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Basic Results and Concepts 

1. GENERAL INFORMATION 
1. Greek Letters Used 
a alpha e theta 
P beta <pphi 
ygamma \jI psi 
o delta ~ xi 
E epsilon 11 eta 
i iota szeta 

'A lambda 
2. Some Notations 
E belongs to uunion 
n intersection => implies 
¢:> implies and implied 
by 

3. Unit Prefixes Used 
Multiples and Prefixes 
Submultiples 
103 kilo 
102 hecto 
10 deca 
10-1 deci* 
10-2 centi* 
10-3 milli 
10-6 micro 

K kappa 't tau 
jlmu X chi 
vnu (0 Qmega 
n pi rcap. gamma 
prho fl cap. delta 
cr sigma L cap. sigma 

Ii!: doesnot belong to 
/ such that 

Symbols 

k 
h 
da 
d 
c 
m 
jl 

* The prefixes 'deci' and 'centi' are only used with the metre, e.g., Centimeter is a 
recognized unit of length but Centigram is not a recognized unit of mass. 
4. Useful Data 
e = 2.7183 1/ e = 0.3679 
n = 3.1416 l/n = 0.3183 
J2 = 1.4142 .J3 = 1.732 

loge2 = 0.6931 
loge10 = 2.3026 
1 rad. = 57017'45" 

viii 

loge 3 = 1.0986 
log10e = 0.4343 
10 = 0.0174 rad. 
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5 S t . ,ys ems 0 fU ·t nl s 
Quantity F.PS. System CGS. System M.K.S. System 
Length foot (ft) centimetre (cm) metre (m) 
Mass pound (lb) gram (gm) kilogram (kg) 
Time second (sec) second (sec) second (sec) 
Force lb. wt. dyne newton (nt) 

6. Conversion Factors 
1 ft. = 30.48 cm = 0.3048 m 1m = 100 cm = 3.2804 ft. 
1 ft2 = 0.0929 m2 1 acre = 4840 yd2 = 4046.77 m2 

lftJ= 0.0283 m 3 1 m3 = 35.32 ftJ 
1 m/ sec = 3.2804 ft/ sec. 1 mile /h = 1.609 km/h. 
II. ALGEBRA 
1. Quadratic Equation: ax2 + bx + c = 0 has roots 

-b + f(b2 
- 4ac) - b - f(b2 

- 4ac) a = V , ~ = __ ---'-V ___ _ 
2a 2a 

b c 
a. + ~ = - -, a~ = -. 

a a 
Roots are equal if b2 - 4ac = 0 
Roots are real and distinct if b2 - 4ac > 0 
Roots are imaginary if b2 - 4ac < 0 
2. Progressions 
(i) Numbers a, a + d, a + 2d ...... are said to be in Arithmetic Progression (A.P.) 

-- n--
Its nth term Tn = a + n- 1 d and sum Sn = - (2a+ n - 1 d) 

2 
(ii) Numbers a, ar, ar2, ...... are said to be in Geometric Progression (G.P.) 

1 a(l - rn) a 
Its nth term T = arn- and sum S = S = -- (r < 1) 

n n 1-r' 00 1-r 

(iii) Numbers l/a, l/(a + d), l/(a + 2d), .... are said to be in Harmonic Progression 
(H.P.) (i.e., a sequence is said to be in H.P. if its reciprocals are in A.P. Its nth term 

Tn = 1/ (a + n - 1 d). ) 

(iv) If a and b be two numbers then their 

Arithmetic mean = .!. (a + b), Geometric mean = ..{ab, Harmonic mean = 2ab/(a 
2 

+ b) 
(v) Natural numbers are 1,2,3 ... ,n. 

1:n = n(n + 1) 1:n2 = n(n + 1) (2n + 1) 1:n3 = {n(n
2
+ 1)}2 

2 ' 6' 

ix 
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(vi) Stirling's approximation. When n is large n ! - J21tn . nn e-n. 
3. Permutations and Combinations 

n p = n ! . nC = n ! = n Pr 

r (n _ r)!' r r ! (n - r) ! r ! 

ne = ne ,ne = 1 = ne 
n-r ron 

4. Binomial Theorem 
(i) When n is a positive integer 
(1 + x)n = 1 + nCl X + nC2X2 + nC3x3 + ....... + nCnxn. 
(ii) When n is a negative integer or a fraction 

(1 + xt = 1 + nx + n(n - 1) x2 + n(n - 1) (n - 2) x3 + ..... ~. 
1.2 1.2.3 

5. Indices 
(i) am . an = am+n 

(ii) (am)n = amn 

(iii) a-n = 1/an 

(iv) n J; (i.e., nth root of a) = a1
/ n. 

6. Logarithms 
(i) Natural logarithm log x has base e and is inverse of ex. 
Common logarithm IOglOX = M log x where M = logloe = 0.4343. 
(ii) loga 1= Oi logaO = - ~(a > 1) i loga a = 1. 
(iii) log (mn) = log m + logn i log (min) = log m -log ni log (mn) = n log m. 
III. GEOMETRY 
1. Coordinates of a point: Cartesian (x ,y) and polar (r ,8). 
Then x = r cos 8, Y = r sin 8 

or r=~(x2 +y2), 8=tan-1 (~} 
Y 

p 

r 
y 

x x 

x 
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Distance between two points 

(Xl' Y 1) and (X2 ,Y 2) = J"'""[ (-X-2 -_-x-l-)2-+-(Y-2-_-Y-l-)2-:O-] 

Points of division of the line joining (Xl, Yl) and (X2' Y2) in the ration ml : m2 is 

(
IDIX2 +ID2Xl , IDIY2 +ID2Yl) 

IDl + ID2 IDl + ID2 

In a triangle having vertices (Xl, Yl), (X2, Y2) and (X3, Y3) 

1 Xl Yl 1 
(i) area = - x2 Y 2 1. 

2 x3 Y3 1 

(ii) Centroid (point of intersection of medians) is 

( 
Xl + X2 + X3 Y 1 + Y 2 + Y 3 ) 

3 ' 3 

(iii) Incentre (point of intersection of the internal bisectors of the angles) is 

( 
aXl + bX2 + cx3 , ay 1 + by 2 + cy 3 ) 

a+b+c a+b+c 

where a, b, c are the lengths of the sides of the triangle. 
(iv) Circumcentre is the point of intersection of the right bisectors of the sides of 
the triangle. 
(v) Orthocentre is the point of intersection of the perpendiculars drawn from the 
vertices to the opposite sides of the triangle. 
2. Straight Line 

(i) Slope of the line joining the points (Xl, Yl) and (X2' Y2) = Y2 - Yl 
X2 - Xl 

Sl fth 1· b o· a. coeff,of X ope a e me ax + Y + c = IS - -l.e., - --....:.--
b coeff,of Y 

(ii) Equation of a line: 
(a) having slope m and cutting an intercept can y-axis is Y = mx + c. 

(b) cutting intercepts a and b from the axes is ~ + Y... = 1. 
a b 

(c) passing through (Xl, Yl) and having slope m is Y - yl = m(x - Xl) 
(d) Passing through (Xl, Y2) and making an La with the X - axis is 
x- Xl _ Y - Yl _ 
--- -r 
cos e sin e 

(e) through the point of intersection of the lines alx + btY + Cl = 0 and a2X + b2y + 
C2 = 0 is alX + blY + Cl + k (a2x + b2y + C2) = 0 

(iii) Angle between two lines having slopes ml and m2 is tan-l IDl - ID2 
1- IDIID2 

xi 
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Two lines are parallel if ml = m2 
Two lines are perpendicular if mlm2 = -1 
Any line parallel to the line ax + by + c = 0 is ax + by + k = 0 
Any line perpendicular to ax + by + c = 0 is bx - ay + k = 0 
(iv) Length of the perpendicular from (Xl, Yl)of the line ax + by + c = O. is 
aXl + bYl + C 

~(a2 +b2) . 
y 

o 
3. Circle 
(i) Equation of the circle having centre (h, k) and radius r is 
(x - hF + (y - kF = r2 

x 

(ii) Equation x2 + y2 + 2gx + 2fy + c = 0 represents a circle having centre (-g, -f) 

and radius = ~(g2 + f2 - c). 

(iii) Equation of the tangent at the point (Xl, Yl) to the circle x2 + y2 = a2 is XXl + yyl 
= a2• 

(iv) Condition for the line y = mx + c to touch the circle 

X2 + y2 = a2 is c = a ~(1 + m 2). 

(v) Length of the tangent from the point (Xl, Yl) to the circle 

X2 + y2 + 2gx + 2fy + C = 0 is ~(xi - yi + 2gxl + 2fyl + c). 

4. Parabola 
(i) Standard equation of the parabola is y2 = 4ax. 
Its parametric equations are X = at2 , y = 2at. 
Latus - rectum LL' = 4a, Focus is S (a,O) 
Directrix ZM is x + a = O. 

xii 
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y 

M P (XII Yl) 
0 
II 
ce 
+ 
X 

Z A 

(ii) Focal distance of any point P (Xl, YI ) on the parabola 
y2 = 4ax is SP = Xl + a 
(iii) Equation of the tangent at (Xl' YI) to the parabola 
y2 = 4ax is YYI = 2a (x + Xl) 

(iv) Condition for the line y = mx + c to touch the parabola 
y2 = 4ax is c = a/m. 

X 

(v) Equation of the normal to the parabola y2 = 4ax in terms of its slope m is 
y = mx - 2am - am3. 

5. Ellipse 
(i) Standard equation of the ellipse is 
x2 y2 
-+-=1 
a2 b2 . 

M ········· .. · .. C ........ · .. 

y M' 

B P (x, y) 

. .... S' 
r---~--~--------~----~------+--;~X 
Z A S 

(-ae,O) 

L' 

C A' Z' 

B' 

xiii 
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Its parametric equations are 
x = a cos 8, y = b sin 8. 

Eccentricity e = ~(1- b2 j a2
) . 

Latus - rectum LSL' = 2b2/a. 
Foci S (- ae, 0) and S' (ae, 0) 
Directrices ZM (x = - a/ e) and Z'M' (x = a/ e.) 
(ii) Sum of the focal distances of any point on the ellipse is equal to the major axis 
i.e., 
SP + S'P = 2a. 
(iii) Equation of the tangent at the point (Xl' Yl) to the ellipse 
x2 y2 xx yy 
-+-=lis-l +_1 =1 
a2 b2 a2 b2 . 
(iv) Condition for the line y = mx + c to touch the ellipse 
x2 y2 r~---:c-
-+ - =1 is c = ~(a2m2 + b2). 
a2 b2 

6. Hyperbola 
(i) Standard equation of the hyperbola is 
x2 y2 
- - - =1. 
a2 b2 

Its parametric equations are 
x = a sec 8, y = b tan 8. 

Eccentricity e = ~r(l--t-· -b-2 -j-a-2-), 

Latus - rectum 15L' = 2b2/ a. 

y 

M' 

Z' C 

Directrices ZM (x = a/e) and Z'M' (x = - a/e). 

M 

Z 
:S 

(ii) Equation of the tangent at the point (Xl' Yl) to the hyperbola 

xiv 
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2 2 
~ _ L = 1 is xX1 _ yy 1 = 1. 
a2 b2 a2 b2 

(iii) Condition for the line y = mx + c to touch the hyperbola 
x2 y2 , ___ _ 
-- - = 1 is c = ~(a2m2 _ b2) 
a2 b2 

. x2 y2 X Y X Y 
(IV) Asymptotes of the hyperbola - - - = 1 are - + - = 0 and - - - o. 

a2 b2 a b a b 
(v) Equation of the rectangular hyperbola with asymptotes as axes is xy = c2. Its 
parametric equations are x = ct, Y = c/ t. 
7. Nature of the a Conic 
The equation ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 represents 

a h g 
(i) a pair of lines, if h b f (=~) = 0 

g f c 

(ii) a circle, if a = b, h = 0, ~ 7; 0 
(iii) a parabola, if ab - h2 = O,c ~ 7; 0 
(iv) an ellipse, if ab - h2 > 0, ~ 7; 0 

. (v) a hyperbola, if ab-h2 < 0, ~ 7; 0 
and a rectangular hyperbola if in addition, a + b = O. 
8. Volumes and Surface Areas 
Solid Volume Curved Surface 

Area 
Cubelside a) a3 4a2 

Cuboid (length I, lbh 2 (1 + b)h 
breadth b, height 
h) 
Sphere (radius r) 4 _ nr3 -

3 
Cylinder (base nr2h 2nrh 
radius r, height 
h) 
Cone 1 

-nr2h 
nrl 

3 

where slant height 1 is given by 1 = ~(r2 + h2). 

xv 

Total Surface 
Area 
6a2 

2 (lb + bh + hI) 

4m2 

2m (r + h) 

nr (r + 1) 
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IV. TRIGONOMETRY 
1. 
90 = a a 30 
sin 9 a 1/2 

cos 9 1 J3 -
2 

tan 9 a 1/J3 

45 

1/12 

1/12 

1 

60 90 180 

J3 1 a 
-

2 
1/2 a -1 

J3 00 a 
2. Any t-ratio of (n. 900 ± 9) = ± same ratio of 9, when n is even. 
= ± co - ratio of 9, when n is odd. 

270 360 
-1 a 

a 1 

-00 a 

The sign + or - is to be decided from the quadrant in which n. 900 ± 9 lies. 
1 

e.g., sin 5700 = sin (6 x 900 + 300) = -sin 300 = - 2"' 
tan 3150 = tan (3 x 900 + 450) = - cot 450 = - 1. 
3. sin (A ± B) = sin A cos B ± cos A sin B 
cos (A + B) = cos A cos B ± sin A sin B 
sin 2A = 2sinA cosA = 2 tan A/(1 + tan2 A) 

2 . 2 . 2 2 1 - tan2 A 
cos 2A = cos A - sm A = 1 - 2 sm A = 2 cos A-I = . 

tanA±tanB 2 tan A 
4. tan (A ± B) = ; tan 2A = 2' 

1 + tanAtanB 1 - tan A 

5. sin A cos B = ..!. [sin (A + B) + sin (A - B)] 
2 

cos A sin B = ..!. [sin (A + B) - sin (A - B)] 
2 
1 

coa A cos B = - [cos (A + B) + cos (A - B)] 
2 

sin A sin B = ..!. [cos (A - B) - cos (A + B)]. 
2 

6 . C . D 2 . C+D C-D . SIn + sIn = sIn -- cos --
2 2 

C+D C-D 
sin C - sin D = 2 cos -- sin --

2 2 
C+D C-D 

cos C + cos D = 2 cos -- cos --
2 2 

C+D C-D 
cos C - cos D = - 2 sin -- sin --

2 2 
7. a sin x + b cos x = r sin (x + 9) 

xvi 

1 + tan2 A 
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a cos x + b sin x = r cos (x - a) 

where a = r cos, a, b = r sina so that r = ~(a2 + b2), a = tan-1 (~) 
8. In any ~ABC: 
(i) al sin A = bl sin B = cl sin C (sine formula) 

b2 + c2 _ a2 
(ii) cos A = . (cosine formula) 

2bc 
(iii) a = b cos C + C cos B (Projection formula) 

(iv) Area of ~ABC = .! be sin A = ~s(s - a) (s - b) (s - c) 
2 

1 
where s = -(a + b + c). 

2 
9. Series 

2 3 
(i) Exponential Series: ex = 1 + ~ + ~ + ~+ ...... 00 

I! 2! 3! 

(ii) sin x, cos x, sin hx, cos hx series 

. x3 x5 

smx = x - - + - - ...... 00, 
3! 5! 

x2 X4 
cos X = 1 - - + - - ...... 00 

2! 4 !. 

. x3 xS 

sm h x = x + - + - + ...... 00, 
3! 5! 

x2 X4 
coshx=l+ -+ -+ ..... 00 

2! 4! 
(iii) Log series 

x2 x3 

log (1 + x) = x - -+ - - ..... 00, 
2 3 

(iv) Gregory series 

[ 
x2 x

3 
) log (1 - x) = - x + 2" + "'3 + .... 00 

~ ~ _ 1 l+x ~ ~ 
tan -1 X = X - - + - - ..... 00, tan h 1 X = - log --= x + - + - + .... 00. 

3 5 2 I-x 3 5 

10. (i) Complex number: z = x + iy = r (cos a + i sin a) = rei9 

(ii) Euler's theorem: cos a + i sin a = ei6 

(iii) Demoivre's theorem: (cos a + isin a)n = cos na + i sin n a. 
eX _ e-x eX + e-x 

11. (i) Hyperbolic functions: sin h x = ; cos h x = ; 
2 2 

sin h x cos h x 1 1 
tan h x = . cot h x = ; sec h x = . cosec h x = --

cosh x ' sin h x cos h x ' sin hx 
(ii) Relations between hyperbolic and trigonometric functions: 
sin ix = i sin h x ; cos h x = cos h x ; tan ix = i tan h x. 
(iii) Inverse hyperbolic functions; 
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sin h-1x = log[x + f;.271 J; COSh-IX = log[x + ~X2 -1]; tan h-1 x = ..!. log 1+ x . 
2 1 - x 

V.CALCULUS 
1. Standard limits: 

(i) Lt .xn - an = nan- 1 I 

x ~a x- a 

n any rational number 
(iii) Lt (1 + x)l/X = e 

x~o 

aX - 1 
(v) Lt -- = log ea. 

x~o x 

2. Differentiation 
. d dv du 

(1) - (uv) = u - + v -
dx dx dx 

du du dy . 
- = -. - (cham Rule) 
dx dy dx 

(ii) ~(eX) = eX 
dx 

d 
- (loge x) = 1jx 
dx 

("') d (. ) . 111 dx sIn x = cos x 

d 
- (tan x) = sec2 x 
dx 
d 

- (sec x) = sec x tan x 
dx 

(iv) ~ (sin-IX) = 1 
dx ~(1 _ x2) 

d -1 1 - (tan x)=--
dx 1 + x2 

d _ 1 
- (sec Ix) = ---;r==== 
dx x~(x2 _ 1) 

(v) ~ (sin h x) = cos h x 
dx 

(ii) Lt sin x = 1 
x~o x 

(iv) Lt xlix = 1 
X~ 00 

~ (u) = v duj dx - udvjdx 
dx v v 2 

~ (ax+bt =n(ax+bt-1 .a 
dx 

d 
t<aX) = aX logea 

d 1 
dx 

(logax) = --­
x log a 

~ (cos x) = - sin x 
dx 
d 

- (cot x) = - cosec2x 
dx 
d 

- (cosec x) = - cosec x cot x. 
dx 
d 1 -1 - (cos- x) = -;==== 
dx ~(1 _ x2) 

d -1 -1 - (cot x)=--
dx 1 + x2 

d -1 - (cosec-Ix) = --;==:=== 
dx x~(X2 -1) 

~ (cos h x) = sin h x 
dx 

d d 
- (tan h x) = sech2 x - (cot h x) = -cosec h2 x. 
dx dx 
(vi) Dn (ax + b)m = m (m -1) (m - 2) ...... (m - n + 1) (ax + b)m - n . an 
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Dn log (ax + b) = (- 1) n-1 (n - 1) ! an/(ax + b)n 
Dn (ernx) = mnemx Dn (arnx) = mn (loga)n. arnx 

Dn [Sin (ax ~ b)] = (a2 + b2)n/2 eax [sin(bX + c + n tan-
1 

b / a) ]. 
cos{bx c) cos(bx+c+ntan-1b/a) 

(vii) Leibnitz theorem: (UV)n 
= Un + nC1Un-1V1+ nC2Un-2V2 + ..... + nCrUn_rVr + ..... + nCnVn. 
3. Integration 

n+1 

(i) fx
n 

dx = : + 1 (n -:/=- 1) f~ dx = loge x 

fex dx = eX fax dx = aX /logea 

(ii) fSin x dx = - cos x fcos x dx = sin x 

ftan x dx = - log cos x fcot x dx = log sin x 

fsec x dx = log(sec x + tan x) = log tan (1 + %) 

fcosec x dx = log(cosec x - cot x ) = log tan (%) 
fsec 2 x dx = tanx 

( ... ) J dx 1 -1 X 111 = - tan 
a2 + x2 a a 

J dx 1 I a+ x 
a2 _ x2 = 2a og a - x 

J dx 1 I x-a 
=- og--

x2 _ a2 2a a + x 

J 
x~(x2_a2) a2 x x a2 x+~(x2_a2) 

~(x2 _ a2) dx = + - cosh-1 -. = - ~(X2 _ a2) - - log -~--"'-
2 2 a 2 2 a 

(v) feax sin bx dx = 2 e
ax 

2 (a sin bx - b cos bx) 
J a +b 

xix 
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reax cos bx dx = 2 e
ax 

2 (a cos bx + b sin bx) 
J a + b 

(vi) fSin h x dx = cos h x fcos h x dx = sin h x 

f tan h x dx = log cos h x f cot h x dx = log sin h x 

fsec h 2 x dx = tan h x fcosech2 x dx = - cot h x. 

(vii) £/2 sinn x dx = r/2 
cosn x dx 

(n - 1) (n - 3)(n - 5) .... (1t I if. ) = X -, on y n IS even 
n(n - 2)(n - 4) 2 

£/2 . m n d (m - 1) (m - 3) .... x (n - 1) (n - 3) .... 
SIn x cos x x = -'----...:..--'-----'-----'.----''-'----'--

(m + n) (m + n - 2) (m + n - 4) .... 

x (% ' only if both m and n are even ) 

(viii) r f (x) dx = r f(a - x) dx 

fa f(x) dx = 2 r f(x) dx, if f (x) is an even function. 

= 0, if f(x) is an odd function. 

12a 
f(x) dx = 2 r f(x) dx, if f(2a - x) = f(x) 

= 0, if f(2a - x) = - f(x). 
VI C d' t t oor ma e sys ems 

Polar coordinates Cylindrical 
(r,8) coordinates (p, ~ , z) 

Coordinate x = r cos 8 x = p cos <I> 

transforrna tions y = r sin 8 y = p sin <I> 

z=z 
Jacobian 8(x, y) 8(x, y, z) 

=r =p 
8(r, 8) 8(p, ~, z) 

(Arc -length)2 (ds)2 = (dr)2 + r2 (dS)2= (d p)2 + p2 
(d8)2 (d<l>)2 + (dZ)2 
dx dy= rd8 dr 

Volurne- element dV= p d pd<l> dz 

xx 

Spherical polar 
coordinates (r, 8, <1» 

x = r sin8 cos <I> 

y = r sin 8 sin <I> 

z = r cos 8 

8(x, y, z) 2· 8 =r sm 
8(r, 8,<1» 

(ds)2 = (dr)2 + r2 
(d8)2 + (r sin 8)2 

(d<l>)2 
dV = r2 sin 8 dr d8 

d<l> 
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INTRODUCTION 

Chapter 1 

Basic Concepts of 
Differential Equations 

Differential equations are of fundamental importance in engineering mathematics 
because many physical laws and relations appear mathematically in the form of 
such equations. The mathematical formulation of many problems in science, 
engineering, Economics, sociology, physiology, Biology, Finance and 
management, give rise to differential equations. For example, the problem of 
motion of a satellite, the flow of current in an electric circuit, the growth of a 
population, the changes in price of commodities, decay of radioactive substance, 
cooling of a body etc. lead to differential equations. Each of the above problems 
are characterised by some laws which involve the rate of change of one or more 
quantities, with respect to the other quantities. The laws characterising these 
problems when expressed mathematically, become equations involving 
derivatives and such equations are called differential equations. 

DEFINITION 

. Any relation between known functions and an unknown function is called a 
differential equation if it involves the differential coefficient (or coefficients) of 
the unknown function. 

It is usual to denote the unknown function by y. Finding the unknown function is 
called solving or integrating the differential equation. The solution or integral of 
the differential equation is also called its primitive, because the differential 
equation can be regarded as a relation derived from it. 

Equations such as 

(i) (1) 

(ii) (2) 
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(iii) (3) 

(iv) 
au au au 

x- + y - + Z - =xyz 
Ox 8y oz (4) 

(v) (5) 

(vi) (6) 

Which involve differential coefficients are called the differential equations. 

Differential equations which involve only one independent variable are called 
ordinary differential equations. Equations (i) (ii), (iii) and (vi) are of this type. 

Differential equations which involve two or more independent variables are 
called partial differential equations. Equations (iv) and (v) are of this type 

The order of a differential Equation. The order of a differential equation is the 
order of the highest derivative involving in the equation. 

The Degree of a differential Equation. The degree of a differential equation is 
the degree of the highest order derivative involving in the equation, When the 
equation is free from radicals and fractional powers. 

For example- The differential equations 

dy + xy = a (1) 
dx 

d2 d' J +x-I. =2 
dx2 dx 

(2) 

( ddYx)2 + eX = sinxy (3) 

(V.P.T.V.2009) 

d2y = [1 + (dy )5]1/3 
dx2 dx 

(4) 

4 
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The equation (1) is of the first order and first degree. Equation (2) is of second 
order and first degree. Equation (3) is of third order and fourth degree. Equation 
(4) is of second order and third degree 

Formation of A Differential Equation 

Example 1. Find the differential equation of the family of circles of radius r whose 
centre lies on the x axis. (LA.S. 1993, 95, 96) 

Solution. The equation of the circle with radius r and centre on x axis is 

(x _ a)2 + y2 = r2 

Differentiating (1) with respect to x, we get 

2 (x - a) + 2y dy = 0 
dx 

Eliminating 'a' between (1) and (2), we get 

(-y :~ J + y2 = r2 

or 

Which is the required differential equation. 

(1) 

Example 2. Find the differential equation of the family of parabolas with foci at 
the origin and axis along the x-axis. (LA.S.1994) 

Solution. The equation of the parabolas with foci at the origin and axis along the 
x axis is given by 

~2 2 x+2a x +y =--
N 

y 

p(x,y) o 
1I1------+--.".~-

~ 
+ 
x (-a,D) 

---+-a".----+-=--f------+ X 

2a 

5 
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x2 + y2 = x2 + 4ax + 4a2 

y2 = 4a (x + a) 

Differentiating with respect to x, we get 

2y dy = 4a 
dx 

=> Y dy = 2a 
dx 

Eliminating a between (1) and (2), we get 

y2 = 2y dy [x + ..!. y dY] 
dx 2 dx 

or 
( )

2 
dy dy 

Y - +2x--y=0 
dx dx 

which is the required differential equation. 

(1) 

(2) 

Example 3. Determine the differential equation whose set of independent 
solution is {ex, xex, X2 ex} 

Solution. Here we have 

y = Clex + C2 x eX + C3 X2 eX 

Differentiating both sides of (1) w.r.t "x" we get 

y' = Clex + C2 x eX + C2 ex + C3 x2 ex + C32x eX 

=> y' - y = C2 eX + 2 C3X eX 

Again differentiating both sides, we get 

y" - y' = C2 eX + 2 C3 x ex + 2 C3 ex 

y" - y' = y' - y + 2 C3 eX 

y" - 2y' + Y = 2C3 eX 

Again differentiating (3), we get 

y"' - 2y" + y' = 2 C3 ex 

using (2) 

y"' - 2y" + y' = y" - 2y' + Y using (3) 

6 

(U.P.T.V. 2002) 

(1) 

(2) 

(3) 



Basic Concepts of Differential Equations 

yilt _ 3y" + 3yt - Y = 0 

or 
d3y d2y dy 
dx3 - 3 dx2 + 3 dx - Y = 0 

is the required differential equation 

EXERCISE 

1. Form the differential equation of simple harmonic motion given by 
x = A cos (nt + a) 

d2x 
Ans. - + n 2x = 0 

dt2 

2. Obtains the differential equation of all circles of radius a and centre (h, k) and 
hence prove that the radius of curvature of a circle at any point is constant. 

3 Sh th A B' I' f d
2
v 2 dv 0 . ow at v= - + Isasoutiono - + - - = 

r dr2 r dr 

4. Show that Ax2 + By2 = 1 is the solution of x {y d
2

y + (dy )2} = Y dy 
dx2 dx dx 

5. By eliminating the constants a and b obtain differential equation of which 
xy = aeX + be-x + x2 is a constant. 

Objective Type of Questions 

Each question possesses four alternative answers, but only one answer is correct 
tick mark the correct one. 

1. Degree and order of the differential equation 2 (dy )3 + 4 = [d
2y )3/2 are 

dx dx2 

respectively. 

(a) order 2, degree 3 

(c) order 3, degree 2 

Ans. (a) 

. (b) 

(d) 

7 

order 1, degree 3 

order 3, degree 1 
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2. The degree of the differential equation [y + x ( ~;-J f' ~ ~ is given by 
(a) 2 (b) 3 

Ans. (c) 

(c) 4 (d) 1 

(R.AS.1993) 

[ 
2]4/3 

3. The order of the differential equation 1 + (::r ) ~ ::;- is given by 

(a) 1 (b) 2 

Ans. (c) 

(c) 3 (d) 4 

(R.AS.1993) 

4. If x = A cos (mt - a) then the differential equation satisfying this relation is 

dx 2 d 2x (a) - = 1-x (b) - = _a2x 
dt dt2 

dx 2 
(d) - =-m x 

dt 

5. The equation y dy = x represents a family of 
dx 

(a) Circles 

( c) parabolas 

Ans. (b) 

8 

(b) hyperbola 

(d) ellipses 

(LAS. 1993) 

(V.P.P.C.S.1995) 



Chapter 2 

.Differential Equations of First Order 
and First Degree 

INTRODUCTION 

An equation of the form F (x, y, :~) = 0 in which x is the independent variable 

and dy appears with first degree is called a first order and first degree 
dx 

differential equation. It can also be written in the form : = f (x, y) or in the 

form Mdx + Ndy = 0, where M and N are functions of x and y. Generally, it is 
difficult to solve the first order differential equations and in some cases they may 
ndt possess any solution. There are certain standard types of first order, first 
degree equations. In this chapter we shall discuss the methods of solving them .. 

V ARIABLES SEPARABLE 

. If the equation is of the form fl (x) dx = h (y) dy then, its solution, by integration 

is Ifl (x)dx = f f2 (y) dy + C 

where C is an arbitrary constant. 

Example 1. Solve dy =ex-y +x2 e-Y 
dx 

Solution. The given equation is 

dy = eX - Y + x2 e-Y 

dx 

or eY dy = (ex + X2) dx 

3 

Integrating, eY = eX + ~ + c, where C is an arbitrary constant is the required 
3 

solution. 

Example 2. Solve (y - x :~) = a (y2 + :~) 

9 
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Solution. The given equation is 

or 

or 

or 

or 

or 

y _ x dy = ay2 + a dy 
dx dx 

(a + x) dy = (y _ ay2) 
dx 

dy dx 
Y _ ay2 a+x 

dy dx 
Y _ ay2 a+x 

dy __ d_x_ 
y(l - ay) x+a 

[
a 1] d dx I" . I fr . -- + - y = --, reso vmg mto partia actions. 

1 - ay y x + a 

Integrating, [-log (1 - ay) + log y] = log (x + a) + log C 

where C is an arbitrary constant 

or log (-y-) = log {C (x + a)} 
1- ay 

or -y- =C(x+ a) 
1- ay 

or y = C (x + a) (1 - ay) is the required solution. 

. Example 2. Solve (x + y)2 :~ = a2 

Solution. Let x + y = v 

then from (1) on differentiating with respect to x, we have 

1 + dy = dv 
dx dx 

or dy = (dV -1) 
dx dx 

Substituting these values from (1) and (2) in the given equation, we get 

10 
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Differential Equations of First Order and First Dewee 

or 

or 
v 2 

2 2 dv = dx 
a +v 

or 

or [1- a ] dv = dx 
a2 + v2 

Integrating, 

v - a2 ; tan-I (;) = x + C 

where c is an arbitrary constant 

or v - a tan-I (via) = x + c 

or (x + y) - a tan {(x + Y)/a} = x + c, from (1) 

or y - a tan-I {(x + y)/a} = C 

Method of Solving Homogeneous Differential Equation 

It is a differential equation of the form 

dy _ ~ (x, y) -- , 
dx \jI (x, y) (1) 

where ~ (x, y) and \jI (x, y) are homogeneous functions of x and y at the same 
degree, n (say) 

Such equation can be solved by putting y = vx 

where dy = v + x dy 
dx dx 

Now the given differential equation is 

dy = ~ (x, y) = xn ~ (y Ix) 
dx \jI (x, y) xn \jI (y I x) 

11 

(2) 
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dy = ~ (Y/x) = f (r), say 
dx IjI (y Ix) x 

or 

Substituting the values of y and dy from, (1) and (2) in (3), 
dx 

we have 

or 

or 

dv 
v + x - = fey) 

dx 

dv 
x - = f (v) - v 

dx 

dv dx --
fey) - v x 

The variables has now been separated and its solution is 

f dv = log x + c where c is an arbitrary constant. 
fey) - v 

After integration v should be replaced by (y Ix) to get the required solution. 

Example 4. Solve x dy - Y dx = ~(X2 + y2) dx 

Solution. The given equation can be rewritten as 

x dy _ Y = ~(X2 + y2) 
dx 

or x (v + x ::) -vx = ~(X2 + v2x2, puttingy=vx 

or 

or 

(3) 

Integrating, log {v + ~ (v2 + 1)} = log x + log c, where c is an arbitrary constant 

or 

or 

{v + ~ (v2 + 1)} = Cx 

[y+~(y2 +x2)]/x=CX 

12 
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or 

Example 5. Solve (1 + ex/y) dx + eX/Y [1 - (x/y)] dy = 0 

Solution. The given equation may be rewritten as 

(V.P.P.C.S. 1999) 

e X
/ Y (1 _ ~) + (1 + e X

/ Y) dx = 0 
Y dy 

or e
V 

(l-v)+(l+e
V

) (v+y :~) =0 

. dx dv 
putting x = vy or - = v + Y -

dy dy 

or dv 
eV - veV + v + veV + (1 + ev) y - = 0 

dy 

or 
dv 

(v + ev) + (1+ ev) y - = 0 
dy 

or (1 + e V) dv + dy = 0 
v+ eV y 

Integrating, log (v + ev) + log y = log C, when C is an arbitrary constant 

or 

or 

or 

or 

log {(v + ev) y} = log C 

(v + ev) y = C 

[~ + e
X
/Y ]y = C, putting v = x/y 

(x + y ex/y) = C 

Equations Reducible to Homogeneous Form. 

dy ax + by + C 
Consider the equation - = ----'---

dx a' x + b'y + C' 

where a:b * a':b' 

(1) 

If C and C' are both zero, the equation is homogenous and can be solved by the 
method of homogeneous equation. If C a~d C' are not both zero, we change the 
variables so that constant terms are no longer present, by the substitutions x = X 
+ hand y = Y + k Where hand k are constants yet to be chosen. (2) 

13 
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. From (2) dx = dX and dy = dY 

dY a (X + h) + b (Y + k) + C 
and so (1) reduces to - = --'----'---'---'---

dX a' (X + h) + b' (Y + k) + C 

or 
_dY_ _ aX + bY + (ah + bk + c) 

a ' X + b' Y + (a' h + b' k + C) dX 
(3) 

Now, choose hand k such that 

ah + bk + c = 0 and a'h + b'k + c' = 0 (4) 

Then (3) reduces to dY = aX + bY , which is homogeneous and can be solved 
dX a'X + b'Y 

by the substitution Y = vx. Replacing X and Y in the solution so obtained by x-h 
and y-k [from (3)] respectively 

We can get the required solution is terms of x and y, the original variables. 

A Special Case When a:b = a':b' 

In this case we cannot solve the equations given by (4) above and the differential 
equation is of the form 

dy = ax + by + C 
dx kax + kby + C 

In this case the differential equation is solve by putting 

v = ax + by 

Differentiating both sides of (6) with respect to x, we get 

dv = a + b dy or dy = ! (dV _ a) 
dx dx dx b dx 

:. The equation (5) reduces to 

! (dV _ a) = v+C ,or dv = a + b(v+C) 
b dx kv + C dx kv+C 

(5) 

(6) 

The variables, are now separable, and we can determine v in terms of x. 
Replacing v by ax + by in this solution, we can obtain the final solution. 

Example 6. Solve (2x + y - 3) dy = (x + 2y - 3) dx 

dy x + 2y-3 
Solution. The given differential equation is - = ---=--

dx 2x + Y - 3 
(1) 

14 
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pu tting x = X + hand y = Y + k 

dY (X + h) + 2 (Y + k) -3 
the equation (1) reduce to - = -"----'----------'--

dX 2 (X + h) + (Y + k) -3 

or 
dY = X + 2Y + (h + 2K - 3) 

dX 2X + Y + (2h + K - 3) 

Choose hand k such that 

h + 2k - 3 = 0 and 2h + k - 3 = 0 

Solving the equations (4) we have h = 1 = k 

:. From (2) x = X + 1 and y = Y + 1 

or X = x - 1 and Y = Y - 1 

dY X + 2Y 
Also (3) reduce to - = ---

dX 2X+ Y 

. dv X + 2v X 
Putting Y = vX v + X - = --­

, dX 2X + vX 

or v + X dv = 1 + 2v 
dX 2+ v 

or X dv = 1 + 2v _ v = 1 + 2v - 2v - v2 

dX 2+v 2+v 

or 2 + v dv = dX 
1_v2 X 

or [~ _1_ + ~ _1_] dv= dX 
21+v 21-v X 

2+v 

(2) 

(3) 

(4) 

(5) 

Integrating, ~ log (1 + v) - ~ log (1 - v) = log X + log C, where C is an arbitrary 
2 2 

constant 

or 

or 

log [ 1 + V3] = 2log (CX) = log (CX)2 
(1- v) 

1 + v = (CX)2 
(1 - V)3 

15 
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x + Y =C2 

(X _ y)3 

(x -1) + (y -1) = C2 from (5) 
{(x -1) - (y _1)}3 

or x + y - 2 = C2 
(x _ y)3 

Example 7. Solve (2x + 2y + 3) dy - (x + y + 1) dx = 0 

S I t · Th' .. dy x + Y + 1 o u Ion. e gIVen equation IS - = ---=---

put x + y + 1 = v 

. Differentiating 

dx 2x + 2y + 3 

1 + dy = dv or dy = dv _ 1 
dx dx dx dx 

dv v 
Therefore (1) reduce to - -,1 = --

dx 2v + 1 

or 

or 

or 

dv 3v + 1 ----
dx 2v+1 

2v + 1 dv = dx 
3v+1 

(2 1) - + dv= dx 
3 3 (3v + 1) 

Integrating, ~ v + ..!. log (3v + 1) = x + c, where C is an arbitrary constant 
3 9 

or 

or 

or 

6v + log (3v + 1) = 9x + CI, where Cl = 9C 

6 (x + Y + 1) + log (3x + 3y + 4) = 9x + CI 

6y - 3x + log (3x + 3y + 4) = C2 where C2 = CI + 6 

16 
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Differential Equations of First Order and First Degree 

Linear Differential Equations 

A differential equation of the form dy + Py = Q 
dx 

where P and Q are constants or functions of x alone (and not of y) is called a 
linear differential equation of the first order in y 

its integrating factor = elp dx 

Multiplying both sides of (1) by this integrating factor (I.F.) and then integrating 
we get 

y. elPdx = C + J Q. elPdx dx, where C is an arbitrary constant, is the complete 

solution of (1) 

Example 8. Solve dy + 2y tan x = sin x, given that y = 0 when x = rt/3. 
dx 

(U.P.P.C.S. 2003) 

Solution. Here P = 2 tan x and Q = sin x 

... Integrating factor = elpdx = el2tan x dx 

= e210g sec x 

Multiplying the given equation by sec2x, we get 

sec2x (~~ + 2y tan x) = sin x sec
2
x 

d 
or '- (y sec2x) = sec x tan x 

dx 

Integrating both sides with respect to x, we get 

y sec2 x = C + J sec x tan x dx, where C is an arbitrary constant 

or ysec2x=C+secx 

it is given that when x = rtj3, y = 0 

2 rt rt 
... from (1) 0 x sec - = C + sec -

3 3 

17 
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or 0=C+2 
7t 

:. sec - == 2 
3 

:. from (1) the required solution is 

y sec2 x = - 2 + sec x 

or y = -2 cos2x + cos X 

Example 9. Solve (1 + y2) dx + (x - elan-ly) dy = 0 

Solution. The given equation can be written as 

-1 dx x elan y 
-+--=--
dy 1 + y2 1 + y2 

J~dy 
Therefore the integrating factor = e 1 + Y 

-I = elan y 

(Bihar P.C.S. 2002, LA.S. 2006) 

Multiplying both sides of (1) by the integrating factor and integrating, we have 
-1 

1 se lan 
y 1 x. elan- y = C + -- x elan- y dy 

1+/ 

where C is an arbitrary costant 

or 

or 

x e tan-
I 

y = C + fe21 dt, where t = tan-1 y 

1 
= C + - e2t 

2 

-I 1 2 t -1 x. elan y = C + - e an y 
2 

Example 10. Solve dy + Y cos x = 1:. sin 2x (LA.S. 2004) 
dx 2 

Solution. Here P = cos x and Q = 1:. sin 2x = sin x cos x 
2 

:. Integrating factor = efPdx = efcos x dx = esin x 

Multiplying the given equation by the integrating factor esin x and integrating 
with respect to x, we get 

18 
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y. esin x = C + JeSin x sin x cos x dx, where C is an arbitrary constant. 

or y. esin x = C + Jet t dt, where t = sin x 

= C + t. et - et 

= C + esinx (sin x -1) 

or y. esin x = C + esin x (sin x - 1) 

Equations Reducible to the Linear Form. 

The equation 

(1) 

Where P and Q are constants or functions of x alone and n is a constant other 
than zero or unity is called the extended form of linear equation or Bernoulli's 
Equation. 

This type of equation can be reduced to the linear form on dividing by yn and 

. 1 1 putting --n:T equa to v 
y 

Dividing (1) by yn, we get ~ dy + p. ~l = Q 
yn dx yn 

1 
Put -- = v or y-n + 1 = V 

yn-l 

Differentiating both sides with respect to x, get 

or 

-n dy dv 
(-n+1) y dx = dx 

~ dy = _1_ dv 
yn dx 1 - n dx 

Making these substitutions in (2), we have 

1 dv 
- +Pv=Q 

(1 - n) dx 

or 
dv 
- + P (1 - n) v = Q (1 - n) 
dx 

19 
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which is linear in v and can be solve by method of linear differential equation. 

Example 11. Solve dy + x sin 2y = x3 cos2y 
dx 

Solution. Dividing both sides of the given equation by cos2y 

we get 

sec2y dy + x (2 tan y) = x3 

dx 

. 2 dy dv 
puttingtany=vor sec y - =-

dx dx 

the above equation reduces to dv + 2xv = x3 

dx 

which is a linear equation. whose integrating factor 

(V.P.P.C.S.1994) 

(1) 

Multiplying both sides of (1) by the integrating factor and integrating, we have 

v. e
x2 

= C + Jx3 e
x2 

dx, where C is an arbitrary constant 

or 

or 

or 

or 

2 1 J 2 2 v. eX = C +"2 x eX 2x dx 

= C + ~ It et dt, where t = x2 

= C + ~ (t e
t 

- Jet dt) 

2 1 
eX tan y = C + - et (t -1) 

2 

X2 1 2 2 
e tan y = C + - eX (x -1) 

2 

2 tan y = 2 Ce-
x2 

+ (x2 -1) 

20 
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dz z Z 2 
Example 2. Solve - + - log z = 2" (log z) 

dx x x 

(LA.S. 2001, u.P.P.CS., 1999) 

Solution. Dividing both sides of the given equation by z (log Z)2, we get 

1 dz 1 1 1 
---7" -- + - - -
z (log Z)2 dx (log z) x x2 

1 1 dz dv 
putting -- =vor- ---- -- --, 

log z z (log Z)2 dx dx 
the above equation reduces to 

dv v 1 
-- + - =-

dx X x2 

or dv 1 1 hi h· 1· .. d h· . f - - - v = -2"' w c IS mear equation m v an w ose mtegrating actor 
dx x x 

-f'! dx -1 = e x = e-1og x = e10g x 

1 
x 

Proceeding is the usual way, the solution of above equation is 

or 

v! =c- f~ ! dx 
X x2 

X 

1 1 ---=c+­
x (log z) 2x2 

Example 13. Solve y sin 2x dx - (1 + y2 + cos2x) dy = 0 

Solution. The given equation can be rewritten as 

y sin 2x dx - cos2x = 1 + l 
dy 

or 
. dx 1 2 1 + y2 

sm 2x - - - cos x = --
dy Y Y 

putting -cos2x = v or -2 cos x (-sinx) dx = dv 

or sin 2x dx = dv 

21 
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the equation (1) reduce to 

dv 1 1 + y2 
-+-v=--
dy Y Y 

Which is linear in v with y as independent variable 

J~ dy 
. Its integrating factor = e Y = e10g 

Y = Y 

Multiplying both sides of (2) by Y and integrating, we get 

vy = C + f(1 + y2) dy, where C is constant of integration 

or 

1 
Y cos2 X + C + Y + - y3 = 0 

3 
or 

Example 14. Solve x (dy / dx) + Y = y2log x 

(2) 

(U.P.P.C.S. 1995) 

Solution. The given equation can be written as 

1 dy 1 1 1 
- - + - - = - log X 
y2 dx x Y x 

(1) 

. 1 
putting - - = v 

y 
~ dy = dv in (1), we get 
y2 dx dx 

or 

dv 1 1 
- - - v= -logx 
dx x x 

(2) 

which is in the standand form of the linear equation and integrating factor 

-p dx =e- 1og 
x 1 

e x =-
x 

Multiplying both sides of (2) by the integrating factor and integrating, we get 

v. ! = C + f--\- log x dx where C is an arbitrary constant 
x x 

or ~ = C + ft e- t dt, putting t = log x 

22 



or 

or 

or 

Differential Equations of First Order and First Degree 

= c - (t + 1) e-t = C - (1 + log x) e- log x 

- ~ = C - (1 + log x) (.!) .: v = - .! 
xy x Y 

1 = (1 + log x) Y - C xy 

Example 15. Solve x (dy / dx) + Y log Y = x yex 

(I.A.S. 2003, M.P.P.C.S.1996) 

Solution. Dividing both sides of the given equation by y, we get 

x dy 
- - + (log y) = x eX 
y dx 

1 dy 1 X 
- - + - (log y) = e 
y dx x 

or 

putting v = log Y 

or 
dv 1 dy . 
- = - -, the above equation reduce to 
dx y dx 

dv 1 x 
- + - v=e 
dx x 

which is a linear equation in v 

f.!. dx 
Its integrating factor = e x = elog x = x 

(1) 

Multiplying both sides of (1) by the integrating factor x and integrating, we have 

v. x = C + fx eX dx, where C is an arbitrary constant 

or v. x = C + x eX - fl. eX dx 

or (log y) x = C + x eX - ex 

. Exact Differential Equations 

A differential equation which can be obtained by direct differentiation of some 
function of x and y is called exact differential equation, consider the equation 

Mdx + Ndy = 0 is exact 
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where M and N are the functions of x and y. 

Solution of a exact differential equation is 

fMdx + fNdy =c 
Regarding only those 
yasa termsofN 
constant not containing x 

Example 16. Solve 

{y (1 + ;) + cos y} dx + (x + log x - x sin y) dy = 0 

Solution. Here M = Y (1 + ~) cos y and N = x + log x - x sin Y 

aM (1 1). d aN 1 1 . :. ay = + -; - sm y an ax = + -; - sm y 

aM aN h th· " =:> - = -, ence e gIven equation IS exact ay ax 

Regarding y as constant, fMdx = f{y (1 + ;) + cos y} dx 

= y R 1 + ~) dx + cos Y fdx 

= Y (x + log x) + (cos y) x 

Also no new term is obtained by integrating N with respect to y. 

:. From (I), the required solution is 

y (x + log x) + x cos x = C, where C is an arbitrary constant 

Example 17. Verify that the equation 

(I.A.S. 1993) 

(1) 

(X4 - 2xy2 + y4) dx - (2x2y - 4xy3 + sin y) dy = 0 is exact and solve it 

(V.P.P.C.S. 1996) 

Solution. Here M = X4 - 2xy2 + y4, N = - 2x2 Y + 4xy3 - sin Y 
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aM 3 aN 3 :. - = -4xy + 4y and - = -4xy + 4y 
By ax 

aM aN h th· .. :. - = -, ence e gIven equation IS exact 
By ax 

Regarding y as constant, fMdx = f(x 4 
- 2xy2 + y4) dx 

(1) 

Integrating N with respect to y, we get 

f(-2x2y + 4 xy3 - sin y) dy = _x2y2 + xy4 + cos Y 

omitting from this the term -x2y2and xytwhich are already occuring in (1) we get 
cosy 

:. From (1) and (2) the required solution is 

where C is an arbitrary constant 

Rules for finding integrating factor 

A differential equation of the type Mdx + Ndy = 0 which is not exact can be made 
exact by multiplying the equation by some function of x and y, which is called an 
integrating factor. 

A few methods (without proof) are given below for finding the integrating factor 
in certain cases. 

Method I. Integrating factor found by inspection. 

In the case of some differential equation the integrating factor can be found by 
inspection. A few exact differentials are given below which would help students 
(if they commit these to memory) in finding the integrating factors. 

(a) d (r ~ = x dy - Y dx (b) d (~) = Y dx - x dy 
xj x2 Y y2 

(c) d (xy) = x dy + Y dx (d) d [X2) = 2yx dx - x
2 

dy 
Y y2 
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(e) d (y') ~ 2xy dy - y' dx 
X x2 (f) d (y' ) ~ 2x'y dy - 2xy' dx 

x2 X4 

(g) tan - -d [ -1 x) _ Y dx - x dy 
y x2 + y2 

(h) tan --d ( -1 y) _ x dy - Y dx 
X x2 + y2 

(i) d (! log (x2 + y2») = x dx + Y dy 
2 x2 + y2 

G) d [ _~ ) = x dy + Y dx 
xy x2y2 

(k) d log [ ~ ) = Y dx - x dy (1) d log ( r) = x dy - Y dx 
Y xy x xy 

(m) d ( ~ ) ~ ye' dx - e' dy 
y y2 

Example 18. Solve (1 + xy) Y dx + (1 - xy) x dy = 0 

(LA.S. 1992, M.P.P.C.S. 1974) 

Solution. The given eqution can be written as 

(y dx + x dy) + (xy2 dx - x2y dy) = 0 

or d (yx) + xy2 dx - x2y dy = 0 

Dividing both sides of this equation by x2y2, we get 

d (yx) + ! dx _ ! dy = 0 
x2y2 X Y 

or 
1 1 1 

- dz + - dx - - dy = 0, where z = xy 
z2 X Y 

Integrating, -! + log x -log Y = C, where C is an arbitrary constant 
z 

or 

or 

- ~ + log x -log Y = C, putting z = xy 
xy 

1 
log (xjy) = C + -

xy 

Example 19. Solve (xy2 + 2x2 y3) dx + (X2 Y - x3y2) dy = 0 

. Solution. The given equation can be rewritten as 
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or 

or 

or 

Differential Equations o(First Order and First Dei{'ee 

xy2 (1 + 2xy) dx + x2y (1 - xy) dy = 0 

Y (1+ 2xy) dx + x (1 - xy) dy = 0 

(y dx + x dy) + 2xy2 dx - x2y dy = 0 

d (xy) + 2xy2 dx - x2y dy = 0 

Dividing both sides of this equation by x2y2, we get 

d (xy) 2 1 
-- + - dx - - dy = 0 
x2 y2 X Y 

or (:2) dz+ (z/x) dx- (1/y) dy=O, wherez=xy 

Integrating, - .!. + 210g x - log Y = C, where C is an arbitrary constant 
z 

or - (Xy) + log (xX) = C, putting z = xy 

or log ( XX) = C + (Xy) 

Example 20. Solve y sin 2x dx = (1 + y2 + cos2x) dy 

Solution. The given equation can be written as 

2y sin x cos x dx - cos2 X dy = (1 + y2) dy 

or - d [y cos2 x] = (1 + y2) dy 

3 

Integrating, -y cos2x = Y + L + C, where C is an arbitrary constant. 
3 

(I.A.S. 1996) 

Method II. In the differential equation Mdx + Ndy = 0, If M = Y fl (xy) and N = x 

h (xy), then 1 is an integrating factor, Provided Mx - Ny:;; 0 
Mx-Ny 

Example 21. Solve 

(xy sin xy + cos xy) Y dx + (xy sin xy - cos xy) xdy = 0 

(Bihar P.C.S. 2007, V.P.P.C.S. 1990, 94) 

Solution. Integrating factor 
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1 

(xy sin xy + cos xy) xy - (xy sin xy - cos xy) xy 

1 

2yx cos xy 

Multiplying both sides of the given equation by this integrating factor, we get 

~ (tan xy + 2-) y dx + ~ (tan xy - 2-) x dy = 0 
2 ~ 2 ~ 

1 1 
(tan xy)(y dx + x dy) + - dx - - dy = 0 or 

x y 

1 1 
(tan xy) d (xy) + - dx - - dy = 0 or 

x Y 

1 1 
tan z dz + - dx - - dy = 0, where z = xy 

x y 
or 

Integrating term by term, we get 

log (sec z) + log x -log Y = log C, where C is an arbitrary constant 

or I {
x sec z} I C og = og 

y 

or 
x 
- (sec z) = C 
Y 

or x sec (xy) = Cy 

Method III. In the differential equation Mdx + Ndy = 0 if ~ (aM _ aN) is a 
N Oy ax 

. • • • If{X) dx 
function of x alone, say f(x), then the mtegrating factor IS e 

Example 22. solve (x2 + y2 +1) dx - 2~ dy = 0 

Solution. Here M = x2 + y2 + 1 and N = - 2~ 

aM :. - =2y 
Oy 

aM 
and - =-2y ax 
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Therefore, ~ (OM _ ON) = _1_ (2y + 2y) = _3., which is a function of x 
N 8y Ox -2xy x 

alone. Hence method III is applicable 

Here f(x) = -2/ x 

Jf(x) dx -J~ dx 
:. Integrating factor = e = e x 

= e-21og x = l/x2 

Multiplying the given equation by this integrating factor l/x2, we get 

2. (X2 + y2 + 1) dx - 2. (~'Y) dy = 0 
x2 x2 

or [ 
y2 1] Y 1 + - + - dx - 2 - dy = 0 
x2 x2 

X 

or [1+ :, ] dx + [~: dx - 2 ~ dy ] which is an exact 

or [1 + x12 ] dx + d (-yix) = 0 using method I 

Integrating term by term, we get 

x - ~ + ( - yix) = C, where C is constant of integration 

or x2 -1 - y2 = Cx is the required solution. 

Method IV. In the equation Mdx + Ndy = 0 

If ~ (aN _ aM) is a function of y alone, say f(y), 
M Ox 8y 

th th · . f . J f(y) dy en e mtegrattng actor IS e 

Example 23. Solve (xy3 + y) dx + 2 (x2y2 + X + y4) dy = 0 

Solution. Here M = xy3 + Y and N = 2x2y2 + 2x + 2y4 

aM aN 
:. - = 2xy2 + 1, and - = 4xy2 + 2 

8y Ox 
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:.~[aN_aM)= 1 {(4xy2+2)-(3xy2+1)} 
M Ox Oy (xy3 + y) 

1 1 
--::--- (xy2 + 1) = -, which is a function of y alone 
y (xy2 + 1) Y 

and equal to f(y) say. 

Jf(Y) dy = P dy 
Then integrating factor = e e y 

= e 10gy = y 

Multiplying the given equation by integrating factor y we get 

(xy4 + y2) dx + (2x2 y3 + 2xy + 2y5) dy = 0 

which is an exact differential equation and solving by the method of exact, we 
have 

3x2y4 + 6xy2 + 2y6 = 6 C is the required solution. 

Example 24. Solve (3x2 y4 + 2xy) dx + (2X3y3 - X2) dy = 0 

(U.P.P.C.S.2001) 

Solution. Here M = 3x2 y4 + 2xy , N = 2x3 y3 - x2 

As oM ~ aN, so the equation is not exact in this form. Thus, we have to find 
Oy Ox 

the integrating factor by trial. In the present case, we see that 

1 [ON oM I 6X2y3 - 2x _12x2y3 - 2x 2. . 
- -- - -) = = -- , IS the function of y alone 
M Ox Oy 3X2y4 + 2xy y 

-J~ dy 1 
. The integrating factor is e y = 2 

Y 

Thus, the differential equation becomes 

(3x2y2 + 2xjy) dx + (2X3 Y - x2jy2) dy = 0 

Which is an exact, as oM = 6x2y _ 2xjy2 = oN 
Oy Ox 
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or 

Differential Equations of First Order and First Dewee 

J(3x2 y2 + 2x/y) dx = 0 

x3 y2 + X2/y = c 
Where C is an arbitrary constant. 

Method V.If the equation Mdx + N dy = 0 is homogeneous then 1 is an 
Mx+Ny 

integrating factor, Provided Mx + Ny i= 0 

Example 25. Solve x2y dx - (X3 + y3) dy = 0 

Solution. Here M = x2y and N = _x3 _ y3 

:. Mx + Ny = x3y - x3y - y4 = _y4 i= 0 

:. Integrating factor = 1 = -~ i= 0 
Mx + Ny Y 

Multiplying the given equation by this integrating factor -1/y4, we get 

_x2 x3 1 
In this form of the equation, M = -3 and N = 4"" + -

Y Y Y 

oM = 3x
2 

and oN = 3x
2 

.. Oy y4 Ox y4 

oM oN 
~-=-

Oy Ox 

Hence this equation is an exact 

Solving, we get 

x3 = 3y3 (log Y - C) 

Method VI. If the equation be of the form xayb (my dx + nx dy) + xcyd (py dx + qx 
dy) = 0 

where a, b, c, d, m, n, p and q are constants, then the integrating factor is xhyk, 
where hand k can be obtained by applying the condition that after multiplication 
by xhyk the equation is exact. 
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Example 26. Solve (y2 + 2x2y) dx + (2X3 - xy) dy = 0 

or y (y dx - x dy) + 2x2 (y dx + x dy) = 0 

Solution. The given equation can be rewritten as 

y (y + 2X2) dx + X (2X2 - y) dy = 0 

which is of the form as given in method VI 

. Let xhyk be an integrating factor 

(V.P.P.C.S. 2000) 

Multiplying the given equation by xhyk, we get (xh yk+2 + 2Xh + 2 yk + 1) dx + (2Xh + 3 
yk _Xh+1 yk+1) dy = 0 

Here M = Xh yk+2 + 2xh +2 yk+ 1 and N = 2xh+3 yk _xh+ 1 yk+1 

:. aM = (k + 2) xhyk + 1 + 2 (k + 1) xh + 2yk 
ay 

and aN = 2 (h + 3) Xh + 2 yk _ (h + 1) Xh yk + 1 
ax 

. aM aN 
If the equation (A) be exact we must have - = -ay ax 

(1) 

(2) 

Or (k + 2) xh yk + 1 + 2 (k + 1) xh + 2yk = - (h + 1) Xh yk + 1 + 2 (h + 3) xh + 2 yk from 
(1) and (2) 

Equating coefficients of Xh yk + 1 and xh + 2yk on both sides we get k + 2 = - (h + 1) 
and 2 (k + 1) = 2 (h + 3) 

hence solving we get 

5 1 
h=-- k=--

2' 2 

:. The integrating factor = xhyk = X-5/ 2 y-1/2 

Multiplying the given by X-5/ 2 y-1/2, we get 

(X-5/ 2 y3/2 + 2X-1/2 y1/2) dx + (2X1/2y-1/2 _X-3/2 y1/2) dy = 0 

I thi f h aM aN th .. n s arm, we ave - = -, e equation IS exact ay ax 

:. Regarding y as constant 

5 

fMdX = f(x-Z y3/2 + 2x-1/2 y1/2) dx 
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Also no new term is obtained by integrating N with respect to y, Hence the 
required solution is 

_ 3. X-3/2 y3/2 + 4Xl/2 yl/2 = C 
3 

Where C is an arbitrary constant 

EXERCISE 
Solve the following differential equations 

1. (x2 - 2x + 2y2) dx + 2xy (1 + log x2) dy = 0 

Ans. x2 - 4x + 4y2log x + 2y2 = C 

2. x2 dy = x2 + xy + y2 
dx 

Ans. x = C etan-l(~) 
3. (3y + 2x + 4) dx - (4x + 6y + 5) dy = 0 

Ans. 14 (2x + 3y) -9 log (14x + 21y + 22) = 49x + C 

4. xy _ dy = y3 e-x2 

dx 

Ans. eX = y2 (x + C) 

5. Solve the initial value problem dy = 2 X 3 ' Y (0) = 0 
dx x Y + Y 

Ans. (X2 + y2 + 2) = 2el /2 

(I.A.S. 1991) 

(V.P.P.C.S.1998) 

(V.P.P.C.S. 2001) 

(I.A.S. 1998) 

(I.A.S. 1997) 

6. Show that the equation (4x + 3y + 1) dx + (3x + 2y + 1) dy = 0 represents a 
family of hyperbolas having as asymptotes the line x + y = 0, 2x + Y + 1 = 0 

(I.A.S. 1998) 
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dx 
7. The equations of motion of a particle are given by dt + wy = 0, 

dy _ wx = 0, Find the path of the particle and so that it is a circle. 
dt 

Hint. y(t) = Cl cos wt + C2 sin wt 

x(t) = C2 cos wt - Cl sin wt 

so x2 + y2 = C~ + C~ = R 2 

Objective Type of Questions 

(V.P.T.V.2009) 

Choose a correct answer from the four answers given in each of the following 
questions: 

1. The differential equation y dx + x dy = 0 represents a family of 

(a) Circles 

(c) Cycloids 

Ans. (d) 

(b) 

(d) 

(V.P.P.CS. 1999) 

Ellipses 

Rectangular hyperbolas 

2. The solution of (xy2 + 1) dx + (X2y + 1) dy = 0 is 

(a) x2y2 + 2X2 + 2y2 = C 

(c) x2y2 + X + Y = C 

Ans. (d) 

(b) 

(d) 

x2y2 + x2 + y2 = C 

x2y2 + 2x + 2y = C 

(V.P.P.CS.1999) 

3. The differential equation for the family of all tangents to the parabola y2 = 2x 

(V.P.P.CS. 1999) 

(a) 2x (y')2 + 1 = 2yy' 

(c) 2x2y' + 1 = 2yy' 

Ans. (a) 

(b) 

(d) 

2xy + 1 = 2yy' 

2 (y')2 + x = 2yy' 

4. The general solution of the differential equation (1 + x) Y dx + (1 - y) x dy = 0 
is 

(a) xy = C eX-Y 

(c) xy = C eY-X 

Ans. (c) 

(b) 

(d) 

x+y=Cexy 

x-y=Cexy 
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5. An integrating factor of the differential equation (1 + X2) dy + 2xy = cos x is 
dx 

(a) 1 + x2 

(c) log (1 + X2) 

Ans. (a) 

(b) 

(d) 

(V.P.P.C.S.2000) 

-log (1 + x2) 

6. If dy = e-2y , y = 0 when x = 5, then the value of x for y = 3 is 
dx 

(a) (e6 + 9)/2 

(c) log e6 

Ans. (a) 

(b) 

(d) 

7. The solution of (x -1) dy = Y dx, Y (0) = -5 is 

(a) y = 5 (x -1) (b) Y = -5 (x - 1) 

(c) Y = 5 (x + 1) (d) Y = -5 (x + 1) 

Ans. (a) 

(V.P.P.C.S.2oo0) 

8. The differential equation x dx - Y dy = 0 represents a family of 

(a) Circles 

(c) rectangular hyperbolas 

Ans. (c) 

(b) 

(d) 

Ellipse 

Cycloids 

(V.P.P.C.S. 2001) 

9. The solution of the differential equation (x + 2y) dy - (2x - y) dx = 0 is 

(V.P.P.C.S.2oo1) 

(a) x2 + y2 - 2xy = C 

. (c) X2 + 4xy + y2 = C 

Ans. (d) 

(b) 

(d) 

xy+y2+ x2= C 

xy + y2 - x2 = C 

10. In the differential equation x dy + my = e- x
, if the integrating factor is -\-' 

dx x 
then the value of m is 

(a) 2 

(c) 1 

(b) 

(d) 

-2 
-1 
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Ans. (b) 

11. The solution of the variable separable equation (X2 + 1) (y2 -1) dx + xy dy = 0 
is 

_x2 

e 
(c) y2= 1 + C-

x2 

Ans. (c) 

(b) 

(d) 

log (y2 -1) = Clog (X2 + 1) 

none of these 

(I.A.S. 1988) 

12. The solution of the differential equation dy = eX - Y + x2 e-Y is 
dx 

(M.P.P.C.S. 1991, R.A.S. 1993, V.P.P.C.S. 1995) 

1 
(a) eY = ex + - x3 + C 

3 
(b) 

1 
eY = e-X + - x3 + C 

3 

(c) eY = ex + x3 + C (d) 

Ans. (a) 

. 13. If ~ (ON _ OM) = f(y) a function of y alone, then the integrating factor of 
M Ox c3y 

Mdx + Ndy = 0 is 

(a) e-1f(y) dy 

(c) f(y) Jef(Y)dy 

Ans. (b) 

(b) 

(d) 

I f(y) dy 
e 

Jef(Y) f(y) dy 

(M.P.P.C.S. 1991, 93) 

14. The solution of the differential equation (x + y)2 dy = a2 is given by 
dx 

(I.A.S. 1994) 

(a) y + x = a tan (y : c) (b) (y - x) = a tan (y - c) 

(
y - c) (c) y - x = tan -a- (d) (

y -c) a (y - x) = tan -a-

Ans. (a) 

36 



Differential Equations of First Order and First Degree 

15. Pdx + x sin y dy = 0 is exact, then P can be 

(MP.P.P.C.S.1994) 

(a) sin y + cos y 

(c) x2-cosy 

Ans. (c) 

(b) 

(d) 

- siny 

cosy 

16. The solution of the differential equation (x - y2) dx + 2xy dy = 0 is 

(a) yey2 
Ix = A 

(c) ye x/y2 
= A 

(b) 

(d) 

17. The solution of the equation dy + 2xy = 2xy2 is 
dx 

(a) 
ex 

(b) 
1 

y= 2 y= 
1 + eX 1- c eX 

1 ex 
(c) y= 

1 + cex 2 (d) y= 2 

1 + eX 

Ans. (c) 

18. The homogeneous differential equation 

M (x, y) dx + N (x, y) dy = 0 

(I.A.S. 1993) 

(I.A.S.1994) 

can be reduced to a differential equation in which the variables are separable, by 
the substitution-

. (a) y = vx 

(c) x + Y =v 

Ans. (a) 

(b) 

(d) 

xy=v 

x-y=v 

19. The solution of the differential equation 

dy + y... = x2 

dx x 

Under the condition that y = I, when x = 1 is 

(a) 4xy = x3 + 3 (b) 4xy=y4+3 
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(c) 4xy = X4 + 3 

Ans. (c) 
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(d) 

20. The necessary condition to exact the differential equation Mdx + Ndy = 0 will 
be 

(MP.p.eS.1993, R.A.S.1995) 

8M 8N ---
Ox 8y 

8M 8N 
(b) (a) - =-

8y Ox 

82M 82N ----
8y2 &2 

82M 82N 
(d) (c) -=-

&2 8y2 

21. If 11, h are integrating factors of the equations xy' + 2y = 1 and xy' - 2y = 1 
then 

(a) h =-h 

. (c) h = X2 h 
Ans. (d) 

(b) 

(d) 

(M.p.p.es. 1994) 

hh=x 

hh=l 

22. The family of conic represented by the solution of the differential equation 

(4x + 3y + 1) dx + (3x + 2y + 1) dy = 0 is 

(a) Circles 

(c) hyperbolas 

Ans. (c) 

(b) 

(d) 

Parabolas 

ellipse 
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Chapter 3 

Linear Differential Equations with 
Constant Coefficients and 

Applications 
INTRODUCTION 

A differential equation is of the form 

dny dn- l dn- 2 
- + al --.Xl + a2 --.X2 + ........... + anY = Q (I) 
dxn dxn- dxn-

where aI, a2, ....... an are constants and Q is a function of x only, is called a linear 
differential equation of nth order. Such equations are most important in the study 
of electro-mechanical vibrations and other engineering problems. 

The operator ~ is denoted by O. 
dx 

:. Ony + al On-Iy + ............. + any = Q 

or f(O} Y = Q 

where f(O} = On + al Dn-l + .............. + an 

Solution of the Differential Equation 

If the given equation is 

dny dn- l d n- 2 
- + al --.Xl + a2 ---.X2 + ........ +any = 0 
dxn dxn- dxn -

or (On + al On-l + a2 On-2 + ......... +an) y = 0 

Lety =emx 

:. Then from equation (2) 

mn + al mn- l + a2 mn- 2 + ........... + an} emx = 0 

y = emx is a solution of (I), if 
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mn + al mn- l + a2 mn- 2 + .............. + an = 0 

This equation is called the auxiliary equation. 

Case 1. When Auxiliary Equation has Distinct and real Roots 

Let ml, m2, ................... mn are distinct roots of the auxiliary equation, then the 

general solution of (1) is Y = CI e
ffijX + C2 e

ffi2X + ................ + Cn em"x 

where CI, C2, ............ Cn are arbitrary constants 

Illustration. Solve the differential equation 

d2y dy 
- +3 - -54y=O 
dx2 dx 

Solution. The given equation is 

(D2 + 3D - 54) Y = 0 

Here auxiliary equation is 

m2+3m-54= 0 

or (m + 9) (m - 6) = 0 

=> m = 6,-9 

Hence the general solution of the given differential equation is y = Cle6x + C2 e-9x 

Case II. When Auxiliary Equation has real and some equal roots. 

If the auxiliary equation has two roots equal, say ml = m2 and others are distinct 
say m3, m4, ............ mn. In this Case the general solution of the equation (1) is 

where CI, C2, C3 ............. Cn are arbitrary constants 

Illustration. Solve the differential equation 

(04 - D3- 9D2 -11D - 4) Y = 0 

Solution. The auxiliary equation of the give equation is 

m4 - m3 - 9m2 - 11m - 4 = 0 

or (m + 1)3 (m - 4) = 0 

=> m = -1, -1, -1,4 

Hence, the required solution is 

y = (CI + C2 X + C3 X2) e-X + ~ e4x 
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or y = (CI x2 + C2 X + C3) e-X + C4 e4x 

Case III. When the auxiliary equation has imaginary roots 

If there are one pair of imaginary roots say mt = a + iP, m2 = a - iP i.e. a ± iP say 
then the required solution is 

ex (Real part) [CI {COS (imaginary part) x} + C2 {sin (imaginary part) x}] 

i.e. 

or y = CI eClX cos (px + C2) 

Illustration. Solve (D2 - 2D + 5) Y = 0 

Solution. Here the auxiliary equation is 

m2-2m + 5 = 0 

or 

:. The required solution is 

y = ex (CI cos 2x + C2 sin 2x) 

Particular Integral (P.I.) 

when the equation is 

Dn + at Dn
-
I + .......... + an) y = Q 

or f(D)y= Q 

The general solution of f (D) Y = Q is equal to the sum of the general solution of 
f (D) Y = 0 called complementary function (C.P.) and any particular integral of the 
equation f(D) y = Q 

:. General solution = c.P. + P.I. 

A particular integral of the differential equation 

f(D) y = Q is given by _1_ Q 
f(D) 

Methods of finding Particular integral 

(A) 

Case I. P.I., when Q is of the form of eax, where a is any constant and f(a) :1; 0 

we know that 
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In general 

D2 (eax) = a2 eax 

D3 (eax) = a3 eax 

Dn (eax) = an eax 

:. f (D) (eax) = f(a) eax 

or _1_ f(D) eax = _1_ f (a) eax 

f(D) f(D) 

or eax = f(a) _1_ eax .: f(a) is constant 
f(D) 

1 1 _ eax = __ eax 

f(a) f(D) 
or 

Hence P.I. = _1_ eax = _1_ eax if f(a) "# 0 
f(D) f(a) , 

Case II. P.I., when Q is of the form of eax, and f(a) = 0 

1 1 
Then -- (eax) = eax 1, which shows that if eax is brought to the left 

f(D) f (D + a) 

from the right of _1_, then D should be replaced by (D + a) 
f(D) 

Another method for Exceptional Case 

If f(a) = 0, then 

1 1 
P.I. = -- eax = x -- eax 

f (D) f' (D) 

If f' (a) = 0, then 

1 
P.I. = -- eax 

f (D) 

eax 

=x --, iff'(a)"#O 
f' (a) 

eax 

= x2 -- if f" (a) "# 0 
f" (a)' 

Example 1. Solve (D2 - 2D + 5) Y = e-X 
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Solution. Here auxiliary equation is m2 - 2m + 5 = 0, whose roots are 

m=-1±2i 

:. CP. = e-X [Cl cos 2x + C2 sin 2x], where Cl and C2 are arbitrary constants 

and P I 1 -x 
.. = 2 e 

D -2D+5 

1 -x 
2 e 

(-1) -2(-1)+5 

1 -x =-e 
8 

:. The required solution is y = CP. + P.I. 

i.e. y = e-X (Cl cos 2x + C2 sin 2x) + .!. e-x 
8 

? 

