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Preface

This book is about how symmetric functions can be used in enumeration. The devel-
opment is entirely self-contained, including an extensive introduction to the ring of
symmetric functions. Many of the proofs are combinatorial and involve bijections or
sign-reversing involutions. There are numerous exercises with full solutions, many
of which highlight interesting mathematical gems.

The intended audience is graduate students and researchers in mathematics or
related subjects who are interested in counting methods, generating functions, or
symmetric functions. The mathematical prerequisites are relatively low; we assume
the readers possess a knowledge of elementary combinatorics and linear algebra.
We use the basic ideas of group theory and ring theory sparingly in the book, using
them mostly in Chapter 6.

Chapter 1 introduces fundamental combinatorial objects such as permutations
and integer partitions. Statistics on permutations and rearrangements are defined
and relationships between g-analogues of n, n!, and (Z) are given, as these are used
in later chapters. We also provide an introduction to generating functions. Much of
the material in this introductory chapter is classic.

Symmetric functions are introduced in Chapter 2. Our development emphasizes
the combinatorics of the transition matrices between bases of symmetric functions
in a way that cannot be found elsewhere. Readers may find this approach more
accessible than those in other books that discuss symmetric functions. This material
is essential to understanding the later chapters in the book; after all, this book is all
about how to use the relationships between symmetric functions to solve counting
problems.

One of the major ideas this book highlights is that ring homomorphisms ap-
plied to the ring of symmetric functions can be used to find interesting generating
functions. This is first applied in Chapter 3, where we use the background material
introduced in Chapters 1 and 2 to find an assortment of generating functions for
permutation statistics. We are able to count and refine permutations according to
restricted appearances of descents and prove a number of results about words.
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In Chapter 4, the techniques introduced in Chapter 3 are extended to find gener-
ating functions for a variety of objects. The exponential formula and the generating
functions derived from linear recurrence equations can be found with the methods
introduced in Chapter 4.

The Robinson-Schensted-Knuth algorithm is presented in Chapter 5, an impor-
tant algorithm which needs to be included in any book on symmetric functions and
enumeration. Connections are made to increasing subsequences in permutations and
words and the Schur symmetric functions. A g-analogue of the celebrated hook
length formula is proved.

Symmetric functions are used to prove Pdlya’s enumeration theorem in Chap-
ter 6, allowing us to count objects modulo symmetries. This is a standard topic in
many courses on combinatorics, but too often it is not made clear that Pélya’s enu-
meration theorem can be properly phrased using the language of symmetric func-
tions. We also give a new combinatorial proof of the Murnaghan-Nakayama rule
from the Pieri rules.

Chapters 7 and 8 are more specialized chapters than the others, and may appeal
to researchers in this area. In Chapter 7 we study consecutive pattern matches in
permutations, words, cycles, and alternating permutations. Chapter 8 introduces the
reciprocity method, an approach which can provide a way to define ring homomor-
phisms with desirable properties.

Most of the results and exercises found in Chapters 3, 4, 7, and 8 are appearing
in book form for the first time.

The chapter dependency chart for the text is as follows:

Anthony Mendes thanks Jeff Remmel for introducing him to some wonder-
ful mathematics and for working with him over the years. He thanks all students
who took Math 435 or Math 530 in the fall of 2014 at Cal Poly San Luis Obispo
for carefully reading a preliminary copy of this text. Thanks also go to the fol-
lowing people who pointed out at least one typographical error or suggested a
specific improvement to the text: Shelby Burnett, Maggie Conley, Saba Gerami,
Mike LaMartina, Amanda Lombard, Thomas Stienke, and Thomas J. Taylor. Most
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importantly, Anthony Mendes thanks his wife Amy and daughters Ava, Tabitha, and
Ruby for their support.

Jeff Remmel would like to thank Adriano Garsia, Domique Foata, and Ian Mac-
donald who introduced him to the theory of symmetric functions and enumerative
combinatorics. He also thanks the following Ph.D. students who helped him over
the years to develop parts of the theory presented in this book: Tamsen Whitehead,
Diseree Beck, Tom Langley, Jennifer Wagner, Tony Mendes, Amanda Riehl, Jeff
Liese, Evan Fuller, Andy Niedermaier, Andre Harmse, Miles Jones, Adrian Duane
and Quang Bach. Finally, he thanks his family members, especially his wife Paula,
for their continuing support which made his research career possible.

San Luis Obispo, CA, USA Anthony Mendes
San Diego, CA, USA Jeffrey Remmel
July 2015
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Chapter 1
Permutations, Partitions, and Power Series

Permutations, integer partitions, and power series are three fundamental topics that
are central to combinatorics. This chapter introduces these ideas, providing the
mathematical infrastructure for our future work.

1.1 Permutations and Rearrangements

The symmetric group S, is the set of all bijections o : {1,...,n} — {1,...,n} under
the operation of composition. Elements of S,, will be called permutations of n. Per-
mutations have a wide variety of applications; they are essential in algebra, computer
science, and statistics.

There are at least three different ways to write a permutation o € S,,. First, if
o (i) =o; fori=1,...,n, then we can write ¢ in two-line notation:

O =
01 02 -+ Op.

Second, a permutation can be written in one-line notation by only writing the second
row of the two rows in two-line notation: ¢ = 6103 - - - ,,. Third, permutations can
be written in cyclic notation by letting

Gz(al a2a3 ak)(bl b2 bj)

represent the permutation which has a; in position ay, a; in position a;, a3 in posi-
tion ap, and so on.

For example, if 0 € S5 is defined by (1) =2, 6(2) =4, 6(3) =5, 0(4) =1,
and o(5) = 3, then in two-line notation we have

5 12345
T 24513

in one-line notation we have 0 =2 4 5 1 3, and in cycle notation we have
o=(124)(35).

© Springer International Publishing Switzerland 2015 1
A. Mendes, J. Remmel, Counting with Symmetric Functions, Developments
in Mathematics 43, DOI 10.1007/978-3-319-23618-6_1



2 1 Permutations, Partitions, and Power Series

The main advantage of two-line notation is that the inverse function 6! can be

easily found by interchanging the rows of each of the pairs in two-line notation and
then sorting the pairs so that the top row reads 12- - - n. In the above example,

112345
T 41523

A permutation statistic is a function mapping S, into the nonnegative integers.
Four important examples of permutation statistics are the descent, excedance, inver-
sion, and major index statistics, denoted by des, exc,inv, and maj. For any permuta-
tion 0 = o7 --- 0, € S, we define these statistics by

des(o

(the number of indices i with 0; > 0;41),

exc(o) = (the number of indices i with o; > i),

inv(o

maj(o

)
)= (
) = (the number of indices i and j with i < j and ¢; > 0;), and
) = (the sum of the indices i with 0; > 0i41).

These same definitions make sense if the permutation ¢ = 0 - - - G;, is replaced with
any finite sequence of integers.
These four statistics on S3 are displayed below:

o |des(o) |exc(o) | inv(o) | maj(o)
123 0 0 0 0
132 1 1 1 2
213 1 1 1 1
231 1 2 2 2
312 1 1 2 1
321 2 1 3 3

It is no accident that the first two and the last two columns of the table are equidis-
tributed, that is, they have the same number of Os, Is, 2s, and 3s.

One observation about inversions which will be used later in our work is that
inv(o) = inv(o~!) for all o € S,. To see this, denote the inverse to ¢ = oy -+ 0,
as ol =0, '...6, ! in one-line notation. By considering our two-line notation
method of finding the inverse function, it can be seen that i < j and o; > o; if and
only if O'j_l < O'i_l and j > i. This says that positions i and j cause an inversion in
o if and only if the values O'j_1 and Gi_l cause an inversion in o1

Understanding the properties of these statistics, subsequent generalizations of
these statistics, and many new permutation statistics is still an active area of mathe-
matical research. In only the past few decades, beautiful combinatorial and bijective
proofs of classical and new results have been published. One of the first along these
lines proves that the inversion and major index statistics are equidistributed over
the symmetric group, a result of our Theorems 1.2 and 1.3.
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Theorem 1.1. Descents and excedances are equidistributed over S,.

Proof. We will define a bijection ¢ : S,, — S, such thatif 6 = 01 ---0, € S, has k
descents, then exc (¢ (o)) will also equal k.

Suppose o; = 1. Erase the first j integers in ¢ and begin to construct ¢(o)
with the cycle (0;--- 0201). Continue this process iteratively with the next smallest
integer in what remains in o, building up @(o) cycle by cycle. For example, if
6=9316827435, then ¢(0) is the permutation (1 3 9)(2 8 6)(4 7)(5)
in cyclic notation. This construction does not break ¢ at a descent and writes
cycles in @(0) in such a way that if 0; > o;4; if and only if i < @(0);. There-
fore des(o) = exc (¢(0)). O

The g-analogue of 0 is [0], = 0 and the g-analogue of the positive integer n is

l_qn
1-q’

nlg=1+q++¢" "' =

where ¢ is an indeterminate. The g-analogue of n is a generalization of n. After all,
by taking g = 1 (or, if we write [n], = (1 —¢")/(1 —q), by taking the limit as ¢ — 1),
we recover n. However, we should refrain from thinking about g as a variable. The
indeterminate g is simply a device to track the operations performed on n. This g is
our bookkeeper.

The g-analogues of n! and the binomial coefficient (2) can be defined in straight-
forward ways; we define [O]q! = 1 and for integers 0 < k < n we define

[n],!

L: (kg — K]y

= bl 1), and

Theorem 1.2. If n is a positive integer, then [n],! = z g™
oES,

Proof. The statement is true for n = 1. We proceed by induction on n.

There are n places to insert the integer n into a permutation 6 = 0] --- 0,1 €
Sn—1 in order to create an element of S,,. We can insert z in the position immediately
preceding o; for each 1 <i <n—1 or we can insert n after c,,_;. If we insert n in the
position immediately before o;, then we have introduced n — i new inversions into
the permutation. If we place the n at the end of o, we introduce no new inversions.
The exponents on ¢ in 14 ¢! +---+¢"~! correspond to the inversions caused by
the insertion of n. We now have that

Z qinv(c): (1+q+__._’_qn—1) 2 qinv(c):[n]q[n—l]q!.

oeS, cES,—1

Since [n],! = [n]y[n— 1],!, this completes the proof. O
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Theorem 1.3. If n is a positive integer, then [n],! = Z g,
oES,

Proof. The statement is true for n = 1. We proceed by induction on .

There are n places to insert the integer n into a permutation of ¢ € S,_; in order
to create an element of §,. Label these places with the integers 0O,...,n — 1 in the
following way:

1. Label the last place with 0.
2. Label the places falling between descents from right to left with 1,...,des(o).
3. Label the remaining places from left to right with des(o) +1,...,n— 1.

For example, if c =18 75 3 6 2 4, then our labeling is

1 8 7 5 3 6 2 4

—_— s ——— ——— —— — s — e —

5 6 4 3 2 7 1 8 0

Let /) denote the permutation of S, that results from & by inserting 7 into the
space labeled with an i. We claim that maj(c?)) = i + maj(c) for all i.

Inserting the n in the last position does not change the major index, and so
maj(c(?) = maj(o).

Next, suppose 0; > 0;41 is a descent and the space between o and 0}y is
labeled with i. Then there are i — 1 descents to the right of 0 in 6. Before inserting
n, there was a contribution of j to maj(o) arising from the descent at position j.
After inserting n, there is a rise at position j in o, a descent at position j+ 1, and
each descent to right o; will have shifted its position to the right, resulting in an
additional contribution of i to maj(c?)). Thus maj(c) = i 4 maj(o).

Similarly, inserting n at the start of ¢ causes an increase to maj of 1 for the
new descent at position 1 and des(o) accounting for the additional contribution of
each descent in ¢ to maj(c9(9)+1)) and therefore maj(c(4e5(9)+1)) = des(o) +
1 +maj(o).

Lastly, we consider how the major indices of o) and ot differ when i >
des(o) + 1. That is, suppose that i > des(o) + 1 and the space before o; is labeled
with i so that either j =1 or 6;_1 < 0;. Assume that 6; > 041 > --- > O < Oy
so that the space following oy, is labeled with i + 1. The situation is pictured here:

G(i):"'n>0j>6j+1 >+ > 0Of—1 > O < Oy

oD

=:0j>0j41 > > 01 > O <N> Oy

We claim that maj(c"*!) = 1+ maj(c?). The contribution from the sequences
O1---0j_1 and O --- 0, to the major index is the same in both o) and o+,
The contribution of the sequence n > 0; > 041 > -+ > Ok_1 > Of < Oy 1O
maj(c)) is j+ (j+ 1)+ (j +2) +--- + k while the contribution from the seq-
uence Gj > Gjy1 > -+ > Op-1 > Ok <> Oy 1O maj(c*) is .j+ G+ +

+ (k—1)+ (k+1). Thus it follows that maj(c*+1)) = 1 + maj(c?)) and, hence,
maj(c*) = 1 4i+maj(c?). By induction on i we have shown that maj(c?)) =
i+ maj(o) for all i.
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The exponents on g in 1 +¢' +---4¢" ! correspond to the increase to the major
index caused by the insertion of n. Thus, just like the situation for inversions,

Z qmaj(U) — (1 _|_q+..._|_q"*1) Z qmaj(d) = [n]q[n— l]q!.

oES, CES,_1
Since [n]y! = [n]y[n — 1],!, this completes the proof. O

Theorems 1.2 and 1.3 together imply that the inversion and major index permuta-
tion statistics are equidistributed. The proofs of these two theorems can be modified
to arrive at a bijective proof, that is, we can create a bijection ¢ : S, — S, such that
inv(o) =maj(@(0o)) forall o € §,,.

Create the permutation o, starting with the permutation 1 € S;, by inserting the
integers 2, ... ,n into the previous permutation and keeping track of inversions along
the way. For example,if 6 =8 127 64 35, we have

o increase to inv caused by inserting i
1 0
12 0
123 0
1243 1
12435 0
126435 3
1276435 4
81276435 7

To find ¢(0), build a permutation in S, by using the labeling scheme in the proof
of Theorem 1.3 while forcing the major index statistic to be the same as the inversion
statistic at each step. In the example of 6 =8 127 64 3 5, we have

o increase to maj caused by inserting i
| 0
1 0
1 2 0
1 0
1 2 3 0
1 2 3
4 1 2 3 1
1 4 0
4 1 2 3 5 0
1 4 5 0
4 1 6 2 3 5 3
2 1 5 6 0
4 1 7 6 2 3 5 4
4 3 5 2 1 6 7 0
4 1 7 6 2 3 8 5 7

This shows that (8 1276435)=41762385.

Let R(0X, 1"7*) denote the set of all possible rearrangements of k Os and n — k 1s.
The definitions of descent, excedance, inversions, and major index are still valid for
elements of R(0%, 177%) as well as for permutations of 7.
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Theorem 1.4. [f0 < k < n, then m Y G)
4 reR(0K,1nF)

Proof. Rewritten, the statement in this theorem is

[”]q! = [k}q![” - k}q! Z qinv(r)
reR(0%,1n=k)

Using Theorem 1.2, this is equivalent to showing

(z qinv(()‘)) _ (Z qinv(a)> ( z qinv(ﬁ)> Z qinv(r)
CESy €Sy BES,—« reR(0k,1m=K)

This will be done bijectively by displaying a bijection ¢ : Sg x S,_x x R(0F,
1"%) — S, such that

inv(ot) +inv(B) +inv(r) = inv(e((et, B,7)))

for all (e, B,7) € Sp X S,_x X R(0"7, 1%).

Given (a,B,r) € Sk X S,_x x R(0" %, 1%), write down r. Write down « under-
neath the Os in r. Add k to each integer in  and write down the result underneath
the 1s in r. Define ¢((o,3,7)) to be the permutation ¢ now written underneath r.
For example, when ¢ =3 124, 8=641352,andr=1001110101, we
have

1001110101
10318572946

This process is reversible and therefore a bijection. The total number of inversions
is the correct number since the integers in o and the integers in 8 keep their relative
order and there are additional inversions in the resulting permutation every time a 1
appears before a 0 in 7. a

Theorem 1.4 implies [’Z]q must be a polynomial in g for all n > k, a fact which

does not immediately follow from the definition of the g-binomial coefficient.

Theorem 1.5. If 0 < k < n, then

n _ maj(r)
HRP R

rER(0K, 17—F)

Proof. Theorem 1.4 allows us to prove this result by exhibiting a bijection ¢ :
R(0F, 1"7%) — R(0, 1"7%) such that maj(r) = inv(¢(r)) for all r € R(0F, 1),

We first define a bijection I : R(0¥, 1" %) — R(0%, 1"k, If r ends with a 0, define
I'(r) to be r with every consecutive substring of the form 1---10 changed to 01 - - - 1.



1.1 Permutations and Rearrangements 7

If r ends with a 1, define I"(r) to be r with every consecutive substring of the form
0---01 changed to 10- - - 0. For example, I"(1100010100) = 0110001010.

If r ends with a O, then inv(I"(r)) = inv(r) — (n — k) because changing 1---10
into 01 ---1 for all 1s in r decreases the number of inversions in r by 1 for each of
the n —k 1sin r. Similarly, if  ends with a 1, then inv(I"(r)) = inv(r) + &.

If r contains no Os, then we define @(r) = r. Otherwise, let w be r with the last
0 and all trailing 1’s deleted. This way r can be written as w0l --- 1. For any rear-
rangement 7 € R(0, 1"7%) we define ¢(r) recursively by ¢(r) = I'(¢(w))01---1.
It can be checked that ¢(10110100011) = 00111010011. By definition, ¢(r) ends
with a 0 if and only if » ends with a 0.

The fact that ¢ is a bijection follows from the fact that I" is a bijection. To com-
plete the proof, we will show that maj(r) = inv(¢(r)) by induction on the length
of r. Suppose we add a 0 to the end of r € R(0, 1"%). Then we have

¢(r))0)
o(r))) +(n—k)

{mv((p(r)) (n—k)+(n—k) if o(r) ends in 0,
inv (¢(r))

+k+(n—k) if @(r) ends in 1.
Using the induction hypothesis and the fact that @(r) ends in a 0 if and only if r
does, this is equal to

inv(p(r0)) = inv (I

=inv (I

(
(

maj(r) if r ends in 0,
maj(r)+n if rendsin 1.

In both cases, this is equal to maj(r0). We have shown that inv(¢(r0)) = maj(r0).
Now suppose we add a 1 onto the end of r. Since ¢(r1) =T'(¢(w))01---11 =
o(r)1, we have

inv(p(rl)) =inv(p(r)1) = inv(p(r)) = maj(r) = maj(rl).
This completes the proof. a

Theorem 1.6. Let n and k be positive integers with k < n and let q be a prime
number. Then [Z] p is equal to the number of k-dimensional vector subspaces of the

vector space of dimension n over the finite field with q elements.

Proof. We first find the number of ways of selecting & linearly independent vectors.
There are ¢" — 1 choices for the first vector since we can freely select any of the ¢"
vectors in the vector space except for the zero vector. There are ¢ — g choices for
the second vector since we can select any of the g" — g vectors which are not linear
combinations of our first choice of vectors. Continuing this idea, there are

@ -1(q"—q)(q"—q"")

possible sets of k linearly independent vectors.
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This same counting argument implies that there are (¢*—1)(¢*—¢q) - -- (¢* —¢* 1)
possible bases for a k-dimensional subspace. Every set of k linearly independent
vectors can serve as a basis for a k-dimensional subspace, so the total number of
k-dimensional subspaces is

(qn _ 1)(qn _q)(qn _qkfl) (qn _ 1)(qn71 _ 1) ”_(qnkarl _ 1)

(=1 —q)--- (¢ =g~ (=D =1 (¢g—1)
_ nlyn—1]4---n—k+1],
[k]q[k_ l]q"'[l]q
i
as desired. O

1.2 Integer Partitions and Tableaux

An integer partition of n, written A F n, is a finite sequence of weakly decreasing
nonnegative integers. If A = (A1,...,A4) F n with A4 # 0, then we write |[A| = n,
£(A) =k, and max(A) = A;. Below are all 7 integer partitions of 5:

(5), (4,1), (3,2), (3,1,1), (2,2,1), (2,1,1,1), (1,1,1,1,1).

In this order, the lengths ¢(A) are 1,2,2,3,3,4,5 while the maximum parts are
5,4,3,3,2,2,1. Occasionally it may be convenient to denote A as 1"12"23"3...
if A has m; parts of size i. Using this notation, the integer partitions of 5 are

s'o1tal 2131 1231 1122 132! 10,

Integer partitions can be identified by the corresponding Young diagram; this is
a collection of left-justified rows of boxes where row i has A; boxes reading from
bottom to top. The Young diagrams for the integer partitions of 5 are

oL hiL

In many places Young diagrams are drawn with the largest row on top; in this way
the integer partition (5,3,2) would be drawn as

T
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The mathematics is indifferent to the manner in which Young diagrams are drawn,
and so the choice whether to draw them with maximum part on the bottom or on
the top is a matter of personal preference. We prefer drawing Young diagrams with
largest row on the bottom since it then appears as if the cells of the diagrams are
affected by gravity.

Integer partitions can be ordered by the reverse lexicographic order. We define
integer partitions A, - n to satisfy the relation A < u if the largest part of A is
greater than the largest part of . If the largest parts in A and u are the same,
then inductively consider the second largest parts of these partitions. The integer
partitions of 5 listed above are already written in increasing reverse lexicographic
order.

Theorem 1.7. The number of integer partitions A - n with £(A) = k is equal to the
number of integer partitions A = n with max(1) = k.

Proof. Take A - n with £(A) = k. Interchange rows and columns in the Young dia-
gram of A to create the integer partition A’. For instance,

becomes
and so if A = (4,4,2,1), then A’ = (4,3,2,2). Pairing A with A’ proves the result
bijectively. a

The partition A’ in the proof of Theorem 1.7 is called the conjugate of 4.
The only known direct formula for the number of integer partitions of # is

dz 1
<h< .
J)=1 17 2q

; n [2(,_ 1
i Vk 2 e—zzithmiz-};;}%(%i[%Ji%) dSlnh<k 3(2 24))
~ V2
=17 &

=n

where (h,k) denotes the greatest common divisor of 4 and k. This formula is too
complicated for everyday use, but from it comes the fact that the number of integer
partitions of n is approximately equal to

1 em/Zn/3.
4n/3

Information about the number of integer partitions of n can be encoded as an elegant
infinite product, as seen in our next theorem.

Theorem 1.8. Let p(n) be the number of integer partitions of n and z an indetermi-
nate. Then




10 1 Permutations, Partitions, and Power Series

Proof. Expanding each term in the infinite product as a geometric series, we have

l.ljll—lzi - (liz> (1—1z2) (1—1z3>"'

(I4z+2+) (1+ @)+ @)+ ) 1+ @)+ (@) +) .

Selecting one factor of (z')™ between each pair of parentheses, each term in the
expansion of this product is of the form (z)"!(z%)"2(z%)"3 ---. There is a 1-1 cor-
respondence between these terms and integer partitions written with the notation
1"™2m3Ms ... The result follows since the size of this integer partition, namely
1my +2my + 3m3 + - - -, matches the exponent of z in (7)™ (z2)™2(z3)™3 ---. 0

There are numerous partition identities which can be found either bijectively, like
our proof of Theorem 1.7, or by manipulating expressions involving indeterminates,
like our proof of Theorem 1.8. Some may be found in the exercises.

Theorem 1.9. [f0 < k < n, then

R

partitions A with Young diagrams
fitting in an k x (n— k) rectangle

Proof. Theorem 1.4 allows us to prove this result by exhibiting a bijection ¢ bet-
ween the partitions A with a Young diagram fitting inside a k x (n — k) rectangle and
rearrangements 7 € R(0F, 1"7%) such that |A| = inv(@(A)).

Following along the northeast edge of its Young diagram, each integer partition
A can be interpreted as a path which travels south or east in unit steps, starts at
(0,n—k), and ends at (k,0). For example, the path created by the integer partition
(3,3,1,1), which fits inside a 4 x 5 rectangle, is the path which starts at (0,4) and
then moves one unit east, south, south, east, east, south, south, east, east, ending

at (5,0).

Let @(A) by the rearrangement created by writing a O for each south step and
a 1 for an east step in the path associated with A. In this way, ¢((3,3,1,1)) =
100110011. Each 1 in a rearrangement r corresponds to a column in the Young
diagram of A with height equal to the number of Os appearing after the 1 in r. This
implies that |A| =inv(@(1)). O

A mathematical abacus of length n is a depiction of a string with either beads or
empty places at positions 1,...,n reading left to right. Below we display an abacus
of length 10 with beads at positions 2,3,4,6, and 9:

OO0~
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Although mathematical abaci are nothing more than a fancy way of writing down
an element in R(0¥, 1"~%), we will see in future chapters that it can be convenient to
represent integer partitions using mathematical abaci.

Let by,...,b; be the beads on a mathematical abacus a reading left to right and
let empty(b;) denote the number of empty places to the left of b;. The mathematical
abacus a naturally corresponds to the integer partition

Aq = (empty(by),empty(bg_1),...,empty(b;))

where we possibly allow parts of size 0 at the end of A,. Then A, can have at most k
parts of maximum size n — k. The bijection in Theorem 1.9, when integer partitions
are interpreted as mathematical abaci, tells us that

|:I’l:| _ Z qempty(bl )+---+empty(by)
k q

abaci a of length n with k beads
This gives us our fifth combinatorial interpretation for the g-binomial coefficient;
the other four are given in Theorems 1.4, 1.5, 1.6, and 1.9.

The cycle type of a permutation ¢ € S, is the integer partition found by writing
down lengths of the cycles in ¢ in decreasing order. For example, the cycle type of
the permutation o = (1 2 3)(4)(5 6 7 8) is the integer partition (4,3, 1).

Theorem 1.10. The number of ¢ € S, with cycle type A = 1"™2™ ... is nl/z;,
where, for an integer partition A = 1"2"23"3 ... we define z) to be the number
1M2m23M oy lmp ms -

Proof. Take any permutation in S, written in one-line notation and place parenthe-
ses around the integers as to create a permutation of cycle type A = 1"™12"2...,
There are n! ways to do this. Any one of i cyclic rearrangements of a cycle of length
i leaves the permutation unchanged; divide by 17122 ... to account for this. Any
permutation of the m; cycles of length i will also not change the permutation; div-
ision by mj!my!--- will resolve this. Therefore the number of permutations with
cycle type A is

n! n!

1m12m2...m1!m2!... - 1

as desired. O

A tableau is a filling of the cells of a Young diagram with positive integers. The
tableau is called column strict if these integers satisfy two restrictions:

1. The integers strictly increase when reading bottom to top within columns, and
2. the integers weakly increase when reading left to right within rows.

For example, all possible column strict tableaux of shape (4,2, 1) and filled with the
integers 1,1,1,2,2,3.4 are
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3 4
2 2 4 2 3
1 1 3 11 1 2 11 1 2

We define CS), to be the set of all possible tableaux of shape A. Let T, denote the
integer in the cell ¢ of T € CS),. The weight of T is defined to be

3
2
1

—_— N

2
1 1 4

W(T) = H XT..

c
cellscinT

The four column strict tableaux displayed above all have weight x?x%x3x4. The con-
tent of the tableau is the integer partition found by sorting the exponents on this
weight in nonincreasing order; for instance, all four column strict tableaux shown
above have content (3,2,1,1).

1.3 Generating Functions

Generating functions will enable us to answer the question “How many are there?”
when simple and direct formula may not exist. They provide such elegant and suc-
cinct answers to enumeration problems that, once understood, generating functions
often become a preferred way of counting.

Although we did not identify them at the time, g-analogues are generating func-
tions and we used generating functions in the proof of Theorem 1.8. Let z be an

indeterminate. The generating function for the sequence ag,ay,... is
agtai' +a?+ =Y ad".
n=0

For example, the generating function for the sequence 1,3,5,7,... is

=

1432 +52 472+ = Y (2n+1)7"
n=0

and the generating function for the sequence 1,1,1,1,... is
1+ 12 1212+ = ZZ".
n=0

Generating functions have been a standard tool to the combinatorialist since the
times of Euler and Laplace. They can be added, multiplied, differentiated, and inte-
grated, so they are more than just a special way to write down sequences. Once the
generating function for a sequence is known, properties such as averages, variances,
and asymptotics can often be easily understood.
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The generating function
a’ +az' + @+ =Y and
n=0

for the sequence ag,ay,... is also known as a formal power series. The adjective
“formal” refers to the fact that we are not necessarily performing the operation of
addition. We are simply presenting the sequence ag,ay,... in a specific way, using
plus symbols to separate terms and using powers of z as placeholders.

The ring of formal power series, denoted R][[z]], is the set of all formal power
series in z representing sequences with entries in R. The ring of formal power series
will help us make precise the notions of addition, multiplication, and other opera-
tions on generating functions.

For each nonnegative integer j, define a function -|_; from R[[z]] to R such that

Zaj.

Y a
n=0

zj

The element in R found by an application of -|_; is the coefficient of z/. Two elements
in R[[z]] are equal provided the coefficients of z/ in each formal power series are
equal for all j > 0.

The sum of two formal power series is defined by

) (5] B
n=0 n=0 n=0

where the plus symbol on the right hand side of the equation denotes the sum of two
elements in R. The product of two formal power series is defined by

(2 anzn) <z ann> = z (a()bn +arbp—1+---+a,—1b1 +anbO)Zn>
n=0 n=0

n=0

where the plus symbols and the adjacent elements on the right-hand side denote the
sum and product of elements in R.
Let 1 represent the formal power series 140z 4072+ ---. If

() (50)

then we say that Y~ b,z" is the reciprocal of Y7 a,z" and write

1
2;0:0 a,7z" '

-1
Z bnzl’l = <Z anzn> =
n=0 n=0



14 1 Permutations, Partitions, and Power Series

For example, the product of the two formal power series 1 —zand 1 4+z+2z>+--- is
equal to 1 and so

1
1 2po=(1-g)t=—1.
+z+z2°+ (1-2) -
If this formal power series is interpreted as a complex-valued function, only certain
values of z would make 14z +2z>+--- = 1/(1 — z) true; namely, those values of z

with |z| < 1. However, since we are using generating functions to formally encode
the values of a sequence, we can be cavalier about such issues and simply state that
the generating function for 1,1,1,... is equal to 1/(1 — z) without reference to a
radius of convergence. After all, we generally do not care about evaluating generat-
ing functions at any particular value of z. On the other hand, we do reserve the right
to interpret generating functions as functions of a complex variable when doing so
is beneficial.
The composition of Y, a,z" and ¥,>_, b, 2" is the formal power series

n
2 ay (2 bmzm> .
n=0 m=1

A potential problem in this definition arises if any coefficient in the above formal
power series is an infinite sum of elements in R. However, we have

n
Zan <2 mem> Zan (blzl+.,.+bjzj>n
n=0 m=1 Zi n=0

Zj

J

= z an (blzl —|—~--+bjzj)n )

n=0 Zi
where in the last expression we are selecting the coefficient of z/ in a finite sum. So,
by starting the inserted formal power series at the b; term, we force the coefficient
of z/ in the composition to be a finite sum of elements in R for all j > 0. This shows
there are no problems with our definition of composition.

The derivative is a function d/dz(-) from R[[z]] to R[[z]] defined by

i z anzn = z (Il + l)an+lzna
dZ n=0 n=0

where n+ 1 is the element 1 +---+ 1 in R. The integral is a function [ -dz from

R[[z]] to R[[z]] defined by
/ (i anz”> dz = i Gn=l on
n=0 n

n=1

provided the multiplicative inverse of n exists in R for n > 1. In our definition of
integration, the coefficient of z¥ in the integral of any formal power series is taken
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to be 0. The derivative and integral for formal power series obey the usual differen-
tiation and integration laws, such as the product rule, chain rule, and integration by
parts.

As seen in Theorem 1.8, we may want to understand infinite products in the ring
of formal power series such as [T, 1/(1 —z'). To make sense of such products, we
define the notion of convergence of formal power series.

If we are given formal power series f)(z) = 3,0 £27 for i > 1, then we say

lim £ (z) = f(z) = Y, fud"

i—oo =0

provided that for each n > 0 there is an m such f,gi) = f, for all i > m. Further, we
define

= n

0= im[100 w3790 =m 390
i=1 i=1 =1 =

For example, for any 0 < k < n,

11[ 1

i=1

1
:Hl—zi

Zk 1

)

1—7
&

k
=1

meaning that [], 1/(1 —z%) is well defined.

We also want to work over the ring of formal power series with infinitely many
variables, R[[x],x2,...]]. To formally define such a ring, we establish some notation.
We say that a function y: {1,2,...} —{0,1,2,...} is a weak composition of n with
m parts if

1. y(i) =y =0foralli>m,
2. Yn >0, and
3. 3L n=n

In such a situation, we shall simply write Y= (1, %, ..., ¥) With the understanding
that %, = 0 for i > m. Let x¥ = [T/L 1x3'/i- With this notation, the Os before the final
nonzero element count as parts for a weak composition.

We refer to elements of the form x” as monomials and say that x” has degree n if
7Y is a weak composition of n.

For example, y = (2,0,1,0,3) is a weak composition of 6 with 5 parts which
corresponds to the function y(1) =2, y(2) =0, y(3) = 1, y(4) =0, y(5) = 3, and
y(i) = 0 for i > 5 and x” = x{x9x}x9x3 = x?x3x2 is a monomial of degree 6.

We say that a function y: {1,2,...} — {0,1,2,...} is a composition of n with m
parts if

1. y(i) =y =0foralli > m,
2. ¥, >0forall i <m, and
3.3, vi=n.

Thus compositions are not allowed to have 0 parts. In this situation we write || = n.
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For n > 1, let WC, denote the set of all weak compositions of n, let WCy = {0}
where 0 denotes the zero function, and let WC = |J,» WC,. Then we define

R[[x1,x2,...]] = { Y ap’:ay ER},

yewc

and for any n > 1 we define

Ru[[x1,%2,...]] = { Y, ap?:ay GR} :

YEWC,

The ring of formal power series R|[[z]] can be recovered from R[[x,x2,...]] by
setting x; = z and 0 = x» = x3 = ---. Similarly, the ring of formal power series in
finitely many variables, denoted R|[[x],...,x,]|, can be defined by taking x; = 0 for
i > nin the ring R[[x1,x2,...]].

We can define infinite products and sums in R[[x|,x7,...]] in the same way we
did for R[[z]]. Let x = (x1,x2,...) and suppose that /() (x) = Yyewe fy)xy are formal
power series for i > 1. We define

lim fO(x) = f(x) = ¥, fd!

imoe yewcC

if for each y € WC there is an m such fj(,i) = fy for all i > m. Further, we define

ﬁ = lim Hf and i F9(x) = lim 2 9 (x
i—1 I’l‘)OCJ i—1 n—ro0 i—1

For example, with these definitions, [, 1/(1 —x;t) is well defined in R[[t,x1,...]].

We will work in the subring BR[[x1,x2,...]] of R[[x],x2,...]] which consists of
all those elements of f = Y cyccyx? in R[[x1,x2,...]] such that there some m > 0
such that ¢y # 0 implies |y| < m. These are the elements f of R[[x;,x2,...]] such that
degrees of monomials that appear in F are bounded. It follows that

BR[[x1,x2,...]] = D Ru[[x1,%2,.
n>0

A function ¢ : R — R’ is a ring homomorphism if ¢(1) =1 and @(rir; +r3) =
©(r1)(r2) + @(r3) for all r,ry,r3 € R. Such a ring homomorphism ¢ may be ex-
tended to be a ring homomorphism @ : R[[z]] — R'[[z]] by defining

’ (i ) = 3 plan)?
n=0 n=0

If the formal power series Y, _a,z" and Y, b,2" in R[[z]] are reciprocals of one
another, then

0=9(0)=¢ (i_oambnm> = iom(am)w(bnm)
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for n > 1. Therefore @ (3 _a,Z") and ¢ (X, bnz") are reciprocals of one another;

in symbols,
—1 —1

© Zanzn = Z(p(an)z"
n=0 n=0

Many of the results in this book involve using ring homomorphisms to find gen-
erating functions for interesting sequences, and so the fact that ring homomorphisms
interact nicely with operations on generating functions such as reciprocation will be
used frequently.

Although elements in R[[z]] are not defined to be functions of z, our definitions
for coefficient, sum, product, reciprocal, composition, and derivative are the same
definitions we could give for complex-valued functions. So, within an appropriate
radius of convergence, it is safe to interpret generating functions as actual functions.

We end this section by showing how interpreting a generating function as a
complex-valued function can help us understand the asymptotic growth of the
coefficients of the power series, a,. We state and use a few theorems from com-
plex analysis, the proofs of which can be found in most textbooks on the subject.

Each series f(z) = Y_yanz" has a radius of convergence R, which is either a
nonnegative real number or o, such that the series converges for all |z| < R and
diverges for all |z| > R. Further, f(z) is differentiable at all values of z with |z] < R
and, provided R # oo, there is an a with |a| = R such that f(z) is not differentiable
at a. This a is a singularity of f.

We can often identify the radius of convergence of the power series representa-
tion of f(z) by finding the singularity closest to 0. For example, consider

B 1
" 1—2sinz’

f(2)

Singularities occur when the denominator is zero, so the singularities of f(z) are at
/6 + 2km and 57 /6 + 2kr for all integers k. The singularity closest to 0 has mag-
nitude /6, so this is the radius of convergence for the power series representation

of f(z).
Alternatively, the radius of convergence can be found using a limit supre-
mum. The limit supremum of a sequence of real numbers xgp,xi,..., denoted

limsup,_, ., x,, is defined to be

limsupx, = lim (sup{x,,Xp+1,...})
n—soo n—ee
where sup{xy,X,11, ...} is either equal to the smallest real number larger than every
term in x,,x,+1, ... or equal to oo if there is no real number larger than every term in

Xpn,Xn+1,- - .. The root test from complex analysis says that the radius of convergence
Rof f(z) =X yanz" satisfies

1
limsup |a,|"/" = -
nﬁwP| nl R

)
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where 1/0 = e and 1/e0 = 0 by convention. This statement gives us information
about the asymptotics, or the limiting behavior, of the sequence a,,. In particular, the
definition of limit superior gives that for every € > 0 the inequality

lan| < (11€+£) (1.1)

holds for large enough n. The radius of convergence R is the largest number for
which (1.1) holds for all € > 0.

For example, again consider f(z) = 1/(1 —2sinz). Since the radius of conver-
gence is /6, there are coefficients ag,ay,. .. such that the equality f(z) =X _gan?"
holds for all |z| < /6. These coefficients satlsfy

6 n
lan| < <n +0.0001> < (1.91)"

for large enough n. By identifying the radius of convergence we have found an
excellent bound on the growth of a,.

We can often do much better than finding bounds. Continuing our example,
L’Hopital’s rule gives

T —% -1
lim (z=%) f() = tim :
zﬁlgrr}6 ‘76 @)= zﬂln'/6 1— 251nz \/§
and so multiplying f(z) by (z— Z) removes the singularity at /6. This means

_1/\f

@)= z—m/6

+8(2)

for some function g(z) which has the same singularities as f(z) except for /6.
Since the power series expansion of the geometric series 1/(z—a) is — Yo 2" /a" !,

1/V/3
z—m/6

iaznli<6>"“zn
n=0 " \@nzo T

-5 (% (g)"*‘>zn.

The radius of convergence of this series is 57/6 because 57/6 is the singularity of
2(z) closest to 0. Using (1.1),

1 6 n+1
R <7r>
for large enough n. We have found an outstanding approximation for a,, namely
(6/7)" ! //3, without computing a single term in the sequence.

g(z) = f(2)+

6 n
— +0.01 40)"
<(5n+00> < (0.40)
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More generally, let a be a singularity of f(z) = Y, a,z" which is closest to 0.

If a is the only singularity of f with magnitude |a| = R and if there is an integer k
for which

lim(z—a)* f(z) = cx < oo,

Z—a
then there are constants ¢y, ...,c;_1 and a complex-valued function g(z) with radius
of convergence R’ > R such that

Ck 1

f(z)= +oot )+g(Z)~

(z—a)k (z—a

Let b, be the coefficient of 7" in the series expansion of (zfika)k + -+ (ZC_—‘a); an
explicit formula for b, can be found without too much trouble (see Exercises 1.19

and 1.20). Then we have

and so (1.1) tells us
1 n
|a,,—b,,| < (R,+€) (1.2)

for some fixed € > 0 and large enough n. This means b, is a good approximation
for a,, especially if R’ is larger than 1. If more accurate approximations are wanted,
this process can be repeated on the function g to enlarge R’ even further.

Now that we have shown why it may be useful to permit generating functions to
be interpreted as complex-valued functions, we are ready to begin our foray into the
wonderful world of symmetric functions.

Exercises

1.1. Prove [Z]q = [nfk]q bijectively.

1.2. Let n = kj + -+ + k;. The g-multinomial coefficient [, ", ] is [kl]q[ﬁ]-?[;,]q!'
Show that
n inv(r
g
Lo ®llg epih ke
where R(lkl yeen ,Ekf) denotes the set of rearrangements of k; 1s, k» 2s, etc.

1.3. A rim hook is a sequence of connected cells in the Young diagram of an integer
partition which begins in a cell on the northeast boundary and travels along the
northeast edge such that its removal leaves the Young diagram of a smaller integer
partition. For example, below we display a rim hook containing 6 cells:
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-

Let A, be the integer partition corresponding to the mathematical abacus a with
beads by, ...,b; reading left to right. Show that moving bead b; to an empty position
J places to its left removes a rim hook with j cells from the Young diagram of A,.

In Exercises 1.4, 1.5, 1.6, and 1.7, prove the stated “g-analogued” version of a
well-known identity involving binomial coefficients. Do not prove these identities
by writing [Z] g s fraction and manipulating powers of g; instead, use one of the
combinatorial interpretations given in Theorems 1.4, 1.5, 1.6, 1.9 or use mathemat-
ical abaci.

—1 -1
1.4. The g-Pascal identity: {Z] =g [n k ] + [Z J .
q q g

n
1.6. The g-binomial theorem: (1+x¢°)---(1+xg""!) Z [ }
k=0 q

b 4 b
1.7. The g-Vandermonde identity: {a—i— } = z gl Rk [a} [ ] .
c ki lc—k],
1.8. By expanding them as infinite products, show that the generating function for
the number of integer partitions of n with distinct parts is equal to the generating
function for the number of integer partitions of n with only odd parts.

1.9. Prove the identity in Exercise 1.8 bijectively.

1.10. Show that the number of integer partitions of a — ¢ with length » — 1 and no
parts larger than c is equal to the number of integer partitions of a — b with length
¢ — 1 and no parts larger than b.

1.11. Show that the number of integer partitions with both odd and distinct parts
with no parts greater than 2n — 1 is equal to the number of integer partitions A
which have a Young diagram which fits inside an n x n square and A = 1.

1.12. Remove a staircase (an integer partition of the form (k,k—1,...,2,1)) from a
Young diagram of an integer partition to show that

k+1
10 +y) i felt)
ol (1-z)(1—2%)---(1—-2%)
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1.13. Show that for any integer k the coefficient of y* in

= =

IT+y) [T (1+y 12"

n=0 m=1

is equal to FU=D/2 H 1/(1 —Z"). This can be done by drawing a staircase next to

an integer partition of n. Slice this picture along a diagonal line in order to find to
two integer partitions with distinct parts.

1.14. From Exercise 1.13 deduce the Jacobi triple product identity:

2 ykzkzzn(l_zn)(l_i_yzhfl)(1+y 120 1)
k=—oc0 n=1

1.15. A pentagonal number is an integer of the form (3k> — k) /2 for some integer k.
Using Exercise 1.14, deduce Euler’s pentagonal number theorem:

= =

[T0-2)= % (-0

n=1 k=—o0

Then show that

p(n)=pn—1)+pn—2)—pn—-5 —pn—-7)+pn—12)+

where p(n) is the number of integer partitions of n and the integers 0,1,2,5,7,12,...
are the pentagonal numbers.

1.16. Prove Euler’s pentagonal number theorem (given in Exercise 1.15) using a
sign reversing involution on the set of integer partitions of n with distinct parts.

1.17. The Laplace transform is an integral transform used in a variety of science and
engineering applications. It is defined on real valued functions f(¢) b

LIy =Fo) = [ 10e .

where s is positive real number. Show that . {¢"} = n!/s"*! for integers n.
Formally extending this definition, we define the Laplace transform on formal
power series by

& Zant” = Zann!/s"H.
n=0 n=0

These two definitions coincide when all integrals and sums converge.

Show that if F(s) is the Laplace transform for the “exponential” generating func-
tion Y~ yant"/n!, then F(1/s)/s is the “ordinary” generating function Y, _,a,s"
This allows us to convert exponential generating functions into ordinary generating
functions or vice versa using the Laplace transform or its inverse.
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1.18. Let f(z) = X»_yanz". How can f(z) be used to find a generating function for

2 ajd”
n=0
for a positive integer j?

1.19. For any complex number a and nonnegative integer n, define the generalized
binomial coefficient to be

<a> ala—1)---(a—n+1)

n) n!
Newton’s generalized binomial theorem says that the power series for (1+2z)“ is
< [a
(I+2)*=> ( >z".
n=0 \?
Prove this theorem by taking derivatives of (1 +z)? and evaluating them at z = 0.

1.20. Use Newton’s binomial theorem to show that for any positive integer i,

- _12)1‘ _;(i—i—z— 1>Zn.

Then find an explicit formula for b, the coefficient of 7" in the series expansion of

(Zf—"@k + -+ (Zﬂa) . This b,, approximates the coefficients a, in (1.2).

Solutions

1.1 Using the interpretation of [ﬂq given in Theorem 1.9, conjugate an integer
partition with a Young diagram which fits inside of an k x (n — k) rectangle to find
another integer partition of the same size with a Young diagram which fits inside of
a (n—k) x k rectangle.

1.2 Use the same ideas as in the proof of Theorem 1.4, define a bijection ¢ : Sy, X
X Sg, x R(1K1 .. k) — S, such that

inv(og)+---+inv(ey) +inv(r) = inv(e((a,. .., 0p,7)))

forall (ou,...,0p,r) € S, X -+ % Sg, x R(1k1, ... 0k0),

The bijection ¢ can be defined by starting with (o, ..., 0y,r). Write down r.
Underneath the is in r, write down ¢; where each integer in ¢ is increased by kj +
---+k;_1. We end up with a permutation in S,, with the correct number of inversions.



Solutions 23

1.3 Suppose bead b; passes over ¢ beads when moving to its new position in the
empty place j places to its left. Then the number of empty spaces to the left of bead
b; is decreased by j — ¢ and the number of empty spaces to the left of each of the ¢
skipped over beads is decreased by 1. In the corresponding integer partition

Aq = (empty(by), ... ,empty(b1)),

this means that j — ¢ is subtracted from part i and 1 is subtracted from the ¢ parts
appearing after part i.

In terms of Young diagrams, cells in the shape of an “L” are removed from the
Young diagram of A,. For example, suppose we move the rightmost bead in the
mathematical abacus

| OO O O
9 places to its left; thereby creating the abacus

O—-—00—=0

This corresponds to removing the shaded “L” shown below

=

Removing such an “L” shape is equivalent to removing a rim hook which begins
at the top of the “L,” traces a path along the northeast boundary of the Young dia-
gram, and ends at the bottom of the “L.” Therefore moving a bead b; to an empty
place j places to its left corresponds to removing the rim hook from the Young
diagram of A, which starts in row i reading bottom to top.

1.4 Although this proof uses rearrangements, the identity can be just as easily
proved using other combinatorial interpretations.

A rearrangement r € R(0%, 1"%) can either begin with a 0 or a 1. If r begins with
a 0, then removing this 0 will decrease the number of Os by 1 and will not change the
number of inversions in r. So the rearrangements which begin with a 0 correspond
to [;7],-

If r begins with a 1, then this 1 causes a total of k inversions. Rearrangements
which begin with a 1 correspond to g* [";k} . Since elements in R(0%, 1"%) must start
with either a O or a 1, the statement follows.

1.5 Let X be a vector space with a finite number of elements x and let V,,(¢) be
a vector space of dimension n over the finite field with g elements for g prime.
Consider all linear maps L : V,,(¢) — X. A linear transformation is determined by its
action on the n basis vectors in a basis for V,(g). There are x linearly independent
choices for each basis vector, so there are x" total linear maps L.
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Suppose the dimension of the null space of L is n — k. By Theorem 1.6 and
exercise 1.1, there are [Z]q = [nf k]q possible choices for which subspace of V,(q)

will serve as the null space. The remaining k basis vectors must be sent to k linearly
independent vectors; there are (x —¢°) - - (x — ¢*~1) choices here.
Therefore

x" = (the number of linear maps L : V,(q) — X)

(the number of L : V,,(¢) — X with null space of dimension n — k)

Il
B M:

k=0
=5 ] ematma

q

We have verified this polynomial identity true for primes ¢, and thus the identity
must hold for all g.

1.6 Let ¢; denote the number of 1s appearing to the left of the i/ 0 in a rearrange-
ment r = ry -1, € R(0¥,1"7%). For example, if r=010110100011110,
then the sequence /1,...,¢7 is equal to 0,1,3,4,4,4,8. From this definition, the i
occurrence of 0 in r is the character in position ¢; + (i — 1), and so the sum of the
positions of the Os in ris (¢; +0) +---+ (¢ + (k—1)).

