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Part | Introduction

These notes are based on the lectures delivered by the author to engineering freshers at London South
Bank University over the period of 16 years. This is a University of widening participation, with students
coming from all over the world, many with limited English. Most also have limited mathematical
background and limited time both to revise the basics and to study new material. A system has been
developed to assure efficient learning even under these challenging restrictions. The emphasis is on
systematic presentation and explanation of basic abstract concepts. The technical jargon is reduced to

the bare minimum.

Nothing gives a teacher a greater satisfaction than seeing a spark of understanding in the students’ eyes
and genuine pride and pleasure that follows such understanding. The author believes that most people are
capable of succeeding in - and therefore enjoying - college mathematics. This belief has been reinforced
many times by these subjective signs of success as well as genuine improvement in students’ exam pass
rates. Interestingly, no correlation had ever been found at the Department where the author worked

between the students’ entry qualification on entry and the class of their degree.

The book owns a lot to authors’ students — too numerous to be named here — who talked to her at length
about their difficulties and successes, see e.g. Appendix VII on Teaching Methodology. One former
student has to be mentioned though - Richard Lunt - who put a lot of effort into making this book

much more attractive than it would have been otherwise.
The author can be contacted through her website www.soundmathematics.com. All comments are
welcome and teachers can obtain there a copy of notes with answers to questions suggested in the text

as well as detailed Solutions to Home Exercises.

Good luck everyone!
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Partll Concept Maps

Throughout when we first introduce a new concept (a technical term or phrase) or make a conceptual
point we use the bold red font. We use the bold blue to verbalise or emphasise an important idea. Two

major topics are covered in this course, Elementary Algebra and Elementary Calculus.

Here is a concept map of Elementary Algebra. It is best to study it before studying any of the Algebra
Lectures 1-3 and 10-12 to understand where it is on the map. The more you see the big picture the

faster you learn!

Elementary
ALGEBRA
Main concepts Visualisatior  Applications
variables operations on Venn number line solving
variables diagram algebraic
complex equations
| plane (transposing
Examples Full list (the Argand the formulae)
diagram)
1 l advanced
addition mathematics,
integer subtraction science,
- engineering,
complex multiplication business,
division finance

raising to power
extracting roots
taking logs

Here is a concept map of Elementary Calculus. It is best to study it before studying any of the Calculus

Lectures 4 - 9 and Calculus Lectures starting from Lecture 13 to understand where they are on the map.
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Elementary Algebra and Calculus Lectures
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Lecture T ALGEBRA: Addition,
Subtraction,
Multiplication and
Division of Rational
Numbers

In Elementary Algebra we study variables and operations on variables which are called algebraic. These

concepts are discussed below.

1.1 Variables

A variable is an abstraction of a quantity.
In algebra, variables are denoted mostly by a, b, ¢, d, i, j, k, , m, n, x, y and z.

Abstraction is a general concept formed by extracting common features from specific examples. Specific
examples of a quantity are time, distance, magnitude of force, current, speed, concentration, profit and

SO Oon.

A variable can take any value from an allowed set of numbers. If a variable represents a dimensional
quantity, that is, a quantity measured in dimensional units s, m, N, A, m/s, kg/m3, £... each value has

to be multiplied by the corresponding unit. Otherwise the variable is called non-dimensional.

Diagrammatically any set can be represented (visualised) as a circle (this circle is called a Venn diagram).
It might help you to think of this circle as a bag containing all elements of the set.

O

Example: A set of numbers 1, 2, 3, 4, 5 can be represented using the Venn diagram
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Elementary Algebra and Calculus ALGEBRA: Addition, Subtraction, Multiplication...

1.2 Variables and operations on variables
1.2.1 Variables: The set of whole numbers

Whole numbers are 1, 2, 3, ..., that is, the numbers used to count (three dots stand for etc., that is, “and

so on”). The set of whole numbers can be visualised graphically using the number line:

v

A number line is a straight arrowed line. A point representing number 1 is chosen arbitrarily on this line,
and so is the unit distance between the points representing numbers 1 and 2. All further neighbouring
points are separated by the same unit distance and represent numbers 3, 4 etc. The arrow reminds us that
the further the point is positioned to the right the greater the number.

Whole numbers are usually denoted by letters i, j, k,/,m, n.

‘mtiia IrAX?A Graduate
:

Find out more and apply

redefining / standards M

N
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1.2.2 Operations: Addition

Operations on variables are things you can do with variables.

Addition is the first and simplest algebraic operation. Its symbol is the + sign (read as “plus”). Addition

of a whole number 7 to a whole number m can be visualised using the number line:

« find a point on the number line that represents number m,

« move along the number line n units to the right.
Addition is called a direct operation to emphasise two facts:

1. we just define (declare) what the result of addition is and

2. addition of whole numbers results in a whole number.
We now introduce the laws of addition which are easy to verify (but not prove) by substituting whole
numbers. We verbalise the laws in a way that helps us to apply them when required to perform algebraic

manipulations.

Lawl:a+b=b +a

Terminology:

a and b are called terms (expressions that are being added),
a+ b is called a sum (expression in which the last operation is addition).

Law 1 verbalised: order of terms does not matter.
Law2: (@ +b) +c=a+ (b + ).
Law 2 verbalised: knowing how to add up two terms we can add up three terms, four terms efc. (add up

any two, add the result to any of the remaining terms, repeat the operation until all terms are used up).

1.2.3 Operations: Subtraction

The symbol of subtraction is the - sign (read as “minus”). Subtraction is an inverse (opposite) operation

to addition. This means that it is defined via addition:

in this context : means ”such that”

Definition:a -b=x: x+b=a.

The definition implies that we have the following relation between addition and subtraction:

a + b - b = a (subtraction undoes addition)

a - b + b = a (addition undoes subtraction)
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1.2.4 Variables: The Set of Integers

Subtraction is the first inverse operation we encounter and as with many other inverse operations
considered later its application might cause a difficulty: subtracting a whole number from a whole number
does not always produce a whole number. However, using specific examples of debt and temperature it

makes sense to say that subtraction introduces new types of numbers, 0 and negative whole numbers:

l.a-a=0
2.a-b=-(b-a)ifb>a

Note: the - sign between variables or numbers is a symbol of subtraction while the - sign in front of a

number tells us that the nimher ic negative Thic micht he a hit canfusing but once the convention is
1 ” ”
grasped it becomes ver: / this symbol means ”greater than

Question: is —a positive, negative or zero?

Answer:

We can now introduce wider number sets than the set of whole numbers:

Natural numbers are 0, 1, 2, ... The set of natural numbers can be visualised graphically as points on

the number line:

0123

v

Integers are ..., -2, -1, 0, 1, 2, ... The set of integers can be visualised graphically in a similar manner:

v

-2 -10 1

1.2.5 Operations: Addition and Subtraction (ctd.)

We can now introduce further laws of addition:

Law3:a+0=a.
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Elementary Algebra and Calculus ALGEBRA: Addition, Subtraction, Multiplication...

Law 3 verbalised: The zero term can always be dropped or put in.

Law 4: for each a there exists one additive inverse —a: a + (-a) = 0.

Law 4 verbalised: every number has an additive inverse.

Laws of addition can be used to justify the rules given below:

88 The Graduate Programme
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Rules

1. +(b+c)=+b+c(since+(b+¢c)=0+(b+c)=0+b)+c=b+c)

Rule 1 verbalised: when removing brackets with + in front just copy the terms inside the brackets.

2. ta+b=a+b(since+a+b=0+a+b=(0+a)+b)

Rule 2 verbalised: the + sign in front of the first term can be dropped or put in.
3. —(a) = -a (since additive inverse of a is -a)

4. —(—a) = +a (since additive inverse of —a is @)
Rules 3 and 4 verbalised: when removing brackets with the minus sign in front copy each term

inside the brackets but with the opposite sign.

Subtraction of an integer # from a number m can be visualised using the number line:
« choose the point on the number line that represents number m
« if n is a whole number move along the number line to the left by # units
o if nis zero there should be no movement,
« if n is a negative integer move along the number line to the right by - units (it could not
be moving to the left, otherwise there would be no difference between subtracting positive

integers and subtracting negative integers!)

Note: Using Rule 1 we can write

/ this sign means ”implies”

a+(-b)=a-b = a-b=a+ (-b).

that is, a difference (expression in which the last operation is subtraction) can be turned into a sum

(expression in which the last operation is addition). This becomes useful in some algebraic manipulations.

Question: How many terms are there in expression 3 — 2a and what are they?

Answer:

1.2.6 Operations: Multiplication

Multiplication is the second direct algebraic operation. Its symbols are the X sign or else the - sign.
When symbols of variables are put next to each other or else when they are put next to a number, the

absence of any operational sign also indicates multiplication. In other words we can write:

ab=a s b=axb,2b=2+ b=2xb
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For whole numbers 7, the result of multiplication of a by # is

n equal terms

Thus, multiplication by a whole number 7 is shorthand for addition of n equal terms.

Example: 5a is a much shorter expression thana + a +a +a + a.

Multiplication is a direct operation in the sense that we just define (declare) what a product of a number
and a whole number is and also, in the sense that a product of integers is an integer. We now introduce
the laws of multiplication which are easy to verify (but not prove) by substituting whole numbers. As

before, we verbalise them so as to make algebraic manipulations an easier task.

Law l:a x b =b x a.

Terminology:

a and b are called factors (expressions that are multiplied),
ab is called a product (expression in which the last operation is multiplication).

Law 1 verbalised: order of factors does not matter.

Law 2: (axb)xc = ax(bxc).

Convention:

abc = (ab)c, a(-bc) = —abc.

Law 2 verbalised: knowing how to multiply two factors can multiply three, four etc.
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Elementary Algebra and Calculus ALGEBRA: Addition, Subtraction, Multiplication...

Law 3:a(b +c¢) =ab + ac

I Removing brackets
«— Factoring

Law 3 verbalised:

Left to right: we can turn a product into a sum, that is, can change the order of operation from AM
(Addition, Multiplication) to MA (Multiplication, Addition).

Right to left: we can turn a sum into a product, that is, can change the order of operation from MA
(Multiplication, Addition) to AM (Addition, Multiplication).

Law 4: ax0 = 0.
Law 4 verbalised:
Left to right: any number times 0 is 0.

Right to left: 0 can be represented as a product of 0 and any other number.

Law 5: ax1 = a.

Law 5 verbalised: factor 1 can be dropped or put in.

The multiplication and addition laws can be used to deduce the following useful rules:
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Rules

<
1. (a/+b\)(‘c+a3=ac+ad+bc+bd - SMILE RULE

<A

The rule can be proved using Multiplication Law 3.

Question: Is the order of terms and factors important?

Answer:

However, memorising the SMILE RULE is advisable, because it makes checking results easier. It can be

extended to multiplying any number of sums with any number of terms.

2. (-1) xn = -n.

Justification:

The answer should be n with a sign and it cannot be +n, because then there would be no difference between
(=1)xn and 1xn. So the answer should be —n. (Note that if n is a whole number, we can produce another
proof: if n is a whole number =—1+(-1)+...+ (-1) — sum of n (-1)s — and so (-1) xn=-n.)

Rule 2 verbalised:

Left to right: multiplying by -1 is equivalent to changing sign.
Right to left: minus sign in front of a term is a shorthand for (-1) x.
1.2.7 Operations: Division

If writing is restricted to just one line of text, the symbol of division is the + sign or else / sign. More
often than not one uses the - sign, with one expression on top and another, at the bottom. It should not
be confused with the minus sign. Division is an inverse (opposite) operation to multiplication. This

means that it is defined via multiplication:
es a
Definition: 5 =x: xb=a

The definition implies that we have the following relations between multiplication and division:

ab

— = a (division undoes multiplication)

b

%b = a (multiplication undoes division)
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Temrinology:

a — numerator (expression divided),

b — denominator (expression by which numerator is divided),

a _ quotient, ratio (expression in which the last operation is division).

b

A quotient is called a proper fraction if a, b are whole numbers and a< b. Itis called an improper fraction
if a, b are whole numbers and a > b.

this sign means “does not equal to”

Conve:W
1 1 1 .3 4«3 3 1

2—#2-—, 2—=2+—, 2—#2+—butrather 2—=2
2 2 2 2 2 2 2 2

So, when adding a whole number and a proper fraction just put this fraction next to the whole number.
When multiplying a whole number by an improper fraction or adding them up put the appropriate
operation sign between them to avoid confusion.

1.2.8 Variables: Rational Numbers

Division is the second inverse operation we encounter and again its application might cause a difficulty:
dividing an integer by an integer does not always produce an integer. To give a simple example, dividing
2 pies between 2 people, each gets two pies (2/2 = 1, in this case division of two whole numbers produces
a whole number). However, dividing 1 pie between two people can be only achieved by cutting this pie

into two portions (1/2 is not a whole number, but a new type of number called rational).
Definition: A rational number is a number — , where m and n#0 are integers.

n

Division by zero is not defined!
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Elementary Algebra and Calculus ALGEBRA: Addition, Subtraction, Multiplication...

Proof

Indeed, assume that a # 0 and there exists a number x such that < =x.

Let a #0.Then 0 X x = a. The number on the left of the = sign is 0 and the number on the right is not. Hence
we arrived at a contradiction. Let now a = 0. Then 0x x = 0. However, this is true for all numbers and not
just one. Hence the assumption (that there exists a number x, such that %:x) is invalid.

Question: Is 2 a rational number? Explain your answer.

Answer:

Rationals can be visualised graphically using the number line:

v

= . #l"_‘
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Question: How many rationals are there between 0 and 1?

Answer:
A rational variable is a variable that takes rational values.

1.2.9 Operations: Multiplication and Division (ctd.)

Law 6: For each a#0 there exists one multiplicative inverse 1 _— 1 =1.
a a

Law 6 verbalised: every number but 0 has a multiplicative inverse.
The addition and multiplication laws can be used to deduce useful rules described below:

Rules

an

n==
b

o> Q

Rule 1 verbalised: any product (an expression in which the last operation is multiplication) can be
turned into a quotient (an expression in which the last operation is division) and vice versa (that is,

“the other way around”).

1
Note: Using Rule 1 right to left, % =, that is, a quotient (expression in which the last operation is

division) can be turned into a product (expression in which the last operation is multiplication).

Question: How many factors are there in expression ¢ and what are they?

Answer:
a a
2. ﬁ -4 ﬁ
n bn b
Convention:
1. Division prescribed with the slash line / is performed before division prescribed with the horizontal
line.
2. If only horizontal lines are used to prescribe division the shorter lines take precedence.
an a- a . . . . .
3 b_ = E/ = Z — cancellation (in this context, the slash means cross out and not divide)
n .
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Rule 3 verbalised:

Left to right: if first multiplying by a number (expression) and then dividing by it this number (expression)
can be cancelled.

Right to left: can multiply both numerator and denominator by the same non-zero number/expression

without changing the quotient.

a

4, é - % — FLIP RULE
C C
%

Rules 2 and 4 verbalised:

Left to right: a multi-storey fraction can always be turned into a two-storey fraction.

Right to left: a two-storey fraction can always be turned into a multi-storey fraction.

a c a+c
5. —+—=
b b b
Note: & +3 = (a + b)/(c + d) (if a quotient is presented on one line and there is more than one term in
c+

the numerator or denominator they have to be bracketed).

wd b COMMON
6. ak cwad cb_ad+ch  HENGMINATOR
b\d \vd db  bd
RULE

This line means ”apply the same operation to top and bottom”.
What follows this line is the operation to be applied.

Law 5 and 6 verbalised: we can turn a sum of quotients into a quotient and vice versa. Another way
of putting this: we can change the order of operation from DA (Division, Addition) to AD (Addition,

Division) and vice versa.

1.3 General remarks

1. All the laws and rules introduced above can be checked (but not proved!) by substituting whole
numbers for letters (that is, by putting whole numbers in place of letters). If you are not sure
whether you remember a law or rule correctly, this type of substitution might jog your memory.
Checking by substitution is not 100 % safe, since the “law” you invent might by chance be
satisfied by a couple of whole numbers but not all of them. This means that a check of that
nature will minimise the chance of a mistake but not eliminate it.

2. It is easier to remember the above laws and rules from left to right. However, you have to be able

to use them from right to left with similar ease.
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3. Note that while the phrases “integer variable” or “rational variable” are quite conventional
nobody talks of a “whole variable” or “natural variable”. The mathematical language can be just as
inconsistent as the natural language!

4. All laws and rules introduced above are first introduced for whole numbers. They can be
generalised (that is, declared to apply) to wider sets of numbers too. Checking the consistency of
these generalisations lies outside the scope of these notes. We just state that above laws and rules
of addition and multiplication apply to all rational numbers.

5. If an expression involves more than one operation performing these operations in different order

can produce different results. It is important to memorise the following convention:

Order of Operations (00O0)
1. Make implicit (invisible) brackets visible
(everything raised and everything lowered with respect to the main line is considered to be
bracketed)
2. Perform operations in brackets {[()]} first (inside out)
000
Operations in Brackets Multiplication Addition
including implicit X 1
(invisible) brackets + -

Note: talking about order of operations we treat both + and - signs as Addition symbols and both x and
+ signs as Multiplication symbols. Similar rules introduced in school make unnecessary distinctions
which suggest that division should be performed before multiplication and addition before subtraction.

Not so!

1.4 Glossary of terms introduced in this Lecture

An abstraction is a general concept formed by extracting common features from specific examples.

A diagrammatic representation is a very general (abstract) visualisation tool, a pictorial representation

of a general set or relationship.

A generalisation is an act of introducing a general concept or rule by extracting common features from

specific examples.

A graphical representation is a specific visualisation tool, a pictorial representation of a particular set

or relationship.

A sum is a mathematical expression where the last operation is addition.
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Elementary Algebra and Calculus ALGEBRA: Addition, Subtraction, Multiplication...

A difference is a mathematical expression where the last operation is subtraction.

Terms are expressions you add. They are separated by + sign(s).

A product is a mathematical expression where the last operation is multiplication.

A quotient is a mathematical expression where the last operation is division.

Factors are expressions you multiply. They are separated by multiplication sign(s).

Note 1: Our usage of words term and factor is not universal. Mathematicians also use words addend
and summand for the term. Some talk of multipliers and multiplicands rather than factors. Engineers use
words term and factor interchangeably — very confusing! In these notes we use them only in the sense
described above. This allows us to produce very short explanations.

Note 2: From now own you are expected to create your own glossary for each lecture. Remember - the

words and phrases in bold red introduce new concepts and conceptual ideas. Do not forget to keep

using the Glossary Appendix.
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1.5 Historical notes

“We learn to count at such an early age that we tend to take the notion of abstract numbers for granted.
We know the word “two” and the symbol “2” express a quantity that we can attach to apples, oranges,
or any other object. We readily forget the mental leap required to go from counting specific things to

the abstract concept of number as an expression of quantity.

Abstract numbers are the product of a long cultural evolution. They also apparently played a crucial role

in the development of writing in the Middle East. Indeed, numbers came before letters.

http://www.maa.org/mathland/mathland 2 24.html

“Negative numbers appear for the first time in history in the Nine Chapters on the Mathematical Art (Jiu
zhang suan-shu), which in its present form dates from the period of the Han Dynasty (202 B.C.-A.D.
220), but may well contain much older material. The Nine Chapters used red counting rods to denote
positive coefficients and black rods for negative. (This system is the exact opposite of contemporary
printing of positive and negative numbers in the fields of banking, accounting, and commerce, wherein
red numbers denote negative values and black numbers signify positive values). The Chinese were also

able to solve simultaneous equations involving negative numbers.

For a long time, negative solutions to problems were considered “false”. In Hellenistic Egypt, Diophantus
in the third century A.D. referred to an equation that was equivalent to 4x + 20 = 0 (which has a negative

solution) in Arithmetica, saying that the equation was absurd.

The use of negative numbers was known in early India, and their role in situations like mathematical
problems of debt was understood. Consistent and correct rules for working with these numbers were

formulated. The diffusion of this concept led the Arab intermediaries to pass it to Europe.

The ancient Indian Bakhshali Manuscript, which Pearce Ian claimed was written some time between 200
B.C. and A.D. 300, while George Gheverghese Joseph dates it to about A.D. 400 and no later than the

early 7th century, carried out calculations with negative numbers, using “+” as a negative sign.

During the 7th century A.D., negative numbers were used in India to represent debts. The Indian
mathematician Brahmagupta, in Brahma-Sphuta-Siddhanta (written in A.D. 628), discussed the use of
negative numbers to produce the general form quadratic formula that remains in use today. He also
found negative solutions of quadratic equations and gave rules regarding operations involving negative
numbers and zero, such as “A debt cut off from nothingness becomes a credit; a credit cut off from nothingness
becomes a debt. “He called positive numbers “fortunes,” zero “a cipher,” and negative numbers “debts”
During the 8th century A.D., the Islamic world learned about negative numbers from Arabic translations

of Brahmagupta’s works, and by A.D. 1000 Arab mathematicians were using negative numbers for debts.
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In the 12th century A.D. in India, Bhaskara also gave negative roots for quadratic equations but rejected
them because they were inappropriate in the context of the problem. He stated that a negative value is

“in this case not to be taken, for it is inadequate; people do not approve of negative roots.”

Knowledge of negative numbers eventually reached Europe through Latin translations of Arabic and
Indian works. European mathematicians, for the most part, resisted the concept of negative numbers
until the 17th century, although Fibonacci allowed negative solutions in financial problems where they
could be interpreted as debits (chapter 13 of Liber Abaci, A.D. 1202) and later as losses (in Flos).

In the 15th century, Nicolas Chuquet, a Frenchman, used negative numbers as exponents and referred

to them as “absurd numbers”
In A.D. 1759, Francis Maseres, an English mathematician, wrote that negative numbers “darken the
very whole doctrines of the equations and make dark of the things which are in their nature excessively

obvious and simple”. He came to the conclusion that negative numbers were nonsensical.

In the 18th century it was common practice to ignore any negative results derived from equations, on

the assumption that they were meaningless”

http://en.wikipedia.org/wiki/Negative and non-negative numbers#History

“It has been suggested that the concept of irrationality was implicitly accepted by Indian mathematicians
since the 7th century BC, when Manava (c. 750-690 BC) believed that the square roots of numbers such
as 2 and 61 could not be exactly determined, but such claims are not well substantiated and unlikely to

be true.
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The first proof of the existence of irrational numbers is usually attributed to a Pythagorean (possibly
Hippasus of Metapontum), who probably discovered them while identifying sides of the pentagram.
The then-current Pythagorean method would have claimed that there must be some sufficiently small,
indivisible unit that could fit evenly into one of these lengths as well as the other. However, Hippasus, in
the 5th century BC, was able to deduce that there was in fact no common unit of measure. His reasoning

is as follows:

o The ratio of the hypotenuse to an arm of an isosceles right triangle is a:b expressed in the
smallest units possible

o By the Pythagorean theorem: a* = 2b*.

o Since a? is even, a must be even as the square of an odd number is odd.

 Since a:b is in its lowest terms, b must be odd.

« Since a is even, let a = 2y.

o Then a’ =4y’ =20

o b*=2y?so b* must be even, therefore b is even.

o However we asserted b must be odd. Here is the contradiction.”

http://en.wikipedia.org/wiki/Irrational number

1.6 Instructions for self-study

o Study Lecture 1 using the STUDY SKILLS Appendix

o Attempt the following exercises:

Q1. Simplify
a) Ox1
b) 0x10
c) Oxx
d) Ox(x-1)
e) 1Ix1
f) 1x10
g) Ixx
h) 1x(x-1)
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Elementary Algebra and Calculus

Q2. Solve

x
a) 0=—
) 2

Q3. Remove brackets

a) -(2-a)

b) +(2 +a-b)
c) -2+a-Db)
d) -2-(a-b))

e) (a+b)(a+b)
f) (a+ b)(a- D)

Q4. Factorise

a) 2-6a
b) l_lb
3 9

c) lflb+20
39

d) (a+b)c+(a+b)d

Q5. Turn into a one storey fraction:

2
a)%

b) b
a/b

Q6. Add fractions:
1

a) l+_
2 3

b) ——+

) —+——

x—1 x+1

ALGEBRA: Addition, Subtraction, Multiplication...

If you need more exercises (particularly on addition of fractions) you can use the following sites:

http://helm.Iboro.ac.uk/documents/1 4 arthmtic algebraic fractns.pdf

http://www.mathtutor.ac.uk/viewdisks.php
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Lecture 2 Applications of
Elementary ALGEBRA:
Solving Simple
Equations

2.1 Revision: Factorisation

The Multiplication Law 3 allows us to change the order of operations of multiplication and addition.
When going from left to right (that is, removing or expanding the brackets), a product is turned into a

sum. When going from right to left (that is, factoring), the sum is turned into a product

ab+ac=a(b +c) (2.1)

Question: What operations are implied in the LHS (left-hand side) of (2.1) and in what order?
Answer:

Question: What would you call the expression in LHS of (2.1) and why?

Answer:

Question: What are the terms in the LHS of (2.1)?

Answer:

Question: What operations are implied in the RHS (right-hand side) of (2.1) and in what order?
Answer:

Question: What would you call the expression in RHS of (2.1) and why?

Answer:

Question: What are the terms in in the RHS of (2.1)?

Answer:

Note that you can turn a sum into a product using any factor a. It does not have to appear as a common

factor in all terms in the sum. This is a general recipe for finding b and c:

ab/a ac/a

L U 4
ab +ac=a(b +c)

To verbalise, to get the first term b in the RHS of (2.1) take the first term ab in the LHS and divide by a.
To get the second term c in the RHS take the second term ac in the LHS and divide by a.
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Examples: Factorise and check your answer by removing brackets
1. 3u+9v=3(u+3v)
Xxu + 3xv = x(u + 3v)
x-2u+3x-2)v=(Kx-2)(u+ 3v)
(x+Nu+3(x+N)v=(x+1)(u+3v)
Findxandyin s—1+——=(s—D(x+y)
s+1

Solution

s—1
X=—
s—1
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Elementary Algebra and Calculus Applications of Elementary ALGEBRA: Solving Simple Equations

2.2 Revision: Adding fractions

Adding fractions we change the order of operations of addition and division, that is, turn a sum of

fractions into one fraction.

Examples: Turn into one fraction

This sign means “apply the same
3 / operaton to both top and bottom”.
The opeartion is indicated after the sign.

E + g . Solution:

3 N x-2 3+x-2  x+1
3(x=2) 3(x-2) 3(x=2) 3(x-2)

+l Solution: ! +l =
x=2 3’ T x-2 3

3 \5
" 27 1210 2

2
———. Solutioni: —\—— = ———=—
5 3 5

3 15 15 15

2u 2

u—-2 3

Solution:
\3 \(u-2)
2u 2 6u  2w-2) 6u-2u+4  4u+4 4 u+l _11 u+1

W—2 3 3u-2) 3w-2) 3w-2) 3w-2) 3w-2) 3@-2)

23 Decision Tree for Solving Simple Equations

Equations are mathematical statements that involve atleast one unknown variable and the equality sign, =.
This means that equations state that the mathematical expression in the LHS (left-hand side of the
equation, to the left of the = sign) is the same as the mathematical expression in the RHS (right-hand
side of the equation, to the right of the = sign). For some values of the unknown these statements are
false and for others they are true. The equations are different from mathematical formulae which also

contain variables and the equality sign, =, but are always true.

Algebraic equations involve only algebraic operations on the unknown(s). By convention the first
choice for the symbol of an algebraic unknown is x. If a value of x (a number substituted for x) turns
an equation into a true statement. This value is called solution of the equation. To solve an algebraic

equation means to find all values of x that turn this equation into a true statement.

32
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Simple equations are equations that can be simply rearranged so that only one term contains the

unknown.

Question: What simple manipulations allow you to rearrange algebraic equations so that only one term
contains the unknown?

Answer:

Note: After solving an equation with the unknown in a denominator make sure that the value you found

does not turn this denominator into zero. If it does it might not be a solution of the original equation!

Once you rearranged the equation so that only one term contains the unknown - conventionally in the
LHS - you can use The Decision Tree for Solving Equations with Only One Term Containing the
Unknown (figure 2.1). This Decision Tree is based on the idea that to solve such equation we have to
keep applying operations which are inverse to the last operation on the unknown to both sides of the
equation — until the unknown becomes the subject of the equation (stands on its own, no operations
are applied to it anymore). The idea is very general and is used to solve all equations that contain the
unknown only in one term. Ifit is present in more than one term we should use a more general Decision

Tree presented in figure 2.2.

What is the last operation on |
the unknown?

!

What is its inverse?

y

Apply this inverse operation to
both sides of the equation

y

Is the unknown the subject of
the equation? No
l Yes
Answer

Figure 2.1. Decision Tree for Solving Equations with Only One Term Containing the Unknown
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Examples:

Solve the following equations using the Decision Tree for Solving Simple Equations:

1. x-1=5

Solution

Using the Decision Tree for Solving Equations with Only One Term Containing the Unknown,
the last operation on the unknown x is subtraction, specifically, -1.

The inverse operation to -1 is +1. Apply this operation to both sides of the equation:

This sign means “apply the same

operation to both sides of the equation”.
The opeartion is indicated after the sign.

The unknown is the subject the equation. Hence the equation has been solved.

We can use substitution to check that this solution is correct.
Consider the LHS, substitute 6 for x, 6 - 1 = 5.
Since LHS = RHS the solution is correct.
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Elementary Algebra and Calculus Applications of Elementary ALGEBRA: Solving Simple Equations

2. 2x-3=x-5

Solution
Using the Decision Tree for Solving Simple Equations, we first collect the like terms:
subtracting x from both sides of the equation we get

x-3=-5

The last operation on the unknown x is subtraction, specifically, -3.

The inverse operation to -3 is +3. Apply this operation to both sides of the equation:

The unknown is the subject the equation. Hence the equation has been solved.

