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Basic Results and Concepts

I. GENERAL INFORMATION

1. Greek Letters Used

a alpha 0 theta k kappa T tau

P beta ¢ phi L mu y, chi

Y gamma W psi vnu ® omega

d delta € xi T pi I" cap. gamma

€ epsilon 1 eta p rho A cap. delta

iiota £ zeta o sigma X cap. sigma
A lambda

2. Some Notations

€ belongs to U union ¢ doesnot belong to

N intersection => implies / such that

<> implies and implied

by

3. Unit Prefixes Used

Multiples and Prefixes Symbols

Submultiples

103 kilo k

102 hecto h

10 deca da

10-1 deci* d

10-2 centi* C

10-3 milli m

10-6 micro 1

* The prefixes 'deci' and 'centi' are only used with the metre, e.g., Centimeter is a

recognized unit of length but Centigram is not a recognized unit of mass.

4. Useful Data

e=27183 1/e = 0.3679 loge2 = 0.6931 loge 3 = 1.0986
n=3.1416 1/7=0.3183 loge10 = 2.3026 logioe = 0.4343
V2 =14142 3=1732 1 rad. = 57017'45" 10 =0.0174 rad.
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5. Systems of Units

Quantity F.P.S. System C.G.S. System M.K.S. System
Length foot (ft) centimetre (cm) | metre (m)
Mass pound (Ib) gram (gm) kilogram (kg)
Time second (sec) second (sec) second (sec)
Force 1b. wt. dyne newton (nt)

6. Conversion Factors

1 ft. = 30.48 cm = 0.3048 m 1m =100 cm = 3.2804 ft.

1 £ft2 = 0.0929 m? 1 acre = 4840 yd2 = 4046.77 m?
1ft3= 0.0283 m3 1 m3=35.32 f3

1 m/sec = 3.2804 ft/sec. 1 mile /h=1.609 km/h.

II. ALGEBRA

1. Quadratic Equation : ax2 + bx + ¢ = 0 has roots

_ —b+,/(b2 — 4ac) - —b — J(b® — 4ac)

2a 2a
o+ Pp=— R, af = <.

a a
Roots are equal if b2 — 4ac=0
Roots are real and distinctif b? — 4ac>0
Roots are imaginary if b2 — 4ac <0

2. Progressions
(i) Numbersa,a+d,a+ 2d. ..... are said to be in Arithmetic Progression (A.P.)

Itsnthterm Thy=a+ n— 1dandsumS, = % (2a+n —14d)

(ii) Numbers a, ar, ar?, ...... are said to be in Geometric Progression (G.P.)

n
a(l—r)lsw= 3 <)
1-—r 1-—-r
(iii) Numbers 1/a,1/(a + d), 1/(a + 2d),.... are said to be in Harmonic Progression

(H.P.) (i.e., a sequence is said to be in H.P. if its reciprocals are in A.P. Its nth term
T, =1/@@+n-1d).)
(iv) If a and b be two numbers then their

Its nth term T, = ar"~! and sum S, =

Arithmetic mean = % (a +b), Geometric mean = ./ab, Harmonic mean = 2ab/(a

+b)
(v) Natural numbers are 1,2,3 ...n.

2
Sn = n(n2+ 1) sn? = n(n + 1)6(2n 1) 3= {n(n; 1)}

v
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n

(vi) Stirling's approximation. When nis largen! ~ v2nn . n" e™".
3. Permutations and Combinations
! ! n
np, = n! ;C, = n! - P,
(n—r1)! ri(n —r)! r!

N, =Nc,Ng =1=nc

4. Binomial Theorem

(i) When n is a positive integer
(I+x)p=1+0Cyx+nCox2+0C3x3 + ....... +nCpxn,
(ii) When n is a negative integer or a fraction

(1+x)" =1+nx+ P——(n———l—zxz + nn-—1n - 2)x3 + ...,
1 1.23
5. Indices
(i) am. an = am*n
(i) (am)" = am
(iii) a=n = 1/an
(iv) n Va (i.e., nth root of a) =a'/".

6. Logarithms

(i) Natural logarithm log x has base e and is inverse of ex.

Common logarithm logiox = M log x where M = logioe = 0.4343.

(ii) loga 1= 0; loga0 = - o(a > 1) ; logaa = 1.

(iii) log (mn) = log m + logn ; log (m/n) = log m - log n; log (m®) = n log m.
III. GEOMETRY

1. Coordinates of a point : Cartesian (x ,y) and polar (r, 6).

Then x =r cos 6, y=rsin 0
or r= J(xz +y?), O=tan™’ (—Z)
X
Y &
P
r
y
9 >
O X X
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Distance between two points
(%1, y1) and (xg.y5) = [ (xa = 1) + (72— y1)? ]
Points of division of the line joining (x1, y1) and (x2, y2) in the ration m; : mz is

. [mlxz tmyXy myy, + m2y1]
’
m; +m, m; +m,

In a triangle having vertices (x1, y1), (x2, y2) and (x3, y3)
X 1
(i) area = 1 x; )},; 1.
2|x3 ¥3 1

(if) Centroid (point of intersection of medians) is
(X1+X2 X3 Y1ty +Y3]

’

3 3
(iii) Incentre (point of intersection of the internal bisectors of the angles) is

ax; +bx, +cx; ay;+ Dby, +cy;
atb+c ' a+b+c

where a, b, c are the lengths of the sides of the triangle.

(iv) Circumcentre is the point of intersection of the right bisectors of the sides of
the triangle.

(v) Orthocentre is the point of intersection of the perpendiculars drawn from the
vertices to the opposite sides of the triangle.

2. Straight Line

(i) Slope of the line joining the points (x, y1) and (x2, y2) = Y27 Y1
2~ %
Slope of the line ax + by + c=01is — %i. - %ﬁ—;

(if) Equation of a line:
(a) having slope m and cutting an intercept cony - axis is y = mx + c.
(b) cutting intercepts a and b from the axes is X4 % =1.
a

(c) passing through (x1, y1) and having slope m is y - y1 = m(x - x1)
(d) Passing through (x1, y2) and making an £6 with the x - axis is
X=X _Y—)"

cos 6  sin O
(e) through the point of intersection of the lines aix + byy + ¢1 = 0 and axx + byy +
c2=0is aix + byy + c1 + k (a2x + by + c2) =0

=r

(iii) Angle between two lines having slopes m; and m; is tan-! s bt 58 ﬁl;z
— mym;

vi
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Two lines are parallel if m; =m;

Two lines are perpendicular if mimz = —1
Any line parallel to the line ax+by+c=0isax+by+k=0
Any line perpendicular to ax+by+c=0isbx —ay+k=0

(iv) Length of the perpendicular from (x, y1)of the line ax + by + ¢ = 0. is
ax; + by, +c¢

(a? +b%)

P(x,y)

© X

3. Circle

(i) Equation of the circle having centre (h, k) and radius r is

(x = 2+ (y — kp=r2

(ii) Equation x2 + y2 + 2gx + 2fy + ¢ = 0 represents a circle having centre (~g, -f)
and radius = /(g* + f* — ¢).

(iii) Equation of the tangent at the point (x1, y1) to the circle x? + y2 = a? is xx1 + yy1
= a2

(iv) Condition for the line y = mx + ¢ to touch the circle

x2+y2=a?isc=a 1/(1+m2).

(v) Length of the tangent from the point (x, y1) to the circle

x2+y2+2gx +2fy +c=0is \/(xf— y? + 2gx, + 2fy; +c).
4. Parabola

(i) Standard equation of the parabola is y2 = 4ax.

Its parametric equations are x = at?, y = 2at.

Latus - rectum LL' = 4a, Focus is S (a,0)

Directrix ZM is x + a = 0.

Vil
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M L7 P(x,y)

o

1}

<

+

Pd

zZ| A S (a, 0) X

L~

(ii) Focal distance of any point P (x1, y1 ) on the parabola
y2=4axisSP=x; +a

(iii) Equation of the tangent at (x1 y1) to the parabola

y?=4ax is yy1 = 2a (x + x1)

(iv) Condition for the line y = mx + ¢ to touch the parabola
y2=4axisc=a/m.

(v) Equation of the normal to the parabola y2 = 4ax in terms of its slope m is
y = mx — 2am - am3,

5. Ellipse

(i) Standard equation of the ellipse is

2 2

a2 b2

viii
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Its parametric equations are
X=acos9, y =bsin 6.

Eccentricity e = |(1— b* / a%).

Latus - rectum LSL' = 2b?/a.

Foci S (— ae, 0) and S' (ae, 0)

Directrices ZM (x =-a/e)and Z'M' (x = a/e.)

(ii) Sum of the focal distances of any point on the ellipse is equal to the major axis
ie.,

SP +S'P =2a.

(iii) Equation of the tangent at the point (x1 y1) to the ellipse
2 2

A § e R A SRR )

a b a b~

(iv) Condition for the line y = mx + ¢ to touch the ellipse

X2y

a_2+ i—z =lisc= (azm2 + bz).

6. Hyperbola
(i) Standard equation of the hyperbola is

LS A

a’ b?

Its parametric equations are
x=asecH,y=btan 0.

Eccentricity e = /(1 + b? / a?),
Y4

Ml

zZ'l C

Latus - rectum LSL' = 2b?/a.
Directrices ZM (x = a/e) and Z'M' (x = - a/e).
(i) Equation of the tangent at the point (x1 y1) to the hyperbola

1X
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. XX b4
=1is ==L — 2Z1 =1,
a’ b?

X
pea Xb? =1isc=(a’m?® — b?)

2 2
(iv) Asymptotes of the hyperbola -:—2— - —il—)—z— =1 are §+ % =0and % — _yl; 0.

(v) Equation of the rectangular hyperbola with asymptotes as axes is xy = ¢2. Its
parametric equations are x =ct, y =c/t.

7. Nature of the a Conic

The equation ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents

b E
gfc

(if)acircle,ifa=b,h=0,A%0

(iii) a parabola, if ab — h2=0,cA#0

(iv) an ellipse, if ab — h2>0, A#0

. (v) a hyperbola, if ab—h2<0,A#0

and a rectangular hyperbola if in addition, a + b = 0.
8. Volumes and Surface Areas

(i) a pair of lines, if (=A)=0

Solid Volume Curved Surface | Total Surface
Area Area
Cube (side a) a’ 4a? 6a?
Cuboid (length 1, | Ibh 2(I+b)h 2 (Ib+ bh + hl)
breadth b, height
h)
Sphere (radiusr) | 4 3 _ 4mr2
Cylinder (base nrzh 2nrh 27r (r + h)
radius r, height
h)
Cone 1 oh nrl nr (r +1)
, 3
where slant height [ is given by I = (r? + h?).
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IV. TRIGONOMETRY

1.
go=0 |0 30 45 60 90 180 270 | 360
sin 6 0 Ya 1/J2 | 3 1 0 —-1/0
2
cos® |1 J3 1/\2 |1/2 0 -1 0 1
2
tan6 |0 1/¥3 |1 J3 © 0 — |0

2. Any t-ratio of (n. 90° + 8) = + same ratio of 6, when n is even.

=t co - ratio of 8, when n is odd.

The sign + or — is to be decided from the quadrant in which n. 90° + 6 lies.
e.g,  sin5700=sin (6 x 900+ 300) = —sin 300 = — % ;
tan 3150 = tan (3 x 900 + 459) = — cot450= — 1.
3.sin(A+B)=sin AcosB+cos AsinB

cos (A ¥ B)=cos AcosB+sinAsinB

sin 2A = 2sinA cosA = 2 tan A/(1 + tan> A)

COSZA:COSZA——smzA=1—251n2A=20082A——1=—————anz —.
1+tan” A
tan A B
4tan(AtB)= _onAztanb oo _2t0A
1 F tanAtanB 1 — tan? A
S'SinACOSB=%[Sin(A+B)+sin(A—-B)]

cos AsinB = % [sin (A + B) — sin (A —B)]
coaAcosB= % [cos (A + B) + cos (A — B)]

sin A sin B = %[cos (A — B) — cos (A + B)].

+ —
6.sinC +sin D =2sin C2D cos ¢ ZD

+D C-D
sinC — sinD =2 cos C2 sin 5

+D - D
cos C + cos D =2 cos C2 cos ¢ 5

+ D - D
cosC — cos D= — 2sin C2 sin ¢ 5

7.asinx +bcos x=rsin (x + 0)

X1
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acosx +bsinx=rcos (x — 0)
where a=r cos, 9, b=rsind so thatr = (a2 + b? ), 6 =tan-1 (B)
a

8. In any AABC:

(i) a/sin A =b/sin B = ¢/sin C (sine formula)

b’ +c? — a?
2bc

(iii) a = b cos C + c cos B (Projection formula)

(iv) Area of AABC = —;—bcsinA=\[s(s T 2)6 —Db) (5 — ) wheres= —;—(a+b+c).

(if) cos A = . (cosine formula)

9. Series
. . x  x* X
(i) Exponential Series: ex=1+ — + — + —+ .....©
1 21t 3t
(i) sin x, cos x, sin hx, cos hx series
x3 x5
SINX =X = — + — — | ®,
3! 5!
x2  x*
s x=1— —+ ——~ . 00
21 41
3 5 2 4
smhx=x+—+x—+ ...... o, coshx=1+x——+x—+ ..... )
3 5! ! 4!
(iii) Log series
2 3 2 3
x° . x x“ X
log(1+x)=X -~ 4+ — — .0, log(l ~xX)=— |xX+ —+ —+ . .©
g+=x— 2+ 2 g (1) [ 2 ]
(iv) Gregory series
XXX 1 1+x XX
tan"! x=x — -+ — — o, tanh™! x= = log =x+ —+ 4 .00
3 5 2 1-—x 3
10. (i) Complex number : z = x + iy = r (cos 0 + i sin 0) = re®
(ii) Euler's theorem: cos 6 + i sin = e®
(iii) Demoivre's theorem: (cos 6 + isin 8)* = cos n@ + i sinn 6.
. . ex_e—x eX +e-—X
11. (i) Hyperbolic functions: sin h x = — ;coshx = —
tanhx=smhx;cothx=C?th;sechx= 1 ; cosechx = .l
cosh x sin h x cos h x sin hx

(ii) Relations between hyperbolic and trigonometric functions:
sinix=isinhx;coshx=coshx;tanix=itan hx.
(iii) Inverse hyperbolic functions;

xii
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sin h™'x = log[x + Yx* + 1 |; cosh™!x = log[x + Vx* —1]; tanh™! x = % log

V. CALCULUS
1. Standard limits:

n n
. X" —a -
(i) Lt =—— =na""!,
X —>a X— a
n any rational number

(i) Lt Q1+x)*=e
x—>0

a*—1

(v) Lt = log.a.
x—=>0

2. Differentiation

., d _dv du

(i) ” (uv)=u x +v i

du _ du
dx dy

(i) ()= e"

. d (chain Rule)
dx

£ (oge) =1/
o do
(iii) — (sin x) = cos x
: dx
4 (tan x) = sec? x
dx

4 (sec x) = sec x tan x
dx

.y d . 1

(lV) g" (sm 1X) = —'—"—2
x (1 —x%)

d . 1

— (t =

o T T

_ (sec_lx) = _____1__

xJ(x? = 1)

(v) —5; (sinh x) = cos hx

4 (tan h x) = sech? x
dx

@) Lt 28X
x>0 X

=1

(iv) Lt x/*=1

X—>» ©

d (u)= vdu / dx — udv/dx

dx \v v2

4 (ax+b)" =n(ax+b)" . a
dx

%(a") =a” log.a

d
— (1 = .
dx (logx) x log a
d _ .
o (cos x) = — sin x
d = 2
= (cot x) = — cosec2x
ad— (cosec x) = — cosec x cot x.
X
_g._ (Cos—lx) = ____—_.1...__
d 2
X 1 =x%)
-1
—_ t_l =
(cot™"x) P

-1
x,/(x2 -1) '

4 (cos hx) =sinh x
dx

d “1,y =
™ (cosec™"x)

4 (coth x) = —cosec h2 x.
dx

(vi) D» (ax + b)m = m (m 1) (m — 2)..... (m—n+1)(ax+b)m-n.an

xiii
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Drlog(ax + b)=(— 1)»-1(n — 1) !ar/(ax + b)»

Dn (emx) = mNemx Dn (amx) =mn (loga)n. amx

Dn[sm ax-l'b]= 2, p2\n/2 qax |sin(bx +c+ntan™ " b/a) |
cos%bx+c3 ( yrTe cos(bx+c+ntan” 1 b/ a)

(vii) Leibnitz theorem: (uv)n
= Up + nClun-—lV]+ “Czun_2V2 + ... + nCrun—rVr + ... + nCnVn.

3. Integration
n+1

. n _ X _ 1
(i) jx dx 1 n#-1) jx dx = log,.x
Ie" dx =e* Ia" dx=a"/log.a
(ii) Jsin x dx = — cos x jcos x dx = sinx
J‘tan x dx = — log cos x J'cot x dx = log sin x
j T X
sec x dx = log(sec x + tan x ) = log tan (Z + —-2-)

Icosec x dx = log(cosec x — cot x ) = log tan (—)25)

Isecz x dx = tanx Icosecz xdx = — cotx.
dx 1 -1 X dx .1 X
(111) ;ET;{:'a—tan ! -a' I——z—‘—z":SHl ;‘
(a® = x?)
+
j‘ dx =_1_log atx J~ dx —sinh-! X
a> —x*> 2a a—x (a% +x?) a
"‘2dx2___11 X —a J' dx - cosh-! X,
x* —a® 2a a+x (x* — a?) a
2 2 2
2 2 X a _X) a -1 X
iv a x°) dx = — sin
() [Jla - =) ax= 20 - sin™ >
2, .2 2 2
o ax="NE D) 28 x X L 2
I(a+x)dx 5 +25mh " > (@ +x°) 2log
2 _ 2
J.(x2 az)dx—x xz a)+a cosh_1§=—;i— (xz—az)—%—log
ax
(v) |e* sinbx dx= ————(asinbx — b cos bx)
a

X1V
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ax

.[ea" cos bx dx = (a cos bx + b sin bx)

a? + b2
(vi) Isin h x dx =cos h x Icos hxdx=sinhx
Jtan h x dx =log cos h x Icothxdx=logsinhx
J'sec h? x dx =tan hx Icosechz xdx= — cothx.

o [? 2
(vii) f sin™ x dx = f cos” x dx

_(n-=-1)n=3)(n-=75)... N
n(n — 2)(n — 4)

(—;—, only if nis evenj

(m—-1)(m —=3)..x@m—1)(n— 3)....
(m+n)(m+n—-2)(m+n—4)..

/2 LI 4 ¢ n
.[: sin™ x cos” xdx =
x (g— , only if both m and n are even)

(viii) f f (x) dx = E f(a — x) dx

f f(x) dx =2 J:f(x) dx, if f (x) is an even function,
a

= 0, if f(x) is an odd function.

f "f(x) dx = 2 J:f(x) dx, if f(2a — x) = f(x)

=0, if f(2a — x) = - f(x).
VI. Coordinate systems

Polar coordinates | Cylindrical Spherical polar

(r, 6) coordinates (p, ¢, z) | coordinates (r, 6, ¢)
Coordinate X=r cosH X=pcosd X =r 5ind cos ¢
transformations |y =rsin 6 y=psin¢ y=rsin0sin¢

z=1z z=r1Cos 9
Jacobian a(x,y) _ . ox, vy, 2z) _ o ox, y,z) _ 2 sin 6
a(r, 0) op, ¢, 2) ar, 6,0)

(Arc - length)? (ds)2=(dr)2+12 | (ds)2=(d p)2+ p2 (ds)? = (dr)2 + r2

(de)? (d¢)? + (dz)? (d6)2 + (r sin 6)?

dx dy = rd8 dr (d¢)?
Volume- element dV=pdpdddz dV =1r2sin6 dr db

d¢

XV
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Chapter 1

Basic Concepts of
Differential Equations

INTRODUCTION

Differential equations are of fundamental importance in engineering mathematics
because many physical laws and relations appear mathematically in the form of
such equations. The mathematical formulation of many problems in science,
engineering, Economics, sociology, physiology, Biology, Finance and
- management, give rise to differential equations. For example, the problem of
motion of a satellite, the flow of current in an electric circuit, the growth of a
population, the changes in price of commodities, decay of radioactive substance,
cooling of a body etc. lead to differential equations. Each of the above problems
are characterised by some laws which involve the rate of change of one or more
quantities, with respect to the other quantities. The laws characterising these
problems when expressed mathematically, become equations involving
derivatives and such equations are called differential equations.

DEFINITION

. Any relation between known functions and an unknown function is called a
differential equation if it involves the differential coefficient (or coefficients) of
the unknown function.

It is usual to denote the unknown function by y. Finding the unknown function is
called solving or integrating the differential equation. The solution or integral of
the differential equation is also called its primitive, because the differential
equation can be regarded as a relation derived from it.

Equations such as

0 0 -y L =xy Q

N

d’y
dx?

(id) p=
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&’y d’y ., dy
3L 4 2x? —L +3x —= -3y =x*+
(iii) X e X 2 X7 X
(IV) X%"'Y%-}-Z.Z_::XYZ
u __ %u

) o

. dy , 2 (dyY

=2 LA —_—

(vi) y=2x -ty [de

3)

4)

©)

(6)

Which involve differential coefficients are called the differential equations.

Differential equations which involve only one independent variable are called
ordinary differential equations. Equations (i) (ii), (iii) and (vi) are of this type.

Differential equations which involve two or more independent variables are
called partial differential equations. Equations (iv) and (v) are of this type

" The order of a differential Equation. The order of a differential equation is the

order of the highest derivative involving in the equation.

The Degree of a differential Equation. The degree of a differential equation is
the degree of the highest order derivative involving in the equation, When the

equation is free from radicals and fractional powers.

For example- The differential equations

% +xy=a

_d_z_z + Xd—y =2

dx? dx
3.\ 2

[—Z—ZJ - 6x* (%X) +e* =sinxy
X X

2 5 1/3
_(.i_X = 1 + (.d_y.)
dx? dx

1)

()

@)

(U.P.T.U. 2009)

@)



Basic Concepts of Differential Equations

The equation (1) is of the first order and first degree. Equation (2) is of second
order and first degree. Equation (3) is of third order and fourth degree. Equation
(4) is of second order and third degree

Formation of A Differential Equation

Example 1. Find the differential equation of the family of circles of radius r whose
centre lies on the x axis. (I.LA.S. 1993, 95, 96)

Solution. The equation of the circle with radius r and centre on x axis is
(x-a)’ +y” =1’ M
Differentiating (1) with respect to x, we get
dy
2(x-a)+2y == =0
(x-a)+2y &
Eliminating 'a' between (1) and (2), we get

dY2 2 _ .2
(de) ty' =r

2
or y? {[%) +1 } =r?

Which is the required differential equation.

Example 2. Find the differential equation of the family of parabolas with foci at
the origin and axis along the x-axis. (I.AS. 1994)

Solution. The equation of the parabolas with foci at the origin and axis along the
x axis is given by

2 2 x + 2a

x+2a=0
T
oY)
=)
y
P
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or x2 + y2 = x2 + 4ax + 4a?
or y2=4a (x + a) 1
Differentiating with respect to x, we get
dy
2y — =4
f dx 2
=y dy _ 2a 2
dx
Eliminating a between (1) and (2), we get
d 1 d
2 = 2 _y + — _y.
y Y dx X 2 y dx
dyY |, 4y
—_— + 2 —_ - = 0
or y (dx) *ax Y

which is the required differential equation.

Example 3. Determine the differential equation whose set of independent
solution is {ex, xex, x2 ex}

(U.P.T.U. 2002)

Solution. Here we have

y =Ciex+ Coxex+C3x2ex (1)
Differentiating both sides of (1) w.r.t "x" we get
y'=Cex+ Coxex+ Caex+ C3x2ex+ C3 2x ex
= y'=y+Cex+2Cxex
= y' -y=Crex+2Caxex (2
Again differentiating both sides, we get

y' -y =Cex+2Cxex+2Csex
= y'-y' =y -y+2Csex using (2)
= y' =2y +y=2C;5ex 3)
Again differentiating (3), we get

y"-2y"+y' =2Csex
= y"-2y"+y'=y"'-2y'+y using(3)



Basic Concepts of Differential Equations

= y|n_3yn+3yt_y=0

&y ,d% , ,dy
—5 -3 —=+3—=-y=0
dx? dx? ax 7

is the required differential equation

EXERCISE

1. Form the differential equation of simple harmonic motion given by
x = A cos (nt + a)
2
Ans. fd_z’f +n’x=0
dt

2. Obtains the differential equation of all circles of radius a and centre (h, k) and
hence prove that the radius of curvature of a circle at any point is constant.

oo [1+ (& -0 (494

or

2
3. Show that v= A +B is.asolutionofd—V s 2 dv =0
r dr* r dr
Cy , (dyY|_ dy
4. Show that Ax2 + By? = 1is the solutionof x <y — + (-——) =y —=
dx® dx dx

5. By eliminating the constants a and b obtain differential equation of which
Xy = aex + bex + x2 is a constant.

Objective Type of Questions

Each question possesses four alternative answers, but only one answer is correct
tick mark the correct one.

dy Y azy
1. Degree and order of the differential equation ,|2 T vg=|L are
dx dx?
respectively.
(a) order 2, degree 3 .(b) order 1, degree 3
(c) order 3, degree 2 (d) order 3, degree 1
Ans. (a)
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e
2. The degree of the differential equation |y + x [—-—X] = E% is given by
X

dx?
(a) 2 (b) 3 (©) 4 (d) 1
(R.AS.1993)
Ans. (c)
,74/3
d’y d*y
3. The order of the differential equation | 1 + 7 = o is given by
X X
(@) 1 (b) 2 © 3 (d) 4
(R.AS. 1993)
Ans. (c)
4. If x = A cos (mt - o) then the differential equation satisfying this relation is
dx 5 d?x 3
- =T1- b _ =
(@) it X (b) e o X
dZX _ 2 dx _ 2
(C) d—ti———-mx (d)a——mx
(LLA.S. 1993)

5. The equation y 3— = x represents a family of
X

(a) Circles (b) hyperbola
(c) parabolas (d) ellipses

(U.P.P.CS.1995)
Ans. (b)



Chapter 2

Differential Equations of First Order
and First Degree

INTRODUCTION
An equation of the form F (x, y, :—y) =0 in which x is the independent variable
X

and —gX appears with first degree is called a first order and first degree
X

differential equation. It can also be written in the form (—;{— =f(x,y) or in the

form Mdx + Ndy = 0, where M and N are functions of x and y. Generally, it is
difficult to solve the first order differential equations and in some cases they may
not possess any solution. There are certain standard types of first order, first
degree equations. In this chapter we shall discuss the methods of solving them..

VARIABLES SEPARABLE
~ If the equation is of the form f; (x) dx = f2 (y) dy then, its solution, by integration
is [f, (x)dx=[f, (y)dy +C
where C is an arbitrary constant.
Example 1. Solve dy . e* Y +x?e”
X

Solution. The given equation is

.d_)i =ex'y + x2 e'y

dx
or ey dy = (ex + x2) dx

3
Integrating, ey = ex + -)—(3— + ¢, where C is an arbitrary constant is the required

solution.

d) — 2 d) )
le 2. So —_—x L | = + L
Examp (4 lve (y X j a (y
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Solution. The given equation is

dy 2 dy
- - = + —
yox dx e dx
dy 2
or +x) L =(y-
(@+x) 5 =0-ay)
or dy ;= dx
y - ay a+x
or dy - = dx
y -ay a+tx
or dy _ dx
y(l-ay) x+a
a 1 dx . . .
or { + —] dy = , resolving into partial fractions.
l-ay y x+a

Integrating, [-log (1 - ay) + log y] = log (x + a) + log C

where C is an arbitrary constant

Y |-
log | ———|=log {C(x+a
or Og(l—ay) og {C (x + a)}
or y =C(x+a)
1-ay

or y = C(x + a) (1 - ay) is the required solution.

_ Example 2. Solve (x + y)? %X =a®
X

Solution. Letx +y =v
then from (1) on differentiating with respect to x, we have

1+ﬂ=é{
dx dx

dy dv
=127 _q
or dx (dx )

Substituting these values from (1) and (2) in the given equation, we get

10



Differential Equations of First Order and First Degree

v2 [QX —1] = a?

dx
dv
or vi == =a%+v?
dx
2
v
or T————-z—dv=dx
a“ +v
a2 +v? - a2
or ——2——5—dv=dx
a‘+v
a
or [1- 5 2]dv=dx
a“ +v
Integrating,
1 v
v-aZz—tan! |— | =x+cC
a a

where c is an arbitrary constant

or v-atanl(v/a)=x+c
or (x+y)-atan {(x +y)/a} =x+c, from (1)
or y-atanl{(x +y)/a}=C

Method of Solving Homogeneous Differential Equation
It is a differential equation of the form

dy _ ¢ (xy)

dx vy (xy) @)

where ¢ (x, y) and vy (x, y) are homogeneous functions of x and y at the same
degree, n (say)

Such equation can be solved by putting y = vx

Now the given differential equation is

dy _ o(xy) _ x" ¢(y/x)
dx  y(xy) x"y(y/x)

11
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_ /%) _
or dx v (/%) U " R

Substituting the values of y and 3}’ from, (1) and (2) in (3),

we have vV +x dv _ f(v)
dx
or X av _ f(v)-v
dx
dv dx
or ==
f(v)-v  x

The variables has now been separated and its solution is

= log x + ¢ where cis an arbitrary constant.

-[ f(v)~v
After integration v should be replaced by (y/x) to get the required solution.
Example 4. Solve x dy - y dx = 1/(x* +y?) dx

Solution. The given equation can be rewritten as

d
Yy
o (3% 88) uxn GV, puttingy = v
X
or Xél: (1+V2)
dx
dv dx

or —_—— =

Integrating, log {v + (Vv + 1)} = log x + log ¢, where c is an arbitrary constant
or {v + \J(v? + 1)} =Cx

or [y+,/(y2 +x2):|/x=Cx v vEy/x

12



Differential Equations of First Order and First Degree

or y+J(y? +x?) = Cx?
Example 5. Solve (1 + ex/y) dx + e¥/y [1 - (x/y)] dy =0 (U.P.P.CS. 1999)

Solution. The given equation may be rewritten as

oX/Y (1 _ ij +(1 +eX/y) % =0
y dy

dv
or V(l-v)+(1+eY +yv—|=0
&' (L-v)+ e)(v ydyJ
utting x = or%=v+ g—‘i
or eV—veV+v+ve"+(1+eV)y(—iX=O
dy
or (v+e")+(l+e")yg—!=0
dy

(1+e") dv+—C—lX=0
v+e’ y

or

Integrating, log (v + ev) + log y = log C, when C is an arbitrary constant

or log {(v +ev) y}=log C

or (v+e)y=C

or |:—)£ +ex/y}y=C, putting v =x/y
y

or (x+yexy)=C

Equations Reducible to Homogeneous Form.

Consider the equation dy | ax*tby+C VY
dx a'x+by+C

where a:b #a':b'

If C and C' are both zero, the equation is homogenous and can be solved by the
method of homogeneous equation. If C and C' are not both zero, we change the
variables so that constant terms are no longer present, by the substitutions x = X
+handy =Y + k Where h and k are constants yet to be chosen. (2)

13
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~ From (2) dx = dX and dy = dY

andso(l)reducestog= a(X+h)+b(Y+k)+C
dX aI(X+h)+bI(Y+k)+CI

dY _  aX+DbY+ (ah+bk+c)

or — 3)
dX a'X+b'Y+(@h+bk+C)

Now, choose h and k such that
ah+bk+c=0andah+bk+c'=0 4)

dY _ aX+bY
dX aX+Db'Y
by the substitution Y = vX. Replacing X and Y in the solution so obtained by x-h
and y-k [from (3)] respectively

Then (3) reduces to , which is homogeneous and can be solved

We can get the required solution is terms of x and y, the original variables.
A Special Case When a:b = a":b'

In this case we cannot solve the equations given by (4) above and the differential
equation is of the form

dy _ ax+by+C

P )
dx kax+kby+C

In this case the differential equation is solve by putting

v =ax+by 6)
Differentiating both sides of (6) with respect to x, we get

.ﬂ:a-}-bﬂorﬂ:l(ﬂ_a)

dx dx dx b \dx

.. The equation (5) reduces to

1 (dv v+C dv b(v+C)
ol al= r =a+ ——=

b

T kv A kviC

The variables, are now separable, and we can determine v in terms of x.
Replacing v by ax + by in this solution, we can obtain the final solution.

Example 6. Solve (2x +y - 3) dy = (x + 2y - 3) dx

Solution. The given differential equation is dy x*2%-3 1)
dx 2x+y-3

14



Differential Equations of First Order and First Degree

puttingx=X+handy=Y +k (2)

the equation (1) reduce to &Y (X+rhr2(¥+k)-3
dX 2(X+h+(Y+k)-3

dY _ X+2Y+(h+2K-3)

or —
dX 2X+Y+(2h+K-3)

®)

Choose h and k such that

h+2k-3=0and2h+k-3=0 4
| Solving the equations (4) we haveh=1=k
S From(2)x=X+landy=Y+1

orX=x-landY=y-1 %)
Also (3) reduce to dy _ X+2Y
dX 2X+Y
putﬁngY:Vxlv-f-Xi‘i:Z(_j-_zy_X
dX 2X+vX
or v-FX-q‘i=1+2V
dX 2+v
dv 1+2v 1+2v-2v-v? 1-v?
or X-—= -y = =
dX 2+v 2+v 2+v
2+v dX
or —dv = —
1-v? X
1 1 3 1 dX
or = + — dv=—
21+v 2 1-v X

Integrating, % log (1+v)- % log (1 - v) =log X + log C,where C is an arbitrary

constant
or log [(—11-_*—‘,‘;5} = 2 log (CX) = log (CX)*
1+v 2
= (CX
or Ay (CX)

15
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or —————1+Y/k3 = C2x?
(1-Y/k)
or _X_iY_ =C2
X-Y)
or (x-1)+(y-1)3 =C? from (5)
{(x-1)-(y-1))
or xty-2 =2
(x-y)»

Example 7. Solve (2x + 2y +3)dy - (x +y+ 1) dx =0

Solution. The given equation is d— = ﬁ——}i}—
dx 2x+2y+3

(1)
putx+y+l=v
. Differentiating

dx dx dx dx

-1

Therefore (1) reduce to dv 1= —
dx 2v+1

dv 3v+1
or e

dx 2v+1
or Zv+1 dv =dx

3v+1
or —2— + ———l—— dv =dx

3 3(3@v+l)

Integrating, % v+ —;— log (3v + 1) = x + ¢, where C is an arbitrary constant

or 6v + log (3v + 1) =9x + C;, where C; = 9C
or 6(x+y+1)+logBx+3y+4)=9x+C
_or 6y - 3x + log (3x + 3y +4) = C; where C2=C; + 6

16



Differential Equations of First Order and First Degree

Linear Differential Equations

A differential equation of the form % +Py=Q
X

where P and Q are constants or functions of x alone (and not of y) is called a

linear differential equation of the first order in'y

its integrating factor = efPdx

Multiplying both sides of (1) by this integrating factor (L.F.) and then integrating
we get

y. e = C+ [Q. /" dx, where Cis an arbitrary constant, is the complete
solution of (1)

Example 8. Solve %X + 2y tan x = sin x, given thaty =0 when x = /3.
X

(U.P.P.CS. 2003)
Solution. Here P = 2 tan x and Q = sin x

Integraﬁng factor = edex = ethanx dx
= g2log sec x

2
= !B (X" = o2y

Multiplying the given equation by sec2x, we get

© sec’x (g—y + 2y tan x) = sin x sec’x
X

d
or — (y sec’x) = sec x tan x
dx

Integrating both sides with respect to x, we get
y sec2x = C + | sec x tan x dx, where C is an arbitrary constant
or y sec? x = C + sec x 1)

itis given that whenx=n/3,y =0

- from (1) 0 x sec> = =C + sec %

T
3

17
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or 0=C+2 Sosec — =2

wiA

-, from (1) the required solution is

y sec? x = - 2 + sec x
or y = -2 cos?x + cos X
Example 9. Solve (1 + y2) dx + (x - etan”y) dy =0

(Bihar P.C.S. 2002, I.A.S. 2006)

Solution. The given equation can be written as

fd_’ﬁ X etan"y
dy 1+y* 1+y*

1
7dy
Therefore the integrating factor =e” ' "7

= etany

Multiplying both sides of (1) by the integrating factor and integrating, we have

1

tan™! ey tan~!
x.ea“y=C+I 5 xe ¥ dy
1+y
where C is an arbitrary costant
tan'y _ 2t - -1
or X e =C+ |e* dt, wheret=tan v
=C+ = e
-1 1 -1
or x.e“‘“y=C+Ee2tany

Example 10. Solve % +ycosx= —;— sin2x  (I.A.S. 2004)
X

" Solution. Here P=cos xand Q = % sin 2x = sin x cos x

-, Integrating factor = e/Pd = gfcos xdx — gsin x
Multiplying the given equation by the integrating factor esin x and integrating

with respect to x, we get

18



Differential Equations of First Order and First Degree

y. e =C+ J-es“‘ * sin x cos x dx, where C is an arbitrary constant.

or y. e =C+ je‘ tdt, where t = sin x

=C+toet-et

=C+esinx (sinx - 1)
or y. e * = C+ e * (sin x - 1)
Equations Reducible to the Linear Form.

The equation
d n
Ty )
X

Where P and Q are constants or functions of x alone and n is a constant other
than zero or unity is called the extended form of linear equation or Bernoulli's
Equation.

This type of equation can be reduced to the linear form on dividing by y» and

putting — equaltov
o 1 dy 1
- Dividing (1) by y», we get — —= +P. T =Q 2)
y" dx y"T
Put — =voryn*l=v

Differentiating both sides with respect to x, get
(e y " L=
or —_—— e —

Making these substitutions in (2), we have
1 dv

(1-n) ?1§+PV=Q
or 9—!+P(1—n)v=Q(1—n)
dx

19
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which is linear in v and can be solve by method of linear differential equation.

Example 11. Solve ? +x sin 2y = x> cos’y (U.P.P.C.S.1994)
X
Solution. Dividing both sides of the given equation by cos?y
we get
sec? dy +x(2tany) = x>
dx
. dy dv

utting tany = v or sec’ y -~ = —
p gany r y dx  dx
the above equation reduces to g—‘-'- +2xv = x> O

X

which is a linear equation. whose integrating factor

2

= efo dx _ e*

Multiplying both sides of (1) by the integrating factor and integrating, we have

v.e¥ =C+ jx3 e dx, where Cis an arbitrary constant
or v.eX =C+ % X2 e 2x dx
1 t 2
=C+ 5 J.t.e dt, where t = x

=C+-;— (tet— J'et dt)

or e tany=C+%et(t—l) - v=tany
x? 1 x2 2

or e tany=C+—2-e x*-1)

or 2tany=2Ce"<2 +(x* -1)

20



Differential Equations of First Order and First Degree

Example 2. Solve dz .,z logz= —%2— (log z)?
dx x X

(LAS. 2001, U.P.P.CS,, 1999)
Solution. Dividing both sides of the given equation by z (log z)?, we get
1 dz 1 1 1
4+ —

z(logz)* dx (log z) x «x

putting = - ———1——; dz _ él, the above equation reduces to
log z z (logz)® dx dx
dx  x  x?
dv 1 1 C et . . ,
* V" which is linear equation in v and whose integrating factor
X X X
1
- e' L e 108 % = olog x!
=1
X

o + —
g x (log z) 2x*

Example 13. Solve y sin 2x dx - (1 + y2 + cos?x) dy = 0

(L.A.S. 1996)
Solution. The given equation can be rewritten as
y sin 2x % -cos’x=1+y?
2
or sin 2x & _1 cos®x = 1+y @)
dy 'y D

putting ~cos2x = v or -2 cos x (-sinx) dx = dv

" or sin 2x dx = dv

21
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the equation (1) reduce to

= 2
dy 'y y @

Which is linear in v with y as independent variable
Ly
" Its integrating factor =e' ¥ =¢'%Y =y
Multiplying both sides of (2) by y and integrating, we get

vy=C+ I (1+y?) dy, where C is constant of integration

or -y cos?’x =C+y+ % y> o v=-cos’x
2 1.3
or y cos x+C+y+§y =0
Example 14. Solve x (dy/dx) + y = y2log x
(U.P.P.C.S. 1995)
Solution. The given equation can be written as
1 d 11_1
—2-d—y+—-=—1ogx )
y> dx xy x
putting - 1 v or —17 dy _dv in (1), we get
y* dx X
EIX—lv=llogx 2
dx x X

which is in the standand form of the linear equation and integrating factor

[laceeter g
e X

b
Multiplying both sides of (2) by the integrating factor and integrating, we get

v. 1. C+ J'—}2— log x dx where C is an arbitrary constant
X X

or Y-c+ J't e”' dt, putting t = log x
x

22



Differential Equations of First Order and First Degree

or Yec+ [-t et + let dt}
X

=C-(t+1)et=C-(1+]logx)e-logx

or ——1—=C—(1+logx)[1J '.'v=--1—
y X y
or 1=(1+logx)y-Cxy

Example 15. Solve x (dy/dx) + y log y = x yex
(I.A.S. 2003, M.P.P.C.S. 1996)
Solution. Dividing both sides of the given equation by y, we get

x dy
.__.__+1 = x
S ot (ogy)=xe
1dy /1
or — ==+ = (1 =e*
v L logy)=e
putting v =1log y
or v _1 _(_1_)11 the above equation reduce to
dx y dx
dv 1
—_—t — = pX 1
dx xV ¢ @)

which is a linear equation in v

1
—dx
Its integrating factor = e'[ x =l X =

Multiplying both sides of (1) by the integrating factor x and integrating, we have

v.x=C+ '[x e* dx, where Cis an arbitrary constant

or v.x=C+xe"—Jl.e"dx

or (logy) x=C+ xex-ex
" Exact Differential Equations

A differential equation which can be obtained by direct differentiation of some
function of x and y is called exact differential equation, consider the equation

Mdx + Ndy = 0 is exact

23
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M _ N
dy  ox
where M and N are the functions of x and y.

Solution of a exact differential equation is

™M ax + [Ngy =cC
Regarding only those

yasa terms of N

constant not containing x

Example 16. Solve

{y (1+ 1) +Cosy} dx + (x +log x - x siny)dy =0
b

(L.A.S. 1993)
Solution. Here M =y (1 + 1) cosyand N=x+logx-xsiny
X
M _ (l + l) -siny and N =1+ 1 ~-siny
oy X ox X
= M QI\—I, hence the given equation is exact
oy  Ox
. 1

Regarding y as constant, J'de = I{y (1 + ;) + cos y} dx

=y j'(l+ 1) dx + cosy jdx

X
=y (x +log x) + (cos y) x (1)

Also no new term is obtained by integrating N with respect to y.
.. From (1), the required solution is
y (x + log x) + x cos x = C, where C is an arbitrary constant
Example 17. Verify that the equation
(x* - 2xy2 + y4) dx - (2x%y - 4xy? + sin y) dy = 0 is exact and solve it
(U.P.P.CS. 1996)
Solution. Here M = x# - 2xy2 + y4, N=-2x2y+4xy®-siny

24
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%}’M = -4xy + 4y* and %XN— = -4xy + 4y°

M. @, hence the given equation is exact
oy  ox
Regarding y as constant, J.de = I(x“ - 2xy? +y*) dx

XS

5
Integrating N with respect to y, we get

-x*y? +y*x (1)

I(-szy +4xy® -siny)dy = -x*y* +xy* +cosy
omitting from this the term -x2y?and xy* which are already occuring in (1) we get
cosy .
.. From (1) and (2) the required solution is
x° 2,2 2
= -xy  +y*x+cosy=C
where C is an arbitrary constant
Rules for finding integrating factor

A differential equation of the type Mdx + Ndy = 0 which is not exact can be made
exact by multiplying the equation by some function of x and y, which is called an
integrating factor.

A few methods (without proof) are given below for finding the integrating factor
in certain cases.

Method L. Integrating factor found by inspection.
In the case of some differential equation the integrating factor can be found by

. inspection. A few exact differentials are given below which would help students
(if they commit these to memory) in finding the integrating factors.