Example 2. Solve (D -1)2 (D2 + 1)2 Y = eX 

. Solution. Here the auxiliary equation is 

(m -1)2 (m2 + 1)2 = 0 

or m = 1, 1, ± i, ±i 

.: here a =-1 

:. CF. = (Cl + C2 x) ex + (C3 x + C4) cos x + (Csx + C6) sinx 

where CIS are arbitrary constant 

and P.I. = 
1 eX 

(D _1)2 (D2 + 1)2 

1 1 eX 
(D - 1)2 (12 + 1)2 

1 1 X 
(D _1)2 

-e 
(2)2 

1 1 X 
(D _1)2 

-e 
4 

= eX 1 1 
(D + 1_1)2 4 
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= eX ~ ! = ! eX ~ (1) = ! eX x
2 

= .!. x2 eX 
D2 4 4 D2 4 2 8 

:', The required solution is y = C. F + P.1. 

or y = (Cl X + C2) ex + (C3 x + ~) cos x + (Cs x + C6) sinx + .!. x2 eX 
8 

Example 3. Solve (D + 2) (D -1)3 Y = eX 

Solution. Here the auxiliary equation is 

(m + 2) (m - 1)3 = 0 

or m = - 2 and m = 1 (thrice) 

Therefore C. F = Cl e-2x + (C2 x2 + C3 X + C4) eX, where Cl, C2 and C3 are constants 
and 

1 P.1. = eX 
(D + 2) (D _1)3 

= 1 eX 
(1 + 2) (D - 1)3 

111 __ ~ eX = _ eX 
3 (D _1)3 3 

:. the required solution is y = C.F + P.I 

1 1 
{(D + 1) -I} 

or 
1 

Y = Cl e-2x + (C2 x2 + C3 X + ~) eX + - x3 eX 
18 

(B) (i) P.I. when Q is of the form sin ax or cos ax and f (-a2) *' 0 

--4- sin ax = 1 2 sin ax, if f (_a2) '* 0 
f(D ) f (-a) 

& -\- cos ax = 1 2 cos ax, if f (-a 2) '* 0 
f(D ) f (-a) 

(ii) P.I. when Q is of the form sin ax or cos ax and f (-a2) = 0 
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Let f(D) = D2 + a2 and Q = sin ax 

1 
Then P.1. = 2 2 sin ax 

D +a 

1 
= (Imaginary part of eiaX

) 
D2 + a2 

= Imaginary part of 2 1 2 eiax 

D +a 

= J.P. of eiax 1 1 
{(D + ia)2 + a2} 

= J.P. of eiax 1 1 

2iaD [1 + J?-] 
21a 

e
iax 1 (D ) = I.P. of - - 1 - - +............ 1 

2ia D 2ia 

eiax 1 eiax 

=I.P.of- -l=I.P.of- x 
2ia D 2ia 
eiax xi 

= I.P. of -2-
2i a 

= I.P. of % (-;) i (cos ax + i sin ax) 

= I.P. of % (-;) (i cos ax - sin ax) 

1 x 
=- - - cos ax 

2 a 

1. x 
--:---:- sm ax = - - cos ax .. D2 + a2 2a 

Now if f(D) = D2 + a2 and Q = cos ax 

1 1 
Then P.I. = 2 2 cos ax = 2 2 (Real part of e1ax

) 
D +a D +a 
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1 . 
= Real part (or R.P.) of 2 2 e,ax 

D +a 

= R.P. of -~ (~) (i cos ax - sin ax) 

x . 
= - sIn ax 

2a 

1 x . 
---::---:-- cos ax = - sm ax .. D2 + a2 2a 

Example 4. Solve (D2 + D + 1) Y = sin 2x 

Solution. Here the auxiliary equation is m2 + m + 1 = 0 

which gives m = - ~ ± i (~ .J3) 

:. c.P. = e-x/2 {C1 cos (~ x .J3) + C2 sin (~ x.J3)} 
where C1 and C2 are arbitrary constants 

1 
and P.1. = 2 sin 2x 

D +D+1 

2 1 sin 2x replacing D2 by - 22 
(-2) +D+1 

1 . 2 = -- sm x 
D-3 

1 (D + 3) sin 2x 
(D - 3) (D + 3) 

21 (D + 3) sin 2x = 21 (D + 3) sin 2x 
D -9 ~ -9 

= -~ (D + 3) sin 2x = -1 [D (sin 2x) + 3 sin 2x] 
13 13 

= -~ [2 cos 2x + 3 sin 2x] Since D means differentiation with respect to x 
13 

:. The complete solution is 
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y = e-x/2 [C1 cos (% xJ3) + C2 sin (% xJ3)] -11
3 

(2 cos 2x + 3sin 2x) 

Example 5. Solve (D2 - 5 D+ 6) Y = sin 3x 

Solution. Its auxiliary equation is m2 - 5m + 6 = 0 which gives 

m= 2,3 

:. c.F. = Cl e2x + C2 e3x, where Cl and C2 are arbitrary constants 

and P.1. = 2 1 sin 3x 
D -5D+6 

2 1 sin 3x, replacing D2 by _32 
-3 - 5D + 6 

1 sin3x= -1 (5D-3)sin3x 
-(5D + 3) (5D + 3) (5D - 3) 

-1 
2 (5D-3)sin3x 

(25D - 9) 
-1 

---::-2-- (5D - 3) sin 3x 
{25 (-3 ) -9} 

= ~ [5D (sin 3x) - 3sin 3x] 
234 

= ~ [5 x 3 cos 3x - 3 sin 3x] 
234 

= ~ (5 cos 3x - sin 3x) 
78 

Hence the required solution is 

y = Cl e2x + C2 e3x + ~ (5 cos 3x - sin 3x) 
78 

Example 6. Solve (D3 + D2 - D -1) Y = cos 2x 

Solution. Its auxiliary equation is m3 + m2 - m - 1 = 0 

or 

or 

(m2 -1) (m + 1) = 0 

m = 1, -1,-1 

:. C.F. = Cl eX + (C2 x + C3) e-x, where Cl, C2and C3 are arbitrary constants 
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1 
PI - cos2x 
.. - D3 + D2 - D - 1 

1 cos 2x 
D (D2) + D2 - D - 1 

111 
-------- cos 2x = -- -- cos 2x 
D(_22)+(_22)_D_1 5 D+1 

1 D-1 
- -- cos 2x 

5 (D - l)(D + 1) 

1 1 1 1 
= -- (D -1) cos 2x = - - [D (cos 2x) - cos 2x] 

5 D2 -1 5 (_22 -1) 

= 2. (-2 sin 2x - cos 2x) 
25 

Therefore the complete solution is 

or 

y = c.P. + P.I. 

y = Cl eX + (C2 x + C3) e-X - 2. (2 sin 2x + cos 2x) 
25 

Example 7. Solve (D2 - 4D + 4) Y = sin 2x, given that y = 1/8 and Dy = 4 when x = 

O. Pind also the value ofy when x = rt/4. (Here D == !) 
Solution. Its auxiliary equation is m2 - 4m + 4 = 0 or m = 2, 2 

:. c.P. = (Cl X + C2) e2x, where Cl and C2 are arbitrary constants 

and P.I. = 2 1 sin 2x = 2 1 sin 2x 
D - 4D + 4 (-2 - 4D + 4) 

= -.!. ~ sin 2x = -.!. rsin 2x dx = .!.8 cos 2x 
4 0 4 J' 

:. The solution of the given equation is 

1 
Y = c.P. + P.I. = (Cl x + C2) e2x + '8 cos 2x (1) 

Dy = Cl e2x + 2 (Cl X + C2) e2x -.!. sin 2x 
4 
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Dy = (2 Cl x + 2 C2 + Cl ) e2x -.!. sin 2x 
4 

According to the problem y = .!. and Dy = 4 when 
8 

x = 0, so from (1) and (2) we get 

1 0 1 1 - = C2 e + - cos 0 = C2 + - or C2 = 0 
888 

And 4 = (2 C2 + 4) eO = .!. sin 0 = Cl .,' C2 = 0 
4 

or 

Substituting these values of Ct, C2 in (1) we get 

1 
y = 4 x e2x + - cos 2x 

8 

when x = rt/4, y = 4( ~) e1t
/

2 + % cos (rt/2) = rte7t
/
2 

Example 8. Solve (D3 + a2'D) y = sin ax 

Solution. Here the auxiliary equation is 

m3 + a2 m = 0 or m = 0, ± ai 

:. C.F. = Cl + C2 cos ax + C3 sin ax, where Cl, C2 and C3 are arbitrary constants 
and 

P.I. = 3 1 2 sin ax = 3 1 2 (Imaginary part of eiax ) 
D +aD D +aD 

IP f 1 iax 
= .. 0 3 2 e 

D +a D 

= I.P. of eiax 1 1 
(D + ia)3 + a2 (D + ia) 

= I.P. of eiax 1 1 
D3 + 3 ia D2 - 2a2D 

= I.P. of eiax __ ---=,--__ 1 _____ = 

-2a2D [1- _3i D __ 1_ D2] 
2a 2 a2 
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= J.P. of -- - 1 - - 0 - - 0 1 e
iax 1 (3i 1 2)-1 

_2a2 0 2a 2a2 

= J.P. of -- - 1 - - 0 - - 0 1 e
iax 

1 (3i 1 2)-1 
_2a2 0 2a 2 a2 

e
iax 

1 (3i ) = J.P. of --2 - 1 + - 0 + ........... (1) 
-2a 0 2a 

eiax 1 eiax 

= J.P. of -2 - (1) = J.P. of -2 (x) 
-2a 0 -2a 

= _ (_1 ) x sin ax 
2a2 

:. The required solution is y = C.F + P.I 

or y = C1 + C2 cos ax + C3 sin ax --;.. sin ax 
2a 

d4 

Example 9. Solve ----f -rn4y = sin rnx 
dx 

Solution. We have d4~ - rn\ = sin rnx 
dx 

or (04 - rn4) y = sin rnx, 0 = :x 

Here the auxiliary equation is 

M4-rn4=0 

:. M = -rn, rn, ± mi 

Therefore, Cl F = Cl emx + C2 e-mx + C3 cos rnx + C4 sin rnx 

where Cl, C2, C3 and C4 are arbitrary constants 

PI 
1. 1 . 

. . = 4 2 sIn rnx = 2 2 2 2 sm rnx o - rn (0 - rn ) (0 + rn ) 
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1 { 1 . } 1 { 1 . } l' D2 b 2 = 2 2 2 2 sm mx = 2 2 2 2 sm mx rep acmg y -m 
(D + m) D - m D + m -m-m 

= 1 ( __ 1 sin mx) = __ 1 ( 1 sin mx) 
D2 + m 2 2m2 2m2 D2 + m 2 

___ 1_ (_~ cos mx) = _x_ cos mx 
2m2 2m 4m3 

1 sin ax = - ~ cos ax, if f(_a2) = 0 
D2 + a2 2a 

Hence the required solution is y = C.F + P.I 

or y = Cl ernx + C2 e-rnx + C3 cos mx + G sin mx + _x_ cos mx 
4m3 

d3 d2 d 
Example 10. Solve ---{ - 3 -f + 4 ~ - 2y = eX + cos x 

dx dx dx 

Solution. The given can be rewritten as 

d (D3 - 3D2 + 4D-2) y = eX + cos x, D _ 
dx 

Here the auxiliary equation is 

m3 - 3m2 + 4m - 2 = 0 

=> (m -1) (mL 2m + 2) = 0 

i.e. m = 1, 1 ± i 

(I.A.S. 1999, V.P.T.V. 2001, 2006) 

:. C.F. = Clex + ex (C2 cos x + C3 sin x), where Cl, C2 and C3 are arbitrary 
constants. 

1 
& P.1. = 3 2 (eX + cos x) 

D -3D +4D-2 
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1 1 = eX + cos x 
(D _1)(D2 - 2D + 2) D3 - 3 D2 + 4 D - 2 

= 1 { 1 ex} + 1 cos x 
(D-1) 1-2+2 (-1)2D-3(-12)+4D-2 

1 1 = -- eX + cos x 
D -1 3D + 1 

1 (3D -1) 
= eX --- 1 + cos x 

(D + 1)-1 9D2 - 1 
1 3D-1 

=ex-.1+ 2 cos x 
D 9(-1 )-1 

= x eX - ~ (3D -1) cos x 
10 

= x eX - ~ (3D cos x - cos x) 
10 

=xex - ~ (-3sinx-cosx) 
10 

= x eX + ~ (3 sin x + cos x) 
10 

Hence, the required solution is y = c.p + P.I 

y = Cl ex + eX (C2 cos x + C3 sin x) + x ex + ~ (3 sinx + cos x) 
10 

(C) To find P.I. when Q is of the form xm 

In this case P.I = _1_ xm, where m is a positive integer 
f (D) 

To evaluate this we take common the lowest degree from f(D), so that the 
remaining factor reduces to the form [1 + P (D)] or [1 - P (D)]. Now take this 
factor in the numerator with a negative index and expand it by Binomial theorem 
in powers of D upto the term Dm, (Since other higher derivatives of xm will be 
zero) and operate upon xm. The following examples will illustrate the method. 

d2 d 
Example 11. Solve ~ + -X - 6y = x 

dx dx 
Solution. The given equation can be written as 

(D2 + D - 6) Y = x 
Its auxiliary equation is m2 + m - 6 = 0 or m = 2, -3 
:. c.P. = Cl e2X + C2 e-3x, where Cl and C2 are arbitrary constants 
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and 1 1 
P.I. = D2 + D _ 6 x = ( 1 1 2) x 

-6 1- 6 D - 6 D 

1 [1 J-l 

== -6 1- 6 (D + D2) x 

= -l [1 + l (D + D2) + .............. ] X 

1 ( 1) -1 = - - x + - = - (6x + 1) 
6 6 36 

:. The required solution is y = c.p + P.I 
1 

Y = Cl e2x + C2e-3x -- (6x + 1) 
36 

d 
Example 12. Solve (D3 - D2 - 6D) Y = x2 + 1 Where D :: 

dx 

Solution. Here the auxiliary equation is rn3 - rn2 - 6rn = 0 
or rn (rn2 - rn - 6) = 0 
or rn (rn - 3)(rn + 2) = 0 
m rn=~~~ 

:. Cl P = Cl eOx + C2 e3x + C3 e-2x 

(Bihar P.CS. 1993) 

or c.P. = Cl + C2 e3x + C3 e-2x, where Cl, C2 and C3 are arbitrary constants. 
1 2 

and P.I. = 2 2 (x + 1) 
D - D -6D 

1 (x2 + 1) 

( 
1 1 2) -6D 1 + 6 D- 6 D 

1 [ (D D2 ) (D D2 )2 1 = - 6D 1 - 6" - 6 + 6" - 6 ........... (x
2 

+ 1) 

1 [ 2 1 2 7 2 2] = -- 1 + x - - D (x ) + - D (x) 
6D 6 36 

.: D (1) = 0 
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= -~ (1 + x2 
- .!. x + ~) 

60 3 18 

= -.!. IT 1 + x2 - ~ + ~) dx 
6 Jl 3 18 

d 
.: 0 ==-

dx 

= -i [x + ~ - i x2 
+ :8 x] = -i [

25 x + x
3 _~) 

18 3 6 

:. The required solution is y = CP. + P.I. 

or C C 3x C -2x 25 x
3 

x
2 

Y = 1 + 2 e + 3 e -- x - - + -
108 18 36 

d2 d 
Example 13. Solve -{ -2 ---X.. + 2y = x + eX cos x 

dx dx 

Solution. Given differential equation is 
(02 - 20 + 2) Y = x + eX cos x 

Here the auxiliary equation is 
m2 - 2m + 2 = 0 => m = 1 ± i 

(V.P.T.V.2002) 

:. CP = ex (Cl cos x + C2 sin x), where Cl and C2 are arbitrary constants, 
1 

and P.I. = 2 (x + eX cos x) 
o -20 + 2 

1 1 
---::---- x + (eX cos x) 
0 2 

- 20 + 2 0 2 - 20 + 2 
1 1 

--,;=----__=;_ x + eX cos x 
2 [1-0+ ~2] {{0+1)2 -2(0+1)+2} 

~ ~ [1- D + ~' r (x) + e' D,1+ 1 cos x Here f (-.') ~ 0 

= i [1 + 0 - ~2 + ......... .) (x) + eX ~ sin x 

1 { 1 2 } xe
x 

. = - x + 0 (x) - - 0 (x) + - sm x 
222 

1 x eX . 
= - (x+l)+ -- sIn x 

2 2 

:. The required solutions y = CP + P.I 
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or y = ex (C1 cos x + C2 sin x) + .!. (x + 1) + x eX sin x 
2 2 

Example 15. Find the complete solution of 

d2 d -.X _ 3-.r + 2y = x e3x + sin 2x 
dx2 dx 

Solution. The given differential equation is 

(D2 - 3 D + 2) Y = x e3x + sin 2x 

Here the auxilliary equation is 

(U.P.T.U.2003) 

m2- 3m + 2 = 0 ~ (m -1) (m - 2) = 0 ~ m = 1, 2 

:. C.F = C1 ex + C2 e2x, where C1 and C2 being arbitrary constants 

& P.1. = 2 1 (x e3x + sin 2x) 
D -3D+2 

1 (x e3X ) + 1 (sin 2x) 
D2 _ 3D + 2 D2 - 3D + 2 

= e3x 1 (x) ..... 1 (sin 2x) 
(D + 3)2 - 3 (D + 3) + 2 _22 - 3D + 2 

__ e3x 1 ( ) 1 . 2 x + sm x 
D2 + 3D + 2 -3D - 2 

= e" ~ ( 3 1 0') (x) - (30
1
+ 2) (sin 2x) 

1 + - D+-
2 2 

( 
2 )_1 1 3x 3D 0 3 D - 2 . 

= - e 1 + - + - (x) - (sm 2x) 
2 2 2 9D2 

- 4 

_ 1 3x [1 3D D2 ] () (3D - 2) (. 2) l' D2 b 22 - - e - - - - ......... x - 2 sm x rep acmg y-
2 2 2 9 (-2 ) - 4 
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= .! e3x (x - ~) + -.!.. (3D sin 2x - 2 sin 2x) 
2 2 40 

= .! e3x (x - ~) + -.!.. (6 cos 2x - 2 sin 2x) 
2 2 40 

= e3x (~ _ ~) + -.!.. (3 cos 2x - sin 2x) 
2 4 20 

Hence the required solution is y = c.p + P.I 

or y = Cl eX + C2 e2x + e3x (~ - ~) + -.!.. (3 cos 2x - sin 2x) 
2 4 20 

Example 16. A body executes damped forced vibrations given by the equation. 

d
2
x + 2k dx + b2x = e-kt sin wt 

dt2 dt 

Solve the equation for both the cases, when w2 :F- b2 - k2 and w2 = b2 - k2 

[U.P.T.U. 2001, 03, 04 (C.O) 2005] 

Solution. We have d2~ + 2k dx + b2x = e-kt sin wt 
dt dt 

or (D2 + 2k D + b2) X = e-kt sin wt 

Here the auxiliary equation is m2 + 2km + b2 = 0 

=:> m = -k ± i~(b2 _ k2) 

Case 1. When w2 :F- b2 - k2 

where Cl and C2 are arbitrary constants 

& P.I. = 2 1 2 (e-kt sin wt) 
D +2kD+b 
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= e -kt __ --::-__ 1 ____ _::_ (sin wt) 
(D - k)2 + 2k (D - k) + b2 

1 (sin wt) = e-kt ___ 1 __ ~ sin wt 
D2 +(b2 _k2) w 2 +(b2 _k2) 

e-kt sin wt 
b2 _ k2 _ w 2 

Here, complete solution is y = CP + P.I 

or [ ] 
e-kt sin wt 

Y = e-kt C1 cos l(b2 - k2) t + C 2 sin l(b2 - k2) t + -----:-
" " b2 _ k 2 _ w 2 

Case 2. When w2 = b2 - k2 

CP. = e-kt (Cl cos wt + C2 sin wt) 

& P I - 1 (-kt.) 
.• - 2 2 e sm wt 

D +2kD+ b 

1 
= e-kt ----::-------- sin wt 

(D - k)2 + 2k (D - k) + b2 

2 \ 2 sin wt Here f (-a2) = 0 
D +b -k 

= e-
kt 

(- 2~ cos wt) 

t e-kt 
=--- coswt 

2w 

Hence, the required solution is y = CP + P.I 

or y = e-kt (Cl cos wt + C2 sin wt) __ t_ e-kt cos wt 
2w 

Example 17. Solve (D2 - 2D + 1) Y = x eX sin x 

(Bihar P.C.S., 1997; 2007,V.P.P.c.S., 2001; L.D.A. 1995, V.P.T.V. 2005) 

Solution. Here the auxiliary equation is 

m 2 - 2m + 1 = 0 ~ (m -1)2 = 0 :. m = 1, 1 

:. CP. = (Cl + C2 x) eX where Cl and C2 are arbitrary constants 

and P I 1 X • .. = 2 xe smx 
D -2D + 1 
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x 1 ( . ) = e -------- x sm x 
(D + Il - 2 (D + 1) + 1 

xI. 
= e -----;:-------- X smx 

D2 + 1 + 2D - 2D - 2 + 1 

= eX ~ (x sin x) 
D 

= eX ~ Ix sin x dx = eX ~ [-x cos x + sin x] 
D D 

= eX [- fx cos x dx + fsin x dx] 

= eX [-x sin x - cos x - cos xl 

= _eX (x sin x + 2 cos x) 

Hence, the required solution is y = CP + P.I 

y = (C1 + C2X) ex - eX (x sin x + 2 cos x) 

Example 18. Pind the complete solution of the differential equation 

d 2 d -X2 - 2--.r + y = x eX cos x (V.P.T.V. 2009) 
dx dx 

Solution. Here the auxiliary equation is 

m2 - 2m + 1 = 0 ~ (m - 1)2 = 0; :. m = 1, 1 

:. CP. = (Cl + C2 x) eX 

and 
1 

P.I. = 2 X eX cos x 
D -2D + 1 

1 
= eX -2 (x cos x) 

D 

= eX (-x cos x + 2 sin x) 

Therefore, complete solution is y =CP + P.I 

or y = (Cl + C2 x) ex + eX (2 sin x - x cos x) 

Example 19. Solve (D4 + 6D3 + 11D2 + 6D) Y = 20 e-2x sin x 

Solution. Here the auxiliary equation is 

m 4 + 6m3 + 11m2 + 6m = 0 

m (m3 + 6m2 + 11m + 6) = 0 
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m (m + 1) (m + 2) (m + 3) = 0 

:. m = 0, -1, -2, -3 

:. CF. = Cl + C2 e-X + C3 e-2x + C4 e-3x 

& P.I = 4 3 1 2 20 e-2x sin A-
D + 6D + 11 D + 6D 

= 20 e-2x __ --:-___ --:::_1 ___ ~---- sin x 
(D - 2)4 + 6 (D - 2)3 + 11 (D - 2)2 + 6 (D - 2) 

= 20 e-2x ___ 1-,,-__ sin x 
(D - 2) (D3 - D) 

= 20 e -2x 1 sin x 
(D - 2) {(D)2 0 - O} 

= 20 e-2x 1 2 sin x replacing 0 2 by - 12 
(0 - 2) {(-I) 0 - O} 

1 
= 20 e-2x ------ sin x 

(0 - 2) (-D -0) 

= 20 e-2x 1 sin x = 20 e-2x 1 sin x 
4D - 2D2 4D - 2 (_1)2 

1 
= 20 e-2x --- sin x 

4D+2 

= 10 e-2x 2D - 1. 10 -2x (2 cos x - sin x) 
4D2 _ 1 sm x = e 4 (-1) -1 

= 2 e-2x (sin x - 2 cos x) 

Hence, Complete solution is y = CF + P.I 

y = C1 + C2 e-X + C3 e-2x + C4 e-3x + 2e2x (sin x - 2cos x) 

d 
Example 20. Solve (D2 - 4D - 5) Y = e2x + 3 cos (4x + 3) 0 == 

dx 

Solution. We have (D2 - 4D - 5) Y = e2x + 3 cos (4x + 3) 

Here the auxiliary equation is 

m L 4m - 5 = 0 ~ (m - 5) (m + 1) = 0 :. m = 5, -1 

CF. = Cl e5x + C2 e-x 
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1 
& Pol. = 2 {e2x + 3 cos (4x + 3)} o -40-5 

2 1 e2x + 3 2 1 {cos 4x cos 3 - sin 4x sin 3} 
o - 40 - 5 0 - 40 - 5 

2 1 e2x + 3 cos 3 2 1 cos 4x - 3 sin 3 2 1 sin 4x 
(2) - 4(2) - 5 0 - 4 0 - 5 0 - 40 - 5 

1 2x 1 1 
= - - e + 3 cos 3 cos 4x - 3 sin 3 2 sin 4x 

9 _42 -40-5 -4 -40-5 
1 1 1 

= -- e2x + 3 cos 3 cos 4x - 3 sin 3 sin 4x 
9 -16-40-5 -16-40-5 
1 2x' 3 3 1 1 = - - e + cos cos 4x + 3 sin 3 sin 4x 
9 -(40 + 21) 40 + 2 

=_.!. e2x -3cos3 (40-21) cos4x+3sin3 (40-21) sin4x 
9 (6 0 2 

- 44) 16 0 2 
- 441 

1 2 (40-21) 0 40-21 0 

= --e x -3cos3 2 cos4x+3sm3 2 sm4x 
9 4( -4 ) - 441 16( -4 )441 

1 2x 3 3 (-16 sin4x-21 cos4x) 3 0 316cos4x-21sin4x 
= - - e - cos + SIn 

9 -697 -697 

= -.!. e2x _ ~ cos 3 (16 sin 4x + 21 cos 4x) - 3 sin 3 (16 cos 4x - 21 sin 4x) 
9 697 697 

= -.!. e2x 
_ ~ [16 sin 4x cos 3 + 21 cos 4x cos 3 + 16 cos 4x sin 3 - 21 sin 4x sin 3] 

9 697 

= -.!. e2x _ ~ [16 sin (4x + 3) + 21 cos (4x + 3)] 
9 697 

Hence the required solution is y = c.p + P.I 

or y = Cl e5x + C2 e-x -.!. e2x 
- ~ [16 sin (4x + 3) + 21 cos (4x + 3)] 

9 697 

Example 21. Solve d
2

:; + 2 dy + 10 Y + 37 sin 3x = 0, and find the value of y 
dx dx 

when x = rt/2, if it is given that y = 3 and dy = 0 when x = 0 
dx 

Solution. The given equation can be written as 

(02 + 20 + 10) Y = -37 sin 3x 

its auxiliary equation is m2 + 2m + 10 = 0, which gives 
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m = % [-2 ± ~(4 - 40) ] = -1 ± 3i 

C.F. = e-X [CI cos 3x + C2 sin 3x], where CI & C2 are arbitrary constants, 

and P.I. = 2 1 (-37 sin 3x) 
D + 2D + 10 

= -37 1 sin3x 
D2 + 2D + 10 

= -37 1 sin 3x 
_32 + 2D + 10 

=-37 1 sin3x=-37 1 (2D-1)sin3x 
2D+1 (4D2-1) 

=-37 1 (2D-1)sin3x 
{4 (_32

) -1} 

= (2D - 1) sin 3x = 6 cos 3x - sin 3x 

Hence the required solution of the given diff~rential equation is 

y = e-X (CI cos 3x + C2 sin 3x) + 6 cos 3x - sin 3x 

Differentiating both sides of (1) with respect to x, 

we get 

(1) 

dy =e-x (-3 Cl sin 3x + 3 C2 cos 3x) - e-X (C1 cos 3x + C2 sin 3x) - 18 sin 3x - 3 cos 3x 
dx 

It is given that when x = 0, y = 3 and dy = 0 
dx 

:. From (1) and (2) we, have 

3 = CI + 6 

and 

From (3) and (4) we get CI = -3 and C2 = 0 

:. From (1), we have 

y = -3 e-X cos 3x + 6 cos 3x - sin 3x 

:. when x = 1t/2 we have from (5) 
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3 -,,/2 31t 6 31t . 31t Y = e cos - + cos - - SIn -
222 

-If 

y = -3e 2 .0 + 6.0 + 1 

ory = 1 

Example 22. Solve (D2 + 1)2 = 24 x cos x given the initial conditions x = 0, y = 0, 
Dy = 0, D2y = 0, D3y = 12 (I.A.S.2001) 

Solution. Here the auxiliaryequation is 

(m2 + 1)2 = ° 
or m = ± i (twice) 

:. C.F. = (Cl x + C2) cos x + (C3 X + C) sin x 

1 
and P.I. = 2 2 (24 x cos x) 

(D + 1) 

- R P of 1 24 x eix 
- . . 2 2 

(D + 1) 

= RP. of 24 eix ___ 1 __ -::- x 

[(D + i)2 + 1 J 
= RP. of 24 e'X _::--1_--::- x 

(D2 + 2iD)2 

1 
= RP. of 24 eix --------:;:-x 

[ 
D]-2 

_4D2 1 + 2i 

= RP. of -6 e'X ~2 (1 + iD - ~ D2 + ......... ) X 

= RP. of -6 eix 
-;. (x + i) 
D 

R P f 6 ix (1 3 1. 2) = .. 0- e (;x +"21X 

= RP. of - (cos x + i sin x) (x3 + 3i x2) 

= _x2 cos X + 3x2 sin x 

:. The solution of the given differential equation is 
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y = (Cl X + C2) cos x + (C3 X + C4) sin x - x3 cos X + 3x2 sin x 

y = (Cl X + C2 - x3) cos X + (C3 X + C4 + 3x2) sin x (1) 

:. D2y = -(Cl+C4+C3X) sin x + C3 cos X + (C3-C2+6x-CIX+X3) cos x + (6-4+3x2) sinx 

or D2y = (6 - 2 Cl - C4 - C3X + 3X2) sin x + (2 C3 - C2 + 6x - Cl X + x3) cos x (3) 

:. D2y = (6 - 2 Cl - C4 - C3 X + 3X2) cos X + (-C3 + 6x) sinx - (2 C3 - C2 + 6x - Cl X + 
x3) sin x + (6 - Cl + 3x2) cos x 

or D3y = (12-3 C1-G-C3 x + 6x2) cos X + (C2-3 C3 - 6x + C1 X + 6x - x2) sin x (4) 

Since we are given that x = 0, y = 0, Dy = 0, D2y = 0, D3y = 12 so from (I), (2), (3) 
and (4) we get 

0=C2 

0= Cl + C4 

0= 2C3-C2 

12 = 12 - 3 Cl - C4 

From (5) and (7) we get C2 = 0 = C3 

From (6) and (8) we get Cl = 0 = G 

:. From (1) the required solution is 

y = 3x2 sin x - x3 cos x 

(5) 

(6) 

(7) 

(8) 

(D) P.I when Q is of the form x. V, where V is any function of x 

_1_ (x. V) = x. _1_ V _ fl (D) V 
f (D) f (D) {f (D)}2 

Example 23. Solve (D2 - 2D + 1) Y = x sinx 

Solution. Here the auxiliary equation is m2 - 2m + 1 = 0 

or (m -1)2 = 0 or m = I, 1 

:. C.F. = (Cl x + C2) eX, where Cl and C2 are arbitrary constants 

and P.I = 1 x sin x 
D2 - 2 D + 1 
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1 . (2D - 2) 
=x slnx- sin x 

D2 _ 2D + 1 (D2 - 2D + 1)2 

_ 1 . (2D - 2) sm' x 
-x 2 smx- 2 2 

-1 -2D + 1 (-1 - 2D + 1) 

=_~ ~ sinx- _1_ (2D-2) sin x 
2 D 4 D2 

X f' d 1 1 ( .) = -- sIn x x - - - cos x - sm x 
2 2 D2 

= ~ cos x - .! ~ r(cos x - sin x) dx 
2 2 D J' 
x 1 1 ( . ) = - cos x - - - sIn x + cos x 
2 2 D 

= ~ cos x -.! r(sin x + cos x) dx 
2 2 J' 
x 1 ( .) = - cos x - - -cos x + sIn x 
2 2 

= .! (x cos x + cos x - sin x) 
2 

:. The required solution is y = C.F + P.I 

y = (Cl X + C2) ex + .! (x cos x + cos x - sin x) 
2 

or 

(E) To show that _1_ Q = eax fQe-ax dx, where Q is a function of x. 
O-a 

1 
Proof Let y = -- Q 

D -a 

Then (D - a) y = Q, operating both sides with D - a 

or dy _ ay = Q, Which is a linear equation in y whose integrating factor is e-ax its 
dx 

solution is ye-ax = fQ e-ax dx, neglecting the constant of integration as P.I. is 

required 

or y = eax fQ e-ax dx 

or _1_ Q = eax fQ e-ax dx 
D-a 
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Example 24. Solve (D2 + a2) y = sec ax (U.P.PC.S. 1971, 1973, 1977) 

Solution. The auxiliary equation is m2 + a2 = 0 or m = ± ai 

:. C.F. = Cl cos ax + C2 sin ax, where Cl and C2 are arbitrary constants 

and P.I = 1 sec ax = _1_ [_1 ____ 1_] sec ax 
D2 + a2 2 i a D - ia D + ia 

Now sec ax = e1aX sec ax. e-laX dx 1 'J ' 
D - ia 

similarly, 

= eiax Jsec ax. (cos ax - i sin ax) dx 

= eiax J(1 - i tan ax) dx 

= e
1aX 

[x + GJ log cos ax J 

1 ' f -- sec ax = e-1 ax sec ax. e iax dx 
D+ ia 

= e-i ax Jsec ax (cos ax + i sin ax) dx 

= e- i ax J(1 + i tan ax) dx 

=e-
iax 

[x- (;) log cos ax] 

:. From (1) we, have 

1 [, {i }' P.I = -. - e1 ax X + - log cos ax _e-1aX 
21 a a 

{ x - ; log cos ax}] 

[ (
eiaX _e-laX) i (e1aX + e-iaX )] 

= x . + - (log cos ax). . 
21a a 21a 

= (~) sin ax + a12 cos ax. (log cos ax) 

:. The required solution is 

y = C.F. + P.I. 
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or y = Cl cos ax + C2 sin ax + (~) sin ax + (:2 ) cos ax. log cos ax 

Example 25. (02 + a2) y = cosec ax 

Solution. Here the auxiliary equation is m 2 + a2 = 0 

or m = ± ai 

:. C.F. = Cl cos ax + C2 sin ax and 

P.I = cosec ax = - -- - --- cosec ax 1 1 [1 1] 
0 2 + a2 2ia 0 - ia 0 + ia 

1 .} . Now --.- cosec ax = elaX (cosec ax) e-1 ax dx o -la 

= ei ax fcosec ax (cos ax - i sin ax) dx 

= e i ax f(cot ax - i) dx 

= ei ax [~ (log sin ax) - iX] 

1 . } and --- cosec ax = e-1 ax (cosec ax) e i ax dx 
0+ ia 

:. From (1) we have 

= e-iax f(cosec ax) (cos ax + i sin ax) dx 

= e- i ax f(cot ax + i) dx 

= e- i ax U' (log sin ax) + iX] 

P.I.= 2~a [e
iaX {~(IOgSinaX)-ix} _e-

iax {~(IOgSinaX)+iX}] 

= [1.- (log sin ax) (e
i 

ax - e-
i 
ax) _~ (e

i 
ax + e-

i 
ax)] 

~ ~ a 2 

= (:2) sin ax (logsinax)- (~) (cos ax) 

:. The required solution is y = C.F + P.I 
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or y = Cl cos ax + C2 sin ax + (a12 ) sin ax log (sin ax) -(;) cos ax 

Example 26. (D2 + a2) y = tan ax 

Solution. Here C.F. = Cl cos ax + C2 sin ax 

and P.I. = tan ax = - -- - -- tan ax 1 1 [1 1] 
D2 + a2 2ia D - ia D + ia 

Now _1_ tan ax = ei ax re-i aXtan ax dx 
D - ia J 

= ei 
ax J(cos ax - i sin ax) tan ax dx 

= ei ax l sin ax _ i sin 
2 

ax] dx Jl cos ax 

-- ei ax I . d . 1 ax J( 1 - cos
2 

ax) d sm ax X-I e x 
cos ax 

=eiax {(-cos ax)ja} _ieiax j(sec ax-cosax)dx 

1 {( i ax )}. i ax [1 I ( 1t ax) 1. ] = -; e cos ax - Ie ~ og tan 4" +""2 - ~ sm ax 

=_(;) e
iax 

[cos ax+ilogtan (~+ a;) -isinax] 

= -; ei 
ax [(COS ax - i sin ax) + i log tan (~ + a

2
x)] 

= _; ei 
ax [e-iax + i log tan (~ + ';)] 

- -; [1 + i e
i 

ax log tan (~ + ';)] 

Similarly replacing i by -i we get 

1 (1) [1 . -i ax I (1t ax)] --.- tan ax = - - - 1 e og tan - + -
D+Ia a 4 2 

:. From (I), (2) and (3), we have 
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PI 1 [1 { . iaxi (1t ax)} 1 { . -iaxi (1t ax)}] . = 2ia -; 1 + 1 e og tan "4 + 2" +; 1 - 1 e og tan "4 + 2" 

1 [ i ( . .) (1t ax)] = -. - _- e1aX + e-1aX log tan - + _ 
21a a 4 2 

= -.!. (cos ax) log tan (~ + ax) 
a2 4 2 

:. The required solution is y = CF + P.I 

or y = Cl cos ax + C2 sin ax - -4 cos ax log tan (~ + ax) 
a 4 2 

Miscellaneous solved Examples 

Example 27. Solve (D2 - 2D + 1) Y = x2 e3x 

Solution. Here the auxiliary equation is 

m2 -2m + 1 = 0 

or (m-1)2=O 

or m = 1, 1 

:. CF. = (Cl x + C2) eX 

and P.1. = 2 1 x2 e3x = e3x ----=-2--1---- x2 
D - 2D + 1 (D + 3) - 2 (D + 3) + 1 

= ~ e3x (X2 _ Dx
2 + ~ D2

x
2 ) 

= ~ e3x 
(X2 - 2x + %) 

= ~ e3x (2X2 - 4x.+ 3) 

:. The required solution is y = CF + P.I 

68 



Linear Di[ferential Equations with Constant Coefficients and Applications 

1 
or y = (Cl X + C2) ex + - e3x (2X2 - 4x + 3) 

8 

Example 28. Solve (D2 - 1) Y = cos hx 

Solution. The given equation can be written as 

1 
(D2 - 1) Y = - (ex + e-x) 

2 

its auxiliary equation is m2 -1 = 0 

orm = ±1 

:. C.F. = Cl eX + C2 e-X, where Cl, C2 are arbitrary constants 

and P.I = 1 .! (eX + e-X) 
D2 -1 2 

1 1 xlI -x 
=- e +---e 

2 (D2 - 1) 2 D2 - 1 

= .! eX 1 1 + .! 1 e-x 

2 (D + 1)2 - 1 2 (_1)2 - 1 

= .! eX 1 (1) 1 e-x 
2 D2 + 2D -4" 

= .! eX 1 (1) _ .! e-x 

2 2D (1 + ~) 4 
=~ex~ (1- ~ + ....... )l_~e-X 

= .! eX ~ (1) _ .! e-x 
4 D 4 
1 X Jl d 1 -x 1 X I_x 

=4"e x-4"e =4"e x-4"e 

:. The required solution is y = C.F + P.I 

1 
or y = Cl eX + C2 e-x + - (x eX - e-x) 

4 

Example 29. Solve (D2 - 4) Y = cos2 x 

Solution. Its auxiliary equation is m2 - 4 = 0 

orm= ±2 
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:. CP. = C1 e2x + C2 e-2x, where C1 and C2 are arbitrary constants 

1 1 [1 ] and P.I = 2 cos2x = -2 - - (1 + cos 2x) 
D -4 D -4 2 

= 1 .!. + _1_ (.!. cos 2X) 
D2 -4 2 D2 -4 2 

= -- 1 - - D - + - cos 2x 1 ( 1 2 )-1 1 1 1 
4 4 2 2 _22_4 

= -.!. [1 + .!. D2 + ] .!. - ~ cos 2x 4 4 ......... 2 16 

= -~ (%) -i cos 2x 

1 
= -- (2 + cos 2x) 

16 

:. The required solution is y = CP + P.I 

1 
or y = C1e2x + C2 e-2x -- (2 + cos 2x) 

16 

Example 30. Solve (D2 + 1) Y = x2 sin 2x 

Solution. Here the auxiliary equation is m 2 + 1 = 0 

orm=±i 

:. CP = C1 cos X + C2 sin x, where C1 and C2 are arbitrary constants 

and P.I = 1 x2 sin 2x = I.P of 1 x2 e2 ix 
D2 + 1 D2 + 1 

= I.P of e2ix ___ 1--=-__ x2 
{(D + 2if + I} 

= I.P of e2ix 
_-0--_

1 ___ x2 
(D2 + 4i D - 3) 

= I.P of e21X 
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~ I.P of e~; [1 + ( 4iD ; D') + (16 i: D' +. -} .... ] x' 

= I.P of -~ e2ix (1 + j iD _ 1: D2 + ........ ) x2 

= I.P of -! e2ix [X2 + ! i (2x) _ 13 (2)] 
339 

= I.P of -~ (cos 2x + i sin 2x) [( x2 
_ ~6) + ~ Xi] 

= - ~ (~ x ) cos 2x - ~ (X2 _ 2:) sin 2x 

= -~ [24 x cos 2x + (9x2 - 26) sin 2x] 
27 

:. The required solution is 

y = Cl cos X + C2 sin x -~ [24 x cos 2x + (9X2 - 26) sin 2x] 
27 

EXERCISE 
Solve the following differential Equations 

1. (D3 + 6D2 + 11 D + 6) Y = 0 

Ans. y = Cl e-x + C2 e-2x + C3 e-3x 

d 2x dx. dx 
- - 3 - + 2x = 0 gIven that when t = 0, x = 0 and - = 0 
~ ~ ~ 

2. 

Ans. x = 0 

3. 

Ans. 

4. 

5. 

d 
(D2 + D + 1) Y = e-X, where D = 

dx 

Y = e-
x
/
2 [c} cos (~ xF3) + C 2 sin (~ xF3)] + e-

x 

(D - 1)2 (D2 + 1)2 Y = eX 

~ d d -.L -3 -X +2y=eX,y=3and -X =3, when x = 0 
dx2 dx dx 
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Ans. Y = 2eX + e2x - x eX 

d2y dy . 
-- - - -2y=sm2x 
dx2 dx 

6. 

Ans. Y = C1 e2x + C2 e-x + ~ (cos 2x - 3 sin 2x) 
20 

7. (D2 + 16) Y = sin 2x, given that y = 0 and dy = ~ where x = 0 
dx 6 

Ans. 12 Y = 2 sin 4x + sin 2x 

d2y 
- - 4y = eX + sin 2x 
dx2 

8. 

Ans. y = Cl e2x + C2 e-2x -.!. eX - .!. sin 2x 
3 8 

9. (4D2 + 9) Y = sin x, given that y = %, ~~ = ~ when x = 1t 

Ans. 
2 3x 1 . 3x 1. Y = - cos - - - sm - + - sm x 
3 2 2 2 5 

10. 
d 2x dx 2 

Find the integral of the equation - + 2n cos x - + n x = a cos nt 
dt2 dt 

which is such that when t = 0, x = 0 and dx = 0 
dt 

Ans. x = e-nt~osa {_ ~ sin (n sin a.) t} + a sin nt 
n 2 sm 20. 2n2 cos a. 

11. 

Ans. y = Cl cos ax + C2 sin ax -~ cos ax 
2a 

12. (D2 + a2) y = cos ax 

Ans. y = Cl cos ax + C2 sin ax + i (;) sin ax 

·13. (D4-1)y=sinx 

Ans. Y = Cl eX + C2 e-X + C3 cos X + C4 sin x + ~ cos x 
4 
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Ans. 

15. 
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(1)4 + D2 + 1) Y = e-x/2 cos (~ x J3 ) 

Y = e-x/2 [C cos.!. xJ3 + C sin.!. xJ3] + ex/
2 

1 2 2 2 

[ C3 cos %J3 + C4 sin %J3] _16e-x/
2 

cos (%J3) 

(D2 + 1) Y = sin x sin 2x 

Ans C C · x. 13 . Y = 1 cos X + 2 sm x + - sm x + - cos x 
4 16 

d2y 
- + 4y = sin2x 
dx2 16. 

AIlS. y = Cl cos 2x + C2 sin 2x + .!. - ~ sin 2x 
8 8 

17. (D2 - 4) Y = x2 

Ans. y = Cl e2x + C2 e-2x _ ~ (X2 + ~) 

18. Solve (D3 - 8) Y = x3 

Ans. Y = Cl e2x + e-X (C2 cos xJ3 + C3 sin xJ3) - ~ (X3 + ~) 
19. (D3 + 2D2 + D) Y = e2x + x2 + x 

1 2x 1 3 3 2 Ans. y = Cl + (C2X + C3) e-x + - e + - x -- x + 4x 
18 3 2 

20. 
d2 d 
-{ = a + bx + cx2, given that -L = 0, when x = 0 and y = d, when x = 0 
dx dx 

ax2 bx3 cx4 

Ans. y=d+-+-+-
2 6 12 

21. 

Ans. 

22. 

(D2 + 4D -12) Y = (x -1) e2x 

1 
y = Cl e2x + C2 e-6x + - (4X2 - 9x) e2x 
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2y 
_ 2 dy + 5) Y = e2x sin x 

dx2 dx 
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Ans. y = ex (Cl cos 2x + C2 sin 2x) - ~ e2x (cos x - 2 sin x) 
10 

23. (D2 -4D + 4) Y = e2x sin3x 

Ans. y = (Cl X + C2) e2x - .!. e2x sin 3x 
9 

24. (:x + 1 J Y = x2 e-x 

Ans. y = (Cl x2 + C2 X + C3) e-X + ~ x5 e-x 
60 

25. 
d2 d -.X.. + 2 -L + Y = x COSX 
dx2 dx 

An (C C) 
1. 1. 1 

s. Y = 1 X + 2 e-X + - x sin x - - sm x + - cos x 
222 

d4y . 
- -y=xsmx 
dx4 

26. 

Ans. y = Cl eX + C2 e-X + C3 cos X + ~ sin x + .!. (x2 cos x-3 x sinx) 
8 

d2 d -.5... + 2 -L + Y = x sin X 
dx2 dx 

27. 

Ans. y = (Cl + C2X) e-X + .!. (sin x + cos x - x cos x) 
2 

(LA.S. 1998) 

28. Solve (D2 + 1)2 Y = 24 x cos x, given that y = Dy = D2y = 0 and D3y = 12 
when x = 0 

Ans. Y = 3x2 sin x - x3 cos x 

29. (D2 - 4D + 4) Y = 8x2 e2x sin 2x (U.P.T.U. 2004, 2005) 

Ans. y = (Cl + C2 x) e2x + e2x (_2X2 sin 2x - 4x cos 2x + 3 sin 2x) 
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Objective Type of Questions 
Choose a correct answer from the four answers given in each of the 
following questions. 

1. The solution of the differential equation d
2

;- + (3i -1.) dy - 3iy = 0 is 
dx dx 

(a) y = Cl ex + C2 e3ix 

(c) y = Cl ex + C2 e-3ix 

Ans. (c) 

(b) 

(d) 

y = Cl e--X + C2 e3ix 

y = Cl e-X + C2 e-3ix 

(I.A.S. 1998) 

2. A particular integral of the differential equation (02 + 4) Y = x is 

(a) xe-2x 

(c) x sin 2x 

Ans. (d) 

(b) 

(d) 

x cos 2x 

x/4 

3. The particular integral of (02 + 1) Y = e-x is 

(a) (~ _ ~) e-
x (b) e x)_x - + - e 

4 2 

e-x 
(d) 

e-x 

2 -2 
(c) 

Ans. (c) 

(I.A.S.1998) 

(I.A.S.1999) 

4. For the differential equation (0 + 2) (0 -1)3 Y = eX the particular integral is 

(I.A.S. 1990, V.P.P.C.S. 2000) 

(a) 

(c) 

Ans. 

5. 

1 1 _ X4 eX (b) _ x3 eX 
18 18 

1 1 _ xe3x (d) _ xe3x 
18 36 

(b) 

The particular integral of the differential equation d
2

y + 9y = sin 3x is 
dx 
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(a) 

(c) 

x sin 3x 
18 

-x cos 3x 

6 

Ans. (c) 
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(b) 

(d) 

x sin3x 
6 

x cos 3x 
18 

6. The solution of the differential equation d
2
;- _ 3 dy - 4y = 0 is 

dx dx 

(a) y = Cl e-x + C2 e-4x 

(c) y = Cl e-x + C2 e4x 

Ans. (c) 

(b) 

(d) 

y = Cl eX + C2 e4x 

y = Cl ex + C2 e-4x 

(U.P.P.C.S. 2001) 

7. The general solution of the differential equation (02 -1) Y = x2 is 

(a) y = Cl ex + C2 e-X - x2 (b) Y = Cl ex + C2 e-X + (x2 + 2) 

(c) Y = Cl eX + C2 e-X - 2 (d) Y = Cl eX + C2 e-X - (x2 + 2) 

Ans. (d) 

8. The P.I. of (02 - 20) Y = ex sin x is 

(a) 

(c) 

1 X • 
-- e smx 

2 

1 x -- e cos x 
2 

(a) 

(b) eX cos x 

(d) none of these 

Ans. 

9. The general solution of the differential equation 0 2 (0 + 1)2 Y = ex is 

(a) 

(b) 

(c) 

(d) 

y = Cl + C2 X + (C3 + C4 x) eX 

1 
y = Cl + C2 X + (C3 + ~ x) e-x + - eX 

4 

y = (Cl + C2 e-x) + (C3 + C4x) e-X + .!. eX 
4 

none of these 

Ans. (b) 

10. Y = e-X (Cl cosJ3 x + C2 sin J3 x) + C3 e2x is the solution of 
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(a) (b) 

(c) (d) 

Ans. (c) 

11. The P.I of the differential equation (03 - 0) Y = eX + e-X is 

(a) 

(c) 

! (eX + e-X) 
2 

! x2 (eX + e-X) 
2 

Ans. (b) 

(b) 

(d) 

! x (eX +e-X) 
2 

! x2 (eX _e-X) 
2 

(I.A.S. 1993) 

12. Given y = 1 + cos x and y = 1 + sin x are solutions of the differential 

equation d
2
; + y = 1, its solution will be also 

dx 

(a) y = 2 (1 + cos x) 

(c) y = cos x - sin x 

Ans. (d) 

(b) 

(d) 

y=2+cosx+sinx 

y = 1 + cos x + sin x 

(R.A.S. 1994) 

13. The solution of the differential equation (03 - 602 + 110 - 6) Y = 0 is 

(a) y = Cl eX + C2 e2x + C3 e4x 

(c) y = Cl e-X + C2 e2x + C3 e4x 

Ans. (d) 

(b) 

(d) 

(R.A.S. 1994) 

y = Cl e2x + C2 e3x + C3 e4x 

y = C1 ex + C2 e2x + C3 e3x 

14. The solution of the differential equation d
2
; - dy - 2y = 3 e 2x , when y(O) 

dx dx 

(a) 

(c) 

= 0 = and y(O) = -2 is 

y = e-X - e2x + x e2x 

x 
y = e-x + e2x - e2x 

2 

Ans. (a) 

(b) 

(d) 

y = ex - e-2x - x e2x 

x y = eX - e-2x __ e2x 
2 
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15. The solution of the differential equation d
2
; + y = cos 2x is 

dx 

(a) 

(c) 

A cos x + B sin x + .:!. cos 2x 
3 

A cos x + B sin x - .:!. cos 2x 
3 

Ans. (c) 

(b) 

(d) 

(V.P.P.C.S. 1995) 

A cos x + B sin x + .:!. sin 2x 
3 

A cos x + B sin x - .:!. sin 2x 
3 

16. The general solution of the differential equation d
2
; + n 2 y = 0 is 

dx 

(a) C1 .Jcos nx + C2 .Jsin nx 

(c) Cl cos2nx + C2 sin2nx 

Ans. (b) 

(b) 

(d) 

C1 cos nx + C2 sin nx 

(R.A.S. 1995) 

17. The particular integral of d
2
y + dy = x2 + 2x + 4 is 

dx2 dx 

x2 
(b) - +4x 

3 
(a) 

x3 

-+4 (d) 
3 

(c) 

Ans. (b) 

18. The general solution of 

d4y d3 y d2y dy . 
- - 6 - + 12 - - 8 - = 0 1S 
dx4 dx3 dx2 dx 

(a) y = Cl + (C2 + C3X + C~ X2) e2x (b) 

(c) y=Cl+C2X+C3X2+C4X3 (d) 

Ans. (a) 

(I.A.S. 1996) 

x3 

- +4x 
3 

x3 
- +4X2 
3 

the differential equation 

(I.A.S. 1996) 

Y = (Cl + C2 X + C3 X2) e2x 

y = Cl X + C2 x2 + C3 x3 + ~ X4 

19. The primitive of the differential equation (02 - 20 + 5)2 Y = 0 is 

(I.A.S. 1995) 
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(a) ex {(Cl + C2 x) cos 2x + (C3 + C4 x) sin 2x} 

(b) e2x {(Cl + C2X) cos x + (C3 + C4 x) sin x} 

(c) (Cl eX + C2 e2x) cos x + (C3 eX + C4 e2x) sin x 

(d) eX {Cl cos x + C2 cos 2x + C3 sin x + C4 sin 2x} 

Ans. (a) 

20. Which one of the following does not satisfy the differential equation 

d3y 
- -y=O? 
dx3 

(V.P.P.C.S.1994) 

(a) ex (b) e-X 

(c) e-x
/
2 sin [ ~ x) (d) 

Ans. (b) 

21. The particular integral of (D2 + a2) y = sin ax is 

(LA.S. 1995) 

(a) 
x 

(b) 
x 

-- cos ax - cos ax 
2a 2a 

(c) 
ax 

(d) 
ax 

-- cos ax - cos ax 
2 2 

Ans. (a) 
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Chapter 4 

Equations Reducible To Linear 
Equations with Constant Coefficients 

INTRODUCTION 

Now the shall study two such forms of linear differential equations with variable 
coefficients which can be reduced to linear differential equations with constant 
coefficients by suitable substituitions. 

1. Cauchy's Homogeneous Linear Equations 

A differential equation of the form 

dn dn - I 

xn dX~ +PI x
n

-
I 

dxn-; + ........... +Pny=X 

where PI, P2, ............. Pn are constants and X is either a function of x or a constant is 
called Cauchy-Euler homogeneous linear differential equation. 

The solution of the above homogenous linear equation may be obtained after 
transforming it into linear equation with constant coefficients by using the 
substitution. 

Bth b ·· 1 dz 1 y e su stitution x = eZ or z = OgeXi :. - = -
dx x 

Now dy = dy dz = .! dy 
dx dzdx xdz 

Again d
2

y = ~ (dY) =~(.! dY) 
dx2 dx dx dx x dz 

d2y dz dy 
x----

dz2 dx dz 
x2 
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. 2 d 2y _ d 2y dy 
X -----

.. dx2 dz2 dz 

Also 

Substituting dz = .!. and simplifying, we get 
dx x 

U
. d 

smgx-
dx 

we get 

- ~ == D,in(1),(2)and(3) 
dz 

x dy = Dy 
dx 

d2y 
x2 

- = D (D - 1) Y 
dx2 

In general, we have 

n dny _ 
x - - D (D -1) (D - 2) ............. (D - n + 1) Y 

dxn 

(2) 

(3) 

Using, these results in homogeneous linear equation, it will be transformed into a 
linear differential equation with constant coefficients. 

d 2y dy 
Example 1. Solve x2 

-2 - x- - 3y = x2 log x 
dx dx 

Solution. On changing the independent variable by substituting 

d 
x = ez or z = logex and - == D 

dz 
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The differential equation becomes 

[D (D -1) - D - 3] Y = ze2z 

or (D2 - 2D - 3) Y = ze2Z 

Now the auxiliary equation is m2 - 2m - 3 = 0 

m = 3,-1 

C 
Hence, the C.F. = Cl e3Z + C2 e-z = Cl x3 + _2 

X 

and P.I. = 1 ze2z 
D2 - 2D - 3 

1 z = e2z 1 

(D + 2)2 - 2 (D + 2) -3 
2 Z 

D + 4 + 4D - 2D - 4 - 3 

1 
" z 

D'" +2D-3 

1 
--;-----~z 

-3 (1 _ 2~ _ ~2) 

= e
2z [1 + 2D + D2 + ......... J z 

-3 3 3 

= ~; (z + ~) = e2z (-~ - %) 

= x
2 

(-llOgeX - i) 
Hence solution of the given differential equation is 

3 C2 2 ( 1 2) Y = C1 X + 7 + x -"3 logex - "9 

2 d2y dy 4 
Example 2. Solve x -- - 2x - - 4y = X 

dx2 dx 
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Solution. On changing the independent variable by substituting x ez or 
d 

z = logex and - == D 
dz 

The differential equation becomes 

[D (D - 1) - 2D - 4] Y = e4Z 

Now, the auxiliary equation is 

m2 - 3m - 4 = 0 or m = 4,-1 

:. c.P. = Cl e4z + C2 e-z 

.: eZ = x 

and P.I. = 2 1 e4z 

D -3D-4 

1 1 
(D + 4)2 - 3 (D + 4) - 4 

= e4z 1 1 
D2 + 16 + 8D - 3D - 12 - 4 

=e4z 1 1 
D2 +5D 

~ e 4, 5D (11 + ~) 1 ~ e 4, 5~ (1+ ~ r 1 

=e4z 5~ [1- ~ + ................ ] 1 
= e 4z ~ 1 = e 4z ! z = ! z e 4z 

5D 5 5 

= .! X4 log x 
5 e 

Hence the required solution is 

1 1 4 
Y = Cl X4 + C2 ;; + "5 x logex 
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Example 3. Solve x3 --X + 2X2 --X + 2y = 10 x + -d3 d2 (1) 
dx3 dx2 X 

(I.A.S. 2006, 1998, V.P.P.C.S. 1973) 

Solution. On changing the independent variable by substituting x = ez or 
d 

z logex and -:; D the given differential equation becomes 
dz 

[D(D-l)(D-2)+2D(D-l)+2] y=10 (ez +e-z) 

or (D3 - D2 + 2) Y = 10 (ez + e-z) 

The auxiliary equation is 

m3 - m2 + 2 = 0 or (m + 1) (m2 - 2m + 2) = 0 

or 

and 

D = -1, 1 ± i 

c.p = Cl e-z + C2 eZ cos (z + C3) 

= Cl x-1 + C2 X cos (logex + C3) 

1 Z 1 z P.1. = 10 e + 10 e-
(D + 1) (D2 - 2D + 2) (D + 1) (D2 - 2D + 2) 

. 1 10ez +e-z 1 10 
(1 + 1) (12 - 2.1 + 2) {(D -1 + 1)}{(D _1)2 -2 (D -1) + 2} 

= .:!. 10 eZ + e-z 1 10 
2 D (D2 + 1 - 2D - 2D + 2 + 2) 

= 5 eZ + e-z 1 10 
D (D2 -4D+ 5) 

~5e' +e-' 50 (1-~ + ~( 

~ 5e' + e -, 5~ {1 - [ 4~ - ~2) r 10 

= 5ez + e-z ~ 10 
5D 
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1 
= 5ez + 2e-z - 1 = 5ez + 2e-z z o 
= 5ez + 2z e-z 

1 
= 5x + 2 (logex) -

x 

Hence the required solution is 

1 
Y = Cl x-1 + C2 x (logex + C3) + 5x + (210gex) -

x 

d 3 d2 d 
Example 4. Solve X3 ~ + 3X2 ~ + x -X + Y = x + log X 

dX3 dX2 dx 

(Bihar P.C.S. 2002, V.P.T.V. 2001) 

Solution. On changing the independent variable by substituting 

d 
x=ezorz=logexand - == 0, we have 

dz 

[0 (0 -1) (0 - 2) + 3 0 (0 -1) + 0 + 1] Y = eZ + z 

- or (03 + 1) Y = eZ + z 

The auxiliary equation is m3 + 1 = 0 

or 

=> 

(m + 1) (m2 - m + 1) = 0 

m = -1 1 ±.J3 i 
, 2 

[ 
.J3 . .J3 ) so C.F. = Cl e-z + ez/ 2 C2 cos 2 z + C3 sm 2 z 

and 
1 

P.I. = (eZ + z) 
0 3 + 1 
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1 1 
---=-- eZ + z 
0 3 + 1 1 + 0 3 

= _1_ eZ + (1 + 03rI (z) 
13 + 1 

= .!. eZ + (1 - 0 3 + ........ ) z 
2 

eZ 

= - +z 
2 

Therefore required solution is 

[ 
13 . 13 ) e

Z 

y = CI eZ + ez/ 2 C2 cos - Z + C3 sm - z + - + Z 
2 2 2 

or y = CI X-I + Fx [C2 cos 13 (log x) + C3 sin 13 (log X)] + ~ + log x 
222 

d 2 d 
Example 5. Solve x2 

-{ + x -L + Y = (log x) sin (log x) 
dx dx 

(U.P.T.U.2002) 

Solution. On changing the independent variable by substituting x = eZ or 
d 

z = logex and - = 0, we have 
dz . 

[0 (0 - 1) + 0 + 1] Y = z sin z 

or (02 + 1) Y = z sinz 

The auxiliary equation is 

or 

Thus 

& 

m2 + 1 = 0 

m=±i 

C.F. = CI cos Z + C2 sin z 

= CI cos (log x) + C2 sin (log x) 

1 
P.I. = 2 z sin z o +1 

.. t f 1 iz = Imagmary par 0 2 Z e o +1 
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= I.P.ofeiz 1 z 
(D + i)2 + 1 

= I.P. of eiz 1 z 
D2 + 2iD -1 + 1 

= I.P. of e1Z 
- 1 + - z 1 ( D)-l 
2iD 2i 

= I.P. ofe
iz 2~D (1- ~ + ...... ) z 

= I.P. of e iz _1_ (z _ 1.) 
2iD 2i 

. 1 R i) = I.P. of e1Z 
- z + - dz 
2i 2 

= I.P. of e
iz 

[Z2 + iZ) 
2i 2 2 

= I.P. of -i (cosz+isinz) [Z2 +.!. z) 
222 

= I.P. of -! (i cos z - sin z) [Z2 +.!. z) 
222 

Z2 1. z ( . ) = -- cos z + - z sm z = - sm z - z cos z 
4 4 4 

= log ~ [sin (log x) - log x cos (log x)] 
4 

Hence required solution is 

y = Cl cos (log x) + C2 sin (log x) + logx [sin (log x) -log x cos (log x)] 
4 

d2y dy 
Example 6. Solve x2 -2 - X - + 4y = cos (log x) + x sin (log x) 

dx dx 

Solution. On changing the independent variable by substituting x ez or 
d 

z = log x and - == D we have 
dz 

[D (D - 1) - D + 4] Y = cos z + eZ sin z 
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or (D2 - 2D + 4) Y = cos z + eZ sin z 

The auxiliary equation is 

m2-2m + 4 = 0 

~ m= 1 ± ifj 

Therefore c.P. = eZ (C1 cos fj Z + C2 sin fj z) 

= x [ C1 cos {fj log x + C2 sin (fj log x)}] 

and P.I = 1 cos z + 1 eZ sin z 
D2 - 2D + 4 0 2 - 2D + 4 

1 Z 1 . -,------ cos z + e -------- sm z 
_12 - 2D + 4 (0 + 1)2 - 2 (0 + 1) + 4 

1 cos z + eZ 1 . 
3 _ 2D D2 + 3 sm z 

3 +2D 1 
= cos z + eZ sin z 

9 - 4 D2 _12 + 3 

= (3 + 2D) cos z + ~ sin z 
9 - 4 (_1)2 2 

= ~ (3 + 2D) cos z + .! eZ sin z 
13 2 

= ~ (3 cos z - 2 sin z) + .! eZ sin z 
13 2 

= ~ [3 cos (log x) - 2 sin (log x)] + .! x sin (log x) 
13 2 

Therefore required solution is 

y = x [ C1 cos (fj log x) + C 2 sin (fj log x)] + 113 [3 cos (log x) - 2 sin (log x)] + ~ x sin (log x) 

d2 d 
Example 7. Solve x2 -.-X + 4x ~ + 2y == eX 

dx2 dx 

[U.P.T.U. (CO) 2005] 

Solution. Substituting x = eZ or z = logex and putting ~ == D, we have 
dz 

[D (D -1) + 4D - 2] Y = ee 
z 
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or 
z 

(D + 2) (D + 1) Y = ee 

The auxiliary equation is (m + 2) (m + 1) = 0 

m = -2,-1 

C.F. = Cl e-2Z + C2 e-z = CI x-2 + C2 X-I 

and 1 e
Z [1 1] e

Z 

P.I = (D + 2) (D + 1) e = D + 1 - D + 2 e 

Let 
1 eZ Z 

-- e = u :. (D + 1) u = ee 
D+ 1 

du e
Z hi h· 1· - + U = e ,W C IS Inear 

dz 
or 

Integrating factor = eZ, Hence its solution is 

u eZ = Jez eeL dz 

.: eZ = x :. eZ dz = dx 

or 

1 Z 
Further, let -- ee = v 

D+2 

:. (D+2) v =eez 

dv Z 
or - +2v = ee which is linear 

dz ' 

Integrating factor = e2z, Hence its solution is 

ve2z = Je2Z 
eeL dz 

= Jez ee
z 

eZ dz 

= Jx eX dx 
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Hence 

Hence the required solution is 

2. Legendre's linear differential equation 

(Equation reducible to homogeneous form) 

An equation of the form 

dn dn - 1 

(ax + bt dx~ + kl (ax + bt -1 dxn _; + .... + kny = X (1) 

Where a, b, kl' k2t ........... kn are all constants and X is a function of x, is called 
Legendre'S linear equation. 

Such equations can be reduced to linear equations with constant coefficients by 
substituting ax + b = eZ i.e. z = log (ax + b) 

Then if D=~, dy = dy dz = _a_ dy 
dz dx dz dx ax+b dz 

i.e. (ax + b) dy = aDy 
dx 

d
2
y = ~ (_a_ dY) = _a

2 
dyad (dY) dz 

dx2 dx ax + b dz (ax + b)2 dz + ax + b dz dz dx 

_a_
2
--=- (d

2y 
_ dY) 

(ax + b)2 dz2 dz 

d2 

i.e. (axt b)2 dx; = a2 D (D -1) Y 

Similarly (ax + b)3 d
3

; = a3 D (D -1) (D - 2) Y and so on. 
dx 

After making these replacements in (1), there results a linear equation with 
constant coefficients. 
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d2 d 
Example 8. Solve (1 + X)2 -{ + (1 + x) J... + Y = 4 cos log (1 + x) 

dx dx 

Solution. put 1 + x = ez and ~ = D 
dz 

Hence the given differential equation becomes 

[D (D - 1) + D + 1] Y = 4 cos z 

:. Auxiliary equation is 

D2 + 1 = 0 or D = ± i 

:. C.F. = Cl cos (z + C2) = Cl cos [log (1 + x) + C2] 

and P.I = 2
1 

4 cos z = 4. ~ sin z 
D + 1 2 

=2zsinz 

= 2 log (1 + x) sin log (1 + x) 

Hence the required solution is 

y = Cl cos [log (1 + x) + C2] + 2 log (1 + x) sin log (1 + x) 

Example 9 : Solve 

d2y dy 
(1 +2X)2 - - 6 (1 + 2x) - + 16y = 8 (1 + 2xf 

dx2 dx 

and y (0) = 0, y' (0) = 2 

Solution: Let 1 + 2x = z then 

dy = dy . dz = 2 dy 
dx dz dx dz 

dz ··--2 . dx-

and d
2
y = ~(2 dY) dz = 4 d

2
y 

dx2 dz dz dx dz2 

(LA.S. 1997) 

Substituting these in given differential equation we have 
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d2y dy 
4Z2 - - 6 . 2z- + 16y = 8z2 

dz2 dz 

d2 d or Z2 ~ - 3z~ + 4y = 2Z2 
dz2 dz 

putting z = el, we have 

{9(9-1)-29 +4} Y = 2e2t 

or (92..49 +4) Y = 2e2t 

its auxiliary equation is 

m2-4m+4 =0 

i.e. (m- 2)2 = 0 

or m = 2 (twice) 

:. C.F = (C1 + C2t)e2t 

= (C1+C2Iogz)Z2 

= {Cl + C2log (1 +2x)} (1 +2X)2 

= 2e21 1 .1 = 2e2t ..!...1 
82 +48-4-48-8+4 82 

t 2 
= 2e2t _ = z2(logz)2 

2 

= (1 + 2x)2 {log(l + 2x)}2 

Hence the complete solution is 

y = {C1+C2Iog (1 +2x)} (1 +2x)2+(1 +2x)2{log (1 +2x)}2 

METHOD OF VARIATION OF PARAMETERS 

Method of variation of parameters enables to find solution of any linear non 
homogeneous differential equation of second order even (with variable 
coefficients also) provided its complimentary function is given (known). The 
particular integral of the non-homogeneous equation is obtained by varying the 
parameters i.e. by replacing the arbitrary constants in the C.F. by variable 
functions . 

. Consider a linear non-homogeneous second order differential equation with 
variable coefficients 
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d 2 d -.L + P (x) -.:t + Q (x) Y = X (x) 
dx2 dx 

(1) 

Suppose the complimentary function of (1) is = C1Y
l 

(x) + C2Y2 (x) (2) 

so thatYl and Y2 satisfy 

d 2y dy 
- + P (x) - + Q(x) Y = 0 
dx2 dx 

In method of variation of parameters the arbitrary constants Cl and C2 in (2) are 
replaced by two unknown functions u (x) and v (x). 

