy

In the absence of impurities, Jx exhibits singular k-dependence since ax < 1 near
AF-QCP. In the case of i ~ +™P, on the other hand, dx < o < 1 and therefore
Jx ~ vk. As aresult, the CVC is strongly suppressed by high density “weak local
impurities”, when the elastic scattering is stronger than the inelastic scattering due
to AF fluctuations.

In Ref. [5], we have pointed out that the enhancement of Ry due to the CVC is
suppressed by weak impurities [5]. Figure 8.1 shows the impurity effects on p and
Ry obtained by the FLEX + CVC method for electron-doped systems. As expected,
Ry is suppressed by a small amount of impurities, although the induced residual
resistivity is small. (Note that p = 1 corresponds to 250 w2cm.) As a result, Ry
changes from negative to positive at low temperatures in the presence of impurities,
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Fig. 8.1 Theoretically obtained 7T-dependence of (a) p and (b) Ry for NCCO in the presence of
elastic scattering due to weak local impurities. In the case of yimp # 0, Ry becomes positive at low
temperatures since the CVC is reduced by the elastic scattering

which is consistent with the experimental behavior of Ry in PCCO for § = 0.16 ~
0.18 [6]. Finally, we consider the case where the impurity potential is widespread
(nonlocal). In this case, the impurity potential /(q) is momentum-dependent, and
the kernel of the Bethe-Salpeter equation in Eq.(8.3), 3U 2 /2) (7rT)2 Imel(O), is
replaced with nimp1?(q) + (3U?/2)(xT)? Imx; (0). When I(q) is large only for
q ~ 0 (forward scattering), both the residual resistivity and the reduction in Ry due
to the impurities will be small. In HTSCs, it is considered that impurities outside of
the CuO» plane causes the forward impurity scattering [7].

Fig. 8.2 Obtained T-
dependence of cot g = p/Ry
for LSCO for 0.01 < T <
0.08. coty o T'0 + ¢ is
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Figure 8.2 shows the impurity effects on cotfy = p/ Ry obtained by the FLEX +
CVC method for LSCO. The relationship cotfyy o< T 16 4 ¢ holds well, and ¢ Yimp-
Such a parallel shift of cotfy by impurity doping is actually observed in various hole-
doped HTSC:s [8].

8.2 Effect of “Strong” Local Impurities Near AF QCP

Now, we discuss the effect of “strong local impurities” in cuprate HTSCs, due to
impurities on CuO;-planes. According to a recent LDA study [9], a Zn atom intro-
duced in the CuO, plane of HTSCs induces a large positive potential (less than
10eV), and the potential radius is only ~1 Angstrom. In HTSCs, however, Zn doping
causes a nontrivial widespread change of the electronic states. In Zn-doped YBCO
compounds, site-selective 7Y NMR measurements revealed that both local spin sus-
ceptibility [10, 11] and staggered susceptibility [12] are drastically enhanced around
the Zn site, within a radius of the AF correlation length £ap. The same result was
obtained by the "Li Knight shift measurement in Li-doped YBCO compounds [13],
and by the ©3Cu NMR measurement in Zn-doped YBCO compounds [14]. Moreover,
a small concentration of Zn impurities induces a huge residual resistivity, which is
significantly greater than the s-wave unitary scattering limit [1]. These nontrivial
impurity effects were frequently considered as evidence for the breakdown of the
Fermi liquid state in under-doped HTSCs.

Up to now, many theorists have studied this important issue. The single-impurity
problem in a cluster 7-J model has been studied by using the exact diagonalization
method [15, 16]. When the number of holes is two, both AF correlations and electron
density increase near the impurity site. This problem was also studied by using the
extended Gutzwiller approximation [17]. Although these methods of calculation
are founded, the available cluster size is rather small. Moreover, these studies are
restricted to 7 = 0.

In this section, we study a single-impurity problem in a large size square lattice
(say 64 x 64) Hubbard model based on the nearly AF Fermi liquid theory [18, 19]:

H = ZtijcngfU+UzniTni¢+I(n0T +noy), (8.5)

i,j,o i

where [ is the local impurity potential at site i = 0. It is a difficult problem since
we have to consider two different types of strong interactions (U and /) on the same
footing. Moreover, the absence of translational symmetry severely complicates the
numerical analysis. To overcome these difficulties, we developed the G V! method—
a powerful method for calculating the electronic states in real space in the presence
of impurities [18, 19]. The GV method is applicable for finite temperatures since
the thermal fluctuation effect is taken into account appropriately. Based on the G V!
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method, nontrivial impurity effects in HTSCs are explained in a unified way without
assuming any exotic mechanisms.
In the G V! method, the real-space spin susceptibility X/*(w;) is given by

s = At (1 - Uﬁ’)_l , (8.6)

(i rjsw) = =T D G (i, vj; 0 +w) G (x), 15 €). (8.7)

€n
Here, G! is given by solving the following Dyson equation;
G (en) = G¥(en) + GO (e 16 (n), (8:8)

where (f )i,j = 16i00j,0, and GY is the real-space Green function in the FLEX
approximation without the impurity potential /. The solution of Eq. (8.8) is

0 ~0
GioGo,j

— 8.9
1-1G{, 89

Gl =Gy +1

where the position of the impurity potential is i = 0.

In Fig.8.3, we show the numerical results for spin susceptibilities, {'*, given
by the GV/ method for I = oo. Surprisingly, a nonmagnetic impurity induces a
huge Curie-like component in the uniform susceptibility; Ax ~ Rimp - ugff /3T.
This result explains the long-standing experimental problem [20-22]. The obtained

(a) (b)
0.5 T - 4
r=(x,0)
x(rr) imp
B
3 3t l |
= 04 x=0 1 2 34
Q
3
] m local suscep.
» 2t >
£ (e re (10N
5 03 2(rr+(1.0)) "
= \'___sit_aggered suscep.
=] gL — Mozzms |
LSCO (n=0.9)
0.2 0 0 2 4 6
T X

Fig. 8.3 a The uniform susceptibility given by the GV method in the presence of impurities
(nimp = 0.01) for the impurity potential / = co. A single impurity induces a large Curie-term Ax*,
which is consistent with the experimental results. b The local susceptibility x* (r, r) and staggered
one \*(r,r + (1, 0)) given by the G V! method. The inset describes the state in which both local
and staggered susceptibilities are enhanced around the impurity site
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value of egr is 0.74wp, which is close to the experimental value e ~ Ipp in
YBa;CuzO¢.66 (Tc =~ 60K) [20] and in LSCO (§ = 0.1) [22]. In addition, both the
local and staggered susceptibilities get enhanced around the impurity site within a
radius of about 3 (~ &af) at T = 0.02. Here, we discuss the physical reason for
this drastic impurity effect. In the FLEX approximation, the AF order (in the mean-
field level) is suppressed by the self-energy effect, which represents the destruction
of the long-range order due to thermal and quantum fluctuations. However, this
self-energy effect in G/ is weaken near the impurity site, reflecting the reduction
of thermal and quantum fluctuations. For this reason, the spin susceptibility given
in Eq. (8.6), which is composed of G's, is strongly enhanced around the impurity
site. Some examples of the cross terms between U and I for the susceptibility are
shown in Fig. 8.4a. Consistently, quantum fluctuation is reduced near the vacant site
inthe s = 1/2 Heisenberg model [23]. Therefore, AF spin correlations are enhanced
around a vacancy, due to the reduction in quantum fluctuations [23-28].

Before the study of GV/ method, the single impurity problem in the Hubbard
model had been studied using the RPA [29-31], assuming a nonlocal impurity poten-
tial; Vj for the on-site and V; for the site adjacent to the impurity atom. The obtained
result strongly depends on the value of V;: When V| = 0, the enhancement of suscep-
tibility is tiny or absent although V| ~ 0 for the Zn impurity atom in the CuO;-plane
according to the LDA study [9]. On the other hand, in the GV method, strong
enhancement of the susceptibility is realized even when Vi = 0 (local impurity
potential case), since ¢ is renormalized by the self-energy correction in the FLEX
approximation: Then, ¢ is easily enhanced when the self-energy effect is reduced
by introducing an impurity. Therefore, the GV ! method has a great advantage in the
study of the impurity problem in HTSCs.

Next, we discuss the transport phenomena in the presence of dilute impurities
according to the GV/ method [18, 19]. The impurity-induced enhanced suscepti-
bilities cause the “additional self-energy correction 6% = X! — £ =0 around the
impurity site. If the area of 0 X' # 0 is large, a large residual resistivity will be induced
by the non-s-wave scattering channels. In the G V! method, § X is given by

52(1'1',1‘]‘;6,1)=TZG(l‘i,l‘j;wl+€n)V1(l‘i,l‘j;wl)
1
— Eo(ri —Tj; &), (8.10)
1 2 3 Is 1 Ic 1
Vi, rj;w) =U FX (risrj;wl)+§X (rj,rjswp) — I (ri, 5 wp) ),
8.11)

where X is the self-energy given by the FLEX approximation without the impurity
potential (/ = 0). The Green function G(r;, r; €,) is given by solving the following
Dyson equation in real space:

G(en) = Gl (en) + Gl () ()G (en). (8.12)
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In the G V! method, we solve Eqgs. (8.10) and (8.12) self-consistently. The local DOS
given by the GV method in real space—p(r, w) = ImG(r, w — i§)/7T—is shown
in Fig. 8.4b. The local DOS decreases around the impurity site within the radius of
approximately 3a (a is the lattice spacing), since the quasiparticle lifetime is very
short due to the large Imd ¥, We verified that the radius of Im§ % increases as the
filling number n approaches to unity, in proportion to ar. As explained in Ref. [18,
19], we should not solve V/ in Eq. (8.11) self-consistently, since the feedback effect
on V! introduced by iteration is canceled by the vertex correction for V/ that is
absent in the FLEX approximation.

To derive the resistivity in the presence of impurities, we have to obtain the
t-matrix, 7(¢), which is defined as G = G° + G°7GY. The expression of 7(¢) in the
case of njmp < 1, which is composed of 7, § 3 and é, had been derived in Ref. [18,
19]. Using the obtained ¢-matrix, the quasiparticle damping rate due to the impurity
is given by [32, 33]

WP (e) = ”;\;P > ImTi(e — id)e™ T, (8.13)
I

where T;(e) = Zm tm.m+1(€). nimp is the density of the impurities. In the case of
nimp 7 0, the total quasiparticle damping rate is vk (€) = ’y](() (e) + ’yli(mp(e), where
71(() (e) = ImZ‘l(() (e — i9). The resistivity is approximately given by p & Ycold-

Figure 8.5a shows k-dependences of 'y]i(mp (nimp = 0.05) and 71?' We emphasize
that vli(mp exhibits strong k-dependence that is similar to the k-dependence of 7]‘2 . This

X
S, 6 LSCO (U=4, n=0.9)
self—energy ; .
correction
4 -0.04
3 -0.08
vertex ) i
correction
1
S
irreducible
__susceptibility 0 1 2 3 4 5 &6

Fig. 8.4 a Examples of diagrams for ¥/ in the presence of a single-impurity potential / in the
Hubbard model. They are cross terms between / and U. The cross represents /, and the large circle
with the shadow represents the self-energy given by the FLEX approximation for / = 0. b The
local DOS given by the G V! method: it is suppressed around the impurity site within the radius of
about 3, due to the imaginary part of the “nonlocal effective impurity potential”, § X (r, r’; ¢ = 0)
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Fig. 8.5 a 'y]l(mp for nimp = 0.05 and fyﬁ for YBCO and LSCO at T = 0.02. Their k-dependences
will be verified by the ARPES measurements. b p in YBCO (n = 0.9) for nj,, = 0.02 given by
the GV method. At lower temperatures, an insulating behavior is observed in the close vicinity of
the AF QCP. In HTSCs, T = 0.1 and p = 1 correspond to 400K and 250 w2 cm, respectively. ¢
The filling dependence of Ap = pimp — po Per nimp at T = 0.02 given by the GV method. Note
that Ap = (4njmp/n) [A/€*] in a 2D electron-gas model due to strong local impurities

result means that the effective impurity potential 6 X' is nonlocal. For this reason, the
structure of the “hot spot” and the “cold spot”, is preserved even in the presence of
strong local impurities, although it will be smeared out by the weak local impurities.
This finding suggests that the enhancement of the Hall coefficient near the AF QCP,
which is induced by the strong CVC around the cold spot [34, 35], is not suppressed by
the strong local impurities. Moreover, the enhancement of x A due to 72y, would also
enhance Ry. Experimentally, Ry for under-doped YBCO and Biz Sty La,CuOg s
are approximately independent of the doping of Zn and other non-magnetic impurities
[36-38], whereas Ry for LSCO decreases with Zn doping [39, 40].

Figure 8.5b shows the resistivity p for YBCO with njymp, = 0.02 for I =
0,4, 6, and co. The obtained impurity effect is the most prominent when I =
6. As T decreases, nonmagnetic impurities cause a “Kondo-like upturn” of p
below T, ~ 0.02, reflecting an extremely short quasiparticle lifetime around the
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impurities. In other words, the considerable residual resistivity is caused by the large
scattering cross section of the “effective impurity potential § 3 shown in Fig.8.4b,
whose radius is ~§AF X 7705 near AF-QCP. Note that T increases with 7. This
drastic result indicates that the insulating behavior of p observed in under-doped
LSCO [41, 42] and NCCO [43] is caused by the residual disorder in the CuO; plane.
As shown in Fig. 8.5c, the parallel shift of the resistivity at finite temperatures due to
impurities (Ap) substantially increases in the under-doped region; Ap exceeds the s-
wave unitary scattering limit in the 2D electron gas model, Ap = (h/ ez)(4nimp /n).
This result well explains the strong carrier-doping dependence of Ap observed exper-
imentally [1].

The enlarged residual resistivity near AF QCP is also observed in many
heavy-fermion systems such as CeAls [44] and CeCusAu [45], and in the organic
superconductor kK-(BEDT-TTF)4Hg, goBrg [46]. In these compounds, Ap quickly
decreases with pressure, as increasing the distance from the AF QCP. In x-(BEDT-
TTF)4Hg, goBrg, Ap under 2GPa is six times smaller than the value at 0.5 GPa.
Such a large change in Ap is difficult to be explained by the pressure dependence of
the DOS. In fact, according to the z-matrix approximation, v'™P = (712N (0)/2)/
(1 + (wIN() /2)2). The residual resistivity in 2D free dispersion model (eﬁ =
k?/2m)is Ap = ZWN(O)’yimp/€2l’l. Therefore, Ap is given by

_ I _A@IN©)/2) nimp
P 211 @INO/2)2

(8.14)

in 2D free dispersion model. Note that the renormalization factor z does not appear
in the expression of Ap. In case of IN(0) > 1, Eq.(8.14) gives the s-wave unitary
scattering value; Ap = (h/ 62)4(}’limp /n). In case of weak impurity scattering where
IN(0) <« 1 (Born limit), we obtain the relation Ap o< [ 2N2(0), which will decrease
under pressure since N(0) o« 1/ Wpana. However, pressure dependence of Ap in
k-(BEDT-TTF)4Hg, g9oBrg seems too strong to be explained by the Born approxi-
mation. We comment that the increment in A p due to valence fluctuations is discussed
in some heavy-fermion systems [47, 48]. However, strong valence fluctuations would
be inconsistent with the strong mass-enhancement z~! < 1.

