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Preface

Epitaxy—the growth of a crystalline layer on a crystalline substrate—represents the
basis for the fabrication of semiconductor heterostructures and devices. Textbooks
on semiconductor physics and devices usually describe the design a heterostructure
and subsequently measured data of a respective realization. The chain between these
end points requires to solve many basic problems related to physics and technology.
Such steps are generally described in specialized literature focusing on diverse as-
pects. Students and researchers starting in the field need to study papers and books
on quite specific problems in a wide field. This textbook attempts to bridge the gap
between well-established books on semiconductor physics on one side and texts on
completed heterostructures like semiconductor devices on the other.

The book is based on a one-semester course held at Technical University of
Berlin for undergraduate and graduate students in physics and engineering physics.
It is primarily addressed to the non-specialist with some basic knowledge in solid
state and semiconductor physics. The field of epitaxy is rapidly evolving and in-
cludes many materials and growth techniques. The text therefore focuses on basics
and important aspects of epitaxy, emphasizing particularly the physical principles.
Problems are illustrated for important semiconductors with zincblende and wurtzite
structure.

The subject matter first covers properties of heterostructures. Structural aspects
implying elasticity and strain relaxation by dislocations are addressed as well
as electronic properties including band alignment and electronic states in low-
dimensional structures. Then the thermodynamics and kinetics of epitaxial layer
growth are considered, introducing the driving force of crystallization and paying
special attention to nucleation and surface structures. Instructive examples are given
for self-organized growth of quantum dots and wires. Afterwards aspects of doping,
diffusion, and contacts are discussed. Eventually the most important methods used
for epitaxial growth are introduced: metalorganic vapor-phase epitaxy, molecular-
beam epitaxy, and liquid-phase epitaxy.

I am grateful to my students, who consistently engaged me in discussions about
fundamentals of epitaxy and stimulated an active motivation to write this book.
Our librarian Mrs I. Langenscheidt-Martens was always an invaluable help for
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finding references difficult to retrieve. I am also indebted to A. Krost for critical
manuscript reading, and I appreciated the cooperation with C. Ascheron, Springer
Science+Business Media.

Udo W. PohlBerlin
July 2012
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Chapter 1
Introduction

Abstract This introductory chapter provides a brief survey on the development of
epitaxial growth techniques and points out tasks for the epitaxy of device structures.
Starting from early studies of alkali-halide overgrowth in the beginning of the 20th
century, basic concepts for lattice match between layer and substrate were developed
in the late 1920ies, followed by the theory of misfit dislocations introduced about
1950. Major progress in epitaxy was achieved by technical improvements of the
growth techniques, namely liquid phase epitaxy in the early, and molecular beam
epitaxy and metalorganic vapor phase epitaxy in the late 1960ies. Current tasks
for epitaxial growth are often motivated by needs for the fabrication of advanced
devices, aiming to control carriers and photons.

Most semiconductor devices fabricated today are made out of a thin stack of layers
with a typical total thickness of only some µm. Layers in such stack differ in material
composition and may be as thin as a single atomic layer. All layers are to be grown
with high perfection and composition control on a bulk crystal used as a substrate.
The growth technique employed for coping with this task is termed epitaxy. In the
following we briefly consider the historical development and illustrate typical issues
accomplished using epitaxy.

1.1 Epitaxy

1.1.1 Roots of Epitaxy

Crystalline solids found in nature show regularly shaped as-grown faces. The faces
of a zinc selenide crystal grown from the vapor phase in the lab are shown in
Fig. 1.1a. Mineralogists found that the angles between corresponding faces are al-
ways the same for different samples of the same type of crystal. They concluded
already in the 18th century that such regular shape originates from a regular assem-
bly of identical building blocks forming the crystal as indicated in Fig. 1.1b. In the
early 19th century mineralogists noticed that naturally occurring crystals sometimes

U.W. Pohl, Epitaxy of Semiconductors, Graduate Texts in Physics,
DOI 10.1007/978-3-642-32970-8_1, © Springer-Verlag Berlin Heidelberg 2013
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2 1 Introduction

Fig. 1.1 (a) ZnSe bulk crystal with {100} and {111} growth faces. (b) Faces formed from regu-
larly repeating building blocks described around 1800 [3]. The complete shape of the displayed
rhomb-dodecahedron is indicated by red lines

grew together with a unique relationship of their orientations [1]. A first success-
ful artificial reproduction of this effect in a laboratory was reported by Moritz L.
Frankenheim in 1836 [2]. He demonstrated a parallel oriented growth of sodium
nitrate NaNO3 from solution on a freshly cleaved calcite crystal CaCO3.

First systematic studies on the crystal growth on top of another crystalline ma-
terial were reported by Thomas V. Barker starting 1906 [4]. At that time growth
from solution and optical microscopy were the only readily developed techniques
for growth and characterization of samples, respectively. Baker investigated a large
number of NaCl-type alkali halides like chlorides, bromides, iodides, and cyanides
of, e.g., rubidium and cesium. He placed a drop of saturated solution of one halide
onto a freshly cleaved surface of another halide and observed the nucleation of a
crystalline structure under a microscope. Crystals of the solute appeared as a rule in
a few seconds, but sometimes nucleation was too rapid to be observed or difficul-
ties arose due to a greater solubility for the crystal than for the dilute dropped on
top. He concluded that crystalline growth of alkali halides was more likely to oc-
cur if the molecular volumes of the two inter-growing materials were nearly equal.
We note that such conditions often imply a similar size of the building blocks men-
tioned above and consequently a low misfit of the lattice constants of the two mate-
rials.

The discovery of X-ray diffraction (1912) and electron diffraction (1927) by crys-
tals had a strong impact on the knowledge about crystal structure. When Louis
Royer made his seminal comprehensive studies with a wide variety of layers and
substrate materials in 1928, he could precisely report on the effect of substrate crys-
tal structure on the crystalline orientation of the layer [5]. Royer introduced the
term epitaxy from the Greek επι (epi, upon, attached to)—ταξισ (taxis, arrange-
ment, order) and concluded general rules for epitaxy. He noted that oriented growth
occurs only when it involves the parallelism of two lattice planes which have lat-
tice networks of identical or quasi-identical form and closely similar spacing. More
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precisely, he found that the differences between the lattice-network spacing (lattice
parameters) for growth of alkali halides upon other alkali halides or mica (minerals
of the form XY2-3Z4O10(OH,F)2) should be no more than 15 %. Such geometrical
considerations are still prominent today, though it was established later that epitaxy
may also occur for much larger misfits.

In the 1930ies, G.I. Finch and A.G. Quarrell concluded from a study of zinc oxide
on sputtered zinc that the initial layer is strained in order to attain lattice matching
parallel to the interface [6]. The layer lattice-parameter vertical to the interface was
also considered to be changed to maintain approximately the bulk density. They
named this phenomenon pseudomorphism. Though later the experimental evidence
was pointed out to be by no means conclusive [1], the concept of pseudomorphic
layers proved to be of basic importance for epitaxial structures.

The introduction of the theory of misfit dislocations at the interface between
the substrate and the layer by F.C. Frank and Jan H. van der Merve in 1949 [7–
9] extended the pseudomorphism approach and predicted a limit for the misfit of
pseudomorphic growth. The incorporation of edge dislocations allows to accommo-
date misfit strain and consequently makes epitaxy possible also for structures with
larger misfit. Conclusive experimental evidence for this was provided by John W.
Matthews and co-workers in the 1960ies [10, 11]. Thin metal layers on single crys-
tal metals with low misfit proved to grow pseudomorphic, while misfit dislocations
were generated in thicker layers with a density depending on layer thickness. Later
also conditions not included in the mentioned concepts like, e.g., interface alloying
or surface energies were found to significantly affect epitaxial growth.

The emerging semiconductor industry in the early 1960ies had a strong impact
on the interest in epitaxy. In addition, advancements in the technique of produc-
ing high vacuum and pure materials, and progress in experimental techniques like
electron microscopy and X-ray diffraction allowed to efficiently develop methods
for epitaxial growth. Liquid-phase epitaxy enabled epitaxial growth of multilay-
ered device structures of high complexity like separate-confinement semiconductor
lasers. The advancement of this technology was facilitated by its similarity to the
well-studied growth of bulk single-crystals from seeded solution. In the 70ies the
more sophisticated methods of molecular beam epitaxy and metalorganic vapor-
phase epitaxy emerged. These techniques opened up epitaxy far from thermody-
namic equilibrium and hence fabrication of structures with atomically sharp inter-
faces, which cannot be produced near equilibrium. Understanding and control of the
epitaxial growth techniques was significantly advanced by the application of in-situ
studies of the nucleation and growth process, and by the development of compu-
tational techniques. In the late 80ies the modern techniques attained a maturity to
get in the lead of device mass-production. Today a large variety of electronic, op-
toelectronic, magnetic, and superconducting layer structures are fabricated using
epitaxial techniques, including structures of reduced dimensionality on a nanometer
scale.
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1.1.2 Epitaxy and Bulk-Crystal Growth

Crystal growth in an epitaxial process proceeds basically in the same way as con-
ventional growth of bulk crystals. In epitaxy, however, layer and substrate differ in
the nature and strength of the chemical bond. Moreover, both materials may have a
different crystal structure and generally have an unequal lattice parameter—at least
if the temperature is varied. We may therefore say that crystals differ energetically
and geometrically in epitaxy [12]. Crystalline deposition of different materials on
each other is also termed heteroepitaxy.

Such definition does obviously not apply for an epitaxial deposition on a sub-
strate of the same material. The process is usually referred to as homoepitaxy (some-
times also autoepitaxy). Let us consider a simple example to illustrate that there may
still be a difference to conventional crystal growth. Epitaxy of electronic devices is
usually performed on doped substrates and often starts by depositing a layer of the
same material termed homoepitaxial buffer layer. Doping often alters the lattice pa-
rameter without significantly changing the chemical bond in bulk material. A p-type
doping of, e.g., silicon with boron to a level of 2 × 1019 cm−3 induces a change of
the lattice parameter by −1 %. An undoped layer on a doped substrate of the same
material will hence not differ energetically but geometrically. This provides a clear
distinction of homoepitaxy from conventional crystal growth. According this dif-
ferentiation deposition of a layer of the same kind and doping like the substrate
underneath should be termed crystal growth instead of epitaxy. Following the gen-
eral usage we will, however, use the term homoepitaxy less strictly. Deposition of
a layer of the same material as the substrate is usually just one of many layers to
follow in the growth process of a device structure. Furthermore, fabrication of bulk
crystals is usually performed applying a different growth regime than in epitaxy,
allowing for much higher growth rates. Accordingly also different experimental se-
tups are employed. The term homoepitaxy will be used here for deposition of the
same material as the substrate, just to distinguish from heteroepitaxy.

1.2 Issues of Epitaxy

1.2.1 Convention on Use of the Term “Atom”

Solids are composed of atoms, which may be charged due to the character of the
chemical bond. When used in a general way in this book, the word “atom” denotes
both, an atom or an ion. Uncharged atoms are hence for simplicity usually not dis-
tinguished from charged atom cores in, e.g., ionic crystals or metals unless explicitly
pointed out.
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Fig. 1.2 Gradual circular arrangement of 48 iron adatoms on a copper surface assembled using
a low-temperature scanning tunnelling microscope. Interference ripples originate from electron
surface states. From [14]

1.2.2 Assembly of Atoms

Epitaxy denotes the regular assembly of atoms on a crystalline substrate. By in-
venting the scanning tunneling microscope (STM) a particular means has been de-
veloped to control the assembly of single atoms for forming an ordered structure.
The method uses the finite force an STM tip always exerts on an adsorbed atom
(adatom) attached to the surface of a solid [13]. The magnitude of the force can
be tuned by adjusting the voltage and the position of the tip. Since generally less
force is required to move an atom across a surface than to pull it away the tip pa-
rameters can be set to allow for positioning an individual adatom while it remains
bound to the surface. The example given in Fig. 1.2 shows iron atoms on a (111)

copper surface. The initially disordered Fe atoms were carefully positioned at cho-
sen locations. May such procedure also be applied to deposit an epitaxial layer onto
a substrate? Imagine a skillful operator placing one atom per second exactly on the
correct site of a layer. For typically about 1015 sites per cm2 such procedure requires
31 Mio. years for a single atomic layer being deposited on one cm2. The fabrication
of epitaxial structures hence requires other methods.

The problem of growing a layer by the assembly of single atoms is comparable to
the issue of describing the behavior of a gas by formulating the equation of motion
for each atom. This cannot be accomplished for exceedingly large ensembles like a
considerable fraction of 6×1023 atoms present in one mole. The approach of kinetic
theory of gases hence solely describes averages of certain quantities of the vast
number of atoms in the ensemble, concluded from the behavior of one single atom.
These averages correspond to macroscopic variables. We will basically follow a
comparable approach. In epitaxial growth we seek to establish favorable conditions
for atoms of a nutrient phase to finding proper lattice sites in the solid phase. The
macroscopic control parameters are governed by both thermodynamics and kinetics,
and their effect depends on the materials and the applied growth method.
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Fig. 1.3 Schematic of a
vertical-cavity
surface-emitting laser
indicating the sequence of
differently alloyed and doped
semiconductor layers

1.2.3 Tasks for Epitaxial Growth

Semiconductor devices control the flow and confinement of charge carriers and pho-
tons. To fulfill its function a device is composed of crystalline layers and correspond-
ing interfaces with different physical properties. Epitaxy is employed to assemble
such layer structure. The precise control of the growth process in epitaxy requires
the accomplishment of issues with quite different nature. We consider the example
of a semiconductor device-structure to illustrate a number of tasks addressed dur-
ing fabrication and indicate the connection to respective chapters of this book. The
addressed concepts basically apply also for insulators and metals. In this book we
focus on semiconductor materials.

The demand for increasing data-rate capacity in data-communication networks
raised the need for suitable optical interconnects, particularly for light sources.
Vertical-cavity surface-emitting lasers (VCSELs) have characteristics meeting am-
bitious requirements of fiber communication and recently emerged from the labo-
ratory to the marketplace. VCSEL devices are also widely used in computer mice
due to a good shape of their optical radiation field. A VCSEL is a semiconductor
laser, which emits the radiation vertically via its surface—in contrast to the more
common edge-emitting lasers. Like any laser it consists of an active zone where the
light is generated, overlapping with a region where the optical wave is guided. Light
is generated by recombination of electrons and holes which are confined in quantum
wells (MQW, multiple quantum well). The generated photons contribute to the light
wave which travels back and forth in an optical Fabry-Pérot resonator built by two
mirrors, and a small fraction is allowed to emerge from the top mirror to form the
laser radiation. Since the resonator in a VCSEL is very short, the reflectivity of the
mirrors must be very high (R > 99 %) to maintain lasing oscillation. They hence are
made from distributed Bragg reflectors (DBR) of many pairwise 1

4λ/n thick layers
with a difference in the respective refractive index n, λ being the operation wave-
length. If the index step �n is low many pairs are required (a few tens). The basic
design of a VCSEL is given in Fig. 1.3.



1.2 Issues of Epitaxy 7

The realization of a semiconductor device is a complex process. The basic design
layout is determined by a number of operation parameters like, e.g., the emission
wavelength for an optoelectronic device. Already at this stage materials aspects play
an important role. Obviously a wide-bandgap semiconductor material, e.g., must be
used in the active region if the device is to radiate at high photon energy. The design
stage comprises simulation work on electrical, optical, and other properties of the
device depending on the employed materials and the specific purpose of the device.
The design eventually yields a list of materials composition, thickness, and doping
for each individual layer in the entire layer stack to be epitaxially grown.

The crystalline epitaxial growth on a single crystalline substrate requires a well-
defined relationship of the substrate structure with respect to that of the layers grown
on top. For this purpose the spacing of the atoms parallel to the interface between
substrate and the layers of the device structure on top has to accommodate. Since the
lateral lattice constants never match perfectly and the total layer thickness of the de-
vice structure is generally much below the substrate thickness, epitaxial layers are
elastically strained. Chapter 2 introduces into the structural and elastic properties
of epitaxial layers and points out a critical limit for such strain. As a consequence
of overcritical stress, plastic relaxation occurs by the introduction of misfit dislo-
cations. Prominent species of such dislocations for the important crystal structures
zincblende and wurtzite are treated. Prior to the growth of the device layers usually
a buffer layer is grown on the substrate. This layer is introduced to keep defects
located at the interface to the substrate and dislocations originating from large mis-
fits away from the device layers. A further challenge occurs from a large change
of composition within a layer sequence. The device depicted in Fig. 1.3 comprises
Bragg mirrors, which require a large step of the refractive index between consecu-
tive quarter-lambda thick layers. A large index step of the layer pairs in the mirror
stack is connected not only to a large difference of the fundamental bandgap of the
layers, but usually also to a large difference of lattice constants. To keep the strain
below the critical limit, layers with a composition mix of materials are used to main-
tain the lattice constant while changing the refractive index. The change of lattice
constant in mixed layers and means to compensate the total strain in a layer stack
are also considered in Chap. 2.

Strain and interfaces between layers with different bandgap affect the electronic
properties of the layer structure. In Chapter 3 the effect of strain on valence and
conduction-band states is outlined. Furthermore, the consequence of alloying on
the fundamental bandgap is considered. The contact of two semiconducting layers
raises the question how the uppermost valence bands mutually align. Models treat-
ing this problem and effects of interface composition are reviewed in Chap. 3. The
band discontinuities determine the confinement of charge carriers in a sandwich
structure and are also affected by strain. This is particularly important for the active
layers which are usually formed by quantum wells as depicted in Fig. 1.3. Struc-
tures with a reduced dimensionality—quantum wells, quantum wires, and quantum
dots—form the active core of many advanced devices. Chapter 3 points out the basic
electronic properties of such quantum structures to indicate the required dimensions,
which have to be realized in the epitaxial growth process.
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Growth occurs at some deviation from thermodynamic equilibrium. Epitaxy is a
controlled transition from the gas or liquid phase to a crystalline solid. The nature
of the driving force depends on the particular material system and growth condi-
tions. Chapter 4 introduces into the thermodynamics of growth for simple one- and
two-component systems. Nucleation of a layer, epitaxial growth modes, and a ther-
modynamic approach to surface energies is described. Even though epitaxial growth
processes may occur under conditions far from equilibrium, thermalization times of
atoms arriving from the nutrition phase on the surface can be much less than the
time required to grow a single monoatomic layer. In such cases thermodynamic de-
scriptions are often successfully applied to model the growth process. For the device
structure illustrated in Fig. 1.3 thermodynamics may constitute limits for the stabil-
ity of mixed crystals used to meet the requirements for lattice constants, bandgaps,
band alignments, and doping. In such cases epitaxy may still be possible in a re-
stricted temperature range.

The fabrication of atomically sharp interfaces between two dissimilar solids re-
quires a significant deviation from equilibrium to suppress interdiffusion. This is
particularly important for quantum structures like the active layers in the VCSEL
structure shown in Fig. 1.3, usually realized using multiple quantum wells. Under
such nonequilibrium conditions growth is strongly affected by kinetic influences.
Kinetics and atomistic aspects of epitaxial growth are addressed in Chapter 5. A ki-
netic description of nucleation and layer growth accounts for the detailed steps
atoms experience on the growing surface. They depend on the structure of the sur-
face, where the arrangement of atoms may differ strongly from that found in the
solid bulk underneath. Such surface reconstructions are specific for the given mate-
rial and change with growth conditions—they are pointed out for specific examples.
Growth modes depending on strain or specific surface states are often employed
in epitaxy to fabricate low-dimensional structures by self-organized processes. The
basics of such self-organized formation of quantum dots and quantum wires is con-
sidered in Chap. 5. VCSEL devices like that depicted in Fig. 1.3 are also fabri-
cated using quantum dots in the active region, formed in the self-organized Stranski-
Krastanow growth mode.

Electronic and optoelectronic devices require control of charge carriers in semi-
conductors and a contact of the semiconductor structure to a metal for a connection
to the electric circuit. Chapter 6 gives a brief introduction to problems in epitaxy
connected to doping and contact fabrication. For a given semiconductor material
thermodynamics may impose limits in the doping level originating from restricted
solubility of the dopants, an amphoteric behavior of the dopants, or compensation
by native defects. Nonequilibrium epitaxial growth may relieve some restrictions.
Growth far from equilibrium also enables delta-like doping profiles, used to fabri-
cate devices employing a two-dimensional electron gas with a high mobility. Doping
and heterostructure composition profiles may be affected by redistribution of atoms
due to diffusion phenomena. Mechanisms of diffusion in semiconductors are con-
sidered and examples are given for dependences on the ambient atmosphere and on
doping. Ohmic contacts between semiconductor and metal are a classical subject,
but epitaxy also enables the growth of specific contact structures to achieve a low
contact resistance. Some examples are outlined in Chap. 6.
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Various techniques for epitaxial growth have been established and are described
in Chapter 7. The first method which attained maturity to produce complex devices
was liquid-phase epitaxy. It operates close to thermodynamic equilibrium and may
hence be well described by thermodynamics. More versatile control is achieved
using the more sophisticated methods of molecular-beam epitaxy and metalorganic
vapor-phase epitaxy, which both operate far from thermal equilibrium. They hence
both allow for a control of layer thickness down to a fraction of a single atomic layer
and are used to fabricate devices with quantum structures in the active region. The
two methods are also employed in VCSEL production on a large scale.
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Chapter 2
Structural Properties of Heterostructures

Abstract Structural properties of epitaxial layers are pointed out in this chapter
with some emphasis on zincblende and wurtzite crystals. After a brief review on
perfect, polytype, and mixed bulk crystals we focus on elastic properties of pseu-
domorphic strained-layer structures. Then the concept of critical layer thickness is
introduced, and dislocations relieving the strain in epitaxial layers are presented.
X-ray diffraction—the standard tool for structural characterization—is outlined at
the end of the chapter.

2.1 Basic Crystal Structures

Atoms in an ideal solid have a regular periodic arrangement, which represents a
minimum of total energy. The structure of such a crystalline solid is described by a
lattice, which constitutes the translational periodicity, and a basis, which represents
the atomic details of the recurring unit cell. In 1848 Auguste Bravais showed that
there are only 14 lattices in three-dimensional space. These 14 Bravais lattices may
be divided into 7 crystal systems, which differ in shape of their unit cell as shown
in Table 2.1. The given unit cells reflect the symmetry of the structures. In most
cases they are not primitive, i.e., they are larger than the smallest possible unit cell
and contain more than one basis. Some important crystal structures are pointed out
explicitly in this Chapter.

2.1.1 Notation of Planes and Directions

Lattice planes and directions in crystals are generally denoted by triplets of integer
numbers h, k, l called Miller indices. To determine the Miller indices of a given
plane, first a coordinate system is constructed using base vectors of the unit cell
(regardless of being primitive or not). Then the intersection points of the plane with
the axes are determined in units of the lattice constants, i.e., as multiples of the base
vectors. Finally the reciprocal of these three values are expanded to the smallest
set of integer values. Example: A plane intersects the three axes of a cubic coor-
dinate system at (3,1,2) yielding the reciprocals (1/3,1,1/2), and consequently
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Table 2.1 The seven crystal systems and the 14 Bravais lattices. a, b, and c are lattice vectors
spanning the unit cell; α,β , and γ are angles between these vectors

System Unit cell Bravais lattices Symmetry axes

Cubic a = b = c,
α = β = γ = 90°

simple cubic,
body-centered cubic,
face-centered cubic

4 threefold axes parallel
to the diagonals of the
unit cell

Tetragonal a = b �= c,
α = β = γ = 90°

simple tetragonal,
body-centered tetragonal

1 fourfold axes of
rotation or inversion
parallel to c

Rhombohedral a = b = c,
α = β = γ �= 90°

rhombohedral 1 threefold axes of
rotation or inversion
parallel to a + b + c

Hexagonal a = b �= c, α = β = 90°,
γ = 120°

hexagonal 1 sixfold axes of rotation
or inversion parallel to c

Orthorhombic a �= b �= c,
α = β = γ = 90°

simple orthorhombic,
base-centered
orthorhombic,
body-centered
orthorhombic,
face-centered
orthorhombic

3 mutually perpendicular
twofold axes of rotation
or inversion parallel to a,
b, and c

Monoclinic a �= b �= c, α = γ = 90°,
β �= 90°

simple monoclinic,
face-centered
monoclinic

1 twofold axes of
rotation or inversion, e.g.
parallel to b

Triclinic a �= b �= c, α �= β �= γ ;
α,β, γ �= 90°

triclinic none

the Miller indices (2,6,3). Parentheses are used to signify a specific plane. Curly
brackets {hkl} are used if a set of crystallographic equivalent planes is denoted. To
specify a specific direction or a set of equivalent directions, square brackets [hkl] or
cuspid brackets 〈hkl〉 are used, respectively. The position of a point hkl is labeled
by giving the coordinates without brackets. Finally, negative values are denoted by
a bar on top, e.g., [h̄k̄l] means [−h−k l]. Position and nomenclature of some im-
portant low-index planes in cubic and hexagonal lattices are depicted in Fig. 2.1.
In the hexagonal system often four indices are used, i.e., hktl. The index t refers
to a third vector in the base plane of the unit cell and depends on the indices of the
vectors along u and v shown in Fig. 2.4d by the relation t = −(h + k). The index t

is hence redundant and commonly replaced by a dot. It should be noted that some-
times even this dot is dropped, so that Miller indices of cubic and hexagonal lattices
look similar. The directions of the hexagonal system given in Fig. 2.1 refer to the
commonly used convention.



2.1 Basic Crystal Structures 13

Fig. 2.1 Position of important planes and their Miller indices for cubic and hexagonal lattices

2.1.2 Wafer Orientation

Thin slices of bulk semiconductor crystals referred to as wafers are used for growth
of epitaxial layers. Wafers made of Si, GaAs, and InP with surfaces vicinal to {100},
{111}, and {110} are most common and produced by cutting an on-axis crystal at
the appropriate angle. Their cleavage planes are discussed in Sect. 2.1.4. The wafers
are usually of circular shape with 2 to 6 inch diameter (silicon up to 300 mm) and
300 up to 1000 µm thick (depending on diameter). Information on the orientation
of the crystallographic axes and the dopant type (n-type, p-type, or undoped) are
indicated by location and number of flats, features machined at the perimeter of the
wafer. Primary or major (orientation) flats and shorter secondary or minor (identifi-
cation/index) flats are used according different standards. Common standards are the
EJ (Europe/Japan), US, and SEMI options. Figure 2.2 shows some wafer geometries
of semiconductors with cubic structure along with crystallographic orientations.

2.1.3 Face-Centered Cubic and Hexagonal Close-Packed
Structures

The face-centered cubic and the hexagonal structure are often found in metals, and
the most important semiconductors crystallize in the related diamond, zincblende,
or wurtzite structures. Let us consider the atoms as spheres, which do not prefer any
direction of bonding. If such atoms are closely arranged in a plane, each one has
contact to six next neighbors, cf. Fig. 2.3a. The atoms form a hexagonal net plane,
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Fig. 2.2 Semiconductor wafers with standard flat orientations according various options. PF and
SF denote primary and secondary flats, respectively. The arrows along [010] and [001] refer to the
coordinate system of the two wafers on the left hand side

which we label plane B . To obtain a closely stacked three-dimensional arrangement,
atoms within a plane A on top of plane B must be arranged similarly, starting with
an atom above the interstice of three B-atoms. Note that only 3 of the 6 hexag-
onally arranged interstices of B are occupied by atoms in plane A. Hence there
are two alternatives for a plane C below plane B: Their atoms either use the inter-
stices not used above in plane A, or they are arranged similar to plane A. These two
different structures are referred to as face-centered cubic (fcc, stacking sequence
ABCABC along the [111] stacking direction) and hexagonal close-packed (hcp,
sequence ABAB). Note that both structures have the same stacking density.

Figure 2.3b shows that the ABC-stacked atoms are located on a cubic lattice,
with additional atoms centered on the six faces of the cube (the contour of the front
half of the fcc unit cell is only partially drawn for clarity). This is not the case in the
unit cell of the hcp structure, represented by the dark spheres in Fig. 2.4d.

2.1.4 Zincblende and Diamond Structures

Many solids are composed of more than one kind of atoms. Crystal structures of
some important binary bulk compounds with an at least partial ionic bond are given
in Table 2.2. Some of these solids may crystallize also in another structure as noted
in Table 2.3. ZnS and CdSe, e.g., have also a stable high temperature phase (here
wurtzite), which may be preserved at room temperature by suitable growth condi-
tions. Using epitaxy also structures which differ from that of the stable bulk crystal
may be stabilized.

In the zincblende and wurtzite structures, the bases of the primitive unit cells
consist of two atoms, which generally have different polarity. Their location is at
(0,0,0) and (1,1,1)×a/4, a being the lattice constant (cf. Fig. 2.4a). We will refer
to these atoms as cations and anions (like zinc and sulfur in ZnS). The zincblende
structure is composed of an fcc lattice of cations (represented by, e.g., dark spheres
in Fig. 2.4a) and an fcc lattice of anions. These two sublattices are displaced by a
quarter of the cube diagonal, i.e. by (

√
3/4)×a. As a result, each ion is tetrahedrally

surrounded by four ions of opposite polarity as depicted in Fig. 2.4a. 〈110〉 planes



2.1 Basic Crystal Structures 15

Fig. 2.3 (a) Hexagonal net
planes in a closed-packed
crystal structure. Δ and +
denote locations of atoms in
the planes above and below,
respectively, forming the fcc
structure shown in (b).
(b) Face-centered cubic
structure. A, B , and C label
different hexagonal lattice
planes in a face-centered
cubic lattice

of the zincblende structure contain an equal number of cations and anions, arranged
along zig-zag chains. Since their charges balance, 〈110〉 crystal faces are non-polar.
Crystals may usually be well cleaved parallel to non-polar planes, a fact used, e.g., in
laser devices made from zincblende semiconductors to fabricate resonator facets by
cleaving along two parallel 〈110〉 planes: Zincblende wafers with (100) orientation
scribed along [011] and [011̄] form side facets perpendicular to the wafer surface
and perpendicular to each other. In contrast, 〈100〉 and 〈111〉 planes contain only one
kind of ions and hence form polar faces. The [111] direction is not equivalent to the
[1̄1̄1̄] direction. In AB compounds like zincblende ZnS (A an B generally denoting
cations and anions, respectively, not to be confused with layer labels), wafers with
(111) surface have a cation-terminated A-face and an opposing anion-terminated
B-face, which can be distinguished, e.g., by different chemical etching behavior.
Typical compounds with zincblende structure are ZnS, GaAs, InP, and CuCl.

If the atoms on the two fcc sublattices are identical, we obtain the diamond struc-
ture (consider all atoms in Fig. 2.4a to be blue). Crystal faces of this structure are
non-polar, crystals may also be cleaved parallel to planes differing from 〈110〉. El-
ements crystallizing in diamond structure are C (diamond phase), Ge, Si, and Sn
(α phase). In Si and Ge primary cleaving planes are 〈111〉 planes: They produce less
dangling bonds than 〈110〉 planes upon cleaving. Si wafers with (100) orientation
scribed along [011] or [011̄] form {111} side facets inclined to the wafer surface by
an angle of 54.7°.

Table 2.2 Stable crystal structures of AB compounds composed of either group II and VI, or
group III and V elements. W, ZB, and Gr denote wurtzite, zincblende, and graphite structure, the
compound marked by a star does not exist. From [1]

Cation
group II

Anion
group VI

Cation
group III

Anion
group V

O S Se Te N P As Sb

Be W ZB ZB ZB B Gr ZB ZB *

Mg NaCl NaCl NaCl W Al W ZB ZB ZB

Zn W ZB ZB ZB Ga W ZB ZB ZB

Cd NaCl W ZB ZB In W ZB ZB ZB
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Fig. 2.4 The crystal structures of (a) zincblende, (b) rocksalt (NaCl), (c) cesium chloride (CsCl),
and (d) wurtzite

2.1.5 Rocksalt and Cesium-Chloride Structures

The cubic rocksalt structure (also termed sodium-chloride structure) shown in
Fig. 2.4b is composed of two fcc lattices for cations and anions, respectively, dis-
placed by half of the cube diagonal, i.e., by (

√
3/2) × a. The two ions of the basis

are located at (0,0,0) and (1,1,1) × a/2. As a result, each ion is octahedrally sur-
rounded by six ions of opposite polarity. Their charges balance on 〈100〉 crystal
faces, which are hence non-polar and build cleavage planes of this structure. Com-
pounds which crystallize in rocksalt structure are, e.g., NaCl, KCl, AgBr, FeO, PbS,
MgO, and TiN.

The cesium-chloride structure depicted in Fig. 2.4c consists of a simple cubic
lattice with a diatomic base. The two ions are located at (0,0,0) and (1,1,1)×a/2,
similar to the rocksalt structure. Typical compounds with cesium-chloride structure
are CsCl, NH4Br, TlCl, AgZn, AlNi, and CuZn.

2.1.6 Wurtzite Structure

The wurtzite structure shown in Fig. 2.4d is composed of two hcp sublattices, one
for cations and one for anions. In the ideal structure these sublattices are displaced
by u = 3/8c along the [001] direction, c being the vertical lattice parameter. The
ideal ratio of vertical and lateral lattice parameters is c/a = (8/3)1/2 = 1.633. The
u/c ratio of wurtzite-type crystals often deviates from the ideal value 0.375, and
likewise the c/a ratio. The deviation gives rise to a macroscopic spontaneous po-
larization, which can cause strong internal electric fields—e.g. in group-III nitrides
up to 3 MV/cm [2]. Lattice parameters for some crystal structures are listed in Ta-
ble 2.3. In wurtzite crystals the zig-zag chains of bonding lie within a non-polar
〈11.0〉 plane (Fig. 2.6, a plane Fig. 2.1). It is a cleavage plane perpendicular to the
(00.1) c plane. The top face of the unit cell represents the polar (00.1) plane. It is
often referred to as basal plane, i.e., a plane which is perpendicular to the princi-
pal axis (c axis) in a hexagonal or tetragonal structure. The [00.1] direction is not
equivalent to [00.1̄]; the (00.1) face is made up of cations and, e.g., in GaN referred
to as (00.1)Ga face, while anions build the (00.1̄) face ((00.1̄)N in GaN).
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Table 2.3 Lattice parameters of existing and hypothetical tetrahedrally coordinated crystals [1].
Italicized numbers are theoretical results from pseudopotential calculations, �EW-ZB is the calcu-
lated energy difference between wurtzite and zincblende structures at T = 0

Solid Wurtzite Zincblende
a (Å)

�EW-ZB
(meV/atom)a (Å) c (Å) c/a u/c

GaN 3.192 5.196 1.628 4.531

3.095 5.000 1.633 0.378 4.364 −9.9

InN 3.545 5.703 1.609

3.536 5.709 1.615 0.380 4.983 −11.4

AlN 3.112 4.980 1.600 5.431

3.099 4.997 1.612 0.381 4.365 −18.4

GaAs 5.653

3.912 6.441 1.647 0.374 5.654 12.0

AlAs 5.660

3.979 6.497 1.633 0.376 5.620 5.8

ZnS 3.823 6.261 1.638 5.410

3.777 6.188 1.638 0.375 5.345 3.1

CdS 4.137 6.716 1.624 5.818

4.121 6.682 1.621 0.377 5.811 −1.1

Si 5.431

3.800 6.269 1.650 0.374 5.392 11.7

C 2.51 4.12 1.641

2.490 4.144 1.665 0.374 3.539 25.3

2.1.7 Thermal Expansion

Epitaxy is performed at temperatures far above room temperature to provide suffi-
cient mobility of adatoms on the growing crystal surface. Typical growth temper-
atures are around 600 °C, but materials may require substantially lower or higher
temperatures (e.g., compound semiconductors containing Hg below 200 °C or ni-
trides well above 1000 °C). Cooling after epitaxy over a wide range to room temper-
ature or cryogenic temperatures is accompanied by a significant diminution of the
lattice constant due to anharmonic terms of the crystal potential. The difference in
the thermal expansion of substrate and layer materials may induce large strain in the
structure, leading to bending of the substrate and, in case of tensile strain, to cracks
in the epitaxial layer. Large differences in the thermal expansion of layers within
a heteroepitaxial structure may hence seriously affect structural properties and lead
to the requirement of inserting suitable buffer layers to accommodate the thermal
mismatch.
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Table 2.4 Linear thermal expansion coefficients and lattice parameters of some cubic and hexag-
onal semiconductors at 300 K. Data reported in literature have significant scatter, particularly for
hexagonal structures. Listed values represent some mean data

Semiconductor Lattice parameter (Å) Thermal expansion
coefficient (10−6 K−1)

a c αa αc

GaAs 5.6535 – 5.7 –

AlAs 5.660 – 5.2 –

InAs 6.058 – 4.5 –

GaP 5.4509 – 4.7 –

InP 5.8688 – 4.7 –

ZnS 5.410 – 7.1 –

ZnSe 5.668 – ∼ 7.4 –

CdTe 6.484 – 5.0 –

Si 5.4310 – 2.6 –

Ge 5.6576 – 5.7 –

GaN 3.183 5.185 ∼ 4.5 ∼ 4.0

AlN 3.11 4.98 ∼ 4.2 ∼ 5.3

ZnO 3.25 5.21 ∼ 4.7 ∼ 2.9

Within the thermal range of interest usually the description of a temperature-
dependent lattice parameter a(T ) by a linear thermal expansion coefficient (TEC)
α is applied according

a(T ) − a(T0)

a(T0)
= α × (T − T0).

Usually room temperature is taken as reference temperature T0. The thermal change
of volume is in general anisotropic and α is consequently a second rank tensor. It
is described by three components αi the principal axes of which are along those of
the strain tensor (Sect. 2.2.2). Along a principal axis the respective component αi is
defined by

αi = 1

a

(
∂a

∂T

)
P

.

For cubic crystals the three components αi are identical and the expansion coeffi-
cient becomes a scalar. Crystals with a hexagonal structure have two independent
components, namely αa = α⊥ perpendicular to the c axis and αc = α‖ along the c

axis. Linear expansion coefficients of semiconductors are typically of the order mid
10−6 K−1. Data for some semiconductors are given in Table 2.4.

The thermal expansion is actually not a linear function of temperature. The ex-
pansion coefficients depend on temperature and are usually positive quantities. Be-
low 100 K semiconductors with zincblende or diamond structure show a commonly
not observed negative thermal expansion [3, 4]. Above 300 K coefficient values
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slightly increase if the temperature is raised. An empirical relation by a polynomial
fit is sometimes applied to account for the temperature dependence of the thermal
expansion. In a specified temperature range a lattice parameter is then described by
a(T ) = a(T0)(1 + A + BT + CT 2 + DT 3), where T0 is the reference temperature
(generally 300 K) and T is the absolute temperature in K.

2.1.8 Structural Stability Map

Rules to predict crystal structures of solids from properties of atoms require first-
principle calculations with a high degree of accuracy, because the difference in
equilibrium energies of a given compound in two closely related structures is of-
ten less than 0.1 % of the cohesive energy. In the corresponding problem of the
regularities of the periodic table of the elements, a scheme with the two integral co-
ordinates principal and orbital quantum number was found. Starting from classical
approaches using atomic radii and Pauling’s electronegativity, today some largely
universal schemes for predicting the structural stability of many intermetallic com-
pounds of the form AxBy , of sp-bonded AnBp−n (p = 8 or 2, . . . ,6) semicon-
ductors and insulators, and of high-Tc superconductors have been suggested. The
success rate generally exceeds 95 %, and domains of different overlapping structure
types could be related to polymorphic structural forms [1, 5–8]. Most schemes use
orbital radii coordinates R, which are linear combinations of the s- and p-orbital
radial functions RA and RB of the atoms building the AB compound:

Rσ (A,B) = ∣∣(RA
p + RA

s

)− (
RB

p + RB
s

)∣∣, (2.1a)

Rπ(A,B) = ∣∣(RA
p − RA

s

)+ (
RB

p − RB
s

)∣∣. (2.1b)

Rσ gives a measure of the size difference between atoms A and B , and roughly
scales with ionicity. Rπ scales with the atomic s and p energy difference and mea-
sures to some extent sp-hybridization. Figure 2.5 shows a structural stability di-
agram for binary compounds of the form AnB8−n like GaIIIAsV, using radii of
(2.1a)–(2.1b) at which the all-electron atomic radial orbitals r × Rnl(r) have their
outer maxima.

Zincblende and wurtzite are the most common crystal structures of binary semi-
conductors. For these structures the orbital radii coordinates given in (2.1a)–(2.1b)
were used to calculate the equilibrium energy difference �EW-ZB between the ideal
wurtzite and the zincblende structure, cf. Table 2.3. Calculated structural deviations
from ideal wurtzite are small, the energy gain due to such relaxations is generally
smaller than 1 meV per atom (except for AlN, −2.7 meV) [1]. The study confirms
the phenomenological correlation, that wurtzite-stable compounds have smaller c/a

ratios than the ideal value, while zincblende and diamond-stable compounds have
larger ratios. As a further rule of thumb, a large difference in electronegativity and
atomic radii of atoms A and B favor the wurtzite structure.
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Fig. 2.5 Structural stability
map for binary AB

compounds, calculated using
atomic orbital radial
functions in units of the Bohr
radius. NaCl, W, ZB, and Gr
denote sodium-chloride,
wurtzite, zincblende, and
graphite structures,
respectively. The misaligned
cross in the zincblende range
marks a NiAs structure, the
triangles cinnabar (HgS)
structure. From [1]

2.1.9 Polytypism

Small values of equilibrium energy differences between wurtzite and zincblende
structure �EW-ZB given in Table 2.3 indicate an intrinsic low stability of the
crystal structure of some solids. In fact many solids may crystallize in multiple
crystal structures having identical stoichiometries, a phenomenon called polymor-
phism. Wurtzite and zincblende are two structures of a one-dimensional polymor-
phism referred to as polytypism. For a graphic representation of such polytypes of
tetrahedrally coordinated AB compounds a plot of the cation-anion zigzag chains,
which lie in the (11.0) plane of the hexagonal lattice and in the (110) plane of
the zincblende lattice, is useful. Figure 2.6 shows three prominent polytypes, the
zincblende 3C structure, and the two structures 4H and 6H. The number in the
notation refers to the periodicity, while C and H designate a cubic and hexagonal
structure, respectively. Using this notation, the wurtzite structure is labeled 2H.

There are numerous such polytypes known from some compounds, more than,
e.g., 100 for ZnS and about 170 for SiC; they build cubic (3C), hexagonal (H), and
rhombohedral (R) structures. All these modifications have the same lateral lattice
constant a in the representation chosen above, while c is an integer multiple of the
layer thickness. All polytypes may be considered as mixtures of 3C and 2H. The
4H modification is then composed equally of cubic (ABC next neighborhood) and
hexagonal (ABA) bonds. The notation of a given polytype by periodicity is not
unambiguous, e.g., periodic stacks of ABCACB and ABCBAB form inequivalent
hexagonal 6H modifications.

The different polytypes of a given compound have widely ranging physical prop-
erties. The energy band gap generally becomes greater as the wurtzite component
increases, see Table 2.5. The number of atoms within a unit cell and that of in-
equivalent atom sites increases with the size of the unit cell, and consequently also
the number of phonon branches. The electron mobility of the high symmetry 3C
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Fig. 2.6 Stacking sequences of binary AB compound polytypes depicted in the (11.0) plane of
the hexagonal lattice. Labels A, B , and C on the horizontal axis refer to atom sites, while such
labels on the vertical axis denote net planes as shown in Fig. 2.3b

polytype may be higher due to reduced phonon scattering. Furthermore, a particu-
lar doping impurity on inequivalent sites has different electronic properties due to a
more cubic or hexagonal environment.

A self-contained theory explaining the origin of polytypes with up to more than
100 planes within a period does not yet exist. The occurrence of long periods is often
associated with dislocations (Sect. 2.3), e.g., screw dislocations which induce spiral
growth. In such case the periodicity is determined by the step height of the growth
spiral. Short-period polytypes may be stabilized by growth conditions given by tem-
perature, pressure or gas-phase composition, due to different minima in formation
energy.

2.1.10 Random Alloys and Vegard’s Rule

Mixing two or more solids to an alloy, i.e., a solid solution, is an old technique
to modify properties of materials. Alloys with two, three, or four components are
called binary, ternary or quaternary alloys, respectively. In substitution alloys atoms
of comparable size are simply substituted for one another in the crystal structure.
Such alloys are routinely made from semiconductors to engineer properties like
lattice parameter or bandgap. Metals may also form interstitial alloys, where atoms
of one component are substantially smaller than the other and fit into the interstices
between the larger atoms.

Usually a random mixing of the atoms on the semiconductor lattice-sites of the
alloy is intended. Limits in the miscibility of the components or ordering effects in
the alloy may, however, lead to significant deviations from a random distribution
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Table 2.5 Physical properties of some polytypes, arranged in increasing order of wurtzite charac-
ter. The number of atoms refers to the primitive unit cell, Eg denotes the bandgap energy at 2 K.
Data from [9–11]

Polytype 3C 15R 6H 4H 2H

Space group symmetry Td C3v C6V C6V C6V

Atoms per unit cell 2 10 12 8 4

Inequivalent sites 1 5 3 2 1

SiC EX
g (eV) 2.390 2.906 3.023 3.265 3.330

a (Å) 4.349 3.08 3.081 3.073 3.076

c (Å) 37.70 15.117 10.053 5.048

ZnS E�
g (eV) 3.85 3.91

a (Å) 5.410 3.83 3.82 3.81 3.823

c (Å) – 46.88 18.72 12.46 6.260

GaN E�
g (eV) 3.21 3.503

a (Å) 4.50 3.189

c (Å) – 5.185

and consequently to altered physical properties of the alloy. There are three extreme
cases occurring in alloy formation.

• Random alloy: The probability of an atom next to a given atom in an AxB1−x

alloy is x for an A-atom and (1−x) for a B-atom. This is the case usually wanted
for applications.

• Ordered alloy: Atoms in the alloy have a regular periodic structure. The crystal
structure is then given by placing at each site of the Bravais lattice a multiatomic
base, yielding translational symmetry of the Bravais lattice in the alloy. Examples
are β-brass with alternating Cu and Zn atoms along [111] or CuPt structure of
In1−xGaxP at x ≈ 0.5. Since ordering requires a specific ratio in the number of
the atom types forming such alloys, they are also referred to as stoichiometric
alloys.

• Phase separation: Atoms of type A and B do not mix and are located at different
regions in the solid.

We consider the technologically important random alloy in more detail. We assume
two compound semiconductors AC and BC having the same crystal structure, A

and B representing cations and C an anion. Alloying leads to a semiconductor
AxB1−xC with a mixture of A and B atoms on the cation sublattice, while all
sites on the anion sublattice remain occupied by C atoms. Since the alloying forms
a binary sublattice (the unmixed materials AB and AC are already binary com-
pounds themselves) such alloys are called pseudobinary (sometimes also referred
to as ternary, though in a true ternary all components mix on the same lattice). The
concept may be extended to compounds AxB1−xCyD1−y usually termed quaternary
compound.
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The composition parameter x in the pseudobinary alloy AxB1−xC denotes that
on the average an anion C has x neighbors of type A and a fraction of 1 − x neigh-
bors of type B . A number of properties of true alloys are expected to scale by a
smooth interpolation between the two endpoint materials. This is usually well ful-
filled for the lattice constant. The empirical rule called Vegard’s rule [12] states
that a linear interpolation exists, at constant temperature, between the crystal lattice
constant of an alloy and the concentrations of the constituent elements. The lattice
constant aalloy from two materials A and B with the same crystal structure and lat-
tice constants aA and aB , respectively, is hence given by

aalloy = xaA + (1 − x)aB. (2.2a)

The lattice constant of a (pseudobinary) ternary alloy with a mixture of compounds
AC and BC is given by the same relation putting aA and aB to aAC and aBC ,
respectively. The linear relationship also holds for quaternary alloys. For compounds
of the type AxByC1−x−yD the interpolation yields

aalloy = xaAD + yaBD + (1 − x − y)aCD. (2.2b)

The lattice parameter for alloys of the type AxB1−xCyD1−y , where atoms A and B

mix on one sublattice and atoms C and D on another sublattice, is calculated from
the ternary parameters aABC , aABD , aACD , and aBCD ,

aalloy = x(1 − x)[yaABC(x) + (1 − y)aABD(x)] + y(1 − y)[xaACD(y) + (1 − x)aBCD(y)]
x(1 − x) + y(1 − y)

,

aABC(x) = xaAC + (1 − x)aBC, (2.2c)

aABD(x), aACD(y), and aBCD(y) accordingly.

Using Vegard’s rule (2.2a)–(2.2c) lattice matching to a substrate lattice parame-
ter is achieved using an appropriate composition x (and y) of materials with a
larger and a smaller lattice parameter. Example: In0.53Ga0.47As for epitaxy on InP
(aInAs = 6.0584 Å, aGaAs = 5.6533 Å, aInP = 5.8688 Å). It must be noted that the
adjustment of lattice parameters by alloying is accompanied by a change of the
bandgap energy and other properties. Often the composition is rather chosen for ob-
taining a desired band gap in the alloy. In a quaternary alloy lattice parameter and
bandgap energy can be adjusted independently (Sect. 3.1.4). Note that exact lattice
matching is generally met only for a given temperature, because the lattice param-
eter varies as the temperature is changed (e.g., from growth temperature to room
temperature) and different materials like substrate and layer have usually different
thermal expansion coefficients (cf. Sect. 2.1.7).

For stable two- and three-dimensional central-force networks (e.g. triangular net
or fcc lattice) Vegard’s rule was derived from quite general assumptions [13]. De-
viations from the linear relation are always found in metallic alloys [14], but they
are in practice usually negligible in miscible semiconductor alloys. Vegard’s rule
is therefore routinely used to measure the composition of a studied alloy from its
lattice parameter aalloy using, e.g., X-ray diffraction.
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Fig. 2.7 Mean cation-cation
distance dc in Zn1−xMnxSe
for varying Mn
concentration x. The distance
dc increases linearly with x

according Vegard’s rule also
across a change of crystal
structure. From [15]

Vegard’s rule may more generally apply for the average interatomic distances in
solids if structural changes without change of the coordination number occur in an
alloy. The example given in Fig. 2.7 shows the next-neighbor distance on the cation
sublattice in the diluted magnetic semiconductor Zn1−xMnxSe with magnetic Mn2+
ions substituting the nonmagnetic Zn2+ cations. For a fraction exceeding x ≈ 0.3
the crystal structure changes from zincblende to wurtzite. The c/a ratio of wurtzite
ZnMnSe is close to the ideal value of

√
8/3, indicating a close relationship to an

ideal close packing arrangement [15]. The type of coordination does not change
across the region in which the alloy changes between the crystal structures, which
both are based on a closest packing of spheres. Such factors favor compliance with
Vegard’s rule.

The simple linear relation of the concentration-weighted average bond length
expressed by Vegard’s rule (2.2a), (2.2b) suggests that the chemical bond of atoms
in an alloy smoothly changes between the values of the end-point materials. Such
assumption is the premise of the virtual-crystal approximation (VCA) discussed
below (Sect. 2.1.11). In real semiconductors this is not compelling. Experiments
like extended X-ray absorption fine structure measurements (EXAFS) [16, 17] show
that bond lengths in a semiconductor alloy are actually much closer to those of
the end-point materials. The bond length calculated using Vegard’s rule originates
essentially from the weighted average of alternating bonds [18].

The difference between Vegard’s rule and actual bond lengths is illustrated for
the pseudobinary alloy Ga1−x InxAs. Both GaAs and InAs crystallize in zincblende
structure. They are miscible over the entire range and form a random alloy. In X-
ray diffraction (XRD) measurements the lattice constant of this alloy is found to
vary linearly with the In composition x according Vegard’s rule. This behavior is
shown in terms of the measured cation-anion bond length

√
3 × a/4 in Fig. 2.8a

(squares) [19]. In contrast, a measurement of the local bond length using EXAFS
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Fig. 2.8 (a) Cation-anion near-neighbor distance as a function of In mole fraction in Ga1−x InxAs
alloys. Circles and squares refer to EXAFS and XRD data, respectively, the dotted line is the
cation-anion bond length (

√
3 × a/4) according to the virtual-crystal approximation (VCA), cal-

culated from the X-ray lattice constant. (b) As-As second-neighbor distance corresponding to
As-Ga-As and As-In-As bonds (black circles) and Ga-Ga, In-In, and Ga-In second-neighbor dis-
tances, denoted by gray triangles, squares, and circles, respectively. The dotted line represents
values expected from the VCA. Reproduced with permission from [16], © 1983 APS

demonstrates that actually two different types of bonds exist in the alloy: shorter
Ga-As bonds and longer In-As bonds, yielding in average a bond length varying
linearly with composition. Figure 2.8a shows that the actual individual bond lengths
are close to those of GaAs and InAs, and that they vary only little. Consequently
the two second-next neighbor distances of anions As-Ga-As and As-In-As given in
Fig. 2.8b differ and remain almost constant for all compositions x. This is not the
case for the second-next neighbor distances of cations depicted with gray symbols in
the figure. The distances of atoms on the cation sublattice are all within ∼0.05 Å of
the linear interpolation suggested by Vegard’s rule and the VCA considered below.
Distances of In-In are above, Ga-Ga below, and Ga-In very close to the VCA line
given in Fig. 2.8b. It should be noted that the bimodal near-neighbor distance shows
a quite small width of the distribution, whereas all second-nearest neighbor distribu-
tions are rather broad [16]. The data demonstrate that the atomic scale structure of
Ga1−x InxAs alloys features a near-neighbor distribution which consists of two well
defined distances. In contrast, the second-nearest neighbor mixed cation distances
exhibit a single broadened distribution, and the corresponding common anion dis-
tribution is bimodal. The cation sublattice hence approaches a linearly interpolated
VCA lattice, while the anions suffer a local displacement from the average position
in the lattice. The origin of this behavior was explained in terms of differences in
the distortion energy and the consequential mixing enthalpy [20].
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2.1.11 Virtual-Crystal Approximation

The virtual-crystal approximation (VCA) assumes an ideal hypothetical crystal to
model the properties of a random alloy formed by atoms A and B on a (sub-) lat-
tice. In a VCA crystal atoms A and B are replaced by a single kind of atoms C

whose properties are assumed as a linear average of those of A and B . The virtual
alloy made of pseudo-atoms C has hence a crystal structure common to the crys-
tals made of either A or B atoms with a linearly averaged crystal potential. The
assumption strongly reduces computational complexity and leads to a great popu-
larity of the approach. The VCA has been applied to semiconductor alloys within
various schemes like the semiempirical pseudopotential method or the empirical
tight-binding method.

A VCA crystal contains solely a single type of bonds and yields the linear rela-
tionship of lattice parameters in the alloy expressed by Vegard’s rule (2.2a)–(2.2c).
The approximation succeeded in calculating a number of problems like the fact of
an optical bandgap bowing discussed in Sect. 3.1.4. It must be noted that proper-
ties depending on local differences in the potentials of individual atoms like charge
redistribution or polarization are precluded in the VCA approach. Effects arising
from such differences as atom-A-like and atom-B-like features, also referred to as
chemical disorder, are not correctly described by the VCA approach.

2.2 Elastic Properties of Heterostructures

An epitaxial layer with a chemically different composition and potentially also a
different structure compared to the substrate represents a heterostructure. If the in-
terface does not contain structural defects, the layer—and to some minor extent
also the substrate—are strained, because the lattice parameters of layer and sub-
strate will generally differ due to differences in bond lengths and thermal expansion
coefficients. The elastic properties of the heterostructure can, to a very good approx-
imation, be determined using continuum mechanics, i.e., a macroscopic theory. To
assess the action of the structural and thermal misfits, we first consider the macro-
scopic effect of stress on the deformation of solids in general. An introduction into
this classical subject may be found in, e.g., Refs. [21, 22].

2.2.1 Strain in One and Two Dimensions

Stress leads to a deformation (strain) of a solid. For a one-dimensional problem the
effect of strain on a dilatable string is illustrated in Fig. 2.9. A point at an arbitrary
position x is displaced by u. In homogeneous stretching u is a linear function of x,
and the section �x is strained to �x + �u. The strain of the section �x can now
be defined as e = du/dx. It is a dimensionless quantity and small compared to 1.
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Fig. 2.9 Deformation of a
dilatable string in an
unstrained (top) and strained
state (bottom). The origin is
assumed to be fixed

We now extend the problem to the two-dimensional strain of a plane sheet. Here,
the strain is specified by the four quantities

eij = dui/dxj for i, j = 1,2. (2.3)

The quantities eij can be regarded as components of a second-rank tensor described
by a 2 × 2 matrix. Without any distortion all components are expected to vanish.
This is, however, not fulfilled for components defined in such a way; a simple rigid-
body rotation leads to non-zero off-diagonal components. To meet the condition of
zero components at zero distortion, the tensor is expressed as a sum of a symmet-
rical and an antisymmetrical tensor, yielding components eij = εij + εij . Only the
symmetrical part

εij = 1

2
(eij + eji) = εji (2.4)

is defined as the strain (the antisymmetrical components are εij = 1
2 (eij − eji) =

−εji ). The two-dimensional strain tensor then reads

ε =
[

e11
1
2 (e12 + e21)

1
2 (e12 + e21) e22

]
. (2.5)

In absence of a rotation, the diagonal components ε11 and ε22 directly measure the
extensions or compressions per length along the x- and y-axes, respectively. The off-
diagonals ε12 = ε21 measure the shear strain. The antisymmetrical tensor contains
only the two off-diagonal elements 1

2 (e12 − e21) and describes a pure solid-body
rotation potentially connected to the deformation of the area.

The deformation of an area (�x1,�x2) in the plane sheet is given by (�x1 +
�u1,�x2 + �u2) with the two displacement components

�ui = ∂ui

∂x1
�x1 + ∂ui

∂x2
�x2 = ei1�x1 + ei2�x2 for i = 1,2.

2.2.2 Three-Dimensional Strain

The description of three-dimensional strain is a generalization of the former cases.
The three diagonal components εii = eii (i = 1,2,3) = εxx, εyy, εzz, are the tensile
or compressive strains. They occur along the x, y, and z-axis, respectively, if no
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rotation is connected to the deformation. The sum of the diagonal components yields
the relative change of volume originating from the strain,

�V

V
=

3∑
i=1

εii . (2.6)

In the off-diagonal elements the quantities eij describe rotations similar to the
two-dimensional case. e12 describes an anticlockwise rotation about the z-axis,
e21 = −e12. Similarly, e13 and e23 describe rotations about the y and x-axes, re-
spectively. The off-diagonal terms of ε are again symmetrized and represent shear
strains,

εij = 1

2

(
∂ui

∂xj

+ ∂uj

∂xi

)
, (2.7)

yielding the three-dimensional strain tensor

ε =
⎡
⎢⎣

e11
1
2 (e12 + e21)

1
2 (e13 + e31)

1
2 (e12 + e21) e22

1
2 (e23 + e32)

1
2 (e13 + e31)

1
2 (e23 + e32) e33

⎤
⎥⎦ . (2.8)

Since the strain tensor is symmetric, only 6 of the 9 components are independent.
The 6 independent components are often written according the Voigt notation in
form of a 6 × 1 matrix for short. This symbolic vector is formed by the index sub-
stitution 11 → 1, 22 → 2, 33 → 3, 23 and 32 → 4, 31 and 13 → 5, and 12 and
21 → 6, yielding

ε =
⎡
⎣ε11 ε12 ε13

ε12 ε22 ε23
ε13 ε23 ε33

⎤
⎦ → ε =

⎛
⎜⎜⎜⎜⎜⎜⎝

ε1
ε2
ε3
ε4
ε5
ε6

⎞
⎟⎟⎟⎟⎟⎟⎠

. (2.9)

In the Voigt notation the shear components of the strain tensor are usually defined in
terms of an engineering convention instead of the physical convention used above.
The engineering quantities are ε

engin.

ij = 2εij , i �= j . This allows for writing Hooke’s
law in the simple notation with reduced indices (2.10). A 3 × 3 matrix composed of
the off-diagonals ε

engin.

ij and the diagonals εii of ε does, however, not form a tensor,
because such array does not transform according the rules of a second-rank tensor
[21]. This must be considered if the strain occurs not along the principal directions.

We briefly consider the three-dimensional stress, which gives rise to the strain
treated above. Similar to the strain ε all stress components are combined in a sym-
metric second order stress tensor σ , which often is likewise written in form of a
vector. Any stress may be composed of three components: uniaxial stress, shear
stress, and hydrostatic stress. Uniaxial tensile or compressive stresses σxx , σyy , and
σzz, act along the axes x, y, and z, respectively. They are built by force pairs act-
ing normal to the surfaces (see Fig. 2.10) and have the unit of a force per area, i.e.,
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Fig. 2.10 Deformation of a solid by (a) uniaxial stress, (b) shear stress, and (c) hydrostatic stress

N/m2 or Pa. If the forces act tangentially, they create a shear stress and are labeled
σxy, σyz, and σxz. The first and second index denote the axis of force direction and
the normal of the surface where the force acts, respectively. In the Voigt notation the
same index substitution is used as that applied for the strain, but no factor of 2 is put
into the off-diagonal elements.

2.2.3 Hooke’s Law

If the strain is not too large, the interaction potential of the atoms in the solid is
well described in the harmonic approximation, and we obtain a linear relation-
ship between stress and resulting strain. For the analogous problem of a spring,
Robert Hooke stated in the 17th century that the force exerted by a mass attached
to a spring is proportional to the amount the spring is stretched. In the generalized
Hooke’s law the constant of proportionality in the one-dimensional case is replaced
by the elasticity stiffness tensor C. C is a fourth-order tensor comprising 34 = 81
components Cijkl . By considering all symmetries present in crystalline solids, the
number of non-zero components is reduced to 36. C is usually written according
Voigt’s notation in form of a 6×6 matrix by putting Cijkl = Cmn (i, j, k, l = 1,2,3;
m,n = 1, . . . ,6). Using the Voigt notation for stress and strain defined in (2.9) and
accordingly the 6 × 6 matrix representation for C, Hooke’s law reads

⎛
⎜⎜⎜⎜⎜⎜⎝

σ1
σ2
σ3
σ4
σ5
σ6

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎝

C11 C12 C13 C14 C15 C16
C21 C22 C23 C24 C25 C26
C31 C32 C33 C34 C35 C36
C41 C42 C43 C44 C45 C46
C51 C52 C53 C54 C55 C56
C61 C62 C63 C64 C65 C66

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ε1
ε2
ε3

ε
engin.

4

ε
engin.

5

ε
engin.

6

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (2.10)

where ε
engin.

i denotes shear components of the strain according the engineering con-
vention. Equation (2.10) may be written σ = Cε for short. The inverse relation is
given by the compliance matrix S = C−1, yielding ε = Sσ . In Voigt’s notation of S
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some factors appear, which are not necessary in C [21]: Smn = Sijkl when m and n

are 1, 2, or 3; Smn = 2Sijkl for either m or n being 4, 5, or 6; Smn = 4Sijkl when
both m and n are 4, 5, or 6.

A particular stress component is given by

σi =
6∑

k=1

Cikεk, (2.11)

where εk denotes the engineering quantities when k > 3. The components of the
elasticity matrix C are called (second order) elastic stiffness constants. C is a sym-
metric matrix, which has at most 21 independent coefficients. The factor of 2 in
ε

engin.

k with respect to εk had to be introduced in order to write Hooke’s law in this
simple form with reduced indices. If we write (2.11) in the initial full tensor nota-
tion

σij =
3∑

k=1

3∑
l=1

Cijklεkl, (2.11a)

we obtain for the off-diagonals the summands Cijklεkl + Cijlkεlk (k �= l). In the
shorter matrix notation (2.11) the corresponding summands Cmnεn (n = 4,5,6)

only appear once. The missing factor of 2 is therefore put into the off-diagonal
elements by introducing the engineering convention. The procedure has the disad-
vantage that it applies only for strain along the principal axes for the usually listed
constants Cmn, e.g., along the [001] direction. For other orientations (2.11a) needs
to be rotated to obtain a transformed elasticity tensor C′

ijkl [23].
We return to the simplified C matrix of (2.10) with 21 independent coefficients.

For crystal structures with high symmetry, many of these coefficients are 0. In ad-
dition, some coefficients are related to others. Any cubic crystal structure has only
3 independent elastic stiffness coefficients, namely C11, C12, and C44. This strong
reduction originates basically from the equivalence of the three cubic axes. Any
hexagonal crystal structure has 5 independent coefficients. As an example, the ma-
trix notations of the elasticity tensors of a cubic and a hexagonal structure are given
by

Ccubic =

⎛
⎜⎜⎜⎜⎜⎜⎝

C11 C12 C12 0 0 0
C12 C11 C12 0 0 0
C12 C12 C11 0 0 0

0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C44

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(2.12)

Chexagonal =

⎛
⎜⎜⎜⎜⎜⎜⎝

C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0

0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C11−C12

2

⎞
⎟⎟⎟⎟⎟⎟⎠

.
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Table 2.6 Elastic stiffness constants of some cubic and hexagonal solids at room temperature,
given in units of 1010 Pa. Column 2 denotes structures as discussed in Sect. 2.1, values for carbon
(C) refer to the diamond modification

Material Structure C11 C12 C13 C33 C44

Au [24] fcc 19.0 16.1 – – 4.2

Al [25] fcc 10.9 6.3 – – 2.8

W [25] bcc 51.5 20.4 – – 15.6

Mg [24] hcp 5.9 2.6 2.1 6.2 1.6

NaCl [24] NaCl 4.9 1.3 – – 1.3

CsCl [24] CsCl 3.7 0.9 – – 0.8

C [9] D 107.6 12.5 – – 57.7

Si [9] D 16.6 6.4 – – 8.0

ZnS [9] ZB 9.8 6.3 – – 4.5

ZnSe [9] ZB 9.0 5.3 – – 4.0

GaAs [9] ZB 11.9 5.4 – – 6.0

InAs [9] ZB 8.3 4.5 – – 4.0

GaN [26] W 39.0 14.5 10.6 39.8 10.5

AlN [26] W 39.6 13.7 10.8 37.3 11.6

InN [26] W 22.3 11.5 9.2 22.4 4.8

ZnO [27] W 20.6 11.7 11.8 21.1 4.4

Values of Cmn for some solids are listed according the engineering notation in
Table 2.6.

For isotropic solids only 2 independent stiffness constants exist, describing the
response on axial and shear stress. For such materials C is given by the cubic ma-
trix in (2.12), putting C44 = 1

2 (C11 − C12). The two independent elastic constants
are called Lamé constants μ = G = C44 and λ = C12. G is the shear modulus. Of-
ten any other two constants are used, and a number of relations exist to express
their dependences. If the elastic properties of isotropic solids are expressed in terms
of components of the compliance matrix S, the two independent components are
S11 = 1/E and S12 = −ν/E; S44 = S55 = S66 then equals (2+2ν)/E. E is Young’s
modulus (also referred to as elastic modulus) and represents the ratio stress/strain,
and ν is Poisson’s ratio considered below. The two quantities are related to the Lamé
constants by

E = μ(2μ + 3λ)

μ + λ
, ν = λ

2(μ + λ)
.

2.2.4 Poisson’s Ratio

Virtually all common materials undergo a transverse contraction when longitudi-
nally stretched, and a transverse expansion when longitudinally compressed. The
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quotient of such deformations is a material property termed Poisson’s ratio ν:
ν = −(transverse strain/longitudinal strain) for a uniaxial tensile stress applied in
longitudinal direction. It is usually a positive quantity, though also negative Pois-
son’s ratios were reported for novel foam structures called anti-rubber which have
inter-atomic bonds realigning with deformation [28].

For isotropic solids comprising polycrystalline materials ν is given by the ra-
tio of the two independent stiffness constants C11/C12. For non-isotropic materials
like any crystalline solid ν depends on the stress direction. For cubic materials and
stress along an axis of the unit cell, the ratio is ν = C12/(C11 + C12), for other axes
and symmetries the relation gets more bulky [29]. Values for Poisson’s ratios range
between 0.5 (incompressible medium) and −1 (perfect compressibility), values for
ordinary materials are between 0.25 and 0.3 for common semiconductors, 0.45 for
Pb, and 0.33 for Al.

2.2.5 Pseudomorphic Heterostructures

We consider a free standing crystalline structure consisting of two layers, which
have a common interface as delineated in Fig. 2.11. We assume the layers to have the
same cubic crystal structure, but—in absence of the common interface—different
unstrained lattice constants a and thicknesses t labeled a1, t1, a2, and t2, respec-
tively. If the difference in lattice constants is not too large (say, below 1 %), the lay-
ers may form an interface without structural defects and adopt a common in-plane
lattice constant a‖ parallel to the interface, with an intermediate value a1 > a‖ > a2.
Since a‖ is smaller than the relaxed (unstrained) lattice parameter a1, layer 1 is com-
pressively strained in lateral direction (i.e., parallel to the interface) by the contact to
layer 2. Layer 1 consequently experiences a distortion also in the vertical direction
to approximately maintain its bulk density. The vertical lattice constant a1⊥ of the
strained layer 1 is hence larger than the unstrained value a1. Vice versa layer 1 ex-
erts a laterally tensile stress on layer 2, leading likewise to a vertical strain a2⊥ < a2.
Such a heterostructure is called pseudomorphic, and the layers are designated co-
herently strained.

In the strained cubic heterostructure illustrated in Fig. 2.11, the strain in the two
lateral directions, say x and y, is equal, εxx = εyy = ε‖. Such a biaxial strain results
in a tetragonal distortion. Since the structure is assumed to be free-standing, no force
is applied along the z-direction. The stress tensor component σzz is thus always
zero. Inserting the cubic elasticity tensor (2.12) into Hooke’s law (2.10) and setting
up (2.11) for σzz, we obtain a relation between the diagonal strain components and
hence between ε‖ and ε⊥:

σzz = 0 = C12εxx + C12εyy + C11εzz,

εzz = −C12εxx + C12εyy

C11
= −2C12

C11
εxx,

ε⊥ = −D001ε‖.

(2.13)



2.2 Elastic Properties of Heterostructures 33

Fig. 2.11 Schematic of a heterostructure consisting of two layers with a common interface. a‖ is
the common lateral lattice constant, a1⊥ and a2⊥ denote the vertical lattice constants of the strained
layers 1 and 2

The distortion factor D001 is given in (2.17) also for other orientations of the in-
terface. Vertical strain εzz = ε⊥ and lateral strain ε‖ virtually always have opposite
sign, since common stiffness constants Cij are positive quantities. The volume of
the unit cell is usually not preserved during deformation: The effect of the counter-
acting strain perpendicular to the interface does not fully compensate the in-plane
strain. In the case of a tetragonal distortion no in-plane shear strain occurs, the re-
spective off-diagonal elements of the strain tensor are hence zero. According (2.6)
the volume change is given by the trace of the strain tensor,

�V/V = εxx + εyy + εzz. (2.14)

The in-plane lattice constant a‖ of the pseudomorphic heterostructure (Fig. 2.11) is
given by a balance of the elastic strain minimizing the strain energy [30],

a‖G1t1 + a‖G2t2 = a1G1t1 + a2G2t2,

a‖ = a1G1t1 + a2G2t2

G1t1 + G2t2
.

(2.15)

G denotes the shear modulus and depends on the crystal structure and the crystallo-
graphic orientation of the interface plane. a and t are the unstrained lattice parameter
and the thickness of the respective layer. For a cubic structure, like e.g. zincblende,
the shear moduli Gi of layers 1 and 2 are given by

Gi = 2
(
Ci

11 + 2Ci
12

)
(1 − Di/2), (2.16)

with the distortion factors D of the respective orientations

D001 = 2C12

C11
,

D110 = C11 + 3C12 − 2C44

C11 + C12 + 2C44
,

D111 = 2C11 + 4C12 − 4C44

C11 + 2C12 + 4C44
.

(2.17)
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The factors D represent the ratios −εi⊥/εi‖ for the respective orientations of the
interface, i.e., the ratios of normal and lateral strains for a biaxial deformation. The
assumption of a constant ratio in strained layers is based on the assumed validity of
Hooke’s law (2.10).

It should be noted that distortions along 〈110〉 or 〈111〉 reduce the crystal sym-
metry in a way that the atomic positions in the unit cell are not uniquely determined
by strain. The shifts originate from changes in the bond strengths: Strain along [111]
in zincblende or diamond structures, e.g., makes the [111] bond inequivalent to the
other [1̄1̄1], [1̄11̄], and [11̄1̄] bonds, leading to a static displacement of the sublat-
tices. Introducing an internal strain parameter ξ [31], the [111] bond is elongated by
(1 − ξ)ε44a

√
3/4. ξ = 0 and 1 correspond to perfectly strained positions and rigid

bond lengths, respectively [32].
Using the constants D also the vertical change of the unit cell in layer i can be

calculated,

ai⊥ = ai

(
1 − Di(a‖/ai) − 1

)
. (2.18)

It should be noted that a‖ and a⊥ represent the actual lattice constants only for
the (001) orientation of the interface plane. For other orientations these quantities
express the change of the unit cell dimensions under strain. The lateral and vertical
strains of layer i are related to the respective strained lattice parameters by

εi‖ = a‖
ai

− 1, (2.19a)

εi⊥ = ai⊥
ai

− 1, (2.19b)

where the quantity ai denotes the unstrained lattice constant of layer i. In a cor-
responding hexagonal structure with a basal-plane interface, the lattice constants
a and c of the considered layer are inserted in a‖ and a⊥ of (2.19a), (2.19b), re-
spectively. Using analogous insertions made to obtain (2.13), the relation reads for
hexagonal structures

ε⊥ = −2C13

C33
ε‖. (2.19c)

Pseudomorphic Layer

A thin epitaxial layer grown on a much thicker substrate is described by considering
t1/t2 → 0 in (2.15). We see that then a‖ = a2. The unstrained lattice constant aL
of the layer (a1 in (2.15)) laterally adopts the lattice constant of the substrate aS
(a2 in (2.15)) at epitaxial growth and can be varied using different substrates. The
substrate remains virtually unstrained due to its large thickness, and the misfit (or,
lattice mismatch) f between the two crystals is usually expressed by

f = aS − aL

aL
. (2.20a)
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Fig. 2.12 Biaxially strained layers (yellow atoms) on substrates (blue atoms) with another lattice
constant aS. In (a) the unstrained lattice constant of the layer aL is larger than aS, and the layer is
compressively strained in lateral direction; in (b) the layer is tensely strained

It must be noted that also other definitions for the lattice mismatch are used in liter-
ature, particularly the relations

falternative1 = aL − aS

aS
(2.20b)

and

falternative2 = aL − aS

aL
. (2.20c)

Note the change in sign of the alternative relations with respect to (2.20a).
If we compare (2.20a) with (2.19a), we notice that the misfit is equal to the lateral

strain of the epitaxial layer: f = ε‖. This applies for coherent growth, i.e., growth
with an elastic relaxation of the strain without formation of defects. Such a layer is
called pseudomorphic. f may have either sign as illustrated in Fig. 2.12 by compar-
ing a compressively and a tensely strained layer.

2.2.6 Critical Layer Thickness

A strained solid like the layers considered in Fig. 2.12 contains a strain energy per
volume E/V . The differential work of deformation for a small increment of strain
is given by

1

V
dE =

6∑
i=1

σidεi . (2.21)

Integration of (2.21) using (2.11) yields the elastic energy density of a strained solid,

E

V
= 1

2

6∑
i=1

6∑
k=1

Cikεiεk. (2.22)
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For a cubic material (2.22) reads

E

V
= 1

2

(
C11

(
ε2
xx + ε2

yy + ε2
zz

)+ 2C12(εyyεzz + εzzεxx + εxxεyy)

+ C44
(
ε2
yz + ε2

zx + ε2
xy

))
, (2.23)

with the three respective terms of hydrostatic, uniaxial, and shear strains. We see that
the homogeneous energy density increases quadratically with strain in the harmonic
approximation of Hooke’s law. If a cubic, biaxially strained pseudomorphic layer
is considered, which is allowed to elastically relax according Poisson’s ratio, the
elastic energy density is given by [33]

E

AtL
= 2Gε2‖

1 + ν

1 − ν
, (2.24)

A, tL, G,ε‖, and ν being the area, the strained layer thickness, the shear modulus,
the in-plane strain parallel to the interface, and Poisson’s ratio of the layer, respec-
tively. According (2.24) the areal density of the elastic strain energy in the layer
E/A increases linearly with the layer thickness tL and quadratically with ε‖, i.e.,
the misfit f for a pseudomorphic layer. Areal strain energy is hence accumulated as
the layer thickness increases. At some critical thickness tc this energy is larger than
the energy required to form structural defects which plastically relax the strain. Such
defects are dislocations, the nature of which is studied in more detail in Sect. 2.3.
The plastic relaxation reduces the overall strain, but at the same time the dislocation
energy increases from zero to a value determined by the particular dislocation.

Quite a few models were developed to calculate the critical thickness tc of a
pseudomorphic epitaxial layer depending on the misfit f with respect to the sub-
strate. They all consider some energy balance or, equivalently, a balance of forces
or stresses, by comparing the amount of homogeneous strain energy relaxed by the
introduction of a particular defect with the energy cost associated with the forma-
tion of this defect. Basic early work by Frank, Van der Merve, and co-workers de-
scribed the plastic relaxation by an array of parallel, equally spaced misfit disloca-
tions (Sect. 2.3.5) [34–36], or by a two-dimensional grid of such dislocations at the
interface [37–40]. A more simple approach for predicting the critical thickness was
developed by Matthews and Blakeslee [41, 42]. The model considers the force on
a threading dislocation penetrating from the substrate through the epitaxial layer,
which creates a dislocation at the interface and gives rise to a comparable scenario
as considered by Van der Merve and co-workers.

The general picture is outlined below, assuming a structural lattice defect that
can relax the strain of the layer by a plastic deformation. Such a dislocation formed
by, e.g., the insertion of an extra lattice plane in the layer is depicted in Fig. 2.13.
The end of the additional half-plane near the interface of the heterostructure builds
a dislocation line with a locally highly strained region. The formation of this dislo-
cation requires a formation energy ED. This energy cost is balanced by the elastic
relief of homogeneous strain energy in the layer lattice outside the core region of
the dislocation line.
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Fig. 2.13 Scheme of a
dislocation introduced into a
layer, that plastically relaxes
the strain. Layer and substrate
are represented by yellow and
blue atoms, respectively. The
inserted extra plane is shown
in cross section and
represented by the dashed red
line

Whether or not plastic relaxation occurs in the epitaxial layer depends on the
minimum of the elastic energy EI at the interface. EI is given by the sum of homo-
geneous strain energy in the layer and dislocation energy. The dislocation energy
ED depends on the particular geometry and the amount of plastic relaxation as ex-
pressed by the Burgers vector (Sect. 2.3). The remaining mismatch f of the (par-
tially) relaxed layer refers to an average lattice constant of the layer. In the presence
of dislocations f is less than the natural misfit, which is defined by the unstrained
lattice constants in (2.20a)–(2.20c) and denoted f0 in the following. To a good ap-
proximation f is given by the sum of f0 and the lateral strain

ε = aL − aL,0

aL,0

which normally has opposite sign; aL,0 denotes the unstrained lattice parameter of
the layer. The dependence of EI from ε is then given by

EI/A = EH/A + ED/A,

EH/A ∝ tLε2,

ED/A ∝ ε + f0.

(2.25)

The relation for the interface energy given by (2.25) is illustrated in Fig. 2.14 for
a GaAs0.9P0.1 layer on GaAs substrate with a natural misfit f0 = −0.36 % and
a thickness below, just at, and above the critical value for plastic relaxation [39].
The homogeneous strain-energy density disappears at zero strain and increases
quadratically with ε (black curves), while the dislocation energy density gets zero
at f = ε + f0 = 0 (light gray curves). In any case the energy density at the inter-
face EI/A (gray curves) tends to attain a minimum. The criterion for the critical
thickness tc is [43]

∂(EI/A)/∂
(|ε|) = 0, (2.26)

evaluated at |ε| = |f0|. For tL > tc the homogeneous strain of the layer gets larger
than the natural misfit |f0|, and dislocations introduce a strain of opposite sign,
thereby reducing |ε| and hence EI/A. The critical thickness is usually inverse to the
natural misfit in a wide range, cf. Fig. 2.15.



38 2 Structural Properties of Heterostructures

Fig. 2.14 Areal energy densities occurring at a biaxially strained layer with a thickness of 15, 50
and 100 times the substrate lattice constant. ε denotes lateral strain, f0 = −0.36 % is the assumed
natural misfit. The black, gray, and light gray curves are homogeneous strain, strain at the inter-
face, and dislocation energy, respectively. The arrow denotes an energy minimum of a thick layer
attained by plastic strain relaxation

For the evaluation of the critical thickness in a given heterostructure the geometry
of the strain-relaxing dislocations must be specified. We consider the example of
a semiconductor layer with diamond (or zincblende) structure and accommodating
60° dislocations, which are most prominent in such solids and are treated in detail in
Sect. 2.3. We assume a biaxially strained layer with a given Poisson ratio ν. Taking
the dislocation energy ED from (2.36), the energy at the interface EI (2.25) reads

EI/A = EH/A + ED/A

= 2Gtε2 1 + ν

1 − ν
+ bG

|ε + f0|(1 − ν cos2 α)

2π(1 − ν) sinα cosβ
ln

(
ρR

b

)
. (2.27)

The strain denotes the in-plane components ε = εxx = εyy = ε‖, and the geometry of
the dislocation is expressed in terms of the absolute value b of its Burgers vector b,
the angle α between the Burgers vector and the dislocation line vector, and the angle
β between the glide plane of the dislocation and the interface. R is the cut-off radius
defining the boundary of the strain field produced by the dislocation core, and the
factor ρ accounts for the strain energy of the dislocation core and is of the order of
unity. We now apply condition (2.26) to the interface energy (2.27) and put R = tc,
because the first dislocations are expected to appear if the cut-off radius is equal to
the critical layer thickness. This gives the relation [39]

tc = b
(1 − ν cos2 α)

8π |f0|(1 + ν) sinα cosβ
ln

(
ρtc

b

)
. (2.28)

The critical thickness tc can be calculated numerically from this transcendent equa-
tion for a given natural misfit f0. If the geometrical parameters of the 60° disloca-
tion are inserted for the considered geometry, b = a/2 × [101] = a/

√
2, α = 60°,

β = 54.7°, and assuming ρ = 4 for the dislocations and ν = 0.25 for layer, we obtain
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Fig. 2.15 Critical thickness
of a biaxially strained layer
with diamond or zincblende
structure in units of the
substrate lattice constant as
for the introduction of
accommodating 60°
dislocations. From [39]

the dependence of tc shown in Fig. 2.15 [39]. The geometry of the 60° dislocation
in zincblende crystals is depicted in Fig. 2.24b.

