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Preface

We present a recent advancement in the theory of transport phenomena based on
the Fermi liquid theory. In conventional metals, various transport coefficients are
scaled by the quasiparticles relaxation time, ¿ , which implies that the relaxation
time approximation (RTA) holds well. However, such a simple scaling does not
hold in many strongly correlated electron systems, reflecting their unique elec-
tronic states. The most famous example would be cuprate high-Tc superconductors
(HTSCs), where almost all the transport coefficients exhibit a significant deviation
from the RTA results. Similar anomalous transport phenomena have been
observed in metals near their antiferromagnetic (AF) quantum critical points
(QCPs). Now, we have to demonstrate whether the anomalous transport phe-
nomena in HTSC is the evidence of non-Fermi liquid ground state, or it is just the
violation of the RTA in strongly correlated Fermi liquids. For these purpose, we
develop a method for calculating various transport coefficients beyond the RTA by
employing field theoretical techniques.

In a Fermi liquid, collisions between excited quasiparticles induce a finite
current in the Fermi sea, which is called current vertex correction (CVC). The
existence of CVC was first noticed by Landau. On the basis of the Fermi liquid
theory, we develop a transport theory involving resistivity and Hall coefficient by
including the CVC to satisfy the conservation laws. We find that the CVC exhibits
singular momentum dependence in a nearly AF Fermi liquid, which is induced by
the strong backward scattering due to AF fluctuations. Evidently, this fact explains
the significant enhancement in the Hall coefficient, magnetoresistance, thermo-
electric power, and Nernst coefficient in nearly AF metals. This fact strongly
suggests the validity of the Fermi liquid description of HTSCs for a wide range of
doping; from over-doped to slightly under-doped regime. Further, the present
theory can explain very similar anomalous transport phenomena occurring in
CeMIn5 (M ¼ Co or Rh), which is a heavy-fermion system near the AF QCP, and
in the organic superconductor j-(BEDT-TTF).

In this text, we also discuss the interesting spin-related transport phenomena
that are widely observed in various d- and f -electron systems. In multiband sys-
tems with spin–orbital interaction, the Bloch electron acquires the trajectory- and
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spin-dependent Berry phase, which works as the spin-dependent outer magnetic
field. This mechanism presents the anomalous Hall effect (AHE) in ferromagnetic
metals and spin Hall effect (SHE) in paramagnetic metals. The Hall conductivity
due to this mechanism is independent of ¿ , in highly contrast to the ordinary Hall
conductivity rord

xy / ¿2. Due to this fact, the SHC and AHE are called the quantum
transport phenomena. In Part I, we explain how to calculate these quantum
transport phenomena based on the Nakano-Kubo formula. In Part II, we study the
‘‘giant SHE’’ that are recently observed in various transition metals, which attracts
great attention for the application of the spintronics. We also study the ‘‘spin-
structure-driven AHE’’ realized in several pyrochlore compounds.

Recently, various new strongly correlated compounds with spin and orbital
degrees of freedoms had been synthesized intensively, by which the condensed
matter physics acquires rich variety. One of the example is the Fe-based HTSC
discovered by Kamihara and Hosono in 2008. We hope that the present text would
be helpful in developing the modern transport theory for these new materials.

I had started the study of transport phenomena in correlated metals during the
master course in the Department of Physics of Kyoto University, under the
supervision of Prof. Kosaku Yamada. I would like to deeply acknowledge Prof.
Kosaku Yamada, Prof. Kazuo Ueda, Prof. Dai S. Hirashima, Prof. Jun-ichiro
Inoue, Prof. Masatoshi Sato, Prof. Yuji Matsuda, Prof. H. D. Drew, Prof. Tetsuro
Saso, Dr. Kazuki Kanki, Dr. Seiichiro Onari, Dr. Yasuyuki Nakajima, and all other
collaborators for fruitful guidances and collaborations.

Nagoya, Japan, September 2012 Hiroshi Kontani
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Chapter 1
Introduction

1.1 Relaxation Time Approximation (RTA) and Current
Vertex Correction (CVC)

Due to the study of transport phenomena in metals, we can extract various impor-
tant information with regard to the electronic states. In conventional metals, various
transport phenomena are governed by a single parameter, namely, the quasiparticle
relaxation time τ . That is, the relaxation-time-approximation (RTA) holds in con-
ventional metals [1]. For example, resistivity ρ is proportional to τ−1, and τ−1 ∝ T 2

in conventional Fermi liquids. The Hall coefficient RH is independent of τ , and the
magnetoresistance Δρ/ρ0 is proportional to τ−2. The thermoelectric power S is pro-
portional to T whereas independent of τ for a wide range of temperatures. The signs
of RH and S represent the type of carrier (i.e., electrons or holes). These Fermi liquid
behaviors are well explained by the RTA.

In strongly correlated electron systems, however, abovementioned conventional
Fermi liquid behaviors are frequently violated. For example, in cuprate high-Tc super-
conductors (HTSCs), both RH and S/T show strong T -dependence and strongly
enhanced at low temperatures [2–13]. For example, 1/e|RH| is considerably greater
than the electron density in optimally- or under-doped systems. Similar “non-Fermi-
liquid-like behaviors” are also observed in organic superconductors [14–17] and
heavy-fermion systems ( f -electron systems) [18–21]. Apparently, a simple RTA
does not work well in these metals. To obtain significant information from the trans-
port phenomena in strongly correlated systems, we had to develop the theory beyond
the RTA.

In this textbook, we try to understand the origin of the non-Fermi-liquid-like
transport properties in cuprate HTSCs, which have been intensively studied as
one of the central issues. To understand transport anomaly, various non-Fermi-
liquid ground states had been proposed. For example, P. W. Anderson considered
the resonating-valence-bond (RVB) state, in which the elementary excitations are
described by spinons and holons. It is considered that holons, whose density is small
in under-doped systems, are responsible for the anomalous transport [6, 22, 23]. Also,
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4 1 Introduction

a lot of efforts have been payed to understand the transport anomaly based on the
assumption of the Fermi-liquid ground state. Within the RTA, transport coefficients
were calculated based on the nearly antiferromagnetic (AF) Fermi liquid picture
[24–27]. However, only a limited experimental results could been understood in
both kinds of studies, so the true ground state had been unclear.

In interacting electron systems, a quasiparticle excitation is decayed by creating
particle-hole excitations by collisions, and the current given by the latter excitations
are represented by the current vertex correction (CVC). The CVC is closely related to
the conservation laws, which is described by the Ward identity in the field theory [28–
33]. The significance of the CVC had been recognized historically, although the CVC
is dropped in the RTA. For example, Landau discussed the CVC in a spherical model,
which is called the backflow in the phenomenological Fermi liquid theory [28–30].
In general, the CVC can be significant in strongly correlated systems. However, its
effect in cuprate HTSCs has not been studied well until recently.

In this textbook, we develop the transport theory based on the Fermi-liquid ground
picture: We discuss the role of CVC in nearly AF Fermi liquids, such as HTSCs,
organic metals, and heavy-fermion systems near the magnetic quantum critical point
(QCP), and find that the prominently developed CVC entirely modifies the RTA results
[34–41]. In a Fermi liquid, the transport coefficients are described by the total current
Jk, which is expressed as a sum of quasiparticle velocity vk and CVC [42–49].
In the present study, we find that the Jk in nearly AF metals shows anomalous
k-dependence due to the CVC. This is the origin of the transport anomalies in nearly
AF metals, such as RH, Δρ/ρ0, S, and the Nernst coefficient (ν). We confirm this
idea by performing a numerical study based on the FLEX + CVC theory. In this
approximation, the Coulomb interaction U is the only fitting parameter.

Here, we demonstrate the physical meaning of CVC in an isotropic model
[28–30]. In the RTA, we consider an excited quasiparticle at k in Fig. 1.1 as if it
annihilates after the relaxation time. In this approximation, the conductivity due to
a quasiparticle at k is proportional to the mean free path vkτk. Since τk ∝ T −2

in a Fermi liquid [28–30], the resistivity according to the RTA, ρRTA ∝ τ−1, is
finite. However, this result is not true since the momentum conservation law ensures
zero resistivity in the absence of Umklapp processes [44]. The correct answer (zero
resistivity) is recovered by considering all the relevant normal scattering process as
shown in Fig. 1.1: When a quasiparticle at k is scattered to k + q after the relaxation
time τk, a particle-hole pair (at k′ − q and k′) should be created according to the
momentum and energy conservation laws. The CVC represents the current conveyed
by the particles at (k+q, k′−q) and a hole at k′, which emerge during the scattering
process. Therefore, the zero-resistivity in the absence of the Umklapp process are
explained by considering the CVC [44].

Therefore, the conservation law is a very important constraint on the transport
properties. In the RTA, however, the conservation law is violated because of neglect-
ing the CVC [44, 47]. In this textbook, we find that the CVC is very significant in
nearly AF metals, since it is the origin of a variety of anomalous transport phenomena
in such metals.
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Fermi sea

QP at k

decays.

QP at k

after t[>τ] 

k z
k z

k+q

k’-q

k’

current by excited

QPs = CVC

Fig. 1.1 Decay process of a quasiparticle (QP) at k. After the relaxation time τ , the quasiparticle
at k collides with another quasiparticle at k′ in the Fermi sea. As a result, the two quasiparticles
(k + q and k′ − q) and one quasi-hole (k′) are created. The total momentum is conserved in this
process

1.2 Non-Fermi-Liquid-Like Transport Phenomena
in Cuprate High-Tc Cuprates

In cuprate HTSCs, almost all the transport phenomena deviate from the conventional
behaviors in Fermi liquids, referred to as the non-Fermi liquid behaviors [50, 51].
These phenomena have been studied intensively in order to reveal the true ground
state in HTSCs.

The Fermi liquid theory has been developed and applied to cuprate HTSCs
by many authors [52]. By using the self-consistent renormalization (SCR) theory,
Moriya, Takahashi and Ueda explained that the correct superconducting (SC) order
parameter dx2−y2 as well as T -linear resistivity are derived from the strong AF fluc-
tuations [53–56]. Based on a phenomenological spin fluctuation model, Monthoux
and Pines performed a quantitative analysis for optimally-doped YBCO [57].

As for the study based on the Hubbard model, several authors revealed the appear-
ance of d-wave SC state based on the random-phase-approximation (RPA) [58, 59].
Later, Bickers et al. studied the square-lattice Hubbard model according to a self-
consistent RPA, called the fluctuation-exchange (FLEX) approximation [35, 60–62].
These spin fluctuation theories have succeeded in reproducing various non-Fermi-
liquid behaviors in HTSCs, such as the nuclear spin-lattice relaxation rate given
by NMR/NQR measurements, 1/T1T ∝ ∑

q Imχs
q(ω)/ω|ω=0 ∝ T −1. Moreover,

reflecting the T -dependence of spin fluctuations, the relation 1/τ ∝ T is realized in
2D systems. Therefore, famous T -linear resistivity in HTSC,

ρ ∝ 1/τ ∝ T, (1.1)

is also explained. (The Fermi liquid behavior 1/τ ∝ T 2 will recover at very low
T if we can suppress the superconductivity.) These spin fluctuation theories suc-
cessfully reproduce various non-Fermi-liquid-like behaviors in HTSCs except for
the under-doped region |1 − n| < 0.1, where n is the number of electrons per site
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[63–67]. A schematic phase diagram of HTSC is shown in Fig. 1.2. The dx2−y2 -wave
symmetry in the SC state was confirmed by phase-sensitive measurements [68–70],
and tunneling spectroscopy [71]. dx2−y2 -wave SC state was also derived according
to the third-order-perturbation theory with respect to U [72].

Regardless of the success of the Fermi liquid theory during the 1990s, the anom-
alous transport phenomena in HTSCs remained unresolved (except for the resistivity)
for a long time. The failure the RTA results was frequently considered as a hallmark
of the breakdown of the Fermi liquid state in cuprates. In HTSCs, |RH| increases
below T0 ∼ 600 K as

RH ∝ 1/T (1.2)

above the pseudo-gap temperature T ∗ ∼ 200 K, and |RH| � 1/ne at T ∗ [2, 3, 73].
The sign of RH is positive in hole-doped systems such as La2−δSrδCuO4 (LSCO)
[2–4], YBa2Cu3O7−δ (YBCO) [5, 6] and Tl2Ba2CuO6+δ (TBCO) [7]; however,
it is negative in electron-doped systems such as Nd2−δCeδCuO4 (NCCO) [8] and
Pr2−δCeδCuO4 (PCCO) [9], even though the angle resolved photoemission (ARPES)
measurements resolved hole-like Fermi surfaces [74, 75]. The experimental T -
dependences of RH for LSCO and NCCO are shown in Fig. 1.3. The magnetore-
sistance of HTSCs also shows strong temperature dependence as

Δρ/ρ0 ∝ T −4 (1.3)

for a wide range of temperatures in LSCO [13, 76, 77], YBCO [76] and TBCO [78].
These results completely contradict with Kohler’s rule (RH ∝ const. and Δρ/ρ0 ∝
ρ−2

0 ) given by the RTA for a single-band model. Interestingly, the following “modified
Kohler’s rule” holds well for optimally-doped LSCO [13, 76], 90 and 60 K YBCO
[76] and TBCO [78]:

Δρ/ρ0 ∝ tan2 ΘH, (1.4)

Fig. 1.2 Schematic phase
diagram of HTSC. AF spin
fluctuations start to increase
below T0. At the same time,
RH starts to increase. Below
T ∗ (in the pseudo-gap region),
the AF fluctuations are sup-
pressed since the strong SC
fluctuations reduce the density
of states at the Fermi level,
which is called the pseudo-gap
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Fig. 1.3 Experimental Hall coefficient and the thermoelectric power for LSCO and NCCO.
(Ref. [2, 3])

where tan ΘH = σxy/σxx is the Hall angle. This rule strongly suggests that the
anomalous behaviors of the Hall effect and the magnetoresistance have the same
origin. Below T ∗, however, RH decreases whereas Δρ/ρ0 increases further [79].
Thus, the modified Kohler’s rule is not well applicable below T ∗ [80–82].

For a long time, anomalous transport phenomena have been considered as one of
the strongest objection against the Fermi liquid description of HTSCs. For exam-
ple, to explain Eqs. (1.1)–(1.4), Anderson introduced the Tomonaga-Luttinger model
with two types of relaxation times. However, it is not obvious how to describe the
crossover from the Tomonaga-Luttinger liquid state to the Landau-Fermi liquid state
with doping. On the other hand, we should verify the reliability of the RTA before
abandoning the Fermi liquid picture, since the RTA sometimes yields unphysical
results in correlated metals because of the violation of conservation laws [44]. In
this text, we study the Fermi liquid description for HTSC, starting from the well-
established Fermi liquid state in the over-doped region [52]. We explain that the
anomalous transport phenomena in cuprate HTSCs are understood based on the
Fermi liquid theory by including the CVC.

Here, we discuss the pseudo-gap phenomena in slightly under-doped systems
below T ∗ ∼ 200 K, which is also one of the most important issues in HTSC. 1/T1T
starts to decrease below T ∗, which means that the AF fluctuations are suppressed
in the pseudo-gap region [83–87]. According to ARPES measurements, prominent
deep pseudo-gap appears in the density of states (DOS) below T ∗ [88–91]. A sim-
ple spin fluctuation theory cannot explain the various anomalous phenomena in the
pseudo-gap region. One possible origin would be the strong SC fluctuations [92–94],



8 1 Introduction

which are induced by the AF fluctuations [95–97]. In Chap. 6, we study the transport
phenomena below T ∗ by taking account of the CVC due to both spin and SC fluctua-
tions. However, recent STM/STS and ARPES measurements indicate the occurrence
of a novel density order in heavily under-doped compounds [98–101]. Therefore, we
have not yet achieved the whole understanding of the pseudo-gap phenomena.

1.3 Non-Fermi Liquid Transport Phenomena in CeMIn5
(M = Co, Rh, or Ir) and κ-(BEDT-TTF)

In twenty-first century, it has been found that transport coefficients frequently exhibit
striking deviations from the Fermi liquid behaviors in strongly correlated metals.
In particular, anomalous transport properties similar to Eqs. (1.1)–(1.4) have been
observed in many systems with strong magnetic fluctuations such as κ-(BEDT-
TTF)2X [X = Cu[N(CN)2]Br [14], X = Cu[N(CN)2]Cl [15, 16], X = Cu(NCS)2
[16, 17]], κ-(BEDT-TTF)4Hg2.89Br8 [16], and CeMIn5 (M = Co, Rh) [18, 19].
BEDT-TTF is an abbreviation of bis(ethylenedithio)tetrathiafulvalene. These exper-
imental facts strongly suggest that the anomalous transport phenomena are not spe-
cific to HTSCs, but universal in nearly AF Fermi liquids [19].
κ-(BEDT-TTF) is a layered organic compound made of BEDT-TTF molecules.

The d-wave superconductivity can be realized in a wide region of the pressure-
temperature (P-T ) phase diagram, adjacent to the AF insulating states [102]. For
example, Cu[N(CN)2]Cl salt at ambient pressure is an AF insulator, with its Néel
temperature TN = 27 K. Under pressure, TN decreases and superconductivity appears
via a weak first order transition; The maximum Tc is 13 K at 200 bar. An effective
theoretical model is given by the anisotropic triangular lattice Hubbard model at
half-filling [103]. Using the FLEX approximation, the phase diagram of κ-(BEDT-
TTF) is well reproduced, and the d-wave superconductivity is expected to be realized
[104–106]. In addition, anomalous transport phenomena in κ-(BEDT-TTF) [14–17]
are quantitatively reproduced by the FLEX + CVC theory [107].

CeMIn5 is a quasi two-dimensional (2D) heavy-fermion compound with weak
in-plane anisotropy ρc/ρa,b ∼ 2 [108–110]. At ambient pressure, CeCoIn5 is a
superconductor with Tc = 2.3 K. The electronic specific heat coefficient γ has
been measured to be 300 mJ/K2 mol at T � Tc. In CeIrIn5, Tc = 0.4 K and
γ = 680 mJ/K2 mol. At ambient pressure, CeRhIn5 is an AF metal with TN = 3.8 K,
and it undergoes a SC transition at Pc = 2 GPa, indicating that the AF quantum crit-
ical point (QCP) is located at Pc. The T -dependence of the NMR relaxation rate
T −1

1 indicate the presence of quasi 2D AF spin fluctuations in the normal state [111,
112]. The measurements of the angle resolved thermal conductivity [113, 114] and
specific heat [115, 116] revealed that the symmetry of the SC state exhibits d-wave
symmetry. Furthermore, the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) SC state has
been observed [117–121].

http://dx.doi.org/10.1007/978-3-642-35365-9_6
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In CeMIn5, Eqs. (1.1)–(1.4) are satisfied very well, and |RH/ne| ∼ 50 is sat-
isfied in CeRhIn5 near the AF QCP [18, 19]. The Nernst coefficient ν is also
strongly enhanced [122].1 In addition, modified Kohler’s rule (1.4) is well satisfied
for 0 < H � 3 Tesla, irrespective that both σxy/H and (Δρ/ρ0)/H2 are drastically
suppressed by a very weak magnetic field (H > 0.1 Tesla) near the AF QCP [18,
19]. These results can be understood by considering the (field-dependence of) CVC
based on the quasi 2D Hubbard model [124].

1.4 Fermi Liquid or Non-Fermi Liquid?

In this text, we assume that the Fermi liquid ground state is realized in a wide range
of the phase diagram in cuprate HTSCs. Based on this idea, we study the anomalous
transport phenomena by taking the CVC into account, which is a main-body effect
overlooked in previous studies. Our final aim is to explain the anomalous transport
phenomena in various nearly AF Fermi liquids in a unified way, including HTSC,
heavy fermions and organic metals.

However, it is a nontrivial question whether the Fermi liquid state is realized in
two-dimensional strongly correlated electron systems near the half-filling. In fact, the
Fermi liquid state seems to be broken in heavily under-doped HTSCs. In the infinite
dimension Hubbard model, the Fermi liquid state with heavy mass is realized next to
the Mott insulating state [125, 126]. In 2D Hubbard models [127], it was rigorously
proved that the limit value of the interaction U , below which the Fermi liquid state
might be realized, is finite. However, in strongly correlated 2D systems, an exotic
non-Fermi liquid ground state may be realized next to the Mott insulating state due
to the strong thermal and quantum fluctuations.

To study the strong correlation effect in HTSCs, the t − J model has been fre-
quently analyzed. The t − J model is derived from the Hubbard model (or d − p
model) by a canonical transformation, by excluding the double occupancy of holes
to represent the strong Coulomb interaction. It is given by

Ht−J =
∑

〈i, j〉,σ
PG(ti, j c

†
iσc jσ + h.c)PG + J

n.n∑

〈i, j〉
Si · S j (1.5)

where PG represents the exclusion of the doubly occupied state, ti, j is the hopping
integral between (i, j) sites, and J is the superexchange energy between the neighbor-
ing spins. J = 0.10 ∼ 0.14 meV in real HTSCs. In the t-J model, the Hilbert space
with high-energy state is eliminated by PG, which enables us to perform numeral
calculations easier or to invent new approximations. Based on the t-J model, var-
ious versions of the new fluid have been proposed, with novel kinds of excitation,

1 Note that the sign of ν in CeCoIn5 is positive according to the definition of the present paper
[Eq. (6.5)]. See also Ref. [123].

http://dx.doi.org/10.1007/978-3-642-35365-9_6
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many involving gauge theories of spin-charge separated spinons and holons [22, 23,
128–130]. The exact diagonalization technique [131, 132] has been applied to the
square-lattice t-J model. The ground state phase diagram of the t-J model has been
studied using the variational Monte Carlo method [133–135], and it was found that
the dx2−y2 -wave SC state is realized in a wide range of the phase diagram. Unfortu-
nately, quantum Monte Carlo (QMC) simulation for t-J model is difficult because
of a serious negative sign problem. Instead, QMC simulation for the Hubbard model
with moderate value of U [136, 137] have been performed intensively.

On the other hand, some authors have considered non-Fermi liquid ground states
due to novel quantum criticalities, other than a conventional spin QCP [64, 138, 139].
For example, Varma et al. proposed that the marginal Fermi liquid state is realized
in HTSCs, where the k-independent self-energy is given by [138]

Σ(ω + iδ) = λ(ωln(ωc/x) − i x), (1.6)

where x = max(|ω|,πT ), λ is a coupling constant, and ωc is a cutoff energy.
This state is not a Fermi liquid since the quasiparticle renormalization factor z =
(1 − ∂ReΣ/∂ω)−1 = (1 + λln(ωc/x))−1 vanishes logarithmically as (ω, T ) → 0.
The self-energy in Eq. (1.6) can be derived if electrons couple to the following k-
independent charge and spin fluctuations that are singular at T = 0:

ImP(ω + iδ) ∝ min(|ω|/T, 1). (1.7)

In this model, ρ ∝ −ImΣ(iδ) = λπT , 1/T1T ∝ ImP(ω)/ω|ω=0 ∝ 1/T , and
the optical conductivity is σ(ω) ∝ (ω − iλx)−1. They are typical non-Fermi liquid
behaviors in HTSCs. A microscopic derivation of the k-independent quantum critical
fluctuations is an important issue.
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Chapter 2
Fluctuation Theory

2.1 Phenomenological Spin Fluctuation Model

Here, we discuss the phenomenological dynamical spin susceptibilityχs
q(ω) in nearly

AF metals. We use the unit c = � = kB = 1 hereafter. This is the most important
physical quantity in such metals since it is the origin of various non-Fermi liquid
behaviors in HTSCs. The functional form of χs

q(ω) is given by [1–5]

χs
q(ω) =

∑

Q

χQ

1 + ξ2
AF(q − Q)2 − iω/ωsf

, (2.1)

where Q = (±π,±π) is the antiferromagnetic (AF) wavevector, and ξAF is the
AF correlation length. This is referred to as the Millis-Monien-Pines model [4].
These parameters can be obtained by using NMR/NQR spectroscopy and the neutron
diffraction measurement. In HTSCs above the pseudo-gap temperature T ∗, both χQ

and 1/ωsf are scaled by ξ2
AF as follows [6]:

ξ2
AF ≈ α0/(T + Θ), (2.2)

χQ ≈ α1 · ξ2
AF, 1/ωsf ≈ α2 · ξ2

AF, (2.3)

where Θ , α0, α1 and α2 are constants. Since χQωsf ∝ ξ0
AF in Eq. (2.3), the

dynamical exponent z is 2. Just above the superconducting transition temperature
Tc [7], ξAF ∼ 2 a in optimally-doped YBCO, whereas it exceeds 100 a in slightly
under-doped NCCO. (a is the unit-cell length; we put a = 1 hereafter.) The relation-
ship ωsf � T (ωsf � T ) is satisfied in the over-doped (under-doped) YBCO. Using
this phenomenological model, Tc is well reproduced by solving the strong-coupling
Eliashberg equation [3].

Theoretically, the relationships in Eqs. (2.2) and (2.3) are explained by the SCR
theory, due to both self-energy correction and vertex correction to the dynam-
ical susceptibility, referred to as the “mode-mode coupling effect” [8]. These
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16 2 Fluctuation Theory

relationships are also reproduced by the FLEX approximation [9–15], in which only
the mode-mode coupling effect due to the self-energy correction is considered: In the
FLEX approximation, χs

q(0) in the mean-field approximation (or RPA) is strongly
suppressed by the imaginary part of the self-energy. In pure 2D systems, TN is sup-
pressed to zero by the self-energy, so the Mermin-Wagner theorem is satisfied in the
FLEX approximation [16, 17]. Similar results are obtained by the SCR and FLEX
approximation.

2.2 Model Hamiltonian and FLEX Approximation

Here, we introduce the effective Hamiltonian of strongly correlated metals. It is
given by the kinetic term and the interaction term. The kinetic term is frequently
represented by the tight-binding model, given by the set of hopping integrals between
different Wannier functions. The interaction term is usually approximated as the
local Coulomb interaction, considering the screening effect. In many transition metal
oxides or heavy fermions, Fermi surfaces are composed of more than one d- or f -
orbitals. In the case of cuprate HTSCs, however, orbital degrees of freedom are
absent. The corresponding single-orbital Hubbard model is given as

H =
∑

kσ

ε0
kc†

kσckσ + U
∑

kk′q
c†

k+q↑c†
k′−q↓ck′↓ck↑, (2.4)

where U is the Coulomb interaction, and ε0
k is the spectrum of the conduction

electron. In a square lattice, ε0
k is given by

ε0
k = 2t0(cos kx + cos ky) + 4t1 cos kx cos ky + 2t2(cos 2kx + cos 2ky), (2.5)

where c†
kσ is the creation operator of an electron with momentum k and spin σ. We

represent the electron filling by n, and n = 1 corresponds to the half-filling. n is
smaller (larger) than unity in YBCO and LSCO (NCCO). To fit the band structures
given by the local density approximation (LDA) for YBCO [18], NCCO [19], and
LSCO [20, 21] and by the angle resolved photoemission (ARPES) experiments for
YBCO [22], NCCO [23, 24] and LSCO [25], we select the following set of parameters
[26, 27].

(I) YBCO (hole-doping) and NCCO (electron-doping):

t0 = −1, t1 = 1/6, and t2 = −1/5. (2.6)

(II) LSCO (hole-doping):

t0 = −1, t1 = 1/10, and t2 = −1/10. (2.7)
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The Fermi surfaces for YBCO and NCCO without interaction are shown in
Fig. 2.1a. The deformation of the Fermi surface in the presence of U has been dis-
cussed in Ref. [27]. Note that the Fermi surface in Bi2Sr2CaCu2O8 (BSCCO) is
similar to that in YBCO [28]. Since |t0| ∼ 4000 K in HTSCs, T = 0.1 in the present
study corresponds to 400 K.

In the RPA, the dynamical spin and charge susceptibilities are given by

χs(c),RPA
q (iωl) = χ00

q ·
{

1 − (+)Uχ00
q (iωl)

}−1
, (2.8)

χ00
q (iωl) = −T

∑

k,n

G0
q+k(iωl + iεn)G0

k(iεn), (2.9)

where G0
k(iεn) = (iεn + μ− ε0

k)−1 is the non-interaction Green function.
Using the complex integration, Eq. (2.9) is given as

χ00
q (iωl) =

∑

k

∫

C

dε

2πi
f (ε)

1

(ε− iωl + εk+q)(ε− εk)
, (2.10)

where f (ε) = (1 + eβε)−1, which has poles at ε = i(2n + 1)πT on the imaginary
axis, and the corresponding residue is −T . The complex integration path C is shown
in Fig. 2.2a. By changing the integration path to Fig. 2.2b, we have only to pick up
two residues at ε = εk and ε = −iωl + εk+q:

YBCO
NCCO

(π,π)BZ boundary

XYax
is

0.0

B
Z

 boundary

AFBZ bo
un

da
ry k

k*

(π,−π)(−π,−π)

(−π,π)

A

B

C

Δkc

B''

B'

AF fluctuations

k kk+q

q
Σ(k, ω) =

(a)

(b)

Fig. 2.1 a The Fermi surfaces for YBCO (n < 1) and NCCO (n > 1). The location of the hot
spots and the cold spots are shown. In the FLEX approximation, the hot spot in YBCO shifts to
point B, by reflecting the large DOS at (π, 0). b Diagrammatic representation of the self-energy in
the one-loop (FLEX) approximation
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Fig. 2.2 a The complex
integration path C in the
complex ε plane. b A modified
complex integration path C ′

χ00
q (iωl) =

∑

k

{ − f (εk)

iωl + εk − εk+q
+ − f (−iωl + εk+q)

−iωl − εk + εk+q

}

=
∑

k

f (εk+q) − f (εk)

iωl + εk − εk+q
(2.11)

It is easy to verify that χ00
q (iωl) is a real function. However, it becomes a complex

function after the analytic continuation iωl(l > 0) → ω+iδ or iωl(l < 0) → ω−iδ.
By expandingχ00

q (iωl) ≈ χ00
Q (0)−b(q−Q)2+c|ωl |, we obtainχs(c),RPA

q (iωl) ≈
χ00

Q (0)[1 − Uχ00
Q (0) + Ub(q − Q)2 − Uc|ωl |]−1. After the analytic continuation

iωl(l > 0) → ωl + iδ, we obtain the MMP model in Eq. (2.1) with ξ2
AF = Ub/(1 −

αSt), ωsf = (1 − αSt)/Uc, and χQ = χ00
Q (0)/(1 − αSt), where αSt = Uχ00

Q (0) is
the Stoner factor. αSt is close to unity near AF-QCP.

In the FLEX approximation [9], the Green functions in Eq. (2.9) are replaced with
the Green functions with self-energy:

Gk(iεn) = (iεn + μ− ε0
k − Σk(iεn))−1, (2.12)

The FLEX is classified as a conserving approximation whose framework was con-
structed by Baym and Kadanoff [29] and by Baym [30]. For this reason, we can
calculate the CVC without ambiguity, by following the Ward identity Γ I = δΣ/δG.
Here, the Green function and the self-energy are given by

Σk(iεn) = T
∑

q,l

Gk−q(iεn − iωl) · Vq(iωl), (2.13)

Vq(iωl) = U 2
(

3

2
χs

q(iωl) + 1

2
χc

q(iωl) − χ0
q(iωl)

)

+ U , (2.14)

χs(c)
q (iωl) = χ0

q ·
{

1 − (+)Uχ0
q(iωl)

}−1
, (2.15)

χ0
q(iωl) = −T

∑

k,n

Gq+k(iωl + iεn)Gk(iεn), (2.16)



2.2 Model Hamiltonian and FLEX Approximation 19

where εn = (2n + 1)πT and ωl = 2lπT , respectively. The self-energy in Eq. (2.13)
is schematically shown by Fig. 2.1b. χs(c)

q (iωl) is the spin (charge) susceptibility,
and χ0

q(iωl) is the irreducible susceptibility. We solve the Eqs. (2.13)–(2.16) self-
consistently, choosing μ so as to satisfy n = T

∑
k,n Gk(iεn) · eiεn ·0+ .

The FLEX approximation is suitable for the analysis of nearly AF Fermi liquids.
Many authors have applied this approximation to the square-lattice Hubbard model
[9–12]. Although it is an approximation, the obtained results are in good agreement
with the results obtained from the quantum Monte Carlo simulations for a moderate
U [9]. The FLEX approximation has also been applied to the ladder compound
Sr14−x Cax Cu24O41 [13], organic κ-(BEDT-TTF) compounds [31–35], and various
extended Hubbard models [36].

Note that the FLEX approximation can not reproduce the pseudo-gap behaviors
below T ∗ ∼ 200K in slightly under-doped systems. In Chap. 6, we improve this
approximation by taking both spin and SC fluctuations into account (FLEX+T -
matrix approximation), and reproduce experimental pseudo-gap behaviors.

Figure 2.3 shows χs
q(ω = 0) given by the FLEX approximation, both for YBCO

(n = 0.85; optimum doping) at T = 0.02 and for NCCO (n = 1.20, slightly
over-doping) at T = 0.04, respectively [27]. In optimum YBCO, the Stoner factor
Uχ0

Q(0) ∼ 0.98 at T = 0.02, and the AF correlation length ξAF is approximately
2∼3 a (a denotes the lattice spacing). On the other hand, ξAF in NCCO (n = 1.20)
exceeds 10 a at T = 0.02. (The broadness of χ(q) in YBCO originates from the
closeness of the Fermi surface to the van-Hove singular point at (π, 0).) We stress
that, in both cases, χs

q(ω = 0) becomes incommensurate in the RPA, inconsistently
with neutron experiments. Therefore, the self-energy correction given by the FLEX
approximation is important to reproduce appropriate dynamical spin susceptibilities.

1
2

1

2

0

1

0

1

2

3

4χ(q,0)

(0,0)

(π,0)

(π,π)

YBCO (n=0.85)

qy

qx

NCCO (n=1.20)

χ (q,0)

(π,0)

(π,π)

1

2

2
1

0

1

0

1

2

3

4

(0,0)
qy

qx

(a) (b)

Fig. 2.3 χ(q,ω = 0) for a YBCO (n = 0.85) at T = 0.02 and b for NCCO (n = 1.20) at
T = 0.04, given by the FLEX approximation. In YBCO, ξAF = 2a−3a, whereas ξAF for NCCO
exceeds ∼10a at T = 0.02. a is the lattice spacing [27]
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L IΓ L+
G

G
=

Fig. 2.4 Bethe-Salpeter equation for two-particle Green function L(k, k′). Γ I (k, k′) is the irre-
ducible four point vertex with respect to the particle-hole channel Gk′′+q Gk′′

We also stress that the NMR results are quantitatively reproducible in the FLEX
approximation.1

In the FLEX approximation, the Mermin-Wagner theorem is satisfied as proved in
Appendix A of Ref. [16, 17]. Hence, the critical region (Uχ0

Q(0) � 0.99) is stable in

2D systems since the SDW order (Uχ0
Q(0) = 1) is prevented by the Mermin-Wagner

theorem. That is, Ucr = ∞ in 2D systems.
In the next stage, we derive the two-particle Green function L(k, k′), by which

transport coefficients are represented in the linear response theory. According to the
microscopic Fermi liquid theory [37, 38], L(k, k′) can be obtained by the solution
of the following Bethe-Salpeter equation:

L(k, k′; q) = −Gk+q Gkδk,k′/T − Gk+q GkΓ (k, k′; q)Gk′+q Gk′

= −Gk+q Gkδk,k′/T

− T
∑

k′′
Gk+q GkΓ

I (k, k′′; q)Gk′′+q Gk′′ L(k′′, k′; q), (2.17)

which is expressed by Fig. 2.4. Here k = (k, iεn), Γ (k, k′; q) is the full four-point
vertex, and Γ I (k, k′; q) is the irreducible four-point vertex. In the conserving approx-
imation (like the FLEX approximation), it is given by the Fourier transformation of

the Ward identity in real space; Γ̂ I = δΣ̂/δĜ. Then, transport coefficient obtained
by L(k, k′) automatically satisfies conservation laws, proved in Refs. [29, 30]. This is
a great advantage of the conserving approximation for the study of transport phenom-
ena. In the FLEX approximation, irreducible four-point vertex is given in Eq. (5.1)
in Sect. 5.1.

2.3 Hot/Cold-Spot Structure and T -Linear Resistivity
in Nearly AF Metals

One of the important aspects in nearly AF Fermi liquids is the “hot/cold-spot struc-
ture” of the quasiparticle damping rate, γk = ImΣk(−iδ) [3, 5, 9, 39–41]. That is,
γk becomes anisotropic in the presence of AF fluctuations. Note that τk = �/2γk,

1 I calculated the 1/T1T of Cu nuclei for n = 0.85 using the FLEX approximation. I used Eq. (2.12)
in Ref. [4] by correcting misprints, assuming that A⊥ = B = 3.3 × 10−7 eV. The obtained 1/T1T
under H ⊥ ĉ is 1–2 (m/s) at ∼200 K, which is consistent with experiments.

http://dx.doi.org/10.1007/978-3-642-35365-9_2_5
http://dx.doi.org/10.1007/978-3-642-35365-9_2_5
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and we put � = 1 in the textbook. The portions of the Fermi surface at which γk takes
the maximum and minimum values are referred to as hot spots and cold spots, respec-
tively [5, 41]. According to the spin fluctuation theory, the hot spots usually exist
around the crossing points with the AF Brillouin zone (AFBZ)-boundary, whereas
the cold spot is at the points where the distance from the AFBZ-boundary is the
largest. Their positions are shown in Fig. 2.1a. The electronic states around the cold
spots play the major role for various transport phenomena. Note that the hot spot in
YBCO shifts to the Brillouin zone boundary (point B), by reflecting the large DOS
at (π, 0).

Figure 2.5 shows the k-dependence of γk on the Fermi surface given by the FLEX
approximation [27]. In YBCO, the hot spot moves to the BZ-boundary [point B]
in Fig. 2.1a, by reflecting the large DOS at the van-Hove singularity point (π, 0).
Therefore, the spectral weight at the Fermi energy, ρk(ω) = γk/((ω+μ−εk)2 +γ2

k)

at ω = 0, is strongly reduced around (π, 0) due to large γhot, consistently with the
ARPES experiments [42]. In NCCO, in contrast, the hot and cold spots are located
at point C and B, respectively. The location of the cold spot in NCCO was first
predicted by the FLEX approximation in Ref. [27] in 1999, and it was later confirmed
by ARPES [23, 24]. According to the spin fluctuation theories [5], γhot ∝ √

T , and
γcold ∝ T except that ξAF 
 (Δkc)

−1;Δkc is shown in Fig. 2.1a.
The critical value of U for a spin density wave (SDW) transition in the RPA (i.e.,

the mean-field approximation) is U RTA
cr ∼ 2.3 in LSCO (n = 0.9). In YBCO and

NCCO, U RTA
cr ∼ 3.5 for both YBCO (n = 0.9) and NCCO (n = 1.1), since the

nesting is not good due to the large next-nearest and third-nearest hopping integrals
(t1 and t2). In YBCO, the dimensionless coupling constant U N (0) is large, since
the van-Hove singular point is close to the Fermi level. Here, N (0) is the DOS at
the Fermi level. Therefore, ImΣk(0) takes a large value, which significantly reduces
the interacting DOS at (π, 0) as well as χs

q(0) at q = (π,π) [27]. This effect is
smaller in NCCO since the saddle point is far below the Fermi level. For this reason,
ξAF for NCCO is much larger than that for YBCO in the FLEX approximation,
consistently with experiments.
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Fig. 2.5 The k-dependence of γk on the Fermi surface at various temperatures given by the FLEX
approximation. The cold spot in YBCO (NCCO) is point A (B)
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The real-frequency Green function is given by the analytic continuation of Gk(iεn)

in Eq. (2.12). In a Fermi liquid, the advanced (retarded) Green function G A(R)
k (ε) =

Gk(ε− (+)iδ) for ε ∼ 0 and |k| ∼ kF is represented as

G A(R)
k (ε) = zk/(ε− E∗

k − (+)iγ∗
k), (2.18)

Ek = ε0
k + Σk(0) − μ, E∗

k = zk Ek, (2.19)

γk = ImΣ A
k (0), γ∗

k = zkγk, (2.20)

where zk is the renormalization factor zk = 1/(1 − ∂ReΣk(ε)/∂ε)ε=0 and E∗
k is

the renormalized quasi-particle spectrum, which is the solution of ReG−1
k (E∗

k) = 0.
The quasiparticle spectrum is given by

ρk(ε) = 1

π
ImG A

k (ε). (2.21)

The DOS is expressed as N (ε) = ∑
k ρk(ε). In the case of zkγk � μ,

ρk(ε) = zkδ(ε− E∗
k) (2.22)

for ε ≈ 0.
In the FLEX approximation, γk is given by the analytic continuation of Eq. (2.13):

γk = 1

2

∑

q

∫

dε
[
cth

ε

2T
− th

ε

2T

]
ImVq(ε+ iδ)ρk+q(ε) (2.23)

where Vq(ω+ iδ) is given by the analytic continuation of Eq. (2.14). Using the spin
fluctuation model in Eq. (2.1), ImVq(0) in Eq. (2.23) is replaced with (3U 2/2)Imχs

q

(ω) = (3U 2/2)ωχQωsf/(ω
2
q + ω2), where ωq = ωsf + ωsfξ

2
AF(q − Q)2. According

to Refs. [5, 27], Eq. (2.23) is approximately transformed to

γk ≈ 3U 2

4π

∫

FS

dk′‖
vk′

χQωsf
(πT )2

4ωk−k′(ωk−k′ + πT/2)
, (2.24)

so γk at the hot spot in 2D systems is given by [5]:

γhot ∝ T ξAF for πT/2ωsf 
 1 (2.25)

γhot ∝ T 2ξ3
AF for πT/2ωsf � 1. (2.26)

Since ξ2
AF ∝ T −1, γhot ∝ √

T for any value of ωsf/T : This result is recognized in
the numerical study in Fig. 2.5. Also, γcold in 2D systems is obtained as [5]:
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γcold ∝ T for πT/2ωsf ∼ (ξAFΔkc)
2, (2.27)

γcold ∝ T 2 for πT/2ωsf � (ξAFΔkc)
2. (2.28)

According to Eqs. (2.2) and (2.3), πT/2ωsf is constant if Θ ≈ 0, and it is of order
unity in optimally-doped HTSCs. Therefore, γcold ∝ T when ξAFΔkc ∼ O(1), and
γcold ∝ T 2 when ξAFΔkc 
 1: Δkc represents the “deviation from the nesting
condition at the cold spot” shown in Fig. 2.1. Note that the measure part of the Fermi
surface becomes cold when ξAFΔkc 
 1.