\ dy - v dx dx -xd
(@) d({;}l‘—y;-zl— (b) d(§]=z——}—,—2——y
2 2
(©) d(xy)=xdy +y dx @ d[";]iyx—diyzx—gl
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2 2xy dy - y* dx 2 2x%y dy - 2xy? dx
(e) d[{;—}——-——y = ® d Z—z]= R
@ d [tan" 3‘-} = yoxoxdy ® dfnt L)XYoy
y) Xty x) X+y
. 1 2 2)_xdx+ydy , 1) _ xdy+ydx
) d[Zlogp? +y?)]=22YY df-—|=Xyrydx
( ) (2 g ( Y ) X2 + y2 (]) Xy X2y2
(k) dlog (ij=————y dx - xdy O dlog (X)=—————X dy -y dx
y Xy X Xy
(m)d(i)=yexdx—exdy
y y*

Example 18. Solve (1 + xy) y dx + (1 - xy) xdy =0
(I.A.S. 1992, M.P.P.C.S. 1974)
Solution. The given eqution can be written as
(y dx +x dy) + (xy? dx - x%y dy) =0
or d (yx) + xy2dx -x2ydy =0
Dividing both sides of this equation by x2y2, we get

or izdz+ldx-ldy=0, where z = xy
z X y

Integrating, e log x - log y = C, where C is an arbitrary constant
z

or ——1-—+logx—logy=C, putting z = xy
Xy
1
or log (x/y)=C + —
Xy

Example 19. Solve (xy2 + 2x2y3) dx + (x2y - x3y?) dy = 0
(U.P.P.C.S.1993)

* Solution. The given equation can be rewritten as
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xy2 (1 + 2xy) dx + x2y (1 - xy) dy =0

or y (1+ 2xy)dx + x (1 -xy)dy =0
or (y dx + x dy) + 2xy2dx - x2y dy =0
or d (xy) + 2xy2dx - x2y dy = 0

Dividing both sides of this equation by x2y2, we get

d (xy) + Zdx—-l—dy=0
2yr X y

or (iz)dz‘*(Z/X)dx-(l/y)dy=0,wherez=xy
z

Integrating, - 1, 2log x - log y = C, where C is an arbitrary constant
z

o (M) +1o8 (<54 . pusing 2=y
o er (%4) =<+ k)

Example 20. Solve y sin 2x dx = (1 + y2 + cos?x) dy
(L.A.S. 1996)
Solution. The given equation can be written as
2y sin x cos x dx - cos2x dy = (1 +y?) dy
or -d[ycos2x] =(1+y?)dy

3
Integrating, -y cos’x =y + —}—;’— + C, where Cis an arbitrary constant.

Method II. In the differential equation Mdx + Ndy =0, f M =y f; (xy) and N = x

f2 (xy), then ———-1—N— is an integrating factor, Provided Mx - Ny # 0
y

Mx -

Example 21. Solve
(xy sin xy + cos xy) y dx + (xy sin xy ~ cos xy) xdy =0

(Bihar P.C.S. 2007, U.P.P.C.S. 1990, 94)

Solution. Integrating factor
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1
- (xy sin xy + cos xy) Xy - (xy sin Xy ~ cos xy) xy

_ 1
2yX COs Xy

Multiplying both sides of the given equation by this integrating factor, we get

% (tanxy+ xinydx+ —;— (tan xy-%)xdy=0

or (tanxy)(ydx+xdy)+ldx—ldy=0
X y
1 1
or (tanxy)d (xy) + —dx- —dy=0
X y
1 1
or tanz dz + — dx - — dy =0, where z = xy
X y

Integrating term by term, we get
log (sec z) + log x - log y = log C, where C is an arbitrary constant

or log {x secz} =logC
y

or X (secz)=C

or x sec (xy) = Cy

Method III In the differential equation Mdx + Ndy = 0 if _Il\_I [%YM- - %xﬁ] is a

f(x) d
function of x alone, say f(x), then the integrating factor is eI b dx

Example 22. solve (x2 + y2 +1) dx - 2xy dy = 0
(U.P.P.C.S. 1988, 82)
Solution. Here M =x2 + y2+ 1 and N = - 2xy
oM oM
Som— =2 and — =-2
Y nd = Y

oy
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Therefore, M N1 (2y +2y) = --g-, which is a function of x
N oy ©ox —-2xy X
alone. Hence method Ill is applicable

Here f(x) = -2/x

) J’ £(x) dx ~j'Z dx
.. Integrating factor =e =e X
= e—ZlOgX = 1/x2

Multiplying the given equation by this integrating factor 1/x2, we get

—12— (x2+y2+1) dx—lz-(ny)dy=0
x

X
y: 1
or 1+—2'+—2 dx—2—y-dy=0
x* X X
. 2
or [1+—1; dx + X-z—dx-z—y— dy | which is an exact
x“ X X
17 2
or [1+—2— dx+d[—y/)=0 using method I
x2 | P

Integrating term by term, we get

2
X - 1y K ] = C, where Cis constant of integration
X

or x2 -1 - y2 = Cx is the required solution.

Method IV. In the equation Mdx + Ndy =0

If Rl/l— (% - -%%J is a function of y alone, say f(y),

. [epa
then the integrating factor is e-[ o)y

Example 23. Solve (xy? +y) dx + 2 (x%y2 + x + y¥) dy =0
Solution. Here M = xy? + y and N = 2x2y2 + 2x + 2y*
oM

.'.—=2xy2+1,andgly—=4xy2+2
oy ox
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JL (N _aM)__ 1 z z
M (ax ayj 5 +y) {(4xy +2)-(3xy +1)}
1
= ——— (xy* +1)= =, which is a function of y alone
y (xy* +1) y
and equal to f(y) say.

1
fyydy= |59
Then integrating factor = eI () ey e'[y

=98y = y

Multiplying the given equation by integrating factor y we get
(xy* +y%) dx + (2x2 y> + 2xy + 2y%) dy = 0

which is an exact differential equation and solving by the method of exact, we
have

3x2y4 + 6xy? + 2y¢ = 6 C is the required solution.
Example 24. Solve (3x2 y4 + 2xy) dx + (2x3y3 - x2) dy = 0
(U.P.P.C.S. 2001)
Solution. Here M = 3x2y* + 2xy , N = 2x3 y3 - x2

and @ =12 xzy3 + 2x, %XI\—I = 6x2y3 - 2x

As M # %, so the equation is not exact in this form. Thus, we have to find

oy

the integrating factor by trial. In the present case, we see that

203 _ oy 194203 _
1[N _ @\‘ - &%y 3"4 12xy” = 2x =—z,is the function of y alone
M { ox ayJ 3x°y* + 2xy y

. : e
The integrating factoris e °V = —
y
Thus, the differential equation becomes
(Bx2y2+ 2x/y) dx + (2x3y -x2/y?) dy = 0

Which is an exact, as M _ 6x%y - 2x/y* = N
oy ox

30



Differential Equations of First Order and First Degree

Its solution is
I(sz y? +2x/y)dx =0
or x3y2+x2/y=C

Where C is an arbitrary constant.

Method V. If the equation Mdx + N dy = 0 is homogeneous then

integrating factor, Provided Mx + Ny # 0
Example 25. Solve x2y dx - (x3+ y3) dy =0
Solution. Here M = x?%y and N = -x* - y°
5o Mx+ Ny =x3y - x3y -y =-y¢£0

-—1-¢0

.. Integrating factor = —— =
nteg g factor Mx + Ny y4

Multiplying the given equation by this integrating factor -1/y*4, we get

X2 x 1
-—;dx+[—7+—— dy =0

y y y
-x? x3 1
In this form of the equation, M= —- and N= — + =
y y y
M _ 3x2 ON _ 3x2
So—=—-and — = ——
&y vy x yt
oM _ON
3 ——— o o

ox
Hence this equation is an exact
Solving, we get
x3=3y3 (logy - C)

Mx + Ny

is an

Method V1. If the equation be of the form x2y® (my dx + nx dy) + xcy4 (py dx + qx

dy) =0

where a, b, ¢, d, m, n, p and q are constants, then the integrating factor is xhyk,
where h and k can be obtained by applying the condition that after multiplication

by xtyk the equation is exact.
y Xy q
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Example 26. Solve (y2 + 2x2y) dx + (2x3 - xy) dy = 0

or y(ydx-xdy)+2x2(ydx+xdy)=0 (U.P.P.C.S. 2000)

Solution. The given equation can be rewritten as
y(y+2x)dx+x(2x2-y)dy =0

which is of the form as given in method VI

. Let xhyk be an integrating factor

Multiplying the given equation by xhyk, we get (xk yk*2 + 2xh+2 yk+1) dx + (2xh+3
yk _xh"’l yk"’l) dy = O

Here M = xh yk+2 + 2xh+2yk+1and N = 2xh+3 yk —xh+1yk+1

c M 2y 2 (ko 1) 2y (1)
and %\I——Z(h+3)xh+2 -(h+1)x" y**? )
M _oN

If the equation (A) be exact we must have — = o

Or (k+2)xhyk+1+2(k+1)xh+2yk=_(h+1)xhyk+1+2(h+3)xh+2yk from
(1) and (2)

Equating coefficients of xh yk+1 and xh +2yk on both sides we getk + 2=~ (h + 1)
and 2(k+1)=2(h+3)

hence solving we get

-. The integrating factor = xh yk = x-5/2 y-1/2
Multiplying the given by x-5/2y-1/2, we get
(x-5/2y3/2 + 2x-1/2 y1/2) dx + (2x1/2y-1/2 =x-3/2 y1/2) dy = 0

In this form, we have — M. -(?E the equation is exact

oy ox’

.. Regarding y as constant

5
Ide = I(x 2 y3/2 4 212 y172) dx
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2
- 3 X2 32 4 4x172 y1/2

Also no new term is obtained by integrating N with respect to y, Hence the
required solution is

2
23 y3/2 + 45172 y1/2 =C

3
Where C is an arbitrary constant

EXERCISE

Solve the following differential equations
1. (x2-2x+2y?)dx+2xy (1+logx?)dy =0

(I.A.S.1991)
Ans. x2-4x+4y?logx+2y2=C

2. x* %X =x* +xy+y?
X
(U.P.P.C.S. 1998)

Ans. x=Ce®" G]

3. By+2x+4)dx-(4x+6y+5)dy=0 (U.P.P.C.S. 2001)
Ans. 14 (2x + 3y) -9 log (14x + 21y + 22) =49x + C
4. xy- % =y> e
(I.A.S. 1998)
Ans. ex=y2(x+ ()
5. Solve the initial value problem dy _ ——)—(—, y (0)=0
dx X%y +y’

(LA.S.1997)
Ans. (x2+y2+2)= 2e¥' /2

6. Show that the equation (4x + 3y + 1) dx + (3x + 2y + 1) dy = 0 represents a
family of hyperbolas having as asymptotes the linex+y =0,2x+y+1=0

(LA.S. 1998)
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7. The equations of motion of a particle are given by %’E +wy =0,

a wx =0, Find the path of the particle and so that it is a circle.

dt
(U.P.T.U. 2009)
Hint. y(t) = C1 cos wt + Cz sin wt

x(t) = Cz cos wt - C; sin wt
sox2+y2=C?+(C3=R?
Objective Type of Questions

Choose a correct answer from the four answers given in each of the following
questions:

1. The differential equation y dx + x dy = 0 represents a family of
(U.P.P.C.S. 1999)

(a) Circles (b) Ellipses
(c) Cycloids (d) Rectangular hyperbolas
Ans. (d)

2. The solution of (xy2+ 1) dx + (x2y + 1) dy = 0 is
(U.P.P.C.S. 1999)

(a) x2y2+2x2+2y2=C (b) x2y2+ x2+y2=C
(c) xy2+x+y=C (d) x2y2+2x+ 2y =C
Ans. (d)

3. The differential equation for the family of all tangents to the parabola y2 = 2x
(U.P.P.C.S.1999)

(@) 2x(yy+1=2yy (b)  2xy+1=2yy'
(c) 2y'+1=2yy' (d)  2(y)+x=2yy
Ans. (a)

4. The general solution of the differential equation (1 +x)ydx+ (1-y)xdy =20
is

(U.P.P.C.S. 2000)

(a) xy=Cex-y (b) x+y=Cew
(c) xy=Cer-x (d) x-y=Ce¥y
Ans. (¢)
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5. Anintegrating factor of the differential equation (1 + x2) % +2xy =cos x is
X

(U.P.P.C.S. 2000)

@ 1+ O
(© log (1<) @ -log(1+x)
Ans. (a)

6. If % =e?,y=0 when x = 5, then the value of x fory = 3 is
X

(U.P.P.C.S. 2000)

() (e8+9)/2 (b) e
(c) logeb (d) et+1
Ans. (a)
7. Thesolution of (x -1) dy =y dx, y (0) = -5 is
(@) y=5(x-1) b)  y=-5(c-1)
© y=5(x+1) @  y=-5(x+1)
Ans. (a)

8. The differential equation x dx - y dy = 0 represents a family of
(U.P.P.C.S. 2001)

(a) Circles (b) Ellipse
(c) rectangular hyperbolas (d) Cycloids
Ans. (c)

9. The solution of the differential equation (x + 2y) dy - (2x - y) dx = 01is
(U.P.P.C.S. 2001)

(@) x2+y2-2xy=C (b) xy +y2+x2=C
(c) x2+4xy +y2=C (d) xy +y2-x2=C
' Ans. (d)
10. In the differential equation Xdiy +my = e, if the integrating factor is xizl

then the value of m is
(@) 2 (b) -2
(© 1 (d) -1
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Ans. (b)

11. The solution of the variable separable equation (x2 + 1) (y2 - 1) dx + xy dy = 0
is

(I.A.S. 1988)
(@) y?-1=x2+1+C (b) log (y2-1)=Clog (x2+ 1)
(c) y2=1+C e'2 (d) none of these
X
Ans. (c)

12. The solution of the differential equation j—y ="V +x? eV is
X

(M.P.P.C.S. 1991, R.A.S. 1993, U.P.P.C.S. 1995)

(a) eY=ex+—;:x3+C (b) eY=e'x+§-x3+C
(c) ev=ex+x3+C (d) e'y=%x3+e"+C
Ans. (a)
13 If —1\1;1- (%IXE - %VIJ =f(y) a function of y alone, then the integrating factor of

Mdx + Ndy =0is
(M.P.P.C.S. 1991, 93)

(@) e-If(y) dy (b) J ) dy
© ) [e™dy @ [ fy)dy
Ans. (b)

14. The solution of the differential equation (x + y)? 3—2 = a? is given by
X

(I.A.S. 1994)
(@) y+x=atan(y;c) (b) (y-x)=atan(y-c)
= y-¢ ) = y-¢
() y-x= tan( " ) (d) a(y-x) tan( " )
Ans. (a)
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15. Pdx + x siny dy = 0 is exact, then P can be
(MP.P.P.C.S. 1994)

(a) siny +cosy (b) -siny
() x2-cosy (d) cosy
Ans. (c)
16. The solution of the differential equation (x - y2) dx + 2xy dy = 0 is
(I.A.S. 1993)
(a) yeyz/" =A (b) xeV /X = A
© vy eV =A (d) xeV =A
17. The solution of the equation SR 2xy = 2xy’ is
dx
(I.A.S. 1994)
cx 1
a) y= b =
@ y= =75 O
1 cx
© y= —— @ - =
l1+ce l1+e
Ans. (c)

18. The homogeneous differential equation
M y)dx+N(x,y)dy=0

can be reduced to a differential equation in which the variables are separable, by
the substitution-

(I.A.S. 1996)
“(a) y=vx (b) Xy =v
() x+y=v (d) X-y=v
Ans. (a)
19. The solution of the differential equation
gy_ + ¥ = x2
dx x
Under the condition thaty =1, whenx =1 is
(LA.S. 1996)

(a) xy=x3+3 (b)  Axy=yi+3
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(c) 4xy =x4+3 (d) dxy =y3+3
Ans. (c)

20. The necessary condition to exact the differential equation Mdx + Ndy = 0 will
be
(MP.P.C.S. 1993, R.A.S. 1995)

@ -2 » -=
gy O ox oy
M &N M N

(0 P = 6y2 (d) 6y2 = P

21. If I, I2 are integrating factors of the equations xy' + 2y =1 and xy' - 2y =1
then

(M.P.P.C.S. 1994)
(@ hLi=-h (b) LI=x
. (C) L=x2I (d) LhI=1
Ans. (d)
22. The family of conic represented by the solution of the differential equation
(4x+3y +1)dx+(Bx+2y+1)dy =0is

(U.P.P.C.S.1994)

(a) Circles (b) Parabolas
(c) hyperbolas (d) ellipse
Ans. (c)
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Chapter 3

Linear Differential Equations with
Constant Coefficients and
Applications

INTRODUCTION
A differential equation is of the form
dn y dn - ly dn - 2y
+a +a F o tay= 1
dx* D dxTl P k2 AR M

where aj, ay,.......an are constants and Q is a function of x only, is called a linear
differential equation of nth order. Such equations are most important in the study
of electro-mechanical vibrations and other engineering problems.

The operator 4 is denoted by D.

dx
= Dy +ai Dy + ... +any = Q
or f(D)y=Q
~where f(D)=Dr+ a1 D1+ ..., +an

Solution of the Differential Equation

If the given equation is

n n-1 n-2
o +a, 3x" _}1’ +a, gx“ _Z L +a,y =0 e))
or (Dr+a; Dr-1+a;Dr-2+ .. +an)y =0 (2
Let y =emx
= Dy=mremx,1<r<n
-. Then from equation (2)
mr+aymt-l+amr-2+ ... +an) e =0

y = em js a solution of (1), if
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mt+a;mi-l+ami-2+.......... +an=
This equation is called the auxiliary equation.
Case 1. When Auxiliary Equation has Distinct and real Roots

Let my, m2, oo, my are distinct roots of the auxiliary equation, then the
general solution of (1)is y =C; e™* + C, e™* + ............... +C, e™*
where Cj, Ca,............ Chare arbitrary constants

Illustration. Solve the differential equation
2

g-x—}z, +3 % -54y=0
Solution. The given equation is

(D2+3D-54)y=0
Here auxiliary equation is

m2+3m-54=0
or (m+9)(m-6)=0
= m=6,-9
Hence the general solution of the given differential equation is y = Cieéx+ Cz &%

Case II. When Auxiliary Equation has real and some equal roots.

If the auxiliary equation has two roots equal, say m; = m, and others are distinct
say m3, My,............ my. In this Case the general solution of the equation (1) is

y=(C1+Cax) e™* +C, e™ +............. +C e™>

where C;, C, Ca.......oee. Chn are arbitrary constants

Illustration. Solve the differential equation
(D4-D3-9D2-11D-4)y=0

Solution. The auxiliary equation of the give equation is

mt-m3-9m?2-1lm-4=0

or (m+1P(m-4)=0

= m=-1,-1,-1,4

Hence, the required solution is
y=(Ci1+Cx+Cx2)ex+ Cpexx
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or y=(Cix2+ Cox+ C3) ex + Cy e
Case III. When the auxiliary equation has imaginary roots

If there are one pair of imaginary roots say m; = o + i, mo= o - ip i.e. o * i} say
then the required solution is

ex (Real pary) [ {cos (imaginary part) x} + Cz {sin (imaginary part) x}]
ie. ™ [C1 cos Bx + Cz sin Bx]

or y =C1 e**cos (Bx + C2)

Ilustration. Solve (D2 - 2D +5)y =0

Solution. Here the auxiliary equation is

m2-2m+5=90

or m=%|:2:t,/(4—20)]=11:2i

.. The required solution is
y = ex (C1 cos 2x + C sin 2x)
Particular Integral (P.1.)

when the equation is

or f(D)y=Q

The general solution of f (D) y = Q is equal to the sum of the general solution of
f (D) y = 0 called complementary function (C.F.) and any particular integral of the
equation f(D) y = Q

.. General solution = C.F. + P.I.

A particular integral of the differential equation

f(D) y = Qis given by f(—l—D—)- Q

Methods of finding Particular integral
(A)
Case L. P.I, when Q is of the form of e2x, where a is any constant and f(a) # 0

we know that D (ex) = a ex
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D2 (eax) == a2 eax
D3 (eax) = g3 pax
In general Dr (eax) = an eax

- £(D) (e) = f(a) ex

1 pyem = L f@)e™

£(D) £ (D)
. or eax = f(a) f(]lj) e - f(a) is constant
1 ax 1 ax
—e¥=——e
f(a) f(D)

Hence P.I. = 1 e = L e™, iff(a)#0
f(D) f(a)

Case II. P.I.,, when Q is of the form of e2x, and f(a) = 0

Then L (ex) = e
f(D) f(D+a)

1, which shows that if e2x is brought to the left
from the right of ﬁ , then D should be replaced by (D + a)

Another method for Exceptional Case

If f(a) = 0, then

PlL=—¢¥™=x 1 e™
f (D) f' (D)

ax

=x ——, iff (a) %0

f' (@)’
If f (a) =0, then
PL=—— ™
£(D)

=x? f“e(a) , iff' (@)=0

Example 1. Solve (D2 - 2D + 5) y = e




Linear Differential Equations with Constant Coefficients and Applications

Solution. Here auxiliary equation is m2 - 2m + 5 = 0, whose roots are
m=-1+2i
- CF. =ex[C; cos 2x + C2 sin 2x], where C; and C; are arbitrary constants
1 -
D?-2D+5
= 1 e_x
(-1 -2(-1)+5
1

=_e'x

8
.. The required solutionisy = CF. + P.I.

and Pl =

- herea= -1

i.e.y =ex*(Cscos 2x + Cz sin 2x) + % e

!
Example 2. Solve (D - 1)2(D2 + 1)2y = ex

" Solution. Here the auxiliary equation is
(m-12(m2+1)2=0

or m=1,1,4%i, i

L CE=(C+Cyx)ex+ (Csx + Cy) cos x + (Csx + Cg) sinx

where c's are arbitrary constant

1 x

and Pl = e
(D -1 (D? + 1)

_ 1 1 .
(D-17 (1% +1)

1 1,
(D-1)* (2)°

1 — €
(D-1) 4

oy

X

x_ 1 1
(D+1-1)? 4
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D 4 4 D? 4 2 8
- The required solutionisy = C. F + P.L.
or y=(C1x+Cz)e’<+(C3x+C4)cosx+(Csx+C6)sinx-l~%x2ex

Example 3. Solve (D + 2) (D - 13y = ex

Solution. Here the auxiliary equation is
(m+2)(m-1y=0

or m = -2 and m =1 (thrice)

Therefore C. F = C; e-2x + (C2 x2 + C3 x + Cy) ex, where C;, C; and Cs are constants
and

1 x
L= e
(D +2)(D-1)
-1
(1+2)(D-1)
1 1 <1 1
== == ———— 1
3 (D-1) 37 {(D+1)-1)
=_1_ex_1_1
3 D
3 6 18

.. the required solutionisy = C.F + P.I
or y=C1e-2x+(sz2+C3x+C4)ex+i}s—x3ex

(B) (i) P.I. when Q is of the form sin ax or cos ax and f (-a?) # 0

12 sin ax = 12 sinax, if f (-a) = 0
f(D) f (-a%)

& 1 cos ax = 1 5 cos ax, if f (-a®) # 0
(D7) f(-a%)

(ii) P.I. when Q is of the form sin ax or cos ax and f (~a?) =0
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Let f(D) = D2+ a2and Q = sin ax

Then Pl =

= ——— gin ax
D? +a?

= i (Imaginary part of ™)
a

= Imaginary part of 1 g
gnary p D? + a2
1

=1.P. ofeiax PP S v 1
{(D +ia)° +a}

1
(D? + 2iaD + i%a? + a?)

= LP. of e

1

=IP.ofe® — ——
2iaD [1 + 29_}

=LP.of — (-i) (i cos ax - sin ax)
a

1 x
=~ — — COS ax
2 a

. X
—1-)7—-——2- smax=—2— COS ax
+a a

Now if f(D) = D2 + a2 and Q = cos ax

Then P.I = DTIJ? cos ax = —-——1—az (Real part of e

1ax
D? + )
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= Real part (or R.P.) of Dz—ia? e™

=R.P. of 1 (EJ (i cos ax - sin ax)
2 \a

X .
= — sin ax
2a

s ——— cOSax = — sin ax
D? +a? 2a
Example 4. Solve (D2 + D + 1) y = sin 2x

Solution. Here the auxiliary equationism2+m+1=0

which gives m = - —;— ti (% \/C;]

o CE =ex/2 {Cl cos G— X \/5) +C, sin (-;— xﬁ)}
where C; and C; are arbitrary constants

and PI.= —2———1-—-—— sin 2x
D“+D+1

sin 2x replacing D2 by - 22

=5 sin 2x
1 .
= Wﬁ:?) (D + 3) sin 2x
- D21_9 (D+3)sin2x= —— (D+3)sin2x

= ——1— (D +3) sin 2x = ——1 [D (sin 2x) + 3 sin 2x]
13 13

= ——115 [2 cos 2x + 3 sin 2x] Since D means differentiation with respect to x

.. The complete solution is
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y=e*/? [Cl cos (% x\/g) +C, sin (% x«/f’;):| —1—13 (2 cos 2x + 3sin 2x)

Example 5. Solve (D2 - 5 D+ 6) y = sin 3x

Solution. Its auxiliary equation is m2 - 5m + 6 = 0 which gives
m=23

- CF. = C e + Cy 3, where G and C; are arbitrary constants

and Pl = —2———1——— sin 3x
D -5D+6
1
= — —  sin 3x, replacing D? by -32
-32-5D+6 placing Y
) -1 .
= e gin3x = (5D—3) sin 3x
-(5D + 3) (5D +3) (5D - 3)
-1 (5D-3)sin3x
(25D° -9)
-1

= {75—(—_32—)—3}‘ (5D - 3) sin 3x

= 52—4 [5D (sin 3x) - 3sin 3x]

-1 [5 % 3 cos 3x - 3 sin 3x]
234

-1 (5 cos 3x - sin 3x)
Hence the required solution is
y=Cirex+ Cre¥ + —718_ (5 cos 3x - sin 3x)

. Example 6. Solve (D3 + D2-D - 1) y = cos 2x
Solution. Its auxiliary equationism3+ m2-m-1=0
or (m2-1)(m+1)=0
or m=1,-1,-1

o CF. =Cex+ (C2x + C3) ex, where C;, C2and C; are arbitrary constants
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1

and Pl = 3 5 cos 2x

D°+D“-D-1

= 5 12 cos 2x
D{D*)+D“-D-1

= 5 1 5 c052x=--1- 1 cos 2x
D (-2*)+(-2%)-D-1 5 D+1
1 D-1

= s 2x

- ——————— (O
5 (D-1)(D+1)
1 1 1 1

=-— ——— (D-1)cos 2x = - = ———— [D (cos 2x) - cos 2x
5pro1 07D 5(-22-1)[ ( ) ]
1 .
= — (-2 sin 2x - cos 2x)
25
Therefore the complete solution is
y=CF.+PL
or y=C1eX+(sz+C3)e-X——§§(2sin2x+c052x)

Example 7. Solve (D2 - 4D + 4) y = sin 2x, given thaty = 1/8 and Dy = 4 when x =

0. Find also the value of y when x = n/4. (Here D= di)
X

Solution. Its auxiliary equationism2-4m+4=0orm=2,2
- CF. = (G x + C) e, where C; and Cz are arbitrary constants

and P.I = 1 sin 2x = 1 in 2x

(N —— -} |
D?-4D +4 (-2 -4D + 4)
. 1 ¢. 1
=-— — sin2x=-— |sin 2x dx = = cos 2x
4 8
.. The solution of the given equation is

y=CF.+PL=(Cyx+Cy) e + % cos2x (1)

Dy = Cj €2 + 2 (C1 x + C) e -:11- sin 2
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or Dy=(2C,; x+2C, +C;) e -:11- sin 2x

According to the problem y = —;- and Dy = 4 when

x =0, so from (1) and (2) we get
1

= =G, e°+lcoso=C2+-1—orC2=0
8 8 8

And4=(2C;+4)eo= :11- sino=Cy -+ C2=0

or C=4
Substituting these values of Cy, C2 in (1) we get

y=4xex+ -;— cos 2x

whenx=mn/4, y = 4(2) e™/? + -;- cos (n/2) = me™/?

Example 8. Solve (D3 + a2’D) y = sin ax
Solution. Here the auxiliary equation is
m3+a2m=0orm=0,tai
s CF. = C1 + C; cos ax + Cs sin ax, where C;, C; and C; are arbitrary constants
and

Pl sin ax = ——1———2—D— (Imaginary part of &)

"D’ +aD D’ +a

1 .
= LP. of ———— e
© D3 +a’D €
= LP. of & 5 1 5 1
(D +ia)’ +a° (D +ia)
1 1
D? +3iaD? - 2a°D
1
-2a’D [1 “3ip. —17 DZ}
2a 2a

= LP. of e'®

= LP. of e®
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iax . -1
=1Pof S L 1—2D-——1-2-D2) 1
-2a®> D 2a 2a

iax . -1
~1P.of £ L 1-21)-—1-2-1)2) 1
-2a®> D 2a 2a

—tPof S Lf1+3py . )(1)
-2a®> D 2a
eiax 1 eiax

=LP. of — (D) =1LP.of X
-2a® D @) -2a° ()

(2]

=-| — | x sinax

2a®

.. The required solutionisy = C.F + P.I

. X
or y = C1 + Cacos ax + C3 sin ax "o sin ax
a

d*y
Example 9. Solve i m*y = sin mx
X

(LA.S. 1991)

d4
Solution. We have a——i—’ - m*y = sin mx
X

or (D4-m¥)y=sinmx, D= %
Here the auxiliary equation is

Mi-m¢=0
= (M2-m?) (M2+m?) =0

~M=-m,m,+mi
Therefore, C1 F = Ciem™ + Cp e-mx + C3 cos mx + Cy sin mx
where C;, C;, Csand Cq are arbitrary constants

1

1
Pl.= ——— sinmx= sin mx
D* - m? (D? - m?) (D? + m?)
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1

1
D? + m? {-—mz -m?

. (D2 +m2) {DZ _m2
= 1 sin mx) = - 1
. D? + m? 2m? 2m? \D? + m?

[ oo -
e | ~——— cosmx | =
2m? 2m

2

sin mx} = sin mx} replacing D? by -m

sin mxj

5 COs mX
4m

B sin ax = - Z—Xa cos ax, if f(-a®) = 0

Hence the required solutionis y = C.F + P.I

ory=Cem™+ Cem+ C; cos mx + Cg sinmx + cos mx

4m?>

3 2
Example 10. Solve % - %% + 4 % - 2y =e* + cos x

(I.A.S.1999, U.P.T.U. 2001, 2006)
Solution. The given can be rewritten as

(D3-3D2+4D-2)y=ex+cosx, D = ;—-
X
Here the auxiliary equation is
m3-3m2+4m-2=0
= (m-1)(mM2-2m+2)=0
iem=11%xi

- CF. = Gex + e (G2 cos x + G5 sin x), where C;, C; and Cs are arbitrary
constants.
1

&Pl = e* + cos x
D3—3D2+4D-2( )
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= L e* + 1 C
(D-1)(D*-2D+2) D*-3D*+4D-2

0S X

-1 { L e"}+ ! €os X
(D-1) (1-2+2 (-1 D-3(-1%) +4D -2

= 1 ex+
- D-1 3D +1
< 1 ,,(D-1)
(D +1)-1 9D? -1
« 1 3D-1

=e —.1+—-——2——cosx
D 9(-17)-1

COSs X

COs X

=xe* —11—0 (3D - 1) cos x

=xe* - -11—0 (3D cos x - cos x)
x_ 1 :

=xe’ -5 (-3 sin x - cos x)

=xe* + % (3 sin x + cos x)

Hence, the required solution is y = C.F + P.I

y=Crex+ex(Cocosx + Casinx) + xex + 1—10— (3 sinx + cos x)

(C) Tofind P.I. when Q is of the form xm
In this case P.I=

1 . s .
£ D) xm, where m is a positive integer
To evaluate this we take common the lowest degree from f(D), so that the
remaining factor reduces to the form [1 + F (D)] or [1 - F (D)]. Now take this
factor in the numerator with a negative index and expand it by Binomial theorem
in powers of D upto the term Dm, (Since other higher derivatives of x™ will be
zero) and operate upon x™. The following examples will illustrate the method.
2
Example 11. Solve é_gi + dy
dx dx
Solution. The given equation can be written as
(D2+D-6)y =x
Its auxiliary equationism?+ m-6=0orm =2, -3

- CF. = Cy e + Cy e-3, where Cy and C; are arbitrary constants

-6y =x
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and 3 - 1 X

> X
D*+D-6 -6(1—1D—1D2j
6 6

-1
--;- [1——2—(D+D2)} X

i

il

-—1—[1+—1—(D+D2)+ .............. :}x
6 6

...;1_ (x-{— }.J:i(6x+1)
6 6 36

.. The required solutionis y = C.F + P.I

y = Cy e + Cre-dx -glg (6x + 1)

Example 12. Solve (D3 - D2-6D)y =x2+ 1 Where D = —5—
X

(Bihar P.C.S. 1993)
Solution. Here the auxiliary equation is m3- m2 - ém =0

or m(m2-m-6)=0
or m(m-3)(m+2)=0
or m=0,3,-2
LG F=Cretx+ Credx+ Cyex
or CF.=C1+ Gy e¥ + Cz e, where C;, C; and C; are arbitrary constants.
- 1 2
and P.L O D% =D (x*+1)
1

1
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=_..1_ (1+x2__1.x+_7-j
6D 3 18

=—1 J(1+x2——)£+lex '.'D—:-i
6 3 18 dx

3 3 2
=_l X + ..).(_ - l X2 + 1 X =_l § X + 5__ - x_
6 3 6 18 6 |18 3 6

.. The required solutionisy = C.F. + P.L

25 X X
=C,+C, e +C e - x- —+ —
o R T R TR
2
Example 13. Solve d—Z -2 dy +2y=x+e" cos x
dx dx

(U.P.T.U. 2002)
Solution. Given differential equation is

(D2-2D +2)y =x+excos x
Here the auxiliary equation is
m?-2m+2=0=>m=1z=i
- C.F =ex (G cos x + C; sin x), where C; and C; are arbitrary constants,

and Pl = -—ZL—— (x + e cos x)
D?-2D+2
1 x
= X+ e” COS X
D?-2D+2 D2—2D+2( )
_ 1 . 1

3 X+e 3 COS X
2[1_D+1_32_} {(D+1) -2(D+1)+2}

[1—D+ —Dz—z—)_ (x) +e*

2
1+D-2 4. (x) +e* = sinx
2 2

5741 cos x Here f (-a2) =0

X

sin x

{x+D(x)—%D2 (x)}+ xe

x e*

I

N= N= N = N =

(x+1)+ sin x

.. The required solutions y = C.F + P.I
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ory =e*(Cicos x+ Cysinx) + % (x+1)+

Example 15. Find the complete solution of
d*y

-
Solution. The given differential equation is

(D2-3D +2)y = xe¥ + sin 2x

39-X+2y=xe3" + sin 2x
dx

Here the auxilliary equation is

m2-3m+2=0=>(m-1)(m-2

X

Xe

sin X

(U.P.T.U. 2003)

)=0=>m=1,2

o CF=C ex+ C e, where C; and C; being arbitrary constants

1

& PlL=——
D? -3D +2

(xe*™ +s

_
D?-3D+2

1
-3D+2

SX) +

(xe
1

D2

in 2x)

(sin 2x)
1

X) *
(D+3) -3(D+3)+2 6o =
1
+
D* +3D+2 )
3x}_ 1
2

3x sin

-3D -2

|
J -

1+2p+ 22
2 2

2
1+_?19+2_.
2

2

3x 3D

It
N | et
o

3x

N | =

55

9D? -4

in 2
22 -3D+2 (sin 2)

2x

1 .
(X) - (3—[)—;?) (sm 2)()

-2 (sin 2x)

(3D -

52—2—2—%)—— (sin 2x) replacing D2 by-22

)-4



A Textbook of Engineering Mathematics Volume - 11

e (x - é) + L (3D sin 2x - 2 sin 2x)
2) 40

1
2
1 e* (x— 31+ L (6 cos 2x - 2 sin 2x)
2 2 40

= e (5 - Ej L (3 cos 2x - sin 2x)
2 4 20
Hence the required solutionis y = C.F + P.I
x 3

ory=Cjex+ Crex +eX (2 ZJ + 516 (3 cos 2x - sin 2x)

Example 16. A body executes damped forced vibrations given by the equation.

2
g—TX + 2k X = oM sinwe

dt dt

Solve the equation for both the cases, when w2 b2 - k2 and w2 = b2 - k2

[U.P.T.U. 2001, 03, 04 (C.O) 2005]

2 ‘
Solution. We have d—; + 2k dx b®x = e sin wt
dt dt

or (D2 + 2k D + b?) x = ekt sin wt

Here the auxiliary equation is m2 + 2km + b2 =0

= m = -k £ i/(b? - k?)

" Case 1. When w2 # b2 - k2

C.F=e*[Cicos (b® - k?) t+Casin /(b -k?) 1]

where C; and C; are arbitrary constants

1 Kt s
&Pl= - (e sinwt
D? + 2kD + b? ( )
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=gk 5 1 = (sin wt)
(D-k)+2k(D-k)+b
1 1
=k (sinwt)=e™ ————  sinwt
D2+(b2_k2)(1 ) W2 +(b2_k2)
K gin wt

T oKW
Here, complete solutionisy = C.F + P.I

or y=e® [C cos (b? - K2) t+ C, sin (b - kz)t:‘ ' sin wt

b2 K2 - w2

Case 2. When w2 = b2 - k2
C.F. = e (Cy cos wt + Cz sin wt)

1 Kkt

& Pl = —————— (™ sinwt
D? + 2kD + b? ( )
=gk 5 1 = sin wt
(D-K?+2k(D-K) +b
—e® 1 inwt Heref (-a?) =0
D2 + b2 _ k2
=gk (-——L cos wt)
2w
-kt
=- cos wt
w

Hence, the required solutionisy = C.F + P.I
or y = ekt (C; cos wt + Cz sin wt) _Et— e cos wt
w

Example 17. Solve (D2~ 2D + 1) y = x eX sin x
(Bihar P.C.S., 1997; 2007,U.P.P.C.S., 2001; L.D.A. 1995, U.P.T.U. 2005)

Solution. Here the auxiliary equation is
-2m+1=0=>m-12=0..m=1,1
- CF. =(C; + C2 x) ex where C; and C; are arbitrary constants

and Pl = -2—1—— xe* sin x
D -2D+1
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=e" ! (x sin x)
(D+1 -2(D+1)+1
x 1

3 X
D°+1+2D-2D-2+1

sinx
=e é (x sin x)

=e 1 x sin x dx = e* 1 [-x cos x + sin x]
D D

=e* [~ 'fx cos x dx + Isin x dx]
= e* [-x sin x - cos x - cos Xx]
=-e* (x sin x + 2 cos X)

Hence, the required solutionisy = CF + P.I

y = (C1 + Cax) ex - ex (x sin x + 2 cos x)

Example 18. Find the complete solution of the differential equation

2
% - 2_31 +y=xe* cosx (U.P.T.U. 2009)
X X

Solution. Here the auxiliary equation is
m2-2m+1=0=>(m-1p2=0; . m=1,1

L CE =G +Cx)ex

and PlL= ——2—1——— x e cos x
D -2D+1

=e* —1—)1—2— (x cos x)

= ex (-x cos X + 2 sin x)
Therefore, complete solution is y =C.F + P.I
or y = (C1 + C2x) ex + ex (2 sin x ~ X €OS X)
Example 19. Solve (D4 + 6D3 + 11D2 + 6D) y = 20 e-2*sin x
[U.P.T.U. (C.O.) 2005]
Solution. Here the auxiliary equation is
m#+6m3+11m2+ 6m =0

= m (m3 + 6m2+ 11m + 6) = 0
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= m(m+1)(m+2)(m+3)=0
.m=0-1,-2-3
LCFE =Ci+CGex+Ciex+ Cye
& Pl= 3 1 5 20 7% sin »
D* +6D° + 11 D? + 6D
=20e > 1 3 1 5 sin x
(D-2)* +6(D-2P +11(D-2) +6(D-2)
=20e* 1 3 sin x
(D-2)(D° -D)
=20 1 5 sin x
(D-2){(D)" D-D}
=20e* 1 > sinx replacing D2 by - 12
(D-2){(-1)" D-D}
=20e % _ sin x
(D-2)(-D-D)
2% 1 ) 2 1 )
=20e —_— sinx=20e ————— sinx
4D - 2D 4D -2 (-1)
=20 e sin x
4D + 2
~10e2 21)2— 1 sin x = 10 2% (2 cos x - sin x)
4D? -1 4(-1)-1

=2 e2 (sin x - 2 cos x)
Hence, Complete solutionisy = C.F + P.I

y=GC + Crex+ Cye2+ Cye3 + 2e2(sin x - 2¢0s X)
Example 20. Solve (D2 -4D -5)y =e*+3cos (4x+3) D = gd-
X

(U.P.T.U. 2008)
Solution. We have (D2 - 4D - 5) y = e + 3 cos (4x + 3)
Here the auxiliary equation is
m2-4m-5=0=>(m-5(m+1)=0..m=5,-1
CFE=Ce>+Cex
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1

& PL=—"—— {e¥ +3cos (4x +3
D" ~4D-5 | (b3

— 1 2x 1 . .
= ———— e +3 ————— {cos4x cos 3 - sin 4x sin 3}

D° -4D -5 D° -4D -5
— 1 2x 1 . 1 .
= +3cos3—2——————cos4x—35m3—2—-—sm4x

(2" -4(2 -5 D°-4D-5 D° -4D -5
=—l e +3cos 3 ——2—}——— cos4dx ~3sin3 ——2—1——— sin 4x

9 -4 -4D -5 -4 -4D -5
-1 e? +3cos 3 1 cos 4x - 3sin3 1 sin 4x

9 -16-4D-5 ~-16-4D -5
=—le2"+3cos3———1——~cos4x+3si113 1 sin 4x

9 -(4D + 21) 2
-1 e* -3 ¢cos 3 @2—_—2—1)~ cos4dx + 3 sin3 ﬁr%a— sin 4x

9 (6D -44) 16 D° - 441
= —lezx —3c053—ﬂ2—_—@—cos4x+3sin3——4-2%———sin4x

4(4°)-441 16(—4°)441

_ 1 62 _3 cos 3 (-16 sin 4x ~ 21 cos 4x) +3sin3 16 cos 4x - 21 sin 4x

9 -697 -697

1 o 3 . 3sin3 .
=-— e - —— cos 3 (16 sin 4x + 21 cos 4x) - (16 cos 4x - 21 sin 4x)

9 697 697
= —% e - 6—3— [16 sin 4x cos 3 + 21 cos 4x cos 3 + 16 cos 4x sin 3 - 21 sin 4x sin 3]

- e % [16 sin (4x + 3) + 21 cos (4x + 3)]

Hence the required solutionis y = C.F + P.I

ory=Ce*+ Crex —% e?* - 327 [16 sin (4x + 3) + 21 cos (4x + 3)]

2
Example 21. Solve %—}2: +2 gl +10y +37sin3x=0,and find the value of y
X X

when x = n/2, if itis given that y = 3 and j—y =0 whenx =0 (L.A.S. 1996)
X

Solution. The given equation can be written as
(D2 + 2D + 10) y = -37 sin 3x

ts auxiliary equation is m2 + 2m + 10 = 0, which gives
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m=% [-2¢,/(4-40)] =-1+3i

CF. =ex[C cos 3x + C; sin 3x], where C; & C; are arbitrary constants,

and Pl = —2——1————— (-37 sin 3x)

D +2D+10

=-37 —2—1—— sin 3x
D +2D+10

=-37 __r sin 3x
-32+2D+10

=-37 sin 3x = -37 L (2D - 1) sin 3x
2D +1 (4D%-1)

=-37 1 (2D - 1) sin 3x
{4(-3)-1}

= (2D - 1) sin 3x = 6 cos 3x ~ sin 3x
Hence the required solution of the given differential equation is
y = e*(C1 cos 3x + Cz sin 3x) + 6 cos 3x - sin 3x 1
Differentiating both sides of (1) with respect to x,

we get

g—y-=e'x (-3 C1 sin 3x + 3 Cz cos 3x) - e* (C; cos 3x + C; sin 3x) - 18 sin 3x - 3 cos 3x

X
2)

itis given that when x =0, y = 3 and %3—:— =0
.. From (1) and (2) we, have

3=C1+6 3)
and 0=3C-CG -3 @)
From (3) and (4) we get C1 =-3and C2 =0
-. From (1), we have
y = -3 e* cos 3x + 6 cos 3x - sin 3x (5)

. when x = /2 we have from (5)
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-n/2 COSE +6c033—7t —sinz
2 2

= 3e
y 2

y= -3e2.0+6.0+1

ory=1
Example 22. Solve (D2 + 1)2 = 24 x cos x given the initial conditions x =0,y =0,
Dy =0, D2y =0, D3y =12 (I.A.S. 2001)
Solution. Here the auxiliary equation is
(m2+1)2=0
or m = +i (twice)
s CFE =(Cix+C)cosx+ (Csx + Cy) sinx
and Pl = ——21——2— (24 x cos x)
(D* +1)
1 ix
=R.P. of — 5 3 24 xe
(D" +1)
=R.P. of 24 e ———1——2 X
[(D +i)? + 1]
=R.P.of 24 e” ——21—-—2 X
(D* + 2iD)
ix 1
=RP.of24 e X
DT
-4D? [1 + __J
2i

=R.P.of—6e”‘—(1+iD—§—D2+ ......... Jx
D 4
=R.P. of -6 &™ L (x +1)
D
=R.P. of -6 ™ (1 x> + % ixz)

=R.P. of - (cos x + i sinx) (x> + 3i x?)