The dependence given in Fig. 2.15 follows approximately the relation tc ∼
1/|f0|. It should be noted that the actual degree of plastic relaxation does not solely
depend on the misfit, but also on the growth procedure: Kinetic barriers for the
generation and movements of misfit dislocations may lead to significantly larger
values of the critical thickness than expected from equilibrium calculations. For
metal layers, the experimentally determined values agree reasonably well with the
predictions by equilibrium theory. For semiconductor layers, however, much larger
values were observed. Equilibrium considerations are though useful to provide a
reasonable measure for the lower limit of the critical layer thickness.

2.2.7 Approaches to Extend the Critical Thickness

Epitaxy of heterostructures free of dislocations (at least within the diffusion length
of charge carriers) is of particular importance for electronic and optoelectronic ap-
plications. Dislocations introduce local inhomogeneities, giving rise to a short life-
time and non-radiative recombination of charge carriers in semiconductors. Further-
more, piezoelectric effects associated with local strains change electronic properties.
Dopants may precipitate at dislocations or strongly change diffusion characteristics.
Fast degradation of devices often is connected to the action of dislocations. In device
fabrication the reduction of the dislocation density in the active region below a level
usually defined by the diffusion length of charge carriers is therefore an important
issue. Typical values in semiconductor industry are in the range below 102 cm−2

for Si and 102 to 103 cm−2 for III–V arsenides. Nitride semiconductors have much
higher values in the range 104 to 106 cm−2 for lasers and 107 to 109 cm−2 for LEDs
and electronic devices.
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A number of concepts is applied to extend the critical thickness beyond the limit
given by the natural misfit. In many cases alloying of the layer materials by mixing
crystals of different lattice constants is used to closely match the substrate lattice
constant. The lattice constants of alloys are generally found to vary linearly with
composition, a relation expressed by Vegard’s rule (Sect. 2.1.10). Since simulta-
neously the bandgap of the alloy varies, this may require mixing of more than two
components with counteracting effects on bandgap and lattice constant (Sect. 3.1.4).
Growth of such ternaries or quaternaries sometimes encounters thermodynamic lim-
its, stimulating the search for alternatives.

Buffer Layer

A widely applied method to reduce the dislocation density of lattice-mismatched
heterostructures is the introduction of a buffer between the epitaxial structure and
the substrate [44]. Such layers or layer stacks confine misfit dislocations in a region
below the active part and should in particular suppress the penetration of dislocation
lines, i.e., the threading dislocations. A simple approach for a buffer is a uniform
buffer layer (thick, µm range) with a high defect density near the interface to the sub-
strate. The density of threading dislocations in a mismatched layer is usually found
to decrease inverse to its thickness due to reactions of dislocations with opposite
sign. Such buffer layers are referred to as metamorphic. They are to a large extend
plastically relaxed and their lattice parameter approaches the unstrained value. Due
to the thermal mismatch with respect to the substrate there will always remain some
strain below growth temperature. A thick uniform buffer layer is also called virtual
substrate.

The approach of a uniform buffer grown at low temperature is widely applied
in nitride growth on sapphire [45, 46]. This systems is strongly structurally and
thermally mismatched, giving rise to peeling off and cracking of epitaxial GaN lay-
ers grown without buffer. The basic idea is the deposition of a nitride layer with
poor crystallinity at a low temperature where adatom mobility is low, and a subse-
quent crystallization by an annealing step. The interface to the substrate then con-
tains numerous defects making the buffer compliant to accommodate misfits, while
the surface consists of well oriented crystallites which can coalesce during over-
growth.

It should be noted that the epitaxial layer may have a different crystallographic
orientation or a different crystal structure than the substrate. A prominent example is
the prevalent growth of wurtzite (hexagonal) GaN on basal plane corundum (trigo-
nal) α-sapphire Al2O3. The [00.1] directions (or (00.1) planes, respectively) of GaN
and Al2O3 coincide, but the [10.0] direction of GaN is parallel to the [11̄.0] direc-
tion of the Al2O3 substrate [47, 48]. This corresponds to a rotation of the epitaxial
unit cell by 30° around the [00.1] c-axis as compared to that of the substrate. Gen-
eral matching conditions for any pair of crystal lattices and any orientation may be
found by considering interface translational symmetry [49]. The two lattices match
if the two two-dimensional lattices, formed by the crystal translations of the paired
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lattices parallel to the common interface, have a common superlattice. Such geomet-
rical lattice match may induce epitaxial growth, but interface chemistry will always
play a major role.

A drawback of the uniform relaxed buffer layer is the large thickness required to
obtain a threading-dislocation density suitable for device-grade material of the epi-
taxial structure grown on top. Another approach is the graded buffer consisting of
a continuously (or stepwise) change of the lattice constant by alloying with consec-
utive changing alloy parameters. Usually a linear grading of the composition—and
consequently also of the lattice mismatch—is applied. The dislocation density at the
surface of a graded buffer is expected to be inverse to the concentration gradient and
also to the applied growth rate, if the gliding process of dislocations is not signifi-
cantly impeded. Though such condition usually does not apply, strain relaxation in
graded buffers was found to be more efficient than in uniform buffer layers.

A more sophisticated approach is the so-called dislocation filtering using a
strained-layer superlattice. Multilayer structures with either alternating strain or
alternating elastic stiffness were employed. Strains in the superlattice may cause
bending of dislocation lines, leading to a meandering in alternating strain fields.
Bending is also promoted when a dislocation line enters an elastically softer layer.
The bending of dislocation lines increases the probability for defect reactions and
favors annihilation. The thickness of the individual layers in the superlattice must
be below the critical value for that particular layer, because the layers should induce
a bending of dislocation lines without introducing new dislocations.

Epitaxial Lateral Overgrowth

A conceptual different approach is epitaxial lateral overgrowth (ELO or ELOG)
[50]. The technique can be employed if the growth rate in lateral direction, i.e.,
parallel to the surface, is much larger than the vertical growth rate by choosing
suitable growth parameters. Moreover, conditions for selective epitaxy must exist,
where deposition occurs on the layer to be grown, but not on the material of a sta-
ble polycrystalline mask (made from, e.g., SiO2), which covers a part of the sub-
strate. In the ELO process the substrate is first covered with a mask layer which
contains windows. In subsequent epitaxy, growth is controlled to occur only in the
windows. When the layer thickness exceeds that of the mask, the mask is laterally
overgrown. Since defects from the interface between substrate and layer cannot pen-
etrate through the mask, the overgrowth region has a very low defect density. Using
overgrowth of striped oxide masks, a smooth continuous layer with a linear array of
low-defect areas may be achieved.

The ELO technique was applied in early work to chemical-vapor deposition and
liquid-phase epitaxy of various semiconductors like, e.g., the conventional III–V
compounds GaAs [50, 51] and GaP [52]. Later is was employed particularly in the
epitaxy of GaN [53, 54].
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Compliant Substrate

Concepts discussed so far use thick substrates which define the lateral lattice con-
stant of the heterostructure in pseudomorphic growth. Considering (2.15), the criti-
cal layer thickness can be largely extended by using a thin and therefore compliant
substrate [55–57]. The strain is then distributed between epilayer and substrate. For
a sufficiently thin, free-standing substrate the epitaxial layer can virtually be arbi-
trarily thick.

Compliant substrates were implemented using various approaches. The compli-
ant substrate is generally composed of a thin compliant layer, which is mechani-
cally decoupled from a thicker substrate required for handling. On a small area thin
free-standing membranes with a support at the side were realized. Approaches for
larger area use various methods for bonding the thin layer to the mechanically stable
support, in particular oxide bonding, borsilicate-glass-bonding, and twist-bonding.
Reviews on this topic are given in [58, 59].

2.2.8 Partially Relaxed Layers and Thermal Mismatch

The increase of elastic strain energy in a lattice-mismatched epitaxial layer up to a
critical thickness tc was pointed out in Sect. 2.2.6. If the layer thickness exceeds tc
misfit dislocations are formed in the layer and the strain is partially or, in sufficiently
thick layers, fully relieved. We consider a cubic crystal. Usually strain relief of a
biaxially strained and partially relaxed layer is symmetric and the two independent
lateral lattice constants remain equal. The relief of strain may then be described by
a strain parameter γ ,

γ = 1 − a‖ − aS

aL − aS
, (2.29)

aS and aL being the unstrained (natural) lattice constants of substrate and layer,
respectively, and a‖ the lattice constant of the layer in its strained state parallel
to the interface. The fully strained pseudomorpic layer then corresponds to γ = 1
(a‖ = aS), and γ = 0 to the fully relaxed layer (a‖ = aL). Usually partial strain

Fig. 2.16 Transmission
electron micrograph of a
1.8 µm thick ZnTe layer
grown on (001)-oriented
GaAs, imaged along the
[110] direction. Inset:
Diffraction pattern from the
ZnTe/GaAs interface region.
Reproduced with permission
from [60], © 1993 Elsevier
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Fig. 2.17 (a) Reflectivity spectra of free excitons in ZnSe/GaAs epitaxial layers which were grown
at different temperatures. The lowest spectrum refers to a ZnSe bulk crystal. From [62]. (b) Ener-
gies of free light-hole (Xlh) and heavy-hole (Xhh) excitons in differently prepared ZnSe samples on
GaAs substrate (squares) and ZnSe layers released from the substrate (circles). The triangle at the
crossing point marks the exciton energy measured with a bulk crystal. Reproduced with permission
from [61], © 1992 Elsevier

relief leads to a graded strain profile, i.e., γ is not constant throughout the layer. An
example is given in Fig. 2.16. The image shows a strongly mismatched zincblende
ZnTe layer (aL = 6.123 Å at Tgrowth = 350 °C) grown on GaAs substrate (aS =
5.665 Å at 350 °C, f = −7.5 %) [60]. Dark lines indicate dislocation lines which
form a dense network extending approximately 300 nm from the interface. Most of
them are inclined by about 55° to the interface, equal to the angle of the intersection
line of {111} planes with the (110) image plane. The angle indicates the occurrence
of 60° dislocations (Sect. 2.3.4). The density of dislocations decreases as the ZnTe
layer thickness grows, leading to regions with much lower defect density above
600 nm. The inset in Fig. 2.16 shows a diffraction pattern from the interface region,
consisting of the superimposed response from the two zincblende crystals GaAs
(outer points of each reflection due to a smaller lattice constant) and ZnTe. The
pattern proves the epitaxial relation of layer and substrate.

The decreasing defect density for increased layer thickness is accompanied by
a progressive strain relief (γ → 0) and consequently by a gradual approach of the
layer lattice constants a‖ and a⊥ toward the unstrained value aL.

It must be noted that the unstrained lattice constant varies as the temperature
is changed (e.g., from growth temperature to room temperature, Sect. 2.1.7), and
that different materials (e.g., substrate and layer) have different thermal expansion
coefficients.

An example of different built-in strains in ZnSe epilayers grown at different tem-
peratures on GaAs is given in Fig. 2.17. The lattice mismatch (2.20a) at room tem-
perature is f = −0.27 %, inducing laterally a biaxial compressive strain in the layer.
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The studied ZnSe layers were thicker than the critical thickness tc (∼=150 nm) con-
sidered in Sect. 2.2.6 and were thus partially relaxed. Since the thermal expansion
coefficient of GaAs is substantially smaller than that of ZnSe (∼ 5.7 × 10−6 K−1

compared to ∼ 7 × 10−6 K−1 at RT, respectively), the ZnSe lattice contracts more
pronounced when the heterostructure is cooled from growth temperature to the ap-
plied measurement temperature. The strain may be evaluated from the splitting of
the valence band, reflected in the splitting of the free exciton (Sect. 3.1.2). The mea-
surement of the free-exciton states in Fig. 2.17a shows that different strain states
exist in samples which were prepared at different growth temperatures between
320 °C (molecular beam epitaxy) and 450 °C (hot wall epitaxy) [61, 62]. The exciton
reflection-loops progressively split and shift to lower energy as the growth tempera-
ture is increased, indicating increasing tensile strain. The strain state was calculated
from the difference of thermal expansion coefficients times the difference between
growth and measurement temperature. The measurement of the near-surface strain
state Fig. 2.17b derived from reflectivity spectra recorded at 1.6 K reveals a large
range of values including also negative strain, i.e., still compressive in-plane strain
of the ZnSe layer at 1.6 K. The crossing point agrees well with the energy of the
unsplit free exciton of a ZnSe bulk crystal.

2.3 Dislocations

A crystalline defect is any region where the microscopic arrangement of atoms dif-
fers from that of a perfect crystal. Defects are classified into point defects, line
defects, and surface defects, depending on whether the imperfect region is bounded
in three, two or one dimensions, respectively. There is a very large variety of defects
in solids, and for many of such imperfections their presence is a general thermal
equilibrium phenomenon. We will focus on only two important kinds of defects,
namely dislocations and substitutional impurities. The latter are point defects, which
particularly govern electronic and optical properties of semiconductors and are stud-
ied in Chap. 6. In the following some basic properties of dislocations are outlined.
More details are found in, e.g., Refs. [63, 64]. Examples are particularly considered
for the fcc and hcp structures and their related important zincblende and wurtzite
structures.

Dislocations are line defects which are present in virtually any real crystal. Dis-
location densities in actual crystals range typically from 102 cm−2 in good semicon-
ductors to 109 cm−2 in metals or highly defective semiconductors. The vector along

Fig. 2.18 (a) Edge
dislocation and (b) screw
dislocation. b and l denote the
Burgers vector and the
dislocation-line vector,
respectively
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Fig. 2.19 Edge dislocation performing (a) a gliding process and (b) a climbing process. σshear and
σnorm indicate shear and normal stresses acting on the solid

the dislocation line, i.e., along the core of the dislocation, is called line vector l.
A dislocation is characterized by l and the Burgers vector b. b is the dislocation-
displacement vector and determined by a closed path around the dislocation core,
the burgers circuit. The procedure to find b is illustrated in Fig. 2.18. The Burgers
vector completes the path around the dislocation line with respect to a similar path
within a perfect reference crystal. According the right-hand screw convention, the
Burgers circuit is formed clockwise around the dislocation line, when looking in the
positive sense of the line vector (in Fig. 2.18 l points into the plane of projection;
in many structures an arbitrariness in the sense of l cannot be avoided). If the path
incloses more than one dislocation, the resulting Burgers vector is given by the sum
of the Burgers vectors of all single dislocations.

2.3.1 Edge and Screw Dislocations

There are two basic types of dislocations, edge dislocations and screw dislocations.
In an edge dislocation b is perpendicular to l. Such dislocation may be formed by
the insertion of an extra half-plane spanned by l and b × l, see Fig. 2.18a. In a screw
dislocation b is parallel to l. This kind of dislocation is built by a shift of one part
of the solid by an amount b as shown in Fig. 2.18b. Most dislocations occurring
in solids are of mixed character with an edge component and a screw component.
They are generally denoted by specifying the angle between b and l. Pure edge
dislocations obey b · l = 0, for pure screw dislocations b · l = b (for a right-handed
screw, −b otherwise). The Burgers vector along a dislocation line is constant, if
the dislocation line is a straight line. Consequently the type of dislocation does not
change in this case, but it changes if the dislocation line bends.
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Fig. 2.20 Generation of a
misfit dislocation network (c)
at the interface between layer
(upper part) and substrate
(lower part, blue) from
(a) a preexisting threading
dislocation of the substrate
and (b) from the nucleation of
a dislocation half loop

Geometrical considerations show that a dislocation line can neither begin nor end
within the crystalline solid [63]. A dislocation line therefore either forms a closed
loop within the crystal, or it begins and ends at an interface or grain boundary of
the crystal. If a force acts on the crystal, the dislocation line can move along spe-
cific slip planes through the crystal. Since the position of individual atoms changes
only a fraction of the lattice constant during such movements, the required energy
is quite small. The presence of dislocations thereby accounts for the fact that real
solids withstand much smaller shear strengths against slipping of atomic planes than
perfect crystals would do (factor ∼ 10−4).

Two kinds of dislocation movements are distinguished: Glide and climb pro-
cesses. They are illustrated in Fig. 2.19. During gliding the dislocation moves by
turning crystal planes as illustrated in Fig. 2.19a. Such shear displacement is termed
glide when it is produced by a single dislocation, and slip when it is produced by
a number of dislocations. The total number of atoms and lattice sites is conserved
in such motions. For pure edge dislocations the process can only occur along slip
planes which contain both the Burgers vector and the dislocation line. Pure screw
dislocations can glide along any plane, since l and b are parallel. Climbing occurs
within a plane, which contains the dislocation line but is perpendicular to the Burg-
ers vector. Climbing is accompanied by a material transport, i.e., emission or ab-
sorption of interstitials or vacancies (point defects), as indicated in Fig. 2.19b. The
symbol to represent a general dislocation is ⊥. For an edge dislocation the upwards
pointing arm of the inverted T points to the direction of the added or removed ma-
terial.

2.3.2 Dislocation Network

Section 2.2 outlined how a strained epitaxial layer of a pseudomorphic heterostruc-
ture may relax strain energy by introducing a misfit dislocation. The process of this
plastic strain relaxation is now considered in more detail. To reduce the tensile or
compressive strain in an overcritical epilayer with thickness t > tc, the introduction
or omission of a lattice plane is favorable, respectively, creating a dislocation line
at the layer/substrate interface. Since the dislocation line can neither begin nor end
within a crystal, its ends must lie at the surface. There exist two possibilities which
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Fig. 2.21 Plan view
transmission-electron
microcraph of a 2 µm thick Si
layer on (001)-oriented GaP
substrate. The parallel and
closely spaced fringes
denoted S originate from a
stacking fault. Reproduced
with permission from [65],
© 1987 AIP

fulfill this condition [41]. One mechanism is based upon a dislocation line with a
suitable Burgers vector already existing in the substrate and terminating at its sur-
face. As illustrated in Fig. 2.20a the dislocation is replicated in the layer and forms
a threading dislocation, i.e. a dislocation penetrating the layer. Under the action
of coherency strain the dislocation line bends and glides along the interface (from
position 1 to 2). Thereby a strain-relaxing misfit segment of the dislocation line is
created at the interface. Another mechanism is the nucleation of a dislocation half
loop at the layer surface, illustrated in Fig. 2.20b. The half loop represents the bor-
der of an extra plane (in tensely strained layers), which expands and glides towards
the interface over slip planes. Both mechanisms lead to the formation of a disloca-
tion network at the interface (Fig. 2.20c). The average spacing p of the parallel line
segments at the interface is given by (2.33).

The formation of a dislocation network at the layer/substrate interface of inco-
herent (plastically relaxed) epilayers may be observed in plan view microcraphs.
An example for an epitaxial layer with 0.5 % natural misfit at growth temperature is
given in Fig. 2.21.

2.3.3 Dislocations in the fcc Structure

The face-centered cubic and hexagonally close-packed structures are the two
most common structures for metallic elements and—as constituents of the related
zincblende and wurtzite structures—also for important semiconductors (Sect. 2.1).
For these structures we consider simple reference schemes to denote Burgers vec-
tors of possible dislocations and stacking faults. Figure 2.22 represents Thompson’s
tetrahedron used for fcc structures [66]. The side faces of the tetrahedron are the
four equivalent {111} faces, which lie parallel to the corresponding close-packed
planes of the fcc structure and represent the possible glide planes. The edges point
towards 〈110〉 directions and correspond to the six glide directions denoted BA, etc.
They represent vectors of the type 1

2 〈110〉, which are primitive translations of the fcc
structure. Dislocations with such a Burgers vector are termed perfect dislocations.
Vectors from a corner to the midpoint of a side facet are of the type 1

6 〈112〉 and are
labeled Aβ , etc. Dislocations with a Burgers vector which does not correspond to
primitive translations (like Aβ) are referred to as partial dislocations.
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Fig. 2.22 Thompson’s reference tetrahedron (a) in the fcc unit cell and (b) in a planar development
showing the different crystallographic directions

Table 2.7 Burgers vectors and types of dislocations in the fcc structure, a0 is the lattice constant
of the unit cell

Burgers vector
(Thompson’s notation)

Burgers vector
(crystallographic notation)

Type of dislocation |b|2
(×36/a2

0)

AB 1
2 a0〈110〉 Perfect 18

Aα 1
3 a0〈111〉 Frank partial 12

Aβ 1
6 a0〈112〉 Shockley partial 6

αβ 1
6 a0〈110〉 Stair-Rod partial 2

δα/CB 1
3 a0〈100〉 Stair-Rod partial 4

δD/Cγ 1
3 a0〈110〉 Stair-Rod partial 8

δγ /BD 1
6 a0〈013〉 Stair-Rod partial 10

δB/Dγ 1
6 a0〈123〉 Stair-Rod partial 14

Partial dislocations lead to a change in the ABC stacking order of the {111}
planes of the fcc structure. The resulting planar defects are referred to as stacking
faults. Possible Burgers vectors of dislocations in the fcc structure and the notation
of the corresponding dislocation type are given in Table 2.7. Notations with two
pairs represent the sum vector, e.g., DB/CA ≡ DC + BA yields [100].

The energy of a dislocation is generally proportional to the square of the absolute
value of its Burgers vector. A dislocation with Burgers vector b can, therefore, lower
its strain energy and divide into two (or more) partial dislocations with Burgers
vectors b1 and b2, if Frank’s rule is satisfied:

|b1|2 + |b2|2 < |b|2. (2.30)

The common validity of Frank’s rule originates from the weak dependence of the
line energy of a dislocation on its character (edge or screw type or mixed). In any
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Fig. 2.23 (a) Dissociation of a perfect dislocation into two Shockley partial dislocations. (b) High-
resolution transmission electron micrograph of a stacking-fault ribbon in Ge bounded by two
Shockley partial dislocations, the double arrow indicates the stacking fault width expected from
the stacking fault energy. Reproduced with permission from [67], © 1998 Elsevier

case Edislocation/length ∝ const × Gb2, where G is the shear modulus and the con-
stant differs by less than a factor of 2.

Only dislocations with the shortest Burgers vectors are stable. Perfect disloca-
tions with shortest Burgers vectors in the fcc structure are of the type 1

2a0〈011〉.
Such a dislocation tends to dissociate into two (stable) partial dislocations with
shorter Burgers vectors. From Thompson’s tetrahedron Fig. 2.22 we read, e.g.,

AD = Aβ + βD, or
a0

2
[1̄01̄] = a0

6
[1̄02̄] + a0

6
[2̄1̄1̄].

This dislocation reaction describes the dissociation of a perfect dislocation into two
energetically favorable Shockley partial dislocations, cf. Table 2.7. The process is
illustrated in Fig. 2.23. The dislocation line of the perfect dislocation AD splits
into two lines of the partial dislocations. Since their Burgers vectors are not lat-
tice vectors, they lead from a lattice site to a crystallographic not equivalent site:
They produce a stacking fault. The two dislocation lines border a strip of stacking
fault which keeps the partial dislocations together in some equilibrium distance and
forms a so-called extended dislocation. In the stacking-faulted region the regular
ABCABC stacking order is changed by removal or insertion of one layer, e.g., to
ABABC.

2.3.4 Dislocations in the Diamond and Zincblende Structures

The diamond and zincblende structures result from the fcc structure by adding to
each atom on the ABC-stacked fcc lattice one atom of another type in the dis-
tance a

4 [111], i.e., a corresponding abc-stacking. This yields a total AaBbCc stack-
ing, with different kind of atoms (charges) on the two sublattices in zincblende
(Sect. 2.1). Dislocations in semiconductors which crystallize in diamond or
zincblende structures are therefore also described using Thompson’s tetrahedron.
Mismatched layers of such semiconductors generally show larger values of the crit-
ical thickness for plastic relaxation and slower relaxation of the elastic strain than
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Fig. 2.24 Perfect dislocations in the zincblende structure: (a) Screw dislocation, (b) 60° disloca-
tion. The [001] direction shown in (b) lies in the plane spanned by [111] and [1̄1̄1]

metal films. This is due to a lower mobility of dislocations in semiconductors and
a consequently reduced length of misfit segments along the interface. Furthermore,
the larger perfection of semiconductor substrates necessitates the nucleation of new
dislocations, instead of, as in metal films, glide of preexisting ones or heterogeneous
nucleation at precipitates.

The three main types of perfect dislocations in diamond and zincblende semi-
conductors with 1

2 〈110〉 Burgers vectors are edge dislocations, screw dislocations,
and 60°-mixed dislocations. The 60◦-mixed type is the most common perfect dislo-
cation, because the edge type has a high core energy and the screw type cannot relax
tetragonal mismatch which arises from (001)-oriented heterostructure growth. The
screw dislocation and 60°-mixed dislocation in zincblende structure are illustrated
in Fig. 2.24. The respective dislocations of the diamond structure are obtained when
all atoms are considered to be equal.

There are two different sets of dislocations due to the AaBbCc double-layer
atomic arrangement. Dislocations of the shuffle set (or type I) have glide planes
lying between layers of the same index, e.g., Aa. Gliding of shuffle-set dislocations
requires breaking of one bond per atom. Dissociation of perfect dislocations of such
set into partials is not favorable, because it would produce a stacking fault of the type
AaBbC|bCcAa with a high energy of the CbC sequence. Furthermore, the partial
dislocations cannot glide like a perfect dislocation. On the other hand, dislocations
of the glide set (or type II) dissociate into partials which are glissile by, e.g., forming
a stacking fault of the type AaBb|AaBbCc. Gliding of perfect glide-set dislocations
requires breaking of three bonds per atom. Dissociation and interactions of these
dislocations are identical to those of the fcc structure. A glide-set dislocation can
transform to the shuffle set and vice versa by climb. Dislocations in the zincblende
structure require a further distinction with respect to those in diamond structure,
because the dislocation line may either lie on a row of anions or cations. Dislocations
with l parallel to the [11̄0] direction are termed α type. Their core comprises cations
in the shuffle set and anions in the glide set. Accordingly, β type dislocations have
a dislocation line along the [110] direction with anions in the shuffle set and cations
in the glide set.
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Fig. 2.25 Dissociated perfect dislocation with a bounded stacking fault in zincblende structure
viewed along [11̄0]

The dissociation of a perfect zincblende 60° dislocation with type II glide plane
into an extended dislocation of a stacking fault bounded by two Shockley partial
dislocations is shown in Fig. 2.25. This scheme corresponds to the stacking fault
ribbon imaged in Fig. 2.23, if all atoms are considered to be of the same kind to
obtain the diamond structure.

2.3.5 Dislocation Energy

Near a dislocation atoms are displaced from their equilibrium positions which they
occupy in a perfect crystal. A corresponding cost of elastic energy is required to
produce the dislocation and referred to as dislocation energy ED. To obtain an esti-
mate for ED we first consider the simple case of a screw dislocation in an isotropic
continuum forming a coaxial cylinder as depicted in Fig. 2.26 [63]. The dislocation
is produced by a shear displacement in the z direction across the xz glide plane and
assumed to increase uniformly with the angle ϕ.

Displacements of this dislocation are given by ux = uy = 0, and uz = b ×
ϕ/(2π) = b/(2π) × tan−1(y/x). The only nonzero stresses of such displacement
are σxz = −Gb/(2π) × y/(x2 + y2), and σyz with y in the enumerator being re-
placed by −x. G is the shear modulus and b the length of the Burgers vector. In
polar coordinates the stress reads σϕz = Gb/(2πr), and the strain resulting from
Hooke’s law is εϕz = εzϕ = σϕz/(2G) = b/(4πr). The strain field has a pure shear
character and decays with 1/r from the dislocation line l. The elastic energy per
length L follows from the integration of the elastic energy density E/V = 2Gε2

ϕz,
yielding

E
isotropic
screw

L
=

∫ R

rc

2Gε2
ϕzrdrdϕ = Gb2

4π
ln(R/rc). (2.31)

The lower bound rc denotes the radius of the dislocation core. At a distance r

from the center of the dislocation below a value rc the linear elastic theory can-
not be applied. A somewhat arbitrary cutoff parameter ρ is often used to account
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Fig. 2.26 Screw dislocation
along the axis of a cylinder

for the non-linear elastic energy and dangling bonds in the core, where rc = b/ρ

with ρ ≈ 2, . . . ,4. Sometimes in literature instead of using ρ a constant is added to
the logarithm term of (2.31), yielding (ln(R/b) + const) instead of ln(ρR/b). The
divergence of E

isotropic
screw /L for an infinite upper bound R indicates that the disloca-

tion does not have a specific characteristic energy, but depends on the size of the
solid. An appropriate choice for R is the shortest distance of the dislocation line to
the surface or, in case of a solid with many dislocations of both signs, roughly their
mutual average distance.

The strain field of an edge dislocation comprises all kind of strains. Consid-
ering the edge dislocation Fig. 2.18a with an inserted lattice plane above the line
vector l, the strain field has dominant compressive and tensile hydrostatic com-
ponents above and below l, respectively. At the right and left hand side of l we
find predominantly shear strains of opposite sign, and on the diagonals compres-
sive and tensile axial components. In isotropic media the tensile stress in radial di-
rection σrr and that along the circumference σrϕ should be proportional 1/r and
change sign by exchanging x and y. A continuum-mechanical deduction of the
stress field of the edge dislocation yields σrr = σϕϕ = −Gb/(2π(1 − ν)) × sinϕ/r ,
and σrϕ = Gb/(2π(1 − ν)) × cosϕ/r for the shear stress [63]. Integration leads

to the elastic energy per length E
isotropic
edge /L, which, apart from an additional factor

1/(1 − ν), has the same form as that of the screw dislocation (2.31). The considera-
tions likewise apply for anisotropic media, where the particular geometry examined
introduces additional terms.

In a dislocation with mixed character the strain fields of the screw and edge
components superimpose. We consider the example of the prominent 60° dislocation
in crystals with diamond or zincblende structure, introduced at a (001) interface
between a substrate and a layer to accommodate misfit strain. The angle α between
line vector and burgers vector enters the elastic energy per unit length, yielding [39]

Eα

L
= Gb2

4π

(
cos2 α + sin2 α

(1 − ν)

)
ln

(
ρR

b

)
. (2.32)

To evaluate the strain energy ED of all dislocations in a layer, their total number has
to be considered. Figures 2.20 and 2.21 illustrate that the strain in a layer which ex-
ceeds the critical thickness is actually accommodated by a network of dislocations,
which in many cases form a more or less regular grid at the interface. The aver-
age spacing p in such an array of parallel misfit dislocations is related to the actual
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Fig. 2.27 Equally spaced dislocations accommodating the strain in the layer of a mismatched,
relaxed heterostructure. The lines represent lattice planes which lie perpendicular to the image
plane and contain the dislocation line. Lattice planes in substrate and layer are drawn black and
gray, respectively

misfit f . We consider the strongly mismatched, relaxed heterostructure depicted in
Fig. 2.27 to obtain an expression for p. In Fig. 2.27 the lateral distance p comprises
n planes of the substrate and (n + 1) planes of the layer (here aL < aS). The lateral
spacing between the depicted planes of the substrate is then given by aS = p/n, and
that of the layer planes is aL = p/(n+ 1). Taking the definition of the misfit f from
(2.20a) we obtain for aL < aS

f = aS − aL

aL
=

p
n

− p
n+1

p
n+1

= 1

n
.

If aL > aS there are only n − 1 layer planes for n substrate planes, yielding aL =
p/(n − 1). Insertion into (2.20a) then leads to f = −1/n (f < 0). The spacing p

of the parallel misfit dislocations is hence

p = naS = aS

|f | . (2.33)

The inverse of p is the (linear) density of the dislocations illustrated in Fig. 2.27.
A dense regular spacing of dislocations may occur, if a large lattice mismatch f

between epilayer (lattice spacing dL) and substrate (dS) is accommodated by a coin-
cidence lattice fulfilling the condition m × dS ≈ n × dL with small integer numbers
m and n. The remaining mismatch is in this case f = (m × dS − n × dL)/n × dL.
An example is given in Fig. 2.28. The lateral lattice constant of the AlN epi-
layer (dL = 3.11 Å) is much smaller than that of the (111)-oriented Si substrate
(dS = 5.43 Å/

√
2 = 3.84 Å), yielding a natural misfit (dS − dL)/dL = 0.23. By in-

troducing one step dislocation into each unit cell of the coincidence lattice on the
epilayer side with a ratio m : n = 4 : 5 the mismatch is reduced to f = −0.01 [68].

The elastic dislocation energy ED per area A of a network of dislocations at the
interface is

ED

A
= 2

p

Edisloc

L
. (2.34)

The factor 2 accounts for the two independent lateral directions assumed here to
be equivalent, and Edisloc/L is the energy per length of one dislocation, like, e.g.,
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Fig. 2.28 Equally spaced step dislocations at the interface between an AlN(0001) epilayer and the
Si(111) substrate. (a) High-resolution transmission-electron micrograph taken along the [11−2]
axis of Si. (b) The fast-Fourier filtered image shows the Si(−110) and the AlN(−2110) net planes,
respectively. Reproduced with permission from [68], © 1999 Elsevier

(2.32). If the degree of relaxation is anisotropic, as was observed for, e.g., 60° dislo-
cations in zincblende type layers along the [110] and [11̄0] directions, (2.34) splits
into a sum with two periods pi and two related Edisloc,i/Li . An explicit relation of
(2.34) also comprises the angle β between the glide plane containing the Burgers
vector and the interface. β is related to the angle α between line vector l and Burgers
vector b, and also to the substrate plane spacing aS according to

aS = b sinα cosβ. (2.35)

Using (2.32), (2.33), and (2.35) yields a general relation for the dislocation energy
of a layer containing a dislocation network [39],

ED

A
= bG

|ε + f0|(1 − ν cos2 α)

2π(1 − ν) sinα cosβ
ln

(
ρR

b

)
. (2.36)

The geometrical parameters for the 60° dislocation are the length of the Burgers
vector b = a/2 × [101], the angle between Burgers vector and line vector α = 60°,
and the angle between the {111} glide planes and the considered (001) interface
plane β = 54.7°. The critical thickness of a strained epitaxial layer accommodated
by such misfits is given by the implicit relation (2.28), the solution of which is
depicted in Fig. 2.15.

2.3.6 Dislocations in the hcp and Wurtzite Structures

In the hcp structure the triangular bipyramid given in Fig. 2.29 is a widely used
reference construction for classifying dislocations [69]. In this representation basal-
plane lattice vectors are labeled AB = a1 (= 1

3 [1̄21̄0]), BC = a2, and CA = a3. The
lattice vector c (= [0001]) is given by T S, the line σS = T σ = 1

2 c does not repre-
sent a lattice vector. Further vectors of interest are T S + AB = c + a1 = 1

3 [1̄21̄3],
and Aσ = 1

3 [011̄0].
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Fig. 2.29 Triangular
bipyramid used as reference
system to describe
dislocations in the hcp
structure

In crystals with hcp structure the close-packed basal planes are the most fre-
quently observed glide planes. Dislocations with a slip vector of the type AB op-
erating on these (0001) planes are therefore of particular importance. For vectors
lying in the basal plane it is sufficient to use the base of the bipyramid as a reference
system. As an example we consider the dissociation of a perfect glide dislocation
with vector AB into Shockley partial dislocations. From the reference bipyramid
we read

AB = Aσ + σB. (2.37)

The partial dislocation Aσ changes the layer sequence from the ordinary abab

stacking to a bcbc sequence as illustrated in Fig. 2.30. The second partial σB in
(2.37) restores the initial order. Thereby a stacking-fault ribbon bound by two par-
tials is created, comparable to the case shown in Figs. 2.23 and 2.25. Another kind
of such ribbon is formed from the same perfect glide dislocation if the order of the
partial dislocations is reversed, i.e.

AB = σB + Aσ. (2.38)

In this case the ribbon contains layers stacked in an acac sequence, cf. Fig. 2.30b.
Both kinds of ribbons have the same energy, although they are crystallographically
distinguishable.

The wurtzite structure is formed from the hcp structure by adding to each atom a
further atom of another kind, shifted by 3

8c along [0001], cf. Sect. 2.1. Dislocations
in the resulting AaBbAaBb stacking are described in the same framework as those
of the hcp structure. The basic edge and screw dislocations in a wurtzite crystal are
shown in Fig. 2.31. Panel (a) shows a high-resolution transmission-electron micro-
graph of a pure edge dislocation with a Burgers vector of 1

3 [112̄0], determined from
the Burgers cycle marked by open circles. The inserted plane is perceived by view-
ing the image at a glancing angle from the lower left corner. This type of threading
dislocation is most common in GaN layers epitaxially grown on (0001) sapphire or
on (111) Si.
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Fig. 2.30 Dissociation of a perfect dislocation AB in a hcp structure into two partial dislocations
Aσ and σB . (a) Displacement of an atom in the b layer (red) on top of the a layer (blue circles) by
Aσ . (b) Displacement of an atom in the a layer on top of the b layer by σB . The stacking sequence
of the ribbons bounded by the two partial dislocations is illustrated in the bottom

Fig. 2.31 (a) Plan view transmission-electron micrograph of a pure edge dislocation in wurtzite
GaN. S and F mark begin and end of a Burgers cycle which is indicated by open circles. Reprinted
with permission from [70], © 2000 APS. (b) Scanning tunneling micrograph of a screw dislocation
on the N-face of GaN. Reprinted with permission from [71], © 1998 AVS

Screw dislocations can provide a steady source of kinks on a growing crystal sur-
face by producing kink sites and may thereby lead to high growth rates. Figure 2.31b
shows an STM image of a pure screw dislocation at a GaN surface (N-face).
The measured step heights at the two spiral growth fronts are each one GaN bilayer,
yielding a Burgers vector of c[0001] for this dislocation.
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Fig. 2.32 Scheme of a
low-angle grain tilt boundary
inducing a mutual tilt of
adjacent crystalline regions
by an angle Θ

Fig. 2.33 Characteristic
parameters of mosaicity in
single crystals

2.3.7 Mosaic Crystal

Faults like the line defects considered in the last few pages exist in virtually any crys-
tal. A periodic pattern of dislocations may form an interface between undistorted re-
gions called low-angle grain boundary as depicted in Fig. 2.32. Such boundary leads
to a local tilts or twists of crystal planes and separate regions with perfect crystal
structure. The tilt angle Θ of a tilt boundary formed from a linear sequence of edge
dislocations as shown in Fig. 2.32 is given by their average distance d and the ab-
solute value of their burgers vector b. From the figure follows tan(Θ/2) = b/(2d)

or, since Θ is small, Θ = b/d . There exist also twist boundaries formed from a se-
quence of screw dislocations. Low-angle grain boundaries are normally composed
of a mixture of tilt and twist boundaries.

In practice crystals usually consist of a mosaic of small blocks with undistorted
structure. The single-crystalline blocks are typically of the order of a few microns in
vertical and lateral dimensions (with respect to the growth plane), and they are ran-
domly slightly misoriented with respect to each other. The finite size of the crystal-
lites limits the coherence of scattered X-ray radiation. The dimensions are therefore
called vertical and lateral coherence length, respectively. Out-of-plane rotation per-
pendicular to the surface leads to a mosaic tilt. In-plane rotation around the surface
normal is referred to as mosaic twist. The characteristic parameters of mosaicity
are illustrated in Fig. 2.33. It should be noted that the distortions are small and the
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Fig. 2.34 X-ray diffraction
of two rays at neighboring
lattice planes. For
constructive interference the
path difference of the
diffracted waves 2dhkl sinΘ

must be equal an integral
number of wavelengths

crystal is still considered as single crystal albeit with some mosaicity. In epitaxial
layers with line defects mainly running parallel to the surface normal, the vertical
coherence length is commonly related to the layer thickness.

2.4 Structural Characterization Using X-Ray Diffraction

X-ray diffraction is a powerful tool for investigating the structural properties of epi-
taxial layers and is employed in virtually any growth laboratory. Interatomic dis-
tances in a solid are typically on the order of some angstrom. A diffraction probe of
the microscopic structure must hence have a wavelength at least this short. For an
electromagnetic wave 1 Å corresponds to a photon energy E = hc/λ = 12.40 keV,
a characteristical X-ray energy. High resolution X-ray diffraction (HRXRD) is the
most commonly applied technique for analyzing lattice parameters, strains, and de-
fects in epitaxial heterostructures. The technique is outlined in this section.

2.4.1 Bragg’s Law

The periodic arrangement of atoms in the solid leads to an elastic scattering of im-
pinging X-ray waves. Diffracted waves have definite phase relations among each
other. They interfere constructively, if the phase difference is an integral number n

of wavelengths λ. This is depicted in Fig. 2.34 for two rays which are diffracted at
two parallel lattice planes spaced a distance dhkl apart. According this picture the
waves behave as being reflected at the lattice planes.

The path of the lower ray is 2 × dhkl × sinΘ longer, Θ being the angle of inci-
dence (measured from the diffracting lattice plane). The condition for X-ray reflec-
tions was concluded by William L. Bragg and his father William H. in 1913 from
characteristic patterns of X-rays reflected from crystalline solids and reads

2dhkl sinΘ = nλ. (2.39)

n is called the order of the reflection. Note that Bragg’s law (2.39) only defines
the direction of a diffracted beam (not the intensity), and that it allows reflections
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only for λ ≤ 2dhkl . The lattice-plane distance dhkl and hence Θ depend on shape
and size of the unit cell and on the position of the planes with respect to the axes
of the crystal system. They can be calculated for the seven crystal systems listed in
Table 2.1 from the lattice vectors a, b, c, the angles α, β , and γ included by them,
and the Miller indices of the lattice planes h, k, l. The result is given in Table 2.8 in
terms of Bragg angles sin(Θ) of allowed scattering directions.

2.4.2 The Structure Factor

The intensity of the diffracted beam depends on the spatial arrangement of the atoms
in the unit cell. The intensity of the wave scattered by all N atoms of the unit cell
results from the sum of their individual contributions and their respective phases.
This is expressed by the structure factor Fhkl ,

Fhkl =
N∑

n=1

fn exp
(
i2π(hun + kvn + lwn)

)
. (2.40)

The atomic scattering factor fn expresses the scattering power of the nth atom
in the unit cell and is determined by its inner electronic charge distribution. The
exponential factor gives the phase relation of the N contributions and depends on
the positions of the atoms in the unit cell, expressed by the coordinates un, vn,
and wn. The absolute value of the structure factor |Fhkl | gives the amplitude of the
diffracted wave, i.e., the amplitude of the wave scattered by all atoms of the unit cell
with respect to the amplitude of a wave scattered by a free electron. The intensity
Ihkl of the scattered wave is eventually given by its square,

Ihkl ∝ |Fhkl |2 = F ∗
hklFhkl. (2.41)

We consider for example the structure factor of a solid with body centered cubic
(bcc) structure. The unit cell contains 2 atoms located at 000 and 1

2
1
2

1
2 (in units of

the lattice constant a), which are identical (f1 = f2 = f ). From (2.40) we obtain

F = f exp
(
i2π(0h + 0k + 0l)

)+ f exp
(
i2π

( 1
2h + 1

2k + 1
2 l
))

= f
(
1 + exp

(
iπ(h + k + l)

))
,

i.e., F = 2f when h + k + l is even, and F = 0 when h + k + l is odd. For fcc
structure we similarly obtain F = 4f when h, k, l are all even or all odd, and F = 0
when h, k, l are mixed even or odd.

In zincblende structure we have two kinds of atoms with atomic form factors f1
and f2 (> f1). In this case we find for the structure factor (with n being an integer):

h, k, l all even and h + k + l = 4n, F = 4(f1 + f2),

h, k, l all even and h + k + l = 4n + 2, F = 4(f1 − f2),

h, k, l all odd, F = 4
(
f 2

1 − f 2
2

)1/2
,

h, k, l are mixed even and odd, F = 0.
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Note that all these structures belong to the cubic crystal system.
In the hexagonal wurtzite structure the structure factor has the following form:

l = 2n and h + 2k = (3m or 3m ± 1), F = 2
(
f 2

1 + 2f1f2 cos(2πul) + f 2
2

)1/2
,

l = 2n + 1 and h + 2k = 3m, F = 0,

l = 2n + 1 and h + 2k = 3m + 1, F = √
3
(
f 2

1 + 2f1f2 cos(2πul) + f 2
2

)1/2
.

n and m are integers and u (≈ 3
8c) is the mutual displacement of the anion and

cation sublattices.
A number of further factors determines the intensity of the scattered wave in ad-

dition to the structure factor F which solely considers the geometric structure of the
scattering unit cells. They account for the polarization of the scattered wave (polar-
ization factor P ∝ (1 + cos2 2Θ)), deviations from a perfect parallel and monochro-
matic incident radiation (Lorentz factor L ∝ λ2/ sin2 Θ), the effect of temperature
(temperature factor or Debye-Waller factor fT ∝ exp(sin2 Θ/λ)), and absorption
corrections depending on the measurement geometry (reflection or transmission
setup). They are not included in this brief introduction.

2.4.3 The Reciprocal Lattice

For a detailed description of the scattering geometry the approach formulated by
Max von Laue in 1911 is more appropriate than the simplified picture presented in
Fig. 2.34. In this framework we regard the crystal as being composed of atoms which
reradiate the incident radiation in all directions. Sharp reflections are obtained only
in directions for which the rays from all lattice sites interfere constructively. We first
consider scattering of only two atoms separated by a vector r, see Fig. 2.35.

The incident X-ray beam along the direction s0 with wavelength λ has the wave
vector k0 = (2π/λ)s0, s0 being the unit vector k0/k0. Constructive interference
is obtained along a scattered direction s = k/k, if the path difference of the rays
scattered by the two atoms is an integral number of wavelengths. From Fig. 2.35
we read that the path difference is composed by a sum of a = r cosΘ0 = −s0r and
b = r cosΘ = sr, yielding

(s − s0)r = nλ. (2.42)

λ = λ0 because the scattering is assumed to be elastic. Multiplying (2.42) by 2π/λ

we obtain

(k − k0)r = n2π. (2.43)

We now consider many scattering atoms placed at the sites of a Bravais lattice. All
lattice sites are displaced from one another by a Bravais lattice vector R. Construc-
tive interference of all scattered rays occurs if condition (2.43) holds simultaneously
for all values of r, i.e.

(k − k0)R = n2π. (2.44)
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Fig. 2.35 Path difference
a + b of X-rays scattered
from two atoms separated
by r

Equation (2.44) may be rewritten by introducing the reciprocal lattice. A unique
reciprocal lattice can be constructed for each particular Bravais lattice. It is a Bra-
vais lattice for itself, and its reciprocal lattice is the original direct lattice. The base
vectors gi of the reciprocal lattice are defined by the condition

giaj = 2πδij , (2.45)

ai being the base vectors of the corresponding Bravais lattice and Kronnecker’s
symbol δij = 1 for i = j and 0 otherwise. The vector g1 is thus normal to a2 and a3,
and can be calculated from

g1 = a2 × a3

a1(a2 × a3)
. (2.46)

The vectors g2 and g3 are obtained from (2.46) by a cyclic permutation of the in-
dices. From the construction of the reciprocal lattice we conclude that each vector
Ghkl is normal to a lattice plane of the real lattice with Miller indices (hkl). Further-
more, the distance dhkl of two neighboring parallel lattice planes with Miller indices
(hkl) is inverse to the absolute value of the corresponding reciprocal lattice vector
Ghkl ,

dhkl = 2π

|Ghkl | . (2.47)

Using the reciprocal lattice vectors defined in (2.45) and a reciprocal lattice vector
G built from the base vectors gi we represent (2.44) by the von Laue condition

(k − k0) = G. (2.48)

Equation (2.48) means that constructive interference of scattered X-rays occurs if
the change in wave vector (referred to as diffraction vector) �k = k − k0 is a vector
of the reciprocal lattice. Conditions (2.48) and (2.39) are equivalent criteria for con-
structive interference of X-rays. We may derive Bragg’s law (2.39) from (2.48) by
noting that G is an integral multiple of the shortest parallel reciprocal lattice vector,
the length of which is 2π/dhkl , i.e., G = n2π/dhkl . G is also related to the Bragg
angle Θ . From (2.48) and the triangle built by the vectors k0, k, and �k in Fig. 2.36
we find the relation G = �k = 2 × k sinΘ . Putting this together we find

k sin θ = nπ

dhkl

. (2.49)
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Fig. 2.36 Reciprocal space map of all Bragg reflections accessible for an incident X-ray radiation
with wave vector of length k0. The horizontal axis denotes a diffraction vector �k along a [100]
direction lying in the sample surface, the vertical axis signifies a �k normal to the surface. The
outer sphere with radius 2k0 refers to a deflection angle 2Θ = 180°

By expressing k in terms of 2π/λ we obtain Bragg’s law from (2.49). We use here
the convention, which is common in solid state physics. It should be noted that in
crystallography the length of the wave vector is usually defined by k = 1/λ, i.e.,
without the factor 2π ; the reciprocal lattice spacing is then inverse to the associated
lattice-plane spacing in real space.

The reciprocal lattice defined by (2.45) and (2.46) helps to find allowed Bragg
reflections for a given crystal and the corresponding Bravais lattice. Such reflec-
tions fulfill the Bragg and von Laue conditions for a set of parameters consisting
of lattice-plane distance dhkl , angle Θ , and X-ray wavelength λ. Methods of X-ray
characterization differ in the parameters varied. They may be well represented using
a simple geometric construction introduced by Paul P. Ewald.

2.4.4 The Ewald Construction

To represent X-ray diffraction using the Ewald construction we first draw the re-
ciprocal lattice, i.e., a collection of points derived from the real (direct) lattice of
the crystal structure to be studied using (2.46). Now the incident wave vector k0 is
added with the tip pointing to the origin hkl = 000, see Fig. 2.36. An Ewald sphere
of radius k0 (= 2π/λ) centered on the origin of k0 is drawn. Scattered wave vec-
tors k (with same length as k0) also starting at the center of the sphere satisfy the
von Laue condition if and only if their tips end on a reciprocal lattice point, i.e., the
lattice points lie on the surface of the sphere. In this case the diffraction vectors �k
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Fig. 2.37 Ewald’s
construction of the von Laue
method. The crystal is
irradiated with a
polychromatic X-ray beam

are vectors Ghkl of the reciprocal lattice. Note that each vector Ghkl represents a set
of parallel lattice planes of the real crystal with Miller indices hkl.

The reciprocal space map shown in Fig. 2.36 is a representation of the real lat-
tice in the reciprocal space. It is fixed with respect to the studied sample and its
diffracting Bragg planes. Ewald’s construction therefore provides a good survey of
possible reflections for varied angles or wavelengths. For fixed λ and consequently
fixed lengths of k0 and k all possible reciprocal lattice points lie within a sphere
of radius 2k (corresponding to Bragg scattering with 2Θ = 180°). Some points in
the lower part of the map cannot be accessed since either Θ0 < 0 or Θ < 0, i.e., k0
cannot enter the sample (the incident beam is below the surface) or k cannot emerge
from the sample (the diffracted beam is below the surface).

If all angles are kept fixed and λ is varied over all possible values we directly
obtain an image of the reciprocal lattice. This technique was applied by von Laue
and co-workers in 1912 to prove the wave nature of X-rays and is mainly used to-
day to determine the crystallographic orientation of samples with a known structure.
Ewald’s construction of the Laue method provides spheres for all wavelengths be-
tween λmin (corresponding to kmax) and λmax. They all have a common touch point
at the origin because the crystal is kept stationary and the direction of incidence
is hence fixed during data collection, see Fig. 2.37. Variation of λ is performed by
using white radiation, i.e., continuum Bremsstrahlung radiation of an X-ray tube or
not monochromatized synchrotron radiation. The fraction of the reciprocal lattice
filled by the shaded area then diffracts simultaneously.

2.4.5 High-Resolution Scans in the Reciprocal Space

X-ray diffractometers are widely employed for non-destructive structural analyses
of crystalline samples. Epitaxial structures are usually characterized applying high-
resolution X-ray diffraction (HRXRD). The large natural line width of the generally
used Kα1 radiation (�λ/λ = 3 × 10−4 for Cu) limits the resolution of a simple
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Fig. 2.38 High-resolution
X-ray diffractometer for
structural analyses of
heteroepitaxial structures.
The studied sample is
symbolized by its diffracting
Bragg planes. These are not
parallel to the sample surface
in case of asymmetric
reflections

single-crystal diffractometer to �Θ/Θ ∼= 10−2. Furthermore, the close vicinity to
the Kα2 line (1.5443 Å for Cu, with half the intensity of Kα1 at 1.5405 Å) compli-
cates the analysis particularly for multilayer structures. In a modern HRXRD setup
the incident X-ray radiation is therefore monochromized using Bragg reflections of
a primary crystal (commonly a highly perfect Ge or Si crystal with a channel cut
for multiple reflections). Such monochromator improves the resolution to typically
10−5. Often also a parabolic shaped multilayer mirror is used to convert the di-
vergent radiation of the X-ray tube to an intense quasi-parallel beam. Such beam
conditioning reduces the required measuring time significantly. A high-resolution
X-ray setup is illustrated in Fig. 2.38.

The setup shown in Fig. 2.38 is also referred to as triple-axis diffractometer, the
three rotation axes being the Bragg angles of the monochromator crystal, of the
investigated sample, and of the analyzer crystal. Many other configurations of X-
ray optics are used, depending on the required resolution. X-ray measurements are
conveniently described in the reciprocal space illustrated in Fig. 2.36. Various types
of scans are used to characterize or map a Bragg reflection. Commonly applied scan
directions are depicted in Fig. 2.39.

The incident and diffracted wave vectors are denoted ki and kf, respectively.
Due to the elastic scattering their absolute values are equal and both given by the
applied radiation wavelength, k = 2π/λ. The components of the diffraction vector
�k = kf − ki are

q‖ = k(cosαf − cosαi),

q⊥ = k(sinαf + sinαi).

In the X-ray diffractometer the angle of rotation of the sample surface is usually
labeled ω, and the angle of the detector rotation is labeled 2Θ . The goniometer
angle ω represents the angle of incidence with respect to the sample surface αi,
and 2Θ equals the sum of αi and the angle of the diffracted beam with respect to
the sample surface αf. The components of the diffraction vector are thus directly
measured by scanning ω and Θ .

In reciprocal space the ω − 2Θ scan is oriented along the direction of the origin
to the studied reciprocal-lattice point. The direction of �k remains fixed, while the
length changes. For such radial scan the sample is rotated by an amount �ω and
the detector is rotated by �2Θ = 2�ω. In the case of a symmetric reflection, i.e.,
when the Bragg planes are parallel to the sample surface and αi = αf , the relation
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Fig. 2.39 Scan directions in
the reciprocal space
commonly applied in
high-resolution X-ray
diffraction. ki and kf denote
initial and final wave vectors
of the monochromatic X-ray
beams, respectively. Angles α

represent angles of the
incident and diffracted (final)
beams with respect to the
sample surface

Fig. 2.40 ω scan of the
symmetric (004) reflection of
a 7 period AlAs/GaAs
superlattice structure grown
on (001)-oriented GaAs. Data
points and the gray curve are
measured and simulated
diffraction patterns,
respectively

ω = 2Θ/2 applies. The diffraction vector �k is then always normal to the surface
as depicted in Fig. 2.36.

The ω scan traces a circle of radius |�k| about the origin and is nearly oriented
perpendicular to the ω−2Θ scan. The sample is rotated (‘rocked’) about the ω axis.
The angle 2Θ and hence the length of �k remains fixed, while the direction of �k
changes. Usually no analyzer and no slit is attached to the detector for recording
all intensity reflected from the sample. This scan is usually referred to as ‘rocking
curve’ measurement, although also the ω − 2Θ scan requires sample rotation.

The 2Θ scan traces an arc on the Ewald sphere. The incident angle αi and hence
ω is kept fixed, and αf is changed by varying the detector angle 2Θ . Both length
and direction of the diffraction vector �k change.

The ω scan is widely applied for the measurement of composition and layer
thickness in coherent heterostructures. Data evaluation then applies Vegard’s law
(2.2a)–(2.2c) and a simulation of the intensity based on the dynamical theory of
X-ray diffraction. In (001)-oriented structures of a cubic crystal system often the
intense symmetric (004) reflection is used. A measured and simulated diffraction
pattern of an AlAs/GaAs superlattice structure is shown in Fig. 2.40.
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Fig. 2.41 Positions of
reciprocal-lattice points hkl

of a fully strained (γ = 1)

and fully relaxed (γ = 0)

epitaxial layer

2.4.6 Reciprocal-Space Map

The analysis of elastically relaxed heteroepitaxial structures requires the measure-
ment of both, vertical and lateral lattice parameters. For the evaluation of lateral
components asymmetric reflections must be used. Strain relief in the structure may
be quite inhomogeneous as shown in Fig. 2.16. Furthermore, Bragg planes of an
epitaxial structure may be tilted with respect to those of the substrate, and mosaicity
of layers with tilted and twisted crystallites as illustrated in Sect. 2.3.7 may occur.
The analysis of such imperfections is conveniently performed by combining a series
of scans in reciprocal space to a map.

An analysis of the strain state in a partially relaxed epitaxial layer from
reciprocal-space maps is illustrated in Figs. 2.41 and 2.42. For simplicity we as-
sume an equal crystal structure for layer and substrate. Partial relaxation may be
described by the relaxation parameter γ (2.29) introduced in Sect. 2.2.8. The re-
flection hkllayer of a coherently strained pseudomorpic layer (γ = 1) has the same
lateral component of the scattering vector as the corresponding reflection of the
substrate, because the lateral lattice constant of the layer a‖ adopts the value of
the substrate aS. In Fig. 2.41 a layer with a natural (unstrained) lattice constant aL

larger than the substrate lattice constant aS is assumed. hkllayer therefore lies below
hklsubstrate in the reciprocal space map, i.e. at a smaller q⊥ value. For a completely
relaxed layer (γ = 0) the Bragg planes lie parallel to that of the substrate. Conse-
quently the scattering vector �k has the same direction for layer and substrate, i.e.,
hkllayer and hklsubstrate lie on a common line starting at the reciprocal origin 000.
Intermediate strain states of the layer lie on a relaxation line bounded by the points
for γ = 0 and 1, cf. Fig. 2.41. This line is straight due to the assumed validity of
Hook’s law during the relaxation process.

The experimental result given in Fig. 2.42 represents a cut of the recipro-
cal space using the [110] axis of the cubic crystal lattice as azimuth reference:
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Fig. 2.42 Reciprocal-space maps of the symmetrical (004) reflection (left) and the (115) reflection
of a 310 nm thick epitaxial ZnSe layer on (001) GaAs substrate. Contour lines refer to scattered
X-ray intensities on a logarithmic scale with steps of 0.2, coordinates are given in terms of non-in-
teger Miller indices. The straight line in the right map indicates the relaxation line. The dotted lines
in the maps indicate sections of Ewald spheres, the streaks along these lines are analyzer artefacts.
Reproduced with permission from [72], © 1994 Elsevier

q‖ = [hh0]×√
2aS, i.e., h always equals k. The normal reference is q⊥ = [00l]×aS.

The measurements show the scattered X-ray intensity near the (004) and (115) re-
flections of an epitaxial ZnSe layer on (001)-oriented GaAs substrate [72]. Both
materials have zincblende structure.

The reciprocal-lattice points of the layer show a clear broadening with a non-
circular shape indicated by triangles. The broadening along the vertical dash-dotted
line (along the surface normal) demonstrates the coexistence of various strain states
in the layer. Small 00l values refer to highly strained parts of the layer (γ → 1),
large values to relaxed parts. The distribution is asymmetric. Perpendicular to the
scattering vector (i.e., the vertical line) another broadening mechanism originating
from mosaicity occurs. The triangular shape of the reciprocal-lattice point indicates
that this mosaicity is related to the strain state: small for large strains (lower triangle
corner) and large for relaxed parts. The triangles referring to the (004) and (115) re-
flections are geometrically similar. The different shapes result from a transformation
which depends on the inclination angle φ of the Bragg planes [72].

In the next example the mosaicity of an epitaxial layer is considered. Perturba-
tions in the periodicity of the crystal lattice lead to incoherent scattering of X-rays
and consequently to a broadening of reciprocal lattice points. From the broadening
the average extension of coherently scattering regions in the crystal (i.e., regions free
of defects) can be derived. The relation between this so-called coherence length d
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Fig. 2.43 Scheme of broadened reciprocal-lattice points due to mosaicity in an epitaxial layer
originating predominantly from (a) finite lateral coherence length and (b) tilts of mosaic blocks

and the broadening of a reciprocal lattice point due to the finite size of perfect crys-
tallites is expressed by an equation formulated by P. Scherrer [73],

FWHM = Kλ

d × cosΘ
. (2.50)

In the Scherrer equation (2.50) FWHM denotes the full width at half maximum of an
X-ray reflection scattered from crystallites with average dimension d , and K is the
Scherrer constant. K is of order unity and usually put to 0.9 for a Gaussian function
of the reflection shape. λ and Θ are the X-ray wavelength and the Bragg angle, re-
spectively. In addition to finite size effects in lateral and vertical direction expressed
by Scherrer’s formula mutual tilts and twists of the small crystalline blocks building
the mosaic of a real crystal (Sect. 2.3.7) contribute to the broadening of reciprocal
lattice points. The action of tilts differs from that of a finite size as illustrated in
Fig. 2.43.

Finite sizes of mosaic blocks along the lateral and vertical directions lead to
broadenings along q‖ and q⊥, respectively. This holds for symmetric and asymmet-
ric reflections of any order in the same way as illustrated in Fig. 2.43a for a limited
lateral size. Tilts induce a broadening which linearly increases with the order of
the reflection. In symmetric reflections the superimposed broadening contributions
due to lateral finite size and tilt can be separated by plotting the FWHM of rocking
curves over the respective reflection order, yielding the tilt from the slope and the
lateral coherence length from the inverse of the ordinate interception-point. Asym-
metric reflections are broadened by pure tilts along an axis inclined by the angle φ

which represents the angle between the diffracting Bragg planes and the sample
surface. Superimposed finite size effects modify the angle.

Twists lead to a broadening of reciprocal lattice points in the plane spanned by
q‖ and a second independent lateral direction. An evaluation can be obtained from
grazing incidence diffraction which uses scattering from Bragg planes lying perpen-
dicular to the sample surface or from measuring the edge of the sample.
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Fig. 2.44 Reciprocal-space
maps of the asymmetric
(10.5) reflection of GaN
layers with (a) 350 nm and
(b) 4200 nm mosaic grains,
epitaxially grown on (0001)

sapphire substrate. Contour
lines refer to equal X-ray
intensities. Reproduced with
permission from [74], © 2003
AIP

The effect of finite mosaic grain size and tilt on asymmetric reflections is illus-
trated in Fig. 2.44. The reciprocal-space maps show (10.5) reflections of wurtzite
GaN grown on basal-plane sapphire [74]. The large lattice mismatch leads to very
high dislocation densities in the range of typically 109 cm−2. The measured reflec-
tions have nearly elliptical shape with an inclination of the main axis with respect
to the azimuth. The angle depends on the average size of mosaic grains in the epi-
taxial layer. Small angles are due to a dominant effect of lateral finite size. Pure tilts
reproduce the inclination φ with respect to the surface (20.5° for the given reflec-
tion).

2.5 Problems Chap. 2

2.1 The stable modification of GaN is the wurtzite (α) structure. Epitaxial layers
can also be grown in the metastable cubic zincblende (β) structure.
(a) Determine the lattice mismatch f of β-GaN on (001)-oriented zincblende

GaAs at room temperature.
(b) Find a suitable ratio of small integers for a coincidence lattice and deter-

mine the respective coincidence-lattice mismatch.
(c) On (111)-oriented GaAs the GaN layer tends to grow in the α phase.

What is the wurtzite a lattice parameter of the GaAs(111) plane? Prove
that the lattice mismatch of α-GaN/GaAs(111) is similar to that of β-
GaN/GaAs(001), if α-GaN is assumed to have the same bond length as
β-GaN.

2.2 GaN is grown on various substrates due to a lack of well lattice-matched ma-
terials.
(a) Calculate the lattice mismatch for growth on the most commonly

used basal-plane sapphire Al2O3 in case of an epitaxial relation
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[0001]GaN ‖ [0001]Al2O3 and [1000]GaN ‖ [1000]Al2O3 (i.e., a and c axes
of substrate and layer are parallel). Compare this value to that often de-
rived from the alterative definition falternative1 given in the text. The lattice
parameters of Al2O3 are aAl2O3 = 4.758 Å, cAl2O3 = 12.991 Å.

(b) The a axes of the GaN layer are actually rotated by 30° about the c axis,
yielding the relation [1000]GaN ‖ [1−100]Al2O3 (cf. figure below). What
is the lattice mismatch for this epitaxial relation?

(c) The growth of m-plane wurtzite GaN (with a nonpolar surface) is often
performed on γ -LiAlO2, which has a tetragonal structure with lattice pa-
rameters a = b = 5.169 Å and c = 6.268 Å. Compute the lattice mismatch
of the two edges of the GaN m-plane aligned along the two different axes
of γ -LiAlO2, when every second Ga atom along the a axis of the GaN
sublattice matches an Al atom along the c axis of the γ -LiAlO2 sublat-
tice.

(d) An alternative m-plane substrate for m-plane wurtzite GaN is the readily
available 6H-SiC polytype with ABCABC stacking order. What is the
lattice mismatch for an equal orientation of the unit cells? It should be
noted that the GaN layers tend to grow in a 2H sequence and only partially
adopt the 6H sequence (in contrast to AlN layers), yielding a high density
of stacking faults.

2.3 (a) How does the Al composition parameter x in the quaternary compound
AlxGay In1−x−yAs depend on the Ga composition parameter y for a layer
lattice-matched to InP according Vegard’s law?

(b) What are the maximum of the Ga composition parameter y and the maxi-
mum of the Al composition parameter x?

(c) Write the relation for a quaternary AlGaInAs layer lattice-matched to InP
in terms of two ternary alloys Xz and Yz−1 which are both lattice-matched
to InP.

2.4 Apply in the following problem linear expansion coefficients (which actually
underestimate the thermal expansion at higher temperatures) and a linearly
weighted quantity for the alloy.
(a) Calculate the lattice mismatch f of a ZnS layer on Si substrate at a growth

temperature of 360 °C.
(b) Determine the composition parameter x of a ZnS1−xSex layer for lattice-

matched conditions on Si at growth temperature.
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(c) Calculate the thermally induced lateral strain of the ZnS1−xSex layer after
cooling the lattice-matched ZnS1−xSex layer of (b) from 360 °C to room
temperature (23 °C).

(d) Which composition parameter x produces a strain-free ZnS1−xSex layer
at room temperature for growth at 360 °C? How large is then the mismatch
at growth temperature?

2.5 Consider a pseudomorphic ZnSe layer on (001)-oriented GaAs substrate at
room temperature.
(a) Determine the strain of the ZnSe layer perpendicular to the interface.
(b) Calculate the relative change of the unit-cell volume induced by the strain.
(c) The strain in the layer changes the distance dhkl between nearest lat-

tice planes. In crystal systems with orthogonal axes and lattice vec-
tors of lengths a, b, and c the distance can be expressed by dhkl =
((h/a)2 + (k/b)2 + (l/c)2)−1/2. Use this relation to calculate the distances
between nearest (111) planes in unstrained ZnSe and the pseudomorphi-
cally strained ZnSe/GaAs layer. Relate the factor

√
3 in the unstrained

material to the stacking sequence of the zincblende structure.
(d) Express the thickness of a 285 Å thick layer in units of monolayers.
(e) Calculate the strain energy per unit area of a 285 Å thick layer. Which

strain energy per unit area has a 114 nm thick layer?
(f) Which strain energy is stored in one unit cell of the pseudomorpic ZnSe

layer?
2.6 The strain in pseudomorphic lattice-mismatched layers is sometimes compen-

sated by inserting additional layers with opposite lattice mismatch, yielding
layer stacks which are in total lattice-matched to a substrate.
(a) Determine the thickness of an In0.15Ga0.85As layer, which is to be pseu-

domorphically grown on a 1 monolayer thick (001)-oriented GaP layer to
obtain a total lateral lattice constant coinciding with that of GaAs. How
many monolayers of In0.15Ga0.85As correspond to this thickness? The
stiffness coefficients of GaP are C11 = 141 GPa, C12 = 62 GPa; use a
linearly weighted shear modulus for the In0.15Ga0.85As layer determined
similar to the unstrained lattice parameter of this layer.

(b) The strain in a pseudomorphic superlattice with 10 InxGa1−xAs quantum
wells separated by GaAs barriers is to be compensated by the additional
insertion of a counteracting GaAs1−yPy layer into the center of each of
these barriers. The entire layer stack of the strain-compensated superlat-
tice should adopt the same lateral lattice parameter as the (001)-oriented
GaAs substrate. Calculate the composition parameter y for the case that
in each of the 20 nm thick barrier layers 12 nm of GaAs is replaced by
GaAs1−yPy . The quantum wells have a thickness of 10 nm and a compo-
sition of 22 % indium. Apply a linearly weighted shear modulus for the
wells, but approximate the value for the barriers by that of GaAs (check if
such simplification is justified).
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2.7 Determine the energy per unit length for the following perfect misfit disloca-
tions in GaAs within a radius of 300 nm around the dislocation line. A single
dislocation with a dislocation-core radius of 1

3 of the Burgers vector is as-
sumed.
(a) Pure screw dislocation.
(b) Pure edge dislocation.
(c) 60° dislocation.

2.8 The composition parameter x of a (001)-oriented alloy layer AxB1−x with
diamond structure was approximately adjusted for achieving lattice matching
to a substrate with lattice parameter aS = 5.5 Å, yielding a misfit f = 10−3.
(a) Estimate the critical thickness for the introduction of 60° misfit disloca-

tions for a Poisson ratio of the layer ν = 0.25, using the graphical result
given in the text.

(b) By which factor changes the layer thickness for ν = 0.35?
(c) Which misfit must be achieved for extending the critical layer thickness

by a factor of 5 for a Poisson ratio ν = 0.25?
2.9 A ZnSe/GaAs(001) layer is characterized by X-ray diffraction using CuKα1

radiation.
(a) Calculate the separation between the Bragg angles for the (004) reflec-

tions of the substrate and the layer for a completely relaxed layer and a
pseudomorphically strained layer.

(b) Repeat (a) for the asymmetric (115) reflection.
(c) The intensity of the scattered radiation is largely determined by the

square of the structure factor. Calculate the approximate intensity ratio
I (004)/I (115) of the two reflections, if the ratio of the atomic scattering
factors fSe/fZn = 1.17.

2.10 An InxGa1−xN layer is to be grown lattice-matched on the basal plane of a
ZnO substrate.
(a) Find the In composition x1 and the Bragg angle of the (00.2) reflection of

a lattice-matched InxGa1−xN layer for CuKα1 radiation.
(b) Calculate the In composition x2 of a relaxed (not lattice-matched)

InxGa1−xN layer producing the (00.2) reflection at a Bragg angle 400 sec
below the value of a lattice-matched layer. Compare this value to the com-
position x3 of a pseudomorphic InxGa1−xN layer, whose (00.2) reflection
appears at the same Bragg angle (find x3 by using x2 and interpolation;
use for simplicity elastic constants of pure GaN).

2.6 General Reading Chap. 2

J.F. Nye, Physical Properties of Crystals (Clarendon Press, Oxford, 1972)
A.S. Saada, Elasticity Theory and Applications (Pergamon Press, New York, 1974)
J.P. Hirth, J. Lothe, Theory of Dislocations, 2nd edn. (Wiley, New York, 1982)
D. Hull, D.J. Bacon, Introduction to Dislocations, 4th edn. (Butterworth-Heinemann, Oxford,
2001)
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S. Amelinckx, Dislocations in particular structures, in Dislocations in Solids, vol. 2, ed. by
F.R.N. Nabarro (North-Holland, Amsterdam, 1979)
J.E. Ayers, Heteroepitaxy of Semiconductors: Theory, Growth, and Characterization (CRC
Press, Boca Raton, 2007)
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Chapter 3
Electronic Properties of Heterostructures

Abstract This chapter presents electronic properties of a junction between two
semiconductors and electronic states in low-dimensional structures. First, we con-
sider the valence and conduction bands of zincblende and wurtzite bulk semicon-
ductors and illustrate the effects of strain and alloying. Then, models describing the
band lineup of heterostructures are introduced and the effect of interface stoichiom-
etry is illustrated. The characteristic scale for the occurrence of size quantization is
discussed, and electronic states in quantum wells, quantum wires, and quantum dots
are described.

3.1 Bulk Properties

A heterostructure is formed by a junction between two dissimilar solids. Before
considering the electronic properties of such interface in more detail (Sect. 3.2)
we briefly compile some electronic properties of a single constituent. We focus on
the uppermost valence bands and the fundamental bandgap of bulk crystals with
zincblende or wurtzite structure. Bulk denotes a size well above the limit of size-
quantization effects (Sect. 3.3.2). In this sense a 100 nm thick epitaxial layer may
be considered as a bulk crystal.

3.1.1 Electronic Bands of Zincblende and Wurtzite Crystals

Energy bands in semiconductors may fittingly be described using the effective mass
approximation in the framework of a multiband kp method, which requires only a
small set of experimentally determined parameters [cf., e.g., Ref. [1]]. Tetrahedrally
coordinated crystals with zincblende or wurtzite structure form three p-like valence
bands and an s-like conduction band, leading to an 8 band kp Hamilton operator
(4 bands ×2 spin orientations) with terms linear and quadratic in k. The valence
dispersions comprise bands for the heavy hole, the light hole, and the split-off hole
(zincblende) or crystal hole (wurtzite). The effective mass m∗ at the edges of valence
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and conduction bands near the center of the Brillouin zone is generally a tensor. Its
components m∗

ij are related to the energy dispersion E(k) according

m∗
ij = �

2
(

∂2

∂ki∂kj

E(k)|ki ,kj =0

)−1

. (3.1)

In zincblende semiconductors the anisotropic effective mass of the heavy hole is
usually expressed in terms of band parameters A, B , C, or the related Luttinger
(or: Kohn-Luttinger) parameters γ1, γ2, γ3. We apply the widely used Luttinger
parameters, yielding along the different crystallographic directions for the effective
heavy-hole mass the relations

(
m0

m∗
hh

)[100]
= γ1 − 2γ2,

(
m0

m∗
hh

)[110]
= 1

2
(2γ1 − γ2 − 3γ3),

(
m0

m∗
hh

)[111]
= γ1 − 2γ3.

(3.2a)

The corresponding effective light-hole mass is given by similar relations,
(

m0

m∗
lh

)[100]
= γ1 + 2γ2,

(
m0

m∗
lh

)[110]
= 1

2
(2γ1 + γ2 + 3γ3),

(
m0

m∗
lh

)[111]
= γ1 + 2γ3.

(3.2b)

The split-off hole mass is given by

m0

m∗
so

= γ1 − EP �0

3Eg(EP + �0)
, (3.2c)

where EP is the momentum matrix-element between the p-like valence bands
and the s-like conduction band. Eg and �0 are the direct bandgap energy and
the spin-orbit splitting, respectively. Parameters for some technologically important
zincblende semiconductors are given in [2]. The 8 band kp approximation provides
a good description up to about a quarter of the way from the center to the boundary
of the Brillouin zone. Additional bands may be included to improve the description
or to describe also indirect-bandgap semiconductors.

The valence-band structure near the center of the Brillouin zone (Γ point at
k = 0) for a typical zincblende semiconductor (GaAs) is shown in Fig. 3.1a. The
bands of heavy hole and light hole are degenerated at k = 0 in absence of symmetry-
reducing strain. Away from the Γ point non-parabolicity occurs due to an anti-
crossing behavior of these holes with the split-off hole, which lies below the other
two bands at k = 0 by the amount of the spin-orbit energy �0.

Crystals with wurtzite structure have a different dispersion in the basal plane
and perpendicular, i.e., along the c axis parallel [0001]. The valence band-structure
of a typical wurtzite semiconductor (GaN) near k = 0 is shown in Fig. 3.1b. The
degeneracy of the valence bands is lifted at the Γ point. The splittings between
heavy hole and light hole, and that between heavy hole and crystal hole essentially
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Fig. 3.1 Valence-band
structure of (a) a zincblende
and (b) a wurtzite
semiconductor near the center
of the Brillouin zone. The
labels hh, lh, so, and ch

denote valence bands of
heavy hole, light hole,
split-off hole, and crystal
hole, respectively

reflect the effects of spin-orbit and crystal-field interactions, respectively. A set of
seven Luttinger-like parameters which accounts for the non-cubic symmetry was
introduced to describe the bands of wurtzite semiconductors [3].

3.1.2 Strain Effects

Virtually any heteroepitaxial structure is strained as pointed out in Sect. 2.2. Strain
and the related atomic positions are determined by minimizing the elastic en-
ergy, under the constraint of a common lattice constant parallel to the interface
a‖ throughout the structure for pseudomorphic conditions. The resulting strain de-
scribed by (2.13) to (2.19a)–(2.19c) affects the energy of the electronic bands. We
first focus on zincblende semiconductors and consider wurtzite structures at the end
of this section. Shear components of the strain lead to a splitting of degenerate cu-
bic valence bands and indirect conduction bands, but they do not affect the average
valence-band energy Ev,av. The hydrostatic component of the strain changes the
volume and leads to a shift of the bands with respect to Ev,av and also affects the
average electrostatic potential itself.

The effect of strain in cubic semiconductors is expressed in terms of deformation
potentials a, b, and d [4, 5]. The total effect of hydrostatic strain on the valence
band is described by the hydrostatic deformation potential av for the valence band,

av = dEv,av

d lnV
= dEv,av

1
V

dV
. (3.3)
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The quantity av expresses the shift of the average valence-band energy Ev,av per
relative change of the volume V . A similar relation applies for the shift of the
conduction-band energy Ec under the action of hydrostatic pressure, with av and
Ev,av in (3.3) being replaced by the deformation potential of the conduction band
ac and Ec, respectively. Consequently the change of the gap energy Ec − Ev,av
is also given by such a relation with a deformation potential a, which is equal to
a = ac − av. It must be noted that also another sign convention is widely used for
av, yielding a = ac + av. Furthermore, different conventions of the quantities b and
d are used. They yield d ′ = √

3/2 × d for trigonal distortions and refer to a term
proportional (J 2

x εxx + c.p.) instead of ((J 2
x − 1/3J 2)εxx + c.p.) for tetragonal dis-

tortions.
Using the deformation potential defined by (3.3), the influence of the hydrostatic

strain component on the offsets of the average valence-band and the conduction
band is given by

�Ev,av = av
�V

V
and

�Ec = ac
�V

V
,

(3.4)

respectively, with the fractional volume change �V/V = (εxx + εyy + εzz). Even-
tually the spin-orbit splitting of the valence band is considered. In semiconductors
with zincblende or diamond structure the edge of the topmost valence band is

Ev = Ev,av + �0

3
, (3.5)

�0 being the spin-orbit parameter.
Splittings of the valence band in addition to those originating from the spin-orbit

interaction arise from shear components of the strain. They depend on the strain
direction and are proportional to the strain in the linear regime, which is expected
to be a good approximation for pseudomorphic heterostructures. Taking the average
valence-band energy Ev,av as reference, the shifts of the heavy hole, the light hole,
and the split-off band for uniaxial strain along the [001] direction are given by [5, 6]

Ev,hh = �0

3
− 1

2
δE001,

Ev,lh = −�0

6
+ 1

4
δE001 + 1

2

√
�2

0 + �0 × δE001 + 9

4
δE2

001,

Ev,so = −�0

6
+ 1

4
δE001 − 1

2

√
�2

0 + �0 × δE001 + 9

4
δE2

001.

(3.6)

In (3.6) the abbreviation

δE001 = 2b(εzz − εxx) (3.7)

is used, with the shear deformation potential b for biaxial strain which induces a
tetragonal distortion of the cubic unit cell. Equation (3.6) also holds for uniaxial
strain along [111], if δE001 is replaced by

δE111 = 2
√

3dεxy, (3.8)

where εxy = 1/3(ε⊥ − ε‖).
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Fig. 3.2 Effect of strain on the valence bands and the lowest conduction band (CB) of a
zincblende-type semiconductor. hh, lh, and so denote heavy-hole, light-hole, and split-off hole
valence bands, �0 is the spin-orbit splitting. εxx = εyy is the in-plane strain

The effect of uniaxial strain along the [001] direction, or similarly by biaxial
strain along [110] and [1̄10], is shown in Fig. 3.2. The unstrained valence band of a
zincblende semiconductor at the Brillouin zone center k = 0 is split by the spin-orbit
interaction �0 into a fourfold degenerate heavy-hole (hh) and light-hole (lh) band
with total angular momentum J = 3/2 (MJ = ±3/2,±1/2), and a doubly degener-
ate split-off (so) band with J = 1/2 (MJ = ±1/2). The strain reduces the symmetry
from Td to D2d and lifts the degeneracy of the J = 3/2 band, yielding a J = 3/2,
MJ = ±3/2 hh band and a J = 3/2, MJ = ±1/2 lh band [7]. In addition, the hy-
drostatic component of the stress shifts the bandgap energy. In common zincblende
materials the bandgap energy increases for compressive strain due to the nature of
the atomic bonding. It is generally believed that most of the change occurs in the
upward moving conduction band. Since the share of ac and av is difficult to isolate
experimentally it is usually based on theoretical predictions.

We illustrate strain effects in pseudomorphic structures for results obtained from
the model-solid theory [8] outlined in Sect. 3.2.5. Calculated deformation potentials
are given in Table 3.1 for some semiconductors. Data computed according (3.3)
refer to the direct gap at the Γ point of the Brillouin zone (index dir) or to the indi-
rect gap (indir). The gap energies Eg are taken from low-temperature experiments,
yielding with (3.5) the conduction-band values Ec = Ev + Eg.

