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PREFACE

The series of elementary algebra exercise books is designed for undergraduate students with
any background and senior high school students who like challenging problems. This series
should be useful for non-math college students to prepare for GRE general test — quantitative
reasoning and GRE subject test — mathematics. All the books in this series are independent

and helpful for learning elementary algebra knowledge.
The number of stars represents the difficulty of the problem: the least difficult problem has

zero star and the most difficult problem has five stars. With this difficulty indicator, each

reader can easily pick suitable problems according to his/her own level and goal.
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1 REAL NUMBERS

1
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Solution: This quantity is equal to
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1
Vi b

Solution: The equation 5p + 3¢ = 19 implies that one of P, ¢ is even. Since P, ¢ are prime

1.2 If p,q are prime numbers and satisfy 5p + 3¢ = 19. Compute the value of

numbers and the only even prime number is 2, we have two possibilities: if ¢ =2, then

p =13/5, not a prime number, so this case is impossible; if p = 2, then q¢ =3, thus

1
Vi vEevE

1.3 Solve |z|+x+y =10 and = + |y| —y = 12 for z,y.

Solution: It is easy to figure out that < 0 or y > 0 are impossible. Thus > 0 and y < 0
which lead to = = 32/5,y = —14/5.

1.4 Given a = "% compute the value of (4a® — 1004a — 1001 )",

Solution: ¢ = V100 — 94 — 1 = /1001 = 4a® — 4a — 1000 = 0 = (4a® — 1004a — 1001)"%" =
[(4a® — 4a® — 1000a) + (4a® — 4a — 1000) — 1]'9° = (0 — 0 — 1)!0! = —1.

1.5 If a,b,z are real numbers and (z° + 1o a)® + |z + é — bl =0. Show b(b?* —3) =a.

3

Proof: Since a,b, z are real numbers, the equation implies that 23 + 4 =g and z +1=p.

1 1 1
Hence, g = 3% 4 1 = (04 1)(a = 1+ —3) = (0 + )[(@ + )2 — 3] = b1 — 3)
T T T T T

1.6 If the real numbers a,b, c satisfy a = 2b + V2 and ab—f—?cQ + = = 0. Evaluate bc/a.

1
4
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Solution: Substitute @ = 2b + /2 into ab+§c2 + i =0, then 202 + /2b + (?3 + i) = 0.
Since b is a real number, A, = (v/2)% — 4 x 2 x (?8 + i) — —4/3¢2 > 0, that is 2 <0.
On the other hand, ¢ is a real number, thus ¢* > 0. As a conclusion, ¢ = 0, therefore bc/a = 0
1.7 C ! + ! + ! + +1+1—|—2+4—|— + 1024
+/ OmPUEE 7004 T 512 T 256 2 '
. . 1 1 1 1 1 .. . 1 1 1
Solution: Since ;oo =1-5 - —¢—~ Toa4> the original sum is equal to 1 - R
L ! L L 1+2+4 1024—1—L+1+2+4+ 1024
To24 T 512 Tos6 Tt iEETAT T B 1024 et '

Let S=1+244+---+1024 denoted as (i), then 25 =2 +4 4+ 8 4+ --- 4+ 2048 denoted
as (ii). (i)-(i) = S = 2048 — 1 = 2047. Hence, the original sum is

1 ! + 2047 = 20471023
1024 N 1024

1.8 If the prime numbers z,y, z satisfy xyz = 5(x + y + 2), find the values of z,y, 2.

Solution: zyz = 5(x + y + z) implies that at least one of the three prime numbers is five.
Without loss of generality, let © = 5, then the equation becomes ¥z =5+ y + z, that is,
(y—1)(2—1)=6.Since 6 = 2 x 3 = 1 x 6, there are two possibilities (without considering
the order of ¥ and 2): (1) ¥y =3,2=4; (2) y=2,2=7. The case (1) is inappropriate

since z = 4 is not a prime number. Therefore, the three prime numbers are 2, 5, 7.

26 — 1
V2+V3+V6

Solution: Let 2+ +v3=a , and take square to obtain 2v/6 =a? -5, thus

1.9 Simplify

26-1  _@=5-1_(a+V6)a—v6) _ _
V24+V3+V6  a+V6 a++6 =a—V6=v2+V3-+6

1.10 If a > 1,b> 0 and a® + a=® = 2v/2, evaluate a®* — a7 ".
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Solution: @* +a*=2v2= (a* +a*)?=8=a®+ a2 =6 Thus

The conditions @ > 1,b > 0 imply that ¢®* — ¢~® > 0. As a conclusion, a® —a~% = 2.

. . _ 11X70412x69+13X68+-+20x61
1.11 Find the integer part of A = {3569 1ox6s 113067+ 120x60 X 100.

.4 11x69+12x68413x68+--+20x60 114124134420 =
Solution: A = T1x 691 12X 68+ 13X 67+ —20x60 100"+ §1560412x68 1367+ 42060 < 100
_ 114124134420
= 100 + {35697 1axes+13x67+7a0xe0 < 100~

. 31 11+12+134+---+20
Since 1— x 100

69 (11+12+ 13+ ---+20) x 69

114+124+13+---4+20 11+12+134+---4+20 2 .
< x 100 < x 100 = 1=
11 x 69412 x 68413 x 67+ ---+ 20 x 60 (I14+12+13+---420) x 60 3
Therefore the integer part of A is 100+ 1 = 101,
a+b
1.12 If a < b < 0 and a? + b? = 4ab, evaluate b
al_

Solution 1: a? + b* = 4ab = (a + b)* = 6ab . Since a < b < 0, a+ b= —+/6ab. Similarly,

we can obtain a — b = —v/2ab . Hence, @10 _ —V0ab _ V3.
a—b  —/2ab

Solution 2: Let a+b=x, a— b=y, then a= %ﬂ”,b = % Substitute them into
a® +b? = 4ab to obtain x> = 3y>. Since x,y < 0, then x = /3y, thatis a + b = v/3(a — b).

Thust‘;:\/g.

1.13 Given = — (bn—il _a#l)%“ , compute the value of A = {L/g;n + "Wangn® 4+

7\L/a” + "Wara”® — b .

_n_ _n_ | n+l _n_ _n_ _n_ n2 n_
Solution: £ = (b"+1 — ant1) n = xntl = bntl —antl Thys A = vxnﬂ (7T 4+ am) +

n/ m2  _n_ _n_ n/ o, n) 2 n/ n2 n/ _n_ no, _n_
an+1 (an+l —i—xn«kl) — b — xn+l +an+1( xn+l + an+1) — b — n+1 +CL"+1 (mn+1

Fanit) — b= A/bait — a4 qatt (b — gt pantt) —b=brribiit —b=b—b=0.
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1.14 If z,y are positive integers and satisfy 2° x 2¥ = 25zy where 252y is one number

instead of a multiplication, find the values of z and ¥.

Solution: Since 2° is an even number, 252y is even, thus y can only be 2, 4, 6, 8. When
y = 2, we consider two cases: If £ < 9, then 2°2% < 2% x 82 = 2048 not in the structure
of 25zy;If x = 9, we have 2° x 92 = 2592 within the structure of 25zy . Hence, z = 9,y = 2
satisfy all the conditions. Similarly we can discuss the cases y = 4,6, 8, and we find that

no z value satisfies all the conditions.

1.15 The real numbers a,b, c satisfy a® 4+ b? 4+ 2 =9, what is the maximum of
(a—=b)*+(b—c)*+ (c—a)*?

Solution: (q — b)2 + (b — ¢)2 + (¢ — a)? = 2(a® + b* + ) — (2ab + 2bc + 2ca) = 3(a? + b?
+¢?) — (a+ b+ c)?. Since a, b, ¢ are real numbers, (a + b+ ¢)? > 0. Inaddition, a® + b* + ¢* = 9.
Thus (a — b)? + (b —¢)> + (¢ — a)® < 3(a® + b* + ¢*) = 3 X 9 = 27. The maximal value is 27.
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. 1 1 1 , 3 (z\°
1.16 z,y are positive real numbers and — — — — = (), what is the value of (—) +(—-1]°

r Yy xTt+vy T Y
1 — 1
Solution: = — = — :0:>y - éy—ffl,thusg_kfz
r Yy xT+y Ty Tty T Yy r oy

3 2 2
y o\*  yr -~ Therefore, (Y 4 (Z) = (Y %) (L _¥® T\ _
\/(x_y) +4§§:\/g cretore (x) + Yy x+y x? xy+y2
(%ﬁ) (yﬁ)?_gw}_ V5(5 —3) = 2V/5 -

Ty Ty
1.17 Let x,y, z are distinct real numbers, and $+i =y+ % =z+ %, show 2%y%2% = 1.

y—z z—z z

oy T2 = T Y = 2 Multiply them together

Proof: The conditions imply that z y =

to obtain 2%y?2% = 1.

1.18 % Given 2z + 6y < 15, x > 0, y > 0, find the maximum value of 4x + 3y .

. 5 1 15 15 5 1
Solution: 22+ 6y < 15 =y < §—§x:>4:r+3y§4$+7—$:31:+? = §—§x2y20,

thus 4z 4+ 3y <3 x 125 < 125 = 30. The maximum value is 30.

1.19 % Given x +y =8, xy = 22 + 16, find the value of 3z + 2y + 2.

Solution 1: Let x = 4 + ¢,y = 4 — t, substitute into xy = 2> + 16: 16 — t2 = 2z? + 16, which
leads to t =2=0, then t =y =4, thus 3v + 2y + 2 =12+ 8+ 0 = 20.

Solution 2: Treat z,y as two roots of the equation u* — 8u + 2% + 16 = 0. A = 64 — 42* — 64 >
0=42<0=2=0=>u*-8u+16=0=(u—4?=0=> uy =uy =4, ie z =y = 4.
1.20 % Given z +y + 2 = 0, find the value ofﬁ(i+%)+y(%+%)+2(%+i).
Solution:x (5 + 1) +y(z+2)+2(;+3) =x(z+5+2) — 1y +y+5) —1+2(g+,+1) -1 =
g+, +)@+y+z)-3=0-3=-3

1.21 For a natural number n, let ¢, be the sum of all digits in n, for instance,

tooog = 2+ 040+ 9 =11, evaluate t; + to + - - - + tog09.
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Solution: Let T'=t; +to+---+(24+04+0+8)+ (2+0+0+9), and then reverse the
order of right hand side to obtain 7= (2+0+04+9)+(24+0+0+8)+---+2+1.
Add up these two equalities to obtain

2T = [14+(2404+049)]+[2+(24+0+0+8)]+- - +[(24+04+0+8)+2]+[(2+ 0+0+9)+1] =

12 x 2009 = T = 12 x 2009/2 = 12054.

1.22 Let a be a positive integer, b and ¢ are prime numbers, and they satisfy a = be, £ + 3 = 1,

find the value of a. ‘

Solution: 1+1:l:>l:1_1:b_c.8ince a = bc, we have b — ¢ =1, thus ¢ and
a b ¢ a ¢ b be

b are two consecutive prime numbers, which has the only choice ¢ = 2,b = 3, thus a = 6.

1.23 % Let x,y are two natural numbers and they satisfy * > y,z +y = 667. Let p be
the least common multiple of # and ¥, let d be the greatest common divisor of = and

y, and p = 120d . Find the maximum value of z —y.

Solution: Let * = md,y = nd , then m,n should be coprime since d is the greatest common
divisor. x>y implies m>n. p=mnd=120d = mn =120 . In addition,
(m—+n)d=667=23x29 =1x667. Since 23 and 29 are coprime, there are only three
possibilities: (1) m +n = 23,d = 29;(2) m +n = 29,d = 23;(3) m + n = 667, d = 1.Together
with mn = 120, we have (1) m =15,n=8; (2) m =24,n=>5; (3) no solution. Thus
(M — N)maz = 24 — 5 = 19 which leads to (z — y)maz = (24 — 5) x 23 = 437.

1.24 If z,y,z satisfy 3v+7y+2=5 (i), 4o+ 10y+2 =39 (ii), find the value of

r+y—+z
r+3y

Solution: (i) x 3 —(ii) x 2=z +y+ 2z = —63. (ii) — (i) = = + 3y = 34.

r+y+z _@

Hence, =
xr+ 3y 34
. 3 3 3 3 1
1.25 Given a = v/4+ v/2 + 1, find the value ofa + o) + et
Solution: (\3/5—1)@:(\3/5—1)(\3/1+\3/§+1):2_1:1:>l:\3/§—1, thus §+%+i3
a a a? a

2 3 2 _ .3 3 3
:3(1 +;’>a/+1:a +3a+i">a+1 a a+1 1= 1+1 1 =92_1=1.
3 3
a a a a

22
= a, express ;4 L 2 1 | as a function of a.

X

1.26 a # 0 is a real number, and P R——
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x 4o+l 1 1 1 5 1 1
_ = = =

Solution: ———=0a= —=mrt-=-—1l=z2P+ S =(--1)7-2
2+r+1 T a r  a 2 a
4 2 2 2 2
Hence, * + 2+ 1 5 1 1 (1—a)*—a 1—2a x
LT T 1= (C 1)1 = - = =
) x2 o +m2+ (a ) a2 a? rt4 22+ 1
a
1—2a"

1.27 A nonzero real number a satisfies a®> = 3a — 1, then find the value of 20° — ba’ + 2a° — 8a?,

5 a?+1
a
Solution: a®> = 3a — 1 = a®> — 3a + 1 = 0, and since = 1, we have 2¢° — 5a* +2d° — 8a°
a’+1 az+1
~(@®=3a+1)(2¢°+a*+3a)—3a  3a .
B a?+1 a2 +1
. y+z z+x rT+y _ 2
1.28 % Given P, R p——— =m and zyz # 0, show m = 13 when
a+b#0.
360°
thinking
Deloitte
DiSCOVCI‘ thC t[‘uth at WWW.dClOittC,Ca/CareCrs © Deloitte & Touche LLP and affiliated entities.
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y+z
ay + bz

Proof: =m=y+z=mlay+bz) = (1 —am)y = (bm — 1)z
(i). Similarly we can obtain (1 —am)z = (bm — 1)z
(ii). (1 —am)x = (bm — 1)y, (iii). (1 —am)y = (bm — 1)z

(i) x (ii) x (iii) = (1 — am)3zyz = (bm — 1)3xyz, which together with zyz # 0 leads to

(1—am)?!=bm -1 =1-am=bm—1=m=

2
b .
P when a+ b # 0
1.29 Given a + b =2, find the value of a® + 6ab + b°.
Solution: @®+6ab+b* = (a+b)(a? —ab+b*) +6ab = 2(a® — ab+b*) + 6ab = 2a* + 4ab+2V* =

2a+b)2=2x22=28

1.30 Given 2% +zy =3 (i), 2y +y> = —2 (ii), find the value of 222 — zy — 3y2.

Solution: (i) x 2 — (ii) x 3 = 22 — zy — 3y* = 12.

ab bc
1.31 % If the real numbers a,b, c satisfy = =

ca
T b 3 brc = —, find the value

1
4 c4+a 5

¢ abe
of ———M .
ab + be + ca

b 1 b 1 1 1 1

Solution: acj_ ;=3 = a;{—) =3= - + 7= 3 (i). Similarly, we can obtain b + = 4
1 1 1 1 1 abc 1 1
D, 2L s G OeGeGi) = st — = _ _ L
(ii) . + - 5 (iii). (i)+(ii)+(iii) - + 5 + ; Wibotea TrI I G

1.32 % Given a* + b* + ¢* + d* = 4abed , show a =b=c=d.
Proof: a* + b* + ¢* + d* — 4abed = 0 = (a* — 2a%b® + b*) + (c* — 2¢%d? + d*) + (2a%V* —

dabed +2¢2d2) = 0 = (a2 — b2)? + (2 — d?)2 + 2(ab — cd)> = 0 = a® = b%, ® = d2, ab =

cd=a=b=c=d.

1.33 Consider two real numbers z, 1/, find the minimum value of 52% — 6zy + 2y? + 2z — 2y + 3

and the associated values of =, y.
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Solution: 5% — 6zy + 2y*> + 2x — 2y + 3= (z —y + 1)? + (22 — y)*> + 2Since (x —y + 1)?
>0, (2z — y)? > 0, the minimum value of 52% — 6xy + 2y*> + 2z — 2y + 3 is 2, and the

associated values of x,y are ©t =1,y = 2 (solved from z —y+1=0,22 —y = 0).

1.34 % Factoring a2+ 2.

Solution: Let *+ a3+ 2% +2 = (2 +azr+1)(2? +br+2) = 2*+ (a+b)z + (ab+3)2* + (2a+b)x +2,
then equaling the corresponding coefficients to obtain ¢ + b = 1,ab+ 3 = 1,2a +b = 0 =
a=-1b=2=22"+22+22+2 =("—c+1)(2*+22+2).

1.35 Let a, b, ¢ are lengths of three sides of a triangle, and they satisfy o> — 160? — ¢? + 6ab + 10bc = 0
show a +c=2b.

Proof: a? —16b? — ¢ +6ab+10bc = a? +6ab+9b* — 256 + 10bc — ¢ = (a+3b)* — (5b—¢)? =

(a+3b—5b+c)(a+3b+5b—c)=(a—2b+c)(a+8b—c) =0. Since a,b,c represent
lengths of three sides of a triangle, a + 80 —c >0, thus a =20+ c=0=a+c=2b.

1 1
1.36 % z,y are prime numbers, z =yz, — + — = §, find the value of x + 5y + 2z.
Ty =z

1
Solution: o + g = = yz + xz = 3xy. Since © = yz, we have ©* + vz = 3xy. Since = # 0,

wehave 1 + z = 3y.Since y, 2 are prime numbers, the only possibilityis y = 2,z = 5,2 =2 x 5 = 10
Hence, z + 5y + 22 =10+ 5 x 2+ 2 x 5 = 30.

a-+b b+ c c+a
1.37 % Given = = where a, b, ¢ are distinct, show 8a + 9b 4 5¢ = 0.
ab—b ) 2b—c¢) 3(c—a)
a—+ +c ct+a
= —= :k’h b:k —b .,b :2kb_
b -0 - then a + (@—0b) (i), b+c (b—rc)

(i), ¢+ a = 3k(c —a) (iii). (i) x 6+ (ii) x 34 (ili) x 2=8a + 9b+ 5¢ = 0.

Proof: Let

1.38 % The positive integers x,y, z satisfy z+% =11, y+2 =14, and v +y # 2, find a

positive integer for Y

if possible.

. o Tty . -
is a positive integer, we can let =k where k is a positive

z z

Solution: Since

integer, then  +y =k (i). The sum of +% = 11 and ¥ +7 = 14 leads to z+y + Ljy =25
(ii). Substitute (i) into (ii): kz+k =25 = k = % Therefore, 2 = 4 or 24. However when

x+y_5

2z =24, k=1 which violates = + y # 2. Hence, » — 4,k =5, then
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1.39 % If the polynomial 62? — 5zy — 4y* — 11z + 22y + m can be factored into the
product of two linear polynomials, find the value of m and factor the polynomial.
Solution: Let 622 — bzy — 4y? — 1lx + 22y +m = 2z +y + k)(3x — 4y + 1) = 62% — by — 4y* +
(3k + 20)x + (I — 4k)y + ki, then equaling the coefficients:

3k + 20 = —11,1 — 4k = 22, kl = m, which result in k = —5,1 =2,m = —10.

Hence, 62% — 5xy — 4y® — 11z + 22y + m = 62% — 5oy — 4y®> — 1l + 22y — 10 = 2z +y —
5)(3z — 4y + 2).

1.40 % Given |z + 4|+ |3 —2|=10— |y — 2| — |1 + y| , find the maximum and minimum

values of xy .

Solution: |z 4] + 8 — o] = 10— |y — 2| ~ |1+ 3| = x4 4| + 3 — | + Iy — 2 + |1+ 9] = 10
Since [z +4| +[3 —2[ > 7and |y = 2[+ |1 +y| > 3. [z +4[ + 3 — 2 + |y — 2| + [1 + y[ = 10
only if we choose equal sign in both inequalities.

e +4|+[3—2|>T7T=—-4<x<3;

ly—=2|+14+y|>3=-1<y<2.
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Hence, zy has the maximum value 6 and the minimum value —8.

1.41 Y% If the real numbers a,b,c satisfy a+b+c=0,abc =1, show one of a,b,c
should be greater than 3/2.

Proof: Since a,b, ¢ are real numbers and abc = 1, we have at least one of a,b,c is greater

than zero. Without loss of generality, let ¢ > 0.

at+btc=0=a+b=—c (i); abc =1 = ab="1 (ii); ab= (“#’)2—(“74’)2 (iii).

1 a—b\> a—b\> 2 1 B3-4
Substitute (i),(ii) into (iii): = = — — = _ = > (), which
ubstitute (i), (ii) into (iii) ; 1 ( 5 ) ﬁ( 5 ) TG » > (), whic

together with ¢ > 0 implies ¢* > 4. Hence, ¢ > v/4 = /32/8 > 3/27/8 = 3/2.

1.42 %% Givenm +n + p = 30 3m + n — p = 50 m, n, p are positive,and z = 5m + 4n + 2,
find the range of z.

Solution: (3m +n+p)—(m+n+p)=50—-30=m—p=10= m = 10+ p > 10 since
p > 0.

(3m+n+p)+(m+n+p):50+30:>m+g:20:>m:20—g < 20 since n > 0.

n+p=30—m=10<n+p < 20.
Hence, x = bm+4n+2p = (4dm+2n)+(m+n+p)+n+p =80+30+n+p=110+n+p €
(120, 130).

1.43 %% Given a,b, ¢ are real numbers and satisfy a + b = 4,2¢* — ab = 4y/3c — 10, find

the values of a,b,c.

b\ > —b\?
Solution: 2¢* — ab = 43¢ — 10 = 2> — 4V/3c + 10 = ab = <anr ) _<a2 ) _

(;‘)2 <a2b>2—4 (“2b>2 éQcQ4\/§6+6+<a2b>2_0é2(6\/§)2+

—b\?
<a2 > :0:>c:\/§,a:b:2.

1.44 % x is a real number, find the minimum value of  — v/ — 1 and its associated = value.
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Solution:Lety = 2—vVr — 1= 2—y =z — 1= 22 2ay+y’ = 1—1 = 22— (2y+1)r+3°+1 =0().
A=Q2y+1)?—4(y*+1)=4y—3>0=1y >3/4 . Substitute the minimum value of
Y, 3/4, into (): ©2 — Sz + 2 =0 = (162> — 40z +25) =0 = (4o —5) =0 = z = 5/4.
Hence, when © = 5/4, x — /o — 1 has the minimum value 3/4.

1.45 % If a,b,c are nonzero real numbers, and a + b + ¢ = abe, a®> = be, show a? > 3.

Proof: The conditions a + b+ ¢ = abc, a® = be imply that b+ ¢ =abc —a=a*> —a =

b+c = a*®—a,

be = a’.

Hence, we can treat b, ¢ as two roots of the quadratic equation 2 — (a® — a)z + a® = 0.
Since a,b,c are nonzero real numbers, we have
A=(a®—a)?—4a*>0=a*(a®*+1)(a*-3)>0=a*—3>0=a*>> 3.

1.46 %% ¢ is a positive integer, show 2 and 3 are not common factors of t* — ¢ + 1 and
4+t —1.

Proof: t is a positive integer, thus one of the two consecutive integers ¢ — 1 and ¢ should
be an even number, then * —t =t(t — 1) is even, then t* —t+ 1 is odd. Same logic to
get >+t is even, 2+t —1 is odd. Hence, 2 is not a common factor of > —t+ 1 and
24+t —1.

One of the three consecutive integers ¢ — 1,¢,¢ + 1 should be divisible by 3, thus at least
one of t* —t=1(t — 1) and t* +t =1t(t + 1) is divisible by 3. Therefore, at least one of

t? —t+1 and t* +t — 1 is not divisible by 3.

1.47 % If 3a — b+ 2c=8,a+ 4b — ¢ = 2, evaluate 6a + 11b — c.

Solution: Let 6a+ 116 — ¢ = m(3a —b+2c) +n(a+4b—c) = (3m+n)a+ (4n —m)b+ (2m —n)c,

then equaling the coefficients to obtain

3Im+n = 6
dn—m = 11
2m—n = -1

>m=1n=3=6a+1lb—c=1x8+3 x2=14.
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1 1 1 1
1.48 %% Given —+ -+ - = —— =1,showx=1o0or y=1 or z=1.
r Yy z Tt+yt+=z

1 1 1
Proof: —+—+—-=1=zy+rz+yz=1ayz (i);
x Yy oz

1
T+y+z

=l=zs+tytz=1=2=1-y—2 (ii.

Substitute (ii) into (): (1 -y —2)y+(1—y—2)z4+yz=(1—y—2)yz= (z—)(y+2)(y—1) =0
(iii). (ii) is equivalent to y + 2z =1 — z and substitute it into (iii): (z — 1)(1 —z)(y — 1) =0,

therefore t =1 or y =1 or z = 1.

1.49 % Show 1+2+ 2%+ ... 42! is divisible by 31.

1_25n
Proof: 142422 4. ... 42! = - =2" 1 =32"-1=@B1+1)"-1=

CR3l" + Co31" 4+ CR7 181+ O = 1= 3L(CB1" T + Cp31" 4+ C07Y) hichis

obviously divisible by 31.

b
1.50 % The real numbers a,b,c satisfy % = —, and x,y are mean values of a,b and b,c
c

respectively. Show RS
r oy

thgia |rAX,’A Graduate
i

A

AX
Graduate F

Find out more and apply
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Proof:%:giaib:b_i_c.Sincex:“Ter,y:b%c,
wehaveg—i—E: a . c _ 2a . 2c _ 2b . 2c _q
x y (a+b)/2 (b+¢)/2 a+b b+c b4+c b+c
2012 2012 2012

51 % Given abc evauate1+a+ab+1+b+bc+1+c+ca

. 2012 2012 2012
Solution: + +
l1+a+ab 14+b+bc 1+c+ca
1 1 1
= 2012 + +
(1+a+§ 1+ +-1c 1+c+ca)
1
— 2012 c 4 — 2012
ctac+1 ac+1+c¢c 1+c+ca
1.52 % Given z7 + 2% + 2 = —1, evaluate 2000 4 2001 ... 4 ;2012

Solution: 2" + 25 +z=-1=2°@z+ 1)+ (z+1)=0= (z+ 1)(2°+ 1) = 0 = = = —kince

29+ 1>0.Hence, z2%° 4 2200 4. 4 222 — 1 414 4 14 (=) + (=) 4+ (=1) = 1.

seven 1’s six (—1)'s

1 1 1
1.53 %% Given a < b < ¢, determine + sign of o + +

Solution: Let a —b=x,b—c=y,c—a=z. Since a < b < ¢, we have x < 0,y <0,z > 0.
r+y+z=a—-b+b—ct+c—a=0= (r+y+2?2?=0= 2y +yz+z2x) =

—(2* + @2 + 22) = a2y + yz + 2z < 0. Therefore

. 1 1 1 . .
1 1 1 L + 1 _wyetertay o that is, + + is negative.

a—b b—c c—a x Yy =z TYz a— b—c c—a
1.54 % Factor (a +b— 2ab)(a —2+b) + (1 — ab)?.