The number of inversions in r is the number of times a 1 appears to the left of
a 0. Therefore we have

inV(r)+(§> =+ A+ )+ 0+ 14+ (k—1))
=0x(r=0)+1x(r2=0)+---+ (n=1)x(rn = 0),

where for any statement A, y(A) is 1 if A is true and 0 if A is false.

To each term in the expansion of the product (14 x¢%)---(1+xg""') we can
associate a rearrangement r in this way: If 1 is selected from the (1 + xq’) term in
the product, write down 1. If qix is selected, write down 0. Therefore the coefficient
of x* in this product is equal to

qu(rl =0)+1y(r,=0)+---+(n—1)x (r,=0) 7

r=r1--ry €R(0K,11=K)
which simplifies to
O+ 4 H
r=r1--ry €R(0K,11=K) q

by Theorem 1.4, as needed.
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1.7 Consider an integer partition A with a Young diagram which fits inside of a
¢ X (a+b — c) rectangle created by a lattice path from (0, ¢) to (a+b—c,0). Identify
the smallest value of k for which the Young diagram of A contains (n —k) X (a — k)
rectangle. Here is an example of what such a rectangle might look like when a =
6,b=16,andc=7:

—

a—k b—(c—k)

The lattice path can be broken into two pieces: a path from (0,¢) to (a —k,c —k)
and then a path from (a —k,c —k) to (a+b —c,0). These two lattice paths corre-
spond to integer partitions which fit into a k x (a —k) and (¢ —k) x (b— (c —k))
rectangles. Since the area of the rectangle inside A has (a — k)(c — k) cells, the iden-
tity follows; the right hand side sorts integer partitions according to k, keeping track
of the total number of cells as the exponent of q.

1.8 Using the same logic as the proof of Theorem 1.8, the generating function for
the number of integer partitions of n with distinct parts is

1-21-2*1-2°
l—z1-221-2}

1
(1-2)(1-2)(1-2%)

(I+2)(1+2) A+ =

This is the generating function for the number of integer partitions with only odd
parts.

1.9 Given A = (A44,...,As) I n with distinct parts, write each A; as 2%d; where d; is
an odd number. Then we have

n=~A+--+A
=29d + -+ 2%,

= (a sum of distinct powers of 2) - 1 + (a sum of distinct powers of 2) -3+ - - |

where we have grouped the terms according to their odd components. This corre-
sponds to an integer partition with only odd parts; the coefficient the odd number
d tells us how many times the integer partition should contain d. This process is
reversible since each integer has a unique base 2 representation.
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1.10 We prove this bijectively, starting with A - (a — ¢) with (1) = b — 1 where
no parts of A are larger than c¢. Follow these three steps:

1. Add a row of c cells to the bottom to the Young diagram of A.
2. Delete the first column.
3. Conjugate.

The result of these three reversible steps is the Young diagram of an integer partition
of a — b with length ¢ — 1 and no parts larger than b.

1.11 Take an integer partition with both odd and distinct parts with no parts greater
than 2n — 1 and bend each row of cells of length 2k — 1 in the Young diagram into
an “L” shape. Nesting these “L”s gives the Young diagram of an integer partition A
such that A fits inside of an n x n square and A = A’. A picture:

-

1.12 The left-hand side of the equation is equal to

=

v D Nory

n=0A F n has distinct parts

Since an integer partition A in the above sum must have distinct parts, it must contain
a staircase of height £(1) = k. Remove this staircase and left justify the remaining
cells in the Young diagram; an example is below:

|_|_|—|_‘ becomes |2|

What remains must be an integer partition with < k parts; these are in 1-1 correspon-
dence by conjugation with integer partitions with parts of size < k. The generating
function for these integer partitions is
1 1 1
l—z1-22 1-Z¢

Sorting by the height of the removed staircase, which contains 14+2+---+k= (k; 1)
cells, the generating function for the number of integer partitions with distinct parts
is therefore equal to

ykz(kgl)

> (1—-2)(1—=z%)---(1—=2k)"

k=0
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1.13 First assume that k is nonnegative. For the product k=172 H 1/(1—=2"), we
n=1
place a staircase of k — 1 cells (we use the mirror image of the Young diagram for

the integer partition (k—1,k—2,...,1) since l +---+k—1=k(k—1)/2) next to
an integer partition of n, like the picture below which shows when k = 3:

Cut these cells along the diagonal line following the top of the staircase to form
two integer partitions. Let A be the integer partition with Young diagram found by
left justifying the cells below the diagonal and let u be the integer partition found
by conjugating and then left justifying the cells above the diagonal. The integer
partitions A and ¢ which come from the above diagram are shown below:

These integer partitions A and y must have distinct parts. Furthermore, depend-
ing on whether the last step of the diagonal line is vertical or horizontal, /(1) — £()
is either k or k— 1. If {(A) —¢(u) = k—1, add a O part to A in order to make
((R)— () = k.

If k is negative, then k(k—1)/2 = |k|(]k| 4+ 1)/2, so place a staircase of k cells
next to an integer partition. Then, take u to be the integer partition found below
the diagonal line and let A be the conjugate of the integer partition found above the
diagonal line. We now have an ordered pair (A, 1) with £(A) —¢(u) =k or k— 1; if
the difference is k — 1, then add a 0 part to A to make the difference .

We have shown the desired equality since the coefficient of y* in the product

=

T +2) TT (1+y7'27)
m=1

n=0

is equal to the number of pairs of integer partitions (A, 1) where A can have a 0 part
and /(L) —4(u) =k.
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1.14 Sum the result in Exercise 1.13 over all possible integers k to find

Z ykzk(kfl)/zzn(l_zn) (1+yzn71)(1_~_yflzn).

k=—o0 n=1

Then find the result by taking “z” as “z>” and “y” as “yz.”

1.15 Take “z” as “z3/2” and “y” as “—z~'/2” in the Jacobi triple product identity to
find

S (DSR2 (1) = [T0-2),

k=—o0 n=1

Therefore we have

() f02) - (o) ()

Comparing coefficients of 7" on both sides of the equality gives

0=p(n)—pn—1)—pn=2)+phn-5+pn-7) -

1.16 Since the product [T, (1 —Z") is equal to

(— 1)), (1.3)

A has distinct parts

we will consider integer partitions with distinct parts. The sign of such an integer
partition A is defined to be (—1)¢(4),

Given an integer partition A with distinct parts, let fop(1) be the number of cells
in the top row of the Young diagram of A and let stair(A) be the number of cells in
the “staircase” which starts in the bottom right cell of the Young diagram of A and
travels along a diagonal with slope — 1. For example, we depict top(A) and stair(1)
for A = (8,7,6,4,3) below:

top(L) =3
—

stair(A) =3

We define A to be a fixed point under the involution ¢ if either

1. £(A) = k for some integer k, top(A) =k, and stair(A) =k, or
2. £(A) = k for some integer k, top(L) = k+ 1, and stair(A) = k.
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Otherwise, define ¢ in the following way: if rop(A) < stair(A), then ¢(A) is the
integer partition found by removing the cells in the top section of the Young diagram
of A and placing them alongside of the staircase. For example, we would change the
integer partition displayed above to this one:

If top(A) > stair(A), then define ¢(A) to be the integer partition which undoes the
above operation, that is, remove the cells in the staircase and place them on the top.

Unless A is a fixed point, the sign of A and ¢(A) differs by —1. Therefore (1.3)
is equal to the signed sum over all possible fixed points of the involution ¢(A). An
example of each of the two varieties of fixed points are shown below:

In the first case we count the number of cells in |A| by looking at the staircase of
height k — 1 next to the k x k square of cells. This gives

k 32—k
=k =—.
A=K+ (2) .

In the second case, the staircase next to the k x (k+ 1) rectangle gives that

K\  3k2+k  3(—k)?—(—k)
2) 2 2 '

|),|:k(k+1)+(

These fixed points correspond to the pentagonal numbers, as desired.

1.17 We have
= 1
2{1} :/ e =~
0 s

and, using integration by parts,
L") = / e~ dt

0
tn

=3

— L

N

_ E n—1
= S.f{t }

for all positive integers n. The statement . {¢"} = n!/s" ! follows by induction.
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The Laplace transform of the exponential generating function Y, a,t" /n! is

oo

F(S):f{zan n} Za" n+1’

n=0
and so F(1/s)/s =Y gaus", as desired.
1.18 Let { = ¢¥*/J be a primitive j* root of unity. Then

f(E2)+- J+f(€fz i ¢"+- ]+C’”

Since {" +---+ (" is equal to j if j divides n and 0 otherwise, this sum is equal to
Yoo anj2" , as desired.

119 If f(z) = (1+2)%, then the n" derivative f")(z) = a(a—1)---(a—n+1)
(1+2)%". Evaluating at 0 gives f")(0) =a(a—1)---(a—n+1). Since the power
series for a function f(z) is given by

we have now proved Newton’s binomial theorem.

1.20 Newton’s binomial theorem gives

(=))(=i=1)---(—=i—n+1)
n!

(it 1) (i4n=1),

=

o
I

N

(=2)"

3
Il
o

Il
Ms

n'
n

. .
< [i+n—1Y\ ,
5 (")

n=

as desired. This says that the coefficient of 2" in ¢;/(z —a)' = (—1)'cia™'/ (1 — z/a)’
is equal to ¢;(—1)/("~") /a"*! and therefore

B v ¢k (k+n—1 1 ¢ (1+n—=1
bn_(_l) an+k< n ++(_1) antl! n .

Notes

A delightful text introducing generating functions and their uses is Wilf’s Generat-
ingfunctionology [117]. Stanley’s Enumerative Combinatorics [109] is an excellent
text which introduces generating functions and permutation statistics. These two
books deserve to be read by every student of combinatorics.
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The systematic study of the permutation statistics des, exc, inv, and maj was
begun by MacMahon [83]. He proved that des and exc where equidistributed over
permutations and des and exc where equidistributed over permutations. The first
bijective proofs of these fact was given by Foata. Our proof of the fact that des and
exc are equidistributed over S, can be found in [43]. The proof of Theorem 1.3
and the subsequent bijection is due to Carlitz [18]. The proof of Theorem 1.5 is a
modification of a proof by Foata [44].

Those interested in integer partitions are referred to Andrew’s The Theory of
Integer Partitions [4] and Wilf’s notes Lectures and Integer Partitions which can be
found on his Web site. For instance, Andrew’s book includes a proof of the direct
formula for the number of integer partitions we display on our page 9, due to Hardy
and Ramanujan. The interpretation of integer partitions as abaci can be found in
Loehr’s Bijective Combinatorics [81].



Chapter 2
Symmetric Functions

This chapter provides a lean but solid introduction to symmetric functions. All of
the theory needed for our later chapters is carefully introduced while simultaneously
giving the reader a firm hook on which to hang future studies. Our method is novel
in that we emphasize the combinatorics of transition matrices and most of our proofs
are combinatorial.

The subject is vast and an attempt to create an encyclopedic account would
distract from our focus of using symmetric functions to solve enumeration problems.
Therefore we have made heartbreaking choices on what topics to include or not in-
clude in this chapter, although we admit to succumbing a few interesting digressions
which are not strictly needed in our development.

2.1 Standard Bases for Symmetric Functions

Let x1,x2,... be an infinite collection of indeterminates and, just as introduced in
Section 1.3, let BQ[[x;,x2,...]] be the subring of Q[[x,x2,...]] containing those
monomials with bounded degree. Given a permutation ¢ = 07...0y € Sy and
P(x1,x2,...) € BQ[[x1,x2,...]], we define

GP()Cl,XQ, <o XNSANA+1,XN425 - - ) = P(-xﬁl yX0p 5+« XoN s XN+15XN+25 - - )
We say that P(xj,x2,...) is a symmetric function if for all N > 1 and all o € Sy,
GP()C] s X2y ) = P()C] s X2, )

Thus P(x1,x2,...) is a symmetric function if it is invariant under all finite permuta-
tions of the variables x1,x3,.. ..

© Springer International Publishing Switzerland 2015 33
A. Mendes, J. Remmel, Counting with Symmetric Functions, Developments
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We define A (x1,x3,...) to be the set of all symmetric functions in BQ|[x],x2,...]]-
Since the sum and the product of any two symmetric functions are again symmetric
functions, it follows that A (x1,x5,...) is a ring. Further, we let

Ap(x1,x2,...) = A(x1,x2,...) NBQy[[x1,x2,. . .]]

and we will refer to A,(x;,x2,...) as the vector space of symmetric functions
of degree n. Our definitions ensure that we can write any symmetric function
P(x1,x2,...) in the form

N
P(xl,X2,...) = zpn(xl,XQ,...),
n=0
where P, (x1,x2,...) € An[[x1,X2,...]] for all n by breaking P(x|,xz,...) into its

degree n components. In symbols, this means

=

A(xl,XQ,...) = @An(xl,xz, .. )

n=0

By taking x; = 0 for all i > N + 1, the ring of symmetric functions A (x,x,...)
specializes to the polynomial ring A (xj,...,xy). In this situation, an element f €
A(xi,...,xy) is called a symmetric polynomial in the variables xi,...,xy with co-
efficients in Q. This means that for all permutations 6 = o} --- Oy € S,

f(xla“'va) :f(x617"'7xGN)‘
For example, one symmetric polynomial in the variables x,x,, and x3 is
2x1 4 2xp 4+ 2x3 — X1 X0 — X1 X3 — XpX3 + 4x1X2X3.

There are six standard bases for A,: the monomial symmetric functions, the
elementary symmetric functions, homogeneous symmetric functions, power sym-
metric functions, the Schur symmetric functions, and the forgotten symmetric func-
tions. The main objective of this book is to exploit the relationships between these
bases in order to solve counting problems.

The Monomial Symmetric Functions

If y=(y,...,%) is a weak composition of n, then we let A () the partition found
by sorting ¥ in weakly decreasing order. For example, if y= (2,0,3,1,0,1,0,0,4),
then A(y) = (4,3,2,1,1).

Let A = (A41,...,A¢) be an integer partition of n. The monomial symmetric
function m); = my (x1,x2,...) is defined to be
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my = Z xy.

YEWCy,A(Y)=A

Put differently, m, is the sum of all the monomials whose exponents can be rear-
ranged to give the partition A. For example, the monomial symmetric polynomial
m 1) (x1,%2,%3) is

mo 1) (x1,%2,x3) = x%x% —|—x%x§ —|—x}x% —&—x%xé +x}x§ —|—xéx§.
Theorem 2.1. The set {m; : A b n} is a basis for A,.

Proof. If o and B are two weak compositions of n such that A (o) = A(B) = 4,
then a and B are rearrangements of one another. Thus the coefficients of x* and
xP in any given symmetric function P(xy,x,,...) are the same. This implies that we
can write P(x,x2,...) in the form

P(x1,x2,...) = Y camy
Abn
for constants ¢, , implying that {m, : A I n} spans A (x1,x2,...).
Since m;, and my have no monomials in common if A # i, the set {my : A - n}
is an independent set, thereby showing the theorem true. a

Theorem 2.1 tells us that the dimension of A,(x;,xz,...) is p(n), the number of
partitions of n.

The Elementary, Homogeneous, and Power
Symmetric Functions

The n'* elementary symmetric function e, is defined using a generating function.
Let E(z) denote the generating function for the sequence e, e, ez, . ... Define e, by

E(z)= i en?' = ﬁ(l +x2) = (1 +x12) (1 +x22) -+ - .
n=0 i=1

For example, if 0 = x4 = x5 = - - -, the generating function E(z) becomes

(14x12) (1 4+x22) (1 +x32)
=14+ (x1 +x2 +X3)Z—‘r (X1X2 +x1x3 +XQX3)ZZ +)C1X2X3Z3

and so the first few elementary symmetric polynomials in three variables are eg = 1,
€1 = X1 +x2 + X3, €2 = X1x2 + X1x3 + X2x3, and e3 = x;xox3. In general, we can
employ similar logic as found in the proof of Theorem 1.8 to conclude each variable
X; can appear at most once in a given monomial in e,,. In other words, the elementary
symmetric function e, is the sum of all square-free monomials of degree n—this
means that each monomial in e, is not divisible by x? for any x;. The symmetric
function ey, is also equal to min).
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The elementary symmetric function e, can be expressed as a sum of column strict
tableaux of shape 1. We have

en= 3 w(T).

TGCS(ln)
For example, the terms in the symmetric polynomial
3(X1,X2,X3,X4) = X1X2X3 + X[ X2X4 + X1 X3X4 + X2X3X4

are the weights of the following column strict tableaux of shape 13 which are filled
with integers no larger than 4:

For any integer partition A = (A,...,A4) I n, we define ¢; = ¢, - . The
fundamental theorem of symmetric funct10ns says that the set {e; : A F n} 18 a bas1s
for A,; this is our forthcoming Theorem 2.17.

The n'" homogeneous symmetric function A, is defined in a similar manner as e,,.
Letting H(z) denote the generating function for A,, we define

hnd 1
h,d' = )
2 ' 11_11 1—xiz
For example, if we take 0 = x4 = x5 = ---, then H(z) becomes

(o) (=) (=)

=(I+xiz+x2+ ) (1 +xz+57 ) (1 +x3z+ 32 + )

=1+ +x+x3)2 + (F +3+5 Fxi0 +xx3+x0x3)2 + -
and so the first few homogeneous symmetric polynomials in three variables are
ho=1,h; =x1+x,+x3,and hy :x% +x§ +x§ +x1x2 +x1x3 +x2x3. In general, by

writing each term in the infinite product as a geometric series and expanding, we see
that h,, contains all possible degree n monomials, each with leading coefficient 1. In

other words,
hn = Z my, .

The homogeneous symmetric function /4, can be expressed as a sum of column
strict tableaux of shape n; we have
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For example, the terms in the symmetric polynomial
Ry (x1,%2,X3) = X3 4 X3 4 x5 + X1 X2 4 X153 + X2x3

are the weights of the following column strict tableaux of shape 2 which are filled
with integers no larger than 3:

] 2 3 [ [0 [

For any integer partition A = (41,...,4) - n, we define hy = hy, ---hy,. The set
{hy : A Fn} is a basis for A,; this is our Corollary 2.20.
The n'" power symmetric function p, is defined to be

Pu(x1,%0,%3,...) =X +x5 + x5+

and so p, = m(,). The power symmetric function p, can be expressed as a weighted
sum of tableaux if we require that every integer in a tableau of shape (n) be the
same. Just like the elementary and homogeneous symmetric functions, we define
P = Py, -+ Py, for any integer partition A = (A1,...,4¢) - n. We will show that
{ps : A b n} is a basis for A, in Corollary 2.24.

The Schur Symmetric Functions

The most important basis for A, with respect to its relationship to other areas of
mathematics is the Schur symmetric functions—they are crucial in understanding
the representation theory of the symmetric group. Given an integer partition A - n,
we define the Schur symmetric function s; by

Sy = Z W(T).

TECSA

For example, all possible column strict tableaux of shape (2, 1) which are filled with
integers less than or equal to 3 are

3 2 2 3 2 3 3 3
1 2 1 3 |1 1 11 1 2 1 3 2 2 2 3

and so

52,1 (x1,%2,X3) = 2x1X00%3 4 X722 + X703+ X103 4 X163 + X303 + 2043,

From this definition it may not be clear that the Schur symmetric function is even a
symmetric function, much less a basis for A,,.
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Theorem 2.2. For any A \- n, the Schur symmetric function s is an element of A,,.

Proof. Every element in S, is a product of adjacent transpositions, that is, every
element in S, is the product of permutations of the form (i i 4 1), so it is enough to
show that s (x1,x2,...) is unchanged under the action of switching x; and x4 for
all positive integers i. This means that we need to show that for every column strict
tableau with k occurrences of i and j occurrences of i + 1, there is a corresponding
column strict tableau of the same shape with j occurrences of i and k occurrences
of i+ 1.

Take T € CS) . The appearances of i in relationship to the appearances of i + 1 in
T must look something like the appearances of the 3s and 4s below:

3.3 4 4 4 4
33 3 4 4 4
333 3 3 3 3 4 4

Each row in T may have a sequence of is followed by a sequence of (i + 1)s. Rows
are aligned so that an i cannot appear atop another i in the row below.

Suppose a given row of T contains a sequence of k is followed by j (i+ 1)s such
that none of these is or (i + 1)s are immediately above or below cells containing an
i or i + 1. Change this row of T so that it now contains j is followed by k (i+ 1)s.
Make this change for every row of T to create the column strict tableau T’. For
example, changing the 3s and 4s in the cells displayed above produces:

3.4 4 4 4 4
33 3 3 4 4
33 3 3 4 4 4 4 4

The new column strict tableau has the same shape as before with the number of is
and (i+ 1)s switched, as needed. O

We end this section by using Vandermonde determinants to provide an alternative
definition of the Schur symmetric function in the case where there are finitely many
variables xp,...,xy.

Given an integer partition A - n where n < N, write 4 as (41,...,Ay) so that
A has N parts (the last parts of A can be 0). We define Ay (x1,...,xy) to be the

. . P Aj+N—
determinant of the matrix with i, j entry equal to x;’ ! For example,

x3+3 x1+2 x(1)+1 x(l)+0 X? X? x 1
A (x e ) x;+3 x5+2 x(2)+1 xOJrO xg X% x 1
1,X2,X3,X4) = =
(3,1,0,0) (X1,X2,%3, B A P =
343 142 0+1 0+0 6,3
X7 a7 X xg X3 x4 1
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Using the expansion of the determinant of a matrix as a signed sum over the sym-
metric group S,, we have

. MAN—1 _A+N—2  Ay+0
Ay (xry..yxn) = 2 sign(o )x61|+ xG§+ ~-x(,’1‘\’,+ ,
0=0]--ONESN

where sign(0o) is the sign of the permutation . This implies that A, is a polynomial
in xj,...,xy. Theorem 2.3 says that the polynomial A o) (x1,-..,%N), known as
the Vandermonde determinant, factors nicely.

Theorem 2.3. We have A o) (x1,...,XNn) = IT Gi—x)).
1<i<j<N

Proof. Switching x; and x; interchanges two rows in the determinant

KT 1
)gv 1 xN 2.
Aqo,..0) = E
N2
,J]:]’ x% |
which has the net effect of changing the sign of A\ ¢) by a factor of —1. This
implies that A o) (x1,...,xx) is divisible by (x; —x ]) for every i < j.
More generally, this shows [Ti<icj<n(xi —x;) divides A(o,...0)- Since these two

polynomials are sums of monomials of degree (N — 1)+ (N —2) +--- +0, they
must be equal up to some constant factor. By considering the main diagonal of the
determinant, the coefficient of x11v *')52\’ 2. -xR, is 1 in both the determinant and the
product, so this constant factor is 1. O

Slight modifications of the proof of Theorem 2.3 show that A o) (x1,...,xn)
divides Ay (x1,...,xy) for all A - n. Furthermore, since switching x; and x; changes
Ay (x1,...,xy) by a factor of —1, Ay (x1,...,xn5)/A,...0) (X1, -, Xn) is a symmetric
polynomial. For example,

=
=

=
wiordto—to

=
AN&HA

1
1
A(Z,l,o)(x17x27x3) _ 3x3 1

A0,0,0)(X1,%2,%3) (xl—xz)(x1 x3)(x2 —x3)

which, when expanded and simplified, is equal to
2x1X2x3 + x%xz + x%)@ + xlx% + xlxg + X%X3 + xzx%.

Theorem 2.4 explains why this calculation gives the Schur symmetric polynomial
s(2,1)(x1,%2,X3).
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A,l(xl,...,xN)

Theorem 2.4. For any A +n < N, we have
A(o,...,o) (X1,..,xN

):s;t(xl,...,xN).

Proof. Expanding the determinant A (x1,...,xy) as a sum over permutations in Sy
and using Theorem 2.3, the identity in the statement of the theorem is the same as

1

. MAN—1_Ap+N-2 An+0
Y sign(o)g VAT TR T = Y w(T).

1<i<j<N X =X} 6=c,-~oyeSy TECS;

Multiply both sides of this equation by x11V xlzv -1 ~x11\,. With this term, we factor out
the first term in each of the parentheses in [T;; 1/(x; —x;) and use B R
to turn this product into [T.;1/(1 — x;/x;). The remaining x;---xy is used to

increase each exponent in the sum on the left by 1. Our equation becomes

1 . M+N_Ay+N—1 Av+1 -
H X Z Slgn(c)xollJr x({r "'XG%Jr :x[lvxlzv 1"'lev 2 w(T).

1§i<j§N Xj GESN TECS)L

(2.1)
We will prove this formulation of the identity with a sign reversing involution.
Looking at the left-hand side of this equality, we begin by constructing combina-
torial objects in the following manner:

1. Affix an additional N — j+ 1 cells to the left of the j™ row of the Young diagram
of A, counting rows from bottom to top.

2. Select a permutation ¢ = 07 - - - Oy € Sy and write o vertically to the right of the
Young diagram, reading bottom to top.

3. Starting from the bottom, place the integer o; into each cell in row i of our
picture.

For example, if A = (3, 1,0,0), the choice of 6 =2 14 3 gives

3 3
4 4 4
111 1

2 2 2 2 2

by following steps 1, 2, and 3. These three steps account for the sum on the left-hand
side of (2.1). To account for the product

1

e )

i<j N i<y

we finish creating our combinatorial in step 4:

4. In each row i, change any number of ;s to an integer larger than o;. If every o; is
changed, select any number of integers larger than o; to write down to the left of
row i. Arrange the integers in each row so as to form a nondecreasing sequence.
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For example, we can choose to change the above object into the one below:

Bon

We define the sign of such an object T to be sign(o) and we define the weight of
the object to be

the number of 1’sin T the number of n’s in T
xl ... x”
xthe number of integers not in a cell in row o} xthe number of integers not in a cell inrow o, | °

1 n

4 4 4

2 2 2 3 3 3 3
2 2

Now A A
Now A A
o= B~ W

For instance, the sign of the object displayed above is sign(2 1 4 3) = +1 and the
weight is x; ®x]x3x). By construction, the signed, weighted sum over all possible
objects T is equal to the left-hand side of (2.1).

Let T be an object under consideration. We now describe how to create a new
object @(T) with the same weight as 7 but with opposite sign. Starting from the
most north cell in the most east column, scan the columns of 7' from top to bottom,
moving right to left, looking for the first violation of column strictness. In the sample
object displayed above, this violation occurs at the place where a 3 appears above
another 3.

If T has no violations of column strictness, define ¢(7') = T. Otherwise, let ¢ be
this first violating cell—this means the integer in c is not greater than the integer
in the cell immediately below c. Define ¢(T') to be T with ¢ and every cell in the
same row and to the left of ¢ switched with the cell kitty-corner to its south west.
Additionally, if ¢ is in the i'" row, switch the positions of ¢; and ¢;_; in ¢. Below
we show the image of the object T displayed above together with added diagonal
lines to help the reader more readily identify how cells have been changed:

4 4 4 4 4 3
4 4 4
2 2 2 2
2223333333 I

Since integers increase within rows, the integer in c is switched with a cell con-
taining an integer no greater than the integer in c. Therefore the first violating cell
in @(T) must be in the same position as the first violating cell in 7', that is, ¢ is an
involution. Introducing the transposition (0;, 0;4+1) changes the sign of ¢ by a factor
of —1 and, since the integers both inside and outside of the cells in T and ¢(T)
are the same, the weights of T and @(T') are also the same. In conclusion, ¢ is an
involution which is weight preserving and, unless 7 is a fixed point, sign reversing.
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The fixed points under the involution ¢ must look something like below:
4 4
3 3
2 2
1 1 1 1 1

There can be no violations of column strictness and so the column immediately to
the left of the Young diagram of shape A must contain the integers 1,...,n reading
bottom to top. Therefore every fixed point must have ¢ equal to 1 2 --- n, every
integer to the left of the Young diagram in row i containing i, and there cannot be
any integers appearing outside of a cell.

These fixed points correspond to column strict tableaux of shape A with an
additional weight of xYx)~'-..x}, coming from the cells to the left of the tableau;
in other words, we have found the right-hand side of equation (2.1). O

2.2 Relationships Between Bases for Symmetric Functions

Our first relationship between symmetric functions, Theorem 2.5, follows immedi-
ately from our definitions of e, and 4,. However, although simple, we will reap an
incredible amount of information about generating functions for permutation statis-
tics from Theorem 2.5.

Theorem 2.5. The generating functions E(z) and H(z) for the elementary and
homogeneous symmetric polynomials satisfy H(z) = 1/E(—2z).
Proof. By definition, H(z) ﬁ ! ! 1/E(—2) O
roof. ,H(z) = = — = —2).
Y T—xme T (Ta(—2)

Rewriting Theorem 2.5 as 1 = H(z)E(—z), we find

Comparing coefficients of z* shows that 3 (—1)‘e;h,_; is equal to O for all n > 1.
In following the philosophy of providing simple combinatorial proofs whenever rea-
sonable, we will prove this fact with a sign reversing involution on pairs of column
strict tableaux.

Proof (A second proof of Theorem 2.5). Consider ordered pairs (S,7) where S

is a column strict tableau of shape 1’ and T a column strict tableau of shape

(n—i) for some i < n. Define the sign of (S,7) to be (—1)’ and the weight to be

w(S)w(T). Then the signed, weighted sum over all possible pairs (S, 7T) is equal to
?:0(_1)leihn—i-
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If the topmost integer in S is not smaller than the rightmost in 7', move this integer
from S to 7. Otherwise, move the rightmost integer in 7 to the top of S. An example:

6
4
4
2,1144<—>2a11446
1
1
This process is the desired sign reversing involution. a

The next theorem nicely illustrates a common theme in our work: after a theorem
is proved combinatorially (that is, proved with a bijection or a sign reversing invo-
lution), we can usually modify the proof to arrive at new, related results.

Theorem 2.6. For k> 1 and n > 1, 37~ (= 1) eis i,y = (—1)"enpic

Proof. The left hand side of this equation is the signed, weighted sum over all pairs
of the form (S,7) where S is a column strict tableau of shape 1%, T is a column
strict tableau of shape (1¥,n — i) with n —i > 1, the sign is (—1), and the weight
is w(S)w(T). Apply the same sign reversing and weight preserving involution as in
the second proof of Theorem 2.5: if the topmost integer in S is not smaller than the
rightmost in 7', move this integer from S to 7. Otherwise, undo this operation.

Since we require that n —i > 1, there are fixed points which cannot be changed by
this involution. Such a fixed point (S,7) must have the topmost integer in S smaller
than the single element on the bottom row of 7'. For example, one fixed point when
k=3andn=>5is

— W A W
NN o ©

Since the sign of such a fixed point is (—1)"~!, the weighted sum over all fixed
points (S, T) corresponds to (—1)"~ e, 4; this can be seen by affixing T atop S. O

Corollary 2.7. For k > 1,

i s R S (=) e,
(l 1) E(*Z) .

n=1

Proof. Multiplying both sides of this equation by E(—z) = Y, o(—1)"e,z" and
expanding, we find this statement:

oo [n—1 -
2 (2(—1)16,&(1;(,”1.)) = Z (_1)nfk—1enzn.
n=1 \i=0 ra

The result follows by replacing the inner summand on the left-hand side with
(—1)"*=1¢, . as allowed by Theorem 2.6 and reindexing. 0
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Simple bijections and involutions can give relationships between the elementary,
homogeneous, and power symmetric functions, as we show in Theorems 2.8 and 2.9.
These two theorems are commonly attributed to Isaac Newton or Albert Girard.

Theorem 2.8. Forn > 1, Zl'.';ol hipn—_i = nhy,.

Proof. The right-hand side corresponds to the weighted sum over all column strict
tableaux of shape n where one of the n cells is shaded. Define a bijection on such
objects in this way: if a cell ¢ containing i is marked, remove ¢ and all of the cells
right of ¢ that also contain i to create two-column strict tableau. This process is
depicted below:

112222 45| = |1 124 5| (222

The result is a pair (S,7) where S is a column strict tableau of shape i and T is
a column strict tableau of shape n — i where every cell in T contains the same
integer. The weighted sum over all such pairs corresponds to the left-hand side of
the equation. a

Theorem 2.9. Forn > 1, Y7~ (=1)ie;p,—; = (—1)"'ney.

Proof. The left-hand side corresponds to the signed and weighted sum over all pairs
of the form (S, T') where S is a column strict tableau of shape 1/, T is a column strict
tableau of shape n —i where every cell in 7 contains the same integer, the sign of
(S,T) is (—1)%, and the weight is w(S)w(T).

Define a weight preserving and sign reversing involution on such pairs (S,7) in
the following way. If the integer in T also appears in S, move that integer from §
to T. If the integer in T does not appear in S and 7 contains more than one cell,
then move one cell from T to S. Otherwise, declare (S,T) to be a fixed point. This
operation is displayed below:

N R W

5
’ — I ’
1
1
The fixed points (S, 7') under this operation have sign (—1)"~!, have only one cell
in T, and the integer in that cell does not appear in S. If we place the single cell in T

into S and shade it gray, these fixed points correspond to (—1)"~!ne, since there are
ne, ways to form a column strict tableau of shape 1” with one cell shaded gray. O

Corollary 2.10. We have

$ puet = Zaa )" et
nZ =
n=1 E(*Z)
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Proof. Multiplying both sides of this equation by E(—z) = X ,(—1)"e,z" and
expanding, we find this statement:

oo n—1 oo
Yol D (=Deippi | 7' = 2(—1)”71nenzn.
n=1 i=0 n=1

This follows immediately by replacing the inner summand on the left-hand side with
(—1)""le, as allowed by Theorem 2.9. O

Theorem 2.11. Forn > 1, 3, ,n'p; /25 = n'hy.

Proof. Write a permutation ¢ € S,, above the cells of a standard tableau of shape #.
The weighted sum over all possible objects is equal to n!h,,.

Suppose that the largest integer inside a cell in an object T is i. Locate the largest
integer in ¢ atop an 7 in T, say o;. Cut the o; cell and all cells to the right off of
T, creating two objects. Repeat this procedure on the remaining portion of 7 until
there are no more cuts to be made. For example, if the object T is shown below,

§ 1 5 2 6 1011 4 12 3 7 9
1 1112 2 2 3 3 3 3 3

then we would change T into

8 1 5 2 6 10 11 4 12 3 7 9
Even if many components which result from these cuts were rearranged, the process
could be reversed in order to reconstruct 7.

The integers on the top of the object created by cutting T can be considered a
permutation of n written in cyclic notation. If the cycle type of this permutation
is the integer partition A = (A,...,A¢), then each part A; corresponds to a column
strict tableau of shape (A;) where every integer is the same. Since Theorem 1.10
gives that the number of permutations with cycle type A4 is n!/z;, these objects are
counted by Y51, 1! pa /7. O

Theorem 2.12. Forn > 1, ¥,,,,(—1)""Mnlp; /23 = nle,.

Proof. Take a permutation ¢ € §,, written in cyclic notation and, underneath each
cycle of length A;, write a column strict tableau of shape (A;) where each cell con-
tains the same integer. If o has cycle type A, then we define the sign of such an
object to be (—1)”’5(’1). The signed, weighed sum over all such objects is equal to
the left-hand side of the equation.

Momentarily ignoring the sign of an object 7', apply the inverse to the bijection
found in the proof of Theorem 2.11. We will now define a sign reversing involution
in order to cancel any terms with a sign of —1.

If no two integers appearing in the cells of T are the same, define T as a fixed
point. Otherwise, scan the cells of T from left to right looking for the first occurrence
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of two consecutive cells containing the same integer, say i. When this happens, find
the largest two integers in the permutation o which appear above an i and switch
them. As an example, our involution pairs these objects:

51 2 3 6 4 8 9 17 21 5 3 6 4 8 9 17
111224445|<—>111224445

This is a sign reversing involution because we have introduced exactly one trans-
position into the permutation . Fixed points correspond to a permutation atop a
column strict tableau of shape (n) where no two cells contain the same integer.
These fixed points, which have sign (—1)"~" = 1, naturally correspond to nle,. O

We end this section by showing that some of these relationships between sym-
metric functions can be rephrased in terms of matrix determinants.

Theorem 2.13. Foralln > 1,

hy hy hz -+ hy

L hyhy o hyy
|0 1 Ay by,

000O0-- M

Proof. The assertion is true when n = 1 because e; = h1. We proceed by induction.
Removing the i’ row and last column of the n x n determinant leaves a determi-
nant of the form
AB
bl
where A is an (i — 1) x (i — 1) matrix of the same form as the original n X n matrix,
Bisan (i—1) x (n—i) matrix, 0 is the (i — 1) X (n — i) zero matrix, and C is an
(n—1i) X (n—1) upper triangular matrix with 1s along the diagonal. By the induction
hypothesis, the determinant of this matrix is e;_;.
Expanding the determinant of the original n x n matrix along the last column, we
find
n—1 n
Z (—1)n+i_ll’ln,iei =e,+ (—l)n_l Z(—l)ie‘ihn,i
i=0 i=0
which, by theorem 2.5, is equal to e,,. O

Theorem 2.14. For alln > 1,

ep 1 0 -0
262 el 1 -0
Dn = 363 () ey - 0 .

nep €p—1 €p—2 - €1
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Proof. The assertion is true when n = 1 because p; = e;. We proceed by induction.
Removing the i’ column and last row of the n x n determinant leaves a determi-

nant of the form

A0
sl
where A is an (i — 1) x (i — 1) matrix of the same form as the original n X n matrix,
0is the (i—1) x (n—1i) zero matrix, B is an (n —i) x (i — 1) matrix, and C is an
(n—1i) x (n—i) lower triangular matrix with 1s along the diagonal. By the induction
hypothesis, the determinant of this matrix is p;_i.

Expanding the determinant of the original n X n matrix along the last row, we find

n-1 n—1
(=1)"neapo — Y (=1) eipu—i = (—1)" 'ney — Y, (—1) eipu_i + pu
i=1 i=0
which, by Theorem 2.9, is equal to p,,. O

2.3 Transition Matrices

Let{a; : A Fn} and {b; : L F n} be two bases for A,. There is a p(n) x p(n) change
of basis matrix A with entries indexed by partitions A and p such that

ay =Y Ay uby, (2.2)
Abn
where A, ,; is the A, u entry of A. The matrix A is the a-to-b transition matrix.

Let A(D ... A(P(") be the integer partitions of n listed in the reverse lexico-
graphic order, say, and take f € A,,. Since {ay : A F n} and {b, : A F n} are bases,
there are constants ¢, (1), .- .,¢; () and d; 1y, .., d; () such that

F=cimay +- -+ 0 apm)
=d, by + -+ dy o) by py) -

Using standard matrix notation, equation (2.2) is equivalent to

A am  Ax) 2 Y0 dy

AR o) 20 Ay o) 2 em) | L€ 00m) . (o))

Thus multiplying by the a-to-b transition matrix A allows us to take a symmetric
function f expressed in terms of the a basis and write f in terms of the b basis.

This section is devoted to providing combinatorial interpretations for the entries
of the transition matrices between various symmetric functions.
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We do not have to use infinitely many variables to find such transition matrices.

To see this, notice that for the monomial symmetric function m, (x1,x2,...,xy) to
be nonzero, it must be the case that N > n—otherwise there may not be enough
variables to create a monomial with the needed exponents. Thus {m (x1,...,xy) :
A b n} is a basis for A, (x1,...,xn).

This means that the a-to-m transition matrix A is the same in A, (x,...,xy) as
it is in A, (x1,x2,...). If the b-to-m transition matrix is B, then it follows that the
a-to-b transition matrix is B~'A. Since A and B are the same in A, (xi,...,xy) and
An(x1,x2,...), the a-to-b transition matrix is also the same in A,(xy,...,xy) and

An(x1,x2,...). Thus when we are studying the transition matrices between bases of
Au(x1,x2,...), it is enough to only consider symmetric polynomials in N variables
X1,X2,...,xy for some N > n.

The s-to-m Transition Matrix

If we let K ,, equal the number of column strict tableau of shape A and content i,
then definition of the Schur symmetric function says that the coefficient of m, in sy
is K, ;- This coefficient is called a Kostka number.

The Kostka matrix is the square matrix indexed by integer partitions of n writ-
ten in reverse lexicographic order with A, entry equal to K}, ;. For example, the
Kostka matrix with rows indexed by A (the content) and columns indexed by u
(the shape) when n =4 is

@ G @) @) 09

(4) 1 0 0 0 0
(3,1) | 1 1 0 0 0
@ |1 1 1 0 0
2,13 1 2 1 1 0
(1% 1 3 2 3 1

The (2,1%),(3,1) entry is 2 because there are two-column strict tableau of shape
(3,1) and type (2,1?):

e [

The Kostka matrix is the s-to-m transition matrix, or the change of basis matrix,
which turns a linear combination of Schur functions into a linear combination of
monomial symmetric functions by matrix multiplication. In other words, the co-
efficient of my in aisy) +azsi3 1) + a3s(p2) +a4S(y 12y +ass(j4) can be found by
performing the matrix multiplication
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10000] [a
11000] |a
11100] |a3
12110 |as
13231] |as

Theorem 2.15. The set {s) : A b n} is a basis for A,.

Proof. If A < u in the reverse lexicographic order, then the first part in which A and
W disagree is larger in A than in u. In this case there are no column strict Young
tableau of shape u and type A. Further, K 3 = 1 for all A - n. This tells us that
the Kostka matrix is invertible because it is lower triangular with ones along the
diagonal. Since {m;, : A b n} is a basis for A,, so is {s; : A b n}. O

The e-to-m Transition Matrix

Given integer partitions A = (41,...,4¢) and u = (U1, ..., ), let ZoM, ,, be the
number of ¢ x k matrices with entries either 0 or 1 such that the sum of the i
row is A; and the sum of the j* column is y;. For example, if A = (3,2,1) and
1 =(2,2,2), then one possible matrix is

111
011
100

because the row sums are A and the column sums are U.
Theorem 2.16. The coefficient of my in ey, is ZoMj, .

Proof. Given A b n, we will count the number of ways we can form the monomial
x{“ ---x,f" by multiplying out ey = ey, ---ey, by organizing our work into a table
where rows are indexed by x1,...,x; and columns are indexed by e, ...,ey,. Place
a | in the x; row and ey;; column entry of the table if the monomial selected from ey;
to contribute to a final product contains x; and place a 0 in the table otherwise.

For example, when A = (32,2,1%) and u = (3%,2%), one possible table is

e3 e3 ey e

x| 1 1 0 1
x|1 1 1 0
x3|0 1 0 1
xw|0 0 1 0

1 0 0 O

X5
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This table corresponds to the terms in each parenthesis in

6(32,22)()61 , X2, .. ) = ()C1XQX3 +X1X2X4 + - -+ )2()61)62 +x1x3+--- )2

which are selected to form the monomial x3x3x3xix!.
The number of ways to form such a table is the coefficient of m; in e,. Each

table is an element in Zo M) m and so the theorem is proved. O

Theorem 2.16 gives a combinatorial interpretation for the entries in the e-to-m
transition matrix. This matrix in the case n = 4 is shown below:

@ G @) @) 09

@ [o o o0 0 1
anlo o o 1 4
@ o o 1 2 6
210 1 2 5 12
iy |1 4 6 12 24

This is a symmetric matrix because the number of matrices with row sum A and
column sum U is the same as the number of matrices with column sum A and row
sum { by transposition.

The next theorem is known as the fundamental theorem of symmetric functions.

Theorem 2.17. The set {e; : A b n} is a basis for A,,.

Proof. The only possible 0-1 matrix with row sum A and column sum A’ is the
matrix with the upside-down Young diagram of A displayed in 1s in the matrix. For
instance, the only 0-1 matrix with row sum (4,2,1) and column sum (3,2,1,1) is

1111
1100
1000

The same argument will show that if A’ < u’, then there are no possible 0-1
matrices with row sum g and column sum A’ because there are not enough parts in
U to account for the first part of A. Therefore a reordering of the rows and columns of
the e-to-m transition matrix results in a triangular matrix with 1s along the diagonal.
This transition matrix is therefore invertible, implying that {e; : A | n} is a basis
for A,,. O

The h-to-e and e-to-h transition matrices

Let B , be the set of all possible Young diagrams of u where the rows of  are
partitioned into “bricks” of lengths giving the integer partition A. The four T € B;, ,,
when A = (4,2,2,1,1) and u = (5,3,2) are here:
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Ceig o B = o

These elements in B; ,, are called brick tabloids of content A and shape u.

Theorem 2.18. The coefficient of ey, in hy is (—1)—tA) ‘BMI | In other words,

hy =Y (=1)""" M |By 4] es.
AFn

Proof. The right-hand side of this identity can be interpreted combinatorially. Use
the summand and the ’B/L#| term to select a brick tabloid of content A and shape
u for some A b n. Using the e term, fill each brick with a decreasing sequence of
distinct positive integers. Define the weight of such a brick tabloid to be the usual
weight of a tableau. Finally, define the sign of such an object to be (—1)"‘5(’1) (this
power is the total number of cells in brick tabloid plus the number of bricks in the
tabloid). The signed sum over all such combinatorial objects is equal to the right-
hand side of the identity in the statement of the theorem.

For example, one such combinatorial object created in this way is shown below:

The weight of this object is x7x3x3x7xs and the sign is (—1)

Let B be the set of combmatorlal objects created in this way. We now define
a sign reversing weight preserving involution ¢ on B. Starting in the top row and
scanning the bricks in B € B from left to right, locate the first time if there is either
a brick of length > 2 or there is a brick of length 1 followed by another brick in the
same row such that the integer labels between the two consecutive bricks decrease.

If there is a brick of length > 2, then let ¢ (B) be the object found by chopping the
first cell off the brick of length > 2, thereby creating two bricks. If there is a brick
of length 1 followed by another brick in the same row such that the integer labels
between the two consecutive bricks decrease, then let @ (B) be the object found by
combining the bricks. If neither situation is found after scanning all the rows of B,
let o(B) =B

For example, the image of the combinatorial object shown above is here:

10-5

Fixed points under this involution must have every brick of length 1 and the
integer labels within each row must weakly increase. The sign of such an object
is (—1)"" =1 and the weights give rise to exactly the homogeneous symmetric
function Ay This proves the desired identity. a
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Theorem 2.18 gives a combinatorial interpretation for the entries of the A-to-
e transition matrix. This matrix in the case n = 4 is shown below; the entries are
(1)) ]B A, ”| with A (the content) indexing the rows and u (the shape) indexing
the columns:

@ 61 @) @1 @9

(4) -1 0 0 0 0
(3,1) | 2 1 0 0 0
(2%) 1 0 1 0 0
2,12-3 -2 =2 -1 0
(14 1 1 1 1 1

Theorem 2.19. The h-to-e transition matrix is its own inverse.

Proof. Writing down the matrix multiplication explicitly, we wish to show that

=) +n—t(e) _ )1 ifA=u,
%( 1) |B.o| |Ber| {0 A+ 2.3)

Given an element 71 € By o and T; € By, form a “double brick tabloid” by placing
the bricks in each row of 77 into the corresponding brick in 7>. For example, if 7}
and 7> are the brick tabloids shown below

then we would combine 7 and 75 to create the double brick tabloid shown here:

CC )
( o Od

Given a double brick tabloid created from 77 and 7>, call the bricks in the rows
of 71 “big bricks” and call the bricks inside the big bricks “little bricks.” If we
define the sign of a double brick tabloid to be (— 1)thenumber of big and little bricks ' thep
the signed, weighted sum of all possible double brick tabloids of shape u filled with
little bricks of content A4 is equal to the left-hand side of (2.3).

To find the right-hand side of (2.3), we will define a sign reversing involution.
Scan the double brick tabloid from top to bottom and then from left to right looking
for the first time there are either

1. two consecutive big bricks within a row, or
2. two little bricks inside of one big brick.

The double brick tabloid is a fixed point if there are no instances of either situ-
ation 1 or situation 2. Otherwise, if we encounter 1 first, then combine the two big
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bricks into one. If we encounter 2 first, then split the violating big brick b into two
big bricks immediately after the first little brick in b. These are inverse operations
which reverse the sign of the double brick tabloid.

For example, the double brick tabloid shown earlier in this proof would be
changed to this double brick tabloid:

CC )
( o Od

Each row in a fixed point must contain exactly one big brick containing exactly
one little brick. Therefore only one fixed point of positive sign exists exactly when
A = U, which is the right-hand side of (2.3). O

Corollary 2.20. The set {h), : A - n} is a basis for A,,.

Proof. The h-to-e transition matrix is invertible and the elementary symmetric func-
tions are a basis, so the homogeneous symmetric functions are also a basis. O

Corollary 2.21. The coefficient of h;, in ey is (—1)"~¢*) |B;L’# | In other words,

ey = 2(—1)"7[(1) ’B)L,/.L|hk-
Abn

The p-to-e and p-to-m Transition Matrices

Small modifications to brick tabloids can help us describe the elements in both the
p-to-e and the p-to-m transition matrices. Define the weight of T € B, ,,, denoted
w(T), to be the product of the lengths of the bricks ending each row in 7' and let

w(Biu)= Y w(T).

TGB)L‘“

For example, the weights of the four brick tabloids displayed after the proof of
Theorem 2.17 on page 51 are 16, 8, 4, and 2, showing that W(B(4722‘12)’(57372)) = 30.

