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Preface

This monograph, “A New Concept for Tuning Design Weights in Survey Sampling:
Jackknifing in Theory and Practice,” introduces a fresh survey methodology that can
be used to estimate population parameters and that, with the help of a computer, yet
requiring minimal effort, leads to the construction of confidence intervals. The most
important motivation for using the newly tuned estimation survey methodology is that
it simplifies the estimation of the variance of those estimators used for estimating pop-
ulation parameters such as the mean, the total, the finite population variance, and the
correlation coefficient, under various sampling schemes. The main ideas derive from
the standard survey sampling methods of jackknifing, calibration, and imputation, but
lead to an important modification of these existing methods. This new methodology
should prove helpful to all government organizations, private organizations, and aca-
demic institutions that engage in survey sampling. The proposed new concept of tun-
ing design weights leads to a computer friendly estimation survey methodology. Thus,
it encourages development of a new statistical analysis software package in a language
such as R, SAS, FORTRAN, or C++. Recall that the sampling design and estimation
process has two main aspects: a selection process that includes the rules and operations
by which some members of the population are included in the sample, and an estima-
tion process for computing the sample statistics, which are sample estimates of pop-
ulation values. A good sample design and estimation methodology requires the
balance of several important criteria: goal orientation, measurability, practicality,
economy, time, simplicity, and reliability.

One need not take our word concerning the virtues of the new concept of tuning
design weights which leads to the newly tuned estimation survey methodology devel-
oped here. One can easily test/apply these methods by executing the R codes that are
provided. The authors are confident that one will find the performance of the devel-
oped theory amazing. In the 1940s (Cochran, 1940, ratio estimator), survey method-
ologists began looking to the future for a reliable, trustworthy, and easily applicable
estimation methodology. It appears that for students currently doing a Ph.D. in survey
sampling, the future is here.

In Chapter 1, we discuss the problem of estimation in survey sampling. The Sta-
tistical Jumbo Pumpkin Model (SJPM) is developed, which can produce very light to
very heavy pumpkins, and is naturally correlated with their known circumferences.
R code, used for generating the SJPM, is provided. A population of pumpkins is gen-
erated using the SJPM and is displayed. A sample of pumpkins is taken from the gen-
erated population and is also displayed. The idea of jackknifing a sample statistic is
discussed. Examples of jackknifing a sample mean and a sample proportion are pro-
vided. The effect of double jackknifing on a sample mean is discussed. The concept of
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jackknifing a sum of doubly subscripted variables is also introduced. At the end of the
chapter, a few unsolved exercises, which include jackknifing of sample geometric
mean, sample harmonic mean, and sample median, are provided for practice and fur-
ther investigation.

In Chapter 2, we introduce the new concept of tuning design weights, which, in
turn, leads to a computer friendly tuning methodology. The proposed methodology
results in an estimator that is equivalent to the linear regression estimator of the pop-
ulation mean or total. The newly tuned estimation methodology is able to efficiently
and effectively estimate the variance of the estimator of the population mean.
The estimation of variance of the estimator is a key feature of the proposed newly
tuned estimation methodology. In Chapter 2, we restrict ourselves to the use of a
simple random sampling (SRS) scheme. We show that under an SRS scheme,
the linear regression estimator is a result of tuning the jackknife sample mean esti-
mator with the chi-squared type distance function. Tuning of the sample jackknife
estimator under a dual-to-empirical log-likelihood (dell) function leads to a newly
tuned dell-estimator of the population mean. The coverage by the newly tuned
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estimators, under the chi-square distance and the dell function, is investigated for the
SJPM. The R codes for studying the reliability of the tuned estimators under the chi-
squared distance function and the dell function are also provided. Numerical illus-
trations for both methods are also presented. At the end of the chapter, a few
unsolved exercises are given for practice and further investigation. The tuning of
a nonresponse in sampling theory is addressed in one of the unsolved exercises.
The tuning of a sensitive variable, in the context of estimating the population mean
of a sensitive variable, is also introduced through an unsolved exercise. In addition,
tuned estimators of geometric mean and harmonic mean are also suggested for fur-
ther investigation.

In Chapter 3, the problem of estimating a population mean with the help of the
newly tuned model assisted estimation methodology is developed by assuming that
the auxiliary information is available at the unit level in the population. The newly
tuned model assisted estimator does an excellent job for small samples in the case
of both the chi-squared type distance function, and the dual-to-empirical log-
likelihood (dell) function, insofar as the weight of pumpkins is concerned. The
R codes for studying the reliability of the tuned model assisted estimators for the case
of the chi-squared and the dell functions are also provided. At the end of the chapter, a
few unsolved model assisted exercises are given for practice and further investigation.
A new model assisted tuning of a nonresponse along with the concept of imputation is
addressed in one of the exercises.

In Chapter 4, we present the problem of estimating the finite population variance
with the help of the newly tuned estimation methodology. The newly tuned model
assisted estimator of finite population variance is studied under both the chi-squared
and the dual-to-empirical log-likelihood (dell) functions. The R code for studying
the reliability of estimating the finite population variance of the weight of pumpkins,
using circumference as an auxiliary variable, is provided. Here, it is suggested
that only a slice of a pumpkin be removed from the sample instead of a complete
pumpkin. Such a proposed method of jackknifing has been called partial jackknifing.
An alternative tuned estimator of the finite population variance and the finite popu-
lation variance estimator are also introduced and studied. At the end of the chapter, a
few interesting, unsolved exercises for estimating the finite population variance
are given for practice and further investigation. The exercises include new model
assisted tuned estimators of finite population variance, as well as a few new tuning
constraints that make use of jackknifed sample geometric mean and jackknifed sample
harmonic mean.

In Chapter 5, the problem of tuning the estimator of the correlation coefficient
using empirical log-likelihood style techniques is considered. In practice, it is dif-
ficult to estimate the variance of the estimator of the correlation coefficient. How-
ever, the proposed newly tuned method leads to a very successful estimator of
variance of the estimator of the correlation coefficient when auxiliary information
is available. A numerical illustration is also provided to estimate the correlation
between the weight and circumference of pumpkins. The R code, used in the
simulation study of reliability of the estimators, is also provided. At the end of
the chapter, several exercises involving estimation of the correlation coefficient
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are provided for practice and further investigation. In addition, exercises leading
toward tuned estimators of the ratio of two population means, two population
variances, and the population regression coefficient are included for further
investigation.

Until this point, we have considered only the simple random sampling (SRS)
scheme at the selection stage of the sample. In Chapter 6, the problem of estimating
a population total using the concept of a multi-character survey is addressed. The
newly tuned multi-character survey estimators that we introduce are studied for the
probability proportional to size and with replacement (PPSWR) sampling scheme.
Simulation results with the relevant R code are reported. The code is also utilized
to compute numerical illustrations. At the end of the chapter, a few unsolved exercises
for further investigation are provided.

In Chapter 7, we consider the tuning of the estimator of population total using
probability proportional to size and without replacement (PPSWOR) sampling
scheme. A new linear regression type estimator under PPSWOR sampling scheme
is proposed. The proposed tuned estimator is free of second order inclusion proba-
bilities and provides a simple and safe solution to the important problem of estimat-
ing variance. The tuned regression type estimator and an estimator obtained by
optimizing a displacement function are tested through simulation studies. The
R code used in the simulation study of the reliability of the estimators is also pro-
vided. The tuned estimators are also supported by two numerical illustrations that
consider the problem of estimating the weights of pumpkins using their known aver-
age circumference as a tuning variable and their known top size as an auxiliary var-
iable at the selection stage. At the end of the chapter, a few exercises concerning the
estimation of population parameters under the PPSWOR sampling scheme are pro-
vided for further investigation.

In Chapter 8, we consider the problem of tuning the estimators of population mean in
stratified random sampling design, using both the chi-squared type, and the dual-to-
empirical log-likelihood (dell) type distance functions, when the population mean of
the auxiliary variable at the stratum level is available or known. The tuned estimators
are supported with a simulation that considers the problem of estimating the average
weights of pumpkins. Here, the pumpkins are divided into three different strata, con-
sisting of Sumbo, Mumbo, and Jumbo pumpkins, based on their known circumferences.
The adjusted tuned estimator of variance of the proposed estimator is found to be very
effective in the case of small samples. The R code used in the simulation study for the
case of chi-squared distance and dual to log-likelihood functions is also provided.
Numerical illustrations for determining the average weight of the Sumbo, Mumbo,
and Jumbo pumpkins using proportional allocation and newly tuned stratified sampling
estimation methodology, along with R code, are presented. In the exercises, we consider
the situation in which the pooled mean of the auxiliary variable across all strata is known,
but the means at stratum level are unknown. An idea for extending the work to multistage
stratified random sampling is introduced in an exercise at the end of the chapter.

In Chapter 9, we introduce the idea of using multiauxiliary information for
semituning the estimators of population mean and finite population variance under
simple random sampling. The use of multiauxiliary information for fully tuning
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estimators is addressed in the exercises. A new set of three tuning constraints is also
introduced. These constraints make use of jackknifed sample arithmetic mean,
jackknifed sample geometric mean, and jackknifed sample harmonic mean of three
different auxiliary variables.

In Chapter 10, a very short review of the relevant literature is given. The concept of
calibration and jackknifing is discussed in layman language.

Author and selected subject indexes have been also included at the end.

Further studies

Tuning of estimators of any parameter, such as median, mode, distribution function,
for any sampling design, such as small area estimation, post-stratification, adaptive
clustering, panel-surveys, systematic sampling, dual or multiple frame surveys, and
longitudinal surveys etc., can also be investigated, if needed.
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Problem of estimation

1.1 Introduction

In this chapter, we discuss the problem of estimation, the benefits of sampling,
differences between study and auxiliary variables, and basic scientific statistical terms
and notation. We discuss the creation of a statistical jumbo pumpkin model (SJPM)
and jackknifing of sample mean and proportion. We also introduce the ideas of double
jackknifing and jackknifing of a double suffix variable. Frequently asked question are
answered. At the end, we suggest jackknifed estimators of several parameters, such as
skewness, kurtosis, geometric mean, harmonic mean, and median; these are provided
in the form of unsolved exercises.

1.2 Estimation problem and notation

In this section, we discuss the real-life problem of estimation and the need for survey
sampling. A farmer may be interested in estimating the total yield of a crop, say pump-
kins from his field. A social scientist may be interested in estimating the total number
of drug users in a country. A mahout may be interested in knowing the average diet of
an elephant. A student may be interested in estimating a school’s average GPA per
semester. An employer may be interested in estimating his employees’ total income.
A minister may be interested in knowing the total unemployment rate in a country.
There is no end to estimation problems in everyday life.

In statistical language the term population is applied to any finite or infinite col-
lection of individuals or units. It has displaced the older term universe and is essen-
tially synonymous with aggregate. The study population, or target population, refers
to the collection of units about which one wants to make some inference or extract
some information. The sample population is the population of units from which
samples are drawn. Ideally, the two should coincide, but this is not always possible
or convenient. One may be interested in the average weight of a certain variety of
farm-grown pumpkin; the collection of all such pumpkins is the target population.
However, samples can only be taken from those farms to which an organization or
individual conducting a survey potentially has access; the collection of these pump-
kins constitutes the sample population. Although both of these populations are finite,
they are very large and, for purposes of computation and simplicity of mathematical
expressions, are typically treated as infinite. We will denote the population under
discussion by €2, and its size by N.

A sample is a selected subset of the population that will be used for making infer-
ence. The organization or listing of the units used to actually draw the sample is
referred to as the frame. One would like this subset to be representative of the target

A New Concept for Tuning Design Weights in Survey Sampling. http://dx.doi.org/10.1016/B978-0-08-100594-1.00001-2
Copyright © 2016 Elsevier Ltd. All rights reserved.
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population, and methods for increasing the likelihood of this happening are an impor-
tant part of the theory of survey sampling. We will denote a sample by s and its size by
n. For example, a collection of a few pumpkins that are ready to eat may form a ran-
dom and representative sample from the target population of interest. A census is a
special case sample. If the entire population is taken as a sample, then the sampling
survey is called a census survey. Table 1.1 shows some of the major differences
between a sample survey and a census.

The variable of interest, or the variable about which we want to draw some infer-
ence, is called a study variable. The value of the ith unit is generally denoted by y;. For
example, the weight of a ripe pumpkin may be a study variable. A variable that has a
direct or indirect relationship to the study variable is called an auxiliary variable. The
value of an auxiliary variable for the ith unit is generally denoted by x; or z;, etc. The
weight of a pumpkin may depend on its circumference, its top size, the fertilizer used,
and irrigation, and so on. These could be regarded as auxiliary variables. The main
differences between a study variable and an auxiliary variable are listed in Table 1.2.

Any numerical quantity or value obtained from all units in a population is called a
parameter. A parameter is an unknown and a fixed quantity. It is generally denoted by
6. Any function of population values is also considered to be a parameter. Mathemat-
ically, suppose that a population £2 consists of N units and that the value of the ith unit
is y;. Then any function of all y; values is a parameter, that is,

Parameter =0 =f(y1, 2, .-, Yn) (1.1)

Table 1.1 Difference between a sample and a census

Factor Sample Census
Cost Less More
Efforts Less More
Time required Less More
Accuracy of measurements More Less

Table 1.2 Difference between a study and auxiliary variable

Factor Study variable Aucxiliary variable

Cost More Less

Effort More Less

Availability Current surveys or Current or past survey, books,
experiments or journals, etc.

Interest to an investigator More Less

Error in measurements More Less

Sources of error More Fewer

Notation Y X,Z,etc.
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For example, if y; denotes the weight of the ith pumpkin, then the average weight of
all the pumpkins produced on a farm is a parameter, the population mean (7) ,and is
given by

- 1
Population mean:Y:N(yl +y2+ -+ YN) 1.2)

In short, a parameter is a fixed and unknown value that applies to an entire population.
We wish to estimate this parameter as precisely as possible by taking a sample from
the population of interest.

Any numerical quantity or value that is obtained from a sample is called a statistic.
A statistic is known from a given sample and varies from sample to sample. Suppose
that a sample s consists of » units and that the value of the ith unit in the sample is
denoted by y;. Any function of sample values, y;, may be considered as an estimator
of a population parameter, that is,

Estimator =0 =£(y1, y2, ..., ¥u) (1.3)

In general, 6 in a formula form as a function of y; values in a sample is considered as an
estimator of a parameter 6. The numerical value of 6 obtained from that formula for-
ming the estimator is called a statistic or an estimate of the parameter 6.

For example, if y; denotes the measured weight of the ith pumpkin in a sample,

then the natural estimator of the population mean, =Y, is the sample mean,
0=Yy,, given by

Sample mean:yn:%(yl +y2+ -+ yn) (1.4)
A sample can be selected from a population in many ways. We will assume that the
reader is familiar with various sample selection schemes, such as those found in
Brewer and Hanif (1983), Cochran (1977), Thompson (1997), Lohr (2010), and
Singh (2003).

Assume it is possible to define two statistics 91 and 92 (functions of sample values
only), between which the parameter @ is expected to fall with a probability of (1 — «),
that is,

P(0,<0<6,)=(1-a) (1.5)

Then, the interval (61, 6) is called a (1 — a)100% confidence interval estimate of 6.
In other words, if we imagine such intervals being constructed from every possible
sample, then the proportion of these intervals that actually contain 6 is (1 — ).

Let y;, i=1,2,...,N denote the value of the ith unit in a population £2. The popu-
lation mean is defined as
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1

_ 1
Y=—(0O1+y2+-+ =— i
N(yl Y2 ) N ;:1 Y

and the population total is given by
N —_—
Y=(y1+y2+-+yn) =Zyi =NY

i=1

The rth order central population moment is defined as

1 X r 1 - S\
My = mi#ﬂ (vi—¥) Zm; (ni—7)

where r =2,3,... is an integer.
If =2 then y, represents the second-order population moment,

N

S S RS B VA %
”Z*Sy*zN(N—l)l.;l(y’ W) =52 i)

which is referred to as the population mean squared error.
Note that the population variance is defined as

1Y -2 (N—1
A=y b7} =g

i=1

for large values of N.

(1.6)

(1.7)

(1.8)

(1.9

(1.10)

Let y;, i=1,2,...,n denote the value of the ith unit selected in the sample s.

The sample mean is given by

B 1 n 1
T2 =y
i=1 ics
The sample variance s?v is defined as

S o 0 =g O )’

i=1 i#j=1

or equivalently,

ngni IZ(y,-fyn)Z:mz (i =)’

ies

(1.11)

(1.12)

(1.13)
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where i # j € s means that both the ith and jth units are included in the sample s. Note
that both (y; —y,)? and (y, — y;)* appear in the summation.

1.3 Modeling of jumbo pumpkins

On a pumpkin farm, the size of pumpkins may vary from very small to very large when
considering their weights and circumferences. Similar to pumpkins on a farm, we pro-
pose here a statistical model that is able to produce very small to very large values of
an output variable, say Y, for a given value of an input variable, say X. We named such
a model the SJPM. We take the output value from such a model as weight (Ibs) of a
pumpkin and input value as circumference (inches) of a pumpkin.

To develop the SJPM, we begin with an assumed deterministic relationship
between the weight (Ibs), say M(X), and circumference (inches), say X, of a pumpkin,
modeled as

M(X) — 5.560.047)(—0.0001)(2 (114)

where M(X) is the weight of a pumpkin in the range of 20.59-1124.11 Ibs, and X is the
circumference of a pumpkin in the range of 30-190 in. (Figure 1.1).

A graphical representation of the Deterministic Jumbo Pumpkin Model (DJPM) is
given in Figure 1.2.

The proposed SJIPM is an extension of the DJPM as

yi =M (x;)exp(e;) (1.15)

Figure 1.1 Jackknifing a Jumbo Pumpkin.
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Circumference vs weight

1200.00

1000.00

800.00 -
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0 50 100

Figure 1.2 Deterministic Jumbo Pumpkin Model.

where ¢; ~N(0, 2), that is, e; is normally distributed with a mean of 0 and a standard
deviation of 2.

A simulated population of N =10,000 pumpkins from the SJPM is shown in
Figure 1.3.

The population mean weight of the population generated earlier is
Y =3038.765 Ibs with a standard deviation of o, =20740.06 lbs, and the population

A population of 10,000 pumpkins

1,200,000 — °

1,000,000 —

800,000 —

600,000 — o

Weight(lbs)

400,000 — o

200,000 —

T T
50 100 150
Circumference (In.)

Figure 1.3 A population generated by SJPM.
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A sample of 30 pumpkins
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15,000 —

Weight (Ibs)

10,000

5000

o o o o
04 © o o ©0 0% 08 o o Qo 0090 o

T T
50 100 150
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Figure 1.4 Sample representation from SJPM.

mean circumference is X =109.9673in. with a standard deviation of
oy =46.17808 in.

A graphical representation of a sample s of n = 30 pumpkins selected with a simple
random and without replacement sampling (SRSWOR) scheme from the preceding
population is shown in Figure 1.4.

As computed from this particular sample s of n =30 pumpkins, we have sample
mean weight y,=1559.5691bs with a sample standard deviation of
sy =5056.5911bs, and a sample mean circumference X, = 131.8182 in. with a sample
standard deviation of s, =41.9988 in.

1.3.1 R code

The following R code, PUMPKINI1.R, implements the proposed SJPM.
# R CODE USED FOR SJPM MODEL
# PROGRAM PUMPKINI1.R

set.seed(123456)

N<-10000

x<-runif(N, min=30, max=190)
m<-5.5*%(exp(0.047*x - 0.0001*x*x))
z<-rnorm(N, 0, 2)
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y<-m*exp(z)

mean(x)->XB; mean(y)->YB

sqrt(var(x))->Sx; sqrt(var(y))->Sy

cbind(XB,YB, Sx, Sy)

plot(x,y,main="Apopulation of 10000 pumpkins",
xlab="Circumference (Inches)",ylab="Weight (1bs)")

n<-30

us<-sample(N,n)

xs<-x[us]; ys<-ylus]

mean(xs)->xm; mean(ys)->ym

sqrt(var(xs))->sx; sqrt(var(ys))->sy

chbind(xm,ym, sx, sy)

plot(xs,ys,main="Asample of 30 pumpkins",
xlab="Circumference (Inches)",ylab="Weight (1bs)")

1.4 The concept of jackknifing

The Quenouille (1956) method of bias reduction, popularly known as the jackknife
procedure, has been successfully applied for estimating the variance of estimators.
Tukey (1958) was the first to use the jackknife technique to estimate the variance of
an estimator. Among others, Arnab and Singh (2006) have used it to estimate the
variance of the ratio estimator in the presence of nonresponse. Farrell and Singh
(2010) discussed the importance of jackknifing in survey sampling. Here we review
the concept of jackknifing in a way that should be understandable to the interested
layperson.

Suppose 91 ,92, . .,9,, are independently distributed random variables with
E(6;)=0 forallics (1.16)

Suppose 0 is an estimator of a parameter 6§ which is based on a sample of size n
defined as

N 1 o
H:ZZ@ (1.17)

Then the estimator of the variance of the estimator 6 takes the form

0 =y -7 .19

i=1

For a given sample s of size n, let 9( j) denote the value of the estimator based on the
sample of size (n— 1) that excludes the jth unit, that is,
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A~ 1 A

0= > o (1.19)
Finally, let the jackknifed estimator of € be given by

A 1<

Oack = ;; 0 (1.20)

Then the standard jackknife estimator of variance of the estimator 0 is given by

I CC
Prack (0) === (0) — Orack)” (121)

n =

Sometimes it is more convenient to use another form of the jackknife estimator of the
variance of 0, given by

A 1< A
Pk (8) == (8- )’ (1.22)

n =

For example, assume

0=y Zy, (1.23)

is an estimator of the population mean Y under simple random and with replacement
sampling (SRSWR) scheme.
Then, we have

~ 1 n
0(j)=3,(J)= > i (1.24)

denote the estimator of the population mean Y obtained by dropping the jth unit from
the sample.
Clearly, we can write

o) =7,0) = Z [Z 1 — [, -]

(13 (5=30) =3) = (= 15, — (3 -3,)]

(1.25)
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Also from Equation (1.20) we have

. 1< 1< 1
aJack:;Zyn(j):ZZ n—IAZ Yi
= —
(1.26)

J=1 i(#)=1
1 L nn—-1)_ _ .
=2 2 M= ==t
n(n—l)]:li(?éj):l nn—1)

Therefore the jackknife estimator of variance of 0 =Y, is given by

=S 65,05

VJack (yn ) SISWr n /
j=1
:(n—l)zn: S (-3 Ly ’ (1.27)
n & "on—1)v "
j=1
_5
n
where
2o 1 z":(y_y)z (1.28)
Yo(n—-1)4 "
It is easy to verify that the expected value of Vyack (V) grgwr 15
2 2
s c
S (1.29)

n

E [ﬁjack (yn)srswr] =E [n

So under the SRSWR scheme, Vjack (7, ) gor 1S a0 unbiased estimator of variance of the

sample mean given by

_ o
V(yn)srswr = 7 (130)
where
1 )
2 L
o —N;:l (yi—Y) (1.31)

is called the finite population variance.
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The jackknife technique provides a good estimate of variance under SRSWR
scheme, but for other sampling schemes we need to adjust it to obtain a truly unbiased
estimator of variance. For example, under the SRSWOR scheme, the variance of the
sample mean y, is given by

1—
V) g = nf) s} (1.32)

where f =n/N is called the finite population correction factor and
@ ! S (n-7) (1.33)
y .)’1 .

is called the population mean squared error.
Thus, for the SRSWOR scheme, an unbiased jackknife estimator of the variance of

the sample mean, V(3,) o 1S given by

ﬁJaCk(yn)srswor:Wi(yn(j)_yn)z (1.34)

J=1

Observe the difference between jackknifing a sample mean for the SRSWR scheme
versus the SRSWOR scheme. The estimator of variance needs to be adjusted by a fac-
tor of (1 —f) for the SRSWOR scheme to obtain an unbiased estimator of variance.
Note that it is not always possible to adjust the jackknife estimator of variance to make
it unbiased for other sampling schemes available in the literature. A simple example is
the case of a two-phase sampling scheme described by Sitter (1997). In the next sec-
tion, we will investigate jackknifing the sample mean in detail.

1.5 Jackknifing the sample mean
Consider a sample s of » units is taken with the SRSWR scheme from a population.
The values of the study variable y;, i=1,2,...,n, are noted, such that E(y;) =Y,
V(y:) = ai and Cov (y;,y;) =0 for i #}.

Let

1 n
v o—_ , 1.35
Yn n ;:1 Yi ( )

denote the sample mean.
Obviously, the jackknife estimator of the population mean is given by

1 n
Viaek == Y YulJ 1.36
YJack n;yn(J) ( )
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where

- . nyn_yj
_— l‘
() == (1.37)

Taking the expected value of y,(j) in Equation (1.37) we find

E{in(j)}:E{"z ”__ly-f] = [",f__ly ] =¥ (138)

The variance of the jth jackknife estimator, ¥, (), is given by

Vi =v| 2]

1
= V) V) o)
(1.39)
- 2{”26_3"'02,—2;16—5]
(n—1) n 7 n
_ 9
“T-1)

The covariance between the two jackknife estimators y,(j) and ¥, (k) is given by

Cov{y,(/),y,(k)} = Cov [’Z n__13;j, ”(in_— l}ﬂ

2

n
——Cov(y,,
(n—1)2 (yn yk)

n = 1
—WCOV (Voo i) + WCOV (> k)

n? 62, n o>
-1 <7> C(ni—1)? <7> (1.40)

ZCOV(yn,yn) -

T
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The variance of the jackknife estimator yj,. is

yJack

Thus, the jackknife estimator yj,, remains unbiased with variance

s |

V(yjack) =

Zyn ]

n

=i

n

O

2 n”

Lj=1

=

(n=2)
j¢k:1("— 1)2

1)

+n(n— l)(n—Z)]

(n—1)?

" (n-2)
Z1(’1_1)2

2
y

]a

2

Oy

S VELG)E+ D Coviy,())
= J#=1

|

2
y

2
it
n

(k)

Alternatively, the average jackknife estimator is given by

yJack - Zyn

It is clear that

V(YJack)

=V.)=

= |‘<QN

“xbee

(1.41)

(1.42)

(1.43)

(1.44)

For the SRSWR scheme, the jackknife estimator of the variance of the sample mean y,

is given by

(y J ack

— 2
yJack}

(1.45)
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1.6 Doubly jackknifed sample mean

Note that
1 n
y]ackzizyn(j)

ne

:l {nyn y}}
nes n—1 (1.46)
1 nzynfnyn

n n—1

:yﬂ

Also note that

(yJack y]ack}2
_(l’l—]) - nyn_yj = ?
- on ]z]:{ n—1 _y”}
(=D& f (5, y) — (=15
on Z{ n—1

=1 (1.47)
=Dy
on ;{n—l}
p— 1 - . Byl 2
n(n—l)jzzl(y’ y,,)
_5
)
Let

_ . Zyn(J)_yn(./)

y};gk :nyJack _yn<]) _ JES (148)

n—1 n—1

Then we define the doubly jackknifed estimator of the population mean as

deCk Zylack (149)

/Es
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Now ¥}, in Equation (1.49) can be written as

§Jack ZyJack

jEs
;yn —5,(j
:‘Z f‘—

JjESs

n> 3,0) = > 5.0) (1.50)

JES JES

n—1

S

*Zyn

JES

=Yn

We also define an estimator of the variance of the doubly jackknifed estimator as

<>>

N (e Vi VY R
() =D~ {Fh =Tk} (151)

nos
Now Equation (1.51) can be written as
) ~ S (50 )
"~ — N = 2
. ;yn(J)—yn(J) )
B D e

JjES
_ _ 2
3 Z<n_1>—<n_1) (1.52)
(I’l—l) JES =
= n Z n—1 —Yn

JES

2
_(n— 1)’ n’y,—2ny,+y; _
= > o1y Vn

JjESs

N |‘<°’w

It shows if we rejackknife (or doubly jackknife) the sample mean, then there is no gain
or loss so long as the estimation of variance is concerned.
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1.7 Jackknifing a sample proportion

Consider a population £2 consisting of N units. Out of them N, are the total number of
units belonging to a group, say A_ of the population. Obviously P =N, /N will be the pro-
portion of units belonging to the group A in the entire population. Assume we selected a
sample s of n units by the SRSWR scheme from the population £2. Let y; be an indicator
variable in the sample such that y; = 1 if the ith unit in the sample belongs to group A, and
v; = 0 otherwise. Then an unbiased estimator of the population proportion, P, is defined as

1 n
A:_Zyi (1.53)
4

The jth jackknifed sample proportion is given by

N A
P =——" J=12n (1.54)

Obviously, an unbiased and jackknifed estimator of the population proportion, P, is
given by

. IR
pJack:Z;p(J) (1.55)
The jackknife estimator of the variance of the estimator of sample proportion is given by

(1.56)

Vlack (P

Note that in this case yi2 = 1 if ith unit belongs to the group A, and y7 =0 otherwise.
The estimator (1.56) can be written as

Z{

VJack (17

__ 5 o LN R (1.57)
7n(n—l);[_yj+p] n(n_l);{y_?+p2—2pyj}
i=1
:n(n1 1)[np+"17 —2np*] = ( 11)[13—132}
p(1-p)
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Obviously,

P(1-P)

E(Vn«(P)) = (1.58)

Thus, the jackknife estimator of variance, v,k (P), is an unbiased estimator of the var-
iance of the sample proportion for the SRSWR scheme. A recent contribution in esti-
mating population proportions by a method of calibration can be had from Martinez,
Arcos, Martinez, and Singh (2015).

1.8 Jackknifing of a double suffix variable sum

Let V;;, i#j=1,2,...,n, be a random variable, and let

V=33, (1.59)

i#f €s

Note that

ZZ[ n—1) ]:n(n_ll>_1[”(n—1)V—V]=V (1.60)

i#j €s

These results will remain useful in this monograph.

1.9 Frequently asked questions

Q1: Why did the authors choose this particular artificial Statistical Jumbo Pumpkin
Model (SJPM)?
A1: It is the authors’ choice!

Q2: Why did the authors not use real data?
A2: Real data has a lot of issues!

Q3: Is this SJPM unique?
A3: No, it was chosen by the authors. One can change the parameters, such as the population
size and standard deviation, to any other suitable values.

Q4: Why R?
A4: R is free; anybody can use it.

QS5: Can people ask the authors questions?
AS: Sure!



18 A New Concept for Tuning Design Weights in Survey Sampling

1.10 Exercises

Exercise 1.1 Discuss the concept of jackknifing a sample. How can it be used to esti-
mate the variance of the sample mean?

Exercise 1.2 Run the program PUMPKINI.R to generate a sample of 50 pumpkins
from the artificial STPM. Plot weight versus circumference of the pumpkins, and com-
ment on the shape of the graph.

Exercise 1.3 Imagine a situation where you can apply an SRSWOR scheme to esti-
mate the population mean of a study variable. Create such a population using a linear
or nonlinear model with (or without) the use of an auxiliary variable. From the pop-
ulation you generated, select a sample of 30 units using an SRSWOR scheme, and
apply the concept of jackknifing to estimate the variance of the sample mean of
the study variable. Construct the 95% confidence interval estimate of the population
mean, and interpret your findings.

Exercise 1.4 (a) Let

N S v VA
m—m;(» ) (1.61)

be an estimator of the third moment about the population mean Y defined as

1 3
m=x>_ (i=7) (1.62)
i=1
Consider
ﬂ3(]ack) :CZ (yn(J) _yn)3 (1.63)
Jj=1

n_ — .
where y,(j) :% has its usual meaning. Determine ¢ such that i3y, can be

used as an estimator of the third moment ys.

(b) Generate a sample of 50 pumpkins using the program PUMPKIN1.R from the
artificial SJPM. Calculate the value of

n

N o3
yg—m;(yl 3.) (1.64)

and

n

30aa0 =€y Fa() =3, (1.65)

J=1

for the value of ¢ you determined in (a). Comment on your findings.
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Exercise 1.5 (a) Let
1 1 .
ﬂr:— (yl'_yn)’ (166)
(n—1) ;

where 7 > 2, be an estimator of the rth central moment about the population mean Y
defined as

1 o
== —Y 1.67
b=y 2 01 =T) (167)
Let
.
br="5 (1.68)
Ho

be an estimator of the population coefficient of skewness defined as

hr="5s (1.69)
Hy
Let
. n n -(3/2)
Briaay =€y Fa() =3, lz CAGESS) ] (1.70)
J=1 j=1

Determine the constant ¢ such that /3 1(Jack) can be considered as a jackknife estimator

of ﬂ].
(b) Generate a sample of 50 pumpkins using the program PUMPKIN1.R from the

artificial STIPM. Calculate the value of ﬁ 1 and /3’ 1(sack) for the value of ¢ you determined
in (a). Determine a numerical value of ¢ such that ﬁ 1(Jack) = /3’ 1. and comment on your
findings.

Exercise 1.6 (a) Let

1 n

=S " (i-3,) 171
i, (n_l);(y 3,) (1.71)

where 7 > 2, be an estimator of the rth central moment about the population mean Y
defined as

o=y (=) (1.72)
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Let

& =i /3, (1.73)

be an estimator of the population coefficient of variation defined as

¢y =i/ (1.74)

Let

(1.75)

Determine the constant k such that é,jack) can be considered as a jackknife
estimator of c,.

(b) Take a sample of 40 pumpkins using the program PUMPKIN1.R from the arti-
ficial SJPM. Calculate the value of ¢, and ¢y jack) for the value of £ you determined in
(a). Compute a value of k such that ¢; = ¢y jack)-

Exercise 1.7 (a) Let
A~ l - — \7I
=1 > (i3, (1.76)

n—1) —

where 7 > 2, be an estimator of the rth central moment about the population mean Y
defined as

1< o
pyr= N; (vi-7) (1.77)
Let
Pr =it (1.78)

be an estimator of the population coefficient of kurtosis defined as

Bo= a5 (1.79)

Let

Prgaay =€ Fu(J) =3, [Z CAOESS) ] (1.80)
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Determine the constant ¢ such that Bz(hck> can be considered as a jackknife estimator

of ﬂz.
(b) Take a sample of 20 pumpkins using the program PUMPKINI.R from the

SJPM. Calculate ﬁz and Bz( sack) for the value of ¢ found in (a). Determine ¢ such that

ﬁZ(Jack) :BZ‘

(c) Extend the preceding suggested method of jackknifing to estimate the value of
kurtosis to the concept of two-phase sampling. Compare your method with the esti-
mator of kurtosis suggested by Gamrot (2012).

Exercise 1.8 (a) For a sample s of n observations taken by the SRSWR scheme, con-
sider the average uncorrected total sum of squares (TSS) given by

1 n
TSS=-) »; 1.81
n;y (1.81)
After dropping the jth unit from the sample, the jackknifed average of the uncorrected

TSS is defined as

n(TSS) —yf

TSS(j) =——=

, forj=1,2,...,n (1.82)

Expand the following squared term in terms of the central moments about the sample
mean:

2
l n )
(n—1 Z TSS( —ZZTSS(]) (1.83)
J=1 J=

Compare your findings with

2(n—1)

. n—=1) 4 5. .
! - i+ 453+ 45,0~ i (1.84)
where
1 & .
_I)Z@i—yn) (1.85)
i=1

with r being any nonnegative integer, and the sample mean being y, = n’lzy[.
i=1
(b) Generate a sample of 30 pumpkins, using the program PUMPKINI.R from the
artificial SJPM. Calculate the numerical values of

n

(n—1)> " |TSS(j ——ZTSS (1.86)

J=1
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and

o m=1) S
gt —— J15 + 4oy + 4, iy —

2n—1
(”n >,1§ (1.87)

Are they equal? Justify your answer.

Exercise 1.9 Let

1 & .
fi, = ( Z (yi—5,) (1.88)

where r > 2 is an integer, be an estimator of the rth central moment about the popu-
lation mean Y, given by

e o
urzﬁ;(yi—Y) (1.89)
Consider
1 -
firrac) = €Y _ (3a (1) =) (1.90)
j=1
—n VY . . .
where y,(j) = S has its usual meaning. Determine ¢ such that jz,.(,c) can be used
n—

as a jackknife estimator of the rth central moment g,..
Hint: Finucan, Galbraith, and Stone (1974).

Exercise 1.10 Consider a farmer growing organic pumpkins and chemically treated
pumpkins. A buyer took a random sample of n organic pumpkin and another random
sample of m treated pumpkins, both using SRSWR schemes. Let y, and y,, be the sam-
ple mean weights of the first and second samples, respectively.
Let
- Ny, +my,
ypooled: n+m (1.91)
be the pooled estimator of the pooled population mean weight, ¥, of both types of
pumpkins on the farm.
Let

(n—1)y,(j) + (m— 1)y, (k)
n+m—2

ypooled(j’ k) = (1.92)
be a pooled jackknifed estimator of the population mean after dropping the jth organic
pumpkin and the kth treated pumpkin from the pooled sample of (m + n) pumpkins, for
j=12,...,nand k= 1,2,...,m. If possible, develop a jackknife estimator of variance
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of the pooled estimator of the pooled population mean. If not, discuss the limitations of
jackknifing in Equation (1.92). Support your findings by simulation.

Exercise 1.11 Geometric mean

Consider a pumpkin farmer who is facing a huge infestation of insects on his farm. The
growth of the number of insects seems to be following an exponential distribution. Let
Y1,¥2, .-, ¥, be the number of insects observed by the farmer on his # random visits to
his farm. An estimator of the geometric mean of the number of insects on the farm is
given by

n 1/n
= (Hx-) (1.93)
i=1

Let

G=| I » . j=12,n (1.94)

denote the jackknife estimator of the population geometric mean G after the jth unit is
dropped from the sample. Then the average jackknife geometric mean estimator is
given by

N 1< -~
Grack=—-) G(j 1.95
Jnck ",:ZI () (195)
Assume an estimator of the variance of the jackknifed sample geometric mean is given by

GJde ch GJdck)2 (196)

Determine, if possible, the values of weights ¢; such that ¥ (G _]ack) can be considered as
an estimator of the variance of the geometric mean estimator. Support your views with
a simulation study.

Exercise 1.12 Harmonic mean

A pumpkin farmer has a pumpkin pie factory and several vehicles that deliver his
product to several destinations within the United States. Let yy,y,,...,y, be the deliv-
ery times (in minutes) required by a random sample of n workers using those vehicles.
An estimator of the harmonic mean delivery time is given by

2 -1
ﬁ:n(Zyil> (1.97)
i=1
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H(j)=(n—1) L e (1.98)

denote the jackknife estimator of the population harmonic mean H where the jth unit is
dropped from the sample. Then the average jackknife estimator of the harmonic mean
is given by

. I~
Hyee=—> H(J) (1.99)
=1

Assume an estimator of the variance of the averaged jackknifed sample harmonic
mean is given by

‘A}(Hlack) :ch(ﬁ(j)_ﬁlack)z (1.100)
=1

Determine, if possible, the values of weights ¢; such that v (ﬁ ]ack) can be considered as
an estimator of the variance of the harmonic mean estimator. Support your findings by
a simulation study.

Exercise 1.13 (a) Suppose that a pumpkin farmer is interested in selling his pumpkins
by weight. Let y1,y5, ...,y, be the prices in dollars for the » pumpkins, each pumpkin
randomly selected by a buyer. Let y(!) <y(?) < ... <y denote the n prices in ascend-
ing order. An estimator of the median price of pumpkins is given by

+1
Value of y at the nTth position if n is odd

M, = n n o
Average of y values at Eth and (i + 1>th positions if n is even
(1.101)
Let
Value of y at the gth position if (n—1) is odd
—1
My(j) — ¢ Average of y values at " th , j=12,...n

+1
and <HT> th positions if (n— 1) is even

(1.102)
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denote the jackknife estimator of the population median M, after dropping the jth unit
from the sample. Then, the average jackknife estimator of the median is given by

. I ~
My rac :;;My(]) (1.103)
Assume an estimator of the variance of the jackknifed sample median is given by

$(Myaac0) = > ¢i(My () — Mygae)) (1.104)

Determine, if possible, the values of weights ¢; such that \3(1\;1 yaack)) can be considered
as an estimator of the variance of the sample median. Support your findings with a
simulation study.

(b) Extend the results to estimate the first and third quartiles. Suggest a jackknifed
estimator of Bowley’s coefficient of skewness. Compare your estimator with the esti-
mator by Singh, Solanki, and Singh (2015) through a simulation study.

Exercise 1.14 Consider a farmer who is growing organic pumpkins and chemically
treated pumpkins. Let Y| be the population mean weight (Ibs) of all N; organic pump-
kins and Y, be the population mean weight (Ibs) of all N, treated pumpkins. Then the
pooled population mean weight of both types of pumpkins is given by

— N1Y1+N272
r 1.105
Ni+N, ( )

N, Ny
Let 051 =N;! Z (i — 71)2 and 032 =N,! Z (v2i — 72)2 be the population variances
i=1 i=1
of the organic and treated pumpkins, respectively. The pooled population variance of
the weight of both types of pumpkins is given by

o N iNz [N1{6§1 + (Y3 —7)2} +N2{6§2 +(Y, —Y)ZH (1.106)

The farmer selected two independent samples of sizes n; and n, of the organic and
treated pumpkins with the SRSWR scheme. Let y; be the sample mean weight
(Ibs) of the n; organic pumpkins and y, be the sample mean weight (Ibs) of the n,
treated pumpkins. Then the pooled sample mean weight of both types of pumpkins
is given by

T 4T

ny+np
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ny n
—1 =32 - =\2
Let sil =(m—1) Z (y1;—y;)” and sfz =(np—1) 12 (y2i —¥,)” be the sample
i=1 i=1
variances of weight of the organic and treated pumpkins, respectively. Using this sam-
ple information, suggest a jackknifed estimator of the pooled population variance.
Support your estimator through a simulation study or otherwise.

Exercise 1.15 Expand the following formula:

%ZZ 3, () =3, () (1.108)

i# €s

where ¥, (i) and ¥, (/) are, respectively, the jackknifed sample means after removing
the ith unit and jth unit.



Tuning of jackknife estimator

2.1 Introduction

In this chapter, we introduce a new methodology for tuning the jackknife technique in
survey sampling that helps to estimate the population mean/total and that also esti-
mates the variance of the resultant estimator. This new methodology is supported with
a model used to estimate the average weight of pumpkins with the help of known cir-
cumference as an auxiliary variable. The possibility of tuning in cases of nonresponse,
sensitive variable, geometric mean, and harmonic mean are also discussed at the end
of the chapter, in the form of exercises.

2.2 Notation

Let y; and x;, i =1,2,...,N be the values of the study variable and auxiliary variable,
respectively, of the ith unit in the population £2. Here we consider the problem of esti-
mating the population mean

N
Y_:N’IZ)}I» (2.1
i=1

by assuming that the population mean

N
X=N"Y x (2.2)
i=1

of the auxiliary variable is known.
Let (y;,x;),i=1,2,...,n be the values of the study variable and auxiliary variable of
the ith unit in the sample s drawn using a simple random sampling (SRS) scheme.
Let

Fa=n""Y i (2.3)
ics
and
i, =n"" Zx,- (2.4)
ics

be the sample means for the study variable and the auxiliary variable, respectively.
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2.3 Tuning with a chi-square type distance function

The newly tuned jackknife estimator of the population mean Y is defined as

Sy = 9 | (0= 1) = (0 =2) }5,())] @5)
JjESs
where
() = % 2.6)

is the jackknifed sample mean of the study variable and is obtained by removing the jth
unit from the sample s, and

. _1—Wj

Wwa(J) .7)

T n—1

is the tuned jackknifed weight of the calibrated weights w; such that

> wi=1 (2.8)
JES
and

ijxj =X (2.9)

JES

Note that the calibration constraint (2.9) is due to Deville and Sidrndal (1992), and the
constraint (2.8) is due to Owen (2001). Now, a set of newly tuned jackknife weights
wy(j) should satisfy the following two tuning constraints:

AGES! (2.10)
JEs
and
X —n(2—n)x,
Zv‘vn(j)fn(jhn(iz)x 2.11)
jes (I’l - 1)
where
fn(j)=% (2.12)

is the sample mean of the auxiliary variable obtained by removing the jth unit from the
sample s.
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Note the following results:
wj=nw, — (n—1)w,(j) (2.13)
xXj=nx, — (n—1)x,()) (2.14)

and

_‘ZWJ (2.15)

We consider tuning the calibrated weights w,(j) by minimizing the following
modified chi-square type distance function defined as

') g (1= (= wa())— ") (2.16)

jes
where ¢; are arbitrarily chosen weights, subject to the tuning constraints (2.10) and

(2.11). Note that this is similar to the chi-square type distance function due to
Deville and Sidrndal (1992), which, in particular, takes the form

2'n) g (wi—nt)? 2.17)

JES

Obviously the Lagrange function is given by

(2~ an (1= (n—1D)w,(j)— n71)2

JES
—/10{an(1‘) } ﬂl{an V. (j) = (n—1)" (X—n(2—n)x,,)}
JjEs jes
(2.18)
where 1y and A, are the Lagrange multiplier constants.
On setting
OL,
——=0 (2.19)
own(J)

we have

Wn(j):%{l"' (nll)z (61./'/10"‘/11‘1_1'@(].))} (2.20)
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Using Equation (2.20) in Equations (2.10) and (2.11), a set of normal equations to find
the optimum values of 4y and 4, is given by

jés JEs 0} _ 2 | n(X —n(2—n)x,
j : 2 : - (I’l — 1) {— xn }
JjEs q’x"(j JjESs ql{x" /1] ( jGZY

(2.21)

From this we determine that the newly tuned jackknife weights w,(j) are given by

wn(j):% ll +AJ{M an H (2.22)
( jes
where

(J) (Z%‘) = a()

JjES JjESs

2
(Z‘li) {Z%‘(in(j))z} - {Z‘lifn(j)}

Thus utilizing the chi-square (cs) type distance function (2.16), the newly tuned jack-
knife estimator (2.5) of the population mean becomes

(n—1) n(X —n(2 —n)x,
yTuned (cs) [Zy” +ﬁTuned (cs) {(— an }]

JES JES
—(l’l _Z)Zyn(])
JES
(2.24)
or, equivalently
}_]Tuned(cs) =yt ﬁTuned(cs) (X - X") (2.25)
where
(0] (Sammin) - (Samin) (S
ﬁ (e5) = JES JES JES j€s
Tuned(cs) —

2
(0] (Suin?) - (Sasin)

(2.26)
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It can be easily seen that the estimator yreq(cs) for the case g; =1 becomes

)_]Tuned(cs) =Yt ﬁAols ()Z —Xn) (2.27)

where

(2.28)

which is exactly the same linear regression estimator of population mean due to
Hansen, Hurwitz, and Madow (1953), which was later rediscovered by Singh
(2003). Therefore, it may be said that the proposed newly tuned estimation method-
ology is as efficient as the linear regression estimator for the choice of g;=1 and
hence is always more efficient than the sample mean estimator. The major motivation
and benefit of the proposed newly tuned estimation methodology is that it is computer
friendly for estimating the variance of the resultant estimator through the doubly
jackknifed method.

2.3.1 Problem of undercoverage

Let us recall that the main problem in survey sampling is estimation of the variance of
an estimator of a population parameter. Assuming the reader’s familiarity with stan-
dard survey sampling notation, let us now focus on the well-known linear regression
estimator of the population mean Y, defined as

Ve =V, +BX —%,) (2.29)

5 Sy . . . . . .
where ff = %y is the estimator of the regression coefficient. Then for simple random
SX
and with replacement (SRSWR) sampling, the variance of the linear regression esti-

mator may be approximated as
NN Y
Vi) = oy (1-ry (2.30)

N
2 o\ 2 _ Oxy . . . . .
where o} =~ E (yi—Y)" and p,, _;ay is the population correlation coefficient,
i=1

N

with o,y :NZ(yi —Y)(x; —X) being the population covariance between the two
=1

variables.
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One way to estimate the variance in Equation (2.30) is to replace the parameters
with their sample estimates to get an estimator of V(y,,) as

Ry 1, 2
(5 =] (1 - rxy> 2.31)
where 1y, = “_is an estimator of the population correlation coefficient Pxy- One can
SxSy

use the estimator of variance in Equation (2.31) to construct a (1 — a)100% confidence
interval estimate as

Vi £ [tapp(df =n—1)] /9 () (2.32)

We used degree of freedom (df ) equal to n— 1, that is df =n — 1, to investigate the
effect of the estimator of variance on the constructed confidence interval estimates by
assuming that only one parameter, the population mean, is being estimated.

As is well known to the majority of survey statisticians, the interval estimate in
Equation (2.32) provides very low coverage. We now provide an example of why
the usual confidence interval based on the linear regression estimator gives very
low coverage. Singh (2003) has also shown this in the following example. Assume
a population consisting of five (N =15) units A, B, C, D, and E, where two variables
Y and X have been measured for each one of the units in the population.

Units A B c D E
Vi 9 11 13 16 21
X; 14 18 19 20 24

By selecting all possible samples of n = 3 units by using the simple random and with-
out replacement (SRSWOR) scheme, Singh (2003) has shown that the ratio of approx-
imate variance to the exact mean squared error of the linear regression estimator is
given by

V() 0230

M0 = Exact MSE(y,,)  0.596

=0.386 (2.33)

In other words, the approximate variance V(,.) of the linear regression estimator could be
nearly as low as one-third of the exact mean squared error of the linear regression
estimator.

We hope that the preceding discussion has made clear the seriousness of the prob-
lem of low coverage by a confidence interval estimator obtained using an estimator of
the approximate variance of the linear regression estimator. The proposed tuned
method of jackknifing is one of the ways to overcome this difficulty. In addition,
for complex sampling designs, the computation and estimation of the variance of
an estimator of a parameter becomes almost impossible whereas the jackknife tech-
nique sometimes could be helpful.
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2.3.2 Estimation of variance and coverage

We investigate here an estimator of the variance of the estimator ypeq(cs)> defined by
2
" _ . _Tuned(cs —
VTuned(cs) = l’l(l’l — I)SZ (Wn (J))z {y(‘]’)ne (e - yTuned(cs)} (234)
Jjes

where each newly tuned doubly jackknifed estimator of the population mean is
given by

—Tuned(cs) __ nyT”"ed(Cs) - n((n - 1)2w"(1) - (l’l - 2))yn(.])

Y0 = 1 (2.35)
for j=1,2,...,n, with
Frunates = D | (1= 1) = (1=2) )5, (236)

JjESs

It can be easily seen that the estimator of variance Vrypeq(cs) €an be written as

n

+2(X ( n ZZ yn _iTj(yn(J)_yn)>

\;Tuned(cs) = (n=1) [i(Yn(]) _yn)z

2( n T} - ZZAT(yn D)=+ - 4ZA CAGESS) )
2nX %) (<& n I 2(X — %y
(n_l)z) <; AT . I)Z;A?Tj(yn(/)—yn)> D) ); ]

1

(2.37)

where
Tj=" " A5,())—nAF,(j) (2.38)

and 4; is given in Equation (2.23).

Clearly, as the sample size n increases, the sample mean ¥, — X. Therefore, the
proposed jackknife estimator of variance, Vuned(cs)» converges to the usual jackknife
estimator of variance of sample mean y, of the study variable given by
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ﬁjack(yn):(n_l)i(y_n(j)_yn)z (239)

L

Thus, the proposed jackknife estimator of variance Vrypeq(cs) Seems reasonable so long
as analytical thinking is concerned, although there is always a hope that someone can
create a better estimator than it.

In the simulation study, we have taken g; = 1. The coverage by the (1 —a)100%
confidence interval estimates, obtained by this newly tuned jackknife estimator of
population mean, is obtained by counting how many times the true population mean
Y falls in the interval estimate given by

}_]Tuned(cs) + %) (df =n-— 1) \/ ‘;Tuned(cs) (2.40)

We studied 90%, 95%, and 99% coverage by the newly tuned jackknife estimator of
the population mean in Equation (2.40) and compared these to the usual estimator of
variance of the linear regression estimator in Equation (2.32). These were computed
by selecting 100,000 random samples from the Statistical Jumbo Pumpkin Model
(SJPM). The results obtained for different sample sizes are as shown in Table 2.1.

Table 2.1 shows that for the population considered, when the sample size is small
and the estimator ¥(¥,,) is used, the coverage by the usual linear regression estimator is
less than expected. On the other hand, if the estimator Vypeq(cs) i used, we note that
coverage is much closer to the nominal coverage. In particular, for 9 pumpkins the
90% intervals cover the mean 89.44% of the time, for 13 pumpkins the 95% intervals
have 95.79% actual coverage, and for 23 pumpkins the 99% intervals have 99.06%
coverage. Thus, intervals desired from the newly tuned jackknife estimator of the pop-
ulation mean of the weight of the pumpkins shows quite good coverage if the sample
size is small, which suggests good reliability of the newly tuned methodology in real
practice.

2.3.3 R code

The following R code, PUMPKIN21.R, was used to study the coverage by the newly
tuned jackknife estimator based on a chi-square type distance function.

#PROGRAM PUMPKIN21.R
set.seed(2013)

N<-10000

x<-runif(N, min=30, max=190)
m<-5.5%(exp(0.047*x-0.0001*x*x))
z<-rnorm(N,0,2)

y<-m*exp(z); mean(x)->XB; mean(y)->YB;
nreps<-100000

ESTP=rep(0,nreps)

EREG=rep(0,nreps)



Table 2.1 Performance of the newly tuned Jackknife estimators

Sample size (n)

CI using Vryneq(cs) (Proposed estimator)

CI using ¥ (y,,) (linear regression)

90% coverage

95% coverage

99% coverage

90% coverage

95% coverage

99% coverage

5

7

9
11
13
15
17
19
21
23
25
27
29
31
33
35
37
39
41

0.7408
0.8346
0.8944
0.9266
0.9466
0.9594
0.9669
0.9740
0.9791
0.9820
0.9849
0.9870
0.9878
0.9896
0.9912
0.9923
0.9925
0.9936
0.9943

0.7871
0.8671
0.9163
0.9425
0.9579
0.9684
0.9738
0.9793
0.9836
0.9859
0.9883
0.9900
0.9907
0.9920
0.9932
0.9939
0.9941
0.9950
0.9957

0.8646
0.9160
0.9467
0.9626
0.9726
0.9797
0.9830
0.9861
0.9893
0.9906
0.9923
0.9932
0.9938
0.9947
0.9956
0.9961
0.9962
0.9968
0.9972

0.3710
0.4144
0.4493
0.4729
0.4949
0.5123
0.5281
0.5399
0.5510
0.5617
0.5671
0.5722
0.5828
0.5857
0.5889
0.5933
0.5968
0.6002
0.6051

0.4195
0.4586
0.4904
0.5149
0.5361
0.5505
0.5660
0.5774
0.5913
0.6024
0.6096
0.6162
0.6259
0.6312
0.6337
0.6399
0.6432
0.6470
0.6516

0.5248
0.5418
0.5656
0.5865
0.6061
0.6185
0.6322
0.6393
0.6544
0.6657
0.6731
0.6804
0.6940
0.7009
0.7040
0.7121
0.7154
0.7193
0.7245

J0jRWINISY oJruyppoel Jo Surung,
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cil.max=cil.min=ci2.max=ci2.min=ci3.max=ci3.min=vESTP=ESTP
cid.max=cid.min=cib5.max=ci5.min=ci6.max=ci6.min=vREG=EREG
for (ninseq(5,41,2))

{

for (rinl: nreps)

{

us<-sample(N,n)

xs<-x[us]; ys<-ylus]

xmj<-(sum(xs)-xs)/(n-1); ymj<-(sum(ys)-ys)/(n-1)
delt<-n*sum(xmj "2)-(sum(xmj)) "2
dif<-(n*XB-n*n*(2-n)*mean(xs))/((n-1)"2)-sum(xmj)
deltaj<-(xmj*n-sum(xmj))/delt
wbnj<-(l+deltaj*dif )/n
ESTI<-(((n-1) "2)*wbnj-(n-2))*ymj
ESTPLr]<-sum(ESTI)
EST_J<-(n*ESTPLrl-n*(((n-1) "2)*wbnj-(n-2))*ymj)/(n-1);
VESTPLrl<-n*((n-1) "3)*sum((wbnj "2)*((EST_J-ESTP[r]) "2))
cil.max[r]<-ESTPLrl+qt(0.95,n-1)*sqrt(vESTPLrl)
cil.minlr]<-ESTPLrl-qt(0.95,n-1)*sqrt(vESTPLrl)
ci2.max[rl<-ESTPLr]+qt(0.975,n-1)*sqrt(vESTPLr])
ci2.minlr]<-ESTPLrl-qt(0.975,n-1)*sqrt(vESTPLr])
ci3.max[r]<-ESTPLrl+qt(0.995,n-1)*sqrt(vESTPLr])
ci3.minlr]<-ESTPLrl-qt(0.995,n-1)*sqrt(vESTPLr])
cov<-(sum(xs*ys)-sum(xs)*sum(ys)/n)/(n-1)
vx<-var(xs)
vy<-var(ys)
beta<-cov/vx
EREG[rl<-mean(ys) + beta*(XB-mean(xs))
corr<-cov/(vx*vy) "0.5
VREG[rl<-vy*(l-corr**2)/n
cid.max[rl<-EREGLr]+qt(0.95,n-1)*sqrt(vREGLr])
cid.minlrl<-EREGLrJ]-qt(0.95,n-1)*sqrt(vREG[r])
cib.max[r]<-EREGLr]+qt(0.975,n-1)*sqrt(vREGLrl)
cib.minlr]<-EREGLr1-qt(0.975,n-1)*sqrt(vREGLrl)
cib.max[r]<-EREGLr1+qt(0.995,n-1)*sqrt(vREGLrl)
cie.minlrl<-EREGLr]-qt(0.995,n-1)*sqrt(vREGLr])
}
round(sum(cil.min<YB & cil.max>YB)/nreps, 4)->covl
round(sum(ci2.min<YB & ci2.max>YB)/nreps, 4)->cov2
round(sum(ci3.min<YB & ci3.max>YB)/nreps, 4)->cov3
round(sum(ci4.min<YB & ci4.max>YB)/nreps, 4)->cov4d
round(sum(cib.min<YB & ci5.max>YB)/nreps, 4)->covb
round(sum(ci6.min<YB & ci6.max>YB)/nreps, 4)->covb
cat (n, covl, cov2, cov3, covéd, covb, covb, ‘\n’)
}



Tuning of jackknife estimator 37

In the preceding R code, the variables cov4, cov5, and cov6 give the actual cov-
erage of the nominal 90%, 95%, and 99% confidence interval when using the tradi-
tional linear regression estimator, assuming SRSWR sampling. By reexecuting the
preceding R code, one may obtain results very similar to those given in Table 2.1.

2.3.4 Remark on tuning with a chi-square distance

We also consider tuning the jackknife weights w,(j) so that the chi-square type dis-
tance function, defined as

@)Y g (1= (= wa()— ") (2.41)

jes

is minimal subject only to the tuning constraint Equation (2.11), where g; are some
given weights.
Obviously, the Lagrange function can be taken as

SRRV B N S SV TSN
L= g 5°{Z P }

Jes jEs
(2.42)
where 9§y is the Lagrange multiplier constant.
On setting:
OL
—=0 (2.43)
wn(J)

we have

_on 1 0 _ .
Wn(]):;{l"'rol)z%xn(ﬂ} (2.44)

The newly tuned jackknife weights w,(j) become

a1 qi%a(J) n(X —n(2—n)x,)
Wa(J) ! { %l } (2.45)
qu{x” (n— 12@:
JES

Under the chi-square (cs) type distance function and after eliminating the constraint
(2.10), the newly tuned estimator (2.5) of the population mean becomes a modified
generalized regression (greg) type estimator, namely,
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—1) (% —n(2—n)i,
yTuned(cs n [Zyn ﬂTuned{((n—l)nx an }‘|

JES Jjes
2)> " 5.0))
JES
(2.46)
or equivalently,
yTuned(cs )= nt ﬁTuned (X X,,) (2.47)
where
> ai%())y
Ak j€s
Prunes = ~———7 (2.48)
e ZQj(xn(./))z

jes

If gj= (xj—X,)/X,(j). then the estimator jpeqcsr in Equation (2.47) becomes
exactly the linear regression estimator defined as

_ S
yTuned(cs*) :ylr yn (sy> (x xn) (249)

X

where (n—1)sy, = (xj—%,) (yj—,). We remind the reader that the first bridge
JES
between the traditional linear regression and traditional greg estimators was built
by Singh (2003).
If g; = 1/x,(j). then the estimator yp,,eq(cs+) in Equation (2.47) becomes exactly the

ratio estimator, defined as

_ _ (X

YTuned(cs*) = Yratio = Yn <X_> (2.50)
If g; =1, then the estimator (2.47) becomes the modified generalized regression esti-
mator, defined as

yTuned(cs*) :ym(greg) =Y +ﬁm(greg) (X _Xn) (2.51)
where
M7 ()
2 _ I’l{ n\n }(x"yn) (252)

ﬁm(greg) - (}’[ i 1)S2
X 1+ L
{ n{l+n(n—2)}(xi)}
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The modified estimator in Equation (2.52) is a kind of Beale (1962) estimator of the
regression coefficient. It seems that it is difficult to find a choice of g; that reduces the
estimator yyypeq(cs+) in Equation (2.47) either to the exact product estimator or to the exact
traditional generalized regression (greg) estimator due to Deville and Siarndal (1992).