To illustrate the effect of strain on the valence and conduction bands, we con-
sider data for a thin pseudomorphically strained ZnS layer on a ZnSe substrate
[8]. Both solids have zincblende structure with lattice parameters of 5.40 Å and
5.65 Å, respectively. ZnS has a smaller unstrained lattice parameter, and is tensely
strained parallel to the interface (x, y) and compressively strained perpendicular
(z). According (2.19a)–(2.19c) the respective strains are εxx = εyy = 0.046 and
εzz = −0.058, leading to a fractional volume increase �V/V = 0.035. The change
of the volume affects the energy of valence band and conduction band. The band
energies of the strained ZnS layer follow from (3.4), yielding EZnS

v,av = −9.07 eV
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Table 3.1 Average valence-band energies Ev,av and deformation potentials of the valence band
av, the conduction band ac, and the gap energy a calculated from the model-solid theory. �0 and
Eg denote measured spin-orbit splitting and energy gap at 0 K, respectively. All values are given
in eV. Data from [8]

Solid Ev,av av adir
c adir Edir

g Edir
c aindir

c aindir Eindir
g Eindir

c �0

Si −7.03 2.46 1.98 −0.48 3.37 −3.65 4.18 1.72 1.17 −5.85 0.04

Ge −6.35 1.24 −8.24 −9.48 0.89 −5.36 −1.54 −2.78 0.74 −5.51 0.30

GaP −7.40 1.70 −7.14 −8.83 2.90 −4.47 3.36 1.56 2.35 −5.02 0.08

AlAs −7.49 2.47 −5.64 −8.11 3.13 −4.27 4.09 1.62 2.23 −5.17 0.28

GaAs −6.92 1.16 −7.17 −8.33 1.52 −5.29 0.34

InAs −6.67 1.00 −5.08 −6.08 0.41 −6.13 0.38

ZnS −9.15 2.31 −4.09 −6.40 3.84 −5.29 0.07

ZnSe −8.37 1.65 −4.17 −5.82 2.83 −5.40 0.43

Fig. 3.3 Band alignment of a
biaxially strained
pseudomorphic ZnS layer on
a (001)-oriented ZnSe
substrate, calculated
according the model-solid
theory using experimental
values for gap energies and
spin-orbit splittings. After [8]

and EZnS
c = −5.43 eV. The deformation potential b of ZnS is −1.25 eV, yield-

ing with (3.7) δE001 = 0.26 eV. From (3.6) we finally obtain the energy shifts
of the heavy hole, the light hole, and the split-off hole of the strained ZnS layer
with respect to EZnS

v,av being −0.11 eV, +0.26 eV and −0.16 eV, respectively. The
resulting alignment with �Ev = −0.50 eV and �Ec = 0.03 eV is depicted in
Fig. 3.3.

Deformation potentials are experimentally obtained from optical spectroscopy.
A comparison of the reflectivity and a two-photon absorption spectrum of a ZnSe
bulk crystal is shown in Fig. 3.4a. The sharp nonlinear resonances of the 1S exci-
ton allow for a direct measurement of splittings induced by stresses applied along
various crystallographic low-index directions. The deformation potentials a, b, and
d are contained in the Hamiltonian of the 1S orthoexciton and are evaluated by as-
signing the measured energies to the eigenenergies [9]. Results for uniaxial stress
along [001] are given in Fig. 3.4b.

Application of uniaxial stress to a biaxially strained 5.3 µm thick ZnSe layer on
GaAs substrate is shown in Fig. 3.4c. In the lowest spectrum the splitting of light-
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Fig. 3.4 (a) Two-photon excitation spectrum (solid lines) and reflectivity (dashed) of a ZnSe bulk
crystal, recorded at 5 K and 2 K, respectively. (b) Shift and splitting of two-photon resonances
for uniaxial stress applied along [001], incident light along [11̄0], and polarizations parallel to
[001] (filled symbols) and [110] (open symbols). Reproduced with permission from [9], © 1995
APS. (c) Reflectance spectra of a biaxially strained epitaxial ZnSe/GaAs layer under an additional
external stress σ applied along [110]. Solid and dotted curves refer to σ and π polarizations,
respectively. Reproduced with permission from [10], © 1996 APS

hole and heavy-hole 1S exciton due to pure biaxial strain of the epilayer is seen. Four
resonances of the 1S exciton appear when an additional stress is applied along [110].
They are linearly polarized either parallel (π) or perpendicular (σ ) with respect to
the axis of external stress. The stress-induced strain lowers the symmetry to C2v
and creates dipole-allowed mixtures of paraexcitons with orthoexcitons, giving rise
to 2 × 2 resonances [10].

Experimentally determined deformation potentials for some semiconductors are
given in Table 3.2.

We now consider semiconductors with wurtzite structure like the Column III
nitrides or ZnO. The unstrained valence-band structure of wurtzite crystals shown in
Fig. 3.1b. Due to a weak spin-orbit coupling the dispersions of the hh-, lh-, and ch-
valence-bands are not strongly affected by strain, in contrast to effects in zincblende
materials. Under biaxial strain in the basal plane the C6v symmetry of the unit cell
is preserved, but the crystal-field splitting changes. For compressive biaxial strain
the energy which separates the crystal-hole band from the heavy-hole and light-
hole bands is increased, for tensile strain it is decreased. Uniaxial strain in the basal
plane reduces the symmetry to C2v. Under compressive uniaxial strain along the
Γ –K direction in the first Brillouin zone (‘y’ direction) the lh band in this direction
and the hh band in the perpendicular lateral x direction move to higher energy. The
same effect has a tensile strain along the x direction, and a reverse effect has a tensile
strain along the y direction.

Wurtzite crystals have no inversion center in the unit cell. They consequently ex-
hibit a non-zero macroscopic spontaneous polarization PSP. Strained wurtzite crys-
tals additionally show a strong piezoelectric polarization PPE. Piezoelectricity is
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Table 3.2 Deformation potentials a, b, and d , experimentally determined for the lowest bandgap
Eg from optical spectroscopy (exp). Theoretical values (theo) are from the model-solid theory [8].
Solids denoted in gray have an indirect lowest bandgap. All values are given in eV

Solid aexp atheo bexp btheo dexp d theo

Si +1.5 ± 0.3a +1.72 −2.10 ± 0.10a −2.35 −4.85 ± 0.15a −5.32

Ge −2.0 ± 0.5b −2.78 −2.86 ± 0.15b −2.55 −5.28 ± 0.50b −5.50

GaP −9.9 ± 0.3c +1.56 −1.5 ± 0.2c −4.6 ± 0.2c

AlAs −8.2d +1.62 −2.3d −3.4d

GaAs −8.5d,e −8.33 −2.0d,e −1.90 −4.8d,e −4.23

InAs −6.1d −6.08 −1.8d −1.55 −3.6d −3.10

ZnS −4.56f −6.40 −0.75f −1.25

ZnSe −4.7 ± 0.2g −5.82 −1.20 −6.37 ± 0.07g

aRef. [11], bRef. [6], cRef. [12], dRef. [2], eRef. [13], fRef. [7], gRef. [9] (factor
√

3/2 in
d taken into account)

also present in zincblende material, but the effect is negligible for strained-layer
growth along the common [001] direction. Even for growth along [111] the effect
is small for cubic heterostructures and was not discussed above; data of important
III–V semiconductors may be found in [2].

In the Column III nitrides or ZnO heterostructures the strong piezoelectricity
cannot be neglected. The piezoelectric polarization PPE is obtained from the product
of the piezoelectric tensor of wurtzite crystals and the strain ε with components
along the axes,

PPE =
⎛
⎝ 0 0 0 0 e15 0

0 0 0 e15 0 0
e31 e31 e33 0 0 0

⎞
⎠
⎛
⎝ε1

ε2
ε3

⎞
⎠ . (3.8a)

Here the piezoelectric forth-rank tensor is given in the Voigt notation. We re-
strict ourselves to polarizations along the c axis, i.e., on the common (0001)

growth direction. Biaxial strain in the basal plane is expressed by ε1 = ε2 =
ε‖ = (aL − aL,0)/aL,0, and strain along the c axis correspondingly by ε3 = ε⊥ =
(cL − cL,0)/cL,0. The indices L and L,0 denote the actual (strained) and natural lat-
tice parameters of the layer. Using the relation between ε‖ and ε⊥ (2.19c) we obtain
for the z component of the piezoelectric polarization

PPE,z = 2ε‖
(

e31 − e33
C13

C33

)
. (3.8b)

Data of piezoelectric tensor components and the spontaneous polarization for some
wurtzite semiconductors are given in Table 3.3. According the sign convention a
positive c axis points from the metal cation to the adjacent anion. The semiconduc-
tors listed in Table 3.3 show a negative spontaneous polarization. The sign of the
strain-induced piezoelectricity depends on the sign of strain. Since the bracket in
(3.8b) yields negative values, the piezoelectric polarization is positive for compres-
sive strain. The total polarization Pz = PSP,z + PPE,z may then have either sign.
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Table 3.3 Coefficients eij of the piezoelectric tensor and spontaneous polarization PSP of wurtzite
compound semiconductors. All values are given in C/m2

Semiconductor e15 e31 e33 PSP

GaN −0.22 . . .−0.33a −0.35b 1.27b −0.029c

AlN −0.48a −0.50b 1.79b −0.081c

InN −0.57b 0.97b −0.032c

ZnO −0.35 . . .−0.59d −0.35 . . . − 0.62d 0.96 . . .1.56d −0.057c

aRef. [14], bRef. [2], cRef. [15], dRef. [16]

Piezoelectricity has a substantial effect on the electronic properties of devices
made from GaN-based heterostructures. At the interface between two wurtzite semi-
conductors 1 and 2 the total polarization changes, giving rise to a sheet charge σ

determined by the difference in total polarization,

σ = (PSP,z1 + PPE,z1) − (PSP,z2 + PPE,z2).

High-electron-mobility transistors based on strained AlGaN/GaN heterostructures
achieved very high sheet carrier concentrations in a two-dimensional electron gas
formed at the interface, enabling devices with excellent performance. The high val-
ues could be assigned to an additive effect of spontaneous and piezoelectric polar-
ization in structures with tensely strained AlGaN barriers [17].

3.1.3 Temperature Dependence of the Bandgap

Energies of electronic bands are generally calculated for a temperature T = 0 K.
To describe the temperature dependence of the important fundamental bandgap Eg
a number of approaches was developed. The usually observed decrease of Eg for
increased temperature originates from a change of both, the electron-phonon in-
teraction and the interatomic bond distance. Instead of an explicit derivation from
such interactions empirical formula are widely used to express the thermal behavior
of Eg. Most popular is the empirical Varshni formula [18]

Eg(T ) = Eg(T = 0) − αT 2

T + β
, (3.9)

where the three parameters Eg(T = 0), α, and β are fitted to experimental data. The
dependence describes both, direct and indirect bandgaps. Eg(T = 0) is the bandgap
energy at 0 K. α is claimed to be related to the Debye temperature but may in
certain cases be negative. Moreover, at very low temperatures a rather temperature-
independent behavior of Eg was found instead of the quadratic dependence pre-
dicted from (3.9). Typical values for α and β are in the range (0.4–0.6) meV/K and
(200–600) K, respectively. The thermal shift of the bandgap energy according (3.9)
is illustrated in Fig. 3.5.
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Fig. 3.5 Dependence of the
indirect bandgap energy of Si
on temperature. The gray
curve is a fit to Varshni’s
formula (3.9), data are
from [22]

A number of better motivated models was developed later, based on the occu-
pation of phonon states and assuming an average phonon energy [19–21]. They
particularly improve the description of low-temperature data but did not yet gain
comparable acceptance.

3.1.4 Bandgap of Alloys

The bandgap energy of a miscible random alloy of two (or more) semiconductors
may continuously be varied by changing the composition. Unlike the lattice constant
discussed in Sect. 2.1.10 the bandgap of the alloy is usually not obtained by a linear
interpolation. Instead, it can normally be described by a quadratic dependence using
a bowing parameter b which is mostly positive [23]. The bandgap energy Eg alloy
of an alloy AxB1−x from two materials A and B with the same crystal structure and
bandgaps Eg A and Eg B , respectively, is expressed by

Eg alloy = xEg A + (1 − x)Eg B − bx(1 − x), (3.10a)

x being the molar fraction of A in the alloy (cf. Sect. 2.1.10). The bandgap energy
of a (pseudobinary) ternary alloy AxB1−xC from binaries AC and BC is given by
the same relation putting Eg A and Eg B to Eg AC and Eg BC , respectively. For
quaternary compounds of the type AxByC1−x−yD (i.e., mixing of A, B , C atoms
on the cation sublattice) the bandgaps are described by the weighted sum of the
related ternary alloys ABD, ACD, and BCD, yielding [24]

Eg alloy = xEg AD + yEg BD + (1 − x − y)Eg CD

− bABxy − bACx(1 − x − y) − bBCy(1 − x − y). (3.10b)

Here bAB , bAC and bBC are the three bowing parameters for the ternary alloys
AxB1−xD, AxC1−xD, and BxC1−xD, respectively. The bandgap energy for qua-
ternary alloys of the type AxB1−xCyD1−y (i.e., mixing on the cation and anion
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Table 3.4 Bowing parameters b of the direct bandgap of alloyed GaAs-based zincblende and
GaN-based wurtzite semiconductors. Data from [2]

Semiconductor b for alloy with GaAs (eV) Semiconductor b for alloy with GaN (eV)

AlAs −0.127+1.310×xAl AlN 1.0

InAs 0.477 InN 3.0

GaP 0.8

sublattice) is calculated from the ternary parameters Eg ABC , Eg ABD , Eg ACD , and
Eg ABD ,

Eg alloy = x(1 − x)[yEg ABC(x) + (1 − y)Eg ABD(x)] + y(1 − y)[xEg ACD(y) + (1 − x)Eg BCD(y)]
x(1 − x) + y(1 − y)

,

Eg ABC(x) = xEg AC + (1 − x)Eg BC − bABCx(1 − x),

Eg ABD(x),Eg ACD(y), and Eg BCD(y) accordingly.

(3.10c)

We note that (3.10a)–(3.10c) are similar to (2.2a)–(2.2c) for b = 0. Bowing parame-
ters for some ternary (pseudo-binary) alloys are given in Table 3.4. The value given
for AlxGa1−xAs indicates that a constant bowing parameter does not always yield
an appropriate description.

Bandgap energies for a number of important semiconductors are given in Fig. 3.6.
The lines representing the bandgap of alloys in Fig. 3.6 sometimes have a kink. Such
features originate from a transition of a direct to an indirect semiconductor due to
a crossing of the lowest Γ conduction band and an X or L conduction band (for Si
and Ge crossing of indirect X and L bands).

The bandgap energy of alloys composed of more than two semiconductors can
be illustrated using diagrams with curves of constant energy versus composition pa-
rameters. A material of particular importance for optoelectronic devices is the qua-
ternary alloy Gax In1−xAsyP1−y . The bandgap of such quaternaries may be choosen
independently from the lattice parameter by a proper selection of the two inde-
pendent composition parameters x and y. For lattice matching conditions on InP
substrates one composition parameter is independent and may be used to choose a
bandgap energy, while the other parameter is given by

x = 0.1896y/(0.4176 − 0.0125y) ≈ 0.47y (0 ≤ y ≤ 1).

The diagram Fig. 3.7 shows the variation of the direct bandgap of Gax In1−xAsyP1−y

in the full range of compositions x and y, along with lattice matching conditions for
GaAs and InP substrates.

Equations (3.10a)–(3.10c) show that the bandgap energy of an alloy usually de-
viates from a linear concentration-weighted interpolation by a quadratic term de-
scribed by the bowing parameter b. It should be noted that the virtual-crystal approx-
imation (Sect. 2.1.10) which describes a lattice parameter variation without bowing
also yields such bowing for the bandgap energy [23, 25–27]. The reason is that the
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Fig. 3.6 Bandgap energy as
a function of lattice constant
for pure (dots) and alloyed
zincblende and diamond
semiconductors at room
temperature. Blue and red
drawing denotes direct and
indirect bandgap, respectively

eigenvalues produced by band-structure methods are mostly nonlinear in the poten-
tial matrix elements. It was, however, pointed out that a given set of band energies
can be fitted by widely different potential parameters in semiempirical models, per-
mitting almost any value of b within the simple VCA approach [28].

The origin of optical bowing is widely associated with disorder in an alloy. The
effect of alloy disorder alone may however be insufficient to describe bowing. In a
first-principles approach evidence was given for three contributions to b in tetrahe-
drally coordinated compound semiconductors: A modification of the band structure
due to the change of the lattice constant, a relaxation of the anion-cation bond length
in the alloy, and a contribution of chemical electronegativity due to charge exchange
in the alloy [28]. Respective calculations provided a good description of bowing pa-
rameters experimentally obtained from zinc chalcogenes.

3.2 Band Offsets

Epitaxy allows to produce a pseudomorphic, atomically sharp transition from one
solid to another. The intimate contact of two solids with different electronic proper-
ties forms a heterojunction. At the interface the electronic bands of the solids align
on a scale of atomic nearest-neighbor distances. In addition, transfer of charges
from one solid to the other and charge accumulation at the interface may lead to
an electrostatic bending of the bands on a larger scale. The band alignment is of
basic technological importance, because it controls the transport and confinement
of charge carriers and hence the properties and performance of (opto-)electronic de-
vices. Calculation and measurement of band offsets (also termed band discontinu-
ities, band lineups or band alignments) are difficult, and a thorough understanding
of the physics of semiconductor band-alignment is still missing. In the following
we focus on the technologically important contact between two semiconductors.
The junction between a semiconductor and a metal is treated in Sect. 6.3.
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Fig. 3.7 Bandgap energy of
the quaternary alloy
Gax In1−xAsyP1−y in eV at
300 K as a function of
compositions x and y. Red
and green lines mark
compositions which are
lattice matched to GaAs and
to InP. From [29]

Various types of band alignments may occur at semiconductor junctions, usually
labeled type I and type II. In a type I alignment the bandgap of one semiconductor
lies completely within the bandgap of the other. If such straddled type I offset is
applied to a BAB double heterostructure, electrons and holes can both be confined
in material A with the smaller bandgap, see Fig. 3.8a. This feature is often em-
ployed in low-dimensional structures like quantum wells to tailor electronic prop-
erties, cf. Sect. 3.3. If the offset in the valence band and the conduction band has
the same sign for an electron transfer from material A to B the band alignment is
referred to as type II. In a BAB double heterostructure with such a staggered band
lineup either electrons or holes are confined in material A. In Fig. 3.8b a lower con-
duction band edge in material A leading to electron confinement is assumed. When
the bandgaps of the two semiconductors do not overlap at all a misaligned (or bro-
ken gap) configuration occurs. Such alignment appears if in Fig. 3.8 Ev A lies above
Ec B or Ec A lies below Ev B .

A case analogous to the broken gap configuration occurs if a junction is formed
by a semiconductor and a zero-gap semiconductor like, e.g., HgTe. This kind of
alignment is occasionally referred to as type III.

The type of band alignment forming in a semiconductor heterostructure depends
on the position of the respective band edges. The prediction of this alignment is not
trivial, because there exists no natural common reference energy. Such reference
should be a property of a bulk crystal. Much theoretical and experimental work was
devoted to predict or measure offsets within the required precision of about 0.1 eV or
better. A comprehensive review as of 1991 was given in Ref. [30]. In the following
we will consider some rules and more recent theoretical and experimental results.

3.2.1 Electron-Affinity Rule

If two semiconductors A and B are combined their Fermi levels EF tend to align
by transferring electrons from the solid with higher Fermi energy to the other. In



92 3 Electronic Properties of Heterostructures

Fig. 3.8 Alignment of band edges in (a) type I and (b) type II double heterostructures built from
a small-bandgap semiconductor A with a small extension along the spatial coordinate x and a
wide-bandgap semiconductor B

the ideal case the vacuum level Evac is a common reference energy [31, 32]. In the
framework of this so-called electron-affinity rule the alignment of the conduction
bands follows from their electron affinities eχ = Evac − Ec, Ec being the band
edge of the (lowest) conduction band and e the elementary charge, see Fig. 3.9. The
discontinuity of the conduction band at the interface is then

�Ec = e(χA − χB), (3.11)

and the corresponding offset of the (uppermost) valence band is given by

�Ev = e(χA + Eg A) − e(χB + Eg B), (3.12)

Eg being the bandgap.
Theoretical calculations suggest that only a single atomic layer away from the

interface the electronic structure in a heterostructure becomes nearly bulk-like. The
offset can hence be well assumed as being abrupt as illustrated in Fig. 3.9b. This
does not apply for the long-range band bending (µm scale) originating from the
electron transfer for aligning EF. Therefore double-heterostructures with semicon-
ductors of small dimensions (nm scale) embedded in other semiconductors may be
represented by flat bands as depicted in Fig. 3.8.

A drawback of the classical electron-affinity rule is that the reference energy
Evac is not a bulk property. The electron affinity eχ is determined by experiments
involving the surface. Therefore the structure of the surface and related charges
may strongly affect the potential. Consequently the vacuum level is not a reliable
reference.

3.2.2 Common-Anion Rule

Heterostructures are often fabricated from compound semiconductors like ZnS and
ZnSe. In such cases a heuristic rule called common-anion rule has been applied to
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Fig. 3.9 Band alignment at a heterointerface between two semiconductors in the ideal case in
absence of dipoles and interface states. (a) Before and (b) after formation of a heterojunction in
thermal equilibrium

estimate whether the offset essentially occurs in the valence band or in the conduc-
tion band. The rule arises from the evidence that the valence-band states are essen-
tially derived from p-states of the anions in sp-bonded AB compounds. The energy
of the valence-band edge on an absolute scale is therefore expected to be basically
determined by the valence electrons of the anions. Consequently the valence-band
offset should be governed by the difference in anion electronegativity of the two
semiconductors. A heterojunction with a common cation like Zn in a ZnS/ZnSe
contact is expected to induce merely a small offset in the conduction band, leaving
the majority of the bandgap difference for an offset in the valence band. Early mod-
els of band alignments largely complied with the common-anion rule [33, 34]. The
models did not include d-orbitals of cations. Deviations from the common-anion
rule were basically ascribed to contributions of these orbitals to the valence band
[35]. It must, however, be noted that the rule fails in many cases. A basic shortcom-
ing is the fact that the rule does not pay attention to an interface dipole formed from
contributions of both, anions and cations [36].

3.2.3 Model of Deep Impurity Levels

Experiments indicate the existence of some “natural” reference potential which
adopts the role of the vacuum level in the classical approach. An indication for such
a reference is the transitivity rule for the valence-band offset found for some com-
binations of semiconductors A,B , and C, i.e., �EAC

v = �EBC
v − �EAB

v [37, 38].
Moreover, deep level impurities were found to have similar energy differences in
different semiconductors. The observation was used for an empirical description of
heterostructure band-offsets.

Transition metals like Fe form localized impurity states in semiconductors. They
often possess several charge states separated by a fraction of the energy gap of the
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Fig. 3.10 Average energy
levels of transition metal
impurities forming deep
acceptor states in GaP, InP
and GaAs, drawn with respect
to the GaP valence band edge.
After [39]

host crystal. A change of the impurity’s charge state implies the transfer of a charge
carrier from or to the host. This allows to determine the impurity level with respect
to the band edges of the host material. Comparing such levels for a series of impu-
rity ground states in various semiconductors yields an apparent similarity of both
ordering and relative energy separations, cf. Fig. 3.10. The levels of transition-metal
impurities are not pinned to either band edge like those of shallow impurities used
as donors or acceptors (Sect. 6.1). This finding leads to the approach to take these
levels within the bulk crystals as a reference for the alignment of the band edges
in a heterojunction [39, 40]. The offset of the valence band at the interface �Ev

is then given by the difference in the energy level positions of a given impurity in
the two semiconductors forming the heterojunction. The constant separation of deep
cationic impurity levels from the vacuum level was attributed to their antibonding
character [40].

The energy levels of the transition-metal impurities depicted in Fig. 3.10 refer
to a charge transition of an acceptor from a singly negative charge to the neutral
state (−/0). The measured transition energies were vertically shifted, so as to mini-
mize the overall deviations, yielding the relative positions of the valence-band edges
[39]. Positions of the conduction-band edges were experimentally obtained from
low-temperature energy gaps. It should be noted that the method is restricted to het-
erojunctions formed by pairs of isovalent compound semiconductors, e.g., among
III–V or among II–VI compounds, to ensure an electrically neutral interface with-
out a dipole moment.

A comparable universal alignment of deep impurity levels as described above
was also reported for hydrogen [41]. By computing the position of the Fermi energy
where the stable charge state of interstitial hydrogen changes from the H+ donor
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Fig. 3.11 Scheme of band
alignment at an interface
artificially induced in a
homogeneous semiconductor.
(+) and (−) represent net
charges of unoccupied states
with electron deficit and
occupied states with electron
excess, respectively.
After [42]

state to the H− acceptor state, predictions of band alignments for a wide range of
host zincblende and wurtzite compound semiconductors were given.

3.2.4 Interface-Dipol Theory

The dominant role of charge accumulation at the interface rather than the effect
of bulk properties was emphasized in the interface-dipol theory for the prediction
of heterojunction band-offsets [42]. The approach was also applied to the theory
of Schottky barrier heights at a metal-semiconductor interface [43] considered in
Sect. 6.3.2. The initial point of the approach is that the discontinuity at a semicon-
ductor interface induces electronic states in the bandgap of at least one semicon-
ductor. The formation of such states is illustrated in Fig. 3.11 for the artificial case
of a band discontinuity created in a homogeneous semiconductor by an external
step potential. States lying near the conduction-band edge at side A of the interface
have exponentially decaying tails into side B . At side B they lie in the gap of the
semiconductor. Any state in the gap has a mixture of valence- and conduction-band
character. Occupying such state leads locally to an excess charge, according to its
degree of conduction character. Filling a state which lies near the top of the gap
gives a large excess charge of almost one electron due to a large conduction charac-
ter. Leaving that state empty gives an only slight charge deficit. Conversely filling a
state near the bottom of the gap at side A results in a slight excess charge in propor-
tion to its little conduction character, while leaving it empty leads to a charge deficit
of almost one electron. Changing the band lineup hence induces a net dipole. The
external potential assumed to create the potential step in Fig. 3.11 leads to an elec-
tron deficit at side B and an electron excess at side A of the interface. The resulting
dipole tends to reduce the offset, i.e., the potential step is screened. By the action
of the induced local charges the step is reduced by a factor of ε, the bulk dielectric
constant.

The heterojunction of two different semiconductors is described analogous to the
case considered above. Local states in the gap of one or both semiconductors lead
to a dipole which screens the potential step and drives the lineup towards a value
which minimizes the dipole. The zero-dipole lineup condition is not obvious. An
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Table 3.5 Differences of midgap energies EB,A − EB,B according the interface-dipol theory and
experimental valence-band discontinuities for some semiconductor heterojunctions. Data from [42]

Heterojunction EB,A − EB,B (eV) �Ev,exp (eV)

A B

Si Ge 0.36 − 0.18 = 0.18 0.20

GaAs Ge 0.70 − 0.18 = 0.52 0.53

GaAs InAs 0.70 − 0.50 = 0.20 0.17

effective midgap energy EB for each semiconductor is introduced at which the gap
states, on the average, cross over from valence to conduction character [42]. States
at EB are nonbonding on the average, the respective position is calculated from the
band structure [43]. For a heterojunction EB plays a role in analogy to the Fermi
energy in metals: EB is aligned for the respective semiconductors. Results of the
interface-dipol theory are given in Table 3.5 for some heterojunctions, calculated
values are claimed to be typically accurate to ∼0.1 eV. Extensions of the interface-
dipol theory distinguish between the long-range tails of the gap states considered
above and polarization of the bonds which form the interface.

3.2.5 Model-Solid Theory

The more recently widely applied model-solid theory emulates the classical elec-
tron affinity rule illustrated in Fig. 3.9 by constructing a local reference level and
avoiding dipoles. Within this approach the charge density in a semiconductor is
composed by a superposition of neutral atoms [44]. The potential outside each such
sphere goes exponentially to zero. This zero is taken as reference level. The con-
struction leads to a well-defined electrostatic potential with respect to the vacuum
level in each atom. By superposition the average electrostatic potential in a model
solid composed of such atoms is hence specified on an absolute energy scale. The
electron configuration of an atom in the solid is determined from a tight-binding
calculation. This leads for, e.g., one Si atom in a silicon bulk crystal to 1.46s and
2.54p electrons, meaning that a part of the two s electrons of a Si atom are excited
into the p band [44]. The result of the calculation is the position of the valence band
on some absolute energy scale, allowing to relate it to the respective value of another
semiconductor. For semiconductors with zincblende or diamond structure the value
Ev,av represents an average of the heavy hole, light hole and split-off hole valence-
bands. Spin-orbit effects are added a posteriori. Once Ev,av values are computed
separately for a pair of semiconductors, their band discontinuities can be predicted
for an unstrained heterojunction with a perfect interface, i.e., an abrupt change in
the type of material without displacements of atoms from their ideal positions. The
result of a calculation of the average valence-band energy Ev,av on an absolute scale
in the framework of the model-solid theory is given in Fig. 3.12 for some unstrained
semiconductors. Data are included in Table 3.1 along with the effect of strain.
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Fig. 3.12 Average valence-band energy Ev,av of unstrained semiconductors on an absolute scale
resulting from the model-solid theory. Experimental values of bandgap energies are used to depict
the conduction-band energy Ec, black and gray lines at the bottom of the conduction bands denote
direct and indirect conduction band edges, respectively. Data taken from [8]

3.2.6 Offsets of Some Isovalent Heterostructures

For many isovalent combinations of semiconductors with equal valence of the atoms
on the two sides of a common junction the contribution of the interface dipole is
not very large. In such cases the valence-band energy may be considered as a bulk
property on either side, and the simple difference of electron affinities (3.2a)–(3.2c)
is a reasonable approximation to evaluate the valence-band offset. Data for a number
of technologically important III–V compound semiconductors are summarized in
Fig. 3.13. The values do not include effects of strain. Furthermore, the valence-band
offset is taken to be independent of temperature, basically due to a lack of reliable
data. Valence-band offsets at a junction of two semiconductors of Fig. 3.13 are given
by the energy difference of their plotted band positions. The same applies for the
offset in the direct conduction band. The direct bandgap energy is represented by the
vertical lines and is given for low temperature (0 K). Note that some of the binaries
have a smaller indirect bandgap and that the three nitrides usually crystallize in the
wurtzite structure.

3.2.7 Band Offset of Heterovalent Interfaces

Models considered above in Sects. 3.2.1 to 3.2.5 considered abrupt interfaces and
derived band offsets without detailed knowledge of the atomic interface structure.
Theoretical work showed that the valence-band offset may actually depend on the
microscopic arrangement of atoms at the interface [45]. A particularly strong effect
was experimentally found for heterovalent interfaces, where—in contrast to isova-
lent systems—the atoms at the two sides of the interface have different chemical
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Fig. 3.13 Valence-band
offsets (open circles) of
binary semiconductors with
zincblende structure, plotted
with respect to the
valence-band maximum of
InSb. Filled circles indicate
corresponding offsets of the
lowest direct conduction
band. From [2]

valence. We will consider the well-studied ZnSe/GaAs interface in more detail. The
same findings were observed in the similar system ZnSe/AlAs [46]. ZnSe and GaAs
have both zincblende structure and are well lattice-matched with a misfit below
0.5 %. Due to the heterovalent nature of the II–VI and the III–V material an abrupt
interface builds a strong dipole moment. Calculations indicate that such abrupt tran-
sition at a heterovalent interface is energetically unstable and structures consisting
of one or two intermixed layers are more favorable [47–49].

Experimental evidence for the impact of growth conditions on the band offset
of the ZnSe/GaAs interface are given in Fig. 3.14. Using molecular beam epi-
taxy (Sect. 7.3) ZnSe layers were epitaxially grown on (001)-oriented GaAs sub-
strates [50, 51]. Non-stoichiometric growth conditions were applied by controlling
the composition via the Zn/Se beam-pressure ratio (BPR). The valence-band offset
at the interface was measured using X-ray photoemission (XPS) related to the Ga
3d and the Zn 3d core levels, see Fig. 3.14a. The observed Zn 3d core-level separa-
tion with respect to the ZnSe bulk value (difference between dotted and solid lines
in Fig. 3.14a) gives directly the valence-band offset across the heterojunction. The
corresponding Zn/Se ratio at the interface RZn/Se was determined from the ratio of
the integrated 3d core-level emission intensities related to those of Zn and Se (Se
not shown) for thin ZnSe layers. The measurements given in Fig. 3.14b clearly evi-
dence a monotonous increase of the valence-band offset �Ev with increasing Zn/Se
ratio from 0.58 eV (Se-rich) to 1.2 eV (Zn-rich).

The apparent dependence of the band offset from the interface stoichiometry can
be understood in terms of differently mixed layers formed at the interface for varied
growth conditions [48, 50]. Let us consider the sp3 bonds of a binary zincblende
semiconductor like GaAs. Each atom has 4 hybrid orbitals directed to the surround-
ing four nearest neighbors (Fig. 2.4a). Each of these bonds comprises 2 electrons.
The primitive unit cell of GaAs contains one cation (Ga) and one anion (As) with a
total number of 8 valence electrons: 3 from the Column III element Ga and 5 from
the Column V element As. Each atom can be considered to donate one quarter of
its valence electrons to its four bond orbitals. The number of valence electrons in
one orbital referring to one Ga atom is then 3/4, and the corresponding number
per orbital of an As atom is 5/4. One Ga-As bond thus contains 3/4 + 5/4 = 2
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Fig. 3.14 (a) X-ray photoemission spectra of ZnSe/GaAs heterojunctions grown with different
Zn/Se beam-pressure ratios (BPR). The energy origin was set to the center of the Ga 3d core-level
emission. (b) Experimental valence-band offsets for ZnSe/GaAs(001) interfaces with different type
of substrate doping versus Zn/Se ratio obtained from integrated XPS emission intensities for 0.3 nm
thick ZnSe layers. Reproduced with permission from [50], © 1994 APS

electrons. The same applies for the II–VI semiconductor ZnSe: One Zn-Se bond
contains 2/4 + 6/4 = 2 electrons. At the heterovalent interface between GaAs and
ZnSe we find Ga-Se or Zn-As bonds. A Ga-Se bond contains 3/4 + 6/4 = 2 1

4 elec-
trons, i.e., it has an excess of a quarter electron. Such bond acts like a donor. Like-
wise a Zn-As bond has a quarter electron deficiency and acts like an acceptor. This
unbalanced charge accounts for the dependence of the valence band offset from the
stoichiometry at the interface.

An abrupt interface contains either solely Ga-Se bonds or Zn-As bonds. In both
cases a strongly localized, two-dimensional charge is created at the interface. Such
charge is connected to a high interface energy. Consequently the abrupt interface is
thermodynamically unstable against intermixing [48]. Interface layers with a mix-
ture of atoms from both semiconductors contain both kind of bonds; they accumu-
late less charge and are more stable. Figure 3.15 illustrates two examples of atomic
configurations at intermixed heterovalent ZnSe/GaAs interfaces.

The total charge of an intermixed interface is reduced by charge transfer from
donor-like to acceptor-like bonds. An interface with an equal number of uneven
bonds is compensated. There may, however, remain a strong dipol moment at the
interface: If the intermixed interface is built by a single layer of 50 % Ga and 50 %
Zn cations (Fig. 3.15a) the acceptor-like Zn-As bonds lie towards the ZnSe and the
donor-like Ga-Se bonds towards the GaAs. Note that the dipole moment is reversed,
if such single-layer interface is formed on the anion sublattice (50 % As + 50 %
Se, not shown in Fig. 3.15): The acceptor-like Zn-As bonds then lie towards the
GaAs and the donor-like Ga-Se bonds towards the ZnSe. The valence-band offset is
increased in the first case and decreased in the latter. Calculated values are +1.75 eV
and +0.72 eV, respectively, when going from ZnSe to GaAs [48]. Formation of
these mixings is favored in more Zn-rich growth conditions and Se-rich conditions,
respectively, and describes correctly the experimentally observed tendency shown in
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Fig. 3.15 Schematic arrangement of atoms at the heterovalent ZnSe/GaAs interface, viewed along
the [110] direction. Each atom is bond by two bonds in the figure plane and by two bonds, which
are directed out of and into the figure plane—the horizontal double lines. (a) Interface with a single
intermixed cation layer comprising 50 % Zn and 50 % Ga. (b) Interface with an intermixed double
layer containing 75 % As and 25 % Se anions, and 25 % Ga and 75 % Zn cations

Fig. 3.14. The average of the two offsets (1.25 eV) is close to the experimental value
of 1.22 eV [52]. This indicates the possibility to compensate the dipole moment,
namely by interface layers comprising more than a single layer.

An interface consisting of an intermixed cation layer and an intermixed anion
layer is illustrated in Fig. 3.15b. The Ga atoms and the Se atoms in the interface
double-layer create a quarter charge excess each, while the two As-Zn bonds have a
quarter charge deficiency each. The dipole moment in this intermixed double layer
is hence fully compensated. It should be noted that the dipole moment is also com-
pensated in average if small domains of single-layer interfaces of both polarities
occur in a ratio of 1:1 [48].

The ZnSe/GaAs interface is well lattice-matched. Elastic relaxation as discussed
in Sect. 2.2 does hence not play a significant role, and the effect was not consid-
ered here. Atomic relaxation does, however, play a crucial role in more mismatched
heterostructures like GaN/SiC(001) [53].

Isovalent heterojunctions have, in contrast to the heterovalent interfaces dis-
cussed above, band offsets which are almost independent of the local atomic
arrangement. This commonly accepted conclusion was initially established for
common-ion systems, and later generalized [54]. It should be noted that intrinsic
defects like antisites may limit the validity of this general statement and must be
taken into account in case of low formation energies. The same applies for the for-
mation of heterovalent interlayers at the interface.



3.3 Electronic States in Low-Dimensional Structures 101

Fig. 3.16 Valence-band
offset of alloy
semiconductors, plotted with
respect to the valence-band
maximum of InSb. Vertical
lines mark common substrate
materials, points signify
offsets for binaries and
lattice-matched ternary
alloys. From [2]

3.2.8 Band Offsets of Alloys

The observation of a constant energy with respect to the vacuum level of deep
transition-atom impurities according the model of deep impurity levels (Sect. 3.2.3)
was also used to measure the change of valence-band energy Ev in alloys. Exper-
iments reveal mostly a linear dependence of the valence-band maximum in the
alloy with respect to the deep levels for varied composition x. Studied materi-
als are, e.g., Ga1−xAlxAs:Fe [39, 55], Ga1−xAlxAs:Cu [56], GaAs1−xPx :Cu [57],
In1−xGaxP:Mn [58]. The slope of the linear dependence was found to be largely
independent from the impurity. Such linear variation may also be inferred from the
interface-dipol theory (Sect. 2.3.4), where the effective midgap energy EB of an
alloy was estimated as a linear interpolation from the pure semiconductors [36].
Valence-band offsets of some zincblende semiconductor-alloys are summarized in
Fig. 3.16 for composition parameters matching the lattice constants of the common
substrate materials GaAs, InP, InAs, and GaSb.

3.3 Electronic States in Low-Dimensional Structures

The unique properties of low-dimensional structures originate essentially from the
modification of the electronic density-of-states (DOS) produced by the confinement
of charge carriers. To track such modification for the reduction of dimensionality
from a three-dimensional (3D) bulk crystal to a 0D quantum dot we first recall the
origin of 3D DOS and then consider the effect of potentials confining the mobil-
ity of charge carriers gradually to two, one, and eventually zero dimensions. Elec-
tronic properties of the solid are described in the framework of the effective-mass
approximation by applying effective carrier masses and the relative permittivity as
characteristic parameters.
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3.3.1 Dimensionality of the Electronic Density-of-States

We first describe the energy of a single quasi-free electron confined in a bulk crystal
by a simple square potential W given by the dimensions of the crystal Lx , Ly ,
and Lz. The periodic potential of the atoms which leads to the band structure is
neglected. It may be treated in a second step as a perturbation of W . If we assume
W being 0 inside the crystal and a constant W0 > 0 outside we obtain energy and
eigenstates of the electron inside the crystal by solving the Schrödinger equation

−�
2

2

(
1

m∗
x

∂2

∂x2
+ 1

m∗
y

∂2

∂y2
+ 1

m∗
z

∂2

∂z2

)
ψ(r) = Eψ(r) (three dimensions).

(3.13)

The quantities m∗ are the electron’s effective masses along the three spatial direc-
tions x, y, z. Using periodic boundary conditions like ψ(x ± Lx,y, z) = ψ(x, y, z)

we obtain the solutions of (3.13) given by plane waves ψk(r) with eigenenergies
Ek:

ψk(r) = 1√
V

ei(kxx+kyy+kzz), (3.14)
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. (3.15)

In (3.14) V = Lx × Ly × Lz is the volume of the bulk crystal. If we apply the
boundary conditions to (3.14) we yield allowed values for k,

kx = 2π

Lx

nx, ky = 2π

Ly

ny, kz = 2π

Lz

nz, nx, ny, nz = 0,±1,±2, . . . .

(3.16)

Each electron state is hence described by discrete values of k as illustrated in the
scheme of the reciprocal space depicted in Fig. 3.17a. Each state marked by a dot
in the figure is occupied by 2 electrons with opposite spin. The spacing between
allowed adjacent values along kx is 2π/Lx . Since the crystal dimensions Lx , Ly , Lz

are macroscopic quantities, a finite region of k-space contains a very high number
of dense lying allowed states. k and likewise Ek are therefore quasi-continuous
quantities. The number of allowed k-values per unit volume of k space, i.e., the
density of states in k space, is given by the constant quantity V/(2π)3.

The electronic density of states g(E)—expressed in units of m−3 × J−1 or
cm−3 × eV−1—is obtained from the number of electron states dN per unit volume
V and per energy interval dE,

g(E) = 2 × 1

V

dN

dE
. (3.17)

The factor 2 in (3.17) accounts for the spin degeneracy, allowing for a two-fold
occupancy of each state. We obtain dN from the volume in k space between two
planes of constant energy at E and E + dE multiplied by the constant density of
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Fig. 3.17 (a) Cross section
of k space in the kx–ky plane.
(b) Values of E(kx) which
fulfill the boundary condition
for a quasi-free electron in a
solid with finite
dimension Lx

states in k space. Such volume is illustrated in Fig. 3.17a by the spherical shell of
thickness dk. We note that the volume increases for a given dE (or correspondingly
dk) with the same power as the area of a sphere in k space increases as k augments.
For a quasi-free electron we obtain

dN = V

(2π)3

∫ E+dE

E

d3k = V

(2π)3
× 4πk2dk. (3.18)

To keep expressions simple we assume an isotropic medium with equal electron
masses m∗ and equal crystal dimensions L in all three spatial directions. We then
may put E = (�2/2)(k2

x/m∗
x +k2

y/m∗
y +k2

z /m∗
z ) = (�2/2m∗)k2. From this we obtain

k = (2m∗/�
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√
E and kdk = (m∗/�

2)dE, yielding for (3.18)
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)3/2√
EdE (isotropic medium). (3.19)

Inserting (3.19) into the definition (3.17) we obtain the square-root dependence of
the electronic DOS for bulk crystals

g(E) = 1

2π2

(
2m∗

�2

)3/2√
E (three dimensions). (3.20)

We now consider the two-dimensional case by assuming an additional contribution
to the potential W(z) which confines the mobility of the electron to the xy plane.
Within this two-dimensional plane it still moves quasi-free. The electron states are
now described by the Schrödinger equation
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= Eψ(r) (two dimensions). (3.21)



104 3 Electronic Properties of Heterostructures

Equation (3.21) can be separated into two equations describing movements either
within the xy plane or perpendicular by using the approach for the solution

ψk(r) = 1√
V

ei(kxx+kyy)ϕn(z). (3.22)

The plane-wave term in ψk(r) is analogous to the three-dimensional case described
by (3.14) and yields correspondingly the eigenvalues
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. (3.23)

For the z direction we obtain
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)
ϕn(z) = Enϕn(z). (3.24)

The eigenvalues En depend on the characteristics of the potential W(z). If we as-
sume a square potential with infinite barriers separated by a spacing Lz the eigen-
values follow from the condition for allowed waves Lz = nλz,n/2, n = 1,2,3, . . . .
Putting kz,n = 2π/λz,n the eigenvalues are given by

Ez,n = �
2

2m∗
z

(
nπ

Lz

)2

, n = 1,2,3, . . . . (3.25)

We note that the energy of the ground state with the quantum number n = 1 is
increased by the quantization energy �E = Ez,1. The eigenvalues of (3.21) are
given by the sum of (3.23) and (3.25), E = Exy + Ez,n. The band scheme E(k)

along kx and ky therefore consists of a series of parabola, each labeled by a particular
value of n. The parabola are also referred to as subbands.

The two-dimensional electronic DOS follows from the equidistant states in
k space similar to the three-dimensional case. For an area Lx × Ly the two-
dimensional density of states in k space is given by LxLy/(2π)2. The volume of a
spherical shell in k space is replaced in 2D by the area of a circular ring bounded
by E(k) = const and E + dE = E(k + dk) = const. We assume again an isotropic
medium and use the isotropic energy dispersion E(k) = (�2/2m∗

xy)k
2. In analogy

to (3.18) we obtain

dN = L2

(2π)2

∫ E+dE

E

d2k = L2

(2π)2
2πkdk (isotropic medium). (3.26)

The general expression for the two-dimensional DOS g(E) is obtained by inserting
this into the definition (3.17), yielding for the isotropic DOS of the nth subband

gn = m∗
xy

π�2
= const (two dimensions). (3.27)

The two-dimensional DOS in (3.27) is expressed in units of cm−2 ×eV−1. The total
electronic DOS follows from the sum of all subband contributions, which all have
the same magnitude given by (3.27): g(E) = ∑

gn. This results in the staircase-like
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Fig. 3.18 (a) Electronic density of states g(E) in isotropic semiconductors (red) with different
dimensionalities: 3D bulk semiconductor, 2D quantum well, 1D quantum wire, and 0D quantum
dot. The environment drawn in blue provides potential barriers for the charge carriers. EC denotes
the conduction-band edge in the semiconductor

function of the total DOS for a two-dimensional (2D) semiconductor illustrated in
Fig. 3.18 and expressed by

g(E) =
∑

gn = m∗
xy

π�2

∑
n

Θ(E − En) (two dimensions), (3.28)

Θ(E − En) being the unit step-function. The subbands are consecutively occupied
as the energy is increased.

The one-dimensional case follows from the two-dimensional case by an addi-
tional confinement W(y). This leads to a quasi-free mobility only along the x axis.
The energies along the y and z axes are quantized, and the subbands have two cor-
responding indices l and n. Analogous to (3.23) and (3.25) we may write
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(one dimension). (3.29)

The one-dimensional electronic DOS is obtained from a one-dimensional “vol-
ume” element in k space simply given by dk, yielding for the subband l, n

gl,n(E) =
√

m∗
x

2π2�2

1√
E − El,n

(one dimension). (3.30)

The one-dimensional DOS in (3.30) is expressed in units of cm−1 × eV−1.
The total DOS is again given by the sum of all subband contributions, g(E) =∑

l,n gl,n(E). The resulting function of the one-dimensional (1D) semiconductor
is illustrated in Fig. 3.18. Note that the peaks are not necessarily equidistant since
Ly and Lz are independent.

Adding a further confining potential W(x) to the one-dimensional semiconductor
leads to the zero-dimensional case. The mobility is now restricted in all three spatial
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dimensions. Accordingly the energy is quantized in all directions, and from (3.29)
follows

E = Ej,l,n = �
2π2

2

(
j2

m∗
xLx

+ l2

m∗
yLy

+ n2

m∗
zLz

)
(zero dimensions). (3.31)

The zero-dimensional electronic DOS is a sum of δ functions given by g(E) =∑
2δ(E − Ej,l,n). The function is shown in Fig. 3.18. Like in the two-dimensional

case the peaks are not necessarily equidistant.

3.3.2 Characteristic Scale for Size Quantization

We considered above the modification of the electronic density-of-states for solids
of reduced dimensionality. What is the characteristic scale required for the size
quantization to become observable in experiment? Besides the size of the solid it
is related to the effective mass of the considered charge carriers and to the temper-
ature. For a quasi-free charge carrier with effective mass m∗ size quantization gets
distinguishable if the motion is confined to a length scale in the range of or below
the de Broglie wavelength λ = h/p = h/

√
2m∗E. Assuming a room temperature

thermal energy E = (3/2)kBT = 26 meV and an effective mass of one tenth of the
free electron mass, a typical length is in the 10 nm range. In semiconductors often
effects of excitons, i.e., correlated electron-hole pairs, are studied instead of those
referring to either electrons or holes. The relevant quantity of the two-particle states
is the exciton Bohr-radius. The exciton Bohr-radius is given by

aX = h2εε0

πμe2
0

, (3.32)

where ε, ε0, μ, and e0 designate the relative permittivity of the solid and that of
vacuum, the reduced mass of the exciton and the electron charge, respectively. The
reduced mass of the exciton is defined by 1/μ = 1/m∗

e + 1/m∗
h. The hole mass m∗

h
is often much heavier than the electron mass m∗

e , leading to a reduced mass close
to m∗

e . The value of the exciton Bohr-radius is related to the binding energy (also
termed Rydberg constant) of the exciton

EX = μe4
0

8h2(εε0)2
. (3.33)

The product aX × EX is constant for three-dimensional excitons. The relation re-
mains a good estimate also for two-dimensional excitons [59]. Values for some
semiconductors are given in Table 3.6. A typical length to observe size quantization
for excitons is also in the 10 nm range. It must be noted that exciton binding-energy
and Bohr radius are significantly modified by a spatial localization [59].

Size-quantization effects were observed at surfaces and in thin layers of both,
metals and semiconductors. A review on early work was given in, e.g., Ref. [64].
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Table 3.6 Exciton Bohr
radius aX and binding energy
EX of excitons in some direct
semiconductors with
zincblende (ZB) or wurtzite
(W) structure. A, B, and C in
wurtzite material refer to the
three valence bands

aRef. [60], bRef. [61],
cRef. [1], dRef. [62],
eRef. [63]

Semiconductor aX (Å) EX (meV)

GaAsa ZB 115 4.7

InPb ZB 113 5.1

ZnTec ZB 11.5 13

ZnSec ZB 10.7 19.9

ZnSc ZB 10.2 29

ZnOd W 60 (A)

57 (B)

GaNe W 21 (A)

21 (B)

23 (C)

In the following we will focus on semiconductor heterostructures. Clear quantum-
size effects are particularly observed in GaAs-based heterostructures. Their elec-
tronic properties can be described almost purely quantum mechanically using the
effective-mass approximation, with constituent materials represented by a few band
parameters.

3.3.3 Quantum Wells

A quantum well is made from a thin semiconductor layer with a smaller bandgap
energy clad by semiconductors with a larger bandgap forming barriers. Usually the
same barrier material is used in such double heterostructure leading to a symmetri-
cal square potential as illustrated in Fig. 3.8. The confinement is given by the band
offsets. Since the potential is no longer infinite as assumed to obtain the eigenval-
ues (3.25) the wave functions of a confined charge carrier now penetrate into the
barriers. For finite barrier energy W(z) = W0 the eigenvalues are obtained from a
transcendental equation

tan
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mwEnL2

z

2�2

)
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√
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(3.34a)

for even wave functions, i.e. even values of quantum numbers n, and
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(√
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2�2

)
=

√
mw

mb

W0 − En

En

(3.34b)

for odd wave functions, i.e., odd n [65]. mw and mb are the effective masses of the
charge carriers in the well and the barriers, respectively, and Lz is the well width.
Numerically obtained solutions are given in Fig. 3.19 [66]. Energies in the figure
are scaled in units of the ground-state energy E1 of a well with infinite barriers,
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Fig. 3.19 Calculated
bound-state energies of a
particle in a symmetrical
rectangular potential well of
finite depth W0 indicated by
the gray line. Bars at the
right-hand side mark energy
levels with quantum numbers
n for infinite high barriers.
After [67]

cf. (3.25). The gray line signifies the top of the well at E = W0. Discrete bound
states are found for E < W0, while continuum states exist for E ≥ W0. We note
that the number of bound states of the confined particle decreases as W0 decreases.
Furthermore, the level spacing and consequently the energy of the levels decrease.
The topmost bound level approaches the top of the well as W0 is gradually reduced.
It should be noted that at least one bound level exists in any quantum well.

A clear experimental observation of the quantum-size effect in quantum wells
requires well-defined sharp interfaces. A vivid demonstration of subband forma-
tion was accomplished by imaging the local DOS in InAs/GaSb quantum wells
[68]. Growth conditions ensured the formation of smooth InSb-like interfaces be-
tween InAs and GaSb. The two semiconductors form a misaligned staggered band
alignment with the conduction-band edge of the InAs quantum well lying below
the valence-band edge of the cladding GaSb. This broken-gap configuration pro-
vides a large confinement potential for electrons in the well. Using the tip of a low-
temperature scanning tunneling microscope the local DOS was probed across the
InAs well from the differential conductance dI/dV , cf. Fig. 3.20.

The differential conduction given in Fig. 3.20a clearly shows a standing-wave
pattern originating from electron subbands in the InAs quantum well. The number
of maxima increases with energy, i.e. sample bias voltage. The tunneling tip locally
probes the probability amplitude of electrons across the well. The experimental re-
sult agrees remarkably well with the calculated subband wave-functions shown in
Fig. 3.20b. The two-dimensional DOS of the quantum well given in Fig. 3.20c is
experimentally deduced from integrating over the local DOS. The contributions of
the subbands lead to apparent steps in the DOS being characteristic for a 2D het-
erostructure, cf. Fig. 3.18.

Features of both confined electrons and holes are observed in optical spec-
tra. Transitions measured from nearly unstrained GaAs quantum wells with
Al0.2Ga0.8As barriers and from strained GaAs wells with GaAs0.5P0.5 barriers on
GaAs substrates are shown in Fig. 3.21. The structures consist of multiple wells,
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Fig. 3.20 (a) Experimental scanning tunneling (dI/dV )/(I/V ) spectra locally probed across a
17 nm wide InAs/GaSb quantum well for bias varied from 0.01 V to 0.9 V in steps of 0.01 V.
(b) Calculated local density-of-states given as the sum of the squared subband wave-functions.
(c) Experimental density-of-states obtained from integration of each curve in (a) over the quantum
well. Reproduced with permission from [68], © 2007 APS

i.e. superlattices with barriers sufficiently thick to prevent electronic coupling of
the well states. They were grown using molecular-beam epitaxy [69] and metalor-
ganic vapor-phase epitaxy [70], respectively. The curves show the intensity of the
ground-state emission under excitation at the displayed varied photon energy. The
spectra exhibit series of peaks labeled according the participating levels of the con-
fined electrons and holes. Most intense peaks refer to allowed transitions between
electron and hole states of two-dimensional excitons with an equal quantum num-
ber n. Such exciton states have largest electron-hole overlap if strain effects are
not dominating. The strongest line labeled E1h originates from the radiation of
an exciton with the electron in the ne = 1 state and the mJ = 3/2 hole denoted
heavy hole in the nhh = 1 state. The corresponding transition of an electron and
an mJ = 1/2 light hole in the nlh = 1 state is labeled E1l. The energy difference
E1l − E1h reflects the splitting of the mJ = 3/2 and 1/2 valence bands due to the
biaxial shear strain in the GaAs well arising from the different lattice constants
of barriers and well (Sect. 3.1.2). Note that excited states gradually broaden, as
indicated in Fig. 3.21 for the heavy-hole series labeled Enh. The broadening is de-
scribed by �En = �E1 × n2 [69], reflecting a non-constant well width probed by a
gradually increasing exciton diameter. Besides the two series of allowed transitions
with nelectron = nhole for heavy and light hole there are also forbidden peaks asso-
ciated with transitions where nelectron �= nhole: Lines Ef1 and Ef2 mark transitions
E1e − E3h and E2e − E4h, respectively [69, 71].

The transitions of the more strongly strained GaAs well clad by GaAs0.5P0.5

barriers shown in Fig. 3.21b exhibit a much larger splitting E1l − E1h (44 meV)
than observed for Al0.2Ga0.8As barriers. Hydrostatic and shear-strain components
of εh = 0.008 and εs = 0.014, respectively, were determined from the shift of the
ground-state exciton with respect to a GaAs bulk exciton and from the light-hole—
heavy-hole splitting [70]. The quantum-size effect is expressed in Fig. 3.21b by a
blue shift of the excited-state transitions in the thinner quantum well (lower spec-
trum).
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Fig. 3.21 Photoluminescence excitation spectra of GaAs quantum wells clad by (a) Al0.2Ga0.8As
and (b) GaAs0.5P0.5 barriers, recorded at low temperatures and low excitation density. The well
width is indicated at the spectra. Labeled energies refer to optical transitions of bound electron
states to bound hole states, see text. Absolute energy scale on top of panel (b) refers to upper
spectrum, the lower spectrum is shifted in energy to align the E1h transition. (a) After [69], (b) af-
ter [70]

The two-dimensional confinement changes spatial extension and binding energy
of an exciton both within the quantum-well plane and perpendicular [59]. The effect
is illustrated in Fig. 3.22 for an exciton confined in a GaAs/Al0.4Ga0.6As quantum
well. We note a strong increase of the binding energy EX (3.32) in Fig. 3.22a with a
maximum for very thin quantum wells near 1 nm. The smaller binding energy of the
heavy hole originates from a larger in-plane mass of the light hole [59]. The (degen-
erate) bulk values of the binding energies of light-hole and heavy-hole excitons are
approached for the limits of zero and infinite well width Lz. The lateral and perpen-
dicular extensions of the exciton given in Fig. 3.22b show a simultaneous squeezing
inverse to the binding energy, according to the rule aX × EX = const.

Heterostructure interfaces are usually not abrupt from a single atomic layer to
the next layer in growth direction over a macroscopically large lateral scale. The re-
sulting roughness of the interface is probed by excitons confined in a quantum well.
Lateral fluctuations of the well thickness (and composition) are averaged within the
spatial extent of the exciton which is given by twice the Bohr radius aX. Such effect
leads to the gradual broadening of the exciton series shown in Fig. 3.21. If the fluc-
tuations occur on a scale larger than the exciton diameter discrete transitions may be
found. A model for interface roughness due to growth steps with a height of a single
monolayer (ML) at both barriers of a quantum well is illustrated in Fig. 3.23. Since
a step position at the lower interface is not expected to be reproduced by the upper
interface three thicknesses arise from such fluctuations, namely Lz, Lz + 1 ML, and
Lz − 1 ML.

Interface disorder of the kind illustrated in Fig. 3.23 may be observed particu-
larly in narrow quantum wells. A clear observation in photoluminescence spectra of
GaAs/AlxGa1−xAs quantum wells is shown in Fig. 3.24 [72]. In the (001)-oriented
zincblende material one monolayer corresponds to half a lattice constant: 1 ML
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Fig. 3.22 (a) Calculated
binding energy and (b) both
lateral (ρex) and
perpendicular (zex) spatial
extension of an exciton
confined in a
GaAs/Al0.4Ga0.6As quantum
well. Solid and dashed lines
refer to heavy and light-hole
exciton, respectively.
Reproduced with permission
from [59], © 1988 APS

= a/2, a being the lattice constant of both materials, the quasi-unstrained GaAs
well and the Al0.3Ga0.7As barriers.

The sample studied in Fig. 3.24 consists of a GaAs/Al0.3Ga0.7As superlattice
(SL) with Lz = 50 Å thick wells and 50 Å thick barriers. After growth of each 14
wells (1400 Å) one enlarged well (EW) with an additional thickness of three mono-
layers (50 Å + 8.6 Å) was introduced. The photoluminescence shows emissions
from heavy-hole excitons of the superlattice and the enlarged wells, both split by an
amount corresponding to about one-third of their mutual separation. (Corresponding
transitions of the light-hole excitons were found in excitation spectra.) This agrees
with an expected variation originating from a thickness difference of one monolayer
(a/2). The position of the individual peaks matches calculated transitions energies
of quantum wells with thicknesses Lz + n × a/2, n = 1 to 4, and a = 5.73 Å, if the
transition referring to Lz of the SL well is taken as a reference. The poor agreement
of the leftmost peak is attributed to an increased disorder in the extended well. We
note that the peaks corresponding to Lz + 2a/2 (middle arrow) is missing. Also
no peak is found referring to Lz − a/2 (above 1.62 eV, no arrow drawn). These
transitions would arise from thinner parts of the enlarged well and the superlattice,
respectively. They are not observed due to a negligible thermal occupation at the
low measurement temperature of 1.7 K.

Size-quantization effects of excited states and interface roughness are frequently
observed in quantum wells of various materials systems, albeit usually not as pro-
nounced as in the examples given above.
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Fig. 3.23 Cross section of a
quantum well/barrier
double-heterostructure.
Interface roughness by
growth steps of single
monolayer height is depicted
at both barriers of the
quantum well

Fig. 3.24
Photoluminescence
spectrum of a
GaAs/Al0.3Ga0.7As
heterostructure comprising a
superlattice with wells of
50 Å (SL) width and also
wells with a width enlarged
by additional three
monolayers to 58.6 Å (EW).
The emission was excited
non-resonantly with a low
excitation density at low
temperature. Arrows at
bottom indicate calculated
transitions energies referring
to Lz + n × a/2. After [72]

3.3.4 Quantum Wires

Fabrication of a quantum well follows naturally from the two-dimensional epitaxy
of a double heterostructure. The potential of such quantum well is basically defined
by the well thickness and the (homogeneous) chemical composition of well and
barrier materials, i.e., by the band discontinuities. A further reduction of dimension-
ality towards a one-dimensional quantum wire or a zero-dimensional quantum dot
requires some patterning to define an additional lateral confinement. The small di-
mensions needed to obtain respective quantum size-effects (Sect. 3.3.2) can usually
not be accomplished straightforward by patterning a quantum well structure using,
e.g., lithography techniques [73]. The interface-to-volume ratio of 1D and 0D struc-
tures increases as compared to 2D quantum wells, and the electronic properties of
such structures are largely governed by interface effects. A variety of techniques
was developed instead to realize 1D and 0D structures with high optical quality,
e.g., by employing growth on corrugated substrates [74] or whisker growth. Most of
these techniques lead to complicate confinement potentials, and often an additional
quantum well is coupled to the quantum wires or quantum dots. A few examples
will be considered in this and the following sections.
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Fig. 3.25 Cross-section view of typical types of epitaxial quantum wires (encircled). B and S
signify barrier and substrate materials, respectively

Much progress in the formation of epitaxial 1D quantum wires was achieved us-
ing V-shaped wires or T-shaped wires. A schematic of some typical wire geometries
is given in Fig. 3.25.

The V-shaped, ridge, and sidewall wires depicted in Fig. 3.25 are fabricated by
employing the dependence of the growth rate on crystallographic orientation. Us-
ing patterned substrates with various facet orientations thereby a locally enhanced
thickness of a wire material clad by barrier materials can be grown. The T-shaped
wire depicted in Fig. 3.25 is formed from an overgrowth of the cleaved edge of
a quantum-well structure. The fabrication process of low-dimensional structures is
described in more detail in Sect. 5.3.

Early demonstrations of quantum wires in the late 1980s suffered from thickness
fluctuations on a length scale of the exciton Bohr radius, leading to 0D behavior at
low temperatures. Clear 1D behavior was proved later using improved structures and
also by employing micro-photoluminescence on single wires. Photoluminescence
(PL) and corresponding excitation (PLE) spectra of V quantum wires are shown in
Fig. 3.26 [75]. The given wire thickness refers to the thickest part in the center of the
crescent-shaped GaAs, which has parabola-like interfaces to the cladding AlGaAs
barriers. The wire emission is labeled QWR in Fig. 3.26a, the dominating emission
originates from the quantum wells formed at the side walls of the V groove.

The PLE spectra given in Figs. 3.26b, 3.26c show a number of features also ob-
served with quantum wells, cf. Fig. 3.21. Basically optical transitions with an equal
quantum number n of electron and hole states are found. The en–hn transitions shift
to the blue as the wire thickness decreases, and their mutual energy spacings in-
crease. The assignment of the peaks to corresponding exciton states is not trivial
due to the complicate crescent-shaped potential of the wire. The transition ener-
gies marked in Figs. 3.26b, 3.26c were calculated using a 16-band kp model and a
potential shape extracted from transmission-electron micrographs. We note a pro-
nounced oscillator strength of the usually forbidden e1–h6 transition in the thicker
well. Moreover, no distinction is drawn between contributions of light holes and
heavy holes. Calculations reveal a strong mixing of light- and heavy-hole charac-
ter in the valence-band states, particularly involved in the mentioned transition. The
wave function of the ∼70 % light-hole part of the h6 state has its maximum in the
wire center similar to the e1 state, yielding a large overlap [76] (for separate lh and
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Fig. 3.26 (a) Photoluminescence of a V-shaped GaAs/Al0.3Ga0.7As quantum wire, non-reso-
nantly excited at 2.4 eV with a low excitation density of 25 W/cm2. (b) PLE spectra for 2.5
nm and (c) 1.5 nm thick wires polarized parallel (thin solid line) or perpendicular (dotted line)
the [110]-oriented wires. Thick solid curves represent the degree of circular polarization. Arrows
mark calculated positions of excitonic en–hm interband transitions. Reproduced with permission
from [75], © 1997 APS

hh assignments cf. [77, 78]). The valence-band mixing also gives rise to the polar-
ization behavior observed in the samples. It should be noted that such mixing and
polarization anisotropy may also originate from other sources like structural inho-
mogeneity, and care was taken to ensure the 1D origin.

For crescent-shaped V groove quantum-wires a simple model with infinite barri-
ers and hyperbolic boundaries was considered to obtain approximative energy sep-
arations of the subbands in the wires [79]. The assumed potential leads to analytical
solutions given by

En,m
∼= �

2π2n2

2m∗t2
0

+ �
2π

√
αn

m∗t0ρ
(m − 1/2), m,n = 1,2,3, . . . , (3.35)

where m∗ is the effective charge-carrier mass, t0 is the crescent thickness at its
center, and ρ = √

ρlow × ρup is the geometric mean radius of the lower and upper
radii of the crescent. The upper curvature ρup is given by ρup = ρlow + αt0, with α

describing the linear increase of the curvature as the wire thickness increases. The
second summand in (3.35) describes the energy separation of the 1D subbands due
to the lateral confinement.

Size quantization effects of 1D wires are sometimes not well distinguished from
those of a 2D well or a 0D dot. The lateral confinement potential of commonly
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Fig. 3.27 (a) PL peak energies of excitons confined in a T quantum wire (QWR) and the neigh-
boring stem quantum well (QW1) and arm well (QW2) of a GaAs/Al0.3Ga0.7As heterostructure.
Dash-dotted and dotted vertical lines indicate identical QW1 and QW2 well thicknesses and QW2
thickness at identical QW1 and QW2 exciton energy, respectively. (b) Calculated lateral confine-
ment energy of electrons in balanced T quantum wires as a function of QW2 exciton energy. Solid
and dashed lines refer to energies for infinite and finite barriers as indicated. Crosses and filled
circles, respectively, mark calculated and experimental confinement energies extracted from the
measurement of GaAs/AlxGa1−xAs structures. Reproduced with permission from [80], © 1996
APS

used wire geometries (Fig. 3.25) is typically only of the order of 30–40 meV, giving
rise to only 10 meV subband energy-separation [74]. The potential is hence much
smaller than that of a quantum well. Furthermore, size fluctuations may give rise to
an additional confinement along the wire axis in the same order of magnitude.

The potential depth of the lateral confinement in T-shaped GaAs/AlxGa1−xAs
quantum wires was evaluated from sample series with varied well widths and Al
compositions. Energies of exciton PL peaks related to the T quantum wire (QWR),
the stem well QW1 (vertical quantum well in Fig. 3.25), and the arm well QW2
(horizontal) are shown in Fig. 3.27a for varied thickness of QW2 [80]. The exciton
energy increases for thinner QW2 also in the quantum wire. Note that the slope of
the QWR energy is smaller than that of the QW2 energy. The energy of the wire
hence approaches that of QW1 for thinner QW2 and that of QW2 for thicker QW2.
The reason is a convergence of QWR states into QW1 for tQW2 � tQW1 and vice
versa into QW2 for tQW2 � tQW1. The spacings between the QWR PL peak energy
and those of the quantum wells QW1 and QW2, i.e., the energy differences between
the 1D exciton and the 2D exciton states of the neighboring wells, give directly the
effective lateral confinement in the wire for given quantum well thicknesses. This
value includes possible changes of the exciton binding-energy. The lateral confine-
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ment gets maximal for identical thicknesses of QW1 and QW2. For such balanced T
quantum wires Fig. 3.27b shows the dependence of the effective lateral confinement
on the exciton energy in QW2.

The calculated dependence of lateral confinement energy on the recombination
energy of well-excitons given in Fig. 3.27b shows a sublinear increase for finite
barrier height. This feature arises from a penetration of the wave function into the
wells. The dependence approaches linearity for increasing barriers. At infinite bar-
riers both, QWR energy and QW2 energy scale according t−2 leading to the linear
relation. The strong experimental superlinear increase found for increased barriers
(xAl from 0.30 to 1.00) is due to the substantial enhancement of Coulomb interaction
in 1D excitons [80].

The excitonic absorption of a 1D quantum wire is expected to deviate signif-
icantly from that of a 2D quantum well or a 3D bulk crystal. For direct allowed
transitions above band edge the intensity ratio of the unbound (continuum) exciton
to the free electron-hole pair is found to be smaller than unity, in contrast to the 2D
and 3D cases [81]. The feature may be understood by considering the eigenenergies
of states bound in a bare Coulomb potential for d dimensions (d = 1,2,3, . . .). The
analytical solutions of the Schrödinger equation yield in each dimension d energies
Ed

n of eigenstates with s symmetry in form of a Rydberg series [81]

Ed
n = −Ry∗

(
n + d − 1

2

)−2

, n = 0,1,2, . . . , (3.36)

Ry∗ being the effective Rydberg energy. For the three-dimensional case (d = 3) we
recognize the well-known Rydberg series of hydrogen. For 1D we note a singularity
for the lowest state n = 0, corresponding to infinite binding energy, in contrast to
the 3D and 2D case. This suggests the attractive force between electron and hole
being stronger in 1D than in 2D or 3D. In a descriptive idea a particle may move
around the origin of a Coulomb potential in 2D or 3D, while it moves through the
origin in 1D. In fact, the 1/r singularity of the Coulomb potential is removed upon
integration in 2D and 3D, but it remains as a logarithmic singularity in 1D.

The 1D nature of a quantum wire leads also to a characteristic dynamics of the
radiative decay of exciton population after pulse excitation [82]. The population
decay time was found to vary proportional to the square root of sample temperature,
in contrast to the linear proportionality observed in quantum wells. The PL hence
decays slower at low temperatures and faster at high temperatures in wires compared
to wells.

3.3.5 Quantum Dots

A quantum dot represents the ultimate limit in charge-carrier confinement, lead-
ing to fully quantized electron and hole states like the discrete states in an atom.
The most successful approach for the fabrication of dislocation-free semiconductor
quantum-dots is the self-organized (also referred to as self-assembled) technique
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Fig. 3.28 Cross-section view
of a quantum dot grown
self-organized in the
Stranski–Krastanow mode.
QD, WL, B , and S signify
quantum dot, wetting layer,
barriers and substrate,
respectively

of Stranski–Krastanow growth (Sect. 5.3.1). This kind of growth mode may be in-
duced by epitaxy of a highly strained layer, which initially grows two-dimensionally
and subsequently transforms to three-dimensional islands due to elastic strain re-
laxation. Some part of the layer material does not redistribute but remains as a
two-dimensional layer, due to a low surface free energy compared to the covered
material. Since this layer wets the surface of the material underneath it is referred
to as wetting layer. For practical use such islands are covered by a cap layer, which
builds an upper barrier in addition to the lower barrier provided by the covered ma-
terial underneath, cf. Fig. 3.28. It must be noted that a minimum size of a quantum
dot exists to allow for confining a charge carrier, in contrast to structures of higher
dimensionality. For a dot with spherical shape the minimum diameter Dmin required
to confine at least one bound state of a particle is given by [83]

Dmin = π�√
2m∗W0

, (3.37)

where W0 is the confining potential and m∗ the effective mass (assumed to be identi-
cal in dot and barrier). For a rough estimate of the minimum size to confine a single
electron in a spherical InAs/GaAs dot we use an unstrained conduction band off-
set of ∼0.9 eV for W0 and an effective electron mass in InAs of 0.03 m0, yielding
Dmin ∼= 6 Å.

Quantum dots grown in the Stranski–Krastanow mode often have a shape of a
truncated pyramid. Due to the persistence of the wetting layer in the formation pro-
cess such dots are coupled to a quantum well, similar to the epitaxial quantum wires
depicted in Fig. 3.25. Self-organized Stranski–Krastanow growth may be induced
by a strong mismatch of the heterostructure. InAs dots on GaAs with 7 % mismatch
represents the most studied model system. The type I band alignment to GaAs leads
to a confinement of both, electrons and holes. The finite barrier height provided
by the GaAs matrix allows for only few electronic states to be confined within the
dot. Luminescence spectra of single quantum dots detected with high spatial reso-
lution show radiative recombination of correlated electrons and holes, cf. Fig. 3.29.
The narrow half-width of such confined-exciton recombination reflects the zero-
dimensional DOS. Various lines from a single QD originate from states differently
filled with few particles like, e.g., the negative trion (X−) formed by two electrons
and one hole, or the biexciton (XX) formed by two excitons.

The wave functions of the confined states can be calculated by considering re-
alistic size, shape, and composition of the dot, in addition to material properties
like dielectric constants, strain tensors and piezoelectric tensors [85]. Results for
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Fig. 3.29 Luminescence of a
single quantum dot showing
sharp recombination
transitions of neutral and
charged confined excitons, as
depicted above the spectrum.
EC and EV denote
conduction and valence band
edge, respectively. Spectrum
reproduced with permission
from [84], © 2005 APS

one electron and one hole confined in an InAs dot with pyramidal shape of 11.3
nm base length and {101} side facets in a GaAs matrix are shown in Fig. 3.30. The
iso-surfaces encase 65 % probability and resemble atomic s-like ground states (left
column), and p- and d-like excited states. Corresponding wave functions of single-
electron states in uncovered InAs/GaAs dots were experimentally imaged using a
low-temperature scanning-tunneling microscope. The images were obtained from
spatially resolved differential voltage-current curves dI/dV taken at different sam-
ple voltage [86]. In the same way states of holes confined in InAs quantum dots
embedded in GaAs matrix were imaged from cleaved samples [87].

Fig. 3.30 Top: Calculated probability densities of electron and hole wave-functions confined in
a pyramid-shaped InAs quantum dot in a GaAs matrix. Reproduced with permission from [88],
© 1999 APS. Bottom: Low-temperature STM images of an uncovered InAs quantum dot on GaAs.
Left image: Constant-current image showing the dot shape. Right four images: Single-electron den-
sities of different excitation states sampled at different bias voltage. Reproduced with permission
from [86], © 2003 APS
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Fig. 3.31 (a, b)
Luminescence of an
InAs/GaAs quantum dot
ensemble with ∼108 cm−2

areal density, detected at 10 K
using a conventional setup (a)
and a setup with a small
focus (b). (c) 10 K
electroluminescence of a
single dot of the same kind as
in (a, b), integrated into a
diode structure with a
current-confining aperture of
sub-micron diameter. Spectra
(b) and (c) adapted from [89]

The discrete energies of confined charge carriers sensitively depend on size,
shape, and composition of the dot. Since these quantities show some variation
among individual dots within an ensemble comprising many dots the eigenenergies
vary from dot to dot. Optical spectra detected as a response of the entire ensemble
are consequently inhomogeneously broadened due to a superposition of numerous
transitions of different energies. The discrete nature of the transitions, i.e. the ho-
mogeneous line width, becomes apparent when only a single dot of an ensemble
is spatially selected by using, e.g., micro-photoluminescence (micro PL) or opaque
masks with a small aperture. The luminescence spectra shown in Fig. 3.31 illustrate
the effect of a gradually increased spatial selection of the detected or excited area
in a planar field of a quantum-dot ensemble. The broad luminescence spectrum in
Fig. 3.31a measured using a conventional PL setup (macro PL) originates from a
large number (∼106) of dots. The full width at half maximum (FWHM) of an en-
semble PL is typically several 10 meV broad. The micro-PL setup used in Fig. 3.31b
probes the photo-excited quantum-dot ensemble solely within a small focus, thereby
detecting only ρQD × Afocus dots simultaneously, ρQD being the areal dot density.
Further selection eventually leads to the detection of a single dot of the ensemble,
cf. Fig. 3.31c and Fig. 3.29.

The homogeneous line width of a single-dot emission is extraordinary small. In
absence of inhomogeneous contributions (e.g., by spectral diffusion) it is given by
the lifetime τ of the excited charge carrier according the �E ×�τ uncertainty rela-
tion. It is typically of the order of µeV and usually below the experimental detection
limit.

The areal density of a quantum-dot ensemble grown using the Stranski–
Krastanow mode is typically in the 1–10 × 1010 cm−2 range, cf. Sect. 5.3.1. The
number of states to be occupied by charge carriers in a single dot layer (or few dot
layers) is much smaller than in bulk or a quantum well. Occupation of quantum dots
with more than one exciton or charge carrier hence occurs already at reasonably
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Fig. 3.32
Photoluminescence spectra of
an In0.6Ga0.4As/GaAs
quantum-dot ensemble,
excited into the GaAs matrix
with an excitation density
gradually increasing from
0.2 W/cm−2 (bottom) to
5 kW/cm−2. I0 marks
ground-state emission, peaks
I2 to I4 originate from excited
states. WL and GaAs signify
emission from the wetting
layer and the GaAs matrix,
respectively. Inset: Emission
I0 on a linear scale.
Reproduced with permission
from [90], © 2004 Elsevier

low optical or electrical excitation. Since the ground state may be occupied with
only two charge carriers (of opposite spin) excited states are easily populated. Fig-
ure 3.32 shows the strong occupation of excited levels in a quantum-dot ensemble
at increased excitation density. While at low excitation density only the inhomoge-
neously broadened emission from the ground state labeled I0 is observed, gradually
additional emissions from excited states (I1 to I4) appear on the high-energy side
for more intense excitation. The number of excited levels is high in this particular
sample, because an Al0.3Ga0.7As barrier was placed underneath the dot layer, sep-
arated by a 1 nm thick GaAs spacer, so as to increase the confinement potential.
Taking the degeneracy 2(n+ 1) of an harmonic potential as a rough estimate for the
exciton occupation in a quantum dot, the maximum overall occupation number of
the confined excitonic states is about 30 in the studied case.

A close look to the energies of the quantum dot emission shows that the in-
creasing occupation of levels with charge carriers is accompanied by a small energy
decrease. The ground-state transition, e.g., exhibits a red shift by a total of 35 meV
(inset Fig. 3.32). Such behavior cannot be described in a single-particle picture,
because the Coulomb interaction between the confined particles alters the overall
energy in the system. The effect is referred to as renormalization of the band gap.
The origin was traced back in bulk semiconductors to the exchange-correlation en-
ergy in dense charge-carrier ensembles, being independent on the characteristics
of the electronic band structure, i.e., on the material [91]. It is also pronounced in
quantum-well structures [92]. In quantum wires [93] and quantum dots [94] such
renormalization may be smaller in case of a dominating strong confinement.

An ensemble of self-organized quantum dots usually exhibits a single distribu-
tion of dot sizes and compositions, leading to a single inhomogeneously broadened
ensemble emission. Under certain growth conditions also distributions with several
well separated emission maxima are formed. An insight into the interplay between
confined-particle interaction and confinement potential was obtained using dots with
a multimodal size distribution, featuring a number of clearly resolved fairly narrow
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Fig. 3.33 Ensemble
emission of (a) InAs/InP and
(b) InAs/GaAs quantum dots
with a multimodal size
distribution. Numbers at the
peaks refer to a common dot
height within a subensemble
in units of monolayers.
(c) Combined PL and
PL-excitation contour plot of
the ensemble measured in (b)
on a logarithmic color scale,
abscissa also applies for (b).
Horizontal lines mark
light-hole (lh) and
heavy-hole (hh) resonances
of the wetting layer, inclined
lines indicate resonances of
the first and second excited
state of the dots and an LO
phonon transition. Data in (a)
adapted from [98], data in (b)
and (c) reproduced with
permission from [99], © 2007
Elsevier

emission peaks of the ensemble [95]. The multiple peaks refer to subensembles (or
families) of dots within the ensemble, which differ in height by integral numbers of
InAs monolayers. Peak labels given in Fig. 3.33 indicate the height of the dots in the
corresponding subensemble in units of monolayers. The assignment was proved by
both structural characterization [96] and calculated exciton energies [97], revealing
a truncated pyramidal shape of the dots. Spectra shown in Fig. 3.33a, b were excited
with a low excitation density to ensure emission solely from the ground state.

PL excitation spectra of a multimodal dot ensemble are given in the contour
plot Fig. 3.33c: A horizontal cut represents a photoluminescence spectrum at fixed
excitation energy, a vertical cut represents an excitation spectrum for the selected
detection energy. For large quantum dots with low emission energy an excitation
spectrum shows two excited states ES1 and ES2 below the excitation of the dot
emission via the wetting layer (labels hh and lh). We note that smaller dots with a
height between 5 and 3 monolayers—and correspondingly a higher emission energy
between 1.22 eV and 1.32 eV—have only a single excited state. Dots with even
higher emission energy (>1.32 eV) have no excited state at all.
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Fig. 3.34 Binding energy of
few-particle complexes
confined in InAs/GaAs
quantum dots as a function of
the neutral exciton emission
energy. 0 refers to the neutral
exciton recombination energy.
X−, X+, and XX refer to
negative trion, positive trion,
and biexciton. Right ordinate
corresponds to the light-gray
emission spectrum.
Reproduced with permission
from [99], © 2007 Elsevier

The well-defined size and shape of multimodal dots was employed to study
the renormalization of few-particle transition energies acting when, e.g., one elec-
tron and hole recombine in the presence of additional charge carriers. Figure 3.34
shows relative binding energies of negative trions (consisting of 2 electrons and 1
hole), positive trions (1e,2h), and biexcitons (2e,2h) for many single-dot spectra
recorded all over the inhomogeneously broadened ensemble peak [100]. The bind-
ing energy of these few-particle complexes is given with respect to the (neutral)
exciton-recombination energy and the recombination energy of these complexes,
i.e. by EX − Ecomplex.