Let us assume particular integral is = u(x) Y
l 

(x) + v(x) y2(x) (3) 

where u= f -XY2 dx 
Yl Y2' - Yl' Y2 

and v = f X Yl dx 
Yl Y2' - Yl' Y2 

on putting the values of u and v in (3) we get P.I 

Thus, required general solution = c.p + P.I 

Example 10. Apply the method of variation of parameters to solve 

d2 

-.L + Y = tan x 
dx2 

Solution. The auxiliary equation is m2 + 1 = 0 => m = ± i 

:. c.P. = Cl cos X + C2 sin x 

Here Yl = cos x, Y2 = sin x 

Therefore Yl Y2' - Yl' Y2 = cos2x + sin2x = 1 

Let us suppose P.I = U'Yl + V Y2 

where 

- f -X Y 2 d - fSin x tan x d u- x-- X 
Yl Y2'-Yl'Y2 1 
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- ISin2 x d - II -cos
2
x d -- -- x-- x 

cos x cos x 

= f(cos x - sec x) dx 

= sin x -log (sec x + tan x) 

& v = I X Y 1 dx = ran xl cos x dx 
Yl Y2'-Yl'Y2 

= f sin x dx = - cos x 

Putting the values of u and v in (2), we get 

P.I = u Yl + V y2 

= [sin x -log (sec x + tan x)] cos x - cos x sinx 

= - cos x log (sec x + tan x) 

Therefore, complete solution is 

Y = Cl cos X + C2 sin x - cos x log (sec x + tan x) 

Example 11. Use variation of parameters to solve 

d2y 
-- +y=secx 
dx2 

Solution. The auxiliary equation is 

m2 + 1 = 0 

m=±i 

C.F = Cl cos X + C2 sin x 

Here Yl = cos x, y2 = sin x 

Let us suppose P.I. = u Yl + V Y2 

where I-sec x sin x d 
u= x 

1 

As Yl Y2' - Yl' Y2 = cos X cos x - (- sin x) sinx 
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=1 

= - ftan x dx 

= log cos x 

v = f ,XYI, dx 
YIY2 - YI Y2 

putting the values of u and v in (2), we get 

P.I = log cos x. cos x + x. sin x 

Therefore, complete solution is 

Y = CI cos X + C2 sin x + cos x. log cos x + x sin x 

Example 12. Using the method of variation of parameters solve 

d2y 
-- + 4y = 4 tan 2x 
dx2 

(I.A.S. 2001, V.P.T.V. 2006) 

Solution. Here the auxiliary equations 

m 2 + 4 = 0 m=±2i 

c.p = CI cos 2x + C2 sin 2x 

Here YI = cos 2x, Y2 = sin 2x 

Let us suppose P.1. = UYI + VY2 

U = f -x Y2dx = r 4 tan ~ sin 2x dx 
YI Y2' - YI' Y2 

where 

.. ASYI Y2' - YI' Y2 = 2 cos 2x cos 2x + 2 sin2x sin 2x = 2 

= -f2 sin22x dx = _f1- cos
2

2x dx 
cos 2x cos 2x 

= 2 f(cos 2x - sec 2x) dx 

= sin 2x -log (sec 2x + tan 2x) 
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and v = J ~ Y 1 , dx = r tan 2x cos 2x dx 
Y1 Y2 - Y1 Y2 2 

= 2 J sin 2x dx = - cos 2x 

putting the values of u and v in (2) we get 

P.I = {sin 2x -log (sec 2x + tan 2x)} cos 2x - cos 2x sin 2x 

= - cos 2x log (sec 2x + tan 2x) 

Hence, the complete solution is 

Y = C1 cos 2x + C2 sin 2x - cos 2x log (sec 2x + tan 2x) 

Example 13. Obtain general solution of the differential equation 

d 2y dy x2 -- + x- _ Y = x3 eX 
dx2 dx 

(U.P.T.U.2002) 

Solution. On changing the independent variable by substi~ting x = eZ or 

z = logex and ~ = D the differential equation becomes 
dz 

[D (D -1) + D -1] Y = e3Z ee 
z 

or 

Here auxiliary equation is m 2 - 1 = 0 ~ m = ± 1 

. . CP = C1 eZ + C2 e-z 

c.p = C1 X + C2 

Let P.I = u y1 + V Y2 

1 
Here Yl = x and Y 2 = -

X 

X 

Also 

3 X 1 d 
u = J __ -_X-=..Y..::.2_d_x_ = J -x e ~ x = rx

2
e

X 
dx 

Y1 Y2' - Y1' Y2 X (_~) _ .! (1) -2 
x2 x x 
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= ~ [x3 
- 3x2 + 6x - 6] eX 

& v = J X y1dx = J x
3 

eX x dx 

Yl Y2' - Yl' Y2 X (_~) _2 (1) 
x2 x 

Jx
4 

eX 1 f = --2- dx = -"2 x5 eX dx 

x 

or 

putting the values of u and v in equation (2) we get 

13 2 X 15 4 3 2 xl P.I = - (x - 3x + 6x - 6) e x - - (x - 5x + 20x - 60 x + 120 x - 120) e -
2 2 x 

eX [4 3 2 4 3 2 120] ="2 x - 3x + 6x - 6x - x + 5x - 20x + 60x - 120 + -;-

- eX [3 2 120] ="2 2x - 14x + 54x - 120 + -;-

Hence the required solution is y = C.F + P.I 

C 60 or y = Cl X + _2 + (x3 - 7x2 + 27x - 60 + -) eX 
x x 

Example 14. Solve by method of variation of parameters 

d 2y 2 
--y=-­
dx2 1 + eX 

Solution. Here auxiliary equation is m2 - 1 = 0 

m=±l 

:. C.F = CI eX + C2 e-X 

Here yl =ex, Y2 = e-X 

Let P.I = UYI +VY2 
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where 

2 -x ---e 
u = J -~Y2 I dx = P + eX dx 

Yl Y2 - Yl Y2 -2 

= --dx= dx= ---- dx J e-x J 1 R 1 1) 
1 + eX eX (1 + eX) eX 1 + eX 

-X 

= re-x dx - J e dx 
J e-x + 1 

= -e-X + log (e-x + 1) 

J X Y Jex 
2 v = 1 dx = - --- dx 

YIY21 -YI 1 Y2 -21+e
x 

P.I=UYl +vY2 

= [-e-x + log (e-x + 1)] eX - e-x log (1 + ex) 

= -1 + eX log (e-x + 1) - e-X log (ex + 1) 

:. Y = Ct ex + C2 e-x -1 + eX log (e-x + 1) -e-X log (ex + 1) 

Example 15. Apply the method of variation of parameters to solve 

d2y dy eX 
- -3 - +2y=-­
dx2 dx 1 + eX 

Solution. Here auxiliary equation is 

m2 -3m + 2= 0 

(m -1) (m - 2) = 0 

m=1,2 

:. C.F. = Cl ex + C2 e2x 

Here Yl = eX, y2 = e2x 

P.I = u yl + V Y2 
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where 

and 

= f eX (/+ eX) dx = R e1x - 1 +1 ex) dx 

= J{ e-x - e-~-: 1) dx = _e-x + log (e-X + 1) 

Therefore P.I = eX log (e-x + 1) + e2x {-e-x + log (e-x + I)} 

= eX log (e-x + 1) -eX + e2x log (e-x+ 1) 

Therefore, complete solution is y = c.p + P.I 

or y = Cl eX + C2 e2x + ex log (e-x + 1) -eX + e2x log (e-x + 1) 

Example 16. Solve by the method of variation of parameters 

d
2
y _ 2 dy = eX sin x 

dx2 dx 

Solution. Here auxiliary equation is m2 - 2m = 0 

m (m - 2) = 0 
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m=O,2 

C.F. = C1 + C2 e2x 

Here Yl = I, Y2 = e2x 

P.I = UYl + VY2 

u= J -XY2 
Yl Y2' - Yl' Y2 

where 

- -% Je
x 

sin x dx 

1 eX 
- -"2 (1)2 + (1)2 (sin x - cos x) 

1 X ( • ) = -- e sm x - cos x 
4 

and v = J X Y 1 dx 
Yl Y2' - Yl' Y2 

1 e- x 

---::------=- (-sin x - cos x) 
2 (-If + (1)2 
1 -x -x 

= -- ~ (sin x + cos x) = -~ (sin x + cos x) 
2 2 4 

putting the values of u and v in (2), we get 

eX e-x 

P.I = -(sin x - cos x)l- -(sin x + cos x)e2X 

-4 4 
x ~ 

e ( . . ) e . =- smx-COSX+Slnx+cosx =-Slnx 
-4 -2 

Hence, the complete solution is Y = C.F + P.I 

2x eX . 
Y = C1 + C2 e - - sm x 

2 

Example 18. Solve by method of variation of parameters 
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d 2 d ~ + 2 2. + Y = e-x log x 
dx2 dx 

Solution. Here auxiliary equation is m2 + 2m + 1 = 0 

~ (m + 1)2= 0 

~ m = -1,-1 

C.F = (CI + C2 x) e-X 

Here yl = e-x, Y2 = X e-X 

where 

and 

P.I = UYI + VY2 

U = f -XY2 dx 
YI Y2' - YI' Y2 

_ f _e- x log x. x e-x 

---=--~:------::- dx 
_xe-2x + e-2x + x e-2x 

f-xe-
2X 

log x f 
= e-2x dx = - x log x dx 

x2 fx 2 
1 = - - log x + - - dx 

2 2 X 

x2 x2 

= --logx+-
2 4 

= flog x dx 

= x log x - f~ x dx 

= x log x - x 

Putting these values of u and v in (2) we get 
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or 
2 -x 3 

P I x e I 2 -x 
o = -- og x - - x e 

2 4 

Hence, complete solution is Y = Cp + P.I 

x2e-x 3 
Y = (C1 + C2 x) e- x + -2- log x - "4 x2 e-x or 

Example 19. Using variation of parameters method, solve 

(V.P.T.V.2004) 

Solution. On changing the independent variable by substituting x = ez or 
d z = logex and - == D, the differential equation becomes 
dz 

or 

{D (D -1) + 2D -12} Y = z e3z 

(D2 + D - 12) Y = z e3z 

The auxiliary equation is m2 + m - 12 = 0 

or 

m = 3,-4 

CP = Cl e3Z + C2 e-4z 

1 
CP = Cl x3 + C2 4 

x 

1 
Here Y = x3 Y =-

1 ' 2 X4 

where 

Pol. = UYI + vy2 

u= J -XY2 
YIY2' - YI' Y2 

dx 

_ J x log x 0 x-
4 

d _ JX-
3 

log x d 
- - x3 (-4x-5) _3x2 (x-4 ) X - - _7x-2 X 

= ~ Slogx dx 
7 x 
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= .! (logX)2 
7 2 
1 

= - (log X)2 
14 

v = I X Yl dx 
YIY2' - Yl' Y2 

Ix logx· x
3 

-1 f 6 
= dx = - X log X dx 

-7 x-2 7 

= -~ [lOg x . ~ - f~ ~ dX] 

= _~ [x' l;g x -~ (~) 1 
= :: (~- logx) 

putting the values of u and v in (1) we get 

1 2 3 1 x
7 

(1 ) P.I = - (log x) x + - - - - log x 
14 X4 49 7 

= - (log X)2 + - - - log x x
3 

x
3 (1 ) 

14 49 7 

Therefore, the required solution is Y = C.F + P.I 

C x3 x3 x3 

Y = C x3 + _2 + - (log X)2 + - - - log x 
1 X4 14 343 49 

or 

or Y = C l + - x3 + _2 + - log x (7 log x - 2) ( 
1 ) C x

3 

343 X4 98 
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SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS WITH 
V ARIABLE COEFFICIENTS (Solution by Changing dependent and" 
independent variables) 

INTRODUCTION 

The general form of linear differential equation of the second order may be 
written as 

d 2y dy 
-+P-+Qy=R 
dx2 dx 

(1) 

where P, Q and R are functions of x only. There is no general method for the 
solution of this type of equations. Some particular methods used to solve these 
equations are, change of independent variables, Variation of parameters and 
removal of first order derivatives etc. As this kind of differential equations are of 
great significance in physics, especially in connection with vibrations in 
mechanics and theory of electric circuit. In addition many profound and beautiful 
ideas in pure mathematics have grown out to the study of these equations. 

Method I: Complete solution is terms of known integral belonging to the 
complementary function (i.e. part of C.F. is known or one solution is 
known). 

Let u be a part of complementary function of equation (1) and v is remaining 
solution of differential equation (1) 

Then the complete solution of equation (1) is 

y=uv 

dy du dv d 2y d 2u du dv d 2 v 
- = V - + u - and - = v-- + 2 - - + u -
dx dx dx dx2 dx2 dx dx dx2 

Putting these values in equation (1) then, we get 

d
2
u du dv d

2
v (dU dV) v-- +2- - +u - +P v- +u- +Quv=R 

dx2 dx dx dx2 dx dx 

(2) 

or v --+P-+Qu +u -+P- +2- -=R 
[

d
2
U du ] [d

2
V dV] du dv 

dx2 dx dx2 dx dx dx 
(3) 

Since u is a part of C.F. i.e. solution of (1) 

d 2 u du 
-+P-+Qu=O 
dx2 dx 
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Hence equation (3) becomes 

or 

Let 

u [d
2
V + P dV) + 2 du dv = R 

dx2 dx dx dx 

d
2
v + (p + ~ dU) dv = R 

dx2 U dx dx u 

dv d2v dz 
- =z,sothat - =-
dx dx2 dx 

Equation (4) becomes 

dz + (p + ~ dU) Z = R, 
dx udx u 

which is linear in z, Hence Z can be determined 

W b · b· . th 1· dv eo tam v, y mtegration ere ation - = Z 
dx 

v = Jz dx + C1 

Therefore, the solution of (1) is Y = u [Jz dx + C1 ] 

i.e. y = uv 

(4) 

Remark. Solving by the above method, u determined by inspection of the 
following rules 

(1) If P + Q x = 0, then u = x 

(2) If 1 + P + Q = 0, then u = eX 

(3) If 1 - P + Q = 0, then u = e-X 

(4) If 1 + P + Q = 0, then u = eax 

a a2 

(5) If 2 + 2Px + Qx2 = 0, then u = x2 

(6) If m (m -1) + P mx + Qx2 = 0, then u = xm 
2 

Example 20. Solve y" - 4xy' + (4X2 - 2) Y = 0 given that y = eX is an integral 

induced in the complementary function. 

(U.P.T.U.2004) 

Solution. The given equation may be written as 
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d2y dy 2 
- - 4x - + (4x - 2) Y = 0 
dx2 dx 

Here P = -4x, Q = 4x2 - 2, R = 0 

2 du 2 
and u = eX so that - = 2 xex 

, dx 

2 

Let y = uv => y = eX v 

we know that 

d
2
v ( 2 dU) dv - + P + - - - = 0, As R = 0 

dx2 U dx dx 

dv =C 
dx 

v = CIX + C2 

2 

Hence the complete solution is y = eX v 

2 
or y = eX (C1 x + C2 ) 

(1) 

Example 21. By the method of variation of parameters, solve the differential 
equation (U.P.T.U.2004) 

d2y dy . 2 
- + (1 - cot x) - - y cot x = sm x 
dx2 dx 

Solution. Here P = 1 - cot x, Q = -cot x 

Therefore 1 - P + Q = 1 - (1 - cot x) - cot x = 0 

That is y = e-X is a part of the c.P. putting y = ve-X 

dy = _ve-x + e-x dv 
dx dx 
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and d
2
y __ e-x d 2v 2 -x dv -x -- - e - +ve 

dx2 dx2 dx 

on putting these values is the given differential equation, we have 

or 

d 2v dv 
-- - (1 + cot x) - = 0 
dx2 dx 

dp _ (1 + cot x) P = 0 
dx 

dp = (1 + cot x) dx 
P 

on integrating we get 

log p = x + log sin x + log Cl 

=:> p = Cl eX sin x 

Substituting for p 

dv = C eX sin x 
dx 1 

or dv = C1 eX sin x dx 

Integrating 

v=C1 Jex sinxdx+C2 

dv 
where p=­

dx 

= C1 .! eX (sin x - cos x) + C2 2 

Therefore, solution of the given differential equation i.e. c.P. is given by 

y = ve-x = C1 .! (sin x - cos x) + C2 e-x 
2 

Let y = Au + Bv be the complete solution of the given differential equation where 
A and B are the functions of x, i.e. 

y = A (sin x - cos x) + Be-x 

Differentiating on both sides 

dy = A (cos x + sin x) _ Be-x + dA (sin x _ cos x) + dB e-x 

dx dx dx 
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Let us choose A and B such that 

=> 

dA ( . ) dB -x 0 - sm x - cos x + - e = 
dx dx 

dy = A (cos x + sin x) - Be-x 

dx 

and d
2

y = dA (cos x + sin x) _ dB e-x + A (-sin x + cos x) + Be-x 

dx2 dx dx 

putting these values of d
2

;-, dy and y is the given equation, we get 
dx dx 

dA ( .) dB -x . 2 - cos X + sm x - - e = sIn x 
dx dx 

on solving equation (2) and (3), we get 

dA 1. 
- = - sIn x 
dx 2 

Integrating, 

1 
A = -- cos x + C1 2 

and dB = .!. eX (sin x cos x - sin2x) 
dx 2 

eX 
= - (sin 2x + cos 2x -1) 

4 

on integration, we have 

eX. eX 
B= - (3sm2x-cos2x)- - +C2 20 4 

putting the values of A and B in equation (1) we get 

(2) 

(3) 

( 
1 ) [eX eX) y = -"2 cos x + C1 (sin x - cos x) 20 (3 I sin, 2x - cos 2x) - "4 + C2 e-x 

1 . 1 2 c· C 3 . 2x 1 2x 1 C -x = -- cos x sm x + - cos x + 1 sm x - 1 cos x + - sm - - cps - - + 2 e 
2 2 20 20 4 
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y = Cl (sin x - cos x) + C2 e-x - ~ (sin 2x - 2 cos 2x) 
10 

or 

Method II. Normal form (Removal of first derivative) 

Let 
d2 d -X +P ~ +Qy=R 
dx2 dx 

putting y = uv, we get 

v -- + P- + Qu + U - + P - + 2 - - = R [
d

2
U du ) [d

2
V dV) du dv 

dx2 dx dx2 dx dx dx 

d
2
v + (~ du + p) dv + v [.!. d

2
u + P du + Q) = R 

dx2 
U dx dx U dx2 U dx u 

But the first order derivative must be remove 

so 

Since 

2 du - -+p=o ~ du 1 
- =-- Pdx 

u dx u 2 

log u = - f~ dx 

-f~ dx 
U =e 2 

du Pu 
dx 2 

d
2
u = _.!. [p (_ pu) + u dP] = p

2
u _ u dp 

dx2 2 2 dx 4 2 dx 

d
2
v [P

2 
1 dP p2 ) R From (2) - + v - - - - - - + Q =-

dx2 4 2 dx 2 u 

This equation is called normal form of equation (1) 
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where 
1 dP p2 

I=Q-----
2 dx 4 

Example 22. Solve 

d 2y dy 2 X2 . 
- - 4x - + (4x - 1) Y = -3 e sm 2x 
dx2 dx 

[LA.S. 2000, V.P.T.V. (C.O.) 2004] 

2 

Solution. Here P = -4x, Q = 4x2 - 1, R = _3ex sin 2x 

so 
1 dP 1 2 2 1 1 2 

1= Q -"2 dx - "4 P = 4x -1-"2 (-4) -"4 (-4x) 

= 4x2 - 1 + 2 - 4x2 = 1 

-~ fPdx -~ f(-4X) dx 
u=e 2 =e 2 

2 fx dx x2 

=e =e 

Then substituting these values in the equation 

d2v R 
- + Iv = -, We have 
dx2 u 

d 2v 3 x
2 

• 2 - e sm x 3' 2 - + v= =- SIn x 
dx2 ex2 

its C.F = Cl cos X + C2 sin x 

and P.I = / 2 sin 2x = -3 21 sin 2x 
D + 1 -2 + 1 

= sin 2x 

Thus v = Cl cos X + C2 sin x + sin 2x 

Therefore required solution is y = uv 

2 

or y = eX (C1 cos x + C2 sin x + sin 2x) 

Example 23. Solve 

d 2y dy 2 
- - 4x - + (4x2 

- 3) Y = eX 
dx2 dx 

by removing first derivative 
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Solution. Here P = -4x, Q = 4x2 - 3, R = eX 
2 

1 dP p2 2 1 1 2 
1= Q -"2 dx - "4 = 4x - 3 - "2 (-4) -"4 (-4x) 

= 4x2 - 3 + 2 - 4X2 = -1 

-.!. fPdx 
w=e 2 

-.!. f<-4X) dx 2 fx dx 2 
= e 2 = e = eX 

Then substituting these values in the equation 

or 

its 

and 

d2v R 
- +Iv= -, we get 
dx2 u 

d2v 
--v=l 
dx2 

C.F = Cl eX + C2 e-X 

P.I= _1_1=_(1_D2r1 1 
D2_1 

= - (1 + D2 + D4 + ..... ) 1 

= -1 

Thus v = Cl ex + C2 e-X - 1 

Hence the general solution of the given equation is 

y=uv 

or 

Method III. Change of independent variable 

d2y dy 
consider - + P- + Qy = R 

dx2 dx 

Let us change the independent variable x to z and z = f(x). 
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dy = dy dz 
dx dz dx 

Putting the values of dYand d
2
; in (1) we get 

dx dx 

d
2
y (dZ)2 + dy d

2
z + P dy dz + Qy = R 

dz2 dx dz dx2 dz dx 

or d
2
y (dZ)2 + (p dz + d

2
Z) dy + Qy = R 

dz2 dx dx dx2 dz 

or 

d2 d ~+p ~+Q y=R 
dz2 I dz I I 

where 
(p :: + ::~ ) Q R 

P, = (:)' ,Q, = (:)' and R, = (:)' 

Equation (4) is solved either by taking PI = 0 or QI = a constant 

Example 24. Solve by changing the independent variable 

d2 d 
x ~ - ~ + 4x3y = x5 

dx2 dx 

Solution. Given equation is 

d2y 1 dy ____ + 4x2y = X4 

dx2 
X dx 

1 
Here P = - - I Q = 4x2 and R = X4 

X 
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On changing the independent variable x to z, the equation (1) transformed as 

where 

or 

d2y dy 
- + P - + Q Y = R (2) dz2 1 dz 1 1 

Q 4x2 
, 

Q = -- = -- = constant = 1 say 

1 (::r (::r 

dz 
-=2x 
dx 

z = x2 

R X4 x2 Z 
R =--=-=-=-

1 (::r 4x
2 

4 4 

on putting the values of Pl, Ql and Rl in (2), we get 

d2y z 
-+y=-

or 

dz2 4 

(D2 + 1) Y = ~ 
4 

its A.E. is m2 + 1 = 0 => m = ±i 

or 

and 

c.p = Cl cos Z + C2 sin z 

c.p = Cl cos x2 + C2 sin x2 
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1 2 
= - (1- D + .......... ) z 

4 

z 
4 

4 

Hence the complete solution is y = c.p + P.I 

or x2 
Y = CI cos x2 + C2 sin x2 + -

4 

Example 25. Solve the following differential equation by changing thE 

independent variable x d
2

; + (4x2 -1) dy + 4x3y = 2x3 (V.P.T.V.2006) 
dx dx 

Solution. The given differential equation may be written as 

(1) 

1 
Here P = 4x - -, Q = 4x2 , R = 2x2 

X 

on changing the independent variable x to z, the equation (1) is transformed as 

where 

d2y dy 
- + PI - + QI y = RI (2) 
dz2 dz 

Q 4x2 

Q = -- = -- = 1 (constant) say 

I (::J (::J 
dz 
-=2x 
dx 

z = x2 

115 



A Textbook ofEn~neering Mathematics Volume - II 

p = 1 

R 2X2 1 
andR =--=-=-

1 (::r 4x
2 

2 

Putting the values of PI, Q1 & RI in (2), we get 

d 2y dy 1 
-+2-+y=-
dz2 dz 2 

. its Auxiliary equation is m2 + 2m + 1 = 0 

(m + 1)2 = 0 

m = -1,-1 

:. c.P. = (Cl + C2 z) e-z 

= (Cl + C2 x2) e-x 2 

and P.I = 1 (!2) 
D2 + 2D + 1 

1 1 oz -- e 
2 D2 + 2D + 1 

_! 1 1=! 
2 (0)2+2.0+1 2 

:. Complete solution is y = c.P + P.I 

d2 d 
Example 26. Solve -{ + cot x -X + 4y cosex2x = 0 

dx dx 

Solution. Here P = cot x, Q = 4 cosec2x and R = 0 on changing the independent 
variable x to z, the given differential equation transformed to 

d2y dy 
-+P -+Qy=O 
dz2 1 dz 1 
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where 

Case I. Let us take Pl = 0 

P dz + d
2
z 2 

dx dx
2 

= 0 or P dz + d z = 0 (::r dx dx
2 

d2z dz 
-- + cot x - =0 
dx2 dx 

=> 

put 
dz d 2z dv 
-=v --=-
dx 'dx2 dx 

Using these, (2) becomes dv + (cot x) v = 0 
dx 

dv 
=> - = -cot x dx 

v 

=> log v = -log sin x + log C = log C cosec x 

=> v = C cosec x 

dz 
- = c cosec x 
dx 

or dz = (C cosec x) dx 

x 
=> z = clog tan -

2 

Case II. Now, let us take Ql = constant 

Q 4 cosec2x 4 .. Q = --- = = - which IS constant 
1 ( :: r c

2 
cosec

2
x c

2 

Hence the equation (1) reduce to 
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or 

~ (02 
+ c;) y = 0 

. '1' ., 2 4 0 . 2 Its auxi lary equation IS m + 2"" = ~ m = ± I -
C C 

2z . 2z 
c.p = c1 cos - + c2 sm -

c c 

y = Cl cos (2 log tan ~J + C2 sin ( 2 log tan ~J': z = c log tan ~ 
SIMULTANEOUS 
COEFFICIENTS: 

LINEAR EQUATIONS WITH CONSTANT 

In Several applied mathematics problems, there are more than one dependent 
variables, each of which is a function of one independent variable, usually say 
time t. The formulation of such problems leads to a system of simultaneous linear 
differential equation with constant coefficients. Such a system can be solved by 
the method of elimination. Laplace transform method, using matrices and short 
cut operator methods. 

Example 27. Solve dx + y = sin t, dy + x = cost 
dt dt 

x (0) = 2, Y (0) = 0 

Solution. We have 

dx . 
- +y=smt 
dt 

dy + x = cost 
dt 

Differentiating (1) w.r.t. It' we have 

d2x dy 
- + - = cost 
dt2 dt 
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Using (2) in (3) we get 

d2x 
--x=O 
dt2 

its auxiliary equation is 

m 2 -1 = 0 => m=±l 

x = Cl e l + C2 e-t 

dx _ C 1 C -I dt- le- 2 e 

putting this value of dx in (1) we get 
dt 

(D2 -1) x = 0 

y = sin t - Cl e l +C2 e-t 

Using given conditions 

from (iv) C 1 + C 2 = 2 } 
=> C1 = C2 = 1 

from (v) -C1 + C2 = 0 

putting these values of Cl and C2 in (4) & (5) we get 

x = et + e-t 

and y = sint - e t + e-t 

is the required solution 

dx 
Example 28. Solve - + 4x + 3y = t 

dt 

(4) 

(5) 

dy + 2x + 5y = e t 

dt 
(U.P.T.U.2oo6) 

Solution. The given equation can be written as 

(D + 4) x + 3y = t (1) 

2x + (D + 5) Y = e t (2) 

operating (D +5) on equation (1) and multiplied equation (2) by 3, we get 

(D + 5) (D + 4) x + 3 (D + 5) Y = (D + 5) t (3) 

6x + 3 (D + 5) Y = 3et (4) 

Subtracting (4) from (3) we get 

119 



A Textbook ofEIl~neerin~ Mathematics Volume - II 

(02 + 90 + 20 - 6) x = 1 + St - 3et 

(02 + 90 + 14) x = St - 3et + 1 

Here auxiliary equation is m2 + 9m + 14 = 0 

(m + 7) (m + 2) = 0 

m = -7,-2 

c.p = C1 e-7t + C2 e-2t 

and 
1 

P.I = 2 (St- 3et + 1) 
(0 + 90 + 14) 

S [1 0
2 

+ 90)_1 3e
t 

1 at 
= 14 + 14 t - (1)2 + 9(1) + 14 + (0)2 + 9 (0) + 14 e 

= ~ (1 _ 90) t- 3e
t 

+ ~ 
14 14 24 14 

= :4 (t -:4) - ~ + 114 

St e t 31 
P.I= - - - --

14 8 196 

C -7t 'c -2t St e
t 

31 x= 1e + 2e +-----
14 8 196 

S e t -7t -2t 10 e t 31 
Now(D+4)x=-7C1e-7t-2C2e-2t+ 14 - 8 +4C1 e +4C2 e +7 t -2"- 49 

Set 10 27 
~ (0+4)x=-3Cle-7t+2C2e-2t- - + - t--

8 7 98 

Using this value in equation (1) we get 

S t 10 27 
3y = t + 3Cl e-7t - 2C2 e-2t + - e - - t + -

8 7 98 

1 -71 2 -2t S 1 9 Y = -- t + C1 e -- C2 e + - e +-
7 3 ~ ~ 

Thus the required solution is 
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St e t 31 
x = Cl e-7t + C2 e-2t + - - - - -

14 8 196 

d 1 -7t 2 -2t S t 9 an y = --t + C1 e - - C2 e + - e +-
7 3 ~ % 

dx 
Example 29. The equation of motion of a particle are given by dt + wy = 0, 

dy _ wx = O. Find the path of the particle and show that it is a circle. 
dt 

(U.P.T.U.2009) 

Solution. Writing D for ~,the equations are 
dt 

Dx+wy=O 

and -wx + Dy = 0 

Differentiating (1) w.r.t. It I we have 

(1) 

(2) 

D2x + wDy = 0 => D2w + W (wx) = 0 => (D2 + W2) X = 0 using (2) 

=> x = Cl cos wt + C2 sin wt 

Putting this value of x is (1) we have y = -.! ~ (C1 cos wt + C2 sin wt) 
w dt 

we get y (t) = Cl cos wt + C2 sin wt 

and x (t) = C2 cos wt - Cl sin wt 

Squaring (3) and (4) their adding, we get 

x2 +y2 =C2 +C2 
I 2 

or x2 + y2 = R2 

which is a circle 

Applications to Engineering Problems 

INTRODUCTION 

(3) 

(4) 

Differential equations have many numerical applications in Physics, Chemistry, 
electrical engineering, mechanical engineering, biological sciences, social sciences 
etc. In this section, we discuss some applications. 
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Simple Harmonic Motion 

A particle moving in a straight line, is said to execute simple harmonic motion, if 
its acceleration is always directed towards a fixed point in line and is 
proportional to the distance of the particle from the fixed point. 

Since the acceleration is always directed towards a fixed point, the differential 
equation of the motion of the particle is given by 

d2x 
- =_w2x 
dt2 

W2X~ 

A'------------~I~------_+I------------A 
o~ x----?p 

~---------- a ----------~ 

where x is the displacement of the particle from a fixed point 0 at any time t. 

The solution of (1) is 

x = C1 cos wt + C2 sin wt 

If the particle starts from rest at a point A, where 

OA = a i.e. (x = a, when t = 0) then, from (2), we get 

Cl =a 

Differentiating (2) with respect to t, we get 

v = dx = w (-C1 sin wt + C2 cos wt) 
dt 

Since dx = 0, at t = 0, from (3), we get 
dt 

O=C2 

Hence, the displacement of the particle is 

x = a cos wt (a is amplitude) 

such that 

V 1 . dx . t e OClty = v = -- = -aw SIn w 
dt 
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Equation (5) gives the velocity of the particle at any time t, when its displacement 
from a fixed point 0 is x. Particle time (time for one complete oscillation) is 

denoted by T and is given by T = 27t. The number of complete oscillations per 
w 

second is called the frequency of motion and we have n = ~ 
T 27t 

w 

In the figure 0 is the fixed point 

we have OA= a 

The acceleration is directed towards O. The particle moves towards 0 from A. 
The acceleration gradually decreases and vanishes at O. At 0 particle acquired 
maximum acceleration. Under retardation the particle further moves towards A' 
and comes to rest at A I such that 

OA'=OA 

The point 0 is called mean position. 

Example 30. A point moves in a straight line towards a centre of force 
fl./ (distance)3, starting from rest at a distance a from the centre of force. Show that 
the time of reaching a point distance b from the centre of force is 

~ ~ a2 
_ b2 and that its velocity is ~ ~ a2 

- b2 

~ ab 

(V.P.T.V.2001) 

Solution. Let 0 is the centre of force and let a point moves from P towards the 
centre of force O. 

Q jE--b )1 
I 0 P 

x=a x=O 

~ a )1 
dx =0 dx =0 
dt dt 

The equation of motion is 

d 2x _ -fl. (1) 
dt2 - ~ 

2 dx d
2
x = -2l:.. dx 

-
dt dt2 x3 dt 
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on integrating, we get 

(
dX)2 = -2/l _1_ + C = 1:. + C 
dt _2X2 x2 

dx = ±) /l + C 
dt x2 

dx 
At P - = 0 and x = a , dt 

dx HJ.l C .Ja2 
_x

2 

From (2), - =± - - - =±vJ.l---
dt x2 a2 ax 

The velocity at x = b is 

.Ja2 _b2 

v=±"ft --­
ab 

. or 
.Ja2 _b2 

v = -"ft (As the point P is moving towards 0) 
ab 

dx .Ja2 _ x2 

From (3) - = -"ft ---
dt ax 

on integration, we get 

t = ~ .Ja2 
- x2 + c 

"ft 

At P, t = 0, x = a, in (4), we get 

C=O 

Putting this value of C in (4), we have 

t= ~ .Ja2 _x2 

"ft 

Atx=b 
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Vertical Motion In Resisting Medium 

Example 31. A particle falls under gravity in a resisting medium whose resistance 
varies with velocity. Find the relation between distance and velocity if initially 
the particle starts from rest. 

(Bihar P.C.S. 1997, V.P.T.V. 2003) 

Solution. Let m be the mass of a particle falls from rest from a 
fixed point O. Let P be the position of a particle such that OP 
= x. The forces acting on the particle at Pare: 

(1) The weight mg of a particle acting vertically downwards. 

(2) The resistance m kv acting vertically upwards. 

Now by Newton's second law of motion the equation of the 
motion of the body 

or 

or 

. or 

md2x 
-- =mg-mkv 

dt2 

d2x 
- =g-kv 
dt2 

dv 
v - =g-kv 

dx 
d 2x dv dv dx dv .. -=-=--=v-

. dt2 dt dx dt dx 

vdv = dx 
g-kv 

1 (-g + kv + g) - dv = dx 
k g -kv 

dv g 
-- + dv=dx 

k k (g - kv) 

Integrating, we get 
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v g ( 1) -- + - -- log (g - kv) = x + C 
k k k 

or -~ - {2 log (g - kv) = x + C 

Initially, at point 0, x = 0, v = 0 

_JL log g = C 
k 2 

putting this value of C in (1) we have 

v g g -k" - 12 log (g - kv) = x - k2 log g 

v g g -kv 
-- - - log -- = x 

k k 2 g 

(1) 

Example 32. A 4 kg object falls from rest of time t = 0 in a medium offering a 
, resistance in kg numerically equal to twice its instantaneous velocity in m/ sec. 

Find the velocity and distance travelled at any time t > 0 and also the limiting 
velocity. 

Solution. Air resistance = 2v 

Vpthrust = 2 x 4v = 8v Asm=4kg 

By Newton's second law of motion the equation of motion of body 

d2x 
4 - =4g-8v 

dx Let -.: p 
dt 

dt2 

d 2x dx 
dt2 = g - 2 dt 

d 2x dx 
dt2 + 2 dt '= g 

d2x = dp 
dt2 dt 

:. From (1), we get 
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dp + 2p = g 
dt 

which is linear in p. 

its LF = ef2 dt = e2t 

. So, the solution of equation (2) is 

p.e.2t = Jg e2t dt + C = ~ e2t + C 

p = ~ + Ce-2t 

2 

dx = ~ + c e-2t 

dt 2 

At t = a dx = a which gives C =-~ 
, dt 2 

From (3) dx = ~ (1 _ e-2t ) 

dt 2 

velocity = ~ (1 _ e-2t ) 
2 

Again integrating above equation, we get 

x = gt + ~ e-2t + C 
2 4 1 

At t = 0, x = a 

From (4), x = ;t + ! (e-2t 
- 1) 

distance = gt + ~ (e-2t _ 1) 
2 4 

Cl = -g/4 

d L · .. I' ( I' dX) I' ~ (1 _ e-2t ) an lmlting ve OClty = 1m - = 1m 2 
t -> 00 dt t -> 00 

=~ 
2 
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Example 33. A mass M suspended from the end of a helical spring is subjected to 
a periodic force f = F sin wt in the direction of its length. The force f is measured 
positive vertically downwards and at zero time M is at rest. If the spring stiffness 
is 5, prove that the displacement of M at time t from the commencement of 

... b F (. w.) h 2 5 d motion IS gIVen y x = 2 2 sm wt - - sm pt ,were p = - an 
M(p-w) p M 

darning effects are neglected. 

(V.P.T.V.20oo) 

Solution. Let x be the displacement from the equilibrium position at any time t 
then the equation of the motion is 

d2x . 
M - = -5x + F sm wt 

dt2 

d2x 5 F. 
-+-x=-smwt 
dt2 M M 

. or 

or 
d 2x 2 F. 
-+p x=-smwt 
dt2 M 

The A.E. is m2 + p2 = 0 =:> 

C.F. = Cl cos pt + C2 sin pt 

m=±ip 

and P.I. = 2 1 2 (~sin wt) 
D +p M 

1 . 
2 2 sm wt 

M -w +p 

F 

:. x = Cl cos pt + C2 sin pt + ~ 2 1 2 sin wt 
M (p -w ) 

Initially, at t = 0, x = 0 :. Cl = 0 

. Differentiating equation (2) w.r.t. It I we get 

dx C· C F w t - = -p 1 sm pt + P 2 cos pt + - ---:----:- cos w 
dt M p2 _w2 
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dx 
Att=O - =0 , dt 

or 

From (2), we have 

or 

w F . Fl. 
x = -- sm pt + - sm wt 

p M (p2 _ w 2) M p2 _ w 2 

F [ . w.) x = 2 2 sm wt - - sm pt 
M(p -w) p 

Problems Related to Electric Circuit 

There are some formulae which are useful to solve such type of problems 

(1) i = dq 
dt 

(2) Voltage drop across resistance R is V R = Ri 

(3) Voltage drop across inductance L is VL = L di 
dt 

(4) Voltage drop across capacitance C is Vc = ~ 
C 

Elect~o-Mechanical Analogy 

The following correspondences between the electrical and mechanical quantities 
should be kept in mind 
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Mechanical system Series Circuit Parallel circuit 

Displacement Current i Voltage E 

Force or Couple Voltage E Currenti 

Mass m or M.1. Ind uctance L Capacitance C 

Damping force Resistance R Conductance l/R 

Spring modulus Elastance 1/ C Susceptance l/L 

Example 34. An uncharged condenser of capacity C is charged by applying an 

e.m.f. E sin ~ through leads of self-inductance L and negligible resistance . 
....,.LC 

Prove that at time t, the charge on one of the plates is 

EC [ . t t t ] 2 sm JIE - JIE cos JLC 

. (V.P.T.V. 2003) 

Solution. lf q be the charge on the condenser, the differ~ntial equation of the 
circuit is 

d2 

L ~ + ~ =Eo 
dt2 C 

d
2
q q . t A E E· t L - + - = E sm -- s = sln--

dt2 C JIE 0 JIE 

or 
d2q 1 E. t 
dt2 + LC q = L sm JIE 

Here auxiliary equation is m 2 + -.!... = 0 
LC 

i 
m=±--

JIE 

:. C.F= C1 cos ~ t+C2 sin ~ t 
....,.LC ....,.LC 
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P.I ~ ( 1 ) E sin ~ (Case offailure) 
D2 + J:.- L ...,LC 

LC 

= ~ (- 2\ cos k) 
JLc 

1 -x 
--=--- sin ax = - cos ax 
D2 + a2 2a 

= ~ (-tJLc cos _t_) 
L 2 JLc 

= - ~t ~(~) cos k 
Therefore, the solution of the equation is 

q = C1 cos ~~C + C2 sin k -~t Jri) cos k (2) 

At t = 0, q = 0 :. C1 = 0 

Differentiating equation (2) w.r.t. "t" we get 

~; = - ~~~ sin k + JrE cos k + ~t ~(~) sin ( k) k -i ~ cos k 

Initially dq = 0 when t = 0 
dt ' 

JrE-~~=o C = EC 
2 2 

From equation (2)we get 

q = EC sin _t __ Et ~(C) cos _t_ 
2 JLc 2 L JLc 

or EC ( . t t t ) 
q = 2 sm JLC - JLC cos JLC 
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Example 35. The equation of electromotive force in terms of current i for an 
electrical circuit having resistant R and a condenser of capacity C, in serires is 

E = Ri + J ~ dt. Find the current i at any time t, when E = Eo sin wt 

(V.P.T.V.2006) 

Solution. The given equation is 

Ri + J ~ dt = Eo sin wt as E = Eo sin wt 

Differentiating w.r.t. It', we get 

di i 
R - + - = Eo w cos wt 

dt C 

di i Eow 
-+-=--coswt 
dt RC R 

which is a linear differential equation 

its 
J---'!"" dt 

I.F = e RC 

t 

=eRC 

The solution of (1) is 

or 

~ Ew 
i.eRC = f~ cos wt. e t

/
RC dt + C1 

= Eow 
R 

f 
eax 

eax cos bx dx = (a cos bx + b sin bx) 
a2 + b2 

i = wEo RC
2 

[~cos wt + w sin wt] + ke- t
/

RC 

1 + w2R2C2 RC 

Example 36. The damped LCR circuit is governed by the equation 

d2Q dQ 1 
L-+R-+-Q=O 

dt2 dt C 
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where L, C, R are positive constants. Find the conditions under which the cirucuit 
is overdamped, underdamped and critically damped. Find also the critical 
resistance. 

(U.P.T.U. 2005) 

Solution. The given equation is 

d2Q dQ 1 
L-+R-+-Q=O 

dt2 dt C 

d 2Q dQ 
-- + 2k - + w 2Q = 0 
dt2 dt 

(1) or 

R 2 1 Where 2k = - and w =-
L LC 

Here auxiliary equation is 

m 2 + 2km + w 2 = 0 

(2) 

Case I. when k<w i.e. ~ < ~ ,the roots of A.E. given by (2) are imaginary. 
2L "LC 

The general solution of (1) is 

Q = e-kt (C1 cos ~(w2 - k2) t + C2 sin ~(W2 - k 2) t) 

where Cl and C2 being arbitrary constants. 

T · . d 21t hi h' th 21t Ime perlO = w c IS greater an-.Jw2 _ k 2 w 

Thus the effect of damping increases the period of oscillation and motion 

ultimately dies away. In this condition when ~ < ~ the circuit is under 
2L "LC 

damped. 

Case II. When k = w, then roots of A.E. (2) are equal, each being equal to -k. The 
general solution of (1) is 

Q = (Cl + C2 t) e-kt 

In this case charge Q is always positive and decreases to zero as t ~ 00. In this 
case circuit is called critically damped and the resistance R is called critical 
resistance. 
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Thus k=w => 

R=2~ 
which is required critical resistance. 

Case III. when k > w, the roots of A.E. are real and unequal. 

Also, the roots 

m = -k + .Jk2 - w 2 and m = -k-.Jk2 _ w2 

are both negative. The general solution of (1) is 

_ {_k+A2_w2}t {_k_A2_ w 2}t 
Q - C1 e + C2 e 

In this case also change Q is positive and decreases to zero as t ~ 00, since 
exponential terms having negative powers approach to zero. In this case the 
circuit is called overdamped. 

Q 

r 
O~~--------~--------~---------+----------~--------,L----~ 

k<w 

Example 37. The voltage V and the current i at a distance x from the sending end 
of the transmission line satisfying the equations. 

dv . di -- = Rl, - - = GV 
dx dx 

where Rand G are constants. If V = Vo at the sending end (x = 0) and V = 0 at 
receiving end (x = 1), show that 

V = Vo {sinhn (1- X)} 
sinhnl 
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Solution. We have - dV = Ri 
dx 

and 
di 

--=GV 
dx 

when x = 0, V = Vo, when x = I, V = 0 

From (1) and (2), we have 

=> 

or 

_~ (_ dV ~) =GV 
dx dx R 

d 
(02 - RG) V = 0, 0 == -

dx 

Here auxiliary equation is m2 - RG = 0 

=> m= ±n,n2 = RG 

The solution of (3) is V = Cl enx + C2 e-nx 

where Cl and C2 are arbitrary constants. 

putting x = 0 and V = Vo is (4), we get 

Vo = Cl + C2 

Again putting x = I and V = 0 is (4), we get 

o = Cl enl + C2 e-nl (5) 

Solving equations (5) and (6), we have 

V -v e2n1 

C 1 = 1 °2n1' C 2 = 1 0 2nl 
-e -e 

Substituting the values of Cl and C2 in (4), we get 

V V 2n1 

V -_ 0 nx 0 e -nx ----"-:--;- e - e 
1 - e2n1 1 _ e2nl 
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(3) 

(4) 
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= Vo (enX _ e2nl-nX) 

1 _ e2nl 

or V= 0 =V 
v {e(nl-nX)_e-(nl-nx)} {sinlm(Z-X)} 

enl _ e-n1 0 sin h nl 

Example 38. An inductance of 2 henries and a resistance of 20 ohms are 
connected in series with an emf E votts. If the current is zero when t = 0, find the 
current at the end of 0.01 sec if E = 100 volts, using the following differential 
equation. 

L di ·R E - +1 = 
dt 

Solution. we have L di + iR = E 
dt 

di R. E 
- + - 1=-or 
dt L L 

Equation (1) is linear differential equation of first order. 

J~ dt 
I.F = e L = e(R/L) t 

L=2H 

E= 100 volts 

:. Solution of (1) is 

i.e(R/L) t = f~ e(R/L) t dt + C 

where C is an arbitrary constant 

or i e(R/L) t = E e(R/L) t + C 
R 
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. _ E + C -(R/L) t 
1- - e 

R 
(2) 

Initially i = 0, when t = 0 :. From (2), we have 

C =-.§. 
R 

:. From (2), we have i = ~ [1 - e-(R/L) tJ (3) 

on putting E = 100 volts, R = 20 ohms and L = 2 henries in (3) we have 

. - 100 [1 -~tl-5(1 -lOt) 1- - -e - -e 
5 

At t = 0.01 sec, i = 5 (1 - e-O.l) 

= 0.475 amp (approximately) 

Example 39. In an LCR circuit, the charge q on a plate of a condenser is given by 

L d
2
q + R dq + ..9. = E sin pt. The circuit is tuned to resonance so that 

dt2 dt C 

p2 = ~,if initially the current i and the charge q be zero, show that for small 
LC 

I f R th . th . ·t . t . . b Et . va ues 0 -, e current m e CIrCUI at time IS given y - sm pt 
L 2L 

(U.P.T.U.2004) (CO.) 

Solution. The given differential equation is 

d2 d 
L ~ + R ~ + ..9. = E sin pt 

dt2 dt C 

Here A.E. is Lm2 + Rm + ! = 0 
C 

m = -R + ~R2 - (4L / C) = _~ ± .!. ~R2 _ 4 
2L 2L 2 L2 CL 

RIM ( R2 R. ) m = - - ± - -- neglected - as - IS small 
2L 2 CL L2 LC 
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R i R. (. 2 1 . ) 
m = - 2L ± .JCL = - 2L ± Ip sm ce p = LC gIven 

C.F = e-Rt/ 2L (CI cos pt + C2 sin pt) 

-Rt/2L Rt 1 R
2e 

But e = 1 - - + 2"" -2- - ..................... . 
2L L 4L 

Rt 
=1--

2L 

R2 
neglecting -2 etc 

L 

C.F. = (1 - :~) (CI cos pt + C2 sin pt) 

where CI and C2 are arbitrary constants 

P.I = lIE sin pt where D = d 
LD2 +RD+ _ dt 

C 

E 1 . 
= 1 smpt 

L(_p2)+RD+-
C 

E 
1 . 

= - smpt 
RD 

• 2 1 
slncep =-

LC 

E f. -E = - sm pt dt = - cos pt 
R pR 

Hence the general solution of (1) is given by 

q = (1 -Rt) (CI cos pt + C2 sin pt) - ..E... cos pt 
2L pR 

Differentiating (2) w.r.t. It I we have 

(2) 

i = dq = (1 - Rt) (-pCI sin pt + pC2 cos pt) - ~ (C1 cos pt + C2 sin pt) + ~ sin p~ (3) 
dt 2L 2L R 

Initially given that t = 0, q = 0 

:. (2) gives 

E 
o=C1 - - => 

PR 

E 
C =-

1 PR 

and (3) gives 
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RC I 
0= pC2 - --:::> 

2L 

Now putting values of CI and C2 in (3), the current i in the circuit at any time t is 
given by 

. (1 Rt) ( E . E ) R (E E.) E . 1= - - -- smpt+ - cospt - - -- cospt+ -- smpt + - smpt 
2L R 2pL 2L pR 2Lp2 R 

Et. ERt ER. 
= - smpt- -- cospt- -- smpt 

2L 4pL2 4L2p2 

Et . 
= - smpt 

2L 
. R. III R 1 smce - IS sma , a so 2 = -

L L R (~J ,so neglecting second and 

third terms 

BEAM 

A bar whose length is much greater than its cross-section and its thickness is 
called a beam 

Cantilever: If one end of a beam is fixed and the other end is loaded, it is call1ed a 
cantilever. 

Bending of Beam: Let a beam be fixed at one end and the other end is loaded. 
Then the upper surface is elongated and therefore under tension and the lower 
surface is shortended so under compression. 

Bending Moment: Whenever a beam is loaded it deflects from its original 
position. If M is the bending moment of the forces acting on it, then 

where 

M= EI 
R 

E = Modulus of elasticity of the beam 

(1) 

I = Moment of inertia of the cross-section of beam about neutral axis 

R = Radius of curvature of the curved beam 
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d 2y 
Thus equation (1) becomes M = EI -2 

dx 

Example 40. A beam of length I is clamped horizontally at its end x = Oand is free 
at the end x = I. A point load W is applied at the end x = I, in addition of a 

uniform load w per unit length from x = 0 to x = i. Find the deflection at any 
2 

point. 

(V.P.T.V.2002) 

Solution. Let OA be a beam, clamped (i.e. fixed) at one end 0 and free at end A. 

Let B be its mid point. The weight wI of the beam OB acts at C (the mid point of 
2 

08). The weight w acts at A. 

Let R be the force acting at O. The directions of all the force acting on the beam 
are as shown in figure. 

R< 1/2 
i 

C 
0 J 

Fixed end 4 ~~ 

< 

:. From balance equation, we have 

wI 
R=W+ -

2 

2 
X 

N(x,y) 

) 

4 Free end 
B A 

(x-i) 1 
W 

N' 

(1) 

Now we choose a random axis NN', if (x, y) are the co-ordinates of N, then taking 
moments about N, we get 

EI d
2

y = -Rx + WI (x _ i) 
dx2 2 4 

or d
2
y ( WI) wI wI2 . EI - = - W + - x + -x - - usmg (1) for R 

dx2 2 2 8 
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d2y WI2 

EI - =--- -Wx 
dx2 8 

or 

Integrating both sides w.r.t. x, we get 

dy wZ2 1 2 
E.!. - =-- x-- Wx +C 

dx 8 2 1 

Applying boundary conditions at the fixed (i.e. clamped) 

end 0 i.e., at x = 0, dy / dx = 0, we get from (2), Cl = 0 

dy WZ2 1 2 
:. (2) becomes EI - = -- x - - Wx 

, dx 8 2 

A .. . EI wl
2
x

2 
1 W 3 C gam mtegrating y = - --y;- -"6 x + 2 

Again boundary conditions, at x = 0, y = 0 gives C2 = 0 

:. (3) becomes, 

or y= _~ (wZ2X2 + WX
3

) 

EI 16 6 

which gives the deflection at any point. 

(2) 

(3) 

Example 41. The deflection of a strut of length Z with one end (x = 0) built in and 
the other end supported and subjected to end thrust P, satisfies the equation 

d2 y a2R 
- + a2y = - (I - x) 
dx2 P 

. R (sin ax ) Prove that the deflection curve y = P -a- - Z cos ax + 1 - x 

where a Z = tan aZ 

(U.P.T.U.2001) 

Solution. we have 

(1) 
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its auxiliary equation is m2 + a2 = 0 ~ m=±ai 

:. c.F. = Cl cos ax + C2 sin ax 

where Cl and C2 are arbitrary constants. 

~ ~ 
Built in 

O< .......... ::::::.~· ... ·.· ... ·.·.·.·.·.·~ ........... A,..r-_""P __ ~X 

y 

R ( D2) = - 1 + - (I-x) 
P a2 

R ( D2) = - 1- - (I-x) 
P a2 

R =-(l-x) 
P 

:. The general solution is 

(x, y) 

y = C1 cos ax + C2 sin ax + R (l - x) 
P 

Differentiating (2) w.r.t. x, we get 

~ C· C R - = - 1 a sm ax + 2 a cos ax - -
dx P 

The end 0 of the strut is buit in, so at x = 0, y = dy / dx = 0 

:. (2) gives 

Rl 
0=C1 + P ~ 

and (3) gives 0 = C2 a _ R ~ 
P 

Rl 
C =--

1 P 

R 
C =-

2 aP 
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Putting for Cl and C2 is (2) 

Rl R. R 
Y = -- cos ax + - sm ax + - (1 - x) 

P aP P 

=> R (sin ax ) y= P -a- -lcosax+l-x (4) 

Also, the end A of the strut is supported, so at x = I, Y = 0, so that (4) becomes 

R (sin al ) 0= P -a- -lcosal+l-l 

sin al 
or -- = 1 cos al 

a 

or al = tan al 

Hence the required equation of deplection curve is given by (4) where al = tan al. 

EXERCISE 
Solve the following differential equations 

d 2y dy 
1. (i) x2 - + X - + Y = sin (log x2) 

dx2 dx 

Ans. 

(ii) 

y = Cl cos (log x) + C2 sin (log x) -.!. sin (log x2) 
3 

d2 d 
(1 + X)2 -.X + (1 + x) J... + Y = sin 2 {log (1 + x)} 

dx2 dx 
(I.A.S.2003) 

Ans. y = Cl cos {log (1 + x) + C2Sin {log (1 + x)} -.!.sin 2 {log (1 + x)} 
3 

2. 

x3 

Ans" y=Cl +C210gx+C3(logx)2 + -(logx-1) 
27 

d4y d3y d 2y dy 
X4 - + 6x3 - + 4x2 

- - 2x - - 4y = 2 cos (log x) 
dx4 dx3 dx2 dx 

3. 

Ans. Y = Cl X2 + C2 x-2 + C3 cos log x + u sin log x - .!.log x sin log x 
5 
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d 2y dy 
x2 -- _ X - - 3y = x2 log X 

dx2 dx 
(I.A.S.2oo1) 4. 

Ans. y = CI x3 + C2 X-I _~X3 (log x + ~) 

5. d
2
; + y = cosec x by the method of variation of Parameters 

dx 

Ans. y = CI cos X + C2 sin x - x cos x + sin x. log sin x 

6. d
2
; + (1 _ cot x) dy - Y cot x = sin2x by variation of parameters. 

dx dx 

(U.P.T.U. Special Exam 2001) 

Ans. Y = Cl (sin x - cos x) + C2 e-X - ~ sin 2x + .!. cos 2x 
10 . 5 

7. x2 d
2
y _ (x2 + 2x) dy + (x + 2) Y = x3ex of which y = x is a solution. 

dx2 dx 

Ans. y = X (Cl + C2 eX + x ex) 

8. (x sin x + cos x) d
2
; - X cos x dy + Y cos x = 0 of which y = x is a solution. 

dx dx 

Ans. y = -Cl cos X + C2X 

d 2y dy 
--2 - 2 tan x - + 5y = eX. sec x by reducing normal form. 
dx dx 

9. 

Ans. y = sec x ( CI cos.J6 x + C2 sin.J6 x + ~ eX) 

10. 

Ans. 

11. 

Ans. 

12. 

(1 + x2)2 d
2
; + 2x (1 + x2) dy + 4y = 0 by changing independent variable. 

dx dx 

y = CI cos (2 tan-I x) + C2 sin (2 tan-I x) 

x d
2
; _ dy + 4 x3y = 8x3 sin x2 by changing independent variable. 

dx dx 

y = CI cos x2 + C2 sin X2 - x2 cos X2 

d
2
y + (3 sin x _ cot x) dy + 2y sin2x = e-cos x. sin2x by changing 

dx2 dx 
independent variable. 
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1 _ 
Ans. y = Cl ecosx + C2 e2cosx + _ e cos x 

6 

d2x dy d2y dx . 
- + - + 3x = e-t , - - 4 - + 3y = sm 2t 
dt2 dt de dt 

13. 

(V.P.T.V.2007) 

Ans. x=_Cl sin3t+ C2 cos3t+ C3 sint- c4 cost+.!e-t+.!sin2t+ AwhereA=- Cs 
2 2 2 2 55 4 

Y = Cl COS 3t + C2 sin 3t + C3 cos t + G sin t + ~ (_e-t + ~ sin 2t) 

14. 
dx dy . 
- + - - 2y = 2 cost - 7 smt 
dt dt 

dx dy . 
- - - + 2x = 4 cos t - 3 sm t 
dt dt 

Ans. x=- (1-J2) C1 e..fit -(1+ J2)C2 e-,lzt +3cost+C3 

Y = C e,lz t + C e-..fi t + 2 sin t 1 2 

15. 

Ans. x = -[(2 C1 + 2 C2 + 2 C2 t) et + 2 C3 - 2 C4 + 2 G t) e-t] 

y = (Cl + C2 t) et + (C3 + C4 t) e-t 

16. 
dx 

Solve - + 5x - 2y = t 
dt 

dy + 2x + Y = 0 
dt 

(V.P.T.V.2001) 

(V.P.T.V.2005) 

Also show that x = y = 0 when t = 0 for some definite values of constants 

(V.P.T.V.2008) 

1 1 t 1 
Ans. x = Cl e-3t + C2 te-3t --C2 e-3t --Cl e-3t + - + - y = (Cl + C2 t) e-3t 

2 2 9 27' 
2t 4 

--+-
9 27 
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17. A particle moving in a straight line with S.H.M. has velocities Vl and V2 

when its distances from the centre are Xl and X2 respectively. Show that the 

2 2 

period of motion is 21t x; - x; and its amplitude is 
v 2 - vl 

(Bihar P.C.S. 2005) 

18. A particle is performing a simple harmonic motion of period T about a 
centre 0 and its passes through a point P, where OP = b with velocity v in 
the direction OP. Prove that the time which elapses before it return to P is 

T tan-l (~). 
1t 21tb 

(LA.S. 2007) 

. 19. A particle of mass m is projected vertically under gravity, the resistance of 
the air being mk times the velocity. Show that the greatest height attained 

by the particle is V2 [A -log(l + A)] where V is terminal velocity of the 
g 

particle and AV is the initial velocity. 

(U.P.P.C.S.2004) 

20. If u and V are the velocity of projection and the terminal velocity 
respectively of a particle rising vertically against a resistance varying as the 
square of the velocity. Prove that the time taken by the particle to reach the 

hi h .. V -1 (u) g est pomt IS g tan V' 

(LA.S. 2006) 

21. In the LCR circuit, the charge q on a plate of a condenser is given by 

L d
2

; + R dq + ~ = E sin pt. The circuit is turned to resonance so that 
dt dt C 

p2 = ~. If initially the current i and the charge q be zero, show that for 
LC 

11 1 f R th . th . . . ., b ( Et) . sma va ue 0 -, e current m e crrcUlt at time t IS gIven y - sm pt. 
L a 

(U.P.T.U.2004) 
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Objective Type of Questions 
Choose a correct answer from the four answers given in each of the 
following questions. 

1. The solution of the differential equation 

x2 d
2
y +x dy +y=sin(logx2)is 

dx2 dx 

(a) Cl cos (log x) + C2 sin (log x) + ! sin (log X2) 
3 

(b) Cl cos (log x) + C2 sin (log x) -! sin (log X2) 
3 

(c) Cl cos (log x) + C2 sin (log x) -! sin (log x) 
3 

(d) Cl cos (log X2) + C2 sin (log X2) -! sin (log x) 
3 

Ans. (b) 

2. A particular integral of the differential equation 

d3 d2 d 
x2 -'l + 3x -'l + -.2.. = x2 log X 

dx3 dx2 dx 

x2 

(a) 27 (log x-I) 

x3 

(c) 27 (log x-I) 

Ans. (c) 

(b) 

(d) 

x2 

- (log x + 1) 
27 

x3 
-(log x +1) 
27 

3. A particular integral of x2 d
2
; + 4x dy + 2y = eX is 

dx dx 

(a) 1 X 
(b) 

1 X -e -e 
x2 x 

(c) 1 2x (d) 1 3x -e -e 
x2 x2 

Ans. (a) 
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4. The c.F. of the differential equation x2 d
2

;r + x dy _ Y = x3ex 

dx dx 

C C 
(a) C x2 +_2 (b) C

1 
x2 + _2 

1 x2 X 

C C 
(c) C x+_2 (d) C

1 
X+_2 

1 x2 x 

Ans. (d) 

5. On putting x eZ, the transformed differential equation of 

d 2y dy 
x2 - + x- + y = x is 

dx2 dx 

d2 d2 
(a) --.l = eZ (b) --.l + y = eZ 

dz2 dz2 

d2 d2 
(c) --.l + Y = e2z (d) --.l+y=z 

dz2 dz2 

Ans. (b) 

6. The equation of motion of a particle are given by simultaneous differential 

equations dx + wy = 0, dy _ wx = 0, Then the path of the particle is 
dt dt 

(a) Straight line 

(c) Ellipse 

Ans. (b) 

(b) 

(d) 

Circle 

Parabola 

7. A Particular integral of d
2
y + P dy + Qy = 0 is Y = emx if 

dx dx 

(a) m2 + Pm + Q = 0 (b) 

(c) m+Pm2 +Q=0 (d) 

Ans. (a) 

m2 -Pm+Q=0 

m2 +Pm-Q=0 

8. y = ex is a part of c.P. of differential equation d
2

; + P dy + Qy = 0 if 
dx dx 

(a) 1 + P + Q = 0 

(c) P + Qx = 0 

Ans. (a) 

(b) 

(d) 

1-P+Q=0 

P-Qx=O 
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9. In a differential equation 

d2 d 
x2 ----f -(x2 + 2x) .J.... + (x + 2) Y = x3ex

, y = x is a part of c.F. because 
dx dx 

(a) P - Qx = 0 

(c) 1 + P + Q = 0 

Ans. (b) 

(b) 

(d) 

P+Qx=O 

l-P-Q=O 

10. The solution for d
2

y - 4x dy + (4x2 
- 2) Y = 0, given that y = ex2 is an integral 

dx dx 
included in the complementary function is 

(a) y = (Cl X + C2) (b) eX (Cl x + C2) 
2 x2 

(c) eX C1x (d) e (C1x + C2) 

Ans. (d) 

11. A resistance of 100 ohms, an inductance of 0.5 henry are connected in series 
with a battery of 20 volts. The current in the circuit is 

(a) i = ! (1 - e-20 t) (b) i = ! (1 _ e20 t) 
5 5 

(c) i = ! (1 - e-2OO t) (d) 
5 

Ans. (c) 

12. The solution of the differential equation L di + Ri = Eo sin wt is 
dt 
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13. A particle executes S.H.M. Such that in two of its positions, the velocities are 
u, v and the corresponding accelerations a, p. The distance between the 
position is 

(a) 
a+p 

(b) 
a2 +p2 

u2 _ u2 u2 _v2 

(c) 
u2 _v2 

(d) 
u2 _v2 

a+p a-p 

Ans. (c) 
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Chapter 5 

Series Solutions and 
Special Functions 

INTRODucnON 

In this chapter, we shall describe methods of solving variable coefficient 
differential equations. 

Consider the second order homogeneous linear differe~tial equation 

d2y dy -
aO(x)-2 +a1 (x)-+a2(x)y=O, ao(x)*O 

dx dx 
(i) 

where ao(x), al(x) and a2(x) are polynomials. 

The equation (i) is called a variable coefficient second order homogeneous 
equation. A number of problems of physics and engineering involve differential 
equations of the form (i) in which ao(x), at(x) and a2(x) are polynomials. Solution 
of such equations can be obtained in terms of infinite series. In this chapter, we 
shall present methods for determining the solution of (i) in terms of infinite 
series. The method can be classified into two categories, power series method and 
generalized power series method (Frobenius method). In the following sections, 
we shall discuss the applications of these methods in solving special functions. 
The study of those solutions (and of other "higher" functions not discussed in 
calculus) is called the theory of special functions. The series solution of certain 
differential equations give rise to special functions such as Bessel's function, 
Legendre'S Polynomial, Lagurre's polynomial, Hermite's polynomial, chebyshev 
polynomial, strum - Lioville problem based on the orthogonality of function is 
also included which shows that Bessel's Legendre's and other equations can be 
considered from a common point of view. These special functions, have many 
applications in mathematical physics and engineering. 

ORDINARY AND SINGULAR POINTS 

Consider the second order linear homogeneous equation 

d 2 d 
ao (x)-{. + a1 (x)2. + a2 (x)y = 0, 

dx dx 
(i) 

where ao(x), at(x) and a2(x) are polynomials. Dividing the equation by ao(x), we 
get 
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d2y at(x)dy a2(x) 
-+---+--y=O 
dx2 ao (x) dx ao (x) 

Taking p(x) = at (x), q(x) = a2 ((x)) . The equation (ii) Can be written as 
ao(x) ao x 

d2 d 
---t+p(x)2.+q(y)y =0 
dx dx 

(ii) 

Equation is called the standard form or normal form of (i). It is also called the 
canonical form of equation (i). Consider the interval I. let Xo E I and al(x), a2(x) be 
analytic (differentiable) at the point Xo. We define the following. 

Ordinary Point 

A point Xo E I is said to be ordinary point (a regular point) of equation (i) 
if ao(xo) "* O. 

Example x = 0 is an ordinary point of the equation 

(1+x2)d
2y 

+xdy -y=O 
dx2 dx 

Singular point A point Xo EI is said to be a singular point of the equation (i) if 
ao(xo) =0 

Example x = 0 is a singular point of the equation 

d 2 d 
x3 -.J.. + 3x 2. + 6y = 0 

dx2 dx 

REGULAR AND IRREGULAR SINGULAR POINTS 

Consider the normal form of equation (i) i.e. 

d2 d 
---t+p(x)2.+q(x)y =0 
dx dx 

where p(x) = at ((x)) , 
ao x 

q(x)= a2(x) 
ao(x) 

Let Xo E I be a singular point of (i) and al(x), a2(x) be analytic (differentiable) 
atx = Xo. 

write above equation as 

_d
2
_y + Pt (x) dy + qt (x) y = 0 

dx2 (x-xo) dx (X_X
O

)2 

where pl(X) = (x - Xo) p(x) and ql(X) = (x - xo)2 q(x) we define the following. 
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Regular singular point 

A singular point Xo E I of (i) is said to be a regular singular point if the function 

( ) () ( ) 2 () 

pl(X) = (x-xo)p(x) = x-xO(a)l x andql(x)=(x-xSq(x)= X-XO()2 x have 
ao x ao x 

removable discontinuities at Xo and become analytic wht:n these discontinuities 
are removed. 

Irregular singular point 

A singular point of the equation (i) is said to be an irregular singular point of the 
equation (i) if and only if Xo is not a regular singular point of (i). 

EXAMPLES 

Example 1. Find the regular and singular points of 

d2 d 
(i) x3~+3x~+6y=0 

dx2 dx 

(ii) 

(iii) 

Solution 

(i) we have ao(x) = x3 

ao(x) =0 => x3 =0 

orx=O 

Xo is the singular point of the given equation i.e., 

d2 d x3~+3x~+6y=0 
dx2 dx 

All other points are regular (ordinary) points. 

(ii) Here we have ao(x) = 1 - x2 

ao =0 => 1-x2 =0 

or x = ± 1 

Hence, x = - 1 and x =1 are singular points of the equation 

( 
2)d2y dy' 

1- X dx2 - 2x dx + 2y = 0 

while all other points are regular (ordinary) points. 
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(iii) Here we have ao(x) = x2 

setting ao(x) = x2 =0, we get x =0 

:. x = 0 is the singular point of the equation while all other point are ordinary 
points 

SERIES SOLUTION OF THE DIFFERENTIAL EQUATION WHEN X =0 IS AN 
ORDINARY POINT 

There are following steps for solution of equation 

-
Step I: Assume that y = Lan xn or y = ao + al x + a2 x2 + .......... . (i) 

n~O 

Step II: Substitute y, dy and d2~ obtained by equation (i) in equation 
dx dx 

d 2 d -i-+ p(x) 2. + q (x)y = 0 
dx dx 

Step III. Equate to zero the coefficients of various powers of x and find a2, 
Cl3 ........... in terms of ao and al. 

Step IV. Substitute the value of a2, a3 ............ in relation (i) which will be the 
required Eeries solution. 

EXAMPLE 2 

Solve the following differential equation in series 

(1_X2)d
2y 

_xdy +4y=0 
dx2 dx 

Solution The given equation can be written as 

d
2
y_ x dy+ 4y =0 

dx2 (1 - x2 ) dx (1- x2 ) 

x 4 
Here p(x) = ---2' q(x) = --2 

I-x I-x 

(U.P.T.U.2006) 

(i) 

p(x) and q(x) both exist at x =0, so x = 0 is an ordinary point of the equation 

(ii) 
n~O 

putting these values in given equation, we get 
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(1-x2 )ian· n(n-l)xn-2 -x ian' nxn-1 +4ian ·x
n =0 

n=O n=O n=O 

~ -
=> Lan' n(n _1)xn-2 - Lan .(n2 - 4)xn = 0 

n=O n=O 

Equating to zero the coefficients of various powers of x. 

:. Coefficient of XO 

a2. 2.1 + 4 aD =0 => a2 = - 2ao 

Now equating the coefficient of xn, we get 

an+2 (n+2) (n + 1) - (n-2) (n +2) an =0 

n-2 
=> an+2 = --an 

n+l 

putting n = 1,2,3, ................ etc we get 

1 
a =--a 

3 2 1 

a4 = -%a2a2 = O,as = ~a3 = ~( -~a1 ) = -;1 

2 2 
a6 = Sa4 = 5.0 = 0 .......... and so on. 

Substituting these values in equation (ii) we get 

:. y = ao (1- 2X2 ) + a1 x ( 1-~ _ x; + ............ ) 

EXAMPLE 3. Find the power series solution of the following differential equation 
about x = 0 

( 2) d2
y dy I-x --2x-+2y=0 

dx2 dx 
(U.P.T.U.2004) 

Solution We have 

( 
2)d2y dy 

I-x --2x-+2y=0 
dx2 dx 

(i) 
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This can be written as 

d
2

y _~+ 2 =0 
dx2 1 - x2 (1 _ x2 ) y 

Here x =0 is an ordinary point because p(x) and q(x) both exist at x =0 

Assume the power series solution as 

n=O 

d - d2
-:.-"x"= Lan' nxn-1

, -{= Lan' n(n-l)xn-2 
dx n=O dx n=O 

substituting these values in equation (i) we get 

- --
(1- X2) Lan' n(n-l)xn-2 - 2x Lan' nxn-1 + 2~:an ·xn = 0 

n=O n=O n=O - -
~ Lan' n(n-l}xn-2 - Lan·(n-l)(n+2)xn =0 

n=O n=O 

:. Coefficient of XO 

a2. 2 - ao (0-1) (0 + 2) = 0 ~ 2a2 + 2ao = 0 

~ 

Coefficient of xn 

an + 2 (n +2) (n+l) - an (n -1)(n +2) =0 

(n-l)(n+2) 
~a = a 

n+2 (n+2)(n+l) n 

n-l 
~an+2 =--an n+l 

putting n = I, 2, 3, ........ etc. we get 

o 
a3 = - a1 ~ a3 = 0 

2 
1 1 

a4 =3"a2 ~ a4 = -3"ao 

as = 0 = a7 = ............. etc 
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a6 = %a4 = %(-~ao ):::::> a6 = - ~ and so on 

substituting these values in (ii), we get the required series solution 

2 1 4 ao 6 
y = ao +a1x-aOx -3aox -Sx - ............ . 

FROBENIUS METHOD (SERIES SOLTUTION WHEN x =0 IS NOT AN 
ORDIANRY POINT) 

If x =0 is not an ordinary point (is regular singular point) then we use the 
following steps for solution. 

Step I. Assume a solution of the form 

Step II. Find dy, d
2

:; and substitute these values in the given equation. 
dx dx 

Step III Equate to zero the coefficients of lowest power of x in m gives a quadratic 
equation in m known as the identical equation of given differential equation . 

. Thus we get two val~es of m. The series solution of given equation depends on 
nature of the roots of the identical equation. Let Yl(X) and Y2(X) be two nontrivial 
linearly independent solution of given differential equation. 

Then the general solution is 

y(x) = AYl(X) + BY2(X), where A and B are arbitrary constants 

There are following cases to solve the equation 

Case I: The roots i.e. ml, and m2 are distinct (ml * m2) and not differing by an 
integer 1, 2, 3, ......... . 

The complete solution is y = A (Y)ml + B(y)~ 

Case II: (ml * m2) and differ by an integer. 

There are two cases for solving the equation when ml "# m2 and differ by an 
integer. 

(a) If ml < m2 and making some coefficients indeterminate at m = ml, then 
solution is y = (y)ml' 
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Similarly if ml > m2 then the solution is Y =(y)~. 

Remark : The solution at ml or m2 has already contain all those terms which 
present in the solution at other root, so we obtained solution only ml or m2 

(b) Let ml >m2 if some of the coefficients of y become infinite when m = m2 then 
we substitute ao::!: bo (m - m2) where bo '# 0 in the summation complete solution. 

y=A{y) +B(~) m, am 
m2 

Remark: The value of y at m = m2 after replacing ao by bo(m - m2) gives only the 
. multiple of (Y)ml and it not be an independent solution. 

Case III. When the roots are equal i.e. 

(ml = m2 = k) 

Then the complete solution is 

y=A{Y)k +B(~l 
Asml =m2 

=k 

Case I. 

EXAMPLE 4: Solve the following equation in power series about x =0. 

d 2 d 
2X2 --.r + x~ - (x + 1)y = 0 (U.P.T.U.2005) 

dx2 dx 

Solution The given equation can be written as 

d
2
y 1 dy (X+1) 0 

dx2 + 2x dx - 2X2 Y = 

p(x) = ;x and Q(x) = -( ~:21) 
Hence x P(x) and x2Q(x) both exist at the point x =0. So x =0 is a regular point, we 
assume the solution in the form 

(i) 

d -:.~ = ~:ar (m+r)Xm+r-l 
dx r=O 
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d2 
-

and ---{-= La,(m+r)(m+r-l)xm+r-2 
dx ,=0 

b · . th I f dy d d
2
y.. . su stituting eva ues 0 y,-an -2 In glven equation we get 

dx dx 

- - -
2x2La, (m +r)(m + r _1)xm+r-2 + xLa, (m + r)xm+'-1 - (x + 1) La,x l1l +r = 0 

,=0 ,=0 ,=0 

- -
or La,[2(m+r)(m+r-l)+(m+r)-I]xm+' - La,xm +r-1 =0 

,=0 ,=0 

Equating to zero the coefficients of lowest power of x, we get 

=> ao[2m (m-l) + m-l] =0 

=> 2m(m-l) + (m -1) =0 

(m-l) (2m +1) =0 

1 
m=1 --, 2 

. Coefficient of next lowest power of x i.e. xm+1 

al[2 (m+l)m + (m+l) -1] -aD = 0 

ao ao => a - = -,....-"--,-
1 - 2m2 +2m +m m(2m+3) 

Now equating to zero the coefficient of xm+r by putting r = r-l in second 
summation, we get 

ar{2(m + r) (m + r -1) + (m + r -I)} - ar-l =0 

a => a = ,-1 

, (m+r-l)(2m+2r+l) 

Now putting r = I, 2, 3, 4, .............. ", we get 
. a 

a = 0 

1 m(2m+3) 

a a a a = 1 ,a 2 ,a = 3 

2 (m+l)(2m+5) 3 (m+2)(2m+7) 4 (m+3)(2m+9) 

Form=1 
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Here Yl = ao x1+0 alX 1+ 1 + a2 x 1+2 + a3 x1+ 3 + ............ (from (i)) 

ao 2 ao 3 ao 4 
~Yl=ax+-x +-x +--x + ................... . 

o 5 70 1890 

1 
Form =--

2 

a a a- 0 - 0 - a 
1 - 1 --1--- 0 

--(-1+3) --2 
2 2 

or Yl =C1X(1+~+ ;~ + 1;~0 + .............. )+C2X-~(1-X- x
2

2 

- ~; - ••••••••.. .) 

Case II (a) Non logarithm case 

EXAMPLE 5 Solve in series the differential equation 

(ii) 

d2 d 
x--.l +2.1+xy = 0 

dx2 dx 
(U.P.T.U.2003) 

Solution: Here p(x) = ~,Q(x) =1 
x , 

At X =0, x P(x) and X2 Q(x) both exist :. x =0 is a regular singular point 

Let us suppose 

(i) 
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d ~ 

:.~= La, (m+r)Xm+r-l 
dx ,=0 

d2 ~ 
--{ = La, (m + r)(m + r _1)xm+r-2 
dx ,=0 

substituting these values in the given equation we get 
~ ~ ~ 

x La, (m + r)(m + r _1)xm+r-2 + 2La, (m + r)xm+r-l + x La,xm+r = 0 
,=0 ,=0 ,=0 

~ ~ 

=> La,(m+r)(m+r+1)xm+r-1 + La,xm+r+] =0 
,=0 ,=0 

Now, equate to zero the lowest power of x i.e. xm-1, we get 

ao(m + 0) (m + 1) =0 =::> m = 0, -1 

Here ml - m2 = 0 -(-1) =1 

andml >m2 

So, obtained the solution for m = m2 i.e. m2 = -1. 

next equate to zero the coefficient of xm, then we get 

al(m +l)(m + 2) =0 => a] = Q indeterminate form o 
and coefficient of xm+1 

a2(m + 2) (m + 3) + ao =0 

a a 
=>a =- 0 =>a = 0 

2 (m+2)(m+3) 2 (-1+2)(-1+3) 

a = __ 0 (put m = -1) 
1.2 

Now equating to zero the coefficient of xm +r , we get 

ar+l (m + r +1) (m + r + 2) + ar-l =0 

=> a,+ 1 = - (m + r + 1) (m + r + 2) 

Putting ml = m2 = -1, we get 

a,+1 a = - --;-'-'-'-...,... 
,+1 r(r + 1) 
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putting r = 2, 3, 4, ........... . 

-
() '" -1+r -1 -1+1 -1+2 -1+3 y= Y m, = .L.ta,X =aox +a1x +a2x +a3x + .............. . 