In summary, the present study revealed that a single impurity strongly influence the
electronic states in a wide area around the impurity site in metals near AF QCP. Using
the GV! method, drastic impurity effects in under-doped HTSCs are successfully
explained in a unified way, which strongly supports the Fermi liquid ground state in
HTSCs. Similar novel impurity effects in other metals near AF QCP, such as heavy-
fermion systems and organic metals, will also be explained by the G V! method. The
validity of the GV method is verified in Ref. [18, 19] based on the microscopic
Fermi liquid theory.
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Chapter 9
Anomalous Transport Behaviors in Heavy
Fermions and Organic Superconductors

Thus far, we have shown that the CVC due to strong AF 4 SC fluctuations induces
various anomalous transport phenomena in cuprate HTSCs. To validate this idea,
we have to study the various nearly AF systems other than HTSCs. In general, the
electronic structure of heavy-fermion systems and organic metals are very sensitive
to the pressure. Therefore, the distance from the AF QCP can be easily changed by
applying the pressure, without introducing disorders or randomness. This is a great
advantage with respect to investigating the intrinsic electronic states near the AF QCP,
free from the disorder effects. A useful theoretical review for heavy-fermion systems
near the AF QCPis given in Ref. [1]. Recently, detailed measurements of the transport
phenomena under pressure have been performed in heavy-fermion superconductor
CeMIns (M=Co or Rh) and organic superconductor k-(BEDT-TTF). They exhibit
striking non-Fermi-liquid-like behaviors as observed in HTSCs—Eqgs. (1.1)—(1.4).
Hereafter, we explain the experimental and theoretical studies on the transport phe-
nomena in these systems.

9.1 CeMIns (M = Co, Rh, Ir)

CeMIns is a quasi 2D heavy-fermion superconductor with 7. = 2.3 K. According to
the angle-resolved measurements of thermal conductivity [3] and specific heat [4],
the symmetry of the SC gap is the d-wave. Figure 9.1 shows the temperature depen-
dence of Ry in CeColns and CeRhlns in the limit of H, — 0. In CeRhlns, the critical
pressure for the AF QCP is P. = 2.01GPa. At P = P., Ry(2.3K)/Ru(300K)
reaches 50, whereas the magnitude of Ry rapidly decreases as the pressure is
increased. A similar pressure dependence of Ry is observed in CeColns, where it is
considered that P, is slightly below the ambient pressure. In both these compounds,
Ry is inversely proportional to 7 at higher temperatures. Moreover, as shown in
Fig.9.2, the modified Kohler’s rule given in Eq.(5.19) is well satisfied in CeRhlIns
[2] for over four orders of magnitude. Furthermore, this is well satisfied in CeColns
[2, 5] as well as Celrlns [6] Therefore, both Ry and Ap/py in CeMIns shows

H. Kontani, Transport Phenomena in Strongly Correlated Fermi Liquids, 115
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Fig. 9.1 Temperature dependence of Ry in a CeRhlns for P > P, = 2.01 GPa, and in b CeColns
for P > 0. (Reference [2])

anomalous behaviors which are similar to HTSCs. This experimental fact strongly
suggests that the CVC due to strong AF fluctuations is the origin of the anomalous
transport phenomena.

Now, we discuss the magnetic field dependence of the transport coefficients.
Interestingly, Ry = dpu(H;)/d H; in CeMIns near P, is easily suppressed only by a
small magnetic field, as shown in the inset of Fig. 9.1. At the same time, (Ap/po) HZ_2
is also significantly suppressed. Therefore, the relationships oy o« H; and Aoy,
HZ2 are satisfied only below ~0.1 T near the QCP [2, 5]. These behaviors cannot
be attributed to the orbital effect (i.e., the cyclotron motion of conduction electrons)
since wiT* = (eH;/m*c)T* 2 1 is satisfied only when H, > H, = 5T and
T « 1 K [7]. The condition w}7* <« 1 is also recognized from the relationship
Ap/po S O0.1for T >2Kand H < 3T, as shown in Fig.9.2.
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Fig. 9.2 Ap/po plotted as a function of tan? @y for CeRhlns. [Reference [2]]
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When w7 « 1 is satisfied, we can safely expand Nakano-Kubo formula given
in Eq. (3.34) with respect to the vector potential, as we did in Chaps. 5-8. Then, the
following relationships derived in Chap. 5

pi o H3p. ©.1)
Ap/po o< HZExg/ P 9.2)

are expected to be valid for CeMIns. Here, the factors 512“; and fiF in Egs.(9.1)
and (9.2), respectively, come from the CVCs. Therefore, experimental striking non-
linear behaviors of Ry and Ap/po with respect to H, should originate from the
field-dependence of x o (0) o 5in The suppression of A due to the magnetic field
results in reducing both Egs. (9.1) and (9.2). Since the correlation length is sensitive
to the outer parameters in the vicinity of the QCP [8], the anomalous sensitivity of
pH and Ap/pg to the magnetic field in Ce M Ins originates from the field-dependence
of the CVC. Recently, pg and Ap/po in PCCO were measured in magnetic field up
to 60 T, and it is found that both of them shows striking non-linear behaviors with
respect to H, [9]. Their behaviors would also be explained by the field-dependence
of the CVC.

Even if the field dependence of CVC is strong, the modified Kohler’s rule in
Eq.(5.19) should be satisfied for a wide range of the magnetic field strength, since
both Ap/po and cot?fy are proportional to £in_2. This is a crucial test for the
preset theory of the CVC. In fact, the modified Kohler’s rule is well satisfied for
T =2.5-30Kand 0 < H; < 3 TinCeRhlns as shown in Fig.9.2, regardless of the
fact that the conventional Kohler’s rule is violated even for Hy ~ 0.1 T. This fact
strongly suggests that both o, and Ao, are enhanced by the same origin, namely,
the CVC due to AF fluctuations. Therefore, the anomalous transport phenomena in
CeColns are consistently described by the theory of CVC in nearly AF Fermi liquids.

The Nernst signal v in CeColns is also very anomalous [10].! Below 20 K, v
starts to increase approximately in proportion to 7!, exhibiting anomalously large
values (v ~ 1WV/KT) below 4 K. This behavior is very similar to that of v in
electron-doped HTSC, whose T-dependence and the magnitude are well reproduced
by the FLEX + CVC theory, as the quasiparticle transport phenomena. It reaches
~ 0.1WV/KT in optimally-doped NCCO. Since v is proportional to 7 o py ! the
experimental relations Vcecolns (4 K)/VNcco00k) =~ 1(WV/KT)/0.1(wV/KT) = 10
and pcecolns(4K)/PNCco100K) ~ S(n€2)/50(n€2) = 1/10 indicates that the giant
Nernst signal in CeColns is caused by the CVC near AF QCP.

Although the spin susceptibility x*(q) in CeMIns has a quasi 2D structure, the
anisotropy of resistivity is only two (p./pqp ~ 2) at low temperatures. In the
dynamical-mean-field-theory (DMFT) [12, 13], which is believed to effectively
describe the electronic properties in 3D systems, the CVC vanishes identically.
Therefore, it is highly desired to confirm whether the CVC is really significant in 3D

! Note that the sign of v in CeColns is positive according to the definition of the present paper
[Eq. (6.5)]. See also Ref. [11].
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systems or not. Recently, we performed the numerical study of a 3D Hubbard model
with the conduction electron spectrum is ef{D = eﬁ + 2t, cos k;, where eg is given
in Eq.(2.5). The obtained p, Ry and v in quasi 2D Hubbard model are shown in
Fig.9.3a—c. Since the unit cell lengths in CeM1Ins are a, = ap = 4.6 Angstrom and
a. = 7.6 Angstrom, p = 1 and Ry = 1 correspond to 300 Q2 cm and 1.0 x 107
m?/C, respectively. We find that both Ry and v are strikingly enhanced due to the
CVC even if t;/ty ~ 1. In CeColns, Ry starts to increase below ~40 K, which
corresponds to T = 0.08 in Fig.9.3b. At T = 0.02 (~8 K for CeM1Ins), Ry ~ 5 for
t;/to = 0.8. Then, the extrapolated value of Ry at2 Kis 5 x (8 K/2K) = 20.

As shown in Fig. 9.3c, the obtained v is drastically enhanced by the CVC, consis-
tently with experiments. To discuss the absolute value of v, we have to take account
of the fact that v is proportional to the mass-enhancement factor 1/z. According to
the de Haas-van Alphen measurement, 1/z = m*/mpang ~ 50 in CeColns. Since the
mass-enhancement factor in the present FLEX approximation is 1/zpLgx ~ 3, we
describe the experimental mass-enhancement factor as 1/z = 1/(zpLgxz”*), where
1/z* = 50/3 is the mass enhancement factor which cannot be described by the
FLEX approximation in the Hubbard model. [Even in the FLEX approximation, rel-
atively large 1/zpLgx ~ 10 is obtained in the periodic Anderson model, which is
an effective model for heavy fermion systems [14]. We will comment on this fact in
Sect.2.4.] We present v = vppgx/z* in Fig. 9.3¢c, where vpgx is given by the FLEX
approximation, by using the relation kBag /h = 28 nV/KT. Recently, we extended
the FLEX approximation to reproduce appropriate results under a finite magnetic
field, and calculated the field dependence of Ry and v. It was suggested that both
these quantities were rapidly suppressed by the magnetic field near AF QCP, reflect-
ing the reduction of AF fluctuations. The obtained result is in good agreement with
experiments.

In CeColns, Ry exhibits a peak at T;;H ~ 4 K at ambient pressure, and T;;H
increases with pressure [see Fig. 9.1]. This is different from the pseudo-gap behavior
in under-doped HTSCs, in which the pseudo-gap temperature 7* decreases as the
doping increases. In addition, Ry of CeRhlns at P = P, maintains its increasing
trend with decreasing 7 justabove 7. These behaviors can be understood as the effect
of the weak (local) residual disorders, as we have discussed in Sect.8.1: As shown
in Fig.8.1b, |Ry — RETA| starts to decrease at lower temperatures when ~jyp > 0,
and its peak temperature TI)SH increases with yp. For a fixed imp, TI}"H increases as
AF fluctuations decrease. In CeColns, the resistivity at T;H is p(T = T;H) ~6nR
cm [2] for P = 0 ~ 2.5 GPa. On the other hand, in CeRhln; at P = 2 GPa,
p(T 2 To) ~ 102 cm because of the large inelastic scattering. Since 7imp is
expect to be similar in both compounds, dx = ax - Y/ (7k + Vimp) in Eq. (8.4) will
be smaller in CeColns. That is, the CVC is larger in CeRhlns. Therefore, we can
explain the different behaviors of Ry in CeRhIns and CeColns at low temperatures
as the effect of residual disorders.

One may ascribe the temperature dependence of Ry in CeMIns to the multiband
effect. For example, a sign change of Ry can occur if hole-like and electron-like
Fermi surfaces coexist and their mean free paths have different 7-dependences.
Based on such a multiband model, however, it is very difficult to explain the relation
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|Ru| > 1/ne. In fact, in order to explain the drastic pressure dependence of Ry in
CeColns within the RTA, one has to assume that a tiny Fermi pocket governs the
transport phenomena at 0 GPa (near AF QCP), whereas a large Fermi surface changes
to be important under 2.5 GPa. The same drastic change in the electronic states should
occur by applying a magnetic field H ~ 1 T. This unnatural assumption is not
true since the other transport coefficients cannot be explained, such as the elegant
modified Kohler’s rule plot for CeRhIns shown in Fig.9.2 for over four orders of
magnitude. This is a strong evidence for the significance of the CVC in a single large
Fermi surface composed of heavy quasiparticles. Since the enhancements of both
Ry and Ap/pg originate from a small portion of the Fermi surface (i.e., the cold
spot) as shown in Fig. 5.3b, the multiband effect is unimportant in Ce MIns. In fact,
the modified Kohler’s rule is observed in other multiband systems, such as Fe-based
superconductors [16].
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Fig. 9.3 a p, b Ry and c v for the 3D Hubbard model (¢, = 0.4, 0.8) given by the FLEX + CVC
method. Broken lines represent the numerical results for U = 9.4 (1, = 0), U = 6.2 (1, = 0.4)
and U = 5.4 (t, = 0.8). In these parameters, the Stoner factors g is 0.995 at T = 0.02. Full lines
represents the numerical results for Us with which ag = 0.998 is satisfied at 7 = 0.02. d Fermi
surfaces for t, = 0, 0.4, 0.8. (Reference [15])
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The Hall coefficient in heavy-fermion compounds is given by the summation of
the normal Hall coefficient Ry} and anomalous Hall coefficient R{}HE. The former
originates from the Lorentz force, and the latter is caused by the angular velocity
caused by momenta of f-orbitals, as we will discuss in Sect. 10.1. RQHE exhibits
a Curie-like behavior above the coherent temperature 7y, whereas it decreases in
proportion to p? below Tp.

In usual heavy-fermion compounds away from the AF-QCP, the relation | RI‘}HE | >
|R;| holds since Ry; is small and temperature independent when the CVC is unim-
portant. In heavy-fermion compounds near the AF QCP, on the other hand, both Ry}
and RQHE would become important. Paschen et al. extracted R}j from the experi-
mental Hall coefficient in YbRh,Si,, and discussed the critical behavior of RI"{ near
AF QCP that is realized under the magnetic field [17]. In contrast, Ry in CeMIns
(M = Co, Rh) is almost constant above 50 K as shown in Fig.9.1. Therefore, anom-
alous Hall effect in CeMIns is very small and negligible, as explained in detail in
Ref. [2, 5]. This fact is a great advantage in the study of anomalous 7'-dependence
of the ordinary Hall effect in Ce M Ins.

In CeColns, novel kinds of critical behaviors are observed near H.p ~ 5TforT «
1 K, where drastic increment in the effective mass was observed. This phenomenon
is referred to as a “field-induced QCP”. One possible origin will be the field-induced
SDW state that is hidden in the SC state. We will discuss this important future problem
in Sect. 2.4 in more detail.

9.2 k-(BEDT-TTF)

The measurements of Ry under pressure have been intensively performed in
k-(BEDT-TTF),X. Figure 9.4 shows the temperature dependence of Ry and cot 6y
for X = Cu(NCS),, which has two elliptical Fermi surfaces. Here, the AF correlations
are the strongest at the lowest experimental pressure (0.19 GPa). As the pressure is
increased, the AF fluctuations get reduced and a conventional Fermi liquid state is
realized. At the same time, Ry is reduced and exhibits a constant value. Since the
observed Ry is independent of pressure at room temperature, the origin of the incre-
ment in Ry below 100 K cannot be related to the pressure induced deformation of
Fermi surfaces. Similar increment in Ry is observed in X = Cu[N(CN),]Cl, which
has a single elliptical Fermi surface [19]. Because of the analogy of the study in
cuprate HTSCs and CeMIns, the CVC is expected to play also a significant role in

k-(BEDT-TTF), X.
As discussed in Sect.2.3, the resistivity in 2D systems in the presence of AF

fluctuations is [20],
p o< T3 (9.3)

This relationship is reliable when wg = T, which is satisfied in optimally- or

over-doped HTSCs. The T-dependence of wst is given in Eq.(2.3). We consider
Eq. (9.3) is realized in X = Cu(NCS); since the AF fluctuations are not so prominent.
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Since Ry is proportional to 512“; as shown in Eq. (5.10), we obtain

cotfy = p/Ry x T>. 9.4)
Figure 9.4b shows that Eq.(9.4) is well satisfied below 80 K, except at P = 0.19
GPa. [Large thermal contraction of this organic superconductor might modify this
relationship at the lowest pressure.] The observed scaling relationships (5.10), (9.3)
and (9.4) is strong evidence that the enhancement of Ry in k-(BEDT-TTF),X is
caused by the CVC due to AF fluctuations.

In many x-(BEDT-TTF),X compounds, the phase transition between the SDW
and metallic phases is a weak first order. Since the AF-QCP is absent in these com-
pounds, the AF fluctuations are not so strong even in the vicinity of the SDW phase.
For this reason, the enhancement of Ry in k-(BEDT-TTF),X is much smaller than
that in CeMIns. On the contrary, carrier doped (11 % doping) x-type supercon-
ductor xk-(BEDT-TTF)4Hgs g9Brg (7. = 4 K at ambient pressure) exhibits very
strong AF fluctuations, and therefore the critical pressures is expected to be slightly
below O kbar. According to NMR measurement, 1/717T [ fiF] increases with
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decreasing temperature above ~10 K, in proportion to (7 + @)~ ! with ® = 13 K
[21]. The P-T phase diagram and transport properties of k-(BEDT-TTF)4Hg, goBrg
are carefully measured by Taniguchi et al. [22]: It was found that 7, shows two-peak
structure under pressure. Also, the power n in p = pg + AT" increases from 1 to 2
with increases pressure, which indicates that the AF fluctuations are monotonically
suppressed by pressure.