= -x* cos x + 3x? sin x

- The solution of the given differential equation is
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y =(C1x + ) cos x + (C3 x + Cy) sin x - x3 cos x + 3x2 sin x
or y=(C1x+ Ca-x3) cos x + (C3 x + C4 + 3x?) sin x (1)
.. Dy = (C1-3x2) cos x - (C1 x+C2-x3) sin x + (C3 x+C4+3x2) cos x + (C3+6x) sin x
or Dy =(C1+Cs+ Cx)cosx + (C3 - Ca + 6x - C1 x + x3) sin x (2)
o D2y = —(C1+Cy+Cax) sin x + C3 cos x + (C3-Cat6x-Cix+x3) cos x + (6-4+3x2) sinx
or D2y =(6-2C1-C4-Cax +3x%)sinx+ (2C-Co+ 6x-Crx +x3)cos x  (3)

W Dy=(6-2C-Ci-Cax+3x) cosx + (-Cs+ 6x) sinx - (2C3 - Co+6x - Cr x +
x3) sin x + (6 - C1 + 3x2) cos x

or D3y = (12-3 C;-C4-Cs x + 6x2) cos x + (C2-3 C3 - 6x + C1 x + 6x - x2) sin x  (4)

Since we are given that x =0, y = 0, Dy = 0, D2y = 0, D3y = 12 so from (1), (2), (3)
and (4) we get

0=C 5)
0=C1+Cs (6)
0=2C3-Cs )
12=12-3C; -Cs 8)

From (5) and (7) we get C2=0=Cs
From (6) and (8) we get C; = 0=C4
.. From (1) the required solution is
y = 3x2sin x - x3 cos x
(D) PI when Q is of the form x. V, where V is any function of x
1 (x.V)=x. 1 V- £ (D)
£(D) fD)  {f O

Example 23. Solve (D2 - 2D + 1) y = x sinx

Solution. Here the auxiliary equationism? -2m+1=0
or (m-1R=0orm=1,1

- CF. = (Cy x + C2) ex, where C; and C; are arbitrary constants

and P.I=2—1—xsinx
D -2D+1
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~ . (2D - 2)
_XT——SI x—-T————ZSlnX
D?-2D+1 (D -2D +1)

_ (2D - 2)
=X —5———— sinx - —————"—— sinXx
-12 2D +1 (-1 -2D + 1)
=__lsinx-%(2D-2)sinx
2 D 4D

-% fsin xdx—1 2 (cos x ~ sin x)
2 2 p?

=X cosx- L L J.(cosx-sinx)dx
2 2D
=icosx-ll(sinX+COSX)
2 2D
=-’5cosx-l (sin x + cos x) dx
2 2
=§cosx-l(-cosx+sinx)
2 2
1 .
=E(xcosx+cosx—smx)

.. The required solutionis y = C.F + P.I

or Y=(C1X+Cz)ex+%(xcosx+cosx—sinx)

(E) To show that

Q=e* IQe"" dx, where Q is a function of x.
-a

Proof Lety = Q

D-a
Then (D - a) y = Q, operating both sides with D - a

or g—z - ay = Q, Which is a linear equation in y whose integrating factor is e-2x its
X

solution is ye-ax = IQ e ™ dx, neglecting the constant of integration as P.I is

required

or y = eax IQ e ™ dx

or ! Q=¥ IQ e™ dx
D-a
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Example 24. Solve (D2 + a2) y = sec ax (U.P.PC.S. 1971, 1973, 1977)
Solution. The auxiliary equationis m2 + a2 =0 or m = + ai

s C.F. = Cj cos ax + C; sin ax, where C; and C; are arbitrary constants

and P.I= 21 5 secax = 1 [ l, - 1, sec ax 1)
D +a 2ia | D-ia D+ia
Now — sec ax = e!™* Jsec ax. e dx
-ia
=™ Isec ax. (cos ax - i sin ax) dx
= e [(1-itanax)dx
= '™ [x + (—1—) log cos ax}
a
similarly,
— secax=e " ¥ Isec ax. e dx
D +ia

__ —~iax

e I sec ax (cos ax + i sin ax) dx

=¥ I(l +1 tan ax) dx

=e i | x - (—l—] log cos ax
a) 08
.. From (1) we, have

PI= El_ [ei ax {x +1 log cos ax} —eiax {x -1 log cos axH
a

ia a

ei ax _ e-l ax i ex ax e—i ax
=|x | —————|+ — (log cos ax). { ————
2ia a 2ia

(XY . 1 1
=3 sin ax + a—zcosax.(ogcos ax)

.. The required solution is

y=CF.+PL
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. XYy . 1
or y=Cicosax+ Czsinax + (—-) sin ax + (—2—) cos ax. log cos ax
a a
Example 25. (D2 + a?) y = cosec ax
Solution. Here the auxiliary equation is m? + a2 = 0
or m=tai

. .. CF.=Cj cos ax + Cy sin ax and

1 1 1 1
Pl= ——— cosecax= — — - — | cosec ax (1)
D +a 2ia [D-ia D+ia
Now — cosec ax =e'™ j(cosec ax) e dx
-ia
=e' Icos ec ax (cos ax - i sin ax) dx
=gl ™ j(cot ax - i) dx
iax 1 : .
=g — (log sin ax) - ix
a
and — cosecax = e & I (cosec ax) e' ™ dx
+ia

=gl I(cosec ax) (cos ax + i sin ax) dx

=g 1™ f(cot ax + i) dx
=gl [l (log sin ax) + ix]
a

. From (1) we have

Pl= —1— [ei a" {l (log sin ax) - i x} - {l (log sin ax) + ix}]
2 a a

1a

|1 (log sin ax) em-et?) x e rel™
Az 008 2i a 2
1) . . X

= (—ZJ sin ax (log sin ax) - (—) (cos ax)
a a

.. The required solutionisy = C.F + P.I
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or y=Cicosax+ Cysinax + (fz—j sin ax log (sin ax) —(2) cos ax

Example 26. (D? + a?) y = tan ax

Solution. Here C.E. = C; cos ax + C; sin ax

1
5 tanax = —

and PL= —+ [ LS 1,]
D? +a? 2ia |[D-ia D+ia

tan ax 1)

Now

tan ax = e! Ie'i tan ax dx
-ia

=e ™ I(cos ax - i sin ax) tan ax dx
i sin® ax
=e'® |lsin ax -1i dx
cos ax

, . . 1 - cos? ax
=g' ¥ _[sm axdx -ie'® J(———— dx

COos ax

= ol {(-cos ax)/a} -i el ¥ j.(sec ax - cos ax) dx

(ei * cos ax)} - ie'™ [—1- log tan (E + -az—x) EI ax}
a a

I
1
|
r—

el ™ {cos ax + ilog tan [g + %’E] —isinax}

]

[
N
| e
N’

]
i

ol 2% [(cos ax - isin ax) + ilog tan (Z- ¥ %H

e' ™ | e +jlog tan (E + 35)
4 2

1 i T ax
= - 1+- 1axl ta —_+ == 2
a[ ie og n(4 2)} (2)

D= W

Similarly replacing i by -i we get
tanax=—(l) [1—ie'“" log tan G + 'i‘iﬂ 3)

a 2
= From (1), (2) and (3), we have
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P.I=——¥— 1 1+ie”"logtan(£+9—x-) +—1- 1-ie'ia"logtan(z+3§]
2ia | a 4 2 a 4 2
_ 1 i iax -iax T ax
i |5 (e e ogran (54 )

ax

= -fi— (cos ax) log tan (% + ———)

2
.. The required solutionisy = C.F + P.I

ory=Cicos ax + Cz sinax - alz-cosaxlogtan (g + Ez)ij

Miscellaneous solved Examples
Example 27. Solve (D2 - 2D + 1) y = x2 e3x
Solution. Here the auxiliary equation is
m2-2m+1=0

or (m-12=0

or m=1,1

S CFEF. = (C1 X + Cz) ex

and P.I.=—2—1———x2 e =¥ 5 1 x?
D?-2D +1 (D+372 -2(D+3)+1
= 3% = 1D+4x2=e3x 1 . 2
+
4(1+2)
2
e

g

3x -2 3x
(1+1D) x2 =g (1—D+§D2+ ......... )xz
2 4 4

e (xz -Dx? + % szzj

e3x (X2 - %+ 2)
2

e (2x2 -4x+ 3)

[} it

00| = | |

-. The required solutionisy = C.F + P.I
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or y=(C1x+C2)eX+%e3x(2x2-4x+3)

Example 28. Solve (D2 - 1) y = cos hx

Solution. The given equation can be written as
©2-1y= 2 (e+e)

its auxiliary equationis m?-1=10
orm=x1
- CF. = Gy ex + Gy e, where Cy, C; are arbitrary constants

1 1

and Pl= — E(e"+e"‘)

1 1 .1 1
== e+~ ——e

2 (D*-1) 2 D*-1

1 1 1 1
= ——— 1+ ——¢
2 (D+1°-1 2 (-1)*-1

1 1 1
= X_____— 1__ -X

2¢ prap Vg

1 1 1
== e 1) - = e

2 2D(1+E) 4

2

=—1-e"l(1——12+ ....... jl———e"‘
4 D 2 4
e lg L

4 D 4

=le" jldx—-l—e"‘=—e"x——1—e"‘
4 4 4 4

" .. The required solutionisy = C.F + P.I
ory=Crex+Crex+ % (x ex-ex)

Example 29. Solve (D? - 4) y = cos? x
Solution. Its auxiliary equationism?-4=0

orm=12
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o CF. = Cy e+ C; e-2, where C; and C; are arbitrary constants

and PI= 21 cos®x = 21 [-l- (1 + cos 2X)}
D® -4 D* -4 (2
= 21 l+ 21 (1 costj
D°-4 2 D -4\2
-1
-1 1—1D2) 1,1 ! cos 2x
4 4 2 2 2%
=—l[1+lD2+ ......... :]l-—cos?_x
4 4
-1 (1) A cos 2x
412, 1
1
=-— (2+cos 2x)

. The required solutionisy = C.F + P.I
ory=Cex+ Cre —llé (2 + cos 2x)

. Example 30. Solve (D2 + 1) y = x2 sin 2x
Solution. Here the auxiliary equationis m? + 1= 0
orm=rti

.. C.F = C; cos x + Cz sin x, where C; and C; are arbitrary constants

x? sin 2x = LP of 1 x? %

dPI=
an D?+1 D? +1

= LP of e** -————12—~ x2
{(D +2i)" +1}

= LP of e2* ——5—1—————— x2
(D? +4iD - 3)

= L.P of &2 1 2

4iD D?
3122 -
3 3
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2ix . 2 +2 2
=1Pof & 14| HD D7) 16 D SO x?
-3 3 9

=I.Pof——l~e2ix (1+éiD—ED2+ ........ )xz
3 3 9

—IPof -1 e 32 + 3 (2x) - 13 (2)}
3 3 9

=LP of-l (cos 2x + i sin 2x) (xz - _Zf’_) + 3 xi
3 9 3

—l (§ x) Cos 2x -1 (xz - Eé) sin 2x
313 3 9

—517— [24 x cos 2x + (9x* - 26) sin 2x]

.. The required solution is

y =Cicos x + Czsin x—517— [24 x cos 2x + (9x2 - 26) sin 2x]

EXERCISE
Solve the following differential Equations
1. (D8+6D2+11D+6)y=0
Ans. y=Ciex+Crex+ Ciex

2

2. d——)S-3g->f+2x=0 giventhatwhent=0,x=0and9—§=0
e dt dt

Ans. x=0

3. (D2+D+1)y=ex where D = di
x

Ans. y=e/? [Cl cos (% x\/g) +C, sin (—;— x\/g)] +e™
4. (D-12(D2+1)2y =ex
Ans. y=(Cix + Cg) ex + (Cax + Cq) cos x + (Csx + Cg) sinx + -é x? e*

2
5. (_;___}2_1__ 3_y+2y=e"’y=33nd—31=3,WhenX=0
X X X

71



Ans.

Ans.

10.

11.

Ans.

12.

Ans.

©13.
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y = 2ex + e2x - x ex
d’y _dy

—ie - 2 = 2y = 8in 2X
o ax Y

y=Ciex+Crex + -216 (cos 2x - 3 sin 2x)

(D2 +16) y = sin 2x, given thaty = 0 and % = % where x =0
X

12y = 2 sin 4x + sin 2x

d?y
—= -4y =e* +sin 2x
dx? Y

. y=Ciex+ Cre —% e —% sin 2x

(4D2 + 9) y = sin x, given that y = — ¥=—whenx=1t
X
2 3x 1 . 3x 1 .
y=—cos — - — sin — + — sinx
3 2 2 2 5

Find the integral of the equation (cll_t;( + 2n cos x %)ti +n

Ly, dx
which is such that whent=0, x =0 and It =0
in nt
x = e nteose {— T sin (n sin ) t} + ___azsm—
n‘ sin 2o 2n° cos a

2

Solve —3—32’ + a’y = sin ax
x

. X
y = C1 cos ax + Cz sin ax N cos ax
a

(D2 + a?) y = cos ax

y =Cicos ax + Casin ax + -12- [5) sin ax
a

(DA-1)y=sinx

) P
y=Cirex+ Crex+Cicos x + Cysinx + 1 cos x

72
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Ans. y= e /2 |:Cl Ccos % x\/g +C, sin _;_ x\/—S—] + X/

[C3 cos %\/5 +C, sin -;—\/E:I -16e"% cos (—;—J’Sj
15.  (D?2+ 1)y =sinxsin 2x
Ans. y=Cicosx+ Casinx + E sinx + 1_16- cos 3x

2
16. 3—}2’ + 4y = sin®x
X

Ans. y=C;cos 2x + Casin 2x + 1 _x sin 2x
8 8

17. (D2 -4)y=x

Ans. y=Cex+ e -% (xz + -;-J

18. Solve (D3 -8)y = x3

Ans. y=C;ex+ex(Cacos xv/3 + Cs sin xV3) - —;— (x3 + i—]

19. (D3+2D2+D)y=ex+x2+x

Ans. y=C1+(C2x+C3)e-x+_ll_8_e2x+%x3_%xz+4x

2
20. %—%:‘-a*‘bX"‘CXz’ giVenthatg—Y'=0, Whenx=0andy=d,whenx=0
X X

Ans. y=d+ —+ — + —
21. (D2+4D-12)y=(x-1)eX

Ans. y=Cied+ Cpedx+ ?512 (4x2 - 9x) &2

2
22. (-‘;—Z—Z%X+5)y=e2"sinx
X X
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Ans.

23.

Ans.

24,

Ans.

25.

Ans.

26.

27.

Ans.

28.

29.

Ans.
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y =ex (Cy cos 2x + Cz sin 2x) - % e?* (cos x - 2 sin x)
(D2 -4D + 4) y = e2* sin 3x

y=(Cix+Cp)ex - —;— e sin 3x

3

et

y=(C1x2+C2x+C3)e~’<+gldx5 e
2

%X—Z-+2§+y=xcosx

y=(Cix+C)ex + %xsinx-%sinx+%cosx

4
g——%—y=xsinx
X

y=Ciex+ Crex+ Cicos x + Cgsinx + %3— (x* cos x-3 x sinx)

2
d_>2’ 2 4 oo ysinx (L.A.S.1998)
dx dx

y=(C+Cx)ex + % (sin x + cos x - X €os X)

Solve (D2 + 1)2 y = 24 x cos x, given that y = Dy = D2y = 0 and D3y = 12
when x =0

y = 3x2 sin x - x3 cos x

(D2-4D +4) y = 8x2 €2 sin 2x (U.P.T.U. 2004, 2005)
y = (C1 + Cz2x) €2 + €2 (-2x2 sin 2x - 4x cos 2x + 3 sin 2x)
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Objective Type of Questions

Choose a correct answer from the four answers given in each of the
following questions.

1.

(@)
(©)

Ans.

(@)
(©)

Ans.

@

(©)

Ans.

(@)

(©)

Ans.

2

2

The solution of the differential equation % +(3i-1) jy

y = Cl ex + C2 e3ix (b) y = Cl e X+ C2 e3ix
y= Ci ex+ Cp e3ix (d) y= Cyex+ Cy e-3ix
()

X X

3iy = 0 is

(LA.S. 1998)

A particular integral of the differential equation (D2 + 4) y = x is

xe-2x (b) X €OS 2X
X sin 2x (d) x/4
(d)

The particular integral of (D2 + 1) y = e is

e—x
< @

(©)

(I.A.S. 1998)

(L.A.S.1999)

For the differential equation (D + 2) (D - 1)3 y = ex the particular integral is
(I.A.S. 1990, U.P.P.C.S. 2000)

L x* e* (b) 1 x> e
18 18
L x > (d) L x >
18 36

(b)

d2y

The particular integral of the differential equation O +9y =sin 3x is
X
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X sin 3x X sin 3x
b

@ 2 ® =

-X €08 3x X €os 3x

_ d
© =2 @ ===
Ans. (c)

. . . . dzy dy .
6. The solution of the differential equation o7 3 ol 4y =0 is
X X
(U.P.P.C.S. 2001)

(@ y=Cex+Cre¥ (b) y=Ciex+ Cre¥
() y=Ciex+Cre¥ (d) y=Cex+Cre¥

Ans. (c)

7. The general solution of the differential equation (D2-1) y = x2 is
(@ y=CGe+Cex-x2 (b) y=Cex+Crex+ (x2+2)

() y=Cex+Crex-2 (d) y=CGex+Cex-(x2+2)

Ans. (d)

8. The P.I. of (D2 - 2D) y = ex sin x is

a 1 e* sin x b e* cos x
@ -5
1 x
() -5 e Cos X (d) none of these
Ans. (a)
9. The general solution of the differential equation D2 (D + 1)2y = exis
(I.A.S. 1990)
(a) y=C1+C2X+(C3+C4X)e"
(b) y=C1+sz+(C3+C4x)e-"+—1—e"
© y=(Ci+Cre®)+(Cs+Cox)e + % e
(d) none of these
Ans. (b)
10. y=ex(C4 cosv/3 x + C, sin +/3 x) + C3 e2 is the solution of
(L.A.S. 1994)
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(a)

(©)

Ans.

11.

(@)

Ans.

12.

(@)
(©)

Ans.

13.

(a)
(©)

Ans.

14.

©)

Ans.

Linear Differential Equations with Constant Coefficients and Applications

d3y d3y
— +4y=0 b —= +8y=0
o Ty O
d’y &y ,d , dy
—= -8y=0 d —5-2—+—=-2=0
dx? Y @ dx? dx®*  dx
(©
The P.I of the differential equation (D3 - D) y = ex + e is
(L.A.S. 1993)
S re) ® 5 x(E e
% X2 (* +e™) (d) - % X (e¥ -e™)
(b)
Giveny =1 + cos x and y = 1 + sin x are solutions of the differential
2
equation j—)zi +y =1, its solution will be also
X
(R.A.S. 1994)
y=2(1+ cos x) (b) y =2+ cos x + sin x
y = €0s X - sin x (d) y =1+ cos x + sin x
(@)
The solution of the differential equation (D3 - 6D2+ 11D -6) y =0is
(R.A.S. 1994)
y:C:l eX+C2 e2X+C3 e4x (b) y:-:(:1 er+C2 e3x+C3 e4x
y=Cirex+ Crex + Cye¥x (d) y=Cirex+ Cyex + C3eX
(d)
. , : . d’y dy 2x
The solution of the differential equation 7 ax 2y =3 e, when y(0)
X X
=0=and y(0) =-21is
(R.A.S.1994)
y=e—x_e2x+xezx (b) y=eX_e—2X_xe2x
b X
= o—X + p2x __ a2x d = X = @-2X . a2x
y=extex e (d) y=ex-e 5 €

()
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15.

16.

(a)
(©)

Ans.

17.

(a)

©)

Ans.

18.

(@)
(©)

Ans,

19.
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2
The solution of the differential equation %—}2’ +y =cos 2x is
X

(U.P.P.C.S. 1995)

. ()

Acosx+Bsinx+%cost (b) Acosx+Bsinx+%sin2x
. 1 . 1 .

Acosx+Bsmx—é—c052x (d) Acosx+Bsmx-§sm2x

d2
The general solution of the differential equation d—}; +n?y=0is

X
(R.A.S. 1995)

C, Vcos nx + C, vsin nx (b) C, cos nx + C, sin nx
Ci cos?nx + Cz sin?nx (d) C1 cos®nix + Cz sin3 nx

(b)
2
The particular integral of dy + dy x? +2x+4 is

dx*  dx
(LA.S. 1996)
2 3
X 4+ ax (b) X 44x
3 3
3 3
X 44 d) 2+
3 3
(b)
The general solution of the differential equation
4 3 2
1Y ¢4y pdY g dV g5
dx*  dx® dx dx
(I.A.S. 1996)

y=Ci+(Co+ Cx+Cyx2) e (b) y = (C1+ Cax + C3x2) e
y=C1+Cox+Cax2+ Cyx3 (d) y=Cix+Cox2+ Cax3+ Cyxt
()
The primitive of the differential equation (D2 ~ 2D + 52y = 0 is
(I.A.S. 1995)
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(a)
(b)
(©)
(d)

Ans.

20.

(a)
(c)

Ans.

21.

(@)

(©)

Ans.

Linear Differential Equations with Constant Coefficients and Applications

ex {(C1 + Cax) cos 2x + (C3 + C4 x) sin 2x}
e {(Cy + C2x) cos x + (C3 + C4 x) sin x}
(Ciex+ Coe?) cos x + (Cs ex + C4 e2) sin x

ex {Ci cos x + Ca cos 2x + C3 sin x + C4 sin 2x}

(@)
Which one of the following does not satisfy the differential equation
d’y
— -y=0?
dx’ Y
(U.P.P.C.S.1994)
ex (b) ex
ex/2sin —\E X (d) e*/2 cos ﬁ x
2 2
(b)
The particular integral of (D2 + a?) y = sin ax is
(I.A.S. 1995)
- cos ax (b) X cos ax
2a 2a
-2X cos ax (d) X cos ax
2 2
(@)
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Chapter 4

Equations Reducible To Linear
Equations with Constant Coefficients

INTRODUCTION

Now the shall study two such forms of linear differential equations with variable
coefficients which can be reduced to linear differential equations with constant
coefficients by suitable substituitions.

L Cauchy's Homogeneous Linear Equations

A differential equation of the form

dn dn -1
x“dZ+P1x“'ldn_}1’+ ........... +Py=X
X X
where Py, Ps............. P, are constants and X is either a function of x or a constant is

called Cauchy-Euler homogeneous linear differential equation.

The solution of the above homogenous linear equation may be obtained after
transforming it into linear equation with constant coefficients by using the
substitution.

By the substitution x = e? or z = logex; .- g_z_ = 1
X X
Now & - dy dz _ 1 dy
dx dz dx x dz
L4y _dy 0
dx dz
_d’y _d (dy)_d 1dyj
Again &2 dx (dx) dx(x dz
dy dz_dy  dy 1 dy
dz? dx dz dz? x dz
2 2
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ey _dy dy 2
dx? dz? dz
Also 131 = _C_l_ g_z_y _d 1 ﬂ - ﬂ
x> dx | dx® dx { x?> {dz? dz

Substituting 3—2- -1 and simplifying, we get
X X

3 3 2
sy _dy ,dy ,dy

X 3
dx®* dz® dz? dz )
. d d .
Using x — = — = D,in (1), (2) and (3)
dx dz
we get X & Dy
dx

d2
x? £=D(D—l)y
3 d3Y
X ’C-IF=D(D—1)(D—2)Y

In general, we have

2 dy

Xn

X

=DD-1)D-2)co..n. O-n+1)y

Using, these results in homogeneous linear equation, it will be transformed into a
linear differential equation with constant coefficients.

2
'd_}i,' _ Xix -3y = x2 log x (1.A.S. 2001)

Example 1. Solve x*
dx dx

Solution. On changing the independent variable by substituting

x=eZorz=logexand-fi— =D
dz
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The differential equation becomes
[D(D-1)-D-3]y = ze%

or (D?2-2D -3)y = zeZ
Now the auxiliary equation is m? -2m -3 =0
= m=3,-1
Hence, the CF.=Cie32 + Ce2=Cy x3 + S
X
and PL= ——5—-1— ze*?
D“-2D-3
2z 1 2z 1
= z= 2 Z
(D+2?-2(D+2)-3 D?*+4+4D-2D-4-3
— A2z . 1 z
D +2D-3
= 1 5N Z
3 (1_@_13_}
3 3
e [ (> D]
= R e z
3| 3 3
2z 2
S P P
-3 3 3
2z
=e Z+___)=e22 (_E_g)
-3 3 9

Hence solution of the given differential equation is
‘ C 1 2

=C, x° + =2 4+ 2(__1 ___)
y=C; x = X 5 108X - 5

2
d
Example 2. Solve x2 ix—}; - 2x EI% -4y = x*
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Solution. On changing the independent variable by substituting x = ez or

z =logex and 4. D
dz

The differential equation becomes
[D(D-1)-2D-4]y=e%

Now, the auxiliary equation is
m2-3m-4=0orm=4,-1

LCFE. =Cietz+ Cyez

=C1x4+C21 I eZ:X
X
and PIL= ——5—1—— e
D -3D-4
- e4z 1

(D+4)P -3(D+4)-4

4z 1
=e 5 1
D?+16+8D-3D-12-4
=e* —-——21 1
D? +5D
-1
= e?? 1 ) 1=¢* 1 (1+9) 1
5D(1+—) 5D
5
=e4zi 1-2+ ................ 1
5D 5
5D 5 5
= = x* log,x

Hence the required solution is

1.1
y=C1x4+Cz—>z+—5—x4 log.x
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3 2
Example 3. Solve x° dy +2x? &y +2y =10 (x + l)
d® dx? X

(I.A.S. 2006, 1998, U.P.P.C.S. 1973)
Solution. On changing the independent variable by substituting x = ez or

z = logex and Dthe given differential equation becomes

dz
[D(D-1)(D-2)+2D(D-1)+2]y=10 (e* +e*)
or (D3-D2+2)y =10 (ez + e?)
The auxiliary equation is
m3-m2+2=0or(m+1)(m2-2m+2)=0
or D=-1,1%i

CF=Ciez+Crezcos (z+ C3)

=C1x1+ Ca x cos (logex + Cs)

and Pl = 12 10e* + 12 10e™?
(D +1) (D? - 2D + 2) (D +1) (D? -2D + 2)
= ' 21 10e* +e* 1 5 10
(1+1) (12 -21+2) (D-1+1)}{(D-1)° -2(D-1)+?2}
=110ez+e'z 5 1 10
2 D(D?+1-2D-2D +2+2)
~5efte? — 10
D (D? - 4D +5)
=5¢e% +e7* 1 5 10
spl1-4D , D0
5 5

=5e% +e7* 1 10
5D
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= bez + 2e-z 1 1=5e?+2ez2z
D
=Dbez + 2z ez
1
=5x + 2 (log.x) —
X
Hence the required solution is

y =Cix1+ Cox (logex + Cz) + 5x + (2 logex) 1
X

3 2
Example 4. Solve x° _:ilx_); + 3x? g—x—}; +xd—i +y=x+log x

(Bihar P.C.S. 2002, U.P.T.U. 2001)
Solution. On changing the independent variable by substituting

x = ezor z = logex and di = D, we have
z

[D(D-1)(D-2)+3D(D-1)+D+1]y=ez+2z
-or (DP+1)y=ez+z

The auxiliary equationism3+1=0

or (m+1)(m2-m+1)=0

1+/31i

= m=-1,
2

so C.F. =Cyez+e?/2 (CZ cos —\/2—-5— z+C, sin —\/2-”;1 ZJ
1

and Pl =
D® +

- (e +2)
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1 e, 1
D3 +1 1+D?

- ey @)

e*+(1-D’+....)z

z

]
N | =

N | B

+z

Therefore required solution is

ﬁ]ez

y=Ciez+ez/2 [Cz cosizg-z+C3 sin—z |+ — +z
or y =Ci x! +/x [Cz cos —\/2—5 (log x) + C4 sinizg— (logx)} + % + log x

2
Example 5. Solve x> d—%l- +x dy +y = (log x) sin (log x)
dx dx

(U.P.T.U. 2002)
Solution. On changing the independent variable by substituting x = ez or

z =logex and 4. D, we have
dz -

[D(D-1)+D+1]y=zsinz
or (D2+1)y=zsinz
The auxiliary equation is
m2+1=0
or m=ti
Thus CF.=Cicosz+(Cysinz
= C; cos (log x) + Cz sin (log x)

& P.I.=————1——zsinz
D? +1

o tof
imaginary part o o

87



A Textbook of Engineering Mathematics Volume - 11

1
_Z
(D+i? +1

1 Z
D? +2iD-1+1

= LP. of el?

=LP. of e

-1
=I.P.ofe‘z_i 1+2, z
2iD 2i

=I.P.ofeiz—1— 1-2+ ...... )z
2iD 2i

. 1 1
=IP.ofe” — [z- —
¢ 2 \* ZiJ

=LP. of e l J(z + i) dz
2i 2
2

iz :
=IP.of = |Z + 22
2 |2 2

N,

=1P.of X (cosz + i sin z) +L,
2 2
Z)
2

z 1 . z .
=-—cosz+ — zsinz= — (sinz- zcos z)
4 4 4

+

NN,

=1P. of-—;— (i cos z - sin z) (

N | =

- 102 X [sin (log x) - log x cos (log x)]

Hence required solution is

y = Ci1 cos (log x) + Ca sin (log x) + log x [sin (log x) - log x cos (log x)]
2

Example 6. Solve x2 %-)21 - X j—y + 4y = cos (log x) + x sin (log x)
X X

Solution. On changing the independent variable by substituting x = ez or

z =log x and 4 D we have
dz

[D(D-1)-D+4]y=cosz+ezsinz
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or (D2-2D+4)y=cosz+ezsinz
The auxiliary equation is
m2-2m+4=0
= m=1% i3
Therefore C.F. = ez (C; cos v/3 z + Cz sin+/3 2)

€y (e n (1

and P.I=—2—1———cosz+-—~—2——l————ezsinz
D -2D+4 D -2D+4

z 1

z+e 5 sin z
D+1)y-2(D+1)+4

-—2—‘-——-COS
-1°-2D+4

-1 cos z + e* sin z
3-2D D? +3
3+2D z

cosz+te

9-4D? ~-12+3

=wcosz+.e__.sinz
9-4(—1)2 2

1 (3+2D)cosz+ 1 e’ sinz
13 2

sin z

[l

-1 (3cosz-2sinz)+ 1 e’ sinz
13 2
= 1—13 [3 cos (log x) - 2 sin (log x)] + —;- x sin (log x)
Therefore required solution is
y=x [Cl cos (\/5 log x) +C, sin (\/—3_ log x)] + % [3 cos (log x) - 2 sin (log x)] + % x sin (log x)

2
Example 7. Solve x 2_321 vax o 2y = e*
dx dx

[U.P.T.U. (CO) 2005]

Solution. Substituting x = ez or z = logex and putting a-d— = D, we have
z
[D(D-1)+4D-2]y= e
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or (D+2)(D+1)y=e
The auxiliary equationis (m + 2) (m + 1) =0
= =-2,-1
CF=Ce2Z+GeZ=Cx2+Cyx!
and PI= 1 e = {L - } e
(D+2)(D+1) D+1 D=+2
1 eZ 4
Let e =u -~ (D+NDu=e
D+1
du oZ e e
or — +u=-e%, whichis linear
dz

Integrating factor = ez, Hence its solution is

z
ue’ = Iez et dz

= Ie" dx vel=x ., eZdz=dx
=eX
1 1
or u=e"——z—=~e" cef=x
e X

Further, let L e =v
D+2
. (D+2) v =e¢*
dv 4 T
or 4 +2v =¢% , which is linear
z

Integrating factor = e2z, Hence its solution is
ve? = J.e2z et dz
t2
= jez ef e’ dz
= Ix e* dx v ef=x, . et dz=dx

=ex(x-1)
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_e€(x-1) _e"(x-1) _e ¢

e2zc X2 X X2

1 e* e* e*

Hence Pl=u-v=-¢*- —-=|==
X X X p'e

. Hence the required solution is

X

e
y=C1X'2+C2X'1 + —
X

2. Legendre's linear differential equation

(Equation reducible to homogeneous form)

An equation of the form
dn -1
n-1 Y o4k y=X 1
T nY M
Where a, b, ki, ka,........... kn are all constants and X is a function of x, is called

Legendre's linear equation.

Such equations can be reduced to linear equations with constant coefficients by
substituting ax + b =eZi.e. z = log (ax + b)

dz’ dx dz dx ax+b dz

Eyd( by b, s ()

"~ (@ax+b) dz ax+b dz (dz) dx

2
ie. (ax# b) g—Z =a’D(D-1)y
X

3
Similarly (ax + b)3 —3—% =a’D(D-1)(D-2)yand so on.
X

After making these replacements in (1), there results a linear equation with
constant coefficients.
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2
Example 8. Solve (1 + x)? % +(1+x) Z—Y— +y=4coslog(1+x)
X X

Solution. put1 + x = ezand % =D
Hence the given differential equation becomes
[D(D-1)+D+1]y=4cosz
.. Auxiliary equation is
D2+1=0orD=1¢i
= CFE.=Cicos (z + Ca) = Cqcos [log (1 +x) + C]

and PI= 5 4cosz=4.£sinz
D +1 2
=2zsinz
=2log (1 + x) sinlog (1 + x)

Hence the required solution is

y = Cicos [log (1 +x) + C] + 21log (1 + x) sinlog (1 + x)

Example 9 : Solve

2
(1+2x)? ii-% -6(1+2x) dy | 16y = 8 (1 + 2x)?
dx dx
andy (0) =0,y (0)=2 (LA.S.1997)

Solution: Let1 + 2x = z then

_____ =2
dx dz dx dz
.dz_,
dx
d’y d dy)dz d*y
d —2Z=—|2-2|-—=4—=
an dx? dz( dz Jdx  dz?

Substituting these in given differential equation we have
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2
4zzd—}2,—6-22-3—y+16y=822

dz z
2
orz? 4y _ SZQ +4y =277
dz? dz

putting z = et, we have
{6(6-1)-20 +4} y = 2e2
or (6240 +4) y = 2ex
its auxiliary equation is
m2-4dm+4=0
ie. (m-2)2=0
or m = 2 (twice)
o CF =(C + Got)e2t
= (G+Cilogz)z?
= {C; + Colog (1+2x)} (1+2x)?

and Pl=——— 2% =X — 1 1
0°-40+4 ©+2)"-4(0+2)+4
=2e? 1 122621 1
0% +40-4-46-8+4 9?

= 2e2t32i = z2(logz)2

= (1+2x)? {log(1+2x)}*
Hence the complete solution is
y = {Ci1+C; log (1+2x)} (1+2x)2+(1+2x)2{log (1+2x)}2
METHOD OF VARIATION OF PARAMETERS

Method of variation of parameters enables to find solution of any linear non
homogeneous differential equation of second order even (with variable
coefficients also) provided its complimentary function is given (known). The
particular integral of the non-homogeneous equation is obtained by varying the
parameters ie. by replacing the arbitrary constants in the CF. by variable
functions.

- Consider a linear non-homogeneous second order differential equation with
variable coefficients
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d’y dy

3z TP QMY =X() (1)
Suppose the complimentary function of (1) is = Ciy, (x) + Cay, (x) (2
so thaty, and y, satisfy

d’y dy

—L +P(x) L+ =0

L +P vy

In method of variation of parameters the arbitrary constants C; and C: in (2) are
replaced by two unknown functions u (x) and v (x).

Let us assume particular integral is = u(x) y, (x) + v(x) y,(x) 3)
where u= J——;?(L dx

Y1Y2 =Yi'Ya
and v= I———>|(—L-—|—— dx

Y1Y2-Y1Y2

on putting the values of u and v in (3) we get P.I
Thus, required general solution = C.F + P.I
Example 10. Apply the method of variation of parameters to solve
(U.P.T.U. 2009)

2
9—y—+y=tanx

dx?
Solution. The auxiliary equationism2+1=0=>m=4+i
~ CF.=Cycos x + Ca sin x 4}
Here y1 = cos x, y2 = sin x
" Therefore y, y,' - y,'y, = cos’x + sin’x = 1
Let us suppose PI=uy, +vy, (2

where

u= J- —IXyz, dx=_J‘Sln x tan x dx
Y1¥2 =Y1'Y2 1

94



Equations Reducible To Linear Equations with Constant Coefficients

) 2
sin“ x 1 - cos“x
=—J‘ dx=-I—-————— dx

Ccos X cos X

J'(cos X - sec x) dx

sin x - log (sec x + tan x)
& V=J‘ )|(yl — dx= Itan XCOSX o
Y1 Y2 =Yi'Y2 1

= jsinxdx=—cosx

Putting the values of u and v in (2), we get
Pl=uyi+vy2
= [sin x - log (sec x + tan x)] cos x - cos x sinx
= - cos x log (sec x + tan x)

Therefore, complete solution is

y = C1 cos x + Cz sin x - cos x log (sec x + tan x)

- Example 11. Use variation of parameters to solve

dzy

w—+y=secx

(U.P.T.U. 2002)

Solution. The auxiliary equation is

m2+1=0
= m=z=i
C.F=C1cos x + Cz sin x 1
Here y1 = cos x, y2 = sin x
Let us suppose P1.=uy +vy, (2)
where u= J.iec_’lfﬂ dx - u= I———%—-— dx
Yi¥2-Y1Y2

As v, ¥, -V, Y, = cosx cos x - (- sin x) sinx
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= cos’x + sin’x
=1

= —jtan x dx

= log cos x

and v= J'————XXI-—— dx
Yi¥o=Y1 Y2

_ J'cos xlsec:xdx= Idx=x

putting the values of u and v in (2), we get
P.I=log cos x. cos x + x. sin x

Therefore, complete solution is

y = C1 cos x + Czsin x + cos x. log cos x + x sin x

Example 12. Using the method of variation of parameters solve
d?y
—= +4y =4 tan 2x
dx? Y

(LA.S. 2001, U.P.T.U. 2006)

Solution. Here the auxiliary equations

m2+4=0 = m=%2i
C.F =C;cos 2x + Cz sin 2x (1)
Here y1 = €os 2X, y2 = sin 2x
Let us suppose P.I. = uy: + vy2 2
where u= I —XI y2d>'< _ I— 4 tan ix sin 2x dx
Y1¥2-Y1 Y2

" ASY, ¥, -y Yo = 2cos 2x cos 2x + 2 sin 2x sin 2x = 2

.2 2
=_.[2sm 2de=—jl cos 2xclx
cos 2x cos 2x

=2 J.(cos 2x - sec 2x) dx
= sin 2x - log (sec 2x + tan 2x)
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V=J' ),(Y1 — dx= J‘4tan2xcos2x
Y1¥2 =¥1' Y2 2

and dx

=2 |sin 2x dx = - cos 2x

putting the values of u and v in (2) we get
P.I = {sin 2x - log (sec 2x + tan 2x)} cos 2x - cos 2x sin 2x
= - cos 2x log (sec 2x + tan 2x)
Hence, the complete solution is
y = Ci cos 2x + C; sin 2x - cos 2x log (sec 2x + tan 2x)
Example 13. Obtain general solution of the differential equation
2 d’y dy 3

X'— tXx=——-y=Xx

eX
dx? dx

(U.P.T.U. 2002)

Solution. On changing the independent variable by substituting x = eZ or

z = logex and di = D the differential equation becomes
z

[D(D-1)+D-1]y=e% e
or (D2-1)y =e¥ e’
Here auxiliary equationism?-1=0=>m=zx1

CF=Cez+Ce?