,;0 

Y = aox-
1 

+ a1 + ( - ~]x + ( - ~ )X2 + (~ )X3 + (~ )X4 + ............ . 

y=x-1[ao(1-~ +~ - ............ )+a1(X-~ +~ - ............. )] 

y = x-l [aD cos x + al sin xl 

Case II (b) Logarithmic case 

EXAMPLE 6 

Obtain the general solution of the equation 

d2 d x2J+5x~+x2y=0 
dx2 dx 

Solution Let us assume the series solution of the given equation as 

Substituting this in the given equation we get 

- --
L(m+r)(m+r-1)a,xm+r +5L(m+r)a,xm+r + La,Xm+r+2 =0 
,;0 ,;0 ,;0 

- -
or L(m+r)(m+r+4)a,xm+' +La,Xm+r+2 =0 
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Equating to zero the coefficient of the lowest degree term xm, we get the identical 
equation as m(m+4) ao =0, which gives m =0, -4 as ao i= 0 

Equating to zero the coefficient of xm+l, we get (m +1) (m + 5) al =0, => a 1 = 0 as 
m i= -1 and m i= - 5. Equating to zero the coefficient of xm+r, we get the recurrence 
relation as 

(m + r) (m +r + 4) ar+ ar-2 =0 

a => a = _ r-2 

r (m+r)(m+r+4) 

putting r =2, 3,4, .......... . 

ao -a
2 

(_1)2 ao a = a = = ...,.----:-:----'--:'-:--'----:-:----,-
2 (m + 2)(m + 6)' 4 (m + 4)(m + 8) (m + 2)(m + 4)(m + 6)(m + 8) 

and so on 

Therefore (i) becomes 

. [X2 x· x
6 ] (iii) 

y=~xm 1- (m+2)(m+6) + (m+2)(m+4)(m+6)(m+8) (m+2)(m+6)(m+6)(m+8)(m+10) + ........ . 

putting m =0, we get one independent solution as 

Yl =ao[1-~+~- x
6 

+ ............... ] 
2.6 2.4.6.8 2.4.6.8.10 

(iv) 

Next putting m=-4 in (iii) the denominator of each term from third onwards 
vanishes, To overcome this problem we take 

ao = bo (m + 4) in (iii) and taking limit as m ~ -4, we get 

• m {X2 X4 } 
Y = hm bo (m + 4)x 1- ( )( ) + ( )( )( )( ) - ............... . 

m-+-4 m+2 m+6 m+2 m+4 m+6 m+8 

-4 [ X4 x
6 

] 
=box 0-0+ (-2)(2)(4) - (-2)(2)(4)(6) + ........... . 

= (_2)~;)(4)[1- ;.~ + ............ ] 

which is nothing but a multiple of yl hence not an independent solution. 

Here the second independent solution of the given differential equation is taken 
as 
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Now 

b ( ) 
m bo(m+4) m+2 bo(m+4) m+4 

y= 0 m+4 x -( )( )x +( )( )( )( )x - ....... .. m+2 m+6 m+2 m+4 m+6 m+8 

m [( ) (m + 4) 2 1 4 ] 
y=box m+4 -(m+2)(m+6)x +(m+2)(m+6)(m+8)x - .................... .. 

Differentiating partially the above equation w.r.t m, we get 

ay =YlOgX+boX
m[l+ m

2
+8m+20

2 
_ (3m

2
+32m+76) 2 X4 + ...................... ] 

am (m2+8m+12) (m3 +16m2 +75m+96) 

. _ ( ay ) _ -4 ( x
2 

X4 ) .. Y 2 -- - - (y) _ log x + box 1 + - - - + .......... .. 
am m--4 4 4 , m~-4 

Hence the complete solution is given by 

y = A(Y1) + B(Y2) 

:. y = c1 (1- ;~ + 3~~ - ............ ) + c2x-4 (1 +: -: + .......... ) - c2 10g x( 116 - ;: + .......... ) 

where C1 = A ao and C2 = B bo 

Case III 

EXAMPLE 7 Find the series solution of the equation 

d 2 d 
x 2 + ---1. + x2y = 0 

dx2 dx . 

Solution we have 

d2 d 
x2+---1.+ x2y=0 (i) 

dx2 dx 

(U.P.T.U.2007) 

. Here x P(x) and x2 Q(x) exist at the point x = O. So x =0 is a regular singular point. 
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Let y = L arxm+r 
r=O 

d -: . .-1. = Lar (m + r)xm+r-l 
dx r=O 

d2 
-

-{ = Lar (m + r)(m + r _1)xm+r-2 
dx r=O 

. Substituting these values in equation (i) we get 

- - -
xLar (m+r)(m+r-1)xm+r-2 + Lar(m+r)xm+r-l +x2Larx

m+r =0 
r=O r=O 
- -

~ Lar (m + r)2 Xm+r-l + Larx
m+r-2 = 0 

r=O r=O 

Equating to zero the coefficient of lowest power of x i.e. xm-l, we get the identical 
equation as 

aom2 =0 m= 0, 0 as ao ::t= 0 

Equating the coefficient of xm, we get 

al (m+1)2 =0 ~ al =0, as m ::t= -1 

equating the coefficient of xm+l, we get 

a2 (m+2)2 =0 ~ a2 =0, as m ::t= -2 

Equating the coefficient of xm+2 

a3 (m+ 3)2 +ao = 0 ~ 
-a 

a = 0 
3 (m +3)2 

Next equating the coefficient of xm+r+2, we get ar+3 (m + r + 3)2 + ar =0 

a a =_ r 
r+3 ( 3)2 m+r+ 

putting r =1,2,3 ..................... , we get 

a a 
a 4 =- 1 2~a4=O,a5=- 2 2~a5=0 

(m+4) (m+5) 
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and so on. 

From equation (ii), we have 

Yl = (Y)rn =0 = ao + alX + a2 X2 + a3 X3 + il4 X4 + .................... . 

( ) 
ao 3 ao 6 ao 9 

~ Y 1 = Y = a o - -2 X + 0 + 0 + 2 2 X + 0 + 0 - 2 2 2 X + .......... .. 
m;Q (3) (3) (6) (3) (6) (9) 

[ 

X3 X6 X9 ] 
~ Y 1 = ao 1-2" + 22 - 2 2 2 + ............ . 

3 3 .6 3 .6 .9 

Again 

m ao m+3 ao m+6 (F ("» Y = aox - 2 X + 2 2 X - ..... ............ rom 11 

(m+3) (m+3) (m+6) 

or y=a.xm[l- (m:3)' + (m+3/;m+6)' - ................. ] 

Hence the complete solution is 

y=AYl +B( ay
) am m=O 

where c = Aao, C2 = B ao 
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BESSEL'S FUNCTIONS 

INTRODUCTION 

In many problems of mathematical physics and engineering we come across 
differential equation of order two, whose solution give rise to special functions. 
Bessel's equation has a number of applications in engineering are involve in (i) 
the oscillatory motion of a hanging chain (ii) Euler's theory of a circular 
membrane (iii) the studies of planetary motion (iv) The propagation of waves (v) 
The Elasticity (vi) The fluid motion (vii) The potential theory (viii) cylindrical and 
spherical waves (ix) Theory of plane waves. Bessel's function are also known as 
cylindrical and spherical function. 

BESSEL'S EQUATION 

The differential equation of the form 

x2 y" + xy' + (x2 - n2) y =0 

or Y"+(~)Y'+( 1- ::}y = 0 

is called Bessel's equation of order n, n being a non-negative constant. The point 
x =0 is a regular singular point of the equation and Frobenius series solution 
exists. Solution of equation (i) are called Bessel's function of order n, one of the 
solutions is denoted by In(x) and is called Bessel's function of the first kind. The 
another solution denoted by I-n(x) and is called Bessel's function of the second 
kind. We now solve (i) in series by using the method of Frobenius. 

SOLUTION OF BESSEL'S EQUATION 

x2 y" + xy' + (X2 - n2) y =0 (i) 

Let the series solution of (i) be 

(ii) 

-
so that y' = ~>r (m + r)Xm+r-l 

r=O 

-
and y" = :~>r (m + r)(m + r _1)xm+r-2 

r=O 

substituting for y, y', y" in (i) we have 

x2i:ar (m +r)(m +r _1)xm+r-2 + x~>r (m + r)Xm+r-l + (X2 - n2)}:arxm+r = 0 
r=O r=O r=O 
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00 00 _ 00 

=> Lar (m + r)(m + r _l~xm+r + Lar (m + r)xm+r + Larx
m+r+2 - n2Larx

l1lH = 0 
r~O r~O r~O r~O 

=> ~>r [(m + r)(m + r -l){m +r)- n2Jxm+r + ia,xm+r+2 = 0 
,~O r~O 

=> iar[(m+r/ -n2Jxm+, + ia,xm +r+2 =0 
r~O r~O 

(iii) 

Equating the coefficient of lowest degree term of xm in the identity (iii) to zero, by 
putting r =0 in the fi.rst summation we get the indicial equation 

ao[(m+O)2 -n2] =0 (r =0) 

~ m2 = n2 i.e. m = n, -n; ao "* 0 

Equating the coefficient of the next lowest degree term xm-l in the identity (iii), 
we put r =1 in the first summation 

al[(m+1)2 -n2] =0 i.e. al =0, since (m+1)2 - n2"* 0 

Equating the coefficient of xm+r+2 in (iii) to zero, to find relation in successive 
coefficients we get 

ar+2[(m+r+2)2 -n2] + ar =0 

1 
=> ar+2 = - 2 .ar 

(m+r+2) _n2 

Therefore, a3 = as = a7 = .............. =0, since al =0 

If r = 0, a2 = - ~ 2 ao 
(m+2) _n2 

1 1 
If r =2, a4 = - 2 2 a2 = [ 2 J[ 2 ] ao and so on. 

(m+4) -n (m+2) _n2 (m+4) _n2 

on substituting the values of the coefficients al, a2, a3, <14, •.•.•.•.••.•.•.• in (ii) we get 

Form=n 
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n[ 1 2 1 4 ] 
Y = aox 1- 4 (n + 1) x + 42 .l.f. (n + 1)( n + 2) x -., ............ .. 

where ao is an arbitrary constant. 

Form =-n 

-n [1 1 2 1 4 ] 
y=aox - 4(-n+1)x + 42l.f.(-n+1)(-n+2)x - .............. .. 

-n [1 1 1 4 ] or y=aox - 4(1-n) + 42.l.f.(1-n)(2-n( - .............. .. 

(iv) 

(v) 

The particular solution of (i), obtained from (iv) above by taking the arbitrary 

constant a, = { R is caUed the Bessel function of the first kind of order n 
2n(n+1) 

It will be denoted by In(X). 

Thus we have 

xn [ x2 1 X4 
In(x)= 2nl(n+1) 1- 4(n+1) + 4.S(n+1)(n+2) 

. or J (x)= L(-1)' ~ - 1 ()n+2r 
n r=O l!:1 (n + r + 1) 2 

. - (-1)' (x)2r 
ifn=O, Jo(x)= L-2 -

r=O {l!:} 2 

x2 X4 x6 

~Jo(X)=1--2+22- 222+ .............. .. 
2 2 .4 2 .4 .6 

X X3 X5 

ifn =1, J1 (X)=---2-+-2-2-- .............. .. 
2 2.4 2.4.6 

................ ] (vi) 

(vii) 

Draw the graph of these two functions. Both the functions are oscillatory with a 
varying period and a decreasing amplitude 
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y 

Graph of Jo(x) and J, (x) 

Replacing n by -n in (yii), we get 

- (-1)' (x)-n+2r 
Ln (x) = ~lIl(-n+r + 1) "2 
Case I. If n is not integer or zero, then the complete solution of (i) is 

Y = A In (x) + B J-n(X) 

Case II. if n =0, then Yl = Y2 and the complete solution of (i) is the Bessels function 
of order zero. 

Case III. If n is positive integer, then Y2 is not the solution of (i). And Yl fails to, 
give a solution for negative value of n. Let us find out the general solution when 
n is an integer. 

Recurrence formulae for In(x) 

(i) XJ'n = nJn - XJn+l 

- (1)' ()n+2r 
Proof. We have In (x) = L I - ~ where n is a positive integer. 

r=olI(n+r+l) 2 

Differentiating w.r.t. x, we get 

]' (x)=f(-I)'(n+2r)(~)n+2r-l 1 

n r=O lIl(n+r+l) 2 2 

:.x]' (x)= f (-1)' (n+2r)(~)n+2r 
n r=O III (n + r + 1) 2 

, - (-1)' n (x)n+2r - (-1)' 2r X (x)n+2r-l 
or xJ (x) = L - + L .- -

n r=O III ( n + r + 1) 2 r=O III (n + r + 1) 2 2 
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=nJ (x)+xL(-I)' ~ 
- 1 ( )n+2r-1 

n r=1 I(r-l)i(n+r+l) 2 

- (1 t1 ()n+25-1 
=nJn(x)+xL i - ~ {byputtingr-l=s} 

5=0 ~ (n + s + 2) 2 

- (-1)" (x)(n+1)+25 
= nJ (x)-xL -

n 5=0 ~i ( n + 1 + s + 1) 2 

or XJ'n(X) = nJn(X) - x In+1(X) 

=> xJ'n = nJn - x In+1 

(ii) X1'n = -n In + X In-I 
Proof. we have 

- (-1)' (x)n+2r 
In=~l!:I(n+r+l) 2" 

:. f = i (-1)' (n + 2r)}.(~)n+2r-1 
n r=O l!:i(n+r+l) 2 2 

Therefore, 

xI' = i (-1/ (n+2r)(~)n+2r 
n r=O l!:i ( n + r + 1) 2 

= i (-1/ (2n + 2r - n) .(~)n+2r 
r=O l!:i(n+r+l) 2 

_ i (-1/ 2(n+r) x(~)n+2r-1 -ni (-l)' (~)n+2r 
- r=O l!:i(n+r+l) 2 2 r=ol!:i(n+r+l) 2 

- (-1)' (n+r) (x)n+2r-1 
=xL - -nJ 

r=O l!:(n + r)l(n + r) 2 n 

- (-1)' (x)<n-1)+2r 
=xL - -nJ 

r=ol!:l{(n-l)+r+l} 2 n 

= XJn-1 -nJn 

or x I'n = -nJn + x In-1 

. (iii) 21'n = In-1 - In+1 

Proof. By Recurrence formula (i), we have 
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x I'n = nJn - x In+l 

and by Recurrence formula (ii), we have 

x I'n = - nJn + x In-l 

Adding (1) and (2), we get 

. 2x J~ = XGn-l - In+l) 

or 2 J~ = In-l - In+l 

(iv) 2nJn = x Gn-l + In+l) 

Proof By formula (i) we have x J~ = nJn - XJn+l 

and by formula (ii) we have x J~ = - nJn + XJn-l 

subtracting (2) from (1), we get 

o = 2nJn -x Gn-l + In+l) 

or 2nJn = x Gn-l + In+l) 

(v) !(x-nJn)=-x-nJn+l 

Proof. By formula (i) we have 

x J~ = nJn -x In+l 

Multiplying both sides of above by x-n-l, we get 

x-n J~ = nx-n-1Jn -x-n In+l 

or x-n J~ - nx-n-1Jn = -x-n In+l 

d ( -nJ ) -nJ or - X n = -x n+1 
dx 

(vi) ! (xnJn) = xDJn_l 

Proof. By formula (ii) we have 

x J~ = -nJn + x In-l 

Multiplying both sides by xn-l, we get 

xn J~ = -nxn-1Jn + xn In-l 

or xn J~ + nxn-l In = xn In-l 
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EXAMPLE 1 Prove that 

(i) 1-1/2 (x) = J( ~x) cosx 

(ii) J1/2 (x) = J[f)SinX (V.P.T.V.2009) 

(iii) [L/2 (x)J +[1-1/2 (x)J =~ 
1tX 

(M.P.S.L.E.T 2000) 

Solution (i) By definition of In(X), we have 

Xo [X2 X4 ] 
Jo (x)= 20 M 1- 2(2n+2) + 2.4(2n +2)(2n+ 4) - ............ . 

. Xo [X2 x
2 

] 
or Jo(x)= I - 1- ( )+ 2( )( )- ............ . 2° (n+1) 2.2 n+1 2.4.2 n+1 n+2 

. 1 
putting n = -2' ' we get 

x-
1/2 

[ x
2 

X4 ] 
Lv, (x) = 2"V'!G) 1- 1.2 + 1.2.3.4 - .................. . 

or L1/2(X)=~(:,J[1- ~ + ~ - ................... ] 

L1/2(X)=J(:x)cosx . (A) 

(u") . 1 h putting n = 2' ,we ave 

x
1/2 

[ x
2 

X4 ] 
J 'I' (x) = 2"'1(%) 1- 23 + 23.4.5 - .................. . 

X1/2 
1 [ x

3 
X

S 
] = 2"'~m.;; x- ~ + ~ - .................... . 
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or J1/2 (x) = ~(!)sinX 
(iii) squaring and adding the results (A) and (B), we have 

{L1/2 (x)r + {J1/2 (x)r = ~(sin2 x + cos2 x) 
1tx 

EXAMPLE 2. Prove that 

(i) L3/2 (x) = If).( -co; x - sin x ) 

(ii) J3/2(X)=~(:x}(s~x-cosx) 
Solution (i) we know that 

L1/2 (x) = ~(:x}cosx 

and J1/2 (x) = ~(:x}SinX 
. By recurrence formula 

2n In(X) = X(Jn-l + In+l) 

or In - 1 + In+1 = 2n In (x) 
x 

putting n = -.!. in (3), we get 
2 

L3/2 (x)+ !t/2 (x) = -(22x)L1/2 (x) 

(3) 

or L3/2 (x)= -~(:x)sinX-~~(:x)cosx by (1) and (2) 

~2)( cosx . ) or L3/2(X)=-Vl~) --x-- smx 

(ii) putting n =.!. in (3), we have 
2 
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Ll/2(X)+J3/2 =(:X)Jl/2(X) 

1 
or J3/2 (X)=-Ll/2 (X)+-Jl/2 (x) 

x 

= -~(:Jcosx+~~(:J sin x by (1) and (2) 

or J 3/2 (x) = ~( :x)( Si: x - cos x} 

EXAMPLE 3. Prove that 

(i) 
2 

In+3 + In+s =-(n+4)Jn+4 
x 

(ii) 4 J~ = In-2 - 2 In + In+2 

Solution (i) By recurrence formula (iv), we have 

2n In = x Gn-l + In+l) 

Now putting (n+4) for n in the above formula, we get 

2(n+4) In+4 = x Gn+3 + In+S) 

2 
or -(n + 4)Jn+4 = In+3 + In+S x 

2 
or In+3 + In+S =-(n+4)Jn+4 

x 

(ii) By recurrence formula (iii), we have 

2J~ = I n- 1 - I n+1 

Differentiating it, we get 

2"-J' ' In - n-l - In+1 

. or 4J~ = 2J' - 2J' 
0-1 n+1 

(1) 

Applying (1) for 2J'n_l and 2J'n+l ' we have 

~ 4J: = In-2 -2Jn + In+2 

EXAMPLE 4 Prove that 
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(i) ~(J2 J2 )=2(n J2 _ n+1 J2 ) dx n + n+l X n X n+l 

(ii) J~ +2(Ji + J; + J~ + ................ )=1 

Solution (i) By recurrence formula (i), we have 

and by recurrence formula (ii) we have 

xJ~ =-nJ n +xJn _1 

Replacing n by (n +1) in (2) we get 

XJ~+1 =-(n+1)Jn+1 +xJ n 

, (n + 1) 
or In +1 = ---In+1 + In x 

(1) 

(
n ) ( n+1 ). = 2Jn -; In - In+1 + 2Jn+1 --x-Jn+1 + In usmg (1) and (3) 

= 2 (n J2 _ n + 1 f ), on simplification 
x n X n+l 

(ii) since we have 

~=(J2 J2 )=2(n J2 _n+1 J2 ) dx n + n+1 X n X n+1 

Replacing n by 0,1,2,3, ............ successively in (1) we get 

:)J~ + In=2(0-~Ji) 

:)Ji + In = 2(~ Ji -; J;) 

:x (1; + J;) = 2 (; J; - ~ J~ ) 
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Adding these column wise and noting that In ---t 0 as n ---t 00 we get 

:x [J~ + +2(Ji + J~ + ................ )] = 0 

Integrating, above we have 

J~(x)+2[Ji(x)+ J;(x)+ ................ J=c 

Replacing x by 0 in (2) and noting that 

Jo(x) =1 & In(O) = 0 for n ?: I, we get 

1 + 2 (0 + 0 + 0 + ........... ) = c 

:. c =1 

Hence (2) becomes 

J~ +2(Ji + J; + .................. )=1 

EXAMPLE 5: Prove that following relations 

x2 J~ (x) = (n2 - n - X2)Jn(X) + XJn+l(X) 

is In(X) 

~ X2J~ + xJ~ + (X2 - n2 )In = 0 

By recurrence relation (i) we have 

xJ~ =nJn -xJn+1 

putting the value of xfn from (3) in (2), we have 

2 " ( ) (2 2) xJn x =-nJn+XJn+l+ n -x In 

or x2 J~ (x) = (n2 - n - X2)Jn + XJn+l 

EXAMPLE 6 Prove that 

J xJ~dx = %x[J~ (x) + Ji (x)] + c 

Solution 

L.H.S = J xJ~ {x)dx 

179 

(2) 

(U.P.T.V. 2006,07) 

(1) 

(2) 

(3) 

(U.P.T. U. 2003, 2004) 



A Textbook ofEn~neerin~ Mathematics Volume - II 

2 x2 , x2 
= Jo.--J2JoJo.-dx + c 

2 2 

Integrating by parts, taking x as lInd functions 

x2 

=2J~-JX2JO(-JI)dx+c As J~=-Jl 

x2 

= 2 J~ + J xJ1 ·xJodx + c from (vi) th recurrence formula 

d 
d)xnJn) = xnJn_1 for n =1 

x2 d 
= -J~ + JxJ1 -(XJI )dx + c 

2 dx 

= x
2 

J2 + (xJS + c 
2 0 2 

x2 

=> J xJ~dx =2[J~ + JiJ+c 

EXAMPLE 7 prove that 

I ( 4) 2 J 2 = 1 - x2 L + ~ J 0 

Solution From recurrence formula (ii), we have 

xJ~ = -nJn + xJn_1 

putting n =2 in (i) we get 

xJ~ =-2J2 +xL 

, 2 
=>J2 =--J2+JI 

x 

From recurrence formula (i), we have 

xJ~ =nJn -xJn+1 

From (i) and (iii), we have 

-nJn +xJn_1 =nJI -xJn+1 

putting n = 1, we have 

-JI +xJo =Jl -xJ2 
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2 
=> J2 = - J 1 - Jo 

x 

Series Solutions and Special Functions 

Putting 12 from (iv) in (ii), we get 

1 2(2 ) 4 2 J2 = -- - L - Jo + J1 = --2 J1 + - Jo + L 
x x x x 

1 ( 4) 2 or J2 = 1- x2 J1 +-;Jo 

EXAMPLE 8 Prove that 

J3 (x) + 3J~ (x) + 4J~ (x) = 0 

(iv) 

(U,P,T,U, 2001) 

Solution we know that J~ = -J1 by 1st recurrence formula x t = nJn - XJn+l putting 

n =0 we have J~ = -JI 

=> J~ = -J~ (1) 

By (iii) rd recurrence relation 

2]'" = I n - 1 - I n+1 

Putting n =1, we have 

2J~ = Jo - J2 (2) 

Using (2) in (1), we get 

J~ = - ~ (J 0 - J 2 ) 

'" 1 ( , , ) 
=> Jo = -2 Jo - J2 

1, 1 1( ) 1 1( ) thi d = -2 Jo + 2'2 J1 - J3 ',' J2 = 2 J1 - J3 by putting n =1 in 'r recurrence 

formula 
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,,' 3, 1 
=> JO=-"4 JO -"4 J3 

=> 4 J~ + 3 J~ + J 3 = 0 

Generating Function for In(X) 

To show that when n is a positive integer, In(X) is the coefficient of zn in the 
expansion of ex(z-1/z)/2 in ascending and descending power of z. 

Proof. We know that 

e e t n 

el=l+t+~+ill+"""""""""'+l!! + .............. . 

e e to 
and e -I = 1 - t + ~ - ill + ................... + (-1 r l!! + .............. . 

Now ex(z-1/z)/2 = exz/2. e~x/2z 

[
X (X)2 Z2 (x)n zn (x)n+l zO+l ] 

= 1+"2 z +"2 ~ + ................ +"2 l!! +"2 I(n+l) + ........... . 

+- ;z +(;J ~ -.............. ] 
Coefficient of zn in the product is 

[(x)n 1 (x)n+2 1 (x)n+4 1 ] 
= "2 l!! -"2 I(n+l) +"2 l(n+2)~ + ................ . 

- (-1)' (x)n+2r 
=~&l~"2 . 

- (-1)' (x)n+2r =L -
r=O &ll(n +r + 1) 2 

= In(X) 

EXAMPLE 9 

Prove that 

:x [Io (x)] = - J1 (x) 
Solution we know that 

':I(n+r)=I(n+r+l) 
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- (-1)' (X)n+2r 
In(x)=L -

r=ol!l(n+r+l) 2 

~ Jo(x)= L(-1)'-2 ~ - 1 ( )2r 
r=O (l!) 2 

( )
2 1 ()4 1 ( )6 1 ()2n+2 =1- ~ + (~)' ~ - ~)' ~ + ........... +(-1)"., {~r ~ + ........ . 

Differentiating it w.r.t. x, we get 

~{JO(X)}=-~+11~')(~)3 -I,)~':l(~)' + ............ (-1)"" l!!~(~)2n+l + .......... . 
dx 2 Jt.f 2 ~ 2 n n+l 2 

=-[m-l!~(~)' + ................ +(-1)" ~(~r., + .......... ] 

- 1 ()2r+l 
=-~(-1)' l!~ ~ 

=-]1(x) 

d 
:·-[10 (x)] = -J1 (x) 

. dx 

EXAMPLE 10: Express Js(x) in terms of Jo(x) and Jl(X) 

Solution we know that 

I n (x) = 2: [1n-l (x)+ In+l (x)] 

i.e. In+t (x) = 2n In (x)- In-t (x) 
x 

putting n =1,2,3,4 successively, we have 

J2 (x) = 3. J1 (x) - Jo (x) 
x 

6 
J4 (x) = - J3 (x) - J2 (x) 

X 
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8 
Js (X)=-J4(X)- J3(x) 

X 

Substituting the value of hex) in (ii), we have 

J3(X)=~{~J1 (x)- Jo(x)}- J1 (x) 

=(:2 -1)J1(X)-~Jo(x) 
Now substituting the values of h(x) from (v) and hex) from (i) in (iii) we get 

(48 8) (24) J4 (x)= 7--; J1(x)+ 1-7 Jo(x) 

Finally putting the values of l4(x) from (vi) and J3(X) from (v) in (iv) we obtain. 

Js(x)= ----1 J1(X)+ --- Jo(x) (
384 72) (12 192) 
X4 x2 X x3 

(iv) 

(v) 

(vi) 

EXAMPLE 11 Show that Bessel's function In(X) is an even function when n is even 
and is odd function when n is odd. Express Mx) in terms of Io(x) and 1t(x) 

Solution: 

Hint 

when n is even In(-x) = In(x) since (-1)n =1 

when n is odd In(-X) = - In(X) 

since (-1)n =-1 

Since we know that In+1 (x) = 2n In (x)- In-1 (x) 
x 

Putting n=1, 2, 3, 4, 5, 6 successively, we have 

2 4 
J2 (x) = - 11 (x) - Jo (x),J3 (x) = - J2 - 11 

X x 
6 8 

L(X)=-J3 - I2,Js (x)=-J4 - J3 
X x 
10 

J6 (x) = -Js - J4 x 

=[3840 _768 -~JJ1 +[144 _1920 -1]1
0 

X
S x3 x x2 

X4 
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Legendre Functions 

Introduction 

Series Solutions and Special Functions 

In series solutions of differential equations, we applied the power series method 
for solving second order differential equations. In this title we will discuss an 
important problem of mathematical physics known as Legendre polynomials. 

LEGENDRE'S EQUATION 

The differential equation 

d 2 d 
(1- X2)--..I - 2x---.r + n(n + l)y = 0 (i) 

dx2 dx 

is called Legendre's differential equation, where n is a real constant. In most 
applications n takes positive integral values. This equation is important in 
applied mathematics, particularly in boundary value problem involving spherical 
configurations. 

The equation (i) can also be written as 

:x {(I - x2 
) :~ } + n (n + 1) Y = 0 

Solution of Legendre's Equation in series 

The Legendre's equation is 

d 2 d 
(1- X2)--..I - 2x---.r + n(n + l)y = 0 (i) 

dx2 dx 

L~t us consider the solution of Legendre's equation in a series of descending 
powers of x as 

-k ( -1 -2 ) ~ k-r y = x ao + a1 x + a2x + ...... ........... = .LJ arx (ii) 
r=O 

d - d2 
-:.---.r= Lar (k-r)xk

-
r-1 and -{= Lar(k-r)(k-r-l)xk

-
r-2 

dx r=O dx r=O 

Now putting the values of dy and d2~ in Legendre's equation i.e. in (i), we get 
dx dx 

(1- x2)[~ar (k - r)(k - r _1)xk
-
r-2 

]- 2x[~ar (k - r)xk-r-1 ]+ n(n + 1) ~arxk-r = 0 

on simplifying, we get 

i[(k -r)(k - r _1)xk
-
r-2 -{(k -r)(k - r -1) + 2(k - r)- n(n + l)}xk-r Jar = 0 

r=O 
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or I[(k -r)(k -r _1)xk
-

r
-

2 +{n(n + l)-(k -r)(k -r + l)}xk
-

r Ja r = 0 (iii) 
r=O 

Equation (iii) is an identity and therefore, coefficient of various powers of x 
should vanish. First we equate to zero the coefficients of xk (the highest power of 
x) by putting r =0 in (iii) i.e. 

[n (n+1) - k (k+1)] ao =0 

where ao being the coefficient of the first term of the series, cannot be zero, hence 

n(n +1) -k (k+1) =0 or n2 + n -k2 - k =0 

or (n2 - k2) + (n - k) =0 

i.e. k = n or k = -(n +1) (iv) 

Now equating to zero the coefficient of Xk-l by putting r =1 in (iii), we get 

[n(n + 1) - (k -l)k]al =0 

or [(k + n) (k-n-1)]al =0 (v) 

From (v), al =0, since form (iv) (k + n) (k - n-1) "* 0 

To find a relation between successive coefficients, we equate to zero the 
coefficient of Xk-r-2 

(k -r) (k-r-1)ar + {n(n+1) - (k-r-2)(k-r-1)) ar+2 =0 

(As lInd terms of above relation is obtained by putting (r+2) for r in lInd terms of 
(iii» 

:. ar +2 = 
(k - r)(k - r -1) 

n(n + 1)- (k -r -2)(k -r-1) a r 

Again [n(n+1) - {(k-r)-2}{(k-r)-1} = n2+ n-(k-r)2+ 3(k-r)-2 

= (n2 +n -2)+ 3 (k-r) - (k-r)2 

= (n +2) (n-1) +3(k-r)-(k-r)2 

= -{(k-r)2-3(k-r)- (n +2) (n-1)} 

= - [{k-r + (n -l)}{k-r - (n +1)}] 

Thus, from (vi) and (vii), we get 

(k-r)(k-r-1) 

ar
+

2 = {k-r+(n-1)}{k-r-(n+2)} a r 

we know that al =0, hence from (viii) we get 

. a3 = as = a7 .................... =0 
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Now for k =n or -(n +1), the two values of k given by (iv), we have the following 
two cases: 

Case 1: when k = n 

From (viii), we get 

(n-r)(n-r-1) 
a r

+2 = (2n-r-1)(-r-2)ar 

n(n-1) 
putting r = 0, 2, 4, ................. we get a2 = ( ) ao 2n-1.2 

(n - 2)(n - 3) n(n -l)(n - 2)(n - 3) 
a = a = a 

4 (2n-3).4 2 (2n-1)(2n-3).2.4 0 

n(n -l)(n - 2)(n - 3)(n - 4)(n - 5) 
Similarly, we get a6 = ao and so on. 

. (2n -1)(2n - 3)(2n - 5).2.4.6 

Also, we have a} = Ci3 = as = ................... =0 by (ix) 

putting the values of ao, aI, a2, a3 etc, and k =n, the series (ii) reduces to 

[ 

n n(n -1) n-2 n(n -l)(n - 2)(n - 3) n-4 ] 

y=ao x - (2n-1).2 x + (2n-1)(2n-3)2.4 x - .......... .. (x) 

Which is a solution of Legendre's equation (i) in series of descending powers of x. 

Case II. when k = -(n +1) 

From (viii), we get 

(n+r+1)(n+r+2) 
a = a 

r+2 (r + 2)( 2n + r + 3) r 

putting r =0, 2, 4, ................. , we get 

(n + l)(n + 2) 
a = a 

2 2.4(2n + 3) 0 

(n+3)(n+4) 
a = a 

4 4(2n+5) 2 

(n + l)(n + 2)(n + 3)(n + 4) 
= a 

2.4(2n+3)(2n+5) 0 

and so on by putting the values of a2 

Also from (ix), we have a} = a3 = as = .................. = 0 

putting the values of ao, a2, a4, ............. etc, and k= -(n+1), the series (ii) reduce to 
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_ [-n-1 (n + 1)(n + 2) -n-3 (n + l){n + 2){n + 3)(n + 4) -n-5 ] 
y-- ao x + 2(2n + 3)'x + 2.4(2n + 3)(2n + 5) x + ............ (xi) 

. which is another solution of Legendre's equation (i) in a series of descending 
powers ofx. 

Legendre's Functions 

The two independent solution found in Legendre's equation are called 
Legendre's function. The solution of the Legendre's equation in series of 
descending powers of x (for first case) is 

[ 
n n(n -1) n-2 n(n -1)(n - 2){n - 3) n-4 ] 

y = ao x - 2 (2n _ l)'x + 2.4 (2n _ 1) (2n _ 3) x + .......... .. 

1.3.5 ............ (2n -1) 
If n is a positive integer and ao = ill then above solution is 

denoted by Pn(x) and is called Legendre's function of the first kind. 

. ()_1.3.5 ............ (2n-l)[ n n(n-l) n-2 n(n-l){n-2)(n-3) n-4 
"Pn X - ill x - 2(2n-l)x + 2.4(2n-l)(2n-3) x + .......... . 

Pn(x) is a terminating series which gives Legendre's polynomials for different 
values ofn. 

we can write 

[%] 1(2n - 2r) 
P () ~ ( 1)' n-2r 

n X = ~ - 2nlrl(n-r)l(n-2r( 

[
n] {~ ,ifnis even 

where - = 
2 (n -1) 

--,ifnisodd 
2 

Again when n is positive integer and 

ao = ill then the second solution 
1.3.5 ............. (2n + 1) 

[ 
-n-1 (n+l)(n+2) -n-3 ] d db) d 11 d tl y=ao x + 2(2n+3) x + ............ is enote y Qn(x an is ca e le 

Legendre's function of the second kind. 
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. Q ( )_ In [-n-1 (n+l)(n+2) -n-3 (n+l)(n+2)(n+3)(n+4) -n-5 ] 
.. n X -1.3.5 ............. (2n+l) x + 2(2n+3) x + 2.4.(2n + 3)(2n+5) x + .................. . 

Qn(X) is an infinite or non terminating series as n is positive. 

General solution of Legendre's equation 

The most general solution of Legendre's equation is 

y = APn(x) + BQn(x) 

where A and B are arbitrary constants. 

Generating function for Legendre Polynomials 

To show that Pn(x) is the coefficient of zn in the expansion of (1-2xz+z2)-1/2 in 
ascending powers of z. where I z I <1, I x I ~ 1 (U.P.T.U.2005) 

Proof. Since I z I <1 and I x I ~ 1, we have 

[1- 2xz + Z2]ol/2 = [1-z(2x-z)]-1/2 

-1 1 (2 ) 1.3 2 (2)2 1.3 .............. (2n - 3) n-l (2 )n-I - +-z x-z +-z z-z + ............... + ()z x-z 
2 2.4 2.4............... 2n - 2 

1.3 .............. (2n -1) n (2 )n 
+ ( ) Z x-z + ................ . 

2.4 ............... 2n 

1.3.5 ............. (2n-1) ( )n 
Now coefficient of zn in 2.4.6 .............. (2n) zn 2x - z is obviously 

= 1.3.5 .............. (2n -1) (2xt = 1.3.5 .............. (2n -1) (2xt 
2.4.6 ............... (2n) (2.1}(2.2}(2.3) ............... (2n) 

1.3.5 .............. (2n-1) n n 1.3.5 .............. (2n-1) n 
= 2 x = x 

2n (1.2.3 .......... n) In 

C ffi · f' 1.3.5 ................ (2n - 3) n-l (2 )n-l . oe clent 0 zn m z x - Z IS 
2.4.6 ........... (2n - 2) . 

= 1.3.5 ................ (2n-3) {-{n-1)(2xt-2} 
(2.1}(2.2) ........... 2{n -1) 

1.3.5 ................ (2n - 3) 2n -1 n {( ) n-2 n-2} = 1 .--.-- n-12 x 
2n

- {1.2.3 ........... (n-1)} n 2n-1 

A I · I . d d' 'd' b 2n -1 son mu tip ymg an IVI mg y--
n 
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1.3.5 ........... (2n-1) n(n-1) n-2 =- X l!! 2(2n -1) 

, 
(iii) 

coefficient of zn in 

1.3.5 .............. (2n - 5) n-2(2 )n-2 = z x-z 
2.4.6 ................. (2n - 4) 

1.3.5 ........... (2n-5) (n-2)(n-3)( r-2 
=2n-2{1.2.3 ........... (n-2)} l.f 2x 

1.3.5 ........... (2n - 3)(2n -1) n(n -l)(n - 2)(n - 3) n-4 
= x 

1.2.3 ........... (n -l)n 1.2.22 (2n - 3)(2n -1) 

(2n - 3)(2n -1) 
As multiplying and dividing by ( ) 

n-1 n 

1.3.5 ........... (2n-1) n(n-1)(n-2)(n-3) n-4 
= X X l!! 2.4(2n -1)(2n - 3) 

(iv) 

Proceeding further as above, we conclude form (ii) (iii), (iv) .................... that the 
coefficient of zn in the expansion of (i) is 

. 1.3.5 ........... (2n-1)[ n n(n-1) n-2 n(n-1)(n-2)(n-3) n-4 ] 
l!! x - 2 (2n - 1) x + 2.4 (2n _ 1) (2n _ 3) x - ................ .. 

which is clearly equal to Pn(x) 

Thus, we can say that in the expansion of (1-2xz+Z2)-1/2, Pl(X), P2(X), P3(X), 
................. etc. will be the coefficients of z, Z2, Z3, ............ respectively or Pn(X) is 
the coefficient of zn. That is why it is known as generating function of Legendre 
polynomials. 

Hence (1 - 2xz + Z2)-1/2 = 1 +z Pl(X) + Z2 P2(X) + Z3 P3(X) + ..................... + zn Pn(x) 
+ ............ . 

Corollary 1. To show that Pn(l) =1 

Proof. Since we know 

(1 - 2xz + Z2)-1/2 = 1 +z Pl(X) + z2 P2(X) + z3 P3(X) + ............... + zn Pn(X) + ............ . 

putting x =1 on both sides of above, we have 

(1 - 2z + Z2)-1/2 = 1 +z Pl(l) + Z2 P2(1) + Z3 P3(1) + ............ + zn Pn(x) + ............ . 

(l-Z)-l = l+z Pl(X) + Z2 P2(1) + Z3 P3(1) + ..................... + zn Pn(l) + ............ . 
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or 1 +z + Z2 + Z3 + ...... + zn+ ....... =1 +zPl(1) + Z2 P2(1) + Z3 P3(1) + ...... +znPn(1)+ ..... . 

Equating the coefficient of zn on both sides, we get 

Pn(1) = 1 

.. 1 
Corollary 2. Show that ~,Pn(x)= ~ 

n=O 2-2x 

n=O 
1 .. 

~ ~=LPn(X) 
2-2x n=O 

EXAMPLE 2. To show that Pn(-x) = (-1)n Pn(X) and Pn(-1) = (-1)n 

Solution. we know that by generating function formula 

putting -x for x in both sides of (i), we get 

Again putting -z for z in (i), we get 

(1+2xz+z2(/2 = f,(-1f znPn (x) 
n=O 

From (ii) and (iii) we get 
.. .. 
LznPn (-x) = L(-1f znPn (x) 
n=O n=O 

.-Comparing the coefficients of zn from both sides of (iv), we get 

Pn(-x) = (-1)n Pn(x) 

Putting x =1 in the above result, we have 

Pn(-1) = (-1)n Pn(1) 

or Pn(-1) = (-1)n .: Pn(1) = 1 

Theorem. 

Rodrigue's Formula To show that 
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() 1 d
n (2 )n P X =---- x -1 

n 2n.l!! dxn 
(LA.S. 1979, V.P.T.V. 20042007) 

Proof. By the definition of Legendre polynomial, 

[i] I (2n - 2r) 
P () ~(I)r. n-2r 

n X = ~ - 2nlIl(n-r)I(n-2r( 

[
n] {~'ifniseven 

where - = 
2 (n -1) 

--,ifnis odd 
2 

n n-r 

(ii) 

:.(x2 -1)" = L ncr (x2) (-1)' , (by Binomial theorem) 
r=O 
n 

= L nCr (-1)' x2n-2r 
r=O 

. _1_~(x2 _1)n __ 1_~ nc (_I)r ~x2n-2r 
.. 2n l!! dxn - 2n.l!! ~ r dxn 

:.~X2n-2r = 0, if 2n - 2r < n i.e. r> n 
dxn 2 

(i) 

(iii) 

(iv) 

(v) 

n 
n 2 

Making use of (v) in (iii), we see that we must replace L by Lif n is even and by 
r=O r=O 

(n-1) [~] 
2 n 2 

L if n is odd, i.e. we must replace L by L' Hence (iii) reduces to 
r=O r=O r=O 

1 dn 1 [~] dn 

--(x2-1)" =-Lnc (_I)'_x2n-2r 
2n.l!!dxn 2n.l!!r=0 r dxn 

1 [~] 1(2n - 2r) =-L nc (-1)' x2n-2r-n [using (iv)] 
2n.l!! r=O r 1(2n-2r-n) 
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[%] 1 l!!(-1Y 1(2n-2r) n-2r 

= ~2n.l!!l!:~ l(n-2r) x 

= Pn(x) using (i) 

Thus we have 

() 1 d
n (2 )n P X =---- x -1 

n 2n.l!! dxn 

Orthogonal properties of the Legendre polynomials. 

Theorem Prove that 

(a) flm {x)Pn (x)dx = 0 if m;i: n (I.A.S. 1969, 1981) 

(b) f1 [Pn (x)J dx = _2_ if m = n 
-1 2n+ 1 

(I.A.S. 1969, 1981, V.P.T.V. 2001,2002,2004,2008) 

OR 

f
1 2 

Pm (x)Pn (x)dx = ---=---Omn 
-1 2n + 1 

where Omn is the kronecker delta defined by 

{
o ifm;i:n 

o = mn 1 if m= n 

Proof (a) since we know that Legendre's equation is 

d2 d 
(1-X2)~ - 2x.1 + n(n + 1)y = 0 

dx2 dx 

~ :x {( 1 - x2 
) :~ } + n (n + 1) Y = 0 

Now since Pn(X) and Pm(x) are solution are solution of (i), therefore, we have 

:x {(1-X2)~ }+n(n+1)Pn =0 

and ~{(1- x2)dPm }+m{m+1)Pm = 0 
dx dx 

Multiplying (ii) by Pm and (iii) by Pn and then subtracting we get 
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Integrating above within given limits, we get 

fl d { dP } fl d {( dP } fl Pm- (1_x2)_n dx- Pn- 1-x2)--..!!!. dx+(n-m)(n+m+1) PnPmdx=O 
-1 dx dx -1 dx dx -1 

on integrating by parts, we get 

[ Pm (1- X2) dPn]1 _ r [dPm {(1- X2) dPn }]dX _ [Pn (1- X2) dPm]I 
dx -1 -1 dx dx dx -1 

+fI[ ~ {(1-x2)~; }]dx+(n-m)(n+m+1)flnPmdX=O 

or 0- fl {dPm (1- x2)dPn }dX -0 +fl {dPn (1- x2)dPm }dX + (n - m)(n + m + 1)f1 PnPmdx = 0 
-1 dx dx -1 dx dx -1 

or (n-m)(n+m+1)tPnPmdx=O 

fI PnPmdx=O ifm-:t=n 
-1 

-
(b) we know that (1- 2xz + Z2)-1/2= LznPn (x) 

n=O 

squaring both sides, we get 
1 - 2-

(1-2xz+z2f = Lz2n [Pn (x)J +2Lzm+npm (x)Pn(x) 
o 0 

Integrating both side w.r.t. "X" between the limits -1 to +1, we have 

Jl dx - Jl 2 -Jl ( 2) = L Z2n [Pn (X)J dx +2 L zm+nPm (x)Pn (x)dx 
-1 1 - 2xz + z 0 -1 0 -1 

Jl dx - Jl 2 
or ( 2)=L Z2n[Pn(x)Jdx+Obypart(a) 

-1 1 - 2xz + z 0-1 

1 1 - 1 
or --[log(1-2xz+z2)] = Lf z2n[Pn(x)Jdx 

2z -1 0-1 

1 ] - Jl 2 or - 2z [log(l- Z2) -log(l + Z)2 = ~ -1 Z2n [Pn (X)J dx 

1 - Jl [ J2 or ~[log(l+z)-log(l-z)J= ~ _Iz2n Pn (x) dx 
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or - Z+-+~+ ................. +--+ ............... = LJ Z2n[Pn{x)Jdx 
2 [ Z3 5 Z2n+1 ] - 1 

Z 3 5 2n+ 1 0 -1 

or 2 [1 + Z2 + Z4 + ................. + ~ + ............... J = f, r z2n [Pn (x) J dx 
3 5 2n + 1 0 -1 

Equating the coefficient of z2n from both sides, we get 

_2_ = J1 [Pn (x)J dx 
2n+1 -1 

or J1 [Pn {x)J dx = _2_ 
-1 2n + 1 

Combining (a) and (b) we have J1 Pn {x)Pm {x)dx = -2-0mn 
-1 2n + 1 

(Raj S.L.E.T 2001; M.P.s.L.E.T 2000) 

RECURRENCE FORMULAE FOR Pn(X) 

(i) nPn = (2n -l)x Pn-l - (n -1) Pn-2 (LA.S. 1973,79, U.P.T.U. 2007) 

Proof. we know that 

Differentiating both sides of (1) w.r.t. IIZIl, we get 

1 ( )-3/2 ~ -- 1-2xz+z2 (-2x+2z)= Llnzn-1Pn(x) 
2 n=O 

Multiplying both sides of (2) by (1-2xz + Z2), we have 

~~ -
(x - z)(l- 2xz + Z2) (1- 2xz + 2Z2) = (1- 2xz + z2)Lnzn

-
1Pn (x) 

n=O 

- -
or (x - z) LznPn (x) = (1- 2xz + Z2) Inzn-1Pn (x) by (1) 

n=O n=O 
00 _ _ _ -

or xLznPn - Lzn+1Pn (x)= Lnzn-1Pn -2xLnznpn + Lnzn-1pn 
n=O n=O n=O n=O n=O 

Equating coefficients-of zn from both sides, we get 

x Pn - Pn-l = (n+1) Pn+l - 2xn Pn + (n-1) Pn-l 

or (n+1) Pn+l = (2n + 1) x Pn - nPn-l (U.P.T.U.2007) 

Replacing n by (n -1) in (3), we get 
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nPn = (2n -1) x Pn-l - (n-1)Pn-2 

Again (3) can be rearrange to give another form 

n+1 n 
xP =--P +--P n 2n+1 n+1 2n+1 n-1 

(ii) nPn = xP~ - P~-l 

Proof. we know that 

Differentiating (1) w.r.t. z, we get 

-.!.(1- 2xz + Z2 r/2 
(-2x + 2z) = inzn-1Pn (x) 

2 n=O 

-3/2 -
or (x-z)(1-2xz+z2) = Lnzn-1Pn(x) 

n=O 

Now differentiating (1) w.r.t. x we get 

z(1-2xz+z2f3/2 = iznp~ (x) 
n=O 

Now on dividing (2) by (3) we get 

x-z Lnzn-1Pn (x) 
-z- = Lznp~ (x) 

or (x - z) Lznp'n (x) = z Lnzn-1Pn (x) 

on equating the coefficients of zn from both sides, we have 

xP~ (x) - P~-l (x) = nPn (x) 

(iii) (2n + l)Pn = P~+l - P~-l 

Proof. From 1st recurrence formula we have 

(n+1)Pn+l = (2n + l)x Pn - n Pn-l 

on differentiating above w.r.t. "X" we have 

(n+1)P~+1 = (2n + l)Pn +(2n+1)xP~ -nP~_l 

Again from 2nd recurrence formula we have 

nPn = xP~ - P~-l 
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or xP~ = nPn + P~-t 

Now on putting the value of xP~ from (2) in (1) we get 

(n + l)P:., = (2n + l)Pn + (2n + l)(nPn + P~-t) - nP~_t 

or (n + l)P~+t - {n + l)P~_t = (2n + l)(n + l)Pn 

or P~+t - P~-t = {2n + l)Pn 

Replacing (n-1) for n in the above relation, we have 

P~ - P~-2 = (2n -l)Pn-t 

(iv) P~+t - xP~ = (n + 1 )Pn 

Proof. From 1st recurrene formula, we have 

(n+1)Pn+l = (2n + l)x Pn - n Pn-l 

Differentiating above w.r.t. x we get 

(n+1)P~+t = (2n+1)Pn +(2n+1)xP~ -nP~_t 

=(2n+1)Pn +(n+1)xP~ +n(xP~ -P~-t) 

= (2n + l)Pn + (n + l)xP~ + n(nPn)',' xP~ - P~-l = nPn 

=(2n+1)Pn +(n+1)xP~ +n2Pn 

= (n + l)xP~ + (n2 + 2n + l)Pn 

=(n+1)xP~ +(n+1)2Pn 

or P~+t = xP~ + (n + l)Pn 

or P~+t - xP~ = (n + l)Pn 

Replacing (n-1) for n in the above we have 

P~ - XP~_l = nPn_t 

Proof. From relation (A) of 4th recurrence formula, we have 

nPn+t = P~ - xP~_t 

Again from 2nd recurrence formula, we have 

nP~ = xP~ - P~-t 

Now on multiplying (2) by x and then subtracting from (1) we get 
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X(Pn-l - XPn) = (1- X2) P~ 

or (1-x2)P~ =n(Pn_1 -xPn ) 

(vi) (1- x2 )p~ = (n + l){xPn - Pn+1 ) 

Proof. From first recurrence formula, we have 

(2n+l)xPn = (n + 1) Pn+l + n Pn-l 

=:> (n + 1+ n)x Pn = (n + l)Pn+l + nPn-l 

=:> (n + 1) (x Pn - Pn+l) = n (Pn-l - x Pn) 

From fifth recurrence formula we have 

(1 - X2) P~ = n (Pn-l - x Pn) 

From (1) and (2), we have 

(1 - X2) P~ = (n+l)(xPn - Pn+l) 

Legendre Polynomials 

From Rodrigue's formula, we have 

() 1 d
n (2 )n p X =---- x -1 

n 2nl!! dxn 

Y 

1.0 +---------:;r----

0.5 

o ~--.p.._~I--I--_+____+x 

- 0.5 

- 1.0 

Y' 
1 

Forn=O P =-=l=>P =1 , ° 2°lQ ° 
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::: ~[(X2 -1 ).1 + 2x.x] 

~ P2 :::.!(3X2 -1) 
2 

Similarly 

1( 3 ) 1( 4 2) 1( 5 3 ) d P3 ::: - 5x - 3x I P4 ::: - 35x - 30x + 3 I Ps ::: - 63x - 70x + 15x an so on ...... 
2 8 8 

EXAMPLE 7 Express P(x) ::: X4 + 2x3 + 2x2 - X - 3 in the terms of Legendre's 
polynomials. 

Solution Let X4 + 2x3 + 2x2 - X - 3 = aP4(x) + bP3(X) + CP2(X) + d Pl(X) + ePo(x) (i) 

~ X4 + 2x3 + 2x2 - X - 3 = a. .! (35x4 - 30x2 + 3) +.!? (5x3 - 3x) + ~ (3x2 - 1) + d.x + e 
822 

Equating the coefficients of like power of x, we have 

35 8 
l:::-a ~ a=-

8 35 

2= 5b ~ b=i 
2 5 

30 3c 30 8 3c 40 
2=--a+-~--x-+-=2~c=-

8 2 8 35 2 21 

-1=- 3b +d~ -3 xi+d=-l~d=.! 
2 2 5 5 

3ac 38140 
and -3=---+e~-x---x-+e=-3 

8 2 8 35 2 21 

224 
~e=--

105 

Putting these values of a, b, c, d and e in equation (i) we get 

8 4 40 1 224 
X4 + 2x3 + 2X2 - x- 3 =-P4 (X)-P3 (X)+-P2 (X)+-Pl (x)--Po (x) 

35 5 21 5 105 
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. EXAMPLE 3 Express the polynomial f{x)= 4x3-2x2 -3x + 8 in terms of Legendre's 
polynomials (V.P.T.V.2009) 

Solution 

Let 4x3-2x2 -3x + 8 = ap3{x) + bp2{X) + Cpl{X) + dpo{x) 

~4X3_2x2_ 3x +8 = a . .!(5x3-3x)+b.!(3x2-1)+cx+d.l 
2 2 

3 2 5 3 3 2b ( 3) (d b) ~ 4x - 2x - 3x + 8 = '2 x a + '2 x + c - '2 a x + - '2 

Equating the coefficients of like powers of x, we have 

8 4 3 22 
a =-,b = --,c = --,d =-

5 3 5 3 

putting these values of a,b,c,d in equation (i) we get 

4x3-2x
2

- 3x +8 = ~P3(X)-~P2(X)-%Pl(X)+~Po(x) 
EXAMPLE 4. Show that 

~P3 (X)+~Pl (x) = x3 
. 5 5 

Solution we have PI (x) = x, P3 (x) = .!(5X3 - 3x) 
2 

Substituting in ~P3 (x) +~Pl (x), we get ~P3 (X)+~Pl (x) = ~ . .![5X3 - 3xJ+~(x) 
5 5 5 5 52 5 

1 ( ) 3x ='5 5x
3 
-3x +5 

= ~[5X3 - 3x+ 3xJ 

=x3 

EXAMPLE S.Show that 

Jl (1-x2)p~p'ndx= 2n(n+l) . {

o when m,*n 

-1 when m=n 
2n+l 

where dashes denote diffei'entiation w.r.t. x. 

Solution we have 
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t(1-x2)p~p~dx=[(1-x2p'mPn)1- t[Pn :x {(1-X2)P~}]dX 

=0- (Pn :X {(1-x
2
)p'm}dx 

~ ((1-X2)p~p~dx=-(Pn d~ {(1-x2)p~}dx 
From Legendre's equation, we have 

~{(1- x2)dY}+ n(n+ l)y = 0 
dx dx 

:. :x {(1-x2)p~} = -m(m + l)Pm As replace n by m so Pn ~ Pm 

From (i) and (ii), we get 

t(1-x2)p~p~dx = -f)-Pnm(m + l)Pm]dx 

~ f1(1-x2)p~p~dx=m(m+1)tPmPndx 

~ ((1-x2)p~p~dx=0, m¢n As (PmPndx=O,m¢n 

Again from (iii) for m = n 

f1(1- X2)(p~t dx = n(n + l)tp~dx 

=n(n+1)_2-Asf1 
p2dx=_2_ 

2n+1 -1 n 2n+1 

~ f1 (1-x2)(p~t dx = 2n(n + 1) 
-1 2n + 1 

Thus, we have 

t(1-x2)p~p~dx ={~n(n + 1) 
2n+1 

ifm¢n 

ifm=n 

(i) 

(ii) 

EXAMPLE 6 Let Pn(X) be the Legendre polynomial of degree n. Show that for any 
function f(x) for which nth derivative continuous. 

(V.P.T.V.2004) 
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Solution 

I
1 1 I1 d

n 

f(x)Pn (x)dx = ~ _(X2 -l)dx By Rodrigue's formula 
-1 2n L!! -1 dxn 

=- f{x)-_ (x2_1)n -f1 f,{x)-_ (x2_1)ndx 1 [{ d
n

-
1 }1 d

n
-
1 1 

2n l!! dxn 1 -1 -1 dxn 1 

=- O-f f'(x)-(X2 _l)n dx 1 [ 1 d
n

-

1 
] 

2"l!! -1 dxn-1 

= (-If f1 f'{x) d
n
-
1 

(X2 _l)n dx 
2nl!! -I dxn-I 

(-1/ 1 , dn
-

2 
n 

= ~f f d n-2 (X2 -1) dx As integrating by parts again 
2 L!! -1 X 

=> Jl f(x)Pndx = (-n~~ JI fn (X)(X2 _l)n dx As integrating by parts till n times. 
-1 2 L!! -1 

EXAMPLE 7 Show that 

(i) Pn(O) =0 for n is odd 

or 

P2n+1(O) =0 (U.P.T.U.2005) 

{ -lt
2

l!! 
(ii) Pn (0) = 2 ' for n is even 

2n{ln/2} 

() ( )

n 1.3.5 ............. (2n -1) 
or P2 0 = -1 

n 2.4.6 ................. 2n 
(U.P.T.U.2008) 

Solution (i) we know that 

~ ( )-1/2 LJznpn(x)= 1-2xz+z2 
n=O 

putting x =0, we get 

~ n () ( 2)-1/2 1 2 1.3 4 ( )' 1.3 ............. (2r-1) 2, 
L.JZ Pn 0 = l+z =l--z +-z + ........... + -1 ( ) z + .......... . 
n=O 2 2.4 2.4 ............. 2r 

(i) 

. Equating the coefficient of Z2n+l on both sides, we get 

P2n+l (0) =0 or Pn(O) =0, when n is odd 

(ii) Now equating the coefficient of z2m on both sides in equation (i), we get 
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( )= 1.3 ............. (2m-1)(_ )m =(_)m ~ 
P2m ° ( ) 1 1 2 2.4 ............. 2m 22m (l!!!) 

i.e. when n = 2m, then 

(-lt
2 l!! 

Pn (0) = { }2 
2n In/2 

Fourier - Legendre expansion of (x). 

if f(x) be a function defined from x = -1 to x = 1, we can write 
~ 

f(x) = :L,anPn (x) = aopo (x) + alPl (x) + a2P2 (x) + ................. . (i) 
n=O 

To determine the coefficient an, multiply both sides by pn(X) and integrate from 
-1 to 1, Then 

t Pm (x)Pn (x)dx = ° (m"# n) 

f
l 2 

and p~ (x)dx =--
-1 2n+ 1 

(m = n) give 

f1 f1 2a f(x)Pn (x)dx = an p~ (x)dx = _n_ 
-1 -1 2n + 1 

or an = ( n + %)f/(X)Pn (x)dx 

. Equation (ii) is known as Fourier Legendre expansion of f(x) 

EXAMPLE 8 If f(x) ={O, -1 < x < ° 
x, ° < x < 1 

~ 

(ii) 

Solution Let f(x) = :L,anPn (x) (i) 
n=O 
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= ( n + ~)f01 XPn (x)dx 

putting n =0, 1,2, 3, ................ .in (ii) we have 

:.ao = '!f\po (x~x = !f1 xdx =! As po(x) =1 
2 0 2 -1 4 

3 1 3 (X3)1 1 a1=-fxp1(X~X=-- =-ASpl(X)=X 
2 0 2 3 0 2 

a
2 
=~f\p2(X)dX=~f1X.(3~2 -l)dX 

2 0 2 0 2 

=~[3:' -~I =:6 
7f1 711 (5x3 -3x) 

a3 =- xP3(x)dx=- x. dx 
2 0 2 0 2 

= ?.[5X
5 

_ 3X
3

]1 = 0 
4 5 3 0 

9f1 () 9f1 (35x4 -30X2 +3) 
a4 = - XP4 X dx = - x. dx 

2 0 2 0 8 

9 [X6 X4 x2 ]1 3 
=- 35--35-+3- =-- and so on. 

16 6 4 2 0 32 

putting these values in equation (i) we get 

1 1 5 3 
f(x) = "4 Po (x) + "2P1 (x)+ 16 P2 (x) - 32 P4 (x) + ........... . 

EXAMPLE 9 Express the function 

-1 x:s;O 
f(X)=e O<x<l 

in Fourier Legendre expansion. 

-
Solution Let f(x) = ~>nPn (x) 

n=O 
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=( n+%)J:O.Pn(X)dX+( n+%)f:X.Pn(X)dX 

= ( n + % )J: X·Pn (x)dx 

:.ao = !fl X.PO (x)dx =! r1 
x.1dx 

2 0 2Jo 

=!Jl x.dx =![~]1 = 1 
2 0 2 2 0 4 

a1 = ~f\.Pl (x)dx = ~fl x.xdx 
2 0 2 0 

=%J>'.dx=%[ ~I = ~ 
5fl 5fl 3x2

-1 a2 =- x.P2(x)dx=- x. dx 
2 0 2 0 2 

=~r(3X3 _X)dX=~[3X4 _ X2]1 = 5 
4 0 4 4 2 0 16 

7 Jl 7 fl 5x
3 

- 3x a3 = - X.P3 (x)dx = - x. dx 
2 0 2 0 2 

=~fol(5x4 -3X2)dX=~(X5 _X3)~ =0 

9fl 9fl 35x4-30x2+3 
a4 =- x.P4(x)dx=- x. dx 

2 0 2 0 8 

9 1 5 3 9 [35x6 15x4 3X2]1 3 =-f (35x -30x +3x)dx=- ----+- =--
16 0 16 6 2 2 0 32 

11 r1 ()d 11 fl 63x
5 

-70x
3 

+ 15x d 
a5 = 12 Jo X·P5 x X ="2 0 x. 8 x 

= ~~ f: (63x6 -70X4 + 15x2 )dx 

= 11 [9x7 -14x5 _ 5X3 Jl 
16 0 

=0 

1 1 5 3 
=> f(x) = -Po (X)+-Pl (x) + -P2 (x) - -P4 (x) + ........... . 

4 2 16 32 
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EXERCISE 

Solve the following differential equations by power series method. 

1. y" + xy' + x2y =0 

Ans. y = ao( 1- ;; + ;~ - ............. .)+a1 (x-~ + :~ + .............. ) (U.P.T.U.2005) 

d 2 d 
9x(1- x)2 -12-'x + 4y = 0 

dx2 dx 
2. (U.P.T.U.2008) 

_ ( 1 2 2 14 3 ) 7/3 ( 4 44 2 ) Y - ao 1 + '3 x + 9" x + 81 x +... ... ...... + ao x 1 + "5 x + 65 x + ... , ....... . 

3. 
d 2 d 

2x(1- x)2 +(1-x)-.X+3y = 0 
dx2 dx 

(U.P.T.U.2004) 

y=c1 1-3x+·-+-+-+ ............ +c2 Fx(1-x) ( 
3X2 3x3 3x4 

) 

1.3 3.5 5.7 

4. Using method of Frobenius, obtain series solution in power of x for. 

d 2 d 
x(l + x)~+ (5+ x)-.X- 4y = 0 

dx dx 

Ans. y = ao x-4 (1 +4x + 5X2) + a4 (1 + ~ x + ~ x2 
) 

5. Solve in series the following differential equation 

d2y dy 
x-+--y=O 

dx2 dx 
(U.P.T.U. (C.O.) 2003) 

[ 
X2 x

3 

][ 1 ( 1) 2 1 ( 1 1) 3 ] Ans. y(a+blogx) 1+x+ (21)2 + (3W + ........... -2bx+ (21)2 1+2" x + (31)2 1+2"+"3 x + ........ . 

6. Prove that when n is positive integer 

(i) J-n(X) = (-l)n In(X) (U.P.T.U. (C.O.) 2005) 

(ii) In(-X) = (-l)n In(X) for positive and negative integer 

7. Prove that 

(i) J~ = -J1 

(ii) J 2 = J~ - x-1 J~ 

(iii) J2 - Jo = 2J~ 
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(iv) J 3 + 3 J~ + 4J~ = 0 

8. Prove that 

d~(XJnJn+1)=x(J~ - J~+l) 
9. Prove that 

1 
2"xJn =(n+1)J n+1 -(n+3)Jn+3 +(n+5)Jn+5 - •.•....•••.. 

10. Prove that 

(i) p~(l)= n(n+1) 
2 

(ii) , ()n-1 1 ( ) Pn(-l)= -1 -n n+1 
2 

11. Prove that 

. (i) f1 Pn (x)dx=O, n~O 

(ii) (Po (x)dx = 2 

(U.P.T.U.2001) 

(U.P.T.U.2003) 

12. Express f(x) = 4x3 + 6x2 + 7x +2 in terms of Legendre polynomials. 

8 47 
Ans. 4x3 + 6x2 + 7x +2=SP3 (X)+4P2 (X)+SP1 (x)+4po (x) 

13. l+z 1 ~ n 
prove that ~ - - = L.i (Pn + Pn+1 )z 

z 1 - 2xz + Z2 Z n=O 

14. Evaluate (X2p~ (x)dx 

Ans. 
2(n+l)2 2n2 

2 + 2 
(2n+l) (2n+3) (2n+l) (2n-1) 

15. Using Rodrigue's formula, obtain expressions for po(x), PI (X),p2(X),p3(X), 
and p4(X). Hence express x, X2, x3 and X4 in terms of Legendre polynomials. 

Ans. po(x) =1, pl(X) =x, P2(X) = ~(3X2 -1), p, (x) = ~(5X' - 3x), p. (x)= i(35X' - 30x' + 3) 

8 4 1 
. &x

4 
= 35 P4 (x)+7"P2(X)+SPo(x) 

16. Show tat 
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1 
P2 (cos e) = "4(1 + 3cos2e) 

1 
P3 (cos e) = -(3cose+ 5cos3e) 

8 

. 17. Obtain the Fourier-Legendre expansion of f(x) = 3x2 - 3x +1 

Ans. f(x) = 2 po(x) - 3 pl(X) + 2P2(X) 

OBJECTIVE TYPE OF QUESTIONS 

1. The singular points of the differential equation 

d2 d 
(1-X2)~ - 2x-.X. + n(n + 1)y = 0 is 

dx dx 

(a) x=O (b) x=±1 

(c) x =1 (d) x=2 

Ans. (b) 

2. Frobenius was a 

(a) Geraman mathematician (b) Indian mathematician 

(c) British mathematician (d) American mathematician 

Ans. (a) 

3. Prower series about a point x = a is defined as 
~ ~ 

(a) ~>nx (b) Lanx
n 

n=O n=O 
~ ~ 

(c) Lan (x-a)" (d) Lan (x+a)" 
n=O n=O 

Ans. (c) 

4. If Jo and Jl are Bessel functions, then I'l(X) is given by 

1 
(a) J1 (x)--J1 (x) 

x 

1 
(b) Jo(x)+-J1 (x) 

x 

(c) 
1 Jo (x) --2 J1 (x) 
x 

(d) None of these 

Ans. (a) 
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(a) 0 (b) 2 

(c) -1 (d) None of these 

Ans. (d) 
6 J1/2 (x) is given by 

(a) 
rn·

SinX (b) rn·cos x 

(c) m·cosx (d) rn·SinX 

Ans. (d) 
7. J-1/2 (x) is given by 

(a) m·cosx (b) rn·SinX 

(c) 
m·

SinX (d) rn·COSx 

Ans. (d) 
8. In+3 + In+5 is equal to 

(a) (n+4)Jn+4 (b) 2 
- (n+4)Jn+4 
x 

(c) nJn+4 (d) n 
- In+4 
x 

Ans. (b) 
9. J~ (x) is equal to 

(a) -J1(X) (b) 1'1 (x) 

(c) -Jt(x) (d) h(x) 

Ans. (a) 

. 10. Pn (1) is equal to 

n (b) n 
(a) - (n+l) -(n-l) 

2 2 

(c) n(n+l) (d) n(n-l) 

Ans. (a) 
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11. The value of the integral ([P4 (x)J dx is 

(a) 
2 

(b) 
2 

- -
7 3 

(c) 
2 

(d) 
7 - -

9 9 

Ans. (c) 
12. The Rodrigues formula for Legendre polynomial pn(X) is given by 

(a) () 1 d
n 

(2 r Pn X = l.!!..:2n dxn x -1 

(b) () ~ d
n 

(2 r-1 
Pn X =--- X -1 

2n dxn 

(c) (x) - ~ ~(X2 -lr1 

Pn - 2n-1 dxn 

(d) Pn(X)=~2n(x2-1r (V.P.T.V.2009) 

Ans. (a) 

. 13. Pn(-x) is equal to 

(a) (-l)np~ (x) (b) (-l)npn(x) 

(c) (-l)n pn-l(X) (d) pn(X) 

Ans. (b) 

14. pn(l) is equal to 

(a) 0 (b) (-l)n 

(c) 1 (d) 2 

Ans. (c) 

15. if t Pn (x)dx = 2 then n is equalto 

(a) 1 (b) 0 

(c) -1 (d) 2 

Ans. (b) 

16. pn( -1) is equal to 

(a) 0 (b) 1 
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(c) (-1)n (d) n 

Ans. (c) 

17. The polynomial 2X2 +x + 3 in terms of Legendre polynomial is 

1 1 
-(4P2 -3p1 +l1po) (b) -(4P2 +3p1 -l1po) 
3 3 

(a) 

(c) 
1 1 
3(4P2 +3Pl +l1Po) (d) 3(4P2 -3p1 -l1po) 

Ans. 

18. 

(a) 

(b) 

(c) 

(d) 

(c) 

The Legendre polynomial pn(X) has 

n real zeros between 0 and 1 

n zeros of which only one is between -1 and 1 

2n-1 real zeros between -1 and 1 

None of these 

Ans. (a) 

19. P2n(O) is equal to 

(a) 
(~)2 

~ 
(b) 

(-1t 1.3.5 ................. (2n -1) 
2.4.6 .............. 2n 

(c) o (d) (-1 r 2.4.6 .............. n 
1.3.5 ............... (2n-1) 

Ans. (b) 

Fill up the blanks or choose the correct answer in the following problems. 

20. Generating function of pn(X) is .................... . 

Ans. (1-2xz+Z2t/2 = i:znPn (x) 
n=O 

d -[Jo (x)] = ............ .. 
dx 

21. 

Ans. -Jt(x) 

22. Bessel's equation of order zero is ...................... . 

d 2 d 
Ans. x~+...x+xy=O 

dx2 dx 

23. The value of P2(X) is .................. .. 
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24. For m ~ n,f
1 

Pm (X)Pn (x)dx = ................ . 
-1 

Ans. zero 

25. P2n+l(O) ................. . 
Ans. zero 

26. Bessel was a German mathematician 

(True/False) 
Ans. True 

27. Bessel's function are not cylindrical functions. 

(True/False) 
Ans. False 

28. Bessel equation of order 4 is x2 y" + xy' + (X2 - 4)y =0 

(True/False) 
Ans. False 

. 29. Legendre'S polynomial of first degree =x 

(True/False) 
Ans. True 
Match the correct value of the following 
30. 

(i) J-n(X) (a) (-1)nJn(x) 

(ii) In(-X) (b) -Jl 
(iii) J~ (c) (-1)nJn(x) 

(iv) J~ (d) -J~ 

Ans. (i) ~ c, (ii) ~ a, (iii) ~ b, (iv) ~ d 

31. 

(i) xJ~ (a) XGn-l +In+l) 

(ii) 2J~ (b) xn In-l 

(iii) 2nJn (c) nJn- x In+l 

(iv) d nJ (d) In-l -In+l -x 
dx n 

Ans. (i) ~ c, (ii) ~ d, (iii) ~ a, (iv) ~ b 
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Ans. (i) ~ b, (ii) ~ a, (iii) ~ d, (iv) ~ c 

33. 

(i) P2(X) (a) n -(n + 1) 
2 

JiD. P'n(1J Lb) _(-l}n 

(iii) Pn(-l) (c) 2 

(iv) 
(Po (x)dx 

(d) 
!(3X2 -1) 
2 

Ans. (i) ~ d, (ii) ~ a, (iii) ~ b, (iv) ~ c 

34. 

List! List II 

(i) p2(X) (a) 
!(5X3 - 3) 
2 

(ii) P3(X) (b) 2 3 
-P3(X)+-P2(X) 
5 5 

(iii) x3 (c) 1 

(iv) Pn(l) (d) !(3X2 -1) 
2 

Codes 

(i) (ii) (iii) Jivl 

(A) a b d c 

LB) d a b c 

(C) a d c b 

(D) a b c d 

Ans. (B) 
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35. 

List! List II 

(i) Pn(-x) (a) 1 
-n(n + 1) 
2 

(ii) tp; (x)dx (b) (-1)n 

(iii) Pn(-1) (c) 2 
-
7 

(iv) p~ (1) (d) (-1)n Pn(x) 

Codes 

(i) (ii) (iii) (iv) 

(AJ a b c d 

(B) d c b a 

(C) a c d b 

(D) a d b c 

Ans. (B) 
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INTRODUCTION 

Chapter 6 

Laplace Transforms 

French mathematician Pierre Simon marquis De Laplace (1749-1827) used 
Laplace transform. Laplace transform is widely used in science and engineering. 
It is particularly effective in solving differential equations (ordinary as well as 
partial). It reduces an ordinary differential equations into an algebric equation. 

To every scientist and engineer Laplace transform is a very powerful technique in 
finding solutions to initial value problems involving homogeneous and non­
homogeneous equations alike. The systems of differential equations, partial 
differential equations, and integral equations when subjected to Laplace 
transform get converted into algebric equations which are relatively much easier 
to solve. The powerful practical Laplace transform techniques were developed 
over a century later by the English electrical engineer oliver Heaviside (1850-
1925) and were often called "Heaviside Calculus" . 

. DEFINITION 

Let F(t) be a function of t defined for all positive values of t. Then the Laplace 
transforms of F(t), denoted by L{F(t)} is defined by 

L{F(t)} = r e-st F(t) dt 

we also write L{F(t)} = f(s) = r e-stF(t)dt provided that the integral exists, s is a 

parameter which may be real or complex number. 

L is known as Laplace transform operator. The given function F(t) known as 
determining function depends on t, while the new function to determined f(s), 
called as generating function depends only on s. f(s) is known as the Laplace 
transform of F(t). 

NOTATION 

We follow two types of notations: 

(i) Functions are denoted by capital letters 

F(t), G(t), H (t), ........... . 
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and their Laplace transforms are denoted by corresponding lower case letters f(s), 
g(s), h(s), ............ or by f(p), g(p), h(p), ........... . 