The three excitonic complexes show an obvious characteristic trend. The nega-
tively charged exciton labeled X− has always a positive binding energy being almost
independent on the neutral exciton-recombination energy. Contrary the binding en-
ergies of the positively charged exciton X+ and the biexciton XX clearly decrease
for increasing exciton-recombination energy (decreasing dot size). Moreover, for
the biexciton a transition from positive to negative binding energies is observed.

The non-zero binding energies originate from the Coulomb interaction C be-
tween the confined charge carriers. The binding energy of, e.g., X− directly de-
pends on the difference between the two direct Coulomb terms C(e,h) and C(e, e).
The wave function of the hole is much stronger localized than that of the electron
due to the larger effective mass of the holes, independent on the dot size as shown
on top of Fig. 3.35. The absolute value of the Coulomb interaction between two
electrons |C(e, e)| is consequently smaller than that between two holes, and that be-
tween an electron and a hole is in between, i.e., |C(e, e)| < |C(e,h)| < |C(h,h)|,
cf. Fig. 3.35a. All energies increase in smaller dots because the wave functions are
slightly squeezed. A negative trion is formed by adding an electron to a dot which
is filled with an exciton, thereby adding a repulsive interaction and additionally a
(larger) attractive interaction. The negative trion has therefore a positive binding
energy EX − EX− , while the positive trion has a negative binding energy.

The simple picture does not account for the trend of the biexciton XX. Including
three instead of one level for both, electron and hole states into the calculation (i.e.,
considering also effects of correlation) changes the result from a nearly constant
negative binding energy (Fig. 3.35b) to a nearly constant positive binding energy
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Fig. 3.35 Top: Electron and
hole wave-function (65 %
probability surface) for
confinement in a 15
monolayer high (left) and 3
monolayer high (right)
InAs/GaAs quantum dot.
(a) Absolute value of the
Coulomb energy between two
charge carriers confined in a
quantum dot.
(b, c) Calculated few-particle
binding energies: (b) only
ground state considered,
(c) additionally 2 excited
levels for both, electrons and
holes included. Reproduced
with permission from [101],
© 2006 Elsevier

(Fig. 3.35c). Figure 3.33c demonstrates that large dots bind more confined levels
than small dots. Consequently the degree of correlation decreases as the dot size
decreases. We hence start with large dots (small exciton energy) in a case depicted
in Fig. 3.35c, and end with small dots in a case similar to Fig. 3.35b. Thereby the XX
binding energy changes from positive to negative values as found in the experiment
Fig. 3.34. A more detailed consideration shows that the number of hole levels plays
a major role in correlation [100].

3.4 Problems Chap. 3

3.1 The Ga1−x InxP alloy is interesting due to its large bandgap energy compared
to that of GaAs and InP.
(a) Calculate the bandgap energy of InxGa1−xP at room temperature, assuming

a layer which is lattice-matched on GaAs substrate. Check whether this
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alloy has a direct or an indirect conduction-band minimum. Compare the
order of these bandgap energies to that expected from the virtual crystal
approximation. Room-temperature bandgap parameters EΓ , EX, EL (in
eV) of GaP are 2.78, 2.27, 2.6, and parameters of InP are 1.34, 2.19, 1.93,
respectively. The bowing parameters of the alloy are (in eV) bΓ = 0.65,
bX = 0.20, bL = 1.03.

(b) Determine the composition parameter x, where unstrained Ga1−x InxP
changes from a direct to an indirect semiconductor. Which bandgap energy
exists at the crossing point?

3.2 Consider a lattice-matched InP/InxGa1−xAs/InP double heterostructure on
(001) InP substrate. Find the offset in the conduction band at 300 K and at
77 K, if the valence-band offset of +0.36 eV from InP to InxGa1−xAs is as-
sumed temperature-independent, and effects of thermally induced strain can be
neglected. Band parameters Eg at 0 K (in eV), α (in meV/K), and β (in K)
are for InAs 0.417, 0.276, and 93, for GaAs 1.519, 0.541, and 204, and for InP
1.424, 0.363, and 162, respectively, bInGaAs = 0.48 eV.

3.3 A pseudomorphic hexagonal Al0.2Ga0.8N layer grown on a relaxed thick GaN
buffer layer produces a sheet charge-density at the interface induced by piezo-
electric polarization. Apply in the following linearly weighted materials param-
eters.
(a) Calculate the sheet carrier-concentration per cm2 of the AlGaN layer origi-

nating from the piezoelectric polarization.
(b) The piezoelectric polarization adds to the spontaneous polarization of

a wurtzite semiconductors, the latter being −0.029 C/m2 for GaN and
−0.081 C/m2 for AlN. Determine the lateral strain of the GaN layer re-
quired to yield a zero total polarization in the AlGaN layer. What is then
the resulting total sheet carrier-density at the interface?

3.4 (a) Find the offset in the valence band and the conduction band for a transition
from a GaAs (001) substrate to a thin pseudomorphic InP layer. Neglect the
strain-induced splitting between heavy hole and light hole.

(b) What offsets occur in the inverse heterostructure of a thin pseudomorphic
GaAs layer on InP(001) substrate, if the strain-induced splitting between
heavy hole and light hole is neglected?

(c) Compare the energy splitting between the heavy-hole valence band and the
light-hole valence band of GaAs in case (b) with the band offsets calcu-
lated for a neglected splitting. Which exciton has lowest energy? What are
the actual band offsets obtained by including the energy splitting between
heavy hole and light hole?

3.5 (a) The temperature dependence of the direct bandgap of GaAs is described by
the parameters α = 0.54 meV/K and β = 204 K. Which bandgap energy
has GaAs at room temperature (300 K) and at the temperature of liquid
nitrogen (77 K)?

(b) The effective bandgap changes in presence of a confining potential. It is
then approximately given by the difference between the ground-state levels
of the electron in the conduction band and the hole (with lowest energy)
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in the valence band. Calculate the effective bandgap of an unstrained GaAs
quantum well of 9 nm thickness for infinite barriers at room temperature.
Effective electron and hole masses are 0.067me and 0.082me, respectively.

(c) The thickness of the quantum well in (b) varies by ± one monolayer due to
interface roughness. To which variations in the effective bandgap translates
this thickness fluctuation?

3.5 General Reading Chap. 3

E.T. Yu, J.O. McCaldin, T.C. McGill, Band offsets in semiconductor heterojunctions, in Solid
State Physics, vol. 46, ed. by H. Ehrenreich, D. Turnbull (Academic Press, Boston, 1992), pp. 1–
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P.Y. Yu, M. Cardona, Fundamentals of Semiconductors (Springer, Berlin, 1996)
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Chapter 4
Thermodynamics of Epitaxial Layer-Growth

Abstract Growth requires some deviation from thermodynamic equilibrium. This
chapter outlines the driving force for equilibrium-near growth of a crystal in terms of
macroscopic quantities. We consider a thermodynamic description for the transition
of a gaseous or liquid phase to the solid phase. The initial stage of layer growth
requires a nucleation process. We discuss the energy of a surface and illustrate the
nucleation of a layer and the occurrence of different growth modes.

Growth of a crystalline solid represents a transition from one phase, e.g., the va-
por phase, to a crystalline phase. Such phase transition is phenomenologically de-
scribed by thermodynamics using macroscopic quantities. Often the understanding
of growth phenomena requires also consideration of the kinetics. A respective de-
scription considers transition states on an atomistic scale. Epitaxy may be performed
close to thermodynamic equilibrium using, e.g., liquid phase epitaxy (Sect. 7.1).
Growth is then well described in terms of thermodynamic properties of the sys-
tem. Epitaxy far away from equilibrium, e.g., processes occurring during molecular
beam epitaxy (Sect. 7.3) may often more appropriately be described in terms of ki-
netics. In this chapter basics of growth processes employed in epitaxial methods are
discussed in terms of thermodynamics.

4.1 Phase Equilibria

Thermodynamics studies the effect of changes in, e.g., temperature on a system at a
macroscopic scale by analyzing the collective motion of its particles. The term parti-
cles comprises both, atoms and molecules, and the term system denominates a large
ensemble of particles which is marked-off from environment in some defined man-
ner. The system may either contain a single kind of particles (single-component sys-
tem) or a mixture of different kind of particles (multi-component system). If the sys-
tem is completely homogeneous (regardless of being a single- or multi-component
system) it is called to consist of a single phase. Growth occurs in heterogeneous
systems which are characterized by interfaces separating different phases within the
system.
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4.1.1 Thermodynamic Equilibrium

If a system is left undisturbed by outside influences the interacting particles will
share energy among themselves and reach a state, where the global statistics are
unchanging in time. Parameters describing the system then have ceased to change
with time. This allows single parameters like temperature or pressure to be attributed
to the whole system.

Growth requires a force to drive particles from one phase of a system across the
interface towards a solid phase. The crystal grower controls parameters in a way
that a more volatile phase of the system is thermodynamically less stable than the
crystalline phase, i.e., he adjusts some deviation from equilibrium. There are two
kind of state variables which describe the system:

• Intensive parameters like temperature T , pressure P , mole fraction xi of compo-
nent i, or chemical potential μi are independent on the size of the system.

• Extensive parameters like internal energy U , entropy S, volume V , or amount of
substance ni do depend on system size.

The amount of substance ni designates the number of moles of component i in
the system and is given by the mass mi of the substance of component i divided by
its mole mass Mi . The corresponding mole fraction xi (also called molar fraction)
denotes the number of moles of component i as a proportion of the total number of
moles of all components in the system, i.e.,

xi = ni∑Nc
j=1 nj

= ni

n
, (4.1)

where Nc is the number of components in the system and n is the total number of
moles in the system.

All thermodynamic properties of a system may be derived from its internal en-
ergy U . For a system composed of Nc components this state function is given by

U = TS − PV +
Nc∑
i=1

μini. (4.2)

S, V , and ni are the proper variables for the internal energy, and μ is the chemical
potential introduced in (4.4) below. For crystal growers the direct access to the in-
tensive parameters temperature and pressure is more convenient than control of the
extensive parameters entropy and volume. Therefore the state function Gibbs energy
G with T , P , and ni as proper variables is introduced,

G = U + PV − TS. (4.3)

Gibbs energy G—also referred to as Gibbs function or Gibbs free energy—is an
extensive function like the internal energy U . The chemical potential of component
i in the system is given by the partial derivative of Gibbs energy,

μi =
(

∂G

∂ni

)
T ,P,nj �=i

= μi(T ,P, x1, . . . , xNc). (4.4)
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Inserting (4.2) into (4.3), Gibbs energy can also be expressed by the Nc amounts of
substance ni and their respective chemical potentials,

G =
Nc∑
i=1

μini. (4.5)

The total chemical potential μ then reads

μ = G

n
=

Nc∑
i=1

μixi . (4.6)

Thermodynamic equilibrium is characterized by the minimum of Gibbs energy G.
Extensive functions of a system are similarly given as the sum of the corresponding
quantities for each phase. For a system containing Np phases, G is hence the sum
of those for each phase σi ,

G =
Np∑
j=1

G(σj ) = G(σ1) + G(σ2) + · · · + G(σNp)

=
Np∑
j=1

Nc∑
i=1

μi(σj )ni(σj )

=
Nc∑
i=1

μi(σ1)ni(σ1) +
Nc∑
i=1

μi(σ2)ni(σ2) + · · · +
Nc∑
i=1

μi(σNp)ni(σNp). (4.7)

The σj and ni(σj ) identify the phases and the amount of substance of component i

in phase σj , respectively. If G is minimum at equilibrium, then condition(
∂G

∂ni(σj )

)
T ,P,n(σj )j �=i

= 0 (4.8)

must apply for all Nc components and all Np phases of the system. Under given
(constant) conditions for T , P , and ni , Gibbs energy G hence assumes a minimum
value with respect to any variation of these state parameters.

Let us assume a variation of one parameter, namely a transition of component 1
from phase α to phase β . The change is expressed by a variation of n1(α) with the
condition n1(α) + n1(β) = constant. Applying condition (4.8) we obtain

∂G

∂n1(α)
= ∂(G(α) + G(β) + G(γ ) + · · ·)

∂n1(α)

= ∂G(α)

∂n1(α)
+ ∂G(β)

∂n1(α)
= ∂G(α)

∂n1(α)
− ∂G(β)

∂n1(β)
= 0.

In the second fraction all apart from the first two summands are zero for all phases
except for α and β due to the assumed transition, and the negative sign of the sec-
ond summand originates from ∂n1(β) = −∂n1(α). Inserting (4.4) applied to com-
ponent 1 yields the equilibrium condition

μ1(α) − μ1(β) = 0.
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Fig. 4.1 Schematic of a three-component system with two phases α and β in equilibrium

This condition applies for pairs of all of phases and all components. The general
conditions for equilibrium hence reads: The chemical potentials μi of all Nc com-
ponents are equal among each other in each of the Np phases,

μi(σ1) = μi(σ2) = · · · = μi(Np), i = 1, . . . ,Nc (equilibrium). (4.9)

Equation (4.9) applies simultaneously for all Nc components of the system, yielding
a set of Nc relations in case of an equilibrium between two phases. In equilibrium
of a multi-component system much more phases than two may coexist. For Np co-
existing phases a set of (Np −1)×Nc relations must be fulfilled at equilibrium. The
composition of the Np phases is generally not equal at equilibrium to fulfill these
conditions, i.e., usually x1(σ1) �= x1(σ2) �= x1(σ3) �= · · ·.

Figure 4.1 illustrates the equilibrium between phase α and a solid phase β of
a three-component system. Different species of particles are depicted by different
symbols. Note different compositions indicated in phases α and β . The interface
between α and β is the surface of the solid. Its structure is thermodynamically less
favorable than that of the solid or of the more volatile phase α. The surface hence
tends to be thin. In practice, it extends over a few atomic layers. In a thermody-
namic description the surface region is usually not regarded as a separate phase and
assumed infinitely thin.

4.1.2 Gibbs Phase Rule

The number of phases which can coexist at equilibrium is limited. According (4.4)
a set of the variables T ,P , and compositions xi of the Nc components specifies a
phase of a heterogeneous system. The chemical potential in this phase is fixed when
Nc − 1 mole fractions are quoted besides T and P : The last of Nc mole fractions
is given by the condition

∑
i xi = 1 in each phase. We hence have Np × (Nc − 1)
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independent mole fractions for a system with Np phases. Therefore a total of Np ×
(Nc − 1) + 2 intensive variables are sufficient to fix all of the intensive variables of
the system. Many of them are dependent, however. Considerations leading to (4.9)
showed that Nc relations according μi(α) = μi(β) have to be fulfilled at equilibrium
between two coexisting phases. For three coexisting phases 2×Nc relations, and for
Np phases a number of (Np − 1) × Nc relations have to be fulfilled. There remains
thus a number Nf of independent intensive variables given by (Np × (Nc −1)+2)−
((Np − 1) × Nc) or

Nf = Nc − Np + 2. (4.10)

This number of independent intrinsic state parameters may be used to control growth
near thermodynamic equilibrium without changing the number of phases Np. Nf is
called the number of degrees of freedom for a given thermodynamic condition and
specifies how many control variables can be altered while maintaining this condi-
tion. This Gibbs phase rule was stated by Josiah Willard Gibbs in the 1870s. In
literature the numbers of degrees of freedom, of components, and phases Nf, Nc,
and Np, are also labeled as F , C, and π , respectively.

Nf may not be negative. Consequently a maximum of Np = 3 phases may coex-
ist in equilibrium of a single-component system (Nc = 1). Since in this case Nf = 0
the variables T and P are fixed in a triple point. In a two-phase equilibrium of a
single-component system we obtain Nf = 1. We hence can choose one parameter
independently (within some limits), say T , while the other, P , adjusts accordingly
to accomplish equilibrium. In a single-phase range of a single-component system
Nf = 2. T and P may then be varied independently. In a two-component system a
maximum of 4 phases may coexist, and in a two-phase equilibrium still two param-
eters may be controlled independently.

4.1.3 Gibbs Energy of a Single-Component System

A single-component system has a maximum of three phases in equilibrium
(Sect. 4.1.2), and a state is fixed by fixing temperature, pressure, and volume of the
system. The equilibrium conditions between the thermodynamically distinct phases
are clearly represented in a phase diagram. A simple illustration is the pressure-
temperature diagram given in Fig. 4.2. The diagram is a projection of P –V –T space
on the P –T plane for a fixed volume and shows the phase boundaries between the
three equilibrium phases of solid, liquid, and gas. On a boundary two phases co-
exist, and in the triple point three phases coexist. Dashed curves near the triple
point indicate metastable states (cf. Sect. 4.1.5). The solid-liquid phase boundary of
most substances has a positive slope. This is due to the solid phase having a higher
density than the liquid, so that increasing the pressure increases the melting point.
Prominent exceptions are, e.g., water and silicon.

To study the behavior of the system at transitions from one phase to another we
consider a variation of one of the variables P or T while keeping the other fixed [1].
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Fig. 4.2 P –T phase diagram
for a single-component
system. Dashed curves near
the triple point indicate
metastable states. The
dependence of Gibbs energy
G(P,T ) for variations along
paths 1 and 2 is discussed in
the text

We first discuss the temperature dependence of Gibbs energy G(T )P , i.e., G(T ) at
constant pressure P , along path 1 drawn in Fig. 4.2. In a second step the pressure
dependence G(P )T along path 2 will be discussed.

Considering a system consisting of one component yields a descriptive depen-
dence of Gibbs energy G from temperature and pressure. There is only a single
chemical potential,

μ = ∂G

∂n
= G

n
≡ g (single-component system).

The relation shows that the chemical potential is identical to the Gibbs energy per
mole g. Both μ and G depend solely on T and P .

We first consider G(T )P . The temperature dependence of G is evaluated from
the respective dependence of the three summands in (4.3)

G = U + PV − TS.

The internal energy U(T ) starts at T = 0 K with some constant value U0 which
merely represents an offset of all parameters. In the low-temperature range the in-
crease of U(T ) is essentially determined by the heat capacity of the (solid) system
at constant volume, CS

V . The slope increases due to an increase of CS
V (T ). We may

neglect here the small volume change of the solid at constant pressure and the conse-
quential small contribution of U(V (T )). At the melting temperature TSL (index SL
for solid → liquid) and also at the boiling temperature TLG (liquid → gaseous) the
internal energy U(T ) increases by material-dependent steps �USL and �ULG, re-
spectively: The bordering phases differ in internal energy. The thermal trend of U in
the liquid and gaseous phases is likewise described using the heat capacities CL

V (T )
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Fig. 4.3 Temperature
dependence of Gibbs
energy G, internal energy U ,
enthalpy H , and the energies
TS and PV at constant
pressure for a
single-component system.
After [1]

and CG
V (T ), respectively. The entire temperature dependence of the first summand

of G(T ) in (4.3) is then given by

U(T ) = U0 +
∫ TSL

0
CS

V (T )dT + �USL +
∫ TLG

TSL

CL
V (T )dT

+ �ULG +
∫ T

TLG

CG
V (T )dT . (4.11)

For T < TLG thereinafter summands are accordingly omitted. The trend of U(T ) is
illustrated in Fig. 4.3.

The trend of the second summand of G in (4.3) is given by V (T ) because P

is assumed to be constant. Since the thermal expansion coefficients in the solid
and liquid phases are very small (typ. of order 10−6) we may assume a virtually
constant volume. Melting and evaporation lead to a small step �VSL and a large
step �VLG. The dependence in the gas phase is approximated by the ideal gas law
V (T ) ∼= nRT/P , R being the universal molar gas constant.

Adding the first two summands of G in (4.3) yields the enthalpy H(T ) =
U(T ) + PV(T ). The thermal dependence is similar to that of U(T ) with slightly
larger values due to positive values of P and V , cf. Fig. 4.3. The step at the melt-
ing point �HSL = �USL + P�VSL is the heat of fusion absorbed during melting
at TSL. It is vice versa identical to the heat released during solidification. Accord-
ing convention a positive sign of �H indicates an endothermic reaction, where the
system receives heat supplied from the surroundings. Similar considerations apply
for evaporation and condensation expressed by �HLG. H(T ) may be expressed by
a similar relation as (4.11) when U and CV are replaced by H and CP , respec-
tively.
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Fig. 4.4 Pressure
dependence of Gibbs
energy G, internal energy U ,
enthalpy H , and the energies
TS and PV at constant
temperature for a
single-component system.
After [1]

The third summand of G in (4.3) increases with T according the entropy S =∫
CP /T = ∫

CP d lnT . S0 is assumed to be zero. During the phase transitions at
TSL and TLG the entropy S experiences a steplike increase �H/T . It should be
noted that these steps have the same height as those in the function H(T ), since
�H = T �S. S may also be expressed by a similar relation as (4.11) when U , CV ,
and dT are replaced by S, CP , and d lnT , respectively.

We now put the three summands together to obtain Gibbs energy G(T ) accord-
ing (4.3). As shown in Fig. 4.3 G(T ) is a monotonously decreasing function with
a gradually increasing negative slope. G(T ) is continuous at the phase transitions
but experiences a kink. Since μ = G/n we also know the trend of the chemical
potential μ(T ). We will consider this in more detail in Sect. 4.1.4.

In a second step we address the pressure dependence G(P )T evaluated from the
respective dependence of the three summands in (4.3) at constant temperature.

Besides steps at phase transitions, U(P ) may be considered nearly constant
in all phases at constant temperature. The second summand PV(P ) is approxi-
mately constant at low pressures due to the ideal gas law V ∼= nRT/P . In the
liquid and solid phases V (P ) is nearly constant. As P increases PV(P ) hence
rises approximately linearly, with a larger slope in the liquid phase. The enthalpy
H(P ) = U(P )+PV(P ) reproduces these slopes. The steps �HLG and �HSL again
represent heats of condensation and solidification, respectively.

The trend of the third summand of G in (4.3) TS(P ) is given by S(P ) at con-
stant temperature. To obtain the trend at low pressure (gas phase) we apply the
general Maxwell relation (∂S/∂P )T = −(∂V/∂T )P and infer from the ideal gas
law (∂V/∂T )P ∼= nR/P . Equalizing and integration yields S(P ) ∼= −nR lnP +
S0, where S0 is an integration constant. In the gas phase the trend decreases
monotonously with a steep slope at small pressure due to the term − lnP . In the
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Fig. 4.5 Chemical potentials
μα(T ,P ) and μβ(T ,P ) of
two phases α and β near their
intersection line, where both
phases coexist. Dotted
vertical lines indicate
projection of the intersection
line to the P –T plane.
After [1]

liquid and solid phases (∂V/∂T )P is quite small due to the small thermal expansion
coefficient. S(P ) is considered nearly constant in these phases.

The sum adds up to the pressure dependence G(P )T illustrated in Fig. 4.4. G(P )

is a monotonously increasing function. At phase transitions G(P ) is continuous but
experiences a kink. The same applies for the chemical potential μ(P ) = G(P )/n.

4.1.4 Phases Boundaries in a Single-Component System

We consider the chemical potential μ(T ,P ) at the boundary between two phases
α and β of a single-component system. The characteristics in the P –T phase dia-
gram is obtained from μ(T )P = G(T )P /n and μ(P )T = G(P )T /n. We know from
Sect. 4.1.3 that μ(P,T ) is a curved plane which in each phase monotonously de-
creases along T and increases along P . The slopes of μα(T ,P ) and μβ(T ,P ) differ
in two different phases. The respective planes hence intersect. Along the intersection
line the chemical potentials must be equal, μα(T ,P ) = μβ(T ,P ). Adjacent to the
line of intersection the respective lower plane refers to the stable phase. The stable
phases change order upon crossing the section boundary: The respective other phase
gets stabile. Figure 4.5 illustrates the situation.

The projection of the intersection line of the μα(T ,P ) and μβ(T ,P ) planes on
the P –T plane shown in Fig. 4.5 yields the boundary between phases α and β de-
picted in Fig. 4.2. The characteristics of this boundary is described by the Clapey-
ron relation or, if a transition between a condensed (liquid or solid) to a gas phase
is involved, by the Clausius-Clapeyron relation, named after B.P. Émile Clapey-
ron and Rudolf Clausius. The general Clapeyron equation follows from a variation
dμ(T ,P ) of a state on the coexistence line that must fulfill the identity dμα = dμβ ,
or, by inserting G/n for μ,

1

n

(
∂Gα

∂T

)
P

dT + 1

n

(
∂Gα

∂P

)
T

dP = 1

n

(
∂Gβ

∂T

)
P

dT + 1

n

(
∂Gβ

∂P

)
T

dP.
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In the relation we may replace (∂G/∂T ) by −S and (∂G/∂P ) by V . This yields a
condition for the proportions of the two variables for a variation along the coexis-
tence line,

dP = Sβ − Sα

Vβ − Vα

dT .

The relation gives the slope dP/dT of the coexistence curve. �S and �V are re-
spectively the change of entropy and volume during a phase transition across the
boundary. Since �S = �H/T we may write

dP

dT
= �S

�V
= �H

T �V
. (4.12)

Here �H is the latent heat exchanged with the surroundings during the phase tran-
sition without change of temperature T . The Clapeyron equation (4.12) explains ba-
sic characteristics of the P –T phase diagram Fig. 4.2. A transition from the gaseous
phase to the liquid or the solid phase is accompanied by a large volume change
�V . According (4.12) the slopes of these two phase boundaries are therefore small.
The heat of evaporation �H is a positive quantity just as the volume increase �V .
The slope dP/dT is therefore also positive. Furthermore, the slope increases as P

increases due to a decrease of �V at higher pressure. Due to a larger heat of sub-
limation of a solid compared to the heat of evaporation of a liquid the slope of the
solid-gas boundary is steeper than that of the liquid-gas boundary.

To obtain an idea of the relation P(T ) for a transition from a condensed phase
to the gas phase, we roughly approximate the volume change by the volume of the
gas formed, �V ∼= Vgas, and put PVgas ∼= nRT . Inserting the two approximations
into (4.12) and taking �H as independent of T , we obtain P(T ) by integration,
yielding

ln

(
P

P0

)
∼= −�H

nR

(
1

T
− 1

T0

)
, or P ∼= P0 exp

(−�H

nR

(
1

T
− 1

T0

))
. (4.13)

�H/n is the molar heat of evaporation or sublimation. We see that for the transition
from a condensed to a gas phase the pressure approximately obeys an Arrhenius-
like dependence over a limited temperature range. Vapor pressures are often tabled
in terms of 2 parameters a and b, obtained from (4.13) by using ln(x) = ln(10) ×
log(x) and putting b = −�H/(nR ln(10)). The relation then reads log(P ) = a −
b/T , with the parameter a depending on the pressure unit.

The liquid-solid boundary is generally quite steep in the P –T phase diagram due
to a very small volume change �V during melting. Since the liquid phase may be
more dense or less dense than the solid phase �V may have either sign. The slope
dP/dT of this boundary may hence be positive or negative.

4.1.5 Driving Force for Crystallization

To induce a transition from a stable phase to another the parameters temperature and
pressure have to be controlled such that the chemical potential in the target phase is
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Fig. 4.6 Crossing the phase
boundary from a less stable
phase α to a stable phase β

induced by supercooling �T

at constant pressure or
supersaturation �P at
constant temperature

smaller than that in the initial phase. Particles from the initial phase will then cross
the phase boundary toward the target phase to allow the system for approaching (the
new) equilibrium conditions.

For a temperature variation at constant pressure the difference �T = T − Te
between the controlled temperature T and the equilibrium temperature Te at the
given pressure is a measure for the deviation from equilibrium. �T is a negative
quantity and termed supercooling. In case of a liquid-solid equilibrium Te is the
melting temperature.

The phase transition may as well be induced by varying the pressure by an
amount �P = P − Pe at constant temperature. If the initial phase is the gaseous
phase �P and Pe are called supersaturation and saturation vapor-pressure, respec-
tively. The achievement of equilibrium in the target phase via either of the two paths
is illustrated in Fig. 4.6.

We consider the phase transition induced by supercooling �T = T − Te at con-
stant pressure in more detail. At fixed pressure phase α is above the equilibrium
temperature Te more stabile than phase β , i.e. μα(T ) < μβ(T ). Below Te, however,
μβ(T ) < μα(T ) due to different slopes of the chemical potentials and their inter-
section at Te, see Fig. 4.5. Phases α and β may exchange particles via the common
phase boundary. Since μβ(T ) < μα(T ) below Te, the system can lower the total
enthalpy G = Gα + Gβ = nαμα + nβμβ by transferring particles from phase α to
phase β: The amount of substance nβ in the stable phase β increases on expense
of the amount of substance nα in the less stable phase α. The driving force for this
phase transition is the difference in the chemical potential

�μ ≡ μβ − μα. (4.14)

�μ is called growth affinity, or driving force for crystallization if the stable phase β

is a solid phase. �μ is a negative quantity, though it must be mentioned that �μ

is often chosen positive in literature. The relation between the driving force �μ

and the supercooling �T is illustrated in Fig. 4.7. We see that an increase of su-
percooling raises �μ and thereby enhances the rate of substance crossing the phase
boundary.
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Fig. 4.7 Temperature
dependence of the chemical
potential μ of phases α

and β . The growth affinity
�μ designates the difference
of the chemical potentials μα

and μβ induced by a
supercooling �T to a
temperature T< below the
equilibrium temperature Te

It should be noted that the respective instable phases may sometimes be experi-
mentally observed to some extent. Such metastable state of a system is indicated by
dashed lines in Fig. 4.7. Well-known examples are heating of a liquid above the boil-
ing point (bumping) or supersaturated vapor in Wilson’s cloud chamber. The effect
is particularly pronounced for undercooled metal melts which may still be liquid
some tens of degrees °C below the temperature of solidification. The phenomenon
should not be confused with the size effect of melting point depression in nanoscale
materials that originates from a high surface to volume ratio.

The driving force (4.14) may likewise be induced by a supersaturation �P =
P − Pe at constant temperature. For solidification from the liquid phase P must be
increased if the liquid-solid boundary has a positive slope dP/dT and decreased
otherwise. The driving force increases as �P is raised, similar to the dependence in
supercooling discussed above.

To obtain an explicit relation for the temperature dependence of the driving force
�μ(�T ) we expand the function into a Taylor series at equilibrium temperature
T = Te,

�μ(�T ) = μβ − μα
∼=

(
∂μβ

∂T
− ∂μα

∂T

)
�T +

(
∂2μβ

∂T 2
− ∂2μα

∂T 2

)
(�T )2

2
+ · · · .

Replacing n(∂μ/∂T )P = (∂G/∂T )P by −S = −H/T we obtain for the expres-
sions in the second summand(

∂2μ

∂T 2

)
P

= −1

n

(
∂S

∂T

)
P

= − 1

nT

(
∂H

∂T

)
P

= −CP

nT
.

Insertion into �μ yields

�μ(�T ) = 1

n

(
−�Htrans

Te
�T − �CP

2Te
(�T )2 + · · ·

)
. (4.15)

In this relation �Htrans and �CP denote the latent heat exchanged with the sur-
roundings during the phase transition and the difference of the specific heat at both
sides of the phase boundary, respectively. We note that the driving force �μ is not a
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linear function of the supersaturation �T , particularly for significant deviation from
the equilibrium temperature Te and a large difference of the specific heat in phases
α and β .

In a similar way we obtain an explicit relation for the pressure dependence of the
driving force �μ(P ) by expanding the function into a Taylor series at equilibrium
pressure P = Pe,

�μ(P ) = μβ − μα
∼=

(
∂μβ

∂P
− ∂μα

∂P

)
�P +

(
∂2μβ

∂P 2
− ∂2μα

∂P 2

)
(�P )2

2
+ · · · .

This approach yields a reasonable description of the transition between con-
densed phases like, e.g., liquid → solid. We replace n(∂μ/∂P )T = V and
(−1/V )(∂V/∂P )T = κ (isothermal expansion coefficient), obtaining

�μ(�P) = 1

n

(
�Ve�P − (Ve,βκe,β − Ve,ακe,α)(�P )2/2 + · · ·). (4.16)

�Ve/n designates the difference of the molar volumes at both sides of the phase
boundary at equilibrium pressure Pe. This quantity controls the driving force in-
duced by a supersaturation �P as a first approximation.

The driving force �μ(P ) of a pressure-induced transition between a gas phase
α and a solid phase β may be obtained by integrating over the pressure. We neglect
the much smaller solid molar volume and assume the validity of the ideal gas law,

�μ(�P) =
∫ P

Pe

∂(�μ)

∂P
dP =

∫ P

Pe

(Vβ − Vα)

n
dP ∼=

∫ P

Pe

−Vα dP

∼= −
∫ P

Pe

RT

P
dP = −RT ln(P/Pe).

In this case the driving force for crystallization is approximately proportional to the
logarithm of the supersaturation ratio P/Pe of the gas phase α.

4.1.6 Two-Component System

Practical real systems usually comprise more than one component. The treatment of
a multi-component system is quite complex. For simplicity we focus on binary sys-
tems, which consist of only two components. Such system still allows for describing
basic phenomena occurring in multi-component systems. Prominent examples are
solidification from a solution, e.g., in liquid phase epitaxy, or the solubility of im-
purities governing doping of semiconductors.

A component in a multi-component system is a chemically distinct constituent
whose concentration may be varied independently in the various phases. The number
of components Nc specifies how many substances are (at least) needed to describe
the composition of the system in all phases. Thus, pure water (H2O) forms a single-
component system, though some dissociation into hydronium cations (H3O+) and
hydroxyl anions (OH−) occurs; the numbers of anions and cations are contrained
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to be equal due to charge neutrality and may hence not vary independently. If the
substances of a system do not react the number of components Nc is simply given
by the number of substances.

A system containing two components A and B with substance amounts nA and
nB is usually characterized by its composition x. This quantity designates the mole
fraction of one of the two components, say x ≡ xA. Often x refers to the solute in a
solution, i.e. to the minority component A in the substance formed by adding A to B .
The respective remaining composition xB follows from the condition xA + xB = 1,
yielding xB = 1 − x. x = 0 and x = 1 then designate the pure components B and A,
respectively.

Equilibrium of a binary system is described by a minimum of Gibbs energy G =
H − T S which depends on three independent variables, namely temperature T ,
Pressure P , and composition x. In the following we will consider the molar Gibbs
energy g. According (4.1) and (4.5) g is given by

g = G/n = (μAnA + μBnB)/(nA + nB) = μAxA + μBxB

= μAx + μB(1 − x) = (μA − μB)x + μB.

We assume a solution of A and B with composition x formed at fixed temperature
and pressure in a single phase. If the two components are just put together without
intermixing or solving the molar Gibbs energy is a linear function g of the compo-
sition x with the starting and ending vertex given by the chemical potentials μ0,B

and μ0,A of the pure components B and A, respectively (Fig. 4.8),

g(x) = (μ0,A − μ0,B)x + μ0,B . (4.17)

If now the two components are mixed their particles interact. This is taken into
account by an additive term, the molar Gibbs free energy of mixing �gM. In general
�gM contains contributions of both, a change of molar enthalpy �hM and a change
of molar entropy �sM on mixing,

�gM = �hM − T �sM. (4.18)

A particularly simple case is given by an ideal solution, where the interactions be-
tween unlike and like particles in the solution are the same. If the interaction en-
ergies in the solution are identical to those in the pure components, mixing will
not change the overall enthalpy. No heat is then exchanged with the surroundings
on mixing, �hM = 0. Due to molecular forces being independent on composition,
mixing is not accompanied by a change in molar volume, �vM = 0. There is, how-
ever, a change in molar entropy �sM on mixing. The molar Gibbs energy of an ideal
solution is hence given by

g(x) = g + �gM = g − T �sM (ideal solution). (4.19)

Ideal solutions are completely miscible. For a statistically random distribution of A

and B particles the change in molar entropy is

�sM = −R(xA lnxA + xB lnxB) = −R
(
x lnx + (1 − x) ln(1 − x)

)
(ideal solution),
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Fig. 4.8 (a) Composition-dependent molar Gibbs energy of an ideal solution with phases α and
β at a low temperature T1 (top) where only phase β is stable, and a higher Temperature T2 where
phases α and β coexist in equilibrium. Bottom: T –x phase diagram with phases α and β and a
range of coexistence. (b) Real solution with contribution of an endothermal enthalpy on mixing
(top), Gibbs energy of phase β at a critical temperature Tc and a lower temperature T2. The phase
diagram at the bottom shows two stable phases β1 and β2, an area of metastable compositions
between the binodal and spinodal curves, and a range of spontaneous decomposition bounded by
the spinodal

where R is the gas constant. The mixing-induced change of molar entropy �sM is a
positive quantity, because the ln function yields negative values for x ranging from
0 to 1. The term −T �sM in g(x) hence effects a deviation from the linear depen-
dence g towards lower values. This decrease of molar Gibbs energy gets stronger
for increased temperature, as illustrated for phase α of a two-component system in
Fig. 4.8a (gray lines at T1 and T2 > T1).

Figure 4.8a makes clear how the composition of a two-component system
changes at a transition from a phase α (e.g., the liquid phase) to phase β (solid).
At a low temperature T1 the system is in a solid state β: The molar Gibbs energy
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of the solid gβ(x) is smaller than gα(x) for any composition x. As the tempera-
ture is increased both gα(x) and gβ(x) get smaller, cf. g(T ) depicted in Fig. 4.3.
Since the temperature dependence in the liquid phase is stronger than in the solid
phase gα(x) decreases faster and will be tangent to gβ(x) at a melting tempera-
ture Tmelt,B . (The melting temperature Tmelt,B of component B lies above T1 at the
lower left corner of the lens-shaped area between phases α and β in Fig. 4.8a (bot-
tom).) At Tmelt,B the pure component with the lower melting point starts melting,
say component B . Above Tmelt,B the solid and liquid states will coexist within some
concentration range �x and temperature range �T up to a maximum temperature
Tmelt,A, the melting point of pure component A. Above Tmelt,Agα(x) < gβ(x) for
any composition x, i.e., the system is entirely in the liquid state α.

At an intermediate temperature T2 the liquid (α) and solid (β) phases coexist
between the compositions x1 and x2, see Fig. 4.8a. In this range gβ(x) < gα(x) for
smaller x, and gα(x) < gβ(x) for larger x, see g(x) at T2. For a given composition
x between x1 and x2 the system attains lowest molar Gibbs energy with a mole
fraction x1 in the liquid phase α and a mole fraction x2 in the solid phase β: g takes
an equilibrium value gα(x1) = ge,α at x1 in phase α, and in phase β accordingly
gβ(x2) = ge,β at x2. The molar Gibbs energy of the two-phase state lies on the
common tangent (∂gα/∂x)x1 = (∂gβ/∂x)x2 at the given composition x.

A different composition in two phases α and β of a binary system in equilibrium
represents a general feature of multicomponent systems. For an average composition
x a mole fraction x1 is in phase α and a mole fraction x2 in phase β . x1 and x2 are
fixed for a given temperature for any value of x between x1 and x2. The fraction
of substance in phase α is given by xα = (x2 − x)/(x2 − x1), and the fraction of
substance in phase β is given by xβ = (x − x1)/(x2 − x1). In the example discussed
above and in Fig. 4.8a x1 = 0.50 and x2 = 0.62 at T2. This means a fraction xα =
17 % of A+B is in the liquid phase α and has a composition of 50 % of component
A in A + B , while xβ = 83 % is in the solid phase β which has a composition of
62 % of A in A + B . If α and β are respectively the liquid and solid phases, then
the line between regions α and α + β is called liquidus curve. It is built from all
points x1 as the temperature is varied. The line separating regions α + β and β is
then called solidus curve.

The quotient k0 ≡ xα/xβ is the equilibrium distribution-coefficient. It controls
the solubility of diluted components and is used to describe any mixture, e.g. doping
or alloying of crystals. Its value exceeds 1 if the coexistence boundary increases as
the concentration of the considered component is increased.

In real solutions particle interactions A–A, A–B , and B–B are all different.
There is hence an enthalpy change �hM �= 0 upon mixing which may have either
sign. A negative value signifies an exothermal reaction, where heat is generated
during mixing due to an attractive interaction among the components. A positive
value of �hM occurs for an endothermal reaction, where heat from the environment
is consumed by the system for mixing. Such behavior indicates a diminishment of
binding energy in the mixed system and a consequential tendency towards a separa-
tion into immiscible components.

Most real solutions are miscible over the entire or a certain range of composi-
tion x. If the components of the solution are randomly distributed (in crystalline
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solid solutions with a random distribution of atoms on lattice sites), then the mix-
ture is termed regular solution. Such real solutions have the same mixture-induced
change of entropy �sM as an ideal solution. Due to a finite �hM the Gibbs energy
of a regular solution differs from that of an ideal solution,

g(x) = g + �gM = g + �hM − T �sM (regular, real solution). (4.20)

The enthalpy change �hM is proportional to the concentrations x and (1 − x) of the
components of the system A and B , respectively. It may be described by a parameter
Ω characterizing the interaction among the components,

�hM(x) = Ωx(1 − x) = Ω
(
x − x2). (4.21)

Expression (4.21) represents a quadratic correction to the ideal Gibbs energy (4.19)
for regular solutions with a maximum (or—for a negative Ω value—a minimum) at
x = 0.5. The function is drawn for positive �hM in the top panel of Fig. 4.8b.

A negative enthalpy change �hM upon mixing—indicative for miscibility—
leads to a decrease of Gibbs energy g in addition to that induced by the entropy
change. There is then a quantitative change of Gibbs energy g(x), but largely only
a minor qualitative change in the shape of the function compared to the ideal case
shown in Fig. 4.8a.

A positive enthalpy change �hM > 0 counteracts the entropy change. A large en-
thalpy change upon mixing leads to a contribution comparable to the term −T �sM

in the range of medium composition and at sufficiently low temperature. At low
temperature the system is considered to be in the solid phase β . Below a critical
temperature Tc, Gibbs energy gβ(x) then has a negative curvature (∂2gβ/∂x2 < 0)

in this range, leading to two minima b1 and b2.
The function gβ(x) is drawn in Fig. 4.8b for a corresponding low temperature T2.

The minima b1 and b2 correspond to two chemical potentials μi = ∂gβ

∂x
|xi

at the
compositions xi . In equilibrium μ1 = μ2 applies, and the chemical potentials are
given by the common tangent drawn in Fig. 4.8b. Analogous to the case of the ideal
system with two phases α and β discussed above and in Fig. 4.8a, the lowest Gibbs
energy of the solid phase gβ(x) is attained if the system decomposes into two solid
phases β1 and β2 with compositions x1 and x2 at T2, respectively. Such behavior is
referred to as spinodal decomposition. The minima b1 and b2 represent points for
the given temperature of a curve termed binodal.

The minima b1 and b2 are separated by a local maximum in the range of medium
composition and two inflection points s1, s2. The maximum represents an instable
composition of the solid solution. Such maximum emerges as the temperature is
decreased below a critical value Tc. The homogeneous solid phase β then sponta-
neously separates into two immiscible phases with compositions given by the bin-
odal. The miscibility gap gets wider for lower temperature as illustrated at the bot-
tom of Fig. 4.8b. Cooling of the solid therefore leads to a continuous change in the
compositions of the two phases β1 and β2 along the binodal—provided the process
is sufficiently slow to allow for establishing a thermal equilibrium. If the kinetics
in the solid phase is not fast enough, the compositions of the solid phase β may be
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preserved in a metastable state below Tc. This feature may be employed in epitaxy
to fabricate alloy layers, which cannot be grown using equilibrium-near techniques.

Regions of negative curvature of gβ(x) lie within the inflection points of the
curve (∂2gβ/∂x2 = 0). The points are called the spinodes, and their locus as a
function of temperature defines the spinodal curve. For compositions bounded by
the spinodal, a homogeneous solution is unstable against infinitesimal fluctuations
in composition, and there is no thermodynamic barrier to the decomposition into
phases β1 and β2. For regular solutions the spinodal is given by

x(1 − x) = RT/2Ω.

Epitaxy of multicomponent systems is often performed at low temperatures, and
phase separation leading to compositional fluctuations on a small scale may become
an issue. The solid may still be deposited in a metastable state when the kinetics is
sufficiently slow.

It must be noted that spinodal decomposition is significantly affected by elastic
strain, which in epitaxial heterostructures is generated by lattice misfit. Experiments
demonstrated that strained semiconductor alloys can be grown within the miscibil-
ity gap well below the critical temperature Tc [2, 3]. Lowering of Tc and narrowing
of the immiscibility range bounded by the spinodal is described by an additive term
in the bulk free energy that is proportional to the misfit f (2.20a)–(2.20c) of the
in-plane lattice parameter parallel to the layer-substrate interface [4–7]. The calcu-
lations show that the suppression of phase separation is related to the interaction
parameter Ω , which is found to depend nonlinearly on the composition of the alloy.

4.2 Crystalline Growth

Growth of a crystalline layer proceeds by the attachment of particles (atoms,
molecules) to the surface. The driving force is provided by the chemical potential
treated in the previous section. The growth process is basically described in terms
of a structural model and kinetic processes which an impinging particle experiences
until being incorporated into the crystal [8, 9]. In the initial stage of growth the
formation of the new phase requires, however, some nucleation: small clusters of
the particles forming nuclei of the solid. Once stable nuclei are formed the crystal
grows according conditions controlled by properties of the applied phase transition
and adjusted growth parameters. In the following we first consider the initial step in
terms of the classical theory of nucleation.

4.2.1 Homogeneous Three-Dimensional Nucleation

We discussed in Sect. 4.1 how a driving force may be created by varying tempera-
ture or pressure to make a solid phase more stable than a liquid or gas phase. If the
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system was initially in a homogeneous phase, e.g., entirely liquid, the solid phase
is not spontaneously formed when the equilibrium boundary is crossed. Instead,
the initial phase remains at first in a metastable state of undercooling (of a liquid
below the freezing point) or supersaturation (of a vapor below the condensation
point). These states are indicated by dashed lines in Figs. 4.2 and 4.7. The reason
for the persistence of the no longer most stable phase is the need to create an inter-
face at the boundaries of the new phase. The formation of such interface consumes
some energy, based on the surface energy of each phase. The stable new phase
is only formed at sufficient undercooling or supersaturation. Any disturbance like,
e.g., a slight agitation or charge, will reduce to some extent the required deviation
from equilibrium. Homogeneous nucleation occurs spontaneously and randomly in
a homogeneous initial phase. Nucleation is strongly facilitated in presence of pref-
erential nucleation sites. Such site is any inhomogeneity in the metastable phase,
e.g., a substrate or suspended minute particles. In the case of such heterogeneous
nucleation, some energy is released by the partial destruction of the pre-existing
interface.

Nucleation is the onset of the phase transition in small regions called nuclei:
regions of the new phase with an interface at the boundaries to the initial phase.
If a potential nucleus is too small, the energy that would be released by forming
its volume is not enough to create its surface, and nucleation does not proceed. The
critical size of a nucleus required for growth in homogeneous nucleation is described
by thermodynamics. The creation of a nucleus is accompanied by a change of Gibbs
energy �GN. This quantity is composed of three contributions. First some amount
of substance enters the new stable phase, liberating an energy �GV proportional to
the volume of the nucleus. This process is favorable for the system, and �GV is
hence a negative quantity. Second the interface between the new stable phase and
the metastable surrounding phase must be created, yielding a positive cost �GS.
This contribution of surface free energy is proportional to the area of the interface.

The surface free energy γ may be regarded as reversible work to form a unit area
of surface (or interface) at equilibrium with constant system volume and number
of components. For a crystal γ is always a positive quantity, because otherwise the
crystal phase would not be stable. In a solid the magnitude of the surface energy γ

per atom is roughly given by half the heat of melting per atom. This rule of thumb
originates from the imagination that melting breaks all bonds of an atom, while only
half of the bonds of a surface atom are broken. The surface free energy γ is related
to the surface stress tensor γ S with the in-plane components γ S

ij , i, j = 1,2. The

γ S
ij describe the work per unit area for an elastic strain of the surface and may have

either sign. A negative sign for compressive strain indicates that work is released
when the surface area decreases. The surface stress γ S

ij designates the difference

between the stress field in the bulk of the crystal σ bulk
ij used in Hooke’s law (2.10)

and the modified stress field σij (z) in the region near the surface located at z = 0:
γ S
ij = ∫

(σij (z) − σ bulk
ij ) dz. The relation between surface stress γ S

ij and the surface
free energy γ is given by the Shuttleworth relation

γ S
ij = γ δij + ∂γ

∂εij

∣∣∣∣
T ,μi

,
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Fig. 4.9 Change of Gibbs
energy for creating a
spherical nucleus with
volume VN in homogeneous
nucleation. V ∗

N and �G∗
N are

the critical nucleus size and
the critical work of nucleus
creation, respectively

δij being the Kronecker symbol and εij the in-plane components of the strain tensor
[10]. In a liquid the second summand equals zero, because a liquid does not resist
to strain: If the surface is increased (e.g. by tilting a half-filled vessel) material just
flows from the bulk of the liquid to enlarge the surface. In a liquid surface energy γ

and surface stress γ S are equal.
A third term �GE arises in the change of Gibbs energy �GN upon creation of a

nucleus if the nucleus is subjected to elastic stress. �GE is a positive quantity which
counteracts the favorable volume term �GV and may even suppress nucleation if
�GE > |�GV|. The total change of Gibbs energy is given by

�GN = �GV + �GS + �GE. (4.22)

We consider an unstrained nucleus and neglect the last term �GE to obtain a sim-
ple expression for the characteristics of homogeneous nucleation. Strain effects are
considered in the next section. As a further simplification we assume an isotropic
surface free energy γ expressed by a constant energy per unit surface area. In our
approach we consider a nucleus with spherical shape, which is realized for a liquid
nucleus in the bulk of a vapor phase. In this case we obtain �GS = γ�S = γ 4πr2

and �GV = (�g/v)(4/3)πr3. Here r is the radius of the nucleus and �S its sur-
face. v is the mole volume of the new phase and �g is the change of Gibbs energy
of the system by creating one mole of the new phase. Equation (4.21) then reads

�GN = �GS + �GV = 4π
(
γ r2 + (�g/v)r3/3

)
(unstrained spherical nucleus).

(4.23)

The molar change of Gibbs energy �g is negative because the new phase is the
stable phase for the set conditions. The sum �GN = �GV + �GS is drawn in
Fig. 4.9 as a function of nucleus volume VN.

We see from Fig. 4.9 that Gibbs energy initially increases during formation of
the stable phase due to the unfavorable creation of the boundary to the initial phase.
The favorable volume term counterbalances the energy cost of the phase boundary
as the nucleus grows. Since increase of the absolute value of the volume term (∝ r3)
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preponderates that of the surface term (∝ r2) Gibbs energy change �GN passes a
maximum at some critical radius r∗ as the nucleus grows. The volume term eventu-
ally prevails over the energy cost of the phase boundary and Gibbs energy change
induced by the creation of the nucleus becomes negative.

The critical nucleus size denoted by the critical volume V ∗
N follows from the

maximum condition of �GN in (4.23) and is attained at the critical radius

r∗ = −2vγ

�g
. (4.24)

v designates the molar volume in the new stable phase and �g is the change of
molar Gibbs energy for a transition to this phase. Inserting r∗ into (4.23) yields the
corresponding critical work required to create such nucleus,

�G∗
N = (16/3)πγ 3(v/�g)2. (4.25)

The critical free energy of nucleation �G∗
N represents an activation energy for the

formation of stable nuclei. The maximum condition of (4.23) ∂(�GN)/∂r = 0 im-
plies that the critical nucleus is in thermodynamic equilibrium with the metastable
phase at r = r∗. The chemical potential of the nucleus is then identical to that of the
surroundings. This equilibrium is labile: Gibbs energy degreases for both a decrease
and an increase of nucleus size. Nuclei with a radius smaller than r∗ are instable and
tend to disband. Above r∗ nuclei tend to grow since addition of particles to clusters
larger than the critical radius releases, rather than costs, energy. Once �GN gets
negative the nucleus is stable. Growth is then no longer limited by nucleation, albeit
it may still be limited by supply of particles, i.e. by a limited diffusion, or by reac-
tion kinetics. Growth of the stable phase is now more favorable until thermodynamic
equilibrium is restored.

If we apply (4.24) to supercooling expressed by (4.15) we obtain an approximate
expression for the critical radius r∗ of a nucleus depending on the deviation �T =
T − Te from the equilibrium temperature Te, yielding

r∗ ∼= 2γ vTe

�htrans�T
,

�htrans being the change of molar enthalpy by the phase transition, i.e., the molar
heat of crystallization. In this relation only the linear term in (4.15) was considered,
and we used g = μ for a single-component system. Implicitly we assumed that the
properties of the system in the nucleus are identical to those in the macroscopic
phase. We similarly may apply (4.24) to supersaturation conditions �P = P − Pe
described by (4.16), yielding

r∗ ∼= 2γ v

�ve�P
.

Here �ve is the difference of molar volume in the metastable and stable phases,
respectively.

Homogeneous nucleation induces randomly a spontaneous phase transition in the
initial phase. This may, e.g., occur in metalorganic vapor phase epitaxy if instable
precursors react in the gas phase before being transported to the substrate. In epitaxy
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Fig. 4.10 Nucleus created on
a substrate. The balance of
surface energies γ leads to a
wetting angle Θ

such situation must generally be avoided to maintain control over growth. Epitaxial
growth is therefore performed below the critical supersaturation or supercooling
required for homogeneous nucleation.

4.2.2 Heterogeneous Three-Dimensional Nucleation

Nuclei form in heterogeneous nucleation at preferential sites. In epitaxy such sites
are provided by the crystalline substrate. Due to the presence of a pre-existing solid
phase the interface area to the ambient metastable phase is reduced. The energy
barrier to nucleation �G∗

N is therefore substantially smaller. Since a part of the
substrate is covered by the nucleus a new interface is created between nucleus and
substrate. The total change of Gibbs energy �GN in heterogeneous nucleation is
described by the sum of volume, surface and stress terms given in (4.22) in the same
way as in homogeneous nucleation.

We again at first neglect elastic stress term �GE in (4.22) and consider its effect
at the end of this section. We assume a nucleus with the shape of a spherical cap
with radius r on a substrate as depicted in Fig. 4.10. Such case is realized for a
liquid nucleus on a structureless substrate. The balance of interface tensions at the
line of contact between the three phases of metastable ambient (index a), nucleus
(n), and substrate (s) is given by three quantities which represent the energies needed
to create unit area of each of the three interfaces. From the figure we read Young’s
relation for the absolute values of tensions in balance γas = γns + γan cosΘ , or

cosΘ = γas − γns

γan
. (4.26)

The wetting angle Θ may vary between 0 and 180° depending on the degree
of wetting corresponding to the affinity of nucleus and substrate materials. Θ hence
determines the shape of the nucleus. The volume of a spherical cap is (4/3)πr3 ×f ,
where the geometrical factor f depends on Θ according

f = (
2 − 3 cosΘ + cos3 Θ

)
/4.

The shape factor reduces the volume of the nucleus with respect to homogeneous
nucleation and accordingly the volume term of Gibbs energy change �GN, yielding

�Ghetero
V = f × �Ghomo

V .
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Fig. 4.11 Change of Gibbs
energy �GN when creating
unstrained spherical nuclei
with radius r in
heterogeneous (black curve)
and homogeneous nucleation
(gray). r∗ is the critical
nucleus radius

The surface term �GS is now composed of two parts related to the interfaces
ambient-nucleus and nucleus-substrate. Including the corresponding geometrical
factors we obtain the critical nucleus size r∗

hetero in the same way as in homoge-
neous nucleation, leading to r∗

hetero = r∗
homo given by (4.24). The critical free energy

of nucleation �G∗
N hetero for (unstrained) heterogeneous nucleation is then

�G∗
N hetero = 16π

3

γ 3
anv

2

(�g)2
f. (4.27)

Comparing (4.27) to (4.25) shows that �G∗
N hetero is reduced with respect to

�G∗
N homo by the shape factor f which is controlled by the three surface tensions.

Note that there is a smaller amount of substance in the nucleus expressed by f

for given r∗ in heterogeneous nucleation. The relation of Gibbs energy change in
hetero- and homogeneous nucleation is illustrated in Fig. 4.11.

Epitaxy is preferred on substrates which are well wet by the epitaxial layer, so as
to obtain a large separation to homogeneous critical supersaturation or undercool-
ing. Furthermore, usually a two-dimensional atomically flat layer-by-layer growth
is intended in epitaxy, favored by such wetting.

Effect of Strain

The structureless surface of the substrate assumed above is certainly oversimplified.
The surface structure of the substrate provides specific sites for nucleating atoms.
On a plane substrate such sites are defined by the potential created by the topmost
substrate atoms. Section 2.2 pointed out how layer atoms accommodate to the lateral
spacing of the substrate atoms. Such alignment also applies for nucleation at the ini-
tial stage of growth. The nucleus is consequently strained and accumulates a strain
energy �GE, which is—according Hooke’s law—proportional to the difference of
the lateral equilibrium atom spacings of layer atoms and substrate atoms. The strain
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ε enters Gibbs energy �GN of the nucleus in both the volume term �GV and the
surface term �GS discussed in the previous section for the unstrained case. �GV

is reduced by an increased chemical potential in the nucleus originating from the
strained atomic bonds. The surface energy �GS of the strained nucleus is increased
in a complex way due to the anisotropic nature of the strain and the effect of a partial
elastic strain relaxation at side faces (compare Fig. 5.35a). As a consequence, the
energy �G∗

N to form a nucleus of critical size is increased in the presence of strain.
A simple explicit expression for the effect of the strain ε on the critical free energy
of nucleation �G∗

N was derived in Ref. [11] for the case of a Kossel crystal with
first neighbor interactions in absence of the Poisson effect,

�G∗
N hetero,strained = �G∗

N hetero,unstrained

(
1 − ε

E1

)2(
1 − 2ε

�μ

)−2

. (4.28)

The quantity E1 is the first neighbor interaction of the bond between two adja-
cent atoms, and �μ is the supersaturation. We note a singularity in (4.28) for �μ

equals 2ε. At large strain the term �GE in (4.23) which counteracts the favorable
(negative) volume term �GV in Gibbs energy �GN will even suppress nucleation.

4.2.3 Growth Modes

The surface energies leading to Young’s relation (4.26) affect the initial stage of
layer deposition on a substrate of different material. Epitaxy usually aims at de-
positing a layer with a smooth growth surface. This corresponds to a wetting angle
of 0 in Young’s relation, or γas = γns + γan. If this condition applies or γas exceeds
the sum of the two other interface energies we obtain complete wetting of the layer
on the substrate surface. The condition implies that layer atoms are more strongly
attracted to the substrate than to themselves. Growth may then proceed in an atom-
ically flat layer-by-layer mode referred to as Frank-Van der Merve growth mode.
Figure 4.12 illustrates the initial stages of such two-dimensional layer growth for
different thickness of deposited material. Nucleation in this case proceeds by the for-
mation of two-dimensional islands or step advancement as outlined in Sects. 4.2.5
and 4.2.7.

A different surface morphology of the layer is observed if layer atoms are more
strongly attracted to each other than to the substrate. This situation is expressed in
Young’s relation (4.26) by a wetting angle of π , or γns = γas + γan. If this condi-
tion applies or γns is even larger, then the layer does not wet the substrate surface.
The surface energy of layer plus substrate is minimized if a maximum of substrate
surface (with a low surface energy γas) is not covered by layer material (which has
a large surface energy γan). This results in a three-dimensional growth of the layer
referred to as Volmer-Weber growth mode. Fig. 4.12 shows that the layer material is
deposited in form of islands, which for thicker deposits eventually coalesce. Here,
nucleation proceeds by 3D nuclei as pointed out in the preceding sections.
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Fig. 4.12 Schematic of the three growth modes, illustrated as a function of approximately equal
coverage given in units of monolayers (ML)

Often an intermediate case is found referred to as Stranski-Krastanow growth
mode (also termed layer-plus-island growth). Here the condition γas ≥ γns + γan for
Frank-Van der Merve growth applies solely for the first deposited monolayer (or the
first few monolayers). After exceeding some critical coverage thickness the growth
changes to the Volmer-Weber case where γns ≥ γas + γan applies. Such change may
be induced by the gradual accumulation of strain in the epitaxial layer (Sect. 2.2.6).
The layer material then resumes growth in form of three-dimensional islands, leav-
ing a two-dimensional wetting layer underneath. It should be noted that the critical
thickness pointed out here lies usually below that required for the formation of misfit
dislocations treated in Sects. 2.2.6 and 2.3. Stranski-Krastanow growth has gained
much advertence in recent years, because it may be employed for growth of defect-
free quantum dots. We therefore will consider this specific growth mode in more
detail separately in Sect. 5.3.1.

The three growth modes depicted in Fig. 4.12 arise from a thermodynamic con-
sideration of the interface energies. Additional growth modes have been introduced
to account for frequently observed surface morphologies. On terraced surfaces step-
flow growth may be found under suitable conditions; depending on growth parame-
ters also step bunching may occur (Sect. 5.2.4). In the presence of screw dislocations
spiral growth (Sect. 4.2.7) or screw-island growth is observed. Eventually for ma-
terials with low surface mobility of adatoms columnar growth may be obtained.
Similar to Volmer-Weber growth islands nucleate, but they do not merge to continu-
ous layers when growth proceeds. A mosaic crystal composed of numerous slightly
tilted and twisted columnar crystallites is formed instead.

4.2.4 Equilibrium Surfaces

The Stranski-Krastanow growth mode described above indicates that under certain
conditions a rough or faceted surface is more stable than a flat surface. The reason
is the pronounced dependence of the surface energy γ of crystalline solids on the
orientation of the surface. In absence of kinetic effects and defects the macroscopic
shape of a solid is determined by a minimum of Gibbs free energy G which includes
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Fig. 4.13 In-situ imaged
scanning electron
micrographs of a small lead
particle slightly below (a) and
above (b) the melting point.
Indices in (a) signify
equilibrium facets.
Reproduced with permission
from [12], © 1989 Elsevier

a term of its surface Gsurf. The equilibrium shape is therefore given by a minimum
of Gsurf for a given volume (or amount of substance),

Gsurf =
∮

A

γ (n) dA → minimum, (4.29)

where n is the surface normal of the respective part of the surface considered. In
liquids γ (n) = γ is isotropic, and the equilibrium shape (in absence of gravity)
is consequently a sphere which has minimum surface area. This is illustrated in
Fig. 4.13 for a small lead particle annealed slightly below and above the melting
point. A spherical shape is observed above the melting point (Fig. 4.13b), whereas
the equilibrium shape of solid lead Pb in Fig. 4.13a shows sharp facets of the fcc
structure.

In crystalline solids γ (n) has pronounced minima for specific faces denoted by
their Miller indices (hkl). The equilibrium shape is therefore not given by a min-
imum surface area but by a minimum of Gsurf. Such minimum is attained by a
polyhedron built from these particular faces of minimum surface energy. While γ

of liquids may be readily obtained from capillary experiments, determination of
γ (n) from crystal surfaces is difficult. We employ a simple approach to obtain a
qualitative estimate on the orientation dependence of γ .

We consider a Kossel crystal which assumes atoms as cubes that are bond by
their six faces. Only next-neighbor bonding and only a single species of atoms are
presumed. The surface energy is evaluated in the framework of the terrace-step-
kink model (Sect. 5.2.1). According to this model a surface may be classified into
the three categories singular (i.e., perfectly oriented low index plane), vicinal (i.e.,
slightly inclined with respect to a singular surface), and rough. Let us first consider
a singular (001) surface of a Kossel crystal. The surface energy γ is given by the
sum of the energies of all bonds broken to create this surface, i.e.

γ = EB

2
ν. (4.30)

ν is the number of bonds on the surface per unit area, EB is the bond energy and
the factor 1

2 takes into account that 1 bond connects 2 atoms (i.e., actually two
surfaces are created when a bulk crystal is cleaved into two parts). EB is related to
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Fig. 4.14 (a) Cross section
of a Kossel crystal (gray)
with a vicinal (016) surface
(black, dotted), inclined by a
small angle Θ with respect to
the singular (001) plane

the sublimation energy �HS: Releasing an atom from the bulk requires breaking 6
next-neighbor bonds, leading to the relation

�HS = 6

2
EB, or EB = 1

3
�HS. (4.31)

The number ν of bonds per unit area of a (001) surface with n1 × n2 atoms along
the two orthogonal lateral directions is just ν = n1 × n2/(n1 × n2 × a2) = 1/a2.

To obtain an expression for the orientation dependence of γ we evaluate a vicinal
surface which is inclined by a small angle Θ with respect to the (001) plane. Fig-
ure 4.14 shows such vicinal surface of a Kossel crystal. The surface consists of flat
terraces separated by steps. We assume the steps are regularly spaced (i.e., absence
of step-step interactions) and of monoatomic height.

The number ν of bonds per unit area of the vicinal surface is larger than that of
the singular surface and given by

ν = 1

a2
(cosΘ + sinΘ).

Inserting this expression into (4.30) and using (4.31) yields

γ = �HS

6a2
(cosΘ + sinΘ). (4.32)

Since the angle dependence in the brackets is always greater than unity, the surface
energy of a vicinal surface always exceeds that of the corresponding singular sur-
face. The excess energy originates from the ledge atoms located at the steps. These
atoms have an additional missing bond with respect to atoms located on a terrace
site.

Relation (4.32) leads to a geometrical construction to represent the surface energy
of a solid: the Wulff plot. Equation (4.32) describes a circle (in three dimensions a
sphere) with diameter 2r = �HS/(6a2). In polar coordinates a circle which passes
through the origin is given by

γ = 2r cos(Θ − ϕ) = 2r(cosΘ cosϕ + sinΘ sinϕ),

see Fig. 4.15a. If the origin of the circle lies on a line inclined by ϕ = π/4 with
respect to a coordinate axis as illustrated in the figure we obtain an expression
like (4.32). Due to the symmetry of the considered cubic crystal the entire three-
dimensional representation of the surface energy γ (Θ) is actually described by eight
interpenetrating spheres, the origins of which are lying on the four 〈111〉 axes. Fig-
ure 4.15 is a two-dimensional cross section of γ (Θ) for an azimuth angle of 0. We
note that the surface energy γ has pronounced minima (cusps) on the low-index
〈100〉 axes.
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Fig. 4.15 (a) Construction of the surface energy γ (Θ) of a Kossel crystal (blue curves) by circles
passing through the origin. (b) Wulff plot of the equilibrium crystal shape (black lines), constructed
from the surface energy given in (a)

The equilibrium shape of the Kossel crystal with next-neighbor bonds is found
from the surface energy given in Fig. 4.15a by drawing lines from the origin to all
possible crystallographic directions through the γ plot. At a point of intersection
with the surface of the plot, a plane is constructed perpendicular to the line. Such
Wulff plane has an equal γ as the crystal at the intersection point for the orienta-
tion given by the line. The equilibrium shape of the crystal is the inner envelope of
all such possible Wulff planes. The construction is called Wulff plot. Figure 4.15b
shows the Wulff plot of the Kossel crystal with next-neighbor bonds. Since the sur-
face energy of the {100} faces is much lower than that of all other crystallographic
faces, the polyhedron given by the inner envelope of all planes is a cube. This is
no longer the case if also second-next neighbor interactions of the atoms are taken
into account. Atoms in the considered cubic Kossel crystal have 12 second-next
neighbor atoms located along the 〈110〉 directions. Their bonds are weaker than
those of next-neighbor atoms. Consequently their contribution to the surface en-
ergy is also weaker. Figure 4.16 shows a two-dimensional representation of the first
and second-nearest neighbor contributions to γ . The contribution γ2 of the weaker
second-nearest neighbor bonds to the surface energy γ is constructed in the same
way as that of nearest neighbor bonds γ1, leading to a smaller γ (Θ) plot with cusps
along the 〈110〉 bond directions. Consequently the sum γ = γ1 + γ2 has also (local)
minima along these directions, and the Wulff plot results in a polyhedron with more
faces than obtained in the case with only next-neighbor bonds.

The equilibrium crystal shape is generally composed of more crystallographic
inequivalent facets if the distance of bonding forces increases. Surfaces of small
surface energy γ lead to larger facets. On the other hand the facets referring to
surfaces with too large surface energy γ lie far away from the origin in a Wulff plot
and can hence not contribute to the equilibrium shape. The condition to appear in
the equilibrium crystal shape of a cubic crystal in addition to the {001} facets reads
for any surface hkl

γhkl <
h + k + l√
h2 + k2 + l2

× γ001.
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Fig. 4.16 Surface energy
γ = γ1 + γ2 of a cubic Kossel
crystal with first (γ1) and
second (γ2) nearest neighbor
interactions taken into
account. The black polygon
represents a cross section of
the equilibrium shape of the
crystal

According this relation e.g. {111} facets appear on a cubic crystal if γ111 <
√

3γ001

applies.
A general expression of the minimum surface-energy condition (4.29) may be

given in terms of Wulff’s theorem

γ1

r1
= γ2

r2
= γ3

r3
= · · · = const. (4.33)

The expression is a concise summarization of Wulff’s construction illustrated above.
The indices in (4.33) represent the (hkl) sets of the relevant surfaces, and r is the
absolute value of the vectors rhkl parallel to the corresponding surface normals nhkl

with rhkl ∝ γhkl .
Surface energies γ (n) of solids are difficult to measure. During the 1990ies first

principles calculations based on slab configurations have reached a maturity to yield
sufficient numerical precision. It must be noted that γ (n) for a given orientation de-
pends significantly on the structure of the surface. The equilibrium structure may in
turn depend on the chemical potential of the ambient. Data given in Table 4.1 repre-
sent the lowest values determined for different reconstructions. In the case of GaAs
the reconstruction for the broadest range of the anion potential is given. Calculations
for data given of the (100) face assumed ambient conditions μAs = μbulk

As − 0.3 eV.
Details of surface reconstructions are considered in Chap. 5.

The equilibrium crystal shape follows from the surface energies γ (n). Applying
Wulff’s construction and using calculated surface energies for As-rich conditions we
obtain the equilibrium shape of a GaAs crystal shown in Fig. 4.17a [14]. The poly-
hedron is composed of low-index planes reflecting the symmetry of the zincblende
lattice. It should be noted that the (111) face and the (1̄1̄1̄) face show a different
dependence on the ambient chemical potential and hence vary differently in size
as the chemical potential is changed. The cross section of the equilibrium crystal
shape shown in Fig. 4.17b demonstrates the dependence on the chemical poten-
tial μAs. A high value of μAs corresponds to an As-rich (i.e., Ga-poor) ambient.
The corresponding shape (black polyhedron) is smaller than that expected for a Ga-
rich environment (gray polyhedron): As-terminated surfaces have surfaces energies
about 20 % smaller than those in a Ga-rich ambient [14].
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Table 4.1 Calculated surface energies γ of low-index surfaces, data are given in J/m2. Type of
reconstruction noted at the listed data indicate the corresponding lowest-energy surface selected
from various calculated configurations, (1×1) relaxed denotes an unreconstructed cleavage surface

Solid (100) (110) (111)

Sia 1.41 c(4×4) 1.70 (1 × 1) relaxed 1.36 7 × 7

Gea 1.00 c(4×4) 1.17 (1 × 1) relaxed 1.01 c(2 × 8)

GaAsb ∼0.96 β2(2×4) 0.83 (1 × 1) relaxed 0.87 (2 × 2) Ga vacancy

InAsc 0.75 β2(2×4) 0.66 (1 × 1) relaxed 0.67 (2 × 2) In vacancy

InPd ∼0.99 β2(2×4) 0.88 (1 × 1) relaxed 0.99 (2 × 2) In vacancy

aRef. [13], bRef. [14], cRef. [15], dRef. [16]

Fig. 4.17 (a) Calculated equilibrium crystal shape of GaAs in As-rich ambient (μAs = μAs(bulk)).
The polyhedron is constructed from the different surface energies of (100), (110), (111), and (1̄1̄1̄)
facets. (b) Cross sections calculated for different chemical potentials: black lines μAs = μAs(bulk),
gray lines μAs = μAs(bulk) − 0.3 eV. Energies are given in J/m2. After [14]

Growth occurs at some deviation from thermodynamic equilibrium as pointed
out in Sect. 4.1.5. For a single component system we obtained homogeneous critical
nuclei with radius r∗ for a given driving force �μ. The respective relation (4.24)
was derived assuming unstrained spherical nuclei and an isotropic surface energy γ .
We now take different surface energies γi of inequivalent facets into account, mod-
ifying (4.24) to

|�μ| = 2νγi

ri
, (4.34)

where i denotes (hkl) sets of the facets. At equilibrium the chemical potentials of all
facets must be equal, leading to constant ratios γi/ri , and consequently to Wulff’s
theorem (4.32). Equation (4.34) says that the critical size of stable nuclei decreases
with increasing deviation |�μ| from equilibrium.

The shape of a growing crystal deviates from the equilibrium crystal shape.
From (4.34) we note that the differences to the equilibrium get smaller for large
dimensions ri . The driving force to maintain the equilibrium crystal shape there-
fore gets negligible for macroscopic crystals. Their shape is instead determined by
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Fig. 4.18 Facets of a
growing crystal at successive
stages. Different growth rates
are assumed along the
indicated directions, with a
minimum along 〈111〉

kinetic conditions. Surfaces which grow most slowly eventually build the facets of
a crystal, as pointed out below. The consequence of a slow growth rate of a facet
is illustrated in Fig. 4.18. We assume slowest growth of {111} facets, and, for sim-
plicity, an equal growth rate of a facet along a given crystallographic direction and
the inverse direction, i.e., for {hkl} and {h̄k̄l̄} facets. Starting from an initial stage 1
with almost spherical crystal shape made from the facets indicated in Fig. 4.18, we
note that successively all faster growing facets disappear. At stage 4 only the slowly
growing {111} facets remain.

Real crystals may deviate from the ideal growth form discussed above. Local dif-
ferences in the supersaturation and transport to growing surfaces lead to differences
in the growth rate of equivalent facets and consequently to different areas of these
facets, i.e., to a parallel displacement of the facets with respect to the ideal form.
Moreover, crystal defects may significantly accelerate the growth rate of facets.
Particularly screw dislocations build a continuous source of surface steps which
facilitate the attachment of particles impinging the surface and the subsequent in-
corporation into the crystal. Kinetic processes in the growth at steps are considered
in Sect. 5.2.4.

4.2.5 Two-Dimensional Nucleation

Flat surfaces have generally slow growth rates, because they hardly offer favorable
sites like steps for the attachment of atoms from the ambient phase. In absence of
terrace steps and defects like screw dislocations, growth of atomically flat surfaces
in the layer-by-layer mode proceeds by clusters of adsorbed atoms with a sufficient
size. They form two-dimensional (2D) nuclei which provide preferential sites for
the attachment of further atoms at their perimeter. Which mode of nucleation, 2D or
3D, is thermodynamically preferred depends on the difference in interface energies
and strain, cf. Sect. 4.2.3. 2D nuclei must exceed a critical size for stable growth in
analogy to three-dimensional nuclei treated in the previous section.
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Fig. 4.19 Two-dimensional
nucleus of circular shape with
monoatomic height on a flat
surface

We consider the critical size of a two-dimensional nucleus for a one-component
system. For simplicity we assume a circular shape of the 2D nucleus with radius ρ

and monoatomic height as depicted in Fig. 4.19.
The formation of a 2D cluster comprising an amount of substance n changes

Gibbs energy due to the transition from the ambient phase to the more stable solid
phase by �G2D

n = n�μ. Since in the assumed one-component system the 2D cluster
grows on a surface made of atoms of the same kind no change of the interface energy
of the system occurs. There is, however, a contribution �G2D

γ originating from the
ledge atoms of the cluster. They have fewer neighbors and thus more unsaturated
bonds, which add a positive destabilizing boundary free energy to the total free
energy of the 2D cluster. The contribution �G2D

γ is the 1D analog of the surface

free energy, which is generally measured as the surface tension. �G2D
γ can hence

be considered as a line tension and is proportional to the length of the 2D cluster
perimeter 2πρ, ρ being the radius of the nucleus. A specific free step energy γp
assumed to be isotropic is taken as proportionality factor. If one mole of atoms in a
circular 2D island covers an area a, the change of Gibbs energy by the formation of
a 2D cluster is given by

�G2D
N = �G2D

n + �G2D
γ = πρ2

a
�μ + 2πργp. (4.35)

The critical 2D nucleus size is obtained similar to the 3D case from the maximum
condition of �G2D

N , yielding the critical radius of a two-dimensional nucleus

ρ∗ = aγp

|�μ| , (4.36)

and the activation energy

�G2D∗
N = π

aγ 2
p

|�μ| . (4.37)

a designates the specific area covered by one mole of atoms, and γp the excess en-
ergy per length of atoms located at the perimeter of the in 2D nucleus with respect
to the energy of atoms located on a flat surface. The prefactor π in (4.37) applies
for a circular shape of the 2D nucleus and is to be replaced by another form factor
for a different shape (e.g., (1 +α)2/α for rectangular nuclei, α being the ratio of the
side lengths). Relations (4.36), (4.37) are analogous to (4.24) and (4.25) obtained
for three-dimensional nuclei. We note that the driving force �μ enters the 2D acti-
vation linearly in the denominator, while a quadratic dependence is found in the 3D
case (4.25). For a given small deviation from equilibrium �μ the formation energy
of a 2D nucleus is hence smaller than in homogeneous 3D nucleation.

The shape of 2D nuclei and subsequently growing islands is not necessarily given
by the equilibrium crystal shape, due to the required deviation from equilibrium.
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Fig. 4.20 Scanning tunneling images of two-dimensional Si islands on Si(111) substrate, recorded
during molecular beam epitaxy at 725 K (a, c) and after 18 min annealing at 775 K (b). The image
size is 55 × 55 nm2. Reproduced with permission from [17], © 2004 IOP

Furthermore, the shape is affected by the structure of the substrate surface and ki-
netic effects considered in more detail in Chap. 5. Evidence for such effects are
given in Fig. 4.20.

The in situ recorded scanning tunneling micrographs show two Si islands grow-
ing on a Si(111) substrate [17]. During growth the islands clearly show a triangular
shape (Fig. 4.20a). When the growth is interrupted and the temperature is raised,
the lateral form gradually turns into a hexagon-like shape (Fig. 4.20b). Here, edges
perpendicular to [112] are somewhat shorter than those perpendicular to [112], in-
dicating a lower energy of the latter. When growth is resumed, the islands quickly
adopt the initial triangular shape (Fig. 4.20c).

To provide some visual evidence for critical 2D nucleus formation, we consider
the assembly of Co-Si clusters at 400 °C on a Si(111)-(7 × 7) surface. High speed
scanning tunneling microscopy represents one such cluster as a single bright pro-
trusion, though it probably contains 3 Si atoms and 6 Co atoms [18]. STM images
show that the clusters are mobile on the Si surface [19]. Figure 4.21 shows a series
of STM scans over 8 × 8 nm2 captured in 5 s frames. We note a steady change of
the imaged configuration, until the cluster labeled Y occupies the vacancy visible
in Fig. 4.21c. The ring composed of 6 clusters is fairly stable. Eventually a cluster
detaches (arrow in Fig. 4.21f) and the ring-structure decomposes. Studies reported
in Ref. [19] show that the i = 6 configuration represents a critical nucleus for the
studied system. Once one of the 6 clusters moves to occupy the vacant site in the
center and a seventh cluster attaches to the ring, a stable nucleus with i = 7 clusters
is formed.

The critical free energy of nucleation �G2D∗
N (4.37) represents an activation en-

ergy for the formation of 2D nuclei. The rate of formation per unit area of such
nuclei is given by the Arrhenius dependence

j2D = j2D
0 exp

(
�G2D∗

N

kT

)
. (4.38)

The prefactor j2D
0 follows from kinetic considerations of the nucleation process on

an atomic scale.
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Fig. 4.21 In situ recorded
formation of a critical nucleus
of Co-Si clusters (white
protrusions) on a
Si(111)-(7 × 7) surface.
X and Y label two particular
clusters. At (d) cluster Y has
moved to complete a ring-like
structure consisting of 6
clusters. Reproduced with
permission from [19], © 2007
Royal Society of Chemistry
Publishing

4.2.6 Island Growth and Coalescence

Using j2D (given in units of m−2 × s−1) we obtain the total nucleation rate J 2D on
a surface of a given area L × L by the product J 2D = j2D × L2. Two-dimensional
growth of a layer proceeds by a lateral growth of 2D nuclei, which eventually
coalesce and form a complete coverage of the surface by a new monolayer. The
2D nuclei grow by the attachment of atoms at the step formed at their perimeter.
The time T required to grow a monolayer thick complete coverage may therefore
be expressed in terms of the velocity of step advancement vstep by the relation
T ∼= L/vstep. The number of nuclei N created during the time interval T of one
monolayer formation is then given by

N ∼= j2D × L2 × T ∼= j2D × L3/vstep.

