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Chapter 7 Dimensional Analysis and Modeling

Dimensions and Units, Primary Dimensions

7-1C
Solution We are to explain the difference between a dimension and a unit, and give examples.
Analysis A dimension is a measure of a physical quantity (without numerical values), while a unit is a way to

assign a number to that dimension. Examples are numerous — length and meter, temperature and °C, weight and Ibf, mass
and kg, time and second, power and watt,...

Discussion  When performing dimensional analysis, it is important to recognize the difference between dimensions and
units.

7-2C
Solution We are to append the given table with other parameters and their primary dimensions.
Analysis Students’ tables will differ, but they should add entries such as angular velocity, kinematic viscosity, work,

energy, power, specific heat, thermal conductivity, torque or moment, stress, etc.

Discussion  This problem should be assigned as an ongoing homework problem throughout the semester, and then
collected towards the end. Individual instructors can determine how many entries to be required in the table.

7-3C
Solution We are to list the seven primary dimensions and explain their significance.
Analysis The seven primary dimensions are mass, length, time, temperature, electrical current, amount of light,

and amount of matter. Their significance is that all other dimensions can be formed by combinations of these seven
primary dimensions.

Discussion One of the first steps in a dimensional analysis is to write down the primary dimensions of every variable or
parameter that is important in the problem.

7-4
Solution We are to write the primary dimensions of the universal ideal gas constant.
Analysis From the given equation,

Primary dimensions of the universal ideal gas constant:
ﬂx LB )
(R = pressurex volume [ _ | t?|_ _ ) mL
! mol x temperature NxT t°TN

Or, in exponent form, {R,} = {m* L2t T*N™}.

Discussion  The standard value of R, is 8314.3 J/kmol-K. You can verify that these units agree with the dimensions of
the result.
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7-5

Solution We are to write the primary dimensions of atomic weight.

Analysis By definition, atomic weight is mass per mol,

Primary dimensions of atomic weight: (M} = {&sls} = {%} D
mo

Or, in exponent form, {M} = {m*N™}.

Discussion In terms of primary dimensions, atomic mass is not dimensionless, although many authors treat it as such.
Note that mass and amount of matter are defined as two separate primary dimensions.

7-6
Solution We are to write the primary dimensions of the universal ideal gas constant in the alternate system where
force replaces mass as a primary dimension.

Analysis From Newton’s second law, force equals mass times acceleration. Thus, mass is written in terms of force as

Primary dimensions of mass in the alternate system:

{mass}:{ force. }:{ FZ}Z{F_tZ} )
acceleration L/t L

We substitute Eq. 1 into the results of Problem 7-4,

Primary dimensions of the universal ideal gas constant:
Ft?

(R =ML it :{i} 2)
' Nt*T Nt*T TN

Or, in exponent form, {R,} = {F' L' T* N'}.

Discussion  The standard value of R, is 8314.3 J/kmol-K. You can verify that these units agree with the dimensions of
Eq. 2.
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7-7
Solution We are to write the primary dimensions of the specific ideal gas constant, and verify are result by
comparing to the standard Sl units of Ry;.

Analysis We can approach this problem two ways. If we have already worked through Problem 7-4, we can use our
results. Namely,

Primary dimensions of specific ideal gas constant:

mL’
(R} =Rl NET L L &
o M m t°T
N

Or, in exponent form, {Ry.s} = {L*t*T™'}. Alternatively, we can use either form of the ideal gas law,

Primary dimensions of specific ideal gas constant:

m
{R }_ pressurexvolume | |2~ | I3 )
. mass x temperature mxT T

For air, Ry, = 287.0 J/kg-K. We transform these units into primary dimensions,

Primary dimensions of the specific ideal gas constant for air:
mL?

{Rm}={287.oL}= N ={L} ©)
kgxK mxT T

Equation 3 agrees with Eq. 1 and Eq. 2, increasing our confidence that we have performed the algebra correctly.

Discussion Notice that numbers, like the value 287.0 in Eq. 3 have no influence on the dimensions.

7-8
Solution We are to write the primary dimensions of torque and list its units.
Analysis Torque is the product of a length and a force,

2
Primary dimensions of torque: {M } = {Iength X Mass length } = {m L} Q

time? t?

Or, in exponent form, {M } = {m! L? t?}. The common units of torque are newton-meter (SI) and inch-pound
(English). In primary units, however, we write the primary Sl units according to Eq. 1,

Primary SI units: Units of torque = kg - m?/s®

and in primary English units,

Primary English units: Units of torque = lbm - ft?/s?

Discussion Since torque is the product of a force and a length, it has the same dimensions as energy. Primary units are

not required for dimensional analysis, but are often useful for unit conversions and for verification of proper units when
solving a problem.
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7-9
Solution We are to determine the primary dimensions of each variable.

Analysis
(a) Energy is force times length (the same dimensions as work),

Primary dimensions of energy:

mass x length mL? 1)
El=1{f length! ={ ————— = xlength } =
{E} ={forcexlength} { me? x leng } {tz }

Or, in exponent form, {E} = {m' Lt}
(b) Specific energy is energy per unit mass,

Primary dimensions of specific energy:
2 2
{e}= energy | _ mass_xlength y 1 _ 1= 2
mass time® mass t?

Or, in exponent form, {e} = { L?t}.

(c) Power is the rate of change of energy, i.e. energy per unit time,

Primary dimensions of power:
2 2
{W}:{en_ergy}:{mass_xleggth y _1 }z{mlg_ } ©)
time time time t

Or, in exponent form, {W } = {m*L?t?}.

Discussion In dimensional analysis it is important to distinguish between energy, specific energy, and power.

7-10
Solution We are to determine the primary dimensions of electrical voltage.
Analysis From the hint,

Primary dimensions of voltage:
mass x length®

{voltage) - { power } _ time’ _ {mLz } 1

current current 3l

Or, in exponent form, {E} = {m*L*t317}.

Discussion ~ We see that all dimensions, even those of electrical properties, can be expressed in terms of primary
dimensions.
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7-11

Solution We are to write the primary dimensions of electrical resistance.

Analysis From Ohm’s law, we see that resistance has the dimensions of voltage difference divided by electrical
current,

Primary dimensions of resistance:
mass x length®

Rl = JAE | _J time®xcurrent | _ mL?
{ }_ I - - 3]2

current

Or, in exponent form, {R} = {m* L?t> 1"}, where we have also used the result of the previous problem.

Discussion  All dimensions can be written in terms of primary dimensions.

7-12
Solution We are to determine the primary dimensions of each variable.

Analysis
(a) Acceleration is the rate of change of velocity,

Primary dimensions of acceleration:
fal - {ve!ocny} :{Ie.ngth y .1 }: {Lz} 1)
time time time t

Or, in exponent form, {a} = { L*t?}.

(b) Angular velocity is the rate of change of angle,

Primary dimensions of angular velocity: ~ {e} = {—Tgle} = {_t' - } - {%} )
ime ime

Or, in exponent form, {w} = {t}.
(c) Angular acceleration is the rate of change of angular velocity,

Primary dimensions of angular acceleration:
(a=a)= angula.r velocny} _ .1 y .1 _ %} ©)
time time time t

Or, in exponent form, {a} = {t?}.

Discussion In Part (b) we note that the unit of angle is radian, which is a dimensionless unit. Therefore the dimensions
of angle are unity.
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7-13
Solution We are to write the primary dimensions of angular momentum and list its units.
Analysis Angular momentum is the product of length, mass, and velocity,

Primary dimensions of angular momentum:

{H}:{Iengthxmaswle_n—gth}:{ml‘z} (1)

time t

Or, in exponent form, { H } = {m*L2t™'}. We write the primary SI units according to Eq. 1,

. " ) kg-m?
Primary SI units: Units of angular momentum =

and in primary English units,

lom - ft?
S

Primary English units: Units of angular momentum =

Discussion Primary units are not required for dimensional analysis, but are often useful for unit conversions and for
verification of proper units when solving a problem.

7-14
Solution We are to determine the primary dimensions of each variable.

Analysis
(a) Specific heat is energy per unit mass per unit temperature,

Primary dimensions of specific heat at constant pressure:
mL?

T .. 2 0 0 =
P mass x temperature mxT t°T

Or, in exponent form, {c,} = { L*t*T"}.

(b) Specific weight is density times gravitational acceleration,

Primary dimensions of specific weight: {pg} = {V::zsns]e Itei:r?et? } = { er:z } 2

Or, in exponent form, {pg} = {m*L?t?}.

(c) Specific enthalpy has dimensions of energy per unit mass,

mL?
2 2
Primary dimensions of specific enthalpy: {h} = {%} = tT = {It_—z} (3)
ss

Or, in exponent form, {h} = { L?t?}.

Discussion  As a check, from our study of thermodynamics we know that dh = c,dT for an ideal gas. Thus, the
dimensions of dh must equal the dimensions of c, times the dimensions of dT. Comparing Egs. 1 and 3 above, we see that
this is indeed the case.
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7-15
Solution We are to determine the primary dimensions of thermal conductivity.
Analysis The primary dimensions of Q... are energy/time, and the primary dimensions of dT/dx are

temperature/length. From the given equation,

energy mL?
H 3
Primary dimensions of thermal conductivity: {k}= t'tr:; e [ = S {ms_L} 1)
length? x S Peraire LxT T
length

Or, in exponent form, {k} = {m* L' t® T"}. We obtain a value of k from a reference book. E.g. Kegpper = 401 W/m-K. These
units have dimensions of power/length-temperature. Since power is energy/time, we see immediately that Eq. 1 is correct.
Alternatively, we can transform the units of k into primary units,

Primary SI units of thermal conductivity: Koopper = 401 W ( Nm j( kg mj =401 k39 - 2

copper mK{sW J{ Ns? s*. K

Discussion ~ We have used the principle of dimensional homogeneity to determine the primary dimensions of k. Namely,
we utilized the fact that the dimensions of both terms of the given equation must be identical.

7-16
Solution We are to determine the primary dimensions of each variable.
Analysis
(a) Heat generation rate is energy per unit volume per unit time,
mL?
. . . . ) . energy t2 m

Primary dimensions of heat generation rate: = - = =q— 1

Y J 9} {volumextlme} Lt {Lﬁ} @)
Or, in exponent form, { g} = {m'L™*t?}.
(b) Heat flux is energy per unit area per unit time,

mL’
. . . . . energy t2 m

Primary dimensions of heat flux: = = == 2

y g} {areaxtime} L*t {t3} )
Or, in exponent form, {4} = {m't*}.
(c) Heat flux is energy per unit area per unit time per unit temperature,

mL’
2
Primary dimensions of heat transfer coefficient: ~ {h} = - i) =1 t = 3£ ?3)
area x time x temperature L>xtxT t'T

Or, in exponent form, {h} = {m*t*T}.

Discussion In the field of heat transfer it is critical that one be careful with the dimensions (and units) of heat transfer
variables.
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7-17

Solution We are to choose three properties or constants and write out their names, their SI units, and their primary
dimensions.

Analysis There are many options. For example,

Students may choose c, (specific heat at constant volume). The units are kJ/kg-K, which is energy per mass per
temperature. Thus,

Primary dimensions of specific heat at constant volume:
mL?

(o) = energy e |y (1)
! mass x temperature mxT t°T

Or, in exponent form, {¢,} = { L*t2 T}

Students may choose v (specific volume). The units are m*/kg, which is volume per mass. Thus,

3
Primary dimensions of specific volume: {v}= {volume} = {L} )
mass m

Or, in exponent form, {v} = {m™L%}.
Students may choose hy, (latent heat of vaporization). The units are kJ/kg, which is energy per mass. Thus,

Primary dimensions of latent heat of vaporization:
mL?

{h, }:{w}: £ :{L_z} 3
o mass m t

Or, in exponent form, {h¢} = {L?t%}. (The same dimensions hold for h; and hg.)

Students may choose s; (specific entropy of a saturated liquid). The units are kJ/kg-K, which is energy per mass per
temperature. Thus,

Primary dimensions of specific entropy of a saturated liquid:
mL?

IR O I
! mass x temperature mxT | |tT

Or, in exponent form, {s;} = { L?t T™'}. (The same dimensions hold for sy, and s,.)

Discussion Students’ answers will vary. There are some other choices.
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7-18E

Solution We are to choose three properties or constants and write out their names, their SI units, and their primary
dimensions.

Analysis There are many options. For example,

Students may choose c, (specific heat at constant volume). The units are Btu/lom-R, which is energy per mass per
temperature. Thus,

Primary dimensions of specific heat at constant volume:
mL?

() = energy e |y (1)
! mass x temperature mxT t°T

Or, in exponent form, {¢,} = { L*t2 T}

Students may choose v (specific volume). The units are ft3/lbm, which is volume per mass. Thus,

3
Primary dimensions of specific volume: {v}= {volume} = {L} )
mass m

Or, in exponent form, {v} = {m™L%}.
Students may choose hy, (latent heat of vaporization). The units are Btu/lbm, which is energy per mass. Thus,

Primary dimensions of latent heat of vaporization:
mL?

{h, }:{w}: £ :{L_z} 3
o mass m t

Or, in exponent form, {h¢} = {L?t%}. (The same dimensions hold for h; and hg.)

Students may choose s; (specific entropy of a saturated liquid). The units are Btu/lbom-R, which is energy per mass per
temperature. Thus,

Primary dimensions of specific entropy of a saturated liquid:
mL?

IR O I
! mass x temperature mxT | |tT

Or, in exponent form, {s;} = { L?t T™'}. (The same dimensions hold for sy, and s,.)

Discussion Students’ answers will vary. There are some other choices.
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Dimensional Homogeneity

7-19C
Solution We are to explain the law of dimensional homogeneity.
Analysis The law of dimensional homogeneity states that every additive term in an equation must have the same

dimensions. As a simple counter example, an equation with one term of dimensions length and another term of dimensions
temperature would clearly violate the law of dimensional homogeneity — you cannot add length and temperature. All terms
in the equation must have the same dimensions.

Discussion If in the solution of an equation you realize that the dimensions of two terms are not equivalent, this is a
sure sign that you have made a mistake somewhere!

7-20
Solution We are to determine the primary dimensions of the gradient operator, and then verify that primary
dimensions of each additive term in the equation are the same.

Analysis
(a) By definition, the gradient operator is a three-dimensional derivative operator. For example, in Cartesian coordinates,

Gradient operator in Cartesian coordinates:

}
I
| »
|
| »
N—
)
|
+
—
Q|
+
=i
| »

Therefore its dimensions must be 1/length. Thus,

Primary dimensions of the gradient operator: {@} ={

Or, in exponent form, {V } = {L}.

(b) Similarly, the primary dimensions of a time derivative (o/ot) are 1/time. Also, the primary dimensions of velocity are
length/time, and the primary dimensions of acceleration are length/time®. Thus each term in the given equation can be
written in terms of primary dimensions,

(w)-{ o] @ -{z}

- length ~
N _ ] _time :{'ength} N :{L}
ot time time® ot t*
((v-9)v) - enah, 2 lenath | _frerany | (-9} -{ 5}
time length time time t

Indeed, all three additive terms have the same dimensions, namely {L't?}.

Discussion If the dimensions of any of the terms were different from the others, it would be a sure sign that an error
was made somewhere in deriving or copying the equation.
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7-21
Solution We are to determine the primary dimensions of each additive term in the equation, and we are to verify that
the equation is dimensionally homogeneous.

Analysis The primary dimensions of the time derivative (6/ot) are 1/time. The primary dimensions of the gradient
vector are 1/length, and the primary dimensions of velocity are length/time. Thus each term in the equation can be written
in terms of primary dimensions,

massxlength

E _ [force) time? E L
m mass mass m t2

B length -
oV | _ ] time v | _JL
{at}_ time {at}_{tz}
= =\ length 1 length - o L
{(V .V)V}:{ time length ““time } {(V'V)V}:{t_?}

Indeed, all three additive terms have the same dimensions, namely {L't?}.

Discussion The dimensions are, in fact, those of acceleration.

7-22
Solution We are to determine the primary dimensions of each additive term in Eq. 1, and we are to verify that the
equation is dimensionally homogeneous.

Analysis The primary dimensions of the material derivative (D/Dt) are 1/time. The primary dimensions of volume are
length®, and the primary dimensions of velocity are length/time. Thus each term in the equation can be written in terms of

primary dimensions,
{1 DV | 1 ><Iength3 _{ 1 } 1Dv|_J1
V Dt length®  time time V Dt t

length
5_“}_ _time_ _{L} aul _[1
OX length time OX t
length
) | time |_[ 1 o] _ 1}
oy length time oy t
length

ow(_] time [_) 1
oz length time

Indeed, all four additive terms have the same dimensions, namely {t}.