Now, we consider the T -dependence of resistivity by dropping the CVC. In the
SCR theory [39], the resistivity is derived from the Born approximationρ ∝ 〈γk〉FS ≡∑

k γkρk(0). In the case of ωsf 
 T , Eq. (2.24) is simplified as

γk ≈
∑

q

(πT )2

2
ImV̇q(0)ρk+q(0), (2.29)

where V̇q(0) = dVq(ω + iδ)/dω|ω=0. Using Eqs. (2.1) and (2.29), the resistivity is
given as [39, 43]

ρSCR ∝ 〈γk〉FS

∝ T 2
∑

q

ImV̇q(0)
∑

k

ρk(0)ρk+q(0)

∝ T 2ξ4−d
AF , (2.30)

where d is the dimension of the system. In deriving Eq. (2.30), we utilized the fact
that the q-dependence of Imχ̇0

q(0) = (π/2)
∑

k ρk(0)ρk+q(0) is moderate. Since

ξAF ∝ √
χQ ∝ T −0.5 near the AF-QCP [39] ,ρSCR is proportional to T d/2 (d = 2, 3).

Note that the Fermi liquid behavior ρSCR ∝ T 2 is recovered when ξAF =constant
away from the AF-QCP, like in over-doped systems at low temperatures.

However, Eq. (2.30) would be appropriate only when γk is moderately anisotropic
[41, 44]: According to the linear response theory, the correct resistivity is give by

ρ ∝ 1/〈γ−1
k v2

kx 〉FS ∼ γcold. (2.31)

According to Eqs. (2.27) and (2.28), T -linear behavior of ρ would be realized for
ξAFΔkc ∼ O(1) (moderately anisotropic γk case). This would be the case of opti-
mally doped or slightly under-doped YBCO and LSCO. On the other hand, ρ ∝ T 2

for ξAFΔkc 
 1 (highly anisotropic γk case), since the dominant part of the Fermi
surface becomes the cold spot.

In Sect. 5.2, we will calculate the resistivity using the FLEX approximation
including the CVC. The obtained ρ follows an approximate T -linear behavior
in under-doped LSCO and NCCO, and it shows a T 2-like behavior in the over-doped
NCCO. As for the resistivity, the CVC is quantitatively important.

http://dx.doi.org/10.1007/978-3-642-35365-9_2_5
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In real systems with finite randomness, impurity scattering rate γimp, which gives
the residual resistivity, dominates the elastic scattering rate γk at sufficiently low
temperatures. In this case, the “T 2-resistivity in the close vicinity of the AF-QCP”
is not observed: In fact, for γimp 
 γk, Eq. (2.31) is given by

ρ ∝ 1/〈(γk + γimp)
−1〉FS ∝ γimp + 〈γk〉FS. (2.32)

Therefore, according to Eq. (2.30),ρ = ρ0+aT d/2 (d = 2, 3) holds near the AF-QCP
in the presence of impurities. In most cases, a > 0 is assured even if the CVC is
taken into account. (a = 0 is realized only in a special case where the Fermi surface
is completely isotropic and the Umklapp process is absent; see Sect. 3.2.)

2.4 Validity of the Spin Fluctuation Theories

In Sect. 2.2, we explained that the FLEX approximation explains characteristic elec-
tronic properties in optimally-doped HTSC. For example, it can reproduce exper-
imental behavior of the dynamical spin susceptibility χs

q(ω), which is given in
Eq. (2.1). Experimentally, AF correlation starts to increase below T0 ∼ 600 K. Using
the obtained χs

q(ω), both the damping rate γk and CVC are appropriately calcu-
lated. For example, the hot/cold spot structure of γk (Fig. 2.1a) is reproduced well
for both hole-doped and electron-doped systems, and the anomalous transport are
well reproduced. These facts assure the validity of the FLEX approximation.

Now, we discuss the “weak pseudo-gap behavior” below T0: Below T0, the AF
fluctuations suppress the DOS [45–48], Knight shift [49–51] and uniform suscepti-
bility [52, 53]. The weak pseudo-gap in the DOS is shallow and wide in energy. The
obtained weak pseudo-gap behaviors in the FLEX approximation are too moderate,
after the self-consistent determination of the self-energy and Green function. In fact,
a large weak pseudo-gap in the DOS is reproduced at the first iteration stage of the
FLEX. Similar tendency is reported in the GW approximation: This is a first prin-
ciple calculation for the self-energy, which is given by the convolution of the Green
function G and the screened interaction W within the RPA. Although the descrip-
tions of the bandwidth reduction and satellite structure in the quasiparticle spectrum
are satisfactory in a partially self-consistent GW method, they are smeared out in
the fully self-consistent GW due to strong feedback effect [54–56]. Mathematically,
this too strong feedback effect should be canceled by the vertex correction in the
self-energy.

Therefore, to produce a weak pseudo-gap, it is better to apply the (i) fully self-
consistent calculation with vertex corrections or (ii) partially (or no) self-consistent
calculation. Along the lines of method (i), Schmalian and Pines calculated the
self-energy with all the vertex corrections in the (k, k + Q) model by applying a
high-temperature approximation [57, 58]. Using a similar technique, the pseudo-
gap due to strong SC fluctuations had been calculated [59]. It is noteworthy that the

http://dx.doi.org/10.1007/978-3-642-35365-9_2_3
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fourth-order-perturbation theory with respect to U well reproduces the weak pseudo-
gap since the vertex corrections for the self-energy are considered [60]. This method
also reproduces the difference of Tc between YBCO and LSCO [61, 62], and the
p-wave SC state in Sr2RuO4 [63, 64].

Along the lines of method (ii), Vilk and Tremblay proposed a two-particle self-
consistent (TPSC) method [65], where full self-consistency is not imposed on the
self-energy. Therein, the renormalized spin susceptibility is given by the RPA, by
using the effective Coulomb interaction Ueff (< U ) that is determined so as to satisfy
the sum rule for the susceptibility. This philosophy has been applied to extend the
dynamical mean field theory (DMFT) by including self-energy correction due to
spin fluctuations [66, 67]. These theories can explain the weak pseudo-gap in the
DOS. However, they are not suitable for the study of the transport phenomena since
the conservation laws are not satisfied. To calculate the transport phenomena with
satisfying the conservation laws, the FLEX approximation is very useful.
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Chapter 3
Anomalous Transport Phenomena in Nearly
AF Fermi Liquids

3.1 Boltzmann Transport Theory and RTA

Before investigating the transport coefficients using the microscopic Fermi liquid
theory, we briefly review the relaxation time approximation (RTA) based on the
Bloch-Boltzmann theory [1]. The CVC provides correction for the RTA, and we will
see that the CVC becomes crucial near the AF QCP in later sections.

Here, we consider a non-equilibrium steady state under weak electronic field
E, magnetic field H , and the temperature gradient ∇T . In a quasi-classical treat-
ment, the distribution function is given as fk(r). According to Liouville theorem,
fk(t)(r(t)) = fk(t+Δt)(r(t + Δt)) in the absence of impurity and electron-electron
scattering. Therefore, the Boltzmann equation in a nonequilibrium steady state is
expressed as [1]

d fk

dt
= ∇k fk · k̇ + ∇r fk · ṙ = 0, (3.1)

where k̇ = −e(E + v × E) and ṙ = vk. Here, we put c = � = 1, and −e (e > 0)

is the charge of electron.
In the presence of electron scattering, Eq. (3.1) is modified as

∇k fk · k̇ + ∇r fk · ṙ =
(
∂ fk

∂t

)

scatt.
, (3.2)

where the right-hand-side term represents the rate of change in fk due to scattering
between quasiparticles, which is called the collision integral. Using the scattering
amplitude from the quasiparticle pair (k, k′) to (k+q, k′ −q), I (k, k′; q), it is given
by [1]
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(
∂ fk

∂t

)

scatt.
= −

∑

k′q
I (k, k′; q)

[
fk fk′(1 − fk+q)(1 − fk′−q)

− (1 − fk)(1 − fk′) fk+q fk′−q
]
, (3.3)

where the first (second) term represents the outgoing (incoming) scattering process.
When both E and ∇rT are small, it is convenient to analyze the linearized

Boltzmann equation with respect to E and ∇rT . Here, we introduce the displacement
function gk = fk − f 0

k , where f 0 = (e(εk−μ)/T + 1)−1 is the Fermi-Dirac function
at T = T (r). Considering that gk is linear in E and ∇T , Eq. (3.2) is linearized as

(

−∂ f 0
k

∂εk

)

vk ·
{
εk − μ

T
∇rT + eE

}

=
(
∂ fk

∂t

)

scatt.

+ e (vk × H) · ∇kgk. (3.4)

In the same way, the collision integral in Eq. (3.3) is given by

(
∂ fk

∂t

)

scatt.
= − 1

T

∑

k′,q
Ĩ (k, k′; q)

{
Φk + Φk′ − Φk+q − Φk′−q

}
, (3.5)

where gk =
(

−∂ f 0
k

∂εk

)

Φk and Ĩ (k, k′; q) = I (k, k′; q) f 0
k f 0

k′(1− f 0
k+q)(1− f 0

k′−q).

In deriving Eq. (3.5), we have used the relation Ĩ (k, k′; q) = Ĩ (k + q, k′ − q;−q)

and

(

−∂ f 0
k

∂εk

)

= f 0
k (1 − f 0

k )

T
[1]. The displacement function gk is given by solving

Eqs. (3.4) and (3.5). Using the obtained gk, the conductivity is given by

σμν = −2e
∑

k

vkμgk/Eν, (3.6)

where the factor 2 is attributed to the spin degeneracy.
In Sect. 3.2, we will analyze the Boltzmann equations (3.4) and (3.5) based on

the variational principle, which is very powerful in the case of H = ∇rT = 0 [1].
Unfortunately, it is still difficult to solve the linearized Boltzmann equation in general
cases. Therefore, the RTA is frequently applied to simplify the collision term:

(
∂ fk

∂t

)

scatt.
=

(
∂gk

∂t

)

scatt.
= −gk

τk
, (3.7)

which means that gk(t) decays in proportion to e−t/τk in the absence of outer fields.
Note that τk = 1/2γk is the quasiparticle lifetime. Within the RTA, the linearized
Boltzmann equation is simplified as
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− gk

τk
=

(

eE + εk − μ

T
∇rT

)

· vk

(

−∂ f 0
k

∂εk

)

− e (vk × H) · ∇kgk. (3.8)

The solution of Eq. (3.8) is given by

− gk = (1 − eτk (v × H) · ∇k)−1
(

eE + εk − μ

T
∇rT

)

· τkvk

(

−∂ f 0
k

∂εk

)

. (3.9)

Although it is a crude approximation, the RTA can explain the various transport
phenomena in metals with weak correlation.

According to Eq. (3.9),
∂ngk

∂Hn

∣
∣
∣
∣

H=0
∝ τn−1 when the k-dependence of τk is mod-

erate. In this case, σμν under the magnetic field, which is given by Eq. (3.6), has
the following functional form: σμν = τFμν(τH). This relation given by the RTA is
known as the “Kohler’s rule”, which is well satisfied in many (single band) simple
metals.

Here, we assume H ‖ ẑ. Then, (v × H) · ∇k = −Hz(vk × ∇k)z . Using Eq. (3.9),
the longitudinal conductivity, Hall conductivity, and magnetoconductivity in the RTA
are given by

σRTA
xx = 2e2

∑

k

(

−d f 0

dεk

)

vkx · τkvkx , (3.10)

σRTA
xy = −2e3 Hz

∑

k

(

−d f 0

dεk

)

vkx (τkvk × ∇k)zτkvky, (3.11)

ΔσRTA
xx = 2e4 H2

z

∑

k

(

−d f 0

dεk

)

vkx (τkvk × ∇k)2
zτkvkx , (3.12)

where (τkvk × ∇k)z = τk(vx∂y − vy∂x ). Apparently, the Kohler’s rule

σxx ∝ τ , σxy ∝ τ2 Hz, ΔσRTA
xx ∝ τ3 H2

z , (3.13)

is satisfied when τk is rather isotropic.
The RTA works only in heavily over-doped samples (Tc ≈ 10 K) [2–4], where

the Hall coefficient is small and its temperature dependence is tiny. Hussey et al.
determined the anisotropy of τk in heavily over-doped Tl2201 by measuring the
Angle-dependent Magnetoresistance Oscillation (AMRO) along c-axis [5, 6], and
calculated transport coefficients using Eqs. (3.10)–(3.12). The derived RRTA

H agrees
with the experimental Hall coefficient Rexp

H , whose magnitude is of order 1/ne.
In optimally doped HTSCs, however, the RTA does not work: Stojkovic and Pines

[7] attempted to explain the violation of Kohler’s rule in HTSCs based on the RTA.
They assumed the highly anisotropic τk model (hot/cold-spot model), where only
the quasiparticles near the cold spot contribute to the transport phenomena. In this
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model, RH can take a large value since the “effective carrier density for the transport
phenomena” is reduced. They calculated τk based on the Millis-Monien-Pines model;
the anisotropy of τk reaches 100 in the optimally doped YBCO, which is too large
to be consistent with the ARPES measurements. (The reason for this overestimation
is that self-consistency is not imposed in their calculations.) In spite of the large
anisotropy of τk, the obtained enhancement ratio of RH is about two according to
Ref. [8], which is too small to explain experiments. More disadvantageously, the
magnetoresistance becomes 100 times greater than the experimental value when the
anisotropy of τk is of the order of 100 [9]. Therefore, the highly anisotropic τk
model is not applicable for optimally-doped HTSCs. In the next section, we explain
the various anomalous transport phenomena in HTSCs “all together”, by considering
the CVC.

Finally, we discuss the thermoelectric transport phenomena in the presence of
thermal gradient ∇rT �= 0: When H = 0 in Eq. (3.9), both the electric current Jμ
and thermal current J Q

μ are given as

Jμ = −2e
∑

k

vk,μgk = e2 K 0
μνEν + −e

T
K 1
μν(−∇rT )ν, (3.14)

J Q
μ = 2

∑

k

(εk − μ)vk,μgk = −eK 1
μνEν + 1

T
K 2
μν(−∇rT )ν, (3.15)

where μ, ν = x, y, z. The coefficient K n
μν is given as

K n
μν =

∑

k

(εk − μ)nτkvk,μvk,ν

(

−∂ f 0

∂ε

)

(3.16)

Using the Sommerfeld expansion
∫

Φ(ε)

(

−∂ f 0

∂ε

)

dε = Φ(μ)+ (πT )2

6

[
∂2Φ

∂ε2

]

ε=μ
+ O(T 4), we obtain the relationships

K 2 = 1

3
(πT )2 K 0, K 1 = 1

3
(πT )2

[
∂

∂μ
K 0

]

. (3.17)

Now, we consider an open circuit (J = 0) in the presence of the electric field and
temperature gradient. Then, the relation Eμ = (eT )−1(K 1/K 0)(−∇rT )μ is derived
from Eq. (3.14). Therefore, the thermoelectric power S = E/|∇rT | is given as

S = −1

eT

K 1

K 0 = −1

eT

(πT )2

3
∂
∂μσ

σ

= −π2T

3e

∂

∂μ
lnσ(μ) (3.18)
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which is called the Mott formula. Here, σ(μ) is the electric conductivity for the
chemical potential μ.

The thermal current J Q is finite even in an open circuit. It is derived from Eq. (3.14)

as J Q = eK 1 −1

eT

K 1

K 0 (−∇rT ) + 1

T
K 2(−∇rT ). Therefore, the thermal conductivity

κ = J Q/(−∇rT ) is given by

κ = 1

T

(

K 2 − (K 1)2

K 0

)

(−∇rT ) (3.19)

Since K 2 ∝ τT 2 and (K 1)2/K 0 ∝ τT 4, we obtain κ = K 2/T at low temperatures.
Since σ = e2 K 0, we obtain the Wiedemann-Franz law:

κ = π2

3

T

e2 σ (3.20)

Note that this relationship is exact beyond the RTA, if the elastic scattering dominates
the inelastic scattering at sufficiently low temperatures.

3.2 The Variational Principle and CVC

In the RTA where ġk = −gk/τk is assumed, the deviation from the equilibrium
distribution function gk dissipates with time since gk ∝ e−t/τk in the absence of
outer fields. However, gk should remain finite when the Umklapp scattering process
is absent, because of the momentum conservation laws [1, 10]. On the other hand, the
quasiparticle lifetime τk = 1/2γk, which is given by Eq. (2.29), is always finite, and
therefore the conservation laws are violated in the RTA. To recover the conservation
laws, we have to take account of the CVCs introduced in Fig. 1.1, which correspond
to Φk′ , Φk+q and Φk′−q in the collision integral in Eq. (3.3).

To include the CVC into the calculation, we analyze the Boltzmann equations
(3.4) and (3.5) by applying the variational principle. This method had been studied
by Umeda [11, 12], Kohler [13, 14] and Sondheimer [15], and it is explained in
Ref. [1] in detail. When H = ∇rT = 0, the left-hand-side of Eq. (3.4) becomes

X ≡
(

−∂ f 0
k

∂εk

)

vk · eE. If we write the right-hand-side of Eq. (3.5) as −PΦ, the

Boltzmann equations is expressed as

X = −PΦ (3.21)

Now, we consider that Φk as the trial function with 〈Φk〉 = 0. Then, the lower limit
of the resistivity ρ is given by the following variational formula:

http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_1
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ρ ≤ 〈Φ, PΦ〉
[〈Φ, X (E = 1)〉]2 (3.22)

where 〈Φ,Ψ 〉 ≡ ∑
k ΦkΨk is the inner product. The equal sign in Eq. (3.22) is

realized when the trial function Φ is the solution of the Boltzmann equation (3.21).
The variational formula (3.22) will be proved in Appendix A.

Equation (3.22) is easily rewritten as

ρ ≤
1

8T

∑
k,k′,q Ĩ (k, k′; q)

{
Φk + Φk′ − Φk+q − Φk′−q

}2

[

e
∑

k vkxΦk

(

−∂ f 0
k

∂εk

)]2 (3.23)

The physical meaning of the variational principle is that the current in the nonequi-
librium steady state under E is realized so as to maximize the production of entropy
due to scattering processes (= Joule heat E2/ρ) [1]. The trial function is generally
constructed as Φk = Re

∑
l,m η

m
l Y m

l (k̂), where Y m
l (k̂) is the spherical harmonics.

In crystals, Y m
l (k̂) can be replaced with the Fermi surface harmonics [16].

Now, we put Φk ∝ [k]c · E/E , where [k]c is the crystal momentum in the first
Brillouin zone for general k. When the Umklapp scattering process is absent, both
k+q and k′−q are always inside of the first Brillouin zone, and therefore Φk+Φk′ −
Φk+q −Φk′−q = 0. In this case, the right hand side of Eq. (3.22) vanishes identically.
Therefore, electron-electron correlation does not cause the resistivity (ρ = 0) if the
Umklapp scattering is absent, irrespective of the shape of Fermi surfaces. [Exactly
speaking, ρ is finite due to the higher Umklapp scattering processes.] Therefore,
the role of the CVC discussed in Sect. 1.1 is described by solving the Boltzmann
equation.

In the presence of Umklapp scattering processes, ρ becomes finite since Φk +
Φk′ − Φk+q − Φk′−q �= 0 for Umklapp scattering; see Fig. 3.4b. In this case, it is
empirically known that a simple trial function Φk ∝ vk · E/E presents a reasonable
value of ρ. Then, we obtain ρ ∝ T 2 in three dimensional systems after performing
the momentum integrations in Eq. (3.23), if the scattering amplitude I (not Ĩ ) is
temperature independent.

In addition, we consider the system with dilute impurities. Then, the Matthiesen’s
rule tells that the resistivity is given as

ρ = ρ0 + ρel−el, (3.24)

where ρ0 is the residual resistivity due to impurities. At sufficiently low temperatures
where ρ ∼ ρ0, Φk is almost determined by the impurity scattering. The variational
principle for ρ0 is given as

ρ0 ≤
1

4T

∑
k,k′ Ĩimp(k, k′) {Φk − Φk′ }2

[

e
∑

k vkxΦk

(

−∂ f 0
k

∂εk

)]2 . (3.25)

http://dx.doi.org/10.1007/978-3-642-35365-9_1
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When the impurity potential is delta functional, the scattering amplitude becomes
Ĩimp(|k|, |k′|). Then, because of the relation |〈x |y〉|2 ≤ 〈x |x〉〈y|y〉, the right-
hand-side of Eq. (3.25) is minimized when Φk is proportional to vk · E/E . That
is, the relaxation time approximation Φ

imp
k = −eτimpvkx E becomes exact, where

τimp is the relaxation time by impurity scattering. In this case, ρel−el (
 ρ0) in

Eq. (3.24) is given by Eq. (3.22) with Φ
imp
k = −eτimpvkx E . Then, ρel−el is finite

even if the Umklapp process is absent, because Φ
imp
k + Φ

imp
k′ − Φ

imp
k+q − Φ

imp
k′−q is

non-zero except when the Fermi surface is completely spherical [17].
Although the effect of the CVC can be calculated by using the variational method,

its applicability is limited. Therefore, in later sections, we analyze the CVC based
on the microscopic Fermi liquid theory. Therein, the CVC is included in the total
current Jk, which is obtained by solving the Bethe-Salpeter equation. Using Jk, the
solution of the Boltzmann equation, Φk, is expressed as

Φk = −eτkJk · E, (3.26)

where τk is the lifetime of quasiparticle at k; τk = 1/2γk = 1/2ImΣk(−iδ).

3.3 Analysis of the CVC Based on the Fermi Liquid Theory

Here, we calculate the CVC based on the linear response theory, utilizing the pow-
erful field theoretical techniques. In principle, the CVC can be derived from the
Boltzmann equation (3.3) by applying the variational principle [1]. However, a sys-
tematic calculation of the CVC is very difficult, particularly in the presence of a
magnetic field.

We shortly derive the Nakano-Kubo linear response theory [18–21]. Therein,
we discuss the first-order perturbation theory with respect to the time-dependent
potential:

V (t) = −e
∫

dx Pμ(x)Eμ(t) (3.27)

where Pμ = ∫
dxxμn(x) is the polarization operator and Eμ is the electronic field.

Then, the time-dependent Schroedinger equation is

i
∂

∂t
|φ(t)〉 = [H0 + V (t)]|φ(t)〉 (3.28)

where H0 represents the Hamiltonian without outer fields. Now, we express the
eigenstate of Eq. (3.28) as

|φ(t)〉 = e−i H0t A(t)|0〉 (3.29)

where |0〉 is the initial eigenstate without V , and A(t) is an unknown function. When
V ≡ 0, A(t) ≡ 1. By inputting it into Eq. (3.28), we obtain Ȧ(t) = −iVH (t)A(t),
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where VH (t) = ei H0t V (t)e−i H0t . Since A(t) = 1 − i
∫ t

0 VH (t ′)dt ′ + O(V 2), we
obtain

|φ(t)〉 = e−i H0t |0〉 − ie−i H0t
∫ t

0
dt ′VH (t ′)|0〉 + O(V 2). (3.30)

Thus, the induced current under the electronic field is

〈 jμ(x, t)〉 ≡ 〈φ(t)| jμ(x)|φ(t)〉
=

∫

dx ′
∫ ∞

−∞
dt ′(−i)〈φ0(0)|[ jμ(x, t), Pν(x ′, t ′)]|φ0(0)〉

× θ(t − t ′)eEν(t
′) (3.31)

At finite temperatures, this formula is expressed as

〈 jμ(x, t)〉 =
∫

dx ′
∫ ∞

−∞
dt ′(−i)〈[ jμ(x, t), Pν(x ′, t ′)]〉0θ(t − t ′)eEν(t

′) (3.32)

where 〈· · · 〉0 = Tr{e−βH0 · · · }/Tr{e−βH0}.
As following Nakano [18]. we put Eν(t) = Eνe−iωt+ηt (η > 0). Noticing the

relation Ṗν(x, t) = jν(x, t) and performing the partial integration, we obtain

〈 jμ(x, t)〉 =
∫

dx ′
∫ ∞

−∞
dt ′(−i)〈[ jμ(x, t), jν(x ′, t ′)]〉0

×
[

θ(t − t ′)e−iωt ′

iω
+ θ(t ′ − t)

e−iωt

iω

]

eEμ (3.33)

After performing the Fourier transformation with respect to (x, t), we obtain the
Nakano-Kubo formula for the conductivity [18–21]:

σμν(ω) = e2

iω

[
K R
μν(ω) − K R

μν(0)
]
, (3.34)

where K R
μν(ω) = Kμν(ω + iδ) is the retarded current-current correlation function,

given by the Fourier transformation of

K R
μν(t) = −i

∫ ∞

−∞
dt ′〈[ jq,μ(t), j−q,ν(t

′)]〉θ(t − t ′). (3.35)

Since it is difficult to calculate K R
μν(ω) directly, we first calculate the following

thermal correlation function

Kμν(iωl) =
∫ 1/T

0
dτe−iωlτ

〈
Tτ jq,μA (0) j−q,ν(τ )

〉
(3.36)
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where ωl ≡ 2πT l is the Matsubara frequency; here we promise l represents an
integer and n is a half-integer, respectively. Then, the retarded function is obtained
by performing the analytic continuation iωl(≥ 0) → ω + iδ.

Next, we consider the conductivities in the presence of the uniform magnetic field.
Then, the hopping integral between site i and j exhibits the Peierls phase:

tm, j = t0
m, j exp[−ie(Am + A j ) · (rm − r j )/2], (3.37)

where t0
m, j is the original hopping integral, and Am is the vector potential at site m.

Then, the Hamiltonian and the velocity operator under the magnetic field, HA and
j A
μ respectively, are given by

HA =
∑

(m, j),σ

tm, j c
†
mσc jσ + U

2

∑

m

nm↑nm↓, (3.38)

j A
μ (rm) =

∑

σ

i[HA, rmc†
mσcmσ] (3.39)

Here, we assume that the vector potential is given by A j = Aeiq·r j , and take the limit
q → 0 at the final stage of the calculation [22]. (The magnetic field is H = iq × A.)
After the Fourier transformation, both the Hamiltonian and the velocity operator of
the order of O(A) are given by [23]

HA = H − A · j(−q) + O(A2), (3.40)

j A
μ (q′) = jμ(q′) −

x,y∑

α

Aα jαμ(q′ − q) + O(A2), (3.41)

where jμ(q) = −e
∑

k,σ ∂με
0
k · c†

k−q/2,σck+q/2,σ , and jαμ(q) = e2 ∑
k ∂αμε

0
k ·

c†
k−q/2,σck+q/2,σ . (∂μ = ∂/∂kμ and ∂μα = ∂2/∂kμ∂kα.) Then, the current-current

correlation function under H �= 0 is given as [22–24]

Kμν(iωl) =
∑

m=0,1,···

∫ 1/T

0
dτe−iωlτ 〈Tτ j A

μ (mq, 0) j A
ν (0, τ )〉A (3.42)

=
∫ 1/T

0
dτe−iωlτ 〈Tτ jμ(0, 0) jν(0, τ )〉 (3.43)

+
x,y∑

α

Aα

∫ ∫ 1/T

0
dτdτ ′e−iωlτ

{−T · 〈Tτ jμ(q, 0) jαν(−q, τ )〉

+ 〈Tτ jμ(q, 0) jν(0, τ ) jα(−q, τ ′)〉} + O(A2). (3.44)

Hereafter, we ignore the spin indices to simplify expressions. According to
Eq. (3.43), Kxx (iωl) without the magnetic field is given by [25]
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Kxx (iωl) = −2e2T
∑

n,m,k,k′
v0

kxv
0
k′x L(kn, k′m; iωl)

= −2e2T
∑

n,k

v0
kxg

n;l
k Λ

n;l
kx , (3.45)

where gn;l
k ≡ Gn

kGn+l
k . Gn

k ≡ Gk(iεn) is the Green function where n is a half-integer,
and L(kn, k′m; iωl) is the two-particle Green function in Eq. (2.27). v0

kμ ≡ ∂ε0
k/∂kμ

is the velocity of the free electron, and

�
n;l
k = v0

k + T
∑

k′,m
L(kn, k′m; iωl)g

m;l
k′ v0

k′ (3.46)

is the three-point vertex.
In the same way, Kohno and Yamada [24] derived the H -linear term of Kxy(iωl)

from Eq. (3.44) as

Kxy(iωl) = i · e3 H T
∑

n,k

x,y∑

μ,ν

[
∂μGn+l

k · Gn
k − Gn+l

k · ∂μGn
k

] [
Λ

n;l
kx · ∂νΛn;l

ky

]
· εμνz

+ [6 point VC term], (3.47)

where εμνλ is an antisymmetric tensor with εxyz = 1. In deriving Eq. (3.47), we
used the relation Hz = i(qx Ay − qy Ax ) and took the limit q → 0 at the final stage
of calculation [22]. Several kinds of Ward identities have to be correctly applied to
maintain the gauge invariance [24].

In order to derive the conductivity σμν(ω), we have to perform the analytic con-
tinuations of Eqs. (3.45) and (3.47); iωl (l > 0) → ω + iδ. For the practice of the
analytic continuation, we analyze Kxx (iωl) without vertex correction:

K noVC
xx (iωl) = −2e2T

∑

n,k

(v0
kx )

2Gk(iεn)Gk(iεn + iωl)

= −2e2
∑

k

∮

C

dε

4πi
th

ε

2T
(v0

kx )
2gn;l

k (3.48)

where the complex integration path C is shown in Fig. 3.1a. In deriving the second

line of Eq. (3.48), we utilized the fact that th
ε

2T
has poles at ε = i(2n +1)πT on the

imaginary axis, and the corresponding residue is 2T . By changing the integration
path to Fig. 3.1b, Eq. (3.48) is modified as

http://dx.doi.org/10.1007/978-3-642-35365-9_2
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1

3

2

1

3

2

(a) (b)

Fig. 3.1 a The analytic regions 1–3 as a function of a complex variable ε. Here, we put Imω > 0.
From each region, gn;l

k and Λ
n;l
kx are analytically continued to become g(i)

k (ε;ω) and J (i)
kx (ε;ω)

(i = 1–3), respectively. (b) The path C of the complex integration in Eq. (3.48)

K noVC
xx (iωl) = −2e2

∫ ∞

−∞
dε

4πi
(v0

kx )
2
[

th
ε

2T
(G R

k (ε) − G A
k (ε))Gk(ε+ iωl)

+th
ε− iωl

2T
Gk(ε− iωl)

(
G R

k (ε) − G A
k (ε)

)
]

, (3.49)

where G R(A)
k (ε) = Gk(ε± iδ), and its functional form is given in Eq. (2.18). Finally,

we perform the analytic continuation iωl(l ≥ 0) → w + iδ:

K noVC
xx (ω + iδ) = −2e2

∫ ∞

−∞
dε

4πi
(v0

kx )
2

3∑

i=1

λ(i)(ε;ω)g
(i)
k (ε;ω) (3.50)

where g(i)
k (ε;ω) (i = 1, 2, 3) is given by the analytic continuation of Gk(iε)Gk(iε+

iω) from the region i shown in Fig. 3.1a to real frequencies. It is expressed as
g

(1)
k (ε;ω) ≡ G R

k (ε)G R
k (ε + ω), g(2)

k (ε;ω) ≡ G A
k (ε)G R

k (ε + ω), and g(3)
k (ε;ω) ≡

G A
k (ε)G A

k (ε + ω). The corresponding thermal factors for region i is λ(1)(ε;ω) ≡
th

ε

2T
, λ(2)(ε;ω) ≡ (th

ε+ ω

2T
− th

ε

2T
), and λ(3)(ε;ω) ≡ −th

ε+ ω

2T
. According to

Eqs. (2.18)–(2.20), the relation |G R
k (ε)|2 = πρk(ε)

γ∗
k

≈ πδ(Ek)

γk
holds for γk 
 EF ,

so g(2) in Eq. (3.50) gives the dominant contribution. On the other hand, g(1,3) is less
significant since two poles locate on the same upper- or lower-complex plane [25].
For this reason, only g(2)

k presents the dominant contribution to the DC conductivity:

http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_2
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σnoVC
xx = 1

ω
ImK noVC

xx (ω + iδ)|ω=0

= e2
∑

k

∫ ∞

−∞
dε

π
(v0

kx )
2
(

−∂ f

∂ε

)

|G R
k (ε)|2

≈ e2
∑

k

zk

(

−∂ f

∂ε

)

E∗
k

(v0
kx )

2

γk
(3.51)

where f (ε) = (eε/T + 1)−1, and the relation zk(−∂ f 0/∂ε)E∗
k

= (−∂ f 0/∂ε)Ek =
δ(Ek) holds at low temperatures. Thus, we obtain σnoVC

xx ∝ γ−1, which diverges
when γ → 0.

In the presence of CVCs, the procedure of the analytic continuation becomes more
complicated: The expression of Kxx (ω + iδ) is [25]

Kxx (ω + iδ) = −2e2
∫ ∞

−∞
dε

4πi

∑

l=1,2,3

λ(1)(ε;ω)K (1)
xx (ε;ω), (3.52)

K (i)
xx (ε;ω) =

∑

k

v0
kxg

(i)
k (ε;ω)J (i)

kx (ε;ω), (3.53)

where i = 1, 2, 3. J (i)
kx (ε;ω) is given by the analytic continuation of Λ

n;l
kx =

Λkx (iεn, iωl) in Eq. (3.46), from region i shown in Fig. 3.1a to real frequencies.
It is expressed as

J (i)
kx (ε,ω) = v0

kx +
∑

k′, j=1,2,3

∫ ∞

−∞
dε′

4πi
T i, j

k,k′(ε, ε′;ω)g
( j)
k′ (ε′;ω)v0

k′x , (3.54)

where T i, j
k,k′(ε, ε′;ω) is the four point vertex correction connected with g(i)(ε;ω)

and g( j)(ε′;ω): It is given by the analytic continuation of the full four-point vertex
Γ (iεn, iεm; iwl) in Eq. (2.17), from the region i ( j) for iεn (iεm) in Fig. 3.1a to real
frequencies. Thermal factors are included in the definition of T i, j

k,k′ , and its functional
form will be given in Appendix B.

According to Eq. (3.54), T i, j satisfies the following Bethe-Salpeter equation:

T i, j (ε, ε′;ω) = T (I )i, j (ε, ε′;ω)

+
∑

l=1,2,3

∫
dε′′

4πi
T (I )i,l(ε, ε′′;ω)g(l)(ε′′;ω)T l, j (ε′′, ε′;ω) (3.55)

where we dropped the momentum suffices for simplicity, and T (I ) represent the
irreducible vertex without any particle-hole pairs g(l). We can also construct the
following Bethe-Salpeter equation according to Eliashberg [25]:

http://dx.doi.org/10.1007/978-3-642-35365-9_2
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T i, j (ε, ε′;ω) = T (0)i, j (ε, ε′;ω)

+
∫

dε′′

4πi
T (0)i,2(ε, ε′′;ω)g(2)(ε′′;ω)T 2, j (ε′′, ε′;ω) (3.56)

where T (0) is the irreducible vertex without any g(2), whereas g(1) and g(3) can be

included: T (0)i, j = T (I )i, j +
∑

l=1,3

∫
dε′′

4πi
T (I )i,lg(l)T (0)l, j .

In the same way, we can divide Kxx (ω + iδ) in Eq. (3.52) into K a
xx + K b

xx ; the
former does not contain any g(2) and the latter includes more than one g(2). We
neglect K a

xx since the dominant contribution of σxx ∝ γ−1 comes from g(2). Then,
K b

xx is rewritten as

Kxx (ω + iδ) = −2e2
∫ ∞

−∞
dε

4πi
J̃ (0)

kx (ε;ω)λ(2)(ε;ω)g
(2)
k (ε;ω)Jkx (ε;ω) (3.57)

The left-hand-side current J̃ (0)
kx , which is irreducible with respect to g(2), is given by

J̃ (0)
kx (ε;ω) = v0

kx +
∫ ∞

−∞
dε′

4πi

∑

k′,l=1,3

λ(l)(ε′;ω)v0
k′xg

(2)

k′ (ε′;ω)

× T (0)l,2
k′,k (ε′, ε;ω)/λ(2)(ε;ω) (3.58)

Also, the right-hand-side current Jkx is given by

Jkx (ε;ω) = J (0)
kx (ε;ω) +

∫ ∞

−∞
dε′

4πi
T 2,2

k,k′(ε, ε′;ω)g
(2)

k′ (ε′;ω)J (0)

k′x (ε′;ω) (3.59)

J (0)
kx (ε;ω) = v0

kx +
∫ ∞

−∞
dε′

4πi

∑

k′,l=1,3

T (0)2,l
k,k′ (ε, ε′;ω)g

(l)
k′ (ε′;ω)v

(0)

k′x (3.60)

Note that T 2,2(ε, ε′;ω = 0) does not contain any g(1,3) because of the rela-
tion T (I )i,2(ε, ε′;ω) ∝ λ(2)(ε′;ω) = 0 at ω = 0. That is, T 2,2(ε, ε′; 0) =
T (I )2,2(ε, ε′; 0) +

∫
dε′′

4πi
T (I )2,2(ε, ε′′; 0)g(2)(ε′′; 0)T 2,2(e′′, ε′; 0). Using the Ward

identity, both J (0)
kx (ε, 0) and J̃ (0)

kx (ε, 0) are replaced with the quasiparticle velocity
vkx = v0

k,x +∂ReΣk(ε)/∂kx [25]. Jkx is called the total current since it contains the
CVC discussed in previous sections.

In deriving the DC-conductivity σxx = ∂ImKxx/∂ω|ω=0 from Eq. (3.57), we
have to take the ω-linear term from λ(2)(ε;ω) since λ(2)(ε; 0) = 0. Because of the
relation λ(2)(ε;ω) = 2(−∂ f (ε)/∂ε) · ω + O(ω2), the expression of σxx with CVC
is given as [25]

σxx = e2
∑

k

zk

(

−∂ f 0

∂ε

)

E∗
k

vkx
Jkx (E∗

k; 0)

γk
, (3.61)
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which is exact when γ 
 EF . This expression is given by replacing one of the
velocity vkx in the RTA in Eq. (3.10) with the total current Jkx . Since Jkx is not
singular with respect to γ−1, Eq. (3.61) is proportional to γ−1.

Next, we discuss the Hall conductivity due to the Lorentz force: The analytic con-
tinuation of Kxy(iωl) had been performed in Refs. [22, 24]. The obtained expression,
which is exact within the most divergent term of order O(γ−2), is given by

σxy = −e3

2
H

∑

k

zk

(

−∂ f 0

∂ε

)

E∗
k

Jkx

γk
(vk × ∇k)z

Jky

γk
. (3.62)

which is given by replacing vkx and vky in the RTA in Eq. (3.11) with Jkx and Jky :

Jkμ is given by Eq. (3.59) by replacing J (0)
kμ with vkμ. This expression was derived

by Fukuyama et al. within the Born approximation [22], and it was proved to be
correct in Fermi liquids [24]. We have dropped the [6 point VC term] in Eq. (3.47)
since they are less singular with respect to γ−1

k [24]. In particular, its contribution to
σxy vanishes in the FLEX approximation.

Apparently, Eqs. (3.61) and (3.62) become equal to the RTA results given in
Eqs. (3.10) and (3.11) if we replace the total current Jk with the quasiparticle veloc-
ity vk, that is, if we drop the CVC by T 2,2. The RTA had been frequently used in
analyzing transport anomaly in high-Tc cuprates. However, we will explain that the
neglect of the CVC causes various unphysical results.

In the same way, the present author has derived the exact expressions for the
magneto-conductivity Δσxx ≡ σxx (Hz)−σxx (0) [23]. The expression will be shown
in Eqs. (5.13) and (5.14) in Sect. 5.3: Δσa

xx is given by replacing two vkx ’s in the
RTA result in Eq. (3.12) with the total currents, whereas Δσb

xx is totally absent in the
RTA. Also, the exact expression for the Peltier coefficient αxy = Ey/(−∇x T ) under
the magnetic field is also derived in Ref. [26].

3.4 CVC and Ward Identity

In later analytical and numerical studies, it is convenient to transform Eq. (3.59) into
the following Bethe-Salpeter equation [25]:

Jkx (ε) = vkx +
∑

k′

∫ ∞

−∞
dε′

4πi
T (0)

k,k′(ε, ε′)g(2)

k′ (ε′; 0)Jk′x (ε
′), (3.63)

where T (0) ≡ T (0)2,2, and the total current Jkx appears in both sides of the equations.
Here, vkx = v0

kx + ∂ReΣk(0)/∂kx , and we put ε = 0 in Jkx (ε) for simplicity.
Equation (3.63) is expressed in Fig. 3.2a. It is given by

T (0)

k,k′(0, ε′) =
(

cth
ε′

2T
− th

ε′

2T

)
(
Γ

(0);I I
k,k′ (0, ε′) − Γ

(0);I V
k,k′ (0, ε′)

)
(3.64)

http://dx.doi.org/10.1007/978-3-642-35365-9_5
http://dx.doi.org/10.1007/978-3-642-35365-9_5
http://dx.doi.org/10.1007/978-3-642-35365-9_5
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Fig. 3.2 a Bethe-Salpeter equation (Eq. (3.63)) for the total current Jk. b Expression for T (0)

k,k′ (0, ε′)
in the microscopic Fermi liquid theory. The factor −1/2 is necessary to avoid double counting

where Γ (0);X (X = I I, I V ) is given by the analytic continuation from each
region (2, 2; X ) in Fig. B.1 in Appendix B. At ω = 0, T (0)

k,k′ in Eq. (3.64) is irre-

ducible with respect to any particle-hole pair g(1,2,3), because of the relations in
Eqs. (B.5) and (B.11).

Here, we have discussed the transport phenomena under the outer field Eeikx−iωt .
The DC-conductivity is given under the condition kvF/ω 
 1 and ω → 0, which
is called the ω-limit case or hydrostatic case. Landau discussed the transport phe-
nomena in the opposite condition kvF/ω � 1, which is called the k-limit case or
hydrodynamic case. He found the significant role of the CVC, which is called the
backflow in the phenomenological Fermi liquid theory.

We analyze the Bethe-Salpeter equation (3.63) in the ω-limit and ω → 0: Its solu-
tion is real since T (0)

k,k′(0, ε′) in Eq. (3.64) is pure imaginary. Since ImΓ X
k,k′(0, 0) = 0

(X = I I, I V ), we have to extract the ε′-linear term of ImΓ
(0);X

k,k′ (0, ε′). Since it orig-
inates from the cut of the particle-hole pair or that of the particle-particle pair [27],
Γ I I,I V is divided into two Γ ’s after taking the derivative of ε′. Using the relations
such as Imχ̇0

q(0) = (π/2)
∑

k ρk(0)ρk+q(0), the ε′-linear term of ImΓ (0);X (0, ε′) is
given by [10]

ImΓ
(0);I I

k,k′ (0, ε′) = πε′
∑

q

Γ 2(k, k′; k′ − q, k + q)

×
(

ρk+q(0)ρk′+q(0) − 1

2
ρk+q(0)ρk′−q(0)

)

, (3.65)

where Γ (k, k′; k′−q, k+q) is the full four-point vertex at the Fermi level, which is a
real function of (k, k′, q). The factor 1

2 in front of the second term in the curly bracket
in Eq. (3.65) is necessary to avoid double counting. Equation (3.65) is schematically
shown in Fig. 3.2b.