To examine the behavior of the modified greg estimator (qj = 1), we make the
following change in the R code, PUMPKIN21.R.

deltaj<-xmj/sum(xmj “2)

The three coverages, 90%, 95%, and 99%, were studied for the same sample sizes
and the same number of iterations as in Section 2.3.2. The changes observed in the
results are reported in Table 2.2.

The coverage by the newly tuned estimation methodology remains significantly
lower than the nominal coverage when the tuned weights w,(j) are computed
with formula (2.45) instead of with Equation (2.22). Note that the modified greg
estimator is far from the traditional greg estimator. Therefore the estimator
YTuned(cs) 18 Tecommended so long as one is concerned about estimating the weight
of a pumpkin using small samples. For large samples, the modified greg may perform
just as well because better coverage is expected for the regression type estimator
Yuned(cs)- Here “better coverage™ means coverage close to the nominal or anticipated

coverage.

Table 2.2 Performance of the newly tuned jackknife estimator

Sample size (n) 90% coverage 95% coverage 99% coverage
5 0.4346 0.4834 0.5894
7 0.4580 0.4980 0.5839
9 0.4824 0.5202 0.5959

11 0.5030 0.5408 0.6120

13 0.5198 0.5580 0.6268

15 0.5342 0.5706 0.6392

17 0.5471 0.5836 0.6504

19 0.5572 0.5939 0.6580

21 0.5676 0.6063 0.6704

23 0.5790 0.6169 0.6812

25 0.5840 0.6230 0.6881

27 0.5892 0.6297 0.6947

29 0.5984 0.6397 0.7068

31 0.6016 0.6450 0.7139

33 0.6042 0.6479 0.7169

35 0.6087 0.6533 0.7250

37 0.6114 0.6564 0.7277

39 0.6147 0.6599 0.7321

41 0.6196 0.6648 0.7378
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2.3.5 Numerical illustration

In the following example, we explain the computational steps involved in the con-
struction of a confidence interval estimate with the tuned estimator.

Example 2.1 As an illustration of the previous estimator, we consider a particular
sample of n =7 pumpkins drawn from the SJPM. The values of circumference (x) in
inches and weight (y) in pounds are as follows:

122.0 67.0
6400 800

106.5
3084

115.2
4500

98.0
1042

132.0
6700

101.1
2397

x (in.)
y (Ibs)

Use the regression type tuned estimator to construct a 95% confidence interval esti-
mate of the average weight by assuming the population mean circumference,

X =105.40in., is known.
Solution. One can easily compute the following table:

%a(J) Yal) 4 () Fimedtesy | V)

103.300 3082.16 -0.0366242 0.1434385 3491.560 0.7454596
112.466 4015.50 0.0890472 0.1414437 3649.638 462.5863682
105.883 3634.83 -0.0012077 0.1428763 3471.777 13.5906190
107.300 3975.16 0.01821420 0.1425680 3466.251 19.9488114
104.433 3398.83 -0.0210866 0.1431919 3466.257 20.1163339
101.633 3032.16 —0.059473 0.1438012 3454.925 37.6219900
106.783 3754.33 0.0111309 0.1426805 3482.646 4.5396352

where

2
. — Tuned =
V(J) = {Wn(J)}z {y(ju)ne () _yTuned(cs)}

and

ﬁ(y_Tuned(cs)) = n(n - 1)SZV(j) =848037.6

JES

From the table values, we compute the tuned estimate of the average weight to be:
Fruned(es) = 3497.579 and SE (yTuned(cs)) —919.4746. So, the 95% confidence interval

estimate of the average pumpkin weight is 1247.706-5747.452 lbs. Here we used
f0.975(6) =2.447. The confidence in the use of proposed estimator would increase with
a large sample. Here &= |(¥,/X) — 1| =0.0054215 is close to zero, and we need it
close to zero to get reliable results. This is a basic assumption made in survey sampling
when applying ratio or regression type estimators.
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2.3.6 R code used for illustration

We used the following R code, PUMPKIN21EX.R, to generate the preceding
illustration.

#PROGRAM PUMPKIN21EX.R

n<-7

XB<-105.4

xs<-c(122,67,106.5,98,115.2,132,101.1)
ys<-c(6400,800,3084,1042,4500,6700,2367)
xmj<-(sum(xs) - xs)/(n-1)ymj<-(sum(ys) - ys)/(n-1)
delt<- n*sum(xmj "2) - (sum(xmj)) "2

dif<- (n*XB-n*n*(2-n)*mean(xs))/((n-1)"2) - sum(xmj)
deltaj<-(xmj*n - sum(xmj) )/delt
wbnj<-(1+deltaj*dif )/n

ESTI<- (((n-1)"2)*wbnj - (n-2))*ymj

ESTP<- sum(ESTI)

EST_J<- (n*ESTP - n*(((n-1) "2)*wbnj-(n-2))*ymj)/(n-1)
nuj<-(wbnj "2)*((EST_J - ESTP) "2)

VESTP<-n*(n-1) "3*sum(nuj)
L<-ESTP-qt(0.975,n-1)*sqrt(vESTP)
U<-ESTP+qt(0.975,n-1)*sqrt(vESTP)
chind(xmj,ymj,xmj "2,deltaj,wbnj,EST_J,nuj)
cat("Tuned estimate:", ESTP, "SE: ",vESTP 0.5 ,’\n")
cat("Confidence Interval:"," ", L,"; ", U,"\n")

2.3.7 Problem of negative weights

It should be noted that with this method, individual weights may be negative, which
may lead to a large number of rejections of samples or to a negative estimate of
the average weight of pumpkins. To overcome this problem, we consider tuning
the estimator with a dual-to-empirical log-likelihood (dell) distance function.

2.4 Tuning with dell function

Let w; be positive calibrated weights constructed so that the following two constraints
are satisfied:

Sowi=1 (2.53)
JES

and
> wid;=0 (2.54)

JES
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where
&= (x;—X) (2.53)

are called a pivot.
Note that constraints (2.53) and (2.54) are similar to those listed in Owen (2001).
Let wi(j) be the jackknife tuned weight such that

w,(j) = = 1’) (2.56)
Note that
e 1

As before, now we define the newly tuned jackknife estimator of the population
mean Y by

Fruaany = Y | (1= 1*7,() = (1 =2)|5,(J) (2.58)

jes
Here, for simplicity, we consider the optimization of a dell function defined by

M (2.59)

JES n

or equivalently, optimization of the log-likelihood function defined by

In(wi(j
Zin(v:f(])) (2.60)
JES

such that the following two conditions are satisfied:

Y owii)=1 (2.61)
JES

and
> wi(j)#=0 (2.62)

JES
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where
¥ = {xn(j) —M} (2.63)

The Lagrange function is given by

LFZM—%{ZWZ(D—I} —XT{ZW,’;U)?{,} (2.64)

Jjes Jjes JjESs

where Ay and A7 are Lagrange multiplier constants.

On setting:

0L,

——=0 (2.65)
ow,(J)

we have
1

Vi) =———— 2.66

w,(J) "1+ 7% (2.66)

Constraints (2.61) and (2.62) yield A= 1, and A7 is a solution to the nonlinear equation

¥
= 1+ 4] ¥; ( )

Note that to have w;(j) >0, we require 4} >1/|max (¥;)| if max (¥;)>0 and
A} <1/|min (¥;)| if max (¥;) <O0.

Thus under the dell distance function, the newly tuned jackknife estimator (2.58)
of the population mean becomes

YTuned(dell) = Z [(” — 1w (j)— (n— 2)} Yu(J)

jes

X (17" o (2.68)
=) 1+,1’;av,»_”(”_2) Yu(J)

JjEs -

2.4.1 Estimation of variance and coverage

We suggest the following estimator of the variance of the preceding estimator
YTuned(dell)*

5 3 s A2 [ Tuned(dell)  _ 2
Vruned(den) = 11(11 = 1)22 {w,()} {YI,‘) edaet) _yTuned(dell)} (2.69)

JjEs
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Note that for each sample the newly tuned dell doubly jackknifed estimator of the
population mean is given by

- 2 s .
Tuned(delt) " Tuned(dett) — 2 <(” — )W) —(n— 2)) y,(J)
V() = P

(2.70)
for j=1,2,...,n, where

Fruatay = Y | (1= 1755 = (1-2))57,())] @71)

JES
The coverage by the (1 —a)100% confidence interval estimates, obtained by this
newly tuned jackknife empirical log-likelihood estimator of population mean, is

obtained by counting how many times the true population mean Y falls into the inter-
val estimate given by

Ytuned(delt) F lay2(df =1 — 1) [ 1uned(den) (2.72)

A very crude approximate value of 4] is given by

>¥ _

jcs Xn —X)
BreE—= ( (2.73)
—1 1 _
Zl{lj (n )sf+ 2()Z,l—X)2
jes n (n—1)

The approximate value of 17 in Equation (2.73) is obtained under the assumption that
—1<A¥;<1 (2.74)

Solving the nonlinear equation (2.67) for 4] by means of an iterative method may be
computer time intensive, but use of the approximation for 1] given in Equation (2.73)
will speed things up considerably. However, because A7 is a crude approximation, it
may be preferable to find a fast subroutine for solving Equation (2.67).

We compared intervals with nominal 90%, 95%, and 99% coverage that were con-
structed using the newly tuned jackknife estimator of the population mean by selecting
100,000 random samples from the SJPM. The results obtained for different sample
sizes are shown in Table 2.3. The results show that the coverage by the newly tuned
jackknife empirical log-likelihood estimator of the population mean converges very
quickly to the nominal coverage for moderate sample sizes.

The nominal 90%, 95%, and 99% coverages are estimated, shown as 89.39%,
95.79%, and 99.06%, respectively, for samples of sizes 9, 13, and 23 pumpkins. Thus,
the newly tuned dell estimator of the population mean weight of the pumpkins gives
intervals with coverage as good as that provided by intervals produced using the
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Table 2.3 Performance of the newly tuned dell

Sample size (n)

90% coverage

95% coverage

99% coverage

5

7

9
11
13
15
17
19
21
23
25
27
29
31
33
35
37
39

0.7300
0.8329
0.8939
0.9264
0.9466
0.9594
0.9669
0.9740
0.9791
0.9820
0.9849
0.9870
0.9878
0.9896
0.9912
0.9923
0.9925
0.9936

0.7787
0.8657
0.9159
0.9424
0.9579
0.9684
0.9738
0.9793
0.9836
0.9859
0.9883
0.9900
0.9907
0.9920
0.9932
0.9939
0.9941
0.9950

0.8588
0.9151
0.9466
0.9625
0.9726
0.9796
0.9829
0.9861
0.9893
0.9906
0.9923
0.9932
0.9938
0.9947
0.9956
0.9961
0.9962
0.9968

proposed regression type estimator under a chi-square distance measure. For larger
samples, the approximated crude value of A converges to zero, indicating that the
newly tuned dell estimator of the mean should be close to the sample mean estimator
in the case of a large sample. The coverages based on the empirically tuned estimator
are nearly the same as those based on the linear regression estimator Yryyeq(cs) glven in
Equation (2.25), but differ from those based on the generalized regression type (greg)
estimator of the population mean given by ypypeq(cs+) in Equation (2.47).

2.4.2 R code

The following R code, PUMPKIN22.R, was used to study the coverage based on the
newly tuned dell function.

# PROGRAM: PUMPKIN22.R

set.seed(2013)
N<-10000

x<-runif(N, min=30, max=190)

m<-5.5%(exp(0.047*x - 0.0001*x*x))

z<-rnorm(N, 0, 2)
y<-m*exp(z)

mean(x)->XB; mean(y)->YB

nreps<-100000
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ESTP=rep(0,nreps)

cil.max=cil.min=ciZ2.max=ci2.min=ci3.max=ci3.min=vESTP=ESTP

for (ninseq(5,41,2))
{
for (rinl:nreps)
{
us<-sample(N,n)
xs<-x[us]; ys<-ylus]

xmj<-(sum(xs) - xs)/(n-1); ymj<-(sum(ys) - ys)/(n-1)

shj<- xmj - (XB-n*(2-n)*mean(xs))/((n-1) "2)
aphj<-sum(shj)/sum(shj "2)
wbnj<-(1/n)*(1/(1+aphj*shj))
ESTI<- n*(((n-1) "2)*wbnj - (n-2))*ymj
ESTPLr]<- mean(ESTI)
EST_J<-(n*ESTP[r] - ESTI)/(n-1)
vi<-(wbnj "2)*((EST_J - ESTP[r]) "2)
VESTP[rl<-n*(n-1) "3*sum(vj)
cil.max[rl<- ESTPLrl+qt(0.95,n-1)*sqrt(vESTP[rl)
cil.minlr]<- ESTPLrl-qt(0.95,n-1)*sqrt(vESTP[rl)
ciZz.max[rl<- ESTP[r]+qt(0.975,n-1)*sqrt(vESTPLrl)
ci2.minlr]<- ESTPLrl-qt(0.975,n-1)*sqrt(vESTPLr])
cid.max[rl<- ESTPLrl+qt(0.995,n-1)*sqrt(vESTPLr])
cid.minlrl<- ESTPLrl-qt(0.995,n-1)*sqrt(vESTPLr])
}
round(sum(cil.min<YB & cil.max>YB)/nreps,4)->covl
round(sum(ciZ2.min<YB & ciZ2.max>YB)/nreps,4)->cov?
round(sum(ci3.min<YB & ci3.max>YB)/nreps,4)->cov3
cat(n, covl,cov2,cov3,’\n’)
}

2.4.3 Numerical illustration

In the following example, we explain the computational steps involved in the con-

struction of a confidence interval estimate with the dell estimator.

Example 2.2 Consider the following sample of n=7 pumpkins, where x and

y represent the circumference (in.) and weight (Ibs) of pumpkins:

X 122.0 67.0 106.5 98.0 115.2
y 6400 800 3084 1042 4500

132.0
6700

101.1
2397

Construct the 95% confidence interval estimate of the average weight by assuming the

population mean circumference X = 105.40in. is known.
Solution. One can easily compute the following table:
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_ R — g /. _T d(dell .
() iA0) ¥, w5 (J) e RY0))
1033000 | 3082.167 | —2.65555556 | 0.1434374 | 3491785 | 0.7071573

112.4667 4015.500 6.51111111 0.1414542 3647.949 452.016458
105.8833 3634.833 —0.07222222 0.1428729 3472.384 13.0285075

107.3000 3975.167 1.34444444 0.1425652 3466.807 19.3324075
104.4333 3398.833 —1.52222222 0.1431892 3466.721 19.6103742
101.6333 3032.167 —4.32222222 0.1438039 3454.655 38.2248218
106.7833 3754.333 0.82777778 0.1426772 3483.235 4.2289600
where

. 3/ —is a2 [ -Tuned(dell)  — 2
V(J) :n(nf 1) (Wn(J)) {y(ju)ne (ae >7yTuned(dell)}

The tuned estimate of the average weight iS Ypypeqen) =3497.648 and

SE (yTuned(dell)) =909.5542. Thus the 95% confidence interval estimate of the average
weight of each pumpkin is 1272.049-5723.247 lbs.

2.4.4 R code used for illustration

We used the following R code, PUMPKIN22EX.R, to solve the preceding numerical
illustration.

# ILLUSTRATION CODE

# PUMPKIN22EX.R

n<-7

XB<-105.4
xs<-c(122,67,106.5,98,115.2,132,101.1)
ys<-c(6400,800,3084,1042,4500,6700,2367)
xmj<-(sum(xs) - xs)/(n-1)

ymj<-(sum(ys) - ys)/(n-1)

shj<-xmj - (XB-n*(2-n)*mean(xs))/((n-1)"2)
wbnj<-(1/n)*(1/(1+(sum(shj)/sum(shj "2))*shj))
ESTI<- n*(((n-1) "2)*wbnj - (n-2))*ymj

ESTP<- mean(ESTI)

EST_J<-(n*ESTP - ESTI)/(n-1)

vj<-(wbnj "2)*((EST_J - ESTP) "2)

VESTP<-n*(n-1) "3*sum(vj)
L<-ESTP-qt(0.975,n-1)*sqrt(vESTP)
U<-ESTP+qt(0.975,n-1)*sqrt(vESTP)
chind(xmj,ymj,shj,wbnj,EST_J,v])

cat("Tuned estimate:", ESTP, "SE: ",vESTP 0.5 ,’\n")
cat("Confidence Interval:"," ", L,"; ", U,’\n")
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2.5 An important remark

Note that several other versions of the doubly jackknifed estimator of variance could
also be considered, namely,

~no—wei n_13 —Tuned(cs - 2
VT(Emtede(cgst;l = ( ) Z (y’(rj) 4 _yTuned(cs)) (2.75)

n JES

or

~AN0— Welghl
Tuned(cs)

2
_Tuned (cs) 1 Tuned (cs
—— 2.76
( nzzj ) (2.76)

Jje

Several such versions could be compared before application to real data, if necessary.

In the next section we provide a few possible extensions or further studies, although
these are marked as exercises. In the same way, similar extensions may be developed
and investigated in the future.

2.6 Exercises

Exercise 2.1 Consider a newly tuned jackknifed estimator of the population mean Y
defined by

Fruneates) = O | { (1= 1Pa() = (n=2) }5,())] 2.77)

JjESs
where
N Y, — ny,—Jj
2.78
W) == (2.78)

is the sample mean of the study variable obtained by removing the jth unit from the
sample s, and w,( /) is the jackknife tuned weight constructed such that the following
three constraints are satisfied:

> w(i)=1 (2.79)

JES

> ()% () _Xon2-n)g, (2.80)

JEs (ni 1)2
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and

_ af —n(2— n)&_%

> wa(/)52())

2
Jes (n_l)
where
_ o L=wy
Wn(])—nj

for arbitrary weights w; withz wi=1,

JEs

and

(2.81)

(2.82)

(2.83)

(2.84)

Note that &i is the maximum likelihood estimator of the known finite population

variance o> :N’IZ(xi —X)2 of the auxiliary variable, and &i(j) is a partial jth

i€Q

jackknifed estimator of the variance obtained by dropping the jth squared deviation
about the sample mean from the total sum of squares from the sample s of the auxiliary
variable divided by (n — 1)_Subject to the preceding three tuning constraints in Equa-
tions (2.79), (2.80), and (2.81), optimize each of the following distance functions:

D= (2_171)2%'_] (1 —(n=1)w()) _n_l)

JjEs

2

D, :Z Wa(/) In(wa()], 0<wu(j) <1/(n—1)

JjESs

Ds=3 > a7 (VI— o ma) —Va 1), 0<wa(j)<1/(n1)

JES

Dy=Y " [-n" In(w.())], 0<wa(j)<1/(n—1)

JES

== Dw()—nt)
D=2 50— 1)

, 0<w,(j)<1/(n—1)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)
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_2 n {wa()} -1
= Zta h~ <{Wn(])} +1> (2.90)

j€Y
(1= (n—Vw()—n 1 ()}
:_Z f) ) +3 f”f_{lw (_’)}_ 2.91)
= G qn ! (n—1)
and
Dy =Y q; " [Wa(j) In(wa(j)) = Wal ) +n'] (2.92)

JEs

where g; are the weights chosen to form different types of estimators, @, is a penalty as
in Farrell and Singh (2002a), and tanh ~!() is the hyperbolic tangent function as in
Singh (2012). Also optimize each of the preceding distance functions subject to:
(a) only two tuning constraints, (2.79) and (2.80); and (b) only one tuning constraint
(2.80). Write code in any scientific language, e.g. FORTRAN, C++, R, or SAS, to
study these distance functions. Discuss the nature of tuned weights in each situation.
Construct 90%, 95%, and 99% confidence interval estimates in each situation by
estimating the variance using the method discussed in the chapter. Alternatively,
construct your own confidence interval estimates that you can claim to be better based
on some scientific criterion.

Exercise 2.2 Let the population variance 62 =N 'Z X)> of the auxiliary
ieQ
variable be known. Replace the constraint

) 027;1(2 n)é?
) x 2.93
2_wlJ) 1) (2.93)

JES

in Exercise 2.1 with a newly tuned constraint:

n—1)s%— 82
anm (%a(J) — %)’ =<(£1)3S (2.94)

n . .
where s? :njai and §2 = 1 q%. Report any changes observed in the resulting

estimator. Now again consider its replacement with a newly tuned constraint:

ooy mSi—(n—D{(n—1)—n(n—2)}s;
;Wn(J)SX(J) = 1P —2) (2.95)
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where

(n—1)*s2 —n(xj—)?,,)z

205N
S = D2

or equivalently

S2 N (I’l— l)s_)zc' - (Xj_)zn)z_ (I’l— 1)()711(/.) _Xn)z

and again report any changes observed in the resulting estimator.

Exercise 2.3 Assume that the value of the finite population correlation coefficient p,,
between the study variable y and the auxiliary variable x is known. In Exercise 2.1,
consider an additional newly tuned constraint given by

> wal) () :rll) [ir(j) —pxy] (2.96)

jes Jj=1

Note that the constraint (2.96) has been designed by eliminating the additive effect of
partial jackknifing on the estimator of the correlation coefficient with the tuned
weights w,(j) from a calibration constraint:

> wir() =py 2.97)

JES

The value of the partial jackknifed correlation coefficient r( j) is given as

(n=2) (n—=1)(n—2)sy

[(ﬂ—l) ”(x./—fn)(yf—yn)]

r(j)=r : : (2.98)
W—l)_ n(5— %) W_l)_ n(-7,)
(n=2) (n—=1)(n—=2)s3\| (n—=2) (n—1)(n—2)s;
with
(”_1)sxy:Z(xi_fn)(yi_yz1)» (n—l)s§:Z(xi—X,1)2,
e DE= S0 =Y = Y and =)

Report any changes observed in the resultant estimators.
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Exercise 2.4 In Exercise 2.1, find the distribution of the dual-to-log-likelihood func-

tion —22 In(1—w;) or equivalently —22 In(w,(j)) when optimizing the dual-to-
jes jes

log-likelihood distance function:

D= [0 In(wa(j)]. 0<wa(j)<1/(n—1) (2.99)

JES

Exercise 2.5 Tuning of a nonresponse Consider a sample s, of n units selec-
ted using an SRS scheme where the value of the study variable y;, and an
auxiliary variable x; are measured i=1,2,...,n. Suppose that the responses y;,
i=1,2,...,r, on the study variable are available for a subset s, C s, of the sample
while the remaining (n—r) responses on the study variable are missing
completely at random. The problem is to estimate the population mean Y of
the study variable. Let y, :r’IZy,- be the sample mean of the study variable
i€s,
corresponding to the set of responding units, let X, = r~! Zx,» be the sample mean
i€s,
of the auxiliary variable corresponding to the set of responding units, and let
Xp = n’Ile» be the sample mean of the auxiliary variable for the entire sample
i€sy,

selected in the survey.

(a) Consider the newly tuned jackknife estimator of the population mean Y in the occurrence of
nonresponse defined by

Srwtnedtes = 2 [{ 0= 17,() = (r=2) }5,)] (2.100)
JEsr

where

S TV Y PN

y()==— and wi(j)=——

are the usual jackknife estimators of the population mean and weight obtained by removing
the jth unit from the responding sample s, for any set of weights w; with unit total. Here we
consider w,(j) as the jth tuned weight constructed such that the following two constraints
are satisfied:

> ow()=1 (2.101)

(2.102)
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Consider tuning the weights w, ( j) so that the chi-square type distance function, defined as

2 r Z l— r—])W,(j)—I‘71)2 (2.103)

JEsr

is minimum, subject to the tuning constraints (2.101) and (2.102), where g; is some choice
of weights. Show that the newly tuned estimator of the population mean in the presence of
nonresponse becomes

yNRTuned(cs) =y + BNRTuned (xﬂ - )?,-) (2.104)

(Z%) (Zq,-x,(j)yr(j)) - (Zq,-y,.m) (Zq,-mj))
(Zq,-) (Zq,-(xru))z) - (Zq,»xrm)

Show that for gj =1 the estimator ynpryned(cs) beCOmes

where

ﬂ NRTuned —

FNRTuned(cs) =V + Bots (Fr — %) (2.105)

where
o (8) ()
T ()

Consider an estimator of the variance of the estimator y\gryped(cs) defined by

ﬁ ols —

2
\;NRTuned(cs) = i‘(l‘ — 1)32 {Wl ( )} {J\I]];T e yNRTuned(cs)} (2106)

Jesr

where each newly tuned jackknifed estimator of the population mean is given by

. _ — 255 1) — (r — y.(]
NRTuned(es) _ 7 NRTuned(cs) — " ((1 D w(j)— (@ 2)>Yr(]) 2.107)
i) r—1 '

for j=1,2,...,r.

Generate a population of reasonable size, and create an environment through a simula-
tions process where nonresponse could happen. For various values of response rate and
sample size, study the coverage by the (1 —a)100% confidence interval estimates obtained
from this newly tuned estimator of the population mean by counting how many times out of
10,000 attempts, the true population mean Y falls within the interval estimates given by
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(b)

yNRTuned(cs) + la/2 (df = ?) ‘;NRTuncd(cs) (2. 108)

Suggest and justify your choice of degree of freedom (df).
Consider a newly tuned dell estimator of the population mean Y defined by

Sxwrumeaaan = | (7= 1 () = (r=2)] 5,()) (2:109)

JEsr

where 0 < w(j) < 1/(r —1) are positive tuned weights constructed such that the following
two constraints are satisfied:

> owi()=1 (2.110)
JES
and

W (J)y; =0 (2.111)
jes
where

X, —r(2—r)x,

v =%(J) _ U =r2=n%) (2.112)

(r— 1)2

Here, for simplicity, consider the optimization of a dual-to-log-likelihood distance func-
tion given by

M (2.113)

JESsr !

or equivalently, optimization of a new log-likelihood function
In(w?(j
ZM (2.114)
JEsr !

subject to the two tuning constraints (2.110) and (2.111).
Show that under the dual-to-log-likelihood distance function, the newly tuned estimator
(2.109) of the population mean becomes

(r=1’— 5.0

. *
7 = 1'”“1‘//_/

- (r=2)Y_50)) (2.115)

JEsr

YNRTuned(dell) =

where 17 is a solution to the nonlinear equation

ll/,
21 ,1j =0 (2.116)
JES + 1Y
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Consider an estimator of the variance of the estimator Yxgrunca(deny defined by

. e a2 d(dell) 2
InwTuneaaeny = (r = 1> {wr ()} {yz-l)zmne e >_yNRTuned(dell)} (2.117)
JES:
Assume each newly tuned dell estimator of the population mean is given by

yNRTuned(dell) _ 7" YNRTuned(dell) ”{ (r— 1)2W;f ()—(r=2) }yr(j)
() - —1

(2.118)

forj=1,2,...,r.

Generate such a population of reasonable size and create an environment through a
simulations process where nonresponse could happen. Study the coverage of the
(1 —a)100% confidence interval estimates given by this newly tuned dell estimator
of the population mean by counting how many times out of 10,000 attempts, the true
population mean Y falls within the interval estimates

INRTuned(delt) F fa/2(df =) /INRTuned(den) (2.119)

Suggest and justify your choice of degree of freedom (df ).

Exercise 2.6 Tuning of a sensitive variable Consider the problem of estimating
the population mean of a sensitive variable and the problem of estimating the variance
of this estimator. Suppose that we select a sample s of n respondents by the SRS
scheme from a population consisting of N units. Let y; be the true response, for exam-
ple income, of the ith respondent in the sample. The ith respondent selected in the
sample is requested to draw two numbers S; and S, from two independent randomi-
zation devises, say R; and R, respectively, and report the scrambled response Z; com-
puted by

g St =B o, (2.120)
A

where Fg(S;) =A and Eg(S,) =B, and A and B are known. Also let Vgx(S;) = ai and
Vr(S2) = 0123 be known. Let r be the number of respondents in s,, the subsample who
responded to the sensitive question using the preceding randomization device, and
(n—r) the number of units in s(,_,, the subsample who refused to respond, and let
Sp =S, US(,_r). Let x; be an auxiliary variable correlated with the study variable y; and as-

sume the values of the auxiliary variable x;,i = 1,2, ...,n for all the n units in s, are available.

(a) Consider a newly tuned jackknife estimator of the population mean Y given by

Fstunsates = 2 | {(r = () = (r=2) }Z:()| @.121)

JES
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. 1—w;
and v, (j) = ,_T/ (2.122)

are, the usual, the jackknife estimator of the population mean and jackknife weight obtained
by removing the jth unit from the responding sample s, for any set of weights w; with unit total.
Letw, () be the jth tuned weight, chosen such that the following two constraints are satisfied:

> owe(j)=1 (2.123)

JES,
and
7n -r 2 - 7r
> ow()x()) =M (2.124)
jes, (r—1)

Consider tuning the weights w,(j) such that the chi-square type distance function,
defined as

@)Y g (1= =1w () -r") (2.125)

JES,
is minimum, subject to the tuning constraints (2.123) and (2.124), and where g; is some

choice of weights. Show that under the chi-square (cs) type distance function, the newly
tuned estimator of the population mean of the sensitive variable becomes

ySTuncd(cs) = Z’ + /;STuned (X" - X") (2.126)

where

<qu) (Z%xr(j)z_r(j)) - (Z%Z(ﬂ) (Z%n(]))

- JES, JES, JES, JES,
PsTunca = 3
— a2 =
(Z%) (qu(xr(J)) ) - (Zm(ﬁ)
JES, JES, JES,

is an estimator of the regression coefficient.
Consider an estimator of the variance of the estimator ygryneq(cs) defined by

v (ySTuned(cs)> = l"(}" - 1)32 {W’(J) }2 {y?};UﬂCd(CS) - }_]STuned(cs)}2 (2.127)

jes

Note that each newly tuned jackknifed estimator of the population mean Y is given by

_ 2 . 7 (;
—STuned(cs) rySTumed(cs) B r{(r B l) W’(J) B (r B 2) }ZI(]) (2 128)
() = r—1 '

forj=1,2,...,r.
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Following Singh, Joarder, and King (1996) generate a population where a study variable
could be sensitive in nature and also generate scrambling variables following them. Then for
different sample sizes, study the coverage of the (1 —a)100% confidence interval estimates
given by this newly tuned estimator of the population mean by counting how many times, out
of 10,000 attempts, the true population mean Y falls within the interval estimates given by:

.)_]STuned(cs) Flap (df = 7) v ()_7$Tuned(cs)) (2.129)

Suggest and justify your choice of degree of freedom (df).
(b) Consider a newly tuned estimator of the population mean ¥ given by

YSTuned(dell) = Z [(’ — 1% wi(j)—(r— 2)} Z:(J) (2.130)

Jesr

where 0 <w}(j)<1/(r—1) are the positive tuned weights constructed such that the
following two constraints are satisfied:

Zw;*(j):l (2.131)

JES,

and

> W ()w; =0 (2.132)

JEs,
where

(X —r(2=r)x,)

2.133
(r—1)2 ( )

l//j:xr(j) -

Here, for simplicity, consider the optimization of a dual-to-log-likelihood function
given by

M (2.134)

JES,
or equivalently, consider the optimization of a new log-likelihood function
In(w:(j
27( /() (2.135)
P

JESr

subject to the preceding two tuning constraints.
Show that under the dual-to-log-likelihood function, the newly tuned dell estimator
(2.130) of the population mean becomes

—1 : Zr j = /v
ySTuncd(dcll):(, ) Z (jl)// —(r—Z)ZZ,A(/) (2.136)

. *
! JEsy 1+ﬂ’1 J JES
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where 4] is a solution to the nonlinear equation:

W.
Y =0 (2.137)
JES, + ll//j

Consider an estimator of the variance of the estimator Ysrypeq(aeny given by

N _ %/ )2 [ —STuned(del — 2
VSTuned(deu):"("—1)32{%(/)} {y(SJT) « “)_ySTuned(dell)} (2.138)

JEsy

Assume that each newly tuned jackknifed empirical log-likelihood estimator of the pop-
ulation mean is given by

Y 2 s s = /4
I'YSTuned(dell) "{(l' 1) wi(j)—(r— 2)}Zr(J)
—STuned(dell) __
Y0 - 1 (2.139)

forj=1,2,...,r. Study the coverage by the (1 —a)100% confidence interval estimates con-
structed using this newly tuned empirical log-likelihood estimator of the population mean,
by counting how many times out of 10,000 attempts the true population mean Y falls within
the interval estimates given by

VsTuned(delt) F laj2(df =7)4 /¥ (ySTuned(dell)) (2.140)

Suggest and justify your choice of degree of freedom (df).
Hint: Tracy and Singh (1999).

Exercise 2.7 Estimating geometric mean Consider the problem of estimation of
population geometric mean defined as

N 1/N
G, = (Hy,) (2.141)
i=1

Consider a tuned estimator of the population geometric mean G, given by

Gramettes = Y |{ (1= 1) = (1=2) } G, (1) @142

jés
where
; 1/(n—1)
Gy(Jj)= <H y,-) , J=12,...n (2.143)
i#j=1

is the jth jackknifed estimator of the geometric mean of the study variable obtained by
removing the jth unit from the usual estimator of the geometric mean given by
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n 1/n
G, = (Hyl) (2.144)
i=1

The tuning weights w, () in the estimator éTuned(cs) are obtained by minimizing the
tuned chi-square type distance function

D=3 g [1=(n=Dw,()) =n"']’ (2.145)

JjES

subject to the following two tuning constraints:

> wa(j)=1 (2.146)
and

— G -x )" (2.147)

where X =N ’IZX,- denotes the known population arithmetic mean of the auxiliary
i=1
variable, and

" 1/(n—1)
G.(j)= (Hx,) , j=12,...n (2.148)

=1

is the jth jackknifed estimator of the geometric mean of the auxiliary variable obtained
by dropping jth unit from the usual estimator of the geometric mean of the auxiliary
variable given by

n 1/n
G, = (Hx,—) (2.149)
i=1

Suggest a doubly tuned jackknife estimator of variance of the tuned estimator of the
population geometric mean, G,. Generate a population of 10,000 pumpkins from the
SJPM. Investigate the nominal 90%, 95%, and 99% coverages by simulating 5000
interval estimates for different sample sizes in the range of 10—-100. Comment on your
findings.
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Exercise 2.8 Estimating harmonic mean Consider the problem of estimating pop-
ulation harmonic mean defined as

N
(2.150)
Ey,
Consider a tuned estimator of the population harmonic mean H, given by
[_?Tuned(cs) = Z [{(ﬂ - 1)2wn(j) - (71 - 2) }ﬁy(])} (2.151)
JES
where
. -1
Hy(j):(nn 1), j=12,...n (2.152)
iz=1Y

is the jth jackknifed estimator of the harmonic mean of the study variable obtained by
dropping the jth unit from the usual estimator of the harmonic mean given by

(2.153)

The tuning weights w,(j) in the estimator I-?Tuned(cs) are obtained by minimizing the
tuned chi-square type distance function

Zq [1—(n— 1w, ())—n']? (2.154)

]Gs

subject to the following two tuning constraints:

wa(j)=1 (2.155)

and

_ ELCHC) B (2.156)
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N

where X =N ’IZX,- denotes the known population arithmetic mean of the auxiliary
i=1

variable, and

, j=12,...n (2.157)
=t
is the jth jackknifed estimator of the harmonic mean of the auxiliary variable obtained

by dropping the jth unit from the usual estimator of the harmonic mean of the auxiliary
variable given by

H =— (2.158)

=1
Suggest a doubly tuned jackknife estimator of variance of the tuned estimator of the
population harmonic mean, H,. Generate a population of 10,000 pumpkins from the
SJPM. Investigate the nominal 90%, 95%, and 99% coverages by simulating 5000
interval estimates for different sample sizes in the range of 10—-100. Comment on your
findings.

Exercise 2.9 Consider a tuned estimator of the population mean Y as

Frunates = D [{ (1= 1701) = (n=2) }5, ()] (2.159)

JjEs
where
— . n}_]n_yl
=n 2.160
W) === (2.160)

is the sample mean of the study variable obtained by removing the jth unit from the
sample s, and w,( /) is the jackknife tuned weight constructed such that the following
two constraints are satisfied:

> (i) =1 (2.161)

Jes

and

wa()[Ge()]" " = S G =X (6" 2.162)

JjEs
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N

where X =N ’Iin denotes the known population arithmetic mean of the auxiliary
i=1

variable, and

n 1/(n—1)
G(j)= <H x,) L Jj=12....n (2.163)

is the jth jackknifed estimator of the geometric mean of the auxiliary variable obtained
by dropping jth unit from the usual estimator of the geometric mean of the auxiliary
variable given by

n 1/n
G, = (Hx,-) (2.164)
i=1

Subject to the preceding two tuned constraints in Equations (2.161) and (2.162), opti-
mize the following distance function:

Di=(2"'n)Y g (1= (n—Dwa()) ") (2.165)

JES

Suggest a doubly tuned jackknife estimator of variance of the tuned estimator of the
population mean, Y. Generate a population of 10,000 pumpkins from the SJPM. Inves-
tigate the nominal 90%, 95%, and 99% coverages by simulating 5000 interval esti-
mates for different sample sizes in the range of 10—100. Comment on your findings.

Exercise 2.10 From the SJPM code listed in PUMPKINI.R, we generated a random
sample of seven pumpkins and noted their weights (y) and circumferences (x) as
follows:

Weight (Ibs) 4430 4060 2000 4100 5080 3790 2108
Circumference (in.) 112 101 98 110 120 104 94

(a) Construct the 95% confidence interval estimate of the average weight of the pumpkins by
using the tuned estimator with chi-square type distance function.

(b) Construct the 95% confidence interval estimate of the average weight of the pumpkins by
using the dell estimator constructed with a dual-to-log-likelihood (dell) distance function
(given: X =105.4in.).



Model assisted tuning 3
of estimators

3.1 Introduction

In this chapter, we discuss the tuning of a jackknife estimator of population mean and
the estimation of its variance through a model assisted technique. Model assisted tun-
ing of nonresponse has been discussed in one of the exercises at the end.

3.2 Model assisted tuning with a chi-square
distance function

The newly tuned jackknife estimator of the population mean Y is defined as
_ 2 . .
Siatueaten = 9 [ (1= 1) = (1=2) }5,())] G3.1)
Jjes
where

— /0 nyn _yj

= 32
() =" (32)
is the sample mean of the study variable obtained by removing the jth unit from the
sample s, and

() = =i (3.3)

n—1

is the tuned jackknife weight of the calibrated weights w; such that

> wi=1 (3.4)

JES
> wix =X 3.5)
JES

and
> wig =Y (3.6)
JEs
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where ¥ =N~ Z y; fory, =f (x,, [3) is the predicted value of the study variable based
i€Q
on any linear or nonlinear model.
Now a set of newly tuned jackknifed weights w,(j) should satisfy the following
three tuning constraints:

> (i) =1 (3.7)

JES
X—n2—
> ()5 () = ( Z) (3.8)
jes (n — 1)
and
= ; —n(2— n
W (J)3,(J) a 2)y (3.9)
Jjes (” - 1)
where
) =" ang 5, =2

are the jth jackknifed sample means of the auxiliary variable and the predicted values
obtained by removing the jth unit from the sample s, and where X, = n’Ile- and

~ _ —1 A
Yn=n Zy i
ics
We consider the chi-square type distance function defined as

(Z’In)qu’l(wj (2~ an (1= (n—Dwu(j)— n’l)2 (3.10)

JES =

ies

to be optimized subject to tuning constraints (3.7), (3.8), and (3.9), where ¢; is an arbi-
trary choice of weights.
The Lagrange function is given by

(27'n Zq (1—(n—=1)w,(j)—n"" —AO{ZWH }

Jjes JES

{an V%, (j)—(n—1)" (X—n(2—n)x,,)} (3.11)

JES

{ZWn D3u(i) = (n—1)" (?_n(z—nﬁn)}

JES
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where Ag, 41, and A, are Lagrange multiplier constants.

On setting
OL,
——=0 (3.12)
awn(])
we have
_o 1 1 _ . =, .
()= 1+m{%ﬂoﬂlqﬂn(ﬂ+/12q;yn(1)} (3.13)

Using Equation (3.13) in Equations (3.7), (3.8), and (3.9), a set of normal equations for
the optimum values of 4o, 4;, and 1, is given by

A7 B, C l() O
B, D, E|(A]|=|G (3.14)
C, E, F||h H
where

A=>"g, B=Y a%(i) C=)Y a3.()) D= afx()},

Jjes Jjes jes Jjes

n(X —n(2—n)x,

E= s ) o=t s |

JEs ( JjEs

3 n ?—n(Z—n) ; 3
F:ZQJ{yn(])}z’ andH:(n_l)z ( y>—25)n(])

2
JESs (}’l - 1) Jes
The newly tuned jackknifed weights w,(j) are given by

L1 1 . N
Wn(]):— l+—1)2{K1jG+K2jH}

(3.15)
n (n—

with
Ky =2 [(CE—BF)+ (AF = C)%,(j)+ (BC = AE)3, ()]
and

Ky :% [(BE—CD) + (BC — AE)x,(j) + (AD — B3, (j)]
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where

A=ADF — AE? — B’F — C*D +2BCE

Thus under the chi-square (cs) type distance function, the newly tuned jackknife esti-
mator (3.1) of the population mean becomes

)_)MATuned(cs):(n_nl) [Z)@(J)"'ﬁ]{% an }

JEs

o (7 -ne-ni) SN Y- =Y ()

(i’l—l Jes Jes
(3.16)
where
B = <CE BF)> " q;9,(J)+ (AF = C*)>_ qi%a(j)3,(J)
JEs JEs
+(BC—AE>quﬁn<j)y,z(j> (3.17)
and ©
.o
By = | (BE—=CD)Y _4;5,(j) + (BC—AE) Y _qi%u(j)5,(J)
JEs JjEs
+(AD Bz)zqin(j)yn(j)] (3.18)
JjEs

are the partial regression coefficients in the newly tuned linear regression type esti-
Mator yyiatuned(cs) Of the population mean.

3.2.1 Estimation of variance and coverage

An estimator of variance of the estimator Yyjaryned(cs) 1S

2
PvaTunedes) = n(n = 1)y~ (W2 () {yl(v;;ﬂuned(cs) - yMATuned(CS)} (3.19)

JjES

where each newly tuned doubly jackknifed estimator of the population mean is given by
— 2 — . — .

_MATuned(cs) __ NYMATuned(cs) — I’[{ (l’[ - 1) Wy (]) — (l’l — 2) }yn(/)

Y - o1
forj=1,2,...,n

(3.20)
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The coverage by the (1 —a)100% confidence interval estimates obtained by
this newly tuned jackknife estimator of population mean is obtained by counting
how many times the true population mean Y falls within the interval estimates
given by

)_)MATuned(cs) + ta/Z(df =n-— 1) ﬁMATuned(cs) (3.21)

Again, we used degree of freedom df =n — 1 for our convenience. We studied 90%,
95%, and 99% coverage by the newly tuned jackknife estimator of the population
mean by selecting 10,000 random samples from a finite population of N =70,000
pumpkins generated by the Statistical Jumbo Pumpkin Model (SJPM). The results
obtained for different sample sizes are shown in Table 3.1.

Table 3.1 shows that the coverage by the model assisted newly tuned doubly
jackknifed estimator of population mean performs well in the case of small sample
sizes in the range of 5-9. The nominal 90% coverage is approximated as 89.53%
for a sample of 7 pumpkins, the nominal 95% coverage is approximated as 95.23%
for a sample of 9 pumpkins, and the nominal 99% coverage is approximated as
96.51% for a sample of 9 pumpkins. The last column in Table 3.1 indicates the pro-
portion of negative estimates obtained during the entire simulation process for differ-
ent sample sizes.

To predict the weights of the pumpkins, we fit the nonlinear model to each
sample as

bx; + cx%

yi=ae e (3.22)

where & ~N(0,1). Therefore, model assisted tuning of the estimators works
well for small sample sizes, as far as estimation of the weights of pumpkins is con-
cerned, assuming the circumferences of the pumpkins are known. The newly tuned
jackknife estimator of the population mean weight estimates works well even
though the relation between the weight of pumpkins and their circumferences is
not linear.

Table 3.1 Performance of the newly tuned jackknife estimator

90 % 95% 99% Negative
Sample size (n) coverage coverage coverage estimates
5 0.8192 0.8447 0.8821 0.0720
6 0.8570 0.8779 09112 0.0537
7 0.8953 0.9113 0.9329 0.0438
8 0.9230 0.9362 0.9524 0.0332
9 0.9434 0.9523 0.9651 0.0255
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3.2.2 R code

The following R code, PUMPKIN31.R, was used to study the coverage by the newly
tuned jackknife estimator based on a chi-square type distance function.

PROGRAM PUMPKIN31.R
set.seed(2013)
N<-70000
x<-runif(N, min=30, max=190)
m<-5.5%(exp(0.047*x - 0.0001*x*x))
z<-rnorm(N, 0, 2)
y<-m*exp(z)
mean(x)->XB; mean(y)->YB; nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ciZ2.max=ciZ2.min=ci3.max=ci3.min=vESTP=ESTP
for (nin5:9)
{
for (rinl:nreps)
{
us<-sample(N,n)
xs<-x[usl; ys<-ylus]
model<-Tm(Tog(ys)~xs+I(xs "2))
exp(model$fitted)->yss
exp(predict(model,newdata=data.frame(xs=x)))->ysp
yssj<-(n*mean(yss) - yss)/(n-1)
xmj<-(sum(xs) - xs)/(n-1); ymj<-(sum(ys) - ys)/(n-1)
a<-n; b<-sum(xmj); c<- sum(yssj); d<- sum(xmj "2)
e<- sum(xmj*yssj); f<- sum(yssj "2)
g<- (XB-n*(2-n)*mean(xs)) - mean(xmj)*((n-1) "2)
h<- (mean(ysp)-n*(2-n)*mean(yss))-mean(yssj)*((n-1) "2)
delta<-a*d*f - a*e*e - b*b*f - c*c*d + 2*b*c*e
landal<-((c*e - b*f )+(a*f-c*c)*xmj+(b*c-a*e)*yssj)/delta
landa2<-((b*e - c*d)+(b*c-a*e)*xmj+(a*d-b*b)*yssj)/delta
wbnj<-(1/n) + (landal*g+ landa2*h)/((n-1) "2)
ESTI<- n*(((n-1) "2)*wbnj - (n-2))*ymj
ESTPLrl<- (mean(ESTI))
EST_J<-(n*ESTP[r] - ESTI)/(n-1)
VESTPLrl<-n*(n-1) "3*sum((wbnj "2)*((EST_J- ESTP[r]) "2))
cil.max[rl<- ESTPLr]+qt(0.95,n-1)*sqrt(vESTPLrl)
cil.minlr]<- ESTPLrl-qt(0.95,n-1)*sqrt(vESTPLrl)
ci2.max[rl<- ESTPLr]+qt(0.975,n-1)*sqrt(vESTPLr])
ciz.minlrl<- ESTPLr]-qt(0.975,n-1)*sqrt(vESTPLr])
ci3.max[rl<- ESTPLr]+qt(0.995,n-1)*sqrt(vESTPLr])
ci3.minlrl<- ESTPLrl-qt(0.995,n-1)*sqrt(vESTPLr])
}
sum(ESTP <0,na.rm=T) + sum(ESTP=="NaN")->out

)
)
)
)
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for (rinl:nreps)
if (ESTPLr]!="NaN") { if (ESTP[rl<0) {
cil.max[rl<-NaN;cil.min[r]<-NaN
ciZ2.max[rl<-NaN;ci2.min[r]l<-NaN
cid3.max[r]<-NaN;ci3.min[rl<-NaN
I
round(sum(cil.min<YB & cil.max>YB,na.rm=T)/nreps,4)->covl
round(sum(ci2.min<YB & ci2.max>YB,na.rm=T)/nreps,4)->cov?
round(sum(ci3.min<YB & ci3.max>YB,na.rm=T)/nreps,4)->cov3
cat(n, round(out/nreps,4), covl,cov2,cov3,'\n")
}
}

3.3 Model assisted tuning with a dual-to-empirical

log-likelihood (dell) function

Let w; be positive calibrated weights such that the following three constraints are

satisfied:
Z wi=1
JES
> wjy=0
JES
and

Zw}‘(sz:O

JEs
where

@y = (v —X)
and

Dy = (f_i - Y)

Let wi(j) be the tuned jackknife weights such that:

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Note that

b
(n—1)

0<w!(j) < (3.29)

Now we consider a newly tuned jackknife estimator of the population mean Y
defined as

YMATuned(dell) = Z {(” —1)’w;,(j) = (n=2)|%,(j) (3.30)

jes
Here, for simplicity, we consider the optimization of the following dell function:

Zln(l _Wj) (3.31)

JES n

or equivalently, optimization of a new log-likelihood function
In(wi(j
E M (3.32)
- n
Jés

such that the following three conditions are satisfied:

> owi=1 (3.33)
JES
> wi()¥;=0 (3.34)
jes
and
ZW ¥ = (3.35)
JES
where
. X—n(2—n)x,
Y’u=fn(1)—( ( 2) ) (3.36)
(n—1)
and

(Y=n2-n)3,)

3.37
TN (3.37)

sz:§n(j) -
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The Lagrange function is given by

LFZL(VZ;(D) —%{ZWZ(J') - 1} (3.38)

jes jes
-4 {ZWZ(J')Y’I_I} —ﬂﬁ{zwﬁ(j)?’zj}
JjEs JjESs

where A;, Ajand A3 are Lagrange multiplier constants.

On setting

oL,

——=0 (3.39)
o, (J)

we have
1

() =— 3.40

f’lwn(]) 1 +/1T'1U1j +/1;502j ( )

Constraints (3.33), (3.34) and (3.35) yield 4; = 1, and A} and 4} are solutions to the
following two nonlinear equations:

¥
SRS —— (3.41)
jza: 1 +/11'1U1j+/12'f/2j
and
¥,

e u_ =V (3.42)
= 1 +/11'1Ulj+22'f12j

Under the dell distance function, the newly tuned jackknife estimator (3.30) of the
population mean becomes

. (n—1)° ¥ (J) iy
YMATuned(dell) =~ Z 2 —(n— Z)Z}’n(}) (3.43)
Jes 1+ Zﬂz ’{’kj JEes
=1

3.3.1 Estimation of variance and coverage

An estimator of the variance of the estimator Yyjatyned(delr) 1S

. _4, 212 [ -MATuned(dell)  _ 2
VMATuned(dell):n(n_1)3Z {w,())} {y(j) ( )_yMATuned(dell)} (3.44)

JES
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Note that the newly tuned empirical log-likelihood doubly jackknifed estimator of
population mean is given by

_ 2 g .
_MATuned(dell) _ YMATuned(dell) — I’l((l’l - 1) Wn(]) - (}’l - 2))yn(.l) (3.45)
Y - n—1 '

for j=1,2,...,n.

The coverage by the (1 —a)100% confidence interval estimates, provided by this
jackknifed dell estimator of population mean, is obtained by counting how many times
the true population mean Y falls within the interval estimates given by

YMATuned(delt) F Za/2(df =1 — 1) /IMaTuned(den) (3.46)

Again, note the use of degree of freedom df =n—1. We studied coverage of
the nominal 90%, 95%, and 99% intervals using 10,000 random samples selected from
the SJPM. The results obtained for different sample sizes are shown in Table 3.2.

In particular, we see from Table 3.2 that using the dell estimator to construct nom-
inal 90%, 95%, and 99% confidence intervals we obtained, respectively, 89.19% cov-
erage with a sample of 8 pumpkins, 94.39% coverage with a sample of 9, and 99.02%
coverage with a sample of 12. Thus, the newly tuned jackknifed dell estimator of pop-
ulation mean seems to work well for small sample sizes.

We used the following approximate values of A7 and 45 in computing the weights:

_ D*C*—B'E*

=g (3.47)

and

Table 3.2 Performance of the newly tuned model assisted dell
estimator

Sample size (n) 90% coverage 95% coverage 99% coverage
5 0.6464 0.7182 0.8338
6 0.7605 0.8081 0.8929
7 0.8474 0.8808 0.9342
8 0.8919 0.9181 0.9570
9 0.9298 0.9439 0.9717

10 0.9475 0.9590 0.9770

11 0.9675 0.9744 0.9852

12 0.9762 0.9820 0.9902

13 0.9863 0.9897 0.9948

14 0.8877 0.9901 0.9955

15 0.9911 0.9934 0.9957
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. A*E*—B'D*
’12 = A*C* — B*2 (348)
where
A¥ = Z P, C* = Z ¥, B = Z ¥\ ¥y, DX = Z ¥y, E*= Z ¥,;, and no
jes jes jes jes jes

doubt a better approximation may be used.

3.3.2 R code

To study the coverage of intervals obtained using the newly tuned jackknife
estimator based on the dell distance function, the following R code, PUMPKIN32.R,
was used.

PROGRAM PUMPKIN32.R
set.seed(2013)
N<-70000
x<-runif(N, min=30, max=190)
m<-5.5%(exp(0.047*x - 0.0001*x*x))
z<-rnorm(N, 0, 2)
y<-m*exp(z)
mean(x)->XB; mean(y)->YB
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ciZ.max=ciZ.min=ci3.max=ci3.min=ESTP
VESTP=ESTP
for (nin5:15)
{
for (rinl:nreps)
{
us<-sample(N,n)
xs<-x[usl; ys<-ylus]
model<-Tm(Tog(ys)~xs+I(xs "2))
exp(model$fitted)->yss
exp(predict(model,newdata=data.frame(xs=x)))->ysp
yssj<-(n*mean(yss) - yss)/(n-1)
xmj<-(sum(xs) - xs)/(n-1); ymj<-(sum(ys) - ys)/(n-1)
shil<-xmj-(XB-n*(2-n)*mean(xs))/((n-1)"2)
shi2<-yssj-(mean(ysp)-n*(2-n)*mean(yss))/((n-1) "2)
a<-sum(shil "2); b<-sum(shil*shi2); c<- sum(shi2 "2)
d<- sum(shil); e<-sum(shi2)
11<-(d*c-b*e)/(a*c-b*b);12<-(a*e-b*d)/(a*c-b*b)
wbnj<-(1/n)*(1/(1+11*shil+12*shi2))
ESTI<- n*(((n-1) "2)*wbnj - (n-2))*ymj
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ESTPLr]<- mean(ESTI)

EST_J<-(n*ESTP[r] - ESTI)/(n-1)

VESTPLr]<-n*(n-1) "3*sum((wbnj "2)*((EST_J -ESTP[r]) "2))

cil.max[rl<- ESTPLr]+qt(0.95,n-1)*sqrt(vESTPLr])

cil.minlr]<- ESTPLrl-qt(0.95,n-1)*sqrt(vESTPLrl)
ci2.max[rl<- ESTPLr]+qt(0.975,n-1)*sqrt(vESTPLr])
ci2z.minlrl<- ESTPLrl-qt(0.975,n-1)*sqrt(vESTPLrl)
ci3.max[rl<- ESTPLr]+qt(0.995,n-1)*sqrt(vESTPLrl)
ci3.minlrl<- ESTPLrl-qt(0.995,n-1)*sqrt(vESTPLr])

}
round(sum(cil.min<YB & cil.max>YB,na.rm=T)/nreps,4)->covl
round(sum(ci2.min<YB & ci2.max>YB,na.rm=T)/nreps,4)->cov?
round(sum(ci3.min<YB & ci3.max>YB,na.rm=T)/nreps,4)->cov3
cat(n, covl,cov2,cov3,'\n")

}

A researcher could also refer to Wu and Sitter (2001), Farrell and Singh (2002b,
2005), and Montanari and Ranalli (2005) for model calibration in survey sampling,
although their approach is different than the one discussed in this chapter.

3.4 Exercises

Exercise 3.1 Consider a newly tuned jackknife estimator of the population mean Y:

Suiatunsate = D | { (1= 1) = (1=2) }5,())] (3.49)
Jjes
where
— N n)_)n —Jj
W)= (3.:50)

is the sample mean of the study variable obtained by removing the jth unit from the
sample s, and w, () is the jackknife tuned weight such that the following three con-
straints are satisfied:

> () =1 (3.51)
jes

X—n(2—n)x,
Z"T’n(j)fn(j) = dl Z)x (3.52)
jes (n—1)

and
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- Y—n(2—n)y
> (N3, () :;1(7;21)% (3.53)
jes (n—1)
where
1—w;
wa(J) = rmf (3.54)

for arbitrary weights w; such that ij: 1. Assume that the predicted values
JjES

vi=f (x,, ﬂ) for i € Q are known, Y= Zy,, Vo= Zyl and y yn "_ lyj have

lE.Q ics
their usual meanings. Subject to these three constraints, optimize each of the following
distance functions:

=(2 "Z (1= (n—1)wa(j)—n")’ (3.55)
Dy= [wa(J) n(wa ()], 0<wu(j) <1/(n=1) (3.56)
DFZCI]I( 1—(n—1)v‘vn(j)—\/F)2, 0<w(j)<1/(n=1)  (3.57)
Di=Y [-n " n(w,()]. 0< () <1/(n=1) (3.58)

_ 132
DSZZ(IZ;J_((’;__I(LW_"(IJ))V_V;(';))) » 0<w(j) <1/(n—1) (3.59)

_1 ah-! {ma())Y -1
Do <{wn(.i)}2+1> (360

I~ (1= (n—=Dw, () —n") 1 A ()

D7=—;( : q)nsj) ) 9 7%(2{(”(_’)1})2 (3.61)
and
Dy = ;" () 1n (6 () = () +17'] (3.62)

where g; are suitably chosen weights that form different types of estimators, ¢; is a
penalty, and tanh~!() is the hyperbolic tangent function. Also, optimize each one
of the preceding eight distance functions subject to only one of the tuning constraints
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(3.52) and (3.53). Write code in any scientific language, like R, FORTRAN, or C, to study
the resulting estimators of population mean. Discuss the nature of tuned weights in each
situation. In each case, investigate the nominal 90%, 95%, and 99% confidence interval
estimates by estimating the variance using the method discussed in the chapter.

Exercise 3.2 Consider a newly tuned additional constraint for Exercise 3.1:

an( )Sz(j) :nsz% _ (I’l— 1){(71— 1) —n(n—2)}sf, (3.63)

el (1—17(n—2)
where
—_\2
s,%(.i)—(n_])s =) (5 =%) (3.64)

and S2=(N— 1)_12 (x; —X)z is known. Report any changes observed in the
i€Q

resultant estimator.

Exercise 3.3 Assume the predicted values y;, =f (x,-, [}) for i € 2 are known. Consider

a newly tuned additional constraint for Exercise 3.1

nSz—(n—1D{(n—1)—n(n—-2)}s?
> ()5 (j)=—2 ( (n)f(l)z(n)—Z)( i (3.65)

JES
where
1/ ~ = 2
Ol ) (5-3,) 66
sW= n—2 ’
Syg =NN-1)" a and 6 = IZ ( ) Report any changes observed in the

i€
resultant estimator.

Exercise 3.4 Assume that the value of the finite population correlation coe-
fficient p,, between the study variable y and the auxiliary variable x is known. Let
us consider

(n=Dsy = (=50 =3, (1= 157 =D (i —%,)%,

i€s i€s
(n— 1)s§:Z(y Vp) s Xy = Zx,, ny, = Zyl, and r =5,/ (s.5y).
i€s i€s i€s

Consider a newly tuned additional constraint for Exercise 3.1:

> w(i)r(J) = pyy (3.67)

JES
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where the value of the partially jackknifed correlation coefficient r( j) after dropping
some influence of the jth pair of the study and auxiliary variable values is given by

r{(”— 1) n(y—%) (y/‘—yn)}
= (n=2) (n—=1)(n—2)sy (3.68)

) 2 —\2
W_l)‘ n(y %) W_l)_ ny—5)
(n=2) (n=1)(n=2)sz\/ (n=2) (n—1)(n—2)s?

Report any changes observed in the resultant estimators.

Exercise 3.5 Assume that the heteroscedasticity of the function v(x;) > 0 is known in
the linear model:

yi=pxi+e; (3.69)

such that E(e;|x;) =0, E(e}|x;) = 6°v(x;), and E (e;e;|x;x;) =0.
Consider the following additional tuning constraints:

_oi—n(2— n)e?

w2

JES

(3.70)

and

V:zm —n(2— n)vj(x)

an(j)"?(x)(j) =— (3.71)

jes (I’l— 1)2
where
y 1 . 1 . nv*( ) —v(xj)
Vi =y 2 ) Vi = 5 2 V), V()=
e €5
52(j) :M &2 :n‘lz (x; —X,)*, and 62 :N‘IZ(x —X)z have their
(n-n) T e

usual meanings. Repeat Exercise 3.1, incorporating the preceding constraints, and dis-
cuss your findings.
Hint: Stearns and Singh (2008).