= C.F=C1X+E—2—
X

LetPI=uyi+vy2

Herey;=xand y, = 1
X
1
-x* ¥ ~dx 2_x
AISO u-= J. -le2dx' = J‘ X 1 = J.—x e2 dX
Y1Y2-Y1 Y2 X (__1_) -2 ) Bt
x2 X X
= % J.x3 e* dx
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u=1 [x3 e* - 3x% e* + 6xe* —6e"]
2
=l[x3-3x2+6x—6] e
2
3 _x
& V=I X'yldxI =J‘ x” e x dx
YiY2-Y1 Y2 X(_l) _1 1)
x?) x
4 X
=jx € dx=—l x° e* dx
L2 2
b
or v=—% [x° e -5x" e* +20x* e* - 60 e* +120xe* - 120 ¢ |

putting the values of u and v in equation (2) we get

PI= % (x> -3x* + 6x - 6) &* x - % (<° - 5x* + 20x® - 60 x* + 120 x - 120) e* 1
X
= e? [x‘* -3x% + 6x% - 6x - x* + 5> - 20x% + 60x - 120 + @]
x
X
=2 [2x3 - 14x% + 54x - 120 + 29]
2 X
- Hence the required solution is y = C.F + P.I
or y=C1x+—C—2+(x3—7x2+27x-60+ég)ex
X X
Example 14. Solve by method of variation of parameters
2
d—’zi - (U.P.T.U 2001)
dx 1+e*

Solution. Here auxiliary equationism?-1=0
= m=%1

L CF=Cex+ Cex

Here y1 =eX, y2 = e

Let P.I=uy: +vy2
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2
e

where u= I————_'XL—'— dx = Il—ti—— dx
YiYe -1 ¥2 -2

VYY) -yy, T-et e -et e =2

=J.e_ dx=J j.[——— ! )dx
1+e* e* (1+e) 1+e*

= forax- [

=-ex+]og (ex+1)

V=I-—Xry—‘—.-—dx= € 2 ix
Y1Y2 -1 Y2 -2 1+e

X

=—J.lie

PI=uy, +vy,

— dx = ~log (1 + e¥)

= [-ex + log (ex + 1)] ex - exlog (1 + e¥)

=-1+exlog (ex+1)-exlog(ex+1)
Ly=Cex+Crex-1+exlog(ex+1)-exlog(ex+1)

Example 15. Apply the method of variation of parameters to solve

X

2
d d’y _3 dy +oy= e
dx? dx 1+ e
(U.P.T.U. 2005)

Solution. Here auxiliary equation is

-3m+2=0
= (m-1)(m-2)=0
= m=1,2

L CE.=Cex+ Crex
Here y, = e, y2 = e

PiI=uyitvy2
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where u= J‘-—)'(—yi'—- dx
YiY2-YV1 Y2
ex e2x ‘_e—3x
= [—2ALE dx= [LreT_ g
_[ eX (2e2x) _EZX (eX) 2e3x _eSX

-3x

- 1
ij__) ax=-[ L ax

_J' e *dx _ log (e_x + 1)

e*+1
e* o
— X¥; — 1+ "
and V—J'—————I_—’——dx—“‘x T o dx
Yi1Y2-Y1 Y2 e’ (2e7%) -e™ (eV)
e2x

1+ X e2x

= sy dxm [ dx
2e” - e™ e’ (1+e¥)

=-.-e (l+e) J.(—_1+e)dx

=J‘(e"‘— e’ de—--e +log (™ +1)
e

Therefore P.I=exlog (e + 1)+ e¥{-ex+log (e*+1)}
=exlog (ex+ 1) -ex + e log (ex+ 1)
Therefore, complete solutionis y = C.F + P.I
or y=Crex+ Cre>x+exlog (ex+ 1) -ex + exxlog (ex+ 1)
Example 16. Solve by the method of variation of parameters

dy _,dy
dx? dx

=e* sin x

(U.P.T.U. 2003)
Solution. Here auxiliary equation is m? - 2m =0

= m(m-2)=0
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m=0,2
CF.=C1+ CyeXx

Herey1 =1, y2 =e

PlI=uy; + vy2

where

and

2x

-X -e* sinx- e
u= j 1 = 1 dx = J' 2x 2x
Y1Y2-Y1 Y2 1(2e77) - 0(e™)

1 e* sin x dx
2

1 ——ex—— (sin x - cos x)
2 (1) +@)

1 .
—Ze (sin x - cos x)

V= I——————————X Y1 dx

Y1¥2 =¥1'Y2
_ e*sinx1 1 ¢_, .
= jl 2 -0 (@) =5 J-e sin x dx
1 (-sin x - cos x)
2 (-1 + (1)

(sin x + cos x) = - (sin x + cos x)

2 2

putting the values of u and v in (2), we get

Pl= e—(sin x —cosx)1 -
-4

?4—(sinx—cosx+sinx+cosx) =

=X

e
4

(sin x + cos x)e?*

=X

€

sinx

Hence, the complete solutionisy = C.F + P.I

X
y=C, +C, ez"——ei—sinx

Example 18. Solve by method of variation of parameters
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d’y ,, dy
—= +2 = +y=e*logx
dx? dx y &

Solution. Here auxiliary equationis m2+2m +1=0
= (m+1)2=0
= m=-1,-1
CF=(G+Cx)ex
Herey1=ex y2=xe™
PI=uy; + vy

where u= I——_—lxzz—‘—— dx
YiY2-Y1 Y2

dx

_ _[ -e* log x. xe™*
_Xe—2x + e-2x + Xe—2x

= J.M dx=—J.x log x dx

-2x

e
x> x? 1
= -1 + — —d
2 o8 X J‘2 X
2 2
=-—logx+ —
and v=J———>l(—¥—1—’——-dx
YiYa=V1 Y2
_ J'e loi); e dx
e
=Ilogxdx

=xlog x - Il x dx
X

=xlog x - x

Putting these values of u and v in (2) we get
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2 -x 2
P.I=-X§ logx +e™ XT+X2 e™ log x - x* e~

2 _~X
or pI=2% logx——3—x2 e’
2 4

Hence, complete solution is y = C.F + P.I

2 -x
or y=(C1+C2x)e"‘+Xe

3 2 -
log x - = x* e
8%
Example 19. Using variation of parameters method, solve

d’y , 5 ¥
x? =L +2x =L -12y = x log x
dx’ ax Y B
(U.P.T.U. 2004)
Solution. On changing the independent variable by substituting x = ez or

z = logex and di = D, the differential equation becomes
z

(DOD-1)+2D-12}y=2ze*
or (D2+D-12)y =z e
The auxiliary equationism2+m-12=0
= m=3,-4

CF=Cie¥2+ Cyet

or CF=Cix3+(C; l4 1)
X
1
Herey, =x3,y, = —
X
P.L = uy; + vy2 ~ ' )
where u= J.—-.Z("b'.‘—' dx
Yi¥o = Y1 Y2
x log x- x™* ~ x2 log x
='_[ 3 5 2 (4 _"_‘.—_de
x7 (-4x7) -3x° (x7*) -7x
_1 J-logx dx
7 X
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and v= Xy dx

Y1i¥2' - ¥1'Y2

Sy

. 3 -
- J‘il‘ﬁ"_zi dx= L [x logx dx
-7 x" 7

]
1
|
-
|
(]
oQ
bed
|><
~
1
|
|><
~3
o,
| SO

It
vlklx
O ~
VRN
N

1

—t

)
QaQ

x
~—

putting the values of u and v in (1) we get

7
PI= IlZ (log x)* x> + xl x (-;— - log x)

3 3

X X 1
=1 + — | = -1
14(ogx) 49 (7 ogx)

Therefore, the required solutionisy = C.F + P.I

C x> x> x°
=C; x>+ 2+ — (logx)*+ —-—1o
or y 1 X & 14(ogx) TN g X
1 3 C2 X3
or =C,+——|x+ =+ —logx(7logx-2
y(lmj o 98g(g )
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SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS WITH
VARIABLE COEFFICIENTS (Solution by Changing dependent and
independent variables)

INTRODUCTION

The general form of linear differential equation of the second order may be
written as

dy ,pdy

o dx +Qy =R (1)

where P, Q and R are functions of x only. There is no general method for the
solution of this type of equations. Some particular methods used to solve these
equations are, change of independent variables, Variation of parameters and
removal of first order derivatives etc. As this kind of differential equations are of
great significance in physics, especially in connection with vibrations in
mechanics and theory of electric circuit. In addition many profound and beautiful
ideas in pure mathematics have grown out to the study of these equations.

Method I: Complete solution is terms of known integral belonging to the
complementary function (i.e. part of C.F. is known or one solution is
known).

Let u be a part of complementary function of equation (1) and v is remaining
solution of differential equation (1)

Then the complete solution of equation (1) is

y=uv 2

dy _ du _ dv d? d’u ,du dv d’
=v—+u-—

and =L =v=2 +2 2 oy

= ey
dx dx dx dx? dx dx dx dx?

Putting these values in equation (1) then, we get

2 2
d 2d_ud_v+uﬂ+P(vd_u+ dV)+qu R
dx dx dx dx? dx dx
d*u du d’v dv du dv
— +tP — + — +P—+2—= — =R 3
or v [dx dx Qu } [dx2 dx} dx dx ®)
Since u is a part of C.F. i.e. solution of (1)
d*u du
+P — + 0
o P ax Tt
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Hence equation (3) becomes

dx? dx dx dx
2
or g.!-{-(P-}-.?..@E.jéX:B (4)
dx? u dx/) dx u
2
Let Ei-— =z,sothat£i—‘2/ = —CE
X dx dx

Equation (4) becomes

dz ( 2 du) R
—~+|P+Z —|z=2,
dx u dx u

which is linear in z, Hence z can be determined

We obtain v, by integration the relation —32 =z
X

= v=_“zdx+C1

Therefore, the solution of (1)is y=u [ Iz dx + C1:|

ie. y=uv

Remark. Solving by the above method, u determined by inspection of the
following rules

1) fP+Qx=0,thenu=x

2 If1+P+Q=0,thenu=ex

®) If1-P+Q=0,thenu=ex

“4) If1+ L % =0, then u = eax
a a
(5) If2+2Px + Qx2=0, then u = x2
. 6) If m (m -1) + Pmx + Qx2=0, then u = xm
Example 20. Solve y" - 4xy' + (4x2 - 2) y = 0 given that y = e is an integral
induced in the complementary function.
(U.P.T.U. 2004)

Solution. The given equation may be written as
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d’y . dy . .,
Y Ly @ -2)y=0
dx? xdx (i )y

HereP=-4x,Q=4x2-2,R=0

d
and u=e* , so that d—u =2 xe¥

X
Let y=uv :>y=e"2v 1)
we know that
2
dx? u dx/ dx
2
= d—‘27—+ %2xe" - 4x -d—v=0
dx e* dx
d%v
:> ——— —
dx?
dv
= — =C
dx
= v=Cix+C;

Hence the complete solution is y = e v

or y= e Cx+C,)
Example 21. By the method of variation of parameters, solve the differential
equation (U.P.T.U. 2004)
2
dy, (1 - cot x) gl - y cot x = sin®x
X

dx?
Solution. Here P =1 - cot x, Q = -cot x
Therefore1-P+Q=1-(1-cotx)-cotx=0
Thatis y = exis a part of the C.F. putting y = ve-

_‘1}’_ =-ve X +e¥ éX

dx dx
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2 2
and 9-% =¥ d—;— - 2e7% dv +ve™
dx dx dx

on putting these values is the given differential equation, we have

d’v dv

— -(1+cotx) — =0

dx? ( )dX
or 3—5—(l+cotx)p=0 wherep=%
= £i£=(1+c:otx)dx

on integrating we get

log p=x + log sin x + log C;

= p=Ciexsinx
Substituting for p

% =C, e* sinx
or dv = C; exsin x dx
Integrating

v=C, |e"sinxdx+C,

=C, %e" (sinx - cos x) + C,

Therefore, solution of the given differential equation i.e. C.F. is given by

y=ve ™ =C, % (sinx-cosx)+C, e*
Let y = Au + Bv be the complete solution of the given differential equation where
A and B are the functions of x, i.e.

y = A (sin x - cos x) + Be~* (1)
Differentiating on both sides

dy

— =A(cosx+sinx)—Be"‘ + -% (sin x - cos x) + d_B e
dx dx dx

-X

108



Eguations Reducible To Linear Equations with Constant Coefficients

Let us choose A and B such that

d—A-(sinx-cosx)+ d—Be"‘ =0 (2)
dx dx
= dy = A (cos x + sin x) - Be™
dx
2
and 9—}21 _da (cos x + sin x) - a8 e + A (-sin x + cos x) + Be™
dx dx dx
. d2y dy . . .
putting these values of 2 dx and y is the given equation, we get
x*  dx
da (cos x + sin x) - a8 e = sin’x 3)
dx dx

on solving equation (2) and (3), we get

A=——1— cosx + C,
2

and a_1 e* (sin x cos x - sin’x)
dx 2

ex
=7 (sin 2x + cos 2x - 1)
on integration, we have
e’ e
B= 2 (3 sin 2x - cos 2x) - T +C,

putting the values of A and B in equation (1) we get

y= (—% cosx + Cl) (sin x - cos x) [—;—6 (3'sin 2x - cos 2x) - 34— +C2J e’

-1 cos x sin x + lcoszx+C1 sinx - C; cos x + isian- L cost-l+C2 e
2 2 20 20 4
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or y=Ci(sinx-cosx) +Crex - 1—16 (sin 2x - 2 cos 2x)
Method II. Normal form (Removal of first derivative)

d’y , p dy
Let — +P L+ =R 1
dx? dx Q @

putting y = uv, we get

2 2
V[Q +P§—E+Qu]+u[¥ +Pﬂ]+2E v _g

dx? dx x? dx dx dx
2 2
- d_\27+(gd_u+P]ﬂ+v _1_d_u+£d_u+Q _R @)
dx u dx dx u dx? u dx u
But the first order derivative must be remove
SO zEiE«FP=O = d_u=_lde
u dx u

= logu=-.[§— dx

P
= u= e-I2 ¢
. du _ Pu d’u _ 1 du dp
Since — = = —=-= 1P — —_—
dx 2 dx? 2 dx dx
2 2
= .C_l_u=_1 P(_P_u)-{- @:.I_)_u_gg?.
dx? 2 2 dx 4 2 dx
d?v P2 1 dP P? R
F 2) —— —_——— - — = —
rom (2) dx? [ 4 2 dx 2 Q] u
d?v 1dP P?)_R
= — Q- —-_|==
dx? 2 dx 4 u
d%v R
= — tIv= — 3
dx? v u ®)

This equation is called normal form of equation (1)
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Example 22. Solve

2
’37)2,—4)(%"'(4)(2 -1)y=-3¢e* sin2x

[I.A.S. 2000, U.P.T.U. (C.O.) 2004]

Solution. Here P=-4x,Q=4x2-1, R= ~3eX sin 2x
2 2 1 1 2
so 1=Q-= " - - P?=4x® -1- = (-4) - (-4x)

2 4

=4x2-1+2-4x2=1
1 1

u=e? dex o j’(-4x) dx

=e2 dex =ex2

Then substituting these values in the equation

2
d—‘; +Iv= E, We have
dx u
2 X2 s
4V =B ST 5 gin 2
dx e

its C.F = C; cos x + Cy sin x

and P.I=—Dz 1 2sin2x=-3 YR sin 2x
= sin 2x

Thus v =C; cos x + C; sin x + sin 2x

Therefore required solution is y = uv

or y = e (C, cos x + C, sin x + sin 2x)

Example 23. Solve
dly
dx?

by removing first derivative

cax Y oh @ iz)y=e®
dx
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Solution, Here P = -4x, Q = 4x2 -3, R =X

1 dP P2 2 1 1
[=Q- = — - — =4x* -3 - = (-4)-= (-4x)?
Q2dx4x 2()4(x)
=4x2-3+2-4x2=-1
1
w=e-Edex

e-—% I(—4X) dx - e2 J‘x dx - ex2

Then substituting these values in the equation

d?v R
— +1lv=—, we get
dx? u &
dx? e"2
2
or 3—‘2’—v=1
X
its CF=Ciex+Cyex
1
and PIl= 1=-(1-D%*11
D? -1 ( )
=-(1+D2+D4+...)1
=1

Thusv=Ciex+ Crex-1

Hence the general solution of the given equation is
y =uv

or y= e (C,e"+C,e™* -1)

Method III. Change of independent variable

2
consider %{%’— + P% +Qy=R

Let us change the independent variable x to z and z = f(x).
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Then 91 = f‘_}i dz (2)
dx dz dx
9fz=d(2z2_91d2 (E‘E)zﬂ ®)
dx? dx \dz dx dz dx? dx) dx?
2
Putting the values of dy and 4y in (1) we get
dx dx?

dz? \dx dz dx? dz dx
d*y (dzj2 pdz d’z
— |2 bl Bat SN R
or dz? \dx dx dx? Q=
r&- 5
2 dx 2
or dy L& &)dy, 9 R
R ) I < B
dx dx dx
d? d
= a‘;}zi'*Pl H‘Z""Qly:Rl @)
dz d’z
P dx dx? R
where P1=w,Q1=%de =

(&)
dx
Equation (4) is solved either by taking P1 = 0 or Q: = a constant
Example 24. Solve by changing the independent variable

2
x LY A gy (U.P.T.U. 2002, 2003)
dx® dx

Solution. Given equation is

d%y 1 dy
—_— - + 4x°2 1
dx?  x dx x¥= @)

Here P = —l,Q=4x2 and R = x*
X
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On changing the independent variable x to z, the equation (1) transformed as

d? d
d—zzx+Pl d_jzl*'Qly:Rl 2
2
where Q, = Q 5 = Ax 5 = constant = 1 say
&) (&)
dx dx
2
or (EJ = 4x?
dx
= % =2x
dx
= z=x2
2
= (_i._?. =2
dx?
2
pdz , dz {2+( 1)2x}
dx dx? X -
P > 5 =0
(QEJ 4x
dx
__ R _x X _z
' (dz)z axt 4 4
dx

on putting the values of P1, Q1 and R; in (2), we get
d%y

ey v=2
dz? y 4
or (D2+1)y=E
4
itsAE ism2+1=0 = m=+i

CF=Cicosz+Czsinz

or CF=Cjcosx2+ Cysin x2
1 z 1 2\-1
and Pl=—— —=—-(@1+D z
D2+1 4 4(
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Equations Reducible To Linear Equations with Constant Coefficients

AN

(1-D? + .. )z

>N

x
4
Hence the complete solution is y = C.F + P.I

2
. X
or y=Cicos x2+ Cysinx2 + ——

Example 25. Solve the following differential equation by changing the
2

independent variable x 3—}2, +(4x* - 1) gx +4x°y =23 (U.P.T.U. 2006)
X X

Solution. The given differential equation may be written as

dzy 1 dy 2. 2
5;5+(4x—;)a—;+4xy—2x 1)

Here P=4x——1—,Q=4x2,R=2x2
X

on changing the independent variable x to z, the equation (1) is transformed as

d? d
d—zZ+P1 E‘Z’+Q1Y=R1 2
2
where Q= Q 5 = ix > = 1(constant) say
| =) (&)
dx dx
= —QE = 2x
dx
= z=x2
- d’z _
dx?
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dz d?z
e 2 2
- dx  dx? =8x —2+2=

2
( dz )2 4x?
dx

Putting the values of P1, Q; & R; in (2), we get

d d

AL A

. its Auxiliary equationism?+2m+1=0
= (m+1)2=0

= m=-1,-1

# CFE.=(C+Cz)e?
=(Ci1+ 2 x?) e™

and Pl= —-—1—— (lj

1
eOZ

2 (02 +20+1 2

. Complete solutionis y = C.F + P.I
= (C1+Caxd) e + %

2
. Example 26. Solve (—i—-}z—’ vootx W+ 4y cosex’x =0
dx dx

Solution. Here P = cot x, Q = 4 cosec?x and R = 0 on changing the independent
variable x to z, the given differential equation transformed to

d? d
o e T
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Equations Reducible To Linear Equations with Constant Coefficients

dx _ dx? __Q
(&)
dx

’ 1
Casel. Letus takeP; =0

iz, &z

where P, =

sz+dzz
=+ 5
_dx  dx® 2dx =OorPgE+—C~I——f—=O
(dz) dx dx
dx
2

= d—f+co'cxiz-=0
dx dx

ut E:Vﬁ=d_v
p dx  dd  dx

Using these, (2) becomes _:il_v +(cotx)v=0
X

= v -cot x dx
v

= log v = -log sin x + log C = log C cosec x
= v = C cosec x

dz

— = ccosec X

dx
or dz = (C cosec x) dx

= z=c10gtan§

Case II. Now, let us take Q1 = constant
2
Q, = Q > = 42cosec 2x = —%— which is constant
(dz) c® cosec’x ¢
dx

Hence the equation (1) reduce to
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dy _dy . 4
—= +0—=+ =vy=0
dz? dz czy
dy 4 _ 4
or E'z—+c—2y—0 '.'PI“O,Q1=—C?
4
= (D2+C—2)y=0

. s - 4 .
its auxiliary equation is m? + — =0 => m-= #i
c

2z .2z
CF=c, cos — +c, sin —
c c

= y = €1 €Os (2 log tan —)2(—) + Casin (2 log tan —;E)  z=clog tan %

SIMULTANEOUS LINEAR EQUATIONS WITH CONSTANT
COEFFICIENTS:

In Several applied mathematics problems, there are more than one dependent
variables, each of which is a function of one independent variable, usually say
time t. The formulation of such problems leads to a system of simultaneous linear
differential equation with constant coefficients. Such a system can be solved by
the method of elimination. Laplace transform method, using matrices and short
cut operator methods.

Example 27. Solve % +y=sint, (—i}t’— + x = cost
x(0)=2,y(0)=0 (U.P.T.U. 2004)
Solution. We have
dx
— +y=sint 1
dy + x = cost (2
dt
Differentiating (1) w.r.t. 't' we have
d’x  dy _
*a—t-i- + Tj—t— = cost (3)
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Using (2) in (3) we get

d2X . 2

—-x=0 = D -1)x=0

de? ( )
its auxiliary equation is
m2-1=0 = m=z%1

x=Cret+Cet “4)
= 9—{=Cle‘—C2e"

dt

putting this value of _c(%(_ in (1) we get

y=sint-Ciet+Cyet ®)
Using given conditions
om (iv +C, =
ffzom év))-((jjl1 +((::22 =i)} =6 =6 =1
* putting these values of C; and C; in (4) & (5) we get
x=ett+et
and y =sint - et + et

is the required solution

Example 28. Solve % +4x+3y=t

%{- +2x + 5y = ' (U.P.T.U. 2006)
Solution. The given equation can be written as
(D+4)x+3y=t 1)
2x+(D+5)y=¢et (2
operating (D +5) on equation (1) and multiplied equation (2) by 3, we get
(D+5)(D+4)x+3(D+5) y=(D+5)t 3)
6x+3 (D +5)y=3et 4)

Subtracting (4) from (3) we get
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(D2+9D +20-6) x =1+ 5t - 3et

= (D2+9D + 14) x =5t -3et+ 1
Here auxiliary equationism2+9m + 14 =0
= (m+7)y(m+2)=0
= m=-7,-2
CF=Cet+Ce2
and PI= —5—1—-— (5t-3e' +1)
(D® +9D + 14)
2 t
_5 1+ D° +9D _ 3e + 1 ot
14 14 (1P +91)+14 (0 +9(0)+14
t
=3 (1_9_Q]t_3L+l
14 14 24 14
_ 5 ( 9 ) et 1
= - -2+ —
14 14 8 14
t
= Pl= 2 - S.. - ﬂ_
14 8 19
t
X—(:1 e'7t +/C2 -2t + E - .e___ - ﬂ.
14 8 19
t t
Now (D +4) x=-7Ciet-2C et + R +4C, et + 4C, e'2t+Et—S——
14 8 2
t
= (D+4)X=-—3C1e‘7t+2C2e'2t—Si"'gt-z
8 7 98
Using this value in equation (1) we get
Jy=t+3Ce7t-2Ce2t + —5- e' - !.— t+ z
8 7 98
5 9
= = Zt+C et -ZC e+ et + =
Y ! 2 24° %8

Thus the required solution is
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t
X=Cle-7t+C2e-2t+_5_t_e__ﬂ_
14 8 19
1 2 5 9
and y=--t+C,e”' - 2C, e+ —e'+ =
Y=ozttt 3 2 2#° " 98

Example 29. The equation of motion of a particle are given by % +wy=0,

% - wx = 0. Find the path of the particle and show that itis a circle.

(U.P.T.U. 2009)
Solution. Writing D for ad;, the equations are
Dx+wy=0 (1)
and -wx+Dy=0 (2)

Differentiating (1) w.r.t. 't' we have
D2 + wDy =0 = D2w + w (wx) =0 = (D2 + w?) x = 0 using (2)

= x = C; cos wt + Cz sin wt
Putting this value of x is (1) we have y = L % (C; cos wt + C, sin wt)
w

we get y (t) = C1 cos wt + Ca sin wt 3)
and  x(t) = Cacos wt-C; sin wt “4)
Squaring (3) and (4) their adding, we get

xX*+y*=Cl+CZ
or x2+y2=R2

which is a circle

Applications to Engineering Problems
INTRODUCTION

Differential equations have many numerical applications in Physics, Chemistry,
electrical engineering, mechanical engineering, biological sciences, social sciences
etc. In this section, we discuss some applications.
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Simple Harmonic Motion

A particle moving in a straight line, is said to execute simple harmonic motion, if
its acceleration is always directed towards a fixed point in line and is
proportional to the distance of the particle from the fixed point.

Since the acceleration is always directed towards a fixed point, the differential
equation of the motion of the particle is given by

d2x
a‘t? = —W2X (1)
W2x €——
Al } — A
O€¢<— x—>P
€——mmmm e A - >

where x is the displacement of the particle from a fixed point o at any time t.
The solution of (1) is

x = C; cos wt + C; sin wt (2
If the particle starts from rest at a point A, where
OA = ai.e. (x = a, when t = 0) then, from (2), we get

Ci=a
Differentiating (2) with respect to t, we get

v= % =w (-C, sinwt+ C, cos wt) (3)
. dx
Since I =0, at t =0, from (3), we get

O0=C
Hence, the displacement of the particle is

x = a cos wt (a is amplitude) 4
such that
. dx .
Velocity =v = It -aw sin wt

= -wva? - x? (3)
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Equation (5) gives the velocity of the particle at any time t, when its displacement
from a fixed point O is x. Particle time (time for one complete oscillation) is

denoted by T and is given by T = —2—7—t The number of complete oscillations per
w

second is called the frequency of motion and we have n = %V—-

|

In the figure O is the fixed point
we have OA =a

The acceleration is directed towards O. The particle moves towards O from A.
The acceleration gradually decreases and vanishes at O. At O particle acquired
maximum acceleration. Under retardation the particle further moves towards A'
and comes to rest at A' such that

OA'=0A
The point O is called mean position.

Example 30. A point moves in a straight line towards a centre of force
p/ (distance)?, starting from rest at a distance a from the centre of force. Show that
the time of reaching a point distance b from the centre of force is

T Ja® - b? and that its velocity is Y— ‘[_ Ja? - b?
H

(U.P.T.U. 2001)

Solution. Let O is the centre of force and let a point moves from P towards the
centre of force O.

P o )
X=a x=0
e a )
dt dt
The equation of motion is
d?x  -p
Froiiec M
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on integrating, we get

2
[ R

dt -2x X
dx n
= — =% [= +C 2
dt x2 @)
AtP,%=Oandx=a
dt
= o= f%+C = C=%
a a
dx VAT a? - x?
From (2), — =% ,|—= - &= =+ /p ———— 3
@ =t -7 Tk 3)

The velocity atx =b s

v=;t\/ﬁ———\/?
S

(As the point P is moving towards O)
dx Va? - x?
From () g =R T

Xa

1
i Va2 o2

= dt= dx

on integration, we get

t= 2 Ja? -x2 +C 4)

I

AtP,t=0,x=a,in (4), we get
C=0
Putting this value of C in (4), we have
t= 2 Va? - x?
N
Atx=Db

124



Equations Reducible To Linear Equations with Constant Coefficients

t= -2 J@ -b?)

T

Vertical Motion In Resisting Medium

Example 31. A particle falls under gravity in a resisting medium whose resistance
varies with velocity. Find the relation between distance and velocity if initially
the particle starts from rest.

Solution. Let m be the mass of a particle falls from rest from a
fixed point O. Let P be the position of a particle such that OP
= x. The forces acting on the particle at P are:

(1) The weight mg of a particle acting vertically downwards.

(2) The resistance m kv acting vertically upwards.

Now by Newton's second law of motion the equation of the

T or

motion of the body
md?x _ K
el mg - mkv
d’x
or el =g-kv
dv
2 =p_k
or Vi T8k
S _dv_dvodx
dt* dt dx dt
vdv _ dx
g-kv
= T vr gl 4y -ax
k g -kv
= v, 8 dv = dx
k k(g-kv)
Integrating, we get
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-§+ % (-%J log (g - kv) = x + C

or -i(‘i-%log(g-kv)=x+c 1)
Initially, at point O, x=0,v=0
= & logg=C

2

putting this value of C in (1) we have

v
-E-%log(g—kv)=x—lf—2logg
v g g-kv _

= R E Ty X

Example 32. A 4 kg object falls from rest of time t = 0 in a medium offering a
- resistance in kg numerically equal to twice its instantaneous velocity in m/sec.
Find the velocity and distance travelled at any time t > 0 and also the limiting
velocity.

(U.P.T.U. 2007)
Solution. Air resistance = 2v
Upthrust =2 x 4v = 8v Asm = 4kg

By Newton's second law of motion the equation of motion of body

d?x
— =4¢ -8v
a2 B
= d_z_x. = - 292(_
FTERR T
d?x dx
= —_—+t2 —= 1
de? a  ° @)
2
Let i)i .z p = .d_;( = .d_p
dt dt dt

.. From (1), we get
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dp

—_ 2 =

at P78
which is linear in p.

d
its LF = ef2 fo 2t

. So, the solution of equation (2) is

pel = J‘g e’ dt+C= % e +C

Att= 0,% =0 which gives C = &
dt 2

From (3) %% = % (1-e2)

= velocity = % (1-e)
Again integrating above equation, we get

X=.g£+—i-e—2t+cl

Att=0,x=0 = o=8+C, = C=-g/4

4
gt . 8 2
From (4), x= 2 + & (e -1
rom (4), x > 4(e )
= distance = 8% + & e -1)
2 4

and Limiting velocity = (tlim %%j = lim —g— (1-e?)

N |09
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Example 33. A mass M suspended from the end of a helical spring is subjected to
a periodic force f = F sin wt in the direction of its length. The force f is measured
positive vertically downwards and at zero time M is at rest. If the spring stiffness
is S, prove that the displacement of M at time t from the commencement of

CL . . . S
motion is given by x= sin wt - — sin pt),where pt= v and

__F
M (p* - w?) P
daming effects are neglected.

(U.P.T.U. 2000)

Solution. Let x be the displacement from the equilibrium position at any time t
then the equation of the motion is

2
M LX = 5x+ Fsinwt
dt
2
g—X-!-—S—x=£sinw’c
d> M M
d>x , , _F
or — +tp°x=-—sinwt 1
2 Pty (1)
S _.»
As — =
( M p)
The AE ism2+p2=0= m=zip
C.F. = C;cos pt + Cy sin pt
and Pl = L [f—— sin wt)
D? +p* \M
F 1 .
= — ———— sinwt
M—wz-&-p2
. x=Cjcos pt+ Casin t+£——1—sinwt (2
R ¥ ‘

Initially, att=0,x=0 .. C;=0
. Differentiating equation (2) w.r.t. 't' we get

& =-pC, sinpt+ pC, cos pt+ %

2 cos wt
dt pT-w
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dx
Att=0, — =0
dt
F w
pC2+_I\7[_ p2_w2 =0
or C2="'X 2F 2
P M(p” -w’)
From (2), we have
x=--—v!—F—sin t+—I—:— sin wt
PME-w) P M p-w?
or x=——F—————— [sin wt-ﬂsinth
M (p* - w?) p

Problems Related to Electric Circuit

There are some formulae which are useful to solve such type of problems

._dq
1) i= —2
M i=-
(2) Voltage drop across resistance R is Vg = Ri
(3) Voltage drop across inductance Lis V; =L —g—:

(4) Voltage drop across capacitance Cis V. = %

Electro-Mechanical Analogy

The following correspondences between the electrical and mechanical quantities
should be kept in mind
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Mechanical system

Series Circuit

Parallel circuit

Displacement

Force or Couple

Current i

Voltage E

Voltage E

Current i

Mass m or M.L Inductance L Capacitance C
Damping force Resistance R Conductance 1/R
Spring modulus Elastance 1/C Susceptance 1/L

Example 34. An uncharged condenser of capacity C is charged by applying an
t
em.f. E sin —==through leads of self-inductance L and negligible resistance.
Jic 8 gug
Prove that at time t, the charge on one of the plates is

lzg[sin ¢ - ¢ cos t]
2 JLC JLC VvLC

.(U.P.T.U. 2003)

Solution. If q be the charge on the condenser, the differential equation of the
circuit is

2
L ﬂ + i = EO
dt* C
d’q  q ot ot
L — + = =Esin AsE  =Esin —
a? C JLC JLC
d?q 1 t
2+ _—q==sin —— 1
o a2 ¢ L Ic @
Here auxiliary equation is m?* + 1. 0
LC
- m= :t ..__1___
JLC
1
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PI:___,l__ Esin_i_
‘ [D2+ 1) L vLC
1LC

(Case of failure)

t 1 . =X
3 Vo SINnaX = — CO0S ax
JILC D? + a2 2a

e

——'L—‘ CcOSs
21
JIiC
-tv1LC oS t
2 JIC

2 L) JIc

Therefore, the solution of the equation is

q=C 05— +C sin——L-E\/(é_)cos—t— 2
TV P Ve 2 L) T ViIC

Att=0,q=0..C =0

Differentiating equation (2) w.r.t. "t" we get

_E
L

9_&:_(:1 sin L. Ca Cos t +—E-:i [S)sin(———t )——L «E\Ecos :

dt VLC JLC JLC JLC 2 L LC LC 2 VL JLC
s dq _ _

Initially Et— =0,whent=0

C, E\/E EC
-Z . J==0 = C, = —
JLC 2 VL 2 2

From equation (2)we get

EC . t Et (C) t
— Sl - — | COS ———

= n

1 2 JL 2 L JLC

or = —E—g— (sin t - t cos t J
1773 e Jic Jic
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Example 35. The equation of electromotive force in terms of current i for an
electrical circuit having resistant R and a condenser of capacity C, in serires is

E=Ri + J%— dt. Find the current i at any time t, when E = Eo sin wt

(U.P.T.U. 2006)

Solution. The given equation is
Ri+ [ dt=Eosinwt as E=Eosinwt

* Differentiating w.r.t. 't|, we get

Rgl+ —I-=Eowcoswt
dt
= $+L=Eowcoswt (1)
dt RC R

which is a linear differential equation

jl dt
its [F=e'RC
L
The solution of (1) is
£ E,w
i.eRC = I o= coswt. e/F¢ dt+ C,
R
t/RC
- Eow © [——1—coswt+wsinwt}+C1
R 1 2 [RC
R’C?
ax
Iea" cos bx dx = ——— (a cos bx + b sin bx)
a“+b
wE, RC? [ 1 . -t/RC
=—20_—— — | — coswt+wsinwt| +ke™"
> T wiRC [RC o }

Example 36. The damped LCR circuit is governed by the equation
2
L$Q  pdo 1o

dt? dt C

132



Equations Reducible To Linear Equations with Constant Coefficients

where L, C, R are positive constants. Find the conditions under which the cirucuit
is overdamped, underdamped and critically damped. Find also the critical
resistance.

(U.P.T.U. 2005)

Solution. The given equation is

2
Lg_g+R_c.i_9+_Q=
dt? dt C
d’Q dQ 2
———+2k =( 1
or o Tt +wQ (1)
Where 2k = R and w? = 1
L LC

Here auxiliary equation is
m?2+ 2km + w2=0

= m=—k:t\/k2 -w? 2

Case 1. when k<w ie. — , the roots of A.E. given by (2) are imaginary.

2LJ“

The general solution of (1) is

Q=e™ (C, cos (W? - K2) t+C, sin {J(w? - k%) t)

where C; and C; being arbitrary constants.

which is greater than 2n
w

Time period = _m
[w? - K2

Thus the effect of damping increases the period of oscillation and motion

ultimately dies away. In this condition when R the circuit is under

1
2L JLC
damped.

Case II. When k = w, then roots of A.E. (2) are equal, each being equal to -k. The
general solution of (1) is

Q=(C1+Cot) ekt

In this case charge Q is always positive and decreases to zero as t — . In this
case circuit is called critically damped and the resistance R is called critical
" resistance.
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Thus k=w =

= R=2\/E
C

which is required critical resistance.

R
2L

Al

Case III. when k > w, the roots of A.E. are real and unequal.

Also, the roots

m = -k + Vk? - w? and m = -k-vk? - w?

are both negative. The general solution of (1) is

frx+ m}t+ c fr- i ol

Q=C1e . €

In this case also change Q is positive and decreases to zero as t — o, since
exponential terms having negative powers approach to zero. In this case the
circuit is called overdamped.

Q k> w
k=i
o) \/ \/ ' v
k<w

Example 37. The voltage V and the current i at a distance x from the sending end
of the transmission line satisfying the equations.

g - E gy

dx dx
where R and G are constants. If V = Vo at the sending end (x = 0) and V = 0 at
receiving end (x = I), show that
sinhn (I - x)}
V=Vo{————=
© { sinh nl
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Solution. We have -Eldy— = Ri

X
and —éi— =GV
dx
whenx=0,V=V, whenx=1,V=0
From (1) and (2), we have
dx dx R
2
= 9——\2] =RGV
dx
= dz_V -RG)V=0
. dx2
d
or (D2-RG)V=0,D = —
dx

Here auxiliary equation is m? - RG =0

= m = tn, n2 = RG

The solution of (3) is V = C; enx + Cy e-m

where C; and (; are arbitrary constants.

putting x =0 and V = V, is (4), we get
Vo=Ci+

Again putting x =land V = 0 is (4), we get
o=Cred+ Cre (5)

Solving equations (5) and (6), we have

\Y -V, e
G = o G2 = 2 eznz
1-e 1-e

Substituting the values of C; and C; in (4), we get

n
\Y V. e
enx - Q e nx

V= ¢

1 - e2l’ll l - e2nl
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B Vo (enx _ e2nl-nX)
B 1-e™
V, (el -™) _ g-(nl-my {sin hn (] - x)}
or V=-2 =V {——
e _e™ sin hnl

Example 38. An inductance of 2 henries and a resistance of 20 ohms are
connected in series with an emf E votts. If the current is zero when t = 0, find the
current at the end of 0.01 sec if E = 100 volts, using the following differential
equation.

(U.P.T.U. 2008)
L él +iR=E
dt
. di .
Solution. we have L X +iR=E
or El_l. + E i:: .I::. (1)
dt L L

Equation (1) is linear differential equation of first order.

R
IF= ejf * e(R/L) ¢

—oH R

E= 100 volts

. Solution of (1) is

LR - IE o®/ g+ C
L

where C is an arbitrary constant

: E
or je®Mt = & R/ 4 o
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R
Initially i = 0, when t=0 .. From (2), we have
c--E
R
.. From (2), we have i = _E_ [1 - e (R/L) t] 3)

on putting E = 100 volts, R = 20 ohms and L = 2 henries in (3) we have

20
i=_1_(slq [l—e_zt}=5(l—e'wt)

Att=0.01sec,i=5(1-e01)
= 0.475 amp (approximately)
Example 39. In an LCR circuit, the charge q on a plate of a condenser is given by

r4q,pda, g

P It =Esin pt.The circuit is tuned to resonance so that

p= 1%, if initially the current i and the charge q be zero, show that for small

values of T the current in the circuit at time t is given by i sin pt

(U.P.T.U. 2004) (C.O.)

Solution. The given differential equation is

d*q dq , q :
L99,r%Y9, 9 _Egnpt 1
@ o at ¢ osmp )

Here AE. is Lm? + Rm + -é= 0

_-R+R*-(4L/C) R .1 [R® 4

= =__i_._ — s —
= m 2L 2L T 2\1Z T L

2
= m=- R t 1 J-—-—é— neglected R—2 as R is small
2L 2V CL L LC
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= m=-—R—:t;=-—13~ii [since 2=L iven]
oL Jar 2L P P =1cé
C.F = eR/2L (C; cos pt + C; sin pt)
2,2
ButeRv2 -7 Rt 1 RW®

2L 12 412
Rt 2
=1~ — neglecting — etc
2L & &

CFE.= (1 - ZELE) (C, cos pt + C, sin pt)

where C; and C; are arbitrary constants

P.I=—————1-————1—EsinptwhereDE 4
LD? + RD + — dt
C
=K ! 1sinpt
L(-p*)+RD+ =
-p°) c
=E——1—sin t since p? = —
RD P P 7 1c

E -E
= — |sin ptdt= — cos pt
R % PR P
Hence the general solution of (1) is given by

q= (1 - %) (C, cos pt + C, sinpt) - E?Ii cos pt )]

Differentiating (2) w.r.t. 't' we have
i= % = (1 - %J (-pCq sin pt + pC, cos pt) - 2R_L (C4 cos pt+ C, sin pt) + I}i— sinpt  (3)
Initially given thatt=0,q=0

- (2) gives

and (3) gives
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2pL.  2Lp

Now putting values of Ci and C; in (3), the current i in the circuit at any time t is
given by

. Rt E . E R | E E E .
1= (1— —iz) (-E sin pt + z—p—L— cospt)— T (p_R cos pt + 2Lp2 smpt) + i{—smpt

sin pt - ERt
4

ER .
12 cos pt - W sin pt

=t
2L

2L
third terms

BEAM

A bar whose length is much greater than its cross-section and its thickness is
called a beam

2
.= Et sinpt  since % is small, also % = % (f) ,s0 neglecting second and

Cantilever: If one end of a beam is fixed and the other end is loaded, it is callled a
cantilever.

Bending of Beam: Let a beam be fixed at one end and the other end is loaded.
Then the upper surface is elongated and therefore under tension and the lower
surface is shortended so under compression.

Bending Moment: Whenever a beam is loaded it deflects from its original
position. If M is the bending moment of the forces acting on it, then
EIl
M= = 1
= )
where E = Modulus of elasticity of the beam
I = Moment of inertia of the cross-section of beam about neutral axis

R = Radius of curvature of the curved beam
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2
Thus equation (1) becomes M = EI S—Z
X

Example 40. A beam of length I is clamped horizontally at its end x = Oand is free
at the end x = I. A point load W is applied at the end x = I, in addition of a

uniform load w per unit length from x =0 to x = é Find the deflection at any
point.

(U.P.T.U. 2002)
Solution. Let OA be a beam, clamped (i.e. fixed) at one end O and free at end A.

Let B be its mid point. The weight —Z—l of the beam OB acts at C (the mid point of

OB). The weight w acts at A.

Let R be the force acting at O. The directions of all the force acting on the beam
are as shown in figure.

N(xy)
S g
4 Free end
C B A
L A O
i v X——

Fixed end wi 4 w

2

< X N’
-. From balance equation, we have

Now we choose a random axis NN, if (x, y) are the co-ordinates of N, then taking
moments about N, we get

2
EId—Z=-Rx+M (x-—l—)

dx 2 4
d*y wi wl wl?
or El 32 =—(W+ 7)x+ = %= ———8-—using (1) for R
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or Fr—% =22

Integrating both sides w.r.t. x, we get

2

dy __wh
dx 8
Applying boundary conditions at the fixed (i.e. clamped)

end Oie,atx =0, dy/dx =0, we get from (2), C; =0

EL x -% Wx? +C, ()

2
. (2) becomes, EI dy o _wb X - 1 Wix?

dx 8 2
.. . w1 3 l
Again integrating Ely = - % & Wx® +C, 3)
Again boundary conditions, at x =0,y = 0 gives C; =0
.. (3) becomes,
2,2 3
Ely = -wl'x™  Wx
16 6
1 [(wiBE WX
or = - +
EI | 16 6

which gives the deflection at any point.

Example 41. The deflection of a strut of length I with one end (x = 0) built in and
the other end supported and subjected to end thrust P, satisfies the equation

2 2
SEeaty =R (-

dx?

Prove that the deflection curve y = % (sm & lcosax+1- x)
a
where a [ = tan al
(U.P.T.U. 2001)

Solution. we have

dzy 2. _ a2R

&z‘*a)"?(l-x) (1)
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its auxiliary equationism?2+a2=0 = m =+ ai
- CF.=Ci cos ax + Cz sin ax

where C; and C; are arbitrary constants.

k ! -
Builtin P X N A P
................................... X
Supported
Y (xy)
1 aR
PI= — (-
D?+a> P (=2

. The general solution is
y = C1 cos ax + C2sin ax + %(l—x) (¥A)]

Differentiating (2) w.r.t. x, we get

d—y=-Clasinax+C2acosax—% 3)

dx
The end O of the strut is buitin, soatx =0,y =dy/dx=0
-~ (2) gives

+.lﬂ = C1=_.&l

0=C
1p P

and(3)giveso=C2a—£;- = C,=—
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Putting for C; and Czis (2)

RI R . R
y=-— cosax+ — sinax + — (I - x)
P aP P

R (sinax
: y=_

—lcosax+l—x) 4
P

a

Also, the end A of the strut is supported, so at x = I, y = 0, so that (4) becomes

O=-IS (sm al -lcosal+1—l)
P a
or sin al = [ cos al
a
or al = tan al

Hence the required equation of deplection curve is given by (4) where al = tan al.

EXERCISE
Solve the following differential equations

2
1.31) x* j—%+x%}i+y=sin(logx2)
X X

Ans. y = Cj cos (log x) + Cz sin (log x) -% sin (log x?)
. d’y dy . _ .
(i@ @+x2—5+(1+x)—=+y=sin2{log(1+x)} (L.A.S. 2003)
dx dx
Ans. y =C; cos {log (1 + x) + Czsin {log (1 + x)} -%—sin 2 {log (1 + x)}

3 2
2. de_}i+3x§_)i+§_y_=leogx
dx? dx*  dx

3
Ans., y=C1 + C2log x + C; (log x)? + %—(logx-l)

4 3 2
3. x‘ld—X+6x3d—%’—+4x2£i—)21-2xd—y

dx* dx dx dx 4y =2 cos (log x)

Ans. y=C;x2+ Cax2+ C3 cos log x + Cysinlog x - %logxsinlogx
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Ans.

Ans.

10.

Ans,

11.

Ans.

12.
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2
x? % - x j—y -3y =x2 log x (LA.S. 2001)
X X

y=Cix3+Cyx1 -%x3 (logx+ %)

d2
—}2’ +y = cosec x by the method of variation of Parameters
X

d
y = Ci cos x + C2 sin x - x cos x + sin x. log sin x
d

2
d—}; + (1 - cot x) %X -y cot x = sin’x by variation of parameters.
X X

(U.P.T.U. Special Exam 2001)

y =Ci(sinx - cos x) + Cze - llosinZX + —;—cos2x

d’y dy

x2 —2 —(x? +2x) =L + (x + 2) y = x°e* of which y = x is a solution.
dx? dx y y

y=x(Ci1+ Crex+ xeX)

. d2y dy . . .
(x sin x + cos x) 5z ~ X COS X i +y cos x = 0 of which y = x is a solution.
X X

y =-Cicos x + C2x
2

3—}2’ -2tanx %X + 5y = e*.sec x by reducing normal form.
X X

y=secx(C1 cosv6 x + C, sin 6x+;e")

2

(1 +x2)2 g—% +2x (1 +x%) g—x + 4y = 0 by changing independent variable.
X X

y = C1 cos (2 tan'! x) + Czsin (2 tan-! x)

d’y _dy

X 7 dx + 4 x%y = 8x® sin x* by changing independent variable.
X X
y = C1 cos x2 + Cz sin x2 - x2 cos x2
2
-(1—)2'- + (3 sin x - cot x) &, 2y sin®x = e *. sin’x by changing
dx dx
independent variable.
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13.