After changing momentum variables, the Bethe-Salpeter equation (3.63) is trans-
formed into [10]
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Jk = vk + ΔJk, (3.66)

ΔJk =
∑

k′q
T̄ (0a)

k,k+q
ρk+q(0)

2γk+q
Jk+q +

∑

k′q
T̄ (0b)

k,k′−q
ρk′−q(0)

2γk′−q
Jk′−q

+
∑

k′q
T̄ (0c)

k,k′
ρk′(0)

2γk′
Jk′ , (3.67)

where we used the relation
∫ ∞
−∞ dε[cth(ε/2T ) − th(ε/2T )]ε = (πT )2. T̄ (0α) (α =

a, b, c) are functions of (k, k′, q), and they represent the forward scattering amplitude
[25, 27]. The expressions for T̄ (0α) (α = a, b, c) at sufficiently low temperatures
are given by [10]

T̄ (0a)
k,k+q = π(πT )2

2

1

2
Γ 2(k, k′; k′ − q, k + q)ρk′(0)ρk′−q(0), (3.68)

T̄ (0b)

k,k′−q = π(πT )2

2

1

2
Γ 2(k, k′; k′ − q, k + q)ρk′(0)ρk+q(0), (3.69)

T̄ (0c)
k,k′ = −π(πT )2

2

1

2
Γ 2(k, k′; k′ − q, k + q)ρk+q(0)ρk′−q(0). (3.70)

Since the CVC due to T̄ (0c) represents the hole current, the minus sign appears in
Eq. (3.70). In Eqs. (3.68)–(3.70), we dropped spin indices in Γ to simplify equa-
tions: If spin indices are taken into account, 1

2Γ 2 in each equation is replaced with
1
2Γ 2

↑,↑;↑,↑ + Γ 2
↑,↓;↓,↑ + Γ 2

↑,↓;↑,↓ as explained in Ref. [10]. Equations (3.68)–(3.70)

are expressed in Fig. 3.3(i). Note that Eqs. (3.68) and (3.69) are equivalent since
Γ (k, k′; k′ − q, k + q) is fully antisymmetrized as a consequence of the Pauli prin-
ciple.

In the same way, ImΣk(−iδ) = γk at sufficiently low temperatures can be
expressed as [10, 27]

γk = 1

2

∑

k′

∫
dε′

4πi
T (0)

k,k′(0, ε′) · πρk′(ε′)

= 1

2

∑

k′q
T̄ (0a)

k,k+qρk+q(0), (3.71)

which is proportional to T 2 at the zero-temperature limit, if the dimension is slightly
higher than two. [In pure 2D systems, γk ∝ −T 2lnT .] Equation (3.71) is shown
in Fig. 3.3(ii). We note that γk is also given by γk = 1

2

∑
k′q T̄ (0b)

k,k′−qρk′−q(0) =
− 1

2

∑
k′q T̄ (0c)

k,k′ ρk′(0).
Here, we calculate the CVC in a free dispersion model in the absence of Umklapp

scattering according to Yamada and Yosida [10]. In this case, both γk and Jk on the
Fermi surface are isotropic, that is, γk = γkF and Jk = J · k/kF. By noticing the
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Fig. 3.3 (i) Diagrammatic representation of Eqs. (3.68)–(3.70). Each hatched part represents the
real part of the full antisymmetrized four point vertex Γ (k, k′; k +q, k′ −q). Each line with arrow
represents the imaginary part of the Green function. Note that a becomes different from b if we
violate the antisymmetric nature of Γ (k, k′; k + q, k′ − q) in the course of approximation. (ii)
Diagrammatic representation of Eq. (3.71)

relationship Jk+q + Jk′−q − Jk′ = Jk and using Eqs. (3.68)–(3.71), it is easy to
verify that the CVC in Eq. (3.67) is exactly given by

ΔJk = Jk, (3.72)

in a free dispersion model. If we put ΔJk = c Jk (c is a constant), the solution of
Eq. (3.66) is given by Jk = vk/(1 − c), which diverges when c → 1. Therefore,
the conductivity given by Eq. (3.61) diverges, which is a natural consequence of the
momentum conservation law [10]. Yamada and Yosida also showed that Jk remains
finite in the presence of the Umklapp processes [10].

Next, we discuss the case where ε0
k is anisotropic. Then, the formal solution of

Eq. (3.63) is given by
Jk =

∑

k′
(1̂ − Ĉ)−1

k,k′vk′ , (3.73)

where Ck,k′ = ∫ dε′
4πi T

(0)

k,k′(0, ε′) · ρk′(0)/2γk′ . When ε0
k is anisotropic, quasiparticle

current is not conserved in the normal scattering process; vk + vk′ �= vk+q + vk′−q.
Nonetheless of the fact, one can show that det{1̂−Ĉ} = 0 as a result of the momentum
conservation [28, 29]. Therefore, Jk in Eq. (3.73) and σxx diverge in any anisotropic
model without normal Umklapp processes. The same result was already obtained by
the variational principle in Sect. 3.2. [Exactly speaking, ρxx = 1/σxx is proportional
to T 2N−2 when the N -particle Umklapp scattering processes are present [30].]

The FLEX approximation reproduces the divergence of the conductivity in the
absence of the Umklapp scattering, if one consider the CVC given by the Ward iden-
tity Γ I = δΣ/δG [31, 32]. Therefore, the FLEX approximation will be appropriate
for the study of transport phenomena in correlated electron systems.
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3.5 CVC in Nearly AF Fermi Liquids

We consider the role of the CVC in nearly AF Fermi liquids in the presence of
Umklapp scattering, where the scattering processes are mainly given by the strong AF
fluctuations with q ∼ Q. First, we intuitively discuss the CVC in nearly AF metals,
where the quasiparticles are scattered by strong AF fluctuations with q ∼ Q = (π,π).
As shown in Fig. 3.4a, the quasiparticle at k′ is scattered to k′ − q because of the
momentum conservation. The current due to the quasiparticle at k′ − q and the hole
at k′ is given by vk′−q − vk′ . This current almost cancels after performing the k′-
summation: In fact, the current of the particle-hole pair (k′′ − q, k′′) for k′′ = −k′,
which is shown in Fig. 3.4b, is v−k′−q − v−k′ ≈ −vk′−q + vk′ since 2q ≈ 2Q is
a reciprocal lattice vector. Therefore, the CVC is given only by the quasiparticle
at k + q. Then, the conductivity does not diverge because of the existence of the
Umklapp processes in Fig. 3.4b.

Since the total current Jk is approximately parallel to vk+vk+Q in nearly AF met-
als, Jk is not perpendicular to the Fermi surface. Thus, Jk has strong k-dependence
near the AF QCP due to the multiple backscattering between k and k + Q. [The
schematic behavior of Jk is shown in Fig. 3.7.] This fact is the origin of the enhance-
ment of RH [33]. Thus far, we discussed only the two-body scattering process, and
ignored the higher-order processes. This is justified when γ/EF 
 1, which is well
satisfied in optimally-doped cuprate HTSCs [34–36].

Now, we return to the microscopic analysis. When the scattering processes are
mainly given by the strong AF fluctuations with q ∼ Q, we can approximate the full
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Fig. 3.4 Decay process of a quasiparticle at k in HTSCs. a Due to strong AF fluctuations, this
quasiparticle at k is scattered to k + q (q ∼ Q), creating a particle-hole pair (k′, k′ − q). b The
current of the particle-hole excitation in a is almost canceled by another particle-hole excitation
(k′′, k′′ − q) for k′′ = −k′. Therefore, the CVC is given by the quasiparticle at k + Q alone
(=Maki-Thompson term). The process (b) is the Umklapp scattering
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four-point vertex in Eqs. (3.68)–(3.70) as

Γs1,s2;s3,s4(k, k′; k′ − q, k + q) ≈ Ū 2

2

{
χs

q(0)σs1,s4 · σs2,s3

−χs
k−k′+q(0)σs1,s3 · σs2,s4

}
, (3.74)

which satisfies the antisymmetric nature of Γ that is the consequence of the Pauli
principle. The diagrammatic representation of Eq. (3.74) is shown in Fig. 3.5a. Here,
si (i = 1 4) represents the spin index and σ is the Pauli matrix vector. Ū in Eq. (3.74)
is the effective interaction between the electrons and spin fluctuations, given by the
three-point vertex shown in Fig. 3.5b.

In the present subsection, however, we analyze the CVC using the following more
simplified approximation for Γ :

Γs1,s2;s3,s4(k, k′; k′ − q, k + q) ≈ Ū 2

2
χs

q(0)σs1,s4 · σs2,s3 . (3.75)

Although Eq. (3.75) violates the Pauli principle, this approximation produces the
dominant CVC (Maki-Thompson term) near AF-QCP. In Ref. [37], we analyzed the
CVC using Eq. (3.74), and showed that the analysis based on Eq. (3.75) is justified.

Using the approximation in Eq. (3.75), T̄ (0α) (α = a, b, c) in Eqs. (3.68)–(3.70)
are expressed by (a)–(c) in Fig. 3.6(i), respectively, where wavy lines represent the
spin fluctuations. The CVCs expressed in (a) and (b) correspond to the current due to
the quasiparticles at k+q and k′ −q, respectively, and the CVC in (c) corresponds to
the current due to the quasi-hole at k′ in Fig. 3.4. In the field theory, (a) is called the
Maki-Thompson term, and (b) and (c) are called the Aslamazov-Larkin terms. As
explained in Fig. 3.4, the Aslamazov-Larkin terms approximately disappears [33]
whereas the Maki-Thompson term plays an important role when ξAF � 1 and
Q ≈ (π,π).
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Fig. 3.5 a Diagrammatic representation of Eq. (3.74). The wavy lines represent the spin fluctuations,
χs

q(0). b Diagrammatic representation of Ū in Eq. (3.74). U is the bare Coulomb interaction in the

Hubbard model and Λ̄(k + q, q) is the three-point vertex that is irreducible with respect to U
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Fig. 3.6 (i) The CVC within the one-loop approximation due to Eq. (3.75). Here, T̄ (0a)
k,k+q, T̄ (0b)

k,k′−q,

and T̄ (0c)
k,k′ in Fig. 3.3a–c are approximated as a-c, respectively. a corresponds to the Maki-Thompson

term in the FLEX approximation, which represents the CVC (MT) in Fig. 3.4. b and c correspond to
the Aslamazov-Larkin terms, which represent the (AL1) and (AL2) in Fig. 3.4. (ii) The expression
for γk in the same approximation

According to Eq. (3.75), 1
2Γ 2 in T̄ (0a) becomes (3U 4/4)[χs

q(0)]2 after taking the

summation of spin indices. However, we replace 1
2Γ 2 with (3U 4/2)[χs

q(0)]2 since

the term (a) in Fig. 3.6 is also derived from T̄ (0b) if we use Eq. (3.74). Then, the CVC
in Eq. (3.67) and γk given in Eq. (3.71) near the AF QCP are obtained as

ΔJk =
∑

q

(πT )2 3Ū 4

4
[χs

q(0)]2Imχ̇0
q(0)

ρk+q(0)

γk+q
Jk+q, (3.76)

γk =
∑

q

(πT )2 3Ū 4

4
[χs

q(0)]2Imχ̇0
q(0)ρk+q(0), (3.77)

where we used the relation Imχ̇0
q(0) = (π/2)

∑
k ρk(0)ρk+q(0). Since Imχ̇s

q(0) =
Imχ̇0

q(0)[Ūχs
q(0)]2, Eqs. (3.76) and (3.77) are rewritten as

Jk = vk +
∑

q

3Ū 2

4
(πT )2Imχ̇s

q(0)
ρk+q(0)

γk+q
Jk+q. (3.78)

γk =
∑

q

3Ū 2

4
(πT )2Imχ̇s

q(0)ρk+q(0). (3.79)

Note that Eq. (3.79) is equivalent to γk in the spin fluctuation theory in Eq. (2.29).
In this section, we have neglected the energy-dependence of the four-point vertices

[in Eqs. (3.68)–(3.70)] and that of the spin susceptibilities [in Eqs. (3.76)–(3.79)] to
simplify the discussion. For this reason, Eqs. (3.78) and (3.79) are appropriate only for
ωsf � T whereω-dependence ofχs

q(ω) can be ignored. In the case ofωsf 
 T , (πT )2

in Eqs. (3.78) and (3.79) should be replaced with
∫ ωsf
−ωsf

[cth(ε/2T )− th(ε/2T )]εdε =
4Tωsf . For any value of ωsf/T , they are expressed by Eqs. (36) and (33) in Ref. [33],
respectively.

http://dx.doi.org/10.1007/978-3-642-35365-9_2
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Here, we approximately solve Eq. (3.78) when ξAF � 1 and ξAFΔkc ∼ O(1). We
assume k is close to point A in Fig. 2.1a. Sinceχs

q(0) is large only when |q−Q| � ξ−1
AF,

the CVC term in Eq. (3.78) is expressed as ΔJk ≈ (Jk∗/γk∗)
∑

q(3Ū 2/4)(πT )2

Imχ̇s
q(0), where (k∗

x , k∗
y) = (−ky,−kx ) for kx ky > 0, and (k∗

x , k∗
y) = (ky, kx ) for

kx ky < 0 as shown in Fig. 2.1a. Considering Eq. (3.79), ΔJk ≈ Jk∗ in the case of
ξAF � 1. The more detailed expression for the CVC term ΔJk is given by [33]

ΔJk ≈ 〈 Jk′ 〉|k′−k∗|<1/ξAF

≈ Jk∗ · 〈 cos(θJ
k′ −θJ

k∗) 〉|k′−k∗|<1/ξAF ≈ αk Jk∗ , (3.80)

where αk ≈ (1 − c/ξ2
AF) < 1 and c ∼ O(1) is a constant. The k-dependence of αk

will be moderate if ξAFΔkc � 1. By this simplification, Eq. (3.78) becomes

Jk = vk + αk Jk∗ , (3.81)

and the solution is given by [33]

Jk = 1

1 − α2
k

(vk + αkvk∗) . (3.82)

Here, we examine the k-dependence of Jk given in Eq. (3.82): (a) near points A and B,
Jk is almost parallel to vk by symmetry. At point A, Jk = vk/(1+αk) ∼ 1

2vk since
vk = −vk∗ . (b) Near point C, Jk ≈ (ξ2

AF/2c)(vk + vk∗), which is nearly parallel
to the AFBZ. These behaviors of Jk together with vk are schematically shown in
Fig. 3.7a. Here, we have assumed that ξAFΔkc ∼ O(1), where Δkc represents the
deviation from the nesting condition at the cold spot in Fig. 2.1a. This condition is

(0,π)

Fermi 
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:
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Fig. 3.7 a Schematic total current Jk and the quasiparticle velocity vk on the Fermi surface.
The cold spot is around the point A (B) in hole-doped (electron-doped) HTSCs. b Effective Fermi
surface for σxy . The large curvature of the effective Fermi surface around the cold spot presents the
enhancement (and the sign-change) of RH

http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_2
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satisfied in slightly under-doped YBCO and LSCO above Tc, as discussed in Sect. 2.3.
In Fig. 2.1b, we show an “effective Fermi surface” that it is orthogonal to Jk around
the cold spot [38]. Based on this concept, we discuss the role of the CVC in the Hall
coefficient in Sect. 5.2.

When ξAFΔkc � 1, one may think that the CVC is small around the cold spot, so
the increment in RH by CVC is small. However, this expectation is not true since γk is
also small by the same reason, and thereforeαk in Eq. (3.80) is close to unity. We have
verified that the CVC around the cold spot is significant even if ξAFΔkc � 1, by using
a phenomenological χs

q(ω) model given in Eq. (2.1) [39]. Later, we demonstrate that
RH is strongly enhanced by the CVC using the FLEX approximation, which yields
a realistic functional form of χs

q(ω). We will show that the CVC is important in
NCCO, although ξAFΔkc � 1 is realized at low temperatures.

Here, we have analyzed the CVC by assuming Eq. (3.75), which corresponds
to the one-loop approximation for the self-energy like the FLEX approximation.
When AF fluctuations are strong, only Maki-Thompson term is important. Moreover,
Eqs. (3.76) and (3.77) contain the same Kernel function [χs

q(0)]2Imχ̇s
q(0)ρk+q(0)]

owing to the Ward identity between CVC and γk. For this reason, the factor
αk in Eq. (3.82) approaches unity near AF-QCP, which assures the anomalous k-
dependence of Jk near AF-QCP that shown in Fig. 3.7. In Ref. [37], we have ana-
lyzed the self-energy and the CVC beyond the one-loop approximation by assuming
Eq. (3.74). It is confirmed that the CVC near the AF QCP is important even if the
higher-loop diagrams are taken into account.
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Chapter 4
Anomalous Hall Effect (AHE) and Spin Hall
Effect (SHE)

4.1 Relation Between AHE and SHE

In this chapter, we study the interesting spin-related transport phenomena that are
widely observed in various d- and f -electron systems. For example, in the presence
of the magnetization M, charge current is induced by an electric field E in parallel
to M × E. This phenomenon, which is called the anomalous Hall effect (AHE), has
been studied for a long time, and recently attracted renewed interest. The spin Hall
effect (SHE) in paramagnetic metals has received considerable attention due to its
fundamental as well as technological interest. The SHE is the phenomenon that an
electric field induces a spin current (not a charge current) in a tranverse direction.
The SHE occurs even if the time reversal symmetry is not violated since the spin
current does not change by time reversal. By using the spin Hall effect, one can create
a pure spin current by applying an electric field to a paramagnetic metal. Inversely,
spin current is converted to the electric field in the perpendicular direction via the
inverse SHE.

In 1954, Karplus and Luttinger [1] showed that in multiband ferromagnetic sys-
tems with spin-orbit interaction, a conduction electron feels a force perpendicular
to the electric field even in the absence of magnetic field: For an electron with
sz = ±�/2, the spin-orbit interaction λl ·σ is reduced to be ±λ�lz/2. This term
affects the motion of the electron like a “magnetic field” in a multiorbital system
where the atomic angular momentum is not quenched; we will discuss in detail in
later sections. This is the origin of AHE as shown in Fig. 4.1a. When the magneti-
zation is reversed, the charge current due to the AHE, jAHE

y , also changes its sign.
In a paramagnetic state where N↑ = N↓, jy↑ = − jy↓ as shown in Fig. 4.1b. Then,
spin current j s

y = (−�/2e)( jy↑ − jy↓) flows along y-direction where −e (< 0) is
the electron charge, whereas charge current jy = jy↑ + jy↓ cancels out identically.
Therefore, origin of the SHE and that of the AHE are the same. [In above explanation,
we disregarded the fact that the electron spin can be reversed by the x , y components
of the spin-orbit interaction λ(lx sx + lysy) to simplify the explanation.]

H. Kontani, Transport Phenomena in Strongly Correlated Fermi Liquids, 51
Springer Tracts in Modern Physics 251, DOI: 10.1007/978-3-642-35365-9_4,
© Springer-Verlag Berlin Heidelberg 2013
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Ey

J (spin current)x
s

y

J (charge current)

E

x

(a) (b)

Fig. 4.1 a AHE in a ferromagnetic metal. b SHE in a paramagnetic metal. In (b), finite AHE
appears when the magnetic field is applied along z-axis

The KL theory is called the “intrinsic Hall effect” since this is an universal
phenomenon in multiband systems in the presence of spin-orbit interaction (SOI),
free from the impurity scattering. Since the intrinsic Hall conductivity under Ey

(σ a
xy = jx/Ey or σ s

xy = j s
x /Ey) is independent of the quasiparticle damping rate γ ,

it cannot be described by the conventional RTA. For this reason, the intrinsic Hall
effect is called the “quantum transport phenomenon”. After the KL theory [1, 2], it
was revealed that the SHE and AHE are also induced by impurity scattering, which
is called the “extrinsic Hall effect”. There are two kinds of the extrinsic mechanism;
the skew scattering [3] and side-jump [4] mechanisms. The former (latter) Hall con-
ductivity is proportional to γ (γ 0). In this chapter, we concentrate on the intrinsic
Hall effect.

Recent experimental efforts have revealed that many metallic compounds show
sizable spin Hall conductivity (SHC). In particular, Pt shows a very huge SHC at room
temperature [5, 6]: The observed SHC in Pt is about 104 times larger than the SHC
reported in n-type semiconductors [7, 8]. To elucidate the origin of the huge SHE
in transition metals, authors in Ref. [9] presented the first report on the theoretical
study of SHE in transition metal compound Sr2RuO4. It was found that the d-orbital
degree of freedom is crucial to realize the huge SHE in various transition metals.
Later, several authors have studied the SHC based on the multiorbital tight-binding
models [10–12].

4.2 AHE in Two-Orbital Tight-Binding Model

For a long time, the intrinsic Hall effect proposed by KL had been underestimated.
This would be because the theoretical model assumed in Ref. [2] was too oversimpli-
fied, and therefore quantitative analysis of σ a

xy could not be achieved. In 1994, authors
in Refs. [13, 14] derived a simple expression of the intrinsic AHE in the periodic
Anderson model, which is a frequently-used canonical model for heavy fermion
systems. This study strongly indicates that the large AHE in heavy fermion systems
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originates from the intrinsic mechanism. Based on the similar method, intrinsic AHE
had been studied in various metals.

In this section, we study the intrinsic AHC in a simple tight-binding model with
(dxz, dyz)-orbitals. The band structure of this model corresponds to α and β bands of
Sr2RuO4. Here, we represent the creation operator of an electron on xz (yz) orbital
as cx

k
† (cy

k
†
). The Hamiltonian without ls-coupling is given by H0 = ∑

k ĉ†
kĥ0

kĉk,
where

ĥ0
k =

(
ξ x

k ξ
xy
k

ξ
xy
k ξ

y
k

)

, (4.1)

and ĉ†
k = (cx

k
†, cy

k
†
). ξ x

k = −2t cos kx , ξ
y
k = −2t cos ky and ξ

xy
k = 4t ′ sin kx sin ky .

Here, −t and ±t ′ are the hopping integrals between nearest-neighbors and next-
nearest-neighbors, respectively. They are shown in Fig. 4.2.

Then, the velocity is given by v̂μ = ∂ ĥ0
k/∂kμ, where μ = x, y. They are given

by

v̂x =
(

2t sin kx 4t ′ cos kx sin ky

4t ′ cos kx sin ky 0

)

, (4.2)

v̂y =
(

0 4t ′ sin kx cos ky

4t ′ sin kx cos ky 2t sin ky

)

. (4.3)

Thus, the inter-orbital velocity v
xy
x (vxy

y ) is an odd-function of ky (kx ), which is called
the “anomalous velocity”.

Finally, we introduce the atomic ls-coupling 2λl · s: We put the coupling constant
as 2λ in this section. It is expressed as Hλ = ∑

k ĉ†
kĥλĉk. Because |xz〉 = −(|lz =

+1〉 − |lz = −1〉)/√2 and |yz〉 = i(|lz = +1〉 + |lz = −1〉)/√2i , ĥλ in the present
orbital basis is given by

ĥλ = sgn(sz)λτ̂y, (4.4)

where τ̂y is the Pauli matrix for the orbital space. Note that l̂y = l̂z = 0 in the present
basis. Hereafter, we put μB = 1 for the simplicity of calculation.

Fig. 4.2 Hopping integrals
between the a same orbitals
and b different orbitals. The
sign of the inter-orbital hop-
ping integral changes by π/2
rotation. This fact gives rise to
the anomalous velocity

x

y d(xz)

d(yz)

-t

-t t’ -t’t’ -t’

-t

(a) (b)
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The Green function in the presence of atomic ls-coupling, Ĝk(ω) = (ω + μ −
ĥ0

k − ĥλ)−1, is given by

(
Gxx Gxy

G yx G yy

)

= 1

d(ω)

(
ω + μ − ξ

y
k αk

α∗
k ω + μ − ξ x

k

)

, (4.5)

where αk = ξ
xy
k + iλsgn(sz) and d(ω) = (ω +μ− ξ x

k )(ω +μ− ξ
y
k )−|αk|2, which

is expressed as

d(ω) = (ω + μ − E+
k )(ω + μ − E−

k ), (4.6)

E±
k = 1

2

(

ξ x
k + ξ

y
k ±

√
(ξ x

k − ξ
y
k )2 + 4|αk|2

)

, (4.7)

where E±
k represents the quasiparticle dispersion. Figure 4.3 shows the Fermi sur-

faces for (t, t ′) = (1, 0.1). In Sr2RuO4, t ′/t ∼ 0.1. The splitting Δ± represents
the minimum band-splitting (|E+

k − E−
k |) measured from the Fermi surface of

E±
k -band. In Fig. 4.3, k∗ represents the position of the minimum band-splitting,

Δ ≡ min{Δ+, Δ−}.
Assuming the orbital diagonal quasiparticle damping γ , the retarded (advanced)

Green function is given by

G R(A)

αβ ′ (ω) = Gαβ ′(ω + (−)iγ ), (4.8)

where α, β = xz, yz.
The expression of the intrinsic AHC is derived from the Kubo formula, Eq. (3.48),

for multiorbital systems. Its diagrammatic expression is shown in Fig. 4.4. Then,
we have to perform the analytic continuation exactly to obtain the expression of
the intrinsic term that is of order γ 0. According to Refs. [15] and [16], the exact
expression of the intrinsic AHC without vertex correction is

σ a
μν = σ a,I

μν + σ a,I I
μν , (4.9)

σ a,I
μν =

∑

k,αα′ββ ′

∫
dε

2π
vα′α
μ vβ ′β

ν

(

−∂ f

∂ε

)

×
[

G R
αβ ′ G A

βα′ − 1

2

(
G R

αβ ′ G R
βα′ + G A

αβ ′ G A
βα′

)]

, (4.10)

σ a,I I
μν = −1

2

∑

k,αα′ββ ′

∫
dε

2π
vα′α
μ vβ ′β

ν f (ω)

×
[

∂

∂ε
G R

αβ ′ · G R
βα′ − G R

αβ ′
∂

∂ε
G R

βα′

− ∂

∂ε
G A

αβ ′ · G A
βα′ + G A

αβ ′
∂

∂ε
G A

βα′

]

, (4.11)

http://dx.doi.org/10.1007/978-3-642-35413-7_3
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Fig. 4.3 a The bandstructure of the two-orbital model for (t, t ′) = (1, 0.1), which corresponds to
Sr2RuO4. b, c Fermi surfaces for n = 0.6 and n = 1.4

where f (ε) is the Fermi distribution function. Note that Eq. (4.10) [Eq. (4.11)] is
derived from Eq. (3.50), with the factor λ(2) (λ(1,3)). We call σ a,I

μν and σ a,I I
μν the

“Fermi surface term” and the “Fermi sea term”, respectively, according to literature.
From now on, we calculate the intrinsic AHC in the present model. Using the

square lattice symmetry of the present model, we obtain that

vx vy

λlz Mz

vx vy
′

(a) (b)

′
+ω +ω

Fig. 4.4 a Green function from orbital α to orbital β, b velocity orbital α to orbital β, and c
diagrammatic expression for the AHC without CVC
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σ a,I
xy = λ

∑

k

∫
dε

2π
vxx

x v
xy
y

(

−∂ f

∂ε

)
4γ

d Rd A
, (4.12)

σ a,I I
xy = 2iλ

∑

k

∫
dε

2π
vxx

x v
xy
y f (ω)

[(
1

d R

)2

−
(

1

d A

)2
]

, (4.13)

where vxx
x v

xy
y = 8t t ′ sin2 kx cos ky . Here, it is essential that vxx

x v
xy
y is the totally

symmetric representation (A1g), and it does not vanish after the k-summation. Note
that the term proportional to G RG R + G AG A in σ

a,I
xy vanishes identically.

Here, we derive the expressions for σ
a,I
xy and σ

a,I I
xy at T = 0. Then, the ω-

integration in Eq. (4.13) can be performed using the relation

∫ μ

−∞
dx

(x − a)2(x − b)2 = −(2μ − a − b)

(a − b)2(μ − a)(μ − b)

− 2

(a − b)3 ln

(
a − μ

b − μ

)

. (4.14)

The final result for the intrinsic AHC is given by

σ a
xy = σ a,I

xy + σ a,I I a
xy + σ a,I I b

xy , (4.15)

σ a,I
xy = 2λ

π

∑

k

vxx
x v

xy
y

γ

((μ − E+
k )2 + γ 2)((μ − E−

k )2 + γ 2)
, (4.16)

σ a,I I a
xy = 2λ

π

∑

k

vxx
x v

xy
y

1

(E+
k − E−

k )2

× Im

{
2μ − E+

k − E−
k + 2iγ

(μ − E+
k + iγ )(μ − E−

k + iγ )

}

, (4.17)

σ a,I I b
xy = 4λ

π

∑

k

vxx
x v

xy
y

1

(E+
k − E−

k )3

× Im

{

ln

(
E+

k − μ − iγ

E−
k − μ − iγ

)}

. (4.18)

Later, we perform numerical calculation of the AHC using these expressions. (The
expressions of the AHC for general multiorbital models had been derived in Ref.
[11].) When the number of bands is infinite and γ → 0, σ

a,I I b
xy is written as the

integration of the Berry curvature over the Brillouin zone as explained in Sect. 11.5,
known as the Thouless-Kohmoto-Nightingale-den Nijs (TKKN) formula [17].

Before performing the numerical study, we analyze Eqs. (4.16), (4.17) and (4.18)
when γ is very small. According to Ref. [16], Eqs. (4.16)–(4.18) are rewritten as
follows for γ → 0:
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σ a,I
xy ≈ 2λ

∑

k

vxx
x v

xy
y

δ(μ − E+
k ) + δ(μ − E−

k )

(E+
k − E−

k )2
, (4.19)

σ a,I I a
xy ≈ −σ I

xy, (4.20)

σ a,I I b
xy ≈ 4λ

∑

k

vxx
x v

xy
y

−θ(μ − E+
k ) + θ(μ − E−

k )

(E+
k − E−

k )3
. (4.21)

According to Eq. (4.21), the main contribution to σ
a,I I b
xy comes from an area near k∗

in Fig. 4.3, if E+
k > 0 and E−

k < 0 are satisfied. When dk ≡ E+
k − E−

k is small, then
(−θ(μ − E+

k ) + θ(μ − E−
k ))/dk ≈ 2δ(μ − (E+

k + E−
k )/2). In this case, we obtain

σ a,I I b
xy ≈ 4λ

∑

k

vxx
x v

xy
y

δ(μ − (E+
k + E−

k )/2)

(E+
k − E−

k )2

≈ σ a,I
xy . (4.22)

In case of γ → 0, σ
a,I I b
xy is written as the Berry curvature formula, as shown in

Sect. 11.5.
From now on, we perform the numerical calculation for both σ a

xy and σxx at
T = 0, assuming a complete ferromagnetic state where n↓ = n and n↑ = 0. In
this case, mz = μBn. (We put μB = 1 hereafter.) The unit of conductivity in this
section is e2/ha, where h is the Plank constant and a is the unit cell length (inter-
layer distance in 2D systems). If we assume the length of unit cell a is 4 Angstrom,
e2/ha ≈ 103 �−1cm−1.

Figure 4.5a shows the n-dependence of σxy for n = 0.2 ∼ 1.8. n = 2 is a
ferromagnetic band insulators. In this model, σxy(n) = −σxy(2 − n). Here, we put

0 0.5 1 1.5 2

n

−0.6

−0.3

0.0

0.3

0.6

σ x
y [

e2 /h
a]

σxy (λ=0.1, t’/t=0.15)
σxy (λ=0.2, t’/t=0.1)

σxy

(λ=0.1, t’=0.15t)

γ =0.05
I

0 0.2 0.4 0.6

λ

0

0.2

0.4

(a) (b)

σ x
y [

e2 /h
a]

n=0.2
n=0.4
n=0.6

t’/t=0.1, γ=0.05

Fig. 4.5 a Obtained total AHC (σxy) and σ I
xy as a function of n = mz . It is verified that σxy ≈ σ I

xy

is well satisfied. e2/ha ≈ 103 �−1cm−1 if we put the unit cell length a = 4 Angstrom. σxy is not
a monotonic function of mz , and changes its sign at mz ∼ 1. b λ-dependence of σxy for n = 1.4
and 0.6
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γ = 0.05, which is sufficiently smaller than Δ shown in Fig. 4.3. If we assume
t = 4000 K, the bandwidth is approximately 4|t | = 16000 K. At n ∼ 1.8, |σxy |
exceeds 0.5 × 103 �−1cm−1, which is comparable with experimental value in Fe
[18] and in Sr2RuO3 [19]. Figure 4.5b shows the λ-dependence of |σxy | for n = 0.6
and 1.4. |σxy | is approximately proportional to λ below λ ∼ 0.2, whereas it tends to
saturate when λ is as large as Δλ=0 since Δ = E+

k∗ − E−
k∗ increases with λ [18].

Next, we examine the γ -dependence of the AHC. Figure 4.6a shows the total AHC
(σxy), σ I

xy , −σ I I a
xy and σ I I b

xy for n = 1.4. We see that all of them are γ -independent
when γ 
 Δ. On the other hand, they start to decrease with γ when γ � Δ: This is
easily recognized from the functional forms of Eqs. (4.16)–(4.18). We see that σ I

xy is
almost equal to −σ I I a

xy and σxy ≈ σ I I b
xy when γ 
 Δ, as discussed in the previous

section. On the other hand, σxy ≈ σ I
xy whereas σxy is quite different from σ I I b

xy for
γ � Δ. As a result, the Fermi surface term σ I

xy succeeds in reproducing the overall
behavior of the AHC for a wide range of γ .

We also study the relation between the AHC and the resistivity ρ = 1/σxx .
Figure 4.6b shows that σxy is independent of ρ when ρ � 0.1 [∼100 µ� cm]. On the
other hand, σxy starts to decrease for ρ � 0.1 in proportion to ρ−2. This crossover
behavior of σxy at ρ ∼ 100 µ� cm is observed universally by recent experiments on
various transition metal ferromagnets by Asamitsu et al. [20].

In summary, we derived a general expression for the intrinsic AHC σxy valid for
any quasiparticle damping rate γ , by performing the analytic continuation carefully.
Using the general expression, we analyzed the AHE in the two orbital model, which
presents the α and β bands of Sr2RuO4, and it is convenient for the study of the
intrinsic Hall effect. In case of γ 
 Δ, σxy is independent of γ . In this case,
σxy ≈ σ I I b

xy since σ I I a
xy almost cancels with σ I

xy . The relationship σxy ≈ σ I
xy also
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Fig. 4.6 a γ -dependences of σxy , σ I
xy , −σ I I a

xy and σ I I b
xy , respectively. σxy shows a crossover behav-

ior at γ ∼ Δ. It is verified that σ I
xy reproduces a overall behavior of the total σxy for a wide range

of γ . b Obtained relation between σxy and ρ = 1/σxx for n = 1.6 and 0.4. ρ = 0.1 corresponds
to 100 µ� cm. Experimentally, σxy = 102 ∼ 103 �−1cm−1 for ρ = 1 ∼ 100 µ� cm, whereas
σxy ∝ ρ−2 for ρ � 100 µ� cm



4.2 AHE in Two-Orbital Tight-Binding Model 59

holds in metallic states. In the opposite case γ � Δ, σxy is proportional to γ −2. In this
case, the relation σxy = σ I I b

xy is no more valid whereas the relation σxy ≈ σ I
xy holds

well. Therefore, the AHC shows a crossover behavior from σxy ∝ γ 0 (RH ∝ ρ2)
to σxy ∝ γ −2 (RH ∝ ρ0) as the quasiparticle damping γ increases. This crossover
behavior was first discovered in Ref. [13].

Therefore, for a wide range of γ , the relation

σxy ≈ σ I
xy (Fermi surface term) (4.23)

would be realized universally in real metallic systems, since the Fermi sea terms
almost cancel each other except for a special situation where μ lies inside a narrow
anticrossing band gap.

In Fig. 4.7, we present an intuitive explanation for the intrinsic Hall effect based
on the two-orbital model. Here, we consider the motion of a ↓-spin electron along a
triangle of a half unit cell. An electron in the dxz-orbital can transfer to the dyz-orbital
and vice versa using the SOI for ↓-electron −�λl̂z , 〈yz|l̂z |xz〉 = −〈xz|l̂z |yz〉 = i .
These relations are derived from the fact that the (π/2)-rotation operator about the
z-axis is given by exp(−iπ l̂z/2) = cos(π/2) − i l̂z sin(π/2) = −i l̂z for l̂2

z = 1.
By considering the sign of the interorbital hopping integral (±t ′) and the matrix
elements of the SOI, it can be shown that a clockwise (anti-clockwise) motion along
any triangle of the half unit cell causes the factor +i (−i). This phase factor is called
the “orbital Berry phase”.

This factor can be interpreted as the Aharonov-Bohm phase factor e2π iφ/φ0 [φ0 =
hc/e], where φ = ∮

Adr = φ0/4 represents the “effective magnetic flux” through
the triangle of the half unit cell. Since the effective magnetic flux for ↑-electron is

2λlzsz

iλ λ

yz

xz

-i

=−1/2sz:t’ -t’

t’-t’

φ0/4

φ0/4φ0/4

φ0/4

yz

xz

Fig. 4.7 The orbital Berry phase for ↓-electron through triangles of half unit cells in the two-orbital
model. The “effective magnetic flux” for ↑-electron is −φ0/4 (φ0 = hc/e)
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opposite in sign, ↑-electrons and ↓-electrons move in opposite directions. Thus, the
effective magnetic flux in Fig. 4.7 gives rise to a AHE when n↑ �= n↓. Therefore, large
AHE due to such “orbital Berry phase” will be ubiquitous in multiorbital systems.

We comment that the present (dxz, dyz)-tight binding model in a paramagnetic
state shows a finite SHC σ z

xy . Since sz is conserved in the present model, σ z
xy

is simply given by (−�/e) times Eq. (4.15). As shown in Fig. 4.5, σ z
xy reaches

0.6 [(�/e)(e2/ha)] ∼ 600 [�e−1 �−1cm−1] for a = 4 Angstrom, which is almost
one order of magnitude larger than typical SHC in semimetals.

Although sz is conserved in the present two-orbital model, sz is no more conserved
in real Ru-oxides because of the existence of the dxy-orbital Fermi surface. This is
also true in various transition metals. Because of this reason, the two-orbital model is
inappropriate for the realistic study of the SHE. Thus, to understand the origin of the
recently observed giant SHC in transition metals [5, 6], authors in Ref. [9] analyzed
the SHC in the t2g-orbital (dxz , dyz , dxy) tight-binding model with SOI, which well
represents the band structure of Sr2RuO4. It was revealed that the spin-dependent
orbital Berry phase in Fig. 4.7 causes giant SHC in various paramagnetic transition
metal compounds.

4.3 General Expression for the AHC and SHC

In this section, we derive the expression for the AHC for the general multiorbital
models. We consider a tight-binding model given by the set of hopping integrals
between different Wannier functions:

H0 =
∑

k,αβ

c†
αk H0αβ

k cβk, (4.24)

where α and β are atomic orbital and spin indices. When the quasiparticle damping
γ is diagonal and independent of orbital, the Green function is given as Ĝ R(A)

k (ω) =
(ω+μ− Ĥ0

k + (−)iγ )−1. Under the vector potential, the momentum k in the kinetic
term is replaced with k + eA. (−e is the electron charge.) Therefore, the velocity in
the orbital basis is given by

v̂kμ = ∂ Ĥ0
k+eA

∂eAμ

∣
∣
∣
∣
∣
A=0

= ∂ Ĥ0
k

∂kμ

(4.25)

Here, we derive the general expression for the AHC in the orbital basis, which
is convenient for numerical calculations. There is a k-dependent unitary matrix Ûk
which diagonalize the Hamiltonian as

∑

αβ

U †
k,lα H0αβ

k Uk,βm = El
kδlm, (4.26)
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where α, β are orbital indices, and l, m are band indices. El
k gives the dispersion

of the lth band. When the quasiparticle damping γ is diagonal and independent of
orbital,

∑

αβ

U †
k,lαG R(A)

k,αβ Uk,βm = δl,m

ω + μ − El
k + (−)iγ

, (4.27)

Then, Eqs. (4.10) and (4.11) are rewritten as

σ a,I
xy = 1

2π N

∑

k,l �=m

(Jkx )
ml(Jky)

lm 1

(El
k − μ − iγ )(Em

k − μ − iγ )

= −1

2π N

∑

k,l �=m

Im
{
(Jkx )

ml(Jky)
lm

}

× Im

{
1

(El
k − μ − iγ )(Em

k − μ + iγ )

}

, (4.28)

σ a,I I
xy = − 1

2π N

∑

k,l �=m

∫ 0

−∞
dωIm

{
(Jkx )

ml(Jky)
lm

}

× Im

{
1

(ω + μ − El
k + iγ )2

1

(ω + μ − Em
k + iγ )

− 1

(ω + μ − El
k + iγ )

1

(ω + μ − Em
k + iγ )2

}

, (4.29)

where (Jkμ)ml is given by
∑

αβ U †
k,mα(vkμ)αβUk,βl , which is not diagonal even

in the band-diagonal basis. Note that we dropped the diagonal terms l = m in
the summations in Eqs. (4.28) and (4.29) since they vanish identically. We also
note that the transformation from the first row to the second row in Eq. (4.28) was
performed since

∑
l,m Re

{
(Jkx )

ml(Jky)
lm

}
vanishes identically after k-summation.

After performing the ω-integration in Eq. (4.29), the Fermi sea term is given by
σ

a,I I
xy = σ

a,I I a
xy + σ

a,I I b
xy , where

σ a,I I a
xy = −1

2π N

∑

k,l �=m

Im
{
(Jkx )

ml(Jky)
lm

} 1

El
k − Em

k

× Im

{
El

k + Em
k − 2μ − 2iγ

(El
k − μ − iγ )(Em

k − μ − iγ )

}

, (4.30)

σ a,I I b
xy = 1

π N

∑

k,l �=m

Im
{
(Jkx )

ml(Jky)
lm

} 1

(El
k − Em

k )2

× Im

{

ln

(
El

k − μ − iγ

Em
k − μ − iγ

)}

. (4.31)
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Here, we used the following relation to perform the ω-integration:

∫ μ

−∞
dx

{
1

(x − a)2(x − b)
− 1

(x − a)(x − b)2

}

= a + b − 2μ

(a − b)(a − μ)(b − μ)
− 2

(a − b)2 ln

(
a − μ

b − μ

)

. (4.32)

In the same way, we can obtain the SHC by replacing (Jkx )ml in Eqs. (4.28)–(4.31)
with the spin velocity

(J s
kx )

ml =
∑

αβ

U †
k,mα(vs

kx )
αβUk,βl , (4.33)

where v̂s
kx = {v̂kx , ŝz}/2. In Chap. 11, we will calculate the AHC and SHC in various

multiorbital models using Eqs. (4.28)–(4.31) and Eq. (4.33).
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Chapter 5
Transport Phenomena in Cuprate HTSCs
Above T∗

5.1 FLEX + CVC Approximation

In this chapter, we discuss the transport phenomena in cuprate HTSCs above the
pseudo-gap temperature T ∗ where the SC fluctuations would be negligible. Here
we concentrate on the FLEX + CVC approximation: The self-energy is given
by Eq. (2.13), and the kernel function in the Bethe-Salpeter equation, T (0)

k,k′ , is
given by Eq. (3.64). The total current Jk is obtained by solving the Bethe-Salpeter
equation [1].