Theorem 2.22 below tells us that the A, 1t entry of the p-to-e transition matrix is
equal to (—1)”_2(’1)w(31,“).

Theorem 2.22. The coefficient of e, in py is (—1)”’K(A)W(B;L,#).
Proof. Let ¢, be the coefficient of e; in p,. We will show the following facts:

1. Cn),(n) = (—l)nfln.
n—1
2. If A = n has more than one part, then cj (,) = 2 (—1)’*1c,1\,»7(n,,-) where A\ i
i=1
denotes the integer partition A with one part of size i removed with ¢;; , = 0 if
A does not have a part of size i.
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3. If oo+ B denotes the partition created by the multiset union of ¢ and 3 where
ok uy and B Fn— uy, then

Cu = Z Cor, (1) CB 1\
o+B=A

After proving these identities true, we will show that the integers (—1)"‘})w(B A
satisfy the same identities, thereby proving the theorem since both integers satisfy
the same recursion and initial conditions.

Theorem 2.9 tells us that (—1)"~'ne, = ¥/ (—1)'e;p,—;. Rewriting this,

n—1
Dn = (fl)n_lne,fk Z (71)1—161,17”71_
i=1

n—1
= (=1)""ne, + 2 (=) e ( Z Ca,(ni)eoc>
i=1

otn—i

n—1
= (=1)""ne, + D <2(—1)”C/1\i,(ni)> e

Atn \i=1

where in the last line we have combined the e; and the e, terms to create e; where
A is an integer partition with more than one part. Looking at the coefficients of e,
and e, in this expression verifies items 1 and 2. As for the third item,

2 Couér = Pp = PuPu\u,

Abn
= (2 Cm(uu)ea> (2 CB#\#:%)
otn Brn

= X Co(u)CPu\u €A
a+p=1

Comparing coefficients of e on the extremes gives item 3.

Now we show that (—1)”’Z(A)W(B,1_ﬂ) satisfies the same recursions. Item 1
follows since (—1)"’f<(">)w(B(,l>7(,1>) =(-1)""n

Item 2 follows by sorting the bricks appearing in the one row of (n) by the
length of the first brick. Suppose that A # (n) and i is a part of A. Then there are

w(By\i,(n—i)) Ways to create weighted brick tabloid of shape (n) after starting with a
brick of length i. Therefore we have

n—1

(—1)" " Phw(By () = (—1)" ) Z w(B)\i(n-i))

which verifies item 2.
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Item 3 follows by sorting the bricks according to the bricks appearing in the top
row. The number of weighted brick tabloids with bricks in the lengths appearing in
@ in the top row is equal to w(Bg, (,))W(Bg u\y,) Where B is the integer partition

for which o+ 8 = A. Therefore (—1)"’K(A)W(B,Lu) is equal to

3 ((—1)”‘4(0‘)W(3a,(p1))) ((_1)(%”1)4([3)“’(313,#\#1))v

o+p=A
which verifies item 3 and completes the proof. O

An ordered brick tabloid of content y = (uy,..., 1) and shape A is a brick
tabloid in By, ; such that the bricks of length ..., are labeled with 1,...,¢
such that brick labels decrease within rows. For example, all four possible ordered
brick tabloids of content (3,22,12) and shape (42, 1) are shown below:

) P
(i oy 6L

Let OB,; ; be the number of ordered brick tabloids of content y and shape A.

Theorem 2.23. The coefficient of m_in py is OBy ;.

Proof. The number of ordered brick tabloids of content u and shape A corresponds

directly to the number of times the monomial x%l - ~x£" appears in the expansion of
the product

=P = (1 ) ().

Specifically, if row A; in an ordered brick tabloid contains bricks labeled y;,, ..., i;,,
then this ordered brick tabloid corresponds to selecting the x; term from each of
Puys- - Py, 1O contribute to the final monomial. a

Theorem 2.23 tells us the coefficient in the p-to-m transition matrix is OBy, 3.
For clarity and for reference in section 6, we display this matrix in the case n = 4
with rows indexed by A (the shape) and columns indexed by u (the content):

@ G @ @) @9

(4) 11 1 1 1
Gn |0 1 0 2 4
2 |0 0 2 2 6
(2,15 0 0 0 2 12
(1*) 0 0 0 0 24

Corollary 2.24. The set {p), : A b n} is a basis for A,.

Proof. The p-to-m transition matrix is invertible since it is upper triangular with
nonzero diagonal entries. O
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At this point we have a number of combinatorial descriptions for the entries of
the transition matrices between standard bases of the ring of symmetric functions.
We have recorded what we have done so far by labeling the edge on the directed
graph below with the A, it entry of the corresponding transition matrix:

There are combinatorial interpretations for the other transition matrices we have
not included in this section; many are developed in the exercises. For reference, we
have drawn a more complete diagram which includes all of the transition matrices
introduced in this text in Appendix A.

This graph is connected if edge directions are ignored, so we can now combine
transition matrices by matrix inversion or multiplication to turn any one basis into
another. For instance, to find the m-to-h transition matrix, we multiply the inverse
of the e-to-m matrix and the e-to-4 matrix; in the case of n = 4 this is

—1

-1 0 0 00| (0000 1 4 —4-2 4 -1
21 0 00]|0001 4 -4 7 2 =72
1 01 0000126 =|-22 3 41
-3-2-2-10{(0125 12 4 -7-410 -3
1 1 1 11]]|1461224 -1 2 1 =31

2.4 A Scalar Product

This section defines a scalar product on A,. This scalar product has a relationship
to some of the results in Chapter 5. Although not discussed in this book, the scalar
product is also closely related to an inner product in the representation theory of the
symmetric group, see [104] for more details on that connection.

We define a scalar product on A, by declaring that {p; /,/zy : A F n} is an
orthonormal basis. In other words, we define our scalar product so that

pa e\ _ )1 ifA=p
Vi va ] o ifa#p,

for all A, u - n and then extend the definition by linearity.
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We say that two bases {ay : A F n} and {b, : A F n} of A, are dual bases if

1 ifA=p,
b =
(a2, bu) {o e

for all A, - n. This means that the basis {p; /1/Z : A I n} is dual with itself. The
next theorem provides a useful characterization of dual bases in A,.

Theorem 2.25. Bases {a), : A Fn} and {b; : A b n} of A, are dual if and only if
paX)pp (Y
S 0 ()b (1) = 3, 2P
Akn Abn A
where X = (x1,x2,...) and Y = (y1,y2,...).

Proof. Let A be the a-to-p; /,/z; transition matrix and let B be the b-to-p; /+/z;
transition matrix. This means

B
a) = ZA A and bli = 2 B, .
obn * \/TX BEn 8 \/73

Then we have

(az,by)

Pp
<Z w7 = Y Bgu—— >
otn Bl—n
Pa  PB
= Y AgaBg, s —
o,Bkn ’ l}'u<\/z>a \/ZTS>

= AgiBay-

abn

This last sum is the t, A entry in the matrix multiplication BTA. Therefore the
bases {a; : A b n} and {b, : A F n} of A, are dual if and only if BTA =1.
On the other hand, we have

a3 (X)b ( Pﬁ(Y)>
o 2(2 ﬁ)(ﬁ;fw "

o,B,Abn V<a \/>
The coefficient of py(X)pp(Y)/,/ZaZp in this last line is
> AwaBg i,
Abn

which is the B, o entry in the matrix multiplication BAT. Therefore identity in the
statement of the theorem is true if and only if BAT = 1.
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The theorem follows since BTA = I if and only if BAT = I. O

The next theorem gives an alternative expression for the sums in Theorem 2.25.

X Y
Theorem 2.26. We have H _ z P (X)pa(Y)
i,j>1 - —Xiyj

Proof. Starting with the left-hand side of the identity, we have

1
=exp | In = exp In
1 1= xiy; ( zgl x,y,) (:,251 xJJ)

i,j=1

Using In1/(1—x) = 34>+ /k and expx = 3,5 X" /m!, the above expression is

exp< 5 ’Zﬁ) . (Z pk<xipk<y>> v (2 pk<x>kpk<Y>>ml‘

1
ijk>1 >1 m>0 \k>1 m:

Let -], denote the degree 2n terms for n > 1 in a sum or product. Applying
degree 2n extraction on both sides of our string of inequalities gives

- X))\ 1
-3 (g

o m>0 \k>1

3 (& pXpn)\" 1
—m% <,§1 k ) m!

where we are able to truncate the infinite sums since the tail end of the series cannot
contribute to a degree 2n term Using the multinomial theorem (x; + - 4 x,)™ =

H 1

ijz1 =Xy

2n

Y fotap=m (a| 7_'ff7an)x?‘ x4 this expression is equal to
i 1 3 m! ﬁ (Pk(X)pk(Y)>ak
mzlm!al+,_,+an:ma|!--~an!k:1 k .

The degree of the terms in [T7; (px(X)pr(Y)/k)™ are 2(a; +2a2 + - - + nay,).
Furthermore, if A = (141 ---n“) is a partition of n with m parts, then a; +---+a, =
m, ay +2az + - +na, = n, and p; (X)ps (Y) /23 = iy (Px(X) pc(Y)) % / (K a;!).
We now have

I _ i v PR pe(Y) -y pa(X)pa(Y)
i1 L Xy op  m=l ateta=mo k=1 kay! Abn “
aj+2ay+---+nay=n

The theorem follows by summing this identity over all nonnegative integers n. O

Theorem 2.27. The homogeneous symmetric functions {h) : A - n} and the mono-
mial symmetric functions {m,_: A b n} are dual bases in A,.
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Proof. The definition of the homogeneous symmetric function says

M = S hxy

i>1 1 —xiy; n>0

for any j > 1, and so

ha(X)y'.

SR VA e

The left-hand side of this identity is symmetric in the variables yi,y,,.... If we

take the coefficient of m; (Y) on the right-hand side of the equation, the coefficient
is 1y (X). This proves

L S (m(v),

e Ly g

which, by Theorems 2.25 and 2.26, is enough to prove the theorem. O

Theorem 5.6, found in Chapter 5, will provide a combinatorial proof that the
Schur symmetric functions {s), : A - n} are an orthonormal basis for A,.

Theorem 2.28. Let {a; : A b n} and {b) : A - n} be one pair of dual bases in A,
and let {d) : A - n} and {b/, : A \- n} be second pair of dual bases. If A is the a-to-d’

.. . . .. . _1\T
transition matrix and B is the b-to-b’ transition matrix, then A = (B 1) .

Proof. Since A is the a-to-a’ transition matrix, a, = Y3, A , @) . The b'-to-b tran-
sition matrix is B~!, and so b;L =2rn B;,l/lbu where B;lk is the u, A entry of B!
We now have

A= <2A/1,ualvaﬁ> = (ap,by) = <ap7 > Bﬁ,l/lbu> = B;,lw

Atn kn

which is the same as A = (B*I)T. O

At this point we know the dual basis for the monomial symmetric functions (the
homogeneous), the homogeneous symmetric functions (the monomials), the power
symmetric functions (the power symmetric functions, divided by a factor of z; ), and
the Schur symmetric functions (the Schur symmetric functions). But what is dual to
the elementary symmetric functions? We define the forgotten symmetric functions
{fa : A Fn} C A, to be dual to the basis {e) : L Fn}.

The forgotten symmetric functions can be found using Theorem 2.28. The hom-
ogeneous and the monomial symmetric functions are dual, and, by Theorem 2.18,
the /-to-e transition matrix has i, A entry (—1)*/(*) |BMJ | By Theorem 2.28, the

f-to-m transition matrix has , A entry (—1)" (4 ‘B% 2 ] Put differently,
fu= Y, (1" W By 3| my.
Abn

Thus the forgotten symmetric functions can be expanded into monomials by counting
brick tabloids.
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2.5 The o Transformation

In this section we define a ring homomorphism ® on A. This function will expand
our understanding of fundamental relationships between standard bases for A and
will allow us to explain why the transition matrices between certain bases in A, are
the same as previously described transition matrices.

Since the elementary symmetric functions {e, : A F n} are basis for A, for all
n, the functions eg, e1, ... are algebraically independent and generate A. This means
every element of A can be uniquely expressed as a polynomial in the functions
ef,...,ey for some N.

This means we can define a ring homomorphism @ on A by defining w(e,) for
each n > 1 and then extending w by linearity. Defining various ring homomorphisms
on A can reveal many combinatorial identities; this is one of our major themes.

For this section we will take @ to be the ring homomorphism defined by setting
(e,) = hy, for all n > 1. It follows that w(ey ) = hy, forall A - n.

Theorem 2.29. The function o is an involution.

Proof. Using Theorem 2.18 to expand 4, in terms of the elementary symmetric
functions, we have

o(h) =Y, (=1)""P|B; )| (ez)
Abn

= 3 (=) MB; (ks
Abn

Corollary 2.21 says this sum is equal to e,.. Therefore ®?(e,,) = ®(h,) = e,, showing
that @ is an involution. O

Theorem 2.30. Foralln > 1, o(p,) = (,1)n71pn.

Proof. We show this by induction on n, with the case n = 1 being true since p; =
e1 = hy and thus a)(pl) = (1)(61) =h = (71)171[)1.
Assume by induction that (p;) = (—1)¥~! p; for k < n. By Theorem 2.8,
n—1
Pn = nhn - Z hiPn—i-
i=1
Applying o to both sides and using the induction hypothesis, we find
n—1 )
w(l’n) =ney — Z (*l)n_l_leipnfia
i=1

which, by Theorem 2.9, we can conclude is equal to (— 1)”’1 Dn- O

Theorem 2.30 implies that w(p;) = (—1)"‘*)p, forall A F n.
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Theorem 2.31. For any symmetric functions f,g € A, (0(f),w(g)) = (f,g).

Proof. Forany A,y tn,

<w <P1) o <Pu>> _ <(_1)n—eml’?u7(_1)n—é<u>l’u>
va) "\ Va v Vi
1 ifA=up,
{o if A £,

_( Pr Pu
V!
It is enough to prove the theorem true for a basis, like we just did for the basis

{pa/van A nt. O

Theorem 2.31 allows us to find the image of the monomial symmetric functions
under the ring homomorphism ®. For any A, i - n, we have

1 ifA=u,
ex 0t} = (o)) = ) {7~
This says that the bases {e; : A F n} and {®w(m, ) : A - n} are dual. Since the for-
gotten symmetric functions are the functions which are dual to the elementary sym-
metric functions, it must be the case that w(m, ) = f;.

At this point we know the values of @ on the elementary, homogeneous, power,
monomial, and forgotten bases. What about the Schur symmetric functions? We will
use Theorem 2.32 to prove that @(s; ) = s, where A’ is the conjugate partition to A.
The identities in Theorem 2.32 are known as the Jacobi—Trudi identities and are of
interest in their own right. The proof we have chosen to include is due to Ira Gessel
and Xavier Viennot.

Theorem 2.32. Ler A - n be an integer partition with { parts A < Ay < --- < A
written in nondecreasing order. Then

§; = det (hlﬁi*j)i,j:l,...,é and s = det (eliﬂ'*j)i,j:l,“..[
where we set hy =0 and e, =0 if k <O.

Proof. We first prove the identity involving the homogeneous symmetric functions.

Each homogeneous symmetric function /1y, ;_; is the weighted sum over all col-
umn strict tableaux of shape (A; +i — j). By interpreting the integers appearing in
the column strict tableaux as the x-coordinates of the north steps, each choice of
such a column strict tableaux corresponds to a weighted path p in the plane which
starts at (1, j), makes unit steps either north or east, and ends in an infinite number
of east steps at height A; +i.
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For example, suppose that A = (4,4,4,4),i=3,and j = 1. Looking at i ,; ; =
ha13—1 = hg, the column strict tableau on the left is interpreted as the lattice path on
the right in the figure below:

5 7 7 10 10 10]

]

The column strict tableau on the left corresponds to the path on the right because
the path has north steps at x-coordinates 5,7,7, 10, 10, and 10. From such a path it
is easy to find i (since the maximum height is A; + i) and j (since the starting point
is at height j).

Let P; ;,4; be the set of such lattice paths which begin at (1, /) and end with
an infinite sequence of east steps at height A4; + i. If we define the weight of p €
P 2,+i to be the weight of the corresponding column strict tableau, then &), ;_; is
the weighted sum over all p € P; ;. ;.

Expanding the determinant as a signed sum over permutations ¢ € S, we have

det (hy,1i-j); oy, o= 2 sign(O)ha 160y hasi—o(r)-

""" ocs,

The terms in this sum can be considered collections of paths (pi,...,ps) where
Pi € Po(iy a4i fori=1,....£. The ordered (-tuple of lattice paths (p1,...,p¢) will
be called a lattice path family. For example, if A = (4,4,4,4) and 6 =3 2 1 4, one
such lattice path family is represented below:

A
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If we define the weight of the lattice path family (py,...,ps) to be the product
of the weights of the paths py,..., p, and if we define the sign of the family to be
the sign of the underlying permutation ¢ (which can be deduced from the lattice
path family since the integer ¢ (i) can be found for each i), then by construction,
det (hz, i J')zszl,..., , is the weighted, signed sum over all lattice path families.

Because we ordered the parts of A in nondecreasing order, the maximum heights
of the paths in a lattice path family (py, ..., p¢), namely A; +1,... A, + ¢, are distinct.
Moreover, the ith highest path reading bottom to top on the right side of a lattice path
family is the path p;. This path must appear as the o (i)th path reading bottom to top
on the left. This means that the permutation ¢ can be found easily: the ith highest
path on the right ends up as the o(i)th highest path on the right.

To prove the identity involving the homogeneous symmetric functions in the
statement of the theorem, we will describe a weight preserving, sign reversing invo-
lution on lattice path families which will leave fixed points corresponding to column
strict tableau of shape A.

The involution ¢ is as follows. If there is no place in the lattice path family
(p1,--.,pe) where two paths intersect, define the lattice path family to be fixed un-
der the involution ¢. Otherwise, find the most south and then most west coordinate
where two paths intersect. Exactly two paths must intersect here, for if three lattice
paths intersect at the same point, then two of these paths must have intersected at a
more south or more west coordinate, contradicting our choice of intersection. Fur-
thermore, by our choice of intersection, the paths involved must begin at consecutive
coordinates.

Suppose this intersection involves the paths p; and p;; . Define ¢ to be the lat-
tice path family found by switching the tail ends of p; and p;; after this point of
intersection and leaving all other paths alone.

For example, considering the lattice path family displayed earlier in the proof,
the first point of intersection is at the (3,—3) coordinate and involves the second
and the third paths. Applying the involution ¢ to this lattice path family gives the
picture below:

The function ¢ is weight preserving and is an involution because (py, ..., p¢) and
©(p1,...,pe) have the same set of north steps and any coordinates of intersection
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remain unchanged; in particular, the most south and most west coordinate of inter-
section is preserved. Furthermore, since we have switched the ending positions of
exactly two paths, the permutation ¢ is changed by one transposition, changing the
sign of o by —1.

Thus det (hki'*'i—/’)i.j:l,.‘.,
where no two paths intersect. Since each path p; lies below the path p;; for all i,
the underlying permutation in such a nonintersecting lattice path family must be the
identity permutation, which has sign +1.

Each nonintersecting lattice path family (p1, ..., py) naturally corresponds to a
column strict tableaux of shape A. Starting from the top path and working down-
wards, fill the rows in a tableau of shape A working bottom up with the x-coordinates
of the north steps in each path. For example, below we display one nonintersecting
lattice path family together with the corresponding tableau:

, 1s equal the weighted sum over all lattice path families

R e R A Y 8 9 9 11
i : 77 7 10
- . 4 4 4 9
e ----! 2 2 3 3

Since each path in the nonintersecting lattice path family moves north and east
only, each row of the tableau is weakly increasing. Furthermore, by construction,
the kth column in the tableau is strictly increasing since the kth north step in path p
must appear higher than the kth north step in any path below p.

Since the Schur symmetric function is the weighted sum over all column strict
tableaux of shape A, at this point we have proved the identity

s, = det (hxiJrifj)i,j:],...,é :

The proof for the elementary symmetric function determinant is the same as
that for the homogeneous symmetric functions with a few small modifications.
We outline the main points but leave some of the finer details for the reader to
verify.

The key difference is that each elementary symmetric function e, ;_; is the sum
over column strict tableaux of shape 1Aiti=i), meaning that, unlike the homoge-
neous symmetric function, we cannot have repeated integers in a tableau. Thus the
corresponding lattice paths cannot have two consecutive north steps—every north
step must be immediately followed by an east step.
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To adjust for this difference, we will associate each column strict tableau coming
from ey, ,;_; with a lattice path p in the plane which starts at (1, j), takes steps of the
form (1,0) or (1,1), and ends in an infinite number of (1,0) steps at height A; +i.
We create the path p such that if the integer k appears in the column strict tableaux,
then p has a diagonal step beginning at x-coordinate k.

Therefore the determinant

det (e i-j); oy 0= 2, SIEN(O)er, 11-6(1) €3 ie-o(0)
oES,

can be interpreted as a signed, weighted sum over lattice path families with east and
diagonal steps instead of east and north steps. For example, one such lattice path
family when A = (2,2,4) is shown below:

y

The weight of this lattice path family shown above is x1x§x5x6X7X9x10 (since the
diagonal steps begin at x-coordinates 1,3,3,5,6,7,9, and 10) and the underlying
permutation is ¢ = 2 3 1 with sign +1.

We can now apply the same involution as described for the homogeneous sym-
metric functions; find the most south and most west coordinate where two paths
intersect and switch their tails.

The positions of the diagonal steps in a fixed point can be used to fill the rows
of a tableau of shape A in the same way as we did for the homogeneous symmet-
ric functions. Fixed points naturally correspond to tableau with strictly increasing
rows and weakly increasing columns. For example, the fixed point shows on the left
corresponds to the tableau on the right:

W W

wm N

[O%}
[ee}
=}
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This proves
sy = det (ezl,-+ifj)i,j:l7...f

since conjugating these tableaux which correspond to fixed points gives the neces-
sary column strict tableaux. a

Corollary 2.33. Forall A - n, o(s)) = sy
Proof. Apply o to the first identity in 2.32 to find the second identity. O

Exercises

k
2.1. Show that sy ,,) = Z(—l)kﬂeihwk,i.
i=0
r—1
2.2. Show that p, = ) (—l)kS(r7k7]k) forr>1.
k=0

2.3. Show Y pu2" =zH'(z)/H(z) where H'(z) is the derivative of H(z) = Y hyZ".
n=1 n=0

2.4. Prove that the coefficient of /. in ey is (—1)"~“*) |B; | using an involution
similar to that found in the proof of Theorem 2.18.

2.5. Show that for integer partitions A, u - n,

0 ifA#u
—1){M+@op Boy)= ’
0%1( : o Ba) o ifA=u.

2.6. Using Exercise 2.5, show that the coefficient of p in ey is (— 1)n—t3) OB;, /23
and the coefficient of p; in my is (—1)" ™ Ww(B, ;) /z;.

2.7. Define an alternating polynomial f in the variables x1, ..., x, to be a polynomial
with coefficients in Q such that

fx1,...,x,) =sign(0) f(x6,,.--,Xq,)

for all permutations o = 07 --- 0, € S,. For example, one alternating polynomial
in the variables x1,x, and x3 is x1xox3(x; — x2)(x; —x3)(x2 —x3). Show that any
alternating polynomial must be divisible by the Vandermonde determinant Aq_.. o)

and therefore must have minimum degree (5).

2.8. Show that A is an alternating polynomial (see Exercise 2.7). Further, show that
if a monomial x%] -l ...xM M1 s g term in an alternating polynomial £, then f
must have all terms present in A, . These two facts imply that {A) : A - k} is a basis

for the set of alternating polynomials of degree k + (g)
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2.9. Let RCS), denote the set of reverse column strict tableaux, that is, all tableaux
where the integer labeling weakly decreases in rows and strictly decreases
in columns. For example, here are all elements in RCS(, 1) that are filled with
integers < 3:

2 1 1 1 1 1 2 2
31 |3 2 2 1 |3 1 |2 2 3.3 3 2 3 3

Show that 53 = ¥gcs, w(T') for any A - n.

2.10. A labeling of the mathematical abacus a is a filling of the k beads in a with
a permutation in Sy. Below we display a labeled abacus of length 10 with 5 beads
filled with the permutation 342 1 5 € Ss:

Let by,...,b; be the beads in a labeled abacus a when read left to right, let
label(b;) be the integer in bead b;, and let position(b;) be the position of bead b;.

. position(by ) osition(by )
We define the weight of a to be x; (by) xf’abel by)

to be the sign of the permutation label(by) - - label(bl) For instance, the weight of

the labeled abacus shown above is x3x3x3x$x2 and the sign is sign(5 124 3) = —

Let A be the integer partition corresponding to the abacus a. Show that

and we define the sign of a

XAy (X1, X 2s1gn Yweight(¢)

where the sum runs over all possible labelings ¢ of the abacus a.

2.11. Let A + n. Using Exercise 2.10, show that ¢;A, = Y A; where the sum runs
over the integer partitions A F (n+ j) found by adding 1 to j distinct parts of o.

2.12. Using Exercise 2.11 to expand ey A(g,... o) into a sum of terms of the form A, ,
show that the A, i entry of the e-to-s transition matrix is equal to Ky ;.

2.13. Let v be a rim hook (sg:e Exercise 1.3). The sign of v, denoted sign(v), is
defined to be (—1)thenumberof rows spanned by v—1 = Eor jngstance, the sign of the rim
hook of length 6 pictured below is (—1)3~! = 41:

Using Exercise 2.10, show that

pila = ZSign(v)A,l

where the sum runs over the integer partitions A which can be found by adding a
rim hook v of length j to .
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2.14. A rim hook tableau of shape A and content yt = (Ui,..., ) is a filling of
the cells of the Young diagram of A with rim hooks of lengths py,..., U, (see
Exercise 1.3) labeled with 1,...,¢ such that the removal of the last i rim hooks
leaves the Young diagram of a smaller integer partition for all i. For example, below
we display all possible rim hook tableau of shape (5,4,4) and content (5,5,1,1,1):

©) ® ©) (%) ® (%)
O)©, 0)©, @C;)_L@ @(;)_L@

The sign of a rim hook tableau T is defined to be the product of the signs of the
rim hooks in T (see Exercise 2.13). The four rim hook tableaux pictured above all
have sign +1. We define

xﬁ = 2 sign(T).

rim hook tableaux T with
shape A and content y

Using Exercise 2.13 to expand pyA(q,... o) into a sum of terms of the form A,,

show that the A, u entry of the p-to-s transition matrix is x&.

2.15. A special rim hook tabloid of shape A and content  is a rim hook tableau of
shape A and content p (see Exercise 2.14) such that the labels on the rim hooks are
erased and every rim hook contains at least one cell in the first column of the Young
diagram of A. The change of nomenclature from “tableau” to “tabloid” indicates
that the rim hooks within a special rim hook tabloid are unordered.

For example, here are the only two possible special rim hook tabloids of content
(6,6,4,2) and shape (5,5,4,3,1):

Let K ‘I; to be the integer defined by

K A= Z sign(T)
special rim hook tabloids T
of shape A and content p

where sign(T) is defined in Exercise 2.14. The goal of this exercise is to show that
the inverse to the Kostka matrix has A4, it entry equal K " h, that is, we want to show

_ 1 ifu=2
Ky oK b = ’ 2.4
S~y ot o
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for all A, u. This can be done by considering pairs (C,S) where C is a column strict
tableau and S is a special rim hook tabloid such that:

1. The special rim hook tabloid S of shape A and content ¢ is chosen first. Let a; be
the length of the special rim hook which begins in row i of S reading bottom to
top. This number might be 0.

2. The column strict tableau C has shape t and contains a; 1s, ap 2s, etc. By The-
orem 2.2, the number of ways to form C is independent of this specification of
number of 1’s, 2’s, etc.

3. The sign of (C,S) is equal to sign(S).

For example, one pair when yt = (7,6,5) and A = (5,5,4,3,1) is

There is a unique way to switch the tail ends of two consecutive special rim
hooks in S. Use this “tail-switching” idea to define a sign reversing involution on
such pairs (C,S) in order to verify (2.4).

2.16. Given integer partitions A = (A,...,4¢) and u = (u,..., W), let NM, , be
the number of £ x k matrices with nonnegative integer entries such that the sum of
the " row is A; and the sum of the j”* column is ;. Show that the coefficient of m;,
inhy is NMp, ;.
2.17. Show that

ppr 10 -0 O
p p 2 -0 0

mleg=1 1 1 Do
Pn—1 Pn—2 Pn-3 +- prn—1

Pn Pn—1Pn-2 """ P2 P1
Using the o transformation, find a similar relationship involving the homogeneous
and power symmetric functions.

Solutions

2.1 Looking at the right-hand side of the identity, we can consider ordered pairs
(S,T) where S is a column strict tableau of shape 1/ for 0 < i < k and 7T is a column
strict tableau of shape (1 4k —i). The sign is (—1)¥~%. We now apply a sign reversing
involution similar to that found in the second proof of Theorem 2.5.
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If the bottommost integer in S is not larger than the leftmost integer in 7', then
move this integer from S to 7. Otherwise, if S has height smaller than k and if the
bottommost integer in S is larger than the leftmost integer in 7, then move this
integer from 7 to S.

Fixed points under this sign reversing involution must have S with height k and
the bottommost integer in S is larger than the leftmost integer in 7', like the picture
below if k = 4:

6
4
3
2

These fixed points, which have sign +1, correspond to tableaux of shape (1¥,7) by
gluing S atop T'.

2.2 Define the sign of a column strict tableau T of shape (r — k, 1¥) to be (—1)¥.

Consider the following sign reversing involution: locate the largest integer m app-
earing in 7. If m appears in the first column of 7" and this first column has more than
one cell, then move m to the right of the bottom row of 7. If m appears in bottom
row of T and m is larger than the largest cell in the first column of 7', then move m
to the first column.

Fixed points under this sign reversing involution must have the largest integer m
appearing in both the bottom row of 7" and the first column of 7. Furthermore, the
first column of 7' must have only one cell. It follows that 7 must contain exactly one
row, and that every cell in that row contains the same integer m. These fixed points
correspond to p,, as desired.

2.3 Using Theorem 2.8,

0o o [n—1 0o 0o
H(z) Y, pad' =), (2 /’lipn—i> =Y nh' =2, nhy?"' = zH'(2).
n=1 i=0

n=1 n=1 n=0

2.4 The proof is similar to the proof of Theorem 2.18 except that we allow weakly
decreasing sequences in the bricks instead of strictly decreasing sequences. In par-
ticular, the desired identity is

ey = ;(—1)"*“(” 1By | s (2.5)
Fn

The right-hand side of (2.5) can be interpreted combinatorially. Use the summand
and the |Bx’ “’ term to select a brick tabloid of content A and shape u for some
A b n. Using the h; term, fill each brick with a weakly decreasing sequence of
positive integers. Define the weight and sign in the same way as in the proof of
theorem 2.18. The signed sum over all such combinatorial objects is equal to the
right-hand side of (2.5).
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Define an involution ¢ by starting in the top row and scanning the bricks from
left to right, locating the first time there is either a brick of length > 2 or there is
a brick of length 1 followed by another brick in the same row such that the integer
labels between the two consecutive bricks weakly decrease.

If there is a brick of length > 2, change the object by chopping the first cell off
the brick of length > 2, thereby creating two bricks. If there is a brick of length 1
followed by another brick in the same row such that the integer labels between the
two consecutive bricks weakly decrease, then change the object by combining the
bricks. Do nothing if neither situation is found.

Fixed points must consist of only bricks of length 1 (and thus must have sign
+1) and must have strictly increasing sequences of integers within each row, corre-
sponding directly with ¢, as desired.

2.5 Construct a set of combinatorial objects by following these steps:

1. Select an ordered brick tabloid of content A and shape o for some o F n.

2. Select a brick tabloid of content & and shape . Select one cell in the last brick
in each row and shade it gray. This shading accounts for the weight in a weighted
brick tabloid.

3. Combine the brick tabloids selected in step 1 and step 2 by placing the bricks
in each row of the ordered brick tabloid into the corresponding brick in the
weighted brick tabloid.

For example, if the brick tabloids

are selected in steps 1 and 2, then combining them in step 3 would create

(C 9C 2)
D)

Let T be the set of all objects created by following steps 1, 2, and 3. Call a
smaller brick appearing inside of another brick a “little brick” and the larger bricks
“big bricks.” Define the sign of T € T to be (71)the number of big and little bricks in T_ By
construction, the signed, weighted sum of T € T is the sum in the statement of this
exercise.

Define a sign reversing involution by examining the last big brick in each row of
T, starting from top to bottom, looking for either

1. alast big brick which contains more than one little brick or
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2. arow with more than one big brick such that the last big brick contains only one
little brick.

If case 1 is found, break the big brick into smaller big bricks by moving the little
brick containing the shaded cell into its own big brick at the end of the row. If case
2 is found, combine the two big bricks into one big brick, sorting the little bricks so
that the little brick labels decrease within the big brick. For example, the image of
the T € T displayed earlier is shown below:

@C )
OCHC
D)

Fixed points must have exactly one big brick in each row, and that big brick must
contain exactly one little brick. These fixed points, which all have sign +1, occur
exactly when A = . If A = 1"™12™2... then the total number of fixed points is
7y, =1™"2"™ . ..m!lmy!--- since 12" ... accounts for the placement of the shaded
cell in each row and mj !mjy! - - - accounts for the ways to rearrange the labels on little
bricks of the same length.

2.6 Exercise 2.5 gives the A, y entry in the matrix multiplication
(=1 P OBy Il (= 1) Pw (B ) 13 -

The product of these two matrices is the diagonal matrix with A" diagonal entry
equal to z;, which is nearly the identity matrix. From this we can say two things:
L. the inverse to || (—=1)""Mw(By y,)[|3 - is [[(=1)" "M OBy 1 /23| u-n and
2. the inverse to [|OBy, , [|3 urn is H(—1)€(l)+[(“)W(BH’A)/ZA|

A,utn.
Stated differently,

1. the e-to-p transition matrix, which is the inverse to the p-to-e transition matrix
given in Theorem 2.22, has A, i entry (—l)"‘é(MOBMi /z; and

2. the m-to-p transition matrix, which is the inverse to the p-to-m transition matrix
given in Theorem 2.23, has A, i entry (—1)“) T W(B, ;)/z;, as desired.

2.7 Considering the transposition (i j), an alternating polynomial f must satisfy

Fn, iy Xy xn) = = f(X1, X, X XN

for all integers i, j. Therefore f must be divisible by (x; —x;) for all i, j. This means

that f must be divisible by the Vandermonde determinant [ J(x; —x;) and that the
i<j

degree of f must be at least (N —1)+---+0= (g’)

2.8 The determinant of a matrix is changed by a factor of —1 when two rows are
interchanged. Since A, is the determinant



Solutions 73

—1 -2
X{Ll +n X{L’2+n . xibn‘f’o
M+n—1 _Ap+n—2 An+0
x2 x2 . e 'x2

)

A -1 A -2
an+n Xn2+n cee x,)}”JrO

switching the roles of x; and x; changes the sign of A, by —1. It is therefore an
alternating polynomial.

If x%' +"71x§2+"72 -.-x*0 is a term in an alternating polynomial f, then f must

contain all terms of the form sign(o)x@f"_lxé?’”_z . ~x§ﬁ+0 for ¢ a permutation

of S,. Therefore f contains

. M+n—1_A+n—2 A0
Ap(X1yeeeyXy) = z sign(0)xg, Xoh X
G:GI"‘GnESn

as desired.

2.9 We will describe a weight preserving function which turns any 7 € CS into
aT € RCS A-

Take T € CS,. If a 1 appears in the same column as a 2 in 7, switch their
positions. Then if a sequence of 1s appears in the same row as a sequence of 2s
in T, switch the appearances of these sequences. Now every 1 appears above or to
the right of every 2. Repeat this procedure with the 1s and 3s in 7, then the 1s and
4s, and so on, until every 1 is appears above or to the right of every larger integer
inT.

Inductively repeat this process with 2, moving all appearances of 2 above or to
the right of all larger integers. Then repeat this process with 3, 4, and so on. The
result is the desired reverse column strict tableau 7.

2.10 If by,..., by are the beads in the abacus a, then the corresponding integer parti-
tion A is equal to (empty(by),...,empty(b;1)) where empty(b;) denotes the number
of empty places to the left of b;. We have

- A
Xp XAy (xn, e x) =Y sign(o)xg T xpet!

0=07--0;ESk

- . empty(by)+k empty(b;)+1
= Y, sign(o)xg, Xy .
O=0] O} ESy

Since there are exactly i — 1 beads to the left of bead b;, we know position(b;) =
empty(b;) + i. Therefore our sum is equal to

> sign(G)x%?smon(b") - -x%ismon(b‘) = Y sign()weight(().

0=0]--0;ESk labeling ¢ of a

2.11 Let a be the mathematical abacus corresponding to the integer partition o.
Since e; is the sum of square-free monomials of degree j, each monomial in the
product
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ejAg=e; D sign(¢)weight(¢)

{ is a labeling of a

can be associated with an ordered pair of the form (x,~1 .- -x,»j,f) where i) < --- <1
are j distinct positive integers and ¢ is a labeling of a. By defining the sign of such
a pair to be sign(¢) and the weight to be x;, -~ x;;weight(£), it follows that e;Ay is
the signed, weighted sum over all possible pairs of the form (x;, - - ~xij,£).

Given (x;, - -x;;,{), starting with the leftmost possible bead and working right-
ward, move the beads with labels given by iy,...,7; one space to the right. If we
cannot move bead b one space to the right because that space is occupied by another
bead &', match (x;, -- “Xij, ¢) with the pair found by interchanging the labels on b and
b’ in both x;, ---x;; and £. Since the permutations in ¢ and ¢’ differ by a transposi-
tion, these two objects have opposite signs. They have the same weight, and so their
pairing will cancel them from the sum.

Each time we move one of the k beads to the right, we are increasing one part in
the corresponding integer partition by 1. Therefore e ;A corresponds to the signed
sum over all possible labelings of abaci which correspond to an integer partition
A F (n+ j) which can be found by adding 1 to j distinct parts of ¢, as desired.

2.12 Let u = (Uy,...,H¢) - n. By Exercise 2.11, ey A o) = ey, - ey, Ao,...0) 18
the sum of terms of the form A; where A is an integer partition created by adding
1 to y; distinct parts in the integer partition (0,...,0), then adding 1 to t distinct
parts to the result, then adding 1 to 3 distinct parts to the result, and so on. Place an
i in the cell of the Young diagram for the integer partition A if the cell was created
by adding 1 in step i of this process.

For example, we can create A(g332) from €333 1)4(0,..0) by starting with

(0,0,0,0), then successively adding 1 to distinct parts to create (1,1,1,0), (2,2,1,1),
(3,3,2,1),(4,3,3,1), (5,3,3,2), and then (6,3,3,2). Recording these steps by plac-
ing 1,...,6 in the cells of the Young diagram gives

The integers in this tableau of shape A must weakly increase within columns and
strictly increase within rows. Therefore the number of terms of the form A, in the
expansion of ey A(q,.. o) is equal to the number of column strict tableau of shape A
and content (U, namely K/ ;.

We now have that ey A, o) = X1, Kar Ay - Dividing both sides of this equa-
tion by A(g, .. o) and using Theorem 2.4, we have e, = ¥, Kj/ 53, as desired.

2.13 Let a be the mathematical abacus corresponding to the integer partition c.
Since p; = x{ +x} + -+, each monomial in the product

PiAa = D;j D sign(¢)weight()

{is a labeling of a
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can be associated with an ordered pair of the form (le ,£) where / is a labeling of a.
If the sign of such a pair is sign(¢) and the weight is x{ weight(£), then p;Aq is the
signed, weighted sum over all possible pairs of the form (xl’ ).

Given (x,’ ,£), move the bead with label i to the right j spaces. If we cannot do this
because that space is occupied by another bead &', match (xf ,£) with the pair found
by interchanging the labels on b and &' in both xlj and {. Since the permutations in
£ and ¢’ differ by a transposition, these two objects have opposite signs. They have
the same weight, and so their pairing will cancel them from the sum.

If we happen to move this bead b over another bead b’, then we are multiplying
the permutation giving the labels on ¢ by the transposition (label(b) label(’)). For
example, if we move the bead with label 4

7 spaces to the right to form

-G0—0-—0—-—06®

then we introduce the transpositions (2 4), (1 4), and (5 4) to the underlying
permutation.

Exercise 1.3 tells us that we are adding one rim hook of size j to the correspond-
ing integer partition each time we move a bead b to the right j spaces. The number
of beads b passes is one less than the number of rows in the corresponding rim hook
v, and so this move changes the sign by sign(v). Therefore, by Exercise 1.3, p;Aq
corresponds to the signed sum over all possible labelings of abaci which correspond
to an integer partition A - (n+ j) which can be found by adding a rim hook v of
length j to .

2.14 Let u = (py,...,l¢) = n. By Exercise 2.13, pyA,.. 0) = Py, =~ Pu,A....0) 1

the sum of terms of the form +A; where A is an integer partition created by adding
a first rim hook p of size yy to (0,...,0), then adding a rim hook of length t,_; to
the result, then adding a rim hook of length to u,_; to the result, and so on. The +
sign on +A, is determined by the product of the rim hooks. Label the order the rim
hooks were placed with the numbers 1,...,¢ to find a rim hook tableau of shape A
and content Ul.

2.15 If row i contains only the integer i for each row i in C reading bottom to top,
then define (C,S) to be a fixed point of the involution. Otherwise, find the least i
such that row i contains an integer larger than i, and let j be the maximum integer
in this row.

Let v; be the special rim hook which begins in row j of S. By switching their tail
ends, there is a unique way to change the special rim hooks v; and v;_| to two other
special rim hooks which occupy the same cells as v; and v;_1. Change S into the
special rim hook tabloid found by making this switch.
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Performing this “tail-switching” operation on S changes the lengths of the special
rim hooks v; and v;_1, and so to be a valid pair of the form (C, ) we need to change
the frequencies of the js and the (j — 1)s in C accordingly. Make this switch using
the involution in the proof of Theorem 2.2.

For example, the image of the pair (C,S) displayed in Exercise 2.15 is shown
below:

This “tail-switching” involution changes the sign of S by —1 since it either intro-
duces or removes exactly one extra down step in the rim hook v;.

The fixed points under this involution must have row i of C containing exactly i.
This means that a special rim hook of length i begins in row i of S for all i. There
is exactly one special rim hook tabloid S with this property—the special rim hook
tabloid which features a completely flat rim hook in each row. This one fixed point
of sign 41 only occurs when u = A, verifying equation (2.4).

2.16 Given A  n, we will count the number of ways can we form the monomial
xi“ ---xﬁk by multiplying out hy = hy, ---hy, by organizing our work into a table
where rows are indexed by x1,...,x; and columns are indexed by Ay, ..., hy,. Place

an m in the x; row and hy; column entry of the table if the monomial selected from
hy; to contribute to a final product contains x;".

For example, when A = (3%,2,1?) and u = (3%,22), one possible table is

hs hy h h

x|[3 0 0 O
»{0 0 1 2
»|[0 2 0 0
»w|l0 0 1 0
»[0 1 0 O

This table corresponds to the terms in each parenthesis in

Bz ) (61,22, ) = (0 4 babx oy o )2 4 a4
which are selected to form the monomial xjx3x3xlxt.
The number of ways to form a such a table is the coefficient of m, in hy. Each
table is an element in NM; , as desired.

2.17 The assertion is true when n = 1 because 1!e; = p;. We proceed by induction.
Removing the i’ column and last row of the n x n determinant leaves a determi-
nant of the form
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AO
b
where A is an (i — 1) x (i — 1) matrix of the same form as the original n X n matrix,
0is the (i—1) x (n—1i) zero matrix, B is an (n—i) x (i — 1) matrix, and C is an
(n—1i) x (n— i) lower triangular matrix diagonal entries equal to i,i+1,...,n —
1. By the induction hypothesis, the determinant of this matrix is (i — 1)!e;_1i
(i—1)--(n=1)=(n—1)le,.
Expanding the determinant of the original n X n matrix along the last row,

M=

n—1
1(—1)"7{1’;1—(1'—1)(”— Dlejy=(=1)""(n—1)! ;}(—1)i17n—iei,

which, by Theorem 2.9, is equal to (—1)""!(n—1)!(—1)""ne, = nle,.
Applying o to both sides of the identity gives

Notes

The theory of symmetric functions has a long history and with many applications
to the representation theory of finite groups, special functions, and combinatorics.
There are two books on the theory of symmetric functions that we would recom-
mend.

The first is Macdonald’s Symmetric functions and Hall polynomials [82], which
contains a wealth of information not presented here, including several generaliza-
tions of the symmetric functions such as the Hall-Littlewood symmetric functions
which involve an extra parameter g and Macdonald polynomials which involve two
extra parameters g and ¢. There are many combinatorial applications of both Hall—
Littlewood symmetric functions and Macdonald polynomials which are beyond the
scope of this book. See, for example, Haglund’s book [55].

A second account of the theory of symmetric functions is found in Stanley’s
Enumerative Combinatorics, Volume 2 [108]. The latter text contains notes on the
history of symmetric functions with numerous references.

There are many approaches of developing the theory of symmetric functions.
Our approach has been to give direct combinatorial proofs of identities wherever
possible. Moreover, we have made sure that our proofs work over the ring of sym-
metric functions in infinitely many variables; this will be needed for some of our
applications.
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The exercises allow us to add 11 edges to the directed graph giving the transition
matrices between bases for the ring of symmetric functions featured on page 56.
Specifically,

n—0(A) OBau

2
. Exercise 2.6 says the A, 11 entry of the m-to-p matrix is (—1)/(*)+(() Mif;@)_

1. Exercise 2.6 says the A, 1t entry of the e-to-p matrix is (—1)

. Exercise 2.12 says the A, 1t entry of the e-to-s matrix is K/ .
. Exercise 2.14 says the A, i entry of the p-to-s matrix is xﬁ.

. Exercise 2.15 says the 4, it entry of the m-to-s matrix is K;}L
. Exercise 2.15 says the A, i entry of the s-to-e matrix is K *L/

~N N L bW

. Exercise 2.16 says the A, 1 entry of the z-to-m matrix is NMj, ;.

The o transformation implies that the A, it entry of the x-to-y transition matrix
is the A, i entry of the @(x)-to-w(y) transition matrix for all bases x,y. Applying ®
to items 1, 3, 6 on the above list as well as Theorem 2.22 gives

8. The A, u entry of the /-to-p matrix is %ﬁ’“.
9. The A, u entry of the h-to-s matrix is Kj .
10. The A, u entry of the s-to-h matrix is K;L

11. The A, u entry of the p-to-h matrix is (fl)a’l)M(“)w(B;Lu).

Theorem 2.28 when applied to the dual bases {s; : A - n} and {s; : L - n} and
the dual bases {p : A Fn} and {p, /z3 : A - n} when applied to item 4 on the above
list gives

12. The A, u entry of the s-to-p transition matrix is xi‘ /z)-

All of the above information about transition matrices is recorded as a directed
graph in Appendix A.

We have not provided a combinatorial interpretation of the entries are the m-to-e
and m-to-h transition matrices. Combinatorial interpretations for the entries of these
matrices are described in [9], but they do not have straightforward descriptions and
are difficult to use in applications, and so we choose to omit them.

In [115] and [116], White gave somewhat lengthy but purely combinatorial
proofs that the A, u entry of the s-to-p transition matrix is x;f /z).. We shall give
a different approach to this result in Chapter 5 where we give a second proof of the
so-called Muraghan—Nakyama rule.

The combinatorial interpretations of the entries of the transition matrices for sym-
metric functions can be found in [33, 73] while the idea of using labeled abaci to
prove results about transition matrices is due to Loehr [80, 81].



Chapter 3

Counting with the Elementary
and Homogeneous Symmetric Functions

Let ¢ be a ring homomorphism on the ring of symmetric functions A. If we know
the values of ¢(e,) for all n, then, as described in the beginning of Section 2.5, we
know @(f) for any symmetric function f because f can be expressed as sums and
products of elementary symmetric functions.

In this chapter we will define certain ring homomorphisms ¢ on the elementary
symmetric functions. By understanding what ¢ does to the homogeneous symmetric
functions, we will be able to find generating functions for permutation statistics.

3.1 Counting Descents

A first example of how to use ring homomorphisms to find generating functions will
involve the distribution of descents in the permutations in the symmetric group S,,.
Let Eo(x) = 1 and E, (x) = Y scs, x93(9)_ The first of these polynomials are

Ep(x) =1,

Ei(x) =1,

Er(x) =1+4+x,
E3(x) = 144x+x2,
Eq(x) = 1+ 11x+ 11287 +2°,
() =1

(=1

We will find a simple, closed expression for the generating function Y~ E,,(x)z"/n!.
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Theorem 3.1. Define a ring homomorphism ¢ : A — Q[x] by ¢(eo) = 1 and

_1\n—1
ple) = T ey

n!
forn> 1. Then @(h,) = E,(x)/n.

Proof. Theorem 2.18 says that the expansion of %, in terms of elementary symmet-
ric functions can be expressed in terms of brick tabloids. We have

a) =n! Y (= 1) MB; e(en)

Abn

Abn

—n! Z(_l)n—al)wl |w(x_ 1)11—1(17()6_ 1)/12—1 ..
An () )Ll! lz!