Ans.

14.

Ans.

15.

. Ans.

16.
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1
y=C1 ecosx + Cy @2cosx + g e oS X

(U.P.T.U. 2007)

x=——c—1 sin 3t + Elcos?;br Eisint—c—“cost+ le't+ —1—sin2t+ AwhereA=--g
2 2 2 2 5 5 4

y=C cos3t+Czsin3t+C3cost+C4$int+% (-e't + % sin2t)

%+ ﬂ -2y = 2 cost - 7 sint
dt dt
%_EX +2x=4cost-3sint
dt dt

(U.P.T.U. 2001)

X =~ (1—\/5) C, et -(1+42)C, et +3cost+ C,
y=C, et +C, eVt + 2sint
d’x d
-d—t?-sx-4y=o,ag—'+x+y=o
(U.P.T.U. 2005)
= [2C+2C+2Cat)et+2Cs-2Cs +2Cy t) e]
y=(Ci+Ct)et+ (Co+ Cyt) et

Solve dx +5x-2y=t
dt

dy
D rox+y=0
at Y

Also show that x =y = 0 when t = 0 for some definite values of constants

(U.P.T.U. 2008)

1 1 t 1
Ans. x=Cledt + Cted -—Cred ——Ciedt +—-+—,y=(C + C f) eP
ns. x 1€ 2 te 5Cae 5 G 927y(1 2 1)
2t 4
—_—
9 27
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A particle moving in a straight line with SH.M. has velocities vi and v2
when its distances from the centre are x; and x. respectively. Show that the

2.2 _ 2.2
. o X2 -x3 . . . (lez ‘V2X1)
period of motion is 2 , | ———; and its amplitude is | [-~—————
Va = V; (Vl - Vz)

(Bihar P.C.S. 2005)

A particle is performing a simple harmonic motion of period T about a
centre O and its passes through a point P, where OP = b with velocity v in
the direction OP. Prove that the time which elapses before it return to P is

I tan™ (ﬂj
4 2nb
(L.A.S. 2007)

A particle of mass m is projected vertically under gravity, the resistance of

the air being mk times the velocity. Show that the greatest height attained
2

by the particle is A [A —log(1+ A)]where V is terminal velocity of the
&

particle and AV is the initial velocity.
(U.P.P.C.S. 2004)

If u and V are the velocity of projection and the terminal velocity
respectively of a particle rising vertically against a resistance varying as the
square of the velocity. Prove that the time taken by the particle to reach the

highest point is —:—;— tan™ (%)

(I.A.S. 2006)
In the LCR circuit, the charge q on a plate of a condenser is given by
2
L 49q +R dq +31 —Esin pt. The circuit is turned to resonance so that
dt? dt C

p* = % If initially the current i and the charge q be zero, show that for

small value of —IE, the current in the circuit at time t is given by (S_It) sin pt.

(U.P.T.U. 2004)
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Objective Type of Questions

Choose a correct answer from the four answers given in each of the
following questions.

1. The solution of the differential equation

2
x* 4y + X %X +y = sin (log x?)is
X

dx?
(@) C1cos (log x) + Czsin (log x) + % sin (log x2)
(b) Ci1 cos (log x) + Cz sin (log x) —7;— sin (log x?)
(c) Cicos (log x) + Cz sin (log x) -—;— sin (log x)

(d) Ci cos (log x2) + Cz sin (log x2) -—;— sin (log x)

Ans. (b)
2. A particular integral of the differential equation

3 2
Xzﬂ-{-SXg_y.+£i.X. =X210gx
dx® dx?  dx
X logx-1 o X 1
—_— - —_ +
@ T logx-1 () X (ogx+1)

x3 x>
(c) > (logx-1) (d) > (log x +1)

Ans. (c)

3. A particular integral of x* g% +4x % +2y=e"is
() ;15 e* ®) e

© Xlz 2 d) xl_z o3

Ans. (a)
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2
4. The C.F. of the differential equation x* 4y + xﬂ -y =x%"

dx? dx
(@) C, x* + C—22 (b) C, x* + S
X X
) C x+ S d Cyx+ S
! x? ! X
Ans. (d)
5. On putting x = ez the transformed differential equation of
' d’y . d
2 4y y =i
X @ + x& +y=XxIs
d? d? .
@ 3 =e )  Fry=e
&y 2
d
@ gx+y=e® @ —F+y=e
Ans. (b)

6. The equation of motion of a particle are given by simultaneous differential

equations 3—: +wy =0, % - wx = 0, Then the path of the particle is

(a) Straight line (b) Circle

(c) Ellipse (d) Parabola

Ans. (b)
2

7. A Particular integral of %_y +P ? +Qy =0is y = emx if
X X

(@ m2+Pm+Q=0 (b) m2-Pm+Q=0
() m+Pm2+Q=0 (d) m2+Pm-Q=0
Ans. (a)

2 dy

8. y=exisa partof CF. of differential equation j—y +P —= I +Qy =0if
X

(@ 1+P+Q=0 (b) 1-P+Q=0
(c) P+Qx=0 (d) P-Qx=0
Ans. (a)
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9. In adifferential equation

dzy 2 dy
¥ _d__z_ - (x* +2x) ™ +(x+2)y= x3e",y = x is a part of C.F. because
X X

(@ P-Qx=0 (b) P+Qx=0
() 1+P+Q=0 (d) 1-P-Q=0
Ans. (b)

2
10. The solution for %-)—I - 4x gy- + (4x? -2) y = 0, given that y = eis an integral
X X

included in the complementary function is
@ y=Cix+C) (b)) e (Cix+Cy)
(© e Cyx d e ([Cx+Cy)
Ans. (d)

11. A resistance of 100 ohms, an inductance of 0.5 henry are connected in series
with a battery of 20 volts. The current in the circuit is

@ i=;@-e®) ©)  i=g@-e®)

(1 _ e200t)

yil= Ul

© i=z@-e™y @ =
Ans. (c)

12. The solution of the differential equation L % +Ri=E; sinwtis

EoL sin (wt +tan™! %)

(a) {= —e—2
'RZ +L2 w2

(b) i= Bl sin (wt - tan! ﬁi)
R2 + w2L2 R
(¢ i= E L sin (wt + tan™ —B—)
R? + w’L? wiL
) i= Bl g (wt—tan'l —13—]
R? + w12 wL
Ans. (b)
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13. A particle executes S.H.M. Such that in two of its positions, the velocities are
u, v and the corresponding accelerations a, . The distance between the

position is
a+f a? +p?
b
(2) 2 -2 (b) 2 -2
. u? - v2 u? - v2
d
© S @ E5
Ans. (c)
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Chapter 5

Series Solutions and
Special Functions

INTRODUCTION

In this chapter, we shall describe methods of solving variable coefficient
differential equations.

Consider the second order homogeneous linear differential equation

d? d .
a, (X)a% +a, (x)—&¥ +a, (X)Y =0, a, (x) %0 (i)

where ap(x), ai(x) and az(x) are polynomials.

The equation (i) is called a variable coefficient second order homogeneous
equation. A number of problems of physics and engineering involve differential
equations of the form (i) in which ao(x), a1(x) and ax(x) are polynomials. Solution
. of such equations can be obtained in terms of infinite series. In this chapter, we
shall present methods for determining the solution of (i) in terms of infinite
series. The method can be classified into two categories, power series method and
generalized power series method (Frobenius method). In the following sections,
we shall discuss the applications of these methods in solving special functions.
The study of those solutions (and of other "higher" functions not discussed in
calculus) is called the theory of special functions. The series solution of certain
differential equations give rise to special functions such as Bessel's function,
Legendre's Polynomial, Lagurre's polynomial, Hermite’s polynomial, chebyshev
polynomial, strum - Lioville problem based on the orthogonality of function is
also included which shows that Bessel's Legendre's and other equations can be
considered from a common point of view. These special functions, have many
applications in mathematical physics and engineering.

_ ORDINARY AND SINGULAR POINTS

Consider the second order linear homogeneous equation

d? d .
a, (x)—d—x% +a, (x)-a)-;; +a, (x)y =0, a,(x)#0 (i)

where ao(x), a1(x) and ax(x) are polynomials. Dividing the equation by ao(x), we
get
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d’y 24 (X)EX+ a, (x)
dx*  ay(x)dx a,(x)

y=0 (ii)

Taking p() =203

, q(x)= %23 The equation (ii) Can be written as
2y (x)

Py d
P +aly)y =0

Equation is called the standard form or normal form of (i). It is also called the
canonical form of equation (i). Consider the interval L. let xo € I and ai(x), a2(x) be
analytic (differentiable) at the point xo. We define the following.

Ordinary Point
A point xo € I is said to be ordinary point (a regular point) of equation (i)
if ao(xo) # 0.
Example x = 0 is an ordinary point of the equation
dy . by
1+x%)—%+x=-2-y=0
(1+x )dx2 *ax

Singular point A point xo €l is said to be a singular point of the equation (i) if
ao(xo) =0

Example x = 0 is a singular point of the equation
dy | 4, 9Y
P +3x—>+6y=0
CaE T N ax Y
REGULAR AND IRREGULAR SINGULAR POINTS

Consider the normal form of equation (i) i.e.
d? d
P +alx)y=0
a, (x) 3, (x)
r qQX)=
W@ 7w
Let xo €I be a singular point of (i) and ai(x), ax(x) be analytic (differentiable)
at x = Xop.

where p(x)=

write above equation as

d? p.(x) d q, ()
dx¥+(x-xo)f£+(x_xo)

7y =0 (i)
where pi(x) = (x - x0) p(x) and q1(x) = (x - x0)? q(x) we define the following.

154



Series Solutions and Special Functions

Regular singular point
A singular point xo € I of (i) is said to be a regular singular point if the function

() = (- 9 pl) = X200 “a’:"():)’ 0 and q, ()= (xx, ) =220 22 a)(§ %) bave

removable discontinuities at xo and become analytic when these discontinuities
are removed.
Irregular singular point
A singular point of the equation (i) is said to be an irregular singular point of the
equation (i) if and only if x¢ is not a regular singular point of (i).
EXAMPLES
Example 1. Find the regular and singular points of
dly 5 9y

i P— 2 +3x—L+6y=0

(1) X dx2 X dx y
dy _,, 9y

ii 1-x*)—=%-2x=2>+2y=0

@ (1-x )dxz oY
2

(iii) x? —3—)-(}2—’ + axg% +by=0 (a, b are contants)

Solution

(i) wehave ag(x) =x3
ax) =0 = x3=0
or x =0

xo is the singular point of the given equation i.e.,

2
x3(—j—)—(}2’-+3x—3§+6y=0

All other points are regular (ordinary) points.
(ii) Here we have ao(x) = 1 - x2
ap=0=1-x2=0
orx=t1
Hence, x = - 1 and x =1 are singular points of the equation
) .
(1—x2)%%-2xg—z—+2y=0
while all other points are regular (ordinary) points.
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(iii) Here we have ao(x) = x2

setting ao(x) = x2 =0, we get x =0

- x = 0 is the singular point of the equation while all other point are ordinary
points

SERIES SOLUTION OF THE DIFFERENTIAL EQUATION WHEN X =0 IS AN
ORDINARY POINT

There are following steps for solution of equation

Step I: Assume that y=Ya, x" ory=as+aix+azx2+........... ()
n=0
2

d%y

dy and el obtained by equation (i) in equation
X

Step II: Substitute y,a—
X

2

d’y

dx?
Step III. Equate to zero the coefficients of various powers of x and find a,
A3eininnn in terms of ap and a.

d
+p(x)d—Z+q(X)y=0

Step IV. Substitute the value of az, as............ in relation (i) which will be the
required ceries solution.
EXAMPLE 2
Solve the following differential equation in series
dy _ dy
1-x%)—2 - x—=+4y=0 U.P.T.U. 2006
(1-) aE ax Y ( )
Solution The given equation can be written as
d’y x dy 4y
-7 _ — 4+ =0 i
d (1-x)dx  (1-x*) ®
X 4
H ==, =
ere p(x) " q(x) T

p(x) and q(x) both exist at x =0, so x = 0 is an ordinary point of the equation
Lety=)a, x" (ii)
n=0

2

Y S and T =Va - n(n-1)x"?
"dx_‘g‘oa" nx"" and dxz—éan n{n-1)x

putting these values in given equation, we get
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(1-x*)Ya, - n(n-1)x"2-x ian - nx"! +4ia“ x"=0
n=0 n=0 n=0

= ian n(n-1)x"2-Ya, (n*-4)x" =0
n=0 n=0
- Equating to zero the coefficients of various powers of x.
.. Coefficient of x°
a2 21+ 4a9=0=> ar=-2ag
Now equating the coefficient of x», we get
an+2 (N+2) (n + 1) - (n-2) (n +2) an =0

= an+2 = n—2an
n+1
puttingn=1,2,3,................ etc we get
a, ='la1
2
a, = -—gaza2 =0,a, =—1-a3 =-1—(—1a1)=:—a—1
2 4 4\ 2 8
a, __25a4 =§.0=0 .......... and so on.

Substituting these values in equation (ii) we get

y=a, +a,x—2a,x> +(—%—a1)x3 +0x* +(:§l)x5 F e

=a0+a1x—2aox2—%x3—%x5+ ...........
2 4

cy=a,(1-2x)+ax|1-2 -2 4

y=a1-2¢)a(1-5-2

EXAMPLE 3. Find the power series solution of the following differential equation
aboutx =0

d’y , dy
1-x*)—% -2x—ZL 42y =0 U.P.T.U. 2004
( X ) dx2 X dX y ( )
Solution We have
d’y dy .
1-x*)—% -2x—2L+2y=0
( X )dx2 X dX y (l)
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This can be written as

dzy_ 2x N 2
dx? 1-x? (1—x2)

y=0

Here x =0 is an ordinary point because p(x) and q(x) both exist at x =0

Assume the power series solution as

y= ian x" (ii)
n=0

d a4y 3 n-
,-_a%zngoan- nx""}, a-;);-zzzan- n(n-1)x"?

n=0

substituting these values in equation (i) we get

(1—x2)%an ‘n(n-1)x"? - 2x nz;oan - nx™! +22an X" =0

n=0
= ian -n(n-1)x"2%- Ean.(n-1)(n+ 2)x" =0
n=0 n=0
.~.Coefficient of x0
a2.2-a0(0-1)(0+2)=0 = 2a+2ap=0
= a=-ag
Coefficient of x»
an+2 (N +2) (n+1) - an (n -1)(n +2) =0
a = (n—l)(n+2)a
" (n+2)(n+1) "
n-1
n+2 = n—:i' n

puttingn=1,2,3,........ etc. we get
0
a, = —z-a1 =>a,=0

1

a,=-a,=a, =—-a

4 4 0
372 3
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3 3( 1 a,
a6=_5_a4=g ‘gao =>a6=-—5— and so on

substituting these values in (ii), we get the required series solution

1 a
y=a,+a,x—a,x’ —E)’-aox4 ——Six(’ = et
4 6
Therefore y =a,x+a, (1 -x* —-—’-(3— -—3(-5— ............. )

FROBENIUS METHOD (SERIES SOLTUTION WHEN x =0 IS NOT AN
ORDIANRY POINT)

If x =0 is not an ordinary point (is regular singular point) then we use the
following steps for solution.

Step I. Assume a solution of the form

y - iarxm‘ﬂ‘

r=0
2

Step II. Find %Z ,g—-}; and substitute these values in the given equation.
x dx

Step Il Equate to zero the coefficients of lowest power of x in m gives a quadratic
equation in m known as the identical equation of given differential equation.

" Thus we get two values of m. The series solution of given equation depends on
nature of the roots of the identical equation. Let y1(x) and y2(x) be two nontrivial
linearly independent solution of given differential equation.

Then the general solution is
y(x) = Ayi(x) + Byz(x), where A and B are arbitrary constants
There are following cases to solve the equation

Case I: The roots i.e. mi, and mz are distinct (m; # m2) and not differing by an
integer 1,2, 3,..........

The complete solution is y = A (y)m, + B(Y)m,

Case II: (m1 # my) and differ by an integer.

There are two cases for solving the equation when m; # mz and differ by an
integer.

(@) If m; < m; and making some coefficients indeterminate at m = m;, then
solution is y = (Y)m,-
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Similarly if m1 > my then the solution is y =(y)m,.
Remark : The solution at m; or m; has already contain all those terms which
present in the solution at other root, so we obtained solution only m; or m;

(b) Let m; >m; if some of the coefficients of y become infinite when m = m; then
we substitute ap= b (m - m2) where by # 0 in the summation complete solution.

y=A(y),, + B(EY-)M

1 Jm

Remark: The value of y at m = m after replacing ao by bo(m - my) gives only the
. multiple of (y)m, and it not be an independent solution.

Case III. When the roots are equal i.e.

(rm =ma= k)

Then the complete solution is

y=A(y), +B(ﬂl

om
Asm =mz
=k
Casel.
EXAMPLE 4: Solve the following equation in power series about x =0.
2x? % + x% -(x+1)y=0 (U.P.T.U. 2005)

Solution The given equation can be written as

d’y 1 dy (x+1)
—_— =0
dx? * 2x dx  \ 2x? y

e i3]

Hence x P(x) and x2Q(x) both exist at the point x =0. So x =0 is a regular point, we
assume the solution in the form

y=Faxm Q

r=0

% = ;a' (m+1)x™1
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dzy N m+r~2
and —% =Y a (m+r)(m+r-1)x

dX r=0
2

dy

anda——2 in given equation we get
X

substituting the values of y,g—z
X

oo oo

2x* Y a, (m+1)(m+r-1)x™"2 + xiar (m+r)x™ " = (x+1) Y a,x™" =0

r=0 r=0 r=0
or Ya[2(m+r)(m+r-1)+(m+r)-1]x™" =Y ax™"' =0
r=0 » r=0

Equating to zero the coefficients of lowest power of x, we get
=  ao[2Zm (m-1) + m-1] =0
= 2m(m-1)+(m-1)=0
= (m-1)(2m+1)=0
= m =1, —l

2
. Coefficient of next lowest power of x i.e. xm*1
a12 (m+1)ym + (m+1) -1] —ao=0
) 3,

=a, = =
2m’+2m+m m(2m+3)

1

Now equating to zero the coefficient of xm*r by putting r = r-1 in second
summation, we get

a2m+r)(m+r-1)+ (m+r-1)} - ar1 =0

ar-l
(m+r-1)(2m+2r+1)

=a, =

Now puttingr=1,2,3,4,................ , we get

i mes) > mr2)eme7) ™ " me3)@m+9)

a,

For m=1

B 4=t P,
57 14 707° 27 1890

a, =
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Hereyi =aox0aix 1+ a;x1*2+azx1*3+............ (from (i)

a a a
=y, =ax+—2x> +=2x% +—2_x*
5

° _x
70 1890

= =a,X 1+§+X_2_+ x° + (ﬁ)
Yi=a R T T I

22 20 (from (i))

1 1 1

- -=+1 a ——+2 a ——+3
= 2 4 ({ 27 0,27 0402

or y, =a X +( ao)x X X £ i,

1 2 3
- x* X
or y2=a0x2l:1—x———— ................ ]
Hence the required solution is

2 3 1 2 3
y1=Aaox(1+5+x—+ X e )+Baox2(1—x—%—-x— ............ )

5 70 1890

x x* X - X2 x°
ory,=c¢x{l+=+—+ S SRR, tox 2| l-x—————.....
5 70 1890 2 18
Case II (a) Non logarithm case
EXAMPLE 5 Solve in series the differential equation

2

dy ,dy
x5t 25; +xy =0 (U.P.T.U. 2003)

Solution: Here p(x)= 2 ,Q(x) =1
X

" Atx =0, x P(x) and x2 Q(x) both exist .. x =0 is a regular singular point
Let us suppose

y= Zoarr"‘" (i)
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% = ;ar (m +1)x™!

dzy . m+r-2
—Z=Ya (m+r)(m+r-1)x
dX r=0

substituting these values in the given equation we get

oo o

xZar (m+r)(m+r-1)x""+ 22 a, (m+1)x™"" + xZa X™ =

r
r=0 r=0 r=0

= iar (m+r)(m+r+1)x™"" + iarx"‘”” =0
r=0 r=0

Now, equate to zero the lowest power of x i.e. x™1, we get
am+0)(m+1)=0 = m=0,-1

Herem;-m;=0-(-1) =1

" and m; >m2

So, obtained the solution for m = mai.e. my = -1.

next equate to zero the coefficient of xm, then we get
0. .
am+l)(m+2)=0 =>a, = 0 indeterminate form

and coefficient of xm+1

az(m + 2) (m + 3) + ap =0

. RO BN
2 (m+2)(m+3) 7 (-1+2)(-1+3)
=~—%(putm=—1)
a()

Now equating to zero the coefficient of x™*r, we get
are1 (M +r+1) (M +r+2)+ar =0

ar—1
(m+r+1)(m+r+2)

. =a,, =-

Putting m1 = m2 = -1, we get

—— ar+1
Bret = r(r+1)
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L&
* 23 3

a, 1 a, 1 a,
4 _—ﬂ?ﬁ('ﬁ} 4321074 ]

a, 1 ( a1) 1 1
ag == - = a, =774
23) 543217 |5

. __a_u__l_( a, )_ S
® 56 56\4321) 654321 ° ° |6
and so on.

Hence the required solution is

y= (y Ea x M =axT +a,x™ +a,x”

r=0

y=a0x“+al+( % Jx+( )x2+(?i)x3+(i1—]x‘+ .............
2 13 4 5

y=x‘1[ao(1—£+£- ............ )+a1(x—ﬁ+—)-(—5—- ............. ):I
2 14 B 15

y = x1 [ap cos x + aj sin X]

Case II (b) Logarithmic case

EXAMPLE 6
Obtain the general solution of the equation
dy e dy
2L +5x—=+xy=0 U.P.T.U 2002
o T Y ( )
Solution Let us assume the series solution of the given equation as
y=Xax™ @)

r=0
Substituting this in the given equation we get

Y (m+r)(m+r-1)ax™ + 52 (m+r)a,x™" + iarx“‘+r+2 =0

" or=0 r=0 r=0

or i (m+1)(m+r+4)ax™" +i ax™"? =0 (ii)

r=0 r=0

164



Series Solutions and Special Functions

Equating to zero the coefficient of the lowest degree term x™, we get the identical
equation as m(m+4) ap =0, which gives m =0, -4 as ap # 0

Equating to zero the coefficient of x™*1, we get (m +1) (m + 5) a1 =0, = a, =0 as
m # - 1 and m # - 5. Equating to zero the coefficient of x™*r, we get the recurrence
relation as

(m+r)(m+r+4)ar+a2=0

ar-Z

- =_(m+r)(m+r+4t)

r

puttingr=2,3,4,...........

) —a, (—1)2 2y

2T T+ 2)m+6)" (m+4)(m+8) (m+2)(m+4)(m+6)(m+8)

and so on

Therefore (i) becomes

2 4 6

yzaoxm[l—(m+2)(m+6)+(m+2)(m+4)(m+6)(m+8)_(m+2)(m+6)(m+6)(m+8)(m+10)+ """"" } (i)

putting m =0, we get one independent solution as

1 x2 x} x° i
= — e 4 — F o
V1= T 6T 2468 246810 @)

Next putting m=-4 in (iii) the denominator of each term from third onwards
vanishes, To overcome this problem we take

a0 = bo (m + 4) in (iii) and taking limitas m — —4, we get

y=r£i—{21b°(m+4)xm{1—(m+2)(m+6)+(m+2)(m+4)(m+6)(m+8)— ................ }

=ﬁ—)[1——§6—+ ............ J

which is nothing but a multiple of y1 hence not an independent solution.

Here the second independent solution of the given differential equation is taken
as
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NN

Now
by(m+d) ., by (m +4)
(m+2)(m+6) (m+2)(m+4)(m +6)(m +8)

(m+4) 1 ) }

y=box"‘|:(m+4)—(m+2)(m+6)x +(m+2)(m+6)(m+8)x ......................

y=b,(m+4)x™ -

Differentiating partially the above equation w.r.t. m, we get

2 3m? +32m +76
a—y=ylogx+b0x'“ 1+-2 +8m+202 - ( ) =X s
Jm (m?+8m+12) (m®+16m? +75m +96)
dy ] NN
A =(é~n:)m=4 =(y),,__, logx +byx 4(1+—I—Z+ ............
4 6 2 4
=byx*log x| =2 =4 b1+ -2
16 16 4 4

Hence the complete solution is given by

y = A(y1) + B(y2)

2 4 4 6 2 4
_Aao[l_z-_x_ ............. ]wbomogx(m_x_ ........... J+Bb(,xu(1_x__x_+ .......... )
12 384 16 16 4
2 x4 » 2 x4 2
= 1 = e + I+———+.e. -c,lo ——t e
Y C‘( 12 384 ) X ©2%6% 16716
wherec; = A agand c2 =B by
Case III
EXAMPLE 7 Find the series solution of the equation
dzy dy .,
— 4L 4 =0 U.P.T.U. 2007
X dx2 dX X y ) ( )
Solution we have
d’y dy  , :
—_— + —_— + = O 1
2 dx2 dX X y ( )

. Here x P(x) and x2 Q(x) exist at the point x = 0. So x =0 is a regular singular point.

166



Series Solutions and Special Functions

dx r=0
2 o
%x—}z’— =2, a, (m+r)(m+r-1)x""?

- Substituting these values in equation (i) we get

oo oo

xiar (m+r)(m+r-1)x™"?+ Y a, (m+1)x™ " +x* Y ax™ =0
r=0 =0 pour

= iar (m+r) x™ " 4 ia,x"‘”'2 =0
r=0 r=0

Equating to zero the coefficient of lowest power of x i.e. xm-1, we get the identical
equation as

aom2 =0 = m=0,0asap#0
Equating the coefficient of x™, we get
a; (m+12=0 = a1=0, asm#-1
equating the coefficient of xm*1, we get
az (m+2)2=0 = a2=0, asm=#-2

Equating the coefficient of xm+*2

-a
a3 (m+3)2+ag=0 = a,= 2
3 (m+ 3)2 +ag * " lm+3)
Next equating the coefficient of xm*r*2, we get ar+3 (m + r + 3)2 + ar =0
a,,=— &
" (m+r+3)
putting r=1,23..................... , we get
3, 2
a,=-— =a,=0,a;=~ =a; =0
fom+a) T (mes)
a =3 __ 3
* (m+6) (m+3)(m+6)
-a a
a,=0,a,=0, a,=—-2—=a,=— 0
T T m+9 7 (m+3) (m+6) (m+9)
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and so on.
From equation (ii), we have
Y1=(Y)m=0 =actaix+ax?+azxd+tagxt+ ...
=9, =(y), . =g~ x® 0404 —L x40+ 0ol 4

() (3) (6 (3)*(6)*(9)°

3 6 9
=y, =a, [1—"— x e } (i)

3 3l sigigl
Again

ao m+3 0 m+b .
x™ 4 X™2 e e From (ii
(m +3)° (m +3)* (m +6)° ( (1)

o x* x®
or  y=ayX 1—( + e

- m __
y=2a,X

a—y—ax"‘loxl— x° + xf -
am 0 g (m + 3)2 (m + 3)2 (m N 6)2 .................

m[ 2 4m’®+54m’>+234m +324 }
+a,x" |0+ - X"+

(m + 3)3 (m + 3)4 (m+ 6)4 .................

2 324
A _—.[%) =]og X(Y)m=0 +a, I:—BTS—X3 ——3—4—‘-54—X6 S i|

m=0

x> x° x° 2 ., 324
Y, =a010gx 1-5—2'4'%'—@.9—24' ................ +A5| X =Xt

Hence the complete solution is
dy
=Ay, +B| —
y YI ( am )m=0

3 6 3
or y=(Aa0+Baologx)(1—%+%— ............ )+§23-Ba0x3(1——>-<——+ .......... )

x> x° 2c x>
= 1 + =253 T e
ory (c1+czlogx)( 5 108 J 5> ( o1

where ¢ = Aag, ;=B ap
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BESSEL'S FUNCTIONS
INTRODUCTION

In many problems of mathematical physics and engineering we come across
. differential equation of order two, whose solution give rise to special functions.
Bessel's equation has a number of applications in engineering are involve in (i)
the oscillatory motion of a hanging chain (ii) Euler's theory of a circular
membrane (iii) the studies of planetary motion (iv) The propagation of waves (v)
The Elasticity (vi) The fluid motion (vii) The potential theory (viii) cylindrical and
spherical waves (ix) Theory of plane waves. Bessel's function are also known as
cylindrical and spherical function.

BESSEL'S EQUATION
The differential equation of the form

x2y" +xy'+ (x2-n?)y =0

1 n?
ol vy 1-— =0
ory (X)y+[ xz)y

is called Bessel's equation of order n, n being a non-negative constant. The point
x =0 is a regular singular point of the equation and Frobenius series solution
exists. Solution of equation (i) are called Bessel's function of order n, one of the
solutions is denoted by Jn(x) and is called Bessel's function of the first kind. The
another solution denoted by J.x(x) and is called Bessel's function of the second
kind. We now solve (i) in series by using the method of Frobenius.

SOLUTION OF BESSEL'S EQUATION

x2y"+xy'+ (x2-n?)y =0 ()
Let the series solution of (i) be

r=0

so that y'= iar (m+r)x™!
r=0

and y"= iar (m+r)(m+r-1)x™"2
r=0
substituting for y, y', y" in (i) we have

x* Y a, (m+r)(m+r-1)x™"* + xi a, (m+1)x™"" +(x* - n? )i ax™" =0
r=0 ot &
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= iar (m+1)(m+r-1x"" + ia, (m+1)x™" + ia,x"‘+r+2 -n?Y ax™ =0

=0 r=0 =0 o
:Ea [:m+r)(m+r 1)(m+r - ]Xm+r+2a xm+r+2 0
r=0
= Za [ m + r — nz]xm+r + iarxm+r+2 =0 (lii)
r=0

Equating the coefficient of lowest degree term of x™ in the identity (iii) to zero, by
putting r =0 in the first summation we get the indicial equation

ao[(m+0)2 -n?] =0 (r=0)
= m2=n?2ie.m=n,-n;a, =0

Equating the coefficient of the next lowest degree term x™-! in the identity (iii),
we put r =1 in the first summation

aif(m+1)2 -n?] =0 i.e. a; =0, since (m+1)2-n2=0

Equating the coefficient of x™*r+2 in (iii) to zero, to find relation in successive
coefficients we get

arv2[(m+r+2)2 -n?] + a, =0

=a,,=- ! 2 A,
(m+r+2) -n?
Therefore, az=as=ay=.............. =(), since a; =0
Ifr=0a =~ L a
: m +2)* —n? °
Ifr=2,a,=- 12 S, = 5 1 5 a, and so on.
(m+4f-n* * [(m+2) -n?][(m+4) -n’]
on substituting the values of the coefficients aj, a2, as, ag,................ in (ii) we get
m a0 m+2 ao m+4
=ax" - X"+ X 4 e
Y= (m+2)* —n? [m+2 2:”:m+4 ]
1 2 1 s
=a,x"|1- X"+ X = e
y=2% (m+2)2——r12 [m+2 -n? I:m+4 :|
Form=n
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cax 1o+ 1 xt - (iv)
Y=% in+1) £+ (n+2) T
where a is an arbitrary constant.
Form = -n

1 1

=ax"[1- e s

Y= a0 [ 4(-n+1)  £2(n+1)(-n+2)" ]
1 1
—ax"|1- e
A [ i(1-n) £2(1-n)2-n)" ] @
The particular solution of (i), obtained from (iv) above by taking the arbitrary
constant a, = S is called the Bessel function of the first kind of order n.
{2"[m+ 1)}
It will be denoted by Jn(x).
Thus we have
x" x2 1 x*

J.(x)= 1- +— — s vi

) 2n|(n+1)[ i(n+1) 28I (D) J (v

o1, (9= 5 (3] (vl

r=0 k(n+r+1)

i£n=0, J,(x)= 3 2 (32‘-)2

)
x> x* x®
:]O(X)"l ?+ﬁ‘m+ ................

, x x x’
1fn=1, II(X)=-2-——2-2-Z m .................

Draw the graph of these two functions. Both the functions are oscillatory with a
varying period and a decreasing amplitude
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Y

i
3 @ Graph of J,(x) and J,(x)

(6] 4 &

o] T AN SZ BT N

Replacing n by -n in (vii), we get

o0 (_1)” (X)—n+2r
oo (X) = Y e >
*) gul(—-n+r+l) 2
Case L. If n is not integer or zero, then the complete solution of (i) is
y = AJn(x) + BJa(x)

Case IL if n =0, then y1 = y2 and the complete solution of (i) is the Bessels function
. of order zero.

Case IIL. If n is positive integer, then y; is not the solution of (i). And y, fails to_
give a solution for negative value of n. Let us find out the general solution when
n is an integer.
Recurrence formulae for Jn(x)
(1) xJ'n = 0Jn = XJne1

- (_1)r O\ . o
Proof. We have J, (x)= Y ——ou > where n is a positive integer.

r=0 +

[fl(n+r+1)

Differentiating w.r.t. x, we get

J (x)= 2%{%—%)( §)n+2,_1 1

2
- xJ x___u_(_-_—_l_)r_(r_LZr)im-zr
(%) ;um(z)
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=nJ, (x)+ xi (-1) 1 ( _;_ )mzm

P= (r=1)|(n+r+1)

PR C)

o 1) X (n+1)+2s
= (9~ -ol_ (n+1+s+1) ( )

or XJ'n(x) = nJn(x) - X Ja+1(x)
=  Xa=nJa-X]nu
(i) XJn=-n]Jo+xJn1

Proof. we have

- Siela)
t. I = g _(Lzl(_zl(___l__:\rifli)) % (E)mz,_
Therefore,

=§"’: "(2n+2r-n) (5)'"2'

=0 [_In+r+1) \2

(1) 2(n+r1) x . (;)"*2”1 K

=0 [rl(n+r+1)
_ . (_1) (n+r) Z(_ n+2r-1 _
=X ) (2) n]n

toir(n+r)(n+r
oo _1Y (n-1)+2r
—x (-1) ( ) ],

Sl{n-1)+r+1}

N | %

= XJn-1 -NJn
or  xJa=-nJa+xJn1
" (iii) 2J'n = Jo-1 - Jon1
Proof. By Recurrence formula (i), we have
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XJ'n= nJn-xJan (1)
and by Recurrence formula (ii), we have

XJ'n=-nJn+XJn1 V)]
Adding (1) and (2), we get

2% T = x(Jn1 = Jne1)

or 2] =Jn1 - Jan

(iv) 200n = X (Jat + Jas1) (LA.S. 1980, 82, U.P.T.U. 2007)
Proof By formula (i) we have xJ! = nJn - xJas1 1)
and by formula (ii) we have xJ} = - nJa + xJa1 )]

subtracting (2) from (1), we get
0 =2nJn =X (Ja-1 + Jn+1)
or 2nJ, = x (Jno-1 + Jas1)

) de-(x"‘]n )= xTous ' (LA.S. 1980, U.P.T.U. (CO) 2003)
Proof. By formula (i) we have

xJ =nJn =X Jan

Multiplying both sides of above by x-"-1, we get
x1J = nx1n =x 1 Jos

or xnJ, - nx ™o = -x® Jauy
d/ . -n
or —&(x ]n)=—x el
(vi) Ed;(x“l a)=x"Tos (LAS.1970, U.P.T.U. 2004, 05)

Proof. By formula (ii) we have

xJ, = ~nJn + X Jaa

Multiplying both sides by x*-1, we get
xnJ, = oo + X0 g '

or x0 ]+ nxn1Jn = x0 Joq
d n n
o )=,
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EXAMPLE 1 Prove that
O L= 2 )eosn
() Jy.(x)= (%) sin x

2 2
(iii) [J 172 (X)T + [1-1/2 (X)J =
Solution (i) By definition of Jx(x), we have

n 2 4
Joa(x)=——= [1 X X

“Plas1)|  20@n+2) 24(2n+2)(2n+4)

x" x2 x2

“or ], (x)= 2"|(n+1)|:1_ 2.2(n+1)+ 2422 (n+1)(n+2)_

putting n = ——;— , we get

-1/2 2 4
Vap (x)= [1 SO S ]
o2 (1) 12 1234

or J i, (x)= (%)[l—xt;+§—— ................... ]
Jap(x)= (—)cosx '

(ii) putting n= %, we have

2

21/2

x'/? X x*
Jl/z()()——(:i—j[l-ﬁ‘i'm-‘—s‘- ................... ]

X7 l[x_£+§i_ ]
21/21(1)')( L& E) ....................

22
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2.
or J;,(x)= (E) sinx
(iii) squaring and adding the results (A) and (B), we have

{]-1 1 (x)}2 + {L 12 (x)}2 =2 (sin2 X + cos? x)

X

2 2 2
or []_1/2 (X)] + []1/2 (x)] = ™
EXAMPLE 2. Prove that

M) Jan()= [%).(-m:"_smx)

(i) Ty (x)= (%)(312—)5 - cos x)

Solution (i) we know that

Jap(x)= (%).cosx

and J,, (x)= (%).sinx

" By recurrence formula
2n Ja(x) = X(Jn-1 + Jne1)

or ]n—-1+]nﬂ=£xrl]'n (X) (3)

putting n= ——;— in (3), we get

T (4112 09 = {2 1 )

or J s (x)= —J@sinx—%@cosx by (1) and (2)

or J 5, (x)=- (}_) (— COSX _sin x)

X X

(ii) putting n= —12— in (3), we have
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2
X

T 0+ =2 J1a ()

1
or Jy,, (x) ==, (x)+ ;]1/2 (x)

= —\/@cosx+%\[@ sin x by (1) and (2)
or J,,(x)= (%)(si:x -cosx),

. EXAMPLE 3. Prove that

(1) ]n+3+]n+5 =%(n+4)ln+4

() 4J,=Jn2-2Jn+Jne2

Solution (i) By recurrence formula (iv), we have

20 Jn = X (Ja-1 * Jns1)

Now putting (n+4) for n in the above formula, we get
2(n+4) Jnea = X (Jnea + Jnses)

2
or ;(n+4)]n+4 = ]n+3 +]n+5

2
or In+3 +]n+5 2;(n+4)]n+4

(if) By recurrence formula (iii), we have
2y =Joa = S (1)
Differentiating it, we get

25, =J, -7,
“or4),=2] -2

Applying (1) for 2], , and 2] ,,, we have
4]:\ = (]n—z - ]n)_(]n _In+2)

= 4J;=In—2_2]n+]n+2

EXAMPLE 4 Prove that

,
n+l17/
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(i) (I2 +12,)=2 (:Iﬁ —-n—fllm) (U.P.T.U. 2005)
@) 24D+ e )=1 (U.P.T.U. 2003, 2008)
Solution (i) By recurrence formula (i), we have

xJo =0], = ¥Jany )

and by recurrence formula (ii) we have

X, =-n], +x], )

Replacing n by (n +1) in (2) we get
XJln+1 = _(n + 1)]n+1 * X]n

P CL 3)
X

or]
w (2 1,) =200, + 20,
dX n n+l n/n n+1/n+l1
+1 )
=2], (%I - Lm)+ 2], (-HTIM + Jn) using (1) and (3)
= 2(2 ) - n_+1]2 ), on simplification
X n X n+l
(ii) since we have

d P +1
a;z(]n+]n+1) ( ]’2 - ]n#‘l) (1)

Replacing nby 0,1,23,............ successively in (1) we get
d 1
T 0a+7)=2 0—;1%)

d 1, 2
Sirem)-2(2r-2x)
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Adding these column wise and noting that Jn — 0 as n —  we get

d
L2+ R )]=0
Integrating, above we have

To (<) +2[ T3 (%) + T3 (%) + oo ]=c
Replacing x by 0 in (2) and noting that
Jo(x) =1 & Ja(0) =0 forn > 1, we get

"1+20+0+0+........... y=c
soe=1
Hence (2) becomes
Jo+2(J3 473 + e )=1

EXAMPLE 5 : Prove that following relations
x2T, ()= (02 = n = X3Ja(x) + XJn1(x)

2
Solution The solution of x :xy + x% +(x*=n?)y=0

is Jn(x)

=X’ +x], +(x2 - nz)]n =0

By recurrence relation (i) we have

o =0, = %]

putting the value of xJ, from (3) in (2), we have
X7, () ==, +x],.; +(n® =x)],

or x2J (x)=(n2-n - x?)Jn + xJn+1

EXAMPLE 6 Prove that
J.x](fdx = —x[]o )+J3 (x)]+c
Solution

LHS= J.xlg (x)dx
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j 21.J,. 2 dx +c

Integratmg by parts, taking x as IInd functions
x> 2 1
=T ~ [¥To (-], )dx+c As Ty =-],
2 .
= %—]5 + _[x], XJ,dx+c  from (vi) th recurrence formula
i(x"]n) =x"J,., forn=1

_-_-]0+J.x]1 x]l)dx+c

(XL) d —
e dx(le)—x](,

2
X
X

J.x](,dx = []ﬁ +]f:|+c
EXAMPLE 7 prove that

i = (1 - %) J,+ % J, (U.P.T.U. 2001, 2008)

Solution From recurrence formula (ii), we have

X =-1J, +xJ,, (B
putting n =2 in (i) we get

xJ, ==2], +x]J,

=T,=-2J,+], (i)
From recurrence formula (i), we have

xJo =1, =, (iii)
From (i) and (iii), we have

-], +x],_; =0f; = X] g

putting n =1, we have

_]1 +XJo =I1 "Xlz
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or "111 +]o =l]1 —]z
X X

2 .
=>]2=;]1"]o (IV)
Putting ]> from (iv) in (ii), we get

7 =—3(3L —Jo)+L T S S
X\ X X X

or Il =(1——42—j11 +2,
X X

EXAMPLE 8 Prove that
J (%) +3]5 (x) + 415 (x) =0 (U.P.T.U. 2001)

Solution we know that J; = -J, by 15t recurrence formula x J, = nJx - xJn+1 putting

n =0 we have J, =-1
=T, =7, @)
By (iii) rd recurrence relation

2]'11 = ]n-l - Jn+1

Putting n =1, we have
2Ji=J, -1, @
Using (2) in (1), we get

R 1
]o “_E(]o ’]2)
=J;=-2(,-1.)

=_——]0 1 1(] ~J5) '.'];=—12~(]1—]3) by putting n =1 in third recurrence

formula
1 1
"——Io 4I 4]3
1. 1. 1
=—E]o +4] le
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M I |
= ]0=—ZJO_ZL
= 4], +3],+], =0

Generating Function for Ja(x)

To show that when n is a positive integer, Jn(x) is the coefficient of z» in the
expansion of exz-1/2)/2 in ascending and descending power of z.

Proof. We know that

2 3 tn

e‘=1+t+—L2—+B+ ................... +E+ ...............

2 3 n
and e“=1—t+tE—I£_3—+ ................... +(—-1)"tE+ ...............
Now ex(z-l/z)/z = exz/z. e~x/2z

2 2 n n+1 n+1
=l+5z+§ E——+ ............ +§ z—+i z e

e o ) ]

Coefficient of zn in the product is

{@)"é_@y*zﬁ{gy“@+ ................. ]

= Jn(x)
EXAMPLE 9
Prove that

d
E):Do (X)] =-]; (x)

Solution we know that
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- _@:@2 (;)‘-(L;)z (5] e +("1’"”{(n11)}2 i

Differentiating it wr.t. x, we get

= [} =- Li_(x)s—E§§(§)5+ ............ (—1y“Lg(3+l)(§)h+l+ ...........