Taniguchi et al. also measured the Ry in xk-(BEDT-TTF)4Hg, g9Brg under pres-
sures, and found that Ry exhibits a Curie-Weiss temperature dependence; Ry
(T — @RH)_1 where ®rg < 0 [18]. At 0.19 GPa where AF fluctuations are strong,
Ry (10K)/Ru (300 K) reaches 10, whereas the enhancement of Ry is totally sup-
pressed by 1 GPa. The behavior of Ry in k-(BEDT-TTF)4Hg» g9Bryg is very similar to
the observation in Ce M Ins. ®ry decreases with pressure, and its extrapolated value
to 0 GPa (—13 K) coincides with the Weiss temperature of 1/777 at ambient pres-
sure. This is strong evidence that the Hall coefficient in k-(BEDT-TTF)4Hg> g9Brg
is proportional to 512\1;, due to the CVC induced by AF fluctuations. It is noteworthy
that the residual resistivity Ap in k-(BEDT-TTF)4Hg, goBrg drastically decreases
with pressure [22]. As we have discussed in Sect. 8.2, the large residual resistivity
near 0 GPa is expected to be given by the enlarged effective impurity potential due
to the many-body effect.

Note that Ry in k-(BEDT-TTF),Cu[N(CN),]Br changes to negative under high
pressures and low temperatures, when the electron-electron correlation becomes very
weak. The origin of this observation is considered to be the lattice deformation with
the long-period structure inherent in this compound [23].

Here, we analyzed the anisotropic triangular lattice Hubbard model at half-filling,
which is a theoretical effective model for xk-(BEDT-TTF),X. Figure 9.5a shows the
numerical results for the U-T phase diagram given by the FLEX approximation.
Here, o (> 0) and #; (> 0) are the nearest neighbor integrals of the triangular
lattice; t( is for two of three axes and #; is for the remaining axis, respectively. In many
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Fig. 9.5 a U-T phase diagram for the anisotropic friangular lattice Hubbard model
[ty = 0.3 ~ 0.7] given by the FLEX approximation. The large (small) dots represent the d-wave
T (Tn). b Ry given by the FLEX + CVC method. (References [24, 25])
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k-(BEDT-TTF), X compounds, #1/ty & 0.7. Then, the corresponding Fermi surface
is hole-like and ellipsoidal around the I'-point. Hereafter, we substitute fp = 1
~ 600 K. Then, the AF ordered state appears at 7y < 0.04 ~ 24 K when U is as
large as the bandwidth (~10). As U decreases, T decreases and the d,2_ 2-wave
SC appears next to the AF phase. The obtained U-T phase diagram well explains the
experimental P-T phase diagram (Kanoda diagram [26]), since U/ Wpang decreases
with increasing P. Figure 9.5b also shows the 7 -dependence of Ry for #1/t9 = 0.7.
We see that Ry is enhanced by the CVC at low temperatures, and it becomes smaller
as U decreases. At half-filling, obtained enhancement of Ry is not so large since the
AF fluctuations in this model are rather weak due to the strong geometric frustration
(t1/to ~ 0.7). Therefore, both the P-T phase diagram as well as the P-dependence
of Ry are well understood based on the FLEX+CVC method.
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Chapter 10
Multiorbital Systems

In previous chapters, we have explained the significant role of the CVCin the presence
of AF fluctuations. For example, Ry shows strong temperature dependence due
to the CVC. This mechanism of non-Fermi-liquid-like behaviors occurs not only
in single-band systems like cuprates, but also in multiband systems like CeMIns
(M = Co, Rh, Ir).

In this chapter, we will study the electronic properties and transport phenomena
in various multiband models, such as orbitally degenerate periodic Anderson model
for heavy fermion systems and five-orbital tight-binding model for Fe-based super-
conductors. We present various transport phenomena and electronic states that are
specific to multiband systems.

10.1 Heavy Fermion Systems: Grand Kadowaki-Woods
Relation

Here, we introduce the model Hamiltonian for heavy-fermion systems. Bandstructure
of Ce- and Yb-based heavy-fermion system is described by the following orbitally
degenerate periodic Anderson model [1, 2]:

H = Z ekCIT(UCko + Z Ef,Mfleko + Z(VfMgfleCko + h.c)
ko kM kMo

U o
+3 D A (10.1)
iM#M

where cig ( flj ) is the creation operator of the conduction electron (f-electron)
witho = £1 (M = J,J —1,...,—J), and n’M = ﬁiwﬁM is the number of
f-electrons on orbital M at site i. The f-orbital degeneracy is Ny = 2J + 1,
and ek (E p) is the spectrum for conduction electrons (f electrons). In the case
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126 10 Multiorbital Systems

of Ce-compound (J = 5/2, Ny = 1), the complex c¢-f mixing potential is
given by Viyro = o Vo/4r/34/(7/2 — 2Mcr)/7Y[A;[3_”(0k, ©r), where Y} 5 (0, or)
is the spherical harmonic function, In the case of Yb-compound (J = 7/2,
Ny = 13), Vkpto = Voﬁ\/mﬁz;’(é‘k, ). Note that the relation
Z{VI:_ 7 VMo R VO2 holds. The bandstructure of the orbitally degenerate periodic
Anderson model is shown in Fig. 10.1.

Here, we derive the c-electron Green function Gﬁ(w), given by the Fourier trans-

formation of G (1) = —(TTck(T)clT{(O)). Its Dyson equation is given as
. 0
(@) = G + GLW) - D Vira Gy @) Viiyyy - G () (10.2)
M

where Gﬁo(w) =Ww+p— ex) ! and G{,,O(w) =Ww+p— Ef,M)_1 are free c- and
f-electron Green functions without c- f hybridization. Equation (10.2) is expressed
in Fig.10.2a. If E ¢, ) is independent of M, the self-energy due to c- f hybridization,
> Yk MUG{,IO (w) Vl:‘MU, is simply given as (Vo)2G/O(w). Then, the Dyson equation
is solved as [1, 2]

—1

Vi 2
Giw) = (w—}—u—ek— w—}—/,L—(EO;—E(w)) (103)

where the f-electron self-energy due to Coulomb interaction, X' (w), is included.
We assume that ¥'(w) is diagonal with respect to M. When H = 0, Gy (w) is
diagonal with respect to o because of the relation >, Vimo Vl;"M_ » = 0[2]. That

A Energy

Fig. 10.1 The bandstructure of the PAM with f-orbital degeneracy Ny = 2J + 1. After the c-
f hybridization, heavy quasiparticle bands Elf (degeneracy 2) and unhybridized f-electron bands
Ey (degeneracy Ny — 2) are formed. This bandstructure is strongly renormalized by the factor
z = (1 — OReX (w) /8w)*] lw=0(& 1), where ¥ (w) is the f-electron self-energy. The relation
Ey >y holds in this figure, which corresponds to Ce-based compounds (J = 5/2, Ny = 1). The
opposite relation Ey < 1 holds in Yb-based compounds (J = 7/2, Ny = 13)
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is, the c-electron spin is conserved for H = 0, irrespective of the strong spin-orbit
interaction of f-electrons when levels of J = 5/2 and J = 7/2 states are well
separated.

Using Gy (w), the f-electron Green function is expressed as

GI{MMf (W) = G/0 (W)om, mr

+GT2W) D Vi, G Virs - G70(w) (10.4)

which is expressed in Fig. 10.2b.
In the presence of the self-energy, the approximate expression of Gy (w) is

—1
Vv 2
Giw) ~wHp—ex — Q# (10.5)
w— Ef —iy*

where Vi = zVo, Ef = z(Ef + ReX(0) — p), v* = zIm¥(0), and z =
(1 — ORe X (w)/Ow)~ Y| ,—¢ is the renormalization factor. z < 1 in heavy-fermion
systems.

The quasiparticle energy Ey is given by the solution of Re{l/G} (E})} = 0.
Below T¢on, where v* is negligible near the Fermi level, the quasiparticle energy is
given as

1 -~ ~
Ei =1 (ek ot By Ep? 44047, (10.6)

where Ep_ (Ey ) represents the lower (upper) quasiparticles band. v* grows
monotonically as temperature increases, and |E £l ~ ~* at the coherent tempera-
ture Teon. When T 3> Tiop, the c-f hybridization is prohibited by v* > |E 7l

We summarize the electronic states in heavy-fermion systems: (i) Below
Teonh, Fermi liquid state with heavy quasiparticles is realized due to c-f hybridiza-
tion. Mass enhancement factor z~! and uniform susceptibility y o z~! are
constant. The heavy quasiparticle bandwidth, Wy, is approximately given by
Wi ~ min{Ey | —E}_}~ (V(;k)z/ W, ~ |Ef~ |, where W, is the c-electron bandwidth.

Fig. 10.2 a The Dyson equa- (@ G G (k) G k) G (k)
tion for c-electron Green —— — < + DAY
function G (w). b f-electron n
Green function GICMM, (W) ZM V,.GLo(k)WV,,,
(b) G, (k) Gk Gl G (k)
= =
-

er ‘/A:IO'G( (k)VM K
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(ii) Above Tcon, c-fhybridization ceases, and localized f-electrons causes Curie-Weiss
susceptibility. Experimentally, the temperature of maximum resistivity T/;“ is larger
than 7¢op.

Hereafter, we discuss the multiorbital effect on the Kadowaki-Woods (KW) ratio
AWS;Z, where A is the coefficient of the T2 term in the resistivity, and ysp is the
coefficient of the T'-linear term of the electric specific heat. Experimentally, the KW
ratio in Ce- and U-based heavy-fermion compounds shows an approximate universal
value A’ySI)2 ~ 1072 [L€2 cm (mol - K/mJ)Z], which is known as the KW relation [3].
Although it was believed to be universal in heavy-fermion systems for a long time,
recent experimental activities have revealed that the KW relation is strongly violated
in many Yb-based compounds. Recently, the author had derived a generalized KW
relation thatis applicable for systems with general f~orbital degeneracy Ny for Ce- and
Yb-based compounds [4] and for Sm- and Er-based compounds [5]. By considering
the material dependence of Ny, the failure of the KW relation was resolved.

Here, we analyze the KW ratio in terms of the DMFT (d = oo-limit) [6, 7],
which is useful in heavy-fermion systems that is not close to the AF-QCP. In DMFT,
the self-energy and irreducible vertex correction are constructed of local f-electron
Green function, g(w) = >, Gl{ wm (W), which is diagonal and independent of M in
the present model. It is given as [4]

_ 2\ gro
gw) =g’ (W +1- N, G (w), (10.7)
o (@) = — S wn - Y R (10.8)
Ny m w+ [ — €ex ' '

where G/0(w) = (w—l—u—Ef—Z(w))’l,andImeO(—i(S) = 0. Then, the f~electron
DOS at the Fermi level per channel is

2
Ny (p— Er — 2(0)

fo 2 . .
P/ (0) = ZImg(~id) = /0. (10.9)

where p°(0) = >\ 6(1t — ex) is the c-electron DOS per spin without hybridization.
Ny pf (0) is the total DOS at the Fermi level. Hereafter, we show several beautiful
scaling relations for general Ny > 2.

By using the DMFT, we can utilize the strong-coupling Fermi liquid theory for
the impurity Anderson model developed by many authors [8—12]: First, we analyze
~sp and Im X' (0) in the present PAM. As for Im X'(0), the second-order term due to

the Coulomb interaction § 37 y_pp nynh,, is

3 knT 2
Imx34(0) = U2¥ - p}y(0) (Z Pl (02 — pL(O)Z) (10.10)
M/
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since the local f-Green function is diagonal with respect to M. It is expressed
in Fig.10.3a or b. When E y is independent of M, we can neglect the Pauli
principle in the Coulomb interaction by adding the M-independent potential term
> m@mip* =43, niy, to the Hamiltonian. Then, the general expression for
Im X, (0) is

3 2
ImX(0) = WTBT)(Nf — 1)I2.(0,0)p7 (0)%, (10.11)

which is shown in Fig. 10.3c. Here, I7oc(0, 0) the asymmetric local four-point vertex
introduced in Ref. [4].
We also discuss the specific heat coefficient sp given by

2
s 1
Yop = Nakg =Ny p! (0) - - (10.12)

where Na = 6.02 x 10?3 is the Avogadro constant, and z7! = 1 — 9.5 (w)/0w]|.w—o
is the mass-enhancement factor. By using the relation of the non-interacting Green
function at T = 0, dg/ (w)/dw = dg” (w)/dp — 27ip! (0)6(w), and shifting the
frequencies of every closed loop by w, we obtain the following Ward identity:

b)) ()
o2l 20 N o hhe0.0p @ (1013
ow |,—o o
(N 1)
M M
(a) Ileszd = U U TUM%:} Ny My,
1

2nd 2
(b) ImX =~ = U QMg,nMnM'+%nM
M
= -
€ mZy = || (G + [Gu| [Fe
- M M M

Fig. 10.3 The expression for ImZ‘[%,}‘d(O) within the DMFT. The solid lines represent the local
f-electron Green functions. In a, we consider the Pauli principle of the Coulomb interaction, and the
closed loop presents the factor Ny — 1. In b, we drop the Pauli principle by adding %nﬁl = %nM,

and the obtained result is the same as a when E 7,y is independent of M
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where the factor Ny (—1) originates from the derivative of closed loops (the line
connecting two outer points). In the Kondo limit (U > Wyanq), 7V =m* /m>1
whereas the charge susceptibility enhancement factor z;l = 1-0X(0)/0u is
suppressed since the f-electron is almost localized [4]." Thus, the factor 9.2 (0)/0u
in the right-hand-side of Eq. (10.13) is negligible.

When ¢ in Eq. (10.1) is a free dispersion, the conductivity at low temperatures is
given by

Oxx

e? 12,2
— 2 IGLO) o,
k

62 (3/71')1/3114/3613
h Npf (0) - ImE(0)

(10.14)

where n(= k13: /37?) is the density of quasiparticles that form the conduction band,
and a is the unit cell length. According to Eqs. (10.11)—(10.14), we find the scaling
properties ysp o Ny (Ny — 1)1“10Cpf2 and A o« Ny(Ny — l)I“lgcpf4. Therefore, we
obtain the “grand KW relation” that is valid for any Ny (> 2) [4, 5, 13]:

~1/3
pn? ~ h29(37r) - 1
‘ 2k 4n3adNE SNp(Ny — 1)
1x107° [ cm(mol - K /mJ)?] (10.15)
N ——— [WQcm(mol - K/mJ)“]. .
3N (Np = 1)

where we put h/e* = 2.6 x 10°Q, kg = 1.38 x 10723 JK~!, and we assumed
1/n*3a3 ~ 4 x 10~8 cm.

Without crystal field splitting of the f~level, Ny = 2J + 1 = 6 for Ce’t and
Sm3* ions, and Ny = 8 for Yb>* and Er?*t ions. Therefore, the previous KW
relation turned out to be valid only when Ny = 2 (Kramers doublet case due to
strong crystal field splitting). A similar universal relation limy g eS/Tvysp ~ *1
(S is the Seebeck coefficient) was recently found [14, 15]. The characteristics of
the electronic state in heavy-fermion systems are (i) large mass-enhancement and
(ii) small charge susceptibility since the f-electron is almost localized. The grand KW
relation (10.15) is derived only by imposing these constraints on the microscopic
Fermi liquid theory. This fact illustrates a remarkable advantage of the Fermi liquid
theory for the analysis of strongly correlated systems.

Figure 10.4a shows the experimental verification of Eq. (10.15) for various heavy-
fermion compounds, where Ny in each compound was determined by the temperature
dependence of x and the inelastic neutron scattering [13]. Tsujii’s study confirmed

!'In Refs. [4, 5], we put = (7TT)2/6 . prf (0) by mistake; the correct relation is y = (7rT)2/3 .
prf (0). For this reason, Eq.(10.13) is two times Eq. (8) in Ref. [4]. Since the author of Ref. [4]
assumed 1/n4/3a3 ~1x 10~8cm, the grand-KW relation in Ref. [4] is equal to Eq. (10.15) in the
present paper.
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Fig. 10.4 a Kadowaki-Woods plot for various heavy-fermion systems Ny = 2 ~ 8 in Ref. [13].
b Kadowaki-Woods plot for YbT,Znyq (Ref. [16]: Copyright (2007) National Academy of Sciences,
US.A)
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that Ny ~ 2 in many Ce-based compounds, where crystal-field splitting is larger than
the renormalized Fermi energy Wyg. On the other hand, Ny ~ 8 in many Yb-based
ones, where crystal-field splitting is smaller than Wyg. Torikachvili et al. also found
that other Yb-based heavy-fermion systems YbT>Znyy (T = Fe, Co, Ru, Rh, Os,
or Ir) follows the grand KW relation shown in Eq. (10.15) [16]. Their experimental
results are shown in Fig. 10.4b.