Solution: Let a +b = x,ab =y, then

(a+b—2ab)(a—2+0b)+ (1 —ab)? = (z —2y)(z —2)+ (1 —y)? = 2% — 20 — 2zy +
dy+1—2y+y* =2 -2z(y+ 1)+ (y+ 1) =(x—-y—-1>2 =(a+b—ab—1)? =
[(a—1)=bla—1)]* = (a = 1)*(b— 1)

1.55 % The real numbers m, n, p are notall equal,and * = m? — np,y = n* — pm, z = p* —mn

Show at least one of z,y, 2 is positive.
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Proof: 2(z+y+2) = 2(m*+n?+p* —mn—np—pm) = (m—n)?>+(n—p)*+(p—m)? > 0
In addition, since m,n,p are not all equal, then m —n,n —p,p —m are not all zeros.

Thus = + y + z > 0, which shows at least one of z,y, z is positive.

1.56 % a,b,c are nonzero real numbers, and a +b+c =0,

1 1 1
+ + .
V+c2—a? 24a?2-0 a?+0? -2

evaluate

Solution: a+b+c=0=b+c=—a= (b+¢)> =a* = b*+ * — a* = —2bc. Similarly,

we can obtain a? + b? — ¢ = —2ab, ¢ + a®> — b*> = —2ca. In addition, —2bc, —2ab, —2ca are
non Hen ! + L + 1 f_i_i_if_a"'b'i'cfo
ONZEro. HENCe, 1 +2—a? E+a2-b a2+ —-c  2bc 2ca 2ab 2abc
2
1.57 % Find the minimum value of the fraction M
i +a+1
Solut 322+ 6x+5 622+ 122 +10  6(a? 4+ 2z +2) — 2 6 2 hich
n: = = —_— -
oo sx2 4z +1 22 + 21 + 2 22 + 21 + 2 (rr1z+1 €

has the minimum value 4 when z = —1.

1.58 %% For real numbers z,y, define the operator = xy = ax + by + cxy where a,b, ¢
are constants. We know that 1 %2 =3,2% 3 =4, and there is a nonzero real number d

such that # * d = = holds for any real number z. Find the value of d.

Solution: For any real number =, we have v xd=ar+bd+cdv =2, O0xd=bd =0.
Since d # 0, then b = 0, thus

12 = a+20+2¢c=3
2x3 = 2a+3b+6c=4

a+2¢c = 3
2a + 6¢c =

which results in a =5,¢c= —1. In addition, 1*xd=a+bd+cd =1, and substitute

a=>5,b=0,c=—1 into it to obtain d =4.

1.59 %% Show for any positive integer N, we can find two positive integers @ and b
b—2a+1

such that §y =
N a?—>b
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(a2— a—1)2
Proof:N:bgg‘fgl:—“%b&g“_zb_zaﬂz ( ;2:5 V" (N+1)(a®=b) = (a —1)2
Choose N+1=a—1, then a>—b=a—1. Thus a = N + 2,

b=a*—a+1=(N+2?*—-(N+2)+1=N?*+4n+4—N—-2+1=N?+3N +3.

Since N is a positive integer, then a,b are are positive integers as well.

1.60 *k* Given @ # 0, find the maximum value of Y1 T2+ = VI + a1,

T
Solution: Vita?tot-Vitat !
v Vit +at V14!
= = hose maximum
wl(far+ E 14 ) el - b fo-bre)
: 1 1
value is =3 -2 when z =2 > 0.
V3+ V2
1
1.61 %% Given Z(b —c¢) = (a—b)(c—a), a#0, evaluate b
a
Ijoined MITAS because e Ste Poge
I wanted real responsibility www.discovermitas.com

FETITT

_— Ry
BB RS
Vil e g i’s

Month 16

I was a construction
SUpervisor in

the North Sea
advising and

gmE  Nelping foremen
'%% solve problems
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Solution 1: When a = b, we have (b—¢)>=0=b=c, then b

When a # b, the given equality becomes

(b—c)? =4(a—b)(c—a)= (b+c)* —4alb+c)+4a>=0=[(b+c)—2a)* =0 =

b+c
— =

b+c=2a= 2.

Solution 2: When ¢ = b, it is the same as solution 1.

When a # b, (b—c)* —4(a — b)(c — a) = 0. Treat this as the discriminant of the quadratic
equation (a — b)x? + (b — ¢)x + (¢ —a) = 0. Since the sum of all coefficients is 0, then 1
is a root of this quadratic equation. Since A = (b—c¢)? —4(a—b)(c—a) =0, then

c—a b+ec
1 = T3 = 1. Vieta’s formulas implies that 2179 = —— =1 = b+c = 2a = =

a—>b a

2.

1.62 %% Find the minimum positive integer A and the corresponding positive integer
B such that (1) A is divisible by 200 and its quotient divided by 19 has a remainder of
2, divided by 23 has a remainder of 10; (2) B > A, B — A has four digits and is divisible
by 3,4,17,25.

Solution: (1) = A/200 = 19U + 2 =23V + 10 where U,V are positive integers, then
4V + 8

U =V +222 . Since U is a positive integer, then

4V +8
19

4 are coprime, then p=4n (n is a positive integer). To have minimum A, we choose

is a positive integer. Let

—p, then V=4p—2+ %p in which ip should be a positive integer. Since 3 and

n=1p=4V =17, then 4 =200(23 x 17 + 10) = 80200.

According to (2) and since 3,4,17,25 are coprime, then B - A should be
3x4x17x25x k=>5100k (k is a positive integer). In addition, B — A is a four-digit
number, thus &k = 1. Hence, B = A + 5100 = 85300.

1.63 %% If the real numbers x,y, 2 satisfy © +y+ 2z =a, 2> +y? + 22 = a*/2 (a > 0),

show x,y, 2 are nonnegative and not greater than 2a/3.
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Proof: x +y+ 2 = a = 2z = a — (x + y) and substitute itinto 2 + y? + 2% = a*/2 to obtain
P+’ +(z+y)—2a(r+y)+a=d*/2=> 2+’ +ry—ar—ay+a*/4i=0=

y2 + (z — a)y + (z — a/2)? = 0.Since , y are real numbers, then A = (z — a)* — 4(z — a/2)?
> 0= 2(2a — 3z) > 0= 0 <z < 2a/3 Similarly, we can show 0 <y < 2a/3,0 < z < 2a/3.

Therefore x,y, 2z are nonnegative and not greater than 2a/3.

1.64 %% Two real numbers x,y satisfy z® + y* = 2. Find the maximum value of = + y.

Solution: Letz +y = t. 2% + 4> = 2 = (v + y)[(x +y)> — 3ay] =2 = t(t? — 3uy) =2 = ay = 52

. . 3
Thus we can treat =,y as the two roots of the quadratic equation u? — ty + % = 0, then

, 47 —8 —t3+38 .
A=t— >0= >0=>0<t<2=0<z+y<2.Hence, the maximum value
of T+Y is 2.
4
1.65 % Write TR partial fractions.
3+ 2 —3

Solution: =1 is a root of the cubic equation 23 + 22 — 3 = 0, thus z — 1 is a factor of

23+ 22 — 3 . Use polynomial long division to obtain the other factor 2?4+ x + 3. Let

x+4 A Br+c¢  (A+B)>+(A—-B+2C)z+3A-C  Make the coefficients

x3+2x73_x71+9;2+x+3_ 3+ 2x — 3

equal to obtain

A+B =0
A-B+C =1

3A—-C = 4

T+ 4 1 z+1

= A=1LB=-1C=-l.Hence, 5= —o= "7~ 5., 3

1.66 %% Show a® + %CLQ + %a — 1 is an integer for any positive integer a, and it has a

remainder of 2 when divided by 3.

34302 1)(2at1 L
Proof: a®+ 3a? + 1a — 1 = 2430 de ] — % — 1. For any positive integer a,

M is an integer, thus a® + %CLQ + %a — 1 is an integer.

0 + 30?4 Ja— 1 = A2l 2C0RUE . One of 2a,2a+1,2a+2 is a

2a(2a + 1)(2a + 2)
8

{.)he original expression is a multiple of 3 minus 1, i.e. it has a remainder of 2 when divided
y 3.

is divisible by 3. Hence

multiple of 3. Since 3 and 8 are coprime, then
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1.67 %% x,y,% are real numbers, 3z,4y,5z follow a geometric sequence, and %, 5,%
follow an arithmetic sequence, find the value of % + % .
Solution:
(4y)* = 152z (i)

2 1 1

L= gtz (@
(i) = Y= 22 substitute it into (i):
16<x2_”izz)2—15xz:>W—%@ﬁ+2+i—f§¢j+;—fé
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1.68 %% Given 0 <a <1 and [a+ 5] +[a+ 5]+ -+ [a+ 2] =6, evaluate [50a].

Here [*] means the integer part of *.

Solution: 0 <a+ & <a+ 3 <---<a+32 <2, thus [a+ 5], [a+ 5], - ,[a+ ] are
equal to 0 or 1. The condition [a + 5] + [a+ 5] + -+ [a + 2] = 6 implies that six of
la+ 5], [a+ 2]+, [a+ 2] areequalto 1. Hence, [a + 5] = [a+ 5] = - =[a+ 2] =0
and [a+ 8] =[a+B]=---=[a+2]=1. Then 0<a+2 <1 and 1<a+2 <2,

which lead to 16 < 50a < 17 = [50a] = 16.

1.69 % Factoring 2* 4+ y* + 2% — 3zyz.

Solution:

23+ 3+ 23 = 3zyz = 23 + 32%y + 3wy? + 3 + 23 — 32y — 32y? — 3ayz = (v +
Y’ + 22 =3By +y+2)=(@+y+2)[(r+y)? - (r+y)z+22 -3aylz+y+z) =
(r+y+2)(2®+y*+ 22 — 2y —yz — 27) .

1.70 %% a,b,c are prime numbers, ¢ is a one-digit number, and ab + ¢ = 1993, evaluate

at+b+c .

Solution: The right hand side of ab + ¢ = 1993 is an odd number, thus one of ab and c
is an even number. If ¢ is an even prime number which has to be 2, then
ab =1993 — 2 = 1991 = 11 x 181, then one of a,b is 11, and the other one is 181. If ab
is an even number, let b be the even prime number 2, then 2a 4+ ¢ = 1993. Since ¢ is a
prime number, then ¢ =3, 5, or 7, and a = 995, 944, or 993, all of which are not prime

numbers. Hence a +b+c¢c =11+ 181 +2 = 194.

1.71 Y% Find the minimum positive fraction such that it is an integer when divided by

54/175 or multiplied by 55/36.
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Solution: Let the minimum positive fraction be y/x, where z,y are coprime positive

integers, then J. oy X ] and ¥ x % are both integers. Thus 175/54 and 55/36

z 175 =« 54 T
are irreducible fractions, then z is a common divisor of 175 and 55, and ¥ is the smallest
common multiple of 54 and 36. To minimize y/x, we should maximize # and minimize
y, then x should be the largest common divisor of 175 = 52 x 7 and 55 =5 x 11, which

is 5, and y should be the smallest common multiple of 54 = 2 X 33 and 36 = 22 x 32,

which is 22 x 3% = 108. Therefore, the minimum positive fraction y/z = 108/5.
1.72 %% a,b,c,d are positive integers, and a® = b* ¢ = d* ¢ —a =11, evaluate d — b .

Solution: Let a® = b* = 2 where ¢ is a positive integer, then a = t*,b = 5. Let ¢* = d* = p°
where p is a positive integer, then ¢=p* d=p*. In addition, ¢c—a =11, then
pP-trt=11=@p-p+t)=p-—t>=1p+t2=11=p =06t =5,b=

(v/5)° = 25/5,d = 6% = 216,d — 6 = 216 — 25/5 .

173 %d Given “ 7Y "2 _TTYTZ _YTETT 0 dayz #£ 0, evaluate E T YW H2)(E+ )
z Y x Yz
Solution: Let Y T¥ - _¥-y+tz_ y+tz-a
: ’ ; :

=k, then x4+y—2=%kz (@), c—y+2=ky
(i), y + 2 — x = kz (ii). ()+{)+(i): z +y+z2=k(z +y+2) = (k— 1)(z + y + 2) = 0. There

are two possibilities k = lorz +y + 2 = 0. When k = 1, thenz + y = 2z, 2 + 2 = 2y, y + 2 = 2z,

then (I+y)(y+z)(z+x):22'2x'2y:8 ) When r+y+z2=0, then
Chy=—zy+zr=—az2+z=—y, thn EFXVUTAIETD (22 0w ) Ag,
Yz Yz

conclusion, (* +¥)(¥+2)(z+1) is 8 or -1.
1.74 kK Let

1 1 1 1 1 1 1 1 .
St gt g b\l gty g g L6 g s find the integer
part of S'.
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Solution: According to the rule in the terms of S, we obtain the general formula

_ 1 1 _ 1 2 1 _ n+1 ntl 1 1 _
an—\/1+m+m—\/(1+5)2—z+<n+1>2—\/(%)2—2%7?#@—

n+1 1 n+1 1 1 1 . Th
(£l _ Ly =1 . us
_ 1 1 1 1 1 1 1 1 1 1 2010
S=(+1 =)+ 0+ —3)+A+5—D)+ -+ 1+ 506 —2000) T (L + 2015 — 20) = 2010555

€ (2010, 2011) which implies that S has the integer part 2010.

3
. >+ xz+1
1.75 %% % Given T = \/“E’QH, evaluate —
x
Solution: Let y = @, then zy =1, x —y=1.
P+l PHrtry  24+1+y  PH+r—-y+y z+1  xtay
25 = 5 = 4 - 24 T T T3
l+y o 1 _\/5—1
2 _xQ_x_y_ 2

1.76 %% M is a 2000-digit number and a multiple of 9. M; is the sum of all digits
of M, M, is the sum of all digits of M, and Ms is the sum of all digits of M. Find the

value of Msj.
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Solution: Obviously M, My, M3 are multiples of 9. Since M has 2000 digits, the sum of
all its digits M; <9 x 2000 = 18000, then M; has at most five digits and the first digit is
0 or 1. Thus My <144 x 9 = 37, which implies that M, has at most two digits and the
first digit is less than or equal to 3. Thus M; < 3 +9 = 12. In addition, Mj is divisible by
9 and Mj; # 0, hence M3 = 9.

1 1 2
1.77 %% Let x,y be two distinct positive integers, and . + ; = 5 evaluate /x +y.

2a 2
(a+b)y  5la+b)

. 1 s .
Solution: Set S where a,b are positive integers and coprime, and let

. . L b 1
a>b. Then 9, — 5(a+b) _ 545 % b Since 7 is a positive integer, then — = = thus
a a a

2z = 6 = x = 3. On the other hand, 9, — 5(“’;' b _ s +5x 2. Since y is a positive integer,

g
b
then % =5, thus y = 15. Therefore, /= + y = /18 = 3v/2.
1.78 %% The positive integers a,b,c satisfy a® + 3b* + 3¢* + 13 < 2ab + 4b + 12¢, find

the value of a +b+c.

Solution: a® 4+ 3b? 4+ 3c* + 13 < 2ab + 4b + 12¢ = a® + 30 + 3¢* + 13 — 2ab — 4b — 12c+ 1 <
1= (a—0b)2+20b—14+3(c—2)*<1 (a—0)2>>0,(b—1)2>0,(c—2)?>0,and a,b,c
are positive integers, thus ¢ =b=1,¢ =2, hence a + b+ c = 4.

1.79 %% Find the minimum positive integer n that is a multiple of 75 and has 75

positive integer factors (including 1 and itself).

Solution: n = 75k = 3 x 5%k where k is a positive integer. To minimize n, let n = 2%- 37 - 57
(y>2,8>1),and (a + 1)(8+ 1)(v + 1) = 75, fromwhich o + 1, 3 + 1,7 + 1 areall odd numbers,
thus «, 3,7 are all even numbers. Then 7 = 2, and (o + 1)(8+1) = 25 = 5= 1 x 25.

DIfa+1=57+1=5, then o« =4, =4, thus n =2*-3*. 52,
DIfa+1=1,64+1=25,then a=0,5 =24, thus n = 2°. 3% .52

According to (1)(2), the minimum positive integer n = 24 . 3% . 52= 32400

1.80 %% % Given the sets M = {z,zy,lg(xy)}, N ={0,|z|,y}, and M = N, evaluate

1 1 1

(x+§)+(x2+?)+(:E3+E)+-'-+(:c2001+ yQOm).
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Solution: M = N implies that one element in A should be 0. The existence of lg(zy)

1
implies that zy # 0, thus 7,y cannot be 0. Hence, Ig(zy) =0=2y=1=y=—.
x

Thus M = {z,1,0}, N = {0, |z], 1} . According to M = N again, we have either

r = |z|
1
1 = -
x
or
1
r = -
x
1 = ||
However, © = 1 violates the uniqueness of every element in a set. Hence, x = -1,y = —1.

Then ™"+ i = =2 (k=0,1,2,--); 2™+ 5 =2 (k=1,2,--). In the original

summation, the number of 2k + 1 terms is one more than the number of 2k terms, therefore
1 1 1

(a:—i—;)+(332+?)+(x3+—)+--~+(x2001+ 5001

1.81 %% Find the integer part of the number (v/7 + v/5)6.

o) = 2

Solution: Let /7 + 5 = x, VT =45 = Y, then

vty =2/T, oy =2= 224+ = (z+y)? —22y = 2V7)? —2x2 = 24 =
20+ 90 = (2°)° + (°)° = (2® + y?) (¢! — 2%* + y!) = (2° +y?)[(2* + ¢7)* — 32%y?] =
24[24% — 3 x 4] = 24 x 564 = 13536
Hence, (V7 + v5)% + (V7 — v/5)% = 13536. Since 0 < V7 -5 < 1,
then 13535 < (v/7 4+ v/5)% < 13536, which implies that the integer part of (v/7+v/5)S is

13535.

1.82 %% The real numbers x,y satisfy 42? — b5xy + 4y? =5, let S = 2% + y?, evaluate
1 n 1
Smin Smax

Solution 1: Let z=a+b,y=a—0b and substitute into 42% —bzy+4y> =5 :

9.2
4(a+b)* —5(a+b)(a—b) +4(a—b)?=5=3a>+130* =5 = b* = > rfa

5_3a220:>0§a2§g.ThereforeS: (a+b)2+(a—b)2:2a2+2b2:2a2+%:%a2+}—g
1 13 3 8

> 0=

1
Smin+smax_E+T0_5.

When a =0, Sin = %. When a? = g, S max = %. Hence,
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Solution 2: Obviously S = z* + y? > 0 (since x,y cannot be both zero due to
422 — 5y + 4y> = 5). Let © = v/Scosb,y = /Ssinf, and substitute into

4x? — bry + 4y* = 5:
85 — 10

5 .
48 cos® 0 — 55 cosfsin + 4Ssin?0 = 5 = 49 —Oisin29: 5 = sin 20 = . Since
sin 26| < 1, then 85— 10 < _ <83_1 < E< <E-
| < g |S1= IS5 sl=opsSsy

1.83 %% % For a positive integer n, find the integer part of (v/n?+ 2n + n)?.

Solution: For a positive integer n, we have
n<nt+2n<ni+2n+l=Mm+1)2=n<VnP+2n <n+1=0c<
Vn2+2n—n<1.Let x = (v/n2+2n+n)%y=(v/n2+2n—n)?, then

r+y=(Hn2+2n+n)*+ (Vn2+2n—-n)> =4n*+4n. Since 0 < Vn2+2n—n <1,
then 0 < (v/n?+2n —n)? <1, then
(Vn? 4+ 2n+n)? =4n? 4+ 4n — (Vn? + 2n — n)? € (4n* + 4n — 1,4n* + 4n), thus the integer

part of (v/n?+2n+n)? is 4n® +4n — 1.
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1.84 Y% % The positive real numbers p, ¢ satisfy p* + ¢*> = 7pq and make the polynomial
xy +pxr +qy+1 of x,y be factored into a product of two first-order polynomials, find
the values of p,q.

Solution: p>0,¢> 0,0 + > =Tpqg=p*> +2pq+¢*> =g = p+q = 3,/pq . Since the
polynomial xy + px + qy + 1 can be factored into a product of two first-order
polynomials, we have zy + px + qy + 1 = (az + b)(cy + d) = acxy + adz + bey + bd .
Make the corresponding coefficients equal: ac = 1,0d = 1,ad = p, bc = ¢, thus P4

=abed =1,p+q=3yp1=3=p=252,¢g=25% or p = 550 ¢ = 205,

1.85 %% The positive integers a,b,c satisfy a®+ b* + ¢+ 3 < ab+ 3b+ 2c, find the

values of a,b,c.

Solution: a,b,c are positive integers, thus a® 4+ b* + ¢ + 3 and ab + 3b + 2¢ are both

integers, then a

24P+ +3<ab+3b+2c=al+ b+ +4<ab+3b+2c=a’—ab+ ¥ +
B 3b+3+—20+1<0= (a— 22+ 3(b—2)2+(c-1)?<0=>a—L=0,b-2=0,
c—1=0=a=1,b=2c=1.

1.86 %% % The positive integers m, n satisfy (11111 +m)(11111 — n) = 123456789, show

m —n is a multiple of 4.

Proof: Since 123456789 is an odd number, then 11111 +m and 11111 — n are odd

numbers, then m,n are both even numbers.

(11111+m)(11111 —n) = 123456789 < 11111 x 11111 — 11111n+ 11111m —mn =
123456789 < 11111(m — n) = mn —+ 2468, Since mn is a multiple of 4 and

2468 = 4 x 617 is also a multiple of 4, then 11111(m — n) is a multiple of 4. In

addition, since 11111 and 4 are coprime, then m — n is a multiple of 4.

1.87 % %% The nonzero real numbers a,b,c,2,y, 2 satisfy r_Y_Z2 , evaluate
wyz(a +b)(b+ c)(c + a) a b
abe(z 4+ y)(y + 2) (2 + )
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xr Yy oz 1Yz
Solution:Let—:—:—:t:—:tg,and

a b c abe
r+y y+z ozt @+y)ly+2)z+z) 5  (a+b)(d+c)(cta)
a+b b+c c+a (a+b)(b+c)(c+a) (x+y)y+2)(z+2) -
Hence,

xyz(a+b)(b+ c)(c+ a) :t3i _1
abe(z 4+ y)(y + 2)(2 + x) B

1 1 1
1.88 %% Given 20072% = 2009y? = 201122, 2 > 0,y > 0,2 > 0, and " - ; + o= 1,

show /2007 + 2009y + 2011z = /2007 + /2009 + 1/2011.

Proof: Let 20072 = 2009y = 201122 =k (k > 0), then

2007x = k/x,2009y = k/y,2011z = k/z. Since l + 1 + l — 1, then
r Yy z

V20072 + 2009y + 2011z = \/k/x + k/y + k/z = k(1 /z + 1)y + 1/2) = Vk.

On the other hand,
2007 = k/x2,2009 = k/y?,2011 = k/22 = /2007 + /2009 4+ v/2011 = Vk/z +

VEk/y +VEk/ » = +/k . Hence the aimed equality holds.

1.89 %% If ,y, z are nonzero real numbers, and z + y + z = zyz, 22 = yz, show z* > 3.

3 —x since yz = 2. Then we can treat

Proof: t+y+z2z=ayz & y+z2=ayz—x==x
Y,z as two roots of the quadratic equation 42 — (2% — 2)u+ 2% =0.. Since 7, y, 2 are real

numbers, then
A= (@ —2)?—422>0= 222" -322 >0 = 222" — 222 -3) > 0 =

22(2% 4 1)(2% — 3) > 0. Since = # 0, then 2° > 0,2° +1 > 0, thus 2> — 3 >0, ie. 2° > 3.

1.90 %% Given a,b,c are nonzero real numbers, and a®?+b*+c2=1,

a(f+1)+b(2+1)+c(2+4)+3=0, find all possible values of a + b+ c.

Solution:
a3+ +bE+ )+l +1)+3=0= actab 4 ablbe 4 betea | 3 — () = (g +b+c)

a ac

(ab+bc+ca)=0=a+b+c=0 or ab+bc+ ca=0. For the case ab+bc+ca =0,
since a? + 0% + ¢* = (a+ b+ ¢)* — 2(ab + bc + ca) = 1, then

(a+b+c)*=1=a+b+c==1.Hence, a+b+c can be -1, 0, or 1.
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1.91 %% If the sum of two consecutive natural numbers n and n + 1 is the square of
another natural number m, show n is divisible by 4.

Proof: n+n+1=m?, i.e. m*=2n+1. 2n+ 1 is an odd number, then m? is also an
odd number, then m has to be odd. Let m = 2k + 1 (k is a nonnegative integer).

n= m22_1 = (mfl)émﬂ) = 2k(k +1). Since k(k + 1) is obviously an even number, then

n = 2k(k + 1) is divisible by 4.

1.92 %% If 22 — 22° + axz — 6 and 2° + 522 + bx + 8 have a second order common factor,
determine the values of a,b.

Solution: Let

2?20 tar — 6= (2 +pr+q)(x +c) =2+ (c+p)x* + (cp+ @)z + cq
22 4522 4 br +8 = (22 + pr + ) (x +d) = 2° + (d + p)z* + (dp + ¢)x + dg

Make the corresponding coefhicients equal to have
ptec=-2cp+q=a,cq=—6,d+p=>5,dp+ q=6,dg = 8. From these six algebraic

equations, we obtain a = —1,b=6,c = -3, d=4,p=1,q = 2.
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1.93 %% % In the Cartesian plane XOY’, all coordinates of the points A(x1,y;) and
B(x3,y2) are one-digit positive integers. The angle between OA and the positive part of
= axis is greater than 45°, and the angle between OB and the positive part of x axis is
less than 45°. Denote B’ = (2,0), A’ = (0,41). The area of AOB'B is 33.5 larger than
the area of AOA’A . Find the four-digit number ZT1Z3%271 where 21, 22, Y2, Y1 are the

four digits.

Solution: Srop's = Sroara + 33.5 = %xng = %xlyl +33.5 = 2oy = x1y; + 67 . Since
z1y1 > 0, then 9y, > 67. In addition, 2, y2 are one-digit positive integers, then zoy, = 72
or 81. ZBOB' < 45°, then the point B is below the diagonal line y = z, then @3 > ys,
thus z2y, # 81, then sy, = 72, which implies z2 = 9,y> = 8. Hence, zy; = 5. Since
ZAOB' > 45°, then the point A is above the diagonal line y = -, then @7 < y;. Since
x1, Y1 are one-digit positive integers, then x; = 1,y = 5. Therefore the four-digit number
T2 — 1985.

1.94 %% Given a positive integer n > 30 and 2002n is divisible by 4n — 1, find the value

of n.

Solution: Let 20022 — k, then k=500 + %. Since 4n — 1 is an odd number, then
n p—
+ 250
2(n +250) is divisible by 4n —1. Let Clln— 1 =p (p is a positive integer), then
4 1 1001
4p = 714—70100 = +% , thus 1001 is divisible by 4n —1. Since n > 30 and
n— n—

1001 =7 x 11 x 13, then we should have 4n — 1 = 143, which implies n = 36, p = 2.
1.95 %% How many integers satisfying the inequality |z — 2000| + |z| < 9999?