We can use substitution to check that this solution is correct.
Consider the LHS, substitute -2 for x, 2 - (-2)-3 =—4-3 =-7.
Consider the RHS, substitute -2 for x,—2-5=-7.

Since LHS = RHS the solution is correct.

35

Download free eBooks at bookboon.com



Elementary Algebra and Calculus Applications of Elementary ALGEBRA: Solving Simple Equations

Solution
Using the Decision Tree for Solving Simple Equations, we first multiply both sides of
the equation by the denominator containing the unknown v:

1
T+ —=(v=2) =0
;-2

Removing brackets and collecting the like terms,

lv+l:0
3 3

The last operation on the unknown v is addition, specifically, + 3.

The inverse operation to + lis- 1, Apply this operation to both sides of the equation:
3 3

1
The last operation on the unknown v is multiplication, specifically, - 3

The inverse operation to - % is -3. Apply this operation to both sides of the equation:
v=-1
The unknown is the subject the equation. Hence the equation has been solved.

We can use substitution to check that this solution is correct.

Consider the LHS, substitute -1 for v, 1 +l =0

-1-2 3
Since LHS = RHS the solution is correct.
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Solution
Using the Decision Tree for Solving Simple Equations, we first multiply both sides of
the equation by the denominator containing the unknown u:

2u+§(u—2)=0

Removing brackets and collecting the like terms,

4
The last operation on the unknown u is subtraction, specifically, -3

The inverse operation to —% is +4. Apply this operation to both sides of the equation:
3

4

8
The last operation on the unknown u is multiplication, specifically, 3 The inverse

operation to g is .3 Apply this operation to both sides of the equation:
8

The unknown is the subject the equation. Hence the equation has been solved.

We can use substitution to check that thi? solution is correct.

1 2.
Consider the LHS, substitute 5 for u, 1 2 +§: 1
—-2
2
Since LHS = RHS the solution is correct.
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s+1

=0
s+2

Solution
Using the Decision Tree for Solving Simple Equations, we first multiply both sides of
the equation by the denominator containing the unknown s:

s+1=0

The last operation on the unknown s is subtraction, specifically, -1.
The inverse operation to -1 is +1. Apply this operation to both sides of the equation:

s+1=0/-1
s=-1

The unknown is the subject the equation. Hence the equation has been solved.

We can use substitution to check that this solution is correct.
-1+1 O

-1 -2
Since LHS = RHS the solution is correct.

Consider the LHS, substitute -1 for s,

sessssrsssssssessansarssssnssrnssrnrsassassrssrnsnnnsrnsssssssssescesessfilCate]-Lucent @
www.alcatel-lucent.com/careers

One geherétion's transform;tioF is the next's status quo.
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devices ever had to be “plugged in.” To obtain that status, there

needs to be “The Shift".
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If needs be, use various rules
to ensure that the unknown

appears only in one term in
the LHS (left-hand side)

!

[ What is the last operation on ]

the unknown?

Y

What is its inverse?

Y

Apply this inverse operation to
both sides of the equation

|

4 N\
Is the unknown the subject of

the equation?

- J
Yes l Yes
4[ Is the answer in its simplest form? ]
) No
. . \
What is the highest common
divisor for numerator and
i ?
L denominator? )
Y 4 + N\
es Is the answer a proper fraction?
l No
4 N\
What is the integer part of the
fraction?
- J
4 \ 4 N\
What is the remainder?
Y
> Answer

Figure 2.2. Decision Tree for Solving Simple Equations.
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24 Applications of equations

Scientific and engineering systems are described using equations, sometimes referred to in science and
engineering as laws of nature, scientific formulae or principles describing the relationships between
various measurable quantities. If you have one equation (law, formula, principle), which contains one
unknown, this equation (law, formula, principle) can be solved (transposed, rearranged) to find this

unknown.

Example: A conker, of mass m=0.2 kg, falls vertically down from a tree in autumn. Whilst it falls it
experiences the gravity force F = mg and air resistance of magnitude F, = 0.4v, where v is its speed in
m s~'. Calculate the speed at which it is falling when it has an acceleration a = 1.81 m s~* (Take g = 9.81

m s72).

Solution
Step 1. According to the 2nd Law of Newton,
F=ma

Step 2. The resulting force on the falling conker is

F=F,-F, (*)

Step 3. Using the statement of the problem, the right-hand side of the force balance equation (*) is
F=02x%x9.81-04v=19.63 -04v
Step 4. Using the statement of the problem the left-hand side of the force balance equation (*) is
ma=0.2x1.81=3.62
Step 5. Thus, the force balance equation (*) for the falling conker can be written as
19.63 - 0.4v=3.62
Step 6. Using the Decision Tree for Solving Equations with One Term Containing the Unkown we can

find the speed v.

2.5 A historical note

“Al-Khwarizmi (Mohammad ebne Musa Khwarazmi was a Persian mathematician, astronomer, astrologer
and geographer. He was born around 780 in Khwarizm, then part of the Persian Empire (now Khiva,
Uzbekistan) and died around 850. He worked most of his life as a scholar in the House of Wisdom in
Baghdad. His Algebra was the first book on the systematic solution of linear and quadratic equations.
Consequently he is considered to be the father of algebra, a title he shares with Diophantus. Latin
translations of his Arithmetic, on the Indian numerals, introduced the decimal positional number system

to the Western world in the twelfth century...
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The word algebra is derived from al-jabr, one of the two operations used to solve quadratic equations,

as described in his book. “Al-gabr is the process of...” adding the same quantity to each side. For

example, x* = 40x - 4x” is reduced to 5x* = 40x.” http://en.wikipedia.org/wiki/Mu%E1%B8%A5ammad
ibn M%C5%ABs%C4%81 al%E1%B8%B4w%C4%81rizm%C4%AB

2.6 Instructions for self-study

o Revise Lecture 1 using the STUDY SKILLS Appendix
o Study Lecture 2 using the STUDY SKILLS Appendix

o Attempt the following exercises:
Q1. Remove brackets

a) B+x)2+y)
b) (x + 3)(x + 3)
c) (x+3)(x-3)

1
Q2. Find the multiplicative inverse of 1
R + R
R R,

Q3. State and explain whether the following is correct:

2+4ba

a) =1+2ab

2+4ab

b) =2+4a

Q4. Factorise

a) 6x — 12xy
b) 4x + 32z + 16y

Q5. Solve

b) x+3=3
2
o 32
u+l 4du+1
) 2=t
t 2t+1
u—-1 wu-1

If you need more exercises you can use the following site: http://www.mathtutor.ac.uk/viewdisks.php
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Elementary Algebra and Calculus ALGEBRA: Exponentiation, Roots and Logarithms of Real Numbers

Lecture 3 ALGEBRA:
Exponentiation, Roots
and Logarithms of Real
Numbers

3.1 Types of variables and operations on variables (ctd.)

3.1.1 OPERATIONS: n-th POWER b"

The symbol of the n-th power is a superscript n. Raising to power is also called exponentiation.
For whole numbers n,

b"=bbb-...-b

H_/

n equal factors
Thus the symbol ( )", where 7 is a whole number is a shorthand for multiplication of n equal factors.

/
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Raising to power is a direct operation in the sense that we just define the result and raising a rational

number to a whole power is a rational number.

Using the whole power indices m and n and multiplication rules the following useful rules can be verified:

Rules

1. a™-a" = a™" product of powers with same base can be turned into a single
power — just add indices

2. a"-b" = (ab)" product of powers with same index is power of products with this

index
3. a” _ ann quotient of powers with same base can be turned into a
a" single power — subtract indices
4. Z—m = (Zj quotient of powers is power of quotient
. ao =

6.a—— L

ai’l
7. (@ =am Convention: ™" = a(™")

3.1.2 OPERATIONS: n-th ROOT

When 1 is a whole number the symbol of the n-th root is ¥ . The symbol of the square root is ¥ . When
n is a whole number the n-th root is an inverse operation to raising to power n. This means that it can

be defined via raising to power n:
Definition: ¥ = x: x" = b.

The definition implies the following relations between raising to power n and the n-th root:

Nb" =b (taking the n-th root undoes raising to n-th power)
&b)' =b (raising to n-th power undoes taking the n-th root)

!
Therefore, we can use notation bA =%b . Indeed, it is easy to check using the indices rules that exactly

1
like the operation 4 the operation ()4 undoes ()" and vice versa.

3.1.3 Variables: Irrational, Real and Complex Numbers

Extracting an n-th root is an operation inverse to raising to power #. It is the third inverse operation

we encounter.
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Question: what other inverse operations have we covered so far?

Answer:
As with subtraction and division, application of this new inverse operation might cause a difficulty:
L. First of all, the answer might not be unique.

Question: what is a square root of 4, 9, 16 ...?

Answer:

2. Also, extracting a whole root of a rational number does not always result in a rational number.
However, it makes sense to say that extracting a whole root of a rational number introduces a new
. . J_ J_ J_ ;V’ V» .
type of number called irrational, for example V2, V3, V5,4 2, ¥ 3 etc. We get an idea of what an
irrational number V2 is by saying that squaring it gives 2.
Question: what is an irrational number? Note that “ir” is Latin for “non”

Answer:

All rational numbers combined with all irrational numbers constitute a set of real numbers. A set of real
numbers can be visualised as points on a number line. Any real number can be represented by a point
on the number line and every point on the number line represents a real number (the proof of this lies

outside the scope of these notes).

A real variable is a variable that takes real values.

The operation of taking a root also introduces complex numbers Vo1 ete Complex numbers are
numbers that are not real and are to be discussed later. The main message: an even root of a negative

number cannot be a real number.

Proof:

Indeed, assume that v/—1 = x, where x s real. Then squaring both sides, —1 = x°. But any real number
squared is positive or zero. Hence the assumption (that there exists a real number x such v—1=x) is
invalid.

A complex variable is a variable that takes complex values.
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314 Operations: Logarithm Base b

The symbol of operation taking a logarithm base b is log,. Taking a logarithm base b is an inverse
operation to raising b to power. Note that the base is always written as a subscript of log. Since the
logarithm is inverse to raising b to power it can be defined via this operation:

Definition: log, a = n: b" = a.

The definition implies the following relations between raising b to power and log base b:

log, (b") = n (taking log, undoes taking b to power)
b°%:" =y (taking b to power undoes log,)

We can use rules for indices to deduce rules for logs:

Rules

1. logrxy =logsx + logsry log of a product is sum of logs

2. logs EA logrx — logsy log of a ratio is difference of logs
3. logs i}= 0 logof1is0

4. logrb =1

5. logs LI —logpa

6. logs ;cl" = nlogy x log of a power is power times log
7. logha = Eizz changing base rule

3.15 Variables: Irrational, Real and Complex Numbers

The operation of taking a log is the fourth inverse operation we encounter.

Question: what other inverse operations have we covered so far?

Answer:

As with subtraction, division and taking the whole root, application of a log might cause a difficulty:
Taking a log of a rational number does not always result in a rational number and taking a log of a real
number does not always result in a real number. For example log 2, log  3,log 5 etc. are all irrational

numbers.
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Question: what is an irrational numbers? “Ir” stands for “non”

Answer:

Also, log, (~1) is not a real number. The main message: if the base is positive the logarithm of a

negative number cannot be a real number.

General Comments

1. All laws and rules of addition, multiplication and taking to integer power are first
introduced for whole numbers and can be verified (not proved) by substitution of whole
numbers. It is then postulated (declared) that they extend to wider and wider number sets.

2. These operations can be applied to real numbers to produce results that are real too. Other
algebraic operations when applied to real numbers do not necessarily produce results that
are real.

3. We can now extend the Order of Operations convention to

Order of Operations (00O0)

1. Make implicit (invisible) brackets visible (everything raised and everything lowered with respect
to the main line is considered to be bracketed)
2. Perform operations in brackets {[()]} first (inside out)
000
Operations in Brackets Powers Multiplication Addition
(including powers X 1
implicit) roots = -
logs

When dealing with expressions involving algebraic operations the convention is to perform operations in
brackets first, then the most involved algebraic operations of power and its inverses, then an easier operation
of multiplication and its inverse and finally the simplest algebraic operations of addition and its inverse.

32 Applications
3.21 Solving Quadratic Equations

The general form of a quadratic equation is

ax? +bx+c=0,

where constants @, b and ¢ are assumed to be known and x is assumed to be an unknown variable.
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Question: Why is it an equation?

Answer:

Question: Is it an algebraic equation? Why?

Answer:

Question: Is it a simple algebraic equation?

Answer:

Question: What is a constant?

Answer:

We can solve any quadratic equation by using a trick called “completing the square”,

Completing the square means re-writing the quadratic expression

ax® +bx +c = (ax’ +bx)+c = a(x’ +é)c)+c:a[(x+lé)2 —(lé)z]+c=
a 2a 2a
2

2
a(x+—)" ——+c:
( 2a) 4a

so that the unknown is present in only one term.

Any simple algebraic equation can be solved using the Decision Tree given in figure 2.1 and therefore

completing the square can be used to prove that for any quadratic equation,
ax* +bx+c=0

we have a formula for its solutions,

—b+\b% —4a

X2 =
’ 2a

The notation means that if we choose the top sign in the RHS, we get solution x, and if we choose the

bottom sign, we get solution x,. Let us now produce an (optional) proof of this formula:
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Elementary Algebra and Calculus ALGEBRA: Exponentiation, Roots and Logarithms of Real Numbers

Proof: Optional

Completing the square we can re-write the quadratic equation ax’ +bx+c as a(x+ 23)2 -
a

We can now solve it using the Decision Tree for Solving Equations with the Unknonw in Only One Term.

2
Step 1: The last specific operation on x in the LHS is adding a constant —Z—+c
a

b2
Step 2: Its inverse is + — — ¢,

da 5

Step 3: Applying this inverse operation to both sides of the equation we get a(x+%)2 = Z—a—c

b% —4dac

. : : . b
which can be re-written using the common denominator method as a(x+5)2 =

Step 4: x is not the subject of the equation, so we have to go through the solution loop again. The
last specific operation on x in the LHS is xa

Step 5: Its inverse is xl.
a

b2 —4ac
4a2 '

b
Step 6: Applying this inverse to both sides of the equation we get (x +2—)2 =
a

Step 7: x is not the subject of the equation, so we have to go through the solution loop again. The last
operation on x in the LHS is squaring.

Step 8: Its inverse is \/_ (the square root or ( )"?, the power half).

Step 9: Applying this inverse to both sides of the equation we get

\/b2 —4ac

The latter notation means that if we choose the top sign in the RHS, we get solution x, and if we choose
the bottom sign, we get solution x,.

Step 10: The unknown is not the subject of the last equation, we have to go through the solution

loop again. The last operation on x, , in the LHS is +2i.
: a

Step 11: Its inverse is —i.
a

—bi\/b2—4ac.

Step 12: Applying this inverse to both sides of the equation, we get x; , = 5
’ a

48
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3.2.2 Applications: Factorising Quadratic Expressions

Every quadratic expression ax2 +bx + ¢ can be factorised as follows:
ax? +bx+c = a(x—x)(x—xp)

where xj , are
b

solutions of the corresponding quadratic equation
2 -
ax“ +bx+c=0.

x] o are also known as roots of the quadratic.

You can check that factorisation makes sense:

Step 1. Substitute x| into the LHS and then RHS. You get 0 in both cases.

Step 2. Substitute x5 into the LHS and then RHS. You get 0 in both cases.

Step 3. Remove brackets in the RHS. The highest power term is ax?. It is possible to get the other two

terms too.

This factorisation (turning a quadratic into a product) proves extremely useful in many engineering and

scientific applications.
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Elementary Algebra and Calculus ALGEBRA: Exponentiation, Roots and Logarithms of Real Numbers

33

Instructions for self-study

Revise Summaries on ALGEBRA and ORDER OF OPERATIONS

Revise Lecture 1 and study Solutions to Exercises in Lecture 1 using the STUDY SKILLS
Appendix

Revise Lecture 2 using the STUDY SKILLS Appendix

Study Lecture 3 using the STUDY SKILLS Appendix

Attempt the following exercises:

Q1. Turn into a single power

a)
b)

c)

e)

23 x 27
03 XCS
22+j ><22—]’

Sl—ﬁ

62+j\/§

Q2. Modify into an expression containing a power with a positive index

Q3. Evaluate and check your result:

a)
b)
c)
d)
e)
f)
)
h)
i)
i

N
Jo
Ji6
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Elementary Algebra and Calculus

Q4. Evaluate without a calculator:

a) logjg2+logip5
b) log;p200—1log;y2. Check your result.
c) log, 8. Check your resultlog;y 10000 .

d) log, % . Check your result.

e) logyg ﬁ . Check your result.

Q5. Solve the following quadratic equations:

a) s2+55+6=0
b) x> +4x+4=0
¢) s2-36=0

Q6. Factorise the following quadratic expressions:

a) s2+55+6
b) X2 +4x+4
¢) s2-36

ALGEBRA: Exponentiation, Roots and Logarithms of Real Numbers
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Lecture4 FUNCTIONS

We generalise the concept of an operation on variables as introduced in Algebra by introducing functions.

4. Variables

As stated in Section 1.1,

a variable is an abstraction of a quantity.

In calculus, variables are denoted mostly by x, ¥, z, p, ..., w.

Abstraction is a general concept formed by extracting common features from specific examples. Specific
examples of a quantity are time, distance, magnitude of force, current, speed, concentration, profit and

SO on.

A variable can take any value from an allowed set of numbers. If a variable represents a dimensional
quantity, that is, a quantity measured in dimensional units s, m, N, A, m/s, kg/m®, £... each value has to

be multiplied by the corresponding unit. Otherwise the variable is called non-dimensional.

Diagrammatically any set can be represented (visualised) as a circle (this circle is called a Venn diagram).
It might help you to think of this circle as a bag containing all elements of the set.

O

Examples of commonly used sets of numbers in science and engineering:

I - set of all integers

R - set of all real numbers
All numbers that can be represented graphically by points on a number line are called reals.
A real variable x is a variable that takes only real values, maybe with some exceptions (that is,

for some reason some real values are excluded). Describing the set of all such values we can say “x real”

or“x e R”

this symbol means ”element of”
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Elementary Algebra and Calculus FUNCTIONS

4.2 Functions

A function represents a relationship between variables. In elementary calculus we study functional
relationships between two variables only, one of them is called an independent variable, input or a
control variable and the other, dependent variable or output. The independent variable is also called

an argument and dependent variable is also called a function of independent variable.

The first choice for a function name is f or f'( ), the second choice is g or g (), and the third choice is
h or h (). The brackets put after the function name stand for the word of and are functional and not

algebraic, which means that no multiplication sign is implied!

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your “

topic area. Find out what you can do to improve _
the quality of your dissertation! . d,_\gs“
@ o P
()
0"":‘2&
Get Help Now (o) H
% ,_p"‘"‘“ﬁ& . = i

Go to www.helpmyassignment.co.uk for more info
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Elementary Algebra and Calculus FUNCTIONS

Examples:

fxX)=x+2

This line is verbalised as follows: f of x is x plus 2. The operation f () is “+2".
=f(1)=3

This line is verbalised as follows: fat 1 is 3.

A sequence {x } = x,, x,, X,,... is a function of integer n, that is, we can write
x = x(n)
A simple example of a sequence is x =n.
n

f(x) = |x|, where the absolute value (modulus) of x is

x if x>0
x| =
-x if x<0

This definition should be read line by line from top to bottom, but — unusually - each line should be
read from right to left: If x is positive or zero, then its absolute value is itself. If x is negative, then its
absolute value is its additive inverse, e.g. |2| =2 and |-2| =2.

Note that the geometrical interpretation (visualisation) of the modulus based on the numberlineis the
distance (from the point representing the number on this line) to the origin (the point representing 0).

Question: What is modulus of —5?

Answer:

To specify a function we need to specify a (chain of) operation(s) and domain D (a set of allowed values
of the independent variable). To each xe D, /() assigns one and only one value y € R, where R is range

(a set of all possible values of dependent variable).

A diagrammatical representation of a function

54
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Note that in Elementary Calulus the word function has three meanings:

1. f() - an operation or a chain of operations on an independent variable;
2. f(x) - a dependent variable, that is the variable obtained when f{ ) acts on an independent variable x;
3. Set of pairs {(x, f(x)): f( ) assigns one value f(x) to every allowed value of x}.

Which meaning is implied should be understood from the context; if the word function is not followed by

the word of it is most likely to be an operation, otherwise it is most likely to refer to a dependent variable.

In Elementary Calculus we study only real functions of a real variable (that is, of one real argument).

A real function has the range that is a set of real numbers. The natural domain of any function of a real
variable is reals, with possible exceptions. Exceptions arise due to operations that might not lead to
a real number, such as division by zero, taking the square root (in fact, any even root) or a log. So, a real
function of a real variable is a function whose range and domain are both real.

4.3 Elementary operations on functions
1. ADDITION (INCLUDING SUBTRACTION)
(f £ 2)(x) = fix) £ g(x) if D,=D, (thatis, if the functions have the same domain)

2. MULTIPLICATION
(-8 (x) = flx) - glx) ifD;=D,

3. DIVISION

L= I D ;=D g() £0
g g(x)

4, COMPOSITION g f

fog(x) =f(g(x)) if R, < Dy e @ e
\ —

“is subset of”

symbol of
composition “is by definition”

Composition is the chain of operations applied one by one and involves substitution: when performing
composition we keep putting in place of successive arguments their actual expressions in terms of the
independent variable (in this context, we reserve the name “the independent variable® for the argument

of the first function in the chain). This means that we keep removing the brackets inside out.
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Example: f(x) = x + 2, g (x) = x2. Note: When the natural domain is R it is usually not mentioned.
1. Find the composite function f (g (x)).

Solution

Step 1.

f(g (x)) = f(x?) (in place of g(x) we put x?)

Step 2.

f(x?)= x*+2 (operation fis +2, that is add 2 to whatever you have in brackets.)

2. Find the composite function g (f (x)).

Solution

Step 1.

g (f (x)) =g(x+2) (in place of f(x) we put x+2)

Step 2.

g(x+2) = (x + 2)? (operation g is ( )?, that is, square whatever you have in brackets.)

We often have to perform an operation of DECOMPOSITION (inverse to composition) by sorting out

the order of operations in a given expression.

56
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Elementary Algebra and Calculus FUNCTIONS

Examples:

Decompose the function h(x) = x? + 2.
Solution
Using the Order of Operations,

15t operation is ( )? (power 2)
2" operation is +2.

2. Decompose the function p(x) = (x + 2)?

Solution
Using the Order of Operations,

1*t operation is +2

2" operation is ( )? (power 2)
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Elementary Algebra and Calculus FUNCTIONS

5. TAKING INVERSE OF A FUNCTION

-— symbol of inverse function.
) fof"x)=f"of(x)=x Not to be confused with the reciprocal!

Note: the inverse function does not always exist (see the diagram below).

2

Finding an inverse function (when it exists)

To find an inverse functions use the following algorithm (a sequence of steps):

Step 1. rename f(x) as y
J(x)
D R
Step 2. solve for x S >y
Step 3. rename x as f'(y)
1)
y=fx)
x=f1)

58
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Example: f(x) = x+ 2. Find f~'(x).
Solution

Step 1. Rename f(x) asy
y=x+2

Step 2. Solve for x
x=y-2

Step 3. Rename x as f'(y)
fy)=y-2

Step 4. Rename y as x (the independet variable can be denoted by any symbol)
f'x)=x-2

44 Order of Operations (extended)
B f() P M A
including powers X +
implicit roots + -
logs

Note: all operations related to Powers can be considered to be advanced algebraic operations as well as

being functions (see below).

45 Applications of real functions of real variable and operations on such functions

Any analogue signal representing a physical quantity, such as voltage, current, speed, force, temperature,
concentration efc. can be considered to be a real function of time (which is a real variable). Many

instruments, such as controllers transform signals, that is, perform operations on functions.
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Example: Flow-rate (Q) is the rate at which the water, in terms of volume, flows along a channel (see
figure 4.1). It is expressed as volume divided by time, in units of m3/s (cubic metres per second). If we
assume that flow in a channel in uniform, then the flow-rate is a function of:

the area of flow in the channel (m?)

the hydraulic radius (m)

the slope of the channel (in the direction of flow)

the roughness the channel material that is in contact with the water

water surfac
direction of flo

Figure 4.1. The longitudinal section of a channel

Specifically this can be represented in the “Manning equation”:

Q=£R2/351/2
n

where A is cross-sectional area,
R is hydraulic radius A/ P, with P —‘wetted perimeter’ (the length of contact between
the water and the channel, which is y + b + y for the rectangle),
S is channel slope in the direction of flow,
n is Manning coefficient of roughness.

You have been employed on the design of the irrigation scheme intended to provide water to a number
of rural villages where clean water for drinking and for agricultural purposes is lacking. It is proposed
to provide open 0.9m wide rectangular-section channels lined with concrete with the water flowing
to a maximum depth of 1.2 m. It is required to have a capacity of 2.0 m*/. (the highest flow-rate it is
expected to carry). If the channel is constructed using rough finished concrete (n = 0.017), what slope
(in the direction of flow) will be needed assuming that the flow is uniform? If the fall of the land is fairly
shallow and the maximum fall of the channels for economic construction is restricted to 0.3m per 100
metres is this design adequate?

http://www.raeng.org.uk/education/diploma/maths/pdf/CBE7 Channel Flow.pdf

60

Download free eBooks at bookboon.com



Elementary Algebra and Calculus FUNCTIONS

46 A historical note

The idea of a function dates back to the Persian mathematician, Sharaf al-Din al-Tuasi, in the 12* century”
who used this word in the sense of the dependent variable as did Gottfried Leibniz in end of 17th
and beginning of the 18" century and Leonhard Euler in the 18" century. It seems that a more formal
definition of a function as a set of ordered pairs, a relation in which every element from a domain has
a unique element from the range has been given in the 19" century by Lobachevsky and according to
some sources, Dirichlet. The definition of a function as an operation (or a chain of operations) that

assigns to every element of the domain one element from the range was introduced in 1939 by Bourbaki.

4.7 Instructions for self-study

¢ Revise Summaries on ALGEBRA, FUNCTIONS and ORDER OF OPERATIONS

o Revise ALGEBRA Lecture 2 and study Solutions to Exercises in Lecture 2 using the
STUDY SKILLS Appendix

o Revise ALGEBRA Lecture 3 using the STUDY SKILLS Appendix

o Study Lecture 4 using the STUDY SKILLS Appendix

o Attempt the following exercises:

TURN TO THE EXPERTS FOR
SUBSCRIPTION CONSULTANCY

Subscrybe is one of the leading companies in Europe when it comes to innovation
and business development within subscription businesses.

We innovate new subscription business models or improve existing ones. We do
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retention strategies.

Learn more at linkedin.com/company/subscrybe or contact
Managing Director Morten Suhr Hansen at mha@subscrybe.dk

SUBSCRYBE - fofle fufur

N
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Ql. Let f(r)= 2; +32 . This function converts temperature from °C to °F. Evaluate
5

a) f(0)
b) f(100)
c) f(24)

Q2. The speed v(¢) of an object is given by y(¢) = 98¢. Find

a) v(t%)
b) v(r+1)

Q3. Decompose the following functions (that is, state what is the first operation in f'(x)and what is

the second). Use the Order of Operations Summary.

2 f()=——

x+2

b) f(x):§+2

) f(x):%(x+2)

d) State which of these can be called a sum, a quotient or a product.

e) What are the factors in this product?

Q4. Given function f(x) = L

+2

a) state what is the natural domain of f'(x)
b) find the inverse function f ' (x)

¢) what is its natural domain?
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Additional Exercises
1. Turn into one power

a) 23x2°

b) c3 ch

o) 224/ %227/

1-42
s2+\5
o-iN2

e) —
) ez+j\/§

2. Modify into a power with positive index

a) a

b) u!
o) w0

3. Evaluate and check your result:

a) \/Z

b) 9

c) J16
d) /25
e) 362
f) 491/2
g) 81/3
h) 27'3
i) 3e4

j R2s

4. Evaluate without a calculator:
a) logjp2+logip5
b) 10g10 200 - loglo 2
c) log;(10000

d) log,8

e) logzé

1
f) logjo——

100

Download free eBooks at bookboon.com



Lecture 5 Real FUNCTIONS of One
Real Variable: Graphs,
Polynomials

5.1 Graphical representation of real functions of one real variable

In the last lecture we gave a diagrammatical representation of a function,

Each particular real function of a real variable can also be visualised using a more specific, graphical,

representation. On a graph of a function y = f(x),

domain D is represented by a set of points on a horizontal axis (number line), maybe not the whole axis,
maybe an interval; it is usually called the x-axis;

range R is represented by a set of points on a vertical axis (number line), maybe not the whole axis, maybe
an interval; it is usually called the y-axis (note that the point of intersection of the two axes is chosen
to represent 0 on both of them);

function f (in the sense of the collection of all ordered pairs (x, f(x))) is represented by a set of points, maybe a
line on the plane. Each point in this set has coordinates x and y (projections onto x- and y-axis,
respectively) which are associated by the functional relationship y = f(x).

Graphs can be sketched by using the table of pairs (x, y).
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Examples:
1l.y=2x

Table:
X

y
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Elementary Algebra and Calculus One Real Variable: Graphs, Polynomials

52 How to use graphs of real functions y = f(x) of one real variable

The graph may be used as a rule (an operation or a chain of operations), which, given an x, allows one

to find the value of y and vice versa.

Examples:
1. Below we are given the graph of function C=2t. C (%) ? (verbalise: given t find C)

b C=2t

2. Below we are given the graph of function i=2u. u=i-"(3)? (verbalise: given i find u)

Answer:

53 Applications of graphs

Specifications of various instruments often contain graphs showing say, the device output at various
frequencies (see figure 5.1). Properties of various devices and materials can also often be summarised

as graphs (see figure 5.2).