Discussion If the dimensions of any of the terms were different from the others, it would be a sure sign that an error
was made somewhere in deriving or copying the equation.
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7-23
Solution We are to determine the primary dimensions of each additive term, and we are to verify that the equation is
dimensionally homogeneous.

Analysis The primary dimensions of the velocity components are length/time. The primary dimensions of coordinates
r and z are length, and the primary dimensions of coordinate &are unity (it is a dimensionless angle). Thus each term in the
equation can be written in terms of primary dimensions,

length
10(ru)| | 1 Xlength time | _J 1
r or length length time

length

1)) 1 time |_f 1 tow]_[1
r o6 length 1 time r oo t

length
ou, | _J time _J 1
oz length time

Indeed, all three additive terms have the same dimensions, namely {t"}.

Discussion If the dimensions of any of the terms were different from the others, it would be a sure sign that an error

was made somewhere in deriving or copying the equation.
| ———

7-13
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission.




Chapter 7 Dimensional Analysis and Modeling
7-24
Solution We are to determine the primary dimensions of each additive term in the equation, and we are to verify that
the equation is dimensionally homogeneous.

Analysis The primary dimensions of heat transfer rate are energy/time. The primary dimensions of mass flow rate are
mass/time, and those of specific heat are energy/mass-temperature, as found in Problem 7-14. Thus each term in the
equation can be written in terms of primary dimensions,

mL?
o Jenergy| | ¢ | |mlL? 0 mL
{Q} { time } t { t? {Q}_ 2
mL’
Q7 2 2
{MC, T, }= mass energy x temperature b = Tt Tl mI3_ {mC, T, }= %
time  mass x temperature t mxT t t
mL?
5 2 2
{mc,T,}= Mass energy « temperature b = | Mt~ Tl m3L {mc,T,}= m|3_
time  mass x temperature t mxT t P t

Indeed, all three additive terms have the same dimensions, namely {m* L?t?}.

Discussion ~ We could also have left the temperature difference in parentheses as a temperature difference (same
dimensions as the individual temperatures), and treated the equation as having only two terms.

7-25
Solution We are to determine the primary dimensions of each additive term, and we are to verify that the equation is
dimensionally homogeneous.

Analysis The primary dimensions of the time derivative (d/dt) are 1/time. The primary dimensions of density are
mass/length®, those of volume are length®, those of area are length?, and those of velocity are length/time. The primary
dimensions of unit vector fi are unity, i.e. {1} (in other words i has no dimensions). Finally, the primary dimensions of b,
which is defined as B per unit mass, are {B/m}. Thus each term in the equation can be written in terms of primary

dimensions,
By |_[B @, _[B
dt time dt t

d 1 mass B d B

— bdV | = length® — bdV ¢ =<—
{dt ICVP } {timexlength3 “nass 9 } {dt JCV'D } {t}

- ~ . _ | mass B length 2 ;- _JB
{jcs pbV, .ndA} _{Iength3 x po— x iime x1x length } {J.CS pbV, ndA} _{ ; }

Indeed, all three additive terms have the same dimensions, namely {B t™}.

Discussion  The RTT for property B has dimensions of rate of change of B.
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7-26
Solution We are to determine the primary dimensions of the first three additive term, and we are to verify that those
terms are dimensionally homogeneous. Then we are to evaluate the dimensions of the adsorption coefficient.

Analysis The primary dimensions of the time derivative (d/dt) are 1/time. Those of A, are length?, those of V are
length®, those of ¢ are mass/length®, and those of V are length®/time. Thus the primary dimensions of the first three terms
are
mass
3
VE ={length® Ier)gth — | Mmass VE -m
dt time time dt t

(s} (s}-12|
{V'C}={'et?f§:3 X.QZ?#HT??SS | el -1}

Indeed, the first three additive terms have the same dimensions, namely {m* t™}. Since the equation must be dimensionally
homogeneous, the last term must have the same dimensions as well. We use this fact to find the dimensions of k,,,

mass mass
mass time time L
A ) -{%}
time CA mass3 x length? t
length

Or, in exponent form, {k,} = {L*t"'}. The dimensions of wall adsorption coefficient are those of velocity.

Discussion In fact, some authors call k,, a “deposition velocity”.
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Nondimensionalization of Equations

7-27C

Solution We are to give the primary reason for nondimensionalizing an equation.

Analysis The primary reason for nondimensionalizing an equation is to reduce the number of parameters in the
problem.

Discussion  As shown in the examples in the text, nondimensionalization of an equation reduces the number of
independent parameters in the problem, simplifying the analysis.

7-28
Solution We are to nondimensionalize all the variables, and then re-write the equation in nondimensionalized form.

Assumptions 1 The air in the room is well mixed so that c is only a function of time.

Analysis
(a) We nondimensionalize the variables by inspection according to their dimensions,
Nondimensionalized variables:

7 2
oY e Y aeiA e Y e S
L Climit L L Vv ClimitV

(b) We substitute these into the equation to generate the nondimensionalized equation,

d(c*c, . o /
VL (C—C“n;n) = S*CypiV =V C*Cyg — (C*Climit )(AS*LZ ) [kw*%J )
d[ed )

We notice that every term in Eg. 1 contains the quantity \/c,imit. We divide every term by this quantity to get a
nondimensionalized form of the equation,

. . . dc*
Nondimensionalized equation: V*—— = S*—c*—c*A*k,*
dt* "

No dimensionless groups have arisen in this nondimensionalization.

Discussion Since all the characteristic scales disappear, no dimensionless groups have arisen. Since there are no
dimensionless parameters, one solution in nondimensionalized variables is valid for all combinations of L, V , and Cjmjt.
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7-29
Solution We are to nondimensionalize the equation, and identify the dimensionless parameters that appear in the
nondimensionalized equation.

Assumptions 1 The flow is steady. 2 The flow is incompressible.

Analysis We plug the nondimensionalized variables into the equation. For example, u = u*U and x = x*L in the first
term. The result is

U U U awt
L ox* Laoy* L az*

or, after simplifying,

Nondimensionalized incompressible flow relationship:
our ovE owE_ (€
ox* oy* oz*

There are no nondimensional parameters in the nondimensionalized equation. The original equation comes from pure
kinematics — there are no fluid properties involved in the equation, and therefore it is not surprising that no nondimensional
parameters appear in the nondimensionalized form of the equation, Eqg. 1.

Discussion ~ We show in Chap. 9 that the equation given in this problem is the differential equation for conservation of
mass for an incompressible flow field — the incompressible continuity equation.

7-30
Solution We are to nondimensionalize the equation of motion and identify the dimensionless parameters that appear
in the nondimensionalized equation.

Analysis We plug in the nondimensionalized variables. For example, u = u*V and x = x*L in the first term. The result
is

Uf 1DV vaur v vawr
> V* Dt* Lox* Loy* L aoz*

or, after simplifying,

fLY1 DV* ou* ov* ow*
VI o o Tt M)
vV JV* Dt* ox* oy* oz*

We recognize the nondimensional parameter in parentheses in Eq. 1 as St, the Strouhal number. We can re-write Eq. 1 as

Nondimensionalized oscillating compressible flow relationship:

1 DV* ou* ov* ow*
t— =—+—+

V* Dt* ox* oy* oz*

Discussion ~ We show in Chap. 9 that the given equation of motion is the differential equation for conservation of mass
for an unsteady, compressible flow field — the general continuity equation. We may also use angular frequency o (radians
per second) in place of physical frequency f (cycles per second), with the same result.
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7-31
Solution We are to determine the primary dimensions of the stream function, nondimensionalize the variables, and
then re-write the definition of y in nondimensionalized form.

Assumptions 1 The flow is incompressible. 2 The flow is two-dimensional in the x-y plane.

Analysis (a) We use that fact that all equations must be dimensionally homogeneous. We solve for the dimensions of
v,

2
Primary dimensions of stream function: {w}={u}x{y}= {%x L} = {LT}

Or, in exponent form, {y} = {L*t™}.
(b) We nondimensionalize the variables by inspection according to their dimensions,

Nondimensionalized variables:

y t t t
X*=— *== u*=u— VF=v— =y —
y L L L v V/LZ

(c) We generate the nondimensionalized equations,
2 2
L t L t
u* — | = v* — =~ 7
(J ay*(L) (tj ax*(L)

We notice that every term in both parts of the above equation contains the ratio L/t. We divide every term by L/t to get the
final nondimensionalized form of the equations,

oy™ Vr = ow™>

Nondimensionalized stream function equations:  |u* = =
ay* OX*

No dimensionless groups have arisen in this nondimensionalization.

Discussion Since all the nondimensionalized variables scale with L and t, no dimensionless groups have arisen.
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7-32
Solution We are to nondimensionalize the equation of motion and identify the dimensionless parameters that appear
in the nondimensionalized equation.

Analysis We plug the nondimensionalized variables into the equation. For example, t = t*/@ and V =V, V* in the
first term on the right hand side. The result is
o’L(F/m)*=oU N +U—(v*-v*)v*
ot* L

or, after simplifying by multiplying each term by L/ V..?,

[ O

0

We recognize the nondimensional parameter in parentheses in Eq. 1 as St, the Strouhal number. We re-write Eq. 1 as

Nondimensionalized Newton’s second law for incompressible oscillatory

flow: (St)z(ﬁ/m)*:(St)%+(\7*ﬁ*)\7*

Discussion ~ We used angular frequency w in this problem. The same result would be obtained if we used physical
frequency. Equation 1 is the basis for forming the differential equation for conservation of linear momentum for an
unsteady, incompressible flow field.

7-33
Solution We are to nondimensionalize the Bernoulli equation and generate an expression for the pressure coefficient.

Assumptions 1 The flow is incompressible. 2 Gravitational terms in the Bernoulli equation are negligible compared to the
other terms.

Analysis We nondimensionalize the equation by dividing each term by the dynamic pressure, %pvj,
2
Nondimensionalization: P +V— = i +1
E 2 \/002 E V 2
Rearranging,
- P-P V2
Pressure coefficient: C, = 2 =1-—>
p 1 ) V 2
EPVOQ *

Discussion Pressure coefficient is a useful dimensionless parameter that is inversely related to local air speed — as local
air speed V increases, C, decreases.
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Dimensional Analysis and Similarity

7-34C
Solution We are to list the three primary purposes of dimensional analysis.
Analysis The three primary purposes of dimensional analysis are:

1. To generate nondimensional parameters that help in the design of experiments and in the reporting of
experimental results.

2. To obtain scaling laws so that prototype performance can be predicted from model performance.

3. To (sometimes) predict trends in the relationship between parameters.

Discussion Dimensional analysis is most useful for difficult problems that cannot be solved analytically.

7-35C
Solution We are to list and describe the three necessary conditions for complete similarity between a model and a
prototype.

Analysis The three necessary conditions for complete similarity between a model and a prototype are:
1. Geometric similarity — the model must be the same shape as the prototype, but scaled by some constant scale
factor.
2. Kinematic similarity — the velocity at any point in the model flow must be proportional (by a constant scale
factor) to the velocity at the corresponding point in the prototype flow.
3. Dynamic similarity — all forces in the model flow scale by a constant factor to corresponding forces in the
prototype flow.

Discussion Complete similarity is achievable only when all three of the above similarity conditions are met.

7-36
Solution For a scale model of a submarine being tested in air, we are to calculate the wind tunnel speed required to
achieve similarity with the prototype submarine that moves through water at a given speed.

Assumptions 1 Compressibility of the air is assumed to be negligible. 2 The wind tunnel walls are far enough away so as
to not interfere with the aerodynamic drag on the model sub. 3 The model is geometrically similar to the prototype.

Properties For water at T = 15°C and atmospheric pressure, p = 999.1 kg/m® and = 1.138 x 10 kg/m-s. For air at T =
25°C and atmospheric pressure, p = 1.184 kg/m® and 2 = 1.849 x 10 kg/m:s.

Analysis Similarity is achieved when the Reynolds number of the model is equal to that of the prototype,

V L
Similarity: Re,, _ PuVuln _ Re, = PoVolp 1)

Hn Hy

We solve Eq. 1 for the unknown wind tunnel speed,

)

1.849%107° kg/m-s |( 999.1 kg/m®
1.138x10°° kg/m-s )| 1.184 kg/m®

=(0.560 m/s)( j(s) =61.4m/s

Discussion At this air temperature, the speed of sound is around 346 m/s. Thus the Mach number in the wind tunnel is
equal to 61.4/346 = 0.177. This is sufficiently low that the incompressible flow approximation is reasonable.
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7-37
Solution For a scale model of a submarine being tested in air, we are to calculate the wind tunnel speed required to
achieve similarity with the prototype submarine that moves through water at a given speed.

Assumptions 1 Compressibility of the air is assumed to be negligible. 2 The wind tunnel walls are far enough away so as
to not interfere with the aerodynamic drag on the model sub. 3 The model is geometrically similar to the prototype.

Properties For water at T = 15°C and atmospheric pressure, p = 999.1 kg/m® and z = 1.138 x 10 kg/m-s. For airat T =
25°C and atmospheric pressure, p = 1.184 kg/m® and 1z = 1.849 x 10°® kg/m:-s.

Analysis Similarity is achieved when the Reynolds number of the model is equal to that of the prototype,
VL
Similarity: Re, = & = Rep = PVt (1)
Hn Hy
We solve Eq. 1 for the unknown wind tunnel speed,

L -5 . 3
YRRy, Ho | P |l 50 )2 0560 mis 1.849><1073 kg/m-s |( 999.1 kg/m3 (24) =184mis
"L, )\ pn L 1.138x107° kg/m-s J{ 1.184 kg/m

m

At this air temperature, the speed of sound is around 346 m/s. Thus the Mach number in the wind tunnel is equal to
184/346 = 0.532. The Mach number is sufficiently high that the incompressible flow approximation is not
reasonable. The wind tunnel should be run at a flow speed at which the Mach number is less than one-third of the
speed of sound. At this lower speed, the Reynolds humber of the model will be too small, but the results may still be
usable, either by extrapolation to higher Re, or if we are fortunate enough to have Reynolds number independence,
as discussed in Section 7-5.

Discussion It is also unlikely that a small instructional wind tunnel can achieve such a high speed.
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7-38E

Solution For a prototype parachute and its model we are to calculate drag coefficient, and determine the wind tunnel
speed that ensures dynamic similarity. Then we are to estimate the aerodynamic drag on the model.

Assumptions 1 The model is geometrically similar to the prototype.

Properties For air at 60°F and standard atmospheric pressure, p = 0.07633 Ibm/ft* and x = 1.213 x 10”° Ibm/ft-s.

Analysis (a) The aerodynamic drag on the prototype parachute is equal to the total weight. We can then easily
calculate the drag coefficient Cp,

F
Drag coefficient: Cp=- DvPZ _ 230 Ibf
jppr '%

32.2 Ibm ft) _107

2 ( Ibf 52
1(0.07633 Ibm/ft* ) (20 fu/s)’ = (24 1)

(b) We must match model and prototype Reynolds numbers in order to achieve dynamic similarity,

Lo V L V L
Similarity: Re, = £m'mom _ Re, = PoVo o O
Hin Hy

We solve Eqg. 1 for the unknown wind tunnel speed,

Wind tunnel speed: Vv, =V, (%‘“](%J[t—p} =(20 ft/s)(1)(1)(12) = 240ft/s (2

(c) As discussed in the text, if the fluid is the same and dynamic similarity between the model and the prototype is
achieved, the aerodynamic drag force on the model is the same as that on the prototype. Thus,

Aerodynamic drag on model: Fom = Fo, =230 1bf (3)

Discussion ~ We should check that the wind tunnel speed of Eq. 2 is not too high that the incompressibility
approximation becomes invalid. The Mach number at this speed is about 240/1120 = 0.214. Since this is less than 0.3,
compressibility is not an issue in this model test. The drag force on the model is quite large, and a fairly hefty drag balance
must be available to measure such a large force.
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7-39
Solution We are to discuss why one would pressurize a wind tunnel.
Analysis As we see in some of the example problems and homework problems in this chapter, it is often difficult to

achieve a high-enough wind tunnel speed to match the Reynolds number between a small model and a large prototype.
Even if we were able to match the speed, the Mach number would often be too high. A pressurized wind tunnel has higher
density air. At the same Reynolds number, the larger density leads to a lower air speed requirement. In other words, a
pressurized wind tunnel can achieve higher Reynolds numbers for the same scale model.