From this relation we may derive an estimate for the velocity R of the growth front
along the surface normal. The growth rate R depends on whether only a single nu-
cleus grows and eventually completes a new monolayer on the considered area L2,
or multinuclear (or even multilayer) growth occurs. In the first case a complete
monolayer originates from only a single nucleus, i.e., the number of new forming

additional nuclei is N < 1. This condition corresponds to L < 3
√

vstep/j2D, i.e., it is
favored for a small area. The two-dimensional growth of the epilayer proceeds by a
formation of a nucleus and its lateral growth until the completion of a monolayer,
before the subsequent nucleus is created. The growth rate R is then given by the
total nucleation rate J 2D times the thickness d of the 2D nucleus, i.e.,

R = j2DL2d (N < 1, single nucleus). (4.39)

Generally the condition N < 1 does not apply, because the area of an epilayer is
large (compared to the diffusion length of an atom on the surface) and supersatura-
tion is not thus small to allow only for the creation of just a single nucleus. The more
general case N > 1 for the number of nuclei N created during the time interval T



4.2 Crystalline Growth 165

Fig. 4.22 Growth of Si on Si(111) during chemical vapor deposition at 485 °C. The arrows in
frames (b) to (d) mark an island which grows by an additional layer each image. The left arrow
in (c) designates an island, which is rotated by 180° and represents the onset of a stacking fault.
The image size is 200 × 180 nm2. Reproduced with permission from [20], © 1993 Springer

of monolayer growth corresponds to L > 3
√

vstep/j2D. More than just one nucleus is
formed, and all nuclei contribute to the growing layer. In such multinuclear layer-
by-layer growth nuclei have a mean time t to grow to 2D islands with a mean radius
l before meeting another growing 2D island originating from another nucleus. This
time interval is of the order t ∼= l/vstep ∼= 1/J 2D ∼= (j2D × πl2)−1. The mean radius

may therefore be written l ∼= 3
√

vstep/(πj2D). The growth rate R is in this case given
by

R ∼= j2Dπl2d ∼= d 3
√

πv2
stepj

2D (N > 1, many nuclei), (4.40)

where d is the thickness of the 2D nuclei. If growth is initiated on an flat sur-
face without steps, the first nuclei appear simultaneously. When the isolated nuclei
(which subsequently become islands) grow, their total perimeter increases. The total
perimeter represents also the total step length. Layer growth proceeds by the overall
advancement of this step via the attachment of atoms, which arrive at the surface
from the ambient and diffuse laterally. Once the growing islands come into contact,
they coalesce and their steps annihilate. The total step length therefore decreases at
the onset of island coalescence. If no additional nucleation occurs on top of large
and still growing 2D islands, the total step length reaches a minimum (0 without any
nucleation) when the layer is completed. The total step length oscillates between a
minimum and a maximum. Since the incorporation of atoms into the solid occurs at
surface steps, also the growth rate oscillates. The oscillation period corresponds to
the growth duration of one monolayer, i.e., T ∼= (πv2

stepj
2D)−1/3. Usually after de-

position of a few monolayers there occurs gradually additional nucleation on large
and still growing 2D islands, giving rise to growth on various heights. As a result,
the oscillations are gradually damped and the growth rate eventually approaches
a constant value. Such behavior is often observed in the intensity of the specular
reflectivity of reflection high energy electron diffraction (RHEED) applied during
growth in molecular-beam epitaxy (Sect. 7.3): A high diffraction intensity reflected
from a smooth completed layer changes periodically with a low intensity reflected
from a rough layer composed of many 2D islands.

Some of the growth features mentioned above are illustrated in the series of
scanning tunneling micrographs Fig. 4.22, which were recorded in situ during ho-
moepitaxial growth of Si/Si(111) [20]. The two-dimensional islands have a triangu-
lar shape, similar to those shown in Fig. 4.20a, c and those studied in more detail
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Fig. 4.23 Buildup of the
surface coverage in each layer
during epitaxial growth.
Distribution of coverages in
the first five layers as counted
from the Si/Si(111) growth
sequence shown in Fig. 4.22.
Reproduced with permission
from [20], © 1993 Springer

in Sect. 5.2.8. In Fig. 4.22 epitaxy does not proceed in a layer-by-layer mode at
the given growth conditions. Instead, additional nucleation occurs already before
islands start to coalesce (arrow in the middle of the frames). We still observe lat-
eral growth of the islands at their perimeter. Eventually the islands coalescence and
the total perimeter decreases (Fig. 4.22d). The left arrow in Fig. 4.22c marks an
island, which is rotated by 180° with respect to the other islands. This orientation
corresponds to a stacking fault along the [111] growth direction. The chosen growth
temperature is significantly lower than that usually applied in growth of silicon.
This leads to structural defects, which are not annealed during further growth. In the
case shown in Figs. 4.22c, d an antiphase domain boundary is formed when islands
coalesce, cf. the schematic Fig. 2.25.

A measure for layer-by-layer growth is obtained if the coverage buildup of each
layer is plotted as a function of the total coverage or of growth time. The curves in
Fig. 4.23 correspond to the simultaneous growth of multiple monolayers visible in
the series of Fig. 4.22. We note a set of curves with a slow progression: Even after
deposition of 2.4 layers (which actually are bilayers in the stacking AaBbCc of the
diamond structure of Si) 40 % of the substrate are still not covered. This is a further
indicative for a low surface mobility of adatoms due to the low growth temperature
applied for in situ characterization.

4.2.7 Growth without Nucleation

The nucleation work pointed out in Sects. 4.2.2 and 4.2.5 (3D and 2D nucleation)
impose a significant supersaturation required for nucleation and consequential layer
growth. This is in remarkable disagreement with frequent experimental findings of
growth occurring already at negligible supersaturation. The reason for such appar-
ent discrepancy is found in the fact that growth occurs at steps on the surface, and
surfaces without any steps are hardly realized. There are two major sources of per-
sisting monoatomic surface steps: A vicinal orientation of the surface and screw
dislocations.
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Fig. 4.24 Screw dislocations
on the Ga-face of a (0001)
oriented GaN/sapphire layer
with total Burgers vector
c[0001]. The image size is
230 × 230 nm2. Reproduced
with permission from [22],
© 1998 AVS

Wafer crystals cut with respect to a specific crystallographic orientation always
have a slight misorientation. The result of such offcut is the formation of a vicinal
surface composed of terraces and steps as illustrated in Fig. 4.14. For a typical off-
cut of Θ = 0.1 degree the terrace width is l = tan−1 Θ × a ∼= 2 µm for an assumed
typical thickness a ∼= 0.3 nm of an epitaxial monolayer (for, e.g., zincblende mate-
rial a001 = 1

2a0) and equally spaced steps. Such terrace width is usually well below
the mean diffusion length of adatoms, allowing for atoms which arrived from the
ambient at the surface to be attached at the terrace step. Consequently there is no
need for nucleation to grow on a vicinal surface. The resulting growth proceeds by
the advancement of more or less parallel steps and is referred to as step-flow growth.
The effect is often designedly applied to facilitate layer growth in epitaxy. For this
purpose wafers with a specified offcut in a desired direction to choose the terrace
width and the kind of vicinal surface are used. Step-flow growth is discussed in more
detail in terms of growth kinetics in Sect. 5.2.3.

A second source of steps persisting on a surface during growth is provided by
screw dislocations (Sect. 2.3) [21]. It was found that the distance between two neigh-
boring arms of the spiral is directly proportional to the size of a 2D nucleus which
depends on the supersaturation. The slope of the growth spiral around the core of
the screw dislocation is then direct proportional to the supersaturation. An exam-
ple of screw dislocations in the metalorganic vapor-phase epitaxy of GaN/Al2O3

is given in Fig. 4.24 [22]. The scanning tunneling micrograph shows two adjacent
screw dislocations with Burgers vectors c[0001] pointing in the opposite direction
to that of the screw dislocation on an N-face of GaN shown in Fig. 2.31b. Their
counter-clockwise spirals combine, yielding a doubled Burgers vector.

We should note that even perfect crystal surfaces are generally not atomically flat
and may intrinsically provide sites for a preferential attachment of atoms. Atomistic
details are considered in Sect. 5.2.
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Fig. 4.25 Ostwald ripening
of 2D Si islands on Si(111).
(a) Image scanned during
growth at 520 °C, (b) image
scanned after a 23 min
interruption of the deposition
at the same temperature.
From [23]

4.2.8 Ripening Process After Growth Interruption

The interruption of the growth process corresponds to a change of the chemical
potential of the surface with respect to that of the ambient. Since growth occurs
at a depart from thermal equilibrium, a sudden interruption of this process leaves
the surface in a non-equilibrium state. An equilibration is therefore initiated com-
prising diffusion and evaporation–condensation processes. Changes of the surface
morphology occurring during equilibration are often described by Ostwald ripen-
ing. The term denotes the evolution of an inhomogeneous structure (also in solid or
liquid solutions) over time first described by Wilhelm Ostwald in 1896. Generally
speaking, large particles (with a lower surface to volume ratio) grow in size, drawing
material from smaller particles, which shrink. In the process, many small particles
(or crystals, islands) formed initially slowly disappear, except for a few that grow
larger, at the expense of the small particles. As a result, the broad size distribution
of particles gradually gets more narrow as the mean particle size increases.

An example of Ostwald ripening initiated by an interruption of the homoepitaxial
chemical vapor deposition of Si is shown in Fig. 4.25 [23]. All small islands with an
unfavorable ratio of perimeter over area marked by an arrow in Fig. 4.25a dissolve.
Their material feeds the larger islands remaining 23 min later, cf. Fig. 4.25b. In
addition, holes in the main terrace tend to close (see, e.g., the hole near label A).

4.3 Problems Chap. 4

4.1 For solid silicon, the molar entropy is 18.8 J/(mol K) and the molar volume is
12.1 cm3/mol at 1 bar and 298 K. Estimate the change in the chemical potential
μ(P,T ) for
(a) a decrease in temperature by 5 K at P = 1 bar.
(b) an increase in pressure by 5 bar at T = 298 K.

4.2 Differences in the bonding of InN compared to GaN or AlN lead to a large
miscibility gap of solid solutions. We consider an unstrained InxGa1−xN alloy
described by a regular solution with an interaction parameter of 32 kJ/mol.
(a) Calculate the molar Gibbs free energy of mixing for an indium composition

x = 0.2 at 800 °C and 1200 °C.
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(b) At which temperature is Gibbs free energy of mixing zero at the given com-
position?

(c) Determine the indium compositions for the locus of the spinodal at 800 °C.
4.3 Construct the cross section of a Wulff plot for GaAs in a {110} plane, using the

surface energies given in Table 4.1. Consider only the listed facets, assuming
for simplicity equal surface energies for {hkl} faces of different polarity. Verify
that the considered facets fulfill the condition γhkl < h+k+l√

h2+k2+l2
× γ011.

4.4 Consider a rectangular two-dimensional silicon island on a flat Si(001) surface,
bound by two SA and two SB single-layer steps with step energies of 0.02 eV/a
and 0.1 eV/a, respectively, a being the 1 × 1 surface lattice constant of 3.8 Å.
Assume that the shape of the island reflects the ratio of the edge energies, and
the length of an Sb side is 1.9 nm.
(a) Calculate the free step energy of the island boundary, neglecting the small

contribution of the four edges. What would be the free step energy, if the
island had the same area, but SB steps also had the step energy of SA steps?

(b) In a very simplified description the island of (a) is considered to have a
circular shape of equal area bounded by a step with 0.02 eV/3.8 Å step
energy. Calculate the number of atoms in the island, if the specific area of
a layer is 3 × 104 m2/mol. Determine the activation energy (in kJ/mol) for
the formation of a stable two-dimensional nucleus, if the island exceeds the
critical radius by a factor of 10.

4.5 The conditions for the epitaxy of (001)-oriented GaAs are set to a growth rate
of 2 µm/h.
(a) Express the growth rate in units of monolayers per second.
(b) Estimate the approximate step velocity for layer-by-layer growth from mul-

tiple nuclei, if the nucleation rate is 1 × 1013 m−2 × s−1. What is the mean
radius of the 2D islands just before coalescence?

4.4 General Reading Chap. 4

D.J.T. Hurle, Handbook of Crystal Growth, vol. I, Fundamentals, Part 1. Thermodynamics and
Kinetics (North-Holland, Amsterdam 1993)
I.V. Markov, Crystal Growth for Beginners (World Scientific, Singapore, 2003)
A.A. Chernov (ed.), Modern Crystallography, vol. III, Crystal Growth. Springer Series Sol. State
Sci., vol. 36 (Springer, Berlin, 1985)
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Chapter 5
Atomistic Aspects of Epitaxial Layer-Growth

Abstract Crystal growth far from thermodynamic equilibrium is affected by ki-
netic barriers. This chapter describes nucleation and growth in terms of atomistic
processes, which are characterized by such energy barriers. We consider the ideal
and the real structure of a crystal surface, and discuss kinetic steps occurring during
nucleation and growth. At the end of the chapter phenomena of self-organization
employed for epitaxial growth of nanostructures are presented.

The description of growth treated in the previous chapter was based on macroscopic
quantities: Thermodynamics describes collective motions of particles in terms of
a macroscopic growth affinity. It accounts well for the direction a system tends
to reach and describes conditions particularly near thermal equilibrium. Crystal
growth is actually governed by a competition between kinetic and thermodynamic
processes. Growth conditions in epitaxy are sometimes far from equilibrium and
processes may largely be determined by kinetics. Particularly on a short time scale
a kinetic description of growth on an atomic level may be more appropriate. The
kinetics of epitaxial growth can usually be described by only a few categories of
atomistic rate processes. Such processes strongly depend on the specific location of
an atom on or near the surface. We therefore first consider the surface structure of a
solid.

5.1 Surface Structure

The equilibrium conditions for surface atoms are different to those of bulk atoms due
to the absence of neighboring atoms on one side. Therefore the atomistic structure
of the surface does usually not coincide with that of the bulk. This is particularly true
for semiconductors, which have pronounced directional bonds. By contrast metals
have a chemical bond which is basically not directed, and in many cases the surface
lattice corresponds to the bulk lattice. Starting with a simple model we will consider
some examples of semiconductor-surface reconstructions to provide a basis for the
description of growth on the atomic scale.
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Fig. 5.1 Important sites of an
atom on a crystal surface.
Numbers signify unsaturated
nearest-neighbor bonds of
atoms located at the marked
sites: 1—atom embedded in
the uppermost surface layer,
2—atom embedded into a
step edge, 3—atom at a kink
site, 4—atom attached to a
step, 5—atom adsorbed on
the surface (adatom)

5.1.1 The Kink Site of a Kossel Crystal

The Kossel crystal is a simple model which assumes the atoms as cubes (more gen-
erally the building blocks which may be atoms, ions, or molecules). In the most
simple approach only nearest-neighbor interaction is assumed, i.e., only the bond at
the face between adjacent cubes. Let us consider a surface with a monoatomic step
as shown in Fig. 5.1. Atoms at different positions on the surface have different num-
bers of neighboring atoms. Consequently these atoms are differently bound to the
surface. An atom embedded in the uppermost layer of a flat surface—at position 1
in Fig. 5.1—has 4 lateral bonds and 1 bond to the layer below, leaving just a single
unsaturated bond. The atom embedded into the step (site 2) has only 3 lateral bonds
and 1 vertical bond, leaving two bonds unsaturated. This atom is hence less tightly
bound as that at site 1 and may more easily be detached from the surface.

A site of particular importance is position 3, the so-called kink site. We note that
3 bonds are unsaturated and 3 bond are attached to neighboring atoms of the solid.
This means that exactly one half of the bonds is unsaturated. The three saturated
bonds attach the atom to a half row of atoms (the row with the atom embedded at
site 2), to a half crystal plane (the plane with the atom embedded at site 1), and to a
half bulk crystal (the crystal underneath the atom), respectively. The kink position is
therefore also referred to as half-crystal position. Crystal growth basically proceeds
via the incorporation of atoms at this site. The work ϕ 1

2
required to detach an atom

from a kink position is just half the work required to detach an atom located in the
bulk.

We note that an attachment or detachment of an atom at a kink site leaves the
number of unsaturated bonds at the surface unchanged: the initial configuration is
reproduced. Since the number of unsaturated bond is associated with the surface
energy no change occurs for an occupation of this site. This means that the work
required to add or remove a kink atom is equal to the chemical potential of the
crystal. This implies that the chemical potential of the atom at a kink site is equal to
that of the crystal. Transferring an atom from the ambient to a kink site of the crystal
surface (or vice versa) is therefore equal to the difference of the chemical potentials
of the ambient and the crystal.

In thermodynamic equilibrium of a (large) crystal with an ambient the probabil-
ities of attachment and detachment of a kink atom are equal. Sites which provide
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Fig. 5.2 Kossel crystal with
flat (F), stepped (S), and
kinked (K) surfaces

more bonds (like, e.g., a hole in a surface at site 1 in Fig. 5.1) have a larger proba-
bility for attachment with respect to detachment. In equilibrium such sites are hence
probably occupied. On the other hand sites with less bonds as a kink position like
sites 4 and 5 have a smaller probability to be occupied in thermal equilibrium. As
a consequence a crystal in thermal equilibrium with an ambient is bounded by flat
faces: the equilibrium surfaces discussed in Sect. 4.2.4. It should be noted that per-
fect atomically flat surfaces do not exist at finite temperatures: The action of entropy
always gives rise to some roughening.

5.1.2 Surfaces of a Kossel Crystal

Crystal faces of different crystallographic orientation differ in their surface struc-
ture. We first consider the low-index faces of a Kossel crystal. A schematic of this
model crystal with {100}, {110}, and {111} faces is given in Fig. 5.2.

The figure illustrates that the depicted low-index planes differ significantly with
respect to their roughness on an atomic scale: {100} faces are perfectly flat and
{111} faces are rough. Generally crystal surfaces can be classified into three groups,
namely flat (F), stepped (S), and kinked (K). Low-index faces of all groups represent
singular faces. The classification follows from a consideration of rows of atoms with
a most dense arrangement. The direction of a dense packed row of atoms is referred
to as nearest-neighbor periodic-bond-chain. Faces of any lattice which are paral-
lel to at least two nearest-neighbor periodic-bond-chains are called F (flat) faces.
Usually these faces have the highest surface density of atoms. In a Kossel crys-
tal close-packed atoms are aligned along a 〈100〉 direction. F faces are therefore
{100} faces. Each atom on such surface offers one unsaturated nearest-neighbor
bond. Faces which comprise one nearest-neighbor periodic-bond-chain are called S
(stepped) faces. S faces of a Kossel crystal with lowest indices are {110} faces like
those depicted in Fig. 5.2. Each atom on such S face offers two unsaturated nearest-
neighbor bonds. Faces which comprise no nearest-neighbor periodic-bond-chain are
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Table 5.1 Numbers of
nearest neighbors Zi for an
atom on a kink site for some
lattices

Lattice Z1 Z2 Z3

Simple cubic 3 6 4

Diamond 2 6 6

Hexagonal close-packed 6 3 1

called K (kinked) faces. K faces of a Kossel crystal with lowest indices are {111}
faces. Each atom of a K face offers three unsaturated nearest-neighbor bonds.

In Sect. 4.2 we pointed out the importance of a step and, in particular, of a kink
for growth of a crystal layer. Obviously, an F face does not offer such sites, and
growth requires the formation of stable 2D nuclei. By contrast, the atomically rough
K face offers a large number of kink sites. Growth on such face does not require
the presence of 2D nuclei or structural defects. The growth rate is simply expected
to increase with supersaturation, without any barrier to be surmounted. For a given
supersaturation the growth rate of K faces will therefore be highest. The S face offers
kink sites once an atom is attached. The density of kink sites is lower than on F faces,
the growth rate will therefore be smaller. F faces will have the smallest growth rate
due to the need of nucleation. According our discussion of the facets of a growing
crystal illustrated in Fig. 4.18 we note that K faces are expected to disappear first,
followed by S faces, leaving eventually the F faces. A growing Kossel crystal will
thus eventually be bounded by {100} faces.

The model discussed so far may be extended by taking higher order interactions
into account. If we include also second and third-nearest neighbor interactions, the
detachment energy ϕ 1

2
from a kink position is given by the sum of the interaction

energies Ei and their respective coordination numbers Zi ,

ϕ 1
2

= 1

2
(Z1E1 + Z2E2 + Z3E3). (5.1)

The coordination number is the number of ith nearest neighbors. A bulk atom in
a cubic Kossel crystal has Z1 = 6 nearest neighbors along 〈100〉, Z2 = 12 second-
nearest neighbors along 〈110〉, and 8 third-nearest neighbors along 〈111〉. At a kink
site half of these neighbors exist, respectively. Our consideration of the half-crystal
site and (5.1) may be applied to extend relation (4.31) between the bond energy
(including higher order bonds) and the enthalpy of evaporation,

�HS ∼= ϕ 1
2
. (5.2)

The considerations above basically also apply for other lattices. The numbers of
neighboring atoms of ith order for an atom on a kink site of various lattices are
listed in Table 5.1.

The directions of the periodic-bond-chains in the cubic diamond structure differ
from those in the simple cubic structure: They are oriented along the six 〈110〉 direc-
tions and are thus not parallel to the next neighbor bonds. The related zincblende lat-
tice has six periodic-bond-chains along 〈110〉 for each of the two ion types. F faces
of the diamond and zincblende structures are {111} faces, while {100} faces and also
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Fig. 5.3 (a) Relaxation and (b) reconstruction of atoms at the surface of a crystalline solid. Blue
and red horizontal bars at the side of schematic (a) mark vertical positions of the atomic net planes
corresponding to the bulk and the relaxed surface, respectively

{110} faces are stepped. K faces are, e.g., {311} faces. Also the diamond structure
and the hexagonal close-packed (hcp) structure are related: Both are derived from
stacking net planes along a [0001] stacking axis (cf. Sect. 2.1). F faces of the hcp
structure are hence the (0001) and (0001̄) faces which correspond to the {111} faces
of the diamond structure.

5.1.3 Relaxation and Reconstruction

The atomic bonds in the uppermost layer of the surface of a solid differ significantly
from those in the bulk due to the absence of neighboring atoms on one side. The al-
tered equilibrium conditions for surface atoms lead to shifted atomic positions with
respect to the bulk lattice. Two different effects in the rearrangement are to be dis-
tinguished: relaxation and reconstruction. Relaxation signifies a pure shift of atoms
normal to the surface due to the missing attractive forces above the surface. Usually
a compression occurs in the topmost few layers as illustrated in Fig. 5.3a. Relax-
ation leaves the lateral periodicity of the atom positions unchanged with respect to
the bulk, i.e., the 2D surface unit cell corresponds to the unit cell of a truncated bulk
crystal.

Usually surface atoms tend to restore some of the bonds broken to create the
surface. Such rearrangement is accompanied by lateral shifts of atoms, i.e., a shift
parallel to the surface. This kind of reordering is termed reconstruction. The 2D
surface unit cell of a reconstructed surface does not correspond to the lateral part
of the bulk 3D unit cell. In most cases the dimension of the surface unit cell differs
from the bulk unit cell as depicted in Fig. 5.3b. Reconstruction includes also surface
unit cells of unchanged lateral dimensions with a modified lateral order compared
to the bulk.

The modified order of surface-near atoms is related to a change of the surface
energy. Surface energy may be regarded as the energy difference between an ideal
surface without any relaxation and reconstruction, and the actual surface. Vice versa,
it is the energy required to rearrange all surface-near atoms of a relaxed and recon-
structed surface to the order of the bulk lattice to form an ideal surface.
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Fig. 5.4 Schematic on the gradual formation of a surface reconstruction from an ideal surface (a)
via dimerization with symmetric dimers (b) to relaxed, buckled dimers (c)

The ordering of atoms near the surface depends on the kind of bonds and is
different for crystalline semiconductors and metals. Semiconductors usually have
strongly directed covalent bonds, particularly those with a tetrahedral coordination.
Atoms at the surface tend to saturate at least some of the unsaturated bonds to mini-
mize the density of unfavorable dangling bonds. Semiconductors show a large vari-
ety of often quite complex reconstructions, some are illustrated below in Sect. 5.1.6.
Metals, by contrast, have a delocalized electron gas yielding basically no directed
bonds. As a consequence many metal surfaces do not reconstruct. It must be noted
that the type of reconstruction does not only depend on the considered solid and
(hkl) surface plane, but also to a large extent on preparation conditions.

A simple picture on the formation of a reconstructed surface is illustrated in
Fig. 5.4. The figure assumes a tetrahedrally coordinated crystal bond by sp3 hy-
brides. The ideal surface (Fig. 5.4a) may be considered to be created from a cut of
the bulk crystal, leaving half-filled dangling bond orbitals at the surface. Each dan-
gling bond is occupied by one electron. Such ideal surface is not stable, because a
dangling bond represents an unfavorable energy state of the surface. The number
of dangling bonds can be significantly reduced by the formation of surface dimers
(Fig. 5.4b): Two unsaturated bond orbitals form one filled bridge-bond orbital par-
allel to the surface, respectively. The surface energy may be further minimized by
a charge redistribution among the remaining dangling bonds. The formation of a
more-than-half filled s-like and a less filled p-like dangling bond eventually leads to
asymmetric dimers (Fig. 5.4c). The electron-charge transfer from the “down” atom
to the “up” atom of the dimer changes the covalent bond of the symmetric dimer to a
partially ionic bond [1]. Such relaxation of the dimer bond is referred to as buckling.
The vertical shifts of the atoms are accompanied by lateral displacements towards
one another.

5.1.4 Electron-Counting Model

For tetrahedrally coordinated compound semiconductors such as GaAs a simple
electron counting model has been developed to explain a wide variety of surface
reconstructions [2]. This model accounts for the occupation of surface states and
assumes no net surface charge for reordered surfaces with minimum energy. Bond-
ing and nonbonding surface states below the Fermi energy must be filled, while the
antibonding and nonbonding states above the Fermi energy must be empty. For the
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Fig. 5.5 Energy levels εh of
sp3 hybride dangling-bond
orbitals of GaAs. The hybride
energies are derived from the
energies εs and εp of the
atomic s and p orbitals of Ga
and As, respectively. Ec and
Ev denote conduction and
valence bands of the GaAs
bulk crystal. Data from [3]

given number of available electrons in the surface layer all dangling bonds on the
electronegative element will then be full, and all those on the electropositive element
of the compound semiconductor will be empty. This rule is generally applicable for
any surface of a crystalline solid.

Formation and occupation of bond orbitals at the surface is illustrated for GaAs
in Fig. 5.5 [3]. In the bulk crystal, bonds oriented towards their nearest neighbors
are constructed from sp3 hybrids with energies εh = (3εs + εp)/4 on each atom.
The bond energy εb within each bond results from the linear combination of the
two hybrids εh (Ga) and εh (As) with lowest energy. Eventually the occupied va-
lence band with maximum Ev is formed from linear combinations of these orbitals.
Correspondingly, the empty conduction band with minimum Ec is built from an-
tibonding linear combinations. At the surface, some hybrid orbitals cannot form
bonds, and partially filled dangling bonds remain. Details depend on the considered
surface. On (111) surfaces the surface atoms are bond to three atoms of the layer
underneath, yielding three hybrid orbitals used for bonds and one dangling hybrid
directed out of the material. For the electropositive Ga atom the energy of this hybrid
lies near the conduction-band edge, leading to an empty state (Fig. 5.5). The hybrid
of the electronegative As atoms on a (1̄1̄1̄) surface (also denoted (111)B surface)
lies below the valence-band edge and is consequently expected to be occupied. On
the (001) surface two of the four sp3 hybrids are used to form bonds to the crystal
underneath. Linear combinations of the two remaining dangling-bond hybrids with
lowest and highest energy yield a pure p state and an sp hybrid [3]. Both, Ga and
As p states lie above the conduction band according Fig. 5.5, leaving the p dan-
gling bond unoccupied. The sp-hybrid on As lies below the valence-band edge. In a
relaxed state this applies also for the sp-hybrid on the Ga [3].

Any structure obeying the electron counting model exactly fills the electrons
available in the surface layer into all dangling-bond states in the valence band, leav-
ing all dangling-bond states in the conduction band empty. The surface will then be
semiconducting, while partially filled dangling bonds may lead to a metallic surface.
The electron counting rule also assures that no charge accumulates at the surface.
The model can successfully explain principal reconstructions on many surfaces. It
can, however, not decide among alternatives which fit the model. Moreover, also
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Fig. 5.6 (2 × N ) surface
unit-cell with a missing dimer
on a (001) face of a
compound semiconductor
with zincblende structure.
Electronegative and
electropositive elements are
dark and bright, respectively.
Bonds and dangling bonds
are shaded if filled, empty
bonds are open. After [2]

reconstructions may exist which are connected to a surface charge and do not obey
the electron counting rule.

We illustrate the application of the electron counting model for the (As-rich)
GaAs(001) surface [2]. Since numerous structures comply with the model, we need
some reasonable assumption on the nature of the reconstruction as a starting point,
obtained, e.g., from scanning tunneling micrographs. Such images show a surface
unit cell in one specific direction being twice as long as the lateral part of the bulk
unit cell, originating from the formation of surface dimers as depicted in Fig. 5.4.
In the other lateral direction the surface unit-cell is a factor of N longer than that
of the bulk (Fig. 5.9). This periodicity arises from periodically missing dimers. The
reconstruction is termed (2 × N ) and leaves D dimers in one unit cell with D ≤ N ,
cf. Fig. 5.6.

The relation between D and N follows from a balance between the number of
electrons required to fill the bonds and that of available electrons. Each As dimer
bond requires 2 electrons, and another 2 for the filled dangling bond at each of the
two As atoms of the dimer, yielding a total of 6 electron per dimer, or 6D electrons
per unit cell. Furthermore, a total of 8D electrons per unit cell is required to bond
all dimer As atoms to the Ga layer underneath. The dangling bonds on the elec-
tropositive Ga atoms in the second layer are empty. On the other hand, the number
of available electrons results from the number of valence electrons Vn of the elec-
tronegative element and Vp of the electropositive element. The number of electrons
in one unit cell available from the topmost three layers are therefore:

2VnD from the topmost layer comprising the As dimers, and
1
2 2VpN from the second layer comprising Ga atoms, with the factor 1

2 because half
of the total electrons are involved in bonding to the bulk crystal underneath.

To balance the numbers of required and available electrons in a (2×N ) surface-unit
cell, we thus yield the condition

6D + 8D = 2VnD + VpN. (5.3)

In the case of the studied GaAs surface Vn = 5 and Vp = 3 applies. Inserting these
numbers we eventually obtain

4D = 3N (for GaAs).
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Table 5.2 The 4 crystal systems and the 5 Bravais lattices in two-dimensional space. a and b are
lattice vectors spanning the unit cell, α is the angle between the vectors

System Unit cell Bravais lattices Symmetry axes

Cubic a = b, α = 90◦ cubic 1 fourfold axes of rotation or inversion
parallel to a × b

Rectangular a �= b, α = 90◦ primitive rectangular,
centered rectangular

1 twofold axes of rotation or inversion
parallel to a × b

Hexagonal a = b, α = 120◦ hexagonal 1 sixfold axes of rotation or inversion
parallel to a × b

Oblique a �= b, α �= 90◦ oblique 1 axes of inversion parallel to a × b

The smallest periodicity fulfilling this condition and D ≤ N is N = 4 and D = 3.
This yields a (2 × 4) reconstruction of 3 dimers and one missing dimer in a unit
cell (Fig. 5.6). If we consider a (Se-rich) (001) surface of zincblende ZnSe we have
Vn = 6 and Vp = 2. The energies of the hybrid orbitals of the electropositive Zn and
that of the electronegative Se lie in the conduction and valence bands of the solid,
respectively, similar to the GaAs case [3]. The electron counting model (5.3) yields
in this case N = D. We therefore expect a (2 × 1) reconstruction with no missing
dimers as a favorable candidate. The Zn-rich ZnSe(001) surface actually forms a
c(2 × 2) reconstruction. Such reconstruction with Zn dimers is also consistent with
the model, since a c(2×2) periodicity is formed from a complete layer of Zn dimers
if each dimer row is displaced by one spacing in the 2× direction with respect to the
previous dimer row [2].

The surface reconstruction of a semiconductor may significantly be modified in
the presence of metal adsorbates. Metals then act as an electron reservoir which
donates or accepts the right number of electrons, when the surface assumes a specific
reconstruction to fulfill the electron-counting model. The model was therefore more
recently extended to account also for metal-induced reconstructions [4].

A couple of prominent surface reconstructions assumed by GaAs and Si surfaces
are discussed in Sect. 5.1.6. Prior to that we point out the notation used to designate
surface unit cells of reconstructions.

5.1.5 Denotation of Surface Reconstructions

The surface of a solid represents a three-dimensional structure. The symmetry prop-
erties may though be described by two-dimensional operations. We therefore con-
sider a two-dimensional lattice, which constitutes a 2D translational periodicity, and
a basis representing the atomic structure of the recurring surface unit-cell. There
are only 5 Bravais lattices in two dimensions, which constitute 4 crystal systems of
differently shaped surface-unit cells. Table 5.2 gives the symmetry properties of the
5 two-dimensional Bravais lattices.

The 2D lattice describing the surface periodicity is related to the 3D lattice of the
bulk crystal underneath. The relation is illustrated in Fig. 5.7.
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Fig. 5.7 (a) Unit cells of
surface and bulk lattices,
defined by their
corresponding vectors.
(b) Some unit cells of the
surface lattice (black) on the
bulk lattice (gray)

Table 5.3 Relation between
matrix representation and
corresponding shorthand
terms for some surface
lattices

M Shorthand term

( 1 0
0 1

)
(1 × 1)( 1 0

0 2

)
(1 × 2)( 2 0

0 2

)
(2 × 2)

( 1 1
−1 1

) c(2 × 2)

or

(
√

2 × √
2 )R45◦

The surface lattice vectors as, bs may be expressed in terms of the two vectors a,
b which span the surface unit cell of a truncated bulk lattice,(

as
bs

)
= M

(
a
b

)
=

(
m11 m12
m21 m22

)(
a
b

)
. (5.4)

The (2×2) matrix M provides an unambiguous relation between the surface and the
bulk lattices. Usually the vectors as and bs are multiples of the vectors a, b (by con-
vention as < bs if as �= bs). This leads to more convenient shorthand terms (Wood’s
notation), which comprise these multipliers and, if necessary, an angle by which the
surface lattice is rotated with respect to the bulk lattice [5]. Let us consider, e.g.,
the {hkl} surface of a solid X with a surface lattice, which fulfills as = 2a, bs = b.
Such structure may be formed by surface dimers as depicted in Fig. 5.4. The corre-
sponding surface is then described by the shorthand term X{hkl} (2 × 1). Primitive
and centered cells are indicated by adding p or c, respectively, and a rotated cell
is denoted by adding R and the angle of rotation in units of degrees. Usually the
p for a primitive cell is suppressed. The relation between the matrix representation
and corresponding shorthand terms is given in Table 5.3. It should be noted that the
simplified notation is not always unambiguous. A centered cubic unit cell c(2 × 2)

may as well be described by the unit cell (
√

2 × √
2 )R45◦.



5.1 Surface Structure 181

Fig. 5.8 Existence range of
surface reconstructions
forming during the MBE of
GaAs for various
temperatures TS and beam
equivalent pressure (BEP)
ratios of the As4 and Ga
fluxes. Reproduced with
permission from [6], © 1990
Elsevier

5.1.6 Reconstructions of the GaAs(001) Surface

The electron counting rule pointed out in Sect. 5.1.4 selects favored structures for
a specific surface. The actual reconstruction is further determined by experiments
and calculations. Different reconstructions with different surface stoichiometries be-
come thermodynamically stable, when the chemical potential of the ambient is var-
ied. Moreover, different reconstructions may coexist on a given surface due to varied
surface preparations and kinetic barriers for a reordering of surface atoms.

As an example we consider the technologically important (001) surface of GaAs
already treated above for illustrating the electron-counting rule. Experimentally,
many surface reconstructions were found depending on ambient conditions. Fig-
ure 5.8 shows experimental results for a growing GaAs(001) surface composed as a
phase diagram [6]. Here, a vicinal surface tilted by 2° toward the (11̄1) As plane was
used to facilitate growth. This tilt leads to As-terminated steps. The structure was
analyzed by reflection high-energy electron diffraction (RHEED) during molecular-
beam epitaxy at a fixed Ga flux corresponding to a growth rate of 0.7 monolayer/sec
GaAs. In the experiment the chemical potential was varied by the supplied flux of
As4 molecules, expressed in the diagram in terms of the beam equivalent pressure
(BEP) ratio with respect to that of the Ga flux. In addition the temperature was var-
ied as an independent basic growth parameter. We note that the conditions do not
correspond to equilibrium.

The diagram Fig. 5.8 shows 14 different reconstructions which may be distin-
guished as As-rich surfaces ((2 × 4) or (2 × 1)), as a transition range ((3 × 1) or
(1 × 1)), as Ga-rich surfaces ((4 × 1), (4 × 2), (4 × 6), or (3 × 6)), as absorption
structures of the type c(4 × 4), (2 × 3), (1 × 3), and surfaces where degradation oc-
curs [6]. The transitions between all regions were found to be reversible and could



182 5 Atomistic Aspects of Epitaxial Layer-Growth

Fig. 5.9 Filled-state STM
image of (a) the β2(2 × 4)

and (b) the c(4 × 4)β

reconstructions of the
GaAs(001) surface. In (a) two
As-As top dimers and an
As-As trench dimer are
marked. In (b) three As-As
top dimers and the c(4 × 4)

lattice mesh are marked.
Reproduced with permission
from [7] and [8], © 1999 and
2004 APS, respectively

be described by an Arrhenius law. Within a transition range often a coexistence of
adjoining patterns was observed.

The periodicity of the surface unit cell is usually readily accessible in MBE from
electron diffraction experiments. The arrangement of atoms within the unit cell of-
ten poses, however, a tricky problem. A variety of methods such as scanning tun-
neling microscopy, low-energy electron diffraction, and angle-resolved photoelec-
tron spectroscopy has to be applied to obtain an unequivocal structural model. Two
prominent reconstructions of the GaAs(001) surface imaged using high-resolution
STM are shown in Fig. 5.9. Though many details can be identified on such images,
the arrangement of the atoms at the surface may hardly be extracted.

Calculations of surface energies for various orientations and reconstructions help
substantially to find and to understand the actual atomic structure of the surface
unit cell. The stable equilibrium surface-reconstruction is that with the lowest sur-
face free energy γA. The surface of a compound semiconductor like GaAs may be
nonstoichiometric with respect to the number of atoms of different species, and the
surface free energy depends on the chemical potential μi for each species i. The sur-
face may exchange atoms with the ambient which acts as a reservoir, and μi is the
free energy per particle of species i in the reservoir. In the experiment μi can be var-
ied within the limits given by the bulk chemical potentials of the condensed phases
of the species, μi < μi(bulk), because otherwise the elemental phase of species i will
form on the surface. In the case of GaAs this will be bulk As and bulk Ga. Further-
more, in equilibrium the sum of the chemical potentials of the species Ga and As
must be equal the bulk energy per GaAs pair [9],

μGa + μAs = μGaAs(bulk) = μGa(bulk) + μAs(bulk) + �HGaAs
f ,

�HGaAs
f being the heat of formation of the GaAs bulk crystal. Using this relation the

surface energy may be expressed as a function of the As chemical potential μAs. If
μAs is varied, different surface stoichiometries and related reconstructions get most
stable. A large variety of atomic configurations exists for surface unit cells of each
of the reconstruction periodicities shown in Fig. 5.8. Surface structures with low
surface energies within some range of μAs are given in Fig. 5.10. These structures
all fulfill the electron counting rule (Sect. 5.1.4) and are semiconducting (filled anion
and empty cation dangling bonds).
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Fig. 5.10 Surface energy of
different low-energy
GaAs(001) reconstructions,
depending on the chemical
potential of the arsenic.
Dashed lines mark limits of
the chemical potential
difference μAs − μAs(bulk).
Data from [9]

The surface energies shown in Fig. 5.10 are calculated from the total energy Etot
according [9]

γA = Etot − μGaAsNGa − μAs(NAs − NGa).

The stoichiometry of the surface NAs − NGa determines the slope in a linear de-
pendence on the chemical potential μAs. The reconstructions noted in Fig. 5.10 are
those with a low surface energy within the indicated allowed limits of μAs. Partic-
ular phases of GaAs(001) reconstructions with given periodicity of the unit cell are
indicated using a leading label like, e.g., α or β2 [10, 11]. Starting from the Ga-rich
β2(4 × 2) reconstruction we note a progressive trend to a negative slope in the se-
quence towards the most As-rich c(4 × 4) surface for high μAs − μAs(bulk) values.
The α(2 × 4) surface is stoichiometric, i.e., NAs = NGa, and does not depend on
the chemical potential of As. The low-energy As-rich β2(2 × 4) and c(4 × 4) sur-
faces are those generally used in the molecular-beam epitaxy and the metalorganic
vapor-phase epitaxy of (001)-oriented GaAs, respectively.

The atomic structure of the four most favorable reconstructions indicated above
are shown in Fig. 5.11. Both, Ga-Ga and As-As dimer bonds occur in the topmost
layer of the displayed unit cells. They both have filled bonding and empty antibond-
ing states.

The Ga-rich β2(4 × 2) structure consists of two Ga-Ga dimers per unit cell ori-
ented along [110] in the top layer and two missing As atoms in the second layer.
An electron counting within the unit cell [12] yields a surface stoichiometry of
NAs − NGa = − 1

4 per (1 × 1) unit cell.
The stoichiometric α(2 × 4) surface consists of two As-As top-layer dimers ori-

ented along [1̄10], adsorbed on a complete Ga monolayer underneath. Two As-As
dimers are missing in the row of top-layer dimers, and two Ga-Ga bonds are formed
within the Ga monolayer where one As-As dimer is missing. It should be noted
that another stoichiometric structure with a single As-As top-layer dimer termed
α2(2 × 4) was found with an even lower energy than that depicted here [11].
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Fig. 5.11 Models of the four GaAs(001) surface reconstructions considered in Fig. 5.10. The size
of the atoms indicates the vertical position, bright and dark atoms represent As and Ga, respec-
tively. Shaded areas indicate the surface unit-cells

The more As-rich β2(2 × 4) structure is obtained from the α(2 × 4) structure by
removing two Ga atoms in the missing As-As dimer region, resulting in a stoichiom-
etry of NAs −NGa = 1

4 per (1 × 1) unit cell. The structure represents the counterpart
of β2(4 × 2), with Ga atoms exchanged for As atoms and vice versa.

The most As-rich c(4 × 4)β surface represents a double-layer structure consist-
ing of As-As dimers oriented along the [110] direction and adsorbed on a full As
monolayer, yielding a stoichiometry of NAs − NGa = 5

4 per (1 × 1) unit cell. The
commonly accepted model comprises a block of three dimers in a row along [1̄10],
being interrupted by a dimer vacancy. As-Ga heterodimers are assumed to appear
in the c(4 × 4) reconstruction as the chemical potential μAs − μAs(bulk) is lowered
towards less As-rich conditions and the β2(4 × 2) structure is approached [13]. The
c(4×4) reconstruction with three As-Ga top-layer dimers is referred to as c(4×4)α.

The reconstructions of the GaAs(001) surface considered above as some typical
examples give an impression about the wealth of surface structures. More detailed
information on surface reconstructions is found in, e.g., Refs. [14, 15].

5.1.7 The Silicon (111)(7 × 7) Reconstruction

Silicon is the most important semiconductor for device technology. Chips for in-
tegrated circuits are fabricated from (001)-oriented Si wafers. Atoms in the upper-
most layer of the unreconstructed {100} surface of the diamond structure have two
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Fig. 5.12 Scanning tunneling images of the Si(111)(7 × 7) surface for negative (left, filled states)
and positive (right, empty states) sample bias. The orange rhombs mark a unit cell comprising 12
protruding adatoms, U and F denote unfaulted and faulted half-unit cell, respectively. Courtesy of
M. Dähne, TU Berlin

dangling bonds each. The surface energy is lowered by formation of asymmetric
buckled dimers as illustrated in Fig. 5.4c, leading to a Si(001)(2×1) reconstruction.
Usually Si(001) wafers are chemically treated using a dilute HF-etch to remove sur-
face defects. During such procedure dangling bonds are saturated by hydrogen. The
H-terminated surface relaxes but does not reconstruct.

Some applications such as electric high-power applications employ the (111)
surface of silicon. (111) is the primary cleavage plane of Si. When Si is cleaved
in vacuum along this plane with a wedge kept parallel to the 〈112̄〉 direction, a
Si(111)(2 × 1) reconstruction is created. This reconstruction differs from that of
the (100) surface by forming long pi-bonded chains in the first and second surface
layers. Annealing above 300 °C converts the structure irreversibly into a (7 × 7)
reconstruction, which represents an equilibrium phase. Much effort was spent over
more than two decades to unravel the complex structure of this surface.

The Si(111)(7 × 7) surface unit-cell is 49 times larger than the unit cell of the
ideal surface. An unreconstructed cell of this size would have 98 dangling bonds.
The formation of the actual (7 × 7) structure comprises an extensive rearrangement
of atoms and the addition of adatoms on top. Scanning tunneling micrographs show
a pattern of 12 protruding adatoms in a unit cell and vacancies at the deep corner
holes, see Fig. 5.12. Each adatom saturates three dangling bonds from the layer
underneath and leaves one dangling bond. STM images recorded with a suitable
bias show that the rhombic unit cell is composed of two triangular subunits.

The structure of the Si(111)(7 × 7) surface was eventually explained by the gen-
erally accepted DAS model derived from a detailed analysis of transmission electron
diffraction [16]. The name DAS refers to the basic structural elements: 15 dimers
(D), 12 adatoms (A), 1 stacking fault (S). The model has also been confirmed by
computation, yielding an energy gain of 60 meV per (1 × 1) unit cell with respect
to the (2 × 1) reconstruction [17]. A top view of the unit cell according the DAS
model is given in Fig. 5.13. The uppermost atoms are indicated by largest size, and
we recognize the 12 adatoms visible in the STM image Fig. 5.12. We also note the
corner holes in the top layer. The model shows an apparent difference in the left and
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Fig. 5.13 Structure of the
Si(111)(7 × 7) surface
unit-cell according to the
dimer-adatom-stacking fault
model. Atoms in layers of
decreasing height are
represented by decreasing
size, dark atoms represent
unreconstructed atoms of the
uppermost bulk layer
underneath the surface layers

right triangles of the unit cell. In the right half we see the uppermost atoms of the
bulk crystal underneath the surface layers drawn with a dark shading. This yields an
ABC stacking order with respect to the first two surface layers, thereby continuing
the cubic diamond structure of bulk Si. The uppermost bulk atoms are not visible
in the left triangle, because they are hidden by the surface layers due to an ABAB

stacking order. The left part of the unit cell has consequently a hexagonal order, i.e.,
the sequence is faulted with respect to the structure of bulk Si. The faulted and non-
faulted triangular subunits are each surrounded by 3 vacancies at the corners and 9
dimers, three of them located at the separating domain boundary, which is oriented
along the vertical short diagonal in Fig. 5.13.

The DAS model leaves only 19 unsaturated dangling bonds per unit cell: 12 for
the adatoms, 6 from three-fold coordinated rest atoms lying in the layer below the
adatoms, and 1 from the atom below the vacancy at the corner. A number of similar
DAS reconstructions in a (2n + 1) × (2n + 1) pattern have also been observed in
non-equilibrium conditions, including 5 × 5 and 9 × 9 reconstructions [18]. The
preference for the (7×7) reconstruction is attributed to an optimal balance of charge
transfer and stress.

5.2 Kinetic Process Steps in Layer Growth

The non-equilibrium process of growth is governed by a competition between kinet-
ics and thermodynamics. As the size of heterostructures approaches the nanometer-
scale regime, atomic-level control is becoming crucial. Kinetic growth processes
may to a large extend be described by the terrace-step-kink model already used
in Sect. 4.2.4 to characterize surface energies. We will first employ this simplified
model to consider growth kinetics, and include the effect of the actually more com-
plex surface structure as described above in a second step.

5.2.1 Kinetics in the Terrace-Step-Kink Model

The terrace-step-kink (TSK) model of a surface [19] (also termed terrace-ledge-
kink (TLK) model) is based on the idea that the energy of an atom’s position on
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Fig. 5.14 Schematic of
atomistic rate processes in
epitaxial growth. The
step-down diffusion differs
from the indicated lateral
diffusion

a crystal surface is determined by its bonding to neighboring atoms. Processes on
an atomistic scale hence involve the counting of broken and formed bonds. In the
framework of the TSK model the kinetics of growth is described by rates of transi-
tion steps, which atoms undergo on the surface. The complex process of epitaxy is
largely determined by only a few categories of such processes. Some processes of
particular importance are illustrated for the surface of a Kossel crystal in Fig. 5.14.

Growth proceeds by a number of consecutive steps as indicated in Fig. 5.14.
Atoms arrive from the ambient and are adsorbed on the surface. They may then dif-
fuse over the surface until they cease to diffuse by one of several processes. Such
processes are re-evaporation (or re-solution in case of a liquid ambient), nucleation
of (2D or 3D) islands, attachment to existing islands or to defects like a step on
the surface. In the framework of the considered model the adatom diffusion on the
surface is described by rates of hopping from one site to an adjacent site. The vibra-
tional motion of an adatom on the surface is regarded as an attempt at such a hop.
Since many attempts are required to produce a single hop, a factor is introduced rep-
resenting the probability per attempt to hop, yielding an effective hopping rate k(T ).
The rate may also be expressed in terms of a mean residence time τ(T ) = k−1(T ).
Each thermally activated kinetic process of epitaxy is governed by characteristic
parameters entering an Arrhenius dependence with an activation energy E,

τ−1(T ) = ν0e
− E

kBT . (5.5)

E is the barrier which has to be surmounted in the process. The prefactor ν0 repre-
sents an attempt-rate constant for the given process.

Rate equations referring to a few basic processes are used in numeric Monte
Carlo simulations to model the dynamics of growth and the evolution of the growth
surface. Only the rate-limiting steps are included in the calculations. Faster pro-
cesses are accounted for in average by using effective kinetic parameters. Param-
eters to control the supersaturation �μ are usually the experimental variables T ,
the arrival rate of atoms R, and the material parameters of the kinetic processes
describing diffusion, re-evaporation, and nucleation. The approach does not require
a detailed knowledge of the atomic interactions and permits simulations including
large time scales. Values for ν0 and E (of the order of 1012 s−1 and eV, respectively)
for each process are estimated from, e.g., molecular dynamics, or they are taken as
parameters to fit experimental results.
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Fig. 5.15 Processes
considered for the kinetic
description of growth

5.2.2 Atomistic Processes in Nucleation and Growth

The atomistic processes indicated in Fig. 5.14 are now described in more detail to
account for nucleation and growth analogous to the thermodynamic approach dis-
cussed in Sect. 4.2. In our simplified approach [20] we neglect surface reconstruc-
tions, interdiffusion, and chemical reactions between substrate and deposit material.
The assumed processes are indicated in Fig. 5.15.

Atoms arriving from the ambient on the surface at an externally controlled flux F

(atoms per unit area and per unit time) diffuse on the surface. They either meet other
atoms to nucleate, or they are captured at a growing island (also denoted cluster)
after a mean time τc, or they re-evaporate after a mean adsorption residence time τa.
A nucleus will either loose adatoms after a mean time τn, or grows to a critical
size comprising i atoms. The critical nucleus also may dissolve or grow to a stable
island comprising x > i atoms. Such islands will capture further adatoms but—
under growth conditions—hardly loose atoms.

We trace an atom which arrives at the surface. At a high temperature the adatom
will only stay on the surface for a short residence time τa. This time is determined
by the adsorption energy Ea and may be written

τ−1
a = νa0 exp

(−Ea/(kBT )
)
, (5.6)

νa0 being an atomic surface vibration-frequency. For some materials relation (5.6) is
complemented by a factor, which accounts for a dependence of the residence time on
the material coverage on the substrate. During τa the adatom migrates in a random
walk process consisting of a series of jumps to respective adjacent substrate sites.
The mean-square displacement of the adatom during a period of duration t depends
on the hopping rate (or, mean hopping frequency) νd and is given by〈

λ2〉 = νda
2t, (5.7)

a being the mean jump distance. Usually a is the distance of two neighboring lat-
tice sites on the surface. The number of hops during the considered period is νdt .
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Fig. 5.16 Temperature
dependence of the surface
diffusion length λ

Hopping to a neighboring site requires surmounting a potential barrier, cf. Fig. 5.23.
This diffusion barrier Ed is surmounted more easily at increased temperature due to
an Arrhenius dependence of the hopping rate,

νd = νd0 exp
(−Ed/(kBT )

)
. (5.8)

The ratio of the mean-square displacement (5.7) to the duration of the period is the
time-independent diffusion coefficient (or diffusivity) D,

D = 〈λ2〉
ηt

= νda
2

η
, (5.9)

where η is the number of neighboring sites reachable by a single jump: For one-
dimensional diffusion η = 2, while for 2D surface diffusion η = 4 on a square lattice
and 6 on a hexagonal lattice. Using Einstein’s relation of the diffusion length, λ =√

Dτ , and (5.9), the displacement (root-mean-square value) from the arrival site to
the site of eventual evaporation or incorporation reads

λ = √
Dτ = λ0 exp

(
(Ea − Ed)/(2kBT )

)
, (5.10)

τ being the mean time of surface diffusion (basically τa at high T , τc at lower T ).
The pre-exponential factor λ0 is a merged effective elementary jump distance, e.g.,
for τ = τa given by λ0 = √

νd0/νa0 × a/
√

η. Values of νd0 are typically somewhat
less than those of the corresponding parameter for adsorption νa0, but of the same
order. The barrier to be surmounted for desorption, Ea, is however usually much
larger than the diffusion barrier Ed, and also several times exceeding thermal ener-
gies kBT at typical growth temperatures. The adatom will therefore migrate over a
quite long distance λ � a before evaporation. For small values of 1/T (in the high
temperature range) the surface diffusion length λ increases exponentially with 1/T

(or, decreases with T ) as indicated by (5.10) and the straight line in the Arrhenius
plot Fig. 5.16. The residence time in this desorption regime is short, and adatoms
are likely to evaporate before being incorporated. At large values 1/T (low T ) the
slope in the Arrhenius dependence of λ(T ) changes sign. The residence time is large
(5.6), at low T adatoms are incorporated after diffusion and the competition by des-
orption gets negligible. Best epitaxial growth is often achieved for large diffusion
length. This is obtained just below the onset of significant re-evaporation.

During surface diffusion the adatom encounters other atoms on the surface. The
probability of such meeting depends on the areal density n1 of single migrating
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atoms, and the areal density of clusters containing more than one atom. In our ap-
proach we assume the clusters to be stationary, i.e., single adatoms are the only
species which are mobile.

The clusters on the surface are divided according their size into subcritical clus-
ters with atom numbers j ≤ i, and stable clusters, j > i, the density of which is
summed as

nx =
∞∑

j=i+1

nj .

After an initial nucleation of stable clusters the subcritical clusters nucleate and dis-
solve in an approximate detailed balance. They are therefore not considered further
in the evolution due to the local equilibrium condition dnj/dt = 0 for 2 ≤ j ≤ i.
In the following we focus on the density of single atoms n1 and that of stable clus-
ters nx .

The density n1 of the mobile single atoms follows from a balance of processes
described by an appropriate rate equation. As we read from Fig. 5.15, atoms arriving
on the surface at a rate F increase n1, while nucleation (τn), capture (τc), and evap-
oration (τa) decrease n1. Furthermore, when larger stable islands cover a significant
fraction Z of the surface, arrival on top of an island is possible, thereby decreasing
the part of atoms on the uncovered surface. The evolution of the single-atom density
n1 is therefore described by

dn1/dt = +F(1 − Z) − n1/τn − n1/τc − n1/τa = F(1 − Z) − n1/τ, (5.11)

with τ−1 = τ−1
n + τ−1

c + τ−1
a . The sum may be extended when additional loss pro-

cesses for diffusing adatoms are to be taken into account. On the other hand, also
less processes may be considered.

In the limit of high temperature the residence time τa gets very short, and nu-
cleation and capture processes become negligible. Since also Z = 0 in this case,
we obtain dn1/dt = F − n1/τa. This yields for long times t � τa a stationary state
(dn1/dt = 0) with the solution

n1 = Fτa.

The constant density in the high temperature limit reflects the balance of arrival and
evaporation without nucleation or growth.

Below the high temperature limit loss of adatoms by attachment to growing sta-
ble islands is relevant. Once stable islands exist, the term −n1/τc in (5.11) is gener-
ally much larger than the term −n1/τn. Neglecting the nucleation term −n1/τn for
t � τa the solution gets

n1 = F(1 − Z)(1/τa − 1/τc)
−1.

The mean time τc of the adatom capture at a stable island depends on their density
nx and the diffusional flow,

τ−1
c = σxDnx. (5.12)
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Fig. 5.17 Density of single
atoms n1, stable clusters nx ,
and the total number F tα of
atoms condensed on the
surface as a function of time t

for a high temperature T1 and
a low temperature T2. τa and
τc indicate re-evaporation and
capture times, respectively,
the label coal. marks a
decrease of n1 and nx due to
coalescence. After [20]

The capture numbers σk of the stable clusters summed to a mean number σx express
the local decrease of n1(r, t) near a k-sized cluster due to capture [21]. They are
typically of order 5–10 and may regarded for a first appreciation as slowly varying
quantities.

The density nx of stable clusters increases by a nucleation rate J involving cap-
ture at critical clusters with i atoms. The creation of new stable clusters is propor-
tional to the density ni of the critical clusters with their capture number σi , and the
density of single adatoms n1 and their diffusivity D, yielding J = σiDn1ni . On the
other hand, as growth of a layer proceeds the density will reduce due to an impinge-
ment of stable clusters on each other. Such coalescence is accounted for by including
a negative term proportional to the temporal change of coverage Z, leading to the
rate equation [20]

dnx/dt = +σiDn1ni − 2nxdZ/dt. (5.13)

To solve the coupled equations (5.11) and (5.13) a relation between Z and nx is
needed. If the clusters grow two-dimensionally, we may put [20]

dZ/dt = Ω2/3((i + 1)n1/τi + n1/τc + FZ
)
, (5.14)

where Ω is the atomic volume of the deposit and the stable-cluster nucleation
rate τ−1

i = σiDni . The solution of the rate equations leads to the cluster densities
schematically shown in Fig. 5.17.

Growth on a flat surface starts at coverage Z = 0. At a high temperature T1 we
note an initial rise of the single-atom density n1 ∼ F t lasting for t < τa, followed
by a constant value described by the high-temperature limit. The density of stable
clusters nx starts at a negligible value at t = τa, and increases for t > τa as given
by the first term in (5.13), i.e., before coalescence. Both, n1 and nx decrease as
coalescence sets in. The condensation coefficient α(t), which denotes the fraction
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Table 5.4 Parameters p and E of (5.15) for the maximum density nx of stable two-dimensional
clusters in various regimes of condensation. i is the number of atoms in the critical cluster.
From [20]

Condensation regime p E

Extreme incomplete i Ei + (i + 1)Ea − Ed

Initially incomplete i/2 1
2 (Ei + iEa)

Complete i/(i + 2) (Ei + iEd)/(i + 2)

of atomic dose impinging on the surface and being incorporated into the deposit, is
initially very small in this high temperature, and so also the total deposit F tα.

At a low temperature T2 no re-evaporation occurs, i.e., α = 1. In this temperature
range the single-atom density n1 plotted in Fig. 5.17 increases linearly until capture
by previously nucleated clusters sets in, causing n1 to pass a maximum at the mean
capture time τc and to decrease subsequently. The stable-cluster density nx increases
after a nucleation period and eventually decreases due to coalescence.

The maximum density of stable clusters has the general form

nx ∼ (F/ν)p exp
(−E/(kBT )

)
, (5.15)

where the materials parameters p and E lead to different regimes of condensation
[20]. Values for the regimes of extreme incomplete condensation, initially incom-
plete in an intermediate range, and complete condensation are given in Table 5.4.
The three regimes refer to the conditions σxDτanx � Z, Z < σxDτanx < 1, and
σxDτanx � 1, respectively, and define the meaning of a high and a low temperature
for growth of the considered material.

We note from Table 5.4 that the condensation regimes are essentially determined
by the relation between the materials parameters Ei , which signifies the energy
difference between i atoms in the adsorbed state and in stable clusters, the adsorp-
tion energy Ea, and the critical cluster size i. At extreme incomplete condensation
growth is slow due to strong re-evaporation and proceeds essentially by direct im-
pingement. In the intermediate, initially incomplete regime stable clusters grow by
diffusive capture in the initial state. Direct impingement becomes relevant at large
coverage Z, leading to more complete condensation. This regime will often occur
in practice. At complete condensation growth is fast, since re-evaporation is negli-
gible.

5.2.3 Adatoms on a Terraced Surface

Growth of a flat surface proceeds basically by the attachment of adatoms at steps.
The steps may originate either from 2D nucleation as discussed above, or from screw
dislocations, or from the terrace structure of a vicinal surface inclined with respect
to a singular face by a small tilt angle. The rate of layer growth r , which represents
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the velocity of a parallel displacement of the singular faces, is hence determined by
the advancement of steps.

To obtain an expression for the velocity of step advance we consider growth con-
ditions with an only minor contribution of nucleation. Such conditions may be found
in step flow growth of a vicinal surface (Sects. 4.2.7, 5.2.4). This surface consists
of terraces of width l which are separated by steps of height a (Fig. 4.14). Let us
assume for simplicity that the steps are equidistant and straight. If the steps remain
straight all the time, we obtain a one-dimensional problem. The steps are assumed
perfect sinks for diffusing adatoms arriving from either side and have monoatomic
height. Furthermore, the terrace width l is assumed smaller than the mean displace-
ment λ of an adatom after arrival on the surface. If now a constant flux F deposits a
low density of adatoms n on the surface (in the previous Sect. 5.2.2 labeled n1), the
adatoms will diffuse with some finite probability to an adjacent step where they are
incorporated, and we may neglect nucleation on the terrace. For the given conditions
the concentration of adatoms on the surface n(x, t) is described by

ṅ(x, t) = Dn′′(x, t) − 1

τa
n(x, t) + F, (5.16)

where x is the lateral direction perpendicular to the steps, dot and double primes
designate temporal derivative ∂/∂t , and spatial derivative ∂2/∂x2, respectively, D is
the surface diffusion constant (5.9), and 1/τa denotes the evaporation probability
(5.6). The change of the adatom density n expressed by (5.16) is composed of the
three terms surface diffusion, loss by evaporation, and deposition by the external
flux F .

To solve (5.16) we need boundary conditions, which are to be fulfilled by n(x, t).
We consider steady state conditions, where F is constant and n does not change in
time, i.e., ṅ(x, t) = 0. Steps are considered as perfect sinks. A fast incorporation of
adatom at steps is fulfilled by the condition that n equals a constant concentration
neq at a step to be reached at thermal equilibrium. Choosing the origin of x at the
center of a terrace, the condition reads

n(±l/2) = neq. (5.17)

The steady-state solution of (5.16) is then given by

n(x) = cosh(κx)

cosh(κl/2)
(neq − Fτa) + Fτa. (5.18)

In (5.18) κ is the inverse of the mean displacement, κ = 1/λ = 1/
√

Dτa. If the
residence time τa is long, re-evaporation described by the second term in (5.16)
becomes negligible. κ is then small. If also κl/2 is small, solution (5.18) can be
approximated by a Taylor expansion, yielding

n(x) ∼= neq + (
Fτaκ

2/8
)(

l2 − 4x2) = neq + (F/8D)
(
l2 − 4x2) (κl/2 small).

(5.19)

The steady-state solution (5.19) for negligible re-evaporation is shown in Fig. 5.18
(black curve). It is a parabola with a maximum centered in the middle of a terrace
at x = 0 with values n(±l/2) = neq.
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Fig. 5.18 Density profile
n(x) of adatoms on a terraced
surface under steady-state
conditions provided by a
constant flux F and steps
acting as sinks (black curve).
Gray curve: n(x) resulting
from an uneven capture
probability of up-steps and
down-steps

The assumptions made to obtain the simple geometry expressed by (5.16) and
the approximate solution (5.19) are quite extensive and may in practice often not
be fulfilled. The requirement of a perfect sink may, e.g., be fulfilled by the left
step in Fig. 5.18 but less well by the right step, because the latter requires a less
probable down-step diffusion for incorporation. An unequal capture probability can
be expressed by two equilibrium adatom-concentrations at the steps neq+ and neq−,
leading to a similar solution as (5.19) with a parabola maximum being displaced
from x = 0 by �xmax = D/(F l)(neq+ −neq−). The respective profile n(x) is drawn
in Fig. 5.18 in gray; values for neq+ and neq− are assumed larger than neq.

The mean adatom density n in steady state conditions is obtained from (5.19) by
integration over n(x), yielding

n = 1

l

∫ +l/2

−l/2
n(x)dx = neq + F l2/(12D). (5.20)

In case of unequal capture probability at the steps neq = (neq+ + neq−)/2 in the
right-hand side of (5.20).

5.2.4 Growth by Step Advance

We may treat the capture of adatoms at steps similar to the capture at stable clusters
of density nx . If we assume the steps acting as strong sinks, i.e., neq = 0, such treat-
ment is accomplished by adding a term −n1/τs to the right side of (5.11). τs is the
mean time of adatom capture at a step. The mean single-adatom density n1 given by
(5.20) then corresponds to Fτs. Capture at steps now compete with capture at sta-
ble clusters and nucleation. Capture at a cluster occurs for an adatom arrival within
a root-mean-square distance λc = (Dτc)

1/2. Near a step (ideal sink) nucleation is
depressed. This zone on either side of a step is called denuded zone. Its width is
given by λc. This consideration allows to express a condition for the transition from
nucleation and 2D island growth at lower temperatures to step flow growth at higher
temperatures. For dominating capture at clusters, n1 is expressed by Fτc with τc

given by (5.12). Step flow becomes more dominant than nucleation on a terrace if
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Fig. 5.19 Atomic-force
micrographs of 0.5 µm thick
GaAs layers grown at
(a) 570 °C, and (b) 530 °C

τs < τc. Inserting n1 from (5.20) and (5.12), respectively, we see that this condition
is met if

l2/(12D) < (σxDnx)
−1. (5.21)

This inequality may be expressed in terms of the denuded-zone width λc with τc
from (5.12), yielding

l2

12

σxnx

1
= l2

λ2
c

1

12
< 1. (5.22)

According (5.22) the transition from nucleation to step flow occurs if the width of
the denuded zone λc (which increases as the temperature increases) becomes larger
than a fraction of about one third of the terrace length l.

The surface morphology of homoepitaxial GaAs layers grown at different tem-
peratures is shown in Fig. 5.19. The sample grown in step-flow mode at a high
temperature exhibits terraces with steps of atomic height, originating from an off-
orientation of the substrate with respect to the [001] growth direction. The morphol-
ogy of the sample grown at decreased temperature shown in Fig. 5.19b exhibits 2D
island growth on terraces. The terrace edges are irregular, the large terrace width
indicates a small off-orientation of the substrate. Note that no islands nucleate close
to a step.

A simulation of the molecular-beam epitaxy of GaAs on GaAs(001) in the step-
flow growth mode for appropriate growth conditions is given in Fig. 5.20. The grow-
ing (001) surface of the GaAs zincblende structure is polar: surfaces with termina-
tions of Ga cations and As anions alternate periodically. For a slow As2 incorpora-
tion rate assumed in the simulation, the As coverage (even numbered gray curves)
lags behind the directly preceding Ga layer coverage (odd numbered black curves)
until the near completion of a layer [22]. We note that the S-shaped curves of sub-
sequent (bi)layers overlap: Nucleation of the next layer starts before the layer un-
derneath is completed. Of the first monolayer’s worth of Ga material delivered (at
τML ∼= 0.9/sec) about 95 % goes into the first Ga layer and 5 % into the next for
the considered growth conditions. At fast As2 incorporation, coverages of As layers
lead the coverage of the preceeding Ga layers [22].

The advancement of a step results from the capture of adatoms from the upper
and lower terrace. Let us consider the velocity of lateral advance rstep of the step
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Fig. 5.20 Simulated
coverage in the
molecular-beam epitaxy of
GaAs/GaAs(001) for slow
As2 incorporation. Odd and
even numbered curves refer to
Ga and As layers,
respectively. Reproduced
with permission from [22],
© 1986 APS

Fig. 5.21 Steady-state
velocity of lateral step
advance rstep depending on
the terrace width l for
equidistant and straight steps

at the position x = −l/2. We again assume steady state conditions, i.e., adatoms
diffuse much faster than steps move. Furthermore, we again consider terraces of
equal width and an equal probability for capture from either terrace. The current
density j of adatoms arriving at the step follows from the gradient of the adatom
density n(x) at the step position x = −l/2,

j (−l/2) = −D
d

dx
n(−l/2). (5.23)

Inserting the symmetric adatom density n(x) from (5.18) we obtain

j (−l/2) = Dκ(Fτa − neq) tanh(−κl/2). (5.24)

The step velocity rstep results from the (equal) contributions from the upper and the
lower terrace separated by the step,

rstep = a2(jupper(−l/2) + jlower(−l/2)
) = 2a2j (−l/2), (5.25)

a2 being a unit area of the terrace. The velocity rstep depends on the terrace width,
because larger terraces collect more adatoms from the ambient, cf. Fig. 5.21. For
small κl/2 (long residence time τa) (5.24) simplifies to

j (−l/2) = D(Fτa − neq)κ
2l/2. (5.26)

The linear relation j ∝ l is reflected in the constant slope of rstep for small terrace
width l in Fig. 5.21.
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Fig. 5.22 (a) Relation between the lateral growth rate rstep of steps on a vicinal surface and the
growth rate r of the related singular layer. Black and gray lines represent cross sections of the
surface at two times, the dotted lines indicate the vicinal surface. (b) Magnified scheme showing
the relation between the growth rates of steps, singular surface and vicinal surface

We now consider the growth rate r of a flat crystal surface. Growth proceeds
essentially by the attachment of adatoms at steps. The steps may either originate
from 2D nucleation, or screw dislocations, or from the terrace structure of a vicinal
surface inclined with respect to a singular face by a small tilt angle Θ (Fig. 4.14).
The advancement of steps therefore determines the rate of layer growth r , which
represents the velocity of a parallel displacement of the singular faces. The relation
between the lateral advancement of steps and growth rate r is illustrated for a vicinal
surface in Fig. 5.22. The figure depicts a cross section of the terraced surface at a
time t1 (black lines) and a later time t2 (gray lines). During t2 − t1 the steps are
laterally displaced via adatom attachment by some amount s, yielding the velocity
rstep = s/(t2 − t1).

The growth rate r of the singular layer (i.e., the mean vertical displacement of
the horizontal terraces in Fig. 5.22a) follows from rstep via the tilt angle Θ of the
vicinal layer. For steps of height d and terraces of width l the tilt angle is given by
tan Θ = d/l. Since also tan Θ = r/rstep, we obtain

r = rstep tanΘ = (d/ l)rstep. (5.27)

The growth rate rvicinal of the vicinal layer (i.e., the velocity of a parallel displace-
ment of the layer indicated by dotted lines in Fig. 5.22) may be read from the
enlarged scheme Fig. 5.22b. Since Θ is also the angle between r and rvicinal, the
relation is given by

rvicinal = r cosΘ = rstep sinΘ. (5.28)

5.2.5 The Ehrlich-Schwoebel Barrier

Diffusion of an adatom on a flat or terraced surface is of particular importance in
the kinetics of growth. Surface diffusion by a random walk process on a flat sur-
face was described by (5.10). Until now we assumed that steps or stable 2D clus-
ters capture adatoms from their top and from their bottom with the same probabil-
ity. In fact, diffusion across a flat surface generally differs from diffusion across a
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Fig. 5.23 Cross section of a monoatomic surface step and schematic of the potential associated
with the diffusion of an adatom across the surface. Energies Ed, Es, and EES refer to the activation
of surface diffusion, binding to a step, and the Ehrlich-Schwoebel barrier, respectively

step, as first pointed out by G. Ehrlich [24], R.L. Schwoebel [25], and co-workers.
Adatom capture from the upper and lower terrace at a step hence also differ. Such
unequal capture probability causes the asymmetry in the adatom density discussed
in Sect. 5.2.3. We consider the diffusion barrier provided by a step and consequences
for two-dimensional growth.

An intuitive picture of the so-called Ehrlich-Schwoebel barrier of diffusion
across a step is given in Fig. 5.23. As an adatom moving on the upper terrace ap-
proaches the step it has to overcome a pronounced maximum of the potential to step
down. The reason is a fewer number of nearest neighbors in the transitions state
of the hop over the ledge compared to that in flat-surface diffusion. We note from
Fig. 5.23 that the Ehrlich-Schwoebel barrier EES is actually the difference in the ac-
tivation energy for hopping across the step and hopping across a flat surface. Once
the adatom has surmounted the barrier EES it enters a position at the step edge with
an increased binding energy Es. The increase originates from the larger number of
nearest neighbors at the lower edge of the step.

Step down of an adatom may also occur by another process with a potentially
lower barrier: The adatom located at the position on top drawn in Fig. 5.23 pushes
the edge atom underneath away to the right and takes its place. This exchange pro-
cess may provide an efficient parallel channel to the step-down process discussed
above. Both processes have always higher barriers than diffusion on a flat surface. In
the following we focus on the usual Ehrlich-Schwoebel barrier depicted in Fig. 5.23.

We note from Fig. 5.23 a distinct difference for step-down and step-up diffusion.
In the first case the adatom approaches a descending step and experiences a repul-
sive step-edge barrier of height EES, which tends to reflect the adatom. By contrast,
an adatom approaching an ascending step (i.e., migrating from the right to left to-
wards the step in Fig. 5.23) experiences a trapping potential Es accompanied by a
subsequent barrier EES. Such potential landscape tends to capture the adatom at the
step.

Incorporation of diffusing adatoms into the crystal was mentioned in Sect. 5.1.1
to occur preferentially at kink positions. To fulfill such requirement an adatom
caught at a step by the binding potential illustrated in Fig. 5.23 needs to diffuse
along the step until meeting a kink position. We consider this one-dimensional dif-
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fusion analogous to the surface diffusion on a terrace. Let us assume a single adatom
diffusing along a step towards a kink formed by an additional row of atoms (i.e., a
kink with positive sign, cf. Fig. 5.1). To pass the kink site and continue diffusion
along the step the adatom has to hop around the kink. Obviously the kink provides a
barrier in addition to the activation barrier for the one-dimensional diffusion along a
straight step, and also in addition to the Ehrlich-Schwoebel barrier discussed above.
Qualitatively, the potential looks like that for two-dimensional diffusion across the
step depicted in Fig. 5.23. Due to this analogy the barrier is termed the Kink Ehrlich-
Schwoebel barrier, and the constraint of the 1D diffusion by this barrier is referred
to as the Kink Ehrlich-Schwoebel effect.

The barriers for diffusion across a step and along a step both affect the morphol-
ogy of the surface. The first effect may particularly affect the distribution of steps,
while the latter may control the structure of a step. Both effects are addressed in the
following.

5.2.6 Effect of the Ehrlich-Schwoebel Barrier on Surface Steps

In the discussion on growth by step advance Sect. 5.2.4 we assumed a terraced
surface with equidistant and straight steps. Qualitative arguments show that both
conditions may be oversimplified. It has in fact been observed in experiments as
well as in computer simulations that the step-flow mode is only metastable. Let us
consider step-flow growth of an ideal vicinal surface with equidistant steps, and
absence of an Ehrlich-Schwoebel barrier (Fig. 5.24a). Adatoms from an upper and
a lower terrace will then be captured at a step with equal probability, and due to
a constant width of all terraces all steps advance with the same velocity rstep. We
recall from (5.25) and (5.26) that the velocity is proportional to the widths of upper
and lower terrace, rstep ∝ (lupper + llower). If now one step lags behind its regular
position for any reason (e.g., some fluctuation) the area of the lower terrace in front
increases and that of the upper terrace behind decreases, see Fig. 5.24b. The lower,
wider terrace in front of the step will collect more adatoms, and distributes one half
of this surplus to the considered step and the other half to the step ahead. The upper,
smaller terrace accordingly collects less adatoms. The lack is equal to the surplus
at the lower terrace. Less adatoms are hence supplied from the upper terrace to the
considered step and also to that behind. As a consequence, the decreased velocity of
the considered step remains unchanged. In addition, the velocity of the step ahead
is slightly accelerated, and the velocity of the step behind is slightly delayed. The
equidistant arrangement of steps is therefore not stable in absence of an Ehrlich-
Schwoebel barrier. Eventually bunches of steps appear on the surface, cf. Fig. 5.24c.
Such process is termed step bunching.

In presence of an Ehrlich-Schwoebel barrier adatoms are basically captured from
the lower terrace at a step. A delayed step will then be supplied with more adatoms
from the lower (wider) terrace ahead and its velocity will increase. On the other
hand, a faster step is supplied less and its speed decreases. The Ehrlich-Schwoebel
barrier therefore stabilizes an equidistant train of steps during step-flow growth.
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Fig. 5.24 (a) Surface
cross-section during stable
step-flow growth in presence
of Ehrlich-Schwoebel
barriers. (b) Step delayed
behind its regular position
(arrow) and (c) eventually
forming bunches of steps in
absence of
Ehrlich-Schwoebel barriers

Conditions are reversed if no flux is supplied to the surface. During evaporation
of adatoms the Ehrlich-Schwoebel barrier destabilizes a regularly stepped surface
and leads to the formation of step bunches. Steps move in reverse direction due
to detachment of atoms and subsequent evaporation. If now a step is delayed, the
lower terrace gets more narrow than the upper terrace. The flux of evaporation is
then reduced, leading to a further decrease of step velocity.

Surface steps were by now considered straight and assumed to move during step-
flow growth on the hole like a rigid entity. Experiments and theoretical analyses
show that such condition is not stable in practice. A step will generally be perfectly
straight only at T = 0 K. As the temperature is increased, at finite temperature the
action of entropy produces a roughening addressed in the next section. The over-
all shape of a step is basically preserved by such change which occurs on a small
scale.

On a larger scale the shape of a straight step was found to be unstable during
step-flow growth, if the adatom attachment from the upper and lower terraces differ.
G.S. Bales and A. Zangwill pointed out that surface diffusion in presence of an
Ehrlich-Schwoebel barrier gives rise to a morphological instability of straight steps,
leading to a distinct wavy shape [26]. The qualitative reason for the Bales-Zangwill
instability is analogous to that considered above to explain the debunching effect of
the Ehrlich-Schwoebel barrier on a sequence of steps during step-flow growth.

We recall from (5.25) that the step velocity rstep is proportional to the sum of the
current density of adatoms jupper from the upper terrace to the step and jlower from
the lower terrace, rstep = a2(jupper + jlower). Furthermore, we note that the current
density j on either side of the step is proportional to the gradient of the adatom
density n near the step, j = −D∂n/∂r. Let us now assume a step deviates at one
section from the perfect straight shape and has, say, a warpage in the direction along
rstep (like point A in Fig. 5.25). The lines of isoconcentration of the adatom density
n on the lower terrace are then more dense in front of the warpage than on the
straight parts of the step. The adatom density is even less dense in front of notches
(like point B in Fig. 5.25). A high density of isoconcentration lines in front of point
A corresponds to an increased current density jlower towards the step at this point.
In absence of an Ehrlich-Schwoebel effect this surplus of adatoms from the lower
terrace is exactly balanced by a lack of adatoms from the upper terrace: Behind the
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Fig. 5.25 Monoatomic wavy step (solid black line) viewed from top. Light gray and gray shaded
area indicate upper and lower terrace, respectively. The dotted lines are isoconcentration lines of
adatoms, gray arrows represent adatom fluxes towards the step being proportional to the gradient
of adatom concentration. A and B denote respectively points of enhanced and diminished adatom
inflow at the step compared to a straight step

warpage on the upper terrace the density of isoconcentration lines of n is decreased,
and so jupper. Without an Ehrlich-Schwoebel effect all parts of the distorted step will
travel with the same velocity rstep. The presence of an Ehrlich-Schwoebel barrier
will, however, reduce the compensating contributions from the upper terrace. As
a result, the dominating contributions from jlower lead to an increased growth rate
at a convex section of the step (point A) and a decreased growth rate a concave
section (point B). This positive feedback amplifies perturbations of a straight step.
Eventually, the line tension at the step that increases with the step length limits the
feedback, and a wavy shape as indicated in Fig. 5.25 develops.

The Bales-Zangwill instability is discussed quantitatively and in more detail in
[26, 27]. We confine ourselves to the qualitative arguments given above. A wavy
step structure can be recognized in Fig. 5.19; the effect is particularly strong at
decreased temperature (Fig. 5.19b), where also low barriers act more effective due
to a lowered adatom mobility. It should be noted that a meander pattern of step may
also be induced by a Kink-Ehrlich-Schwoebel effect [28, 29].

5.2.7 Roughening of Surface Steps

A surface step will generally be perfectly straight only at T = 0 K. As the temper-
ature is increased, a finite contribution of entropy will decrease Gibbs free energy
and kinks separated by straight parts will appear. This roughening provides kink
sites for the incorporation of adatoms into the layer during growth. We consider the
structure of a straight step of monoatomic height on the (001) surface of a cubic
Kossel crystal oriented along the [100] direction [19]. Figure 5.26 shows a top view
on a straight step at position (a), where one atom was moved from an embedded
step site to a site attached to the step. To evaluate the energy cost of this operation
in the framework of the terrace-step-kink model we count the number of broken and
formed next-neighbor bonds. Three bonds with an energy EB each were broken, and
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Fig. 5.26 Schematic of monoatomic steps on a Kossel crystal viewed from top, a lighter gray
shading indicates higher lying terraces. (a) Kinks generated by moving one embedded ledge atom
of a straight step to a position attached to the step. (b) Step with kinks of several atom units

one bond for the attachment at the step was formed, yielding a net amount of 2EB.
Counting of the kinks created yields (from bottom to top in Fig. 5.26 at position (a))
1+, 1−, 1−, 1+, i.e., two positive and two negative kinks. We thus obtain an energy
of EB/2 necessary to form a kink.

The probability of having a kink or a straight part of the step depends on the en-
ergy per kink. Denoting the probabilities for (monoatomic) positive kinks, negative
kinks, and straight parts p+, p−, and p0, respectively, we obtain [19]

(1/2)(p+ + p−)

p0
= exp

(
−EB/2

kT

)
, p+ + p− + p0 = 1. (5.29)

The mean distance between kinks is given by y0 = a/(p+ + p−), a being the unit
spacing. Inserting (5.29) yields

y0 = a

2
exp

((
EB/2

kBT

)
+ 2

)
≈ a

2
exp

(
EB/2

kBT

)
. (5.30)

The mean distance y0 between kinks decreases as the temperature is raised. Note
that at common growth temperatures usually EB � kBT applies. Considerations
above assumed kinks of a single atom unit and steps without any mutual interaction
arising from long-range strain fields.