In the FLEX approximation, the self-energy is given by the convolution of G and V
as in Eq. (2.13). Then, Γ I = δΣ/δG (Ward identity) contains one Maki-Thompson
term that is given by taking derivative of G, and two Aslamazov-Larkin terms that
are given by taking derivative of V . These three terms corresponds to (a)–(c) in
Fig. 3.6 [1, 2] given by the simplification in Eq. (3.75). Considering the relation
δχ0

q/δGk′ = −(Gk′+q + Gk′−q), we can derive Γ I
k,k′ = δΣk/δGk′ in the FLEX

approximation as

Γ I
k,k′(εn, εn′) = Vk′−k(εn′ − εn)

− T
∑

q,l

U 2
[

3

2
(Uχs

q(ωl) + 1)2 + 1

2
(Uχc

q(ωl) − 1)2 − 1

]

× Gk−q(εn − ωl)Gk′−q(εn′ − ωl)

− T
∑

q,l

U 2
[

3

2
(Uχs

q(ωl) + 1)2 + 1

2
(Uχc

q(ωl) − 1)2 − 1

]

× Gk+q(εn + ωl)Gk′−q(εn′ − ωl), (5.1)

where the first term is the Maki-Thompson term, and the last two terms are the
Aslamazov-Larkin terms. Hereafter, we drop the Aslamazov-Larkin terms since they
are negligible in nearly AF Fermi liquids (χs

Q � χc
Q,χ0

Q), as discussed in Sect. 3.5.
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Then, the kernel function of the Bethe-Salpeter equation (3.63) is obtained by the
analytic continuation of Vk′−k(εn′ − εn). It is given by Eq. (B.8) at ω = 0, where
Γ I I

2,2(ε, ε
′) = V (ε′ − ε+ iδ) and Γ I I I

2,2 (ε, ε′) = Γ I V
2,2 (ε, ε′) = V (ε′ − ε− iδ) for the

Maki-Thompson term (see Fig. B.1a). The obtained kernel function is T (0)(ε, ε′) =(

cth
ε′ − ε

2T
− th

ε′

2T

)
(
V (ε′ − ε+ iδ) − V (ε′ − ε− iδ)

)
. Thus, the Bethe-Salpeter

equation in the FLEX + CVC theory is given by [1],

Jk(ε) = vk(ε) +
∑

q

∫
dε′

2π

[

cth
ε′ − ε

2T
− th

ε′

2T

]

× ImVq−k(ε′ − ε+ iδ) · |Gq(ε′ + iδ)|2 · Jq(ε′) (5.2)

where vk(ε) = ∇k(ε0
k + ReΣk(ε)). By using the relation

∫ [cth(ε/2T ) − th(ε/2T )]
εdε = (πT )2, and assuming the relation ωsf � T , Eq. (5.2) is simplified as

Jk(ε) ≈ vk +
∑

q

(πT )2

2
ImV̇q(0)

ρk+q(0)

γk+q
Jk+q, (5.3)

which is equivalent to Eq. (3.78) if we approximate Vq ≈ 3U 2χs
q/2. [Note that

Ū = U in the FLEX approximation.] The numerical solution of Eq. (5.2) is shown in
Fig. 5.1, which confirms the behavior of Jk in Fig. 3.7a. This singular k-dependence
of Jk is realized because αk in Eq. (3.80) approaches unity for ξAF → ∞. This result
is not specific to the FLEX approximation since the same vertex function [T (0)

k,k′ ]
appears in both (3.63) and (3.71) in the microscopic Fermi liquid theory, because of
the Ward identity. For this reason, singular k-dependence of Jk for ξAF � 1, which
is shown in Fig. 5.1 given by the FLEX approximation, is a universal behavior in
Fermi liquids near the AF QCP.

In hole-doped systems,γk attains its minimum (maximum) at point A (B) as shown
in Fig. 2.5 [3, 4]. At low T , the local minimum of |Jk| is located at points A and
B, and its maximum is located at point C, schematically shown in Fig. 3.7a. Further,
Fig. 5.1b shows that the mean free path with CVC, |Lk| = |Jk/γk|, attains its local
minimum at point A for T ≤ 0.02, since |Jk| rapidly increases as k deviates from the
point A. In fact, Eq. (3.82) suggests that |Jk| ∝ ξ2

AF|vk+vk∗ |, which will takes a large
value near the AF QCP except at points A and B. In later sections, we explain that
the local minimum structure of |Lk| at point A becomes prominent below T ∗, which
causes the significant increases in the Nernst coefficient and magnetoresistance.

In Ref. [1], we solved the Bethe-Salpeter equation by considering both
Maki-Thompson term and the Aslamazov-Larkin terms, and calculated both ρ and
RH. It is verified numerically that the Aslamazov-Larkin terms are negligible in
nearly AF metals.
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Fig. 5.1 a θJ
k = tan−1(Jkx/Jky) and b mean free path with CVC obtained by the FLEX + CVC

method. |Lk| = |Jk/γk|. −dθJ
k /dk‖ at the cold spot (A) increases as T decreases. |Lk| attains its

local minimum at the cold spot for T ≤ 0.02, which induces increases in the Nernst coefficient
and magnetoresistance. We also plot the mean free path without CVC; |lk| = |vk/γk|. The Fermi
surface is shown in Fig. 3.7

5.2 Resistivity and Hall Coefficient

First, we analyze the conductivityσxx using Eq. (3.61). According to the approximate
expression for Jk in Eq. (3.82),

[vkx Jkx ]cold =
[

v2
kx

1 + αk

]

cold

(5.4)

at the cold spot of YBCO [point A], at which the relationship k = −k∗ is satisfied.
Since 1/(1 +αk) ∼ 1/2 when ξAF � 1, it is obtained as σxx ∼ σRTA

xx /2. Therefore,
the resistivity ρ is slightly increased by the CVC [1]. Since the effect of the CVC on
ρ is not large, the RTA result is qualitatively correct.

Figure 5.2a shows the numerical results of ρ for LSCO (n = 0.92 and U = 4.5)
given by the FLEX and FLEX+T -matrix approximations. In the FLEX approxima-
tion without CVC, ρ shows an approximate T -linear behavior for T ≥ 0.02 (∼80 K).
Because of the CVC, ρ is slightly enhanced for wide range of temperatures, and ρ
shows a tiny “kink” structure at ∼T0, below which AF fluctuations strongly grow.
This result is consistent with experiments [5]. The kink becomes more promi-
nent in the FLEX+T -matrix approximation, which will be discussed in Sect. 6.2.
In Fig. 5.2a, ρ = 1−250,µ� cm at T = 0.08−320 K: The resistivity increases
with U , and ρ ∼ 450 µ� cm for YBCO with U = 8 and n = 0.9 [1]. Consis-
tently, ρ ≈ 200−300 µ� cm at 300 K in optimally-doped YBCO and LSCO, and
it increases to 400−600 µ� cm in slightly under-doped compounds (n ∼ 0.1) [6].
However, the FLEX + CVC method cannot reproduce the huge resistivity in heavily
under-doped compounds.

http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
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68 5 Transport Phenomena in Cuprate HTSCs Above T ∗
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Fig. 5.2 a ρ for LSCO obtained by the FLEX (without CVC) and FLEX+CVC approximations.ρ is
slightly enhanced because of the CVC. We also plot ρ obtained by the FLEX + T -matrix (without
CVC) and [FLEX + T -matrix] + CVC approximations. The FLEX + T -matrix approximation
coincides with the FLEX approximation for T � T ∗, where SC fluctuations disappear. T = 0.2
corresponds to 800 K. b ρ for NCCO obtained by the FLEX (without CVC) and FLEX + CVC
approximations

Figure 5.2b shows the ρ for NCCO (U = 5.5) obtained by the FLEX approx-
imation (within the RTA) and the FLEX + CVC approximation. In the case of
n = 1.20 (over-doped), ρ shows a T 2-like behavior below T = 0.1−400 K, which
is consistent with experiments. In the case of n = 1.10 (under-doped), ρ shows an
approximate T -linear behavior when the CVC is included in the calculation. Interest-
ingly, ρFLEX+CVC < ρFLEX(RTA) for n = 1.10 below T = 0.06, since |Jk| � |vk|
due to the CVC in NCCO at low temperatures.

Next, we discuss the Hall coefficient. Using the Onsager’s relation σxy = −σyx ,
the general expression for σxy in Eq. (3.62) and σRTA

xy in Eq. (3.11) in 2D systems can
be rewritten as [1]

σxy/Hz = e3

4

∮

FS

dk‖
(2π)2

(

Lk × ∂Lk

∂k‖

)

z

= e3

4

∮

FS

dk‖
(2π)2 |Jk|2

(
−dθJ

k

dk‖

)

· 1

γ2
k

, (5.5)

σRTA
xy /Hz = e3

4

∮

FS

dk‖
(2π)2 |vk|2

(−dθv
k

dk‖

)

· 1

γ2
k

, (5.6)

where Lk = Jk/γk, θJ
k = tan−1(Jkx/Jky) and θv

k = tan−1(vkx/vky). dk‖ is the
momentum tangent to the Fermi surface, which is depicted in Fig. 3.7a. Note that |Lk|
represents the mean free path by considering the CVC. In deriving above equations,
we used the relation |vk|∂/∂k‖ = (ẑ × vk) ·∇k = (vk ×∇k)z in 2D systems. Using

the relation
√

v2
kx + v2

ky∂/∂k‖ = (vk × ∇k)z, σxy in a 3D system is given by

http://dx.doi.org/10.1007/978-3-642-35365-9_3
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σxy/Hz = e3

4

∫

FS

d Sk

(2π)3

√
v2

kx + v2
ky

|vk| |Jk|2
(

−dθJ
k

dk‖

)

· 1

γ2
k

, (5.7)

where d Sk represents the Fermi surface element, and dk‖ is the momentum tangent
to the Fermi surface and parallel to the xy-plane. We stress that the k-derivative of
γk does not contribute to σxy , whereas it is important for Δσxx and αxy .

In the expression of σRTA
xy , (−dθv

k/dk‖) represents the curvature of the Fermi
surface [7, 8]; in both hole-doped and electron-doped HTSCs, (−dθv

k/dk‖) ∼
1/kF (> 0) on the Fermi surface. On the other hand, (−dθJ

k /dk‖) exhibits strong
k-dependence in nearly AF metals, as shown in Fig. 3.7a: It is positive (negative)
around point A (B). Since the cold spot locates at point A in hole-doped systems [1],
the present study predicts that RH > 0 in hole-doped systems. [Note that the charge
of electron is −e (e > 0).] On the other hand, RH < 0 in electron-doped systems
with strong AF fluctuations since the cold spot in electron-doped systems is B [1]. To
understand the role of the CVC within the scheme of the RTA, we have introduced
an “effective Fermi surface” obtained by bending the true Fermi surface such that it
is orthogonal to Jk [9]. The effective Fermi surface in HTSCs is shown in Fig. 3.7b:
Its curvature is equal to (−dθJ

k /dk‖) by definition, and it takes a large positive (neg-
ative) value around the cold spot in hole-doped (electron-doped) systems. Therefore,
RH in hole-doped (electron-doped) systems exhibits a large positive (negative) value
at low temperatures [1].

Figure 5.3a, c, and d shows the numerical results for RH given by the FLEX +
CVC approximations. In hole-doped systems (n < 1), RH increases as the doping
δ = |1 − n| decreases. On the other hand, RH for electron-doped systems (n > 1)
becomes negative below T = 0.09−400 K. For a long time, it had been considered
that the negative RH in electron-doped systems is a strong evidence of the breakdown
of the Fermi liquid state. However, it is naturally explained in terms of the Fermi
liquid picture since the curvature of the “effective Fermi surface” becomes negative
around point B, depicted in Fig. 3.7b [1].

As shown in Fig. 5.3a, c, and d, RH in the RTA (without CVC) slightly decreases
at low temperatures, because of the deformation of the interacting Fermi surface [1]:
The curvature of the Fermi surface is reduced by the k-dependence of the self-energy
when AF fluctuations are strong. A tiny increment in RRTA

H in YBCO below T = 0.02
is caused by the strong anisotropy of γk. In the present calculation, γhot/γcold ≈ 3
at T = 0.02.

Figure 5.3b shows the k‖-dependence ofΔσxx (k‖) = vk·Lk/|vk| andΔσxy(k‖) =
|Lk|2(−∂θJ

k /∂k‖), where σxx = ∮
FS dk‖Δσxx (k‖) and σxy = ∮

FS dk‖Δσxy(k‖).
In both σxx and σxy , the electrons around the cold spot gives the dominant con-
tributions. σxx is slightly reduced by including the CVC. On the other hand, σxy

obtained from the FLEX + CVC theory is considerably larger than σRTA
xy , since

|dθJ
k /dk‖| � |dθv

k/dk‖| at the cold spot. Δσxy(k‖) is large only around the cold
spot, and it becomes negative around the hot spot.

Here, we discuss the temperature dependence of RH in detail using the approxi-
mate expression for Jk in Eq. (3.82). Since ∂αk/∂k‖ = 0 at the cold spot [point A]

http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
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Fig. 5.3 a Strong T -dependence of RH for LSCO obtained by the FLEX + CVC approximation.
In contrast, RRTA

H given by the RTA (without CVC) is almost T -independent. RH obtained using the
FLEX + T -matrix approximation is also shown; it starts to decrease below T ∗ ∼ 0.04 (∼160) K
(pseudo-gap behavior). b k‖-dependence of Δσxx (k‖) and Δσxy(k‖) at T = 0.02. Note that σμν =∫

FS dk‖Δσμν(k‖). c RH for YBCO in the FLEX + CVC method. d RH for NCCO in the FLEX +
CVC method

because of the symmetry,

d Jk

dk‖
= 1

1 − α2
k

(
dvk

dk‖
+ αk

dvk∗

dk‖

)

(5.8)

at the cold spot. Then, by noticing the relationships (vk∗ × dvk∗/dk‖)z = −(vk ×
dvk/dk‖)z and (vk∗ × dvk/dk‖)z = −(vk × dvk∗/dk‖)z , we obtain that
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(

Jk × dJk

dk‖

)

z
= |Jk|2

(
−dθJ

k

dk‖

)

cold

= 1

1 − α2
k

|vk|2
(−dθv

k

dk‖

)

cold
, (5.9)

which is proportional to (1 −αk)−1 ∝ ξ2
AF [1]. In fact, Fig. 5.1a shows that Eq. (5.9)

increases as the temperature decreases. As a result, RH behaves as [1]

|RH| ∝ ξ2
AF. (5.10)

Thus, both the sign and the T -dependence of RH in hole-doped HTSC are successfully
reproduced in the present approach.

Finally, we discuss electron-doped systems. At the point B in Fig. 2.1a, |kB−kB′ −
Q| is equal to |kB −kB′′ −Q| for Q = (π,−π). Then, the CVC at kB, which is given
by the second term of Eq. (3.78), is approximately proportional to J B′ + J B′′ = 0.
Therefore, αk = 0 in the simplified Bethe-Salpeter equation (3.81) and Jk ≈ vk at
point B. Since αk rapidly increases if k deviates from point B, (−dθJ

k /dk‖) attains
a large negative value around the cold spot of NCCO. Therefore, the negative sign
of RH is realized by considering the CVC.

5.3 Magnetoresistance

Next, we study the orbital magnetoresistance Δρ/ρ0 in HTSCs by considering the
CVC. According to the linear response theory [10], the magnetoresistance due to the
Lorentz force (k → k + eA) is given by

Δρ/ρ0 ≡ −Δσxx/σ
0
xx − (σxy/σ

0
xx )

2, (5.11)

whereσ0
xx denotes the conductivity without a magnetic field, and Δσxx ≡ σxx (Hz)−

σ0
xx is the magneto-conductivity due to the Lorentz force. This orbital magneto-

conductivity is always negative and proportional to γ−3, so it is significant in good
metals with small γ. In the RTA, the first term in Eq. (5.11) is always dominant
except when the Fermi surface is isotropic, so the orbital magnetoresistance Δρ/ρ0
is always positive [10]. This statement is true beyond the RTA, since the enhancement
of |Δσxx | due to the CVC is larger than that of (σxy)

2.
In strongly correlated metals with large γ, on the other hand, the Zeeman effect

causes a large field dependence of γ; γ(H) = γ(0) · (1 − aH2). Usually, a > 0 and
|a| ∝ (m∗/m)2 since the Zeeman splitting reduces the inelastic scattering. In heavy
fermion systems, this Zeeman splitting mechanism causes the “negative” magne-
toresistance at T ∼ TK, (Δρ/ρ0)Zeeman ∝ (γ(H)−γ(0))/γ(0) ∝ −aH2. However,
positive orbital magnetoresistance given by Eq. (5.11), Δρ/ρ0 ∝ γ(0)−2 H2, is dom-
inant for T � TK since γ(0) is small in the coherent Fermi liquid regime.

http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_3
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Here, we concentrate on the orbital effect, and neglect the Zeeman effect on γ. By
performing the partial integration, the magneto-conductivity in Eq. (3.12) is rewritten
in 2D systems as

ΔσRTA
xx = −H2

z · e4

8

∮

FS

dk‖
(2π)2 |vk|

[

|lk|2
(
∂θv

k

∂k‖

)2

+
(
∂|lk|
∂k‖

)2
]

1

γk
, (5.12)

where lk = vk/γk. Here, we used the relation |vk|∂/∂k‖ = (ẑ × vk) · ∇k =
(vk × ∇k)z in 2D systems. When the Fermi surface is spherical, the second term
in the bracket in Eq. (5.12) vanishes identically. In this case, σ0

xx = e2kFvF/4πγ,
σxy = (evF/2γ)σ0

xx and Δσxx = −(evF/2γ)2σ0
xx according to the RTA, where

kF and vF are the Fermi momentum and Fermi velocity, respectively. Therefore,
Δρ/ρ0 given in Eq. (5.11) becomes zero. Except for this special case, the orbital
magnetoresistance is always positive [10].

The general expression for the magneto-conductivity is derived by performing
the analytic continuation of Eq. (3.42) for m = 2 [11]. This work enables us to
calculate the magneto-conductivity along with satisfying the conservation laws. At
low temperatures, the magneto-conductivity can be expressed by a simple form [11]:
Δσxx = Δσa

xx + Δσb
xx , and

Δσa
xx = −H2

z · e4

4

∑

k

zk

(

−∂ f 0

∂ε

)

E∗
k

{dkx }2 1

γk
, (5.13)

Δσb
xx = −H2

z · e4

4

∑

k

zk

(

−∂ f 0

∂ε

)

E∗
k

dkx {Dkx − dkx } 1

γk
, (5.14)

dkx = |vk|∂Lkx

∂k‖
, (5.15)

Jkx = vkx +
∑

k′

∫ ∞

−∞
dε′

4i
T (0)

k,k′(0, ε′)ρk′(0)

γk′
Jk′x ,

Dkx = dkx +
∑

k′

∫ ∞

−∞
dε′

4i
T (0)

k,k′(0, ε′)ρk′(0)

γk′
Dk′x , (5.16)

where Lk = Jk/γk and T (0)

k,k′(0, ε′) is the irreducible four-point vertex in the particle-

hole channel introduced in Eq. (3.63). ΔσRTA
xx in Eq. (3.12) is given by Eqs. (5.13)

and (5.15), by replacing Jk with vk. In the FLEX approximation,
∫ dε′

4πi T
(0)

k,k′(0, ε′) ≈
(3U 2/2)(πT )2Im∂χs

k−k′(ω)/∂ω|ω=0, as shown in Eq. (3.78).
Using the relation Δσxx = Δσyy , we can rewrite Δσa

xx as

Δσa
xx = −H2

z · e4

8

∮

FS

dk‖
(2π)2 |vk|

⎡

⎣|Lk|2
(
∂θJ

k

∂k‖

)2

+
(
∂|Lk|
∂k‖

)2
⎤

⎦ 1

γk
, (5.17)
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where Lk = Jk/γk. According to Eq. (5.9), the first term in the bracket in Eq. (5.17)
is proportional to (dθJ

k /dk‖)2
coldγ

−3
cold ∝ ξ4

AFγ
−3
cold [12]. Further, remaining terms (the

second term in Eq. (5.17) and Δσb
xx ) are also proportional to ξ4

AFγ
−3
cold for a wide

range of temperatures, since the k‖-derivative of T̄ (0)

k,k′ yields a factor proportional to

ξ2
AF [1, 12]. In Sect. 6.2, we will explain that |Lk| becomes highly anisotropic below

T ∗ due to AF+SC fluctuations. For this reason, due to the second term in Eq. (5.17),
Δρ/ρ0 is drastically enhanced below T ∗ in under-doped HTSCs.

Therefore, the magnetoresistance in nearly AF metals behaves as

Δρ/ρ0 ∝ H2ξ4
AF · ρ−2

0 ∝ T −4 (5.18)

above T ∗ due to the CVC since ρ0 ∝ T and ξ2
AF ∝ T −1. Equation (5.18) is consistent

with experimental results in LSCO [13–15], YBCO [14] and TBCO [16]. On the other
hand, in a conventional Fermi liquid where ξAF is constant, Eq. (5.18) gives Kohler’s
rule Δρ/ρ0 ∝ H2ρ−2

0 . Equations (5.10) and (5.18) directly imply the “modified
Kohler’s rule” [12]

Δρ/ρ0 ∝ H2 tan2 θH, (5.19)

where tan θH = σxy/σ
0
xx = H RH/ρ0. Experimentally, the modified Kohler’s rule

is well satisfied in various HTSC compounds [13, 14, 16] and in CeMIn5(M =
Co or Rh) [9, 17], whereas the conventional Kohler’s rule is completely broken.
The modified Kohler’s rule implies the same origin of the enhancements of RH and
Δρ/ρ0; the CVC due to AF fluctuations.

Figure 5.4 shows the numerical results for (a) YBCO and (b) LSCO by using the
FLEX + CVC method. The coefficient
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Fig. 5.4 ζ = (Δρ/ρ0) cot2 θH for a YBCO and b LSCO calculated by the FLEX + CVC method
for 0.02 ≤ T ≤ 0.1(80 ∼ 400 K). The modified Kohler’s rule (ζ =const.) holds well by considering
the CVC. In contrast, ζRTA obtained by the RTA exhibits a strong T -dependence. [Reference [12]]
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ζ = (Δρ/ρ0) cot2 θH = −Δσxx · σxx

(σxy)2 − 1 (5.20)

is nearly constant for a wide range of temperatures, only when the CVCs are cor-
rectly considered: In Fig. 5.4, we show that ζRTA ≡ (Δρ/ρ0)RTA(cot2 θH)RTA and

ζMC-RTA ≡ −ΔσRTA
xx · σCVC

xx

(σCVC
xy )2 − 1. Here, ζRTA increases as T decreases, since the

anisotropy of |lk | = |vk/γk| increases at low temperatures. In contrast, ζMC-RTA
decreases at low temperatures since the RH is strikingly enhanced by the CVC. Only
when bothσxy and Δσxx are calculated using the FLEX + CVC method, the modified
Kohler’s rule ζ ≈ const. is satisfied.

The experimental value is ζ ≈ 1.5–1.7 for YBCO [14] and ζ ≈ 2–3 for
Tl2Ba2CuO6+δ [16]. In contrast, ζ takes much larger value in LSCO: ζ ≈ 13.6
for a slightly over-doped sample (x = 0.17) [15], and it increases (decreases) as
the doping increases (decreases) [13]. In both these systems, the modified Kohler’s
rule (5.19) is well reproduced by the FLEX + CVC method, as shown in Fig. 5.4. In
YBCO, the dominant contribution is given by Δσa

xx , particularly by the first term in
the bracket in Eq. (5.17) that includes (∂θJ

k /∂k‖)2. In the case of LSCO, the second
term in Eq. (5.17) is very important. In LSCO, the Fermi surface is very close to the
van-Hove singularity point (π, 0) since both |t ′/t | and |t ′′/t | in Eq. (2.5) are smaller
than those in other systems. Since vk = 0 at (π, 0), the anisotropy of the velocity
|vk| on the Fermi surface is larger in LSCO. Hence, the second term in Eq. (5.17) [or
Eq. (5.12)] takes a large value in LSCO. In heavily over-doped LSCO at δ = 0.225,
where CVC is expected to be unimportant, ζ exceeds 100 [13]. This result is consis-
tent with recent ARPES measurement [18], which shows that the Fermi surface in
LSCO passes through (π, 0) in the over-doped region δ = 0.2–0.22.

Therefore, experimental value of ζ gives us a useful measure of the anisotropy of
Lk = Jk/γk. (Lk ≈ lk in weakly correlated systems.) In CeMIn5|(M = Rh, Co), ζ
is of order O(100) [9], which indicates that the anisotropy of Lk is large in the main
Fermi surface.

5.4 Thermoelectric Power

We also discuss the thermoelectric power, S. In cuprate HTSCs, S takes a large value
in under-doped systems, and it increases as T decreases below the room temperature.
Except for over-doped compounds, S > 0 in hole-doped systems [19–26] whereas
S < 0 in electron-doped systems [27, 28] below the room temperature. We stress
that the peak temperature of S is nearly equal to the pseudo-gap temperature T ∗ in
many hole-doped compounds; in HgBa2CuO4+δ [23, 24], LSCO, YBCO [25] and
Bi2Sr2RCu2O8 (R = Ca, Y, Pr, Dy or Er) [26]. By neglecting the CVC, Hildebrand
et al. calculated the thermoelectric power for YBCO using the FLEX approximation
[29]. Here, we study the thermoelectric power both for hole-doped and electron-
doped systems using the FLEX + CVC method.

http://dx.doi.org/10.1007/978-3-642-35365-9_2
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According to the linear response theory [30–33], the thermoelectric power in a
Fermi liquid system is given by

S = αxx/σxx , (5.21)

where αxx is the diagonal Peltier conductivity; jx = αxx (−∇x T ). It is given by
[30–33],

αxx = Kα
xx (ω + i0)/iω

∣
∣
ω→0 , (5.22)

where Kα
xx (ω + i0) is given by the analytic continuation of [33]

Kα
xx (iωλ) = 1

T

∫ β

0
dτe−ωλτ 〈Tτ j Q

x (0) jx (τ )〉, (5.23)

where j and j Q are charge and heat current operators, respectively. The heat current is
defined by the following energy conservation law; ∂t (h(r)−μn(r))+∇ · j Q(r) = 0.
Then, j Q contains complex two-body terms in the presence of electron-electron
correlation. Fortunately, the Ward identity allows us to rewrite the heat current as
j Q
k (ε) = εvk, where vk = ∇k(ε0

k + ReΣk) [33]. By performing the analytic contin-
uation of Eq. (5.23), we can derive the exact expression of αxx of order O(EF/γ) as
[33]

αxx = −e

T

∑

k

∫
dε

π

(

−∂ f 0

∂ε

)

εvkx (ε)

×
(

Jkx (ε)|Gk(ε)|2 − 2vkx (ε)ReGk(ε)2
)

, (5.24)

where Jkx (ε) is the total current given in Eq. (3.63). At sufficiently low temperatures,
αxx is simplified as

αxx = −e
π2T

3

∫

FS

dk‖
(2π)2

1

zk|vk(E∗
k)|

∂

∂k⊥

(
vkx (E∗

k)Jkx (E∗
k)

|vk(E∗
k)|γk(E∗

k)

)

, (5.25)

where −e (e > 0) is the electron charge. dk⊥ represents the momentum verti-
cal to the Fermi surface. When γ is energy-independent, Eq. (5.25) yields S =
−eπT/6zγσxx = −πT m∗/3en (m∗ = m/z is the effective mass) in the 2D isotropic
system with Ek = k2/2m − μ.

Figure 5.5 shows the damping rateγ(k, ε∗k) = ImΣ A(k, ε∗k) for YBCO and NCCO
given by the FLEX approximation at T = 0.02, along (0, 0) → (π,π) and (0,π) →
(π,π). This strong momentum-dependence of γk(E∗

k) causes large thermoelectric
power in HTSC: In Fig. 5.6a, we show the numerical results of S for YBCO and
NCCO given by the FLEX + CVC method. In LSCO, S > 0 in the optimally-doped
case (n = 0.85) below the room temperature, and it increases in the under-doped
case. In NCCO (n = 1.10), S < 0 and it takes a peak around 200 K. These results

http://dx.doi.org/10.1007/978-3-642-35365-9_3
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Fig. 5.5 γ(k, ε∗k) = ImΣ A(k, ε∗k) for YBCO and NCCO, along (0, 0) → (π,π) and (0,π) →
(π,π)

are consistent with the experimental results [19–25]. The origin of the non-Fermi-
liquid-like behavior is the strong k− and ε-dependences of γk(ε) shown in Fig. 5.5. In
nearly AF Fermi liquids, ∂γk(E∗

k)/∂k⊥ > 0 at point A in Fig. 2.1a since γk increases
near the AFBZ. Since point A is the cold spot of YBCO, Eq. (5.25) becomes positive
in YBCO. Therefore, S > 0 in under-doped YBCO and LSCO. On the other hand,
S < 0 in NCCO since ∂γk(E∗

k)/∂k⊥ < 0 at point B. Numerical results of S are
summarized in Fig. 5.6a.

In YBCO, S slightly decreases if the CVC is included, since |Jk| < |vk| around
the cold spot. In NCCO, in contrast, absolute value of S is enhanced by the CVC. In
both cases, the effect of the CVC on S is much smaller than that on RH. Figure 5.6b
shows the S for YBCO (n = 0.90), together with Sin(Sout) which denotes the con-
tribution from the inside (outside) of the AFBZ. Sin is positive and it deviates from
a conventional behavior (S ∝ T ) since the ε-dependence of γk(ε) becomes large
inside of the AFBZ at lower temperatures. On the other hand, Sout is negative and
it approaches zero as T decreases. Therefore, the sign of S = Sin + Sout becomes
positive below T = 0.075 (∼300 K).

5.5 Comments on Over-Doped HTSCs and Other Transport
Coefficients

In this text, we have shown that the CVC is very important for various transport
phenomena in optimally- or slightly under-doped HTSCs. Here, we shortly discuss
on the transport coefficients in over-doped systems. In clean heavily over-doped

http://dx.doi.org/10.1007/978-3-642-35365-9_2


5.5 Comments on Over-Doped HTSCs and Other Transport Coefficients 77

(a) (b)

0 100 200 300 400

μV
/K

]

n=0.90
n=0.85
n=0.80
n=1.10

FLEX+T− matrix

− 20

− 10

0

20

10

0.00 0.05 0.10

T

− 30

− 15

0

15

30

S

S

S

total

in

out

Fig. 5.6 a S for YBCO and NCCO given by the FLEX + CVC approximation, by including the CVC
for Jk. Reflecting the reduction in AF fluctuations, S starts to decrease below T ∗ ≈ 0.04 (∼160) K
in the FLEX +T -matrix method, which is consistent with the experimental pseudo-gap behavior in
S. b Sin(out) denotes the thermoelectric power given by the inside (outside) of the AFBZ. Stotal =
Sin + Sout. [Reference [34]]

LSCO samples, RH is almost temperature-independent for δ � 0.24 [35]. Further,
its sign smoothly changes from positive to negative between δ = 0.28 and 0.32,
corresponding to the change in the curvature of the Fermi surface. Hussey et al. also
showed that the RTA analysis is successful in heavily over-doped Tl2201 [36, 37]
and LSCO [38]. These experimental results are consistent with the present theory:
According to the present analysis, the RTA works well in heavily over-doped systems
since the CVC is unimportant when the AF fluctuations are very weak. This fact is
well explained in Ref. [5].

We also comment on other important theoretical study involving the CVC in
strongly correlated systems. In the interacting electron gas model, the electron
cyclotron frequency ωc is given by eH/mc, where m is the bare electron mass.
In 1961, Kohn proved that ωc is unchanged by electron-electron interaction due to
the consequence of the angular momentum conservation law, which is called the
“Kohn’s theorem” [39]. The Kohn’s theorem is also proved by the phenomenologi-
cal Fermi liquid theory, by correctly considering the CVC [40]. Kanki and Yamada
studied this problem based on the microscopic Fermi liquid theory, and found that
ωc is influenced by the electron-electron correlation if the Umklapp processes are
present [41]. Moreover, the effect of the vertex correction on the Raman spectroscopy
in HTSC was studied [42].
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5.6 Summary of This Chapter

We have investigated the mechanism of non-Fermi-liquid-like transport phenomena
in Fermi liquids with strong magnetic fluctuations. This problem had been widely
recognized in the study of cuprate HTSC. The RTA for the anisotropic τk model,
which would be realized by strong AF fluctuations, is unable to reproduce relation-
ships (1.1)–(1.4) consistently. These anomalous transport properties are not special
phenomena in HTSC, but universal in Fermi liquids near AF QCP.

In the Fermi liquid theory, the total current Jk, which is responsible for the
transport coefficients, is given by the summation of the quasiparticle velocity vk
and the CVC ΔJk. In interacting electron systems, an excited quasiparticle induces
other particle-hole excitations by collisions, and the CVC represents the current due
to these particle-hole excitations. Since the CVC is ignored, the RTA frequently
yields unphysical results, especially in strongly correlated systems. However, the
CVC in HTSCs have not been analyzed in detail until 1999.

In the presence of strong AF fluctuations, (a) quasiparticle damping rate γk =
1/2τk becomes anisotropic, and the portion of the Fermi surface with small γk
(cold spot) governs the transport phenomena [3, 4]. At the same time, (b) the total
current Jk becomes highly anisotropic due to large CVC [1]. Note that (a) and
(b) occur simultaneously since both of them originate from the same origin; the
strong backward scattering between k and k∗(k − k∗ ≈ Q) shown in Fig. 2.1a.
Mathematically, γk = ImΣk(−iδ) and the CVC are closely connected by the Ward
identity near AF QCP, that is, the same vertex function T (0)

k,k′ appears in Eqs. (3.71)
and (3.63). Because of (a) and (b), anomalous transport phenomena in nearly AF
metals are well explained in a unified way.

To demonstrate to the significance of the CVC, we calculated RH,Δρ/ρ0, S and
ν based on the FLEX (or FLEX+T -matrix) approximation by including CVCs.
The obtained results semiquantitatively reproduce the various experimental facts in
slightly under-doped HTSCs. The present study strongly suggests that the striking
deviation from the Fermi liquid behaviors (such as eqs. (1.1)–(1.4)) are ubiquitous
in strongly correlated metals near the AF QCP, not specific to HTSCs. Note that the
increment in RH is also observed in non-SC metals near AF phase, such as V2−yO3
[43] and R2−x Bix Ru2O7 (R = Sm or Eu) [44, 45].

We emphasize that the CVC-induced anomalous transport phenomena are also
reproduced by several kinds of spin fluctuation theories. In fact, Kanki and Kontani
[46] calculated Jk based on the Millis-Monien-Pines model in Eq. (2.1), by assuming
a realistic set of parameters for optimally-doped YBCO. The obtained Jk represents
the characteristic k-dependence in nearly AF metals as shown in Fig. 3.7. As a result,
it is general that RH is prominently enhanced by the CVC when the AF fluctuations
are strong, independent of the types of the spin fluctuation theories.
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Chapter 6
Transport Phenomena in HTSCs Below T∗

6.1 Mechanism of Pseudo-Gap Phenomena: Suppression of ρ,
RH and S Below T∗

In cuprate HTSCs, the DOS [1–4], Knight shift [5–7] and uniform susceptibility
[8, 9] starts to decrease below T0 ∼ 700 K, corresponding to the growth of AF
fluctuations. The weak pseudo-gap in the DOS is shallow and wide in energy. These
“weak pseudo-gap behaviors” are reproducible in the FLEX approximation, although
the obtained gap behaviors are rather moderate because of the fully self-consistent
determination of the self-energy and the Green function. (The weak pseudo-gap in
the DOS is prominent at the first iteration stage of the FLEX.) Mathematically, this
too strong feedback effect in the fully self-consistent calculation should be canceled
by the vertex correction in the self-energy.

In under-doped HTSCs, a deep pseudo-gap in the DOS emerges below T ∗ ∼
200 K; see Fig. 1.2. The origin of this “strong pseudo-gap” has been a central issue
with regard to HTSCs. It does not originate from the spin fluctuations since the
strength of the spin fluctuations decrease below T ∗ [5, 10–13]. According to early
ARPES measurements [14–17], the k-dependence of the pseudo-gap around the
cold spot coincides with that of the dx2−y2 -wave SC gap function. This pseudo-gap
structure in the quasiparticle spectrum ρ(k,ω) = ImG(k,ω− iδ)/π starts to appear
below T ∗. Below Tc, the quasiparticle spectrum shows sharp peaks at the edge of the
SC gap (ω ∼ Δ) since the inelastic scattering is reduced by the SC gap. At the same
time, a dip-hump structure is induced around ωd (� Δ) by the strong resonance
peak in Imχs(ω) at ωr ∼ 40 meV in YBCO and Bi2Sr2CaCu2O8 (BSCCO). Note
that ωd ≈ Δ + ωr and ωr < 2Δ (resonance condition).

Motivated by these experimental facts, various strong-coupling theories of SC
fluctuations have been studied to reproduce the pseudo-gap phenomena [18–24]. Sev-
eral groups developed the “FLEX + T -matrix theory”, where the normal self-energy
correction induced by the strong SC fluctuations, ΣSCF

k (ε), has been self-consistently
included into the FLEX approximation. The SC “amplitude” fluctuations are given by
the ladder-type T -matrix (=particle-particle scattering amplitude by AF fluctuations),
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which greatly increase below T ∗. The T -matrix due to the Thouless instability for
the dx2−y2 -channel is given by

Tk,k′;q(εn, εn′ ;ωl) = V AFF
k−p (εn − εn′) + T

∑

m,p

V AFF
k−k′(εn − εm)

× Gp(εm)G−p+q(−εm + ωl)Tp,k′;q(εm, εn′ ;ωl), (6.1)

which is shown in Fig. 6.1a. V AFF
k is given in Eq. (2.14). In the FLEX + T -matrix

approximation, the Green function and the self-energy are given by

Gk(εn) = [iεn + μ− ε0
k − ΣAFF

k (εn) − ΣSCF
k (εn)]−1, (6.2)

ΣAFF
k (εn) = Eq. (2.13),

ΣSCF
k (εn) = T

∑

q,l

G−k+q(−εn + ωl)Tk,k;q(εn, εn;ωl), (6.3)
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Fig. 6.1 a T -matrix induced by the AF fluctuations. b Self-energy Σk(ω) in the FLEX + T -matrix
approximation. c DOS given by the FLEX + T -matrix approximation. The pseudo-gap appears
below T ∗ ∼ 0.04 due to the strong SC fluctuations. d ImΣAFF

k (−iδ) and ImΣSCF
k (−iδ) given

by the FLEX + T -matrix approximation at T = 0.02. For comparison, ImΣk(−iδ) in the FLEX
approximation at T = 0.02 is also shown
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where ΣAFF
k and ΣSCF

k are shown in Fig. 6.1b. The quasiparticle damping rate is
γk = Im{ΣAFF

k (−iδ) + ΣSCF
k (−iδ)}. In the FLEX+T -matrix approximation, we

solve Eqs. (2.13), (2.14), and (6.1)–(6.3) self-consistently. However, it is difficult
to calculate Eq. (6.1) since a lot of memory in computer is required. Fortunately,
Eq. (6.1) can be simplified by considering only the dx2−y2 -channel and drop other
pairing channels as Tk,k′;q(εn, εn′ ;ωl) ≈ ψk(εn)ψk′(εn′)tq(ωl), whereψk ∝ cos kx −
cos ky [21, 23, 24]. This approximation would be reasonable for T � Tc in HTSCs.
Then, the k-dependence of ΣSCF

k becomes ΣSCF
k ∝ Tk,k;q ∝ ψ2

k.
In the present approximation, T ∗ is defined as the temperature below which

ΣSCF
k takes a considerable value. T ∗ is slightly greater than the T FLEX

c given in
the FLEX approximation. Although FLEX + T -matrix theory satisfies the Mermin-
Wagner-Hohenberg theorem, finite Tc is obtained when weak three-dimensionality
is assumed. Sufficiently above T ∗, the FLEX + T -matrix theory is equivalent to the
FLEX approximation since ΣSCF

k ≈ 0. The obtained DOS and the self-energy are
shown in Fig. 6.1c, d, respectively. Below T ∗ ∼ 0.04, a strong pseudo-gap structure
appears in the FLEX + T -matrix approximation, due to the cooperation of the real
part and the imaginary part of ΣSCF

k [24]. Since AF fluctuations are suppressed below
T ∗ due to the pseudo-gap in the DOS, the obtained ImΣAFF

k (0) is much smaller than
ImΣk(0) given by the FLEX approximation, as recognized in Fig. 6.1d. Below Tc,
the strong pseudo-gap in the FLEX + T -matrix approximation smoothly changes to
the SC gap [18].

Here, we discuss transport phenomena in the pseudo-gap region: In YBCO
[25, 26], Bi2201 and Bi2212 [27], RH shows a maximum around the pseudo-gap
temperature T ∗, at which 1/T1T shows the maximum value. Also, the peak temper-
ature of S is nearly equal to T ∗ in HgBa2CuO4+δ [28, 29], LSCO, YBCO [30] and
Bi2Sr2RCu2O8 (R = Ca, Y, Pr, Dy and Er) [31]. As discussed in Ref. [32], these
behaviors are naturally understood since both of them are strikingly enhanced by the
AF fluctuations above T ∗. Therefore, both RH and S should decrease below T ∗ in
accordance with the reduction in the AF fluctuation [32]. The obtained ρ, RH and S
for hole-doped systems by using the [FLEX + T -matrix]+CVC method are shown
in Figs. 5.2a, 5.3a, and 5.6a, respectively. In this approximation, the Bethe-Salpeter
equation is given as

Jk(ε) = vk(ε) +
∑

k′

∫
dε′

4πi
T (0)

k,k′(ε, ε′)|GR
k′(ε′)|2 Jk′(ε′), (6.4)

where the kernel function is T (0)

k,k′(ε, ε′) = i
[
cth ε

′−ε
2T + th ε′

2T

]
Im{Vk−k′(ε − ε′) −

Tk,k;k−k′(ε, ε; ε − ε′)}, and Tk,k;k−k′ represents the T -matrix defined in Eq. (6.1).
The detailed method of calculation is explained in Ref. [24].