We shortly discuss the “multiband effect” on the KW relation: In a usual
heavy-fermion compound, there are one or two main large Fermi surfaces com-
posed of heavy quasiparticles, and several minor small Fermi surfaces composed
of light-quasiparticles. In the presence of impurities, AT? o (vk)Fs as explained
in Eq. (2.32). Therefore, heavy quasiparticles on the large Fermi surfaces give the
dominant contribution to both the specific heat and the A-term. As a result, the
grand-KW relation is universally realized. We note that |R}j| ~ 1/ne is realized in
many heavy-fermions away from AF-QCPs. This fact means that heavy quasiparti-
cles on the large Fermi surfaces give the dominant contribution to the conductivity,
since |Rfj| > 1/ne should be realized when small Fermi surfaces are the most
conductive.

Finally, we discuss the Wilson ratio R = (X/XO)/(’Ysp/’ng) = z,,' /27! for gen-

-1

eral Ny in the strong coupling limit (z=" > 1). Here, x? and fy?p represent the

non-interacting values. The magnetic susceptibility enhancement factor 2;11 is given
1 0Xu(0)
as —=1+-——-.
ZH OHM
By using the relation of the non-interacting Green function at 7' = 0, d g (w)/
dw = dglfu (w)/dHM — 2mi pf (0)d(w), and the fact that H-derivative of every
closed loop vanishes identically after the summation of f~orbital angular momentum,

we obtain the following Ward identity:

ITW|  9EZu(O)

— f
Ew SHM 1 x Toc (0, 0)p” (0) (10.16)

w=0
By eliminating the left-hand-side using Eq. (10.13), we obtain

0Xy(0)  0X(0)

Ny o (0, 0)p7 (0 10.17
DHM o + N Toc (0, 0)p’ (0) ( )

Therefore, the Wilson ratio in the Kondo regime is obtained as

—1
N
R_ZL_ f

_Z_I_Nf—l

(10.18)

[11, 17, 18]. We stress that the universality of the grand-KW relation and the Wilson
ratio in heavy-fermion systems ensures the smallness of valence fluctuations in usual
compounds.
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10.2 Fe-Based Superconductors

Iron-based high-7, superconductors had been discovered by Kamiahara et al. in
2008 [19], and the highest T, at present reaches 56K in F-doped SmFeAsO. The
structure of mother compounds is orthorhombic, and the tetragonal structure tran-
sition is realized by carrier or chemical doping. In Ba(Fe, Co),As3, the highest SC
transition temperature 7 is realized next to the non-SC orthorhombic phase, and
the structure transition at 7 = Tg is second-order [20]. Very large softening of
shear modulus Cgg suggests the existence of strong orbital (quadrupole) fluctuations
[21-23]. Moreover, the spin-density-wave (SDW) state with Q ~ (m, 0) occurs in
the orthorhombic phase, that is, Ty is close to but always lower than T’s. These exper-
imental facts suggest a close relation between the mechanism of superconductivity
and structure/orbital/SDW transitions.

Near the structure or magnetic QCP, high-T, superconductivity as well as the
non-Fermi liquid transport phenomena similar to cuprates are frequently observed.
For example, T-linear resistivity is observed below 200K in optimally-doped
Ba(Fe, Co),As, and BaFe;(As, P), with 7, ~ 25K. Also, Curie-Weiss behavior
of Ry as well as the modified Kohler’s rule (1.4) are also observed, although con-
ventional Kohler’s rule is violated [24]. These anomalous transport phenomena are
expected to be realized by CVC due to strong orbital and/or spin fluctuations.

As for the pairing mechanism, based on the spin fluctuation theories, fully-gapped
sign-reversing s-wave (s1-wave) state had been predicted [25-28]. The origin of the
spin fluctuations is the intra-orbital nesting between hole- and electron-pockets. How-
ever, the robustness of 7. against randomness in iron pnictides indicates the absence
of sign-reversal in the superconducting (SC) gap [29-34]. Later, orbital-fluctuation-
mediated s-wave state without sign reversal (s4--wave) had been proposed [35-38].
The orbital fluctuations mainly originate from the inter-orbital Fermi surface nesting
and the inter-orbital (quadrupole) interaction: The quadrupole interaction is caused
by the vertex correction due to Coulomb interaction [39] in addition to the electron-
phonon (e-ph) interaction [35].

Now, we introduce the model Hamiltonian. The band structure of Fe-based
superconductors is well described by the five orbital square lattice tight-binding
model [26]:

Hy= Y. tl./f}ycl oo (10.19)

i J, V.0

where i, j represent the Fe-sites, and i, v represent the five d-orbitals, 372 — 12 xz,
¥z, xy and x2 - yz. Fori # j, tl“]V is the hopping integral between different sites,
and ti’f l?V = E,0,,, is the on-site energy level [26]. The Fermi surfaces are composed
of three hole-pockets (o, oz, ) and two electron-pockets (31, 32), as shown in
Fig. 10.5a.

The total Hamiltonian is given by Hy + Hjy, where Hjy is the interaction term.
Hip contains the multiorbital on-site Coulomb interaction term:
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Fig. 10.5 a Fermi surfaces of Fe-based superconductors in the one-forth of the first Brillouin zone.

b Bare bubble X?l’ e (@) and bare vertex functions I“l‘;,(crim,. ¢ The U-g phase diagram given by
the RPA ’ ’

U/
Hc=U Zni,l,Tni,l,¢ t Z i iMim
il

i,l#m
J i i
i,l#m,0,0’
J i t
+3 > ] yCimocl) _oCim o+ He) (10.20)
il#m,o

where U (U’) is the intra-orbital (inter-orbital) Coulomb repulsion, J(> 0) is the
exchange interaction, and the relation U = U’ + 2J holds. We also introduce the
following quadrupole—quadrupole interaction in Hip:
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XZ,YZ,Xy
Hgaa=—g > > OO (10.21)
i r
where O ri=>, o 0‘11 ”cj o Cive is the quadrupole operator for channel I” at site i

no_

introduced in Ref. [35] and —g is the couphng constant. (Note that oy, = (ulxz|v).)
Here, we set (xz|0>z|xy) = (yz|0xy|xz) = (xy|0xz|yz) = 1 by multiplying
a constant. Recently, we have found that Eq.(10.21) is also caused by the vertex
correction due to Coulomb interaction that is neglected in the RPA [39].

First, we study the total Hamiltonian Hix = Ho + Hc + Hguad based on the
RPA: The RPA for multiorbital system was first performed in Ref. [40]. Here, the
irreducible susceptibility is given by

X0 (@) = —— Z GO (k4 q)G2 . (k), (10.22)

where éo(k) = lie, +p — A, 0]’1 is the Green function in the orbital basis: g =
(q,wp), k = (k,¢,), and ¢, = (2n + 1)« T is the fermion Matsubara frequency.
w is the chemical potential, and Hl? is the kinetic term in Eq.(10.19). Then, the
susceptibilities for spin and charge sectors in the RPA are given as

¥ =@ = L1 (10.23)
The bare vertex for the spin and charge channels are respectively given as [40]

U Li=h=h3=1
U, h=L#h=1

D, = J, lL=h L=l (10.24)
J, Lh=l#h=1I
Iw) =—C =2V (W), (10.25)
U, h=bh=5h=l
Ciib i3l = ;L[,],/j—JZJ 2 zZ 7; Z z Z (10.26)

J, h=la#hb=10h

Vis given by Eq. (10.21), by neglect the ladder diagram contribution [35]. The bare
bubble X?Z’,mm’(q) and bare vertex functions are schematically shown in Fig. 10.5b.

Figure 10.5¢ shows the U-g phase diagram obtained by the RPA (mean-field
approximation) for the electron filling » = 6.1 and J = U/10. Here, a, (ay)
is the charge (spin) Stoner factor, which is given by the maximum eigenvalue
of IA“("))A(O(q, 0). Then, the enhancement factor for x5 is (1 — as(c))’l, and
o) = 1 gives the spin (orbital) order boundary. By solving the SC gap equation,
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spin-fluctuation-mediated s4.-wave state is realized for g = 0 [26]. On the other hand,
we obtain the s;-wave state when the orbital fluctuations caused by g dominate
over spin fluctuations [35].

Hereafter, we perform the FLEX approximation for the five-orbital model. The
self-energy is given as

T
Ty () =+ 20 2 Vi sty @) Grota (k = @), (10.27)

q  Dbly
% 3 b al 1 e a8
Vig) = 51“ X (I + 51“ X(r

1 A ad A A 34 1A
= P = PO @ =T + 31 4 T (10.28)
where k = (k, ¢,) with fermion Matsubara frequency ¢, = (2n + 1)7T, and
q = (q,w,) with boson Matsubara frequency w,, = 2nnT. Then, the quasiparti-
cle damping on the ath band is given by

1 ;
Ko =3 2 Ui olm { 2, (6. 0) = 5,60} U (10.29)
Im

where X, (K, w)®@ s the retarded (advanced) self-energy given by the analytic
continuation of Eq. (10.27), and Uk ., is the unitary matrix introduced in Eq. (4.26).
Figure 10.6a shows the quasiparticle damping on each Fermi surfaces due to spin
(orbital) fluctuations, %i(c), for T = 0.015 and U = 1.8, given by substituting V in
Eq.(10.27) with [37° 1 + 31751 ([37xeT¢ + 5.

In Fig. 10.6a, the relation v* > ~° holds for g = 0, and the momentum depen-
dence of 7y, on each FS is small although the AF spin correlation is well developed.
The value of ~¢ increases with g, and the relation v¢ > ~* is satisfied for g = 0.3.
Then, v;, on FS4 (e-pocket) is anisotropic due to the momentum and orbital depen-
dencies of X;I,C e (@)- Since the cold spot is on the e-pocket, the Hall coefficient Ry
and thermoelectric poser S will be negative, consistently with experiments [41—43].

In Fig. 10.6b, we show the temperature dependence of the spin (orbital) suscep-
tibility enhancement factor Sy() = (1 — as(c))_l, where o) is the Stoner factor.
In the case of U = 1.8 and g = 0, large S; (= 10) is realized at ¢ =~ Q = (w, 0)
(i.e., x*(Q, 0) o Ss). Ss gradually increases as T drops, which is a typical critical
behavior near the AF magnetic QCP [44]. When g > 0, x°(q, 0) is enhanced at
q = 0 and q = Q almost equivalently [36]. At g = 0.3, large S, (> 10) is produced
at q ~ Q or 0, and it increases approximately proportional to 7.

Figure 10.6c, d show the obtained resistivity p = 1/oyx, for U = 1.2 and 1.8,
given by neglecting the CVC: In case of U = 1.2, p shows a conventional sub-linear
(concave) T-dependence at g = 0. p increases with g due to the orbital fluctuations,
and almost T '-linear resistivity is realized at g = 0.22. At g = 0.25, p shows a
super-linear (convex) T-dependence. In case of U = 1.8, p is linear-in-7 at g = 0,
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Fig.10.6 a 715((6) on the Fermi surfaces. FS1,2,3,4 corresponds to FSavy,a2,31,/3 in Fig. 10.5a. The

angle 6 represents the position on the Fermi surfaces: § = tan™! (12y /ky), and the origin of k is the
center of each Fermi surface. b Spin (charge) susceptibility enhancement Sg) = (1 — as(())*l.
¢, d Resistivities given by the FLEX approximation

whereas it shows a clear super-linear 7-dependence at g = 0.3. Thus, non-Fermi-
liquid resistivity in Fe-based superconductors is produced by the combination of
orbital and spin fluctuations.

We also study the thermo-electric power S based on the FLEX approximation.
According to experimental results [45-49], S in e-doped systems is negative below
the room temperature, and | S| develops inversely proportional to the temperature till
T* ~ 100 K. In optimum doped Ba(Fe_,Co,),As; peak value of |S| ~ 50 nV/K
and 7* ~ 130K are observed [49]. The obtained T-dependence of S is presented
in Fig.10.7. In the case of U = 1.2 shown in Fig. 10.7a, Fermi-liquid behavior
(S o T) is obtained for g = 0, where both the spin and orbital fluctuations are weak.
For g = 0.25, where the orbital fluctuation is strong, |S| becomes larger than that
for g = 0, and the deviation from the Fermi-liquid-like behavior is realized.

In the case of U = 1.8 shown in Fig. 10.7b, where spin fluctuations are strong,
non-Fermi-liquid-like behavior becomes more prominent. For g = 0, the value of | S|
is small and almost independent of 7'. On the other hand, | S| is drastically enhanced,
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and shows the peak at T* ~ 150K for ¢ = 0.3, where both the spin and orbital
fluctuations are strong. The obtained result for U = 1.8 and ¢ = 0.3 is consistent
with experiments [45-49], meaning the cooperative development of orbital and spin
fluctuations in Fe-based superconductors.

In the following, we explain why the absolute value of S becomes large for g ~
0.3. Since v,k ~ 1/Ny(w) at w = g}, where N, and ¢} are the density of state and
the dispersion on band «, respectively, S is rewritten as

e o ZaWw Of (w)
0unT ;/wdwzva(w)ww) (_ B )

eT 0 1
X o ;Z"a_w (Na(w>va<w))wZo’ (1030

where z,, and vy, are the renormalization factor and the quasiparticle damping on band
a, respectively. In the presence of strong orbital fluctuation with large value of g, the
absolute value of S is strongly enhanced due to the large value of %’ya > 0 atthe cold

S
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spots on e-pocket (see Fig. 10.6a). Thus, the orbital fluctuation plays an important
role in various anomalous transport phenomena in Fe-based superconductors.

Within the RPA, the condition J < 0 is required for the development of orbital
fluctuations (c, < 1) in multiorbital Hubbard models (without ¢) under the constraint
U = U’ + 2J. Taking this fact into account, we have introduced small quadrupole
interaction g, and shown that strong orbital fluctuations are induced even for finite J.
The interaction g could be derived from not only the e-ph interaction, but also the
“Coulomb interaction” due to the vertex correction, which describes the many-body
effect beyond the RPA.

Actually, we have recently studied the mechanism of orbital/spin fluctuations due
to multiorbital Coulomb interaction (U = U’ + 2J) going beyond the RPA. For this
purpose, we develop a self-consistent vertex correction (SC-VC) method, and find
that both orbital and spin fluctuations are strongly emphasized by the VC, even if
g = 0 [39]. It is found that both the antiferro-orbital and ferro-orbital fluctuations
simultaneously develop for J/U ~ 0.1, both of which contribute to the s-wave
superconductivity. Especially, the ferro-orbital fluctuations give the orthorhombic
structure transition as well as the softening of shear modulus Ceg.

In the SC-VC method, the susceptibility for the charge (spin) channel is given by

KO (g) = K™ (@) (1 = FEOPTS (g)) =1, (10.31)
where the irreducible susceptibility is given as
RO (g) = 0g) + XV(g). (10.32)

where X?z/ @) = =T Zp Gim(p+q)G,yr(p) is the bare bubble, and the second
term is the VC that is neglected in both RPA and FLEX approximation. In the present
discussion, it is convenient to consider the quadrupole susceptibilities:

. o l,l/ N /’
@)= D O Xy (@O0

', mm’

= Tr{0,%°(¢)O,}. (10.33)

Non-zero matrix elements of the quadrupole operators for the 7,4-orbital 2 = xz,
3=yz,4=xyare 0,%’14 = 0}2,’14 = 0552_)2 = —03;3_),2 = 1 [50]. Here, the charge
(spin) Stoner factor og” is given by the largest eigenvalue of I7®){im™<()(q) at
w; = 0.