_ 2( >|BA (= 1)), 3.1)

Abn

where () denotes the multinomial coefficient n!/(A; 145!+ ).

The plan is to create a collection of signed, weighed objects from (3.1) and then
define a sign reversing involution which leaves fixed points corresponding to E,, (x).
To begin, construct combinatorial objects in the following manner:

1. Select a permutation A - n and a brick tabloid in B (n)-

2. If the lengths of the bricks in the brick tabloid are by, ..., b, then select ¢ dis-
joint subsets of size by, ...,b, from {1,... ,n}. Write these subsets in decreasing
order within the bricks of the brick tabloid.

3. Place a “1” in the last cell of each brick and place a choice of “x” or “—1” in
every other cell.

Let T be the set of objects created in this manner. For T € T, define w(T) to be the
product of the —1s and xs appearing in T. One possible T € T with weight (—1)%x?
when n =12 is

1 X X 1 [—-1 1 1 1 1 |-1 x 1

6|7 3 1 S 2|11 f{12f10f9 8 4

In our three-step process of creating T € 7T, step 1 accounts for the sum and the
|BM,!)\ term in (3.1), step 2 accounts for the multinomial coefficient, and step 3

accounts for the (x — 1)" ‘() term. This means

hn) = Z W(T)

TeT
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We now define an involution on J. Scan 7' € T from left to right looking for the
first occurrence of either a —1 or two consecutive bricks with a decrease appearing
in the integer labeling between them.

If neither is found in 7', leave T fixed. If a —1 is found first, then break the brick
with the —1 into two smaller bricks after the occurrence of the —1 and change the
—1toa l. If we find two consecutive bricks with a decrease appearing in the integer
labeling between them, combine the two bricks into one larger brick and change the
1 in the middle to a —1. The image of the T € T displayed earlier in this proof under
this operation is

I fx x 1 (1|11 ]1f(1|-1 x 1

6 |7 3 1|52 (111211019 8 4

This process changes from an occurrence of a —1 into a descent and vice versa.
This is a sign reversing and weight preserving involution. Fixed points under this
involution must look like this:

1 X X 1 X X 1 X X X X 1

3111 6 117 4 21112 10 9 8 5

Fixed points must have no —1s and no decreases between bricks. These fixed points
naturally correspond to permutations in S, with an x for each descent. This shows

nlo(hy) = Y, 20 = E,(x),

ocESy
as desired. O
Corollary 3.2. We have

iEn(x)n_ x—1
R

Proof. Applying the ¢ in Theorem 3.1 to the identity in Theorem 2.5 gives

$ B, (i hnzn>
n=0

|
n=0 n:
1

¢ (Zoen(=2)")
1

14y EO 1yt (=)

n!

x—1
x— elx=1)z’

as required. a
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In this chapter we will change the ring homomorphism ¢ in Theorem 3.1 in vari-
ous ways, thereby finding many generating functions from the relationship between
the elementary and homogeneous symmetric functions. In preparation, let us take a
closer look at ¢:

n—1
olen) = T (e
(Whenever we define a ring homomorphisms on the ring of symmetric functions by
describing what happens to e,, we will assume that n > 1 since @(ep) = ¢ (1) must
always equal 1 in order to be a homomorphism.) There are three main components
to this definition: the (—1)"~! sign, the division by n!, and the (x —1)"~! term.
Each of the three components plays different roles in the proof of Theorem 3.1. Let
us examine each term carefully.

Since the coefficient of e, in A, is (—1)"*Z|B;L7<n>|, the (—1)"~! sign in the defi-
nition of @ allows us to cancel the (—1)"~* sign when expanding the homogeneous
symmetric functions in terms of the elementary symmetric functions. This (—1)"!
will be a mainstay in our upcoming variations on the homomorphism ¢.

The division by n! gave rise to the multinomial coefficient (;) in equation (3.1).
This multinomial coefficient enabled us to fill our bricks with decreasing sequences
of integers. By changing the n! in the definition of ¢ we will be able to change how
we label the bricks with integers.

The (x—1)"~! term in the definition of ¢ allowed us to weigh a brick of length
by placing a choice of x or —1 in each nonterminal cell in a brick. By changing this
(x—1)""! term we will be able to change how we weight each brick. We can find
many different generating functions by getting creative with this weighting term.

We begin showing how to modify ¢ to find new generating functions by showing
how to count the number of permutations in S, where descents must be arranged in
certain ways. A permutation 0 = 0] --- 0, € S, has a 2-descent if there is an index
i for which o;_; > 0; > 0;41. To count the number of permutations in S, which do
not have a 2-descent, we will restrict how the x and —1 weights appear in each brick.

In particular, let R,_1; be the number of ways to rearrange i copies of x and n —

1 —i copies of —1 such that no two xs appear consecutively. Changing the (x—1)"~!
term in the definition of ¢ to
f(n)= Zle?ixi(—l)"*l*i (3.2)

i>0

will allow us to weight each cell in a brick with either an x or a —1 such that no
two consecutive xs appear within a brick. This choice will force us to never have a
2-descent, as seen in the proof of Theorem 3.3.

Theorem 3.3. The generating function for permutations in S, which do not have a
2-descent is

o _n &2

< des(c) _
Z n! Z . - PN 1 (/A1)
—o’ cos - sin

o € 8, does not
have a 2-descent 2 Vax—1 2
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Proof. Define a ring homomorphism ¢ by ¢(ep) = 1 and

(~1y!
n!

¢en) = f(n)
for n > 1 where f(n) is the function defined in (3.2). Following the same logic as
what led to (3.1), we find

nloh) = (Z) 1Bi | f (M) f(A2)--- . (33)

A=(A1,,A0)Fn

Begin to create combinatorial objects from (3.3) by using the summation, the
|B,1,<n)\ term, and the multinomial coefficient to follow steps 1 and 2 in the proof
of Theorem 3.1. This creates a brick tabloid of shape (n) with the numbers 1,...,n
written in the cells such that each brick contains a decreasing sequence. To account
for the f(A1)--- f(A¢) term in (3.3), place a 1 at the end of each brick and an x or
—1 in every other cell such that no two xs appear in consecutive cells.

Let T be the set of objects created in this manner and let w(T') be the product of

the —1Is and xs appearing in 7 € T. An example of a T € T with weight (—1)°x* is

-1 x -1 -1 x 1|x 1]1-1 -1 x 1

2 11 9 8 7 2[5 1110 6 4 3

The signed, weighed sum over all possible T € T is equal to n!@(hy,).

Perform the same sign reversing, weight preserving involution in the proof of
Theorem 3.1: scan from left to right looking for the first —1 or consecutive bricks
with a decrease between them. Break or combine bricks accordingly. The fixed
points under this involution look like

X 1 1 X 1 X 1 1 X 1 1 1

12 5 (718 211 41610 1 3109

as there can be no —1s or decreases between bricks. These fixed points correspond
to permutations in S, which do not have a 2-descent with a weight giving the number
of descents. This shows

1 des
(p(h”) = o 2 X es(o)
o € S, does not
have a 2-descent
To find a generating function, we apply ¢ to both sides of the identity

- 1

Z hn Zn _

n=0 z

o €n(—2)"

to find
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< < xdes(o‘) _ 1

a oo
n=0"" 5 s, does not 1+ anl
have a 2-descent

34

,l)n—l

Fm)(=2)"

Our only remaining task is to use the definition of f(n) to transform the right-
hand side of (3.4) into the function displayed in the statement of the theorem. This is
not a particularly difficult task but does require showing that a number of identities
are true. Since this task is not strictly necessary—after all, (3.4) already gives us
the desired generating function—and since showing these manipulations right now
might distract from our development, we have chosen to describe how to turn (3.4)
into the statement of the theorem in Exercises 3.5 and 3.6. a

If we take x = 1 in the generating function in Theorem 3.3, we find

< o ez/2
Y =|{o €S, does not have a 2-descent} |

o ! _cos< ‘[)f%sm( f)

The coefficients |{o € S, does not have a 2-descent}|/n! tell us the probability that
a permutation in S, will not have a 2-descent.

This generating function in (3.5) is ripe for using the methods described in the
second part of Section 1.3. The singularities of this function are when the denomina-
tor is 0, which happens when z = 27v/3 /9 +2km+/3 /3 for integers k. The singularity
closest to 0, namely 213 /9, is the radius of convergence. Using L’ Hopitals rule,

<Z _ 27(\@ ez/z ﬂ\/§/9

9 ) cos (Z‘[) — %sin (z\2/§) - ’

and so multiplying by (z —27+/3/9) removes this singularity. This means that our
generating function behaves like that of

(3.5)

lim

7-2m/3/9

n\f/g 9 n+1
\[/9 n
(1—271\[/9) Z <27T\[> ‘

for values of z close to 27v/3 /9. The singularity second closest to 0 has magnitude
| —4m+/3/9], a number with reciprocal less than 0.42. Putting everything together,

|{o € Su does not have a 2-descent}| V39 < 9 >"+1
27V/3

for large enough n. We now have a wonderful approximation for the coefficients of
our generating function.

We can extract even more information from Theorem 3.3 to answer questions like
this: What is the expected number of descents in a permutation without a 2-descent?
Differentiating the function in Theorem 3.3 with respect to x and evaluating the
result at x = 1 gives

n
. < (0.42)




3.1 Counting Descents 85

NS _ez/Z (\6(2 3Z)sm(‘[> 3zc0s (%))
,Zon! Gesﬂ%emdes(o)— \@(C03<f2>_%sm(fz>) '

have a 2-descent

Again we have a function amenable to the techniques found in the second part of
Section 1.3. Doing similar but more intricate calculations as shown above, we can

find that
4m—3/3 (1) 9+4+21/3 i (9 nt1
67 27 213

is within (0.42)" of % Y6 € 5, does not have a 2-descent 4€8(0) for large enough n. Com-
bining this last approximation with the approximation for the number of permuta-
tions without a 2-descent, we can find an approximation for the expected number of
descents in a permutation without a 2-descent:

20' € S, does not have a 2-descent dGS(G) ~ 4r — 3\/§ (n + 1) . 9+ 27'17\/§
|{o € S, does not have a 2-descent}| 61 27

The ring homomorphism

(~1)!

¢len) = f(n),

where f(n) is given by (3.2), was used in the proof of Theorem 3.3. This f(n)
was designed so that no two consecutive xs would appear in a brick, which in turn
allowed us to find the generating function for the number of permutations without a
2-descent. Suppose we change this f(n) to

S Ryy i (=1 (3.6)

i>0

where R,,_1 ; ; is the number of ways to rearrange i copies of x and n — 1 —i copies of
—1 such that no j xs appear consecutively. This new f(n) would give the generating
function for the number of permutations without j consecutive descents, otherwise
known as j-descents. Indeed, only slight modifications to the proof of Theorem 3.3
are needed to show that

o _n 1
3 Zﬁ Y des(o) = T : -
n=0" ges, does not 1+37, Tt (_Z)n Zizo Rnfl,i,jxl(_ 1)n_1_l
have a j-descent
(3.7)

When j = 2, we were able to manipulate the generating function in (3.7) to get an
explicit formula involving sines and cosines as displayed in Theorem 3.3, but such
a simplification is not usually possible. However, if we specialize (3.7) by taking
x =1, we can find a nice form for the resulting generating function:
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Theorem 3.4. For j > 1,

- . " j+1
0 € S, does not have a j-descent}|— = , —
Zltoes ! N = O (1= 0o

where § = e*/UtY) is a primitive (j + 1)th root of unity.
Proof. We begin by showing the identity

(=)= if j+1 divides n — 1,
N (=D)Ry-15;=14 (—=1)" if j+ 1 divides n, (3.8)
=0 0 otherwise,
with a sign reversing involution /. ‘

Define the sign of r =ry...r,—1 € Ry—1,j to be (—1)". If r| = x, then let I(r) be
the rearrangement r with r; changed to (—1). If r; = (—1) and changing this value
to x does not create j copies x which appear consecutively in r, then let I(r) be the
rearrangement r with r; changed to x.

If ry = (—1) and xryr3 - - - r,—1 has j consecutive xs, then either

r=(-1)xx--x or r=(=1)xx--x(=1)rjz2 - rp_1.
j—1 J—1
In the first case, define I(r) = r, and in the second case, inductively define I(r) such

that I(r) =ry -+ rjpid(rjs2-ra1)-
There are only two possible fixed points r under this sign reversing involution I:

and

In the first case, j+ 1 divides n — 1 and the sign is (— )J+1 =D (=1)"~!. In the

second case, j+ 1 divides n and the sign is (—1)7+#1 - = (—1)". We have now
verified (3.8).
Taking x = 1 in (3.7) and using (3.8), we can find that

“ : 4
Y |{o € S, does not have a j-descent}\a = S U
n=0 n=0 [(G+m)! — (G Dn+D)!

Using the idea in Exercise 1.18, the right side of the above equation is
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IS NIk /eCOZ+...+eCjzd -
j+1 FE <)

which in turn may be simplified to look like the statement of the theorem. a

As indicated in the last two theorems, changing the definition of the function
f(n) in the ring homomorphism ¢(e,,) = (—1)"~! f(n)/n! can produce generating
functions for permutations where the appearances of descents are restricted in some
way.

We end this section with one last example of this phenomenon, with more
examples given in Exercises 3.7 and 3.8.

A permutation ¢ = 010,03 - - 0, € S, is alternating provided

01 >02<03>04<---.

Descents occur exactly at odd indices in an alternating permutation.

To find the generating function for the number of alternating permutations in S,
we would like to apply the involution in Theorems 3.1 and 3.3 to find fixed points
which are brick tabloids with bricks of exactly length 2. Defining

(3.9)

Fn) = {(—1)”/21 if n is even,

0 if n is odd

will do this for us, as shown below.

o n
Theorem 3.5. We have Y’ |{c € S, is alternating}|z—' =secz+tanz.
n!

n=0

Proof. Let @ be the ring homomorphism on the ring of symmetric functions defined
by ¢(e,) = (—=1)""! f(n)/n! where f(n) is given in (3.9). This definition of ¢ will
imply that ¢ (k) = 0 when k is odd, so we focus our attention on @(/y,). The same
steps as what led to (3.1) shows that

(2n)!1@ (ho) = Y, <27:1> 1By on| f (A1) f(A2) -+

A2n

Using this sum, construct combinatorial objects by selecting a brick tabloid of
shape (2n) such that every brick is an even length. Write the integers 1,...,2n in the
cells of the bricks such that each brick contains a decreasing sequence. In addition
to forcing each bricks to be of an even length, the function f(n) instructs us to place
a | in the final cell of each brick and a —1 in all other even cells. For example, one
such combinatorial object is
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Perform the usual involution, first described in the proof of Theorem 3.1: scan the
bricks from left to right looking for either a —1 or a decrease between consecutive
bricks and break or combine bricks accordingly. Fixed points cannot have a —1 or a
decrease between bricks, and so they must look like the object below.

1 1 1 1 1 1

12 9111 2|8 710 5|6 114 3

These fixed points correspond to alternating permutations, thereby proving that
(2n)!@(hy,) is the number of alternating permutations in S»,. Applying ¢ to
Theorem 2.5 gives a generating function for the number of alternating permutations
of an even number:

oo 2n [ad
Z
€ Sy, is alternati — = 7"
Z |{G 2p 18 alterna 1ng}| (271)‘ © (rga nl )

n=0
_ 1
-~ Xoe(en)(—2)"

—_

This last line is equal to secz.
To understand the alternating permutations of an odd number, we apply the ring
homomorphism to the power symmetric functions. Using Theorem 2.22,

2n—1)1p(p2n) = 2n—1)1 Y (—=1)""Phw(B; ()0l )ples,) -
AF2n
2n—1)! b b
=Y %(bk)(—l)%*'*%—?
AR2n T € By (o) has even by!---by!
length bricks by,...,by

< 2n—1 >(1)g+...+%_g
AR2n T € By (2, has even bi,...;bi—1,bp—1
length bricks by,...,by

From this sum we can create the same objects as we did for (2n)!¢(hy,) with the
exception that we use the integers 1,...,2n— 1 instead of 1,...,2n, leaving the final
cell without an integer. These combinatorial objects look like this:

-1 -1 1 1 -1 1

11 100 9 8 7 215 1|16 4 3

The brick breaking or combining involution leaves fixed points corresponding to al-
ternating permutations, and so (2n— 1)!¢(p2,) is equal to the number of alternating
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permutations in S»,_1. Applying ¢ to both sides of Corollary 2.10 shows that the
generating function Y| [{0 € Sz,—1 is alternating}| =—; a1 18 equal to

o[ 15 o) = BV o)
gt 20 ¢ (en)(—2)"
oo (_1)n—1z2n—1 oo (_l)nz2n
=\ 2 )\ 2@ )
= (2n—-1)! = (2n)!
This last line is equal to tanz.
Adding together the generating functions for the even alternating permutations

with the generating function for the odd alternating permutations gives secz+tanz,
as desired. O

The singularity of secz+ tanz closest to 0 is at /2 and the singularity second
closest to 0 is at —37/2. Since lim,_, /(2 — 7/2)(secz + tanz) = —2, the methods
in the second part of Section 1.3 tell us that

2 n
< | 5= +0.0001
(5 v0001)

for large enough n. Therefore the probability that a random permutation in S, is
alternating is approximately 2"+2 /g1,

|{o €S, is alternating }| ) 2 nl
n! T

3.2 Changing Brick Labels

In Section 3.1, the function f(n) in the definition of the ring homomorphism
@(e,) = (—1)""! f(n)/n! was changed, enabling us to count permutations with des-
cents appearing in prescribed ways. In this section we will change the n! in the
definition of ¢, enabling us to keep track of more permutation statistics and count
objects other than permutations.

As a first example, consider the ring homomorphism defined by

—_1\yt o,
w(en)zwl])q!qU( x—1)" (3.10)

Without the extra powers of ¢, this is the same ring homomorphism defined in
Theorem 3.1. Our goal is to show that the extra powers of g keep track of inver-
sions. The next lemma will help in the process.

A descending run in a permutation is a consecutive decreasing subsequence. For
example, 982 654 3 17 has descending runs 982, 65431, and 7.
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Lemma 3.6. Let by,...,by be nonnegative integers which sum to n. Then
[b n . ] q(hzl Y4t (%) _ z 4™,
Lyees 90 q o €S, has descending

runs of lengths by ,...,by

Proof. Exercise 1.2, which is a straightforward generalization of Theorem 1.4, says

|:n] :|: n :| _ z qinv(r)’
A, i b,

rer(11,...£%)

so the g-multinomial coefficient in (3.11) instructs us to select a r € R(1°1,..., %),
With r we will associate a permutation 6! € S, by numbering from right to left all
the 1s in » with 1,..., by, then numbering all the 2s in r with b; +1,...,b; + by, and
so on. For example, say by =4,bp =5,and b3 =3.Letr=223123122131
be the element selected in R(147 25, 33). The table below records r, 6~ !, and o:

1 2 3 4 5 6 7 8 9 10 11 12
r = 2 2 3 1 2 3 1 2 2 1 3 1
o' =9 8 124 7 113 6 5 2 10 1
o = 12 107 4 9 8 5 2 1 11 6 3
We have designed o to have decreasing sequences of lengths by, ...,b,. Further-

more, by construction,
b b
inv (o) :inv(o'*l) =inv(r)+ <21> NS (;)

because inv(r) gives the inversions between descending runs and ( ) gives the inv-
ersions within the i descending run in o. a

The proof of Lemma 3.6 can be easily modified to show that [ " by ] is equal to

3 ¢™(%) where the sum runs over the permutations ¢ € S, with i mcreasmg runs of
lengths by, ..., by.

Theorem 3.7. We have

x—1
(x—1)z’

X—é€y

S
-Q
Q
m
©
S

where e, =¥ Oq( ) " /[n]q! is a q-analogue of the exponential function.

Proof. We will retrace the proof of Theorem 3.1, keeping track of what happens to
powers of ¢ along the way. Applying the homomorphism ¢ in (3.10) to [n],!h, gives

ot =3 5| a8l 1 G

Abn
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Begin to create combinatorial objects by selecting a brick tabloid ' € B, () for
some A b n. Fill each nonterminal cell in each brick in 7 with a choice of either
x or —1 and place a +1 in the terminal cell of each brick. These choices use the
summand, the |B; ()| term, and the (x — 1) terms in (3.11).

Suppose the bricks in T have lengths by,...,by when read from left to right.
Lemma 3.6 uses the powers of ¢ in (3.1) to fill the cells of 7" with a permutation
0 € Sy, such that the integers in ¢ decrease within bricks. In each cell, write a power
of ¢ counting the number of integers to the right which are larger.

For example, one such combinatorial object created in the above manner is

12 10 7 419 8 5 2 1111 6 3

If we define the weight of such a combinatorial object to be the product of all xs,
(—1)s, and powers of ¢, then [n],!@(h,) is the weighted sum over all possible com-
binatorial objects.

The usual brick breaking and combining involution does not change the inte-
gers in the underlying permutation and therefore does not affect the powers of g.
This involution leaves fixed points corresponding to ¥ scs, x4es(0) 4inv(0) The gen-
erating function in the statement of the theorem follows from applying ¢(e,) to
Theorem 2.5. a

Every choice for f(n) in section 3.1 when defining ¢(e,,) = (—1)"~! f(n) /n! can
be used to define ¢(e,) = (—1)"~! f(n)/[n],!. This means all of our previous results
can include a power of g to keep track of inversions. For example, one possible such
g-analogue is

5 < (o) = 182
n=0 n! o €S, is alternating €0842
o Zn 2n . oo 2n+1 2n+1
where cos,z = Zn:o(—l)”q(z ) [QZT]ql and sin, z = Zn:o(—l)"q( 2) [2Zn+1]q!'

A second way to change the labels on a brick tabloid can be used to understand
the distribution of common descents in two permutations. For 6 = o1,...,0, and
T=T,...,T; €Sy, let comdes(o, 7) be the number of indices i for which o; > 0,1
and 7; > 7;4 . In order to find a generating function for ¥ ;cg, x°omdes(a,7) consider
the ring homomorphism defined by

(en) = ot (x—1)"! (3.12)
o(e,) = 12 . .

Changing the “1/n!” to a “1/(n!)?” will permit us to include two permutations in
our brick tabloids instead of one.
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comdes(0,T) __ x—1
DI =

(n) O'TESH x— E:lo O X( 13

Proof. Using Theorem 2.18 to apply the homomorphism in (3.12) to (n!)?h, gives

Theorem 3.8. We have Z

(n)?(hy) = Y, (">2|B = DM x— 1)L
: n 2 Ai(n)

Abn

This sum tells us to create combinatorial objects similar to those in the proof of
Theorem 3.1 but which contain two permutations instead of one:

x 1 !11{-1 x -1 -1 1]x —-1 x 1

100 214112 9 7 6 111 8 5 3

11 5 3 (12 10 8 4 219 7 6 1

Scan these objects from left to right looking for the first common descent or —1
and break or combine the bricks accordingly. Fixed points under this involution have
no —1s and have powers of x registering the number of common descents, showing
that (n!)2@(hy) = Y 1cs, xeomdes(0,7) The generating function in the statement of
the theorem follows from applying ¢ to Theorem 2.5. a

We could easily find a similar generating function for common descents in m-
tuples of permutations and we can change the “(x — 1)"~!” in (3.12) to any choice
of “f(n)” in order to restrict the appearances of common descents in some way.
In order to keep track of the inversions for each permutation, these results can be
g-analogued by considering homomorphisms of the form (—1)"~! £(n) /([n]4,! [n],!)-

A third way to change the brick labels will help us understand words. A word
with letters in {0,...,k — 1} is a finite sequence w = wj---w, with each w; €
{0,...,k—1}. The set of all words of length n with letters in {0, ..., k— 1} is denoted
by {0,...,k— 1}}. The ring homomorphism defined by

olen) = (~1)" ') m (=1, (3.13)
q

where k is a positive integer, will enable us to prove the result below.

Theorem 3.9. If sum(w) denotes the sum of the integers inw € {0,...,k— 1}, then

n des(w) sum(w) _ x—1

< 2 q S —
n=0  we{0,...k—1}% x—(z—zx9);

where (a;q)i denotes the product (1 —aq®)(1 —aq")---(1—agk=").

Proof. Each r € R(0",1¥") is associated with nonincreasing word w € {0, ...,k —
1} by interpreting the number of Os before the i/’ 1 in r to be the number of (i — 1)s
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in w. To make w strictly decreasing, add n — i to the i’ integer in w. For instance,
r=00110001001 corresponds tow=3322200. Adding 6,5,4,3,2,1, and
0 to w gives the strictly decreasing word 9 865431 0.

Theorem 1.4 says that q(;) [ﬁ]q = q(g) 2reR(0r,1k-n) g™ (). The number of inver-
sions in each rearrangement r is equal to the sum of the integers in the corresponding
word w. Since adding n — i to the i""* integer increases this sum by (g) , we have

q(g) |:k:| _ Z qsum(w)'
n .
g  we{0,....k—1}is
strictly decreasing

(3.14)

If ¢ is as defined in (3.13), then

=S D D E] By - DB = R
o) = 39| ] o] 1yl

This sum tells us to create combinatorial objects like this (using k = 8):

X X 1 1

g ¢ 7|7

7 5 3|3

1

q7

7

Instead of a permutation, (3.14) allows us to fill each brick with a strictly decreasing
word in {0, ...,k — 1} and places a power of ¢ to match integer in each cell.

Scan the bricks from left to right looking for either the first —1 or a weak de-
crease between consecutive bricks. Break or combine the bricks accordingly. This

.....

x—1

3o [, e e

The g-binomial theorem, displayed in our Exercise 1.6, says that generating function
be written to look like the statement of the theorem. a

Every choice for f(n) in section 3.1 when defining ¢@(e,,) = (—1)"~! f(n) /n! can

be used to define a ring homomorphism @(e,) = (—1)"~'¢(?) [] £(n). This allows
us to restrict the appearances of descents in words.

To illustrate this point, suppose we wanted to count the words in {0, ...,k — 1}
which never have j consecutive descents, paralleling our result in Theorem 3.4. If
we define a ring homomorphism by @(e,) = (—1)"~" (¥) f(n) where f(n) is given
in (3.6), then @(h,) is a sum of combinatorial objects built from brick tabloids with
the exception that bricks contain decreasing sequences in {0,...,k — 1} instead of

decreasing runs in a permutation. Replacing “1/n!” with * (;ﬁ)” in (3.7) gives
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- 1
n des(w) _
E Z 2 = )
n=0  we{0,....,k— 1}, does not 1+3%,- (_Z)n (ﬁ) 2:‘21 Rll—l,iAJ'(_x)l

have j consec. descents

where R, j is the number of ways to rearrange i copies of x and n —i— 1 copies
of —1 such that no j xs appear consecutively. Specializing by taking x = 1 and
simplifying using the approach found in the proof of Theorem 3.4, we can find that

Y {w € {0,...,k—1}; does not have j consecutive descents}|z”
n=0
_ Jj+1
(1= ENA+E) 4+ (1= )1+ L)

where ¢ = ¢2*/(*1) is a primitive (j+ 1) root of unity.

Although the result in Theorem 3.9 is about words, it can be translated into a
statement about permutations in S,,; in particular, it gives information about the joint
distribution of the descents, descents of the inverse, and major index statistics.

Theorem 3.10. We have
i z z xdes( ) des(c ma] i x_ l)uk
o (W:q)nt1 53, Sox—(2—269),,
Proof. Select a term in ¥,,c(0.. k1) xvdes(w) g
word w. With r we associate a permutation 6! € S, by numbering from left to right
the (k—1)s in r, then from left to right numbering the (k—2)s in r, and so on. This
forces the (k— 1)s in r to correspond to the first block of numbers in o, the (k—2)s
in 7 to correspond to the second block of numbers in ¢, and so on. These blocks sort
the exponents on ¢ in nonincreasing order.
Next we associate with r a nonnegative integer sequence a = da - - -a, such that
a; is the difference between consecutive exponentson gin o fori=1,...,n—1 and
ay is the final g exponent. For example, if k =8 andw=753377254321,then
here are r, 0!, o, the q exponents, and a:

sum(w) and let r be the reverse of the

1 2 3 4 5 6 7 8 9 10 11 12
r =1 2 3 4 5 2 7 7 3 3 5 7
o! = 12 107 6 4 111 2 8 9 5 3
o = 7 8 125 11 4 3 9 10 2 6 1
gexponents= 7 7 7 5 5 4 3 3 3 2 2 1
a = 0 0 2 0 1 1 O O 1 O 1 1

This permutation ¢ and sequence a have the following properties:

1. The word w can be reconstructed from ¢ and a, so the process of associating w
with the pair (0, a) is invertible.

2. The number of descents in 6! is the number of descents in w.

3. Since the i exponent is a; + - - - + a,, the g exponents sum to la; + - - - + nay,.
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4. As a special case of the last fact, the maximum ¢ exponent is aj + - - - +ay.
5. We have g; =0 if and only if 0; < 0;4 .

Therefore the sum ¥,,c(0,.. x—1}: xdes(w) gsum(w) j5 equal to

( 2 xdes(a™) z q1a1+ Hnan -+ +a,,)
j=0 ‘ces, sequences aj - -+ ay W
with a; = 0iff 0; < 0,41
1 -1
_ 1 z xdes(G ) Z (Mql)al .”(uqn)an
—u oS, sequences aj - - - dy =

with 0; < 041 iffa; =0

Let y(0; < 0;4+1) equal 1 if 0; < 0;41 is true and 0 if false. With this notation, the
above sum is equal to

1%“ 2 xdes(G*’) 2 (uq)al 2 (uqz)az... 2 (uq”)“"

= a1>x(01>07) a1>x(02>03) an>0

k=1

des(o— ) (ug)*(O1>02) (yg?)1(02>03) ...
=) x
(1—u)(1—uq)(1 —ug?)-- (1 —ug")

oES,

uk—1
_ 1 des(c™1) des(c) , maj(c)
— X u
(M,Q)n+1 OESy

q

uk—1

The result displayed in the statement of the theorem now follows by applying the

result in Theorem 3.9 and summing over all k. a
Taking g = 1 in Theorem 3.9, we find

Yz
n=0  we{0,1,.k—1};

x—1

n xdes(w) _ )
x—(1+z(x—1))*

In Theorem 3.11, we formally extend this generating function to words with letters
taken from an infinite alphabet. This infinite version of Theorem 3.9 is not remark-
able because of the generating function itself but because the ring homomorphism
used in the proof is defined by sending elementary symmetric functions to a special-
ization of the elementary symmetric functions. Examples where we define similar
ring homomorphisms by sending the elementary symmetric functions to specializa-
tions of the homogeneous symmetric functions and the power symmetric functions
can be found in Exercise 3.15.

Theorem 3.11. We have

=3

x—1
2 xdes(w)yw Yy = ,
,Zb W1---wn§1,2,...}:; oy = (T4 2(x— 1)y;)

where {1,2,...} denotes the set of words of length n with letters in {1,2,...}.
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Proof. Define a ring homomorphism ¢ on A, by

plen) = (=1 (= 1)"en(y1,32,.)

for n > 1. It follows that

@) = X |Ba | (x—1)""Pey (y1,y2,...).
Abn

From this sum we create combinatorial objects by selecting a brick tabloid of
shape (n) for some A - n and make a choice of x or —1 for each nonterminal cell of
each brick. Use the elementary symmetric function e (y,y2,...) to place a square-
free monomial in y1,y»,... in each brick by placing a variable y; in each cell such
that subscripts strictly decrease from left to right. One such example of a combina-
torial object created in this way is

X X 1 1 I |-1 1 x -1 x X 1

Y6 Y5 Y1 Y3 [ Y88 | y7 y2 Y9 Y4 Y3 Y2 Y1

The weight of such an object is the product of all x, —1, and y variables.

Apply the usual involution on this collection of combinatorial objects by looking
for decreases in the subscripts of the y variables between two bricks and breaking
or combining accordingly. Fixed points correspond to words w € {1,2,...}* with a
power of x for each strict decrease in w and a subscript on the variable y for each
letter in w.

This proves

(P(hn) = 2 xdes(w)yWI o Ywy e
wi-wpe{1,2,... 1
The generating function in the statement of the theorem follows from applying ¢ to

Theorem 2.5 and using the definition of the generating function E(z) on page 35 to
simplify. O

Our next two results, Theorems 3.12 and 3.13, illustrate how sums in the defini-
tion of the ring homomorphism ¢ can permit different choices of bricks in a brick
tabloid.

Again considering words over the infinite alphabet w = wy---w, € {1,2,...}%,
we can keep track of descents between consecutive even integers in w and consec-
utive odd integers in w separately. Let even_des(w) be the number of indices i for
which w; > w;| and both w; and w;; are even. Similarly, let odd_des(w) be the
number of indices i for which w; > w;1 and both w; and w;; are odd.

Theorem 3.12. The generating function

o

2 Z uevetuies(w)vevendes(w)le Y
0

n= wi-wp€{1,2,...}5
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is equal to
w—1y-1) .
w1 (v 1) (ﬁ<1+z<u— 1>yz,»>) (1) (ﬁmz(v— 1>y2,-_1>>
i=1 i

Proof. Let f(n) be the function

(ea2,y4,¥6, - )= 1"+ e, (y1,y3,y5,... ) (v =1)""1)

and define a ring homomorphism @ by ¢(e,,) = (—1)"~! f(n). Then we have
= 2 [Ba il f (A1) f(R2) -

Abn

Start building combinatorial objects by selecting T' € B, () for some A+ n. Each
brick of length k is assigned a term of the form f(k).

The sum in the definition of f(k) gives us a choice for each brick: use the
ex(y2,y4,...)(u—1)*"1 term or use the ex(y1,y3,...)(v — 1)1 term. If we select
the former, place a sequence of y;s in the cells of the brick such that subscripts dec-
rease, just like in the proof of Theorem 3.11, with the further specification that only
even subscripts appear in the brick. Additionally, place a choice of either u or —1
in each nonterminal cell of the brick. Let us call these bricks “even bricks”. If we
select the e, (y1,y3,...)(v—1)¥! term for a brick of length k, do the same operation
but with odd subscripts in the brick and vs instead of us. Let us call these bricks
“odd bricks.”

The involution we define on such combinatorial objects is our usual brick break-
ing and combining involution with the modification that we only consider breaking
or combining two even bricks or two odd bricks. That is, scan from left to right look-
ing for the first —1, two consecutive even bricks which can be combined to create a
larger even brick or two consecutive odd bricks which can be combined to create a
larger odd brick. Break or combine accordingly.

Fixed points under this involution look like this:

u u 1 v v v 1 u u u u 1

Yo Y4 Y2 (Y15 Yir Y7 Y5 |Vi2 Yo Yo Y4 )2

These fixed points correspond to words w € {1,2,... } with a u weight correspond-
ing to even_des(w), a v weight corresponding to odd_des(w), and a y; each time i
appears in w. It follows that @ (h,)=X,,, ..,,e1.2,.. 12 even-des(w) even destu)y Ly,
To find the generating function in the statement of the theorem, apply ¢ to both
sides of Theorem 2.5 and perform routine simplifications similar to those found in
the proof of Theorem 3.11. a
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We can specialize the generating function in Theorem 3.12 to the finite alphabet
{1,...,k} by setting y; = 0 for i > k. For example, by setting y; = 1 for i < 3, setting
yi = 0 for i > 3, and setting u = v = 0, we find

- 1
ngz)z”{w € {1,2,3} has even_des(w) = odd_des(w) =0} = a2

This happens to equal the generating function of even Fibonacci numbers Y,"_ F>,2"
where Fy = Fy =1 and F, = F,_1 + F,_>.

For a word w = wy ---w, € {0,...,k— 1};;, define block;(w) to be the number
of maximal consecutive strings of js in w. For example, if w = 11022211001, then
blockg(w) = 2, block; (w) = 3, and blocky (w) = 1.

Theorem 3.13. We have
- blockg(w) block_y (w) ol XiZ B
Zn X oc oy ocky_ _ 1— i )
Z Z 0 k=1 Z(‘)l—(l—x,-)z
Proof. Define ¢(e,) = (—1)""! f(n) where
f(n) =x0(1 —xo)'“l +eo (1 —xk_l)”fl.

Applying ¢ to hy, gives Y5, |By (n)|f (A1) f(A2) - - from which we create combina-
torial objects by selecting a brick tabloid 7' € By, (,) for some A I n. For each brick
inT,selectani € {0,...,k—1}, place a choice of 1 or —x; in each nonterminal cell
in the brick, and place a x; in the terminal cell. One such combinatorial object is

[1 —XxX2 —x2 X2 | 1 I x| X 1 1 —xo on

Scan from left to right looking for either a — sign or two bricks which con-
tain the same variable x;. Break or combine bricks accordingly, reversing the — in
the middle. This involution leaves fixed points corresponding to terms in the sum
e 0, k—1}: xSlOCkO(W) . -xbl_ofkk’l(w. That is, we interpret a brick in a fixed point
which consists of k 1’s followed by x; as a block of (k+ 1) 1’s. We can find our
generating function from applying ¢ to Theorem 2.5:

-1
o oo k—1 .
z 7 Z xglocko(w) .. .le_oikk—l(W) _ <1 _ Z Z 1il ' (z(1 —xi))n>

n=0 we{0,...k—1};

which is the generating function in the statement of the theorem.
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What is the expected value of blockg(w) for w € {0,1}? We calculate

9<1 X0Z oz )_1
dxo 1—(1—-x0)z 1—(1—x1)z

The coefficient of 7 for n > 1 in the above series is (7 + 1)2"~2. There are 2" words
in {0,...,k— 1}, so the expected number of 0 blocks is (n+1)2""2/2" = (n+1) /4.

We end this chapter with one final application of how the relationship between the
elementary and homogeneous symmetric functions can give us information about
permutation statistics.

(1 —2)
(1-22)%

)C():l,xl:l

Theorem 3.14. We have

n oo k

- < des(o) inv(o), maj(c) __ x
—_— X q u = —_— .
ngz) [n]q!(x; M)nJrl G%ﬂ IZE) e(;uOZ .. eq—u"z

Proof. This result will be proved using the ring homomorphism defined by

1
Or(en) = Ty

n }q(i9)+--~+(%)u0i0+~--+kik7
[n]‘I' q

i0y00nsif >0 |:lo, R o
i0+---+ik:l’l

where k is a nonnegative integer. Applying ¢ to [n],!h,, we have

o) = 3 || 0PIl T ) 619
q

Atn parts A; in A

From this sum we build combinatorial objects by first selecting a brick tabloid in
Bj, () for some A - n. The (—1)"~!1) term tells us to place a +1 in the terminal
cell of each brick and a —1 in all other cells. The note after the proof of Lemma 3.6
allows us to use the mq term in (3.15) to fill the cells of the brick tabloid with a
permutation o such that ¢ has increasing runs within each brick, keeping a power
of g counting the inversions in ©.

For each brick of length n, the definition of ¢ (e,) tells us to select nonnegative
integers i, ..., which sum to n. Record these choices of i, ...,i by placing i;
copies of '/ into the cells such that the exponents on u are weakly increasing within
each brick.

Each brick of length n currently contains an increasing sequence of integers. By

rearrange this increasing sequence as to have descending runs of lengths iy, ..., i.
This means we can order the integers within each brick such that there is a decrease
whenever two consecutive cells contain the same power of u. The powers of g allow
us to register a g in each cell according to the inversions caused by the integer in
that cell.



100 3 Counting with the Elementary and Homogeneous Symmetric Functions

For example, here is one combinatorial object created in the indicated manner:

By defining the weight of such a combinatorial object as the product of all —1s,
powers of u, and powers of g, the weighted sum over all possible objects is equal to
[f’l]q!(Pk(hn).

Scan the cells from left to right looking for either a —1 or two consecutive bricks
which can be combined to create another combinatorial object in our collection.
Either break or combine the bricks as needed. This involution leaves fixed points
with only bricks of length 1 such that the powers of u must weakly decrease and
there must be an increase in the permutation whenever two consecutive bricks have
the same power of u#. One such fixed point is below:

We can count the number of fixed points using an approach similar to that found
in the proof of Theorem 3.10. Given a fixed point, let a; be the difference in u expo-
nents on bricks i and i+ 1 fori = 1,...,n— 1 and let a,, be the final u exponent. For
example, the sequence ay,...,a, corresponding to the fixed point displayed above
is001010000100.

From the definition of a, the u exponent on the i"" brick is a; + - - - +a,, and there-
fore the exponents on u in the fixed point total a; +2a, + - - - + a,,. This also means
that the largest # exponent is aj + - - - + a,. Furthermore, if ¢ is the permutation in
the bottom row of the fixed point, then a; = 0 if and only if 6; > ;.

Therefore the weighted sum over all fixed points is equal to

i ( 2 qinv(c) 2 M1“1+'“+"anx111+'“+an)

j=0 o€S, sequences aj - -+,
with a; = 0 iff o; > Ot

X/
Multiplying by 1/(1 — x) allows us to extract the coefficient of x* from the inside
term instead of summing over all coefficients of x/. We can sum over each variable
a; with 0; > 0;4 individually and, since we are extracting the coefficient of X, we
can include extra infinite sums of the form ¥, ~o(xu')% when o; # 0;41. What this
means is that the above expression is equal to
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1 Z qinv(a) Z (xul)al z (xMZ)az .
l—x oES, ay>y(01>07) ay>x(02>03) xk
2 qmv xdes(0)  maj(o)
oS, —x)(1 —xu)--- (1 —xum) “

where we summed each of the geometric series. _
We have shown that [n],!@c(hn) = Toes, g™ (@)xde8(@)ymai(0) /(x:u), 1 |
Applying ¢ to Theorem 2.5 and summing over all k£ > 0 gives

n

o [lg! (a1 S5,

oo xk

- ,ZO S o)

The generating function in the statement of the theorem follows by noticing that

k
¢ (en) is the coefficient of z" in eg Tevegt O

In this section we changed the “1/n!” in @(e,) = (—1)""!f(n)/n! in various
ways, allowing us to keep track of inversions, the major index statistic, descents in
the inverse permutation, common descents, and analogous statistics for words. By
combining these different changes to “1/n!” and by modifying the function f(n),
we can find all sorts of generating functions for permutations and words.

Exercises

3.1. For 0 = 0y -+~ 0y € S, the permutation statistic “rise,” denoted ris(o), is the
number of indices i for which o; < ;4. Suppose that for each n, T), is a subset of
Sy. Further, suppose we know

2 Z xdes

GGTn

How can f(z,x) be used to find a generating function for >~ % Yoer, x11s8(0)9

The point of this exercise is to illustrate that if we know the generating function
for Y ger, x44%) for some permutation statistic stat, then we can use it to find the
generating function for the complement statistic defined by n — stat(o) for 6 € T,.

3.2. Let stat be a permutation statistic, let k be a nonnegative integer, let 7, be a
subset of S, for all n, and let a,, be the number of permutations in 7, with stat(c) = k.
Suppose we know

Z z stat(o (3 . 16)

GGT,,

How can f(z,x) be used to find a generating function for ¥, an%?
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3.3. Let stat be a permutation statistic, let m be a nonnegative integer, and let 7, be
a subset of S, for all n. Suppose we know the generating function f(z,x) in (3.16).
How can f(z,x) be used to find a generating function for

i% Y stat(c)"?

n=0"" o€l

This allows us to find the m” moment of stat(c), which is ¥ ge7, stat(o)™/|T,|. If
a permutation ¢ € T}, is randomly chosen such that each element in 7;, has an equal
probability of being selected, then the first moment is the expected value of stat and
the second moment can be used to find the variance, which is equal to

1

2
1
stat(c)? — stat(o) | .
Tl <|Tn| 2

3.4. The normal distribution with expected value ( and variance v is 3
v
Use Exercise 3.3 to find the expected value and variance for descents in §,, thereby

finding the normal distribution which best approximates the distribution of descents
in S,.

o | .
3.5. Prove 2" % " ) N = 2 n.+ ] by a double counting argument.
i 0 2j+1/)\i

3.6. With the help of the identity in Exercise 3.5, show that the function f(n) in (3.2)
is equal to

fn) = (*1)n_1 Z (=2)m /T —4x

i>0

Then manipulate the generating function in (3.4) into the function in Theorem 3.3.

3.7. Define

=ty ()

i>0 !

Show that f(n) gives the number of rearrangements of xs and (—1)s of length n— 1
such that every maximal consecutive subsequence of xs has an even length. Use the
identity displayed in Exercise 3.6 to find an explicit formula for f(n).

Let ¢ be the ring homomorphism defined by ¢(e,) = (—1)""!f(n)/n! where
f(n) is given above. Show that n!@(h,) = ¥.x9(%) where the sum runs over all
permutations ¢ € S, with maximal descending runs of only odd lengths. Use this to
find an explicit generating function for

Z .
ST ke
' 0 €S, has descending

runs of only odd lengths
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3.8. Find a generating function for ¥ x%5(%) where the sum runs over all permu-
tations in o € S, which do not have a maximal descending run of length 1. App-
roximately what is the probability that a random permutation in S, will not have a
maximal descending run of length 1?

3.9. A Dyck path of length 2n is a path in the plane which starts at (0,0), ends at
(2n,0), uses steps of the form (1, 1) or (1,—1), and never travels below the x-axis.
A labeled Dyck path is a Dyck path where each step betweeny=k— 1 and y =k is
labeled with a number in {1,...,k}. For example, one labeled Dyck path is

Use a bijection to show that the number of labeled Dyck paths of length 2n is equal
to the number of alternating permutations in S»,,.

3.10. Let Ag(z) = Yoy az,,’kzz” where ay, x is the number of labeled Dyck paths of
length 2n which start at (0,k), end at (2n,k), and never travel below the line y = k
(see Exercise 3.9). Show that A;_1(z) = 1/(1 — k*z>A(z)) and deduce that

< 1
Z |{c € S5, : 0 is alternating } 72" = =
n=0 Z
S~
|-
32 2
1— Z
1—...

3.11. Modifying the methods introduced in exercises 3.9 and 3.10, show that

- Z
Y [{o € Sony1 : 0 is alternating} |2 = 5
n=0 1 1.2z
2:3:-22
T 3.4..2
L z
1—-

Use this result together with the continued fraction in Exercise 3.10 to find the rem-
ainder when the number of alternating permutations in S, is divided by 4.

3.12. The hyperoctahedral group B, also called the set of signed permutations, is
the set of permutations o of {—n,...,—1,1,...,n} such that 6(—i) = —o (i) for all
i. Elements in By, are denoted as permutations of {1,...,n} in one-line notation with
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a line over i if (i) is negative. For example, 2 1 € B, denotes the permutation &
which satisfies 0(1) = -2, 6(—1) =2,0(2) =1, and 0(—2) = —1.

Define a total ordering < on the integers that all nonnegative numbers are larger
than all positive numbers and nonnegative numbers and positive numbers are or-
dered among themselves in the usual way. Thus, for example,

0<1<2<3<4<-4<-3<-2<-1.

For 0 = 0y--- 0, € By, set 0,11 = + and define desg(c) to be the number of
indices i for which 0;+] < 0; and neg(o) to be the number of indices i for which o;
is negative.

—1 n—1
By defining ¢(e,) to equal % ((x=1)"""+v"x(1—x)"""), prove that
n!

z z vneg desB x—1
xev(l —x)z _ plx=1)z"

(YGBn

Use this result to find the generating function for 2::0%2406&, yheg(0) ydess(0)
where the demihyperoctahedral group D, is the subgroup of B, containing those
permutations ¢ with an even number of indices i for which (i) is negative.

3.13. For w = wy---wy, € {0,...,k— 1}}, define the number of weak descents,
denoted wdes(w), to be the number of indices i for which w; > w;;. Use the ring
homomorphism ¢ defined by

k—1
Ple,) = (—1)""! " (x—1)"! (3.17)
k—1 q
to find a generatlng function for Y7 42" Yecq0,..., J—1h xWdes(w) gsum(w) Then find

..... ") and the generating function
for the number of words Wthh do not have ] consecutive weak descents.

3.14. Use Exercise 3.13 to show that

Z ( 1)" "q" Z xdes(c’l)udes(c)qmaj(c) — i (x_ 1) !

n=0 (M,Q)nJrl cES, k=1X— zn 0 [n+k 1] 1 (x— 1)”2"
q
3.15. If a ring homomorphism ¢ is defined on A, by setting

olen) = (=" (e =1)""hu(y1,2,...)

for n > 1, then what enumeration result arises from applying ¢ to &,? What is the
corresponding result if ¢ is changed to

q)/(en) = (_l)nil(x_ l)”ilpn(ylvwan)?
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Exercises 3.16, 3.17, and 3.18 illustrate how information about certain orthogo-
nal polynomials can be found by defining homomorphisms on A.

3.16. The Chebyshev polynomial of the first kind 7;,(x) is the coefficient of 7 in the
series expansion of (1 —xz)/(1 —2xz+z?) and the Chebyshev polynomial of the
second kind U,,(x) is the coefficient of z” in the series expansion of 1/(1 —2xz+z?).
Let ¢ be the homomorphism defined by

1 ifn=0o0rn=2,
o(en) =< 2x ifn=1,and
0  otherwise.