(ii) Functions are denoted by lower case letters 

f(t), g(t), h(t), ........... . 

and their Laplace transforms are denoted by 

f (s), g (s), 11 (s) ............ respectively or by f (p), g (p), 11 (p), ........... . 

TRANSFORMS OF ELEMENTARY FUNCfIONS 

The direct application of the definition gives the following formulae: 

1 
(i) L{l} = -, s>o 

s 

(ii) L{t"} = l(n+1) ifs>oandn>-l 
sn+1 

(iii) L{eat }= _1_ if s > a 
s-a 

(iv) L {sin at} = 2 a 2 if s > 0 
S +a 

(v) L{cos at} = 2 S 2 ifs>o 
s +a 

(iv) L{sinhat}= 2 a 2ifs>lal 
• s -a 

(vii) L{coshat} = 2 s 2ifs> lal 
s -a 

Proofs: 

(i) L{l} ~ r e-" Idt~ [ -e:" L 1 .f =-lS>O 
S 

1 
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1 r -x n + 1-1 d e x x 

ifs>oandn>-1 

In particular, if n is positive integer, then I( n + 1) = In so that 

(iii) L{ eat} = r e -st eatdt 

= r e -(s-a)t dt 

= [-e -(s-a)t lco 
s-a 

t=o 

1 .f = --,I s> a 
s-a 

(iv) and (v) 

L {eiat } = _1_. 
S-la 

s+ia 
= -:----:---:---..,.-

(s - ia) (s + ia) 

L{C ..} s . a 
or os at + 1 Sin at = 2 2 + 1 2 2 

S +a s +a 

or L {Cos at} + L { Sin at } = 2 S 2 + i a 
s +a s2+a2 

Equating real and imaginary parts we have 
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L { Cos at } = 2 S 2 & L {Sin at} = 2 a 2 
s +a s +a 

(vi) We known that L {eat} = _I_ 
s-a 

eat e-at 
L { Sin hat} = L { - } 

2 

= ~ [L{eat}_L{e-at}] 

~ [_1 ___ 1_] = _a_, ifs >JaJ 
2 s - a s + a S2 _ a2 

(vii) L { cosh at} = L {.o< ~ .-at} 

= ~ [5 ~ a + 5 ~ aJ 

~ ,ifs > JaJ 
s -a 

PROPERTIES OF LAPLACE TRANSFORMS 

I. LINEARITY PROPERTY. 

Theorem 1. Let F (t) and G(t) be any two functions, whose Laplace transforms 
exists, and let a and P be any two Constants, then 

L {a F (t) ± f3 G (t)} = a L {F (t) ± f3 L {G (t)} 

Proof:- Using the definition of the Laplace transform, use have 

00 

L {a F (t) ± P G (t)} = J e-st {a F (t) ± P G (t) } dt 
o 

00 00 

=a fe-stF(t)dt±P f e-st G(t)dt 
o 0 

= a L{F(t)} ± P L{G(t)} 

II. First shifting theorem (First Translation Theorem 2. If L { F (t) } = f (s), then 
L {eat F (t)} = f (s - a) 
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Proof :-

00 

Let L {F (t)} = f (s) = J e -sl F (t) dt 

o 
00 

Then L {eat F (t)} = J e -st eat F (t) dt 
o 

00 
= J e-(5-a)t F (t) dt 

o 
00 

= J e - ut F (t) dt, where u = s - a > 0 
o 

= f (u) = f (s - a) 

III Second shifting Theorem (Second translation) 

Theorem 3. If L {F (t) } = f (s) 

And {
F (t - a), t > a 

G (t) = 
0, t < a 

than L { G (t) } = e-as f (s) 

Proof. 
00 

L {G(t)} = J e -st G(t)dt 
o 

a 00 

= J e-st G(t)dt + J e-st G (t) dt 
o a 
a 00 

= Ie-st odt + I e-st F(t-a)dt 
o a 

DO 

=0+ Je-5t F(t-a)dt 
a 

Put t - a = u so that dt = du 

If t = a then u = t - a = a - a = 0 

Ift= oothemu=oo-a=oo 
DO 

L {G (t)} = Je-S(u+a) F (u) du 

o 
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00 

=e-sa fe-su F(u)du 
o 

=e-sa £(5) 

(iv) Change of scale property 

Theorem 4. If L {F (t) } = £ (5)] 

Then L{F(at) }=~£(~) 
Proof. By definition, we have 

00 

L {F(at)}= fe-st F (at) dt 
'0 

00 

= ~ fe-s (x/a) F (x) dx 

o 

Putting at = x 50 that dt=!dx 
a 

00 (s)t 
=.; fe- ~ F(t)dt 

o 

Laplace Transform of Derivatives. 

Theorem 

If L {F (t) } = f(5), then prove that 

L { F' (t) } = 5 f (s) - F (0) 

& L {F II (t) }= S2 f (5) - s F (0) - F' (0) 
00 

Proof. Let L { F (t) } = f (5), then L {F' (t) } = f~ -st F' (t) dt 
o 

00 

=[e-st F(t) to -fe-st (-s)F(t)dt 
o 

=-F(0)+5f(5) 

:. L {F' (t) } = 5 £ (5) - F (0) .......... (i) 
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Laplace Transforms 

In View o£ this 

L { G' (t) } = s g (s) - G (0) 

Taking G (t) = F' (t), We get 

L {F" (t) } = s L {F' (t) } - F' (0) 

= s [s £ (s) - F (0) ] - F' (0) 

= L {F" (t) } = S2 £ (s) - s F (0 ) - F' (0) 

Generalising the result (i) and (ii), we get 

L {Fn(t)} = sn £ (s) - sn-l F (0) - Sn-2 F'(o) - ------- - sF(n-2) (0) - F (n-l) (0) 

Laplace Transform of Integral Theorem. If L { F (t) } = £ (s), then 

L {IF(") du} = ; f(.) 

Proof. 
t 

Let G(t)= JF(u)du---------(i) 
o 

Then G' (t) = F (t) 
o 

And from (i) it is clear that G (0) = JF (u) du = 0 
o 

Since we know 

L {G' (t) } = s L {G (t) } - G (0) 

i.e. L { F (t) } = s L { G (t) } - 0 = s L { G (t) } 

or ; f(,) =L (G (I)) = L {IF (U)du} 

Multiplication by powers of t. Theorem. If L { F (t) } = f (s) 
dn 

Then L {tn F (t)} = (_1)n - £ (s) For n = 1,2,3--
dsn 

Proof. 

Let L{F(t)}=£(s)and d
n 

£(s) =£ (n) (s) 
dsn 

Then 
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00 

L{F(t)}=f(s)= fe-stF(t)dt 
o 

fl(s)=~ oofe-st F (t)dt 
ds 

o 

00 

f~ {e-st F (t)} dt 
os 

o 

[By Leibnitz's rule for differentiation under the sign of integral] 
00 

=- fte-st F(t)dt 
o 

co 

=- fe-st {tF(t)}dt 
o 

= - L {t F (t) } 

=> L { t F (t) } = - f' (s) 

This proves that the theorem is true for n =1 

Now, let us assume that the theorem is true for a particular value of n say r, then 
we have 

L{eF(t)}=(-l)r ~f(s) 
ds r 

co r 

fe-st tr F(t)dt=(-W ~f(s) 
J dsr 
o 

Now differentiating both side w.r.t.s we have 

co r+1 
~ re-st tn F(t)dt=(-l)r _d_f(s) 
ds J dsr +1 

o 

co r+1 

or f~ {e-st { F (t) dt = (_I)r _d __ 
1 

f(s)} 
os ds r + 

o 

by Leibnitz's rule for differentiation under the sign of integration 

co r+1 
or - fe-st tr+1 F (t) dt = (- W d +1 f (s) 

J dsr 
o 
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Laplace Transforms 

or 
00 r+l 

Je-st {e+1 F (t)} dt = (_l)r+l _d_ f(s) 
dsr+1 

o 

d r +1 
L { tr+1 F (t)} = (_l)r+l --f (s) 

dsr+1 
or 

Which shows that if the theorem is true for any particular value of n, it is true for 
the next value of n. But it is also true for n=l. Hence by the method of 
mathematical induction it is true for every positive integral value of n. 

Division by t. 

Theorem. If L {F (t)} = f (s), then 

L{F~t)}= }(X)dX (U.P.T.U 2007,2005) 
s 

Provided the integral exists. 

Proof. 

Let L {F (t) } = f (s). Then 
00 

f(s)= Je-st F(t)dt 
o 

Integrating this w.r.t.s from s =s to s = 00, 

00 00 00 

Jf(s)ds= Jds Je-st F(t)dt 
s s 0 

s and t are independent variables and hence order of integration in the repeated 
integral can be interchanged 

00 00 00 

Jf (s) ds = Jdt Je-st F (t) ds 
o s 

00 00 

= JF(t)dt Je-st ds 
o 

00 (st )00 

= iF (t)dt e_- t s=s 

00 -st 

J~F(t)dt 
o 
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= L{F~t)} 

thus L {F ~t)} = It (x) dx 
5 

. Example 1. Find the Laplace transform of the function F (t), where F (t) = 
7 e2t + ge-2t + 5 cos t + 7t3 + 5 Sin 3t + 2 

Solution. 

L {F(t)} = L {7e2t + ge-2t + 5 cost + 7t3 + 5 sin 3t + 2} 

= 7L {e2t } + 9L {e-2t} + 5L {cost} + 7L {t3} + 5L {Sin 3t} + 2L {I} 

=7_1_+9_1_+5_s_+7 ~ +5_3_+2~ 
s - 2 s + 2 S2 + 1 S4 S2 + 9 s 

16s-4 5s 2s3 +42 15 
--::--- + --+ +--

52 _ 4 S2 + 1 S4 S2 + 9 

Example 2. Find L { t3 e3t } 

Solution. We have 

~ 6 L {e } = - = - = f (s) say 
S4 S4 

Then by first shifting property 

L {t3 e 2t } = 6 
(s - 2)4 

Example 3. Find L {sin kt sin h kt} & L {cos kt sin hkt} 

Solution. We have 

k 
L {sin h kt} = = f (s) say 

S2 _ k 2 

L {eikt sin hkt} = K by first shifting properties 
(s - ik)2 _ k2 

K 
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= k(s-2k2 +2isk) 
(S2 _2k2)2 +4S2 k 2 

Laplace Transforms 

Equating real and imaginary parts, we get 

(S2 _ 2k2)k 
L {cos kt sin hkt} = -'-----'­

S4 + 4k4 

and 
2sk2 

L {sin kt sin h kt} = -,.----:­
S4 + 4k4 

Example 4. Find L { e- t (3 sin h2t - 5 cos h 2t) } 

Solution:· We know that, if 

L { F (t) } = f (s), then L { eat F (t) } = f (s - a) 

Also L { Sin h 2t } = 2 2 2' L { cosh 2t } = 2 S 2 
s -2 s -2 

Therefore L {e- t ( 3 sin h2t - 5 cos h 2t )} 

=3 2 -5 (s+l) 
(s+I)2_22 (s+I)2_22 

1-5s 
= 

S2 +2s-3 

Example 5. Find the Laplace transform of F (t), where 

{ 

21t. 21t 
coS(t--)lft>-

F(t)= 3 3 

O 'f 21t 1 t<-
3 

'" 
Solution:- L {F (t)} = Ie -st F (t) dt 

o 

21t/3 '" 

= I e-st F (t) dt + I e-st F (t) dt 
o 21t/3 

21t/3 '" 2 I e -st. 0 dt + I e -st cos (t - 3
1t 

) dt 
o 21t/3 

= 0 + je-st cos (t _ 2;) dt 
o 
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<Xl 21< 

f 
-s(x + -) 21t 

= e 3 cos x dx where t - 3 = x 
o 

<Xl 

= e -21<s/3 fe- sx cos x dx 

o 

= e-21tS/3 L {cos x} 

-21<s/3 S =e 
S2 + 1 

S2 + 2 
Example 6. If L {cos 2 t} = 2 ' find L {cos 2 at } 

s (s + 4) 

Solution :- we have 

L {cos2t} = S2 + 2 = f (s) 
S (S2 + 4) 

By change of scale property we have 

1 
L {cos2 at} = - f (sja) 

a 

= ~ [; s~,+ +::, ) j 
S2 + 2a2 

= --;:---::-
s(s2+4a2) 

Example :- find the Laplace transform of 

(i) sin Jt (ii) c°it.Jt 

(U.P.T.U 2006) 

. .. (.Jt)3 (.Jtr 
Solutlon:- (1) L {sm.Jt} = L {.Jt -~} + ~- .................. } 
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Laplace Transfonns 

= L { t 1/2 } _ ~ L { t 3/2} + ~ L { t 5/2} _ .....•............ 

_rn 1m 1m 
- -S-3/-2 - ~ -S5-/-2 + ~ -s 7-/-2 - ................ . 

!..In ~ ~ ..In ~ ~ ~ ..In 
= _2 __ .! 2 2 + _1_ 2 2 2 

S3/2 6 S5/2 120 s 7 /2 

= 2;' [1- (!) + ~ (!)' -~ UJ + ............. ] 

..In -1/45 =--e 
2s3/2 

e-1/ 45 

Thus L {sin.Jt} = ..In 2s3/ 2 = f (s) say 

(ii) Let L { F (t) } = L {Sin .Jt } 

F I (t) = ~ (sin.Jt) 
dt 

= _1_ cos.Jt 
2.Jt 

Since we know that 

L { F' (t) } = s f (s) - F (0) 

L {~s:} = sl(s)-o .: F(o)=sino=o 

..In -1/45 =--e 
2SI/2 

~.!. L {cos .Jt} 
2 .Jt ( )

1/2 

= ~ ~ e-
1

/
4s 
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t 

Example 8. A function F (t) obeys the equation F (t) + 2 f F (t) dt = Cosh 2t find the 

Laplace transform of F (t). 

Solution. We have 
t 

F (t) + 2 fF (t) dt = cos h 2t 
o 

Taking Laplace transform of both sides, we get 
t 

L {F (t) } + 2 L fF (t) dt = L {cos h 2t} 
o 

1 s 
~ f (s) + 2 - f (s) = --

S S2 - 4 

~ f (s) (1 + ~) =_s 
S s2_4 

(
s+ 2) s ~f(s) - =--

s S2 -4 

~f(S)=(_S )(_s ) 
s2 -4 s+ 2 

Example 9. Show that ""fte-3t Sin tdt=~ 
50 

o 

Solution :- we have 

1 
L {sint} = S2 + 1 = f(s) say 

and so L {t sin t } = (- 1 Y ~ ( 2 1 ) 
ds s + 1 

2s 
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Laplace Transforms 

"" 
This => fe- sl (tSin t)dt= 2s 2 

o (S2 + 1) 
Putting s = 3, we have 

""J -31 • d 2 x 3 
e tsmt t=~ )2 

32 +1 o 

3 
=-

50 
Example 10. Prove that 

"" ft l e-I sin tdt=Q 
o 

Solution. We have 

L{Sin t}=~=f(s)say 
s +1 

L {t3 sin t }=(_1)3 d
3
3 (+) 

ds s +1 

2.12s (1- S2) 
= --"----'-

(1 +S2t 
= 24s(l-s2

) 

(1+S2 t 
""J - 3· 24s (1- s2) :::> e sl t sm t dt = _....!....--::--:--!.. 

(1 + S2)4 
o 

putting s = I, we have 
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r 24(1 - 1) 
Je- t e sin t dt = = 0 

(1 + It o 

Example 11. obtain L {Si~ t} 

Solution. We have 

I 
L {.,int} = = f(s) say 

S2 + 1 

Since we know L {F ~t)} = } (x) dx 

Provided lim, -+ <X> F (t) exists 
t 

s 

:. L{sin t}= <X>f_l_ dx 
t x2 +1 

s 

= cot -1 s 

1t tan-1 -- s 
2 

<X>fSin t 
Example 12. Show that -t- dt = 1t / 2 

o 

Solution. We have 

I 
L {sin t} = = f (s) say 

S2 + I 

<X>f -st sin t dt 1t t -1 => e -- =-- an s 
t 2 

o 

Taking limit as s -+ 0, we have 
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Laplace Transforms 

<Xl . 

Ism t d /2 => -- t =1t 
t 

o 

. ~~ ~~ 
Example 13. Fmd the Laplace transform of -- . Does the transform of --

exist? 

Solution. We have 

a 
L { sin at} = -,,---.,,- & L { cos at } 

S2 + a2 

By theorem 

L{F~t)}= }(X)dX 
s 

=> L {sin tat} = <XlI a dx 
x2 + a2 

s 

= [tan-I ~J<Xl 
a x=s 

= tan -I 00 _ tan -1 ~ 
a 

= ~ _tan-I; = cot-1 
(;) 

Now L {cos at} = <XlI x dx 
t X2 + a2 

s 

= i [log (X2 + a2 )r=s 
=![limlog(x2 +a2)_log(s2 +a2)1 

2 X--+<Xl J 

t t 

s 

Which does not exist, lim log (X2 + a2) is infinite 
X-+<Xl 

{
COS at} . Hence L -t- does not eXISt. 
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<Xl -t -3t 

Ie -e 
Example 14. Evaluate t dt 

o 

Solution. Here F (t) = e-t - e-3t 

L{ F(t)} =L{e-t _e-3t } 

= L { e-t } - L { e-3t} 

L {
-t -3t} _ 1 1 e -e ------

s+1 s+3 

Since we know 

L {
Ft(t)} <XlI = f(x) dx 

5 

where f (s) = L {F (t) } 

L - --- dx {
e-

t
_e-

3t
} _ R 1 1) 

t x+l x+3 
s 

= [lOg (~)]<Xl 
x+3 x=s 

(
S+l) = -log --
s+3 

OOs _ e-
t 

_e-
3tdt (S+I) => e st = -log --

t s+3 
o 

putting s = 0, we get 

00 -t -3t r -t e dt = -(log I-log 3) = log 3 
o 

Example 15. Using Laplace transform, evaluate 

00 • 2 

I -t sm t d e -- t 
t 

o 

Solution. We have 

L{ sin2 t}=L{1-C;s2t} 
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Laplace Transfonns 

= .!.(! __ S ) 
2 S S2 + 4 

:.L{Sint
2t} = 1 ""((I x) 

2" ~~ -; - x2 + 4 dx 
5 

= i[logX-Iog~x2 +4 I 
= .!. [lOg -=s ]'" 

2 ~S2 + 4 5 

-"'} -5t sin2t dt - 11 [~s2 + 4 J ~ e -- -- og -'----
t 2 s 

0-

putting S = 1, we get 

'" 2 t;: 

f -I sin t dt _ 1 1 v 5 e -- -- og-
t 2 1 

o 

= logeS 

Example 16. Find 

(i) (ii) L {t cos ht} 

(iii) L { t2 el Sin 4 t} 

Solution. (i) we have 
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L { sin h at} = 
a 

& L {cos hat} 
s 

Since we know 

(ii) 

(iii) 

L {F ~t) } = } (x) dx 
s 

L{'sinht}= "'f_l_ dx 
t x2_1 

s 

1 { (X-l )}'" =- log --
2 x+l x=s 

1-- I 

{ [ 

1 \ l'" :~ log 1+~J . 

we have 

4 
L { sin 4t} = -::--­

S2 + 16 

L { e t sin 4t } = ; by using first shifting theorem 
(s-l) + 16 

Now L { te t sin 4t} = - ~ (2 4 ) 
ds s - 2s + 17 
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Again 

= 
4(2s - 2) 

2 
(S2 -2s+17) 

Laplace Transforms 

L{t2etSin4t} =_~{ 4(2S-2)2} 
ds (S2-2S+17) 

= _ 4 [(S2 -2s+ 17t .2-(2s-2).2(S2 -2s+17)(2S-2)] 

(S2 -2s+ 17f 
=_ -4(2s2 -4s+34-8s2 +16s-8) 

(S2 - 2s+ 17) 

. =_ 4(-4S2 +12s+26) 

(S2 -2s+17) 

= 8 (3s 2 - 6s - 13 ) 

(S2 - 2s+ 17) 

Example 17. If F (t) = (eat - cos bt)/t find the Laplace transform F (t) 

(U.P.T.U.2003) 

Solution. Given that 

eat _ cos bt 
F(t) = --t--

But the have 

L { eat _ cos bt} _ _1_ _ s 
- s - a S2 + b2 

Therefore 

L {eat - ctos bt} = if 1 s) 
~~s-a S2 + b2 ds 
s 
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_ 1 [I (1- aj s )2 ]'" 
-"2 og (1+b2js2) 5 

- 1 [ 1 (1- aj sf] 
-"2 0- og (1+b2js2) 

= ~[IOg (S2 + b
2)] 

2 (s - af 

PERIODIC FUNCfIONS 

If f (t) be a periodic function with period T>o, then f (t + T) = f (t + 2 T) = ... = f (t) 

Theorem. Let f (t) be a periodic function with period T then r e-5t f (t)dt 
L {f (t ) } = 1 _ e -5T 

Proof. Use have 

'" 
L {f(t)} = fe- 5t f(t) dt 

o 

T '" 

= fe-st f(t)dt+ fe-st f(t)dt ------- (i) 
o T 

T '" 
= fe- si f(t)dt + f-S(z+T) f(z+T)dz onputtingt=z+Tinsecondintegral 

o 0 

T '" 

= fe- si f(t) dt + e-sT fe- si f(z + T) dt 
o 0 

T '" 
= fe-st f(t)dt+e-sT fe-st f(t)dt 

o 0 

T 

=> L{f(t)}= fe- si f(t) dt+e-sT L{f(t)} 
o 

T 

=>(l_e-sT)L{ f(t)}= fe-st f(t)dt 
o 
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Laplace Transforms 

[ e-st f (t) dt 
=> L{f(t)} = ~-1 ---st­

-e 

Example 18. Find the Laplace transform of the function (half ware rectifies) 

{

sin rot for 0 < t < ..?: 
f (t) = 1t ro 21t 

o for - < t < 
ro 

(U.P.T.U.2002) 

. Solution. We know that 
T 

L {f (t) }= 1- !-ST Ie-st f (t) dt where T is period 
o 

= 1 [2ltt e-st f(t) dt] 

1 
(-!It) 0 

-e 

1 [hi. ~/. 1 
= I e-st sin rot dt + I e-st.Odt l-e (-2lt/ro)s 

It/ro 

It/ro 
= I e -5t sin rot dt 

1- e(-2ltS/ro) 
0 

[ ]

It/ro 
= 1 e-st (- s sin rot - w cos rot) 

1 _ e (- 2ltS/ro) S2 + ro2 
o 

ax 

.,' reax sinbxdx = 2 e 2 (asinbx-bcosbx) 
J a + b 

1 [roe -(It/ro)s + ro] 
1 _ e (- 2ltS/ro) S2 + ro2 

= ro [ 1 + e -ltS/ro ] 

(S2 + ro2) (1 _ e(-2ltS/ro) ) 
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Example 19. Draw the graph of the periodic function 

f (t) = {t, 0 < t < 7t 
7t-t, 7t < t < 27t 

Also find its Laplace transform. 

Solution. We know that 

(U.P.T.U.2003) 

L {f (t)}= 1- ~-ST r e-st f (t)dt Where T is the period 

= 1_e~27<5 flt e-st f (t) dt .: T = 27t 

-1 _-~""7_27<5- [je -" t dt + le~' (~- t) dt] 

1 [{te-S
t 

e-
st }It { e-st e-s

t 
}2lt] --:-- - -1-2 + (7t-t) - - (-1) -2 

l_e-27tS -s (-s) 0 -s (-s) It 

- - e -e + - + e - e _ 1 [7t (-2ltS -7<5 ) 1 (1 -27<5 2 -7<5)] 
l_e-2ltS s S2 
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Laplace Transforms 

£(t) 

1t (1t, 1t) 

21t 
0 

I 
I 
I 
I 
I 

-1t I (21t, - 1t) 

Figure. Graph of the function 

Example 20. Draw the graph of he following periodic function. Also find its 
Laplace transform. 

{
t foro < t<a 

f (t)= -
2a - t for a < t < 2a 

Solution. The given function is 

f (t) {t , a < t ~ a 
2a - t, a < t < 2a 

Which is periodic function with period 2a 

Therefore, 

L {f (t) } 
1 

2a J f (t) e-st dt 
o 

=-1-_-~--2as- [jte-"dt+ 'j<2.-t)e-"dt] 

(U.P.T.U 2002, 2007) 

= ----::--1 [ {te-st 
-1 e-S~}a + { (2 a - t) e-s

t 
_ (-1) ~_st)2a 1 

1 - e-2as -s (-s) 0 -s (- s) a 
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= 1 (1 + e-2as _ 2e-as ) 

8 2 (1_e-2as ) 

= (l_e-as 
)2 

8 2 (1_e-2as ) 

I -as -e 

1 e as/2 - e -as/2 1 as 
- - =-tanh-

S2 e as/ 2 +e-as/ 2 S2 2 

f(t) 

--o~----4-----~----4-----~----+-----~----~t 
a 2a 4a 

Unit step Function u (t -a) 

By definition u (t -a) is 0 for t < a, has a jump of sizel at t = a (where we can leave 
it undefined) and is 1 for t >a 

{
o ift < a 

u (t -a) = 1 
if t ~ a where a ~ 0 

Figure (a) shows the special case u (t), which has jump at zero and figure (b) the 
general case u (t - a) for any arbitrary positive a. The unit step function is also 
called the Heaviside function. 

242 



Laplace Transforms 

u(t) 

-------o~----------~t 

Unit step function u (t) 

figure (a) 

Laplace transform of unit step function 
., 

L{u(t-a)}= Je-stu(t-a)dt 
o 

a ., 

= Je-st 0 dt + Je-st Idt 
o a 

[ 
-st JeLl 

= 0+ ~s a 

s 

Second shifting theorem in unit step's term 

Theorem. If L { F (t) } = f (5), then 

L { F (t -a) . u ( t -a) } = e-as f (5) 
eLl 

u(t-a) 

1 

------o~----~------~t 
t= a 

Unit step function u (t -a) 

figure (b) 

(U.P.T.U 2008) 

Proof. L{F(t-a).u(t-a)}= Je-stF(t-a).u(t-a)dt 
o 

a ., 

= Je-stF(t-a).odt+ Je-st.F(t-a).ldt 
o a 

., 
= Je-st .F(t-a)dt 

a 

putting t - a = x ~ t = x + a, we get 
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<Xl 

L{F(t-a).u(t-a)} = fe-S(x+a) F (x) dx 

o 

<Xl 

= e -sa fe -st F (t) dt by definite integral 
o 

=:> L {F (t - a) . u (t -a) } = e - sa f (s) 

Example 21. Using unit step function. Find the Laplace transform of 

(i) (t-l)2.u(t-l) 

(ii) S int . u (t - n) 

Solution (i) using second shifting theorem 

L(t-l)2 .u(t-l))=e-s L{t2 } 

_ -s II -e -
S2+1 

(ii) sin t. u (t - n) = sin (t - n + n). u (t - n) 

= {sin(t-n)cosn+ cos (t-n)sinn} .u(t-n) 

= - Sin (t-n). u (t-n) as Sin n =0 

(U.P.T.U.2008) 

:. L { sin t. u (t - n)} = - L { sin (t -n). u (t -n)} 

= - ellS L { Sin t} 

----
S2 + 1 

Example 22. Express the following function in terms of unit step function and 
find its Laplace transform (U.P.T.U.2oo2) 
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Laplace Transforms 

F(t) 

1 

--~--0~~~-------1~--------~2------~t 

Solution. The above function shown in the figure is expressed in algebric form 

1
°, 

F (t) = t -1, 

I, 

o<t<1 

l<t<2 

2<t 

Therefore, F (t) = (t -1) [u (t -1) - u (t - 2) ] + u (t - 2) 

= (t -1) u (t -1) - u (t - 2) { t -I-I} 

= (t -1) u (t -1) - (t - 2) u ( t-2) 

L { F (t) } = L { (t -1) u (t -I)} - L { (t - 2) u (t - 2)} 

-s -2s e - e 

Example 23. Find the Laplace transform of the function 

1
2 ifo<t<1t 

F (t) = ~ if 1t < t < 21t 
sm tift> 21t 

Solution. We write F (t) in term of unit step function. For 0 < t < 1t, we take 2 u (t). 
For t > 1t we want 0, so we must subtract the step function 2 u (t - 1t) with step at 
1t . Then we have 2 u (t) - 2 u (t - 1t) = 0 when t > 1t . This is fine until we reach 21t 
where we want sin t to come in, so we add u (t - 21t) sin t. Together F (t) = 2 u (t)-
2u ( t - 1t) + u (t - 21t) sin t The last term equals u ( t - 21t) sin (t - 21t) because of the 
periodicity. So 

2 2e -xs e -2xs 

L { F (t)} = -; - -s- + _s2_+_1 
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F(t) 

2f-----, 

o~----n=-----;---~~-----+---t 

Example 24. Express the following function in terms of unit step function 

{
t-1, 1 <t< 2 

F (t) = (U.P.T.U 2009) 
3-t, 2<t<3 

and find its Laplace transform. 

Solution. F (t) = {
t-1, 1 <t< 2 

3-t, 2<t<3 

F (t) = (t -1) [u (t -1) - u (t - 2) ] + (3 - t) [u (t - 2) - u (t - 3)] 

= (t -1) u (t -1)- (t -1) u (t - 2) + (3 - t) u (t - 2) + ( t - 3) u (t - 3) 

= (t - 1) u (t -1) - 2 (t - 2) u (t - 2) + (t - 3) u (t - 3) 

DIRAC'S DELTA FUNCTION (or unit impulse function) 

Phenomena of an impulsive nature, such as the action of very large forces (or 
voltages) over very short intervals of time, are of great practical interest, since 
they arise in various applications. This situation occurs, for instance, when a 
tennis ball is hit, a system is given a blow by a hammer, an airplane makes a 
"hard" landing, a ship is hit by a high signal wave, earthquake, and so on. Our 
present goal is to show how to solve problems involving short impulses by 
Laplace transformations. 

In mechanics occasionally we come across problems where a very large force acts 
for a very short duration. Likewise in the study of bending of beams, a load 
acting at a point of a beam introduces a very large pressure on the beam acting 
over a very small area. The function which can handle this type of problem is 
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called unit impulse function, given by paul Dirac ( English Physicist, was 
awarded the Nobel Prize in 1933 for his work in quantum mechanics.) 

a + e 

The impulse of a force f (t) in the interval (a, a + E) = J f (t) dt 

Now define the function 

f. (t-.)~ {~ 

1 
E 

a 

for t < a 

for a:::: t < a + E 

for t > a 

1 
E 

./EI--- Area = 1 

1 
Or fe(t-a)= -[u(t-a)-u {t-(a+ E)}] 

E 

Taking Laplace transform, we have 

L {Ie (t - a)} =.!. L[ u (t - a) - u {t - (a+ E )} ] 
E 

- 1 [-as - (a+e)s ] - - e -e 
ES 

1 -es -e 
L{fe (t-a)} =e-as 

-
ES 

Dirac's delta function or unit impulse function denoted by 0 (t - a) is defined as 
the limit of fe (t -a) as E ..... 0 Le, 
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8 (t - a) = lim fE (t -a) 
E-->O 

{~ 
for t < a 

~{= 
for t<a 

lim for a:::: t:::: a + E for a=t=a 
E --> 0 

for t> a for t> a 

:.8 (t - a) = {~ for t = a ooJ 
' subjected to 8 (t - a) dt = 1 

for t *' a 

00 

Example 25. Evaluate fe-3
! 8 (t - 4) dt 

o 

Solution:- we know that L{8 (t - a)} = e-as 

For a = 4, we get 

L {o (t - 4)} = e-4s 

00 

:=) fe-si o(t-4)dt=e-4S 

o 

putting s = 3, we get 
00 , 

fe-3
!. 8 (t - 4) dt = e-12 

o 

o 

Note. Laplace transform of unit impulse function 

L{o(t-a)} = lim L{JE(t-a)} 
E-->O 

{
I -ES} = lim e-as _-e_ 

E-->O ES 

e-as lim [~ {1-1 
E-->O ES 

=> L { 0 (t - a)} = e-as 

SOME SPECIAL FUNCTIONS 
00 

E S (E S)2 
+ ----

U II 

Example 26. Prove that fJo (t) dt = 

o 
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Solution. We know that 

I n (x) = 2n ~) [1- 2(2:

2

+ 2) + 2'4(2n::)(2n+4) - ................... ] 

putting n = 0, we get 

Jo (X)={l- 2:2 + 2x4
x
x
4

2x4 - ................. } 

:. L {Jo (x)} == {! - P 3 + 2 ~ 5 - ................ } 
s 2 s 2·4 . s 

= ~ { 1 _ ~ + (3/2)ll (112) (~)2 _ .................. } 
s 2·s 2 s 

- - 1+-_ 1 { ( 1 )-1 /2} 
s S2 

1 

00 

=> fe-sf Jo (t) dt == ----
o (S2 + 1) 112 

putting s = 0, we get 

o 

Example 27. Find L {t Jo (at)} 

Solution. From last example, we have 

1 

by change of scale property, we have 

1 1 
L{Jo(at)} I 

a v' { (s/a)2 + 1 } 
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s 

(S2 + a2 y/2 
Example 29. The error function is defined as 

erf (t) = };, £ e _x
2 

dx 

then show that 

Solution. We have 

erf (Jt) = };, (e-
x2 

dx 

= ~ ( ( 1 - x
2 

+ ~ - ~ + -------) dx 

~ }. [ x- ~ + ;~ - /~ + - r 
=~ [t 1/2 _ e/2 

+ t5/
2 

_ e/2 + ____ ] 
.j;, 3 5. ~ 7. II 

Taking Laplace transform of both the sides, we get 
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• 

L { erf (Ji.)} =.2.. 1(3/2) _ 1(5/2) + !ill 
J:;t S3/2 3 S 5/2 5 . ~ S7/2 

= ;/2 [1-~~+~x~x1-~x~x~-\-+ .......... ] 
s 2s 2 4 s 2 4 6s 

1 (1)-1/2 1 
= S3/2 1 + -; = s(s + 1)1/2 

Inverse Laplace Transform 

Definition. If L{F(t)} = f(s), then 

F(t) is called on inverse Laplace transform of f(s) and we write 

F(t) = L-1 {f(s)} 

Hence L-1 is called the inverse Laplace transformation operator. 

Thus L-1 { 1 } L-1 { a } . ~ =t, s2+a2 = sm at 

Example 1. Find L-1 {_l_ + _2_ + ~} 
s-2 s+5 s 

. Solution: L-I{_I_+_2_+~} 
s-2 s+5 s 

= L-
1 t~2}+2L-1 t~5}+L-1 t~ } 

=e2t 
C

l U}+2e-St 
L-

1 U}+e 

=e1t +2e-5t +t3 

Example 2. Find L-1 
{ s -/ 

(s-2) +52 

Solution. 

+ s + 4 + __ 1::-_} 
(S+4)2 +92 (S+2)2 +32 
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~ c' t-:/ + 5' } + r;' t + :y4 + 9'} + L-' t, + 2)~ + 3' ) 

= e
21 

L-
1 
t2 :S2} +e

41 
L-

1 
t2 :92} +e-

21 
L-

1 
t2 ~32} 

-21 
= e21 cos 5 t + e-41 cos 9t + _e_ sin 3t 

3 

Example 3. Evaluate 

L-1 {1 5 S+3} 
{S_4)5 + {s-2)2 +52 + {s+3y +62 

Solution. 

L-1 {1 5 S+3} 
{S_4)5 + {s-2Y +52 + {s+3y +62 

4 

= e41 .!...- + e21 sin 5t + e-31 cos 6t 
11 

Example 4. Find L -I t ~2 } 
2-1 

S I · -I { I} t
2 

o uhon. L ,m ~ 1m 

Example 5. Find 

L -1 {6 3 + 4s 8 - 6s } 
2s - 3 - 9s 2 -16 + 16s2 + 9 

Solution. 
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L -1 {6 3 + 4s 8 - 6s } 
2s-3 - 9s 2 -16 + 16s2 +9 

=3L-1 {_I )-3L-1{ 1 }-4L-1{ s }+8L-1{ 1 }-6L-1{ ~ } 
3 9S2 -16 9S2 -16 16 s2+9 16 s- + 9 s--
2 

= 3 L~' {s~ i) - ~ L' {S' -:4/3)' } 

~L~t2 ~(:/3)2 }+~L-t, +(:/4)2 }-~L-t2 +(:/4)2} 
3t/2 1 1 . 4 4 4t 1 1 . 3t 3 3t 

= 3e - - -- sm h - t - - cos h - + - -- sm - - - cos -
3 4/3 3 9 3 2 3/4 4 8 4 

_-3e3t/2 __ 1 sm' h 4t 4 4t 2 . 3t 3 3t - - cos h - + - sm - - - cos -
4 39 33484 

Example 6. Evaluate 

= L- 1 { (s + 3) - 2 } 
(s+3)2+16 

= e-3t 
(cos 4t - ~ sin 4t) 

Example 7. Find the inverse Laplace transform of 2 s + 2 
s - 2s+5 
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Solution. 

= e
t 

L-
1 t2 :22}+ % e t 

L-
1t2 ~22} 

= e t cos 2t + ~ e t sin 2t 
2 

Example 8. Find L- 1 
{ 2 3s + 7 } 

s -2s-3 

Solution. L- 1 { 2 3s + 7 }= L-1 {3 (s - ;)+ 10} 
s - 2s - 3 (s - 1) - 4 

= 3 et cosh 2t + 5 et sin h 2t 

= 4 e3t _ e- t 

Another method. 

3s + 7 3s + 7 

S2 _ 2s - 3 (s - 3) (s + 1) 

A B 
=--+--

s-3 s+1 

=> 3s + 7 = A (s + 1) + B (s - 3) 

=>A=4,B=-1 

3s + 7 4 
.. -2---- - -- - --

s -2s-3 s-3 s+l 
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~ L-
I t2 ~;S7_ 3} =4L-

1 t ~ 3}- L_1t~1} 
= 4e3t - e-t 

Inverse Laplace transform of derivatives 

If L { F (t) } = f (s) 

~ L-1 {f (s)} = F (t) 

& L {tn F (t)} = (_1)n f (s) 

~ L-1 {f (s)} = (-1t tn F (t) 

~ L-1 {f (s)} = (_1)n tn L-1 {f (s)} 

. Example 9. Find L- 1 {IOg(:: ~)} 
Solution. 

(
s+ 3) Let f(s) = log -- = log (s + 3) -log (s + 2) 
s+2 

Then f'(S) = _1 ___ 1_ 
s+3 s+2 

L- 1 {fl(S)} = L-1 {_I } _ L-1 {_I } 
s+ 3 s + 2 

= e-3t _ e-2t 

But L- 1 {f'(S)} = (_1)1 t1 L-1 {f (s)} = - tL-1 {f (s)} 

~ L- 1 {f (s)} = - ! L-1 {f'(S)} 
t 

1(-3t -2t) = -- e - e 
t 

_ 1 ( -2t -3t) - - e - e 
t 

Example 10. Find L -I {lOg (1 + sI2)} 

Solution. Let f (s) = log (1 + s12) 
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[
S2 + 1) 

= log -S-2-

= log (S2 + 1) - log S2 

= log (S2 + 1) -2 logs 

:. fl(S) = ~ _ 2s 
S2 + 1 S2 

=> fl(S) = 2 (_s __ .!.) 
S2 + 1 s 

= 2 (cos t -1) 

=> - t L-1 
{ f (s) } = - 2 ( 1 - cos t) 

=> L- 1 
{lOg (1 + sI2)} = ~ (1 - cost) 

Example 11. Find L - 1 { S 2 } 

(S2 + a2) 

Solution. We have L {sin at} = TI 
s +a 

-I { 2S} t. 
=> L - (S2 + a2 t = - -; Sin at 
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Division by s. 

Theorem. If L-1 {f(s)} = F (t), then 

L-' {f~)} = IF(U) du 

Proof. From the property of Laplace transform, we know that 

f~) =L[£F(U)dU] 

L- 1 {f~S)}= £F(U)du 

Example 12. Find L-1 { 1 2} 
s2(s+1) 

Solution. We know that 

or 

or 

or 

or 

or 

L {eat} = _I_ 
s-a 

L {e-at} = _1_ 
s+a 

L-l{_1 } =e-at 
s+a 

Since we know 
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Then we have 

L - 1 { 1 2 } = £ x e -x dx 
s(s + 1) 

= [-x e-x + Je-x dxl 
= [ - e-x (x + 1)1 

= 1 - e- t • (t + 1) 

:. L- 1 
{ 1 2}= £[l-e-x (x + 1)Jdx 

S2 (s + 1) 

= [x + e-x (x + 1) + e-X I 
= t + e-t + e-t (t + 1) - (1 + 1) 

= te-t + 2e-t + t-2 

Example 13. Find the inverse Laplace transform of 

5s + 3 

(s - 1) (S2 + 2s + 5) 

Solution. L- 1 lr 5s + 3 } 
( s - 1) (S2 + 2s + 5) 
5s+ 3 A Bs + C 

---.,-----...,..=--+ 
(s-1) (s2+2s+5) s-1 s2+2s+5 

~ 5s + 3 = A (S2 + 2s + 5) + (B s + C) (s -1) 

~ 5s + 3 = S2 (A + B) + s (2A - B + C) + (SA - C) 

Comparing the coefficients 

A + B = 0 ------- (i) 

2 A - B + C = 5 --------(ii) 

5 A - C = 3 --------(111) 

on adding equations (i) and (ii), we have l 

3 A + C = 5 -------(iv) 
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Adding equations (iii) and (iv) 

8A = 8=>A = 1 

putting A = 1 in (iii) we get 

C=2 

. Putting A = I, C = 2 in (ii), we get 

B =-1 

5s + 3 1 - s + 2 Then = --+ ----
(s-l) (s2+2s+5) s-l s2+2s+5 

s - 2 
------~-

s-1 (s+1)2+22 

= e t + 3e-t .!. sin2t - e-t cos 2t 
2 

Example 14. obtain the inverse Laplace transform of cot-I ( s ; 3) 

Solution. We know that 

e l {f(s)} = -! L-1 {~f(S)} 
t ds 

:.L-I{cot-I(S;3)}=_~L-l {:s cot-1 (S;3)} 

= - f L-' 11 + (~)' I 
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-3t 
e . 2 =-sm t 

t 

Convolution Theorem. 

If F (t) and G (t) be two functions of class A and L-1 { f (5) } = F (t) and 

C
1 

{ g (5) } = G (t),. Then 

C1 
{f (5) g (5) } = £F(x) G (t - x) dx (U.P.T.U 2002) 

=F*G 

Proof. Let £F (x) G (t - x) dx = H (t) 

Then L{H (t)} = f e-st H (t) dt 

= fe-st [£F(t)G(t-X)dX]dt 

= f[£e-st F(X)G(t-X)dX] dt ----------------------- (i) 

the integration being first with respect to x and then t. If the order of integration 
is changed, the strip will be taken parallel to OT so that the limits of t are from x 
to 00 and of x from 0 to 00 
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L {H(t)} = r dx r e-st F (x) G (t- x) dt 

= r e-sx F (x) dx r e-s 
(t-x) G (t - x) dt 

putting t - x = e , we have dt = de 

L{H(t)} = r e-sx F(x) r e-s8 G(e) de dx 

= r e-sx F (x) g (s) dx 

= f (s) g (s) 

putting the value of H (t), we get 

t T 

~ IF(x) G (t - x) dX}= f (s) g (s) ------------- (ii) 

or IF(x) G (t - x) dx = L-1 {f(s) g(s)} 

=F*G 

Example 15. Use convolution theorem to find 

Solution. 

We have 
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L-1 { 2 S 2} = cos at 
s + a 

and L-1 { 2 1 2} =.!. sin at 
s + a a 

:. By Convolution theorem 

L - 1 { 2 S 2 2 1 2} = £ cos au . .!. sin a (t - u) du 
s +a s +a a 

- ~ £ (cos a u. sin at cos au - cos au cos at sin au) du 

-~ £[ sin at C + co~ 2 au) - ~ cos at sin 2au] du 

= .!. [.!. sin at (u + _1_ sin 2au)1 + _1_ cos at (cos 2au) 1 1 
a 2 2a 0 4a 0 

= .!. [.!. sin at + _1_ (sin at sin 2 at + cos at cos 2at) __ 1_ cos at] 
a2 4a 4a 

= - - sm at + - cos (2at - at) -- cos at 1 [t. 1 1] 
a2 4a 4a 

t . 
= - smat 

2a 

Example 16. Use the convolution theorem to find 

L- 1 
{ 1 } 
(s+l) (s-2) 

Solution. Since L- 1 {_1_} = e-I 

s+l 

and L- 1 {_1_} = e2t 

s-2 

By Convolution theorem, we get 

L-1 {II} - r -x 2 (I -xl d --.-- - e e x 
s+l (s-2) 
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{ 

-3x }t 
= e

2t 
- ~ 0 

HEAVISIDE'S EXPANSION THEOREM 

Let f (s) and g (s) be two polynomials in s, where f(s) has degree less than that of 
g (s), if g (s) has n distinct zeros, ar = 1,2, --------------n i.e. g (s) = (s - al) (s - (2)--­
------------- (s - an) 

Then L- 1 {f(S)} = I f (ar ) eUrt 
g( s) r = 1 g I ( a r ) 

. Example 17. Find L- 1 {-:3:--2S_
2
-::-;_6S_+_S_} 

S - 6s + 11s - 6 

Solution. Here, we have 

f (s) = 2s2 - 6s + S 

g (s) = S3 - 6s2 + 11 s - 6 

= (s - 1) (s - 2) (s - 3) 

g' (s) = 3s2 - 12 s + 11 

g (s) has three distinct zeros Le., 

al = 1, a2 = 2, a3 = 3 

Therefore, by Heaviside's expansion formula, we have 

(U.P.T.U 2004) 

L- 1 { 2S2 - 6s + S } = f(l) e t + f(2) e2t + f(3) e3t 
S3 _6s2 +11s-6 g'(l) g'(2) g'(3) 

= ~ et _ e2t + 2. e3t 
2 2 

APPLICATION TO DIFFERENTIAL EQUATIONS 

The Laplace transform method of solving differential equations yields particular 
solutions without the necessity of first finding the general solution and then 
evaluating the arbitrary constants. This method is, in general, shorter than our 
earlier methods and is especially useful for solving linear differential equations 
with constant coefficients. Thus Laplace transform is a very powerful technique 
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to solve linear differential equations both ordinary and partial and system of 
simultaneous differential equations. 

Example 1. Using Laplace transform, find the solution of the initial value 
problem 

d2 

--.L + 9y = 6 cos 3t 
dt2 

where y (0) = 2, y' (0) = 0 

Solution. Given differential equations is 

y" (t) + 9y (t) = 6 cos 3t 

Taking Laplace transform on both sides, weget 

L { y" (t) } + 9 L { Y (t) } = 6 L { cos 3t} 

2 6s 
~ s y(s) - sy(o) - y' (0) + 9 y(s) = -2-

2 6s 
~ s y(s)-2s-0+9y(s)=-­

S2 + 9 

~ (S2+ 9) y(s) - 2s = ~ 
S2 + 9 

6s 2s 
y(s) = +--

(S2 + ~t S2 + 9 

S + 9 

Taking the inverse Laplace transform of both sides, we get 

L - 1 {y (s )} = L -1 { 6s 2} + L -1 {-F-} 
(S2 + 9) s + 9 

(U.P.T.U.2006) 

= 6. _t_ sin3t+ 2 cos 3t ','L- 1
{ s 2}= ~ sin at 

2.3 (s2+a2) 2a 

= t sin 3t + 2 cos 3t 

Example 2. Solving by using the Laplace transform method. 

y" (t) + 4 y' (t) + 4y(t) = 6e-t (U.P.T.U.2007) 

Where y (0) = - 2, y' (0) = 8 

Solution. Taking the Laplace transform of the given differential equation, we get 
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L { y" (t) } + 4 L' (t) + 4 Y (t) } = 6 L { e-t} 

~ L{y"(t)} + 4 L {y' (t)} + 4 L {y(t)} = _6_ 
s+1 

~ [S2y (s) - sy (0) - y' (o)J + 4 [sy(s) - Y (o)J+ 4y(s) = _6_ 
s+1 

~ [S2y (s) - s (-2) - 8J + 4 [sy(s) - (-2)J+ 4y(s) = _6_ 
s+1 

~ (S2 + 4s + 4) y(s) + 2s _ 8 + 8 = _6_ 
s+ 1 

~ (s+ 2)2 y(s) = _6_ - 2s 
s+1 

( 2)
2, () 6 - 2 S2 - 2s 

~ s+ ys=----
s+ 1 

6 - 2S2 - 2s 
~ y(s) = -----,-

( s + 1) (s + 2)2 

682 
- -- - -- - by partial fractions 

s + 1 s + 2 (s + 2)2 

. Taking the inverse Laplace transform of both sides, we get 

L-1 { (s)} = L-1 {_6 ___ 8_ _ 2 } 
Y s+l s+2 (S+2)2 

~ Y (t) = 6 e-t - 8 e-2t - 2t e-2t 

Example 3. Solve (D2 + 9) Y = cos 2t 

If Y (0) = 1, Y (~) = -1 

Solution. The given differential equation is 

y" (t) + 9y (t) = cos 2t 
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Taking the Laplace transform of both sides of the given eqn, we have 

L { y" (t) } + 9 L { Y (t) } = L { cos 2t } 

Or {S2y(S) - sy(o) - yl(O)} + 9 y(s) = -2-
S

-
S + 4 

Or (S2 + 9)y(s) - s - A = _s_ Where y' (0) = A 
S2+ 4 

s+ A s 
or y( s) = -- + -,----,---,----:-

s2+9 (s2+9) (s2+4) 

s Ass 
= -- -- + - ---;----;-

s2+9 S2 +9 5(S2+4) 5(S2 +9) 

Taking inverse Laplace transform on both sides, we have 

L' {y(s») = L-t, : 3' }+L -t, ~ 3' H L-t, : 2' H L-'{., : 3' } 
~ y(t) = cos 3t + A sin 3t + ! cos 2t - ! cos 3t 

3 5 5 

~ y(t) = ~ cos 3t + A sin 3t + ! cos 2t 
5 3 5 

Now, it is given that Y(1t/2) = -1 

4 31t A. 31t 1 
:. - 1 = - cos - + - sm - + - cos 1t 

5 2 3 2 5 

A 1 
or -1 = - - --

12 
or A=-

5 

3 5 

Hence the required solution will be y(t) = ~ cos 3t + ~ sin 3t + ! cos 2t 
555 

Example 4. Use Laplace transform to solve the simultaneous differential equation 

dx + y = sin t dy + x = cos t 
dt ' dt 

given that x = 2, Y = 0 att = 0 (U.P.T.U.2004) 
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Solution. Taking Laplace transform on both sides of the given differential 
equations, be we get 

L { x' (t) } + L { Y (t) } = L { sin t } 

& L { y' (t) } + L { x (t) } = L { cost} 

1 
=> s x (s) - x (0) + y(s) = -­

S2 + 1 

s 
and sy(s) - y(o) + x (s) = -2-

S + 1 

Here x (0) = 2, Y (0) = 0 

1 
=> sx(s) +y(s)= -2- +2 

s + 1 

s 
& x(s) + sy(s) = -­

S2 + 1 

Eliminating x (s) in the above equations, we get 

S2 1 
(S2 -1)y(s)= - - --2 

S2 + 1 S2+ 1 

S2 - 3 
- - S2 + 1 

- S2 - 3 2 1 
or y(s) = (s2+1) (s2-1) =- s2_1+ s2+1 

Taking inverse Laplace transform, we get 

y(t) = - 2 sin ht + sin t 

Eliminating y (s) we get 

s 2s s 
x (s)= --+-- --­

S2 + 1 S2 -1 S2 + 1 

2s 
or x (s)=-­

S2 -1 

Taking inverse Laplace transform, we get 

x(t) = 2cos ht 

Thus, the required solution is 

x = 2 cos ht , Y = 2 sin ht + sin t 
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Solution of ordinary differential equations with Variable coefficients :- The 
Laplace transform technique is very useful is solving the equations with variable 
coefficients. The method is found useful in case of the equations having the terms 
of the from tm yn (t) whose Laplace transform is 

Example 5. Solve ty" + y' + 4ty = 0 if y (0) = 3, y' (0) = 0 

Solution. Taking the Laplace transform of both sides of the given equation, we 
get 

L { t y" } + L { y'} + 4 L { ty } = 0 

Or ~: L {yll} + L {Y'} + 4 (-1) :s L{y} = 0 

Or ~: [S2 L{y} -sy(o)-y'(o)] + [sL {y} -y(o)] -4 :sL{Y} =0 

or - ~ (S2Z - 3s) + (sz - 3) - 4 dz = 0 
ds ds 

where z = L { y } 

or _(52 +4~-5Z=0 

dz 5 
or - + -- d5=0 

Z 52 + 4 

Integrating, we get 

log z + ~ log (52 + 4) = log C1 

C 
or z = 1 

fs2;4 
C 

or L{y} = 1 

fs2;4 

1 
.,' L {Jo (t)} = --;~1=+=5=2 
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or y = CJ 10 (2t) 

Since y (0) = 3 :. 3 = C1 Jo (0) = C1 .: Jo (0) = 1 

:. y = 3 Jo (2t) 

This is the required solution. 

Example 6. Solve [t D2 + (1 - 2 t) D - 2] Y = 0 

If Y (0) = I, y' (0) = 2 

Solution. The given equation can be written as 

ty" + y' - 2ty-' - 2y = 0 

Taking Laplace transform of both sides, we get 

L { ty" } + L { y' I - 2 L { t :VI - 2 L { Y } == 0 

Or - :s L {y"} + L {yl} + 2 ! L {yl} - 2L {y} = 0 

(V.P.T.V.2002) 

Or - :Js2L {y}-sY(O)_yl(o)]+[sL{y}-y(o)]+2 :JSL{y}-y(0)]-2L{y}=0 

Or - ~ (s2z - s-2) + (sz-l) +2~ (sz-l) -2z=0 WhereL{y}:z 
ds ds 

( 
2 ) dz Or - s -2s - -sz=o 

ds 

dz 1 Or-+--ds=o 
z s-2 

Integrating, we get 

log z + log (s - 2) = log Cl 

Orz=~ 
s-2 

But Y (0) = 1, :. 1 = Cl 

Y = e2t 
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This is the required solution. 

Example 7. A resistance R in series with inductance M is connected with e.m.f. 

E (t). The current i is given by M di + Ri = E (t) if the switch is connected at t=o 
dt 

and disconnected at t=a, find the current i in terms of t (D.P.T.D.2001) 

Solution. 

Condition under which current i flows are i = 0 at t = 0 and E(t) = {: 

We have M di + R i = E (t) -----(i) 
dt 

Taking Laplace transform of (i) we have 

M {L (diJ dt) } + RL {i } = L { E (t) } 

'" 
M [s L{i} - i {o}] + RL {i} = fe-51 E(t) dt 

o 

'" 
MsL {i} + RL {i} = fe-51 E(t) dt .: i (0) = 0 

o 

'" a '" 
(Ms + R) L {i} = fe-51 Edt = fe-51 Edt + fe-51 Edt 

o 0 a 

a [-5IJa 
Now E fe- 51 dt= E e_

s 
0 

_ E (1 -as) - - -e 
s 

E E -as 
= - - - e 

s s 

E E e-as 

~ L{i} = s(Ls + R) - s(Ls+ R) 

on inversion, we obtain 
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Laplace Transforms 

Resolving into partial fractions 

= : {1- e-(R/L)t} 

and L-1 {s (~e: R)} ~ ~ {1-e -j'/t .-.)} u ( t - a) By second shifting theorem 

Putting the values of the inverse transforms in (ii) we get 

. E [ -(R/L)t] E [ -ffi·-a) 1 ( ) 
1= R l-e - R l-e U t-a 

=> i=: [1_e-(R/L)t] foro<t<a,u (t-a) =0 
E [ (R/L)t] E { -f/c'-o) } i = R 1 - e - - R 1 - e for t > a, U (t - a) = 1 

~ ~ [1- e -i'/('~) - e -(RiLl'] 

EXERCISE 

Find the Laplace transform of the following:-

1. 

Ans. 

(a) 3t4 
- Ze + 4e-3t - Zsin 5t + 3 cos Zt 

72 _ g + _4_ _ 10 + ~ 
S6 S4 S + 3 S2 + 25 . S2 + 4 

(b) Find L {f(t)} where 

Z71 



Ans. 

Ans. 

Ans. 

Ans. 
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{

sin (t -!: I, t >!: 
f(t) = 3) 3 

1t 
o t<­, 3 

e -slt/3 . _1_ , s>o 
S2 + 1 

(c) Find L {1 + te-tp 

1 3 6 6 

;+ (S+1)2 + (S+2)3 +(s+3t 

(d) t3 e7t 

6 

(s-7t 

(e) e-2t (3 cos 6t - 5 sin 6t) 

3s - 24 

S2 + 4s + 40 

2. (a) Express the following function in terms of unit step functions and find 
its Laplace transform. 

{
8, t < 2 

f(t)= 6,t~2 

8 2e-2s 

AI:ts. H (t-2), - - -
s s 

(b) Express the following functions in term of a unit step function and 
find its Laplace transform. 

{
E,a<t <b 

f(t) = b 
0, t ~ 

Ans. H(t-a} - H(t- b}, E[ e: _ e~bs ) 

(c) Express the function shown in the diagram in terms of unit step function and 
obtain its Laplace transform. 
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F(t) 

O 
'-----'----+---~-_7 t 

1 2 3 

e-s (l-e-st 
Ans. (t-3) u (t-3) -2 (t-2) u (t-2)+(t-l) u (t-l) & 2 

S 

(d) Find the Laplace transform of the function. 

{
t-l ,1 < t <2 

f(t) -
3-t 2<t<3 

(V.P.T.V.2009) 

Hint: f( t) = (t - 1) [u (t - 1) - u (t - 2)] + (3 - t) [u ( t - 2) - u (t - 3)] 
I 

=> f(t) = (t-l) u (t-l) - 2 (t-2) u (t-2) + (t-3) u (t-3) 

e-S 2e-2s e-3s 
=> L{f(t)} = - - - +-

S2 S2 S2 

=> L{ f ( t) } = s~ (e -s - 2e -2s + e -3s ) 

3. (a) If (t) = t2, o<t<2, and f (t+2) = f(t), find L{f(t)} 

Ans. 1 [ 2 4e-
2s 

4e-
2s 

2e-
2s 1 

l_e-2s ~ - -s- - --"T -~ 
(b) Find L{F(t)}, where F(t) is defined by 

F(t) = {so in t o<t<1t 
1t<t<21t 

and F(t + 21t) = F(t) 

Ans. 
1 

4. (a) Find the Laplace transform of the function. 
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F(t) = te-t sin 2t 

Ans. 4(s + 1) 2 

(S2 + 2s + 5) 
(b) Evaluate L{t2 sin t} 

2( 3s2 -1) 
(S2 + 1 r Ans. 

(c) Evaluate L{te-t sin2t} 

1 1 1 [4 - 3 (s + It 1 
Ans. 2 (s+I)2 +2 {(S+It + 4r 
5. 

Ans. 

(a) Find the Laplace transform of 

f(t) = sin
2 

t 
t 

I I S2 + 4 - og--
4 S2 

(U.P.T.U.2002) 

(b) IfF(t) = (cos at - cos bt)/t, find the Laplace transform ofF(t). 

(U.P.T.U.2004) 

Ans. 

Ans. 

(c) Find the Laplace transform of 

F(t) = I-cos t 
e 
S S2 

cot-I S + - log--
2 S2 + 1 

(d) Find the Laplace transform of 
-at -ht 

F(t)= e -e 
t 

A I 
s+b 

ns. og--
s+a 
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6. Find L { erf.Jt} and hence prove that 

L{terf{2.Jt)} = 3s + 8
3/2 S2 (s +4) 

(U.P.T.V.2001) 

Ans. 
1 

s(s + If/2 

7. (a) Find C' { 1 } 
s( S2 + 4) 

1 
Ans. - (I-cos 2t) 

2 

(b) Find L-' { 1 } 
S3 (S2 +1) 

Ans. 
t2 
- + cost-1 
2 

(c) Find L-1 
{ 4 } 

S2 + 4s + 20 

Ans. e-21 sin 4t 

(d) Find L-' { (3' -1) } 
S2 - 6s + 2 

Ans. 3e31 cos (J7t) + }; e31 sin h J7t 

(e) Find C' { ,+8 } 
S2+ 4s + 5 

Ans. e-21 (cos t + 6 sin t) 

(f)Find L-1 {S/(S2 +a2 f} 
Ans 

t . 
- smat 
2a 

(g) Evaluate L-1 
{( e-s _ 3e-3S

) / S2} (V.P.T.V.2002) 
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Ans. (t-1) u (t-1) -3 (t-3) u (t-3) 

7. Find the inverse Laplace transform of the following. 

(a) 2S2 -1 

(S2+ 1) (S2+ 4) 
(V.P.T.V. (c.o) 2004) 

A . 3. 2 ns. - sm t + - sm t 
2 

(b) 2S2 - 6s + 5 
S3 _ 6s2 + lIs - 6 

(V.P.T.V. 2004) 

Ans. ..!.. e t_e2t + ~ e3t 
2 2 

-cs 
(c) e 

S2 (s + a) 
(V.P.T.V. 2002) 

Ans. __ 1 u(t _ c) + ..!..(t - c)u( t - c) + ..!...e-a(t-c)u(t - c) 
a2 a a2 

Ans. 

Ans. 

Ans. 

(d) s4+:2+1 

~ sinh.!. sin..!.. J3 t 
J3 2 2 

(
s+a) (e) log -
s+b 

e-bt _ e-at 

t 

(f) log (1 + ~) 
1_e-t 

t 

(g) tan-1 (s+l) 

A l -t • t ns. -- e sm 
t 

8. Vsing Convolution theorem, evaluate the following: 
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Laplace Transforms 

Ans. 

(0) e' t" + 1;(" + 4)} 
1 
- (cos t - cos 2t) 
3 

(b) L-1 
{ 1 } 

S3 (S2 + 1) 

t2 

Ans. - + cos t -1 
2 

(c) e' {(" + 0';:" + b,J o*b 

Ans. 2 1 2 (a sin at- bsin bt) 
a -b 

(d) L-1 
{ 1 } 

(s-2) (s2+1) 

Ans. .!. (e2t - 2 sin t - cos t) 
5 

(e) L-' {s("~4)' } 

Ans. ~ (1- t sin 2t - cos 2t) 
16 

(~ L-
1 

{ 1 } 
(s-lt (s+2) 

Ans. 

( ) L-1 { 1 1 
g (s2+a2tf 

Hint - By convolution theorem 

L-1 {f(s) g(s)} = £F(u) G(t-u)du 
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1 
f(s)=g(s) = 2 2 

S +a 

=> f(t)=G(t)=~sin at 
a 

=> L-1
{ 1 2}= £~ sin au ~sin a (t-u~u 

(S2 + a2) a a 

=> L-1 
{ 1 2} = ~ (sinat- at cos at) 

(s2+a2
) 2a 

9. Using Heaviside's expansion formula find 

(a) L-1 { 38 + 1 } 
(s - 1) (S2 + 1 ) 

Ans. 2et + sin t - 2 cos t 

A 2 5 -t 1 -3t ns. - +-e +-e 
2 2 

10. Using Laplace transformation, solve the following differential equations. 

d 2 

(a) -f + y = t cos 2t, t>o (U.P.T.U.2005) 
dt 

given that y = dy =0 for t = 0 
dt 

Ans () -5. 4 . 2 t 2 . Y t = - sm t + -sm t - -cos t 
9 9 3 

(b) d
2
y + 2 dy + 5y = e-x sin x 

dx2 dx 

Where y (0) = 0, y'(o) = 1 (U.P. T.U. 2004, 08) 

Ans. y = .!.e-x (sin x + sin 2x) 
3 
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11. 

Laplace Transforms 

(c) (02-20+2) Y = 0, Y = Oy = 1 when t =0 

Ans. y = el cost 

(a) Solve the simultaneous equation 

dx 1 dy . 
--y=e ,-+x=smt 
dt dt 

given x(O) = 1, y(O)= 0 

Ans. x(t) = .!. (e l + 2sint cos t - t cos t) 
2 

y( t) = .!. ( t sin t - e 1 + cos t - sin t) 
2 

(b) Vsing Laplace transformation, solve 

(0 - 2) x - (0 + 1) Y = 6e31 

(20 - 3)x + (0 - 3)y = 6e31 

Given x = 3, Y = 0 when t = 0 

Ans. x (t) = el + 2t et + 2e3t 

Ans. 

y(t) = sin ht + cos ht - e -3t -tet 

(c) dx + 4 dy - Y = 0 
dt dt 

dx + 2y = e- I with condition x(O) = y(O) =0 
dt 

3 

() 
1 5 -I 8 3t/4 1 -I 1 -I 

X t =---e +-e y(t)=-e --e4 

3 7 21 ' 7 7 

(V.P.T.V.2006) 

(V.P.T.V.2001) 

(V.P.T.V.2008) 

12. The coordinates (x, y) of a particle moving along a plane curve at any 
time t are given by 

dy +2x=sin2t, dx -2y=cos2t, (t>O) 
dt dt 

It is given that at t = 0, x =1 and y = 0, show using transforms that the particle 
moves along the curve 4x2 +4xy + 5y2 = 4 (U.P.T.V.2003) 

Ans. x(t) =.!. sin 2t + cos 2t 
2 

y(t) = -sin 2t 

13(a) Sove y" - ty' + Y = 1 
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if y(O)= I, y' (0) =2 

Ans. y = 2t+l 

(b) Solve [t D2 + (1-2t) D - 2] Y =0 

if y(O) = I, y' (0) =2 

Ans. Y = e2t 

Objective Problems 
Pick up the correct answer from the following 
1. De Laplace was a 
(a) German Mathematician (b) French Mathematican 
(c) American Mathematican (d) British Mathematican 

(Raj SLET 2001) 

Ans. (b) 
2. PAUL DIRAC (1902-1984), English Physicist, was awarded the Nobel Prize 
Oointly with----------- (1887-1961)] in 1933 for his work in quantum mechanics 
(a) Laplace (b) Euler 
(c) Erwin Schrodinger (d) C.V. Raman 

3. Laplace transform of F(t); t ~ 0 is defined as 

(a) ! e-stf(s)ds (b) r e-stF(t)dt 

(c) (e-stF(t)ds (d) ! e-stF(t)dt 

4. L-1 t: } is possible only when n is 

(a) Zero (b) -ve integer 
(c) +ve integer (d) negative rational 

5. Laplace transform of F(t) = 1 is 

(a) 1 (b) .!. 
s 

1 
(c) -

S2 

6. L{et cos t} is equal to 

(a) s + 1 
S2 +2s+2 

(c) s + 1 
S2 -2s+2 

(d) 0 

(b) s -1 
S2 -2s-2 

(d) s -1 
S2 -2s+ 2 
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7. L {eat tn} is equal to 

In 
(a) ( )n 

s+a 

In 
(c) ( )n+l 

s+a 

8. L{F" (t)) is equal to 
(a) S2 f(s) - s F(o) - F'(o) 
(b) S2 f(s) + sF (0) - F' (0) 
(c) S2 f(s) - sF(o) + F' (0) 
(d) S2 f(s) - s F'(o) - F" (0) 

Laplace Transforms 

(b) In 
(s-ar 

(d) In 
( )

n+l 
s-a 

9. The inverse Laplace transform of In , s > a is 
(s-ar 

(a) eat tn 

(c) eat tn-1 

(b) et ent 

(d) e t+1 tna 

10. The inverse Laplace transform of In ,s > a 
sn 

(a) tn 

(c) tn+1 

(b) tn-! 

(d)nt 

11. If L{F(t)} = f(s) , then L{eat F(t)} is equal to 
(a) f (s-a) (b) f(s+a) 
(c) f(a-s) (d) f(s) 

12. If L{F(t)} = f(s), then L{tn F(t)} is equal to 

(a) fn(s) (b) (-It f1 (s) 
(c) (-l)nf'(s) (d) tn f(s) 

{
l- cos at} . 

13. L a2 IS equal to 

1 
(a) 2 2 

S +a 

1 
(c) -

a 
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14. If L{F(t)} = f(s), then L[ IF(u)du] is equal to 

1 
(a) s f(s) (b) - f(s) 

s 

(c) .!. f(.!.) 
s . s 

-al -bl 

[
e -e 

15. The volue of t dt is equal to 

(a) log alb (b) log (a-b) 
(c) log (a2..b2) (d)log (b/a) 

[
sin t . 

16. -t-dt IS equal to 

(a) 0 

(c) 1t 

-I -31 

(b) ~ 
4 

(d)1t/2 

[
e -e 

17. The value of t dt is equal to 

(a) log 3 (d) log (5/3) 
(c) log 4 (d) log (1/3) 

18. The value of [te -21 sin t dt is equal to 

(a) ~ (b) ~ 
5 7 

(c) 2~ (d) 1;5 

19. L{F(t)} = f(s), then L{F(at} is equal to 

(a)f(s/a) (b) .!.f(s/a) 
a 

(c) af(s/a) (d) .!.f(as) 
a 
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20. L-1 { S2 2} is equal to 
(S2 + 4) 

(a) sin 2t + .! cos 2t 
2 

(c) !sin 2t + t cos 2t 
4 

21. L{ Jo (t)} is equal to 

(a) 1 
~S2 +1 

(c) 1 

~(S2 -1) 

22. L-1 [ 1 2] is equal to 
(s-4) 

e (a) _e3t 

~ 
e (c) _e4t 

3 

23. L-1 {tan -I ;.} is equal to 

(a) sin t 

(c) t sin t 

Laplace Transfonns 

(b) ! sin 2t + .! cos 2t 
4 2 

(d) !sin 2t + .!sin 4t 
4 4 

(b) -1 
~S2 +1 

(d) s 
~S2 -1 

(b) sin t 
t 

(d) t2 sin t 

24. If L-1 {f(s)} = F(t) and F(o)= 0, then L-1 {sf(s)} is equal to 
(a) f(t) (b) f" (t) 
(c) F'(t) (d) tF'(t) 

25. L-1 { ~-M } is equal to 
s +1 

(a) e-t sin t 
(c) - sin t . u (t - 1t) 

(b) et sin t 
(d) sin t. u (t) 
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26. L-1 
{ (1 )} is equal to 

S2 S2 + 1 

(a) t + sin t 
(c) 1- sin t 

{ 
-3S} 

27. L-1 e
s3 

is equal to 

(t 3)3 
(a) ~ H(t-3) 

(t 3)2 
(c) II H(t-3) 

(b)t-sint 
(d) t + cos t 

(b) (t~3)3 H(t-3) 

(d) (t-3)3 

~ 

Ans. (c) 

Ans. (b) 

Ans. (c) 
28. If H (t - a) is Heaviside unit step function, then F (t-a) H (t -a ) is equal to 
(a) L-1 {f(s)} (b) L-1 {e-at f(s)} 

(c) L-1 {e-as f(s)} (d) L-1 teas f(s)} 
Ans. (c) 

29. If d
2

; + y = 0, under the conditions y=l, dy = 0, when t = 0, then y is equal 
dx dx 

to 
(a) sin t 
(c) tan t 

(b) cos t 
(d) cot t 

30. If L{F(t)} = f(s), then L{ f~t)} is equal to 

(a) r f(x)dx (b) r f(s)ds 

(c) .; r f(s)dx 

31. L{sin v't} is equal to 

(a) m e-I
/

4S 

(d) .; r f(s)ds 
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() J;, -1/45 
C 3j2e 

S 

{
cos .,ft} . 32. L .,ft IS equal to 

( )

1/2 
(a)'; e-I

/
45 

() J;, -1/45 
C -rjie 

2s 

33. L-I { 1 3} is equal to 
(s-a) 

(a) t2 eat 

34. L-I { 1 2} is equal to 
(s+a) 

(a) eat 
(c) t e-at 

. 35. L{ t4 e-at} is equal to 
~ 

(a) ( )4 
s+a 

~ 
(c) ( )3 s+a 

36. L- I 
{ (1 )} is equal to 

s S2 + 1 

(a) 1 + sin t 
(c) 1 + cost 

Laplace Transforms 

(d) ~ (.; }-1/45 

( )

1/2 

(b) ~ I e-I
/

4
.
5 

(d) J;, -1/45 
3/2 e s 

(b) .!.eeat 

2 

(d) '!'te
at 

3 

(b) e-at 

(d) teat 

(b) ~ 
(s +a)s 

(d) ~ 
(s - a)s 

(b)1- sin t 
(d) 1- cost 
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37. The Laplace transform of the function 

f(t) = {I, 0 ~ t < 2 
-1, 2' ~ t < 4, 

f (t + 4) = f(t) is given as 

(a) I_e-
2s 

s( 1 + e-2S
) 

(c) 0 

38. The inverse Laplace transform of log (s + 1) is given by 
s-I 

2 
(a) - cosh t 

t 
(c) 2t cost 

39. L-1 { 2 S 2} is equal to 
s -a 

(a) cos at 
(c) cosh at 

40. L-
1 

{ (1 )} is equal to 
S2 S2 + 1 

(a) t + sin t 
(c) I-sin t 

(b) ~sin ht 
t 

(d) 2t sin t 

(b) sin at 
(d) sin h at 

(b) t - sin t 
(d) t + cost 

Select true or false answers in the following 

(V.P.T.U. 2009) 

Ans. (a) 

(V.P.T.V.2009) 

Ans. (b) 

Ans. (c) 

Ans. (b) 

1. Laplace transform of F(t) is defined for positive and negative value of t. 
(True or False) 

2. L-1 { 2 S 2} = cos at 
s +a 

(True or False) 
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3. L-1 
{ 1 2} = _l_(sin at - at cos at) 

(S2 +a2 ) 2a3 

(True or False) 

4. If L{F(t)} = f(s), then 

L{t F(t)} = ~{f(s)} 
ds 

5. ::2 [ L{F(t)} - L{eF(t)}] = 0 
True or False 

Ans. True 

Ans. False 

Ans. True 

6. Match the items on the right hand side with those on the left hand side 
2a (s-a) 

(i) L {cos 4t} (a) 2 

(ii) L {t sin 2t} 

(iii) L {t eat sin at} 

Ans. (i) --- (c) 
(ii)--(d) 
(iii)--(b) 
(iv)--(a) 

[(s_a)2 +a2 ] 

-3t 

(b) ~sin 2t 
t 
s 

(c) S2 + 16 

(d) 2s 

(S2 +4r 
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Chapter 7 

Fourier Series 

Introduction 
Most of the events in nature and many other systems, being periodic in nature. In 
many engineering problems, especially in the study of periodic phenomena in 
conduction of heat, electro-dynamics and acoustic, it is necessary to express a 
function in a series of sines and cosines. Most of the single-valued functions 
which occur in applied mathematics can be expressed in the form 

~ + at cosx + a2 cos 2x + a3 cos3x + ........... + bt sin x + b2 sin2x + b3 sin3x + ...... .. 
2 

where <la, al, a2, a3, .......... , bl, b2, b3, ................. are real constants and the series is 
known as Fourier series. The constants <la, al, a2, ~, ....... , ~, b2, b3, ......... are called 
Fourier1s Coefficients of the periodic function. 
Euler's Formulae 
The Fourier series for the function f(x) in the interval a<x<a + 21t is given by 

(i) 

Determination of the Fourier's Constants: 

To find ao: assume that (i) can be integrated from x = c to x = c+21t, term by term, 
so that we have 

C+2x C+2" C+2"( <X> ) C+2"( <X> ~ 1 f(x) dx = ~ 11 dx + 1 t;an cosnx dx + 1 t;bn sin nx rX 
= ~ (X)~+2" + 0 + 0 

a 
= ; (C + 21t - C) = 1tao 

1 C+2" 
or ao = - J f(x) dx 

1t C 

To find an: multiplying each side of (i) by cosnx and integrate with respect to x 
between the limits x = C to x = C + 21t, so that we have 

291 



A Textbook of Engineering Mathematics Volume - II 

C+2. C+2. C+2.( ., ) C+2.( ., ) f f(x) cos nx dx=~ f cos nx dx + f Lan cosnx cos nx dx+ f Lbn sin nx cosnx dx 
C 2 C C nsl C n:1 

C+2n 00 

= 0 + f Ian cos2nxdx + 0 
C n=l 

= an 7t 
1 C+2" 

or an = - f f(x) cosnx dx 
7t C 

To find bn multiply both side of (i) by sinnx and integrate with respect to x 
between the limits x = c to x = C+27t, so that we have 

f f(x) sin nx dx =~ f sin nx dx + f Lan cos nx sin nx dx+ f Lbnsin nx sin nx dx 
C+2. C+2. C+2.( ., ) C+2"( ., ) 

C 2 C C n=1 C n_1 
C+2n <Xl 

= 0 + 0 + f Ibn sin2nxdx = bn7t 
C n=l 

1 C+2n 

bn = - f f(x) sinnx dx 
7t C 

1 C+2" 

The values ao = - f f(x) dx 
7t C 

1 C+2n 

an = - f f(x) cos nx 
7t C 

1 C+2n 

bn = - f f(x) sinnx dx 
7t C 

are called Euler's formulae 
Euler's Formulae for Different Intervals 
Case (i): If C = 0, then the interval for the above series (i) become 0<x<27t and the 
Euler's formulae reduce to 

1 2n 

ao = - ff(x) dx 
7t 0 

1 2" 

an = - f f(x) COS nx dx 
7t 0 

1 2n 

bn = - ff(x) sinnx dx 
7t 0 
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Case (ii): If c = -1t, then the above interval for the Fourier series become -1t<x<1t, 
then the Euler's formulae, reduce to 

1 It 

ao = - J f(x) dx 
1t 

-It 

1 It 

an = - If(x)cosnxdx 
1t 

-It 

1 1t 

bn = - If(x) sinnx dx 
1t 

-It 

Note: Periodic Functions 
Consider any function of x as f(x) and let f(x) = f (x+T) = f (x + 2T) = ........ , then the 
function f(x) is said to be periodic with its period T. This T is non-zero, smallest 
and positive real variable. For example consider f(x) = sin x, then f(x) = sin x = sin 
(x + 21t) = sin (x + 41t) = ........ Hence, f(x) = sinx, is a periodic function with the 
period 21t. This is also called sinusoidal periodic function 

f(x) = sin x 

X' 
.---.-------~----~~----_;~----~------_+.~-----L------~X 

-1 
/+---27t---... ~ 

Even and odd Functions 
(a) Even Function: A function f(x) is said to be even if f(-x) = f(x) for all x. 