Here, we study the role of VC due to the Maki-Thompson (MT) and Aslamazov-
Larkin A(AL) terms in Fig. 10.8a, which become important near the QCPs [44, 51].
Here, X“®(q) = X" (q) + (—=)X"¥(g), and wavy lines represent y*°. The AL

term (AL1 4 AL2) for the charge sector is given as
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where \7“(51) =[5 ﬁs'cﬁs’c(q)ﬁs'c, /i(q; k) is the three-point vertex made of
three Green functions in Fig. 10.8a [50], and A:nm, cd.gh (q: k) = Achmg,am (q; k) +

Agd me.hm' (g5 —k — q). According to Eq. (10.34) and Ref. [50], X)/;Li’;z 0) ~ AZU*
Tzq{xs (q)}2 when oy < 1, and it grows in proportion to 7x*(Q) [log{x’

(Q)}z] at high [low] temperatures. We include all U 2_terms, which are important
for reliable results.

In the SC-VC method, we perform a self-consistent calculation of the VC as well
as spin/orbital fluctuations. Then, X (¢) is strongly enhanced by XA in Eq. (10.34),
which is relevant when either x© or x* is large. On the other hand, X5~ T >A-
V3SV€. Aisless important, as explained in Refs. [39, 52]. Therefore, we drop X (q)
to simplify the argument. Figure 10.8b show x£ (q) given by the SC-VC method for
n==6.1,J/U = 0.088 and U = 1.53; the Stoner factors are o}, = ag =0.97 and

max
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af) = 0.86. Compared to the RPA, both Xiz_yz (q) and x5, (q) are strongly enhanced

by the charge AL term, XAL-¢ since the results are essentially unchanged even if MT
term is dropped. In the SC-VC method, the enhancements of other charge multipole
susceptibilities are small. Especially, the density susceptibility ZI,m Xfl’mm (q) is
suppressed in the SC-VC method.

Here, we make comparison between the present SC-VC method with other theo-
retical methods. The present multi-fluctuation mechanism is not correctly described
by the dynamical-mean-field theory (DMFT), since the irreducible VC is treated as
local. Also, the local density approximation (LDA), in which the VC is neglected,
does not reproduce the nonmagnetic orthorhombic phase.

We discuss the physical meaning of the VC in the strong-coupling regime
(z/U > 1): Due to the Kugel-Khomskii (KK) type spin-orbital exchange coupling
~ (12/U)(s; -s i )(0)’;va . O; LVZ), the antiferro-spin order induces the ferro-orbital
order, and vise versa. Such spin-orbital coupling should be finite even in the metallic
state (¢ ~ U), and itis actually described by the AL-type VC. For this reason, cooper-
ative development of spin and orbital fluctuations is obtained in the SC-VC analysis.
[The RPA is insufficient in multiorbital Hubbard models in that it fails to reproduce
the KK-type spin-orbital coupling.] Especially, non-magnetic orbital nematic order
can be realized since the scalar order parameter O,2_ 2 is more stable than the vector
order parameter s against the quantum and thermal fluctuations.

In summary, we developed the SC-VC method, and obtained the Coulomb-
interaction-driven nematic and AF-orbital fluctuations due to the multimode
(orbitons + magnons) interference effect [50] that is overlooked in the RPA. For
J/U < (J/U)e, the structure transition (cig ~ 1) occurs prior to the magnetic tran-
sition (crg, ~ 1), consistently with experiments. When o, ,, ~ at .., both s, - and
st-states could be realized, depending on model parameters like the impurity con-
centration niyp [35]. We expect that orbital-fluctuation-mediated superconductivity
and structure transition are realized in many iron-based superconductors due to the
cooperation of the Coulomb and e-ph interactions.

Recently, the SC-VC method had been applied to the (d,;, dy,)-orbital Hubbard
model introduced in Sect. 4.2. It was revealed that the ferro-quadrupole susceptibility
Xiz—yz (0) develops divergently near the magnetic QCP due to the AL-type VC [52].
This result would explain the “electronic nematic order” in a double-layer Ru-oxide,
Sr3Ru, 07, realized near the field-induced magnetic QCP [53]. It is noteworthy that
the renormalization group (RG) method had been applied to this model, and the
development of xiz_yz (0) had been confirmed [54]. The RG method is known as
an unbiased and reliable theoretical method, whereas perturbation methods calcu-
late only selected Feynman diagrams. Therefore, the mechanism of orbital nematic
fluctuation due to AL-type VC had been confirmed by several reliable theoretical
methods.


http://dx.doi.org/10.1007/978-3-642-35365-9_4

142 10 Multiorbital Systems
References
1. K. Hanzawa, K. Yosida, K. Yamada, Prog. Theor. Phys. 81, 960 (1989)
2. H. Kontani, K. Yamada, J. Phys. Soc. Jpn. 63, 2627 (1994)
3. K. Kadowaki, S.B. Woods, Solid State Commun. 58, 507 (1986)
4. H. Kontani, J. Phys. Soc. Jpn. 73, 515 (2004)
5. H. Kontani, Phys. B. 359-361, 202 (2005)
6. A. Georges, G. Kotliar, W. Krauth, M.J. Rozenberg, Rev. Mod. Phys. 68, 13 (1996)
7. G. Kotliar, D. Vollhardt, Phys. Today 57, 53 (2004)
8. K. Yamada, Prog. Theor. Phys. 53, 970 (1975)
9. K. Yamada, K. Yosida, Prog. Theor. Phys. 53, 1286 (1975)
10. K. Yamada, K. Yosida, Prog. Theor. Phys. 54, 316 (1975)
11. A. Yoshimori, Prog. Theor. Phys. 55, 67 (1976)
12. H. Shiba, Prog. Theor. Phys. 54, 967 (1975)
13. N. Tsujii, H. Kontani, K. Yoshimura, Phys. Rev. Lett. 94, 057201 (2005)
14. K. Behnia, D. Jaccard, J. Flouquet, J. Phys. Condens. Matter. 16, 5187 (2004)
15. K. Miyake, H. Kohno, J. Phys. Soc. Jpn. 74, 254 (2005)
16. M.S. Torikachvili, S. Jia, E.D. Mun, S.T. Hannahs, R.C. Black, W.K. Neils, D. Martien, S.L.

17.
18.
19.
20.
21.
22.

23.
24.

25.
26.
217.

28.
29.
30.

31.

32.
33.

34.

35.
36.
37.
38.
39.
40.
41.

42.

Bud’ko, P.C. Canfield, Proc. Natl. Acad. Sci. U. S. A. 104, 9960 (2007)

H. Kontani, K. Yamada, J. Phys. Soc. Jpn. 65, 172 (1996)

H. Kontani, K. Yamada, J. Phys. Soc. Jpn. 66, 2232 (1997)

Y. Kamihara, T. Watanabe, M. Hirano, H. Hosono, J. Am. Chem. Soc. 130, 3296 (2008)

C.R. Rotundul, R.J. Birgeneau, arXiv:1106.5761

M. Yoshizawa et al., Private communication

T. Goto, R. Kurihara, K. Araki, K. Mitsumoto, M. Akatsu, Y. Nemoto, S. Tatematsu, M. Sato,
J. Phys. Soc. Jpn. 80, 073702 (2011)

T. Goto et al., (unpublised)

S. Kasahara, T. Shibauchi, K. Hashimoto, K. Ikada, S. Tonegawa, R. Okazaki, H. Ikeda, H.
Takeya, K. Hirata, T. Terashima, Y. Matsuda, Phys. Rev. B 81, 184519 (2010)

LI. Mazin, D.J. Singh, M.D. Johannes, M.H. Du, Phys. Rev. Lett. 101, 057003 (2008)

K. Kuroki, R. Arita, H. Aoki, Phys. Rev. B 60, 9850 (1999)

S. Graser, G.R. Boyd, C. Cao, H.-P. Cheng, P.J. Hirschfeld, D.J. Scalapino, Phys. Rev. B 77,
180514(R) (2008)

A.V. Chubukov, D.V. Efremov, I. Eremin, Phys. Rev. B 78, 134512 (2008)

S. Onari, H. Kontani, Phys. Rev. Lett. 103, 177001 (2009)

A. Kawabata, S.C. Lee, T. Moyoshi, Y. Kobayashi, M. Sato, J. Phys. Soc. Jpn. 77 (2008) Suppl.
C 103704

M. Sato, Y. Kobayashi, S.C. Lee, H. Takahashi, E. Satomi, Y. Miura, J. Phys. Soc. Jpn. 79,
014710 (2009)

S.C. Lee, E. Satomi, Y. Kobayashi, M. Sato, J. Phys. Soc. Jpn. 79, 023702 (2010)

Y. Nakajima, T. Taen, Y. Tsuchiya, T. Tamegai, H. Kitamura, T. Murakami, Phys. Rev. B 82,
220504 (2010)

J.Li, Y. Guo, S. Zhang, S. Yu, Y. Tsujimoto, H. Kontani, K. Yamaura, E. Takayama-Muromachi,
Phys. Rev. B 84, 020513(R) (2011)

H. Kontani, S. Onari, Phys. Rev. Lett. 104, 157001 (2010)

T. Saito, S. Onari, H. Kontani, Phys. Rev. B 82, 144510 (2010)

S. Onari, H. Kontani, arXiv:1009.3882

S. Onari, H. Kontani, Phys. Rev. B 85, 134507 (2012)

S. Onari, H. Kontani, Phys. Rev. Lett. 109, 137001 (2012)

T. Takimoto et al., J. Phys. Condens. Matter. 14, L369 (2002)

S.C. Lee, A. Kawabata, T. Moyoshi, Y. Kobayashi, M. Sato, J. Phys. Soc. Jpn. 78, 043703
(2009)

R.H. Liu, G. Wu, T. Wu, D.F. Fang, H. Chen, S.Y. Li, K. Liu, Y.L. Xie, X.F. Wang, R.L. Yang,
L. Ding, C. He, D.L. Feng, X.H. Chen, Phys. Rev. Lett. 101, 087001 (2008)



References 143

43

44.
45.
46.

47.
48.

49.
50.
51.
52.
53.
54.

S. Kasahara, T. Shibauchi, K. Hashimoto, K. Ikada, S. Tonegawa, R. Okazaki, H. Shishido, H.
Ikeda, H. Takeya, K. Hirata, T. Terashima, Y. Matsuda, Phys. Rev. B 81, 184519 (2010)

T. Moriya, K. Ueda, Adv. Phys. 49, 555 (2000)

M.A. McGuire et al., Phys. Rev. B 78, 094517 (2008)

M. Tropeano, C. Fanciulli, C. Ferdeghini, D. Marre, A.S. Siri, M. Putti, A. Martinelli, M.
Ferretti, A. Palenzona, M.R. Cimberle, C. Mirri, S. Lupi, R. Sopracase, P. Calvani, A. Perucchi,
Supercond. Sci. Technol. 22, 034004 (2009)

S.J. Singh, J. Prakash, S. Patnaik, A.K. Ganguli, Supercond. Sci. Technol. 22, 045017 (2009)
V.P.S. Awana, R.S. Meena, A. Pal, A. Vajpayee, K.V.R. Rao, H. Kishan, Eur. Phys. J. B 79,
139 (2011)

E.D. Mun, S.L. Bud’ko, N. Ni, A.N. Thaler, P.C. Canfield, Phys. Rev. B 80, 054517 (2009)
H. Kontani, T. Saito, S. Onari, Phys. Rev. B 84, 024528 (2011)

N.E. Bickers, S.R. White, Phys. Rev. B 43, 8044 (1991)

Y. Ohno, M. Tsuchiizu, S. Onari, H. Kontani, J. Phys. Soc. Jpn. 82, 013707 (2013)

A.P. Mackenzie, J.A.N. Bruin, R.A. Borzi, A.W. Rost, S.A. Grigera, Phys. C 481, 207 (2012)
M. Tsuchiizu, S. Onari, H. Kontani, arXiv:1209.3664



Chapter 11
AHE and SHE in Multiorbital Systems

In previous chapters, we studied transport phenomena single-band models, and
showed that the CVC induces various striking non-Fermi-liquid-like behaviors in
the presence of AF fluctuations. For example, Ry shows strong temperature depen-
dence due to the CVC. In multiband systems, however, Ry can exhibit tempera-
ture dependence or sign change within the RTA, if a hole-like Fermi surface and
an electron-like Fermi surface coexist and their relaxation times have different 7'-
dependences. There are many such examples even in conventional metals. However,
|Ry| is as small as ~1/ne in this multiband mechanism. Thus, the RTA+multiband
mechanism is impossible to explain the huge |Ry| > 1/ne observed in various
systems near the AF QCP.

On the other hand, as discussed in Chap.4, the intrinsic AHE and SHE are the
transport phenomena that are inherent in multiband systems. In the presence of the
spin-orbit interaction (SOI), the Bloch electron acquires the trajectory- and spin-
dependent Berry phase, which works as the spin-dependent outer magnetic field.
These transport phenomena in various d- and f-electron systems are now attracting
growing attentions. In this chapter, we explain resent development of the intrinsic
AHE and SHE in multiorbital models in the presence of SOI. To analyze these quan-
tum transport phenomena, we have to use the linear response theory. We will show
that the huge SHE and AHE in various d- and f-electron systems originates from the
“spin-dependent Berry phase” induced by the atomic orbital angular momentum.

11.1 SHE in Transition Metals

In this section, we study the intrinsic SHC in various 5d-transition metals (Ta, W, Re,
Os, Ir, Pt, and Au) and 4d-transition metals (Nb, Mo, Tc, Ru, Rh, Pd, and Ag) based
on realistic multiorbital tight-binding models, which enables us to perform quanti-
tatively reliable analysis. In each metal, the obtained intrinsic SHC is independent
of resistivity in the low resistive regime (p < 50 €2 cm) whereas it decreases in

H. Kontani, Transport Phenomena in Strongly Correlated Fermi Liquids, 145
Springer Tracts in Modern Physics 251, DOI: 10.1007/978-3-642-35365-9_11,
© Springer-Verlag Berlin Heidelberg 2013
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proportion to p~2 in the high resistive regime. In the low resistive regime, the SHC
takes a large positive value in Pt and Pd, both of which have approximately nine
d-electrons perion (ng = 9). On the other hand, the SHC takes a large negative value
in Ta, Nb, W, and Mo where n; < 5. The origin of the SHE is the spin-dependent
Aharonov-Bohm phase factor discussed in the previous section.

After the theory of Karplus-Luttinger, theories of the intrinsic SHE have been
developed based on several specific theoretical models [1-9]. In the present study,
we employ the Naval Research Laboratory tight-binding (NRL-TB) model developed
by Papaconstantopoulos et al. [10, 11], which enables us to construct nine-orbital
(s + p + d) tight binding models for each transition metal. This is a non-orthogonal
Slater-Koster (SK) model. To describe the electronic state in 4d (5d) metals, we
consider Ss, Sp, and 4d (6s, 6p, and 5d) orbitals, that is, we consider nine orbitals
per atom.

Table 11.1 shows the crystal structure, electron number per atom, and the coupling
constant A of SOI \ Zi ii§i (i = x,y, z) for various 4d- and 5d-transition metals.
(mgd™mgs"s) represent the electronic configuration of an isolated atom, where m
and m; is the main quantum number, and n and ng is the number of electrons on
s- and d-orbital. In this table, we put A = 0.03 Ry for 5d electron in Ptand A = 0.013
Ry for 4d electron in Pd, according to optical spectroscopy [12]. For other 4d- and
5d- transition metals, we used Herman-Skillman atomic spin-orbit parameters [13]:
These parameters had been calculated by using the self-consistent Hartree-Fock-
Slater atomic functions. Here, we consider only the d-orbital SOI, and neglect other
SOI terms which may be k-dependent. In this section, we set the unit of energy Ry;
1 Ry=13.6¢eV.