Exercise 3.6 In Exercise 3.1, find the distribution of 722 ln(l — w_,-), or equiva-

JjEs
lently —22 In(w,(j)), while optimizing the dell distance function:
JES
. -1 _ . _ .
D=Y"[n"In(Wa(j)]. 0<w,(j)<1/(n—1) (3.72)

JjEs
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Exercise 3.7 Model assisted tuning of nonresponse Consider a sample s, on 7 units,
selected using simple random sampling scheme, where the value of the study variable
y; and an auxiliary variable x; are measured i = 1,2,...,n. Assume that the responses
s, C s, on the study variable y;, i=1,2,...,r for the r units are available, and the
remaining (n —r) responses on the study variable are missing at random. Estimate
the population mean Y of the study variable. Let y, = r‘lz y; be the sample mean
ics,
of the study variable corresponding to the set of responding units, let X, = r’Iin
i€s,
be the sample mean of the auxiliary variable corresponding to the set of responding
units, and let X, = n~! in be the sample mean of the auxiliary variable for the entire
i€sy
sample selected in the survey.

(a) Consider a newly tuned jackknife estimator of the population mean Y, defined as

yNRMATuned(cs) = Z [{(V— l)zwl‘(j) - (I‘—Z)}y}r(])] (3.73)
JEs
where
ey ew
V() === and w(j)=——

have their usual meanings. The newly tuned jackknife weights w,(j) should satisfy the
following three tuning constraints:

> owe(j)=1 (3.74)
J€s,
N X, —r(2—r)x,
w, ()% (J) = ( 2) (3.75)
JES, (i‘ - 1)
and
= 7,,—)‘2—1‘7,.
wr ()3, (J) :y(iz)y (3.76)
JES, (rf 1)
where
— . "Xr_-x' A r;ri)j'
%(j)==—" and 3, ())=—"—"

are the jth jackknife sample mean of the auxiliary variable and mean of predicted values

obtained by removing the jth unit from the sample s, such that X,.:r*IZx,- and
i€s,

;,. :F‘Z y; for y,=f (xi,,B) are the predicted values of the study variable based on

i€s,
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any linear or nonlinear model. Consider the tuning of the weights w, () such that the chi-
square type distance function defined as

N g (- =D () -t (3.77)

jes

is optimum subject to tuning constraints (3.74), (3.75), and (3.76), and ¢; is a choice of
weights. Show that under the chi-square (cs) type distance function, the newly tuned jack-
knife estimator (3.72) of the population mean becomes

yNRMATuned(rs):(r_rl) |:Zyr(]) +,B1{r(x(_’xr ZX, }

jese JES,

B _ (3.78)
. n.);n_r(z_r));r = /. = .
+ﬂ2{(2)—2y,(;>H —(r=2)35,0)
(I’ - 1) JES, JES,
where
pr=4 [(CE BF)Y " q3,(j)+ (AF = C?)> " qi%())y,(J)
e e (3.79)
+(BC —AE)quﬁr(j)y,.(j)}
JES,
and
N 1 . .
Pr=% [(BE - CD)I_;qjyr(J) +(BC *AE)]; 4% (/)3 (J)
’ ’ (3.80)
+(AD —Bz)zq_fi-(j)yr(j)]
JES,
where
A=Y q; B=> a5 (), C=> q5,()), D=>_q{%()}’, E=>_qi{%()5.()}
JESr JESr JEsr JESY JES
r(x — )%, ~ 2
G 1)2{ B S } F=Y a5 and
( JjESs, JES,
H—(r—l)z{—r( . S > nG }
( Je\;
Consider an estimator of variance of the estimator yxguvaTuned(cs)
. ) 3 _ .12 [ -NRMATuned(cs) - 2
VNRMATuned(cs) = I”(I - 1) Z{Wr(])} {y(J) _yNRMATuned(cs)} (381)

JES,

Note that each newly tuned doubly jackknifed estimator of the population mean is
given by
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(b)

yNRMATu“ed(CS) _ T'YNRMATuned(cs) — "{(’” — 1%, (j) = (r— 2)})7;-(j)
() - r—1

(3.82)

for j=1,2,...,r. Simulate a population of 10,000 units. For various sample sizes and
response rates, examine the coverage by the (1 —a)100% confidence interval estimates
provided by this newly tuned jackknife estimator of the population mean by counting
how many times, say out of 100,000 attempts, the true population mean Y falls within
the interval estimates given by

YNRMATuned(cs) F fa/2(df = 7)y / INRMATuned (cs) (3.83)

where df =7 stands for the degree of freedom to be determined.

Consider a newly tuned jackknife dell estimator of the population mean Y defined as
_ 2wy _ .
YNRMATuned(dell) = Z [(" =) w(j)—(r— 2)})’;-(1) (3.84)
JEsr

where w(j) are the tuned positive weights such that the following three constraints are
satisfied:

> oW =1 (3.85)

Zw )1, =0 (3.86)

Zw ¥ = (3.87)

(3.88)

and

(§n *}"(2 7r)§/‘)
(r— 1)2

Now consider the optimization of a dell function:

i In(1-w)) (3.90)

JES,

¥ =3,(j) - (3.89)
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or equivalently, optimization of the log-likelihood function

n > In(w () (3.91)

JES,

such that conditions (3.85), (3.86), and (3.87) are satisfied. Show that under the dell dis-
tance function, the newly tuned jackknife estimator (3.84) of the population mean becomes

. (r=1)° ¥ (J) iy
INRMATuned(dell) =~ Z 2 —(r— Z)ZYr(]) (3.92)
I Ay Je

where A} and 4] is a solution to the single parametric equation

P+
P A RS (3.93)
= 1+/11Y’11 +/12¥’2,

Consider an estimator of variance of the estimator yNgmaTuned(delt) 85

2
_NRMATuned(dell)
VNRMATuned(delt) = 7'(7 — 1) Z{W )} { AMATuned(del) yNRMATuned(dell)} (3.94)

JES

where each newly tuned doubly jackknifed estimator of the population mean is given by

- 2% (
_NRMATuned(dell) | Y NRMATuned(dell) — {(’ -w (r— }y,
Y = 1

(3.95)

forj—1,2,...,r. Simulate a population of 10,000 units where nonresponse is expected. For
various sample sizes and response rates, study the (1 —a)100% confidence interval esti-
mates given by this newly tuned empirical log-likelihood estimator of population mean
by counting how many times out of 10,000 attempts, the true population mean Y falls within
the interval estimates given by

INRMATuned(delt) F fa/2(df = 7)\ / VNRMATuned(delr) (3.96)

where df = 7 stands for the degree of freedom to be determined. Comment on your findings
in each situation.

Exercise 3.8 Consider a newly tuned jackknife estimator of the population mean Y:

Suiatueaten = 2 [ (1= 1) = (1=2) }5,())] (3.97)

JEs

where

— ”yn Vi
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is the sample mean of the study variable obtained by removing the jth unit from the
sample s, and w,( /) is the jackknife tuned weight. Assume that the predicted values

N = 1
yi=g¢ (x,-, ﬂ) for i € 2 are known from any linear or nonlinear model. Let ¥ = NZ ¥

i€Q

n 1/n

be the known population mean of the predicted values. Let GAy~ = (H ﬁ,) be the
i=1

geometric mean of the predicted values in the sample s. Let

n 1/(n—1)
GAyA( j)= < H )7,-> ,j=1,2,...,n, be the jth jackknifed sample geometric mean
itj=1

" 1/n
of the predicted values. Also let G,= (Hx,) be the sample geometric mean of
i=1

" 1/(n—1)
the sampled auxiliary variable x values. Let éx(j) = < H xi> ,j=1,2,...,n,
i#i=1
be the jth jackknifed sample geometric mean of the auxiliary variable. To
determine the tuned weights w,( ), optimize the following distance functions:

D=2"n)> g (1—(n—1Dywa(j) —n")’ (3.99)

JjES

such that the following three constraints are satisfied:

> wa(j)=1 (3.100)

, wn(j)[éx(j)]“*"):(nil) Z[Gx(j)]“*”)—‘(éx)’” (3.101)
and
OG0 = TG0 T6) | e

Construct an estimator of variance of the estimator of population mean Y using double
jackknifing technique discussed in the text. Write R code to simulate a population of
your choice of 5000 units. For various sample sizes, study the nominal 90%, 95%, and
99% coverage by the (1—a)100% confidence interval estimates over 10,000
attempts. Comment on your findings.
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Exercise 3.9 Consider a newly tuned jackknife estimator of the population mean Y as

Suiatuneates) = D | (1= 1 wa() = (0 =2) }5,())] (3.103)
JEs
where
() :% (3.104)

is the sample mean of the study variable obtained by removing the jth unit from the
sample s, and w,( j) is the jackknife tuned welght Assume that the predicted values

y;=h (x,, ﬂ) for i € Q2 are known. Let ¥ = Z y; be the known population mean of
te_Q

-1
n
the predicted values. Let I?): =n <Z ﬁf‘) be the harmonic mean of the predicted
i=1

-1

values in the sample s. Let H =(n—1 (Z v ) , j=1,2,...,n, be the jth
i#j=1

jackknifed sample harmonic mean of the predicted values. Also let

R 1
I-ix—n<2xil> be the sample harmonic mean of the auxiliary variable. Let

—1
Hy(j)=(n—1) ( > x-l> ,j=1,2,....n, be the jth jackknifed sample harmonic

mean of the auxiliary variable. Find the tuned weights w,( j), by optimizing the fol-
lowing distance function:

=27')Y g (1= (n—V)iwa( ) —n7")? (3.105)

JjESs

such that the following three constraints are satisfied:

> (i) =1 (3.106)

JES

(3.107)

and

(3.108)
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Construct an estimator of variance of the estimator of population mean using double
jackknifing technique. Write R code to simulate a population of your choice. For var-
ious sample sizes, study the nominal 90%, 95%, and 99% coverages by (1 —a)100%
confidence interval estimates over 10,000 attempts. Comment on your findings.

Exercise 3.10 In Exercise 3.8, replace the constraint (3.102) with
S w(NIu(N= (1) [Y— n(2—n)3, (3.109)

and report any changes in the results.

Exercise 3.11 In Exercise 3.9, replace the constraint (3.107) with

> wa(NE(f) = (n=1)2[X —n(2 - n)x,] (3.110)

JES

and report any changes in the results.



Tuned estimators of finite
population variance

4.1 Introduction

In this chapter, we discuss tuning a jackknife estimator of finite population variance
and then estimate the variance of this estimator. We discuss tuning of the weights
under a chi-square (cs) distance function and also when using the dual to the empirical
log-likelihood estimation method. At the end of the chapter, a few more unsolved
exercises are given.

4.2 Tuned estimator of finite population variance

The newly tuned jackknife estimator of the finite population variance

=N =D} (v @.1)

i#jeQ

is defined as
)= 35 [l = 1) = 1506, J) — (= 1) = 2)] £ (v 1) “2)
i#jEs

where

2n(n—1)s? — (y-fy)2
500 y0) = 2n(ni1)_12 :

4.3)

is the sample variance of the study variable obtained by removing the square of the
difference between the ith and jth units from the sum.
Note that

ZZS?(%M@) =n(n— 1)53 (4.4)
i#jes
and

s ={2n(n—1)}""> > (v (4.5)

i#jes

A New Concept for Tuning Design Weights in Survey Sampling. http://dx.doi.org/10.1016/B978-0-08-100594-1.00004-8
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Table 4.1 Squared differences

i —y)*
» Y2 Y3 Ya Ys
Vi = 4 9 100 1681
Vo 4 - 25 64 1521
V3 9 25 - 169 1936
Va 100 64 169 - 961
Vs 1681 1521 1936 961 =

We illustrate this with the following example. Consider a sample consisting of n =5
units with values y; =15, y, =17, y3 =12, y4=25 and y5 =56 Now, consider the
symmetric matrix given in Table 4.1.

Obviously,
E 1 z”:i:( )27 12,940 13,50
TR PP R PR I
and
12,876

Clearly sy2 (2,4) is not a sample variance of y; =15, y3 =12, and ys = 56. Therefore
sf, (2,4) is a partial jackknifed estimator of variance. It is easy to verify that the equality
(4.4) olds (Singh & Grewal, 2012). Partial jackknifing is kind of like taking one slice
out of a pumpkin at a time, instead of removing the whole pumpkin from the sample.

Let w;; be a set of calibrated weights constructed so that the chi-square distance
function defined by

1 (wi—1/(n(n—1)))*
22 g5/ (n(n—1))

is optimum subject to the two constraints:

D wy=1 (4.7)

i#jEs

(4.6)

and

%ZZ wij (5 —x7)* =82 (4.8)

i#jes
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where

= 2NN -1} (x (4.9)

i#jeQ
is the known population variance of the auxiliary variable.

Now let w(i,j) be the set of two-dimensional jackknife tuned weight
determined by

wij=n(n— 1w —(n(n—1) = (i, )) (4.10)

_ 1 1
WZWZZW":W (4.11)

Thus, we have

1wy

w(i, ) =11 (4.12)

which satisfies the following two tuning constraints:

DN wg=1 (4.13)

i#jEs

and

2 _n(n— —n(n—1))s%
ZZW(LJ)S?(X(»,XUDZSX (n=1)@=n(n—1))s (4.14)

Hies (n(n—1)=1)°
where
2
) n(n—1)s2—0.5(x; —x;)
Sel¥o X)) == 0Ty (4.15)
and

se={2n(n—1)}""> "> (x; (4.16)

i#jEs
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4.3 Tuning with a chi-square distance

Note that the chi-square distance function defined as

1 (wi—1/(n(n—1)))*
Z;Z 4/ (n(n=1)) @17

is equivalent to the chi-square function of the tuned weights w(i, j) expressed as

1 {1=(n(n—1) = 1)w(i.j) = 1/(n(n— 1))}’
Z;/ezs: qij/ (n(n—1)) (4.18)

We choose the newly tuned weights w(i,j) such that the chi-square distance in
Equation 4.18 is optimal subject to the tuning constraints (4.13) and (4.14), where
the g;; are weights used to form various estimators.

Obviously, the Lagrange function in terms of tuned weights is given by

I (= 1) = (i) = 1/ (n(n — 1))
- 22 g/ (n(n— 1)

S nen -1l S wenton)

i#jE€s i#jEs
S2—n(n—1)2—n(n—1))s? (4.19)
(n(n—1)=1)* '
where 1y and 1, are the Lagrange multiplier constants.
On setting
OL,
—— =0 4.20
ow(i,)) (4.20)
we have
1
w(i,j)= 1+ 520 + 1y (X, X( (4.21)
)= | o= )2{‘7/ 0+ 145 (x> %(j)) }

On using Equation (4.21) in Equations (4.13) and (4.14), a set of normal equations
used to find the optimum values of 4 and 4, is given by
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ZZ qij> ZZ qijs; () ¢

i#jes i#jEs [/10:|
}

DD assi (i x)s DY au{st (e, x 4

i#jes i#jes

0
= (n(n— 2 nn=1){S2=n(n—1)2—n(n—1))s?}
[(( b ”{ (=117

> > 5 (xax() H

i#jE€s
Note that
n(n—1){2—n(n—1)2—-n(n—1))s2}
(n(n—1)—1)2{ 52
(n(n—1)—1)? z;,;
=n(n—1)(S2—s2)
Thus, the set of jackknife tuned weights w(i, j) is given by
. 1 Aij 2 2
)= $2— 422
W(l J) n(n—1)+(n(n—l)—l)2( X s‘X) ( )
where
(ZZ%) 4qijSx X(j)) uzzqu Sx
o i#jes i#jes
j— 2
(ZZ%‘) (ZZ%{Sﬁ (X<i>»X<j))}> - {ZZ%‘S? (xo')’xw)}
i#jes i#jes i#jes

(4.23)

Under the chi-square (cs) type distance function, the adjusted newly tuned jackknife
estimator (4.2) of the finite population variance becomes

ZZ{ (n—=1) = 1)*w(i, /) = (n(n - 1)—2)}S§(Y<t),yw>)

i#jEs
n(n—1) )2 2 2 2
—ZZ 1) +4;(S7—s3) = (n(n—1)=2) |53 (y)» ¥()
i#jes

= si +ﬂT (S% —si)
(4.24)
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where

Pr=> > Ays; (v ¥(p)

i#j€s
ZZ 6];'1'5)2( (X(i), xm) ZZ q,-js§ ()’(i)’ y(/’))
ZZ ‘Jijsjz( (X(i), x(_,->)si ()’(i)’ y(.i)) — Zzﬁ;’i

i#jEs
o i#jes
- 2
{ >4 (5 () }
D2 ansleoa) == e

i#jES
(4.25)

denotes an estimator of the regression coefficient.

If g;; =1 for all 7, j € s then the estimator 6%(“) in Equation (4.24) becomes

Fhiey =52+ Pr (2 —52) (4.26)

where

~ok 2.2
ﬁ* _ﬂ22 _stsy

= 4.27
T g —Kst *27
with
Ak 1 a b
/’labzzn(n_l)zz (X,—)C/) (yl—yl) (428)
i#jes
where @ and b are nonnegative integers, and
Kzz[(n(n_1)_1)2+n(n_1)(z_n(n_1))} (4.29)

Note that Das and Tripathi (1978), Srivastava and Jhajj (1980), and Isaki (1983) have
also studied estimators similar to the newly tuned estimator in Equation (4.26).

4.3.1 Estimation of variance of the estimator of variance
and coverage

An estimator of the variance of the estimator 6%(“) is
2
N 3 a2 .
V("%(cs)) =n(n—1){n(n—1)—1} ZZ {w(i.))} {0%(“)(0), Gn — 5%@)}

i#jes
(4.30)
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Note that each newly tuned doubly jackknifed estimator of the population variance is
given by

. (= 1) |~ {(nln = 1) = 1?(0.5) — {n(n = 1) =213 (30307
OT(es) (), (1)) — n(n—1)—1

4.31)

fori#j=1,2,...,n.

The coverage by the (1 — a)100% confidence interval estimates obtained from this
newly tuned jackknife estimator of population variance is obtained by counting how
many times the true population variance Si falls in the interval estimate given by

[&%(CS) —Fo [ (&%(CS)), ey +Fer ([0 (5%(CS)> } (4.32)

Note that the two critical values are given by F. =F,;,(n—1,n—1) and
Fe,=F(_q/5(n—1,n—1). Also note that: F., = 1/F,,.

We generated a population of N =70,000 pumpkins with finite population vari-
ances Sg =596,582,015 and S =2137.659. We studied coverage of the nominally
90%, 95%, and 99% confidence intervals formed using the newly tuned jackknifed
estimator of the finite population variance S@ assuming the population variance S
of an auxiliary variable is known by selecting 10,000 random samples from the Sta-
tistical Jumbo Pumpkin Model (SJPM). The results obtained for various sample sizes
are shown in Table 4.2.

Table 4.2 Performance of the newly tuned jackknife estimator

Sample size (n) 90% coverage 95% coverage 99% coverage
10 0.7186 0.7483 0.8107
12 0.8061 0.8296 0.8700
14 0.8499 0.8676 0.9009
16 0.8993 09111 0.9335
18 0.9335 0.9424 0.9570
20 0.9525 0.9597 0.9699
22 0.9618 0.9667 0.9752
24 0.9719 0.9746 0.9796
26 0.9833 0.9861 0.9895
28 0.9844 0.9861 0.9894
30 0.9903 0.9914 0.9939
32 0.9941 0.9947 0.9962
34 0.9935 0.9948 0.9957
36 0.9938 0.9948 0.9959
38 0.9954 0.9959 0.9967
40 0.9963 0.9967 0.9977
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Table 4.2 shows that the coverage by the newly tuned jackknife interval estimators
of the population variance is better than that of the interval estimators of the popula-
tion mean in the previous chapters. In particular, we note that coverage of the 90%
interval is approximated by 89.93% for samples of 16 pumpkins, coverage of 95%
intervals is approximated by 94.24% for samples of 18 pumpkins, and coverage of
the 99% intervals is approximated by 98.94% for samples of 28 pumpkins. Thus,
the newly tuned jackknife estimator of the population variance of the weight of the
pumpkins performs well in the case of small to moderate sample sizes. The reason
for the underestimation in the smaller samples lies in the fact that the relation between
the weights and circumferences is not linear.

4.3.2 R code

The following R code, PUMPKIN41.R, was used to study the coverage by the newly
tuned estimator based on a chi-square type distance function.

#PROGRAM PUMPKIN41.R
set.seed(2013)
N<-70000
x<-runif(N, min=30, max=190)
m<-5.5%(exp(0.047*x - 0.0001*x*x))
z<-rnorm(N, 0,2)
y<-m*exp(z)
var(x)->SIGXP; var(y)->SIGYP
nreps<-10000
ESTPP=rep(0,nreps)
cil.max=cil.min=ciZ2.max=ciZ2.min=ci3.max=ci3.min=ESTPP
VESTP=ESTPP
for (n in seq(10,40,2))
{
for (rinl:nreps)
{
us<-sample(N,n)
xs<-x[us]; ys<-ylus]
sx2<-matrix(ncol=n,nrow=n);sy2=sx2
div<-n*(n-1)
for (iinl:n) {
for (jinl:n) {
if (i1=3){
sx2[1,jl<-(div*var(xs)-0.5*((xs[i]-xs[j1)"2))/(div-1)
sy2li,jl<-(div*var(ys)-0.5%((ys[il-ys[jl)"2) )/(div-1)
} b
delta<-div*sum(sx2 "2,na.rm=T)-(sum(sx2,na.rm=T))"2
deltaij<-(div*sx2-sum(sx2,na.rm=T))/delta
wbnij<-(1/div)+(deltaij/(div-1)"2)*(SIGXP-var(xs))
ESTij<- div*((div-1)"2*wbnij-div+2)*sy?2
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ESTP<- sum(ESTij,na.rm=T)

EST_IJ<-(ESTP - ESTij)/(div-1)

ESTPPLr]<-ESTP/(div-1)

vj<-(wbnij 2)*((EST_IJ - ESTPP[r])"2)
VESTPLrl<-div*((div-1)"3)*sum(vj,na.rm=T)

cil.max[r]<- ESTPPLr]+qf(0.95,n-1,n-1)*sqrt(vESTPLrl)
cil.minlr]<- ESTPPLr]-qf(0.05,n-1,n-1)*sqrt(vESTP[rl)
ci2z.max[rl<- ESTPPLr]+qf(0.975,n-1,n-1)*sqrt(vESTPLr])
ciZz.minlr]<- ESTPPLrl-qf(0.025,n-1,n-1)*sqrt(vESTPLr])
cid3.max[rl<- ESTPPLr]+qf(0.995,n-1,n-1)*sqrt(vESTPLr])
ci3.minlrl<- ESTPP[r]-qf(0.005,n-1,n-1)*sqrt(vESTPLr])
}
round(sum(cil.min<SIGYP & cil.max>SIGYP)/nreps,4)->covl
round(sum(ci2.min<SIGYP & ciZ2.max>SIGYP)/nreps,4)->cov2
round(sum(ci3.min<SIGYP & ci3.max>SIGYP)/nreps,4)->cov3
cat(n, covl,cov2,cov3,’\n")

4.3.3 Remark on tuning with a chi-square distance

Let us consider tuning the weights w(i, ) in such a way that the chi-square type dis-
tance function defined as in Equation (4.18) that is

L1 = (n(n = 1) = (i) = 1/ (n(n = 1)}
222 45/ (nn—1)) @39

is minimum subject only to the single tuning constraint (4.14) where g;; are some given
choice of weights.
The Lagrange function can now be taken as

LA = (11— 1) = D(i) — 1/ (n(n = 1)}
L=32_2. g/ (n(n— 1))

+ 50{ZZW(i,j)s§ (X)) — Si—nln—1)@—nln— 1))s§} (4.34)

i£jes (n(n—1)— 1)2

where Jy is the Lagrange multiplier constant.
On setting

OL
(i, j)

—0 (4.35)
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we have

i Boqi53 (X()- X))
D) = = a= D=1 = 1)

Constraint (4.14) yields the value of § as

n(n—1)(82—s?)

5o =
=) =13 a5’ (v

i#jes

Thus, the newly tuned jackknifed weights become

*

1 4

PR SORY)

NS st (v x)

i#jes

(4.36)

(4.37)

(4.38)

(4.39)

So the generalized regression (greg) type estimator of the finite population variance in

Equation 4.2 becomes

=303 [ =)= 1))~ (nln = 1) =2

i#jEs

—ZZ[ n—nli1 1) A;(s}%_si)—(n(n—1)—2)]S§(y(i)’y(j>)

i#jEs
2, pf (2 2
=sp+ Br (SX — sx)

where

SN st (xxj)s

Ak - i#jes
Pr= ZZAU Sy J) = quiisi (x( o

i#jEs
i#jes

denotes another estimator of the regression coefficient.

(4.40)

(4.41)
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Note that if ¢;; = 1/52 (x(,») 5 X( j>), then the estimator (4.40) becomes a ratio type esti-
mator, namely
2 23

O-T(cs*) =9y S—2 (4.42)

Similarly, if

SN s xp)
i#jes
gi—1— (4.43)
/ n(n—1)s2(x), x(j))

then the modified greg type estimator becomes the linear regression type estimator,
namely

Fries) =S+ Br (8% —5?) (4.44)

where ﬁT is the same as in Equation (4.25) for ¢;; = 1. However, it is difficult to find a
choice of the weights g;; that makes the proposed newly tuned estimators equivalent to
product estimator or the traditional greg type estimators.

4.3.4 Numerical illustration

In the following example, we explain the steps involved in the computation of an esti-
mator with the proposed method.

Example 4.1 Consider the following sample of » =7 pumpkins, where x and y are
the circumference (in.) and weight (Ibs) of the pumpkins.

X 122 67.0 106.5 98.0 115.2 132 101.1
y 6400 800 3084 1042 4500 6700 2397

Construct a 99% confidence interval estimate of the variance of the weight of pump-
kins by assuming the population variance of circumference, Sﬁ =440 is known.
Solution. One can easily compute

1 n
2 -2
Sy (n—1) ;1 vi—¥)

and
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The values of various steps involved are given here.

Drop (@,j) 5% (i, )) ) w(i,j) BT e @
1 2 411.4 5481489.6 0.023804 5794457.3
1 3 445 .4 5729832.8 0.023811 5726249.0
1 4 441.3 5513829.1 0.023810 5739530.7
1 5 447.8 5819904.2 0.023811 5719271.3
1 6 447.1 5862831.1 0.023811 5719351.1
1 7 443.0 5668513.9 0.023811 5732391.7
2 1 411.4 5481489.6 0.023804 5794457.3
2 3 429.3 5800310.9 0.023808 5755204.6
2 4 436.6 5863214.4 0.023809 5739684.7
2 5 420.0 5696977.4 0.023806 5774956.9
2 6 396.8 5439416.4 0.023802 5821423.7
2 7 434.1 5832826.1 0.023809 5745159.1
3 1 445.4 5729832.8 0.023811 5726249.0
3 2 429.3 5800310.9 0.023808 5755204.6
3 4 447 .4 5813077.9 0.023811 5720069.9
3 5 447 .4 5839476.7 0.023811 5719421.6
3 6 440.4 5704471.9 0.023810 5736357.8
3 7 448.0 5858172.9 0.023812 5717806.8
4 1 441.3 5513829.1 0.023810 5739530.7
4 2 436.6 5863214.4 0.023809 5739684.7
4 3 447 .4 5813077.9 0.023811 5720069.9
4 5 4447 5718102.2 0.023811 5727846.1
4 6 434.2 5473526.6 0.023809 5753356.0
4 7 448.2 5841538.1 0.023812 5717809.0
5 1 447.8 5819904.2 0.023811 5719271.3
5 2 420.0 5696977.4 0.023806 5774956.9
5 3 447 .4 5839476.7 0.023811 5719421.6
5 4 4447 5718102.2 0.023811 5727846.1
5 6 4449 5804904.2 0.023811 5725208.1
5 7 4459 5809994 .4 0.023811 5723118.4
6 1 447.1 5862831.1 0.023811 5719351.1
6 2 396.8 5439416.4 0.023802 5821423.7
6 3 440.4 5704471.9 0.023810 5736357.8
6 4 434.2 5473526.6 0.023809 5753356.0
6 5 4449 5804904.2 0.023811 5725208.1
6 7 436.7 5638126.1 0.023809 5744956.2
7 1 443.0 5668513.9 0.023811 5732391.7
7 2 434.1 5832826.1 0.023809 5745159.1
7 3 448.0 5858172.9 0.023812 5717806.8
7 4 448.2 5841538.1 0.023812 5717809.0
7 5 4459 5809994 .4 0.023811 5723118.4
7 6 436.7 5638126.1 0.023809 5744956.2
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where
. n(n—=1) [ = { (a1 = 1) = 120(0.) — {n(n = 1) =2} }2 (3,309 )|
OT(es)((i), (1) — nn—1)—1

From the preceding table, we obtain
7(cs) = 5,880,665

and
SE(3eq) =/ 7(F ey ) =37.416,072

Hence the 99% confidence interval estimate for the true variance of the weights of the
pumpkins is given by 234,678,113-458,859,689. An F-value of 11.073 was used.

4.3.5 R code used for illustration

We used the following R code, PUMPKIN41EX.R, to solve the preceding
illustration.

# PROGRAM PUMPKIN41EX.R
n<-7; SIGXP<-440
xs<-c(122,67,106.5,98,115.2,132,101.1)
ys<-c(6400,800,3084,1042,4500,6700,2397)
sx2<-matrix(ncol=n,nrow=n)
Sy2=sx2
div<-n*(n-1)
for (iinl:n) {

for (Jinl:n) {

if (il=3){
sx2[i,jl<-(div*var(xs) - 0.5*%((xs[i]-xs[j1)"2))/(div-1)
sy2[i,jl<-(div*var(ys) - 0.5*((ys[il-ys[j1)"2))/(div-1)

b

delTta<-div*sum(sx2°2,na.rm=T)-(sum(sx2,na.rm=T)) "2
deltaij<-(div*sx2-sum(sx2,na.rm=T))/delta
wbnij<-(1/div)+(deltaij/(div-1)"2)*(SIGXP-var(xs))
ESTij<-div*((div-1)"2*wbnij-div+2)*sy?
ESTP<- sum(ESTij,na.rm=T)
EST_IJ<-(ESTP - ESTij)/(div-1)
ESTPP<-ESTP/(div-1)
vi<-(wbnij 2)*((EST_IJ - ESTPP)"2)
VESTP<-div*((div-1)"3)*sum(vj,na.rm=T)
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L<-ESTP-qf(.025,n-1,n-1)*sqrt(vESTP)
U<-ESTP+qf(.975,n-1,n-1)*sqrt(vESTP)
cat("Tuned estimate:", ESTPP, "SE: ",vESTP".5 ,'\n")
cat("Confidence Interval:"," ", L,"; ", U,’\n")
for (iinl:n) {
for (jinl:n) {
if (il=j) {
cat(cbind(i,j,round(sx2[i,j]1,1), round(sy2[i,j].,1),
round(wbnijli,jJ1,6), round(EST_TIJ[i,j]1,1),\n"))
oo

4.3.6 F-distribution

Note that for a given a level of significance, we have F-distribution as shown in
Figure 4.1, where ¢, and ¢, denote critical values.

Figure 4.1 F-distribution.
al2

4.4 Tuning of estimator of finite population variance with
a dual-to-empirical log-likelihood (dell) function

Next, we consider the following newly tuned dell jackknifed estimator of the finite
population variance Say as

ey = Y9 [ (1= 1) =154 (i,) = (n(n = 1) =2) |2 (v 35)  (445)

i#jes
where

1_Wij 1

n(n—l)—1<n(n—1)—1

0 <w*(i,j)= (4.46)

are the positive tuned weights constructed so that the following two constraints are
satisfied:

DN i) =1 (4.47)

i#jes
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and

SN Wi )i =0 (4.48)

i#jEs
where

S2—n(n—1)2—n(n—1))s
(n(n—1)— 1)’

Wi =53 (X)) — (4.49)

is a pivot.
Note that the weights w,f» are similar to the weights w;; in Section 4.2. Also note that
for 0 <wj < 1, we have

> owp=1 (4.50)
and

D> widy=0 4.51)

@ = (x—x))° =2 (4.52)

is a pivot.
Here we suggest tuning the jackknife weights w*(i,) in such a way that the
dual-to-log-likelihood distance function, defined as

ﬁzz log (w*(i, ) (4.53)

i#jes

is optimum subject to the tuning constraints (4.47) and (4.48).
Obviously the Lagrange function is given by

L =ﬁzz log (W*(i.)) — 4 {Zzw*(m) -1 } -7 {ZZw*(m)%,}
nn ijes ijes ijes
(4.54)
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where Ay and A} are the Lagrange multipliers.

On setting
oL,
———=0 4.55
05 i) )
we have
i w1/ (n(n—1))
w*(i,j) =——5— (4.56)
1+ A7y

Constraints (4.47) and (4.48) yield /15‘ =1, and A} is a solution to the nonlinear
equation:

D T z* =0 4.57)

i#jEes

Note that to have w,(i,j) >0, we used A{ >1/|max (¥;)| if max(¥;) >0 and
A} <1/|min(¥;)| if max(¥;)<0. Thus, using the dell distance function,
the newly tuned jackknife estimator (4.45) of the finite population variance
becomes

UT dell) ZZ { n(n—1)=1w*(i,j) — (n(n—1) _2)}5_% (y(i)’y(j))

i#jes

vy { n—1) 1”)* [(n(n—1)) (n(n—1) —2)]s§(y(1>,ym)

i#jes

(4.58)

4.4.1 Estimation of variance and coverage

An estimator of the variance of the dell-based estimator of the finite population var-
iance 6%@6") is

2
(UTdeu)—”(”_l )(n(n—1)—1) ZZ{W i.j)} {"T (dell)((i), (§)) 6%“(dell)}

i#jes
(4.59)

Note that each newly tuned jackknifed dell estimator of the population variance is
given by
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. nln= 1) [ gy — { = 1) = 1254~ {na- 1) =23} (393
OT(dell) (1), (1)) ~ n(n—1)—1

(4.60)

fori#j=1,2,...,n.

The coverage by the (1 — a)100% confidence interval estimates, obtained from this
newly tuned jackknife dell estimator of finite population variance is estimated by cou-
nting the number of times the true finite population variance Sy2 falls within the inter-
val estimates given by

|:6"2f(dell) —Fe,y [V (&%(dell)) » 6%aen) * Fey \/V (&?l“(dell)) ] (4.61)

Note that the two critical values are given by F. =F,»(n—1,n—1) and
Fe,=F(1_q/2)(n—1,n—1). Also note that: F, =1/F,
In the simulation study, we approximated the value of Af by

DD ¥

. —1)(s2-52)
2 i#jes _ I’l(l’l X X (4.62)
YN -1 -1 w2
i#jes i#jes
by assuming that
|/11|< ‘Plj’ <1 (4.63)

However, a better solution to the nonlinear equation may be used, if available. Note

that we have not expanded the denominator ZZ ‘I’i because it becomes a lengthy
i#jes
expression. The condition (4.63) will hold because in Equation (4.62) the numerator
converges to zero as the sample size increases.
In the simulation study, we generated a population of N =70,000 pumpkins with
finite population variances S} =269309177.2 and S; = 1876.67. We studied cover-

age of nominal 90%, 95%, and 99% intervals based on the newly tuned jackknifed
estimator of population variance by selecting 10,000 random samples from the
SJPM. The results obtained for various sample sizes are shown in Table 4.3.
Table 4.3 shows that the coverage by the newly tuned dell estimator of the popu-
lation variance provides low coverage for moderate sample sizes as compared to the
estimator based on chi-square type distance function. In particular, the nominal 90%
coverage is shown as 90.95% for a sample of 50 pumpkins, the nominal 95% coverage
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Table 4.3 Performance of the newly tuned jackknifed
dual-to-empirical log-likelihood (dell) estimator

Sample size (n) 90% coverage 95% coverage 99% coverage
10 0.3798 0.4143 0.4861
15 0.4349 0.5163 0.5823
20 0.5759 0.6074 0.6620
25 0.6643 0.6913 0.7362
30 0.7398 0.7622 0.8009
35 0.7895 0.8083 0.8450
40 0.8349 0.8504 0.8805
45 0.8747 0.8889 0.9110
50 0.9095 0.9202 0.9380
55 0.9282 0.9368 0.9519
60 0.9463 0.9534 0.9649
65 0.9586 0.9657 0.9747
70 0.9678 0.9709 0.9791
75 0.9758 0.9795 0.9846
80 0.9862 0.9879 0.9914
85 0.9864 0.9882 0.9917
90 0.9920 0.9938 0.9953
95 0.9951 0.9958 0.9968

100 0.9972 0.9978 0.9988

shown as 95.34% for a sample of 60 pumpkins, and the nominal 99% coverage is
shown as 99.14% for a sample of 80 pumpkins. Thus, the newly tuned dell estimator
of the population variance of the weight of the pumpkins provides nominal coverage
for 90%, 95%, and 99% for large sample sizes as compared to the estimator based on
the chi-square distance function so long as estimation of variance of weight of pump-
kins is concerned.

4.4.2 R code

We used the following R code, PUMPKIN42.R, to study the coverage of the newly
tuned estimator of the finite population variance based on the dell distance function.

# PROGRAM PUMPKIN42.R
set.seed(2013)

N<-70000

x<-runif(N, min=30, max=190)
m<-5.5%(exp(0.047*x - 0.0001*x*x))
z<-rnorm(N, 0, 2)

y<-m*exp(z)
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var(x)->SIGXP; var(y)->SIGYP
nreps<-10000
ESTPP=rep(0,nreps)

cil.max=cil.min=ci2.max=ci2.min=ci3.max=ci3.min=ESTPP

VESTP=ESTPP
for (ninseq(10,50,2) )
{
for (rinl:nreps)
{
us<-sample(N,n)
xs<-x[us]; ys<-yl[us]
sx2<-matrix(ncol=n,nrow=n)

EST_IJ=ESTij=wbnij=sy2=sx2

div<-n*(n-1)
for (iinl:n) {
for (jinl:n) {
if (il=j) |

sx2[1,j]<-(div*var(xs)-0.5*((xs[i]-xs[j1)"2) )/(div-1)
sy2[i,jl<-(div*var(ys)-0.5*((ys[il-ys[j1)"2))/(div-1)

}

}

shij<-sx2 - (SIGXP - div*(2-div)*var(xs))/(div-1)
1l<-sum(shij,na.rm=T)/sum(shij"2,na.rm=T)
wbnij<-(1/div)*(1/(11*shij))
ESTij<-div*((div-1)"2*wbnij-div+2)*sy?2

ESTP<- sum(ESTij,na.rm=T)

EST_IJ<-(ESTP - ESTij)/(div-1)

ESTPPLr]<-ESTP/(div-1)

vj<-(wbnij 2)*((EST_IJ - ESTPP[r]1)"2)
VESTP[rl<-div*((div-1)"3)*sum(vj,na.rm=T)

cil.max[rl<- ESTPPLr]+qf (0.
cil.minlrl<- ESTPPLr]-qf(0.
ci2.max[rl<- ESTPP[r]+qf (0.
ci2z.min[rl<- ESTPP[r]-qf(0.
ci3.max[rl<- ESTPP[r]+qf (0.
ci3.min[rl<- ESTPP[r]-qf(0.

}

round(sum(cil.min<SIGYP & cil.

round(sum(ci2.min<SIGYP & ci2.

round(sum(ci3.min<SIGYP & ci3.

cat(n, covl,cov2,cov3,’\n")

}

95,n-1,n-1)*sqrt(vESTPLr])
05,n-1,n-1)*sqrt(vESTPLr])
975,n-1,n-1)*sqrt(vESTP[rl)
025,n-1,n-1)*sqrt(vESTP[r])
995,n-1,n-1)*sqrt(vESTP[rl)
005,n-1,n-1)*sqrt(vESTP[rl)

max>SIGYP)/nreps,4)->covl
max>SIGYP)/nreps,4)->cov?
max>SIGYP)/nreps,4)->cov3
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4.4.3 Numerical illustration

The following example explains the steps involved in the computation of the use of
dell estimator of variance.

Example 4.2 Consider the following sample of n=7 pumpkins where x is the
circumference (in.) and y is the weight (Ibs).

X 122 67.0 106.5 98.0 115.2 132 101.1
y 6400 800 3084 1042 4500 6700 2397

Construct a 99% confidence interval estimate of the variance of the weight of the
pumpkins by assuming that the population variance of circumference S§:440
is known.

Solution. One can easily compute

1 n
s =——=> (vi—y)’ =5724311.29
(n—1) P
and
1 n 2
2 —
s = xX; —Xx)" =437.65
i=1
The values of various steps involved are given here.

DI‘Op (i,j) Si(l,_]) Si:(l,.]) W(iaj) 6%‘((1311)((1')’ )
1 2 411.4 5481489.6 0.023774 6195778.5
1 3 445.4 5729832.8 0.02382 5749687.3
1 4 441.3 5513829.1 0.023815 5811789.9
1 5 447.8 5819904.2 0.023823 5713571.5
1 6 447.1 5862831.1 0.023822 5720518.7
1 7 443.0 5668513.9 0.023817 5784144.2
2 1 411.4 5481489.6 0.023774 6195778.5
2 3 429.3 5800310.9 0.023798 5965359.7
2 4 436.6 5863214.4 0.023808 5864755.7
2 5 420.0 5696977.4 0.023786 6089827.4
2 6 396.8 5439416.4 0.023754 6379944.3
2 7 434.1 5832826.1 0.023805 5899035
3 1 445.4 5729832.8 0.02382 5749687.3
3 2 429.3 5800310.9 0.023798 5965359.7
3 4 447.4 5813077.9 0.023823 5718223.2
3 5 447.4 5839476.7 0.023823 5717547.3
3 6 440.4 5704471.9 0.023813 5817607.5
3 7 448.0 5858172.9 0.023824 5708869.4
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4 1 441.3 5513829.1 0.023815 5811789.9
4 2 436.6 5863214.4 0.023808 5864755.7
4 3 447.4 5813077.9 0.023823 5718223.2
4 5 4447 5718102.2 0.023819 5759273.1
4 6 434.2 5473526.6 0.023805 5903792.6
4 7 448.2 5841538.1 0.023824 5706412

5 1 447.8 5819904.2 0.023823 5713571.5
5 2 420.0 5696977.4 0.023786 6089827.4
5 3 447.4 5839476.7 0.023823 5717547.3
5 4 4447 5718102.2 0.023819 5759273.1
5 6 444.9 5804904.2 0.023819 5753460.1
5 7 445.9 5809994 .4 0.023821 5739392.7
6 1 4471 5862831.1 0.023822 5720518.7
6 2 396.8 5439416.4 0.023754 6379944.3
6 3 440.4 5704471.9 0.023813 5817607.5
6 4 434.2 5473526.6 0.023805 5903792.6
6 5 444.9 5804904.2 0.023819 5753460.1
6 7 436.7 5638126.1 0.023808 5868703.3
7 1 443.0 5668513.9 0.023817 5784144.2
7 2 434.1 5832826.1 0.023805 5899035

7 3 448.0 5858172.9 0.023824 5708869.4
7 4 448.2 5841538.1 0.023824 5706412

7 5 445.9 5809994 .4 0.023821 5739392.7
7 6 436.7 5638126.1 0.023808 5868703.3

where

, = 1) [ gy — {0l = 1) = D20 )~ {nln = 1) = 21153 (309307
Pr(el) (), () = A1) —1

The value of A} is approximated as

22
P ZS~8.06%107 (4.64)

220

i#jes

although a better approximation may be used if available. In this particular example,
note that due to a very small value of A} there is essentially not much impact on the
values of the weights w*(i, j).

We present this example to make the reader aware that such a result is possible.
From the preceding table, we obviously have

67 ey = 5,993,546
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and
SE (e ) = 1/7(F ey ) =359,042,919

The 99% confidence interval estimate for the true variance of the weights of the pump-
kins is given by 235,590,131-589,350,803. Note that the estimator may perform better
with an increase in the sample size. Therefore, in the case of small samples, the use of
chi-square distance is suggested.

4.4.4 R code used for illustration
We used the following R code, PUMPKIN42EX.R, to solve the preceding illustration.

#PROGRAM PUMPKIN42EX.R
n<-7; SIGXP<-440
xs<-c(122,67,106.5,98,115.2,132,101.1)
ys<-c(6400,800,3084,1042,4500,6700,2397)
sx2<-matrix(ncol=n,nrow=n)
Sy2=sx2
div<-n*(n-1)
for (iinl:n) {
for (jinl:n) {
if (il=3) |
sx2[1,j1<-(div*var(xs)-0.5*((xs[il-xs[j1)"2) )/(div-1)
sy2[i,jl<-(div*var(ys -0.5*((ys[i]-ys[j1)"2) )/ (div-1)
b
shij<-sx2 - (SIGXP - div*(2-div)*var(xs))/(div-1)
11<-sum(shij,na.rm=T)/sum(shij"2,na.rm=T)
wbnij<-(1/div)*(1/(11*shij))
ESTij<- div*((div-1)"2*wbnij-div+2)*sy?2
ESTP<- sum(ESTij,na.rm=T)
EST_IJ<-(ESTP - ESTij)/(div-1)
ESTPP<-ESTP/(div-1)
vi<-(wbnij 2)*((EST_IJ - ESTPP)"2)
VESTP<-div*((div-1)"3)*sum(vj,na.rm=T)
L<-ESTP-qf(.025,n-1,n-1)*sqrt(vESTP)
U<-ESTP+qf(.975,n-1,n-1)*sqrt(vESTP)
cat("Tuned estimate:", ESTPP, "SE: ",vESTP".5 ,’\n")
cat("Confidence Interval:"," ", L,"; ", U,’\n")
for (iinl:n) {
for (jinl:n) {
if (il=3)1{
cat(cbind(i,j,round(sx2[i,3],1),round(sy2[i,j1,1),
round(wbnijli,jJ1,6),round(EST_IJ[i,j]1,1),\n"))
}
bl
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4.5 Alternative tuning with a chi-square distance

Let us define

N—1 N—-1 n—1 n—1
2_ 2 2 2 22 2 22 _ 2
Oy =N Oy Ty St oy = Pt and o= p_—

Now we consider an alternative tuned estimator of the finite population variance oﬁ,:

Py =D [(1= 1w ()) = (1=2)] 820)) (4.65)

jes
where

ne? = (y=5,)°
20 1Oy n .
6,(J) BV for jes (4.66)

and w,(j) for j€s is a set of tuned jackknifed weights such that the following two
tuning constraints are satisfied:

> (i) =1 (4.67)

jes
and

B q% —n(2— n)&2

> w()E() o1 (4.68)

=

where 62( /) = [nfrf — (% —X,,)z} /(n—1) for j € s and any not explicitly defined sym-
bol has its usual meaning. The suffix v in w,(j) indicates that these weights are for
variance estimation. Note that here 6_%( J) and 83( Jj) are not exactly the same as the

jackknife estimators of variance that were defined in the previous section. We con-
sider optimizing the chi-square distance:

12(1—(:1—1)@,(1)—”")2 (4.69)

=1
2 Jjes an

where g; is a given set of weights, subject to both tuning constraints (4.67) and (4.68).
The resultant tuned weights are given by

Wy (j) ==+ —2— (02— &) (4.70)
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where
463(J) <Z%’> —q (Z%’%(]))
4= = = ; @.71)
<Z%‘> (Z%f’i(j)) - (Zq;ﬁ(j))

Then the alternative newly tuned estimator of the finite population variance d§
becomes

62, = n—1%w,(j)— (n—2)|6%(j
(@) j;h V() - (n=2)]2()) .

=6, +p, (07 —67)

where
<Z%> <Z%5f(j)5§(j)> - (Z%’%(i)) <ZC];‘%(])>
/}‘, _ JES JESs JES 1629 (473)
<ZCI;‘> (Z%‘&i(i)) - (Z%‘%(J’))

4.5.1 Estimation of variance and coverage

An estimator of variance of the estimator of finite population variance Ef%(m is

2
‘3(5'%@1)) =n(n— 1)3262 {wv(j)}z{&%(al(j)) - 5%@1) } 4.74)
Jjes

Note that each alternative newly tuned doubly jackknifed estimator of population var-
iance is given by

~2 _ 1 y
OTa () = 1 (4.73)

for j=1,2,...,n.

The coverage by the (1 —a)100% confidence interval estimates obtained by the
newly tuned jackknifed estimator of the finite population variance is obtained by cou-
nting the number of times the true finite population variance S% falls within the interval
estimate given by
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{&%WFCZ ﬁ(&%<al>), 2y +Fe, 9(&%@1))} (4.76)

where Fo, =Fgpp(n—1,n—1), Fo, =F(_g2(n—1,n—1),and F., = 1 /F,,.
We generated a population of 70,000 pumpkins with true variance of weight
55 = 808,648,830 and variance of circumference qf =1882.56. Note that these

parameters would change slightly if we were to run the program again because these
values depend on the automatically generated seed values that are set up with the time
clock of the computer. We studied the coverage of nominal 90%, 95%, and 99% con-
fidence intervals using the newly tuned jackknife estimator of population variance by
selecting 10,000 random samples from the SJPM. The results obtained for various
sample sizes are shown in Table 4.4.

As examples, we note that the attained coverage of the 90% interval for 120 pump-
kins was 92.13%, that of the 95% interval for 160 pumpkins was 95.19%, and that of
the 99% interval for 380 pumpkins was 99.03%.

Table 4.4 Alternatively tuned jackknife estimator of variance

Sample size (n) 90% coverage 95% coverage 99% coverage
100 0.8854 0.8907 0.9032
120 0.9213 0.9265 0.9333
140 0.9385 0.9423 0.9480
160 0.9490 0.9519 0.9567
180 0.9612 0.9626 0.9652
200 0.9685 0.9702 0.9719
220 0.9723 0.9732 0.9756
240 0.9763 0.9774 0.9791
260 0.9801 0.9809 0.9830
280 0.9826 0.9835 0.9849
300 0.9859 0.9865 0.9869
320 0.9867 0.9868 0.9875
340 0.9876 0.9881 0.9888
360 0.9881 0.9887 0.9893
380 0.9890 0.9895 0.9903
400 0.9896 0.9897 0.9902
420 0.9915 0.9915 0.9924
440 0.9921 0.9925 0.9928
460 0.9918 0.9918 0.9921
480 0.9935 0.9938 0.9944
500 0.9922 0.9923 0.9927
520 0.9935 0.9934 0.9937
540 0.9935 0.9936 0.9936
560 0.9954 0.9956 0.9959
580 0.9934 0.9937 0.9937

Continued
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Table 4.4 Continued

Sample size (n) 90% coverage 95% coverage 99% coverage
600 0.9949 0.9950 0.9953
620 0.9953 0.9955 0.9957
640 0.9956 0.9957 0.9960
660 0.9959 0.9959 0.9961
680 0.9954 0.9956 0.9956
700 0.9962 0.9963 0.9969

4.5.2 R code

The following R code, PUMPKIN43.R, was used to study the coverage of the con-
fidence intervals constructed using the alternative newly tuned estimator of variance
based on the chi-square distance function.

# PROGRAM PUMPKIN43.R
set.seed(2013)
N<-70000
x<-runif(N, min=30, max=190)
m<-5.5%(exp(0.047*x - 0.0001*x*x))
z<-rnorm(N, 0, 2)
y<-m*exp(z)
var(x)->SIGXP; var(y)->SIGYP
nreps<-10000
ESTPP=rep(0,nreps)
cil.max=cil.min=ci2.max=ci2.min=ci3.max=ci3.min=ESTPP
vESTP=ESTPP
for (ninseq(100,700,20) )
{
for (rinl:nreps)
{
us<-sample(N,n)
xs<-x[us]; ys<-ylus]
sigxs<-var(xs)*(n-1)/n;sigys<-var(ys)*(n-1)/n
sigx2<-rep(0,n)
deltai=ESTi=wbni=sigy2=sigx2
sigx2<-(n*sigxs - (xs-mean(xs))"2)/(n-1)
sigy2<-(n*sigys - (ys-mean(ys))"2)/(n-1)
delta<-n*sum(sigx2°2)-(sum(sigx2)) "2
deltai<-(n*sigx2-sum(sigx2))/delta
wbni<-(1/n)+deltai/((n-1)"2)*(SIGXP-sigxs)
ESTi<- n*((n-1)"2*wbni-n+2)*sigy2
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ESTP<- sum(EST1)
EST_I<-(ESTP - ESTi)/(n-1)
ESTPLr]<-ESTP/n

vj<-
VESTPLrl<-n*((n-1)3)*sum(
cil.max[rl<- ESTP[rl+qf(0

cil.minlr]<- ESTPLrl-qf

(wbni~2)*((EST_I - ESTP[rl)"2)

ci2
ci2

.max[r]<- ESTPLrl+qf

ci3.max[rl<- ESTP[rl+qf

}

round(sum(cil.min<SIGYP & cil
round(sum(ci2.min<SIGYP & ci2

(0
(0.
.min[r]<- ESTPLrl-qf(0.
(0.
(0.

ci3.minlr]<- ESTPLrl-qf

round(sum(ci3.min<SIGYP & ci3.

vi)
.95,n-1,n-1)*sqrt(vESTP[r])
.05,n-1,n-1)*sqrt(vESTP[rl)
975,n-1,n-1)*sqrt(vESTP[rl)
025,n-1,n-1)*sqrt(vESTP[rl)
995,n-1,n-1)*sqrt(vESTPLrl)
005,n-1,n-1)*sqrt(vESTP[rl)

.max>SIGYP)/nreps,4)->covl
.max>SIGYP)/nreps,4)->cov2

max>SIGYP)/nreps,4)->cov3

cat(n,
}

4.5.3 Numerical illustration

covl,cov2,cov3,’\n")

The following example is used to explain the computational work involved in the esti-
mation of variance by this method.

Example 4.3 Consider the following sample of n =7 pumpkins where x is the cir-
cumference (in.) and y is the weight (Ibs) of the pumpkins.

x 122
y 6400

67.0
800

106.5
3084

98.0
1042

115.2
4500

132
6700

101.1
2397

Construct a 99% confidence interval estimate of the variance of the pumpkin

weights by assuming the population variance of circumference S$2=440
is known.
Solution. One can easily compute
63()) 5’5(]') wy(j) &%(al(ﬁ)
394.8299 4,380,450 0.1435449 5,191,414
184.5203 4,454,317 0.1362038 6,550,355
437.6025 5,686,481 0.1450379 4,579,435
427.0584 4,667,231 0.1446698 4,914,812
423.4546 5,577,179 0.1445441 4,723,343
324.7346 4,081,493 0.1410981 5,669,306
433.6939 5,498,717 0.1449015 4,659,435
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where
52 20 )52

, naT(a)—n((n—l) wy(j)—(n— ))a}(])

T () = p—
Thus,

1
~2 _ 2 .
OT(ay) _ZZGT<al(j>> =5,184,014
JES

and

SE(&%(al)) = v<%(al)) —9,424,228

Thus, the required 99% (F-value = 11.07) confidence interval estimate of the popula-
tion variance is 4,332,917-109,538,854.

4.5.4 R code used for illustration
We used the following R code, PUMPKIN43EX.R, to solve the preceding illustration.

#PROGRAM PUMPKIN43EX.R

n<-7; SIGXP<-440
xs<-c(122,67,106.5,98,115.2,132,101.1)
ys<-c(6400,800,3084,1042,4500,6700,2397)
sigxs<-var(xs)*(n-1)/n;sigys<-var(ys)*(n-1)/n
sigx2<-rep(0,n)

Sigy2=sigx2

sigx2<-(n*sigxs - (xs-mean(xs))"2)/(n-1)
sigy2<-(n*sigys - (ys-mean(ys))"2)/(n-1)
delta<-n*sum(sigx2°2)-(sum(sigx2)) "2
deltai<-(n*sigx2-sum(sigx2))/delta
wbni<-(1/n)+deltai/((n-1)"2)*(SIGXP-sigxs)
ESTi<- n*((n-1)"2*wbni-n+2)*sigy?

ESTP<- sum(EST1)

EST_I<-(ESTP - ESTi)/(n-1)

ESTP<-ESTP/n

vj<-(wbni”2)*((EST_I - ESTP)"2)
VESTP<-n*((n-1)"3)*sum(vyj)
L<-ESTP-qf(.005,n-1,n-1)*sqrt(vESTP)
U<-ESTP+qf(.995,n-1,n-1)*sqrt(vESTP)
cbind(sigx2,sigy2,wbni,EST_I)

cat("Tuned estimate:", ESTP, "SE: ",vESTP".5 ,\n’)
cat("Confidence Interval:"," ", L,"; ", U,’\n")
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4.6 Alternative tuning with a dell function

We again consider an alternative tuned estimator of the finite population variance dzy
defined by

Py = [ (1= W7 () = (1=2)] 820)) (4.77)

jes

We consider optimizing the dell function defined by

1 v %, _l—w;‘ 1
nz In(w} (j)), where 0 <w) ()= 1 <(n71) (4.78)

jes

for certain weights 0<w;< < 1 with unit total subject to the tuning constraints

given by
> owii)=1 4.79)
JES
and
> W) =0 (4.80)
JES
where
2—n(2—n)é;
pr =2 (j) - % n(2—no, (4.81)

(n—17

The resulting tuned empirical log-likelihood weights are given by

k. 1/n
_ 4.82
Wv (J) 1+/{]ij>‘|< ( )

The alternative newly tuned dell estimator of the finite population variance is

Bt = 2 (1= P07 () = (1=2)] 83()
| (- 1) (4.83)

:j; n{l+ﬂl'{’;k}_(n_2) 65(])
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where the value of 4, is obtained by solving the nonlinear equation

*
ZL*zo (4.84)
L+ ¥

JES

In the simulation study, we approximated the value of 1, as

3
2_¥]
I (4.85)

> ¥

i€s
By assuming that ‘/11‘}’;" <1, a binomial expansion of (1+/11‘F_;k)7 in Equa-
tion (4.84) leads to the approximation in Equation (4.85). It is easy to see that

Z ‘I’f approaches zero as the sample size increases. Note that a better approximation
JES
to 1; may also be used if available.

4.6.1 Estimation of variance and coverage

An estimator of variance of the estimator of the finite population variance 6'%@2) is

‘3(%(02)) =n(n— 1)3; {Wf(f)}z{&%(az(j)) — 6% () }2 (4.86)
JjEs

Note that each alternative newly tuned doubly jackknifed estimator of population var-
iance is given by

L 18y —n((= D)~ (1-2)) ()
OT(a(j) = =1 (4.87)

forj=1,2,...,n.

The coverage by the (1 —a)100% confidence interval estimates obtained by the
alternatively tuned jackknife empirical log-likelihood estimator of the finite popula-
tion variance is obtained by counting the number of times the true finite population
variance S_zy falls in the interval estimate given by

{5%(‘,2) ~Fer\[()s Ty +Ferr /() } (4.88)

where Fo, =Fqpn(n—1,n—1), Fe,=F(_q/(n—1,n—1),and F., =1/F,,.
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We studied coverage by the nominal 90%, 95%, and 99% confidence intervals
based on the alternatively tuned jackknife estimator of the population variance by
selecting 10,000 random samples from the SJPM. The results obtained for various
sample sizes are shown in Table 4.5.

Table 4.5 shows that the coverage by the newly tuned jackknifed empirical log-
likelihood estimator of finite population variance is quite good for large sample
sizes. Coverage by the nominal 90%, 95%, and 99% intervals are, respectively,
92.13% for 120 pumpkins, 95.19% for 160 pumpkins, and 99.03% for 380 pump-
kins. Large samples may be necessary to achieve the required level of confidence.
The advantage here is that the weights are always positive, although in this simula-
tion, alternative methods estimate nominal coverages equally effectively for equal
sample size.

Table 4.5 Performance of the alternatively tuned dell jackknife
estimator of variance

Sample size (n) 90% coverage 95% coverage 99% coverage
100 0.8854 0.8906 0.9031
120 0.9213 0.9265 0.9333
140 0.9385 0.9423 0.9480
160 0.9490 0.9519 0.9566
180 0.9612 0.9626 0.9652
200 0.9685 0.9702 0.9719
220 0.9723 0.9732 0.9756
240 0.9763 0.9774 0.9791
260 0.9801 0.9809 0.9830
280 0.9826 0.9835 0.9849
300 0.9859 0.9865 0.9869
320 0.9867 0.9868 0.9875
340 0.9876 0.9881 0.9888
360 0.9881 0.9887 0.9893
380 0.9890 0.9895 0.9903
400 0.9896 0.9897 0.9902
420 0.9915 0.9915 0.9924
440 0.9921 0.9925 0.9928
460 0.9918 0.9918 0.9921
480 0.9935 0.9938 0.9944
500 0.9922 0.9923 0.9927
520 0.9935 0.9934 0.9937
540 0.9935 0.9936 0.9936
560 0.9954 0.9956 0.9959
580 0.9934 0.9937 0.9937




116 A New Concept for Tuning Design Weights in Survey Sampling

4.6.2 R code

The following R code, PUMPKIN44.R, was used to study the coverage of intervals
with the alternative tuned estimator of variance.