Show that ¢(p,) = 2T, (x) for n > 1 and ¢(h,) = U,(x) for n > 0. Then use previ-
ously established relationships between e, k,, and p, to prove these identities:

- 5 () v o

Up(x) = %ﬂ (" N i) (—1)i(2x)" % (3.19)
i=0 \ ! 7 '
2 n—1
Upy(x) = - Z{) Ui (x)Tp—i(x), (3.20)
U, (x) =2xUp—1(x) = Uy—2(x), (3.21)
2U(A)
Un(x) = 3, ——T3,(x) - T, (x), (3.22)
AFn XA
(=2)"™W

=3

Ty () Ty, (%) (3.23)
Abn 2

are true for n > 3. Additionally, show that

x1 0000 2x1 0000

12x1 0 0 0 12x1 000

012x1 00 012x1 00
T,(x) = . and U, (x) =

000 12x1 000 12x1

000 0 1 2x 000012

where these are n X n determinants.

3.17. The Legendre polynomial P,(x) is the coefficient of 7" in the power series
expansion of 1/v/1 —2xz + z2. Define a homomorphism ¢ by ¢(p,) = T, (x) where
T, (x) is defined in Exercise 3.16. Use Exercise 2.3 to show that ¢(h,) = P,(x). This
means we can apply ¢ to previously established relationships between %, and p,, to
find numerous identities involving P,(x) and T;,(x).
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3.18. The Hermite polynomial H,(x) is the coefficient of z"/n! in "2 Define a
homomorphism (p by ©(po) =1, ¢(p1) =2x, ¢(p2) = —2, and ¢(p,) =0 forn > 3.
Show ¢(n'h,) = H,(x) and

2] n! i n—2i
Hy(x) = Z(,) m(—l) (2x)"

3.19. Define a homomorphism ¢ by ¢(h,) = p(n) where p(n) is the number of
integer partitions of n. Using the fact that the logarithm of a product is a sum of
logarithms and the series expansion of In1/(1 —z), show that ¢(p,) = c(n) where
o (n) is the sum of the divisors of n. Conclude that no(n) =3}_, o(k)p(n—k).

Solutions

9 9

3.1 Subtracting the first term from the series and then taking “z” as “zx” and “x” as

. —1% ¢

x~ "7 in Corollary 3.2, we find

pE

:‘N

Z n—des(c Zx, 1/)()
oely,

Since each index from 1,...,n — 1 is either a descent or a rise, des(o) +ris(0) =
n — 1 for all permutations ¢ € S, implying n — des(o) = ris(o) + 1. Dividing the
above equation by x and then adding the first term back into the series gives

z Zx“s = (flzx, 1/x)—1) /x+ 1.

GET,,

3.2 Taking partial derivatives,

19 B > N Stat Stat(G) — 1) tee (stat(c) —k+ 1) stat(o)—k
kox! @9 = Z og%n “ )
_ i < 2 (Stat(c)>xstat(0')k.
n=0 n! ocT, k

Evaluating this expression at x = 0 gives the constant terms with respect to x, thereby
counting all permutations ¢ with stat(c) —k = 0. In this case (Smk(c)) =1, which

means Ygcr, (Smtk(")) o=kl — 4 We have found

x=0
1 0 il
X af(Zax) o = ngz)dna-
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3.3 Let A, be the operator x%. Then

©0 n

Ay f(z,x) z £ 2 stat(o)x*2(0

n:0 GET,,
Iterating m times and evaluating at x = 1 (or taking the limit as x — 1 as necessary),
Al'f(z,x) Z Z stat(o
n=| O o‘ eT,
which gives a way to find the desired generating function.

3.4 Using the operator A, defined in the solution to Exercise 3.3, in the example of
descents we take f(z,x) = (x—1)/(x — e*~1)?) and see that

2 oo
k4 1
A)lcf(zax)|x:1 = 2(1 22 = 5 zb(nJr 1)Zn+2
n=

where we used L'Hopital’s rule to take the limit as x — 1 and Newton’s binomial
theorem to simplify. The expected number of descents in S, is (n — 1) /2.
As for the variance, we calculate

327347
2
sl -5

}53(n+2) (n+2)zn+3+(n+2)zn+4
2 2

The coefficient of 7 in the above expression is the second moment. Therefore the

variance is
L(n\ _Ln=1) 1 (n=2) (n+] > n+l
2\2) 6\ 2 6\ 2 2 ) 12

The normal distribution which best approximates the number of descents in S, is

(2x—n+1

therefore v/6e 2("“ /v/ (n+1)m. Below we plot this normal distribution when
n = 25 along with bars showing the exact probabilities that a permutation in Sps has
x descents:

0.3
0.2

0.1

12 24
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3.5 Create an ordered pair of subsets (S,T) by first selecting a subset S of size i
from {1,...,n— i} and then selecting a subset 7' of any size from {1,...,n}\S. If
there are odd number of elements in SUT, add n+1 to T. There are (”;l) ways
to select S and an independent 2"~% ways to select T, so there are 2"~ % (";i) such
ordered pairs.

There is a second way to create such an ordered pair (S, T'). First choose a subset
X of an odd size larger than 2i from {1,...,n+1}.If X has 2j+ 1 elements, choose S
to be a subset of size i from the smallest j elements in X andlet 7 =X\ S. Then Sis a
subset of size i selected from {1,...,n—i}, T isasubsetof {1,...,n+1},and SUT
is odd, as desired. The number of ways to follow this procedure is ¥ ;> (%’;ﬂ) )
since the summand and (; 1) select X while (/) selects S.

3.6 Take a sequence, like
x -1 x -1 -1x -1 -1x —-1x -1 -1 x -1 -1 —1 x

which contains i copies of x and n — 1 —i copies of —1 such that no two xs appear
consecutively and interpret the first x and subsequent pairs —1 x as a bar and the
remaining —1s as a star. This changes the above sequence into

[Ix P | o [ ]

There are (";i) rearrangements i bars and n — 2i stars, so the number of desired
sequences is also equal to (”:’) Therefore f(n) = (—1)""'¥,5, (";i) (—x)’.
Expanding both terms with the help of the binomial theorem,

(VT — (1= VT—dx) ' = Y (”+1) (1-(-1¥) (M)k

k>0 k

1 2j+1
22(”,+ )(\/14x)] .
0 2j+1

Therefore the expression on the right-hand side of statement of this exercise is
-1 n+1 1 n+1 1 ; .
EVs (2 o=y 5 (11 )(’.)<—4x>f

2 S\2j+1 S50 \2j+1) \i

_ 1;( >

where the last line used Exercise 3.5. This is f(n), as desired.
Let a = v/1 —4x and substitute f(n) into (3.4) to find



Solutions 109

o (1) (e — (1 —a)"! Al
(o (et

o (z0ra)" o (=)
— 2161(1+a)2(2)_2161(1_a)2(2)

|
n—0 n:

-1
_ <21(1+a)ez/261a/2_1(1_(1)61/28251/2) )
a

This last line is equal to

&/

cosh (za/2) — Lsinh(za/2)’

which, after using a = iv/4x — 1 and the identities cosh(iz) = cos(z) and sinh(iz) =
isin(z), can be manipulated into the desired expression.

3.7 Take a rearrangement of 2i copies of x and n — 1 — 2i copies of —1 such that
every maximal consecutive subsequence of xs has an even length, such as

xxxx —1 -1 -1 x x x x xx =1 x x —1x x,

and interpret “xx” as a star and “—1” as a bar. This changes the above sequence into

%% | | | %% x | * | x. There are ("~} ™) rearrangements of i stars and 7 — 2i — 1 bars,

n7172i)
i

so the number of desired sequences is also equal to ( . Therefore

f)=(=1)""y

i>0

("7 =- (1evieee) - (1o vivae)

(C2Vitae
(3.24)

99

where the second equality follows from taking “n” as “n— 1" and “—x” as
the identity displayed in Exercise 3.6.
Using the same steps as what led to (3.1),

3

H;”in

i) =3, () 1B ol A2 22)--

Abn

From this sum we create combinatorial objects by selecting a brick tabloid in B ()
for some A I n, writing the integers 1,...,n in the cells so that each brick contains
a decreasing sequence, placing a sequence of xs and —1s such that every maximal
consecutive subsequence of xs has an even length in the first k — 1 cells in each brick
of length k, and placing a 41 in the last cell of each brick.

Use the usual brick breaking or combining involution first described in the proof
of Theorem 3.1 on this set of combinatorial objects. Fixed points which look like

X X 1 X X X X 1 1 X X 1

0 7 3112 11 9 6 1 5 8 4 2
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have bricks of only odd lengths. Therefore n!@(h,) = ¥ x9%(%) where the sum runs
over all permutations ¢ € S, with descending runs of only odd lengths.
Applying ¢ to both sides of Theorem 2.5,

< 2 des z 1
z Z hnZ
n=0 n! o € S, has descending n 1 an( )/l’l'

runs of only odd lengths

Using (3.24) to simplify, the above generating function can be shown to equal

V14 4x2
VI+aZ + 32 (efz\/m /2 _ /14422 /2) '

3.8 Take a rearrangement of i copies of —1 and n — i — 1 copies of x which end in x
and have every —1 immediately preceded by an x, such as

x -1 xx -1 x -1 xx -1 x -1 x -1 x x —1x x

and interpret each “x(—1)” as a star and all other copies of “x” as a bar. This changes
the above sequence into | % x |  x * | x | |. There are ("~ ﬁ 2) rearrangements of i

stars and n — 2i — 1 bars ending with a bar, so there are (”7?2) such sequences.
Define a function f(n) by

N S Ol

Taking “n” as “n—2” and “x” as “l/x” in the identity displayed in Exercise 3.6
allows us to rewrite this function as

~1
(x—l— VXt — 4x)n — (x— Va2 — 4x)
n)=x . 3.25
Define a ring homomorphism ¢ such that ¢(e,) = (—1)"~! f(n)/n! where f(n)
is given in (3.25). Using the same steps as what led to (3.1),

(i) =3, () B GG

Abn

n—1

From this sum we create combinatorial objects by selecting a brick tabloid in B, ()
for some A F n, writing the integers 1,...,n in the cells so that each brick contains
a decreasing sequence, placing a sequence of xs and —1s such that every —1 is
immediately preceded by an x in the first k — 1 cells in each brick of length k, and
placing a +1 in the last cell of each brick.

The usual brick breaking or combining involution first described in the proof of
Theorem 3.1 leaves fixed points which have no bricks of length 1. This shows that
nlo(h,) is equal to ¥ x9¢5(%) where the sum runs over all permutations in & € S,
which do not have descending runs of length 1.
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Applying ¢ to both sides of Theorem 2.5,
1

des(o) __ - hA | =
X = W22 = — .
2 P (20 ) (=3, 2 f(m)/n!

o € S, hasno
descending runs of length 1

-
P

Using 3.25 and performing very similar manipulations as shown in the solution to
Exercise 3.6, the above generating function can be shown to equal

efxz/Z
cos v/ 4x—x2 _ x sin v/ 4x—x2 '
2 \/4x—x2 2
Taking x = 1 in this function,
— |{o € §, has no descending runs of length 1 e %2
n=0 n! ° cos (£> — L gin (@)
= 2 /3 2

With the exception of the negative sign in the exponent of ¢ %/, this is the same
function as found in (3.5). Doing the same calculations as in the discussion which
follows (3.5), we find that the approximate probability that a permutation in S,, has

no descending runs of length 1 is e~ 7V3/9 (9/(2%\@))“1.

3.9 Starting with an alternating permutation & = 010 - - - G2,—1 O2,, We Will describe
how to create a labeled Dyck path. Begin by drawing a Dyck path with (1,—1) steps
ending at x coordinates ©,03,...,02,—1 and (1,1) steps ending at x coordinates
02,04, ...,02,. Color the (1, 1) steps blue.

Suppose the most left (1, —1) step ends at x coordinate 0»;_;. Label this (1,—1)
step with the number of blue (1, 1) steps found between x coordinates 6»; — 1 and
021 Recolor the (1,1) step ending at x coordinate oy; black.

Continue inductively: Find the next most left (1,—1) step, say it ends x coor-
dinate 02;_;. Label this step with the number of blue (1,1) steps found between
x coordinates 02; — 1 and 0351, and recolor the (1,1) step ending at x coordinate
0, black. After completing this process, all of the (1, —1) steps are labeled and the
(1,1) steps remain unlabeled.

Suppose the most right (1, 1) step ends at x = 03;. Remove the pair 03;_ 0; from
o, leaving a sequence 610, 0304 - -+ Oxq—102, With alternating descents. There are
a+ 1 positions before and after each pair in this sequence:

0102 0304 e 024-102q

—_— Y

1 2 3 a a+1

Identify those positions for which the pair 0,;_107; could be reinserted as to main-
tain alternating descents. If 6»;_ 0»; was originally in the ¢ such position, label the
(1,1) step ending at x coordinate 6,; with ¢.

Continue inductively: Find the next most right unlabeled (1, 1) step, say it ends
at x coordinate 0,j. Remove 6,;_10; from o. If 0,;_10>; was originally in the oh
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position it may have been placed in the remaining portion of o, label the (1,1) step
with . After completing this process, all steps are labeled. The resulting labeled
Dyck path is the image of ©.

For example, the imageof 6 =3 2 7 5 12 9 10 1 11 4 8 6 after applying
the above operations is the labeled Dyck path

This process is a bijection. Indeed, the map described above is reversible. Given
a labeled Dyck path, we can first identify the pairs 6,0, - -+, 02,—102, in the per-
mutation ¢ with reading the labels on the steps of the form (1, —1) from left to right.
The order in which to insert these pairs as to form an alternating permutation can
be deduced by reading the labels on the steps of the form (1, 1) from left to right.
For example, working backward from the labeled Dyck path in the statement of the
exercise produces the permutation7 1 8 4 3 2 6 5 11 9 12 10.

3.10 Suppose that the first time after (0,k — 1) that a labeled Dyck path counted by
@y k—1 returns to the line y = k — 1 is at (2i,k— 1). The underlying Dyck path must
look like this:

Dyck path of size 2i—2 Dyck path of
size 2n—2i

" N .

2i 2n

Since there are k ways to label the first (1, 1) step and k ways to label the (1,—1) step
ending at x = 2i, the number of labeled Dyck paths is kzag,-_z’kaz,,_gi’k_l. Summing
over all possible i gives a, ;1 = k2 iy 2i—2 kaon—2i k—1 for n > 1. Therefore

=

n
Ai(z)— 1=k D Za2i—2,kf12n—2i,k—122n

n=1i=1

= K2A(2)Ar1(2).

Solving for Ay (z) gives Ay_1(z) = 1/(1 — k*22Ai(2)).
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Exercise 3.9 says Ag(z) = Yoo |[{0 € S2, : 0 is alternating}|z*" and so the con-
tinued fraction follows from repeatedly applying Ay _;(z) = 1/(1 — k*z2Ax(z)),
starting with k = 1.

3.11 The number of alternating permutations of 2n+ 1 is equal to the number of
alternating permutations of 2n + 2 which end with the integer 1. Looking back at
the bijection in the solution to Exercise 3.9, the labeled Dyck paths of length 2n+2
which correspond to alternating permutations ending in 1 are those labeled Dyck
paths such that

1. except for the most left (1,1) step, the labels on each (1,1) step between y =
k—1 and y = k must have a label in {1,...,k— 1}, and
2. the Dyck path touches the x-axis at only (0,0) and (2n+2,0).

In pictures, we must have a labeled Dyck path which looks like

A labeled Dyck path of length 2n with
one fewer choice for labels on (1,1)steps

1 N

242

Let Ay(z) = 2oy azmkzz” be the generating function for the number of labeled
Dyck paths which start at (0,k), end at (2n,k), and have one fewer choice for the
labels on the (1,1) steps. A very similar calculation to that found in the solution to
Exercise 3.10 shows that Ay (z) = 1/(1 — (k— 1) -k-z?A(z)). This gives

Z

2, [{o € Sania : 0 is altemnating} 2" = 241(2) = 5 s

n=0

The continued fraction in the statement of the exercise follows from repeatedly
applying Ag—1(z) = 1/(1 — (k— 1)kzAx(z)).-

The two continued fractions in this exercise and Exercise 3.10 allow us to find the
number of alternating permutations in S,, modulo k. For example, by replacing each
4 with O in the continued fraction expressions, a generating function with coefficient
7" congruent to the number of alternating permutations in S, modulo 4 is

1 " z
1— 1222 1-2-72
1-2.3.22

Going further and replacing both the —2 and the —6 with 2, the coefficients of the
above generating function are congruent to the coefficients in
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1 2z < on 7+273
A S AL S e

+1+2-22

Therefore the remainder after the number of alternating permutations in S, is divided
by4is lifniseven, lif n=1, 2 if n =3, and 0 otherwise.

3.12 Let f(n) = ((x— 1) +v"x(1 —x)"!) so that we can write ¢(e,) using the
more compact notation (—1)"~! f(n)/n!. Applying ¢ to n!h, gives equation (3.3).
From this expression we create combinatorial objects with types of bricks: positive
bricks and negative bricks.

With the sum, the |B7L~,(n) , and multinomial coefficients in (3.3), select a brick
tabloid T € By (,) for some A - n and associate a disjoint subset of {1,...,n} of
size k to each brick of length & in 7. For each brick of length k, the function f(k)
gives us a choice of a (x — 1)*~! term or a vkx(1 —x)*~! term.

If we select the (x— 1)"~! term, write the subset assigned to the brick in decreas-
ing order and weight every nonterminal cell in the brick with a choice of x or —1.
These are positive bricks. If we select the vfx(1 —x)*~! term, then write the subset
assigned to the brick in increasing order, place a v in each cell, weight every non-
terminal cell in the brick with a choice of —x or 1, and place a final weight of x in
the terminal cell. These are our negative bricks. Below we display one combinatorial
object created in this way:

The involution we would like to apply to these objects is a modification to our
usual brick breaking and combining involution in that we will only combine two
positive bricks together or two negative bricks together. That is, to apply our in-
volution we scan a combinatorial object from left to right looking for the first cell
containing

1. a—1,
2. two consecutive positive bricks straddling a decrease,
3. a—x,or

4. two consecutive negative bricks straddling an increase.

If we first find case 1 above, break the single positive brick into two bricks and
reverse the sign on the —1 to +1. If we find case 2, then combine the two positive
bricks, changing the sign on the 1 in the middle. If we first find case 3 above, break
the single positive brick into two bricks and reverse the sign on the —x to x. If we
find case 4, then combine the two negative bricks, changing the sign on the x in the
middle.
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Fixed points must look like this:

These fixed points correspond to elements ¢ € B, with a power of v counting the
number of integers i for which o (i) is negative and a power of x counting the number
of times we have a descent in B,,. The generating function follows from applying ¢
to both sides of Theorem 2.5 and simplifying.

The demihyperoctahedral group D,, contains those elements ¢ € B, with neg(o)
is even. Thus if we let f(x,v,z) = (x — 1)/(xe"(1 797 — ¢(*~1)2) the generating func-
tion we just found for B, then

b n

Zi

|
n—0 n:

3 e den(@) = Lpiey 0 peng))
oeDy 2

_ 1 x—1
T2\ xe(1-2)z — oa—1)z

x—1
+ xe—v(1=x)z _ px=1)z | *

3.13 Theorem 1.4 says ["1* "] o = Zrer(0n 1) ¢™("), so the g-multinomial coeffi-
cient tells us to select 7 € R(0", 15~ 1) for each brick of length n. With r, interpret the
number of Os before the " 1 to be the number of (i — 1)s in a nonincreasing word
w € {0,...,k—1}*. It follows that inv(r) = sum(w).

Applying the homomorphism ¢ in (3.17) to h, gives

|:7Ll+k—l] l:?tz-‘r-k—l
q

¢ (hy) = z ] "'IB;L,(,,>|(x—1)’11‘1()(—1)12—1...‘
Abn k—1 k—1 q

This sum tells us to create combinatorial objects like this (using k = 8):

X X 1 1

7 1 1 3

1

4

q q q q q q q q q q q q
7 1 1 3 4 7 5 5 4 1 1 1
The usual involution shows @ () = Xyeqo,...k—1}; xvdes(w) gsum(w) - Applying @ to

Theorem 2.5 gives

s(w) sum(w) __

x—1

X— z:;:() [ntf;l]q(x _ l)nzn .

Taking ¢ = 1 and using Newton’s binomial theorem (see exercises 1.19 and 1.20),
this generating function specializes to (x — 1) /(x — (1 — (x — 1)z)7%).
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Using the ring homomorphism defined by ¢(e,) = (—1)""! (”Zﬁl)f (n), where
f(n) is given in (3.6), gives

i n des(w) 1

z D x4t =

oo n+k—1 i
n=0 we{o,..., k— 1} does not 1+Zn=l(_z)n( n )ziZIRn*Li,j(_x)l
have j consec. descents

Specializing by taking x = 1 and simplifying using the approach found in the proof
of Theorem 3.4, we find that the generating function for number of words without j
consecutive weak descents is

j+1
(=)= 4+ (1= Q) (1= L)

where { = ¢2%/(+1) is a primitive (j+ 1) root of unity.

3.14 Select a termin ¥, cqo . x—1}; xWdes(w) gsum(w) and et r be the reverse of the
word w. With r we associate a permutation 6! € S, by numbering from right to
left the (k— 1)s in r, then from right to left numbering the (k— 2)s in r, and so on.
This forces the (k—1)s in r to correspond to the first block of numbers in o, the
(k—2)s in r to correspond to the second block of numbers in &, and so on. These
blocks sort the exponents on g in nonincreasing order.

Also associate with r a nonnegative integer sequence a = aj - - - a, such that g; is
the difference between consecutive exponents on g in ¢ fori =1,...,n—1 and a,
is the final ¢ exponent. This permutation ¢ and sequence a have the same properties
as the o and a in the proof of Theorem 3.10 except that property 5 should instead
state that a; = 0 if and only if 6; > 0;+1. Therefore

xwdes(w)qsum(w)
we{0,. k—1}
k=1 B
_ z ( z des(a™) Z q1a1+---+nanua1+--~+an)
j=0 “oes, sequences aj - -+ dy o

with a; = 0 iff 0; > 0;4
Using similar steps as found in the proof of Theorem 3.10, this simplifies to
(7 )n xdes(c’l)

|
(g

5 Mdes(c)qmaj(c)

Int1 e k1

The desired result follows by using the result in Exercise 3.13, summing over all k,
and replacing “q” with “1/¢” and “u” with “1/u”.

3.15 It follows that

@(ha) =Y, |Ba | (x— 1" Py (y1,2,..).
Abn
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Create combinatorial objects in the exact same way as in the proof of Theo-
rem 3.11 with the exception that the subscripts of the y variables are allowed to
weakly decrease within bricks.

Apply the usual involution on this collection of combinatorial objects by looking
for weak decreases in the subscripts of the y variables between two bricks and break-
ing or combining accordingly. Fixed points correspond to words w € {1,2,... }}
with a power of x for each weak decrease (weak decreases are defined in Exer-
cise 3.13) in w and a subscript on the variable y for each letter in w.

This proves

(P(hn) = z XWdeSM)y»vl S Ywy e

wi-wpe{1,2,... 1
The generating function

oo x_l
o xwdes(w) 1 Yy =
> by I T e /(= 20— D)

n=0  wy-wpe{l12,...}

follows from applying ¢ to Theorem 2.5 and using the definition of the generating
function H(z).

The adjustment to the above argument when ¢ is changed to ¢’ is that each cell
in a brick must be filled with the same variable y; instead of having the subscripts
within a brick weakly decrease. If we combine or break bricks when there are the
same subscripts straddling two bricks, then we find fixed points with powers of x
counting the number of times consecutive cells have the same subscript. This gives

z Zn z xthe number of i for which w; = w;y

n=0  wy-w,e{l12,...}}

Ywi o Ywy

x—1

o xflfZ:;lz”(x*1)"Pn()’1a)’2a~~-).

3.16 Applying ¢ to both sides of Corollary 2.10,

i o (—1)"’lnenz”) 2xz—27°

. (T _
,Zl“’(”")z - (;(E(—z)) T 12w+

Therefore 1+ ¥, 0(pn)7"/2 = (1 —xz) /(1 — 2x2+2°), showing @(p,,) = 2T, (x).
Applying ¢ to both sides of Theorem 2.5 gives
1 B 1
o(E(—z)) 1—2xt+12’

2 0(ha)" = @(H(2)) =
n=0
and so @(hy) = Uy(x).
Using Theorem 2.22,

2T,(x) = @(pa) = 2 (—1)" " Pw(By () p(er, ) plen,) - (3.26)
Akn
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Since ¢(e,) = 0 unless n < 2, the bricks in our weighted brick tabloid must have
length 1 or 2. There are (” 7;71) ways to select a brick tabloid with 7 bricks of length
2 and n — 2i bricks of length 1 which end in a brick of length 1. There are (”:_’Il)
ways to select a brick tabloid with i bricks of length 2 and n — 2i bricks of length
1 which end in a brick of length 2. In either case, the definition of ¢(e) tells us
that such a brick tabloid has an associated factor of (2x)"~%. There are n — i total
bricks, so the (—1)" ‘(%) term gives us (—1). Putting everything together, (3.26) is
equal to

) (1) (2x)" ¥ +2 (" :I 1) (—1) (2x)"2

1

L»gj (n —i—1
i=0 .
with the extra 2 in front of the second binomial coefficient coming from the weight

on a weighted brick tabloid. This proves (3.18).
Using Theorem 2.18,

Un(x) = @(hy) = 3, (—=1)""M|By (| @(ez,)p(er,) - - (3.27)
Abn

Just as in (3.26), the bricks in our brick tabloid must have length 1 or 2. There are
("?’) brick tabloids with i bricks of length 2 and n — i bricks of length 1. The bricks

of length 1 each contribute a 2x term and since (—1)"~‘(*) = (=1)!, (3.27) is equal
to (3.19), as desired.

Equations (3.20), (3.21), (3.22), and (3.23) immediately follow from applying
¢ to Theorem 2.8, the identity Z;’:O(fl)ieihn,i which is implicit in Theorem 2.5,
Theorem 2.11, and Theorem 2.12, respectively. The two identities involving deter-
minants come from applying ¢ to Theorem 2.14 and to applying the ® transforma-
tion and then ¢ to Theorem 2.13.

3.17 By Exercise 2.3, (—1 4+ X, pn2") /2= H'(z) /H(z). Applying ¢ to both sides,
x—z _ (H(z)
I—2xz+z2 7 H(z) )’
Integrating with respect to z gives In (1 — 2xz+z2)71/ ?—In ¢©(H(z)) from which

we conclude that (H(z)) = 1/v/1 —2xz+ 72, as desired.
3.18 By Exercise 2.3, (—1 + X, pa2") /z=H'(z) /H(z). Applying ¢ to both sides,

H'(z)
2x—2z= .
¢(H@
Integrating with respect to z gives 2xz — z> = In@(H(z)) from which we conclude

2 .
that @(H(z)) = >, as desired.
Using the h-to-p transition matrix, we have
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H,(x) = @(n'h,) 2 03,1 1)
an

Since ¢(p,) = 0 if n > 3, the parts in a partition A in above sum must be either
1 or 2. Let i be the number of parts of size 2 in such a partition, meaning that the
number of 1s is n — 2i. It follows that z; = 2/i!(n — 2i)!, OB), () =1,and ¢(p;) =
(—2)/(2x)"~%. Using these values in the above expression proves the result.

3.19 By Exercise 2.3,

n=1 Z n=0

i pa ! = 1 <—1 + i pnz"> = IZ]/((ZZ))

Integrating both sides gives Y| p,2"~!/n = InH(z). Using Theorem 1.8 and the
series expansion of In1/(1 —z'), we have

D 9(pn) " =Ino(H lnH
n=1
Comparing coefficients of z” on the extremes of these equalities,

o(pn —nzf Zi:G(n)

i-k=n i-k=n

55

i=1 1- i=lk=1

l—z’ n

The identity involving p(n) and o (n) given in the statement of the exercise follows
from applying ¢ to Theorem 2.8.

Notes

The method of applying ring homomorphisms to symmetric functions in order to
find generating functions started with the work of Brenti [14, 15]. The generating
function in Corollary 3.2 is well known (see page 244 of [25], page 68 of [102], and
page 215 of [45]), but it was Brenti who defined a ring homomorphism ¢ by setting
¢(e,) = (=1)"1(x—1)/n! to find it.

Brenti then observed that the same ring homomorphism applied to n!p; /z, gave
the sum of x*°(°) over the set of all permutations of S, whose cycle type induces
the partition A, denoted Cj. This allowed Brenti to prove that Ysce, x%¢(0) wag
unimodal.

However, Brenti did not use any results on the combinatorics of the transition
matrices between bases of symmetric functions in his paper. The first paper to com-
bine homomorphisms with such combinatorics was [6]; this is where Theorems 3.1
and 3.7 come from. Beck and Remmel also gave a completely combinatorial proof
of the fact that %(p(p;t) = Ysinc; x%¢(9) Exercise 3.12 is also due to Beck, see [7].
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Since then, numerous papers written by a variety of authors have tinkered with
the proof to understand the permutation enumeration for signed permutations and
multiples of permutations [5, 8, 47, 59, 66, 74, 75, 76, 77, 78, 94, 96, 99, 100, 113,
114].

Alternating permutations have been called up-down permutations and zigzag seq-
uences in the literature. There have been various proofs and extensions of alternating
permutations throughout the years. Leonhard Euler correctly gave the expansion of
secz up to z'® (his coefficient of z!® is incorrect) and their connection to permuta-
tions [39]. This work probably spurred Sylvester to call the number of alternating
permutations Euler numbers [110].

Désiré André’s 1879 and 1881 papers are credited as containing the first proof
that the generating function for the alternating permutations is secz + tanz [2, 3].
After Roger Entringer reproved André’s result in 1966 [37], his work was recounted
and reworked in a series of papers by Leonard Carlitz and Richard Scoville over
the next decade [16, 17, 19, 22]. The proof technique in these works was to use
recursions given by the definition of alternating permutations to find a differential
equation for the generating function. The g-analogue of the alternating permutations
was discovered by Richard Stanley by working with binomial posets [107].

The common descent statistic and was first studied by Leonard Carlitz, Richard
Scoville, and Theresa Vaughan [21, 23, 17]. Later, this statistic was studied by Jean-
Marc Fédou with Don Rawlings and Thomas Langley with the second author; the
latter paper used our approach of manipulating the relationships between symmetric
functions [40, 41, 76].

The result in Theorem 3.14 is due to Adriano Garsia and Ira Gessel [48, 51].
The proof we have provided was published in [89].

The continued fraction expansions for the alternating permutations found in exe-
rcises 3.10 and 3.11 and for set partitions given in Exercise 4.9 are due to Philippe
Flajolet [42].



Chapter 4
Counting with Nonstandard Bases

In Chapter 3 we found generating functions for permutation statistics by defining
ring homomorphisms on e, and then applying them to A,. In this chapter we describe
another layer of versatility by defining ring homomorphisms on e, and then applying
them to a brand new basis for the ring of symmetric functions, py, ;.

4.1 The Basis p,, ,

The motivation for defining a new basis comes from Theorem 2.22, which says that
the coefficient of e, in p, is (—l)”‘é(x)w(B;LM)). We have seen in the proof of
Theorem 3.5 that the extra weight on a brick tabloid can be useful when finding
generating functions. These weights will be even more useful when the weight can
be changed to be something other than the length of the last brick, and so that is how
we will define py .

Let v be a function on the set of nonnegative integers. Recursively define a sym-
metric function py , such that

—
Pvin = (_1)nilv(”)en + z (_1>kilekpv,n7k

for all n > 1. This definition of py , allows us to write the generating function for
Dv.n in terms of the elementary symmetric functions. We have

<i "enz > (z Pv.nZ ) <nz‘j Pv,n—k(—l)k€k> 4
n=0 k=0

(=1)" tv(n)end",

DM iM

n=1
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and so
> “ (=) v(n)e,z"
= 2=l 4.1
ng,lpv,n zn:O(_l)nenZn @D
If v(n) = 1 for all n > 1, equation (4.1) tells us that
oo szl(il)n—lenzn 1 oo
1+ 1ndt=14+== = — =14+ h,7".
ngl P znZO(_] )nenzn 11:0(_ 1 )nenzn ngl

This means that p;, is the homogeneous symmetric function h,. Other special
cases for v give well-known symmetric functions. When taking v(n) = n forn > 1,
Corollary 2.10 says that p, , is the power symmetric function p,. When taking

v(n) 0 ifn <k,
n)=
(—=Dk  otherwise

for some nonnegative integer k, then Corollary 2.7 says that py , is the Schur func-
tion corresponding to the partition (1%, n).

For 2 = (A1,42,...) Fn, let p, 3 = py 2, Py, - The reason we have defined
Py, in this way is because its expansion in terms of elementary symmetric functions
is a collection of weighted brick tabloids.

Suppose T € By, ;; has bricks of length by,..., b, ending each row. Define wy (T')
to be the product v(b;)---v(b¢) and let wy(B; ;) be the sum of weights of all
T € By, ;- These are brick tabloids when v(n) = 1 and these are weighted brick
tabloids when v(n) = n.

Theorem 4.1. The coefficient of ey, in py y is (1), (Bau)-

Proof. Letc; , be the coefficient of e, in py ;. These numbers satisfy the following
three recursive identities:

1. Cln),(n) = (—1)"71V(I’l).
n—1
2. If A = n has more than one part, then ¢; (,) = 2 (=" eaniy(n—i-
i=1
3. If oo+ B denotes the partition created by the multiset union of o and 3 where

oty and B - n—uy, then

CAp = 2 Cor, (1) CB 1\
o+B=2

The only difference between these three statements and the statements in the
proof of Theorem 2.22 is the first item. Therefore showing that both ¢, ;, and

(=1 Py, (B 1,u) satisfy the completely deterministic recursions above is so
similar to the proof of Theorem 2.22 that it is left to the reader. ad

Corollary 4.2. If v(n) # 0 for all n > 1, the set {p, ), : A\ n} is a basis for A,,.
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Proof. There are no brick tabloids of shape A and type y when u precedes A in the
reverse lexicographic order, and there is exactly one brick tabloid of nonzero weight
when A = . Thus the p,-to-e transition matrix is triangular with nonzero diagonal
entries. Since the elementary symmetric functions are a basis, so is {p, 3 : 4 Fn}.
O

4.2 Counting with the Elementary and p, ,

As a first example of how p, , may be used, we will find a generating function
for the number of final descents in permutations. Let fd(c) be the number of final
descents in ¢ € S, that is, fd(0) is the length of the last maximal descending run.

We defined the ring homomorphism ¢(e,,) = (—1)"~!(x—1)"~! /n! in section 3.1
in order to find a generating function registering descents. The factor of the form
(x—1)"~! allowed us to assign an x or a —1 into each nonterminal cell in a brick
of length n. In order to change this assignment of an x or —1 in the final brick, we
define

0 ifn<j,

-1
v(n)=1< (x—1)n1 ifn=j,
(x_ l)nfjfl(_l)lxjfl ) )
(x—l)"—l ifn> j,

where j is a positive integer. We will see in the proof below that v will give us
control over how the xs and —1s appear in the final brick in a brick tabloid.

Theorem 4.3. We have

o _n _ Wz _ px—1)z
z < Z xdES(GJyfd(G) = (x ( 11) ) <l+(l—y)ee>.
x—eW iz

=0 55, (x—1—xy)

Proof. This proof is similar to that of Theorem 3.1 but with changes made to the
last brick in a brick tabloid. Using Theorem 4.1, we apply the ring homomorphism
defined by ¢(e,) = (—=1)" ! (x—1)""!/n! to n!py , to find

no(pva) =, (Z) wy(By () (x— DM x— 1)

Abn

From this sum we create combinatorial objects by selecting a brick tabloid 7" € By, (),
filling T with a permutation such that each brick contains a decreasing sequence of
integers, placing a choice of x or —1 in each nonterminal cell of each brick, and
placing a +1 in the terminal cell of each brick.

To account for the extra weight on the last brick given by v, we first demand that
the final brick must have a length of j or greater. If the final brick has length at least
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j» the division by (x—1)"~! in the definition of v(n) tells us to erase the choices of x
or —1. Then if the last brick has length j, place an x in every nonterminal cell of the
final brick. If the last brick has length greater than j, place a sequence of xs or —1s
in the nonterminal cells of the final brick such that the sequence ends with a —1
followed by exactly j — 1 copies of x.

One example of such a combinatorial object when j = 6 is below:

-1 1 1 x -1 -1 x X X X X 1

7 61112 10 9 8 5 4 3 2 1

We have forced the x and —1 labels to end with the sequence —1 x x x x x 1. Applying
our usual brick breaking or combining involution introduced in Chapter 3, we are
left with fixed points with exactly j final descents. Therefore n!¢(py ) = 3x45(%)
where the sum runs over permutations o € S, with fd(c) = j. Applying ¢ to both
sides of (4.1), we have

oo n

z i’ z xdes(a)yfd(o) 14+ iyj
j=1

n=0"" cES,

o _n
Z

}: - }: xdes(o)

n=1"" ¢ €S, hasfd(c) =j

=1+ Zyj(P (2 Pv7nZn>
=1 n=1

S Tt (=) v(n)@(en)?
=1 J .
+j§y Ya—o(=1)"@(en)z"

The generating function in the statement of the theorem follows from replacing
¢(ey) and v(n) with their definitions and then performing routine manipulations to
simplify. a

The function v used in the proof of Theorem 4.3 can be used together with the
many ways of changing the brick labels provided in section 3.2. In a straightfor-
ward manner, we can refine Theorem 4.3 by inversions, count the length of the final
number of common descents in pairs of permutations, count the final number of
decreases in a word in {0,...,k — 1}, and refine theorem 3.10 by the number of
final descents in the inverse permutation. Modifying the result in Exercise 4.1 can
also show that all of these same theorems can be refined by a statistic registering the
length of the final increasing run.

We can also change the properties of the final brick when we have defined ring
homomorphisms of the form ¢(e,,) = (—1)"~! f(n)/n! for some function f as found
in section 3.1. We give an example of this ability in the proof of the next theorem.

Theorem 4.4. We have

o n
z < Z des(c) _ 2
n! * - N :
=1 se S, does not have V4x—1cot (Z 2)6 ) —1
a 2-descent and 6,1 < O,
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Proof. Let f(n) be as defined in (3.2) and let ¢ be the ring homomorphism defined
by @(e,) = (—1)"1f(n)/n!. This was the definition of ¢ used in Theorem 3.3 in
order to find a generating function for the number of permutations which do not
have a 2-descent.

For this proof we would like the last brick in a brick tabloid to always have
length 1. To make this happen, we define a function v(n) by

1 ifn=1
vin) =4 —f(n-1)

ifn>2.

Applying ¢ to n!py , allows us to create the same combinatorial objects as in
the proof of Theorem 3.3 except for the last brick. The definition of v erases any
choices for x or —1 in the last brick and replaces them with a sequence of xs and
—1s such that no two xs can appear consecutively, a 1 appears in the terminal cell,
and a —1 appears in the second to last cell.

After applying our usual brick breaking or combining involution, the placement
of a —1 in the second to last cell in combinatorial object forces any fixed points to
have a final brick of length 1. The weighed sum of all fixed points, and therefore
o(n!py ), is equal to 3 x9¢3(%) where the sum runs over permutations in o € S,
without a 2-descent such that 6,,_| < 0;,.

A generating function comes from applying ¢ to (4.1):

| 1\ n
" 5 ¢S, does not have 2n=0( 1) (p(en)z
a 2-descent and 0,,_| < O,

o oo n—1 n
% o 5 deso) _ > (=) v(n)(en)z L @)
n=1

The bottom half of this expression is
1 B 1
Sumo(=1)"@(en)z =X f(n)z"/n!
This is the function found in (3.4) which simplifies to the function in the statement
of Theorem 3.3. The numerator in (4.2) simplifies to —Y~_; f(n —1)z"/n!, which

is the derivative of — Y~ , f(n)Z"/n!. This is the reciprocal of the function in the
statement of Theorem 3.3. Putting this together, we have that (4.2) is equal to

wWax—1Y\ _ 1 : /ax—1
&2 cos( 5 ) msm( 5 )d
Z.
cos (VBT _ 1 g (2] e%/2
2 Vax—1 2

The integral in the above equation evaluates to 2e~%/2sin (z\/4x— 1/ 2) /VAx—1,
which in turn allows us to find the function in the statement of the theorem. O

A valley in 0 = 01 --- 0, € S, is an index between 2 and n — 1 such that 6;_; > G;
and 0; < 0;41. Let val(o) be the number of valleys in o. Aside from displaying how
v can control what happens in the final part of a permutation, Theorem 4.4 secretly
encodes information about the distribution of valleys in S,,.



126 4 Counting with Nonstandard Bases

v & (o) _ 1
Corollary 4.5. We have - K = .
v ,ZE)”! CES‘” Vx—Tcot(zvx—1) -1

Proof. To begin we will show that the number of permutations of n with k valleys
is equal to 21=2k=1 times the number of permutations ¢ = 07 - - - 6, € Sy, such that ¢
does not have a 2-descent, 0, < 0,,, and des(0) = k.

Suppose ©; > --- > 0;1; is a maximal descending run of length at least 2 in
the permutation 6 = 07 --- 0, € S,,. If i + j # n, circle the integers Gj1, -+, it j—1
and interlace these circled integers into the increasing run which ends at o;. If i +
J = n, circle the integers 0;1,...,0;1; and interlace these circled integers into the
increasing run which ends at o;. Let (0) be the result of performing this operation on
each maximal descending run of length at least 2.

For example, if o is the permutation

c=109171186521317 18 12 4 14 16 13 3,

then

©=91013®®7® 11201213 17 18 @ 4 (13) 14 16.

We can reconstruct ¢ from (0) by placing any circled integers into the next
descending run to the right, so this process of changing o to (0) is reversible.

By construction, the permutation (0) cannot have a 2-descent and must end with
an increase. Furthermore, the permutation () has exactly one descent each time a
maximal decreasing run of length at least 2 is followed by an increasing run in o,
that is, (0) has exactly one descent for each valley in ©.

The places in o which begin and end a maximal descending run of length at least
2 cannot be circled. Furthermore, the last integer in @ cannot be circled. If ¢ has k
valleys, this means that there can be at most n — 2k — 1 circled integers in ().

The bijection which turns ¢ into (0) shows that the number of permutations in
S, with k valleys is equal to the number of permutations ¢ € S, without 2-descents,
On—1 < Oy, and des(o) = k with at most n — 2k — 1 circled integers.

Therefore

NS val(o) _ N 2 o x des(o)
,Zln'zxa“—i 2 by (4)

n!

T oeS, n=1 o € S, does not have
a 2-descent and 0, < O,
1 2

T2 /AT —Tcot (%42 1)1

where the last line follows from Theorem 4.4. This is our generating function. 0O

As the impetus for defining the nonstandard basis py , came from the use of
the power symmetric functions when finding a generating function for the alter-
nating permutations in Theorem 3.5, we will show how this basis can generalize
the alternating permutations. Define 6 = 01 --- 0, € S, to be j-alternating provided
0; < 0;4+1 if and only if j divides i. Descents occur exactly at odd indices in an
alternating permutation, so an alternating permutation is 2-alternating.
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Theorem 4.6. Let m be an integer in {0,...,j—1}. Then

i i 2 (1) (= m)!

{0' € Snj—m is j alternating}| =

(nj—m) Soo(=1)"2" /(nj)!

Proof. Let ¢ be the homomorphism defined by ¢(e,) = (—1)""!f(n)/n! where
f(n)is (=1)i=Vif j divides n and 0 otherwise. Let v be the function defined by
v(n) = n!/(n—m)!. The usual arguments give that (jn —m)!@(py_ ;) is equal to

in— by
Z 2 (jn—m)!  by! (_])b7-1+~-~+7(7€
1...hy! —m)! ’
AFjn T € By, (j has bricks with bil--by! (be—m)!
lengths by, ...,by divisible by j
jn—m

The factorials in this sum simplify to ( by b[_m) This means we should create
combinatorial objects which look like this (when n=3, j=4,and m = 3):

-1 1 1

9 8 7 6 4 3 2 1 5

The —1 or 1 sign comes every ;' brick, and each brick is a multiple of j. The
usual involution leaves fixed points corresponding to j alternating permutations.
The generating function follows from applying ¢ to equation (4.1). a

Summing the cases of m =0, ..., j— 1 in Theorem 4.6 can give nice expressions
for the generating function for the j-alternating permutations in S,. For instance,
when j =2 we find the generating function for alternating permutations (starting at
n =1)is secz+tanz — 1 and the generating function for the 3-alternating permuta-
tions is

342v/3¢¥2sin (@)
e+42e%/2cos (@) .

For 6 = 0] ---0, € Sy, let step(o) be the number of indices i for which o; =
O;i+1 + 1; these are indices which take one step down. We end this section by app-
lying a different sort of involution on brick tabloids in order to find a generating
function for the permutation statistic step.

step(0) _ <
2 X (1_1)261(17)5)'

oeS,

n

<
(n—1)!

Theorem 4.7. We have '
n=1

Proof. Define a ring homomorphism ¢ by ¢(e,) = (—1)"~ f(n)/n! where f(n) =
(—1)(1 —x)" and define a function v by v(n) = n-n!/f(n). Then we have

n—1

(n—=1)19(pvn) = Y, D (b b 1>bf(b1) f(bo)v(by). (4.3)
Abn T € By has \P1o-- 00—
bricks by,...,by
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From this we create combinatorial objects by selecting T' € B; () for some Abnand
using the multinomial coefficient in (4.3) to place decreasing sequences of integers
in the bricks of T such that each integer in {1,...,n} appears once in T and the
integer n appears in the final brick (the appearance of the multinomial coefficient
(blﬁ_'.':blﬁ 1) in (4.3) instead of (bl’fi}bi) gives this condition).

The definition of f(n) tells us to place a choice of either 1 or —x in each cell
and, with the extra power of —1 in f(n), f(n) tells us to reverse the + sign on
the terminal 1 or —x in each brick. To account for the function v, we notice that
v(b) /by = by!/f(be) and so we erase all 1 or —x labels on the final brick coming
from the definition of f(n) and then permute the integers in the final brick.

For example, one combinatorial object created in this manner is

1 —x —-1]—x —x x| 1 x

11 10 218 5 1 {4 319 6 12 7

The weighted sum over all possible combinatorial objects is equal to (n—1)!@(py ).

We will perform two involutions. First, scan the bricks from left to right looking
for either the first nonterminal brick of length greater than 1 or the first brick of
length 1 which sees a decrease in the integer labeling with the nonterminal brick to
its right. If we find a nonterminal brick of length greater than 1, make the first cell
of this brick into its own brick of length 1 and reverse the sign on the 1 or —x in this
new brick. If we find a brick of length 1 with a decrease in the integer labels, then
reverse this operation.

This process is a weight preserving and sign reversing involution. Fixed points
look like this

-1 x|-1] x| x| x|-1] x

12345810119 6 12 7

Fixed points under this first involution must consist of an increasing list of bricks
of size 1, each containing a —1 or an x, followed by the final brick. Perform a second
involution on these fixed points by first locating the largest integer i such that either

1. i appears immediately to the right of j in the final brick where j is the smallest
integer in the final brick which is larger than i, or
2. i does not appear in the final brick and the label above i isa —1.

If the first case is found, remove i from the final brick and place it in the inc-
reasing sequence of bricks of length one with a label of —1. If the second case
is found, undo this operation. For example, the image of the combinatorial object
shown above under this second involution is

1 x|=1] x| x| x| x

1 (23|14 |5(8]11]19 6 12 10 7
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Fixed points under the second involution cannot have either of the above two
cases hold. One such object is

X X X X X

214158119 3 6 1 12 7 10

If we take such a fixed point and place each i in a brick of length one after the app-
earance of i+ 1 in the final brick, then we find a permutation ¢ = o7 - - - 0, € S,, with
one x for each time 0; = 0;11 + 1. For instance, the fixed point above corresponds
to the permutation9 8 3 2 6 54 1 12 11 7 10. This means (n—1)!@(py,) =
Yoes, PO,

A generating function follows from applying ¢ to (4.1). We have

i 4 z xstep(c) _ z;::l(_l)n_lv(n)(P(en)Zn _ 2::1 nz"
n=1 (n—1)! oESy :;’:O(—l)”(p(en)z" E::OZn(l _x)n/”V
which is equal to the generating function in the statement of the theorem. O

One of the curious facts that we can deduce from the generating function in The-
orem 4.7 is the probability that a random permutation o € S, will have step(o) even.
To find this probability, we add the function in Theorem 4.7 to the same function
with “x” replaced with “—x,” divide by 2, and then take x = 1 to find

(n—1)! 2(1—2)?

e’ +1 1 e?—1 1
_< 2¢? )(1—z)2_< 2¢? )1_Z+g(z)7

where g(z) is a function with no singularities. Using Newton’s binomial theorem
and accounting for the division by (n— 1)! instead of the usual n! in Theorem 4.7,
we find that a good approximation to |{o € S, has step(o) even}|/n! is

e+1 (11 1) e—1 / b1l
n - n=-+-—+—.
2¢2 2¢2 2 2e2  en
So, for large n, the probability that a random permutation ¢ € S, has step(o) even
is approximately 1/2+1/(2¢?) ~ 0.57668.

i |{o € S, has step(c) even}| o (1 +e %)
n=1

4.3 Recurrences

A linear homogeneous recurrence relation with constant coefficients is a sequence
which is recursively defined by

ap = Clap—1 +C2ap—2 + -+ CAn—k 4.4

for all n > k where k is a positive integer and cy,...,c; are constants. We assume
that ay,...,a; are known constants, from which the entire sequence can be found.
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It is not difficult to find the generating function A(z) = X, a,2" for such seq-
uences; indeed,

AR)=aiz+ - +ad+ Y ad
n=k+1

=aiz++aql + Y (clan1+ a2+ +cray i)

n=k+1
=aiz+ - +aqd +eiz (A(z) —a1z1 — --~—akflzk71) +- --+ckzkA(z).
Solving for A(z) gives
aiz+ (@ —cla)? +- + (g — 11— —c1g 1)
Alz) = ( ) ; ( . . 4
_clz—.-.—ckz

In this section we will give a simple, combinatorial interpretation for the terms in
this recursion using weighted brick tabloids. Such combinatorial interpretations can
help us better understand the sequence ay,; see Exercises 4.3 and [12] for examples
of how to use these combinatorial interpretations to prove identities.