TYPICAL APPLICATION Output Frequency Spectrum With and Without SSFM
500kHz, 4-Phase Clock with 20% Frequency Spreading 0 oo
UTPUT
v #7] SPECTRUM — |
Raon 10k = - WITH SSFM |
DAF oo ! E® :[‘WWW DISABLED
Rrt 10k e T OUTPUT
i S _jg L speECTRUM
= = WITH 20%
LTCA902 z Z_ SPREADING it
—f\V SET = _m 1"\
OPEN DIV MOD z
LdpH  ahD = AR
ouTt ouT4 ouT4 = -8 [ l
i ouT? OUT3 ouT3 Wi
ouT2 _100 [ |
oumi 400 450  s0 580 600
= o FREQUENCY (kHz) o

Figure 5.1. Copied from description of an oscillator at
http://www.linear.com/pc/downloadDocument.do?navid=H0,C1,C1010,C1096,P2293,D1568
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110%

100% <

0% <

20% <

70% <

% of density @ 24hrs

0% .
0.1 1 10 100 1000

Time, hours

Figure 5.2. Copied from description of a dosimetry film at
http://www.ispcorp.com/products/dosimetry/content/gafchromic/content/products/md55/pdfs/conspefo.pdf

54 Elementary functions: monomials (natural powers) and polynomials

Elementary functions involve only elementary (algebraic and trigonometric) operations.

A polynomialisan elementary function, involving only algebraic operations ofaddition and multiplication

by a constant of monomials (natural power functions),
— n n-1
P(x)=ax"+a Xx"'+..+a,

where 7 is a natural number and coefficients (factors independent of x) a, a,, ...., a, are constants.
Verbalise: A polynomial is a sum. Each term in this sum is a product of a whole power of x and a

constant (coefficient). If a_ # 0, n is called the degree of P (x).

Question: What is a constant?

Answer:
To be precise, we say that a  a,, ...., a, are constant with respect to x.

5.4.1 The Main Theorem of Algebra

The Main Theorem of Algebra (without proof)

The polynomial equation P_(x) = 0 has exactly n roots (solutions), x,,..., x , which may be equal or complex

(not real).
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54.2 Factorisation of polynomials

Each polynomial may be factorised

P,(x)=a,(x—x))(x—xp)...(x—x,)

Note: the derivation of the above formula lies outside the scope of these notes but you can check
yourself that it is correct at the roots by substituting x, for x, x, for x etc. You can also check that both
LHS (left-hand side) and RHS (right-hand side) of this formula have the same coefficient a_ associated
the highest power x".

In most cases roots (solutions) of polynomial equations can be found only by using a computer code.
However, as discussed in Section 3.2.1, for any quadratic equation ax® +bx +c =0 we have a formula

for finding roots:

ax2+bx+c=0

—bir\/b2 —4ac

2= 2

—b+/b% —4dac

where Xio = is a short-hand for two roots,

2a
. _—b+\/b2—4ac and x; = —b- vb2—4ac
| =— = .
2a 2a

For cubic equations, roots can be found without the help of a computer only in some cases. For example,

x* = 3x* + 3x - 1 = (x - 1) 3. Therefore, the equation
X -3x2+3x-1=0

has three equal roots, x =x,=x,=1
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One Real Variable: Graphs, Polynomials

Graphs of Polynomials of Degree 1 (linear), 2 (quadratic) and 3 (cubic)

1. A polynomial of degree 1, P, (x).is called a linear function. Its graph is called a straight line.

Example: Sketch a monomial (power function) y =x

Table: Graph:

X

0

y

0

=

i
D=®
R=®R

One intersection with the x-axis

NOTE: to draw a straight line all you need is two points. More points are required to sketch other

graphs correctly.

EXPERIENCE THE POW
FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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2. A polynomial of degree 2, P, (x) is called a quadratic function. Its graph is called a parabola.

Example: Sketch a monomial y = x

Table:
X 0

y

2 -1

D=®R

R: y>20

One intersection with the x-
axis (two roots coincide)

Note: any parabola is symmetric with respect to the vertical line drawn through its tip (a turning point).

Three points are enough to sketch a parabola.

3. A polynomial of degree 3, P, (x).is called a cubic function. Its graph is called a cubic parabola.

Example: Sketch a monomial y = x

Table:
X 0 2 D=®R

R= R
0 8
Y One intersection with x-

axis (three roots coincide)

Note: At each intersection with the x-axis, y=0. Therefore, the intersections represent roots (solutions)

of the equation y=0.
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Optional
5.4.4 Graphs of General Polynomials of Even and Odd Degree

The general polynomial of even degree 2m, where m is a natural number

T Y=y X"+ ¥ a,, ay, >0

Both branches up

No more than 2m
intersections with the x-axis

The general polynomial of odd degree 2m+1, where m is a natural number

— m+ 1
\y=a,,, X" .. +a,, a,,, >0

D=®

R: y=yg

Left branch down, right
branch — up

No more than 2m+1
intersections with the x-
axis
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55 Instructions for self-study

» Revise Summaries on FUNCTIONS and ORDER OF OPERATIONS

» Revise Lectures 3 and study Solutions to Exercises in Lecture 3 using the STUDY SKILLS
Appendix

o Revise Lecture 4 using the STUDY SKILLS Appendix

o Study Lecture 5 using the STUDY SKILLS Appendix

o Attempt the following exercises:
1
QL. If F(s)=——-,s #—1, find
s+1

a) F(s—1)
b) F(s+1)

1
F—
9 (s2 +a)2)

This e-book Y o N
ismadewith SETASIGN

SetaPDF W
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1 1
Q2.1If f(t) = ﬁ’t #3 and g(¢) = ﬁ,t # —3 what are the following functions (do not forget to
- +

describe their natural domains):

a) f(g(x))
b) g(/(x))

) f(f(x))

z—1

Q3. Find the inverse of the function g(z) = ,z # —1.Indicate its natural domain.

Q4.

a) Plot a graph of the function . What is the range of this

function?
b) Sketch the function f(x)=(x-2)(x+4). What is the natural domain of this function?

What is the natural range of this function?

Additional Exercises

1. f(x) =x* - 3x + 2 (no domain indicated means that domain is R, the set of all reals). Find

g)y=f (\/; ) and indicate the natural domain of g(¢).

1
2. Find the natural domain of f(x)=—.
X

3. Find the natural domain of

a) AVx—-2
b) V2 —3t-2
&) V=12 +3t+42

4. Sketch y = 2(x - 1)(x - 2)(x - 3) using only information from Lectures 1 - 5.

2

1 1
5. Sketch y = Ex + Zx + 5 using only information from Lectures 1 - 5.
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Lecture 6 Real FUNCTIONS of
One Real Variable:
Exponential Functions,
Logarithmic Functions,
Inverse Functions

6.1 Exponential functions

In algebra we studied the operation of raising to power. It can be used to introduce exponential functions
flx) = b%, b > 0 (compare to monomial functions f(x) = x" with n being a whole number, which were
covered in Lecture 5). Any other x-value could be chosen, you can check that the resulting point would

still lie on the same curve.

Note: the position of symbols - that is, whether they are on the main line, lowered or raised - is very

important in mathematics.

Often it is convenient to choose the positive number b to be ex~2.71 (Neper’s constant, an irrational

number). Why is it convenient is discussed later.

Question: What is a rational number?

Answer:

Question: What is an irrational number?

Answer:

Question: Can we be more specific?

Answer:

Let us use the table to sketch the graph of the exponential function y = e~
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Table: Graph: 4y =¢
x |0 1 -1 2 -2
y ex3 | 1 1 =9 11 _/1 -~
~ = —~— >
e 3 e 9 D=®R
R: y>0

Any other x-value could be chosen, you can check that the resulting point would still lie on the same curve.

6.2 Logarithmic functions

In algebra we learned that the inverse operation to raising b to power is called log, . It is defined as follows:

log, x = p: b® = x, so that log, x is the power (index, exponent) to which you have to raise b to get x.

We now introduce a logarithmic function f(x) = log, x. Note that the function (operation) log, () is
inverse of the exponential function (operation) b"). This means that when executed in sequence these

two operations cancel each other.

If b = e, the logarithmic function is usually written as f'(x) = In x (this is verbalised as the natural log
of x). Note that the function In (') is inverse to the function e”.We could use a table to sketch the log

function and obtain

Ay=Inx
D: x>0
Table: :
: : : Graph R-@
X e e e e
y 0 1 -1 2 -2

/1 x
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A much better way of sketching the log functions is to use the following general algorithm for sketching

inverse functions:

SKETCHING AN INVERSE FUNCTION y = f'(x)

Step 1. Sketch the graph of function y = f(x).

Note that it is also the graph of inverse function x = f~'(y).
Step 2. Sketch the “mirror” line y = x.

Note that every point on this line has y-coordinate the same as x-coordinate.
Step 3. If horizontal and vertical scales are the same, sketch the mirror image

y = f'(x) of the original graph y = f(x) with respect to the line y = x.

=f(x), x =f""(v) (dashed line), y = f ' (x) (solid line)

X
Note: on solid curve x and y change places compared
to dashed curve. If horizontal and vertical scales are the
same this corresponds to reflection of the dashed line
with respect to the line y =x.

6.3 Revision: Trigonometry
6.3.1 Angles, Degrees and Radians

Let us consider a segment of length  and rotate it around a fixed end until it returns to the original
position. The angle described after a full rotation is said to be 360° (Verbalise: 360 degrees). The degree

is a dimensional unit of angle.

Note: the degree is a dimensional unit in the sense that it has a convenient but arbitrarily chosen size
(dimension). For example, we could just as well subdivide the full rotation into 720 units and call the new
unit of angle a degree.
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The line described by the other end of the segment is called circumference. If this end does not complete

the full rotation the line is called a circular arc s - see figure 6.1 below.

§2
‘ r
Figure 6.1. Circumferences of radii 7 and r, and circular arcs s, and s,

It turns out that whatever the length of the segment (which is called the radius of this circumference),

the quotient

length of circumference

radius

is always the same number called 27, where 7 (a Greek letter pi) is short hand for an irrational number

7 = 3.14 . By the same token, whatever the radius the quotient

length of circular arc

radius
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is always the same number. This number can be taken to be a dimensionless measure of the corresponding
angle, without involving any units. Yet, for historical reasons, it is customary to call this number radian,
the dimensionless unit of angle. So, while we write that the angle of full rotation is 27, we sometimes

say that the angle of full rotation is 2n radians:

— 27 (rad) = 360° / 21 MEMORISE

360°_180° 57

2n T

=1 (rad) =

Thus, 1 radian is the angle = 57° such that whatever the radius, the corresponding circular arc has the

same length as this radius - see figure 6.1. Similarly, for any angle,

180°
= x (rad) = x =y° MEMORISE

where x is the number of radians (angles which are = 57°) in a given angle and y is the number of

degrees in this angle.

Note: The radian is a dimensionless (not arbitrary) unit of angle.

Question: What is the angle y = 90° in radians and why?

Answer:

Question: What is the angle y = 180° in radians and why?

Answer:

Question: What is the angle y = 270° in radians and why?

Answer:
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90°

180° 360°
T 2
MEMORISE
3
2
Here are a few more frequently used angles:
3002(3077'5:) E 4502(9()7”:)&
180 6 180 "4
°_ (607“:) T
180 3 MEMORISE
12g° = (1207 _ 2z
180 3

6.3.2 A historical note

“The concept of radian measure, as opposed to the degree of an angle, is normally credited to Roger
Cotes in 1714. He had the radian in everything but name, and he recognized its naturalness as a unit
of angular measure. The idea of measuring angles by the length of the arc was used already by other
mathematicians. For example al-Kashi (c. 1400) used so-called diameter parts as units where one diameter

part was 1/60 radian and they also used sexagesimal subunits of the diameter part.

The term radian first appeared in print on 5 June 1873, in examination questions set by James Thomson
(brother of Lord Kelvin) at Queen’s College, Belfast. He used the term as early as 1871, while in 1869,
Thomas Muir, then of the University of St Andrews, vacillated between rad, radial and radian. In 1874,

Muir adopted radian after a consultation with James Thomson.” http://en.wikipedia.org/wiki/Radian
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6.3.3 The Right Angle Triangles, Pythagoras Theorem and Trigonometric Ratios

1. The Right Angle Triangle

L~
o

- B/

a

The right angle is the angle of 90°. Side ¢ which is opposite the right angle is called the hypotenuse.
Note: if @ + f =90° then and & and [ are called complementary angles.

2. Pythagoras Theorem states that in any right angle triangle

02 =a2 +b2
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3. The trigonometric ratios sin, cos and tan are defined for acute angles (that is, the angles that are less
than 90°) inside any right angle triangle as follows:

_ lengh of side opposite to «

sina =2
length of hypothenuse c

lengh of side adjacenttoa a

cosa = =—
length of hypothenuse c

fan g lengh of side oppositetoa _ a

- lengh of side adjacenttoax b

Interestingly, these ratios do not depend on the length of the triangle sides. The above definitions imply

two simple trigonometric identities (formulae, mathematical statements that are always true):

sina = cos

sin # =cos«

Here are frequently used specific trigonometric ratios:

.1 oz A2
sin— = — sin— = —
6 2 2

T _ 3 T 2 MEMORISE
COS— = — COS— =——
6 2 2

T

tan— =1
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Examples:
1. Consider the following right-angle triangle:

a) B = 90°-30° = 60°

2. Consider the following right-angle triangle:

a) B = 90°-30° = 60°
b)a=2b

a? +b% =c?

4p* +b* =¢*
5bh* =25
b* =20
b=+/5
a=2\/§

3. Consider the following right-angle triangle:

a) B = 90°-45° = 45°
b)a=b

a>+b?=c?
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6.4 A historical note

“The method of logarithms was first publicly propounded in 1614, in a book entitled Mirifici
Logarithmorum Canonis Descriptio, by John Napier, Baron of Merchiston, in Scotland. (Joost Biirgi
independently discovered logarithms; however, he did not publish his discovery until four years after
Napier.) Early resistance to the use of logarithms was muted by Kepler’s enthusiastic support and his

publication of a clear and impeccable explanation of how they worked.

Their use contributed to the advance of science, and especially of astronomy, by making some
difficult calculations possible. Prior to the advent of calculators and computers, they were used
constantly in surveying, navigation, and other branches of practical mathematics. It supplanted
the more involved method of prosthaphaeresis,... a quick method of computing products”

http://en.wikipedia.org/wiki/Logarithm#History

6.5 Instructions of self-study

o Revise Summaries on FUNCTIONS and ORDER OF OPERATIONS

o Revise ALGEBRA Lecture 4 and study Solutions to Exercises in Lecture 4 using the
STUDY SKILLS Appendix

o Revise FUNCTIONS Lecture 5 using the STUDY SKILLS Appendix

o Study Lecture 6 using the STUDY SKILLS Appendix

o Attempt the following exercises:
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Q1. Simplify using algebraic laws and rules if you can and then evaluate if you can:

Q2.

Q3.

a)

b)

¢)

d)
e)
f)

2
h)

)
)

103
10°
103
23
10°
55
2%

x2+a2

(Wx?)?
Ine'?

lneloo

eln 100

610810 100

a) Sketch the function flx)=x°.
b) Sketch its inverse f~!(x).

a) Given the right angle triangle

12 cm 20 cm

] B

find the length of the side opposite the angle « using Pythagoras Theorem.
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b) ABCD is the end wall in an attic. Segment AB is the sloping ceiling. AD = 1600 mm.
A

Ramona decides to hide a large gift box, DEGF, in the attic. If the box is 600 mm high, what
is its length?

c) Express the following angles in radians:

i) 120°
i) 135°
i) 150°
iv)  210°
V) 240°
vi)  300°
vii)  330°

d) Express the following angles in degrees:

N T
1 JR—
) 5

.S
i) —
) 12

iii) 3
Q4.

a) Prove that Pythagoras Theorem can be reformulated as sin” & +cos® o =1.
b) Use Pythagoras Theorem to prove that

. T T A2
Sin— =cos— = —
4 4 2

V3
3.

o1 T
¢) Given that s1ng = ) use the Pythagoras Theorem to prove that cos— =
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Lecture 7 Real FUNCTIONS of
One Real Variable:
Trigonometric
Functions, Inverse
Trigonometric
Functions, Hyperbolic
Functions

7.1 Trigonometric functions

We can generalise trigonometric ratios using URD (the Unit Rod Diagram) to define trigonometric
functions of any angle, not necessarily acute. URD is a circumference of radius 1 supplied with the

Cartesian coordinate system whose origin lies at the centre of the circumference.

. URD

A
Ya p---3 A4
a

Every point A on URD is described by its polar angle a. We draw a straight segment to connect point

A to the origin and project point A onto the x-axis and y-axis.
Question: In the resulting right-angle triangle, what is the relationship between the length x, of the side
adjacent to a and point A?

Answer:

Question: What is the relationship between the length y, of the side opposite to a and point A?

Answer:

Question: What is cos o here?

Answer:
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Question: What is sin o here?

Answer:

Generalisation: from now on, for any angle a, acute or not, we say that cos a = x, and sin « = y, where

A is the point on the URD whose polar angle is a and the Cartesian coordinates are x, and y,

We can sketch the graphs of the newly introduced functions y = sin @ and y = cos a using the following
table:

Table: Graphs of two functions, sin and cos:

ANVANS
P VAAVARY

angle a | point A | cos a = sina = A
XA y4

N
NEAANY,

NI

2|5

o8

56

FAWANE
r e N AVARVARV

o |5

Nk
A D A D [
P P PP D

2

The entry T = 2m in the table directly underneath the graph of the sine-function means that both sine
and cosine functions are periodic, i.e. there exists a number T: f (t + T) = f (¢). The smallest positive T

is called a period.
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7.1.1 Useful Trigonometric Identities (Formulae)

. T . T
L sin x = cos (E—x), cosx=sm(§—x).

Note: this is true for complementary acute angles x and T _x. Prove that this identity holds for all angles

x and not just acute angles.

2. sin’ x + cos’x =1,
sin (—x) = —sinx,
cos (—x) = cos x,
sin X
tan (—x) = —tan x, where tan x = .
COS X

Note: we can check these identities by using URD or else by using graphs of sine and cosine functions.

Extra Trigonometric Identities
cos(x £ y) =cosxcos yFsinxsin y

sin(x £ y) =sinxcos y £ cosxsin y

. 1 . A

Acosx + Bsin x = ———=sin(x + a), where tana = =
2 2

A°+B VAZ + B*
A
ol
B
7.2 Inverse trigonometric functions

7.2.1 Inverse Sine (sin™', arcsin)

f(x) = sin x has no inverse on its natural domain, because this function can be used to assign to every

y any number of values of x.
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Let us restrict its domain to the interval where sin x is only increasing or only decreasing (goes up,
T T
up, up or down, down, down, respectively). Conventionally, we choose the interval — 5 <x < = When

using notation sin™' or arcsin this is the choice implied.

{y=sin x, —g <x < =}, x=sin"! y (dashed curve),

K
2
y = sin™! x (solid curve)

v

Note: when sketching the inverse of a function by creating its mirror image with respect to the line
y = x divide the graph of the original function into portions utilising special points. Then reflect the
original graph portion by portion. In the case of sine-graph the special points are the intersections with
the y = x line. These points do not move when performing reflection (nothing changes when x and y

exchange places since they are the same!)

7.2.2 Inverse Cosine (cos™, arcos)

S(x) = cos x has no inverse on its natural domain, because this function can be used to assign to every

y any number of values of x.

Let us restrict its domain to the interval where cos x is only increasing or only decreasing (goes up, up,
up or down, down, down, respectively). Conventionally, we choose the interval 0< x < 7. When using

notation cos™' or arccos this is the choice implied.
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4 {y=cosx, 0 <x < 7}, y=cos!x(dashed curve)
y = cos™! x (solid curve)
(_la T[)
—1 x'
y=x

Note: when creating a mirror image with respect to the line y = x divide the cosine-graph into portions
by using its intersection with the y = x line and its intersection with the x-axis. Then reflect the original

graph portion by portion.

360°
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7.3 Hyperbolic functions and their inverses

7.3.1 The Hyperbolic Sine, sinh x =

y=sinhx,+ x =sinh! y (dashed curve)
|

A = sinh x (solid curve)

v

Note: The hyperbolic sin can be sketched pointwise (point by point), by using elementary operations

on functions (see Section 4.3). Here are the steps to follow:
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Step 1. Use tables to draw y=e*and y= e> underneath one another.

x| 0 1 -1 2 -2
|1 |e=3 lzl e’ ~9 L:l
e 3 e? 9
x |0 -1 1 -2 2
1 1 1 1
—X 1 ~3| —~— 2 o — ~—
e e e 3 e" =9 62 9

I

I

I

:

Step 2. Use pointwise subtraction to sketch !

y=e*—e™ Use the same x-values as in the table. !

Then note that when |x| grows large e ™ grows very |
small, so that when |x| is large the function behaves \ |
as e* for positive x-values and as —e ~ for negative x-values ! |
1 I

L

I

I

I

I

I

I

I

I

I

v

Step 3. Use the pointwise division by 2 to’sketch

et —e

T
Note: When sketching the inverse by creating its mirror image with respect to the line y = x divide the
graph into portions by using special points. In this case the special points are the intersection of the
hyperbolic sine with the y = x line. These points will not move when performing reflection. Then reflect

the graph of the hyperbolic sine portion by portion.
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X

73.2 The Hyperbolic Cosine, cosh x = ¢ J;e

X

y = cosh x, x = cosh™ y (dashed curve)
4 y = cosh™ x (solid curve)

y=x

The hyperbolic cosine can be sketched pointwise, by using elementary operations on functions as

above - first addition, then division by 2 (see Section 4.3).

The hyperbolic function f(x) = cosh x has no inverse on its natural domain, because to every y we
can assign two x’s. Let us restrict its domain to the interval where cosh x is only increasing or only
decreasing (goes up, up, up or down, down, down, respectively). Conventionally, y = cosh ™! x isinverse

function to y =coshx,x >0

7.4 Instructions for self-study

o Revise Summaries on FUNCTIONS and ORDER OF OPERATIONS

+ Revise Lecture 5 and study Solutions to Exercises in Lecture 5 using the STUDY SKILLS
Appendix

o Revise Lecture 6 using the STUDY SKILLS Appendix

o Study Lecture 7 using the STUDY SKILLS Appendix

o Attempt the following exercises:
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Q1.

a) Sketch y = tan x

b) What is its natural domain?
¢) What is its period?

d) Sketch y =tan™' x

Q2. Simplify
a) y = sin (-x)
b) y =sin (%—x)
c) y=cos (-x)

d) y = cos (%—x)

Q3.
a) Explain why function y = x? has no inverse.
b) Suggest how many inverses can you define for it?
¢) Sketch all of them.

Q4.

a) Sketch the function y = tanh x.
b) Sketch its inverse.
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Lecture 8 Real FUNCTIONS of One
Real Variable: Sketching
and Using Graphs,
Simple Transformations

In Lecture 5 we have learned how to sketch graphs using a table as well as how to use these graphs to
find a value of a dependent variable given a value of an independent variable and vice versa. Here is

some revision.

8.1 Sketching graphs using a table
A V=1

Verbalise: Given a value x, of independent variable
and a value y, of dependent variable find the point with
x-coordinate x; and y-coordinate y.

bl

v

X1 X

8.2 Using graphs to find y given x

Ay =fx)
Verbalise: Given a value x, of independent variable
find a point on the curve with x-coordinate x; and project
BN it onto the y-axis to find the value y, of dependent
N variable.
: >
X1
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83 Using graphs to find x given y

px=1"0)
Verbalise: Given a value y,; of dependent variable find
the point on the curve with y-coordinate y; and project it
onto the x-axis to find the value x; of dependent variable
yo [T
‘ >
X7 X

Note: the same graph can be used to visualise function y = f{x) and its inverse x = f-'(y) - provided

this inverse exists.

8.4 Sketching graphs using simple transformations

Sketching graphs using the table is advisable when trying to recall the shape of one of elementary functions.
However, if you do not know the shape of the graph of a composite function you are likely to create an

incomplete table. There are more reliable ways of sketching composite functions.

Question: Which elementary functions have we covered?

Answer:

Let us assume that we know how to sketch a function y = f(x). Say it looks like that

+y =/

Let us consider composite functions which involve the rule f ( ) and addition of a constant or else
multiplication by a constant. Such composite functions can be sketched using simple transformations
(translation, scaling or reflection) of the curve y = f (x). In order to see what transformation is required,

it is useful to make the transformed variable the subject of the equation.

Let us discuss above six transformations in detail (below we use the abbreviation wrt for with respect to):
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Elementary Algebra and Calculus Sketching and Using Graphs, Simple Transformations

Sketchy =f(x) + ¢ Sketchy =f(x +¢)
Letc>0 Letc>0

y=f@+e vy y=fG+o x=[10)-cx= 10

Algebraic description:
+c — last operation
For every x, old y = f(x)
new y = fx) +¢ =
new y=oldy+c¢

Algebraic description:
+c — first operation
For every y, old x=f"(y)
new x=£"1(») —c=
new x=oldx - ¢

Geometrical description:
translation wrt y-axis by ¢
¢>0 - shifting up,
¢ <0 - shifting down

Geometrical description:
translation wrt x-axis by -¢
¢ >0 - shifting left,
¢ <0 - shifting right

Sketch y = ¢f(x), ¢ >0 Sketch y =c¢f (x), ¢>0
Letc=2 Letc=2
y=2f(),y=/x =110
A These lines are used
to indicate equal
segments
0 0 x
Algebraic description: Algebraic description:
x +ve constant -- last operation x +ve constant -- first operation
For every x, old y = f(x) For every y, old x =1"'(y)
newy =c -fix) = 1
new y=c-old y new x_;f 0=

1
new x=— - old x
C

Geometrical description: Geometrical description:
scaling wrt y-axis by ¢ scaling wrt x-axis by é
¢ > 1 - stretching wrt y-axis ¢ > 1 - squashing wrt x-axis
¢ <1 - squashing wrt y-axis ¢ <1 - stretching wrt x-axis
Sketch y = —f(x) Sketch y = f(—x)

) v ==, x = ~[10), 2= 10)

Ay= fOy=/

. = R
0 \\=\ x 0 M
Algebraic description: Algebraic description:
-(-1) - last operation -(-1) - last operation
For every x, old y = f(x), For every y, old x = f"'(),
newy = —flx) = newx=—f1(y) =
newy = -oldy new x = —old x
Geometrical description: Geometrical description:
reflection wrt the x-axis reflection wrt the y-axis
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8.5 Sketching graphs using several simple transformations

If a composite function involves f (whose graph is known) and several operations of addition of a constant
or multiplication by a constant, then the graph of this composite function can be sketched by simple

transformations of the graph of f using the following recipe:

Step 1. Drop all constant factors and terms.

Step 2. Bring the constants back one by one in Order of Operations (not necessary but advisable) and
at each step use the Decision Tree in figure 8.1 to decide which simple transformation is effected by
each constant. Sketch the resulting graphs underneath one another.

Note 1: if ¢ is a negative factor, write ¢ = (-1) *|c|, so it effects two operations.

Note 2: if ¢ affects neither the first operation nor last, the Decision Tree is not applicable. Try algebraic

manipulations first.

Is the constant ¢ a factor or
term?

Term Factor

Is +c Is *c Is *(-1)
the first operation

or last operation?

the first operation
or last operation?

the first operation
or last operation?

last first last first last first
Translation Translation Scaling Scaling Reflection Reflection
wrt y-axis by wrt x -axis by wrt y-axis wrt x-axis wrt x -axis wrt y-axis
c -c by ¢ 1
by —
c

Figure 8.1. Decision Tree for Sketching by Simple Transformations Functions
y=fx)+c, y=f(x+c), y=cf(x) and y=f(cx).

Note 3: If the same operation is applied to all x-values or y-values - as for example in y =1n (x - 2) +

sin(x - 2) — this operation should be treated as one operation.
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Elementary Algebra and Calculus Sketching and Using Graphs, Simple Transformations

Note 4: if y is given implicitly rather than explicitly, so that the functional equation looks like f(x,y) = 0,
rather than y = f (x), then in order to see what transformation is effected by a constant ¢ multiplying y
or added to y, y should be made the subject of the equation. Therefore, similarly to transformations of x

above, the corresponding transformation of y is defined by the inverse operation, —c or —, respectively.
c

8.6 Completing the square
Completing the square means re-writing the quadratic expression
b 1b 1b
ax’ +bx+c=(ax’ +bx)+c=a(x’ +=x)+c=a[(x+==) —(=—)*]+c=
a 2a 2a
b, 10 , ,
a(x+——)" ———+c, so that the unknown is present only in one - square - term.
2a 4 a
It is useful for sketching a parabola by simple transformations.
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Elementary Algebra and Calculus Sketching and Using Graphs, Simple Transformations

Example: Sketch y =x* + 6x + 4 by simple transformations.

Solution
Completing the square, y=x> +6x+4=(x+3)?-9+4=(x+3)°-5
Drop all constant factors and terms and bring them back in Order of Operations.

+3 - constant term, first operation
= translation wrt x-axis by -3

, y=(x+3)*-5 .
+5 - constant term, last operation

= translation wrt y-axis by -5

Intersection with the x-axis: y =0 ,x,2 = —6+4/9-4~-3+2=-1,-5
Intersection with the y-axis: x =0,y =4
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Elementary Algebra and Calculus Sketching and Using Graphs, Simple Transformations

8.7 Applications of simple transformations

To give just one example, any linear dynamic system (any linear electrical, mechanical or chemical device)
transforms the input signal (which is a real function of time) into the output signal (which is a real
function of time) by effecting multiplication by constants and addition of constants. In particular, if the

input is sinusoidal the linear transformation involves scaling of the amplitude and shifting of the phase.