# PROGRAM PUMPKIN44.R
set.seed(2013)
N<-70000
x<-runif(N, min=30, max=190)
m<-5.5%(exp(0.047*x - 0.0001*x*x))
z<-rnorm(N, 0, 2)
y<-m*exp(z)
var(x)->SIGXP; var(y)->SIGYP
nreps<-10000
ESTPP=rep(0,nreps)
cil.max=cil.min=ciZ2.max=ciZ2.min=ci3.max=ci3.min=vESTPP
VESTP=ESTPP
for (ninseq(100,600,20) )
{
for (rinl:nreps)
{
us<-sample(N,n)
xs<-x[usl; ys<-y[us]
sigxs<-var(xs)*(n-1)/n;sigys<-var(ys)*(n-1)/n
sigx2<-rep(0,n)
shi=ESTi=wbni=sigy2=sigx2
sigx2<-(n*sigxs - (xs-mean(xs))"2)/(n-1)
sigy2<-(n*sigys - (ys-mean(ys))"2)/(n-1)
shi<- sigx2 - (SIGXP-n*(2-n)*sigxs)/((n-1)"2)
wbni<-1/(n*(1+ sum(shi)/sum(shi"2)*shi))
ESTi<-n*((n-1)"2*wbni-n+2)*sigy?
ESTP<- sum(EST1)
EST_T<-(ESTP - ESTi)/(n-1)
ESTPLr]<-ESTP/n
vj<-(wbni"2)*((EST_I - ESTP[r1)"2)
VESTP[rl<-n*((n-1)"3)*sum(vj)
cil.max[rl<- ESTPLr]+qf(0.95,n-1,n-1)*sqrt(vESTPLr])
cil.minlr]<- ESTPLrl-qf(0.05,n-1,n-1)*sqrt(vESTPLr])
ci2.maxlrl<- ESTPLr]+qf(0.975,n-1,n-1)*sqrt(vESTP[rl)
ci2.minlr]<- ESTPLrl-qf(0.025,n-1,n-1)*sqrt(vESTP[rl)
ci3.max[rl<- ESTP[r]1+qf(0.995,n-1,n-1)*sqrt(vESTP[r])
ci3.minlrl<- ESTP[r]-qf(0.005,n-1,n-1)*sqrt(vESTP[r])
}
round(sum(cil.min<SIGYP & cil.max>SIGYP)/nreps,4)->covl
round(sum(ci2.min<SIGYP & ciZ2.max>SIGYP)/nreps,4)->cov2
round(sum(ci3.min<SIGYP & ci3.max>SIGYP)/nreps,4)->cov3
cat(n, covl,cov2,cov3,’\n")
}
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4.6.3 Numerical illustration

We explain the steps involved in computation of estimator of variance using the dell
method with the following example.

Example 4.4 Consider a sample of » =7 pumpkins where x is the circumference (in.)
and y is the weight (Ibs) of the pumpkins.

X 122 67.0 106.5 98.0 115.2 132 101.1
y 6400 800 3084 1042 4500 6700 2397

Construct a 99% confidence interval estimate of the population variance of the pump-
kin weights by assuming that the population variance of circumference Sf =440
is known.

Solution. One can easily compute

82()) 62(j) W (j) &)

394.8299 4,380,450 0.1434844 5,195,155
184.5203 4,454,317 0.1364451 6,497,820
437.6025 5,686,481 0.1450059 4,579,697
427.0584 4,667,231 0.1446279 4,915,665
423.4546 5,577,179 0.1444991 4,726,496
324.7300 4,081,493 0.14110000 5668642.4
433.6900 5,498,717 0.14490000 4660356.4

where

16y =1 ((n =17, () = (1-2))52()

n—1

From the tabulated values, we obtain

1
2 - 2 B
OT(ay) = ;Z OT(ay(j)) = 5,177,690

JjES
and
SE(u) = /7531 ) =9:207.481

Thus, the required 99% (F-value=11.07) confidence interval estimate of the finite
population variance is 4,346,168-107,132,480.
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4.6.4 R code used for illustration

The following R code, PUMPKIN44EX.R, was used to solve the preceding
illustration.

#PROGRAM PUMPKIN44EX.F95

n<-7; SIGXP<-440
xs<-c(122,67,106.5,98,115.2,132,101.1)
ys<-c(6400,800,3084,1042,4500,6700,2397)
sigxs<-var(xs)*(n-1)/n;sigys<-var(ys)*(n-1)/n
sigx2<-rep(0,n)

Sigy2=sigx2
sigx2<-(n*sigxs-(xs-mean(xs))"2)/(n-1)
sigy2<-(n*sigys-(ys-mean(ys))"2)/(n-1)
shi<-sigx2 - (SIGXP-n*(2-n)*sigxs)/((n-1)"2)
wbni<-1/(n*(1+ sum(shi)/sum(shi“2)*shi))
ESTi<- n*((n-1)"2*wbni-n+2)*sigy?

ESTP<- sum(EST1)

EST_I<-(ESTP - ESTi)/(n-1)

ESTP<-ESTP/n

vi<-(wbni 2)*((EST_I - ESTP)"2)
VESTP<-n*((n-1)"3)*sum(vj)
L<-ESTP-qf(.005,n-1,n-1)*sqrt(vESTP)
U<-ESTP+qf(.995,n-1,n-1)*sqrt(vESTP)
cbind(sigx2,sigy2,wbni,EST_I)

cat("Tuned estimate:", ESTP, "SE: ",vESTP".5 ,'\n’)
cat("Confidence Interval:"," ", L,"; ", U,’\n")

4.7 Exercises

Exercise 4.1 Consider an estimator of the finite population variance

= {2V = 1)} SN (i yy)* given by

i#jeQ

GTuned ZZ |: nin— 1 1) (l ]) ( (l’l— 1) - 2’):| Si (y(l)’y(j)) (4.89)

i#jes

where

Mn—lﬁz—Ojbq—y)Z
5 00:90) = : (4.90)
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and where

si={2n(n—1)} ‘ZZ (4.91)

i#jes
is the sample variance of the study variable obtained by removing the ith and jth units

from the sample s. The tuned weights w(i, j), are constructed so that the following two
constraints are satisfied:

D> wij)=1 (4.92)

i#jes
and
S2—n(n—1)(2—n(n—1))s?
SN (i)t (g x ) == ( )(1 1(2 )s (4.93)
i#jes (l’l(}’l— )_ )
where
_ 1 —wy
[ j)=——— 1 for0<wy<1 4.94
w(i, ) nn=1)—1 or 0 <wy < (4.94)
2
) n(n—1)s2—0.5(x; —x))
s (x() %)) = D)1 (4.95)
={2NN -1} " (x (4.96)
i#jeQ
and

se={2n(n—1)}""> > (x; (4.97)

i#jes

Now optimize each of the following distance functions:

gy (= 1) = D)) = 1/ (n(n = 1))
D=y 2 01/ (n(n=1)) @

D =235 (Vi) — Y Vaa=1)) . (i.f) >0 (4.99)
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and
{1= (n(n—1) = (i) =1/ (n(n— 1)}’
Du=) ) 2qu/<nn D)

(
(Pij{w(i»j)}z (n—1)
+Zia;jes 2qy{n(n—1)—1}7

(4.100)

where g;; are suitably chosen weights that form various estimators, and ¢;; is a penalty,
subject to either both tuning constraints (4.92) and (4.93) or only tuning constraint (4.93).
Write code in any scientific language, such as FORTRAN, C++, or R, to study these
distance functions. Discuss the nature of the tuned weights in each situation. Construct
the 90%, 95%, and 99% confidence interval estimates of pumpkin weights by estimating
variance using the method of double jackknifing discussed earlier in the chapter.

Exercise 4.2 Consider an estimator of the finite population variance

={2N(N 122 Vi — y, % as

i#jeR

Tuned = ZZ[ (n—1) )W(i,j)*(”(n*1)*2)]S§(Y(f),y(j)) (4.101)

i#jEs

where (v, Y( ) is as defined in Exercise 4.1, and w(i, /) are the jackknifed tuned
weights such that the following two constraints are satisfied:

SN W) =1 (4.102)

i#jes

and

|
o

(4.103)

S T _Si—n(n=1)2-n(n-1))s;
>, (’1){ < (%) X)) 117 }

i#jes
where

n(n— l)s'%—O.S(x,'—)c-)2
SX(X(,-),X(j)) = n(n— 1) 1 J (4.104)

={2NN -1} DY (x (4.105)

i#jeR
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and

s?={2n(n—1)} IZZ (4.106)

i#jes

Optimize each of the following distance functions:

T oS i) IR 0 < (i) <1/ (1) = 1)
i#jESs

(4.107)

ZZ In(w(i. ), 0<w(ij)<1/(n(n—1)—1) (4.108)

i#jE€s

and

Des = ) ZZtanh <)ﬁ:11> (4.109)

i#jes

where tanh ~!() is the hyperbolic tangent function, subject to the two tuning con-
straints (4.102) and (4.103). Write code in any scientific language, such as
FORTRAN, C++, or R, to study these distance functions. Discuss the nature of the
tuned weights in each situation. Construct the 90%, 95%, and 99% confidence interval
estimates by estimating variance using the method of double jackknifing discussed
earlier in the chapter. Comment on the distribution of —2Dss.

Exercise 4.3 Consider an estimator of the finite population variance

={2N(N IZZ Vi — yj ? defined by

i#jeQ
Tuned = ZZ{ (n—1)=1)%w(i, )—(n(n—1)—2)}s§(y<,->,y(,->) (4.110)
i#jes
where
2 2

2 _n(n—l)sy—O.S(y,»—yj)

5 00:50) =T @.111)
and where

s ={2n(n=1)}""> > (v (4.112)

i#jEs
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is the sample variance of the study variable obtained by removing the ith and jth units
from the sample s. Let w;; be any calibrated or design weights such that the following
two constraints are satisfied:

D wy=1 (4.113)

i#jes
and
End > wi(vi—y) =En (55) 4.114)
i£jes
where E, denotes the expected value over the linear heteroscedastic model

yi=pxi+e; (4.115)

such that
En(eilxi) =0, Eqy (e?|xi) =o%v(x;), v(x;)>0, and E, (eiei|xixj) =0
Let

I—W,‘j

) — (4.116)

w(i,j)=
be the jackknifed weights so that

S wij)=1 (4.117)

i#jEs

Note that the new model assisted tuning constraint (4.114) is equivalent to two new
tuning constraints given by

2 _n(n— —n(n—1)}s?
Z;ZW(LJ)S,% (¥ x()) _% ((n(nl)_{?) - 1()2 D}s, (4.118)

and

o Vo —n(n—=1){2—n(n—1)} vy,
DD W) vae (s X)) = — (n(n—1)—1)° = (4.119)
i#jes
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where
n(n—1)s:—0.5(x; —x
st (%0 x(p) = n(;—l)—(l ) (4.120)
and
n(n—1)vgn —0.5(v(x;) +v x_A)
Vi) (X X(j)) = (n)(n—l)(—l () (4.121)
with

s?={2n(n—1)} IZZ (4.122)

i#jes
={2NN -1} (4.123)
i#jeR
={2n(n=1)} DN (vw) +v(x)) (4.124)
i#jes

and

= 2NN -1} DN (vw) +v(x) (4.125)

i#jeR

Optimize each of the following distance functions:

1 {1—(n(n—=1)—1)w(i.j) = 1/(n(n—1))}*
Dy = 2’; P (4.126)
Dzzz—ZZ( w(i,j)—1/+/n n—l) (4.127)
i#j€s
and
{1—(n(n—1)—1)w(i.j)—1/(n(n—1))}*
Da=) ). 2q,,/<n<n D)

)
i#j€s 2g;{n(n— 1) —1}

where g;; are suitably chosen weights that form various estimators, and @;; is a penalty,
subject to tuning constraints (4.117)—(4.119). Write code in any scientific language,
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such as FORTRAN, C++, or R, to study these distance functions. Discuss the nature of
the tuned weights in each situation. Construct the 90%, 95%, and 99% confidence
interval estimates of the weight of pumpkins. Estimate the variance using the method
of double jackknifing discussed earlier in the chapter. Discuss the special cases with
v(x;) =x{, where g is any real value.

Exercise 4.4 Consider an estimator of the finite population variance

={2N(N IZZ yi—Yj) > defined by

i#jeQ

FTuned = ZZ{ (n=1) = 1)%w(i, )) = (n(n=1)=2) | (v ) (4129)

i#jEs
where
2 2
) n(n—1)s; —0.5(yi—;)
, 2 = 4.1

sy(y(l)’y(l)) I’l(l’l—l)—l ( 30)
and where

s ={2n(n—1)}""> "> (v (4.131)

i#jes

is the sample variance of the study variable obtained by removing the ith and jth units
from the sample s. Let w;; be any calibrated or design weights such that the following
two constraints are satisfied:

D wy=1 (4.132)

i#jEs

and

End_ > wi(yi= )" =En(5?) (4.133)

i#jEs

where E, denotes the expected value over the linear heteroscedastic model
yi=pxitei (4.134)
such that

En(eix)=0, En (e?|x[) = crzv(x,-), v(x;) >0, and E, (e;ei|x[xj) =0
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Let

L—wy

W(i,j):m, 0<w(i,j)<1/(n(n—1)—1) (4.135)

be the jackknifed weights, so that

S wij)=1 (4.136)

i#jEs

Note that the new model assisted tuning constraint (4.133) is equivalent to two new
tuning constraints given by

2_n n— —nn— s2.
> (i) [Si(xm’xw) -2 ((n(nll{?) - 1()2 2 ] =0 (4.137)

i#jEs
and
L vaw —n(n—1){n(n—1)—1}v
Zzw(l,f){Vs(x)(x(i),x(‘,'))— ) T SO _p
i#j€s (n(n—1)—1)
(4.138)
where
nn—1)s:— 0.5()(, —xj)
el 30) =T (4.139)
and
n(n—1)vs —0.5(v(x;) +v(x;))
0 (¥0(7) T =1 (4.140)
with

se={2n(n—1)}""> > (x; (4.141)

i#jes

= 2NN -1} D (x (4.142)

i#jeQ

={2n(n=1)} "N (vx) +v(x) (4.143)

i#jEs
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and

= 2NN -1} DN (vw) +v(x)) (4.144)

i#jeQ

Optimize each of the following distance functions:

nn—1) > D [ (@) wlij)>0 (4.145)

i#jEs

ZZ In(w(i. j)), w(i.j)>0 (4.146)

i#jE€s

and

ZZ tanh ~ <)£:11> (4.147)

i#jes

where tanh ~!() is the hyperbolic tangent function, subject to three tuning constraints
(4.136)—(4.138). Write code in any scientific language, such as FORTRAN, C++, or
R, to study these distance functions. Discuss the nature of the tuned weights in each
situation. Construct the 90%, 95%, and 99% confidence interval estimates by estimat-
ing variance using the method of double jackknifing discussed in the chapter. Discuss
the distribution of —2Dss and comment on it. Discuss the special cases with v(x;) = f; ,
where g is any real value.

Exercise 4.5 Consider an estimator of the finite population variance

={2NN =D} (i-w) ?_ defined by

I#jeR
Fanea = D3 [ = 1) = DPW(i. ) = (nln = 1) = 2) [ 2 (v ) (4148)
i#jes
where
n(n—1)s2—0.5(y'—y_-)2
53 (Vi () = n(;—1)—11 ' (4.149)

Let w(i,j) be a set of jackknife tuned weights such that the following two tuning con-
straints are satisfied:

D> i) =1 (4.150)

i#jes
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and

o o S}%—n(n—l){Z—n(n—l)}
ZZW(I,J){Sy%( ([),Y(j)) - {n(n—l)—1}2 }—0 (4.151)

Yi=h(x;, ) (4.152)

denotes the predicted value of the study variable y; based on any linear or nonlinear
model using the known information on the auxiliary variable x; for i € Q,

s2= ZZ (- y,) (4.153)

i#jeR

= {2n(n—1)} ‘ZZ( ) (4.154)

i#jes
and
2
s n(n— l)sy%—O.S ()7,-—)7/»)
55 (Yo‘)’y(j)) = nn—1)—1 (4.155)

Optimize each of the following distance functions:

ZZ w(i. ). wli.j) >0 (4.156)

i#jEs
) ———3 > In(w(i.j), w(i.j)>0 4.157)
i#jEs
and
-1
Dgg = <¢> (4.158)
i#jEs )} +1

where tanh~!() is the hyperbolic tangent function, subject to tuning constraints
(4.150) and (4.151). Write code in any scientific language, such as FORTRAN,
SAS, or R, to study these distance functions. Discuss the nature of the tuned weights
in each situation. Construct the 90%, 95%, and 99% confidence interval estimates by
estimating variance using the method of double jackknifing discussed in the chapter.
Discuss the distribution of —2Ds5 and comment on it.
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Exercise 4.6 Consider an estimator of the finite population variance

={2N(N IZZ Vi — yj defined by
i#jeQ
Fhunea = Y [ (1(n=1) = 1PW(is) = (n(n=1) = 2) |2 (v ) 4159)
i#jes
where

2 2

5 n(n—1)s; — O.S(yi —yj)
vn) = : 4.1

sy(y(l)’y(l)) n(n—l)—l ( 60)

and w(i,j) are the jackknife tuned weights such that the following two tuning con-
straints are satisfied:

SOS W) =1 (4.161)

i#jes
and
§2—n(n—1)(2—n(n—1))s?
w(i, )53 (33 ) == . (4.162)
Zﬁ; >( @) (.1)) (n(n—l)—1)2
where
Vi =h(x.p) (4.163)

denotes the predicted value of the study variable y; based on any linear or nonlinear
model using the known information on the auxiliary variable x; for i € 2,

$2= W) ZZ(y yj) (4.164)

i#jE€Q

s ={2n(n—1)} lzz@ y,) (4.165)

i#jes

and

2( ~ ~ _ J
(5030 = e (4.166)
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Optimize each of the following distance functions:

L~ = (0= 1) = )(i.f) = 1/ (n(n = 1))
322 4o/ (n(n—1)) 1em

Dy = %ZZ (\/Vv(i,j) —1/v/n(n— 1))2, w(i,j) >0 (4.168)

i#jes
and
{1—(n(n—1) = )w(i.j) = 1/(n(n—1))}*
D33 —Zﬁ; 2q,j/(n(n— 1))
@y (i)} n(n—1)
%; I (4.169)

where g;; are suitably chosen weights that form various estimators and @;; is a pen-
alty, subject to the two tuning constraints (4.161) and (4.162). Write code in any
scientific language, such as FORTRAN, C++, SAS, or R, to study these distance
functions. Discuss the nature of tuned weights in each situation. Construct the
90%, 95%, and 99% confidence interval estimates of the weight of pumpkins by esti-
mating variance using the method of double jackknifing discussed earlier in the
chapter.

Exercise 4.7 Consider an alternative tuned estimator of the finite population variance

'Z deﬁned by
je
Fay =2 [(= D0 () — (1=2)|82()) (.170)
JES
where
~2 —\2
ne, — (yj—
53(,‘):M for jEs 4.171)

(n—1)

and w,(j) for j € s is a set of jackknifed tuned weights such that the following three
tuning constraints are satisfied:

> ow()=1 (4.172)
=

. X—n(2-n)x,

Wy ())Xu(J) =———5— (4.173)
2 w17
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and

2 ~2
S ()3 = M2 @174)
j€s (n—1)

where any other symbols have their usual meanings. Optimize each of the following
distance functions:

(2- an (1= (n—1)w,(j)—n")? (4.175)
D=3 ) ()] 0< () <1/ =1) “.176)

Dy=23 (VI— G- Um() V1) . 0<wm()<1/-1) @)

Di=) [=n"In(w()]. 0<w()<1/(n—1) @178)
DS:Z“;((IH__(;)V__VVI()?VH; L o<wmii<1/n-1) (4.179)
1 wo(j)} —1
Dg = ;/Ze; tanh ! Gw((jj))}}hl) (4.180)
and

(1- G-y -n)’ z

1 —wmwmy)n I om0)}
- ; p— +2;—W71(”_1)72 (4.181)

where ¢; are suitably chosen weights that form various estimators, ¢; is a penalty, and
tanh~!( ) is the hyperbolic tangent function, subject to tuning constraints (4.172)—
(4.174). Write code in any scientific language, such as FORTRAN, C++, or R, to study
these distance functions. Discuss the nature of the tuned weights in each situation.
Construct the 90%, 95%, and 99% confidence interval estimates by estimating vari-
ance using the method of double jackknifing discussed in the chapter. Simulate and
discuss the distributions of —2D4 and other distance functions.

Exercise 4 8 Consider an alternative tuned estimator of the finite population variance

IZ ?_ defined by
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Fay =2 (=DM D) - (n-2)]830) (@.182)
Jjes
where
7y () :% (4.183)

for j € 5 is a set of alternative tuned weights. Obtain the weights w,(j) such that the
chi-square distance:

@)Y g (1= (= Dwi(j) —n1)’ (4.184)

JES

where g; is a set of suitably chosen weights, is optimum subject to the three constraints

> w(j)=1 (4.185)
JES
X —n(2—n)x,
> w()xal)) = '1(7'21))( (4.186)
jes (n—1)
and
End wi(3i=5)" =En(o?) (4.187)
jes

where E,,, denotes the expected value under the model:
i =px;+e; (4.188)

such that Ey,(e;|x;) =0, Exy (eiz |x,~) = azv(x,-), v(x;) >0, and Ey, (e[e,-\x,-xj) =0.
Note that the model assisted constraint Emej (yj — y’)z =FEn (aﬁ) is equivalent
Jjes
to the following two tuning constraints:

2 2
> w(j)ar ) =0 TR0 n(@-m)o (4.189)
Jes (l’l—l)
and
Vo — (2 —=n)vi.
S v () =22 il (4.190)

K 2
JES (i’l— 1)
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where
X 1
Vo :sz(x,-) (4.191)
i€Q
.1
Vi zﬁzv(x,-) (4.192)
€5
and
L My V()
Vi (J) :7“2 — (4.193)

for any function v(x;) > 0. Write code in any scientific programming language, such as
SAS, FORTRAN, C, or R, to study the chi-square distance function. Discuss the
nature of the tuned weights. Construct the 90%, 95%, and 99% confidence interval
estimates by estimating the variance using the method of double jackknifing discussed
earlier in the chapter. Also study distance functions of your own choice.

Exercise 4.9 Consider taking a first-phase sample s; of m units using a simple random
sampling (SRS) scheme from a population (2 consisting of N units. Only collect
information on the auxiliary variable x;, for i=1,2,...,m, in the sample s;. Let

=(m-1) IZ X —Xp) 2 with Xp=m IZx, be an estimator of the finite popu-
i=1
lation variance of the auxiliary variable in the first-phase sample. Assume a sample s,
of n units is taken using an SRS scheme from the given first-phase sample s;. Assume
that both the study variable y; and the auxiliary variable x; are measured for
i=1,2,...,n, constituting the second-phase sample s,. Consider an alternative tuned
estimator of the finite population variance given by

Goie = 2 2 | (n(n=1) = 18(ij) = (n(n=1) =2) | (v ) @.199)

i#j €52
where
) 2
) n(n—1)s; — 0.5(yi —y))
v = 4.195
500 0h) 1) =1 (4.195)
and

s2={2n(n—1)} ‘ZZ (4.196)

i#j €52
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have their usual meanings. Tuned jackknifed weights w(i, j) are obtained by minimiz-
ing the distance function

1—(n(n—1) w(i,j)—1/(n(n—1 2
Z;Z{ P ey E— @15

subject to the following two tuning constraints:

>N wiij) =1 (4.198)

i#£j €52
and
2 —n(n—1)2—n(n—1))s
3OS ()8 () =2 n(n—1)@2=nn=1)s, (4.199)
+ (X0)- X)) 5
prifrs (n(n—1)—1)
where
n(n—1)s2—0.5(x; — )
se(xq) () = D)1 (4.200)
and

se={2n(n—1)}"D > (x x—x) (4.201)

i#j €S2

Write code in any scientific programming language, such as C, R, or SAS, to inves-
tigate the nominal 90%, 95%, and 99% confidence interval estimates using double
jackknifing method for different sizes of the first-phase and second-phase samples.

Exercise 4.10 Consider an estimator of the finite population variance

={2N(N 122 -¥) given by

i#jeQ
GTuned ZZ |: nin— 1 )Zw( ) - (}’l(l’l— 1) _2):| S?(;y(i)’ y(j)) (4202)
i#jes

where

n(n—1)s2—0.5(y; —y-)z
50000 =T (4.203)
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sy ={2n(n—1)} ‘ZZ (4.204)

i#jes

is the sample variance of the study variable obtained by removing the ith and jth units
from the sample s, and w(i, ) is the tuned weight, constructed so that the following two
constraints are satisfied:

SO i) =1 (4.205)

i#jES
and
Sl -et ol (60 )
DI 6 m-6"0)] =22 e
(4.206)
where

={2N(N ‘ZZ (4.207)

i#jeR

Above G;(i ) and GAX( Jj) are the jackknifed sample geometric means after remov-
ing the ith and jth units, respectively, from the sample geometric mean, which is
given by

n 1/n
G, = (Hx,-> (4.208)
i=1

Now optimize the following distance function

1—(n(n—1)=D)w(i,j)—1/(n(n—1))}*
D“__z,;,;{ T a— 209

subject to the preceding two tuning constraints.

Generate a population from your own simulating model, such as the SJPM. Write
R code to study the behavior of nominally 90%, 95%, and 99% confidence interval
estimates based on the resultant confidence interval estimators for various sample
sizes. Discuss your findings.
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Exercise 4.11 Repeat Exercise 4.10, replacing the second constraint by

2n(n—1)—1)"'s?
(n—1)’H}

(4.210)

where H,(i) and H( J) are the jackknifed sample harmonic means after dropping the
ith and jth units, respectively, from the sample harmonic mean.

Exercise 4.12 Repeat Exercise 4.10, replacing the second constraint by the
following:

i () — (V= 1 ) — ) 253
ZZ#;W(LJ)[XH(I) "= DoD ,Zﬁ;( n(0) =%a(J)) 1P
@211

nx, —Xx; nx,

where %,(i) = 1 and x,(j) :7—1)5_1‘ are the jackknifed sample means after
n— n—

dropping the ith and jth units, respectively, from the sample mean Xx,,.

Exercise 4.13 Consider an alternative tuned estimator of the finite population vari-

N
ance o, :N"Z (yi—Y)?, defined by
P

Sy =2 [(= 10— (1=2)| 82()) (4212)

JES

Obtain weights w,( j) such that the chi-squared distance:

Di=(2"n)Y g (1—(n—Dw())—n") (4.213)

JES

where g; is a set of suitably chosen weights, is optimum subject to the two constraints:

Zwv(j) =1 (4.214)

and

S G) = S G X (G (4.215)
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N
where X =N ’Iin denotes the known population arithmetic mean of the auxiliary
=1
variable and G,( j) is the jth jackknifed sample geometric mean G, of the auxiliary
variable.

Exercise 4.14 Consider an alternative tuned estimator of the finite population vari-

N
ance 0}2, =N ’IZ (yi — 7)2, defined by
=1

Gy = D [0 = 1))~ (1=2)] 2() (4.216)

JES
Obtain weights w,(j) such that the chi-squared distance
Di=(2""n)Y ¢ (1—(n—1)w,(j) —n")? (4.217)

JES

where g; is a set of suitably chosen weights, is optimum subject to the two constraints:

Zw‘l(j) - (4.218)
and
w(DEG) 1 H() X
) -0 VA, G- l;nﬁxu)— (n— DA, A, (4219)

N

where X =N *IZx,- denotes the known population arithmetic mean of the auxiliary
i=1

variable, and

~1
Hx(j):(n_1)<zxil> , j=1,2,....n (4.220)

i#i=1

is the jth jackknifed estimator of the sample harmonic mean estimator

-1
HX:n<in_l>
i=1

Write code in any scientific language, such as SAS, FORTRAN, C, or R, to generate a
population from the SJPM. Discuss the nature of the tuned weights. Suggest an
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estimator of variance and a confidence interval estimator. Investigate the nominal
90%, 95%, and 99% coverage by the confidence interval estimates by the method
of double jackknifing discussed earlier in the chapter. In addition, study distance func-
tions of your own choice, and make comments.

Exercise 4.15 Assume a sample s of n units is taken using SRSWOR scheme from a
population £ of N units. Consider a new estimator of the finite population variance as

G =D Wi, (D) =3, 4.221)
i#jes

where y, (i) and y, ( j) are the jackknifed sample means obtained after removing ith and
Jjth units from the sample mean y,. The weights wy; are obtained by optimizing the chi-
squared type distance function

(wjfj —0.5n" Y (n— 1))2
qij

(4.222)

D:(n—l)zz

i#jes

subject to the two constraints given by

ZZW?}:%(”* 1)? (4.223)

DN Wil () —xa ()P =2 (4.224)

where X, (i) and X, ( /) are the jackknifed sample means obtained after removing ith and
Jjth units from the sample mean x,, and

1
$2= mzz (i —x)° (4.225)

i#jeQ

is the known population mean squared error of the auxiliary variable.

Write code in any scientific language, such as SAS, FORTRAN, C, or R, to gen-
erate a suitable population of your choice and to study the nature of the calibrated
weights wy,. Suggest a confidence interval estimator. Study the nominal 90%, 95%,
and 99% coverage by the confidence interval estimates for various sample sizes. In
addition, suggest changes and study other distance functions of your own choice
and make comments.



Tuned estimators of correlation
coefficient

5.1 Introduction

In this chapter, we consider the problem of estimating the population correlation coef-
ficient. New estimators for the Pearson’s correlation coefficient are suggested and are
investigated through empirical studies. At the end of the chapter, ideas for estimating
the regression coefficient, the ratio of two population means, and estimators of finite
population variance are suggested in the form of unsolved exercises.

5.2 Correlation coefficient

The problem of estimation of the finite population correlation coefficient

S,
P Xy Sx Sy

6.D

is well known in the survey sampling literature. The symbols Sy, Sf , and S,, have
their usual meaning. For the reader’s convenience, these are defined again as
N-1DSI=)"(-X)%  (N-DS;=> (w—-Y)? and  (N-1)S,=
icQ i€Q

Z (x; —X)(y; = Y), with X :N’IZx,- and Y:N’IZyi.
i€Q i€Q i€Q

For a bivariate normal population, an estimator of the finite population correlation
coefficient p,,, due to Pearson (1896), has been defined as:

p S (5.2)

SxSy

where  (n—1)s,, = Z (G —%) i =9,), (n=1)si= Z(xi —%)% (n— 1)y =

ics i€s
N2 - dny —
(i =,)"> nXy =) xi,and ny, = » y;.
ics ics ies

Wakimoto (1971) and Gupta, Singh, and Kashani (1993) studied the behavior of
the estimator » under different sampling schemes. Srivastava and Jhajj (1986) have
proposed a class of estimators of the population correlation coefficient as

Felass = FH (1, v) (5.3)
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where u=x/X, v=s2/$? for NX = Zx,- and (N —1)82 = Z (x;—X)*, the function
icQ i€Q
H(.,.) is parametric with H(1, 1) =1 and satisfies certain regularity conditions.

Singh, Mangat, and Gupta (1996) have reviewed literature on the problem of esti-
mation of the correlation coefficient and have shown that the class of estimators due to
Srivastava and Jhajj (1986) can take an inadmissible value, that is, outside the range
[—1.0, + 1.0], when applied to a sample also reported by Singh (2003). Singh, Sedory,
and Kim (2014) introduced a new empirical likelihood estimator of the correlation
coefficient.

It is interesting to note that the tuned dual-to-empirical log-likelihood (dell) esti-
mate of the correlation coefficient provides only admissible values, like the Singh,
Sedory, and Kim (2014) estimate, and makes use of auxiliary information at the
estimation stage.

5.3 Tuned estimator of correlation coefficient

The newly tuned estimator of the finite population correlation coefficient p,, is
defined as

Prunca = Y Wa(J)r(J) (5.4)

jes

where
Sxy(j)
S —— (5.5)
V()4 /s5(0)
with
~_(n_l)sxy_ n Xi—X Y
o) = =) (n—l)(n—z)(f n) (%= ) (5.6)
2 -7("*1)512(_ n v — 7. )2
SO = e W ) (5.7)
and
E __(nfl)sf,_ n e
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The tuned weights w,(j) are obtained such that the dell function:

1— Pty < 1
n—1 n—1

_Z In(w,(j)) with 0 <w,(j)=

JjESs

(5.9)

for some unit length weights w; > 0, is optimized subject to the three constraints:

> i) =1 (5.10)
o o X=n2-n)x,
;wnu){xnu)—(m(_l)z))}:O (5.11)
and
Swn{no - =0 512
where
(J) nj_?’ (5.13)
1
n=-2 M (5.14)
and
(n=1) n(x—%) (3=,
n= (n—2) En—l)(n 2)8y 5.15)
¢ n=1)  n(y—%) %n—l) (5=,
(1=2) (n-Dn-22\ (1-2) (1 1)(n-2)
Note that
r(j)=rn; forallj€s (5.16)

The Lagrange function is given by

L=13" n(m () ﬂo{an }—ll{an(j)Y’l_;} gz{zwn ‘Pz/}

JEs jEs
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where Ay, 41, and 4, are Lagrange multipliers,

. X—n(2—n)x,
¥ij =% (J) R 2) (5.18)
(n—1)
and
. =1
o= 7101) =~ — (5.19)
On setting
OL
——=0 (5.20)
()
the set of tuned positive weights is given by
1 1
Wu(j)=—|———— 5.21
" (J) n |:1 +/11l1’1j+12l112j:| ( )

Constraints (5.10), (5.11) and (5.12) yield 1p=1, and 4, and 4, are given by a solution
to two nonlinear equations:

0 5.22)
]ele+/1]'1y]]+ﬂz'1y2, (
and
W .
. S (5.23)

= 1+/115U1j+125(’2j

Thus, the newly tuned estimator of the finite population correlation coefficient p,, in
Equation (5.4) becomes

E B T ¥ A—— 5.24
MTuned = 1 +/11Y’1] +/12lf/2] " ( )

The most important feature of the newly tuned estimator rry,eq is the same as that of
the usual sample correlation coefficient, that is, it always lies between —1 and +1. This
fact is due to the new calibration constraint in Equation (5.12).

5.3.1 Estimation of variance of the estimator of correlation
coefficient and coverage

Based on some simulation trials, we consider a tuned estimator of the variance of the
estimator of the finite population correlation coefficient rry,.q, defined as
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C 2
V(" Tuned) = n’ <_l> Z (wn(j))z{rTuned(j) - "Tuned}z (5.25)

where C; =(n—1)/(n—2) and C; =n/((n—1)(n—2)). Note that each newly tuned
doubly jackknifed estimator of the finite population correlation coefficient p,, is given by

nZi‘(j)Wn(j) - nr(j)w"(])

JES

forj=1,2,...,n (5.26)

I'Tuned(j) = n_1

The coverage of the (1 — a)100% confidence interval estimates obtained by the newly

tuned estimator of the finite population correlation coefficient is obtained by counting
the number of times the true value of p,, falls in the interval estimate given by

TTuned + ta/2 (df =n-— 2) ﬁ(rTuned) (5.27)

Note that in the simulation study we approximated the values of 4; and 4,, under some
assumptions, as

e (2 ()

5 (5.28)
) (z) ()
JjEs Jj€Es JjEs
and
() () )
/12 ~ JES JES JES JES (529)

(59) (%) -(5em)

It may be worth noting that due to these approximations the numerical values of r and
ITuned May differ, but theoretically r and rry,eq are equal. A better approximation to the
nonlinear equation could be used, if available.

We have

- —nr . wn . 2
Z {rrunea() — "Tuned}2 = Z {(/)(1) .

jes jes n—1
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Z nr—nr( j)wy(j) —nr+r 2
o n—l

]Es

— ZZ [r—nr(j)w,(j ]2

n—ll jes
12
=) [r—n(rm)w.())]
s
1 m; 2
- 2Z[r_1 Nz wp}
(n=1)""z T+ LYy
2 . . 1?
r Z (1 71})+/11T1j+lzyj2‘,
(n_l)szS 1+ﬂl'1y1j+12'{/2j

o Z[(l_m) (,11%,+/12%,) +2(1 =) (M1 + 1 ¥s)

B 24 (1 +mq,, + o)

r2 Z[(l_m) (WP + 1Py +2(1 =) (M1 + 2 ¥s)
: (1+ 4Py, + Ao ¥y)

(5.30)

Assuming }/115”1j + Y’2j| < 1, applying binomial expansion, then under certain reg-
ularity conditions, we have

> {rruncaty —mned}2 ZZ )2 +f (¥ Yoy r)) (5.31)

jes Jjes

where f(¥1;, ¥»;,17;) is some function of order O (n’z) conversing to zero as the sample

size increases.
N2 —\2
C Xi— Xp C i~ Y
Again, assuming 2 u <1 and 2 M
Cl S% C1 S%

<1, we have

(5.32)
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Thus, we have

and

M22+/440+/404 H31 M3 + #221 (5.33)

2 4 472 2 232
s 4st 49 SZSyy  SyyS 2sxsy

Xy y

where i, = (nll)Z(xi —%,)"(yi—3,)", a,b=1,2,3,4, have their usual meanings.
=1

The approximation in Equation (5.33) allows us to estimate the variance of the esti-
mator of the correlation estimator with the proposed newly tuned methodology and
also justifies the multiplier in front of the developed estimator of variance in
Equation (5.25).

We generated two random variables, y’~N(0,1) and xf~N(0,1) for
i=1,2,...,N (with N=70,000) from two independent standard normal variables.
For each of the values 0.1, 0.3, 0.5, 0.7, and 0.9, we generated a population of x;,
y; pairs having those values as correlation coefficient (p,,) by means of the formula:

xi=X+ O X} (5.34)

and

yi=Yron [ (1=92 )y +pyou (5.35)

with X =30.0, Y =45.5, 6, =20.1, and 6, = 23.5. Note the use of very small average
values of both variables; here we are considering a different kind of Statistical Jumbo
Pumpkin Model (SJPM). As said earlier, the choice of a particular SJPM depends on the
problem being considered by an investigator. Here we are interested in various amounts
of correlation between the weight y; (Ibs) and circumference x; (in.) on a particular farm
where pumpkin weights and circumferences are not too scattered. Then we select
10,000 random samples, in the range 5-100, from each one of these populations as
shown in Table 5.1, and found the proportion of times the true value of the correlation
coefficient falls in the preceding interval estimate. In Table 5.1, p,, indicates the cor-
relation coefficient we were trying to simulate, and Rhoxy indicates the actual corre-
lation coefficient from our population of 70,000 paired values. This latter value is the
one used to estimate coverage. For p,, =0.1 (Rhoxy =0.1019759) the estimated cov-
erages by nominally 90%, 95%, and 99% intervals were 89.24%, 94.32%, and 98.63%
for samples of sizes 65, 95, and 95, respectively. Now for p,,=0.3 (or true
Rhoxy=0.2981710) the estimated coverages 90%, 95%, and 99% were 89.21%,
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Table 5.1 Performance of the newly tuned jackknife estimator of the
correlation coefficient

Pxy Rhoxy n Covl Cov2 Cov3

0.1 0.1019759 5 0.6312 0.6840 0.7549
0.1 0.1019759 10 0.8182 0.8731 0.9323
0.1 0.1019759 15 0.8454 0.9012 0.9542
0.1 0.1019759 20 0.8646 0.9186 0.9645
0.1 0.1019759 25 0.8681 0.9187 0.9634
0.1 0.1019759 30 0.8784 0.9253 0.9732
0.1 0.1019759 35 0.8792 0.9306 0.9760
0.1 0.1019759 40 0.8338 0.9346 0.9826
0.1 0.1019759 45 0.8874 0.9379 0.9786
0.1 0.1019759 50 0.8881 0.9403 0.9835
0.1 0.1019759 55 0.8867 0.9376 0.9832
0.1 0.1019759 60 0.8880 0.9371 0.9813
0.1 0.1019759 65 0.8924 0.9396 0.9829
0.1 0.1019759 70 0.8895 0.9386 0.9817
0.1 0.1019759 75 0.8904 0.9412 0.9830
0.1 0.1019759 80 0.8905 0.9398 0.9834
0.1 0.1019759 85 0.8964 0.9430 0.9850
0.1 0.1019759 90 0.8891 0.9377 0.9840
0.1 0.1019759 95 0.8908 0.9432 0.9863
0.1 0.1019759 100 0.8920 0.9420 0.9854
0.3 0.2981710 5 0.6392 0.6804 0.7404
0.3 0.2981710 10 0.8342 0.8814 0.9367
0.3 0.2981710 15 0.8564 0.9072 0.9574
0.3 0.2981710 20 0.8686 0.9155 0.9691
0.3 0.2981710 25 0.8733 0.9214 0.9711
0.3 0.2981710 30 0.8773 0.9271 0.9732
0.3 0.2981710 35 0.8834 0.9311 0.9767
0.3 0.2981710 40 0.8853 0.9347 0.9796
0.3 0.2981710 45 0.8841 0.9348 0.9801
0.3 0.2981710 50 0.8910 0.9389 0.9826
0.3 0.2981710 55 0.8847 0.9383 0.9807
0.3 0.2981710 60 0.8854 0.9353 0.9819
0.3 0.2981710 65 0.8886 0.9368 0.9801
0.3 0.2981710 70 0.8919 0.9397 0.9844
0.3 0.2981710 75 0.8910 0.9430 0.9856
0.3 0.2981710 80 0.8903 0.9411 0.9835
0.3 0.2981710 85 0.8921 0.9414 0.9842
0.3 0.2981710 90 0.8898 0.9393 0.9851
0.3 0.2981710 95 0.8973 0.9432 0.9841
0.3 0.2981710 100 0.8905 0.9401 0.9849
0.5 0.495181 5 0.6741 0.7084 0.7559
0.5 0.495181 10 0.8717 0.9131 0.9559
0.5 0.495181 15 0.8303 0.9235 0.9687
0.5 0.495181 20 0.8769 0.9211 0.9702

Continued
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Table 5.1 Continued

Pxy Rhoxy n Covl Cov2 Cov3
0.5 0.495181 25 0.8790 0.9245 0.9702
0.5 0.495181 30 0.8810 0.9271 0.9736
0.5 0.495181 35 0.8824 0.9305 0.9753
0.5 0.495181 40 0.8840 0.9297 0.9765
0.5 0.495181 45 0.8815 0.9295 0.9775
0.5 0.495181 50 0.8950 0.9371 0.9806
0.5 0.495181 55 0.8833 0.9347 0.9778
0.5 0.495181 60 0.8829 0.9348 0.9785
0.5 0.495181 65 0.8870 0.9377 0.9820
0.5 0.495181 70 0.8946 0.9389 0.9800
0.5 0.495181 75 0.8905 0.9372 0.9803
0.5 0.495181 80 0.8963 0.9433 0.9826
0.5 0.495181 85 0.8964 0.9446 0.9822
0.5 0.495181 90 0.8916 0.9410 0.9824
0.5 0.495181 95 0.8914 0.9417 0.9833
0.5 0.495181 100 0.8932 0.9415 0.9815
0.7 0.7008931 5 0.7389 0.7590 0.7869
0.7 0.7008931 10 0.9046 0.9348 0.9673
0.7 0.7008931 15 0.9066 0.9424 0.9784
0.7 0.7008931 20 0.9025 0.9408 0.9773
0.7 0.7008931 25 0.8909 0.9341 0.9754
0.7 0.7008931 30 0.8873 0.9332 0.9763
0.7 0.7008931 35 0.8909 0.9351 0.9771
0.7 0.7008931 40 0.8930 0.9384 0.9805
0.7 0.7008931 45 0.8924 0.9400 0.9796
0.7 0.7008931 50 0.8873 0.9362 0.9800
0.7 0.7008931 55 0.8931 0.9366 0.9793
0.7 0.7008931 60 0.8963 0.9376 0.9767
0.7 0.7008931 65 0.8947 0.9400 0.9808
0.7 0.7008931 70 0.8959 0.9423 0.9833
0.7 0.7008931 75 0.8965 0.9419 0.9828
0.7 0.7008931 80 0.8987 0.9446 0.9815
0.7 0.7008931 85 0.8913 0.9412 0.9806
0.7 0.7008931 90 0.8980 0.9416 0.9826
0.7 0.7008931 95 0.8973 0.9437 0.9849
0.7 0.7008931 100 0.8953 0.9423 0.9814
0.9 0.8997493 5 0.7231 0.7296 0.7364
0.9 0.8997493 10 0.9215 0.9345 0.9461
0.9 0.8997493 15 0.9574 0.9727 0.9845
0.9 0.8997493 20 0.9566 0.9742 0.9888
0.9 0.8997493 25 0.9525 0.9754 0.9904
0.9 0.8997493 30 0.9477 0.9690 0.9892
0.9 0.8997493 35 0.9457 0.9703 0.9901
0.9 0.8997493 40 0.9453 0.9721 0.9905
0.9 0.8997493 45 0.9439 0.9696 0.9903

Continued
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Table 5.1 Continued

Pxy Rhoxy n Covl Cov2 Cov3

0.9 0.8997493 50 0.9432 0.9684 0.9893
0.9 0.8997493 55 0.9395 0.9659 0.9886
0.9 0.8997493 60 0.9365 0.9674 0.9917
0.9 0.8997493 65 0.9344 0.9648 0.9903
0.9 0.8997493 70 0.9309 0.9643 0.9903
0.9 0.8997493 75 0.9303 0.9614 0.9878
0.9 0.8997493 80 0.9316 0.9630 0.9888
0.9 0.8997493 85 0.9253 0.9603 0.9833
0.9 0.8997493 90 0.9224 0.9588 0.9895
0.9 0.8997493 95 0.9258 0.9618 0.9891
0.9 0.8997493 100 0.9275 0.9631 0.9898

94.32%, and 98.56% for samples of sizes 85, 95, and 75, respectively. For Py = 0.9 (or
true Rhoxy =0.8997493) the estimated 90%, 95%, and 99% coverages were 92.15%,
95.88%, and 99.01% for samples of sizes 10, 90, and 35, respectively.

Therefore, for a moderate sample size, the suggested confidence interval estimator
based on the proposed tuned jackknife technique gives approximately the nominal
coverage.

5.3.2 R code

The following R code, PUMPKINS51.R, was used to study the 90%, 95%, and 99%
coverage by newly the tuned estimator of the finite population correlation coefficient
based on dell distance function.

#PROGRAM PUMPKINS51.R
set.seed(2013)
N<-70000
for (rhoinseq(.1,.9,0.2)) {
xe<-rnorm(N,0,1); ye<-rnorm(N,0,1)
x<-30+20.1*xe
y<-45.5+4+23.5*%sqrt((1-rho"2))*ye + rho*23.5*xe
XPMEAN<-mean(x);rhoxy<-cor(x,y)
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ciZ.max=ciZ.min=ci3.max=ci3.min=ESTP
VESTP=ESTP
for (ninseq(5,100,5))

{

for (rinl:nreps)
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}

us<-sample(N,n)

xs<-xLus]; ys<-ylus]

RXY<-cor(xs,ys)

SERXY<-(1-RXY"2)/sqrt(n)
cl<-(n-1)/(n-2);c2<-n/((n-1)*(n-2))
sxy<-RXY*sqrt(var(xs)*var(ys))

etan<- cl-(c2/sxy)*(xs - mean(xs))*(ys - mean(ys))
etadl<-cl-(c2/var(xs))*(xs-mean(xs))*(xs - mean(xs))
etad2<-cl-(c2/var(ys))*(ys-mean(ys))*(ys - mean(ys))
etaj<-etan/(sqrt(etadl *etad?2))

rr<-RXY*etaj

xmj<-(sum(xs)-xs)/(n-1)

AETA<-sum(etaj)/n

eta_j<-(sum(etaj) - etaj)/(n-1)

shil<- xmj - (XPMEAN-n*(2-n)*mean(xs))/((n-1)"2)
shi2<-eta_j - (sum(etaj)-1)/(n-1)
del<-sum(shil"2)*sum(shi2"2) - (sum(shil*shi2))"2
all<-sum(shil)*sum(shi2°2) - sum(shi2)*sum(shil*shi2)
al2<-sum(shi2)*sum(shil"2) - sum(shil)*sum(shil*shi2)
all<-all/del;all2<-al2/del
wbni<-1/(n*(1+all*shil+al2*shi2))

ESTi<- n*rr*wbni

ESTPLrl<- sum(ESTi)

EST_I<- (ESTPLrl - ESTi)/(n-1)

ESTPLr]<-ESTPLr]/n

vj<- (wbni) 2*(EST_I - ESTP[r]) 2
VESTP[rl<-n"2*(cl/c2)2*sum(vj)

cil.max[rl<- RXY -qt(.05,n-2)*sqrt(vESTPLr])
cil.min[r]<- RXY +qt(.05,n-2)*sqrt(vESTP[r])
ciZz.max[rl<- RXY -qt(.025,n-2)*sqrt(vESTP[r])
ci2z.minlrl<- RXY +qt(.025,n-2)*sqrt(vESTPLr])
cid3.max[rl<- RXY -qt(.005,n-2)*sqrt(vESTPLr])
cid.minlrl<- RXY +qt(.005,n-2)*sqrt(vESTPLr])

sum(abs(ESTP) >1)->out
for (rinl:nreps) if (abs(ESTP[r])>1) {

round(sum(cil.min<rhoxy & cil.max>rhoxy,na.rm=T)/nreps,4)->covl
round(sum(ci2.min<rhoxy & ci2.max>rhoxy,na.rm=T)/nreps,4)->cov?2
round(sum(ci3.min<rhoxy & ci3.max>rhoxy,na.rm=T)/nreps,4)->cov3

cil.max[rJ<-NaN;cil.min[r]<-NaN
ci2.max[r]<-NaN;ci2.min[r]<-NaN
ci3.max[r]<-NaN;ci3.min[r]<-NaN}

cat(rho,rhoxy,n, covl,cov2,cov3,’ \n’)

}
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5.3.3 Numerical illustration

We explain the main steps in constructing the confidence interval estimate using the
proposed method with the following example.

Example 5.1 Consider a sample of » = 10 pumpkins with x and y as circumference
(in.) and weight (Ibs) as follows:

X 405 177 | 196 279 303 345 415 269 253 286
y | 7801 710 | 296 | 3946 5072 1950 5392 983 | 4163 2180

Construct the 70% confidence interval estimate of the finite population correlation
coefficient between the weight and circumference of pumpkins by assuming that
the population mean circumference of 295 in. is known.

Solution. One can easily compute the jackknife tuned estimates of the correlation
coefficient and the jackknife weights as follows.

W (J) T Tuned( )

0.09507095 0.7786556
0.09823759 0.7703889
0.09765982 0.7720279
0.10063455 0.7624706
0.10081483 0.7617713
0.10418488 0.7512382
0.09884569 0.7670773
0.10070172 0.7623289
0.10237428 0.7573421
0.10027052 0.7635347

Thus, the tuned estimator of the correlation coefficient is computed as
FTuned = 0.7646836 and SE(rruned) =0.1879029

Hence using |7o.15(df = 8)|=1.1081, the required 70% confidence interval estimate of
the correlation coefficient is computed as 0.5564598—0.9729073.

5.3.4 R code used for illustration

The following R code, PUMPKINS1.EX.R, was used to derive the results in the pre-
ceding illustration.

#PROGRAM PUMPKINS1EX.R

n<-10; XPMEAN<-295
xs<-c(405,177,196,279,303,345,415,269,253,286)
ys<-¢(7801,710,296,3946,5072,1950,5392,983,4163,2180)
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RXY<-cor(xs,ys)

SERXY<-(1-RXY"2)/sqrt(n)
cl<-(n-1)/(n-2);c2<-n/((n-1)*(n-2))
sxy<-RXY*sqrt(var(xs)*var(ys))

etan<- cl-(c2/sxy) *(xs - mean(xs))*(ys - mean(ys))
etadl<-cl-(c2/var(xs)) *(xs - mean(xs))*(xs - mean(xs))
etad2<-cl-(c2/var(ys)) *(ys - mean(ys))*(ys - mean(ys))
etaj<-etan/(sqrt(etadl * etad2))

r<-RXY*etaj

xmj<-(sum(xs)-xs)/(n-1)

AETA<-sum(etaj)/n

eta_j<-(sum(etaj) - etaj)/(n-1)

shil<- xmj - (XPMEAN-n*(2-n)*mean(xs))/((n-1)"2)
shi2<-eta_j - (sum(etaj)-1)/(n-1)
del<-sum(shil"2)*sum(shi2"2) - (sum(shil*shi2))"2
all<-sum(shil)*sum(shi2"2) - sum(shi2)*sum(shil*shi2)
al2<-sum(shi2)*sum(shil"2) - sum(shil)*sum(shil*shi2)
all<-all/del;all2<-al2/del
wbni<-1/(n*(1+all*shil+al2*shi2))

ESTi<- n*r*wbni

ESTP<- sum(ESTi)

EST_I<-(ESTP - ESTi)/(n-1)

ESTP<-ESTP/n

vj<- (wbni"2)*(EST_I - ESTP) 2

VESTP<-n"2*(cl/c2) 2*sum(vj)
L<-ESTP+qt(.15,n-2)*sqrt(vESTP)
U<-ESTP-qt(.15,n-2)*sqrt(vESTP)

cbind(wbni,EST_I)

cat("Tuned estimate:", ESTP, "SE: ",vESTP".5,’\n")
cat("Confidence Interval:"," ", L,"; ", U,"\n")

5.4 Exercises

Exercise 5.1 Consider a tuned estimator of the finite population correlation coeffi-
cient p,, as

Pruned() = Y _Wa()r(J) (5.36)

Jjes
where r( j) denotes the previously defined estimator of the correlation coefficient, and

1—w:
n(j) = “l’f forjes (5.37)
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is a set of tuned jackknife weights for the unit length weights wy, such that the follow-

ing five constraints are satisfied:

S =0
jZE;Wn(]) {xn(j) X —(Z(E 1—)121))(,1)} _

and

J€s

where
L 1E _ ni —1;
n==) m 10)=-"—

(n=1)  nly—%) (3 —7,)
(n—2) (n—=1)(n-2)

= 2 2
\/<n—1>_ n(o— %) \/<n—1> n(y—3,)

(n=2) (n—1)(n—2)

1 1 .
Vaw =y 200, Vi =D v(), vig ()=

ieQ i€s

o> :N_IZ(X,- —X)z, X:N"Zx,-, &2 :n_lz(x,-—)?n)z,

icQ icQ

ne> — (x-—)? )2
G=n 'S and 82(j) =" 5

ies n—1

(n=2) (n—1)(n—2)

"V:(x) -V (Xj)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

Note that we assume that under the known heteroscedastic nature of the linear model,

yi=Pxi+e

(5.43)
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the assumptions E(e;|x;) = 0, E (e} |x;) = o®v(x;) and E (e;e;|xix;) = 0 with v(x;) > 0 are
satisfied.
Optimize each of the following two distance functions:

1
Dy==>"In(w,(j)), with 0<w;<1 (5.44)

n JES

and

=— an 0] with — oo <w; 0’9
- Zt h~ ({wn(J)} +1) th <wj< + (5.45)

jES

where tanh~!() is the hyperbolic tangent function, subject to the five tuning con-
straints (5.38)—(5.42). Write code in any scientific language, like R, FORTRAN, or
C, to study these distance functions. Discuss the nature of tuned weights in each sit-
uation. Construct the 90%, 95%, and 99% confidence interval estimates in each sit-
uation by estimating the variance using the method of double jackknifing discussed in
the chapter. Investigate the nominal coverage through simulation. Also, simulate and
discuss the distribution of —2D; and D,. Show, if possible, under which conditions the
value of the estimator rryneqc1) lies between —1 and +1.

Exercise 5.2 Consider a tuned estimator of the finite population correlation coeffi-
cient p,, defined by

Fruna2) = »_ Y w(irj)r(i.)) (5.46)

i#jes

where r(i,j) denotes the value of the correlation coefficient after dropping partially
two pairs of values (x;y;) and (x;,y,), and w(i, j) for i, j € 5 is a set of jackknife tuned
weights such that the following four constraints are satisfied:

S wij)=1 (547

i#jEs

> W(i,j){ﬁ(i,j) —%} =0 (5.48)

i#jEs

2 _n(n— —n(n—1))s?
ZZw(i,j){Sf(X(f),xm) e ((n(nl)(f) — 1()2 1) x} =0 (5.49)

i#jEs

BN v () e == D2 == Divig [
D (’J){ s (%> X(7) P }

i#jes
(5.50)
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where
n(n—1)5/%—0.5()(,——)(-)2
st (¥ x()) = D)1 : (5.51)
=N =D YN ()’ (5.52)
i# jeEQ
se={2n(n—1)}""> "> (x; (5.53)
i# JEs
and
=g,
(i) =— M i 33 wi=1 (5.55)
’] n(n—1)—1 — = v :
) ()]
ny= 2n(n = 1)ssy (5.56)
ij > E
1— (x,-—xj) 1 (i—yj)
2n(n—1)s2 2n(n—1)s;
n(n—1)vyn —0.5(v(x;) +v(x; )
Vi) (¥ X() = (n)(n_l)(_l () (5.57)
={2n(n=1)} " > (v(x) +v(x;)) (5.58)
i# JEs
and

=NV =1} S () +v(x) (5.59)

i# jEQ
Assume that for the linear heteroscedastic model,
yi=pxite (5.60)

the following assumptions are satisfied: E(e;|x;) = 0, E (e} |x;) = 6*v(x;), v(x;) >0, and
E(eie;\x,-xj) =0.
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Optimize each of the following distance functions:

ZZln w(i,j)), 0<w(i,j)<1 (5.61)

i#jEs

and

<%>, —oo <w(i,j) < +o0  (5.62)

i#jES

where tanh~!() is the hyperbolic tangent function, subject to the four tuning con-
straints (5.47)—(5.50). Write code in any scientific programming language to study
these distance functions. Discuss the nature of tuned weights in each situation. Con-
struct the 90%, 95%, and 99% confidence interval estimates in each situation by esti-
mating the variance using the method discussed in this chapter by considering doubly
jackknifed estimates of the correlation coefficient. Compare the resulting coverages
with the respective nominal coverages for different sample sizes. Simulate and discuss
the distribution of —2D; and D,,. Show, if possible, under which conditions the value
of the estimator rryneaczy lies between —1 and +1.

Exercise 5.3 Consider a tuned ratio estimator of the finite population mean Y as

YRat(1) :an(j))_}R(j) (5.63)

JES
where
X
% (J)

denotes the jth ratio estimator of the population mean after dropping the jth value, and

yR(./) :)_]n(.])

(5.64)

1_ .
Wn(j) = V:f forjes (5.65)

is a set of tuned jackknife weights for the unit length weights w; (Z w;= 1) , such
JEs
that the following five constraints are satisfied:

> wa(j)=1 (5.66)

S () {x(j) - ’f__ll} —~0 (5.67)

JES
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N X —n(2—n)x,
> wald) MJ)—% =0 (5.68)
jes (n—l)
A 2=n2—n)
> wald) 63-(1)—%2)* =0 (5.69)
jes (n—])
N B V.Z(.r) —n(2— ”)V}K@-)
Wi (/) Vs () — =0 (5.70)
= { v (n—1)*
where
PPEEL R S S RNY) M
Q) A7 ) s(x) — 1) X - s
(%) Nie.(z (x) ni= (x) n—1
oﬁ:N‘lZ(xi—X)z, X:N‘lei, &%:n‘IZ(x,-—)?n)z,
€0 i€Q i€Q
v 712 ) A2( )_néx (XJ x")z 1 _( .)_nE—Kj
X, =n iax,, 6.(j)= p— , K—njEA kj, K(j)= p—

and

(32

Note that we assume that due to the heteroscedastic nature of the linear model,
Yi=pxite (5.71)

the assumptions E(e;|x;) =0, E(e}|x;) = *v(x;), and E(e;ej|xix;) =0 with v(x;) >0
are satisfied.

Subject to the preceding five tuning constraints, optimize each one of the following
distance functions:

Di=(2"n)Y g7 (1= (n=1)wa(j)—n7")’, —co<im()<+00 (572

JEs

Dy = " [wa(J) In(wa( )], 0<wu(j) <1/(n—=1) (5.73)

JEs

D3=22( 1—(n—1)w,())— ”_1)2’ 0<w,(j)<1/(n—1) (5.74)

JES
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DFZ[W1 In(w,(j)], 0<w,(j)<1/(n—1) (5.75)
ps= o R o () <1/ 1) 576
_ a2
Ds—%;tanhl (%) —00 <W,(J) < +00 .77
and
_ . 12 (2
D7:lz(l—(l’l—l)wi§])_n ) +lz (ﬂ]{ n(])},y 7OO<Wn(j)<+OO

2 JES qn 2 JES an71<n - 1)

(5.78)

where g; are suitably chosen weights that form different types of estimators, ¢; is a
penalty as in Farrell and Singh (2002a), and tanh ~!() is the hyperbolic tangent func-
tion as in Singh (2012). Write code in any scientific programming language to study
these distance functions. Discuss the nature of tuned weights in each situation. Con-
struct the 90%, 95%, and 99% confidence interval estimates in each situation by esti-
mating the variance with the method discussed in the chapter, by considering all
possible doubly jackknifed estimators. Simulate and discuss the distribution of
—2D4 and De.