If the pressure were to be increased by a factor of 1.5, the air density would also go up by a factor of 1.5 (ideal gas
law), assuming that the air temperature remains constant. Then the Reynolds number, Re = pVL/x would go up by
approximately 1.5. Note that we are also assuming that the viscosity does not change significantly with pressure, which is a
reasonable assumption.

Discussion  The speed of sound is not a strong function of pressure, so Mach number is not affected significantly by
pressurizing the wind tunnel. However, the power requirement for the wind tunnel blower increases significantly as air
density is increased, so this must be taken into account when designing the wind tunnel.

7-40
Solution We are to estimate the drag on a prototype submarine in water, based on aerodynamic drag measurements
performed in a wind tunnel.

Assumptions 1 The model is geometrically similar. 2 The wind tunnel is run at conditions which ensure similarity
between model and prototype.

Properties For water at T = 15°C and atmospheric pressure, p = 999.1 kg/m® and z = 1.138 x 10 kg/m-s. For airat T =
25°C and atmospheric pressure, p = 1.184 kg/m® and 1z = 1.849 x 10°° kg/m:-s.

Analysis Since the Reynolds numbers have been matched, the nondimensionalized drag coefficient of the model
equals that of the prototype,

=

Dp

I:D,m _
PV L’ VLY

1)
We solve Eq. 1 for the unknown aerodynamic drag force on the prototype, Fpp,

VYL Y : 2
Foy = Fon A% (L ~(23N) 999.1 kg/m-s (0.560 m/s (8)2 _103N
' o \V L 1.184 kg/m-s )\ 61.4 m/s

m m m

where we have used the wind tunnel speed calculated in Problem 7-36.

Discussion  Although the prototype moves at a much slower speed than the model, the density of water is much higher
than that of air, and the prototype is eight times larger than the model. When all of these factors are combined, the drag
force on the prototype is much larger than that on the model.

7-23
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission.




Chapter 7 Dimensional Analysis and Modeling

7-41E
Solution The concept of similarity will be utilized to determine the speed of the wind tunnel.

Assumptions 1 Compressibility of the air is ignored (the validity of this assumption will be discussed later). 2 The wind
tunnel walls are far enough away so as to not interfere with the aerodynamic drag on the model car. 3 The model is
geometrically similar to the prototype. 4 Both the air in the wind tunnel and the air flowing over the prototype car are at
standard atmospheric pressure.

Properties For air at T = 25°C and atmospheric pressure, p = 1.184 kg/m® and x = 1.849 x 10°® kg/m:s.

Analysis Since there is only one independent IT in this problem, similarity is achieved if I, = I1,,, where I, is the
Reynolds number. Thus, we can write
V. L V. L
Hsz = Rem :m = H2,p = Rep :M
Hn Hy

which can be solved for the unknown wind tunnel speed for the model tests, Vy,,

v, =V, [ﬂj(ﬂﬂ%] — (60.0 mph)(1)(1)(4) = 240mph

Hy )\ P m

Thus, to ensure similarity, the wind tunnel should be run at 240 miles per hour (to three significant digits).

Discussion  This speed is quite high, and the wind tunnel may not be able to run at that speed. We were never given the
actual length of either car, but the ratio of L, to Ly, is known because the prototype is four times larger than the scale model.
The problem statement contains a mixture of SI and English units, but it does not matter since we use ratios in the algebra.

7-42E
Solution We are to estimate the drag on a prototype car, based on aerodynamic drag measurements performed in a
wind tunnel.

Assumptions 1 The model is geometrically similar. 2 The wind tunnel is run at conditions which ensure similarity
between model and prototype.

Properties For air at T = 25°C and atmospheric pressure, p = 1.184 kg/m® and x = 1.849 x 10°® kg/m:s.

Analysis Following the example in the text, since the Reynolds numbers have been matched, the nondimensionalized
drag coefficient of the model equals that of the prototype,

I:D,m _
PV L’ VLY

=

Dp

1)

We solve Eq. 1 for the unknown aerodynamic drag force on the prototype, Fp,

v 2 L 2 2
Fo, = Fon [&]{JJ {—p] =(36.5 Ibf)(l)[wj (4)° =36.51bf
' “pn \V, L 240 mph

m m m

where we have used the wind tunnel speed calculated in the previous problem.

Discussion Since the air properties of the wind tunnel are identical to those of the air flowing around the prototype car,
it turns out that the aerodynamic drag force on the prototype is the same as that on the model. This would not be the case if
the wind tunnel air were at a different temperature or pressure compared to that of the prototype.
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7-43
Solution We are to discuss whether cold or hot air in a wind tunnel is better, and we are to support our answer by
comparing air at two given temperatures.

Properties For air at atmospheric pressure and at T = 10°C, p = 1.246 kg/m® and 2= 1.778 x 10”° kg/m-s. At T = 50°C,
p=1.092 kg/m* and z = 1.963 x 10°° kg/m:s.

Analysis As we see in some of the example problems and homework problems in this chapter, it is often difficult to
achieve a high-enough wind tunnel speed to match the Reynolds number between a small model and a large prototype.
Even if we were able to match the speed, the Mach number would often be too high. Cold air has higher density than warm
air. In addition, the viscosity of cold air is lower than that of hot air. Thus, at the same Reynolds number, the colder air
leads to a lower air speed requirement. In other words, a cold wind tunnel can achieve higher Reynolds numbers than
can a hot wind tunnel for the same scale model, all else being equal. We support our conclusion by comparing air at two
temperatures,

pcoIdVL

Comparison of Reynolds numbers: Rews _ _Hoos  _ Puons Fho _ 1246 kg/m’ 1.963x10" kg/m -5 =

Rey, PVl Py Moy 1.092 kgim® 1.778x10°° kg/m-s
:uhot

1.26

Thus we see that the colder wind tunnel can achieve approximately 26% higher Reynolds number, all else being
equal.

Discussion  There are other issues however. First of all, the denser air of the cold wind tunnel is harder to pump — the
cold wind tunnel may not be able to achieve the same wind speed as the hot wind tunnel. Furthermore, the speed of sound
is proportional to the square root of temperature. Thus, at colder temperatures, the Mach number is higher than at warmer
temperatures for the same value of V, and compressibility effects are therefore more significant at lower temperatures.

7-44
Solution We are to calculate the speed and angular velocity (rpm) of a spinning baseball in a water channel such that
flow conditions are dynamically similar to that of the actual baseball moving and spinning in air.

Properties For air at T = 20°C and atmospheric pressure, p = 1.204 kg/m® and x = 1.825 x 10”° kg/m-s. For water at T =
20°C and atmospheric pressure, p = 998.0 kg/m® and 2= 1.002 x 107 kg/m:-s.

Analysis The model (in the water) and the prototype (in the air) are actually the same baseball, so their characteristic
lengths are equal, L, = L,. We match Reynolds number,
V L V L
Rem:pmmm:Rep:pppp (1)
iy, Hy

and solve for the required water tunnel speed for the model tests, Vi,

L -3 . 3
v, =V, My |l P [ :(80.0 mph) 1.002><1075 kg/m-s |( 1.204 kg/m3 (1)=5.30mph @
Hy )\ pm UL 1.825x107 kg/m-s ){ 998.0 kg/m

m

We also match Strouhal numbers, recognizing that 1 is proportional to f,

mem
m=V—

f L i L n,L
=St, = \p/p - n{“/”‘: PP 3)

m p m p

St

from which we solve for the required spin rate in the water tunnel,

. L (L)V 5.30 mph
no=n|—| - |=(300 rpm)(1)] ———— |=19.9rpm
" p(L j{v J (300 rpm)( )[80.0 mphj P )

m p

Discussion Because of the difference in fluid properties between air and water, the required water tunnel speed is much
lower than that in air. In addition, the spin rate is much lower, making flow visualization easier.
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Dimensionless Parameters and the Method of Repeating Variables

7-45
Solution We are to verify that the Archimedes number is dimensionless.
Analysis Archimedes number is defined as
: . p.9L°
Archimedes number: Ar=—=—(p, - p) (1)

U

We know the primary dimensions of density, gravitational acceleration, length, and viscosity. Thus,

mL ,
. . . . _ FER
Primary dimensions of Archimedes number: {Ar} = T ={1} ©
m
L*t?

Discussion If the primary dimensions were not unity, we would assume that we made an error in the dimensions of one
or more of the parameters.

7-46
Solution We are to verify that the Grashof number is dimensionless.
Analysis Grashof number is defined as
AT|L p?
Grashof number: Gr = M (1)
M

We know the primary dimensions of density, gravitational acceleration, length, temperature, and viscosity. The dimensions
of coefficient of thermal expansion S are 1/temperature. Thus,
L1_,m

1|
G

Lt?

2
Primary dimensions of Grashof number: {Gr} = tT

Discussion If the primary dimensions were not unity, we would assume that we made an error in the dimensions of one

or more of the parameters.
e —
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7-47
Solution We are to verify that the Rayleigh number is dimensionless, and determine what other established
nondimensional parameter is formed by the ratio of Ra and Gr.

Analysis Rayleigh number is defined as

Ra - gB|AT|C pPc,

Rayleigh number:
ks

o)

We know the primary dimensions of density, gravitational acceleration, length, temperature, and viscosity. The dimensions
of coefficient of thermal expansion g are 1/temperature, those of specific heat c, are length?/time?temperature (Problem 7-
14), and those of thermal conductivity k are mass:length/time®.temperature. Thus,
Llgsm L

; N : : t°T L T
Primary dimensions of Rayleigh number: Raj=4—————1=1{1

imary dimensions yleigh nu {Ra} T m )

t°T Lt
We take the ratio of Ra and Gr:

9B|AT|C pPc,

c
Ratio of Rayleigh number and Grashof number: Ra_ k—ﬂ“ Sl 3
Gr  gp|AT|Cp k
qu

We recognize Eqg. 3 as the Prandtl number,

Ra :—Cpﬂ = pCpﬂ =

Prandtl number: Pr=— v
Gr Kk pk  «

(4)

Discussion Many of the established nondimensional parameters are formed by the ratio or product of two (or more)
other established nondimensional parameters.
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7-48
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
I1s).

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: h=f(w, p,9.R) n=5 (1)

Step 2 The primary dimensions of each parameter are listed,
h w Yol g R
S (R L R S B
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we
elect not to pick the viscosity. We choose

Repeating parameters: o, p,and R

Step5 The dependent IT is generated:

I (=) (e (o)
e o -0
€)1} o et
length: (Lo} = {ere) 0=1-3b +¢, ¢ =-1

The dependent IT is thus
I I, = h

The second Pi (the only independent IT in this problem) is generated:

I, = ga)azpb2 R% {Hz} _ {(thfZ)(rl)az (mlL% )bz (Ll)cz}
mass: {mo}z{mbz} 0=bh, b,=0
time: {to} :{t*Zt—az} 02_2_az az =-2

7-28

PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission.




Chapter 7 Dimensional Analysis and Modeling

length: 0=1-3b,+c¢ c,=-1
9 {LO} _ {LIL—SbZ ch} 2 T Y2 2
0=1+c,
which yields
. g
HZ. Hz = a)ZR

If we take IT, to the power —1/2 and recognize that @R is the speed of the rim, we see that IT, can be modified into a
Froude number,

Modified IT: m, =Fr=-2%
JOR
Step 6 We write the final functional relationship as
. . h
Relationship between ITs: =" f (Fr) )

Discussion In the generation of the first IT, h and R have the same dimensions. Thus, we could have immediately
written down the result, T1; = h/R. Notice that density o does not appear in the result. Thus, density is not a relevant
parameter after all.
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7-49
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
I1s).

Step 1 There are seven parameters in this problem; n=7,

List of relevant parameters: h=f(w p,9.Rt, 1) n=7 (1)

Step 2 The primary dimensions of each parameter are listed,
h @ Yo, g R t 7
S S L S R R U A L
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=7-3=4

Step4 We need to choose three repeating parameters since j = 3. For convenience we choose the same repeating
parameters that we used in the previous problem,

Repeating parameters: o, p,and R

Step 5 The first two ITs are identical to those of the previous problem:

h
Hl: Hl — E
and

R
IT,: I, __on

where I, is identified as a form of the Froude number. The third IT is formed with time t. Since repeating parameter @
has dimensions of 1/time, it is the only one that remains in the IT. Thus, without the formal algebra,

H3: H3 =wt

Finally, I, is generated with liquid viscosity,

I, = po®™ p™R* {0, = {(mlL‘lt‘l)(t‘l)a" (miLe)" (L )“}
mass. {m°} :{mlmb“} 0=1+h, b, =-1
time: {to} _ {t—lt—a4 } 0=-1-a, a, =-1
length: (- 0=-1-3b, +C C, =2

R It
The final IT is thus
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. H
H4. H4 = p()Rz (2)

If we invert I1, and recognize that @R is the speed of the rim, it becomes clear that I1, of Eq. 2 can be modified into a
Reynolds number,

2
Modified IT,: m, = PR _Re 3)
U
Step 6 We write the final functional relationship as
Relationship between ITs: %: f (Fr,ot,Re) 4)

Discussion Notice that this time density p does appear in the result. There are other acceptable answers, but this one has
the most established dimensionless groups.
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7-50
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
I1s).

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: fo="f(V,p,u,D) n=5

Step 2 The primary dimensions of each parameter are listed,

L (e L T L B U
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we
elect not to pick the viscosity. We choose

Repeating parameters: V, p,and D

Step5 The dependent IT is generated:

I, = f,V® D" ) ={(e)(Le)” () ()7
)= ) 0=t oo
time: () ={r'r> 0=-1-3 3 =-1
length: Lo} = e 0=2,-30+¢ ¢ =1

The dependent IT is thus

I, I, == =st

where we have identified this Pi as the Strouhal number.
The second Pi (the only independent IT in this problem) is generated:

I, = iV p* D% (1,} = {(mlLflrl)(Llrl)aZ (m'L? )tb (L1)°2}
mass: {m} ={m'm"} 0=1+h, b, =-1
time: {toh={tir=) 0=-1-a, 2, =-1
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Iength: {LO} _ {L—lLaz L7302 % } 0=-1+ & _sz +C, C, = -1
0=-1-1+3+c,
which yields
. H
I,: I, =—=—
2 27 D

We recognize this IT as the inverse of the Reynolds number. So, after inverting,

Modified IT,: I, = & = Reynolds number = Re
H

Step 6 We write the final functional relationship as

Relationship between ITs: St=f (Re)

Discussion ~ We cannot tell from dimensional analysis the exact form of the functional relationship. However,
experiments verify that the Strouhal number is indeed a function of Reynolds humber.
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7-51
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
I1s).