As an immediate result of the combinatorial interpretation, we will be able to
define a ring homomorphism ¢ and a function v in order to find the generating
function A(z). This roundabout way of finding A(z) uses more overhead than the
above calculation, but we include it to exhibit the versatility of using brick tabloids
and symmetric function identities in counting problems.

Let B, x be the set of all brick tabloids T' € By, (, for some A - n such that there is
only one brick in T or the last two bricks in 7" have lengths which sum to an integer
larger than k. For a brick b of length / in a brick tabloid T € B, , define

0 ifl>k,
w(b) =< ¢, if £ <kand b is not the last brick in T, and
ay if £ <kand b is the last brick in T,

and define w(T) to be the product of the weights of the bricks in 7. For example,
one T’ € B3 with weight c%czcgaz can be depicted by

[ 3 ] 3 1 (&) a ]

If n <k, then B, ; contains exactly one brick tabloid 7' (which consists of exactly
one brick of length n) and so Y7cp  w(T) = a,. If n > k, then T € B, contains at
least two bricks. By summing over the length of the first brick,

k
Y w(T)=> D w(T)=Yc > w(T).
TEB, i=1T € B, has first i=1 TeB,_jx
brick of length i

Therefore Yrcp, ,w(T) satisfies the recursion in (4.4). This means we have our
combinatorial interpretation: a, = Yrcp  w(T).
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To find the generating function A(z) =Y, a,Z", we can define a ring homomor-
phism ¢ by @(e,) = (—1)" "¢, if n < k and 0 otherwise. To go along with ¢, we
define v by v(n) = (@ —cp—1a1 — -+ —c1ay—1)/cy if ¢, is nonzero and 0 otherwise.
Then

(P(pv,n) = z z Cb, "'Cka(bg).

Abn T € B, () has bricks
with lengths by, ..., by

From this sum we select a brick tabloid T € By, (,) for some A I~ n and associate a
weight of ¢, to the brick of length b;. The function v(by) tells us to cancel the ¢,
weight on the final brick in T and replace it with either a;,, or —c;,—;a; for some i.

On this collection of weighted brick tabloids we can perform the following sign
reversing involution. If the last brick in such a combinatorial object T' is —cp,—;a;
for some i, then change T by breaking the last brick into two bricks, one of length
by — i and the other of length i. If the last two bricks in 7' sum to an integer less than
or equal to k, reverse this operation and combine the last two bricks into one brick
with weight —cj,,;a;. For instance, this involution pairs

[ c3 | ¢l c3 2 *CIGZ]
[ | c3 ¢ | C a ]

Fixed points can have no negative weights and the last two bricks cannot have
lengths which sum to an integer smaller than k. These fixed points have a weighted
sum equal to a, = Yprcp, W(T).

By applying ¢ to the identity in (4.1), we find

_ol s ) _ S (D) V() p(en)?”
A(Z) =0 <nz,1pv,nz ) = 21:::0(—1)"(,0(611)1" ,

with

which in turn is equal to the function in (4.5), as expected.

4.4 The Exponential Formula

In this section we apply the machinery we have developed to understand and refine
the “exponential formula,” which is a relationship between the generating functions
for connected objects and collections of those connected objects.

A common problem in combinatorics is to count the number of ways that the
integers 1,...,n can be arranged in a structure which can be partitioned into disjoint,
unordered components. Here are three main examples of this phenomenon:
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1. Permutations of n are built from disjoint, unordered cycles.

2. A set partition of n is a collection of pairwise disjoint nonempty sets with union
to {1,...,n}. For instance, {{1,3,6,8},{2,5,7,10,11},{4,12},{9}} is a set
partition of 12. Set partitions of n are built from disjoint, unordered sets.

3. Labeled graphs on n nodes are built from disjoint, unordered connected compo-
nents.

The exponential formula gives generating functions for these situations.

Let P, be a set of “pictures” containing the integers 1,...,n. By a picture, we
simply mean that the integers 1,...,n are arranged in some way. These pictures will
be our disjoint, connected components.

Let 8, be the collection of sets of the form {pi,..., px} such that each p; is a
picture, the sizes of py,...,pg sum to n, and the integer labels in the pictures have
been replaced so that the total set contains the integers 1,...,n. For s € §,,, define
the statistic pic(s) be the number of pictures in s.

As an example, suppose each element in P, is a rooted labeled tree with n nodes
(see Exercise 4.4 for the definition of rooted labeled tree). Here is an element in P7:

S
2 @
©» @ @

©)

Objects in §,, are built from components found in the sets Py, P,,...; in this exam-
ple, we are creating rooted labeled forests on n nodes. Here is an element in Syq:

(B 13 1o
i3 20 @ 14 iy
© @ e @ @ © OO

® ®

We have chosen to list the rooted trees in this labeled forest in decreasing order
according to their smallest element, but since the rooted trees are unordered ele-
ments of a set, we could have displayed them in any order. For the above object s,
pic(s) = 4.

The next theorem is known as the exponential formula. It may be proved without
the machinery we have developed, but proving it by defining a ring homomorphism
on e, provides two significant benefits. First, once understood in this way, we can
use the ability to weight the last brick in a brick tabloid differently from the other
bricks in order to refine the exponential formula a few different ways. Second, this
style of combinatorial proof by sign reversing involution unifies many different ad
hoc methods for finding generating functions.
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Theorem 4.8. If P(z) = X7, |Pn|2" /n!, then 2 z APel) = @)
n=0 ! SES,

Proof. Define a ring homomorphism by ¢(e,) = (—1)""! f(n)/n! where

n Ti ...?im m—l m
m=y 3 (il’.f.’im>|1|m!||(_1) 1o (4.6)

m=1_iy,...in>1
i+ Fim=n
Applying ¢ to n'h, gives (3.3). With this equation, begin to create combinatorial
objects by using the summand and |B;, (,)| terms to select a brick tabloid T. Use
the multinomial coefficient (;) in (3.3) to associate with each brick in T of size k
a subset of {1,...,n} of size k such that the subsets associated with the bricks in T
are pairwise disjoint.

The function f(n) in (4.6) tells us how to weight a brick of length n. With thls
function, select an integer m between 1 and n and select positive indices iy, ...,
which sum to n. Use the factor of |P;, | ---|P;, | in (4.6) to select pictures p;, , ... 7p,m,
each containing iy, ...,i, integers. We have already been assigned a subset of pos-
itive integers of size n, say {ji,...,j.} Where j; < --- < j,. Use the binomial co-
efficient ( " ) to replace the numbers 1,...,i; on picture p;, with elements of
{Jty--es ]n} such that each picture has dlStlnCt integer labels, the union of which is
equal to {Jji,..., jn}-

Use the ﬁ term in (4.6) to sort these pictures containing the re-indexed labels
in increasing order according to the smallest element; suppose the pictures are
Pk;s---» Pk, When listed in this way. Place py, into the k’lh cell of the brick when
reading left to right, place py, into the (ki + k)™ cell reading left to right, and so
on. In each nonterminal cells which contain a picture, place one —x. Place an x in
the terminal cell of the brick.

Performing the above operations uses all the terms in (3.3). One possible com-
binatorial object created in this manner when taking pictures to be rooted labeled
trees is shown below.

@2 ® ®
0@ iy ® ©
\ ol © )

If we define the weight of such an object to be the product of the —x and x terms,
then it follows that the weighted sum over all possible combinatorial objects is equal
ton!o(hy).

To rid ourselves of any object with a negative sign, apply the following sign
reversing weight preserving involution. Scan the bricks from left to right looking
for a —x or two consecutive bricks where the last picture in the first brick contains
a smaller integer than the first picture in the second brick. If a —x is scanned first,
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break the brick into two immediately after the —x and reverse the sign on the —x.
If two consecutive bricks with the correct order of pictures is found, then combine
the two consecutive bricks and reverse the sign on x now appearing in the middle.

The image of the combinatorial object shown above under this process is shown
below:

() ® ® @
10 an ©) ©
\ D@ © ]

This is easily seen to be sign reversing and weight preserving. The fixed points
cannot have any —x labels and hence each brick must contain one and only one
picture. Furthermore, in a fixed point, the pictures when read from left to right must
be written in decreasing order according to their minimum elements. These fixed
points correspond to Y s, xPic(s), Applying ¢ to Theorem 2.5 gives

<1+izn,i ) (_x)m(ihn )lTh'm'%')]

oo

Z’Z; Z xpic(s)

1 !
n=0"" 58, =1 " =i+ Tim=n ceeyim m!
-1
> m n . e .
- > (=) y Oy [Pir P iyt
— m! = . A TR
m=0 n=0i;+--+ip=n
which may be seen to equal &P, 0O

Now that the exponential formula has been proved, let us show off some of its ca-
pabilities. As a first example, we will find generating functions for the cycle lengths
in permutations in S,,.

Let P, be the set of cycles of length n. Although we did not do this in Theorem 4.8,
we have the ability to assign indeterminates to each picture in P, if we so desire; the
involution in the proof of Theorem 4.8 is not affected by the content of the pictures
and hence is still weight preserving with respect to any indeterminates. This means
that we can additionally assign a weight of ¢, to go along with each picture in P,,.

There are (n— 1)! cycles of length n and so |P,| = ¢,(n— 1)!. Therefore

oo

e Z2 ZS
() n;l n!| Wl = q1z2+q2 5 T 3 +
Elements in §, are permutations in S, written in cyclic notation with powers of ¢;
counting the number of cycles of length i. Taking x = 1 in Theorem 4.8 (this power
of x would count the number of cycles in a permutation, something we are already
doing with the indeterminates ¢;) gives
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cyey (o cycz( ). q12+4q ﬁ+ £+<-~
2 Zq L= TR T T T 4.7)

O'GSn

where cyc;(o) is the number of cycles of length i in the permutation &. The coeffi-
cient of 7 /n! in (4.7) is known as the cycle index polynomial.

By taking special values of g1,¢2, ..., equation (4.7) can produce some interest-
ing generating functions. For example, if we let cyc(o) be the total number of cycles
ino andletg; =gy =--- =x1in (4.7), we find

1
xcyc x(z+5 + + 2 exln I — )
Z Z (1 _ Z)x

O'ES,Z

An expansion of the right-hand side of the above expression by Newton’s binomial
theorem shows that 3¢, X% = (x+0)(x+1)--- (x+ (n—1)).

By taking certain values of g, in (4.7) to equal zero, we can restrict the appear-
ances of certain cycles. For instance, if j is a positive integer, then it may be shown
that the permutations ¢ € S, such that 6/ = 1 are those permutations with cycles
of length dividing ;. To find a generating function for those permutations in S, with
o/ = 1, take g, = x if n divides j and g, = 0 otherwise to find that

S i cye(o) X2 /n
z b D X IT e

ceS,witho/ =1 n divides j

In the special case of j = 2, the generating function registering a power of x for each
cycle in an involution (a permutation with cycles of length 1 or 2) is eXH/2),
As another example, the generating function for the number of permutations in
S, with all cycles of length at least m is equal to
i i z xoye(o exz’"/m+xz’"“/(m+l)

|
n=0 n: o € S, has cycles
of length at least m

Taking x = 1 in this last equation and then using the asymptotic techniques devel-
oped in the second part of section 1.3 shows that the approximate probability that a
random permutation will have cycles of length at least m is eil*%*'”*ﬁ.

As a second application of Theorem 4.8 we will count the number of set parti-
tions. Let P, contain only one picture, the picture “{1,...,n}”. Then P(z) = ¢* — 1.
It follows that elements in §,, are set partitions of n. The exponential formula gives

Z z the number of sets ins _ ex(ezfl)

s is a set partition of n
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In particular, taking the coefficient of x in the expansion of the above expression, it
follows that

(6= 1)

Y |{the number of set partitions of n with k parts}|Z—‘ =%
n! !

n=0

Additionally, we can restrict the sizes of the sets which appear in a set partition in
the same way that we restricted the cycles in a permutation.

As a last example of the exponential formula, let G, be the set of labeled graphs
on n nodes. Since between any two nodes there is a choice of either placing an edge

or not, there are 2(%) total elements in Gn. If we let P(z) the generating function for
the number of connected components in G,,, taking x = 1 in Theorem 4.8 gives

The function P(z) can be found by taking logarithms. A second application of The-
orem 4.8 gives

X

~ _n w A1) oo n

2 < z xthe number of connected components in g __ ex1n<2n:02(2) H) _ 2 2(;) < '
n! n!

n=0 g69n

Next we will show how the ability to weight the last brick in a brick tabloid
differently can refine Theorem 4.8 in a few different ways. Given an element s € §,
built with components found in Py, ..., P,, let one(s) be the size of the component
in which label 1 may be found. For example, if s is the set partition

{9}.{4,12},{2,5,7,10,11},{1,3,6,8}
of 12, then one(s) = 4 since number 1 appears within a set of size 4.

Theorem 4.9. If P(z) = X7, |P,|2" /n!, then

- in ic(s), one(s) :/ xT(z)i
D o Y, ey xe 3z (P(yz)) dz.

n=1""se§,

Proof. Define a function v in order to weight the last brick in a brick tabloid by

for some positive integer j where f(n) is given in (4.6). Applying the function ¢ in
the proof of Theorem 4.8 to (n— 1)!py, gives (4.3). From this equation we create
the same combinatorial objects as found in the proof of Theorem 4.8 except for the
following conditions on the final brick:
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. The last brick must be of length j,

. The last brick must contain exactly one picture, and

3. The picture in the last brick contains the integer 1 (the appearance of the multi-
nomial coefficient (b1 ”7;[_1) in (4.3) instead of (bl’f:}b[) gives this condition).

N =

Apply the involution found in the proof of Theorem 4.8. Since the 1 appears in
the last brick and that brick contains only one picture, this involution never combines
the last two bricks. Fixed points correspond to elements in 8, with the 1 appearing
in a picture of size j. Therefore we have

dz<2 S oty ) 2

SESn

z plc(s)yone(s)
*s€8y,

Y

<

—1)!
i oo
(Y 2 pv,nZn
n=1

) L (=D v(m)(en)z"!
1 zn 0( )n(p(e”) -

l’l

I
M e

J

|
M

J

Just as in the proof of Theorem 4.8, the denominator of this expression is e 7).
This, along with the definition of v and ¢, shows that the above string of equalities
is equal to

05 P g = o (i

) =702 (P02)).

Integrating the extremities in this string of equalities proves the theorem. ad

Theorem 4.9 says, for instance, that

z L Z the number of sets in sythe size of the set with 1 — /xyex 1)+yz dz

S is a set partltlon

and

o n

Z Ve e
z - 2 yone(O')q‘l:yCl(U)q;y 2(0) /y 41+q2(yz)+-~~)e‘1'z+’12~2/2+ dz.

n=1""" c€s,

If we take g; = g2 = --- = x in this last equation, we find the specialization

CcycC OIIC . xy
,,Zl P */(l—zv(l—yz)dz'

ceS,,

In the proof of Theorem 4.8, we sorted pictures within each brick in increasing
order according to the smallest element. This choice of sorting pictures within bricks
was arbitrary—any linear order on the pictures can be used to prove the theorem.
The choice of sorting by smallest element was made so that the last brick in a fixed
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point would contain the element 1, enabling us to prove Theorem 4.9 more easily.
Different linear orders of pictures combined with the capacity to change the weight
on a last brick can refine the exponential formula in different ways, as shown in our
next theorem.

Theorem 4.10. We have

n

i va z lC s) mln s) exiP(z) 2 i-y/v(n)i
: j= n:]

n!’
sES,
where min(s) is the minimum picture size in s € 8,

0 ifn<j,

| n—J | Py

V(I’L): x|P/| ( n )'g)ll | lm‘( x)m l.fi’l> .

YR . . = =]

f(n)mz:“1 1§ilw2-7im§j iyeeesim, (m+1)!
i\ tim=n—j

and f(n) is the function in (4.6).

Proof. Let ¢ be the homomorphism defined in the proof of Theorem 4.8 and let v
be the function in the statement of the theorem. Applying ¢ to n!py , gives

olpva)=2 3 (b ! b)f(bl)'“f(bz)v(be)- (48)
Abn TEB;L()haQ 1y.--50¢
bricks by,...,by

From this we can create combinatorial objects which, except for the last brick, are
similar to those found in the proof of Theorem 4.8. However, instead of ordering the
pictures in each brick according to minimum integers, sort the pictures in increasing
order according to size. Then if pictures within a brick have the same size, sort them
in increasing order according to minimum element.

The division by f(n) in the definition of v erases all pictures in the last brick.
Then in the same way that f(n) placed pictures in the other bricks, the remaining
portion of v places an ordered list of pictures in the last brick such that the last brick
must have a maximum size picture with exactly j integers. For example, when j =4,
one such combinatorial object is shown below:

( )

D ®
e o

@—)
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Apply the involution which breaks a brick at the first —x or combines two bricks
when the specified order on pictures is preserved. Fixed points must have pictures
which weakly decrease according to size and the last brick must contain a picture
of size j. This implies that the minimum sized picture in a fixed point must have
size j. In other words, fixed points correspond to > xPc(s) where the sum runs over
all s € 8§, which have min(s) = j. The generating function in the statement of the
theorem follows from applying ¢ to 4.1 and then summing over all j > 1. a

In a similar way as in the proof of this last theorem, the exponential theorem can
be refined to keep track of the size of the maximum picture.

We end this section by showing how an unlabeled version of the exponential
formula also can be proved using involutions on brick tabloids. Let P, to be a set of
unlabeled pictures of size n—pictures which are like those described above but with
any integer labels erased. Let U, be the collection of sets of the form {p;,...,pi}
such that each p; is an unlabeled picture and the sum of the sizes of the pictures
is n. For instance, in the case where P,, contains unlabeled rooted trees on n nodes,
U,, contains the unlabeled rooted forests on n nodes. Just as in the case of labeled
objects, for u € Uy, pic(u) denotes the number of pictures used to create u.

=

- ‘ 1
Theorem 4.11. We have Z 7 Z xPiel) — H T
n=0 ucl, i1 (1—xz')l¥i

Proof. Define the homomorphism ¢ such that

ole=(-1" ¥ (lﬂ?ll> (lﬂ?n|> —.

i1,i2,..,in>0 h tn
i1 +20p A nig=n

Applying ¢ to h, gives 2 (1)) 1By, )| ®(en,) - @(ey,) from which we create
Abn
combinatorial objects by first selecting ' € B, () for some At n and then using the

—1 sign in this equation and in the definition of ¢ to assign exactly one —1 sign to
each brick in T'.

The definition of ¢ tells us that for each brick of length k we should choose
i1,...,i; nonnegative integers such that i; 4 2ip + - - - + ki, = k. Using the binomial
coefficients in the definition of ¢, select i; different pictures in P;; to be placed in
the brick for j = 1,... k. Sort these pictures in increasing order first according to
size, and then sort according to some arbitrary linear order given to P,,. Suppose that
when this is done, the pictures are py, , ..., p,,. Place py; in cell number ki +- - - +k;
reading left to right. In each one of the cells which now contains a picture, place one
factor of —x. Since there must be a picture in the last cell in any brick, so must there
be a —x. Use the factor —1 given to each brick to change this terminal —x to an x.
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For example, one possible object created in this way is

X —X —X X

A

(. J

The weighted sum over all such combinatorial objects is ¢(;,).

Scan the bricks from left to right looking for a —x or two consecutive bricks
which may be combined to preserve the order of the pictures. Break or combine
the bricks accordingly, changing the power on x in the process. This involution is
sign reversing and weight preserving. The fixed points cannot have any —x labels
and hence all bricks must contain one and only one picture. Furthermore, in a fixed
point, the pictures when read from left to right must be written in decreasing order.

These fixed points correspond to objects in U, with powers of x counting the
number of pictures. Applying ¢ to Theorem 2.5,

~1
n pic(u) __ o\ 1\n |(Pl‘ |(Pn‘ NIt
5= (gerer, 2 () (e

which by the binomial theorem is equal to the desired expression. a

As an example of how Theorem 4.11 can be applied, consider the generating
function for the number of partitions of n refined by length. Let P, be a set with
one picture, the picture consisting of a horizontal strip of n cells. Elements in U,
therefore correspond to Young diagrams. Theorem 4.11 gives

AN L) T L
DI _g(l—xﬂ)’

n=0 Abn

which is a refinement of Theorem 1.8.

4.5 Weighting Multiple Bricks

As we have seen in the previous sections, the ability to weight the last brick in a brick
tabloid gives us greater versatility in our method of using ring homomorphisms on
Ay, to find generating functions. In this section we extend this idea further and allow
more refined weights of brick tabloids.
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Let vy,...,V, be functions defined on the set of nonnegative integers. If 7 is a
brick tabloid with bricks of lengths by, ..., b; reading left to right, then let

WV1=~-~=VV(T) =V (b] ) T Vr(br)

if kK > r and define wy, .y, (T) = 0 otherwise. Then we can define a new class of
symmetric functions by

SV = Z Z i [(A>Wv17,,,7v,(T)e,1.
Z,)-nTEBl( )

We can first count brick tabloids T = (by,...,b;) with k = r and then count the
brick tabloids with k > r by sorting them by the size of the last brick. This gives that
DPvi....ven 18 €qual to

Y (=)"vi(br) - vie(br)ep, e, +2 “Lerpuy vk
byt by=n

bi>

From here it follows that

n—r
Z( 1)f erPvy,...ven—k = Z (=D)"""vi(b1)---vr(br)ep, - ep,
k=0 by+-tby=n

bi>1

which implies that

(Bierrae) (o) -M1(£0

Therefore we have

Mx

v,-(n)e,,zn> )
1

va L= 1 (1) vi(n)enz")
15 sl .

= 2:::0(71)nenzn 49

This equation is analogous to (4.1). This means we can define ring homomorphisms
¢ on the elementary symmetric functions, apply ¢ on py, . v, , to get an expan-
sion in terms of weighted brick tabloids, define an involution which leaves interest-
ing fixed points, and then use (4.9) to get a generating function for a permutation
statistic. The rest of this section gives an example of this technique, following an
approach first shown in [90].

Let ijr],;{l y denote set of all permutations in S; 4, ; such that the descents in

o can only appear at indices in {i+ k,i + 2k, ...,i+ nk} where i, j,k, and n are
nonnegative integers which satisfy k > 2,0 <i<k—1,and 0 < j < k— 1. We have
seen special cases of this set of permutations before; the case of k = 1 gives our

(kD) Tet des; x(o) be the

old friend the alternating permutations. For ¢ € D; /.~ g
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permutation statistic counting the number of integers of the form i+ ks such that
0<s<n-—1and ;s > Oj1xs+1- The next theorem is similar to Theorem 4.6.

Theorem 4.12. If k > 2 and 0 < i, j < k, then

oo kn

< inv(o)  ris; 1 (0)
e R q A
ng‘z [kn—i— jlg! %w)
i+kn+j

B Gt 2 e WIS SN SN o)
nm thn—i—jlg! '

Proof. Define a ring homomorphism ¢ and a function v; by setting ¢(e,) = 0 and
vi(n) = 0 if n is not a multiple of k and

[knlq!

n— (xil)k_l
¢(ewm) = (—1)" 12— and vi(kn) = Tn—i,!

[kn],!

otherwise. Then applying ¢ to py, v; . gives

(p(pVi,Vj,n):Z z (—l)nié(mwvi,vj(T)‘P(€A)~

Abn TEBA‘(,,)

Since ¢(e,) is equal to O if any of the parts in A are not multiples of k, we may
assume that all parts in A and n are multiples of k (and thus n > 2). Furthermore,
if there are fewer than 2 bricks in a brick tabloid 7, then the weight wy, v, (T) is
defined equal to 0.

In our definition of Pvivins the function v; weights the first brick in a brick tabloid
and the function v; weights the second brick. However, by moving this second
brick to the end of the brick tabloid, we can instead choose to apply the function
v; to the first brick and v; to the last brick in the brick tabloid. Putting this idea
together with the same type of logic as found in the proof of Theorem 4.6, we have

[k —i— 7119 (pv.v.u) is equal to

mk—i—jlgt Y, Y () Py, (T)e(es)

Atnk TEB
2 n> A,(n)

tA)>2
—]—7 b b,
- 3 > TR NSt
Abkn T € B (4 has bricks with b1 —i,by,...,bp1,b0 = jl,

£(A)221engths by, ..., by divisible by k
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This last sum tells us to create combinatorial objects by selecting a brick tabloid
in T € By (1) such that there are at least two bricks and each brick length is a
multiple of k. In every nonterminal kth cell in a brick, place a choice of x or —1
in a brick, using the power of (x — 1). With the ¢g-multinomial coefficient, place a
sequence of integers in each brick such that

1. the first i cells of the first brick are left blank,

2. the last j cells of the last brick are left blank,

3. all other cells except the first i and last j contain integers such that each
brick contains a decreasing sequence of integers and every integer from 1, ...,
nk —i— j is used exactly once in 7', and

4. apower of ¢ in each cell records the number of smaller integers in T appearing
to the right.

For example, one such combinatorial object when k =3,i=2,and j=11s

We next apply a slight variation on our usual brick breaking and combining inv-
olution. We want to apply the involution as usual, but run into a problem when T
contains exactly two bricks, there are no —1s anywhere in 7', and there is a decrease
in the integer labeling between the two bricks. In this situation we would want to
combine these two bricks but cannot do so since each combinatorial object must
have at least two bricks by construction. Define such objects to be fixed points and
then proceed otherwise with the usual involution.

Fixed points now come in two varieties. First, there are fixed points which con-
tain no decreases between bricks and there is a power of x for each descent of the
form Oj s > Oj1xs+1- These are the fixed points we want because these fixed points

correspond to Y, x; x9ik(0)ginv(o),
o< Di+kn+ J
Second, there are fixed points which contain exactly two bricks which contain a

decrease between them. The underlying permutation ¢ in such a fixed point must be
the permutation 6 = (kn— j—i)---2 1, that is, all integers must appear in decreasing
order. One example whenn =5,k =3,i=2, and j = 1 is below:

2 1 10 9 8 7 6|5 4 3 2 1

nk—i—j

The weight on this type of a fixed point is x”’zq( 2 ') There are n — 1 such fixed
points because the two bricks can be partitioned in n — 1 ways.
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Counting the fixed points, we have shown
k=i =l p(Pyy) = (1= 102" ) 4 3 elaiginte),

O'E‘D(i’k‘j)

i+kn+j
Applying ¢ to both sides of (4.9) with r = 2 gives
hnd Zkn s (nk—i—j oy (nk—i—j ) .
2 SR (I’l— l)xn 2q< ) ) — " lq< B ) + z xdes,’k((r)qmv(o)
n—2 [kn —i— ]}q! (i.k.j)
€D ot
_ (@D il e(en)z”) (S (1) () @(en)")
1+ (=1)"g(en)2"
e el nk—zm( (= D2k — )

1= (x— 1)k "k/[nk] ’

which in turn can be rearranged to be the statement in the theorem. a

Exercises

4.1. Let fi(o) be the length of the final increasing sequence in a permutation ©.
Define a homomorphism ¢ by ¢(e,) = (—1)"~!(1 —x)"~'x/n! and a function v by

0 ifn<j,

1
- ifn=1i
v(n) =4 (1—x)1x =
(1—x)"71(=x) . ,
W ifn>j,

where j is a positive integer. Use ¢ and v to find a generating function for

2 Z xde%

O'ESn

4.2. Let a,, x be the number of weak alternating words in {0,...,k— 1}, thatis, a, x
is the number of words wy,...,w, which have w; < w;; if and only if i is even.
Find a generating function for }°_ | a, xz".

4.3. The Fibonacci sequence is defined by Fy = F, =1 and F,, = F,_| + F,_; for
n > 3. Using the combinatorial interpretation for recurrences given in section 4.3,
prove the identities F1 +---+ F,—1 = Fy41 —F> and 3F, = F. o + F,,».

4.4. A path in a labeled graph is a finite sequence of distinct vertices such that con-
secutive vertices are connected by an edge. A labeled tree on n vertices is a labeled
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graph with n vertices such that there is a unique path connecting every pair of ver-
tices. This exercise proves there are 1" 2 labeled trees with n vertices, a result known
as Cayley’s formula.

Let A, be the set of objects created by selecting a labeled tree on n vertices,
shading one vertex gray, and then labeling the n — 1 edges with 1,...,n— 1 in some
way. For example, one element in Ag is

1 ®
3) 5| (®
4 3
D

By double counting the elements in A, prove that there are n"~? labeled trees on
n vertices. Deduce the unusual identity

=

02 _ Gk
Z(n—i—l) m—@xp(};n n!>

n=0

by considering rooted labeled trees, i.e., labeled trees with one distinguished vertex.

4.5. Let £,,(z) be the set of lists of the form (py, ..., px) such that each p; is a picture
in P;, the sizes of py,. .., py sum to n, and the integer labels in the pictures have been
replaced so that the total list contains the integers 1,...,n. This is a similar situation
as the exponential formula except that now we are considering ordered lists, not
unordered sets.

Define a ring homomorphism ¢ in order to prove that

o _n 1

< pic(L) _
DRI 1 —xP(z)’

|
n=0"" LeL,

where P(z) =Y |Pa|2" /n!.

If zg is the unique solution to P(z) = 1 with smallest magnitude and if P'(zo) # 0,
find an approximation for | £,|. As special cases, approximate the number of ordered
disjoint cycles with union » and the number of ordered set partitions of n.

4.6. Find a generating function for the number of permutations in S, with only even
sized cycles. Exactly how many such permutations are there?

4.7. Find a generating function for the number of permutations in S, with cycles
which must be an odd length. When taking » is even, this should be the same gener-
ating function as found in Exercise 4.6, implying that the number of permutations in
S>, with only even cycles must equal the number of permutations in S,,, with only
odd cycles. Prove this identity bijectively.

4.8. A Motzkin path of length # is a path in the plane starts at (0,0), ends at (n,0),
uses steps of the form (1,1), (1,—1), or (1,0), and never travels below (but may
touch) the x-axis. A labeled Motzkin path is a Motzkin path where
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. each (1, 1) step is not labeled with an integer,

. each (1,—1) step going from height y = k to height y = k — 1 is labeled with an
integer in {1,...,k}, and

3. each (1,0) step at height y = k is labeled with an integer in {1,... ,k+1}.

N =

For example, one labeled Motzkin path is

Use a bijection to show that the number of labeled Motzkin paths of length n is
equal to the number of set partitions of n.

4.9. Use Exercise 4.8 and the approach in Exercise 3.10 to show that

o 1
Y |{the set partitions of n}|?" =

— V4
n=0 l—z—

272
372
1—4z—---

1-2z—

1-3z—

Solutions

4.1 Applying our choices for ¢ and v give us

n!(p(pvy,,) = %1 (Z)WV(BL(’I))“ —x)ll—lx(l _x)lz—lx...

From this sum we select a brick tabloid 7 € By, () for some A - n. Use the (}) term
to select a permutation in which to fill the cells of 7 such that each brick contains
an increasing sequence. With the powers of x, place an x in the terminal cell of each
brick and a choice of either 1 or —x in every other cell.

The function Vv tells us that the length of the last brick must be at least j. If the
final brick has length j, erase all of the x or 1 weights in the last brick. If the final
brick has length greater than j, erase all of the weights in the last brick and replace
them n — j — 1 choices of —x or 1 and then a —x.
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One example of such a combinatorial object when j = 6 is below:

—X X X 1 —X —X

6 7|11 (1 2 3 4 5 8 9 10 12

Modify our usual brick breaking and combining involution by scanning from left
to right looking for either the first —x or two consecutive bricks with an increase
between them. Break or combine the bricks accordingly, reversing the sign on the
resulting middle x or terminal —x. The fixed points under this involution tell us that
n'@(py.n) = $x9(%) where the sum runs over o € S, with fi(c) = ;.

A generating function follows from summing over all positive j and then apply-
ing ¢ to equation 4.1. Using similar steps as in the proof of Theorem 4.3,

i i z xdes(c)yﬁ(c) — 14+ iyjZf:l(*l)n_l"(”)(l?(en)zn
=0 53, j=1 Zp=o(=1)"@(en)z"

)

which, by using the definitions of ¢ and v together with routine simplification steps,
can be shown to equal

x—1 x—(1—y)el—(=2))
x—ellz x—(1-y) '

4.2 Combining the ideas in Exercise 3.13 with that in Theorem 4.6, we let

L (n+k—=1\ [ (=D)"*1 if nis even,
— _1 n—1 n
¢en) = (=1) ( k—1 ) {() if n is odd.

Let m be .either 0 or 1 and define v(n) = (”%’flkq) / ("ﬁ;l) Then applying ¢ to
Pv2n—m 8IVES

bik=1 | (be=mrk=1 noy
k—1 k—1

AR2nT € By, () has bricks with (
even lengths by, ... by

The binomial coefficients allow us to fill each brick with a weakly decreasing seq-
uence and so from this sum we create combinatorial objects which look like the
following (when k =4, n =06, and m = 1):

Breaking or combining bricks at the first —1 or the first weak decrease between
bricks leaves fixed points corresponding to weak alternating words. Applying ¢ to
equation 4.1 and adding together the cases m = 0 and m = 1, we find that
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. o n—1 (2n—1+k—1\ 2n—1
D anid = 1 k-1 T U k;l+k)1z : :
=1 =3 (D (S )2 =X () ()2

It can be shown that this expression simplifies to
(1+2%)*/2 sec(karctanz) + tan(karctan z),

which nicely parallels the result for alternating permutations in Theorem 3.5.
4.3 Section 4.3 tells us that F;, is the number of brick tabloids T such that

1. each brick is of length 1 or 2 and has a weight of 1,
2. T either ends with a brick of length 2 or a brick of length 2 followed by a brick
of length 1.

For example, F5 = 5 because there are 5 such tabloids when n = 5:

(Iiro o1 CIID
(L1 C 1T [

Let F, be the collection of the brick tabloids with these properties so that |F,| = F,,.

To show Fi + -+ F,_1 =F,+1 —F>, take T € F} for some 1 <k <n—1 and
create an element in J, by prepending a sequence of bricks with lengths 1,1,...,1,2
to T. This operation is reversible and creates every element in &, except for the
one brick tabloid which only contains bricks of lengths 1,1,...,1,2.

To show 3F, = F,1» + F,_», take T € J,,. If T begins with a brick of length 1,
replace this brick in T three ways: with a brick of length 1 followed by a brick of
length 2, with a brick of length 2 then 1, and with three bricks of length 1. If T
begins with a brick of length 2, then change T in three ways: by removing this brick
of length 2, by prepending 7" with a brick of length 2, and by prepending two bricks
of length 1. In pictures,

G D
L % J — CI1[ 9 )
CLIl  Fn )
and
Fn—
.l % J — (1 [ %2 )

(ITT T 5

These identities also hold for any initial conditions Fj, F; since we have left the final
segment of the brick tabloid unchanged.
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4.4 Let T, be the number of labeled trees on n vertices. There are 7, ways to select
a labeled tree, n ways to select a vertex to shade gray, and (n — 1)! ways to label the
n— 1 edges in T. Therefore there are T,n(n — 1)! elements in A,,.

For a second way to count the number of elements in A, consider constructing an
element in A by following this algorithm:

1. Begin with a graph with n labeled gray vertices and no edges.

2. Select any vertex u.

3. Select a gray vertex v such that there is no path from u to v (which, initially, can
be any vertex other than u).

4. Connect u and v with an edge and change v from a gray vertex to a white vertex.
If this is the i’* edge added to the graph, label the edge with i.

5. If there are two or more gray vertices in the graph, go back to step 2.

As an example of this process, we display the sequence of graphs created by algo-
rithm in order to create the element in A¢ displayed in the statement of this exercise:

@ O é{@ 0] é{@ @
® ©®©- ©- ©-
® ®

2

® & ®

@1{@ ® D ®

’ Yodh
3 4 3

056 OF26!

There are always n choices for the vertex u in step 2 of this algorithm and there
are n — i choices for vertex v in iteration i. Therefore the number of elements in A,
is n(n—1)n(n—2)---n(1) =n"'(n—1)!. Since this must also equal T,n(n— 1)!,
we find 7,, = n"2, as desired.

There are "'~ ! rooted labeled trees. There are (n+1)"~! forests of rooted labeled
trees since, by connecting the vertex with label “n+ 17 to each root, these forests
are in one-to-one correspondence with labeled trees on n+ 1 vertices. The identity
follows from an application of the exponential formula and taking x = 1.

4.5 1f @(en) = (—1)"'x|Py| /nl, then n!@(hn) = Xary (3) |Ba () IX“ )Py, | P, |-+,
from which (in the case of taking pictures to be rooted labeled trees) we create com-
binatorial objects which look like this:

4 A

X X

v ®
0@ iy

O—@ =
©—Q
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These objects immediately correspond with ¥, e xP€) Applying ¢(n) to Theo-

rem 2.5 gives 57 % Sy g, 760 = 1/(1— ().
Taking x = 1, we find a singularity at |z|. Since lim,_,, li;ﬂf&) =_
4] I

1 n
| < +e
n! P(z0)|zo|t! (|Z1| >

for all € > 0 and large enough n where z; denotes the solution to P(z) = 1 with
second smallest magnitude. This means | £, | is approximately n!/(P'(z0)|zo|"*1).

In the special case of ordered cycles, P(z) = Y, 7"/n = —In(1 —z). Here we
find zo = 1 — 1/e and P'(z9) = e, so the approximate number of ordered cycles
of size n is nle”" /(e — 1)"*!. In the special case of ordered set partitions, P(z) =
> 17"/n! = €& — 1. Here we find zo = In2 and P'(z0) = 2, so the approximate
number of ordered set partitions of size n is n!/(2(In2)"*1).

_1
P(z0)”

4.6 Let P, be empty if n is odd and the set of n cycles if n is even. Then

oo 2n n 1 n 1
T(Z):Z Z :1 (17Z)+1 (1+Z) —1I1< 11_12>.

Using the exponential formula,

i i Z xve(o) — eﬂn( 1*22> =(1 _Zz)—x/2 = i <_X/2> (_1)k22k7

|
n=0" e S, has only k=0
even sized cycles

where the last equality comes from an application of Newton’s binomial theorem.
Taking x = 1 and extracting the coefficient of 72" /(2n!) from this sum gives an exact
formula for the number of permutations in Sy, with only even sized cycles:

(1),,<—;/z) = (i CHACI2=D 1 2one )
1 3 2n-1
=55 gy (13 2n—1))2"

4.7 Let P, be empty if n is even and the set of n cycles if n is odd. Then

o2t () -In() [T+2
; n—1)! 2 =hniyi= )

Using the exponential formula,

SE s el >:<1+)/

|
n=0 n o € S, has only
odd sized cycles
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Taking x = 1, this last function can be written as (1 —z2)~"/2 4 z(1 —z?)~'/2. The
even terms in this series are given by the function (1 —z?)~!/2, which is the same
generating function found in Exercise 4.6.

To show that the number of permutations in S», with only even cycles must equal
the number of permutations in S, with only odd cycles bijectively, begin with a
permutation ¢ € S,, with only odd sized cycles.

Suppose that the cycles of ¢ are cy,...,cy where the cycles are written in dec-
reasing order according to maximum element and this maximum element is found
at the end of the cycle. Change each pair of cycles cp;—; and ¢p; by removing the
first element from cp; and make it as the first element of c¢y;_. For example,

(57 12) (11) (9 6 10) (1 42 3 8)
would be changed to
(1157 12) (1 9 6 10) (4 2 3 8).

This process is reversible: working with pairs of cycles from left to right, remove
the first element in each cycle and place it into the cycle immediately to the right.
However, if doing so creates a permutation without the maximum element at the
end of each cycle, instead make the removed integer its own cycle of length 1. This
process is therefore a bijection, as desired.

4.8 In order to turn a labeled Motzkin path M into a set partition, begin by coloring
each step in M blue.

Suppose the most left blue (1,—1) step in M is in position j and has label /.
Locate the ¢/ blue (1, 1) step in M, say this occurs at position i. The set

s={i,j}U{i <m < j:the m" step in M is a blue (1,0) step with label £}

is one set in the set partition created from M. Recolor each step in M with a position
in s black. Iterate this process until all (1,—1) and (1, 1) steps are black.

After this iteration, some blue (1,0) may remain. For each blue (1,0) step in
position j, place the set {j} into the set partition. This completes our description of
how to turn a labeled Motzkin path M into a set partition.

For example, the Motzkin path displayed in the statement of this exercise corre-
sponds to the set partition {{5,6},{1,3,7},{4,9},{10,11,12},{2},{8}}.

This method of turning a Motzkin path M into a set partition S is a bijection
since the inverse function can be described. Indeed, each set of size 1 in S gives
the position of a (1,0) step in M with maximum possible label. For s € S with size
at least 2, the minimum number m in s gives the position of a (1,1) step in M,
the maximum number # in s gives the position of a (1,—1) step in M, and all other
numbers in s correspond to (1,0) steps in M. This gives us the Motzkin path without
the labels. The labels on the (1,—1) step and the (1,0) steps coming from s can be
found from the number of (1, 1) steps between positions m and n in M.
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4.9 Let a, ; be the number of labeled Motzkin paths which start at (0,k) and end at
(n,k). Let Ag(z) = Yo an iz

Suppose that the first time after (0,k — 1) that a labeled Motzkin path counted by
a; k1 returns to the line y = k — 1 is at (i,k — 1). The path might begin with a step
of the form (1,0). In this case there are ka,_; y—; ways to complete the path since
there are k ways to label the (1,0) step and a,,_; 4 ways to draw a labeled Motzkin
path from (1,k—1) to (n,k—1).

Otherwise, if i > 2, the underlying Motzkin path must look like this:

Motzkin path of size i—2 Motzkin path of

size n—i

e AN |

i n

Since there are k ways to label the (1, —1) step ending at x = i, the number of labeled
Motzkin paths if i > 2 is ka;_ a,—i ;1.

Summing over all possible i gives a, x—1 = kap—1 x—1 + kX, ai—2 kan—i—1 for
n > 2. Therefore

A1 () = 1—kz="Y apx12"
n=2

oo oo n
n n
= z an—1k—12 + 2 Zaifz,kanfi,kflz
n=2 n=2i=2

= kz(Ar-1(2) = 1) + kZA(2)Ar1(2).

Solving for A;_(z) gives Ay_1(z) = 1/(1 —kz — kz*A(2)).

Exercise 4.8 says Ao(z) = X |{the set partitions of n}|z" and so the continued
fraction follows from repeatedly applying Ay (z) = 1/(1 — kz — kz?A(z)) starting
with k= 1.

Notes

The first use of the symmetric functions py , in enumeration is found in [76, 87].
The first use of the symmetric functions py, y, , in enumeration is found in [90].
The generating function for the number of valleys in a permutation was first
proved by Roger Entringer by solving differential equations [38]. Leonard Carlitz
published a few papers containing the result [17, 20, 21] and Ira Gessel showed
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how this generating function fit into his framework [51]. In these publications the
connection to the set of permutations ¢ € S, without 2-descents and 0,1 < G, was
not noted.

Carl Gustav Jacobi indicated a formal version of the exponential formula and
special cases of the exponential formula were given for permutations by Jacques
Touchard in 1939 and graphs by Robert Riddell and George Uhlenbeck in 1953
[62, 101, 111]. The full generality we give in Theorem 4.8 was first published in
the early 1970s in papers by Edward Bender with Jay Goldman, Peter Doubilet
with Gian-Carlo Rota and Richard Stanley, and Dominique Foata with Marcel-Paul
Schiitzenberger [11, 30, 45]. Since that time there have been a number of extensions
of the theory [10, 13, 49, 60, 68].

The proof of Cayley’s formula given in Exercise 4.4 is due to Jim Pitman [1].



Chapter 5
Counting with RSK

The RSK algorithm is a bijection from the set of matrices with nonnegative integer
entries to pairs of the form (P,Q) where P and Q are column strict tableaux of
the same shape. The simple algorithm has amazing relationships to both symmetric
functions and enumeration—no book on these topics is complete without it.

5.1 Row Insertion
Let T be a column strict tableau and j an integer. We define the row insertion of j
into T, denoted T < j, to be the tableau found by following these rules:

I0. If T is the empty tableau, then T < j is the column strict tableaux with 1 cell
which contains the integer ;.

If T is not empty, assume 7 is of the form shown here:

aylap a,

That is, the first row of T is a; < --- < a, and T is the column strict tableau found
by removing the first row of T'.

I1. If a,, < j, then T < j results from 7" by adding a cell containing j to the end of
the bottom row of 7.

12. If j < ay, then let a; be the leftmost entry in bottom row of T that is larger than j.
Replace a; with j and insert a; into 7”. In this case we say that j bumps ay.

© Springer International Publishing Switzerland 2015 155
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For example, to row insert a 2 into the column strict tableau

>

we replace the 3 in the bottom row with a 2, the 5 in the second row with a 3, and
then place a new cell with a 5 into the third row. Graphically, this row insertion looks
like

4| <5 4 5
—3 2.3 3 2.3 3
2 11 25 11 2 5

s k] >

Shading the path of the replaced cells in the above row insertion process gives

L

5
3 3
1 2 5

We will call this path the bumping path when i is inserted into 7. As we will show
in Theorem 5.1, such a path must start in the bottom row and, since T is a column
strict tableau, move up and weakly to the left. Furthermore, the integers in this path
are strictly increasing when read from bottom to top.

Theorem 5.1. If T is a column strict tableau and j is a positive integer, then T < j
is a column strict tableau and the bumping path for the insertion of j in T moves
weakly to the left as one proceeds from bottom to top. Moreover, if sh(T) is shape of
T and sh(T < j) is the shape of T < j, then sh(T) C sh(T <« j).

Proof. We proceed by induction on |T|, with the theorem holding true if applying
rule 10 or I1.

Thus assume that rule 12 was applied and suppose j bumps gy, in the bottom row
of T. The first row of T < j is therefore ay - - - ag_1 jay+1 - - - a,. By our choice of g,
we must have gy < j <ap <agy1 < --- < ay, meaning that the first row of 7' < j
is weakly increasing.

By induction, T’ < a; is a column strict tableaux. Thus to show that T < j is
a column strict tableau, we need to only show that 7' <— j is strictly increasing in
columns in the first two rows. Suppose that b < --- < by is the first row of T’. There
are two cases.

Case 1. Suppose s > k. In this case we know by > ay, so T’ < ay either bumps by
or it must bump some b; with s < k. If by is bumped, then the first two cells of
the kth column contains j in the first row and gy, in the second row. Since j < az,
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T « j satisfies the column strict condition in kth column as the elements in the
first two rows of the remaining columns are the same as in 7. Thus T « j will
be column strict.

If a; bumps by for s < k, then we know that in column k, the first two
elements are j and by, but j < a; < b so that we satisfy the column strict
condition in column k. In column s, the first two elements are a, and a;, but we
know that a; < a;_; < j < gy so that we satisfy the column strict condition in
column s. In the remaining columns, the first two elements are the same as in
T. Thus T + j will be column strict.

Case 2. Suppose s < k. In this case, we know that either a; sits at the end of the first
row in 7’ or it must bump some b; with s < k. If a;, sits at the end of the first row
in 7', then either a sits on top of j if s = k — 1 (in which case j < ay) or ay sits
on top of some a;41 where s+ 1 < k— 1, in which case a;11 < ar_1 < j < ay.
In either case, T < j is column strict in the first two rows of the column that
contains a. The first two elements in the remaining columns are the same as in
T and so T < j will be column strict.

If a; bumps b for s < k, then we know that in column £, there is only one
element. In column s, the first two elements are a; and ay, but we know that
as < ai_1 < j < ai so that we satisfy the column strict condition in column s. In
the remaining columns, the first two elements are the same as in 7. Thus 7 < j
will be column strict.

Lastly, the bumping path moves weakly to the left in the first two rows. By in-
duction, the bumping moves weakly to the left in 7’ < a;. Thus the entire bumping
path moves weakly to the left. O

If we are given T < j and the location of the cell ¢; in sh(T « j) but not sh(T),
then we can find both T and j. To reconstruct T and find j, follow these steps to
reverse the row insertion process:

1. If the final cell inserted into 7 is on the bottom row, then this cell contains j and
the removal of this cell leaves T'.