Table 11.1 The crystal structure, electron number per atom, and the coupling constant A of SOI
for various transition metals

Metals Structure Electron number SOI (Ry)
Nb bee 5 (4d*5sh) 0.006
Mo bee 6 (4d°5sh) 0.007
Tc hep 7 (4d®5st) 0.009
Ru hep 8 (4d75s") 0.01
Rh fee 9 (4d35s") 0.011
Pd fee 10 (4419559) 0.013
Ag fee 11 (4d'95s1) 0.019
Ta bee 5 (5d36s2) 0.023
W bec 6 (5d*6s?%) 0.027
Re hep 7 (5d°652) 0.025
Os hep 8 (5d%6s2) 0.025
Ir fee 9 (5d°6s%) 0.025
Pt fee 10 (5d°6s1) 0.03
Au fec 11 (54'%s") 0.03

(mgd"mgs™s) represent the electronic configuration of an isolated atom. Here, m, and my is the
main quantum number, and n; and n4 is the number of electrons on s- and d-orbital. Bee, hep and fec
represents a body-centered cubic, hexagonal closed packed and face-centered cubic, respectively
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In the presence of SOI for 4d or 5d electrons, the total Hamiltonian is given by

(11.1)

. Ho+ M /2 My —ily)/2
Ay +ily)/2 Ho— N2 )’

here the first and the second rows (columns) correspond to s, = +h/2 (1-spin) and
s, = —h/2 (]-spin). I:IO is 9 x 9 matrix given by NRL-TB model for bce and fcc
structure, whereas it is 18 x 18 matrix for hpc structure since a unit cell contains two
atoms. The matrix elements of 1 for d-orbital are given by [12]

00 —i 0 0
00 0 —i—iv3
k=i 0 00 0 |, (11.2)
0i 00 O
0iv/30 0 0
0i 0 0 0
—-i0 0 0 0
L=l00 0 —iiv3], (11.3)
00 i 0 0
00-iv/30 0
0 0020
0 0i00
.= 0 —ioo0o0]. (11.4)
—2i 0000
0 0000

where the first to the fifth rows (columns) correspond to d-orbitals xy, yz, zx, x2— yz,
and 3z% — 2, respectively.

In NRL-TB model, we use the non-orthogonal basis since the atomic wave func-
tions of different sites are not orthogonal:

/drcbZ(r —Ri)op(r —Ry) = Op(R; —Ry), (1L.5)

where ¢,, (r—R;) represents the atomic wave function at the ith site and «, (3 is orbital
state indices, and O,3(R; — R;/) represents the overlap integral between different
sites. The band structures obtained for the present model in Au and Ta are shown in
Fig. 11.1. Near the Fermi level, the obtained band structures are in good agreement
with the results of the relativistic first-principles calculations [14, 15].

In this case, creation and annihilation operators cltm, Cka do not satisfy the canon-
ical anticommutation relations, but instead satisfy [16]
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Fig. 11.1 (upper panel) Band r X W L r K X
structure of Au. Here, I' = 0.2 AU /

0,0,0),X = (7,0,0), W =

(m,m/2,0),L = 3

(n/2,m/2,7/2), and

K = (3n/4,37/4,0).
(lower panel) Band struc-
ture of Ta. Here, I’ =
0,0,0),H = (7,0,0),N =
(r/2,7/2,0),P =

()2, 7/2,7/2). Near

the Fermi level, we see that the
band structures obtained in the
present model agree well with
the result of the relativistic
first-principles calculation in
Refs. [14, 15]

Energy (Ry)

Energy (Ry)

{ekas efygh = O O (K). (11.6)

Since matrix O(k) is positive definite Hermitian matrix, we can introduce a matrix
S(Kk) that transforms O (k) into the unit matrix:

ST OK)S(k) = 1. (11.7)
We note that matrix S(k) cannot be determined uniquely: Using an arbitrary unitary

matrix X , S = SX also satisfies Eq.(11.7). Here, we introduce the following new
basis (Cka, Elt ) using S(K):

ko = D S5 K)eks. (11.8)
B

We can easily verify that these operators (Ckq, EIT( .,) satisfy the canonical anticommu-
tation relations {Ckq, EL ﬂ} = Okk/0ag- In this basis, the Hamiltonian is rewritten as
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Ho= " &, [hapk) — pbag] G, (11.9)
k,a,0

where ﬁaﬂ(k) = (3’* (k)ﬁ(k)g(k))“@ = (li(k))”ﬁ. Therefore, the Green function in
the (Cka, Ele) basis is given by

2 2 -1
Gk, w) = (w+u—h(k)) . (11.10)

As shown in Ref. [17], based on the continuity equation, the current operator in
the (cka, clT( .,) basis is given by

Oh(k) lﬁ(k)b (k) l13*(k)ﬁ(k) (11.11)
Ok, *3 (0 + 3 O ’ '

Oy (k) =

where D, (k) is given by

0
Ok

Dy(k) = [ 0 O(k). (11.12)

5—1 Ay — _ A-1
8kx0 (k)}O(k)_ 0 (k)

Apparently, ﬁx (k) = 0 in an orthogonal basis. In the (¢, E;a) basis, the velocity
0, (K) is given by . . . .
vy (k) = ST(k)ﬁx(k)S(k). (11.13)

Therefore, even when the overlap integrals between different sites exist, we can
calculate the SHC and AHC in the basis (ckq, Eia) using the matrix S (k).

Then, the SHC (o% y) is derived from the general expression of the AHC (afc’y) in
Egs. (4.28), (4.30) and (4.31), with the definition of the spin velocity in Eq. (4.33). In
the present model, we have to replace vk, vli u and G (k) with vy, ﬁf(’ u and G (k)

in the basis (Ckq, Elia).

Figure 11.2 shows the electron number n-dependence of the SHC, where n =
ng + ng. The crystal structure of various transition metals is shown in Table 11.1.
The SHC obtained in the present model for the quasiparticle damping v = 0.002 Ry
is shown in Fig. 11.2a, and for v = 0.02 Ry and 0.2 Ry in Fig. 11.2b. The SHC is
negative forn = 5, 6, and positive forn = 9 ~ 11: The SHC changes its sign around
n =7 and 8. The magnitude of SHC is largest in Pt for v = 0.002 Ry and 0.02 Ry,
where the corresponding resistivities are ~8 and ~64 w2 cm in Pt, respectively.
When v = 0.2, however, the absolute value of SHC in Ta and W becomes larger
than that of Pt, where p ~ 220 (250) nwQcm in Pt (Ta and W). Therefore, large
negative values of SHC in Ta and W will be observed even in high resistive samples.
For comparison, we also calculated the SHC forn = 5 ~ 9 using the band structure of
Pt, which is represented as the open symbols in Fig. 11.2a. Interestingly, the obtained
SHC is positive (negative) in metals with more than (less than) half-filling.


http://dx.doi.org/10.1007/978-3-642-35365-9_4
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Fig. 11.2 n-dependence of (a) i : : :
SHC for v = 0002, 0.02 1ok ,Y= 0002 .:"“' |
and 0.2 Ry. In a, we see that . = -,
Pt shows the largest SHC in g Fo4d . J
magnitude for v = 0.002 Ry. N L ..
© 0.0 gwy © ¢ |
The open symbols represents = [l s o
the SHC in Pt forn =5 ~ 9. g I ]
In b, the SHCs obtained in the 10+
present model forn = 7,8 L d i
(hcp structure) are also shown. I L L L L L !
SHC in W takes the largest 5 6 7 n 8 9 10 1
value for v = 0.2 (b)
1.0 \
L y=0.02 A
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-0.5
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This result had been recently confirmed experimentally by Otani’s group [18]:
Fig. 11.3 shows the experimentally obtained SHCs for Nb, Ta, Mo, Pd and Pt,
together with the theoretically calculated intrinsic SHC by using ~ that reproduces
the resistivity of the sample. In most cases, the experimental results are quantitatively
consistent with the calculated ones within a factor of 2. This fact strongly suggests
that the SHEs in 4d and 5d transition metals are mainly caused by the intrinsic
mechanism.

Based on the periodic Anderson model, the following relationship had been

derived in Ref. [19]:
2R

Oxy & 32 03y, (11.14)
where L = 2 is the d-orbital angular momentum, R = (I - s)gs is the spin-orbit
polarization ratio due to the SOI at the Fermi level, and Oféy = jxo /Ey ~ +el?
is the orbital Hall conductivity. Since O3, > 0, the sign of oy, is equal to the sign
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Fig. 11.3 Experimentally

w

measured (closed symbols) O' theoretical value for 4dd '
N ' L [ theoretical value for 5d
and theoretically calculated —
(open symbols) spin Hall IS 2—: measureg va:ue ]for‘s‘g g
conductivities as a function of - | measured value for
the number of d electrons for «;g
4d (circle) and 5d (square) - 1 ]
transition metals (Reference w O |
[18]) ¢ ]
&9
1 n 1 n 1 n 1 n 1 n 1

5 6 7 8 9 10
4d Nb Mo Tc Ru Rh Pd

5d Ta W Re Os Ir Pt
Number of d-electrons

of R. We have calculated R based on the NRL-TB model, and found that R is positive
(negative) in metals with more than (less than) half-filling, consistently with Hund’s
rule. Therefore, the ny-dependence of the SHC in Fig.11.2 can be understood in
terms of the spin-orbit polarization (Hund’s rule).

Recently, the intrinsic SHC in several Fe-based superconductors had been studied
based on the realistic 10 orbital models [20]. Although the SOI in Fe is small, it was
found that the SHC in heavily hole-doped compound KFe; Asy becomes comparable
to the SHC in Pt, due to the Dirac cone bandstructure near the Fermi level.

11.2 AHE in Transition Metals

Mechanism of the AHE in transition metals has been a well studied, yet controversial
subject. Originally, Karplus and Luttinger (KL) [21] first explained the AHE in tran-
sition metals as the intrinsic mechanism, which predicts o, o % (pu o p*). Soon
after KL, Smit proposed an impurity-induced extrinsic mechanism, skew scattering
mechanism, for the AHE [22]. Due to the spin-orbit interaction, conduction elec-
trons are scattered by impurities asymmetrically depending on the direction of spin.
This “skew scattering” gives the AHC in proportion to p~! (p o< p). Furthermore,
Berger found another extrinsic mechanism, side-jump mechanism, which predicts
oty o< p° (pr o< p*) [23].

In spite of much effort, the interpretation of the AHE has been controversial
so far. However, the theory of KL had been developed intensively, and the order
of magnitude and sign of the results agree with experimental findings, thus giving
much credibility to the intrinsic mechanism of the AHE. For example, quantitative
studies based on realistic models have recently been performed for f-electron systems
[24, 25], d-electron systems [26-29], and two-dimensional Rashba electron gas
model [4, 30]. The origin of giant AHE realized in d(f) electron systems is the
“orbital Aharonov-Bohm (AB) effect”, in which the complex phase factor arises
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(a) 10°%; : (b) 1o - - -
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Fig. 11.4 ~-dependence of the AHCs for Co and Ni obtained by the NRL-TB model. The AHC is
positive (negative) in Co (Ni)

from the d(f) angular momentum that is revived by the strong atomic spin-orbit
interaction (SOI) [8, 17, 19, 24, 29].

Recently, Naito et al. studied the intrinsic AHE in ferromagnetic 3d transition
metals (Fe, Co, and Ni) using realistic NRL-TB models, to investigate the mechanism
of the AHE in detail [31]. In previous studies for transition metals [27, 28], the AHC
is expressed as an integral of the Berry curvature, which is expressed as aﬁ,b is this
textbook. However, using the linear-response theory, it was found that additional
terms, J){y and 0){)1,“, appear in the expression of the AHC. Figure 11.4 shows the
obtained AHC (o) for Co and Ni, together with J){y, Ug” and agb . The obtained
AHC for Co (Ni) is 341 [(Q2cm)~!] (—1078), which are close to the experimental
value ~205 [(Qcm) 1] (~ — 646). As recognized in Fig. 11.4, the most appropriate
expression for the AHC in a wide range of damping rate -y is not the Berry curvature
term, but the Fermi surface term a){y. The origin of the intrinsic AHE is the “orbital

Berry phase” depicted in Fig.4.7.

11.3 Spin-Structure-Driven AHE in Pyrochlore
Compounds

The AHE due to nontrivial spin structure attracts increasing attention, in accordance
with the recent development of the study of frustrated systems. The AHE induced
by the Berry phase associated with spin chirality had been discussed for Mn-oxides
[32], pyrochlore compounds (kagome lattice) [33, 34], and in spin glass systems [35].
Metallic pyrochlore NdyMo,O7 would be the most famous experimental candidate
[36—40]: Below T, = 93 K, Mo 4d electrons is in the ferromagnetic state. Below
Tn =~ 30 K, localized Nd 4 f electrons form non-coplanar spin-ice magnetic order,
and the tilting of Mo moment 6 is induced by d- f exchange interaction, as shown in
Fig. 11.5. The chirality-driven anomalous Hall conductivity (AHC) is proportional to
Sa - (SB XSc) 62 in the weak exchange coupling near half filling [33, 34]. However,
the neutron diffraction experiments [37] had shown that 62 < 1073, suggesting that
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Fig. 11.5 Tilted spin struc-
ture of the Mo-ion kagome

L tilting
lattice realized in NdoMo,O7 : \ j %
below 30 K, induced by the I '& ‘

)

F

spin-ice order of Nd-ions.

Experimentally, #% « 1073 \ l ‘ '/
Mo ( B :

A

kagome lattice
c

the chirality-driven AHC is very small. Moreover, the field dependences of the AHC
and 62 are quite different [37].

Authors in Refs. [32-34] studied the spin structure driven AHE in various s-orbital
models. However, it is natural to expect a significant role of the orbital degree of
freedom on the spin structure-driven AHE, as in the case of the conventional KL-
type AHE in d-electron systems [8, 17, 19, 24, 29].

In this section, we explain that the Berry phase is induced by the complex d-orbital
wavefunction in tilted ferromagnetic metals, and it causes a prominent spin structure-
driven AHE [41, 42]. In Nd,Mo,07, the AHE due to orbital Berry phase is much
larger than the chirality driven AHE, since the former is linear in 6 consistently with
experiments. In contrast, both the conventional KL term in simple ferromagnets
(ox M, o cos ) and the spin chirality term cannot have 6-linear terms. The present
orbital mechanism will be realized in various geometrically frustrated metals.

Here, we construct the 7, ,-orbital tight-binding model for Mo 44 electrons. For this
purpose, we consider the spinel structure (XMo,O4) instead of pyrochlore structure
(X2Mo0307). In both structures, Mo atoms form the same pyrochlore lattice. The
location of O atoms in spinel is rather easy to treat theoretically, and the difference
is not essential for later study, as we discuss later. Figure 11.6a represents the Mo
atoms (black circles) and O atoms (white circles) in the spinel structure. The [111] Mo
layer and the surrounding O atoms in the spinel structure is extracted in Fig. 11.6b,
where the white (gray) circles represent the O atoms above (below) the Mo layer. We
study this kagome lattice ,4-orbital tight binding model, where the principal axis for
the Mo d-orbital is fixed by the surrounding Og octahedron. A vector (ny, ny, n;)
in the xyz-coordinate in Fig. 11.6a is transformed into [nx, ny,nz] in the XY Z-
coordinate in Fig. 11.6b as (ny,ny,n;) = [nx,ny, nz]é, where the coordinate

transform matrix O is given by

N 1 —ﬁﬁ 0
0 =— -1 -1 2 , (11.15)
Vo \ vz viva

Arrows in Fig. 11.6¢ represents the local effective magnetic (exchange) field at Mo
sites, which is composed of the ferromagnetic exchange field from Mo 3d electrons



154 11 AHE and SHE in Multiorbital Systems

. (©
A
O ¥
B
¥
€

©) @]

}

Fig. 11.6 a Spinel crystal structure. Blue (white) circles are Mo (O) ions. The Mo ions on the [111]
plane form the kagome lattice. b Kagome lattice made of Mo ions. White (gray) circles are O ions
above (below) the Mo layer. A unit cell contains sites A, B, C. ¢ Umbrella like local exchange field
at Mo sites represented by arrows

0>0

and the exchange field from Nd 4 f electrons. Under the magnetic field parallel to
(1, 1, 1) direction, below the Néel temperature of Nd sites, the directions of the local
exchange fields at sites A, B and C in the XY Z-coordinate are (o = 7/6,0),
(¢ = 5m/6,0) and (¢c = 3m/2,0), respectively [36-39]. The tilting angle 6
changes from —1.5° (H — +0T)to+1.5°(H ~ 6 T)in Ndy;Mo,07, corresponding
to the change in the spin-ice state at Nd sites [37].