Solution: If z > 2000, then the inequality becomes (z — 2000) + x < 9999 < 2000 < x < 5999.5
There are 4000 integers satisfying the inequality. If 0 <z < 2000, then the inequality
becomes (2000 — z) + x < 9999 < 2000 < 9999 that is always true, then there are 2000
integers satisfying the inequality. If 2 <0, then the inequality becomes
(2000 — z) + (—x) < 9999 & —3999.5 < z < 0 There are additionally 3999 integers satisfying
the inequality. Hence, totally there are 4000 + 2000 + 3999 = 9999 integers satisfying the

inequality.
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1.96 %% The real numbers z,y,z satisfy z+y+2=3 (i), 2+ y*+ 2> =29 (ii),
23 + 93 + 23 = 45 (iii). Evaluate zyz and 2% + y* + 2%,
Solution: (i)2-(ii): xy + yz + zz = —10. Since

o3+ 3 + 23 — Bzyz = 23 + 3%y + 3xy® + 3 + 2% — 32y — 3xy® — 3zyz = (v +

PP +B —Beyr+y+2)=@+y+)@+y)?—(@+y)z+ 22 —3zy(z+y+2) =
(x+y+2)(@?+y>+ 22 —xy —yz — 2x) , then 45 — 3zyz = 3(29 + 10) = zyz = —24.
Since (zy + yz + zx)? = 100 = 22y? + y?2% + 222% + 2zy2(x + y + 2z) = 100, then

22y? + %% + 2222 =100 — 2 (—24) - 3 = 244.
Hence, 7% +y* + 2% = (22 + 92 + 22)? — 2(2%y? + y22% + 2%2?) = 292 — 2 x 244 = 353.

1.97 % Let S=1+4 5 + 35 + - + 35092, find [S].

Soluti 1<S—1+1+1+ -+ ! <1+ ! +L+ +;—
otution: 32 20092 1x2 ' 2x3 2008 x 2009
11 1 1 1 1 2008, Hence, [S] = 1.

T T U S S S et ’
Tty T3 T T 5008 T 2000 2009 2009

1.98 %k *k Let S=1+ 75+ J=+ -+ o find [9].
! < ! < L <:>
VE+1+Vk Qxfl VE+VE—
Vk+ k< <Vk— Vk 1. Thus we have V2 — 1 < <1\[ \[<

Solution: Let k be a positive integer, we have

f | 2v/1
— <V2- -+ ,4/994010 — V994009 < ———— < /994009 — v/994008. Add
2\[ X 21\/994009

1 1
them up to get v994010 — 1 < 5(1 + ) < V994009 — 3 =

1
X | V2 V3 /994009
997 — 1 < 55 <997 — 5= 1992 < 2v/994010 — 2 < S < 1993 = [S] = 1992.

1.99 %% % Given z,v, z,a,b, c are distinct rewal numbers, and

1 1 1 1
+ + = —
r+a yYy+a z+a a
1 n 1 n 1 1
t+b y+b z+b b
1 1 1 1
+ + = -,
r+c¢c y+c z+c c

1 1 1
Evaluate — + — + —.
a b ¢
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Solution: The three equalities imply that we can treat a, b, ¢ as three distinct roots of the equation
1 1 1 1
+ + = =, which is equivalent to 2t° + (z +y + 2)t* — 2yz = 0. Vieta’s
Tt oyt z4t 1
1 1 1 ab+bc+ca

formulas lead to ab +bc+ca =0, thus -+ -+ - = —— =0.
a b ¢ abc

1.100 %% % If m is a natural number, S, represents the sum of all digits of m, and the largest

common divisor of Sy, and Sy, 1 is a prime greater than 2, find the minimum value of m.

Solution: (S,,, S;i1) > 2 = Spe1 — S # 1. Assume m has 9s as the last n digits (n > 0),
then S;01 =S5, —9In+1. Let (Spm,Smi1) =d, then d = (S,,,9n—1), d|9n —1, thus
n# 0,1 (since d > 2). If n =2, then d|17, d =17, S,, has the minimum value 34 (since
Sm > 18) and m has the minimum value 8899. If n = 3, then d|26, d =13, S,, has the
minimum value 39 (since S,, > 27) and m has the minimum value 48999. If n > 4, then

m > 9999 when d exists. Hence, m has the minimum value 8899.

Download free eBooks at bookboon.com

Click on the ad to read more

37


http://s.bookboon.com/GTca

1.101 Y% % Given ax + by = 7, ax? + by? = 49, az® + by = 133, ax* + by* = 406 evaluate

b
2002(x + y) + 20027y + % :

Solution: (azx + by)(z + y) = ax? + axy + bxy + by* = (az® + by*) + (a + b)zy,
(az? + by?)(z + y) = ax® + ax?y + bry* + by = (az® + by?) + (ax + by)zy,
(az® + by?)(z + y) = ax + azdy + bxy® + by = (az? + by*) + (az? + by?)xy.
Substitute ax + by = 7, ax?® + by? = 49, ax® + by® = 133, az* + by* = 406 into the above
equalities to obtain
r+y) = 49+ (a+b)zxy (i)
49(z+y) = 133+ T7zy (i)
133(x +y) = 406+ 49zy (iii)

(i) x 7 — (iil) = 2+ y = 2.5.
(i) x 19 — (i) x 7 = 2y = —1.5.
Substitute  +y = 2.5,2y = —1.5 into (i): a + b = 21.

b 21
Therefore, 2002(x + y) + 2002xy + a; = 2002 x 2.5 4 2002 x (—1.5) + 9 = 2003.

1.102 %k If ,q, 21 200 g integers, and p > 1,¢ > 1, find the value of p+g¢.

qg ' p

. 2p—1 2p—1 1 .. . . _
Solution 1: If p = ¢, then P=2 _ P70 _9 7 Since p > 1 is an integer, then % -9 ]lo
q p p

is not an integer, a contradiction to the given problem. Hence, p # ¢. Without loss of generality,
2g—1

Let p > gandlet — m(m isapositiveinteger). Sincemp = 2¢ — 1 < 2p — 1 < 2pthenm = 1,

then p =2q — 1, then 2pq— L_d9-3 4 — § Additionally since 2p— 1 s also a positive

q q q
integer and ¢ > 1, then ¢ = 3, then p=2¢ —1=5, thus p+ ¢ = 8.

_ 2g —1
Solution 2: Starting from p > ¢, let 21 _ m (i), a =n (ii). m,n are both positive integers
np+1
and m >n. (i) is equivalent to ¢ = "p; L substitute it into (i): 2p—1=m p2 , thus

(4 —mn)p =m+2, thus 4 — mn is a positive integer, i.e. mn =1 or mn =2 or mn = 3.
Recall that m > n, then we only have two possibilities m = 2,n =1 or m = 3,n = 1. When
m=2,n=1, ()i lead to p=2,¢=3/2 (q is not an integer). When m = 3,n =1, (i)(ii)
lead to p = 5,9 =3, hence p+ g = 8.
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1.103 v % % % If the real numbers a, b, ¢, dareall distinct, and a+% =b-+ % =c+

find the value of x.

Solution: a+1 =b+2=c+i=d+l=2= a+l =2 (@), b+ =1z (i), c+% =z (ib),
d+1 =2z (iv). (i) implies b= 727, substitute it into (ii): ¢= x5, substitute it into (jii):

_Eﬁliji—I*‘é =z, thatis, do® — (ad +1)2* — (2d —a)z +ad +1=0 ().
xTr° — ar —

(iv) implies ad + 1 = az, substitute it into (v):

dod —ax® —2dr+ax+ar =0= (d—a)z® — (d—a)2x = 0 = (d —a)(2® — 22) = 0.

Since d—a #0, then 2> =20 =0.If 2 =0, then ¢ = == =a=c,a

z2—azr—1

contradiction. Hence, 22 —2=0= 22 =2 = 1 = +/2.

1.104 Y% % Consider a group of natural numbers a;,as,- - ,a,, in which there are Kj;
numbersequalto? (1 =1,2,--- ,m).LetS =a1 +as+---+a,, S, =K+ Ky +-- -+ Kj
(1<j<m).Show Si1+Sy+---+ S, =(m+1)S, - 5.

Proof: S:a1+a2+...+an:[(l.1+K2.2+...+Kn.m:(K1+K2+..._|_Km)_|__
(m+1)S, —(S1+ S2+---+ Sn)

Hence, S1+ S+ -+ S, = (m+1)S,, — S.

1.105 Y% % There are ten distinct rational numbers, and the sum of any nine of them is

an irlr)educible proper fraction whose denominator is 22, find the sum of these ten rational
numbers.

Solution: Let these ten distinct rational numbers be a; < as <--- < a;0 . We have
m
(a1 +as+--+aw) —ap = 29 where £k =1,2,---,10. m is an odd number and

1<m<21,m#11 . Additionally because a,as,---,a;p are all distinct, then

1+3+5+7+9+13+154+17+19+21

10(a1+a2+- . -+a10)—(a1+a2+- . -+a10) = 22

HCHCC, a1+a2—|—---—|—a10:5/9.

1.106 %% Given a + b+ ¢ = abc # 0, evaluate
(1-0)(1-¢) N (1-a*)(1-¢?) N (1-a®)(1 -0

be ac ab

Solution: a+b+c:abc#0:>ab:%b+cz>a7+b:ab_1.

b+c a+c

Similarly, = be — 1, = ac — 1. We have

Download free eBooks at bookboon.com



ELEMENTARY ALGEBRA EXERCISE BOOK | REAL NUMBERS

B 1—a?—c2+ac?
ac ab o be ac
a+b+c

(1-0)(1 - c2)+(1 —a®)(1 - 02)+(1 —a®)(1-0") 1-0*-¢ +b?c2+

be

1—a?— v+ a’h? 1 1 1 b+c a+c a+bd
=(—+—4+—)— — — +ab+ac+bc =
ab bc ac ab a b c abc
(bc—1)—(ac—1)—(ab—1)+ab+ac+bc =1—bc+1—ac+1—ab+1+ab+ac+bc=4

1.107 %% Let a,b,c be distinct positive integers, show at least one of
a®b — ab®, b3c — bc?, a — ca® is divisible by 10.

Proof: Because a®b — ab® = ab(a® — b?),b%c — bc® = be(b* — ¢2), c*a — ca® = ca(c® — a?)
thenif a, b, ¢ hasatleast one even number or they are all odd numbers, a®b — ab?, b*c — bc?, *a — ca®

are divisible by 2.

If one of a,b,c is a multiple of 5, then the conclusion is proven.

vu---vu---vu----v---vu---vu---vr--vr--vru---vu---ov--vv--vv--0rv--o-r-cvr-cor-chlcateluLUcent @
www.alcatel-lucent.com/careers
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If a,b,c are not divisible by 5, then the last digits of a?,b?, ¢* can only be 1,4,6,9. Thus
the last digits of a? — b2, b% — 2 c? — a® should have 0 or &5, that is, at least one of

a® —b* b* — ,¢* — a® is divisible by 5. Since 2 and 5 are coprime, thus at least one of
a®b — ab® = ab(a® — b?), bPc —bc® = be(b? — ¢?), Pa — ca® = ca(c? — a?)is divisible by 10.

1.108 %% % Let a,b,c are positive integers and follow a geometric sequence, and b — a

is a perfect square, logg a + logg b + logg ¢ = 6, find the value of a + b+ c.

Solution: logg a + logg b + logg ¢ = 6 = logg abc = 6 = abc = 6°. In addition, b? = ac, then
b = 62 = 36, ac = 36%. In order to make 36 — a a perfect square, a can only be 11,27,32,35, and
a is a divisor of 362, thus @ = 27, then ¢ = 48. Therefore, a + b+ ¢ = 27+ 36 + 48 = 111.

1.109 % %% The real numbers a,b,c,d satisfy a+b=c+d,a®+ 0> =+ d° show

a2011 + b2011 — C2011 + d2011.

Proof: If a +b = c+ d =0, then the conclusion is obviously true.
Ifa+b=c+d+#0, then

B+P=+d= (a+b)(a® —ab+ V) =(c+d)(* —cd+d*) = a®> —ab+ V* =
A —cd+d® = (a+b)?—3ab = (c+d)?—3cd = ab = c¢d = (a+ b)? — 4ab =
(c+d)? — 4ed = (a—ij = (c—d)Q\:> a—b= +(c — d). Hence,

a—b = c—d (i
a+b = c+d (i)

or
a+b = c+d (iv)
(1)+(Gi): a=c; ()-Gi): b=d .
(ii))+(iv): a = d; (iii)-(iv): b= c.
2011 4 p2011 _ 2011 4 42011

For either case, we have a

1.110 % %% The real numbers a,b,c,d satisfy a+b+c+d=0, show

a® + b + ¢ + d® = 3(abe + bed + cda + dab).
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atbt+c+d=0=a+b=—(c+d) = 0= (a+b)*+(c+d)® = a®+b*+3a*b+3ab® +
A+dP+3c2d+3cd?> = P+ 0P+ E+dP = =3(a*b+ab® + Ad+cd?) = P+ P+ E+dP—
3(abc+bed+cda+dab) = —3(a*b+ab? +c*d+cd*) — 3(abe+bed + cda+dab) = —3(a®b+
ab®+cEd+cd*+abet-bed+cda+dab) = —3[(a?b+ab®+abe+abd)+(acd+bed+cd+cd?)] =

Proof: —3[ab(a+b+c+d)+cd(a+b+c+d)] =0 = a®+b>+c+d® = 3(abc+bed + cda+ dab) .
1.111 %% % Consider a 2n x 2n square grid chessboard, each grid can only have one

piece, and there are 3n grids having pieces, show we can always find n rows and n columns

such that these 3n pieces are within these n rows or these n columns.

Proof: Denote the number of pieces in each row or column as pi, D2, -+, Dn, Dnt1, -+, Pan With
the order p1 >p2 >+ >py > Ppy1 = -+ > Doy . The given condition implies that
pr4+prt -+ PatPart P =3n Q. If pr+p+ -+ p, <2n—1 (i), then at
least one of p1,pa,- -, Py is not greater than 1. (i)-(ii): pp4+1 + -+ + P2n, > n + 1, then at least one
of Prt1, -+, Don is greater than 1, a contradiction. Hence, we have p1 + p2 + - - - + p, > 2n. Hence,
we choose not less than 2n pieces from the n rows and then choose the remaining pieces from the n
columns to include all 37 pieces.

1.112 %% %% Find a positive number such that its fractional part, its integer part, and

itself are geometric.

Solution: Denote the number as x > 0, its integer part [z], and its fractional part

x — [z]. The given condition implies that x(z — [z]) = [2]*> = 2% — [z]z — [2]?> = 0, where

[#] > 0,0 < z — [z] < 1. The solution is * = 1+2‘/g[x]. Since 0 <z — [z] <1, then

1++5 1++5 1++5

5 7] <1=>0<z] < 5 <2=[z]=1z= 5 [z]

0<

1.113 %% %% Consider a sequence ay,as,as, - ,a, satisfying a; +as + -+ - + a, = n?

1
for any positive integer n, evaluate + 4o —
ag—l a3—1 aloo—l

Solution: When n > 2, we have a1 +ag + - - + a, = n® (i),

a1+ as+ -+ an_1 = (n—1)3 Gi). (i)-Gi): a, =n>— (n—1)3=3n? - 3n + 1. Thus

vt v /v 1N p=1,23--,100.
a,—1 3n2-3n 3nn—-1) 3\n—-1 n
1 1 1 1. 1. 11 1 1.1 1
Hence, = (1= ) (2= D)o (= — ) =
s Ry SRR Tl ISt U 16 Rt VR 6 T R oY

11 1 199 33 .

(1= 305) =3 " 105 = 365
3 100 3 100 100
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1.114 %%k o1,%2,%3,%4,%5 are distinct positive odd numbers and satisfy
(2005 — 1)(2005 — 22)(2005 — x3)(2005 — x4)(2005 — z5) = 576, what is the last digit of

T+ 23 + x5 + 23 + xP?
Solution: Since 1,2, T3, T4, T5 are distinct positive odd numbers, then

2005 — x1,2005 — x5, 2005 — x3,2005 — 24,2005 — x5 are distinct even numbers, thus

576 needs to be factored into the product of five distinct even numbers, which has a
unique form: 576 = 242 = 2 x (—2) x 4 x 6 x (—6). Hence,

(2005 —21)%+ (2005 — x2)? + (2005 — 23)* 4 (2005 — z4)2 + (2005 — x5)* = 22+ (—2)?+
424624 (—6)% = 96 = 5 x 20052 —4010(z; + o+ T3+ 74 +x5) + (23 + 23+ 22+ 23 +22) =
96 = 2?2 + 23 + 22 + 22 + 22 = 96 — 5 x 2005% + 4010(z1 + 2o + T3 + 14 + 75) = 1

mo , that is, the last digit of x7 + x5 + x5 + x5 + x5 1is 1.
(mod 10), that is, the last digit of 2% 4+ 23 + 22 + 23 + 22 is 1

/
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1.115 Y% % % There are 95 numbers a1, as, - - - , ags, which can only be +1 or -1. Find the
minimum value of the sum of all products of any two, S = ajas + ajas + - - - + agsags;

also determine how many (+1)’s and how many (-1)’s in the 95 numbers such that the
minimum S is obtained.

Proof: Assume there are m (+1)s and n (-1)s in ai, a9, -+ ,ags, then m+n =95 (i).
aras + araz + - - + aggags = S, multiply it by 2 plus af+a3+---+ad =95 :
(a1 +ag+ -+ +ags)? =25 +95. a; +ay + -+ +ags =m —n, then (m —n)? =25 + 95.
The minimum value of S to make 25 4 95 a perfect square is Spin, = 13. When S = Sy,
(m —n)? =112, that is, m —n = £11 (ii). ()(ii) imply that m +n =95 m —n =11 or
m—+n =95 m —n = —11, from which we have m = 53,n = 42 or m = 42, n = 53. Hence,

when there are 53 (+1)’s and 42 (-1)’s, or there are 42 (+1)’s and 53 (-1)s, S = S,in = 13.

1.116 sk %k Let p=n(n+1)(n+2)---(n+7), where n is a positive integer, show
[&/p) = n®+Tn+6.
Proof: Let a = n? + 7n + 6, then

p=n(n+7)(n+1)(n+6)(n+2)(n+5)(n+3)(n+4) = (n®*+7n)(n*+7n+6)(n*+7n+.
10)(n?+7n+12) = (a—6)a(a+4)(a+6) = a*+4a(a®*—9a—36) = a*+4a(a+3)(a—12)

When n > 1, a > 12, then a* < p. On the other hand,

(a+1)*—p = a*+4a*+1+4a®+2a* +4a—a* — 40>+ 360>+ 144a = 42a*+148a+1 >
0=p<(a+1)* Hence, a' <p<(a+1)!=a<yp<a+l=[¥p =a=n*+Tn+06.
1.117 %% %% % The real numbers a,b, c,d, e satisfy

a+b+c+d+e=80a>+0+c?+d*+e? =16, find the maximum value of e.
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Solution: Substitute ¢ =8 —b—c—d — e into a® + b* + ¢® + d* + €2 = 16:
B8—b—c—d—e+V+ +d*+e*=16=20"—28—c—d—e)b+ (8 —c—
d—e)?+ct+d?+e?—16 =0. Since b is a real number, then
Ay=48—-c—d—e)*=8[(8—c—d—e)?+ P +d*+e*—16] > 0= 3> —2(8 —
d—e)c+ (8 —d—e)? —2(16 — d?> — e?) < 0. There are real values c satisfying this

inequality if and only if
Ae=48—d—e)?—12[(8—d—e)? —2(16 —d® — e2)] > 0 = 4d? — 2(8 — e)d + (8 —

e)? — 3(16 — e?) < 0. There are real values d satisfying this inequality if and only if
Ay =48 —¢€)>—16[(8 — e)*> — 3(16 — €?)] > 0 = 5e? — 16e < 0 = e(be — 16) <

0= 0<e<16/5. Hence, the maximum value of e is 16/5.

1.118 Y% %% Let a positive integer d not equal to 2,5,13, show we can find two

elements a,b from the set {2,5,13,d} such that ab—1 is not a perfect square.

Proof: 2 x5 —1=23%2x13—-1=52%5x 13— 1= 82, thus we need to show at least one
of 2d —1,5d — 1,13d — 1 is not a perfect square. We prove this by contradiction. Suppose
these three numbers are perfect squares, thatis, 2d — 1 = 22 (i), bd — 1 = 2 (ii), 13d — 1 = 2?
(iii), where z,y, z are positive integers. (i) implies 2d — 1 =1 (mod 2), then z is an odd
number, thus 2d —1 =1 (mod 4), thus d =1 (mod 2), that is, d is an odd number.
Similarly (ii) (iii) imply v, z are even numbers. Let ¥y = 2y, 2 = 22;, where y1, 21 are positive

integers. Substitute them into (ii)(iii) and subtract the two resulting equalities:

2 —yi =2d = (z1 —y1)(21 + y1) = 2d (iv). The right hand side of (iv) is divisible by 2,
but the left hand side (21 — %1) + (21 + y1) = 221 is an even number, then z; —y; and
21 + y1 are multiples of 2, thus the left hand side of (iv) is divisible by 22, However, d is
an odd number, thus the right hand side of (iv) is not divisible by 2%, a contradiction to
the assumption.

1.119 % %% Let 7,y,2 be nonnegative real numbers, and z +y+ 2 =1, find the

maximum value of zy + yz + zz — 2zyz.

Solution:

(1-22)(1-2y)(1—22) =(1 -2y —2x+4ay)(1 —22) =1 -2y — 2z + 4oy — 22+

dyz +4dzx —Bayz =1 = 2(x +y + 2) + 4(zy + yz + 22 — 22y2) 400 Ty
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+yz+ 2w — 2xyz = [(1 — 22)(1 — 2y)(1 — 22) + 1]

Since ©+y+ 2z =1, then at most one of 1 —2x,1—2y,1 -2z s less than zero, thus

3 3
(1—22)(1 — 29)(1— 22) < (1—2x+1—32y+1—22) _ [3—2(x;—y+z) B

3
(3 - 2) _ 1 _Hence, y+yz + za — 2zyz < (5 + 1) = . Therefore, the maximum value
3 27

of xy +yz + zx — 2xyz is 7/27.

1.120 %% % %% Let a,b,c € R,a+ b+ c =0, show

A+ +S AP+ +E B+ 43
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Proof: Let F'(n) = a™ + b" + ¢". Obviously a,b, ¢ are roots of the equation
(x —a)(x — b)(x — ¢) = 0. This equation is equivalent to
23 = (a+b+c)x* — (ab+ be + ca)x + abe.
When n >4, we have " = (a + b+ c)z" ! — (ab + bc + ca)z" 2 + (abc)z™ 3.
Thus a" = (a + b+ c)a"! — (ab+ bc + ca)a" 2 + (abc)a™ 3.
Similarly, b" = (a4 b+ ¢)b" ! — (ab + bc + ca)b"? + (abc)b" >
and ¢ = (a + b+ c)c ' — (ab+ be + ca)c™% + (abe)c™ 3. Add the above three equalities
together: F'(n) = (a+b+c¢)F(n—1) — (ab+ bc + ca)F(n — 2) + (abc)F(n — 3).
In addition, we know a? + b* + ¢ + 2ab + 2bc + 2ca = (a + b+ ¢)?
and a® + b0+ —3abc = (a+b+c)(a> +0* + 2 —ab—bc — ca). When a+b+c=0,
then F
(1) = 0,ab+bc+ ca = =S = —1P(2), abe = §(a® + b+ ¢*) = §F(3), F(n) =
1F(2)F(n—2)+ 1F(3)F(n—3). Choose n =4, we have F (4) = ;F?(2). Choose
n=>5, we have I (5) = LF(2)F(3) + s F(3)F(2) = 2F(2)F(3). Hence,
F() _F2) FG) acis, @+ +  a?+0P+c 0+
) 2 3 5 B 2 3
1.121 %% %%k Given t=by+cz,y=cz+ax,z=axr+by , find the value of

a n b n c
a-+1 b+1 c+1

Solution: From the given conditions, we have
r—y=by+cz—cz—ar= (a+1)z=(b+1)y;
y—z=cz+ar—ar—by= (b+1)y=(c+1)z;
z—x=ar+by—by—cz= (c+1)z=(a+1)z.
Hence, (a+ 1)z =(b+ 1)y =(c+1)z. Let (a+ 1)z = (b+ 1)y =(c+ 1)z =k, then
(ax +by +cz) + (r+y+ 2) =3k (i). Add up the given equalities in the problem:
x4+ y+z=2>ax+by+cz) (ii). (i)(ii) lead to ax 4+ by + cz =k, thus

a b c ax by cz  ar+byt+cz k

= = —_:]_-
a1 bF1 erl (atDe Gty (erD): K k
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1.122 %%k %%k % Consider a cuboid whose length, width, height are positive integers
m,n,r and M < n < 7. We paint red color on the surface of the cuboid completely and

then chop it into cubes with side length 1. If we know that the number of cubes without
red face plus the number of cubes with two red faces minus the number of cubes with one
red face is 1985, find the values of m,n,r.

Solution: We have three cases, separated by the value of m, to discuss.

(1) If m > 2, then the number of cubes without red face is ko = (m — 2)(n — 2)(r — 2),

the number of cubes with one red face is

ki =2m—2)(n—2)+2(m—2)(r—2)+2(n—2)(r —2), the number of cubes with
two red faces is ko = 4(m — 2) +4(n — 2) + 4(r — 2). We have

ko 4+ ko — k1 = 1985 = (m —2)(n — 2)(r —2) +4[(m —2) + (n — 2) + (r —
)] =2[(m—-2)n—2)+(m—=2)(r—2)+ (n—2)(r —2)] = 1985 = (m — 2)(n —
D[(r—2)=2]—2(m—2)[(r —2) —2] = 2(n —2)[(r —2) — 2] +4(r — 2) = 1985 =
(m—2)(n—=2)[(r—2)—=2]—2(m—2)[(r—2)—2]—2(n—2)[(r —2) — 2] +4[(r—2)—2] =
1977 = [(r —2) = 2][(m —2)(n —2) = 2(m —2) — 2(n — 2) + 4] = 1977 = [(r — 2) —
2{(m —=2)[(n—2) =2 —=2[(n—2) —2]} = 1977 = (m —4)(n — 4)(r — 4) = 1977

Because 1977 =1x 3 x 659 =1 x 1 x 1977 = (—=1)(—1) - 1977, then
m—4=1n—-4=3r—4=639, orm—-4=1,n—-4=1,r—-4=1977, or
m—4=-1,n—4=—-1,r—4=1977. Therefore, m = 5,n=7,r = 663, or
m=>5n=>5,1r=1981, or m=3,n=3,r = 1981.