2. If k is the integer in the final cell inserted into 7', then find the rightmost entry
in the row below k that is smaller than k, say ¢. Remove the cell with k, replace
¢ with k, and repeat the process, moving down one row with each step.

Given a word wiwyp - wy, let T <—wy--wy, = (- ((T <= wy) <= wp) ) < wy
so that T < wy ---w,, is the result of successively inserting wy,w>,...,w, into 7.
In such a situation, we denote Tn =T and T, =T < w;...w;fori=1,---  n. It fol-
lows from Theorem 5.1 that

sh(Ty) C sh(Ty) C sh(Tz) C --- C sh(T,)

where the notation ¢t C A means that the Young diagram for u fits inside that of A.
We also let ¢; to be the cell in si(7;) but not sh(T;—) fori=1,...,n.

Theorem 5.2. [f w = wy - --wy, is a word of length n > 2 with letters in {1,2,...},
then the following two facts are true:
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1. If wy < -+ <wy, then ciy1 is strictly to the right and weakly below c; for all i.
2. If wy > -+ > wy, then ciy is strictly above and weakly to the left of c; for all i.

These conditions are pictured below:

1
3
C4 Cs
C6 €7
The case of wi < wp < --- < wy, The case of wy > wp > -+ > wr.

Proof. To prove either statement 1 or 2, it is enough to consider only the case of
n = 2. If this is done, the results will follow by induction.

We prove the first statement by induction on the size of 7. If ¢; is row 1 (which
would be the case only if insertion rules 10 and I1 were applied to 7' <— wy), then w;
is at the end of the row in 77. Since w; < w», the integer w» is placed at the end of
the first row of 77 in the insertion 77 <— w». In this case, c; is clearly strictly to the
right and weakly below c.

Suppose the bottom row of T’ contains a; < --- < a; and wi bumps ag in T < wy.
By our choice of a;, we have a;_| < wj < a; and wy is in the kth cell of row 1 in T7.
This means that in the insertion 77 <— wy, either (i) w; is placed in the end of row 1
or (i) wp must bump a; where s > k. In case (i), our result follows since the cell ¢
is the new cell created by T’ <— a; and we know that bumping paths move weakly
to the left by Theorem 5.2. In case (ii), the result follows by induction since c¢; and
c> are the cells created by the insertion T’ < aag and a; < as. This completes the
proof of the first statement.

The proof of the second statement is very similar, also following by induction on
the size of T.

If T =0, then T is the tableau with one cell containing wi. As w; > wy, this
means that wp will bump wy in the insertion 77 <— w; so ¢, will sit directly on top
of ¢y in this case.

Suppose the bottom row of T contains a; < --- <a;. If ¢y is row 1 and we applied
rule I1 to find T < wq, then wy is at the end of the bottom row in 77. As wi > wy,
then either w, bumps w; or it bumps some gy. In either case, our result immediately
follows from the fact that bumping paths move weakly to the left as we go up.

Finally, suppose that w; bumps a; in T < w;. Hence a;_; < w; < ai. Then wy is
in the kth cell of row 1 in 77. This means that either (i) w, bumps wy in the insertion
T < wy or (ii) wp must bump a; where i < k. In case (i), our result follows because
cell ¢y is the new cell created by T’ < a;w; and we know that a; > wy. In case (ii),
the result follows by induction since c¢; and c; are the cells created by the insertion
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T' <+ apas and a; > a;_1 > a,. This proves the second statement and completes the
proof of the theorem. a

The Pieri rules, found in Theorem 5.3, give a nice description of how to expand
the products A,s; and e,s; into a sum of Schur symmetric functions. One nice
consequence of Theorems 5.1 and 5.2 is that they allow us to give a combinatorial
proof of the Pieri rules.

For integer partitions u,A, we let A /u the cells in the Young diagram for A but
not those in u. This type of object is called a skew shape. We say that skew shape
A/u is a skew row if A /u has no two cells in the same column and A/t is a skew
column if no two cells of A/ lie in the same row.

For an alternative proof of the Pieri rule giving the expansion of e,s; using
labeled abaci, see Exercises 2.10, 2.11, and 2.12 in Chapter 2.

Theorem 5.3 (The Pieri rules). For any partition [ and for alln > 1,

hasy = z s, and ensy = z 5),-
A/ is a skew row A/ is a skew column
with n cells with n cells

Proof. We begin with the expansion of /,s,,. Let }(, , denote set of all pairs (S, T)
where S is a column strict tableau of shape (n) and T is a column strict tableau of
shape . Let SR, ;; denote the set of all column strict tableaux P such that sh(P)/u
is a skew row of size n. The expansion of h,s, in the statement of the theorem is

equivalent to
> wEwI)= 3 w(p),
(S.1)eFHpnp PESRy

where w(P) is the usual weight for column strict tableaux as defined in Chapter 1.

We claim that row insertion algorithm allows us to give a weight preserving bijec-
tion 0 : H,, y — SR, . That is, given a pair (5,7), leta; < --- < a, be the elements
of S, reading from left to right. We define 8(S,T) =P =T < a; ...a,. By the first
statement in Theorem 5.2, we know that if A = sh(P), then A/ is skew row. More-
over, we know that in the insertion of ay ...a, into T, the new cells where created
from left to right. This allows us to reverse our steps, showing that 6 is one-to-one.

To show that 0 is bijection, it remains to be shown that 6 is surjective, that is, we
must show that if P is any column strict tableau such that sh(P)/u is skew row of
size n, then there exists a sequence a; < --- < a, and a column strict tableau 7' of
shape pt suchthat P=T «a;...a,.

The idea is that given P, we can look at the cells in sk(P) /. If P did come from
an insertion of the form T < a; - - -a, where a; > --- > a,, then we know that new
cells were created from left to right by Theorem 5.2. Thus we just try to reverse the
process but first doing the reverse row insertion on the rightmost cell of sh(P)/u.
Thus P = P; + a,, for some column strict tableau P; such that sh(P;)/ut is skew row.
Next we reverse the row insertion for P; using the rightmost cell of si(P;)/u. Thus
P =P, < a,_ sothat P= P, < a,_1a,. Continuing on in this way, we will obtain a
sequence aj - - -a, and a column strict tableau of shape u suchthat P=T <—a; - - - ay.
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For example, suppose u = (4,2,1), A = (5,4,2,1), and P is the column strict

tableau shown below

where we have shaded the cells in A /. We illustrate the idea of reversing the row
insertion process by first undoing the row insertion of the bottom 4, then undoing
the row insertion of the right most 3, and so on.

- h% L~
L - 1224 L - 122y

The question of why ay,--- ,a, is weakly increasing remains. Appealing to the
second statement in Theorem 5.2, if @; > a1 for some j, then the new cell ¢
created by the insertion of aj,| into T < ay ---aj is strictly above and weakly to
left of the new cell ¢; created by the insertion of a; into T < a; ---a;_1. But this
is not what happens in our process—in our reverse process, ¢y is strictly to the
right and weakly below c;. Hence there can be no such j and so ay, - - ,a, is weakly
increasing.

This now proves that 0 is a bijection, proving the Pieri rule involving the homo-
geneous symmetric functions.

The proof of the Pieri rule involving the elementary symmetric functions is sim-
ilar. Let €, , be the set of all pairs (S,7) where S is a column strict tableau of shape
(1") and T is a column strict tableau of shape u. Let SC, , denote the set of all
column strict tableaux P such that sh(P)/u is a skew column of size n. Then we

wish to show
Y, wSwW(T) = > w(P).
(S.T)EC PESCr

—_— D W B
Ll NS I
N W

N W

Row insertion again allows us to give a weight preserving bijection I" : &, ;; —
SCy.y. Given a pair (S,T), let a; > --- > a, be the elements of S, reading from top
to bottom. Define I'(S,T) =P =T < a; - --a,. By Theorem 5.2, if L = sh(P), then
A/u is skew column. Moreover, we know that in the insertion of a; - --a, into T,
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the new cells were created from bottom to top. This allows us to reverse our steps,
implying that I" is one-to-one.

We show that I' is also surjective in a similar manner as when we showed 0 is a
surjection earlier in the proof. Take and column strict tableau P such that sh(P)/u
is a skew column with n cells. Look at the cells in sk(P)/u. If P did come from an
insertion of the form T < a; - - - a, where a; > --- > a,, then we know that new cells
were created from bottom to top.

Thus to reverse the process, we first apply reverse row insertion on the topmost
cell of sh(P)/u, moving down the skew column, undoing row inserting at each
step. Continuing in this way, we will obtain a sequence a - - -a, and a column strict
tableau of shape t suchthat P =T < ay ---ay,.

For example, suppose u = (3,2,1), A = (4,3,2,1,1), and P is the column strict
tableau shown below:

>

where we have shaded the cells in A /u. We illustrate the idea of this reverse row
insertion here:

4 5
2 3
—1 12 2 3| 21 — 321

— 4321 «— 54321

>

Why is ay ...a, strictly decreasing? If a; < aj for some j, then the new cell
cjt1 created by the insertion of @y into T < ay ---a; is strictly to the right and
weakly below the new cell ¢; created by the insertion of a; into T <—ay---a;_;.
But this is not what happens in our process. That is, in our reverse process, ¢y is
strictly above and weakly to the left of ¢;. Hence there can be no such jand a; ...a,
is strictly decreasing. O

By iterating the Pieri rule for the homogeneous symmetric functions, it can be
seen that if u - n, then

hy = Ky usa, 5.1
AFn

thereby giving the entries of the h-to-s transition matrix.
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That is, suppose 4 = (U, ..., ). Then hy, = S(u)s we can place 1s in the cells
of the shape (u;). Using the Pieri rule to multiply /4,5y, ), we find all 5, such that
A /(1) is a skew row. For each such A, place 2s in the cells of A /(u;). It follows
that hy,s(,,,) equals the sum over all s such that the shape A is the shape of column
strict tableau 7' of weight x| x42.

For each such A4, we can use the Pieri rule again to find hy, sy . We mark each new

cell added to A with a 3. Then Ay, hy,s(y,) equals the sum over all 55 such that the

shape § is the shape of column strict tableau T of weight x{"'x52x4>. Continuing in

this way proves (5.1).
Item 9 in the Notes in Chapter 2 provides an alternative route to (5.1).
Applying the o transformation to both sides of (5.1) gives

eu = Z KLIJSW’
Abn

an identity which says that the A, u entry of the e-to-s transition matrix is K; ;.

5.2 The RSK Algorithm

We now present the RSK algorithm. It is named after Gilbert de Beauregard Robin-
son, who first described an algorithm equivalent to bumping, Craige Schensted
who described the algorithm for permutations, and Donald Knuth who extended
the algorithm from permutations to matrices.

Algorithm 5.4 (RSK). The input is a nonzero, nonnegative integer-valued matrix A.

1. Begin with P and Q as empty column strict tableaux.

2. Let (i, j) be the topmost and then the leftmost nonzero entry in A.

3. Change P to P < j, thereby adding one cell to P. Add a cell containing i to Q
in the same position as the cell that was added to P.

4. Change A by subtracting 1 from the (i, j) entry.

5. If A is the zero matrix, stop. Otherwise, go back to step 2.

The output is the pair (P,Q).

; 3 ﬂ . Starting at the top left entry

of A and moving across each row, the first nonzero entry is at (1, 1). After initializing
P and Q to be empty, steps 3 and 4 give

0-[1] =35

For example, consider applying RSKto A =

Iterating until A is the zero matrix, we have
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[(010]

(00 0]

2 2 [(000]
P: == A:

11 2 Q 111 201}

2 2 2 2 (00 0]

P= 111 0= 11 1 A:_101_

2 2 2 2 (000]
pP= = A=

111 1 Q 111 2 00 1]

|22 0-|2 2 A [000]

1113 o112 2 ~1000]

The output of applying RSK to A is the pair (P, Q).
An alternative way of thinking about RSK is to consider the word of pairs

W(A):ql q2 - qn
P1DP2---Pn

obtained by reading the rows of the matrix A from left to right starting at the top
row and ending at the bottom row where for each a; ; > 0, we write down a; ; pairs

of the form ; We call w(A) the bi-word of A. For example, if A is the matrix of our

example, then

Then P is found from @ < p; - -- p,. The matrix P is sometimes called the inser-
tion tableau. We then use the elements of ¢; .. . g, to record the growth of P. That is,
if ¢; is the new cell created by the insertion (@ <— p; --- p;_1) < p;, then we place g;
in cell ¢; of Q. The matrix Q is sometimes called the recording tableau.

Theorem 5.5. The RSK algorithm is a bijection between nonnegative integer valued
matrices A and pairs of the form (P,Q) where P and Q are column strict tableau of
the same shape.
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Proof. Suppose that
W(A) _ ql qz ... qn
P1p2 - Pn

The shapes of P and Q are the same by construction. By Theorem 5.1, P is a
column strict tableau. Moreover, our construction ensures Q is weakly increasing in
rows and columns because at any stage, the new cell attached to Q contains a letter
i which is greater than or equal to all the previous letters added to Q.

Thus to prove Q is column strict, we need to only show that for any letter i, no
two is in the Q can lie in the same column. But this is an immediate consequence of
the first statement in Theorem 5.2. That is, the elements corresponding to the ith row
of A were inserted in weakly increasing order because when we created the word of
A, we read the elements from left to right. This insures that if gyq,+1 - - - g; is a block
of isin gy ...qy,, then pg < --- < p,. But then by the first statement in Theorem 5.2,
new cells which were created by the insertion

((D(_pl"'psfl)%ps"'pt

were created from left to right and form a skew row. Thus no two is in Q can be in
the same column so that Q is column strict.

It follows that we can read off the order in which the cells were created in P. That
is, for any fixed i, we know by the first statement in Theorem 5.2, the cells were
created from left to right. Thus the last cell ¢ that was created in P corresponds to
the right-most cell which contains the largest element in Q. Because we can reverse
the row insertion algorithm starting at cell c, it follows that we can reconstruct A
from P and Q.

At this point we know that the correspondence A — (P, Q) is an injection, so it
remains to be shown that it is also a surjection. That is, we must show that if P and
Q are column strict tableaux of the same shape, then there is a nonnegative-valued
matrix A such that RSK sends A to (P, Q).

The idea is that given (P, Q), we can reverse the bumping process as it came from
inserting a bi-word of a matrix A. That is, for each i in O, we assume that the cells
containing i were created from left to right. This allows us to reconstruct a bi-word

q1 492 -+ 4n
P1 P2 " Pn

by successively reversing the bumping process in P using the cell that contains the
largest and then right-most element of Q.

For example, suppose we wish to undo the bumping process for the pair (P, Q)
shown below:

2 4 22

P= =
1 1 3 4 0 11 2 2

We begin by locating the largest integer in P. If there are ties, select the rightmost.
In this example, the rightmost 4 in P is chosen. Then we undo row insertion in P,
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remove the cell in the same position as Q, and then record this move in the bi-word.
This process looks like this:

P:

R O R

2 222
0= 11 W(A): 134

2 4
11
2 4
1 1
2
1 4
P=[24] 0=[1] W= 1134

12222
o=[1] WA= 41134

112222

pP=2 0=9 WA =541 134

It only remains to be shown that for each i, if gsqs+1---¢; is a block of is in
q1---qn, then pg < --- < p,. Just like in the proof of Theorem 5.3, we can use the
second statement in Theorem 5.2. That is, if p; > p;41 forsome s < j < j+1 <t¢,
then by Theorem 5.2, the cell ¢j; | created by inserting pj,1 in @ < p; --- p; would
be strictly above cell ¢; created by p;in @ < p;--- p;_1. But by construction, ¢4
is strictly to the right and weakly below c; so that there can be no such j.

This shows that RSK is bijection from the set of all nonnegative integer-valued
matrices A onto the collection of pairs of column strict tableaux (P,Q) of the same
shape. a

The Schur symmetric functions s; were defined in Chapter 2 using column strict
tableaux, so it should not be a complete surprise that information about the Schur
symmetric functions can be deduced from the RSK algorithm. The product in the
next theorem is called the Cauchy kernel.

1
Theorem 5.6. We have H = zw.

lf Esl(xla-XZV")S)L(ylay27"')
=1 b TR

Proof. Write each 1/(1 —x;y;z) term in the infinite product as a geometric se-
ries and expand. Record the choice of xf”y;”zm, selected from the geometric series
1/(1 —x;y;z) when creating a monomial in the expansion, by placing an m in the

di,j

(i, j) entry of a matrix A. By defining the weight of A = ||a; ;|| to be [T; > x; y?i‘j,
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the coefficient of 7" in the infinite product is the weighted sum of all nonnegative
integer-valued matrices A which have entries that sum to n.

For every (i, j) entry in A, RSK inserts g; j copies of i into Q and g; j copies of j
into P. By defining the weight of the pair (P,Q) to be

H xthe number of times i is in Q_ the number of times j is in P
i J )
i,j=1
the weighted sum over all nonnegative integer-valued matrices A is equal to the
weighed sum over all pairs (P,Q) of column strict tableau of shape A where A
ranges over all integer partitions of .

The Schur symmetric function s, (x1,x2,...) is the weighted sum of all column
strict tableau Q of shape A and s, (y1,y2,...) gives P, so the coefficient of z" on
the right-hand side of the equality is also the weighted sum over all pairs (P, Q) of
column strict tableaux of shape A F n. a

Taking z = 1 and applying Theorems 2.25 and 2.26, Theorem 5.6 tells us that the
basis {s; : A F n} is self-dual in A,,.
We will prove a second Cauchy identity, namely

IT (0 +xyj2) st X122, s (01,2, )@,

ij>1

in Theorem 5.10 by slightly modifying the RSK algorithm to an algorithm known as
dual RSK. Dual RSK involves an analogue of row insertion for row strict tableaux.
We say that T is a row strict tableau of shape A if T is a tableau of shape A such
that integers strictly increase in rows, reading from left to right, and weakly increase
in columns, reading from bottom to top.
Let T be a row strict tableau and j an integer. We define the dual row insertion

of jinto T, denoted T <i J» to be the tableau found by the following three rules:

DO. If T is the empty tableau, then T & Jj is the column strict tableaux with 1 cell
which contains the integer j.

Otherwise we assume that the first row of T contains the integers a; < --- < a, and

T’ is the row strict tableau that is found by removing the first row of 7.

D1. Ifa, < j,then T & Jj results from 7' by adding a cell containing j at the end of
the bottom row of 7.

D2. If g, > j, then let g; be the leftmost entry in bottom row of T that is greater
than or equal to j. Replace a; with j and then dual row insert a; into 7”.

For example, to dual row insert a 3 into the row strict tableau
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Graphically, this dual row insertion looks like

d
2| &4 2 4
d
£3 23 1 2 3
d
£3 1 2 3 5 1 23 5

s k] >

Theorems 5.7 and 5.8 are the dual versions of Theorems 5.1 and 5.2. Their proofs
are so similar to the proofs of Theorems 5.1 and 5.2 that they are left to the reader.

Theorem 5.7. If T is a row strict tableau and j is a positive integer, then T £ jis
a row strict tableau and the bumping path for the insertion of j in T moves weakly
to the left as one proceeds from bottom to top. Moreover, if sh(T) is shape of T and

sh(T £ J) is the shape of T £ J, then sh(T) C sh(T £ J)-

Given a word wi -+ wy, let T <& wy - w, = (---((Tr £ wi) £ wa)---) Lo,
Further, let T; = T < w - - -w; for all i and let ¢; be the single cell in sh(T;) /sh(T;—1).

Theorem 5.8. If w = wy - --wy, is a word of length n > 2 with letters in {1,2,...},
then these two facts are true:

1. Ifwy < -+ < wy, then ciy is strictly to the right and weakly below c; for all i.
2. If wi > -+ > wy, then ci1 is strictly above and weakly to the left of c; for all i.

Algorithm 5.9 (Dual RSK). The input is a matrix A with entries either O or 1.

1. Begin with P and Q the empty tableaux.
2. Let (i, j) be the topmost and then the leftmost nonzero entry in A.

3. Change P to P £ J» thereby adding one cell to P. Add a cell containing i to Q
in the same position as the cell that was added to P.

4. Change A by subtracting 1 from the (i, j) entry.

5. If A is the zero matrix, stop. Otherwise, go back to step 2.

The output is the pair (P,Q).

Like RSK, dual RSK can be phrased in terms of the bi-word of A instead of the
matrix A itself. In this way, we would apply dual RSK by successively dual row

inserting the pairs ; for every i, j pair in the bi-word of A.

From here, Theorems 5.7 and 5.8 can be combined to prove that P is a row strict
tableau, Q is a column strict tableau, and we can recover the order in which the
cells were created in P from Q. Mimicking the proof of Theorem 5.5, the reader
can verify that dual RSK is a bijection between such pairs (P,Q) and 0,1 valued
matrices A.
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Theorem 5.10. [] (1+xy;z) ZSA x1,%2, . )5 (v, )2,

i,j>1
Proof. Expand each term (14 x;y;z) in the infinite product and record the choice of
x;yjz by placing a 1 in the (i, j) entry of a matrix A and the choice of 1 by placing a
0 in the (i, j) entry of a matrix A.

By defining the weight of A = ||a; j|| to be [T, j>x; " yai'j, the coefficient of 7" in
the infinite product is the weighted sum of all {0, 1}- valued matrices A which have
entries that sum to n. The dual RSK row insertion algorithm associates A with a pair
(P,Q) of the same shape where P is a row strict tableau and Q is a column strict
tableau. Define the weight of (P, Q) to be

H x}he number of times i is in Q }he number of times j is in P’

ij>1
the weighted sum over all nonnegative {0, 1}-valued matrices A is equal to the
weighed sum over all pairs (P,Q) of tableau of shape A where A ranges over all
partitions of n, P is a row strict tableau, and Q is a column strict tableau.

The Schur symmetric function s, (x1,x2,...) is the weighted sum of all column
strict tableau Q of shape A and sy/(y1,y2,...) is the weighted sum of all row strict
tableau P so the coefficient of 7" on the right-hand side of the equality is also the
weighted sum over all pairs (P, Q) of shape A - n where P is row strict tableau and
Q is a column strict tableau. a

Dual row insertion can be rephrased in terms of column insertion. Given a
column strict tableau P, we define a column insertion by first transposing P, do-
ing dual row insertion, and then transposing again. Then instead of repeating row
insertion to define the RSK algorithm, we can repeat column insertion to define the
column RSK algorithm.

As a graphical example of column insertion, we have

ey Bl [ Bt P

Algorithm 5.11 (Column RSK). The input is a matrix A with entries either 0 or 1.
Apply RSK to A except replace each instance of row insertion with an instance of
column insertion. The output is the pair (P,Q).

1011
0110

For example, column RSK sends A = [ } to the pair (P,Q) where

P— 0=
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In a similar way that row insertion maintains row strictness, the operation of
column insertion maintains column strictness. Therefore the output P from RSK
column insertion algorithm is a column strict tableau and one can use Theorems 5.7
and 5.8 to prove that Q is a row strict tableau.

The inverse column RSK algorithm can be described: starting with the pair (P, Q)
of tableau of the same shape such that P and Q' are column strict, the inverse column
RSK algorithm is the same as the inverse RSK algorithm (found in the proof of
Theorem 5.5) with the exception that the topmost i is selected if there is more than
one largest integer i in Q. Therefore column RSK is a bijection between 0, 1 matrices
A and pairs (P, Q) of tableau of the same shape such that P and Q' are column strict.

5.3 Weakly Increasing Subsequences in Words

Matrices can be used to represent words and permutations. The matrix representing
the word w=wy ---wy, € {1,...,k}} is the n x k matrix that has a 1 in entry (i, w;) for
all 7 and Os elsewhere. If the word happens to be a permutation, this is a permutation
matrix. For example, the permutation matrix for 1 42 5 3 is

10000
00010
01000
00001
00100

Define the RSK algorithm (or the dual RSK algorithm) on words w = wy ---w,
to be the result when the matrix representing w is inputted into the RSK algorithm.
This amounts to row inserting wy,...,w, into P while recording the placement of
new cells with 1,...,nin Q. For example, RSK sends 1 4 2 5 3 to (P,Q) where

4 s 305
P= =
1 2 3 Q 1 2 4

s

If w is a word or a permutation, we let P(w) and Q(w) denote the output tableaux
P and Q that come from applying RSK to w. We define the words w and v to be
P-equivalent if P(w) = P(v). For example, the words 1212332and2311223
are P-equivalent because

2 3

P(1212332)=P(2311223)=
112 2 3

Our next goal is to characterize P-equivalent words because doing so will allow
us to provide an amazing relationship between the RSK algorithm and increasing
subsequences in words.
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An elementary Knuth operation on a word w is one of these two operations:

1. If y z x appears consecutively in w and x < y < z, then change the order of these
three letters to y x z and leave the rest of w unchanged.

2. If x z y appears consecutively in w and x <y < z, then change the order of these
three letters to z x y and leave the rest of w unchanged.

Both of these two actions interchange consecutive integers on one side of the
middle-valued integer y and both of these actions are invertible. The reason for this
definition is because these operations (and their inverses) preserve the row insertion
process. That is, the first and second elementary Knuth operations give

P(yzx)=P(yxz) = and  P(xzy)=P(zxy)= &I

b}

respectively.

We define two words w and v to be Knuth equivalent if w can be transformed
into v by a series of elementary Knuth operations or inverse elementary Knuth oper-
ations. For example, the words 1 212332 and23 1 122 3 are Knuth equivalent;
we display the sequence of elementary Knuth operations below with a boldfaced x
and z to be interchanged:

1212332 (operation 2)
2112332 (operation 1)
2112323 (operation 2)
2113223 (operation 2)
2131223 (inverse operation 1)
2311223

The row word of a tableau 7 is a canonical example of a word w with P(w) =T.
It is created by listing the elements in each row of T, starting with the top row and
moving down. For example, the row word of

2 3
11 2 2 3

is2311223.
Theorem 5.12. Two words are P-equivalent if and only if they are Knuth equivalent.

Proof. Assume that w =wy ---w, and v are P-equivalent. We will show that word w
is Knuth equivalent to the row word r for P(w). This will imply that v is also Knuth
equivalent to r, from which this direction of the if and only if statement will follow
from the transitivity of Knuth equivalence.

We proceed by induction on the length of the word w. Let ¥ be the row word
for P(wq ---wy—_1) so that, by induction, ¥’ and wy - - - w;,_; are Knuth equivalent. We
need to show that 7w, and r are Knuth equivalent.
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How are r and r’ related? Suppose the bottom row of P(wj ---w,_1) contains the
weakly increasing sequence ri,...,re. This is the sequence at the tail end of /. Let
i be the integer that satisfies

Nn<rn< - <rg<w<r<--<r.

Then the bottom row of P(wy ---w,_1wj,) contains the weakly increasing sequence
r1---Ti—1Wytig1 - - - Fe. This is the sequence at the tail end of r.
Using ~ to denote Knuth equivalence, we have

Pwa=r"r - Fi_1 Fi - Fi_| ¥4 Wn (operation 1)
~r P e R F e Y1 Wa Ty (operation 1)
~ r// r1 o Tl GjWp - Fy_1 T¢ (operation 1)
~ r// |y - i1 rj wy Tigl =+ Fe—1 Iy (Operation 2)
~ P ELT e Fi W Figd e T e (operation 2)
7
~FUFEL s il Wy Figl e 1 Ty

This shows that the tail end of #'w, and r are the same. The resulting words found
by removing these tail ends from #'w, and r are P-equivalent since they both are the
row words for P(wj ---wy,) with the bottom row removed. By induction we have
shown that #’w,, and r are Knuth equivalent, as needed.

For the reverse implication, assume that words w and v are Knuth equivalent. It is
enough to assume that w and v differ by a single elementary Knuth operation. We
will assume that v can be found from applying the first elementary Knuth operation
to w; the case where they differ by the second elementary Knuth operation is similar
and left to the reader.

It is enough to show that

(T y)+2)«x=(T+y)«x)+z (5.2)

whenever x <y < zand T is an arbitrary column strict tableau 7.

By Theorem 5.2, the path of replaced cells in T < y appears strictly to the left
of the path of placed cells in (T  y) <+ z. Similarly, the path of replaced cells in
T < y appears strictly to the right of the path of placed cells in (T «+ y) + x.

Since row inserting z occurs on the other side of the path of replaced cells from
v, the path of replaced cells when row inserting x into 7 <— y is the same as the
path of replaced cells when row inserting x into (7 < y) < z. Similarly, since row
inserting z does not cross the barrier created by the path of replaced cells from y,
row inserting z commutes with row inserting x. This shows 5.2, as needed. a
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A weakly increasing subsequence in a word w = wy---w, € {1,... k} is a
sequence w;; < wj, < --- <w; for some 1 <ij <--- < iy <n. Let Iy(w) be the
maximum number of integers in a union of k disjoint weakly increasing sequences
inw.

For example, if w=1232332231 1, then I;(w) = 6; a longest weakly
increasing subsequence in w is boldfaced:

12323322311.

There are other weakly increasing subsequences of length 6. To show that I (w) =9,
a second weakly increasing subsequence in w is italicized:

12323322311.

Although it worked this time it may not always be the case that I;(w) can be found
by examining the integers not used in the subsequence found for 7; (w). From here
we find Iy (w) = 11 for all k > 3 since it takes three disjoint weakly increasing sub-
sequences to use every integer in w.

Continuing this example, we have

P(12323322311)=

—_— N W

3
2.3
11 2 2 3

The shape of this tableau is the integer partition (6,3,2). As our next theorem shows,
it is not a coincidence that I; (w) = 6, L(w) =6+3, and I3(w) =6+3+2.

Theorem 5.13. Let w be a word and let A = (A1, A2, ... ) be the shape of P(w) where
Ag is the last nonzero entry in A. Then I(w) = A1 + -+ A for all k > 1.

Proof. Let r be the row word for P(w). Integers in a weakly increasing subsequence
in r must come from different columns in P(w). The longest weakly increasing
subsequence in r therefore uses every column. This means that /;(r) = A; and that
the longest weakly increasing subsequence in r consists of the A; integers at the tail
end of r. Removing the bottom row of P(w) and continuing inductively, we see that
I(r) = A1 + - -+ + A4 for the row word r.

It is enough to show that I; (w) = I;(v) whenever w and v are Knuth equivalent—
after all, we have just proved the theorem true for row words and, by the proof of
Theorem 5.12, every word w is Knuth equivalent to the row word for P(w). Further,
we only need to show that I (w) = I(v) when w and v differ by an elementary
Knuth operation. We will assume that w and v differ by the first elementary Knuth
operation and leave the similar case of the second elementary Knuth operation to
the reader.

Suppose w and v are the same except for three consecutive letters x < y < z which
appear as y z x in w but appear as y x z in v. The inequality I; (w) < Ix(v) follows
immediately because both x and z can be a part of a weakly increasing subsequence
in v but not in w.
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Suppose the vy,...,v; are disjoint weakly increasing subsequences in v which
contain a total of I;(v) integers. To show I (w) > I(v), we will construct weakly
increasing subsequences in w with the same lengths as vy,...,v;. If x and z do not
both appear in the same subsequence v; for some i, then vy,...,v; are the desired
disjoint weakly increasing subsequences in w. For the remainder of this proof we
now assume that x and z both appear in v; for some i.

If y is not in vy,..., v, then replace x in v; with y to find the desired weakly
increasing subsequences in w.

If y appears in v; for i # j, then let v; be the initial portion of v; that appears
up to and including the x concatenated with the tail end of v; that appears after
the y. Similarly, let v} be the initial portion v; that appears up to and including the y
concatenated with the tail end of v; that appears after the x. Then vy,...,v; with v;
and v; changed to v} and v;- are the desired disjoint weakly increasing subsequences.

We have now shown Iy (w) < I (v) and I (w) > I(v), so these two integers are
equal, as needed. O

5.4 Paths in Permutation Matrices

Drawing certain paths connecting the 1s in a permutation matrix can give a visual
representation of the RSK algorithm. This new understanding will allow us to prove
that if RSK sends the matrix A to (P, Q), then RSK sends AT to (Q, P).

Let M be a permutation matrix and let (i, j) be an entry containing a 1 in M. We
define an upright path segment to be a path created by starting at an entry in column
Jj below the 1, moving up column j until reaching the 1, and then moving right to
the first column which has a 1 above row i (or the last column of M if no such 1
exists). An upright path in M is created by chaining together upright path segments,
staring at the bottom entry of the first column in M.

For example, below is an upright path in the permutation matrix for 6257 1 4 3:

OO O O O O
O O O=O=Om—m O
—_ o O O O © <O
S = O O O o O
S O O O = DO O
S O O O O O
S O O = O O 2D

A path diagram for the permutation matrix M is the matrix M together with nested
upright paths. Create a path diagram by drawing an upright path staring in the bot-
tom left entry of M. Ignore any 1s appearing in this path and draw another upright
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path, this time starting at the bottom entry of the leftmost column which contains
a 1. Iterate, continuing to draw upright paths until every 1 is in a path.
For example, here is the path diagram for the permutation matrix for 6257 1 4 3:

00 O0O0O0 0
0 r=0—0—0—0 0
0000 P00
00 0 O0O0O0 ¥
=0 0 0 0 0 O
000 10 00
0 0 =0 0 0 O

The path diagram for the permutation matrix representing ¢ is related to the
column strict tableau P(o) and Q(o). We will soon show that an upright path begins
in column j exactly when there is a j in the bottom row of P(o) and an upright path
ends in row i exactly when there is an i in the bottom row of Q(o).

To verify this with our above example, the upright paths begin in columns 1,3,
and 7 and end in rows 1,3, and 4. These are indeed the bottom rows of

P(6257143)= and 0(6257143)=

Going one step further, the sequence of column strict tableaux found when building
P(o) with the RSK algorithm is

6 6
6 6 6 2 25
Ez 25 25 7] |15 7 1 4 7

The bottom rows are 6, 2, 25, 257, 157, 147, and 137. Look at the top 1 row of M
only: the upright path begins in column 6. Look at the top 2 rows of M only: the
upright path begins in column 2. Look at the top 3 rows of M only: the upright paths
begin in columns 2,5. In general, looking only at the top k rows of M, an upright
path begins in column j exactly when there is a j in the bottom row of the k' column
strict tableau found when building P(o). This is the content of our next theorem.

4
37

— N N

Theorem 5.14. Let M be the permutation matrix for the permutation ¢ = O} - - - Oy.
Then the bottom row of & <— 0| < --- <— Oy contains a j exactly when the top k
rows of the path diagram for M contains an upright path beginning in column j.
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Proof. The case k = 0 is vacuously true. We proceed by induction.

Suppose Oy is larger than each entry in the bottom row of & <— 61 < -+ < O.
Row inserting 0y simply appends Oy to the bottom row. In this case the 1 in row
k41 in the permutation matrix M must appear farther to the right than all above 1s.
This means that a new upright path in the first kK rows of M begins in the o}
column, as needed.

Suppose Oy is not larger than each entry in the bottom row of & <— 0] -+
Ok. Let x be the smallest entry in the bottom row which is larger than 6. Then
row inserting Oy into & <— G «— - - - <~ O replaces the x in the first row with Gy .

By our choice of x, the 1 in column x in M is the nearest 1 northeast of the 1 in
column oy 1. This means that the 1 in column x and the 1 in column oy are in
the same upright path. Since the 1 in column oy, | appears to the left of the x, this 1
now marks the start of this upright path, as needed. a

Theorem 5.15. Let 6 be a permutation with permutation matrix M. An upright path
in the path diagram for M begins in column j and ends in row i if and only if j is in
the bottom row of P(0) and i is in the bottom row of Q(0).

Proof. Taking k = n in Theorem 5.14 says that P(0) contains j whenever an upright
path begins in column ;.

An element k+ 1 appears in the first row of Q whenever oy is greater than
each entry in the bottom row of & <— 01 < - -+ <— 0. As seen in the proof of Theo-
rem 5.14, there is an up-down path with a final 1 in row k+ 1 each time this happens.
Therefore each time there is a k+ 1 in the first row of Q, there is an up-down path
which ends in row £+ 1. O

The proof of Theorem 5.14 says that an integer x is placed into the second row of
P(0) each time an up-down path has a new up-down path segment. In other words,
a 0 appearing in a corner of an up-down path appears in column j exactly when
the second row of P(o) contains a j. Therefore to find the second row of P(o) and
0(0), we can create a second path diagram by connecting the corner Os from the
first path diagram with upright path segments. For example, below we show this
second path diagram in our running example:

0 00O0O0 L0
0 000 0-0
0000 100
0 00O0O0OO0T1
I 0=0-—-0—-0—0 0
00 0 I 000
00 100 0O

This second path diagram has upright paths which begin in columns 2 and 4 and end
in rows 2 and 6, so the second rows of P(c) and Q(o) are 2,4 and 2,6.
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To find the third row of P(c) and Q(o) and beyond, iterate this procedure. Create
a path diagram using the corner Os from the previous iteration of the path diagram
to form new upright paths. The columns and rows which begin these paths give the
desired row in P(o) and Q(0).

Theorem 5.16. We have P(6~') = Q(c) and Q(6~') = P(0) for all 6 € S,.

Proof. The columns in the path diagram of the permutation matrix M tell us P(o)
and the rows tell us Q(o). Therefore the rows in the path diagram of M tell us P(o)
and the columns tell us Q(o). Since the permutation matrix for 6! is M", we have
the desired result. O

Another way to phrase Theorem 5.16 is to say that RSK sends M to (P,Q) if and
only if RSK sends M™ to (Q, P) for all permutation matrices M. We can extend this
result to any nonnegative integer-valued matrix A by carefully changing A into a
permutation matrix.

Let A = ||a; j|| be an m x n nonnegative integer-valued matrix. Let r; be the sum
of row i and let ¢ be the sum of column j in A. The permutation matrix s7(A), called
the standardization of A, is the block matrix defined in the following way. Change
the i, j entry in A to the r; X ¢; block matrix with j,i block equal to the a; ; x a; ;
identity matrix and all other blocks equal to 0. For example,

1,0/0 0/0 0

0 0| 0/0 0

3121\ _|00[00/no0
“([121})_ 07,0 0]0 0 ©-3)

0 00 L0 0

00/00/01

This definition of standardization gives that transposition and standardization
commute. In symbols, st(AT) = st(A)".

The reason for this definition of s¢(A) comes from the order in which entries in A
are used in RSK. For example, if A is the matrix shown in (5.3), then we would use
the (i, j) pairs in the order

(1,1),(1,1),(1,1),(1,2),(1,3),(1,3),(2,1),(2,2),(2,2),(2,3)

when creating P and Q. The effect of standardization is that the 1s in the first coordi-
nate of this list of ordered pairs are relabeled from left to right with 1,2,...,¢;. Then
the 2s are relabeled from left to right with £; +1,...,¢; 4+ ¢», and so on. Applying
this relabeling procedure twice, once for each coordinate, we find

(1,1),(2,2),(3,3),(4,5),(5,8),(6,9),(7,4),(8,6),(9,7), (10, 10).

Standardization makes the integers in both the first and second coordinates distinct.
The matrix st(A) is the permutation matrix for the permutation created by reading
the second coordinates off of this list of ordered pairs.
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If we keep track of rjr--- and cjc; - - -, then standardization is reversible. These
row and column sums tell us the size of each block in the block matrix st(A)
from which we can reconstruct A. In other words, the function which sends A to
(st(A),rirp--- ,cica--+) is a bijection.

We define a standard tableau to be a column strict tableau 7' of size n such that
each of the integers 1,...,n appear exactly once in 7. If w is a word, the tableau
QO(w) will be standard. Similarly, both P(c) and Q(0) are standard tableau if and
only if o is a permutation.

Just as the standardization of a matrix A makes the integers inserted in RSK dis-
tinct, we can define the standardization of a column strict tableau T in order to make
the integers in T distinct. Suppose 7 is a column strict tableau with ¢; appearances
of 1, ¢, appearances of 2, and so on. We can take T and create a standard tableau
st(T) by relabeling the 1s in T from left to right with 1,...,¢;, then relabeling the
2s in T from left to right with ¢; +1,...,¢; 4+ ¢5, and so on. Below we display an
example of T and st(T):

3
T=12
1

— N W
—_ W
©
3l
Y
~
~—
I

If we let #; the number of is in T, then we can reconstruct 7 from the pair
(st(T),t). In other words, the function which sends T to the pair (st(T),f1t---)
is a bijection.

Theorem 5.17. Let A be a nonnegative integer-valued matrix. If RSK sends A to
(P,Q), then RSK sends A" to (Q,P).

Proof. Suppose that applying RSK to A involves the sequence of row insertions
& < ji + --- < ju. When changing to the standardized matrix st(A), the RSK

algorithm will instead row insert & < jj < --- < j;, where ji,..., j, is a sequence
such that j; < j; whenever j; < ji. In other words, the relative magnitude of any
two terms in the sequences ji, ..., j, and ji,..., j, is the same.

This means that the row insertions when RSK is applied to A match exactly the
row insertions when RSK is applied to st(A), with the exception that the integers
Jis---,J, are used instead of ji,..., j,. RSK inserts equal integers from left to right,
which matches our method of standardizing a column strict tableau, and so we can
conclude that RSK sends st(A) to (st(P),st(Q)).

We can now use Theorem 5.16 on the permutation matrix s¢(A) to find that RSK
sends st(A)" = st(A") to (st(Q),st(P)).

Let riry--- and cicy--- be the row and column sums of A. We can undo the
standardization process on st(A"), using cic; - - - as row sums and ryr; - - - as column
sums, to find AT. Similarly, we can undo the standardization of st(Q) using rir; - --
to find Q and undo the standardization of st(P) using cjc;--- to find P. We have
now found that RSK sends AT to (Q, P), as desired. O
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5.5 Permutation Statistics from the Cauchy Kernel

Let 6 = 03 - - - 0, be a permutation. If we let Des(o) the set of indices i for which
O; > 0it1, then the descent and major index statistics can be written as des(o) =
[Des(6)| and maj(0) = ¥,epes(o) i

We can adapt these definitions for standard tableaux. If T is a standard tableau,
we define Des(T) to be the set of indices i such that i 4+ 1 appears in a row
above i. The descent and major index statistic for standard tableau are defined by
des(T) = [Des(T)| and maj(T') = Xicpes(r)i- The relationship between the set Des
for permutations and the set Des for the output of RSK is in our next theorem.

Theorem 5.18. For all 6 € S, Des(6) = Des(Q(0)) and Des(6~!) = Des(P(0)).

Proof. Let T be a column strict tableau. If 6; < 0;+1, Theorem 5.2 says that the
last cell inserted in T <— o; appears strictly to the left of the last cell inserted into
(T < 0;) - 0iy1- This implies that i + 1 does not appear above the row containing
iin Q(o).

If 0; > 0;41, then a similar argument as found in the proof of Theorem 5.2 shows
that the path of replaced cells in T <— o; appears strictly to the right of the path
of replaced cells in (T < 0;) < 0;+1. Therefore the last cell inserted into T < o;
appears strictly to the right of the last cell inserted into (T < ;) < 0;+;. This
implies that i + 1 appears above the row containing i in Q(0).

We have now shown that Des(o) = Des(Q(0)). Using Theorem 5.16, we also
have Des(c~!) = Des(Q(c~!)) = Des(P(o)). O

Theorem 5.19. For all A - n,
1 maj(T)
0 (),

TEST),

sl(17q)q27"') =

where ST), is the set of standard tableaux of shape A.

Proof. Let sum(T) denote the sum of the integers in a tableau 7. In Exercise 2.9
it is seen that ) = Yrcrcs, w(R) where RCS, is the set of reverse column strict

sum(R)—n where the sum runs over

tableaux. Therefore 5, (1,4',4%,...) isequalto Y q
all R € RCS,.

Each R € RCS, can be turned into a T € CS), by a reverse standardization proce-
dure: working from the largest integer to the smallest in R and moving from left to
right for repeated integers, replace the integers in R with the integers 1,2,...,n. An
example of an R € RCS), and the tableau T € ST, found by the reverse standardiza-

tion procedure is below:

=
Il
~ o=

1
2 1 1 T=1|4 5 10 11
33 2 2 1 1 2 3 6 7

12
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Let r = ry---r, be the word created by listing the integers in R in weakly
decreasing order. Define a word a = a;---a, by a; =ri—riyp fori=1,....n—1
and a, = r,. For example, the table below shows r and a for the example R and T
shown earlier in this proof:

1 2 3 4 5 6 7 8 9 10 11 12
r= 4 3 3 2 2 2 2 1 1 1 1 1
a= 1 0 1 0 0 O 1 O O 0 O 1

Then we have that r; = a; + a1+ -+ ay, and so sum(R) =rj +---+71, =
la; +2ay + -+ - + na,. Additionally, we have a, > 1 and a; > (i € Des(st(T))) for
i=1,...,n—1 where x(A) is 1 if the statement A is true and O if A is false. This
fact comes from the observation that an element in Des(o) can only exist when the
reverse standardization process changes from relabeling the ks in R to relabeling the
(k+1)s in R for some k.

Therefore s(1,¢,4%,...) = Yrercs, 4™

qfn 2 2 2 2 qla|+2a2+--~+nan

TeST) aj>y(1€Des(T))  ay—1>x(n—1€Des(T))an>1

=q" Y > (ghn 3 (@)=t Y (g™

TeST) a;>y(1€Des(T)) ay—1>y(n—1€Des(T)) an>1
(ql)x(leDes(T)) . (qn—l)x(n—leDes(T))qn

TEST, (I=g")--(1=g"" ) (1—¢")

m(R)=n i5 equal to

_ ,n

where the last line came from summing the multiple geometric series. This last
equation can be seen to equal Yrcsr, gD /(1 —gq)---(1—¢")), asneeded. 0O

By making small modifications to the above proof, we can refine Theorem 5.19
by descents. This refinement will be used to find generating functions for permuta-
tion statistics, as we will see in Theorem 5.21.

Theorem 5.20. Let (x;q),+1 denote the product (1 —xq°)(1 —xq")--- (1 — xg").
Then for all A - n we have

0o 1 ]
z ka;L (qu’ o 7qk) = — Z xdes(T)qmaj(T)7
k=0 (6 @)n+1 TEST,

where ST;, is the set of standard tableaux of shape A.

Proof. Let max(T) denote the maximum integer in the tableau T'. For reasons given
in the proof of Theorem 5.19, 5, (1,4",...,4") is equal to > g™ R~ where the sum
runs over all R € RCS) with max(R) <k—+ 1.

Each R € RCS), with max(R) < k+ 1 can be turned into a column strict tableau
C € CS), with max(C) < k+ 1 by replacing each integer i in R with k+2 — i. For
instance, if k = 3, the R on the left turns into the C on the right in the diagram below:
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=
I
~ =
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Changing R to C in this way changes the sum of the tableau. Indeed, sum(R) =
(k+2)n —sum(C).
At this point we have

zxksl(l’ql,_..7qk):2xk 2 qgum(R),n
k=0 k=0 R € RCS; has max(R) <k+1
- i )g( 2 q(k+2)n—sum(c)—n

k=0 CeCS) has max(C) <k+1

_ 2 (an)k 2 qrzfsum(C)

k=0 C € CS) has max(C) <k+1
1 n - n—
:l ; Z (xq )max(C) lq sum(C)7 (5.4)
~—X4" cecs,,

where the last equality can be seen by expanding 1/(1 —xg") as a geometric series
and then examining the coefficient of x*.

The usual standardization procedure associates each C € CS; with a pair of the
form (st(C),c) where st(C) is an element in ST, and ¢ = cjcz--- is a word such
that ¢; is the number of appearances of i in C. Let w = wy - - - w,, be the word created
from c by replacing c; with ¢; copies of i for all i. Defineaworda =ay ---a, by a; =
wir1 —w;fori=1,...,n—1 and a, = wy. The word a has the following properties:

1. We have max(C) =a; +--- +ay.
2. We have sum(C) =n-max(C) — (la; +2ax+ -+ (n— )a,_1).
3. We have a, > 1 and a; > x (i € Des(st(T))) fori=1,...,n—1.