Here, we present a discussion of symmetry. If we rotate the lattice by 7 around
the site C in Fig. 11.6b, the local exchange field is changed from 6§ = 6y > 0 to —6y.
Since the conductivity tensor is unchanged by the 7 rotation, the AHC due to spin
chirality mechanism is an even function of 6 [33, 34]. However, O sites in Fig. 11.6b
are changed by the 7 rotation around C, which means that the Mo 3d orbital state
is changed. For this reason, the AHC in pyrochlore compounds due to orbital AB
phase can have a 0-linear term.



11.3  Spin-Structure-Driven AHE in Pyrochlore Compounds 155

The t,4-orbital kagome lattice model is given by

Z lio jdcla CjB.oc — Z h; - ,ue]oa Cia, gclaa

ia,jB,0 ia,o0
+A D Mg [Sloorcl, ,Cip.0r (11.16)
iaf, 00"

where i, j represent the sites, a, 3 represent the fr-orbitals (xy, yz, zx), and o, o =
*£1. t;q, j5 is the hopping integrals between (i, ) and (j, 3). The direct d-d hopping
integrals are given by the Slater-Koster (SK) parameters (ddo), (ddw) and (ddJ).
The third term in Eq. (11.16) represents the SOI, where A is the coupling constant,
and 1 and s are the spin and d-orbital operators: Their matrix elements are given in
Ref. [17]. For convenience in calculating the AHC, we take the Z-axis for the spin
quantization axis, where [sx, sy, sz] x 2 becomes the Pauli matrix vector. Then,
(8x, 8y, 57) = [sx, sy, sz]é. The second term in Eq. (11.16) represents the Zeeman
term, where h; is the local exchange field at site i. 1, = —2s is the magnetic moment
of an electron.

Before the numerical calculations, we explain an intuitive reason why prominent
AHE is induced by the non-collinearity of the local exchange field h;. For this
purpose, we assume the strong coupling limit where the Zeeman energy is much
larger than Fermi energy Er and the SOI. Since p, = —2s, the SOI term at site i
is replaced with (=\/2)1 - n;, where n; = h; /|h;|. Its eigenenergies in the #,, space
are 0 and £)/2, as shown in Fig. 11.7a. The eigenstate for E = —\/2 is given by

1
——[—(nyn; — i”y)|xy>
[2(n% +n3)

+ (5 + n)yz) — (neny + ing)|zx)] (11.17)

In) =

wheren = (ny, ny, n;) inthe xyz-coordinate: ng (& =A,B,C) inthe xyz-coordinate
is given by [sinfcos ¢z, sinf cos ¢z, cos 9]0. When 0 = 0 (ny,, = 1/«/5),
Eq.(11.17) becomes [w|xy) + |yz) + w*|zx)]/~/3, where w = exp(i27/3). Consid-
ering that |#] ~ 0.01 in NdyMo,O7 [37], we expand Eq. (11.17) up to the first order

-1 3
in 0. For site C, it is given as |C) = [(1 + %)we_lj\/;elxy) +(1 - i)|yz>

(11— —)w e f |zx) ]/\/— Table 11.2 shows the phases for |«) orbital at site &

in the elgenstate in Eq.(11.17), ¥Z, up to O(6).

Here, we explain that a moving electron acquires the “orbital AB phase”, which
gives rise to the prominent AHE that is sensitively controlled by the tilting angle 6.
Figure 11.7b shows the motion of an electron that enter into site C via yz orbital and
exit via zx orbital. When the electron is in the eigenstate |C), the electron acquires
the phase difference between yz and zx orbitals, exp(i (¢Zcx — ¢ycz)) = wre™! mo,
which is the orbital AB phase that is controlled by 6. The total orbital AB phase
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Table 11.2 Phases for 15, orbitals in Eq.(11.17) up to O (6)
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factor for the triangle path along A—B—C— A in Fig. 11.7b is given by the phase
of the following amplitude:

Toro = (A|Ho|C)(C|Ho|B)(B|Ho|A) (11.18)

where Hy is the kinetic term. Here, we take only the most largest SK parameter
(ddo), and neglect (ddm) and (dd6) to simplify the discussion. In this case, only
the following intraorbital hoppings exist: (B; xy|Hp|A; xy) = (C; yz|Hy|B; yz) =
(A; zx|Hp|C; zx) = t. By concentrating only on the phase given in Table 11.2, we
obtain

Ty ~ (1 )27l 550+ 188 4102,

= (3/27) exp(—i3+/3/26) + O (6*). (11.19)

Tor is also expressed as Ty = | Torp|e 127 Pod/P0 where @ = 27h/|e] is the flux
quantum, and @ is the “fictitious magnetic flux” due to the orbital AB effect.
Therefore, @or, = (3/27)4/3/20 - @ up to O(H). Since the relation @y, o § also
holds in pyrochlore compounds, the orbital AB flux should give rise to the AHE that
is linear in € in NdyMo,0O7. The line (i) in Fig. 11.7¢ represents @y, for |0] < 7/2,
which is given by using Eq. (11.18) and the relationship — (D¢ /2m)Im In(Tors /| Torb|) -
At 0 = £7/2, the obtained @y, is not an integer multiple of @ /2. This fact means
that the AHC is finite even in the case of coplanar order.

In the above discussion, we have neglected interorbital hoppings integrals for
simplicity. If we include them, the AHC is finite even if § = 0 since the orbital AB
phase is nonzero, as discussed in Refs. [8, 29]. Thus, interorbital hoppings integrals
are necessary to realize the AHE for # = 0 (conventional KL type AHE).

We also discuss the fictitious magnetic flux due to the spin chirality, which comes
from the Berry phase accompanied with the spin rotation due to the electron hopping
[33]. The line (ii) in Fig. 11.7c represents the fictitious magnetic flux due to the spin
chirality @gpin: Geometrically, —47Ppin corresponds to the solid angle subtended
by na, ng and nc. Since Pgpin 0% forf <« 1, spin chirality mechanism is negligible
in Nd,Mo, 07 [37]. The line (iii) shows the total flux @y = Pory + Ppin-
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Fig. 11.7 a Eigenenergies for #,, electron under the exchange field h and the SOI (—A/2)n - 1.
b Orbital AB phase given by the complex #¢ orbital wavefunction at site C. ¢ Fictitious magnetic
flux due to orbital AB effect (i), due to spin chirality (ii), and the total flux (iii)

Thus, all the upward and downward ABC triangles in Fig. 11.6b are penetrated
by @oi. However, the total flux in the unit cell cancels out since the hexagons are
penetrated by —2®,;. Nonetheless, the AHC becomes finite [33, 43] since the con-
tribution from the triangle path, which is the third order of the hopping integrals,
would be the most important. The main features of the AHE due to orbital AB

effect, JZrII?I, are the following: (a) o/‘?\rﬁ dominates the spin chirality AHE for 0 <« 1.

(b) Ugrfl exists evenif § = 7 /2 (coplanar order), whereas spin chirality AHE vanishes
since Pgpin (0 = 7/2) = Do/2.

From now on, we perform numerical calculation for the AHC based on the general
expression of the AHC in Egs. (4.28), (4.30) and (4.31). Then, the contributions from
both @, and Pgpin are automatically contained, and we can verify that the concept
of orbital AB effect is still appropriate even in the weak coupling regime where
lh;| <« Er. Here, we put the SK parameters between the nearest neighbor Mo sites
as (ddo) = —1.0, (ddm) = 0.6, and (ddd) = —0.1. |(ddo)| corresponds to 2000 K.
The spin-orbit coupling constant for Mo 4d electron is A = 0.5 [17]. The number
of electrons per site is n = 2 (1/3-filling) for Nd,Mo,O7 since the valence of Mo
ion is 4+. To reproduce the magnetization of Mo ion 1.3ug in NdoMo,0O7, we set
lh;| = 0.9. We also put the damping rate v = 0.2 ~ 0.5 to reproduce the resistivity
~1 mQcm in a single crystal [38, 39].

Figure 11.8a shows the p-dependence of the AHC for § = —1.5° (~0T),0 =0
(~3T),and § = 1.5° (~6 T). The AHC for § = 0 is given by the conventional KL
mechanism. Since the present spin structure-driven AHE is linear in 6, a very small
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Fig. 11.8 a AHC for § = 0 and £1.5° as function of . b AHC in the present #,,-orbital model
for (i) v = 0.5 and (ii) v = 0.2. (iii) shows the AHC in the s-orbital model for v = 0.5. ¢ (i) and
(iii) for |0] < 1.5°

0 causes a prominent change in the AHC for 1.3 > y > —1.3 (4.7 > n > 1.0).
Since €%/ ha = 10> Q~'em™! for a = 4 Angstrom (a is the interlayer spacing), the
AHC forn = 2 and € = 1.5° corresponds to 30 Q~lem~!, which is consistent with
experiments.

Here, we analyze the #-dependence of the AHC in detail, by ignoring the exper-
imental constraint |#| < 1.5°. Figure 11.8b shows the AHCs as functions of 8. The
lines (i) and (ii) represent the total AHC in the present model for v = 0.5 and
0.2, respectively. Their overall functional forms are approximately odd with respect
to , and it takes a large value even if § = /2 (coplanar order). These results are
consistent with the AHE induced by the orbital AB effect discussed in Fig.4.7. Note
that v > 0.2 corresponds to “high-resistivity regime” where the intrinsic AHC fol-
lows an approximate scaling relation ooy o< p? [24, 29]. The line (iii) in Fig. 11.8b
shows the AHC in the s-orbital model studied in Ref. [34]. We put the nearest neigh-
bor hopping t+ = —0.8, v = 0.5, and |h| = 0.9. We also put n = 2.5/3 = 0.83
since n = 2/3 (1/3-filling) corresponds to band insulating state [34]. Although the
obtained AHC takes a large value for 6 ~ 50°, it is 100 times smaller than the AHC
in the 1, model (i) for |#] < 1.5°, as shown in Fig. 11.8c.

Here, we make comparison with the theory and experiments for Nd,Mo,O7:
Under H || (1, 1, 1) below TN, oaq decreases with H monotonically from H — 0T
(0 ~ —1.5°)to 6 T (f =~ 1.5°). This experimental result is consistent with the AHE
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due to the orbital AB effect that is linear in 6. The present study also reproduces
the experimental phenomenological equation pﬁHE =4mR M %’Io +47RM gd: The
first term is the conventional KL term (6 = 0), and the second term is the #-linear

term since 6 \/ h§( + h% and \/ h%( + h% (o' M;d due to non-coplanar magnetic
order of Nd moments [37].

The realization condition for the spin-structure-driven AHE in the present #54
model is much more general than that in the s-orbital model. For example, the AHC
is finite even in the coplanar spin state (M, = 0), in high contrast to the chirality-
driven AHE. Moreover, according to Eq. (11.19), orbital AB phase emerges if only
one of 64, Og, fc is nonzero. Therefore, in the present f, model, prominent AHE
due to non-collinearity is realized unless na || ng || nc, with the aid of the orbital
AB effect and the SOL

In summary, we studied the spin-structure-driven AHE in the #,4-orbital model
in the presence of non-collinear magnetic configurations. Thanks to the SOI, local
exchange field modifies the complex d-orbital wavefunction, and the resultant Berry
phase induces prominent AHE that is much larger than the chirality-driven AHE.
Since the derived AHC is linear in the tilting angle of Mo moment, 6, experimental
large field dependence in Nd,Mo,O7 is reproduced.

11.4 AHE and SHE in Heavy Fermion Systems

In this section, we discuss the AHE and SHE in heavy fermion systems. In paramag-
netic systems, the observed Hall coefficient is given by

RUF = R, 4 RYME, (11.20)

where RQHE = Rj; - x and x = M/B is the uniform magnetic susceptibility. In
heavy-fermion systems, the AHE due to the second term takes large value since
the uniform susceptibility M /B = x is widely enhanced due to the strong Coulomb
interaction. Due to the AHE, REF starts to increase with increasing temperature from
0 K, and it turns to decrease after exhibiting its maximum value around the coherent
temperature 7on. The maximum value of |RZF| is more than one order of magnitude
greater than 1/|ne| ~ 1.0 x 107 m3/C. The AHE cannot be derived from the RTA
since the interband hopping of electrons is important. [In the AHE, the effect of CVC
is not expected to be crucial.] Experimentally, R%, is positive in usual Ce and U based
heavy-fermion systems [44, 45].

In paramagnetic heavy-fermion systems, the Hall coefficients takes huge values
due to the AHE [44—46]. In the early stage, Coleman et al. [47] and Fert and Levy [48]
developed theories of extrinsic AHE: they studied the extrinsic mechanism based on
the f-electron impurity Anderson models with d-orbital channels, and predicted the
relation RI‘}HE o xp above T;on when the d-orbital phase-shift is finite.



160 11 AHE and SHE in Multiorbital Systems

On the other hand, Kontani and Yamada studied the intrinsic AHE due to multi-
band effect based on the J = 5/2 periodic Anderson model in Eq.(10.1), which
a the model in the strong limit of spin-orbit interaction [24, 25]. In this model,
the anomalous velocity originates from the angular momentum of the localized
f-electrons. That is, the AHE originates from the phase factor of the c-f mixing
potential Vipr, oc e M=9/2% where ¢ = tan~!(ky/ky), due to the f-orbital
degree of freedom and the SOI. By the same reason, we have shown that the heavy-
fermion systems exhibit large intrinsic SHE, based on the study of the periodic
Anderson models.

Here, we calculate the intrinsic Hall effects in this model. The charge current
operator is given by fuc = —eky, where —e (e > 0) is the electron charge and

Uy = OHy/ 0Ok, is the velocity. According to Eq. (10.1),

N 0 . 0 .
Uk, = Z a—k#ekcllgcka Z Ia—k#VkMgClLUko + h.c] . (11.21)
o oM

Next, we explain the s,-spin current operator JA“S In the present model, §; is given by

A oo )
Sz = chllwckg +ZSMf1:/[kak, (11.22)
o M
where Sy = >, % [a%,]z. It is straight forward to show that Sy, = _g (%) for

J =5/2 (J =17/2). Then, the spin current f: = {dx,, 8.} /2 is given by

a5 o Jex ¢
=2 2 Ok, koke

g

1 /o OVkmo 4
+ ZM: {5 (5 + SM) Tﬂckgko +hep. (11.23)

Here, the velocity due to the c-f mixing potential Vkys, is [24]

VMo ( o ky
=—i(m— —) Vi
ok, 2) iz e

+ (VMo @y 5) M0

0
Ok
= vl(:M(r,x + vﬁMU’x (11.24)
Here, v{ is the anomalous velocity given by k,-derivative of the phase factor aiyr » =
exp {i (M — %) gbk} in Vkyo. Figure 11.9 is a schematic view of the anomalous

velocity v* o V. Since v¢ o ky and thus >, v{(dex/Oky) # 0, the anomalous
velocity gives rise to the large SHE and AHE in heavy fermion systems. Hereafter,
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Fig. 11.9 A schematic view k Fermi
of the anomalous velocity v* y‘ surface
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we drop the normal velocity v} o ky since it is less important for the intrinsic Hall
effects [49].