”[@'E}ZGT* ................ 1) o ;H)@z"” N }

=-J(x)
_Do ]’ ]1

EXAMPLE 10: Express J5(x) in terms of Jo(x) and J1(x)
Solution we know that

=""‘[] 1 +In+1( )]

ie Jo,.(x)= —;—]n (x)=TJa-a (%)

putting n =1, 2, 3, 4 successively, we have

3 (=21, (x)-J, () | 0
5 (=20, (-1, (%) (i)
1 (=235 (-T2 (x) i)
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I ()= 21, (91, () @)

Substituting the value of J2(x) in (ii), we have

109=225,09- 1} -1,

(F- 1 0-2ne ©
Now substituting the values of J3(x) from (v) and J2(x) from (i) in (iii) we get
169 =( 5 -2 0+ (1- 20 @

Finally putting the values of J4(x) from (vi) and J3(x) from (v} in (iv) we obtain.
384 72 12 192
Js (x)= (7‘"7 “1)11 (X)+('; -73—)10 (x)

X

EXAMPLE 11 Show that Bessel's function Ja(x) is an even function when n is even
and is odd function when n is odd. Express Js(x) in terms of Jo(x) and J1(x)

(U.P.T.U. 2009)
Solution:
Hint
when n is even Jn(-x) = Js(x) since (-1)» =1
when n is odd Jn(-Xx) = - Jn(x)
since (-1)r =-1
2n

—;—Jn (x)"]n—1 (x)

Putting n=1, 2, 3, 4, 5, 6 successively, we have

T (=21 (=T (. s (x) = Ja =

Since we know that J,, (x)=

6 8
Js (X)"';]s -J2.)s (X)=;J4 -1
_10, _
]6(x)" x Js ]4

=[§'_@_@_Z]Jl J{&_ 1920 _1]10

S x2 Xt
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Legendre Functions
Introduction

In series solutions of differential equations, we applied the power series method
for solving second order differential equations. In this title we will discuss an
important problem of mathematical physics known as Legendre polynomials.

LEGENDRE'S EQUATION
The differential equation
(1 X )jxy 2sz+n(n+1)y=0 (i)

is called Legendre's differential equation, where n is a real constant. In most
applications n takes positive integral values. This equation is important in
applied mathematics, particularly in boundary value problem involving spherical
configurations.

The equation (i) can also be written as
d dy
—{(1-x*)==t+n(n+1)y=0
{0 ety
Solution of Legendre's Equation in series
The Legendre's equation is
(1-x )ZZ 2xjy+n(n+1)y 0 (i)
Let us consider the solution of Legendre's equation in a series of descending
powers of x as

y=x*(a, +a,x" +a,X7 + o )= ax* (ii)

d - - d? -
d—i=2ar(k— x*"" and —X—Z-—Ea, r)(k-r-1)x*"2

r=0 =0

Now putting the values of % andj—)z,—

in Legendre's equation i.e. in (i), we get
X X

(l—xz)[gar(k—r) -r-1) “2} ZX[Ea ""1]+n(n+1)5:arx""'=0

r=0
on simplifying, we get

2[ J(k-r-1)x kr'2—{(k——r)(k—r—1)+2(k—r)——rl(ni-l)}x""]ar=0
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or ¥ [(k-r)(k—r-1)x*"? +{n(n+1)—(k—r)(k—r+1)}x"":|ar =0 (iii)

r=0
Equation (iii) is an identity and therefore, coefficient of various powers of x
should vanish. First we equate to zero the coefficients of x¥ (the highest power of
x) by putting r =0 in (iii) i.e.
[n (n+1) - k (k+1)] a0 =0
where ap being the coefficient of the first term of the series, cannot be zero, hence
n(n +1) -k (k+1)=0 orn2+ n -k? - k =0
or (n2-k?) + (n-k) =0
ie.k=nork=-(n+1) (iv)
Now equating to zero the coefficient of xk! by putting r =1 in (iii), we get
[n(n+1) - (k-1)kJa; =0
or [(k + n) (k-n-1)]a; =0 v)
From (v), a1 =0, since form (iv) (k + n) (k -n-1) 2 0

To find a relation between successive coefficients, we equaté to zero the
coefficient of xk-r-2

(k -r) (k-r-T)ar + {n(n+1) - (k-r-2)(k-r-1)} ar+2 =0
(As IInd terms of above relation is obtained by putting (r+2) for r in IInd terms of
(ii1))

o (ken)(ker-1)

T an+1)-(k-r-2)(k-r-1)
Again [n(n+1) - {(k-r)-2}{(k-r)-1} = n2+ n-(k-r)>+ 3(k-r)-2
= (12 +n -2)+ 3 (k-r) - (k-1)?
= (n +2) (n-1) +3(k-r)-(k-r)?
= ~{(k-rP-3(k-1)- (n +2) (n-1)}

a, (vi)

= - [{k-r + (n -DHk-r - (n +1)]] , (vii)
Thus, from (vi) and (vii), we get
(k-r)(k-r-1) (viii)

A2 = {k—r+(n—1)}{k—r—-(n+2)}ar

we know that a; =0, hence from (viii) we get

A3 T AS T AT ceiiiiiiiiiee e =0 (ix)

186



Series Solutions and Special Functions

Now for k =n or -(n +1), the two values of k given by (iv), we have the following
two cases:

Case1l: whenk=n

From (viii), we get

- (n-r)(n-r-1) )
" (2n-r-1)(-r-2) "

(n—2)(n—3)a =n(n—-1)(n—2)(n-—3)a
(2n-3)4 * (2n-1)(2n-3)24 °

n(n-1)(n-2)(n-3)(n-4)(n-5)
(2n-1){2n-3)(2n~-5).24.6

a,=-

Similarly, we get a, = a, and so on.

Also,wehaveai=az=as=........c.......... =0 by (ix)

putting the values of ao, a1, a2, a3 etc, and k =n, the series (ii) reduces to

y=a,|x" - nn-1) x"? + n(n-1)(n-2)(n-3) X" e
(2n-1).2 (2n-1)(2n-3)24

Which is a solution of Legendre's equation (i) in series of descending powers of x.

Case II. when k = -(n +1)

From (viii), we get

)

. __(r1+r+1)(n+r+2)&1
27 (r+2)(2n+r+3)

puttingr=0,2,4,................. , we get
2, = (n+1)(n+2)ao
24(2n +3)
2= (n+3)(n+4)a;2
4(2n+5)
_(n+1)(n+2)(n+3)(n+4)

24(2n+3)(2n+5)  °
and so on by putting the values of a;

Also from (ix), we haveaj=az=as = .................. =0

putting the values of ag, a2, a4,............. etc, and k= -(n+1), the series (ii) reduce to
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ca |y 0 N)0+2) o, (n+1)(n+2)(n+3)(n+4) ., :
y=a, I:x + —m.x + 2.4(2n+3)(20+45) X" H e :l (xi)

" which is another solution of Legendre's equation (i) in a series of descending
powers of x.
Legendre's Functions

The two independent solution found in Legendre's equation are called
Legendre's function. The solution of the Legendre's equation in series of
descending powers of x (for first case) is

y=a,|x" - n(n-1) X"+ nn-1)(n-2)(n-3) X" F s
2(2n-1) 24(2n-1)(2n -3)
If n is a positive integer and a, = 135 L(Zn ~1) then above solution is
n
denoted by Pn(x) and is called Legendre's function of the first kind.
P ()= 1.3.50 s (2n-1) o n(n-1) . n(n-1)(n-2)(n-3) e
n 2(2n-1) 24(2n-1)(2n-3)

Py(x) is a terminating series which gives Legendre's polynomials for different
values of n.

we can write
[ﬂ ) |(2n ~ 2r) e
P, (x)= Z;('l) 2'l1(n-r)(n- 2t)

n .. .
—,ifnis even
2

where | 2]

-——~ ifnisodd
2

2r

Again when n is positive integer and

a, = n then the second solution
1.35. e, (2n+1)
y=a, [x-n—l +%;)_"Z)x’“'3 R ST :' is denoted by Qn(x) and is called the

Legendre's function of the second kind.
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In e @0052) )20 .,

S v T — (Zn+1) 2(2n+3) 24.(2n+3)(2n+5)

Qn(x) is an infinite or non terminating series as n is positive.

General solution of Legendre's equation

The most general solution of Legendre's equation is
y = APa(x) + BQn(x)

where A and B are arbitrary constants.

Generating function for Legendre Polynomials

To show that Py(x) is the coefficient of z» in the expansion of (1-2xz+22)-1/2 in
ascending powers of z. where |z| <1, |x| <1 (U.P.T.U. 2005)

Proof. Since |z| <1 and |x| <1, we have
[1- 2xz + 22]1/2 = [1-2(2x-z)]-1/2

=1+—1—z(2x—z)+L§z2 CE) S —— + L3 (2n-3) " (2x-z)""
2 24 2 S (2n-2)
+ o — (2n—1)z“ (2x=2)" + o (i)
24 (2n)
Now coefficient of z0 in —o-w (2n-1) z"(2x-1z)" is obviously
24.6..ccnnn. (2n)
1350 2n-1), W  135m. (2n-1) .
_ - 2
246 ) > ) @)% i
ii
_135........ (2n-1) o o 1.3.5. e (2n-1) ,
© 2°(123.....n) - In
Coefficiont of g i 135 (30=3) ot i
246.....(2n~2)
135 (2n-3) w2
= ~(n-1)(2
21)(22)2(n- 1){ (n-1)(2)""}
135, e (2n-3) 2n-1 n

T {123.. (n-1)}" n '2n—1{(n 1277}

As on multiplying and dividing byk—l-
n
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1.35. s (2n-1) n(n-1) ,,

=" In 2(2n-1) (0
coefficient of zv in
= 1-3.5 .............. (211 - 5) Zn_z(zx _ Z)n,z

2460 (2n-4)

_135.....2n-5) (n-2)(n-3) ()
2~2{1.23.......... (n-2)} 2

_ 1350 (2n-3)(2n-1)n(n-1)(n-2)(n-3)

n-4
1.23.......... (n-1)n  1.22*(2n-3)(2n-1)
As multiplying and dividing by Mﬂ———l)
(n-1)n

135, (2n—1)xn(n—1)(n—2)(n—3) -t (iv)

In 24(2n-1)(2n-3) |
Proceeding further as above, we conclude form (ii) (iii), (iv)..........c........o that the
coefficient of z in the expansion of (i) is

135 (2n-1) o - n(n-1) R 1)(n-2)(n-3) e
o 2(2n-1) 24(n-T)@2n-3) T

which is clearly equal to Pn(x)

Thus, we can say that in the expansion of (1-2xz+z2)-1/2, Pi(x), Pa(x), P3(x),
................. etc. will be the coefficients of z, z2, Z3,............respectively or Pn(x) is
the coefficient of zn. That is why it is known as generating function of Legendre
polynomials.

Hence (1 -2xz + 22)-1/2=1+zPy(x) + 22 Po(x) + Z3 P3(x) + ..oeenennnnniini . + zn Py(x)

or (l —2xz + Z* )-1/2 = iz“Pn (x)

n=0
Corollary 1. To show that Py(1) =1

Proof. Since we know

(1-2xz+2z2)1/2=1+zPi(x) + Z2Pao(x) + Z2Pa(x) + ..ooovnnnn. + 20 Pa(X) +oiiinns
putting x =1 on both sides of above, we have

(1-2z+22)1/2=1+zP1(1) + 22 P2(1) + Z2 P3(1) + ............ +Z0Pp(X) +oeeeennnnn
(1-z)1=1+zPi(x) + 22 Po(1) + 3 P3(1) + .cccovrninnn, +znPp(1) +.el
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orl+z+z2+23+...... +zZ0 =1+zP1(1) + z22Py(1) + 23 P3(1) + .....

Equating the coefficient of z» on both sides, we get
Pa(1)=1

Corollary 2. Show that iPn (x)=
n=0

Proof. (1-2xz+ 22 )4/2 = iz“l’n (x)
n=0

= (1-2x+1)""* =2P (x) forz=1

n
n=0

1 oo
- =)P {x
o= 2h ()
EXAMPLE 2. To show that Pn(-x) = (-1)? Pa(x) and Py(-1) = (-1)»
Solution. we know that by generating function formula
(1-2xz+22 )_1/2 = iz"Pn (x)
n=0
putting -x for x in both sides of (i), we get
(1+2xz+2* )_1/2 = iz“Pn (-x)
n=0

Again putting -z for z in (i), we get

(1+2xz+2? )-1/2 = i(—l)" z"P, (x)

n=0

From (ii) and (iii) we get

3 2P, (-x) = 3} (-1)" 2°B, (

n=0 n=0
Lomparing the coefficients of z» from both sides of (iv), we get
Pn(-x) = (-1)n Pn(x)

Putting x =1 in the above result, we have
Pn(-1) = (-1)» Pn(1)

or Py(-1) = (-1)n -+ Pn(1) =1

Theorem.

Rodrigue's Formula To show that
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1 d" n
P, (x)= 2. .AS.1979, U.P.T.U. 2004
' (x) 75 (x*-1) (LA U.P.T.U. 2004 2007)

Proof. By the definition of Legendre polynomial,
b [5] . |(2n-2r) o

y (%)= ;(—1) on [IM (n- 2r)x @)

n ...

—,ifniseven

where [E] =2 (ii)
2] |(n-1)

-——*,ifnis odd
2

(2 -1) = ) "c, (xz)"-r (-1)",(by Binomial theorem)
=0
=3, (1)
P
T ) =g (1) g i)
But d>:" x™ =0 if m<n; :):n X" = lérl}x""“ ,fm2n (iv)
.'.%xz"'z'=0,if2n-2r<r1i.e. r>% (v)

n

n 2
Making use of (v) in (iii), we see that we must replace ZbyZ if n is even and by
r=0 r=0
g

2 n
z if nis odd, i.e. we must replace EbyE.Hence (iii) reduces to

r=0 r=0 r=0

1 4 n 1
2"|n dx" (x2 _1) -

n 1Y 2n-2r-n : .
- znm pard Cr ( 1) (2n - 21' - n) X [usmg (IV)]
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& ey fonom)
£ 2"|n [gKrl_—_r) |(n -2r)

= Pn(x) using (i)

Thus we have

_ 1 d g,
n(x)—zn.mdxn (X 1)

Orthogonal properties of the Legendre polynomials.

Theorem Prove that
@ [ P, ()P, (x)dx=0ifm# n (LAS. 1969, 1981)
(b) I‘l [P, (x)]dx = 3 2+ - ifm=n (L AS.1969, 1981, U.P.T.U. 2001, 2002, 2004, 2008)
- n
OR

m

[ P, (9P, (x)dx = =25,
-1 2n+1

where 8mn is the kronecker delta defined by

{0 ifm#n

Ornn = 1if m=n

Proof (a) since we know that Legendre's equation is

2
(l—xz)gl-—Zx—}y—+n(n+l)y=0
x

dx*
:%{(l—xz)%}+n(n+l)y=0 (i)
Now since Pn(x) and Pm(x) are solution are solution of (i), therefore, we have
%{(l—xz)%}+n(n+l)ﬂ =0 (i)
and %{(1—x2)d£'(“}+m(m+l)Pm =0 (iii)

Multiplying (ii) by Pm and (iii) by Px and then subtracting we get
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Pm:%{(l— )‘;1;} P,,dix{( —xz)d: }+Pan[n(n+1)—m(m+1)]=o

Integrating above within given limits, we get

jP —{ } j_] e { ‘L }dx+(n m)(n+m+1j PP dx=0

on integrating by parts, we get

dp 7T dP, dP, dP,
[Pm(l-xz) dx] _f [dx {(1 x)dx de—[ (1- )dx]
+J‘_11[C:11:: {(1— )d: }:ldx+(n m)(n+m+1) J' PP dx=0

or O—J'_l]{%( - )C; dx - 0+I{ )d;:'(“

or (n-m)(n+m+ 1)f_anPmdx =0

}dx +(n-m)(n+m+ l)J‘_:Pandx =0

[[PP.dx=0ifm=n

(b) we know that (1- 2xz + z2)-1/2= EznPn (x)
n=0
squaring both sides, we get
(1-2xz+22)" =322 [P, (x) +23 2P, (x)P, (x)
[ 0
Integrating both side w.r.t. "x" between the limits -1 to +1, we have

fl(l—z;::) 5112 [B, (o axs28 [ 2P, (9P, (9
or .[1 m— EI 2" [P, ( )]2 dx +0 by part (a)

or —%[log (1 -2xz +Z* )L = iﬂ z" [Pn (x):l2 dx

or —ziz—[log(l ~2*)~log(1+z)’ = 2::]‘_1] z"[P, (x):]2 dx

or %[log (1+z)-log(l-z)]= 2:4[_11 z"[P, (x)]2 dx
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or g—l:z+—3+—s+ ................. 2 }zzj- z" [P (x) ? dx
z 2n+1 - "
or 2|:1+:-+—4+ ................. 2 } f Zan:P ] dx
2n+1

Equating the coefficient of z2" from both sides, we get

2n2+ 7= [P (0] ax

2
or J'_ll |:Pn (x):]2 dx = ]

2 8mn
2n+1

(Raj S.L.E.T 2001; M.P.S.L.E.T 2000)

Combining (a) and (b) we have J._]1 P, (x)P, (x)dx =

RECURRENCE FORMULAE FOR Py(x)
(i) nPn = (2n -1)x Pn1 - (n -1) Pn2 (LA.S.1973,79, U.P.T.U. 2007)
Proof. we know that

. (1 -2xz+72 )‘1/2 = i z"P, (x) (1)

n=0

Differentiating both sides of (1) w.r.t. "z", we get
-—%(1—2xz+zz) (-2x+2z)= an" P, ( @)
Multiplying both sides of (2) by (1-2xz + z2), we have

(x—z)(1-2xz+2? )_3/2 (1-2xz+22*)=(1-2xz+2 )i nz"'P, (x)
n=0

r (x —z)“f:;oz.“l’n (x)=(1 —2xz+zz)§.ﬂ:nz"‘1Pn (x) by (1)

n=0

or sz P, - Zz"“P an P. —2x2nz P. +2nz Pa

Equating coefficients-of z» from both sides, we get

X Pn = Po1 = (n+1) Pre1 - 2xn Pn + (n-1) Pra

or (n+1) Pnv1 = (2n + 1) X Pa - nPn (U.P.T.U. 2007) (3)
Replacing n by (n -1) in (3), we get

195



A Textbook of Engineering Mathematics Volume - 11

=(2n - 1) x Ppq - (n-1)Pn2 4)
Again (3) can be rearrange to give another form

n+1 Pn+1 +—£—_Pn—1
2n+1 2n+1

(ii) nP, = xP, - P"H (U.P.T.U. 2006, 2009)
Proof. we know that

(1-2xz +2* )_1/2 = iz"Pn (x) (1

n=0

xP, =

Differentiating (1) w.r.t. z, we get

~—;—(1—2xz+zz) (-2x+2z)= an“"P

or (x—z)(1-2xz+2* )-3/2 = inz“‘an (x) (2)
n=0
Now differentiating (1) w.r.t. x we get
z(l -2xz+172° )—3/2 = iz"P," (x) (3)
n=0

Now on dividing (2) by (3) we get
2 nz"'P, (x)
z z"P (x)
or (x-z)Y2"p_(x)=2Y,nz""p, (x)
on equating the coefficients of z" from both sides, we have
xP' (x)-P,_;(x)=nP, (x)

(iii) (2n+1)P, =P ~P,_,

Proof. From 1st recurrence formula we have

(n+1)Pre1 = (2n + 1)x Py = n Pngq

on differentiating above w.r.t. "x" we have

(n+1)P_ = (2n + 1)P, +(2n+1)xP, -nP, , (1)
Again from 2nd recurrence formula we have

nP, =xP -P,,
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or xP =nP, +P, | ()

Now on putting the value of xP, from (2) in (1) we get

(n+1)P = (2n + 1)P, +(2n+1)(nP,+ P,_,)-nP

8
+1 n-1

or (n+1)P

el T (n + 1)Pr'1—1 = (2n + 1)(n + 1)Pn

or P,,,-P_,=(2n+1)P,

Replacing (n-1) for n in the above relation, we have

P,-P_,=(2n-1)P

(iv) P,,, —xP, =(n+1)P, (L.A.S. 1983)
Proof. From 1st recurrene formula, we have

(n+1)Pne1 = (2n+ 1)x Pn - n Pna

Differentiating above w.r.t. x we get

(n+1)P,,, =(2n+1)P, +(2n+1)xP, ~nP,_,
=(2n+1)P, +(n+1)xP, +n(xP,'\ -P,'\_l)
=(2n+1)P, +(n+1)xP, +n(nP,) xP, - P,_; =nP,

=(2n+1)P, +(n+1)xP, +n’P,

=(n+1)xP, +(n®+2n+1)P,

=(n+1)xP, +(n+1)’P,

or P,,,=xP. +(n+1)P,

or P, -xP, =(n+1)P,

Replacing (n-1) for n in the above we have

P,-xP, _,=nP, (A)

v) (1-x*)P, =n(P,_, -xP,) (U.P.T.U. 2007)

Proof. From relation (A) of 4th recurrence formula, we have

nP,, =P, -xP,_, 1)
. Again from 2nd recurrence formula, we have

nP, =xP, -P,_, V)]

Now on multiplying (2) by x and then subtracting from (1) we get
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X(Pp1 - xPr) = (1- x2) P,

or (1-x*)P, =n(P,_, - xP,)

(vi) (1-%*)P, =(n+1)(xP, -P,,,)
Proof. From first recurrence formula, we have
(2n+1)xPn=(n+ 1) Pre1 + n P

= (Mm+1+n)xPn=(Mn+1)Prs + nPna
=  (n+1)(XPn-Pn) =n(Pn1-xPr)
From fifth recurrence formula we have
(1-x2) P, =n (Pn1-xPn)

From (1) and (2), we have

(1-x?) P, = (n+1) (xXPn - Pns1)
Legendre Polynomials

From Rodrigue's formula, we have

1 d° n
n (X) = znlg dx" (Xz —1)

Y
A
By
1.0 o
P, 1
0.5
0 } X
0.5
-05
P
2 P3
-10
'YI
1
Forn=0, P, =2(,Lq=1=>13'0 =
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1P =— 9 e 1)=Liax)= -
Forn—l,Pl—zllldx( 1)-2(2x)—x=$P1—x

1 d? 1d
For n=2,P, = —2—2_{__2_217()(2 —1)2 =—8-&[2(x2 ——l)(2x)]

= %[(x2 ~1).1+2xx]

= P, = %(?»x2 -1)
Similarly
P, = %(5X3 -3x), P, = %(35x4 -30x* +3),P; = }5(63)(5 ~70x* +15x)and so on......

EXAMPLE 7 Express P(x) = x¢ + 2x3 + 2x2 - x - 3 in the terms of Legendre's
polynomials.

Solution Let x4 + 2x3 + 2x2 ~ x - 3 = aPy4(x) + bP3(x) + cP2(x) + d P1(x) + ePo(x) (i)
= xt+23+2x2-x-3=a. —1-(35x" -30x* +3) +—k1(5x3 —3x)+£(3x2 -1)+dx+e
8 2 2

Equating the coefficients of like power of x, we have

35 8
=—2a = =—
8 35
=30 =  b=a
2 5
30 3c 30 8 3c 40
2=——a+—=-—x—+—=2=3Cc=—
8 2 8 3% 2 21
1=-2 a3t la-10at
2 2 5 5
and——3=§—3——c-+e=$-3—x—§-—lx—‘-19+e=-—3
8 2 8 3 2 21
__24
105

Putting these values of a, b, ¢, d and e in equation (i) we get

8 4 40 1 224
x*+2x° +2x* -x -3 =‘é‘5'p4 (X)gpa (x)+—2—1—p2 (X)+—5-p1 (X)_ﬁpo (x)
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" EXAMPLE 3 Express the polynomial f(x)= 4x3-2x2 -3x + 8 in terms of Legendre's
polynomials (U.P.T.U. 2009)

Solution
Let 4x3-2x2 -3x + 8 = aps(x) + bpa(x) + cpi(x) + dpo(x) ¢

=4x>-2x"- 3x +8 = a.l(Sx3 —3x) +bl(3x2 —1)+cx+d.1
2 2

=4x>=2x%> - 3x +8 = §x3a +§-x2b+(c—§a)x+(d—2)
2 2 2 2

Equating the coefficients of like powers of x, we have

a='8‘,b=—é,C=—g,d=-2—2
5 3 5 3

putting these values of a,b,c,d in equation (i) we get

4 -2x"- 3x +8 = %ps(x)——é

3 P2 (x) _%PI(X)+%})O (X)

EXAMPLE 4. Show that
2R () +gR () =x

Solution we have p, (x)=x, p,(x)= %(SX3 - 3x)

Substituting in %p3 (x)+ Ep1 (x), we get %pa (x)+ —3-p1 (x)= -2—%|:5x3 - 3x] + %(x)

5 5

= l(5x3 - 3x)+ 3x

5 5
= El_;[:'ix3 -3x+ 3x]
= x3
EXAMPLE 5.Show that

. 0 whenm#n
[ (1=x*)Papadx=12n(n+1) (U.P.T.U. 2006)

when m=n
2n+1

where dashes denote differentiation w.r.t. x.

Solution we have
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[ (1-x)pLpudx =[(1-xp,p, )] —f_],{p..f;{(l—xz)p; }}dx
=0- [ p. g-{(1-)pu Jax

= [ (1-x*)p,p,dx=-["p, d%{(l - x*)p,, pdx @

From Legendre's equation, we have

aq;{(l—xz)%}+n(n+l)y =0
.-.%{(1 -x*)p,,}=-m(m+1)P, As replace nby m so Pn— P (i)

From (i) and (ii), we get

[,(1-x)p,pdx =~ [-p,m(m + P, Jdx

= [ (1-%)p,prdx=m(m+1)[" p,p,dx i
= [ (1-x*)p,p,dx=0, m#n As [ p,p,dx=0,m#n

Again from (iii) form = n

[L(1-x)(p.) dx=n(n+1)[’ plax

2
=n(n+1)2n+1

1,
As _lpndx-— el
. 2 1
=>.’._]1(1_x2)(pn)zdx= r;fln:-l)

' Thus, we have

. 0 ifm#n
[ (1-%*)p.p.dx={2n(n+1)
2n+1

ifm=n
EXAMPLE 6 Let Px(x) be the Legendre polynomial of degree n. Show that for any
function f(x) for which nth derivative continuous.

[ £(x)pdx= %1])_; [ (2 -1)f(x)dx (U.P.T.U. 2004)
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Solution

J'_]] f(x)p, (x)dx = 2"1m J: c;ix“ (x* -1)dx By Rodrigue's formula

dr-! \ 1 - -, , N
= 2“1m I:{f(X)F(X - 1) }_] - J.—lf (X)W(X - 1) dX]
= ﬁ{O - J._]] f'(x)a%—;j(xz - 1)“ dle

n-1

= x
2“@ -1 dx"™

(x2 - 1)n dx

-2

- x - 1)n dx As integrating by parts again

ar-

S0 g2
1 -

= .[-1 f(x)podx = %L £ (

EXAMPLE 7 Show that

(i) Pn(0) =0 for n is odd

or

P2n+1(0) =0 (U.P.T.U. 2005)

(-1)"In
2{ln/2}

135 2n-1
or Pan (0)= (1) 5 e — ( ..... 2n ) (U.P.T.U. 2008)

- 1)n dx As integrating by parts till n times.

, for nis even

(ii) p, (0)=

Solution (i) we know that
iz“pn (x)=(1-2xz + zz)
n=0

putting x =0, we get

-1/2

- = 1 13
z"p,(0)=(1+2 R P R S +(-1Y
Siatpy(0)=(147) " <1274 22 1)

13 (2r-1) ,,
24 (2r)

. Equating the coefficient of z2"*1 on both sides, we get
Pan+1 (0) =0 or Pn(0) =0, when n is odd

(if) Now equating the coefficient of z™ on both sides in equation (i), we get
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13 (2m—1) e [2m
Pan (0)= p X S (2m) ()" =) 22" ({m)’
i.e. when n = 2m, then
/2
P, (0)= 1) o

T 47
2"{{n/2}
Fourier - Legendre expansion of (x).

if f(x) be a function defined from x = -1 to x = 1, we can write

f(x)= rganpn (x) =ayp, (x) +a,p; (X) +a,P, (X) + cevereecveeennens (i)

To determine the coefficient ay, multiply both sides by pn(x) and integrate from
-1to 1, Then

J.j. Pm (X)p, (x)dx=0 (m=#n)

12 __2 _ :
and '[_1 p: (x)dx = ] (m=n) give
1 _ 1, _ 2a,
[ ), (xhx= , [ (k= =22

ora,= (n + —12—)_[_]] f(x)p, (x)dx (ii)

" Equation (ii) is known as Fourier Legendre expansion of f(x)

0, -1<x<0
EXAMPLE8 If f(x) = {
X, O<x<1
show that f(x)= lp (x)+ lp (x)+ ip (x)- ip (Y E— (U.P.T.U. 2003)
PR A TRV R
Solution Let f(x)= ia“pn (x) (i)
n=0

1

£(x)p, (x)dx

-1

Then an is given by a, = (n + %)J‘

= (210 (ke [ xp k]
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= (n + %)J‘; xp, (x)dx

puttingn=0,1,2,3, ................. in (ii) we have

1 p1 1 et 1
aO:E.[o XP, (x)dx=—2—J'_1xdx=Z As po(x) =1

3 1 3(x*Y 1 ~
a, =§L Xp; (X)dx=§[“3‘)o =7 Aspix) =x

5 (1 501 (3x%-1
a2=5_[0xp2(x)dx=ifox.( 5 )dx

5[t 2] _5
4| 4 2 16

0

7 el 7 1 5X3—3X
=5 0xpa(x)dx=5 0x.(—z—)dx
_7[5e 30
4] 5 3 4
9 s 35x -30x*+3
a4=EJ.0xP4( =——J‘ )dx
N 2 7t
2 35———35— 3% =-i and so on.
" 16 6 2 32

putting these values in equation (i) we get

1 1 5 3
f(x)= 2P0 (x)+ 5P )+ 6P (x)- 2P CIE —
EXAMPLE 9 Express the function

0 -1 x<0
f(x)z{x O<x<1

in Fourier Legendre expansion.

Solution Let f(x)= ) a
n=0

Sa.p,
where a_ = (n + %—) J._Z f(x)p, (x)dx
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I

( )J' Op“ dx+(n+ )f xpn d

i 91 35x*-30x*+3
a, = E-“O x.p, (x)dx = _2—.[0 x.————8———dx

6 4 2

=2 [1(35x° - 30x° + 3x)dx = | 221X 3

T 167 6 6 2 2 |
5 _ 3

127 2o 8

11 4 2

=Z5ho (63x ~70x* +15x*)dx

= Lo 14 -5¢]

16 0

=0

ag =

= £(x) ==y (x)+ =Py () +

5 3
4 2 'i_é_pz(x)"s_z'p4(X)+ ............

205



A Textbook of Engineering Mathematics Volume - 11

EXERCISE
Solve the following differential equations by power series method.

1. y" +xy' + x2y =0

4 6 3 5
Ans. y=ay| 1=+ o ra[x-+ X (U.P.T.U. 2005)
1290 2 40
d’y 1,9y
2. Ix(1-x)—5-12—=+4y=0 U.P.T.U. 2008
X X( X) dXZ dX y ( )
y=ao(l+lx+~2-x2+—1£x3+ ............ )+a0x7/3(1+éx+gx2+ ............
3 9 81 5 65
d*y dy
3. 2x(1-x)—+(1-x)==+3y =0 U.P.T.U. 2004
X( X) dx2 ( X) dX y ( )
3x* 3 | 3x*
=0 | 1-3x+——+——+——+.ens + 1-
y=a ( *"13 35 57 ) eV (1-)
4.  Using method of Frobenius, obtain series solution in power of x for.

d?y dy
1 —2 +(5 — —4v =0
x( +x)dx2+( +x)dx y

Ans. y=ap x4 (1+4x +5x2) + a, (1+%x+—;—x2)

5.  Solve in series the following differential equation
2
Gy Ay (U.P.T.U. (C.0.) 2003)
dx® dx
RS PSSV P FCTE S S S 3
Ans. y(a+blogx)[1+x+ @y + 1y ST J[ 2bx+(21)2(1+ z)x +(31)’ (1+2+ 3)x S ]
6.  Prove that when n is positive integer
(i) Jalx) = (-1)" Ja(x) (U.P.T.U. (C.O.) 2005)

(i)  Ja(-x) = (1) Jn(x) for positive and negative integer
7.  Prove that

(i) ]o = "‘]1
G) J=J-x"T
(i) J,-Jo =2,
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(iv) J,+ 3];, + 4]; =0 (U.P.T.U. 2001)
8. Prove that

(X] ]n+1) (]2 ]n+1)
9, Prove that

1
EXJ" =(n+1)],,, ~(M+3)],,; +(N+5)], 5 =i
10. Prove that

@ p.(D)= —(n+1) (U.P.T.U. 2003)

@ py-D=(-1)" In(a+1)

11.  Prove that

- (i) J.1 p. (x)dx=0, n#0

(i) j P, (x)dx =2

12.  Express f(x) = 4x3 + 6x2 + 7x +2 in terms of Legendre polynomials.
Ans. 4x3+6x2+7x +2= %p3 (x)+4p, (x)+ 4—57p] (x)+4p, (x)

1+2

1 o
prove that m —;' = l'é(p“ + pn+1 )Z

14. EvaluateJ- x*p? (x)dx

13.

2(n+1) N 2n?
(2n+17(2n+3) (2n+1)’(2n-1)

15. Using Rodrigue's formula, obtain expressions for po(x), pi(x),p2(x),ps(x),
and ps(x). Hence express x, x2, x3 and x4 in terms of Legendre polynomials.

Ans. po(x) =1, p1(x) =x, Po(x) = —12-(3x2 -1),py (%)= (5x -3x),p,(x)== (35x -30x* +3)

8 4 1
. &x =?3—5'p4 (X)+7p2 (X)+gpo (X)
16. Show tat
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(i) p,(cosB)= %(l +3c0s28)

(i) ps(cosB)= %(3 cos 0+ 5cos 36)

" 17.  Obtain the Fourier-Legendre expansion of f(x) = 3x2 - 3x +1
Ans. f(x) =2 po(x) - 3 p1(x) + 2P2(x)

OBJECTIVE TYPE OF QUESTIONS
1.  The singular points of the differential equation

2
(1—x2)—c-1—z—2x%+n(n+1)y=0 is
x

dx?
(@ x=0 (b) x=%l1
() x=1 d x=2
Ans. (b)
2. Frobenius was a
(@) Geraman mathematician (b) Indian mathematician
(¢)  British mathematician (d)  American mathematician
Ans. (a)
3. Prower series about a point x = a is defined as
@ Yax ®  Yax
n=0 n=0
© Xa,(x-a) @ Xa,(x+a)
n=0 n=0
Ans. ()
4.  IfJoand Ji are Bessel functions, then J'1(x) is given by
1 1
@ I (x)-;(—ll (x) b T (X)+;]l ()
)  Jo(x)- ——1;]1 (x) (d)  None of these
X
Ans. (a)

5 IfJ.,.(x)= %]n (x)-TJ,(x), thennis
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(a)
(©)

Ans.

6

()

(©

Ans.

@

(©)

Ans.

Series Solutions and Special Functions

0
-1

(d)
Ji/2 (x) is given by

(d)
Ja172 (x) is given by

2x )
(l) sin x
2x )

(d)

Jn+3 + Jn+s is equal to

(n+4)]nes

n]n+4

. (b)

Jo(x) is equal to
-Ji(%)
-h(x)

- (a)

p. (1) is equal to
n

nin+1

" ()

n(n+1)

CY

(b)
(d)

(b)

(d)

(b)

(d)

(b)
(d)

(b)
(d)
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None of these

o)
o]
]
x

.sinx

TN N
|

.SImnx

/N
g
RN

N———



11.
(@)

(©)

Ans.

12.

(b)

(©)

(d)

Ans.

. 13.
(@)
(©)

Ans.

14.
(a)
(©)

Ans.

15.

(a)
(©)

Ans.

16.
(@)
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The value of the integral J: [p4 (x):]2 dx is

(b)

(d)

(©)

OINN wiN

The Rodrigues formula for Legendre polynomial pa(x) is given by

Py ()= S (xt -1’

[n-2" dx"
dn 2 n-1
b, ()= 20 1)
dn n-1
()= L (1)

P (0)=r=2"(x* -1)°
(a)
Pn(-x) is equal to
-1)rp, (x) (b)
(1) pra(x) (@
(b)
pn(1) is equal to
0 (b)
1 (d)
(©
if j p, (x)dx =2 thennis equal to
1 (b)
a1 (d)
(b)
pn(-1) is equal to
0 , (b)

210
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© o (d n

Ans. (c)

17.  The polynomijal 2x2 +x + 3 in terms of Legendre polynomial is
1 1

@  S(4p. ~3p, +11py) () 5(4p,+3p, ~11p,)
1 1

() 3(4p, +3p, +11p,) @  3(4p,~3p, ~11p,)

Ans. (c)
18, The Legendre polynomial pn(x) has
(@) nreal zeros between 0 and 1
(b) n zeros of which only one is between -1 and 1
()  2n-1real zeros between -1 and 1
(d) None of these

Ans. (a)
19.  Px(0)is equal to

(2)° 0135 (2n-1)
@ b by (e n
© o0 @ ()
Ans. (b)

Fill up the blanks or choose the correct answer in the following problems.

20.  Generating function of pa(x)is.....................

Ans. (1-2xz+ zz)—l/2 = iz“pn (x)
n=0

d
21. &[]0 ()] E—

Ans. -Ji(x)
22. Bessel's equation of order zerois .......................
2

d d
Ans, xa%+a—§+xy=0

23. The value of Py(x)is.............cvune.
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Ans. (3x2 —l)

1
2
24. Form# n,J‘_]1 P (X) P (X)X = v

Ans. zero

25. p2n+1(0) ..................

Ans. zero

26. Bessel was a German mathematician

(True/False)
Ans. True
27.  Bessel's function are not cylindrical functions.
(True/False)
Ans. False
28.  Bessel equation of order 4 is x2y" + xy' + (x2 ~ 4)y =0
(True/False)
Ans. False

© 29. Legendre's polynomial of first degree =x
(True/False)
Ans. True
Match the correct value of the following
30.
® | Jn(x) @ | 1)a(x)
(i) | Jn(=x) (b) |-h
i) | J, CHIEER
(iv) | J, d |-
Ans. (i) > ¢, (ii) > a, (iii) = b, (iv) > d
31.
(i) xJ, (a) X(Jn-1 +]n+1)
(if) 2], (b) X? Jna
(iii) | 2nJn () nJn- X Jn+1
) | d oy (&) | JntJen

dx

Ans. (i) > ¢, (ii)) - d, (iii) > a, (iv) > b
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32.

() | Pacd) @ |x

() | P () |1

(i) | po © | (1P

{Gv) | pa(=x) @ |1

Ans. (i) — b, (ii) — a, (iii) > d, (iv) > ¢

33.

() | Pa) @ | R
2

i) | (1) (b) | (1

(iii) | Pa(-1) (c) 2

@ [ frta @ | ey

Ans. (i) > d, (ii) > a, (iii) > b, (iv) > ¢

34.

ListI List I1

M | P9 @ | Lse-)
2

()} P ®) %Pa (x)+ %pz (x)

(i) | % ©@ |1

() | Pall) @ | L)
2

Codes

(i) (if) (iif) iv)

(A) |a b d c

B |d a b C

<G |a d c b

(D) ja b c d

Ans. (B)
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35.
List] List II
@ | Pa(x) @ | Lomen)
(ii) | ]1 p? (x)dx (b) | (-Dr
(iii) | Pn(-1) (c) 2
7
@) | p,(1) (d) | (-1 Pa(x)
Codes
G |G | | Gv)
(A) | a b c d
(B) | d C b a
<G |a C d b
(D) | a d b c
Ans. (B)
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Chapter 6

Laplace Transforms

INTRODUCTION

French mathematician Pierre Simon marquis De Laplace (1749-1827) used
Laplace transform. Laplace transform is widely used in science and engineering.
It is particularly effective in solving differential equations (ordinary as well as
partial). It reduces an ordinary differential equations into an algebric equation.

To every scientist and engineer Laplace transform is a very powerful technique in
finding solutions to initial value problems involving homogeneous and non-
homogeneous equations alike. The systems of differential equations, partial
differential equations, and integral equations when subjected to Laplace
transform get converted into algebric equations which are relatively much easier
to solve. The powerful practical Laplace transform techniques were developed
over a century later by the English electrical engineer oliver Heaviside (1850-
1925) and were often called “Heaviside Calculus”.

" DEFINITION

Let F(t) be a function of t defined for all positive values of t. Then the Laplace
transforms of F(t), denoted by L{F(t)} is defined by

L{F(t)} = f e F(t) dt

we also write L{F(t)} = f(s) = fe_StF(t)dt provided that the integral exists, s is a
parameter which may be real or complex number.

L is known as Laplace transform operator. The given function F(t) known as
determining function depends on t, while the new function to determined £(s),
called as generating function depends only on s. f(s) is known as the Laplace
transform of F(t).

NOTATION

We follow two types of notations:

(i) Functions are denoted by capital letters
F(t), G(t), H(t),............
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and their Laplace transforms are denoted by corresponding lower case letters f(s),
g(s), h(s), ............ or by f(p), g(p), h(p), --.evvonnn.
(ii) Functions are denoted by lower case letters

f(t), g(t), h{t),............
and their Laplace transforms are denoted by
£(s), E(s), R(S).eevrrrennn. respectively or by f(p), 8 (p), h(P), +eeeovvveee

TRANSFORMS OF ELEMENTARY FUNCTIONS

The direct application of the definition gives the following formulae:

@) L{1}=§,s>o

(i) L{t"}=-(—r%712ifs>oandn>-l

S

() L{e*}= 1 its>a

s-a
(ivy L{sinat}=———=ifs>o
s’ +a
(v) L{cos at} = — ifs>o
s’ +a
(iv) L{sfn hat}zszf_la2 if 5> |a|
(vii)  L{cos hat} = — > ~if 5 > [a]
s’ -a
~ Proofs:
-st |°
. _ st 14t = —e - l .
(i) L{1} fe 1dt [ - ]t=° s1fs>o

(ii) L{t“} = fe'“ t"dt, now putting st = x

LS
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il
p—
®,
*
X
=
+
-
-
Q.
X

ifs>oandn>-1

In particular, if n is positive integer, then |(n+1) = [n so that

(i) L{e*}= f et etdt

i
| Eaene——
]
m(D
.
R
P4
=
| I
T 8
(=]

,ifs>a

s—a
(iv) and (v)
at] _ 1
L{e } = _S—-T;;
- s+ia
(s-ia) (s+ia)

s+ia

s? +a?
s . a

= +i
s? +a’ s?+a?

. . s . a
or L{Cosat+isinat}=——-—>+i
s“+a

s? +a?

orL{Cos at}+L{Sinat}= — d S +i za 3
s“+a s“+a

Equating real and imaginary parts we have
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L{Cosat}= d

&L {Sinat} =
s? +a? { } s? +a’

We known that L {eat} = —
s-a

at e-at

L{Sinhat}:L{e——‘—'z——}

1 -
= E [L{eat}_L{e at}:'
1 1 1 a
= = - = ,ifs >
2 [s-a s+a:l s - a? ifs >lal
at -at
L {coshat} = L{f—i—e—}

2
1[1 1]
= —|-— 4
2 |s-a s+ a

= S—z'—'??,ifs > Ial

PROPERTIES OF LAPLACE TRANSFORMS
I. LINEARITY PROPERTY.

Theorem 1. Let F (t) and G(t) be any two functions, whose Laplace transforms

exists, and let o and B be any two Constants, then
L{cF®)xBG®} =L {F®Ox BPL{GWH}

Proof :- Using the definition of the Laplace transform, use have

eo]
L{oF®)+BG®} = [e™ {aF®O+BG®}at
o

IL. First shifting theorem (First Translation Theorem 2. If L { F (t) } = £ (s), then

% (e o]
- j e StF(t)dt£B [ e S G(t)dt
o (o)

= o L{F(t)} £ p L{G(t)}

L{exF (t)}=f(s-a)
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Proof :-

Let 'L{F(t)}=f(s)=°fe'5tF(t)dt
(o]

o0
Then L{e® F(t)}= [e St 3t F(t)dt
o
[e o]
= [e® F(p)dt
o

a0
= [e "YUt F(t)dt, whereu=s-a>o0
0

=f(u)=f(s-a)
III Second shifting Theorem (Second translation)
Theorem 3. If L { F (t) } = £ (s)

And Gt = {g(t-a)':::
than L{G (1)} =e=f(s) (U.P.T.U 2006)

Proof.