We illustrate the effect of step roughening for the interesting vicinal surface of
Si(001). The Si(001) surface reconstructs to a (2 × 1) surface unit-cell by form-
ing rows of dimerized atoms. Dimer rows on terraces that are separated by a
monoatomic step (or by an odd number of such steps) are perpendicular to each
other due to the structure of the diamond lattice (Sect. 2.1.4). If the singular
Si(001) surface is tilted by a small angle (below ∼1°) toward a [011] direction,
adjacent monoatomic steps are hence not equivalent. It should be mentioned that
larger miscuts (2–10°) and heating to typical growth temperatures above 600 °C
leads to double-layer steps, which are not considered here. There exist two kind
of monoatomic steps: those labeled SA steps (single A steps) have dimers on the
lower terrace directed parallel to the step, while the dimerization direction on the
lower terrace at SB steps runs perpendicular to the steps, cf. Fig. 5.27. Calculations
show that the formation energy per length of SA steps is much lower (∼0.01 ±
0.01 eV/atom) than that of SB steps (∼0.15 ± 0.03 eV/atom) [30]. This finding was
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Fig. 5.27 Top view on
monoatomic steps of a vicinal
Si(001) surface. The height
decreases from left to right.
On each terrace dark gray
dimers and gray atoms lie on
the topmost layer and the
layer underneath, respectively

Fig. 5.28
Scanning-tunneling
micrograph of a Si(001)
surface miscut 0.3° towards
[100]. The surface was
annealed at 600 °C for 5 min
prior to quenching to room
temperature. Steps are
descending from the upper
left to the lower right corner.
Reproduced with permission
from [31], © 1990 APS

basically confirmed by scanning-tunneling microscopy, yielding an upper-bound es-
timate of ∼0.028 ± 0.002 eV/atom for SA steps and ∼0.09 ± 0.01 eV/atom for SB

steps [31].
Due to the symmetry of the Si(001) surface each kink must have a length of

multiples of 2a, and the same holds for the distance between kinks. We note from
Fig. 5.27 that kinks in one type of step are made of segments of the other type of
step. The two types of steps have different energies associated with the formation of
kinks and consequentially also different morphology: SA steps are smooth and SB

steps are rough, see Fig. 5.28.
The equilibrium distribution of steps and kinks was analyzed from images like

that of Fig. 5.28 [31]. In the analysis a kink is any inside corner followed by an
outside corner or vice versa. Separations s and lengths n of kinks are defined as
shown in Fig. 5.26. Resulting distributions of kink separations s and kink lengths n

of an SB step are displayed in Fig. 5.29. The probability p(s) of finding two adjacent
kinks separated by s atoms follows from the probability pk that a kink exists times
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Fig. 5.29 (a) Probability of
two adjacent kinks separated
by s atoms depending on
their separation for an SB step
on Si(001) prepared at
600 °C. The solid line is
function (5.31) with pk taken
from the measured kink
density. (b) Number of kinks
of length n as a function of
kink length n. Reproduced
with permission from [31],
© 1990 APS

the probability that no kink (i.e., (1 − pk)) is nearby in a range ±s atoms. The exact
relation is given by

p(s) = pk(1 − pk)
s/2−1. (5.31)

This function is drawn in Fig. 5.29a. In the plot pk equals the number of kinks of
SB steps counted from STM images divided by the total number of possible kink
sites. We observe that (5.31) describes the measured probability distribution p(s)

very well, indicating that kinks may be considered independent in this experiment.
The validity of this assumption is also reflected in Fig. 5.29b, showing an expo-
nential dependence of the number N of kinks of length n atoms from the length,
i.e., N ∼ exp(−E(n)/(kT )), where E(n) is the energy of a kink of length na. E(n)

was shown to be related to the formation energy per length of a step ES according
E(n) = nES + const [31]. ES corresponds to an SA step for kinks in an SB step (and
vice versa) due to the symmetry of the diamond lattice as illustrated in Fig. 5.27.
The E(n) offset, i.e., the const = 0.08 ± 0.02 eV, may be considered as an addi-
tional energy due to the corner of a kink. The lower formation energy per length
ES of SA steps leads to a small kink energy E(n) in SB steps, and consequently
according (5.30) to a smaller mean distance y0 between kinks as compared to SA
steps.

5.2.8 Growth of a Si(111)(7 × 7) Surface

Surface kinetics considered so far assumed adatoms arriving on the surface to mi-
grate and eventually nucleating islands or being incorporated on a regular lattice
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Fig. 5.30 Homoepitaxial growth of a two-dimensional island on a (7 × 7) reconstructed Si(111)
surface recorded at 575 K using scanning tunneling microscopy. The image size is 500 × 500 Å2.
Reproduced with permission from [33], © 1998 APS

site at a step. The nucleation theory outlined above in Sect. 5.2.2 is often success-
fully applied to describe epitaxy of metals. Metal surfaces often do not reconstruct,
and surface diffusion and capture to form a stable nucleus may be the only rele-
vant processes which determine the growth morphology. We know, however, from
Sect. 5.1 that the arrangement of surface-near atoms may strongly deviate from that
inside the bulk solid. Such reconstruction is particularly prominent on semiconduc-
tor surfaces. Compared to an unreconstructed surface an additional energy barrier
must hence be surmounted to form a stable nucleus [32]. How are surface atoms
rearranged from sites in reconstruction to regular lattice sites during growth? The
complexity of surface reconstructions pointed out in Sects. 5.1.6 and 5.1.7 indicate
that this question does not have a general answer. Only few studies provide a micro-
scopic insight into the complex growth kinetics of reconstructed semiconductors.
We consider growth steps for the two examples previously also treated to illustrate
surface reconstructions.

The (7 × 7) reconstruction of the Si(111) surface is a prominent surface struc-
ture. According the DAS model the complex reconstruction comprises 15 dimers,
12 adatoms, and 1 stacking fault, cf. Fig. 5.13. During growth the atoms of the sur-
face reconstruction have to be rearranged to the bulk structure. We first consider an
experimental observation of the epitaxial growth of a two-dimensional island. Fig-
ure 5.30 shows a sequence of STM images recorded at 575 K during MBE growth
on a (7 × 7) reconstructed Si(111) surface [33]. Details of the reconstruction are not
resolved in the images. We note a pronounced macro kink at the right edge of the
island that gradually moves downwards, thereby eventually completing a laterally
enlarged triangular island. Atomically resolved images proved that the fast growing
stripe has the width of a (7 × 7) unit cell (27 Å).

The stability of the island during the sequence shown in Fig. 5.30 indicates a fast
growth of the additional row. This is confirmed by the growth dynamics evaluated
from such in situ STM images given in Fig. 5.31 [33]. The lower curve shows the
experimentally observed size of a single island expressed in units of half the rhombic
(7 × 7) unit cell. We note pronounced plateaus indicating a stable configuration of
the island, and a rapid increase of the island size between the plateaus. These periods
of fast growth correspond to the addition of a row like that shown in the sequence of
Fig. 5.30. The stable islands occur at triangular “closed shell” configurations, i.e., at
sizes of n2 half-unit-cells. At these numbers isosceles triangles appear, cf. Fig. 5.32.
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Fig. 5.31 Evolution of a
single island on a Si(111)
(7 × 7) surface. Lower and
upper curve refer to
experimental data and a
kinetic Monte Carlo
simulation, respectively. The
island size is given in
numbers of half-unit-cells
(HUC), gray horizontal lines
marks sizes of n2 HUC.
Reproduced with permission
from [33], © 1998 APS

The observed island growth is related to the structure of the surface reconstruc-
tion. The rhombic (7×7) unit cell of the Si(111) (7×7) surface is composed of two
triangular half-unit-cells (HUC): One unfaulted half (U-HUC) with a near-surface
layer sequence identical to the bulk underneath, and a faulted half (F-HUC) with a
stacking fault (the right and left triangles in Fig. 5.13, respectively). During growth
the reconstructed atoms have to rearrange toward the bulk structure. In the unfaulted
HUC these are the atoms in the uppermost layer. In the faulted HUC the stacking
fault must be removed in addition. Atom rearrangement in the faulted half is there-
fore associated with a higher energy barrier than in the unfaulted half of the (7 × 7)
unit cell [34].

A model of the growth sequence is illustrated in Fig. 5.32. A triangular two-
dimensional island on Si(111) (7 × 7) is surrounded by faulted half-unit-cells de-
noted F in Fig. 5.32 (the initial nucleation is assumed to be favored on an unfaulted
unit cell). Growth of the island hence requires the overgrowth of a faulted HUC.
Surmounting the unfavorable high energy barrier causes the delay observed in the
dynamics Fig. 5.31. Once an F-HUC nucleates the adjacent U-HUC can be over-
grown more easily. Overgrowth of the next F-HUC is facilitated by the macro kink
depicted in Fig. 5.32: The new F-HUC has a shorter edge length than the F-HUC
which nucleated before (1 side instead of 2). Neighboring faulted and unfaulted
half-unit-cells aside the island are overgrown in a quick succession until an enlarged
island comprising n2 half-unit-cells in total is completed.

The experimentally observed growth behavior is well reproduced by a kinetic
Monte Carlo simulation [33]. The simplified model assumes a honeycomb lattice
consisting of alternating F and U sites, and material to be transported towards the
island in HUC units. The attachment barrier E is assumed to depend on both, the
type of the underlying HUC (F or U), and the number nedge of nearest-neighbor
HUC already attached to the island, E = EU/F − nedge × Eedge. Rates for hopping
and attachment are modeled in terms of Arrhenius expressions with energies chosen
to yield the best agreement with experimental data. The result shown in Fig. 5.31
features a similar dynamics as the island evolution observed in the experiment.

Nucleation of the half-unit-cells was addressed in spatially more refined models
[35, 36]. Nucleation of a 2D island is considered to proceed in three steps, starting
with a small stable cluster in a HUC of the Si(111) (7×7) surface. The cluster raises
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Fig. 5.32 Arrangement of
faulted (F) and unfaulted (U)
half-unit-cells of a (7 × 7)
reconstructed Si(111) surface
around a triangular
two-dimensional Si island
(dark gray)

Fig. 5.33 STM image of a
(7 × 7) reconstructed Si(111)
surface after deposition of 0.2
bilayers of Si showing
clusters, cluster pairs, and 2D
islands. The smallest island
(circle) has the size of one
unit cell. The image size is
425 × 425 Å2. Reproduced
with permission from [36],
© 2007 APS

the adatom binding energy in adjacent HUCs, leading to a preferential formation of
a second cluster in a neighboring HUC of the same unit cell. Eventually an addi-
tional adatom is attached to the cluster pair, and the (7 × 7) reconstruction is locally
removed [36]. The species cluster, cluster pair, and 2D island are well reproduced
in the STM image Fig. 5.33.

5.2.9 Growth of a GaAs(001) β2(2 × 4) Surface

A very detailed scenario of kinetic processes occurring during nucleation and
growth of reconstructed surfaces was obtained by combining experimental STM
results with kinetic Monte Carlo simulations [37, 38]. Advanced modeling emloyed
rates obtained from density-functional theory (DFT) calculations [38]. Monte Carlo
simulations can bridge the time scales from individual kinetic steps to macroscopic
growth, while DFT calculations yield kinetic parameters from first principles. The
studies focus on homoepitaxial growth of GaAs on a As-rich GaAs(001)-β2(2 × 4)
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Fig. 5.34 Side and plan views of a β2(2 × 4) reconstructed GaAs(001). The unit cell is indicated
by dashed lines, filled and open symbols represent Ga and As atoms, respectively. Numbers label
initial growth steps

surface from beams of atomic Ga and As2 molecules. The two species behave quite
different on the surface. Ga atoms adsorb with a sticking coefficient of unity on the
As-rich surface [39], leading to a growth rate which is controlled by the Ga flux.
On the other hand, the chemically rather stable As2 binds only weakly to an As-rich
GaAs surface [39, 40]. It adsorbs only after deposition of Ga [41] and diffusion to
adjacent sites [38]. Diffusion and incorporation of Ga has thus a strong impact on
the adsorption and incorporation of arsenic.

The β2(2 × 4) reconstructed GaAs(001) surface consists of rows with topmost
As-As dimers, separated by trenches, cf. Fig. 5.34. Diffusion of Ga adatoms is
anisotropic with lowest activation energy for hopping processes along the trenches
[42]. From calculations it was found that the terminating As2 dimers of the β2(2×4)

reconstruction, particularly those in the trenches, act as traps for diffusing Ga
adatoms: Ga atoms are immobilized for about 10−8 s, much longer than the time
scale for hopping of order 10−12–10−9 s. At such Ga adsorption site a gas-phase
As2 molecule can readily adsorb by forming one bond to the adsorbed Ga atom and
two bonds to Ga atoms with unsaturated bonds that are located at the side walls of
the β2(2 × 4) trenches. The new As-As dimer complex becomes more stable by
attaching another diffusing Ga adatom in the trench. Growth on the reconstructed
surface hence preferentially nucleates at the side walls of the trench and largely
proceeds by partially filling the trenches, followed by island nucleation on surface
regions where a filling of the trenches has occurred [43]. The first steps of the men-
tioned process are depicted in Fig. 5.34. The surface unit-cell marked in the figure
contains an As-As dimer in the trench. In one of the favored Ga diffusion channels
the bond of these dimers is broken by Ga as depicted at position 1 in the top panel
of Fig. 5.34 [42]. The new bonds relax the position of the two As atoms to their bulk
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position. The Ga atom at position 1 favors a subsequent As2 adsorption at the trench
side-wall as indicated at position 2. A dangling bond of As may then be saturated
by a further Ga atom in the trench at position 3.

The outlined nucleation steps describe the main route occurring at standard con-
ditions of molecular beam epitaxy of GaAs(001) at 800 K. The prevailing processes
change when the growth temperature is changed [38].

The examples of homoepitaxial growth on the β2(2 × 4) reconstructed
GaAs(001) surface and the (7 × 7) reconstructed Si(111) surface indicated that
the classical nucleation theory may sometimes be too simplified for describing the
complex processes of semiconductor growth. Still the simple theory provides useful
guidelines to interpret growth phenomena and to optimize growth conditions.

5.3 Self-organized Nanostructures

The reduction of the dimensionality of a solid leads to a modification of the elec-
tronic density-of-states. The effect of size quantization requires characteristic length
scales in the range of typically 10 nm defined by the de-Broglie wavelength as
outlined in Sect. 3.3.2. Fabrication of such small structures with high material qual-
ity may hardly be accomplished by lateral patterning of quantum wells. Etching
or implantation techniques inevitably introduce defects, which deteriorate the elec-
tronic properties of a nanostructure. Therefore a number of techniques were de-
veloped particularly in the 1990ies employing self-organization phenomena during
epitaxial growth. The approaches are based on an anisotropy of surface migration
of supplied atoms, originating from a non-uniform driving force like, e.g., strain,
that tends to minimize the total energy of the system. Thereby structurally or com-
positionally non-uniform crystals with dimensions in the nanometer range may be
coherently formed without structural defects. Some of these techniques have at-
tracted much attention for the fabrication of quantum wires and quantum dots, and
are outlined in the following.

5.3.1 Stranski-Krastanow Island Growth

Stranski-Krastanow growth is one of the three fundamental growth modes intro-
duced in Sect. 4.2.3. The characteristic feature is a transition of an initially two-
dimensional layer-by-layer growth to three-dimensional growth. The size of the
three-dimensional islands formed by such transition lies for many semiconductors
in the range required for quantum dots (QDs) as expressed by (3.37). The transition
of 2D to 3D layer growth may be induced by strain upon depositing a 2D layer on
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Fig. 5.35 Scheme illustrating elastic strain relaxation in (a) a quantum dot and (b) a quantum
well. Yellow and blue circles represent atoms of size-quantized materials and barrier materials,
respectively

a substrate with a different lateral lattice constant. Since a coherent layer adopts the
lateral atomic spacing of the substrate, strain accumulates with increasing thickness.
Above a critical layer thickness the strain is relaxed plastically by introduction of
misfit dislocations (Sect. 2.2.6). Below this critical thickness under suitable condi-
tions a considerable part of the strain may be relaxed elastically, i.e. without intro-
duction of dislocations, by the formation of three-dimensional surface structures.
Such reorganization of a flat surface into a system of tilted facets implies an en-
largement of the surface area. The driving force of the Stranski-Krastanow growth
mode is therefore a minimization of the total strain and surface energy [44]. The
elastic strain relaxation in an uncovered 3D island is illustrated in Fig. 5.35a. We
note that the strain is inhomogeneous, giving rise to shear deformations in addition
to hydrostatic strain components. This feature is in contrast to a strained quantum
well depicted in Fig. 5.35b. The quantum well exhibits a constant, homogeneous
biaxial strain in the entire layer.

Elastic strain relaxation generally leads to an energy decrease of the structure.
The contribution of the surface energy upon faceting of a flat surface may, by con-
trast, be positive or negative. The sign follows from a simple advisement. Consider,
e.g., a (001) surface with area A and a surface energy γ001 as illustrated in Fig. 5.36.
This surface will gain energy upon a faceting with {110} facets, if the surface en-
ergy γ011 of these facets fulfills the condition

√
2γ011 < γ001. The prefactor

√
2 is

the increase of surface area of a faceted {011} surface with respect to the flat (001)
surface.

The total energy gain of three-dimensional islands with respect to a two-
dimensional deposition is given by strain and surface energy contributions of both,
the reorganized part of the material and the part remaining in the wetting layer after
the Stranski-Krastanow transition. The wetting layer is a fraction of the deposited
strained material of at least one monolayer thickness. This part remains as a two-
dimensional layer on the substrate and does not migrate to the faceted part due to a
lower surface energy of the deposit as discussed in Sect. 4.2.3.

We consider the total energy gain per unit volume obtained, if a two-dimensional
deposit of nominal thickness θ0 (in units of monolayers) reorganizes to a sin-
gle faceted three-dimensional island on a wetting layer (WL) of thickness θ , cf.
Fig. 5.37. The contributions sensitively depend on the shape of the island. For
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Fig. 5.36 Faceting of a (001)
surface with area A to a
surface of total area

√
2A

with {011} facets

simplicity we assume an island with the shape of a pyramid with a quadratic base
of length L as often found in experiment. The gain can be expressed as [45]

Etotal

V
= εelast

island − εelast
layer + Aγfacet − L2γWL(θ0)

V
+

(
1

ρ
− L2

)
γWL(θ) − γWL(θ0)

V
,

(5.32)

with the elastic energy densities εelast
island and εelast

layer of the island and the uniformly
strained layer, respectively. The third term describes the change in surface energy
due to the island: γfacet is the surface energy of the island facets, A is their area,
and L the island base length. The volume of the pyramidal shaped island V follows
from mass conservation and is given by

V = 1

ρ
(θ0 − θ)dML = 1

6
L3 tanα,

where ρ, dML, and α are the areal density of the islands (in units cm−2), the thick-
ness of one monolayer, and the tilt angle of the facets. The fourth term in (5.32)
accounts for the change of wetting layer energy as the thickness decreases from θ0
to θ . The relation γWL(θ) computed for thin reconstructed InAs layers on GaAs
substrate is shown in Fig. 5.38a [45]. The prefactor (1/ρ − L2) effectuates that this
term solely applies for the free surface besides the island (i.e., the area not covered
by the island). The sum of all four contributions is given in Fig. 5.38b. Values re-
fer to pyramidal InAs islands with relaxed, but unreconstructed {110} facets and a
β2(2 × 4) reconstructed (001) surface of the wetting layer, grown on (001) oriented
GaAs.

The calculated energy gain per unit volume upon island formation given in
Fig. 5.38b shows that major contributions originate from the elastic energy relief,
i.e., from the first two terms in (5.32). This negative part scales with the island vol-
ume. The surface energy described by the third term in (5.32) is an unfavorable
positive energy with a decreasing contribution for larger islands due to a ∝ V 2/3

dependence. The wetting-layer contribution represented by the fourth term in (5.32)
is also positive. Besides island volume it depends on island density and the cov-
erage. The importance of facet edges was controversial in literature [44, 46]; the
calculation presented in Fig. 5.38b yields an only minor contribution.

The total energy density given by the sum of all contributions has an energy
minimum for a particular island size as indicated by an arrow in the figure. Such
minimum is important for obtaining a narrow size distribution for an ensemble of
islands. It should be noted that a theory considering only the two contributions of
elastic relaxation (negative, ∝ V ) and island surface-energy (positive, ∝ V 2/3) does



212 5 Atomistic Aspects of Epitaxial Layer-Growth

Fig. 5.37 Reorganization of a uniformly strained layer of θ0 monolayers thickness to an island
with pyramidal shape on a remaining wetting-layer thickness of θ monolayers. L and α are the
base length of the island and the tilt angle of the island facets, respectively

Fig. 5.38 (a) Calculated formation energy of a strained InAs wetting layer on (001)-oriented GaAs
as a function of coverage θ . (b) Total energy gain by island formation with various contributions
for ρ = 1010 cm−2 areal density and θ0 = 1.8 monolayers InAs layer coverage on GaAs (black
lines). The gray line refers to the total energy gain for θ0 = 1.5 monolayers. Arrows mark the
minima of the total energy curves, WL denotes the contribution of the wetting layer. Reproduced
with permission from [45], © 1999 APS

not yield a finite equilibrium size. For sufficient high coverages the volume term al-
ways prevails and favors steady island growth as previously discussed in nucleation
and ripening (Sects. 4.2.1, 4.2.8).

Stranski-Krastanow growth induced by strain represents a quite universal be-
havior. Self-organized formation of islands is found for both, compressively and
tensely-strained layers in various materials systems and crystal structures. Table 5.5
and Fig. 5.39 give some examples. The mismatch is defined by (2.20a), yielding a
negative sign for compressively strained islands. Usually substrate material is also
employed for covering the islands after formation. The material is then generally
termed matrix. Often the island material is alloyed with matrix material to reduce
the strain, yielding a parameter for controlling the transition energy of confined ex-
citons.

Self-organized Stranski-Krastanow growth was particularly studied for fabricat-
ing InAs and In1−xGaxAs quantum dots in a GaAs matrix [51]. The InAs lattice
constant exceeds that of GaAs by ∼7 %, and the critical thickness for elastic re-
laxation of such a highly strained 2D InAs layer on a GaAs(001) substrate to 3D
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Table 5.5 Some semiconductor materials used for strain-induced, self-organized Stranski-
Krastanow formation of islands

Island/matrix Ge/Si InAs/GaAs GaN/AlN PbSe/PbTe

Structure Diamond Zincblende Wurtzite Sodium chloride

Orientation (001) (001) (0001) (111)

Mismatch −3.6 % −7 % −2.5 % +5.5 %

Fig. 5.39 Free standing self-organized islands formed by Stranski-Krastanow growth in vari-
ous strained heteroepitaxial materials: (a) Ge/Si(001) [47], (b) InAs/GaAs(001) [48], (c) GaN/
AlN(0001) [49], (d) PbTe/PbSe(111) [50]. The AFM images are vertically not to scale with re-
spect to the lateral scale

islands is only about 1.5 InAs layers. Once this critical layer thickness is exceeded,
islands form with a high areal density of typically 1010–1011 cm−2.

The Stranski-Krastanow transition from 2D growth of a strained layer to 3D
growth of islands occurs quite abrupt, albeit it may be delayed by kinetic barri-
ers constituted by suitable growth conditions. During molecular-beam epitaxy the
2D–3D transition can be monitored in situ using reflection high-energy electron
diffraction: The streaky reflection pattern indicating reflection from a flat 2D sur-
face changes to a spotty pattern created by three-dimensional surface structures
[52]. Atomic force micrographs taken for different coverages of InAs yield virtu-
ally no islands below the critical coverage θc, and a sharp increase of the density
of islands ρ above dc following a relation ρ ∼ (θ − θc)

α [53]. The dependence of
island density on InAs coverage θ is shown in Fig. 5.40.

The shape of islands created by Stranski-Krastanow growth depends on the ma-
terial system and also on the growth conditions. For uncovered islands in several
materials systems the shape is found to undergo a transition upon increase of vol-
ume, which increases for thicker coverage. Generally a transition with a continu-
ous introduction of steeper facets at the island edge is expected [54], particularly
due to the strain concentrating at the base perimeter. Experimental results for the
two most studied materials InAs/GaAs(001) and Ge/Si(001) are given in Fig. 5.41.
Small and large islands, referred to as pyramids with shallow facets and domes with
steep facets, respectively, were found. The gray scale in the figure indicates the local
slope of the facets.
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Fig. 5.40 Density of
self-organized islands formed
by Stranski-Krastanow
growth during
molecular-beam epitaxy at
530 °C with a low growth rate
of 0.01 ML/s. Reproduced
with permission from [53],
© 1994 APS

Figure 5.41 indicates that islands with distinctly different sizes may coexist. A bi-
modal size distribution of island ensembles with well separated maxima of the mean
sizes is often observed. The finding indicates some departure from thermodynamic
equilibrium due to the presence of kinetic barriers in the formation process. Is-
land formation using Stranski-Krastanow growth is usually performed at quite low
growth temperatures.

For quantum-dot applications in devices Stranski-Krastanow islands are covered
by a capping layer. Usually the same material as that underneath the islands is em-
ployed. The morphology of the islands is generally strongly modified during the
capping procedure, unless special deposition conditions are found to preserve the
initial shape. While strain favors the formation of steep facets in the case of free
standing islands, deposition of a mismatched material on top of the islands reverses
this trend: Generally the islands tend to become flat during cap layer deposition.
Often quantum dots with a shape of truncated pyramids are formed. A microscopic
picture of the capping dynamics of InAs/GaAs/(001) islands was obtained from
scanning tunneling microscopy [55]. The process is illustrated in Fig. 5.42. Initially
the deposited Ga atoms tend to migrate away from the islands’ apex and accumulate
at the base due to a better lattice match of the GaAs cap layer material. Indium from
the apes starts to alloy with Ga near the base, thereby releasing strain and increasing
entropy. Eventually GaAs covers the remaining material of the island, yielding a
surface morphology depending on the deposition rate of the cap layer.

The effect of cap layer deposition on the island shape is illustrated in Fig. 5.43.
The STM images show (110) cross sections of InAs islands in GaAs matrix material
grown using MBE under the same conditions as applied for the free standing island
shown in Fig. 5.39b. The GaAs cap layer was deposited with a rate of 0.15 ML/s at
the same low temperature of 510 °C as the InAs islands after applying 10 s growth
interruption. The shape changed from a pyramid with shallow facets to a truncated
pyramid with a flat (001) top and steeper side facets [56]. Such shape was also found
for structures grown using MOVPE [57] and is typical for buried InAs/GaAs islands.

Often a growth interruption is applied after deposition of the island material and
prior to deposition of the cap layer. The interruption intends to equilibrate the en-
semble of islands for obtaining a narrow distribution of sizes. Usually the mean size
of the resulting quantum dots increases as the duration of the growth interruption
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Fig. 5.41 Shape of uncapped Ge/Si (a, b) and InAs/GaAs islands (c, d). Steeper facets are marked
by a darker gray tone: light gray, gray and dark gray denote {105}, {113}, and {15 3 23} facets for
Ge/Si and {137}, {101}, and {111} facets for InAs/GaAs, respectively. Reproduced with permission
from [58], © 2004 APS

Fig. 5.42 Schematic of the overgrowth process of InAs/GaAs islands. Orange and blue mark In
and Ga Column-III elements, respectively. Shaded regions indicate intermixed InGaAs materials.
Cap layer morphology obtained for a low capping rate is illustrated in (e), for a high capping rate
in (f). Reproduced with permission from [55], © 2006 APS

increases. Such ripening is a further indicative of kinetic limitations in the usually
applied growth procedure.

5.3.2 Thermodynamics Versus Kinetics in Island Formation

Stranski-Krastanow growth in a regime with a major influence of kinetics some-
times leads to experimental findings which appear inconsistent. Size and density of
islands for a given deposition thickness are important parameters which are read-
ily obtained experimentally. At low deposition temperature the diffusion length of
adatoms is short and the nucleation rate is high. Consequently small islands form
with a high areal density. In this kinetic regime the islands grow larger and the
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Fig. 5.43 Cross section STM images of small InAs/GaAs(001) islands formed from various InAs
coverages and buried by GaAs. The dotted white lines indicate the truncated pyramid shape. Cour-
tesy of M. Dähne, TU Berlin

density accordingly decreases for a given deposition thickness as the temperature
is increased. Such trend is usually observed in island formation using Stranski-
Krastanow growth. On the other hand, in the thermodynamic regime at high tem-
perature the size is expected to decrease in favor of a larger areal density as the
deposition temperature is increased [59, 60]. Numerical results of corresponding
equilibrium calculations are given in the inset of Fig. 5.44a. The maximum of the
distribution function shifts to smaller island sizes and broadens as the temperature is
increased. The same result is obtained from kinetic Monte Carlo (KMC) simulations
shown in the main panel of Fig. 5.44 [61]. In the KMC simulation a long duration
for equilibration of the island ensemble (35 s) was assumed.

The temporal evolution of the island sizes is displayed in Fig. 5.44b. The KMC
simulation was performed on a lattice with 250 × 250 atoms and assumed an initial
coverage of 4 %, randomly deposited at a flux of 1 ML/s. Adatoms diffuse by nearest
neighbor hopping and may cross island edges by surmounting a Schwoebel barrier.
Strain near an island is accounted for by including a position-dependent energy
correction in the Arrhenius expression of the hopping rate. In the initial stage we
find small islands at low temperature, whereas larger (and fewer) islands are formed
at higher temperatures: The mean diffusion length increases at higher temperature,
and nucleation of new islands is suppressed. Nucleation is hence the dominating
process for a short duration of the evolution, a clear indication for a kinetically
controlled growth. Right after deposition the island ensemble begins to equilibrate.
At low temperature a slow increase of the mean island size is found. Such ripening
proceeds much faster at higher temperature. Eventually the size distribution attains
an equilibrium value. We note from Fig. 5.44b that the average island size now
decreases as the temperature is increased, in agreement with equilibrium results
shown in Fig. 5.44a. The study thus evidences a crossover from an initial kinetically
controlled regime to thermodynamic equilibrium after an equilibration period.
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Fig. 5.44 (a) Equilibrium distribution of island sizes for T = 675 K (diamonds), 700 K (circles),
725 K (squares), and 750 K triangles) obtained from Monte Carlo simulations on a 250×250 grid.
Solid lines are numerical fits. Inset: Results from thermodynamic theory. (b) Simulated evolution
of the mean island size for various temperatures. Reproduced with permission from [61], © 2001
APS

5.3.3 Wire Growth on Non-planar Surfaces

One-dimensional structures in the nanometer-scale may be fabricated by employing
a variety of growth-related phenomena [62]. Two different methods are pointed out
here.

The realization of quantum wires is a challenging task. A 1D wire has a larger in-
terface/volume ratio than a 2D quantum well and consequently makes high demands
for structural quality. Interface fluctuations on a length scale of the exciton Bohr ra-
dius easily lead to localization referred to as zero-dimensional regime. Progress and
true 1D properties of confined carriers was particularly achieved using V-shaped
wires fabricated using patterned substrates as depicted in Fig. 3.25. The techniques
utilizes the dependence of the Ga surface diffusion-length and GaAs growth rate on
the crystallographic orientation of GaAs surfaces.

The diffusion length λGa of Ga adatoms is—in a certain temperature range—
approximately described by a dependence λGa ∝ exp(−Eeff/(kBT )), with an effec-
tive activation energy Eeff depending on the orientation of the surface. From molec-
ular beam epitaxy of GaAl/AlGaAs superlattices on various GaAs facets grown un-
der Column-III limited flux conditions the following order of diffusion lengths was
concluded [63]:

λGa(001) ≈ λGa(1̄1̄3̄)B

<
{
λGa(1̄1̄1̄)B, λGa(3̄3̄1̄)B, λGa(013), λGa(113)A

}
< λGa(159) ≈ λGa(114)A ≈ λGa(111)A

< λGa(110).
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Fig. 5.45 Schematic of
GaAs wire formation on a
V-shaped patterned substrate
with an AlGaAs barrier layer

Fig. 5.46 Cross-section
transmission-electron
micrograph of a vertically
stacked GaAs/Al0.42Ga0.58As
quantum wires. The white
circle marks the radius of
curvature of the bottom wire
interface. Reproduced with
permission from [68], © 1995
AIP

The Ga diffusion length increases in the order of GaAs surfaces related to (001),
(1̄1̄1̄)B, (111)A, and (110) orientations. λGa(001) was about 0.5 µm for the investi-
gated growth at 620 °C.

On a non-planar GaAs substrate Ga adatoms migrate towards a surface with the
minimum λGa and are incorporated there. The growth rate of facets with a larger dif-
fusion length is therefore decreased. This effect was employed to fabricate V-shaped
quantum wires [64] and also ridge quantum-wires [65, 66]. Figure 5.45 illustrates
the effect of wire formation. Growth is performed on a GaAs substrate with V-
shaped grooves fabricated using lithography and anisotropic wet etching. Usually
grooves on a GaAs(001) substrate oriented along the [1̄10] direction and composed
of two {111}A side walls are used. A lower AlGaAs barrier layer is then grown on
the patterned substrate. The adatom diffusion-length during AlGaAs growth is quite
short and does not show a pronounced facet formation; the V-groove bottom there-
fore remains quite sharp. In the subsequent GaAs growth Ga adatoms impinging on
the {111}A side walls tend to migrate with a long diffusion length to facets with
a short diffusion length. Thereby the growth rate is enhanced at the bottom of the
V-groove, and a (001) facet and accompanying {311} facets are generated. Adatom
migration towards the center at the V-groove bottom is supported by an additional
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Fig. 5.47 Formation of quantum wires from 3 nm thick InGaAs deposition on GaAs (001) mis-
oriented 5° towards [1̄10]. (a) Atomic force micrograph of an In0.1Ga0.9As layer grown on the
stepped GaAs surface; adopted from [62]. (b) Magnified schematic of the cross section of im-
age (a). (c) Cross-section transmission-electron micrograph and (d) schematic of an In0.15Ga0.85As
layer covered by a thick GaAs barrier layer. Reproduced with permission from [70], © 1997 Else-
vier

capillary effect [67]. Eventually the GaAs layer is capped by an upper AlGaAs bar-
rier, leaving buried regions of an enhanced thickness which act as quantum wires.

During growth of the upper AlGaAs layer the diffusion length of Ga adatoms is
again quite short. This leads to a sharpening of the V-groove bottom, and eventually
to a shape similar to that existing before the deposition of the GaAs layer. The
growth sequence may then be repeated, so as to create a vertical stack of quantum
wires as shown in Fig. 5.46. The dark regions in the AlGaAs layers labeled VQW
(vertical QW) represent Ga-rich parts with a lower bandgap.

Self-organized growth was also applied on non-patterned substrates to fabricate
quantum wires. We consider the use of step bunches which may appear on surfaces
as pointed out in Sect. 5.2.6. Quantum wires forming at step bunches were studied
for virtually unstrained GaAs/AlGaAs [69], but as well for strained wire/barrier
materials such as InGaAs/GaAs [70], InGaAs/InP, and SiGe/Si [71] on various
low-index surfaces. The strain-induced interaction among steps in superlattice wire-
structures was shown to favor the ordering of step bunching [72], leading to wires
with regular lateral spacing [71]. The formation of wire material at steps of the
barrier material may be attributed to the process of step-flow growth (Sect. 5.2.4)
and the lower surface energy of the wire material. Furthermore, elastic relaxation of
strained wire material is enhanced at step edges.

Formation of InGaAs quantum wires on a vicinal GaAs (001) surface misoriented
by 5° towards the [1̄10] direction is illustrated in Fig. 5.47. The vicinal GaAs sur-
face forms step bunches of ∼6.1 nm height and 70 nm spacing running along [110].
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The terraces correspond to singular (001) faces. Metalorganic vapor-phase epitaxy
of 3 nm thick InGaAs on this GaAs surface basically reproduces the stepped surface
morphology [70]. InGaAs quantum wires form after growth of an upper GaAs bar-
rier layer. The cross-sectional TEM image Fig. 5.47c shows ∼6 nm thick quantum
wires with a lateral width of ∼25 nm. The thickness of the persisting quantum well
on the (001) facets is ∼1.3 nm, yielding a growth enhancement of a factor of 4 at
the step edges.

5.4 Problems Chap. 5

5.1 Consider a Kossel crystal with the shape of a cube with edge length n × a,
consisting of atom cubes with edge length a.
(a) Determine the number of atoms Ni which differ in energy. Assume only

nearest-neighbor bonds and distinguish between atoms in the bulk, on the
faces (but not at corners or edges), at the edges (not at a corner), and at
corners. Calculate Ni for n equals 10 and 1000, and check that the total
number equals n3.

(b) The number of bonds for the different types of atoms noted in (a) differs.
With 1 bond of energy Eb shared by 2 neighbored atoms, a bulk atom has
an energy E = 6 × Eb × 1

2 = 3Eb. Calculate the respective energies for the
different types of atoms. The contribution of atoms at the surface (= faces,
corners, and edges) to the total energy Etot of all atoms decreases as the
size of the crystal increases. Find the fraction of their energy contribution
to Etot for n = 101 to 104 in steps by a factor of 10. Compare the result
for a large number n to that obtained when only bulk and face atoms are
considered.

5.2 The β2(2 × 4) reconstruction of the As-rich GaAs(001) surface contains two
As dimers in the 1st (top) layer and one in the 3rd layer. The reconstruction
complies with the electron-counting model similar to the missing-dimer (2 × 4)
surface discussed in the text (cf. Fig. 5.11).
(a) Apply electron counting for the β2(2 × 4) reconstruction by listing the

required and the available electrons in the topmost 4 layers, assuming dan-
gling Ga bonds empty and dangling As bonds filled. How many electrons
are involved?

(b) Repeat (a) for the related Ga-rich β2(4 × 2) reconstruction. In this surface
the As atoms are exchanged for Ga atoms and vice versa, yielding two
Ga dimers in the first and one in the third layer (cf. Fig. 5.11). Does the
β2(4 × 2) reconstruction comply with the electron-counting rule?

5.3 The surface diffusion of Ga is the rate-determining process in the epitaxy
of GaAs under excess arsenic pressure. An experiment on the temperature-
dependent surface-diffusion length λ yields the following four data points for
an Arrhenius plot of λ/cm versus 1000/T/K: 5.3 × 10−6, 1.00; 7.5 × 10−6,
1.05; 7.0 × 10−6, 1.20; 5.5 × 10−6, 1.25. Assume that the diffusion length of
the first two data points in the high-temperature range is solely governed by
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the diffusion barrier, and the latter data points also reflect a pure exponential
behavior which is additionally affected by the adsorption energy.
(a) Calculate the energy of the diffusion barrier and the adsorption energy.
(b) Find two different temperatures where the diffusion length equals 4.0 ×

10−6 cm.
5.4 We consider adatoms on a Si surface.

(a) How long is the residence time of an adatom at 1000 °C? Assume 2.0 eV
adsorption energy and a typical atomic vibration frequency of 1013 Hz.
Find the surface diffusivity, if the mean diffusion length of 4 × 10−5 cm is
limited by the residence time. What is the diffusion length at 800 °C, if the
diffusion barrier is half the adsorption energy?

(b) Step-flow growth occurs, if the surface diffusion-length exceeds well the
terrace width. Find the height of a (not reconstructed) single Si(001) mono-
layer and the angle for a small miscut along [100] required to produce
equidistant terraces with 200 nm width and 1 monolayer high steps. Find
the rate for the advancement of the step for 1 µm/h growth rate on the Si
surface.

5.5 An InAs island of pyramidal shape with 10 nm base length, bound by unrecon-
structed (110) side facets, is formed on a 1.40 monolayer thick wetting layer on
GaAs substrate. The lattice parameter of InAs is approximately 6.1 Å. Neglect
the strain in the following assessments.
(a) Estimate the number of In and As atoms in the island.
(b) Which thickness has the initially deposited two-dimensional InAs layer be-

fore the formation of the islands, if 4 × 1010 cm−2 islands are generated?
(c) What were the thickness of the initially deposited two-dimensional InAs

layer, if islands of the same areal density as in (b) were generated, but with
a shape of a spherical cap? The diameter and contact angle of these islands
are assumed to be 10 nm and 45°, respectively (compare to Fig. 4.10). How
many In and As atoms contains one of these islands?

5.5 General Reading Chap. 5
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Chapter 6
Doping, Diffusion, and Contacts

Abstract The ability to control the conductivity is an essential feature of semicon-
ductors. This chapter points out the basics for the control of the free carrier con-
centration and discusses the nature of limiting factors. The integrity of doping pro-
files and of interfaces in heterostructures depends on the stability of atoms against
a change of lattice site. We briefly consider fundamentals of diffusion and discuss
some basic mechanisms governing the diffusivity of atoms in a crystal. The chapter
concludes with concepts for ohmic metal-semiconductor contacts.

Device applications of semiconductors require control of the free carrier concentra-
tion and application of ohmic contacts for carrier injection or extraction. The con-
ductivity of a semiconductor can be varied over a wide range from semi-insulating
to semi-metallic by the introduction of impurities. The substitutional replacement
of a semiconductor atom by, e.g., a dopant atom with a chemical valence incre-
mented by one introduces an additional electron and a positive charge at the ion
core. For suitable dopant species the electron may thermally be released at room
temperature due to a small binding energy, allowing for adjusting the conductivity
via the concentration of impurities. The same applies for the creation of free holes
by substitutional dopants with a lower chemical valence. The simple concept works
particularly well for low doping levels and many semiconductors with a bandgap be-
low about 2 eV. Section 6.1 points out the essentials for conductivity control, limits
imposed by thermodynamics, and the nature of limiting factors.

Doping profiles are often created via diffusion by providing a concentration gra-
dient of the doping species. Diffusion phenomena also control the abruptness of
semiconductor interfaces. The underlying concepts are treated in Sect. 6.2.

Ohmic contacts are usually fabricated by evaporation of a contact metal on heav-
ily doped semiconductor layers. Besides such non-epitaxial techniques also epitaxial
contact structures may provide a solution in special cases. Basic concepts for ohmic
metal-semiconductor contacts are discussed in Sect. 6.3.

6.1 Doping of Semiconductors

The use of semiconductors in electronic and optoelectronic devices requires the reli-
able control of bipolar conductivity. Typical concentrations of impurities employed
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Fig. 6.1 Compensation of
p-type doping by a native
donor defect, which
introduces an occupied level
Edefect near the conduction
band

for doping are in the 1015–1020 cm−3 range, compared to about 5×1022 atoms/cm3

of the host semiconductor. Doping of shallow impurities for both, donors and accep-
tors is usually well achieved for semiconductors with a sufficiently small bandgap
energy such as Si. In contrast, wide-bandgap semiconductors with a gap energy
above ∼2 eV like, e.g., many II–VI compounds and group-III nitrides can typi-
cally be doped either n-type or p-type, but not both. It is exceedingly difficult to
achieve n-type conductivity in ZnTe or p-type conductivity in ZnO. Fundamental
problems arise from various origins. The solubility of dopants imposes limits for
incorporation, a large ionization energy may hamper activation, native defects may
compensate an intentional doping, dopants may change their character depending on
the incorporation site or lattice relaxation, and eventually hydrogen may passivate
dopants. Many of these processes are related to the bandgap energy, and are hence
particularly pronounced in wide bandgap semiconductors. The effect is illustrated
in Fig. 6.1 for the compensation of p-type doping by a native donor defect. The in-
tentional p-type doping moves the Fermi level EF to the valence-band edge Ev. The
creation of a point defect made of host atoms like, e.g., an interstitial atom consumes
some formation energy, but the transfer of the electron from its occupied donor level
Edefect near the conduction band Ec to the Fermi level may recoup this energy. Since
the energy gained by such compensation is of the order of the bandgap energy, the
tendency for native defect compensation increases as the bandgap increases.

Dopant incorporation during epitaxial growth may occur far from thermal equi-
librium, potentially allowing to achieve a net doping which cannot be achieved un-
der equilibrium-near conditions. In the following we treat basic concepts to obtain
conductivity control.

6.1.1 Thermal Equilibrium Carrier-Densities

The density of electrons n in the conduction band at temperature T is given by the
Fermi-Dirac distribution function fn and depends on the density of energy levels in
the conduction band Dc(E) and the value of the Fermi energy EF,

n =
∫ ∞

Ec

Dc(E)
1

e(E−EF)/kBT + 1
dE. (6.1)
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The Fermi energy EF of charge carriers is also referred to as chemical potential μ.
A similar expression as (6.1) holds for the density of holes p in the valence band
with density-of-states Dv and a distribution function fh = 1 − fn,

p =
∫ Ev

−∞
Dv(E)

(
1 − 1

e(E−EF)/kBT + 1

)
dE. (6.2)

Equations (6.1) and (6.2) are simplified, if the position of the chemical potential is
not in the vicinity of one of the band edges, i.e., if conditions Ec − EF � kBT or
EF − Ev � kBT hold, respectively. Such semiconductors are called nondegener-
ate. The Fermi distribution may then be replaced by the Boltzmann distribution by
omitting the term “+1” in the denominator. Due to the exponential factors in the
simplified integrals only energies within kBT at the band edges give significant con-
tributions. The band edges are then well described by a quadratic approximation,
yielding the density of states

Dc,v(E) =
√

2m∗
e,h

3/2

�3π2

√|E − Ec,v| (6.3)

with the effective masses of electrons m∗
e and holes m∗

h. The effective masses include
potentially occurring degeneracy and anisotropy. For Si, e.g., the conduction band
is 6-fold degenerate and comprises longitudinal and transversal mass components,
yielding m∗

e = 62/3 × (m2
t × ml)

1/3. Similarly, the hole mass includes heavy-hole
and light-hole contributions (the split-off hole is usually not occupied), yielding
m∗

h = (m
3/2
hh + m

3/2
lh )2/3.

Using the density of states (6.3), Eqs. (6.1) and (6.2) for the carrier densities
read

n = 2

(
m∗

ekBT

2π�2

)3/2

e−(Ec−EF)/kBT = Deff
c e−(Ec−EF)/kBT , (6.4a)

p = 2

(
m∗

hkBT

2π�2

)3/2

e−(EF−Ev)/kBT = Deff
v e−(EF−Ev)/kBT . (6.4b)

The prefactors of the exponential functions in (6.4a), (6.4b) are the effective densi-
ties of states at the edges of conduction and valence bands Deff

c and Deff
v , respec-

tively. The dependence on the until now unknown position of the chemical potential
disappears from the product of the carrier densities,

n × p = 4

(
kBT

2π�2

)3(
m∗

em
∗
h

)3/2

e−Eg/kBT , (6.5)

where Eg = Ec − Ev is the bandgap energy. This relation is called the law of mass
action and applies for nondegenerate semiconductors. It means that at a given tem-
perature the density of one carrier type is given by the density of the other. The
position of the Fermi energy EF within the bandgap follows from (6.4a), (6.4b). If
we resolve (6.4a) for Ec − EF we obtain

Ec − EF = kBT ln

(
Deff

c

n

)
. (6.5a)
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In devices the electron density n, and consequently EF, is controlled by doping
and basically given by the density of ionized donors ND and acceptors NA, i.e.,
n ≈ ND − NA. But also in an undoped semiconductor the Fermi level is not fixed.

If in a pure crystal the contribution of impurity donors or acceptors to the car-
rier densities is negligible, the semiconductor is called intrinsic. In this case each
electron in the conduction band originates from the valence band, n = p ≡ ni. The
value of the intrinsic carrier density ni at any temperature is given by the square root
of (6.5). We note that the intrinsic carrier concentration decreases exponentially as
the bandgap increases. At T = 300 K we find values of, e.g., Ge (Eg = 0.67 eV,
ni ≈ 1013 cm−3), Si (1.12 eV, ∼1010 cm−3), GaAs (1.43 eV, ∼106 cm−3), and GaP
(2.26 eV, ∼100 cm−3), illustrating the trend. In the intrinsic case the position of
the chemical potential, EF, follows from the charge neutrality condition n = p and
(6.1), (6.2), yielding

EF = Ev + Eg

2
+ 3

4
kBT ln

(
m∗

h

m∗
e

)
(intrinsic case). (6.6)

At T = 0 the chemical potential lies in the middle of the energy gap. Since m∗
h is

typically less than an order of magnitude larger than m∗
e , the last term in (6.6) is of

order kBT . This is usually much less than Eg, leading to a near midgap position of
EF at finite temperatures.

To control conductivity impurities are introduced in the crystal as sources of free
carriers. The semiconductor is then called extrinsic. For efficient doping the energy
level introduced by a dopant should lie in the bandgap near the band edge to allow
for thermal activation at the intended operating temperature. Such impurities are
referred to as shallow impurities. In a nondegenerate semiconductor the density of
band states Dv(E) or Dc(E) is not considerably altered by doping.

Shallow donor impurities are well described in analogy to a hydrogen atom.
A substitutional donor has a higher chemical valence than the replaced host atom.
A single donor introduces a positive charge at the ion core and an additional elec-
tron. The binding energy of the electron is strongly reduced compared to the Ryd-
berg energy Ry = 13.6 eV of hydrogen due to the electron motion in the medium of
the semiconductor with a dielectric constant εr. Replacing in the hydrogen problem
ε0 by ε = εrε0, εr being the (relative) permittivity of the semiconductor, and the free
electron mass m0 by the effective mass m∗

e , we obtain the binding energy of the
donor electron in the ground state

Eb
D = m∗

e

m0

1

ε2
r

× Ry. (6.7)

Eb
D is also referred to as donor Rydberg energy or donor ionization energy. The

position of the donor energy in the bandgap is ED = Eg −Eb
D. Taking typical values

m∗
e ≈ m0/10 and εr ≈ 10 we obtain binding energies of the order 10 meV. Donors

which fulfill the approximation (6.7) are referred to as effective-mass donors.
The effective-mass and dielectric constant corrections lead to a donor Bohr radius

a∗
B = εrm

∗
e

m0
× aB, (6.8)
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Table 6.1 Binding energies of donors (Eb
D) and acceptors (Eb

A) in Si, GaAs (donor data from [3],
CGa and acceptors from [4]), and ZnSe (donor data from [5], acceptor data from [6], Lii from [7])

Host Bandgap Eg (eV) Donor Rydberg Eb
D (meV) Acceptor Rydberg Eb

A (meV)

Si 1.12 PSi 45 BSi 45

AsSi 49 AlSi 57

SbSi 39 GaSi 65

GaAs 1.42 SAs 5.9 BeGa 28

TeAs 5.8 MgGa 29

SnGa 5.8 ZnGa 31

CGa 5.9 CAs 27

ZnSe 2.67 AlZn 25.7 NSe ∼110

GaZn 27.5 PSe ∼87

InZn 28.2 AsSe ∼105

Lii ∼26 LiZn ∼114

with the hydrogen Bohr radius aB = 0.53 Å. Inserting typical values noted above
yields an order of 50 Å. The electron orbit hence extends over many lattice con-
stants. In such a case the description of a screened donor Coulomb potential by the
effective dielectric constant εr is a good approximation. The usually small differ-
ences found for different shallow donors, termed chemical shift, are accounted for
by a central cell correction to the coulomb potential.

An acceptor impurity has a lower chemical valence than a host atom. The miss-
ing electron is represented by a hole, which is bound to the excess negative charge
of the acceptor core. An application of the hydrogen analogy to a shallow accep-
tor impurity must account for the more complicated structure of the valence band
(Sect. 3.1). The dispersion of holes near the center of the Brillouin zone of semi-
conductors with zincblende or diamond structure is often described by the Luttinger
parameters γ1, γ2, and γ3 [1]. 1/γ1 is a multiplying factor (of order 10−1) in the ac-
ceptor binding energy Eb

A described analogous to (6.7) for the light and heavy holes.
To obtain the acceptor ionization energy an additional multiplication by a function
f (γ1, γ2, γ3) is required, f covering values between 1 and 5. A more detailed treat-
ment is given, e.g., in [2]. Rydberg energies of some dopants in semiconductors are
given in Table 6.1.

We restrict ourselves to n-type doping with shallow donors to discuss the effect
of doping. Electrons in the conduction band originate either from ionized donors or
from the valence band, n = N+

D + p. N+
D denotes the density of positively charged

donors, which lost their electron by thermal activation. The value follows from the
total density of donors ND and an electron occupation of donors depending on the
activation energy Eb

D. Furthermore, the degeneracy g for the occupation of the donor
ground-state must be included in the Fermi distribution function, yielding

N+
D = ND

(
1 − 1

1
g
e(ED−EF)/kBT + 1

)
(only donors). (6.9)
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For effective-mass donors g = 2 due to an occupation with an electron of either spin
(up or down). We now consider the semiconductor at low temperatures and neglect
the small intrinsic contribution of p electrons, i.e., ni � N+

D , yielding

n = N+
D (low temperatures). (6.10)

At low temperatures most donors are not ionized, and the occupation of the conduc-
tion band is described by Boltzmann statistics used in (6.4a). We hence may express
the chemical potential in (6.9) by

eEF/kBT = (
n/Deff

c

)
eEc/kBT . (6.11)

This leads to a quadratic equation for the free carrier concentration

n2 + 1

g
Deff

c e−Eb
D/kBT n − 1

g
Deff

c e−Eb
D/kBT ND = 0 (6.12)

with the solution

n = 2ND

(
1 +

√
1 + 4g

ND

Deff
c

eEb
D/kBT

)−1

. (6.13)

In the limit of very low temperatures the condition 4g(ND/Deff
c )eEb

D/kBT � 1 ap-
plies. Equation (6.13) then simplifies to

n ∼=
√

(1/g)NDDeff
c e−Eb

D/2kBT (ionization regime). (6.14)

In this low temperature range sufficient donors still have their electron and may be
ionized if the temperature is increased. The ionization energy can be derived from
the slope of an Arrhenius plot of the carrier density versus reciprocal temperature,
see Fig. 6.2. From (6.14) we obtain Eb

D = −2kBd(lnn)/d(1/T ).
Once all donors are ionized, the carrier density saturates. n is given by the donor

concentration and remains constant independent on temperature,

n = N+
D = ND (saturation regime). (6.15)

As the temperature is further increased the carrier concentration again raises due to
a thermal activation of electrons from the valence band. The intrinsic carrier con-
centration increases with a much steeper slope −Eg/2kB in the Arrhenius plot given
in Fig. 6.2. In this high-temperature range we hence find

n ∝ e−Eg/(2kBT ) (intrinsic regime). (6.16)

Pure doping of solely one kind of carriers does hardly occur. In practice dopant
atoms of one kind are partially compensated by a smaller number of dopants of the
other kind. Let us assume donors with a concentration ND being partially compen-
sated by residual acceptors with concentration NA. Since acceptors provide low-
energy states for donor electrons, even at lowest temperatures all acceptors are ion-
ized, i.e. N−

A = NA. Consequently the number of donors which may release their
electron to the conduction band is reduced by this number, yielding instead of (6.10)
now n = N+

D − N−
A . The most evident change in the free carrier concentration n is
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Fig. 6.2 Arrhenius plot of
the carrier concentration n in
the conduction band of an
uncompensated n-type
semiconductor. ni denotes the
contribution of intrinsic
carriers

given by a decrease of the plateau in the saturation regime to the value n = ND −NA.
Furthermore, for a given carrier concentration the mobility is reduced in a compen-
sated semiconductor due to additional scattering at ionized dopants. An additional
effect is the appearance of a second ionization regime with a slope −Eb

D/kB instead
of −Eb

D/2kB in the Arrhenius plot at the low-temperature end.

6.1.2 Solubility of Dopants

Doping of a semiconductor host with impurities requires a sufficiently high solu-
bility for the introduction on the intended lattice site. The solubility of a dopant is
inherently connected to the dissociation of the impurity atom into an ionized state
and a carrier, and is therefore associated with the Fermi level [8]. If, e.g. a donor
atom is introduced, energy is gained by incorporating the electron of the donor at
the Fermi level. The energy gain decreases at higher doping concentration, because
the Fermi level increases by doping. A comparable situation occurs for acceptors.
Low dopant concentrations are therefore more readily achieved than high concen-
trations, and the problem gets increasingly severe as the bandgap energy increases.
Incorporation of the dopant at other sites than intended may then get more favor-
able, and even the formation of phases composed of impurity and host atoms with a
configuration deviating from that of the semiconductor may occur.

The creation of a defect is generally connected to the incorporation or removal
of atoms from other parts of the crystal, its surface, or the environment. Since this
finding and the treatment below apply for both, impurities and native defects, we
will just denote them defects in the following. The creation—or annihilation—of
a defect is considered by a coupling to subsystems or reservoirs, which donate or
accept atoms and, in case of charged defects, also electrons. The equilibrium is
described by respective chemical potentials.

We consider the introduction of an impurity by connecting the semiconductor
to a reservoir of dopant atoms. The probability of incorporation is related to the
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formation energy of a respective defect in the crystal. In thermal equilibrium the
concentration [Di] of the dopant (or any defect) in the semiconductor is given by

[
D

q
i

] = N exp

(
−Eform(D

q
i )

kBT

)
. (6.17)

Eform(D
q
i ) is the formation energy of the defect Di in the charge state q . N is the

number of sites where the defect can form, e.g., the number of substitutional cation
A sites of an AB compound semiconductor in case of dopant incorporation of this
site. The defect formation energy depends on the chemical potential of the species
involved in the creation of the defect and the change of Gibbs free energy required
to create the defect. An additional term accounts for the charge of the defect. The
general expression reads

Eform
(
D

q
i

) = �Gform
(
D

q
i

)+
∑
j

njμj(reservoir) + qEF, (6.18)

where q is the charge state (e.g., −1) and EF is the Fermi energy with respect to
the valence band edge Ev. The index j in the sum of (6.18) goes over all chemical
species involved in the defect creation. The number nj of species j is positive if
an atom is removed from the semiconductor and negative if it is added. μj are the
respective chemical potentials. The energy to substitute, e.g., a negatively charged
Li acceptor for Zn in a ZnSe semiconductor reads

Eform
(
Li−Zn

) = �Gform
(
Li−Zn

)+ μZn − μLi − EF.

The change of Gibbs free energy �Gform(D
q
i ) is given by

�Gform
(
D

q
i

) = �E0 − T �S + P�V, (6.19)

�E0 being the difference between the electronic ground-state energy of the system
with and without the defect. Correspondingly �S and �V are the respective entropy
and volume changes due to the creation of the defect. The contributions related to
a volume change and the entropy change are usually expected to yield only minor
corrections and not considered. A positive sign of �Gform denotes an energy cost to
create the defect.

The charge state of the defect will be that with lowest formation energy. Depend-
ing on EF the defect may be in different charge states. The energy where the defect
changes the charge state from q to q ′ is referred to as charge transfer energy Eq/q ′

.
Figure 6.3 illustrates how the formation energy depends on the charge state q and
the Fermi energy EF, which is varied between valence and conduction band. In the
example given in Fig. 6.3 the defect is negatively charged if EF lies above E0/−,
because in this range Eform(D−) < Eform(D0). Below E0/− the defect is in its neu-
tral charge state. The level in the bandgap E0/− is the value of the Fermi energy at
which the two charge states Eform(D0) and Eform(D−) have the same energy.

The quantities noted in the equations above are accessible by first-principles cal-
culations. The electrical interaction of the defect is treated analogous to the chemical
interaction of atoms with their atomic reservoirs: The defect donates or accepts elec-
trons from the electron reservoir of the semiconductor. A negative charge denotes
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Fig. 6.3 Formation energy of
a defect in a neutral and a
negative charge state. The
Fermi level EF is varied
between the energy of the
valence band Ev and the
conduction band Ec

that the defect accepts q electrons. The position of the Fermi energy is calculated
self-consistently by applying (6.18) for all relevant defects and accounting for the
condition of charge neutrality

net charge = 0 = p − n −
∑

i

nelectron
i

[
D

q
i

]
. (6.20)

p and n are the hole and electron densities, and nelectron
i is the number of excess elec-

trons in the defect D
q
i . Details of the computational approach are given in Ref. [9]

for the example of ZnSe doping. Within this framework performed in a supercell
geometry the change of Gibbs free energy �Gform in (6.18) is the total energy of
a supercell containing the defect minus the energy of a supercell of the pure bulk
semiconductor. For an elementary semiconductor like Si the chemical potential, μSi,
is fixed, while for an AB compound semiconductor this applies for the sum of the
constituents μAB = μA + μB , leaving an individual summand variable.

Bounds on chemical potentials arise from the phases that can be formed by
the constituents. For the host atoms the upper bound is given by formation of
the respective elements. In ZnSe, e.g., μmax

Zn = μZn(bulk): Further increase above
this level will preferentially lead to the formation of Zn metal. The same ap-
plies for μmax

Se . A lower bound is imposed by the heat of formation �Hform of
the semiconductor and the fixed sum of the chemical potentials noted above. For
our example we obtain μZnSe = μZn(bulk) + μSe(bulk) + �Hform(ZnSe), yielding
μmin

Zn = μZn(bulk) + �Hform(ZnSe). Note that �Hform < 0 for the stable semicon-
ductor. For the dopant the various compounds which the impurity can form in-
cluding host atoms must be considered. For the example of a p-type doping of
ZnSe using Li the most stringent bound is found to be given by the formation
of the LiSe2 compound [10], yielding the constraint on the chemical potential
2μLi + μSe = μLi2Se = 2μLi(bulk) + μSe(bulk) + �Hform(Li2Se).

To obtain the solubility and doping effect of a dopant we have to include all rel-
evant configurations and charge states of the impurity as expressed by (6.18). To be
specific we continue to analyze the Li acceptor in ZnSe [10]. Besides the substitu-
tional site Li−Zn where Li acts as an acceptor we particularly find two interstitial sites
Li+i were it acts as a shallow donor. Calculations show that the tetrahedral site sur-
rounded by Se is by 0.2 eV more favorable than the respective site with Zn atoms.
The substitutional Se site may be excluded due to a very large formation energy.
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Fig. 6.4 (a) Total Li concentration log10[Li] in a ZnSe:Li semiconductor doped at 600 K. Values
depend on the chemical potentials of Li and Zn, and are given in cm−3. (b) Fermi level resulting
from the Li doping shown in (a). Values are given in eV and refer to the top of the valence band.
Reproduced with permission from [10], © 1993 APS

Results of first-principles calculations for Li doping of ZnSe are displayed in
Fig. 6.4 [10]. The contour plot Fig. 6.4a shows the total concentration of Li in ZnSe
at an equilibrium temperature of 600 K, corresponding to the typical low growth
temperature of ZnSe. Figure 6.4b gives the resulting Fermi energy.

In Fig. 6.4a the bounds of the chemical potentials of Zn and Li are indicated by
straight gray lines. The formation of the Li2Se compound leads to the bound for μLi

with a slope of 2 due to the dependence of μLi2Se from μLi noted above. Li2Se is-
lands were actually found to form during molecular beam epitaxy of heavily doped
ZnSe:Li [11]. The calculated maximum of Li concentration of ZnSe:Li is slightly
above 1018 cm−3 [10]. The coinciding slope of the contour lines near the Li2Se-
related bound is accidental and originates from the incorporation of two Li atoms
(one substitutional, one interstitial) for the removal of one Zn atom. The highest Li
concentration (1.7 × 1019 cm−3) is obtained at the crossover point of a minimum
accessible Zn chemical potential μmin

Zn and a maximum accessible Li chemical po-
tential before formation of Li2Se. At this point the calculation yields fewer than 3 %
of the introduced Li atoms on an interstitial site and the most abundant native ZnSe
defect of the Se antisite Se2+

Zn (a donor) with two orders of magnitude concentra-
tion below that of Li. Native defect concentrations become sizeable only below the
physically meaningful limit μmin

Zn and lead to a bending of the contour lines. If the
equilibrium temperature is lowered the concentrations of all defects reduce. Reduc-
tion factors of about 5, 101, and 102 for substitutional Li, interstitial Li, and the Se
antisite, respectively, are found as the temperature decreases by 100 °C [10].

The Fermi energy resulting from the Li concentration of Fig. 6.4a is shown in
Fig. 6.4b. We note that the Fermi level decreases at fixed μLi as the Zn chemical
potential is lowered. This trend results from the increasingly favored incorporation
of Li on a Zn site and is also reflected in the Li concentration of Fig. 6.4a. If μLi is
increased at fixed μZn we note from Fig. 6.4b that the decrease of the Fermi level
tends to saturate despite the further increase of the total Li concentration shown in
Fig. 6.4a. The reason is a steady increase by compensating interstitial Li donors that



6.1 Doping of Semiconductors 235

limits the hole concentration. The effect is minimized by decreasing the Zn chemical
potential.

Results outlined above for the specific case of Li exemplify the general behav-
ior of dopant impurities. For any dopant limits of the solubility are imposed by the
compounds that can be formed by the participating atoms. The relevant bound of
the dopant chemical potential is imposed by the phase with minimum heat of for-
mation. Saturation of the Fermi-level position occurs when compensating species
are formed. Such species are extrinsic species of amphoteric dopants or intrinsic
native defects and are addressed in the following sections.

In addition to isolated point defects treated above basically also complexes may
affect the electrical properties. The concentration of a given complex (e.g., a pair
of substitutional and an interstitial Li denoted (Li−Zn,Li+i )) gets significant if the
binding energy exceeds the larger of the two formation energies of the individual
defects out of which the complex is formed [10]. This makes it less likely that com-
plexes have a significant influence, since complexes with a low binding energy tend
to dissociate at growth temperatures.

6.1.3 Amphoteric Dopants

An amphoteric dopant is one that can act as either a donor or an acceptor. The word
“amphoteric” originates from the Greek word amphoteroi (αμ	oτερoι) and means
“having two characters”. Amphoteric behavior can occur if the dopant occupies
different lattice sites like lithium in ZnSe as illustrated above. Prominent examples
are group-IV impurities (C, Si, Ge, Sn) in III–V semiconductors that form donors
on group-III sites and acceptors on group-V sites. Obviously incorporation of an
undesired site limits the intended doping effect. Such compensation due to the same
chemical species is referred to as autocompensation.

The discussion of the amphoteric behavior of Li in the preceding section in-
dicates that the degree of compensation depends on the applied equilibrium con-
ditions. Anion-poor conditions applied during doping of III–V semiconductors by
group-IV impurities favor incorporation on an anion site, while anion-rich condi-
tions favor incorporation on a cation site. This behavior is demonstrated in Fig. 6.5a
for the incorporation of carbon in GaAs during metalorganic vapor-phase epitaxy
[12]. C doping originates from the organic CH3 ligands of the Ga source trimethyl-
gallium Ga(CH3)3. A low V/III ratio in the gas phase of the applied arsenic source
AsH3 to Ga(CH3)3 leads preferentially to CAs acceptors, while a high ratio favors
CGa donors.

Ge is an impurity with a pronounced amphoteric character in III–V semiconduc-
tors. Both n- and p-type conductivity can hence be obtained depending on growth
conditions. Besides the V/III ratio incorporation is also strongly affected by kinet-
ics on the growth surface. GaAs surfaces stabilized by As favor incorporation on
a Ga site yielding a GeGa donor. This represents the usual case of molecular beam
epitaxy on (001) GaAs surfaces at temperatures below 630 °C, i.e., below the con-
gruent sublimation temperature of GaAs. Above this temperature Ga-rich surfaces
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Fig. 6.5 (a) Doping of GaAs with C from organic ligands in metalorganic vapor-phase epitaxy for
a varied ratio of arsenic and gallium sources in the gas phase. Data points are from [12]. (b) Auto-
compensation ratio of the doping of GaAs with Ge in molecular beam epitaxy at varied temperature
for different arsenic species. Reproduced with permission from [13], © 1982 Springer

occur leading to GeAs acceptors. Even below 630 °C a gradual increase of the con-
centration of Ge on As is observed as the temperature is raised [13]. This behavior
is shown in Fig. 6.5b. Temperature increase leads to a gradual reevaporation of As
from the surface and hence increased occupation of Ge on As sites, i.e., to compen-
sating acceptors. The more reactive As2 species are expected to yield a higher As
coverage of the surface and hence a smaller compensation ratio.

Amphoteric behavior may also occur for a defect on a given lattice site, i.e.,
without occupation of different inequivalent sites. If the defect has several levels in
the bandgap like, e.g., Au in Ge, its character depends on the position of the Fermi
level. We illustrate such behavior below for a native defect pair.

6.1.4 Compensation by Native Defects

Native defects represent an equilibrium phenomenon and occur in any solid. The
abundance of intrinsic charged point defects has a strong impact on the electronic
properties of semiconductors. Such defects comprise vacancies, interstitial atoms,
and, in case of compound semiconductors, antisites. In compound semiconductors
the abundance of native defects is particularly sensitive to a deviation from sto-
ichiometry. With about 5 × 1022 cm−3 atomic sites even a slight deviation from
perfect stoichiometry as small as 10−4 leads to a defect concentration in the range
1018 cm−3. Generally native defects which accommodate deviation from stoichiom-
etry are those that compensate majority carriers. Since the energy gained by such
compensation increases as the bandgap energy increases, early work on wide-gap
semiconductors focused particularly on self-compensation by native defects [14].
Certainly the effect contributes significantly to doping problems, albeit autocom-
pensation and solubility may impose more rigorous limits.
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Fig. 6.6 Calculated
formation energies of defects
in GaAs. (a) Isolated
interstitial Ga atom Gai at a
tetrahedral site with 4 nearest
As atoms, (b) isolated
vacancy at the Ga site VGa,
and (c) a vacancy-interstitial
pair Gai + VGa. Defect
energies in (a) and (b) are
arbitrarily normalized. The
origin of the Fermi-energy
scale is set to the maximum
of the valence band Ev.
After [15]

We study the effect of a native defect for the vacancy-interstitial pair in GaAs cre-
ated by a Ga atom which moved from a regular lattice site to an interstitial position.
The pair formation is described by the reaction 0 ↔ Gai + VGa. Calculated energies
are given in Fig. 6.6 [15]. The ionization levels are in qualitative agreement with
more recent calculations [16, 17]. Both isolated defects of the vacancy-interstitial
pair have several charge-transfer energies in the band gap. For a Fermi level near
the valence-band edge in p-type GaAs, the interstitial Gai defect with three-fold
positive charge has lowest formation energy. The defect hence traps holes, thereby
compensating the extrinsic doping. As the Fermi level is increased, less holes are
trapped by Gai due to an increased formation energy and gradually more electrons
are trapped by the vacancy VGa defect. As a result, the charge state of the vacancy-
interstitial pair gets more negative. We note that the formation energy depicted in
Fig. 6.6c decreases for either high doping. Both, p-type and n-type doping are hence
compensated by the vacancy-interstitial pair.

The equilibrium concentration of intrinsic defects is given by (6.17) which was
also used to describe extrinsic defects. The abundance of native defects hence de-
pends on temperature, doping level, and the deviation from ideal stoichiometry.
The dependence on the doping level, i.e., on the electron chemical potential is il-
lustrated in Fig. 6.6. We now turn toward the dependence on the chemical potentials
of the atoms. Limits for the stoichiometry are imposed by thermodynamics. We ex-
press these bounds by applying the approach discussed in Sect. 6.1.2 for impurity
doping of ZnSe. The chemical potentials of the constituents Ga and As may not
exceed their respective bulk values, i.e., μmax

Ga = μGa(bulk), μmax
As = μAs(bulk), and

their sum equals the chemical potential of bulk GaAs, μGa + μAs = μGaAs. The
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Fig. 6.7 (a) Calculated
equilibrium concentration of
the Ga vacancy and the Ga
antisite as a function of the
difference of the chemical
potentials of Ga and As atoms
under n-type conditions at
827 °C. (b) Concentration of
the Ga interstitial and the As
antisite for p-type conditions
at 827 °C. Reproduced with
permission from [18], © 1991
APS

difference of the chemical potentials �μ = μGa − μAs − (μGa(bulk) − μAs(bulk)) is
then limited by the heat of formation �Hform(GaAs) of bulk GaAs from elemental
Ga and As, |�μ| ≤ |�Hform|, with |�Hform| = |μGaAs − μGa(bulk) − μAs(bulk)|. We
recall that �Hform < 0, because GaAs is a stable compound. Ga-rich and As-rich
bounds of �μ are given by �μ = +|�Hform| and �μ = −|�Hform|, respectively.

We consider some native defects in GaAs for a fixed doping level and tempera-
ture. Figure 6.7a shows the concentration of the Ga vacancy VGa and the Ga antisite
GaAs in n-type GaAs [18]. For high doping VGa is triply negatively charged as
shown in Fig. 6.6. In the As-rich limit V3−

Ga is the dominant defect with a concen-
tration of about 1/3 of the effective doping level Nd [18]. Under these conditions
the formation energy is so low that about one such defect is formed for every three
electrons introduced by doping. We find a strong decrease of the V3−

Ga abundance by
more than 10 orders of magnitude as �μ is increased toward Ga-rich conditions.
Two reasons account for this finding. First, the formation energy of VGa increases.
This effect is accompanied by a decrease of the electron chemical potential that
further increases the formation energy of V3−

Ga [18]. Second, As-rich conditions pro-
vide an effective sink for removed Ga atoms at the surface. This counteracts thermal
equilibrium for Ga interstitial atoms and consequently, by the law of mass action,
enhances the concentration of vacancies.

The decrease of V3−
Ga in Ga-rich n-type GaAs is accompanied by an increase of

the antisite GaAs, the formation energy of which linearly decreases as �μ is raised.
It becomes the dominat defect in the Ga-rich limit and acts also as a compensating
electron trap under these conditions.

In strongly p-type doped GaAs the dominant native defect under Ga-rich con-
ditions is the interstitial Ga atom Gai at a tetrahedral site with 4 nearest As atoms.
At this doping level it acts as a triple hole trap. Below 1017 cm−3 p-type doping
it mainly appears in the singly charged state [18]. Decreasing �μ toward As-rich
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Fig. 6.8 Calculated position
of the Fermi energy in GaAs
as a function of the difference
of the chemical potentials of
Ga and As atoms for three
fixed doping levels
Nd = N+

D − N−
A . Reproduced

with permission from [18],
© 1991 APS

conditions leads to a decrease of the Ga3+
i abundance, accompanied by an increase

of the As antisite As2+
Ga , which also acts as a hole trap.

Charged native defects have an influence on the position of the Fermi level due
to the charge neutrality condition (6.20). The effect on EF becomes obvious by
explicitly expressing the hole and electron densities in terms of Boltzmann statistics,

Nd = N+
D − N−

A

= Deff
c exp

(−(Ec − EF)/kBT
)− Deff

v exp
(−(EF − Ev)/kBT

)
+

∑
i

nelectron
i

[
D

q
i

]
. (6.21)

Here [Dq
i ] is the concentration of a native defect, and Deff

c and Deff
v are the effec-

tive conduction-band and valence-band densities of states defined in (6.4a)–(6.4b).
Figure 6.8 shows the calculated dependence of the Fermi-level position on native de-
fects created by a variation of the stoichiometry [18]. We note significant variations
of EF for fixed concentrations of excess free charge carriers. The strong decrease
for Ga-rich conditions in n-type GaAs (Nd = +1018 cm−3) originates from charge
compensation by the antisite defect Ga2−

As , the slight increase on the As-rich side

originates essentially from the vacancy V3−
Ga .

6.1.5 DX Centers

A number of impurities introduce levels in the bandgap that are far away from the
conduction-band and valence-band edges. Due to their large ionization energy they
are able to trap free charge carriers, thereby increasing the resistivity of a semicon-
ductor. Prominent examples are transition metals like Cr or Fe in GaAs or InP. Ac-
cording to the position of the charge-transfer level in the bandgap they are classified
into donor-like or acceptor-like centers. A common feature is a strong localization
of their wave-function compared to that of shallow impurities. Deep centers affect
many properties of semiconductors, e.g., they compensate doping, reduce minority-
carrier lifetime and diffusion length, and lead to a reduced carrier mobility.
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Fig. 6.9 (a) Configuration-coordinate diagram representing the total energy of a DX center and a
substitutional donor. (b) Structural model of a DX center. The dotted line indicates the bond which
breaks when the tetrahedrally coordinated impurity (red) is displaced along a 〈111〉 direction to a
position depicted by the transparent atom

There exists a large variety of different kind of centers introducing deep levels
in semiconductors. We focus here on a specific kind of deep centers related to a
structural instability of impurities. The motivation to emphasize these so-called DX
centers is their amphoteric character, which converts an intentional shallow dopant
to a deep-level impurity.

The label DX refers to a complex of a donor D and an unknown (at the time of
discovery) intrinsic defect X. A comparable case for acceptors is referred to as AX
center. Experiments found a large energy difference between the optical and thermal
ionization energies, indicating that the deep state is strongly coupled to the crystal
lattice [19].

The generally accepted model of a DX center in a tetrahedrally coordinated com-
pound semiconductor is illustrated in Fig. 6.9. The donor has two configurations:
A substitutional site where it acts as a shallow donor, and a relaxed site where one of
the four bonds with two electrons is broken and the impurity is displaced along one
of the 〈111〉 directions [20]. The broken bond creates two dangling bonds which may
be occupied by up to four electrons. The (neutral) donor thus can hold its own extra
electron and accept an additional electron according the reaction D0 + e− → DX−.
Since the ionization of a shallow donor is described by D0 → D+ + e−, an electron
transfer between the donors is given by the sum of the two reactions, yielding

2D0 → D+ + DX−. (6.22)

The two donors do not need to be in close proximity to each other. Reaction
(6.22) indicates that one half of all donor atoms may exist in the broken-bond con-
figuration and compensates thereby the free electrons released from the other half
in the substitutional shallow configuration.

Donor centers which yield an exothermic reaction according (6.22) are also re-
ferred to as negative-U centers. U denotes the effective electron-electron correlation
energy of the two centers. A negative correlation energy is obtained if the energy
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gained by the lattice distortion is larger than the energy cost for the electron repul-
sion.

The instability of specific dopants against formation of DX centers is assigned
to a large Jahn-Teller distortion of the highly symmetric substitutional site. The
strength of the effect depends on the bonding character and hence on both, the
dopant and the host crystal. Ga, e.g., forms a stable substitutional donor on a Zn
site in ZnSe, but is instable against formation of a DX center in ZnTe [21]. For a
(meta-stable) Ga-related DX center in ZnSe the corresponding parabola (EDX−) in
the configuration-coordinate diagram has a minimum at QDX with a higher energy
than the minimum of the parabola (ED0+e−) at QD.

Substitutional Si in GaAs forms a stable donor on a Ga site, while it builds a well-
studied DX center in AlxGa1−xAs for compositions x > 0.22 (below this value the
DX level lies in the conduction band) [19]. Electron capture into the DX center is
thermally activated with a composition-dependent energy barrier Ecap (>0.2 eV)
as depicted in Fig. 6.9a. The barrier Eemi for thermal emission of carriers from the
DX center is larger (∼0.4 eV). Carriers may as well be released by optical absorp-
tion with a large photon energy Eopt (>1 eV). Optically released carriers remain in
the conduction band (for days) due to a very low recapture rate and generate a per-
sistent photoconductivity. Other donors like, e.g., Te, Se, and Sn show similar DX
characteristics. The model outlined in Fig. 6.9 accounts well for the experimental
findings.

6.1.6 Fermi-Level Stabilization Model

The amphoteric character of intrinsic defects and the formation of related deep lev-
els illustrated above leads to a phenomenological model to account for the widely
differing doping ability of semiconductors. The Fermi-level stabilization model, also
termed amphoteric defect model or doping pinning rule, points out trends for intrin-
sic limitations to account for, e.g., the difficulties for achieving n-type ZnTe or p-
type ZnO. The model ties in with the empirical rule of naturally fixed energy levels
of transition-metal impurities in different semiconductors (Sect. 3.2.3). Similarly,
clear evidence for the localized nature of native defects is found. The Fermi-level
stabilization model therefore assumes that doping limitations reflect the absolute
position of the valence and conduction band edges with respect to a fixed reference
energy like, e.g., the vacuum level. Doping restrictions are hence not assigned to the
size of the bandgap per se or to properties of particular dopants.

The reference level for the natural alignment of the band edges with respect to
the ability of doping is termed Fermi-level stabilization energy EFS. Indication for
such an internal reference was concluded from semiconductors, which were heavily
damaged with gamma rays or electrons [22]. For a high density of damage, where
material properties are controlled by native defects, the Fermi level was found to
stabilize at a certain energy and becomes insensitive to further damage. This energy
EFS is located at an energy of about 4.9 eV below the vacuum level for the studied
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Fig. 6.10 Valence band
maxima and conduction band
minima of various
semiconductors aligned with
respect to their internal
Fermi-level stabilization
energy EFS. Data from [24]

tetrahedrally bonded semiconductors [23]. The internal reference EFS allows to ar-
range the bands of all semiconductors on a common energy scale. Figure 6.10 shows
the band alignment of some tetrahedrally coordinated semiconductors.

The position of EFS with respect to the band edges depicted in Fig. 6.10 affects
the ability to achieve high carrier concentration of a given type. The formation en-
ergy of compensating native defect depends on the difference between the Fermi
energy and the stabilization energy EFS. If EFS lies close to the valence band, the
Fermi level should easily be moved into the valence band by p-type doping with-
out significant formation of compensating defects. Consequently high p-type carrier
concentration is expected. On the other hand, a large energy difference to the con-
duction band will lead to a high abundance of compensating defects if EF is raised
by n-type doping, resulting in solely poor n-type carrier concentration. The asym-
metry of p and n-type doping increases as the bandgap increases.

Experimental data of maximum carrier concentrations achieved are given in
Fig. 6.11. Electron and hole concentrations are normalized by the effective density
of states Deff

c and Deff
v , respectively. Normalized values are used, because electron

concentrations are given by n = Deff
c × F1/2[(EF − Ec)/kBT ] and hole concentra-

tions p accordingly with Deff
v and (Ev − EF), where F1/2 is the Fermi integral.

Figure 6.11 clearly shows that the achieved normalized doping levels decrease as
the energy separation between the stabilization energy EFS and the band edges Ec

or Ev increase. The data can be roughly described by the empirical relation [24]

ccmax/D
eff = a × exp

(
b|EFS − Eband edge|

)
.

Here, ccmax is the maximum carrier concentration n or p with the related effective
density of states and the related band-edge energies Ec or Ev, and the parameters
are an = 2.7 × 103, bn = −5.5 eV−1, ap = 4.0 × 102, bp = −6.1 eV−1.

The maximum carrier concentrations achieved in experiments can be expressed
in terms of pinning energies E

(n)
pin and E

(p)

pin of the Fermi energy in n-type and p-type
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Fig. 6.11 Experimental
maximum carrier
concentrations for n-type
(black circles) and p-type
semiconductors (gray circles)
as a function of the energy
difference between EFS and
either the conduction-band
edge Ec, or the valence-band
edge Ev, respectively. The
solid lines are fits. Data taken
from [24]

semiconductors, respectively. In the approximation of single parabolic bands the
maximum net free carrier concentration ccmax is given by [25]

ccmax = (2m∗
(n/p))

3/2

2π2

∫ ∞

0

√
E dE

exp((E − E
(n/p)

pin )/kBT ) + 1
.