Properties of even functions: 
1. The graph of f(x) is symmetrical about y axis. 

2. f(x) contains only even powers of x and may contain only cos x, secx and 
their higher powers. 
a a 

3. If(x)dx=2 If(x)dx,whenf(x)iseven 
-a o 
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4. the sum of two even functions is even i.e. h(x) = f(x) + g(x) is even when 
both f(x) and g(x) are even 

5. Product of two even functions is even i.e. h(x) = f(x) g(x) is even when both 
f(x) and g(x) are even. 

6. The Product of two odd function is an even function 

For example: x2, 2X4, cos x, cos2x, 3x2 + 5, X4 + cos 2x + 2 are all even functions. 
y 

----------------~--~r_--7'--------------~x 

(Even function) cos nx is even 

(b) Odd Function: A function f(x) is said to be odd if f(-x) = -f(x) for all x. 
Properties of odd Functions: 

1. The graph of f(x) is symmetric about the origin lies in opposite quadrant 1st 

and IIlrd . 
. 2. f(x) contains only odd powers of x and may contain only sin x, cosec x and 

their higher powers. 
a 

3. f f(x) dx = 0, When f(x) is add. 
-a 

4. The sum of two odd functions is odd i.e. h(x) = f(x) + g(x) is odd when both 
f(x) and g(x) are odd 

5. Product of an odd function and even function is odd i.e. h(x) = f(x). g(x) is 
odd, when f(x) is even and g(x) is odd or vice versa 

6. Product of two odd function is even 
y 

----------~~--~~---7~---------+x 

odd function (sin nx is odd) 
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For example: 2x3, sinx, tan x, x3 + x are odd functions. 

Result: Most functions are neither even nor odd. But any function f(x) can be 
written as the arithmetic mean of an even and odd functions as 

f(x) = ~ [f(x) + f( -x)] + ~ [f(x) - f( -x)] 

Example 1. Find a Fourier series to represent x-x2 from x = -7t to X = 7t and hence 
deduce 

7t2 1 1 1 1 
-=---+---+ 12 12 22 32 42 ......... . 

a 00 00 

Solution. Let x - x2 = -2.. + Lan cos nx + L bn sin nx 
2 n=1 n=1 

1 " 1 [X2 x
3 ]" 27t

2 
Thenao = - f(X-X)2 dx= - - - - ---

7t _" 7t 2 3 _" 3 

1 " 
an = - f (x - x2) cos nx dx 

7t _. 

1 [ 2 sin nx ( cos nx) ( Sinnx)]" = -; (x - x) n - (1- 2x) - - n2 + (-2) -~ _" 

= -4 (-1)" 
n2 .: cos n7t = (-1)" 

. a - 4/12 a - -4/ a - 4/ a - -4/ etc 
.. 1 - , 2 - /22' 3 - /32' 4 - /42 

Finally 

= ; [(X - x2) (- co: nx) _ (1- 2x) (- s~:",) + (-2) (co:3nx )1" 
= -2 (_I)n/n 

:. bl = 2/1, ~ = -2/2, b3 = 2/3, b4 = -2/4 etc 
Substituting the values of ao, an, bn in (i) we get 

x _ x2 = _ 7t
2 

+ 4 [cos x _ cos 2x + cos 3x _ cos 4x + ] 
3 12 22 32 42 ..... . 

+ 2 [ Si~ x _ sin
2

2x + sin
3

3x _ sin
4

4x + ....... ] 
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Putting x = 0, in above we get 

o = _ 7t
2 

+ 4 (~ _ ~ + ~ _ ~ + ) 
3 12 22 32 42 ...... . 

. 1 1 1 1 7t2 
I.e. 12 - 22 + 3:.1 - 42 + .......... = 12 

Example 2. Obtain the Fourier Series of f(x) = ( 7t ; x) in the interval (0, 27t) and 

hence deduce 

7t 1 1 1 
-=1--+---+ ........ . 
4 3 5 7 

(U.P.T.U.09) 

Solution Since we know 
00 00 

f(x) = ~ + ~>n cos nx + I>n sin nx 
n=l n=l 

00 co 
7t~ a ~ ~ 

Let 2 = ; + ~ an cos nx + ~ bn sin nx 
n=l n=l 

(1) 

1 2" 

Then ao = -; f f(x) dx 
o 

2,,( ) 1 7t - X 
= -; f -2- dx=O 

o 

1 2" 

an = -; ff(x)cosnxdx 
o 

2,,( ) 1 7t-X 
= -; f 2 cosnxdx=O 

o 

1 2" 

Finally, bn = -; f f(x) sin nx dx 
o 

1 2f"(7t - x) . . 1 = -; -2- smnxdx= n 
o 

. Substituting the values of ao, an, bn is (1) we get 

7t-X ~ 1 . 
f(x) = - = ~ - sm nx 

2 n=l n 
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. 1. 2 1. 3 = sm x + - sm x + - sm x + .......... . 
2 3 

7t 
Put x = -, we have 

2 

7t 111 
- = 1-- + - - - + ......... . 
4 3 5 7 

Example 3. Given that f(x) = x + x2 for -7t<x<7t, find the Fourier expression of f(x). 

7t2 1 1 1 
Deduce that - = 1 + 2" + 2" + 2" + .... (U.P.T.U.2003) 

6 2 3 4 

Solution 
QO QO 

Let x + x2 = a; + L an cos nx + L bn sin nx 
n;l n;l 

(1) 

1 It 1 It 

Then ao = -; Jf(x)dx= -; J(x+x2)dx 
-It -It 

=H~ + ~I 
- ; [~ + ~ - .~ + ~ 1 = 2~' 

1 It 

an = -; .J f(x) cos nx dx 
-It 

-It 

= .! [(X + x2) sin nx _ (2x + 1) (-cos nx) + (2) (_ sin nx)]l1 
7t n ~ ~ 

-ji 

= .! [(27t + 1) cos nn _ (-27t + 1) cos <-n1t)] 
7t n 2 n2 

= .! [47t cos n7t] = 4(_1)n 
7t n2 n2 

Finally, bn =.! ltJf(X) sin nx dx = .! 
7t 7t 

-It -It 
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= ! [(X + x2) (_ cos nx 1_ (2x + 1) (_ sin nx) + 2 cos nx]1t 
1t n ) n 2 n 3 

-It 

- - - 1t + 1t + + -1t + 1t -_ 1 [ ( 2) cos n1t 2 cos n1t ( 2) cos n1t 2 cos n1t] 
1t n n 3 n n 3 

= ; [_ ~1t cos n1t ] 

= _~ (_1)n 
n 

Substituting the values of ao, an, bn in (1) we get 

x + x2 = 1t
2 

+ 4 [-cosx + -;- cos 2x - -;- cos 3x + ..... J 
3 2 3 

- 2[ -sin x + ~ sin 2x - ~ sin 3x + .... J 
putting x = 1t, (2) becomes 

1t + 1t2 = 1t
2 

+ 4 [1 + ~ + ~ + ~ + J 3 22 32 42 ...... . 

putting x = -1t, (2) becomes 

1t + 1t2 = 1t
2 

+ 4 [1 + ~ + ~ + ~ + ] 3 22 32 42 ..... 

Adding (3) and (4), we have 

21t2 = 21t2 + 8 [1 + ~ + ~ + ~ + ...... J 
3 22 32 42 

41t2 = 8 [1 + -;- + 12 + -;- + ...... J 
3 234 

1t
2 
=1+~+~+~+ =~~ 2 2 2 ..... L.. 2 

6 2 3 4 n=l n 

(2) 

(3) 

(4) 

Example 4. Expand f(x) = x sin x as a Fourier series for 0<x<21t 
ao ao 

Solution: Let f(x) = a; + L an cos nx + L bn sin nx 
(V.P.T.V. 2001) 

(1) 
n=l n=l 

2" 

Then ao =! Jx sin x dx = ! [x (-cos x) -1 (-sin x)t =-2 
1t 1t 0 

o 
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1 2lt 1 2lt 
an = -; I X sin x cos nx dx = 21t I x (2 cos nx sin x) dx 

o o 

1 2lt 
= - Ix [sin (n+l) x - sin (n-l) xl dx 

21t 
o 

= ~ [x{-cos (n+l)x + cos (n-l)x} -1{- sin (n+l)x + sin (n_l)x}]2lt 
21t n+l n-l (n+l)2 (n_l)2 

o 

= ~ [21t {_ cos 2 (n+l)1t + cos 2 (n-l)1t}] 
21t n+l n-l 

1 2lt 
When n = I, a1 = -; I x sin x cos x dx 

o 

1 2lt 
= - Ix sin 2x dx 

21t 
o 

= 211t [x (_ COS
2

2x ) -1 (_ sin
4

2x ) Ilt 

1 
2 

2lt 
Finally, bn =.; I x sin x sin nx dx 

It 

1 2lt 
= - Ix [cos (n-l)x-cos(n+l)x] dx 

21t 
o 

= ~ [x {sin (n-l) x _ sin (n+l) x} -1 {_ cos (n-l)x + cos (n+l)x}]2lt 
21t n-l n+l (n_l)2 (n+lf 

o 

_ 1 [cos 2(n-l)1t cos 2(n+l)1t 1 1 1 
- 21t (n_l)2 - (n+l)2 - (n_l)2 + (n+l)2 

=0, (n:;l:l) 
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1 2lt 

When n = 1, b1 = -; f x sin x sin x dx 
o 

1 2lt 

= - fx (1 - cos 2x) dx 
27t 

o 

=7t 

Substituting the values of ao, an and bn we get 

. 1. 1 2 22 3 x sm x = - + 7t sm x - - cos x + -2- cos X + -2- cos X + ..... 
2 2 -1 3 -1 

Example 5. Find the Fourier series expansion for 

x2 

f(x) = x + -, -7t ~ X ~ 7t 
4 

(U.P.T.U.2009) 

2 00 00 

Solution:- Let f(x) = x + : = ~ + L an cos nx + L bn sin nx 
n=l n=l 

(1) 

1 It 

Then ao = -; f f(x) dx 
-It 

1 It [ X2) 
= -; J x +"4 dx 

~H~+~L 6 

1 It 

an = -; f f(x) cos nx dx 
-It 

1 It [ X2) 
= -; J x+"4 cos.nxdx 

It 

Finally, bn =.; f f(x) sin nx dx 
-It 
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1 1t ( 2) 
= - f x + ~ sin nx dx 

1t -1t l 4 

= -~ (-It 
n 

Substituting the values of ao, an and bn in (1) we get 

x2 1t2 
co (-It co (-It . 

x+ - = f(x) = - + 2:-2- cosnx-2 2:-- smnx 
4 12 n=l n n=l n 

Example 6: Obtain the Fourier series for f(x) = e-X in the interval 
0<x<21t (S.V.T.U. 2007) 

Solution: Let e-x = a; + fan cos nx + fbn sin nx 
n=l n=l 

1 21t 
Then ao = -; f f(x) dx 

° 
1 21t 1 [_e-x Jo21t 

= -; fe- x dx = -; 
o 

1 -21t -e 
=---

1t 
1 21t 1 21t 

and an = -; ff(x)cosnxdx= -; fe- x cosnxdx 

° 0 

1 [ J21t = 2 e-x (-cos nx + n sin nx) 
1t (n +1) ° 

= [1_e-
21t

) _1 
1t n 2 +1 

. _ [1_e-
21t

) 1 _ [1_e-
21t

) 1 .. a1 - - ,a2 - - etc 
1t 2 1t 5 

1 21t 
Finally bn = -; f f(x) sin nx dx 

° 
1 21t 

= -; f e-x sin nx dx 

° 
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1 [ J2n 2 e-x (-sin nx - n cos nx) 
1t (n +1) ° 

= (1_e-
2n ) _n 

1t n 2+1 

1_e-2n 1 (1_e-2n
) 2 :. b1 = -, b2 = -- - etc 

1t 2 1t 5 

Substituting the values of ao, an, bn in (1), we get 

2 11. + (1. cos x + 1. cos 2x + ~ cos 3x + ....... ) + I 
-x 1- e- It 2 2 5 10 

e =---

1t (1. 2. 2 3. 3 ) - sm x + - sm x + - sm x + ..... . 
2 5 10 

Example 7. Obtain the Fourier Series expansion for the function 

f(x) = X2, -1t<x<1t 
Hence, deduce that 

(a) 
1 1 1 1 1t2 

12 + 22 + 32 + 42 + .......... = "6 

(b) 
1 1 1 1 1t

2 

2-2""+2""-2""+···········=-
1 2 3 4 12 

1 1 1 1t2 

12 + 32 + 52 + .......... = "8 (UPTU, 2004) (c) 

Solution: We have f(x) = x2 

f(x) is an even function, therefore, f(x) contains only cosine terms. Hence bn = 0 

a '" 
Let f(x) = x2 = ; + Lan cos nx 

n=1 

(1) 

1 n 1 n 

Then we have ao =;- f f(x) dx =;- f x2 dx 
-n -It 

21t3 21t2 
=-=-

31t 3 
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1 7t 

and an = -; f f(x) cos nx dx 
-7t 

2 7t 

= -; f x2 
cos nx dx 

-7t 

= 3. 21t (-It = ~ (-It 
1t n 2 n 2 

Substituting in (1), we get 

i.e. x2 = 1t
2 

+ 4 [f (-It cos nx] 
3 11=1 n 

= 1t
2 

+ 4 [(_~1 cos X + (-It cos 2x + (-It cos 3x + ..... J 
312 3 

1t
2 

[cos X cos 2x cos 3x ] 
= 3 - 4 1"2 - 22 + 32 - ............. . 

or x2 = 1t
2 

_ 4 [co~ x _ cos 22x + cos 2 3x _ ........ ] 
3 1 2 3 

At x = 1t and x = 0, the function f(x) is continuous 

Putting x = 1t, is (2), we get 

2 = 1t
2 

_ 4[COS 1t _ cos 21t + cos 31t _ ] 
1t 3 12 22 32 ........ . 

or 1t
2 

= 1t; - 4 [ - 1~ - ;2 - 312 - 7·~···-···] 

1t2 - 1t; = 4 [112 + 212 + 312 + ......... ] 

or 4 [112 + ;2 + 312 + ....... ] = 2;2 

. 1 1 1 1t2 
I.e. 12 + 22 + 32 + ............ = 6 
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[ 
1 1 1 1 ] 1t

2 

or 4 ]2 - 22 + 32 - 42 + ........ ="3 

1 1 1 1 1t2 

or 2 - 2 + 2 - 2 + ....... = -
1 2 3 4 12 

Adding (3) and (4) we get 

1 1 1 1t2 

2+2+2+·····=-
135 8 

Example 8. Obtain the Fourier series for 

f(x) = Ixl in -1t<x<1t 

Solution. we have f(x) = Ixl 

since f (-x) = I-xl = Ixl = f(x) 

f( x) is an even function 

Therefore f(x) contain only cosine terms and we have bn = 0 

a "" 
Let f(x) = Ixl = -2.. + ~>n cos nx 

. 2 n=l 

1 7t 2 7t 
we have ao =; f f(x) dx =; ff(x) dx 

-7t 0 

2 7t 2 7t 
=; flxl dx=; fXdx 

o 0 

= ~ [X2]7t = ~ (1t
2 

- 0) = 1t 
1t 2 1t 2 

o 

1 7t 2 7t 
and an =; flxl cos nx dx =; fx cos nx dx 

-7t 0 
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= ~ [0 + ~ (cos nx)~] 
7t n 2 

2 1 
= - - (cos n7t - cos 0) 

7t n 2 

= ~ [(-It -lJ 
n 27t 

Clearly an = 0, when n is even 

-4 
and an = --2' when n is odd 

7tn 

Fourier Series 

:. The required Fourier series expansion is 

I I 7t 4 I"" cos nx . x = - - - (n IS odd) 
2 7t n 2 

n=l 

Example 9. obtain the Fourier series of the function 

{
1 , 

f(x) = -1, 
-7t<x<o 

O:s x<7t 

Solution: The function f(x) is odd. Therefore, the Fourier series of f(x) contains 
only sine terms 

1 7t 

bn =;- ff(x) sin nx dx 
o 

1 7t • =;- f(-l) sm nx dx 
o 

= .!. [cos nx r 7t 0 

= .!. [cos n7t - cos 0] = .!. [(-It -1 J 
7t 7t 

{
o ; 

= -4/n7t ; 
n is even 

n is odd 

:. The Fourier series expansion of f(x) may be written as 

f(x) = - sm x + -- + -- + ...... . -4 [ . sin 3x sin 5x ] 
7t 3 5 

The graph of f(x) is given in figure as given below 
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-----t1 

-7t o 7t 

-It----.. 

FUNCfIONS HAVING POINT OF DISCONTINUITY 
In deriving Euler's formulae for the constants ao, an and bn we have assumed that 
f(x) is continuous in the given interval. In some cases f(x) may have a finite 
number of discontinuities. We can also express such functions as Foruier series. 
For example, consider a function f(x) defined as follows: 

f(x) = f1 (x), c<x<xo 

= h (x), xo<x<c+27t 

Where Xo is a point of discontinuities for f(x) is the interval (c, c+27t) and limHO­
f(x) i.e. f(xo - 0) and limHo+ f(x) i.e. f(xo + 0) exist unequal and are finite. We 
determine the values of ao, an and bn can be computed as 

1 [Xo C+21t 1 
ao =;- f f1 (x) dx + l f2 (x) dx 

1 [XO c+21t 1 
an = -;. f f1 (x) cos nx dx + l f2 (x) cos nx dx 

1 [Xo c+21t 1 
and bn = -; f f1 (x) sin nx dx + f f2 (x) sin nx dx 

c Xo 

At the point of discontinuity i.e. at x = Xo the Fourier series converges to 
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1 1 "2 [f(xo + 0) + f(xo - 0)] = "2 (FB + FC) 

If f(x) satisfies Dirichlet's conditions and f(x) is expressed as 

f(x) = ao + i>n cos nx + L bn sin nx 
211 

in the interval {e, C+21t], then f(x) converges to f(xo) if Xo is a point of continuity 
of f(x) in the given interval 

y 

A 

C~D 

, , , , , , 

B 

'F 
-------r--------------------------~------------------__+X o x = x" 

Thus from above we conclude that 

(i) It may be seen from the graph, that at a point of finite discontinuity x = Xo 
there is a finite jump equal to BC in the value of the function f(x) at x = Xo 

(ii) A given function f(x) may be defined by different formulae in different 
regions. Such types of functions are quite common in Fourier series 

(iii) At a point of discontinuity the sum of the series is equal to mean of the 
limits on the right and left. 

FUNCTION DEFINED IN TWO OR MORE SUB-RANGE: 

Example 10. Find Fourier series for the function defined by 

{

-I 

f(x) = ~ 

for -1t<x<o 

for x = 0 

for O<x<1t 
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hence proved that 

1t 1 1 1 1 
- = 1-- + - - - + - + ..... 
4 3 5 7 9 

(V.P.T.V.2005) 

Solution: By Fourier series, we have 
<Xl <Xl 

f(x) = a; + 2>n cos nx + 2>n sin nx 
n=l n=l 

(1) 

1 It 
Then ao = -; J f(x) dx 

-It 

1 [0 It 1 = -; J(-l) dx + f1 dx 

=.; [(-x)~lt + (x)~J 
1 

ao = - [-1t + 1t] = 0 
1t 

1 It 
and an = -; J f(x) cos nx dx 

-It 

1 0 1 It 
= -; J -cos nx dx + -; J cos nx dx 

-It 0 

1 { 1 [ . ]0 1 [ . ]It} = -; - n sm nx -It + n sm nx 0 

1 = - [-0 + 0] = 0 
1t 

Finally, bn =.; } f(x) sin nx dx 

1 0 1 It 
= -; J -sin nx dx + -; JSin nx dx 

-It 0 

= ! {!. [cos nX]~lt - !. [cos nx]~} 
1t n n 
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1 
= - [1- cos n7t - cos n7t + 1] 

n7t 

= ~ [2-2 cos n7t] = ~ [l_(_l)n] 
n7t n7t 

2 
=> bn = - [1-(-1)"], n = I, 2, 3, ....... . 

n7t 
If n is even bn = 0 

if n is odd bn = ...!. 
n7t 

Hence from (1) we have 
co 

f(x) = L bn sin nx 
n=l 

= b1 sin x + b2 sin 2x + b3 sin 3x + b4 sin 4x + .......... 

f() 4. 4. 3 4. 5 x = - SIn x + - sm x + - sm x + ....... 
7t 37t 57t 

The expansion (2) is required Fourier expansion 

putting x = 2: is (2) we get 
2 

1 4 [. 7t 1. 37t 1. 57t ] 
= -;; sm 2' + "3 sm "2 + "5 sm "2 + ....... 

= i [1 + .! (-1) + .! (1) + .! (-1) + ..... ] 
7t 3 5 7 

= ; [1- ~ + ~ - i + ....... ] 

7t 1 1 1 
=-=1--+---+ 4 3 5 7 ..... 

Example 11. Find the Fourier series for the function 

-1 for -7t<t<-7t / 2 

f(t) = 0 for -7t/2<t<7t/2 

1 for 
7t 
-<t<7t 
2 

co co 

Solution. Let f(t) = ~ + L an cos nt + L bn sin nt 
n=l n=l 
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= .!. {(-xt~/2 + [X]~/2} 
7t 

~ (% -7t+7t- %) 
=0 

1 {-It/2 It/2 It } 
an =; f (-l)cosntdt+ f (O)cosntdt+ f (1) cos ntdt 

-It -It/2 It/2 

__ ;1 {[_ sinnnt]-_ltlt/2 + [Sin nt]lt 1 {. n7t . n7t}} 
n It/2 = n7t sm 2 - sm 2 

=0 

1 {-It/2 It/2 It } 
and bn = ; f (-1) sin nt dt + f (0) sin nt dt + f (1) sin nt dt 

-It -It/2 It/2 

= .!. {[COS nt]-lt/2 + [_ cos nt]lt } 
7t n -It n It/2 

2 (n7t ) = - cos - - cos n7t 
n7t 2 

2 -2 2 
:. bI = -, b2 = -, b3 = - etc. 

7t 7t 37t 

Substituting the values of ao, an and bn in (1) we get 

f(t) = ~ (sin t - sin 2t + .!. sin 3t + ..... ) 
7t 3 

Example 12. Find the Fourier series for the periodic function 

f(x) = {
O, 

x, 
-7t < X < ° 
O<x<7t 

f(x + 27t) = f(x) 
co co 

Solution. Let f(x) = a; + I an cos nx + I bn sin nx 
n=l n=l 
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1 0 1 It 1 [X2]lt 
Then ao = -; J 0 dx + -; Ix dx = -; 2 0 

1 (7t
2

) 7t =- - =-
7t 2 2 

1 It 

and an = -; I x cos nx dx 
o 

= 0, when n is even 

1 It 

bn = -; Ix sin nx dx 
o 

Substituting the values of ao, an & bn in (1) we get 

f( ) = ~ _ 3. [cos x cos 3x cos 5x ] [Sin x _ sin 2x + sin 3x + ] 
x 4 7t 12 + 32 + 52 + ......... + 1 2 3 .... ,. 

DISCONTINUOUS FUNCTIONS 
At a point of discontinuity, Fourier series gives the value of f(x) as the arithmetic 
mean of left and right limits 
At the poirit of discontinuity, x = c 

1 
Atx=c, f(x) = "2 [f(c-o)+f(c+o)] 

Example 13. Obtain Fourier series of the function 

f(x) = 
{

X, 

-x, 
-7t < X < 0 

o<x<7t 

and hence show that 
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1 1 1 1t2 

1 - - + - - - + .......... = -
4 9 16 12 

Solution. Here f(x) is an even function so 

bn = 0 

2 " 
ao = -; ff(x) dx 

o 

2 " 2 [X2]" 
= -; I-x dx = --; 2 0 

2 [1t2] 
= --; 2 =-1t 

2 " 
an = -; ff(x) cos nx dx 

o 

2 " 
= -; f-x cos nx dx 

o 

= _~ [x sin nx + cos nx]" 
1t n n2 

0 

= ~ [l-(-ltl 
1tn2 

= {04 
1tn2 

n is even 

n is odd 

Thus, the Fourier series expansion is 

f(x) = _2: + ! [cos x + cos 3x + cos 5x ] 
2 1t 12 32 52 + ..... 

Example 14. Find the Fourier series of the function 

f(x) = {
x+1t, for 0 ~ x ~ 1t 

-x -1t, for -1t ~ X < 0 

and f(x + 21t) = f(x) 
Solution. Let the Fourier series expression be 
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<Xl <Xl 

f(x) = a; + Ian cos nx + l>n sin nx 
n=l n=l 

1 It 
where ao =;- J f(x) dx 

-It 
1 0 1 It 

=;- J(-X-1t) dx + -; J(x + 1t) dx 
-It o 

-;[< -nxL +;[; +nxI 
= ; (x; _ 1t2 ) + ; (~ + 1t

2 
) = 1t 

1 It 
and an =;- J f(x) cos nx dx 

-It 

1 0 1 It 
=;- J(-x -1t) cos nx dx + ;- J(X + 1t) cos nx dx 

-It 0 

= ; [(-X-1t) sinn nx -1(-1) (-C~2 nx )IIt +; [(X + 1t) s~ nx -(1) (-c:s2 nx)I 

= .! [-~ + (-It 1 + .! [(-It -~l 
1t n 2 n 2 1t n 2 n 2 

= 2- [(-It -IJ 
n21t 

if nis odd a = {-4/n2
1t, 

n 0, ifnis even 

1 It 
bn =;- J f(x) sin nx dx 

-It 

1 0 1 It 
=;- J f(x) sin nx dx + ;- Jf(x) sin nx dx 

-It 0 

1 0 • 1 It 
=;- J(-X-1t) sm nx dx + ;- J(x + 1t) sin nx dx 

-It o 
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ifn is odd 

if n is even 

Thus, the Fourier series is 

f(x)= ao + a1 cos x + a2 cos 2x + a3 cbs 3x + ......... +b1 sin x + b2 sin 2x + b3 sin 3x + ....... . 
2 

= 2: _ i (co~ x + cos 23x + ....... ) + 4 (sin x + sin 3x + ..... ) 
2 1t 1 3 1 3 

CHANGE OF INTERVAL AND FUNCTIONS HAVING ARBITRARY 
PERIOD 
In many of the engineering problems (i.e. electrical engineering problems) the 
period of the function is not always 21t but it is different say 2C or T. This period 
must be converted to the length 21t. The independent variable x is also to be 
changed proportionally. Let function f(x) be defined in the interval (-c, C). Now 
we want to change the function to the period of 21t, so that we can use the 
formula of an, bn as discussed in Euler's formula . 

. : 2C is the interval for variable x 

:.1 is the interval for the variable = ~ 
2C 

:. 21t is the interval for the variable = x· 21t 
2C 

1tX 

C 
1tX zC 

So put z= - orx=-
C 1t 

Thus, the function f(x) of period 2C is transformed to the function f ( c:) or F(z) 

of period 21t. F(z) can be expanded in the Fourier series 
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F(z) = f( ~) = ~ + a1 cos Z + a2 cos 2z + ... + b1 sin z + b2 sin 2z + ........ . 

1 2lt 1 2lt (cz) 
Where ao = -; J F(z) dz = -; J f -; dz 

o 0 

1 2
J
C (1tX) 1 2

J
C 7tX 

= -;;- f{x) d -;;- = -;;- f{x) dx put z = ~ 
o 0 

1 2c 

=> ao = ~ J f(x) dx 
o 

1 2lt 1 2lt ( ) 
an = -; J F(z) cos nz dz = -; J f ~ cos nz dz 

o 0 

2C ( ) 1 n7tX 7tX 
= -; J f (x) cos -c- d ~ 

o 

2C 
1 J n7tx = - f( x) cos - dx 
c c 

o 

2C 
1 J n7tx an = - f(x) cos - dx 
c c 

o 

2C 

Similarly bn =.!. Jf(x) sin n7tx dx 
c c 

o 

Cor. Half range series interval (0, c) 

Cosine series: 

7tX 
putz= -

C 

_ ao 7tX 27tx cos n7tx 
f(x) - - + a1 cos - + a2 cos -- + ...... + an + 

2 c c c 

2 C

J 

2 C

J 

n7tx 
Where ao = - f(x) dx, an = - f(x) cos - dx 

c c c 
o 0 

sine series: 

f() b . 7tX b . 27tx b· n7tx 
x = 1 SIn - + 2 sm -- + ....... + n SIn -- + .... . 

C C C 

C 
2 J . n7tX Where bn = - f(x) sm - dx 
c c 

o 
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HALF RANGE SERIES 
Many a time it is required to obtain a Fourier expansion of a function f(x) for the 
range (0, C) which is half the period of the Fourier series. As it is immaterial 
whatever the function may be outside the range O<x<c, we extend the function to 
cover the range -c<x<c so that the new function may be odd or even. The 
extension of the functions period being made in such a way that their graphs 
became either symmetrical to the axis of y or symmetrical to origin, and then the 
expansion contains either only the cosine terms along with ao or only the sine 
terms. Thus, we may get the different forms of series for the same functions. 

Sine Series: If we have to expand a function f(x) as a sine series in 0 to C, then we 
expand the function first from -C to C and then the make the reflection at the 
origin, so that f(x) = -f(-x) then the expanded function became odd and will give 
the required Fourier sine series 

f(x) = Ibn sin mtx 
n=l C 

c 
2 f . mtx Where bn = - f(x) sm - dx 
C C 

o 

Cosine Series: If it is required to express f(x) as a cosine series in O<x<C, then 
first we expand the function from -C to C so that its reflection became about the 
axis of y i.e., the graph became symmetrical about the axis of y then the expanded 
Fourier Cosine series contains 

ao 00 n7tx 
f(x) = 2 + :L>n cos C 

n=l 

2 c 
where ao = C ff(x) dx 

o 

c 
2 f n7tX and an = - f(x) cos - dx 
C C 

o 

Example 15. Expand for f(x) = k for 
0<x<2 in a half range 
(i) Sine series (ii) cosine series 

Solution. f(x) = k and C = 2 
c 

bn = ~ ff(x) sin n7tX in half range (0, C) 
C C 

(i) 
o 
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C 
2 f . n1tx = - ksm - dx 
2 2 

o 

2 ( n1tx)2 2k = k - - cos - = - [- cos n1t + 1] 
n1t 2 0 n1t 

Half range sine series is 
co 

f(x) = Ibn sin n1tx 
n=l 2 

k ~ 2k [1 ] . n1tx 2k ~ [ ( )n] . n1tx = £..J- -cos n1t sm· - = - £..J 1- -1 sm-
n=l n1t 2 1t n=l 2 

k 2k [2 . 1tX 2' 31tx 2' 51tx ] => = - sm - + sm - + sm- + .... 
1t 2 2 2 

(ii) 
2 C 2 2 

ao = C ff(x) dx ="2 fk dx = k (x)~ = 2k 
o 0 

2 Cf n1tx 2 2f n1tx 
a = - f(x) cos - dx = - k cos - dx nee 2 2 

o 0 

_ k 2 [. n1tx]2 2k. - - sm - = - sm n1t 
n1t 2 0 n1t 

=> an = 0 

Therefore, from 

a n1tx 
f(x) = ~ + La cos - we have 

2 n 2 

1 ~ n1tx 
f(x) = k = - (2k) + £..JO cos -

2 n=l 2 

=> f(x) = k 

Example 16. Find the Fourier half range cosine series of the function 

f {
2t, 0 < t < 1 

(t) = 2(2 _ t), 1 < t < 2 (UP.T.V. 2001,2006,2007) 

. a ~ n1tt 
Solution. f(t) = ~ + £..Jan cos -

2 n=l C 
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ao ~ nnt 
f(t) = 2 + L..J an cos 2 As C = 2 

n=l 

2 c 
Then ao = C ff(t) dt 

o 

2 2 2 

="2 ff(t) dt = ff(t) dt 
o 0 

1 2 

= f2t dt + f2 (2 - t) dt 
o 1 

="0 = [t> J! + 2 [ 2t - ~ I 
= 1 + [(4t -t2 )]i 

=:> ao = 1 + (8 - 4 - 4 + 1) = 2 

=:>ao=2 

2 e

f 
nnt 

and an = - f(t) cos - dt 
C C 

o 

2 

f nnt 
= f(t) COS 2 dt as C = 2 

o 
1 2 

f nnt f nnt = 2t cos - dt + 2 (2-t) cos - dt 
o 2 1 2 

=[2t (~Sin nnt) -2 ( __ 4 cos nm)]l +[(4- 2t)(~ sin nm)_ (_2)( __ 4 cos nnt)]2 
nn 2 n2n2 2 nn 2 n 2n2 2 o 1 

(1) 

= - sm - + -- cos - - -- + 0 - -- cos nn - - sm - + -- cos -[ 4 . nn 8 nn 8] [8 4 . nn 8 l1n] 
nn 2 n2n2 2 n2n2 n 2n2 nn 2 n2n2 2 

16 nn 8 
= -- cos - - -- (1 + cosmt) 

n 2n2 2 n 2n2 

{

Of n is odd 

=:> an = 16 n/2 16 , 
~ (-1) - ~f nlseven 
nn nn 

nn ( )n/2 ',' cos - = -1 
2 

When n is even 
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32 -32 -32 
Thus a2 = - 227t2 ,a4 = 0, a6 = 22' as = 0, alD = -2-2 and so on 

6 7t 10 7t 

Hence from (i) the half range Fourier cosine series is 

f(t) = 3. + (_~) cos 27tt + ( -32 ) cos 67tt + ... 
2 7t2 2 367t2 2 

8 27tt 8 67tt 
or f(t) = 1-2 cos - - -2 cos - + ....... 

7t 2 97t 2 

8 8 
orf(t) = 1- 2 cos 7tt - -2 cos 37tt + ..... 

7t 97t 

Example 17. Obtain a Fourier cosine series expansion of the periodic function 
defined by 

f(t) = sin (~t), 0 < t <l (V.P.T.V.2001) 

Solution: We have 

f(t) = sin ( ~t), 0 < t <l 

a ~ n7tt ~ . n7tt 
Let f(t) = --.£. + .LJan cos - + .LJbn sm -

2 n=l I n=l I 
(1) 

2 If' 7tt 2 [I 7tt ]1 Where a = - sm - dt = - -- cos -
o I I I 7t I 0 

o 

2 ~ 4 = -- (cos 7t - cos 0) = - (-1-1) = -
7t 7t 7t 

1 
2 f' 7tt n7tt a = - sm - cos - dt 

n I I 1 
o 

- 1 J[' (7tt + n7tt) . (n7tt 7tt)] d - - sm -sm - - - t 
1 1 1 1 

o 
1 1 

= .! fSin (n+1) 7tt dt -.! fSin (n-1) 7tt dt 
1 1 1 1 

o 0 

_ 1 [-1 (n+1)7tt]1 1 [1 (n -l)7tt]1 - - cos + - cos -'-----''---
1 (n+1)7t 1 0 I (n-1)7t 1 0 

1 1 
=- [cos (n+1)7t-coso] + [cos (n-1)7t-coso] 

(n+1)7t (n -1)7t 
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= _ 1 [(-1t+1-1] + 1 [(-1t+1-1] 
(n+1)1t (n-1)1t 

- ( 1t+l [1 1 1 [1 1 1 - - - (n+1)1t + (n-1)1t + (n+1)1t - (n-1)1t 

= (-1t+1 2 _ 2 
(n2-1)1t (n2-1)1t 

= 2 [<_1)n+l_1] 
(n2-1)1t 

~ a. = {: (n~l) When n is even 

Whennisodd 

Here, we see that the above relation is not applicable to find a1 
I 

2 f. 1tt 1tt Thusa1 = - SIn - cos - dt 
1 1 1 

o 

= ~ ( __ 1_ cos 21tt)1 
1 21t 1 0 

1 = -- (-cos 21t + cos 0) = 0 
21t 

Thus, we have 
ao 1tt cos 21tt 31tt 41tt 

f(t) = - + a1 cos - + a2 + a3 cos - + a4 cos - + ..... 
2 1 1 1 1 

= ~ _ i [.!. cos 21tt + .2.. cos 41tt + .2.. cos 61tt + ........ ] 
1t 1t 3 1 15 1 35 1 

Example 18. Obtain the half range series for the function f(x) = x2 in the interval 
0<x<3 (U.P.T.V. 2002) 
Solution. We know that half range sine series is given by f(x) = L bn sin nx 

c 

Where bn = 3. Jf(x) sin n1tX dx in the half range (0, C) c c 
o 

Here, we have half range 0<x<3 and f(x) = x2 
3 

2J2. n1tx b = - x SIn- dx 
n 3 3 

o 

320 



Fourier Series 

= ~ [X2 -3 
3 n1t ]

3 
n1tx 3 3 . n1tx 3 3 3 n1tX 

(cos -3 )+2X(X1t) (n1t) sm -3 - 2 (n1t) (n1t) (n1t) cos -3 0 

=> bn = ~ [{-27 (-It -~ (-It} + ~] 
3 n1t n31t3 n31t3 

or bn = ~ [~ {l-(-ltl - 27 (-It ] 
3 n31t3 n1t 

=> b = ~ [108 + 27l when n is odd 
n 3 n31t3 n1tj' 

and bn = - 18 , when n is even 
n1t 

Therefore, half range sine series is 
f(x) = bl sin X +b2 sin 2x + b3 sin 3x + .. 

= ~[27(Sin x+sin 3x+sin 5x+ )_108(Sin x+sin 3x + sin 5x+ )_18(Sin 2x+sin 4x+ )l 3 7[ 1 3 5 ..... 7[3 13 33 53 ........ 7[ 2 4 .......... J 

PRACTICAL HARMONIC ANALYSIS 
As Fourier series 

a <XI <XI 

f(x)= ; + Lan cos nx + Lbn sinnx 
n=1 n=1 

1 271 
where ao = -; f f(x) dx 

o 

1 271 
an = -; f f( x) COS nx dx 

o 

1 271 
bn = -; f f(x) sin nx dx 

o 

(1) 

(2) 

So far, the function has always been defined by an explicit function of an 
independent variable. In practice, however, the function is often given not by a 
formula but by a graph or by a table of corresponding values. In such cases, the 
integral (2) cannot be evaluated and instead, the following alternative forms of (2) 
are employed. 
Since the mean value of a function 

1 b 

Y = f(x) over the range (a, b) is - ff(x) dx 
b-a 

a 

:. The equation (2) gives 
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1 2lt 
ao = 2 x - ff(x) dx = 2 [mean value of f(x) is (a, 21t)] 

21t 
o 

1 2lt 
an = 2 x - ff(x) cos nx dx = 2 [mean value of f(x) cos nx in (0, 21t)] (3) 

21t 
o 
2lt 

bn = 2 x J:.- ff(x) sin nx dx = 2 [mean value of f(x) sin nx in (a, 21t)] 
21t 

o 
There are numerous other method of finding the value of ao, an, bn which 
constitute the field of harmonic analysis. 
In (1) the term (al cos x + bl sin x) is called the fundamental or first harmonic the 
term (a2 cos 2x + b2 sin 2x) the second harmonic and so on. 
Example 19. The following table gives the variations of periodic current over a 
period 
to sec 0 T/6 T/3 T/2 2T/3 5T/6 T 
A amp 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98 
Show that there is a direct current part of 0.75 amp in the variable current and 
obtain the amplitude of the first harmonic (V.T.U.2004) 
Solution. Here length of the interval is T i.e. c = T/2 

. ao 21tt. 21tt 41tt . \ 41tt 
Then A = - + a1 cos - +b1 sm - + a2 cos - + b2 sm -+ 

2 T T T T 
The desired values are tabulated as follows: 
t 21tt/T Cos 21tt/T sin 21ttjT A A cos 21tt/t A sin 21tt/T 
0 0 1.0 0.000 1.98 1.980 0.000 
T/6 1t/3 0.5 0.866 1.30 0.650 1.126 
T/3 21t/3 -0.5 0.866 1.05 -0.525 0.909 
T/2 1t -1.0 0.000 1.30 -1.300 0.000 
2T/3 41t/3 -0.5 -0.866 -0.88 0.440 0.762 
5T/6 51tj3 0.5 -0.866 0.25 -0.125 8:217 

L= 4.5 1.12 3.014 
1 1 

:. ao = 2 - LA = - (4.5) = 1.5 
6 3 

1 21tt 1 
a1 = 2. 6" LA cos T = "3 (1.12) = 0.373 

b = 2 . .!. LA sin 21tt = .!. (3.014) 
1 6 T 3 

= 1.005 
Thus the direct current part in the variable current = ao/2 = 0.75 and amplitude of 

the first harmonic = ~a~ + b~ = ~(0.373)2 + (1.005)2 
= 1.072 
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EXERCISE 

1. Find a Fourier series to represent, f(x) = 7t-X for o<x<27t 

A 2[ . 1. 2 1. 3 1 . ] ns. Slnx + - sm x + - sm x + ......... + - sm nx + ....... 
2 3 n 

2. Let f(x) = x for -7t~X~7t. Write the Fourier series of f on [-7t, 7t] 

Ans. f(x)=x=2sinx-sin2x+ ~ sin3x -! sin4x + ~ sin5x+. 
3 2 5 

3. Find the Fourier series expansion for the function f(x) = x COSX, -7t<x<7t 

(U.P.T.v. 2002) 

Ans. f(x) = _! sin x + _4_ sin 2x _ 6 sin 3x + ... 
2 22 -1 32 -1 

4. Expand the function f(x) = x sinx as a Fourier series in the interval -7t~X~7t. 
Hence deduce that 

1 1 1 1 7t-2 
-- - -- + - - - + ......... =---
1.3 3.5 5.7 7.9 4 

(U.P.T.U.2002) 

Ans. x sinx = 1+2[-! cos x - J.- cos 2x + J.- cos 3x - J.- cos 4x + ......... ] 
4 1.3 2.4 3.5 

5. Find the Fourier series representing f(x) = x, o<x<27t and sketch its graph 
from x = -47t to X = 47t 

Ans. x=7t-2 [sinx+ i sin2x+ ~ sin3x+ ...... ] 

f(t) 

+-----L------~----~~--~-----~---+x 
-47t -27t 0 27t 47t 

6. Find the Fourier series for f(x), if 
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-1t < x<o 

o<x<1t 

111 
hence deduce that 2"" + 2"" + 2"" + ...... 

135 

A f( ) - -7t 2 ( cos 3x cos 5x ) 3' sin 2x 3sin 3x sin 4x ns. x ---- cos X +--2 -+--2 - + ....... + smx ---+ --- + .... . 
4 7t 3 5 2 3 4 

7. Find the Fourier series of the function 

{
-I 

f(x) = 1 
for -1t<x<o 

for o<x<1t 

where f(x+27t) = f(x) (UPIU 2005)" 

4 [1. 1. 3 1. 5 1. 7 ] - - Sin X + - Sin X + - SID X + - Sin X + ...... . 
1t 1 3 5 7 

Ans. 

8. If f(x) = 
{

1tX, 0 < X < 1 

1t(2 - x), 1 < x < 2 

using half range cosine series, show that 

1 1 1 1t4 
"4 +"4 +"4 + ....... =- (V.P.T.V.2007) 
1 3 5 96 

9. An alternating current after passing through a rectifier has the form 
i = 1 sin 9, 
=0 

for o<9<1t 

for 1t<9<21t 

f(9) - - - - -..----...- - - - - - - - - - - - - - - - - - - - - - - - - - - -------...;:- - - - - - - - - - - - -
1 1 

7t 

o 

Find the Fourier series of the function 

Ans. i _ 21 (cos 29 + cos 49 + ......... ) + i sin 9 
1t 1t 3 15 2 

. 10. If f(x) = {o. -1t ~ X ~ 0 
SID X O~X~1t, 

1 sin x 2 ~ cos 2nx 
Prove that f(x) = - + -- - - ~ 

1t 2 1t n=l 4n2 -1 
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1 1 1 1 
hence show that - - - + - ........... =- (1t - 2) 

1.3 3.5 5.7 4 
11. Obtain Fourier series for the function 

{
1tX , 

f(x) = 1t(2 _ x) , 
0::Sx::s1 

1::Sx::s2 
(V.P.T.V. 2001, V.T.V. 2004) 

1 1 1 1t2 

hence deduce that 2" + 2" + 2" + ...... 00 = --
1 3 5 8 

12. Express f(x) = x as a half range sine series in 0<x<2 (V.P.T.V. 2004) 

Hint. The graph of f(x) = x in 0<x<2 is the line OA. Let us extend the function f(x) 
in the interval -2<x<0 (shown by the line BO) so that the new function is 
symmetrical about the origin and therefore, represents an odd function in 
(-2, 2) as shown is figure 

y A 

M 
X'+---~~------~--------~~------+---------=-----X -2. -1 ' 0 1 2 

• 
I 

, . , , 

, , 

, , , 

, 
, , , 

, , 

B Y' 

Hence, the Fourier series for f(x) over the full period (-2, 2) will contain only sine 
terms given by 

co 

f(x) = L bn sin n1tX 
n=l 2 

2 
2 J . n1tx where bn = - f(x) sm --- dx 
2 2 

o 

2 

J . n1tx d 
= xsmT x 

o 
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2x n1tx 4 . n1tx 
[ ]

2 

= - n1t cos 2 + n21t2 sm 2 0 

= -4(_1)2 

n1t 

Thus b1 = ~, b2 = -~1t' b3 = %1t' b4 = -%1t etc 

Hence the Pourier sine series for f(x) over the half range (0,2) is 

f() 4 (. 1tX 1 . 21tx 1. 31tx 1 . 41tx ) 
X =;- sm 2 - 2" sm 2 + "3 sm 2 - 4" sm 2 + ..... . 

12. Express f(x) = x as a half range cosine series in 0<x<2 
Hint. The graph of f(x) = x in (0, 2) is the line OA. Let us extend the function f(x) 

in the interval (-2, 0) shown by line OBi so that the new function is 
symmetrical about the y axis and, therefore, represents an even function in 
(-2, 2) as shown in figure as given below 

B' 
" 

" " " " " 

, ... 
" ... 

" " " 

y A 

, 
M " L 

x,+-----~~--------~--------~---------4---------=-------+X 
~ ~ 0 1 2 

Y' 
Hence the'Pourier series for f(x) over the full period (-2, 2) will contain only 
cosine terms given by 

ao IX) n1tX 
f(x) = -- + Lan cos-

2 n=l 2 
2 2 2 

where ao = 2" ff(x) dx = fx dx = 2 
o 0 
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2 2 
2 f mtx f mtx and an = - f(x) cos - dx= x cos - dx 
222 

o 0 

[ ]

2 
2x . mtx 4 mtx 

= -sm--+--cos-
mt 2 n 2n2 2 0 

= _4_ [(-1)" -1J 
n 2n2 

Thus a1 = _8/n2, a2 = 0, a3 = _8/32n2, a4 = 0, as = _8/52n2, etc 

Hence the desired Fourier series for f(x) over the half range (0, 2) is 

_ 8 [cos nx / 2 cos 3nli cos 5nli 1 
f(x)-1- z 2 + 2 + 2 + ..... . 

n 1 3 5 

13. Find the half period series for f(x) given in the range (0, 1) by the graph 
OPQ as shown in figure. (U.P.T.U.2009) 

Y 

f(x) 

~ ______ ~ ______ ~Q~(4_0~) ________ ~X 
x=a 

{

Xd 

Hint f(x) = d(l- x) : 

I-a 

o<x<a 

a<x <1 

00 

f(x) = L bn sin nnx 
n=l I 

b = 21
2
d sin (nna) 

n a(l-a) n 2n2 1 

Therefore, the required half period series is given by 

sm - sm- + - sm- Sln- +-2I2d [. na . nx 1 . 2na . 2nx 1 
a(I-a)n2 I I 22 1 1 32 

sin 3na . 3nx ] 
1 sm -1- + .... 
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Objective Problems 
Fill up the Appropriate answers in the space provided 
1. The period of cos 3x is x = ............ . 

Ans. 21[/3 

2. 

Ans. 

3. 

Ans. 

If f( x) = X4 in (-1, 1), then the Fourier coefficients bn = ............. . 

Zero 

The period of a constant function is ....... . 

not defined 

{
-1 

If f(x) = 1 
-1 < x < 0 

4. 
o<x<l 

Then f(t) is an .......... . 

Ans. odd 

5. The Fourier expansion of an even function f(x) is (-1[, 1[) has 
only ............ terms. 

Ans. Cosine 

6. If f(x) = x sin x is (-1[, 1[) then the value of bn = ...... . 

Ans. Zero 

7. The formulae for finding the half range cosine series for the function f(x) in 
(0, Z) .are ........... . 

2 If 2 If n1[X 
Ans. ao = 1 f(x) dx, an = T f(x) cos -Z- dx 

o 0 

8. The half range sine series for 1 in (0, 1[) is .......... . 

4 { . sin 3x sin 5x } Ans. - sm x+ -- + -- + ..... 
1[ 3 5 

9. The value of bn in the Fourier series of f(x) = I x I in (-1[, 1[) = ....... . 

Ans. Zero 

10. If f(x) is defined in (0, Z) then the period of f(x) to expand it as a half range 
sine series is ...... . 

Ans. 2Z 
11. Jacques Fourier was a .............. . 

Ans. French mathematican and physicist 

Indicate True/False for the statements made therein 

12. (i) A function f(x) is even if f(-x) = -f(x) 

(True/False) 
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Ans. False 
(ii) A function f(x) is odd if f(-x) = f(x) 
(True/False) 
Ans. False 
(iii) Most functions are neither even nor odd 
(True/False) 
Ans. True 
(iv) . A function f(x) can always be expressed as an arithematic mean of an even 

or odd function as 

f(x) = ~ [f(x) + f(-x)] + ~ [f(x) - f(-x)] 

True/False 
Ans. True 

(V.P.T.D. 2009) 

13. f(x) is an odd function in (-7t, 7t), then the graph of f(x) is symmetric about 
the x axis. 

(True/False) 
Ans. False 

14. A function f(x) defined in (-7t, 7t) can be expanded into Fourier series 
containing both sine and cosine terms 

(True/False) 
Ans. True 
15. If f(x) = x2 in (-7t, 7t), then the Fourier series of f(x) contains only sine terms 

(Ture/False) 
Ans. False 

{
1- x in -7t<x<o 

16. The function f(x) = 
1 +x in o<x<7t, is an odd function 

True/False 
Ans. False 
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Chapter 8 

Partial Differential Equations 

Introduction 

Partial differential equations arise, in cases when a dependent variable is a 
function of two or more independent variables. An ordinary differential equation 
can be formed by eliminating arbitrary Constants from a relation between two 
variables such as f (x, y) = 0, and in general the order of the differential equation 
is equal to the number of arbitrary constants eliminated. A partial differential 
equation, on the other hand, can be formed by eliminating not-arbitrary 
constants, but arbitrary functions, from a relation involving three or more 
variables, Provided such an elimination is possible, In many problems of science 
and engineering a dependent variable is connected implicity or explicitly with 
two or more independent variables. If z = z (x, y) is a dependent variable where x 
and yare the independent variables, then the first order partial derivative of z 

fjz fjz 
with respect to x and yare denoted by p = - and q = -. The second order ax ay 
partial derivatives of z are given by 

fj2r fj2 z fj2 z 
r=- s=-- t=-ax2 ' axay , ay2 

Definition: An equation involving one or more partial derivatives of an 
unknown function of two or more independent variables is called a partial 
differential equation. 

E I 1 fj2u 2 (iu . . I d·fe ti I . xamp e . --2 = a -2- IS a partia 1 leren a equation. 
ax at 

E I 2 fj2u fj
2

u O· ·al d·ff ti· I . xamp e . --2 + --2 = IS a parti 1 eren a equation. 
ax ay 

Definition 2 The order of the highest derivative occuring is a partial differential 
equation is called the order of the equation. 

Example 1. x2 fjz + y2 fjz = z is a first order partial differential equation. ax ay 
Example 2. The equation 
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(:~ J + u' (:) ~ f(x, y) is a second order partial differential equation. 

Definition 3. The degree of a partial differential equation is the degree of the 
highest order partial derivative occuring in the equation. 

Example The degree of the equation 

(iu a2 u . 
- + - =0 Isone 
ax2 a·/ 

Notation 

If z is a function of two independent variables say x and y then, we shall use the 
following notation for the partial derivatives of z. 

az az a2z a2z a2 z 
ax = p, ay = q, ax2 = r, axay = s, ay2 = t 

i.e. Zx = p, Zy = q, Zxx = r, Zxy = s, Zyy = t 
Formation of Partial Differential Equations 

Partial differential equation can be formed in two ways- (1) eliminating arbitrary 
constants and (2) eliminating arbitrary functions 

1. By Elimination of Arbitrary constants: 

We can form partial differential equation by eliminating arbitrary constants from 
the given equations. 

If the number of arbitrary constants is equal to the number of variables, in the 
given equation of a curve, we get a first order partial differential equation 

Consider the equation 
f(x, y, z, a, b) = 0 (1) 

Where a and b are arbitrary constants 

Differentiating (1) partially with respect to x and y, we get 

at at az at af 
- + - - = 0 or - + -p = 0 
ax az ax ax az (2) 

at at az at at 
and - + - -- = 0 or - + -q = 0 

ay az ay ay az (3) 

Eliminating a and b from the equations (1), (2) and (3), we get an equation of the 
form 

<l> (x, y, z, p, q) = 0 

Which is the required partial differential equation of (1) 
Example 1 Eliminate the constants a and b from the following equations 

(A) z = (x + a)(y + b) 
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(B) z = (x - a)2 + (y - b)2 

(C) ax2 + by2 + Z2 = 1 

Solution (A) We have z = (x+a) (y+b) (1) 
Differentiating equation (1) partially with respect to x and y, we get 

OZ OZ 
- = p = (y + b) & - = q = (x + a) ax ay 

Substituting in (1) we have z = pq which is the required differential equation 

(B) The given equation is 

z = (x - a)2 + (y - b)2 (1) 
Differentiating equation (1) partially with respect to x and y, we get 

OZ oz ax = 2 (x - a) & ay = 2 (y-b) 

On squaring and adding these equations, we get 

(:)' + (: r ~ 4 [(x-a)' + (y-b)' J 
= 4z using (1) 
:::::::>p2+ q2 = 4z 

Which is the required differential equation 

(C) The given equation is 

ax2 + by2 + Z2 = 1 (1) 

Differentiating equation (1) partially with respect to x and y, we get 

oz 
2ax + 2z - = 0 => 2ax + 2zp = 0 ax 
=> ax = -zp 

:::::::> a = -zp/x 

oz 
and 2by + 2z - = 0 => 2by + 2zq = 0 ay 

:::::::> by = -zq 

:::::::> b=-zq/y 

putting the values of a and b in equation (1) we get 

Z 2 (z 2) 2 -~ P X + -yqy + Z = 1 

or z (px + qy) = Z2 - 1 

Which is the required differential equation. 
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Example 2. Find the partial differential equation of all planes cutting of equal 
intercepts with x and y axes 

Solution Let ~ + r + ~ = 1 (1) 
abc 

be a equation of a plane making equal intercepts on x and y axis, so in this 
case a = b. 

Differentiating (1) partially with respect to x and y, we get 

1 1 OZ . -c 
- + - - = 0 I.e. - = p (2) 
a c ax a 

1 1 OZ . -c 
and - + - - = 0 I.e. - = q .: a = b 

b c Oy a 
(3) 

From (2) and (3), we have 

p=q 

i.e. p - q = 0 

Which is the required differential equation 

Example 3 Find the partial differential equation of all spheres whose centres lie 
on the Z-axis (V.P.T.V.2009) 
Solution Let the equation of the sphere having its centre on z-axis be 

X2 + y2 + (Z-C)2 = r2 (1) 

Differentiating (1) partially with respect to x and y, we get 

OZ 
2x + 2 (z - c) - = 0 ax 
or x + (z - c) p = 0 

or z - c = -x/p 

oz 
and 2y + 2 (z - c) Oy = 0 

or y + (z - c) q = 0 

or z - c = -y/q 

From (2) and (3), we have 

_~ =_ r 
p q 

i.e. xq - yp = 0 
which is the required differential equation 
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2. Formation of Partial Differential Equations by The Elimination of Arbitrary 
Function of Specific Function 
When one Arbitrary Function is involved 
In this case the resulting partial differential equation is a first order partial 
differential equation 
Let the arbitrary function be of the form 

z=f(u) (1) 
where u is function of x, y, z 
Differentiating (1) partially with respect to x and y, we get 

oz Of au Of au oz 
-=--+---ax au ax au oz ax (2) 

and 
oz Of au Of au oz 
-=--+----
Oy au Oy au oz Oy 

(3) 

By eliminating the arbitrary function f, from (1), (2) and (3) we get a first order 
partial differential equation 
Example 4 Form the partial differential equation by eliminating the arbitrary 
function f from the relation 

(
1 " 

z = y2 + 2f ~ + log Y ) (I.A.S. 2007, Bihar, P.CS. 1995) 

Solution We have 

z = y2 + 2f (~ + log Y ) (1) 

Differentiating (1) partially with respect to x and y, We get 

: = p = 2f' (~ + log y) (- x12 ) 

or _px2 
= 2f' (~ + log Y ) 

and ~ = q = 2y + 2f' (~ + log y) (%) 
or qy - 2y2 = 2f' (~ + log Y ) 

From (2) and (3) we have 
_pX2 = qy - 2y2 

i.e. X2p + qy = 2y2 
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Which is the required partial differential equation. 
Example 5. Eliminate the arbitrary function f from the equation 

z=f (j{) 
Solution. We have z = f ( x; ) 

Differentiating (1) partially with respect to x and y, we get 

az =p=f' (xy/z) y (z-xp ) ax Z2 

az = q = f' (xy/z) x (z-yq) 
ay Z2 

Dividing (2) by (3) we have 

p = y(z-xp) 
q x(z-yq) 

or p = yz-xyp 
q xz-xyq 

or px -qy = 0 
Which is the required partial differential equation. 
When Two Arbitrary Functions are Involved 

(1) 

(2) 

(3) 

When two arbitrary functions are to be eliminated from the given relation to form 
a partial differential equation, we differentiate twice or more number of times 
and eliminate the arbitrary functions from the relations obtained. 
Example 6. Form a partial differential equation by eliminating the function f and 
Ffrom 

z = f (x + iy) + F (x - iy) 
Solution. The given equation is 

z = f(x + iy) + F (x-iy) 
Differentiating (1) partially with respect to x and y, we get 

az = f' (x+iy) + F' (x-iy) 
ax 

and az . fl ( .) . F' ( .) - = 1 x+ly -I x-IY 
ay 

(1) 

(2) 

(3) 

Differentiating equations (2) and (3) partially once again w.r.t. x and y, we get 
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a
2

z = flO (x + iy) + F" (x - iy) 
ax2 

and a
2
z = _flO (x + iy) - F" (x - iy) ay2 

Adding (4) and (5), we get 

a2z a2z 
-+-=0 ax2 ay2 

Which is required partial differential equation of second order. 

EXERCISE 

(4) 

(5) 

1. Form Partial differential equations by eliminating the arbitrary constants 

(i) 

(ii) 

(iii) 

(iv) 

(v) 

from the following: 

z = (x+a) (y+b) 

2z = (ax + y)2 + b 
z = ax + (l-a) y+b 

az + b = a2x +y 

z=alog (b(Y-1)) 
1-x 

Ans. pq = z 

Ans. q2 = px + qy 

Ans. p+q = 1 

Ans. pq = 1 

Ans. px + qy = P +q 

2. Form the partial differential equation by eliminating the arbitrary functions 
from 
z = xy + f(x2 + y2) Ans. py - qx = y2 - x2 

Ans. px - qy = x - y 

(i) 
(ii) 

(iii) 

(iv) 

(v) 

(vi) 

Z = X +y + f(xy) 

z = f(xy) Ans. p+q = 0 
z = f(x2 + y2) 

Z = f(xLy2) 

f(x2+ y2 + Z2, Z2 - 2xy) = 0 

Ans. xq - yp = 0 

Ans. yp +xq = 0 

Ans. (p-q)z = Y - x 
Hint. The given equation is f (x2 + y2 +Z2,Z2- 2xy) = 0 
Let u = x2 + y2 + Z2, V = Z2 - 2xy 

so equation (1) becomes f(u, v) =0 

Differentiating (3) partially w.r.t x, we get 

Of (au + p au) + ~ (8v + P Ov) = 0 au ax az Ov ax az 
From (2) we have 
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00 = 2x 00 = 2z Ov = -2xj ax ' oz ' Or 

Ov = 2z 00 = 2y Ov = -2y 
oz ' Or ' ax 

From (4) and (5) we have 

of/OO _ -(: + p %oJ 
of/Ov - (00 + p 00) 

ax oz 
Similarly differentiating w.r.t. y, we get 

Of/OO _ [~+ q %z) 
Of/Ov -- [00 +qOO) 

Or oz 
putting the values from (5) in equation (6) and (7), we get 

Of/OO = _ (-2y + 2pz) 
Of/ Ov (2x + 2zp) 

& Of/OO = _[-2X + 2qZ) 
of/ Ov 2y + 2zq 

:. pz - y = qz - x 
pz + x qz + y 

=> pz (x + y) - qz (x + y) = y2 - x2 

or (p - q) z = y - x 

(5) 

(6) 

(7) 

3. Form a partial differential equation by eliminating the arbitrary function <j> 

from <j> (x + y + z, x2 +y2 - Z2) = O. What is the order of this partial 
differential equation? (U.P.P.C.S. 1993, Bihar P.C.S. 2007) 

Hint. Given 
<j> (x+y+z, x2 + y2 - Z2) = 0 
Let u = x + Y +z & v = x2 + y2 - Z2 
Then (1) becomes f (u, v) = 0 

Differentiating (3) partially w.r.t. x, we get 

O<j> (00 + p 00) + O<j> (Ov + P Ov) = 0 00 ax oz Ov ax oz 
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From (2) au = 1 au = 1 Ov = 2x } ax 'oz 'ax 
Ov au Ov 
oz = -2z, Oy = 1, Oy = 2y 

From (4) and (5) 0<1> (1 +p) + 2 0<1> (x - pz) = 0 au Ov 

or 7~ = -2(X-
r
%+P) 

Again differentiating (3) partially w.r.t y, we get 

0<1> (au + q au) + 0<1> (Ov + q Ov) = 0 au Oy oz Ov Oy oz 

or 0<1> (1 + q) + 2 0<1> (y - zq) = 0 using (5) au Ov 

%0<1> = -2 (y _ qz)j 
m 0<1> jl+q 

Ov 

From (6) and (7) by eliminating ~, we get 

(x-pz) = y-qz 
l+p l+q 

or (1 + q) (x - pz) = (1 + p) (y - qz) 
or (y + z) p - (x + z)q = x - Y 
which is the desired partial differential equation of first order. 
Solution of Partial Differential Equation by Direct integration: 

iiz 
Example 1. Solve -2 = xy ax 

(5) 

(6) 

(7) 

S I · G· 02Z (1) o ution. Iven -2 = xy ax 
treating y as constant and integrating (1) with respect to x, we get 

oz x2 

ax = y 2 + f(y) (say) (2) 

Integrating (2) with respect to x keeping y as constant, we get 
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x3 

Z = Y - + x f(y) + g(y) 
6 

3 

Hence the required solution is z = x y + x f(y) + g(y) 
6 

x 2z 1 
Example 2 Solve -- = -

8xay xy 

S I · G' iiz 1 o ution. Iven -- = -
8xay xy 

treating y as constant and integrating (1) w.r.t x, 
we get 

8z 1 
- = - log x + ~ (y) 
ay Y 
Now keeping x as constant and integrating (2) w.r.t y, we get 

z = log x log Y + f~(Y) dy + g(x) 

or z = log x log Y + f(y) + g(x) 
which is the required solution 

83z 
Example 3. Solve -2- = cos (2x + 3y) 

8xay 
83z 

Solution. we have -2- = cos (2x + 3y) 
8xay 

treating y as constant and integrating (1) w.r.t. x, we get 

82z 1 
-- = - sin (2x + 3y) + f(y) 
8xay 2 

Integrating w.r.t. x, we get 

8z = _.!. cos (2x + 3y) + x ff(y)dx + g(y) 
ay 4 

1 
= -"4 cos (2x + 3y) + x~ (y) + g(y) 

Integrating w.r.t. y we get 

z = - 112 sin (2x + 3y) + x Jf(Y) dy + Jg(y) dy 

340 

(1) 

(2) 

(1) 



Partial Differential Equations 

1 ' 
~ z = -- sin (2x + 3y) + x <l>t (y) + ~ (y) 

12 
Lagrange's Linear Equation 

The partial differential equation of the form 

Pp+Qq=R (1) 
where P, Q and R are functions of x, y, z is called Lagrange's linear partial 
differential equation. Lagrange's linear equation is a first order partial differential 
equation. 
Method of solving Lagrange's equation 
Equation (1) i.e. Lagrange's equation is obtain by eliminating arbitrary function 
from <I>(u, v) = 0 where u and v are functions of x, y and z 

Differentiating 

<I>(u, v) = 0 (2) 

partially with respect to x and y, we get 

c3<I> (au + au p) + c3<I> (Ov + Ov p) = 0 
au Ox oz Ov Ox OZ 

and 0<1> (au + au q) + 0<1> (Ov + Ov q) = 0 
au By oz Ov By OZ 

Eliminating 0<1> and c3<I> from equation (3) and (4) we get au Ov 

au au 
-+-p 
Ox oz 
au au 
-+-q 
By oz 

Ov Ov 
-+-p 
Ox OZ = 0 
Ov Ov 
-+-q 
By OZ 

i.e. (: + : p) (: + : q) -(: + : q) (: + : p) = 0 

(3) 

(4) 

or (au Ov _ au Ov) p + (au Ov _ au Ov) q = au Ov _ au Ov (5) 
By OZ OZ By oz Ox Ox oz Ox By By Ox 

Comparing (1) and (5), we get 

P= au Ov _ au Ov 
Ox oz oz By 
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Q=Ou av _Ou av 
DZ Ox. Ox. DZ 

R=Ou av _Ou av 
Ox. fJy fJy Ox. 