As shown in Figs. 5.3a and 5.6a, both RH and S start to decrease below T ∗ ∼ 0.04
(∼160 K), consistently with experiments [28–30]. Figure 5.2a shows the resistivity
given by the FLEX approximation and the FLEX + T -matrix approximation, both
of which are given by including CVCs. As pointed out in Ref. [33], ρ given by the
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Fig. 6.2 a Δρ/ρ0 for LSCO in the [FLEX+T -matrix]+CVC; The modified Kohler’s rule Δρ/ρ0 ∝
tan2 θH holds above T ∗. Below T ∗ ∼ 0.04 (∼ 160)K, modified Kohler’s rule is violated since
Δρ/ρ0 increases quite drastically that is caused by the CVC due to AF+SC fluctuations. b ν for
LSCO in the [FLEX+T -matrix]+CVC; the abrupt increase in ν below T ∗ is caused by the CVC
due to AF+SC fluctuations. Experimental data νexp is cited from [38–40]. c ν for NCCO obtained
by the FLEX+CVC approximation. Experimental data νexp is cited from [41]. (Reference [42])

FLEX+CVC method shows a tiny “kink” structure at T0 ∼ 0.12, actually observed
in LSCO [34] and YBCO [35]. In addition, large kink structure appears at T ∗ in the
[FLEX + T -matrix]+CVC method, since the inelastic scattering is reduced by the
formation of the strong pseudo-gap. As shown in Fig. 6.1d, ImΣAFF

k (0) decreases
quickly below T ∗, in accordance with the emergence of ImΣSCF

k (0). As a result,
ρ ∼ T 2 below T ∗. To summarize, ρ, RH and S are suppressed in the pseudo-gap
region.

In the FLEX + T -matrix theory, the SC “amplitude” fluctuations is the origin of
the pseudo-gap formation. Other than this scenario, various mechanisms of pseudo-
gap formation have been proposed. For example, Kivelson and Emery proposed
the SC “phase” fluctuation scenario [36]: they considered that the amplitude of the
SC order-parameter develops in the pseudo-gap region, whereas the global phase
coherence is absent. Moreover, several hidden-order scenarios, such as d-density
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wave formation [37], have been proposed. To elucidate the correct scenario, study
of anomalous transport phenomena in the pseudo-gap region is very significant. In
the following, we show that the SC “amplitude” fluctuations scenario enables us to
understand the anomalous transport phenomena below T ∗ in a unified way.

6.2 Enhancement of Nernst Coefficient and Magnetoresistance
Below T∗

In contrast to RH and S, the Nernst coefficient ν strongly increases in the pseudo-gap
region by approximately 100 times than that in conventional metals [38–40, 43, 44].
The modified Kohler’s rule in Eq. (5.19) violates in the pseudo-gap region, since
the magnetoresistance Δρ/ρ0 increases faster than T −4 [45, 46]. Such nontrivial
behaviors of ν and Δρ/ρ0 have attracted considerable attention as a key phenomenon
closely related to the origin of the pseudo-gap.

Here, we study the Nernst coefficient. The definition of ν is ν ≡ Syx/Hz =
−Ey/Hz∇x T , which is the off-diagonal thermoelectric power under a magnetic
field. According to the linear response theory [47–50], ν is given by

ν = [
αxy/σxx − Sσxy/σxx

]
/Hz, (6.5)

whereαxx = jx/(−∇x T ), andαxy = jx/(−∇y T ) is the off-diagonal Peltier conduc-
tivity under the magnetic field Hz . (In the RTA, αxx = (−e/T )K 1

xx in Eq. (3.14).) In
conventional metals with simple Fermi surfaces, ν is small because of an approximate
cancellation between the first and the second terms in Eq. (6.5), which is known as the
Sondheimer cancellation. (This cancellation is perfect only when ε0

k = k2/2m.) In
HTSCs, however, Sondheimer cancellation does not occur since αxy is considerably
enhanced. That is, αxy is the origin of giant Nernst coefficient in LSCO below T ∗
and in NCCO below T0 [38–40, 43].

In this study, we investigate αxy due to the quasiparticle transport, and find that
αxy is prominently enhanced below T ∗ if we include the CVC caused by SC and AF
fluctuations. As a result, ν ≈ αxy/σxx takes a large value below T ∗. Moreover, we
show that all the transport anomalies below T ∗ are understood as the quasiparticle
transport phenomena in a unified way. Although the Maki-Thompson-type CVC
due to SC fluctuations is unimportant in d-wave superconductors when the elastic
scattering is dominant [51], it plays significant roles when the inelastic scattering is
dominant like in cuprates.

We note that Ussishkin et al. studied ν induced by short-lived Cooper pairs, which
is independent of the quasiparticle lifetime and order O(γ0) [52]. However, the qua-
siparticle transport will be dominant in good metals where kFl ∼ EF/γ 	 1. Here,
l = vkFτ is the mean free path, and kFl = 1 corresponds to 1700 µ�cm in cuprate
HTSCs. Therefore, the relation kFl 	 1 is satisfied in slightly under-doped HTSC,

http://dx.doi.org/10.1007/978-3-642-35365-9_5
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in which ρ � 200 µ�cm above Tc. Hereafter, we calculate αxy due to quasiparticle
transport by considering the CVC.

In the microscopic Fermi liquid theory, axy is given by the correlation function
between the heat and charge currents in the presence of Hz 
= 0. Therefore, axy

is given by Eq. (3.44) by replacing jμ with j Q
μ . After the analytic continuation, the

exact expression for αxy of the order γ−2 is given by [50]

αxy = Hz · e2

T

∑

k

∫
dε

2π

(

−∂ f 0

∂ε

)

|ImGR
k (ε)||GR

k (ε)|2

× |vk(ε)|γk(ε)Ak(ε), (6.6)

Ak(ε) =
(

Qk(ε) × ∂Lk(ε)

∂k‖

)

z
, (6.7)

Qk(ε) = qk(ε) +
∑

k′

∫
dε′

4πi
T (0)

k,k′(ε, ε′)|GR
k′(ε′)|2 Qk′(ε′), (6.8)

where Lk(ε) = Jk(ε)/γk(ε), qk(ε) = ε · vk is the quasiparticle heat velocity, and
Qk(ε) is the total heat current [24, 50]. Since the CVC term in Eq. (6.8) vanishes if
we omit the energy dependence of T (0)

k,k′(ε, ε′), the CVC for Qk(ε) is expected to be
unimportant. Therefore, Qk(ε) ∼ qk(ε) [24, 50]. In the FLEX + T -matrix approxi-

mation, T (0)

k,k′(ε, ε′) = i
[
cth ε

′−ε
2T + th ε′

2T

]
Im{Vk−k′(ε− ε′)− Tk,k;k−k′(ε, ε; ε− ε′)}.

In contrast to RH and S, the Nernst coefficient ν [38–40, 43] and Δρ/ρ0 [45,
46, 53] in LSCO rapidly increase below T ∗. These facts are also explained by the
[FLEX + T -matrix]+CVC method as shown in Fig. 6.2a, b. Since RH decreases
whereas Δρ/ρ0 increases drastically below T ∗, the plot of Δρ/ρ0 as a function of
tan2 θH forms an “inverse S-shape”, which results in the violation of the modified
Kohler’s rule below T ∗. This result is very similar to the experimental results provided
in Ref. [53].

Next, we discuss ν in NCCO using the FLEX (not FLEX + T -matrix)
approximation since the pseudo-gap is not observed in NCCO. The obtained ν is
shown in Fig. 6.2c; it takes a large positive value only when the CVC are taken into
account. In NCCO, ν increases gradually as T decreases, and it starts to decrease
below ∼120 K. The obtained behaviors of ν are semiquantitatively consistent with
experimental results [41]. Therefore, the present study can explain the experimental
behaviors of ν and Δρ/ρ0 in HTSCs both above and below T ∗.

Here, we explain a theoretical reason why ν is enhanced in both LSCO and NCCO:
Ak in Eq. (6.7) can be rewritten as

Ak = Qk Lk(∂θJ
k /∂k‖) cos(θJ

k − θ
Q
k ) + Qk(∂Lk/∂k‖) sin(θJ

k − θ
Q
k ), (6.9)

where θJ
k = tan−1(Jky/Jkx ), θ

Q
k = tan−1(Qky/Qkx ), and Lk = Jk/γk is the mean

free path with CVC. In the RTA, the heat current is given by qk = ε · vk. Since
θv

k = θ
q
k , the second term is absent in the RTA. If the CVC is taken into account,

http://dx.doi.org/10.1007/978-3-642-35365-9_3
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we obtain θJ
k 
= θ

Q
k since the CVC for qk is usually small (i.e., Qk ∼ qk) [24, 50]:

As we have explained, the CVC represents the current of the excited quasiparticles
induced by electron-electron scatterings. The charge CVC can be large because of
the momentum conservation law. However, the heat current qk = (ε0

k − μ)vk is not
conserved even in the free dispersion model, that is, qk + qk′ 
= qk+q + qk′−q even
if ε0

k + ε0
k′ = ε0

k+q + ε0
k′−q. For this reason, the heat CVC is small in general, and

therefore the thermal conductivity κ is finite even if the Umklapp process is absent:
In a 3D free dispersion model, κ = (9/8)κRTA within the second-order perturbation
theory with respect to U [50].

Since θJ
k 
= θ

Q
k , the second term gives rise to an enhancement of ν if Lk is

highly anisotropic around the cold spot. Figure 5.1b shows Lk in LSCO given by
the FLEX + CVC approximation, showing that ∂Lk/∂k‖ takes a large value near
the cold spot below T = 0.02. (Note that ∂Lk/∂k‖ = 0 just at point A.) This is the
origin of increment in νFLEX in Fig. 6.2b. As shown in Fig. 6.2c, νFLEX for NCCO
is much larger than νFLEX for LSCO, because of the large anisotropy of LFLEX

k in
NCCO due to the relation ξAF 	 1 in NCCO.

Next, we consider the increment of ν in the pseudo-gap region in LSCO using
the FLEX + T -matrix method, shown as νFLEX + T in Fig. 6.2b. The CVC due
to SC fluctuations (Maki-Thompson term) represents the forward scattering caused
by the short-lived Cooper pairs. The CVC due to the dx2−y2 -wave SC fluctuations
magnifies Jk except at the nodal point (point A in Fig. 3.7). When the Ginzburg-
Landau correlation length, which is proportional to (T − Tc)

−1/2, is longer than
ξAF, the Bethe-Salpeter equation (6.4) in the FLEX + T -matrix approximation is
approximately given as [24]

Jk ≈ vk +
∑

k′

∫
dε′

4πi
T FLEX

k,k′ (0, ε′)|GR
k′(ε′)|2 Jk′

+ Im�SCF
k (−iδ)

γk
Jk (6.10)

where T FLEX
k,k′ (0, ε′) represents the Maki-Thompson term due to AF fluctuations.

The last term comes from the Maki-Thompson term due to SC fluctuations, which
produces the forward scattering. Then, the total current is approximately obtained as

Jk ≈ (1 + hk) Jno−SCF
k (6.11)

hk ≡ ImΣSCF
k (0)/ImΣAFF

k (0), (6.12)

where Jno−SCF
k is given by the FLEX approximation without ΣSCF

k and T SCF. That is,

Jno−SCF
k ≈ vk + αkvk∗

1 − α2
k

, where αk = (1 − cξ−2
AF) had been introduced in Eq. (3.80).

hk represents the enhancement factor due to SC fluctuations. Due to hk, the anisotropy
of Lk = |Jk/γk| becomes very large below T ∗ near the cold spot, because of the
development of ImΣSCF

k (0) ∝ ψ2
k below T ∗ shown in Fig. 6.1d. For this reason,
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the second term in Eq. (6.9) takes a large value in the neighborhood of the point A
[24]. Therefore, the rapid increment in ν below T ∗ is well understood based on the
[FLEX + T -matrix]+CVC theory.

If the AF fluctuations are absent, θJ
k = θ

Q
k = θv

k even if the CVC due to SC
fluctuations are taken into account. Therefore, to explain the enhancement in ν in the
pseudo-gap region, we have to include CVCs due to both spin and SC fluctuations.
In contrast, RH decreases below T ∗ in proportion to ξ2

AF since the second term in
Eq. (6.9) is absent if we replace Qk with Jk.

6.3 Fermi Arc Picture and Transport Phenomena

Figure 6.3 shows the intensity of the spectrum ρk(ω) = ImGk(ω − iδ)/π at ω = 0
given by the FLEX and FLEX+T -matrix approximations for LSCO (n = 0.9),
at T = 0.02 ∼ 80 K. The intensity of ρk(0) at around (π, 0) is suppressed in the
FLEX approximation, which is called the Fermi arc structure. This structure becomes
more prominent in the FLEX + T -matrix approximation, because the quasiparticle
damping rate due to strong dx2−y2 -wave SC fluctuations, which is given in Eq. (6.3)
in the FLEX + T -matrix approximation, takes large values around (π, 0). The Fermi
arc structure is observed by ARPES measurements in many compounds, such as
Bi2212 [16, 54–56] and LSCO [57].

The Fermi arc structure is also observed in under-doped NCCO: In the ARPES
measurements [58, 59], the intensity of ρk(0) for a portion of the Fermi surface near
the AFBZ (see Fig. 2.1) is strongly suppressed below TN ∼ 150 K by the SDW order.
Below TN, RH is negative by reflecting the small electron-like Fermi surface around
(π, 0), which is caused by the reconstruction of the Fermi surface due to the SDW
order. Surprisingly, RH remains negative even above TN, although SDW-induced
Fermi surface reconstruction is absent. Moreover, no anomaly in RH is observed at
TN. This highly nontrivial fact is explained by the Fermi liquid theory by considering

(a) (b)

 0
 1
 2
 3
 4

 1.0
 2.0
 3.0

(π,π)

(0,π)

ρ (0) in the FLEX approx. 

(LSCO, n=0.9)
k

(π,0)

(0,0)

0
 2
 4
 6

(π,0)

(π,π)

(0,π)

 2.0
 4.0
 6.0

ρ (0) in the FLEX+T-matrix approx. 

(LSCO, n=0.9)

k

Fig. 6.3 a Quasiparticle spectrum ρk(0) = ImGk(−iδ)/π for LSCO at T = 0.02 given by the
FLEX approximation. ρk(0) is shown only when ρk(0) > 0.1. The contour is shown on the basal
plane. b ρk(0) given by the FLEX + T -matrix approximation. The contour shows a “Fermi arc
structure”
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the CVC, as shown in Fig. 5.3d. In NCCO, pseudo-gap state due to AF fluctuations
is observed above TN by ARPES measurements [60].

It is sometimes claimed that the enhancement of RH in HTSC can be explained
by the reduction in the “effective carrier density at the Fermi level (neff )” due to the
emergence of the Fermi arc, since RH ∝ 1/eneff in the RTA. However, this argument
is not true since RH starts to decrease below T ∗, whereas the length of the Fermi arc
shrinks due to SC fluctuations. We have explained in Sect. 6.1 that the reduction in
RH in the pseudo-gap region is closely related to the reduction in the AF fluctuations.

If the distinct Fermi arc structure due to the highly anisotropic τk is realized, it
inevitably leads to a huge magnetoresistance within the RTA: in fact, Δσxx diverges
when the k-dependence of the mean free path lk = vkτk is not continuous on the
Fermi surface; in this case, the second term in Eq. (5.12) diverges as pointed out in
Ref. [61]. Therefore, the modified Kohler’s rule given by Eq. (1.4) cannot be satisfied.
In summary, a unified understanding of anomalous transport phenomena in HTSC
cannot be achieved by the simple Fermi arc picture without the CVC.

6.4 Summary and Future Problems

We have studied ρ, RH, Δρ/ρ0, S and ν in HTSCs using the FLEX + T -matrix
approximation. The results are shown in Figs. 5.2a, 5.3a, 5.6a, and 6.2a–b. We can
explain that (i) RH and S start to decrease below T ∗, (ii) ρ starts to deviate from
the T -linear behavior at T0, and it is approximately proportional to T 2 below T ∗.
Moreover, (iii) ν and Δρ/ρ further increase below T ∗. [The RTA cannot explain
the enhancement of ν since the second term in Eq. (6.9) vanishes identically in the
RTA.] Therefore, the present study gives us a unified understanding of the various
anomalous transport phenomena in both below and above T ∗.

In NCCO (and CeMIn5), ν starts to increase in proportion to T −1 below T0 ∼
600 K, because of the CVC due to strong AF fluctuations; ξAF 	 1. In LSCO,
on the other hand, increment in ν below T0 is small since ξAF is of order 1; ν
in LSCO starts to increase rapidly below T ∗ � T0, with the aid of the strong SC
fluctuations. It should be noted that ν takes a very large value in the vortex-liquid
state above Hc1 in a clean 2D sample, reflecting the high mobility of the vortices.
Therefore, ν is frequently used as a sensitive probe for the mixed state. Based on
his observation, Ong et al. proposed that spontaneous vortex-antivortex pairs emerge
in under-doped systems below T ∗, and they govern the transport phenomena in the
pseudo-gap region [38–40]. However, this assumption seems to contradict with the
other transport coefficients; for example, the flux-flow resistance does not appear
below T ∗.

Finally, we comment on the recent experimental progress on the origin of the
pseudo-gap phenomena. For example, Hanaguri et al. found the formation of the
checker board pattern in lightly hole-doped Ca2−x Nax CuO2Cl2 by the STM/STS
measurements [63] Also, Kondo et al. [64] and Yoshida et al. [62, 65] performed
the ARPES measurement for under-doped cuprates, and found a strong deviation of
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Fig. 6.4 Schematic picture of the energy gap on the Fermi surface of under-doped HTSCs. Near
the nodal region, the k-dependence of the pseudo-gap is simple d-wave type, and it merges to the
SC gap below Tc, validating the SC fluctuation scenario. Near the anti-nodal region, the pseudo-gap
is much larger than the SC gap size, and it exist even below Tc. (Ref. [62])

the pseudo-gap from a simple d-wave form. It is found that the pseudo-gap near the
node (Fermi arc) originates from the SC fluctuations, whereas that near the anti-nodal
region is different in origin, since the energy-scale of the gap is very large, as shown
in Fig. 6.4. Since the large pseudo-gap near the anti-nodal region exists even below
Tc, its origin might be unconventional density order.

In summary, there are many evidences that the SC fluctuations play important
roles in the pseudo-gap region, at least near the nodal region (or the cold spot).
The transport phenomena are determined by the electronic states near the nodal
region, whereas insensitive to the anti-nodal region. In this section, we have shown
that characteristic anomalous transport phenomena in the pseudo-gap region can
be reproduced by the FLEX + T -matrix approximation. We stress that the present
study will be valid even in the coexistence of a different pseudo-gap mechanism that
strongly modifies the electronic state in the anti-nodal region. We have to pay much
more efforts to achieve the complete understanding of the pseudo-gap phenomena.
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Chapter 7
AC Transport Phenomena in HTSCs

In previous sections, we discussed the DC transport phenomena in nearly AF
metals, and found that various non-Fermi-liquid-like behaviors originate from the
same CVC. In principle, the AC transport phenomena can yield further useful and
decisive information about the electronic status. Unfortunately, the measurements
of the AC transport coefficients are not common because of the difficulty in their
observations, except for the optical conductivity σxx (ω) measurements.

Fortunately, Drew’s group has been reported reliable measurements of the AC Hall
coefficient RH(ω) = σxy(ω)/σ2

xx (ω) in YBCO [1–4], BSCCO [5], LSCO [6], and
PCCO [7, 8]. They found that the ω-dependence of RH(ω) in HTSC shows amazing
non-Fermi-liquid-like behaviors, which have been a big challenge for researchers for
a long time. Here, we show that this crucial experimental constraint is well satisfied
by the numerical study using the FLEX + CVC method.

In the RTA, both σxx (ω) and σxy(ω) in a single-band model follow the following
“extended Drude forms”:

σRTA
xx (ω) = Ωxx

2γ0(ω) − i z−1ω
, (7.1)

σRTA
xy (ω) = Ωxy

(2γ0(ω) − i z−1ω)2 , (7.2)

where z−1 is the mass-enhancement factor andγ0(ω) is theω-dependent damping rate
in the optical conductivity, which is approximately given by γ0(ω) ≈ (γcold(ω/2) +
γcold(−ω/2))/2 for small ω. According to the spin fluctuation theory [9], γ0(ω) ∝
max{ω/2,πT }, which is observed by the optical conductivity measurements. The
ω-dependence of z is important in heavy-fermion systems (1/z � 1 at ω = 0),
whereas it will not be so important in HTSC since 1/z is rather small. Expressions
(7.1) and (7.2) are called the “extended Drude form”. Within the RTA, the AC-Hall
coefficient is independent of ω even if the ω-dependence of z is considered:

RRTA
H (ω) = Ωxy/Ω

2
xx ∼ 1/ne. (7.3)
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94 7 AC Transport Phenomena in HTSCs

7.1 AC Hall Effect in Hole-Doped Systems

Very interestingly, Drew’s group has revealed that RH(ω) in HTSC decreases dras-
tically with ω: as shown in Fig. 7.1, ImRH(ω) shows a peak at ∼ω0 = 50 cm−1 in
optimally-doped YBCO [4]. Moreover, ImRH(ω) is as large as ReRH(ω) forω � ω0.
Both ReRH(ω) and ImRH(ω) are connected by the Kramers-Kronig relation. Such
a large ω-dependence of RH cannot be explained by the RTA, even if one assume an
arbitrary (k,ω)-dependence of the quasiparticle damping rate γk(ω). Therefore, the
AC-Hall effect presents a very severe constraint on the theory of HTSCs.

Recently, we studied both σxx (ω) and σxy(ω) in HTSC using the FLEX + CVC
method, by performing the analytic continuation of Eqs. (3.45) and (3.47) using
the highly accurate Pade approximation introduced in Refs. [10, 11]. Since the ω-
dependence of the CVC is correctly included, the obtained σxx (ω) and σxy(ω) satisfy
the following f -sum rules very well:

∫ ∞

0
Reσxx (ω)dω = πe2

∑

k

(∂2ε0
k/∂k2

x )nk, (7.4)

∫ ∞

0
Reσxy(ω)dω = 0, (7.5)

the relative error is less than 2.5 % [10]. A useful f -sum rule for the Hall angle has
been derived in Ref. [12]. The obtained numerical results are shown in Fig. 7.2a–c.

In Fig. 7.2a, it is found that σxx (ω) ≈ σRTA
xx (ω) is realized, indicating that the

CVC is not so important for σxx (ω). The peak frequency of Imσxx (ω) is ωxx = 0.06
at T = 0.02. It is verified that σxx (ω) is well reproduced by Eq. (7.1), by substituting

Fig. 7.1 RH(ω) in optimally-
doped YBCO at 95 K, derived
from Faraday rotation. The
closed circles and squares
represent experimental values
of ReRH(ω) and ImRH(ω),
respectively. Lines are guides
for eye [4]

http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
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Fig. 7.2 a σxx (ω), b σxy(ω)

and c RH(ω) for LSCO
(n = 0.9, U = 5) given
by the FLEX + CVC method.
ω = 0.1 corresponds to
∼300 cm−1. Because of the
CVC, σxy(ω) � σRTA

xy (ω) at
low frequencies [10]
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γ0(ω) = (γcold(ω/2) + γcold(−ω/2))/2. However, σRTA
xx (ω) do not satisfy the f -

sum rule [10]. In Fig. 7.2b, σxy(ω) given by the FLEX + CVC method completely
deviates from the RTA result σRTA

xy (ω), meaning the significant role of the CVC for
AC Hall effect. The peak frequency of Imσxy(ω) is ωxy = 0.01, which is six times
less than ωxx , consistently with experiments. This fact cannot be explained by using
the extended Drude form. The effect of CVC on σxy(ω) is important for very wide
frequency range; ω � 0.3 (∼1000 cm−1). In fact, σRTA

xy (ω) do not satisfy the f -
sum rule in Eq. (7.5), since the magnitude of ReσRTA

xy (ω) for ω > 0.1, which takes
negative values, is too small if the CVC is dropped. The significance of the CVC is
well understood by studying the AC Hall coefficient shown in Fig. 7.2c: RH(ω) given
by the FLEX + CVC method show striking ω-dependences, whereas RRTA

H (ω) is a
nearly real constant of the order 1/ne. This fact means that the strong violation of the
extended Drude rule [σRTA

xx (ω)2 ∝ σRTA
xy (ω)] is caused by the strong ω-dependence

of the CVC, which is very prominent at low frequencies ω � ωsf ∼ T .
Here, we study the origin of the ω-dependence of σxy(ω) by considering the

ω-dependence of the CVC. The Bethe–Salpeter equation for ω �= 0 is given by

Jk(ε;ω) = vk +
∫

dε′

4πi

∑

k′q
T (0)

k,k+q(ε, ε′;ω)

× G R
k+q(ε′ + ω/2)G A

k+q(ε′ − ω/2)Jk+q(ε′;ω), (7.6)

which is equivalent to Eq. (3.63) when ω = 0. A simplified Bethe–Salpeter equation
for ω = 0 is given in Eq. (3.81). Here, we extend Eq. (3.81), to the case of ω �= 0.
By noticing the relationship G R

k+q(ε′ + ω/2)G A
k+q(ε′ − ω/2) ≈ πρk(ε′) · 2/(2γk −

iωz−1), Eq. (7.6) is simplified for |ω| 	 γ as

Jk(ω) = vk + αk · 2γk

2γk − iωz−1 Jk∗(ω), (7.7)

where (1 − αk)−1 ∝ ξ2
AF. In deriving Eq. (7.7), we assumed that the ε-dependence

of χs
q(ε+ iδ) is small for |ε| < γ. The solution of Eq. (7.7) is given by

Jk = (2γ − iωz−1)2

(2γ − iωz−1)2 − (αk · 2γ)2

[

vk + αk · 2γ

2γ − iωz−1 vk∗
]

, (7.8)

which is equivalent to Eq. (3.82), when ω = 0. Similar to the derivation of Eq. (5.9),
we get

Jk × ∂ Jk

∂k‖
= (2γ − iωz−1)2

(2γ − iωz−1)2 − (α · 2γ)2 · vk × ∂vk

∂k‖
. (7.9)

As a result, σxy(ω) for ω 	 γ0 is approximately given by

http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_5
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σxy(ω)/Hz = e3
∮

FS

dk‖
(2π)2

1

(2γ − iωz−1)2

(

Jk × ∂ Jk

∂k‖

)

z

≈ Ωxy

((1 − αk)2γ0 − iωz−1)((1 + αk)2γ0 − iωz−1)
. (7.10)

If we omit the CVC (i.e., αk = 0), Eq. (7.10) is equivalent to the extended Drude
form in Eq. (7.2). According to Eq. (7.10), the solution of Reσxy(ω0) = 0 is given

by ω0 = 2
√

1 − α2
kzγ, which is much smaller than the solution obtained from the

RTA; ωRTA
0 = 2zγ. This analytical result can be recognized in the numerical result

shown in Fig. 7.2a, b. As a result, the striking ω-dependence of RH(ω) in HTSCs for
|ω| < γ0 can be explained by including the CVC.

We explain that the effect of CVC is still large even for the infrared region
ω � 0.3 (∼1000 cm−1). This fact is required by the f -sum rule in Eq. (7.5) when
the DC σxy is significantly enhanced by the CVC. Schmadel et al. [5] observed
σxy(ω) in optimally doped BSCCO for a wide range of ω (≤ 0.3 ∼1000 cm−1), and
found that σxy(ω) follows a “simple Drude form”; σxy ∝ (2γxy − i zω)−2, where
ω-dependence of γxy is much smaller than γ0(ω) and γxy 	 γ0(0). In Fig. 7.3a,
b, we show the experimental ω- and T -dependences of Re

√
B/σxy (∝ γxy) and

Im
√

B/σxy (∝ −zω), together with the theoretical results by FLEX + CVC. In the
infrared region where T 	 ω (= 950 cm−1), it is experimentally found that (i)
γxy depends on ω only weakly, whereas (ii) γxy ∝ T is realized below 300 K. This
result is highly contradicts the RTA result, since γ0 ∝ max{ω,πT } in nearly AF
metals. This mysterious behavior is well reproduced by the FLEX + CVC method,
as indicated by the solid dots in Fig. 7.3b. This result indicates that the effect of the
ω-dependence of γ0(ω) on the AC-Hall conductivity approximately cancels with that
of the CVC.
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Fig. 7.3 a ω-dependence of
√

B/σxy in BSCCO at 300 K. Open squares and diamonds represent
real and imaginary part of theoretical result given by the FLEX + CVC method. b

√
B/σxy in

optimally-doped BSCCO at 950 cm−1. The solid dots represent the result of the FLEX + CVC
method [5]
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Interestingly, the Hall angle θH(ω) = σxy(ω)/σxx (ω) follows an approximate
simple Drude form in both YBCO [2] and LSCO [6]—θH(ω) ∝ (2γH − i zω)−1

with an ω-independent constant γH ∝ T −n (n = 1.5 ∼ 2). (Exactly speaking,
both σxy and θH cannot follow the simple Drude forms at the same time when σxx

exhibits an extended Drude form.) This experimental fact has also been theoretically
reproduced [10]. Therefore, the anomalous (ω, T )-dependences ofσxy(ω) and RH(ω)

in HTSCs can be semiquantitatively explained by the FLEX + CVC method—a
microscopic theory without any fitting parameters except for U . At the present stage,
the FLEX + CVC method is the only theory that is able to explain the anomalous
AC and DC transport coefficients in a unified way.

7.2 AC Hall Effect in Electron-Doped Systems

In this section, we study the AC-Hall effect of the electron doped cuprates using the
FLEX + CVC method. Figure 7.4 shows the temperature and doping dependences

of the Hall angle θH(ω) ≡ σxy(ω)

σxx (ω)
on overdoped Pr2−xCexCuO4 (PCCO) at THz

frequencies �10 meV [8]. The Hall signals were found to be linear in field over the
measured magnetic field range of ±8 T. At finite frequencies near zero temperatures
where inelastic scattering is still large, we observe a strong suppression of the Hall
response which corresponds to electron-like contributions coming into σxy, even at
T = 0.

First, we discuss the DC Hall effect: In Fig. 7.4, the DC Hall angle θH(0) for
x = 0.17 is negative for 50 K � T � 300 K, since DC Hall conductivity σxy(0)

is negative because of the CVC due to spin fluctuations, as discussed in Chap. 5.
At higher temperatures (T � 300 K), σxy(0) approaches to σRTA

xy (0) > 0 since the
CVC due to spin fluctuations become weak. The CVC is also less important at lower
temperatures (T � 50 K) in the presence of the residual elastic scattering γimp, as
we will discuss in Chap. 8: The CVC due to spin fluctuations is suppressed by γimp
when the inelastic scattering rate is smaller than γimp at lower temperatures.

At finite frequencies, the temperature dependence of ReθH(ω) becomes weaker
and weaker as increasing ω. Especially, atω = 10.5 meV, ReθH(ω) becomes positive
for 75 K < T < 150 K, at which the CVC is very important in DC Hall effect. This
result indicates that the effect of the CVC becomes small with ω, as is the case
with hole-doped systems. As for the imaginary part, ImθH(ω) = 0 at ω = 0. At
ω = 5.24 meV, however, ImθH(ω) is as large as the real part in magnitude, whereas
its temperature dependence becomes moderate at ω = 10.5 meV, indicating that the
CVC becomes smaller at higher ω.

We should also stress that ReθH(ω) at ω = 10.5 meV starts to decrease below
∼60 K, and becomes negative below ∼20 K. These very complicated temperature
and frequency dependences of AC Hall effect would indicate the important role of
the CVC, which presents strong temperature and frequency dependences.

http://dx.doi.org/10.1007/978-3-642-35365-9_5
http://dx.doi.org/10.1007/978-3-642-35365-9_8
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Fig. 7.4 The real and imaginary parts of the Hall angle measured at DC, 5.24, and 10.5 meV [8].
The negative value at finite temperature in both the real and imaginary parts of θH(ω) signify strong
electron-like contributions which dominate the σxy response, a clear deviation from the simple
hole-like Fermi surface observed by ARPES. Depicted in grey with each data set are error bars
derived from the juxtaposition of uncertainties in thickness, σxx, and θF

To examine the role of CVCs on the IR Hall response, we calculate the frequency
and temperature dependent conductivity for overdoped PCCO within the FLEX +
CVC approximation. The model parameters (t , t ′, t ′′) and U are the same as those
for NCCO given in Chap. 5. The strong scattering process in nearly AF metals not
only shortens the quasiparticle lifetime (i.e., hot-spot), but also changes the direction
of electron motion: The former and the latter effects are described by the self-energy
and the CVC, respectively. How the electron scattering due to spin fluctuations leads
to strong CVC effects is illustrated in Fig. 3.7.

Figure 7.5 shows the AC Hall angle obtained by the FLEX + CVC approximation.
The nearest neighbor hopping integral is taken as t = 0.36 eV and the quasiparticle
damping rate due to elastic scattering was set at γimp = 3.5 meV corresponding to
ρimp ∼ 5 µΩ cm. In the RPA without the CVC, the Hall angle follows the simple

http://dx.doi.org/10.1007/978-3-642-35365-9_5
http://dx.doi.org/10.1007/978-3-642-35365-9_3


100 7 AC Transport Phenomena in HTSCs

Drude formula: θRPA
H (ω) = ΩH

2γ0(ω) − i z−1ω
. As shown in the insets of Fig. 7.5,

ReθRPA
H (ω) and ImθRPA

H (ω) are always positive, reflecting the large hole-like Fermi
surface.

When the CVC are taken into account in Fig. 7.5, both ReθH and especially ImθH
take on increasingly negative values as temperature is lowered from room temper-
ature and the AF fluctuations become stronger. According to Eq. (7.7), the CVC is

controlled by the parameter α̃k ≡ αk
γAF

k

γk
· 4γ2

k

4γ2
k + (ωz−1)2

: The total current is

written as Jk ≈ vk + α̃kvk∗

1 − α̃2
k

. Here, the damping rate γk is given by the sum of

the inelastic damping rate due to AF fluctuations (γAF
k ) and the elastic damping rate

(γimp). (The factorαk(�1) in Eq. (7.7) is replaced withαk(γAF/γ) as we will discuss
in Chap. 8.) In optimally-doped cuprates, the damping rate due to AF fluctuations
is approximately given as γAF ∼ a max{ω,πT } and a ∼ O(1). Considering the
function form of α̃k, the CVC due to strong AF fluctuations (αk ∼ 1) is suppressed
when (i) γAF/γ = γAF/(γAF + γimp) 	 1, which will be satisfied at low T and low

Fig. 7.5 Prediction of the
real and imaginary part of
the Hall angle by incorporat-
ing current-vertex corrections
(CVCs) induced by magnon
scattering. The Hall angle cal-
culated in the FLEX approx-
imation without including
CVCs is shown in the insets
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ω. [In fact, the CVC term in Eq. (3.78) vanishes if we replace γk+q (∝ T 2) with
γimp �= 0 at T = 0.] Also, the CVC becomes weaker in the (ii) collisionless regime
ω � γ.

In Fig. 7.5, at ω = 0 and 5 meV, ReθH(ω) < 0 below 300 K due to the CVC.
However, ReθH(ω) changes to positive at T = 50 ∼ 100 K because of the suppres-
sion of the CVC by impurities (reason (i)). At ω = 10 meV, in contrast, ReθH(ω) is
positive below 300 K, since the effect of the CVC is small in the collisionless regime
(reason (ii)). However, ReθH(ω) starts to decrease below 70 K, indicating that the
CVC becomes important at lower temperatures. In fact, the factor αk ≈ 1 − cξ−2

AF
approaches to unity at low temperatures. (For T = 0 and γimp > 0, the CVC due to
spin fluctuations is absent at ω = 0, whereas the CVC will be important for ω > 0
since γAF/γ increases with ω.) Therefore, overall T - and ω-dependences of θH in
PCCO are well reproduced by taking the CVC into account. In addition, Fig. 7.5
shows the calculated results for two different doping levels which demonstrate the
reduction of the CVC effects in the over-doped region.

In summary, strong and complex temperature and frequency dependences of the
AC Hall conductivity in PCCO are naturally reproduced in the FLEX+CVC approx-
imation. This result provides us a very strong indication that the electron-doped
cuprates are well described by the Fermi liquid picture. The present study shows that
the CVCs contribute significantly to the magnetotransport properties of PCCO and,
by extension, suggest that CVC effects would also be the underlying mechanism
causing the anomalous Hall transport in the hole-doped cuprate systems [13].
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Chapter 8
Impurity Effects in Nearly AF Metals

In earlier sections, we studied the transport phenomena in nearly AF metals without
randomness. By including CVCs, we succeeded in explaining the anomalous DC
and AC transport phenomena in a unified way, in both hole- and electron-doped
cuprate HTSCs. However, effects of impurity or disorder cannot be negligible in
many compounds. In fact, the residual resistivity due to disorder increases drastically
as the system approaches to the half-filling [1]. Moreover, STM/STS measurements
revealed that the electronic states in under-doped HTSCs are highly inhomogeneous
at the nanoscale, reflecting the random potential induced by the disordered atoms
outside of the CuO2 plane [2]. These experimental facts are reproduced by assuming
that the SC pairing interaction (due to spin fluctuations) is strongly influenced by the
impurity potential [3, 4].

Further, the anomalous transport phenomena near the AF QCP are sensitive to
the randomness. For example, the hot/cold spot structure due to strong AF fluctua-
tions would be smeared out by impurities, since the impurity-induced damping rate
γimp is usually isotropic. Also, the CVC due to electron-electron interaction is sup-
pressed when the impurity scattering is dominant: In fact, the CVC term in Eq. (3.78)
vanishes if we replace γk+q (∝ T 2) with γimp �= 0 at very low temperatures. There-
fore, anomalous transport phenomena due to CVC are expected to be suppressed by
impurities.

However, this naive expectation would be valid only when the impurity potential is
weak, in which the Born approximation is applicable. When the impurity potential is
strong, the cross term between the impurity potential and Coulomb interaction could
modify the many-body electronic states of the host metal, and resulting in a new
anomalous transport phenomena. In this chapter, we will show that a “strong” local
impurity potential in under-doped HTSCs induces drastic and widespread changes in
the electron-electron correlation around the impurity site. Thus, the impurity effect
in HTSCs depends on the strength of the impurity potential. Hereafter, we study the
nontrivial impurity effects in nearly AF Fermi liquids.
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8.1 Hall Coefficient in the Presence of “Weak”
Local Impurities

First, we study the effect of “weak local impurities” on the transport phenomena
within the Born approximation, where the quasiparticle damping rate due to impurity
scattering is given by

γimp = nimp I 2
∑

k

ImGk(−iδ) = πnimp I 2 N (0), (8.1)

where nimp is the impurity density, I is the impurity potential, and N (0) is the DOS
at the chemical potential. Then, the total quasiparticle damping rate γ̃k is given by

γ̃k = γk + γimp, (8.2)

where γk represents the quasiparticle damping rate due to inelastic scattering, which
is given by Eq. (3.71) in the Fermi liquid theory or by Eq. (2.23) in the FLEX approxi-
mation. (Here, we ignored the self-energy correction given by the cross terms between
U and I . This simplification is not allowed for a large I , as we will show in Sect. 8.2.)
Also, the CVC due to local impurities vanishes identically within the Born approx-
imation. Therefore, in the case of γimp �= 0, the Bethe-Salpeter Equation (3.78) is
modified as

Jk = vk +
∑

q

3U 2

2
(πT )2 Imχ̇s

q(0)
ρk+q(0)

2γ̃k+q
Jk+q

≈ vk + α̃k Jk∗ , (8.3)

where α̃k = αk · (γk/γ̃k). Thus, an approximate solution of Eq. (8.3) is

Jk = 1

1 − α̃2
k

(vk + α̃kvk∗) . (8.4)

In the absence of impurities, Jk exhibits singular k-dependence since αk � 1 near
AF-QCP. In the case of γk ∼ γimp, on the other hand, α̃k � αk � 1 and therefore
Jk ∼ vk. As a result, the CVC is strongly suppressed by high density “weak local
impurities”, when the elastic scattering is stronger than the inelastic scattering due
to AF fluctuations.

In Ref. [5], we have pointed out that the enhancement of RH due to the CVC is
suppressed by weak impurities [5]. Figure 8.1 shows the impurity effects on ρ and
RH obtained by the FLEX+CVC method for electron-doped systems. As expected,
RH is suppressed by a small amount of impurities, although the induced residual
resistivity is small. (Note that ρ = 1 corresponds to 250 µ�cm.) As a result, RH
changes from negative to positive at low temperatures in the presence of impurities,

http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
http://dx.doi.org/10.1007/978-3-642-35365-9_3
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Fig. 8.1 Theoretically obtained T -dependence of (a) ρ and (b) RH for NCCO in the presence of
elastic scattering due to weak local impurities. In the case of γimp �= 0, RH becomes positive at low
temperatures since the CVC is reduced by the elastic scattering

which is consistent with the experimental behavior of RH in PCCO for δ = 0.16 ∼
0.18 [6]. Finally, we consider the case where the impurity potential is widespread
(nonlocal). In this case, the impurity potential I (q) is momentum-dependent, and
the kernel of the Bethe-Salpeter equation in Eq. (8.3), (3U 2/2)(πT )2 Imχ̇s

q(0), is
replaced with nimp I 2(q) + (3U 2/2)(πT )2 Imχ̇s

q(0). When I (q) is large only for
q ∼ 0 (forward scattering), both the residual resistivity and the reduction in RH due
to the impurities will be small. In HTSCs, it is considered that impurities outside of
the CuO2 plane causes the forward impurity scattering [7].

Fig. 8.2 Obtained T -
dependence of cot θH = ρ/RH
for LSCO for 0.01 ≤ T ≤
0.08. cot θH ∝ T 1.6 + c is
realized well, and c is propor-
tional to γimp
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Figure 8.2 shows the impurity effects on cotθH = ρ/RH obtained by the FLEX+
CVC method for LSCO. The relationship cotθH ∝ T 1.6 +c holds well, and c ∝ γimp.
Such a parallel shift of cotθH by impurity doping is actually observed in various hole-
doped HTSCs [8].

8.2 Effect of “Strong” Local Impurities Near AF QCP

Now, we discuss the effect of “strong local impurities” in cuprate HTSCs, due to
impurities on CuO2-planes. According to a recent LDA study [9], a Zn atom intro-
duced in the CuO2 plane of HTSCs induces a large positive potential (less than
10 eV), and the potential radius is only ∼1 Angstrom. In HTSCs, however, Zn doping
causes a nontrivial widespread change of the electronic states. In Zn-doped YBCO
compounds, site-selective 89Y NMR measurements revealed that both local spin sus-
ceptibility [10, 11] and staggered susceptibility [12] are drastically enhanced around
the Zn site, within a radius of the AF correlation length ξAF. The same result was
obtained by the 7Li Knight shift measurement in Li-doped YBCO compounds [13],
and by the 63Cu NMR measurement in Zn-doped YBCO compounds [14]. Moreover,
a small concentration of Zn impurities induces a huge residual resistivity, which is
significantly greater than the s-wave unitary scattering limit [1]. These nontrivial
impurity effects were frequently considered as evidence for the breakdown of the
Fermi liquid state in under-doped HTSCs.