L{G(t)}=:f:e_StG(t)dt

t [+ o]
eSLGydt + [ G(t)dt
a

C—N O—w

t (o]
eStodt+ [e™ F(t-a)dt
a

=O+J'e's'F(t-a)dt

" Putt-a=usothatdt=du
Ift=athenu=t-a=a-a=o

Ift= othemu=w-a=w

L{G®)} = j'e""““) F (u) du
[0}
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=e™® Ie's“ F(u)du

=e™ f(s)
(iv) Change of scale property
Theorem 4. If L { F (t) } = f (s)]
Then L {F(at) }=lf(i)
a \a

Proof. By definition, we have

-+

L{F(at) }= Ie‘“F(at)dt

.
o

. fer ® F o ax
a [+}

Putting at = x so that dt=—1—dx
a

s

wje_(?)t F(f)dt

33

Laplace Transform of Derivatives.

0 |

Theorem

If L {F (t) } = f(s), then prove that

L{F (t)}=sf(s)-F (o)
&L{F“(t)}=s2f(s)-sF(o)-F (o)

Proof. LetL{F (t)}=f(s), thenL{F (t) } = q]'e_'s‘ F'(t)dt

[o]

= [e's‘ F(t) ]Zo - ?e st (-s)F(t)dt

=-F(0)+sf(s)
SL{F () }=sf(s)-F(0).......... (i)
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In View of this
L{G' () }=5g(s)-G (o)
Taking G (t) = F' (t), We get
L{F ®}=sL(F ®}-F ()
=s[sf(s)-F(0)]-F (0)
=L{F" () }=s2f(s)-sF(o)-F’ (o)
Generalising the result (i) and (ii), we get
L{F'(t)}=srf(s) - s* F (0) -s*2F (o) - - - sF(-2) (0) - F @-1) (0)
Laplace Transform of Integral Theorem. If L { F (t) } = f (s), then

t
L { _[F(u) du} = %f(s)

Proof.

Let G(t)= ]F () du--------- @)

Then G’ (t)°= F (1)

And from (i) it is clear that G(0)= OIF (u)du=o

Since we know
L{G®}=sL{G{®}-G(o)
iee L{F@t)}=sL{G({)}-O=sL{G ()}

t
or é f(s)=L {G(®)} =L {IF (u)du}

Multiplication by powers of t. Theorem. If L { F (t) } = £ (s)
dn

Then L{t" F(9}=(-1)" <
S

f(s) Forn=1,23

Proof.
Let L{F(t)}=f(s)andi:;fT(s)=f ® (s)
§

Then
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L{F(t)}=f(s)=°]e‘s'F(t)dt

w0

fi(s)= EdE J'e'S* F(t)dt

-
= .[as (e F (1)} dt
[By Leibnitz’s rule for differentiation under the sign of integral]
=- _[te'St F(t)dt
o
=-J'e-sf{tF(t)}dt

=-L{tF @)
= L{tF(@)}=-£f"(s)
This proves that the theorem is true for n =1

Now, let us assume that the theorem is true for a particular value of n say r, then
we have

4 fs)

L{EF@Q)=(1)" -

o]'e's‘ t' F(t)dt=(-1)

0

dr
ds’

f(s)

Now differentiating both side w.r.t.s we have

d N -st ¢n - r drﬂ
= Je CEQdt=(1) 5 f6)
°°a o r+l
or ,[g (e ' F(Odt = (1) o ()

o

by Leibnitz’s rule for differentiation under the sign of integration

or - j' et ¢ F () dt=(- 1)

0

dr+1
dsr+1

f(s)
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® dr+l
or je'“ (£ F (@)} dt=(-1)" el
dr+1
or  L{TFO}=(1" ()
S

Which shows that if the theorem is true for any particular value of n, it is true for
the next value of n. But it is also true for n=1. Hence by the method of
mathematical induction it is true for every positive integral value of n.

Division by t.
Theorem. If L {F (t)} = f (s), then

L {@} = c]f (x) dx (U.P.T.U 2007,2005)

Provided the integral exists.
Proof.
LetL {F (t) } = f(s). Then

f(s)= [e™* F(pdt
o
Integrating this w.r.t.s from s =s to s = o,

c]f (s)ds= u]ds a]e “SUF(t)dt

S (o)

s and t are independent variables and hence order of integration in the repeated
integral can be interchanged

n]f (s)ds= wjdt o]e'st F(t)ds

s
= O]F (tdt Q]-e'“ ds
[o] S

-st \®

=!F(t)dt(e_t)

© st
= j'et F(t)dt

[+

s =8
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thus L {F (t)} = u]'f (x)dx

- Example 1. Find the Laplace transform of the function F (t), where F (t) =
7ex+9e2+5cost+7t3+55in3t+2
Solution .
L {F(t)} =L {7e2+ 9e2t + 5 cost + 7t3+ 5 sin 3t + 2}
=7L {e?} + 9L {e2t} + 5L {cost} + 7L {13} + 5L { Sin 3t} + 2L {1}
1 1 s 3 1

=7 +9 +5 +7ﬁ+5 +2-
s-2 s+2 s +1 s s2+9 s

3
- 165—-4+ 5s + 2s +42+ 15
s?—4 s2+1 gt s2+9
Example 2. Find L { 3 &3t}
Solution. We have

6
S4

L{t3}=—sl%— = = f(s) say

Then by first shifting property
6
(s-2)*
Example 3. Find L {sin kt sin h kt} & L {cos kt sin hkt}
Solution. We have

L{t3e2t}=

. k
L{sinhkt} = 7 f (s) say
i K
L {e'** sin hkt} = ———_—— by first shifting properties
{e™ sinhkt} G g prop
_ K
s? —2k* —2isk
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k(s—2k?* +2isk)
(s* —2k?)? +45% k2
Equating real and imaginary parts, we get

2 2
L {cos ktsinhkt} = @4__2_1_(_1)_5
s + 4k
2
and L {sinktsinhkt} = _4.2_Sk__4_
s + 4k

Example 4. Find L { e~t (3 sin h2t - 5 cos h 2t) }
Solution :» We know that, if
L{F({t)}=f(s) thenL {e2tF(t)}=1f(s — a)

AlsoL{Sinh2t}= S

,L{cosh2t}=
s —22 { } s? —

Therefore L {e-t (3 sinh2t — 5cos h 2t)}
' 2 (s+1)
5+1)F -2%  (s+1)2-22
_ 1-5s
- s?+25—3
Example 5. Find the Laplace transform of F (t), where

cos(t—"z—n)ift>i'2:-;£

22

E(t)=
0 ift< 2"
3

Solution:- L{F(t)} = j' et F(t)dt

2n/3 ©
= [e"F@dt+ [e*F(ydt
o 2=/3
2n/3 @ o
= J e odt + I e cos (t— =) dt
3
[ 2r/3

3 2n
o + |e™ cos(t- ==)dt
Jert cos -5
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~six+ 2% 2
=Ie 37 cos x dx wheret-—3- =X
0

a0
= g Is/3 Ie'sx cos x dx

(o]
= e?*/? L, {cos x}

_ s
=e 2ns/3 ~

s +1
s +2

Example 6. If L {cos > t} = —— =
P { } s(s* +4)

, find L {cos2at} (U.P.T.U 2006)

Solution :- we have

s> +2
s(s® + 4)

By change of scale property we have

L {cos’t} = = f(s)

L {cos? at} = %f(s/a)
2
s
(;) +2
2
e

s? +2a?

2(52 +4a2)

[V

1
a
- s? +2a?

s(s? +4a?)
Example :- find the Laplace transform of

cos \/;
Jt

G)sinvE (i)
SO SO }

Solution :- (i) L {sin vt } = L {+t- B 5
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=L {t? }-éL{tm} ST

1 31 531
=5‘/7_r_1 25‘/;+_1_ 2 2 2*/_’;_
s3/2 6 55/2 120 S7/2 ....................
2 3
=—\/‘3112‘ 1'(lj+l(—1-j -l(—l— SR
s 4s 2 \4s 13 \4s
- ‘/; e-l/4s
25%/?

-1/4s

Thus L {sinvt } = vn Py = f(s) say

(i) Let L{F(t)}=L{Sin+t}

F'(t) = % (sinvt)

1
= ——— COS \/E
2Vt

Since we know that
L{F(®))}=sf(s)-F (o)

L {C‘Z’sjﬂ = sf(s)-0 = F(o)=sino=o

= ‘/7_t e-l/4s

2s'/?

:l L cos t -1 (E)VZ o 1/%
2 Jt 2 \s

=L {COS‘[} - G) ol/4s
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t
Example 8. A function F (t) obeys the equation F (t)+2 IF (t)dt=Cosh 2t find the

Laplace transform of F (t). (U.P.T.U 2006)

Solution. We have
F()+2 ]F () dt = cos h2t
o]
Taking Laplace transform of both sides, we get
L{Fa)}+21‘]F(odt=14coshzﬂ
o

s
s?-4

:f@+2§f@=

:f(s)(1+3J=s s

S

Example 9. Show that It e Sintdt= %

Solution :- we have

. 1
L {sint} = - = f(s) say
d 1
. ) 4
andso L {tsint}= (-1) = (52 +1)
-2
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This => J'e-" (tSin t)dt=

(2 +1)
Putting s = 3, we have
fe™ tsintdt= 2x3_
: (32 + 1)
-3
50
Example 10. Prove that

_[t’ et sintdt=0
o
Solution. We have

. 1
L{Smt}=sz+1

L{¢ sint}:(—1)3d—3(———1——)

ds®\s? +1

I Sl -2
ds? (s2+1)2

_ 2
_pd|1=3s"

ds (1 + 52)3

=f (s) say

2.12s (1 - sz)

(1+)
_ 24s(1-s?)

(1+sz)4

© 2
= je's‘ t3 sin tdt=—2-9-§(1—-s——)-

ﬂ+§f

putting s = 1, we have
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- 24(1 - 1)

je’t Esintdt= ———2 =0

(1 + 1)4

o]

Example 11. obtain L {Sl? t}

Solution. We have

L {sint} = = f(s) say

s2 +1

Since we know L {F_:Q} = J.f (x) dx

F(t)

Provided lim, _, e exists

sint] ¢ 1
SL—b= d
{ t } J-x2+1 X

s

= [tam'1 x]:o = g-tan'ls
=cotls

Example 12. Show that il—?-t- dt ==n/2

o

Solution. We have

1
L {sint} = = f(s)sa
{ } 2 11 (s) say
sint iy 1
L{i—} = d
{ t } ijz +1 X

= [tan - xlzo

int
= Ie'Stﬂrl—dt =§-tan'ls
o]

Taking limit as s — o, we have
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J'Slntdt _

cos at

Example 13. Find the Laplace transform of SINAt Does the transform of

exist ?

Solution. We have

L {sinat} = — iaz &L {cosat} = ——

By theorem

{F(t)} jf( x) dx

It

g

=}

L
o | x
——
* 8
l’l’l‘

I

3

5
8

3

=
!

Il

ia
1

-
o |®»
Il

[@)

[*]

Ll

N
/7N
(K]
N

=%[lim log (x2 + az)- log (52 + az):l

X—r®

Which does not exist, lim log (x2 + az) is infinite

X—>0

cos at

Hence L { } does not exist.
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Pt -3t

Example 14. Evaluate Ie .

o

Solution. Here F (t) = et-e3t

L{F(t)}=L{e*-e*}

dt

=L{e-t}_L{e-3t}

- 1 1
L{et-e3t}=;—1-—:§

Since we know
F) _ 7
L {T} = J'f(x) dx
where f (s) =L {F (t) }
-t -3t «®
L{e -e }: 1 1 )dx
t ; x+1 x+3
- o (x_ﬂ)”
& x+3 e =s
=-1lo (&1.)
& s+3

® -t -3t
-eidt s+1
o fost€i-eTdt [_J
-[e t ©°8 s+3

o
putting s = o, we get

Pt _ a3t
'fe -te dt=-(log 1-log 3)=log 3

o

' Example 15. Using Laplace transform, evaluate

dt (U.P.T.U. 2008)

 _ sin %t
fe
t

0

Solution. We have

L{sin® t}=L{————1'C;‘°‘2t}
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NI'—*

s
log
L Ws? +4:L

[ ot
b

N[ —

it
N[ —
—_
0
0%

putting s =1, we get

°], lo [5—
[ g 1
= loge5
Example 16. Find
@ L {5“1 ht} (ii) L {tcos ht}

(fii) L{tetSin4t)
" Solution. (i) we have
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L {sinhat} a

& L {coshat} = S

Since we know

{F(t) If( x) dx

@) L {tcosht} :(_1)1_61_( s )

=-1(L)
dsis?-1

!s2+1!

o)

(iii)  wehave

L {sin4t} = 4
s+ 16
L{e sin 4t} 3 by using first shifting theorem
s-1) +1
d
NowL{te sm4t =-—[ j
ds \s*-2s + 17
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L 4@2s-2)
(52-25+17)2

4 (2s-2)

Again L {tzet Sin4t} = -f; (2 S 17)2
s*-2s+

(s* -23+17)2.2-(2s-2).2(s2-25+17)(2$-2)

=.4 2
(s*-2s+17)
~4(25%-45+34-85% +165-8)
(s2 -2s+17)3

4 kas?+125+26)

(s2-2s+17)

_ 8(3s%-6s-13)
(s2-2s+17)

Example 17. If F (t) = (et - cos bt)/t find the Laplace transform F (t)

(U.P.T.U. 2003)
Solution. Given that
at
F(f) = e - cos bt
t
But the have

1 s

s-a s® + b?

L {e‘“ -cosbt} =

Therefore
at _ @
p e -cosbt _I(__L_zs st
t \s-a s + b

[k )]

f

=1 lo (s-a)’ )
2 gisz+b2;s
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—

= Ujog fLzassl

2| il +b?/s ’

1[ (1-a/ s)2
=—|o-lo

2 8 il +b?/s ’

i 2 2

1 log MEJ
2] 7 (s-a)
PERIODIC FUNCTIONS
If f(t) be a periodic function with period T>o, thenf (t + T) =f(t+2T)=... =f (t)
Theorem. Let f (t) be a periodic function with period T then

o
L e f(t)dt
1-e*T

L{f(t)}=

Proof. Use have

oo

L{f@)} = Ie'St £(t) dt

o

T ©
= et dt+ [e £(t)dt )
o T
T ®
= j e f(t)dt + J"““T) f(z+T) dz on putting t = z + T in second integral
T )
= j'e‘" £ dt + 7 je‘“ f(z + T)dt
T @
= je-“ f(t)ydt+e™T Ie'St £(t)dt
0o o

T

L{f®}= [ £O dt+e*T L{F O}

0

:>(1- £ )= fe™fadt

O!__."‘l
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T
L&%mm

-st

= L{f(t)} =

Example 18. Find the Laplace transform of the function (half ware rectifies)

. n
sinot foro <t < —

_ ©
£® = 2n

O for X <t< 2
® @

* Solution. We know that
T

L{f®}= e Ie st f (t)dt where T is period
-e
o
1 2r/w
=‘-——_2—n—- I e'St f(t) dt
1-e (T)s °
1 /@ 2r/o
= _———(-Tn/T)s— I e'St sin ot dt+ J‘ e'St.O dt
1-e o /o
1 n/®
= ——(Tm)— I e'“ sin ot dt
l1-e S
- 1 e™ (- s sin ot - w cos ot) /e
1-e C2m5/0) 2 + o A
ax
Iea" sin bx dx = _z_e___z_ (a sin bx - b cos bx)
a“ +b
_ 1 we "% 4 o
- ]- e C27/0) s2 + @2
o [ 1+e™ "’]
(s2 + mz) (1 - e('z"s/"’))

(s" + @ )m(l -e"‘s/"’)
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Example 19. Draw the graph of the periodic function

t, o<t<n
f@) =
® {n-t, n<t<2xn

Also find its Laplace transform. (U.P.T.U. 2003)
Solution. We know that
L{f(t)}= - 1_ST fe"s‘ f (t)dt Where T is the period
-e
1 st
= [t o v T =2
1 ] 2n
gppe {J‘e'St tdt + Ie'“ (m-t) dt:|
-e
o 4

s s s
1 we™ e™ 1 s s e™
= -2ns T tatT +—-0-—
1- s s s s s s
1 n 1
-1 — -—(ez"s e"s) + —5-(1+e2"s 2e"5)
e s s
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f(t)
A
T+ (m, ™)
|
! 2n
0 = .
i
4 (2r, — )

Figure. Graph of the function

Example 20. Draw the graph of he following periodic function. Also find its
Laplace transform.

t <t<
fp={t forostsa (U.P.T.U 2002, 2007)
2a-t fora<t<2a

Solution . The given function is

f(t){t , o<t<a

2a-t, a<t<2a
Which is periodic function with period 2a
Therefore,

1 2a
L{f0) = [fme=ar

1 a 2a
= [ te™' dt+ I(Za - t)e’s'dtjl

-1 te™ 1 e |’ . (2a-t)e™ (-1)e* »
1-e%s -s s?], -s (s |,
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= 1 [L + Lzas_ - E}
-2as 2 2 2

1-e s S S
= l (1 +e-235 _Ze-as)

82 (l_e-Zas)

~ 2

I I

SZ (l_e-Zas) SZ ' 1+e®

1 e®/?.e™/2 1 a
T e e Y

£(t)

N

o) + —+ } —> t

a 2a 4a

Unit step Function u (t -a)

By definition u (t -a) is o for t < a, has a jump of sizel at t = a (where we can leave
it undefined) and is 1 for t >a

¢ B O ift<a
u(t-a) = 1 ift 2 a wherea > o

Figure (a) shows the special case u (t) , which has jump at zero and figure (b) the
general case u (t - a) for any arbitrary positive a. The unit step function is also
called the Heaviside function.
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u(t) ? u(t-a)p
1 14  —
!
1
|
|
1
;
9] >t O t= >t
Unit step function u (t) Unit step function u (t -a)
figure (a) figure (b)
Laplace transform of unit step function
L{u(t-a)}= J'e u(t-a)dt
o
a
= [eoat+ j “t 1dt
(4] a
-st 1%
=0+ ’:e J
-s
a
=2
s
Second shifting theorem in unit step’s term (U.P.T.U 2008)

Theorem. If L { F (t) } = f (s), then
L{F(t-a).u(t-a)}=e=f(s)

Proof. L{F(t-a).u(t-a)}=°]e'“F(t-a).u(t-a)dt

= ]e‘“ F(t- a).odt+°]e‘5t.F(t-a).1dt

= ?e‘“.F(t-a)dt

a

puttingt-a=x=t=x+a, we get
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L{F(t-a).u(t-a)} = J'e's(““) F (x) dx

=e™ Ie'“ F (t) dt by definite integral

=>L{F(t-a).u(t-a)}=e-saf(s)
Example 21. Using unit step function. Find the Laplace transform of
(i) (t-1)*.u(t-1)
(i)  Sint.u (t-7) (U.P.T.U. 2008)
Solution (i) using second shifting theorem

L((t-1)% . u(t-1) )=e*L{t* }
ces 12

Sz+1

(ii) sintu(t-n) =sin(t-n© + n). u(t-n)

{ sin (t-m) cosn+ cos (t-m)sinn} .u(t-m)
=-Sin (t-7n) . u(t-n) asSint=0

L {sintu(t-n)} =-L{sin(t-n). u(t-n)}
=-e™ L{Sint)

e

s° + 1
Example 22. Express the following function in terms of unit step function and
find its Laplace transform (U.P.T.U. 2002)
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E(®)
1
I
|
|
: N
o 1 2 7t
Solution. The above function shown in the figure is expressed in algebric form
O, o<t<1
F(t)=<t-1, 1<t<2
1, 2<t

Therefore, F(t) = (t-1) [u(t-1)-u (t-2) ]+ u (t-2)
=(t-1u(t-1)-u(t-2){t-1-1)
=@t-Du(t-1)-(t-2)u(t-2)
L{IF®}=L{t-Dut-1)}-L{(t-2)u(t-2)}

_ € e
52 32
e s _ e-Zs

Example 23. Find the Laplace transform of the function

2 ifo<t<mn
F() =40 ifn <t<2n
sin t ift >2n

Solution. We write F (t) in term of unit step function. For o < t <7, we take 2 u (t).
For t > n we want O, so we must subtract the step function 2 u (t - n) with step at
7 . Then we have 2 u (t) - 2 u (t - ©) = o when t > & . This is fine until we reach 2n
where we want sin t to come in, so we add u (t - 2r) sin t. Together F (t) =2 u (t) -
2u (t-7) + u (t - 27) sin t The last term equals u ( t - 27) sin (t - 27) because of the
periodicity. So

2 2™ e s
J—— + 3
S S s° +1

L{F®} =
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()
1

N t

Example 24. Express the following function in terms of unit step function

QAfF-~—==

O

Fy=1t L l<t<2 P.T.U 2009
®= 3-t, 2<t<3 (UP.T. )

and find its Laplace transform.
t-1, 1<t<2

Solution. F(t)= {3 t 2<t<3

FO=@t-D[ut-)-ut-2)]+ G-t u(t-2)-u(t-3)
=@t-Du-1)-t-NDut-2)+@-tYu(t-2)+(t-3)u(t-3)
=t-Du(t-1)-2(t-2Dut-2)+(t-3)u(t-3)

-5 -2s -3s
L{F(t)}=—27-2gs—2—+9;2—
DIRAC’S DELTA FUNCTION (or unit impulse function)

Phenomena of an impulsive nature, such as the action of very large forces (or
voltages) over very short intervals of time, are of great practical interest, since
they arise in various applications. This situation occurs, for instance, when a
tennis ball is hit, a system is given a blow by a hammer, an airplane makes a
“hard” landing, a ship is hit by a high signal wave, earthquake, and so on. Our
present goal is to show how to solve problems involving short impulses by
Laplace transformations.

In mechanics occasionally we come across problems where a very large force acts
for a very short duration. Likewise in the study of bending of beams, a load
acting at a point of a beam introduces a very large pressure on the beam acting
over a very small area. The function which can handle this type of problem is
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called unit impulse function, given by paul Dirac ( English Physicist, was
awarded the Nobel Prize in 1933 for his work in quantum mechanics.)

ate

The impulse of a force f (t) in the interval (a,a + €) = J f(t)dt

Now define the function
o fort<a
f. (t-a)= :1:: fora<t<a+ e
O fort>a

Area=1

1 L

| [
1
€

x\\\\\\\\\\\\\‘

> {

o
o
+
m

\

Or fe(t-a)=l u(t-a)-u{t-(a+ )
€

(gt
| N—

Taking Laplace transform, we have

L{f.(t-2)} =éL[u (t-a)-u {t-(ate)}]

1 .
= [e-as -e (a+e)s]
€S

1_e-ES
Lif, (t- =™ e
(f @) =e® I

Dirac’s delta function or unit impulse function denoted by & (t - a) is defined as
the limit of f. (t-a) as € — oi.e,
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d(t-a) = lim f_ (t-a)
€ >0

O for t<a
O for t<a
= lim {— fora<t<a+e ={o for a=t=a
€ 20 [ f t>a
o for t>a 0 or

for t= y
SLo(t-a)= oo a,subjectedto IS(t-a)dt=1
O for t#a
)

<

Example 25. Evaluate J‘e'J‘ S(t-4)dt

o}
Solution :- we know that L{5 (t- a)} =e™
For a =4, we get

L{5(t-4)} = eds

= [e* 5(t-4)dt=e®

| putting s = 3, we get
[ s@-aa=er

Note. Laplace transform of unit impulse function

L{5(t-a)} = limo L{f.(t-a)}
lim {e'“ l'eﬂ}
€ >0 €8s
es (es)

e lim X 1-1+—-—-—_._)_ P
e->0 | €8 ll Iz

=>L{5(t-a)}=e=
SOME SPECIAL FUNCTIONS

i

Example 26. Prove that IJO tdt =1
o
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Solution. We know that
x.l [ X2 X4

»[m+) | 2(n +2) T 2 4@n+2) (2n+d)

Sy (¥) =

puttingn=o0, we get

_ X2 X4
JO(X)_{1-2x2+2x4x2x4_ ................. }
. o 2 4
SL{l, ) = {S 23t EE s }
1 (32) (172) (1Y
{ L ey }

= je‘sf I, (B)dt =

putting s = 0, we get
IJO ®dt = 1

Example 27. Find L {t ], (at)}
Solution. From last example, we have
1

(52 + l)
by change of scale property, we have
S S
a { (s/a)2 +1 }

L{J, ()} =

L{J,(at)}
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1

s +a?

S L{tI (at)} =(-1) % L{J,(at)}

_ d 1
ds {\/isz +a? )}
=_ 5
(52 +a? )3/2
Example 29. The error function is defined as
2 2
erf (t) = — fe"" dx
(t) Tx
then show that

L{erfﬁ}:—s—‘/%ﬂ-l—

Solution. We have

erf (\/-t-) -2 ﬁe”‘z dx

2 x> x° x’ "
= oeee— - + — - + .....
Jx {" 3 52 7.3 i
=i 2 32 . £5/2 ] /2 Y
\/—1; 3 512 7.3

Taking Laplace transform of both the sides, we get
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»

(7
L{erf(ﬁ)}zi [(—3/—2)_’(572)+ (EJ o2

n | s7*  3s%? 5.12872  7.[35%?

-1y, 11,13, 113,51

o7 s E I e
1 1\? 1

=‘—37'2—[1+—) =—————1/—2
s s s(s+1)

Inverse Laplace Transform

Definition. If L{F(t)} = {(s), then

F(t) is called on inverse Laplace transform of f(s) and we write
F(H) =L" {f(s))

Hence L" is called the inverse Laplace transformation operator.

-1 1 1 a o
Thus L {—3— =t, L =3 =sin at

S

Example 1. Find L“{ L, 2, —6‘—‘—}

" Solution: L™ {—l—- + 2 + —67}
s-2 s+5 s

=11 {——1 }+ 211 {-——1 } " {—6—}
s-2 s+5 st
st Hoasia B
S S

=2t + 2 o5t + {3

s-2 + st4 + 1 }

Example 2. Find L'
P {(s-2)2+52 (s+4)° +97  (s+2)’ +3

Solution.

R s-2 N s+4 1
(s-2) +5%  (s+4)+9* (s+2)" +3
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=L_]{ 5;2 }+L’1{ s+24 }+L_l{ 12 71
(s-2) +5° (s+4) +9° (s +2) +3°

2t 1 —1 S 4t 1 —1 S 2t ¢ —1 1
et L +e L +e“ L
{s2+52} {s2+92} {sz+32}

-2t
e )
e cos5t + e* cos 9t + 5 sin 3t

Example 3. Evaluate

L 1 N 5 N s+3
(s—4) (s—2)*+5% (s+3)*+6°

Solution.

L 1 . 5 . s+3
(s—4) (s—2)*+5% (s+3)*+6°

1 5 _ s

4t ¢ —1 2t 1 —1 —3t 1

=e L —r +e L +e L

{SS} {52 +52} {sz +62}

4

=et b 0% gin5t + e cos 6t
14
Example 4. Find L~ {—.
xample 4. Fin "
74
t2

. 1
Solution. L {—sﬁ =

Example 5. Find

L—‘{ 6 _ 344 [ 8-% } (U.P.T.U. 2001)
25—3 9s*-16 16s%+9

Solution,
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Laplace Transforms

L*{ 6 _
2s—3 9g2 _

_a7—1 1 2! 1
3L —3 3L
S__
2
=3 L—l t . l L“l
s-2 3

8 ~ 65 }
T3
16 16s° +9

e I R
9s“ —16 9s° - 16 16s°+9

4 __1 S 1.1 1 3.1
- LM o= S
9 {sz—(4/3>2}+2 {s2+(3/4>2} 8 {52+(3/4)2
1
3

=32 _ L sinhit—icos a,l 3t _
4/3 3 9 3 23/4 4
=32 _ L hA 3 osh B2 gndt_ 33t
4 3 4 4
Example 6. Evaluate
-1 s+1
C )
s° +6s+25
+
Solution. L-l {Z—S"—l—'}
s° +6s+25
- L—l (S + 3) -2
(s +3)° +16
=e-3tL—l {3—2}
s’ +16
-3t {71 S -1 1
= L' {s——=t — 2L {—5—
e { {82+42} {52 +42}}
= e (cos 4t — % sin 4t)
+
Example 7. Find the inverse Laplace transform of _s*2
s? —2s5+5
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Solution.
- s+2 —rt (S—l)+3
s2 —2s+5 (s—1)2+22
-1 3
= L—l S + L—-l
{(5_1)2 +22} {(5—1)2+22}

3 2
= et ! s + 2 etl
SZ + 22 2 € SZ + 22

= ' cos 2t + % e! sin 2t

Example 8. Find L' {—-3—5-1—7——}

s2 —2s -3
Solution. =" {__3117__}= ! M
2 — 25 —3 (s —1)7 —4

S} PR NI Rl W GRETIS 6 SIS SU
(s —1) =22 (s—1) —4

- -1 s -1 1

= 3e' L {sz _22}+1O e'L {52_22}

= 3Je' cosh2t+5¢e' sinh 2t

=4e* — e
Another method.
3s+7 3s+7
s —25—3 (s=3)(s+1)
__a | B

s—3 s+1
=3s+7=A(s+1)+B(s — 3)
=>A=4,B=-1

3s+7 _ 4 1

¥ —25—-3 s-—3 s+1
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R F e S P e P
2 —2s -3 s -3 s+1

=4edt- et
Inverse Laplace transform of derivatives
IFL{F()}=£(s)
=L} =F ()
&L {t"F ()} = (-1)" £ (s)
= L1 {f ()} =(-1)" " F (D)
=17 () = ()" L7 (s))

" Example 9. Find L™ {log( ST SJ}
s

+2
Solution.
Let f(s) =log (ﬁ] =log (s +3) - log (s +2)
s+2
Then f'(s) = L _ 1

s+3 s+2

= o )

= e-3t - e-2(

But L' {f\(s)} = (-1)' t' L7 {f (s)} = —tL™" {f (s)}

=L {f(@s)} =- % L {f(s))

= _%(e—-St — e—zt)
= _lt_(e-zt - e—3t)

Example 10. Find L™’ {log (1 + —517)}

Solution. Let f (s) = log (1 + —17)
S
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[Sz +1J
= log >
s

= log (32 + l) — logs®

=log (s? + 1) -2 logs
2s 2s

s +1 s?

= f'(s) = 2( s _ l)

s?+1 S

- e -

=2 (cos t-1)
=-tL7{f(s)}=-2(1-cost)

= L {log (1+ —%—J} = % (1 — cost)
s

- f(s) =

Example 11. Find L™ > 2
(s2 + az)
Solution. We have L {sin at} = — e 5
s” +a

1 sin at
- L =
{sz + az} a

-1 | d 1 o (1) sin at
= L {EE(—MJ} (-1t -

t .
= L ——2§——7 = — — sinat
(52 +a2) a
= ! —L—z =Ltsinat
(Sz +a2) 2a
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Division by s.

Theorem. If L™ {£(s)} = F (t), then

L {%S)} - J:F(u) du

Proof. From the property of Laplace transform, we know that

%)- =L“:F(u) du]

I {@} = £F(u) du

S

Example 12. Find L™! ———1——-2—
s’(s+1)

Solution, We know that
L {e‘“} =

or L"{ L }=e'at
st+a

or L"'{ ! }=e"t
s+1

or L {ad—( 41-1)} = (- 1)1 ttet=-te!
s \s

or L= ! > =_te*
(s+1)

or L 1 -t =te”
6+

Since we know

1:'{5(:—)} - J:F(x) dx
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Then we have

—1 1 - x
L {W} = J:x e™ dx
= [~ xe™ + J.e"‘ dx]:

t

[ o]

=1—e-t (t+1)

L {;E-isl+—1);}= J:[l—e'x (x+1)]dx

= [x +e™ (x+1) + e'x];

=t+et+et(t+1)-(1+1)
=te' + 2et+ t-2
Example 13. Find the inverse Laplace transform of
Ss+3
(s =1) (s2 +25+5)

Solution. L' | s +3
1(5-1) (s +2s+5)

5s+3 A + Bs +¢

(s—1) (s"+2+5) s—1 s™+25+5

=55+3=A(s2+2s+5)+(Bs+C)(s-1)
=55+3=52(A+B)+s(2A-B+C)+(5A-C)

Comparing the coefficients

A+B=0 W e §))
2A-B+C=5-——- —(ii)
5A-C=3  —me- (iif)

on adding equations (i) and (ii), we have,
3A+C=5 - (iv)
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Adding equations (iii ) and (iv)

8BA=8=>A=1
putting A =1 in (iii) we get
C=2
- Putting A =1, C = 2in (i), we get
B=-1
Then 5s+3 - 2—-s+2
(s—1) (s +2s+5) s—1 s"+25+5
-1 s=2
s=1 (s+1)° +22
S s+1 + 3

s—=1 (s+17+ (2 (s+1)’+2?
1 55 +3 Ry O TR e 3 1 s+1
e {(s—l) (Sz+25+5)} g {s—l} g {(s+1)2+22} - {(s+l)2+22}

1 s
= ot 3 -t L'l —_— L _at L~l
e + oe s2 : 22 e sz N 22

= e' + 3¢ % sin2t - e* cos 2t

Example 14. obtain the inverse Laplace transform of cot™ (s ; 3)

(U.P.T.U 2002)
Solution. We know that

L {f(s)} =- 1t ! {% £(s)

~ LW cot™ S+3) =-1L'1 icot'l (—“—3]
2 t ds 2
1
=_ 1= 4—2__2
t 1+[s+3)
\ 2

—
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= — LL_l __._._.___._—_4 3
2t 22 + (s +3)
= _1_ L'l _.___—i___z_
ot 22+ (s +3)

1l 3 ;-1 2
= -7 L
t (22+52]

-3t
e .
= ——sin 2t
t

Convolution Theorem.
IfF (t) and G (t) be two functions of class A and L™ {f(s) } = F (t) and
L"{g(s)} =G (t),. Then

L' {f@) g6) ) = EF(X)G(t-x) dx (U.P.T.U 2002)
=F*G

Proof. Let j: F(x)G (t-x) dx=H ()

Then L{H ()} = fe'“ H (1) dt

= [ [J:F(t)c(t-x) dx}dt

= fue-stp(x)c(t-x)dx}dt @

the integration being first with respect to x and then t. If the order of integration
is changed, the strip will be taken parallel to OT so that the limits of t are from x
to o and of x from o to

260



Laplace Transforms

P
&
A7
oy S
&/
o * T
L {H(t)} = f dx fe'“ F(x) G (t-x)dt
= fe F (x) dx fe-s(*-” G (t-x) dt
putting t - x =0, we have dt=d6
L{H(t)} = f e F(x) f e G(0) do dx
= f e F(x) g () dx
=£(s) g (s)
putting the value of H (t), we get
L{ J: F(x) G (t- X) dx}= £(s)g(s) e (ii)

or J:F(x) G (- x) dx = L {£(s) g(s)}
=F*G
Example 15. Use convolution theorem to find

it 5
()
Solution.
We have
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L! {__2*:5_2} = cos at
s+a

and L' {%} = —1— sin at
s° +a a

.. By Convolution theorem

1 1
| -5 _ =£cosau.—sina t-u)du
{sz+a2 Sz+a2} a ( )

1 . .
= - (COS a u. sin at cos au - cos au cos at sin au) du
a

= 1 ‘[[sin at [M) - —;— cos at sin 2au} du

a 2
r t
| S 1 . 1 t
= — |—sinat{u+ — sin2au| + — cosat (cosZau)
a|2 2a ., 4a °
1 [t . 1 . . 1
= — |—sinat+ — (sm at sin 2 at + cos at cos 2at) - — cos at
a 4a 4a
t . 1 1
=1t sin at + — cos (2at-at) -— cos at
a2 4a 4a
= -t— sin at
2a

Example 16. Use the convolution theorem to find

Solution. Since L™! {—1—} =et
s+1

-1

and L™! {——l—} =%
s-2

By Convolution theorem, we get
it LI T _[e"‘ et dx
s+1 (s-2)
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£e2t e-3x dx

et J_ e t
3 o
% (eZt _e-t)

HEAVISIDE’S EXPANSION THEOREM
Let f (s) and g (s) be two polynomials in s, where f(s) has degree less than that of

g (S), if g (S) has n distinct zeros, o, =1 12y mmmmmmnmenes nie. & (S) - (S - al) (s B QZ)“-
------------- (S - an)
2 ) | e (o)
Then L' =2t = '
e {g<s)} 256 ¢

(U.P.T.U 2004)

. 2 fe s
Example 17. Find L™’ { 25 6545 }

s’ -6s2 +11s-6
Solution. Here, we have
f(s)=2s2-65+5
g(s)=s3-6s2+11s-6
= (s-1)(s-2) (s-3)
g (s)=3s2-12s+11
g (s) has three distinct zeros i.e.,
a=1la2=2,a3=3
Therefore, by Heaviside’s expansion formula, we have

L_l { 3232 ;—6S+5 }: f'(l) et + f,(Z) e2t+ f|(3) e3t
s°-6s> +11s-6] g'(l) §'(2) §'3)

1 5
= L et_e2t4 23
2

APPLICATION TO DIFFERENTIAL EQUATIONS

The Laplace transform method of solving differential equations yields particular
" solutions without the necessity of first finding the general solution and then
evaluating the arbitrary constants. This method is, in general, shorter than our
earlier methods and is especially useful for solving linear differential equations
with constant coefficients. Thus Laplace transform is a very powerful technique
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to solve linear differential equations both ordinary and partial and system of
simultaneous differential equations.

Example 1. Using Laplace transform, find the solution of the initial value
problem

3—2} + 9y = 6 cos 3t (U.P.T.U. 2006)
wherey (0)=2,y (0)=0
Solution. Given differential equations is

y” () + 9y (t) =6 cos 3t
Taking Laplace transform on both sides, weget

L{y" ()} +9L{y(®)}=6L{cos3t}

2 _ o _ _6s
= $Y(5)-5y(0) -y () + 9¥() =

2 Che L - _Os
= s°y(s)-2s -0+ 9y(s) 719

2 =
:>(s+9)y(s)-25-—S2+9

6s + 2s
(s2 + 9_)2 s +9

y(s)=

" Taking the inverse Laplace transform of both sides, we get

L y(s)} =L (32_6;9_)2_ s {Sfj 9}

=6. 2—t3 sin3t+2cos3t ~I-H—3 L=t gnat

=tsin 3t + 2 cos 3t
Example 2. Solving by using the Laplace transform method.
Yy’ (®) +4y (t) +4y(t) = et (U.P.T.U. 2007)
Wherey (0) =-2,y (0)=8
Solution. Taking the Laplace transform of the given differential equation, we get
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L{y"@®}+4L ()+4y(®)}=6L{et}

= L{y"(t)} +4L {y' ()} +4L {y()} =

= [y (5)-5(2)-8] + 4 [sy(s) - (:2)]+ 4y(s) =

:>@2+4s+4)y@)+2s-8+8= 6

= (s+ 2)’ y(s) = S—f—; -2s

2 _6~2s2-2s
= (s+2) Y(S)‘—S;‘l——
= y(s) = 6-2s% -2s

(s+1) (s+2)°

6 8 2

s+1-s+2-(s+2)

s+1

6

s+1

= [y (5) - sy (0) - ' (0) ]| * 4 [sy(s) -y (9)}* 4y(9) =

s+1
6
s+1

- by partial fractions

- Taking the inverse Laplace transform of both sides, we get

s+1 s+2

r {y<s>}=rl{ T

2

= 6e™t -8e™ -2 L”I{L}
s

=>y{t)=6et-8e2-2te?
Example 3. Solve (D2 + 9) y = cos 2t

Ify (0)=1,y (g) =-1

Solution. The given differential equation is
y” (t) + 9y (t) = cos 2t
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Taking the Laplace transform of both sides of the given eq®, we have
L{y"®}+9L{y(t)}=L{cos2t}
Or {s’y(s) - sy(0) - y'(0)} +9y(s) =

S
s?+4

Or (52 + 9)y(s) -s-A= Wherey’ (0)= A

si+
s+ A s

or y(s) = 249 (Sz+9) (sz+4)

= S A + S ) [
s?+9 s*+9 5(sz+4) 5(52+9)

Taking inverse Laplace transform on both sides, we have

A 1 S 1 s
! = 71-1 S +11 4210 At }
{Y(S)} L {52 + 32} SZ + 32 5 SZ + 22 5 S2 + 32

= y(t) =cos3t+ —1;— sin 3t + % cos 2t - —;— cos 3t

= y(t) = 4 cos 3t + A sin 3t + 1 cos 2t
AN 3 5

Now, it is given that y(n/2) =-1

.'.—1=icos3—n+—sin-§£+lcos1t
2 3 2 5
A 1
or-1=-—-_—
3 5
orA=—l-%
5

Hence the required solution will be y(t) = % cos 3t + % sin 3t + % cos 2t

Example 4. Use Laplace transform to solve the simultaneous differential equation

§}-+y=sint,§l +x=cost
dt dt

giventhatx=2,y=oatt=o (U.P.T.U. 2004)
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Solution. Taking Laplace transform on both sides of the given differential
equations, be we get

L{xX ®}+L{y®}=L{sint}
&L{y (®}+L{x(t))=L{cost}

= s x(s)-x (0) + y(s) =

s’ +1
_ s
and sy(s) - y(o) + x (s) 71
Herex(0)=2,y(0)=o0
_ 1
=>sx(s)+y(s)—sz+1+2

S
+ =
& X(5) + 5y(5) = =

Eliminating x (s) in the above equations, we get

-s%-3 -2 1
$?+1) (s°-1) -1 s'+1
Taking inverse Laplace transform , we get

y(t)=-2sinht +sint

or y(s) = (

Eliminating y (s) we get
S 2s S
x (8) = + -
®) s2+1 s?-1 s§’+1
2s
or x (s)=
(s) 71

Taking inverse Laplace transform, we get
x(t) = 2cos ht
Thus, the required solution is

x=2cosht,y=2sinht+sint
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Solution of ordinary differential equations with Variable coefficients :- The
Laplace transform technique is very useful is solving the equations with variable
coefficients. The method is found useful in case of the equations having the terms
of the from tm yn (t) whose Laplace transform is

CO" L)

Example 5. Solve ty” +y’ + 4ty =0ify (0) =3,y (0) =0

Solution. Taking the Laplace transform of both sides of the given equation, we
get

L{ty }+L{y}+4L{ty}=o

Or SL{y oLy} +4 (1) S Ly} =0

Or _T:: [sz L{y} -sy (0)-y' (o)] +[sL{y}-y (©)] -4 %L{y} =0

d
or—% (szz-3s)+(sz—3)-4%-sz—=o
wherez=L{y}
or—(sz+4dz-sz=o

ds
org+ Zs ds=o0
z s° +4
Integrating , we get
1
log z+ 5 log (52 +4) =log C;
— Cl
or z =
s* +4
or L{y}= S
s’ +4
-1 1 = 1
y=C L '.'L{]0 (t)} = =
(52+4) 1+s
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&L {J, (at)} = ———

s’ +a?

ory=GC, J, (2t)
Since y (0)=3 .. 3=C1Jo(0})=Cy v ]o(0)=1
L y=3Jo(2t)
This is the required solution.
Example 6. Solve [t D2+ (1-2t)D-2]y=o (U.P.T.U. 2002)
fy()=1y (0)=2
Solution. The given equation can be written as
ty"+y -2ty -2y=o
Taking Laplace transform of both sides, we get
L{ty"}+L{y }-2L{ty}-2L{y}=o0

or- S Ly Liyh 2Ly} -2y} =o

Or —dis[szL {y}-sy (0)-y' (o):|+[s L{y}- Y(O)]+ 2 %[SL{Y}' Y(o)]' 2L{y}=0

d ([, d _ )
Or - %= (s z-s-2) + (sz-1) +za.s. (sz-1) -2z =0 WhereL{y}=z

Integrating, we get
log z + log (s - 2) =log C;
G

Orz=

269



A Textbook of Engineering Mathematics Volume - II

This is the required solution.

Example 7. A resistance R in series with inductance M is connected with e.m.f.