(2) If m =1, then n = 1 leads to no solution, thus n > 2. In this case, the number of cubes without
red face ko = 0, the number of cubes with one red face k1 = 0, and the number of cubes with two
red faces ko=(n—2)(r—2). We have ko+ky—k =ky=1985 , thus
(n—2)(r —2) = 1985 = 5 x 397 = 1 x 1985, from which we obtain n — 2 = 5,7 — 2 = 397,
orn—2=1r—2=1985. Thereforec, m = 1,n =7,7r =399, or m = 1,n = 3,r = 1987.

(3) If m=2, then kg =0, ki and ks are even numbers. In this case, obviously

ko + ko — k1 # 1985.
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As a conclusion, there are five possibilities:

m=>5n="71=06063;
m=>5,n=25,r = 1981;
m=3n=3,r=1981;
m=1n="71r=2399;
m=1,n=3,r =1987.
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2 EQUATIONS

)
2.1 Given the equation 5%~ b= =7 + 142, find the smallest positive integer b such that

the solution z is a positive integer.

5 8 9
Solution: §£L‘ —b= 535 + 142 = b = 1—O:U — 142. Since b is a positive integer, then 1—Ox
should be a positive integer and greater than 142. Thus % should be a multiple of 10. To
minimize b, x =160, then b = & x 160 — 142 = 2, that is, the smallest positive integer

b is 2.

29 Solvex—a—b_l_x—b—c z—c—a_.

c a b
Solution 1: The equation implies @, b, ¢ # 0. Multiply abc on both sides of the equation:
(x —a —0b)ab+ (x — b —c)bc + (x — ¢ — a)ca = 3abc < (ab + be + ca)xr = 3abe +
ab(a 4+ b) + be(b+ ¢) 4+ ca(c + a) < (ab+ be + ca)r = (a + b+ ¢)(ab + bc + ca) . When

ab+bc+ca#0, x=a+b+c; When ab+bc+ca =0, x can be any real number.

Solution 2:
r—a—b x—b—c xz—c—a r—a—> r—b—rc r—c—a
=3 — 14— —1+—F—
c a b c a b
— b - b - b 1
1:0<:>:L’ (a-ci- -|-c)+l‘ (a:‘ +C)+x (a: +C)_0<:>[$_(a+b+c)](a+

1 1 b+ b — .
5+E):0<:>[x—(a+b+c)]7a +abcc+m:0‘When ab4+bc+ca#0, v =a+b+c;

When ab + bc + ca =0, x can be any real number.

2.3 Find the condition for @ such that the equation |ax — 2y — 3| + |52 4+ 9] = 0 has the

solution (,%y) where %,y have the same sign.

. 9
SOIUtloni\ax—Qy—3]+]5:Jc—|—9\:0:>a1:—2y—3:0,533—|—9:():>x:—5<O,y:
ar 3 9 3

5 9 —_Toa—ﬁ.Since x,y have the same sign, y <O:>a>—§.

2.4 Find all positive integer solutions of the equation 123z + 57y = 531.

6 — 3z
10 . Thus

x =2,y =5 is a specific solution, then all positive integer solutions should have the

Solution: 123z + 57y = 531 < 41z + 19y + 177 <y =9 — 22 +

form x =2 —19t,y = 5 + 41¢, where ¢ is an integer.

219t >0,t 5 +41t>0= —% <t< 139, thus the only integer ¢ = 0. Hence, the

original equation only has one positive integer solution = = 2,y = 5.
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2.5 Solve the equation 2t — 1223 + 4722 — 60x = 0.

Solution:z* — 122% + 4722 — 60z = 0 & z(2® — 322 — 922 + 272 + 202 — 60) = 0 &
z[r?(x —3) — 9z(z — 3) + 20(x — 3)] =0 & z(z — 3)(x — 4)(x — 5) = 0, which leads to

four solutions: =0 or 3 or 4 or 5.
2.6 Given |z — 2| < 3, solve the equation |z + 1|+ |z — 3|+ |z — 5| =8.

Solution 1: |z —2| <3 = —1 <z <5.
Then |z + 1|+ |z —3|+ |z —5|=8=z+1+|z—-3|—z+5=8= |z -3 =2.
When = > 3, v — 3 =2 = 2 = 5 which does not satisfy the given inequality;

When z < 3, —(z —3) =2 = z =1 which satisfies the given inequality.

Solution 2: |zt —2| <3 = —1 <z <5.
When -1 <z <3, |z +1|+|z=3|+]z—=5=8=(x+1)—(z—-3)—(x—5)=8=x=1;
When 3 <z <5, [x+1|+|z—3|+|z—5=8=(z+1)+(z—3)—(r—5)=8=z =25,

a contradiction to 3 < x < 5, or = 5 does not satisfy the given inequality.

2.7 Solve the equation z|z| —3|z| —4=0.

Solution: Whenz > 0, z|z| — 3|z| —4=0=2* -3z —-4=0= (z+ 1)(z —4) =0=>2=—1
(deleted since x > 0) or z = 4.

When = <0, z|z| —3|z| —4=0= —2?+32—-4=0= 22— 32 +4 =0 which has no
solution since A =9 — 16 < 0.

As a conclusion, the original equation has a unique solution = = 4.

2.8 We know that the equation system

3r+my—5 = 0
r+ny—4 = 0
has no solution, and m,n are integers whose absolute values less than 7, find the values
of m,n.
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Solution: The equation system has no solution, then § = % £ Z, thus m = 3n and 4m # 5n.
Additionallysince |m| = [3n| < 7,thus_; <n< ;.Sincen isaninteger,thenn = —2,—1,0,1,2,
thenm = —6,—-3,0, 3,6. Hence, whenm = —6,n= —2o0orm=-3,n=—lorm=0,n=0
orm=23,n=1orm=6,n= 2, the original equation system has no solution.

2.9 Assume the equation 222 4+ x4+ a =0 has the solution set A, and the equation

222 4+ bz + 2 = 0 has the solution set B, and AN B = {1/2}, find AU B.

Solution: Let A ={1/2,21},B = {1/2, 25} .
Vieta’s formulas lead to z1 +1/2 = —1/2,25/2 =1 = 21 = —1, 29 = 2.
Hence, AUB = {1/2, -1} U{1/2,2} = {~1,1/2,2}.
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2.10 Find real valued solutions of the equation /z ++y—1++vVz2—2=(z+y+2)/2.

Solution 1:
Vi+y—1+vVz—2=(@+y+z2)2cc-2yz+1+{y—-1)—-2y—1+,

N —2v/z—24+1=0 (Vo —-12+(Vy—1-124+(z-2-12=0=>vr—1=
0,Vy—1—-1=0vz-2-1=0=>z=1,y=22=23.

Solution 2: Let Jx =t (t>0), Vy—1=u (u>0), v/z2—2=v (v>0). Then

r=t*y=u’+1,z=u’>+2 , substitute it into the original equation to obtain

ttut+v=F+u+1+2+2)2 2 +u?+0* -2t -2u—-2v+3=0%&
t—12+u—-12+@w—-12=0=3t=u=v=1=a=1y=22=3.

r+1 x+4 x+1 x—2_2

v1d 14l 12 i1 3

2.11 Solve the equation

Solution: The equation is equivalent to
3 —1—i+1—i—1+ 3 —g<:> 3 —g—i- 5
T+ 4 r+1 r—2 r+1 3 r—2 3 x+4

22+ 22 —35=0 and = # 2,2 # —4. We can factor it to be (x — 5)(x + 7) =0, which

=

leads to solutions =z =5, = —7.

2.12 If the equation 2% — 22 — 4y = 5 has real valued solutions, find the maximum value
of v —2y.

Solution: Let  — 2y =t , then we have a system of equations: 2? — 2z — 4y =5 (i) and
x — 2y =t (ii). (i)-(ii) x2: 22 — 4o = 5 — 2t & x* — 4z + 2t — 5 = ( This quadratic equation
has real valued solutions, thus A =16 —4(2t —5) = 4(9 —2t) > 0 < ¢ < 9/2, that is, the
maximum value of x — 2y is 9/2.

2.13 Solve the equation lgz +1ga® +1ga® + - +1lgz® ' =n (n € N).

Solution:lg x +1ga® +1ga® +---+1ga?" ' =n & Ig 135+ +2n=1) — oy lg p(+2n—1)n/2 _
n<nllgr=n<lgr=1/n (since n € N), whose solution is z = {/10.

2.14 Solve the equation 5! = 3= -1,

Solution: 51! = 37! & (. +1)1g5 = (22 — 1) g3 < (z+ 1)[lg5 — (z — 1)1g 3] = Q thus
x+1=0orlgh—(r—1)lg3 =0, which imply two solutions * = —1, = = logs 15.
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2.15 Solve the equation z* —42? +1 = 0.

Solution: Let y = 22, then the equation becomes
P —dy+1=0(y—2>%=3=y=2+V3=>22=2++V3 or 2> =2—/3,

the first of which implies © = £v/2 + V3 = :I:\/\/ggl, the second of which implies

r=+vV2—-+3= :t‘\//%_l. Hence, the four solutions are \{/%H, —\\//%H, \\//‘{;{1, —{%—1.

2.16 For any real number k, the equation (k* + &k + 1)2? — 2(a + k)?z + k* + 3ak + b =0
always has the root x = 1. Find (1) the real numbers a,b; (2) the range of the other root

when k is a random real number.

Solution: (1) x =1 is always a root, then (k* +k+1) —2(a+ k)*+ k* + 3ak +b =0 is
always valid for any k, that is, (1—a)k+(1—2a+b)=0 for any k, thus
1—a=0,1—2a+b=0, which lead to a =b=1.

(2) Let the other root be x32, then Vieta’s formulas imply
k* +3ak+b  k*+3k+1

R+k+1 kK+k+1
A = (g —3)? —4(xg — 1)* = =323 + 215 + 5 > 0 which implies —1 < 2o < 5/3.

& (29 — 1)E* 4 (22 — 3)k + (22 — 1) = 0.

1'1’2:

2.17 Solve |3z — |1 — 2z|| = 2.

Solution: |3z — |1 —2z|| =2 = 3z — |1 — 2z| = £2.
When 3z — |1 —2z| =2, |1 —2x| =3z —2, then 3x —2 > 0=z > 2/3, and
1 — 2z = +(3x — 2) which leads to 2 =1 or x = 3/5 < 2/3 (deleted).

When 3z — |1 — 22| = =2, |1 — 22| =32+2, then 3z +2>0= 2> —2/3, and
1 —2x = +(32x 4+ 2) which leads to = —1/5 or z = —3 < —2/3 (deleted).

Hence, the original equation has solutions =1 or z = —1/5.

2.18 The equation 72? — (k+13)z +k* —k —2=0 (k is a real number) has two real

roots @, 3, and 0 < a < 1,1 < B < 2. Fine the range of k.

Solution: Let f(z)=Tz*— (k+13)x +k*> —k —2, since 0 <a <1,1< <2 are two

roots of f(z) =0, then
f(0) = K*—k—-2>0

f(l) = K¥—2k—-8<0
f2) = K —=3k>0
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k>2 or k< -1
= —2<k<4 =3 <k<4or —2<k<-—1.
k>3 or k<0

2.19 Solve the equation V2 +22 —634+ Ve +9—T—z+2+13=0.

Solution: The equation has real roots ifand onlyifx2 +2r—63>0,24+9>0,7T—x>0==x
>Tore<—-92>-92<7=2=-9o0rx=7.Itis easy to obtain that x = =9 is a
root of the original equation, but # = 7 is not. Hence, the original equation has a unique

root £ = —9.

2.20 The equation klg”z + 3(k — 1)lga + 2k = 0 has the variable * and the parameter

k, if the equation has two roots, one less than 100, one greater than 100, Find the range
of k.

Solution: Let ¢ =lgx, and 2; < 100,25 > 100, then the original equation becomes
kt* + 3(k — 1)t + 2k = 0. Because 1 < 100 < 2, we have

lgr; <2 <lgay =t <2<t=Fkf(2) <0=kldk+6(k—1)+2k <0 =
kE2k—1)<0=0<k<1/2

TURN TO THE EXPERTS FOR
SUBSCRIPTION CONSULTANCY

Subscrybe is one of the leading companies in Europe when it comes to innovation
and business development within subscription businesses.

We innovate new subscription business models or improve existing ones. We do
business reviews of existing subscription businesses and we develope acquisition and
retention strategies.

Learn more at linkedin.com/company/subscrybe or contact
Managing Director Morten Suhr Hansen at mha@subscrybe.dk

SUBSCRYBE - fofle fufue

Download free eBooks at bookboon.com

Click on the ad to read more

55


http://s.bookboon.com/Subscrybe

2.21 Given y — Vab = avbx — a+bva— bz (a > 0,b> 0), show log, (zy?) = 2.

Proof: The equation makes sense if and only if bx —a > 0,a —bx > 0, ie. > a/b,x < a/b,
then # =a/b, substitute it into the original equation to obtain y = v/ab . Hence,
log, (2y®) = log,[§(Vab)?] = log,(§ - ab) = log, a® = 2.

2.22 For what values of k, the quadratic equation (k* — 1)a? — 6(3k — 1)z + 72 = 0 with

variable x has two distinct positive integer roots.

Solution: A =36(3k —1)> —4 x 72(k* —1) = 36(k —3)> > 0=k # 3 . The quadratic
%, that is, 1 = k%,ﬂ?z = %. Since 1, x2 are positive

integer roots and k # 3, then kK =2. When k=2, 21 =4,2, = 6. Hence, kK =2 is the

formula implies 7=

only value of k such that the equation has two distinct positive integer roots.

2.23 % Solve the equation P} -Cs, ;= (C5 —1)P7, ;.

Solution:
P42'C;1+3: (085_1)Px2+1
&
(x+3)(z+2)(z+ 1z 8x7x6xbx4
4 = -1 1
X T A% 2 1 Bxdx3x2x1 (z+ 1)z
&

(z+3)(x+2)(x+ 1)z
2

= 55(x + 1)z

Since ©+1>2,24+3>4, then x > 1, then 2 # 0,2 # —1. We can divide (z + 1)z/2
on both sides: (z+3)(x+2) =110 < 2?4+ 52 — 104 =0 < (2 + 13)(x — 8) = 0 which

leads to # = 8 or x = —13 (deleted). Hence, the original equation has the root = 8.

2.24 % The three roots of the equation 3z + pz? + qr —4 =0 are the side length, the
radius of the inscribed circle, the radius of the circumcircle, of a same equilateral triangle.

Find the values of p,q.
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Solution: Let the equilateral triangle has the side length a, then the radius of the inscribed

circle and the radius of the circumcircle are ﬁa and ﬁa , respectively. Vieta’s formulas

‘[a—{—fa— 2@, a\fa—{—a‘[a—{—f \[azq (i), a - \f \fa—4(1u)

imply a + 3

(iii) leads to a = 2, substitute it into (i)(ii) to obtain p = —6 — 3v/3,q = 2+ 6v/3.

2.25 Solve the equation system
logy z +log, 8 = 2,
log, 2 + logg 2 =
Solution: The system is equivalent to

3
| = 2 (i
08y T + log, y (1)
1 2log, x
4 )

log, y 3

(if) x3-(1): logy x = 1 = x = 2. Substitute itinto (i): ¥ = 8. We can easily verify x = 2,y = 8

is a solution of the original system.

2.26 Given f(z) =z — L, solve the equation f[f(z)] ==.
x q

Solution: f[f(x)] =x — i - I_ll = xtgiﬂ’
thus flf(@)] =0 & 2308 w5t = L s o= £

2.27 %% n is a positive integer, and denote a, as the number of nonnegative integer

solutions (z,¥, z) to the equation = + y + 2z = n. Find the values of a3 and asgo: .

Solution: When n = 3, we have x +y + 2z = 3. Since £ > 0,y > 0,z > 0, we have
0<2z<1. When z=1, then z+y =1, then (z,y) = (0,1) or (1,0). When z =0,
then x + y = 3, then there are four possibilities of (z,y). Hence, a3 =2+ 4 = 6.
When n = 2001, we have = + y + 22 = 2001, thus 0 < z < 1000. When z = 0, then
x +y = 2001, then there are 2002 possibilities of (z,y). When z =1, then

x +y = 1999, then there are 2000 possibilities of (z,y). ...... When z = 1000, then

x +y =1, then there are two possibilities of (z,7y). As a conclusion,

agoo1 = 2002 + 2000 + 1998 + - - - + 4 + 2 = 1003002.
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2.28 Solve the equation 4z —2xvr—2—-6=0.

Solution: 32 4 4 — 94\ /z—2-6=022—20V/z—2+2—-2=4 (- —-2)?2=4&
T —Vr—2==+2.

When 2 — vz —2=2,thenr —2— Vo2 -2=0Vr -2z —2-1)=0=2=2o0r
T = 3.

When z — vz —2= -2, then x + 2 = vz — 2 = 22 + 32 + 6 = 0 which has no solution
since A =32 —-4x6<0.

It is easy to check that x = 2,2 = 3 are the solutions of the original equation.

2.29 Solve the equation logy (9”1 4+ 7) = 2 + log,(3°~1 + 1).

Solution: The equation is equivalent to

log, [(3571)2 + 7] = log, 4(3* 1+ 1) & (35 )2+ 7=4(3*"1 +1). Let y=3"""1> 0, then
v —4dy+3=0(y—-1)y—-3)=0=y=1or y=3.

When y=1,3"1=1=2-1=0=a2=1.

When y=3, 3" 1 =3=a0—-1=1=2=2.

It is easy to verify that © = 1,2 = 2 are the solutions of the original equation.

W,
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2.30 % Find all prime number solutions of the equation z(z +y) = z + 120.

Solution: When z = 2, then z(z +y) = 122, then x +y = 122/z is an integer and since
z is a prime number, then £ =2 or 61. When = 2, then y = 59; When = = 61, then
y = —59 (deleted).

When z is an odd number, then x and = + y are both odd numbers. Thus ¥ has to be the
only even prime number, i.e. ¥y =2. Then z(z+2) =2+ 120 < 2z = (z — 10)(z + 12).

Since z is a prime number, then z — 10 =1, then z = 11, z = 23.

As a conclusion, there are two possibilities: © =2,y =59,2 =2 or x =11,y = 2,2 = 23.

2.31 Solve the equation 212 — Tz +1— /222 -9z +4 =1 (i).

Solution: Multiply both sides by 222 — 7z + 1+ /222 — 9z + 4:
V212 —Te + 14222 — 92 +4 =22 —3 (ii). ()+(i): V222 —Tr+1=x— 1, taking

square to obtain 2> —5x =0 = z(x —5) =0=2 =0 or x = 5. We can verify these two

possible solutions via the original equation (i): = 5 is indeed a root of (i), but =0 is
a extraneous root generated by taking square.
2.32 ¥ Find positive integers m,n such that the quadratic equation 4z? — 2mz +n =0

has two real roots both of which are between 0 and 1.

Solution: The equation has two real roots, thus A = 4m? —16n > 0 = n < m?/4. Since
both rootsare between 0 and 1, then f(0) =n >0, f(1) =4 —2m +n > 0,thenn > 2m — 4

(m,n € N'). Hence, 2m — 4 < n < m?/4, which implies a unique choice: m =2,n=1.
2.33 %% Solve the system of equations

L+ = 100 (i),
(y—1)*

' =22+ 1) = wr1)e (y>1) (ii).

2z 2z 2
Solution: (ii) « (y-D*w+1) _ (y—1) . Since y # +1, then
(y—1(y+1)?*  (y+1)
(=D*+)*=(y-1)*y-1)?=0& (y—1)*[(y+1)* - (y—1)’ =0=y =1 or
(y+1)* = £(y — 1). The second case together with (i) leads to
+(y —1) =100 = y = 101 or y = —99 (deleted since y > 1).

When y =1, then (i) implies 2° =100 = 2 = 5.
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2
W - ) implies 1027 = 1 S —"
hen y = 101, then (i) implies 10 00 =z 2 102

, 2 2 . .

We can verify that 7= 125,¥ = 1 and = 55, ¥ = 101 are the two solutions of the original
g g

system of equations.

2.34 % If a,b,c are nonzero real numbers, solve the system of equations

Ty
ay + bx
Yz

bz + cy
2x

az + cx

Solution:

ry
ay + bx
Yz

bz + cy
2T

az + cx

ay + bx
Ty
bz + cy

Yz
az + cx

SR Q= O

zZx

+

+

+
N[l wlioe|s

Blea | oorIQ
SN = Q= O

o a b e 1(1 1 1\,
(1) +(ii)+(iii): . + ” + . =3 <a + 2 + c> (iv). Then (iv)-(ii), (iv)-(iii), (iv)-(i):
__ 2a%bc __ 2b%ca __2c%ab .

" ab+tac—bc? y= be+ab—ac? <= ca+bc—ab

Download free eBooks at bookboon.com



ELEMENTARY ALGEBRA EXERCISE BOOK | EQUATIONS

2.35 The real numbers 7,y satisfy the equation 2% — 27y + y? — V2 — v/2y + 6 = 0. Find

the minimum value of = +y.

Solution: Let  +y =k, then y = k — x. Substitute it into the equation:

22 —2x(k—2)+(k—2)? =21 —2(k—2)+6 = 0 & 42> —4kx+ (k> —/2k+6) = 0,
then A = (4k)? — 16(k*> — V2k + 6) = 16v/2k — 96 > 0 < k > 3/2,

thus k = # + vy has the minimum value 3v/2.

2.36 % Solve the equation (v/2+ v/3)* + (V2 — V/3)* = 4.
Solution: The equation is equivalent to (V24 v/3)" + —=2—— =4 Let y = (/2 + V3),

(V2+V3)
theny+%:4:>y2—4y+1:0whoserootsarey:2:|:\/§.
When y =243, (V2+V3)" =2+V3= (V2 +V3)?, thus = = 2.

When y=2—\/§,( 2+\/§)m:2—\/§:2+1\/g:( 2+\/§)_2,thusx:—2.

We can verify that x = 2,z = —2 are indeed roots of the original equation.
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2.37 1If the equation 22 —kxr+k*>—4=0 has two positive roots, find the range of k.

Solution: The condition of two positive roots (denoted by 1, x2)
implies ©1 + 19 =k > 0, 1109 = k> —4 > 0,A = k* — 4(k* — 4) = —3k* + 16 > 0.
From these three inequalities, we can easily obtain 2 < £ < 43 /3.

2.38 Solve the system of equations

2\/1273372 — 4y’

lg(1+y) = 2lgy+1g2.

Solution: The second equation leads to
lgl+y)=1g2y’ =1+y=2>=2y> —y—1=0=y =1 or —1/2 (deleted since

y > 0). Substitute ¥ =1 into the first equation:

2\/£§:3;:§ — 22 = V22— —-—2=9 :ﬁ>;rz —rx—6=0=> (17-— 3)(27‘%’2) =0=x=3 0"

z = —2. Hence, (3,1),(=2,1) are solutions of the original equation system.

2.39 Solve the equation V42?2 + 2z + 7= 1222 + 62 — 119.

Solution: Write the equation as /422 + 2z + 7 = 3(4a® + 22 + 7) — 140. Let
VA2 + 22+ 7=t (t>0), then

t=3t—-140=3t>—t—140=0= (3t +20)(t — 7) = 0 =t = —20/3 (deleted) or
t="1.

Thus V422 + 20+ T=T=42>+220+7=49=222+2-21=0= (z —3)(2z +7) =
0=z =30r x =—7/2. We can verify that both x = 3,2 = —7/2 are roots of the

original equation.

2.40 % Let S be the sum of reciprocals of two real roots of the equation
(a* —4)2? 4+ (2a — 1)z + 1 = 0 where ¢ is a real number, find the range of S.

. 1-2 1 . .
Solution: Let &1, 3 be the two roots, then 1 + 22 = 7=}, T1Z2 = 7. The quadratic equation

has real roots, thus a> — 4 # 0, A = (2a — 1)?> — 4(a® — 4) > 0,thusa # +2,a < 17/4.Hence,
S=-L 4L =242 — 1 9g should satisfy S # —3,5 #5,5 > —15/2.

1 T2 T1T2

241 % Let a,b be two real numbers, |a| >0, and the equation ||z —a| —b] =5 has

three distinct roots, find the value of b.
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Solution: The equation ||z — a| —b| =5 is equivalent to |z —a| —b=£5 < |vr —a| = b L 5.
The equation has three distinct roots if and only if b —5 =0, that is b =5 and the roots are

r=a,r=a=x10.

2.42 % Solve the system of equations

oy +y? = 84,

r+ry+y = 14.
Solution: The second equationisequivalentto z +y = 14 — /7y = 22+ 2y +y? =196 — 28, /ry
The left hand side is 84 due to the first equation, then 84 =196 — 28, /7y = /7y = 4.
Substitute it into the second equation to obtain x +y = 10. Hence, we can treat Z,¥y as

roots of the quadratic equation 22 — 10z 4+ 16 = 0. The roots are z = 2 or z = 8. Therefore,
the original system of equations has two solutions (2,8), (8,2).

2.43 %% The real numbers a, b, ¢ satisfy a # b and 2009(a — b) + v2009(b — ¢) + (c —a) =0
(c=0b)(c—a)

find the value of ECEU

Solution: Let v/2009 = z, then (a —b)2? + (b—c)z + (¢ —a) = 0. a # b implies that

this equation is a quadratic equation. Obviously, = v/2009 and 1 are two roots of this

quadratic equation, then /2009 + 1 = e=b V2009 x 1= —2

a—7> a—b
Hence, (Cz b)(z); 9 _c= 2 x - Z — (v/2000 + 1)v/2000 = 2009 + /2009.
a — a — a —

2.44 %% Find all functions f(x) that satisfy the equation 2f(1 —z) + 1 =z f(x).

Solution: Replace © with 1 = in the equation: 2f(z)+ 1= (1 —xz)f(1 — ) (i).
Rewrite the original equation as f(1 — z) = %[:L’f(l‘) — 1] (ii). Substitute (ii) into (i):
2f(z) +1 = (1 — x)%[:vf(:v) —1] & 4f(x) +2 = af(x) = 1 — 22f(2) + = &

(2 =z +4)f(x) =2 -3& [(x) = 5.

2.45 %% If the equality ab = 2(c+ d) is always valid, show at least one of the equations
22+ axr+c=0 and 2° + bz + d = 0 has real root(s).

Proof: A; =a? —4c, Ny =b> —4d . Assume A; <0, then a?> —4c <0, then a® < 4c.
ab=2(c+d) & ab—2c=2d, thus Ay = 0> — 4d = b* — 2ab + 4c > V* — 2ab + a®> = (b—a)* > 0.

Similarly if we assume Ay < 0, then we will obtain Ay > 0.

2.46 Solve the equation log, z +1log, b =1 where a > 1,b > 1.

Download free eBooks at bookboon.com



ELEMENTARY ALGEBRA EXERCISE BOOK | EQUATIONS

. l |
Solution: ]ogax+logwb =1= li—x + é—b =1= lg T —1ga]gx—|—]ga]gb =0. To guarantee
a A

the existence of real valued solutions, we need A = lg”a — 41galgb = lga(lga — 41gb) > 0.
Since a>1, lga>0, thus lga > lgb* . Hence, a>b*. When 4 > p*, we have

lga+ v/1g%a —4lgalgh, thus = 10089V lg*a-4lgalgh)/2 \yhen o < b4, the original
2

lgx =

equation has no root.