Up to now, many theorists have studied this important issue. The single-impurity
problem in a cluster t-J model has been studied by using the exact diagonalization
method [15, 16]. When the number of holes is two, both AF correlations and electron
density increase near the impurity site. This problem was also studied by using the
extended Gutzwiller approximation [17]. Although these methods of calculation
are founded, the available cluster size is rather small. Moreover, these studies are
restricted to T = 0.

In this section, we study a single-impurity problem in a large size square lattice
(say 64 × 64) Hubbard model based on the nearly AF Fermi liquid theory [18, 19]:

H =
∑

i, j,σ

ti j c
†
iσc jσ + U

∑

i

ni↑ni↓ + I (n0↑ + n0↓), (8.5)

where I is the local impurity potential at site i = 0. It is a difficult problem since
we have to consider two different types of strong interactions (U and I ) on the same
footing. Moreover, the absence of translational symmetry severely complicates the
numerical analysis. To overcome these difficulties, we developed the GV I method—
a powerful method for calculating the electronic states in real space in the presence
of impurities [18, 19]. The GV I method is applicable for finite temperatures since
the thermal fluctuation effect is taken into account appropriately. Based on the GV I
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method, nontrivial impurity effects in HTSCs are explained in a unified way without
assuming any exotic mechanisms.

In the GV I method, the real-space spin susceptibility χ̂I s(ωl) is given by

χ̂I s = Π̂ I
(

1 − UΠ̂ I
)−1

, (8.6)

Π I (ri , r j ;ωl) = −T
∑

εn

G I (ri , r j ; εn + ωl)G
I (r j , ri ; εn). (8.7)

Here, G I is given by solving the following Dyson equation;

Ĝ I (εn) = Ĝ0(εn) + Ĝ0(εn) Î Ĝ I (εn), (8.8)

where ( Î )i, j = Iδi,0δ j,0, and Ĝ0 is the real-space Green function in the FLEX
approximation without the impurity potential I . The solution of Eq. (8.8) is

G I
i, j = G0

i, j + I
G0

i,0G0
0, j

1 − I G0
0,0

, (8.9)

where the position of the impurity potential is i = 0.
In Fig. 8.3, we show the numerical results for spin susceptibilities, χ̂I s , given

by the GV I method for I = ∞. Surprisingly, a nonmagnetic impurity induces a
huge Curie-like component in the uniform susceptibility; Δχ ≈ nimp · µ2

eff/3T .
This result explains the long-standing experimental problem [20–22]. The obtained

Δχ /n s
imp
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Fig. 8.3 a The uniform susceptibility given by the GV I method in the presence of impurities
(nimp = 0.01) for the impurity potential I = ∞. A single impurity induces a large Curie-term Δχs ,
which is consistent with the experimental results. b The local susceptibility χs(r, r) and staggered
one χs(r, r + (1, 0)) given by the GV I method. The inset describes the state in which both local
and staggered susceptibilities are enhanced around the impurity site
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value of µeff is 0.74µB, which is close to the experimental value µeff ∼ 1µB in
YBa2Cu3O6.66 (Tc ≈ 60 K) [20] and in LSCO (δ = 0.1) [22]. In addition, both the
local and staggered susceptibilities get enhanced around the impurity site within a
radius of about 3 (∼ ξAF) at T = 0.02. Here, we discuss the physical reason for
this drastic impurity effect. In the FLEX approximation, the AF order (in the mean-
field level) is suppressed by the self-energy effect, which represents the destruction
of the long-range order due to thermal and quantum fluctuations. However, this
self-energy effect in G I is weaken near the impurity site, reflecting the reduction
of thermal and quantum fluctuations. For this reason, the spin susceptibility given
in Eq. (8.6), which is composed of G I s, is strongly enhanced around the impurity
site. Some examples of the cross terms between U and I for the susceptibility are
shown in Fig. 8.4a. Consistently, quantum fluctuation is reduced near the vacant site
in the s = 1/2 Heisenberg model [23]. Therefore, AF spin correlations are enhanced
around a vacancy, due to the reduction in quantum fluctuations [23–28].

Before the study of GV I method, the single impurity problem in the Hubbard
model had been studied using the RPA [29–31], assuming a nonlocal impurity poten-
tial; V0 for the on-site and V1 for the site adjacent to the impurity atom. The obtained
result strongly depends on the value of V1: When V1 = 0, the enhancement of suscep-
tibility is tiny or absent although V1 ≈ 0 for the Zn impurity atom in the CuO2-plane
according to the LDA study [9]. On the other hand, in the GV I method, strong
enhancement of the susceptibility is realized even when V1 = 0 (local impurity
potential case), since χQ is renormalized by the self-energy correction in the FLEX
approximation: Then, χQ is easily enhanced when the self-energy effect is reduced
by introducing an impurity. Therefore, the GV I method has a great advantage in the
study of the impurity problem in HTSCs.

Next, we discuss the transport phenomena in the presence of dilute impurities
according to the GV I method [18, 19]. The impurity-induced enhanced suscepti-
bilities cause the “additional self-energy correction δΣ ≡ Σ I − Σ I=0” around the
impurity site. If the area of δΣ �= 0 is large, a large residual resistivity will be induced
by the non-s-wave scattering channels. In the GV I method, δΣ is given by

δΣ(ri , r j ; εn) = T
∑

l

G(ri , r j ;ωl + εn)V I (ri , r j ;ωl)

− Σ0(ri − r j ; εn), (8.10)

V I (ri , r j ;ωl) = U 2
(

3

2
χI s(ri , r j ;ωl) + 1

2
χI c(ri , r j ;ωl) − Π I (ri , r j ;ωl)

)

,

(8.11)

where Σ0 is the self-energy given by the FLEX approximation without the impurity
potential (I = 0). The Green function G(ri , r j ; εn) is given by solving the following
Dyson equation in real space:

Ĝ(εn) = Ĝ I (εn) + Ĝ I (εn)δΣ̂(εn)Ĝ(εn). (8.12)
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In the GV I method, we solve Eqs. (8.10) and (8.12) self-consistently. The local DOS
given by the GV I method in real space—ρ(r,ω) = ImG(r,ω − iδ)/π—is shown
in Fig. 8.4b. The local DOS decreases around the impurity site within the radius of
approximately 3a (a is the lattice spacing), since the quasiparticle lifetime is very
short due to the large ImδΣ̂ . We verified that the radius of ImδΣ̂ increases as the
filling number n approaches to unity, in proportion to ξAF. As explained in Ref. [18,
19], we should not solve V I in Eq. (8.11) self-consistently, since the feedback effect
on V I introduced by iteration is canceled by the vertex correction for V I that is
absent in the FLEX approximation.

To derive the resistivity in the presence of impurities, we have to obtain the

t-matrix, t̂(ε), which is defined as Ĝ = Ĝ0 + Ĝ0 t̂ Ĝ0. The expression of t̂(ε) in the
case of nimp � 1, which is composed of I , δΣ̂ and Ĝ, had been derived in Ref. [18,
19]. Using the obtained t-matrix, the quasiparticle damping rate due to the impurity
is given by [32, 33]

γ
imp
k (ε) = nimp

N 2

∑

l

ImTl(ε− iδ)eik·rl , (8.13)

where Tl(ε) = ∑
m tm,m+l(ε). nimp is the density of the impurities. In the case of

nimp �= 0, the total quasiparticle damping rate is γk(ε) = γ0
k(ε) + γ

imp
k (ε), where

γ0
k(ε) = ImΣ0

k(ε− iδ). The resistivity is approximately given by ρ ∝ γcold.

Figure 8.5a shows k-dependences of γimp
k (nimp = 0.05) and γ0

k. We emphasize

that γimp
k exhibits strong k-dependence that is similar to the k-dependence of γ0

k. This

IMP
irreducible

susceptibility

correction

self−energy
correction

vertex

Fig. 8.4 a Examples of diagrams for χ̂I s in the presence of a single-impurity potential I in the
Hubbard model. They are cross terms between I and U . The cross represents I , and the large circle
with the shadow represents the self-energy given by the FLEX approximation for I = 0. b The
local DOS given by the GV I method: it is suppressed around the impurity site within the radius of
about 3, due to the imaginary part of the “nonlocal effective impurity potential”, δΣ(r, r′; ε = 0)
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Fig. 8.5 a γimp
k for nimp = 0.05 and γ0

k for YBCO and LSCO at T = 0.02. Their k-dependences
will be verified by the ARPES measurements. b ρ in YBCO (n = 0.9) for nimp = 0.02 given by
the GV I method. At lower temperatures, an insulating behavior is observed in the close vicinity of
the AF QCP. In HTSCs, T = 0.1 and ρ = 1 correspond to 400 K and 250 µ�cm, respectively. c
The filling dependence of Δρ ≡ ρimp − ρ0 per nimp at T = 0.02 given by the GV I method. Note
that Δρ = (4nimp/n) [�/e2] in a 2D electron-gas model due to strong local impurities

result means that the effective impurity potential δΣ is nonlocal. For this reason, the
structure of the “hot spot” and the “cold spot”, is preserved even in the presence of
strong local impurities, although it will be smeared out by the weak local impurities.
This finding suggests that the enhancement of the Hall coefficient near the AF QCP,
which is induced by the strong CVC around the cold spot [34, 35], is not suppressed by
the strong local impurities. Moreover, the enhancement ofχAF due to nimp would also
enhance RH. Experimentally, RH for under-doped YBCO and Bi2Sr2−x Lax CuO6+δ
are approximately independent of the doping of Zn and other non-magnetic impurities
[36–38], whereas RH for LSCO decreases with Zn doping [39, 40].

Figure 8.5b shows the resistivity ρ for YBCO with nimp = 0.02 for I =
0, 4, 6, and ∞. The obtained impurity effect is the most prominent when I =
6. As T decreases, nonmagnetic impurities cause a “Kondo-like upturn” of ρ
below Tx ∼ 0.02, reflecting an extremely short quasiparticle lifetime around the
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impurities. In other words, the considerable residual resistivity is caused by the large
scattering cross section of the “effective impurity potential δΣ̂” shown in Fig. 8.4b,
whose radius is ∼ξAF ∝ T −0.5 near AF-QCP. Note that Tx increases with nimp. This
drastic result indicates that the insulating behavior of ρ observed in under-doped
LSCO [41, 42] and NCCO [43] is caused by the residual disorder in the CuO2 plane.
As shown in Fig. 8.5c, the parallel shift of the resistivity at finite temperatures due to
impurities (Δρ) substantially increases in the under-doped region; Δρ exceeds the s-
wave unitary scattering limit in the 2D electron gas model, Δρ = (�/e2)(4nimp/n).
This result well explains the strong carrier-doping dependence of Δρ observed exper-
imentally [1].

The enlarged residual resistivity near AF QCP is also observed in many
heavy-fermion systems such as CeAl3 [44] and CeCu5Au [45], and in the organic
superconductor κ-(BEDT-TTF)4Hg2.89Br8 [46]. In these compounds, Δρ quickly
decreases with pressure, as increasing the distance from the AF QCP. In κ-(BEDT-
TTF)4Hg2.89Br8, Δρ under 2 GPa is six times smaller than the value at 0.5 GPa.
Such a large change in Δρ is difficult to be explained by the pressure dependence of
the DOS. In fact, according to the t-matrix approximation, γimp = (π I 2 N (0)/2)/

(1 + (π I N (0)/2)2). The residual resistivity in 2D free dispersion model (ε0
k =

k2/2m) is Δρ = 2πN (0)γimp/e2n. Therefore, Δρ is given by

Δρ = �

e2

4(π I N (0)/2)2

1 + (π I N (0)/2)2

nimp

n
, (8.14)

in 2D free dispersion model. Note that the renormalization factor z does not appear
in the expression of Δρ. In case of I N (0) � 1, Eq. (8.14) gives the s-wave unitary
scattering value; Δρ = (�/e2)4(nimp/n). In case of weak impurity scattering where
I N (0) � 1 (Born limit), we obtain the relation Δρ ∝ I 2 N 2(0), which will decrease
under pressure since N (0) ∝ 1/Wband. However, pressure dependence of Δρ in
κ-(BEDT-TTF)4Hg2.89Br8 seems too strong to be explained by the Born approxi-
mation. We comment that the increment in Δρ due to valence fluctuations is discussed
in some heavy-fermion systems [47, 48]. However, strong valence fluctuations would
be inconsistent with the strong mass-enhancement z−1 � 1.

In summary, the present study revealed that a single impurity strongly influence the
electronic states in a wide area around the impurity site in metals near AF QCP. Using
the GV I method, drastic impurity effects in under-doped HTSCs are successfully
explained in a unified way, which strongly supports the Fermi liquid ground state in
HTSCs. Similar novel impurity effects in other metals near AF QCP, such as heavy-
fermion systems and organic metals, will also be explained by the GV I method. The
validity of the GV I method is verified in Ref. [18, 19] based on the microscopic
Fermi liquid theory.
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Chapter 9
Anomalous Transport Behaviors in Heavy
Fermions and Organic Superconductors

Thus far, we have shown that the CVC due to strong AF + SC fluctuations induces
various anomalous transport phenomena in cuprate HTSCs. To validate this idea,
we have to study the various nearly AF systems other than HTSCs. In general, the
electronic structure of heavy-fermion systems and organic metals are very sensitive
to the pressure. Therefore, the distance from the AF QCP can be easily changed by
applying the pressure, without introducing disorders or randomness. This is a great
advantage with respect to investigating the intrinsic electronic states near the AF QCP,
free from the disorder effects. A useful theoretical review for heavy-fermion systems
near the AF QCP is given in Ref. [1]. Recently, detailed measurements of the transport
phenomena under pressure have been performed in heavy-fermion superconductor
CeMIn5 (M=Co or Rh) and organic superconductor κ-(BEDT-TTF). They exhibit
striking non-Fermi-liquid-like behaviors as observed in HTSCs—Eqs. (1.1)–(1.4).
Hereafter, we explain the experimental and theoretical studies on the transport phe-
nomena in these systems.

9.1 CeMIn5 (M = Co, Rh, Ir)

CeMIn5 is a quasi 2D heavy-fermion superconductor with Tc = 2.3 K. According to
the angle-resolved measurements of thermal conductivity [3] and specific heat [4],
the symmetry of the SC gap is the d-wave. Figure 9.1 shows the temperature depen-
dence of RH in CeCoIn5 and CeRhIn5 in the limit of Hz → 0. In CeRhIn5, the critical
pressure for the AF QCP is Pc ≈ 2.01 GPa. At P = Pc, RH(2.3 K)/RH(300 K)

reaches 50, whereas the magnitude of RH rapidly decreases as the pressure is
increased. A similar pressure dependence of RH is observed in CeCoIn5, where it is
considered that Pc is slightly below the ambient pressure. In both these compounds,
RH is inversely proportional to T at higher temperatures. Moreover, as shown in
Fig. 9.2, the modified Kohler’s rule given in Eq. (5.19) is well satisfied in CeRhIn5
[2] for over four orders of magnitude. Furthermore, this is well satisfied in CeCoIn5
[2, 5] as well as CeIrIn5 [6] Therefore, both RH and Δρ/ρ0 in CeMIn5 shows
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Fig. 9.1 Temperature dependence of RH in a CeRhIn5 for P ≥ Pc = 2.01 GPa, and in b CeCoIn5
for P ≥ 0. (Reference [2])

anomalous behaviors which are similar to HTSCs. This experimental fact strongly
suggests that the CVC due to strong AF fluctuations is the origin of the anomalous
transport phenomena.

Now, we discuss the magnetic field dependence of the transport coefficients.
Interestingly, RH ≡ dρH(Hz)/d Hz in CeMIn5 near Pc is easily suppressed only by a
small magnetic field, as shown in the inset of Fig. 9.1. At the same time, (Δρ/ρ0)H−2

z
is also significantly suppressed. Therefore, the relationships σxy ∝ Hz and Δσxx ∝
H2

z are satisfied only below ∼0.1 T near the QCP [2, 5]. These behaviors cannot
be attributed to the orbital effect (i.e., the cyclotron motion of conduction electrons)
since ω∗

c τ
∗ = (eHz/m∗c)τ∗ � 1 is satisfied only when Hz 	 Hc2 = 5 T and

T 
 1 K [7]. The condition ω∗
c τ

∗ 
 1 is also recognized from the relationship
Δρ/ρ0 � 0.1 for T > 2 K and H < 3 T, as shown in Fig. 9.2.
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When ω∗
c τ

∗ 
 1 is satisfied, we can safely expand Nakano-Kubo formula given
in Eq. (3.34) with respect to the vector potential, as we did in Chaps. 5–8. Then, the
following relationships derived in Chap. 5

ρH ∝ Hzξ
2
AF, (9.1)

Δρ/ρ0 ∝ H2
z ξ

4
AF/ρ2

0, (9.2)

are expected to be valid for CeMIn5. Here, the factors ξ2
AF and ξ4

AF in Eqs. (9.1)
and (9.2), respectively, come from the CVCs. Therefore, experimental striking non-
linear behaviors of RH and Δρ/ρ0 with respect to Hz should originate from the
field-dependence of χQ(0) ∝ ξ2

AF: The suppression of ξAF due to the magnetic field
results in reducing both Eqs. (9.1) and (9.2). Since the correlation length is sensitive
to the outer parameters in the vicinity of the QCP [8], the anomalous sensitivity of
ρH and Δρ/ρ0 to the magnetic field in CeMIn5 originates from the field-dependence
of the CVC. Recently, ρH and Δρ/ρ0 in PCCO were measured in magnetic field up
to 60 T, and it is found that both of them shows striking non-linear behaviors with
respect to Hz [9]. Their behaviors would also be explained by the field-dependence
of the CVC.

Even if the field dependence of CVC is strong, the modified Kohler’s rule in
Eq. (5.19) should be satisfied for a wide range of the magnetic field strength, since
both Δρ/ρ0 and cot2θH are proportional to ξ4

AFρ
−2. This is a crucial test for the

preset theory of the CVC. In fact, the modified Kohler’s rule is well satisfied for
T = 2.5−30 K and 0 < Hz � 3 T in CeRhIn5 as shown in Fig. 9.2, regardless of the
fact that the conventional Kohler’s rule is violated even for HZ ∼ 0.1 T. This fact
strongly suggests that both σxy and Δσxx are enhanced by the same origin, namely,
the CVC due to AF fluctuations. Therefore, the anomalous transport phenomena in
CeCoIn5 are consistently described by the theory of CVC in nearly AF Fermi liquids.

The Nernst signal ν in CeCoIn5 is also very anomalous [10].1 Below 20 K, ν
starts to increase approximately in proportion to T −1, exhibiting anomalously large
values (ν ∼ 1µV/KT) below 4 K. This behavior is very similar to that of ν in
electron-doped HTSC, whose T -dependence and the magnitude are well reproduced
by the FLEX + CVC theory, as the quasiparticle transport phenomena. It reaches
∼ 0.1µV/KT in optimally-doped NCCO. Since ν is proportional to τ ∝ ρ−1

0 , the
experimental relations νCeCoIn5(4 K)/νNCCO(100 K) ≈ 1(µV/KT)/0.1(µV/KT) = 10
and ρCeCoIn5(4 K)/ρNCCO(100 K) ≈ 5(µ�)/50(µ�) = 1/10 indicates that the giant
Nernst signal in CeCoIn5 is caused by the CVC near AF QCP.

Although the spin susceptibility χs(q) in CeMIn5 has a quasi 2D structure, the
anisotropy of resistivity is only two (ρc/ρab ∼ 2) at low temperatures. In the
dynamical-mean-field-theory (DMFT) [12, 13], which is believed to effectively
describe the electronic properties in 3D systems, the CVC vanishes identically.
Therefore, it is highly desired to confirm whether the CVC is really significant in 3D

1 Note that the sign of ν in CeCoIn5 is positive according to the definition of the present paper
[Eq. (6.5)]. See also Ref. [11].
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systems or not. Recently, we performed the numerical study of a 3D Hubbard model
with the conduction electron spectrum is ε3D

k = ε0
k + 2tz cos kz , where ε0

k is given
in Eq. (2.5). The obtained ρ, RH and ν in quasi 2D Hubbard model are shown in
Fig. 9.3a–c. Since the unit cell lengths in CeMIn5 are aa = ab = 4.6 Angstrom and
ac = 7.6 Angstrom, ρ = 1 and RH = 1 correspond to 300 µ�cm and 1.0 × 10−9

m3/C , respectively. We find that both RH and ν are strikingly enhanced due to the
CVC even if tz/t0 ∼ 1. In CeCoIn5, RH starts to increase below ∼40 K, which
corresponds to T = 0.08 in Fig. 9.3b. At T = 0.02 (∼8 K for CeMIn5), RH ∼ 5 for
tz/t0 = 0.8. Then, the extrapolated value of RH at 2 K is 5 × (8 K/2 K) = 20.

As shown in Fig. 9.3c, the obtained ν is drastically enhanced by the CVC, consis-
tently with experiments. To discuss the absolute value of ν, we have to take account
of the fact that ν is proportional to the mass-enhancement factor 1/z. According to
the de Haas-van Alphen measurement, 1/z = m∗/mband ∼ 50 in CeCoIn5. Since the
mass-enhancement factor in the present FLEX approximation is 1/zFLEX ∼ 3, we
describe the experimental mass-enhancement factor as 1/z = 1/(zFLEXz∗), where
1/z∗ = 50/3 is the mass enhancement factor which cannot be described by the
FLEX approximation in the Hubbard model. [Even in the FLEX approximation, rel-
atively large 1/zFLEX ∼ 10 is obtained in the periodic Anderson model, which is
an effective model for heavy fermion systems [14]. We will comment on this fact in
Sect. 2.4.] We present ν = νFLEX/z∗ in Fig. 9.3c, where νFLEX is given by the FLEX
approximation, by using the relation kBa2

a/� = 28 nV/KT. Recently, we extended
the FLEX approximation to reproduce appropriate results under a finite magnetic
field, and calculated the field dependence of RH and ν. It was suggested that both
these quantities were rapidly suppressed by the magnetic field near AF QCP, reflect-
ing the reduction of AF fluctuations. The obtained result is in good agreement with
experiments.

In CeCoIn5, RH exhibits a peak at T ∗
RH

∼ 4 K at ambient pressure, and T ∗
RH

increases with pressure [see Fig. 9.1]. This is different from the pseudo-gap behavior
in under-doped HTSCs, in which the pseudo-gap temperature T ∗ decreases as the
doping increases. In addition, RH of CeRhIn5 at P = Pc maintains its increasing
trend with decreasing T just above Tc. These behaviors can be understood as the effect
of the weak (local) residual disorders, as we have discussed in Sect. 8.1: As shown
in Fig. 8.1b, |RH − RRTA

H | starts to decrease at lower temperatures when γimp > 0,
and its peak temperature T ∗

RH
increases with γmp. For a fixed γimp, T ∗

RH
increases as

AF fluctuations decrease. In CeCoIn5, the resistivity at T ∗
RH

is ρ(T = T ∗
RH

) ∼ 6 µ�

cm [2] for P = 0 ∼ 2.5 GPa. On the other hand, in CeRhIn5 at P = 2 GPa,
ρ(T � Tc) ≈ 10 µ� cm because of the large inelastic scattering. Since γimp is
expect to be similar in both compounds, α̃k = αk · γk/(γk + γimp) in Eq. (8.4) will
be smaller in CeCoIn5. That is, the CVC is larger in CeRhIn5. Therefore, we can
explain the different behaviors of RH in CeRhIn5 and CeCoIn5 at low temperatures
as the effect of residual disorders.

One may ascribe the temperature dependence of RH in CeMIn5 to the multiband
effect. For example, a sign change of RH can occur if hole-like and electron-like
Fermi surfaces coexist and their mean free paths have different T -dependences.
Based on such a multiband model, however, it is very difficult to explain the relation

http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_8
http://dx.doi.org/10.1007/978-3-642-35365-9_8
http://dx.doi.org/10.1007/978-3-642-35365-9_8
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|RH| 	 1/ne. In fact, in order to explain the drastic pressure dependence of RH in
CeCoIn5 within the RTA, one has to assume that a tiny Fermi pocket governs the
transport phenomena at 0 GPa (near AF QCP), whereas a large Fermi surface changes
to be important under 2.5 GPa. The same drastic change in the electronic states should
occur by applying a magnetic field H ∼ 1 T. This unnatural assumption is not
true since the other transport coefficients cannot be explained, such as the elegant
modified Kohler’s rule plot for CeRhIn5 shown in Fig. 9.2 for over four orders of
magnitude. This is a strong evidence for the significance of the CVC in a single large
Fermi surface composed of heavy quasiparticles. Since the enhancements of both
RH and Δρ/ρ0 originate from a small portion of the Fermi surface (i.e., the cold
spot) as shown in Fig. 5.3b, the multiband effect is unimportant in CeMIn5. In fact,
the modified Kohler’s rule is observed in other multiband systems, such as Fe-based
superconductors [16].
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The Hall coefficient in heavy-fermion compounds is given by the summation of
the normal Hall coefficient Rn

H and anomalous Hall coefficient RAHE
H . The former

originates from the Lorentz force, and the latter is caused by the angular velocity
caused by momenta of f -orbitals, as we will discuss in Sect. 10.1. RAHE

H exhibits
a Curie-like behavior above the coherent temperature T0, whereas it decreases in
proportion to ρ2 below T0.

In usual heavy-fermion compounds away from the AF-QCP, the relation |RAHE
H | 	

|Rn
H| holds since Rn

H is small and temperature independent when the CVC is unim-
portant. In heavy-fermion compounds near the AF QCP, on the other hand, both Rn

H
and RAHE

H would become important. Paschen et al. extracted Rn
H from the experi-

mental Hall coefficient in YbRh2Si2, and discussed the critical behavior of Rn
H near

AF QCP that is realized under the magnetic field [17]. In contrast, RH in CeMIn5
(M = Co, Rh) is almost constant above 50 K as shown in Fig. 9.1. Therefore, anom-
alous Hall effect in CeMIn5 is very small and negligible, as explained in detail in
Ref. [2, 5]. This fact is a great advantage in the study of anomalous T -dependence
of the ordinary Hall effect in CeMIn5.

In CeCoIn5, novel kinds of critical behaviors are observed near Hc2 ∼ 5 T for T 

1 K, where drastic increment in the effective mass was observed. This phenomenon
is referred to as a “field-induced QCP”. One possible origin will be the field-induced
SDW state that is hidden in the SC state. We will discuss this important future problem
in Sect. 2.4 in more detail.

9.2 κ-(BEDT-TTF)

The measurements of RH under pressure have been intensively performed in
κ-(BEDT-TTF)2X. Figure 9.4 shows the temperature dependence of RH and cot θH
for X = Cu(NCS)2, which has two elliptical Fermi surfaces. Here, the AF correlations
are the strongest at the lowest experimental pressure (0.19 GPa). As the pressure is
increased, the AF fluctuations get reduced and a conventional Fermi liquid state is
realized. At the same time, RH is reduced and exhibits a constant value. Since the
observed RH is independent of pressure at room temperature, the origin of the incre-
ment in RH below 100 K cannot be related to the pressure induced deformation of
Fermi surfaces. Similar increment in RH is observed in X = Cu[N(CN)2]Cl, which
has a single elliptical Fermi surface [19]. Because of the analogy of the study in
cuprate HTSCs and CeMIn5, the CVC is expected to play also a significant role in
κ-(BEDT-TTF)2X.

As discussed in Sect. 2.3, the resistivity in 2D systems in the presence of AF
fluctuations is [20],

ρ ∝ T 2ξ2
AF. (9.3)

This relationship is reliable when ωsf � T , which is satisfied in optimally- or
over-doped HTSCs. The T -dependence of ωsf is given in Eq. (2.3). We consider
Eq. (9.3) is realized in X = Cu(NCS)2 since the AF fluctuations are not so prominent.

http://dx.doi.org/10.1007/978-3-642-35365-9_10
http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_2
http://dx.doi.org/10.1007/978-3-642-35365-9_2
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Fig. 9.4 Temperature
dependences of a RH and
b cot θH for κ-(BEDT-
TTF)2Cu(NCS)2 under pres-
sure. (Reference [18])

(a)

(b)

θ

Since RH is proportional to ξ2
AF as shown in Eq. (5.10), we obtain

cot θH = ρ/RH ∝ T 2. (9.4)

Figure 9.4b shows that Eq. (9.4) is well satisfied below 80 K, except at P = 0.19
GPa. [Large thermal contraction of this organic superconductor might modify this
relationship at the lowest pressure.] The observed scaling relationships (5.10), (9.3)
and (9.4) is strong evidence that the enhancement of RH in κ-(BEDT-TTF)2X is
caused by the CVC due to AF fluctuations.

In many κ-(BEDT-TTF)2X compounds, the phase transition between the SDW
and metallic phases is a weak first order. Since the AF-QCP is absent in these com-
pounds, the AF fluctuations are not so strong even in the vicinity of the SDW phase.
For this reason, the enhancement of RH in κ-(BEDT-TTF)2X is much smaller than
that in CeMIn5. On the contrary, carrier doped (11 % doping) κ-type supercon-
ductor κ-(BEDT-TTF)4Hg2.89Br8 (Tc = 4 K at ambient pressure) exhibits very
strong AF fluctuations, and therefore the critical pressures is expected to be slightly
below 0 kbar. According to NMR measurement, 1/T1T [∝ ξ2

AF] increases with

http://dx.doi.org/10.1007/978-3-642-35365-9_5
http://dx.doi.org/10.1007/978-3-642-35365-9_5
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decreasing temperature above ∼10 K, in proportion to (T + Θ)−1 with Θ = 13 K
[21]. The P-T phase diagram and transport properties of κ-(BEDT-TTF)4Hg2.89Br8
are carefully measured by Taniguchi et al. [22]: It was found that Tc shows two-peak
structure under pressure. Also, the power n in ρ = ρ0 + AT n increases from 1 to 2
with increases pressure, which indicates that the AF fluctuations are monotonically
suppressed by pressure.

Taniguchi et al. also measured the RH in κ-(BEDT-TTF)4Hg2.89Br8 under pres-
sures, and found that RH exhibits a Curie-Weiss temperature dependence; RH ∝
(T − ΘRH)−1 where ΘRH < 0 [18]. At 0.19 GPa where AF fluctuations are strong,
RH(10 K)/RH(300 K) reaches 10, whereas the enhancement of RH is totally sup-
pressed by 1 GPa. The behavior of RH inκ-(BEDT-TTF)4Hg2.89Br8 is very similar to
the observation in CeMIn5. ΘRH decreases with pressure, and its extrapolated value
to 0 GPa (−13 K) coincides with the Weiss temperature of 1/T1T at ambient pres-
sure. This is strong evidence that the Hall coefficient in κ-(BEDT-TTF)4Hg2.89Br8
is proportional to ξ2

AF, due to the CVC induced by AF fluctuations. It is noteworthy
that the residual resistivity Δρ in κ-(BEDT-TTF)4Hg2.89Br8 drastically decreases
with pressure [22]. As we have discussed in Sect. 8.2, the large residual resistivity
near 0 GPa is expected to be given by the enlarged effective impurity potential due
to the many-body effect.

Note that RH in κ-(BEDT-TTF)2Cu[N(CN)2]Br changes to negative under high
pressures and low temperatures, when the electron-electron correlation becomes very
weak. The origin of this observation is considered to be the lattice deformation with
the long-period structure inherent in this compound [23].

Here, we analyzed the anisotropic triangular lattice Hubbard model at half-filling,
which is a theoretical effective model for κ-(BEDT-TTF)2X. Figure 9.5a shows the
numerical results for the U -T phase diagram given by the FLEX approximation.
Here, t0 (> 0) and t1 (> 0) are the nearest neighbor integrals of the triangular
lattice; t0 is for two of three axes and t1 is for the remaining axis, respectively. In many
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Tc (TN). b RH given by the FLEX + CVC method. (References [24, 25])
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κ-(BEDT-TTF)2X compounds, t1/t0 ≈ 0.7. Then, the corresponding Fermi surface
is hole-like and ellipsoidal around the Γ -point. Hereafter, we substitute t0 = 1
∼ 600 K. Then, the AF ordered state appears at TN � 0.04 ∼ 24 K when U is as
large as the bandwidth (∼10). As U decreases, TN decreases and the dx2−y2 -wave
SC appears next to the AF phase. The obtained U -T phase diagram well explains the
experimental P-T phase diagram (Kanoda diagram [26]), since U/Wband decreases
with increasing P . Figure 9.5b also shows the T -dependence of RH for t1/t0 = 0.7.
We see that RH is enhanced by the CVC at low temperatures, and it becomes smaller
as U decreases. At half-filling, obtained enhancement of RH is not so large since the
AF fluctuations in this model are rather weak due to the strong geometric frustration
(t1/t0 ∼ 0.7). Therefore, both the P-T phase diagram as well as the P-dependence
of RH are well understood based on the FLEX+CVC method.
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Chapter 10
Multiorbital Systems

In previous chapters, we have explained the significant role of the CVC in the presence
of AF fluctuations. For example, RH shows strong temperature dependence due
to the CVC. This mechanism of non-Fermi-liquid-like behaviors occurs not only
in single-band systems like cuprates, but also in multiband systems like CeMIn5
(M = Co, Rh, I r ).

In this chapter, we will study the electronic properties and transport phenomena
in various multiband models, such as orbitally degenerate periodic Anderson model
for heavy fermion systems and five-orbital tight-binding model for Fe-based super-
conductors. We present various transport phenomena and electronic states that are
specific to multiband systems.

10.1 Heavy Fermion Systems: Grand Kadowaki-Woods
Relation

Here, we introduce the model Hamiltonian for heavy-fermion systems. Bandstructure
of Ce- and Yb-based heavy-fermion system is described by the following orbitally
degenerate periodic Anderson model [1, 2]:

H =
∑

kσ

εkc†
kσckσ +

∑

kM

E f,M f †
kM fkM +

∑

kMσ

(V ∗
kMσ f †

kM ckσ + h.c.)

+ U

2

∑

i M �=M ′
ni

M ni
M ′ , (10.1)

where c†
kσ ( f †

kM ) is the creation operator of the conduction electron (f-electron)

with σ = ±1 (M = J, J − 1, . . . ,−J ), and ni
M = f †

i M fi M is the number of
f-electrons on orbital M at site i . The f -orbital degeneracy is Nf = 2J + 1,
and εk (E f,M ) is the spectrum for conduction electrons ( f electrons). In the case
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of Ce-compound (J = 5/2, Nf = 1), the complex c- f mixing potential is
given by VkMσ = σV0

√
4π/3

√
(7/2 − 2Mσ)/7Y M−σ

l=3 (θk,ϕk), where Y m
l=3(θk,ϕk)

is the spherical harmonic function, In the case of Yb-compound (J = 7/2,
Nf = 13), VkMσ = V0

√
π
√

(7/2 + 2Mσ)/7Y M−σ
l=3 (θk,ϕk). Note that the relation

∑J
M=−J |VkMσ|2 = V 2

0 holds. The bandstructure of the orbitally degenerate periodic
Anderson model is shown in Fig. 10.1.

Here, we derive the c-electron Green function Gc
k(ω), given by the Fourier trans-

formation of Gc
k(τ ) = −〈Tτ ck(τ )c†

k(0)〉. Its Dyson equation is given as

Gc
k(ω) = Gc0

k (ω) + Gc0
k (ω) ·

∑

M

VkMσG f 0
M (ω)V ∗

kMσ · Gc
k(ω) (10.2)

where Gc0
k (ω) = (ω + μ− εk)−1 and G f 0

M (ω) = (ω + μ− E f,M )−1 are free c- and
f-electron Green functions without c- f hybridization. Equation (10.2) is expressed
in Fig. 10.2a. If E f,M is independent of M , the self-energy due to c- f hybridization,
∑

M VkMσG f 0
M (ω)V ∗

kMσ , is simply given as (V0)
2G f 0(ω). Then, the Dyson equation

is solved as [1, 2]

Gc
k(ω) =

(

ω + μ− εk − (V0)
2

ω + μ− E f − Σ(ω)

)−1

(10.3)

where the f-electron self-energy due to Coulomb interaction, Σ(ω), is included.
We assume that Σ(ω) is diagonal with respect to M . When H = 0, Gc

k(ω) is
diagonal with respect to σ because of the relation

∑
M VkMσV ∗

kM−σ = 0 [2]. That

Fig. 10.1 The bandstructure of the PAM with f -orbital degeneracy Nf = 2J + 1. After the c-
f hybridization, heavy quasiparticle bands E±

k (degeneracy 2) and unhybridized f-electron bands
Ef (degeneracy Nf − 2) are formed. This bandstructure is strongly renormalized by the factor
z = (1 − ∂ReΣ(ω)/∂ω)−1|ω=0(� 1), where Σ(ω) is the f-electron self-energy. The relation
Ef > μ holds in this figure, which corresponds to Ce-based compounds (J = 5/2, Nf = 1). The
opposite relation Ef < μ holds in Yb-based compounds (J = 7/2, Nf = 13)
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is, the c-electron spin is conserved for H = 0, irrespective of the strong spin-orbit
interaction of f-electrons when levels of J = 5/2 and J = 7/2 states are well
separated.

Using Gc
k(ω), the f-electron Green function is expressed as

G f
kM M ′(ω) = G f 0(ω)δM,M ′

+ G f 0(ω)
∑

σ

V ∗
kMσGc

k(ω)VkM ′σ · G f 0(ω) (10.4)

which is expressed in Fig. 10.2b.
In the presence of the self-energy, the approximate expression of Gc

k(ω) is

Gc
k(ω) ≈

(

ω + μ− εk − (V ∗
0 )2

ω − Ẽ f − iγ∗

)−1

(10.5)

where V ∗
0 = √

zV0, Ẽ f = z(Ef + ReΣ(0) − μ), γ∗ = zImΣ(0), and z =
(1 − ∂ReΣ(ω)/∂ω)−1|ω=0 is the renormalization factor. z � 1 in heavy-fermion
systems.

The quasiparticle energy E∗
k is given by the solution of Re{1/Gc

k(E∗
k)} = 0.

Below Tcoh, where γ∗ is negligible near the Fermi level, the quasiparticle energy is
given as

E∗
k± = 1

2

(

εk − μ+ Ẽ f ±
√

(εk − μ− Ẽ f )2 + 4(V ∗
0 )2

)

, (10.6)

where E∗
k− (E∗

k+) represents the lower (upper) quasiparticles band. γ∗ grows

monotonically as temperature increases, and |Ẽ f | ∼ γ∗ at the coherent tempera-
ture Tcoh. When T � Tcoh, the c-f hybridization is prohibited by γ∗ � |Ẽ f |.

We summarize the electronic states in heavy-fermion systems: (i) Below
Tcoh, Fermi liquid state with heavy quasiparticles is realized due to c-f hybridiza-
tion. Mass enhancement factor z−1 and uniform susceptibility χ ∝ z−1 are
constant. The heavy quasiparticle bandwidth, WHF, is approximately given by
WHF ∼ min{E∗

k+−E∗
k−} ∼ (V ∗

0 )2/Wc ∼ |Ẽ f |, where Wc is the c-electron bandwidth.

Fig. 10.2 a The Dyson equa-
tion for c-electron Green
function Gc

k(ω). b f-electron

Green function G f
kM M ′ (ω)

= +
( )cG k 0 ( )cG k

0 *( )f
M M MM

V G k Vσ σ∑

( )cG k0 ( )cG k

=
' ( )f

MMG k

+
0 ( )f

MG k
0
' ( )f

MG k0 ( )f
MG k

*
'( )c

M MV G k Vσ σσ∑

(a)

(b)
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(ii) Above Tcoh, c-f hybridization ceases, and localized f-electrons causes Curie-Weiss
susceptibility. Experimentally, the temperature of maximum resistivity T ∗

ρ is larger
than Tcoh.

Hereafter, we discuss the multiorbital effect on the Kadowaki-Woods (KW) ratio
Aγ−2

sp , where A is the coefficient of the T 2 term in the resistivity, and γsp is the
coefficient of the T -linear term of the electric specific heat. Experimentally, the KW
ratio in Ce- and U-based heavy-fermion compounds shows an approximate universal
value Aγ−2

sp ≈ 10−5 [µ� cm (mol ·K/mJ)2], which is known as the KW relation [3].
Although it was believed to be universal in heavy-fermion systems for a long time,
recent experimental activities have revealed that the KW relation is strongly violated
in many Yb-based compounds. Recently, the author had derived a generalized KW
relation that is applicable for systems with general f-orbital degeneracy Nf for Ce- and
Yb-based compounds [4] and for Sm- and Er-based compounds [5]. By considering
the material dependence of Nf , the failure of the KW relation was resolved.

Here, we analyze the KW ratio in terms of the DMFT (d = ∞-limit) [6, 7],
which is useful in heavy-fermion systems that is not close to the AF-QCP. In DMFT,
the self-energy and irreducible vertex correction are constructed of local f-electron
Green function, g(ω) ≡ ∑

k G f
kM M (ω), which is diagonal and independent of M in

the present model. It is given as [4]

g(ω) = g f (ω) +
(

1 − 2

Nf

)

G f 0(ω), (10.7)

g f (ω) = 2

Nf

∑

k

(

{G f 0(ω)}−1 − V 2
0

ω + μ− εk

)−1

. (10.8)

where G f 0(ω) = (ω+μ−Ef −Σ(ω))−1, and ImG f 0(−iδ) = 0. Then, the f-electron
DOS at the Fermi level per channel is

ρ f (0) = 2

π
Img(−iδ) = 1

Nf

V 2
0

(μ− Ef − Σ(0))2 ρ
c(0), (10.9)

where ρc(0) = ∑
k δ(μ− εk) is the c-electron DOS per spin without hybridization.

Nf ρ
f (0) is the total DOS at the Fermi level. Hereafter, we show several beautiful

scaling relations for general Nf ≥ 2.
By using the DMFT, we can utilize the strong-coupling Fermi liquid theory for

the impurity Anderson model developed by many authors [8–12]: First, we analyze
γsp and ImΣ(0) in the present PAM. As for ImΣ(0), the second-order term due to
the Coulomb interaction U

2

∑
i,M �=M ′ ni

M ni
M ′ is

ImΣ2nd
M (0) = U 2 π

3(kBT )2

2
· ρ f

M (0) ·
(

∑

M ′
ρ

f
M ′(0)2 − ρ

f
M (0)2

)

(10.10)
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since the local f -Green function is diagonal with respect to M . It is expressed
in Fig. 10.3a or b. When E f,M is independent of M , we can neglect the Pauli
principle in the Coulomb interaction by adding the M-independent potential term
U
2

∑
i,M (ni

M )2 = U
2

∑
i,M ni

M to the Hamiltonian. Then, the general expression for
ImΣM (0) is

ImΣ(0) = π3(kBT )2

2
(Nf − 1)Γ 2

loc(0, 0)ρ f (0)3, (10.11)

which is shown in Fig. 10.3c. Here, Γloc(0, 0) the asymmetric local four-point vertex
introduced in Ref. [4].