Exercise 5.4 Consider a tuned estimator of the finite population regression coeffi-
cient f as

Braneaty = > _wa()B(J) (5.79)

JES

where ﬁ (j) denotes the estimator of the regression coefficient after dropping the jth
pair of values (x;,y;) and

— 1— wj .

wi(j) :—1‘ forjes (5.80)

is a set of tuned jackknife weights for the unit length weights w; (Z w;= 1) , such
JESs
that the following five constraints are satisfied:

> (i) =1 (5.81)
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S (AT - 1} 0 5:582)

> ()3 %al) —M} =0 (5.83)

Zv‘vn(j){?fi(j) —m} =0 (5.84)

. Vo — (2 —n)vi.
Wi ()4 Vi (J) W 0o (5.85)
jes (I’l—l)
where
1 1
Vaw =y 2 Vs Vi =3 V),

ieQ i€s

vy, — (X B -
V§<x>(f):M7 =N (X, X=N"Y x,
i€Q iceQ
2

) _
no,. — \X; — X,
O- —}’1712 _xn s Xn:n71§ Xis 6%(]): - (Jl ”_) >
n—

€Q i€s
(n—l)in(x-_xn) (i —7,)
{=- ZCJ, (= _C and é’j:(”_z) (n—1)(n—2)

(n—1) n(xj—xn)z

(n—2)_(n—l)(n—2)

Note that here we assume that we have the known heteroscedastic linear model:
yi=pxite (5.86)

where E(ej|x;) =0, E(ej|x;)) =0"v(x;), and E(eejxix;) =0 with v(x;))>0 are
satisfied.

Subject to the preceding five tuning constraints, optimize each of the following dis-
tance functions:

Di=(27"m) Y g (1= (=) —n ')’ oo <mi(j) <400 (sg7)

JEs

Dy= " [wa(j) In(wa ()], 0<w,(j) <1/(n—1) (5.88)

jes
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Dy=23 (VI—- Dm()—Va 1) 0<m()<1/n-1) (589

D4=Z[n_l ]n(wn(j))], 0<wy(j)<1/(n—1) (5.90)
—(n—1w ; _nfl 2
D= S Gy O < 1) (591)
I e (0P
D6*nj2€;t h ({wn(j)}2+1>’ <wa(j) <+ (5.92)
and
I=(1—(n—1w,(j)—nH 1 ()} o
D7:§Z( ( q)jnsj) ) +§jes q—;:l(n—Jl)z’ —00<Wy(j)<+00

JES

(5.93)

where g; are suitably chosen weights used to form different types of estimators, ¢;is a
penalty as in Farrell and Singh (2002a), and tanh ~!() is the hyperbolic tangent func-
tion as in Singh (2012). Write code in any scientific programming language, such as R,
to study these distance functions. Discuss the nature of tuned weights in each situation.
Construct the 90%, 95%, and 99% confidence interval estimates in each situation by
estimating the variance using the method earlier discussed in the chapter, considering
all possible doubly jackknifed estimators. Simulate and discuss the distribution of
—2Dy4 and D,

Exercise 5.5 Consider a tuned estimator of the finite population regression coeffi-
cient f as

Braneay = _ Y _w(i. )B(i.j) (5.94)
i#jes

where j3 (i,/) denotes the value of the regression coefficient estimates after dropping
two pairs of values (x;,y;) and (x;, y;). The weights w(i, j) for i, j € s is a set of jackknife
tuned weights such that the following four constraints are satisfied:

S wij)=1 (5.95)

i#jEs

Zzw(i,j){n* (i.)) —%} -0 (5.96)

i#jEs
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2—n n— —nn— S2.
Zzw(i’f){si(xaww)) = <(n(n1)_(f) - 1()2 2 } =0 (5.97)

DD wlind) {vsm (5 x(7) =2 D ”(”2_ e } -

i#jes (n(n—1)—1)

(5.98)
where

n(n—1)7 —n;
,HZZW ) T)_lj

i#jes

= X) Wi =Y X~ )°
{%}/{%}

(i) =~ (n - with DN wi=1,

i#jes

(¢ ,)_n(n 1)y, —0.5(v(x) +v(x;))
Vs (X X(j)) = p— ’

Z;Z (v(x) +v(x)) Z;XQ: (v(o) +v(x7))

= d N =
n—1) rerew IN(N—1)

Vs(x)
Assume that for the linear heteroscedastic model
yi=pxite (5.99)

the following assumptions are satisfied: E(e;]x;) =0, E(ei2 ) = o®v(x;), v(x;) >0, and
E(eie[ ‘X,'Xj) =0

Subject to the preceding four tuning constraints, optimize each of the following
distance functions:

1 {1=(n(n—1) = D)w(i,j) = 1/n(n— 1))}
Dy = E#jgv q,l/(n(n )) (5.100)
ZZ( w(i, ) =1/v/n ”—1) (5.101)
i#jes

and

1—(n(n—1)=1)w(i,j)—1 n—1)?
P (i)~ 1/(n(n=1))}

iics 261!1/(”(” 1))
@i {w(i. )} n(n—1)
"2 a1 1)

(5.102)
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where g;; are the suitably chosen weights that form different types of estimators, and
@;j is a penalty,

T oS i) GRG0 < (i) < 1/ (1) = 1)
i#jEs
(5.103)

ZZ In(w(i, ), 0<w(ij)<1/(n(n—1)—1) (5.104)

i#jes

and

ZZ tanh ~ (ﬁ:) (5.105)

i#jes

where tanh ~!() is the hyperbolic tangent function.

Write code in any scientific computer language to study these distance functions.
Discuss the nature of tuned weights in each situation. Construct the 90%, 95%, and
99% confidence interval estimates in each situation by estimating the variance using
the method discussed in this chapter, considering all possible doubly jackknifed esti-
mates of the regression coefficient. Simulate the distribution of —2Dss and Dgg.

Exercise 5.6 Consider a tuned estimator of the finite population variance Szy as

SZ
o-Tuned ZZW i J [ Yuyj) ﬁ] (5106)

i#jes P x/)

where 52y(y,», y;) and sﬁ(x,—,xj) denote the values of the estimators of the finite population
variance of the study and auxiliary variables, respectively, after dropping two pairs of
values (y;,y;) and (x;,x;), and w(i, j) for i, j € s is a set of jackknifed tuned weights such
that the following four constraints are satisfied:

S wij)=1 (5.107)

i#jE€s

ZZW(!’J){%’J) —%} -0 (5.108)

i#jES

2 _n(n— —n(n—1))s?
Zzw(i,j){si(xm,m))—Sx ((n(nl)(f)l()z D) "}:0 (5.109)

i#j€s
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i o (o oy Yew — = D{2—n(n = Diviy |
> (,]){ s (XG) X)) 1) 17 }

i#jes
(5.110)
where B
(_S ij> n_lia_fll’
( 1#]@ ( ) o
2
1— (v —x;)
2n n—l s2 2n(n—1)s2 [’
i,j)= with wii=1,
v 22
n(n— 1)y —0.5(v(x:) +v(x;))
sty (X0 X( ) = 1)1 ,
={2n(n—-1)} 122 v(xi) +v(x))
i#jEs
and
={2N(N IZZ v(xi) +v(x))
i#jes
Assume that for the linear heteroscedastic model,
yi=pxite (5.111)

the following assumptions are satisfied: En(e;]x;) =0, Em (€7 |x;) = 6*v(x;), v(x;) >0,
and E, (eiei|xi)§,) =0.

Subject to the preceding four tuning constraints, optimize each of the following
distance functions:

1 {1=(n(n=1)=1)w(i,j) = 1/n(n—1))}*
Dy = E;JEZ qij/(n(n—1)) (5.112)
Dzz——ZZ( w(i,j)—1/y/n n—l) (5.113)
i#jes

and

{1 = (n(n— 1) = 19(i.j) — 1/ (n(n — 1)}
Da=) ). 243/ (n(n 1)
S L) )

)
e 2q;{n(n—1)—1}

(5.114)

where ¢;; are the suitably chosen weights that form different types of estimators, and
@;j is a penalty,
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ST Do ) ()], 0< (i) <1/ (n(n=1) = 1)

i#jes
(5.115)

ZZ In(w(i, /), 0<w(i,j)<1/(n(n—1)—1) (5.116)

i#jES

N 1)
i#jes

where tanh ~!() is the hyperbolic tangent function. Write code in any scientific lan-
guage, such as R, to study the resultant estimators from these distance functions. Dis-
cuss the nature of the tuned weights in each situation. Construct the 90%, 95%, and
99% confidence interval estimates in each situation by estimating the variance with
the method discussed in the chapter, considering all possible doubly jackknifed esti-
mates of the regression coefficient. Simulate and discuss the distributions of —2Ds;5
and D66-

and

Dge =

Exercise 5.7 A student of medicine studies the statement made by a team of doctors
about the negative relationship between age (years) and duration of sleep (minutes),
and from a simple random and with replacement sample six patients obtained the fol-
lowing data:

Age (x) 78 74 87 72 72 66
Duration of sleep (y) 345 381 270 345 364 480

Apply the newly tuned method of estimating to estimate the correlation coefficient p,,
between age and duration of sleep. Also apply it to construct the 75% confidence inter-
val for the correlation coefficient by assuming that the average age in the population is
76 years. Comment on your findings.



Tuning of multicharacter
survey estimators

6.1 Introduction

In this chapter, we discuss the tuning of multicharacter survey estimators when the
sample is selected using a probability proportional to size and with replacement
(PPSWR) sampling, where the selection probabilities have low positive correlation
with the study variables. The role of two auxiliary variables, one at the selection stage
and another at the estimation stage, is discussed. Unsolved exercises are also provided
at the end of the chapter.

6.2 Transformation on selection probabilities

Consider a population £2 consisting of N units. Let z;, i = 1,2,...,N be the value of the
ith unit of an auxiliary variable associated with a study variable. Consider a sample s
of n units that is selected using a PPSWR scheme.

In short, let

pi==, i=12,...N 6.1)

where Z = Zz,- is known, be the probability of selecting the ith unit in the sample.
i€Q
Note then that

> pi=1 6.2)

ieQ

Let p,. be the known value of the correlation coefficient between the study variable(s)
and the auxiliary variable z;. Let us make clear that in a multicharacter survey, there
are several study variables and one auxiliary variable, which is used at the selection
stage of the sample. For those study variables that have high correlation with the
auxiliary variable, one can use the well-known Hansen and Hurwitz (1943) estimator
of population total for PPSWR sampling. For those study variables that have low
correlation with the auxiliary variable used at the selection stage, Bansal and Singh
(1985) suggested the following transformation on the selection probabilities p; as

(l_f’)':)
Pl = (1 + }V) (1+p)=) —1 6.3)
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Note that if the value of the correlation coefficient p;, =0 then p; = 1 /N, which leads
to the claim due to Rao (1966), and if p,. =1 then p; = p;, which leads to the claim of
Hansen and Hurwitz (1943). Thus, the transformation p; in Equation (6.3) is a kind of
compromise between the Rao (1966) and Hansen and Hurwitz (1943) methods.

6.3 Tuning with a chi-square distance function

The newly tuned jackknife estimator of the population total Y in multicharacter sur-
veys is defined as

YMTuned(cs) = Z {{(l’l - l)zwn(j) - (I’l - 2)}YAM(J)] (6.4)
JES
where
Q)
5 =i Dj
Yu(j)== 6.5)

is the estimator of the population total obtained by removing the jth unit from the sam-
ple s, and w, ( j) is the jth jackknife tuned weight constructed so that the following two
constraints are satisfied:

> wa(i)=1 (6.6)

Jjes

(X—n(2- n))fM)

> () Xu(f) = . 6.7)
JES (l’l - 1)
where
. nXy—x;/pt
u(j)= n_1’ ! (6.8)
and
~ 1 Xi
Xy=-> — (6.9)
e Pi

is an estimator of the population total X of the second auxiliary variable, which we use
at the estimation stage. We suggest tuning the weights w,(j) so that the modified
chi-square type distance function, defined as

@)Y g (1= (= Dwa())— ") (6.10)

JES
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is optimum subject to the tuning constraints (6.6) and (6.7), where g; is a choice of
weights.
The Lagrange function becomes

Li=02"n)> g7 (1—(n—1)w,()) —n"y? —zo{an(j) - 1}

jes JjEs
A 6.11)
_ . (X —n(2—n)Xy)
—M Wn(j)XM(j) N
= 17
where Ay and A, are Lagrange multipliers constants.
Note that
X—n(2—-n)X
n(n—1) {"”M—ZXM }—n X —Xy) (6.12)
(ﬂ-—-] JES
On setting
oL,
——=0
oWn(J)
we have
o1 q; g9 ¢ .
wa()=—|1+4 L+ X (6.13)
n(J) = e T wm(J)

On using Equation (6.13) in Equations (6.6) and (6.7), one is led to the following set of
normal equations that give the optimum values of 4y and 4;:

qu ZCIJXM(j)

JES JESs A() 0
= N (6.14)
ot Yty | ]~ e
JjEs JjESs
The tuned jackknife weights w,(j) are then given by
|
wa(j) ==+ S (X —Xu) (6.15)

n (n—l)
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where

JES JES

Thus, under the chi-square (cs) type distance function, the newly tuned estimator (6.4)
of the population total Y for multicharacter surveys becomes

(oo (e

(6.16)

YAMTuned(cs) = YM +BMTuned (X - XM) (6.17)

where

(30 (o) (Sanin) (Sano)

ﬂMTuned = 2
(Z%‘) (qu()?M(j))2> - <Z%XM(])>

is the tuned estimator of the regression coefficient.

6.3.1 Estimation of variance and coverage

An adjusted estimator, to estimate the variance of the multicharacter survey estimator,

YMTuned(cs) , 18

RS _ . « (O 5 2
V(YMTuned(cs)) = n(n - 1)32 (Wn(f))zpj {YMTuned(cs)(j) - YMTuned(cs)} (6.18)

JES

Note that in Equation (6.18), instead of using p; one might investigate the possibility
of using

* _np_* _Pf

P (== (6.19)

where

. 1 .
p =;Zp,
J=
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This has been left as an exercise.
Note that each newly tuned multicharacter doubly jackknifed estimator of the pop-
ulation total Y is given by

¥ xreaten) = 1] (1= 170()) = (n=2) } P ()

n—1

YMTuned(cs)(j) = (6.20)

for j=1,2,...,n.

The coverage by the (1 — a)100% confidence interval estimates obtained using this
newly tuned multicharacter jackknife estimator of the population total, and an esti-
mate of its variance, is obtained by counting the number of times the true population
total Y falls within the interval estimate given by

YMTuned(cs) + ta/Z(df =n- 1) ‘;(YAMTuned(cs)) (6.21)

Note the use of degree of freedom df =»n — 1 by assuming that only one parameter,
that is, population total, is being estimated. We studied coverage by the nominally
90%, 95%, and 99% intervals based on the estimator. We investigated the situation
with two auxiliary variables X, Z that are independent, but are each correlated with
the study variable Y. We generated three random variables y! ~N(0,1),
xf~N(0,1),and z; ~N(0, 1) for i=1,2,...,N from three independent standard nor-
mal variables using the IMSL subroutine RNNOR. For four different values of the
correlation coefficient p,, and nine different values of the correlation coefficient
Pyz» we generated populations with three variables Y, X, and Z taking values y;, x;,
and z; for the ith unit in the population as

yi=Y+o,y; (6.22)

=X 4o/ (1-03 )3 +py00] (6.23)

si=Z+0.] (1 - pgz)z; 030y (6.24)

In this study, we fixed X =2325,Y =2454,Z =322, 6, =232, 6, = 245, and 6, = 52.
Note that we used the variable X at the estimation stage and assumed it has correlations
0.3, 0.5, 0.7, and 0.9 with the study variable Y to see the effect of low as well as high
values of the correlation coefficient. In the same way, we used the variable Z at the
selection stage of sampling, and this variable is expected to have low correlation with
the study variable, Y (e.g., 0.0, 0.1); however, we considered ten values of p,. simply to
investigate its effect on the study. The choice of the values of these correlation

and
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coefficients has two aims. The first is to save space, and the second is to study the
effect of high and low values of the correlation coefficients.

We formed populations of size N = 2000 units for each one of the 40 combinations
of p,, and p,., and for each sample size of 4, 6, 8, 10, 12, and 14, we selected 10,000
samples of that size and formed the three confidence intervals. All samples are
selected by using the Lahiri (1951) method of selecting a sample using PPSWR
sampling. Coverage was estimated by the proportion of times the 10,000 intervals

contained the population total. Results are shown in Table 6.1.

Table 6.1 Performance of the newly tuned multicharacter estimator

Py | RHOXY p: | RHOYZ n 90% 95% 99%
03 | 02978796 | 0.0 0.0051677 4 | 0820 | 08669 | 09297
03 | 02978796 | 0.0 0.0051677 6 | 0.8958 | 09171 | 0.9496
03 | 02978796 | 0.0 0.0051677 8 | 09295 | 09435 | 09615
03 | 02978796 | 0.0 0.0051677 | 10 | 09528 | 09623 | 0.9746
03 | 02978796 | 0.0 00051677 | 12 | 09608 | 0.9689 | 0.9774
03 | 02978796 | 0.0 00051677 | 14 | 09658 | 09719 | 0.9808
03 | 0.2898565 | 0.1 0.0912027 4 | 08347 | 08769 | 0.9316
03 | 0.2898565 | 0.1 0.0912027 6 | 08982 | 09194 | 0.9487
03 | 0.2898565 | 0.1 0.0912027 8 | 09294 | 09423 | 0.9609
03 | 0.2898565 | 0.1 0.0912027 | 10 | 09513 | 09601 | 0.9733
03 | 0.2898565 | 0.1 00912027 | 12 | 09660 | 09725 | 0.9809
03 | 0.2898565 | 0.1 00912027 | 14 | 09720 | 09772 | 0.9837
03 | 02893902 | 0.2 0.1542838 4 | 08282 | 08692 | 09268
03 | 02893902 | 0.2 0.1542838 6 | 09039 | 09238 | 09536
03 | 02893902 | 0.2 0.1542838 8 | 09337 | 09483 | 0.9656
03 | 02893902 | 0.2 0.1542838 | 10 | 09508 | 0.9606 | 0.9747
03 | 02893902 | 0.2 0.1542838 | 12 | 09641 | 09709 | 0.9792
03 | 02893902 | 0.2 0.1542838 | 14 | 09698 | 09759 | 0.9836
03 | 02814688 | 0.3 0.3024993 4 | 08255 | 08705 | 0.9296
03 | 02814688 | 0.3 0.3024993 6 | 09000 | 09212 | 0.9497
03 | 02814688 | 0.3 0.3024993 8 | 09328 | 09462 | 0.9628
03 | 02814688 | 0.3 03024993 | 10 | 09502 | 0.9582 | 0.9707
03 | 02814688 | 0.3 03024993 | 12 | 09601 | 09656 | 0.9756
03 | 02814688 | 0.3 03024993 | 14 | 09701 | 09742 | 0.9812
03 | 02800336 | 0.4 0.4206022 4 | 08406 | 0.8816 | 0.9332
03 | 02800336 | 0.4 0.4206022 6 | 09032 | 09207 | 09514
03 | 02800336 | 0.4 0.4206022 8 | 09327 | 09453 | 0.9627
03 | 02800336 | 0.4 04206022 | 10 | 09514 | 09620 | 0.9723
03 | 02800336 | 0.4 04206022 | 12 | 09653 | 09716 | 0.9786
03 | 02800336 | 0.4 04206022 | 14 | 09740 | 09794 | 0.9852
03 | 02511401 | 05 0.5078852 4 | 08409 | 0.8833 | 0.9366
03 | 02511401 | 0.5 0.5078852 6 | 09059 | 09258 | 0.9529
03 | 02511401 | 0.5 0.5078852 8 | 09380 | 09511 | 0.9661
03 | 02511401 | 0.5 05078852 | 10 | 09565 | 09657 | 0.9761
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Table 6.1 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

03 | 02511401 | 05 05078852 | 12 | 0.9691 | 0.9743 | 0.9822
03 | 02511401 | 05 0.5078852 | 14 | 09774 | 09823 | 0.9878
03 | 03262503 | 0.6 0.5984581 4 | 08641 | 0.8993 | 0.9447
03 | 03262503 | 0.6 0.5984581 6 | 09155 | 09329 | 0.9575
03 | 03262503 | 0.6 0.5984581 8 | 09416 | 09529 | 0.9688
03 | 03262503 | 0.6 0.5984581 10 | 09577 | 09662 | 0.9756
03 | 03262503 | 0.6 05984581 | 12 | 0.9684 | 0.9745 | 0.9819
03 | 03262503 | 0.6 0.5984581 | 14 | 09736 | 0.9788 | 0.9850
03 | 03237574 | 07 0.6893118 4 | 08701 | 09031 | 0.9488
03 | 03237574 | 07 0.6893118 6 | 09234 | 09393 | 09607
03 | 03237574 | 07 0.6893118 8 | 09504 | 09612 | 0.9742
03 | 03237574 | 07 0.6893118 | 10 | 09657 | 0.9720 | 0.9797
03 | 03237574 | 07 0.6893118 | 12 | 09718 | 09767 | 0.9832
03 | 03237574 | 07 0.6893118 | 14 | 09772 | 09816 | 0.9879
03 | 03234880 | 0.8 0.8049675 4 | 0883 | 09155 | 0.9554
03 | 03234880 | 0.8 0.8049675 6 | 09268 | 09428 | 0.9637
03 | 03234880 | 0.8 0.8049675 8 | 09536 | 09640 | 0.9768
03 | 03234880 | 0.8 0.8049675 | 10 | 09623 | 0.9693 | 0.9796
03 | 03234880 | 0.8 0.8049675 | 12 | 09736 | 0.9801 | 0.9865
03 | 03234880 | 0.8 0.8049675 | 14 | 09772 | 09816 | 0.9867
03 | 03039484 | 09 0.8964122 4 | 09016 | 09261 | 0.9605
03 | 03039484 | 09 0.8964122 6 | 09445 | 09557 | 09715
03 | 03039484 | 09 0.8964122 8 | 09604 | 09665 | 0.9775
03 | 03039484 | 09 0.8964122 | 10 | 09714 | 09759 | 0.9831
03 | 03039484 | 09 0.8964122 | 12 | 09792 | 0.9830 | 0.9879
03 | 03039484 | 09 0.8964122 | 14 | 09843 | 09875 | 0.9918
0.5 | 04833906 | 0.0 0.0026272 4 108391 | 08817 | 09339
0.5 | 04833906 | 0.0 0.0026272 6 | 09045 | 09254 | 0.9540
0.5 | 04833906 | 0.0 0.0026272 8 | 09354 | 09478 | 0.9656
0.5 | 04833906 | 0.0 0.0026272 | 10 | 09515 | 0.9592 | 0.9709
0.5 | 04833906 | 0.0 00026272 | 12 | 09638 | 09713 | 0.9782
0.5 | 04833906 | 0.0 00026272 | 14 | 09734 | 09788 | 0.9857
0.5 | 05064535 | 0.1 0.0992117 4 | 08475 | 0.8890 | 0.9408
0.5 | 05064535 | 0.1 0.0992117 6 | 09093 | 09271 | 09514
0.5 | 05064535 | 0.1 0.0992117 8 | 09361 | 09478 | 0.9633
0.5 | 05064535 | 0.1 0.0992117 | 10 | 09537 | 09621 | 0.9735
0.5 | 05064535 | 0.1 0.0992117 | 12 | 09662 | 09741 | 0.9813
0.5 | 05064535 | 0.1 0.0992117 | 14 | 09724 | 09767 | 0.9834
05 | 05167572 | 0.2 0.1951615 4 | 08454 | 0.8869 | 0.9391
05 | 05167572 | 0.2 0.1951615 6 | 09069 | 09263 | 09529
05 | 05167572 | 0.2 0.1951615 8 | 09381 | 09509 | 0.9682
05 | 05167572 | 0.2 0.1951615 | 10 | 09597 | 0.9682 | 0.9793
05 | 05167572 | 0.2 0.1951615 | 12 | 09650 | 0.9721 | 0.9802
05 | 05167572 | 0.2 0.1951615 | 14 | 09730 | 0.9769 | 0.9833
05 | 05171975 | 03 0.3007205 4 | 08524 | 08899 | 0.9395

Continued
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Table 6.1 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

05 | 05171975 | 0.3 0.3007205 6 | 09097 | 09284 | 0.9529
05 | 05171975 | 03 0.3007205 8 | 09383 | 09513 | 0.9685
05 | 05171975 | 03 0.3007205 | 10 | 09574 | 0.9670 | 0.9773
05 | 05171975 | 0.3 03007205 | 12 | 09704 | 09753 | 0.9821
05 | 05171975 | 03 03007205 | 14 | 09733 | 0.9778 | 0.9847
0.5 | 05010488 | 0.4 0.4293076 4 | 08489 | 08863 | 0.9376
05 | 05010488 | 0.4 0.4293076 6 | 09124 | 09319 | 0.9580
0.5 | 05010488 | 0.4 0.4293076 8 | 09436 | 09544 | 0.9694
0.5 | 05010488 | 0.4 04293076 | 10 | 09565 | 0.9655 | 0.9760
0.5 | 05010488 | 0.4 04293076 | 12 | 09678 | 0.9737 | 0.9820
0.5 | 05010488 | 0.4 04293076 | 14 | 09748 | 0.9803 | 0.9858
0.5 | 05044690 | 0.5 0.5025602 4 | 08611 | 0.8997 | 0.9428
0.5 | 05044690 | 0.5 0.5025602 6 | 09211 | 09385 | 0.9600
0.5 | 05044690 | 0.5 0.5025602 8 | 09428 | 09538 | 0.9692
0.5 | 05044690 | 0.5 0.5025602 | 10 | 0.9599 | 0.9681 | 0.9777
0.5 | 05044690 | 0.5 0.5025602 | 12 | 09701 | 0.9759 | 0.9828
0.5 | 05044690 | 0.5 0.5025602 | 14 | 09769 | 0.9814 | 0.9860
0.5 | 04796009 | 0.6 0.6105799 4 | 08714 | 09035 | 0.9474
0.5 | 04796009 | 0.6 0.6105799 6 | 09217 | 09382 | 0.9607
0.5 | 04796009 | 0.6 0.6105799 8 | 09504 | 09597 | 0.9732
0.5 | 04796009 | 0.6 0.6105799 | 10 | 09654 | 0.9714 | 0.9800
0.5 | 04796009 | 0.6 0.6105799 | 12 | 09718 | 0.9768 | 0.9823
0.5 | 04796009 | 0.6 06105799 | 14 | 09782 | 0.9820 | 0.9870
05 | 04774821 | 0.7 0.6929410 4 | 08706 | 0.9064 | 0.9494
05 | 04774821 | 07 0.6929410 6 | 09271 | 09436 | 0.9652
05 | 04774821 | 07 0.6929410 8 | 09533 | 09629 | 0.9742
05 | 04774821 | 0.7 0.6929410 | 10 | 0.9648 | 0.9720 | 0.9806
05 | 04774821 | 07 0.6929410 | 12 | 09715 | 0.9774 | 0.9841
05 | 04774821 | 0.7 0.6929410 | 14 | 09778 | 0.9823 | 0.9865
0.5 | 04933499 | 0.8 0.8119242 4 | 08846 | 09178 | 0.9556
0.5 | 04933499 | 0.8 0.8119242 6 | 09276 | 09438 | 0.9647
0.5 | 04933499 | 0.8 0.8119242 8 | 09594 | 09676 | 0.9778
0.5 | 04933499 | 0.8 0.8119242 | 10 | 09706 | 0.9752 | 0.9817
0.5 | 04933499 | 0.8 08119242 | 12 | 09767 | 0.9811 | 0.9866
0.5 | 04933499 | 0.8 08119242 | 14 | 09822 | 0.9856 | 0.9893
0.5 | 05033757 | 0.9 0.9006591 4 109092 | 09332 | 09634
0.5 | 05033757 | 0.9 0.9006591 6 | 09452 | 09588 | 0.9728
0.5 | 05033757 | 0.9 0.9006591 8 | 09616 | 09698 | 0.9792
0.5 | 05033757 | 0.9 09006591 | 10 | 0.9694 | 0.9749 | 0.9824
0.5 | 05033757 | 0.9 09006591 | 12 | 0.9802 | 0.9841 | 0.9891
0.5 | 05033757 | 0.9 0.9006591 14 | 09834 | 09868 | 0.9899
07 | 07068314 | 00 | —0.0153304 4 | 08739 | 09088 | 0.9517
07 | 07068314 | 00 | —0.0153304 6 | 09224 | 09401 | 0.9612
07 | 07068314 | 00 | —0.0153304 8 | 09469 | 09589 | 0.9733
07 | 07068314 | 00 | —0.0153304 | 10 | 09591 | 0.9674 | 0.9774
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Table 6.1 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

07 | 07068314 | 0.0 | —0.0153304 | 12 | 09744 | 09787 | 0.9847
07 | 07068314 | 0.0 | —0.0153304 | 14 | 0.9748 | 0.9800 | 0.9863
07 | 07037323 | 0.1 0.0930306 4 | 08697 | 09028 | 0.9446
07 | 07037323 | 0.1 0.0930306 6 | 09242 | 09412 | 0.9625
07 | 07037323 | 0.1 0.0930306 8 | 09538 | 09644 | 0.9746
07 | 07037323 | 0.1 0.0930306 | 10 | 09619 | 0.9701 | 0.9786
07 | 07037323 | 0.1 0.0930306 | 12 | 09710 | 0.9772 | 0.9839
07 | 07037323 | 0.1 0.0930306 | 14 | 09765 | 0.9806 | 0.9869
07 | 07091130 | 0.2 0.2079550 4 | 08678 | 09006 | 0.9464
07 | 07091130 | 0.2 0.2079550 6 | 09233 | 09385 | 0.9630
07 | 07091130 | 0.2 0.2079550 8 | 09481 | 09589 | 0.9732
07 | 07091130 | 0.2 0.2079550 | 10 | 09619 | 0.9685 | 0.9783
07 | 07091130 | 0.2 02079550 | 12 | 09712 | 09761 | 0.9861
07 | 07091130 | 0.2 02079550 | 14 | 09773 | 0.9817 | 0.9868
07 | 07228749 | 0.3 0.2823218 4 | 08776 | 09091 | 0.9504
07 | 07228749 | 03 0.2823218 6 | 09302 | 09460 | 0.9667
07 | 07228749 | 03 0.2823218 8 | 09541 | 09638 | 0.9754
07 | 07228749 | 0.3 02823218 | 10 | 09644 | 09714 | 0.9807
07 | 07228749 | 03 02823218 | 12 | 09729 | 0.9785 | 0.9840
07 | 07228749 | 03 02823218 | 14 | 09790 | 0.9829 | 0.9873
07 | 07043535 | 0.4 0.4168755 4 | 08753 | 09077 | 0.9494
07 | 07043535 | 0.4 0.4168755 6 | 09243 | 09402 | 0.9615
07 | 07043535 | 0.4 0.4168755 8 | 09481 | 09587 | 0.9717
07 | 07043535 | 0.4 04168755 | 10 | 09649 | 09717 | 0.9801
07 | 07043535 | 0.4 04168755 | 12 | 09713 | 09769 | 0.9831
07 | 07043535 | 0.4 04168755 | 14 | 09751 | 09792 | 0.9843
07 | 0.6969780 | 0.5 0.5394821 4 | 08877 | 09168 | 0.9553
07 | 0.6969780 | 0.5 0.5394821 6 | 09327 | 09460 | 0.9645
07 | 0.6969780 | 0.5 0.5394821 8 | 09489 | 09598 | 0.9733
07 | 0.6969780 | 0.5 0.5394821 | 10 | 09623 | 09701 | 0.9785
07 | 0.6969780 | 0.5 0.5394821 | 12 | 09709 | 0.9766 | 0.9836
07 | 0.6969780 | 0.5 0.5394821 14 | 09789 | 0.9827 | 0.9875
07 | 07091886 | 0.6 0.5960213 4 | 08856 | 09132 | 09525
07 | 07091886 | 0.6 0.5960213 6 | 09360 | 09495 | 0.9683
07 | 07091886 | 0.6 0.5960213 8 | 09549 | 09653 | 0.9774
07 | 07091886 | 0.6 0.5960213 | 10 | 09701 | 0.9748 | 0.9835
07 | 07091886 | 0.6 05960213 | 12 | 09744 | 09796 | 0.9850
07 | 07091886 | 0.6 0.5960213 | 14 | 09768 | 0.9810 | 0.9867
07 | 07066548 | 0.7 0.7085645 4 | 08921 | 09205 | 09572
07 | 07066548 | 0.7 0.7085645 6 | 09361 | 09513 | 09692
07 | 07066548 | 0.7 0.7085645 8 | 09581 | 09658 | 0.9770
07 | 07066548 | 0.7 07085645 | 10 | 09712 | 09767 | 0.9839
07 | 07066548 | 0.7 07085645 | 12 | 09770 | 0.9822 | 0.9875
07 | 0.7066548 | 0.7 07085645 | 14 | 0.9819 | 0.9847 | 0.9893
07 | 0.6880201 | 0.8 0.8009049 4 | 09008 | 09262 | 09612
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Table 6.1 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

07 | 0.6880201 | 0.8 0.8009049 6 | 0939 | 09524 | 09701
07 | 0.6880201 | 0.8 0.8009049 8 | 09573 | 09648 | 0.9767
07 | 0.6880201 | 0.8 0.8009049 | 10 | 0.9686 | 0.9743 | 0.9827
07 | 0.6880201 | 0.8 0.8009049 | 12 | 0.9750 | 0.9804 | 0.9860
07 | 0.6880201 | 0.8 0.8009049 | 14 | 0.9806 | 0.9832 | 0.9871
07 | 06878207 | 0.9 0.8979229 4 09060 | 09275 | 0.9622
07 | 06878207 | 0.9 0.8979229 6 | 09506 | 09612 | 0.9774
07 | 0.6878207 | 0.9 0.8979229 8 | 09674 | 09746 | 0.9823
07 | 06878207 | 0.9 0.8979229 | 10 | 0.9743 | 0.9787 | 0.9843
07 | 06878207 | 0.9 0.8979229 | 12 | 0.9804 | 0.9829 | 0.9881
07 | 0.6878207 | 0.9 0.8979229 | 14 | 0.9826 | 0.9861 | 0.9900
09 | 08976998 | 0.0 0.0042819 4 109196 | 0938 | 0.9672
09 | 08976998 | 0.0 0.0042819 6 | 09494 | 09611 | 0.9756
09 | 08976998 | 0.0 0.0042819 8 | 09668 | 09737 | 0.9820
09 | 08976998 | 0.0 0.0042819 | 10 | 09784 | 0.9825 | 0.9883
09 | 08976998 | 0.0 0.0042819 | 12 | 0.9843 | 0.9868 | 0.9908
09 | 08976998 | 0.0 0.0042819 | 14 | 0.9866 | 0.9887 | 0.9921
09 | 08999227 | 0.1 0.1200173 4 09163 | 09381 | 0.9679
09 | 08999227 | 0.1 0.1200173 6 | 09535 | 09633 | 09759
09 | 08999227 | 0.1 0.1200173 8 | 09663 | 09731 | 0.9818
09 | 08999227 | 0.1 0.1200173 | 10 | 09790 | 0.9831 | 0.9885
09 | 08999227 | 0.1 0.1200173 | 12 | 09824 | 0.9865 | 0.9905
09 | 08999227 | 0.1 0.1200173 | 14 | 09854 | 0.9889 | 0.9915
09 | 08966213 | 0.2 0.1928654 4 | 09247 | 09445 | 09711
09 | 08966213 | 0.2 0.1928654 6 | 09550 | 09643 | 0.9777
09 | 08966213 | 0.2 0.1928654 8 | 09695 | 09745 | 0.9835
09 | 08966213 | 0.2 0.1928654 | 10 | 09757 | 09816 | 0.9878
09 | 08966213 | 0.2 0.1928654 | 12 | 0.9801 | 0.9834 | 0.9891
09 | 08966213 | 0.2 0.1928654 | 14 | 09867 | 0.9886 | 0.9917
09 | 08977677 | 03 0.2522655 4 | 09213 | 09422 | 0.9681
09 | 08977677 | 03 0.2522655 6 | 09545 | 09638 | 0.9775
09 | 08977677 | 03 0.2522655 8 | 09694 | 09742 | 0.9820
09 | 08977677 | 03 02522655 | 10 | 09773 | 0.9820 | 0.9881
09 | 08977677 | 03 02522655 | 12 | 0.9818 | 0.9856 | 0.9902
09 | 08977677 | 03 02522655 | 14 | 0.9889 | 0.9908 | 0.9934
09 | 09045316 | 0.4 0.3869980 4 09206 | 09424 | 0.9674
09 | 09045316 | 0.4 0.3869980 6 | 09555 | 09652 | 09781
09 | 09045316 | 0.4 0.3869980 8 | 09689 | 09751 | 0.9837
09 | 09045316 | 0.4 0.3869980 | 10 | 0.9795 | 0.9832 | 0.9884
09 | 09045316 | 0.4 0.3869980 | 12 | 0.9825 | 0.9856 | 0.9907
09 | 09045316 | 0.4 0.3869980 | 14 | 0.9852 | 0.9886 | 0.9918
09 | 0.8984540 | 0.5 0.4761073 4 109178 | 09390 | 0.9684
09 | 0.8984540 | 0.5 0.4761073 6 | 09570 | 09662 | 0.9790
09 | 0.8984540 | 0.5 0.4761073 8 | 09684 | 09742 | 0.9823
09 | 0.8984540 | 0.5 04761073 | 10 | 09779 | 0.9814 | 0.9869
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Table 6.1 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

09 | 0.8984540 | 0.5 04761073 | 12 | 0.9829 | 0.9861 | 0.9905
09 | 0.8984540 | 0.5 04761073 | 14 | 09859 | 0.9883 | 0.9914
09 | 09003546 | 0.6 0.5882043 4 109209 | 09406 | 0.9699
09 | 09003546 | 0.6 0.5882043 6 | 09573 | 09668 | 0.9773
09 | 09003546 | 0.6 0.5882043 8 | 09709 | 09774 | 0.9858
09 | 09003546 | 0.6 0.5882043 | 10 | 09779 | 0.9826 | 0.9876
09 | 09003546 | 0.6 05882043 | 12 | 0.9852 | 0.9880 | 0.9912
09 | 09003546 | 0.6 0.5882043 | 14 | 0.9887 | 0.9905 | 0.9937
09 | 09000659 | 0.7 0.7050580 4 0928 | 09466 | 0.9701
09 | 0.9000659 | 0.7 0.7050580 6 | 09571 | 09670 | 0.9798
09 | 0.9000659 | 0.7 0.7050580 8 | 09701 | 09778 | 0.9846
09 | 09000659 | 0.7 07050580 | 10 | 09775 | 0.9823 | 0.9882
0.9 | 0.9000659 | 0.7 07050580 | 12 | 0.9806 | 0.9850 | 0.9899
09 | 0.9000659 | 0.7 07050580 | 14 | 0.9858 | 0.9883 | 0.9914
09 | 08927355 | 08 0.8029351 4 109280 | 09490 | 0.9716
09 | 08927355 | 0.8 0.8029351 6 | 09538 | 09636 | 09776
09 | 08927355 | 08 0.8029351 8 | 09708 | 09754 | 0.9847
09 | 08927355 | 08 0.8029351 | 10 | 09784 | 0.9829 | 0.9884
09 | 08927355 | 0.8 0.8029351 | 12 | 0.9826 | 0.9858 | 0.9909
09 | 08927355 | 08 0.8029351 | 14 | 09894 | 0.9919 | 0.9942
09 | 0.9005865 | 0.9 0.8948975 4 109329 | 09502 | 09737
09 | 09005865 | 0.9 0.8948975 6 | 09598 | 09672 | 0.9800
09 | 0.9005865 | 0.9 0.8948975 8 | 09782 | 09827 | 0.9882
09 | 0.9005865 | 0.9 0.8948975 | 10 | 0.9787 | 0.9838 | 0.9891
09 | 09005865 | 0.9 0.8948975 | 12 | 0.9851 | 0.9880 | 0.9918
09 | 09005865 | 0.9 0.89489075 | 14 | 0.9889 | 0.9913 | 0.9938

When there is no correlation between the study variable and the auxiliary variable
used at the selection stage, the coverage attained by the 90%, 95%, and 99% intervals
are found to be 89.58%, 94.35%, and 98.08% for samples of sizes 6, 8, and 14, respec-
tively, when the auxiliary variable used at the estimation stage has correlation of 0.3.
When the value of this correlation coefficient p,, increased to 0.9, while keeping p,. at
zero, the attained coverage becomes 94.94%, 96.11%, and 98.83%, respectively, for
samples of sizes 6, 6, and 10. It seems that if there exists zero correlation between the
study and the selection variable and there exists another auxiliary variable having high
correlation with the study variable, the resultant estimator could perform well for
moderate sample sizes.

One can read other results from Table 6.1 in the same way, but let us discuss one
more interesting case. Note that if the value of the correlation coefficient between the
study variable and the variable used at selection stage is 0.9, and there is another
auxiliary variable used at estimation stage that has a correlation coefficient of 0.9 with
the study variable, then the attained coverages are 93.29%, 95.02%, and 98.91% for
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the 90%, 95%, and 99% intervals, respectively, for samples of sizes 4, 4, and 10. We
see that when both auxiliary variables are highly correlated with the study variable, the
proposed method is very close to the regression type estimator under a PPSWR
scheme. Thus, the simulation shows that the Hansen and Hurwitz (1943) PPSWR
method works well for the construction of a linear regression type estimator. We
observed that as the value of the correlation coefficient increases, the value of the
effective sample size required to achieve the nominal coverage of interest decreases.

Thus, we recommend the use of this newly tuned estimator for multicharacter sur-
veys where the variables have very low correlation with the selection variable, and
where a moderate sample size is enough. Thus, the newly tuned multicharacter esti-
mator of population total resolves to a certain extent the major problem of estimation
of its variance in multicharacter surveys, which is the most cost effective and time-
saving scheme in real situations. Again note that in this study we used two variables,
one at the selection stage and another at the estimation stage.

6.3.2 R code

The R code, PUMPKING61.R, that was used to study the coverage by the newly tuned
multicharacter estimator based on a chi-square type distance function is listed here.

#PROGRAM PUMPKING61.R
Tibrary(sampling)
Tibrary(SDaA)
set.seed(2013)
for (rhoxy inseq(.3,.9,.2))
{
for (rhoyz inseq(.0,.9,.1))
{
NP<-2000
xe<-rnorm(NP,0,1);ye<-rnorm(NP,0,1);ze<-rnorm(NP,0,1)
y<-2454 + 245*ye
X<-2325+ 232*sqrt((1-rhoxy"2))*xe + rhoxy*232*ye
7<-322 +52*sqrt((1-rhoyz"2))*ze + rhoyz*52*ye
XPMEAN<-mean(x);ZPMEAN<-mean(z)
RHOXY<-cor(x,y);RHOYZ<-cor(y,z)
TY<-sum(y)
pi<-z/(NP*ZPMEAN)
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ci2.max=ciZ2.min=ci3.max=ci3.min=ESTP
VESTP=ESTP
for (ninseq(4,15,2) )
{
pik<-n*pi
for (rinl:nreps)
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{
us<- lahiri.design(pik, n, as.factor(1:NP))
xs<-x[us]; ys<-ylus]; zs<-z[us]
ps<-((1+1/NP)"(1-RHOYZ))*((1+pilus])"(RHOYZ))-1
ESTX1<-mean(xs/ps);ESTYl<-mean(ys/ps)
xmult<-(n*ESTX1 - xs/ps)/(n-1)
ymult<-(n*ESTY1 - ys/ps)/(n-1)
delt<-n*sum(xmult"2) - sum(xmult)"2
d<-(n*xmult - sum(xmult))/delt
wbni<-1/n+d*(NP*XPMEAN-ESTX1)/((n-1)"2)
ESTi<-n*((n-1)"2*wbni-n+2)*ymult
ESTP[r]<- sum(ESTi)
EST_I<-(ESTPLr] - ESTi)/(n-1)
ESTPLr]<-ESTPLrl/n
vj<-(wbni®2)*ps*((EST_I - ESTP[r])"2)
VESTP[rl<-n*((n-1)"3)*sum(vj)
cil.max[r]<- ESTPLrl-qt(.05,n-1)*sqrt(vESTP[r])
cil.minlr]<- ESTPLrl+qt(.05,n-1)*sqrt(vESTP[r])
ci2.maxlrl<- ESTPLrl-qt(.025,n-1)*sqrt(vESTP[rl)
ciZz.min[r]<- ESTP[rl+qt(.025,n-1)*sqrt(vESTP[r])
cid3.max[rl<- ESTPLrl-qt(.005,n-1)*sqrt(vESTP[rl)
cid3.minlr]<- ESTPLrl+qt(.005,n-1)*sqrt(vESTP[rl)
} # nreps
round(sum(cil.min<TY & cil.max>TY)/nreps,4)->covl
round(sum(ciZ2.min<TY & ci2.max>TY)/nreps,4)->cov?2
round(sum(ci3.min<TY & ci3.max>TY)/nreps,4)->cov3
cat(rhoxy,RHOXY,rhoyz, RHOYZ, n, covl,cov2,cov3,’\n’)
HE n
HE rhoyz
b # rhoxy

6.3.3 Numerical illustration

We explain the method of tuning the estimator of the population total in multicharacter
surveys with the following example.

Example 6.1 In a specially designed field, it is easy to take a picture of each one of
the pumpkins and record their top size. After taking photographs of the tops of all 200
pumpkins in the field, we selected a PPSWR sample of n =7 pumpkins. The circum-
ference (in.), say X, weight (Ibs), say Y, and top size (in.), say Z, of the seven selected
pumpkins were recorded as follows:

X; 130.9 67.0 106.5 98.0 115.2 137.1 101.1
Vi 800 800 3084 1042 4500 2500 2397
Z; 105 30 57 32 99 117 85
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Apply the multicharacter survey approach with the Bansal and Singh (1985) transfor-
mation to estimate the total weight of the pumpkins in the field and construct 90%
confidence interval estimates using circumference at the estimation stage and top size
at the selection stage. (Given: The population total of X is 21,080, total of Z is 14,600,
and p,. =0.4).

Solution. We can compute the following table:

P 7 Xu(j) Yu(j) Wa(j) ¥ MTunedens

0.0071917 0.0058761 21234.39 465818.4 0.143919 390588.1
0.0020547 0.0038208 22024.61 453613.1 0.138279 500631.3
0.0039041 0.0045615 21055.89 375826.8 0.145194 389490.2
0.0021917 0.0038757 20732.93 443700.7 0.147499 328556.3
0.0067808 0.0057119 21585.78 357205.4 0.141411 451167.5
0.008013 0.0062043 21264.28 421352.4 0.143706 403758.6
0.0058219 0.0053286 21785.02 413537.5 0.139989 469900.7

Then a tuned estimate of the total weight of the pumpkins is given by

o 1 o
YMTuned(cs) = EZ YMTuned(cs)(j) =419156.1

jes

The standard error of the tuned estimate of the population total is given by

SE (YMTuned(cs)) =4/V (YAMTuned(cs)) =51840.569

Hence, the 90% confidence interval estimate of the total weight of the pumpkins in the
field is 318420.6-519891.7 lbs.

6.3.4 R code used for illustration
We used the following R code, PUMPKING61EX.R, to solve the preceding example.

#PROGRAM PUMPKING61EX.R

n<-7
xs<-c¢(130.9,67,106.5,98,115.2,137.1,101.1)
ys<-¢(800,800,3084,1042,4500,2500,2397)
zs<-c(105,30,57,32,99,117,85)
XPMEAN<-105.4;ZPMEAN<-73; RHOYZP<-0.4
NP<-200

pi<-zs/(NP*ZPMEAN)
ps<-((1+1/NP)"(1-RHOYZP))*((1+pi) " (RHOYZP))-1
ESTX1<-mean(xs/ps);ESTYl<-mean(ys/ps)
xmult<-(n*ESTX1 - xs/ps)/(n-1)
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ymult<-(n*ESTY1 - ys/ps)/(n-1)
delt<-n*sum(xmult"2) - sum(xmult)" 2
d<-(n*xmult - sum(xmult))/delt
wbni<-1/n+d*(NP*XPMEAN-ESTX1)/((n-1)"2)
ESTi<- n*((n-1)"2*wbni-n+2)*ymult

ESTP<- sum(ESTi)

EST_TI<-(ESTP - ESTi)/(n-1)

ESTP<-ESTP/n

vi<-(wbni2)*ps*((EST_I - ESTP)"2)
VESTP<-n*((n-1)"3)*sum(vj)
L<-ESTP+qt(.05,n-1)*sqrt(vESTP)
U<-ESTP+qt(.95,n-1)*sqrt(vESTP)
cbind(pi,ps,xmult,ymult,wbni,EST_I)
cat("Tuned estimate:", ESTP, "SE: ",vESTP".5,’\n")
cat("Confidence Interval:"," ", L,"; ", U,’\n")

6.4 Tuning of the multicharacter estimator of
population total with dual-to-empirical
log-likelihood function

The newly tuned multicharacter jackknife dual-to-empirical log-likelihood (dell)
estimator of the population total Y is defined as

YMTuned(dell) = Z [(” — 1), (j) = (n—=2) | Yu()) (6.25)

jes

where w (/) are the positive jackknife tuned weights, chosen such that the following
two constraints are satisfied:

> owni)=1 (6.26)
JjES

and
> wr()¥=0 (6.27)
JEs

where

(6.28)
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Here we suggest the tuning of the jackknife weights w( /) such that the dell distance
function defined as

M (6.29)

JES n

where w; being weights on unit length, or equivalently, the log-likelihood function as
In(w)(j
27( 2() (6.30)
e

is optimum subject to the tuning constraints (6.26) and (6.27).
The Lagrange function is given by

LFZM—% (Zwﬁi(i)—l) —ﬂ’{{Zw:;U)%} (6.31)

Jjes jes jes

where A; and 1] are Lagrange multiplier constants.

On setting:
0L,
——~=0
w,(J)
we have
1
W (j)=—————~ 6.32
w,,(J) (T4 7] (6.32)

Constraints (6.26) and (6.27) yield Aj = 1, and A] is a solution to the nonlinear equation

¥
-~ =0 6.33
jg:]n+ﬂ?¥7 ( )

JES

In the following simulation study, by assuming |/1’1‘ Y’j| < 1, we approximated the value
of 1 as

Nl (6.34)

Note that a better solution to the nonlinear equation (6.33) could be used if available.
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Thus, under the dell distance function, the newly tuned multicharacter dell-
estimator (6.25) of the population total becomes

Prrueaay = D { (1= 17%;,(7) = (1=2) } ()

JjEs

(6.35)

_1)\2 7 H R
A R R )

"
jESs 1 +/115y-7 j€s

6.4.1 Estimation of variance of multicharacter estimator

An adjusted estimator of the variance of the multicharacter survey estimator

YMTuned(dell) 18

= —es a2\ 2 [ oMTuned(dell) 2
v(YMTuncd(de“)) =n(n— 1)32 (wn(])pj> {Y(j) - YMTuned(dell)}

JES

(6.36)

Note that the newly tuned doubly jackknifed dell estimator of the population total is
given by

5 2y 5.
sMTuned(dell) nYMTuned(del]) —-n ((n - 1) Wn(]) - (n - 2)) YM(J)
Y = — (6.37)

for j=1,2,...,n, with

Pattunedaen) = Y | (1= 125,(/) = (n=2) | Y ()) (6.38)

JjES

Again note that in Equation (6.36), instead of using p; the possibility of using

_nr—p;
=1

P*(J) (6.39)

where
1 n
e "
=2
=

could also be investigated. This has been left an exercise!
The coverage by the (1 —a)100% confidence interval estimates obtained from this
newly tuned doubly jackknifed multicharacter dell estimator of the population total is
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obtained by counting the number of times the true population total Y falls within the
interval estimate given by

YAMTuned(dell) + ta/2 (df =n—1 ) v (YAMTuned(dell)) (6.40)

We studied coverage by the 90%, 95%, and 99% confidence interval estimates based
on our estimator where the value of the correlation coefficient between the study var-
iable and the auxiliary variable used at the selection stage ranged from O to 1. We gen-
erated three random variables yf~N(0,1), xf~N(0,1) and zf ~N(0,1) for
i=1,2,...,N from three independent standard normal distribution. For four different
values of the correlation coefficient p,y, 0.3, 0.5, 0.6, and 0.9, and ten different values
of the correlation coefficient py., 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9 we
generated the possible populations with three variables Y, X and Z taking values y;, x;
and z; for the ith unit as

yi=Y +oyy; 6.41)

X=X+ O/ (1 - pfy)xf + Py 0uX; (6.42)

and
zi=7Z+o0, (1 - pi) Z; + ). 0.Y; (6.43)

Here we fixed X =2325,Y =2454, Z =322, 6, =232, 6, =245, and o, =52. Note
that the variable X is to be used at the estimation stage, and it is constructed to have
correlations 0.3, 0.5, 0.7, and 0.9 with the study variable Y because we want to see the
effect of low as well as high values of the correlation coefficient. In the same way the
variable Z is to be used at the selection stage of sampling, and although this variable is
expected to have low correlation with the study variable (e.g., 0.0, 0.1), we considered
ten values of p,. to investigate how it affects the results. For each of the 40 combina-
tions of p,, and p,., we constructed a population of N =2000 units. We used Lahiri
(1951) method for selecting a sample from the given population. For each of the sam-
ple of sizes n=4,6,8,10,12,14, we took 10,000 samples and constructed three con-
fidence intervals for each. Attained coverage was estimated by the proportion of times
the true total fell within the interval. The results obtained for various sample sizes are
as shown in Table 6.2.