E (t). The current i is given by M-g% + Ri=E (t) if the switch is connected at t=0

and disconnected at t=a, find the currentiin terms of t (U.P.T.U. 2001)
Solution.
Condition under which currenti flows arei =o at t= o0 and E(t)= {f :::< 2

We have M % +Ri=E(t) —()

Taking Laplace transform of (i) we have
M{L(di/dt)}+RL{i}=L{E(t)}
M [sL{i} -i {o}] *RL i} = [ E() dt
MsL {i} +RL {i} = oj‘e'“ E)dt -~ i(0)=0
(Ms+R) L {i} = D]e‘“ Edt= ]'e‘“ Edt + cje"s' Edt

[ o a
a st P
Now E je-st dt=E[e t}
(o] -s o
(1 -e""s)

e-as

u
wm o |m

» | tr

E Ee™

=L = % ® s )

on inversion, we obtain
E Ee™ .
=Lt —— /-1 (ii
! {s(ﬁs+R)} {s(Ls+R)} (&)
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But L {_E‘}'E_R‘}'E T
*(tert) o(s+ 1)

Resolving into partial fractions

as R,
and L™ _Eem I.E 1-e L/(t ) u(t-a) By second shifting theorem
s(Ls+R){ R

Putting the values of the inverse transforms in (ii) we get
-+ fos)
=2 [l—e '(R/L)‘} B (t-a)
R R
Si=Z [l—e'(R/L)t:’ foro<t<a,u(t-a)=0O
R

. E _ E —R/(l—a)
i=— [1-9_ (R/L)‘] - E{l—e - } fort>a,u (t-a)=1

CE |t r
R

EXERCISE
Find the Laplace transform of the following:-
1. () 3t* - 26> + 4e™ - 2sin 5t + 3 cos 2t
Ans. _7%_%_'_ 4 210 ¥ 23s
s s s+3 s°+25 ' s"+4

(b) Find L {f(t)} where
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sin (t—E\], t>§

3)

f(t) =
o ,t< d
3
Ans. e/3 . ——— ,§>0
s°+1
(c) Find L {1 + tetp3
Ans. L 32+ 63+ 64
s (s+1)°  (s+2) (s+3)
(d) Bent
Ans. 6 y
(s-7)
(e) et (3 cos 6t - 5 sin 6t)
Ans.
s° +4s+4o
2. (a) Express the following function in terms of unit step functions and find

its Laplace transform.

8,t<2
f(t)_{6,t32

2e—25

s

Ans. H (t2), & -
S

(b) Express the following functions in term of a unit step function and
find its Laplace transform.

E,a<t <b
f(t)—{o, t>b

S S

Ans. H(t-a)-H(t-b), E[E’i il J

(c) Express the function shown in the diagram in terms of unit step function and
obtain its Laplace transform.
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E(t)

o ! —> t

e’ (1-e7°
Ans. (t-3)u (t-3) -2 (t-2) u (t-2)+(t-)u (t-1) & ——(—-——)—
(d) Find the Laplace transform of the function.

f(t) = -1, 1<t<2 U.P.T.U. 2009
) 3-t 2<t<3 (URTU. )

Hint: f(t)= (t-1) [u (t=1)-u (t-2)] + (3-t) [u(t-2) - u (t-3)]
o () = (1) u (t1) - 2 (+2) w (62) + (+3) u (+3)

-$ -28 -3s

e 2e e
=t
s S

= L{f(t)}

= L{f(t)}= ;1—2— (e’s -2 + e'35)

3. (a)If(t) = & o<t<2, and f (t+2) = £(t), find L{f(t)}

1 2 4e™  geB 27
. [z

s® s s? s?

(b) Find L{F(t)}, where F(t) is defined by

sint o<t<n
F(t) =
() {o n<t<2n

and F(t + 2n) = F(t)

1
Ans.
(l—e"'s) (1+s2)
4. (a) Find the Laplace transform of the function.

273



Ans.

Ans.

Ans.

A Textbook of Engineering Mathematics Volume - 11

F(t) = tetsin 2t

(U.P.T.U. 2002)

(b) If F(t) = (cos at ~ cos bt)/t, find the Laplace transform of F(t).

4(s+1)
(s2 +2s+ 5)2
(b) Evaluate L{t2 sin t}
2(3s° -1)
(1)
(c) Evaluate L{tet sin2t}
4
1 1 : L1]4-3 (s+l)2
20T 2 (s+))' 4
(a) Find the Laplace transform of
sin’ t
f(t) =
(===
1 log 5 +4
4 s?
1, s? +b?
2|8 i
(c) Find the Laplace transform of
1-cos t
R = 5
cots+ 2 Io s
2 & st +1
(d) Find the Laplace transform of
e—at _ e—bt
Ft)= =——°
= —
log S b
B s+a
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6.

Ans.

7.

Ans.

Ans.

Ans.

Ans.

Ans.

Ans

Laplace Transforms

Find L{ erf Jt } and hence prove that
3s+8
L{’c erf (Zﬁ)} = ﬁ—y—z
1

s(s+1)l/2

. -1 1
(a) Find L {————s (s2 " 4)}

% (1-cos 2t)

. -1 1
(b) Find L {_——-—53 (82”)}

2
v + cost -1
2

4
¢) Find L' {——-—}
© s? +4s+ 20

et sin 4t

(d) Find L™ {_Piﬂ)—-}

st -6s+2

3e* cos (ﬁt) L3 e’ sin h /7t

ﬁ
(¢) Find L' {-—Sﬂ——}

s>+4s+5
e2t(cost+ 6sint)
(f) Find L™ {s/(s2 +a’ )2}
t sin at
2a

(g) Evaluate L! {(e“s - 3e'3s) / sz}
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Ans.

Ans

Ans.

Ans.

A Textbook of Engineering Mathematics Volume - I1

(t-1) u (t-1) -3 (t-3) u (t-3)
Find the inverse Laplace transform of the following.

2s? -1
@) —————— (U.P.T.U. (c.0) 2004)
(s2+ 1) (s2+ 4)
. 3 .
. —sint+ —2- sin 2t

2s? -6s+5
s*-6s2 +11s-6

(b) (UP.T.U. 2004)

1 5
2 oete? 4 5 o3t

2

(€ = (UP.T.U. 2002)

s’ (s+a)

-alzu(t -c)+ é(t —cu(t-c)+ —al—ze'a(t'c)u(t -c)

(e) log (;i-) (U.P.T.U. 2003)

(0 log (1 + 5 (U.P.T.U. 2007)

1-¢t
t
(g) tan? (s+1)

1 et sint
t

Using Convolution theorem, evaluate the following:
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Ans.

Laplace Transforms

-1 s
(a) L {(sz + 1) (52 + 4)}

% (cos t - cos 2t)

A 1
(b) L {—“—“‘53 &+ 1)}

2

Ans. Ez— +cost-1

Ans.

Ans.

Ans.

- s
(¢ L! {(32 @ +b2)} azb

(asinat—bsinbt)

a?-b?

a 1
(@)L {(5—2) (s2+1)}

% (e -2sint-cost)

1 1
) L {s(sz+4)z}

1 (1-t sin 2t - cos 2t)
16

1 1
O L {(s-—l)5 (s+2)}

t -2t
& t“_it3+it2-_8_t+_8_.) £
72 3 3 9 27; 243

N
2
(32 + a2)
Hint - By convolution theorem

L {£(s) g©)} = [ F(u) G(t-u)du

(g L
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Ans.

Ans.

10.

A Textbook of Engineering Mathematics Volume - 11

1

f(s)=8(s) = 5=

s +a

b= _l:l sin au ~sin a (t-u)du
a

2
(52 +a2) a
J

=N L”<—1— = — (sinat-at cos at)

1
(52 +a’ )2 22°
Using Heaviside’s expansion formula find

-1 3s+1
@ L {(s—l) (sz+1)}

2et+sint-2cost

-6
b) {22
(®) {s3+4s2+3s}

4det Lo
2 2

.

Using Laplace transformation, solve the following differential equations.

2

(@) %—t—-zx+y =tcos 2t, t>0

given that y = % =ofort=o

-5 4 t
t)= — sint+ —sin 2t- —cos 2t

2
(b) %+23—y+5y =e™sin x
X X

Wherey (0) =0,y (0) =1

y= %e"‘ (sin x + sin 2x)
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Laplace Transforms

(c) (D*-2D+2) y =0,y = Dy =1 when t =o
Ans. y = etcost
11. (a) Solve the simultaneous equation

i)£~y=et,ﬂ+x=sint
dt dt

given x(0) =1,y(0)=0 (U.P.T.U. 2006)

Ans. x(t)= % (et + 2sint cos t - t cos t)

y(t)= %(tsin t—e' +cost—sint)

(b) Using Laplace transformation, solve

(D-2)x-(D+1)y=6e

(2D -3)x + (D - 3)y = 6e3

Givenx=3,y=0whent=0 (U.P.T.U. 2001)
Ans. x(t)=et+ 2tet+ 2e3t

y(t) = sin ht + cos ht - e -3t -tet

dx d
() T + 4d_}t, -y=0
dx

It +2y = e ™" with condition x(0) = y(0) =0 (U.P.T.U. 2008)

3

1 5 8 1 1 =t

Ans. x(t)=—-Zet+—e¥*, y(t)=—et - et
() 3 7 21 y(®) 7 7

12. The coordinates (x, y) of a particle moving along a plane curve at any
time t are given by

g3i+2x=sinzt,315-2y=cos2t, (t>0)
dt dt

It is given that at t = 0, x =1 and y = 0, show using transforms that the particle
moves along the curve 4x2 +4xy + 5y2 =4 (U.P.T.U. 2003)

Ans.  x(t) =% sin 2t + cos 2t

y(t) = -sin 2t
13(a) Sovey” -ty’ +y =1
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if y(0)=1, y'(0) =2 (Raj SLET 2001)
Ans. y=2t+1

(b) Solve [t D2+ (1-2t) D-2]y =0

ify(0) = 1, y'(0) =2
Ans. y=e2

Objective Problems

Pick up the correct answer from the following
1. De Laplace was a

(a) German Mathematician  (b) French Mathematican
(c) American Mathematican  (d) British Mathematican

Ans. (b)
2. PAUL DIRAC (1902-1984), English Physicist, was awarded the Nobel Prize
[jointly with--------—-- (1887-1961)] in 1933 for his work in quantum mechanics
(a) Laplace (b) Euler
(c) Erwin Schrodinger (d) C.V. Raman
Ans. (c)
3. Laplace transform of F(t); t 2 o is defined as
(@) Le‘s'f(s)ds ) [[eF(at
© [ e*F(as ) _[e'S'F(t)dt
Ans. (b)
4. 1! {in} is possible only when n is
s
(@) Zero (b) -ve integer
(c) +ve integer (d) negative rational
Ans. (c)
5. Laplace transform of F(t) =1 is
1
1 b) —
@ (®) -
1
© = (d)o
Ans. (b)
6. L{et cos t} is equal to
s+1 s-1
> b) —
@ i 2er2 P
s+1 s—1
> d) ————
© s°—2s+2 @ s°—25+2
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7. L {eat tn} is equal to

[n In

@) (s+a) ) (s-a)"
In n

(C) (S + a)nH (d) (S _ a)n+l

8. L{F”(t)} is equal to

(a) s2f(s) - s F(o) - F'(0)
(b) s2f(s) + s F (o) - F' (o)
(c) s? f(s) - sF(o) + F' (0)
(d) s2f(s) ~ s F'(0) ~ F” (0)

9. The inverse Laplace transform of ( [n % ,8>ais
s—a

(a) eat tn (b) et ent

(C) eat {n-1 (d) ettl tna

10. The inverse Laplace transform of -[g,s >a
s

(a) tr (b) tn1
(c) tn*? (d)nt
11. If L{F(t)} = f(s) , then L{e2t F(t)} is equal to
(a) f (s-a) (b) f(s+a)
(c) f(a-s) (d) £(s)
12. If L{F(t)} = f(s), then L{t~ F(t)} is equal to
() £(s) (b) (1) £ (s)
(©) ()£ (s) (d) t £(s)
13. L{l —oF at} is equal to
a

1 1

@ 7= (b) m
1 1

© a () s? +a’
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Ans. (d)

Ans. (a)

Ans. (c)

Ans. (b)

Ans. (a)

Ans. (b)
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14. If L{F(t)} = f(s), then L[ EF(u)du] is equal to

@) ss) (®) = (s
1,01 1

15. The volue of f e ;e—bt dt is equal to

(@)loga/b (b) log (a-b)

(c) log (a%-b?) (d) log (b/a)

16. f Slr: t dtis equal to

@o () 7
@ (d) /2

e t—edt
17. The value of E—T——dt is equal to

(a) log 3 (d) log (5/3)
(c)log 4 (d) log (1/3)

18. The value of _[jte"“ sin t dt is equal to
4 3
d b) =

(a) s (b) 7

© 2 @

19. L{F(t)} = £(s), then L{F(at} is equal to
@/ ®) S£(s/2)

(c) a£(s/a) d) %f(as)

282

Ans. (b)
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Ans (a)

Ans. (c)

Ans. (b)



Laplace Transforms

a1 & )
20. L 5 ¢ is equal to

(s2 +4)
. t | t
(a) sin 2t + 5 <08 2t (b) 2 sin 2t + 3 cos 2t
() %sin 2t + tcos 2t (d) %sin 2t + :t‘-sin 4t

21. L{ Jo (t)} is equal to
1 -1

b
@) Vs +1 ®) Vs? +1
1 ]
1 d
(c) (52_1) (d) =

(a) ielit (b) ie‘"
B 6
© S @ fret
3 14
23. L {tan'1 -1-} is equal to
s
(a) sin t ®) Si‘t‘ t
(c) tsint (d) 2sint

24. If L™ {f(s)} = F(t) and F(o)= O, then L" {sf(s)} is equal to

(@) () (b) £°()
©F(® (d) tF'(t)
25, L"{ e;—ns } is equal to

s +1
(@) etsint (b) etsint
(c)-sint.u(t-n) (d) sint. u (t)
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Ans. (b)

Ans. (a)

Ans. (b)

Ans. (b)

Ans. (c)
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Ans. (c)
-1 1 .
26. L {sz (sz ; 1)} is equal to
(@) t+sint (b)t-sint
(c)l-sint (d)yt+cost
Ans . (b)
27. L {—e;ji} is equal to
s
@ & —L33 ) H(t-3) w & 5 ) Hie-3)
SRR @ & L3)
Ans. (c)
28. If H (t - a) is Heaviside unit step function, then F (t-a) H (t -a ) is equal to
(@) L {f(s)) (B)L” fe* f(s))
(© L7 fe £(s)} (A L7 fe=f(s)}
Ans. (c)

2
29.If —Z—Z +y =0, under the conditions y=1, % =0, when t = o, then y is equal
X

to
(@) sint (b) cos t
(c)tant (d) cot t
Ans. (b)
30. If L{F(t)} = f(s), then L{ ft )} is equal to
(@) f f(x)dx (b) f f(s)ds
© é [(f(s)ax ) é [
Ans. (a)

31. L sm } is equal to
{ : Jr_ -
(a) l/4s (b) 283/2 e 1/4s
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\/— -1/4s

T
C) —/-¢
© 5%

32. L{COS t} is equal to

vt

(a) (3)1/2 el/4s

\/7—'5. -1/4s

3o

33. L! 1 is equal to
G-ay)
s—a

(a) t2eat

12at
c)—-te
(©) 3

34. L'l{( ! )z} is equal to
s+a

(a) ext
(c) teat

_ 35. L{ t* et} is equal to
14

@ (s+ a)‘

© 2

(s+ a)3

1
36. L! is equal to
{s(s2 +l)} 9

(@ 1+sint
() 1+ cost

Laplace Transforms

@ 3 [ Z)ee

1 (n 2 ~1/4s
®) 1 [5) e

VI _ies
(d) ';57'2-8 1/4

1
b__tZat
(®) 5t

) %t et

(b) e
(d) teat

15

b

(®) (s+ a)5
|5

@ (s- a)5

(b)1-sint
(d) 1 - cost
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Ans. (b)

Ans. (a)

Ans. (b)

Ans. (c)

Ans. (b)

Ans. (d)
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37. The Laplace transform of the function
1, <t<2
f(t) = { o=

21, 2<t<d4,
f(t+4) = f(t) is given as (U.P.T.U. 2009)
1-e2 l1+e™

a) —————— b) ————
@ s(l+e‘2s) (b) s(1+e“zs)
©O (@ 2

s—-1

Ans. (a)

38. The inverse Laplace transform of log (-s—ti-] is given by
s —_

(U.P.T.U. 2009)

(@) % cosh t (b) %sin ht
(c) 2t cost (d) 2tsint
Ans. (b)
39. L { 5 > 5 } is equal to
s —-a
(a) cos at (b) sin at
(c) cosh at (d)sinhat
Ans. (c)
1
40. L''{ ————tis equal to
{sz (52 + 1)} 1
(@) t+sint (b) t-sint
(c) I-sin t (d) t + cost
Ans. (b)

Select true or false answers in the following
1. Laplace transform of F(t) is defined for positive and negative value of t.
(True or False)

s
2. L'l{ } = cos at
s? +a?

(True or False)

Ans. False

Ans. True
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Laplace Transforms

M
m =53 (sin at - at cos at)

(True or False)

3. L

4. If L{F(t)} = f(s), then
L{tFy) = gg{f(s)}

5. ;—;[L{F(t)} -L{PF®}] =0

True or False

Ans. True

Ans. False

Ans. True

6. Match the items on the right hand side with those on the left hand side

(i) L {cos 48) @) [(—23-(;—“3)2—]-2—
s—a) +a
(i) L {t sin 2t} (b) E-t—u—sin 2t
(iii) L {t e sin at} Che im
. - 1 [s+3. 2s
@iv) L l{cot (—Z-J} (d) (52 +4)2
Ans. (i) ——(c)
(i) (d)
(iif)~———(b)
(iv) (a)
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Chapter 7

Fourier Series

Introduction

Most of the events in nature and many other systems, being periodic in nature. In
many engineering problems, especially in the study of periodic phenomena in
conduction of heat, electro-dynamics and acoustic, it is necessary to express a
function in a series of sines and cosines. Most of the single-valued functions
which occur in applied mathematics can be expressed in the form

a . . .

—21 + a,c08X + a, COS2X + a, COS3X *+ ........... +b, sinx + b, sin2x + b, sin3x +........
where a,, a1, az, as,.......... , b1, by, b, are real constants and the series is
known as Fourier series. The constants a,, a1, as, as,......., b1, ba, bs,......... are called

Fourier's Coefficients of the periodic function.
Euler's Formulae
The Fourier series for the function f(x) in the interval a<x<a + 2 is given by
f(x) = 329— +Y'a, cosnx + Y b, sinnx (i)
n=1 n=1
Determination of the Fourier's Constants:

To find ao: assume that (i) can be integrated from x = ¢ to x = c+2n, term by term,
so that we have

o0

C+2=n a C+2x C+2rn/ » C+2n
I f(x) dx = =2 J‘ 1dx+ I (Zan cosnx) dx + j (an sin nx {dx
(& 2 C C \n=1 C n=1

a

o (S +040

2
a
—2°-(C+21t-C)=1tao

1 C+2n
or a, = — I f(x) dx
LS

To find aa: multiplying each side of (i) by cosnx and integrate with respect to x
between the limits x = C to x = C + 2m, so that we have
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C+2x a C+2x C+2x/ o C2xf o
I f(x) cos nx dx=?° I cos nx dx + I (Zan cosnx)cos nx dx+ I (an sin nx)cosnx dx
C C

C n=1 C n=1

C+2r o
=0+ IZa cos’nxdx + 0
n=1

=anm
1 C+2n

or a, =

f(x) cosnx dx

LS
To find b, multiply both side of (i) by sinnx and integrate with respect to x
between the limits x = c to x = C+2n, so that we have

C+2x a C+2x C+28/ C42r/ o
f f(x) sin nx dx =-2 I sin nx dx + I (Zan cos nx) sin nx dx+ I (ansin nx)sin nx dx
C 2 C C \n=1 C n=1
C+2n o

=0+0+ IZb sin’nxdx = b, n
n=1
1 +2x%
== I f(x) sin nx dx
LS

C+2n

The values a, = 1 I f(x) dx
T

II

?—IIH ?—ilr-*

Jg f(x) cos nx

b, = I f(x) sin nx dx

are called Euler's formulae
Euler's Formulae for Different Intervals

Case (i): If C = 0, then the interval for the above series (i) become 0<x<2r and the
Euler's formulae reduce to

1 2n
a, == [f(x)dx
n [+]

a, = 1 If(x) cos nx dx
T

2n
b, == [£(x) sinnx dx
n [v)
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Case (ii): If ¢ = -m, then the above interval for the Fourier series become -n<x<nr,
then the Euler's formulae, reduce to

a, = 1 [£(x) dx
T -n

a, = 1 If(x) cos nx dx

-R

b, = 1 If(x) sin nx dx
T -n

Note: Periodic Functions

Consider any function of x as f(x) and let f(x) = f (x+T) =f (x + 2T) = ........ , then the
function f(x) is said to be periodic with its period T. This T is non-zero, smallest
and positive real variable. For example consider f(x) = sin x, then f(x) = sin x = sin

(x + 2m) = sin (x + 4m) = ........ Hence, f(x) = sinx, is a periodic function with the
period 2n. This is also called sinusoidal periodic function
f(x) = sin x
4
1 -t
X' - n >
M -2n A O 2n > X

14
——— 2R

Even and odd Functions

(@) Even Function: A function f(x) is said to be even if f(-x) = f(x) for all x.
Properties of even functions:

1.  The graph of f(x) is symmetrical about y axis.

2. f(x) contains only even powers of x and may contain only cos x, secx and
their higher powers.

3. If(x) dx=2 If(x) dx, whenf(x)iseven
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the sum of two even functions is even i.e. h(x) = f(x) + g(x) is even when
both f(x) and g(x) are even

Product of two even functions is even i.e. h(x) = f(x) g(x) is even when both
f(x) and g(x) are even.

The Product of two odd function is an even function

For example: x2, 2x4, cos x, cos?x, 3x2 + 5, x4 + cos 2x + 2 are all even functions.

(b)

y/\
\ 1 / )
N -

(Even function) cos nx is even

Odd Function: A function f(x) is said to be odd if f(-x) = ~f(x) for all x.

Properties of odd Functions:

1.

2.

The graph of f(x) is symmetric about the origin lies in opposite quadrant 1st
and IIIrd.

f(x) contains only odd powers of x and may contain only sin x, cosec x and
their higher powers.

I f(x) dx = 0, When f(x) is add.

The sum of two odd functions is odd i.e. h(x) = f(x) + g(x) is odd when both
f(x) and g(x) are odd

Product of an odd function and even function is odd i.e. h(x) = f(x). g(x) is
odd, when f(x) is even and g(x) is odd or vice versa

Product of two odd function is even

y
A

/ N

odd function (sin nx is odd)
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For example: 2x3, sinx, tan x, x3 + x are odd functions.

Result: Most functions are neither even nor odd. But any function f(x) can be
written as the arithmetic mean of an even and odd functions as

) = T3 + =) + - [ - (-]

Example 1. Find a Fourier series to represent x-x2from x = -« to x = 7 and hence
deduce

1 1 1
— = -t — - — t+ .
12 1 22 3 4
Solution. Let x-x2=32°—+2a“ cosnx + Y b, sinnx (1)
n=1 n=1
2 37T 2
Thena, = — I(x x)? dx-— XX _.2m
_n T2 3], 3
1 n
a, = — Ix x*) cos nx dx
1t -R
=l[ x2) smnx_(l_zx)_( Cosnx)+(2)( smnxﬂ
n n n -
-4( "+ cos nm = (-1)°
—4/12 a, = /22,a3—/2,a4-— /12 etc
Finally
-1 Jx x?) sin nx dx
n -
_1 [(x-xz) (_cos nx) -(1-2x)( smnx) - (2) (cos nxﬂ
T n n n .

=-2(-1)"/n
Sb1=2/1,b2=-2/2,b3=2/3,bs=-2/4 etc
Substituting the values of ao, an, bn in (i) we get

, T cos X €os 2x . cos 3x  cos 4x
X-X" =-— +4 - + - + o
3 12 2? 3? 42
[sin X sin 2x . sin 3x  sin 4x
+2 - + - + ...
1 2 3 4
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Putting x = 0, in above we get

n—

Example 2. Obtain the Fourier Series of f(x) = ( X) in the interval (0, 2n) and

hence deduce

LIS S (UP.T.U. 09)

4 3 5 7
Solution Since we know

f(x) = —a2—° + Zan cos nx + an sin nx

n=1 n=1
Let —7%)-(— = % + Zan cosnx + an sin nx (1)
n=1 n=1
2n

Then a, = — If(x) dx

a, = 1 jf(x)cosnxdx
T

== (I%)SJ cosnxdx=10

Lo}

2
Finally, b, = 1 If(x) sin nx dx
T

[¢]
2n
-1 J‘(n"xjsinnxdx---'l
T 2 n

_ Substituting the values of ao, an, bn is (1) we get
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=sinx + l sin 2x + l sin3x + ...........
2 3

Put x= g, we have

Example 3. Given that f(x) = x + x2 for -n<x<n, find the Fourier expression of f(x).

2 1.1 1
Deducethat — =1+ — + — + — +. (U.P.T.U. 2003)
6 22 3% 4
Solution
Letx+x2=32°—+2ancosnx+2bnsinnx )
n=1 n=1

Then a, = 1 If(x) dx = 1 I(x +x?) dx
n -n n -

! 2 3-1:
I O A . L.
ni 2 3 2 3 3

[

A :alo—* Afr

(x+x2)§i§;_“§_(zx+1).(__c_.°.§__n.’_‘l+(2)( _3.“}.___)}:
n n’ %

(2 x4 1) cosmt__(2 +1)cos(n1c)]
n? n

4rn
n? n?

[ cos mt} _ A"

Finally, b, = 1 If(x) sinnx dx = 1 I(x + x?) sin nx dx
T T
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_1 (x +2) (_cos nx) _@x+1) (_smznxj +9 cossnx}
T L ) n n x
_1 (n+ nz) cosnn cosamr + (-n +n2) cosnm COS;I‘IT}
T L n n n n
1[ 2xn ]
== |- cosnn
n| n
2 n
=-= (1)
n
Substituting the values of a,, an, bn in (1) we get
2 7!2 1 1
X+x°=—+4 [—cosx+ —,;cost- —zcos3x+ ..... }
3 2 3 @)
- 2[—sin X + 1 sin 2x - 1 sin 3x + ]
2 3 a
putting x = =, (2) becomes
) _
T 1 1 1
R+ml=—+4 |1+ =+ =+ — + ... 3
3 | 22 32 42 } ©)
putting x = -x, (2) becomes
n° [ 1 1 1
T+nl=—+4 |1+ =+ —+ — + ... 4
3 22 3% 4 } @)

Adding (3) and (4), we have

2
2n2=%t—+8[1+l+-1-+—1—+ ]

Sttt
2

n 1 1 1

— =81+ S5+ 5+ +...

3 [ 22 32 4 }

2

n 1 1 1 |
—=lt s+ S+ S5+l =) —
6 22 32 4 Z

Example 4. Expand f(x) = x sin x as a Fourier series for 0<x<2rx  (U.P.T.U. 2001)

Solution: Let f(x) = 322 + Zan cos nx + an sin nx (1)
n=1 =1
17 1
Then a, = — jx sinx dx = = [x (-cos x) -1 (-sin x)]in =2
m 3 7
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n 2n
1 . . .
a, = — |xsinxcosnxdx=-— |[x(2cosnxsinx)dx
T s 2n

=21 Ix [sin (n+1) x - sin (n-1) x] dx

2n
o
2n
_1 x{-cos (n+1)x  cos (n—l)x} _q4_sin (@+)x  sin (n-T)x
2n n+l n-1 (n+1)? (n-1)?
_ 1 oq |08 2(ntDn 4+ €os 2(n-1)m
2n n+1 n-1
2
= ,h =1
n?-
2n
Whenn=1, a;, = — |xsinx cos x dx
T (8]
1 2n
= — |xsin2x dx
2n
1 cos ZXJ ( sin 2x)
= — |x|- -1]-
2n 2 4 R
=1
2

2%
Finally, b, = 1 Ix sin x sin nx dx
T

2n

% Ix [cos (n-1)x - cos (n+1)x] dx
S sm (n-l) x _sin (nt+1) x} _q)_cos(-1)x _ cos (n+1)x "
2n n+1 (n-1)? (n+1) ]
_ 1 jeos2n-I)m  cos 2n+D)m 1 + 1
2n | (n-1)° (n+1y? (-1 (n+1)?

=0, (n=1)
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2n
Whenn=1, b; = 1 J.x sin x sin x dx
T

N|H

J.x (1 - cos 2x) dx

2%
1 ( sin 2xj x?  cos 2x
=— |x|x- -1 —+
2n 2 2 4 .

=T

Substituting the values of a,, an and bn we get

xsinx = 22 cos3x + ...
- 32_
Example 5. Find the Fourier series expansion for
2
f(x) = x + XT’ -m<x<m (U.P.T.U. 2009)
Solution:- Let f(x) =x + —);— ?" Z COs NX + Zb sin nx 1)

n=1

If(x) cos nx dx

X2
x + e cos nx dx

Finally, b, = 1 jf(x) sin nx dx
n
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Substituting the values of a,, an and by in (1) we get
2 2 © n 0 n
X T (-1) -
+ —=f(x)=—+ ) *—=—cosnx-2 ) ~——sinnx
Ty T Z‘ n? ; n

Example 6: Obtain the Fourier series for f(x) = e-x in the interval
0<x<2n (S.V.T.U. 2007)
Solution: Let ™ = a? Z cos nx + an sin nx 1)

n=1 n=1

2n
Then a, = l If(x) dx

1 & _1 o 2n
S A
=1 e27|:
T
and a, = — ]Ef(x)cosnxdx—— I cos nx dx
1

2
= [e"‘ (-cos nx + nsin nx)} "
T (n“+1) o

1-e72" 1

T n2+1
a, = 1-e l a, = 1-e7r 1e’cc
! T 2’2 4 5

2n
Finally b, = 1 J'f(x) sin nx dx
T

fl

1 X .
== Ie * sin nx dx
T [o]

301



A Textbook of Engineering Mathematics Volume - 11

1 “x .
=_——  |e™* (-sinnx - n cos nx
7 (n%+1) [ ( ):|

1-e7%" n
T n2+1

2r -2
. p, =128 %,b2=[1e )—?—etc
T T

2n

o

Substituting the values of ao, an, by in (1), we get
2 l+(lcosx+lc052x+icos$x+ ....... )+
«x_ 1-e"" |2 2 5 10

n

e

Example 7. Obtain the Fourier Series expansion for the function
f(x) = x2, -n<x<m
Hence, deduce that

1 1 1 1 n’
a — et — + — = —
() 12 22 32 42 6

1 1 1 1 n’
b -+ =
( ) 12 22 32 42 1

2

(©) %2 + 3% + -517 S = 1;— (UPTU, 2004)

Solution: We have f(x) = x2

f(x) is an even function, therefore, f(x) contains only cosine terms. Hence b, =0

Let f(x) = x2 = a7° + Zan €os nx (1)
n=1

Then we have a, = 1 I f(x) dx = 1 Ixz dx
T T

3] gt

2w
3n

1l
2=
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1 jf(x) cos nx dx

-

and a,
n

2
== Ixz cos nx dx
s

-

[Xz (sm nxj o [—Cosznx) v (-smanx):|
n n n 5

[0 + ﬁ cos nm + 0]

n2

!
aln ajino atle
]

2n n 4 n
— (1) = z -1
Substituting in (1), we get

i.e.xz— +4[ (- )

COS nx}
n=1 I'l
(-

1\l 3
=—1;— {( 1) cos x + 2) c032x+(—1)—~cos3x+ ..... }

32

n° [cos X cos 2x  cos 3x ]
T 4 - + e
3 12 22 32

2
2 W Ccos X cos 2x , cos 3x
or x —?—4{ PERY + Z ] (2)

At x = m and x = 0, the function f(x) is continuous
Putting x = 7, is (2), we get

5 n2 4 COS T  COS 27 4+ cos 3n
- 12 22 32 ---------

F e, == 3
12 22 3? 6 )
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putting x = 0, in (2), we get
n? [cos 0 cos0 , cosO }

0=— -4 -
3 12 2?2 32

2
o0-% 41 1.1 1. ]

3 12 22 3
1 1 1 1 n?
or4|—-—+ — - — +........ = —
[12 22 32 42 } 3
1 1 1 1 n?
of — - — + — — — +,...... = 4
12 2% 32 42 12 @
Adding (3) and (4) we get
1 1 1 n2
ottt =
12 3?2 52 8

Example 8. Obtain the Fourier series for
f(x) = |x| in -n<x<n
Solution. we have f(x) = |x|
since f (-x) = |-x| = |x| = f(x)
f(x) is an even function
Therefore f(x) contain only cosine terms and we have b, =0

Let f(x) = |x| = a?° + Zan cos nx
. n=1

we have a, = 1 If(x) dx = 2 jf(x) dx
T - T (o]

-2 lx|dx=g x dx
n T
(o] ]
=z{£T=z<f-w=n
n|2 n 2
o]
and a, = 1 _ﬂx] cos nx dx = 2 Ix cos nx dx
n_n T :

HEGPRC
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[O + ;115 (cos nx)gjl

1
2

FIN0 2N

(cos nmt - cos 0)

IS

[cvr 1]

Clearly an = 0, when n is even

n

=

and a, = —-ilz—, when n is odd
nn

.. The required Fourier series expansion is

COs nx

n2

[Ms

x| == - d (nis odd)
T

N3

n

[}
Py

. T cos 3x  cos 5x
ie |x|==-=cosx+ + +
2 =

32 sz e
Example 9. obtain the Fourier series of the function

1, -R<x<0
fx) = {—1 , 0<x<m

Solution: The function f(x) is odd. Therefore, the Fourier series of f(x) contains
only sine terms

p, = 1

=— If(x) sin nx dx
T [o]

I(-l) sin nx dx
o

Q= A= |

[cos nx]z

[cos nm - cos o] = % [(-l)n —1:|

o ; n is even
-4/nm ; nis odd

.. The Fourier series expansion of f(x) may be written as

-4 | . sin 3x  sin 5x
f(x)= — {sin x + + F o
T 3 5

The graph of f(x) is given in figure as given below
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I
A
)
2

B S —

FUNCTIONS HAVING POINT OF DISCONTINUITY
In deriving Euler's formulae for the constants ao, an and b, we have assumed that
f(x) is continuous in the given interval. In some cases f(x) may have a finite
number of discontinuities. We can also express such functions as Foruier series.
For example, consider a function f(x) defined as follows:

f(x) = f1(x), Cc<X<Xo

= fa (x), Xo<X<C+21
Where x, is a point of discontinuities for f(x) is the interval (c, c+2n) and limx_,o-
f(x) i.e. f(xo - 0) and limx_,o+ f(X) i.e. f(xo + 0) exist unequal and are finite. We
determine the values of ao, an and by can be computed as

1 _Xo C+2n
a, = — jfl (x) dx + j £, (x) dx
T c Xy

c+2n
I f, (x) cos nx dx

Xo

xo
a, = 1 If‘ (x) cos nx dx +
T | 2

1 X, c+2n
and b, = — Ifl (x) sin nx dx + I £, (x) sin nx dx
T
C X,

0

At the point of discontinuity i.e. at x = xo the Fourier series converges to
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Fourier Series

> 1f(x, + 0) + (<, - )] = 3 (FB + FC)
If f(x) satisfies Dirichlet's conditions and f(x) is expressed as
a @0
f(x)=—=+ ) a, cosnx+ ) b, sinnx

in the interval {C, C+2n], then f(x) converges to f(xo) if xo is a point of continuity
of f(x) in the given interval

O X =X

Thus from above we conclude that

(i) It may be seen from the graph, that at a point of finite discontinuity x = x,
there is a finite jump equal to BC in the value of the function f(x) at x = xo

(i) A given function f(x) may be defined by different formulae in different
regions. Such types of functions are quite common in Fourier series

(iii) At a point of discontinuity the sum of the series is equal to mean of the
limits on the right and left.

FUNCTION DEFINED IN TWO OR MORE SUB-RANGE:

Example 10. Find Fourier series for the function defined by

-1 for -n<x<o
f(x) =<0 forx=o
1 for 0<x<n
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hence proved that
B B = (U.P.T.U. 2005)

Solution: By Fourier series, we have

f(x) = 323 + Zan cos nx + an sin nx 1)
n=1 n=1
1 n

Then a, = — J.f(x) dx
T -R

]'(-1) dx + 1]’1 dx}

(%)% + (03

]
A=
| D |

i
R
| e

o

o

[-n+n]=0

A=

and a, = 1 J'f(x) cos nx dx
T -n

1 f 1
= — |-cosnxdx + — |cosnxdx
T

m
-7 [o]
= % {—% [sin nx]7_ + -11; [sin nx]Z}
1
= — - =O
L oo)

Finally, b, = 1 If(x) sin nx dx
T

1 17
= I-SinnXdX+— sin nx dx
T

T
- []
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=1 [1-cos nn - cos nm + 1]
nn

=1 [2-2 cos nnt] = 2 [1-(-1)"]
- nm

b, = = A1), n=1,2 3.
nn

Ifnisevenb,=0
ifnisodd b, = 2
nn

Hence from (1) we have

f(x) = an sin nx
n=1

=bysinx + basin2x + bssin3x + by sin4x + ..........

f(x) = 4 sin x + 4 sin 3x + 4 sin 5x + .......
T 3n 5n

The expansion (2) is required Fourier expansion

4[ T n 1 5n }
1=~ |sin —+ — sin — + — sin — +.......
n 2 3 2 5 2
4 1 1 1
= {1+ =(-D+ =D+ = (-1) +.....
it Ly
I N L
7 3 5 7
I B R O
4 3 5 7

Example 11. Find the Fourier series for the function

-1 for -n<t<-m /2
f(t)= 40 for -n/2<t<m/2
1 for  Z<t<n
2

Solution. Let f(t) = %_"— + Zan cosnt + an sin nt
n=1

n=1
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-n/2 n/2
Then a, 1{I(l)dt+ [ oat+ J’ldt}

-n/2 n/2

[l

A~ 3=

{072 + ¥}

T T
__n+n._..._
(2 2)

-n/2 n/2 n

a, = 1 { f (-1) cosntdt + J. (0) cosntdt + I (1) cos nt dt}

T
- -n/2 n/2

1 { sin nt]'"/2 [sin ntjl" 1 { N . nn}
== {|- + = —{sin — -sin—
i’ n j, n ., nn 2 2

-n/2 /2 r
andb_ =+ { [ (Dsinntdt+ [ (O)sinnt dt+ [(1) sinntdt}
by

-n -n/2 n/2

_1 [cos nt]-"/2 N { cos nt]“
T n - n n/2

2 ( nn )
= — | cos o -cosnn

0

by = E,b2 = —_——2-,b3 =2 etc.
T i 3n

Substituting the values of a,, an and by in (1) we get
f(t) = 2 (sint-sin 2t + % sin3t+ .....)
T

Example 12. Find the Fourier series for the periodic function

0, -t<x<0
ﬂn={x

O<x<m

f(x + 2m) = f(x)
Solution. Let f(x) = a? Z:; cos nNx + an sin nx

n=1
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o n 2T
Thena(,=l Ide+l J-xdx=l[x?}
T T T

1 sin nx Cos nx
e
T n b
—1\" -
_1 [( 12/ - iz] = —zi, when n is odd
T | n n n°n

_1 { <—1)“} Y
n

n

Substituting the values of a,, an & bn in (1) we get

T 2 [cos X cos 3x  cos 5x :i [sin x sin 2x  sin 3x
fx)=—- - = + + Frvens + + +
12 32 52 1 2 3
DISCONTINUOUS FUNCTIONS

At a paint of discontinuity, Fourier series gives the value of f(x) as the arithmetic
mean of left and right limits

At the point of discontinuity, x = ¢
Atx=c, f(x) = % [£ (c-0) + f (c+0)]

Example 13. Obtain Fourier series of the function

%) X, ~-T<X<O
x=
-X, 0<X<T

and hence show that
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2
-1, 1, = (U.P.T.U. 2002, 2008)
4 9 16 12
Solution. Here f(x) is an even function so
bn =0
a, = 2 f(x) dx
n o
n 27*
1t m2
[o] [o]
=-=|—|=-n
m| 2
-2 j f(x) cos nx dx
n
(o}
=2 -x cos nx dx
n
[o]
22 |: sin nx , cos nx}
1c n® ]
_ 2|6
n| n?
2
= —5 [1-(-1)"]
O , n is even
= 4 .
— n is odd
nn

Thus, the Fourier series expansion is

fg=-Z+2 [

T

cos x , cos 3x  cos 5x

+ + +.....

12 3 5 }

Example 14. Find the Fourier series of the function

) = {x+n, foro<x<m

-x-7, for-m<x<o

and f(x + 27) = f(x) (U.P.T.U., 2006)

Solution. Let the Fourier series expression be
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f(x) = ? + Za cosnx+Zb sin nx

n=1

wherea, = ~ J. f(x) dx
b

:iln—-l

| -X=T dx+—1—nx+7; dx
Joemansd Jocen

x? ° 1 |x? i
-— = TX + — | — + 71X
2 . T2 .
2 2
X__nz +1 .n_+n2 =7
2 n |2

and a, = 1 _“f(x) cos nx dx
T

-n

<1 I(-x -m) cos nx dx + — I(x + m) cos nx dx
T -
sin nx
n
1 1 1" 1) 1
= e e 2l — | el e —
n [ n? n? J n [ n’ n?
=2 n
"o L1
a =) -4/n’n, if nis odd
"o if nis even
b, = % [ ) sin rx dx

- o
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H e (e on (] Lo () o (]|
e
% [1-2¢1r +1] = 2 [ -1

_ |4/n, ifnis odd
n 0, if nis even

b

Thus, the Fourier series is

f(x)———+ a, COS X + a, cos 2x + a3 cos 3X + ......... +b, sin x + b, sin 2x + b, sin 3x +........
n 4 (cos X oS 3x ) (sin x  sin 3x )
= = - — + + o +4 + +.....
2 = 12 32 3

CHANGE OF INTERVAL AND FUNCTIONS HAVING ARBITRARY
PERIOD

In many of the engineering problems (i.e. electrical engineering problems) the
period of the function is not always 2n but it is different say 2C or T. This period
must be converted to the length 2n. The independent variable x is also to be
changed proportionally. Let function f(x) be defined in the interval (-C, C). Now
we want to change the function to the period of 2n, so that we can use the
formula of an, by as discussed in Euler's formula.

-+ 2C is the interval for variable x

.. 1 is the interval for the variable = X

2C
. 27 is the interval for the variable = x2-(2:7r
=™
@

Soputz=ﬁorx=£
C n

Thus, the function f(x) of period 2C is transformed to the function f (—CEJ or F(z)
T

" of period 2r. F(z) can be expanded in the Fourier series
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Fz)y=f| —|= > +a,cosz+a, cos2z+ ..+b;sinz+b, sin2z+...
T
1 2z 1 2n cz
Wherea, = — IF(Z) dz= - If (——J dz
T TJoAn

2c 2¢
.1 m) _ 1 _ ™
- J'f(x)d(—c—J - J'f(x) dx putz= =
o o
1 2¢
=a, = — If(x) dx
c
o
2
a, = % IF(Z) cosnzdz= I ( ) cos nz dz
o
= — J.f(x)cos ™ g ( ) putz= ki
c c
1 nnx
= — If(x) cos — dx
c c
_1 < nmx
a, = p If(x) cos — dx
o 1% . nmx
Similarly b, = — If(x) sin — dx
c c

Cor. Half range series interval (0, c)
Cosine series:

o COs Nmx
f(x)= =2 +a, cos — +a, cos — + ...+t a;, — *+....
2 c C
2 2
Where a, = — jf(x) dx,a, = — |f(x) cos — dx
c c
0 o
sine series:
X 2nx . nmX
f(x)=b, sin — +b, sin — +....... +b, sin — + ...
c c c

c
Where b, = 2 If(x) sin 22 dx
c c

315



A Textbook of Engineering Mathematics Volume - 11

HALF RANGE SERIES

Many a time it is required to obtain a Fourier expansion of a function f(x) for the
range (0, C) which is half the period of the Fourier series. As it is immaterial
whatever the function may be outside the range 0<x<c, we extend the function to
cover the range -c<x<c so that the new function may be odd or even. The
extension of the functions period being made in such a way that their graphs
became either symmetrical to the axis of y or symmetrical to origin, and then the
expansion contains either only the cosine terms along with a, or only the sine
terms. Thus, we may get the different forms of series for the same functions.

Sine Series: If we have to expand a function f(x) as a sine series in 0 to C, then we
expand the function first from -C to C and then the make the reflection at the
origin, so that f(x) = -f(-x) then the expanded function became odd and will give
the required Fourier sine series

nmx
fi E b,
(x) = sin —— C
5 C
Where b, = o jf(x) sin == dx

o

Cosine Series: If it is required to express f(x) as a cosine series in 0<x<C, then
first we expand the function from -C to C so that its reflection became about the
axis of y i.e., the graph 