The equation is inverted to obtain the pinning energies E
(n)
pin and E

(p)

pin from the
experimental ccmax data. The resulting pinning energies are given in Fig. 6.12 for
various III–V and II–VI compound semiconductors. We note a fairly small scatter
in the pinning energy, if the bands are aligned with respect to an absolute reference
energy.

6.1.7 Delta Doping

Epitaxial growth allows for fabricating highly doped buried layers with a very small
thickness in the range of atomic monolayers referred to as delta doping (δ doping)
[26, 27]. The spacially inhomogeneous doping profile provides free carriers and an
electrical potential which differs from that of the conventional homogeneous doping.
Many characteristics of semiconductor structures related to potential fluctuations
like, e.g., free carrier mobility of luminescence linewidth, perform better applying
delta doping. The most prominent application is the enhancement of conductivity
in a layer, where the carriers are not subjected to impurity scattering at the ionized
dopant cores. The mobility of carriers in this layer is strongly increased, similar to
the modulation-doping technique based on band bending at heterojunctions.
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Fig. 6.12 Pinning energies (black bars) calculated from experimental maximum carrier concen-
trations. Dotted lines are averaged pinning energies. Bands are aligned with respect to calculated
offsets, zero is set at the valence band edge of GaAs for III–V and that of ZnSe for II–VI com-
pounds. Data are from [25]

The effect of delta doping requires a confinement of the doping atoms within a
layer thickness well below a relevant length scale, which usually is given by the de
Broglie wavelength of free carriers. In practice doping profiles with a width of 3 nm
and below can be considered like a delta function. Note that this width corresponds
to only five lattice constants. To achieve such narrow profiles, impurity redistribu-
tion processes like diffusion or segregation must largely be suppressed. This usually
implies deposition at lowered temperature to avoid thermally activated diffusion.
The doping procedure basically proceeds by an initial interruption of the epitaxy of
the undoped semiconductor, followed by the deposition of the highly doped layer.
Eventually the growth of the undoped material is resumed. Growth parameters like
temperature, partial pressures and material supply have to be adjusted such that the
doping profile is preserved. Due to the two-dimensional character of the doping
layer it is often referred to as doping sheet.

The profile of delta doping is described by two parameters: The location of the
dopand sheet z2D and the areal density of doping atoms in the sheet n2D or p2D.
To be specific we consider donor dopants and a complete ionization. The 2D donor
density n2D may be estimated from growth parameters used to obtain a 3D bulk
carrier concentration n by scaling with the thickness r × t of the doping sheet,

n2D = nrt.

Here r is the growth rate and t the duration of the doping-sheet deposition. The
relation applies well if the incorporation efficiency of dopants is not affected by the
preceding growth interruption. The effective 3D concentration of donors n3D is ob-
tained from n2D of a homogeneously doped sheet by considering the mean distance
between donors in the sheet (n2D)−1/2 and assuming the same mean distance in 3D
bulk, yielding

n3D = (n2D)3/2. (6.23)

In semiconductors with delta doping the concentration of dopants varies strongly
over short distances. The free carrier concentration is then spread much further than
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the profile of doping atoms. This feature is different to a slowly varying doping
concentration, where the free-carrier profile follows the doping profile. Let us as-
sume in a first approximation that all (ionized) doping atoms are located within a
single atomic layer in the xy plane located at z = z2D with a density n2D. The dop-
ing profile is then described by n(z) = n2Dδ(z − z2D), δ being the delta function.
The two-dimensional charge e × n2D of the doping sheet creates a one-dimensional
electric potential V (z) which is calculated using Poisson’s equation,

∂2V

∂z2
= −en(z)

ε
. (6.24)

ε = εrε0 is the permittivity of the semiconductor. Twofold integration yields the
potential

V (z) = en(z)

2ε
|z − z2D|. (6.25)

We note that V is a linear and symmetric function of z and is V-shaped with
V (z2D) = 0. For an interaction with negative free carriers V ≤ 0. The slope of the
potential V (z) represents the electric field created by the ionized impurity atoms in
the doping sheet, E = −∂V/∂z = const. It depends on the doping density and the
permittivity, yielding typical values exceeding 106 V/m. Such strong fields lead to
a strong attractive interaction with free carriers: The potential V (z) forms a narrow
well with a width of the order of the de Broglie wavelength. Similar to the narrow
square potential treated in Sect. 3.3 we obtain size quantization with discrete energy
levels. We should note that the shape of the potential actually deviates from a sim-
ple V. The delta-doped semiconductor is neutral, because the charge of the doping
sheet is balanced by the opposite charge of the released free carriers. The electric
field therefore approaches 0 at some distance from the sheet. Figure 6.13 depicts a
self-consistent solution of an effective-mass calculation of carriers confined in a po-
tential which is created by delta doping [28]. The calculation assumes data of GaAs
with an electron mass m∗ = 0.067m0.

The donor-doping profile n(z) illustrated in Fig. 6.13a creates a local bending of
the conduction-band edge Ec that confines free electrons to discrete energies Ei . For
the parameters assumed in the calculation four energy levels E0 to E3 are occupied
with fractions of 61 %, 24 %, 11 %, and 4 %, respectively. We note a steep and
nearly constant slope of the confining potential in a close vicinity to the doping
sheet, and an approach to a constant value at some distance. The spatial extent of the
carrier wave-function is much wider than the thickness of the doping sheet (∼50 Å
in the ground state vs. 2 Å, even more in the excited states). This finding leads to a
more precise condition for delta doping: The distribution of doping atoms must be
significantly more narrow than the spatial extent of carriers confined in the ground
state. Obviously a factor 10 thicker doping sheet will lead to quite similar results in
the present example.

The effect of delta doping on the Hall mobility of free carriers is illustrated in
Fig. 6.14 [29]. The 2D mobility was measured using the two-dimensional electron
gas created in the channel of a GaAs field-effect transistor [30]. Bulk values of
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Fig. 6.13 (a) Schematic of
delta-doping profile.
(b) Calculated effective-field
potential well (Ec) and
confined carrier distribution
|ψ |2 of an n-type
delta-doping sheet with 2 Å
thickness and 5 × 1012 cm−2

density. EF denotes the Fermi
energy. Reproduced with
permission from [28], © 1990
AIP

the donor concentration n3D corresponding to the 2D values of the delta-doping
sheet were calculated from (6.23) and used in the abscissa of Fig. 6.14. The 2D
mobility μ2D is related to the doping-dependent mobility of bulk GaAs which is
taken from the empirical expression μ3D = μL(1 + (n3D/1017 cm−3)1/2)−1, μL =
104 cm2/(Vs) being the mobility limit due to lattice scattering [31].

Figure 6.14 shows that the mobility of free carriers in the two-dimensional elec-
tron gas significantly exceeds that of bulk free carriers at high doping concentra-
tions n3D. The increase of mobility is assigned to various features of the 2D carri-
ers. From an only weak dependence of the mobility μ2D on temperature a reduced
scattering at ionized impurities was concluded [29]. The carriers in the 2D electron
gas have a high degeneracy on their energy levels Ei , connected to high kinetic
energies parallel to the plane of the doping sheet. Carriers with energies close to
the Fermi surface are most sensitive to scattering. Their energies EF − Ei exceed
well the thermal energy kBT , leading to a reduced temperature-dependent impu-
rity scattering. A further contribution originates from a decreased overlap of odd-
numbered carrier wave-functions with the delta-doping plane of impurities. Wave
functions ψ1,ψ3, . . . have a node at the position of the doping sheet (cf. Fig. 6.13b)
and hence experience much less impurity scattering. Also the overlap of symmetric
even-numbered excited wave functions ψ2,ψ4, . . . is much smaller than that of the
ground state ψ0, and even the spatial extent of the ground state is significantly larger
than the thickness of the doping sheet.

The delta-doping technique is used to improve the performance of electronic
devices. The low impurity scattering in modulation-doped field-effect transistors
(MOD FET, also termed HEMT, high electron-mobility transistor) can be further
reduced by delta doping. In a conventional MOD FET a homogeneously doped



6.2 Diffusion 247

Fig. 6.14 Relative mobility
enhancement of delta-doped
n-type GaAs with respect to
homogeneously doped n-type
GaAs measured at 300 K.
Data from [29]

wide-bandgap layer (usually AlGaAs) provides free carriers, which are trapped at
the heterojunction to an adjacent undoped layer with a smaller bandgap (GaAs). The
carriers are two-dimensionally confined at the interface due to band bending in the
undoped layer [32]. Employing delta doping instead of homogeneous doping allows
for a large and well-defined separation between free carriers and doping impurities.
Since band bending is also induced by a delta-doping layer, also homostructure
FETs with a two-dimensional electron gas in the channel can be fabricated [e.g.,
[30]].

6.2 Diffusion

Atoms in a crystal may not stay fixed on their site. In presence of a concentration
gradient and at sufficiently high temperature atoms redistribute by diffusion, thereby
changing the interface abruptness in heterostructures and the spatial distribution of
defects. The effect is utilized, e.g., for the indiffusion of dopants into semiconduc-
tors via the surface, but may also be detrimental for epitaxial nanostructures. Atoms
diffuse via different mechanisms, which are controlled by temperature, partial pres-
sure, and material composition. Since various diffusion paths usually act simulta-
neously and diffusivity may depend on defect concentration, diffusion is a complex
subject. We will outline basic phenomena and illustrate some examples.

6.2.1 Diffusion Equations

The diffusion of an atom incorporated in a crystal is described similar to the surface
diffusion of an adatom considered in Sect. 5.2.2. Each jump of the atom to an adja-
cent site is the result of an attempt to leave the actual site and the success probability
to surmount the potential barrier �E which tends to keep the atom at its site. The
diffusion coefficient D is likewise given by the product of the mean square value of
the displacement λ2 and the rate of successful jumps ν, yielding

D = λ2ν = λ2ν0 exp
(−�E/(kBT )

) = D0 exp
(−�E/(kBT )

)
. (6.26)
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The diffusion constant D0 = λ2ν0 has usually an only small temperature dependence
compared to the exponential term and is often assumed constant with respect to
temperature. Note that D0 may still vary spatially in an inhomogeneous solid.

To obtain an expression for the motion of a diffusing atom we first consider a
macroscopic view of the diffusion of impurities in a solid; an atomistic approach is
discussed below in Sect. 6.2.2. We assume an impurity concentration c which varies
only along a single coordinate z and a random diffusion of an impurity which is not
affected by other impurities. In this case the net flux of impurities j per unit area
and unit time also varies only along z and is given by Fick’s first law,

j (z) = −D
d

dz
c(z). (6.27)

The flux of impurities j (z) is proportional to the gradient of the impurity concentra-
tion c(z) and directed toward the low-concentration region (cf. the negative sign).
Since the atoms move in such a way as to even the gradient up, the one-dimensional
form of Fick’s law is sufficient to describe the flux. We note that there is no net flux
if the impurity concentration is constant. The diffusion coefficient D depends in a
simple case not on the impurity concentration c and also not on the spatial position z

(but still on the temperature). This case describes a linear Fick diffusion. A depen-
dence D(c, z) due to experimental conditions leads to a non-linear Fick diffusion
also described by (6.27).

The impurity flux must comply with the continuity condition. The net flow into
any volume element equals the increase of impurity concentration per unit time in
this volume element,

∂

∂z
j (z) = − ∂

∂t
c(z, t). (6.28)

Inserting (6.27) into the one-dimensional continuity equation (6.28) yields the dif-
fusion equation known as Fick’s second law,

∂

∂z

(
D

∂c(z, t)

∂z

)
= ∂c(z, t)

∂t
. (6.29)

If the diffusion coefficient D is constant with respect to z, then (6.29) simplifies to

D
∂2c(z, t)

∂z2
= ∂c(z, t)

∂t
. (6.30)

The solution to Fick’s second law depends on the boundary conditions which are
given by the experiment.

We consider some solutions of the one-dimensional diffusion equation in the
form of (6.30) for different experimental conditions; a more comprehensive treat-
ment is given in Ref. [33]. The first example is the indiffusion of impurities from
the surface with a surface concentration kept constant at a value c0. Such condition
may be given by applying an external constant vapor pressure of impurity atoms on
the surface. The impurity concentration in the solid depends only on the distance z

from the surface, which is assumed to be located at z = 0. The resulting boundary
conditions read

c(z = 0, t) = c0 for all t, and c(z, t) = 0 for z > 0 and t = 0.
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Fig. 6.15 Solutions of the one-dimensional diffusion equation for two different boundary condi-
tions. Concentration profiles c(z) are given for varied values of the quantity Dt as indicated on the
curves. (a) Impurity distribution in an initially (at Dt = 0) undoped solid for a surface concentra-
tion kept constant at a value c0. (b) Distribution for a solid being initially homogeneously doped
with an impurity concentration cd at z < 0 and undoped at z > 0

The solution of the diffusion equation (6.30) for these conditions is

c(z, t) = c0 erfc

(
z

2
√

Dt

)
,

where erfc is the complementary error function. The diffusion profile c(z, t) de-
pends on the diffusion coefficient D(T ) and the duration of the indiffusion process t .
Profiles for varied values of the product Dt are shown in Fig. 6.15a. The concentra-
tion profiles c(z) show a progressive indiffusion of impurities for increasing process
time t . The material is constantly supplied from the external vapor phase via the
surface, such that c(z = 0, t) = c0 during the entire process.

In our second example the source of impurities is assumed to be located within
the solid. We consider a solid being doped with impurities with an (initially) con-
stant concentration cd in a range z < 0 up to an interface located at z = 0. Beyond
the interface at z > 0 the solid is assumed to be undoped. The boundary conditions
are now

c(z) = cd for z < 0 and c(z) = 0 for z > 0 for t = 0.

The solution of the diffusion equation (6.30) in this case is given by

c(z, t) = cd

2
erfc

(
z

2
√

Dt

)
.

The result is quite similar to the first case. In contrast to the first example the to-
tal amount of impurities diffusing in the solid now is constant. Impurities diffusing
across the interface hence increase the concentration c at z > 0 on expense of c at
z < 0. The initial step-function-like profile gradually smoothness and has the shape
of the complementary error function as shown in Fig. 6.15b. The impurity concen-
tration at the interface remains fixed at c(z = 0, t) = cd/2. The example resembles
the first one as long as the doped part can be considered semi-infinite thick with
respect to the diffusion length

√
Dt .
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Fig. 6.16 Impurity
concentration-profiles for a
doping sheet located at z = 0
initially (at Dt = 0) described
by a δ-function-like profile.
Numbers on the curves
signify respective values
of Dt

In our third example a delta-doping sheet within an undoped solid is assumed
to represent the source of impurities. The total impurity concentration c2D is ini-
tially (at t = 0) located in the two-dimensional (xy)-plane at z = 0. The boundary
conditions are in this case

c(z, t) = c2Dδ(z) for t = 0, and
∫ ∞

z=−∞
c(z, t) = c2D = const for all t > 0.

The solution of the diffusion equation (6.30) for this geometry is given by

c(z, t) = c2D

2
√

πDt
exp

(
− z2

4Dt

)
.

The total amount of impurities diffusing in the solid is constant like in the previous
example. The initial δ-function-like profile gradually broadens to a Gaussian distri-
bution as illustrated in Fig. 6.16. The broadening is characterized by the increasing
standard deviation of the distribution σ = √

2Dt .

6.2.2 Diffusion Mechanisms

The diffusion of atoms in a crystal depends on many experimental parameters in
addition to the temperature, such as the material composition, the position of the
Fermi level, or the concentration of point defects. An understanding of these depen-
dences requires a microscopic view on the diffusion mechanisms. We consider some
important mechanisms separately, even though usually a combination of these diffu-
sion paths occurs in practice. Often the dominant mechanism provides a reasonable
description of the diffusion process at least in some limited temperature range.

In a perfect crystal which does not contain point or line defects, the only mech-
anisms for atom diffusion on lattice sites are the exchange and ring mechanisms il-
lustrated in Fig. 6.17a. Since many bonds need to be broken simultaneously in these
collective mechanisms, they are associated with a very high activation energy for
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Fig. 6.17 Schematic illustration of diffusion mechanisms. (a) Top: exchange mechanism, bottom:
ring mechanism. (b) Vacancy mechanism. (c) Interstitial mechanism. (d) Interstitialcy mechanism.
(e) Substitutional-interstitial mechanisms, top: Frank-Turnbull mechanism, bottom: kick-out mech-
anism

the migration and do not play a significant role in practice. Mechanisms involving
defects are much more effective for both, diffusion of impurities and self-diffusion
of crystal species. We focus on the effect of point defects and do not include phe-
nomena in the presence of line defects.

Vacancy mechanism: Any crystal at finite temperature contains vacant lattice
sites, which provide an efficient path of diffusion via substitutional sites. The el-
ementary jump of an atom into a neighboring vacancy is depicted in Fig. 6.17b. Dif-
fusion of substitutionally dissolved impurities or self-diffusion via this path is still
slow compared to other mechanisms. Examples of slow impurity diffusors are the
common Column III and Column V dopants in silicon as shown below in Fig. 6.18.

Interstitial mechanism: If atoms exist on interstitial sites, they can migrate by
jumping from one interstitial site to another as illustrated in Fig. 6.17c. This mecha-
nism is particularly favorable for small impurity atoms, which do not need to greatly
displace crystal atoms from their regular lattice site. The mechanism is very effi-
cient. Prominent fast diffusors are interstitially dissolved Cu, Li, H, or Fe in silicon
[34]. Their large diffusivities are shown in Fig. 6.18.

Interstitialcy or indirect interstitial mechanism: This path is more likely for im-
purities with a similar size as lattice atoms or for self-diffusion. The mechanism
implies a cooperative motion of two atoms as shown in Fig. 6.17d. An interstitial
atom moves into a lattice site by pushing an atom, which originally occupied this
site, to a neighboring interstitial site.

Substitutional-interstitial mechanism: This effective diffusion mechanism in
semiconductors may apply for impurity atoms A which can be incorporated on both
a substitutional site As and an interstitial site Ai (hybrid solutes). Such impurities
can diffuse via one of the two types of this mechanism depicted in Fig. 6.17e. The
Frank-Turnbull (or, dissociative) mechanism involves vacancies V according the
reaction [35]

Ai + V ↔ As. (6.31)

The kick-out mechanism involves self-interstitials I (interstitials of crystal species)
according the reaction [36, 37]

Ai ↔ As + I. (6.32)
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The diffusivity of Ai is generally much larger than that of As, while the solubility
and hence also the equilibrium concentration ci on interstitial sites is much less
than on lattice sites cs. An efficient incorporation of impurities A may then proceed
by a fast interstitial diffusion for many consecutive jumps, eventually followed by
the occupation of a regular lattice site. This process differs from the interstitialcy
mechanism, where the atom in the interstitial position remains there for only a single
step. The Frank-Turnbull and kick-out mechanisms are prevailing diffusion paths
for many substitutionally dissolved fast diffusing elements in Column-IV and III–V
semiconductors. Well established examples are the diffusion of Cu, Ag, and Au in
Ge via the Frank-Turnbull mechanism and that of Au, Zn, Pt, and S in Si via the
kick-out mechanism.

6.2.3 Effective Diffusion Coefficients

Usually several of the diffusion mechanisms outlined above act simultaneously.
Since diffusion coefficients vary over many orders of magnitude depending on ex-
perimental conditions the dominating path may already provide a reasonable de-
scription. We illustrate some dependences of the diffusivity for the important dif-
fusion mechanisms with participating point defects. In compound semiconductors
single point defects are vacancies, interstitials, and antisites. Their equilibrium con-
centrations depend on the parameters temperature, partial pressures, and composi-
tion, which are mutually related by the phase diagram. In this section we assume the
concentration Cdefect as given quantities to point out their effect on diffusivity.

Vacancy mechanism: One diffusion jump of this mechanism requires the presence
of one vacancy V . The diffusion coefficient D of the migrating species is therefore
proportional to the concentration of vacancies CV . An atom with no adjacent va-
cancy can also move, if first a vacancy diffuses to a neighboring lattice site. The
diffusion coefficient D is therefore also proportional to the diffusion coefficient DV

of the vacancies, eventually yielding

D ∝ CV DV .

Substitutional-interstitial mechanism: There are two types of this mechanism as
outlined in the previous section. In the Frank-Turnbull mechanism (Fig. 6.17e, top)
the diffusivity of the impurity A is essentially given by the (large) diffusivity Di of
the (small) fraction Ai dissolved on interstitial sites. The marginal contribution of
substitutional impurities As, which either diffuse directly via the vacancy mecha-
nism or interact with self-interstitials, is neglected. According (6.31) the diffusion
mechanism involves the three species Ai, As, and vacancies V . The diffusivity of As
depends on the incorporation rate of impurities A on a lattice site. It is determined
by the slower process of either supplying interstitials Ai or vacancies V from the
sample surface. If the supply of interstitials limits the process due to experimental
conditions (i.e., C

eq
i Di � C

eq
V DV ), the effective diffusivity of the Frank-Turnbull

mechanism is given by [34, 38]
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D
lim(i)
eff =

(
C

eq
i

C
eq
i + C

eq
s

)
Di

≈ (
C

eq
i /C

eq
s
)
Di (Frank-Turnbull, limited by interstitials).

C
eq
i and C

eq
s being the local equilibrium concentrations of Ai and As, respectively.

The index lim(i) denotes the limitation by the supply with interstitials. If the sup-
ply of vacancies limits the process (i.e., C

eq
V DV � C

eq
i Di), the local equilibrium

concentration of vacancies C
eq
V controls the effective diffusivity according

D
lim(V )
eff = (

C
eq
V /C

eq
s
)
DV (Frank-Turnbull, vacancy-limited).

The kick-out type of the substitutional-interstitial mechanism involves the species
Ai, As, and self-interstitials I according (6.32). Now the diffusivity of As depends
on the rate of in-diffusion of Ai and the out-diffusion of self-interstitials. When a
slow in-diffusion of Ai controls the process, C

eq
i Di � C

eq
I DI holds and the diffu-

sion coefficient is identical to D
lim(i)
eff of the Frank-Turnbull mechanism noted above.

If the out-diffusion of self-interstitials limits the process, the diffusivity becomes
[34]

D
lim(I )
eff

∼= (
C

eq
I /C

eq
s
)(

C
eq
s /Cs

)2
DI (kick-out, self-interstitial-limited),

where C
eq
I is the local equilibrium concentration of self-interstitials I and Cs =

Cs(r) is the actual local concentration of substitutional impurities As. A simulta-
neous operation of diffusion mediated by self-interstitials and vacancies leads for
C

eq
i Di � (C

eq
I DI + C

eq
V DV ) to a combined effective diffusivity composed of both

parts, i.e. Deff = D
lim(I )
eff + D

lim(V )
eff . Using such effective diffusivities the diffusion

via the various substitutional-interstitial mechanisms can be described by a single
effective process using Fick’s diffusion equation (6.29).

Effect of charge: The diffusivity of a point defect Ddefect depends strongly on
its charge state. Since defects in semiconductors are usually charged, this property
must be included into the terms discussed above. A stable charged point defect must
possess an electronic level in the fundamental energy gap [37]. If a charged defect
has several charge states, the thermal equilibrium concentrations of the differently
charged defects depend on the position of the Fermi level. This feature is related
to the dependence of the defect formation energy as illustrated in Fig. 6.6 for some
native point defects in GaAs.

The substitutional-interstitial mechanism represents the diffusion of an impurity-
defect complex. The interaction of the impurity and the defect depends on the charge
state of the defect and the impurity, and so also the diffusivity of the complex. The
Frank-Turnbull reaction (6.31) of an interstitial impurity Al+

i with charge l+, an
m-fold negatively charged vacancy V m−, and a substitutional impurity An−

s with
charge n− reads [34]

Al+
i + V m− ↔ An−

s + (l − m + n)h.

h denotes the holes created or consumed in this reaction due to the charge balance
condition, and l, m, n are integers. In compound semiconductors the vacancy is here
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assumed to be located on the same sublattice in which the substitutional impurity As

is dissolved. Charged species were introduced in literature to describe the diffusion
of Zn in GaAs according the reaction Zn+

i + VGa ↔ Zn−
s + 2h+, and since then

the Frank-Turnbull process involving charged species is also referred to Longini
mechanism [39]. For the kick-out mechanism the relation is given by

Al+
i ↔ An−

s + Im+ + (l − m + n)h.

Diffusivities following from the charge-including reactions depend on the supply of
the charged defects similar to the reactions without charge discussed above. If the
supply of interstitials Ai limits the process, we obtain [34]

D
lim(i)
eff = (|n| + 1

)(C
eq
i (C

eq
s )

C
eq
s

)(
Cs

C
eq
s

)|n|±l

Di

(Frank-Turnbull with charged defects, interstitial-limited).

A positive sign in the exponent applies for substitutional acceptors, a negative for
substitutional donors. The reaction does not depend on the charge m of the vacancy.
The equation accounts for a (possibly) locally varying electron or hole concentra-
tion, yielding an also locally varying concentration C

eq
i of charged interstitials Al+

i .
Similar to the uncharged case the same equation applies to the kick-out mechanism
when a slow in-diffusion of Ai limits the incorporation rate of As. If the incorpora-
tion rate of As in the Frank-Turnbull process with charged defects is limited by the
supply of vacancies, then the effective diffusivity of As impurities is described by
[34]

D
lim(V )
eff = (|n| + 1

)(C
eq
V (C

eq
s )

C
eq
s

)(
C

eq
s

Cs

)±m−|n|
DV

(Frank-Turnbull with charged defects, vacancy-limited).

When in the kick-out mechanism with charged defects the incorporation of As is
limited by the supply of self-interstitials, the effective diffusivity is analogously
given by

D
lim(I )
eff = (|n| + 1

)(C
eq
I (C

eq
s )

C
eq
s

)(
C

eq
s

Cs

)±m−|n|−2

DI

(kick-out with charged defects, self-interstitial-limited).

If the diffusion coefficient of each charged complex is independent of that of other
complexes, the resulting effective diffusion coefficient is given by a linear combina-
tion of the diffusivities of all complexes. This leads eventually to an effective diffu-
sion coefficient, which in the general case is composed of the effective diffusion co-
efficients of all defect complexes with all occurring charge states. We abbreviate the
notation for effective diffusivities of the two substitutional-interstitial mechanisms
(6.31) and (6.32) by Deff(AV ) for the Frank-Turnbull type and Deff(AI) for the
kick-out type, and include the various charge states of vacancies V 0,V −,V 2−, . . . ,
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Fig. 6.18 Diffusion
coefficients DA of impurities
A in Si. Black lines refer to
elements which mainly
dissolve substitutionally and
diffuse via the vacancy or
interstitialcy mechanism.
Gray lines represent data of
hybride elements which
diffuse via the
substitutional-interstitial
mechanism. Light gray lines
give data of elements
diffusing via the direct
interstitial mechanism. The
dotted line represents Si
self-diffusion. Data from
[40], Li, Fe, and Ga from [41]

V +,V 2+, . . . and the same for self-interstitials I . We then may write for the general
case

Deff =
zV,max∑
zV,min

Deff
(
AV zV

)+
zI,max∑
zI,min

Deff
(
AIzI

)
.

In the sums the charge states of the native defects characterized by the integers zV

and zI start at the most negative values zV,min and zI,min occurring in the considered
semiconductor, and end at the corresponding most positive values.

The relations discussed in this section point up the complexity of diffusion phe-
nomena in semiconductors. A clear description is usually restricted to specific el-
ements and a limited temperature range. Diffusivities of some impurity atoms in
silicon are shown in Fig. 6.18.

The diffusion coefficients shown in the Arrhenius plot are described by the rela-
tion (6.26) and vary over many orders of magnitude. We note the very high diffu-
sivity of the elements moving via the interstitial mechanism (light gray lines, except
for O) and the slowly moving substitutional impurities diffusing via the vacancy
mechanism or the interstitialcy mechanism (black lines). Such elements are favor-
able for fabricating stable doping profiles.

6.2.4 Disordering of Heterointerfaces

Epitaxial growth procedures have proved their ability to fabricate atomically sharp
heterointerfaces. Such interfaces provide strong gradients in the distribution of dif-
ferent atom species and hence a driving force for disordering by diffusion. There
may even exist growth conditions which counteract the formation of atomically
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Fig. 6.19 Energy shift �E

of the photoluminescence
from an Al0.25Ga0.75As/GaAs
quantum well annealed for
25 h at 825 °C at various
values of the As4 ambient
pressure (gray squares). The
black circles are
corresponding calculated
diffusion coefficients of the
Al-Ga interdiffusion. Dashed
lines are guides to the eye.
From [43]

sharp interfaces. Furthermore, also the preservation of sharp interfaces is impor-
tant, e.g., during device processing of heterostructures. On the other hand, a well-
directed locally enhanced layer disordering was employed for both studying diffu-
sion mechanisms and defining lateral confinement for photons and charge carriers
in optoelectronic devices. We consider disordering of heterointerfaces in more de-
tail for AlxGa1−xAs-based heterostructures to illustrate the effect of experimental
conditions on the diffusivity outlined in the previous section.

The self-diffusion of Ga in GaAs was found to be quite low under intrinsic con-
ditions. A similar diffusivity was found for Ga self-diffusion DGa(ni) and Ga-Al
interdiffusion DAl-Ga(ni) obtained from AlGaAs/GaAs heterostructures, both be-
ing well described by (6.26) with a diffusion constant D0 = 2.9 × 108 cm2/s and
a fairly high activation energy �E ∼= 6 eV [42]. Such values correspond to a dif-
fusion length

√
Dt of 1 nm for 30 h diffusion at 1100 K. Since the self- and inter-

diffusion on the Column III sublattice must proceed through native defects of the
crystal, the diffusivity depends on the As pressure applied during the annealing at
elevated temperature. Pressure-depending interdiffusion coefficients were derived
from an evaluation of the photoluminescence energy-shift measured for annealed
Al0.25Ga0.75As/GaAs quantum well samples [43]. The diffusion of Al and Ga across
the heterointerfaces of the 13 nm thick quantum well leads to a change of the con-
finement potential, resulting in a blue-shift of the energy levels.

Figure 6.19 shows that both, a high and a low As4 ambient pressure applied dur-
ing annealing leads to an enhanced DAl-Ga interdiffusion coefficient. The increase
of DAl-Ga is generated by the change of the native defect concentration via the sam-
ple surface. Six single point defect species may occur in GaAs. A shift of the crystal
stoichiometry to the As-poor side favors the creation of As vacancies VAs, Ga inter-
stitials IGa, and Ga antisites GaAs. As-rich point defects are Ga vacancies VGa, As
interstitials IAs, and As antisites AsGa. Corresponding defects apply for Al which
occupies the same sublattice as Ga, leading to the more general notation for Column
III defects, e.g., Column III vacancies VIII.
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A consistent description including also Fermi-level effects was obtained by con-
sidering the Column III self-diffusion as being due to neutral and singly ionized
Column III vacancies VIII and Column III interstitials IIII [44]. A creation of such a
defect pair can occur according the reaction

0 ↔ IIII + VIII and CIIIICVIII = k1.

The second equation expresses the law of mass action with the concentrations C

of the participating defects and a temperature-dependent constant k1. Under As-
rich conditions the crystal surface can act as a sink for the interstitials IIII, thereby
increasing the concentration of vacancies CVIII . Under As-poor conditions, evapora-
tion of As at the surface leads to a local excess of Ga atoms, which can diffuse into
the crystal and increase the concentration of interstitials CIIII according the reaction

0 ↔ IIII + 1

4
Asvapor

4 and CIIIIP
1/4
As4

= k2.

Both VIII and IIII can lead to Column III self-diffusion, yielding a diffusivity

DIII = c1CVIIIDVIII + c2CIIIIDIIII = c3P
1/4
As4

DVIII + c4P
−1/4
As4

DIIII .

The ci are constants containing the temperature-dependent constants kj . In the sec-
ond equation we used the law of mass action involving k2. The equation describes
the trend of the pressure-dependent diffusivity shown in Fig. 6.19. Under As-poor
conditions the diffusivity is increased by Column III interstitials IIII, while under
As-rich conditions Column III vacancies VIII enhance the diffusivity.

The diffusivity is also affected by doping. A shift of the Fermi level from the
intrinsic position can increase the self-diffusion by orders of magnitude. Evidence
for a combined effect of doping and ambient pressure on heterointerfaces applied
during annealing is given in Fig. 6.20. The TEM images show cross sections of
n-type (left, n = 1018 cm−3) and p-type (right, p = 8 × 1018 cm−3) AlGaAs/GaAs
superlattices, which were annealed for 10 h at elevated temperature [45]. The n-
type structure shows some interdiffusion for an anneal under As-poor conditions,
and a much stronger layer intermixing in As-rich ambient. In contrast, the p-type
structure shows a complete intermixing for As-poor conditions, while the superlat-
tice remains stable in As-rich ambient. Experiments with compensated doping (i.e.,
simultaneous doping with donors and acceptors) confirmed that the enhancement
of the interdiffusivity is controlled by the position of the Fermi level and not by the
presence of impurity atoms [46].

The experimental results point to the participation of charged defects in the ef-
fective diffusivity DIII. Their equilibrium concentration depends on their energy po-
sition in the bandgap with respect to the Fermi level. Considering only neutral and
singly ionized vacancies VIII and interstitials IIII yields for the donor-like intersti-
tials IIII the relation CI+

III
/CI 0

III
= exp((ED − EF)/(kBT )), and for the acceptor-like

vacancies VIII the ratio CV −
III

/CV 0
III

= exp((EF − EA)/(kBT )) [44]. The difference
of the ionization energy and the Fermi level in the exponential terms represents the
energy gain when the native defect is charged, cf. Fig. 6.1 and Sect. 6.1.2. If the
Fermi level is decreased by extrinsic p-type doping, the donor-like interstitials IIII
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Fig. 6.20 Transmission electron micrographs of cross sections of Si-doped (left) and a Mg-doped
(right) Al0.4Ga0.6As/GaAs superlattices. The images show the as-grown structures and the struc-
tures after annealing for 10 h under either As-poor or As-rich conditions. Reproduced with permis-
sion from [45], © 1988 MRS

are positively charged and attain an increased solubility and corresponding high con-
centration CI+

III
. In n-type heterostructures the solubility and thereby concentration

of acceptor-like charged vacancies V −
III is increased. Introducing respective diffusiv-

ities of the charged native defects, the effective diffusion constant for Column III
self-diffusion noted above only for undoped defects is extended and reads [44]

DIII = c5P
1/4
As4

(
DV 0

III
+ DV −

III
exp

(
(EF − EA)/(kBT )

))
+ c6P

−1/4
As4

(
DI 0

III
+ DI+

III
exp

(
(ED − EF)/(kBT )

))
.

According this relation the diffusivity increases when p-type AlGaAs heterostruc-
tures are annealed in an As-poor ambient, because both effects increase the concen-
tration of interstitials IIII. The diffusivity increases also when n-type structures are
annealed in an As-rich ambient. In this case both effects increase the concentration
of vacancies VIII.

The effect of the Fermi-level position on the effective diffusivity is more pro-
nounced for multiple charged defects. A cubic dependence of DIII on the electron
concentration, e.g., points to the participation of a triply charged defect V 3−

III [42].
A definite assignment to a specific charged defect is though difficult, because both
the enthalpy of formation and the enthalpy of migration enter the effective diffusiv-
ity, and both quantities change if the charge state of a defect changes due to a shift
of the Fermi-level [44].

The spatially selective modification of heterostructure interfaces by layer disor-
dering was also employed for device fabrication. By applying masks on the surface,
a laterally selective intermixing of quantum well heterostructures is obtained. The
corresponding change of the bandgap and the refractive index with respect to the
not intermixed regions can be used to locally confine charge carriers and photons.
If, e.g., a sample containing a quantum-well is exposed to intermixing conditions
except along a stripe, the lateral regions adjacent to the stripe have a larger bandgap
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and a lower refractive index. These effects were used to fabricate, e.g., index-guided
edge-emitting lasers of III–V [47, 48] and II–VI [49] semiconductors. Techniques
employed for selective intermixing comprise impurity-induced layer disordering
(IILD) by introducing dopants [50], impurity-free vacancy disordering (IFVD) by
supplying vacancies [47], and ion-implantation-induced composition disordering
(IID).

6.3 Metal-Semiconductor Contact

Any electronic semiconductor device requires an electric contact between the semi-
conductor and a metal. A metal-semiconductor junction may have either rectifying
or ohmic characteristics, depending on the two materials which are brought into
contact. The problem is closely related to the band alignment of a semiconductor
heterostructure treated in Sect. 3.2. We will introduce the characteristics of a clas-
sical ideal metal-semiconductor contact, nonideal effects, and some approaches to
fabricate ohmic junctions.

6.3.1 Ideal Schottky Contact

We consider a rectifying metal-semiconductor contact in the framework of the
model introduced by W. Schottky [51] and N.F. Mott [52]. According the simple
Schottky-Mott model the properties of the junction are determined by the work func-
tion eφm of the metal and that of the semiconductor eφsc. Since φm may be larger
or smaller than φsc and the latter depends on the type of semiconductor (n or p),
we have to distinguish four cases. We first consider a metal—n-type semiconductor
junction with φm > φsc. Figure 6.21a shows the energy-band diagram of the two
solids before contact, taking the vacuum level Evac as reference energy. Since the
work functions of the metal and the semiconductor differ, electrons will flow from
the side with a high Fermi energy to that with a lower Fermi energy for equilibration
if a contact is made. The difference φm −φsc is referred to as contact potential. In the
case depicted in Fig. 6.21a electrons are transferred to the metal, leaving positively
charged donors without a balancing negative charge in the n-type semiconductor.
A positive space charge is thereby built up in the interface-near region of the semi-
conductor, leading to a bending of the band edges over a width w, which is depleted
from free electrons. Outside the depletion layer the semiconductor is neutral. The
positive space charge in the semiconductor is balanced by an equal negative charge
at the metal surface. The dipole potential equilibrates the contact potential. In ther-
mal equilibrium these quantities are equal and the Fermi energy is constant through
the junction. We note from Fig. 6.21b that now a barrier eφBn exists at the junction.
The height of this Schottky barrier is given by the band bending eVbi, the so-called
built-in potential barrier, and the energy spacing between the Fermi level and the
conduction-band edge in the semiconductor,

eφBn = e(Vbi + φsc − χ) = e(φm − χ), (6.33)
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Fig. 6.21 Energy-band diagram of an ideal junction between a metal with a large work function
eφm and an n-type semiconductor with a smaller work function eφsc. (a) Before contact, (b) in
contact without an external bias. eφm and w denote the height of the Schottky barrier and the
width of the space-charge region, respectively. Gray shadings indicate occupied bands

eχ being the electron affinity of the semiconductor as depicted in Fig. 6.21a. Equa-
tion (6.33) shows that the built-in potential equals the contact potential, Vbi =
φm − φsc. Values of work functions and electron affinities for some solids are given
in Table 6.2.

The width of the space-charge region w may be calculated in the Schottky-Mott
model under the abrupt approximation, i.e., assuming that the charge density in this
region is given by the constant concentration of the donors, ρ = enD. Outside the
space-charge region the semiconductor is neutral and ρ = 0. The potential in the
semiconductor is obtained from the one-dimensional Poisson equation

d2V

dx2
= −ρ

ε
,

where ε = εr × ε0 is the permittivity. Taking the location of the junction along x and
Ec in the bulk of the semiconductor as origin, integration leads to

V (x) = enD

ε

(
wx − 1

2
x2

)
− Vbi. (6.34)

The width of the depletion region w is obtained from the condition V (x = w) = 0,
yielding

w =
(

2εVbi

enD

)1/2

. (6.35)

In (6.35) we assumed a complete ionization of donors in the space-charge re-
gion and a zero bias across the junction. If the thermal distribution of the ma-
jority carriers is taken into account, the charge density ρ = enD is replaced by
ρ = enD(1 − exp[eV (x)/(kBT )]). Vbi in (6.35) is then replaced by (Vbi − kBT/e).
If an external bias Vext is applied to the metal-semiconductor junction, this quantity
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Table 6.2 Work functions
φm of some metals and
electron affinities χ of some
semiconductors. Metal data
from [53], semiconductors
from [54]

Metal eφm (eV) Semiconductor eχ (eV)

Al 4.28 Ge 4.00

Au 5.10 Si 4.05

Ni 5.15 SiC (4H) 4.05

Pd 5.12 GaAs 4.07

Pt 5.65 InP 4.38

Ti 4.31 GaN 4.10

W 4.54 ZnSe 4.09

is also added. The more complete expression then reads

w =
(

2ε(Vbi − Vext − kBT/e)

enD

)1/2

(external bias and thermal carrier distribution included). (6.36)

Application of an external bias Vext such that the semiconductor is negative with
respect to the metal (forward bias) lowers the barrier to e(Vbi − Vext − kBT/e),
while a reverse bias leaves the barrier eφBn, in this first-order model, unaffected. The
Schottky barrier hence represents an asymmetric resistance for the current across the
junction. The junction has a rectifying character, it represents a Schottky diode.

The treatment above refers to a metal—n-type semiconductor junction. We now
compare the four basic cases of φm > φsc, φm < φsc, and contacts to either an
n-type or a p-type semiconductor. If the junction to the n-type semiconductor is
made using a metal with a smaller work function φm < φsc, electrons will flow from
the metal to the semiconductor for equilibration. In thermal equilibrium (without ex-
ternal bias), when the Fermi energy is constant across the junction, a negative space
charge in the semiconductor balances an equal positive charge at the junction in the
metal. Figure 6.22b depicts the resulting band bending in the semiconductor. There
exits no barrier for an electron flow from the n-type semiconductor to the metal, and
a small barrier e(φsc −χ) for the reverse direction. Such a contact has nearly ohmic
character.

A comparable case is the metal—p-type semiconductor junction for a larger
work function of the metal φm > φsc depicted in Fig. 6.22c. When the contact is
made, electrons flow from the semiconductor to the metal to equilibrate the Fermi
level EF. The band bending in the semiconductor originating from the space charge
of the positively ionized donors is qualitatively similar to the case assumed in
Fig. 6.22a, but now there exists no barrier for an electron flow from the metal to
the p-type semiconductor, and an only small barrier e(χ − φsc) exists for the re-
verse direction. This contact is nearly ohmic.

The last case of the metal—p-type semiconductor junction for a smaller work
function of the metal φm < φsc depicted in Fig. 6.22d has similarities to the first
case shown in Figs. 6.22a and 6.21. The band bending in the semiconductor eVbi
due to an equilibrating electron flow from the metal to the semiconductor leads to
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Fig. 6.22 Energy-band diagrams of ideal junctions between metal and an either n-type semicon-
ductor (a, b) or a p-type semiconductor (c, d). Metal work functions eφm being larger (a, c) or
smaller (b, d) than the work functions of the semiconductors eφsc are assumed

the Schottky barrier eφBp = e(χ − φm). The barrier for the flow of holes is lowered
to e(Vbi − Vext) when an external bias Vext is applied such that the semiconductor
is positive with respect to the metal. For the reverse bias the barrier eφBp remains
virtually unaffected, leading to a rectifying characteristics of this junction.

The height of the Schottky barriers in cases (a) and (d) above is somewhat re-
duced, if the Schottky effect is taken into account. A free carrier in the semicon-
ductor with charge −e experiences an image-charge effect near the junction to the
metal, because the metal surface is an equipotential surface. This modifies the po-
tential distribution similar to the case if an image charge +e were equidistant to
the junction on the metal side. The reduction of the Schottky barrier �φ by this
effect depends on the external bias and is given by the resulting electric field,
�φ = (e|E|/(4πεrε0))

1/2. The Schottky effect is hence diminished by the large
relative permittivity εr of semiconductors and usually quite small (∼10–20 meV).
Since real metal-semiconductor junctions are dominated by other effects the Schot-
tky effect is not detailed here.
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Fig. 6.23 Schottky barrier
heights for various junctions
between n-type
semiconductor and metal.
Gray solid lines are
least-square fits to
experimental data, dashed
lines indicate the slope for
slope parameters S equal 1
and 0. Data from [55]

6.3.2 Real Metal-Semiconductor Contact

The Schottky-Mott model pointed out above predicts the Schottky-barrier height
eφB to be the difference between the semiconductor electron affinity eχ and the
metal work function eφm. Consequently the slope parameter S = δφB/δφm, which
describes the variation of the barrier height of a given semiconductor with different
metal contacts, is unity in this ideal case. Experimental Schottky barrier heights are,
however, often only weakly dependent on the metal work function. Some typical re-
sults for are plotted in Fig. 6.23 for various semiconductors versus the work function
of the applied metal. The steep dashed line indicates the expected ideal dependence
of the Schottky barrier on the metal work function, i.e., S = 1. We note that the ex-
perimental slopes given in the figure are significantly smaller and differ among the
semiconductors.

It is found that metal junctions to semiconductors with ionic bonding display a
large dependence of the barrier height on the metal work function with only little
deviation from the ideal behavior (S = 1). On the other hand, metal junctions to
semiconductors with a predominantly covalent bonding lead to an only weak de-
pendence of the barrier height on the metal work function (S small). Experimental
slope parameters S are given in Fig. 6.24 for a number of semiconductors. The
ionicity of the bonding is expressed in terms of the difference in electronegativity
�χ = χA − χB of the atoms (or, more precisely, anions and cations) A, B of the
semiconductor.

The low dependence of the Schottky-barrier height on the metal work-function
is referred to as Fermi-level pinning. The phenomenon can be understood qualita-
tively in terms of a model based upon localized states located at the interface be-
tween semiconductor and metal. Let us consider such interface states (also termed
surface states) with a distribution of electronic levels in the bandgap of the semi-
conductor. The distribution may be characterized by an energy eφ0, the so-called
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Fig. 6.24 Slope parameter S

for various n-type
semiconductor/metal
junctions plotted versus the
electronegativity difference of
the constituents of the
semiconductor. The gray
curve is a guide to the eye.
Adapted from [56]

charge-neutrality level. States below this level are assumed neutral if they are filled
with electrons, and states lying above are assumed neutral if they are empty. If the
density of such interface states near eφ0 is large, then adding electrons to the semi-
conductor or extracting them from the semiconductor does not alter the position of
the Fermi energy. The Fermi level is pinned. When the contact between the metal
and the semiconductor is made, both, addition of electrons and extraction of elec-
trons are accommodated by the interface states, leaving the Fermi level virtually
unchanged. The Schottky barrier height is then independent of the metal used, and
given by

eφB = Eg − eφ0,

eφ0 being the charge-neutrality level.
Two basically different models on the physical nature of the interface states have

been proposed. The model of virtual gap states (ViGS, also referred to as metal in-
duced gap states MIGS) assumes that the wave functions of the metal electrons have
exponentially decaying tails into the semiconductor [57, 58]. These virtual states are
located in the bandgap and decay on an atomic scale with a charge decay length of
some Å, making the first few layers of the semiconductor locally metallic: The lo-
cal density-of-states in the semiconductor bandgap is filled with a smooth density
of gap states. The gap states are related to those bands of the semiconductor that
are nearest in energy. ViGS which are related to the valence band are then occu-
pied, and those with conduction-band character are empty. At an effective midgap
point EB gap states change from primarily valence character to conduction char-
acter. The Fermi level is pinned at or near this energy EB, yielding local charge
neutrality. A relatively low number of ViGS (about one per 100 atoms at the inter-
face) is required to produce the pinning effect. The strength of the ViGS model is
its simplicity. Without adjustable parameters it could reasonably predict experimen-
tally observed pinned Shottky barrier heights for a number of metal-semiconductor
combinations and explain why more ionic semiconductors do not show a universal
barrier height. Some results are listed in Table 6.3.
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Table 6.3 Schottky barrier height eφtheo
Bn for an n-type semiconductor-Au metal junction and ef-

fective midgap point EB calculated from the model of virtual gap states. Experimental barrier
heights refer to Au metal. Data from [58], EB from [59]

Eg (eV) EB (eV) eφtheo
Bn (eV) eφ

exp
Bn (Au) (eV)

Ge 0.66 0.18 0.48 0.59

Si 1.12 0.36 0.76 0.83

GaAs 1.56 0.70 0.74 0.94

ZnS 3.60 1.40 2.00

The ViGS model assumes a featureless interface between metal and semicon-
ductor, neglecting structural details or the formation of strong local chemical bonds
across the interface. Experiments on a variety of different junctions demonstrated,
however, a systematic dependence of the barrier height on the chemical reactivity
of the interface [60, 61]. Moreover, Fermi level pinning was already obtained with
a metal coverage much less than one monolayer. For reactive metals the position of
the Fermi level was found to be largely independent of the metal used. Such findings
lead to a different approach emphasizing the role of defects at the interface.

The defect model assumes that the Fermi-level pinning originates from localized
electronic states originating from defects near the interface [61]. Such defects are,
e.g., vacancies in the semiconductor. The energy for the formation of the defect
can be created by the heat of condensation of surface adatoms or from the heat of
formation of compounds made from metal and semiconductor atoms forming at the
interface. A low number of defects (order of one per 100 interface atoms) is required
to pin the Fermi energy, analogous to the ViGS model. There exist numerous exper-
imental and theoretical studies on the microscopic nature of such defects and quite
a number of related detailed models. Many chemical trends could be explained for
specific junctions of semiconductors to metals. Sometimes both, ViGS model and
defect model are needed to explain the data. No general model accounting for the
rich variety of phenomena has been reached to date. The density of interface states
cannot be predicted with any degree of certainty. The Schottky barrier height must
therefore be considered a parameter which must experimentally be determined.

We should note that the fundamental mechanism for Fermi-level pinning is essen-
tially the same for both, ViGS model and defect model. The concept is based upon
energy levels in the gap of the semiconductor near the interface that can accommo-
date carriers flowing across the interface for equilibration of the electronegativity
when the contact is made. The charge transferred between the metal and the semi-
conductor creates an interface dipole, which pins the Fermi level and hence controls
the Shottky barrier height.

6.3.3 Practical Ohmic Metal-Semiconductor Contact

Practical contacts should have a negligible resistance compared with that of the
semiconductor device of which the contact forms part. Such contacts are often re-
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Fig. 6.25 Schematics of concepts for fabricating ohmic contacts: (a) formation of a low barrier
height, (b) application of a thin layer with a high doping level

ferred to as ohmic contacts, i.e., non-rectifying contacts. The IV characteristics of a
device with low-resistance contacts is determined by the resistance of the semicon-
ductor. The linearity of the contact is then actually not essential. The contact should,
furthermore, not inject minority carriers.

The model of an ideal Schottky contact pointed out in Sect. 6.3.1 provides use-
ful guidelines for fabricating a practical contact. The two basic approaches used to
obtain a low contact resistance are depicted in Fig. 6.25. The first principle shown
in Fig. 6.25a is based on the formation of a low Schottky-barrier height eφBn. This
requires—in absence of pinning effects—a metal with a very small work function
for a junction to an n-type semiconductor, and a metal with a very large work func-
tion for a junction to an p-type semiconductor, cf. Fig. 6.22. The implementation of
the concept is usually hampered by the problem of finding a metal with a suitable
work function. The task is particularly difficult for p contacts to semiconductors
with a wide band gap.

The majority of practical contacts is therefore based on the approach of using
a thin, heavily doped semiconductor layer adjacent to the metal as illustrated in
Fig. 6.25b. The width of the depletion region of such layer is very thin, as expressed
by (6.35). The contact resistance is then dominated by the tunneling of carriers
through the barrier.

The metal-semiconductor contact is characterized by the specific differential re-
sistance Rc at zero bias,

Rc =
(

dI

dV

)−1

V =0
. (6.37)

In the commonly applied approach depicted in Fig. 6.25b the tunneling current
across the thin barrier comprises not only electrons with an energy close to the
Fermi level (the so-called field emission dominating at very low temperatures), but
also thermally excited electrons. The resulting current is known as thermionic field
emission. Its maximum passes the barrier at an energy Em above the conduction



6.3 Metal-Semiconductor Contact 267

Table 6.4 Typical
metallization layers applied
for practical contacts to III–V
semiconductors

Type of conductivity Contact material Composition (%)

n AuGe 88 : 12

n AuSn 95 : 5

p AuBe 99.1 : 0.9

p AuZn 95 : 5

band, where the tunneling probability is larger than at EF due to a thinner barrier
[62]. For this case the contact resistance is proportional to

Rc ∼ exp

(
2

�

√
εm∗
nD

φBn

)
, (6.38)

where ε is the permittivity of the semiconductor. We note the strong dependence on
doping and on the height of the Schottky barrier.

Due to the large importance of ohmic contacts for semiconductor devices some
standard technology has been developed. Generally a contact metal containing also
some dopant material is evaporated onto the semiconductor surface like, e.g., AuZn
on p-type GaAs. Table 6.4 summarizes some standard metallizations applied for
contacts to III–V compound semiconductors. Often these contact layers are al-
loyed into the semiconductor at the respective eutectic temperature. In addition,
further metal layers are usually added to improve the adhesion to the semiconductor
and to lower the total contact resistance. An example is the layer sequence AuGe
(100 nm)/Ni (50 nm)/Au (200 nm), where Ni provides good adhesion due to a low
surface energy, and Au lowers the resistance.

6.3.4 Epitaxial Contact Structures

In some cases no suitable metallization for forming an ohmic contact can be found.
The reason may be an unfavorable Fermi-level pinning or the lack of a metal with
a suitable work function. A metal contact to, e.g., p-type ZnSe proved difficult,
because no metal with a sufficiently large work function was found to avoid the
formation of a Schottky barrier eφBp for hole injection according Fig. 6.22d. In
such cases a heteroepitaxial contact structure may provide a viable solution. The
presented examples intend to introduce some basic concepts rather than representing
general recipes.

The principle of an epitaxial contact structure is based on the introduction of a
material between the metal and the semiconductor that accommodates the difference
in metal and semiconductor work functions and avoids Fermi-level pinning. There
exist various implementations of the idea. A simple approach is the application of
a heavily doped thin semiconductor layer on top of the semiconductor used in the
device. Such structure was reported for a contact to n-type GaAs and is shown in
Fig. 6.26 [63].
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Fig. 6.26 Energy-band
diagram of a heterojunction
structure for a low-resistance
ohmic contact

By inserting a heavily doped Ge layer between Au metal and GaAs, the large
Schottky barrier forming at the metal/n-GaAs junction is split into two smaller bar-
riers. The smaller metal/n-Ge barrier height is, furthermore, quite thin due to the
heavy-doping ability of the narrow-gap semiconductor Ge (n ≥ 1020 cm−3). A con-
tact resistance below 10−7 � cm2 was reported for such non-alloyed contact [63].

Another concept is the application of a semiconductor material which provides a
good contact to a metal and can be alloyed during growth with the semiconductor
used in the device. An alloy layer is then inserted the composition of which is graded
from the semiconductor forming the interface with the metal to that used in the
device. The principle of this approach is illustrated in Fig. 6.27.

The example depicted in Fig. 6.27 employs the property of InAs with an untyp-
ical Fermi-level pinning in the conduction band. Therefore a good ohmic contact
with a small Schottky barrier eφBn < 0 can be made to n-type InAs as shown in
Fig. 6.27b. The simple insertion of such a layer between the metal and n-type GaAs
with a Fermi level pinned in the gap will not avoid the high Schottky barrier, which
is then formed at the interface between the two semiconductors as illustrated in
Fig. 6.27c. The problem may be solved by replacing the abrupt junction between the
semiconductors by an n-type ternary InxGa1−xAs layer with a composition graded
from x = 1 to x = 0 [64]. For the example given in Fig. 6.27 a contact resistance in
the range 10−6 � cm2 was reported. The principle was also applied to other mate-
rials. An ohmic p contact to ZnSe with a resistance in the mid 10−2 � cm2 range
was accomplished, e.g., by applying a Au metallization top-type BeTe and using a
pseudograded p-type BeTe/ZnSe superlattice [65]. Within the superlattice with 20
monolayer (ML) pseudoperiod the thickness of individual layers was varied in 1
ML steps starting at 19 ML BeTe + 1 ML ZnSe and ending at 1 ML BeTe + 19 ML
ZnSe. The purpose of this superlattice was to mimic a random alloy for smoothly
grading the valence-band offset.

An approach apparently similar to pseudograding but representing actually a dif-
ferent concept of an epitaxial contact structure is based on resonant tunneling within
a multi-quantum well (MQW) structure. The principle of the approach is depicted
for a p-type contact to ZnSe in Fig. 6.28. The metal-semiconductor junction is made
to p-type ZnTe, which can be degenerately doped p-type and forms a good ohmic
(tunnel) contact to Au for hole injection. A ZnTe/ZnSe MQW structure is placed
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Fig. 6.27 Energy-band diagrams illustrating the concept of ohmic contact formation using a layer
with a graded band gap: Metal contact to (a) n-type GaAs, (b) n-type InAs, (c) n-type GaAs with
an inserted n-type InAs layer and abrupt interface, (d) n-type GaAs with an additional graded
n-type InxGa1−xAs layer and non-abrupt interfaces

Fig. 6.28 Energy-band
diagram depicting the concept
of a resonant-tunneling
contact using a
multiple-quantum well
(MQW) region. Dark gray
horizontal lines represent the
lowest quantized energy
levels for holes

between ZnTe and ZnSe to accommodate the large valence-band offset of about
0.5 eV between these binaries. The widths LQW of the ZnTe quantum wells in this
structure are designed such that the lowest hole levels align to the energies of the
valence-band maxima of ZnTe and ZnSe, yielding a sequence of gradually narrow-
ing quantum wells separated by 2 nm thick ZnSe barriers as shown in Fig. 6.28
[66]. Current transport is provided by resonant tunneling through the aligned QW
levels. For the structure depicted in Fig. 6.28 also a contact resistance in the mid
10−2 � cm2 range was obtained.

An issue of any contact is mechanical and thermal stability besides the band
alignment and a low contact resistance as discussed above. The lattice mismatch of
semiconductors applied in epitaxial contact structures must therefore also be consid-
ered. A high density of structural defects is usually detrimental to the contact life-
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time. The InAs/GaAs and ZnTe/ZnSe junctions mentioned in the examples above
introduce large strain due to ∼7 % misfit in both cases, while the Ge/GaAs and
BeTe/ZnSe junctions are well lattice-matched and expected to contain a low density
of defects.

6.4 Problems Chap. 6

6.1 (a) Find the intrinsic carrier concentrations in InAs and InP at 77 K and 300 K.
Use band parameters given in Problem 2 of Chap. 3 and effective masses
me,mhh, and mlh (all in units of the free-electron mass m0) for InAs 0.02,
0.41, 0.03, and for InP 0.08, 0,60, 0.12, respectively.

(b) Calculate for both intrinsic semiconductors the temperature, where the
Fermi energy deviates by +50 meV from the midgap position.

6.2 Compute the effective densities of states at the band edges, and estimate the
maximum carrier concentration for electrons and holes in InP at 300 K using
the Fermi-level stabilization model. Apply a Fermi-level stabilization energy of
0.76 eV above the valence-band edge, band parameters given in Problem 2 of
Chap. 3, and the effective mass parameters given in the previous problem.

6.3 An undoped GaAs layer is grown at 700 °C on p-type GaAs bulk homoge-
neously doped with 1 × 1018 cm3 Be atoms. The Be atoms redistribute due to
the concentration gradient at the interface. Assume that the diffusion process
is well described by a simple Fick diffusion with a single diffusion constant of
2 × 10−5 cm2/s and an activation energy of 1.95 eV.
(a) How long does it take at the given temperature to obtain a softened Be con-

centration profile at the interface with a width (for drop from 90 % to 10 %
of the initial concentration) of 200 nm? Approximate values of the comple-
mentary error function are (x, erfc(x): 0.0, 1.00; 0.2, 0.78; 0.4, 0.57; 0.6,
0.40; 0.8, 0.26; 1.0, 0.16; interpolate to obtain rough values in between).

(b) Diffusion slows down if the temperature is lowered. Which temperature is
needed to double the time for obtaining the same softening of the concen-
tration profile?

(c) Find the width of the drop of the softened Be concentration profile (drop
from 90 % to 10 %) after an exposure of the interface (with initially step-
like profile) at 700 °C for 24 hours.

(d) Which Be concentration exists in the GaAs layer at a distance of 100 nm
from the initial interface after the exposure at 700 °C for 24 hours?

6.4 Consider a contact of platinum to n-type Si with 2 × 1016 cm−3 donors—all
ionized at a temperature of 300 K—in the framework of the Schottky-Mott
model. Si has a relative permittivity of 11.7 and—at the given temperature—an
effective density of states of 2.8 × 1019 cm−3.
(a) Calculate the barrier height, the energy difference between the conduction-

band edge and the Fermi level in the bulk of Si, and the contact potential.
(b) What is the width of the depletion region without an externally applied

voltage? What is the width of the space charge if a voltage of 1.0 V is
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applied in the forward direction? What is the width for a bias of 1.0 V in
the reverse direction?

(c) What is the space-charge width without external bias at 400 K?
6.5 A contact resistance of 5×10−4 � × cm2 is measured for a junction between

Al and n-Si highly doped to 2 × 1019 cm−3 at room temperature. Estimate the
contact resistance if the doping level can be further raised to 1 × 1020 cm−3,
assuming no interface states occur. The effective mass of the density of states
and the relative permittivity of Si are 1.2 × m0 and 11.7, respectively.

6.5 General Reading Chap. 6
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Chapter 7
Methods of Epitaxy

Abstract The fabrication of a semiconductor heterostructure with atomically sharp
interfaces requires epitaxial growth. This chapter focuses on the widely applied
growth techniques of liquid-phase epitaxy (LPE), metalorganic vapor-phase epitaxy
(MOVPE), and molecular-beam epitaxy (MBE). The usually equilibrium-near LPE
process is illustrated for different cooling procedures. For the growth employing
MOVPE we consider properties of source precursors and processes of mass trans-
port. The section on MBE concentrates particularly on vacuum requirements, the
effusion of beam sources, and the uniformity of deposition.

The heterostructures discussed in the previous chapters represent the basis of ad-
vanced semiconductor devices. Such structures comprising quantum wells and su-
perlattices can only be fabricated by epitaxial growth processes. Different methods
for epitaxial growth have been established. They are basically named after the nu-
trition phase supplying the material for the growth of the solid phase. Prominent
methods are techniques applying growth from the vapor phase. Vapor-phase epi-
taxy (VPE) is usually classified by the transport mechanism of the gaseous species:
physical-vapor deposition (PVD), or chemical-vapor deposition (CVD). CVD is of-
ten further classified according the chemistry of the source gases, such as metalor-
ganic CVD (MOCVD, also termed metalorganic VPE, MOVPE, or organometallic
VPE, OMVPE), chloride VPE (ClVPE), and hydride VPE (HVPE). PVD represents
the vaporization of source material in vacuum. Again different methods are applied
such as thermal evaporation, laser ablation, or sputtering. The most prominent PVD
technique is molecular-beam epitaxy (MBE), where beams of species are provided
by thermal heating in effusion cells.

Besides the rich variety of VPE techniques epitaxy is also performed from the
liquid and even from the solid phase. In liquid-phase epitaxy (LPE) growth is per-
formed from a liquid solution or a melt. Solid-phase epitaxy (SPE) is a transition
between the solid amorphous and crystalline phases of a material. This kind of crys-
tallization is primarily used for the annealing of crystal damage.

Each of the mentioned epitaxy methods has its strengths and weaknesses. We will
focus on the widely applied techniques of liquid-phase epitaxy, metalorganic vapor-
phase epitaxy, and molecular-beam epitaxy. Most electronic and optoelectronic de-
vices are fabricated using one of these methods. The principles applied in the three
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Fig. 7.1 Estimated Gibbs free energy differences between reactants and products for the epitaxy
of GaAs at 1000 K using various growth methods. Calculation of the thermodynamic driving
forces assumed for liquid-phase epitaxy (LPE) a supercooling below 10 K. In metalorganic va-
por-phase epitaxy (MOVPE) growth with Me3Ga and AsH3 precursors, and in molecular-beam
epitaxy (MBE) growth with Ga and As4 species is assumed. Data from [1]

growth techniques are quite different. LPE operates usually close to thermodynamic
equilibrium, while MOVPE and MBE occurs quite far from equilibrium. Figure 7.1
illustrates the apparent difference of the driving forces for the epitaxy of GaAs.

The equilibrium-near conditions in the LPE imply the possibility of reversible
processes to occur at the growth interface. The LPE process is well described by
thermodynamics. We note a much larger driving force in the MOVPE process. Here,
growth is mostly not controlled by thermodynamics, but by the slow mass transport
of reactants through the vapor to the growth interface. Similar conditions apply for
the MBE process.

7.1 Liquid-Phase Epitaxy

In liquid-phase epitaxy (LPE) a crystalline layer usually grows from a supersatu-
rated liquid solution on a substrate. The process has similarities to the seeded growth
of bulk crystals from the melt, so that much experience could be transferred to LPE
in the past. LPE is a mature technology which is widely used in industry, while it was
largely replaced in universities by more flexible techniques like MBE or MOVPE.
LPE has a number of advantages over other growth techniques, the most unique
features being:

• LPE enables growth of layers with an extraordinary high structural perfection.
• High growth rates can be applied in the LPE growth process.

Since growth conditions of LPE processes are close to thermodynamic equilib-
rium, atoms can efficiently migrate to the growth interface and find energetically
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optimum positions for incorporation. This may result in crystalline layers with a
very low density of point and dislocation defects. Compound semiconductor layers
grown by LPE exhibited point defects densities orders of magnitudes lower than
layers grown by other growth techniques. The carrier lifetime in such layers is con-
sequently quite high. Red-emitting GaAs-based LEDs with highest efficiency and
high-performance γ -ray detectors based on HgCdTe are presently fabricated using
LPE. Today a significant part of the world’s LED production is covered by LPE, and
LPE is the major growth method for fabricating magneto-optic layers. The technique
was successfully applied to a large variety of materials, such as compound semicon-
ductors (III–V, II–VI, IV–IV) and magnetic or superconducting oxides.

LPE is particularly useful for growing thick layers, also due to high deposition
rates up to 1 µm/minute. On the other hand, LPE is less appropriate for fabricating
nanostructures like quantum wells. The interface quality depends very strongly on
crystallographic misorientation and lattice misfit. Rough interfaces are often also
obtained due to back-dissolution. Another restriction of LPE is the limitation to
materials which are miscible at growth temperature.

7.1.1 Growth Systems

There exist several methods to bring the substrate into contact with the growth solu-
tion prepared for epitaxial growth, and to separate them at the end of layer growth.
They can be classified into the techniques of tipping, dipping, and sliding boat. They
basically differ in the way to bring the substrate into contact with the solution. The
material used for the fabrication of the crucible or the boat depends on the materials
to be grown. Usually graphite is used for semiconductor growth systems, while plat-
inum is applied for growing oxide materials like garnets. The schematics of the three
mentioned techniques are illustrated below for epitaxy on single substrates. Today
LPE is actually used for industrial mass production in upscaled systems employing
multiple large-area substrates.

Tipping System

The tipping system was the earliest LPE system applied for growing III–V semi-
conductors [2]. The schematic of a tipping apparatus is given in Fig. 7.2. The set-up
consists of a boat containing the source material solved in a saturated molten solu-
tion, a reactor tube allowing to control the gaseous ambient, and a furnace for precise
temperature control. The furnace is tiltable such that the growth solution can either
be separated from the substrate (position (a) in Fig. 7.2) or placed over the substrate
(position (b)). The growth process starts by equilibrating the growth solution in po-
sition (a). After completing this step the temperature of the furnace is reduced and
the furnace is tipped to position (b). The solution runs over the substrate and layer
growth starts. After growing a layer of sufficient thickness, the furnace is tipped
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Fig. 7.2 Tipping apparatus for liquid-phase epitaxy. (a) Position for equilibrating the growth so-
lution, (b) furnace tipped to the position for epitaxial growth on the substrate

Fig. 7.3 Dipping LPE
apparatus for liquid-phase
epitaxy. In systems with
horizontally mounted
substrate rotation may be
applied to set up convection
in the solute

back to position (b) and the solution rolls off the layer. The removal of the solution
is not quite reliable, a major drawback of the technique. Moreover, the system al-
lows for growing only a single layer. The simple tipping technique was particularly
useful for initial early experiments.

Dipping System

The principle of the dipping technique is illustrated in Fig. 7.3. The substrate is
mounted on a substrate holder equipped with lift and rotation mechanisms in a hor-
izontal or a vertical position. Layers are grown by dipping the substrate into the
solution. The rotation mechanism is employed in the horizontal rotating-disk con-
figuration to control the convection of the solute atoms in the liquid. It may also be
used for removal of the solution by spinning off at the end of layer growth.

Dipping systems are useful if thick layers are to be grown. A further advantage
particularly for substrates with volatile components is that the substrate can be kept
at a decreased temperature prior to growth. The dipping technique is widely applied
for the LPE of oxide materials. The popular sliding-boat technique employed for
growing semiconductors is not used to grow oxide layers, because platinum used
as a boat material does not slide on platinum. Furthermore, no substrate rotation is
applied for semiconductor growth due to the sensitivity of the solution surface to
oxidation.
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Fig. 7.4 (a) Sliding boat LPE apparatus. Numbers signify solutions with different compositions.
(b) Location of the critical gap between the substrate and crucible containing the solution

Sliding-Boat System

The sliding-boat technique is quite versatile and allows for multiple-layer growth.
It is widely applied for the LPE of compound semiconductors. A schematic of
a sliding-boat apparatus is given in Fig. 7.4a. The boat consists of two parts: a base,
which carries the substrate in a recess, and wells in a block, which contain the solu-
tions for growing successively different layers. Either the block with the wells or the
base are movable, such that the solutions can be placed over the substrate. Similar
to the previous systems the boat is located in a reactor tube for providing control of
the gaseous ambient, and in a furnace for precise temperature control. The wells of
the different solutions may be covered with caps as indicated in the figure.

Proper adjustment of the gap between the block containing the solutions and the
substrate accommodated in the slide is a critical issue of the siding-boat technique.
If the clearance depicted in Fig. 7.4b is too wide, mixing with an adjacent solution
and aftergrowth effects may occur. If, on the other hand, the gap is too small, the
grown layers are scratched when the slide is moved. This limits also the maximum
total thickness of the epitaxial layer sequence which can be grown by the sliding-
boat technique. Typical gaps are in the range of 25 to 100 µm.

7.1.2 Congruent Melting

We consider a melting process in a completely miscible two-component system
to prepare the discussion of the LPE process. The phase diagram of the system
composed of two components A and B is given in Fig. 7.5.

There are two liquidus curves: one separating the region of all liquid A and B

at higher temperatures from a region at small concentrations of B (i.e., high con-
centrations of A) where a fraction of A is solid and in equilibrium with liquid A

and liquid B . Another liquidus curve at higher concentration of B separates the all
liquid region from a region with solid B and liquid A and B . At an even lower
temperature TE a solidus line bounds the regions with either only A or B solid
from an all solid region. At the eutectic point denoted E the liquidus and solidus
curves intersect. At this point all three phases (all) Liquid, Solid of A, and Solid
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Fig. 7.5 Phase diagram of a
two-component system at
constant pressure. The
abscissa values give the
fraction of component B with
respect to the sum A + B

of B coexist in equilibrium. The phase rule (4.10) states that this point is invari-
ant at a selected fixed pressure: The number of independent variables Nf is deter-
mined by the number of components Nc and the number of coexisting phases Np,
Nf = Nc −Np +2 = 2−3+2 = 1. If the temperature or the composition is changed
at the given fixed pressure, then the number of phases Np is reduced to 2.

At the composition xB = 0 we obtain a one-component system of pure compo-
nent A. This system melts at only one temperature, the melting temperature TmA.
Correspondingly the pure one-component system B at xB = 1 melts at TmB . For
all compositions between these end points melting of the system begins at one tem-
perature, the eutectic temperature TE. Except for the eutectic composition melting
occurs over a range of temperatures between TE and the temperature of the liq-
uidus curve at the given composition; the eutectic composition melts only at TE. It
is important to note that in a closed system in equilibrium the composition does not
change during melting or, vice versa, during crystallization.

To illustrate this rule we consider a crystallization of the system along the dotted
line at xB = 0.8 drawn in Fig. 7.5. Above the solidus line the system is a liquid
mixture of 80 % of component B and 20 % of component A. When the temper-
ature is lowered, crystals of component B begin to form at T1. The more T is
lowered, the more of component B crystallizes. Since the overall composition is
fixed at xB = 0.8 and crystals only form from component B , the liquid becomes
gradually more enriched in A due to the loss of liquid B . The 20 % composition
of B is hence composed of solid B and liquid B . The fraction of B in the solid
state increases for decreasing temperature. At a temperature T2 marked in Fig. 7.5
this fraction is given by the lever rule xB,solid = a/(a + b). The liquid fraction
of B is correspondingly xB,liquid = b/(a + b), and A is all liquid. We note from
Fig. 7.5 that section b remains constant and a increases as the temperature is low-
ered towards TE. Thus, the proportional distance between the initial composition
represented by the dotted line and the solidus curve gives the amount of solid B

formed at a given temperature below T1. The composition of the all Liquid region
changes as given by the solidus line. For decreasing temperature the Liquid con-
tains gradually less B due to loss into the pure B solid. Still the overall composition
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xB = (Bsolid + Bliquid)/(Aliquid(+Asolid = 0)) remains fixed at 0.8. At TE also A

begins to crystallize, keeping xB constant (i.e., Asolid �= 0). In a cooling process the
temperature would remain constant at TE until all of A is solid. The final solid is a
mixture of 80 % Bsolid and 20 % Asolid.

7.1.3 LPE Principle

The fundamental processes of liquid-phase epitaxy are similar to those of seeded
growth of bulk crystals from a solution or a melt. There are major advantages of
LPE growth from a solution rather than growing from a melt. Lower growth temper-
atures can be applied, leading to improved structural perfection and stoichiometry.
In addition, the vapor pressure of volatile components in compound semiconductors
is much reduced at temperatures far below melting, the interdiffusion of heteroin-
terfaces is decreased, and detrimental effects of thermal expansion differences of
substrate and epitaxial layer are reduced. Furthermore, solution growth allows a
more precise control of low growth rates for improved thickness adjustment, and
unwanted spontaneous nucleation is reduced.

For a discussion of the basics we consider a part of the phase diagram of a con-
gruently melting binary solid AB and the formation of a solid from a liquid solution
of B atoms solved in a solvent A. Since the LPE process is usually controlled by
varying the temperature, T is plotted as the independent variable. At a given temper-
ature Te2 labeled in Fig. 7.6a the liquidus curve shows the equilibrium composition
xe2 of B atoms in the saturated liquid at point Le. The liquid composition xe2 is
connected with a unique composition of the solid xS. Points at the left of the liq-
uidus, like L+ above Le, correspond to metastable states of a supersaturated or a
supercooled liquid solution for the given temperature Te2. Points at the right of the
liquidus like L− correspond to undersaturated liquid solutions at Te2. The deviation
from thermal equilibrium can be expressed by the relative supersaturation

σ = xe1 − xe2

xe2
, (7.1)

where xe1 represents the actual concentration in the bulk of the liquid solution (i.e.,
far away from a phase boundary to a solid) being supersaturated at Te2, and xe2 is
the equilibrium concentration at Te2. We discussed in Sect. 4.2 that nucleation of a
solid in a homogeneous liquid phase requires a minimum driving force, or super-
saturation, to take place. This quantity is the critical work �G∗

N for creating stable
nuclei of critical size which can grow. In the phase diagram, the region between
the corresponding critical supersaturation and the liquidus curve is a metastable re-
gion which can be used for heteronucleation, because the critical free energy of
heteronucleation �G∗

N hetero is significantly smaller than that of nucleation in a ho-
mogeneous (liquid) phase. Thus, if a supersaturated solution at point L+ in Fig. 7.6a
is brought into contact with a solid, e.g., a substrate, then the solid tends to grow.
Vice versa, a contact to an undersaturated solution at point L− tends to dissolve the
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Fig. 7.6 (a) Phase diagram of a two-component system. Points L+ and L− signify a liquid in su-
persaturated and undersaturated states at temperature Te2, respectively, xe2 is the equilibrium liquid
composition corresponding to an equilibrium solid composition xS. Tm is the melting temperature
of the solid. (b) Concentration profile of composition xB in the supersaturated liquid solution near
the solid-liquid interface located at z = 0. δ denotes the diffusion boundary, the gray line represents
the composition gradient at the interface

solid. The width of the metastable region varies greatly for different solvent-solute
systems, depending on the complexity of the crystallizing material, hydrodynamics,
and other factors. While metallic semiconductor solutions support only a few de-
grees of undercooling �Ts = Te1 −Te2, undercoolings up to 150 °C are possible for
oxides. For this reason LPE processes of these materials differ strongly.

We consider a solid B in contact with a supersaturated solution at tempera-
ture Te2. Figure 7.6b shows the concentration xB(z) of component B in the liquid
phase near the boundary to the solid. At the interface the concentration xi is smaller
than the concentration xe1 in the bulk of the liquid solution, because the solution
depletes from B atoms due to incorporation into the solid. Usually kinetic limita-
tions at the growing surface prevent xi from attaining the equilibrium value xe2.
Away from the liquid-solid boundary the composition of the liquid approaches the
prepared liquid bulk value xe1.

In an LPE process the supersaturation is created either by cooling or by sol-
vent evaporation of a saturated solution. During growth, a diffusion boundary layer
of thickness δ is formed at the growth front, in which a concentration gradient
and a temperature gradient exist. Growth species of the solute diffuse towards the
liquid-solid interface, and solvent species diffuse contrariwise towards the bulk of
the solution. Besides diffusion also hydrodynamic flow occurs near the interface.
While hydrodynamic flow is more effective than diffusion in the bulk of the solu-
tion, its contribution decreases towards the interface and becomes negligible at the
growth front. δ describes the concentration gradient in the solution at the interface,
(∂xB/∂z)z=0 = (xe1 −xi)/δ, cf. Fig. 7.6b. The thickness δ of the diffusion boundary
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layer is determined by the hydrodynamic flow, and the process within this layer is
solely controlled by diffusion. Thus, δ eventually determines the growth rate.

The theory of diffusion-limited growth has been widely applied to describe the
LPE process. It assumes that the rate-limiting step is mass transport, i.e., the diffu-
sion of solute species to the growth interface. For simplicity we consider the growth
of a one-component system like, e.g., growth from single solute species B in a sol-
vent A. Such description applies as well for the growth unit of a multicomponent
system, if the growth is limited by low rate constants of one of the solute constituents
in this unit. Under such conditions, the concentration of the growth unit in the liq-
uid xL(z, t) (termed xB for the system described in Fig. 7.6b) is described by the
solution of the one-dimensional diffusion equation [3]

∂xL

∂t
= D

∂2xL

∂z2
+ v

∂xL

∂z
. (7.2)

D is the diffusion coefficient of the solute species in the solvent and z is the distance
to the solid-liquid interface as depicted in Fig. 7.6b. In a multicomponent system
D refers to the limiting component of the growth unit. The second term on the
right-hand side describes convection, where v is the growth velocity resulting from
convection and the growth rate. In dipping processes convection is often enforced by
substrate rotation to draw growth units in the normal direction towards the substrate
and to control the thickness of the boundary layer by the rotation rate ω.

The simultaneously occurring diffusion of heat in the solid and liquid phases is
described by an equation similar to (7.2),

∂T

∂t
= K

∂2T

∂z2
+ v

∂T

∂z
,

where T is the temperature and K is the thermal diffusivity. Thermal gradients
due to the dissipation of the crystallization heat and to temperature differences in
the setup have a major effect in growth from the melt. In solution growth usually
isothermal conditions prevail, and heat diffusion may be neglected.

7.1.4 LPE Processes

We focus on the diffusion of growth species expressed by (7.2). If no convective field
is set up by substrate rotation, the convection term is quite small. This is particularly
fulfilled for small growth rates (order of 1 µm/h). We assume that convection is
not enforced and neglect this term. We restrict our consideration to semi-infinite
growth solutions, where the dimensions of the crucible or boat do not affect the
process. This is a good approximation for growth times t < l2/D, where l is the
depth of the growth solution and D is the diffusion constant of the growth species.
The concentration in the liquid xL(z, t) is then described by the solution of

∂xL

∂t
= D

∂2xL

∂z2
. (7.3)
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Fig. 7.7 Temperature profiles of various LPE growth processes. Profiles drawn in gray are alter-
natives to that applied for step-cooled growth drawn in black

The solution of (7.3) depends on the boundary conditions of the growth process. Ini-
tially, the solute concentration is homogeneous, i.e., the concentration of the growth
unit in the liquid xL(z, t = 0) = xe1 for all z. We assume fast kinetics at the liquid-
solid interface, such that the solute concentration at the interface xi during growth
equals the equilibrium concentration xe2 at any time, xL(z = 0, t) = xi(t) = xe2(t).

Once the concentration profile xL is known, the growth rate r is obtained by mass
conservation, yielding

r = D

(xs − xi)

(
∂xL

∂z

)
z=0

. (7.4)

Here xs is the concentration of growth units in the solid and xi ≈ xe2 (for fast kinet-
ics) is the interfacial concentration. Often xi � xs applies, and xi in the denomina-
tor is neglected. The thickness of the grown layer d(t) results from integrating the
growth rate,

d =
∫ t

0
r
(
t ′
)
dt ′. (7.5)

The temperature applied during growth may be a function of the growth time t ,
depending on the growth technique. There are various methods to adjust the tem-
perature for producing the required supersaturation. Some temperature profiles are
depicted in Fig. 7.7.

The process of liquid-phase epitaxy generally starts with heating the solution,
followed by a period of homogenizing. The latter is of particular importance, since
volatile impurities are baked out in this time. Hereafter, the temperature of the so-
lution is lowered for equilibration, and then growth is started. Major temperature
profiles applied for LPE growth are pointed out in the following.