Table 6.2 demonstrates the effect of various values of the correlation coefficient
between the study and the auxiliary variable on the coverage of confidence intervals
constructed from moderate-sized samples. Among the interesting findings is that if the
correlation coefficient between the study variable and the auxiliary variable used at
the estimation stage is 0.9 while the study variable and the auxiliary variable used
at the selection stage are uncorrelated, then the estimated coverages attained by the
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Table 6.2 Performance of the dell tuned multicharacter estimator

pry | RHOXY py. | RHOYZ n 90% 95% 99%

03 | 02978796 | 0.0 0.0051677 4 | 0678 | 07530 | 0.8616
03 | 02978796 | 0.0 0.0051677 6 | 08863 | 09108 | 09477
03 | 02978796 | 0.0 0.0051677 8 | 09288 | 09431 | 0.9613
03 | 02978796 | 0.0 0.0051677 | 10 | 09529 | 0.9624 | 0.9746
03 | 02978796 | 0.0 0.0051677 | 12 | 0.9609 | 0.9689 | 0.9774
03 | 02978796 | 0.0 0.0051677 | 14 | 09658 | 0.9719 | 0.9808
03 | 02898565 | 0.1 0.0912027 4 07038 | 07728 | 0.8707
03 | 02898565 | 0.1 0.0912027 6 | 08918 | 09148 | 0.9465
03 | 02898565 | 0.1 0.0912027 8 | 09293 | 09426 | 0.9608
03 | 02898565 | 0.1 0.0912027 | 10 | 09513 | 09602 | 0.9733
03 | 02898565 | 0.1 00912027 | 12 | 09661 | 09725 | 0.9809
03 | 02898565 | 0.1 00912027 | 14 | 09720 | 09772 | 0.9838
03 | 02893902 | 0.2 0.1542838 4 06909 | 07623 | 0.8646
03 | 02893902 | 0.2 0.1542838 6 | 08951 | 09178 | 0.9508
03 | 02893902 | 0.2 0.1542838 8 | 09335 | 09482 | 0.9655
03 | 02893902 | 0.2 0.1542838 | 10 | 0.9505 | 0.9607 | 0.9747
03 | 02893902 | 0.2 0.1542838 | 12 | 09641 | 0.9709 | 0.9792
03 | 02893902 | 0.2 0.1542838 | 14 | 09698 | 0.9758 | 0.9836
03 | 02814688 | 0.3 0.3024993 4 | 06852 | 07614 | 08635
03 | 02814688 | 03 0.3024993 6 | 08915 | 09159 | 0.9474
03 | 02814688 | 03 0.3024993 8 | 09332 | 09460 | 0.9628
03 | 02814688 | 0.3 0.3024993 | 10 | 09502 | 0.9581 | 0.9707
03 | 02814688 | 0.3 03024993 | 12 | 09601 | 0.9656 | 0.9756
03 | 02814688 | 03 03024993 | 14 | 09701 | 09742 | 0.9812
03 | 02800336 | 0.4 0.4206022 4 | 06989 | 07688 | 0.8638
03 | 02800336 | 0.4 0.4206022 6 | 08953 | 09146 | 0.9487
03 | 02800336 | 0.4 0.4206022 8 | 09326 | 09454 | 0.9627
03 | 02800336 | 0.4 04206022 | 10 | 09514 | 09620 | 0.9723
03 | 02800336 | 0.4 04206022 | 12 | 09653 | 09717 | 0.9786
03 | 02800336 | 0.4 04206022 | 14 | 09740 | 09794 | 0.9852
03 | 02511401 | 05 0.5078852 4 07014 | 07713 | 0.8674
03 | 02511401 | 05 0.5078852 6 | 09000 | 09215 | 09514
03 | 02511401 | 05 0.5078852 8 | 09374 | 09509 | 0.9662
03 | 02511401 | 05 0.5078852 | 10 | 0.9565 | 0.9658 | 0.9761
03 | 02511401 | 05 0.5078852 | 12 | 09691 | 0.9743 | 0.9822
03 | 02511401 | 05 0.5078852 | 14 | 09774 | 09823 | 0.9877
03 | 03262503 | 0.6 0.5984581 4 | 07215 | 07862 | 0.8803
03 | 03262503 | 0.6 0.5984581 6 | 09085 | 09202 | 0.9564
03 | 03262503 | 0.6 0.5984581 8 | 09413 | 09529 | 0.9687
03 | 03262503 | 0.6 0.5984581 | 10 | 09576 | 0.9662 | 0.9756
03 | 03262503 | 0.6 0.5984581 | 12 | 0.9684 | 0.9745 | 0.9819
03 | 03262503 | 0.6 0.5984581 14 | 09736 | 09787 | 0.9850
03 | 03237574 | 07 0.6893118 4 07367 | 07979 | 08825
03 | 03237574 | 07 0.6893118 6 | 09158 | 09344 | 0.9582
03 | 03237574 | 07 0.6893118 8 | 09503 | 09611 | 09741

Continued
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Table 6.2 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

03 | 03237574 | 0.7 0.6893118 | 10 | 09657 | 0.9720 | 0.9797
03 | 03237574 | 07 0.6893118 | 12 | 09718 | 09767 | 0.9832
03 | 03237574 | 07 0.6893118 | 14 | 09772 | 09816 | 0.9879
03 | 03234880 | 0.8 0.8049675 4 07395 | 07965 | 0.8821
03 | 03234880 | 0.8 0.8049675 6 | 09173 | 09361 | 09611
03 | 03234880 | 0.8 0.8049675 8 | 09531 | 09638 | 0.9769
03 | 03234880 | 0.8 0.8049675 | 10 | 09623 | 0.9693 | 0.9796
03 | 03234880 | 0.8 0.8049675 | 12 | 09736 | 0.9801 | 0.9865
03 | 03234880 | 0.8 0.8049675 | 14 | 09772 | 09816 | 0.9867
03 | 03039484 | 0.9 0.8964122 4 | 07634 | 08140 | 0.8910
03 | 03039484 | 0.9 0.8964122 6 | 09365 | 09508 | 0.9686
03 | 03039484 | 0.9 0.8964122 8 | 09602 | 09666 | 0.9774
03 | 03039484 | 0.9 0.8964122 | 10 | 09714 | 0.9759 | 0.9831
03 | 03039484 | 0.9 0.8964122 | 12 | 09792 | 0.9830 | 0.9879
03 | 03039484 | 0.9 08964122 | 14 | 09843 | 09874 | 0.9918
0.5 | 04833906 | 0.0 0.0026272 4 07085 | 07769 | 0.8692
0.5 | 04833906 | 0.0 0.0026272 6 | 08977 | 09210 | 0.9528
0.5 | 04833906 | 0.0 0.0026272 8 | 09355 | 09477 | 0.9656
0.5 | 04833906 | 0.0 00026272 | 10 | 09516 | 0.9592 | 0.9708
0.5 | 04833906 | 0.0 00026272 | 12 | 09638 | 09713 | 0.9779
0.5 | 04833906 | 0.0 0.0026272 | 14 | 09734 | 0.9788 | 0.9857
0.5 | 05064535 | 0.1 0.0992117 4 | 07046 | 07775 | 0.8738
0.5 | 05064535 | 0.1 0.0992117 6 | 09004 | 09207 | 0.9484
0.5 | 05064535 | 0.1 0.0992117 8 | 09357 | 09471 | 0.9630
0.5 | 05064535 | 0.1 00992117 | 10 | 09537 | 09621 | 0.9735
0.5 | 05064535 | 0.1 00992117 | 12 | 09662 | 0.9740 | 0.9813
0.5 | 05064535 | 0.1 00992117 | 14 | 09724 | 09767 | 0.9834
05 | 05167572 | 0.2 0.1951615 4 07023 | 07730 | 0.8731
05 | 05167572 | 0.2 0.1951615 6 | 08974 | 09199 | 0.9502
05 | 05167572 | 0.2 0.1951615 8 | 09381 | 09509 | 0.9682
05 | 05167572 | 0.2 0.1951615 | 10 | 0.9598 | 0.9681 | 0.9794
05 | 05167572 | 0.2 0.1951615 | 12 | 09650 | 0.9721 | 0.9802
05 | 05167572 | 02 0.1951615 | 14 | 09730 | 0.9769 | 0.9833
05 | 05171975 | 03 0.3007205 4 | 07183 | 07843 | 0.8759
05 | 05171975 | 03 0.3007205 6 | 09016 | 09230 | 0.9505
05 | 05171975 | 03 0.3007205 8 | 09380 | 09512 | 0.9685
05 | 05171975 | 03 03007205 | 10 | 09575 | 0.9670 | 0.9772
05 | 05171975 | 03 0.3007205 | 12 | 09705 | 0.9753 | 0.9821
05 | 05171975 | 03 03007205 | 14 | 09733 | 09779 | 0.9847
0.5 | 05010488 | 0.4 0.4293076 4 10709 | 07770 | 0.8719
0.5 | 05010488 | 0.4 0.4293076 6 | 09034 | 09267 | 0.9558
0.5 | 05010488 | 0.4 0.4293076 8 | 09435 | 09543 | 0.9694
0.5 | 05010488 | 0.4 04293076 | 10 | 09564 | 0.9655 | 0.9760
0.5 | 05010488 | 0.4 04293076 | 12 | 09677 | 0.9737 | 0.9820
0.5 | 05010488 | 0.4 04293076 | 14 | 09747 | 0.9803 | 0.9858

Continued
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Table 6.2 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

0.5 | 05044690 | 0.5 0.5025602 4 | 07282 | 07970 | 0.8809
0.5 | 05044690 | 0.5 0.5025602 6 | 09142 | 09346 | 0.9585
0.5 | 05044690 | 0.5 0.5025602 8 | 09429 | 09537 | 0.9691
0.5 | 05044690 | 0.5 0.5025602 | 10 | 0.9599 | 0.9682 | 0.9778
0.5 | 05044690 | 0.5 0.5025602 | 12 | 09702 | 0.9759 | 0.9828
0.5 | 05044690 | 0.5 0.5025602 | 14 | 09769 | 0.9814 | 0.9860
0.5 | 04796009 | 0.6 0.6105799 4 07371 | 07968 | 0.8832
0.5 | 04796009 | 0.6 0.6105799 6 | 09132 | 09324 | 09582
0.5 | 04796009 | 0.6 0.6105799 8 | 09495 | 09595 | 0.9729
0.5 | 04796009 | 0.6 0.6105799 | 10 | 0.9654 | 0.9714 | 0.9800
0.5 | 04796009 | 0.6 0.6105799 | 12 | 09718 | 0.9768 | 0.9823
0.5 | 04796009 | 0.6 06105799 | 14 | 09782 | 0.9820 | 0.9870
05 | 04774821 | 07 0.6929410 4 107285 | 07923 | 0.8822
05 | 04774821 | 07 0.6929410 6 | 09199 | 09391 | 09634
05 | 04774821 | 0.7 0.6929410 8 | 09532 | 09629 | 0.9742
05 | 04774821 | 07 0.6929410 | 10 | 0.9649 | 0.9720 | 0.9806
05 | 04774821 | 07 0.6929410 | 12 | 09714 | 09773 | 0.9840
05 | 04774821 | 0.7 0.6929410 | 14 | 09778 | 0.9823 | 0.9865
0.5 | 04933499 | 0.8 0.8119242 4 | 07424 | 08052 | 0.8870
0.5 | 04933499 | 0.8 0.8119242 6 | 09174 | 09370 | 0.9611
0.5 | 04933499 | 0.8 0.8119242 8 | 09591 | 09674 | 09778
0.5 | 04933499 | 0.8 0.8119242 | 10 | 09706 | 0.9751 | 0.9817
0.5 | 04933499 | 0.8 08119242 | 12 | 09767 | 09811 | 0.9866
0.5 | 04933499 | 0.8 0.8119242 | 14 | 09821 | 0.9856 | 0.9893
05 | 05033757 | 09 0.9006591 4 07755 | 08261 | 0.8969
0.5 | 05033757 | 09 0.9006591 6 | 09364 | 09525 | 0.969
0.5 | 05033757 | 09 0.9006591 8 | 09613 | 09697 | 0.9792
0.5 | 05033757 | 09 09006591 | 10 | 0.9694 | 0.9749 | 0.9824
0.5 | 05033757 | 09 0.9006591 12 | 09802 | 09841 | 0.9891
0.5 | 05033757 | 09 0.9006591 14 | 09834 | 09868 | 0.9899
07 | 07068314 | 00 | —0.0153304 4 107309 | 07968 | 0.8847
07 | 07068314 | 00 | —0.0153304 6 | 09143 | 09347 | 0.9584
07 | 07068314 | 00 | —0.0153304 8 | 09468 | 09590 | 0.9733
07 | 07068314 | 0.0 | —0.0153304 | 10 | 0.9591 | 0.9673 | 0.9775
07 | 07068314 | 00 | —0.0153304 | 12 | 0.9744 | 0.9787 | 0.9847
07 | 07068314 | 00 | —0.0153304 | 14 | 09748 | 0.9801 | 0.9863
07 | 07037323 | 0.1 0.0930306 4 107322 | 07949 | 0.8786
07 | 07037323 | 0.1 0.0930306 6 | 09163 | 09358 | 0.9605
07 | 07037323 | 0.1 0.0930306 8 | 09537 | 09644 | 0.9746
07 | 07037323 | 0.1 0.0930306 | 10 | 09618 | 0.9699 | 0.9786
07 | 07037323 | 0.1 0.0930306 | 12 | 09710 | 09772 | 0.9839
07 | 07037323 | 0.1 0.0930306 | 14 | 09765 | 0.9806 | 0.9869
07 | 07091130 | 0.2 0.2079550 4 107358 | 07975 | 0.8846
07 | 07091130 | 0.2 0.2079550 6 | 09163 | 09339 | 09611
07 | 07091130 | 0.2 0.2079550 8 | 09481 | 09590 | 0.9732

Continued
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Table 6.2 Continued

pry | RHOXY py. | RHOYZ n 90% 95% 99%

07 | 07091130 | 0.2 0.2079550 | 10 | 09619 | 0.9685 | 0.9783
07 | 07091130 | 0.2 02079550 | 12 | 09712 | 0.9761 | 0.9861
07 | 07091130 | 0.2 02079550 | 14 | 09773 | 0.9817 | 0.9868
07 | 07228749 | 0.3 0.2823218 4 | 07385 | 08007 | 0.8844
07 | 07228749 | 03 0.2823218 6 | 09217 | 09405 | 0.9648
07 | 07228749 | 0.3 0.2823218 8 | 09538 | 09637 | 09753
07 | 07228749 | 0.3 02823218 | 10 | 09643 | 09714 | 0.9807
07 | 07228749 | 03 02823218 | 12 | 09729 | 0.9786 | 0.9840
07 | 07228749 | 0.3 02823218 | 14 | 09790 | 0.9829 | 0.9873
07 | 07043535 | 0.4 0.4168755 4 107377 | 07976 | 0.8799
07 | 07043535 | 0.4 0.4168755 6 | 09149 | 09335 | 0.9586
07 | 07043535 | 0.4 0.4168755 8 | 09477 | 09586 | 0.9717
07 | 07043535 | 0.4 04168755 | 10 | 09649 | 0.9716 | 0.9801
07 | 07043535 | 0.4 04168755 | 12 | 09712 | 09769 | 0.9831
07 | 07043535 | 04 04168755 | 14 | 09751 | 09792 | 0.9843
07 | 0.6969780 | 0.5 0.5394821 4 | 07482 | 08093 | 0.8884
07 | 0.6969780 | 0.5 0.5394821 6 | 09256 | 09419 | 0.9630
07 | 0.6969780 | 0.5 0.5394821 8 | 09487 | 09598 | 0.9732
07 | 0.6969780 | 0.5 0.5394821 | 10 | 09623 | 0.9701 | 0.9785
07 | 0.6969780 | 0.5 0.5394821 | 12 | 09709 | 0.9766 | 0.9836
07 | 0.6969780 | 0.5 0.5394821 14 | 09789 | 09827 | 0.9875
07 | 07091886 | 0.6 0.5960213 4 | 0748 | 08056 | 0.8891
07 | 07091886 | 0.6 0.5960213 6 | 09284 | 09442 | 0.9652
07 | 07091886 | 0.6 0.5960213 8 | 09545 | 09652 | 09774
07 | 07091886 | 0.6 0.5960213 | 10 | 09701 | 0.9748 | 0.9835
07 | 07091886 | 0.6 05960213 | 12 | 09744 | 0.9797 | 0.9850
07 | 07091886 | 0.6 0.5960213 | 14 | 09768 | 0.9809 | 0.9867
07 | 07066548 | 0.7 0.7085645 4 07619 | 08170 | 0.8939
07 | 0.7066548 | 0.7 0.7085645 6 | 09282 | 09466 | 0.9675
07 | 0.7066548 | 0.7 0.7085645 8 | 09579 | 09657 | 0.9770
07 | 07066548 | 0.7 07085645 | 10 | 09712 | 09767 | 0.9839
07 | 0.7066548 | 0.7 07085645 | 12 | 09770 | 0.9822 | 0.9875
07 | 0.7066548 | 0.7 07085645 | 14 | 09819 | 0.9847 | 0.9893
07 | 0.6880201 | 0.8 0.8009049 4 | 07574 | 08127 | 0.8881
07 | 0.6880201 | 0.8 0.8009049 6 | 09312 | 09466 | 0.9668
07 | 0.6880201 | 0.8 0.8009049 8 | 09568 | 0.9645 | 0.9766
07 | 0.6880201 | 0.8 0.8009049 | 10 | 0.9686 | 0.9742 | 0.9827
07 | 0.6880201 | 0.8 0.8009049 | 12 | 09751 | 0.9804 | 0.9860
07 | 0.6880201 | 0.8 0.8009049 | 14 | 0.9806 | 0.9832 | 0.9871
07 | 06878207 | 0.9 0.8979229 4 | 07663 | 08151 | 0.8908
07 | 06878207 | 0.9 0.8979229 6 | 09412 | 09541 | 09737
07 | 06878207 | 0.9 0.8979229 8 | 09672 | 09743 | 0.9822
07 | 0.6878207 | 0.9 0.8979229 | 10 | 09743 | 0.9787 | 0.9843
07 | 06878207 | 0.9 0.8979229 | 12 | 0.9804 | 0.9829 | 0.9881
07 | 06878207 | 0.9 0.8979229 | 14 | 0.9826 | 0.9861 | 0.9900

Continued
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Table 6.2 Continued

Pxy RHOXY Pyz RHOYZ n 90 % 95 % 99 %
0.9 0.8976998 0.0 0.0042819 4 0.7890 0.8333 0.9049
0.9 0.8976998 0.0 0.0042819 6 0.9429 0.9560 0.9727
0.9 0.8976998 0.0 0.0042819 8 0.9667 0.9736 0.9819
0.9 0.8976998 0.0 0.0042819 10 0.9783 0.9825 0.9883
0.9 0.8976998 0.0 0.0042819 12 0.9843 0.9868 0.9908
0.9 0.8976998 0.0 0.0042819 14 0.9866 0.9887 0.9921
0.9 0.8999227 0.1 0.1200173 4 0.7854 0.8336 0.9056
0.9 0.8999227 0.1 0.1200173 6 0.9463 0.9580 0.9737
0.9 0.8999227 0.1 0.1200173 8 0.9663 0.9731 0.9818
0.9 0.8999227 0.1 0.1200173 10 0.9790 0.9830 0.9885
0.9 0.8999227 0.1 0.1200173 12 0.9824 0.9865 0.9905
0.9 0.8999227 0.1 0.1200173 14 0.9854 0.9889 0.9915
0.9 0.8966213 0.2 0.1928654 4 0.7990 0.8463 0.9106
0.9 0.8966213 0.2 0.1928654 6 0.9476 0.9587 0.9748
0.9 0.8966213 0.2 0.1928654 8 0.9694 0.9744 0.9835
0.9 0.8966213 0.2 0.1928654 10 0.9757 0.9815 0.9878
0.9 0.8966213 0.2 0.1928654 12 0.9801 0.9834 0.9891
0.9 0.8966213 0.2 0.1928654 14 0.9867 0.9886 0.9917
0.9 0.8977677 0.3 0.2522655 4 0.7944 0.8413 0.9070
0.9 0.8977677 0.3 0.2522655 6 0.9460 0.9579 0.9751
0.9 0.8977677 0.3 0.2522655 8 0.9694 0.9742 0.9820
0.9 0.8977677 0.3 0.2522655 10 0.9773 0.9820 0.9881
0.9 0.8977677 0.3 0.2522655 12 0.9818 0.9856 0.9902
0.9 0.8977677 0.3 0.2522655 14 0.9889 0.9908 0.9934
0.9 0.9045316 0.4 0.3869980 4 0.7914 0.8413 0.9048
0.9 0.9045316 0.4 0.3869980 6 0.9490 0.9608 0.9763
0.9 0.9045316 0.4 0.3869980 8 0.9686 0.9750 0.9836
0.9 0.9045316 0.4 0.3869980 10 0.9795 0.9832 0.9884
0.9 0.9045316 0.4 0.3869980 12 0.9825 0.9856 0.9907
0.9 0.9045316 0.4 0.3869980 14 0.9852 0.9886 0.9917
0.9 0.8984540 0.5 0.4761073 4 0.7837 0.8289 0.9008
0.9 0.8984540 0.5 0.4761073 6 0.9490 0.9607 0.9767
0.9 0.8984540 0.5 0.4761073 8 0.9677 0.9738 0.9822
0.9 0.8984540 0.5 0.4761073 10 0.9779 0.9813 0.9869
0.9 0.8984540 0.5 0.4761073 12 0.9829 0.9861 0.9905
0.9 0.8984540 0.5 0.4761073 14 0.9859 0.9883 0.9914
0.9 0.9003546 0.6 0.5882043 4 0.7966 0.8404 0.9070
0.9 0.9003546 0.6 0.5882043 6 0.9509 0.9623 0.9751
0.9 0.9003546 0.6 0.5882043 8 0.9706 0.9772 0.9856
0.9 0.9003546 0.6 0.5882043 10 0.9780 0.9826 0.9876
0.9 0.9003546 0.6 0.5882043 12 0.9852 0.9880 0.9912
0.9 0.9003546 0.6 0.5882043 14 0.9887 0.9905 0.9937
0.9 0.9000659 0.7 0.7050580 4 0.7871 0.8336 0.9003
0.9 0.9000659 0.7 0.7050580 6 0.9473 0.9606 0.9763
0.9 0.9000659 0.7 0.7050580 8 0.9696 0.9778 0.9846

Continued
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Table 6.2 Continued

pry | RHOXY py: | RHOYZ n 90% 95% 99%
09 | 09000659 | 0.7 0.7050580 | 10 | 09775 | 0.9823 | 0.9882
09 | 09000659 | 0.7 07050580 | 12 | 0.9806 | 0.9850 | 0.9899
09 | 09000659 | 0.7 07050580 | 14 | 09858 | 0.9883 | 0.9914
09 | 0.8927355 | 08 0.8029351 4 | 07966 | 0.8425 | 0.9068
09 | 08927355 | 08 0.8029351 6 | 09444 | 09577 | 09753
09 | 08927355 | 08 0.8029351 8 | 09708 | 09754 | 0.9847
09 | 0.8927355 | 08 0.8029351 | 10 | 09785 | 0.9829 | 0.9884
09 | 08927355 | 08 0.8029351 | 12 | 09826 | 0.9858 | 0.9909
09 | 0.8927355 | 08 0.8029351 | 14 | 09894 | 09919 | 0.9942
09 | 09005865 | 0.9 0.8948975 4 | 08014 | 0.8456 | 0.9077
09 | 09005865 | 0.9 0.8948975 6 | 09500 | 09603 | 0.9758
09 | 09005865 | 0.9 0.8948975 8 | 09780 | 09824 | 0.9880
09 | 09005865 | 0.9 0.8948975 | 10 | 09787 | 0.9838 | 0.9891
09 | 09005865 | 0.9 0.8948975 | 12 | 09851 | 0.9881 | 0.9918
09 | 09005865 | 0.9 0.8948975 | 14 | 09889 | 0.9913 | 0.9938

90%, 95%, and 99% intervals were 94.29%, 95.60%, and 99.08% for samples of sizes
6, 6, and 12, respectively.

If the value of the correlation coefficient between the study variable and each of the
auxiliary variables is 0.9, then the attained coverage of the 90%, 95%, and 99% inter-
vals are estimated to be 80.14%, 96.03%, and 98.91% for samples of sizes 4, 6, and 10,
respectively. If the study variable and the auxiliary variable used at the selection stage
are uncorrelated while the study variable and auxiliary variable used at the estimation
stage have correlation coefficient 0.3, then the coverages for the 90%, 95%, and 99%
intervals are estimated as 88.63%, 94.31%, and 98.06% for samples of sizes 6, 8, and
14 units, respectively.

Therefore, in the case of multicharacter surveys, the newly tuned estimators based
on the dell function seem to perform well when sample size is small and correlation
between the study and auxiliary variables is low. Thus, the newly tuned multicharacter
dell estimator resolves, to a certain extent, the problem of estimation of variance in
case of multicharacter surveys, which is the most cost effective and time-saving
scheme in real situations.

6.4.2 R code

We used the following R code, PUMPKING2.R, to study the coverage by the newly
tuned dell estimator.

#PROGRAM PUMPKING62.R
library(sampling)
library(SDaA)
set.seed(2013)
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for (rhoxy inseq(.3,.9,.2))
{

for (rhoyz inseq(.0,.9,.1))

{

NP<-2000

xe<-rnorm(NP,0,1);ye<-rnorm (NP,0,1);ze<-rnorm(NP,0,1)

y<-2454 + 245*ye

X<-2325 4+ 232*sqrt((1l-rhoxy"2))*xe + rhoxy*232*ye

7<-322+52*%sqrt((l-rhoyz"2))*ze + rhoyz*52*ye

XPMEAN<-mean(x);ZPMEAN<-mean(z)

RHOXY<-cor(x,y);RHOYZ<-cor(y,z)

TY<-sum(y)

pi<-z/(NP*ZPMEAN)

nreps<-10000

ESTP=rep(0,nreps)

cil.max=cil.min=ciZ.max=ciZ.min=ci3.max=ci3.min=ESTP

VESTP=ESTP

for (n in seq(4,15,2) )

{

pik<-n*pi

for (rinl:nreps)
{
us<- lahiri.design(pik, n, as.factor(1:NP))
xs<-x[us]; ys<-ylus]; zs<-z[us]
ps<-((1+1/NP)"(1-RHOYZ))*((1+pilus]) " (RHOYZ))-1
ESTX1<-mean(xs/ps);ESTYI<-mean(ys/ps)
xmult<-(n*ESTX1 - xs/ps)/(n-1)
ymult<-(n*ESTY1 - ys/ps)/(n-1)
shi<-xmult - (NP*XPMEAN -n*(2-n)*ESTX1)/((n-1)"2)
wbni<-(1/(1+ (sum(shi)/sum(shi“2))*shi))/n
ESTi<- n*((n-1)"2*wbni-n+2)*ymult
ESTPLr]<- sum(ESTI)
EST_I<-(ESTPLrl] - ESTi)/(n-1)
ESTPLr]<-ESTPLrl/n
vi<-(wbni“2)*ps*((EST_I - ESTP[r]1)"2)
VESTP[rl<-n*((n-1)"3)*sum(vj)
cil.max[r]<- ESTPLrl-qt(.05,n-1)*sqrt(vESTP[rl)
cil.minlr]<- ESTPLrl+qt(.05,n-1)*sqrt(vESTP[rl])
ci2.max[r]<- ESTPLrl-qt(.025,n-1)*sqrt(vESTP[rl)
ci2.minlr]l<- ESTPLrl+qt(.025,n-1)*sqrt(vESTP[rl)
ci3.max[rl<- ESTPL[rl-qt(.005,n-1)*sqrt(vESTPLr])
ci3.minlrl<- ESTPLrl+qt(.005,n-1)*sqrt(vESTPLrl)
HE nreps

round(sum(cil.min<TY & cil.max>TY)/nreps,4)->covl
round(sum(ci2.min<TY & ci2.max>TY)/nreps,4)->cov2



190 A New Concept for Tuning Design Weights in Survey Sampling

round(sum(ci3.min<TY & ci3.max>TY)/nreps,4)->cov3
cat(rhoxy,RHOXY,rhoyz, RHOYZ, n, covl,cov2,cov3,’\n’)
HE N
HF rhoyz

Y rhoxy

6.4.3 Numerical illustration

The following example gives a numerical illustration of the use of steps in computing
the estimator of total, standard error, and confidence interval estimate by using the
proposed tuned estimator of population total for multicharacter surveys.

Example 6.2 Use data from Section 6.3.3 and apply the empirically tuned
multicharacter survey method to estimate the total weight and construct a 90% confi-
dence interval estimate.

Solution. We compute the following results:

p; p; Xu(j) Yu(j) w,(j) Y MTuned(@eln( j)
0.0071917 0.0058761 21234.39 465818.4 0.1438664 391891.5
0.0020547 0.0038208 22024.61 453613.1 0.1383667 499220.6
0.0039041 0.0045615 21055.89 375826.8 0.1451698 390130.2
0.0021917 0.0038757 20732.93 443700.7 0.1475890 327142.9
0.0067808 0.0057119 21585.78 357205.4 0.1413678 452081.9
0.0080136 0.0062043 21264.28 421352.4 0.1436504 405008.3
0.005821918 0.0053286 21785.02 413537.5 0.1399893 470160.5

Then a dell tuned estimate of the total weight of pumpkins is given by

¥ MTuned (el Z YMTuned(den)(j) =419376.6

j€s
The standard error of the tuned estimate of the population total is given by

SE (YMTuned(dell)) =4/V (YMTuned(dell)) =51827.29

Hence, the 90% confidence interval estimate of the total weight of the pumpkins in the
field is 318666.8—520086.3 lbs.

6.4.4 R code used for illustration
We used the following R code, PUMPKING62EX.R, in the example.

#PROGRAM PUMPKING62EX.R

n<-7
xs<-c(130.9,67,106.5,98,115.2,137.1,101.1)
ys<-c(800,800,3084,1042,4500,2500,2397)
zs<-c(105,30,57,32,99,117,85)
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XPMEAN<-105.4;ZPMEAN<-73; RHOXY<-0.4
NP<-200

pi<-zs/(NP*ZPMEAN)

ps<-((1+ 1/NP)"(1-RHOXY))*((1+pi) " (RHOXY))-1
ESTX1<-mean(xs/ps);ESTYl<-mean(ys/ps)
xmult<-(n*ESTX1 - xs/ps)/(n-1)
ymult<-(n*ESTY1 - ys/ps)/(n-1)

shi<-xmult - (NP*XPMEAN -n*(2-n)*ESTX1)/((n-1)"2)
deTt<-n*sum(xmult"2) - sum(xmult)"2
d<-(n*xmult - sum(xmult))/delt

wbni<-(1/(1+ (sum(shi)/sum(shi“2))*shi))/n
ESTi<- n*((n-1)"2*wbni-n+2)*ymult

ESTP<- sum(EST1)

EST_I<-(ESTP - ESTi)/(n-1)

ESTP<-ESTP/n

vj<-(wbni“2)*ps*((EST_I - ESTP)"2)
VESTP<-n*((n-1)"3)*sum(vj)
L<-ESTP+qt(.05,n-1)*sqrt(vESTP)
U<-ESTP+qt(.95,n-1)*sqrt(vESTP)
chind(pi,ps,xmult,ymult,wbni,EST_I)
cat("Tuned estimate:",ESTP,"SE:",vESTP".5,"\n")
cat("Confidence Interval:"," ", L,"; ", U, \n")

6.5 Exercises

Exercise 6.1 Consider a newly tuned estimator of the population total Y in multi-
character surveys as

Prrunea =Y [{ (1= 170,/ = (1=2) }Pu ()] (6.44)
JjEs
where
~Yi Y
NN = 2 1
Yu(j) == (6.45)

for k=0,1,2,3,4, is the estimator of the population total ¥ obtained by removing the
Jjth unit from the sample s. The transformations pj,are given by

1
Pio=— (Rao, 1966)

N
1 (lfpyz)
ph= (1 + —) (1+p;)” —1 (Bansal & Singh, 1985)
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1—p,,
plf‘zz% +py.pi (Amahia, Chaubey, & Rao, 1989)
,0}_

i

1
Ph= [N(l —py.) + ] (Amahia, Chaubey, & Rao, 1989)

and

1 (lfﬂy:’)
Pu= (-) (p:)"” (Mangat & Singh, 1992 —93)

pi=2 i=1,2,..\N (6.46)

where Z = Zzi is the known population total for the auxiliary variable used at the
i=1
selection stage.
Consider the problem of tuning the jackknife weights w, ( j) such that the following
distance functions:

:(2’111)2(]]71(1—(n—l)w,,(j)—nfl)z (6.47)

JES
In(w,(j)) _ .
DZZZM» wa(j) >0 (6.48)
JES

and

an| {Wn J)} —1
“pu ({wno)} +1) o

are optimized, where g; are suitably chosen weights that form different types of esti-
mators, tanh ~!() is the hyperbolic tangent function, and the jackknife tuned weights
wy(j) are chosen such that the following two constraints are satisfied:

> wa(j)=1 (6.50)

JES
and

> wa()Xu(J) W (6.51)

=
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where

Xu(j) = "XMn%x{/p” (6.52)
and

Xy = %Z (xi/p) (6.53)

ies

is the estimator of the known population total X of the auxiliary variable used at the
estimation stage. Write code in any scientific programming language to study these
distance functions for different choices of pj;. Discuss the nature of the tuned weights
in each situation. Construct the 90%, 95%, and 99% confidence interval estimates in
each situation by estimating the variance using the method discussed in this chapter.
Simulate the distribution of —2D,. Discuss the result in each situation, and conclude
which transformation pj;is more sensible for the situation you are dealing with. Extend
the results to the case of random nonresponse by following Singh, Rueda, and
Sanchez-Borrego (2010).

Exercise 6.2 Consider a newly tuned estimator of the population total Y in multi-
character surveys as

Prrunca =Y [{ (1= 17, () = (1=2) } 7)) (6.54)

JEs
with
5o ”YAP_Y'/I)%‘
Yu(j)=——1- (6.55)
where an estimator of the population total Y is
O LR
YPZZZ]% (6.56)
i=1 i
for
) (140.)2 7 ~—p(1=p )2 [ 1 (lff’y:)(“'/’y:)
pi = (pf )2 oy (e (ﬁ) (637

and p,. is the population correlation coefficient between the study variable y and the
auxiliary variable z used at the sample selection stage with p;” =z;/Z and

N
pi =(Z—nz;)/{(N —n)Z} with known population total Z = Zz,-. Discuss the cases
i=1



194 A New Concept for Tuning Design Weights in Survey Sampling

for p,.=1, p,,=0, and p,, =—1. Consider the problem of tuning the jackknife
weights w,,(j) such that the following distance functions

20> g (1= (1= Dwa(j) —n") (6.58)
JEs
In(w,(j)) _ .
Dzzzw, wa(J) >0 (6.59)
jes

and

JES

N —1

:—Z e ) il ()Y (6.60)
(wa ()} +1

are optimized, where g; are suitably chosen weights that form different types of esti-

mators, tanh ~!() is the hyperbolic tangent function, and the jackknife tuned weights
w,( ) are chosen such that the following two tuning constraints are satisfied:

> () =1 (6.61)

JES

and
s X—n2—n X

> () Xu () _ X =n@= i) 2) u) (6.62)

Jjes (l’l - 1)
where

. nXy—x/p;

Xu(f)=——1—" (6.63)
and

R

Xy=-3 = (6.64)

n i€s pi

is the estimator of the known population total X of the auxiliary variable used at the
estimation stage.

Write codes in any scientific programming language, such as R, to study these dis-
tance functions. Discuss the nature of the tuned weights in each situation. Construct
the 90%, 95%, and 99% confidence interval estimates in each situation by estimating
the variance using the method discussed in this chapter. Simulate the distribution of
—2D, and Ds.

Hint: Singh and Horn (1998).
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Exercise 6.3 Tuning of sensitive variables in multicharacter surveys

Let the value y; of a sensitive variable Y, defined on a finite survey population of N
identifiable and labeled persons, be assumed to be unavailable through a direct
response survey. Suppose that one wants to estimate the population total Y by choos-
ing a sample s from the population with a probability p(s) according to design p.
Instead of direct response, suppose a randomized response 7; is available in an inde-
pendent manner from the respective persons i, done in such a way that their expecta-
tions, variance, and covariance (Er, Vg, Cgr), respectively, satisfy Egr(r;)=yi,
Vr(ri) :ociyi2 +Byi+6,= V,-2 (say), Cr (r,~, rj) =0, for i#j where o; >0, f; and 6;
are known for every unit in the population. Consider a newly tuned estimator of
the population total Y in multicharacter surveys as

Prrunca =Y [{ (1=, () = (1=2) } ()] (6.65)

JES
where
L W —T/D;,
Yu(f) ="t (6.66)
with
1 -
Fpe == (6.67)
ni:1pik

for k=0,1,2,3,4, is the estimator of the population total Y obtained by removing the
jth scrambled response unit from the sample s, and

1
Pio= N (Rao, 1966)

1 (l_py:)
ph= (1 + ]V) (1+p;)” —1 (Bansal & Singh, 1985)

. _(1=py)

P =" PP (Amahia, Chaubey, & Rao, 1989)

Py:

l

-1
Ph= [N (1 — pyz) + } (Amahia, Chaubey, & Rao, 1989)

NEE
P = (N) (p;)"> (Mangat & Singh, 1992—93)
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where
Zi .
pi—Z, i=1,2,...,.N (6.68)
N

and Z= Zzi is the known total of the auxiliary variable used at the selection stage.
i=1

Consider the problem of tuning the jackknife weights w,(j) such that the following

distance functions:

20> g (1= (1= Dwa(j) —n")’ (6.69)
jes
l 7['[ ] — B
Dzzzw» wa(Jj) >0 (6.70)
Jjes

and

{Wn J)}z —1
Z tanh ~ ({w(;)}%l) 6.71)

/Es

are optimized, where ¢; are suitably chosen weights that form different types
of estimators, tanh~!() is the hyperbolic tangent function, and the tuned jack-
knife weights w,(j) are chosen such that the following two tuning constraints are
satisfied:

> w(j)=1 (6.72)

JES
and
. X—n(2—n)X
> ()X () _Xon@=nXy) 2) ) (6.73)
JES (l’l - 1)
where
N nXy — x;
w(j)=—n i/ (6.74)
n—1
and
1 ;
Xy=-5"2 (6.75)
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is the estimator of the known population total X of the auxiliary variable used at the
estimation stage. Write code in any scientific programming language to study these
distance functions for different choices of pj;. Discuss the nature of the tuned weights
in each situation. Construct the 90%, 95%, and 99% confidence interval estimates in
each situation by estimating the variance using the method discussed in this chapter.
Simulate the distribution of —2D, and Ds. Discuss the results in each situation, and
conclude which transformation pj,is more suitable for the situation you are dealing
with. Hint: Bansal, Singh, and Singh (1994).

Exercise 6.4 Consider the optimization of a new compromised chi-squared type dis-
tance function defined as

D=, [Z(p%)] (=) [Z%

i€s iPi i€s

(6.76)

subject to the condition:

> _pi=p.) pi+ (1=p.) (n/N) (6.77)

i€s i€s

where h; and /; are some choice of weights with respect to the required transformed
variable p;. Note that if p,, — 0, then the transformed probability p; in Equa-
tion (6.77) becomes 1/N, and if p;, — 1 then p; becomes p; =z;/Z. Then consider
an estimator of the population total Y as

Yiew = Z y’ 6.78)
i€s pl

Investigate the estimator Ynew, from the points of view of bias and variance through a
simulation study, and compare your findings with the kth estimator, for
k=0, 1,2, 3,4, given by

Z i (6.79)

IES

where
L1
Po=yn (6.80)
NS
= (1 +1V) (I+p)=—1 (6.81)
* 1_p’
Pl-z:i( ‘)+pyhpl (6.82)
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—1
Ph= [N (1-py.) + /2] (6.83)

) 1 (-2.) N A
Pis= (N) (i) (6.84)

In addition, suggest a calibrated estimator of the population total in the presence of
another auxiliary variable, X, to be used at the estimation stage to improve the

suggested new estimator Y new -

Exercise 6.5 In aspecially designed field, it is easy to take a picture of each one of the
pumpkins and record their top size. After taking photographs of the tops of all the 200
pumpkins in the field, we selected a PPSWR sample of n =7 pumpkins. The weight
(Ibs), say Y, circumference (in.), say X, and top size (in.), say Z, of the seven selected
pumpkins were recorded as follows:

X; 130 67 108 98 116 137 101
Vi 800 800 3084 1042 4500 2500 2397
Z; 105 30 57 32 99 117 85

Apply the multicharacter survey approach with the following five transformations:

1
Pio= N (6.85)
* 1 (lipy:) 4
Ph= (1 + N) (1+pi)=—1 (6.86)
1—p,.
Pp= % +Py.Di 6.87)
p. 170
= [N (1—py,) + pi] (6.88)
1 (l—py:,)
Pis = (N) (pi)™ (6.89)

to estimate the total weight of the pumpkins in the field and construct 90% confidence
interval estimates using circumference at the estimation stage and top size at the selec-
tion stage using two tuning methods discussed in this chapter. Discuss your findings.
(Given: The population total of X is 21,080, total of Z is 14,600, and Py = 0.3).



Tuning of the Horvitz-Thompson 7
estimator

7.1 Introduction

In this chapter, we consider the problem of estimation of population total by tuning the
design weights in the Horvitz and Thompson (1952) estimator. The tuning of
the design weights using both the chi-square type distance function and a new
displacement function are investigated using simulation study. At the end of the
chapter, a few unsolved exercises are also included for future investigation.

7.2 Jackknifed weights in the Horvitz-Thompson
estimator

Letd; = 77,'J-_1, with 7; being the first-order inclusion probability, denote the jth design
weight. Then, the well-known Horvitz and Thompson (1952) estimator of the popu-
lation total Y is defined as

Yur = Zdj)’j (7.1

jes

Let wj? be any calibrated (or arbitrary) weights, following Singh (2003), such that

dowi=D dj or wy=d (7.2)

jes jes
where

0 =13 W and d=-3d

W"_n C i T pi

JES JES

Obviously, the weight wf can be written as

w! = nwy — (n—1)wy () (7.3)
or

0_ 3 0(
w! =nd—(n—1)w, () (7.4)

J
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where

(7.5)
l;éjES

is the jackknifed average weight after removing the jth weight.
Therefore, using Equations (7.2) and (7.4), we have

Zw =nd or Z [nd — (n—1)w 70 () )] =nd

jes jes

or

Y owi=>_4 (7.6)

JjES =

In the same way one can see

Yo=Y di)=>_w=>"d (7.7)

jes jes Jjes Jjes
where
J(j)z(nc?—dj)/(n—l) (7.8)

7.3 Tuning with a chi-square distance function
while using jackknifed sample means

The newly tuned estimator of the population total Y is defined as

I}HTuned(cs) = Z |:(I’l - 1)2 O(]) - I’l(l’l - 2)(]:| Yn(.]) (7.9)
jes
where
i) =" (7.10)

1
yo==3 y 7.11
Ba=od 0y (7.11)
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and w ( ) are the jackknife weights such that

oW =" _d(j) (7.12)

jes jes
and
. X—(2=n)ndx,
> w(i)E () _A-Q-nrdn (7.13)
Jjes (l’l— 1)

where X = Zx,- denotes the known population total of the auxiliary variable, and

i€Q
. nx, — X;
% (J) ZTIJ (7.14)
with

:_ZX, (7.15)

Note that constraint (7.13) ensures that the calibrated weight w;) satisfies the calibra-
tion constraint:

JjES
with
xj=nx, —(n—1)%,(}) (7.17)

The chi-square distance between the calibrated weights w;) and the design weights d; is
given by

ZZ( 4) =1 @) 520) s

JjEs Iql 2 JEs dlq/

The Lagrange function is then given by

(7.19)
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On setting

1 .
1y (Z0djgj + Mdiqi%( )
Note that

ZJ(j)X,,(j)— ZZ (nd —d;) (nx, — x;)

JjEs JES

= 1)2 [c?)?nnz(n—Z) +XHT]

and

X — (2 —n)n?dx, B dx,n*(n—2) +Xur B
(n—1)* (n—1)*

(n—1)*

where

Xur = Zdlxi

ies

(7.20)

(7.21)

(7.22)

(7.23)

(7.24)

The values of 1y and 1, are obtained by solving the normal equations given by

> dig > dig()) 4o 0

jes jes
d“]‘fn(j)’ dQ{Xn<J)} 5
j; JH) ; Y /11 (X*XHT)

Thus, the optimal jackknifed tuning weights are given by

Y iy
w,(J)=d(j)+ 7(’1_1) 5 (X — Xurr)

(diqi%a(J (Zd@) (da)) (Zdjqfxn(j)>

JES JjEs

! (Zdjq,) (deq,{xm)}Z) - {Zd,»q,»xm)}z

Jjes Jjes JES

(7.25)

(7.26)

(7.27)



Tuning of the Horvitz—Thompson estimator 203

Using these weights, the newly tuned estimator of the population total ¥ becomes

YAHTuned(cs) = Z |:(I’l - 1)2 0(]) - I’l(l’l - 2)&:|yn(j>
= (7.28)

=Yur +,Z3| (X_XHT)

where

<Zd/“1j> (Zd/%xn AV, ) (Zdlqun ) (Zdj‘bxn )
Bl — jGS jES ]ES jES >
(de‘li) (de‘lf{fn(ﬂ}z) - {Zd_/%’fn(j)}

which is a new estimator of the regression coefficient.

(7.29)

7.3.1 Estimation of variance and coverage

An adjusted estimator of variance of the tuned Horvitz and Thompson (1952) estima-

tor YHTuned(cs) is

YHTuned (cs) Z {f) /g( .]) }Z{YHTuned(cs)(j) - YHTuned(cs)}z (7.30)

JEs

Note that each newly tuned Horvitz and Thompson (1952) doubly jackknifed estima-
tor of the population total Y is given by

M iituneates) — { (1= 15(/) = n(n —2)d }3,())

YAHTuned(cs(j)) = n—1 (7.31)
forj=1,2,...,n, and
fi=1=((N=1)/N)(zj— (n=1)/(N=1)) /p; (7.32)

The coverage by the (1—a)100% confidence interval estimates using this newly
tuned regression type Horvitz and Thompson (1952) estimator of the population total
is obtained by observing the proportion of times the true population total Y falls within
the interval estimate given by

Y iruned(es) F tay2(df =1 — 1)y /9 (Y irruncd(es)) (7.33)
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We studied the nominal 90%, 95%, and 99% intervals by selecting 10,000 random
samples from a population consisting of three related variables Y, X and Z which take
values y;, x;, and z; for the ith unit in the population as follows:

yi=Y+o,y; (7.34)

xi=X+x'0:/1 — P2+ PO (7.35)
i=Z+z0:/1 —pL+p,.0.y] (7.36)

where x7 ~N(0, 1), y; ~N(0, 1), and zj ~ N (0, 1) are three standard normal variables
with mean zero and standard deviation one. As an example, the variable Y represents
the unknown weight of pumpkins, the variable Z represents the known top size of
pumpkins, and the variable X represents the known circumference of pumpkins.
For this illustration, we made the following choice of parameters: p,, =0.80,
py. =0.70, X =2320, Y =2450, Z=322, 6, =50, 6, =50, 6. =52_and N =2000.
Thus, our problem is to estimate the population total ¥ =NY of the study variable
Y, using known population totals X = NX and Z = NZ of the two auxiliary variables
X and Z, respectively. We used the Z variable at the selection stage by taking
d; = ni’l, where

N—n n—1
;= (N— 1>p,'+ <N— 1) (7.37)

with p; =z;/Z, Z=NZ and n=3-31.

The variable X is used at the tuning stage of the estimator of the population total of
the Y variable. For each sample of size n (from 3 to 31), we generated 10,000 samples
to study the coverages. The results obtained for various sample sizes are shown in
Table 7.1.

Table 7.1 shows that the coverages by the intervals formed from the newly tuned
estimator of the population total under the probability proportional to size and without
replacement (PPSWOR) sampling scheme perform much better than in earlier cases.
We used the PPSWOR scheme proposed independently by Midzuno (1951) and Sen
(1952). The Midzuno—Sen sampling scheme is easy to implement in practice; it
requires the selection of the first units in a sample s of size n using the PPSWR scheme
and the selection of the remaining (n — 1) units using the SRSWOR scheme. Any other
PPSWOR sampling scheme available in the literature could be investigated in this
context. It is very interesting to note that the attained coverage of the nominal 90%
confidence interval is estimated to be 89.62% for a sample size of 23 units, for the
95% interval attained coverage is 95.03% when the sample size is 23, and for the
99% interval attained coverage is 98.96% when the sample size is 21. Our overall
observation regarding the proposed tuned estimator is that it shows nominal coverages
for moderate sample sizes.

and
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Table 7.1 Performance of the newly tuned Horvitz and Thompson

type estimator of population total

Sample size (r) 90% coverage 95% coverage 99% coverage
3 0.3041 0.4108 0.7022
5 0.3282 0.4175 0.6304
7 0.4452 0.5367 0.733
9 0.551 0.6483 0.8204
11 0.619 0.7206 0.8769
13 0.6923 0.7846 0.9132
15 0.7435 0.8358 0.9443
17 0.8008 0.8805 0.9684
19 0.8349 0.9083 0.9797

21 0.8796 0.9393 0.9896

23 0.8962 0.9503 0.9935

25 0.9239 0.9672 0.9965

27 0.9465 0.9808 0.9989

29 0.9618 0.9875 0.9988

31 0.9707 0.9909 0.9998

7.3.2 R code

The following R code, PUMPKIN71.R, was used to study the coverage by the newly
tuned Horvitz and Thompson (1952) estimator.

#PROGRAM PUMPKIN71.R

library("sampling")

set.seed(2013)

rhoxy<-0.8;rhoyz<-0.7;NP<-2000;

xe<-rnorm(NP,0,1);ye<-rnorm(NP,0,1);ze<-rnorm(NP,0,1);

y<-2450 + 50*ye

x<-2320+50*sqrt(1l-rhoxy "2)*xe + rhoxy*50*ye
7<-322 +52*sqrt(l-rhoyz "2)*ze + rhoyz*52*ye

XPMEAN<-mean(x);ZPMEAN<-mean(z); TY<-sum(y)
cor(x,y);cor(z,y);sqrt(var(x));sqrtlvar(y));sqrtlvar(z))
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ciZ.max=ciZ.min=ci3.max=ci3.min=ESTP
VESTP=ESTP
for (ninseq(3,50,2))

{

inclusionprobabilities(z,n)->pik

for (rinl:nreps)

{

ese<-UPmidzuno(pik)

(1:1ength(pik))[ese==1]1->us
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ffus<-sample(NP,n)
xs<-x[us]; ys<-ylus]; zs<-z[us]

xmj<-(sum(xs)-xs)/(n-1)
ymj<-(sum(ys)-ys)/(n-1)

p<-zs/(NP*ZPMEAN)
pi<-(NP-n)*p/(NP-1)+ (n-1)/(NP-1); di<-1/pi
Fi<-1-((NP-1)/NP)*(pi-(n-1)/(NP-1))/p
YHT<-sum(di*ys); XHT<-sum(di*xs);

DB<-mean(di)

dj<-(sum(di)-di)/(n-1)

deTta<-sum(di)*sum(di*xmj "2) - sum(di*xmj) "2
del<-(sum(di)*di*xmj - di*sum(di*xmj))/delta
wbni<-dj + delT*(NP*XPMEAN-XHT)/((n-1) "2)
ESTi<- ((n-1) "2*wbni-n*DB*(n-2))*ymj

ESTP[r]<-sum(ESTi)

EST_I<-(n*ESTPLr] - ESTi)/(n-1)

vj<-(di*Fi/wbni) "2*(EST_I-ESTP[r]) "2
VESTPLrl<-sum(vj)
cil.minlr]<- ESTPLrl+qt(.05,n-1)*sqrt(vESTPLrl)
ESTP[rJ+qt(.95,n-1)*sqrt(vESTP[r])
ESTPLr]+qt(.975,n-1)*sqrt(vESTP[rl)
ESTP[r]+qt(.025,n-1)*sqrt(vESTP[r])
ESTPLr]+qt(.005,n-1)*sqrt(vESTP[r])
ESTPLr]+qt(.995,n-1)*sqrt(vESTP[r])

cil.max[rl<-
ciz.max[rl<-
ciz.minlrl<-
ci3.minlrl<-
ci3.max[rl<-
HEnreps
round(sum(cil.
round(sum(ci2.
round(sum(ci3.

HEn

min<TY & cil.max>TY)/nreps,4)->covl
min<TY & ci2.max>TY)/nreps,4)->cov?2
min<TY & ci3.max>TY)/nreps,4)->cov3
cat(n, covl,cov2,cov3, \n’")

7.3.3 Numerical illustration

The following numerical illustration is used to explain all steps involved in the use of
the newly tuned Horvitz and Thompson (1952) estimator.

Example 7.1 In a specially designed field, it is easy to take a picture of each one of

the N =200 pumpkins and record their top sizes. After taking the photographs,
Midzuno—Sen sampling was applied to select a sample of n =7 pumpkins. The weight
(Ibs), say Y, circumference (in.), say X, and top size (in.), say Z, of the seven selected
pumpkins are recorded as follows:

Xi
Vi
Zj

130.9
800
105

67.0
800
30

106.5 98.0 115.2 137.1 101.1
3084 1042 4500 2500 2397
56 30 97 117 87
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Assume it is known that the population average circumference is X = 105.40in. and
the population average top size is Z = 61in.. Apply the tuned Horvitz and Thompson
(1952) estimator to estimate the total weight Y of the pumpkins and construct the 95%
confidence interval estimate.

Solution. One can easily compute the following:

X, () ¥.() W?,(j) YHTuned(es (j))
104.1500 2387.167 27.85886 478049.4
114.8000 2387.167 28.01937 475750.4
108.2167 2006.500 27.69873 481722.0
109.6333 2346.833 27.52766 482897.9
106.7667 1770.500 27.99467 479433.2
103.1167 2103.833 27.89032 478951.0
109.1167 2121.000 28.09405 476276.3

where

MV iimunedes = { (1= 1755()) = n(n =2)d }3,())

n—1

YAHTuned(cs(j)) =

We can then compute

~ 1 R
YHTuned(cs)(j) = Z Z YHTuned(cs) H = 419135.0

Jjes

and

SE (YAHTuned(cs)) = ‘;(YAHTuned(cs)) =5548.925

Thus, the 95% confidence interval estimate of the total weight of all pumpkins in the
field is 405557.3—432712.8 lbs.

7.3.4 R code used for illustration

We used the following R code, PUMPKIN71EX.R, to solve the preceding numerical
illustration.

#PROGRAM PUMPKIN71EX.R

n<-7
xs<-¢(130.9,67,106.5,98,115.2,137.1,101.1)
ys<-¢(800,800,3084,1042,4500,2500,2397)
zs<-c(105,30,56,30,97,117,87)
XPMEAN<-105.4;7ZPMEAN<-61; RHOYZP<-0.4
NP<-200
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7.4 Tuning of the Horvitz-Thompson estimator

xmj<-(sum(xs)-xs)/(n-1)
ymj<-(sum(ys)-ys)/(n-1)

p<-zs/(NP*ZPMEAN)
pi<-(NP-n)*p/(NP-1) + (n-1)/(NP-1); di<-1/pi
Fi<-1-C(NP-1)/NP)*(pi-(n-1)/(NP-1))/p
YHT<-sum(di*ys); XHT<-sum(di*xs)
DB<-mean(di)

dj<-(sum(di)-di)/(n-1)
delta<-sum(di)*sum(di*xmj "2) - sum(di*xmj) "2
del<-(sum(di)*di*xmj - di*sum(di*xmj))/delta
wbni<-dj + del*(NP*XPMEAN-XHT)/((n-1) "2)
ESTi<- ((n-1) "2*wbni-n*DB*(n-2))*ymj

ESTP<- sum(EST1)

EST_I<-(n*ESTP - ESTi)/(n-1)
vi<-((Fi*wbni/dj) "2)*((EST_I - ESTP) "2)
VESTP<-sum(vj)
L<-ESTP+qt(.025,n-1)*sqrt(vESTP)
U<-ESTP+qt(.975,n-1)*sqrt(vESTP)
chbind(xmj,ymj,wbni ,EST_I)

cat("Tuned estimate:", ESTP, "SE: ",vESTP~.5,’\n")

cat("Confidence Interval:"," ", L,"; ", U, \n’

with a displacement function

The newly tuned Horvitz and Thompson (1952) jackknife estimator of the population
total ¥ is defined as

Pittuneatoen) = _ | (1= 17;.(/) = n(n=2)d]5,()

JEs

(7.38)

where w? (j) are the tuned weights constructed so that the following two constraints

are

satisfied:

w ()= _d(J)

Jjes JjEs

and

X- (2—n)n*d x,
nd(n—1)*

(7.39)

(7.40)

(7.41)
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We consider tuning the weights w,( j) such that an alternative to weighted displace-
ment function due to Singh (2012), defined as

F( s -1 {W;(J')}Z_l}
d(jytann ! | Lt ~1 (7.42)
2 [{w;m} +1

is optimum, subject to tuning constraints (7.39) and (7.40).
The Lagrange function becomes

(] T}

JES JES JES
(7.43)
—%‘{Zw,‘i(m”/}
Jjes
where Ay, and 1] are the Lagrange multiplier constants.
On setting
OL
“—2_—0 (7.44)
w,(J)
we have
oo d())
= 7.45
w,(J) T+ A (7.45)

Constraints (7.39) and (7.40) yield =1, and A} is a solution to the single parametric
equation

d())¥

S+ Y

=0 (7.46)

Thus, under the alternative to displacement function, the newly tuned Horvitz and
Thompson (1952) jackknife estimator (7.38) of the population total becomes

25, .
YHTuned(new) = Z [Ww - n(n - Z)d‘| yn(.]) (747)

= 1+A1%;

7.4.1 Estimation of variance of the Horvitz-Thompson type
estimator

An adjusted estimator to estimate the variance of the newly tuned Horvitz and
Thompson (1952) estimator \?HTuned(neW) is

ﬁ(YHTuned(new)) = Z (%y) (YHTuned(new)( ) — YHTuned(new))2 (7.48)
JES
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Note that each newly tuned Horvitz and Thompson (1952) jackknifed estimator of the
population total is given by

YAHTuned(new)(j) = n—1 (7.49)
for j=1,2,...,n. In the simulation, we approximated the value of 1] by
> d()j)¥
S — (7.50)
2 A}

JES

A better solution to the nonlinear equation (7.46) could be used, if available. The cov-
erage by the (1 —a)100% confidence interval estimates constructed using the newly
tuned Horvitz and Thompson (1952) estimator of the population total is estimated by
observing the proportion of times the true population total Y falls within the interval
estimate given by

I}HTuned(new) + ta/2 (df =n— 1) v (YHTuned(new)) (7.51)

We studied coverage by the nominal 90%, 95%, and 99% intervals by selecting 10,000
random samples from a population consisting of three related variables Y, X, and Z
taking values y;, x;, and z; for the ith unit in the population as

yi=Y+o,y; (7.52)

Xi=X+x7ox/1 —pﬁy + P00 (7.53)

and

zZi=Z+z0.,/1 —p+p,.0.5] (7.54)

where xf ~N(0, 1), y; ~N(0, 1), and z; ~ N(0, 1) are three standard normal variables
with mean O and standard deviation 1.

The value y; of the variable Y can be imagined as the weight of the ith pumpkin, the
value z; of the variable Z can be imagined as the top size of the ith pumpkin measured
using remote sensing images, and value x; of the variable X can be imagined as the
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circumference of the ith pumpkin in the population. Again, for this illustration, we
made the following choice of parameters: p,,=0.80, p,. =0.70, X =2320,
Y =2450, Z=322, 6, =50, 6, =50, 6. =52, and N =2000. Thus, our problem is
to estimate the population total ¥ = NY of the study variable Y, using known popula-
tion totals X = NX and Z = NZ of the two auxiliary variables X and Z_respectively. We
used the variable Z at the selection stage such that d; = z; !, where

N—n n—1
ﬂi(N—l)pi+<N—l> (7:33)

with p; =z;/(NZ) and n=3-31. This is an example of the Midzuno-Sen sampling
scheme. The variable X is used at the tuning stage of the estimator of the population
total of the study variable, Y. For each sample of size n, with n varying from 3 to 31, we
generated 10,000 samples and determined the attained coverage by the interval esti-
mators. The results obtained for the various sample sizes are shown in Table 7.2.

Table 7.2 shows the coverages of intervals constructed using the newly tuned esti-
mator of the population total under the PPSWOR scheme. We used the Midzuno—Sen
sampling scheme, but any sampling scheme available in the literature could be inves-
tigated in this way. Our overall observation about the proposed tuned estimator is that
it shows good results for small sample sizes. In particular, the nominal 90% coverage
is estimated as 89.84% for a sample of size 23, the nominal 95% coverage is estimated
as 95.18% for a sample of size 23, and the nominal 99% coverage is estimated as
99.02% for a sample of size 21.

Table 7.2 Performance of the newly tuned Horvitz—Thompson
interval estimator of the population total

Sample size (n) 90% coverage 95% coverage 99% coverage
3 0.4966 0.6170 0.8579
5 0.4442 0.5451 0.7606
7 0.4823 0.5822 0.7826
9 0.5730 0.6697 0.8427

11 0.6330 0.7350 0.8891

13 0.7005 0.7923 0.9194

15 0.7517 0.8421 0.9477

17 0.8045 0.8852 0.9711

19 0.8393 0.9118 0.9804

21 0.8834 0.9415 0.9902

23 0.8984 0.9518 0.9939

25 0.9257 0.9679 0.9967

27 0.9477 0.9814 0.9989

29 0.9626 0.9879 0.9989

31 0.9708 0.9916 0.9998
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7.4.2 R code

The following R code, PUMPKIN72.R, was used to study the coverage by newly the
tuned Horvitz and Thompson (1952) interval estimator based on optimizing the dis-
placement function.

#PROGRAM PUMPKIN72.R
library("sampling")
set.seed(2013)
rhoxy<-0.8;rhoyz<-0.7;NP<-2000;
xe<-rnorm(NP,0,1);ye<-rnorm(NP,0,1);ze<-rnorm(NP,0,1);
y<-2450 + 50*ye
x<-2320+50*sqrt(l-rhoxy "2)*xe + rhoxy*50*ye
7<-322 +52*%sqrt(1l-rhoyz "2)*ze + rhoyz*52*ye
XPMEAN<-mean(x);ZPMEAN<-mean(z); TY<-sum(y)
cor(x,y);cor(z,y);sqrt(var(x));sqrt(var(y));sqrt(var(z))
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ciZ2.max=ciZ2.min=ci3.max=ci3.min=ESTP
VESTP=ESTP
for (ninseq(3,31,2))
{
inclusionprobabilities(z,n)->pik
for (rinl:nreps)
{
ese<-UPmidzuno(pik)
(1:1ength(pik))[ese==1]1->us
ffus<-sample(NP,n)
xs<-x[us]; ys<-ylus]; zs<-z[us]
xmj<-(sum(xs)-xs)/(n-1)
ymj<-(sum(ys)-ys)/(n-1)
p<-zs/(NP*ZPMEAN)
pi<-(NP-n)*p/(NP-1)+ (n-1)/(NP-1); di<-1/pi
Fi<-1-C(NP-1)/NP)*(pi-(n-1)/(NP-1))/p
YHT<-sum(di*ys); XHT<-sum(di*xs)
DB<-mean(di); dj<-(sum(di)-di)/(n-1)
shi<-(NP*XPMEAN-(2-n)*(n "2)*DB*mean(xs))/(n*DB*((n-1) "2))
shi<-xmj-shi
wbni<-dj/(1+(sum(dj*shi)/sum(dj*shi "2))*shi)
ESTi<- ((n-1) "2*wbni-n*DB*(n-2))*ymj
ESTPLr]<- sum(ESTi)
EST_I<-(n*ESTP[r] - ESTi)/(n-1)
vj<-(di*Fi/wbni) "2*(EST_I-ESTP[rl) "2
VESTPLrl<-sum(vj)
cil.max[rJ<- ESTP[rl-qt(.05,n-1)*sqrt(vESTP[rl)
cil.minlrl<- ESTPLrl+qt(.05,n-1)*sqrt(vESTPLrl)
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ci2.max[r]<- ESTPLrl-qt(.025,n-1)*sqrt(vESTP[rl)
ci2z.minlr]<- ESTPLrl+qt(.025,n-1)*sqrt(vESTP[r])
ci3.max[rl<- ESTPLr]-qt(.005,n-1)*sqrt(vESTPLr])
cid3.minlrl<- ESTPLr]+qt(.005,n-1)*sqrt(vESTPLr])
}Enreps
round(sum(cil.min<TY & cil.max>TY)/nreps,4)->covl
round(sum(ci2.min<TY & ci2.max>TY)/nreps,4)->cov2
round(sum(ci3.min<TY & ci3.max>TY)/nreps,4)->cov3
cat(n, covl,cov2,cov3, \n”)
HEn

7.4.3 Numerical illustration

In the following example, we explain the various steps involved in tuning the Horvitz
and Thompson (1952) type estimator using the displacement function.

Example 7.2 Using the data in Example 7.1, apply the newly tuned Horvitz and
Thompson (1952) estimator YHTuned(new) to estimate the total weight Y of the pump-
kins in the field and construct the 95% confidence interval estimate.

Solution. One can easily compute the following:

%a(J) V() wo(j) Y Hiuned (new)(j)
104.1500 2387.167 27.84847 477663.6
114.8000 2387.167 27.99474 475568.6
108.2167 2006.500 27.71860 480948.2
109.6333 2346.833 27.53564 482250.9
106.7667 1770.500 28.00524 478786.3
103.1167 2103.833 27.86208 478772.8
109.1167 2121.000 28.11904 475423.7
where
Y4 2oy 7l .
A Y ittuneatnen) = { (0= 1)°W; () = n(n—2)d }5,(j)
YHTuned(new)(j) =

n—1

From these we compute

~ 1 N
YHTuned(new) = ZZ YHTuned(new)(j) =418676.8

JES
and
SE (YAvHTuned(neW)) = ﬁ(YAvHTuned(new)) =5572.19

Thus, the 95% confidence interval estimate of the total weight of all pumpkins in the
field is 405042.1-432311.4 lbs.
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7.4.4 R code used for illustration

We used the following R code, PUMPKIN72EX.R, to solve the preceding
illustration.