8.8 Instructions for self-study

o Revise ALGEBRA Summary (addition and multiplication, factorising and smile rule,
flip rule)

o Revise Summaries on ORDER OF OPERATIONS and FUNCTIONS

» Revise Lecture 6 and study Solutions to Exercises in Lecture 6 (sketching elementary and
inverse functions) using the STUDY SKILLS Appendix

o Revise Lecture 7 using the STUDY SKILLS Appendix

o Study Lecture 8 using the STUDY SKILLS Appendix

o Do the following exercises:
Q1. Sketch using simple transformations:

a) y =sin 2x
b) y =2sinx
c) y=cos(%x)

d) y =%cos X

e) y=e>

f) y=3e

g y=In(l»
h)yz%lnx

i) y=cosx+2
j) y=cosx-2
k) y =sin (x + 2)
) y=sin(x-2)

m)y =Xt 3
n) y=e-?
0) y= %xz + 2x — 3 (complete the square first).
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Elementary Algebra and Calculus

Lecture 9 Rea
Rea
Gra

Sketching Graphs by Simple Transformations (ctd.)

FUNCTIONS of One
Variable: Sketching

ohs by Simple

Transformations (ctd.)

9.1 Sketching graphs using several simple transformations (ctd.)

1 2
Example: Sketch the parabola y = (Ex +3)" -5

Solution

y=x’

»
>

1:2

y=(%x+

\;/I .
-6 1|

X

1
A= (5x+3)2—s

—6—2\/5\64—2\6
\\J 4

-5

X
D =L+ 6]

Intersection with the x-axis: y = 0, (%x + 3)2 -5=0,x,=- 6+ 2\/5.

Intersection with the y-axis: x =0, y = 4.
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Elementary Algebra and Calculus Sketching Graphs by Simple Transformations (ctd.)

9.2 Sketching graphs using pointwise operations

Here is a recipe for sketching graphs using pointwise operations:

Step 1. Decompose the function into simpler ones starting with the last operation.
Step 2. Sketch each simple function separately (you might need to decompose it as well).

Step 3. Compose the original function by pointwise operations.

Find out more and apply

redefining / standards M
5 E Ay
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Elementary Algebra and Calculus Sketching Graphs by Simple Transformations (ctd.)

Example: y = u(x+2)[(%x+3)2 -5].

Solution

Step 1. Decompose y(x) as y(x)= y1(x) y2(x), where yi(x) = u(x+2), ya(x)= [(lx +3)*-5]
Step 2. Sketch y1 and y2, where the unit step function u(x) = (1) :;x i%
X

Sketch A V(X)) = u(x+2)

Filled circle — the point lies on the graph,
empty circle — the point does not lie on the graph

-2 x
Sketch b y2=( x+3)?% 5

Step 3. Sketch by = yi)ax) = u@+2)[( x+3)2 5]
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Elementary Algebra and Calculus Sketching Graphs by Simple Transformations (ctd.)

9.3 Instructions for self-study

o Revise ALGEBRA Summary (addition and multiplication)

o Revise Summaries on ORDER OF OPERATIONS and FUNCTIONS

o Study Lecture 7 and study Solutions to Exercises in Lecture 7 using the STUDY SKILLS
Appendix

o Study Lecture 8 using the STUDY SKILLS Appendix

o Study Lecture 9 using the STUDY SKILLS Appendix

o Do the following exercises:
Q1. Sketch

a) y=(02x+3)-4
b) y=2e* | L
y 1L
= —_3 2: —_ — AT
o)y ln(2 ) 21n(2x 3)

d) y =sin (g— x)

e) y=u(x-6) [(%x +3)?=5] + u(x - 3)( x >+ 6x + 4), where u(x) is the unit step.

f = ——X'2+—X+—

IjOined MITAS because The Graduate Programme

for Engineers and Geaoscientists

I wanted real responsibility www.discovermitas.com

I was a construction
SUpEervisor in

the North Sea
advising and
mrm  nelping foremen

i solve problems

MAERSK
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Lecture 10 ALGEBRA: Addition of
Complex Numbers, the
Argand Diagram, Forms
of Complex Numbers

In Elementary Algebra we study variables and operations on variables. As discussed in Lectures 1-3,

inverse algebraic operations introduce new types of numbers:

o subtraction introduces negative numbers,
o division introduces rational numbers,

« roots and logs introduce irrational and complex numbers.

10.1 Imaginary unity j

Let us introduce a new number I

j=N-1: jp=- (10.1)

It is easy to check that j cannot be real.

Proof:
Assume that +/—1 = x, where x is real. Then squaring both sides, —1 = x2. However, any real number
squared is positive or zero. Hence the assumption (that there exists a real number x such that v—1 = x

) is invalid.

J is a new type of number called the imaginary unity.
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Elementary Algebra and Calculus ALGEBRA: Addition of Complex Numbers, the Argand Diagram...

10.2 Applications of complex numbers: solving quadratic equations
Consider the quadratic equation

ax? +bx+c=0, (10.2)
Using Section 3.1.6, if b*-4ac < 0 we can write

—bi\b? —dac  —b+(-1)(4ac—b*) b+ jNdac—b> (10.3)
2a 2a '

2a

X0 =

Note: every quadratic equation has exactly two roots, but sometimes they coincide and sometimes they

are not real.

2

Example: x“ +x+1=0 ,where a=1, b=1, c=1.

_—btjVda —b* 1£j4-1 -1 B

+
)

X1,2

10.3 Operations: the whole powers of j

j=N-1 =1 PEii=e o j=it =L

j5 =j4'j=j’ ]‘6 =j4'j2=_1> j7=j4.j3=_j’ _]8 =j4.j4= 1’ etc. (104)
10.4 Variables: definition of a complex number z

In Section 10.2, Eq. (10.3) we introduced a complex number presented as z = x + jy, that is, as a sum
of two terms, where one term, x is real and another term, jy is purely imaginary (that is, j times a real

number y).

x is called the real part of z, Re (z).

y is called (illogically!) the imaginary part of z, Im (z).

Operations on complex numbers are performed the same way they are performed on any algebraic

expression (we just apply the laws and rules of Algebra formally).
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Elementary Algebra and Calculus ALGEBRA: Addition of Complex Numbers, the Argand Diagram...

10.5 Operations: addition of complex numbers z, and z,

Consider two complex numbers, z, = x, + jy, and z, = x, + jy,. To represent their sum in the same form

we just collect the like terms, that is, collect real terms separately and imaginary terms separately:

z1+z2=x1+x2+j(yl+y2)

Examples: 2+3)+(-3-2))=(2-3)+(3-2)j=-1+7
R+3)+(-3+2)=2-3)+B3+2)j=-1+5j

Rules of addition (check them yourself using the Laws of Addition of real numbers)
z, +z,=2,+2

(z,+z)+z,=2 +(2,+z)

10.6 Operations: subtraction of complex numbers

The difference between two complex numbers is introduced in a standard way:

Definition: Z1l—22 =23: 23+t 22 =21
= zi—z=xi—-x2+tj(1-)2)
-

this symbol means ”implies”

Example: 2+3)-(3+2)=(2-3)+(3-2)j=-1+j

2+3)-(-3+2))=2+3)+(3-2)j=-1+5j

The above rules suggest that a complex number can be thought of as a pair of two real numbers. Since
each real number can be represented (visualised) as a point on a number line, a complex number can be
represented (visualised) using two number lines. For simplicity, let them be perpendicular to one other
and let number 0 be represented on both number lines by the point of their intersection. In other words,
a complex number can be represented (visualised) as a point on a number plane otherwise known as

the complex plane or the Argand diagram.
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10.7 The Argand diagram and Cartesian form of a complex number

AV (2)
real part, Re z imaginary part, Im z (on the Argand diagram)

z= xtjy, where x,y - real
il & )

x-coordinate  y-coordinate (on the ordinary plane)

A\ 4

0 X1 X

Verbalise: In the Cartesian representation, a complex number is a sum of two terms, one real (x) and

one purely imaginary (jy).

10.8 The Argand diagram and polar form of a complex number
A y (z) magnitude Az;gument arg(z) (on the Argand diagram)

9 where r >0, 9 angle

e / "\ (in degrees or radians)
r e

"\ o polar radius r polar angle 6 (on the ordinary plane)
. » (distance to the origin)

0 X

Verbalise: in the polar representation, a complex number is a pair of polar coordinates r and 0 rather

than a pair of Cartesian coordinates x and y.

10.9 The Cartesian-polar and polar-Cartesian transformations

Using Pythagoras Theorem and trigonometric ratios we can always transform Cartesian coordinates into

polar coordinates and vice versa:
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Elementary Algebra and Calculus ALGEBRA: Addition of Complex Numbers, the Argand Diagram...

Cartesian — polar polar —» Cartesian

r = {x*+y*> (Pythagoras Theorem)

X = rcosd

tan~' £ if x>0 )
y = rsin @

y

X

0= tan 'L+ 7 ifx<0
X

sgn(y)% if x=0

where sgn(y) is a sign of y, + or -
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ALGEBRA: Addition of Complex Numbers, the Argand Diagram...

Elementary Algebra and Calculus

Example:
1. What is the polar representation of z = -\3 - 12 Use the Argand diagram.
y &) r= A3+ =2
6 = tan’ —_+180°=30°+180°=210°

3075 x N}
2 =2]210°

-

.
|

.
.
o

(-\3, -1)

2. What is the Cartesian representation of z = 1 |45°? Use the Argand diagram.

@)

10.10  The trigonometric form of a complex number
Using the Cartesian — polar transformation we can represent a complex number in the so-called

trigonometric form:
z =x + jy = r(cos @+ jsin 6)
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Elementary Algebra and Calculus ALGEBRA: Addition of Complex Numbers, the Argand Diagram...

10.11 Euler’s formula

There is a remarkable formula that connects the sine function, cosine function and exponential function:

Euler’s formula: cos 6 + jsin 6 = e/ MEMORISE

It can be proven later using the Maclaurin series.

10.12  The exponential form of a complex number

Using the Euler’s formula, the trigonometric representation can be re-written in the so-called exponential

form:

= jO > i i i = j6 arg(z)
z=r e’ r >0 or, using the Argand diagram notation, z= |z| e , MEMORISE

where 0 = arg(2) is real (dimensionless number, angle in radians)

Verbalise: In the exponential representation, a complex number is a product of two factors, one positive
(r) and one (/) - an imaginary exponent (that is, e to power which is purely imaginary, j times a real

number).

Example:
1. Expressz=1 |45" in the exponential form. Answer: z= e"*

2. Expressz=2 |210° in the exponential form. Answer: z = 2e7

NG
2

r= ‘/l+l=l,9 =tan" = 2,z = e
2 2 4

3. Expressz = (1 +) in the exponential form. Answer: using the Argand diagram,
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Elementary Algebra and Calculus ALGEBRA: Addition of Complex Numbers, the Argand Diagram...

10.13  Applications

“In electrical engineering, the... treatment of resistors, capacitors, and inductors can ... be unified by
introducing imaginary, frequency-dependent resistances for the latter two and combining all three in a
single complex number called the impedance. This use is also extended into digital signal processing and
digital image processing... to transmit, compress, restore, and otherwise process digital audio signals,
still images, and video signals.”

http://en.wikipedia.org/wiki/Complex number

10.14 A historical note

“The earliest fleeting reference to square roots of negative numbers perhaps occurred in the work of the
Greek mathematician and inventor Heron of Alexandria in the 1st century AD, when he considered
the volume of an impossible frustum of a pyramid, though negative numbers were not conceived in the

Hellenistic world.

Complex numbers became more prominent in the 16th century, when closed formulas for the roots of
cubic and quartic polynomials were discovered by Italian mathematicians... Niccolo Fontana Tartaglia,
Gerolamo Cardano.... It was soon realized that these formulas, even if one was only interested in real

solutions, sometimes required the manipulation of square roots of negative numbers.”

http://en.wikipedia.org/wiki/Complex number#History
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Elementary Algebra and Calculus ALGEBRA: Addition of Complex Numbers, the Argand Diagram...

10.15  Instructions for self-study

o Revise ALGEBRA Summary (addition and subtraction)

¢ Revise Summaries on QUADRATICS and TRIGONOMETRY

+ Revise Lecture 8 and study Solutions to Exercises in Lecture 8 using the STUDY SKILLS
Appendix

» Revise Lecture 9 using the STUDY SKILLS Appendix

o Revise Lecture 10 using the STUDY SKILLS Appendix

o Study Section 4 the STUDY SKILLS Appendix

« Do the following exercises:
Q1.

a) Solve the quadratic equation 5x* -11x + 13 =10

b) Given z; =—1+2jand zp =—-1-6; find

i) Z1+ 2y
ii) Z1—2p
ili) z1 -2z,

iv) 221 +2Zp
Q2. Write down the real and imaginary parts of

a) 3+7)
b) —-0.35;5

c) cos wt + j sin wt, where w and ¢ are real

d) jV sin (wt + @), where V, w, t and ¢ are real

Q3. Show the following complex numbers on the Argand diagram

a) 36]71'/3
b) \/Eej27z
) 3¢ /7

d) 5070
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Elementary Algebra and Calculus ALGEBRA: Addition of Complex Numbers, the Argand Diagram...
Q4. Find the real and imaginary parts of

a) 4ej%
b) /%2
C) 3€_j%

d) /!
Q5. Find | z |and arg(z) and express z in the exponential form for

a) Z=—1+2j

b) z=-3-6j
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Lecture 11 ALGEBRA: Multiplication
and Division of Complex
Numbers

11.1 Multiplication of a complex number z by a real number a

Given a complex number z = x + jy = r ¢ and a real number a, using the Cartesian form we can write

az = ax + ajy

and using the exponential form, we have

areje ifa>0
az = .
are](6+”) if a<0
Example: | |
1. Given z=——=+j—= anda=2 findaz Answer:o.z = 1+]j.
NCRRNG) !

2. Given z = % (cosO + jsin6) and a:ﬁﬁnd o z. Answer: ooz = cosf + jsin6.

3. Givenz = & anda = V2 find o z. Answer: o z = V2 e,

11.2 Operations: multiplication of complex numbers z, and z,

Using the Cartesian form we can write
Zl 'Zz = ('xl + jyl)(x2+ ]yz) :xl xz_ylyz + ](yl x2 +x1y2)
Multiplication is easier to perform in the exponential form:

. — i(61+6,)
z,'z, = (rlrz)ef 1+9;
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Elementary Algebra and Calculus ALGEBRA: Multiplication and Division of Complex Numbers

Examples:

1. Find (1 +;)(1-/) in the Cartesian form.

Solution
1T+HpA =) =1+1+j(1-1)=2

2. Find (1 +/)(1 — ) in the exponential form.

Solution

T
J
1+ j=+2e 4(tan_1%:%)

T
—J N
1—j=+2e "4 (tan”! =%) /T

1+ pa-j) = 2’77 2

. i . 0 T,
3. j-z = ejérefe = re’t )

= multiplication by j is equivalent to rotation on the Argand diagram by 90° anti-clockwise.

American online

is currently enrolling in the
Interactive Online
programs:

enroll by September 30th, 2014 and
save up to 16% on the tuition!

pay in 10 installments / 2 years
Interactive Online education

visit to
find out more!

vvyYVvyyVvyy

Note: LIGS University is not accredited by ani

nationally recognized accrediting agency listed

by the US Secretary of Education.
ore info here.

N

117 Click on the ad to read more

Download free eBooks at bookboon.com


http://s.bookboon.com/LIGS

Elementary Algebra and Calculus ALGEBRA: Multiplication and Division of Complex Numbers

11.3 Operations: complex conjugate z* of a complex number z

In the Cartesian form we define the complex conjugate of z as z* = x - jy. Some authors use a bar instead

of the star.

It follows that in the exponential form the complex conjugate of z is z* = re™.

Example:
In the Cartesian form, zz* = x2 + y2

In the exponential form, zz* = |r| €° |rle®=re%’ = Pe’= rPx 1.
=zz* =r.

11.4 Operations: division of complex numbers z, and z,

In the Cartesian form, we can use the complex conjugate of the denominator to represent the ratio of

two complex numbers as

X2-Jy2

U .
zp _ Xptjyr_ Xy + 0oy —xyy) XX + 1)) y RN XY
22 X2+ Jy2 x% +y§ x% + y% x% + y%

Division is much easier to perform in the exponential form:
Zp " i -6
2L = 1 il 1 2) )

z2 2

1+
1-j

Example: Find
Solution

In the Cartesian form, we have
1+j
AN

0+2; .
2 J

In the exponential form, we have
. 70
1+]: V2e :e]%:j.

e
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Elementary Algebra and Calculus ALGEBRA: Multiplication and Division of Complex Numbers

11.5 Integer powers of complex numbers

De Moivre’s Theorem

z, =r"(cosnf+ jsinnd)

where r — magnitude of z, |z|, 6 — argument of z, arg(z), and n - integer.

Example:

Qe (BT =207 oy

(use the Argand diagram to put 1+j into the exponential form first)

(1 -7 = (ﬁeﬁj%)2 2 - ~%

(use the Argand diagram to put 1+j into the exponential form first)

1
11.6  The fractional powers ;(k—th roots) of complex numbers

e’ = 1, where n is an integer
(check by putting 1 into the exponential form).

36’9 = ejox'|=ej9xe12nn=ej(9+2nn)

Thus, any complex number can be represented as

z=rd? =™ p_integer, -n <0, < .

Verbalise: 2 7 n is n full rotations around the origin - clockwise or anticlockwise - of the point z. These
rotations do not change the point’s position on the Argand diagram, and therefore, adding 2 7n to the

argument of a complex number does not change z.
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Example:
P
1. Find 173,

Solution

1=e*™, n—integer

1% _ (ez,mj)/ _ ejz%n

These roots are complex numbers in the exponential form.
Let us visualise them as points on the Argand diagram:

Y @
0 = 0 =27
87

3
107

3
whatever other n, the corresponding number is
represented on the Argand diagram by one of the
above three points.

1 = 0= n = =

n=2 = 0= — n = 0 =

2r
Answer: 3 roots, 3 (rad), thatis, 120° apart.
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Elementary Algebra and Calculus ALGEBRA: Multiplication and Division of Complex Numbers

11.7

Q1.

Q2.

Q3.

Instructions for self-study

o Revise ALGEBRA Summary (powers and roots)

» Revise Summaries on TRIGONOMETRY and COMPLEX NUMBERS

+ Revise Section 10 and study Solutions to Exercises 10 using the STUDY SKILLS
Appendix

» Revise Lecture 10 using the STUDY SKILLS Appendix

o Study Lecturell using the STUDY SKILLS Appendix

o Do the following exercises:

a) Find (1 + 2j)(1 -j)
b) Find (1 + 2j)(1 - j)(3j -1)
¢) Find zz,, where z; = %ej%, zp = 3ej%

d) Show that multiplying any complex number by -j means rotating the corresponding point

on the Argand diagram around the origin through 90° clockwise.

1+

a) Find -2

. -
b) Find i, where z; =%ejé,zz = 3€]A

Zy

¢) Find l
J

1
d) Show that j* = 7

a) Use De Moivre’s Theorem to prove that cos 2x = cos*x — sin*x

b) Use De Moivre’s Theorem to prove that sin 2x = 2 sin x cos x
1

¢) Find (3+j4)é

d) Solve 22 +2z+-j=0

121
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Additional Exercises

1. Find z z

1722

where z, =3 - 2j, 2z, =4 - 3j
2. Find (3 - 2/)j(4 - 3j)

3. Find z z

1722

where 71 = %ej%, zZy = \/ge_j%

4. Find 117

2-J
5. Find i, where z =%ej%’ zy = ﬁe—j%

Zy

6. Solve - z2+3z-4=0

7. Solve 22 = -1
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Lecture 12 ALGEBRA: Fractional
Powers, Logs and Loci of
Complex Numbers
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Elementary Algebra and Calculus ALGEBRA: Fractional Powers, Logs and Loci of Complex Numbers

1
12.1 The fractional powers ; (whole roots k) of complex numbers (ctd.)

Example:

1. Find 5.
Solution

Step 1. Represent j in the exponential form: ; = ej(%+2”"), n - integer

]
] - B
Step 2. Raise j to the fractional power 1/3: jé = {ej(%””")} - e’(%+ 74m

Step 3. Visualise all roots as points on the Argand diagram:

B4 (2

z
6

»
»

X

NER-IE SR

=)

| - 3 roots, 271/3 (rad) = 120° apart
2. Find (1+j)A.

Solution

Step 1. Represent 1+ in the exponential form: 1+ ; :ﬁej% = erj(%+2”"), n — integer
Step 2. Raise 14 to the fractional power 1/4:

1
R

Step 3. Visualise all roots as points on the Argand diagram:

1% T (n=3) - 4 roots, /2 (rad) = 90° apart
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12.2 Logs of complex numbers

Using the exponential form of a complex number z, Inz = 1Il(7’€j © +27m)) =lInr+ 6y + j2m,

n — integer

Example: Find In(1- ).

Solution

Step1.1—j:\/2e_j% i i
» /s
Step 2. In(1— /) = In(+2e jA)zln\/Z s Ine 4tz =In+2 —j% + )2 n = £1,42,...

Step 3. Visualise them as points on the Argand diagram:

4 (2)
countless number of solutions on the vertical line,
27 =~ 6.28 units apart

123 Loci on the Argand diagram

Locus is a geometrical location of points with a specific property.

Remember: z=cos 6+ jsin O =re®

125
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Elementary Algebra and Calculus ALGEBRA: Fractional Powers, Logs and Loci of Complex Numbers

On the Argand diagram, the locus of points with property

V\
w
O

Re(2) >0

is the right half-plane.

I

On the Argand diagram, the locus of points with property

w
&

0<arg(z) < %

is a quarter plane which is the 1st quadrant.

i

|

On the Argand diagram, the locus of points with property
T
arg (2) = —

4

is a ray issuing from the origin at 45° to the horizontal axis.

I

On the Argand diagram, the locus of points with property
|2l = r

is the circumference of radius of r centred at the origin.

On the Argand diagram, the locus of points with property
x4+ y?<

is the circle of radius of 1 centred at the origin.

On the Argand diagram, the locus of points with property

<
<
—_
= « o
—~

(x-12 + y?<1

o
)

is the circle of radius of 1 centred at (1,0).

On the Argand diagram, the locus of points with property

5

b3
e e
<
9

(x—x0)2 + (y—yO)ZSRZ

is the circle of radius of R centred at (x,, y,).
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124 Applications

In control theory, single input single output (SISO) linear dynamic systems are often characterised by
the so-called transfer functions. A transfer function is a ratio of two polynomials in a complex variable
s. The locus of zeros of these polynomials is a useful tool for analysing stability of SISOs. They are stable

if all zeros of the denominator are in the left-hand side of the complex s-plane.

12.5 Instructions for self-study

o Revise ALGEBRA Summary (powers and logs)

o Revise Summaries on TRIGONOMETRY and COMPLEX NUMBERS

+ Revise Section 10 and study Solutions to Exercises 10 using the STUDY SKILLS
Appendix

o Revise Section 11 the STUDY SKILLS Appendix

o Study Section 12 using the STUDY SKILLS Appendix

o Do the following exercises:

Q1.

(=3+)°
2-7

b) Solve the equation z* +25=0.

a) Find the cubic roots of 7 =

Q2. Assuming z — complex and x, y - real, indicate on the Argand diagram the following loci:

a) Re(z)<2

b) (x-1)2+(y-2)?=2

c)

<1 (advanced)

1+ jy

d) arg (;_) =1 (advanced).
I+ jy
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Elementary Algebra and Calculus CALCULUS: Sequences, Limits and Series

Lecture 13 CALCULUS: Sequences,
Limits and Series

In Calculus we study functions and operations on functions (see Calculus Concept Map). Elementary
operations on functions (algebraic operations and composition/decomposition) were covered in Lectures
4-7. We now introduce the first advanced operation on functions - taking a limit. We introduce it

first for discrete functions called sequences.

13.1 Sequences

A sequence is an ordered set of numbers x , a discrete function x(n), where the argument is an integer
n. This means that a discrete function is a function whose domain is the set of all integers or else its

subset. Such argument is called the counter.

There are different ways of writing up a sequence: {x } or x,, x,, x,, ...., x, (each symbol n, 1, 2, 3, ...,
N here can also be called an index or subscript). A sequence can be finite (having a fixed number of
elements) or infinite (whatever index you specify there is always an element in the sequence with a
greater index). Traditionally sequence elements are called terms but in these notes we reserve the word

“term” for addends.

/
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Elementary Algebra and Calculus CALCULUS: Sequences, Limits and Series

13.1.1 Defining a Sequence as Function of Counter

A sequence can be defined (described) by specifying a relationship between each element and its counter.

Examples:

1. Describe sequence 1, 2, 3, 4, ... using the above notation.

Solution

x, =1,x, = 2,)(3 =3,..

Question: What is the relationship between the counter and the sequence element?
Answer:

2. Describe sequence 1, 4, 9, 16, ... using the above notation.
Solution

X, =1,x, =4,x, = 9 ...
Question: What is the relationship between the counter and the sequence element?
Answer:

13.1.2 Visualising a Sequence as a Function of Counter

If a sequence is defined (described) by specifying a relationship between each element and its counter it
can be visualised as a sequence of points on the number line (see figure 13.1) or else as a discrete graph
(see figure 13.2).

| |
L
01 2 3 45 6 7 8 910 11121314 «x

Figure 13.1. An example of a sequence x n=0, 1, ..., 5 visualised using the number line.
The arrowed arcs are used to indicate the order of elements in the sequence.

X A
15 .
10 °
5 [ [ [ . . [
I A A S S S >
| D D R N N B "
01 2 3 456 7 8 910 n

Figure 13.2. An example of a graph of sequence x, n= 0,1,...,10.
http://upload.wikimedia.org/wikipedia/commons/8/88/Sampled.signal.svg
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Elementary Algebra and Calculus

13.1.3 Applications of Sequences

CALCULUS: Sequences, Limits and Series

A digital signal x (see figure 13.3 below) has the following characteristics:

1. it holds a fixed value for a specific length of time

2. it has sharp, abrupt changes

3. a preset number of values is allowed. http://www.privateline.com/manual/threeA.html

e T o e e L T T S [ S

T T AT T Tyt T AT T TRt Tt T r T

L

Figure 13.3. A typical digital signal. http://www.privateline.com/manual/threeA.html

Therefore, digital signals are examples of sequences.
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13.14 Defining a Sequence via a Recurrence Relationship

A sequence element may be defined in another way, via a recurrence relation

xn+1=f(xn’ xn—l’ o xl)’

where f may be a function of several arguments and not just one argument,

Thus, there are two ways to describe a sequence,

1. using a functional relation x(n), which specifies how each sequence element is defined by its
counter;
2. using a recurrence relation x . =flx,x_, ..., x,), which specifies how each sequence element is

defined by previous sequence element(s).
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Examples:

1. Given a sequence x = n’ we can change the functional description to a
recurrence relation
X ~=(Mm+12=n*+2n +1

=x + 2 \/xn +1

n+1

= Xn+1
When given such a recurrence the first element needs to be specified.
Only then can we start evaluating other elements.

A Fibonacci sequence: 1, 1, 2, 3, 5, 8, 13, 21, ... can be described via a
recurrence relation

When given such a recurrence the first two elements have to be specified. Only then can we start
evaluating other elements. Let us check that the above recurrence describes the given sequence:

Question: What are x, and x,?

Answer:

Question: Does x, satisfy the given recurrence relation and why?
Answer:

Question: Does x, satisfy the given recurrence relation and why?
Answer:

Question: Does x, satisfy the given recurrence relation and why?
Answer:

Fibonacci sequences in nature

When superimposed over the image of a nautilus shell we can see a Fibonacci sequence in nature:
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Each of the small spirals of broccoli below follows the Fibonacci’s sequence.

http://www.pdphoto.org/PictureDetail.php?mat=pdef&pg=8232

13.2 Limit of a sequence

Taking a limit of a sequence as n grows larger and larger without bounds is the first advanced operation
on functions that we cover. In mathematics, instead of the phrase n grows larger and larger without bounds
we use the shorthand n — oo (verbalised as n tends to infinity). If it exists the outcome of applying this
operation to a (discrete) function x_is called lim x_and is either a number or else + oo (either +infinity
or -infinity). Sometimes instead of lim x_we write lim x,. However, usually, the condition n — oo is

n—>0
understood and not mentioned.

Note: oo is not a number but a symbol of a specific sequence behavior, + o means that the sequence

increases without bounds and — o0 means that the sequence decreases without bounds - see the right

column in the Table in Section 13.2.1 below.
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13.2.1 Definition of a Limit of a Sequence

Examples of a finite limit lim x, =a
(n—>)

(can also write x,, —> a)
(n—>)

Examples of an infinite limit lim x, =to0
(n—>0)

(can also write x,, — t)
(n—)

Example 1: x, —>a—
or

(N

X1 X2X3a X

123 n
X, gets closer and closer to « from below and

maybe reaches it.

Example 1: x,, — t o

X4 TX [ or
X3 [ ] /\/
X2 (] : \j
X1 /N

1234n X1 X2 X3 X4 X

For any number M there exists N : x,, > M for

all n > N (sequence increases without boundq

Example 2: x, > a+
X

e or

X2 [ ]
X3 f'f Ig i
a
123 n axsxy X X

x, gets closer and closer to a from above and
maybe reaches it.

Example 2: x,, — - ©

X
X1| @ or
X2 L
X3 g f :f :f }
X4 [
1 234 n X4 X3 X2 X1 X

For any number M there exists N : x,, < M for

all n > N (sequence decreases without
bounds)

Example 3: x» —> a
x |Xe
X4

a Y ®
—_—
X1 x3’x\-y2 X

X1

1234n
x, gets closer and closer to ¢ and maybe reaches
it.

® or
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Examples: Sketch the sequence to find its limit:

1
o — 0 Verbalise: as n increases, elements x_(come closer and closer) to 0.

1 . .
-—— 0 Verbalise: as n increases, elements x_(come closer and closer) to 0.
(_l)n +1
x, = ————> 0 Verbalise: as n increases, x, (come closer and closer) to 0.
n

X, =Nn-— oo Verbalise: as n increases, X, tend to oo (increase without bounds).

x = -n —-o0 Verbalise: as n increases, x_tend to -oo (increase without bounds).