Now let us suppose u = Cl, V = C2 are two solutions of the Lagrange's 

equation Pp + Qq = R 
Differentiating u = Cl and v = C2 partial with respect to x and y, we have 

Ou Ou Ou 
- dx + - dy + - dz = du = 0 (6) 
Ox. fJy DZ 

and av dx + av dx + av dz = dv = 0 (7) 
Ox. fJy DZ 

From (6) and (7) by cross-multiplication we have 

dx dy dz 
Ou av Ou av Ou av Ou av Ou av Ou av 
----- ----- -----
fJy DZ DZ fJy DZ Ox. Ox. DZ Ox. fJy fJy Ox 

dx dy dz 
or-=-=-

P Q R 

The solutions of these equations are 

u = Cl and v = C2 

Hence ~ (u, v) = 0 is a solution of equation (1) 
Working rule: 

S 1 F 'I' ,dx dy dz tep : orm auXl lary equations - = - = -
P Q R 

Step 2: Solve the above auxiliary equations Let the two solutions obtained be 
denoted by u = Cl and v = C2 
Step 3: The required solution of the equation 
Pp+Qq=Ris 

~ (u, v) = 0 

Example 1. Solve yzp + zxq = xy 

Solution. Given yzp + zxq = xy 
Lagrange's auxiliary equations for (1) are 

dx = dy = dz 
yz zx xy 

Taking first two members, we have 
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x dx -y dy= 0 

Integrating, we have 
x2 - y2 = Cl 

Partial Di(ferential Equations 

Similarly taking the first and the last members 
we get 
x2 - z2 = C2 

Therefore, the required solutions is 
f(x2 - y2, x2 - Z2) = 0 

Example 2. Solve p tan x + q tan y = tan z 
Solution. Here Lagrange's auxiliary equations are 

~=~=~ 
tan x tan y tan z 

From first two fraction of (1) we get 
cot x dx = coty dy 
Integrating, we get 
log sin x = log sin y + log Cl 

or log (sin.lsin y ) = log C1 

(U.P.P.C.S.1990) 

(1) 

or Sin xl sin y = Cl (2) 
Similarly, from the last two fractions, 
we have 

sin y I sin z = C2 (3) 
From (2) and (3) required general solution of the given equation is 

q,(s~n x, s~n y) = 0 
smy sm z 

Example 3. Find the general integral of 

(mz - ny) p + (nx -lz) q = ly - mx 
Solution. The auxiliary equations are 

dx dy dz 
mz - ny nx - lz ly - mx 

Choosing x, y, z as multipliers, each fraction of (1) 

xdx + Y dy + Z dz 
x (mz - ny) + y (nx - lz) + n (ly - mx) 
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= x dx + Y dy + Z dz 
o 

:. x dx + Y dy + Z dz = 0 
Which on integration gives 
x2 + y2 +Z2 = Cl 

choosing I, m, n as multipliers, each fraction of (1) 

1 dx + m dy + ndz 

1 (mz - ny) + m (nx - lz) + n (Iy - mx) 

= Idx + mdy + n dz 
o 

:.Idx+mdy+ndz=O 

which on integration, we have 
Ix + my + nz = C2 

:. Required general solution is 
~ (X2 + y2 + Z2, Ix + my + nz) = 0 

where ~ is an arbitrary function 

Example 4. Find the general integral of (y + zx) P - (x + yz) q = xL y2 

(2) 

(3) 

(U.P.P.C.S. 2002, Bihar P.C.S. 2002) 

Solution. The Lagrange's auxiliary equations are 

~_ dy _~ 
y+zx -(x+yz) x2 _y2 

. Y dx + x dy _ dz 
I.e. 2 2 - -2--2 

Y -x X -y 

or d (xy) + dz = 0 

on integration, we get 
xy + z = Cl 

A
. dx + dy dz 

gam ----"---
(y-x) -z (y-x) x2 _ y2 

dx + dy dz 
or =--

-(1-z) x+y 

or (x+y) (dx + dy) + (1-z) dz = 0 

or d {~ (X+y)2} + (1-z) dz = 0 

Integrating above, we get 
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or x2 + y2 + 2xy + 2z - Z2 = C3 where 2C2= C3 

or x2 + y2 - Z2 = C4 where C3 - 2 Cl = C4 

Therefore, the general solution is 
f(x2 + y2 - Z2, xy + z) = 0 

where f is an arbitrary function 

Example 5. Solve 
(2X2 + y2 + Z2 - 2yz - zx - xy) p + (x2 + 2y2 + Z2 - yz - 2zx - xy)q 

= x2 + y2 + 2Z2 - yz - zx - 2xy (LA.S. 1992) 

Solution. The Lagrange's auxiliary equations are 
dx dy 

2x2 + y2 + z2 _ 2yz _ zx - xy x2 + 2y2 + z2 - yz - 2zx - xy 

~-~ ~-~ ~-~ 

(x-y) (x+y+z) (y-z) (x+y+z) (z-x) (x+y+z) 

Taking first two fractions we have 

dx - dy = dy - dz 

x-y y-z 

Integrating, we get 

log (x-y) = log (y - z) + log Cl 

or x-y = C 
1 y-z 

Similarly, we have 

z-x 
-=C2 y-z 

:. The required solutionis ~ [x-
y

, z-x) =0 
y-z y-z 

Example 6. Solve 

at at at 
(y+z+t) - + (z+x+t) - + (x+y+t) - = x+y+z 

Ox Or DZ 

Solution. The Lagrange's auxiliary equations are 

~=~=~= dt 
y+z+t z+x+t x+y+t x+y+z 
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.. dx-dy = dy-dz = dz-dt = dx+dy+dz+dt 
-(x-y) -(y-z) -(z-t) 3(x+y+ z+t) 

Taking first and Second fraction, we have 

dx - dy = dy-dz 
x-y y-z 

Integrating above we have 
log (x-y) = log (y-z) + log C1 
x-y 
-=C1 y-z 

Similarly taking second and third fraction, we have 

z-t 
-=C2 y-z 

Again taking third and fourth fraction, we have 

dz - dt dx+dy+dz+dt 
---+ =0 

z-t 3 (x+y+z+t) 

Integrating, above we have 

1 
log (z-t) + - log (x+y+z+t) = log C3 

3 
or (z-t) (x+y+Z+t)1/3 = C3 

:. The general integral is 

f [x-y , z-t, (z-t) (x+y+Z+t)1/3] = 0 
y-z y-z 

(2) 

(3) 

Example 7. Find the surface whose tangent planes cut off an intercept of constant 
length k from the axis of z. (lAS 1993) 
Solution. Equation of the tangent plane at (x, y, z) is 

Z-z = P (X-x) + q (Y -y) 
Since k is the intercept on the axis of z 

:. when X = 0 = Y, Z = k 

:. k-z =: p (-x) + q (-y) 
or xp + yq = z-k 
The subsidiary equations are 

dx = dy = dz 
x Y z-k 

Taking the first two members, we have 
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dx = dy 
x y 

:. log x = log Y -log Cl 
x 

or - = C1 
Y 

Partial Differential Equations 

Again taking the first and last members. 
we have 

dx dz ---
x z-k 

:. log x = log (z-k) -log C2 
z-k 

or - =C2 x 

Therefore, the general solution is cj> (~, Z:k) = 0 which represents the required 

surface. 
Example 8. Solve 
(Z2 - 2yz - y2)p + (xy + xz)q = xy - xz 
If the solution of the above equation represents a sphere. What will be the 
coordinate of its centre. (Bihar P.C.S. 1999, Roorkee 1975) 
Solution. Lagrange's auxiliary equations are 

dx dy dz 
z2 _ 2yz - y2 X (y+z) X (y-z) 

From the last two fractions of (I), we get 

dy = dy 
y+z y-z 

or (y-z) dy = (y+z) dz 
or ydy - (zdy + ydz) - zdz = 0 
or ydy - d(yz) - zdz = 0 
Integrating, we get 
y2 _ 2yz - Z2 = Cl 

Again choosing x, y, z as multipliers, each fractions of (1) 

xdx + ydy + zdz 

X (z2 - 2y z - y2) + Y (xy + xz) + z (xy - xz) 
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== xdx + ydy + zdz 
o 

xdx + ydy + zdz = 0 

Integrating we get 
x2 + y2 + Z2 = C2 

From (2) and (3), the required general integral is 
~ (y2 _ 2yz - Z2, x2 + y2 + z2) = 0 

Where ~ is an arbitrary function 

(3) 

(4) 

From (4) we observe that if the solution represent a sphere, then co-ordinates of 
its centre must be (0,0,0) i.e. origin 

NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS Those equations in 
which p and q occur other than in the first degree are called non-linear partial 
differential equations of the first order. In other words partial differential 
equations which contains p and q with powers higher than unity and the product 
of p and q are called non-linear partial differential equations. 
Special Types of Equations 
Standard I. Equations involving only p and q and no x, y, z That is, equation of 
the form f (p, q) = 0 (1) 
i.e. equation which are independent of x, y, z. 
Let the required solution be 
z=ax+by+c 

where a and b are connected by 
f (a, b) = 0 

Where a, b, c are constants, 
Differentiating (1) partially with respect to x and y, we get 

8z 8z 
- =aand - =b 
ax Oy 

Which when substituted in (3), gives (1) 
From (3) we may find b in terms of a 

i.e. b = <p (a) say 
The required solution of (1) is 

z = ax + ~ (a) y + C 
Example 1 Solve p2 + q2 = 1 

Solution. The equation is of the form f (p, q) = 0 

The solution is given by 

z = ax + by +C 
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where a2 + 1>2= 1 

or b = ~(1_a2) 

Partial Di[ferential Equations 

Hence, the required solution is 

z=ax+ ~(1_a2) y+C 

Equation Reducible to f (p, q) = 0 
In some cases, we transform the equations into f(p, q) = 0 by making suitable 
substitutions 

Example 2. Solve (x + y) (p + q)2 + (x - y) (p - q)2 = 1 
Solution. putting x + y = X2, X _ Y = y2 

so that 

oz ozoX ozoY 10z 10z 
P = Ox = ax Ox + oY Ox = 2X ax + 2Y OY 

oz oz ax oz OY 1 OZ 1 OZ 
andq=-=- -+ - -=- ----

Oy ax Oy oY Oy 2X ax 2Y OY 

10Z 10z 
:. p + q = - - and p - q = - -x ax Y OY 
putting in the given equation, we have 

Which is of the form of standard I 

:. The complete integral is given by 
z=aX+bY+c 

Where a2 + 1>2 = 1 or b2 = ~(1_a2) 
:. The required complete integral is 

z = a~(x+y) + ~(1_a2) ~(x-y) + c 

(LA.S. 1991) 

Example 3. Find the complete integral of (y - x) (qy - px) = (p - q)2 (LA.S.1992) 

Solution. Let us put X = x + y and Y = xy 

oz oz ax oz oY oz oz 
so that p = - = - - + - - = - + y -

Ox ax Ox oY Ox ax oy 

oz oz ax oz oY oz oz 
and q= - = - - + - - = - +x-

Oy ax Oy oY Oy ax oy 

Substituting in the given equation we have 
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az 2 (az)2 (y- x) (y-x) ax = (y-x) ay 

or az = (az)2 
ax ay 

Which is of the form of standard I 

,'. The complete integral is given by 
z = aX + bY + c 

where a = b2 

,'. The complete integral is 

z = b2 (x +y) + bxy + c 

Standard II Equations involving only P, q and z i.e. equations of the form 
f(z, P, q) = 0 
Equations of the form f (z, p, q) = 0 (1) 
Let us assume z = f (x+ay) as a trial solution of given equation (I), where a is an 
arbitrary constant 

,'. z = f (X) where X = x + ay 

,'. p = az = az ax = az 1 = az 
Ox ax Ox ax ax 

az az ax az dz 
and q= - = - - =a - =a-

Oy ax Oy ax dX 

,'. Equation (1) reduces to the form 

f(Z dz a dZ) = 0 
, dX' dX 

Which is an ordinary differential equation of order one. Integrating it we may get 
the complete integral 

Example 4 Find the complete integral of 
Z2 (p2 Z2 + q2) = 1 (I.A.S, 1997) 

Solution Putting z = f (x + ay) = f(X) 
where X = x + ay 

az dz 
so that p = - = -

Ox dX 

az dz 
and q= - =a-

Oy dX 

The equation becomes 
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or Z2 (Z2 + a2) (:~r = 1 

or Z~(Z2 + a2) dz = dX 

Integrating, we have 

1 _ (Z2 +a2)3/2 =X+b 
3 

. or 9 (x + ay + b)2 = (Z2 + a2)3 

which is the required complete integral 
Example 5. Solve pq = xmynzl 

m+l yn+l 
Solution. Putting _x_ = X, -- = Y 

m+1 n+1 

oz oz dX m oz 
so that p = - = - - = x -

Ox oX dx oX 

oz oz dY n oz 
and q = - = - -- = y -ay OY dy OY 

Then the given equation reduce to 

oz oz I 
--=z 
oX oY 
Which is the form of standard II 

:. putting z = f (X + a Y) = f(u) 

where u = X + a Y 

oz = dz au = dz 
oX du oX du 

OZ dz au dz 
and - = - - =a-

OY du OY du 

Equation (1) becomes 

a(::r =Zl 

or Z-I/2 dz = du 
J;. 

Integrating, we have 
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_i + 1 

Z 2 1 (xm+l yn+l) 
or = - -- + a -- + b _i +1 Fa m+1 n+1 

2 

Standard III i.e. Equation of the form f (x, p) = F (y, q) 
As a trial solution, let us put each side equal to a arbitrary constant 
i.e. f(x, p) = F (y, q) = a 
from which we obtain 
p = fl (x, a) and q = h (y, a) 
Now from dz = pdx + qdy 
we have dz = fl (x, a) dx + f2 (y, a) dy 

z = Jf1 (x, a) dx + Jf2 (y, a) dy+ b 

Which is the complete integral 
Example 6. Solve p2 + q2 = X + Y 
Solution. Let p2 - X = Y - q2 = a 

:. p = ~(x+a) and q = ~(y-a) 

putting in dz = pdx + qdy, we have 

dz = ~(x+a) dx + ~(y - a) dy 

Integrating, we get 

z = ~ (x + a)3/2 + ~ (y - a)3/2 + b 
3 3 

Example 7. Solve z (p2 - q2) = x-y 
Solution The given equation can be written as 

putting Ji. dz = dZ, so that Z = ~ Z3/2 

. (OZ)2 (OZ)2 The equation becomes Ox - Oy = x-y 

orp2-Q2=x_y 
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oZ OZ 
where P = Ox' Q = Oy 

or p2 - x = Q2 - Y = a 

Which is of the form of standard III 
:. p2-x2=Q2_ y =a 

:. P = ~(x+a) and Q = ~(y+a) 

Putting in dZ = Pdx + Qdy, we have 

dZ = ~(x+a) dx + ~(y+a) dy 

Integrating Z = ~ (x+a)3/2 + ~ (y+a)3/2 + b 
3 3 

or Z3/2 = (x+a)3/2 + (y+a)3/2 + c 

Standard IV Equation of the form Z = px + qy + f (P, q) 
(Clairaut's form) 
An equation of the form z = px + qy + f(p, q), Which is linear in x and y is called 
Clairaut's equation 

The complete solution of the Clairaut's equation is 
z = ax + by + f (a, b) 

i.e. the solution of Clairaut's equation is obtained putting p = a and q = b 

Example 8 Solve z = px + qy + c~1+p2+q2 
(LA.S. 1989, Bihar P.C.S. 2007; U.P.P.C.S. 2005) 

Solution. This is of the form of Standard IV 

:. The complete integral is 

z = ax + by + c~(1+a2+b2) 
EXERCISE 

1. Solve the following partial differential equations 
(a) y2p - xyq = x (z-2y) 
Ans. cI> (X2_y2, zy_y2) = 0 

(b) xzp + yzq = xy 
Ans. cI> (x/y, xy-z2) = 0 

(c) (y:z ) p + xz q = y2 

Ans. cI> (x3 - y3, x2 - y2) = 0 
(d) z (xp - yq) = y2_ x2 
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Ans. f(xy, x2 + y2 + Z2) = 0 

(e) p + 3q = 5z + tan (y - 3x) 

Ans. ~[y-3x, e-5x {5z + tan (y-3x)}] = 0 

(f) x (y+z) p - Y (x2 + z) q = Z (X2 _ y2) 

Ans. f (X2 + y2 - 2z, xyz) = 0 

(g) x2 (y - z) p + (z - x) y2 q = Z2 (x - y) 

Ans. [ 1 1 1) f xyz, - + - + - = 0 
x y z 

(h) (x+2z) P + (4zx - y)q = 2x2 + y (Roorkee 1976) 

Ans. ~(xy _Z2, x2 - Y - z) = 0 

(i) px (Z_2y2) = (z-qy) (z-yL2x3) 

( 'l Ans. z 2 Y Y 
~ - + x - -, - = 0 

x x z 

G) (X2 - yz) P + (y2 - xz) q = Z2 - xy 

Ans. [x-y y-z)_ ~ -,- -0 
y-z z-x 

2. Solve the following partial differential equations. 
(a) p = 2q2 + 1 

Ans. z = ax + ~'-(2-b-:-2-+-1-) y + c 

(b) X2p2+y2q2 = Z2 (Raj SLET 1997) 

Ans. log z = a log x + ~(1_a2) log y + c 

(c) (x2 + y2) (p2 +q2) = 1 

Ans. z = ~ log (x2 + y2) + ~(1_a2) tan-1 .r + c 
2 x 

(d) 9 (p2 z + q2) = 4 

Ans. (z+a)3 = (x + ay + b)2 

(e) z2(p2z2+q2)=1 

Ans. 9 (x + ay + b)2 = (z2 + a2)3 

(f) p (1 + q2) = q (z-a) 

Ans. 4 (bz - ab -1) = (x + by + C)2 

(g) p2 = Z2 (1 - pq) 

Ans. ]a log [z.Ja + ~a(l+az2) + ~(l+az2) ] = x + c 
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(h) P (1 + q2) = q(z-a) 

Ans. 4a (z-a) = 4 + (x+ay+b)2 

(i) q2y2 = z (z - px) 

2a2 /{-1±~(1+4a2)} 
Ans. z = bxya 

Ans. 

(k) 

P (1 + q2) = q (z - a) 

4a (z - a) = 4 + (x + ay + b)2 

Z2(p2+q2 + 1) = c2 

(1+a2) (c-z2) = (x + ay +b)2 Ans. 
3. Solve the following partial differential equations. 

(a) JP + Ft = 2x 

Ans. 
1 

z = - (a + 2X)3 + a2y + b 
6 

(b) yp = 2yx + log q 

Ans. az = ax2 + a2 x + eay + ab 

(c) Z2 (p2 + q2) = x2 + y2 

Ans. Z2 = x~(a+x2) + a log{x +~(a+x2)}+ y~(y2 - a) - a log {y+~(y2 - a) + c} 
(d) p2 - 2x2 = q2;- Y 

Ans. 

(e) 

Ans. 

(f) 
Ans. 

(g) 
Ans. 
(h) 
Ans. 

2 2 z = - x3 + ax ± - (y + a)3/2 + b 
3 3 

p2 + q2 = Z2 (x+y) 

logz = 3. (a+x)3/2 + 3. (y_a)3/2 + C 
3 3 

z = px + qy + 2pq 

z = ax + by + 2ab 

z = px + qy + p2 + q2 

Z = ax + by + a2 + b2 

z = px + qy + log pq 

z = ax + by + log ab 
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CHARPIT'S METHOD 
Charpits method is a general method for solving equations with two independent 
variables. This method is generally applied to solve equations which calIDot be 
reduced to any of the standard forms, let the given equation be 
f(x, y, z, p, q) = 0 (1) 

If we are able to find another relation 
F(x, y, z, p, q) = 0 (2) 
Then solving p and q from equations (1) and (2) and then, substituting in 

dz = pdx + qdy (3) 

The equation (3) is integrable. The integral of equation (3) will give the complete 
, solution of equation (1). Differentiating equations (1) and (2) with respect to x 

and y, we get 

Of Of Of Op of oq 
- + -p + - - + - - = 0 (4) 
Ox oz Op Ox Oq Ox 

of + of P + of Op + of Oq = 0 (5) 
Ox oz Op Ox Oq Ox 

(6) 

(7) 

Eliminating Op from equations (4) and (5) (i.e. Multiplying (4) by of, (5) by 
Ox Op 

-.!! and adding) we get 
Op 

(Of + P Of) of _ (OF + P OF) Of + Oq (Of of _ of Of) = 0 (8) 
Ox oz Op Ox oz Op Ox Oq Op oq Op 

Similarly eliminating Oq (i.e. multiplying equation (6) by of and (7) by _ of 
Oy Oq oq 

and adding) from equation (6) and (7), we get 

( Of + q Of) of _ (OF + q OF) Of + Op (Of of _ of . OF) = 0 (9) 
Oy oz Oq Oy oz oq Oy Op oq oq Op 

since Oq = Op 
Ox Oy 
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. 02Z o2Z 
I.e. --=--

OxOy OyOx 

We find that the last terms of (8) and (9) cancel each other when added. 
Therefore, adding (8) and (9), we get 

( Of Of) of [ Of Of) of (Of Of) of (-Of) of 
Ox + P OZ 8p + Oy + q OZ oq + -p 8p - q oq Ox + 8q Oy = 0 (10) 

Equation (10) is a linear partial differential equation of first order with x, y, z, p, q 
as independent variables and F as the dependent variable. 

dp dq = dz _ dx _ dy _ dF (11) 
Of Of Of Of Of Of - -Of - 8f - 0 
- +p- - +q- -p- -q- -- --
Ox oz Oy oz 8p oq 8p 8q 

i.e. 
_ _ d~p_ dq dz = dx = dy = dF 
fx + pfz fy + qfz -p~ - q~ -~ -~ 0 

we solve (11) for p and q substituting the values of p and q is (3) and integrating, 
we get the solution of (1) 
Example 1. Solve (p2 + q2) Y = qz 

(V.P.T.V. 2006, V.P.P.C.S. 1990, Bihar P.C.S 2007, V.P.P.C.S, 1999) 
Solution. Here, we have, f(x, y, z, p, q) = (p2 + q2) Y - qz = 0 (1) 
Now, the Charpit's auxiliary equations are 

dx = dy = dz dp _ dq 
-~ -fq -p~ - qfq fx + pfz fy + qfz 

which, here reduce to 

~_ dy dz 
-2py -(2qy - z) -p(2py) - q(2qy - z) 

From the last two fractions, we get 
dp _ dq 
-pq - p2 
=> pdp + qdq = 0 
Integrating, we get 
p2 + q2 = a2 (say) 
Where a is an arbitrary constant 

:. From (1) we get a2 y - qz = 0 

a2y 
=> q=­

z 
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Therefore from (2) p = ~(a2 _ q2) 

= ~a2 _ (a2y/z)2 

= a~(z2 _ a2y2) 

z 
Also, we know that 
dz = pdx + qdy 
putting p and q in equation (3), we get 

dz = ~ ~(Z2 _ a2y2) dx + a
2
y dy 

z z 

zdz- a2ydy d 
or =a x 

~(z2 _ a2y2) 

putting Z2 - a2y2 = t, we get 
dt= a dx 
Integrating, we have 

t = ~(Z2 - a2y2) = ax + b 

or Z2 = a2y2 + (ax + b)2 

which is the complete solution 
Example 2. Solve 2zx - pX2 - 2q xy + pq = 0 

(3) 

(I.A.S. 1991, 93, Bihar p.es. 2002,1995) 

Solution. Here, we have 
f(x, y, z, p, q) = 2zx - pX2 - 2qxy + pq = 0 

Now, the Charpit's auxiliary equations, are 

dx = dy = dz dp = dq 
-~ -fq -P~ - qfq ~ + pfz fy + qfz 

which, here reduce to 

dx dy 
_(_x2 + q) -(-2xy + p) 

= dp 
(2z - 2px - 2qy) + P (2x) 

dz 

-p (_x2 + q) -q (-2xy + p) 

dq 
-2qx + q (2x) 

From, the last fraction, we get 
dq =0 
~q=a 
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putting in (1) we have 

2xz - pX2 - 2axy + pa = 0 

2x (z-ay) 
or p = --'----"-'-

x2 _ a 

Also, we know that 

dz = pdx + qdy 

Partial DiU'erential Equations 

putting the values of p & q from (2) & (3), we get 

2x(z-ay) 
or dz = dx + ady 

x 2 
- a 

dz - ady 2x d or = -2-- X 
Z - ay x - a 

Integrating above, we get 
log (z - ay) = log (X2- a) + log b 

:. z-ay = b (x2 - a) 

(3) 

or z = ay + b (X2 - a) is the complete integral. Where a & b are arbitrary constants. 
Example 3. Solve p = (qy + z)2 (V.P.P.C.S.1992) (1) 

Solution. Here, we have f(x, y, z, p, q) = -p + (qy + z)2 = 0 
Now, the Charpit's auxiliary equations, are 
which, reduce to 

dx = dy = dz = 
dp 

-~ -fq -p ~ - qfq fx + pfz 

dx dy dz dp dq --= = -----"''----
-(-1) -2y(qy+z) -p(-1)-q2(qy+z)y 2p(qy+z) 4q(qy+z) 

Taking the second and fourth fractions, we get dp + dy = 0 
P Y 

Integrating, we have 

log p + log Y = log a 

a 
or p=-

y 

:. From (1) ~ = (qy + Z)2 
Y 

or Jm -qy+z 
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Fa z 
:. q = 372 --

y Y 
putting these values in dz = pdx + q dy, we get 

dz = ~ dx + (Fa -~) dy 
Y y3/2 Y 

Fa 
or ydz + zdy = a dx + .JY dy 

Integrating, we have 

yz = ax + 2~(ay) + b 

which is the complete integral 

Example 4. Find a complete integral of 
p2X + q2y = Z 

(lAS 2006,20041976,79; V.P.P.C.S 2004, 2002, 2001, 1997) 

Solution. Here, we have 
f(x, y, z, p, q) = p2X + q2y - Z = 0 

Now, the Charpits auxiliary equations are 

dx = dy = dz dp dq 

-~ -~ -p~ - q~ ~ + p~ ~ + qfz 

which reduce to 

~=~= dz dp 

-2px -2qy _2(p2x + q2y) 

From which we have 

p2 dx + 2px dp q2dy + 2qy dq 
2p3X + 2p2x _ 2p 3x 2q3y + 2q2y _ 2q3y 

. p2 dx + 2px dx _ q2 dy + 2qy dq 
I.e. 2p2x - 2q2y 

. d(p2X) _ d(q2y) 
t.e. -2- - 2 

P X q Y 
Integrating, we have 

log p2X = log q2y + log a 

=> p2X = aq2y 

where a is a constant 
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From (1) and (2) we have 
aq2y + q2y = Z 

. q _ { Z }1/2 
.. - (1+a)y 

From (1) P = {~}1/2 
(1+a)x 

Partial Differential Equations 

putting in dz = pdx + qdy, we have 

dz = {~}1/2 dx + {_z }1/2 dy 
(1+a)x (1 +a)y 

or ~(1+a) dz = Fa dx + dy 
.Jz ~-fo 

Integrating above, we get 

(1 +a)1/2 .Jz == ~(ax) + -fo + b 

which is the complete integral of (1) 
Example 5. Solve px + qy == z (1 +pq)1/2 

(LA.S. 1992, Bihar p.es. 1993, 2005) 
Solution. Here, we have 
f(x, y, z, p, q) = px + qy - z (1 +pq)1/2 = 0 

Now, the Charpits auxiliary equations, are 

dx == dy = dz == dp dq 
-~ -fq -p ~ -q fq fx + P fz fy + q fz 

Therefore Charpits auxiliary equations are 

_ dp == dq 
................ - p_p (1 + pq)1/2 q_q (1 +pq)1/2 

Taking the last two fractions, we have 

dp == dq 
P q 

Integrating above, we get 
log p == log q + log a 

~ p == aq 
pu tting in (1) we have 
aqx + qy = z (1 + aq2)1/2 
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or q2 (ax + y)2 = Z2 (1 + aq)2 
Z2 

or q2 = __ ----::-_--,:-
(ax + y)2 _ az2 

z 
or q = -;::::====== 

~{(ax + y)2 _ az2} 

putting this value of q is (2) we have 

az 
p=-r.'==== 

~{(ax+y)2 _ az2} 

putting these values of p and q in dz = pdx + qdy, we get 

dz = az dx + zdy 

~{(ax + y)2 _ az2} 

dz adx + dy 
or - = -;::::===~==:= 

z ~{(ax+y)2 _ az2} 

or du = .!. ~U2 _ z2 
dz z 

Again putting u = vz 

=> v + z dv = .!. ~(v2z2 _ Z2) 
dz z 

dv I 2 or v+z - = v(v -1) 
dz 

dv I 2 or z- = v(v -1) - v 
dz 

dz dv 
or-=-;===== 

z ~(v2 -1) - v 

or ~z =_ {~(V2 -1) +v} dv 

Integrating, above we have 

logz=- [; ~(V2 -1) - ~ log {v+ ~(V2 -1}] _ v; +b 
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or -log z + v
2 

+ ~ ~(V2 -1) - .! log {v + ~(V2 -1)} = b 
2 2 2 

which is the complete integral 

where v = ~ = ax + y 
z z..Ja 

Example 6. Find complete integral of p2 + q2 - 2px - 2qy + 2xy = 0 
(I.A.S 2003, V.P.P.C.S. 1991) 

Solution. Here, we have 
f(x, y, z, p, q) = p2 + q2 - 2px - 2qy + 2xy = 0 
Now, the Charpits auxiliary equations are 

dx = dy = dz dp dq 
-~ -~ -p~ - qfq fx + pfz fy + qfz 

which here reduce to 

~ ~ ~ ~ 
-(2p - 2x) -(2q - 2y) p(2p - 2x) - q (2q - 2y) (-2p + 2y) + P (0) 

i.e. dp = dq dx = dy 
-2p + 2y -2q + 2x 2x - 2p 2y - 2q 

. dp _ dq _ dx _ dy 
l.e.---------

-p+y -q + x x-p y-q 

or _d-,-p_+_d_q",,-- = dx + dy 
x + y - p - q x + y -p -q 

or dp + dq = dx + dy 

:. (p-x) + (q-y) = a 
Equation (1) can be written as 

(p - x)2 + (q - y)2 = (x - y)2 
putting the value of (q - y) from (2) in equation (3) we have 
(p - X)2 + [a - (p - x)]2 = (x - y)2 
or 2 (p - X)2 - 2a (p - x) + {a2 - (x - y)2} = 0 

:. p-x= 2a±~[4a2 -4.2{a2 _(X_y)2} 
4 

Taking' positive sign only 
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p=x+ ~ [a+ ~{2 (X_y)2 _a2}] 

:. From (2) q - Y = a - ~ [a + ~{2(x - y)2 - a2} ] 

or q=y+ ~ [a-~{2(X-Y? _a2}] 

putting these values of p and q in 
dz = p dx + q dy we get 

dz = x dx + Y dy + ~ (dx + dy) + .!. ~[2 (x - y)2 - a2] (dx - dy) 
2 2 

=xdx+ydy+ ~ (dX+dY)+.1 {(X_ y)2 - a;} (dx-dy) 

Integrating we have 

x2 
y2 a 1 [x -Y 

z = 2" + 2" + 2" (x + y) + Ji -2- l(X - y)' - ~} - : !o+-y)+ J(X - y)' - ~}l 

2 2 1 [ { 2 a
2
} a

2 1 or 2z = x + y + ax + ay + Ji (x - y) (x - y) - 2" - 2" log (x - y) + 

which is the complete integral 

Example 7. Find a complete integral of Z2 (P2 Z2 + q2) = 1 

Solution. Here, we have 

f(x, y, z, p, q) = Z2 (p2 Z2 + q2) - 1 = 0 

Now the Charpit's auxiliary equations are 

dx = dy = dz dp dq 
-~ -fq -p~ - qfq fx + pfz fy + qfz 

or dx = ~ = dz 
-2p Z4 _2qz2 _2p2Z2 _ 2q2z2 

dp 

Taking first two fractions, we get 

dp = dq ~ P = aq 
p q 

Solving equations (1) and (2) for p and q, 
we have 

p = q and q = 1 
z.Ja2z2 + 1 z.Ja2z2 + 1 
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Therefore, dz = pdx + q dy 

adx dy 
~r====+--;;=:===== 
z~a2z2 + 1 z~a2z2 + 1 

_ adx + dy 

- z~a2z2 + 1 

or adx + dy = z~a2z2 + 1 dz 

Integrating, we get 

ax + y = fz~(a2 Z2 + 1) dz +b 

putting a2z2 + 1 = t2 

~ 2a2z dz = 2t dt 

Thus, from equation (3) we have 

ax+y= J~ ttdt+b 
a2 

=_l_ e + b 
3a2 

1 
or ax + y = -- (a2z2 + 1)3/2 + b 

3 a2 

which is the complete solution. 

Example 8. Find a complete integral of 
p2 + q2 - 2px - 2qy + 1 = 0 

Solution. Here we have 

f(x, y, z, p, q) = p2 + q2 - 2px - 2qy + 1 = 0 

The Charpits auxiliary equations are 

(I.A.S. 1999, U.P.P.C.S. 1998) 

dx = dy dz = dp = dq 
-(2p-2y) -(2q - 2y) -p (2p - 2x) - q (2q - 2y) -2p -2q 

From the last two fractions, we have 

dp _ dq dp _ dq --- ~ ---
-2p -2q P q 

on integrating we have 

log p = log q + log a 

~p=aq 

Therefore, from equation (1) and (2), we have 

a2q2 + q2 - 2aqx - 2qy + 1 = 0 
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(a2 + 1) q2 - (2ax + 2y) q + 1 = 0 

2(ax + y) ±J4(ax + y)2 - 4(a2 + 1) 
or ~ = 2(a2 + 1) 

. 2(ax + y) ± J4(ax + y)2 - 4 (a2 + 1) 
Agam p = aq = a ---'---'---2-...:....-----

2(a + 1) 

putting these values in dz = pdx + qdy 

we get 

(ax + y) ± J{(ax + y)2 - (a2 + I)} 
dz = 2 (adx + dy) 

a + 1 

putting ax + y = v ~ adx + dy = dv, we have 

(a2 + 1) dz = [v ± Jv2 - (a2 + 1) ] dv 

Integrating, we get 

(3) 

(a2 + 1) z = ! v2 ±[! vJ{v2 - (a2 + I)}] - ! (a2 + 1) log {v + Jv2 - (a2 + I)} + b 
2 2 2 

or (a2 + 1) z = ! (ax + y)2 ± [! (ax + y) J(ax + y)2 - (a2 + l)J - ! (a2 + 1) log {(ax + y) + 
222 

J(a:x + y)2 - (a2 + I)} + b 

which is the complete integral 
EXERCISE 
1. Solve the following partial differential equations by Charpit's method. 

(a) px + qy = pq 

Ans. az = ! (y + ax)2 + b 
2 

(b) pxy + pq + qy = yz 

Ans. (z - ax) (y + at = beY 
(c) (x2 - y2) pq - xy (p2 - q2) -1 = 0 

Ans. z = ~ log (x2 + y2) + .! tan-1 r + b 
2 a x 

(d) Z2 = pq xy 

Ans. z = cx.f3. yl/..Ja 

(e) (p2 + q2) X = pz (LA.S. 1982) 
Ans. Z2 = (\2X + (ay + b)2 
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(f) xp + 3yq = 2 (Z-x2q2) 

Ans. 

(g) 

Ans . 

az = ay + x (x2b + a2) 
16p2z2 + 9q2z2 + 4z2 - 4 = 0 

)(16a2 + 9)'.11 - Z2 + 2(ax + y) = b 

(LA.S.1994) 

. Linear Partial Differential Equations of second order with constant coefficients 
Introduction 
We shall restrict ourselves to consider only the linear partial differential 
equations of higher order with constant coefficients. These can be classified into 
the following two categories: 

(a) homogeneous (b) non-homogeneous 
An equation in which the derivatives involved are all of the same order, is called 
homogeneous 

. fiz f)3 z f)3z f)3z 
For example, 2- -3 -- + -- -5 - =x-y 

ax3 ax28y ax8y2 8y3 

is homogeneous of order three, whereas 
f)3 z f)2 z _ 

4- +3 -- +z=xe Y 
ax3 ax8y 

is certainly non-homogeneous 
Homogeneous Linear partial differential Equation of Higher order with 
Constant Coefficients 
A differential equation of the form 
f)n z f)nz f)n z f)n z 
- + al 1 + a2 2 2 + ....... + an - = F(x, y) (1) 
axn axn- 8y axn- 8y 8yn 

where al, a2 ......... , an are constant's is called homogenous linear partial differential 
equation of nth order with constant coefficients 

Let D = ~ and D' = ~, then equation (1) takes the form 
ax 8y 

(Dn + al Dn-l D' + a2 Dn-2 D'2 + ........ + a2 D'n) z = F(x, y) 

~ f(D, D') z = F(x, y) (2) 
Where f(D, D') = Dn + al Dn-l D' + a2 Dn-2 D'2 + ......... + an D'n 

is a homogenous function of D and D' 

The method of solving equation (1) or (2) is similar to that for ordinary 
differential equations and complete solution = C.F. + P.I. 
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Determination of c.F. 

The auxiliary equation is obtain by putting D = m and D' = 1 in f (D, D') = 0 There 
are two cases will aries. 

(1) If m1, m2, ......... , mn are the distinct roots of the auxiliary equation, then CP 
of (1) is 

f1 (y + m1 x) + f2 (y + m2 x) + .......... + fn (y + mnx) 

(2) When the auxiliary equation has equal (repeated) roots say m 

then CP of (1) given by 

f1 (y + mx) + x h (y + mx) + ....... + xr - l fr (y + mx) 

Prom above we conclude that 

Roots of A.E. c.P. 

1. m1, m2, m3, ............. (distinct f1 (y + m1x) + h (y + m2x) + h (y + 
roots) m3x) + ......................... 

2. m1, m1, m3 .. (Two equal roots) f1 (y + m1x) + x h (y + mlx) + f3 (y + 
m3x) + .......... 

3. ml, ml, ml, .. (Three equal h~+m~+xh~+~~+~h~+ 

rootsl m1x) + ......... 

Example 1. Solve 2r + 5s + 2t = 0 

2a2z a2z a2z 
or -- + 5-- + 2- = 0 

Ox2 OxOy Oy2 

Solution. The given equation can be written as 

(2D2 + 5D D' + 2D'2) Z = 0 

its auxiliary equation is putting D = m, D' = 1 i.e. 

2m2 + Sm +2=0 

or (2m + 1) (m+2) = 0 

-1 => m = - -2 
2 ' 

1 
Therefore CP. = f1 (y - - x) + f2 (y - 2x) 

2 

1 
or z = f1 (y - "2 x) + f2 (y - 2x) 

when f's is are arbitrary 

Example 2. Solv~ (D3 - 4D2 D' + 4DD') Z = 0 

Solution. Its auxiliary equation is 

m3 -4m2+ 4m = 0 

or m (mL 4m + 4) = 0 
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or m (m - 2)2 = 0 

or m = 0,2, 2 

Required solution is 

z = $1 (y + 0 .x) + [$2 (y + 2x) + X f3 (y + 2x)] 

or z = $1 (y) + $2 (y + 2x) + X f3 (y + 2x) 

where $'s are arbitrary 

a4z a4 z 
Example 3. solve - - - = 0 ax4 ay4 
Solution. The given equation can be written as 
(D4 - 0'4) z = 0 

its auxiliary equation is putting 0 = m, 0' = 1 

m4 -1 = 0 
:::::> m = 1, -1, i, -i 

Therefore C.F = $1 (y + x) + $2 (y - x) + $3 (y + ix) + $4 (y - ix) 

mz=~~+~+~~-~+~~+~+~~-~ 
The particular Integral 
Consider the equation 

f (0, 0') z = F (x, y) 

The particular integral may be written as 

f(O~ 0') F (x, y) 

and method of evaluating it is similar to those we have read in ordinary linear 
differential equations of higher orders with constant coefficients 

Example 4. Solve the equation 
(02 - 200' + 0'2) Z = 12 xy 

Solution. Given equation is (02 - 200' + 0'2) Z = 12 xy (1) 

its auxiliary equation is 

m2 - 2m + 1 = 0 or (m-1)2 = 0 

or m = 1, 1 

:. C.F = f1 (y + x) + x h (y + x) 

1 
and P.I = (12 xy) 

0 2 - 200' + 0,2 

1 (12) 
(0 _ 0,)2 xy 
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1 ( [)1)-2 
= - 1- - 12xy 

[)2 [) 

1 [ 2[)' [)12 1 
= 12 [)2 1 + D + 3 [)2 + ....... xy 

= 12 ~ [xy + ~ [)I (xy) + -; [)J2 (xy) + ......... ] 
[) [) [) 

where [) = ~ [)I = ~ 
Ox' Oy 

= 12~ [xy + ~ x + ~ 10] 
[)2 [) [)2 

= 12 ~ (xy + x2) 
[)2 

=12 - y+ - X4 
(

X3 1) 
6 12 

= X4 + 2x3 y 

:. Required solution is z = c.p + P.I 

i.e. z = fl (y + x) +.x f2 (y + x) + X4 + 2x3 y 
where f1 and 6 are arbitrary functions 
Example 5. Solve 
([)2 + 3[) [)I + 2[)'2) Z = X + Y 

Solution. The auxiliary equation is 
m2 + 3m + 2 = 0 => m = -1,-2 

:. c.p =f1 (y - x) + 6 (y - 2x) 
. 1 

and P I = (x + y) 
. ([)2 + 3[)[)' + 2[)J2) 

1 ( 3[)' 2[)'2 )_1 
= - 1 + - + -- (x + y) 

[)2 [) [)2 

= ~, [1- (3g' + 2g;} (3g' + 2g;')' _ ........... -}x+y) 
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1 [3D' ] = D2 1 - D + ......... (x + y) 

=~2 [(X+Y)-~(l)] 
1 

= D2 [(x+y)-3x] 

1 
= - (y - 2x) 

D2 

1 2 
=D(YX-X) 

1 x3 
= _ yx2 

2 3 

:. Required solution is z = C.I + P.I 

i.e.z=f1(y-x)+h(y-2x)+ ..!.yx2 -..!. x3 

2 3 
where f' s are arbitrary functions 
Example 6. Solve 

. (2D2 - 5DD' + 2D'2) z = 24 (y - x) 

Solution. The auxiliary equation is 

2m2 - 5m + 2= 0 
or (2m -1) (m-2) = 0 

1 
~ m= - 2 

2' 

C.F = f1 (2y + x) + f2 (y + 2x) 
1 

Now P.I = 2D2 _ 5DD' + 2D,2 24 (y - x) 

1 ( 5D' D'2 )-1 
= 2D2 1 - 2D + D2 24 (y - x) 

1 [5D' .] = 2D2 1 + 2D + .............. 24 (y - x) 

1 5 
= 2D2 24 (y - x) + 4D3 24 

(
X2 x3

) 5 x3 

= 12 - Y - - + - 24 -
2 6 4 6 

371 

(LA.S. 1987) 



A Textbook of Engineering Mathematics Volume - II 

= 6x2 Y + 3x3 

Therefore z = C.F + P.I 

or z = f1 (2y + x) + h (y + 2x) + 6x2 y + 3x3 

Short Methods 
Method I. When f(x, y) is function of (ax + by) 

1 ~(n) (ax + by) = _1_ ~ (ax + by) 
f(D, D') f(a, b) 

provided f (a, b) =F: 0 

i.e. if f (a, b) =F: 0 then 

f(D~ D') ~(n) (ax + by) - f(a~ b) JJ.. ........... J~(v) dv dv ............... dv 

where v = ax + by 

Here after integrating ~ (v) n times with respect to v, v is to be replaced by 
ax+ by 
Method II. When f(x, y) is a function of ax + by and f(a, b) = 0 

1 xn 
-(D---m-D-,)-n \jI (y + mx) = -l!! \jI (y + mx) 

Example 7. Solve (D2 - 2DD' + D'2) z = ex + 2y 

Solution. Here, the auxiliary equation is 

m2-2m +1 = 0 

or (m - 1)2 = 0 or m = 1,1 

:. C.F = f1 (y + x) + x h (y + x) 
where f1 & 6 is are arbitrary 

and P.I = 1 eX+2y 
D2 _ 2DD' + D!2 

1 ex+2y 
(D - D')2 

= 1 2 fJe Y dvdv 
(1- 2) 

:. Required solution is z = C.F + P.I 

or z = f1 (y + x) + X f2 (y + x) + eX + 2y 
Example 8. Solve (D2 + D'2) Z = 30 (2x + y) 

Solution. Here, the auxiliary equation is 
m 2 +1 = 0 
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Here v = x + 2y, a = 1, b = 2, f (a, b) =F: 0 
as f (D, D') = (D - D') 2 
= eY = ex+2y 
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orm = ±i 

:. CP = f1 (y + ix) + h (y - ix) 
where f1 and f2 are arbitrary 

1 
and P.I = 30 2 2 (2x + y) 

D +D' 

= 2 30 2 ffvdvdv where v = 2x + Y 
2 + 1 

= 6 f% v
2
dv 

= 3 [ v; 1 = v3 = (2x + y)3 

:. Required solution is z = CP +P.I 

or z = f1 (y + ix) + h (y - ix) + (2x + yp 

fiz fiz fiz 
Example 9. Solve - + 2 -- + - = 2x + 3y 

Ox? OxBy By2 

Solution. The given equation is 
(D2 + 2 DD' + D'2) z = 2x + 3y 

Here, the auxiliary equation is 
m2 + 2m+ 1 =0 

or (m+l)2 = 0 
or m = -1,-1 

or CP = f1 (y - x) + x h (y - x) 
where it and h are arbitrary 

PI= 1 (2 3) 
. D2 + 2DD' + D,2 x + Y 

1 (2x + 3y) 
(D + D'f 

= 1 2 ffv dv dv 
(2 + 3) 

where v = 2x + 3y 

IJv2 
13 1 3 . = 25 2 dv= 150 v = 150 (2x+3y) 

Therefore, required solution is 
z = CP + P.I 
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1 
= it (y - x) + X £2 (y -,x) + - (2x + 3y)3 

150 

Example 10. Solve r - 2s + t = sin (2x + 3y) 

Eiz fiz fiz . 
or - -2-- + - =sm(2x+3y) 

8x? OxOy Oy2 

Solution. The given equation is 
(02 - 200' + 0'2) Z = sin (2x + 3y) 

or (0 - 0')2 z = sin (2x + 3y) 

Here, the auxiliary equation is 
(m-l)2=O 

=> m = I, 1 

:. C.F = £1 (y + x) + x h (y + x) 

and P.I = 1 2 sin (2x + 3y) 
(0 - 0') 

= 1 2 JJsin v dv dv where v = 2x + 3y 
(2 - 3) 

= - fcos v dv 

= - sin v 
= - sin (2x + 3y) 

:. Required solution is z = C.F + P.I 

i.e. z = £1 (y + x) + x h (y + x) - sin (2x + 3y) 
Example 11. Solve the P.O.E. 

82z Eiz 82z . 
- -2-- + - =Slnx 
Ox2 OxOy Oy2 

Solution. The given equation is 
(02 - 200' + 0'2) Z = sin x 

or (0 - 0')2 z = sin x 

Here the auxiliary equation is 
(m -1)2 = 0 

=> m = I, 1 

:. C.F = it (y + x) + X f2 (y + x) 

1 
and P.I = sin x 

0 2 - 200' + 0,2 
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1 
= sin x 

(D - D')2 

= 1 2 IJsin v dv dv where v = x 
(1- 0) 

= - Jcos v dv 

= - sin v 
= - sin x 

Therefore complete solution is z = CF + P.I 

i.e. z = fl (y + x) + x h (y + x) - sin x 
Example 12. Solve (D3 - 4D2D' + 4DD'2) z = 6 sin (3x + 2y) 

Solution. Here, the auxiliary equation is 
m3- 4m2 + 4m = 0 

or m (m2 - 4m + 4) = 0 
or m (m - 2)2 = 0 

or m = 0, 2, 2 

:. CF = fl (y + ox) + [f2 (y + 2x) + X f3 (y + 2x)] 

= fl (y) + f2 (y + 2x) + x h (y + 2x) 

1 
and P.I = 6 sin (3x + 2y) 

D3 _4D2 D' + 4 DD'2 

= 3 2 1 2 6 IIJSin v dv dv dv where v = 3x + 2y 
3 -43 2+432 

= 1 6 IIT(-cos v) dv dv 
75 -72 J 

= -2 JSin v dv 

=2cosv 
= 2 cos (3x + 2y) 
:. Required solution is z = CF + P.I 

z = fl (y) + f2 (y + 2x) + x 6 (y + 2x) + 2 cos (3x + 2y) 

fiz a2z 
Example 13. Solve -2 + -2 = cos mx cos ny 

Ox Oy 

(I.A.S 2006) 

(I.A.S. 1996, u.P.P.CS. 1994, 1996) 

Solution. The given equation is 
(D2 + D'2) Z = cos mx cos ny 

375 



A Textbook of Engineering Mathematics Volume - II 

Here the auxiliary equation is 

m2 + 1 = 0 
arm = ± i 

:. C.F. = f1 (y + ix) + 6 (y - ix) 
where f's are arbitrary 

1 
and P.I. = 2 2 cos mx cos ny 

o +0' 
1 1 

{2 cos mx cos ny} 
2 0 2 + 0,2 

1 1 
2 0 2 + 0,2 

1 [ 1 
= 2" 0 2 + 0,2 

[cos (mx + ny) + cos (mx - ny)] 

cos (mx + ny) + 2 1 2 cos (mx - ny)] 
o +0' 

= .! [ 1 Jfcos u du du + 2 1 2 J'rcos v dv dV] 
2 m 2 +n2 J m +(-n) J 

where u = mx + ny, v = mx - ny 

1 [fSin u du + fSin v dV] 
2(m2 + n 2

) 

1 
= [ - cos u - cos v] 

2(m2 + n 2
) 

1 
= - 2 2 [cos (mx + ny) + cos (mx - ny)] 

2 (m + n ) 

1 
- - [2 cos mx cos ny] 

2(m2 + n 2
) 

1 
- - [2 cos mx cos ny] 

2(m2 + n 2
) 

1 
= - 2 2 cos mx cos ny 

m +n 
:. The required solution is z = C.F + P.I 

or z = h (y + ix) + f2 (y - ix) - 1 cos mx cos ny 
(m2 + n 2

) 

Example 14. Solve 4r - 4s + t = 16 log (x + 2y) 

Solution. Given that 
(402 - 400' + 0'2) Z = 16 log (x + 2y) 
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or (20 - 0')2 z = 16 log (x + 2y) 
its auxiliary equation is (2m _1)2 = 0 

1 1 
or m = - -

2' 2 

1 1 
:. C.F. = £t{y + - x) + x 6 (y + - x) 

2 2 

= $1 (2y + x) + X $2 (2y + x) 

where $'s are arbitrary functions 

1 
and P.I. = 2 [16 log (x + 2y)] 

(20 - 0') 

= (20 ~60')2 log [2(y + % x)] 

= 16 2 [log 2 + log (y + .! x)] 
(20 - 0') 2 

16log2 16 (1 ) 
= + 4 (0 _ ~')2 log Y + -2 x 402 (1- ~~) 

= ;2 (1 - ~~ J1 log 2 + 4 [~ log (y + % x ) 1 using Method II 

= ;2 (log 2) + 2X2 log (y + % x ) 

= ~ x (log 2) + 2X2 log (y + i x) 

= 4 (log 2) ~ + 2X2 log (y + % x) 

= 2X2 [(lOg 2) + log (y + % x)] = 2X2 log (2y + x) 

Hence, the required solution is 

z = $1 (2y + x) + X $2 (2y + x) + 2x2log (2y + x) 
Example 15. Solve (02 - 600' + 9 0'2) Z = 6x + 2y 
Solution. Its auxiliary equation is m2 - 6m + 9 = 0 or (m - 3)2 = 0 or m = 3,3 

:. C.F. = £1 (y + 3x) + x 6 (y + 3x) 
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1 
and P.I. = 2 2 (6x + 2y) 

(D - 6DD' + 9D' ) 

__ 1_-=- (6x + 2y) 
(D - 3D,)2 

2 
(D _ 3 D')2 (y + 3x) 

x2 

= 2- (y + 3x) = x2 (y + 3x) 
~ 

:. Required solutions z = CP. + P.1. 

or z = £1 (y + 3x) + xh (y + 3x) + x2 (y + 3x) 
Example 16. Solve (D2 - 2DD' + D'2) z = x3 + ex+2y 

Solution. Its auxiliary equation is 

m2 -2m + 1 = 0 

=> m =1,1 

:. CP. = £1 (y + x) + X f2 (y + x) 
where f's are arbitrary 

and P.I. = 1 (x3 + eX + 2y) 
D2 -2DD' + D2 

1 x3 + 1 eX+2y 
(D - D')2 (D _ D')2 

1 (D,)-2 1 
= -l1- - x3 + freY dvdv 

D2 D (1- 2)2 J 

_ 1 (2D' ) 3 r v - D2 1 + D + ................ x + Je dv 

= ~ x3 + eV 

D2 

= ~ (:) + eX + 2y = ~~ + eX + 2y 

:. Required solution is z = CP. + P.I. 

1 
or z = £1 (y + x) + X £2 (y + x) + - XS + ex + 2y 

20 

where v = x + 2y 

Example 17. Solve (D2 - 5DD' + 4 D')2 z = sin (4x + y) 

, Solution. Its auxiliary equation is 
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m2-5m+4=0 

=>m = 1,4 

Partial Differential Equations 

:. C.F. = fl (y + x) + h (y + 4x) 

where flS are arbitrary 

1 
and P.I. ,= sin (4x + y) 

D2 - 5DDI + 4 D!2 

1 . (4 ) 
(D _ 4DI)(D _ DI) sm x + y 

1 [1 . (4 )] = (D _ 4DI) D _ DI sm x + y 

= 1 [_1_ rsin v dV] using method I, where v = 4x +y 
(D - 4DI) 4 - 1 J' 

= 1 (-cos v) = _.!. [ 1 cos (4x + y)] 
3 (D - 4DI) 3 D - 4D I 

= -i [~ cos (4x + y)] using method II 

1 
= -- x cos (4x + y) 

3 
:. The required solution is z = C.F. + P.1. 

1 
or z = fl (y + x) + f2 (y + 4x) - - x cos (4x + y) 

3 
Example 18 : Solve (D3-402DI +40DI2) z = 4 sin (2x + y) 

Solution. Its auxiliary equation is 
m3 - 4m2 + 4m = 0 

=> m (m2 - 4m + 4) = 0 

=> m (m _2)2 = 0 

=> m = 0, 2, 2 

:. C.F = fl (y) + h (y + 2x) + X f3 (y + 2x) 

where fl, h and 6 are arbitrary. 

and P I = 1 [4 sin (2x + y)] 
0 3 _ 4D2D 1+ 4DD 12 

= 4 1 sin (2x + y) 
D(02 -401+4DI2) 
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= 4 1 2 sin (2x+ y)=4 1 2 [!sin(2X + y)] 
D(D-2DI) (D-2DI) D 

= 4 [_.!. cos (2x + y)] 
D(D-2DI? 2 

-2 
= 2 cos(2x + y) 

(D-2DI) 

x2 

= -2ll, cos(2x + y) by lInd method 

= _x2 cos(2x + y) 

:. Required solution is z = C. F + P.I 

or z = fl(Y) + 6 (y + 2x) + xf2 (y+2x) - x2 cos (2x+y) 

General Method of finding P.I. 
Let the given equation be f (D, DI) z = F (x, y) 

where f (D, DI) is a homogeneous function of D and DI. 

we take 1 F(x, y)as fF(x,c - mx)dx 
D-mD I 

where c is to be replaced by y + mx after integration 

Example 19 : Solve (D2 - DDI - 2D12) Z = (y - l)ex 

or 

(D+DI) (D-2DI) Z = (y-l)ex 

Solution. It auxiliary equation is (m+l) (m-2) = 0 

:::;> m = -1,2 

:. C.F = fl(Y-X) + 6 (y+2x) 

andP.I. = 1 (y_l)e X 

(D + DI)(D - 2DI) 
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(D ~ D I) [ (D _12D I) (y -1 )e
X 1 

= 1 [J(c-2x-1)eXdx] 
(D+D') 

.: we take 1 F(x,y)as JF(x,c-mx)dx and c =: y +2x 
D-mD' 

1 [(c-2x-1)eX 
- J(-2)eXdx] 

(D+D') 

= (D: D')[(c - 2x -l)e
X 

+ 2e
x

] 

=_1_ (c-2x+ l)eX 

D+D' 

= 1 {(y + 2x) - 2x + l}eX
, replacing c by y+2x 

(D+ D') 

= 1 (y + l)eX = J(C'+ x + l)eXdx 
(D+ D') 

':weuse 1 F(x,y)asJF(x,c-mx)dx andC'=y-x 
D-mD ' 

=(C' + x + l)ex - eX = (C' + x)ex where c l = y -x 
= {(y-x) +x}ex = yex 

Therefore required solution is z = C. F + P.I 

or z = f1 (y - x) + 6 (y + 2x) + yex 

Example 20 Solve r + s - 6t = y cosx 
OR 

(D2 + DD' - 6D'2) z = y cosx 

(LA.S. 1992) 

Solution. Given equation is (D2 + DD' - 6D'2) z = Y cosx 

or (D + 3D') (D - 2D') z = Y cosx 
its auxiliary equation is (m + 3) (m -2) = 0 

~ m=2,-3 

:. C, F = f1 (y + 2x) + 6 (y - 3x) 

1 
and P.I= (D+3D')(D_2D')Ycosx 

381 

(Bihar P.C.S 2002, u.P.P.C.S. 1999) 



A Textbook ofEn~ineerin~ Mathematics Volume - II 

= (D+
1
3D')[D_

1
2D'YCOSX] 

, where c is to be replaced by y + 2x after integration 

= (D+
1
3D,)[J(C-2X)COSXdX], 

= 1 [(c - 2x)sinx - f(-2)sinxdx] integration by parts 
D+3D' 

= 1 [(c-2x)sinx+2(-cosx)] 
D+3D' 

= 1 [{(y + 2x) - 2x}sinx - 2cosx], replacing c by y + 2x 
D+3D' 

= 1 (ysinx - 2cosx) 
D+3D' 

= f {( c '+ 3x) sin x - 2 cos x} dx, , where c' is to be replaced by y - 3x after integration 

-= - (c' + 3x) cos x + f 3cos x dx - 2 sin x 

= -(y - 3x + 3x) cos x + 3 sin x - 2 sin x (replacing c' by y - 3x) 

= sin x - y cos x, on simplifying 

:. Required solution is z = C. F + P.I. 

or z= fl (y +2x) + f2 (y -3x) + sin x - y cos x 

Example 22 Solve r -t = tan3x tan y - tan x tan3y 

Solution Give equation is 

(D2 - D'2) Z = tan3x tan y -tan x tan3y 

or (D + D') (D - D') z = tan3x tan y -tan x tan3y 

Its auxiliary equation is (m +1) (m-l) = 0 

=> m = -1, 1 

:. C.F = fl (y - x) + h (y + x) 

1 [3 3 ] and P.I.= (D+D')(D-D') tan xtany-tanxtan y 

= (D ~ D') [(D ~ D') (tan
3 
xtany - tan x tan

3 
y)] 

= (D ~ D,)[f tan3 xtan(c - x) - tan x tan
3 

(c - x)dx ] 

where c is to be replaced by y + x after integration 
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== (D: DI)f[ tan x (sec2 x -l)tan(c- x) - tan x tan (c - x) {sec2 (c - x) -1 }Jdx 

== (D: D') [tan(c - x). ta~2 x + f sec2 (c - x){~tan2 x }dX - tanx{ -~tan2 (c - x)} 

+ f sec2x{-~tan2(c-X)}dX] 

== 2(D ~ D') [tan(c - x) tan 
2 

x + f sec
2 

x(c - x) tan 
2 

xdx + tan x tan 
2 

(c - x) 

-f sec2 xtan2 (c - x)dx] 

== 2(D ~ DI)[ tan(c - x) tan 
2 

x + f{ 1 + tan
2 

(c - x)}tan2 xdx + tan x tan 2 (c - x) 

- J(1 + tan2 x) tan 2 (c - x)dx] 

== 2(D~DI)[tan(c-x)tan2x+tanxtan2(c-x)+ J{tan2x-tan2(c-x)}dx] 

== 2(D ~ D') [ tan(c - x) tan 2 x + tan x tan 2 (c - x) + f{(sec 2 x -1) - {sce2 (c - x) -l}}dx ] 

1 
== 2(D + D') [tan(c - x)tan

2 
x + tan x tan 

2 
(c - x) + tan x + tan(c - x)] 

== (1 ) [tanytan2 x+tanxtan2 y+tanx+tany] replacingcbyy+x 
2 D+D' 

== 2(D ~ D') [tany( tan 
2 

x + 1) + tan X (tan 
2 
Y + 1) ] 

1 
== ( ) [tan ysec2 x + tanxsec2 y] 

2 D+D' 

== ~ f[ tan (c '+ x)sec2 x + tanxsec2 (c '+ x)]dx where c' is to be replaced by y-x after 

integration 

== ~[{ tan (c '+ x)sec2 xdx + f tanxsec2 (c '+ x)dx}] 

= i[{tan(c'+ x) tan x - f sec2 (c'+ x)tanxdx} + f tanxsec2 (c'+ x)dxJ integrating only first 

integral by parts 
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1 
= -tan x tan (c'+ x) 

2 

= .! tan x tan y, replacing c' by y - x 
2 

:. Required solution is z = C.F.+ P.I. 

1 
or z =f1 (y -x) + f2 (y + x) + '2 tan x tan y 

EXERCISE 

Solve the following Partial differential Equations 

1. (1)3 - 6D2 D' + 12 D D'2 -S D'3) z =0 

Ans. z = f1 (y + 2x) + xh (y + 2x) + x2 f3 (y + 2x) 

2. a3
z -3~+4 a3

z =ex+2y 

ax3 ax2 ay ay 3 

3. a
2
z _ 4 a

2
z + 4 a

2
z = e2x+y 

ax2 axay ay2 

Ans. 
x2 

z = f1 (y + 2x) + X f2 (y + 2x) + _e2x
+y 

2 

4. 
a2z a2z a2z 
--2--+-=sin(2x+3y) 
ax2 axay ay2 

Ans. z = f1 (y - x) + x h (y - x) - ~sin(2x+3y) 
25 

5. 
a2z a2z a2z __ 3 __ +2_=e2x-y +ex+y +cos(x+2y) 
ax2 axay ay2 

(V.P.T.V.2007) 

Ans. z = f1 (y + x) + f2 (y + 2x) + ~e2X-Y -xex
+

y -.!cos(x+2y) (V.P.T.V.2006) 
12 3 

6. 
a3z a3z 3 3 
ax3 - a

y
3 = x y (LA.S. 1997, V.P.P.C.S. 1995) 

Ans. 
1 1 z = f1(y + x) + f2 (y + wx) + f3 (y + W2X) +_X6y3 + __ x9 

120 100S0 

Hint. A. F is m3 - 1 or m =1, w, w2, where wand w 2 are Complex cube root of 
unity. 
7. 

Ans. 

S. 

(D - D') (D + 2D') z = (y + x) eX 

z = f1(y + x) + f2 (y - 2x) + y eX 

(D2 + DD' - 6D'2) z= X2 sin (x + y) 
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Ans. z = fl(y + 2x) + b (y - 3x) + .!.(X2 - 13)Sin(Y + x)- ~xcos(x + y) 
4 8 8 

9. 

Ans. 

a2z a2z 
- - -- = sin x cos 2y 
ax2 axay 

z = fl(Y) + f2 (y + x) + .!.sin(x + 2y) - .!.sin(x + 2y) 
2 6 

Classification of Partial Differential Equations 

(U.P.T.U. 2008) 

Generally, we use the following types of partial differential equations: 

a2u a2u 
Wave equation -2 = c2 

-2 
at ax 

one-dimensional heat flow 

au 2 a2u 
-=c-
at ax2 

Two -dimensional heat flow 

a2u a2u 
-+-=0 ax2 ay2 
and 
Radio equation 

_av =L aI,_~=cav 
ax at ax at 

Now, let us consider second order partial differential equation 

a2u a2 u a2u 
A-2 +B-

a 
a +C-2 +F(x,y,u,p,q)=O (i) 

ax x y ay 

Where A, Band C are constants or functions of x and y. 

Then equation (i) is 
(a) elliptic if B2 - 4AC < 0 
(b) Parabolic if B2 - 4AC = 0 

(c) hyperbolic if B2 - 4AC > 0 
Example 1 Show that the equation 

a2u a2u 
-2 = c2 

-2 is hyperbolic 
at ax 

Solution 

a2u a2u 
--c2-=0 ae ax2 
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Here A =1, B= 0, C = - c2 

Now B2 - 4AC = 0-4.1. (- c2) = 4 c2 

~ B2 - 4AC = (2C)2 is positive always 
~ B2_4AC>0 

:. The given equation is hyperbolic. 
Example 2. Characterize the following P.D.E into elliptic parabolic, and 
hyperbolic equations. 

a2u a2u a2u 
A-2 +2B--+C-2 =F(x,y,u,uX'uy ) (U.P.T.U.2007) 

ax axay ay 

Here A, B and C may be functions of x and y. 
Solution We have 

a2u a2u a2u 
A-a 2 +2B--+C-2 F(x,y,u,uX'uy ) 

x axay ay 

For elliptic equations, we have B2 - 4AC < 0, Here given that 
B2_4AC < 0 

Here given that 
B = 2B, A= A, C = C 
Therefore (2B)2 - 4AC < 0 
orB2-4AC < 0 
For parabolic equation, we have 
B2_4AC=0 

~ (2B)2 - 4AC = 0 
~ B2_AC=0 

and, for hyperbolic equations 
~ B2_4AC>0 

i.e. (2B)2 - 4AC > 0 
~ B2_4AC > 0 
These are the conditions for the elliptic, parabolic and hyperbolic equations. 
Example 3 Match the column for the items of the lefts side to that of right side. 
A second order P.D.E in the function 'u' of two independent variables x,y given 
with usual symbols 
Auxx + Buxy + CUyy + F(u) = 0, Then 
(i) Hyperbolic 
(ii) Parabolic 
(iii) Elliptic 
(iv) Not Classified 

(a) B2 - 4AC = 0 
(b) B2 - 4AC < 0 
(c) B2 - 4AC > 0 
(d)A=B=C=O 
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Solution 

(i) (a) B2 - 4AC > 0 

(ii) (b) B2 - 4AC = 0 

(iii) (c) B2 - 4AC < 0 

(iv) (d) A = B = C =0 

Example 4. Classify the equation 

2 (fz (fz 2 d2
Z dz 2 dz 

(l-x )--2xy-+(1-y )-+x-+3x y--2z=0 
dx2 dXdy dy2 dx dy 

Solution 

Here A = 1 - X2, B = -2xy, C = 1-y2 

Now B2 - 4AC = 4x2y2 - 4 (1-x2)(1-y2) 

= 4x2yL 4+ 4x2 + 4y2 - 4x2y2 

=4 (X2 + yL1) 
=> B2 - 4AC = 4 (X2 + y2 -1) 

if x2 + y2 >1 => B2 - 4AC > 0 (Hyperbolic) 

if x2 + y2 =1 => B2 - 4AC = 0 (Parabolic) 

and if x2 + y2 <1 => B2 - 4AC < 0 (Elliptic) 

Choose the correct answer from the following parts: 

1. The Fourier coefficient an of a functionf(x) in the interval (0, 21t) is: 

(a) .!. [, f(x) cos nx dx (b).!. r21t f(x) cos nx dx 
1t It 1t ~ 

(c) .; r f(x) cos nx dx (d) 
1 r21t 
;- ~ f(x) dx 

2. Te Fourier coefficient bn of a functionf(x) in the interval (0, 21t) is: 

(a) .; r f(x) sin nx dx (b)! [f(x) sin nx dx 

(c) .; lit f(x) dx (d) ! i21t 
f(X) sin nx dx 

3. The value of 1 + ~ + ~ + ~ + .......... is equal to: 
234 
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(a) 
n 

(b) 
n2 

6 8 

(c) 
n2 

(d) n2 

6 12 

Ans (c) 

4. The value of 1- ~ + ~ - ~ + ...... is equal to: 
2 3 4 

(a) 
n2 

(b) 
n 

12 12 

(c) n2 

(d) n2 

8 6 

Ans (a) 

5. 
1 1 1 1 . 

The value of 1 + - - - - - + - - ...... IS equal to: 
3 5 7 9 

(a) 
n 

(b) 
7t 

2 4 

(c) n (d) n2 

-
8 2 

Ans (b) 

6. The value of 1 + ~ + ~ + ...... is equal to: 
3 5 

(a) 
n2 

(b) 
n2 

8 6 

(c) 
n (d) n2 

4 2 

Ans (a) 
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7. 
1 1 1 1 . 

The value of - - - + - - - + ........... IS equal to: 
1.3 3.5 5.7 7.9 

(a) 
1t 

(b) 
1t 

- - -1 
12 4 

(c) 
1t 1 

(d) 21t -1 - --
4 2 

Ans (c) 

8. The half range sine series for the functionf(x) in (O,1t) is: 

(a) .; r f(x) sin nx dx (b);' r f(x) sin nx dx 

(c) r /(x) sin nx dx (d) All the above. 

Ans (b) 

9. The value of f1 [f(x)]2 dx is equal to: 

(a) H a.l + i: <a; + b;)] (b) L (a~ + b~) 
n=O 

(c) l{a.l + i:<a; +z,;)} 
2 n =0 

(d) z{a. + %,<0. + b,)} 
Ans (c) 

10. The value of ~ + ~ + ~ + ........... is equal to: 
135 

(a) 
1t2 

(b) 
1t4 

16 16 

(c) 
1t4 

(d) 
1t4 

96 12 

Ans (c) 

11. The general solution of fiz = xy2 is: Oxay 
X2y3 

(b) 
X2y3 

(a) z = - + f(y) + ¢(x) z = - + f(y) + ¢(x) 
6 4 
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(c) x
3i z = - + fey) + ¢(x) 
6 

(d) 
xy2 

Z = - + fey) + ¢(x) 
4 

12. The general solution of (;2 z = eY cos x is: 
oxfly 

(a) z = ex sin y + J(y) + ¢(x) 

(c) z = ex sin x + J(y) + ¢(~) 

(b) 

(d) 

13 Th I I · f oz OZ • . e genera so ution 0 - = a - IS: 

(a) z = J(y + ax) 

(c) z=J(x+ay) 

fly oX 

(b) 

(d) 

z = eYsin x + J(y) + ¢(x) 

Z = eYcos y + J(x) + ¢(y) 

z = J(X2 + y2) 

Z = J(ax + by) 

14'. The general solution of (D4 - D,4) Z = 0 is: 

(a) z = fi(x2 + y2) + f2(X2 - y2) 

(b) z = fi(x + y) + f2(y - x) + f3(y + ix) + fi(y - ix) 

(c) z = fi(x2 - y) + f2(X - y2) + f3(y + ix) + f4(y - ix) 

(d) z = fi(x2 - y2) + f2(X - y2) + f3(y2 + ix) + fi(y - ix) 

. 15. The general solution of (D3 - 6D2D' + llDD'2 - 6D'3) z = 0 is: 

(a) z = fi(y - x) + f2(y - 2x) + fi(y - 3x) 

(b) z = fi(y + x) + f2(y - 2x) + f3(y - 3x) 

(c) z = fi(y + x) + f2(y + 2x) + fi(y + 3x) 

(d) z = fi(x) + f2(y + x) + j3(X2) 

16. 

(a) 

(c) 

The P.1. of (D2 - 2DD' + D'2) Z = ex + 2y is: 

ex + 3y 

2ex+ 2y 

(b) 

(d) 
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ex+Y 

ex + 2y 

Ans (a) 

Ans (b) 

Ans (c) 

Ans (b) 

Ans (c) 

Ans (d) 
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17. The P.1. of (D2 + 2DD' + D'2) Z = e2x + 3y is: 

(a) e2x+ 3y (b) 
1 2x+3y -e 
5 

(c) 1 2x+3y 
(d) 

1 2x+3y -e -e 
25 15 

Ans (c) 

18. The general solution of (D2 + D'2) Z = cos mx cos ny is: 

(a) z = 11 (y - ix) + 12 (y + ix) - 2 1 2 cos mx cos ny 
(m - n ) 

1 
z = 11 (x + y) + 12(y - x) - 2 2 cos mx cos ny 

(m - n ) 
(b) 

(c) Z=/1(y-ix)+/2(y+ix)- 21 2 cosmxcosny 
(m - n ) 

1 
z = 11 (y + x) + 12 (y - x) - cos mx cos ny 

(m2 + n2
) 

(d) 

Ans (a) 

19. The particular integral of (4r - 4s + t) = 16 log (x + 2y) is: 

(a) 2x log (x + 2y) (b) 2x2log (2x + y) 

(c) 2y2log (x + 2y) (d) 2x2log (x + 2y) 

Ans (d) 

20. The P.1. of (r + s - 6t) = ycosx is: 

(a) -y cos x + sin x (b) Y cos x + sin x 

(c) cos x + y sin x (d) x cos x + sin x 

Ans (a) 

21. The general solution of r = a2 tis: 

(a) z = 11 (y + ax) + 12 (y - x) 

(b) z = It (y + x) + 12 (y - ax) 

(c) z = It (y + ax) + 12 (y - ax) 

(d) z = It (y + x) + 12 (y2 - ax) 

Ans (c) 
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22. The general solution of (D2 + OD' + 0' -1) z = 0 is: 

(a) z = e-x It (1) + ex /2(y - x) 

(b) z = ex It (1) + 'e-x /201 + x) 

(c) z = e-x /1 (1) + e-x /2012 - x) 

(d) z = exit (1) + e-x /201 + X2) 

23. 

(a) 

The P.1. of (D - 3D' - 2)2 z = 2e2x tan 01 + 3x) is: 

xe2x tan 01 + 3x) 

(b) 

(c) 

(d) 

e2x 
- tan 01+ 3x) 
x 

x2e2x tan 01 + 3x) 

24. The P.1. of (D2 - 500' + 40'2) Z = sin (4x + y) is: 

(a) 
x 

(b) x cos 01 + 4x) - cos 01 + 4x) 
3 

(c) cos 01 + 4x) (d) 
x 

-- cos 01 + 4x) 
3 

25. The P.1. of (02 + DD' - 60'2) z = cos (2x + y) is: 

(a) cos (2x + y) (b) sin (2x + y) 

(c) 
1 

(d) ~ sin (2x + y) - cos (2x + y) 
25 25 

26. The general solution of (02 -500' + 6D'2) = e3x - 2y is: 

1 
(a) z = It 01 + 2x) + /201 + 3x) + 63 e3x - 2y 

1 
(b) z = It (3x + y) + Y /2(2x + y) + 63 e3x-2y 

1 
(c) z = It (2y + x) + fi 01 + 3x) + 63 e3x - 2y 
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Ans (d) 

Ans (c) 
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(d) 
1 

z = It (3y + 2x) + J2 (2y + 3x) + - e3x - 2y 
63 

27. The general solution of az + az = 0 is: 
ax Oy 

(a) z = f (x - y) 

(c) z=af(xy) 

(b) 

(d) 

28. The general solution of r + t + 2s = 0 is: 

(a) z = It (y + x) + x J2(y + x) 

(b) z = It (y - x) + Xf2 (y - x) 

(c) z = It (xy) + Xf2 (xy) 

(d) z = It (x y) + Xf2 (xy) 

z = f(x + y) 

z = f(x + ay) 

29. The general solution of (D3 - 3020' + 300'2 - 0'3) Z = 0 is: 

(a) z = It (y + x) + Xf2 (y + x) + X2f3 (y + x) 

(b) z = It (y - x) + x/2 (y - x) + X2f3 (y - x) 

(c) z = It (y + x) + yf2 (y + x) + y2fi (y + x) 

(d) z = It (x + y) + xf(y - x) + x2f(y - x) 

30. 

(a) 

(b) 

(c) 

(d) 

The general solution of (02 - 2a00' + a2 0'2) z = f(y + ax) is: 

x2 

z = rPt (y - x) + xfh (y - x) + - f(y + ax) 
2 

x2 

Z = rPt (y + x) + xfh (y + x) + - f(y + ax) 
2 

2 

Z = rPt (y + x) + yfh (y + x) + L f(y + ax) 
2 

x2 

Z = It (xy) + Xf2 (yx) + - f(y + ax) 
2 
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31 Th I I · f oz oz . . . e genera so ution 0 - + - = SIn x IS: oX Oy 

(a) z = f(y + x) + COS X 

(C) z=f(y-x)+cosx 

(b) 

(d) 

z = f(y + x) - cos x 

z = f(y - x) - cos x 

32. The P.1. of (02 - 00' - 20'2) Z = (y -1) ex: 

(a) xex (b) yeY 

(c) x2ey (d) yex 

33. The P.1. of (r + s - 6t) = Y cos x is: 

(a) cosx-ysinx (b) 

(c) sin x - y cos x (d) 

COS X - ycos X 

sin x + y cos x. 

34. The general solution of (02 - 0'2 + 0 - 0') z = 0 is: 

(a) Z = fi (y + x) + e-x /2(y - x) (b) z = fi (y - x) + e-x /2 (y - x) 

(c) z = fi (y - x) + e-x j2 (y + x) (d) Z = fi (y + x) + ex /2 (y - x) 

35. The general solution of (02 - a2 0 '2 + 2abO + 2a2bO ') Z = 0 is: 

Ans (d) 

Ans (d) 

Ans (c) 

Ans (a) 

(a) z = fi (y + ax) + e-2Jlbx /2 (y + ax) (b) z = fi (y + ax) + e-2Jlbx /2 (y - ax) 

(c) z = fi (y - ax) + e-2Jlbx /2 (y + ax) (d) z = fi (y - ax) + e2Jlbx /2 (xy) 

36. 

(a) 

The P.1. of (02 - 400' + 0 -1) z = e3x - 2y is: 

e3x - 2.'1 

(c) 
1 _e3x - 2y 
35 

37. The general solution of r = 6x is: 

(b) 

(d) 

(a) z = x3 + xfi (y) + /2 (y) (b) 

(c) z = y3 + xfi (y) + /2 (y) (d) 

38. The general solution of t = sin (xy) is: 
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e3x + 2.'1 

1 _e3x + 2y 
35 

z = x3 + yfi (y) + /2 (y) 

Z = 3x3 + xfi (y) + /2 (y) 

Ans (c) 

Ans (c) 

Ans (a) 
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(a) 

(c) 

39. 