#PROGRAM PUMPKIN72EX.R

n<-7
xs<-c(130.9,67,106.5,98,115.2,137.1,101.1)
ys<-¢(800,800,3084,1042,4500,2500,2397)
zs<-c(105,30,56,30,97,117,87)
XPMEAN<-105.4;ZPMEAN<-61; RHOYZP<-0.4
NP<-200

xmj<-(sum(xs)-xs)/(n-1)
ymj<-(sum(ys)-ys)/(n-1)

p<-zs/(NP*ZPMEAN)
pi<-(NP-n)*p/(NP-1) + (n-1)/(NP-1); di<-1/pi
Fi<-1-C(NP-1)/NP)*(pi-(n-1)/(NP-1))/p
YHT<-sum(di*ys); XHT<-sum(di*xs)
DB<-mean(di)

dj<-(sum(di)-di)/(n-1)

shi<-xmj- (NP*XPMEAN-(2-n)*(n "2)*DB* mean(xs)) /(n*DB*((n-1) "2))
wbni<-dj/(1+(sum(dj*shi)/sum(dj*shi "2))*shi)
ESTi<- ((n-1) "2*wbni-n*DB*(n-2))*ymj

ESTP<- sum(EST1)

EST_I<-(n*ESTP - ESTi)/(n-1)

vj<-(di*Fi/wbni) "2*(EST_I-ESTP) "2
VESTP<-sum(vj)
L<-ESTP+qt(.025,n-1)*sqrt(vESTP)
U<-ESTP+qt(.975,n-1)*sqrt(vESTP)
cbind(xmj,ymj,wbni,EST_I)

cat("Tuned estimate:", ESTP, "SE: ",vESTP .5 ,’\n")
cat("Confidence Interval:"," ", L,"; ", U,’\n")

7.5 Exercises

Exercise 7.1 Consider the problem of estimating the population total Y with an esti-
mator defined by

YHTuned 1 1) ZW YHT(J) (7.56)

/es

where

Yur(j) =Yur —djy; (7.57)
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denotes the jth jackknifed Horvitz and Thompson (1952) estimator of the population
total and w, ( ) are the tuned weights constructed so that the following two constraints
are satlsfled

ZWZ(J) :Zj(j) (7.58)

and

(n=1)" " w (N Kur () =X (7.59)

jes

where XHT(j) =Xyr — d;x; has its usual meaning.
By optimizing the distance function

o0

. < a2
{0 - d) .60

Show that the tuned estimator of the population total is given by
YAHTuned(l) ZYHT+1;(X+XHT) (7.61)

where b is given by

(Zmﬂj))qu[d(j)}“Xm )Yur(J <Zq,YHT )(Z%XHT >

jes jes jES JjEs

() (S nin) - (Smon)

(7.62)

Develop a doubly jackknifed estimator of variance to estimate the variance of the
tuned estimator of population total given in Equation (7.56). Write R code to study
the coverage by the 90%, 95%, and 99% confidence intervals of this estimator
suggested to you using the Midzuno—Sen sampling scheme.

Exercise 7.2 Consider the problem of estimating the population total Y with an esti-
mator defined by

Y HTuned(2) =(H%I)Zv‘v2(j> ()] P () (7.63)

where

Yur(j) = Yur —djy; (7.64)
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denotes the jth jackknifed Horvitz and Thompson (1952) estimator of the population
total and w ( ) are the tuned weights constructed so that the following two constraints
are satisfied:

YW= _d()) (7.65)

Jjes jes

and

(n=1)""> wh()) | Xur(j) =X (7.66)

JES

where XHT( Jj) :XHT — d;x; has its usual meaning. Optimize each one of the following
distance/displacement functions:

Z {W (9} (7.67)

jes
@%D—ﬂﬁf o
Dy= i Il () >0 7.68

D3—Zd )tanh ™ (‘{WO ’.} _1> (7.69)
w

and

i {W (7.70)

by e L5l

Jjes Jjes

where g; are suitably chosen weights that form different types of estimators, @; is a
penalty, and tanh~!() is the hyperbolic tangent function, subject to the two tuning
constraints (7.65) and (7.66). Write code in any scientific programming language
to study these distance functions. Discuss the nature of the tuned weights. Construct
the 90%, 95%, and 99% confidence interval estimates in each situation by estimating
the variance using the method discussed here.

Exercise 7.3 Consider the problem of estimating the population total Y with an esti-
mator defined by

Pittuneates) = D | (1= 17295 )) = n(n—2)d]5,()) (.71)
JES
where
V() =2 (7.72)

n—1
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with y, = Z yj, and w ) are the jackknife weights constructed so that
j€s

D owi)=>Y_d(j) (7.73)

JjESs JjES
and
o X—(2—n)ntdx,
> we (%)) X2z, )2 (7.74)
jes (I’l - 1)

Optimize the penalized chi-square distance between the jackknifed calibrated weights
w(j) and the jackknifed design weights d( /) as given by

D:(”—l)zz(‘;’( Z{”d (n=DWh()} @, (7.75)

2 JES Jq/ JES /qf

where g; are suitably chosen weights that form different types of estimators and @;is a
penalty, subject to the two tuning constraints (7.73) and (7.74). Write code in any sci-
entific programming language to study these distance functions. Examine 90%, 95%,
and 99% confidence interval estimates in each situation by estimating the variance
using the method discussed here.

Exercise 7.4 Consider the problem of estimating the population total Y with an esti-
mator defined by

YHTuned(cs) = Z {(n - 1)2W2(j) - n(n - 2)6?:| yn(]) (776)
JEs
where
5 () = e @.77)

with y, = Z ¥, and w ) are the jackknife weights so that
jer

> W)= _d(j) (7.78)

jes Jjes

and

Q>

S (7.79)

Zw (1 ") ndZ{G (

Jjes JES
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n

where G (j)= ( H

1/(n=1)
x,-) is the jth jackknifed sample geometric mean
i#j=1
1/n

N
(Hx, ,X= Zx,» is the known population total of the auxiliary variable,
i=1
and d( j) = (nd — d;) /(n— 1) are the jackknifed design weights. Subject to the preced-
ing two constraints, optimize the weights Wﬁ( j) in the following distance function

- . _ a2
L, - 1)2Z (d()) d:ﬁ(/)) (7.80)

Develop a doubly jackknifed estimator of variance for the tuned estimator of popula-
tion total given in Equation (7.76). Write R code to study the coverage by 90%, 95%,
and 99% confidence intervals of the estimator suggested to you using the Midzuno—
Sen sampling scheme.

Exercise 7.5 In Exercise 7.4, replace constraint (7.79) with

H 1 d H.(j X
Z _ ( ) ( ) _ Z _ n A(.]) S (7.81)
jes nH(j)—(n 1) (1) jes nH.(j)—(n—1)H, H,
-1
where H =(n-1 (Z X ) is the jth jackknifed sample harmonic mean,
i#j=1

n n N

H.=n (in1> and X = Zx,- is the known population total of the auxiliary
= i=1

variable.



Tuning in stratified sampling

8.1 Introduction

In this chapter, we extend the new methodology of tuning the jackknife technique in
survey sampling to the case of stratified random sampling. This will provide new esti-
mators of the population mean and will provide estimates of variance of these estima-
tors. The new methodology is illustrated with a model used to estimate the weight of
pumpkins with the help of known circumferences. Finally, an extension of the work to
the case of multistage sampling is suggested in the exercises.

8.2 Stratification

Stratification means the population of N units is first divided into homogeneous and
mutually exclusive groups called strata. Then an independent random sample of the
required size is selected from each stratum. In short, the Ath stratum in stratified sam-
pling design consists of N, units, where 2= 1,2,...,L so that

L
ZNh =N 8.1)
h=1

Let y,;, be the value of the study variable for the ith unit in the Ath stratum,
i=1,2,...,Ny, so the hth stratum population mean is given by

Np
Yy =Ny i, for h=1,2,....L (8.2)
=1

1

Obviously, using the concept of weighted average, the true mean of the whole pop-
ulation can be written as

N1Y1 +N2Y2+ +NLYL
Ni+Ny+--+ N,
_NlY_l +N2Y_2+“'+NLY_L

B N

- <ﬂ> Y+ <Iﬁ> Vodot (&) Y, (8.3)
N N N

:‘QIY_I +.QzY_2+“'+.QLY_L

L
= Zgh Y_h
h=1

Y:
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where

_Nh

P h
N

(8.4)

is the known proportion of population units falling within the Ath stratum. Consider
drawing a sample s, of size 1, using a simple random sampling (SRS) scheme from the
hth stratum consisting of N, units, such that

L
Znh =n (8.5)
=1

is the required sample size.

Assume the value of the ith unit of the study variable selected from the Ath stratum
is denoted by y,; and i = 1,2,...,n;,. An unbiased estimator of population mean Y is
given by

L
Y= (8.6)
h=1
where
W
="y i 8.7)
=1

denotes the Ath stratum sample mean.

Also assume the value of the auxiliary variable for the ith unit selected from the /ith
stratum is denoted by x;;, where i = 1,2,...,n;. An unbiased estimator of the popula-
tion mean

L
X=> X, (8.8)
h=1
is given by
L
Xa= ) Q% (8.9)
h=1
where

ny
T=m,' Y X (8.10)
i=1



Tuning in stratified sampling 221

denotes the Ath stratum sample mean, and
X, =N 8.11)
i=1

denotes the known Ath stratum population mean of the auxiliary variable.
For more information about stratified random sampling, one could refer to Neyman
(1934).

8.3 Tuning with a chi-square distance function using
stratum-level known population means of an
auxiliary variable

The newly tuned estimator of the population mean Y for stratified random sampling is
defined as

L
ySlTuned(cs) = Z'th |:(nh - 1)2W11(j) - (nh - 2) yh(]) (8.12)
h=1 JESK

where wy,(j) is the tuned stratum weight such that in each stratum the following two
constraints are satisfied:

> wn(j)=1 (8.13)
JESH
and
— N — . Xl — Ny 2_}11 X,
> () () I ) (8.14)
JESK (nh - 1)
where
o Y=Y
i) === (8.15)

is the Ath stratum sample mean of the study variable obtained by removing the jth unit
from the sample s,

. npXp — Xpi
%)) = 4}1’1];._ - (8.16)
{
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is the Ath stratum sample mean of the auxiliary variable obtained by removing the jth
unit from the sample s;,, and

1 —wy,

wi(J) = 1 (8.17)

is the tuned jackknife weight of the calibrated weights w;; constructed so that in each
stratum

> wi=1 (8.18)

JESK

and

thjxhj =X, (8.19)

JESH

We suggest the tuning of the weights wy; such that in the Ath stratum, the chi-square
type distance function, defined as

(27"'ny th/ Wij — (27"'ny th] {1=(n,— Dywy(j —nh‘}

JESh JEsn

(8.20)

is optimal, subject to the tuning constraints (8.13) and (8.14), and ¢, is a choice of
weights in the Ath stratum.
The hth stratum Lagrange function is then given by

Ly = ( 2 ny th {1=(ny=Dywi(j) —ny } —/1110{ZW11 }

JESK JESK
o X —np(2— )X
i {th(l)xh(J) —Lz’)’} (8:21)
JESh (nh - 1)
where 1,0 and 1;; are Lagrange multiplier constants.
On setting:
oLy,
=0 (8.22)
own(Jj)

we have

1
wi(J) :n—h{1+m(%jiho+ﬂh1%xh(ﬂ)} (8.23)
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Using Equation (8.23) in Equations (8.13) and (8.14), a set of normal equations to find
the optimal values of 4,y and 1, is found to be

Z qnj> Z ani%n(J)
= = Vho]
Z qnixn(J Z gt xn(J 2 A

JESK JESK
0
- ny X}, —ny (2 — nh))?h) . (824)
(nh_l)z{ ( 2 _th(J)
(nh - 1) JESK
Note that
X 2-
( — 1)2{’?11( n—1( nh h) th }
(nh - 1 JESK
. 2 nh()?h—nh(Z—nh)Xh) —(I’lh— 1)21’111)?;,
- (nh - 1) P
(mp—1)
_ B 2 (8.25)
=ny |:(Xh - nh(2 - nh)xh) — (I’l}, — 1) xh:|
=ny [Xh —2npxp + nﬁ)@, — (}’lfl +1-— 2}’1;1))?]1]
=ny [Xh —2npxp + }’l%l)fh - }’l%l)fh —Xp+ 2”113?11]
=ny [Xh — )fh]
Thus, we have
> ans > as(J)
= = Ano 0
= B (8.26)
thjxh thj{xh | LA (X — Xn)
JEsn JESH
The jackknifed tuned weight wy,( ) then becomes:
1 Ay —
wi(j)=— |1+ ——{X, — %, (8.27)
n(J) P [ (n—1 3 {Xn /}]
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with

() (ZCM;‘) = ()

JESH JESH

(Z%) {thj(fh(j))z} - {ZCIhjfh(j)}

Thus, under the chi-square (cs) type distance function, the newly tuned jackknife esti-
mator (8.12) of the population mean Y, for the stratified random sampling becomes

.YStTuned (cs) ZQh [th +ﬂh{nhxh th }‘|

(8.28)

Api=qp

= = (8.29)
= ZQh [V + B X — n}]
h=1
where
(Z qm) (Z th-xh yh ) (Z thyh > (Z thxh )
‘B JESK JESh JESh JESh
h— 2
<Z%j> (thj(xh(j))2> - (Z%ﬂ%(]))
JESK JjESK yE

(8.30)

8.3.1 Estimation of variance and coverage

We suggest the following adjusted estimator of the variance of the estimator

YStTuned (cs)

2
h —(#
VSlTuned (cs) Z‘thh np — 1 Z {Wh( )} {y(St%"uned(cs)(j) B y(StI)I‘uned(cs) }

JEsn

(8.31)

Note that each newly tuned estimator of the /th stratum population mean is

) v — md (= 1)) — (1 = 2) 33, () 8,32
StTuned(cs)(j) — n,—1 (8.32)
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where

Sn= Y [(m= 1) — (m—2)] 54()) (8.33)

JESh

for h=1,2,....L; j=1,2,...,n,.

Remember that the strata are mutually exclusive, and samples are drawn indepen-
dently from each stratum, thus, an estimator of variance may be developed by taking
the sum, over all strata, of the estimators of variance in each stratum. Attained cov-
erage by the (1 —a)100% confidence interval estimates obtained from this newly
tuned estimator of the population mean is estimated by observing the proportion of
times the true population mean Y falls within the interval estimates given by

yStTuned(cs) + la/2 (df =n-— L) 13SlTuned(cs) (3.34)

We use degree of freedom df = n — L because one population mean is being estimated
in each stratum. Here we considered the problem of estimating the average weight of
three types of pumpkins, namely Sumbo Pumpkins of small size, Mumbo Pumpkins of
medium size, and Jumbo Pumpkins of large size, the size of the pumpkins being based
on their circumferences. We generated six variables, two variables in each stratum,
with different means, different standard deviations, and different correlations between
weight and circumference as follows:

Xhi Z)Zh + thxzi (8.35)

and

Yui =Y+ 0nyun /1 - mey + Oy Py Xhi (8.36)

where x}, ~N(0,1) and y;; ~N(0,1) for h=1,2,3

We studied the attained coverages by the nominally 90%, 95%, and 99% confi-
dence intervals, based on the newly tuned estimator of the population mean, by
selecting 10,000 random samples from each of the populations consisting of the three
types of pumpkins. We set the values of the correlation coefficients as p;,, = 0.6,
P2y =0.7, and p3,, =0.4. The known average values of the circumference (inches)
in the three strata were taken to be X; =20, X, =300, and X3 = 1400, respectively.
We assumed the average weights (Ibs) of the pumpkins in the three strata were
Y, =25, Y, =400, and Y;=8000. We also set o1, =12, 02, =280, o3, =329,
o1y =15, 62, =200, and o3, = 6000. For various small sample sizes n,, n,, and nj
are taken from the three independent strata consisting of N; =800 Sumbo,
N, =2000 Mumbo, and N3 = 6000 Jumbo pumpkins, we found the attained coverages
shown in Table 8.1.



Table 8.1 Attained coverage of the newly tuned jackknife estimator

Expected coverage

Expected coverage

ny ny ns 90% 95% 99 % n ny ns 90% 95% 99 %
2 2 2 0.9190 0.9416 0.9707 4 2 2 0.9035 0.9244 0.9553
3 0.9700 0.9810 0.9931 3 0.9655 0.9759 0.9880
4 0.9850 0.9910 0.9964 4 0.9837 0.9902 0.9972
5 0.9922 0.9965 0.9992 5 0.9925 0.9959 0.9988
3 2 0.9004 0.9236 0.9575 3 2 0.8839 0.9102 0.9408
3 0.9609 0.9739 0.9890 3 0.9582 0.9718 0.9870
4 0.9812 0.9898 0.9966 4 0.9831 0.9889 0.9952
5 0.9907 0.9952 0.9979 5 0.9905 0.9939 0.9979
4 2 0.8885 0.9105 0.9444 4 2 0.8845 0.9056 0.9376
3 0.9574 0.9712 0.9875 3 0.9569 0.9698 0.9850
4 0.9829 0.9897 0.9962 4 0.9816 0.9891 0.9948
5 0.9921 0.9951 0.9982 5 0.9881 0.9924 0.9966
5 2 0.8888 0.9128 0.9487 5 2 0.8888 0.9123 0.9431
3 0.9590 0.9724 0.9863 3 0.9579 0.9714 0.9844
4 0.9808 0.9875 0.9952 4 0.9803 0.9874 0.9952
5 0.9914 0.9943 0.9978 5 0.9889 0.9937 0.9977
3 2 2 0.9062 0.9295 0.9580 5 2 2 0.8986 0.9203 0.9507
3 0.9660 0.9773 0.9904 3 0.9619 0.9747 0.9887
4 0.9848 0.9913 0.9963 4 0.9822 0.9884 0.9958
5 0.9921 0.9958 0.9988 5 0.9899 0.9939 0.9983
3 2 0.8844 0.9133 0.9482 3 2 0.8800 0.9069 0.9404
3 0.9582 0.9711 0.9858 3 0.9569 0.9709 0.9852
4 0.9844 0.9907 0.9965 4 0.9817 0.9886 0.9944
5 0.9910 0.9950 0.9986 5 0.9903 0.9938 0.9981
Continued
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0.8903
0.9596
0.9808
0.9902
0.8809
0.9546
0.9818
0.9907

0.9140
0.9723
0.9875
0.9942
0.9055
0.9671
0.9891
0.9947

0.9445
0.9858
0.9946
0.9977
0.9441
0.9827
0.9951
0.9977

DN A W WA W

0.8773
0.9565
0.9821
0.9902
0.8791
0.9517
0.9774
0.9889

0.9004
0.9693
0.9893
0.9937
0.9033
0.9650
0.9844
0.9942

0.9347
0.9841
0.9959
0.9977
0.9364
0.9826
0.9936
0.9980
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Table 8.1 shows that the attained coverage by the newly tuned stratified interval
estimator of the population mean remains quite appreciable for small sample sizes.
In particular, note that the attained coverage by the 90% interval is estimated to be
90.04% for a sample of two Sumbo, three Mumbo, and two Jumbo pumpkins, the
attained coverage by the 95% interval is estimated to be 94.16% for a sample of
two Sumbo, two Mumbo, and two Jumbo pumpkins, and attained coverage for the
99% interval is estimated to be 98.98% for a sample of two Sumbo, three Mumbo,
and four Jumbo pumpkins. Thus, the newly tuned estimator of the population mean
weight of the pumpkins shows quite good coverage in the case of small sample sizes.

8.3.2 R code

The following R code, PUMPKINS1.R, was used to study the coverage by the newly
tuned stratified estimator based on the chi-square type distance function.

#PROGRAM PUMPKINS1.R
set.seed(2013)
rnorm(800,0,1)->x1s
rnorm(2000,0,1)->x2s
rnorm(6000,0,1)->x3s
x1<-20+12*%x1s; x2<-300+280*x2s; x3<-1400+329*x3s
y1<-25+15* rnorm(800,0,1)*sqrt(1-0.6"2) + 15*%0.6*x1s
y2<-400+ 200* rnorm(2000,0,1)*sqrt(1-0.7°2) + 200*0.7*x2s
y3<-8000+6000* rnorm(6000,0,1)*sqrt(1-0.4"2) + 6000*0.4*x3s
Nh<-c(800,2000,6000);N<-sum(Nh)
Wh<-Nh/N
xmean<- c(mean(x1),mean(x2),mean(x3))
xmh<-rep(0,3);deltah=sest=esh=varh=ymh=xmh
ymean<-mean(c(yl,y2,y3))
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ciZ2.max=ciZ2.min=ci3.max=ci3.min=vESTP=ESTP
for (ilin2:5)
{for (i2in2:5)

{for (i31in2:5)

{nh<-c(il,i2,i3);n<-sum(nh)
x<-matrix(ncol=2,nrow=n)
y<-matrix(ncol=2,nrow=n)
rep((1:3),nh)->x[,2]
yl,21=x[,2]
for (rinl:nreps) {

sl<-sample(800,i1)
s?2<-sample(2000,i2)
s3<-sample(6000,i3)
x[,1]<-c(x1[s1],x2[s2],x3[s3])
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y[,1]<-c(ylls1],y2[s2],y3[s31)

for(hin1:3)
{
xmj<-rep(0,nh[h])
ymj=di=dif=wi=xmj

xL(x[,2]1==h),11->xsh; y[(y[,2]1==h),1]->ysh
xmj<-(sum(xsh)-xsh)/(nh[h]-1)
ymj<-(sum(ysh)-ysh)/(nh[h]-1)
delta<-nh[hI*sum(xmj"2) - sum(xmj) "2
di<-(nh[h]*xmj-sum(xmj))/delta
dif <- nh[h]l*(xmean[h]-mean(xsh))/((nh[h]-1)"2)

wi <- (1+di*dif )/nh[h]

est_i =nh[h]*(((nh[h]-1)"2)*wi-(nh[h]-2))*ymj

sest =sum(est_1i)

sest_j = (sest-est_i)/(nh[h]-1)

esh[h] =sest/nh[h]
vj<-(wi)2*(sest_j-esh[h])"2

varh[h] =sum((Wh[h]"2)*(nh[h]*(nh[h]-1)"3)*v])

}
ESTPLr] <- sum(Wh*esh)
VESTP[r] <- sum(varh)

cil.max[r]<- ESTPLr]+qt(.95,n-3)*sqrt(vESTPLrl)
cil.minlrl<- ESTPLr]+qt(.05,n-3)*sqrt(vESTPLrl)

ci2.max[rl<- ESTPLrl+qt(.975,

ci2z.minlrl<- ESTPLrl+qt(.025,

ci3.max[rl<- ESTP[r]+qt(.995,

ci3.minlrl<- ESTP[r]+qt(.005,
HEnreps

n
n
n
n

round(sum(cil.min<ymean & cil.max>ymean)/nreps,4)->covl
round(sum(ciZ2.min<ymean & ciZ2.max>ymean)/nreps,4)->cov?2
round(sum(ci3.min<ymean & ci3.max>ymean)/nreps,4)->cov3

cat(il,i2,i3,covl,cov2,cov3,’\n’
i1
12
HE

8.3.3 Numerical illustration

-3
-3
-3
-3

)

)*
)*
)*
)*

sqrt (vESTPLr])
sqrt (vESTPLr])
sqrt(vESTPLr])
sqrt(vESTPLr])

The following example explains the computational steps required to implement the
proposed estimator in a stratified random sampling scheme.

Example 8.1 Suppose that there are 800 Sumbo, 2000 Mumbo, and 6000 Jumbo
pumpkins in a field. The farmer applied the proportional allocation method to select a
sample of 3 Sumbo, 7 Mumbo, and 20 Jumbo pumpkins to estimate the weight of the
pumpkins in the entire field using the newly tuned stratified random sampling estima-
tor. The farmer knows that X; =20, X, =282, and X3 = 1403 are the true average
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circumferences of the three types of pumpkins. The farmer collected the following
sample information on circumference (x) in inches and weight (y) in pounds:

Sumbo pumpkins

X1 Y1

19.88 33.96
15.00 17.62
25.95 25.74

Mumbo pumpkins

X2i Yai

433.58 471.16
366.66 458.00
240.93 295.52
142.63 302.31
101.75 291.96
188.78 367.71
502.58 493.79

Jumbo pumpkins

X3 Y3i

1245.83 5961.43
1389.43 5024.06
1549.95 5257.64
1218.13 6261.65
1396.49 5177.95
1605.36 2863.82
1197.08 5034.54
1603.43 3364.57
1506.00 1247.42
1428.66 2683.35
1329.38 6264.21
1236.34 5061.31
1604.52 4123.96
1348.69 4007.46
1340.51 8835.86
1480.90 7225.51
1500.06 8798.72
1109.26 9087.72
1599.05 1056.17

1374.50 2404.53
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The farmer now wishes to construct 90%, 95%, and 99% confidence interval estimates
of the average weight of the pumpkins.

Solution. Using the tuned estimator for stratified random sampling the 90%, 95%,
and 99% confidence interval estimates of the average weight of the pumpkins
in the field are (2468.29, 4530.96), (2257.24, 4742.01), and (1821.97, 5177.27),
respectively.

8.3.4 R code used for illustration
We used the following R code, PUMPKINS1EX.R, in the preceding illustration.

PROGRAM PUMPKINSIEX.R
nh<-c(3,7,20);n<-sum(nh)
x<-matrix(ncol=2,nrow=n)
y<-matrix(ncol=2,nrow=n)
rep((1:3),c(3,7,20))->x[,2]
yl,21=x[,2]
x[,1]<-c(
19.88, 15.00, 25.95,
433.58,366.66,240.93,142.63,101.75,
188.78,502.58,
1245.83,1389.43,1549.95,1218.13,1396.49,
1605.36,1197.08,1603.43,1506.00,1428.66,1329.38,
1236.34,1604.52,1348.69,1340.51,1480.90,1500.06,
1109.26,1599.05,1374.5)
y[,11<-c(133.96, 117.62, 125.74,
471.16,458.00,295.52,302.31,291.96,
367.71,493.79,
5961.43,5024.06,5257.64,6261.65,
5177.95,2863.82,5034.54,3364.57,1247 .42,
2683.35,6264.21,5061.31,4123.96,4007.46,
8835.86,7225.51,8798.72,9087.72,1056.17,
2404.53)
Nh<-c(800,2000,6000);N<-sum(Nh)
Wh<-Nh/N
fixmean<- as.vector(tapply(x[,1]1,x[,2],mean))
xmean<-c(20,282,1403)
xmh<-rep(0,3);deltah=sest=esh=varh=ymh=xmh
for(hinl:3)

{

xmj<-rep(0,nh[h])

ymj=di=dif=wi=xmj

x[(x[,2]==h),1]1->xsh; y[(y[,2]==h),1]1->ysh

xmj<-(sum(xsh)-xsh)/(nh[h]-1)

ymj<-(sum(ysh)-ysh)/(nh[h]-1)
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deTta<-nh[hl*sum(xmj"2) - sum(xmj) "2
di<-(nh[h]*xmj-sum(xmj))/delta
dif <- nh[hl*(xmean[h]-mean(xsh))/((nh[h]-1)"2)
wi <- (1+di*dif )/nh[h]
est_i=nh[h]*((nh[h]-1)2*wi-(nh[h]-2))*ym]
sest =sum(est_i)
sest_j = (sest-est_i)/(nh[h]-1)
eshlh] =sest/nh[h]
vi<-(wi)2*(sest_j-esh[h]l)?
varh[h] =sum(Wh[h]2*(nh[h]*(nh[h]-1)"3)*v])
}
es <- sum(Wh*esh)
var <- sum(varh)
cat("Tuned estimate:", es, "SE: ",var~.5,’\n")
jficat("Confidence Interval:"," ", L,"; ", U, \n")
cat("90%:",es+qt(.05,n-3)*sqrt(var),
es+qt(.95,n-3)*sqrt(var),’\n’)
cat("95%:",es+qt(.025,n-3)*sqrt(var),
es+qt(.975,n-3)*sqrt(var),’\n’")
cat("99%:",es+qt(.005,n-3)*sqrt(var),
es+qt(.995,n-3)*sqrt(var),’\n’)

8.4 Tuning with dual-to-empirical log-likelihood function
using stratum-level known population means of an
auxiliary variable

The newly tuned jackknife estimator of the population mean Y is defined by

L
Fsctuneatan) = D23 | (= 1*w,() = (= 2) |5, (3:37)
h=1

JESK

where w; ( j) are the stratum level tuned positive weights such that in each stratum the
following two constraints are satisfied:

> owii)=1 (8.38)

JESK

and

ZWZ(j){Xh(j) —Xh_nh(z_nh)xh} =0 (8.39)

2
JEsh (nh -1 )
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where:
wy = 1= (m —1)w; () (8.40)

are some arbitrary weights of unit length in each stratum.
Here, we suggest tuning the weights wj () so that the weighted dual-to-empirical
log-likelihood (dell) distance function in each stratum, defined as

log (1 - Wf,_i) log (W (/)
Z ny, - Z nhh o

JESK JEsn

is optimal, subject to the tuning constraints (8.38) and (8.39).
The Lagrange function becomes

Lo — 302 (7)) log (W} (/) gho{z —1 } s {Zw;( j)‘[’hj} (8.42)

JEsn M JESH JEsn

where 4,0 and ;] are Lagrange multiplier constants, and

W)= {xh(.i) - (W) } (8.43)

On setting
OLo
— =0 (8.44)
awh (J )
we have
1
_ 8.45
Wh(]) (1+/1hll[,hj) ( )

Constraints (8.38) and (8.39) yield Aj9=1, and A} is a solution to the parametric
equation

Py
;%; (1+2, ) =0 (8.46)

Thus, under the dell distance function, the newly tuned jackknife estimator (8.37) of
the population mean in stratified random sampling becomes

nh — .
ySlTuned dell) Z‘th (nh - 2) yh(]) (847)

= ny 1+/1hl¥/hj)
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8.4.1 Estimation of variance and coverage

An adjusted estimator of the variance of the estimator ygiruneq(aen) 18 given by

2
—(h)
VStTuned(dell) Z'thh p — Z {w(J) {y StTuned(dell)(j) — Y StTuned(dell)}

JESh
(8.48)
Note that each newly tuned estimator of the Ath stratum population mean is
masin = (m = 1773,07) = (m.=2) }5,())
)—,(h) = (8.49)
StTuned(dell)( ) ny,— 1
and
Sn= 3 [(m = 1*30)) — (m—=2) |54 )) (8.50)

JEsn

for h=1,2,....L; j=1,2,...,n,

Attained coverage by the (1 — a)100% confidence interval estimates obtained from
this newly tuned dell estimator of the population mean is estimated by observing
the proportion of times the true population mean Y falls within the interval estimates
given by

Vsituned(delt) F tay2(df =1 — L)1 /Vsiruned(denn) (8.51)

In the simulation study, under certain mild assumptions, we approximate

Z th;

(8.52)

Here we consider the problem of estimating the average weight (lbs) of three types
of pumpkins, namely the Sumbo Pumpkins, Mumbo Pumpkins, and Jumbo Pumpkins,
with sizes based on their circumferences (in.). In the simulation study, we considered
three different strata based on the circumferences of the pumpkins. We generated
six variables, two variables in each stratum, with different means, different
standard deviations, and different correlations between weight and circumference
as follows:

Xni :Xh + thxzi (853)
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and

Yhi = Y+ Ghyyzi \/ 1- p%xy + Ghyph\’yx;i (8.54)

here x}, ~N(0, 1) and y}; ~N(0, 1) for h=1,2,3.

Again, recall that the strata are mutually exclusive and samples are drawn indepen-
dently, so again we estimated the variance in each stratum and then took the sum over
all strata. We studied the attained coverage of the nominally 90%, 95%, and 99% con-
fidence intervals, constructed using the newly tuned estimator of the population mean
by selecting 10,000 random samples from the each of the three types of pumpkins. We
set the values of correlation coefficients as p,,, = 0.6, p,,, =0.7, and p;,, =0.4. The
known average values of the circumferences (in.) in the three strata were taken to be
X, =20, X, =300, and X3 = 1400, respectively. We assumed the average weights
(Ibs) of the pumpkins in the three strata were Y; =25, Y, =400, and Y3 = 8000,
respectively. We also set 61, =12, 65, =280, 03, =329, 61, =15, 62, =200, and
03y, = 6000. We selected n; Sumbo, n, Mumbo, and n3 Jumbo pumpkins from the three
independent strata consisting of Ny = 800 Sumbo, N, =2000 Mumbo, and N3 = 6000
Jumbo pumpkins. The results obtained for various sample sizes are shown in
Table 8.2.

Table 8.2 shows that the coverage of intervals based on the newly tuned dell esti-
mator of the population mean in stratified random sampling remains as good as the
estimator based on the chi-square distance function. In particular, we note that attained
coverage of the nominally 90% confidence interval is estimated to be 89.14% for a
sample of two Sumbo, two Mumbo, and three Jumbo pumpkins, attained coverage
of the 95% intervals is estimated to be 92.01% for a sample two Sumbo, two Mumbo,
and three Jumbo pumpkins, and attained coverage of the 99% interval is estimated to
be 99.09% for a sample five Sumbo, five Mumbo, and four Jumbo pumpkins. Thus,
intervals based on the newly tuned dell estimator of the population mean weight in
stratified random sampling show lower coverage than those based on estimators
developed from the chi-square type distance function, in case of small sample sizes,
but shows almost equal coverage for reasonably large sample sizes.

8.4.2 R code

To study the true coverage of the newly tuned estimator based on the dell distance
function, we used the following R code, PUMPKINS2.R.

PROGRAM PUMPKINS2.R

set.seed(2013)

rnorm(800,0,1)->x1s

rnorm(2000,0,1)->x2s

rnorm(6000,0,1)->x3s

x1<-20+12*x1ls; x2<-300+280*x2s; x3<-1400+329*x3s
yl<-25+15% rnorm(800,0,1)*sqrt(1-0.6"2) + 15*0.6*x1s



Table 8.2 Performance of confidence intervals based on the newly tuned dual-to-empirical log-likelihood
(dell) estimator with stratified random sampling

Expected coverage

Expected coverage

o 2 s 90% 95% 99% 7 - o 90% 95% 99%
2 2 2 0.5632 0.6365 0.7741 4 2 2 0.5394 0.5972 0.7044
3 0.8914 0.9201 0.9598 3 0.8807 0.9071 0.9433

4 0.9747 0.9840 0.9937 4 0.9719 0.9825 0.9937

5 0.9894 0.9949 0.9986 5 0.9892 0.9941 0.9984

3 2 0.5554 0.6225 0.7415 3 2 0.5307 0.5905 0.6944

3 0.8776 0.9058 0.9460 3 0.8753 0.9026 0.9386

4 0.9732 0.9841 0.9947 4 0.9745 0.9821 0.9917

5 0.9888 0.9940 0.9974 5 0.9893 0.9933 0.9975

4 2 0.5637 0.6276 0.7489 4 2 0.5519 0.6094 0.7062

3 0.8738 0.9042 0.9442 3 0.8841 0.9085 0.9415

4 0.9758 0.9848 0.9945 4 0.9762 0.9852 0.9929

5 0.9907 0.9945 0.9980 5 0.9874 0.9917 0.9966

5 2 0.5710 0.6377 0.7484 5 2 0.5712 0.6268 0.7245

3 0.8842 0.9132 0.9490 3 0.8768 0.9062 0.9392

4 0.9740 0.9829 0.9934 4 0.9718 0.9822 0.9922

5 0.9910 0.9940 0.9974 5 0.9885 0.9932 0.9976

3 2 2 0.5559 0.6191 0.7318 5 2 2 0.5310 0.5851 0.6787
3 0.8839 0.9099 0.9486 3 0.8743 0.9031 0.9397

4 0.9750 0.9856 0.9936 4 0.9729 0.9818 0.9932

5 0.9890 0.9933 0.9975 5 0.9872 0.9923 0.9976

3 2 0.5461 0.6082 0.7135 3 2 0.5243 0.5818 0.6731

3 0.8799 0.9060 0.9452 3 0.8757 0.9022 0.9377

4 0.9779 0.9862 0.9949 4 0.9743 0.9827 0.9916

5 0.9892 0.9938 0.9980 5 0.9888 0.9928 0.9974

Continued
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0.5576
0.8819
0.9731
0.9895
0.5669
0.8774
0.9760
0.9902

0.6148
0.9097
0.9827
0.9935
0.6268
0.9047
0.9837
0.9946

0.7288
0.9446
0.9920
0.9976
0.7342
0.9403
0.9924
0.9975

DN A W WA W

0.5382
0.8784
0.9751
0.9890
0.5606
0.8714
0.9703
0.9886

0.5978
0.9011
0.9840
0.9926
0.6202
0.8995
0.9798
0.9939

0.6996
0.9359
0.9929
0.9976
0.7163
0.9377
0.9909
0.9978
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y2<-400+ 200* rnorm(2000,0,1)*sqrt(1-0.7°2) + 200%0.7*x2s
y3<-8000+6000* rnorm(6000,0,1)*sqrt(1-0.4"2) + 6000*0.4*x3s
Nh<-c(800,2000,6000);N<-sum(Nh)
Wh<-Nh/N
xmean<- c(mean(x1l),mean(x2),mean(x3))
xmh<-rep(0,3);deltah=sest=esh=varh=ymh=xmh
ymean<-mean(c(yl,y2,y3))
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ciZ2.max=ciZ2.min=ci3.max=ci3.min=vESTP=ESTP
for (ilin2:5)

{for (i2in2:5)

{for (i31in2:5)

{nh<-c(il,i2,i3);n<-sum(nh)
x<-matrix(ncol=2,nrow=n)
y<-matrix(ncol=2,nrow=n)
rep((1:3),nh)->x[,2]
yL,21=x[,2]
for (rinl:nreps) {

sl<-sample(800,i1)
s?2<-sample(2000,i2)
s3<-sample(6000,i3)
x[,11<-c(x1[s1],x2[s2],x3[s3])
y[,11<-c(yllsl],y2[s2],y3[s31)
for(hinl1:3)
{
xmj<-rep(0,nh[h])
ymj=di=dif=wi=xmj
x[(x[,2]==h),11->xsh; y[(y[,2]1==h),1]1->ysh
xmj<-(sum(xsh)-xsh)/(nh[h]-1)
ymj<-(sum(ysh)-ysh)/(nh[h]-1)
phi<- xmj - (xmeanl[h] - nh[h]*(2-nh[h])*mean(xsh))/
((nh[h]-1)"2)
al<-sum(phi)/sum(phi“2)
wi<-(1/(1+al*phi))/nhlh]
est_i=nh[h1*(((nh[h]-1)"2)*wi-(nh[h]-2))*ymj
sest =sum(est_i)
sest_j = (sest-est_i)/(nh[h]1-1)
esh[h] =sest/nh[h]
vj<-(wi)2*(sest_j-esh[h])"2
varh[h] =sum((Wh[h]°2)*(nh[h]*(nh[h]-1)"3)*Vv])
}
ESTPLr] <- sum(Wh*esh)
VESTP[r] <- sum(varh)
cil.max[rl<- ESTP[r]+qt(.95,n-3)*sqrt(vESTPLr])
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cil.minlr]<- ESTPLr]+qt(.05,n-3)*sqrt(vESTPLrl)
ci2.max[rl<- ESTPLrl+qt(.975,n-3)*sqrt(vESTPLrl)
ciz.minlrl<- ESTPLr]+qt(.025,n-3)*sqrt(vESTPLr])
cid3.max[rl<- ESTPLr]+qt(.995,n-3)*sqrt(vESTPLr])
ci3.minlrl<- ESTP[r]+qt(.005,n-3)*sqrt(vESTPLr])
}Enreps
round(sum(cil.min<ymean & cil.max>ymean)/nreps,4)->covl
round(sum(ci2.min<ymean & ci2.max>ymean)/nreps,4)->cov?2
round(sum(ci3.min<ymean & ci3.max>ymean)/nreps,4)->cov3
cat(il,i2,i3,covl,cov2,cov3,’\n’)
il
142
J4#i3

8.4.3 Numerical illustration

We explain the use of the dell estimator in stratified random sampling with the fol-
lowing example.

Example 8.2 Suppose there are 800 Sumbo, 2000 Mumbo, and 6000 Jumbo pump-
kins in a field. The farmer applied the proportional allocation method to select a sam-
ple of 3 Sumbo, 7 Mumbo, and 20 Jumbo pumpkins to estimate average weigh of the
pumpkins in the whole field using the dell estimator tuned for stratified random sam-
pling. The farmer collected the following information on circumference (x) in inches
and weight (y) in Ibs.

Sumbo pumpkins

X1i Y

19.88 33.96
15.00 17.62
25.95 25.74

Mumbo pumpkins

X2i Yai

433.58 471.16
366.66 458.00
240.93 295.52
142.63 302.31
101.75 291.96
188.78 367.71

502.58 493.79
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Jumbo pumpkins

X3 Y3i
1245.83 5961.43
1389.43 5024.06
1549.95 5257.64
1218.13 6261.65
1396.49 5177.95
1605.36 2863.82
1197.08 5034.54
1603.43 3364.57
1506.00 1247.42
1428.66 2683.35
1329.38 6264.21
1236.34 5061.31
1604.52 4123.96
1348.69 4007.46
1340.51 8835.86
1480.90 7225.51
1500.06 8798.72
1109.26 9087.72
1599.05 1056.17
1374.50 2404.53

The farmer knows that X; =20, X, =282, and X3 = 1403 are the average circumfer-
ences of the three types of pumpkins, and he wishes to construct 90%, 95%, and 99%
confidence interval estimates.

Solution. Using the tuned estimator in stratified random sampling the 90%, 95%,
and 99% confidence interval estimates of the average weight of pumpkins in the field
are (2468.29, 4530.96), (2257.25, 4742.01), and (1821.98, 5177.27), respectively. It
appears that the tuned dell estimator in stratified random sampling works as well as the
chi-square distance estimator for this particular situation.

8.4.4 R code used for illustration
We used the following R code, PUMPKINS2EX.R, in the preceding illustration.

PROGRAM PUMPKINS2EX.R
nh<-c(3,7,20);n<-sum(nh)
x<-matrix(ncol=2,nrow=n)
y<-matrix(ncol=2,nrow=n)
rep((1:3),c(3,7,20))->x[,2]
yl,21=x[,2]

x[,1]1<-c(

19.88, 15.00, 25.95,
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433.58,366.66,240.93,142.63,101.75,
188.78,502.58,
1245.83,1389.43,1549.95,1218.13,1396.49,
1605.36,1197.08,1603.43,1506.00,1428.66,1329.38,
1236.34,1604.52,1348.69,1340.51,1480.90,1500.06,
1109.26,1599.05,1374.5)
y[,11<-c(133.96, 117.62, 125.74,
471.16,458.00,295.52,302.31,291.96,
367.71,493.79,
5961.43,5024.06,5257.64,6261.65,
5177.95,2863.82,5034.54,3364.57,1247 .42,
2683.35,6264.21,5061.31,4123.96,4007.46,
8835.86,7225.51,8798.72,9087.72,1056.17,
2404.53)
Nh<-c(800,2000,6000);N<-sum(Nh)
Wh<-Nh/N
Jxmean<- as.vector(tapply(x[,11,x[,2],mean))
xmean<-c(20,282,1403)
xmh<-rep(0,3);deltah=sest=esh=varh=ymh=xmh
for(hin1:3)
{
xmj<-rep(0,nh[h])
ymj=di=dif=wi=xmj
x[(x[,2]==h),11->xsh; y[(y[,2]==h),11->ysh
xmj<-(sum(xsh)-xsh)/(nh[h]-1)
ymj<-(sum(ysh)-ysh)/(nh[h]-1)
phi<-xmj - (xmean[h] - nh[h]1*(2-nh[h])*mean(xsh))/((nh[h]-1)"2)
al<-sum(phi)/sum(phi‘2)
wi<-(1/(1+al*phi))/nhlh]
est_i=nh[h]*(((nh[h]-1)"2)*wi-(nh[h]-2))*ymj
sest =sum(est_i)
sest_j = (sest-est_i)/(nh[h]-1)
eshl[h]l =sest/nh[h]
vj<-(wi)2*(sest_j-esh[h]) "2
varh[h]=sum(Wh[h]2*nh[h]*(nh[h]-1)"  3*vj)
}
es <- sum(Wh*esh); var <- sum(varh)
cat("Tuned estimate:", es, "SE: ",var™.5,’\n")
cat("90%:",es+qt(.05,n-3)*sqrt(var),
es+qt(.95,n-3)*sqrt(var),’\n’)
cat("95%:",es+qt(.025,n-3)*sqrt(var),
es+qt(.975,n-3)*sqrt(var),’\n’)
cat("99%:",es+qt(.005,n-3)*sqrt(var),
es+qt(.995,n-3)*sqrt(var),’ \n")
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8.5 Exercises

Exercise 8.1 Consider the newly tuned estimator of the population mean Y in strat-
ified random sampling, defined by

L
Fsituncates) = D@y | (= 1, () = (1 =2) |5, () (8.55)
=1 jes
where
_ . n )7 — Vi
()= % (8.56)

is the Ath stratum sample mean of the study variable obtained by removing the jth unit
from the stratum sample s;,, and £, =N, /N are the hth stratum weights. The tuned
weights w; (j) are computed independently in the £ strata such that the chi-squared

type distance function, defined as

n e 112
Dh:?hzc];j][l—(nh—l)wnh(j)—nhl} (8.57)

JEsn

is optimized, subject to the following two tuning constraints:

PAGES! (8.58)

JESn
and
e X (2= )X
anh(J)xh(J):—( 1) (8.59)
JESK (nh_l)
where
. npXp — Xpi
()= (8.60)

is the jth jackknifed estimator obtained from the Ahth stratum sample mean
Xp = n,jIth,- by removing the jth unit. The stratum population means of the auxil-

i€sp
iary variable X, are assumed to be known. Find the optimal tuning weights w, (Jj) for
the estimator ygryped(cs)- Suggest doubly jackknifed estimators of variance and con-
fidence interval. Create a hypothetical pumpkin farm where the pumpkins can be
divided into three mutually exclusive strata, say Sumbo, Mumbo, and Jumbo
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pumpkins, based on their known circumferences. Select a sample of size n using the
method of proportional allocation. Study the nominally 90%, 95%, and 99% cover-
ages by the confidence interval estimators you suggested. Discuss the difficulties
you encountered, if any.

Exercise 8.2 In Exercises 8.1, consider an additional constraint given by

2 _ 2 A2'
S, (e ) =T ull Zh)% 8.61)
JESK (nh - 1)
where

o, — (=)

&ine(J) = — (8.62)
and
Gre=m," > (v — %)’ (8.63)

icsy

Note that &%X is the maximum likelihood estimator of the known finite population var-
. _ Ni > \2 . . .
iance o7 =N, 'Zil] (xn, —X»)~ of the auxiliary variable in the Ath stratum. Also,

62\,( J) is a partial jth jackknifed estimator of variance obtained by dropping the jth
squared deviation about the /th stratum sample mean from the total sum of squares
from the sample s, of the auxiliary variable divided by (n, — 1). Discuss and report
the changes observed in the results.

Exercise 8.3 In Exercise 8.1, replace the second constraint with the following
constraint:

<1 m) _ 1
anh ) [Gus(J (np—1)

JESK

> (Gl N X (G) " 864

JESK

_ N, . . .
where X, =N, lzi—hlxhi denotes the known population arithmetic mean of the aux-

iliary variable in the Ath stratum, and

o\ M=)
Gl j) = ( Hxh,) =12, .m, (8.65)
i#j=1

is the jth jackknifed estimator of the geometric mean of the auxiliary variable obtained
by dropping the jth unit from the usual estimator of the geometric mean of the aux-
iliary variable in the Ath stratum which is given by
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”h 1/ny,
G = <Hxi> L h=12,..L (8.66)
i=1

Exercise 8.4 In Exercise 8.1, replace the second constraint with the following
constraint:

WD) 1 Hiul)) X
JjESh }’thhx(j) - (l’lh - I)Hhx (l’lh - 1) Jjesy, nhH/L\‘(j) - (nh - I)Hhx Hhx

(8.67)

_ N . . .
where X, =N, ! Zi:’lxh,- denotes the known population arithmetic mean of the aux-

iliary variable in the Ath stratum, and
ny 1
Hyw(J) = (= 1) (Zx ) L J=L2m, (8.68)
i#j=1
is the jth jackknifed estimator of the harmonic mean of the auxiliary variable obtained

by dropping jth unit from the usual estimator of the harmonic mean of the auxiliary
variable in the Ath stratum, which is given by

-1
ny
Hy=m, (th, ) (8.69)

Exercise 8.5 Consider the newly tuned estimator of the population mean Y for strat-
ified random sampling defined by

— Zahz [ =13, () = (= 2)[5,() (8.70)
JESn
where
_ . nl_ - j
V() =20 0 8.71)
np— 1

is the Ath stratum sample mean of the study variable obtained by removing the jth unit
from the sample s;,, and 2, =N,,/N is the hth stratum weight. The tuned weights
w, (j) are computed independently in the / strata such that the dell distance function
defined as
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Dy = iz In (w;;h ( j)) (8.72)

"t JESK

is optimized, subject to the following two tuning constraints:

> own (=1 (8.73)

JESK
and
> wn () =0 (8.74)
JEsh
where
X —ny(2—mny)x
¥, =5 )) _L/)h (8.75)
(n,—1)
with
Ty (j) =2 (8.76)
np— 1

being the jth jackknifed estimator obtained from the Ahth stratum sample mean
Xp= n;l Zia Xp; by removing the jth unit. Assume that the stratum population means
Sh

of the auxiliary variable X, are known. For the optimal tuning weights w,, (), find the
estimator Ygryned(den)- Suggest doubly jackknifed estimators of variance and a confi-
dence interval estimator. Create a hypothetical pumpkin farm where the pumpkins can
be divided into three mutually exclusive strata, say Sumbo, Mumbo, and Jumbo,
pumpkins, based on their known circumferences. Select a sample of size n using
the method of proportional allocation in each stratum. Study the coverages by the
nominally 90%, 95%, and 99% confidence interval estimators you suggested. Discuss
the difficulties you encountered, if any.

Exercise 8.6 In Exercise 8.5 consider an additional constraint given by

ol o (2= )62,
S () |63, () — TR )| ®.77)
JESK (nh_l)
where

N _\2
D . 7’1/10/2”— (th—xh)
o-h.x(J) - ny, — 1
n

(8.78)
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and

Gpe=m, "y (i — %) (8.79)

[IS

Note that 6 ahx is the maximum likelihood estimator of the known finite population var-
. N, > o . .
iance o35 =N, 'Zil] (xn, —X h)z of the auxiliary variable in the Ath stratum. Also,

?ﬁu( J) is a partial jth jackknifed estimator of the variance obtained by dropping the
Jjth squared deviation about the Ath stratum sample mean from the total sum of squares
from the sample s, of the auxiliary variable divided by (n; — 1). Discuss and report the
changes observed in the results.

Exercise 8.7 Consider a newly tuned estimator of the population mean ¥ for com-
bined stratified random sampling defined as

ySlTuned (cs) Z‘QhZ{ i — 1 n, J) - (l’l/, - 2) }yh(]) (3.80)

JESn

where

o Y= Vi
yh(/):# (8.81)

is the Ath stratum sample mean of the study variable obtained by removing the jth unit
from the sample s, and £, =N,,/N are the hth stratum weights. The tuned weights

*

th( J) are computed using pooled information across all strata such that a new

weighted chi-squared type distance function defined by

DFZQh[ th,{ (np— 1)w;, (/)—nhl}zl (8.82)
h=1

Jesn

is optimized, subject to the following two tuning constraints:

L
Z.Qh = 1)) () (Znth—l> (8.83)
h=1

JEsn

and

L

L
Z nh — 1 Z nh :Y— Z.th’lh (2 — flh))fh (8.84)
h=1

h=1 JESn
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where

npXp — Xpj

xn(J) = (8.85)

np— 1

is the jth jackknifed estimator obtained from the Ath stratum sample mean

X :n,jlzia Xxp; by removing the jth unit. Assume that the combined population
h

= L = .- . . .
mean X = ZhilQhX 5 of the auxiliary variable is known, while at the stratum level

population means, X}, are assumed to be unknown. Note that for any arbitrary weights
wflj of unit sum, the constraints (8.83) and (8.84) are equivalent to the following two

constraints:

ZQth@ =1 (8.86)

JESh

and

Zﬂthh,x»u (8.87)

JEsn

For the optimal tuning weights w; (), find the estimator y(si)Tune des)" Suggest doubly

jackknifed estimators of variance and a confidence interval estimator. Create a hypo-
thetical pumpkin farm where the pumpkins can be divided into three mutually exclu-
sive strata, say Sumbo, Mumbo, and Jumbo pumpkins. Select a sample of size n using
the method of proportional allocation. Study the nominally 90%, 95%, and 99% cov-
erages by the confidence interval estimators you suggested. Discuss the difficulties
you encountered, if any.

Exercise 8.8 Consider a semituned estimator of the population mean Y in stratified
random sampling defined as

ySl dell) Zghz wiiyi(J (8.88)
JESH

where

P N i T
="t (8.89)
np—

is the Ath stratum sample mean of the study variable obtained by removing the jth unit
from the sample s, and wy,; is the semituned stratum weight such that across all strata
the following two constraints are satisfied:
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Z.Q;IZW;U =1 (8.90)

JESh
and
Zgh lzwhjxh =0 (8.91)
JESK
where
_ o X — Xy
— 7 8.92
() po— (8.92)

is the /th stratum sample mean of the auxiliary variable obtained by removing the jth
unit from the sample s;,. It is named semituned because only sample means are
jackknifed and weights are not jackknifed. Find a set of semituned weights wy; such
that across all the strata the log-likelihood distance function defined by

ZQ,,Z In(wy) (8.93)

JESH

is optimized, subject to the tuning constraints (8.90) and (8.91). For the semituning
weights wy,; find the estimator Y_Et( dell)* Suggest doubly jackknifed estimators of vari-

ance and a confidence interval estimator. Create a hypothetical pumpkin farm where
the pumpkins can be divided into three mutually exclusive strata, say Sumbo, Mumbo,
and Jumbo pumpkins. Select a sample of size n using the method of proportional allo-
cation. Study the coverage of the nominally 90%, 95%, and 99% confidence interval
estimators you suggested. Discuss the difficulties you encountered, if any.

Exercise 8.9 Consider a semituned estimator of the population mean Y in stratified
random sampling defined as

FocTuned(es) ZQthm (8.94)
JESK
where
O S T U
) == (8.95)
np—

is the Ath stratum sample mean of the study variable obtained by removing the jth unit
from the sample s;,, and w),; are tuned weights such that across all strata the following
two constraints are satisfied
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Z.Q;,ZW}U =1 (8.96)

JEsh

and

ZQththh =X (8.97)

JEsn
where

_ o X — X
=— 8.98
W) ==, (8.98)
is the Ath stratum sample mean of the auxiliary variable obtained by removing the jth
unit from the sample s,. The name semituned comes that only sample means are
jackknifed and weights are not jackknifed.
Consider tuning the weights wy,; such that across all strata the chi-square type dis-

tance function, defined by

S )Y gyt (v —my )’ (8.99)

h=1 JESK

~

is optimized, subject to the tuning constraints (8.96) and (8.97), where gy, is a choice of
weights in the Ath stratum. For the alternative tuning weights wy,;, find the estimator
ygmmed(cs). Suggest doubly jackknifed estimators of variance and confidence interval.

Create a hypothetical pumpkin farm where the pumpkins can be divided into three
mutually exclusive strata, say Sumbo, Mumbo, and Jumbo pumpkins. Select a sample
of size n using the method of proportional allocation in each stratum. Study coverage
by the nominally 90%, 95%, and 99% confidence interval estimators you suggested.
Discuss the difficulties you encountered, if any. (Hint: See Chapter 9 to adjust
semituning weights.)

Exercise 8.10 Consider a newly tuned estimator of the population mean Y for the
combined stratified random sampling defined by

P tunca(es) ZQhZ{ =10, (J) = (1= 2) }3() (8.100)

JESn

where

— o Y= Y
yu(J) Z% (8.101)
n
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is the Ath stratum sample mean of the study variable obtained by removing the jth unit
from the sample s;, and €, =N,,/N is the hth stratum weight. The tuned weights
Wj;h(j) are computed using pooled information across all strata such that a new
weighted chi-squared type distance function defined as

D= ZQ,, [””thjlﬂ — (my— Vo, () ="} ] (8.102)

JESh

is optimized subject to the following two tuning constraints:

Zgh ny—1) anh (inhﬂh — 1) (8.103)
h=1

JESH

and

L A ’lh 1—ny

ZQ xh I’lh — 1 ZW,,I x )

h= JEsh

—Zﬂh Ga)" > (Guli) " —X (8.104)
JEsn

where

1
n, np—1
Gulj) = ( II th) (8.105)

is the jth jackknifed geometric mean obtained from the Ath stratum geometric mean
1

p np
G = (Hxh,) after removing the jth unit. The combined population mean

X= Zh:]QhX;, of the auxiliary variable is assumed to be known. For the optimal
=(8)

StTuned(c:
mator of variance and confidence interval. Create a hypothetical pumpkin farm where
the pumpkins can be divided into three mutually exclusive strata, say Sumbo, Mumbo,
and Jumbo pumpkins. Select a sample of size n using the method of proportional allo-
cation from each stratum. Study coverage by the nominally 90%, 95%, and 99% con-
fidence interval estimators you suggested. Discuss the difficulties you encountered,
if any.

tuning weights w,, ( j), find the estimator y (cs)° Suggest doubly jackknifed esti-

Exercise 8.11 Consider the problem of estimating the geometric mean in stratified
sampling defined as
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Lo/ N
G =1 (HW,-)] (8.106)
h=1 \i=1

. .. L .
where N, is the total number of units in the Ath stratum and N = Z h*lNh' Without
loss of generality, a naive estimator of the geometric mean G, is given by

H (HW)] l (8.107)

where ny, is the number of units selected from the Aith stratum using a simple random

. . ) L
with replacement sampling scheme such that the total sample size n = Zh—l

the jackknifed estimator of the geometric mean after dropping the jth unit from the 4th
stratum is given by

ny. Then

L n n—1
Gy(m)=1TT{ II »» (8.108)
W21\ ()=

A jackknifed estimator of the geometric mean is given by

np

Grack = ZZG (8.109)

Assume an estimator of the variance of the average jackknife estimator d]ack is
given by

L ny

#(Graer) ZZ% )~ Graa)’ (8.110)

h=1 j=1

Determine, if possible, the values of weights c;; such that ﬁ(éjack) can be considered
as an estimator of the variance of the sample geometric mean in stratified sampling.
Support your findings with simulation study. Hint: The weights ¢;,; can be a function of
N, /N, which may help to improve the estimator of variance.

Exercise 8.12 Consider the problem of estimating the harmonic mean in stratified
sampling, defined as:

L N, 1
H, N(Zzy ) @.111)
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. . L .
where N, is the total number of units in the Ath stratum and N = Z e 1N"' Without

loss of generality, a naive estimator of the harmonic mean H, is given by

ny -1
—n(ZZy ) (8.112)

where 1, is the number of units selected from the Ath stratum using the simple random

. . . L
with replacement sampling scheme such that the total sample size n = Z ey e The

jackknifed estimator of the harmonic mean after dropping the jth unit from the Ath
stratum is given by

-1
Np

Hy(h)=(n—1) ZZ)} (8.113)

=1 i(#)=

An average jackknifed estimator of the harmonic mean is given by

1

Hjae ——ZZH (8.114)

Assume an estimator of the variance of the average jackknife estimator ﬂJaCk is
given by

"

?(Hack) chhj HJack)z (8.115)

h=1 j=1

Determine, if possible, the values of weights c¢;; such that \3(1-7 Jack) can be considered
as an estimator of the variance of the sample harmonic mean in stratified sampling.
Support your findings with a simulation study. Hint: The weights ¢;; can be a function
of N,/N, which may help to improve the estimator of variance.