Sometimes, limits can be found using analytical considerations and sometimes using a Table, Rules and

a Decision Tree for Limits:

Need help with your
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the quality of your dissertation!

Get Help Now\lh
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13.2.2

Table of Limits

X lim x
. . easy to find
1/n 0
y 1
a’ " a>0
the proof is rather involved
g lal <1 0 (e = 2.71, Neper’s constant,
1., an irrational number).
(I+-) e
n

If {x } has a finite limit the sequence is said to converge.

13.2.3

Rules for (Properties of) Limits

. The limit is unique.

- lim (o, + By ) =alimx +flimy, a, B - constant.

Verbalise: limit of a sum is a sum of limits and any constant factor can be taken out - linearity

property.

climx y =limx limy.

Verbalise: limit of a product is a product of limits.

. li .
lim22 = ?mx" , lim y,#0.
Yn myy,

Verbalise: limit of a ratio is a ratio of limits.

Laws 2 - 4 give a general recipe for evaluating a limit of a composition of sequences - instead of the

sequence element substitute its limit. That is, the Laws 2-4 state that if a limit exists the operation of

taking the limit and any subsequent algebraic operation can be performed in reverse order. For more

complicated operations such reversal is not always justified.

Optional

x, 2y, = limx >limy - every element of one sequence is greater than or equal to the
element with the same index in the other sequence =
its limit is also greater than or equal to the limit of the other sequence.

x <y <z = limx =limz = limy =limx
n n n n n n n
a sequence squeezed between two others with the same limit has the same limit.
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Example: x = (-1 *n.  lim x?

Solution: lim x_does not exist <= Rule 1

13.2.4 Indeterminate forms

Sometimes using the above rules leads to an indeterminate form (no clear answer) like

,0-00, o—o0, 0°, 1 etc. - MEMORISE

=2k=)

818

Question: Why do these outcomes present no clear answer?

Answer:

When substitution leads to an indeterminant form we use tricks in an attempt to evaluate the limit or

determine it to be non-existent.

Examples:

%*use algebraic trick - FLIP RULE

= lirnl=0
n

%L use algebraic trick - FLIP RULE

= Imn=w

3. x,=n, =n?
" I o0 — ool use algebraic trick - factorisation

:>lim(xn—yn)=lim(n—n2)=limn(1—n) = limnlim(1-n)=o0-(-0)=-0w0

4. xn=n2, yn=n2—l

© luse algebraic trick - divide top and bottom by the highest power

0
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13.2.5 Decision Tree for Limits

Decision Tree (a Flow Chart) that can be helpful when evaluating limits is given in figure 13.1. Start
reading it from the very top and follow the arrows as dictated by your answers. The tricks required to
find a limit can be very complicated. However, in standard undergraduate courses they involve only

simple algebraic and trigonometric laws and formulae.

/xk?\<
\/ Maybe, tricks

@a table sequeD
Yes / \ No

Y

Y

Y

Answer What is the last operation in x;?

4 X
Y

Separate Is one of the factors const=1 ?

terms
Yes \No
constant If allowed reverse order of lim
factor and subsequent operation
out
v v

An Indeterminate form?
(00 -00, 0-00, 0/0, oo/, etc.)

Y
Use a trick

Figure 13.1. Decision Tree for Limits.
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13.3 Series

A series is a sum of sequence elements.

Question: What is a sum?

Answer:
N

A series x| +...+xy can be written using the shorthand S or ) x, . In the latter case we say that we
n=1

use the sigma notation, because 2. is a capital Greek letter called sigma.

[ ]
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Elementary Algebra and Calculus CALCULUS: Sequences, Limits and Series

13.3.1 Arithmetic Progression

An arithmetic progression is a sequence defined by the following recurrence relationship:

X,,; =X, +a, where a - constant (with respect to n). a is called the common difference.

X, +Xxy
2

=8y =x+..+txy =N MEMORISE

13.3.2 Geometric Progression

A geometric progression is a sequence defined by the following recurrence relationship:

X, =ax,,, where where a is a constant (with respect to n). a is called the common ratio.

5, - x,(1-a")
l-a
X xia X X
Ifa <1, then gy =L 1% 71 —jimg, =1 MEMORISE
l-a 1-a l-a l-a
13.4 Instructions for self-study

+ Revise Summaries on ALGEBRA, FUNCTIONS and TRIGONOMETRY

» Revise Lecture 11 and study Solutions to Exercises in Lecture 11 using the STUDY
SKILLS Appendix

o Revise Lecture 12 using the STUDY SKILLS Appendix

o Study Lecture 13 using the STUDY SKILLS Appendix

o Attempt the following exercises:

Q1. Find the following limits:

n2+n+1_

a) lIlm———;
2n+1

n2+n+1_

b) lim 3
2n° +1

b

n2+n+1

c) lim 3
2n° +1

Q2. Find the sum of a hundred terms of the arithmetic series with first term 1 and common difference 2.
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Q3. A steel ball-bearing drops on to a smooth hard surface from a height h. The time to first impact

is T= \/2—7’, where g is the acceleration due to gravity. The times between successive bounces are
o

2eT, zezT, 2@3T,..., where e is the coefficient of restitution between the ball and the surface () < e <1).

Find the total time taken up to the fifth bounce if T =1 and e = 0.1.

Q4 (advanced). The irrational number 77 can be defined as the area of a unit circle (circle of radius 1).
Thus, it can be defined as a limit of a sequence of known numbers a_. The method used by Archimedes
was to inscribe in the unit circle a sequence of regular polygons (that is, polygons with equal sides - see
figure 8.1). As the number of sides increases the polygon “fills” the circle. For any given number 7 find
the area a_ of the regular polygon inscribed in the unit circle. Show, by use of trigonometric identities
sin 20 = 2sin @ cos @, c0s20 =1-2sin’>@ and sin® @ +cos> O =1 (Pythagoras theorem), that the

area a_satisfies the recurrence relation

Figure 8.1. A circle with two inscribed regular polygons, one with four sides (a square) and one, with six (a hexagon).

Q5. Explain why ZX[k] ZZX[H] = Zx[k +1].
k=1 n=1 k=0

Download free eBooks at bookboon.com



Lecture 14 DIFFERENTIAL
CALCULUS: Limits,
Continuity and

Differentiation of

Real Functions of One

Real Variable

14.1 Limits

Taking a limit is an advanced operation on functions. The result is a number (more generally, a
constant with respect to the independent variable). The operation involves finding a limiting value of
the dependent variable when the independent variable approaches (tends to) a specified limiting value

of its own or else to oo or -o.

14.1.1 Definition of a Limit of a Real Function of One Real Variable
Four limiting behaviours are possible:

L. lim f(x)=c

xX—a

Verbalise: as x tends to a finite limit a, f{x) tends to a finite limit c.
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Limits, Continuity...

2. lim f(x)=cor lim f(x)=c
X—>0 X—>e0

Verbalise: as x tends (goes off) to infinity, f(x) tends to a finite limit c.

3. lim f(x)=c0 or -, lim f(x)=o or -om,
X—>0 X—>—0

Verbalise: as x tends (goes off) to + or — infinity, f{x) tends to + or — infinity.

4. lim f(x) = Or -0

Verbalise: as x tends to (approaches) a finite limit a, f{x) tends to + or — infinity.

Note: symbols +co are not numbers, they describe a specific function behaviour.

Examples:

143
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Limits, Continuity...

14.1.2 Table of Limits of Functions

fx) lim £ (x)
sin x 1
= the proof is rather involved
e’ —1
1
X
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Limits, Continuity...

14.1.3 Rules for (Properties of) Limits

1. The limit is unique (that is, there can be only one limiting value).
+ +

2. lim[fi - A®]=1limfi(x) - limf (x) if all limits exist
> >

Using rule 2 is equivalent to just substituting a for x. If substitution produces an indeterminate form

tricks have to be used to establish whether the limit exists and if yes, find it.

Using these rules is equivalent to just substituting a for x.

Optional

3. f,x) <f,x) <f(x) and lim f (x) = lim f,(x)

= lim f(x) = lim f(x)

Examples:

1. lim (x> -4x+8)=1>-4-1+ 8 =5 (instead of x we substituted its limiting value)
x—1

2. lim sin x = 1 (instead of x we substituted its limiting value)
x—7
2

3. lirr/l cos x = 0 (instead of x we substituted its limiting value)
x>
2

4. lim tan x does not exist, but lim SIx —T oo » Which is a shorthand for two statements,
x> x—7%
2 2 cosx
lim sinx lim iy

=—00 T/ _ =
and x*é + o0

x_)%+ CcosXx COS X

Verbalise: 0 over 0 indeterminate form - we find the limit using an algebraic trick.

Sometimes, limits can be found using analytical considerations and sometimes, using the Table, Rules

and a Decision Tree for Limits (practically the same as the one for sequences).
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Limits, Continuity...

14.1.4  Applications of the Concept of a Limit

1. “Imagine a person walking over a landscape represented by the graph of y = f(x). Her horizontal
position is measured by the value of x, much like the position given by a map of the land or by a global
positioning system. Her altitude is given by the coordinate y. She is walking towards the horizontal
position given by x = a. As she does so, she notices that her altitude approaches L. If later asked to guess

the altitude over x = a, she would then answer L, even if she had never actually reached that position”

http://en.wikipedia.org/wiki/Limit of a function#Motivation

2. It is often important for engineers to assess how a measured quantity (current, voltage, density, load)
behaves with time: does it grow without bounds (then its limit is o), tends to a specific value (then

its limit is a finite number), oscillates (then it has no limit) efc.

14.1.5 Existence of a Limit of a Function

A limit of a function does not always exist.

Examples:

1. lim sinx does not exist.

X—>00

2. lim sin—=0.
X—>0 X

14.2 Continuity of a function

A function f'(x) is said to be continuous at point a if lim f(x) = f ().

Examples:

y = f{x) (continuous at a) y = f(x) (discontinuous at a)

Note: the filled circle indicates the point that belongs to the graph and an empty circle — the point
that does not.
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If a function is continuous at each point of an interval it is continuous on this interval. Intuitively, a
continuous function is a function for which, smaller and smaller changes in the input (argument
or independent variable) result in smaller and smaller changes in the output (value of a function or
dependent variable). Otherwise, a function is said to be discontinuous.

+

Iff, (x) and £, (x) are continuous on an interval, so is f, (x) ~ f, (x) (provided f, (x) # 0 when dividing).

x

14.2.1 Applications of Continuous Functions

“Ananaloguesignal isa continuous signal for which the time varying feature of the signal is a representation
of some other time varying quantity. .. For example, in sound recording, fluctuations in air pressure (that is
to say, sound) strike the diaphragm of a microphone which causes corresponding fluctuations in a voltage

or the current in an electric circuit. The voltage or the current is said to be an ‘analog’ of the sound”

http://en.wikipedia.org/wiki/Analog signal

Vowo Teucxs | Rewaur Tovcws | Mack Tovers | Vowo Buses | Wowo Constevcnion Ecmnesest | Vowro Pesm | Vowo Aero | Vowo IT
Vouwo FisskceL Sepnces | Vowo 3P | Viowo Powermeaim | Vowo Paets | Vowo Tecemwowoey | Wowo Lossmcs | Busieess Anes Ase
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14.3 Differentiation of a real function of one real variable

Differentiation is the second advanced operation on functions we cover. The result is a function, which

is called the derivative of the original function.

14.3.1 A Derivative of a Function

0
_ 0
A continuous function f'(x) is differentiable at x = ¢ if there exists lim Ja+A0)— f(a) =

Ax—0 Ax
A y=£(x) Ay =1(x)
fla+ &) __. tangent line
f(a)
,/’\/0610/ E >
a X

Y=

. A .
lim = = lim tana =tana, =—

——(a) = f'(a). This limit is called a derivative.
A0 AX  Ax—0 dx dx

Thus, we arrived at the following definition of the derivative:

G _ L A - f()
dx Ax—0 Ax '
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143.2  Geometrical Interpretation of a Derivative

A derivative of a function is a local slope (gradient) of the function at a point. More specifically, it is

the slope of the line tangent to the graph of the function at this point.

1433 Mechanical Interpretation of a Derivative

A derivative of a function is a local rate (speed) of change of the function at a point.

1434 Existence of a Derivative

A derivative of a function does not always exist.

Here are graphs of functions which have no derivative at point a of their domain:

AN\ AN

v
A

EXPERIENCE THE POW
FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Limits, Continuity...

Examples:

1. Differentiate y =c (constant)

R4
Answer: = Q =0
dx

a) Can differentiate using a graph: the slope is the same everywhere and is zero.
b) Can differentiate using the basic definition:

Differentiate y = c x
A y

dy

Answer: => — =¢
dx

»
>

X

a) Can differentiate using a graph: the slope is the same everywhere - ¢
b) Can differentiate using the basic definition:

. J(x+A) - f(x) - c(x+Ax)—cx
lim = lm ——

Ax—0 Ax Ax—0 Ax

14.4 A historical note

“When Newton and Leibniz first published their results on calculus in the 17the century, there was great
controversy over which mathematician (and therefore which country) deserved credit. Newton derived
his results first, but Leibniz published first. Newton claimed Leibniz stole ideas from his unpublished
notes, which Newton had shared with a few members of the Royal Society. This controversy divided
English-speaking mathematicians from continental mathematicians for many years, to the detriment
of English mathematics. A careful examination of the papers of Leibniz and Newton shows that they
arrived at their results independently, with Leibniz starting first with integration and Newton with
differentiation. Today, both Newton and Leibniz are given credit for developing calculus independently.
It is Leibniz, however, who gave the new discipline its name. Newton called his calculus ‘the science of

3%

fluxions’”. http://en.wikipedia.org/wiki/Calculus
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Limits, Continuity...

14.5

Q1. Find

a)

b)

<)

d)

e)

Instructions for self-study

Revise ALGEBRA Summary (particularly, the words term, sum, factor, product)
Revise Lecture 12 and study Solutions to Exercises in Lecture 12 using the STUDY
SKILLS Appendix

Revise Lecture 13 using the STUDY SKILLS Appendix

Study Lecture 14 using the STUDY SKILLS Appendix

Attempt the following exercises:

1-cosx sin x

lim (using lim =1 and trigonometric identities)

x—=>0  x x—>0 X

X—02x“ +3

Q2. Discuss continuity of y = tan x.

Q3. Plot y = e* Differentiate this function approximately using the graph and plot the approximate

derivative —¢*.

dx
Q4. Prove
d _
a) d—xn =nx" ! (Hint: use the Binomial Theorem - look it up in books or Google it.)
X
d x x
b) —e =e
) dx
d .
¢) —sSIn X =cCos X
dx

.
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Differentiation (ctd.)

Lecture 15 DIFFERENTIAL
CALCULUS:
Differentiation (ctd.)

Using the first principles (that is, the definition of a derivative) we can create a table of derivatives of

elementary functions.

15.1 Differentiation Table

df (x)
y =A% o
0 This row means d const =0

dx
n

X' nx"! This row means X = nx-!

dx
e’ e This row means —— ¥

Examples:
1 dcosm 0
dx

Differentiation variable? x
Function to differentiate? constant
It is a table function
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s

S 32
dr

Differentiation variable? ¢
Function to differentiate? power 3
It is a table function of ¢

dsin v
dv

=COS v

Differentiation variable? v
Function to differentiate? sin()
It is a table function of v

3
4 dlno)

N 2
d(Int) =3(In?)

Differentiation variable? v
Function to differentiate? sin()
It is a table function of v

d cos e” .
5. =" " —_gin¢¥

de”

Differentiation variable? ¢’
Function to differentiate? cos()
It is a table function of ¢’

To differentiate combinations of elementary functions we can use Differentiation Table, Differentiation

Rules and Decision Tree given in figure 15.1.
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Differentiation (ctd.)

15.2 Differentiation Rules

dof (x) _ ()
dx

- constant factor out rule

—_—

Ix . .
N df(x)+ g(x)] _ df (x) N dg(x) sum rule linearity property
dx dx dx
3. AUIEE) _ () oy, € 11y product rule
dx dx dx

2
dx g

— quotient rule

hd

d(/(g(x)) = df(g) dg _ chain rule (decompose, differentiate, multiply). Here
dx dg dx

g=g(x),

Note: These rules can be proven using the definition of the derivative as a limit and rules for limits.

Examples:

1. m=2cosx

dx

Differentiation variable — x

Function to differentiate — 2sin x

Last operation in this function — multiplication
One of the factors constant

Apply “constant factor out” rule

Constant factor a =2

=COSX

Variable Factor f(x)=sinx, 2/ _dsmnx
dx dx
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d (sin x +cos x)
' dx

2 =C0S x- Sin x

Differentiation variable — x

Function to differentiate — 3sin x +5cos x
Last operation in this function — addition
Apply the sum rule

f-line: 1st term f{x) = sin x,

d f(x) =d sin x — cosx
dx dx

dg(x) dcosx
dx dx

g-line: 2nd term g(x) =cos x , =—sinx

This e-book Y o N
ismadewith SETASIGN

SetaPDF W

W ™\ PDF components for PHP developers

www.setasign.com
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Elementary Algebra and Calculus

di>+3x +2) dx*> d3x d2
. = + +

d (x sin x)

—=2x+3
dx dx dx dx

=sin x+Xx Ccos x
dx

DIFFERENTIAL CALCULUS: Differentiation (ctd.)

Last operation in this function — multiplication
Is one of the factors constant? No
Apply the product rule

dfy _dx _
dx dx

dg(x) dsinx
=

f-line: 1st factor f{x) = x,

=C0SXx

g-line: 2nd factor g(x) =sinx ,

5. % =1In x+1 (using the product rule),
f-line: fix) = x, A x) _ dx =1
dx  dx
g-line: g(x) =Inx, dg(x) _dinx 1
dx X
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sin x

d( ) o
6. x YO x2 S X (using the quotient rule)
dx X

f-line: Numerator f{x) = sin x, a/ _d S;n Y~ cosx
X
g-line: Denominator g(x )= x, g0y =di =1
dx dx

Free eBook on
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Elementary Algebra and Calculus DIFFERENTIAL CALCULUS: Differentiation (ctd.)

In x 1
d(™r) x-2 -
(x):x X le—lnx

dx x2 x2

7.

Differentiation variable? x
f(x) ? DX
X

Last operation in this function ? Division

Apply which rule? quotient rule

f-line: Numerator f{x)=In x, df;(:) _dhnx 1

dx X
g-line: Denominator g(x)=x, 420 =£=1
dx dx

8. M = 2cos2x

dx

Differentiation variable? x

f(x)? sin2x

Last operation in this function? sin()
Its argument? 2 x

Apply which rule? The chain rule

f-line: Last operation f{)=sin(),
dfix) _dsin(g)

=C0S g =C0S2Xx
dx dg

dg(x) _ d2x
dx

g-line: Its argument g(x)=2x, =
X
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9.

15.3

dIn 3x
dx

_ 51
3x

DIFFERENTIAL CALCULUS: Differentiation (ctd.)

Differentiation variable — x

Function to differentiate — In3x
Last operation in this function — In()
Its argument — 3 x

Apply the chain rule

f-line: Last operation f{)=1n(),

g-line: Its argument g(x) = 3x,

dfty _dinf _1 _1
dx dg _g_3x
dg _d3v _,
X dx

Decision Tree for Differentiation

Generally, to differentiate a function we use the Decision Tree for Differentiation (see figure 15.1 below)

that allows us to decide whether to use the Differentiation Table (containing derivatives of elementary

functions) straight away or first use Differentiation Rules (on how to differentiate combinations of

elementary functions). Once the rule is applied, even if the problem is not solved, it is reduced to one

or several simpler problems which have to be treated using the Decision Tree again.
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To use the Decision Tree start at the top and follow the arrows which are associated with the correct

answers (if any). Use it as a formula, substituting your differentiation variable for x and your function

for f(x).

15.4 The higher order derivatives

If a derivative of f(x) is a differentiable function its derivative is called the second derivative of f(x).

2
Wy

df )
dx?  dx dx

If the second derivative of f(x) is differentiable its derivative is called the third derivative of f(x),

Afr d (d2 /el
=—\(——=)e
A dx o dx?
d
Maybe, tricks ; y(x)? Maybe, tricks
x

What is the differentiation variable ?
(it appears after d at the bottom)
What is the function to differentiate ?
(it appears after d at the top)

Is y(x) a constant or
another table function of x?

Yes No
The answer @he last operation in y(x)?
is
in the table 4 X Other
A,

Is y(x)
composite?

Is one of the factors
const=#1?

Yes
Constant Product rule
factor or . !
Sum rule outside quotient rule Chain rule Use tricks

Figure 15.1. Decision Tree for Differentiation.
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15.5 The partial derivatives

If we consider a function of say, two variables (two arguments) f{x,y) its partial derivatives with respect

to x and y are denoted by 9(*:) and @, respectively.
Ox y

15.6 Applications of differentiation

Later you will find that all simple scientific phenomena and engineering systems that you are going to
study are described by differential equations that relate values of measured variables, such as displacement,
angle or rotation, concentration, current or voltage to their first or second derivatives. You will be
also shown that derivatives and limits are helpful in sketching functions and thus illustrating or even
predicting behaviour of the above measurable variables. Finally you will find out how derivatives can

help to approximate functions, e.g. how your calculators calculate sin, cos values efc.

15.7 Instructions for self-study

o Revise ALGEBRA Summary (particularly, the words term, sum, factor, product)

+ Revise Summaries on the ORDER OF OPERATIONS and FUNCTIONS

o Revise Lecture 4 and Solutions to Exercises in Lecture 4 (particularly, the operation of
composition)

» Revise Lecture 13 and study Solutions to Exercises in Lecture 13 using the STUDY
SKILLS Appendix

+ Revise Lecture 14 using the STUDY SKILLS Appendix

o Study Lecture 15 using the STUDY SKILLS Appendix

o Attempt the following exercises:

QI. Find
a) d e\/tz+1
dVt? +1
b) ‘i e X +1
dvt” +1
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Q2. Find the derivatives

) L w2+ 1)sinu
du

iu2+l

du sinu
Q3. Find the derivatives

a) alcosx/x2 +1

dx

b) alcosx/x2 +1

dy

Q4. Differentiate y with respect to zif y = (¢t ++/t* +a’)".
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Lecture 16 DIFFERENTIAL CALCUUS:
Sketching Graphs Using
Analysis

In general, any composite function can be sketched using our knowledge of limits and derivatives. In

this Lecture we show how. There are four possible behaviours in the vicinity of the stationary point:

16.1 Stationary points

A stationary point is a point x in the function domain where its derivative f/"(x,) = 0.

4/ (x) 4/ (x) 47/ (x) 4/ ()

—e———» ———— & —» ———¢—» —
Xo X X0 X X0 X Xo X

Examples: Sketch the following functions and find their stationary ponts x;:

1. y=x 2. y=x 3. y=¢' 4. y=sinx
@:0 @:0 @:ex;to Q:cosxzo
dx dx dx dx
2x=0 3x*=0 No stationary points| xo =%n,
x0=0 x0=0 n — odd integer

(n=2m+ 1, m—integer)

AY=X A y=x A y=¢ 4 y=sinx

LL» > |o——o ——eo——»
Xo X Xo x x \/ x
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16.2 Increasing and decreasing functions y

If derivative (local slope) f(x) > 0 on interval /, function f (x) is said to be

increasing on /.

y \
If derivative (local slope) f(x) > 0 on interval /, function fix) is said to be

decreasing on /. X

Examples: Functions y = e* and y = In x are increasing everywhere; functions y = |x|

and y = x? are decreasing for x < 0 and increasing for x > 0.

16.3 Maxima and minima

If derivative (local slope) f’(x) > 0 to the left of x and < 0 to the right of x , then functionf (x) is said

to have a maximum at X,

S @-----
=V

If derivative (local slope) f'(x) < 0 to the left of x, and > 0 to the right of x , then function f{x,) is said

to have a minimum at X,

| O >
X0 X
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Elementary Algebra and Calculus DIFFERENTIAL CALCUUS: Sketching Graphs Using Analysis

Examples: y = x* has minimum at 0, X* has no minimum or maximum, sin x has

maxima at x = fm when m is odd and minima when m is even.

Examples:

1. Sketch y = x? + 3x +1 by completing the square

360°
thinking.

Deloitte.

Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiliated entities.

N
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Elementary Algebra and Calculus DIFFERENTIAL CALCUUS: Sketching Graphs Using Analysis

Solution: 3 9 3 s
: _ 2y 2 — Zy_ 2
Completing the square, y = (x + 2) 1 +1=Kx+ 2) k

Step 1. Using the recipe for sketching by simple transformations, we first drop all constant factors and
terms and sketch the basic shape of the function that remains:

2
Ay =X

Step 2. We then reintroduce the constant factors and terms that appeared in the original functional
equation one by one, in Order of Operations and sketch the resulting functions underneath

one another:

=G+ )

+ - constant term, first operation

translation wrt x-axis by -

—  constant term, first operation

translation wrt y-axis by -

Step 3.

Intersection with the y-axis: x=0, y=4
Intersection with the x-axis: y =0,
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2. Sketch y = x* + 3x +1 by analysis.

Solution:
Step 1. Intersection with the y-axis:x=0, y=4

Intersection with the x-axis: y =0, X ,= =
Step 2. Find and sketch the first derivative

y =2x+3

a) Find where the first derivative is zero: 2x +3=0 = x = —%

3
= Stationary point of the function is x = =3

b) Find where the first derivative is positive and where it is negative:

Can do so by solving the inequalities

2x+3>0 (y'>0) for x>—%
2x+3<0 (y<O0) for x<—%

Note: inequalities can be solved the same way as equations but when multiplying by negative
factors the inequality sign should be reversed.

\ )’ =2x+3
or graphically

negative positive

Step 3: Sketch the function y directly underneath
the first derivative y’

decreasing

Step 4: Find the minimum function value

9 9  9-18+4 5

3
=2 =20 2
D=3 4 4
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3. Sketch y = x* + 3x? + 4x + 1 by analysis

Solution

Step 1. Find and sketch the first derivative y’

y=3 +6x+4=30+2x)+4=3[x+1?-1]14+4=3Kx+12+1>0
Y

y'> 0 everywhere

Step 2. Sketch the function y underneath
A

y is increasing everywhere

Special points: y(0) = 1
y(=1) =-1 (not that special - but easy to find)

168

Download free eBooks at bookboon.com



Elementary Algebra and Calculus DIFFERENTIAL CALCUUS: Sketching Graphs Using Analysis

Optional

16.4 Convex and concave functions
vy /

If the second derivative f’ (x) > 0 on interval |

the first derivative f (x) is increasing on |, and

function f (x) is said to be convex on interval I.

If the second derivative f”(x) < 0 on interval | /
the first derivative f (x) is decreasing on |, and

function f(x) is said to be concave on interval I.

Examples: establish the regions of convexity of the following elementary functions:

y=x y=x y=¢e

y =2 y=3x y =e*

y'=2>0 >0ifx>0 y'=e>0

V'=6X{ <0ifx<0
convex if x >0 | = y=eXis convex everywhere

= y=x%is convex everywhere
= y=x3is .
y convex if x <0

16.5 Inflexion points

If the second derivative f’"(xo) =0 and f'(x) changes sign at the stationary point Xy then the stationary

point x, is called an inflexion point.
Example: y = x* has an inflexion point at x = 0.

Thus, there is another way of determining whether the stationary point is at a maximum or

minimum:
Iff(xo) =0 andf’(xo) > 0, then the function is convex in the vicinity of X, and X, is at a minimum.
If f(x,) = 0and f’ (x ) < 0, then the function is concave in the vicinity of x, and x is at a maximum.

If £ (x,) = 0 and f”(x ) = 0, then further checks are required.
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16.6 Sketching rational functions using analysis

We illustrate the general principles of sketching by analysis by applying the method to rational functions.

A rational function R(x) is

),
(%)

where P and Q are polynomials.

R(x) =

SIMPLY CLEVER
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qr -n {Iﬁ %
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Examples:

-1
1. Sketch the rational function y = x_
x+1

Solution

Step 1. Domain: x # -1 (x = -1 is called a pole, the dashed line x = -1

is called a vertical asymptote)

Intersection with the y-axis: x=0, y=-1

Intersection with the x-axis:y =0, x=1

Step 3. Behaviour at the domain boundaries:

X—>w©y—>1

X—> -0,y —>1

The line y=1 is called a horizontal asymptote.
We know that the function approaches it when |x|
grows large but we do not know how.

increasing increasing
Step 4. Find the first derivative:

dy _x+l-(x-1) _ 2
dx (x+1)? (x+1)?

>0

= yis increasing everywhere
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2) Sketch y = x——l
x“—4x+4

Solution
Step 1. Domain: x # 2 (x = 2 is a pole, the line is a vertical asymptote)

Step 2. Intersection with the y-axis: x=0, y=-

Intersection with the x-axis:y =0, x=1

Step 3. Behaviour at the domain boundaries:
X — 10,y —> 0
The line y = 0 is a horizontal asymptote.

Step 4. Find the first derivative:

Q_ X _—x2+2x =0 atx =0

- o= : >0 (yisincreasing) for0<x <2
dx  (x-2)7  (x-2) <0 (yis decreasing) forx<0& x>2

This is not a derivative but it is 0,

positive and negative where Z—y is
X

— since (x—2)4 >0 when x#2.

The sign ~ means “behaves as”.