Step 1 There are six parameters in this problem; n = 6,

List of relevant parameters: f=f(V,p,u,D,c) n=6 (1)

Step 2 The primary dimensions of each parameter are listed,
fi V ) Y7, D c
L B U L T L B U B U
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=6-3=3

Step4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we
elect not to pick the viscosity. We choose

Repeating parameters: V, p,and D

Step5 The dependent IT is generated:

I, = f,V® D" ) ={(e)(Le)” (mee) (L))
)= ) 0=1 oo
time: [t} ={r'r> 0=-1-a 3 =-1
length: Lo} = e 0=a-30 +¢ ¢ =1

The dependent IT is thus

I, I, == =st

where we have identified this Pi as the Strouhal number.
The second Pi (the first independent IT in this problem) is generated:

I, = iV p* D% (1,} = {(mlLflrl)(Llrl)aZ (m'L? )tb (L1)°2}
mass: {m} ={m'm"} 0=1+h, b, =-1
time: {toh={tir=) 0=-1-a, 2, =-1
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Iength: {LO} _ {L—lLaz L7302 % } 0=-1+ & _3bz +C, C, = -1
0=-1-1+3+c,
which yields
. H
I,: I, =—=—
2 27 D

We recognize this IT as the inverse of the Reynolds number. So, after inverting,

Modified IT,: I, = & = Reynolds number = Re
H

The third Pi (the second independent IT in this problem) is generated:

I, =cV % oD {Hs} _ {(th—l)(L]_tfl)az (m]_L—3 )bs (Ll)%}
mass: {mo}z{mbs} 0=bh, b,=0
time: {t“} :{t—lt—aa} 0=-1-a, a,=-1
length: {L°}:{L1La3L’3b3L°3} 8i1+i;3b3+03 c,=0

- 3
which yields
M I, :V£

We recognize this IT as the inverse of the Mach number. So, after inverting,

Modified IT: I1, Y Mach number = Ma
c

Step 6 We write the final functional relationship as

Relationship between ITs: St= f (Re,Ma)

Discussion ~ We have shown all the details. After you become comfortable with the method of repeating variables, you
can do some of the algebra in your head.
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7-52
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.
Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step1 There are five parameters in this problem; n =5,

List of relevant parameters: W = f (@, p,1,D) n=5 (1)

Step 2 The primary dimensions of each parameter are listed,
W w P Y7 D
ech ) o) o) [
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we
elect not to pick the viscosity. We choose

Repeating parameters: , p,and D

Step5 The dependent IT is generated:

1, Vi 0" () =i e (me) (1))
mass: {m°} = {m'm"*} 0=1+b, b =-1
time: (o= {t°r=) 0=-3-3 3 =-3
length: L =) 0=2-3b +c, ¢ =-5

The dependent IT is thus

Hl: Hl

W

where we have defined this Pi as the power number (Table 7-5).
The second Pi (the only independent IT in this problem) is generated:

I, = pw™ p D% {1} = {(mlLfltfl)(tfl)az (m'L? )bE (L1)°2}
mass: {mo}z{mlmbz} 0=1+b, b,=-1
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time: () ={tie=) 0=-1-a, a,=-1

length: {L"} _ {L’lL’3bz ch} =-1-3b, +c, c,=-2
0=-1+3+c,

which yields

2 Hz = p[élza)

Since Dw is the speed of the tip of the rotating stirrer blade, we recognize this IT as the inverse of a Reynolds number. So,
after inverting,

pb’e _ p(Dw)D
U

Modified IT,: I, = = Reynolds number = Re
Step 6 We write the final functional relationship as

Relationship between ITs: N, = f (Re) )

Discussion  After some practice you should be able to do some of the algebra with the exponents in your head. Also, we
usually expect a type of Reynolds number when we combine viscosity with a density, a length, and some kind of speed, be
it angular speed or linear speed.

7-53
Solution We are to determine the dimensionless relationship between the given parameters

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The dimensional analysis is identical to the previous problem except that we add two additional
independent parameters, both of which have dimensions of length. The two ITs of the previous problem remain. We get two
additional T1Ts since n is now equal to 7 instead of 5. There is no need to go through all the algebra for the two additional TTs
— since their dimensions match those of one of the repeating variables (D), we know that all the exponents in the IT will be
zero except the exponent for D, which will be —1. The two additional ITs are

D h

I3 and Iy: I, = —S”k I, = —5“5“9
The final functional relationship is

H H . Dtank hsurface
Relationship between ITs: N, =f Re,T,T ()]

Discussion We could also manipulate our Ils so that we have other length ratios like hgyface/Diank, €tC. Any such
combination is acceptable.
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7-54
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step1 There are five parameters in this problem; n =5,

List of relevant parameters: §="f(xV,pu) n=5 (1)

Step 2 The primary dimensions of each parameter are listed,

S X \ p H
L o) o) o)
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. We pick length scale x, density p, and freestream
velocity V.

Repeating parameters: X, p,and V

Step5 The ITs are generated. Note that for the first IT we can do the algebra in our heads since the relationship is
very simple. Namely, the dimensions of ¢ are identical to those of one of the repeating variables (x). In such a case
we know that all the exponents in the IT group are zero except the one for x, which is —=1. The dependent IT is thus

Hl: Hl =§
The second IT is formed with viscosity,

I, = ux* pV° (m,} = {(mlL’lt’l)(Ll)a (mlL’3)b (th*1)°}
mass: {mo}:{mlmb} 0=1+b b=-1
time: {tO}:{t—lt—c} 0=—1-c c=-1
length: L0} _ (L AaL e 0=-1+a-3b+c a=-1

= } 0=-1+a+3-1
which yields
: M
Hz. H2 = pVX

We recognize this IT as the inverse of the Reynolds number,
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Modified IT, = Reynolds number based on x: IT, =Re, AL
M
Step 6 We write the final functional relationship as
S o
Relationship between ITs: = f (Re,)

Discussion ~ We cannot determine the form of the relationship by purely dimensional reasoning since there are two ITs.
However, in Chap. 10 we shall see that for a laminar boundary layer, T1; is proportional to the square root of IT,.

7-55
Solution We are to create a scale for volume flow rate and then define an appropriate Richardson number.
Analysis By “back of the envelope” reasoning (or by inspection), we define a volume flow rate scale as L?V. Then

the Richardson number can be defined as

. . LgA LgA LgA
Richardson number: Ri= g.p: 94p _ Lgap )

NV p(v) AV

Discussion It is perhaps more clear from the form of Eq. 1 that Richardson number is a ratio of buoyancy forces to
inertial forces.
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7-56
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are six parameters in this problem; n = 6,

List of relevant parameters: u=f(uV,hpy) n=6 (1)

Step 2 The primary dimensions of each parameter are listed,

u 7, \ h P y
ey meey ooy o) (e {uy
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3
If this value of j is correct, the expected humber of ITs is

Number of expected ITs: k=n-j=6-3=3

Step4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we
elect not to pick the viscosity. It is better to pick a fixed length (h) rather than a variable length (y); otherwise y would
appear in each Pi, which would not be desirable. We choose

Repeating parameters: V, p,and h

Step 5 The dependent IT is generated:

I, =uve o fr = (e (e (o) (o)
(el o -0
L [t ={tr) 0=-1-a 3 =-1
length: L} ={orrne) 0=1+a —3b +¢, ¢ =0

The dependent IT is thus

u

Hl: Hl — V

The second Pi (the first independent IT in this problem) is generated:
I, = 4V ph° ) ={(mee) (e ) (m ) (o)

mass: {mo}:{mlmbz} 0=1+b, b, =-1
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time: {to} _ {t—lt—az} 0=-1-a, a,=-1
Iength: {LO} _ {LﬁlLaZ L73b2 LCZ } 0 = —1"1‘ a2 —3b2 + C2 CZ = —l
B 0=-1-1+3+c,
which yields
: K

We recognize this IT as the inverse of the Reynolds number. So, after inverting,

Modified IT,: I, = p—Vh = Reynolds number = Re
7]

The third Pi (the second independent IT in this problem) is generated:

= o1 () = {(2) (e (me) (o))
mass: {mo}:{mbs} 0=bh, b,=0
time: {to}:{t‘as} 0=-a, a,=0
length: {L°} _ {LlLa3 L L%} 0=1+a,-3b, +¢, C=-1

0=1+c,
which yields
I1s: H3 :%

Step 6 We write the final functional relationship as

Relationship between ITs: 3: f (Re,lj 2

Discussion ~ We notice in the first and third TIs that when the parameter on which we are working has the same
dimensions as one of the repeating parameters, the IT is simply the ratio of those two parameters (here u/V and y/h).
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7-57
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.
Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are seven parameters in this problem; n =7,

List of relevant parameters: u=f(uV,hpyt) n=7 (1
Step 2 The primary dimensions of each parameter are listed,

u 7 \ h P y t
I (TR (R L TE B (1
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3
If this value of j is correct, the expected number of TTs is
Number of expected ITs: k=n-j=7-3=4
Step4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we do

not pick the viscosity. It is better to pick a fixed length (h) rather than a variable length (y); otherwise y would appear in
each Pi, which would not be desirable. It would also not be wise to have time appear in each parameter. We choose

Repeating parameters: V, p,and h

Step5 The ITs are generated. The first three ITs are identical to those of the previous problem, so we do not include
the details here. The fourth IT is formed by joining the new parameter t to the repeating variables,

IT, =tV p%he n,} = {(tl)(l_lrl)a“ (m1|:3)b“ (Ll)c"}
e R o= et
time: [t} ={tr} 0=1-a, 3, =1
length: Lo} = (L 0=a,-3b, +¢, ¢, =-1
This IT s thus
,: , :%

Step 6 Combining this result with the first three ITs from the previous problem,

Relationship between ITs: 3: f [Re,%,%) 2)

Discussion  Ast— oo, I, becomes irrelevant and the result degenerates into that of the previous problem.
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7-58
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are four parameters in this problem; n = 4,

List of relevant parameters: c=f(kT,Ry) n=4 (1)

Step 2 The primary dimensions of each parameter are listed; the ratio of specific heats k is dimensionless.
C k T Rgas
ey {1 (T} {reery
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (T, L, and t).
Reduction: j=3
If this value of j is correct, the expected number of TTs is
Number of expected ITs: k=n-j=4-3=1

Thus we expect only one IT.

Step4 We need to choose three repeating parameters since j = 3. We only have one choice in this problem, since there are
only three independent parameters on the right-hand side of Eq. 1. However, one of these is already dimensionless, so it is a
IT all by itself. In this situation we reduce j by one and continue,

Reduction: j=3-1=2
If this revised value of j is correct, the expected number of I1s is
Number of expected ITs: k=n-j=4-2=2

We now expect two ITs. We choose two repeating parameters since j = 2,

Repeating parameters: T and Rggs

Step 5 The dependent IT is generated:

M, =cT*R " 1, } = {(th’l)(Tl ) (e )bl}
time: [t} ={r= 0=-1-2b b =-1/2
temperature: (19} = o) 8 =b a,=-1/2
length: L} ={reny 0=1+2b, b =-1/2

Fortunately the two results for exponent b, agree. The dependent IT is thus

I1;: I, =
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The independent IT is already known,

IL,: HZ =k

Step 6 We write the final functional relationship as

Relationship between ITs: = f(k) )

Discussion ~ We cannot tell from dimensional analysis the exact form of the functional relationship. However, in this
case the result agrees with the known equation for speed of sound in an ideal gas, ¢ = /kRgaST .

7-44
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission.




Chapter 7 Dimensional Analysis and Modeling
7-59
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: c="f(kT,R,.M) n=5 (1)

IRATR!

Step 2 The primary dimensions of each parameter are listed; the ratio of specific heats k is dimensionless.

c k T Ry M
ey Ty {mPeTINT {miNTY
Step 3 As a first guess, j is set equal to 5, the number of primary dimensions represented in the problem (m, T, L, N, and
t).
Reduction: j=5
If this value of j is correct, the expected number of ITs is
Number of expected ITs: k=n-j=5-5=0

Obviously we cannot have zero T1s. We check that we have not missed a relevant parameter. Convinced that we have
included all the relevant parameters we reduce j by 1:

Reduction: j=5-1=4
If this value of j is correct, the expected number of TTs is

Number of expected ITs: k=n-j=5-4=1

Step4 We need to choose four repeating parameters since j = 4. We only have one choice in this problem, since there are
only four independent parameters on the right-hand side of Eq. 1. However, one of these is already dimensionless, so it is a
IT all by itself. In this situation we reduce j by one (again) and continue,

Reduction: j=4-1=3
If this revised value of j is correct, the expected number of I1s is
Number of expected ITs: k=n-j=5-3=2

We now expect two ITs. Since j = 3 we choose three repeating parameters,

Repeating parameters: T, M, and R,

Step 5 The dependent IT is generated:

I, =cT*M"R " {I,} = {(th’l)(Tl )* (mtn ) (mlet’zT’lN’l)q}
time: [ ={trir=) 0=-1-2¢, ¢ =-1/2
mass: {m°} = {mPm*| O=b+c, b =-¢ b =1/2

7-45

PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission.




Chapter 7 Dimensional Analysis and Modeling

N 0o b B2
temperature: {To} _ {Tal-l-—cl} O—a-c a-=¢ a,=-1/2
length: {L°}:{L1L2°l} 0=1+2c, c,=-1/2

Fortunately the two results for exponent b, agree, and the two results for exponent c, agree. (If they did not agree, we would
search for algebra mistakes. Finding none we would suspect that j is not correct or that we are missing a relevant parameter

in the problem.) The dependent IT is thus

I1: I, = \/ﬁ

The independent IT is already known,

I1,: Hz =k

Step 6 We write the final functional relationship as

Relationship between ITs: I, = RT = f (k) )

Discussion Since we know that Rgs = Ri/M, we see that the result here is the same as that of the previous problem.
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7-60
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are three parameters in this problem; n = 3,

List of relevant parameters: c=f(T,Ry) n=3 (1)

1 gas

Step 2 The primary dimensions of each parameter are listed,

C T Rgas
{th—l} {Tl} {th—z-l-—l}

Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (T, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of TTs is

Number of expected ITs: k=n-j=3-3=0

Obviously this is not correct, so we re-examine our initial assumptions. We can add another variable, k (the ratio of specific
heats) to our List of relevant parameters. This problem would then be identical to Problem 7-58. Instead, for instructional
purposes we reduce j by one and continue,

Reduction: j=3-1=2
If this revised value of j is correct, the expected number of I1s is
Number of expected ITs: k=n-j=3-2=1

We now expect only one TT.

Step4 We need to choose two repeating parameters since j = 2. We only have one choice in this problem, since there are
only two independent parameters on the right-hand side of Eq. 1,

Repeating parameters: T and Rggs

Step5 The dependent IT is generated:

M, =cT*R " (I} = {(th’l)(Tl ) (LeeT )bl}
time: [t ={tr=) 0=-1-2b b =-1/2
temperature: (1o} ={7o0) a -b a,=-1/2
length: o ={e) 0=1+2b, b =-1/2

Fortunately the two results for exponent b, agree. The dependent IT is thus
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I1;: I, =

Step 6 Since there is only one T1, it is a function of nothing. This is only possible if we set the IT equal to a constant. We
write the final functional relationship as

I c
Relationship between ITs: I, = = constant )

Discussion Our result represents an interesting case of “luck”. Although we failed to include the ratio of specific heats k
in our analysis, we nevertheless obtain the correct result. In fact, if we set the constant in Eq. 2 as the square root of k, our

result agrees with the known equation for speed of sound in an ideal gas, ¢ = ,/kRgasT .
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters, and
compare to the known equation for an ideal gas.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are three parameters in this problem; n = 3,

List of relevant parameters: c=f(P.p) n=3 (1)
Step 2 The primary dimensions of each parameter are listed,
c P Vel

(Cer (miie) (mil)

Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=3-3=0

Obviously this is not correct, so we re-examine our initial assumptions. If we are convinced that c is a function of only P
and p, we reduce j by one and continue,

Reduction: j=3-1=2
If this revised value of j is correct, the expected number of ITs is
Number of expected ITs: k=n-j=3-2=1

We now expect only one TT.

Step4 We need to choose two repeating parameters since j = 2. We only have one choice in this problem, since there are
only two independent parameters on the right-hand side of Eq. 1,

Repeating parameters: Pand p

Step5 The dependent IT is generated:

IT, = cP* p* I} = {(th‘l)(mlL‘lt‘z)al (m'L? )bl}
time: {to}:{t—lt—zal} 0=-1-2a a, =-1/2
mass: {mo}:{maqmbl} O=a +b b =1/2
length: 0=1-a,-3b 0=0

{LO}:{LlL—ZalL—%l} 0:1+%_%

Fortunately the exponents for length agree with those of mass and time. The dependent IT is thus
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Hl: Hl =C

@I

L
p

Step 6 Since there is only one TI1, it is a function of nothing. This is only possible if we set the IT equal to a constant. We
write the final functional relationship as

Relationship between ITs: I, =c

B

P
= constant, or ¢ = constant \/: 2
Y%

The ideal gas equation is P = pRg,sT, or P/p = Ry T. Thus, Eq. 2 can be written as

Alternative result using ideal gas law: ¢ = constant,/R ;T 3)

Equation 3 is indeed consistent with the equation ¢ =, /kR T .

Discussion  There is no way to obtain the value of the constant in Eq. 2 or 3 solely by dimensional analysis, but it turns
out that the constant is the square root of k.
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7-62
Solution We are to use dimensional analysis to find a functional relationship between Fp and variables V, L, and 2.

Assumptions 1 We assume Re << 1 so that the creeping flow approximation applies. 2 Gravitational effects are irrelevant.
3 No parameters other than those listed in the problem statement are relevant to the problem.

Analysis We follow the step-by-step method of repeating variables.

Step1 There are four variables and constants in this problem; n = 4. They are listed in functional form, with the
dependent variable listed as a function of the independent variables and constants:

List of relevant parameters: Fo=1(V.Lu) n=4

Step 2 The primary dimensions of each parameter are listed.
Fo \ L U
{m'Lt?} Ly L} {(mie
Step 3 Asafirst guess, we set j equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the number of ITs expected is

Number of expected ITs: k=n-j=4-3=1

Step 4 Now we need to choose three repeating parameters since j = 3. Since we cannot choose the dependent variable, our
only choices are V, L, and .