Step-cooling growth: During equilibration the solution attains a uniform solute
concentration xe1 corresponding to a liquidus temperature Te1, cf. Fig. 7.6. At
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Fig. 7.8 Layer thickness d as
a function of growth time t

for the liquid-phase epitaxy
of GaAs. (a) Layers grown by
the step-cooling process.
Points are measured data, the
line is calculated from (7.7).
(b) Layers grown by ramp
cooling, the line is calculated
from (7.9). (c) Layers grown
by supercooling, the
continuous line is calculated
from (7.10). Reproduced with
permission from [4], © 1974
Elsevier

growth start the temperature is lowered to Te2 = Te1 −�Ts as illustrated in Fig. 7.7.
Thereby the equilibrium concentration changes to a value xe2 given by the liquidus
curve at Te2, and the solution, which is still at Te1, is supersaturated. Inserting the
slope of the liquidus curve m = ∂Te/∂xe and assuming a small �Ts such that the
liquidus curve is approximately linear, we can express the equilibrium concentration
on the substrate surface at Te2 by xL(z = 0, t) = xe2 = xe1 − �Ts/m. For this con-
dition and the boundary condition xL(z, t = 0) = xe1 the solution xL(z, t) to (7.3) is
given by the error function [4]

xL − xe2

xe1 − xe2
= erf

(
z

2
√

Dt

)
. (7.6)

From (7.4) and (7.5) eventually the layer thickness is obtained as a function of the
growth time, yielding [4]

d(t) = 2�Ts

mxs

(
D

π

)1/2

t1/2 (step cooling), (7.7)

m being the slope of the liquidus curve and xs is the concentration of growth units
in the solid. We note that the layer thickness does not linearly increase with time,
i.e., the growth rate is not constant. Experimental results for the LPE of GaAs using
step cooling are given in Fig. 7.8a. GaAs was grown from a Ga-rich solution, i.e.,
Ga was also employed as solvent. The epitaxy was performed at 800 °C applying an
undercooling �Ts = 5 °C. The straight line was calculated from (7.7) and describes
well the measured data [4].
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Ramp-cooling growth: The process starts with equilibration at a temperature Te1,
yielding xL(z, t = 0) = xe1. The temperature of the solution is then lowered at a
linear rate α, such that T (t) = Te1 − αt . If the total cooling interval is small, the
slope of the liquidus curve m = ∂Te/∂xe is approximately constant and the equilib-
rium composition on the liquidus curve is a linear function of temperature. We then
obtain the boundary condition xL(z = 0, t) = xe1 − (α/m)t . For these conditions
the solution xL(z, t) to (7.3) is given by the complementary error function

xL = xe1 − 4(αt/m)i2erfc

(
z

2
√

Dt

)
, (7.8)

and by inserting into (7.4) and (7.5) the resulting layer thickness is [4]

d(t) = 4α

3mxs

(
D

π

)1/2

t3/2 (ramp cooling). (7.9)

We note that the time dependence of d(t) differs from the square-root dependence
obtained for step cooling (7.7). Experimental data for ramp-cooling LPE of GaAs
are given in Fig. 7.8b. A cooling rate α = 0.6 °C/min was applied, and the given
growth temperature Tg refers to the midpoint of the growth interval.

Supercooling growth: This process is a combination of step and ramp cool-
ing processes. An undercooling temperature step of �Ts is introduced in addi-
tion to the temperature lowering at a linear rate α, yielding the boundary condition
xL(z = 0, t) = xe1 − �Ts/m − (α/m)t . The solution xL(z, t) to (7.3) is accordingly
a combination of both processes, yielding the time-dependent layer thickness [4]

d(t) = 1

mxs

(
D

π

)1/2(
2�Tst

1/2 + 4

3
αt3/2

)
(supercooling). (7.10)

LPE data of GaAs grown by supercooling given in Fig. 7.8c confirm the expected
dependence. In the experiments temperature steps �Ts = 5 °C and cooling rates
α = 0.6 °C/min were applied.

The chosen process depends on the requirements of the material to be grown, the
phase diagram, the morphology of the layer structure, and other parameters. The
introduction outlined in this section illustrates that LPE relies on well-established
data of the liquid-solid phase equilibrium. The technique is certainly challenging
due to stringent demands of growth parameters, and the development of a growth
process for a new layer structure requires much more time than for the more popular
techniques of MOVPE and MBE pointed out in the next sections. On the other
hand, liquid-phase epitaxy bares the potential for fabricating epitaxial layers with
the highest possible structural perfection and homogeneity.

7.2 Metalorganic Vapor-Phase Epitaxy

Metalorganic vapor-phase epitaxy (MOVPE), also termed metalorganic chemical
vapor deposition (MOCVD; sometimes O and M in the acronyms are exchanged),
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is the most frequently applied CVD technique for semiconductor device fabrication.
Industrial large scale reactors presently have the capacity for a simultaneous depo-
sition on fifty 2-inch wafers, and a majority of advanced semiconductor devices is
produced using this technique. Applications of MOVPE are not restricted to semi-
conductors, but also include oxides, metals, and organic materials. The technique
emerged in the 1960ies [5–9], when epitaxy was dominated by liquid-phase epi-
taxy, chloride vapor-phase epitaxy, and molecular-beam epitaxy (Sect. 7.3) did not
exist in its present form. Complex sample structures with abrupt interfaces down
to the monolayer range and excellent uniformity may today be fabricated using ei-
ther MOVPE or MBE, though application of MOVPE is advantageous in realizing
graded layers or, e.g., in arsenide-phosphide alloys and nitride semiconductors.

7.2.1 Metalorganic Precursors

A common feature of chemical vapor-phase techniques is the transport of the con-
stituent elements in the gas phase to the vapor-solid interface in form of volatile
molecules. In MOVPE these species consist of metalorganic compounds, and the
transport is made by a carrier gas like hydrogen at typically 100 mbar total pres-
sure. The gaseous species dissociate thermally at the growing surface of the heated
substrate, thereby releasing the elements for layer growth. The dissociation at the
surface is generally assisted by chemical reactions.

The net reaction for the MOVPE of GaAs using the standard source compounds
trimethylgallium and arsine reads

Ga(CH3)3 + AsH3 → GaAs + 3CH4↑. (7.11)

The reaction is actually much more complicate and comprises many successive steps
and species in the chemistry of deposition [10] like, e.g., some steps of precursor
decomposition

Ga(CH3)3 → Ga(CH3)2 + CH3 → GaCH3 + 2CH3 → Ga + 3CH3.

Major species occurring in the gas phase near the substrate surface are indicated
in Fig. 7.14. The source compounds employed for MOVPE must meet some basic
requirements. Their stability is low to allow for decomposition in the process, but
still sufficient for long term storage. Furthermore the volatility should be high, and a
liquid state is favorable to provide a steady state source flow. Most source molecules
have the form MRn, where M denotes the element used for MOVPE, and R are
alkyls like methyl CH3. By choosing a suitable organic ligand, the bond strength to a
given element M can be selected to comply with the requirements of MOVPE for the
solid to be grown. The metal-carbon bond strength depends on the electronegativity
of the metal M and the size and configuration of the ligand R [11]. As a thumb
rule the bond strength decreases as the number of carbon atoms bond to the central
carbon in the alkyl is increased. This trend is also reflected in the dissociation energy
of the first carbon-hydrogen bond given in Table 7.1 [12].
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Table 7.1 Dissociation energy E of the carbon-hydrogen bond for radicals R used in MOVPE
source molecules

R E (kJ/mol) R E (kJ/mol)

methyl (Me) 435 iso-propyl 398

ethyl (Et) 410 tert-butyl (t Bu) 381

n-propyl 410 allyl 368

Fig. 7.9 (a) Alkyl radicals used as organic ligands in source molecules, and (b) some source
molecules for metalorganic vapor phase epitaxy. Red and blue spheres represent carbon and hy-
drogen atoms, respectively, the location for a bond to an element M at the radicals is indicated by
an asterisk

Organic radicals R most frequently used for MOVPE precursors are depicted in
Fig. 7.9a, some metalorganic precursors are given in Fig. 7.9b.

Besides metalorganic sources also hydrides like arsine are employed as precur-
sors. Their use is interesting since they release hydrogen radicals under decomposi-
tion that can assist removal of carbon-containing radicals from the surface. A major
obstacle is their high toxicity and their very high vapor pressure, requiring exten-
sive safety precautions. To reduce the hazardous potential, hydrides are increasingly
replaced by metalorganic alternatives, e.g., arsine by tertiarybutylarsine, where one
of the three hydrogen radicals is replaced by a tertiarybutyl radical. Thereby the va-
por pressure is strongly reduced, yielding usually liquids at ambient conditions. In
addition the toxicity decreases significantly.

Partial pressures for some standard precursors used in the MOVPE of As-related
III–V semiconductors are given in Table 7.2. The values are expressed in terms of
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Table 7.2 Equilibrium vapor-pressure data of some metalorganic compounds used for III–V
MOVPE (Vapor-pressure data taken from data sheets of several precursor suppliers)

Element Precursor Vapor pressure

a b (K) Peq MO (mbar) at 20 °C

Al trimethylaluminum 8.349 2135 11.5

Ga trimethylgallium 8.195 1703 241

triethylgallium 8.208 2162 6.7

In trimethylindium (solid) 10.645 3014 2.3

P tertiarybutylphosphine 7.711 1539 187 (10 °C)

As tertiarybutylarsine 7.368 1509 109 (10 °C)

Sb trimethylantimony 7.833 1697 110

triethylantimony 8.029 2183 3.8

N dimethylhydrazine 8.771 1921 164

Fig. 7.10 Decomposition of
As precursors, the labels
TBAs, Eas, TEAs and TMAs
denote tertiarybutyl-As,
ethyl-As, triethyl-As, and
trimethyl-As, respectively.
Reproduced with permission
from [15], © 1991 Elsevier

the parameters a and b to account for the exponential temperature dependence of
the vapor pressure according to

log(Peq MO) = a − b/T , (7.12)

where the equilibrium pressure of the metalorganic source Peq MO and the tempera-
ture of the source T are given in units of mbar and K, respectively. Hydrides AsH3

and PH3 are stored at 20 °C as liquids under pressures of 15 bar and 40 bar, respec-
tively, and introduced as gases to the MOVPE setup.

Precursor molecules may decompose by a number of pyrolytic mechanisms, the
most simple being free radical homolysis, i.e., a simple bond cleavage. Since the
M-H bond is generally stronger than the M-C bond, metalorganic alternatives of the
stable hydrides decompose at lower temperatures—a further incentive for their use.
Results of pyrolysis studies for various As precursors, performed in an isothermal
flow tube, are given in Fig. 7.10. The bond strength thumb rule noted above is well
reflected in these curves.
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Fig. 7.11 Schematic diagram of a metalorganic vapor phase epitaxy apparatus. Hydrogen is used
as carrier gas and introduced into the metalorganic sources MO1 and MO2. MFC and PC denote
mass-flow and pressure controllers, respectively

7.2.2 The Growth Process

Most metalorganic sources are liquids which are stored in bubblers. For transport to
the reactor a carrier gas (usually hydrogen) with a flow QMO is introduced by a dip
tube ending near the bottom, see Fig. 7.11. At a fixed temperature the metalorganic
liquid forms an equilibrium vapor pressure Peq MO given by (7.12), and the bubbles
of the carrier gas saturate with precursor molecules. At the outlet port of the bubbler
a pressure controller is installed, which acts like a pressure-relief valve and allows
to define a fixed pressure PB (>Peq MO) in the bubbler, thereby decoupling the bub-
bler pressure from the equilibrium vapor pressure of the MO source. Also the total
pressure Ptot in the reactor is controlled independently. The partial pressure of a
metalorganic source in the reactor PMO results from the mentioned parameters by

PMO = QMO

Qtot
× Ptot

PB
× Peq MO, (7.13)

Qtot denoting the total flow in the reactor. The two fractions in (7.13) are employed
to control the partial pressure PMO of the source in the reactor. For sources used
as dopants or compounds with very high vapor pressures an additional dilution by
mixing with a controlled flow of carrier gas is applied. The gaseous hydrides are
directly controlled by their flow QHyd, and (7.13) simplifies to

PHyd = QHyd

Qtot
× Ptot. (7.14)

The total flow in the reactor Qtot results from the sum of all component flows plus
the flow of the carrier gas which is additionally introduced into the reactor by a
separate mass-flow controller. This flow is generally much higher than that of all
sources, and the sum of all source partial pressures PMO and PHyd is consequently
much smaller than the total pressure in the reactor Ptot. The reactor pressure Ptot
is controlled as an independent parameter by a control valve attached to an exhaust
pump behind the reactor (Fig. 7.11). The flow rate is usually specified in terms of a
mass flow dm/dt (in units of g/min or mol/min) or volume flow dV/dt (standard
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Fig. 7.12 Scheme of the chemical potential μ near the surface of the growing solid during
MOVPE. Path 1 signifies growth controlled by mass transport, paths 3 and 2 denote growth be-
ing limited by interface reactions and the general case, respectively

cubic centimeters per minute, sccm), both defined at some standard conditions with
respect to temperature and pressure.

The complete treatment of the MOVPE growth process involves numerous gas
phase and surface reactions, in addition to hydrodynamic aspects. Such complex
studies require a numerical approach, and solutions were developed for specific pro-
cesses like MOVPE of GaAs from trimethylgallium and arsine [10, 13, 14]. We will
first draw a more general picture of the growth process.

Growth represents a nonequilibrium process. The driving force is given by a drop
in the chemical potential μ from the input phase to the solid. For the discussion of
the MOVPE process a description by consecutive steps as depicted in Fig. 7.12
is convenient. The reactants in the carrier gas represent the source. Near the solid
surface a vertical diffusive transport component originates from reactions of source
molecules and incorporation into the growing layer. All processes from adsorption
at the surface to the incorporation are summarized to interface reactions. Finally
excess reaction products desorb from the interface by diffusion.

The slowest process of the successive steps limits the growth rate. Without con-
sidering mechanisms of growth in detail, processes limited by either transport or
kinetics can be well distinguished. Figure 7.13 shows on a logarithmic scale the
dependence of the GaAs growth rate from the reciprocal substrate temperature. At
low temperature experiment and simulation show an exponential relation, indicat-
ing that thermally activated processes limit the growth rate. Precursor decomposi-
tion and interface growth reactions lead to a pronounced temperature dependence,
the slope ∝ −�E/(kBT ) yields an activation energy �E near 19 kcal/mole for
the given process. This regime is referred to as kinetically limited growth. The gas
phase supplies precursors to the surface at a rate well exceeding the rate of growth
reactions. As the temperature is increased, the growth rate becomes nearly indepen-
dent on temperature. In this range precursor decomposition and surface reactions
are much faster than mass transport from the source to the interface of the growing
solid. Since diffusion in the gas phase depends only weakly on temperature, this
process is called transport-limited growth. Mass transport in this regime depends
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Fig. 7.13 Growth rate in the
MOVPE of (001)-oriented
homoepitaxial GaAs layers as
a function of reciprocal
temperature.
Trimethylgallium and arsine
are used as precursors. Full
and open circles represent
measured data from [16] and
model predictions from [10],
respectively

on the geometry of the reactor, because flow field and temperature profile above the
substrate affect cracking and arrival of precursors at the interface. This fact accounts
for the difference in the maximum growth rates in Fig. 7.13. In the high-temperature
range growth rates decrease due to enhanced desorption and parasitic deposition at
the reactor walls, inducing a depletion of the gas phase.

MOVPE is usually performed in the mid-temperature range of transport limited
growth, where variations of the substrate temperature have only a minor effect on
the growth rate, the composition of alloys, and on the doping level. For arsenide and
phosphide semiconductors the range is typically between 500 °C and 800 °C, for
nitrides above 1000 °C.

The decomposition of the precursors at the heated substrate and subsequent re-
actions leads to a large number of species in the gas phase and on the surface. We
consider some results of a detailed study of the elementary processes for the ho-
moepitaxial growth of GaAs on (111)A-oriented substrates [14]. The model for the
MOVPE from trimethylgallium and arsine source compounds according the net re-
action (7.11) included 60 species and more than 200 reactions in the gas phase,
and a total of 19 species and more than 100 processes at the surface. The model
considered the flow, heat and mass transfer in a vertical reactor with forced con-
vection like that shown in Fig. 7.15b. The gaseous reactants enter through a nozzle
placed at right angles to the heated substrate. The gas flows toward the substrate and
then flows radially outward. Gas inlet at 298 K is assumed, with inlet pressures of
3.4 × 10−4 bar for Ga(CH3)3 and 6.8 × 10−3 bar for AsH3, a total flow rate of 1.5
standard liter per minute at 1 bar total reactor pressure, and a substrate temperature
of 1000 K. Surface processes are considered for two different sites: the planar Ga-
face of the (111)-oriented GaAs surface and ledge sites at monoatomic steps on the
surface. Basic predictions of this model were verified experimentally.

The results demonstrate that the sites on the planar (111)A GaAs surface are basi-
cally occupied by AsHn species with a decreasing fractional coverage for n = 2,3 at
increased temperature, and a low, only slightly varying occupancy by AsH and As.
Ga(CH3)2 and GaCH3 species occupy ledge sites [14]. The rate-controlling steps
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Fig. 7.14 Calculated partial
pressures Pi of major species
i in the gas phase for the
metalorganic vapor-phase
epitaxy of GaAs from
Ga(CH3)3 and AsH3
precursors on GaAs (111)A
substrate. z designates the
vertical distance from the
growth surface, which is kept
at 1000 K. Reproduced with
permission from [14], © 1988
Elsevier

for the modeled MOVPE of GaAs strongly depend on the substrate temperature. At
low temperature the growth rate is controlled by the activation energy of surface
kinetics involving Ga(CH3)n species (n = 0,1), and reactions in the gas phase are
not important. The rate-limiting step at 773 K is the removal of CH3 radicals from
Ga(CH3)2 adsorbed at a ledge site. As the temperature is raised to intermediate val-
ues between 900 K and 1000 K, surface reactions become fast and mass transport
and gas-phase reactions become dominant. The reaction of AsH3 with CH3 radicals
to AsH2 and CH4 in the gas phase enhances the decomposition of Ga(CH3)3 by
removing the radicals. At high temperatures above 1000 K, deposition of arsenic in
the form of As2 and a reduced adsorption of GaCH3 impose kinetic barriers.

The composition of the gas phase at a substrate temperature of 1000 K is given
in Fig. 7.14. We note that the partial pressures of major species vary strongly in
the vicinity of the substrate surface [14]. The amount of the readily decomposing
Ga precursor Ga(CH3)3 drops to very small values, while the partial pressure of the
stable arsine AsH3 decreases only slightly. The concentration of CH3 radicals re-
mains low, mainly due to the consuming gas-phase reaction with AsH3 noted above
and the parallel reaction CH3 + H2 ⇔ CH4 + H. GaAs growth at this high temper-
ature occurs basically by adsorption of monomethylgallium GaCH3 at ledge sites
and subsequent surface reaction with AsH or with As.

7.2.3 Mass Transport

The access of supplied precursor molecules to the growth surface occurs by various
transport processes. Diffusion and convection in the presence of large temperature
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Fig. 7.15 Reactor types applied in the metalorganic vapor-phase epitaxy. (a) Horizontal reactor
with inductive heating of the susceptor which carries the substrate. The circular arrow indicates
the wafer rotation. (b) Schematic of a vertical reactor

and concentration gradients affect the growth rate and uniformity of layer composi-
tion. The transport processes depend strongly on the configuration of the reactor and
the adjustment of operating parameters. The main geometries of MOVPE reactors
are shown in Fig. 7.15. Horizontal and vertical reactors are used, and both designs
are also upscaled for simultaneous multiwafer epitaxy. For simplicity we consider
single-wafer setups. Reactor vessels are made of quartz glass or steel. The reactor
walls are usually kept cold to minimize unwanted deposition at the walls. The wafer
is placed on a (graphite) susceptor, which often is inductively heated by a radio-
frequency (rf) generator via an rf coil for coupling. Usually wafer rotation (typ.
30 rpm) is applied during deposition to even out gas supply and heating nonunifor-
mities for achieving a laterally uniform growth rate. In vertical reactors also rotation
at high speed is used (>500 rpm) to emulate a rotating-disk flow.

Both reactor types depicted in Fig. 7.15 are designed for a laminar gas flow. Typ-
ical operating conditions with a total pressure Ptot of 102 Pa (low-pressure MOVPE)
or 105 Pa (atmospheric-pressure MOVPE) yield about 101 cm/s mean gas velocity
(somewhat higher at low pressure, also depending on the total flow in the reactor
Qtot), leading to a flow well below the onset of turbolence.

The description of the mass transport in the gas phase consists of three-
dimensional nonlinear, coupled partial differential equations. The conservation of
momentum, energy, total mass and individual species is expressed by the Navier-
Stokes, the energy transport, and mass continuity equations, respectively. In addi-
tion, the system is specified by the equation of state for the involved gases and
suitable boundary conditions. The large temperature gradient created by the heated
susceptor and the cold walls, and the gradient of species concentrations originating
from decomposition and chemical reactions lead to strong diffusion processes and a
coupling of mass transport and thermal transport. A correct treatment of mass trans-
port is very complex, because the coupled equations must be solved simultaneously.
Furthermore, a complete description must also account for the chemical reactions
illustrated in the previous section. An analytical solution of such complex problem
is not feasible. Experimental data have, however, been well described by exten-
sive numerical modeling. Results of a comprehensive numerical treatment for some
typical reactor geometries are given in Ref. [13]. Since general guidelines for the
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Fig. 7.16 Flow visualization
and isotherms in MOVPE
reactors. (a) Horizontal
reactor with 8 l/min total flow
of H2 and TiO2 particles
above a susceptor kept at
1000 K. Reproduced with
permission from [21], © 1986
Elsevier. (b) Measured (black
lines) and calculated
isotherms (gray lines) above
the susceptor kept at 1000 K
for 8 l/min inlet H2 flow at
1000 mbar total pressure.
Reproduced with permission
from [17], © 1990 Elsevier

dependences of growth parameters are difficult to extract from numerical solutions,
simplified analytical approaches are quite popular. Comparison with experimental
and numerical data demonstrate that the results obtained from such models are often
wrong and misleading. We focus on hydrodynamic aspects of the carrier gas and do
not consider the complex chemistry. Some justification for this reasonable approach
is given by the usually small partial pressures of the species.

The flow conditions in a horizontal reactor are visualized in Fig. 7.16a. The flow
lines are traced by micron-sized TiO2 particles, which are produced by leading H2
carrier gas with TiCl4 into a bubbler filled with H2O. The image shows Mie scat-
tering of light illuminating the glass reactor. The white line at the bottom indicates
the top of the graphite susceptor, which is heated to 1000 K. The gas is introduced
from the left at room temperature with a flow of 8 l/min at 105 Pa total pressure.
We note the dark region limited by the dashed line, indicating that the flow does not
enter the hottest region above the substrate. This region is often termed boundary
layer, because an apparently similar phenomenon of this name is observed in the
isothermal parallel flow over a flat plate as illustrated in Fig. 7.17.

The temperature distribution in the horizontal MOVPE reactor was measured us-
ing Raman scattering from rotational transitions of the H2 carrier gas [17]. We note
in Fig. 7.16b the strong temperature gradient at the bottom above the susceptor. At
the selected high flow rate the hight-T isotherms are fairly parallel to the susceptor,
while a larger wedge-shaped dark region in flow visualization and accordingly more
inclined isotherms are found at lower flow rate. The experimental data agree well
with calculated results obtained using the finite elements method. Heat conduction
in the reactor wall, heat transfer to the surroundings, and radiative heat transfer were
included in the calculations to obtain such close agreement.

We now take a closer look to the boundary layer which develops at a plate in
an isothermal laminar flow. Figure 7.17 depicts the velocity field near the surface
of the flat plate, which is placed in the homogeneous gas flow moving with a con-
stant free-stream velocity u∞. The boundary conditions for the solution of the (two-
dimensional) hydrodynamic steady-state equation of continuity and the equation of
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Fig. 7.17 Development of a boundary layer of thickness δ(x) above the surface of a plate of negli-
gible thickness, placed in an isothermal laminar flow of constant velocity u∞. The flow field below
the plate is mirror inverted with respect to that above the plate and not drawn. The arrows give the
distribution of the velocity ux over the distance from the plate z at three different locations x

motion are given by the general assumption, that the fluid velocity at solid-fluid
interfaces equals the velocity with which the solid surface moves itself: the fluid
clings to the solid surface. In our case the plate is fixed, hence the x component of
the velocity at the surface (at z = 0) is ux = 0. Moreover, far away from the plate
(for all x at large z) and at the very leading edge of the plate (at x = 0) the velocity
is unaffected, ux = u∞.

In the hydrodynamic problem illustrated in Fig. 7.17 a boundary layer of thick-
ness δ(x) develops between the surface of the plate and the constant flow field far
away from the plate. δ(x) is conventionally defined by the distance from the surface
at which the velocity component ux becomes 99 % of the free-stream velocity u∞.
Below δ(x), i.e., in the region of the boundary layer, the velocity ux gradually de-
creases to 0 as postulated from the boundary condition for the solid-fluid interface.
The velocity distribution ux(x, z) is approximately given by [18]

ux
∼=

(
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2
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δ(x)

)
− 1

2

(
z

δ(x)

)3)
u∞; 0 < z < δ(x) (7.15)

where the thickness of the boundary layer is

δ(x) ∼= 5
√

η

ρu∞
x. (7.16)

Here η and ρ are the dynamic viscosity and the mass density of the gas, respec-
tively. Function (7.15) is drawn as dashed line in Fig. 7.17. The thickness of the
boundary layer is proportional to the square root of the distance x down the plate
along the direction of the flow, where x is measured from the leading edge of the
plate. We note the similarity between the dark region in the flow above the hot
susceptor marked in Fig. 7.16a and the boundary layer of the plate in the isother-
mal flow shown in Fig. 7.17. Calling the dark region in Fig. 7.16a a boundary layer
might meanwhile be misleading. Numerical simulations clearly demonstrate that the
origin of the vertical flow component away from the hot susceptor is actually ther-
modiffusion (thermophoresis). The suddenly heated gas near the susceptor expands
and becomes less dense. In the presence of gravity the gas rises due to buoyancy.
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Fig. 7.18 Effect of thermal
diffusion on the growth rate
of GaAs in a horizontal
MOVPE reactor. Symbols
give experimental data,
showing a decreasing growth
rate due to a depletion of Ga
species in the gas phase. The
black and gray lines are
numerically predicted growth
rates with and without thermal
diffusion, respectively.
Reproduced with permission
from [19], © 1988 Elsevier

The effect of buoyancy-driven convection on the distribution of the GaAs growth
rate along the flow direction in a horizontal reactor was evaluated by numerical mod-
eling with and without the thermal-diffusion term included [19]. The growth rate
under the selected experimental conditions was controlled by gas phase transport
of the Ga component via diffusion and flow, and a significant gas-phase depletion
was found [20]. The numerical results given in Fig. 7.18 show that thermal diffu-
sion decreases the growth rate at the front edge of the susceptor, because the heavy
reactant molecules are driven away due to buoyancy in the strong temperature gra-
dient. The depletion of the gas phase from reactants is thereby diminished, leading
to an increase of the growth rate in the downstream range. The influence of natural
convection is reduced at lower total pressure.

Model of a Stagnant Boundary Layer

Extensive numerical treatment of the hydrodynamic conditions in the reactor yields
a good description of experimental data, but it delivers only little insight into depen-
dences of growth parameters. We consider the popular (stagnant) boundary-layer
model to indicate qualitatively some tendencies. Since the assumptions of the sim-
ple model are too restrictive to yield reliable relations, we should consider the results
merely as a rough guideline to understand some trends.

The model of a stagnant boundary layer interprets the region above the hot sus-
ceptor visualized in Fig. 7.16a as a stagnant layer, where mass transport occurs
solely by diffusion. This means that the horizontal velocity component of the flow
ux is assumed to drop to zero below the upper bound of this layer as illustrated in
Fig. 7.19.

The growth rate of the epilayer depends on the amount of source material sup-
plied to the surface. The diffusive flux ji of material component i is given by the
diffusion along the partial pressure gradient ∂Pi/∂r and the termodiffusion along
the temperature gradient ∂T /∂r. The comparably small effect of thermodiffusion is
neglected, and the partial pressures are assumed to drop over the stagnant layer of
thickness d from their values Pi in the source to values P interface

i at the interface
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Fig. 7.19 Comparison of (a) the boundary layer of thickness δ of a flow above the surface of
a fixed surface, and (b) the condition assumed in the boundary-layer model applied to describe
the diffusion of source material from the flow over a stagnant layer of thickness d to the growing
surface in the MOVPE. The arrows signify the flow velocity ux

to the solid. A linear decrease of the partial pressure of component i is assumed,
yielding a pressure gradient expressed by (Pi −P interface

i )/d . Only diffusion normal
to the surface is considered. Ficks’s first law then becomes a simple expression for
the flux from the source above the stagnant layer to the surface [22],

ji = Di

kBT d

(
Pi − P interface

i

)
. (7.17)

Di is the diffusion constant of species i in the carrier gas. The factor Di/(kBT d)

may be considered as an effective coefficient of mass transport for compo-
nent i.

Due to the supersaturation set to induce growth, the partial pressures of the com-
ponents at the inlet of the reactor Pi are much higher than the equilibrium-near val-
ues at the interface to the solid P interface

i . For III–V compounds like GaAs this means
PIIIPV � P interface

III P interface
V . Furthermore, the Column-V precursors are far more

volatile than the Column-III species (except for Sb-sources). III–V semiconductors
are hence usually grown with a large excess of Column-V species, i.e., PV/PIII � 1.
At the interface to the solid the same number of Ga and As atoms is permanently
removed from the gas phase due to the requirement of stoichiometric growth. Ga is
therefore nearly depleted at the interface, while the arsenic partial pressure is only
slightly reduced. These conditions lead to the relations of the partial pressures at
the interface and the reactor inlet P interface

III � PIII, and P interface
V ≈ PV. The flux of

Column-III species jIII arriving at the surface then reads

jIII = DIIIPIII

kBT d
. (7.18)

Since all Column-III species are incorporated into the solid, the growth rate r is
controlled by the flux of Column-III species, r ∝ jIII. Experimental evidence for the
linear dependence is shown in Fig. 7.20.

The dependences of the growth rate on the total reactor pressure Ptot and on
the total flow in the reactor Qtot are estimated by substituting the thickness of the
boundary layer δ in (7.16) for the stagnant layer thickness d in (7.18). The diffusion
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Fig. 7.20 Growth rate of
GaAs (circles) and AlAs
(squares) depending on the
Column-III alkyl supply
trimethylgallium or
trimethylaluminum,
respectively, at constant
arsine supply. Reproduced
with permission from [29],
© 1984 Elsevier

constant D in the gas phase is inverse to Ptot, and the density ρ is proportional to
Ptot, yielding

r ∝ PIII

√
u∞
Ptot

. (7.19)

Taking (7.13) into account we note that r is proportional to the flow of carrier
gas through the bubbler QMO of the Column-III source. Equation (7.19) predicts
a growth rate being independent on the total reactor pressure if all other param-
eters are kept constant, because both PIII (∝ Ptot, cf. (7.13)) and u∞ (inverse to
Ptot) are implicit functions of the reactor pressure. The dependence of r on the flow
Qtot is also determined by the implicit dependences of PIII (inverse to Qtot) and
u∞ (∝ Qtot), yielding a decrease of the growth rate ∝ Q

−1/2
tot as the total flow in

the reactor Qtot is increased. We should not take these predictions literally and just
regard them as some trends. Deviations are particularly expected at low pressures
and low flow velocities, where the boundary-layer thickness is in the range of the
reactor height.

7.3 Molecular Beam Epitaxy

Molecular beam epitaxy (MBE) is a physical-vapor deposition technique, which
is widely applied in research labs and industrial production. The constituent ele-
ments of the crystalline solid are transported from the source(s) to the substrate
using molecular beams. A molecular beam is a directed ray of neutral atoms or
molecules in a vacuum chamber. In MBE the beams are usually thermally evapo-
rated from solid or liquid elemental sources. Various names are used particularly
for the epitaxy of compound semiconductors, if gas sources are employed as source
materials: metalorganic MBE (MOMBE), if metalorganic compounds like those ap-
plied in MOVPE (Sect. 7.2.1) are used for metals and conventional sources for an-
ions, gas-source MBE (GSMBE), if hydrides for anions and metals are employed,
and chemical beam epitaxy (CBE) for the supply with all gas sources.

In early experiments during the 1950ies and 60ies various beam techniques were
used for the crystalline and epitaxial deposition of II–VI [23], IV–VI [24], and III–V
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[25, 26] semiconductors. In the late 60ies a study on the surface kinetics of Ga and
As species in the epitaxy of GaAs provided a first insight into the growth mecha-
nisms [27], and soon later epitaxial growth of GaAs layers with high quality was
achieved [28].

7.3.1 MBE System and Vacuum Requirements

The characteristic feature of MBE is the mass transport in molecular or atomic
beams. A vacuum environment is required to ensure that no significant colli-
sions occur among the beam particles and between beam and background vapor.
A schematic diagram of an MBE system is given in Fig. 7.21.

The vacuum is generated in a chamber by pumps and cryoshrouds. Usually effu-
sion cells mounted opposite to the substrate produce beams of different species by
evaporation. The duration of the exposure on the substrate is individually controlled
by shutters for a rapid change of material composition or doping. The substrate is
mounted on a heated holder and can be loaded and unloaded under vacuum condi-
tions by a manipulating mechanism. A gauge can be placed at the position of the
substrate to measure and calibrate the beam-equivalent pressure (BEP) produced
by the individual sources. The vacuum environment maintained during epitaxy pro-
vides an excellent opportunity for in situ monitoring of the growth process. Virtu-
ally any MBE system is equipped with an electron-diffraction setup. Usually reflec-
tion high-energy electron diffraction (RHEED) with an electron beam nearly paral-
lel to the growth surface is applied, yielding structural information on the surface
crystallography during surface preparation and during epitaxy. The location of the
electron gun and the monitoring screen is indicated in Fig. 7.21.

Molecular beam epitaxy is performed in ultra high vacuum (UHV), i.e., at a
residual-gas pressure below 10−7 Pa (10−9 mbar). The need for such low pressure
originates from the required purity of epitaxial semiconductors. To obtain a relation
for the maximum admissible pressure in the MBE chamber, we first consider the
number of particles from the residual gas impinging on the substrate surface, and
then relate this quantity to the particles of the molecular beams used to grow the
epitaxial layer.

A number of N particles (molecules or atoms) that impinge on a surface with
area A per time �t produce a flux F given by

F = N

A�t
. (7.20)

During the time interval �t only particles with the velocity vx and a maximum
distance �x = vx�t can reach the surface, yielding for the flux

F = Nvx

A�x
= N

V
vx. (7.21)
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Fig. 7.21 Schematic
representation of a
molecular-beam epitaxy
system. The circular arrow
indicates the positioning of
the gauge at the location of
the substrate to calibrate the
beam-equivalent pressure of
the effusion cells which
contain different source
materials

According (7.21) only particles contained in the volume V arrive on the surface
during �t . The velocity vx of the ensemble of particles depends on the temperature
T and is given by the Maxwell-Boltzmann-distribution

f (vx) dvx =
√

2

π

(
m

kBT

)3/2

v2
xe

−mv2
x/(2kBT ) dvx, (7.22)

where m is the mass of the particles and kB is Boltzmann’s constant. The area below
the distribution function f (vx) over an interval dvx denotes the fraction of particles
with a velocity between vx and vx + dvx , and f (vx) is normalized to yield all
particles for an integration over all velocities,

∫ ∞
0 f (vx) dvx = 1. Using (7.22) we

obtain for the flux

F =
∫ ∞

0

(
N

V

)
vxf (vx) dvx = N

V

(
kBT

2πm

)1/2

. (7.23)

The flux F is proportional to the particle density N/V and the square root of T/m.
The particle density may approximately be expressed in terms of the pressure P by
using the state equation of the ideal gas PV = NkBT , eventually yielding

F = P√
2πkBmT

= 8.332 × 1022 × P√
MT

(
particles

m2 s

)
. (7.24)

M is the mole mass given by Avogadro’s number NA, M = mNA. The second equa-
tion of (7.24) is given in SI units for all quantities.

For simplicity we assume only a single species producing the residual gas pres-
sure, and we take oxygen O2 with a mole mass M = 32.0 g/mol. At room temper-
ature (300 K) we then obtain from (7.24) a pressure-dependent residual gas flux
FO2 = 2.69 × 1022 × PO2 (O2 molecules m−2 s−1), or twice this number for indi-
vidual O species corresponding to a flux FO. We now relate the flux FO produced
by the residual gas (assumed here to be given solely by O2) to the flux FMBE of
the beam(s) in typical MBE conditions and the requirement for purity in the layer.
A semiconductor has about mid 1022 atoms/cm3. Let us assume that each residual
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gas atom arriving at the growing surface is incorporated into the epitaxial layer, and
a maximum of mid 1017 impurities/cm3 may not be exceeded. This leads to the
requirement

FO

FMBE
= 10−5 = 5.38 × 1022PO2

1019
= 5.38 × 103PO2 .

Resolving for PO2 , the relation yields a maximum pressure 1.86×10−8 Pa. This is a
pressure in the UHV regime. A range 10−8 Pa to 10−9 Pa corresponds to the typical
residual gas pressure in an MBE chamber. The impurity level found in epitaxial lay-
ers grown under such conditions is actually significantly lower than the postulated
mid 1017 cm−3. The sticking coefficients of typical residual gas species are usually
much less than the assumed unity.

The requirement of UHV conditions arising from the purity requirement also
ensures the beam nature of the molecular sources. The condition of a sufficiently
large mean free path of effused particles in the range of typical dimensions of the
MBE setup (order 10−1 m) is already fulfilled in a pressure range below 10−1 Pa.

To reach ultrahigh vacuum, all materials used in the vacuum chamber must have
very low evolution of gas and a high chemical stability. Tantalum and molybde-
num are widely used for shutters, heaters, and other components. The entire MBE
chamber is baked out typically at 200 °C for 24 h any time after having vented the
system. Spurious fluxes of atoms and molecules from the walls of the chamber are
minimized by a cryogenic cooling shroud chilled using liquid nitrogen as indicated
in Fig. 7.21.

7.3.2 Beam Sources

The variety of source materials needed for MBE led to the development of different
kind of sources with operation principles depending on the nature of the material.
For the production of beams from solid or liquid materials usually Knudsen cells
(K-cells) are employed. They are based on radiative heating and are limited to a
maximum temperature of ∼1300 °C for thermal evaporation. Sources for higher
temperatures mostly use electron-beam evaporation, albeit also laser-induced evap-
oration and plasma ion sources were employed. Gaseous species are directly intro-
duced or decomposed in gas sources. Sources for condensed and gaseous particles
are considered in the following.

Sources for Condensed Materials

MBE sources for condensed (solid or liquid) source materials are usually based
on thermal evaporation described by a—sometimes modified—Knudsen equation
(7.27). The ideal Knudsen cell is an isothermal enclosure which contains the solid
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or liquid source material in thermodynamic equilibrium with its vapor at the pres-
sure Peq. Effusion occurs through a small orifice with an area much smaller than
that of the evaporation surface of the source material, and the flux passing this aper-
ture equals the flux of material which leaves the condensed phase to maintain the
equilibrium pressure. The diameter of the aperture is also small compared to the
mean free path of the particles in the gas phase at Peq, and its wall thickness should
be infinitely thin. All gaseous particles reaching the aperture from the inner side
then escape to the vacuum chamber. The equilibrium pressure Peq in the Knudsen
cell depends on the temperature. For a pure source material in a closed enclosure
with a temperature-independent evaporation enthalpy �H the dependence can be
expressed by the Clausius–Clapeyron relation

Peq(T ) = P0 exp

(
−�H

kB

(
1

T
− 1

T0

))
, (7.25)

where P0 is the equilibrium pressure at some temperature T0. The effusion rate Γmax
of the aperture is given by the product of the aperture area A and the flux F which
passes the aperture. Using (7.24) we obtain

Γmax = PeqA√
2πkBmT

(
particles

s

)
. (7.26)

Equation (7.26) represents the maximum effusion rate which can be achieved at
a given cell temperature T . If the residual gas pressure Pres in the MBE chamber
cannot be neglected, the equilibrium pressure in (7.26) is replaced by the difference
pressure (Peq − Pres) to express the effective effusion from the orifice area, yielding
the Knudsen equation

Γ = (Peq − Pres)A√
2πkBmT

(
particles

s

)
, (7.27)

A being the aperture area. A real Knudsen cells may have a smaller effusion rate,
and correction factors are introduced to account for the non-ideal behavior. A di-
mensionless evaporation coefficient a accounts for the microscopic condition of the
evaporation surface and is taken as an additional experimentally determined cor-
rection factor to the effusion obtained from the Knudsen equation (7.27). Another
limitation of a real cell is given by the infinitesimal thin orifice assumed for the
ideal Knudsen cell. The orifice of a real Knudsen cell has a finite thickness, leading
to diffuse scattering of particles at its side walls. This affects the angular distribution
of the flux as illustrated in Fig. 7.22.

The ideal Knudsen cell with infinitely thin orifice wall (L = 0) effuses particles
with a cosine angular dependence expressed by

Γ (ϑ)/ω = Γ (0) cosϑ, (7.28)

the angle ϑ referring to the direction normal to the orifice as shown in Fig. 7.22; ω is
the unit solid angle comprising the considered flux. For a flux leaving the orifice of
the cell at an angle ϑ the orifice area appears smaller by a factor cosϑ , leading to
this dependence. Equation (7.28) is referred to as Knudsen’s cosine law of effusion.
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Fig. 7.22 Angular
distribution of particles
effused from a Knudsen cell
with ideally thin orifice (wall
thickness to diameter ratio
L/d = 0) and a thick orifice
wall with a ratio L/d = 1.
Data from [30]

The constant Γ (ϑ = 0) is related to the total effusion rate Γ , yielding Γ (0) = Γ/π .
An orifice with a finite thickness L and diameter d leads to some collimation of the
particle beam. Consequently the angular distribution gradually narrows as the ratio
L/d increases. The effect is shown in Fig. 7.22 for a ratio of unity.

For a given assembly of a substrate in front of an effusion cell the particle flux
per unit area of the substrate G can be derived from (7.27), (7.28). If the substrate
is placed at a distance l from the aperture directly in line (i.e., at ϑ = 0), G is given
by G = Γ/(πl2).

The beam flux of a Knudsen cell can be calculated from the Knudsen equation
(7.27) and does not depend on the quantity of source material in the cell. Knud-
sen cells are hence also used for flux calibration. The schematic of a Knudsen cell
is depicted in Fig. 7.23a. A Knudsen cell contains a crucible made of pyrolytic
boron nitride pBN, graphite, quartz, or tungsten, equipped with a cap which can
be removed for filling the source material. Heating is provided by a filament coil
or a heater foil (often made of metal tantalum, Ta). A radiation shield fabricated
from multiple refractory metal foil (Ta or Mo) reduces heat losses. A water-cooling
shield may be added to prevent heating of the cell environment. The temperature
of the source material is controlled by a thermocouple, which is in intimate contact
with the crucible of the cell and adjusts the heater power via a feed-back loop. Typ-
ically thermocouples of the thermally stable alloys W-Re (5 % and 26 %) are used
to measure the temperature.
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Fig. 7.23 (a) Schematic of a Knudsen cell used as MBE source for condensed materials. (b) Cylin-
drical and (c) conical crucibles with liquid charges and limits of flux areas indicated by dotted lines.
A and B denote areas of full flux and partially shadowed flux, respectively

Knudsen cells are widely used in MBE as evaporators for elementary sources
with relatively low partial pressure (e.g. Ga, Al, As, Hg), but they suffer from a
number of limitations. We know from (7.27) that the effusion flux is proportional
to the aperture area. Since the aperture of a Knudsen cell must be small, the flux
intensity is quite restricted for most materials at moderate cell temperatures. At
high cell temperature, however, excessive outgassing of cell materials degrades the
purity of the source flux. Another problem is the loss of heat at the cap, leading to a
temperature decrease at the orifice. Consequently evaporants tend to condensate at
the orifice and change effusion conditions.

Improved cell designs do not use a cap, providing a large aperture for effusion.
This allows for operation with a large flux at moderate cell temperature leading to
low flux contamination. The angular flux distribution of such a cell differs from that
of a Knudsen cell. In particular, the flux distribution depends on the charging level
of the cell. The beam is gradually collimated by the side walls of the crucible as the
source material depletes. This effect is similar to that produced by a thick orifice
wall shown in Fig. 7.22. Furthermore, source cells are usually mounted slantingly
to allow for multiple-source arrangements. The surface normal of the source ma-
terial in a cell is then inclined with respect to the crucible axis. Consequently the
shadowing effects of the crucible walls are asymmetric and so is the angular flux
distribution. The schematics of source cells with cylindrical or conical crucibles are
depicted in Fig. 7.23b, c. Cylindrical crucibles allow for a larger charge of source
material, and a better uniformity was reported for liquid charges such as Ga and
Al [31]. The effect of a collimating shadowing is indicated by dotted lines in the
figure. Area B denotes the penumbra, where only a part of the evaporant surface
contributes to the flux. This area is particularly sensitive to the charge level. Conical
crucibles have a large area A where the whole evaporant surface contributes to the
flux.
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Fig. 7.24 Schematic of an inlet cell used for gaseous source materials in MBE. A heated region at
gas mixing is used to prevent condensation or to decompose stable hydride molecules

Gaseous Sources

The use of gaseous source materials in MBE offers a couple of advantages. The
lifetime of the source is not limited like that of condensed materials installed in
the MBE system. Source gases are externally stored in cylinders and can readily be
exchanged. Furthermore, the flux can be precisely controlled by pressure or mass-
flow controllers which are also used in MOVPE setups. This allows also for a simple
control of flux changes for, e.g., controlling alloy composition.

A gas source consists of the gas-control system and a cell for the gas inlet into
the MBE chamber. The gas-control system resembles that used in MOVPE or VPE
systems. In the system either the mass-flow through the inlet tube or the pressure
in the tube (which then has a fine nozzle) is controlled using mass-flow or pressure
controllers, respectively. One inlet cell may comprise multiple gas lines of either
hydrides (like AsH3) or metalorganic compounds (like Ga(CH3)3). In a multiple
gas cell gases are mixed and then introduced into the vacuum chamber. Metalor-
ganic compounds are generally thermally less stable than hydrides and decompose
at the heated substrate surface. The vacuum inlet cell for metalorganics is there-
fore a simple gas-feed nozzle. A heater in front of the nozzle provides moderate
heating up to about 100 °C to prevent condensation of the gas in the cell. Hydrides
usually require decomposition temperatures exceeding the substrate temperature at
typical MBE conditions. They must therefore be decomposed in the vacuum inlet
cell. Thermal dissociation is accomplished in a ceramic cracking stage of the cell
by heating to high temperature (up to 1000 °C) or by catalytic decomposition on
a metal surface at somewhat lower temperature. The assembly of such a stage is
illustrated in Fig. 7.26. The gas outlet may be formed by a conical crucible defining
the angle of the beam aperture. The schematic of an inlet cell for gaseous source
materials is given in Fig. 7.24.

Dissociation Stage

Thermal dissociation as used in hydride cells may also be applied for decomposition
of the evaporant molecules of condensed sources. In this case the source is equipped
with an additional heated stage. Elemental sources for arsenic and phosphorous,
e.g., produce a temperature-dependent mixture of dimers and tetramers. As2 and P2
dimer molecules are considered beneficial for the MBE of arsenides and phosphides.
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Fig. 7.25 Thermal
dissociation of arsenic
tetramers to dimers in a
cracker stage. The dashed
curves are guides to the eye.
Data are from [32]

Fig. 7.26 Schematic of a
thermal dissociation stage
employed to decompose
hydrides of a gas inlet cell or
molecules effused from an
attached evaporation source.
(a) Side view, (b) plan view
of baffles

A cracker stage therefore dissociates As4 and P4 molecules and provides a pure
beam of dimers. Typical temperatures for efficient cracking of both As4 and P4 are
within the range 800–1000 °C. The thermal dissociation of As4 tetramers to As2
dimers in the cracker zone of an effusion cell kept at 327 °C is shown in Fig. 7.25.

The cracker region consists of a baffle assembly made of refractory metal (Ta),
ceramic (pBN) or graphite, heated to a temperature much higher than that of the
cell which evaporates the source material. The assembly provides multiple colli-
sion paths for the molecules. The schematic of the cracking region is depicted in
Fig. 7.26.

7.3.3 Uniformity of Deposition

The uniformity of beam fluxes at the plane of the substrate surface is important
to obtain a well-defined thickness, composition and doping of layers over the en-
tire wafer of an epitaxial structure. Besides the angular flux distribution of a source
treated above the uniformity of the deposition on the substrate depends on the ge-
ometry of the source-substrate assembly.

We illustrate the dependence for a point source with a cosine flux distribution as
shown in Fig. 7.22. The flux distribution of such source arriving at the plane of the
substrate surface is depicted in Fig. 7.27. The off-center distance x indicated in the
figure is a consequence of the usual multiple source arrangement of an MBE system
outlined in Fig. 7.21. We note a strong variation of the flux intensity across the
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Fig. 7.27 Calculated
normalized flux intensity of
the source at the surface plane
of the substrate, depending on
the displacement x of the
source axis with respect to the
substrate center and the
distance z of the source
orifice to the surface plane.
A source with a cosine
angular flux distribution is
assumed. After [33]

Fig. 7.28 Calculated
deviation of the deposition
thickness from the value at
the substrate center a x = 0,
depending on the radial
distance r to the substrate
axis and the distance z of the
source orifice to the substrate
surface. Values apply for
substrates rotating about the
axis as indicated in the inset
and a source with a cosine
angular flux distribution.
After [33]

substrate area, depending also on the vertical distance z between substrate surface
and orifice outlet of the source cell.

To obtain a largely homogeneous deposition on the substrate a rotation is applied
as indicated by the circular arrow in the inset of Fig. 7.28. The flux is distributed
rotationally symmetric on the substrate by averaging over the revolution around the
axis. In principle a deposition uniformity better than 1 % is then possible. The effect
depends on the ratio of the source distance z versus the source displacement x as
shown in Fig. 7.28. The ratio z/x of MBE setups is within the range 1.1 to 2. The
calculated curves apply for point sources with a cosine flux distribution. Optimum
condition for the assembly of multiple source cells is a symmetric arrangement of
all cells with respect to the rotation axis.

The theoretical model considered above provides a reasonable rule-of-thumb for
the design of MBE systems. In actual sources shadowing as illustrated in Fig. 7.23
and other effects affect the flux distribution. Source configurations are therefore
also empirically optimized. Besides deposition uniformity, which improves as z is
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increased, also source yield, which improves for small z, and other factors are taken
into account.

7.3.4 Adsorption of Impinging Particles

In the MBE growth process generally both, kinetic and thermodynamic processes
are important. Since sources and substrate have different temperatures, no global
equilibrium exists for the entire system. Particles effused from a source have an en-
ergy distribution according the temperature of this specific source. If the particles
impinge on the substrate surface they thermalize to the substrate temperature. Par-
ticles desorbing again from the surface were found to reflect an energy distribution
according the substrate temperature. This indicates that the time for thermalization
is much less than the time required to grow one monolayer. Such finding justifies to
assume an at least partial or local equilibrium on a time scale relevant for the growth
process. The relevant equilibrium temperature is that of the substrate.

In the description of kinetic steps discussed in Sect. 5.2 the re-evaporation of
particles from the surface was taken into account. The fraction given by the number
of particles sticking to the surface and being incorporated during epitaxy Nsticking
with respect to the total number of impinging particles of a considered species Ntotal
is referred to as the sticking coefficient s of this species,

s = Nsticking

Ntotal
. (7.29)

s may also depend on the flux of other species and may have any value between zero
and unity. An example is the sticking coefficient of As2 molecules on the growing
GaAs surface, that sensitively depends on the Ga flux as outlined in Sect. 5.2.9.

The sticking of particles on the surface is described by an adsorption energy as
applied in (5.6). Usually the terms physisorption and chemisorption are used to ac-
count for smaller and larger energies, respectively, although chemical interactions
occur in both kind of adsorptions and the two terms are not well defined. The terms
are still useful for an overall description of surface processes to express different
mobilities of a considered adatom species diffusing on the surface. A more rigorous
definition in surface science refers physisorption solely to Van-der-Waals interac-
tions. For a simplified description of MBE growth a two-step condensation process
of an impinging particle is assumed implying two sticking coefficients for a given
species referring to the two adsorption energies. The high surface mobility often
found for species arriving at the surface is then assigned to a physisorbed state with
a larger desorption probability, and incorporation to the chemisorbed state.

The kinetic processes occurring during molecular-beam epitaxy strongly depend
on the specific material grown. Details of these processes are quite complex and rea-
sonably known for only few examples. The scenario of molecular beam epitaxy of
GaAs treated in Sect. 5.2.9 indicates the challenge of the task, and also demonstrates
the achievement accomplished by combining advanced experimental and theoretical
techniques.
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7.4 Problems Chap. 7

7.1 Liquid-phase epitaxy of GaAs is generally performed on the Ga-rich side with
low concentrations xAs of As (as solute) dissoluted in Ga used as solvent. GaAs
is grown in a step-cooling process with the solution at 805 °C (homogeneously
in the bulk) and the solid-liquid interface at an equilibrium temperature of
800 °C. Assume that the liquidus curve x(T ) of the binary Ga-As system can
be approximated by the empirical relation xAs = 2352.8 × exp(−12404 K/T).
(a) What is the approximate concentration of As in the liquid directly at the

interface to the solid GaAs? What is the excess As concentration in the
bulk of the liquid due to the supercooling?

(b) What is the diffusion coefficient of As in liquid Ga, if the diffusion length,
given by the solution thickness of 0.5 cm, is covered in a mean time of
104 min?

(c) Compute the thickness of the GaAs layer homoepitaxially grown after a
time of 100 s and after a time of 200 s.

7.2 A GaAs layer is grown by metalorganic vapor-phase epitaxy using trimethyl-
gallium (TMGa) and tertiarybutyl-arsenic (TBAs) precursors. The total flow
rate in the reactor is 3 slm (standard liters per minute, i.e., 3000 sccm =
3000 cm−3/min at 0 °C and 1013 mbar), the total pressure is 100 mbar.
(a) What is the flow rate required for the Ga source to obtain a partial pressure

of 3 Pa in the reactor, if the bubbler is kept at −10 °C and 1 bar (105 Pa)
pressure?

(b) Which mass has one molecule of TMGa? Which mass of TMGa is con-
sumed during 1 hr of growth at the flow rate found in (a)? Assume ideal-gas
behavior and a mole volume of 22.4 l at standard conditions; atomic masses
of Ga, C and H are 69.7, 12.0, and 1.0 grams/mole, respectively.

(c) Which temperature is required for the tertiarybutyl-arsenic bubbler for a
V/III ratio of 5 in the gas phase? A flow of 62.5 sccm and a bubbler pressure
of 1500 mbar are applied.

7.3 Assume a total flow rate of 3 slm (standard liters per minute at 0 °C and
1013 mbar) hydrogen, homogeneously heated in a MOVPE reactor to 600 °C
at 100 mbar total pressure.
(a) What is the free-stream velocity, if the cross-section area of the reactor is

40 cm2 and surface effects are neglected? What would be the free-stream
velocity at standard conditions?

(b) Calculate the approximate thickness of a boundary layer 10 cm behind the
leading edge of a fixed plate placed in the homogeneous hydrogen flow
of (a) at 600 °C. Assume a dynamic viscosity of 17 µPa s, ideal-gas behavior
with a mole volume of 22.4 l at standard conditions, and 2.0 grams/mole
atomic mass.

(c) Let the growth rate of a GaAs layer be controlled by the partial pressure of
the Ga precursor. How will an increase of the temperature from 600 °C to
700 °C approximately change the growth rate in the regime limited by mass
transport? Assume an empirical temperature dependence of the diffusion
coefficient described by a factor (T /T0)

1.8, T given in K.
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7.4 A (001)-oriented Si layer is grown using molecular-beam epitaxy.
(a) What is the areal density of Si atoms on a (001) plane?
(b) What flux per unit substrate-area is required to grow a 0.2 µm thick layer in

1 hour? Assume a sticking coefficient of unity and ignore the formation of
surface reconstructions which continuously reproduce during growth.

(c) Which effusion rate produces the flux density of (b)? Assume the substrate
is mounted at a distance of 12 cm from the cell and is directly in line with
the aperture.

(d) Estimate the substrate area with a deviation ≤5 % from the maximum de-
position thickness, if a cosine law applies. Note that the substrate is planar:
a beam inclined by an angle ϑ has a longer path and, furthermore, supplies
atoms to a larger area for a considered cross-section.

7.5 A (001)-oriented GaAs layer is grown using MBE with a growth rate controlled
by the Ga flux. The Ga Knudsen cell is kept at 960 °C, producing an equilib-
rium pressure of 2.5 × 10−3 mbar. The cell orifice has 0.8 cm diameter and the
distance to the substrate is 13 cm.
(a) Calculate the areal flux density of Ga atoms at the substrate. Ga has

70 grams/mole atomic mass.
(b) Which growth rate of GaAs results from the areal flux density of (a)?
(c) Which cell temperature is required to double the growth rate of (b), if the

enthalpy of Ga vaporization is 2.56 × 105 J/mol?

7.5 General Reading Chap. 7
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Appendix
Answers to Problems

2.1 (a) f = 24.8 %
(b) 4aGaAs ≈ 5aGaN, f = −0.2 %
(c) awurtzite = 4.0 Å, use ahex = acub/

√
2

2.2 (a) f = +49.1 %, falternative1 = −32.9 %
(b) f = −14.0 % (falternative1 = 16.2 %)

(c) f1 = −1.8 %, f2 = −0.5 %
(d) fa = −3.5 %, fc = −3 %

2.3 (a) x = 0.475 − 1.016y

(b) ymax = 0.468, xmax = 0.475
(c) (Al0.475In0.525As)z (Ga0.468In0.532As)1−z

2.4 (a) f = 0.24 %
(b) x = 0.5 %
(c) ε‖ = +0.15 %
(d) x = 8.41 %, f = −0.15 %

2.5 (a) ε⊥ = +0.15 %
(b) �V/V = −2.1 × 10−3

(c) dunstrained = 3.272 Å, dstrained = 3.270 Å, the diagonal of the zincblende
unit cell of a0

√
3 length comprises 3 anion-cation (111) layers in ABC

sequence, the nearest (111) layer distance is thus 1/3 ×√
3 × a0 = a0/

√
3

(d) n = 100.3
(e) (E/A)1 = 0.131 J/m2, (E/A)2 = 2.10 J/m2

(f) E/VEZ = 7.36 × 10−11 J/m3

2.6 (a) t = 11.52 Å = 4 ML
(b) y = 0.3755

2.7 (a) Escrew/L = 7.10 × 10−6 J/m
(b) Eedge/L = 3.03 × 10−5 J/m
(c) E60°/L = 1.38 × 10−5 J/m

2.8 (a) From Fig. 2.15: tc ≈ 6 × 102 × as = 330 nm
(b) tc2/tc1 = 0.90
(c) f = 2 × 10−4

2.9 (a) �Θrelaxed = −342 sec, �Θstrained = −744 sec
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(b) �Θrelaxed = −528 sec, �Θstrained = −1100 sec
(c) I (004)/I (115) ≈ 3.6

2.10 (a) x1 = 18.5 %
(b) x2 = 25.1 %, x3 = 22.6 %

3.1 (a) x = 48.5 %, E� = 1.92 eV (direct), order (increasing E) E� , EL, EX,
VCA: E� , EX, EL

(b) x = 30.5 %, crossing E� and EX, E = 2.20 eV
3.2 �Ec(77 K) = 0.25 eV, �Ec(300 K) = 0.26 eV
3.3 (a) n = 4.45 × 1012 cm−2

(b) ε‖ = −2.62 %, ntot = 4.41 × 1012 cm−2

3.4 (a) �Ev = −0.24 eV, �Ec = −0.13 eV
(b) �Ev = +0.24 eV, �Ec = −0.01 eV
(c) using btheo = −1.90 eV: Ev,lh − Ev,hh = 0.35 eV, splitting exceeds cal-

culated offsets significantly—the strain is very large, EX
lh < EX

hh, �Ev =
0.45 eV, �Ec is unchanged

3.5 (a) Eg(77 K) = 1.51 eV, Eg(300 K) = 1.42 eV
(b) Eg,eff = 1.55 eV
(c) �Eg,eff = ±8 meV

4.1 (a) �μ = 94 J/K
(b) �μ = 6.1 J/K

4.2 (a) �gm(800 °C) = 0.66 kJ, �gm(1200 °C) = −1.00 kJ
(b) T = 959 °C
(c) x1 = 0.17, x2 = 0.83

4.3 Elements of the plot: axes [100], [011], and [111] lie in a common (110)

plane considered here. Angles from [100] are 54.7° to [111] and 90° to [011],
distances from the origin to respective Wulff planes are r100 = 1.16 × r011
and r111 = 1.05 × r011. The facets meet the condition, {110}: 0.83 J/m2 <√

2×0.96 J/m2 = 1.36 J/m2, {111}: 0.87 J/m2 <
√

3×0.96 J/m2 = 1.66 J/m2

4.4 (a) �G2D
γ = 2.0 eV, for γSB = γSA is �G2D

γ = 0.9 eV
(b) N = 362, �μ ≈ 1.1 kJ/mol

4.5 (a) R ≈ 2 ML/s (1.98 ML/s)
(b) v = 61 nm/s, l = 251 nm

5.1 (a) bulk (n− 2)3, faces 6 × (n− 2)2, edges 12 × (n− 2), corners 12 × 1, sum
1000 for n = 10, 109 for n = 1000
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(b) bulk 3Eb, face 2.5Eb, edge 2Eb, corner 1.5Eb, fractions 4.34 × 10−1 for
n = 101, 4.93 × 10−2 for 102, 4.99 × 10−3 for 103, 5.00 × 10−4 for 104;
virtually unchanged without edge and corner atoms, e.g., 4.985 × 10−3

instead of 4.993 × 10−3 for 103, i.e., the small fraction of edge and corner
atoms gets negligible

5.2 The figure shows a top view of all atoms in the first 4 layers of a unit cell for
the two reconstructions (no atom hidden), the largest in the 1st layer, open and
filled symbols for either As and Ga, respectively, (in β2(2 × 4)), or vice versa
(in β2(4 × 2)); dimers are encircled. Electron numbers see list, showing both
reconstructions comply with the ECR

Layer Atoms Electrons for β2(2 × 4) Electrons for β2(4 × 2)

Required Available Required Available

1 2 dimers 28 20 20 12

2 6 atoms 24 18 32 30

3 6 atoms + 24 30 24 18

1 dimer 14 10 10 6

4 8 atoms 12 20

sum 90 90 86 86

5.3 (a) Ed = 1.2 eV, Ea = 2.0 eV
(b) 1041 K and 759 K

5.4 (a) τa = 8.2 × 10−6 s, λ2 = 1.9 × 10−4 cm
(b) Θ = 0.039°, rstep = 0.4 mm/s

5.5 (a) nIn = nAs = 2937 atoms
(b) d = 1.62 ML
(c) nIn = nAs = 396 atoms, d = 1.43 ML

6.1 (a) nInAs(77 K) = 4.3 × 103 cm−3, nInAs(300 K) = 7.5 × 1014 cm−3,
nInP(77 K) = 2 × 10−17 cm−3 ≈ 0 cm−3, nInP(300 K) = 1.2 × 107 cm−3

(b) TInAs 255 K (−18 °C), TInP 373 K (100 °C)
6.2 Deff

c = 5.8 × 1017 cm−3, Deff
v = 1.3 × 1019 cm−3, nmax = 6 × 1019 cm−3,

pmax = 5 × 1019 cm−3
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6.3 (a) t = 1.82 × 104 s ≈ 5 h
(b) T2 = 672 °C
(c) w = 435 nm
(d) c = 2.8 × 1017 cm−3

6.4 (a) eφBn = 1.60 eV, Ec − EF ≈ 0.19 eV, eVbi = 1.41 eV
(b) w0 = 3.0 × 10−7 m ≈ 300 nm, wforward ≈ 1.6 × 10−7 m, wreverse ≈ 3.9 ×

10−7 m
(c) slightly reduced by 2 %

6.5 Rc2 = 1.6 × 10−6 � cm2

7.1 (a) xinterface ≈ 0.0224 = 2.24 %, xexcess ≈ 0.0012 = 0.12 %
(b) D = 4 × 10−5 cm−2/s
(c) d100 s ≈ 1.7 µm, d200 s ≈ 2.4 µm

7.2 (a) QTMGa = 17.2 sccm
(b) mTMGa molecule = 1.9 × 10−22 g, mTMGa = 0.28 g consumption in 1 h
(c) TTBAs = 10 °C

7.3 (a) u ≈ 40 cm/s, ustandard = 1.25 cm/s
(b) δ ≈ 20 cm
(c) r2/r1 ≈ 1.09

7.4 (a) nSi = 6.8 × 1014 cm−2

(b) G = 2.8 × 1014 cm−2 s−1

(c) Γ = 2.0 × 1017 s−1

(d) A ≈ 18 cm2

7.5 (a) G = 8.5 × 1014 cm−2 s−1

(b) r = 1.4 µm/h
(c) double the Ga equilibrium pressure, TGa = 995 °C



Index

0–9
60° dislocation, 38, 43, 50, 52, 54

A
Acceptor, 99, 229
Adatom, 188, 193
Adatom density, 194
Adatom diffusion, 187, 208
Alkyl radical, 288
Alkyls, 287
Allowed transition, 109
Alloy, 21
Alloying, 40, 88
Amphoteric character, 240
Amphoteric defect model, 241
Amphoteric dopants, 235
Arrhenius dependence, 187
Arsine, 287
As-rich surface, 181
Atom, 4
Atomic scattering factor, 59
Autocompensation, 235
Autoepitaxy, 4
Average valence-band energy, 81

B
Bales-Zangwill instability, 200
Band alignment, 90
Band bending, 261
Band discontinuities, 90
Band lineup, 90
Band offsets, 90
Band offsets of alloys, 101
Bandgap energy, 87
Bandgap of alloys, 88
Basal plane, 16, 55, 80
Basis, 11

Biaxial shear strain, 109
Biexciton, 117, 122
Binding energy, 122
Binodal, 147
Bohr radius, 106, 228
Bond length, 24
Bond strength, 287
Boundary layer, 295, 296
Bowing, 90
Bowing parameter, 88
Bragg’s law, 58
Bravais lattice, 11, 61, 179
Bubblers, 290
Buckling, 176
Buffer layer, 40
Built-in potential, 259
Buoyancy, 296
Burgers circuit, 45
Burgers vector, 38, 45

C
Cap layer deposition, 214
Capture, 190, 194
Cesium-chloride structure, 16
Charge neutrality, 233
Charge transfer energy, 232
Chemical potential, 136, 172, 227, 233, 291
Chemical-vapor deposition, 275
Chemisorption, 309
Clapeyron relation, 139
Clausius-Clapeyron relation, 139, 303
Climb processes, 46
ClVPE, 275
Coalescence, 165
Coherent growth, 35
Coherently strained, 32
Coincidence lattice, 53
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Common-anion rule, 92
Compensation, 226, 235
Compliance matrix, 29
Compliant substrate, 42
Composition, 144, 145
Condensation coefficient, 191
Condensation regime, 192
Configuration-coordinate diagram, 241
Confined state, 117
Congruent melting, 279
Contact potential, 259
Contact resistance, 266
Cracking stage, 306
Critical free energy of nucleation, 151, 153,

163
Critical layer thickness, 35, 38
Critical nucleus size, 151
Critical radius, 162
Critical thickness, 37, 40
Crystal faces, 173
Crystal facet, 161
Crystal hole, 80
Crystallization, 280
CVD, 275

D
Dangling bond, 176
DAS model, 185, 205
De Broglie wavelength, 106, 244, 245
Deep centers, 239
Defect formation energy, 232, 238
Deformation potential, 81, 85
Degrees of freedom, 135
Delta doping, 243, 245, 250
Delta-doped semiconductor, 245
Density-of-states, 101, 227
Denuded zone, 194
Diamond structure, 15, 49
Diffraction vector, 62, 65
Diffusion, 247
Diffusion boundary layer, 282
Diffusion coefficient, 189, 247
Diffusion constant, 248
Diffusion equation, 249, 283
Diffusion length, 189, 217
Diffusion mechanisms, 250
Diffusion-limited growth, 283
Diffusivity, 189, 257
Dimer, 176
Dipping system, 278
Dipping technique, 278
Dislocation core, 51
Dislocation density, 39, 53

Dislocation energy, 38, 51, 53
Dislocation half loop, 47
Dislocation line, 45
Dislocation network, 47, 52
Dislocations, 44
Disordering, 255
Dissociation stage, 306
Distribution-coefficient, 146
Donor, 99, 228
Donor binding energy, 228
Donor Rydberg, 228
Doping, 225, 257
Doping pinning rule, 241
DOS, 101
DOS for bulk crystal, 103
Double heterostructure, 91
Driving force, 162
Driving force for crystallization, 141
DX centers, 239

E
Edge dislocation, 45, 52, 55
Effective densities of states, 227
Effective diffusion coefficient, 252
Effective mass, 79, 106, 117, 227
Effective mass approximation, 79, 101, 228
Effective midgap energy, 96, 101
Ehrlich-Schwoebel barrier, 197, 199
Einstein’s relation, 189
Elastic, 117
Elastic relaxation, 35, 211
Elastic stiffness constants, 30
Electron affinity, 92, 260
Electron-affinity rule, 91
Electron-counting model, 176
Electronic bands, 79
ELO, 41
ELOG, 41
Engineering convention, 28
Enthalpy, 137
Entropy, 138
Epitaxial contact structure, 267
Epitaxial lateral overgrowth, 41
Epitaxy, 2
Equilibrium, 134
Equilibrium condition, 133
Equilibrium crystal shape, 158, 162
Equilibrium shape, 156, 158
Equilibrium surfaces, 155
Evaporation, 190
Ewald construction, 63
Ewald sphere, 63
Exciton binding energy, 106, 110
Exciton Bohr-radius, 106
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Extended dislocation, 49, 51
Extensive parameters, 132
Extrinsic, 228

F
F faces, 173
Face-centered cubic, 14
fcc, 14
Fermi energy, 176, 227, 259
Fermi level, 237
Fermi-level effect, 257
Fermi-level pinning, 263, 265, 267
Fermi-level stabilization energy, 241
Fermi-level stabilization model, 241
Fick’s first law, 248
Fick’s second law, 248
Flats, 13
Flux, 188, 300
Flux distribution, 307
Frank-Turnbull mechanism, 251, 252
Frank-Van der Merve growth, 154
Frank’s rule, 48

G
Ga-rich surface, 181
GaAs(001) β2(2 × 4) surface, 207
GaAs(001) reconstruction, 183
GaAs(001) surface, 181
Gap states, 96
Gas source, 306
Gas-phase composition, 293
Gaussian distribution, 250
Gibbs energy, 132, 136, 144, 150
Gibbs free energy of mixing, 144
Gibbs phase rule, 134
Glide process, 46
Glide set, 50
Goniometer angle, 65
Graded buffer, 41
Ground-state emission, 109
Ground-state energy, 107
Growth affinity, 141
Growth modes, 154
Growth rate, 164, 197, 297

H
Half-crystal position, 172
Half-crystal site, 174
Half-unit-cells, 206
hcp, 14
Heat of evaporation, 140
Heavy hole, 80
HEMT, 246
Heteroepitaxy, 4

Heterogeneous nucleation, 149, 152
Heterogeneous systems, 131
Heterojunction, 90
Heterovalent interface, 97
Hexagonal close-packed, 14
High electron-mobility transistor, 246
High-resolution X-ray diffraction, 64
Homoepitaxy, 4
Homogeneous line width, 119
Homogeneous nucleation, 148, 149
Homogeneous system, 131
Hooke’s law, 29
Hopping rate, 187
HRXRD, 64
HUC, 206
HVPE, 275
Hydrogen, 94, 228
Hydrostatic deformation potential, 81

I
Ideal gas, 301
Ideal gas law, 137
Ideal solution, 144
Incoherent epilayer, 47
Indiffusion, 248
Intensive parameters, 132
Interdiffusion coefficient, 256
Interface disorder, 110
Interface roughness, 110
Interface stoichiometry, 98
Interface-dipol theory, 95
Intermixed interface, 99
Internal energy, 132, 136
Interstitial hydrogen, 94
Interstitial mechanism, 251
Interstitialcy mechanism, 251
Intrinsic, 228
Intrinsic carrier concentration, 228
Intrinsic defect, 237
Intrinsic regime, 230
Ionization energy, 230
Ionization regime, 230
Island density, 213

K
K faces, 174
K-cells, 302
Kα1 radiation, 64
Kick-out mechanism, 253
Kinetically limited growth, 291
Kinetics, 171
Kink Ehrlich-Schwoebel effect, 199
Kink position, 198
Kink site, 172, 201
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Knudsen cell, 302, 304
Knudsen equation, 302, 303
Knudsen’s cosine law, 303
Kossel crystal, 156, 158, 172, 173, 187, 201

L
Lamé constants, 31
Laminar flow, 295
Lattice, 11
Lattice mismatch, 34
Lattice plane, 58
Laue condition, 62
Laue method, 64
Law of mass action, 227
Light hole, 80
Line defects, 44
Line vector, 45
Liquid-phase epitaxy, 275, 276, 281
Liquidus, 279
Liquidus curve, 146
Local DOS, 108
Localized impurity states, 93
Longini mechanism, 254
LPE, 275
LPE principle, 281
LPE processes, 283
Luttinger parameter, 80

M
Mass transport, 293
Maximum carrier concentration, 242
Maxwell-Boltzmann-distribution, 301
MBE, 275, 299
MBE system, 300
Metal induced gap states, 264
Metal-semiconductor contact, 259
Metal-semiconductor junction, 259
Metalorganic chemical vapor deposition, 286
Metalorganic compound, 287
Metalorganic precursors, 287
Metalorganic vapor-phase epitaxy, 286
Metamorphic, 40
MIGS, 264
Miller indices, 11, 59, 62, 64, 156
Miscibility, 147
Miscibility gap, 147
Miscible, 144
Misfit, 34, 53
Misfit segment, 47
Missing dimer, 178
Mobility, 246
MOCVD, 275, 286
Model-solid theory, 96

Mole fraction, 132
Molecular beam epitaxy, 275, 299
Mosaic Crystal, 57
Mosaic tilt, 57
Mosaic twist, 57
Mosaicity, 58, 68
MOVPE, 275, 286
MOVPE growth process, 291
MOVPE reactor, 294
Multi-component system, 131
Multimodal size distribution, 120

N
Native defect, 236
Nondegenerate, 227
Nucleation, 149, 190, 206
Nucleation rate, 164

O
Offcut, 167
Ohmic contacts, 266
OMVPE, 275
One-dimensional DOS, 105
Options (of water orientation), 13
Ordered alloy, 22
Ostwald ripening, 168

P
Partial dislocations, 47
Partial pressure, 290
Perfect dislocations, 47
Phase, 131
Phase diagram, 135
Phases boundaries, 139
Physical-vapor deposition, 275
Physisorption, 309
Piezoelectric polarization, 85
Piezoelectric tensor, 86
Pinning energies, 243
Plastic relaxation, 36
Plastic strain relaxation, 46
Point defects, 44
Poisson equation, 245, 260
Poisson’s ratio, 31
Polymorphism, 20
Polytypism, 20
Precursor, 288
Pseudobinary, 22
Pseudograding, 268
Pseudomorphic, 32, 35
Pseudomorphic heterostructures, 32
Pseudomorphism, 3
Pseudomorpic layer, 42, 67
PVD, 275
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Q
QD, 209
Quantization energy, 104
Quantum dot, 116, 209
Quantum well, 107
Quantum wire, 112, 219
Quantum-dot ensemble, 119
Quantum-size effect, 109
Quaternary, 22
Quaternary alloy, 23, 88

R
Ramp-cooling growth, 286
Random alloy, 21, 88
Real solution, 146
Reciprocal lattice, 61
Reciprocal space, 102
Reciprocal space map, 64, 67
Reciprocal-lattice point, 68
Reconstruction, 175
Rectifying characteristics, 262
Reduced mass, 106
Regular solution, 147
Relaxation, 175
Relaxation line, 67
Relaxation parameter, 67
Relaxed layer, 42, 67
Renormalization, 120, 122
Residence time, 188
Residual gas, 301
Ripening, 216
Rocking curve, 66
Rocksalt structure, 16
Rydberg constant, 106
Rydberg energy, 228
Rydberg series, 116

S
S faces, 173
Saturation regime, 230
Scherrer equation, 69
Schottky barrier height, 264
Schottky diode, 261
Schottky effect, 262
Schottky-Mott model, 259
Screw dislocation, 45, 50, 51, 56, 161, 167
Self-assembled, 116
Self-compensation, 236
Self-interstitials, 251
Self-organization, 209
Self-organized, 116
Shallow donor, 228
Shallow impurities, 228
Shear deformation potential, 82

Shear modulus, 31, 33
Shear strain, 28, 82
Shuffle set, 50
Si(111)(7 × 7) surface, 204
Silicon (111)(7 × 7) reconstruction, 184
Single-component system, 131, 135
Singular, 156
Singular surface, 157
Size distribution, 216
Size quantization, 106
Sliding-boat system, 279
Sliding-boat technique, 279
Slip planes, 46
Slope parameter, 263
Solid-phase epitaxy, 275
Solidus, 279
Solidus curve, 146
Solubility of dopants, 231
Space charge, 259
Space-charge region, 260
SPE, 275
Spinodal decomposition, 147
Spinode, 148
Spontaneous polarization, 85
Stacking faults, 48
Stagnant boundary layer, 297
Stagnant layer, 297
Standard precursor, 288
State variables, 132
Step bunch, 219
Step bunching, 199
Step flow, 194
Step flow growth, 193
Step roughening, 202
Step velocity, 196, 200
Step-cooling growth, 284
Step-flow growth, 167
Sticking coefficient, 309
Stiffness tensor, 29
Strain, 26
Strain relaxation, 117
Strain relief, 43
Strain tensor, 27
Stranski-Krastanow growth, 117, 155, 209,

212, 215
Stranski-Krastanow transition, 213
Stress, 28
Structural stability, 19
Structure factor, 59
Subband, 104, 108
Substitutional-interstitial mechanism, 251, 252
Supercooling, 141
Supercooling growth, 286
Supersaturation, 141, 149, 281, 282
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Surface diffusion, 189
Surface diffusion length, 189
Surface dimers, 176
Surface energy, 149, 155, 159, 175, 182, 211
Surface free energy, 149
Surface step, 201
Surface stress, 149
Surface unit cell, 178, 179
Surface-reconstruction, 182

T
T-shaped quantum wires, 115
TEC, 18
Ternary, 22
Ternary alloy, 23, 88
Terrace-ledge-kink model, 186
Terrace-step-kink model, 156, 186, 201
Terraced surface, 192
Thermal expansion, 17
Thermal expansion coefficient, 18
Thermal mismatch, 17
Thermodynamic equilibrium, 132, 172
Thompson’s tetrahedron, 47
Threading dislocation, 40, 47, 55
Three-dimensional island, 210
Three-dimensional strain tensor, 28
Tilts, 69
Tipping system, 277
Tipping technique, 278
Transition-metal impurities, 94
Transitivity rule, 93
Transport-limited growth, 291
Triangular bipyramid, 54
Trimethylgallium, 287
Trion, 117, 122
Triple point, 135
TSK, 186
TSK model, 187
Twists, 69
Two-component system, 143, 279
Two-dimensional Bravais lattice, 179
Two-dimensional DOS, 104
Two-dimensional nucleation, 161
Type I alignment, 91
Type II alignment, 91

U
UHV, 300
Ultra high vacuum, 300

Undercooling, 149
Uniaxial strain, 82
Uniaxial stress, 84
Uniform buffer layer, 40
Unit cell, 11

V
V-shaped quantum wires, 113, 218
Vacancy mechanism, 251, 252
Valence-band energy, 81
Valence-band offset, 97
Valence-band structure, 80
Vapor pressure, 140, 289
Vapor-phase epitaxy, 275
Varshni formula, 87
VCA, 24, 26, 90
Vegard’s rule, 21, 23
Vicinal, 156
Vicinal surface, 167, 192, 197, 199
ViGS, 264
Virtual gap states, 264
Virtual substrate, 40
Virtual-crystal approximation, 24, 26, 89
Voigt notation, 28, 29, 86
Volmer-Weber growth mode, 154
VPE, 275

W
Wafer, 13, 167
Wave function, 117
Wetting angle, 152
Wetting layer, 117, 210
WL, 210
Work function, 259
Wulff plane, 158
Wulff plot, 157
Wulff’s theorem, 159, 160
Wurtzite structure, 16, 54, 80

X
X-ray diffractometers, 64

Y
Young’s modulus, 31
Young’s relation, 152, 154

Z
Zero-dimensional DOS, 106, 117
Zincblende structure, 14, 49



Fundamental Physical Constants

Quantity Symbol Value SI Unit

Avogadro constant NA 6.02214 × 1023 mol−1

Bohr radius aB 5.29177 × 10−11 m

Boltzmann constant kB 1.38065 × 10−23 J/K

Elementary charge e 1.60218 × 10−19 As

Electron mass m0 9.10938 × 10−31 kg

Molar gas constant R = kB × NA 8.31446 J/(mol K)

Permeability in vacuum μ0 4π × 10−7 Vs/(Am)

Permittivity in vacuum ε0 8.85419 × 10−12 As/(Vm)

Planck constant h 6.62607 × 10−34 Js

� = h/2π 1.05457 × 10−34 Js

Proton mass mp 1.67262 × 10−27 kg

Rydberg energy R∞ = m0e
4/(2�

2) 2.17987 × 10−18 J

Speed of light in vacuum c 2.99792 × 108 m/s

Unified atomic mass unit u = 1
12 m(C12

6 ) 1.66054 × 10−27 kg

1 Electron volt eV 1.60218 × 10−19 J

1 Angstrom Å 1.00000 × 10−10 m

Source: CODATA internationally recommended values of the fundamental phys-
ical constants, http://physics.nist.gov/cuu/Constants/index.html.
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