Exercise 8.13 Suppose that a sample of size n, is selected from the /th stratum using
the SRSWOR scheme for 7=1,2,...,L. Let r;, be the responses observed in the ith
stratum. Assume the data are missing completely at random. Then consider the newly
tuned estimator of the population mean Y in stratified nonresponse random sampling
defined as

L I

tuneates = 2@ = 1mu() = (4= 2) 3 ) (8.116)

=1 =1
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where

— . 7')—7 —Yhj
() =" (8.117)
rh—l

is the Ath stratum sample mean y, :rh‘lz;f”:l ypi of the study variable obtained by
removing the jth unit from the mean of the responding units, and £, =N, /N are
the hth stratum weights. The tuned weights wy,(j) are computed independently in
the & strata such that the chi-squared type distance function defined as

ey 72
thzgqhﬁ [1= (= D) =1y ] (8.118)
j=
is optimized, subject to the following two tuning constraints:

zh:wh(j)zl (8.119)
j=1

and
N X —r(2—rp)x
wa()( ) =l 2”)" (8.120)
Jj=1 (I’/,*l)
where
. 'nXn — Xpi
()=~ (8.121)

is the jth jackknifed estimator obtained from the Ath stratum sample mean
X = rh—lz:h:]xhi by removing the jth unit. The Ath stratum sample mean of the aux-

iliary variable based on all sampled units in stratum A, X}, = n;l Zfﬁ X is assumed to
be known. For the optimum tuning weights wy,( j), find the estimator yg‘t‘Tuned(CS). Sug-

gest doubly jackknifed estimators of variance and a confidence interval estimator.
Create a hypothetical pumpkin farm where the pumpkins can be divided into three
mutually exclusive strata, say Sumbo, Mumbo, and Jumbo pumpkins, based on their
known circumferences. Select a sample of size n using the method of proportional
allocation to each stratum. Create an environment where the farmer may find some
pumpkins lost or stolen from the sample due to some unavoidable circumstances.
For various levels of nonresponse, study the nominally 90%, 95%, and 99% coverages
by the confidence interval estimators you suggested. Use R or SAS. Discuss the dif-
ficulties you encountered, if any.
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Exercise 8.14 Multistage stratified random sampling

Suppose that a population of N units is first subdivided into L mutually exclusive
homogeneous subgroups called strata. Let the number of first-stage units (fsu) in
the Ath stratum (h=1,2,...,L) be N;, and let the total number of first stage units in

L .
all the strata taken together be Zh—lNh =N. Let the number of second-stage units

(ssu) in the ith fsu (i =1,2,...,N},) in the Ath stratum be denoted by M, the total num-
ber of ssu in the Ath stratum and in all strata taken together being, respectively,

Zi\]:h th, and Zz: IZZ 1M;,,~. Let Y),; be the value of the study variable of the

Jjth ssu in the ith fsu. We define the following totals: Total of the values of the study
variable in the ith fsu:

Yyi= ZYhij (8.122)

Mean for the ith fsu:
Yui =Yni/Mpi (8.123)

Total for the Ath stratum:

Ny My Ny
Yh ZZY/111_ZYh1_ZMhIYhI (8124)
=1 j=

Mean per fsu:
— Nh —
Y, =Y,/N :ZMhiYhi/Nh (8.125)

i=1

Mean per ssu:

Ni Ny N,
=Y, / <ZM/”> =;Mh117m / (;%,,) (8.126)

Total of the values of the study variable:
L N L Nuy M

Y= ZYh ZZYh, ZZZY,W (8.127)

=1 i=1 j=
Mean per fsu:

F—Y/N (8.128)
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Mean per ssu:

L N
Y,=Y / (Z ZM;,,-) (8.129)

h=1 i=1

From the Ath stratum, out of N, fsu’s, n,, fsu are selected using an SRSWOR scheme.
Out of the My, ssu’s in the ith selected fsu (i =1,2,...,n;), my,; ssu’s are selected using
an SRSWOR scheme. The total number of sampled ssu’s in the Ath stratum is

ny . . L .
Z; th,» and in all strata taken together is Z e Zl i = 1, the total sample size.
Let yu;(h=1,2,....L; i=1,2,...,ny; j=1,2,...,my;) denote the value of the study
variable in the jth selected ssu in the ith selected fsu in the Ath stratum. From all com-
bined strata, an unbiased estimator of the population total Y is given by

Mpi

> Nh G Mln
Yunbiased Z Z Yhij (8130)
h=1 np i—1 mhz

Consider the newly semituned estimator of the population total Y in multistage strat-
ified random sampling, defined as

Mpi

Niv
YTuned (ms) Z ZMhzZWhUYhI (8.131)

where

mhlyhz Yhij

132
P (8.132)

yhl(j)

Determine the semituned weights w,; such that the chi-square type distance function,
"

Nh Whl_] m;il)z
:_Zn,,ZMh 27_1 (8.133)

= dniiMy

is optimal, subject to the two tuning constraints
NI np L
g
Z . ZM;”Z Wij = (8.134)
h

i=1

and
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L

N ny Mp; . L N, np ~
ZH—ZZMhi(mhi — 1) i) = (Z_hZMhixhi —X> (8.135)
=1 =1 =1

=1 =1 =

where X is the known population total of the auxiliary variable, and where
Z,nzﬂl wy;j = 1, and other symbols have their usual meanings for two-stage sampling.

Suggest a doubly jackknifed estimator of variance similar to the one suggested in the
chapter, and write a program to study coverage by the 90%, 95%, and 99% confidence
intervals. Discuss the difficulties you observed. Also, consider the log-likelihood dis-
tance function and study the properties of the resultant estimator. Report your findings
in each case.



Tuning using multiauxiliary
information

9.1 Introduction

In this chapter, we introduce a new semituned estimator of population mean and
estimate its variance in the presence of multiauxiliary information. The new semituning
methodology is illustrated by a model used to estimate the weight of pumpkins with the
help of three known auxiliary variables viz., their circumferences, amount of fertilizer,
and amount of farmyard manure (FYM) used. At the end of the chapter, exercises
include fully tuned estimators in the presence of multiauxiliary information.

9.2 Notation

Lety; and xy;, x2;,..., X5, 1 = 1,2, ..., N be the values of the ith unit of the study variable
and of the k auxiliary variables, respectively, in the population 2. Here we consider
the problem of estimating the population mean of the study variable

N
Y=N"3"y 9.1)
i=1
by assuming that the population means of the auxiliary variables
- N
X,:N*lzx,,», r=1,2,....k 9.2)
i=1

are known.

Let y; and xy;, X2;,..., X1, i=1,2,...,n be the values of the ith unit of the study
variable and k auxiliary variables in the sample s drawn using a simple random sam-
pling scheme.

Let

y=n" "y 9.3)
i=1

and
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)?,:n’lzx,,-, t=1,2,.. .k 9.4)

be the sample means for the study and auxiliary variables, respectively.

9.3 Tuning with a chi-square distance function

We consider here a new semituned estimator of the population mean Y, defined as

yMTuned(cs) = Z [(1 _n)W/+ 1} y(/) (95)
Jjes
where
N MYy
(=" 9.6)

is the sample mean of the study variable obtained by removing the jth unit from the
sample s, and w; is the semituned weight such that the following (k + 1) constraints are
satisfied:

> wi=1 9.7)

JES
and
) (nx,— X,)
2 wik(J) 1 ©8)
JEs h—
where
x() = =12, 0k 9.9)

n—1

is the sample mean of the auxiliary variable obtained by removing the jth unit from the
sample s. The calibration constraint (9.8) is due to Deville and Sirndal (1992), and
constraint (9.7) is due to Owen (2001). Note that here we are not using jackknifed
weights, so we will refer to this as a semituned method.

First, we suggest semituning the weights w; so that the chi-square type distance
function, defined as

2'n) g (wi—nt)’ (9.10)

jes
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is minimized, subject to tuning constraints (9.7) and (9.8), where g; is some choice of
weights.
The Lagrange function is given by

= (Z_In)qu_l (wj — n_l)z —ﬁo{ij — 1}
~ e ©.11)
—Z/I,{ijx, —(n—1)" (n)?,—)?,)}
JES
where 1y and A, are Lagrange multiplier constants.
On setting
0L,
—=0 9.12
5 9.12)
we have

1 ~
wj—n{1+qj/10+qj2/1,x,(])} (9.13)

t=1

Using Equation (9.13) in Equations (9.7) and (9.8), a set of normal equations, to find
the optimum values of 1 and 4, is given by

A(k+1)><(k+1)/1(k+l)><1 :C(k+1)><l 9.14)
where
(> 45 > am), oo am() ]
Jes Jjes j€s
— . — a2 — o — .
Agstyrn, | 200510 Z%{xl(ﬂ} e Doam()R()
J€s J€s s
> am(Dx). D aim(N%(). o Y g}
L jES JjES JjESs J
n 0
jo (n_1>(nx1—X1) le(])
A+ 1yx1 = :l and C= : jes
: N o o
Al (o) (e =X = >_ )
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The semituned weights w; are given by

.
w,.:% [1 +le,,{ (%) (n,— X)) = x,(j)H (9.15)

V= qJA(_kl+ D+ Y H (k4 1)/
where
H ey = L3, %2 (1) oo Xa (D] e er )

Thus, under the chi-square (cs) distance function, the newly semituned estimator (9.5)
of the population mean becomes

(9.16)

- 1 a7
yMTuned(cs) = ; [Zy(]) +ﬂMTunedC

JEs

where

A _ . A A A Nt
PuTuned :A(k1+l)><(k+l)H(/<+1>><1 [CIJY(J)] (1xn) — (ﬁﬂ’ﬂl’ "'*ﬂk)

Note that for the choice of weights g;=1, it can be easily seen that the estimator
YMTuned(cs) Decomes a multiple linear regression type estimator of the form

k
yMTuned(cs) :y+2ﬁ1(xt_ft) 9.17)
=1

9.3.1 Estimation of variance and coverage

We suggest an adjusted weighted estimator of the variance of the estimator Yyryned(cs)»
defined by

2
‘A}MTuned(cs) = ”l(n -1 )3 Z WJZ {yx;runed@S) - yMTuned(cs)} (9 1 8)

jes

Such adjustment may vary from survey to survey or according to the researchers’
interest based on the type of data at hand. Note that each newly semituned doubly
jackknifed estimator of the population mean is given by
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—Tuned(cs) nyTuned(cs) - n{ (n - I)Wj +1 }5)(/)
Y = n_1

(9.19)

forj=1,2,...,n.

The attained coverage by the nominally (1 —a)100% confidence interval estimates
constructed using this newly semituned estimator of the population mean is estimated
by observing the proportion of times the true population mean Y falls within the inter-
val estimates given by

yMTuned(cs) + ta/2 (df =n—k— 1) ‘;MTuned(cs) (920)

Here we generated a special type of population having one study variable Y, three aux-
iliary variables X, X,, and X5 where the ith population unit takes value for study var-
iable y;, and xy;, x»;, and x3; for the three auxiliary variables. The value y;, for the study
variable Y and the value xy; of the first auxiliary variable X, are given by

yi=Y+oy! (9.21)

and

xii=X1+0,x;4/1 — Pl F Py, O Y] (9.22)

where y; and x1; are independent standard normal variables each with mean zero and
variance one, and with p,, = 0.8. Similarly, we also generated two variables, x,; and
x3;, whose correlations with the study variable were 0.3 and 0.6, respectively. The
standard deviations of the three auxiliary variables were oy, =10, oy, =2, and
0y, =2, and that of the study variable was o, = 5.

We studied coverage of the 90%, 95%, and 99% confidence intervals, formed as in
Equation (9.20), by selecting 10,000 random samples from the population with one
study variable and three auxiliary variables. The results obtained through the simula-
tion are presented in Table 9.1.

Table 9.1 shows that the coverage by the newly semituned multiauxiliary estimator
of the population mean performs very well for moderate sample sizes. We note in par-
ticular that the attained coverage is within 1% of the nominal coverage for sample
sizes 14—40 for the 90% intervals, and within 1% of the nominal coverage for sample
sizes 11-40 for 95% and 99% intervals.

9.3.2 R code

The following R code, PUMPKIN101.R, was used to study the coverage by the newly
semituned multiauxiliary information estimator based on the chi-square type distance
function.
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Table9.1 The newly semituned multiauxiliary information estimator

Sample size (n) 90% coverage 95% coverage 99% coverage
11 0.9123 0.9591 0.9933
12 0.9146 0.9602 0.9937
13 0.9131 0.9584 0.9935
14 0.9059 0.9535 0.9924
15 0.9059 0.9577 0.9929
16 0.9074 0.9525 0.9909
17 0.9078 0.9555 0.9914
18 0.9074 0.9532 0.9904
19 0.9038 0.9541 0.9906
20 0.9026 0.9525 0.9921
21 0.9038 0.9521 0.9899
22 0.9038 0.9512 0.9915
23 0.8996 0.9502 0.9900
24 0.8989 0.9510 0.9880
25 0.9009 0.9487 0.9906
26 0.9072 0.9512 0.9899
27 0.9021 0.9520 0.9907
28 0.9069 0.9536 0.9914
29 0.9031 0.9518 0.9911
30 0.9034 0.9522 0.9908
31 0.9035 0.9549 0.9916
32 0.8984 0.9477 0.9886
33 0.8997 0.9511 0.9912
34 0.9001 0.9508 0.9899
35 0.9000 0.9485 0.9898
36 0.9017 0.9510 0.9894
37 0.9029 0.9499 0.9904
38 0.8975 0.9496 0.9897
39 0.8984 0.9473 0.9903
40 0.9023 0.9504 0.9895

PROGRAM NAME: PUMPKIN101.R
set.seed(2013)

N<-10000

xls<-rnorm(N, 0, 1)

x2s<-rnorm(N, 0, 1)

x3s<-rnorm(N, 0, 1)

yls<-rnorm(N, 0, 1)

y<-1700+ 5*yls

x1<-500+ 10*x1s*sqrt(1-0.8"2) +0.8*10*yls
x2<-50+ 2*x2s*sqrt(1-0.372) +0.3*2*yls
x3<-300 + 2*x3s*sqrt(1-0.6"2) +0.6*2*yls
XMEANT = mean(x1)

XMEAN2 = mean(x2)
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XMEAN3 = mean(x3)
YM<-mean(y)
nreps<-10000
ESTP=rep(0,nreps)
cil.max=cil.min=ci2.max=ci2.min=ci3.max=ci3.min=vESTP=ESTP
for (ninseq(11,40,1))
{
for (rinl:nreps)
{
us<-sample(N,n)
XS1<-x1[us];XS2<-x2[us];XS3<-x3[us];YS<-y[us]
X1IM<-mean(XS1);X2M<-mean(XS2);X3M<-mean(XS3)
YMJ = (sum(YS)-YS)/(n-1)
XIMJ = (sum(XS1)-XS1)/(n-1)
X2MJ = (sum(XS2)-XS2)/(n-1)
X3MJ = (sum(XS3)-XS3)/(n-1)
A<-matrix(ncol=4,nrow=4)
All1,11=n
AL1,2]=A[2,1]1 = sum(XIMJ)
A[1,3]1=A[3,1]=sum(X2MJ)
A[1,4]7 =A[4,1] = sum(X3MJ)
AL2,2] = sum(XIMJ "2)/(n"2)
AL2,31=A[03,2] = sum(XIMJ*X2MJ)
AL2,4]1=A04,2] = sum(XIMJ*X3MJ)
AL3,3] =sum(X2MJ " 2)/(n"2)
AL3,4] =Al4,3] = sum(X2MJ*X3MJ)
Al4,4] =sum(X3MJ"2)/(n"2)
B<-rep(0,4)
B[2] =n*(n*X1IM-XMEAN1)/(n-1)-sum(X1MJ)
B3] =n*(n*X2M-XMEAN2)/(n-1)-sum(X2MJ)
B[4] =n*(n*X3M-XMEAN3)/(n-1)-sum(X3MJ)
solve(A,B)->AL
WD =(1/n)*(1+ALLLJ+ALL2]*XIMJI+ALL3I*X2MJI+ALL4T*X3MJ)
EST_I=n* ((1-n)*WI+1)*YMJ
ESTPLr] =sum(EST_I)
ESTP_J = (ESTPLr]-EST_I)/(n-1)
ESTPLr] =ESTPLrl/n
vi<-(WI"2)*(ESTP_J-ESTP[r]) "2
VESTP[r] =n*(n-1) "3*sum(vj)
cil.max[r]<- ESTPLrl+qt(0.95,n-4)*sqrt(vESTP[r])
cil.minlrl<- ESTPLrl-qt(0.95,n-4)*sqrt(vESTP[r])
ciZ2.max[rl<- ESTPLr]+qt(0.975,n-4)*sqrt(vESTPLr])
ci2.minlr]<- ESTPLrl-qt(0.975,n-4)*sqrt(vESTP[r])
cid.max[rl<- ESTPLrl+qt(0.995,n-4)*sqrt(vESTP[r])
cid3.minlr]<- ESTPLrl-qt(0.995,n-4)*sqrt(vESTPLr])
}
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round(sum(cil.min<YM& cil.max>YM)/nreps,4)->covl
round(sum(ci2.min<YM & ci2.max>YM)/nreps,4)->cov?2
round(sum(ci3.min<YM& ci3.max>YM)/nreps,4)->cov3
cat(n, covl,cov2,cov3,'\n")

}

9.3.3 Numerical illustration

In the following example, we explain the intermediate steps involved in the compu-
tation of the proposed semituned estimator in the presence of three auxiliary variables.

Example 9.1 Suppose that we took a sample of #n =29 pumpkins from the preced-
ing population and measured y (the weights in Ibs), x; (the circumference in inches),
X, (the amount of special fertilizer used in Ibs/plot), and x3 (the amount of FYM used
in Ibs/plot).

Weight, y; Circumference, xy; Fertilizer, x,; FYM, x3;
1695 496 53 297
1695 490 47 300
1702 509 43 299
1699 509 50 301
1699 500 49 299
1695 486 49 296
1698 501 49 298
1700 502 50 300
1690 479 48 296
1698 497 51 299
1703 512 50 300
1700 501 50 299
1691 481 49 298
1691 492 48 295
1694 493 49 301
1695 490 53 296
1698 492 51 298
1702 492 51 300
1703 511 49 302
1692 498 45 297
1693 485 48 299
1703 506 50 302
1696 493 51 298
1698 495 49 301
1704 510 50 300
1698 507 49 300
1702 501 49 302
1692 470 46 296
1695 485 48 299
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Construct the 90% confidence interval estimate of the average weight (Y) by assuming
that the population means of the three auxiliary variables, X, =500, X, =50, and
X3 =300, are known.

Solution. An R program can be easily written to calculate the semituned weights
and jackknife estimates of the average pumpkin weights:

—MTuned(cs)
Yi Y4)
0.03448270 1697.270
0.03448280 1697.275
0.03448285 1697.286
0.03448273 1697.277
0.03448276 1697.278
0.03448277 1697.273
0.03448276 1697.277
0.03448274 1697.278
0.03448279 1697.268
0.03448273 1697.275
0.03448273 1697.282
0.03448274 1697.278
0.03448277 1697.268
0.03448278 1697.269
0.03448276 1697.272
0.03448270 1697.270
0.03448273 1697.275
0.03448273 1697.280
0.03448275 1697.283
0.03448283 1697.272
0.03448278 1697.272
0.03448273 1697.283
0.03448273 1697.273
0.03448276 1697.277
0.03448273 1697.283
0.03448275 1697.276
0.03448275 1697.282
0.03448283 1697.273
0.03448278 1697.274

The overall tuned estimate of the average weight is Yyrypeq(cs) = 16097.2761bs with

a standard error of SE(YMTuned(cs)) = 0.70881231bs. Thus, the 90% confidence interval
estimate of the average weight of the pumpkins on this farm is between 1696.065 and
1698.487 1bs.
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9.3.4 R code used for illustration

The following R code, PUMPKIN101EX.R, was used in the preceding numerical
illustration.

PROGRAM PUMPKIN101EX.R

n<-29
YS<-¢(1695,1695,1702,1699,1699,1695,1698,1700,1690,1698,
1703,1700,1691,1691,1694,1695,1698,1702,1703,1692,
1693,1703,1696,1698,1704,1698,1702,1692,1695)
XS1<-c(496,490,509,509,500,486,501,502,479,497,512,501,
481,492,493,490,492,492,511,498,485,506,493,495,
510,507,501,470,485)
XS2<-c(53,47,43,50,49,49,49,50,48,51,50,50,49,48,49,53,
51,51,49,45,48,50,51,49,50,49,49,46,48)
XS3<-¢(297,300,299,301,299,296,298,300,296,299,300,299,
298,295,301,296,298,300,302,297,299,302,298,301,
300,300,302,296,299)

XMEAN1 = 500; XMEAN2 = 50; XMEAN3 = 300

XMEANI=mean(x1)

XMEAN2=mean (x2)

XMEAN3=mean(x3)

YM<-mean(YS)
X1IM<-mean(XS1);X2M<-mean(XS2);X3M<-mean(XS3)

YMJ = (sum(YS)-YS)/(n-1)

XIMJ = (sum(XS1)-XS1)/(n-1)

X2MJ = (sum(XS2)-XS2)/(n-1)

X3MJ = (sum(XS3)-XS3)/(n-1)

A<-matrix(ncol=4,nrow=4)

Al1,1]=n

AL1,2] =A[2,1] =sum(X1MJ)

A[1,3] =A[3,1] =sum(X2MJ)

A[1,4] =A[4,1] = sum(X3MJ)

AL2,2] =sum(XIMJ"2)/(n"2)

AL2,3] =A[3,2] = sum(XIMJ*X2MJ)

AL2,4]1 =A[4,2] = sum(XIMJI*X3MJ)

A[3,3] =sum(X2MJ ~2)/(n"2)

AL3,4]1 =A[4,3] = sum(X2MJI*X3MJ)

Al4,47 =sum(X3MJ "2)/(n"2)

B<-rep(0,4)

B[2] =n*(n*XIM-XMEAN1)/(n-1)-sum(X1IMJ)

B[3]1 =n*(n*X2M-XMEAN2)/(n-1)-sum(X2MJ)

B[4] =n*(n*X3M-XMEAN3)/(n-1)-sum(X3MJ)
solve(A,B)->AL

WD = (1/n)*(1+ALLTI+ALL2T*XIMI+ALL3]*X2MI+ AL[41*X3MJ)
EST_IT=n*(C(1l-n)*WI+1)*YMJ
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ESTP = sum(EST_I)

ESTP_J = (ESTP-EST_I)/(n-1)

ESTP = ESTP/n

vj<-(WI"2)*(ESTP_J-ESTP) "2

VESTP =n*(n-1) " 3*sum(v]j)
L<-ESTP+qt(.05,n-4)*sqrt(vESTP)
U<-ESTP+qt(.95,n-4)*sqrt(vESTP)
chind(WI,sum(WI),ESTP_J)

cat("Tuned estimate:", ESTP, "SE: ",vESTP"~.5,"'\n")
cat("Confidence Interval:"," ", L,"; ", U,"\n")

9.4 Tuning with empirical log-likelihood function

We define a semituned empirical log-likelihood (ell) estimator of the population
mean Y as

YMTuned(ell) ZW y(J (9.23)

JES

where w; are the positive semituned weights such that the following (k + 1) constraints
are satisfied:

> wi=1 (9.24)
JjES
and
X
Zw {x, j m: 1')}—0, r=1,2,....k (9.25)
jes

Here we suggest semituning the weights w; such that the log-likelihood distance
function defined by

;M (9.26)

is optimized, subject to the tuning constraints (9.24) and (9.25).
The Lagrange function is then given by

Lzzzlogg ) ﬂo{zw }

Jjes Jjes

S (25

(9.27)




268 A New Concept for Tuning Design Weights in Survey Sampling

where 1 and A; are Lagrange multiplier constants.

On setting
% =0 (9.28)
8wj’f
we have
. 1
wi = (9.29)

lnz/l {x, ) ”z’_ f’)}

Constraints (9.24) and (9.25) yield Ag=1, and 4; is a solution to the single parametric
equation

~ [ () = = X0)
;{ N } —0 (9.30)

By {xt(j) —(m:__lXt)}

Thus, under the ell distance function, the newly semituned estimator (9.23) of the pop-
ulation mean becomes

. 1 y(J)
YMTuned(ell) = Z

i {1+Z/1 <x, ) ’”:lf_ fr))}

9.4.1 Estimation of variance and coverage

(9.31)

As before, we suggest here an adjusted estimator of the variance of the estimator

y_MTuned(ell) :

2 2
jes
Note that each newly semituned ell doubly jackknifed estimator of the population

mean is given by

—Tuned(ell) nyTuned(ell) - nwjyn(j)
() - n—1

(9.33)

forj=1,2,...,n
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Attained coverage by the nominally (1 —a)100% confidence interval estimates
constructed using this newly semituned ell estimator of the population mean is esti-
mated by observing the proportion of times the true population mean Y falls within the
interval estimates given by

IMTuned(elt) T a2 (df =71 —k = 1)1 [VMTuned(en) (9.34)

Here we generated a special type of population having one study variable Y and three
auxiliary variables X,, = 1,2,3. The values for the ith units y; and three auxiliary vari-
ables x;, t =1,2,3 of the four variable are simulated as follows:

yi=Y+ouy! (9.35)

and

Xi =X+ 0, x50 /1 — P2+ Py On i (9.36)

where y;, and xj;, t = 1,2,3 are independent standard normal variables with means zero
and variances one. We set p,, = 0.8, p,,, =0.3, and p,,,, = 0.6. The values of the stan-
dard deviations of study variable, and the three auxiliary variables are set at o, =35,
oy, =10, 6y, =2 _and o,, =2.

We studied coverage of the 90%, 95%, and 99% confidence intervals based on the
newly semituned estimator of the population mean by selecting 10,000 random sam-
ples from the population above. The values of A3, 45, and 13 are approximated, under
certain assumptions, by solving the following system of linear equations:

(> D, Bydy, Y Dydy] 'Z@U'
jes jes jes 7 =
1
2
RN SN S | M Do o
Jes Jjes Jjes jes
ﬂ*
DLy, Y Py, Y P ’ > @y
L jes JES jes i L e i
where

(n% = X,) _X’)} (9.38)

D= {X,(j) T
for t=1,2,3 are three pivots.

The use of values of 17, A5, and A3 from Equation (9.37) increases the speed of the
program compared to using an iterative method for finding a nonlinear solution to this
nonlinear system of equations in Equation (9.30). The results obtained through the
simulation are presented in Table 9.2.
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Table 9.2 Newly semituned empirical likelihood estimator

Sample size (n) 90% coverage 95% coverage 99% coverage
8 0.8212 0.8558 0.9084
10 0.8814 0.9063 0.9432
12 0.9031 0.9258 0.9555
14 0.9215 0.9415 0.9643
16 0.9364 0.9530 0.9747
18 0.9479 0.9630 0.9779
20 0.9518 0.9652 0.9818
22 0.9618 0.9740 0.9856
24 0.9660 0.9751 0.9862
26 0.9728 0.9799 0.9887
28 0.9729 0.9793 0.9891
30 0.9766 0.9840 0.9918
32 0.9783 0.9856 0.9919
34 0.9810 0.9872 0.9933
36 0.9839 0.9891 0.9949

Table 9.2 shows that the attained coverages by the newly semituned ell estimator of
the population mean remain close to the coverage attained by the chi-square distance
function. In particular, the nominal 90% coverage is estimated as 90.31% for a sample
of 12 pumpkins, the nominal 95% coverage is estimated as 95.30% for a sample of
16 pumpkins, and the nominal 99% coverage is estimated as 98.91% for a sample
of 28 pumpkins.

Thus, for estimating average pumpkin weights using known multiauxiliary informa-
tion, the newly semituned ell eSmator Yyirypeq(eny could perform better because it does

not take negative values and does not show over coverage for moderate sample sizes.

9.4.2 R code

We used the following R code, PUMPKIN102.R, to study the coverage of intervals
constructed using the newly semituned ell estimator.

PROGRAM NAME: PUMPKIN102.R
set.seed(2013)
N<-10000

xls<-rnorm(N, 0, 1)
x2s<-rnorm(N, 0, 1)
x3s<-rnorm(N, 0, 1)
yls<-rnorm(N, 0, 1)

y<-1700 +5*yls

x1<-500 + 10*x1s*sqrt(1-0.8"2) +0.8*10*y1ls
x2<-50+ 2*x2s*sqrt(1-0.7"2) +0.7*2*yls
x3<-300 + 2*x3s*sqrt(1-0.6"2) +0.6*2*yls
XMEAN1 =mean(x1)
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XMEAN2 = mean(x2)

XMEAN3 = mean(x3)

YM<-mean(y)

nreps<-10000

ESTP=rep(0,nreps)

cil.max=cil.min=ci2.max=ci2.min=ci3.max=ci3.min=vESTP=ESTP

for (ninseq(8,36,2))

{
for (rinl:nreps)

{
us<-sample(N,n)
XS1<-x1[us];XS2<-x2Lus];XS3<-x3[us];YS<-ylus]
X1IM<-mean(XS1);X2M<-mean(XS2);X3M<-mean(XS3)
YMJ = (sum(YS)-YS)/(n-1)
XIMJ = (sum(XS1)-XS1)/(n-1)
X2MJ = (sum(XS2)-XS2)/(n-1)
X3MJ = (sum(XS3)-XS3)/(n-1)
PHI1 = X1IMJ- (n*X1M-XMEAN1)/(n-1)
PHIZ = X2MJ- (n*X2M-XMEAN2)/(n-1)
PHI3 = X3MJ- (n*X3M-XMEAN3)/(n-1)
A<-matrix(ncol=3,nrow=3)
A[1,1] = sum(PHI1 " 2)
Al1,2]1=A[2,1]1=sum(PHI1*PHI2)
A[1,31=A[3,11=sum(PHI1*PHI3)
AL2,2] =sum(PHIZ2 " 2)
AL2,3]1=A[3,2] =sum(PHIZ*PHI3)
A[3,3] = sum(PHI3 " 2)
B<-rep(0,3)
B[1]=sum(PHI1)
B[2] =sum(PHI2)
B[3] =sum(PHI3)
solve(A/n,B)->AL
WI = (1/n)*(1/(1+ALL1]*PHI1+AL[2]*PHI2+AL[3]1*PHI3))
EST_I=n*WI*YMJ
ESTPLr] =sum(EST_I)
ESTP_J = (ESTPLr]-EST_I)/(n-1)
ESTPLr] =ESTPLrl/n
vi<-(WI"2)*(ESTP_J-ESTP[r]) "2
VESTP[r]l=n*(n-1) " 3*sum(vj)
cil.max[rl<- ESTPLr]+qt(0.95,n-4)*sqrt(vESTPLr])
cil.minlr]<- ESTPLrl-qt(0.95,n-4)*sqrt(vESTP[rl)
ci2.max[rl<- ESTPLr]+qt(0.975,n-4)*sqrt(vESTPLr])
ci2.minlr]<- ESTPLr]-qt(0.975,n-4)*sqrt(vESTPLr])
ci3.max[rl<- ESTPLr]+qt(0.995,n-4)*sqrt(vESTP[r])
cid3.minlrl<- ESTPLr]-qt(0.995,n-4)*sqrt(vESTPLr])
}
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round(sum(cil.min<YM& cil.max>YM)/nreps,4)->covl
round(sum(ci2.min<YM & ci2.max>YM)/nreps,4)->cov?2
round(sum(ci3.min<YM& ci3.max>YM)/nreps,4)->cov3

cat(n, covl,cov2,cov3,'\n")
}

9.4.3 Numerical illustration

The following example illustrates the main steps taken in the computation of the semi-
tuned ell estimator using three auxiliary variables.

Example 9.2 Suppose that we took a sample of 7 =29 pumpkins from the preceding
population and measured y (the weights in 1bs), x; (the circumference in inches), x, (the
amount of special fertilizer used in Ibs/plot), and x3 (the amount of FYM used in Ibs/plot).

Weight, y; Circumference, x; Fertilizer, x,; FYM, x3;
1704 503 51 300
1708 522 54 303
1690 485 44 301
1704 501 48 302
1697 507 49 300
1700 504 47 301
1697 505 50 299
1703 509 49 303
1701 505 49 299
1707 508 51 301
1693 494 48 298
1703 502 53 299
1699 504 50 299
1698 502 48 301
1699 495 52 300
1692 497 50 299
1697 489 50 300
1698 485 50 297
1696 490 49 299
1690 482 49 296
1700 500 47 300
1703 509 53 301
1706 513 51 303
1704 509 53 302
1706 504 53 301
1700 494 50 298
1699 499 49 300
1701 499 51 300
1700 500 53 300
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Construct the 90% confidence interval estimate of the average weight (Y) by
assuming that the population means of the three auxiliary variables, X; =500,
X, =50, and X3 =300, are known.

Solution. One can compose a program to calculate the tuning weights and the jack-
knife estimates of the average weights as

* —MTuned(ell
Yi i
0.03384245 1701.097
0.03013577 1707.627
0.03805451 1693.663
0.03410544 1700.634
0.03202130 1704.295
0.03257111 1703.331
0.03262418 1703.234
0.03226295 1703.877
0.03232396 1703.767
0.03260040 1703.287
0.03517541 1698.737
0.03452480 1699.895
0.03292254 1702.711
0.03348761 1701.715
0.03697995 1695.567
0.03517437 1698.737
0.03854410 1692.811
0.03902799 1691.960
0.03735532 1694.902
0.03946780 1691.174
0.03349629 1701.702
0.03291326 1702.732
0.03170869 1704.856
0.03320083 1702.227
0.03448996 1699.960
0.03589429 1697.480
0.03447456 1699.978
0.03516481 1698.766
0.03552910 1698.123

The overall tuned estimate of the average weight of a pumpkin on such type of a farm is
YMTuned(elt) = 1699.961bs with a standard deviation of SE(YmTuncd(en)) = 630.76161bs.

Thus, the 90% confidence interval estimate of the average weight of the pumpkins
on this farm is 622.5305-2777.3900 lbs.
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9.4.4 R code used for illustration

We used the following R code, PUMPKIN102EX.R, to solve the preceding numer-
ical illustration.

PROGRAM PUMPKIN102EX.R

n<-29
YS<-c(1704,1708,1690,1704,1697,1700,1697,1703,1701,1707,
1693,1703,1699,1698,1699,1692,1697,1698,1696,1690,1700,
1703,1706,1704,1706,1700,1699,1701,1700)
XS1<-c(503,522,485,501,507,504,505,509,505,508,494,502,
504,502,495,497,489,485,490,482,500,509,513,509,504,494,499,499,500)
XS2<-c(51,54,44,48,49,47,50,49,49,51,48,53,50,48,52,50,
50,50,49,49,47,53,51,53,53,50,49,51,53)
XS3<-¢(300,303,301,302,300,301,299,303,299,301,298,299,
299,301,300,299,300,297,299,296,300,301,303,302,301,298,300,300,300)
XMEAN1 = 500; XMEAN2 = 50; XMEAN3 = 300

YM<-mean(YS)
X1IM<-mean(XS1);X2M<-mean(XS2);X3M<-mean(XS3)

YMJ = (sum(YS)-YS)/(n-1)

XIMJ = (sum(XS1)-XS1)/(n-1)

X2MJ = (sum(XS2)-XS2)/(n-1)

X3MJ = (sum(XS3)-XS3)/(n-1)

PHI1 = XIMJ- (n*X1M-XMEAN1)/(n-1)

PHI2 = X2MJ- (n*X2M-XMEAN2)/(n-1)

PHI3 = X3MJ- (n*X3M-XMEAN3)/(n-1)
A<-matrix(ncol=3,nrow=3)

A[1,1] =sum(PHI1 " 2)

A[1,21=A[2,1]1=sum(PHI1*PHI2)
A[1,31=A[3,1]1=sum(PHI1*PHI3)

AL2,2] =sum(PHIZ2 " 2)

AL2,3]1=A[3,2] =sum(PHI2*PHI3)

A[3,3] = sum(PHI3 " 2)

B<-rep(0,3)

B[1] =sum(PHI1);B[2] = sum(PHI2);B[3] = sum(PHI3)
solve(A,B)->AL

WI = (1/n)*(1/(1+ALLII*PHI1+AL[2]1*PHI2+AL[3]*PHI3))
EST_IT=n*WI*YMJ

ESTP = sum(EST_I)

ESTP_J = (ESTP-EST_I)/(n-1)

ESTP = ESTP/n

vj<-(WI"2)*(ESTP_J-ESTP) "2

VESTP =n*(n-1) " 3*sum(v]j)
L<-ESTP+qt(.05,n-4)*sqrt(vESTP)
U<-ESTP+qt(.95,n-4)*sqrt(vESTP)

cbind(WI,ESTP_J)

cat("Tuned estimate:", ESTP, "SE: ",vESTP " .5,"'\n")
cat("Confidence Interval:"," ", L,"; ", U,"\n")
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9.5 Exercises

Exercise 9.1 Consider the problem of estimating the population mean squared error
(or, say finite population variance) given by

={ 2NN -1} N (v (9.39)

i# €Q

(a) Consider a semituned jackknife estimator of S§ defined by

Friey = > [ =n(n=1)wy+1]s: (v, ¥()) (9.40)

i#j €s

2n(n— 1)55 — (i —y,—)2

S 0020) =301 -2 9.41)

where

$2={2n(n= 131" (i-y)’? (9.42)
i# €S

The weight w;; is the semituned weight such that the following (k+ 1) constraints are
satisfied:

DN wi=1 (9.43)

i#j €s
and

2 ¢
) n(n—1)s; =S
22D wis, (o i) == (9:44)
prrber nn—1)—1
with

2n(n—1)s2 — (x, fxt-)z
2 X t ]
sy, () () = nln 1) 3 (9.45)

=2V =D (- xy)’ (9.46)

i# €Q

and

s ={2n(n—-1)} IZZ Xii — x,J (9.47)

i# €S
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for t=1,2,...,k. Consider semituning of the weights w;; such that the chi-square type dis-
tance function, defined as

1 w,j n(n—l)))2
2D qu/ n(n—1)) ©49)

1%] €s

is minimized, subject to the (k+ 1) constraints. Suggest a doubly jackknifed estimator of
variance of the resulting newly semituned estimator. Write R or SAS code to study the prop-
erties of the resultant estimators.

(b) Consider a semituned ell estimator of Sf defined by

GT ell) Z Z WI] ) (9.49)

i# €s

Consider semituning the weights wj; such that the weighted log-likelihood distance,
function defined as

Zzlog( i) (9.50)
17&/ =

is optimized, subject to the (k+ 1) constraints. Suggest a doubly jackknifed estimator of
variance of the resulting newly semituned estimators. Write code in any programming lan-
guage to study the properties of the resultant estimators.

Exercise 9.2 Estimating geometric mean
Consider the problem of estimating the population geometric mean defined by

N 1/N
Gy = (Hn) (9:51)
i=1

Now consider a tuned jackknifed estimator of the population geometric mean G,
given by

Gruneaien = Y [ { (1= 170()) = (=2} 6, ()] 952)

JESs

where
; 1/(n=1)
= (H»-) L J=12.n (9.53)
i#j=1

is the jth jackknifed estimator of the geometric mean of the study variable obtained by
dropping the jth unit from the usual estimator of the geometric mean given by

n 1/n
G, = (Hy,-) (9.54)
i=1
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The tuning weights w,( ) in the estimator dTuned(CS) are obtained by optimizing the
tuned chi-square type distance function

D=3>"q; (1= (=i, (j)—n""]’ (9.55)

Jjes

subject to the following three tuning constraints:

> wa(j)=1 (9.56)

S ()G = |3 () X (G})”] 9.57)

JES (I’l—l) Ljes
_ RSSO [ A (1=n) 5 (AN
w(D[G] " =g | 2 (G) T -2 (G) (9.58)

N N
where X =N ’IZX,- and Z=N"1) 'z denote the known population arithmetic
i=1 =1

=

means of the two auxiliary variables. The usual estimators of the geometric means

n 1/n . 1/n
of the auxiliary variables are given by GAX = (Hx,-) and GZ = (Hz,-) . Let
i=1

i=1

n 1/(n—1) N 1/(n—1)
G.(j)= ( H x,-) and G.(j) = ( H z,») be the jth jackknifed estima-
i#i=1 i#i=1

tors of the geometric means of the auxiliary variables X and Z, respectively, obtained
by dropping the jth unit from the sample s. Suggest a doubly tuned jackknife estimator
of variance of the tuned estimator of the population geometric mean G,, and investi-
gate coverage by the nominal 90%, 95%, and 99% confidence intervals by generating
a population of at least 10,000 pumpkins from the Statistical Jumbo Pumpkin Model
(SJPM) for sample sizes in the range of 10-100. Comment on your findings.
Exercise 9.3 Consider the problem of estimating the population mean Y with a tuned
estimator defined by

Framdte = 2 |41 = D) = (0 =2) }5, ()] 9.59)

jés
where
N
V() =22 (9.60)

n—1

is the jth jackknifed sample mean y,. Obtain the tuning weights w,(j) by minimizing
the tuned chi-squared distance function given by



278 A New Concept for Tuning Design Weights in Survey Sampling

Z% (n—1)wa(j)—n""]’ 9.61)

jes
subject to the following three constraints:

> wa(i)=1 (9.62)

X —n(2—n)x,
()T f) =2 ©.63)
i€s (n_l)
Z—n(2—n)z,
Wi J)Zn(J) =”(—Z>Z (9.64)
i€s (n_l)

where X and Z are the known population means of the two auxiliary variables. Also
%,(j) = (nX, —x;)/(n—1) and z,(j) = (nz, —z;)/(n—1) are the jackknifed sample
means X, and z,,, respectively. Suggest a doubly tuned jackknife estimator of variance
of the tuned estimator of the population mean Y and investigate the attained cover-
age by the nominal 90%, 95%, and 99% confidence intervals by generating a popu-
lation of at least 10,000 pumpkins from the SJPM for sample sizes in the range of
10-100. Comment on your findings. Extend the results to more than two auxiliary
variables.

Exercise 9.4 Develop semituned and fully tuned methods of variance estimation
using multiauxiliary information, by taking different kinds of distance functions.

Exercise 9.5 Develop a model-assisted tuned estimator of the population mean using
multiauxiliary information for different kinds of distance functions.

Exercise 9.6 Estimating harmonic mean
Consider the problem of estimating the population harmonic mean defined as

N -1
H,=N <Zy,- ‘) (9.65)
i=1

Consider a tuned jackknifed estimator of the population harmonic mean H,, given by

Htunegien = Y | { (n=10,(j) = (n=2) }1,( )] 9.66)

JES

where

-1
Hy(j)=(n—1) <Zy ) . j=1,2,..,n (9.67)

i#j=1
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is the jth jackknifed estimator of the harmonic mean of the study variable obtained by
dropping the jth unit from the usual estimator of the harmonic mean given by

. -1
Hy=n (Zyi 1) (9.68)
=1

The tuning weights, W, ( /), in the estimator Hrypeq(cs) are obtained by minimizing the
tuned chi-square type distance function

Z [1—(n=1)w,(j)—n']? (9.69)

JES

subject to the following three tuning constraints:

an(j) =1 (9.70)
Wn(])ﬁv(]) o 1 I:[r(]) X

j;n]-}x(j)—(n—l)ﬁ (n—1) l;”Hx(J) (n—DH, H 9.71)
Wﬂ(])ﬁ:(]) o 1 [-72(]) z

;nﬁz(j)— (n—1H. (n—1) Lzsnﬁz(j) “(n— l)HH] (9.72)

where X =N~ IZx, and Z=N~ 'Zz, denote the known population arithmetic
i=1 i=1
means of the auxiliary variables.
Let

-1
ﬁx(/’)=(n—1)<2xil> . j=12,..,n (9.73)

i#j=1
and

—1
Hz(j)=(n—1)<zzi1> L j=1,2,..n (9.74)

i#j=1

be the jth jackknifed estimators of the harmonic mean of the auxiliary variables
obtained by dropping the jth unit from the sample s and then forming the usual esti-
mators of the harmonic means, namely

n -1 n -1
H.=n (in1> and H.=n (Zzi1> (9.75)
i=1

i=1
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Suggest a doubly tuned jackknife estimator of variance of the tuned estimator of the
population harmonic mean H,. Investigate the coverage of the nominal 90%, 95%, and
99% confidence intervals by generating a population of at least 10,000 pumpkins from
the new SJPM for sample sizes in the range of 10-100. Comment on your findings.

Exercise 9.7 Consider the problem of estimating the population mean Y with a tuned
estimator defined as

}_]Tuned(cs) = Z |:{ (l’l - 1)2wn(j) - (l’l - 2) })_)n(])] (9.76)
where
u(J) = (9, =)/ (n—1) 9.77)

is the jth jackknifed sample mean y,. Obtain the tuning weights w,(j) by minimizing
the tuned chi-squared distance given by

Zqu — (=), (j) =]’ (9.78)

JES

subject to the following three constraints:

> (i) =1 (9.79)
B e IR (O 930
and
wa(DH-() 1 H.(j) _Z
;nﬁz(j)—(n—l)ﬁz_(n—l) [;nﬁz(j)_(n—l)ﬁz H] ©-8D

where X and Z are the known population means of the two auxiliary variables. Let

n

-1

H.(j))=((n-1) ( Z zi1> be the jth jackknifed estimator of the harmonic mean
iA—=1

of the auxiliary variable obtained by dropping the jth unit from the sample s and then

forming the usual estimator of the harmonic mean of the auxiliary variable, given by

u -1 y 1/(n—1

H.=n <Z zi1> Let G,(j) = ( H x,~> be the jth jackknifed estimator of

i=1 i#j=1

the geometric mean of the auxiliary variable, X, obtained by dropping jth unit from the
n 1/n

sample geometric mean G,= (Hx,-) . Suggest a doubly tuned jackknife estimator

i=1
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of variance of the tuned estimator of the population mean Y and investigate coverage
of the nominally 90%, 95%, and 99% confidence intervals by generating a population
of at least 10,000 pumpkins from a modified STPM with two auxiliary variables, and
for various sample sizes in the range of 10—100. Comment on your findings. Extend
the results to more than two auxiliary variables.

Exercise 9.8 Consider the problem of estimating the population mean Y with a tuned
estimator defined as

S = 9 |00 = 1P () = (n=2)}5, ()] 9.82)

JjEs

where
¥u(J) = (ny, —y;)/(n—1) (9.83)

is the jth jackknifed sample mean y, of the study variable. Obtain the tuning weights
w,(j) by minimizing the tuned chi-squared distance function given by

D=23q[1-(n — () —n'] (9.84)

jev

subject to the following four constraints:

> wn(i)=1 (9.85)

> ()% () X _(:(_2 1_)'27))(‘" (9.86)
ARG (G ()] "):(nil) Z(G,rz(j))(l "%, (G,) " (9.87)
and
_ wﬂ(/)ﬁxz(]) _ = 1 ﬁn(]) X3 (988)
JES one.(])_(n_l)Hl’s (n_l) JEs nH\s(J) (n_l)HXs HX3

where X1, X, and X3 are the known population arithmetic means of the three auxiliary
variables, X1, (j) = (n¥, —x1;)/(n— 1) is the jth jackknifed sample mean of the first

1/(n—1)
auxiliary variable, ze( j= < H xz,) is the jth jackknifed sample geometric

-1
mean for the second auxiliary variable, and HM (n—1) ( z X3; ) is the jth
i7j=1
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n

jackknifed sample harmonic mean of the third auxiliary variable. Let ¥, =n"" Zx”,

i=1
" 1/n n -1
ze = szi , and I-L3 =n Zx;il be the sample arithmetic mean, sample

i=1 i=1

geometric mean, and sample harmonic mean of the first, second, and third auxiliary
variables, respectively. Suggest a doubly tuned jackknife estimator of variance of the
tuned estimator of the population mean Y and investigate the coverage by the nomi-
nally 90%, 95%, and 99% confidence intervals on this mean by generating a popula-
tion of at least 10,000 pumpkins from a modified STPM with three auxiliary variables,
for sample sizes in the range of 10—100. Comment on your findings. Extend the results
to more than three auxiliary variables.



A brief review of related work

10.1 Introduction

In this chapter, we review, in brief, work done on the topics of calibration and
jackknifing in the field of survey sampling. This review is not exhaustive, but it will
allow the reader to better grasp the ideas of calibration and jackknifing.

10.2 Calibration

In this section, we will discuss a few important publications in the area of calibration
as a follow-up to the article by Sidrndal (2007). Sérndal (2007) defines calibration in
three parts. For finite populations, the calibration approach consists of three objec-
tives: (1) computation of weights subject to some constraints on the sample values
and parameters of auxiliary variables; (2) use of these weights to find a linearly
weighted estimator of total or other parameters; and (3) creation of a nearly unbiased
estimator in the absence of nonresponse and other nonsampling errors. Ardilly (2006)
defines calibration as a method of reweighing the design weights in the presence of
several qualitative or quantitative auxiliary variables. Kott (2006) defines calibration
weights as those that result in nearly a design-consistent estimator of a population
parameter.

Different researchers have different opinions. Let us consider the dictionary mean-
ing of the word calibration: the adjustment of something for improvement. One cal-
ibrates a machine, calibrates a thermometer, calibrates a balance, and calibrates a
stopwatch. Say that I have a stopwatch that is not correctly (or precisely) measuring
time. How do I calibrate the stopwatch? I take it to the watchmaker, then he or she will
adjust (or calibrate) its cog to improve the stopwatch’s precision. The watchmaker will
compare it to another watch that is known to be accurate. The word calibration means
“improvement” or “tuning.”

In the same way, a survey statistician has design weights d; =z, ! which are, in
particular, reciprocals of the inclusion probabilities z;, i € £2 and are known for the
entire population and in particular are known for a given sample s. No doubt the design
weights d; = ;! in the Horvitz and Thompson (1952) estimator:

Yir=Y dyi (10.1)

i€s

A New Concept for Tuning Design Weights in Survey Sampling. http://dx.doi.org/10.1016/B978-0-08-100594-1.00010-3
Copyright © 2016 Elsevier Ltd. All rights reserved.


http://dx.doi.org/10.1016/B978-0-08-100594-1.00010-3
http://dx.doi.org/10.1016/B978-0-08-100594-1.00010-3

284 A New Concept for Tuning Design Weights in Survey Sampling

are able to estimate the population total ¥ = Ziegy,-. Is it possible to replace the

design weights d; in the Horvitz and Thompson (1952) estimator with new weights,
say w;, that improve the estimator’s precision? If so, then this new estimator is called a
calibrated estimator of the population total and is given by

Yea= Y wi (10.2)

ies

where the weights, w;, i €s, are called calibrated weights. Note that the calibrated
weights are required only for units selected in the sample s and are not required for
every unit in the population . In the same way, a calibrated cog is required only
for a stopwatch that does not show the correct time; calibrated cogs are not required
for all stopwatches in the entire shop, or in the whole world.

We define calibration weights as design weights (or any other mechanism or cog of
an estimator) that have been calibrated based on some standard (set of constraints)
involving known parameters of auxiliary variables, in order to the precision and/or
consistency of estimates of parameters of the study variable. Note that calibrated
weights are computed at the estimation stage and not at the selection stage.

Deville and Sirndal (1992) considered five distance functions between the cali-
brated weights w; and the design weights d; as shown in Table 10.1.

Among these five distance functions defined by Deville and Sérndal (1992), the
first one, DS, became popular because it leads to a generalized regression (greg) esti-
mator. The main difficulty with the calibrated weights in greg is that these weights do
not satisfy the desired nonnegativity constraint. The other distance functions, DS,,
DS;, DSy, and DSs, can guarantee the nonnegativity of the resultant calibration
weights. Farrell and Singh (2002a) have suggested a penalized chi-square distance
function and have shown that the Searls (1964) estimator is a special case of their

Table 10.1 Deville and Siarndal (1992) distances

Number Distance function
1 1 (W,'—d,‘)z
DS == ———
! 2[; diq;
2 I 1 w; ]
DS, ==Y — |w;l — | —w; +d;
=3, {w og(dl_) W
3 AT
DS; = QZM
ies di
4 1 i ]
DS, = Z* [—dilog (g) +w; —d;
ics 11 i |
5 1 (Wi —d;)?
DS =-) %/
? 2; wigi




A brief review of related work 285

proposal. Singh (2003) has shown that the Hartley and Ross (1954) estimator is also a
special case of penalized distance function.

For one auxiliary variable, Deville and Sdrndal (1992) considered minimizing the
distance function DS, subject to the calibration constraint

Zw,x,- =X (10.3)

The appropriate Lagrange function L is given by
L= (wi—di)*(dg;)"' —22 (Zw,x,-—X) (10.4)
i€s i€s
On differentiating Equation (10.4) with respect to w;, and equating to zero, we have
Wi :d,'-’ri diq[xi (105)

On substituting Equation (10.5) into Equation (10.3) and solving for 4, we have

i€s ics

—1
A= (Z d,»q,x?) (x - Zd,-x,) (10.6)

On substituting Equation (10.6) into Equation (10.5), we have
w; = d,' + <diqixi/2diqixl.2> (X — de) (107)
i€s i€s

Substitution of the value of w; from Equation (10.7) in Equation (10.2) leads to the
general regression estimator (greg) of total given by

Y = O diyi+ s (X - Zc&m) (10.8)

i€s i€s

where

Zdifhxi}’i
B == (10.9)

Zdi%x,-z

ics

If ¢; = 1/x;, then the optimal weight w; becomes

wf:diX/Zd,-xi (10.10)

i€s
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and the resultant estimator reduces to the ratio estimator of population total, that is,

o= _dyi (X/dex,) (10.11)

i€s i€s

Singh, Horn, and Yu (1998) reported that there is no choice of ¢; such that the resultant
estimator (10.8) reduces to the product estimator of population total due to Murthy
(1964).

Singh (2003, 2006) suggested an additional constraint:

> wi=> d; (10.12)

ies ies

He showed that the calibrated weights are then given by

diqixi <Z di%‘) —diq;i <Z di‘]ixi>
di+

_ ics ics
Wi =d;

2
(Zdiqi> <Zdiqi-xl‘2> - (Z%‘%M)
i€s i€s i€s

On substituting Equation (10.13) into Equation (10.2), the resultant calibrated estima-
tor of the population total ¥ becomes an exact linear regression type estimator and is
given by

(X — Xur) (10.13)

Yo=Yt +Bois (X — Xur) (10.14)

where

(Z%’%M%) (Zdi%) - (Zdi‘ﬁyi> (Z%‘%‘M)
~ _ i€s ics ies ies
ﬁols - 2
(Zdi%) <Zdi61ix,-2> - (Zdi%‘xz)
i€es ics i€s

Following Stearns and Singh (2008), for a fixed sample design, the regression coef-

(10.15)

ficient estimator [3015 in Sen (1953) and in Yates and Grundy (1953) can be written in
the form

1
> aiai(dixyi — dixid) 3 > aiai(divi = dyyy) (dixi — dp;)

~ i#jes i#jes
= — e (10.16)
i;je:sqlq]( i Xz X Jx.l) E E qiqj (d,x, — dej)

i#jes
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Stearns and Singh (2008) suggested computing the weights ¢; and g; in pairs such that

Tij — i
qiq; = <¥> (10.17)

Il'ij

where 7z;=P(i&jcs) denotes the second-order inclusion probabilities. They
suggested that although the choice of weight ¢; may not be unique, for a fixed sample
size design, the estimator of the regression coefficient will be unique and is given by

(10.18)

where Yyr and Xy stand for the Horvitz and Thompson (1952) estimators of the total
for the study variable and for the auxiliary variable, respectively. The ,Bols in Equa-
tion (10.18) is the estimator of the regression coefficient for probability proportional
to size and without replacement sampling. The use of multiauxiliary information in the
same setup can be found in Singh and Arnab (2011).

Berger, Tirari, and Tille (2003) also proposed a design-based simple alternative to
the Montanari (1987) generalized regression estimator (greg) by implementing stan-
dard weighted least squares in their estimator. Wu and Sitter (2001) suggested another
constraint

> wi=N (10.19)

ics
which also leads to a regression type consistent estimator of the population total for
unequal probability sampling, and leads to an exact linear regression estimator for
simple random sampling. The Wu and Sitter (2001) estimator is popular due to its
model calibration. At almost the same time, Farrell and Singh (2002b) introduced
the idea of model calibration. Montanari and Ranalli (2005) considered nonparametric
model calibration to include auxiliary information at the estimation stage of a popu-
lation parameter. Kim and Park (2010) suggested using the constraint (10.12) if the
population size is unknown and using the constraint (10.19) if the population size
is known. Singh and Sedory (2013, 2015) suggested a two-step calibration approach
with a general constraint given by

Zwi = Zk,«di (10.20)

i€s i€s

where k;, i € s are constants to be determined at the second step while validating the
resultant estimator to achieve minimum variance. In particular, there exist two choices
of k;, i € s such that calibration constraints (10.12) and (10.19) are special cases of
Equation (10.20).

Rao (1994) and Singh (2001) considered the problem of estimating a general
parameter of interest in survey sampling, which was later investigated by Singh
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(2006) and Stearns and Singh (2008) in more depth. Rueda, Martinez, Martinez, and
Arcos (2007) also considered the problem of estimating a distribution function with
calibration techniques. Brewer (1999) introduced cosmetic calibration for unequal
probability sampling designs. Martinez, Rueda, Arcos, and Martinez (2010) intro-
duced optimum calibration points for estimating the distribution function that ulti-
mately lead to an optimally calibrated estimator of the distribution function.

Hidiroglou and Sérndal (1995, 1998) and Dupont (1995) considered a calibration
technique in the two-phase sampling design. Calibrated weights are obtained for the
second-phase sample by assuming that the first-phase sample information is known.
Singh and Puertas (2003) considered the problem of estimating total, mean, and dis-
tribution function using two-phase sampling. Lundstrom and Sdrndal (1999) and
Sarndal and Lundstrom (2005) considered calibration as a standard method for the
treatment of nonresponse in survey sampling. Rueda, Martinez, Arcos, and Munoz
(2009) considered the problem of estimating a population mean using a calibration
technique for successive sampling. Sidrndal, Swensson, and Wretman (1992) have also
derived calibration weights for two-stage sampling. Tracy, Singh, and Arnab (2003)
considered the problem of calibration estimation in stratified random sampling. Kim,
Sungur, and Heo (2007) also considered the problem of estimating a population mean
in stratified sampling through a calibration technique. Tikkiwal, Rai, and Ghiya
(2013) investigated several estimators obtained through a calibration technique for
small domains. Arcos, Contreras, and Rueda (2014) introduced a novel calibration
for social surveys. Dykes, Singh, Sedory, and Louis (2015) used a calibration tech-
nique to improve the Hansen and Hurwitz (1946) estimator in mail survey design
in the presence of random nonresponse. This shows that calibration weights have been
obtained by several researchers for various sampling schemes where the estimation of
population total or a distribution function is concerned.

Owen (2001) suggested the use of a logarithm function; his resultant estimates are
referred to as empirical log-likelihood estimators. Later, his idea of calibrating design
weights in survey sampling was extensively investigated by several researchers,
including Singh, Sedory, and Kim (2014), Singh and Kim (2011), Chen and Sitter
(1999), Rueda, Muioz, Berger, Arcos, and Martinez (2007), and Wu (2005), so no
further detail is provided here.

Singh, Horn, and Yu (1998) introduced a method of higher-order calibration that
could be used to obtain calibrated estimators of higher-order moments of the study
variable, such as variance, by proposing calibration constraints on higher-order
moments of the auxiliary variables. Later, the idea of higher-order calibration to esti-
mate the variance of the linear regression estimator was widely accepted in the liter-
ature and was investigated by several researchers, such as Singh and Horn (1999),
Singh, Horn, Chowdhury, and Yu (1999), and Singh (2001, 2004). The higher-order
calibration approach has been applied to model calibration by several researchers,
among them are Farrell and Singh (2002a, 2002b, 2005), Sitter and Wu (2002),
Wu (2003), and Arnab and Singh (2003, 2005).

Also note that Singh and Sedory (2012) have derived calibrated maximum likeli-
hood weights, as opposed to calibration weights, and Singh (2013) has suggested a
dual problem of calibration of design weights. Both ideas could be further explored,
but the discussion of that work is beyond the scope of this chapter.
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10.3 Jackknifing

The statistical method of jackknifing is analogous to cutting an apple, a mango, or a
pumpkin. Assume a person has an apple to eat. He can eat it without cutting it. He can
make four slices and eat it. He can make eight slices and eat it. Ultimately the person
eats the entire apple, and there is no benefit or loss caused by cutting it into four or
eight pieces. Assume a person has 100 coins in a box. He takes one coin out of the box
and counts the remaining 99 coins. He puts all 100 coins back into the box, removes
another coin, and again finds that 99 coins remain. He can count several times, but will
always find that there are 100 coins. It seems that when you jackknife anything, there
is no gain or loss.

This is not the case when you jackknife a sample. Quenouille (1956) introduced the
idea of jackknifing to reduce bias in the ratio estimator due to Cochran (1940).
Upadhyaya, Singh, and Singh (2004) used it to construct nearly unbiased estimators
when the auxiliary variable is negatively correlated with the study variable. Tukey
(1958) was the first to use the jackknife technique to estimate variance of an estimator.
The idea of variance estimation using the jackknife technique has gained popularity,
due to its simplicity, and it has been widely used by survey statisticians for many types
of survey designs. Wolter (1985) is a famous researcher who promoted the technique
of jackknifing in estimating the variance of an estimator. Rao and Sitter (1995) used
jackknifing while estimating the variance of the ratio estimator in two-phase sam-
pling. Roy and Safiquzzaman (2003) applied the jackknife technique to a general class
of estimators and estimated the variance of this general class of estimators for two-
phase sampling. Arnab and Singh (2006) have proposed a new jackknife method
for estimating variance from imputed data using the ratio method of estimation.
Ramasubramanian, Rai, and Singh (2007) also applied the technique of jackknifing
to estimate variance in two-phase sampling. Farrell and Singh (2010) considered
the problem of jackknifing the calibrated estimator of a population mean in the
two-phase sampling setup and estimated the variance of the chain ratio and chain
regression type estimators. Berger and Skinner (2005) considered the problem of
jackknifing for an unequal probability sampling scheme and examined the similarities
between the jackknife and linearization methods. Their investigation was deeper than
the estimator suggested by Campbell (1980). Singh, Kim, and Grewal (2008)
suggested the problem of jackknifing scrambled responses when the data are collected
on sensitive issues, making use of a randomization device. Jing, Yuan, and Zhou
(2009) jackknifed empirical likelihood in the presence of nonlinear constraints.
Singh and Arnab (2010) proposed the idea of adjusting bias in the estimator of var-
iance of the ratio estimator in two-phase sampling, by combining calibration and
jackknifing.

Though a short review of the literature on the topics of calibration and jackknifing
has been made, an uninterrupted flow of publications on these topics seems to promise
rapid progress in the foreseeable future. The work cited in this chapter is sufficient to
put a researcher on a tack to do more work on the new concept of tuning design
weights.
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