We also discuss the specific heat coefficient γsp given by

γsp = NAk2
B
π2

3
Nf ρ

f (0) · 1

z
, (10.12)

where NA = 6.02 × 1023 is the Avogadro constant, and z−1 = 1 − ∂Σ(ω)/∂ω|ω=0
is the mass-enhancement factor. By using the relation of the non-interacting Green
function at T = 0, dg f (ω)/dω = dg f (ω)/dμ − 2πiρ f (0)δ(ω), and shifting the
frequencies of every closed loop by ω, we obtain the following Ward identity:

∂Σ(ω)

∂ω

∣
∣
∣
∣
ω=0

= ∂Σ(0)

∂μ
+ (Nf − 1)Γloc(0, 0)ρ f (0) (10.13)

Im Σ
M

M M

M’

=

(N  -1)f

M’

U U
2nd

M M

M’

=

(N  )f

M’

U U
M M

M

+

M

U

U

(-1)

'
'

M M
M M

U n n
≠
∑

2
'

'
M M   M

M M

U n n U n
≠

+∑Im Σ
M

2nd

(a)

(b)

Im ΣM

M M M M

(c) =

(N  )f (-1)

+ ΓlocΓloc
Γloc Γloc

M’ M

2

2 2

Fig. 10.3 The expression for ImΣ2nd
M (0) within the DMFT. The solid lines represent the local

f-electron Green functions. In a, we consider the Pauli principle of the Coulomb interaction, and the
closed loop presents the factor Nf − 1. In b, we drop the Pauli principle by adding U

2 n2
M = U

2 nM ,
and the obtained result is the same as a when E f,M is independent of M
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where the factor Nf (−1) originates from the derivative of closed loops (the line
connecting two outer points). In the Kondo limit (U � Wband), z−1 = m∗/m � 1
whereas the charge susceptibility enhancement factor z−1

μ ≡ 1 − ∂Σ(0)/∂μ is
suppressed since the f-electron is almost localized [4].1 Thus, the factor ∂Σ(0)/∂μ
in the right-hand-side of Eq. (10.13) is negligible.

When εk in Eq. (10.1) is a free dispersion, the conductivity at low temperatures is
given by

σxx = e2

π

∑

k

|Gc
k(0)|2v2

kx

= e2

h

(3/π)1/3n4/3a3

Nf ρ f (0) · ImΣ(0)
, (10.14)

where n(= k3
F/3π2) is the density of quasiparticles that form the conduction band,

and a is the unit cell length. According to Eqs. (10.11)–(10.14), we find the scaling

properties γsp ∝ Nf (Nf − 1)Γlocρ
f 2

and A ∝ Nf (Nf − 1)Γ 2
locρ

f 4
. Therefore, we

obtain the “grand KW relation” that is valid for any Nf (≥ 2) [4, 5, 13]:

Aγ−2
sp ≈ h

e2k2
B

9(3π)−1/3

4n4/3a3 N 2
A

1
1
2 Nf (Nf − 1)

≈ 1 × 10−5

1
2 Nf (Nf − 1)

[µ� cm(mol · K/mJ)2]. (10.15)

where we put h/e2 = 2.6 × 104 �, kB = 1.38 × 10−23 JK−1, and we assumed
1/n4/3a3 ≈ 4 × 10−8 cm.

Without crystal field splitting of the f-level, Nf = 2J + 1 = 6 for Ce3+ and
Sm3+ ions, and Nf = 8 for Yb3+ and Er2+ ions. Therefore, the previous KW
relation turned out to be valid only when Nf = 2 (Kramers doublet case due to
strong crystal field splitting). A similar universal relation limT →0 eS/Tγsp ≈ ±1
(S is the Seebeck coefficient) was recently found [14, 15]. The characteristics of
the electronic state in heavy-fermion systems are (i) large mass-enhancement and
(ii) small charge susceptibility since the f-electron is almost localized. The grand KW
relation (10.15) is derived only by imposing these constraints on the microscopic
Fermi liquid theory. This fact illustrates a remarkable advantage of the Fermi liquid
theory for the analysis of strongly correlated systems.

Figure 10.4a shows the experimental verification of Eq. (10.15) for various heavy-
fermion compounds, where Nf in each compound was determined by the temperature
dependence of χ and the inelastic neutron scattering [13]. Tsujii’s study confirmed

1 In Refs. [4, 5], we put = (πT )2/6 · Nf ρ
f (0) by mistake; the correct relation is γ = (πT )2/3 ·

Nf ρ
f (0). For this reason, Eq. (10.13) is two times Eq. (8) in Ref. [4]. Since the author of Ref. [4]

assumed 1/n4/3a3 ≈ 1 × 10−8 cm, the grand-KW relation in Ref. [4] is equal to Eq. (10.15) in the
present paper.
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Fig. 10.4 a Kadowaki-Woods plot for various heavy-fermion systems Nf = 2 ∼ 8 in Ref. [13].
b Kadowaki-Woods plot for YbT2Zn20 (Ref. [16]: Copyright (2007) National Academy of Sciences,
U.S.A.)
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that Nf ∼ 2 in many Ce-based compounds, where crystal-field splitting is larger than
the renormalized Fermi energy WHF. On the other hand, Nf ∼ 8 in many Yb-based
ones, where crystal-field splitting is smaller than WHF. Torikachvili et al. also found
that other Yb-based heavy-fermion systems YbT2Zn20 (T = Fe, Co, Ru, Rh, Os,
or Ir) follows the grand KW relation shown in Eq. (10.15) [16]. Their experimental
results are shown in Fig. 10.4b.

We shortly discuss the “multiband effect” on the KW relation: In a usual
heavy-fermion compound, there are one or two main large Fermi surfaces com-
posed of heavy quasiparticles, and several minor small Fermi surfaces composed
of light-quasiparticles. In the presence of impurities, AT 2 ∝ 〈γk〉FS as explained
in Eq. (2.32). Therefore, heavy quasiparticles on the large Fermi surfaces give the
dominant contribution to both the specific heat and the A-term. As a result, the
grand-KW relation is universally realized. We note that |Rn

H| ∼ 1/ne is realized in
many heavy-fermions away from AF-QCPs. This fact means that heavy quasiparti-
cles on the large Fermi surfaces give the dominant contribution to the conductivity,
since |Rn

H| � 1/ne should be realized when small Fermi surfaces are the most
conductive.

Finally, we discuss the Wilson ratio R ≡ (χ/χ0)/(γsp/γ
0
sp) ≡ z−1

H /z−1 for gen-

eral Nf in the strong coupling limit (z−1 � 1). Here, χ0 and γ0
sp represent the

non-interacting values. The magnetic susceptibility enhancement factor z−1
H is given

as
1

zH
≡ 1 + ∂ΣM (0)

∂H M
.

By using the relation of the non-interacting Green function at T = 0, dg f (ω)/

dω = dg f
M (ω)/d H M − 2πiρ f (0)δ(ω), and the fact that H -derivative of every

closed loop vanishes identically after the summation of f-orbital angular momentum,
we obtain the following Ward identity:

∂Σ(ω)

∂ω

∣
∣
∣
∣
ω=0

= ∂ΣM (0)

∂H M
− 1 × Γloc(0, 0)ρ f (0) (10.16)

By eliminating the left-hand-side using Eq. (10.13), we obtain

∂ΣM (0)

∂H M
= ∂Σ(0)

∂μ
+ Nf Γloc(0, 0)ρ f (0) (10.17)

Therefore, the Wilson ratio in the Kondo regime is obtained as

R = z−1
H

z−1 = Nf

Nf − 1
(10.18)

[11, 17, 18]. We stress that the universality of the grand-KW relation and the Wilson
ratio in heavy-fermion systems ensures the smallness of valence fluctuations in usual
compounds.

http://dx.doi.org/10.1007/978-3-642-35365-9_2


10.2 Fe-Based Superconductors 133

10.2 Fe-Based Superconductors

Iron-based high-Tc superconductors had been discovered by Kamiahara et al. in
2008 [19], and the highest Tc at present reaches 56 K in F-doped SmFeAsO. The
structure of mother compounds is orthorhombic, and the tetragonal structure tran-
sition is realized by carrier or chemical doping. In Ba(Fe, Co)2As2, the highest SC
transition temperature Tc is realized next to the non-SC orthorhombic phase, and
the structure transition at T = TS is second-order [20]. Very large softening of
shear modulus C66 suggests the existence of strong orbital (quadrupole) fluctuations
[21–23]. Moreover, the spin-density-wave (SDW) state with Q ≈ (π, 0) occurs in
the orthorhombic phase, that is, TN is close to but always lower than TS . These exper-
imental facts suggest a close relation between the mechanism of superconductivity
and structure/orbital/SDW transitions.

Near the structure or magnetic QCP, high-Tc superconductivity as well as the
non-Fermi liquid transport phenomena similar to cuprates are frequently observed.
For example, T -linear resistivity is observed below 200 K in optimally-doped
Ba(Fe, Co)2As2 and BaFe2(As, P)2 with Tc ∼ 25 K. Also, Curie-Weiss behavior
of RH as well as the modified Kohler’s rule (1.4) are also observed, although con-
ventional Kohler’s rule is violated [24]. These anomalous transport phenomena are
expected to be realized by CVC due to strong orbital and/or spin fluctuations.

As for the pairing mechanism, based on the spin fluctuation theories, fully-gapped
sign-reversing s-wave (s±-wave) state had been predicted [25–28]. The origin of the
spin fluctuations is the intra-orbital nesting between hole- and electron-pockets. How-
ever, the robustness of Tc against randomness in iron pnictides indicates the absence
of sign-reversal in the superconducting (SC) gap [29–34]. Later, orbital-fluctuation-
mediated s-wave state without sign reversal (s++-wave) had been proposed [35–38].
The orbital fluctuations mainly originate from the inter-orbital Fermi surface nesting
and the inter-orbital (quadrupole) interaction: The quadrupole interaction is caused
by the vertex correction due to Coulomb interaction [39] in addition to the electron-
phonon (e-ph) interaction [35].

Now, we introduce the model Hamiltonian. The band structure of Fe-based
superconductors is well described by the five orbital square lattice tight-binding
model [26]:

H0 =
∑

i, j,μ,ν,σ

tμ,ν
i, j c†

i,μσc j,νσ (10.19)

where i, j represent the Fe-sites, and μ, ν represent the five d-orbitals, 3z2 − r2, xz,
yz, xy and x2 − y2. For i �= j , tμ,ν

i, j is the hopping integral between different sites,

and tμ,ν
i,i = Eμδμ,ν is the on-site energy level [26]. The Fermi surfaces are composed

of three hole-pockets (α1, α2, γ) and two electron-pockets (β1, β2), as shown in
Fig. 10.5a.

The total Hamiltonian is given by H0 + Hint, where Hint is the interaction term.
Hint contains the multiorbital on-site Coulomb interaction term:

http://dx.doi.org/10.1007/978-3-642-35365-9_1
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HC = U
∑

i,l

ni,l,↑ni,l,↓ + U ′

2

∑

i,l �=m

ni,lni,m

+ J

2

∑

i,l �=m,σ,σ′
c†

i,l,σci,m,σc†
i,m,σ′ci,l,σ′

+ J

2

∑

i,l �=m,σ

(c†
i,l,σci,m,σc†

i,l,−σci,m,−σ + H.c.) (10.20)

where U (U ′) is the intra-orbital (inter-orbital) Coulomb repulsion, J (> 0) is the
exchange interaction, and the relation U = U ′ + 2J holds. We also introduce the
following quadrupole–quadrupole interaction in Hint:



10.2 Fe-Based Superconductors 135

Hquad = −g
∑

i

xz,yz,xy∑

Γ

Ôi
Γ Ôi

Γ (10.21)

where ÔΓ,i = ∑
μ,ν,σ oμ,ν

Γ c†
i,μσci,νσ is the quadrupole operator for channel Γ at site i

introduced in Ref. [35], and −g is the coupling constant. (Note that oμνxz = 〈μ|x̂ ẑ|ν〉.)
Here, we set 〈xz|Ôyz |xy〉 = 〈yz|Ôxy |xz〉 = 〈xy|Ôxz |yz〉 = 1 by multiplying
a constant. Recently, we have found that Eq. (10.21) is also caused by the vertex
correction due to Coulomb interaction that is neglected in the RPA [39].

First, we study the total Hamiltonian Htot = H0 + HC + Hquad based on the
RPA: The RPA for multiorbital system was first performed in Ref. [40]. Here, the
irreducible susceptibility is given by

χ0
ll ′,mm′(q) = − T

N

∑

k

G0
lm(k + q)G0

m′l ′(k), (10.22)

where Ĝ0(k) = [iεn + μ − Ĥ0
k ]−1 is the Green function in the orbital basis: q =

(q,ωl), k = (k, εn), and εn = (2n + 1)πT is the fermion Matsubara frequency.
μ is the chemical potential, and Ĥ0

k is the kinetic term in Eq. (10.19). Then, the
susceptibilities for spin and charge sectors in the RPA are given as

χ̂s(c)(q) = χ̂0(q)[1 − Γ̂ s(c)χ̂0(q)]−1. (10.23)

The bare vertex for the spin and charge channels are respectively given as [40]

Γ s
l1l2,l3l4 =

⎧
⎪⎪⎨

⎪⎪⎩

U, l1 = l2 = l3 = l4
U ′, l1 = l3 �= l2 = l4
J, l1 = l2 �= l3 = l4
J ′, l1 = l4 �= l2 = l3

(10.24)

Γ̂ c(ωl) = −Ĉ − 2V̂ (ωl), (10.25)

Cl1l2,l3l4 =

⎧
⎪⎪⎨

⎪⎪⎩

U, l1 = l2 = l3 = l4
−U ′ + 2J, l1 = l3 �= l2 = l4
2U ′ − J, l1 = l2 �= l3 = l4
J ′, l1 = l4 �= l2 = l3

(10.26)

V̂ is given by Eq. (10.21), by neglect the ladder diagram contribution [35]. The bare
bubble χ0

ll ′,mm′(q) and bare vertex functions are schematically shown in Fig. 10.5b.
Figure 10.5c shows the U -g phase diagram obtained by the RPA (mean-field

approximation) for the electron filling n = 6.1 and J = U/10. Here, αc (αs)

is the charge (spin) Stoner factor, which is given by the maximum eigenvalue
of Γ̂ s(c)χ̂0(q, 0). Then, the enhancement factor for χs(c) is (1 − αs(c))

−1, and
αs(c) = 1 gives the spin (orbital) order boundary. By solving the SC gap equation,
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spin-fluctuation-mediated s±-wave state is realized for g = 0 [26]. On the other hand,
we obtain the s++-wave state when the orbital fluctuations caused by g dominate
over spin fluctuations [35].

Hereafter, we perform the FLEX approximation for the five-orbital model. The
self-energy is given as

Σl1l3(k) = T

N

∑

q

∑

l2l4

Vl1l2,l3l4(q)Gl2l4(k − q), (10.27)

V̂ (q) = 3

2
Γ̂ s χ̂s(q)Γ̂ s + 1

2
Γ̂ cχ̂c(q)Γ̂ c

− 1

4
(Γ̂ s − Γ̂ c)χ̂irr(q)(Γ̂ s − Γ̂ c) + 3

2
Γ̂ s + 1

2
Γ̂ c, (10.28)

where k = (k, εn) with fermion Matsubara frequency εn = (2n + 1)πT , and
q = (q,ωn) with boson Matsubara frequency ωn = 2nπT . Then, the quasiparti-
cle damping on the αth band is given by

γk,α = 1

2

∑

lm

U †
k,lαIm

{
Σ R

lm(k, 0) − Σ A
lm(k, 0)

}
Uk,mα, (10.29)

where Σlm(k,ω)R(A) is the retarded (advanced) self-energy given by the analytic
continuation of Eq. (10.27), and Uk,mα is the unitary matrix introduced in Eq. (4.26).
Figure 10.6a shows the quasiparticle damping on each Fermi surfaces due to spin
(orbital) fluctuations, γs(c)

k , for T = 0.015 and U = 1.8, given by substituting V̂ in
Eq. (10.27) with [ 3

2 Γ̂ s χ̂s Γ̂ s + 3
2 Γ̂ s] ([ 1

2 Γ̂ cχ̂cΓ̂ c + 1
2 Γ̂ c]).

In Fig. 10.6a, the relation γs � γc holds for g = 0, and the momentum depen-
dence of γs

k on each FS is small although the AF spin correlation is well developed.
The value of γc increases with g, and the relation γc � γs is satisfied for g = 0.3.
Then, γc

k on FS4 (e-pocket) is anisotropic due to the momentum and orbital depen-
dencies of χs,c

ll ′,mm′(q). Since the cold spot is on the e-pocket, the Hall coefficient RH
and thermoelectric poser S will be negative, consistently with experiments [41–43].

In Fig. 10.6b, we show the temperature dependence of the spin (orbital) suscep-
tibility enhancement factor Ss(c) = (1 − αs(c))

−1, where αs(c) is the Stoner factor.
In the case of U = 1.8 and g = 0, large Ss (� 10) is realized at q ≈ Q ≡ (π, 0)

(i.e., χs(Q, 0) ∝ Ss). Ss gradually increases as T drops, which is a typical critical
behavior near the AF magnetic QCP [44]. When g > 0, χc(q, 0) is enhanced at
q = 0 and q = Q almost equivalently [36]. At g = 0.3, large Sc (� 10) is produced
at q ≈ Q or 0, and it increases approximately proportional to T −1.

Figure 10.6c, d show the obtained resistivity ρ = 1/σxx for U = 1.2 and 1.8,
given by neglecting the CVC: In case of U = 1.2, ρ shows a conventional sub-linear
(concave) T -dependence at g = 0. ρ increases with g due to the orbital fluctuations,
and almost T -linear resistivity is realized at g = 0.22. At g = 0.25, ρ shows a
super-linear (convex) T -dependence. In case of U = 1.8, ρ is linear-in-T at g = 0,

http://dx.doi.org/10.1007/978-3-642-35365-9_4
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whereas it shows a clear super-linear T -dependence at g = 0.3. Thus, non-Fermi-
liquid resistivity in Fe-based superconductors is produced by the combination of
orbital and spin fluctuations.

We also study the thermo-electric power S based on the FLEX approximation.
According to experimental results [45–49], S in e-doped systems is negative below
the room temperature, and |S| develops inversely proportional to the temperature till
T ∗ ∼ 100 K. In optimum doped Ba(Fe1−x Cox )2As2 peak value of |S| ∼ 50 µV/K
and T ∗ ∼ 130 K are observed [49]. The obtained T -dependence of S is presented
in Fig. 10.7. In the case of U = 1.2 shown in Fig. 10.7a, Fermi-liquid behavior
(S ∝ T ) is obtained for g = 0, where both the spin and orbital fluctuations are weak.
For g = 0.25, where the orbital fluctuation is strong, |S| becomes larger than that
for g = 0, and the deviation from the Fermi-liquid-like behavior is realized.

In the case of U = 1.8 shown in Fig. 10.7b, where spin fluctuations are strong,
non-Fermi-liquid-like behavior becomes more prominent. For g = 0, the value of |S|
is small and almost independent of T . On the other hand, |S| is drastically enhanced,
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Fig. 10.7 Thermoelectric
power given by the FLEX
approximation
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and shows the peak at T ∗ ∼ 150 K for g = 0.3, where both the spin and orbital
fluctuations are strong. The obtained result for U = 1.8 and g = 0.3 is consistent
with experiments [45–49], meaning the cooperative development of orbital and spin
fluctuations in Fe-based superconductors.

In the following, we explain why the absolute value of S becomes large for g ∼
0.3. Since vα,k ∼ 1/Nα(ω) at ω = εαk , where Nα and εαk are the density of state and
the dispersion on band α, respectively, S is rewritten as

S ∝ e

σxx T

∑

α

∫ ∞

−∞
dω

zαω

Nα(ω)γa(ω)

(

−∂ f (ω)

∂ω

)

∝ −eT

σxx

∑

α

zα
∂

∂ω

(
1

Nα(ω)γα(ω)

)

ω=0
, (10.30)

where zα and γα are the renormalization factor and the quasiparticle damping on band
α, respectively. In the presence of strong orbital fluctuation with large value of g, the
absolute value of S is strongly enhanced due to the large value of ∂

∂ω γα > 0 at the cold
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spots on e-pocket (see Fig. 10.6a). Thus, the orbital fluctuation plays an important
role in various anomalous transport phenomena in Fe-based superconductors.

Within the RPA, the condition J ≤ 0 is required for the development of orbital
fluctuations (αc � 1) in multiorbital Hubbard models (without g) under the constraint
U = U ′ + 2J . Taking this fact into account, we have introduced small quadrupole
interaction g, and shown that strong orbital fluctuations are induced even for finite J .
The interaction g could be derived from not only the e-ph interaction, but also the
“Coulomb interaction” due to the vertex correction, which describes the many-body
effect beyond the RPA.

Actually, we have recently studied the mechanism of orbital/spin fluctuations due
to multiorbital Coulomb interaction (U = U ′ + 2J ) going beyond the RPA. For this
purpose, we develop a self-consistent vertex correction (SC-VC) method, and find
that both orbital and spin fluctuations are strongly emphasized by the VC, even if
g = 0 [39]. It is found that both the antiferro-orbital and ferro-orbital fluctuations
simultaneously develop for J/U ∼ 0.1, both of which contribute to the s-wave
superconductivity. Especially, the ferro-orbital fluctuations give the orthorhombic
structure transition as well as the softening of shear modulus C66.

In the SC-VC method, the susceptibility for the charge (spin) channel is given by

χ̂c(s)(q) = χ̂irr,c(s)(q)(1 − Γ̂ c(s)χ̂irr,c(s)(q))−1, (10.31)

where the irreducible susceptibility is given as

χ̂irr,c(s)(q) = χ̂0(q) + X̂ c(s)(q), (10.32)

where χ0
ll ′,mm′(q) = −T

∑
p Glm(p+q)Gm′l ′(p) is the bare bubble, and the second

term is the VC that is neglected in both RPA and FLEX approximation. In the present
discussion, it is convenient to consider the quadrupole susceptibilities:

χc
γ(q) ≡

∑

ll ′,mm′
Ol,l ′
γ χc

ll ′,mm′(q)Om′,m
γ

= Tr{Ôγχ̂
c(q)Ôγ}. (10.33)

Non-zero matrix elements of the quadrupole operators for the t2g-orbital 2 = xz,
3 = yz, 4 = xy are O3,4

xz = O2,4
yz = O2,2

x2−y2 = −O3,3
x2−y2 = 1 [50]. Here, the charge

(spin) Stoner factor αc(s)
q is given by the largest eigenvalue of Γ̂ c(s)χ̂irr,c(s)(q) at

ωl = 0.
Here, we study the role of VC due to the Maki-Thompson (MT) and Aslamazov-

Larkin (AL) terms in Fig. 10.8a, which become important near the QCPs [44, 51].
Here, X̂ c(s)(q) ≡ X̂↑,↑(q) + (−)X̂↑,↓(q), and wavy lines represent χs,c. The AL
term (AL1 + AL2) for the charge sector is given as
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Fig. 10.8 a The MT and AL
terms: The wavy and solid
lines are susceptibilities and
electron Green functions,
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xz(q) and
χc

x2−y2 (q) given by the SC-
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2

∑
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∑

a∼h

Λll ′,ab,e f (q; k){V c
ab,cd(k + q)V c

ef,gh(−k)

+ 3V s
ab,cd(k + q)V s

ef,gh(−k)}Λ′
mm′,cd,gh(q; k), (10.34)

where V̂ s,c(q) ≡ Γ̂ s,c + Γ̂ s,cχ̂s,c(q)Γ̂ s,c, Λ̂(q; k) is the three-point vertex made of
three Green functions in Fig. 10.8a [50], and Λ′

mm′,cd,gh(q; k) ≡ Λch,mg,dm′(q; k)+
Λgd,mc,hm′(q;−k −q). According to Eq. (10.34) and Ref. [50], XAL,c

x2−y2(0) ∼ Λ2U 4

T
∑

q{χs(q)}2 when αs � 1, and it grows in proportion to Tχs(Q) [log{χs

(Q)}2] at high [low] temperatures. We include all U 2-terms, which are important
for reliable results.

In the SC-VC method, we perform a self-consistent calculation of the VC as well
as spin/orbital fluctuations. Then, χ̂c(q) is strongly enhanced by XAL,c in Eq. (10.34),
which is relevant when either χ̂c or χ̂s is large. On the other hand, X̂ s ∼ T

∑
Λ ·

V s V c ·Λ is less important, as explained in Refs. [39, 52]. Therefore, we drop X̂ s(q)

to simplify the argument. Figure 10.8b show χc
γ(q) given by the SC-VC method for

n = 6.1, J/U = 0.088 and U = 1.53; the Stoner factors are αs
max = αc

0 = 0.97 and
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αc
Q = 0.86. Compared to the RPA, bothχc

x2−y2(q) andχc
xz(q) are strongly enhanced

by the charge AL term, X̂AL,c, since the results are essentially unchanged even if MT
term is dropped. In the SC-VC method, the enhancements of other charge multipole
susceptibilities are small. Especially, the density susceptibility

∑
l,m χ̂

c
ll,mm(q) is

suppressed in the SC-VC method.
Here, we make comparison between the present SC-VC method with other theo-

retical methods. The present multi-fluctuation mechanism is not correctly described
by the dynamical-mean-field theory (DMFT), since the irreducible VC is treated as
local. Also, the local density approximation (LDA), in which the VC is neglected,
does not reproduce the nonmagnetic orthorhombic phase.

We discuss the physical meaning of the VC in the strong-coupling regime
(t/U � 1): Due to the Kugel-Khomskii (KK) type spin-orbital exchange coupling
∼ (t2/U )(si ·s j )(Oi

x2−y2 · O j
x2−y2), the antiferro-spin order induces the ferro-orbital

order, and vise versa. Such spin-orbital coupling should be finite even in the metallic
state (t ∼ U ), and it is actually described by the AL-type VC. For this reason, cooper-
ative development of spin and orbital fluctuations is obtained in the SC-VC analysis.
[The RPA is insufficient in multiorbital Hubbard models in that it fails to reproduce
the KK-type spin-orbital coupling.] Especially, non-magnetic orbital nematic order
can be realized since the scalar order parameter Ox2−y2 is more stable than the vector
order parameter s against the quantum and thermal fluctuations.

In summary, we developed the SC-VC method, and obtained the Coulomb-
interaction-driven nematic and AF-orbital fluctuations due to the multimode
(orbitons + magnons) interference effect [50] that is overlooked in the RPA. For
J/U � (J/U )c, the structure transition (αc

0 ≈ 1) occurs prior to the magnetic tran-
sition (αs

Q ≈ 1), consistently with experiments. When αs
max ∼ αc

max, both s++- and
s±-states could be realized, depending on model parameters like the impurity con-
centration nimp [35]. We expect that orbital-fluctuation-mediated superconductivity
and structure transition are realized in many iron-based superconductors due to the
cooperation of the Coulomb and e-ph interactions.

Recently, the SC-VC method had been applied to the (dxz, dyz)-orbital Hubbard
model introduced in Sect. 4.2. It was revealed that the ferro-quadrupole susceptibility
χc

x2−y2(0) develops divergently near the magnetic QCP due to the AL-type VC [52].
This result would explain the “electronic nematic order” in a double-layer Ru-oxide,
Sr3Ru2O7, realized near the field-induced magnetic QCP [53]. It is noteworthy that
the renormalization group (RG) method had been applied to this model, and the
development of χc

x2−y2(0) had been confirmed [54]. The RG method is known as
an unbiased and reliable theoretical method, whereas perturbation methods calcu-
late only selected Feynman diagrams. Therefore, the mechanism of orbital nematic
fluctuation due to AL-type VC had been confirmed by several reliable theoretical
methods.

http://dx.doi.org/10.1007/978-3-642-35365-9_4
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Chapter 11
AHE and SHE in Multiorbital Systems

In previous chapters, we studied transport phenomena single-band models, and
showed that the CVC induces various striking non-Fermi-liquid-like behaviors in
the presence of AF fluctuations. For example, RH shows strong temperature depen-
dence due to the CVC. In multiband systems, however, RH can exhibit tempera-
ture dependence or sign change within the RTA, if a hole-like Fermi surface and
an electron-like Fermi surface coexist and their relaxation times have different T -
dependences. There are many such examples even in conventional metals. However,
|RH| is as small as ∼1/ne in this multiband mechanism. Thus, the RTA+multiband
mechanism is impossible to explain the huge |RH| � 1/ne observed in various
systems near the AF QCP.

On the other hand, as discussed in Chap. 4, the intrinsic AHE and SHE are the
transport phenomena that are inherent in multiband systems. In the presence of the
spin-orbit interaction (SOI), the Bloch electron acquires the trajectory- and spin-
dependent Berry phase, which works as the spin-dependent outer magnetic field.
These transport phenomena in various d- and f-electron systems are now attracting
growing attentions. In this chapter, we explain resent development of the intrinsic
AHE and SHE in multiorbital models in the presence of SOI. To analyze these quan-
tum transport phenomena, we have to use the linear response theory. We will show
that the huge SHE and AHE in various d- and f-electron systems originates from the
“spin-dependent Berry phase” induced by the atomic orbital angular momentum.

11.1 SHE in Transition Metals

In this section, we study the intrinsic SHC in various 5d-transition metals (Ta, W, Re,
Os, Ir, Pt, and Au) and 4d-transition metals (Nb, Mo, Tc, Ru, Rh, Pd, and Ag) based
on realistic multiorbital tight-binding models, which enables us to perform quanti-
tatively reliable analysis. In each metal, the obtained intrinsic SHC is independent
of resistivity in the low resistive regime (ρ < 50 µ� cm) whereas it decreases in
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proportion to ρ−2 in the high resistive regime. In the low resistive regime, the SHC
takes a large positive value in Pt and Pd, both of which have approximately nine
d-electrons per ion (nd = 9). On the other hand, the SHC takes a large negative value
in Ta, Nb, W, and Mo where nd < 5. The origin of the SHE is the spin-dependent
Aharonov-Bohm phase factor discussed in the previous section.

After the theory of Karplus-Luttinger, theories of the intrinsic SHE have been
developed based on several specific theoretical models [1–9]. In the present study,
we employ the Naval Research Laboratory tight-binding (NRL-TB) model developed
by Papaconstantopoulos et al. [10, 11], which enables us to construct nine-orbital
(s + p + d) tight binding models for each transition metal. This is a non-orthogonal
Slater-Koster (SK) model. To describe the electronic state in 4d (5d) metals, we
consider 5s, 5p, and 4d (6s, 6p, and 5d) orbitals, that is, we consider nine orbitals
per atom.

Table 11.1 shows the crystal structure, electron number per atom, and the coupling
constant λ of SOI λ

∑
i l̂i ŝi (i = x, y, z) for various 4d- and 5d-transition metals.

(mddnd mssns ) represent the electronic configuration of an isolated atom, where md

and ms is the main quantum number, and ns and nd is the number of electrons on
s- and d-orbital. In this table, we put λ = 0.03 Ry for 5d electron in Pt and λ = 0.013
Ry for 4d electron in Pd, according to optical spectroscopy [12]. For other 4d- and
5d- transition metals, we used Herman-Skillman atomic spin-orbit parameters [13]:
These parameters had been calculated by using the self-consistent Hartree-Fock-
Slater atomic functions. Here, we consider only the d-orbital SOI, and neglect other
SOI terms which may be k-dependent. In this section, we set the unit of energy Ry;
1 Ry = 13.6 eV.

Table 11.1 The crystal structure, electron number per atom, and the coupling constant λ of SOI
for various transition metals

Metals Structure Electron number SOI (Ry)

Nb bcc 5 (4d45s1) 0.006
Mo bcc 6 (4d55s1) 0.007
Tc hcp 7 (4d65s1) 0.009
Ru hcp 8 (4d75s1) 0.01
Rh fcc 9 (4d85s1) 0.011
Pd fcc 10 (4d105s0) 0.013
Ag fcc 11 (4d105s1) 0.019

Ta bcc 5 (5d36s2) 0.023
W bcc 6 (5d46s2) 0.027
Re hcp 7 (5d56s2) 0.025
Os hcp 8 (5d66s2) 0.025
Ir fcc 9 (5d96s0) 0.025
Pt fcc 10 (5d96s1) 0.03
Au fcc 11 (5d106s1) 0.03

(md dnd mssns ) represent the electronic configuration of an isolated atom. Here, md and ms is the
main quantum number, and ns and nd is the number of electrons on s- and d-orbital. Bcc, hcp and fcc
represents a body-centered cubic, hexagonal closed packed and face-centered cubic, respectively
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In the presence of SOI for 4d or 5d electrons, the total Hamiltonian is given by

Ĥ =
(

Ĥ0 + λl̂z/2 λ(l̂x − i l̂y)/2
λ(l̂x + i l̂y)/2 Ĥ0 − λl̂z/2

)

, (11.1)

here the first and the second rows (columns) correspond to sz = +�/2 (↑-spin) and
sz = −�/2 (↓-spin). Ĥ0 is 9 × 9 matrix given by NRL-TB model for bcc and fcc
structure, whereas it is 18×18 matrix for hpc structure since a unit cell contains two
atoms. The matrix elements of l for d-orbital are given by [12]

lx =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 −i 0 0
0 0 0 −i −i

√
3

i 0 0 0 0
0 i 0 0 0
0 i

√
3 0 0 0

⎞

⎟
⎟
⎟
⎟
⎠

, (11.2)

ly =

⎛

⎜
⎜
⎜
⎜
⎝

0 i 0 0 0
−i 0 0 0 0
0 0 0 −i i

√
3

0 0 i 0 0
0 0 −i

√
3 0 0

⎞

⎟
⎟
⎟
⎟
⎠

, (11.3)

lz =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 0 2i 0
0 0 i 0 0
0 −i 0 0 0

−2i 0 0 0 0
0 0 0 0 0

⎞

⎟
⎟
⎟
⎟
⎠

. (11.4)

where the first to the fifth rows (columns) correspond to d-orbitals xy, yz, zx , x2−y2,
and 3z2 − r2, respectively.

In NRL-TB model, we use the non-orthogonal basis since the atomic wave func-
tions of different sites are not orthogonal:

∫

drφ∗
α(r − Ri )φβ(r − Ri ′) = Oαβ(Ri − Ri ′), (11.5)

whereφα(r−Ri ) represents the atomic wave function at the i th site andα,β is orbital
state indices, and Oαβ(Ri − Ri ′) represents the overlap integral between different
sites. The band structures obtained for the present model in Au and Ta are shown in
Fig. 11.1. Near the Fermi level, the obtained band structures are in good agreement
with the results of the relativistic first-principles calculations [14, 15].

In this case, creation and annihilation operators c†
kα, ckα do not satisfy the canon-

ical anticommutation relations, but instead satisfy [16]
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Fig. 11.1 (upper panel) Band
structure of Au. Here, Γ =
(0, 0, 0), X = (π, 0, 0), W =
(π,π/2, 0), L =
(π/2,π/2,π/2), and
K = (3π/4, 3π/4, 0).
(lower panel) Band struc-
ture of Ta. Here, Γ =
(0, 0, 0), H = (π, 0, 0), N =
(π/2,π/2, 0), P =
(π/2,π/2,π/2). Near
the Fermi level, we see that the
band structures obtained in the
present model agree well with
the result of the relativistic
first-principles calculation in
Refs. [14, 15]
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{ckα, c†
k′β} = δkk′ O−1

αβ (k). (11.6)

Since matrix Ô(k) is positive definite Hermitian matrix, we can introduce a matrix
Ŝ(k) that transforms Ô(k) into the unit matrix:

Ŝ†(k)Ô(k)Ŝ(k) = 1. (11.7)

We note that matrix Ŝ(k) cannot be determined uniquely: Using an arbitrary unitary
matrix X̂ , Ŝ′ = Ŝ X̂ also satisfies Eq. (11.7). Here, we introduce the following new
basis (c̄kα, c̄†

kα) using Ŝ(k):

c̄kα =
∑

β

S−1
αβ (k)ckβ . (11.8)

We can easily verify that these operators (c̄kα, c̄†
kα) satisfy the canonical anticommu-

tation relations {c̄kα, c̄†
k′β} = δkk′δαβ . In this basis, the Hamiltonian is rewritten as
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Ĥ0 =
∑

k,α,β

c̄†
kα

[
h̄αβ(k) − μδαβ

]
c̄kβ, (11.9)

where h̄αβ(k) = (Ŝ†(k)ĥ(k)Ŝ(k))αβ ≡ ( ˆ̄h(k))αβ . Therefore, the Green function in
the (c̄kα, c̄†

kα) basis is given by

ˆ̄G(k,ω) =
(
ω + μ− ˆ̄h(k)

)−1
. (11.10)

As shown in Ref. [17], based on the continuity equation, the current operator in
the (ckα, c†

kα) basis is given by

v̂x (k) = ∂ĥ(k)

∂kx
+ 1

2
ĥ(k)D̂x (k) + 1

2
D̂†

x (k)ĥ(k), (11.11)

where Dx (k) is given by

D̂x (k) =
{
∂

∂kx
Ô−1(k)

}

Ô(k) = −Ô−1(k)
∂

∂kx
Ô(k). (11.12)

Apparently, D̂x (k) = 0 in an orthogonal basis. In the (c̄kα, c̄†
kα) basis, the velocity

ˆ̄vx (k) is given by
ˆ̄vx (k) = Ŝ†(k) ˆ̄vx (k)Ŝ(k). (11.13)

Therefore, even when the overlap integrals between different sites exist, we can
calculate the SHC and AHC in the basis (c̄kα, c̄†

kα) using the matrix Ŝ(k).
Then, the SHC (σs

xy) is derived from the general expression of the AHC (σa
xy) in

Eqs. (4.28), (4.30) and (4.31), with the definition of the spin velocity in Eq. (4.33). In
the present model, we have to replace vk,μ, vs

k,μ and G(k) with v̄k,μ, v̄s
k,μ and Ḡ(k)

in the basis (c̄kα, c̄†
kα).

Figure 11.2 shows the electron number n-dependence of the SHC, where n =
ns + nd . The crystal structure of various transition metals is shown in Table 11.1.
The SHC obtained in the present model for the quasiparticle damping γ = 0.002 Ry
is shown in Fig. 11.2a, and for γ = 0.02 Ry and 0.2 Ry in Fig. 11.2b. The SHC is
negative for n = 5, 6, and positive for n = 9 ∼ 11: The SHC changes its sign around
n = 7 and 8. The magnitude of SHC is largest in Pt for γ = 0.002 Ry and 0.02 Ry,
where the corresponding resistivities are ∼8 and ∼64 µ� cm in Pt, respectively.
When γ = 0.2, however, the absolute value of SHC in Ta and W becomes larger
than that of Pt, where ρ ∼ 220 (250) µ� cm in Pt (Ta and W). Therefore, large
negative values of SHC in Ta and W will be observed even in high resistive samples.
For comparison, we also calculated the SHC for n = 5 ∼ 9 using the band structure of
Pt, which is represented as the open symbols in Fig. 11.2a. Interestingly, the obtained
SHC is positive (negative) in metals with more than (less than) half-filling.

http://dx.doi.org/10.1007/978-3-642-35365-9_4
http://dx.doi.org/10.1007/978-3-642-35365-9_4
http://dx.doi.org/10.1007/978-3-642-35365-9_4
http://dx.doi.org/10.1007/978-3-642-35365-9_4
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Fig. 11.2 n-dependence of
SHC for γ = 0.002, 0.02
and 0.2 Ry. In a, we see that
Pt shows the largest SHC in
magnitude for γ = 0.002 Ry.
The open symbols represents
the SHC in Pt for n = 5 ∼ 9.
In b, the SHCs obtained in the
present model for n = 7, 8
(hcp structure) are also shown.
SHC in W takes the largest
value for γ = 0.2
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This result had been recently confirmed experimentally by Otani’s group [18]:
Fig. 11.3 shows the experimentally obtained SHCs for Nb, Ta, Mo, Pd and Pt,
together with the theoretically calculated intrinsic SHC by using γ that reproduces
the resistivity of the sample. In most cases, the experimental results are quantitatively
consistent with the calculated ones within a factor of 2. This fact strongly suggests
that the SHEs in 4d and 5d transition metals are mainly caused by the intrinsic
mechanism.

Based on the periodic Anderson model, the following relationship had been
derived in Ref. [19]:

σxy ≈ 2R

3L2 · Oz
xy, (11.14)

where L = 2 is the d-orbital angular momentum, R ≡ 〈l · s〉FS is the spin-orbit
polarization ratio due to the SOI at the Fermi level, and Oz

xy ≡ j O
x /Ey ∼ +eL2

is the orbital Hall conductivity. Since Oz
xy > 0, the sign of σxy is equal to the sign
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Fig. 11.3 Experimentally
measured (closed symbols)
and theoretically calculated
(open symbols) spin Hall
conductivities as a function of
the number of d electrons for
4d (circle) and 5d (square)
transition metals (Reference
[18])
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of R. We have calculated R based on the NRL-TB model, and found that R is positive
(negative) in metals with more than (less than) half-filling, consistently with Hund’s
rule. Therefore, the nd -dependence of the SHC in Fig. 11.2 can be understood in
terms of the spin-orbit polarization (Hund’s rule).

Recently, the intrinsic SHC in several Fe-based superconductors had been studied
based on the realistic 10 orbital models [20]. Although the SOI in Fe is small, it was
found that the SHC in heavily hole-doped compound KFe2As2 becomes comparable
to the SHC in Pt, due to the Dirac cone bandstructure near the Fermi level.

11.2 AHE in Transition Metals

Mechanism of the AHE in transition metals has been a well studied, yet controversial
subject. Originally, Karplus and Luttinger (KL) [21] first explained the AHE in tran-
sition metals as the intrinsic mechanism, which predicts σa

xy ∝ ρ0 (ρH ∝ ρ2). Soon
after KL, Smit proposed an impurity-induced extrinsic mechanism, skew scattering
mechanism, for the AHE [22]. Due to the spin-orbit interaction, conduction elec-
trons are scattered by impurities asymmetrically depending on the direction of spin.
This “skew scattering” gives the AHC in proportion to ρ−1 (ρH ∝ ρ). Furthermore,
Berger found another extrinsic mechanism, side-jump mechanism, which predicts
σa

xy ∝ ρ0 (ρH ∝ ρ2) [23].
In spite of much effort, the interpretation of the AHE has been controversial

so far. However, the theory of KL had been developed intensively, and the order
of magnitude and sign of the results agree with experimental findings, thus giving
much credibility to the intrinsic mechanism of the AHE. For example, quantitative
studies based on realistic models have recently been performed for f-electron systems
[24, 25], d-electron systems [26–29], and two-dimensional Rashba electron gas
model [4, 30]. The origin of giant AHE realized in d( f ) electron systems is the
“orbital Aharonov-Bohm (AB) effect”, in which the complex phase factor arises



152 11 AHE and SHE in Multiorbital Systems

Fig. 11.4 γ-dependence of the AHCs for Co and Ni obtained by the NRL-TB model. The AHC is
positive (negative) in Co (Ni)

from the d( f ) angular momentum that is revived by the strong atomic spin-orbit
interaction (SOI) [8, 17, 19, 24, 29].