2.47 %% The real number x satisfies the equation = \/ T — % + \/ I %, find the value
of [2x].

Solution: Let a—,/sc—— b=y/1—1,thenz=0a+b (i), a 2 _pP=x-1,

then a —b= 20 =21 =11 (ij)_ (i)+(ii):

2a=x—%—|—1:a2+1:>a —2a+1=0=a=1= x—%=1:>x2—x—1:

0:>m:L2*/5.Sincex>O,thcn x:1+2—\/5=>2x:\/5+1:>3<2x<4=>[2x]:3.
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2.48 ¥ Solve the equation a?*(a? + 1) = (¢ + a”)a .

Solution: a2 (a?+1) = (6% +a%)a & ¥+ 402 = ¢+ a1 & @3+ 2+ g2 4 gvl = (),
Since a # 0 by the definition of an exponential function, then we can divide both sides by a to
obtain @3 — a** ! — ¢ 1+ ¢* =0 (a* —a)(@® —a® ') =0=a® =a or a® = a*},
which imply © = 1 or = —1. We can verify that both x = 1,2 = —1 are roots of the original

equation.

2.49 % Solve the equation (x —1)* + (z + 3)* = 82.
Solution: Let y =z + 1, then the original equation becomes

(Y—2)'+ (y+2)' =82 (y* —4dy+4)* + (¥’ + 4y +4)? =82 & y* + 24y* — 25 =
0< (y2+25)(y2 — 1) = 0. Since y*>+25> 0,
then Y’ —1=0=y=+l=2+1=4+1=2=0 or v = —2.

Hence, the original equation has two roots * = 0,2 = —2.

Lo, 8 18
22420 —3 22420 +2 x2+4+2x+1

2.50 % Solve the equation

Solution: Let 2 + 2z 4+ 1 =y, then the original equation becomes

1 18 18 1 18
S T § = =2 —1Ty+72=0= (y—8)(y—9) =
y—4 y+1 y y—4  yly+1) w=8)y-9)

0=y=8 or y=09.
When y =8, we have 12 + 22 +1=8=2=—1+2v2 or z = —1 — 2V/2.
When y =9, we have 22 +22x +1=9=2=2 or x = —4.

We can easily verify that x = —14+2v/2,0 = —1—2v2,2 = 2,0 = —4 are roots of the
original equation.

2.51 % Let 21,22 be the two real roots of the quadratic equation 22 +2x—3=0, find the
value of 3 — 422 + 19.

Solution: 33% + T — 3= O, 33% + X9 — 3= O, thus f% =3 - xq, ZB% =3 — To. Vieta’s formulas
imply z; + 2 = —1. Hence,

r3—4234+19 = 21 (3—21)—4(3—x2)+19 = 331 —23+429+7 = 321 —(3—x1 ) +422+7 =
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2.52 %% If z,y, 2 are real roots of the equation system
—yz—8r+7 = 0,
v+ 22 +yz—6x+6 = 0,

find the range of z.

Solution: The system is equivalent to

yz = 22 =8z +7 (i)
Y+ 22 +yz = 62—6 (ii)

(ii)-() X3: y?*+22—2yz = =322 4+302—-27 = (y—2)* = =3(z—1)(z—9) > 0= (z—1)(z—9) <
0=1<z<9.

2.53 % If a,b, k are rational numbers, and b = ak + £, show the equation ax? +br+c=0
has two rational roots.

Proof: The discriminant A = 0% — dac = (ak + £)* — dac = (ak — £)%hus VA = £(ak — £).
In addition, ak — ; = ak — (b — ak) = 2ak — b. Since a, b, k are rational numbers, ak — ¢
is also a rational number, thus \/Z is a rational number, therefore the two roots of the

: . —btVA .
quadratic equation * = Qf are rational numbers.

2.54 %%k If @1, are the two real roots of the equation 2° + az +a— 1 =0, find the
value of a such that (7 — 3x9)(xe — 321) reaches the maximum value.

Solution: Vieta’s formulas imply 1 + 29 = —a, x129 = a — %, thus

(11— 3x2) (12— 311) = 102125 — 3(2? + 23) = 162125 — 3(21 +22)* = 16a— 8 —3a* =

—3(a — %)2 + % . Since the quadratic equation has two real roots, the discriminant
A=a®—4(a—3) = [(a—2) +V2][(a —2) — /2] > 0 which leads to a > 2+ V2 or

a <2 —+/2. Since 8/3€(2— \/5, 2+ \/5) , the extreme values should be obtained at

boundaries.

When a =2+ /2, (21 — 322) (7 — 321) = 4v/2 + 6.

When a =2 —+/2, (1 — 3x9) (e — 3x1) = —42+6.

Hence, when a = 2 + /2, (x1 — 329)(x9 — 371) reaches the maximum value 42 4 6.
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2.55 %% Given y =& —2m+4 find all values of = such that y is an integer.

r+1
Solution: y = f;:giig =1+ 5 glec A= mthen A2 — (B + 1)z +3\A—1=0

(% ). The discriminant A>0= 3A+1)?—=4\BA=1)>0=32—-10A—-1<0

— 5= 2\f <A< 5+2\f To make ¥ an integer, A should be an integer, thus \ =0, 1,2, 3,
substitute them into (%) to obtain * = —1,2 + V2,2 /2,1, 5/2,2,4/3.

2.56 %% Solve the equation \/12 -2+ \/332 - B =1

Solution: Squaring both sides to obtain
12- 8422 B9 1902 - WL M 19— ot 6 2VT0 et — a2 - 12+ B =

z|(z* —2? =124 23). Let 2* — 2> — 12 =1¢ and substitute it into the above equality:

Ax 120t + 2y = 22(2 + 20 4 B o 48t + 2 = 222 + 2 1 48t & 2% = 0Since z # 0,

then t =0, then 2* —2? —12=0, then 2? = '3’ which should be nonnegative, thus

x? =4, that is * = £2. We can easily verify that 2 = +2 are roots of the original equation.
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2.57 %% 'The real numbers «, 3,7 are roots of the cubic equation 2% + 2% — 4z +1 = 0.
Evaluate (1) o? + 82 +~2, (2) % + %a 4 ﬁ’ 3) a® + B3 + 3.

Solution: (1) Vieta’s formulas imply oo + 8 + v = —% (1), af + By +ya = -2 (ii),
afy = —1 (iii). (1)%-(ii) x2:

o + B2+ 42+ 2af + 267 + 2ya — 2af — 2By — 2ya = (—3)P — (-2) x 2 =
o + B2+ =41

1 1 1 _ atfty _ —1/2 _
@ taetas= % — a1

P . . . 2 . . .
(3) The original equation is equivalent to 2% = %45‘_1, substitute «, 3,7 into it and add
. 2 2 2 2 2
them up to obtain 3L 331 ~3 — —a®+da—1 | —f2+4B—-1 | —¥°+47-1 _ —(a"+B°+7%)+4(a+B+7)-3
P a4y 2 + 2 + 2 2
—41_9-3 5
— 4 — A2
= 2 = —43.

2.58 % Solve the system of equations

2 —zy+y*—19z—19y = 0,
ry = —6.

Multiply the second equation by 3 and add it to the first equation:
(r+y)?—19z+y)+18=0 & (z+y—1)(z+y—18)=0=z+y= lor

x4y = 18. We discuss these two cases separately.

When z +y = 1, we can treat ,y as two roots of the quadratic equation 22 — 2z — 6 =0 &

(z—3)(z4+2)=0= 2=3 or z=—2, thus we obtain two solutions (3, —-2),(—2,3).

When z +y = 18, we can treat x,y as two roots of the quadratic equation 2% — 18z — 6 =0
= 2 = 9 4 21/97 thus we obtain two solutions (9+ 2v/97.9 — 2@), (9— 2\/@,9—1—2\/@).
Hence the original system has four solutions (3,—2),(—2,3),(9+ 2v/97,9 — 2+/97),
(9 — 2¢/97,9 + 21/97).

2.59 %% Solve the equation z* + 852" — 100x~2* = —14.

Solution: Let y = 2%, then the equation becomes

Y+ 8—y5 — % = —14 < y® + 14y% + 85y — 100 = 0. Obviously y =1 is one root, that is,
x®” = 1 whose root is © = 1. Let «, 3 be the other two roots, then Vieta’s formulas
imply 1 +a+ 8 =—-14,a+ 3+ aff =85,af =100, from which we can obtain

a? 4+ 15a + 100 = 0, 82 + 158 + 100 = 0. The discriminant A = 15?2 — 400 < 0, thus

a, 8 do not exist. Hence, = 1 is the only root of the original equation.
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2.60 %% The equation 5r% — (10cosa)x + 7cosa + 6 = 0 has two identical roots, « is
one angle of a parallelogram, and the sum of two adjacent sides is 6, find the maximal area

of the parallelogram.

Solution: The quadratic equation has two identical roots, thus the discriminant
A =100cos’ a0 — 140 cosax — 120 =0 < Hcos’>a — 7Tcosa — 6 =0 = cosa = %&3- Since

|cosal <1, then cosa = 732 = —2. The angle of a parallelogram, «, is between 0° and

180°, and since cosa = —% <0, thus a € (90°,180°), then sina = /1 — cos?a = %. Let

one side of parallelogram has length u, then one adjacent side has length 6 — u. The area

S=u(6—u)sinw =u(6 —u)s = —3(u—3)>+ 2. Hence, the maximal area Syqp =

36
5

when u = 3.

2.61 %% Find all positive integer solutions (z,%y) of the equation

2/ + yv/T — V201 1z — /2011y + /201 1zy = 2011.

Solution: The equation is equivalent to | /7y, /z+/Zy/y—+/20112—+/2011y++/2011zy —
(V2011)%2 = 0 & /zy(va+/y)— V2011(y/z+/y)+v2011,/zy—(v/2011)* = 0 &

(VTY—+/2011)(y/z+,/y++/2011) = 0.

Since /r + /¥y + V2011 > 0, then /Zy — 2011 =0 = xy = 2011. Since 2011 is a
prime, then =1,y = 2011 or x = 2011,y = 1. Hence the original equation has two

positive integer solutions (1,2011), (2011, 1).

2.62 % 1,22 are two roots of the quadratic equation 2? — (k —2)x + k*+3k+5=10

where k is a real number, find the maximum value of z% + 3.

Solution: According to Vieta’s formulas, we have 21 + 29 = k — 2, 2129 = k? + 3k + 5, thus
22+ 2k = (1) + 29)? — 21120 = (K — 2)2 = 2(k* + 3k +5) = —(k +5)% + 19.

Since the equation has real roots, then the discriminant

A= (k—2)*—4(k*+3k+5) >0« 3k% + 16k + 16 < 0 = —4 < k < —3. The function

f(k) = —(k+5)*+19 is a monotonically decreasing function on the interval [—4, —3],

thus the maximum value is f(—4) = 18 which is also the maximum value of z? + z2.
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2
2.63 % Solve the equation % — §x + g + % = 0.

2
Solution:
@2 3 6 4 , 24 16 4, 4

Let 2 — 2=y, then ¥’ =6y +8=0=(y—2)(y—4)=0=y=2 or y =4.
When y =2, we have z — 2 =2=22-2r—4=0=2=1+ 5.

When y =4, we have s — 2 =4 =22 —do —4=0=2=2+2V2.
Therefore, the original equation has four roots 1 ++/5,2 4 2v/2.

2.64 %% m,n are positive integers, m # n, the equation

(m —1)a? — (m* + 2)x + (m? + 2m) = 0 and the equation

(n —1)2% — (n® + 2)x + (n2 4 2n) = 0 has a common root. Find the value of —* tn

m*TL _l’_ n*'f’n ’

Solution: The quadratic formula together with m > 1,n > 1,m # n gives us the

following: the first equation has roots = mn, ™42, and the second equation has roots z
2 . o
=n, 753, Since m # n, then m= "2 n = 22 Both of these two equalities give us the

same result: mn—m—-n—-2=0< (m—1)(n—1) =3.
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Since m,n are both positive integers, then we only have two possibilities:

m—1=1,n—1=3 orm—1=3n—1=1, which lead to m=2,n=14 or
m" +n"

m-" 4 n-m

2.65 %% We usually use [z] to represent the integer part of the real number z, here we

m=4,n=2, thus =m"-n™ =4%.2* = 256.

define {z} = = — [z] which is the decimal part of the real number x. (1) Find a real number
x to satisfy {x} + {%} = 1. (2) Show that all x satisfying the equation in (1) are not

rational numbers.

Solution: (1) Let x = m + a,% =n+ B (m,n are integers, 0 <, 8 < 1).
{e}+{i}=1ea+pf=1,thusz+-=m+a+n+f=m+n+1 is an integer.
Let I—l—%:k (k is an integer), that is z* — kx + 1 = 0 whose roots are
x:%(k:j:\/H)

When |k| =2, |z| =1 which does not satisfy the equation {z} + {1} =1.
When |k| >3, z = %(k‘ + Vk? — 4) which satisfies {x} + {%} =1.

(2) k* — 4 isnota perfect square (if it is, then k2 —4 = h?% ie. k2 — h?> = 4, but when |k| >3

the difference between two perfect squares is not less than 5), thus « is an irrational number.

2.66 %% The equation (22 —1)(z? —4) =k has four nonzero real roots, and these roots

form an arithmetic sequence, find the value of k.

Solution: Let y = x?, then the equation becomes y* — 5y +4 —k=0. Let o, f (0 < a < f3)
are roots of y?> — by + 4 — k = 0, then the original equation has four roots £+/cv, £1/3 . They
form an arithmetic sequence, then /3 — /a = \/a — (—y/a), then 8 = 9« . In addition, Vieta’s
formulas imply o 4+ 8 = 5, then we can obtain a = %, b= %, thus 4 — k =af = %, therefore
k=4-9=1
1= 7T

2.67 %% Given a real number d and |d| < 1/4, solve the equation
ot =223 + (2d — 1)2? + 2(1 —d)x + 2d + d*> = 0.

Solution: Rewrite the equation as d* + (222 — 2z + 2)d + 2* — 22® — 22 + 22 = 0 and treat it a
quadratic equation for d , then the quadratic formula implies d = —2* — z or d = —a? + 3z — 2.

Both are quadratic equations for = . Solve them to obtain four roots of the original equation:

T = —1+/1-4d —1—+/1-4d
- 2 2

3+\/§d+1’ 3_\/24‘”1. All these roots exist since |d| < 1/4.

Y Y

2.68 % Show that the z,y -dependent equation 2% — y* + dz + ey + f = 0 represents two
straight lines if and only if d*> —e? —4f = 0.
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Proof: The equation represents two straight lines, then we should have
22—y’ +drtey+f = (x—y+k)(x+y+k) =22 —y>+ (ki +ko)x+ (k1 — ko) y+ ki ko
Make the corresponding coefficients equal: ki + ky = d, k1 — k2 = e, k1ky = f. The first

dge, and substitute them into the third equation:

two equations lead to k; = %7 ko =

% . % = f> which is equivalent to d?> —e? —4f =0.

2.69 % Solve the equation logg(z* + 1)* — log, zy + log 5 1/y? + 4 = 3.

Solution:

logg(2? +1)* —logy xy +10g 5 v/ y? + 4 = 3 & logy(2° 4 1) —log, xy +logy (y* +4) =

3 & log, EHUEHY 3 o @HDEHY) g

zy zy
Since x,y # 0, we have
P+t + P +4 =8y o —y)P?+(ry—2?=0=20—y=0,2y —2=0.

Solve these two equations to obtain two solutions of the original equation:

(1,2),(—-1,-2).
2.70 % Solve the equation /x + vz + 7+ 22?2+ 7z =35 — 2x.

Solution:

VIHVT +T+2V22 + T2 = 35-22 & o+2 /x(x + T)+2+T+V/r+Vr + 7—42 =
0 (Vo+ve + 1)+ (Vr+vVz +7)—42 = 0 & (Va+vVz + 7+7) (VT +Vo + 7-6) = 0.

Since /x++Vx+7+7>0, then /x++x+7=06. Squaring both sides to obtain
2V x? + Tx = 29 — 22, and squaring again to obtain 144x = 841, thus = = 841/144 which

is the root of the original equation.

2.71 %% The z-dependent equation x? + p|z| = gz — 1 has four distinct real roots,
show that p+ |q| < —2.

Proof: When x > 0, the equation becomes x? + (p—q)x+1=0 (i); When z < 0, the
equation becomes #? — (p + ¢)z + 1 = 0 (ii). We need two positive roots from (i) and two

negative roots from (ii). Hence, the smaller root of (i) is greater than zero, and the larger

root of (ii) is less than zero, that is ZP=VWPZ0" 7% V;”_W‘ ~ ( and PretV(pte—4 \/(25”“1)2’4 < (0 (obviously
both discriminants need to be positive, (p —¢)> —4>0,(p+¢)*> —4 > 0). Therefore,
g—p>+/(p—q¢?—4>0 (i) and 0<+/(p+q)?—4<—(p+¢q) (iv). (iii) implies
q>p, and since (p—q)*—4>0, then ¢q—p>2, then p—q<—2. (iv) implies
p+q <0, and since (p+¢)> —4 >0, then p+ ¢ < —2. As a conclusion, p+ |q| < —2.
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2.72 %%k % Solve the functional equation f(z)+ f(:1) =1+az (z# 0,2 #1) ().

Solution: Replace & with ==L in (i): f(2=1) 4 f(=}) = 221 (ii). Replace & with ;=7 in
(i): f(z_—_ll) + f(z) = =2 (iii). (i)+(iii)-(il) = f(z) = xgi_(fibl — x;—f;;l, which is the only

solution of the original functional equation (i).

V3

Jtan 2z =0.

2.73 %% Solve the equation (1/3)!"% —

Solution: Let (v/3)%™2* =y (y > 0), then the equation becomes ¥
_gy_\ég =0 = y3—g\/§ _ 0$y3_9\/§: Oﬁy: 35/6 = (\/g)tan%v — 35/6 =

Y

2 — 3 = tan2r = 2 = 2z = kr + arctan 3 (k € \) :>ka:= Bt Larctan 3 (k € N).
Hence, the solution set of the original equation is {z|r = g + 3 arctan 3 ke N}.

2.74 % Solve the system of equations

lglz+y| = 1,

360°
thinking
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Solution: The system is equivalent to

lglz+y| = lgl0,
gL = g2,
2|
which lead to
lz+yl = 10,
y = 2|z|.

y > 0 is always true since y = 2|z| and x # 0.

When z > 0, the system becomes

z+y = 10,

whose solution is © = 10/3,y = 20/3.

When z < 0, the system become

z+y = 10,

whose solution is * = —10,y = 20.

We can verify that (10/3,20/3),(—10,20) indeed are solutions of the original system.

2.75 % Solve the equation 2z + /= + V& +2 +2v2? + 2z — 4 = 0.

Solution: The equation is equivalent to
T2/ T + 242+ 2+4/T+Vr +2—6 = 0 & (Vr+vz + 2)’*+(vVz+vr +2)—6 =0.

Let y=Vo+vVar+2 (y>0),then > +y-6=0= (y—2)(y+3)=0=y=2or
y = —3 (deleted). Hence,

VIFVI+2=2=2>Vi4+2=2-i=o+2=4-4Jr+z=Jr=1/2=c=1/4,

which is the root of the original equation.

2.76 %% Solve the system of equations

r+y+z = 3,
?+yt+ 22 = 3,
P42 = 3.
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Solution: z+y+z2=32x+y=3—2 (i), 22+ 1>+ 22 =3 <22 +y?> =3 — 22 (ii).
vy = (54?2 — (554)? = (352)? - (Ty) (ii). (D)2-(ii): gy = 820 Z)Q 3222 (iv). (iif) &(iv)

= ()P - (5 =0 2 3 - 1)+ (e -y =0 s =12 =y

Substitute them into (i) to obtaln x =1y =1. Obviously z =y = 2z =1 satisfies

z° + y° + 2° = 3. Hence, the original system has the solution x =1,y =1,z = 1.

2.77 %% Solve the equation 4z* + 122% — 472% + 122 +4 = 0.

Solution: Obviously # =0 is not a root, so we assume x # 0, then we can divide both
sides by @%: 42 + 122 — 47+ 2 + 55 =0, then 4(2* + 5) + 12(z + 1) =47 =0 (i). Let

x—i—%:u,then x2+x%:u2—2.

Substitute them into (i) to obtain 4(u? — 2) + 12u — 47 =0 = 4u®> + 12u — 55 =0 = u = 5/2
oru=—-11/2. Whenu=5/2,2+1=2=2"-524+2=0=12=2o0rz=1/2. When
u=-11/2,2+1 =-S5 =2’ +1lx+2=0=10= Him . Hence, the original equation

has four roots: © = 2,2 =1/2, 2 = _11% VI g — % V105

2.78 %% Solve the equation /10 — 2z + v/2x — 1 = 3.

Solution: Let /10 — 2z = a, /22 — 1 =b,thena+b=3. V10 -2z =a = a®> = 10 — 2z
@).V2r—1=b=b"=22—13i). )+()=>®+ 0 =9= (a+b)(@®—ab+0*)=9=a’>—ab+V? =3
(iii). Substitute @ = 3 — b into (iii): (3 —0)> — (B3 -0+ V> =3=0*-30+2=0=b=1
or b=2,

When b =1, (i))= = = 1.

When b =2, (ii)= = = 9/2.

We can verify that © = 1,2 = 9/2 are indeed two roots.

2.79 %% The real coeflicient equation 23+ 2kx? + 92 4+ 5k =0 has an imaginary root

whose modulus is /5, find the value of % and solve the equation.
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Solution: The equation should have two imaginary roots and one real root: a £ b, c. Vieta’s

formulas and the modulus \/5 lead to

a+bi+a—-bi+c = -2k
(a+bi)(a —bi) + (a+bi)c+ (a —bi)c = 9
(a+bi)(a —bi)e = —bk
>+ =5
=
2a+c = =2k
a2+ +2ac = 9
(a* +b%)c = —5k
a+b =5

—a=41,b=42c= 42 k= +2.
When k = 2, the equation becomes 3 + 42% + 9z + 10 = (and itsrootsare v = —1 4 2, v = —2

When k = —2, the equation becomes 2* — 4z* + 92 — 10 = Oand itsrootsare z = 1 & 2i, 2 = 2
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2.80 % Solve the equation z + logg3” = logg(4 — 5 - 97).

Solution: The equation is equivalent to logy 9 + logy 3" = logy(4 — 5 - 9%) = log, 3%* =
logg(4—5-9%) = 3% =4-5-3* . Let 3°=vy, then the equation becomes
Y45y —4=0=1y+1y*+4y*—4=0=(y+1) (P+4y—-4)=0=y=-1 or
y=—2(1++v2) or y=2(v/2—1). Since y =3° >0, then y = —1,y = —2(1 + /2) are
incorrect. Hence, y = 2(v/2 —1) = 3* =2(v/2 — 1) = x =log; 2(v/2 — 1), which is the

only root.

2.81 %% % Solve the system of equations

dz?
14422 ¥
4qy?
1142 O
42>
1+4:2 "
Solution: Obviously z > 0,y > 0,z > 0. The first equation together with

422 422

1442 = (1 —22)? + 4z > 4z leads to ¥ = 177,z < 7, = 2. Similarly, the second and

the third equations lead to 2 < y,z < z. Hence, z =y = 2, then

lﬁ; =r=4’ -4 +2=0 =222 —-1)>=0=2=0 or 2 = 1/2. Therefore,

(0,0,0),(1/2,1/2,1/2) are the solutions.

2.82 %% % Find all distinct real roots of the equation (2* — 32% + x — 2)(2® — 2% — 4w + 7)
+ 622 — 152 + 18 = 0.

Solution: Let A =2® — 222 + 324+ 5, B =2 — 32+ J, then the equation becomes
(A—-B)(A+B)+6B—-9=0= A>—(B-3)’=0=(A+B—-3)(A—B+3) =
0=A+B-3=0 or A—B+3=0.

If A+B—-3=0,then 2 —2? —4d2+4=0=(r—1)(z—-2)(z+2)=0=2=1 or
T = E2.

If A—B+3=0,then 2 -3z +2+1=0=(z—-1)(2*-2x—-1)=0=2=1 or
r=1+V2.

As a conclusion, the equation has four distinct real roots: © = 1,7 = £2,2 = 1 + /2.

2.83 %% % If a,b, ¢ are real numbers, ac < 0, V2a + V/3b + v/5¢ = 0, show the quadratic

equation az? + bz + ¢ = 0 has a root within the interval (3,1).
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Proof: Let f(x) = ax®+ bx + ¢, then

FC) - f)=(Ja+3b+c)(a+b+c)={(9a+12b+ 16¢)(a + b+ ). Since

V20 + v/3b + VBe = 0, b= ~V6a=vI3e, then 9a + 12b + 16¢)(a + b+ ¢) = (9a — 4v/6a

— 4y/T5¢ + 16¢)(a — Ba — YL 4 ¢) =(v/81 — v96)a + (v/256 — v/240)c|[2La +
Y1) = [(VBI — v/96)2 + (V256 —v/240)][2582 +

3
f(3)- f(1) <0, which implies that one root is within (2,1).

\/ﬁ] < 0> thus

2.84 %% % The real numbers a,b satisfy
ar +by = 3,
ar® +by* = T,
ar® +by> = 16,
azt + byt = 42,

compute az’ + ay® and z,y.

Solution 1: We have
(ax + by)(z + y) = az? + axy + by + by* = (az® + by?) + (a + b)zy;
(ax + by)zy;

(
(az? + by?)(z + y) = ax® + ax?y + bry® + by = (az® + by?)
(ax® + by?)(z + y) = az* + azdy + bry? + by* = (az* + by*)

)

+
+ (az® + by*)zy;
(ax* 4+ by*)(z + y) = az® + az'y + bry* + by’ = (ax® + by®) + (az® + by?)xy .

Substitute the given equations into them:

(x+y) = T+(a+bay (i),
T(r+y) = 16+ 3xy (i),

( ) = 424 Txy (i),

42(x+y) = (az® +by®) + 162y (iv).

(ii) x 7— (iii) X3: x + y = —14, substitute it into (ii): ry = —38. Substitute
r+y=—14,2y = —38 into (iv): az® + by® = 42(—14) — 16(—38) = 20.
In addition, z +y = —14,2y = —38 =2 = —7 — /87,y = =7+ V87 or
r=—T+87,y=—-7—/38T.
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Solution 2: Let a,, = az™ 4 by™, then a; = 3,a3 = 7,a3 = 16, a4 = 42. Let x, y be the two roots
of the quadratic equation t* — pt — q = 0, then 2% — px — ¢ = 0 = az"*? = paz"*™ + qaz™.
Similarly, by™*? = pby™*! + gby™. Add them up to obtain az™*? + by"*? = p(az™! + by™*!)
+ q(az™ + by™) = apio = pani1 + qay.

When n =1, 7p+ 3¢ = 16.

When n =2, 16p+ 7q = 42.
Solve 7p 4+ 3¢ = 16 and 16p + 7q = 42 to obtain p = —14, ¢ = 38, thus a,,,2 = —14a,1 + 38a,.