Step5 Now we combine these repeating parameters into a product with the dependent variable Fp to create the
dependent I1,

Dependent IT: I, = F VoL 1)
We apply the primary dimensions of Step 2 into Eq. 1 and force the IT to be dimensionless,

Dimensions of IT;:
{Hl} = {mOLOtO} — { FDVai Lbllucl} — {(mlth—Z )(th—l )31 (Ll )bl (mlL—lt—l )01}

Now we equate the exponents of each primary dimension to solve for exponents a; through c;.

mass: {mo}z{mlm%} 0=1+c¢, c,=-1
time: {to} - {fzt-alr%} 0=-2-a-¢ u=-1
length: {Lo}z{LlLaqulL*Cl} O0=1+a +b ¢, b=-1

Equation 1 thus becomes

I:D

I1;: 11 =
1 1 /,lVL (2)

Step 6 We now write the functional relationship between the nondimensional parameters. In the case at hand, there is
only one IT, which is a function of nothing. This is possible only if the IT is constant. Putting Eq. 2 into standard functional
form,
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I F .
Relationship between I1s: I, = VDL =f (nothmg) = constant (3)
M
or
Result of dimensional analysis: ‘ F, = constant - zVL ‘ (4)

Thus we have shown that for creeping flow around an object, the aerodynamic drag force is simply a constant multiplied by
HVL, regardless of the shape of the object.

Discussion  This result is very significant because all that is left to do is find the constant, which will be a function of
the shape of the object (and its orientation with respect to the flow).
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7-63
Solution We are to find the functional relationship between the given parameters and name any established
dimensionless parameters.

Assumptions 1 The given parameters are the only ones relevant to the flow at hand.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: V=f (dp,(,op —p),,u, g) n=5 (1)

Step 2 The primary dimensions of each parameter are listed,

v dp (oo - P) M g
o) ) fme) o) (e
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=5-3=2

Step 4 We need to choose three repeating parameters since j = 3. We pick length scale d,, density difference (p, - p), and
gravitational constant g.

Repeating parameters: d,, (py-p),and g

Step5 The IIs are generated. Note that for the first IT we do the algebra in our heads since the relationship is very
simple. The dependent IT is

IT; = a Froude number: I, = v
gd,
This IT is a type of Froude number. Similarly, the IT formed with viscosity is generated,
M=) (oo A={(mee)e) (o) (e

mass: {m®} ={m'm"} 0=1+b b=-1
time: L 1

'[0 _ t1t2c 0=_1-2 __1

fe)={re) c c=-1
length: . e b 0=-1+a-3b+cC _ 3

O T 0=-l+a+3-1 =73
which yields
7-53
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ITy: I, S
We recognize this IT as the inverse of a kind of Reynolds number if we split the d, terms to separate them into a length

scale and (when combined with g) a velocity scale. The final form is

—p|)d d
Modified IT, = a Reynolds number: = (,0,, p) py 9%

U
Step 6 We write the final functional relationship as
p,—p)d,\/qd
Relationship between ITs: Vd = f{( =r)d, p} )
ga, H

Discussion  We cannot determine the form of the relationship by purely dimensional reasoning since there are two ITs.
However, in Chap. 10 we shall see that IT; is a constant times IT,.
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7-64
Solution We are to develop an equation for the settling speed of an aerosol particle falling in air under creeping flow
conditions.

Assumptions 1 The particle falls at steady speed V. 2 The Reynolds number is small enough that the creeping flow
approximation is valid.

Analysis We start by recognizing that as the particle falls at steady settling speed, its net weight W must equal the
aerodynamic drag Fp on the particle. We also know that W is proportional to (o, - p)gdp3. Thus,

Equating forces: W = constant, (p, -~ p)gd,’ = F, = constant,uvd, (1)

where we have converted the notation of the previous problem, and we have defined two different constants. The two
constants in Eq. 1 can be combined into one new constant for simplicity. Solving for V,

(pp_p)gdpz
U

O]

Settling speed: V = constant

If we divide both sides of Eqg. 2 by ‘/gdp we see that the functional relationship given by Eq. 2 of the previous problem is
consistent.
Discussion  This result is valid only if the Reynolds number is much smaller than one, as will be discussed in Chap. 10.

If the particle is less dense than the fluid (e.g. bubbles rising in water), our result is still valid, but the particle rises instead
of falls.

7-65
Solution We are to determine how the settling speed of an aerosol particle falling in air under creeping flow
conditions changes when certain parameters are doubled.

Assumptions 1 The particle falls at steady speed V. 2 The Reynolds number is small enough that the creeping flow
approximation is valid.

Analysis From the results of the previous problem, we see that if particle size doubles, the settling speed increases
by a factor of 2% = 4. Similarly, if density difference doubles, the settling speed increases by a factor of 2* = 2.

Discussion  This result is valid only if the Reynolds number remains much smaller than unity, as will be discussed in
Chap. 10. As the particle’s settling speed increases by a factor of 2 or 4, the Reynolds number will also increase by that
same factor. If the new Reynolds number is not small enough, the creeping flow approximation will be invalid and our
results will not be correct, although the error will probably be small.
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7-66
Solution We are to generate a nondimensional relationship between the given parameters.

Assumptions 1 The flow is fully developed. 2 The fluid is incompressible. 3 No other parameters are significant in the
problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters.

Step 1 All the relevant parameters in the problem are listed in functional form:

List of relevant parameters: AP=f(V,&p,u,D,L) n=7

Step 2 The primary dimensions of each parameter are listed:

AP \ £ P 7 D L
et ey o) {mey jmeey e
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3
If this value of j is correct, the expected number of T1s is

Number of expected I1s: k=n-j=7-3=4

Step4 We need to choose three repeating parameters since j = 3. Following the guidelines listed in Table 7-3, we cannot
pick the dependent variable, AP. We cannot choose any two of parameters ¢ L, and D since their dimensions are
identical. It is not desirable to have x or ¢appear in all the I1s. The best choice of repeating parameters is thus V, D, and p.

Repeating parameters: V, D, and p

Step5 The dependent IT is generated:

I1, = APV*D" p° (I, } = {(mlrlrz (L) (Ll)bl (m'L?) }
mass: {m°}={mlm°1} 0=1+¢ c,=-1
time: {to}:{t—zt—al} 0=—2-a a,=-2
length: {LO}:{L‘lLalLblL’aq} 0=-1+a+b -3¢, b =0

0=-1-2+b +3
The dependent IT is thus
I1;: I, = ,jVPZ

From Table 7-5, the established nondimensional parameter most similar to our II; is the Euler number Eu. No
manipulation is required.
We form the second IT with g By now we know that we will generate a Reynolds number,

I, = 4V %2 D" p* I, = % = Reynolds number = Re
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The final two IT groups are formed with ¢ and then with L. The algebra is trivial for these cases since their dimension
(length) is identical to that of one of the repeating variables (D). The results are

I, =&V 2D%p® I, = % = Roughness ratio

I, =LV*D" p% I, = % = Length-to-diameter ratio or aspect ratio

Step 6 We write the final functional relationship as

Relationship between ITs: Bu=—r7>F-= [Re,—,—J (@)

Discussion  The result applies to both laminar and turbulent fully developed pipe flow; it turns out, however, that the
second independent IT (roughness ratio) is not nearly as important in laminar pipe flow as in turbulent pipe flow. Since AP
drops linearly with distance down the pipe, we know that AP is linearly proportional to L/D. It is not possible to determine
the functional relationships between the other ITs by dimensional reasoning alone.
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7-67
Solution We are to determine by what factor volume flow rate increases in the case of fully developed laminar pipe
flow when pipe diameter is doubled.

Assumptions 1 The flow is steady. 2 The flow is fully developed, meaning that dP/dx is constant and the velocity profile
does not change downstream.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters.

Step 1 All the relevant parameters in the problem are listed in functional form:

List of relevant parameters: V=f (D,y,z—P] n=4
X

Step 2 The primary dimensions of each parameter are listed:
Y% D U dP/dx
e e ety it
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of TTs is

Number of expected ITs: k=n-j=4-3=1

Step4 We need to choose three repeating parameters since j = 3. Here we must pick all three independent parameters,

Repeating parameters: D, u, and dP/dx

Step 5 The Il is generated:

I, =V (dP/dx)* D® i (I} = {(L3t‘1)(m1L‘2t‘2)al (Ll)bl (mlL‘lt‘l)q}
mass: {mo}:{malmq} 0=a,+¢ C=—8q
time: {to} _ {tfltfzaltfcl} 0=-1- 231 -G &= -1

0=-1-2a +4a c =1
length: {Lo}:{LaszalLblqu} 0=3-2a+b —c b =-4
b,=-3+2a +¢,
The dependent IT is thus
: Vo
Iy I, = P
dx

Step 6 Since there is only one IT, we set it equal to a constant. We write the final functional relationship as
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. 4

. . D" dP
Relationship between TTs: I1, = constant, V= constant—& D
M

We see immediately that if the pipe diameter is doubled with all other parameters fixed, the volume flow rate will
increase by a factor of 2* = 16.

Discussion ~ We will see in Chap. 9 that the constant is /8. There is no way to obtain the value of the constant from
dimensional analysis alone.
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7-68
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are four parameters in this problem; n = 4,

List of relevant parameters: Q=f(mc,,(Ty~Ty)) n=4 (1)

Step 2 The primary dimensions of each parameter are listed,
Q m Cp Tour Tin
meee}{mitt) o {eeTr (T
Step 3 Asafirst guess, j is set equal to 4, the number of primary dimensions represented in the problem (m, T, L, and t).

Reduction: j=4

If this value of j is correct, the expected humber of ITs is
Number of expected ITs: k=n-j=4-4=0

Obviously this is not correct, so we re-examine our initial assumptions. We are convinced that our list of parameters is
sufficient, so we reduce j by one and continue,

Reduction: j=4-1=3

If this revised value of j is correct, the expected number of I1s is

Number of expected ITs: k=n-j=4-3=1
We now expect only one TT.

Step4 We need to choose three repeating parameters since j = 3. We only have one choice in this problem, since there are
only three independent parameters on the right-hand side of Eq. 1,

Repeating parameters: m, c,, and (TOut -T, )

Step5 The dependent IT is generated:

I, = Qmc,” (T,, ~T, )" {m,} = {(m1L2t-3)(mlt-l ) (Lo ) (T )°‘}

mass: {m}={m"=} 0=1+a 3 =-1
length: o) ={r) 0=2+2b b =-1
temperature: (o) _ (b0} ¢ b ¢ =-1
time: ()= fream) 0-—3-a,-2 3=1+2

Fortunately the result for the time exponents is consistent with that of the other dimensions. The dependent IT is thus
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I;: Il=—><
' ' me (Tout _Tin )

Step 6 Since there is only one I1, it is a function of nothing. This is only possible if we set the IT equal to a constant. We
write the final functional relationship as

Relationship between TTs: I, =— = constant 2

Discussion ~ When there is only one T1, we know the functional relationship to within some (unknown) constant. In this
particular case, comparing to Eq. 1 of Problem 7-24, we see that the constant is unity, Q = mc, (T o~ Tin ) There is no way

o]

to obtain the constant in Eq. 2 from dimensional analysis; however, one experiment would be sufficient to determine the
constant.

Experimental Testing and Incomplete Similarity

7-69C
Solution We are to define wind tunnel blockage and discuss its acceptable limit. We are also to discuss the source of
measurement errors at high values of blockage.

Analysis Wind tunnel blockage is defined as the ratio of model frontal area to cross-sectional area of the test-
section. The rule of thumb is that the blockage should be no more than 7.5%. If the blockage were significantly higher than
this value, the flow would have to accelerate around the model much more than if the model were in an unbounded
situation. Hence, similarity would not be achieved. We might expect the aerodynamic drag on the model to be too high
since the effective freestream speed is too large due to the blockage.

Discussion  There are formulas to correct for wind tunnel blockage, but they become less and less reliable as blockage
increases.

7-70C
Solution We are to discuss the rule of thumb concerning Mach number and incompressibility.
Analysis The rule of thumb is that the Mach number must stay below about 0.3 in order for the flow field to be

considered “incompressible”. What this really means is that compressibility effects, although present at all Mach
numbers, are negligibly small compared to other effects driving the flow. If Ma is larger than about 0.3 in a wind tunnel
test, the model flow field loses both kinematic and dynamic similarity, and the measured results are questionable. Of
course, the error increases as Ma increases.

Discussion Compressible flow is discussed in detail in Chap. 12. There you will see where the value 0.3 comes from.
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7-71C
Solution We are to discuss some situations in which a model should be larger than its prototype.
Analysis There are many possible situations, and students’ examples should vary. Generally, any flow field that is

very small and/or very fast benefits from simulation with a larger model. In most cases these are situations in which we
want the model to be larger and slower so that experimental measurements and flow visualization are easier. Here are a few
examples:

— Modeling a hard disk drive.

— Modeling insect flight.

— Modeling the settling of very small particles in air or water.

— Modeling the motion of water droplets in clouds.

— Modeling flow through very fine tubing.

— Modeling biological systems like blood flow through capillaries, flow in the bronchi of lungs, etc.

Discussion You can think of several more examples.

7-72C
Solution We are to discuss the purpose of a moving ground belt
and suggest an alternative.

Analysis From the frame of reference of a moving car, both the air

and the ground approach the car at freestream speed. When we test a

model car in a wind tunnel, the air approaches at freestream speed, but Wind tunnel
the ground (floor of the wind tunnel) is stationary. Therefore we are not \Y, test section
modeling the same flow. A boundary layer builds up on the wind tunnel —_—

floor, and the flow under the car cannot be expected to be the same as e~
that under a real car. A moving ground belt solves this problem. Another _,H
way to say the same thing is to say that without the moving ground belt, 7

there would not be kinematic similarity between the underside of the False wall

model and the underside of the prototype.

If a moving ground belt is unavailable, we could instead install
a false wall - i.e., a thin flat plate just above the boundary layer on
the floor of the wind tunnel. A sketch is shown in Fig. 1. At least then
the boundary layer will be very thin and will not have as much influence
on the flow under the model.

FIGURE 1

A false wall along the floor of a wind tunnel
to reduce the size of the ground boundary
layer.

Discussion ~ We discuss boundary layer growth in Chap. 10.
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7-73
Solution We are to show that Froude number and Reynolds number are the dimensionless parameters that appear in a
problem involving shallow water waves.

Assumptions 1 Wave speed ¢ is a function only of depth h, gravitational acceleration g, fluid density p, and fluid
viscosity s

Analysis We perform a dimensional analysis using the method of repeating variables.

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: c="f(hpua) n=5

Step 2 The primary dimensions of each parameter are listed,

c h P Jz 9
(Lt e et (it} ey

Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3
If this value of j is correct, the expected humber of ITs is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. We pick length scale h, density difference p, and
gravitational constant g.

Repeating parameters: h, p,and g

Step5 The ITs are generated. Note that for the first IT we do the algebra in our heads since the relationship is very
simple. The dependent IT is

I1; = Froude number: I, =Fr= . 1)

Jon

This IT is the Froude number. Similarly, the IT formed with viscosity is generated,

I, = uh* p°g° fria = {(mite) (L) (e (L]
mass: {mo}:{mlmb} 0=1+b b=-1
time: o) foty2 o 1

{}={t't™} 0=-1-2c =3
length: e e e 0=-1+a-3b+c 3
{LO}:{LlLL%L} 0=-1+a+3-% a__E
which yields
M m, =—~£
LUENE]
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We can manipulate this IT into the Reynolds number if we invert it and then multiply by Fr (Eg. 1) The final form is

Modified IT, = Reynolds number: IT,=Re= peh
u
Step 6 We write the final functional relationship as
. . c ch
Relationship between ITs: Fr= ﬁ = f(Re) where Re= £
g u

Discussion  As discussed in this chapter, it is often difficult to match both Fr and Re between a model and a prototype.