Recently, Naito et al. studied the intrinsic AHE in ferromagnetic 3d transition
metals (Fe, Co, and Ni) using realistic NRL-TB models, to investigate the mechanism
of the AHE in detail [31]. In previous studies for transition metals [27, 28], the AHC
is expressed as an integral of the Berry curvature, which is expressed as σ I I b

xy is this
textbook. However, using the linear-response theory, it was found that additional
terms, σ I

xy and σ I I a
xy , appear in the expression of the AHC. Figure 11.4 shows the

obtained AHC (σxy) for Co and Ni, together with σ I
xy , σ I I a

xy and σ I I b
xy . The obtained

AHC for Co (Ni) is 341 [(�cm)−1] (−1078), which are close to the experimental
value ∼205 [(�cm)−1] (∼ − 646). As recognized in Fig. 11.4, the most appropriate
expression for the AHC in a wide range of damping rate γ is not the Berry curvature
term, but the Fermi surface term σ I

xy . The origin of the intrinsic AHE is the “orbital
Berry phase” depicted in Fig. 4.7.

11.3 Spin-Structure-Driven AHE in Pyrochlore
Compounds

The AHE due to nontrivial spin structure attracts increasing attention, in accordance
with the recent development of the study of frustrated systems. The AHE induced
by the Berry phase associated with spin chirality had been discussed for Mn-oxides
[32], pyrochlore compounds (kagome lattice) [33, 34], and in spin glass systems [35].
Metallic pyrochlore Nd2Mo2O7 would be the most famous experimental candidate
[36–40]: Below Tc = 93 K, Mo 4d electrons is in the ferromagnetic state. Below
TN ≈ 30 K, localized Nd 4 f electrons form non-coplanar spin-ice magnetic order,
and the tilting of Mo moment θ is induced by d- f exchange interaction, as shown in
Fig. 11.5. The chirality-driven anomalous Hall conductivity (AHC) is proportional to
sA ·(sB×sC) ∝ θ2 in the weak exchange coupling near half filling [33, 34]. However,
the neutron diffraction experiments [37] had shown that θ2 � 10−3, suggesting that

http://dx.doi.org/10.1007/978-3-642-35365-9_4
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Fig. 11.5 Tilted spin struc-
ture of the Mo-ion kagome
lattice realized in Nd2Mo2O7
below 30 K, induced by the
spin-ice order of Nd-ions.
Experimentally, θ2 � 10−3

the chirality-driven AHC is very small. Moreover, the field dependences of the AHC
and θ2 are quite different [37].

Authors in Refs. [32–34] studied the spin structure driven AHE in various s-orbital
models. However, it is natural to expect a significant role of the orbital degree of
freedom on the spin structure-driven AHE, as in the case of the conventional KL-
type AHE in d-electron systems [8, 17, 19, 24, 29].

In this section, we explain that the Berry phase is induced by the complex d-orbital
wavefunction in tilted ferromagnetic metals, and it causes a prominent spin structure-
driven AHE [41, 42]. In Nd2Mo2O7, the AHE due to orbital Berry phase is much
larger than the chirality driven AHE, since the former is linear in θ consistently with
experiments. In contrast, both the conventional KL term in simple ferromagnets
(∝ Mz ∝ cos θ) and the spin chirality term cannot have θ-linear terms. The present
orbital mechanism will be realized in various geometrically frustrated metals.

Here, we construct the t2g-orbital tight-binding model for Mo 4d electrons. For this
purpose, we consider the spinel structure (XMo2O4) instead of pyrochlore structure
(X2Mo2O7). In both structures, Mo atoms form the same pyrochlore lattice. The
location of O atoms in spinel is rather easy to treat theoretically, and the difference
is not essential for later study, as we discuss later. Figure 11.6a represents the Mo
atoms (black circles) and O atoms (white circles) in the spinel structure. The [111] Mo
layer and the surrounding O atoms in the spinel structure is extracted in Fig. 11.6b,
where the white (gray) circles represent the O atoms above (below) the Mo layer. We
study this kagome lattice t2g-orbital tight binding model, where the principal axis for
the Mo d-orbital is fixed by the surrounding O6 octahedron. A vector (nx , ny, nz)

in the xyz-coordinate in Fig. 11.6a is transformed into [nX , nY , nZ ] in the XY Z -
coordinate in Fig. 11.6b as (nx , ny, nz) = [nX , nY , nZ ]Ô , where the coordinate
transform matrix Ô is given by

Ô = 1√
6

⎛

⎝
−√

3
√

3 0
−1 −1 2√

2
√

2
√

2

⎞

⎠ , (11.15)

Arrows in Fig. 11.6c represents the local effective magnetic (exchange) field at Mo
sites, which is composed of the ferromagnetic exchange field from Mo 3d electrons
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Fig. 11.6 a Spinel crystal structure. Blue (white) circles are Mo (O) ions. The Mo ions on the [111]
plane form the kagome lattice. b Kagome lattice made of Mo ions. White (gray) circles are O ions
above (below) the Mo layer. A unit cell contains sites A, B, C. c Umbrella like local exchange field
at Mo sites represented by arrows

and the exchange field from Nd 4 f electrons. Under the magnetic field parallel to
(1, 1, 1) direction, below the Néel temperature of Nd sites, the directions of the local
exchange fields at sites A, B and C in the XY Z -coordinate are (φA = π/6, θ),
(φB = 5π/6, θ) and (φC = 3π/2, θ), respectively [36–39]. The tilting angle θ
changes from −1.5◦ (H → +0 T) to +1.5◦ (H ∼ 6 T) in Nd2Mo2O7, corresponding
to the change in the spin-ice state at Nd sites [37].

Here, we present a discussion of symmetry. If we rotate the lattice by π around
the site C in Fig. 11.6b, the local exchange field is changed from θ = θ0 > 0 to −θ0.
Since the conductivity tensor is unchanged by the π rotation, the AHC due to spin
chirality mechanism is an even function of θ [33, 34]. However, O sites in Fig. 11.6b
are changed by the π rotation around C, which means that the Mo 3d orbital state
is changed. For this reason, the AHC in pyrochlore compounds due to orbital AB
phase can have a θ-linear term.
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The t2g-orbital kagome lattice model is given by

H =
∑

iα, jβ,σ

tiα, jβc†
iα,σc jβ,σ −

∑

iα,σσ′
hi · [μe]σ,σ′c†

iα,σciα,σ′

+ λ
∑

iαβ,σσ′
[l]α,β · [s]σ,σ′c†

iα,σciβ,σ′ (11.16)

where i, j represent the sites,α,β represent the t2g-orbitals (xy, yz, zx), and σ,σ′ =
±1. tiα, jβ is the hopping integrals between (i,α) and ( j,β). The direct d-d hopping
integrals are given by the Slater-Koster (SK) parameters (ddσ), (ddπ) and (ddδ).
The third term in Eq. (11.16) represents the SOI, where λ is the coupling constant,
and l and s are the spin and d-orbital operators: Their matrix elements are given in
Ref. [17]. For convenience in calculating the AHC, we take the Z -axis for the spin
quantization axis, where [sX , sY , sZ ] × 2 becomes the Pauli matrix vector. Then,
(sx , sy, sz) = [sX , sY , sZ ]Ô . The second term in Eq. (11.16) represents the Zeeman
term, where hi is the local exchange field at site i . μe ≡ −2s is the magnetic moment
of an electron.

Before the numerical calculations, we explain an intuitive reason why prominent
AHE is induced by the non-collinearity of the local exchange field hi . For this
purpose, we assume the strong coupling limit where the Zeeman energy is much
larger than Fermi energy EF and the SOI. Since μe = −2s, the SOI term at site i
is replaced with (−λ/2)l · ni , where ni ≡ hi/|hi |. Its eigenenergies in the t2g space
are 0 and ±λ/2, as shown in Fig. 11.7a. The eigenstate for E = −λ/2 is given by

|n〉 = 1
√

2(n2
x + n2

y)
[−(nx nz − iny)|xy〉

+ (n2
y + n2

z )|yz〉 − (nx ny + inz)|zx〉] (11.17)

where n = (nx , ny, nz) in the xyz-coordinate: nΞ (Ξ =A,B,C) in the xyz-coordinate
is given by [sin θ cosφΞ, sin θ cosφΞ, cos θ]Ô . When θ = 0 (nx,y,z = 1/

√
3),

Eq. (11.17) becomes [ω|xy〉 + |yz〉 +ω∗|zx〉]/√3, where ω = exp(i2π/3). Consid-
ering that |θ| ∼ 0.01 in Nd2Mo2O7 [37], we expand Eq. (11.17) up to the first order

in θ. For site C, it is given as |C〉 = [(1 + θ√
2
)ωe−i 1

2

√
3
2 θ|xy〉 + (1 − θ

2
√

2
)|yz〉 +

(1 − θ
2
√

2
)ω∗e−i

√
3
2 θ|zx〉]/√3. Table 11.2 shows the phases for |α〉 orbital at site Ξ

in the eigenstate in Eq. (11.17), ψΞ
α , up to O(θ).

Here, we explain that a moving electron acquires the “orbital AB phase”, which
gives rise to the prominent AHE that is sensitively controlled by the tilting angle θ.
Figure 11.7b shows the motion of an electron that enter into site C via yz orbital and
exit via zx orbital. When the electron is in the eigenstate |C〉, the electron acquires
the phase difference between yz and zx orbitals, exp(i(ψC

zx − ψC
yz)) = ω∗e−i

√
3/2θ,

which is the orbital AB phase that is controlled by θ. The total orbital AB phase
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Table 11.2 Phases for t2g orbitals in Eq. (11.17) up to O(θ)

ψΞ
xy ψΞ

yz ψΞ
zx

Ξ =A
2π

3
− 1

2

√
3

2
θ 0 −2π

3
+ 1

2

√
3

2
θ

Ξ =B
2π

3
+

√
3

2
θ 0 −2π

3
+ 1

2

√
3

2
θ

Ξ =C
2π

3
− 1

2

√
3

2
θ 0 −2π

3
−

√
3

2
θ

factor for the triangle path along A→B→C→A in Fig. 11.7b is given by the phase
of the following amplitude:

Torb = 〈A|H0|C〉〈C|H0|B〉〈B|H0|A〉 (11.18)

where H0 is the kinetic term. Here, we take only the most largest SK parameter
(ddσ), and neglect (ddπ) and (ddδ) to simplify the discussion. In this case, only
the following intraorbital hoppings exist: 〈B; xy|H0|A; xy〉 = 〈C; yz|H0|B; yz〉 =
〈A; zx |H0|C; zx〉 = t . By concentrating only on the phase given in Table 11.2, we
obtain

Torb ∼ (t3/27)ei(ψC
zx −ψC

yz) + i(ψB
yz−ψB

xy) + i(ψA
xy−ψA

zx )

= (t3/27) exp(−i3
√

3/2θ) + O(θ2). (11.19)

Torb is also expressed as Torb = |Torb|e−i2πΦorb/Φ0 , where Φ0 = 2π�/|e| is the flux
quantum, and Φorb is the “fictitious magnetic flux” due to the orbital AB effect.
Therefore, Φorb = (3/2π)

√
3/2θ · Φ0 up to O(θ). Since the relation Φorb ∝ θ also

holds in pyrochlore compounds, the orbital AB flux should give rise to the AHE that
is linear in θ in Nd2Mo2O7. The line (i) in Fig. 11.7c represents Φorb for |θ| ≤ π/2,
which is given by using Eq. (11.18) and the relationship −(Φ0/2π)Im ln(Torb/|Torb|).
At θ = ±π/2, the obtained Φorb is not an integer multiple of Φ0/2. This fact means
that the AHC is finite even in the case of coplanar order.

In the above discussion, we have neglected interorbital hoppings integrals for
simplicity. If we include them, the AHC is finite even if θ = 0 since the orbital AB
phase is nonzero, as discussed in Refs. [8, 29]. Thus, interorbital hoppings integrals
are necessary to realize the AHE for θ = 0 (conventional KL type AHE).

We also discuss the fictitious magnetic flux due to the spin chirality, which comes
from the Berry phase accompanied with the spin rotation due to the electron hopping
[33]. The line (ii) in Fig. 11.7c represents the fictitious magnetic flux due to the spin
chirality Φspin: Geometrically, −4πΦspin corresponds to the solid angle subtended
by nA, nB and nC. Since Φspin ∝ θ2 for θ � 1, spin chirality mechanism is negligible
in Nd2Mo2O7 [37]. The line (iii) shows the total flux Φtot = Φorb + Φspin.
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Fig. 11.7 a Eigenenergies for t2g electron under the exchange field h and the SOI (−λ/2)n · l.
b Orbital AB phase given by the complex t2g orbital wavefunction at site C. c Fictitious magnetic
flux due to orbital AB effect (i), due to spin chirality (ii), and the total flux (iii)

Thus, all the upward and downward ABC triangles in Fig. 11.6b are penetrated
by Φtot. However, the total flux in the unit cell cancels out since the hexagons are
penetrated by −2Φtot. Nonetheless, the AHC becomes finite [33, 43] since the con-
tribution from the triangle path, which is the third order of the hopping integrals,
would be the most important. The main features of the AHE due to orbital AB
effect, σorb

AH, are the following: (a) σorb
AH dominates the spin chirality AHE for θ � 1.

(b)σorb
AH exists even if θ = π/2 (coplanar order), whereas spin chirality AHE vanishes

since Φspin(θ = π/2) = Φ0/2.
From now on, we perform numerical calculation for the AHC based on the general

expression of the AHC in Eqs. (4.28), (4.30) and (4.31). Then, the contributions from
both Φorb and Φspin are automatically contained, and we can verify that the concept
of orbital AB effect is still appropriate even in the weak coupling regime where
|hi | � EF. Here, we put the SK parameters between the nearest neighbor Mo sites
as (ddσ) = −1.0, (ddπ) = 0.6, and (ddδ) = −0.1. |(ddσ)| corresponds to 2000 K.
The spin-orbit coupling constant for Mo 4d electron is λ = 0.5 [17]. The number
of electrons per site is n = 2 (1/3-filling) for Nd2Mo2O7 since the valence of Mo
ion is 4+. To reproduce the magnetization of Mo ion 1.3μB in Nd2Mo2O7, we set
|hi | = 0.9. We also put the damping rate γ = 0.2 ∼ 0.5 to reproduce the resistivity
∼1 m�cm in a single crystal [38, 39].

Figure 11.8a shows the μ-dependence of the AHC for θ = −1.5◦ (∼0 T), θ = 0
(∼3 T), and θ = 1.5◦ (∼6 T). The AHC for θ = 0 is given by the conventional KL
mechanism. Since the present spin structure-driven AHE is linear in θ, a very small

http://dx.doi.org/10.1007/978-3-642-35365-9_4
http://dx.doi.org/10.1007/978-3-642-35365-9_4
http://dx.doi.org/10.1007/978-3-642-35365-9_4
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Fig. 11.8 a AHC for θ = 0 and ±1.5◦ as function of μ. b AHC in the present t2g-orbital model
for (i) γ = 0.5 and (ii) γ = 0.2. (iii) shows the AHC in the s-orbital model for γ = 0.5. c (i) and
(iii) for |θ| ≤ 1.5◦

θ causes a prominent change in the AHC for 1.3 > μ > −1.3 (4.7 > n > 1.0).
Since e2/ha = 103 �−1cm−1 for a = 4 Angstrom (a is the interlayer spacing), the
AHC for n = 2 and θ = 1.5◦ corresponds to 30 �−1cm−1, which is consistent with
experiments.

Here, we analyze the θ-dependence of the AHC in detail, by ignoring the exper-
imental constraint |θ| ≤ 1.5◦. Figure 11.8b shows the AHCs as functions of θ. The
lines (i) and (ii) represent the total AHC in the present model for γ = 0.5 and
0.2, respectively. Their overall functional forms are approximately odd with respect
to θ, and it takes a large value even if θ = ±π/2 (coplanar order). These results are
consistent with the AHE induced by the orbital AB effect discussed in Fig. 4.7. Note
that γ > 0.2 corresponds to “high-resistivity regime” where the intrinsic AHC fol-
lows an approximate scaling relation σAH ∝ ρ2 [24, 29]. The line (iii) in Fig. 11.8b
shows the AHC in the s-orbital model studied in Ref. [34]. We put the nearest neigh-
bor hopping t = −0.8, γ = 0.5, and |h| = 0.9. We also put n = 2.5/3 = 0.83
since n = 2/3 (1/3-filling) corresponds to band insulating state [34]. Although the
obtained AHC takes a large value for θ ∼ 50◦, it is 100 times smaller than the AHC
in the t2g model (i) for |θ| ≤ 1.5◦, as shown in Fig. 11.8c.

Here, we make comparison with the theory and experiments for Nd2Mo2O7:
Under H ‖ (1, 1, 1) below TN, σAH decreases with H monotonically from H → 0 T
(θ ≈ −1.5◦) to 6 T (θ ≈ 1.5◦). This experimental result is consistent with the AHE

http://dx.doi.org/10.1007/978-3-642-35365-9_4
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due to the orbital AB effect that is linear in θ. The present study also reproduces
the experimental phenomenological equation ρAHE

H = 4πRs MMo
Z + 4πR′

s MNd
Z : The

first term is the conventional KL term (θ = 0), and the second term is the θ-linear

term since θ ∝
√

h2
X + h2

Y and
√

h2
X + h2

Y ∝ MNd
Z due to non-coplanar magnetic

order of Nd moments [37].
The realization condition for the spin-structure-driven AHE in the present t2g

model is much more general than that in the s-orbital model. For example, the AHC
is finite even in the coplanar spin state (Mz = 0), in high contrast to the chirality-
driven AHE. Moreover, according to Eq. (11.19), orbital AB phase emerges if only
one of θA, θB, θC is nonzero. Therefore, in the present t2g model, prominent AHE
due to non-collinearity is realized unless nA ‖ nB ‖ nC, with the aid of the orbital
AB effect and the SOI.

In summary, we studied the spin-structure-driven AHE in the t2g-orbital model
in the presence of non-collinear magnetic configurations. Thanks to the SOI, local
exchange field modifies the complex d-orbital wavefunction, and the resultant Berry
phase induces prominent AHE that is much larger than the chirality-driven AHE.
Since the derived AHC is linear in the tilting angle of Mo moment, θ, experimental
large field dependence in Nd2Mo2O7 is reproduced.

11.4 AHE and SHE in Heavy Fermion Systems

In this section, we discuss the AHE and SHE in heavy fermion systems. In paramag-
netic systems, the observed Hall coefficient is given by

RHF
H = Rn

H + RAHE
H , (11.20)

where RAHE
H = Ra

H · χ and χ = M/B is the uniform magnetic susceptibility. In
heavy-fermion systems, the AHE due to the second term takes large value since
the uniform susceptibility M/B = χ is widely enhanced due to the strong Coulomb
interaction. Due to the AHE, RHF

H starts to increase with increasing temperature from
0 K, and it turns to decrease after exhibiting its maximum value around the coherent
temperature Tcoh. The maximum value of |RHF

H | is more than one order of magnitude
greater than 1/|ne| ∼ 1.0 × 10−9 m3/C. The AHE cannot be derived from the RTA
since the interband hopping of electrons is important. [In the AHE, the effect of CVC
is not expected to be crucial.] Experimentally, Ra

H is positive in usual Ce and U based
heavy-fermion systems [44, 45].

In paramagnetic heavy-fermion systems, the Hall coefficients takes huge values
due to the AHE [44–46]. In the early stage, Coleman et al. [47] and Fert and Levy [48]
developed theories of extrinsic AHE: they studied the extrinsic mechanism based on
the f-electron impurity Anderson models with d-orbital channels, and predicted the
relation RAHE

H ∝ χρ above Tcoh when the d-orbital phase-shift is finite.
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On the other hand, Kontani and Yamada studied the intrinsic AHE due to multi-
band effect based on the J = 5/2 periodic Anderson model in Eq. (10.1), which
a the model in the strong limit of spin-orbit interaction [24, 25]. In this model,
the anomalous velocity originates from the angular momentum of the localized
f-electrons. That is, the AHE originates from the phase factor of the c-f mixing
potential VkMσ ∝ ei(M−σ/2)φk , where φk = tan−1(kx/ky), due to the f-orbital
degree of freedom and the SOI. By the same reason, we have shown that the heavy-
fermion systems exhibit large intrinsic SHE, based on the study of the periodic
Anderson models.

Here, we calculate the intrinsic Hall effects in this model. The charge current
operator is given by Ĵ C

μ = −ev̂kμ, where −e (e > 0) is the electron charge and

v̂kμ ≡ ∂ Ĥk/∂kμ is the velocity. According to Eq. (10.1),

v̂kμ =
∑

σ

∂

∂kμ
εkc†

kσckσ

∑

σM

{
∂

∂kμ
VkMσc†

kσ fkM + h.c

}

. (11.21)

Next, we explain the sz-spin current operator Ĵ S
μ . In the present model, ŝz is given by

ŝz =
∑

σ

σ

2
c†

kσckσ +
∑

M

SM f †
Mk fMk, (11.22)

where SM = ∑
mσ

σ
2

[
aM

mσ

]2
. It is straight forward to show that SM = − M

7 ( M
7 ) for

J = 5/2 (J = 7/2). Then, the spin current Ĵ S
μ ≡ {

v̂kμ, ŝz
}
/2 is given by

Ĵ S
μ =

∑

σ

σ

2

∂εk

∂kμ
c†

kσckσ

+
∑

σM

{
1

2

(σ

2
+ SM

) ∂VkMσ

∂kμ
c†

kσ fkM + h.c

}

. (11.23)

Here, the velocity due to the c-f mixing potential VkMσ is [24]

∂VkMσ

∂kx
= −i

(
M − σ

2

) ky

k2
x + k2

y
VkMσ

+ ∂

∂kx

(
VkMσα

∗
M,σ

)
αM,σ

≡ va
kMσ,x + vn

kMσ,x (11.24)

Here, va
x is the anomalous velocity given by kx -derivative of the phase factorαM,σ =

exp
{

i
(

M − σ

2

)
φk

}
in VkMσ . Figure 11.9 is a schematic view of the anomalous

velocity va ∝ ∇kφk . Since va
x ∝ ky and thus

∑
k va

x (∂εk/∂ky) �= 0, the anomalous
velocity gives rise to the large SHE and AHE in heavy fermion systems. Hereafter,

http://dx.doi.org/10.1007/978-3-642-35365-9_10
http://dx.doi.org/10.1007/978-3-642-35365-9_10
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Fig. 11.9 A schematic view
of the anomalous velocity va k

kx

ϕ
k

0

Fermi
surface

v a

v a

v a

v a

we drop the normal velocity vn
x ∝ kx since it is less important for the intrinsic Hall

effects [49].
First, we study the SHC since the theoretical analysis is easier. We calculate σs

xy

due to the Fermi surface term, given by the correlation function between J C
y and J S

x .
Figure 11.10 shows the diagrammatic expression for σs

xy with neglecting vn
μ in both

Ĵ S
x and Ĵ C

y . Its mathematical expression at zero temperature is

σs
xy = −e

2πN

∑

kMσ

1

2

(
3σ

2
+ SM

)

×
[

va
kMσ,x

∂εk

∂ky
V ∗

kMσ|GcR
k (0)|2G0 f R(0) + c.c.

]

, (11.25)

where Gc
k(0) is given in Eq. (10.3), and G f 0R(0) = (μ − Ef − iγ)−1 with γ =

ImΣ f (0 + iδ). Here, we confine ourselves to the case J = 5/2 state corresponding
to Ce 3+-ion, and use the following relationships

Fig. 11.10 The diagrammatic expressions for σs
xy

http://dx.doi.org/10.1007/978-3-642-35365-9_10
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∑

Mσ

M2|VkMσ|2 = |V0|2
2

(
1 + 16 sin2 θk

)
, (11.26)

∑

Mσ

Mσ|VkMσ|2 = |V0|2
(

1 − 4 sin2 θk

)
, (11.27)

and
∂εk

∂ky
= ∂εk

∂k

ky

|k| . Assuming a spherical Fermi surface, Eq. (11.25) is transformed

as follows [49]:

σs
xy = −e

2πN

52

7
|V0|2

∑

k

1

|k|
∂εk

∂k
|GcR

k (0)|2 · ImG f 0R(0). (11.28)

When γ is small enough, ImG f 0R(0) = γ(μ− E f )
−2 and |GcR

k (0)|2 can be approx-
imated as

|GcR
k (0)|2 = 1

(ε̃k − μ)2 + Γ 2
c

� π

Γc
δ(ε̃k − μ), (11.29)

where ε̃k = εk + |V0|2
μ− E f

and Γc = |V0|2
(μ− E f )2 γ. Then, Eq. (11.28) is simplified

for small γ as:

σs
xy = −e

2πN

52

21

∑

k

1

|k|
∂εk

∂k
δ(ε̃k − μ). (11.30)

Moreover, we introduce the approximation εk = k2/2m. Then, σs
xy for J = 5/2 is

simplified as [49]

σs
xy = −e

26

21

kF

2π2

= − e

2πa

26

21
, (11.31)

where a is the lattice spacing. The first line in Eq. (11.31) means that the SHC depends
only on the density of conduction electron nc = k3

F/3π2. This result suggests that
SHCs in Ce-compound heavy fermion systems take similar large negative values. The
second line in Eq. (11.31) is obtained by putting kF = π/a. When a = 4 Angstrom,
then e/2πa ≈ 1000 �e−1�−1cm, which corresponds to σxy ∼ 1000 �e−1�−1cm−1

for Ce-compound system. Interestingly, σs
xy is independent of the strength of the c-f

mixing potential.
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In the case of J = 7/2 (Yb-compounds), σs
xy is obtained as

σs
xy = e

15

14

kF

2π2

= e

2πa

15

14
. (11.32)

The second line in Eq. (11.32) is obtained by putting kF = π/a. This result means
that SHCs in Yb-compound heavy fermion systems take similar large positive values.

Next, we calculate the AHC σa
xy due to the Fermi surface term, given by the

correlation function between J C
y and J C

x . Since we are interested in the AHE in
the paramagnetic heavy fermions systems under the magnetic field, we introduce
the Zeeman term to the f-level as E f + gμB M H , and extract the H -linear term of
the AHC. That is, we calculate σa

xy/H |H=0 that given by the triangle diagram with
respect to J C

y , J C
x and gμB M . The method of calculation is explained in Ref. [24]

in detail. The procedure is rather complex but similar to the derivation of the SHC
explained above. By neglecting v̂n in Eq. (11.24) and assuming a spherical Fermi
surface, we obtain the AHC for J = 5/2 as [24]

σa
xy

H
= 2e2

∑

k

∑

M M ′σ

∂εk

∂ky
vkM M ′,x

× gμB(M − M ′)Vk MσV ∗
kM ′σ|GcR

k (0)|2iImG f 0R(0)

= 8

3
· e2gμB

E f − μ

∑

k

1

|k|
∂εk

∂k
, (11.33)

where vkM M ′,x ≡ ∂
∑

σ V ∗
kMσVkM ′σ
∂kx

|G f 0R(0)|2
μ− εk

. The last equation in Eq. (11.33) is

obtained by performing the surface integration on the Fermi surface. For J = 7/2, the

coefficient
8

3
in the last line of Eq. (11.33) is replaced with 5. Inserting some physical

constants (μB = 9.27×10−24[JT], e = 1.60×10−19[C], � = 1.05×10−34[JS] and
kB = 1.38 × 10−23[JK−1]) into Eq. (11.33), and taking the mass renormalization
discussed in Sect. 10.1, we obtain

σa
xy

H
[(� cm Gauss)−1] = 5.8 × 10−9(n[cm]−3)1/3

Ẽ f [K] (11.34)

for J = 5/2 (g = 6/7). Ẽ f is the renormalized f -level measured from the Fermi
energy, and |Ẽ f | gives approximate quasiparticle bandwidth. The present study
predicts that RAHE

H > 0 (< 0) in Ce (Yb) based heavy-fermion systems since
Ẽ f > 0 (< 0). This prediction for Ce- and Yb-compounds is consistent with the

http://dx.doi.org/10.1007/978-3-642-35365-9_10
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experimental results [44, 45]. If we substitute Ẽ f = 10 K and n = 1022cm−3,
σa

xy/H = 1.3 × 102[1/� cm Gauss], which is a typical experimental value.
In heavy fermion systems γ = ImΣ(0) increases at finite temperatures, and

γ ∼ |μ − E f | is expected at T ∼ TK. As revealed in Ref. [24], the expression

of the AHC valid for finite γ is obtained by replacing
1

μ− E f
in Eq. (11.33) with

Re
1

μ− E f + iγ
. That is, RAHE

H = (σa
xy/H)ρ2 behaves as RAHE

H ∝ χ · γ∗2

Ẽ2
f + γ∗2

,

where γ∗ ≡ zγ [24]. Therefore, RAHE
H shows the following cross-over behavior:

RAHE
H ∝ χρ2 [∼ ρ2] : below Tcoh(γ

∗ < |Ẽ f |), (11.35)

RAHE
H ∝ χ [∼ 1/T ] : above Tcoh(γ

∗ > |Ẽ f |). (11.36)

In typical Ce-based heavy-fermion systems, 1/z ∼ 100 and |Ẽ f | ∼ 10 K. Below
Tcoh, Eq. (11.35) is proportional to ρ2 since χ is constant for T < Tcoh. Figure 11.11
shows the RH in U3Ni3Sn4 (γ = 380 mJ/K2), where the relation RAHE

H = RHF
H −

Rn
H ∝ ρ2 holds well below ∼0.3Tcoh∼25 K. Note that the extrinsic type AHE

[47, 48] and the intrinsic type AHE [24] can coexist. However, the relation RAHE
H ∝

ρ2 suggests that the intrinsic-type AHE is dominant at least below Tcoh. Above Tcoh,
the AHE due to interband transition is suppressed when c-f mixing is prohibited.
Therefore, Eq. (11.36) is independent of ρ. This coherent-incoherent crossover of
intrinsic AHE was first theoretically derived in Ref. [24]. This crossover behavior
is not restricted to heavy-fermions systems, but also observed in various transition
ferromagnets [50].

In heavy-fermion systems near the AF QCP, Rn
H shows strong temperature depen-

dence due to the CVC. To extract Rn
H from the observed Hall coefficient, we have

to seriously consider the T -dependence of RAHE
H . Very fortunately, AHE is vanish-

ingly small in CeMIn5 [51, 52]. Therefore, we could perform reliable analysis of
the ordinary Hall effect in CeMIn5 as discussed in Sect. 9.1, without the necessity
of subtracting the AHE. Note that the AHE vanishes when the crystal-field splitting
of the f -levels is much larger than Tcoh. This may be the reason for the small AHE
in CeMIn5.

11.5 Summary of This Chapter

We have explained the recent progress on the theoretical study of the intrinsic AHE
and SHE in multiorbital systems. The existence of these intrinsic Hall effects was
predicted by Karplus and Luttinger (KL) [21] in 1954. However, intrinsic Hall effects
had been underestimated for a long time because of the absence of quantitative cal-
culation based on an established model Hamiltonian. In 1994, we have calculated
the intrinsic AHE in heavy fermion systems based on the periodic Anderson model:

http://dx.doi.org/10.1007/978-3-642-35365-9_9
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Fig. 11.11 RH in U3Ni3Sn4 plotted as functions of a T 2 and b ρ2. The relation RHF
H − Rn

H ∝ ρ2

is satisfied well, as predicted by the theory of AHE [24] (Reference [46])

Is was shown that the large AHE in heavy fermion systems is well explained in terms
of the intrinsic mechanism. It was also found the significant role of the orbital degree
of freedoms in these intrinsic Hall effects. The spin structure driven AHE in ferro-
magnetic Pyrochlore oxides is also understood in terms of the intrinsic mechanism
[41, 42].

We have also studied the intrinsic SHE in 4d and 5d transition metals based on
the realistic nine orbital tight-binding models. It was found that the spin-dependent
Berry phase due to orbital degree of freedoms, which is understood as the orbital
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Berry phase shown in Fig. 4.7, is the main origin of large SHE in transition metals
[17]. Recently, significant role of orbital degree of freedoms in the extrinsic SHE
had been understood [53].

In metals with low resistivity, the intrinsic Hall conductivities are independent
of the quasiparticle damping rate γ. This fact means that the intrinsic Hall effects
are quantum transport phenomena, which cannot be explained by a conventional
Boltzmann transport theory. For this reason, we have used the Nakano-Kubo formula
in the present study. However, it is noteworthy that Sundaram and Niu had constructed
a semiclassical transport theory that can explain the intrinsic Hall effects [54]. They
had derived the following equation of motion for the wavepacket (r, k) in multiband
systems:

ṙ = ∂εnk

∂k
− k̇ × �n(k), (11.37)

k̇ = (−e) · (−∇φ(r)) (11.38)

where φ(r) is the potential, and Ωn
k = (∇ × An

k)z is the Berry curvature of band n.
An

k = i〈k, n|∇|k, n〉 is the Berry connection, where |un(k)〉 being the periodic part
of the Bloch wave.

Neglecting the normal Hall effect due to Lorentz force, the AHC is given by the
summation of the Berry curvature below the Fermi level:

σxy = −e
∑

k,n

[ṙ]x f (εnk)/Ey = e2
∑

n,k

[Ey × �n(k)]x f (εnk)/Ey

= e2
∑

k,n

f (εnk) [�n(k)]z (11.39)

which is mathematically equivalent to σ I I b
xy in Eq. (4.31). Thus, the AHC is simply

determined by the topological nature of the Bloch electrons, independently of the
scattering process of electrons. In band insulators, the integration in Eq. (11.39) is
quantized due to the Stokes’ theorem [55].

However, this simple statement is true only in metals with low resistivity. When the
lifetime of quasiparticle τ = 2/γ is shorter than the lifetime of inter-band excitation
τinter = 1/Δ (Δ being the minimum band-splitting), the SHC decreases in proportion
to τ2 ∝ ρ−2. This crossover phenomenon of the intrinsic AHE and SHE, which was
first pointed out in Ref. [24], can be described by the exact expression in Eqs. (4.10)
and (4.11), not by Eq. (11.39). At present, many body effect on the SHE and AHE,
especially the role of the CVC on these effects, is not well understood. This is a very
important future issue.

http://dx.doi.org/10.1007/978-3-642-35365-9_4
http://dx.doi.org/10.1007/978-3-642-35365-9_4
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Appendix A
Proof of Variational Formula

In this appendix, we prove the variational principle for the resistivity expressed in
Eq. (3.22), by following the Ziman’s textbook [1]. First, we calculate the following
inner product for a trial function Ψk:

〈Ψ, PΨ 〉 = 1

T

∑

k,k′,q
Ĩ (k, k′; q)Ψk

{
Ψk + Ψk′ − Ψk+q − Ψk′−q

}
(A.1)

where the operator P appears in the right-hand-side of Eq. (3.21), which represents
the scattering process. Because of the self-adjoint nature of the operator P , Eq. (A.1)
is rewritten as

〈Ψ, PΨ 〉 = 1

4T

∑

k,k′,q
Ĩ (k, k′; q)

{
Ψk + Ψk′ − Ψk+q − Ψk′−q

}2

≥ 0 (A.2)

Therefore, P is positive definite.
Here, we assume Φk is the solution of X = −PΦ, and consider a trial flection

Ψk that satisfies the normalization condition 〈Ψ, X〉 = −〈Ψ, PΨ 〉. Starting from the
relationship

〈(Φ − Ψ ), P(Φ − Ψ )〉 ≥ 0 (A.3)

and using the self-adjoint nature of P , it is easy to derive the following relationship

〈Φ, PΦ〉 ≥ 〈Ψ, PΨ 〉 (A.4)

For general Ψk, the normalization condition is satisfied by replacing Ψk with Ψk ·
〈Ψ, X〉/〈Ψ, PΨ 〉. Therefore, Eq. (A.4) is rewritten as

〈Φ, PΦ〉
〈Φ, X〉2 ≤ 〈Ψ, PΨ 〉

〈Ψ, X〉2 (A.5)
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which is valid for general Ψk.
Using Φk, the conductivity is given as

σ = −2e
∑

k

vkx
Φk

E

(

−∂ f 0

∂ε

)

= −2〈X (E = 1),Φ〉

= 2
〈X (E = 1),Φ〉2

〈Φ, PΦ〉 (A.6)

By inputting Eq. (A.5) into Eq. (A.6), the variational formula for the resistivity is
obtained as

ρ ≤ 〈Ψ, PΨ 〉
2〈X (E = 1), Ψ 〉2 (A.7)

where the equal sign is realized when the trial function Ψk is the exact solution Φk.
The physical meaning of this variational formula is that the current in the nonequi-
librium steady state under E is realized so as to maximize the production of entropy
due to scattering processes (= Joule heat E2/ρ) [1].



Appendix B

Expression of T i, j(ε, ε′; ω)

In Eq. (3.54), we performed the analytic continuation of of Λ
n;l
kx = Λkx (iεn,ωl)

from region i shown in Fig. 3.1a to real frequencies. Then, we encountered the
four-point vertex Γ i, j;X (ε, ε′;ω) with real frequencies, which was first performed
by Eliashberg in Ref. [2]. Here, we shortly explain its derivation: We consider the
function Γ (ε, ε′;ω) given by the analytic continuation of the Matsubara frequency
function Γ (iεn, iεm; iωl). In Fig. B.1a, singularities of Γ (ε, ε′;ω) are plotted in the
(Imε, Imε′) plane.

Here, we perform the m-summation in

T
∑

n

Γ (iεn, iεm; iωl)G(iεm + iωl)G(iεm)

=
∫

C

dz′

4πi
th

z′

2T
Γ (iεn, z′; iωl)G(z′ + iωl)G(z′) (B.1)

where the path of integration C is shown in Fig. 3.1a, and the cuts of the integrand are
given by Imz′ = εn, 0,−ωl ,−ωl − εn as shown in Fig. B.1a. Hereafter, we consider
the case εn > 0 (regin 1). Then, considering the relation εn > 0 > −ωl > −ωl − εn ,
the path C can be deformed as Fig. B.1b. Then, Eq. (B.1) is expressed as

∫ ∞

−∞
dx

4πi

(
cth

x

2T
{Γ I I

1,1(iεn, x + iεn; iωl) − Γ I
1,1(iεn, x + iεn; iωl)}

× G R(x + iεn + iωl)G
R(x + iεn)

+ th
x

2T
{Γ I

1,1(iεn, x; iωl)G
R(x + iωl)G

R(x)

− Γ1,2(iεn, x; iωl)G
R(x + iωl)G

A(x)}
+ th

x

2T
{Γ1,2(iεn, x − iωl; iωl)G

R(x)G A(x − iωl)

− Γ I
1,3(iεn, x − iωl; iωl)G

A(x)G A(x − iωl)}
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ε

,ε

i(ε+  ω )=0

,
i(ε +  ω )=0l

(a)
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Im

Im

Reε,

ε

(−ε−ω)=0

,

Im(ε)=0

Im(−ω)=0
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(1,2)

(1,3,I)

(1,3,II)

(b)

Fig. B.1 a Singularity lines of Γ (ε, ε′;ω), which is given by the analytic continuation of
Γ (iεn, iεm; iωl) for ωl > 0. This plane is divided into 16 regions, each of which is analytic in
that region in any of its arguments. The analytic continuation from each region to real frequencies
present the function Γ i, j;X (ε, ε′;ω), where X = I ∼ I V and i, j = 1 ∼ 3. b The path C for εn > 0

+ cth
x

2T
{Γ I

1,3(iεn, x − iεn − iωl; iωl) − Γ I I
1,3(iεn, x − iεn − iωl; iωl)}

×G A(x − iεn)G A(x − iεn − iωl)
)

(B.2)

By taking the analytic continuation of iεn and iωl of Eq. (B.2) to real frequencies,
we obtain

∫ ∞

−∞
dx

4πi

(

cth
x − ε

2T
{Γ I I

1,1(ε, x;ω) − Γ I
1,1(ε, x;ω)}G R(x + ω)G R(x)

+ th
x

2T
{Γ I

1,1(ε, x;ω)G R(x + ω)G R(x) − Γ1,2(ε, x;ω)G R(x + ω)G A(x)}

+ th
x + ω

2T
{Γ1,2(ε, x;ω)G R(x + ω)G A(x) − Γ I

1,3(ε, x;ω)G A(x + ω)G A(x)}

+cth
x + ε+ ω

2T
{Γ I

1,3(ε, x;ω) − Γ I I
1,3(ε, x;ω)}G A(x + ω)G A(x)

)

(B.3)

We can repeat similar calculations for regions 2 and 3 of the variable iεn .
Finally, by using the relation Γ I

2,2 = Γ I I
2,2 −Γ I I I

2,2 +Γ I V
2,2 , we obtain the following

expression:

T 1,1(ε, ε′;ω) = th
ε′

2T
Γ I

1,1 + cth
ε′ − ε

2T

[
Γ I I

1,1 − Γ I
1,1

]
, (B.4)

T 1,2(ε, ε′;ω) =
(

th
ε′ + ω

2T
− th

ε′

2T

)

Γ1,2, (B.5)
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T 1,3(ε, ε′;ω) = −th
ε′ + ω

2T
Γ I

1,3 − cth
ε′ + ε+ ω

2T

[
Γ I I

1,3 − Γ I
1,3

]
, (B.6)

T 2,1(ε, ε′;ω) = th
ε′

2T
Γ2,1, (B.7)

T 2,2(ε, ε′;ω) =
(

cth
ε′ − ε

2T
− th

ε′

2T

)

Γ I I
2,2

+
(

cth
ε′ + ε+ ω

2T
− cth

ε′ − ε

2T

)

Γ I I I
2,2

+
(

th
ε′ + ω

2T
− cth

ε′ + ε+ ω

2T

)

Γ I V
2,2 , (B.8)

T 2,3(ε, ε′;ω) = −th
ε′ + ω

2T
Γ2,3, (B.9)

T 3,1(ε, ε′;ω) = th
ε′

2T
Γ I

3,1 + cth
ε′ + ε+ ω

2T

[
Γ I I

3,1 − Γ I
3,1

]
, (B.10)

T 3,2(ε, ε′;ω) =
(

th
ε′ + ω

2T
− th

ε′

2T

)

Γ3,2, (B.11)

T 3,3(ε, ε′;ω) = −th
ε′ + ω

2T
Γ I

3,3 − cth
ε′ − ε

2T

[
Γ I I

3,3 − Γ I
3,3

]
, (B.12)

where variables (ε, ε′;ω) for Γ X
i, j in the right-hand-sides are neglected for simplicity.

They are given in Eq. (12) of Ref. [2].
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