Hence, ax® + bx® = a5 = —14 x 42 + 38 x 16 = 20.
Substitute p = —14, ¢ = 38 into the equation z* — pz — ¢ = 0: 2+ 14r—38=0=2=—T+37.

Substitute p = —14, ¢ = 38 into the equation t* — pt — q = 0: t* + 14t — 38 = 0. Since z,y are
the two roots, then Vietds formulas imply « +y = —14, thus y = —14 — 2 = —7 F v/87. Hence,
the system has two solutions: (—7 + \/8_7, -7 — \/8_7), (—7— \/8_7, -7+ \/ﬁ)
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2.85 %k Given f(z)=lg(z?+ 1), solve the equation f(100” — 10**!) — f(24) = 0.

Solution: The function f(z) = lg(z* + 1) has the domain (—o0,+00), and it is

decreasing on (—00,0) and increasing on (0, 400). In addition, it is an even function. Hence,

F(1007 — 10°1) — £(24) = 0 < f(100% — 107+1) = £(24) < 100° — 107+ = +24.

When 1007 — 10°+! = 24, we have (10%)2 — 10- 10" — 24 = 0 = (107 + 2)(10% — 12)
= 0= 10" =12 = 7 = lg 12 since 10° +2 > 0.

When 100° — 107+ = —24, we have (10%)2 — 10 10% + 24 = 0 = (10° — 4)(10° — 6) = 0 = 10° = 4
or 10" =6=x=1g4 or z =1g6. Therefore, the original equation has three roots:

r=1gl2,x=1g4,z =1g6.

2.86 %% % The equation z*+ az® +bz? + ax +1 =0 has at least one real root, where

a,b are real numbers. Find the minimum value of a? + b°.

Solution: x = 0 is not a root, so we assume = 7 0 and divide both sides by 2? to obtain
(z+ 1) +alz+H4+b-2=0 @. (z+1)P=22+2+L=@—-1)?+4>4 , thus
|z + 1] > 2. Let y =z + <, then (i) becomes y*>+ay+b—2=0 (Jy| >2) (ii). (ii) needs
to have a real root and |y| > 2, then 12| + | V a2724(b72)| > |7“iV a;74(b72)| >2 , thus
Va2 —4(b —2) > 4 — |a| . Now we are ready to find the minimum value of a? + b2. Without

loss of generality, assume a > 0.

(1) When a < 4, we have \/a? —4(b — 2) > 4 — a > 0, taking square to obtain 2a > b + 2. When
b+2>0,b> -2, 40 > 0> +4b+4, then a®> + 0> > L(0? +4b+4) +0? = 3(b+ 2)? + 4.
Hence, a? 4+ b has the minimum value % when b = —%. When b+2<0, b < -2, then

a?+ b0 >0 >4 >3

(2) When a > 4, we have a® + b > a® > 16 > 2.
5

4

As a conclusion from (1)(2), a® + b? has the minimum value =

2.87 %% %% If a,b are distinct prime numbers, show the z,y-dependent equation
Vv +/y = Vab has no positive integer solution.

Proof: We prove the result by contraction. Assume the equation has a positive solution z,y
such that \/z 4+ /y = Vab holds. Taking square to obtain  +y + 2,/zy = ab , thus /Ty
is a rational number. xy is a positive integer whose square root is either a positive integer

or a irrational number. Hence, ,/xy has to be a positive integer.
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On the other hand, multiply /z + /y = Vab by /z: z+ /7y = Vabr, thus Vabz

is a positive integer. Since a,b are distinct prime numbers, then = = abt?, ¢t € N'. Same
logic follows for y: y= abs®, s € N . Therefore, VT + VY=V ab  becomes
Vab(t +s) = Vab = t + s = 1, a contradiction to t + 5 > 2. Asaresult, /z + ,/y = Vab

has no positive integer solution.

2.88 %% % 'The real numbers z,y, 2 satisfy the equations

r+y+z = 2,

ryz = 4.

(1) Find the minimum value of the largest one of z,y, z; (2) Find the minimum value of
[ + [yl + 2] -
Solution: (1) Without loss of generality, assume x is the largest one among x, y, z, that is,
x > y,x > z. The first equation implies that > 0 and y + 2 =2 — 2z, and the second
equation implies yz = 2, thus ¥,z are the two roots of the quadratic equation
u® — (2 — z)u+ 2 = 0. The discriminant
A=Q2-2)-4-220=2" 42’ +42-16> 0= (2®+4)(z—4) > 0=2-4>0= 2 > 4.

Hence, © = 4 is the minimum value of the largest one of x,y, z. At this time, y = 2 = —1.

(2) Since zyz > 0, then z,y, 2 are all positive, or they are one positive two negative.

If z,y,2 are all positive, (1) implies © > 4, a contradiction to v +y + 2 = 2.

If x,y, z are one positive two negative, without loss of generality we assume > 0,y < 0,2 <0,
then |z|+ |y|+|2|=0v—y—2=0—-(y+2)=2—(2—2) =22 —2. (1) implies = > 4,
thus 22 — 2 >6. v =4,y = z = —1 satisfy all conditions and the equal sign is obtained in the
inequality. Hence, the minimum value of |z| + |y| + || is 6.

2.89 %% % a,b,c are nonzero real numbers, solve the system of equations

(x+y)(z+z2) = a* (i)
(y+2)(z+y) = 0%, (i)
(x+2)y+2) = & (i)

Solution 1: (i) x (ii)/(iii), (i) x (iii)/(ii), (ii) x (iii)/(i) =
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212
o a‘h
(z+y) = e
a’c?
(17 -+ 2)2 = b—2
b2 c?
(y+2)° = 2
=
ab .
r+y = :I:? (iv)
r+z = :I:% (v)
be .
y+z = :I:; (vi)
. . 2024022 —p2c2
[(iv) 4+ (v) — (vi)]/2 = o = £e0HL o=
. . L a@2B b2 —a2e?
[(iv) + (Vi) = (V)]/2 = y = £ 5=
. . Q22122 —a2h?
[(v) + (vi) = (v)]/2 = 2 = =0 0=
Ijoined MITAS because e e L e A
for Engineers and Geoscientists

I wanted real responsibility www.discovermitas.com

L]
Ved 3 s & &
4o s

I was a construction
SUpervisor in

the North Sea
advising and

emm  helping foremen
solve problems

Download free eBooks at bookboon.com

Click on the ad to read more

82



http://s.bookboon.com/mitas

Obviously (iv)(v)(iv) should have the same sign on the right hand side. Hence, the original

2024022022 a2B24+b2c?—a2c?  a2c®+b2c2—a2b? )
2abe ’ 2abc ’ 2abe ’

system has two solutions: (

a2b24a22—b2 2 a2b2 b2 2 —a2c2 a2 422 —a2p?
(_ 2abc » 2abc » 2abc )
Solution 2: (i) x (ii) % (iii): (z + y)*(x 4+ 2)*(y + 2)* = a*V** = (z + y)(x + 2)(y + 2) = *abc
(iv). (v)/7(0), )/ (i), )/ (i) = y + 2 = £, 2+ 2 = £% 7 + y = £2 . The right hand side

should have the same sign, thus

bc

y+z = —
a

n ac
r+z = —
b

ab

r+y = —
&

or

bc

ytz = ——
a
N ac
rT+z = ——
b
ab
r+y = ——
c

They lead to the two solutions same as Solution 1.

2.90 %%k %k Nonnegative real numbers , y, z satisfy 452 +9%+4z _ g8 x 9voz+9y+iz 4 o565 — ()

Find the maximum and minimum values of = + y + z.

Solution: Let 2V +%+%2 — ¢ | then > — 68t +256 =0 = (t —4)(t —64) =0 =t =4 or
t = 64.

When t =4, 2VootWHz — 4 — 92 — | /By 1 Oy + 42 = 2 = 5 + Oy + 42 = 4.

When t = 64, 2V57H%H+12 — 64 = 26 = | /Br + Oy + 42 = 6 = 5 + 9y + 42 = 36.

Since ,y, z are nonnegative real numbers, 4(x +y +2) <bzx +9y+ 4z < 9(z +y + 2).

When 5z + 9y + 42 =36, x +y + 2z <9, thus x + y + 2 has the maximum value 9, which
can be obtained when z =y =0,2=9.

When 5z +9y+4z=4, v +y+2>4/9, thus * +y + 2z has the minimum value 4/9,
which can be obtained when =2z =0,y =4/9.
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2.91 Y% %% Solve the equation z* — [z] = 3.

Solution: x = [z]+{z} = [z] =2 —{z} , then the equation is equivalent to
2 —(x—{z}) =32 —2=3—{2}.Since 0 < {2} <1, then2<2’—2<3&2<
(x —Dax(x+1) <3 (0H). When x < —1, (z — 1)z(x + 1) <0, (%) has no solution. When
r>2, 2> —x=ux(x?—-1)>2(2%—-1) =6, 0X) has no solution. When 1 <z < 2, [z] =1,
then the original equation becomes 2° — 1 = 3 = 2% = 4 = x = /4, which is the root of the
original equation.

2.92 k% k% The z-relevant equation (a* —1)(z%)* — (20 +7)(z% +1 =0 has real
roots. (1) Find the range of the parameter a. (2) If the equation has two real roots 1, x2,

3
and 7747 + 5,27 = 11, find the value of a.

Solution: (1) Let ;%7 =1, ¢ # 1, then the equation becomes (a? — 1)t* — (2a + 7)t + 1 = 0.

When ¢?> — 1 =0, a = £1, the equation is equivalent to =9t +1 =0 or —5¢ + 1 = 0, thus

T T 1

1 :
t=gort=3z When t =3 ;% = § whose root is = —3. When ¢ = £, ;%7 = 5 whose

root is T = —i. Hence, the original equation has real roots when a = +1.

When a # +1, the equation (a? — 1)t* — (2a + 7)t +1 =0 has real roots if and only if
A= (2a+T7)?—4(a® - 1) = 28a+ 53 > 0 which implies a > —53. When a = —2%, the

28>
equation (a* —1)t? — (2a+ 7)t + 1 = 0 has two identical roots which are not one. Hence,

when a > —%, the original equation has real roots, that is, the range of a is [—%, +00).

(2) Since 7, =27 are the two roots of (a? — 1)t? — (2a + 7)t + 1 = 0, Vieta’s formulas

r1—1> xo—1

- _ 2047 1 L2 — 3
imply T oy = On the other hand, we have 5+ ;%7 =17, thus

B =13=>30"-220 —80=0=(a—10)(3a+8)=0=a=10 or a=—5. Since

wloo

a > —%, then a = 10 is the only possibility.

2.93 %% % Solve the equation 2log, a + log,, a + 3log,., a = 0.

Solution: If a = 1, then the equation becomes 6log, 1 = 0 whose solution set is > 0 but

x# 1.
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Ifa>0buta # L,thenz > 0,z # 1,z # +,x # —5andlog, a = on ——,log,, a = bg:zgfﬂlgw =
m,lOgaz a= 210giofiﬁ>gax = 2+1;gaw . The original equation is equivalent to
10g2ax + 1+1§gaw + 2+1§ng =0. Let t=log,z, then 2 1Tt 2Tt =0= % =0

=612+ 11t +4=0= (3t+4)(2t+1) :0:>t=—§ or t = —%. When t = —%, then
log, x = —% = 1z =a"3 When t = 2, then log, z = —% =z =a"2. It is not difficult

_4 —
3

. 1 . ,
to verify that * = a™ 3,2 = a™ 2 are roots of the original equation.

2.94 %%k The coefficients of the last three terms of the expansion of (z'8% 4 1)"
positive integer roots of the equation 3v*. 9710y . 81-11 — 1 The middle term of the expansion

is the root of the equation 3,/ = 0.17? + v/2m, find the value of = .
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Solution:

39710081711 = ] & 39°.37200.371 =30 = 290y —44 =0 = (y+2)(y—22) =

0=y =—2 or y=22. We only need positive integer roots, so y = 22. The coefficients
of the last three terms are "2 4+ C"~! + C" = 22, then

24041 =2= "2y =921 = p?4n—-42=0= (n+7)(n—6) = 0= n =6 since

n+7>0.

37 =0.1724V2m & 3v/2m =100+ v2m = v2m = 200 = m = 20000.

Since n = 6, the middle term of the expansion is

Ty = C§(a'e7)3 = X3X3(2'87)3 = 202'87. According to the condition of the problem, we
have 202387 = 20000 = z3'8* = 1000 = lgz3'8% = 1g1000 = 3(lgz)? = 3 = lgz =

+1 = 2 =10 or z = 1/10.

2.95 %% %% Let p be an odd prime number, find all positive integer roots of the equation
2> =y(y+p).

Solution: z? =y(y+p) < (z+y)(x —y) = py. Since p is a prime number, we have
plz —y or plx+y. If plr —y, then x —y > p (note that > y), thus we should have
r+y <y, impossible. Thus p|z +y. Let z+y =pn (i), where n is a positive integer,
then the original equation becomes n(z —y) =y, thus nly and z = "Tﬂy. Hence,

rT+y= 2”—n+1y (ii). ()&(ii) lead to (2n+ 1)y =n’p . Since (n?,2n+1) =1, we have

1

n?ly. (2n+1)% =p and p is a prime, thus 2% =1, then p=2n+1=n =", then

-1 -1 1 21 .
y=n?=(E)% ="y ="Hp? = pn(n41) =23 . 252 = 2= | Therefore, the original
. .. . 21 -1
equation has only one positive integer root: © = 25—,y = (5)%

2.96 %% %% Consider the real coeflicient equations

am% +bxi+c = x4
ars +bry+c = w3

2
ar, +br,_1+c = =z,
a:ci +bx, +c = x

where a # 0, show thatwhen A = (b — 1)? — 4ac = 0, this equation system has a unique solution.
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Proof: The system is equivalent to

ari+ (b—Dxy+c = zy—14

ars +(b—1Dzg+c = 23— 19

az’? 4+ (b—1Drp1+c = T, — Ty
24 (b—Dap,+c = x,— 24

and we can observe that A = (b —1)? — 4ac is the discriminant of the quadratic equation
ar?+(b—1)xz+c=0. When A=0, az?+ (b—1)z; +¢ is a perfect square, i.e.
az? + (b—Dz; +c=alz; + B1)? (1=1,2,3,---,n). If a <0, then a(z; +%1)* <0,

thus 29 — 21 < 0,23 — 22 <0, , 2, — 2,1 < 0,21 — 2, <0, which is equivalent to
Ty > Ty > Ty > > Ty > Ty > 21. Hence, we can only choose equal sign in all these
inequalities, thatis, v =2y =23 =--- =12, = 12—_ab. If a > 0, same logic follows to obtain

=9 = 23 = =z, =2 lusi h i h i luti
Ty =Ty =1x3= "=, = .. Asa conclusion, the equation system has a unique solution
when A = 0.

2.97 JdkdkKk Given f(1) =1 and when n > 1, ol = 2O find f(n).

Solution: Multiply fn )1) = 2"1f gf(lnH by f(n)[1 —2f(n)] to obtain
f(n—1)=2f(n— l)f(n) =2nf(n—1)f(n)+ f(n), which is equivalent to

f(n—=1)—f(n) =2(n+1)f(n)f(n—1). Divide both sides by f(n)f(n —1) to obtain

f(ln) Fon-1) : 7 = 2(n+1). Replace n with 2,3, n successively to obtain

1 1 1 _

o T Fm = 2% 3 ()_() =2x4,- m_f(nl) 2(n+1). Add them up to
obtain f(ln) f(l) =2B+44---+(n+1)]=2x w = (n—1)(n+4). Hence,
=y T (=D +4)=5+0"+3n—4=n"+3n+1.

1

A lusi T gl
s a conclusion, f (n) 3]

2.98 %% %% Solve the equation %(a”C +a*)=m.
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Solution: Multiply the equation by 2a” and reorganize it to obtain a?** — 2ma” + 1 = 0. Let
t=a* (t>0), then t? —2mt+1=0. When A=4m?>—-4>0, i.e. m>1 or
m < —1, the t -dependent equation has real roots: t; = m — vm2 —1 Jto =m + vVm2 —1.
If m =1, then ¢, =t = 1, thus a” = 1, the original equation has a unique root x = 0. If
m>1, m+vm2—1>m—+vm2—1>0, then a* = m + v/m?2 — 1, that is, the original
equation has two distinct real roots: z =log,(m+vm2—-1) . If m<1,
since |m| > vVm2—=1, then m< —vV/m2—1, then m—vm2—1<m++vm2—-1<0.
a® = m + vm? — 1 has no solution since a* > 0. As a conclusion, when m < 1, the original
equation has no root; when m =1 , the original equation has a unique root = 0; when

m > 1, the original equation has two distinct roots z = log,(m £ vm? —1).

2.99 %% %% Solve the system of equations

P42 = 18
oy —y Mt = =3

222 = 4

to obtain real solutions.
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Solution: Let 22 = u,y = v, 2"/2 =t , then the system becomes

w ot 4+t = 18 (i)
w—uvt = =3 (i)
ut = 4 (iii)
()+(ii) x2-(iii) x2: w2 +v?+t242uv—vt—ut) =4 & (u+v—t) =4 = utv—t =42 =

u—t = —v=£2, substitute it into (ii): v £ 2v — 3 = 0 whose roots are v = £1 or v = +3.

u—t = =3
ut = 4
t—u = -3
ut = 4
3u—3t = -3

ut = 4
3t—3u = -3
ut = 4

Solve them to obtain (u,v,t) = (1,1,4),(—4,1,—-1),(4,—1,1), (-1, —1, —4),
VIT-1 VIT+1
( 2 737 2+ )

(\/i+1737 \/zfl%(\/z-i-l’ 3 \/i—l), (\/z—l’ -3 \/Trl). Notice that the

Y

second, fourth, sixth, eighth solutions have negative u = x? which is impossible,

therefore all possible solutions of the original system are

y| 1 |-1 -3

P 16 1 9417 9—17
2 2

z |+l | +2 i\/@ i\/@
3
7

2.100 %% %% Find the polynomial p(x) defined on a set of real numbers such that
p(0) =0 and p(z* + 1) = [p(z)]* + 1.

Solution: Let = 0 and substitute into p(z* + 1) = [p(z)]* + ltoobtain p(1) = [p(0)]* +1 =1
since p(0) = 0. Choose = = 1,2 to obtain p(2) = [p(1)]*+1=2,p(5) = [p(2)]* + 1 =5.
Keep going, we have p(26) = [p(5)]> +1=26,p(26* + 1) = [p(26)]*+1=26>+1,--- .
Hence, the equation p(z) — = = 0 has infinitely many roots: 0, 1,2, 5,26,26% + 1, - - -. Since
p(x) — x is a polynomial, p(z) —x = 0 always holds, that is, p(z) = x.
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3 INEQUALITIES

3.1 Determine the order of the numbers %, log; 2, %

s 4 _ 4 lg2 _ 4lg5-91g2 _ 1g5%-1g2°  1g625—1g512 4
Solution: § —logs2 = 3 B = 05 = o oRE = ogs > 0, thus 5 > log; 2.
2 _ g2 2 _ 5lg2-2Ilg5 _ 1g32-1g25 log. 2 > 2 45 100.2> 2
logs2 — 2 = {£2 — 2 = 222l _ B ), thus log; 2 > £. Hence, 3 > log; 2 > £.

3.2 Solve the inequality ﬁ <logj o < 1.

Solution: ﬁ < logg.lx <l=1<logy,z< 1—100r —1<logy,z < _1_10 S 0l<z< Y01
or V10 < z < 10.

3.3 a,b,c,d are positive numbers, show +/(a + ¢)(b + d) > Vab + Vcd .

Proof: ad + bec > 2V abed < ad + bc + ab + cd > ab + 2v/abed + c¢d < (a + ¢)(b + d) >
(Vab +Ved)? & /(a+c)(b+d) > Vab+ Ved since a,b,c,d > 0.

3.4 % Given —1 <u+v <1,1<u—2v<3, find the range of 2u + 5v.

Solution: Let 2u + bv = )\1('& + U) + )\Q(U — 2?)) = ()\1 + )\Q)U + ()\1 — 2)\2)11 5
then A\ + Ao =2 and \; — 2X\y, = 5. Solve them to obtain A\ = 3, \y = —1.
Hence, 2u + 5v = 3(u+v) — 1(u—2v) € [(-1) x3—-3,1 x3—1] =[-6,2].

3.5 Given |h| < §,|k| < §, show [2h —3k[ <e.
Proof: |h| < $ & -5 <h<f& —5<2h<5.
k<& —§<k<ze —5<3k<s.
Hence, —¢ < 2h —3k <e & |2h —3k| < ¢.

3.6 Show the inequality £ -2-2- ... o < 1
21 2 3 4 .. 9 98 99 100 ; ; itiece L3 L 97, 99
Proof: 5 < 5,4 < z, o5 < 99> 700 < To1- Multiply all these inequalities: 5 - % % 10 <
2.4 ... 98 100 ; o ; 1.3, .... 97 .99, (1 3 ... 97 . 99 \2 1
3°5 99 * 101~ Multiply this inequality by ; -} o8 " 100° (3" 4 o8 " 106) < Tor°
. 1.3 97 . 99 1 1
Take the square root to obtain 53 "3 * """~ 98 " 100 < Vior < 10-
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3.7 Solve the inequality lg(z* — z — 6) < Ig(2 — 3x).

Solution: The inequality holds if and only if

2—r—-6 > 0

2—3x > 0
2 —r—-6 < 2—3z

r<-—-2 or >3
<2
—4<r<?2
= —4 < 2 < —2, which is the solution of the original inequality.

3.8 % a,b are real numbers and a® + b* = 2, show a + b < 2.

Proof: Suppose a+b>2,then b >2—a= b0 > (2—a)® =8 —12a + 6a®> — a®> =
a® +b° > 8 —12a + 6a> = 6a* —12a+6+2=06(a—1)?+2>2 , a contradiction to
a® 4+ b> = 2. Hence, a + b < 2.
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3.9 The rational numbers a, b, c,d satisfty d > ¢ (i), a+b=c+d (i), a +d < b+ c (iii),

determine the order of these four numbers.

Solution: (i) = b+ d > b+ c. This together with (iii) implies a +d < b+ d, thus a <b.
(iii)-(ii)) =d—-b<b—d=d<b. (ii) =b—d=c—a, since b—d >0, then c—a >0,
i.e. ¢ > a. As a conclusion, we obtain the order a < c < d <b.

3.10 If the inequality ax? +bx —6 < 0 has the solution set {z| —2 < z < 3}, find the

values of @ and b.

Solution: The condition implies that the equation az®+ bz —6 =0 has two roots

r = —2,x = 3. Vieta’s formulas imply
a
—24+3 = —2
(—2)x3 = —
from which we can obtain a =1,b= —1.

3.11 Given 2z + 6y < 15,2 > 0,y > 0, find the maximum value of 4z + 3y .

Solution: 2x+6y§15@y§%:g—§x , thus 4x+3y§4x+1§5—x:3x+%.

yEOé%—%xEOéwS%. Hence, 4x+3y§3><12—5+12—5:30, which implies that

the maximum value of 4x + 3y is 30.

3.12 % Given (m + 1)a® —2(m — 1)z + 3(m — 1) < 0, find all real values of m such that

the inequality has no solution.

Solution: The inequality has no solution if and only if

A=4m—-12-12(m+1D(m—-1) < 0

m+1 > 0
=
mi4+m—2 > 0
m+1 > 0
=
m<-—-2 or m>1
m > —1
=m>1
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3.13 The inequality \/z > ax + % has the solution set {z|4 < x < b}, find the values of
a and b.

Solution: /z > az + 2 < a(y/z)? — /z+ 32 <0 . The solution set {z|4 <z <b} is
equivalent to {z]2 < /z < Vb} . Vieta’s formulas imply

1

2+Vh = -

a
2\/13:i
2a

a > 0

=a=z:,b=36.

Qo=

3.14 If the inequality 2? —az —6a <0 has solutions, and the two roots z1,z2 of

x? — ax — 6a = 0 satisfy |z — 23] < 5. Find the range of the real number a.

Solution: The inequality has solutions if and only if A = a®+24a>0<a >0 or a < —24.
Vietas formulas imply
T +2To = a
T1x9 = —6a
|z — 29| = \/(3:1 —19)? = \/(3:1 + x9)% — 4x179 = Va2 + 24a < 5, that is
a’>+24a—25<0= (a+25)(a—1)<0=—-25<a<1.

As a conclusion, @ has the range: —25<a < —-24 or 0 <a <1.

3.15% If0 <a<1,0<b<1,0<c< Ishowitisimpossible that (1 — a)b, (1 — b)c, (1 — ¢)a

are all greater than 1/4.

Proof 1: We prove the conclusion by contraction. Suppose

(1—a)b> 1, (1—0b)c> 1, (1—c)a> i Multiply them to obtain

abe(1 —a)(1 = b)(1 = ¢) > g5. On the other hand, ( < (1 - a)a < [L=ta]? = L, similarly
we have 0 < (1-0)b< 1, 0< (1 —c)e< 1. Multiply them to obtain

abce(1 —a)(1 —b)(1 —¢) < &, a contractions.

Proof2: Since 0 < a < 1,0 < b < 1,0 < ¢ < 1, welet a = sin® o, b = sin” 3, ¢ = sin® 7, then
(1—a)b-(1=b)c-(1—c)a = abe(1—a)(1—b)(1—c) = sin® asin® B sin? 7y cos? o cos? B cos? v =
Lsin?2asin? 26sin? 2y < &> thus it is impossible that (1 —a)b, (1 —b)c, (1 —c)a are all

greater than 1/4.

Download free eBooks at bookboon.com



ELEMENTARY ALGEBRA EXERCISE BOOK | INEQUALITIES

316If 1<z <1,-1<y<1,show |fra] <1.
Proof: {54 < 1 & (HL)P2 <1 e (490 < 1+’ & 2>+ < 1+2%° &
(22 — 1)(1 — y?) < 0, which is obviously valid since —1 <z <1,-1 <y <1.

3.17 %% Given f(z)= lg% (a€R), (1) f(x) is well defined when x < 1, find

the range of a, (2) if 0 < a <1, show 2f(z) < f(2z) when x # 1.
Solution: (1) Since 1 +2° +a-4" >0, a > —[(3)” + (3)"]. Since (3)", (3)* are decreasing
functions on the interval (—oo,1], then —[(})*+ (1)*] reaches the maximum value

—(i+%)=—%at$:1,thus a> -3

(2) Use the inequality *2+¢ <, / “2“;’2“2 to obtain (1+2%4a-47)? < 3(14+4%+a*-16%) <.

3(1447+a-167) = LAfells o (LE254ed)2 “ehac is f(22) > 2f ().
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3.18 % If a,b,c > 0, show 2(22 — V/ab) < 3(2tte — Vabe).

Proof: 2(“74“” —Vab) < 3(%“0 —Vabe) & a+b—2vVab < a+b+c—3vVabc & c+2vab >
3¢/abc - We only need to show the last inequality. ¢+ 2vab = c++ab+ab >

3\3/0- Vab - vab = 3 abe -
21+3

3.19 % Given the function f(x) = 218> (1) find the maximum value of f(z), (2) show

f(a) < b* —4b+ L for any real numbers a,b.