7-74
Solution We are to nondimensionalize experimental pipe data, plot
the data, and determine if Reynolds number independence has been

achieved. We are then to extrapolate to a higher speed. 0309 l
Assumptions 1 The flow is fully developed. 2 The flow is steady and 0308 1
incompressible. l
0.307 !
Properties For water at T = 20°C and atmospheric pressure, p = Eu 03065 E:Reynolds number
998.0 kg/m® and = 1.002 x 10°° kg/m:s. T '"independence
] i
. L 0305:(1 ,,,,, L'Tt,,,,
Analysis (a) We convert each data point in the table from V and AP 1o |
to Reynolds number and Euler number. The calculations at the last I 009@707_97_7 O
(highest speed) data point are shown here: 0.304 ] © |
Reynolds number: I R —
998.0 kg/m*®)(50 m/s)(0.104 m 1 0 2 4 6
Re=2VD _ ( ) - ) ) _s18x10° @ Re x 10°
7] 1.002x107° kg/m-s
FIGURE 1
and Nondimensionalized experimental data from
Euler number: a section of pipe.
2
Eu— AP2 _ 758700 N/m : (kg mj _ 0.304 @)
A" (998.0 kg/m® )(50 mis)” | 8N

We plot Eu versus Re in Fig. 1. Although there is experimental scatter in the data, it appears that Reynolds number
independence has been achieved beyond a Reynolds number of about 2 x 10°. The average value of Eu based on the last 6
data points is 0.3042.

(b) We extrapolate to higher speeds. At V =80 m/s, we calculate AP, assuming that Eu remains constant to higher values of
Re,

Extrapolated value:
2

AP =Eux pV* =0.3042(998.0 kg/m* (80 m/s)z[ SN

] ~1,940,000N/m>  ©
kgm

Discussion It is shown in Chap. 8 that Reynolds number independence is indeed achieved at high-enough values of Re.
The threshold value above which Re independence is achieved is a function of relative roughness height, &/D.
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7-75
Solution We are to calculate the wind tunnel blockage of a model truck in a wind tunnel and determine if it is within
acceptable limits.

Assumptions 1 The frontal area is equal to truck width times height. (Note that the actual area of the truck may be
somewhat smaller than this due to rounded corners and the air gap under the truck, but a truck looks nearly like a rectangle
from the front, so this is not a bad approximation.)

Analysis Wind tunnel blockage is defined as the ratio of model frontal area to cross-sectional area of the test-section,

A, (0.159 m)(0.257 m)
Blockage: Blockage = —— = =0.034=34% (1)
A\Nindtunnel (12 m)(lo m)

The rule of thumb is that the blockage should be no more than 7.5%. Since we are well below this value, we need not worry
about blockage effects.

Discussion  The length of the model does not enter our analysis since we are only concerned with the frontal area of the
model.

7-76C
Solution We are to discuss whether Reynolds number independence has been achieved, and whether the researchers
can be confident about it.

Analysis We remove the last four data points from Table 7-7 and from Fig. 7-41. From the remaining data it appears
that the drag coefficient is beginning to level off, but is still decreasing with Re. Thus, the researchers do not know if
they have achieved Reynolds number independence or not.

Discussion  The wind tunnel speed is too low to achieve Reynolds humber independence.
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7-77E
Solution We are to calculate the size and scale of the model truck to be constructed, and calculate its maximum
Reynolds number. Then we are to determine whether this model in this wind tunnel will achieve Reynolds number
independence.

Assumptions 1 The model will be constructed carefully so as to achieve approximate geometric similarity. 2 The wind
tunnel air is at the same temperature and pressure as that flowing over the prototype truck.

Properties For air at T = 80°F and atmospheric pressure, p = 0.07350 Ibm/ft* and z = 1.248 x 10”° lbm/fts.

Analysis (a) The rule of thumb about blockage is that we should keep the blockage below 7.5%. Thus, the frontal
area of the model truck must be no more than 0.075 x Auing wnet. Te ratio of height to width of the full-scale truck is Hy/W,
= 12/8.33 = 1.44. Thus, for the geometrically similar model truck,

W A _ T5% A umer

Equation for model truck width: 1)
H 1.44W,

m

We solve Eq. 1 for W,

a2
7'S(M)A\Nindtunnel _ 0075(400 In )

Model truck width: = =456in (@
1.44 1.44

Scaling the height and length geometrically,

Model truck dimensions: W, =456in, H =6.57in, L, =285in  (3)

These dimensions represent a model that is scaled at approximately 1:22.

(b) At the maximum speed, with Re based on truck width,

Maximum Re:
0.07350 Ibm/ft*)(4.56 in)(160 ft/s 4
Re — meVmax — ( )_(5 )( ) 1ft — 358><105 ( )
7, 1.248x10™ Ibm/ft-s 12in

(c) Based on the data of Fig. 7-41, this Reynolds number is shy of the value needed to achieve Reynolds number
independence.

Discussion  The students should run at the highest wind tunnel speed. Their measured values of Cp will probably be
higher than those of the prototype, but the relative difference in Cp due to their modifications should still be valid.
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7-78
Solution We are to calculate and plot Cp as a function of Re for a given set of wind tunnel measurements, and
determine if dynamic similarity and/or Reynolds number independence have been achieved. Finally, we are to estimate the
aerodynamic drag force acting on the prototype car.

Assumptions 1 The model car is geometrically similar to the prototype car. 2 The aerodynamic drag on the strut holding
the model car is negligible.

Properties For air at atmospheric pressure and at T = 25°C, p =
1.184 kg/m® and 2= 1.849 x 10° kg/(m s).

0.6 ‘
Analysis We calculate Cp and Re for the last data point listed in 1 o o i
the given table (at the fastest wind tunnel speed), 055 "~ oo
Model drag coefficient at last data point: 05 ] i
FD,m ] O :
Com=T"v2a c ] |
2 PnVn Ay D 0.45 o :
491N kgm ] |
- , (169 m)(1.30 m) | N 04y A
1(1.184 kg/m® )(55 m/s) . ] |
16 0.35 1 00 |
=0.319 ] — — O 6090
0,3 T T 1 11 rrrr 1 rrrrT : LI
and
_ 0 1 2 3 4
Model Reynolds number at last data point: Re x 10
pmeWm
Re,, = FIGURE 1
" Aerodynamic drag coefficient as a function
(1.184 kg/ms)(55 mis) 169 1) of Reynolds number — results
B 16 nondimensionalized from wind tunnel test
h 1.849x10° kg/m-s data on a model car.
=3.72x10°

We repeat the above calculations for all the data points in the given table, and we plot Cp, verses Re in Fig. 1.
Have we achieved dynamic similarity? Well, we have geometric similarity between model and prototype, but the
Reynolds number of the prototype car is

VW, (1.184 kg/m®)(29 m/s)(1.69 m
Reynolds number of prototype car: Re, = Po% _ ( )( )( ) =3.14x10° )

H, 1.849x107° kg/m-s

where the width and speed of the prototype are used in the calculation of Re,. Comparison of Egs. 1 and 2 reveals that the
prototype Reynolds number is more than eight times larger than that of the model. Since we cannot match the independent
ITs in the problem, dynamic similarity has not been achieved.

Have we achieved Reynolds number independence? From Fig. 1 we see that Reynolds number independence
has indeed been achieved — at Re greater than about 3 x 10°, Cp, has leveled off to a value of about 0.32 (to two significant
digits).

Since we have achieved Reynolds number independence, we can extrapolate to the full scale prototype, assuming
that Cp remains constant as Re is increased to that of the full scale prototype.

Aerodynamic drag on the prototype:

1

2
Fop =5 A" ACo, =%(1.184 kg/m?) (29 m/s)’ (1.69 m)(1.30 m)0.32( kSgN

j=350N
m

Discussion  We give our final result to two significant digits.
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Review Problems

7-79C

Solution

(a) False: Kinematic similarity is a necessary but not sufficient condition for dynamic similarity.

(b) True: You cannot have dynamic similarity if the model and prototype are not geometrically similar.

(c) True: You cannot have kinematic similarity if the model and prototype are not geometrically similar.

(d) False: It is possible to have kinematic similarity (scaled velocities at corresponding points), yet not have dynamic
similarity (forces do not scale at corresponding points).

7-80C
Solution We are to think of and describe a prototype and model flow in which there is geometric but not kinematic
similarity even though Rey, = Re,,

Analysis Students’ responses will vary. Here are some examples:

— A model car is being tested in a wind tunnel such that there is geometric similarity and the wind tunnel speed is
adjusted so that Rey, = Re,. However, there is not a moving ground belt, so there is not kinematic similarity
between the model and prototype.

— A model airplane is being tested in a wind tunnel such that there is geometric similarity and the wind tunnel speed
is adjusted so that Re, = Re,. However, the Mach numbers are quite different, and therefore kinematic similarity is
not achieved.

— A model of a river or waterfall or other open surface flow problem in which there is geometric similarity and the
speed is adjusted so that Rey, = Re,. However, the Froude numbers do not match and therefore the velocity fields
are not similar and kinematic similarity is not achieved.

Discussion ~ There are many more acceptable cases that students may imagine.

7-81C
Solution We are to find at least three established nondimensional parameters not listed in Table 7-5, and list these
following the format of that table.

Analysis Students’ responses will vary. Here are some examples:
Name Definition Ratio of significance
Bingham Bm = f- yield stress
number uv viscous stress
Elasticity £l o 4 elastic force
number pl? inertial force
. D*p? ravitational force

Galileo number Ga=2 2,0 g :

Y7, viscous force

In the above, t. is a characteristic time.

Discussion ~ There are many more established dimensionless parameters in the literature. Some sneaky students may
make up their own!
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7-82
Solution We are to determine the primary dimensions of each variable, and then show that Hooke’s law is
dimensionally homogeneous.

Analysis
(a) Moment of inertia has dimensions of length?,

Primary dimensions of moment of inertia: {1} ={length*} = {L*} (1)

(b) Modulus of elasticity has the same dimensions as pressure,

Primary dimensions of modulus of elasticity:
{E} _ force _ mass.x Iezngth “ 1 . 12 )
area time length Lt
Or, in exponent form, {E} = {m* L t?}.

(c) Strain is defined as change in length per unit length, so it is dimensionless.

Primary dimensions of strain: {e}= { :eng:: } ={1 ©)
eng

(d) Stress is force per unit area, again just like pressure.

Primary dimensions of stress: ~ {o} = {force} = { mass x length } = {i} (4)

area time? x length? Lt

Or, in exponent form, {o} = {m'L*t?%}.
(e) Hooke’s law is o= E&. We write the primary dimensions of both sides:

Primary dimensions of Hooke’s law: {c'} = {Litz} ={E¢} = {Lﬂtle} = {thz} (5)

Or, in exponent form, the dimensions of both sides of the equation are {m* L™ t?}. Thus we see that Hooke’s law is indeed
dimensionally homogeneous.

Discussion If the dimensions of Eqg. 5 were not homogeneous, we would surely expect that we made an error
somewhere.
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7-83
Solution We are to find the functional relationship between the given parameters and name any established
dimensionless parameters.

Assumptions 1 The given parameters are the only ones relevant to the flow at hand.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: zy=f(F,LLEI) n=5 (1)

Step 2 The primary dimensions of each parameter are listed,
24 F L E |
ey Ao o) {mee) (U
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of T1s is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. We cannot pick both length L and moment of inertia |
since their dimensions differ only by a power. We also notice that we cannot choose F, L, and E since these three
parameters can form a IT all by themselves. So, we set j =3 — 1 = 2, and we choose two repeating parameters, expecting
5-2=3TIs,

Repeating parameters: Land E

Step5 The Tls are generated. Note that for the first TT we do the algebra in our heads since z4 has the same
dimensions as L. The dependent IT is

z

Hl: Hl — Td

This IT is not an established dimensionless group, although it is a ratio of two lengths, similar to an aspect ratio.
We form the second IT with force F:

I, = FL°E® 11, :{(mlth’z)(Ll)a(mlL’lt’z )b}
mass: {mo}:{mlmb} 0=1+b b=-1
time: {to}z{rzrzb} 0=_2_% b=-1
length: : a 0=1+a-b a=-2
{L={tre) o 1eb
which yields
7-70
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I1,: I, =

We do not recognize T1, as a named dimensionless parameter.

The final IT is formed with moment of inertia. Since {1} = {L"}, there is no need to go through the algebra — we
write

H3: H3 :F

Again, we do not recognize IT, as a hamed dimensionless parameter.

Step 6 We write the final functional relationship as

F 1
Relationship between ITs: <=1 ( —j 2

Discussion  We cannot determine the form of the relationship by purely dimensional reasoning since there are three ITs.
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7-84
Solution We are to generate dimensionless relationships among given parameters, and then we are to discuss how AP
decreases if the time is doubled.

Assumptions 1 The given parameters are the only relevant ones in the problem.
Analysis (a) We perform dimensional analyses using the method of repeating variables. First we analyze AP:

Step 1 There are four parameters in this problem; n = 4,

List of relevant parameters: AP = f (t,c,E) n=4 (1)

Step 2 The primary dimensions of each parameter are listed,
AP t c E
mer) o {t Loty ey
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected humber of ITs is

Number of expected ITs: k=n-j=4-3=1

Step4 We need to choose three repeating parameters since j = 3. We pick all the independent parameters — time t, speed
of sound c, and energy E,

Repeating parameters: t,c,and E

Step5 The dependent IT is generated:

I, = AP x "¢ E ) ={(mee) () (L) (e )
mass: {m°}={mlm°1} 0=1+¢ c,=-1
length: {L“}:{L’lL"lLZCI} 0=-1+b +2c, b =3

b =1-2¢
time: {to}z{t’ztalt’blt’“} 0=-2+a—-b —-2c a,=3
a, =2+b +2c,
The dependent IT is thus
1, for AP m:ﬁzp

This IT is not an established one, so we leave it as is.

Step 6 We write the final functional relationship as

- E
Relationship between ITs: AP = constant — (2
t°c
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We perform a similar dimensional analysis using the same repeating variables, but this time for radius r. We do
not show the algebra since the TT can be found by inspection. We get

IT, forr: I, =—
! Yoat
Since this is the only IT, it must be equal to a constant,
Relationship between ITs: r = constant - ct 3)

(b) From Eq. 2 we see that if t is doubled, AP decreases by a factor of 2% = 8.

Discussion  The pressure rise across the blast wave decays rapidly with time (and with distance from the explosion).
The speed of sound depends on temperature. If the explosion is of sufficient strength, T will increase significantly and c
will not remain constant.

7-85
Solution We are to find an alternate definition of Archimedes number, and list it following the format of Table 7-5.
Then we are to find an established IT group that is similar.

Analysis Students’ responses will vary. There seems to be a plethora of definitions of Archimedes number. Here is
the one most appropriate for buoyant fluids:

Name Definition Ratio of significance
Archimedes Ar - 9LAp buoyant force
number pV? inertial force

In the above, Ap is a characteristic density difference in the fluid (due to buoyancy) and p is a characteristic or average
density of the fluid. A glance through Table 7-5 shows that the Richardson number is very similar to this alternative
definition of Ar. In fact, the alternate form of Ri (Problem 7-55) is identical to our new Ar.

Discussion Some students may find other definitions that are also valid. For example, Ap/p may be replaced by AT/T.
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7-86
Solution We are to generate a dimensionless relationship between the given parameters.
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 3 The flow is fully developed.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: u=f (h,z—P,y, yj n=5 (1)
X
Step 2 The primary dimensions of each parameter are listed,
u h dP/dx U y
{th—l} {Ll} {mlsztfz} {mlL—lt—l} {Ll}
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. We cannot pick both h and y since they have the same
dimensions. We choose

Repeating parameters: h, dP/dx, and x

Step5 The dependent IT is generated:

. = uhe (Z_zjbl - {Hl} _ {(th—l)(l_l )al (mlL_zt_z )bi (mlL—lt—l)cl}
mass: {mo}:{mblmq} 0=h +¢ C,=-b
T e TR
length: {LO}:{LlLalL—ZblL—cl} 0=1+a-2b -¢ a =-2

0=1+a +1

The dependent IT is thus

__Mu

= . &
dx

Hl: Hl

The independent IT is generated with variable y. Since {y} = {L}, and this is the same as one of the repeating variables (h),
IT, is simply y/h,
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I,: I, =%

Step 6 We write the final functional relationship as

Relationship between ITs: I, = ﬂ;P = f(lj
2 -
dx

O]

Discussion If we were to solve this problem exactly (using the methods of Chap. 9) we would see that the functional
relationship of Eq. 2 is correct.

7-87
Solution We are to generate a dimensionless relationship between the given parameters and then analyze the
behavior of uy. When an independent variable is doubled.

Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 3 The flow is fully developed.