. dy .. L
Note that x = 2 turns the numerator —x + 2x into zero but " is not zero at this point. The “phantom”
zero appears because we multiplied both numerator and denominator of % by (x — 2). This was a trick
performed to make sure that the denominator is never negative.
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Optional
<«——pPolynomial degree 2

x? +4x+2
Sketch y = T - improper rational function
x
~+———polynomial degree 1

Difference in degrees = 1 = the whole part is a polynomial degree 1
4_/pol nomial degree 0
X% +4x+2 C Y g
— = Ax+B + — "

+1
x+1 x <\polynomial degree 1

To find A, Band C use
1. long division or

2. partial fractions method

2
S NNy SR S
x+1 x+1

True for all x = can choose any convenient
value of x

X+Ax+2=Ax(x+1)+Bx+ 1)+ C

Choose values that “kill"terms x=-1: 1-4+2=C, C=-1
x=0: 2=B+(C,2=B-1, B=3

Equate coefficients of highest power: 1 = A

Now we have to sketch y=x+3 -——
x+1

Step 1. Domain: x # -1 (point x = -1 is a pole and line x = -1 is a vertical asymptote)
Step 2. Intersection with the y-axis: x =0,y =2
Intersection with the x-axis:y =0, X* +4x+2 =0, X, = -2 iﬁ
Step 3. Behaviour at the domain boundaries:
X —> $00, ¥y — x + 3 — an oblique asymptote (typical for improper rational functions)
Step 4. Find the first derivative:
dy _ x> +2x+2 > 0 because X’ + 2x+ 2 =0 at x,, = -1%j (no real roots)

dx  (x+1)7° b

dx

~+2x+2

positive everywhere

>
>

increasing everywhere

>
>
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16.7 Applications of rational functions and their graphs

In control theory, single input single output (SISO) linear dynamic systems are often characterised by the
so-called transfer functions. Any such transfer function is a rational function of one complex variable.

Sketching magnitudes and phases of these functions helps design efficient control systems.

16.8 Instructions for self-study

o Revise Lecture 9 and study Solutions to Exercises in Lecture 9 (sketching by simple
transformations)

o Revise ALGEBRA Summary (addition and multiplication, factorising and smile rule,
flip rule)

+ Revise Summaries on the ORDER OF OPERATIONS and FUNCTIONS

o Revise Lectures 13-15 (limits and differentiation) and study Solutions to Exercises in
Lecture 14 using the STUDY SKILLS Appendix

o Study Lecture 16 using the STUDY SKILLS Summary

o Do the following exercises:
Q1. Sketch using analysis

a) y=-3(x°-3x2+x)

b) y=—%x2+%x+é
2
—5x+
Q2. Sketch y = x2—5x6
x“+1
x> =5x+6
Q3. Sketch y = u(x +2) —————
X" +1
2
x°—=5x+6

Q4. Sketch y =
x+1
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Lecture 17 Application of
DIFFERENTIAL
CALCULUS to
Approximation of
Functions: the Taylor
and Maclaurin Series

17.1 Approximating a real function of a real variable using its first derivative

Let us discuss how we can approximate the value of function f{x) at a+ Ax if we know its value at a. It

is clear from the figure below that

fla+Ax) = f(a) + Ay.

thglia IFAX,’A Graduate
i ,

:

AX ' if‘i""i'f%f\_“
‘ vl
Graduate Program’

Find out more and apply

redefining / standards M
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Click on the ad to read more
Download free eBooks at bookboon.com

175



http://s.bookboon.com/AXA

Elementary Algebra and Calculus Application of DIFFERENTIAL CALCULUS...

How can we approximate Ay? To see this, let us revise the definition of the first derivative given in

Lecture 13.

Question: What is the geometrical interpretation
of derivative?
Answer:

Question: How can we find its approximate
value?
Answer:

fla+ Ax)

f(a)

Question: How to solve this approximate
equality for Ay ?
Answer:

= fla+Ax) = f(a) +/'(a) Ax

Verbalise: The function value near a approximately equals the function value at a + derivative at a

times distance to a.

This is an approximation linear in Ax (in the vicinity of x the graph of f(x) looks like a straight line).
Sometimes we need approximations based on quadratic, cubic ... n-th degree polynomials. Before

showing how to find such approximations we introduce a new way of representing a polynomial.

17.2 The Maclaurin polynomials

Question: What is a polynomial?

Answer:

Question: Conventionally we write the first term of the polynomial P,(x) as a,x". All coefficients
are constant with respect to x and are denoted by the letter a. What will be the next term and the next
and the next...?

Answer:
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Any polynomial can be re-written in another form as

" m (n)
the Maclaurin polynomial: P,(x) = B,(0)+ P,(0x + Fi(0) X+ £ (0) X3+ ..P”—(O)x”

) 2! 3! Toh
where n factorial p!=1x2x3x4x..xn.
We can show this using the following steps:
Py(x)=a,x" +a, x" " +..+a3x> +arx’ +a;x' +ag = P,(0)=a0 = ao=P (0)

P(x)=anx" " +a, ((n-Dx""? +...+3a3x> +2ax +a; = P(0)=a1 = ai= P (0)
n n n—1 3 2 1 n n

1)

P’(0
Pl(x)=an(n-Dx""2+a, ((n-D(n-2)x"3+..+3-2-a3x +2ay = P(0)=2a2=>ar= 10
n n n—1 3 2 n 7

P"(0
P’;"(x):ann(n_1)("—2))(7}1_3 +....+3'2'a3 = P,;”(O)= 2.3 a3 =>as = n3(' )
()
Pn(n) (X) = ani’l(}’l - 1)(7’1 - 2)[7[ — (n — 1)]xn_n = P]/En) (0) :I’l./ an = ai= Pn '(O)
n:
g , )
= Py =Py(0)+ B0+ 82 Sy B0

Verbalise: The Maclaurin polynomial at x is the polynomial at 0 + 1% derivative at 0 times x + 2" derivative

at 0 times x squared over 2! + ....

17.3 The Taylor polynomials

In the same way we can prove that any polynomial can be re-written as

the Taylor polynomial: P,(x)=P,(a)+ P,(a)(x—a)+...

(n)
Fi(a) (x—a)"
n!

Verbalise: The Taylor polynomial at x is the polynomial at @ + derivative at a times the signed distance

fromxtoa+....

Note: in the Maclaurin series x can be viewed as the signed distance from x to 0.
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17.4 The Taylor series

Many differentiable functions f{x) can be represented using the infinite

Taylor series: f(x) = f(a)+ f'(a)(x—a)+ % (x=2)%+..

Verbalise: The function value at x is the function value at a + derivative at a times the distancetoa + ....

These functions can be approximated as polynomials using truncated Taylor series (that is, Taylor

polynomials).

Optional
Consider the approximation error

e (a,x)=fx)-P (g x)

Ifthe errore_(x) = 0asn— oo, then f(x) equalsitsTaylor series atxand y(x) ~P (g, x)is an approximation

based on the n-th order Taylor polynomial.
For &% sin x, cos x, e, (x—a) — O faster than (x - a)".

Proving the above results and checking the limiting behaviour of the error e_is rather involved.
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Elementary Algebra and Calculus

17.5 The Maclaurin series

Application of DIFFERENTIAL CALCULUS...

If a = 0, the Taylor series is called the Maclaurin series.

Examples:

1. Find the Maclaurin series for e*.

Solution

Step 1. The general Maclaurin series is

f"(O) x2 +...

SO =7 O+ O)x+— =

Step 2. Function and its derivatives are

Step 3. Values of the function and its derivative

at 0 are

f(x) = e

" (x) = e

f0)=1
f(0) = 1
f0) =1

f™(0) =1

Step 4. Substitute the above values into the general the Maclarin series:

. 2 x3 x"
e =l+x+—+—+.+—...
20 3! n!

e’ ~1+ X, x| < 1 (in the vicinity of 0 the graph of e~ is almost a straight line)
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2. Find the Maclaurin series for sin x.

Solution .
Step 1. f(x) = £(0)+ /'(O)x +~f‘”) 2,

Step 3. Values of the function and its derivative

Step 2. Function and its derivatives are
at 0 are

f(x) = cos x
f'(x) = sin x
f"(x) = cos x
f"(x) = cos x

Step 4. Substitute the above values into the general Maclarin series:

' 3 x5 x7
sinx=x—-——+—-"—
o5 7

= sin x = x,|x| <1 (in the vicinity of 0 the graph of sin x is almost a straight line)

3. Find the Maclaurin series for cos x.

Solution .
Step 1. f(x) = ﬂm+fw)+f()2

Step 2. Function and its derivatives are Step 3. Values of the function and its derivative

at O are

0) = 1
f(0) =
F(0) = -

f(x) = cos x
f'(x) = sin x
f"(x) = cos x

Step4. |,
X

cosx=l—-—+—+...-
20 4

x| <1 (in the vicinity of 0 the graph of cos x looks like a parabola - reflected wrt

X
— cosx =1——,
(with respect to) the horizontal axis shifted up by 1).
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Thus, while any polynomial can be re-written as a Taylor or MacLaurin polynomial, many other » time
differentiable functions can be approximated by Taylor or MacLaurin polynomials P, (x) . The discussion
on whether such approximation is possible or how to decide the optimal degree of the approximating

polynomial lies outside the scope of these notes.

17.6 L'Hospital’s rule

f(x)

Let us find lim = when lim f(x) = lim g(x) =0, so that we have the 0/0 indeterminate form.
x—a g (x) xX—a xX—a

If both f(x) and g(x) have Taylor expansion in the vicinity of a we can write

(x-a)

lim M: lim f,(a)(x—a)'F... — lim f'(x)

x—a g(x) x—a g'(a)(x—a) +... x—>a g'(x) .

The recipe

im £~ tim L i i (0 = lim g(x) =0

x—a g(x) x—a g'(x) x—a xX—>a

is called CHospital’s rule.

If still get the 0/0 indeterminate form — continue applying the rule until arrive at a determinate answer

(find the second derivatives of the numerator and denominator, their third derivatives etc.)

L'Hospital’s rule can be extended to cover functions with just one derivative, a =+co or —eo and eo/oo

indeterminate forms but these proofs lie outside the scope of these notes.

Examples:

1. Find lim 22X
x—0 X

cosx

Solution: 1im x = lim sinx = 0. Applying L'Hospital’s rule, lim smx lim 1

x—0 x—0 x—>0 X x>0 1

X
2. Find fim 1-¢_.

x>0 X

X
Solution: lim x = lim 1—¢” = 0. Applying LU'Hospital’s rule, [im 1-e - lim —¢_ -1
x—0 x—0 x—=0 X x>0 1
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Examples:

1. Find lim 22X
x—0 X

COSX

Solution: 1im x = lim sinx = 0. Applying L'Hospital’s rule, 1im Sin x = lim 1

x—0 x—0 x—>0 X x—0 1

X
2. Find fim 12

x>0 X

Solution: lim x = lim 1—¢e” = 0. Applying LU'Hospital’s rule, [im
x—0 x—0 x—0
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17.7 Applications

The above series are used by calculators to give approximate values of elementary functions, sin, cos,

exponent efc.

17.8 Instructions for self-study

o Revise ALGEBRA Summary (smile rule)

o Revise Lecture 5 (polynomials)

« Revise FUNCTIONS Summary

+ Revise Lectures 13 - 14 (limits)

o Revise Lectures 14 - 15 (differentiation) and Solutions to Exercises in Lecture 14 using
the STUDY SKILLS Appendix

o Revise Lecture 16 using the STUDY SKILLS Appendix

o Study Lecture 17 using the STUDY SKILLS Appendix

o Do the following exercises:

Q1.
a) Find the first three non-zero terms in the Maclaurin series for y = 1
+X
b) Use the first two terms of the above Maclaurin series to approximate y = 1 in the
+Xx
vicinity of x = 0
: : , : 4
c) Find, without using a calculator, the approximate value of g
. . 1
d) Find lim [——(1—e'*™)]
x—>-11+x
Q2.
: : N 1
a) Find the first three non-zero terms in the Maclaurin series for y = T—x
-X
b) Use the first two terms of the above Maclaurin series to approximate y = in the

1—
vicinity of x = 0 x

c) Find, without using a calculator, the approximate value of 3

d) Find lim[Lsin(l—x)]
x—>11—=X
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Q3.

Q4.

a) Find the first three non-zero terms in the Maclaurin series for y = /14 x

b) Use the first two terms of the above Maclaurin series to approximate y =+/1+Xx in the

vicinity of x = 0

4
c) Find, without using a calculator, the approximate value of \/;

NIE

2

d) Find lim
x——1 1— X

a) Find the first three non-zero terms in the Maclaurin series for y =+/1—x

b) Use the first two terms of the above Maclaurin series to approximate y = 4/1 — x in the

vicinity of x = 0

4
c) Find, without using a calculator, the approximate value of \/;

J1-x

d) Find lim 3

x—>11—x
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Lecture 18 INTEGRAL CALCULUS:
ntegration of Real
~unctions of

One Real Variable
(Definite Integrals)

Integration (over a finite interval) of a function is a new advanced operation on functions. If it exists,

the outcome is a number (or a constant with respect to the control variable) called a definite integral.

18.1 A definite integral
Consider the area 4 between a curve, which is the graph of a function f(x), the horizontal axis and lines

x=aand x = b:

Y y=1x y = fx)
Area A between 4
the curve and horizontal axis

approximately equals
A=2 the sum of areas of inscribed
thin rectangles
a b c a x; x ..b X
Ax Ax
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Question: What is the area of first rectangle, second rectangle efc.?

Answer:

In other words, this area 4 approximately equals,

n-1
A= o)A+ f(x)Ax + f (x)Ax+ f(x3)Ax +..+ f (3, )Av = f(x;)
i=0
where Xy =a and x, =b.

Question: How many rectangles do we have here?

Answer:

Taking the limit Ax — 0, so that the width of the rectangles gets smaller and smaller, the number of

rectangles grows larger and larger (7 — o0 ) and we can write that this area A exactly equals

if the limit exists
n—1
1

_ b
A= lim %f(xi)Ax = j f(x)dx

Thus, we introduced the definition of the definite integral of a function f(x) over the interval [a, b],

Download free eBooks at bookboon.com



Elementary Algebra and Calculus INTEGRAL CALCULUS: Integration of Real Functions...

The geometrical interpretation of the definite integral of a real function of one real variable is a “(signed)
area between a curve (the graph of this function) and horizontal axis”. The area is signed, because on the
interval where f(x) is negative, all products f(x;) Ax are negative. Thus, we introduced a definition
of the definite integral of the function over the interval [a, b], is negative and equal the area between

the curve and horizontal axis with the - sign.

2r

Example: [sinxdx =? Answer: (sketch the graph to see that).
0

18.2 Notation

I - integral (an elongated letter S, to remind us that we are talking about the limit of a sum %)

b
I...dx - a definite integral between @ and b (to remind us that we are talking about the limit of a sum

a

of arccias of t§1in rectangles of width Ax fitted between the curve, horizontal axis and straight lines x =
aand x = b).

a, b are called the lower and upper limits of integration, respectively.

18.3 Discussion of definitions of a definite Integral and derivative
A
y A %
s The derivative .

- Ay approximatlely equals /¥

Ax the slope of local inscribed segment Lo

vy A
> dx  Ax I N
Ax X

When defining integrals and derivatives we reduce a difficult problem involving a curve to many
simple problems involving small straight segments. Ability to reduce complicated unfamiliar pictures

to simple familiar patterns is an invaluable engineering skill.
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18.4 Examples of integrable functions

1. Any f(x) continuous in [a, b] is integrable, that is, can be integrated.

Question: Why?

Answer:

2. Any bounded f{x) with finite number of jumps can be integrated
Question: Why?

Answer:

L

X

Note: If change f(x) at a finite number of points its integrability does not change.
Question: Why?

Answer:

Revision

Let C be a condition.
Let E be an event.

If C = E, then the condition C is sufficient for event E to take place.
If E= C, then the condition C is necessary for event E to take place.

Question: Is continuity sufficient for integrability, necessary or both?

Answer:

Note: Continuity is not sufficient for differentiability. Continuity is necessary for differentiability.
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18.5 The Mean Value Theorem

If f{x) is continuous, then there exists a value y, such that m < ¢ <M and
b
[ f(o)dx = p(b-a),

where m is the smallest value of f{x) on the interval [a, b] and M is the largest value of f{x) on the interval

[a, b]. u is the Greek letter mu.

y=/x)
* The area under the curve (between a and b)
M ................................. equa|S
L _/ u(b—a), the area of a rectangle (in red, long dashes)
T i
1 I
m v
| ! I
| M >
a c b X

b
U= %jf(x)dx is called the mean value of f(x) on the interval [g, b].
—da

Why is it called that?

1. The mean value of the sequence {1, 3} is %

. X XX
2. The mean value of the sequence {x,, ..., x, } is 20,7 AT
n

n—1
3. The mean value of the sequence {f(x)) ,..., fix )} is 1 z £ @)
=0

Question: With reference to Section 18.1, given a and b and Ax, what is #n, the number of rectangles
of width Ax used to approximate the area between f(x), the horizontal axis and lines x = g and x = b?

Answer:

Question: Whatis lim nAx?

Ax—0
Answer: -
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This means that we can write
— (x;)=— (x)A&x —> ——| f(x)dx
S 2SO = RSN o b_a‘jlf

b
This is why y = % I f(x)dx is called the mean value of f(x) on the interval [a, b].
—a
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18.6 A definite integral with a variable upper limit - function ®(x)

Let f{x) be integrable in [a, b]. We can introduce a new advanced operation on a function - evaluating

a definite integral with a variable upper limit. The result is

O(x) = [ f(0)dt,

a function of x, since if a is fixed for every x we have one and only one value for the signed area between

the curve and horizontal axis.

Question: Does this area depend on #?

Answer:

/%))

18.7 The Fundamental Theorem of Calculus

d X
The Fundamental Theorem of Calculus: If f(x) continuous, then _d J.f(t)dt = f(x) .
X
a

Attempt the proof yourself (see Q2.)
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18.8 Applications of integration

Later you will find that apart from being useful in finding areas and volumes, integration is necessary
to solve differential equations that describe all scientific phenomena and engineering systems that you

are going to study.

18.9 A historical note

According to Knowledgewiki, “integration can be traced as far back as ancient Egypt, circa 1800 BC, with
the Moscow Mathematical Papyrus demonstrating knowledge of a formula for the volume of a pyramidal
frustum. The first documented systematic technique capable of determining integrals is the method of
exhaustion of Eudoxus (circa 370 BC), which sought to find areas and volumes by breaking them up
into an infinite number of shapes for which the area or volume was known. This method was further
developed and employed by Archimedes and used to calculate areas for parabolas and an approximation
to the area of a circle. Similar methods were independently developed in China around the 3rd Century
AD by Liu Hui, who used it to find the area of the circle. This method was later used in the 5th century
by Zu Chongzhi to find the volume of a sphere. That same century, the Indian mathematician Aryabhata

used a similar method in order to find the volume of a cube.

The next major step in integral calculus came in the 11th century, when the Iraqi mathematician, Ibn
al-Haytham (known as Alhazen in Europe), devised what is now known as "Alhazen's problem", which
leads to an equation of the fourth degree, in his Book of Optics. While solving this problem, he performed
an integration in order to find the volume of a paraboloid. Using mathematical induction, he was able
to generalize his result for the integrals of polynomials up to the fourth degree. He thus came close to
finding a general formula for the integrals of polynomials, but he was not concerned with any polynomials
higher than the fourth degree. Some ideas of integral calculus are also found in the Siddhanta Shiromani,

a 13™ century astronomy text by Indian mathematician Bhaskara II.

The next significant advances in integral calculus did not begin to appear until the 16th century. At this
time the work of Cavalieri with his method of indivisibles, and work by Fermat, began to lay the foundations
of modern calculus. Further steps were made in the early 17th century by Barrow and Torricelli, who

provided the first hints of a connection between integration and differentiation.

The major advance in integration came in the 17th century with the independent discovery of the
fundamental theorem of calculus by Newton and Leibniz. The theorem demonstrates a connection
between integration and differentiation. This connection, combined with the comparative ease of
differentiation, can be exploited to calculate integrals. In particular, the fundamental theorem of calculus
allows one to solve a much broader class of problems. Equal in importance is the comprehensive
mathematical framework that both Newton and Leibniz developed. Given the name infinitesimal calculus,
itallowed for precise analysis of functions within continuous domains. This framework eventually became

modern Calculus, whose notation for integrals is drawn directly from the work of Leibniz”
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http://www.knowledgewiki.org/article/
Integral?enk=B7FmqUapZqFmGSahZ]FkkQaRhoFkiWahBsFGgQapBxkm#History

18.10  Instructions for self-study

» Revise Lecture 16 and study Solutions to Exercise in Lecture 16 using the STUDY
SKILLS Appendix

o Revise Lecture 17 using the STUDY SKILLS Appendix

o Study Lecture 18 using the STUDY SKILLS Appendix

o Attempt the following exercises:

Q1. Find using the first principles, that is using the definition of definite integral,

1
) [02dp
0
1
b) J.qu
0
1
c)  [0.5du
0

1
d) Isds
0
1
e) I3udu
0
1
4vdy
n |
0

X
Q2. (advanced). Prove that if f(x) is continuous, then %J. f(@)dt = f(x) (using the first principles, that
a

is using the definition of definite integral, and Mean Value Theorem). Describe this formula in words.
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Lecture 19 INTEGRAL CALCULUS:
ntegration of Real
~unctions of

One Real Variable
(Indefinite Integrals)

19.1 The relationship between differentiation and integration

According to the Fundamental Theorem of Calculus if f(x) is continuous we have

Slroa=se. 9.

Question: What is the order of operations on f(t) in the left hand side above?

Answer:

Thus, differentiation of a continuous function undoes what integration does, that is, the differentiation

is inverse to integration.

Let us now subdivide the [a, x] interval into small subintervals with f, = aand ¢ = x:

td oAy ~
£ . F()dt = Altlfo EO—N At = AI;EO[Af(to) F AL+t M (L)) = (19.2)

Altiglo{[f(tl)—f(to)]+[f(tz)—f(fl)]+---+[f(tn)—f(tn—1)]} =fty) = fltg) = f(x)+c

Question: What is the order of operations on f(f) in the left land side above?

Answer:

Thus, integration is not a perfect inverse to differentiation, the definite integral with the variable upper

limit depends on the lower limit too.
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Another way to see this is as follows: Examining the graph below

1 y=A0

~ Vv

and remembering that the integral can be interpreted as a signed area, we can write

T f()dt :T f(t)dt+T f(t)dt = + T f()dt = T f()dt +c. (19.3)

0 (U 0
ap
Since ¢ = [ f(#)dt is constant with respect to x but depends on a,, Eq. (19.1) implies
a

di@(x,ao) rO) = f(),
X

where instead of ®(x) (the notation used in the last Lecture), we introduce a more logical notation

X
D(x,a)=[ f(t)dt (a definite integral with a variable upper limit x actually depends on the lower limit
a

a too).
This means that each function f(x) is associated with many definite integrals ®(x,a). For this reason, the

integral @(x,a) is called an antiderivative of f(x), rather than the inverse derivative of f(x) (remember,

inverses being functions are supposed to be unique!)
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19.2 An indefinite integral

We have shown that for every continuous function there are infinitely many antiderivatives, differing

from one another by a constant term. Often instead of the antiderivative we use a somewhat confusing

shorthand

the indefinite integral F(x) = If(x)dx = jif(t)dt (19.4)

Using (19.3)

f f(t)td = Tf (Ditd +c

0

Substituting the above decomposition into definition (19.4) we get

[ reodx = [ f@yde+c (19.5)

This is a reiteration of the fact that the antiderivative is defined up to a constant term, because we do

not know (and do not need to know) what is its lower limit of integration.
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We can now introduce a very important formula for evaluating definite integrals:

b
[ f(x)dx = F(b)~ F(a) (19.6)
a

This formula implies that

L [fGode == [ f(x)dx (Why?)

2. if we know an indefinite integral we can evaluate (find the value of) any associated definite

integral (note that the c-terms in F(b) and F(a) in Eq. (19.6) cancel out).

Finally, note that using the indefinite integral notation the two Fundamental Theorems of Calculus (19.1)

and (19.2) can be re-written as

d d
L= sy [T ds=reve 197)
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Elementary Algebra and Calculus INTEGRAL CALCULUS: Integration of Real Functions...

Terminology

f(x) - integrand, x - integration variable, I...dx is an indefinite integral with respect to x. It has limits

but these limits are allowed to vary, that is, are indefinite.

19.3 Finding an indefinite integral

To find an indefinite integral we use the Integration Table of elementary functions, Rules (or Methods)

for integrating combinations of functions and Decision Tree to decide which rule or Table entry to use.

19.3.1 The Integration Table

We can derive Integration Table for elementary functions using Differentiation Table.

Differentiation Table Integration Table integration
. variable
integrand
= e A
g dg(x) ) F(x) =] f(x)
dx
constant 0 0 ¢ (constant)
e e’ e e +c
sin x COS X COS X sin x +c
COS X —sin x sin x —Ccos x +c¢
X", n=z-1 n+l
Xk kxk—] X
n+1
In x, x>0 1 1
;,x;tO ;,x;tO ln|x|+c

Optional

where we used the chain rule of differentiation.
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Examples:

2 2
[e* A =e* +c

1.

5 [sine"de” =—cose" +c¢
jdxzjldxzjxodx=x+c = J.dxzj-dx—(tt)dt=x+c

3. d

19.3.2 Elementary integration rules

1. J.a f(x)dx = 0{_[ f(x)dx constant factor out
2. j [£(x)+ g(x)]dx = j F(x)dx + j 2(xX)dx sum rule

linearity of integration

These rules can be proven using the definition of integral and rules for limits.
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Elementary Algebra and Calculus INTEGRAL CALCULUS: Integration of Real Functions...

Examples:

1. Integrate IZSinx dx

Solution

Integration variable? x

Integrand? 2sin x

It is not a table function of x

The last operation in the integrand? Multiplicaton

Is one of the factors a constant? Yes, 2

What rule to use? The “constant factor out” rule
Constant factor — a = 2, variable factor f(x) = sin x
Substituting o and f(x) into the “constant factor out” rule,
IZsmxdx =2Isinxdx =—2cosx+c

2. Integrate I (sinx + cos x)dx

Solution

Integration variable? x

Integrand? sin x + cos x

It is not a table function of x

The last operation in the integrand? Addition
What rule to use? The sum rule

First term f(x) = sin x, second term g(x) = cos x
Substituting f(x) and g(x) into the sum rule,

I(sinx+cosx)dx :Ismxdx+jcosxdx:—cosx+cl +8inx+cy =sinx—cosx+c
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1933 Integration Decision Tree

Similarly to the Decision Tree for Limits and Decision Tree for Differentiation, the Decision Tree for
Integration (figure 19.1) allows you to decide at each step which Integration Rule or Integration Table
entry to use when finding an indefinite integral. The decision depends on the last operation in the
integrand. Do not forget to start at the top of the Tree and then follow the arrows that are associated
with the correct answers (if any). After you have gone through the Decision Tree once check whether
the operation of integration has been carried out. If not, hopefully, now you have simpler functions to
integrate. In order to do that go over the Decision Tree again, substituting new integrands for f(x) (and

your integration variable for x).

[ fox) dx ?
What is the integration variable? (appears after d)
Maybe, tricks What is the integrand? (appears between | & d) Maybe, tricks

<Isf() a table function of integration variable x?>

i

Yes No
The aigswer @ is the last operation in‘@
+

in the table

X Other

v
@of the factors conD
Yes / \NO

sum rule constant factor change of variable...
< out

]

Figure 19.1. Decision Tree for Integration (incomplete).

19.3.4 Integration method (rule) of change of variable (substitution)

There are many other integration rules apart from the elementary ones considered in Section 19.3.1. We
will study them later. They all follow from the rules for differentiation but are more complicated. First

we introduce the simplest of them. It is called the change of variable method.
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Example:
3.7
du 1 1
Lo Gx+)2 T ae=u? T 2 e G413 e
3 337 11.1
Integration variable? x
Integrand? (3x + 1)?7
The integrand is not a table function of x.
The last operation in the integrand? Power (hence the elementary rules
do not apply).
Introduce a new variable that lumps together the first few operations in the
integrand
u=3x+1/—, —=3/dx, +3, dxzﬂ
dx 3
u
Note: —~ is not an ordinary fraction but a limit of a fraction. Since the limit of a fraction

T dx
is a fraction of limits it can be proven that we can formally * multlply” du by dx to get du.

Question: What is du equal to?
Answer:
Question: What is dx equal to?
Answer:
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3
. 1 3 1
2. Itsmt2dt :—Ecostz‘2 = —5(0059—cos4) ~0.129
2

. 1¢. 1 1
Itsmtzdt =—Is1nudu = cosu+c=——cost? +c
2 2 2

w=r2, 9 _otfat tar= I
dt 2

2
3. Isintcosz tdt =— %(cos3 2 —cos® 1) = 0.0766
1

. u
Ismtcosztdt=—Iu2du=—?+c=— +c

u=cost du=-sintdt
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etanx
4. J 5 dx=je“du=e“+c=etanx+c
cos“ x
d 1 1
u = tan x, au_ 7> du = 3 dx ,
dx  cos”x cos” x
3x% +1 du 3
5 3—dx= —=h1‘x +x+2‘+c
X" +x+2 u

u=x>+x+2, du=3x"+1)dx

6. | LI 4 A _Ardu s 94
5x—7 5x-7 57 u 5

u=5x-7,du=5dx

t )
7. dt :—]n( +1)+c
jtz +1 2
t
b L
8. j te dt =2In| e2 +1 |+c¢
eE +1
19.4 Instructions for self-study

o Revise ALGEBRA Summary (particularly, the words term, sum, factor, product)

o Revise Lecture 4 and Solutions to Solutions to Exercises in Lecture 4 (particularly, the
operation of composition)

+ Revise Summaries on the ORDER OF OPERATIONS and FUNCTIONS

» Revise Lecture 17 and study Solutions to Exercises in Lecture 17 using the STUDY
SKILLS Appendix

o Revise Lecture 18 using the STUDY SKILLS Appendix

o Study Lecture 19 using the STUDY SKILLS Appendix

o Attempt the following exercises:
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d) Jesmta’ sin ¢
o) J’ensmtdesmt

Q2. Find

2) I(l + cosu)du
u
b) j(u+u2)du
<) j(u+2u2+u3)du

d) I(Zv +31% +5° )du

Q3. Find

2) I cos e dy

4
—dt
b J3,
1
2+ 6v
d
) J.2v+3vz+5us Y

-1
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Additional Exercises

Q4. Use the change of variable (substitution) to find

a) [(4x+1)dx

b) [¢*sin(c+Dde.  Hint:let u=2>+1
c) [sin(G3x—1Dydx

d) je2x—3dx

e) J.x(2x2+7)4dx

f) Ism24tcos4tdt

Q5 Evaluate

4 t

a) dt
£ ?-3
2

b) jlnidz. Hint: let u =1Inz
0 z

Q6. Find
2
a) 33767"}'261)6
x”+2x+5

3
b) Jtz sin 2 dt

2
c) Iul_ldu
d) jl_ludu
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Lecture 20 INTEGRAL CALCULUS:
Advanced Integration
Methods

In Lecture 19 we have introduced the table of indefinite integrals of elementary functions and two simple
linearity rules: one for integrating a sum of two functions and one for integrating a product with one
of the factors constant. We now introduce additional rules (or methods) for integrating products and

quotients of elementary functions.
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20.1 Integration of products of trigonometric functions

Examples:

L jcoszt dt =

Question: Is cos?t a product?
Answer: No, but it can easily be re-written as a product, cos? t=cos ¢ x cos t.
The square of a cosine is simply related to the cosine of a double angle

cos2t =cos’ t —sin’ ¢ ,
see the Trigonometry Summary.