(a) 

(c) 

z = - .!. sin (xy) + yfi (x) + /2(X) (b) 
x2 

z = ~ sin (xy) + yfi (x) + /2(X) (d) 
x 

The general solution of log s = x + y is: 

z = log (x + y) + fi (y) + /2(x) (b) 

z = logx + log Y + fi (y) + fi. (x) (d) 

40. The general solution of xr + 2p = 0 is: 

(a) z = - (lfx)fi (x) + /2 (x) (b) 

(c) z = - (lfx)fi (y) + /2 (y) (d) 

Fill in the blanks in the following problems: 

1. The solution of at 2 = sin (xy) is ... 
Oy 

Ans. -x-2 sin (xy) + y/ (x) + ¢ (x) 

z = - sin (xy) + fi (x) + /2(y) 

z = ~ sin (xy) + fi (x) + /2(y) 
x 

z = ex + Y + /1 (y) + /2 (x) 

Z = ex-Y+ fi (y) + /2 (x) 

z = - (lfy)fi (x) + /2 (x) 

Z = - (lfx)fi (xy) + /2 (y) 

Ans (a) 

Ans (b) 

Ans (c) 

2. The order ~f the partial differential equation obtained by eliminating/ from 
z = f(X2 + y2) is ... 

Ans. First order 

3. The solution of a
3! = 0 is ... ax 

Ans. z = fi (y) + X/2(y) + x3 /3(Y) 

4. The P.I. of (D2 - D'2) Z = cos (x + y) is .... 
2 

Ans. ~ sin (x + y) 
2 

. a2z a2z . 
5. The solution -2 - -2 = 0 IS ..... ax Oy 

Ans. z = fi (y + x) + /2 (y - x) 

6. P.I. of (2D2 - 3DD' + D'2) z = ex + 2y is ... 

x Ans. __ ex + 2y 
2 
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7. By eliminating a and b from (x - a)2 + (y - b)2 + Z2 = 0, the partial 
differential equation formed is ... 

Ans. Z2 (p + q + 1) = 0 

8. Eliminating the constants a and b from z = (X2 + a) (y2 + b), the partial 
differential equation formed is ... 

Eiz 
Ans. -- =4xy 

oX81J 

9. The particular integral of (02 + DO') z = sin (x + y) is .... 

Ans. -! sin (x + y) 
2 

10. The equation a2~ + 2xy (OZ)2 + oz = 10, is of order ....... and degree .... . 
ax ax ay 

Ans. Order two, degree one 

11. The solution of x az = 2x + Y is ...... . ax 
Ans. z = 2x + Y log x + f(xy) 

12. By eliminating a and b from z = a (x + y) + b, the partial differential equation 
formed is .. 

oz OZ 
Ans. - --ax ay 

Select True 'or' False answers in the following: 

13 az a
2

u o· l' . 1 d'ff 'al ti' . u - + - = IS a mear partia 1 erenti eqa on. ax ox2 

14. x au + t au = 2u is an ordinary differential equation. ax at 
15. The solution of (02 - ~O' + 0' -1) z = 0 is ex fey) + e-x f2 (x + y). 

16. x au + y au = u2 is a non-linear partial differential equation. 
ax 81/ 

. . a2u a2u 
u = X2 - y2 IS a solution of - + - = o. . ax2 ay2 17. 

, a2u a2u 
u = e-t sin x is a solution of -2 + -2 = o. at ax 18. 
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(False) 

(False) 

(True) 

(False) 

(True) 

(True) 
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19. Those equation in which p and q occur other than in the first degree are 
called non-linear partial differential equation of the first degree. (True) 

20. The equation of the form 

a"z a"z a"z a"z - + at + a2 + .... +a - = F(x,y) ax" ax"-tay ax"-2ay2 " ay" 

in which al, a2. .... an are constats is called a homogeneous linear partial differential 
equation of nth order with constant coefficients. (True) 

21. Match the following: 

(i) z = ax + by, forms the p.d.e: (A) z = xf(y) + g(y) 

(ii) 
a2z 

The solution ofax2 = 0 

(11··1·) Th I ti f a2
z . e so u on 0 ax2 = cos x IS: 

(iv) z = fi (x + iy) + 12 (x - iy) forms the p.d.e.: 

21. (i)-(C), (ii)-(A), (iii)-(D), (iv)-(B). 
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(C) z = px + qy 

(D) z = - cos x + x l(y) + g(y). 
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Chapter 9 

Applications of Partial 
Differential Equations 

INTRODUCfION 
The problems related to fluid mechanics, solid state physics, heat h'ansfer, 
electromagnetic theory, Wave equation and other areas of physics and 
engineering are governed by partial differential equations subject to certain given 
conditions, called boundary conditions. The process to find all solutions of a 
partial differential equation under given conditions is known as a boundary 
value problem. The method of solution of such equations differ from that used in 
the case of ordinary differential equations. Method of separation of variables is a 
powerful tool to solve such boundary value problem when partial differential 
equation is linear with homogenous boundary conditions. Most of the problems 
involving linear partial differential equations Can be solved by the method of 
separation of variables discussed below. 
METHOD OF SEPARATION OF VARIABLES 
It involves a solution which breaks up into a product of functions each of which 
contains only one of the variables. The following example explain this method. 

Example 1 Apply the method of separation of variables to solve 

a2z a2z az 
-2 -2-+-=0 (U.P.T.U.2005,09) 
ax ax ax 

Solution Assume the trial solution z = X(x) Y(y) (i) 

where X is a function of x alone and Y that of y alone, substituting this value of z 
in the given equation we have 

dX 
X". Y - 2X'.Y + XY' = 0 where X' =-, 

dx 

separating the variables, we get 

X"-2X'· Y' 
=--

X Y 

dY 
Y'=-.etc 

dy 

(ii) 

since x and y are independent variables, therefore, (ii) can only be true if each 
. side is equal to the same constant, K(say), so we have 

X"-2X' Y' 
---=--=K 

X Y 
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X"-2X' 
Therefore, = K i.e X"-2X' - kX =0 

X 
yl 

and -- = k i.e. yl + kY =0 
Y 

To solve the ordinary linear equation (iii) the auxiliary equation is 

m2 -2m -k=O 

=> m = l±~(1+k) 

(iii) 

(iv) 

:. The solution of (iii) is X = Cle{l+~(l+k)}X + c2e{1-~(1+k)}X and the solution of (iv) is 

Y = C2 e-ky 

Substituting these values of X and Y in (i), we get 

{ 
{1+~(1+k)}x {1-~(I+k)}X} -ky 

Z = cle + c2e .c3e 

i.e. Z = {ae{I+~(1+k)}x + be{I-~(I+k)}X }e-kY 

where a = C1 C3 and b = C2 C3 

which is the required complete solution. 

au au 
Example 2 Vsing the method of separation of variables, solve - = 2- + u, ax at 
where u(x, 0) = 6 e-3x 

Solution Assume the solution u(x, t) = X(x) T(t) 

Substituting in the given equation, we have 

X'T = 2XT' + XT 
or (XI - X) T = 2 XT' 

XI_X T' 
or 2X = T = k(say) 

:. XI - X - 2kX =0 
XI 

or -=1+2k 
X 

T' 
and -=k 

T 

solving (ii), log X = (1 +2k)x + log c 
or X = ce(1 +2k)x 

From (iii), log T = kt + log c l 

or T = c'ekt 
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(i) 

(ii) 

(iii) 



Thus u(x,t) = XT 
= ee'e (l+2k)x ekt 

Applications of Partial Diiferential Equations 

Now 6e-3x = u(x, 0) = ee' e(l+2k)x 

:. ee' = 6 and 1 +2k = -3 or k = -2 

Substituting these values in (iv) we get 
u = 6e-3x e-2t i.e. u = 6e-(3x + 2t) which is the required solution 

(iv) 

Example 3 Solve by the method of separation of variables, au = 2 au + u, where 
ax ay 

u(x, 0) = 3e-5x -2e-3x 

Solution Assume the trial solution u = X(x) Y(y) (i) 

where X is the function of x alone and Y that of y alone. 

substituting this value of u in the given equation we have 
X' Y = 2XY' + XY 

X' 2Y" 
- =-+1 = k(say) (ii) 
X Y 

X' 1 dX 
Now -=k~--=k 

X X dx 
dX 

~-=kdx 
X 

on integrating, we get 

loge X = kx + loge Cl 

=> X = elekx 

And taking last two terms of equation (ii), we have 

~ dY +l=k 
Y dy 

2 dY 
~--=K-1 

Y dy 

~ dY = (k -1) dy 
Y 2 

(k-1) 
on integrating, loge Y = --Y + log e2 

2 

(k-1)-r 
~ Y =e2e 2 

From (i), we get 
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u = CI C2 ekx e(k-l)yj2 

From (i), we get 
u = CI C2 ekx e(k-l)yj2 

n=l 

bn = CIC2 and k = Kn 

(iii) 

which is the most general solution of given equation, putting y =0 and u = 3e-5x -
2e-3x in equation (iii) we get 

comparing the terms on both sides, we get 
bl = 3, kl = - 5, h2 = -2, k2 = -3 
Hence the required solution of given equation is from (iii), we have 
u = 3e-5x - e-3y + (-2)e-3x e-2y 
~ u = 3e-(5x + 3y) - 2e-(3x+2y) 

Example 4. 
Use the method of separation of variables to solve the equation. 

"(iv av 
-;-2 = - given that v =0 when t ~ co , as well as v =0 at x =0 and x = l. 
ux at 
Solution. Assume the trial solution v = XT 
where X is a function of x alone and Y that of y given 

av dT a2v d 2X 
=:}-=X- and-=T-

at dt ax2 dx2 

Substituting these values in the given differential equation, we get 

d 2X dT 1 dT 1 d 2X 2 

T dx2 =Xdt"0r T dt"=Xdx2 =-p (say) 

1 dT 2 dT 2 
=:) T dt = -p or dt + p T = 0 

1 d2X 2 d2x 2 
and ---=-p or--+p X=O 

X dx2 dx2 

Solving (ii) and (iii) we get 

T = CI e-p2
t and X = C2 cos px + C3 sin px 

Substituting these values of X and T in (i) we get 

v = CI e-p2
t (C2 cos pt + C3 sin pt) 
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putting x =0, v =0 in (ii), we get 

o = C1 e-p2
t C2 => C2 =0 since C1 "# 0 

2t . => v = C1 e-P C3 sm px (v) 

putting x = I, v = 0 in (v), we get 

C1 C3 e--p2
t sin pI =0 

sin pI =0 = sin n n 

p = nn/I, n is any integer 
_(n2x21)/12 sin(nxx) 

v=cce I 1 3 

_ b _n2,,21/12 • (nnx) - ne sm--
I 

where bn = C1 C3 

•• ~ _ 2 21/12 • (nnx) The most general solution IS v = £oJ bne n" sm--
n=1 I 

PARTIAL DIFFERENTIAL EQUATIONS OF ENGINEERING 
A number of problems in engineering give rise to the following well known 
partial differential equations. 

ii a2 

(i) Wave equation r = c2 ~ at ax 
(ii) 

(iii) 

On di . al h fl . au 2 a2u e menslOn eat ow equation - = c -2 at ax 
Two dimensional heat flow equation which in steady state becomes the two 

d · . al L I I • a2
u a2

u 0 lIDenslOn ap ace s equation -2 + -2 = ax ay 
(iv) Transmission line equations 
(v) Vibrating membrane. Two dimensional wave equation. 
(vi) Laplace's equation in three dimensions. 
Besides these, the partial differential equations frequently occur in the theory of 
Elasticity and Hydraulics. 
Starting with the method of separation of variables, we find their solutions 
subject to specific boundary conditions and the combination of such solution 
gives the desired solution. Quite often a certain condition is not applicable. In 
such cases, the most general solution is written as the sum of the particular 
solutions already found and the constants are determined using Fourier series so 
as to satisfy the remaining conditions. 
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Vibrations of a stretched string (one dimensional wave Equation) 

Consider a tightly stretched elastic string of length I and fixed ends A and Band 
subjected to constant tension T as shown in figure. The tension T will be 
considered to be large as compared to the weight of the string so that the effects 
of gravity are negligible. 
Let the string be released from rest and allowed to vibrate. We shall study the 
subsequent motion of the string, with no external forces acting on it, assuming 
that each point of the string makes small vibrations at right angles to the 
equilibrium position AB, of the string entirely in one plane. 

y 

--~~--~~------------~----+X 
B 

Taking the end A as the origin, AB as the x-axis and AY perpendicular to it as the 
y-axis, so that the motion takes place entirely in the xy -plane. Above figure 
shown the string in the position APB at times t. Consider the motion of the 
element PQ of the string between its points P(x, y) and Q (x + Ox, Y + oy), where 
the tangents make angles 'V and 'V + 0'V with the x axis. Clearly the element is 

moving upwards with the acceleration a
2

;r. Also the vertical component of the at 
force.acting on this element 

= T sin ('V + 0'V) - T sin 'V 

-= T ('V + 0'V - 'V) .: sin 'V = 'V, as 'V is very small 

= T 0'V (approximately) 

The acceleration of the elements in the QY direction is a
2

;r . If the length of PQ is at 
os, then the mass of PQ is m.os. 

Hence, by Newton's second law, the equation of motion becomes 

a2 

mos--.r = To'V ae 
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iiy T O\jl 
or-=--ae m os 

As Q ~P, 8s ~O. Therefore, taking limit as 8s ~O, the above equation becomes 

a2y T O\jl 
ae = m'B; 

Where O\jl = Curvature at P of the deflection curve os 

using formula for the radius of curvature 

= a2~ , approximately, since (ay )2 is negligible because ay is small 
ax ax ax 

. a2y _ T a2y 
.. ae - m ax2 

Putting~ = C2 (positive), the displacement y(x, t) is given by the equation 
m 

'(iy =C2 a
2
y 

ae ax2 

This partial differential equation is known as one dimensional wave equation. 
Solution of the one dimensional wave Equation 
The one dimensional wave equation is 

a2y 2 a2y 
ae = C ax2 (i) 

Assume that a solution of (i) is of the form y = X(x) T(t). where X is a function of x 
alone and T is a function of t only. 

a2y d2T a2y d2X 
Then -=X- and -=T-ae de ax2 dx2 

putting these values in (i), we get 

1 d
2
X 1 d

2
T (ii) 

X dx2 = C2T de = k(say) 

The (ii) leads to the ordinary differential equations. 

d2X d2T 
--kX=O and --kC2T=0 
dx2 de 

(iii) 
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solving (iii) we get 
(1) when K is negative say _p2, then 

X = Cl cos px + C2 sin px 

T = C3 cos cpt + C4 sin cpt 

(2) when k =0, then 

X=CSX+C6 

T = C7t+ C8 

(3) when k is positive say p2, then 

(iv) 

(v) 

X = C9 ePX + ClO e-PX } 

T = Cn ecpt + C12 e-cpt (vi) 

of these three solutions we have to choose that solution which is consistent with 
the physical nature of the problem. As we are dealing with problems on vibration 
y must be a periodic function of x and t. Hence, the solution must involve 
trigonometric terms. . 

Accordingly the solution given by (iv) i.e. of the form 

y = (Cl cos px + C2 sin px) (C3 cos cpt + ~ sin cpt) 
is the only suitable solution of the wave equation. 

Example 5. A string of length L is stretched and fastened to two fixed points. 
Find the solution of the wave equation ytt = a2 yxx, when initial displacement is 

y (x, 0) = f(x) = b sin (~) where symbols have usual meaning. 

(U.P.T.U.2oo9) 

Solution. Consider an elastic string tightly stretched between two points 0 and A. 
Let 0 be the origin and OA as x-axis on giving a small transverse displacement 
i.e. the displacement perpendicular to its length. 

y 

--L---~--------------~----+X o 
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let y be the displacement at the point P (x, y) at any time, the wave equation 

ytt = a2yxx 

cfy 2 ciy 
or-=a -ae ax2 

As the end points of the string are fixed, for all time, 
y(O, t) =0 
y(L, t) =0 

(ii) 

(iii) 
Since, the initial transverse velocity of any point of the string is zero, therefore 

(ay) -0 (iv) 
at 1=0 

Also Y (x, 0) = b sin 7 
The general solution of (i) is 

Y = (Cl cos px + C2 sin px) (C3 cos apt + C4 sin apt) 
Applying the boundary condition 

y =0 atx =0 

o = Cl (C3 cos apt + C4 sin apt) 

:. Cl = 0 

Therefore, 

y = C2 sin px (C3 cos apt + C4 sin apt) 

Again applying ay = 0 , at t = 0 on (vii) 
at 

~ = C2 sin px ap. (- C3 sin apt + C4 cos apt) 

o = C2 sin px. ap. C4 => C4 =0 
Then (vii) becomes y = C2 C3 sin px cos atp 
Applying y = 0 at x = L 

o = C2 C3 sin pL cos atp 

:. sin pL = 0 = sin n7t, n = 0,1,2,3 ................ .. 

:. pL = n7t 

n7t 
orp=­

L 

putting p = n7t in (viii), we have 
L 
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. n1tx n1tat 
y = C2 C3 sm--cos--

L L 

A tt = 0 Y = b sin 1tX , L 

b · 1tX C C . n1tx sm - = 2 3 SIn --
L L 

:. C2 C3 = b, n =1 

putting C2 C3 = b, n =1 in (ix) we get 

y = bSin( ~ )cos( 1t~t) 
which is our required solution. 

(ix) 

Example 6. A string is stretched and fastened to two points I apart. Motion is 

started by displacing the string the form y = a sin 1tX from which it is released at 
I 

a time t =0. Show that the displacement of any point at a distance x from one end 
at time t is given by 

y(x, t) = aSin( ~x )cos( 1t~t) 
(U.P.T.U. 2004, S.V.T.U. 2007) 

Solution: Solving exactly just like as example 5. 

Example 7 : A tightly stretched string with fixed end points x =0 and x =[ is 

initially in a position given by y = yo sin3 1tX . 
I 

If it is released from the rest from this position find the displacement y (x, t). 
Solution The equation to the vibrating string be 

cPy 2 cfy 
ae =C ax2 (i) 

Here the initial conditions are 
y(O, t) =0, y(l, t) =0 

ay = 0 att =0, y (x, 0) = yo sin3 1tX 
at I 

The general solution of (i) is of the form 
y = (C1 cos px + C2 sin px) (C3 cos cpt + C4 sin cpt) 

Now y =0 at x =0 gives Cl =0 
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:. y = C2 sin px (C3 cos cpt + C4 sin cpt) 

Again ay = 0 at t = 0 gives C =0 
at 

y = C2C3 sin px cost cpt 
At x = 1, Y =0 

o = C2 C3 sin pI cos cpt 

=> sin pI = 0 = sin nn, n = 0,1,2 ......... . 

nn 
:·P=-I 

. nnx nnct 
:. y = C2C3 sm-I-cos-

I
-

Let C2 C3 = bn, As bn is arbitrary constants 
Therefore general solution is 

~ . nnx nnct 
y(x, t) = L.i bn sm-cos--

n=l 1 1 

At t = 0, Y = Yo sin3 nx , so from equation (vi) we have 
1 

• 3 (nx) ~b . nnx yosm - = L.i n sm -
1 n=l 1 

(iii) 

(iv) 

(v) 

(vi) 

Yo (3 . nx . 3nx) b . nx b . 2nx b . 3nx => 4 sm -1- - sm -1- = 1 Sln-
I
- + 2 sm-

I
- + 3 sm -1- + ....... .. 

. b - 3yo b -0 b - Yo b - b - b - - 0 .. 1 -""4" 2-, 3 --4' 4- 5- 6- .. ·· .. · .... -

Hence (vi) becomes 

( ) Yo ( . nx nct . 3nx 3nct) y x,t =4 3sm-I-cos-I--sm-I-cos-
I
-

Example 8: A string is stretched and fastened to two points 1 apart. Motion is 
started by displacing the string into the form y =k (Ix _X2) from which it is 
released at time t =0. Find the displacement of any point on the string at a 
distance of x from one end at time t. 

(U.P.T.U. 2002) 

Solution 
The vibration of the string is given by the equation 

a2y 2 a2y 
-=C-
ae ax2 

(i) 
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As the end points of the string are fixed for all time, 

y(O, t) =0 
y(l, t) =0 

(ii) 

(iii) 

Since the initial transverse velocity of any point of the string is zero, therefore 

(Oy) =0 
Ut t=O 

and y(x, 0) = k (I x - X2) 

solution of (i) is 

Y = (C1 cos px + C2 sinpx) (C3 cos cpt + C4 sin cpt) 
At x = 0, y = 0 gives C1 =0 

Y = C2 sin px (C3 cos cpt + C4 sin cpt) 

Att= 0 Oy =0 , at 
o = C2 sin px. cpo C4 

:. C4 = 0 

Y = C2 C3 sin px cos cpt 

Atx = I, Y =0 

o = C2 C3 sin pI cos cpt 

:. sin pI = 0 = sin nn; n = 0,1,2,3 ............ . 

nn 
:'P=-l 

. nnx nnct 
y = C2C3 sm-cos--

I I 

p(x, y) 

~--L---------"---""'X 
B(I,O) 

. nnx nnct 
y = bn sm-cos--

I I 

(iv) 

(v) 

(vi) 

(vii) 

(viii) 

As bn is arbitrary constants and a differential equation satisfy solution for all 
constants. Then we can write 
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~ . nnt mtct 
y = L" bn sm-cos--

n=l I I 
At t = 0, Y = k (Ix - X2) 

~ nnx 
k(lx-x2 }= Lbnsin-

n=l I 
Applying half range Fourier sine series 

21' . nnx bn =- f{x)sm-dx 
1 0 1 

2k 1'( 2} . nnx b =- lx-x sm-dx 
n 1 0 1 

b = 2k [{-1r+
1 ~+~] 

n 1 n 3n3 n 3n3 

{
8kf 

bn = ~,whennisodd 
nn 

0, when n is even 

~ 8kf . nnx nnct . 
y = L" ~sm-cos--, when n IS odd 

n=l n nil 

~ 8k12 
• (2n -1)nx (2n -1)nct 

or y = L" 3 sm cos 
nZl{2n-1) n3 1 I 

Which is required solution. 
Example 9 Solve the boundary value problem 

a2 a2 

at; = 4 J ' given that y(O, t) =0 

y(S, t) =0, Y (x, 0) =0 and (ay) = S sin nx 
at x=o 

(ix) 

Solution: Applying the method of separation of variables to the wave equation 
a2y 2 a2y 
ae=2 ax2 ' 

The suitable solution is 
y = (Cl cos px + C2 sin px) (C3 cos 2pt + C4 sin 2pt) 

Applying the initial'condition 
y(x, 0) =0 we have 
o = C3 (Cl cos px + C2 sin px) 
~ C3=0 
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:. y = C4(Cl cos px + C2 sin px) sin 2pt 
Now using y(O, t) = 0, we get 

o = Cl ~ sin 2pt :::::> Cl =0 

:. y = Cz sin 2pt sin px 
Further y(S, t) =0 we have C2 sin 2pt sin Sp =0 

Therefore, 

sin S P =0 = sin n1t 
mt 

p = 5 ' n = 1,2,3, .......... . 

. (n1t2t) . (n1tX) y=c2sm -S- sm s-
Also the boundary condition (ay

) = S sin 1tX 
at x=o 

:. c2 n~2 cos( n~2t )sin ( ~x) = Ssin 1tX 

:::::> n =S and 21tC2 =S 
Therefore, we have 

5. . 2 Y = -sm1txsm 1tt 
21t 

Example 10: A string of length 1 is fastened of both ends A and C. At a distance 'a' 
from the end A, the string is transversely displaced to a distance 'd' and is 
released from rest when it is in this position. find the equation of the subsequent 
motion. 
OR 

Find the half period sine series for f(x) given in the range (l, 0) by the graph ABC 
as shown in figure. 

(V.P.T.V.2oo9) 
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y 

B(a, d) 

:d 
.~ ____ --'-____ ->o...._---+ X 

A(O, 0) ql,O) 

1< ~ 
Solution let y(x, t) is the displacement of the string Now, by the one dimensional 
wave equation we have 

fiy 2 cPy 
ae = C ax2 (i) 

The solution of equation (i) is given by 

y(x, t) = (Cl cos px + C2 sin px) (C3 cos cpt + ~ sin cpt) (ii) 
Now using the boundary conditions as follows 
The boundary conditions are 

At x =0 (at A), y =0 

and At x =I (at C), y =0 
From (ii), we have 

y(O, t) =0 

y(I, t) =0 

o = Cl (C3 cos cpt + C4 sin cpt) ~ Cl =0 
using Cl = 0 in equation (ii), we get 

y(x,t) = C2 sin px (C3 cos cpt + ~ sin cpt) 

. using second boundary condition, from (iii), we have 

o = C2 sin pI (C3 cos cpt + ~ sin cpt) 

~ sin pI = 0 ~ sin pI = sin nn 
nn 

=> p=-
I 

using the value of p in (iii) we have 

. nnx ( nnct . nnct) y(x, t) = C2 sm-
I
- C3 cos-

I
- + C4 sm-

I
-

Next, the initial conditions are as follows: 

velocity ay = 0 at t =0 
at 

and displacement at t =0 is 
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.: Equation of AB is y = d.x and 
a 

d(x-Z) 
equation of Be is y = I 

a-
From (iv) 

ay . mtx ( n1tcc3 ·• n1tct n1tCc4 n1tct) at = c2 sln-
I
- --Z-sm-I-+-1-cos-

l
-

using initial condition we get 
n1tC . n1tx 

0=c2c4-1-.sm-I-~c4 =0 

using C4 =0 in equation (iv), we get 
. n1tx n1tct 

y(x,t) = C2C3 sm-I-.cos-
l
-

:. The general solution of the given problem is 

~ . n1tx n1tCt 
y(x, t) = ~ bn sm-Z-'cos-

Z
- (v) 

Using initial condition in equation (v), we get 

- n1tx 
y(x,O) = ~ bn sin-

Z
-

which is half range Fourier sine series, so we have 

2I1 ( . n1tx bn = - y x,O).sm-dx 
1 0 1 

= ~fa d .x.Sin(n1tx)dX +~_d_JI (x -I)sin n1tx dx 
Z 0 a 1 I (a-I) a I 

2d [ (-Z ) n1tx (_Z2). n1tx]1 
+ l(a -I) (x -I) n1t cos-I- - n21t2 s~n-I- a 

b 
2d nTta 2dl2 

• nTta 2d n1ta 2dz2 . n1ta 
~ =--cos-+ sm-+-coa-- sm-

n n1t 1 aZn2 1t2 Z n1t Z Z{a-Z}n21t2 Z 

b 
2df . nTta 

~ = sm-
n a(Z-a)n2 1t2 

Z 

:. From (v), we get 

2dZ2 ~ 1 . nTta . n1tX n1tCt 
y(x,t) = ( ) 2 L.J-2 sm-.sm-Z-·cos-

a Z - a 1t n=1 n Z 1 
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Example 11: A lightly stretched string of length I with fixed ends is initially in 

equilibrium position. it is set vibrating by giving each point a velocity Vo sin3 nx . 
I 

Find the displacement y(x, t). 
(LA.S. 2004, U.P.T.U. 2003) 

a2y _ 2 a2y 
Solution The equation of the vibrating string is - - C -ae ax2 

The boundary condition are y(O, t) = 0, Y (I, t) = 0 
Also the initial conditions are y(x, 0) = 0 

and (aya) = Vo sin3 nx 
t 1=0 I 

(i) 

(ii) 
(iii) 

(iv) 

Since the vibration of the string is periodic, therefore, the solution of (i) is of the 
form 

y(x, t) = (Cl cos px + C2 sin px) (C3 cos cpt + C4 sin cpt) 
by (ii) y(O, t) = Cl(C3 cos cpt + C4 sin cpt) =0 
For this to be true for all time Cl =0 

:. y (x, t) = C2 sin px (C3 cos cpt + C4 sin cpt) 
Also Y (I, t) = C2 sin pI (C3 cos cpt + C4 sin cpt) =0 for all t. 

Thi' I nn be' . s glves p = nn or p = -1- , n mg an mteger 

() nnx ( cnn . cnn ) Thus y x,t =C2 - C3 cos-t+C4 sm-t 
. I 1 I 

() b .nnx.cnnt h b CC :.y x,t = nsm-sm-- were n= 2 4 
1 1 

Adding all such solutions the general solution of (i) is 

( ) 
~b . nnx . cn7tt 

y x,t =£.... nsm-Z-sm-I-

N 
ay ~ b . nnx cnn cnnt 

ow -= £.... sm-.-cos--at nil 1 

B (. ) v. . 3 nx (ay) ~ cnnb . nnx 
y lV, 0 sm -I = at = £....-1- n sln-

I
-

1=0 

v ( . nx . 3nx) ~ cnn . nnx or - 3sm--sm- = £....-b sm-
4 1 lin 1 

cn . nx 2cn . 2nx 3cx . 3nx = -I bI sm-
I
- + -1- b2 sm-

I
- + -I- b3 sm-

Z
- + ............ .. 
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Equating Coefficients from both sides, we get 

3 Vo = cn b 2cn Vo 3cn 
4 I I' 0 =-I- b2 ' -"4 =-I- b3 ........... . 

. - 3No b - _ No b b b 0 .. - 4cn' 3 - 12cn ' 2 = 4 = 3 = ............. = 

Substituting in (v), the desired solution is 

No (9 . nx . cnt . 3nx . 3cnt) y=-- sm-sm--sm-Sln--
12m I I I I 

Example 12: A lightly stretched string with fixed end points x =0 and x = Z is 
initially at rest in its equilibrium position. If it is vibrating by giving to each of its 
points a velocity 'Ax(l - x). find the displacement of the string at any distance x 
from one end at any time t. 

Solution. The equation of the vibrating string is 

a2y 2 a2y 
-=C-ae ax2 

The boundary condition are y(O, t) =0, y (I, t) =0 
Also the initial conditions are y (x, 0) =0 

and (Oy) = h(l- x) 
at \:0 

(D.P.T.D.2002) 

(i) 

(ii) 
(iii) 

(iv) 

As in example 11, the general solution of (i) satisfying the conditions (ii) and (iii) 
is 

( ) 
~b . nnx . nnct 

y x,t = L.J nSln-Z-·sm--
n:1 Z 

ay ~ b . nnx nnct (nnc) - = L.J n Sln-.COS-- --
at n:1 1 1 1 

By (iv), h(l- x) = (Oy) = 1tC inbn sin nnx 
at \:0 Z n:1 1 

ncn 2 JI . n1tX :.-bn =- Ix(l-x}sm-dx 
1 1 0 1 

(v) 

= 2'A[(IX _ x2)( __ 1 cos nnx)_(1_ 2X}( __ I2_Sin nnx)+ (-2)(_e-Cos nnx)]l 
1 nn I n2n2 1 n3n3 I o 

4'AZZ 4).ZZ 
= -(1- cosnn) = -[1- (-I)"J 

n3n3 n 3n3 
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or b = 4Af [1- (-l)"J 
n cn4n4 

8A.z3 
= taking n = 2m-I 

cn4(2m-l)4 . 

Hence, from (v) the desired solution is 

8A.z2 ~ 1 . (2m-l)nx . (2m-l)nct 
y = -- L.J sm sm 

cn4 m=1(2m-l)4 I I 

a2y 2 a2y 
Example 13. Solve completely the equation ae = C ax2 ' representing the 

vibrations of a string of length I, fixed at both ends, given that y(O, t) =0, y (I, t)= 0 
a 

y(x, 0) = f(x), and at y (x,O) = 0, O<x<I 

Solution Here the given equation is 

a2y _ 2 a2y 
--C-ae ax2 

The solution of equation (i) is given by 
. Y = (Cl cos px + C2 sin px) (C3 cos cpt + C4 sin cpt) 

Now, applying the boundary conditions y =0 when x =0, we get 
0= Cl(C3 cos cpt + C4 sin cpt) 

=> Cl =0 

Therefore, equation (ii) becomes 

y = C2 sin px (C3 cos cpt + C4 sin cpt) 
Now putting x =1 and y =0 in equation (iii), we get 

0= C2 sin pI (C3 cos cpt + C4 sin cpt) 

=> sin pi =0 = sin nn 
nn 

or pI = nn => p = -Z-

Thus, equation (iii) becomes 

. nn ( nnct . nnct) y=C2 sm-x C3 cOS--+C4sm--
I I I 

Differentiating equation (iv) with respect to t, we get 

ay C . nnx ( C nnc . nnct C nnc nnct) -= sm- - -sm--+ -cos--
at 2 I 3 I Z 4 I Z 

419 

(U.P.T.U. 2005) 

(i) 

(ii) 

(iii) 

(iv) 



A Textbook ofEngineerin~ Mathematics Volume - II 

Vsing given boundary condition 0}' = 0, t =0 we get 
at 

o = C sin nnc (0 + C nnc) 
2 1 4 1 

~ C4=0 

Thus, equation (iv) becomes 
. nnx nnct 

y = C2C3 sm-cos--
I I 

Now applying the last boundary condition given, we get 

f(x) = bn sin n7
x 

, bn = C2 C3 

Where 

b = 3. r' f(x)sin nnx dx 
n 1 Jo 1 

Thus, the required solution is 
. nnx nnct 

Y = b sm-cos-­
nIl 

Solution of wave Equation By 0' Almbert's Method 

Transform the equation a
2r = C2 a2~ to its normal form using the transformation 

at ax 
u = x + ct, v = x - ct and hence solve it. Show that the solution may be put in the 

form y=.!.[f(x+ct)+f(x-ct)]. Assume initial condition y = f(x) and 0}' =0 at 
2 at 

t=O 
(V.P.T.V.2003) 

Proof. Consider one dimensional wave equation 

a2y 2 a2y 
-=C-
ae ax2 

Let u =x + ct ahd v = x - ct, be a transformation of x and t into u and v. 
then 

0}' =O}'au+O}'av =0}' +0}' .. au=1 
ax auax avax au av . ax 

av =1 
ax 
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or 

au dv 
:.-=c -=-c 

at ' at 

or ~=c(.i.-~) 
at au av 

:. a
2

y = ~(dy) = c(~ _ ~)(c ay _ c dy) 
ae at at ou av au av 

_ 2 ( a
2
y a

2
y a2y ) 

-c ou2 -2 auav + av2 

~ a2
y = c2 (a2y 

_ 2 a2
y + a2y

) 
ae au 2 auOY av2 

marking use of equation (ii) and (iii) in equation (i), we get 

c2 (a2y 
_ 2 o2y + a2y

) = c2 (a2y 
+ 2 a

2
y + a

2y
) 

au2 auOY av2 au2 auOY av2 

a2 
~4C2_y_=O 

auav 

a2y 
~--=O 

auav 
Integrating equation (iv) w.r.t 'v' we get 

dy = <\>(u) au 
where <\>(u) is a constant in respect to v 
Again integrate equation (v), we get 

y = f <\>(u)du + <\>2 (v) 

y = <\>l(U) + <\>2{V) => 
=> y(x, t) = <\>1 (x + ct).+ <\>2 (x - ct) 
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The solution (vi) is D' Alembert's solution of wave equation. 

Now, we applying initial conditions y = f(t) and ay = 0 at t =0 
at 

From (vi), we get at t =0 

f(x) = <I>t(x) + <l>2(X) (vii) 

and dy = c<l>'(x + ct) - c<l>~ (x - ct) 
at 

~ (a
y

) = 0 = c<l>~ (x+O)-c<l>~ (x-a) 
at t=O 

~<I>~(x)-<I>~(x)=O 

~ <I>~ (x) = <I>~(x) 

on integrating, we get 

<l>l(X) = <l>2(X) + Cl 

using equation (viii) in equation (vii), we get 

f(x) = <I>2(x) +Cl + <l>2(X) = 2 <l>2(X) + Cl 

~ <1>2 (x) = ~[f(X)- c1] ~ <1>2 (x - ct) = ~[f(X - ct) - c1] 

and <1>1 (x) = ~[f(x)+ c1] ~ <1>1 (x+ ct) = %[f(X + ct)+ c1] 

putting the values of <l>l(X + ct) and <l>2(X- ct) in eqn(vi) we get 

1 
y(x, t) = - [f(x + ct) + f(x-ct)] 

. 2 

(viii) 

VIBRATING MEMBRANE -1WO DIMENSIONAL WV AE EQUATION 
Consider a lightly stretched uniform membrane (such as the membrane of a 
drum) with tension T per unit length is the same in all directions at every point. 

Consider the forces on an element ox oy of the membranes. Due to its 
displacement u perpendicular to the xy plane, the forces Tox and Toy act on the 
edges along the tangent to the membrane 
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T8x 

y 

-,.!= / T8y 

?J.~ ....... . 
u 

.B 

y+8y 

y .......................... . 

o x x 
x+ 8x 

The forces T8y (tangential to the membrane) on its opposite edges of length 8y act 
at angles a and B to the horizontal. So; their vertical component 

= (T8y) sin B - (T8y) sina 

= T8y (tanB -tana), .,' a and B are very small i.e. sin a ~ tana etc. 

_ T8y{(au) _ {au} } 
ax x+ox ax x 

= TsyJ(iH ... -{~U 
8x 

= T8y8x a2~ ,upto a first order of approximation ax 
similarly, the forces T8x (the vertical component of the force) acting on the edges 

a2u 
of length 8x have the vertical component = T8x8y ay2 

If m be the mass per unit area of the membrane, then the equation of motion of 
the element ABeD is 

a2u (a2u aZu) 
m8x 8y ae == T ax2 + ay2 8x8y 

or a2

u =.1:..( a2

u + a2u) 
ae m ax2 ay2 
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2 T wherec =-
m 

This in the wave equation in two dimensions. 

Solution of the Two-Dim~nsiona1 wave Equation 
The two dimensional wave equation is given by 

a
2
u = c2 (a

2
u + a

2
u) 

ae ax2 ay2 

Letu=XYT 

(i) 

(ii) 

be the solution of (i), where X is a function of x only, Y is a function of y only and 
T is a function of t only. 

=> a
2
u = X"YT, a

2
u = XY"Tand ifu =XYT" 

ax2 ay2 at2 

substituting these values in (i), we get 

J.. XYT"=X"YT + XY"T 
c2 

Dividing by XYT throughout, we get 

1 T" X" Y" 
--=-+-
c2 T X· Y 

(iii) 

since each variable is independent, hence this will be true only when each 
member is a constant. Suitably choosing the constants, we have 

d2~ +k2X=0, d
2
; +i2y=0 

dx dy 

d2T 
and _+(k2 +e)c2T =0 de 
Hence, the solution of these equations are given by 

X = Cl cos kx + C2 sinkx 

Y = C3 cos Iy + C4 sin iy 

and T = Cs COS~(k2 +e)ct+c6 Sin~(k2 +e)ct 

Hence form (ii), the solution of (i) is given by 

u(x, y, t) = (Cl cos kx + C2 sin kx) (C3 cos iy + C4 sin iy) 

[c5cos~(k~ +e)ct+c6sin~(k2 +z2)ctJ (iv) 

Let is consider that the membrane is rectangular and stretched between the lines 

x =0, x =a, y =0, y = b 
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Now the boundary condition are 
(1) u =0, when x =0, for all t 
(2) u =0, when x =a, for all t 
(3) u =0, when y =0, for all t 
(4) u =0, when y =b, for all t 

y 

y=b B 
c ~--------------~ 

-:O:-+--------------A.l---~' X 
y=O 

Now using condition (1) in (iv), we get 

0= C1 (c3 cos ly + c4 sin ly)[ Cs cos ~"'(k-2-+-12--:-)ct + c6 sin ~(k2 + z2 )ctJ 

~Cl =0 
substituting Cl =0 in (iv) and using condition (ii), we get 

sinka = 0 k m1t h . . or = -, were m IS an mteger 
a 

Hence solution of (iii) becomes 

( ) . m1tx . n7ty ( .) u x,y,t =c2c4 sm---sm- cscospt+c6 smpt 
a b 

m2 n 2 

where p=1tC -+­
a2 b2 

• 
Now replacing the arbitrary constants, we can write the general solution as 

u(x,y,t) = t tsin m1tx sin n7ty (Amn cospt+ Bmn sinpt) 
m~ln=l a . b 

Equation (v) is the solution of the wave equation (i) which is zero 
boundary of the rectangular membrane. 
Suppose the membrane starts from rest from the initial position. 

u = f(x, y) i.e. u(x, y, 0) = f(x, y) 

Then using the condition au = 0 , when t =0, we get Bmn =0 at 
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Further using the condition u = f(x,y) when t =0, we get 

f(x,y) = ~~Amn sin m:x sin n: (vi) 

This is a double Fourier series. multiplying both sides by sin mnx sin nny and 
a b 

integrating from x =0 to x =a and y =0 to Y =b, every term on the right except one 
become zero. Thus, we have 

J
afb mnx nny ab f(x, y)sin--sin-dydx=-Amn o 0 a b 4 

4 Jafb mnx nny or Amn =- f(x,y)sin--sin-dydx 
ab 0 0 a b 

(vii) 

Therefore from (v) required solution is 

u(x, y, t) = i iAmn sin mnx sin nny cospt 
m=l n=l a b 

where Amn is given by (vii) and p = nc (~2 + ~: ) 
Example 14: Find the deflection u(x, y, t) of a square membrane with a = b = 1 
and c =1, If the initial velocity is zero and the initial deflection is f(x,y) = A sin nx 
sin 2ny 

Solution : The deflection of the square membrane is given by the two 
dimensional wave equation. 

a
2
u = c2 (a

2
u + a

2
u) ae ax2 ay2 

The boundary conditions are 
u(x, 0, t) = 0 = u(x, 1, t) and u(O, y, t) =0 = u(l, y, t) 

The initial conditions are u(x, y, 0) = f(x, y) = A sin nx sin 2xy, (a aU ) = 0 
t 1=0 

:. Deflection 

u (x, y, t) = L LAmn cos kmm tsinmnx.sinnny 
m=l n=l 

(i) 

where Amn = 4J01 J: f(x, y)sinmnx.sinnnydxdy .,' a = b = l,c = l,k~n = n2 (m2 +n2) 

= 4fo1 J: (sin nx)(sin 2ny) (sin mnx) sin nny dx dy 
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y 

(1, 1) 
(0,1) 

~o~--------------~----~x 

(1,0) 

on integration, we find that Aml = Am3 = Am4 = ............ =0 
But 

Am2 = 4A f: f: (sin nx) (sin mnx)sin2 2nydxdy 

= 2A f: f: (sin nx)(sinmnx)(l- cos4ny )dxdy 

=2Af:sinnxsinmnx(y- 41nSin4ny): dx 

= 2A f: sin nx sin mnx dx 

on integration we find that A22 = AJ2 = ............... =0 

Also we find A12 = 2A f: sin nxsin nxdx 

= A f: 2sin2nxdx 

= A f: (1- cos2nx)dx 

=A(x-~Sin2nx)1 =A 
2n 0 

Thus, from (1), we have 

u(x, y, t) = A12 (cos k12t) (sin nx) sin 2ny 

= A cos J5 nt sin nx sin 2ny 

.,' k~2 = n2 (12 + 22 )i.e.k12 = nJ5 
since c = 1, m = 1, n =2 

ONE - DIMENSIONAL HEAT FLOW 
Consider a homogeneous bar of uniform cross section A. Here we assume that 
the sides of the bar are insulated and the loss of heat from the sides by 
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conduction or radiation is negligible. Take one end of the bar as the origin and 
the direction of flow as the positive direction of x axis. Take k be the thermal 
conductivity's' the specific heat and p be the density of the bar. The temperature 
u at any point of the bar depends on the distance x of the point from one end and 
the time t. The amount of heat crossing any section of the bar per second depends 
on the area A of the cross section, the rate of change of t~mperature with respect 
to :x' (distance) normal to the area. 

~~----------~-

A 

V x 8x 
~----------~'~'----------~"---------+ X o 

One dimensional heat flow 

Therefore Ql, the quantity of heat flowing into section at a distance 

x = _kA(au) per second. (The negative sign indicates that as x increases, 
ax x 

u decreases). Q2, the quantity of heat flowing out of the section at a distance 

x + Ox = -kA (au) per second. 
ax x+/ix 

Hence, the rate of increase of heat in the slab with thickness Ox is 

Q1 -Q2 =kA[(au) _(au)] per second 
ax x+/ix ax x 

au 
But the rate of increase of heat of the slab = spAox­

at 
From (i) and (ii), we get 

spAox au = kA [( au) _ (au) ] 
at ax x+/ix ax x 

au k[(~l+/iX -(~ll or sPa; = Ox 
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Taking limit as Ox -70, we have 

au a2u 
sP-at=k ax2 

au k a2 u 
or-=-­

at sp ax2 

au 2 a
2
u (1'1'1') or-=c -

at ax2 

where c2 = ~ is called the diffusivity of the material. 
sp 

Equation (iii) is called the one-dimensional heat flow equation, 

Solution of one-dimensional heat Equation 

Th 'f d' 'al h fl ,au 2 a
2
u e equation 0 one lffienslon eat ow IS - = C -2 

at ax 

Assume that a solution of (i) is 
u = X (x), T(t) 

where X is a function of x alone and T is a function t alone, 

au au a2u 
Then -=XT',-=X'Tand-=X"T 

at ax ax2 

Putting these values in (i), we get 

(i) 

XII T' 
XT'=C2X"T~-=- (ii) 

X c2I 
Now L.H,S expression is a function of x only while R.H.S is a function of t only, 
so the two can be equal only when these are equal to a constant, say k. 

X" 
~-=k 

X 
d2X 

or ---kX=O 
dx2 

i.e, X" = kX 

and dT _ c2kT = 0 
dt 

There are arise following cases: 

Case I. when k > 0, let k=p2 

Then X = C1 ePX + C2 e-PX and T= C3 e ~2t 

Therefore u(x, t) = (clepx + C2 e-px) C3 e c~2t 
Case II. when k<O, let k= _p2 
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Then X = C4 cos px + Cs sin px and T = C6e -c2p
2t 

Therefore, u (x, t) = (C4 cos px + Cs sin px) C6e -c~2t 
Case III when k =0, then 

X=c7x+csandT=c9 

Therefore u(x, t) = (C7X + es) c
9 

Here we are dealing with the heat conduction problem so the temperature u 
decreases with the increase of time t and hence solution given by case II is 
appropriate. 

i.e. u(x, t) = (C1COSpX + C2 sinpx) C3 e~2t is the only suitable solution of the heat 
equation. 

Fourier series solution of one-dimensional heat equation 
Applying the boundary conditions and the initial condition, we get 

00 _n27t2c2 t 

u(x,t)= Lbnsin~-I-
n=l I 

2fl . mtx where bn =- f(x)sm-dx 
1 0 1 

au au2 

Remark: In steady state - = 0, so - = 0 
at ax2 

Example 15 An insulated rod of length I has its end A and B maintained OOC and 
1000e respectively until steady state condition Prevail. If B is suddenly reduced 
to ooe and maintained at OOC find the temperature at a distance x from A at time 
t. 

. Solution: The equation of one dimensional heat flow be 

au 2 a2u 
-=c-
at ax2 

The boundary conditions are 

(a) u(O, t) = (JOe and (b) u(l, t) = 1000C 

In steady state condition au = Q., here fro~ (i) we get 
at 

a2,u 
-=0 
ax2 

on integration, we get u(x) = C1X + C2 
where Cl and C2 are constants to be determined. 
At x =0, from equation (ii), we have 
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100 
and at x = I, 100 = C1 I + 0 =* c1 =­

I 

:. form (ii) 

100 
u{x)=-x 

I 
(iii) 

Now the temperature at B is suddenly changed we have again transient state. if 
u(x, t) is the subsequent temperature function, the boundary conditions are (a') 

u(O, t) = OOC (b') u(I, t) = QOC and the initial condition (c') u(x,O) = 100 x 
I 

since the subsequent steady state function us(x) satisfies the equation 

ifu, = 0 
ax2 

d 2u 
or --2' = 0 =* u, (x) = c3x + c4 dx 

at x = 0, wet get 0 = C4 

and at x = I, we get 

o = c3I + 0 => C3 =0 

Thus us(x) =0 (iv) 
If uT (x, t) is the temperature in transient state then the temperature distribution 

in the rod u(x, t) can be expressed in the form u(x, t) = Us (x) + u
T 

(x, t) 

=* u(x, t) = uT (x, t) since us (x) = 0 (v) 

Again from heat equation we have 

aUT 2 a
2
u T -=c--at ax2 

The solution of equation (6) is 

u
T 

(x, t) = (C4 cos px + C2Sin px) c3e~2t 

At x =0, u(O, t) =0 

=> 0 = C1 e-c~2t => C1 =0 

From (vii), we get 

u(x, t) = C2 sin px c3e~2t 
Again at x = I, u(I, t) =0 

=> 0 = C1C2 sin pI .e-c,,2t 

=> sin pI = 0 = sin nn 
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nn 
=>P=-l 

From (viii), we get 

n2e2,,>! - nnx ---
=> u(x, t) = L bn sin-.e /2 

n=l 1 

. "ti I d" . tt 0 100 t usmg lID a con ltion l.e. a =, u = -1-x, we ge 

100 ~ . nnx 
u(x,O)=-x= .L.Jbnsln-

1 n=l 1 

:. b = ~ r1100 x sin nnx dx 
n 1 Jo 1 1 

200 / . nnx 200 [Xl nnx f . nnx]/ =_r xsm-dx=- --cos-+--sm-
12 Jo 1 f nn 1 n2n2 1 o 

200 [12 ] 200 ( )n+1 => bn =- --cosnn =--1 e nn nn 

Hence from equation (ix) we get 
_ ( )n+ 1 n2e2,,>! 

U(x,t)= 200 L -1 sinnnx.e--I'-
n n=l n' 1 ' 

(ix) 

Example 16: Determine the solution of one dimensional heat equation 

au = c2 a2~ subjected to the boundary conditions u(O, t) =0, u(I, t) =0 (t >0) and 
at ax 

the initial condition u(x, 0) =x,1 being the length of the bar. 

Solution: We have 

au 2 a2u -=c-
at ax2 

we know that the solution of equation (i) is given by 

u(x, t) =(CICOS px + C2 sin px) C3 e-p~~ 
Atx =0, u =0 

=> 0 =Cl c3e-p2~t 

=> Cl =0 
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From (ii) we get 

u(x, t) = C2C3 sin pxe _p2
c
2

t 

Again at x =1, u =0 

=> 0 = C2 C3 sin pl. e-p2
c
2
t 

=> sin pI = 0 = sin nn 

nn 
~ p=-

1 
From (iii) the general solution of equation (i) is 

Att= 0, u =x 

~b . nnx 
~X= L.J sm-

n=l n 1 

2 rl . n7tX 2 [ 1 ( nnx) (_1 2 
• nnx)]1 

:.bn =TJoxsm~x=T x· nn -cos-
l
- - n2n2s1n-l- 0 

= ~ [(1. _1 (_ cos nn) + _12_ sin nn) _ 0]1 
1 nn n2n2 

o 

~ bn =~[-~(-lr]=(-ltl ~ 1 nn nn 

putting the value of bn in equation (iv), we get 

( )
n+ 1 n2c2n2t 21 - -1 nnx ---

u(x,t)=-L sin-.e 12 
n n=l n 1 

(iii) 

(iv) 

Example 17: The ends A and B a rod 20 cm long have the temperature at 300C 
and 800c until steady state prevails. The temperature of the ends are changed to 

. 400c and 600c respectively. Find the temperature distribution in the rod at time 
t. (LA.S. 2005) 
Solution: The heat equation in one dimensional is 

au 2 a2u 
-=c­
at ax2 

The boundary conditions are 
(a) u(O, t) =300c (b) u(20, t) =800C 

In steady condition au = 0 
at 
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F (') a2u 0' , :, rom 1 we get -2 = , on mtegration, we get ax 
u(x) = C1 X + C2 

at x= 0, u = 30 so 30 =0 + C2 => C2 = 30 

5 
and at x =20, u = 80 so 80 = C1 20 + 30 => c1 =-

2 

From equation (ii) we get 

5x 
u(x) =-+30 

2 

(ii) 

(iii) 

Now the temperature at A and B are suddenly changed we have again gain 
transient state, 

If u1(x, t) is subsequent temperature function then the boundary conditions are 

u1 (a, t) = 400c and u1 (20, t) = 600c 

and the initial condition i.e, at t =0, is given by (iii) 
Since the subsequent steady state function us(x) satisfies the equation 

or 

The solution of above equation is 

us(x) = C3X + C4 

At x =0, us = 40 => 40 = a + C4 => C4 = 40 ',' Us (0) = 400c 

us (20) = 600c 

and at x= 20, Us = 60 => 60 = 20 C3 + 40 => C3 =1 
:, form (iv), we get 

us(x) = x + 40 
Thus the temperature distribution in the rod at time t is given by 

u(x, t) = Us (x) + 1tr (x,t) 

=> U (x, t) = (x + 40) + 1tr (x, t) 

where UT (x, t) is the transient state function which satisfying the conditions 

uT (0, t) = U1 (0, t) - us(O) = 40 - 40 =0 

uT (20, t) = U1 (20, t) - us(20) = 60 - 60 =0 

and 1tr (x, 0) = Ul (x, 0) - us(x) 

5x 3x 
= -+30-x-40=--10 

2 2 
The general solution for 1tr (x, t) is given by 
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_ n2c21t2 t 
n1tx --­

ur (x, t) = ~>n sin-.e P 
n=l 20 

At t=0, from (vii) we get 

3x -10 = i> sin n1tx 
2 n=l n 20 

:. b = 2f20(3X -10)Sin n1tx dx 
n 20 ° 2 20 

=~[(3X -10)(- 20 cosn1tx)_~(_~cosn1tx)]20 
10 2 n1t 20 2 n21t2 20 ° 

= 1~[ -20(~~}-lr -(-10)(~~)] 
=-~~[2(-lr+1J 

putting the value of bn in equation (vii), we get 

( ) 
20 ~ 2(-lr + 1 . n1tx -n:~c2t 

u r x,t = --LJ Stn-.e 
1t n=l n 20 

(viii) 

From (vi) and (viii), we get 

( ) 
_ ( 40) 20 ~ 2 ( -1 r + 1 . n1tx -n:~c2t 

ur x,t - x+ --LJ stn-.e 
1t n=l n 20 

TWO - DIMENSIONAL HEAT FLOW 

(vii) 

Consider the flow of heat in a metal plate of inform thickness a (cm), density p 
(gr / cm3), specific heat s( call gr de g) and thermal conductivity k (cal/ em sec-deg) 
Let XOY plane be taken in one face of the plates as shown in figure. If the 
temperature at any point is independent of the z coordinate and depends only on 
x, y and time t, then the flow is said to be two-dimensional. In this case, the heat 
flow is in the XY plane only and is zero along the normal to the XY -plane. 

Y 

o (x,y+8y) 
C (x+8x,y+8y) 

A 4--___ .----___ ---= 
(x,y) B(x+8x,y) 

~o~------------------------------~ X 
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Consider a rectangular element ABCD of the plane with sides ox and By. 
The amount of heat entering the element in 1 sec. from the side AB 

= -kaox( ~~ ) (see one dimensional heat flow) 
y 

and the amount of heat entering the element in 1 second from the side AD 

= _kaOy(au) ax x 

The quantity of heat flowing out through the side CD per sec 

= -kaox(~u) 
y y+8y 

and the quantity of heat flowing out through the side BC per second 

= _kaOy(au) 
ax x+8x 

Hence the total gain of heat by the rectangular element ABCD per second 

=_kaOX(au) _kaOy(au) +kaOX(au) +kaOy(au) ay ax x ay, ax x+8x 
y y+uy 

=kaOX[(au) _(au) ]+kaOy[(dU) _(au)] ay ,ay ax x+8x ax x y+oy y 

= kaOxoy _( a_a~_)=X+=8X_--'-(_~~-'-)-"-x + _( ~_~_)-,-y+-=-8Y_-_(_~~_)....:...y 
Ox oy 

Also the rate of gain of heat by the element 
au 

=poxoyas-
at 

Thus from equation (i) and (ii) 

(
au) (au) (au) _(au) 

k 
s;: 0 ax x+8x - ax x ay y+8y ay y 

aux y ox + oy 
au 

=poxoyasa; 

Dividing both sides by a ox oy and taking limits as ox ~o, oy ~ 0, we get 
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(
a2u a2u) au 

k ax2 + ay2 = pSat 
. au 2(a2u a2u) 
I.e. at = c ax2 + ay2 (iii) 

where c2 = ~ is the diffusivity 
ps 

Equation (iii) gives the temperature distribution of the plate in the transient state. 

Cor. In the steady state, u is independent of t, so that au = 0 and the above at 
equation reduces to, 

a2u a2u 
-+-=0 ax2 ay2 

and this is called Laplace's equation in two dimensions. 
Solution of Laplace Equation in Two Dimensions 

Laplace equation in two dimensions is given by 

a2u a2u 
-+-=0 ax2 ay2 
Let u = XY be a solution of (i) 

where X is a function of x alone and Y is the function of y alone. 

Then a
2

u = X"Y and a
2

u = XY" ax2 ay2 
Substituting these values in (i), we get 

X"Y+ XY" =0 

X" Y" 
or -=--

X Y 

(i) 

(ii) 

Now in equation (ii) variables are separable since x and y are independent 
variable, this equation can hold only when both sides reduce to a constant, say k 

X" Y" 
i.e. -=--=k 

X Y 
d2X 

~--KX=O 
dx2 

Solving equation (iii), we get 

and 

(a) when k is positive say p2, then we have 

Y = C3COS py + C4 sin py 
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(b) when k is negative say _p2, then we have 

X = Cs cospx + C6 sin px, Y = C7 epy + cse-PY 

(c) when k = 0, then 

X= C9 x + ClO, Y = Cll Y + C12 

Thus the various possible solution of (i) are 

u = (Cl ePX + C2 e-px) (C3 cos py + C4 sin py) (iv) 

u = (cs cos py + C6 sin py) (C7 ePY + Cs e-PY) (v) 

u = (C9X +ClO) (Cll y + C12) (vi) 

of these we take that solution which is consistent with the given boundary 
conditions, i.e., physical nature of the problem. 

Example 18: Solve the Laplace equation a2~ + a2~ :::: 0 subjected to the conditions 
ox oy 

u(o, y) :::: U (I, y) :::: U (x, 0) = 0 and u (x, a ) = sin n7
x 

(U.P.T.U 2004) 

Solution. The three possible solution of 

y 

02U 02U 
-+-=0 
ox2 ay2 

y=a, u= sin(rntx/ I) 

D(X,y+oy) 

x =0 

u=O 

c (x+ox,y+oy) 

x=1 
u=O 

A (x,y) B(x+ox,y) 
~o~------------------------------~ X 

y=O 
u=O 

are 

u = (Cl ePX + C2 e-px) (C3 cos py + C4 sin py) 

u = (C5 cos px + C6 sin px) (C7 ePY + Cs e-PY) 

u = (C9 x +CIO) (Cll y + C12) 
we have to solve (i) satisfying the following boundary conditions 

u(O, y) =0 
u(I, y) =0 
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u(x, 0) =0 
u(x, a) = sin n1tx/1 
using (v) and (vi) in (ii), we get 
C1 + C2 =0, and C1 ePt +C2 e-pt =0 

(vii) 
(viii) 

Solving these equations, we get C1= C2 =0, which lead to trivial solution. similarly 
we get a trivial solution by using (v) and (vi) in (iv). Hence the suitable for the 
present problem is solution (iii), using (v) in (iii), 

we have C5 (C7 ePY + C8 e-PY) =0 i.e. C5 =0 

:. (iii) becomes u = C6 sin px (C7 epy + C8 e-PY) 

using (vi), we have C6 sin pI (C7 ePY + C8 e-PY) =0 

:. either C6 =0 or sinpl =0 

If we take C6 =0, we get trivial solution 

Thus sin pI =0 => pI = n1t 

n1t 
=> p = -1-' where n= 0,1,2 .......... . 

:. (ix) becomes u = c6 sin ( n;x)( c7enny
/
1 + cse-nny

/
I

) 

Using (vii), we have 0 = c6 sin( n~x}( c7 + cs ) i.e. C8 = -C7 

Thus the solution suitable for this problem is 

u(x, y) = bn sin n;x (enny
/

I 
- e-nny

/
I

) where bn = C6 C7 

Now using the condition (viii), we have 

u (x,a) = sin n;x = b
n 

sin n;x (e n7ta
/

1 
_ e-nlta

/
I

) 

1 
we get bn = (en7ta/1 _e-nlta / I ) 

Hence the required solution is 

enny/ I _e-nny / I • n1tX 
u(x, y) = nita/I -nita/I sm-

I
-

e -e 

( ) 
sinh(nny / 1) . n1tx 

=>u x,y = sm--
sinh(n1ta/l) 1 

(ix) 

(x) 

Example 19: A thin rectangular plate whose surface is impervious to heat flow, 
has at t =0 an arbitrary distribute of temperature f(x, y), if four edges x =0, x =a, y 
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=0, y =b are kept at zero temperature. determine the temperature at a point of the 
plate as t increases. 

(U.P.T.U.2002) 
Solution The two dimensional heat equation is 

au =c2 (a
2

u + a
2

u) 
at ax2 ay2 

(1) 

where c2 =~ 
crp 

The initial temperature of the plate is f(x, y) and the temperature of the four 
edges of the plate are kept at zero temperature. 
Now the function u(x, y, t) is required to satisfy (i) and the boundary and initial 
conditions given below: 
The boundary conditions are 

y 

Temp (zero) 
C) ~--~-------------, .... 
~ --0... 

y=b Temp (zero) 

S 
~ 

x=O 

o 
u(o, y, t) =0 (i) 
u(a, y, t) =0 (ii) 
u(x, 0, t) =0 (iii) 
u(x, b, t) =0 (iv) 
and the initial condition is 
u(x, y, 0) = f(x, y) 

x=a 

y=O Temp(zero) 

Let the solution of the heat equation (1) be of the form 
u(x, y, t) = X(x) Y(y) T(t) = XYT(say) 

x 

where X is a function of x only, Y is that of y only and T is that of t only. 

using (3) in (1) we get 

1 dT 1 d2X 1 d2y 
--=----+--
c2T dt X dx2 Y dy2 

Hence in order that (3) may satisfy (1) we have of these three possibilities: 
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(A) .! d2
X =0 .! d

2
y =0, _1_dT =0 

X dX2 'y dy2 c2T dt 

(B) .! d2
X = 2 1 d

2
y 2 1 dT 2 

X dX2 Pl' Y dy2 = P2' c2T dt = P 

C .! d2
X _ _ 2 .! d

2y = _ 2 1 dT 2 
( ) X dX2 - P1' Y dy2 P2' c2T dt = -P 

where p2 = pi + pi 

It can be easily observed that differential equation (C) only gives the solution for 
this situation, and the general of the differential equation in this case is 

X = Al cos PI X + BI sin PIX 

Y = A2 cos P2 Y + B2 sin P2Y and T = A3 e ~2t 

( 
, ') c2 

21 u(x, y, t) = (AI cos PI X + BI sin pIX) A2 cos P2 Y + B2 sin P2Y e- P (4) 

where A~ = A2A3 , B~ = B2 B3 

Under boundary condition (i) we get 

u( 0, y, t) = A1 (A~ cos P2 Y + B~ sin P2y)e-c2p2t = 0 

=> Al =0 

Again using (ii) 

u(a,y,t)=B1sinp1a(A~ COSP2 y+B~ sinp2y)e-c'r'l =0 

sin PI a =0 => PI a = mn => 
mn 

P1 =- wherem=I,2,3 ......... . 

similarly, making use of (iii) and (iv), we obtain 

nn 
A~ = 0 and P2 = b (n= 1, 2, 3 ............ ) 

Thus we have 

u (x y t) = A e-c2p2mnt sin mnx sin nny 
mn" mn a b 

(
2 2) 2 22 m n where P =P =n -+-mn a2 b2 

- - 2 2 mnx nny 
=>u(x,y,t) = L LAmne-c Pmn

t sin--sin--
m=l n=l a b 

This solution satisfies the boundary conditions. 
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Now to derive the solution which satisfies the initial condition also, we proceed 
as follows: 

( ) 
~ ~ 2 2 • m1tx . nny ( ) =>u x,y,O == L.JL.JAmne-cPmnlsln--sln--==f x,y 
m=l n=l a b 

Hence, the L.H.5 is the double Fourier sine series of f(x,y) 

2 2 fa fb m1tx nny =>Amn ==-.- f(x,y)sin--sin-dxdy 
a b x=O y=O a b 

(6) 

Hence the required solution of heat equation (1) is given by (5) with coefficients 
given by (6) 

Example 20 Solve the P.D.E by separation of variables method U xx = uy+ 2u, 
u(O, y) =0 

~u(o,Y)==1+e-3Y 
ax 

X" Y'+2Y 
Solution Hint. - = == K(say) 

X Y 
=> X = c

1
e,Jkx + c2e-,Jkx, Y = c3e(k-2)y 

U=XY 

Therefore u (x, y) = ~. sinh.J2x + sin.e -3y 

EXERCISE 

(U.P.T.U.2009) 

Solve the following P.D.E. by the method of separation of variables. 

1. 3 au + 2 au = 0 given u(x, 0) = 4e-x 
ax ay 

( ) 
.!(3y-2x) 

Ans. u x, y == 4e2 

2. 
a2z a2z 
ax2 +4 ay2 == 0 

Ans. z==(c1e,Jkx +c2e-,JkX)(c3sin~.Jky+c4cos~.Jky) 
au au 
-+2-+u u(x 0) == 6e-3x 
ax at " , 

3. 

(U.P.T.U.2006) 

Ans. u(x, t) == 6e(-3x + 2t) 
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au au 
2--3-=0 u(x 0) = 5e3x 

ax ay , , 

u(x, y) = 5e3x + 2y 

3
au 

+2
au 

=0 
ax ay 

( ) 
!k(2x-3Y) 

Ans. u x, y = ce6 

(U.P.T.V. 2009) 

6. The vibrations of an elastic string is governed by the P.D.E. a2~ = a2~ . The 
at ax 

length of the string is 1t and the ends are fixed. The initial velocity is zero and the 
initial deflection is u(x, 0) = 2 (sin x + sin 3x). Find the deflection u(x, t) of the 
vibrating string for t > o. 
Ans. u(x, t) = 4 cos x cos 2t sin 2x 
7. find the displacement of a string stretched between the fixed points (0, 0) 
and (1, 0) and released from rest from position a sin 1tx + cos 21tx. 

Ans. u(x, t) = a sin 1tX cos 1tCt + bsin 21tx cos 21tct 

8. 

(i) 

(ii) 

(iii) 

S I th . a
2
u 2 a

2
u b· d th d· . o ve e wave equation -2 = C -2 su Jecte to e con ltions 

at ax 

u(O, t) = u(l, t) = 0 t ~ 0 

{

2X O<x< II 
l' - - 12 

u(x,O) = 1 
~(I-x),-~x~1 
1 2 

( au) = 0, 0 ~ x ~ 1 
at t~O 

(LA.S 2006) 

8 ~ 1 . n1t . n1tx n1tCt 
Ans. u(x,t)=2" LJ-2 sm-sm-cos--

1t n~1 n 2 1 I 

9. A tant string of length 21 is fastended at both ends. The mid point of the 
string is taken to a height b and then released from the rest in that position. Find 
the displacement of the string. 

8b - 1 1t (2n - 1) 1tX (2n - 1) 1tct 
Ans. Y(X,t)=-2 L 2 sin(2n-l)-sin cos..!.---'---

1t n~1(2n-l) 2 21 21 
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10. find the temperature u(x, t) in a homogeneous bar of heat conduction 
material of length I cm with its ends kept at zero temperature and initial 
temperature is dx(1-x)/12 

( ) 
8d~ 1 . (2n-l)nx (2m_1)2,,2c2t/12 

Ans. u x, t = -3 L..J 3 sIn e 
n n=1(2m-l) 21 

11. Solve the following Laplace equation 

(iu + cfu = 0 
ax2 dy2 

in a rectangle with u(O, y) =0, u(a, y) = 0, u(x, b) =0 and u(x, 0) = f(x) along x axis. 

(U.P.T.D. 2008) 

- nnx {n7ty -~(Y-2b)} 
Ans. u(x,y)= Lbnsin- e a -e a 

n=1 a 

2 ra • nnx 
where bn = ( 2nltb)Jo f(x)sm--;-dx 

a 1-e a 

12. Find the temperature in a bar of length 2 whose end are kept at zero and 

1 t I f .. I d ·f th . .. I . . nx 3· 5nx a era sur ace IS msu ate 1 e mitia temperature IS sm- + sm-
2 2 

Solution 

H " H . au 2 a
2
u 

tnt. eat equation at = c ax2 

u(x,t) = (C1 cos px + C2 sin px) (C3 e_c2p
2t) 

u(O, t) =0 ~ C1 =0 

u(l, t) =0 ~ 
mt 

p=­
I 

h b f2(. mt 3· 5nx) . nnxd were n = Sln-+ sm- sm-- x 
o 2 2 2 

Choose the correct answer from the following: 

1. O d · . I . rlz 2 iiz . ne ImenSlOna wave equation -2 = C -2 IS: at ax 
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(a) elliptic (b) parabolic (c) hyperbolic (d) circular. 

Ans. (c) 

2. O d· . I h fl . au 2 ciu . ne ImenslOna eat ow equation - = c -2 IS: 
at ax 

(a) circular (b) hyperbolic (c) parabolic (d) elliptic. 

Ans. (c) 

3. 'rh tw d' . 1 h fl .. d a2

u a2
u O· e 0 ImenslOna eat ow equation In stea y state -2 + -2 = IS: 

ax fJy 

(a) elliptic (b) circular (c) parabolic (d) hyperbolic. 

Ans. (a) 

4 Th d 'ff 'al . 4 a
2
u 4 a

2
u a

2
u O· . e 1 erenti equation -2 + -- + -2 = IS: 

ax axfJy fJy 

(a) parabolic (b) elliptic (c) hyperbolic (d) circular 

5. The general solution of a
2

u = 0 is: 
ax By 

(a) u = ji (x + y) + /2 (1) 

(c) u=/(xy) 
(b) u = ji (x) + /2 (1) 

(d) u = ji (xy) + /2 (1). 

6. Th ti'al d'ff . I . a2
u iiu. e par 1 erentia equation -2 = -2 IS: 

ax fJy 

Ans. (a) 

Ans. (a) 

(a) hyperbolic (b) parabolic (c) elliptic ( d) circular. 

Ans. (a) 

7. Th ti I d 'fe 'al . 9 ifu 6 ifu cfu O· e par a 1 lerenti equation -2 - --+ -2 = IS; 
oX oxoy oy 

(a) hyperbolic (b) elliptic (c) circular (d) parabolic 

Ans. (d) 

8. The two dimensional heat equation in the transient state is: 

au = c2 (a
2
u + a

2
u) a

2
u = c2 (a

2
u + a

2
u) 

(a) at ax2 fJy2 (b) ae ax2 fJy2 
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(c) (d) 

Ans. (a) 

9 Th d · . I . ciu 2 (ciu au ) . . e two ImenSlOna wave equation -2 = C -2 + -2 IS: 
ot ox Oy 

(a) circular (b) elliptic (c) parabolic (d) hyperbolic. 

10. 

(a) 

(c) 

11. 

(a) 

(c) 

12. 

(a) 

(c) 

13. 

(a) 

(c) 

Ans. (d) 

The Laplace's equation in polar coordinates is: 

02U au 1 02U 02U 1 au 1 02U 
&2 + & + ~ O(}2 = 0 (b) &2 - -;: & + ~ O(}2 = 0 

(d) 

Ans. (c) 

The radio equations are: 

02y = LC 02y and o2t = LC Oi (b) 
ox2 ot2 ox2 ot 

!'l2 !'l2 !'l2· !'l2· 
~ = LC ~ and _u_l = LC _u_l 

ox2 ot2 ox2 ot2 (d) none of these. 

Ans. (c) 

The telegraph equations are: 

02y = RC Oy and o2i = RC Oi (b) 
ox2 ot ox2 ot 

Oy Oy Oi Oi - = RC - and - = RC -
ox at ax ot 

!'l2 !'l2 !'l2· !'l2· 
~ = RC ~ and _u_l = RC _u_l 

ax2 ot2 ox2 ot2 (d) none of these. 

Ans. (a) 

The equations for submarine cable are: 

Oy = RGy and Oi = RGi 
ox ox 

02y o2i. 
(b) - =RGy and - =RGI 

ox2 ax2 

(d) 

Ans. (a) 
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Fill in the blanks in the following problems: 

1. The partial differential equation au = c2 a2~ is of.. .... type. 
at ax 

2. 

3. 

4. 

Ans. Parabolic 

When a vibrating string has an initial velocity, its initial conditions are ...... 

The solution of a
2

u = 0 is of the form. 
axOy 

Th . a2
u 2 a2

u. l'fi d e equation -2 = C -2 IS ca SSI e as ....... 
at ax 

(
Ot) '\ 

Ans. at J = 0 = v 

Ans. u = /1 (y) + 12 (x) 

Ans. Elliptic partial differential equation 

5. In two dimensional heat flow, the temperature along he normal to the xy­
plane is ..... 

Ans. Zero 

6. D' Alembert's solution of the wave equation a
2
; = c2 a2~ is ...... 

at ax 

1 
Ans. y (x, t) = 2' [f (x + ct) + I (x - ct)] 

Select True 'or' False answers in the following: 

7. The solution of a2~ = sin (xy) is - y2 sin (xy) + x 11 (x) + 12 (y). 
ax 

8. 

9. 

(False) 

a2u a2u 
The general solution of the equation -2 - -2 = 0 is (Cl cos px + C2 sin 

ax at 
px) (C3 cos pt + C4 sin pt). 

(True) 

The two dimensional heat flow in transient state is au = C2 [a2u + a2u) 
at ax2 01/' 

(True) 
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02V OV 02i 8i 
The telegraph equations are -2 = RC - and -2 = RC -

ox at ox at 

Th d· . OV LC 02V d 8i LC 02j e ra 10 equations are -2 = -2 an - = -2 
ox at ox at 

Th L I I •• thr d' . . 02U 02U aU 0 e ap ace s equation In ee nnenSlOns IS -2 + -2 + - = 
ox 8y oz. 
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(True) 

(False) 

(False) 
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