Analysis (a) A step-by-step dimensional analysis procedure could be performed. However, we notice that Uy, has
the same dimensions as u. Therefore the algebra would be identical to that of the previous problem except that there is only
one IT instead of two since y is no longer a parameter. The result is

_ MUy

Relationship between ITs: I, . dP =constant =C 1)
dx
or
. . . h? dP
Final relationship for Upax: Upy =C—— 2
u dx

Alternatively, we can use the results of the previous problem directly. Namely, since we know that the maximum velocity
occurs at the centerline, y/h = 1/2 there, and is a constant. Hence, Eq. 2 of the previous problem reduces to Eq. 1 of the
present problem.

(b) If h doubles, we see from Eq. 2 that s Will increase by a factor of 2 = 4.

(c) If dP/dx doubles, we see from Eq. 2 that Uy, will increase by a factor of 2! = 2.

(d) Since there is only one IT in this problem, we would need to conduct only one experiment to determine the constant C in
Eq. 2.

Discussion  The constant turns out to be -1/8, but there is no way to determine this from dimensional analysis alone. To
obtain the constant, we would need to either do an experiment, or solve the problem exactly using the methods discussed in
Chap. 9.
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7-88 [Also solved using EES on enclosed DVD]
Solution We are to generate a relationship for Darcy friction factor f in terms of Euler number Eu. We are then to
plot f as a function of Re and discuss whether Reynolds number independence has been achieved.

Assumptions 1 The flow is fully developed. 2 The flow is steady and
incompressible.

0.0495
Properties ~ For water at T = 20°C and atmospheric pressure, p = 0.0494
998.0 kg/m® and x = 1.002 x 10°° kg/m:-s. 004933 -~ -~
0.0492
Analysis (a) Since the flow is fully developed, the control volume 0.0491
cuts _through two cross sections in which the velocity profiles are f 0049 'Reynolds number
identical. The flow is also steady, so the control volume momentum ' 1independence
equation in the horizontal (x) direction reduces to 0.0489  ——
O 1
Conservation of momentum: 0.0488 o |
1) 0.0487 o OG')O_OQ _QO
_ - o)

Z Fx - Z Fx, pressure + Z Fx, shear stress 0 0.0486 oY . - o __T_ ]
We multiply pressure by cross-sectional area to obtain the pressure force, 0.0485 I
and wall shear stress times inner pipe wall surface area to obtain the shear 0 2 4 6
stress force, Re x 10°®

2D? FIGURE 1
D Fo pressre = AP 2 F searsuess = ~7u7DL @ Nondimensionalized experimental data from

a section of pipe.
Note the negative sign in the shear stress term since z, points to the left.
We substitute Eqg. 2 into Eq. 1. After some algebra,

Result: ap =20k 3)
D
Finally, we divide both sides of Eq. 3 by pV? to convert AP into an Euler number,
. . . . 47, L 8
Nondimensional relationship: Eu= APZ = T“; it TWZ 4)
oV oD 2D\ pV

We recognize the term in parentheses on the right as the Darcy friction factor. Thus,

. . . . . 1L D
Final nondimensional relationship: Eu :EBf or |f= Zf Eu (5)

(b) We use Eq. 5 to calculate f at each data point of Table P7-74. We plot f as a function of Re in Fig. 1. We see that the
behavior of f mimics that of Eu (as it must because of Eq. 5 where we see that f is just a constant times Eu). Since
Eu shows Reynolds number independence for Re greater than about 2 x 10°, so does f. We see Reynolds number
independence for Re greater than about 2 x 10°. From the plot, the extrapolated value of f at large Re is about
0.04867, which agrees with Eq. 5 when we plug in the Re-independent value of Eu,

D 0.104 m

Extrapolated value of f: f=2—Eu=2
L 1.3m

(0.3042)=0.0487  (6)

Discussion ~ We show in Chap. 8 (the Moody chart) that f does indeed flatten out at high enough values of Re, depending
on the relative roughness height, &/D.
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7-89
Solution We are to create characteristic scales so that we can define a desired established dimensionless parameter.
Analysis (a) For Froude number we need a velocity scale, a length scale, and gravity. We already have a length

scale and gravity. We create a velocity scale as V'/ L . We then define a Froude number as

v V' V&

JoL L ot

(b) For Reynolds number we need a velocity scale, a length scale, and kinematic viscosity. Of these we only have the
kinematic viscosity, so we need to create a velocity scale and a length scale. After a “back of the envelope” analysis, we

create a velocity scale as V'/ L where L is some undefined characteristic length scale. Thus,

Froude number: Fr=

WV

Reynolds number: Re —_—
v Lv v

Note that in this case, the length scales drop out, so it doesn’t matter that we could not define a length scale from the given
parameters.

(c) For Richardson number we need a length scale, the gravitational constant, a volume flow rate, a density, and a density
difference. Of these we have all but the volume flow rate, so we create a volume flow rate scale as V' L . Thus,

Ri = LPgAp B LgAp _ L*gAp

Richardson number: 2 . 2 T2
AN p(ViL) p(V)

Discussion You can verify that each of the parameters above is dimensionless.
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7-90
Solution We are to find the functional relationship between the given parameters and name any established
dimensionless parameters.

Assumptions 1 The given parameters are the only ones relevant to the flow at hand.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are seven parameters in this problem; n =7,

List of relevant parameters: V=rf (d, D, p, u,h, g) n=7 (1)

Step 2 The primary dimensions of each parameter are listed,
\Y d D p U h g
e e R L AR L B T B
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of ITs is

Number of expected IIs: k=n-j=7-3=4

Step4 We need to choose three repeating parameters since j = 3. We pick length scale h, fluid density p, and gravitational
constant g.

Repeating parameters: h, p,and g

Step5 The ITs are generated. Note that in this case we do the algebra in our heads since these relationships are very
simple. The dependent IT is

I1; = a Froude number: I, =

v
T

ThisIT is a type of Froude number. Similarly, the two length-scale ITs are obtained easily,

IL,: H2 :%
and
I1s: H3 Z%
Finally, the TT formed with viscosity is generated,

M, = uh* p™ g™ {M,} = {(mlLfltfl)(Ll)a" (i) (L )}
mass: {mo}:{mlm""} 0=1+h, b, =-1
time: {to} _ {tf1t-2cA } 0=-1-2c, c, = _i
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length: 0=-1+a,-3b, +cC 3
g {LO} — {L—lLa4 L73b4 LCA } 4 4 4 a4 = ——
0=-1+a,+3-% 2
which yields
I: m,=—2=

s
ph? g

We recognize this IT as the inverse of a kind of Reynolds number. We also split the h terms to separate them into a length
scale and (when combined with g) a velocity scale. The final form is

Modified I, = a Reynolds number:

Step 6 We write the final functional relationship as

Relationship between ITs: % =f [
g

L O]

ggph@j

Discussion You may choose different repeating variables, and may generate different nondimensional groups. If you do
the algebra correctly, your answer is not “wrong” — you just may not get the same dimensionless groups.
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7-91
Solution We are to find a dimensionless relationship among the given parameters.

Assumptions 1 The given parameters are the only ones relevant to the flow at hand.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are seven parameters in this problem; n =7,

List of relevant parameters: tony = T (d. D, 0, 22,0,9) n=7 (1)

Step 2 The primary dimensions of each parameter are listed,

tempty d D P U h g

) o) ooy o) e
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3
If this value of j is correct, the expected number of T1s is

Number of expected ITs: k=n-j=7-3=4

Step4 We need to choose three repeating parameters since j = 3. We pick length scale h, fluid density p, and gravitational
constant g. (Note: these are the same repeating parameters as in the previous problem.)

Repeating parameters: h, p,and g

Step5 The ITs are generated. We leave out the details since the algebra is trivial and can be done by inspection in
most cases. The dependent IT is

. g
I1;: Iy =1, h

The rest of the ITs are identical to those of the previous problem.

Step 6 We write the final functional relationship as

. g_f[g D phx/ﬁj

empty F_ h,F’ P

Relationship between ITs:

O]

Discussion You may choose different repeating variables, and may generate different nondimensional groups. If you do
the algebra correctly, your answer is not “wrong” — you just may not get the same dimensionless groups.
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7-92
Solution We are to calculate the temperature of water in a model test to ensure similarity with the prototype, and we
are to predict the time required to empty the prototype tank.

Assumptions 1 The parameters specified in the previous problem are the only parameters relevant to the problem. 2 The
model and prototype are geometrically similar.

Properties  For ethylene glycol at 60°C, v= u/p = 4.75x10° m%/s (given).

Analysis
(a) We use the functional relationship obtained in the previous problem,

. g_f{gDph@] "

Dimensionless relationship: R Ll Bt
7]

Since the model and prototype are geometrically similar, (d/h)moger = (A/N)prototype ANA (D/M)model = (D/N)prototype: THUS, We are
left with only one IT to match to ensure similarity. Namely, the Reynolds number parameter in Eg. 1 must be matched
between model and prototype. Since g remains the same in either case, and using “m” for model and “p” for prototype,

o] (o) e_n(b o

Similarity: -
/um /'lp m

m p

We recognize that v = u/p, and we know that hy/h, = 4. Thus, Eq. 2 reduces to

-3
h, 2 =3
Similarity: Vi =V, [h—”) =4.75x10"° m’/s(4)z =5.94x107 m*/s  (3)

m

For similarity we need to find the temperature of water where the kinematic viscosity is 5.94x10"" m?/s. By interpolation
from the property tables, the designers should run the model tests at a water temperature of 45.8°C.

(b) At dynamically similar conditions, Eq. 1 yields

At dynamically similar conditions:
g g h : (5
{tempw Fj :(temy F] N . /h—" =453 miny4 =9.06min  (®)
p m m

Discussion  We set up Egs. 3 and 5 in terms of ratios of h, to hy, so that the actual dimensions are not needed — just the
ratio is needed, and it is given.

7-81
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission.




Chapter 7 Dimensional Analysis and Modeling
7-93
Solution For the simplified case in which V depends only on h and g, we are to determine how V increases when h is
doubled.

Assumptions 1 The given parameters are the only ones relevant to the problem.

Analysis We employ the dimensional analysis results of Problem 7-90. Dropping d, D, p, and x from the list of
parameters, we are left withn = 3,

List of relevant parameters: vV =1f(hg) n=3 (1)

We perform the analysis in our heads —only one TT remains, and it is therefore set to a constant. The final result of the
dimensional analysis is

Relationship between ITs: v constant )

Jan

Thus, when h is doubled, we can easily calculate the factor by which V increases,

V. V, h
Increase in V: 2= orV,=V, |[-2=V2| (3
oh, o ¢ R @)

Thus, when h increases by a factor of 2, V increases by a factor of V2.

Discussion ~ We don’t need to know the constant in Eq. 2 to solve the problem. However, it turns out that the constant is
J2 (see Chap. 5).

7-94
Solution We are to verify the dimensions of particle relaxation time 7, and then identify the established
dimensionless parameter formed by nondimensionalization of z,.

Analysis First we obtain the primary dimensions of z,
% x L?
Primary dimensions of z,: {z,}= —=1{t)
Lt

A characteristic time scale for the air flow is L/V. Thus, we nondimensionalize 7,

o . o pd,’ v
Nondimensionalized particle relaxation time: T, =1, = BTV
)7

From Table 7-5 we recognize this as the Stokes number, Stk,

d v
Stokes number: Stk=2re *
18uL

Discussion Stokes number is useful when studying the flow of aerosol particles.
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7-95
Solution We are to compare the primary dimensions of each given property in mass-based and force-based primary
dimensions, and discuss.

Analysis From previous problems and examples in this chapter, we can write down the primary dimensions of each
property in the mass-based system. We use the fundamental definitions of these quantities to generate the primary
dimensions in the force-based system:

(a) For pressure P the primary dimensions are

Mass-based primary dimensions Force-based primary dimensions
m force F
P = <{ — P i — =< —
P {tzL} P} {area} {LZ}

(b) For moment M the primary dimensions are

Mass-based primary dimensions Force-based primary dimensions
’ vil= —
{M}:{mlt-_z} {M} = {force x moment arm} = {FL}

(c) For energy E the primary dimensions are

Mass-based primary dimensions Force-based primary dimensions
L’ {E} = {force xdistance} = {FL}

We see that (in these three examples anyway), the forced-base cases have only two primary dimensions represented (F and
L), whereas the mass-based cases have three primary dimensions represented (m, L, and t). Some authors would prefer the
force-based system because of its reduced complexity when dealing with forces, pressures, energies, etc.

Discussion Not all variables have a simpler form in the force-based system. Mass itself for example has primary
dimensions of {m} in the mass-based system, but has primary dimensions of {Ft?/L} in the force-based system. In
problems involving mass, mass flow rates, and/or density, the force-based system may not have any advantage.
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7-96
Solution The pressure difference between the inside of a soap bubble and the outside air is to be analyzed with
dimensional analysis and the method of repeating variables using the force-based system of primary dimensions.

Assumptions 1 The soap bubble is neutrally buoyant in the air, and gravity is not relevant. 2 No other variables or
constants are important in this problem.

Analysis The step-by-step method of repeating variables is employed.

Step 1 There are three variables and constants in this problem; n = 3,

AP=f(Ro,) n=3 (1)

Step 2 The primary dimensions of each parameter are listed. The dimensions of pressure are force per area and those of
surface tension are force per length.

AP R o

Py L) Py
Step 3 Asafirst guess, j is set equal to 2, the number of primary dimensions represented in the problem (F and L).
Reduction: j=2
If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=3-2=1

Step 4 We choose two repeating parameters since j = 2. Our only choice is R and o since AP is the dependent variable.

Step5 The dependent IT is generated:

I1, = APR*c {m}={FL}= {(FIL‘Z)L"’“ (FlL‘l)bl}
force: {Fo}:{p,:ra} 0=1+b, b=-1
length: e - 0=-2+a,-b a =1
L} ={rreey o —24h,

Eq. 1 thus becomes

_APR

g

I1: 1_Il (2)

From Table 7-5, the established nondimensional parameter most similar to Eq. 2 is the Weber number, defined as a
pressure times a length divided by surface tension. There is no need to further manipulate this IT.

Step 6 We now write the functional relationship between the nondimensional parameters. Since there is only one IT, it is a
function of nothing, which means it must be a constant,

Relationship between ITs: I, = APR _ f (nothing) = constant —  |AP = constant% ©)

O

The result using force-based primary dimensions is indeed identical to the previous result using the mass-based system.

Discussion Because only two primary dimensions are represented in the problem when using the force-based system,
the algebra is in fact a lot easier.
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7-97
Solution We are to a third established nondimensional parameter that is formed by the product or ratio of two given
established nondimensional parameters.

Analysis
(a) The product of Reynolds number and Prandtl number yields

pLV cou  plVc,

Reynolds number times Prandtl number: RexPr=+—x . . (1)
U
We recognize Eqg. 1 as the Peclet number,
LV
Peclet number: Pe=RexPr=""% _ v @)
(24
(b) The ratio of Schmidt number and Prandtl number yields
U
Schmidt number divided by Prandtl number: s = PDig. = k. 3)
Pro Gt pCyD,g
k
We recognize Eqg. 3 as the Lewis humber,
_Sc _ k a

Lewis number: Le=—= = (4)
Pro pC,Dyy Dy

(¢) The product of Reynolds number and Schmidt number yields

Reynolds number times Schmidt number: RexSc = pLV kL LV (5)

We recognize Eqg. 5 as the Sherwood number,

Sherwood number: Sh=RexSc =

(6)

Discussion Can you find any other such combinations from Table 7-5?
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7-98
Solution We are to determine the relationship between four established nondimensional parameters, and then try to
form the Stanton number by some combination of only two other established dimensionless parameters.

Analysis We manipulate Re, Nu, and Pr, guided by the known result. After some trial and error,
Lh
N K h
Stanton number: St= 4 _ k = Q)
RexPr pVL o MG peV
7, k

We recognize from Table 7-5 (or from the previous problem) that Peclet number is equal to the product of Reynolds
number and Prandtl number. Thus,

Lh
Stanton number: St JNu_ kD 2
k

Discussion Not all named, established dimensionless parameters are independent of other named, established
dimensionless parameters.