We can eliminate sin? ¢ above using Pythagoras’ Theorem in terms of angles.

Question: What is Pythagoras’ Theorem in terms of angles?

2

Answer: sinZ¢+cos2¢ =1

= sin2t=1-cos¢

Substituting sin® ¢ into the double angle identity above gives us
cos2t =cos’ t—sin’t = coszt—(l—cos2 t)= cos’t—1+cos’t=2cos’t—1.

We can now use the Decision Tree for Solving Simple Equations to express
cost in terms of cos 2¢, a simpler function of ¢,

2 1+ cos?2t
COS t=T

The latter expression involves simple operations (on cos 2¢) of addition and
division by a constant, so we can integrate using the linearity rules.

jl+cos2tdt

> = %ja + 08 2t)dt = %(jdz + [ cos 2tr) =%(r + [ cos 21t =
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me last integral is not in the Integration Table for elementary functions \
in Lecture 19, but it can be found in Integration Tables in other textbooks or on
the internet. The integral can also be evaluated using the Integration Table for

elementary functions and change of variable method presented in Lecture 17,
with u = 2¢t. Whatever the method is used,

jcosZt == 2t +c

Question: What is a derivative ofcos2¢?

Answer:

Verbalise: Thus, when differentiating cos, a constant factor in the argument

becomes a factor in the result and when integrating cos, it appears in the
@ominator of the result. J
1 sin 2¢ 1 sin 2¢
—(t+ )+c=—t+
2 2 2 4

usinglethagoras’ Theorem
2. [sin?¢dt T[(1-cos?t)dt =[1dt - cosztdtzﬁ—
] Ja-cos®tyde=[rar- | >

obtained in Example 1.

sin 2¢
+ ¢, where we used the result

3. jsin mtsin ntdt = lJ.[cos(m —n)t—cos(m+n)t]dt = l[sm(m —mt _sinGm+ n)t} +c,
2 2 m—n m+n

where we used a trig identity for a product of sinuses, which can be obtained by combining

identities for cosine of a difference, cos(A — B), and cosine of a sum, cos (A + B).
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20.2 Integration by parts (integration of products of different types of functions)

Optional
The product rule for differentiation gives us a product rule for integration (traditionally called
integration by parts)

d(-v) =u&+v@ dx
dx dx dx

Question: What is dx?
Answer:
Multiplication by dx is purely formal, its meaning can be clarified by using properties of limits

=>duv)=udv+vdu

:>udv=d(uv)-vdu/I =

Integration by Parts formula: [udv =uv—[vdu

Examples:

1. [ x cos xdx = x sin x — [ sin xdx = x sin x + cos x + ¢

u-line: u=x d—uzl,du=dx

X
v — line: dv=cosdx/f,v=fcosxdx=sinx

Note: can check that putting +c here would not change the final result.
Substitute u, du, v and dv into the Integration by Parts formula.

Note 1: we reduced our task to integrating cos x — that is, to integrating a part of (the old term for a
factor in) the original integrand. But note that [ x cos xdx # [ xdx - [ cos xdx (that is, an integral of a

product is not a product of integrals!)

Note 2: The only challenge when using integration by parts is deciding which part of the integrand

should be denoted by u. The rest is automatic.
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4

2. J‘x3 1nxdx=x4lnx x* dx_x4lnx X

-|=== -—+c¢
4 4 4 16

u - line: u:lnx,@:l,duzﬁ
dx x x

4
v —line: dv=x3dx/f,v= xT

1
Note: In x is a good choice for u, because u should be differentiated and derivative of In x is —, which

X
leads to simplification when multiplying by the integral of power x* (which in itself is a power of x).

3. Ilnxdxlenx—‘l-x% =xlnx-x+c

u-line: u=Inx, ﬁzl, du=—
dx x

v —line: dv=dx/f,v=x

4. J.xz sin xdx = —x? cos x + Ixcosxdx =

u-line: u=Inx, @=l, du:ﬁ
dx x X

v — line: dv=dx/f,v=x
Note: x” is a good choice for u, because u should be differentiated and

derivative of x° is 2x, a lower power, leading to a simpler integrand. Let us
continue by evaluating [xcosxdx by parts:

= —x? cosx+xsinx—jsinx dx = —x* cosx + xsinx +cosx+c = cosx(1—x*)+ xsinx+c¢
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u-line: u=x ﬂzl, du = dx
dx

v — line: dv=cosxdx/f, v = [cosxdx=sinx

Substitute u, du, v and dv into the Integration by Parts formula to obtain

5 Ixze3"dx—x2—— J‘xe3"dx—
3x 3x 3x 3x 3x
xze——zxe—+2 e3xdx=xze——ge—x+ie3x+c=e—(9x2—6x+2)+c
3 3 3 9 3 33 27 27

6. Isin xe*dx = > (—cosx) + 363"jcosxe3"dx =

— ¥ cosx + 3(sin xe® — 3j > sin x dx)

= Isinxe“dx = ¢* (3sin x — cos x) —9Isin xe>dx

= I=¢ 3sinx—cosx)—97
_ 3x .
= I= Ee (3 sinx—c0sx) +¢ (since indefinite integrals are defined up to a constant
term)
20.3 Partial fractions

The method of partial fraction is an algebraic trick that allows us to re-write a rational function as a sum
of the simplest possible rational fractions. It is an inverse (opposite) operation to adding up fractions

using the common denominator method.
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Elementary Algebra and Calculus

x+a X-a)
o 1 e
Consider = = +

x?—a®> (x—a)(x+a) xX—a x+a

= Ax+a)+Bx—-a)=1

To solve this equation for 4 and B use one of the two methods:

Remove the brackets

Ax+Aa+Bx-Ba=1

Collect the like terms

(A+B)x+ Aa - Ba=1forall x

Equate the like coefficients

A+B=0

Aa—Ba =1
1 1
=B =>-Ba-Ba=1=>B=—, A= —
2a 2a

OR
II. Use the killer instinct (1)
x=-a:B(-2a)=1 =>B= —zi (chose x to “kill” the first term)
a
x=a:2aA =1 = A= zi (chose x to “kill” the second term)
a

Whatever method you use, you can see that

1 RV
v2_g4? 2a x—-a x+a
NN )
Check: —( 1 — ! — LJH‘“_(X—CZ):L 2a _ 1
2a x—a xX+a 20 2 _ 4?2 22— g2 2-g2

Representing a rational function as a sum of partial fractions is useful e.g. when integrating rational

functions.
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204 Integration of rational functions

1
Exampe: | Go2a3) dx

3 (x-2)
1 NX ) B\X _ A(x-3)+B(x-2)

(x-2)(x-3) x-2 R (x—2)(x—3)

= (A +B)x-(34+2B)=1
Equating the like coefficients,

A+B=0 = A=-B

3+2B=-1 = -3B+2B=-1=-B=-1=>B=1=>4=-1

Check: — 1 N I -G=3)+(x-2) _ 1 v
x-2 x-3 (x=2)(x-3) (x—=2)(x-3)

X —

3
+c
x—

=I_ dx +I dx =—In|x—2|+Injx—3|+c=In
x—2 x—3

S

One geherétio'rI's transforma-tio.r-l is the next's status quo.
In the near future, people may soon think it's strange that
devices ever had to be “plugged in.” To obtain that status, there

needs to be “The Shift".
S;E \
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Elementary Algebra and Calculus INTEGRAL CALCULUS: Advanced Integration Methods

20.5 Decision Tree for Integration

We can now introduce the full Decision Tree for Finding Indefinite Integrals — see figure 20.1:

| [ £(x)ax 2 j
d - - - ] ') hl
Maybe, tricks What is the integration variable? Look after d Maybe, tricks
What is the function to integrate? Look between .[ & dx
v
Is () atable function of the integration@
Yes \ No
Answer
Other
Separate Is one of the factors const
A terms #1?
Constant
factor out
Yes
Partial Polynomial Trig. Change of
fractions plus partial identities variable
or fractions or or
< change of or change of integration >
variable change of variable by parts
variable
Figure 20.1. Decision Tree for Integration.
20.6 Instructions for self-study

o Revise ALGEBRA Summary (addition of fractions)

« Revise Summaries on FUNCTIONS and TRIGONOMETRY

+ Revise Lectures 14 - 15 (limits and differentiation)

o Revise Lectures 18 - 19 (integration) and study Solutions to Exercises in Lecture 18
using the STUDY SKILLS Appendix

o Study Lecture 20 using the STUDY SKILLS Appendix

o Do the following exercises:

Q1. Find
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2z
a) J‘sin2 tdt

0

2r
b) jcosz tdt

0

c) I sin x cos xdx

d) I coS x cos 2xdx

Q2. Find

a) Ixsinxdx
b) Ixz In xdx
) jx2e3xdx
d) Iez" cos xdx

Q3. Find

1
3) I(x—l)(x—3) dx

x+1
) J‘x —3x+2
© '[x —2x 8
9 J‘x —2x+8
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Lecture 21 INTEGRAL CALCULUS:
Applications of
Integration

21.1 Mean value of a function

Using The Mean Value Theorem (Lecture 18), the mean value of a function on the interval between a

and b is

b
M=£(©)= 7= [ F(0dx (mean height)

V4 = Area of dashed rectangle = Area under the curve
) 1
M(b - a) = j F(x)dx
a
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Example: Find mean of y =3x* +4x + I, —1<x <2
Solution
a=-1,b=2

b 2
1 _ 1 2 1 3 3
zmlf(x)dx—z_—(_l)__flﬁx HxtDde=2Gx7 +2x4 ) = 6

RMS value of a function (the square root of the mean value of the squares of y)

Example: Find RMSof y = x*+3, 1<x<3

%o %
} = I:EJ(X4 +6x% + 9)dx}
1

Optional

1
IREE % 1 1A
i ~ 2~ 37 ~
5+3+9H ~2l/2[74] =A/37 =6
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21.2 Electrical systems 21.3 Mechanical systems
If charge ¢ varies a4 If displacement x varies
linearly with time ¢, then linearly with time ¢, then
current i is constant with q, speed v is constant with x,
time —; time >
= q—4 _ X=X
t A t .
If charge ¢ is non-linear If displacement x is non-
in time ¢, then instantaneous linear in time ¢, then instant-
current i is | aneous speed v is
d p t d ‘ t
i= L= g =[i(0)dr+q(0). v=5 = ()= [vE(D) +x(0).
dt q dt
0 \qo 0 N,
0

/

Leadiny
E’m Maastricht University i Larniny’

Join the best at
= . N - 33" place Financial Times worldwide ranking: MSc
the Maastricht University International Business

-+ 1%t place: MSc International Business

School of Business and - 1%t place: MSc Financial Economics

. 2" place: MSc Management of Learning
E ° 1 « 2" place: MSc Economics
co n o m ICSO « 2" place: MSc Econometrics and Operations Research
- 2" place: MSc Global Supply Chain Management and
Change

Sources: Keuzegids Master ranking 2013; Elsevier ‘Beste Studies’ ranking 2012;
Financial Times Global Masters in Management ranking 2012

Maastricht
University is
the best specialist
university in the
Netherlands
(Elsevier)

Master’s Open Day: 22 February 2014

www.mastersopenday.nl

219 Click on the ad to read more
Download free eBooks at bookboon.com


http://www.mastersopenday.nl

Elementary Algebra and Calculus INTEGRAL CALCULUS: Applications of Integration

Example: Consider a capacitor of capacitance C (in Faradays).

The voltage drop on the capacitor is

t
e, (t) = % - %J‘i(,)df N %0. Below we often assume g, = 0.
0

. 27 . .
Leti=i cos wt,w= 7— circular frequency, T - period

t . . . .
i iy . i r i r
= e, = J'icos wrdr =—2-sinwt = C—OCOS(E— ot) = C—Ocos(a)t —5)
0 C @ w w

Vs
= a capacitor effects a 5 shift between current and voltage

214 Rotational systems

21.4.1 Volumes of Solids of Revolution

If the plane figure bounded by the curve y = f(x), the x-axis and the straight lines x =a and x =5

rotates through a complete revolution about the x-axis, it generates a solid. Let V be its volume.
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v

To find V we represent the area under the curve as a sum of areas of thin strips of width Ax (see figure
above). The volume is approximately a sum of volumes of thin cylinders generated by each of these thin

strips,

Question: What is the volume of a cylinder?

Answer:

Question: In our case, what is the radius 7 at the base of each thin cylinder?

Answer:

Question: What is the height & of each thin cylinder?

Answer:

b
=V =) AV=> m’Ax —>ﬁjy2dx as Ax - 0.

Example: Find the volume generated when the plane figure bounded by y = 5c0s2x, x-axis and straight
linesx=0and x =% rotates through a complete revolution about the x-axis.

b /4 /4

V= ﬁjy2dx =7 j[S cos(2x)]2dx =7 J25 cos? (2x)dx =25x

/4
J- 1+ cos(4x) dr —
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21.4.2 The moment of inertia

The moment of inertia / of a point of mass m rotating around a center O is / = mr*, where r is the distance

The moment of inertia of a lamina around an axis is approximately the sum of the moments of inertia

between the point and the centre.

A= r*Am of elementary points of mass Am lying at the distance  from the axis of rotation,
I~ ZAI =Zrn2Am - Ir2dm as Ax —0.
Example:

Let a square lamina rotate around the y-axis (see figure below). All points in the thin shaded area are
approximately the same distance x from the axis.

y
A

If mass density (mass per unit area), p, of the lamina is constant (does not change with position), then the
mass of the shaded strip is Am = 2paAx (density times area), and the moment of inertia of the lamina is

2pa 4pa Ma
7| H @)= ==

szm jx 2 padx = 2pa

surface

where the lamina mass is M = 4pa?.

Question: Why is the lamina mass 4pa*?
Answer:
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21.5 Instructions for self-study

o Revise Lectures 14-15 (differentiation)

o Revise Lectures 19 and study Solutions to Exercises in Lecture 19 using the STUDY
SKILLS Appendix

o Study Lecture 20 using the STUDY SKILLS Appendix

o Study Lecture 21 using the STUDY SKILLS Appendix

o Do the following exercises:

Q1. Given i(f) = i sin ot find e. and e - provided q, = —ii, that is,e. (0) = o _ —l—°.
10} C oC

Q2. Find the volume generated when the plane figure bounded by y = 4x, the x-axis and straight lines

x=0and x = 1.

Q3.

a) The moment of inertia about a diameter of a sphere of radius 1 m and mass 1 kg is found by

calculating the integral

1
gf_l(l—xz)zdx.

Show that the moment of inertia of the sphere is Z kg m”.
5

b) Calculate the moment of inertia of a uniform thin rod of mass M and length 1 about a

perpendicular axis of rotation at its end.
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Lecture 22 Ordinary Differential
Equations

22.1 Basic concepts

Consider the equation

Px) = ay(x) (22.1)

dx

Eq. (22.1) is an example of an ordinary differential equation. It is called an equation, because it is
a mathematical statement that contains the = sign and that can be true or false depending on which
function you substitute for the unknown y(x) (compare to the case of an algebraic equation P, (x)=0:
an algebraic equation is a mathematical statement that contains the = sign and can be true or false

depending on which value you substitute for the unknown x).

Terminology: y(x) is called an unknown (function) or dependent variable; x — an independent variable;

a is a (constant) coefficient.

Eq. (22.1) is a differential equation, because it contains a derivative of the unknown y. It is called
ordinary, because the unknown is a function of one variable (the differential equations with unknowns

being functions of several variables are called partial, because they contain partial derivatives).

To solve a differential equation means to find all functions which turn it into a true statement (compare to
the case of an algebraic equation: to solve an algebraic equation means to find all values of the unknown

variable which turn it into a true statement).
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Example:

Ordinary Differential Equations

1. In the following equations, state which variable is dependent and which variable is independent:

d*y dy

=L+ =t

Answer:
dt2 dt

RC@ +v=vy Answer:
dt

d
J’;); +c(®)y=0_ Answer:

2. Solve M =¥
dx

The above equation is simple — only one term contains the unknown function y(x). Therefore, it can be
solved using the Decision Tree for Solving Equations with Only One Term Containing the Unknown.

In general, to solve a differential equation it is important to classify it first, because different types
of differential equations can be solved using different methods (tricks). The differential equations
are classified according to their order, to whether they are linear or non-linear and to whether their

coefficients are constant or variable.

-
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22.2 Order of a differential equation

The order of a differential equation is the order of its highest derivative.

Example:

Establish the order of the above differential equations a) - c). Answers:

223 Linearity or non-linearity of a differential equation

A differential equation is called linear if each of its terms either contains no unknown function or is a

product of a known coeflicient (constant or variable) and the unknown function or one of its derivatives).

Example:
Establish which of the above differential equations a) - ¢) is linear and which non-linear. Answers:

224 Differential equations with constant coefficients

A differential equation has constant coeflicients if all coefficients (co-factors) of the dependent variable

and its derivatives are constant (with respect to the independent variable).

Example:
Establish which of the above differential equations a) — c) has constant coefficients. Answers:

225 Homogeneous and inhomogeneous ODEs

A differential equation is called homogeneous if each of its terms contains the unknown or one of its

derivatives. Otherwise it is called inhomogeneous.

Example:

Establish which of the differential equations a) - ¢) is homogeneous. Answers:

22,6 The first order linear homogeneous equation with constant coefficients

Eq. (22.1) is a general form of the first order linear homogeneous equation with constant coefficients. We

can check by substitution that y = e™ is its solution and so is y =c e** with any arbitrary constant factor c.
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= Any first order linear homogeneous equation with constant coefficients has infinitely many solutions

involving one arbitrary constant.

22.7 The initial value problems

In reality, the initial value of an unknown function is often known. If given an initial condition, say

¥(0) = y,, the solution becomes unique.

The problem
{y'= ay
¥(0) =y,
is an example of an Initial Value Problem.
22.8 Balance equations in chemical engineering

For every element of a chemical system there will be a material balance equation for each chemical

species present:

d(quantity)

7 Z (inflow rates) —Z (outflow rates)

In this equation quantity must be an extensive quantity, e.g. mass (kg), energy (Joules) etc. Do not try
to write material balance equations for temperature or concentration. Flow rates must be measured,

respectively, in kg/s, Watts, etc.
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Example:

Consider a tank containing V litres of a solution consisting of x; (kg) of salt dissolved In water. At the initial
moment of time t = 0, let us start pumping pure water into the tank at the rate of r (litres/s) and let x(t)
(kg) be the mass of salt in the tank at any moment t. Let us keep the mixture uniform by stirring. Let the
outflow rate of mixture be the same as the inflow rate of water, that is, r. Then the volume V of mixture
is kept constant throughout. It is easy to check that under these conditions the outflow rate of salt is

t
r 20 sy

and the amount of salt x(t) satisfies the ordinary differential equation

(1)

x'(t)=-r v

The associated Initial Value Problem is

f@=—§wm

x(0)=x0

229 Ordinary differential equations with complex coefficients

Consider an equation
y'=Jy (22.2)

Using Section 22.6, the function y = y, e'is its solution.
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Optional
We can also prove this without using Section 22.6 as follows:

Substituting y =y, +jy, into the left-hand side of Eq. (22.2) we obtain:
Y=+
Substituting y =y, +jy, into the right-hand side of Eq. (22.2) we obtain:
y=iy, -y,

This means that Eq. (22.2) can be written as

Vit Va=jy =¥ (22.3)

At each moment t, Eq. (22.3) has one complex number on the left-hand side and another, in the right-
hand side. This means that their real parts are equal and so are their imaginary parts,

V=-D,
yh = N

Let y, =y, sint = y, = y5 = ¥, cost. This means that

y=y +jy,=y,cost+jy sint=y e

where we used the Euler’s formula.

Note: When differentiating or integrating, complex coeflicients must be treated in the same manner as real.

22.10 Applications

Eq. (22.1) describes many systems in which at any given time, the rate of change of the variable (that is,

derivative of the variable) is proportional to the value of this variable.

Ordinary differential equations and associated Initial Value Problems are common in science and
engineering, because scientific and engineering systems often effect transformations of signals, which

involve their rates of change, that is their derivatives.

In many of your science and engineering courses you will be using linear ordinary differential equations

of second order, with constant coefficients.

229

Download free eBooks at bookboon.com



Elementary Algebra and Calculus Ordinary Differential Equations

2211  Instructions for self-study

o Revise Decision Tree for Solving Simple Equations

+ Revise Summaries on COMPLEX NUMBERS and DIFFERENTIATION

» Revise Lecture 20 and study Solutions to Exercises in Lecture 20 using the STUDY
SKILLS Appendix

+ Revise Lecture 21 using the STUDY SKILLS Appendix

o Study Lecture 22 using the STUDY SKILLS Appendix

o Do the following exercises:
Q1. Verity that
a) y =3 sin2x is a solution of y"+4y = 0

b) 2e” satisfies equation y“+4y = 0
c) Ae” satisfies equation y"-2y" +y =0
d) Ae”* + Bxe™ satisfies equation y"-2y’ +y = 0

e) Classify all the above equations.

Q2. Consider a circuit, comprising a capacitor of capacitance C and a resistor R placed in series:

C R

PN
/
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When a constant voltage source, V, is applied it can be shown that the current, I, through the circuit

satisfies the ordinary differential equation.

R£+l1:0
d C

Given the initial current values I(0) = VR solve the corresponding initial value problem, that is, find the

current I(t) through this circuit.
Q3. Consider a tank containing 5 litres of a solution consisting of 0.5 (kg) of salt dissolved in water. Let
pure water be pumped into the tank at the rate of 1 (litres/s) and the mixture, which is kept uniform

by stirring, be pumped out at the same rate. Find x(¢), the amount of salt in the tank at any moment ¢.

Q4. Solve the equations

a) y'=2jy
b) y” =2sin x

Need help with your
dissertation?

Get in-depth feedback & advice from experts in your “

topic area. Find out what you can do to improve _
the quality of your dissertation! . d,_\gs“
@ o P
()
0"":‘2&
Get Help Now (o) H
% ,_p"‘"‘“ﬁ& . = i

Go to www.helpmyassignment.co.uk for more info
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Part IV Summaries

Algebra Summary

OPERATIONS

TYPES OF VARIABLES

Addition (direct operation)

Addition of whole numbers gives whole number

1. a+b=b+a

Terminology: a and b are called terms
a+bis called sum

2. (@a+b)+c=a+((b+0¢

Whole numbers are 1, 2, 3, ...

— | >

I
I
1 2 3 X

Subtraction (inverse operation)

Def:a-b=x:x+b=a

Note: a + b - b = a (subtraction undoes addition)
a-b+b=a(addition undoes subtraction)

3.a+0=a

4. for each a there exists one additive inverse -a:
a+(-a)=0

Rules (follow from Laws):

+b+c)=+b+c
+a+b=a+b

introduces 0 and negative numbers:

a-a=0

ifb>a a-b

——— >
X

——— >
X
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Summaries

Multiplication (direct operation)

For whole numbers »

an=a+.......... +a
n terms
Notation: ab =a-b =axb
2b=2-b=2xb
23 #2:3,23=2-10+3
ST IPS N
2 2 2 2
2 2
l.ab=ab
Terminology: a and b are called factors
ab - product

2. (a-b)-c=a(bc)
Conventions: abc = (ab)c
abc) =-abc
3. a(b+c) = ab+ac
—> Removing brackets
<«<—— Factoring
4. a0=0
5.al=a

Rules (follow from Laws):

(a +b)c+d)y=ac+ad+ bc+ bd (SMILE RULE)
) -n=-n
(1) D=1
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Summaries

Division (inverse operation)
Def:a/b=x:xb=a

Terminology: a - numerator
b - denominator
a/b - fraction (ratio)
- proper fraction if |a|<|b|, g, b
integers

Note: ab/b = a (division undoes multiplication)
(a/b)b = a (multiplication undoes
division)

6. For each a = 0 there exists one multiplicative
inverse 1/a: al/a=1

introduces rational numbers

. m
Def: Rationals are all numbers —, where

m and n # 0 are integers (divimgn by
zero is not defined)

LI

432
S
10 1 2 x

Rules:

a an

_.n —_— —

»"

Y% _a_ Y%

n bn b

an _an_a CANCELLATION
bn b b

1
n_m FLIP RULE

m n
a,c_atc Note: a+c=(a+c)/b
b b b

d b

NN
a,c_ad cb_ad+ch ~qumoN
b d bd db bd

DENOMINATOR

RULE
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n-th power b" (direct operation)
For whole numbers n
b"= bbb-..b
H_J
n factors
Rules:
am‘ an — am+n
(product of powers with the same base is a
power with indices added)
a-b" = (ab)"
(product of powers is power of product)
am m-n
=a
an
(ratio of powers is power of ratios)
a”_ z)"’
b" b
(ratio of powers with the same base —
subtract indices)
a’=
o 1
a = —_—
a}’l
(@' =a™ [Convention: am = a(’"n)]
n-th root (inverse to taking to power n) introduces irrational (not rational)
numbers \/E, ﬁ, JE, 3\/5, %/5
Def: \b=x: x"=b
Note:
b = b Real numbers are all rationals and all
(taking n-th root undoes taking n-th power) irrationals  combined.  Corresponding
points cover the whole number line (called
@p)" =b i i
real line for this reason)
(taking n-th power undoes taking n-t4 root)
| | >
S /A I >
Therefore, can use notation 5’7 =%pb 0
1 X
1 n—
(Indeed, 45" ="/ =" =p' =p)
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Logarithm base b (inverse to taking » to power) [ introduces irrational (not rational)
numbers, log, 2, log, 3, etc.

Def: logra =n: b"=a

Note: Roots and logs also introduce complex

logrb"=n (check using definition: " = ") I = _
(taking log» undoes taking b to power) (not real) numbers, Llog, (1), etc.

blogb n_
(taking b to power undoes logy)
Rules (follow from Rules for Indices):

logyxy = logpx + logpy
(log of a product is sum of logs)

X
logr — =logsx —logpy
y

(log of a ratio is difference of logs)
logrl =0 (log of 1 is 0)
logrb=1

1
logr— =—logsa
a

logrx" = nlogrx
(log of a power is power times log)
log, a

logra =
g log, b

(changing base)
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General remarks

a-b=a+ (-b) a difference can be re-written as a sum

%
%

=a- ab™’ a ratio can be re-written as a product

a

b
v .

Wb =p/n - a root can be re-written as a power

All laws and rules of addition, multiplication and taking to integer power operations apply to
real numbers.

Operations of addition, subtraction, multiplication, division (by non-zero) and taking to integer
power when applied to real numbers produce real numbers. Other algebraic operations applied
to real numbers do not necessarily produce real numbers.

In any algebraic expression operations should be performed using the Order of Operations
convention.

[ ]
B By 2020, wind could provide one-tenth of our planet’s
ra | n p O W e r electricity needs. Already today, SKF's innovative know-
how is crucial to running a large proportion of the
world’s wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
ication. We help make it more economical to create
eaper energy out of thin air.
our experience, expertise, and creativity,
industries ca ost performance beyond expectations.
Therefore we'need the best employees who can
eet this challenge!

T@f Power of Knowledge Engineering

_‘l

r

Plug into The Power of Knowle‘ngineering.
Visit us at www.skf.com/knowled_'ge‘*-
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Functions Summary

Variables are denoted mostly by x, y, z, p, ..... w.

A variable can take any value from a set of allowed numbers.

Functions are denoted mostly by /, g and A or f(), g () and A( )

(no multiplication sign is intended!).

In mathematics, the word function has three meanings:

1. f{) - an operation or a chain of operations on an independent variable;
2. f(x) - a dependent variable, that is the variable obtained when f{ ) acts on an
independent variable x;

3. Set of pairs {(x, f(x)): f{ ) assigns one value f (x) to every allowed value of x}.

A diagrammatical representation of a function
e . @

To specify a function we need to specify a (series of) operation(s) and domain D (an allowed set of

values of the independent variable). To each xe D, f (x) assigns one and only one value y € R (range,

the set of all possible values of the dependent variable).

Inverse functions

f_l‘%l (x) =f"'o f(x) = x (the function and inverse function undo each other)

symbol of inverse function, not a reciprocal

The inverse function does not always exist!