Solution: (1) f(z) = ifffg = QIE%

IN

2\/2800-2%C - 4\% = \/§> thus f(x)max = \/§

(2) Since f(a) < v2andb? —4b+ L = (b—2)2+2 >3 > /2 wehave f(a) <b* —4b+ L
for any real numbers a,b.

3.20 % Show 2(vn+1-1) <1+ 5+ S+ + 5= <2y/n forany n € N.
1 2 2 _ _ 1 1 1

Proof:ﬁ—m>m—2(\/k+ —\/E).Letm—l‘f‘ﬁ—i‘%-l-”-—i-%,

thenm>2(ﬂ—1+\[—\/§+---+\/n+ —vn)=2(vVn+1-1),

and m <21 -04+vV2—1+V3—-V2+---+y/n—+vn—1)=2yn.

Hence, 2(vVn+1-1) <1+ 5+ =+ + 5= <2y/n

3.21 % Given a®2 + 0>+ =1, show —% <ab+bc+ca <1.
2

Proof: a? + b* > 2ab, b* + ¢* > 2bc, * + a* > 2ca, add them up to obtain ab+ bc + ca <
<a?+0?+c2=1. Since (a+b+c)?>0, a>?+ >+ +2(ab+bc+ca) >0 , then
ab+bc+ca2—%(a2+62+02):—%, thus —%gab+bc+ca§1.

3.22 %%k Given a,b,c¢ > 0, show 755 + 7% + -2= > 3,

¢ 4 _a 4 b _ atbtc | atbtc | atbte _ 9 _ A o4 Loy 1y g
PrOszz-&-b + b+c + cta = a+tb + b+c + cta 3= (a +o+ C>(a+b + b+c + c-l—a) 3=

sla+b)+ 0+ +(ct+a)llH+m+ ) —3> 353 (at+b)(b+c)(c+a)-

1 9 _9_3
b’ btc cta 3_2 3_2'

w0
w
)
3
‘H
o

3.23 Solve the inequality /22 +5 > x + 1.

Solution: To make the square root valid, we need 2z +5>0< z > —2. When z +1 <0,
ie. < —1, we have v/2x4+5>0 >z + 1, thus the original inequality has the solution
—% <2 < —1. When x > —1, the original inequality has the solution —1 < x < 2. The union

of these two solution sets provides the solution of the original inequality: {z| — 2 <z < 2}.
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3.24 % Solve the inequality z'%8.® > 0046;_2\/5 (a>0,a+#1).

Solution: When a > 1, take the log with base a on both sides to obtain

(log, )? > $log, z —2 = 2(log, z)* —9log, z+4 > 0 = (2log, z —1)(log, z —4) >
0=log,z <% orlog,z>4=0<z<+a orz>a". When 0 <a <1,

(log, )? < 2log, z — 2 = (2log,x — 1)(log,z —4) < 0 = L <log, v <4 = a’ <
r<+a-

3.25 %% Given a >0,b>0,¢>0,a+b+c=1, show (1+1)(1+})(1+1)>64.

Proof: Since a,b,c>0,a+b+c=1, then 1_,_1:1_,_%:2_’_&22_’_2_\/%2

> 9,/9. 2 _ 4, / c. Similarly we can obtain 1 41 >4,/ vea +3> 44/ Yab . Multiply

these three 1nequalmes to obtain (1 + 1)(1 4 1)(1+ 1) > 44 /T 4 % A /T — 64.

326 % Show + + 5+ 5+ -+ >1forne€N,n>2.

n

Proof: 1+ -+ -t b b>np by b Lol

3.27 % Given >0,y >0, show 3(z+y)? + 2z +y) > 2y + y /.

Proof: %(:U +y)? + l(x +y) = 1(37 + Yl +y) + l] = 1(5’5 + y)l(z + l) +(y+ i)] 2

VEYl(z +3) + (y + >\/_2\/ a:+2\/4y VTY(VT + /U) = 2/T + Y /T -

3.28 % Show § < 572 <3,

Proof: Let ¥y = 2;x+1,then yr’+yr+y—2*+r—-1=0& (y— )2’ +(y+ Dz +y—1
= 0. Consider the discriminant A = (y+1)?—4(y—1)? = —3y?+10y—3 > 0 = 3y*—10y+3
<0=(By—-1)(y-3)< 0= <y<3.

3.29 % a,b,x,y are positive numbers and satisfy a +0= 10,2 + 5 =1, and z+y has

the minimum value 18, find the values of a,b.

Solution: The conditions imply that z +y = (%—i—%)(:ﬂ—i-y) = a—l—b—l—%—l—% = 10—1—%%—% >
1042, /% 2 = 10+ 2v/ab. Since & + y has the minimum value 18, then 10 4+ 2v/ab = 18 =
Vab =4 = ab = 16. Solve

a+b = 10
ab = 16

to obtain a =2,b=8 or a =8,b = 2.
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3.30 % If x,y > 0, find the maximum value of \/jgg

oty+2 2 2
Solution: f(z,y) = f;+\yf,f2( y) = +y¢,:rf—1+xg<1+r 2, thus f(z,y) < V2,

which means the maximum value of ~Z=7 M is v/2.

Nt

3.31 %% Given z > 0, show :I:+ +

&I*—‘

Solution: Let f(x) = = + %(x > (), then x —|- 1>91et2 < a < B, then f(a) — f(B) = (v + é)
—(B+ %) =(@-8)+ (- %) 7( ﬁlé(;‘ﬁ D ~ @, that is, f(x) is an increasing function
n [2,+00). Hence, f(z+2) > f(2) =

3.32 % Real numbers a,b, ¢ satisfy a + b+ ¢ = 0,abc = 2, show that at least one of a,b, ¢

is not less than 2.

Proof: Obviously at least one of a,b,c is positive. Without loss of generality, let a > 0,
then b+ c= —a,bc =2/a, that is, b,c are the two roots of the quadratic equation

2+ ax + % = 0. Consider the discriminant A > 0 = a? — S >0=a*>8=a>2.
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3.33 % |22 — 4| <1 holds whenever |z —2| < a holds, find the range of the positive
number a.
Solution: Let A= {z:|rx — 2| <a,a>0},B={z:|z* — 4| <1},

then A= {z:2—a<2<24a,a>0,B={z:—Vb<z<—V3,V3<z<b}
Since A C B, we have

2—a > —\/5

24a < _\/§
or

2—a > \/3

24a < \/5
=

a < 2+V5

a < —2-—+3
or

a < 2—\/3

a < 5—2
which implies 0 < a < /5 — 2 since a > 0.

3.34 Solve the inequality va2? —3z+2 > x — 3.

Solution: The inequality is equivalent to

r—3 < 0
?—3z+2 > 0
or
z—3 > 0
2 —3rx+2 > (vr—23)?
=
r < 3
<1 or z>2
or
r > 3
x > T7/3

==zr<lor2<z<3oraxz>3.
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3.35 %% Given |a| < 1,|b] < 1,|c| < 1show (1) 11— abc| > |ab—c|;(2) a+ b+ ¢ < abc+ 2

Proof: (1) The given conditions imply 1 — a?b* > 0,1 — ¢* > 0. Multiply them together to

obtain] 4 ¢2)2¢2 > a2? + 2 = 1 — 2abe + a2b%? > a®b? — 2abc + 2 = (1 — abc)? >
(ab—¢)* = |1 — abc| > |ab — |-

2) (a=1)b—=1)>0=a+b<ab+1 (i). (ab—1)(c—1)>0=ab+c<abc+1 (ii).
D)+(G)= a+ b+ c < abc + 2.

3.36 The smaller root of the quadratic equation x? — 5z loggk +6logzk =0 is in the

interval (1,2). Find the range of the parameter k.

Solution: The parabola opens upward, and the smaller root is within (1,2), then
> 0

f(2) < 0

loggk >1/2 or loggk <1/3

2/3 < logg k < 1 =2/3 <loggk <1=4<k<8.

3.37 % The inequality az?+ bz +c >0 has the solution set {z|a <z < 3} where
0 < a < . Find the solution set of the inequality cz? + bz +a < 0.

a+pf=-b/a>0

Solution: The given condition implies that aff =c/a>0 and let the quadratic
a<0
equation
cx? 4+ br +a =0 has two roots 1, xs. Then o1 + T3 = —2 = % = é—%%;
1 1.1 1

1
xle:%:a_ﬁ:EEO<O{</B:E<
1

has the solution set {z|r < 5 or o> 11

in addition ¢ < 0, then cz®>+bxr+a <0

o’

3.38 % Real numbers a,b, x,y satisfy a® +0* = 1,2%> + y*> = 1, show |az + by| < 1.

Proof 1: (|a| — |z|)? > 0 = a® + 2? > 2|ax|. Similarly we have b* + y? > 2|by| .
Therefore, a® + b* + 22 + y* > 2(Jax| + |by|). Since a®> +b* = 1,2°> + y*> =1,
then 2 > 2(|az| + |by|) > 2|ax + by| , thus |ax + by| < 1.

Proof 2: Since a? + 1> =1,22 4+ y?> =1, let a =sinf,b = cos,x = sin @,y = cos ¢, then

ax + by = sin @ sin ¢ + cos b cos p = cos(0 — ¢). Thus |ax + by| = | cos(d — )| < 1.
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3.39 % If a,b,c are distinct positive numbers, show % + % + % > ﬁ + \/% + \/%.

NI G R 1 1\ _ beteatab—(avbetby/catevab) _ 2(betcatab)—2(av'be+by/catevab) _
P].‘OOfl. 5+5+2_(ﬁ+@+ﬁ) _ beteata aabz catevab) c+ca+ta 2z:lbcc catcvab)
(Vab—/be)? + (Vbe—+/ca)* 4 (y/ca—V ab)? <0

abc .

Proof2zi+%+%>ﬁ+ 1ca+ﬁ<=> & be+ ca+ab >

av/be + by/ca + evab < 2(be + ca + ab) > 2(av/be + by/ca + cvab) < (Vab — vVbe)? +
(Vbe — y/ca)? 4 (/ca — v/ab)? > Owhich is obviously valid.

Proof 3: Since a, b, ¢ are distinct positive numbers, then (vab — Vbe)? > 0, (Vbe — \/ca)? > 0,
(v/ca — v/ab)? > 0. Add them up to obtain 2(ab+be+ca) —2(avbe+by/ca+cvab) > 0 =
ab+be+ca > avberby/catcevab= s+t > Gt Tmt g

bc+ca+ab > aVbetby/catcvab

abe abc

3.40 % Real numbers z,y, 2 satisfy the inequalities |z| > |y + z|, |y| > |z + x|, |2] > |z + y]| -
Show z +y + 2z = 0.
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Proof: If one of Z,Y, 2 is zero, without loss of generality, assume = = 0, then |y + z| =0,
thus y + z = 0, which implies  +y + 2z = 0. If 2, ¥, 2 are all nonzero, then there are four
possibilities:

1) If z,y, 2 are all positive, then y+ 2 <, 2+ <y,z+y < z, impossible.

2) If x,y, 2 have two positive one negative, without loss of generality, assume
r>0,y>0,2<0. l[y+z2|<zx=>-a2<y+z2<zr=2x+y+2>0.On the
other hand |z +y| < |z| = 2+ y < —2= 2+ y+ 2z < 0. As a conclusion,
r+y+z2=0.

3) If z,y, z have one positive two negative, without loss of generality, assume
r>0,y<0,2<0.-ly+z|<z=y+z2>-2r=x+y+2>0.On the other
hand, |z +y| <|z|=2+y < —2=2+y+ 2 <0. As a conclusion,
r+y+z=0.

4) If ©,y, 2 are all negative, then t < y+2< -z, y<z+r< -y, z<r+y<—z,
then 2+ y+ 2 <2(x +y+2), thus x +y + 2 > 0, a contradiction to the assumed

negativity condition.

3.41 % If x >y >0, show \/xz—y2+\/2xy—y2>x.

Proofl:ix > ¢y > 0= ay >v%2zy — > >y =22 —¢y? > 2> — 22y + 92 = (v —y)? =
4/l*2_y2>aj—y, and ,/Qxy—y2>y,thus m+ 2xy—y2>[£—y+y=$

Proof2:z >y>0=y>-—y=ar+y>c—y=1" -y’ >@—y)?= V2 —y2>x—y
(). 22y > 2% = 22y — y? > 2 = 22y — y2 >y (ii).

(D)+G)= Va2 —y> + /22y —y> > x.

Proof3: /2% — y2 + /22y — 42 >z & 22 —y? + 2/(22 — y?) (2zy — y?) + 22y — 9 > 2® &
\/(xQ —42)(22y — y2) > y? — wy. The left hand side is greater than zero, while he right
hand side y? — 2y = y(y — z) < 0, thus /(22 — y2)(2zy — y?) > y? — xy always holds.

3.42 % Given © >0,y > 0,7+ 7 =1, show = +y > 12.

. 1,9 1 9_ 6 . 1,9
Proof: Since = >0,y >0, we have ; +,2>2 zy = vay - Since ;o
6

e <1, which is equivalent to /xy > 6. x +y > 2,/ry > 12.

=1, we have

3.43 % a,b,c are real numbers and a +b+c =1, show a® + > + % >

W=

Proof 1: a+b+c=1=c=1—a—b, then >+0*+*—3% = a>+b*+(1—a—b)*—3 =

1

3
@*+0?+140°+b* —2a—2b+2ab—; = 2(a®+ V?+ab—a—b+3) = 2[a>+(b—1)a+(*52 )2~
(550)2402 —b4- 1] = 2[(a+ 5502+ B0 > .
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Proof 2: a+b+c=1=(a+b+c)>=1=a®>+b*+c*=1-2(ab+ bc+ ca) (i).
a? 4+ b* > 2ab, b* + % > 2be, ? + a® > 2ca, add them up to obtain 2(a” + b* + %) >

> 2(ab + be + ca) (ii).

H+i)=3(a®* +* + ) > 1= a>+ b + 2 > &

3.44 % 'The function f(x) is defined on [0,1], and f(0) = f(1). For any distinct
21,2 € [0,1], we have |f(z2) — f(21)] < |z2 — 21| . Show |f(22) — f(z1)] < 3.

Proof: Let 0 < x7 < 29 < 1. We consider two cases:

1) If 25 — 21 < 5, then |f(z2) — f(z1)] < |z — 21| < 5.
2) If 25 — x1 > 1, then from f(0) = f(1) we obtain
|f(z2) = f(@1)| = [f(z2) = f(1) +
FO) = fla)] < |f(x2) = F)+[£(0) = f(21)]. Hence, (1 —x2) + (21 —0) =

1—(1}2—1’1><%.

3.45 % The equation |z| =azx + 1 has one negative root but no positive root, find the

range of the parameter a.

Solution 1: Let = be the negative root of the equation |z]=ax+1, then
—r=ar+1=>z= ;—;1 <0, thus @ +1 > 0. Equivalently, when a > —1, the equation has

a negative root.

Suppose the equation has a positive root z, then 2 =az+1= 2=~ >0, thus a < 1.

As a conclusion, the condition that the equation has one negative root but no positive root
is equivalent to @ > —1 holds but a < 1 fails, that is, a > 1.

Solution 2: Another approach is to plot the functions y =|z| and y =az+1 on the
Cartesian plane. This will directly give us the same conclusion.

43: 23

3.46 Solve the inequality 2% > 2.

322 —4$ 23 z —4$ 5 (z+1)(z—5)

(z+3)(z—3)
(x+3)(z+ 1)(1’ —3)(z — 5) > 0 whose solution set is (—o0, —3) U (—1,3) U (5, +00).

Solution: >2 & >0 > (. This inequality is equivalent to
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3.47 % Consider the inequality = + 2 > m(z* — 1), (1) if the inequality holds for any real
number =, find the range of m; (2) if for any m € [—2,2] the inequality holds, find the

range of .

Solution: (1) z +2 > m(z? — 1) & m(z? — 1) — (x +2) < 0 & ma®> —z —m — 2 < 0. This

inequalityholdsforanyrealnumberx,then{ TAn < §]+4 (m+2) <0 { ZL §—28 t1<0
= m(m m m
m <0
& & 1 14+
{—1—§<m<—1+§ =% <m<-1+%.

(2) For any m € [—2,2] the inequality holds. Let f(m) = (2> — 1)m — (2 + 2) which is a
linear function of m, and f(m) < 0 should hold for any m € [-2,2], equivalently we

shouldhave | —2(@* —=1) = (z+2) <0 202+ x>0 x>00r3:<—%
22 —1)— (2+2) <07 | 22—z -4<0 R <

0<a< Y8 op 15V o o L

3.48 % x,y,z are positive numbers, and zyz(x +y + 2) = 1. Find the minimum value

of (z+y)(x+2).
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Solution: The given conditions imply that (z+y)(z+2)=yz+ax(x+y+2) >

2v/yz-x(x+y+2) =2. When x =+/2— 1,y =2 =1, the equal sign is reached in the

above inequality, thus the minimum value of (z + y)(x + 2) is 2.

3.49 %% Real numbers a, b, ¢ satisfy a® + b* + ¢* = 1. Show thatoneof |a — b|, |b — ¢|, |c — q

is not greater than @

Proof: Without loss of generality, we assume a < b < ¢, and let m be the minimum one
of la—bl,|b—¢|,|c—a|l.Thenb—a>m,c—b>m,c—a=(c—b)+ (b—a) >2m.On
onchand, (a4 — b)? + (b—¢)? + (¢ — a)? = 2(a® + b* + ¢*) — 2(ab + bc + ca) = 3(a® +b* + ¢2) —
(a + b+ ¢)? < 3.Ontheotherhand, (a — 0)* + (b — ¢)* + (c — a)* > m? + m* + (2m)* = 6m>
(a =02+ (b—1c)*+ (c—a)® >m?+m?+ (2m)* = 6m>. Hence, 6m?> <3 =m < g
3.50 % Let a,/3 be real numbers, show logy (2% + 27) > ot 4 ZHL

642
2, we only need

Proof: To show log, (2% + 25) > O‘TH + %, we only need to show 2

to show 2% 4 204+ 4 925 > 2045+2 e only need to show 207772 + 271 4+ 267072 > 1 we
(237 — —L5)2 > 0 which is

2 2

only need to show

obviously valid.

3.51 %% Given the function f(z) = ax? — ¢ that satisfies —4 < f(1) < —1,-1 < f(2) <5
Find the range of f(3).

)= f(],
c=3[f(2) =4f(1)]. Then f(3)=9a—c=3[f(2)— f(1)] - 3[f(2) —4f(1)] = §/(2) -
- 3f(1). Hence, § x (=1) + (=3) x (=1) < f(3) < § x 5+ (=3) x (—4), thatis, =1 < f(3)
< 20.

Solution: From f(x) = ar® — ¢, weknow f()=a—c, f(2) =4a — ¢gthusa = %[ (2

3.52 % Given real numbers a > 0,b > 0,¢ > 0 and a+b+c:1,show%+%+%29.

Proof 1: The conditions together with Cauchy’s Inequalityimply%b+C > abc = 3#1 . > - +b o =3
5 . . . 1 1 1

Apply Cauchy’s Inequality again to obtain g+§+z > 3 é 1. l >3 1 + + > 9-

Proof 2: 1 1 bctactab _ (at+btc)(betactab)—9abc  a2cta2b+b2ctab?+ac?+bc—6abe

E+_+ 9_C¢;lbcca —9 = - _ a“cta cc;bcac C abc __

a(b—c)2+b(cagé)2+0(a—b)2 > 0
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3.53 % Let a>0,b>0 and a+b=1, show (a—i—é)g—l—(b—i—%)gzé.

Proof 1: 1=a+b>2Vab= Vab< i =ab<i= L >4

And (+2)°+0+3)° o [a+§+b+%]2
2 = 2

IR T
thus (a+ )+ (0 +3)* > 2.

Proof 2: Let a = sin® a, b = cos? a, then

(a+1)24(b+1)? = (sin® a+csc? @)+ (cos® a+sec? a)? > § (sin® a+cse? a+cos® a+
sec?a)? = %(1—1— L1 )= %(1—1—%)2 = %(1—1— ) %(1+4CSC2204)2

sina ' cos?a sin? a cos? a sin? 2«
1 2 _ 25
5(1+4) =

3.54 % Let a,b,c,d, m,n be positive real numbers,
P =+Vab+ Ved,Q = \/ma+ nc % —1—%. Compare P and Q.
Solution: P? = ab + cd + 2V abed, Q? = (ma + nc)(2 + ) = ab+ cd + ¢ + M Since

n

nbe | mad > 9, /nbe. mad — 9\/abed , then P? < Q% Because P, are positive, we have P < Q.

3.55 %% Show the inequality (a + )% < 128(a® + b®).

Proof: (a —b)? > 0 = a® + b* > 2ab. Similarly we have a* + b* > 2a%0?, a® + 6% > 2a'b*.

Add a®+ 8% a* +b*,a® + % to the above three inequalities respectively to obtain
2(a* +0?) > (a+b)?, 2(a’ +b*) > (a® + b*)2,2(a® 4 b®) > (a’ + b*)2. The last inequality leads

to 128(a® + b8) > 64(a’  +b")? =16[2(a” + b")]* > 16[(a® 4 0*)*]* = {[2(a® + 0?)]*}* >

{l@+ 0Py = (a+0)*

3.56 %% Given the function f(z?—3)=log, Gf% (a >0,a# 1) that satisfies

f(z) > log, 2z . Find the domain of the function z.

Solution: Let 22 — 3 =t , then 2% = 3 + ¢ . Substitute it into the function: f(¢) = log, %%, thus

f(x) =log, 3*2 'Then the inequality f(z) > log, 2z is equivalent to log, £ > log, 2z .

3
If a > 1, then g’ﬂzlp :>x€(0,1)U[—§,3)~

3—x
If 0 <a<1, then 347 < 9 :>x6[1,§).
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3.57 %% Given a < —1, and z satisfies 22 + ax < —z, and 2? + ax has the minimum

value —%, find the value of a.

Solution: a < =1,z +ar < —zr=z[z+(a+1)]<0=0<z<—(a+1). Let f(z)=

2 tar = (v + 22—,

If —(a+1) <=5 & —2 <a < —1then f(z) reachesits minimumvalue f(—a —1) =a +1

at z=—(a+1), thusa+1=—3=a=—

[\J[eN]

If —(a+1)> -5 & a< -2, then f(x) reaches it minimum value —% at © =

= _% = a = +/2 both of which violate a < —2.

a?
4

[\J[eN]

As a conclusion, ¢ = —

—5, thus

!i | i / y

i .
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3.58 %% aj,as,---,a, are positive numbers and satisfy ajas---a, =1, show

24+a)(24az) - (2+a,) > 3".

Proof: Use an arithmetic mean-geometric mean inequality a + b+ ¢ > 3vabc (a,b,c are
positive numbers) to obtain 2+a;=1+1+a; >3¥a; (1=1,2,---,n ). Then
24+ a)2+as) -+ (2+a,) >3" Jajay--a, =3".

3.59 %k %k If a, b, ¢ areside lengths of a triangle, show a*b(a — b) + b*c(b — ¢) + *a(c — a) > 0

and determine when the equal sign is reached.

Proof: Let a =y + 2,0 =2+ 2,¢c = v +y where z,y, 2 are positive numbers. Substitute
them into the inequality:

W+ 2P@+2)y—2)+E+a)P@+yiz-—yn+@+yyt+)—2 20
232+ y3r + 2y — xyz(x + y + z) > 0. Divide both sides by zyz to obtain

% + % + % > T+ Y+ 2 which can be proven by the inequalities

2 2 2
THyz2x, L2225 +r2>2z2,

These inequalities have the equal sign if and only if = y = z, that is, the original inequality

has the equal sign if and only if a = b =c.

la-+b] |al 1]
3.60 %% a,b are real numbers, show {71 < THa T T+ -

: bl 14 |atb|—1 1 1
Proof: Since |a + b| < |a b|, we have 192 — = 1-——<1—-+—— =
ja + 8] < la| +[b] THatdl — THerd L Tt = 1T TR
_ lal+lp| g + 10| < _la| 5]
1+|al+[b] L+lal+[b] * 1+|al+|b] = T4]a] T 1+

3.61 %% Given 0 <a < 1,2°> +y =0, show log,(a® + a¥) < log, 2 + %.

Proof: a® + a¥ > 2+v/a*a¥ = 2a12j. Since 0 < a < 1, we have log, (a® + a¥) < loga(QazTﬂ) =

log, 2 + ¥ = log, 2 + x_f =log, 2+ la(1 —2) < log,2 + 5(*572%)> =log, 2 + 5 .

3.62 %% % 'The system of inequalities
Va2 -2z -8 < 8—u

2?+ar+b < 0

has the solution 4 < x < 5, find the conditions @ and b should satisfy.
) 22 —2x—8>0 r<—-2orz>4
Solution: /32 93— 8 <g8—2={ 8—2>0 = r<8 = r <=2
r?—22—-8< (8—1)? r<
or 4 <z <%,
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The solution of the inequality z* + ax + b < 0 should have the form o < x < 3. Since the
solution of the inequality system is 4 <z < 5, then 8 =5,-2 < «a < 4. Since 8 =5, then
25+ba+b=0Sincea+ = —a,then3 < —a < 9, thatis, —9 < a < —3. Asa conclusion,

a,b should satisfy | —9<a<-3
5a4+b+25=0.

3.63 %k Kk Ifz,y,2 > 1,show (22 — 2z + 2)(y* — 2y + 2)(2* — 22 + 2) < (2yz)? — 2zyz -
+ 2.

Proof: Since 7 > 1,y > 1, wehave (22 —22+2)(y? —2y+2) — [(xy)? — 22y +2] = (—2y+2)x>+
(6y—22 —4d)z+ (22— 4dy+2)=-2(y—1)z* -2(y—1)(y—2)+2(y—1)* = -2(y— 1)
[+ (y—2)z+1—y) = —2(y = D(z = 1)(z +y — 1) <0, then (+7 = 20 +2)(y* — 2y +2)
< (zy)? — 2xy + 2(i). Similarly, since zy > 1, 2 > 1, we have [(zy)? — 22y + 2](2% — 22 +2) <
< (wyz)* — 2zyz + Aii). From (i) and (ii), we can obtain (22 — 22 + 2)(y* — 2y + 2)(2* — 22 + 2)
< (zyz)? — 2zyz + 2.

3.64 %% Given natural numbers a < b <c, m is an integer, and é + % +% =m, find

a,b,c.

Solution: Since a, b, ¢ are natural numbersand a < b < ¢,wehavea > 1,0>2,¢>3,0<m <

l—i—%—l—%S%—l—i—l—%:g<1.Hence,l+l+l#mzl.Therefore,az?.Then%%—%:
b

1—%:%. If b> 4, then b—l— _4+— —<—, thus b = 3. Thenzzl—%_%:é,
thus ¢ =

3.65 %% % Given 1 <a <2,z >1,and f(z) = 2" g(z) = % (1) Compare f(z)
and ¢g(x). (2) Let n € N,n > 1, show f(1)+ f(2 )+---—I—f(2n) < 4n_22%.