7-99
Solution We are to find the functional relationship between the given parameters.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis First we do some thinking. If we imagine traveling at the same speed as the bottom plate, the flow would
be identical to that of Problem 7-56 except that the top plate speed would be (Vigp — Viottom) instead of just V. The step-by-
step method of repeating variables is otherwise identical to that of Problem 7-56, and the details are not included here. The
final functional relationship is

. . u
Relationship between ITs: —=f {Re,lj (1)
Vtop _Vbottom h
where
P Vo -V ottom h
Reynolds number: Re = M )
U
Discussion It is always wise to look for shortcuts like this to save us time.
7-100
Solution We are to determine the primary dimensions of electrical charge.
Analysis The fundamental definition of electrical current is charge per unit time. Thus,
Primary dimensions of charge: {a} = {currentx time} = {1t} (1)

Or, in exponent form, {q} = {t' I'}.

Discussion ~ We see that all dimensions, even those of electrical properties, can be expressed in terms of primary
dimensions.
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7-101
Solution We are to determine the primary dimensions of electrical capacitance.
Analysis Electrical capacitance C is measured in units of farads (F). By definition, a one-farad capacitor with an

applied electric potential of one volt across it will store one coulomb of electrical charge. Thus,

Primary dimensions of capacitance:

B e e 1)
{C} ={charge/ voltage} = 7 _{mLZ}

£l

where the primary dimensions of voltage are obtained from Problem 7-10, and those of electric charge are obtained from
the previous problem. Or, in exponent form, {C} = {m™*L?t*1%}.

Discussion ~ We see that all dimensions, even those of electrical properties, can be expressed in terms of primary
dimensions.

7-102

Solution We are to determine the primary dimensions of electrical time constant RC, and discuss the significance of
our result.

Analysis The primary dimensions of electrical resistance are obtained from Problem 7-11. Those of electrical

capacitance C are obtained from the previous problem. Thus,

Primary dimensions of electrical time constant RC:

2 244
{RC} ={resistance x capacitance} = {% x %} ={t} @

Thus we see that the primary dimensions of RC are those of time. This explains why a resistor and capacitor in series is
often used in timing circuits.

Discussion  The cut-off frequency of the low-pass filter is proportional to 1/R-C. If the resistor and the capacitor were to
swap places we would have a high-pass rather than a low-pass filter.

7-103
Solution We are to determine the primary dimensions of both sides of the equation, and we are to verify that the
equation is dimensionally homogeneous.

Analysis The primary dimensions of the time derivative (d/dt) are 1/time. The primary dimensions of capacitance are
current’xtime* / (massxlength?), as obtained from Problem 7-101. Thus both sides of the equation can be written in terms of
primary dimensions,

{1} = {current} {1 ={1

mass x length®
dE _ current’ x time* current x time?® = {current} Cd_E =1}
dt mass x length® time

Indeed, both sides of the equation have the same dimensions, namely {I}.

Discussion Current is one of our seven primary dimensions. These results verify our algebra in Problem 7-101.
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7-104
Solution We are to find the functional relationship between the given parameters, and then answer some questions
about scaling.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis
(a) The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the ITs).

Step 1 There are four parameters in this problem; n = 4,

List of relevant parameters: oP=f (p,\/, D) n=4 (1)

Step 2 The primary dimensions of each parameter are listed,
P P Y, D
{mlL—lt—Z} {mlL—3} {Lst-l} {Ll}
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).

Reduction: j=3

If this value of j is correct, the expected number of T1s is

Number of expected ITs: k=n-j=4-3=1

Step4 We need to choose three repeating parameters since j = 3. We only have one choice in this problem, since there are
only three independent parameters on the right-hand side of Eq. 1,

Repeating parameters: o) V,and D

Step5 The dependent IT is generated:

I, = 5P p*V " D" = {(meLes)(mie ) (L) (1)
mass: {m} = {m®} 0=1+a, & =-1
time: [t} ={t7>) 0=-2-b b, =2
length: (O} =firsmmie) 0=-1-3a+3, 4, ¢ =4

The dependent IT is thus
4
I1;: I, = D ip
oV

Step 6 Since there is only one T1, it is a function of nothing. This is only possible if we set the IT equal to a constant. We
write the final functional relationship as

o D*sP
Relationship between ITs: I, = VERl constant (2
2,
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(b) We re-write Eq. 2 as

. _ V2
Equation for &P: OP = constant 5 3)

4

Thus, if we double the size of the cyclone, the pressure drop will decrease by a factor of 2* = 16.
(c) Also from Eq. 3 we see that if we double the volume flow rate, the pressure drop will increase by a factor of 22 =
4.

Discussion  The pressure drop would be smallest for the largest cyclone operating at the smallest volume flow rate.
(This agrees with our intuition.)
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7-105
Solution We are to find the functional relationship between the given parameters, and then answer some questions
about scaling.

Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis
(a) The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the ITs).

Step 1 There are five parameters in this problem; n =5,

List of relevant parameters: W= f(qp,Ef ,y,Dp) n=5 (1)

Step 2 The primary dimensions of each parameter are listed,
w dp E; 7] Dp
{th—l} {Iltl} {mlth—(iI—l} {mlL—lt—l} {Ll}

where the primary dimensions of voltage are obtained from Problem 7-10, and those of electric charge are obtained from
Problem 7-100.

Step 3 Asafirst guess, j is set equal to 4, the number of primary dimensions represented in the problem (m, L, t, and I).

Reduction: j=4

If this value of j is correct, the expected humber of ITs is

Number of expected ITs: k=n-j=5-4=1

Step4 We need to choose four repeating parameters since j = 4. We only have one choice in this problem, since there are
only four independent parameters on the right-hand side of Eq. 1,

Repeating parameters: Op, E, Dy, and

Step5 The dependent IT is generated:

I, = qualEfbllucl Dpd1 {Hl} _ {(thfl)(llt]_)al (mlthfgl’l)bl (mlLfltfl)cl (Ll)dl}

o e} san s
mass: {mP} = {meme) 0=b +c, ¢ =-b=-a
time: () ={tr™ee) 0=-1+a,-3b ¢ 1 j’l =
length: (o) =fuhres) 0=1+b ¢, +d, d, =1

The dependent IT is thus

Hl: 1_‘[l
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write the final functional relationship as

Relationship between T1s:

(b) We re-write Eq. 2 as

Equation for w:

Chapter 7 Dimensional Analysis and Modeling
Step 6 Since there is only one IT, it is a function of nothing. This is only possible if we set the IT equal to a constant. We

wuD
I, = "= _ constant
dp
E
W = constant 2
HD,

O]

©)

Thus, if we double the electric field strength, the drift velocity will increase by a factor of 2.

(c) Also from Eqg. 3 we see that if we double the particle size, the drift velocity will decrease by a factor of 2.

Discussion  These results agree with our intuition. Certainly we would expect the drift velocity to increase if we
increase the field strength. Also, larger particles have more aerodynamic drag, so for the same charge, we would expect a

larger dust particle to drift more slowly than a smaller dust particle.
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7-106
Solution We are to generate a dimensionless functional relationship between the given parameters and then compare
our results with a known exact analytical solution.

Assumptions 1 There is no flow (hydrostatics). 2 The parameters listed here are the only relevant parameters in the
problem.

Analysis (a) We perform a dimensional analysis using the method of repeating variables.

Step 1 There are five parameters in this problem; n = 6,

List of relevant parameters: h=f (p, g0, D,¢) n=6 (1)

Step 2 The primary dimensions of each parameter are listed,
h p g o D ¢
S T (e R (0 B L B 1 B
Note that the dimensions of the contact angle are unity (angles are dimensionless).
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected number of T1s is

Number of expected ITs: k=n-j=6-3=3

Step4 We need to choose three repeating parameters since j = 3. We cannot choose ¢ since it is dimensionless. We
choose a length (D) and a density (o). We’d rather have gravitational constant g than surface tension o in our ITs. So, we
choose

Repeating parameters: £ 0,D

Step5 The dependent IT is generated. Since h has the same dimensions as D, we immediately write

I;: IT, =%
The first independent IT is generated by combining o; with the repeating parameters,
Hz — O_Spaz gbz D% {Hz} _ {(mlt—Z)(mlL,g )az (th—z )bz (Ll )Cz}
mass: {mo}:{mlmaz} 0=1+a, a,=-1
time: {to} - {t’zt’sz } 0=-2-2h, b,=-1
length: {LO} _ {L‘3a? b } 0=-3a,+b, +c, c,=-2
c, =3a,-b,

The first independent IT is thus

o

,: m, =
’ * pgD

2

Finally, the third IT (second independent IT) is simply angle ¢ itself since it is dimensionless,
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I1s: H3 = ¢

Step 6 We write the final functional relationship as

h o
Relationship between ITs: —=1f =, 2
P D (PQDZ ¢] @
(b) From Chap. 2 we see that the exact analytical solution is
Exact relationship: h= 4o, cos ¢ (3)
p9D

Comparing Egs. 2 and 3, we see that they are indeed of the same form. In fact,

Functional relationship: I, = constant xIT, x cosng‘ 4

Discussion ~ We cannot determine the constant in Eq. 4 by dimensional analysis. However, one experiment is enough to
establish the constant. Or, in this case we can find the constant exactly. Viscosity is not relevant in this problem since there
is no fluid motion.

7-107
Solution We are to find a functional relationship for the time scale required for the liquid to climb up the capillary
tube.

Assumptions 1 t;s is a function of the same parameters listed in the previous problem, but there is another relevant
parameter.

Analysis Since this is an unsteady problem, the rise time will surely depend also on fluid viscosity . The list of
parameters now involves seven parameters,

List of relevant parameters: te = f(0.9,0,,D,4, 1) n=7 (1)

and we expect four ITs. We choose the same repeating parameters and the algebra is similar to that of the previous problem.
It turns out that

. g
I1y: I =t \/g

The second and third IT are the same as those of the previous problem. Finally, the fourth IT is formed by combining
with the repeating parameters. We expect some kind of Reynolds number. We can do the algebra in our head. Specifically,

a velocity scale can be formed as /gD . Thus,

D./gD
H4; H4 =Re= &
7]
The final functional relationship is
Relationship between ITs: t ,{g =i = ¢, Re 2
p . rise D pgDZ (R

Discussion If we would have defined a time scale as \/D/g , we could have written I1; by inspection as well, saving
ourselves some algebra.
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7-108
Solution We are to use dimensional analysis to find the functional relationship between the given parameters.
Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are four parameters in this problem; n = 4,

List of relevant parameters: I = f(P,c,p) n=4 (1)

Step 2 The dimensions of | are those of power per area. The primary dimensions of each parameter are listed,

| P c P

(mts) mci?) (e wie)

Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3
If this value of j is correct, the expected humber of ITs is

Number of expected ITs: k=n-j=4-3=1

Step4 We need to choose three repeating parameters since j = 3. The problem is that the three independent parameters
form a IT all by themselves (c*o/P is dimensionless). Let’s see what happens if we don’t notice this, and we pick all three
independent parameters as repeating variables,

Repeating parameters: P, p,and c

Step5 TheIl is generated:

I, = 1 x P? p°c® ()} = {(mlt’3)(mlL’lt’2)a (m'Le) (L )°}
mass: I} ={m'm*'m®} 0O=1+a+h a=-1-b
e fee o T
length: 0=-a-3b+c c=-1+2b

LO — L—a L73bLC
{ } { } c=a+3b
This is a situation in which two of the equations agree, but we cannot solve for unique exponents. If we knew b, we could

get a and c. The problem is that any value of b we choose will make the TT dimensionless. For example, if we choose b =1,
we find that a = -2 and ¢ = 1, yielding

I, for the case with b = 1: I, = 'F/)"ZC

Since there is only one I1, we write

2
Functional relationship for the case with b = 1: | = constantxP— 2
pC
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However, if we choose a different value of b, say b = -1, then a = 0 and ¢ = -3, yielding

I1; for the case with b =-1: I, =

Since there is only one I1, we write
Functional relationship for the case with b = -1: | = constant x pc® 3)

Similarly, you can come up with a whole family of possible answers, depending on your choice of b. We double check our
algebra and realize that any value of b works. Hence the problem is indeterminate with three repeating variables.

We go back now and realize that something is wrong. As stated previously, the problem is that the three
independent parameters can form a dimensionless group all by themselves. This is another case where we have to reduce j
by 1. Setting j = 3 - 1 = 2, we choose two repeating parameters,

Repeating parameters: pandc

We jump to Step 5 of the method of repeating variables,

Step5 The first IT is generated:

I, = Ipacb {Hl} _ {(mlt—3)(m1|—,g )a (th—l)b}
mass: {mo}:{mlma} 0=1+a a=-1
time: {tO}:{t{%t*b} 0=-3-b b=-3
length: {L°}={L’33Lb} 0=-3a+b b=-3
b=3a

Fortunately, the results for time and length agree. The dependent IT is thus

I1;: I, =—+

We form the second IT with sound pressure P,

M, = Ppic’ {11} = {(mies ) (miie) ()|
mass: {m} = {m'me} 0=1+e e=-1
time: {t“}:{t*zt*‘} 0=_2_f f=-2
length: (L) L) c;::;en f=-2
The second IT is thus
I, I, = pF(;

Step 6 We write the final functional relationship as
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I P
Relationship between ITs: — =1 [ Zj 4)

C

(b) We try the force-based primary dimension system instead.

Step 1 There are four parameters in this problem; n = 4,

List of relevant parameters: | = f(P,c,p) n=4 (5

Step 2 The dimensions of | are those of power per area. The primary dimensions of each parameter are listed,
| P c P
{FlL—lt—l} {Flsz} {th—l} {Fltz L74}

Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (F, L, and t).
Again, however, the three independent parameters form a dimensionless group all by themselves. Thus we lower j by 1.

Reduction: j=2

If this value of j is correct, the expected number of ITs is

Number of expected ITs: k=n-j=4-2=2

Step4 We need to choose two repeating parameters since j = 2. We pick the same two parameters as in Part (a),

Repeating parameters: pandc

Step5 The first IT is generated:

I, = 1x ot ) ={(FLe)(Pece) (L)
foree: Py ={FF) 0=1+b b=
"t e
length: {L°}={|:1|:4b|_0} gzl—i;smc c=-3

Again the two results for length and time agree. The dependent IT is thus

I1;: Hl =
pC

3

We form the second IT with sound pressure P,

I, = Px pc’ () ={(PLe)(Pect) (L)
force: {FO}:{FlFe} O=1+e e=-1
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time: {to} _ {t‘zet‘f } (;=:—_22ee— f f==-2

length: o e 0=-2-4de+f f=-2
{Cl={rrrey f—2+4e

The second IT is thus

Hz: Hz = pF;Z

Step 6 We write the final functional relationship as

| P
Relationship between ITs: —="f ( > j (6)
pC oC

Discussion Equations 4 and 6 are the same. This exercise shows that you should get the same results using mass-based
or force-based primary dimensions.
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7-109
Solution We are to find the dimensionless relationship between the given parameters.
Assumptions 1 The given parameters are the only relevant ones in the problem.

Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the
ITs).

Step 1 There are now five parameters in this problem; n = 5,

I
(63}

@

List of relevant parameters: I =f(P.cpr) n

Step 2 The dimensions of | are those of power per area. The primary dimensions of each parameter are listed,
| P c P r
{m1t73 } {mlL—lt—Z } { thfl} {mlLfs } { Ll}
Step 3 Asafirst guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t).
Reduction: j=3

If this value of j is correct, the expected humber of ITs is

Number of expected ITs: k=n-j=5-3=2

Step4 We need to choose three repeating parameters since j = 3. We pick the three simplest independent parameters (r
instead of P),

Repeating parameters: r, p,andc

Step 5 The first IT is generated:

M, = 1 o0 fri) ={(me) (L) (mi) (L]
masst e} = {m'm’} 0-1+b b=-1
time: [t = {tore) 0=-3-c c=-3
AN USTET e
The first IT is thus
I leplcs

We form the second IT with sound pressure P,

M, = Pxr pic” = {(mee) (i) (i) ()

mass: {mO}:{mlme} O=1+e e=-1
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time: {to} _ {t’zt’f} 0=_2_f f=-2

length: idr s 0=-1+d-3e+f d=0
ry={rreey d=1+3e—f

The second IT is thus

Il,: HZ = pl:;z

Step 6 We write the final functional relationship as

| P
Relationship between ITs: ;=1 [ 2) 2
pC oC

Discussion  This is an interesting case in which we added another independent parameter (r), yet this new parameter
does not even appear in the final functional relationship! The list of independent parameters is thus over specified. (It turns
out that P is a function of r, so r is not needed in the problem.) The result here is identical to the result of the previous
problem. It turns out that the function in Eq. 2 is a constant times I1,°, which yields the correct analytical equation for I,
namely

2

Analytical result: | = constantxp— (3)
oo
ooy
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