A Diagrammatic Representation of Inverse Function
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Order of Operations Summary

When evaluating a mathematical expression it is important to know the order in which the operations

must be performed. By convention, the Order of Operations is as follows:

First, expression in Brackets must be evaluated. If there are several sets of brackets, e.g. {[( )]}, expressions
inside the inner brackets must be evaluated first. The rule applies not only to brackets explicitly present,
but also to brackets, which are implied. Everything raised and everything lowered is considered as
bracketed, and some authors do not bracket arguments of elementary functions, such as exp, log, sin,

cos, tan efc. In other words, e*should be understood as exp (x), sin x as sin (x) etc.
Other operations must be performed in the order of decreasing complexity, which is

0iB - operations in Brackets (including implicit)

F - Functions /()

P- Powers (including inverse operations of roots and logs)
M - Multiplication (including inverse operation of division)

A - Addition (including inverse operation of subtraction)

That is, the more complicated operations take precedence. For simplicity, we refer to this convention
by the abbreviation 0iBFPMA.

Order of Operations (000)

Make implicit (invisible) brackets visible
(everything raised and everything lowered is considered to be bracketed and so are function

arguments)
Perform operations in brackets {[()]} first (inside out)
000

oiB
(including
implicit)
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Quadratics Summary

A quadratic expression is a general polynomial of degree 2 traditionally written as

ax2+bx+c,

where a is the constant factor in the quadratic term (that is, the term containing the independent variable
squared), b is a constant factor in the linear term (that is, the term containing the independent variable)

and c is the free term (that is, the term containing no independent variable).

A quadratic equation is the polynomial equation
2 —
ax“ +bx+c=0.

Its two roots (solutions) can be found using the standard formula

—b+b? —4ac

2a

X2 =
Once the roots are found the quadratic expression can be factorised as follows:

ax® +bx+c= a(x —xp)(x —xp).
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Trigonometry Summary
Conversion between degrees and radians
An angle described by a segment with a fixed end after a full rotation is said to be 360° or 27 (radians)

= 27 (rad) = 360°
=1 (rad) = 57°

The radian is a dimensionless unit of angle.

(6]
= x (rad) = x (rad) 1807 _ Lo = OM:x(md)

zrad) 07 7Y o0

Usually, if the angle is given in radians the units are not mentioned (since the radian is a dimensionless

unit).

Frequently used angles

90°
180° 0° (360°)
b 21
3
2
300= (30" 1 450=T
180 6 4
60n . mw
60° = (——=) =
(180 )3
1200:(120TE 5 2n
180 3
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Right Angle Triangles and Trigonometric Ratios

Trigonometric ratios sin, cos and tan are defined for acute angles (that is, angles less than 90°) as follows:

/OL c sincx=cos,8=g
c
b
cosozzsin,B:é
c
B / tana:cotﬂ:%

a+ B =90°and « and f3 are called complementary angles

Frequently used trigonometric ratios

. 1 . \/E

sin— = — sin—=—
2 4 2

T 3 T 2

cos — = — coS — = —
6 2 4 2

r 2

coS — = —

2

Trigonometric identities

sin® x + cos’x =1
sin (-x) = -sin x
cos (-x) = cos x

tan (-x) = -tan x

cos(x+ y) =cosxcos yFsinxsiny
sin(x £ y) =sinxcos y £ cosxsin y

cos2x = cos2 X — sin2 X
sin2x = 2sin xcos x

Acosx+ Bsinx =

. A
sin(x + ), where tana = —
A%+ B?
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Elementary Algebra and Calculus Summaries

Complex Numbers

The Cartesian representation of a complex number

‘(;) (@) real part, Rez imaginary part, Im z (on the Argand diagram)

z=x+jy, where x,y —real, j= -1

il ‘zl (x1, y1) / \

x-coordinate  y-coordinate (on the ordinary plane)

The exponential representation of a complex number

ty () magnitude, |z/ argument, arg(z) (on the Argand diagram)

\ 0

z =r e’ where r >0, 6-angle

. z / (in degrees or radians)
ry.”

4\ o polar radius r polar angle 6 (on the ordinary plane)
= (distance to the origin)

AN

v
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Decision Tree For Solving Simple Equations

If needs be, use various rules
to ensure that the unknown

appears only in one term in
the LHS (left-hand side)

y
( )

What is the last operation on
the unknown?

\ J
Y
'd N\
What is its inverse?
|\ J
Y

Apply this inverse operation to
both sides of the equation

Y
( )

Is the unknown the subject of

the equation?

- J
Yes : I Yes
| Is the answer in its simplest form? ]
v No
N
What is the highest common
divisor for numerator and
i ?
9 denominator? )
Y ( * )
s Is the answer a proper fraction?
(. J
) No
( )
What is the integer part of the
fraction?
- J
( Y )
What is the remainder?
Y
> Answer
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Sketching Graphs by Simple Transformations

1. Drop all constant factors and terms.

2. Bring the constants back one by one in the Order of Operations (not necessary but
advisable) and at each Step use the Decision Tree given below to decide which simple
transformation is effected by each constant. Sketch the resulting graphs underneath one

another.

DECISION TREE FOR SKETCHING y=£(x)+c, y=f(x+c), y=cf(x) AND y=f(cx)

Is the constant ¢ a factor or
term?

Term Factor

Is *c¢
the first operation or
last operation?

Is +¢
the first operation or
last operation?

Is *(-1)
the first operation or
last operation?

last first last first last first
Translation Translation Scaling Scaling Reflection Reflection
wrt y -axis by wrt x -axis by wrt y -axis wrt x -axis wrt x -axis wrt y -axis
c —C by ¢
by

Note 1:if ¢ is a negative factor, write ¢ = (-1)*|c|, so that c effects two simple transformations and not one.

Note 2: if c is effects neither first operation nor last, the Decision Tree is not applicable. Try algebraic

manipulations.

Note 3: if the same operation is applied to x in all positions in the equation this operation still should

be treated as the first operation, as in In (x - 2)+sin (x - 2).

Note 4: if y is given implicitly rather than explicitly, so that the equation looks like f(x,y) = 0, then in
order to see what transformation is effected by adding a constant c to y or multiplying it by a constant
¢, y should be made the subject of the functional equation. Therefore, similarly to transformations of x

above, the corresponding transformation of y is defined by the inverse operation, —c or LN respectively.
c
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Finding a Limit of a Sequence

To find a limit of a sequence (as k — o0) use the first principles (graphical representation) or

TABLE RULES
x, lim x, 1. lim ax, = a lim X, - constant factor out
constant constant 2. lim [x_+y ] =lim x, +lim y, - sum rule
K - (separate terms)
1 0 3. lim (x,_y,) = lim x, lim y, - product rule
k 4. lim>k - l.lmxk — quotient rule
Yk limyyg
1 1
a (a>0)
q" (|lq| < 1) 0

DECISION TREE

Maybe, tricks N \T/ Maybe, tricks

Is x; a table sequeD
Yes \ No

Answer What is the last operat@
I
+ X

Other

separate Is one of the factors const=1 ?
terms
Yes No
const if allowed reverse order of lim-
factor and subsequent operation
out

y A
An indeterminate form?
(00 —00, 0-00, 0/0, 00/0, etc.)

Yes No

Y

Use a trick
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Differentiation Summary

To differentiate a function use the definition

B i o g LA
dx Ax—>0Ax  Ax—0 Ax

x x+tAx x

or represent roots and fractions as powers, make invisible brackets visible and use

TABLE RULES
d df' (x)
4 1. —J[af (x)] = @ =—— - const factor out
) S (x) ol tf (x)] e
dj d,
constant 0 2. —[ f(x)+g(x)]= f (x) a2(x) — sum rule (separate
x" "™ dx
o o terms) y
In x 1 3. —[f(x)g(x)] = f(x) ——g(x)+ (g;( x) f(x)- product rule
X
sin x cos x d £(x) df(x) g(x) _Mf(x)
cos x —sin x 4, LS dx 5 dx — quotient rule
dx g(x) g7 (x)
5. L gy = T ED O _ poin e
dx dg(x) dx
(decompose, differentiate, multiply)
DECISION TREE
d
Maybe, tricks —y(x)? Maybe, tricks
dx
What is the differentiation variable ?
(it appears after d at the bottom)
What is the function to differentiate ?
(it appears after d at the top)
Is y(x) a constant or
another table function of x?
Yes No
The EMSE What is the last operation in y(x)?
is
in the table
Is one of the factors Is y(x)
const=17? composite?
Constant Product rule ,
Sum rule Jjg%re quotigrrlt ol Chain rule Use tricks >
' | |
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Integration Summary

by = fx)
To find a definite integral of a function use the definition
b N
[Fedx= tm % fO)Ax e //
u Ax—0 k=0 T
or represent roots and fractions as powers, make invisible REENEE >
brackets visible and use
a xk b x
TABLE RULES
S(x) F(x) =] f(x)dx
0 c 1. Iog‘ (x)dx = aI f(x)dx -constant factor out
e e +c
- T 2. j[ F(x)+ g(x)]dx = j F(x)dx +j 2(x)dx — sum rule
sin x —cos x +c (separate terms)
X", nz—1 sy
+c
n+l
1
—x#0 In|x| +c
X

DECISION TREE

J y(x)dx?

Maybe, tricks

>
>

What is the integration variable? Look after d
What is the function to integrate? Look between .[ &

Maybe, tricks

¥

Is y() a table function of the integration@

Yes

<

Answer

What is the last operation in y(x)?

Separate

A

terms

Constant

A

factor

Is one of the factors constant

=17

Yes

Other

Yes
Partial Polynomial
fractions plus partial
or fractions
< change of or
variable change of
variable

Trig.
identities
or

change of
variable

Change of
variable

or

integration q
by parts

A
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PartV  Glossary

ABSTRACTION - a general concept formed by extracting common features from specific examples.
ACUTE ANGLE - a positive angle which is smaller than 90°.

ALGEBRAIC OPERATION - OPERATION of addition, subtraction, multiplication, raising to power,

extracting a root (surd) or taking a log.
ALGORITHM - a sequence of solution steps.
ARGUMENT - INDEPENDENT VARIABLE, INPUT.

CANCELLATION (in a numerical fraction) - operation of dividing both numerator and denominator

by a common divisor.
CIRCLE - a LOCUS of points inside and on a CIRCUMFERENCE.
CIRCUMFERENCE - a LOCUS of points at the same distance from a specific point (called a centre).

COEFFICIENT - a CONSTANT FACTOR multiplying a VARIABLE, e.g. in the EXPRESSION 2ax, x
is normally a VARIABLE and 2a is its COEFFICIENT.

COMPOSITION - a combination of two or more functions (operations), with one acting on the output

of another, e.g. composition of two functions f () and g () is f (g ()).
CONCEPT - a technical word or phrase.

CONSTANT - a number or a mathematical quantity that can take a range of (numerical) values but is
independent of the main CONTROL VARIABLE - ARGUMENT or UNKNOWN.

If there is only one algebraic CONSTANT, the preferred choice for its algebraic symbol is a. The second
choice is b, and the third, c. If there are more CONSTANTS in the EXPRESSION, then one chooses,
in the order of preference, d and e, and then upper case letters in the same order of preference. If more

CONSTANTS are required, we make use of subscripts and superscripts and Greek letters.

DIAGRAM - a general (abstract) visualisation tool, a pictorial representation of a general set or

relationship.
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DIFFERENCE - a mathematical expression in which the last operation is subtraction.

DIMENSIONAL QUANTITY - a quantity measured in arbitrary units chosen for their convenience,
such as s, m, N, A, m/s, kg/m?®, £.

DOMAIN - a set of all allowed values of the ARGUMENT.

EQUATION - a mathematical statement which involvs UNKNOWN(S) and the = sign and which can

be true or false, e.g. 2x + 3y = 10 is true when x =y = 2 and false when x = y = 1.

EVALUATE - find the (numerical) value of a (mathematical) EXPRESSION.

EXPLICIT - 1) clearly visible; 2) a subject of equation.

EXPONENTIATION - a mathematical operation of raising to power.

EXPRESSION (mathematical) - a combination of numbers, brackets, symbols for variables and symbols

for mathematical operations, e.g. 2(a + b), 2ab.

FACTOR - a (mathematical) EXPRESSION which multiplies another (mathematical) EXPRESSION,
e.g. ab is a PRODUCT of two FACTORS, a and b.

FINAL (SIMPLEST) FORM (of a numerical fraction) - no CANCELLATIONS are possible, and only
PROPER FRACTIONS are involved.

FORMULA - a mathematical statement involving VARIABLES and the = sign which and is always true.

FREE TERM - a CONSTANT TERM.

FUNCTION

1. f{') - an operation or a chain of operations on an DEPENDENT VARIABLE.
2. flx) - a DEPENDENT VARIABLE, that is the variable obtained when f( ) acts on an
independent variable x.

3. Set of pairs {(x, f(x)): f( ) assigns one value f(x) to every allowed value of x}.

To give an example, f (x) = 2x + 3, x — real’ describes a FUNCTION whose SYMBOL is ‘f” or
f () (no multiplication is implied) and whose ARGUMENT is called ‘x’ Its DOMAIN is ‘all
reals. Given any value of x, you can find the corresponding value of this FUNCTION by first
multiplying the given value of x by 2 and then by adding 3 to the result.
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FUNCTION SYMBOL - usually a Latin letter, usually from the first part of the alphabet. If there is
only one FUNCTION, the preferred choice for its symbol is f. The second choice is g, and the third, h.
If there are more variables, then one chooses, in order of preference, u, v and w. If more FUNCTIONS

are involved, we often make use of subscripts and superscripts, upper case and Greek letters.

GENERALISATION - an act of introducing a general concept or rule by extracting common features

from specific examples.

GRAPH - a specific visualisation tool, a pictorial representation of a particular set or relationship.
IDENTITY - the same as FORMULA.

IMPLICIT - not EXPLICIT.

INDEPENDENT VARIABLE - ARGUMENT, INPUT, e.g. given y = f(x), x is an INDEPENDENT
VARIABLE.

INPUT - (value of) ARGUMENT, (value of) INDEPENDENT VARIABLE, e.g. given ‘y = f(x); x is
INPUT; also given ‘y = f(2) 2 is INPUT.

INTEGER PART - when dividing a positive integer m into a positive integer n, k is the INTEGER PART

if it is the largest positive integer producing k*m < n. The REMAINDER is the difference n - k*m, e.g.

when dividing 9 into 2, the INTEGER PART is 4 and the REMAINDER is 1, so that > =44+ L = 4.
22

2
INVERSE (to an) OPERATION - operation that undoes what the original OPERATION does.
LAST OPERATION - see ORDER OF OPERATIONS.
LHS - Left Hand Side of the EQUATION or FORMULA, to the left of the ‘="-sign
LINEAR EQUATION - an EQUATION which involves only FREE TERMS and TERMS which contain
the UNKNOWN only as a FACTOR, e.g. 2x - 3 = 0" is a LINEAR EQUATION, 2’ is a COEFFICIENT
in front of the UNKNOWN and -3’ is a FREE TERM.

LOCUS - a set of points with a specific property.

NECESSARY - ‘A’ is a NECESSARY condition of ‘B’ if ‘B = A (B implies A), so that ‘B’ cannot take

place unless A’ is satisfied.

NON-DIMENSIONAL QUANTITY - a quantity taking any value from an allowed set of numbers.
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NON-LINEAR EQUATION - an EQUATION which is not LINEAR, e.g. 2 In (x) - 3 = 0" is a NON-
LINEAR EQUATION in x.

OPERATION (mathematical) — action on CONSTANTS and VARIABLES. When all CONSTANTS
and VARIABLES entering an EXPRESSION are given values, OPERATIONS are used to EVALUATE
this EXPRESSION.

ORDER OF OPERATIONS When EVALUATING a (mathematical) EXPRESSION it is important
to know the order in which the OPERATIONS must be performed. By convention, the ORDER OF
OPERATIONS is as follows: First, expression in BRACKETS must be EVALUATED. If there are several
sets of brackets, e.g. {[( )]}, expressions inside the inner brackets must be EVALUATED first. The rule
applies not only to brackets explicitly present, but also to brackets, which are implied. Two special cases
to watch for are fractions and functions. Indeed, when (a + b)/(c + d) is presented as a two-storey fraction
the brackets are absent, and some authors do not bracket ARGUMENTS of elementary FUNCTIONS,
such as exp, log, sin, cos, tan efc. In other words, e*should be understood as exp (x), sin x as sin (x) etc.

Other OPERATIONS must be performed in the order of decreasing complexity, which is
FUNCTIONS f ()
POWERS (including inverse operations of roots and logs)
MULTIPLICATION (including inverse operation of division)
ADDITION (including inverse operation of subtraction)

That is, the more complicated OPERATIONS take precedence.

OUTPUT - (value of) DEPENDENT VARIABLE, (value of the) FUNCTION, e.g. given ‘y = f{x)’, %’ is
OUTPUT; also given ‘f(x) = 2x +3” and ‘x = 2, 7’ is OUTPUT (indeed, 2%2+3 = 7).

PRODUCT - a (mathematical) EXPRESSION in which the LAST operation (see the ORDER OF
OPERATIONS) is multiplication, e.g. ab is a PRODUCT, and so is (a + b)c.

QUOTIENT - a mathematical expression where the last operation is division.

RANGE - the set of all possible values of a FUNCTION.

REARRANGE EQUATION, FORMULA, IDENTITY - the same as TRANSPOSE.

REMAINDER - see INTEGER PART.

RHS - Right Hand Side of the EQUATION or FORMULA, to the right of the ‘=" sign.
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ROOT OF THE EQUATION - SOLUTION of the EQUATION.

SEQUENCE - a function with an INTEGER ARGUMENT.

SIMPLE EQUATION - an EQUATION that can be rearranged to contain the unknown in one term only.

SIMPLE TRANSFORMATION - translation, scaling or reflection.

SOLUTION OF AN ALGEBRAIC EQUATION - constant values of the UNKNOWN VARIABLE which
turn the EQUATION into a true statement.

SOLVE - find SOLUTION of the EQUATION.

SUBJECT OF THE EQUATION - the unknown is the SUBJECT OF THE EQUATION if it stands alone
on one side of the EQUATION, usually, LHS.

SUBSTITUTE - put in place of.

SUFFICIENT - A’ is a SUFFICIENT condition of ‘B’ if A = B’ (A implies B), so that if ‘A’ is satisfied,
then ‘B’ takes place.

SUM - a (mathematical) EXPRESSION in which the LAST operation (see the ORDER OF OPERATIONS)

is addition, e.g. a + bisa SUM, and so is a(b + ¢) + ed.

TERM - a (mathematical) EXPRESSION that is added to another (mathematical) EXPRESSION, e.g. a
+ b is a SUM of two TERMS, a and b.

TRANSPOSE EQUATION, FORMULA, IDENTITY - make a particular unknown the subject of
EQUATION, FORMULA, IDENTITY, so that it stands on its own in the LHS or RHS of the corresponding

mathematical statement.

UNKNOWN - a VARIABLE whose value or expression can be found by solving an EQUATION, e.g.
in equation x + 2 = 3, x is an UNKNOWN.

VALUE - a number.
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Elementary Algebra and Calculus Glossary

VARIABLE - a mathematical quantity that can take a range of (numerical) values and is represented
by a mathematical symbol, usually a Latin letter, usually from the second part of the alphabet. If there
is only one VARIABLE, the preferred choice for its symbol is x. The second choice is y and the third, z.
If there are more variables, then one chooses, in the order of preference, letters u, v, w; s, t, 1, p and ¢,

then the upper case letters in the same order of preference. If more VARIABLES are required, we make

use of subscripts, superscripts and Greek letters.
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Part VI Study Skills for Maths

Assuming that you have an average background in mathematics you need to study these notes on your

own for 6 hours each week:

1. Spend half an hour revising the Summary or Summaries suggested for Self Study. You
should be able to use Order of Operations, algebraic operations and Decision Trees very fast.
Do not forget to keep consulting the Glossary.

2. Spend 2.5 hours revising previous Lectures and Solutions to Exercises.

3. Spend 1.5 hours studying the latest Lecture (see tips below on how to do that).

4. Spend 1.5 hours doing the exercises given in that lecture for self-study.
Some of you need to study 12 hours a week. Then multiply each of the above figures by two!
This is how to study each new lecture:

1. Write down the topic studied and list all the subtopics covered in the lecture. Create a

flow chart of the lecture. This can be easily done by watching the numbers of the subtopics

covered.

For example in Lecture 1 the main topic is ALGEBRA but subtopics on the next level of

abstraction are 1.1, 1.2, ..., 1.3.

Thus, you can construct the flow chart which looks like that

ALGEBRA
varifbles operationslon variables general remarks glossary
whole addition,
natural subtraction
integer multiplication
rational division

2. Write out the glossary for this lecture; all the new words you are to study are presented in
bold red letters.

3. Read the notes on the first subtopic several times trying to understand how each problem is

solved
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o o

. Copy the first problem, put the notes aside and try to reproduce the solution. Be sure in
your mind that you understand what steps you are doing. Try this a few times before
checking with the notes which step is a problem.

Repeat the process for each problem.

. Repeat the process for each subtopic.

Do exercises suggested for self-study

Here are a few tips on how to revise for a mathematics test or exam:

w o=

Here is

Please study the Summaries first.

Keep consulting the Glossary.

. Then study Lectures and Solutions to relevant Exercises one by one in a manner suggested
above.

. Then go over Summaries again.
your check list: you should be thoroughly familiar with

The Order of Operations Summary and how to “make invisible brackets visible”.

The Algebra Summary, in particular, how to remove brackets, factorise and add fractions.
You should know that division by zero is not defined. Rules for logs are secondary. You
should know what are integers and real numbers. You should not “invent rules” with wrong
cancellations in fractions. You should not invent rules on changing order of operations, such
as addition and power or function. You should all know the precise meaning of the words

factor, term, sum and product.

3. The concept of inverse operation.

4. The Decision Tree for Solving Simple Equations.

5. The formula for the roots of the quadratic equation and how to use them to factorise any

7.
8.
9.

quadratic.

The diagrammatic representation of the function (see the Functions Summary). You should
know that a function is an operation (or a chain of operations) plus domain. You should
know the meaning of the words argument and domain. You should know what is meant by
a real function of real variable (real argument). You should know the precise meaning of the
word constant — you should always say “constant with respect to (the independent variable)
x or ¢t or whatever...”

How to do function composition and decomposition using Order of Operations

How to use graphs

How to sketch elementary functions: the straight line, parabola, exponent, log, sin and cos

10. The Trigonometry Summary

11. The approximate values of e (~2.71) and 7t (~3.14)
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Elementary Algebra and Calculus Study Skills for Maths

12. What is j (=w/—_1) and what is /2 (= 1)

13. The Cartesian and exponential form of a complex number and how to represent a complex
number on the Argand digram (the Complex Numbers Summary)

14. How to add, multiply, divide complex numbers, raise them to integer and fractional power

15. The Differentiation Summary

16. The Integration Summary

17. The Sketching by Simple Transformation Summary

18. The Limits Decision Tree and basic indeterminate forms

19. Sketching by analysis

20. The definition of a mean of a function on an interval

EXPERIENCE THE PO\
FULL ENGAGEMENT...

RUN FASTER.
RUN LONGER..
RUN EASIER...
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Elementary Algebra and Calculus Teaching Methodology (FAQs)

Part VIl Teaching Methodology
(FAQs)

Here I reproduce a somewhat edited correspondence with one of my students who had a score of about

50 in his Phase Test and 85 in his exam. You might find it instructive.
Dear Student
The difference between stumbling blocks and stepping stones is how you use them!

Your letter is most welcome and helpful. It is extremely important for students to understand the
rationale behind every teacher’s decision. All your questions aim at the very heart of what constitutes
good teaching approach. For this reason I will answer every one of your points in turn in the form of

a Question — Answer session:

Q: I have understood the gist of most lectures so far. However there have been a number of lectures that
towards the end have been more complicated and more complex methods were introduced. When faced
with the homework on these lectures I have really struggled. The only way I have survived have been to

look at the lecture notes, Croft’s book, Stroud’s book and also various websites.

A: Any new topic has to be taught this way: simple basic facts are put across first and then you build
on them. If you understand simple facts then the more sophisticated methods that use them seem easy.
If they do not this means that you have not reached understanding of basics. While in general, reading
books is extremely important, at this stage I would advise you to look at other books only briefly and
only as a last resort, spending most of the time going over the lectures over and over again. The problem
with the books available at this level is that they do not provide too many explanations. LEARNING IS
A CHALLENGIG AND UNINTUITIVE POCESS. IF YOU BELIEVE THAT YOU UNDERSTAND IT
DOES NOT MEAN THAT YOU DO!

Q: Many of the homework questions are way beyond the complexity of any examples given in lectures.

Some are or seem beyond the examples given in books.

A: None of them are, although some could be solved only by very confident students who are already

functioning on the level of the 1st class degree. There are four important points to be aware of here:

1. If you have not reached the 1st class level yet, it does not mean that you cannot reach it in future.
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Elementary Algebra and Calculus Teaching Methodology (FAQs)

2. 1st class degree is desirable to be accepted for a PhD at elite Universities, others as well as employers

are quite happy with 2.1.

3. It is absolutely necessary for students to stretch themselves when they study and attempt more

challenging problems than they would at exams, partly because then exams look easy.

4. Even if you cannot do an exercise yourself, you can learn a lot by just trying and then reading a solution.

Q: This has been and continues to be demoralising.

A: A proper educational process is a painful one (no pain no gain!), but it also should be enlightening.
One of the things you should learn is how to “talk to yourself” in order to reassure yourself. One of the
things that I have been taught as a student and find continually helpful is the following thought: “Always
look for contradictions. If you find a contradiction (that is, see that there is something fundamentally
flawed in your understanding) - rejoice! Once the contradiction is resolved you jump one level up in your
mastery of the subject (problem).” In other words, you should never be upset about not understanding

something and teach yourself to see joy in reaching new heights.

Q: Take this week as an example. Exercises suggested in Lecture 1 look to me like ‘integration by parts
‘which I'learned in Croft’s book. However in your notes these seem to be ‘separate terms. There were not
any examples given in the lecture on  integration by parts’ or by ‘ separate terms ‘ and I am not sure if

we were meant to be using the ‘substitution method; if this is even possible.

A: This example illustrates very well why at this stage reading books brings more harm than good. There
are no questions in Lecture 19 which require “integration by parts’, only the techniques that have been
discussed in that Lecture, that is, “separate terms” rule, “constant factor out” rule and “substitution”
method. It is true that there were no examples in the lectures on how to “separate terms”. This omission
is due to the fact that sometimes when during a lecture, I omit very simple steps. They are included into

the written lectures.

Q: I also feel that the pace has been too high; we spent only about an hour on sequences and 2 weeks

on integration.

A: We have only 22 weeks in one year to cover the necessary material, and it is spread out accordingly.

However, you do not need to know more about sequences than was already discussed.

Q: When revising each week it is most unnatural to have to take your mindset back a week or two to try

to remember what you have learned at a certain stage. I really do not think that many do it.
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A: This question touches on one of the most fundamental aims of education - development of long
term memory. Both short-term memory and long-term memory are required to be a successful student
and a successful professional. When I ask you to memorise something (and say that this is best done by
going over the set piece just before going to bed) I am exercising your short-term memory. How can you
develop a long-term memory, so that what we study to-day stays with you - in its essence - for ever?
The only way to do that is by establishing the appropriate connections between neural paths in your
brain. If you have to memorise a sequence of names, facts or dates there are well established techniques
promoted in various books on memory. They suggest that you imagine a Christmas tree or a drive-in
to your house, imagine various objects on this tree or along the drive-way and associate the names,
facts or dates with these objects. However, this technique will not work with technical information.
What you need to establish are much deeper - meaningful — connections. The only way to do this is
to go over the same material again and again, always looking at it from a new vantage—~— point. While
your first intuitive reaction is that “it is most unnatural to have to take your mindset back a week to try
to remember what you have learned at a certain stage’, this is the only proper way to learn a technical

subject and develop your long term memory.

Q: Related to this is the strange system where only the specified method can be used to derive an answer.
At our level I feel that any method which produces the correct answer should be accepted. If you have
been used to doing something one way and are forced to change then, for students that are a bit weak

anyway, this will be a problem.

A: This is actually a classical educational technique, aiming at two things at once:
1. practicing certain methods and techniques,

2. developing students’ ability to “work to specs”

People who do not come to terms with this idea are going to have problems with the exam questions

where the desired techniques are specified. They will lose most of the marks if they use another technique.

Q: The principles based on the first principles I feel are out of the question at our level in S1 and should

be left to S2 as a minimum.

A: These proofs are above the A-level, but are definitely the 1st year level. Everyone should be able to
start these proofs on the right note, namely write out the appropriate definitions and then SUBSTITUTE
the appropriate functions. Only the students who reached the 1st class level are expected to finish these
proofs using various tricks, but everyone should be able to follow the proofs as given by their teachers
in Solutions to Exercises and learn how the tricks work. Also, remember, that in real life you will hardly
ever differentiate or integrate using differentiation or integration techniques, but remembering the
definitions (a derivative is a local slope or a local rate of change and integral is a signed area between a

curve and a horizontal axis) might come very handy in your engineering life.

260

Download free eBooks at bookboon.com



Elementary Algebra and Calculus Teaching Methodology (FAQs)

Q: Techniques should be introduced into the whole system to help build confidence, although I realise

that there is a balance to be struck.

A: Techniques are introduced according to the internal logic of the material. But confidence building is
important and this is something teachers and students have to work at together. Teachers unfortunately
have little time for that, all we can do is keep saying “good, good” when progress is made. You spend
more time with yourself, so please keep reminding yourself that Exercises are only there to help to
learn. What is important is that you are constantly stretching yourself. Please keep reminding yourself
how much you achieved already. Surely, there are lots of things you can do now that you could not even
dream of doing before. An extremely important educational point that you are touching upon here is the
following: the so-called liberal system of education that was introduced in the 60s (and consequences of
which we all suffer now) provided only “instant gratification”. What the real education should be aiming
at is “delayed gratification”. You will see the benefits of what you are learning now - in their full glory -
LATER, in year 2 and 3, not to-day.

Hope this helps!
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