First, we study the SHC since the theoretical analysis is easier. We calculate ofcy
due to the Fermi surface term, given by the correlation function between J and J )f .
Figure 11.10 shows the diagrammatic expression for oy, with neglecting vy, in both

JAXS and jyc . Its mathematical expression at zero temperature is

s - e 1 (30
U”_szzz(z +SM)

kMo

0
x [vﬁMma—Zle;“MolGﬁR(O)lzGof R) + c.c.] , (11.25)
y

where G (0) is given in Eq.(10.3), and G/°%(0) = (u — Ef —iy)~! with y =
ImX /(0 + id). Here, we confine ourselves to the case J = 5/2 state corresponding
to Ce 3*-ion, and use the following relationships

Fig. 11.10 The diagrammatic expressions for oy,
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S M2 Vo 2 = Vol? (1 + 16sin ak) (11.26)
Mo
> MolViwol? = 1Vol? (1 — 4sin? ok), (11.27)
Mo
0 Oex k
Tk _ Tk Ey . Assuming a spherical Fermi surface, Eq. (11.25) is transformed
Ok Ok K|
as follows [49]:
s —¢€ 2 2 L Oek, R 12 fOR
, = — |G ()] - ImG 0 11.28
O = 3N 7| zﬁmw O - ImG /7% 0). (11.28)

When ~ is small enough, InG/% (0) = v (u — Ef)_2 and |G§R (0)|? can be approx-
imated as

1
GL'R 0 2 =
GO =G
T
~ —(ek — 1), 11.29
. (ek — ) ( )
Vol? Vol?

where €x = ex + |+|Ef and I, = %7 Then, Eq.(11.28) is simplified

for small  as:
P —e 52 1 Oeg

T¥y T 20N 21 4= K| Ok

——0(6k — p). (11.30)

Moreover, we introduce the approximation e = k>/2m. Then, oyy for J =5/2is
simplified as [49]

26 kp
i o
e 26

=———, 11.31
2ma 21 ( )

where a is the lattice spacing. The first line in Eq. (11.31) means that the SHC depends
only on the density of conduction electron n, = k; /372, This result suggests that
SHCs in Ce-compound heavy fermion systems take similar large negative values. The
second line in Eq.(11.31) is obtained by putting kr = 7/a. When a = 4 Angstrom,
then e/2ma ~ 1000 he~'Q~'cm, which corresponds t0 oxy ~ 1000 he~1Q " lem

for Ce-compound system. Interestingly, oy, is independent of the strength of the c-f
mixing potential.
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In the case of J = 7/2 (Yb-compounds), afcy is obtained as
B 15 kg

Oy =€——>

* 14 272
e 15

= —Q—. 11.32
2ma 14 ( )

The second line in Eq.(11.32) is obtained by putting kg = 7/a. This result means
that SHCs in Yb-compound heavy fermion systems take similar large positive values.
Next, we calculate the AHC o, due to the Fermi surface term, given by the

correlation function between ch and JC. Since we are interested in the AHE in
the paramagnetic heavy fermions systems under the magnetic field, we introduce
the Zeeman term to the f-level as £ + gugM H, and extract the H-linear term of

the AHC. That is, we calculate 0%, /H|p—o that given by the triangle diagram with
respect to JE, ch and gup M. The method of calculation is explained in Ref. [24]
in detail. The procedure is rather complex but similar to the derivation of the SHC

explained above. By neglecting 0" in Eq.(11.24) and assuming a spherical Fermi
surface, we obtain the AHC for J = 5/2 as [24]

— —2622 Z %UkMM/

k MMo
X gup(M — M) Vo Vi, |GER(0) i TmG 7O (0)
8 e*gus 1 Oex
-3 11.33
3 Ef—u§|k|ak (11.33)

Y, Vs Viwro 1GTOR(0))?

Ok M — €k
obtained by performing the stjlcrface integration on the Fermi surface. For J = 7/2, the

where vy pr x = . The last equation in Eq. (11.33) is

8
coefficient 3 in the last line of Eq. (11.33) is replaced with 5. Inserting some physical

constants (ug = 9.27 x 10724[JT], e = 1.60 x 107'°[C], i = 1.05 x 1073*[JS] and
= 1.38 x 10723[JK~!]) into Eq.(11.33), and taking the mass renormalization
discussed in Sect. 10.1, we obtain

T3y . 5.8 x 107 %(n[em] )13
—=[(£2 cm Gauss) '] = . (11.34)
H E/[K]

for J =5/2 (g = 6/7). E 7 is the renormalized f-level measured from the Fermi

energy, and |E 7| gives approximate quasiparticle bandwidth. The present study
predicts that R{_}HE > 0 (< 0) in Ce (Yb) based heavy-fermion systems since

E £ > 0 (< 0). This prediction for Ce- and Yb-compounds is consistent with the
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experimental results [44, 45]. If we substitute E r=10Kand n = 10%2¢m—3,

or)“cy /H = 1.3 x 10%[1/Q cm Gauss], which is a typical experimental value.

In heavy fermion systems v = ImX(0) increases at finite temperatures, and
v ~ |p — Ey| is expected at T ~ Tk. As revealed in Ref. [24], the expression

1
in Eq.(11.33) with
Ey

of the AHC valid for finite +y is obtained by replacing

a 2
1 ~*
Re——— That is, R2HE = (62 /H)p? behaves as RAE o¢ y » ————,
p—Ef+iy i = o HoEX E% 42
where v* = zy [24]. Therefore, RQHE shows the following cross-over behavior:
Ry ocxp? [~ p?1 :below Teon(Y* < |E ), (11.35)
RAYME o x [~ 1/T1  :above Teon(v* > |E /). (11.36)

In typical Ce-based heavy-fermion systems, 1/z ~ 100 and |E | ~ 10 K. Below
Teoh, Eq. (11.35) is proportional to p2 since  is constant for T < T¢op. Figure 11.11
shows the Ry in U3NizSng (7 = 380 mJ/Kz), where the relation RI‘}HE = RII}F —
R p* holds well below ~0.3T.on~25 K. Note that the extrinsic type AHE
[47, 48] and the intrinsic type AHE [24] can coexist. However, the relation RﬁHE x
p? suggests that the intrinsic-type AHE is dominant at least below Teop. Above Teop,
the AHE due to interband transition is suppressed when c-f mixing is prohibited.
Therefore, Eq.(11.36) is independent of p. This coherent-incoherent crossover of
intrinsic AHE was first theoretically derived in Ref. [24]. This crossover behavior
is not restricted to heavy-fermions systems, but also observed in various transition
ferromagnets [50].

In heavy-fermion systems near the AF QCP, Ry shows strong temperature depen-
dence due to the CVC. To extract RI'fI from the observed Hall coefficient, we have
to seriously consider the 7-dependence of RI’}HE. Very fortunately, AHE is vanish-
ingly small in CeM1Ins [51, 52]. Therefore, we could perform reliable analysis of
the ordinary Hall effect in CeMIns as discussed in Sect.9.1, without the necessity
of subtracting the AHE. Note that the AHE vanishes when the crystal-field splitting
of the f-levels is much larger than T;on. This may be the reason for the small AHE
in CeMIns.

11.5 Summary of This Chapter

We have explained the recent progress on the theoretical study of the intrinsic AHE
and SHE in multiorbital systems. The existence of these intrinsic Hall effects was
predicted by Karplus and Luttinger (KL) [21] in 1954. However, intrinsic Hall effects
had been underestimated for a long time because of the absence of quantitative cal-
culation based on an established model Hamiltonian. In 1994, we have calculated
the intrinsic AHE in heavy fermion systems based on the periodic Anderson model:
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Fig. 11.11 Ry in U3Ni3Sny plotted as functions of a 72 and b p?. The relation REF — Rfj p?
is satisfied well, as predicted by the theory of AHE [24] (Reference [46])

Is was shown that the large AHE in heavy fermion systems is well explained in terms
of the intrinsic mechanism. It was also found the significant role of the orbital degree
of freedoms in these intrinsic Hall effects. The spin structure driven AHE in ferro-
magnetic Pyrochlore oxides is also understood in terms of the intrinsic mechanism
[41, 42].

We have also studied the intrinsic SHE in 4d and 5d transition metals based on
the realistic nine orbital tight-binding models. It was found that the spin-dependent
Berry phase due to orbital degree of freedoms, which is understood as the orbital



166 11 AHE and SHE in Multiorbital Systems

Berry phase shown in Fig.4.7, is the main origin of large SHE in transition metals
[17]. Recently, significant role of orbital degree of freedoms in the extrinsic SHE
had been understood [53].

In metals with low resistivity, the intrinsic Hall conductivities are independent
of the quasiparticle damping rate . This fact means that the intrinsic Hall effects
are quantum transport phenomena, which cannot be explained by a conventional
Boltzmann transport theory. For this reason, we have used the Nakano-Kubo formula
in the present study. However, it is noteworthy that Sundaram and Niu had constructed
a semiclassical transport theory that can explain the intrinsic Hall effects [54]. They
had derived the following equation of motion for the wavepacket (r, k) in multiband
systems:

. Oenk :
T‘— oK —k x @2,(K), (11.37)
k= (—e)  (=Vo(r)) (11.38)

where ¢(r) is the potential, and £2)! = (V x Ay); is the Berry curvature of band n.
Ay = i(k, n|V]k, n) is the Berry connection, where |u, (K)) being the periodic part
of the Bloch wave.

Neglecting the normal Hall effect due to Lorentz force, the AHC is given by the
summation of the Berry curvature below the Fermi level:

Oxy = —¢€ Z[i‘]xf(enk)/E)7 = e2 Z[Ey X SZn(k)]xf(fnk)/Ey

k,n n,k

= flen) [Rn(K)], (11.39)

k.,n

which is mathematically equivalent to a){éb in Eq. (4.31). Thus, the AHC is simply
determined by the topological nature of the Bloch electrons, independently of the
scattering process of electrons. In band insulators, the integration in Eq. (11.39) is
quantized due to the Stokes’ theorem [55].

However, this simple statement is true only in metals with low resistivity. When the
lifetime of quasiparticle 7 = 2 /7 is shorter than the lifetime of inter-band excitation
Tinter = 1/A (A being the minimum band-splitting), the SHC decreases in proportion
to 72 o p~2. This crossover phenomenon of the intrinsic AHE and SHE, which was
first pointed out in Ref. [24], can be described by the exact expression in Eqs. (4.10)
and (4.11), not by Eq. (11.39). At present, many body effect on the SHE and AHE,
especially the role of the CVC on these effects, is not well understood. This is a very
important future issue.
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Appendix A
Proof of Variational Formula

In this appendix, we prove the variational principle for the resistivity expressed in
Eq.(3.22), by following the Ziman’s textbook [1]. First, we calculate the following
inner product for a trial function W:

1 '3 /
(W, P¥) = — Z Tk, K @ W {W + ¥ — Yieiq — Yio—q) (A.1)
k.k'.q

where the operator P appears in the right-hand-side of Eq.(3.21), which represents

the scattering process. Because of the self-adjoint nature of the operator P, Eq. (A.1)
is rewritten as

1 = 2
W, Pw) = > Tk K @) {¥ + Yo — Picpq — Yio—q}

k. k'.q
>0 (A.2)
Therefore, P is positive definite.

Here, we assume @k is the solution of X = — P @, and consider a trial flection
U that satisfies the normalization condition (¥, X) = — (¥, P¥). Starting from the
relationship

(@ —-¥),P(@—-¥)) =0 (A.3)

and using the self-adjoint nature of P, it is easy to derive the following relationship
(P, PO) > (¥, PY) (A.4)

For general ¥, the normalization condition is satisfied by replacing ¥ with ¥ -
(¥, X)/(W, PW). Therefore, Eq. (A.4) is rewritten as

(@, PO) _ (. P¥)
(@, X)2 — (¥, X)?

(AS)
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which is valid for general Y.
Using @k, the conductivity is given as

Dy 8f°
o= —2e§vkxF <_E) = 2(X(E=1),®)
— 2
— ZM (A.6)
(@, PD)

By inputting Eq.(A.5) into Eq. (A.6), the variational formula for the resistivity is

obtained as
(¥, PY)

(X(E =1),¥)?

P=3 (A7)

where the equal sign is realized when the trial function ¥ is the exact solution @j.
The physical meaning of this variational formula is that the current in the nonequi-
librium steady state under E is realized so as to maximize the production of entropy
due to scattering processes (=Joule heat EZ/p) [1].



Appendix B
Expression of 7"/ (e, €5 w)

In Eq.(3.54), we performed the analytic continuation of of Aﬁxl = Akx(i€n, wp)
from region i shown in Fig.3.1a to real frequencies. Then, we encountered the
four-point vertex I” LjiX (€, €'; w) with real frequencies, which was first performed
by Eliashberg in Ref. [2]. Here, we shortly explain its derivation: We consider the
function I' (e, €'; w) given by the analytic continuation of the Matsubara frequency
function I" (i€, i€y; iwy). In Fig. B.1a, singularities of I' (e, €'; w) are plotted in the
(Ime, Im¢€’) plane.
Here, we perform the m-summation in

T Z T(ien, iem;iw)Gem +iw)Giem)

—th—F(zen, Diw)G(Z +iw)G(Z) (B.1)
c 4mi

where the path of integration C is shown in Fig. 3.1a, and the cuts of the integrand are
given by Imz’ = ¢,, 0, —w;, —w; — €, as shown in Fig. B.1a. Hereafter, we consider
the case ¢, > 0 (regin 1). Then, considering the relatione, > 0 > —w; > —w; — €,

the path C can be deformed as Fig. B.1b. Then, Eq. (B.1) is expressed as

2T
x GR(x +iey +iw)GR(x +ien)

® dx 11, . . I /. . .
( th—{Fl 1Gen, x +iegsiwy) — I (i€, x +ie€y; iwy)}
NS 4ri ’ ’

+ th%{FI{I(ien, i) GR(x + iw) GR(x)
— NaGien, x5 iw)GR (x +iw) G (x))
o T (i, x — s i) GF ()G (v = i)

— I 5(i€n, x — iw; iw) G ()G (x — iwp))
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Ime’ Im¢’
(3.1 L2,0) (L1 (1,1,1ID
‘ ! R a——— —
\\\II i II/," Bl daleielie <Im(g)=0
[ 1 Ime (1,1.n)
iy >
AN ——F——>Res
(G2 ey’m (1,2) (1,2)
/IV\\ . o T2 < Im(~)=0
- 717 --/—*i """"" ’" T Im(€ +iw,)=0 (13.D)
i . T «Im(-e-0)=0
B3 i ey (1.3) (13.0)
Im(e+iw;)=0
(a) (b)

Fig. B.1 a Singularity lines of I'(e¢, ¢’; w), which is given by the analytic continuation of
I'(i€y, i€m; iwy) for w; > 0. This plane is divided into 16 regions, each of which is analytic in
that region in any of its arguments. The analytic continuation from each region to real frequencies
present the function Fi*j?x(e, €';w),where X = I ~ IV andi, j = 1 ~ 3.bThe path C fore, > 0

+ cth {Fl slen, x —iey —iwp;iwy) — Fll’é(ien,x — i€y —iwy;iwy)}

xGA(x i) GA (X — iy — iwl)) (B.2)

By taking the analytic continuation of i€, and iw; of Eq.(B.2) to real frequencies,
we obtain

® d
/ _x. (cthx
oo 4mi

+ thi{l}’,l(e, 0 w)GR(x +w)GR(x) — Male, x; WGR(x +w)GA(x))

— €
o (e x;w) — I (e, x; wIGR(x + w)GR (x)

+thl {Flz(e W) GR(x +w)GA () — I 56, x; w)GA(x + w) G (x)}

+cthx+;J{F1 S(e,x; w) — 1{g(e,x;w)}GA(x+w)GA(x)) (B.3)

We can repeat similar calculations for regions 2 and 3 of the variable i¢,.

Finally, by using the relation le, )= le, é — FZ{ 51 + le, g , we obtain the following
expression:

Th (e, ¢ w)—th—Fll+cth = [1" 1“1{1], (B.4)

/
T12(e, ¢ w)_(th JFT‘” thﬁ) o, (B.5)
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T13 e, ¢ w) = —thE/z—;w - ctheurz% [1“1{ - 3] , (B.6)
T2 e, é;w) = th%rm, (B.7)
T22(e, s w) = (cthe;;e - th%) ryl

+ (cth ¢ +26T+ Y _cth 6/2_T 6) ry

+ (th G/ZJ“T“ ~eth +2€T+ w) Y, (B.8)
T23(c, ésw) = —th 4 5, (B.9)
T3 e, s w) = th%f}{l + cthﬂ% [rif-ri]. (B.10)
T32e, ¢ w) = (thG/;T“’ - th%) 3o, (B.11)
T33(e, ¢y w) = —the/;Tw r, - cthe/z;e [r3{§ - F3{3] , (B.12)

where variables (e, ¢'; w) for FZX] in the right-hand-sides are neglected for simplicity.
They are given in Eq.(12) of Ref. [2].
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