SOlution: (1)f<x)—g($) — %_¥ _ %(a22j1_22;:-1) _ 2wa23v+22j+_1?12ja;c_aw _ (aa:_g;iz—(f:gz_l).

(a®*—2%)(2%a*—1)

T < 0, that is,

Since 1 < a <2,z > 1, then 2%a* > 1,a" < 2%, thus

f(z) —g(x) < 0. Hence, f(x) < g(z).

(2) Since f(z) < g(z), then f(1)+ f(2)+---+ f(2n) <9(1)+9(2)+"'+9(2n):%(2+22
1

foe2tmyp iy L ) = (142422442 ) L1 - ) <4n -1+

—_

1 _ gn
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3.66 %% a,b,c are real numbers, and a + b+ ¢ < 0, show > 0.

o o
IS~
20O

Proof: a* + b? > 2ab,b* + ¢* > 2bc, ¢* 4+ a* > 2ca, and add them up to obtain
2(a* +b* + ¢*) > 2(ab + be + ca), thus (ab+ be + ca) — (a® + 1> + ¢*) < 0.

a b c a+b+c b ¢ 1 b ¢ 1 b c
b cal=|a+tbtc ¢c a|=(a+b+c)|1 ¢ a|=(a+b+tc)|0 c—b a—c|=
c a b a+b+c a b 1 a b 0 a—b b—c

(@+b+c)[—(b—c)?—(a—b)l@a—)]=(a+b+c)[(ab+be+ca) — (a® +b* +¢*)] > 0.
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2—r—2>0
3.67 Y% % If the system of inequalities { 222 + (5 + 2k)x + 5k < 0 has only one integer

solution —2, find the range of k.

Solution: The solution of 2> —2 —2 >0 is < —1 or x > 2. The second inequality is
equivalent to (2x + 5) (3: + k) <0. When —k < —3, i.e. k> 2, the second inequality has
the solution —k < x < —3, in which —2 is not included. When —k > ——, ie. k < 2 the

second inequality has the solution —% < x < —k, then the solution of the inequality system
S or 5
{—g<x<—k Ty T <

have —k <3 and —k > —2, thatis, -3 <k < 2. When —k = —%, ie. k= g, the second

_ ) - To have only one integer solution —2, we should

inequality has no solution. As a conclusion, k € [—3,2).

+b+c

3.68 %% Let a,b,c are positive numbers, show a%b’c® > (abc) s

Proof: Without loss of generality, let @ > b > ¢ > 0. To show a®b’c® > (abc)“5 T we only need

a—b pb—a .c—a
to show a>?b%¢c3¢ > (abc)“+b+c, we only need to show = Zc—a %= > 1, we only need to show

ubbbcuc

>1.Sincea—b>0,b—c>0,a—c>0,wehave § > 1,7 b>1, % > 1, thus the

pa— bcb c ga—c

last inequality holds.

3.69 %% % If a,b,c,x,y, z are all real numbers, and a? + b? + ¢ = 25, 2% + y? + 22 = 36,

ax + by + cz = 30, find the value of ;ﬁgii

Solution: Cauchy’s Inequality implies
25 x 36 = (a® + b* + ) (2* + y* + 2%) > (ax + by + cz)? = 30%. The equal sign is

obtained since 25 x 36 = 302%. Thus there exist \, = (not both zero) such that
Aa = px, \b = py, A\c = pz . Therefore
AN (a? 4+ 0>+ ) = p2(2? + y? + 2?) = 2572 = 36p> = 5\ = £6u . However,

az +by +cz =30, thus SA =6p = § =3 = L =L =2
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3.70 YK Let 7, s, t satisfy 1 <7 < s <t < 4find the minimum value of (r — 1) + (3
-0+ (G -1

T

_1)2+

Solution: (r—1)2+ (5 —1)2+ (Lt —1)24 (4 -1)? > [(T_”“%_”Z(%_l”(%_l)]2 = 4[(r—1)°+(3 -
D+ G-+ G- 2 [ = D)+ G -D+ G-+ G -DF = [(r+ i+ 5+5) — 4%
Cauchy’s Inequality implies that r 4%+ £ 4+ 1 > 4(‘/i = 4v/4, thus

(= 1P (G = 1R (- D (- 17 2 VA 4P o (- 1 (- 1

(L —1)2+ (4 —1)2 >4 (V2 — 1)%. The equal sign is obtained if and only if
r=+/2,s=2t=2v2. Hence, the minimum value of

(=124 G-+ -1+ G- 17 is 4(V2 - 1%

3.71 Y% % Real numbers a1, ay satisfy a? + a3 < 1, show that for any real numbers by, bo,
(a1by + agby —1)* > (a3 + a3 — 1)(b3 + b3 — 1) always holds.

Proof: If b? + b3 — 1 > 0, since a} + a3 < 1, we have (a? + a3 — 1)(b? + b3 — 1) <0, then
obviously (a1b; + agby — 1)? > (a3 + a3 — 1)(b3 + b3 — 1)If b3 + b3 — 1 < 0, Mean Inequality

implies that a;b; < 2 l,ang < % Thus a1by + ashy < 3(af + a3 + 05 +03) <1=1—

—a2—q2 _p2_p2 1—a?—a3)+(1—b3 —b3
(1—af 2)'2"‘(1 b7 —b3) 2 > [( 1—a3)+( )] > %[(1_

a1by — agby > = (1 —aiby — ashy)* > 3

af —a3)?+ (1 =07 =03)%] > (af+ a2 — )2+ 02 —1).

3.72 %k*k Let A= {z|l+
find the range of a such that A C B.

logga; log = < O} B = {x’(%)alog;g (%)x(a: a+1) a€ R}

Solution: 1+ 10g1, po 10g - <0=1+log,3—2log,5<0= Ingg <log,x™" . Thus = > 1,
then— > %, thenl <z < 2 Hence, A={z|]l<z < 25} ( yaloes2 < (%)’”(m*“H) = 3logs2™"
< 9zle—atl) — 9-a  9-z(@—atl) o _ 4 » —x(r—a+1)= (xr—a)(z+1) <0 ().

When a = —1, ("X) has no solution.
When a > —1, (") has the solution -1 <z <a.
When a < —1, (®X) has the solution a < z < —1.

6 (a=-1)
Hence, B = { {z]-1<z<a} (a>-1) from which we know that when a > 2—35, ACB.

{zla<z< -1} (a<-1)
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@r)? | @rD)? |+ 5 81

3.73 %% %% 1,y,2 are positive numbers, show ~—, . . = 4.
Proof: Since z, , 2 > 0,Mean Inequality implies that &2 +1) + Ty + 2 > 3\/(H1)3 Ty 2 =
Z(z+1)= % > 2l(z — y) + 2L. Similarly, we can obtain % >y —z)+ 2, (z*;lp

> Z(z — x) + %7. Add them up to obtain the aimed inequality.

3.74 %% %% m,n are positive numbers, show ,/m + 1 > y/n holds if and only if for any
x> 1, mr+ 55 >/n.

Proof: m,n > 0,z — 1 > 0, then ma+-%; = mz—m+m+2 = [m(z—1)+ 25 |+m~+1 >
2y/m+m+1 = (ym+1)%. If and only if m(z —1) = 74, ie. =1+ 7=, mz + 2 has
the minimum value (y/m + 1)%. Hence, mz + -%; > \/n for any z > 1 if and only if

(Vm+1)?>n,ie. y/m+1>/n.

[ ]
B By 2020, wind could provide one-tenth of our planet’s
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3.75 %% % Given f(z)=ax?+br, and 1< f(—1)<3,2< f(1) <4, find the range of
f(=3).
Solution: f(—1)=a—b,f(1)=a+b, f(—=3) =9a —3b. Let f(—3)=mf(—1)+nf(1)

where m, n are parameters ready to be determined. 9a — 3b = m(a — b) + n(a +b) = (m + n).

m+n=29
m-n=3

f(=3)=6f(—1)+3f(1)Since1 < f(—1) <3,2< f(1) <4wehave 12 < 6f(—1) + 3f(1)
<30, then 12 < f(—3) < 30. Therefore the range of f(—3) is [12,30].

a— (m —mn)b. Comparing the coefficients to obtain { = m =6,n=3. Thus

3.76 %% % Given 0 <b<1,0<a <7, and z = (sin a)logbsmo‘, y = (cos a)lOgbCOSO" » =

logy, cos

(sin @) , determine the order of z,v, 2.

Solution: 0 < b < 1, thus f(z) = log,x is a decreasing function. 0 < a < T thus
0 <sina < cosa < 1. Therefore, log, sin o > log, cosa > 0, then

(Sin a)logb sina (sin a)logb cosar

ie. £ < z.And (sin )8 < (cosa)8 5 je 2z < y. Hence,

we obtain the order r < z < y.

3.77 %% % Consider a triangle with side lengths a, b, c, and its area is 1/4, the radius of
its circumcircle is 1. If s = \/a + Vb + 1/, t = % + % + % Compare s and t.

Solution: Let C' be the angle whose opposite side length is ¢, and the radius of circumcircle

R=1, then c=2RsinC = 2sinC. In addition, %ab sinC = i. Therefore abc = 1. Then

1,11

=atete= tvatvh
CTETE T GG DD 2 E et = Y =

Va+ Vb+ /¢ =s . The equal sign can only be obtained if a =b=c= R =1, which is

impossible. Hence, s <'t.

3.78 %% % a,b,c are positive numbers and a + b+ ¢ < 3, show % < a—}rl + bJ%l + chr_l < 3.

Proof: Since a,b,c > 0, we havea%rl<1,b+%<1,c+%<1, then a—Jlrl+l,+L1+CJrL1<3.

Mean Inequality implies
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atratan 23V e (et D)0+ +(e+1) > 33/ (a+1)(b+1)(c+1)

Therefore,
(it =D (a+)+(0+1)+(c+1)] > 3,3/m'3{‘/(a +1)(b+1)(c+1)=9. Since

1 1 1 9 9 _ 3
0<a+b+c<3,then ;7 Tog t g 2 (a+1)+(b+1)+(c+1) 233~ 1

3.79 %% % Given a,b,c,m,n,p>0,anda+m =b+n=c+p= R ,showan + bp+ cm
< R

Proof: Construct an equilateral triangle ABC' with side length R . Choose points
D,E,F on sides AB, BC,CA respectively such that

AD =a,DB =m,BE =¢,EC =p,CF =b,FA =n. In this way, three side lengths are
a+m,c+p,b+n,and a+m=c+p=b+n=R. Connect D with E, connect F
with F', and connect F' with D . Let Saapr = S1,5AaBpE = 52, SAcEF =

S3,Saac =S . Then S+ Sy + S35 = —cm sin 60° + cmsm 60° 4 1bpsm 600 = */_(cm +
cm +bp). S =1R*sin60° = Y3R?. S =S, + Sy + S5+ Sapgr > S1 + So + S3, thus
VB(an + cm + bp) < Y3R?, that is, an + bp + cm < R2.

3.80 Y% % % Let 21, 9, - - - , T, are positive numbers, show + + it 2 >

Tyt o+ Ty,

Proof 1: Since 1, 22, - - - , &, > (, we can do the following: (11 — 22)? > 0= 2% + 22 > 27129 =

2 2 2 2
z .. .z Thn—1 T,
o T T2 2 221 . Similarly, we can obtain wet w3 2209, =+ Xy 2 200, T 2 27

x? x2 2_ z2
.Add themup toobtain (;} + ;2 + et Tuol g

Tn 1

)+(£U1+£E2+ +$n)2

2(.1'1 + Ty +

'+%JZ%Q+Q+W+LJ$%+E+“+"1 T >y b a2,

Proof 2: Mean Inequality implies that i— + 29 > 2\/ - Ty = 2z . Similarly, we have

2
ﬁ + Xy > 20, 2= g > 20, 1, —|— x1 > 2z, . Add them up to obrtain the result.

Proof 3:

z2 22 a2 2423 e
Tn _ Zn 1 1 2 R n—1 no> ($1$n x1T2
+ o + = + + = > 2 o + o

+. .. +%) — 2(331 + 29 + - h1ch implies the result.

Proof4: acl + acg 4ot [ + zh _ [ra—(za—a1)]? + [x3—(z3—22)]? 4ot [Zn—(zn—2n-1)] +.

Tn 1 Z2 x3

w =(ra4ax3+- 4z, +x1) — 2@ — 21+ T3 —To+ -+ Ty — Ty + 21 —

1

z) + Eml y area L fnmenal el g gy gy @2

x3

bazoal oy sl > g by,
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Proof 5:Since &1, Ta, -+ ,, > 0,letar = /Ta,a0 = /T3, ,Gn_1 = /Tp,0n = /T1,b1

= f—$—2>b2 = f—§—3,b3 = &%7 b = %Jn = jT% Cauchy Inequality implies that

(@ +a2+- - +a2) B+ b2+ +b2) > (arby + ashy + - - - + apby)?, then [(v/Z2)*+(\/T3)”

e (VE) (V)T () + (G5 + -+ (TR + () 2 Wy + Ve s +

T

. . 22 22 2
VRS VIS ()G AR R 2 (o
+ oy + -+ 2,1 +2,)%. Divide both sides by 71 + 29+ -+ 2,1+, > 0 to obtain

x%—l z2
+ 2 >r+ X+ T + Ty

Tn 1

2 2
o Tt +
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3.81 Yk %%k If x,y are real numbers, and y > 0,y(y + 1) < (x + 1)2, show y(y — 1) < 2%
Proof: If 0 < y < 1,0bviously y(y — 1) <0< 2% Ify > 1,theny(y +1) < (x +1)2 = > +
y+l<(@+12 4l +i2<@+1P2+is1g9< (m+1)2+%_%”[heinequality

to prove y(y—1)<a? ey -—y+3<P+ie(y—3)P <P+ iey< /22 +1 —i—%(:)

./(x+1)2+i—%§x/x2+i+%<:>\/(x+1)2+i§\/x2+i+1<:>(x+1)2 +1<
P+l /2 bl e a? 241 <a? 42,2+ L4 1L e g < (fa2 4 L Which is

obviously valid.

3.82 Yk kK If real numbers z,y, z satisfy 2% + y* + 22 = 2, show = +y + 2z < zyz + 2.
Proof: If one (or more) of ,y, z is not positive, without loss of generality let 2 < 0. Since
r4y < /2@2+y?) < V2022 + 2+ 22) = 2,2y < L2 +9?) < $(2?+y?+22) =1, then
24ayz—(x+y+2)=2—(r+y)—2(xzy —1)] >0, thatis, v +y+ 2z < zyz + 2.

If z,y,2 are all positive, let 0 <2z <y < z.

When 2 <1, 24ayz— (z+y+z2)=1l—az—y+ay+l—-aoy—z+ayz=(1-2)—y
(L—a)+ (1—ay) = 2(1—2y) = (L—a)(L — )+ (L - 2y)(1 - 2) > 0, thatis,e +y + 2
<axyz+2.

When 2 > 1, 2 +y+2 < /2224 (z +y)Y = /22 + 22y) =2/T + oy <2+ 2y <2+

TYZ .

As a conclusion, * +y + 2z < xyz + 2 holds.

3.83 %k % % Given the function f(z) = az?+br+c (a > 0), and the two roots of the
equation f(z) — 2z =0 satisfy 0 < 21 < 25 < 2. (1) When = € (0,21), show z < f(z) < zy;
(2) Assume the curve of the function f(x) is symmetric about the straight line © = z, show

.T0<%.
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Proof: (1) Let G(z) = f(x) — x. Since 21, x5 are the two roots of the equation f(z) —x =0,
then G(z) = a(z — x1)(x — x2). Whenz € (0, 2;),since 1 < 2,a > 0,then G(z) = a(x — x;)
(x—x2)>0=f(z)—2>0=f(x)>z. 21— f(z) =21 — [+ G(2)] =21 —x —a(z —
1

x1)(r —x9) = (11 —z)[l +a(x —x3)] . Since 0 <z <y <=, we have 1 —2x > 0,1+

a(x —x9) =1+ ax — axes > 1 — axy > 0, thus 21 > f(x).

(2) 2o = —% . Since 1,75 are the roots of the equation f(z)—x =0, that is,

T1,%y are the roots of the equation az®+ (b—1)x+c¢=0. Vietas formula implies

_ -1 1 e
T+ 19 = —%, thus b =1 — a(xy + z3), then zy = —% = a(mgzz) = axlg‘;“ L Since

ars < 1, that is, ax2—1<0,thenx0:%‘;“’1<%:x—2l.

+b2 b2 42 c?+a?
2¢ + 2a + 2b

3.84 %k %%k % Let a,b,c are positive numbers, show a + b+ c < o’

a@ vl
Sbc—f—ca—f—ab'

Proof: Without loss of generality, assume @ > b > ¢ > 0, then a’> > b > 02,% > % >

[\
Sl o
&

oL

2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1
ag—i-bg—}—C ZSGE—FZ?E—FCE,GE—F[)E—FC ZSGE—FZ?E—FC

2 2, 2 2, 2
+b +b+c —0—C+“.a32b3203

. .. . o2
these two inequalities up to obtain a 4 b+ ¢ < 45 - 7

thena® L +0% L4+ L >ad L4 b3 LpdL g3 Lapd. L8 b> g3 Lypd. Ly 3LAdd

ca’

. .« . . (1_5 E d a2+b2 b2+62 C2<F(12
these two inequalities up to obrain £ + L+ >4 40 4 cde . Hence,

a?+b? | B4c® | Ata® ~d® B B
a+b+0§ 2c + 2a + 2b Sbc—i_ca—i_ab.

3.85 %k kKK Solve the inequality log,(z'? + 32! + 528 + 325 + 1) > 1 + logy(z* + 1).

Solution: The inequality is equivalent to log, (z'? + 3210 + 52% 4 32% + 1) > log,(2z* +2) &
22+ 3210 + 528 + 325 +1 > 20 + 24 20 + 1 < 1'% + 320 + 52% 4 326 . Obviously

6

x =1 does not satisfy the inequality, thus we can divide both sides by z° to obtain

Ztom <a%+32'+ 5a? 43— 4300 4302+ 1420242 = (22 +1)3+2(22 4 1) &

(3%2)»3 + Q(#) < (x2+1)> +2(z*+1). Let g(t) =t>+2t, then the inequality becomes
9(25) < g(z* 4+ 1). Since g(t) = 13+ 2tis an increasing function, then the inequality is
equivalent to -5 < 2? +1 ¢ (22)2+ 22 —1 > 0 whose solution is 2* > @ (the other

@ is deleted). Hence, the original inequality has the solution set

(o0, U (Y 400,

part x? < —
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3.86 %% %%k % Let a,b,c are integers and at least one of them is nonzero, and their

absolute values are not greater than 105, show la + 2 + C\/§| > 1072,

Proof: When b = 0, ¢ = 0, the conclusion is obviously valid. When one of b, ¢ is nonzero, we consider
the following four numbers: ¢ =a + W2+ 3.t =a+bV2 —cV3,t3 =a— b2 +
cV/3,ty = a — by/2 — ¢\/3. They are all irrational numbers, and ¢ — titgtsty = [(a + b\/ﬁ)2 —3¢?]
[(a —bv/2)? = 3c%] = (a® + 2v/2ab + 2b*> — 3¢%)(a> —  2v/2ab + 2b* — 3¢%) = [(a® + 20 —
3¢2) + 2¢/2ab)[(a? + 202 — 3¢%) — 2v/2ab] = [(a® + 20% — 3¢?)? — 8a%h?] € Z- Thus |t| > 1,
which implies that [t1] > m In addition, since 1 + v/2 4+ /3 < 10 and |al, |b], |c| < 105,
we have [t;| < (1+v2+V/3)-10° < 107, thus [t| > g = 1072
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80
3.87 %k k%% For k € N, show 16 < ZL < 17.
= vk

Proof: From //{;—1<\/E<\//{:—l—l,wehave/E—i—\/k—l<2\/E<\/k‘—l—1+\/%.
k € N, then
ﬁ < Vi2vk < W:Z(\/qu -Vk) < g <2VE-VEk=1) =

2V +1—m) < Zf<2\/ﬁ ﬁ),wherel<m<n and m,n € N'. Choose

k=m )

n =380,m =1, then 14 < Z_ Choose n = 80, m = 2, then
k=1 \/E 80

1
1+Z—<2 V80 — 1) + 1< 2v/81 — 1 = 17. Hence, 16<ZT<17

3.88 %k Kk kK For n € N,n > 1, show nl < (Z)".

Proof 1: (applying mean inequality)

nl=1-2..... kooon. (n—l) n (i)

nl=n-(n—1)- - (n—k+1)---- 2-1 (ii)

() x (i): ()2 = (1-n)[2(n—1)] -+ k(n—k+1)]----- [(n—1)2](n-1).Sincel - n <
+

n—1)2 — (1—”)27~-~,k’(n—k—1—1) < (%)2 — <1+Tn)2>""

2
(n—1)2 < (2=142)2 = (1n)2 . 1 < (12)2 There are n terms. Thus (n!)? < [(22)?" <
1 1

2

(n!)? < (21)* < nl < (%)™, Since n > 1, then n! < (%)™,

Proof 2: (applying mathematical induction)

When n =2, LHS= 2! = 2, RHS= (21)? = {. The inequality holds.
Assume the inequality holds for n =k, that is, k! < (£:1)*. Then
Ki(k+1) < (B E+1) & (k+ D! < (BEL)Rk+1).

(k—H) (k:—l—l) [(k+;)+1]k+1 = Q(k-zu) (k-i—l) [ k+1)+1]k+1 =

2(k+1)k+1 < [(k+;)+1]k+1 - 2< [(k+;)+1]k+1(

kl)kﬂ. Binomial theorem implies that
(1+ m)’f+1 =1+ (k+1)735 +--- > 2. Thus (FEk(k +1) < [M]m holds.
Hence, the original inequality n! < ("7* 1) holds according to mathematical induction

above.
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3.89 %k kK% Let ai,as,- - ,a, beapermutationof 1,2, - - ,n,show%+§+~-~+"771
< “—1+Z_§+...+%_71.

— a2 an

Proof: Since ay,as,- - ,a, is a permutation of 1,2,--- ,n, we have

(a1 +1)(ag+1)----- (1 +1)>(14+1)(2+1) - (n—1+1)=ayas---a,. Thus

an

1 —1 1,1, .. 1 a | a2 .. an-1
an +1+2+ +n - a2+a3+ + an

L@y .4

Ay 1y 41 1y andl aetl oy Gnoatl +1)(ag 1) 1+l
+a1+a2+ +an_a1+ az + as oot an Zny = )(azlaz)...a,fa : )Zn - In

addition, n= (1 +35+ -+ =)+ (5+ 3+ -+ “=). Hence,
%+§+...+"T—1<Q+Z_§+...+an_*l'

— ag Qn

3.90 %% % k% If real numbers a,b, ¢ satisfy a + b+ c =3, show

1 1 1
5a?—4a+11 + 562 —4b+11 + 5c2—4c+11 <

1
4-
Proof: If a,b, ¢ are all less than 2, then we can show m < 5:(3—a) (K. Actually
(H) < (3—a)(5a*—4a+11) > 24 & 5a®> —19a°+23a—9< 0 < (a—1)%(5a—9) < 0

a < 2. Similarly, we can obtain m < 5(3-0), m < 5:(3—¢). Add these

: . . 1 1 1 1 1 1
three inequalities up to obtain sz, 17 T sz—aprii T 52 —terii < 24(3— @)t 5;(3—0)+5;(3—¢c) =

19— (a+b+c)] = Llo-3/ =1

If at least one of a,b,c is not less than %, without loss of generality, assume a > %, then
5a? —4a+ 11 =5a(a—2)+11>5-2- (2 = 4) + 11 =20 . Thus sy < 35- Since

502 —4b+11>5-(2)>—4-(3) +11 =11 -2 > 10, then m<%. Similarly, we

1 1 1 1 1 1 1 1 _ 1
have 52 —dcril < 10- Hence, 5a2—4a+11 + 502 —4b+11 + 5 —dcr1l <~ 20 +titin =1

3.91 %k k k% Given a natural number n > 1, show C1 + C2+ C3 4+ -+ C" > n x 2"z .

Proof: According to Binomial theorem, we have 2" = (1 +1)" =1+ C! + C2+--- + C7, thus

Cr+C?2+C3+---+C"=2"—1. On the other hand, the geometric series with first term 1
and common ratio 2 is S, = % =2"—1,je 2" —1=1424+224+23 ... 42771

_ 24934 ... -1 n
Therefore,an I 14242 +2n+ 207 VTX2X2ZXB X x 21 = Y1243+ (n—1) —

W @:Q%Jhatis, 2”—1>n><2nT_l.Hence, C%+C§+Cg+---+0§>nx2n7_l.

3.92 %% %%k Positive numbers z,y, z satisfy 2> + y? 4+ 2% = 1, find the minimum value

T Yy z
Of 1—22 + 1_y2 + 1—22-

Solution: (applying mean inequality)
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2+ gZma? = 0%+ gl gt 2 3920 plaa? e en? = g,

Similarly, we can obtain y° + %yz > 325 + 3%22 > 23,

Add these three inequalities up to obtain z° + y° + 2° + 3%/5@2 +y?+22) > 2+ + 2B
Since 2° +y* +2° = 1, then 2° +y° + 27 + 2= > 2® +y* + 2%,

then 2%(1 —2?) + (1 — ) + 2°(1 - 2°) < ;2= ().

(31— 2) + 43 (1 —¢?) + 25 (1= ) (1 B + 122 + 152) = (VP (1 —a?) /150 +
VPT= )2+ VA= 2/ =2+ 2 = 1. Thus

=+ 1£/y2 +15= > x3(1_x2)+y3(11_y2)+z3(1_22)(ii). From (i) and (ii), we obtain

x Yy z 3\/5
1—22 + 1—y2 + 1—22 > 2 -

— = y— 1 _z ] z ‘o 3v3
When 2 =y =2z = 5, i_» + 1=z T 1=,z reaches the minimum value =%=.

3.93 Y% k%% Positive numbers ay,as,--- ,a, and by, by, -+ b,
satisfy a; +as +-+-+a, < 1,00 +by+ -+ b, < n,
show (i—i—%)(é—i-é)“-(i—i-bi) > (n+1)".

al Qn n’ T

ap < ((L1+a2+~--+an)n < L

n — n"

Proof: The given conditions together with Mean Inequality resultin a;ay - - -

(), and Bbyby---b, < (%) — 1 (ii). In addition, i_,_l_ 1 NI 1

a; b na; na;
1 n 1 n terms
1 n+1 - - - .
(n+1) \/(nai) <bz) (i=1,2,---,n) (iii).
From (i),(ii),(iii), we can obtain

i_|_l i_|_l i_Fi > (n+1)""+1 1 . 1 n. 1
aq b1 a9 bg Qp bn - (n”)” ajag - Ay blbg e bn

> (1) \/ O
= (n+1)".

+1>
b; —

Download free eBooks at bookboon.com



	Author Biographies
	Preface
	1	Real numbers
	2	Equations
	3	Inequalities