Therefore (5.4) is equal to

-1

X Z Z 2 z xal+---+anq1a1+-~-+(n71)a,1,1

1 —xq" TEeST) a;>x(1€Des(T))  a,_1>yx(n—1€Des(T))an>1
—1
x —
= 1_7an Z Z (qu)m z (an l)an,l Z n
TeST) ayj>x(1€Des(T)) an_1>x(1€Des(T)) a1
x’l (qu)X(leDeS(T» .. (xqﬂfl)l(nfleDes(T))xl

1 —xq" 1 &7, (1—xg")---(1—=xg"1)(1 —x) ’

where the last line came from summing the multiple geometric series. This last
equation can be seen to equal Xrcgr, x9es(T) gmai(T) /(x: ¢) 11, as needed. O

The Cauchy kernel can be used to extract information about permutation statis-
tics, as we see in our following theorem and in Exercises 5.3 and 5.6.
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Theorem 5.21. Let (z;p,q)k+1.0+1 denote Hi‘(:() H§:0(1 —zp'q’). Then we have

4y

K0 @P D1

5 Z—n xdes((i)yde.s'(o’l)pmuj(o’)qmaj(oﬁl) _
=0 (5 P)nt 1 (V Dt o5,

Proof. Taking x; = p'"! fori=1,....,k+1andy;=¢/ ! for j=1,...,0+ 1 and
all other variables x;,y; = 0 in Theorem 5.6, we find

1 ki 1
@ Dirrerr Qg 1 —pigiz
— < 1 k 1 0\ _n
2 sl( 7p7"'7p )Sl( 7q""7q )Z
n=0Atn

de% maj(Q) ydes(P) qmaj(P)

-3y 3 °

n=0 Abn QST (x5 P)n+1 PEST,, (V:@)n+1

xkyt

where the last equality comes from taking the coefficient of x* in Theorem 5.20.
When restricted to permutations, the RSK algorithm is a bijection between permu-
tations ¢ € S, and pairs (P(0),0(0)). Using this fact together with Theorem 5.18,
we have

v i Ty de(0)des(o ) pmai(e) gmai(o )
(@2 Qi1 S (5Pt (y D1 o3, ot
The result follows from multiplying by x*y’ and summing over all k, ¢ > 0. O

5.6 Hooks

Let A be an integer partition of n. The hook of a cell ¢ is the “L’-shaped subset of
cells in the Young diagram of A consisting of the cell ¢, all cells to the right of ¢
and in the same row, and all cells above ¢ and in the same column. For example, the
hook of a cell ¢ is shaded in the Young diagram below:

We define the hook length of the cell ¢, denoted 4(c), to be the number of cells in
the hook of c. Below we have filled each cell ¢ in the Young diagram for the integer
partition (6,5,3,2) with its hook length &(c):
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2
4
7
9

1
3
6
8

Theorem 5.22. For any A = (A1,A2,...) Fn,

g Mg (Lg,gh ) =]
cEA

o
1— qh(c)

)

where the notation ¢ € A means that c is a cell in the Young diagram for A.

sum(T)—n

Proof. As seen in the proof of Theorem 5.19, 53 (1,4,4%,...) = Yrecs, 4
where sum(7') denotes the sum of the elements in 7. Use the factor of ¢~ in this
sum to subtract 1 from each integer in T € CS; and use the g~ **1~1"%2~"" term to
subtract (i — 1) from each integer in row i of 7. This process changes each T € CS,
into a tableau filled with nonnegative integers such that

1. the integers weakly increase when reading bottom to top within columns and
2. the integers weakly increase when reading left to right within rows.

A tableau which satisfies the above conditions is called a reverse plane partition.

Let RPP), be the set of reverse plane partitions of shape A. Given any T € RPP;,
let 7. be the nonnegative integer found in cell c. By defining the weight of T € RPP),
to be W(T) = [Teelis ¢ in 7 47> We now have

g "M (Lg, gt )= Y, w(R). (5.5)
RERPP,

Let T; denote the set of tableaux of shape A, filled freely with nonnegative inte-
gers. Looking at the right side of the equality in the statement of the theorem, write
each term in the product [T.c; 1/(1 —¢")) as a geometric series and expand, sel-
ecting a term of the form ("))’ for each ¢ € A. Record the choices of i made for
each cell by placing an i into cell ¢ in a tableau T € T) . By defining the hook weight
of T € Ty to be hw(T) = [Teeits ¢ in 7(¢")) ¢, we now have

1
—_—— = hw(T). 5.6
g(l—q’“")) Te% " oo

Comparing equations (5.5) and (5.6), we see that the theorem can be proved by
defining a bijection ¢ : RPP; — T, such that w(R) = hw(¢(R)) for all R € RPP;.
The bijection we will describe is an algorithm due to Abraham Hillman and Richard
Grassl [61].

The input to the algorithm is an element R € RPP), with not every entry equal
to 0. The image of R is the element T € T), found by the following these steps:

1. Begin with T the tableaux of shape A with all entries 0.

2. Locate the most north west nonzero element in R, say it lies in cell c.

3. Create a path P which moves down and to the right in R by starting at cell c. The
next step in P will move down if the cell below ¢ contains the same integer as ¢
and the next step in P will move to the right otherwise. Continue creating P by
moving down and to the right in this manner until no more moves are possible.
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4. Subtract 1 from each cell in R that lies on the path P.

5. If P begins in column j and ends in row i, then add 1 to row i, column j entry

of T.

6. If R contains a nonzero entry, go back to step 2. If R contains only Os, then the

output of the algorithm is 7'.

We give an example of this process below, where the appropriate path P is shaded

in each step:

S = W
_ =W
NN W
N W W

S = N
— =N
[SS 2NN NS RN \S)
[SS 2NN NS RN NS
(NS RN\

I 1 1 2
1 1 1 2 2
o 1 1 1 1

oS o O
S O =
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oS o O
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=
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oS o O

(=R elNe)
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—_ = O
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This algorithm moves from left to right down the columns of R, so the last entry
added to T lies in the right-most nonzero column of 7. Furthermore, the weakly
increasing rows and columns in R force the last entry added to T to appear in the
bottom entry of this column. Therefore since the last increased cell in T can be iden-
tified, this algorithm is reversible: given a pair R, T, recreate the path P by traveling
up and to the left, moving up whenever neighboring entries in different rows are
equal and moving left otherwise.

The algorithm is a bijection since it is reversible. The algorithm is also weight
preserving since at any step in the algorithm we have w(R) = hw(T) by design. This
completes the proof. a

Theorems 5.19 and 5.22 combine to give the following corollary.

Corollary 5.23. For any A = (A, A2,...) Fn, we have

Z qmaj(T) _ [”]q! q0l|+llz+-"
TEST), Ileer [h(c)]q

where ST), is the set of standard tableaux of shape A.

Proof. Comparing the expressions for s; (1,¢,4,...) in Theorems 5.19 and 5.22,

1 maj(7') 1 07 +1Ap++
(1=q)(1-¢*)(1-¢") T;STl Meen(1-4"9)
The corollary follows by solving for ¥resr, g™4(T) and simplifying. a

Let f* denote the number of standard tableaux of shape A - n. Taking ¢ = 1 in

Corollary 5.23 gives that
n!
fr=m— (5.7)
Hcel h(C)

for any A - n. This identity, which gives a wonderful way to find the number of
standard tableaux, is known as the hook length formula. For example, instead of
calculating 32 by listing the standard tableaux below, we can instead use the
hook length formula to see that f(3?) =51/(4.3.2.1-1) =5.

4 5 3.5 3 4 2.5 2 4
1 2 3 1 2 4 1 2 5 1 3 4 1 3 5

bl b} b} ) )

Since we proved the hook length formula in a somewhat roundabout way, the
intuition giving why the formula is correct may not have been fully formed. To gain
insight, consider the following incorrect, but enlightening “proof™ of (5.7):
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Proof (incorrect). Randomly place the integers 1,...,n into the Young diagram of
shape A I n to create a tableau. Such a naive filling will be a standard tableau exactly
when each cell ¢ is the smallest of the integers in its hook. The probability that
this happens for any given ¢ € A is 1/h(c). Therefore the probability of creating a
standard tableau is 1/[].c3 A(c).

There are n! random placements of the integers 1,...,n into the Young diagram
of shape A, so the number of standard tableaux f* is equal to n!/[T.c; h(c). O

The error in the proof is that the probability of one cell ¢; € A being the small-
est integer in cs hook is not independent from the probability of a second cell
¢y € A being the smallest in c¢;s hook. Because the probabilities are not indepen-
dent, we cannot simply multiply them together in order to find the probability of
creating a standard tableau. Strangely, however, since the hook length formula is
indeed true, the probability of creating a standard tableau by randomly placing the
integers 1,...,n into a Young diagram is 1/[].c; #(c) nevertheless!

Exercises

5.1. Let T be a column strict tableau with distinct entries and let j # k be integers
not found in 7. Show that (T < j) | k= (T | k) < j, that is, show that row insertion
and column insertion commute when all integers involved are distinct.

5.2. For 0 = 01---0, € S, define 6" to be the reverse permutation o, --- 7. Use
exercise 5.1 to show that P(6”) = P(o)'.

5.3. Show that the generating function

0o e (n—1)—des(o) des(o’l)p(g)—maj(c) maj(c!)

Y x y q

n=0 (x§p)n+1 (y§Q)n+1 o€S,

is equal t0 ¥y ;>0 %%y (=23 P, @)kt 1,041-

5.4. Let A be a symmetric matrix. By Theorem 5.17, RSK sends A to (P, P) where P
is a column strict tableau. Show that the trace of A is equal to the number of columns
of an odd length in P.

5.5. Use exercise 5.4 to show that

M T

0dd(2) |2
)
s L= xivz i 1 —xixjz

5 :Zsl(xl,xz,...)y
A

where odd(A') is the number of odd parts in the conjugate partition A'.
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5.6. Let I, be the set of involutions in S, that is, the set of permutations in S, with
0 = 0!, Use exercise 5.5 to find a generating function for

S n )
. Z xdes(a)yﬁx(c)pmaj(c)
n=0 (x’p)nJrl o€l,

where fix(o) is the number of fixed points in the permutation o.

5.7. Simplify these sums:

Zfl’ Zt(f-?L)Z7 Zf27L'

Abn Abn Abn

As usual, f* denotes the number of standard tableaux of shape A. The notation 21
means every part in A is multiplied by 2. Exercise 5.4 may help with the third sum.

Solutions

5.1 We proceed by induction on the maximum element m found in (7 < j) | k.

Let j = j1, jo,- .., je be the sequence of replaced cells in T < j. This increasing
sequence moves up and weakly to the right in 7. Similarly, let k =k, k2, ... k, be
the sequence of replaced cells in T | k. This increasing sequence moves to the right
and weakly down in T. The diagram below simultaneously displays how these two
sequences must appear in T <— jand T | k:

Je
Je-1
ki ky k3 ‘ :

Js

J4
ks — B b
J2
Ji ky
Case 1: m is not in either of the sequences ji,...,j; or ki,...,k,. Then m can

be removed from T to form 7’ without influencing either sequence—the operation
of adding or removing m is independent of row inserting j or column inserting k.
Remove m, invoke induction to find that (T’ < j) | k = (T" | k) < j, and then
reinsert m to see that row and column insertion commute.
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Case 2: m is found in the sequence ji,..., jy (this means j, = m) but not in the
sequence ki, ..., k,. Since m is the largest integer involved, row insertion terminated
one step after m was bumped from 7. In other words, either j = m or the position of
min T is at the cell labeled j, | in T < j.

If the cell containing m in T is removed to form 7”, then the sequence of replaced
cells in the row insertion T’ < j is the same sequence jy,..., jo_; but with the last
integer j, removed. This means T’ < j is equal to T < j with m removed, showing
that removing or replacing m is independent of row inserting j.

Since m is not in kq, ..., k,, this sequence cannot involve the cell containing m
in T. Therefore removing or replacing m is independent of column inserting k. Now
we can remove m to form 77, invoke induction (7’ + j) | k= (T’ | k) + j, and
then reinsert m to see that row and column insertions commute.

Case 3: m is not found in the sequence jy,..., jo butis in the sequence k..., k.
The result follows from an argument very similar to that found in Case 2.

Case 4: m is in both sequences ji,..., js and ky,...,k, and j,_; > k,—1. A dia-

gram simultaneously illustrating the sequences ji, ..., je and kq,...,k, in T < j and
T | klooks like this:
ki ko Je Jo—1 =k
3
kn
J3
J2
J1
If more than one integer in the sequence j,..., jo—; was found in the column of

T <« j containing j,_1, then since k,,_| appears above j,_ in T | k, it would follow
that ky_1 > j,_1. This means T actually looks something like this:

ky k3

k4 kn—l m

Ji-1

J2

From here it can be seen that both (7 + j) | k and (T | k) < j are the same; in
particular, illustrating what happens with the above diagram, they are both equal to
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ki ko m

ky e kn—llj[—l‘

Ji—2

J1

Case 5: m is in both sequences ji,...,js and ky,...,k, and j,—; < k,—1. The
result follows from an argument very similar to that found in Case 4.

5.2 We have
P(0)=0+ 0,0y 0=} 0, 0y < O]. (5.8)

Exercise 5.1 says that (5.8) is equal to @ < 0,,_| < --- ¢ 01 | Oy, so, by induction,
we know that

P<0-r):®\LGI~L62\I/"'\LO-n-

Repeated column insertion of a list of distinct integers gives the conjugate standard
Young tableau as repeated row insertion. Therefore P(6”) = P(o)'.

5.3 Takingx;=p'~!fori=1,....k+1landy;=¢/ ! for j=1,...,0+1 and all
other variables x;,y; = 0 in Theorem 5.10, we find

k /
(=20, @101 = [[T](1 + P'e’z)
i=0 j=0

= z Z l yPye-s P k)sl(lvqa"'vqé)zn
n=0Arn

oo xdes(Q’) pmaj (@) ydes(P) qmaj (P)

=2y X

. . )
n=0 AFn QEST, (%6 P)nt1 PEST;, ¥ @)ns1 eyt

where the last equality comes from taking the coefficient of x* in Theorem 5.20.

The integer i + 1 is in a row above i in the standard tableau 7 if and only
if i+ 1 is not in a row above i in the conjugate standard tableau T’. Therefore
Des(T) = {1,...,n— 1} \ Des(T’). By theorem 5.18, des(T’) = (n— 1) — des(o)
and maj(7’) = (}) —maj(o).

Using Theorem 5.18 again for the P tableau and using the observation that
the dual RSK algorithm is a bijection between permutations ¢ € S, and pairs
(P(0),0(0)"), we have that (—z; p,q)k+1,6+1 is equal to

©0 n

2 x(n—l)—des(o)ydes(c’l)p(g)fmaj(o)qmaj(o’l)

n=0 (X;P)nﬂ (Y§f1)n+1 oES, xkyé

The result follows from multiplying by x*y’ and summing over all k, ¢ > 0.
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5.4 We proceed by induction on the number of rows in P, with the case of zero rows
being vacuously true.

The standardized matrix st(A) is symmetric and the trace of A and st(A) are
equal, allowing us to reduce to the case where A is a symmetric permutation matrix.

The path diagram for A is symmetric, so each upright path in the path diagram
must either have a 1 on the diagonal or a corner 0 on the diagonal. Let A be the
matrix A with any 1s found in the path diagram removed and any corner Os in the
path diagram turned into 1s. Let P be P with the bottom row removed.

Since the second path diagram determines the shape of P, we know by induction
that t7(A) is equal to the number of columns of an odd length in P. Therefore t7(A) is
the number of columns of an even length in P—equivalently, each 0 on the diagonal
of the path diagram accounts for a columns of an even length. Since the total number
of up-down paths in the path diagram is the total number of columns, it follows that
the number of 1s on the diagonal of A is the number of columns of an odd length.

5.5 We use ideas similar to those found in the proof of Theorem 5.6.

The coefficient of z” on the left-hand side is the weighted sum over all symmetric
matrices A with nonnegative integer entries that sum to n. This can be seen by ex-
panding each term in the products as geometric series. The terms in the first product
dictate the diagonal entries of A and the terms in the second product dictate both the
(i,7) and (j,i) entries in A. Since each choice of diagonal entry comes along with a
power of y, the exponent on y is the trace of A.

RSK is a weight preserving bijection which changes the symmetric matrix A
into a single-column strict tableau P such that P has size n and, by exercise 5.4,
P has tr(A) columns of an odd length. Summing over all possible shapes A of P
and noticing that odd(A1) =¢r(A), we can see this is exactly what is counted by the
coefficient of z" on the right side of the equality.

5.6 Take x; = p'~ ! fori=1,...,k+ 1 and all other x; = 0 in exercise 5.5 to find

1 1 < K odd(') n
e e = sa(1,p,...,p*)y*d™ )z
(¥2: P)kr1 0<i< j<k (1=ptiz?) n;o%

:ifzﬁmﬁzx p

n=0 Afn PEST,, (X5 P)n+1 *

des(P) ,,maj(P)

7

where the last equality comes from taking the coefficient of x* in Theorem 5.20.

Each standard tableau P corresponds to an involution o € I, by applying the
inverse to the RSK algorithm to the pair (P, P). Furthermore, by exercise 5.4, the
trace of the permutation matrix representing ¢ is equal to odd(A") where 4 is the
shape of P. Since the trace of the permutation matrix gives the number of fixed
points in o, the above string of equalities is equal to

n

- Z
. xdes(c)
=0 (X P)n+1 o€l,

yﬁx(o)pmaj(c)

¥k
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by Theorem 5.18. Multiply by x* and sum over all k > 0 to find that the desired
generating function is

IR ; G

k=0 ()’Z;P)kﬂ 0<i<j<k (1 _piJerz) .

5.7 Let I, be the set of involutions in S,. RSK is a bijection from /, to pairs of the
form (P, P) where P is a standard tableaux of size n. Therefore

Y f* = (the number of standard tableau of size n) = |I,|.
Abn

The generating function for the number of involutions of n was given in section 4.4.
RSK is a bijection from S, to pairs of the form (P,Q) where P and Q are both
standard tableaux of size n. Therefore

Y ( f*)? = (the number of standard tableau of size n)> = |S,| = n!.
Abn

As for the third sum, notice that

=3 A= Y A
Abn AF2n AF2n
odd(A)=0 odd(A")=0

where odd(4) denotes the number of odd parts in A - n.

The number of fixed points in an involution ¢ € I, is the trace of the permutation
matrix representing o. Exercise 5.4 tells us that RSK is a bijection between invo-
lutions o without a fixed point and pairs of the form (P,P) where P is a standard
tableau of a shape A with odd(A") = 0. Therefore

Z f21 _ 2 fl
Abn A2n
odd(2)=0
I
AF2n
0dd(2")=0
(the number of standard tableau of shape A - 2n with odd(1’) = 0)
= (the number of ¢ € I, without a fixed point).

The number of ¢ € b, without a fixed point is equal to (2n—1)(2n—3)---3-1;
this can be seen by writing ¢ in cyclic notation, selecting an integer from {2,...,2n}
to place in a cycle of length 2 with 1, and then proceeding by induction.
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Notes

A straightening algorithm equivalent to the RSK was first published by Robinson
[103]. Later, Schensted created the row insertion algorithm [105], which Knuth ex-
tended to a map between matrices and pairs of column strict tableaux [72]. Our
proof the Cauchy identities come from the ideas in [72]. In this same paper, Knuth
defined the notion of Knuth equivalence and proved Theorem 5.12. Theorem 5.13
is due to Green [54].

Craige Schensted changed his name to Ea, after the Sumerian god Enki, in 1995.
At the end of 1999, anticipating millennium computer glitches, Ea added a second
name, becoming Ea Ea.

The hook length formula is due to Frame, Robinson, and Thrall [46]. In [104],
an interesting anecdote about the origins of the hook length formula are given;
apparently this identity was independently and simultaneously discovered by math-
ematicians visiting Michigan State University in 1953.

Section 5.4 is based on of a geometric version of the RSK algorithm due to
Viennot [112].

The generating function found in Theorem 5.21 is due to Gessel [50] and first
appeared in [48]. This first proof did not use the Cauchy kernel; the connection
to the Cauchy kernel is due to Désarménien and Foata [26, 27]; these papers also
included Exercise 5.7.

A (k,¢) hook Schur function of shape A is defined by

HSx(xl,...,xk;yl,...,yg) = Z s”(xl,...,xk)sl//u/(yl,...,yg).
HCA

The ideas of Désarménien and Foata were extended from identities involving Schur
functions to the realm of (k,¢) Schur functions in [98]. This work was further
extended by Desésarménien and Foata in [28].

The method of proving the hook length formula using symmetric functions is due
to Stanley [106].



Chapter 6
Counting Problems That Involve Symmetry

In this chapter we introduce Pélya’s enumeration theorem. The theory is designed
to solve counting problems which involve symmetry, like these:

1. How many ways are there to create a necklace with n black beads and n red
beads? Two necklaces are considered the same if the first necklace can be
rotated and/or flipped over to match the second necklace.

2. How many ways are there to color the faces of a cube such that 2 faces are red,
3 faces are black, and one face is fluorescent beige? Two colorings are the same
if one cube can be rotated to get the second.

6.1 Poélya’s Enumeration Theorem

This chapter uses some beginning concepts in group theory. For our purposes, a
finite group G is a nonempty subset of S, such that 67 and 6! are both in G for all
0,7 € G. Let G be a group and let A(g) be the cycle type of g € G. Define the cycle
index polynomial for G to be the symmetric function

1

ZG = T4 Pir(g)»
G| ggz; (g)

where, as usual, py is the power symmetric function.
For example, the dihedral group D, generated by the rotation (1 2 3 4) and the
reflection (1 2)(3 4), is a subgroup of S4. The group Dy acts on the set of vertices of

the square
0
O,
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The elements in D4 are

{(1),(1234),(13)(24),(1432),(12)(34),(14)(23),(13),(24)},

and so the cycle index polynomial is

Zp, = = (2p4+3p3 +2pip2 + pi) -

OO\»—

Let N denote the set of all functions f : {1,...,n} — {1,2,...}. This function f
is called a coloring because each element {1,...,n} is assigned a “color” (a positive
integer). The weight of such a function is

W(f) _ ﬁx(thc number of j with f(j) = i).

Given g € G and f € N, let gf denote the function defined by gf (i) = f(gi) for
all i. In this way, an equivalence relation on N can be defined such that f ~ f’ if
and only if there is a g € G such that f = gf’. The symmetric function Fg is defined

to be
Fe = z W(f),

[/]EN/~

where [f] is the equivalence class containing f € N.
Using our running example of the vertices of the square, two colors are equivalent
if the first can be rotated and or reflected to find the second. For instance,

O—3 @—D
o8- 5
M A s M

All possible inequivalent colorings which have a weight x|" x5%x3°x;* for some int-
eger partition A = ?Ll, ., A4) = 4 are shown below:

.90 O 0. 950 I 0
-0 o0 o0 -0

Each one of these colorings represents an equivalence class in N/ ~. There are many
more equivalence classes not listed here; the colors in each one of the above equiva-
lence classes can be changed to find more inequivalent colorings. For instance, here
are more inequivalent colorings with weight x7x5 for i # j:

D -0 -0 0 O OG-
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For this example, the symmetric function Fp, is therefore

Fp, = mg) +m3.1) +2m ) +2m 1 1) +3ma 11,

1yl

Using the m-to-p transition matrix, found by inverting the p-to-m transition matrix
given in section 2.3, we see that

-1

11111 1 2
0102 4 i o
0022 6 2| == |3
000212| [2| 8|2
000024| |3 1

and so Fp, = % (2p(4) +3p22)+2p@21) +p(1,1,171)) = Zp,. This is no accident, as
we see in Theorem 6.1.

Theorem 6.1 (Pélya). The symmetric polynomials Zg and Fg are equal.

Proof. The statement that Zg = Fg is equivalent to

Y pa =1Gl Y, w().

g€G [f]eEN/~

We will prove this identity bijectively.

Consider the set of objects formed by drawing a strip of k cells all filled with the
same positive integer underneath each cycle of length & in an element g € G. For
instance, one possible object is

(153 (2 @47 (6109811 12)

el O] B2 o]

By defining the weight of such an object to be the product of the weights of the
underlying column strict tableau, the weighted sum over all possible objects is equal
to ZgEG Pa(g)-

Given such an object, let f be the coloring such that f(i) = j if i appears in a
cycle above cells filled with j. Our objects are therefore ordered pairs (g, /) where
g € G, f €N, and—since f is constant on the cycles of g—it must be the case
that gf = f. Let @ be the function which sends (g, f) to (¢'g, f) where f is the
lexicographically least element in [f] and g’ is the lexicographically least element
in G for which g’ f = f'.

The function ¢ is weight preserving. It is also a bijection because we can describe
its inverse. Let f” be the lexicographically least element in [f’]. Given h € G, let g
be the lexicographically least element in G for which gh~! f' = f’. Then the inverse
image of (h, f') is the pair (¢~'h,h~ f') because

o ((g'hh™ ' f)) = (g8 ', f") = (h,f).
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The function ¢ is the desired weight preserving bijection; it sends ordered pairs
(g,f) with gf = f to ordered pairs in G x N/ ~. The weighed sum over all possible
elements in G x N/ ~ is equal to the right-hand side of the identity, as required. O

To illustrate the utility of Theorem 6.1 we continue our running example with
the square. How many ways are there to color the vertices of the square if two
colorings are considered the same if one coloring can be rotated and or reflected
to find the other? The answer is Fp, (1,...,1,0,...), the number found by taking
x] = --- = x; = | and all other variables x; equal to 0. Since py(1,...,1,0,...) =
1¥ ... 4+ 1¥ = k, we have that the number of possible colorings is equal to

1

Fp,(1,...,1,0,...) =Zp, (1,...,1,0,...) = — (2k +3k* +2k> +K*)..

oo |

How many ways are there to color the vertices of square if we must color two
vertices black and two vertices white? The answer is the coefficient of x7x3 in Fp,.
We have

Fp, =2Zp,
1
=3 (2p@) +3P2) +2P011) + P(11Y)
1
:g(2()6‘1‘-#“-)+3(X%+“~)2+2(X%+~-)(X1+---)2+(X1+--~)4).

A term of the form x%x% can come from the p(3 5), p2.1,1), and p(q,11,1) terms. There-

fore the coefficientis (3:2+2-2+6)/8 =2.

Theorem 6.2 (Fermat’s little theorem). If g is a prime number and a a positive
integer, then a? — a is divisible by q.

Proof. When q is prime, the group Z,, which is generated by the cycle (1 2 --- g),
has ¢ — 1 elements of cycle type (¢) and one element of cycle type (1¢). Therefore

1
F,=7z,= p (Pl+(@—1)pg)-

It is clear from the definition that F; must be a polynomial with positive integer

coefficients for any group G. In particular, specializing by taking x; = --- =x, =1
and all other terms equal to 0, (a? + (¢ — 1)a)/q must be an integer. Fermat’s little
theorem follows. O

6.2 The Cycle Index Polynomial and Schur Functions

This section is devoted to understanding the cycle index polynomial when expanded
in terms of the Schur basis. It turns out that the coefficient of the Schur symmetric
function s, in the cycle index polynomial Z; is always a nonnegative integer. That
is, for any group G,
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1
Zc = Gl Y Pae) = 2 casa 6.1
| geG Abn

for nonnegative integer constants c; . The proof of this fact is not particularly diffi-
cult but is beyond the scope of this text, as it involves the representation theory of
the symmetric group. See [104] for more details.

Since Zg is defined in terms of the power symmetric functions, we can use the
p-to-s transition matrix to write Zg in terms of Schur symmetric functions. Let x,’}
be the A, 1 entry of the p-to-s transition matrix. In Exercises 2.13 and 2.14 in Chap-
ter 2, labeled abaci were used to find a combinatorial description of x,’} in terms of
the so-called rim hook tableaux. We begin this section with an alternative proof of
this combinatorial interpretation of x& which is based on the Pieri rules found in
Chapter 5. That way this section provides a self-contained description on how to
expand Zg into Schur functions. The proof we include below is based on the work
of [79] and has never appeared before in a book.

As first described in Exercise 1.3, a skew shape A/u is a rim hook of A if it
contains no 2 x 2 square and any two consecutive cells are connected by an edge.
A skew shape A/u is a broken rim hook of A if it is a union of rim hooks. As
described in Exercise 2.13, the sign sgn(A/u) of a rim hook A/u which spans R
rows is (—1)R=1,

Theorem 6.3 (The Murnaghan—-Nakayama rule). For all integers r and integer
partitions U,

Priy = D sgn(A/1)sy,.

A/ is a rim hook with r cells

Proof. Before showing the identity involving p,sy, in the statement of the theorem,
we first understand how to expand s(,_ 1x)sy into a sum of Schur functions.
Using the identity shown in Exercise 2.1, we have

k k
S (r—k, 165w = <2(—1)kleih,_,-> Sy = 2(—1)kfleih,_is#; (6.2)

i=0 i=0

therefore to understand S(r—k,1k)Su WE will consider terms of the form e;h, ;5.
By the Pieri rules, our Theorem 5.3, we have

eihr_isy =Y, 53,

where the sum runs over all integer partitions A which can be found by adding a
skew row containing r — i cells to i and then adding a skew column containing i
cells to the result. If we put hs (for horizontal) in the cells in the added skew row
and vs (for vertical) in the cells in the skew column, we will find a diagram A which
will look like this:
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It follows that (6.2) can be interpreted as ¥.sign(D)s,py where D is a diagram
formed in the way described above such that D contains at most k cells labeled v
and the sign of D is defined to be (—1)k—(the number of v’sin D) ‘e now define a sign
reversing involution J on these combinatorial objects.

Given any diagram D, find the bottom rightmost cell ¢ in D which can be filled
with either an & or a v. If ¢ contains v, then define J(D) to be D with the entry in ¢
changed to h. If ¢ contains 4 and if D contains fewer than k cells with a v already,
then define J(D) to be D with the entry in ¢ changed to 4. Otherwise, set J(D) = D.

For example, the image of the object displayed earlier in the proof is sent to the
object pictured below by J:

It is not difficult to see that J is an involution and, if D is not a fixed point, J
changes the number of vs in D by 1 and therefore changes sign of D. The fixed points
D under the involution J are such that D has k cells containing vs (and therefore has
sign +1) and the bottom rightmost cell which can contain an 4 or v contains an h.
Furthermore, by construction, there are r — k cells filled with ks which form a skew
row on the outside of yt and there are k cells filled with vs which form a skew column
inA.

The arrangement of 4s and vs in such a fixed point can either be a single rim hook
or a broken rim hook (a broken rim hook example is shown in the above diagrams).
If the hs and vs form a single rim hook, then the placement of the hs and vs is
completely determined since, by construction, two As cannot appear in the same
column and two v’s cannot appear in the same row. An example:
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At this point in the proof, we have shown that S (r—k, 16y S = 2 Sgn(p) Where the
sum runs over all fixed points D under J. From here, we will prove the Murnaghan—
Nakayama rule with the help of the identity found in Exercise 2.2 in Chapter 2.
Using this exercise, we have

r—1 r—1
Prsu = <2(_l)ks(rk.lk>> su = 2, (=1 s(patysu = 2sign(D)ssup),

k=0 k=0

where the sum runs over all fixed points D under J and where we define sign(D) to
be (_ 1 )the number of v’s in D

To finish the proof we apply a second sign reversing involution K. If D contains
a single rim hook, then define K(D) = D. Otherwise, consider the bottom rightmost
cell ¢ in the second rim hook reading bottom to top. If ¢ contains an A, then change
this 4 to a v. If ¢ contains a v, then change this v to an A. Thus K is the involution
J with two exceptions: we consider the bottommost cell in the second bottommost
rim hook, and we always change an % to a v with disregard to how many vs are
present in D. It can be seen that K is an involution which changes the sign of D
unless K(D) = D.

Since fixed points D make sh(D)/u a single rim hook, and the number of vs in
D is equal to (the number of rows spanned by sh(D)/u) — 1, we have that sign(D)
is equal to the sign of the rim hook sk(D)/u. Therefore by summing the signs over
all fixed points D under K, we have

PrSy = z Sg"(l/ll)sb

A/ is a rim hook with r cells
as needed. ad

The A, u entry )(l’} of the p-to-s transition matrix can be found by iterating the
Murnaghan-Nakayama rule. That is, if g = (u1,. .., l), we write py = py, - Py,-
We expand py, as a sum of Schur functions using the Murnaghan—Nakayama rule
to find shapes A of size py. Using the Murnaghan—Nakayama rule again on each
such choice of A, we find all § such that §/A is a rim hook in order to find the
expansion of py, | py,. We continue this process, successively adding rim hooks of
lengths given by the parts of L.

This suggests building a rim hook tableau of shape A and content u = (U, ..., l),
where a rim hook tableau of shape A and content p by filling the cells of the Young
diagram of A with rim hooks of lengths t,...,u, labeled with 1,...,¢ such that
the removal of the last i rim hooks leaves the Young diagram of a smaller integer
partition (see Exercise 2.14).

We define the sign of a rim hook tableau to be the product of the signs of the rim
hooks that it contains and let x& the sum of the signs of all rim hook tableaux of
shape A with content y. Then we have

Pu= > XS (6.3)
AFn
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thereby giving the p-to-s transition matrix. For example, the two rim hook tableaux
of shape (3,2,1) with content (3,2, 1) are

&5 wi |

O —® ®
3,2,1
((3,’2,’1)) =0.

The integers xl’} appear in other areas of mathematics. Most notably, xl’} is the
value of the irreducible character corresponding to the integer partition A on the
conjugacy class corresponding to the integer partition t, see [104]. This means that
there are books which contain tables of these values (see [63]) and software pack-
ages such as Sage (see sagemath.org) and a “SF” Maple package written by
John Stembridge that provide the ability to expand power symmetric functions in
terms of the Schur basis. This provides a route to finding the constants ¢, in (6.1).

For example, consider the group G of rotations of the faces of a cube. By labeling
the faces of the cube in this way

These rim hook tableaux have signs —1 and -1, and so ¥,

b}

we see that G is generated by the quarter turns (126 5)(3)(4) and (146 3)(2)(5).
From here it can be checked that the cycle index polynomial is

1

7= —
G704

(p(16) + 6p(4’12) + 3p(22,12) + 8[)(32) + 6[7(23)) .

Either by using software, looking up tables of the values Xl/}’ or computing directly
by hand using (6.3), we can expand each power symmetric function above into the
Schur basis and then simplify to find

Zg = s(6) +5(4,2) +S5E3) T 2s(23).

This last expression can be used to answer counting problems such as this: how
many ways are there to color the faces of the cube such that three faces are red, two
faces are blue, and one face is neon gray? This question is asking for the coefficient
of x*?x%xl in Zg, and so we consider

Z6l 30, = (S(ﬁ) T5(4.2) 753,13 +2S(23>) EEW

=K6),32.1) T Ku2),621) T Kiz,13),62.1) 7 2K23), 32,15

where K; ,, is the Kostka number counting the number of column strict tableaux of
shape A and type u. Thus we have reduced the problem of counting colorings of the
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cube into the problem of counting column strict tableaux. It is not difficult to find
these Kostka numbers by hand; when this is done, we find Zg\x Py = -

This leads to an interesting open problem first mentioned i 1n [24]. For a fixed
1= (U,...,Ug) F 6, is there a natural bijection between column strict tableaux of
content u and inequivalent colorings of the cube such that u; faces are color i such
that each column strict tableau of shape (6),(4,2), and (3, 1) is sent to one coloring
and each column strict tableau of shape (2°) is sent to two colorings?

We end this section with an example of a Schur function expansion of a cycle
index polynomial which is more complicated than the cycle index polynomial com-
ing from rotating the faces of the cube. Suppose we want to color the vertices of the
complete binary tree of height 2 where the vertices are labeled as below:

(1
20 @)
@ OO @

The group of symmetries G is generated by reflections about any one of the internal
vertices of the tree. These are listed here:

(45
@w 60 @© 6 WO ©® @ o0 © 6 @O ©
)(4756) )(4657)

©® 00 ©® O 0O & © 06 ®w O VWG @

From these figures it can be readily seen that

1
Ze=g3 (P(ﬂ) +2P,15) T P22.13) +2P23 1) +2P(4,2,1)) :

Doing the calculations involving rim hook tableaux to expand this in terms of the
Schur basis, it can be shown that Zg is equal to

S(23,1) +S(3714) + 3S(3’2’12) + 3S<3722) +2S(32’1) +2S(4713>
+ 6S(47271) + 3S(473) +2S(5’12) +4S(572> + 23(6,1) —I—S(7).
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This expansion into the Schur basis is somewhat involved; it is still possible to
compute the number of inequivalent colorings by hand. For example, if we want to
use color 1 three times, color 2 two times, and color 3 two times, then we calculate

ZG| 3 2 2 = K(23_’1)7(3"22) +K(3714>_(3722) + 3K(372712)"(3722> + 3K(3,22)_’(3722)

+2K32 1) 3.22) 2K (413),3.22) T 0K (4 2.1),(3.22) +3K(43),3.22)
+2K(5,12),322) T 4K(52),322) T 2K(6,1),3,22) T K(7),3.22)
=42.

Exercises

6.1. How many ways are there to color the vertices of a cube such that four vertices
are red, two are black, and two are invisible?

6.2. Let E be the set of two element subsets of {1,...,n}. A simple graph on n
vertices corresponds to a coloring of E which uses two different colors: a set {i, j}
is colored ¢ if the edge between i and j appears in a simple graph and 1 if not. For

example, the graph

corresponds to coloring each of {1,3},{1,4},{1,5},{3,4},{3,6}, and {4,5} with
q and all other elements of E with 1. In this way, the number of edges in the graph
is the number of times ¢ is used in the coloring.

By defining o{i,j} = {o(i),o(j)} for all o € S, the symmetric group S, acts
on elements of E£. Find

the number of times color ¢ is used in f

q

inequivalent 2 colorings f of E

when n = 4. Using the language of graph theory, we are finding

the number edges in g

q

nonisomorphic simple graphs g on 4 vertices
6.3. Show that Zgxpy = ZgZy.

6.4. Let A, be the alternating group (the subgroup of S, containing elements with an
even number of inversions), Z, be the cyclic group of order n (the group generated
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by rotations of an n-sided regular polygon), and let D,, be the dihedral group of order
2n (the group generated by rotations and reflections of an n-sided regular polygon).
Show that

ZSVL = hm
Zp, = hn+ e,
1 & d(i,n
7z, = n 2 (pn/gcd(i,n))gc ( )7 and
i=1
, 1 pip 22 if n is odd,
Dn = 5 (p"/2+p1p2" 2 /2) /4 if niseven.

Solutions

6.1 By labeling the vertices of the cube in the following way
(D—2)
oy
. e
H—C

we see that the desired group is generated by the quarter turns (1 2 6 5)(4 3 7 8)
and (1 2 3 4)(5 6 7 8). From here it can be checked that the cycle index
polynomial is
1
53 (P1+9p3+8p1p3 +6p3).
We want the coefficient of x‘fx%x%, such a term can only come from pif or p‘z‘. There-

fore the answer is ((4212) + 9(27171))/24 =22.

6.2 Theset Eis {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}. Calling these elements
el,...,eq, we see that the action of (1 2) on E corresponds to sending ¢; to ey, e; to
e3, €4 1o es, and eg to eg. Therefore the action of (1 2) corresponds to applying the
permutation (1)(2 4)(3 5)(6) to the subscripts of ey, ...,eq. Similarly, (2 3) and
(3 4) correspond to the permutations (1 2)(3)(4)(5 6) and (1)(2 3)(4 5)(6) on
the subscripts of ey, ..., eq.

Since Sy is generated by (1 2),(2 3), and (3 4), the group G of symmetries of
E under the action of Sy is generated by (1)(2 4)(3 5)(6), (1)(2 3)(4 5)(6), and
(1 2)(3)(4)(5 6). From here we calculate the cycle index polynomial for G to be

1
24 ([71 +9p1p2 +8p3 +6[J2p4) = S(16) +S(22712) +S(23> +S(32) +S(472) +S(6).
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The desired generating function can be found by taking x| = ¢, x, = 1, and all
other variables x; to equal 0. When this is done, the power symmetric polynomial p;
becomes ¢' + 1. Using this in the cycle index polynomial, our answer is

214 ((q+1) +9(g+ )P+ 12 +8(FP+1)° +6(> +1)(¢* + 1)).

When this polynomial is expanded, we find
1+q+2¢* +3¢ +2¢" +4° +¢°.

6.3 We have

1

Y Paan > > PPt =ZcZu-
[GIH] (it O \Gl\ngeGheﬂ

ZGXH

6.4 The cycle index polynomial for the symmetric group is

|
S, Z Pi(o Zm’i

O'GS,, an

by Theorem 1.10. This is equal to 4, by Theorem 2.11.

When written in one-line notation, the cycle (1 2 --- k)isequalto2 --- k 1
and so this permutation has k — 1 inversions. More generally, if L = (4y,...,4;)
is an integer partition of n, then the permutation (1 --- A;)(A;+1 -+ A+

A2)--- has n—¢(A) inversions. Inversions are constants on conjugacy classes, so
the number of inversions of & € S, is (—1)"~“*(9))_ This helps us to find the cycle
index polynomial for the alternating group A,; the cycle index polynomial Zy, is

14+ (=1)"t4(9) 1 .
2 Pi(o %Fl(a) == (1+(—1) M)) Pa-

n!
O'GAn AES,Z Abn

This is h, + e, by Theorem 2.12.
The group Z, is generated by (1 2 --- n). Since the i"" power of this cycle splits
into ged(i, n) cycles of size n/ ged(i,n), the cycle index polynomial Zz, is

- z PA(g Z (pn/gcd (i,n) )ng(l'Jl) :

g€Z i=1

:\'—‘

The group D, is generated by the rotation (1 2 --- n) and a reflection r of the
n-sided regular polygon about a fixed axis. Therefore D, is the disjoint union of Z,
and rZ,, and so

1
D Z Pi(s Z +* 2 Pae) = 370+ 5, 2 Pal)

" ¢cD, gE gErZ,, 8E€rly
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If n is odd, the reflection r can equal

(1 (n=1))(2 (n=2))---((n=1)/2 (n+1)/2).

In this case every element in rZ,, has cycle type (2(”’1)/ 2.1), and so

Z Palg (np Py 1)/2) pipy V)2,
gErZ

If n is even, the reflection r can equal

(1 (n=1))2 (n=2))---((n/2=1) (n/2+1)).

In this case, half of the elements in rZ, have cycle type (2("~2)/2,12) and half of the
elements have cycle type (2"/ 2). These two cases arise depending on whether the
reflection fixes zero or two vertices of the regular polygon. Therefore we have

gezri,,pk (2P1Pg 2)/2 +2pg/2> (Pill/z-i-p pgn 2)/2) m

Notes

Rudimentary forms of P6lya’s enumeration theorem were known to Burnside in
1900. Redfield proved the first version of what is now known as Pdlya’s Enumer-
ation Theorem [97]. For a modern account of Redfield’s work, see [56, 57, 58].
Pélya gave the first modern formulation of P6lya’s enumeration theorem [95].

The Murnaghan—Nakayama rule was proved independently by D.F. Murnaghan
[91] and T. Nakayama [92, 93].



Chapter 7
Consecutive Patterns

This chapter applies the machinery we have developed in the previous chapters to
find generating functions for the distribution of consecutive patterns in permutations
and words.

The study of patterns in permutations and words has been a very active area
of research in recent years, with explosive growth in the years since 1992. A sys-
tematic treatment of this subject is found in Kitaev’s Patterns in permutations and
words [71].

7.1 Nonoverlapping Consecutive Patterns

Given any sequence ¢ = 0y - - - 0; of distinct integers, let red(o) be the reduced per-
mutation found by replacing the i’ largest integer in ¢ with i. Given a permutation
T € S;, we say that 6 = 01 --- 0, € S, has a (consecutive) T-match ending at place
mif red(Gm—jt1--- Om) = T.

For example, if T = 1 3 2, then the permutation

LHh
—_
0
(@)}
—_
)
]
)
w
—_
—_
~
—_
(e
O

(o

has exactly 4 T-matches. These 7-matches end at places 4,6, 10, and 12. There are
2 nonoverlapping T-matches in this permutation.

Theorem 7.1. For any permutation T € S,

< i T la (o) _ A(Z)
2 X = oy — A

—o oEeS,

where T-nlap(0) is the maximum number of nonoverlapping t-matches in ¢ € S,
and A(z) =Y, 2"|{0 € S, does not have a t-match }|/n!.

© Springer International Publishing Switzerland 2015 207
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Proof. For T € §; and positive integers £1,..., 4y, let Sy, 4. be the set of per-
mutations © € S, ..., such that ¢ has exactly (m+ 1) T-matches which end at
places j, j+ /1, ...,and j+¥¢; +---+ £, Furthermore, let J; be the set of all lists
of the form (j,£1,...,4,) such that

1. the set S(;¢, ... ¢, is nonempty,
2. the integers ¢y, ..., ¢, are all less than j, and
3. the inequality j < ¢;+ ¢, holds for all consecutive integers ¢;, ¢;; in the list.

For example, if 7 = 432165, then the permutation

——
c0=43218765131211 109 15 14
—_—

has three 7-matches and they end at places 6, 10, and 15. Therefore 0 € S5 4.5). We
now know that (6,4,5) € J; since S(6.4,5) 1s nonempty and the integers in the list
(6,4,5) satisfy the appropriate inequalities.

The inequalities in the second and third conditions on the list (j,¢1,...,£,) in
the definition of J; are designed so that consecutive T-matches must overlap and
no one integer is a part of more than two 7-matches. In pictures, a permutation

O €S(j4,,..b, forsome (j, l1,...,0y) € Jr looks like this:

J J

J | 4] ly | 6] - U

J J J
Given a permutation 6 € S(; 4, .4, for some (j,¢1,...,4y) € Jr, we can deter-
mine the integers /1, ..., £, by finding the ending places of the T-matches in .
Define a homomorphism ¢ by ¢(e,) = (—1)""! f(n)/n! where f(1) = 1 and

f=0-2 Y D™
(Jl1seeesbm)EJr
JH Al =n
forn > 2.

Applying ¢ to n!lh, gives (3.3), from which we create combinatorial objects by
first selecting a brick tabloid 7' € By, (,) for some A I n and then using the multino-
mial coefficient in (3.3) to assign a disjoint subset to each brick such that the union
of these subsets is {1,...,n}.

All that remains to be used in (3.3) is the product f(A;)f(A2)---. Since f(1) =1,
add no extra weight to a brick of length 1. Otherwise, for bricks of length n > 2, the
function f(n) tells us to

1. select a permutation & € S(; 4, . 4,,) for some (J, b1, lm) € J7,

2. rearrange the subset assigned to this brick of length n to create a distinct list of
integers which reduce to o,

place a —1 in each cell which ends a 7-match, and

4. Either keep the first —1 in each brick unchanged or change it to an x.

»
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For example, one combinatorial object created in this way when 7 = 132 is

X —1

3 (1711 6 4 10 825129

Let the weight be the product of all xs and —1s. Then n!@(h,) is the weighted sum
over all possible combinatorial objects.

Define an involution in by first scanning the bricks from right to left looking for
the first instance of one of these four situations:

1. Exactly j consecutive bricks of length 1 that form a 7-match.
2. A brick of length j with a weight of —1.

3. A brick containing an elementin S(; s, s, for some (j,1,...,4n) € Jr to the
left of ¢4 bricks of length 1 such that combining the bricks would create an
elementin ¢y 4y for (.1, lni1) € 1.

4. A brick of length longer than j (which must have a final cell containing a —1).

If situation 1 is found first, combine the j consecutive bricks into one brick of
length j and place a —1 in the terminal cell. For example, the combinatorial object
shown earlier in this proof should be changed to

X —1 —1

3 (11| 7 1 6 4 10 8 (2[5 12 9

This changes every situation 1 into a situation 2, and so if a situation 2 is found first
we define our involution to undo this operation.

If a situation 3 is found, combine the brick containing the element of S(; ¢, . 4,
with the £, bricks to its right and place a —1 in the terminal cell. For example,
this would change

X X

713 11 4 (1018|615 12 9|2

into the combinatorial object

X —1 X

713 11 4 10 86| 1|5 12 9|2

in the case of T = 132. This changes every situation 3 into a situation 4, and so if a
situation 4 is found first we define our involution to undo this operation. This means
we will break of the ¢, cells in a brick of length longer than j.
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The fixed points under this involution cannot have any of the four situations listed
above. This means that no j consecutive bricks of length 1 can form a 7-match, every
brick of length j must have a weight of x, no brick can be lengthened using bricks
of length 1 to its right, and bricks must have length 1 or j.

One possible fixed point when 7 = 132 is

X X

5 1 816 12 7 (23 ]|11|4 10 9

Reading right to left, we greedily assign one power of x for each nonoverlapping
7-match in a fixed point. This means n!Q(h,) = ¥ ses, x"2p(%)  Applying ¢ to The-
orem 2.5, we have

< < 7-nlap(o) 1
il X — -
ZZ)"! ogs'n =2+, 0(en)(—2)"
. 1
l—z—(1=0) 3 S S Grtmere (CD™USGe o]
JHl e tln=n

(7.1)

Taking x = 0 in this equation gives the generating function A(z) for those permu-
tations in S,, without any 7-matches. When x = 0 we find

1
Alz) = — , (72)
1=z2=3" 0 5% Gontmese (D™ USGa o]
JHO et ly=n

which may be used to simplify (7.1), thereby giving the expression in the statement
of the theorem. O

As a first example of generating functions given by Theorem 7.1, consider the
generating function for the number of nonoverlapping descents, that is, the num-
ber of nonoverlapping 21-matches. There is only one permutation in S, without a
21-match, so A(z) = X7y 7"/n! = €°. Therefore we have

b n

2 < z x21—nlap(c7) _ e
! (1—x)+x(1—z)e’

n=0"" ges,

Generalizing this, if T = j--- 2 1, then a permutation without a 7-match is
a permutation without a (j — 1)-descent. Therefore the function A(z) giving the
number of permutations without a T-match is given in Theorem 3.4. Using this in
Theorem 7.1, we find that for j > 1,

0 n

ziz j---21-nlap(c) _ J .
=0 <3, Jx(1=2)+(1—x) (1= Nebi4-- 4+ (1= )t ')
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where { = e2™/J is a primitive j* root of unity.

Another route to finding A(z) is through (7.2). Consider the case of 7 = 132. The
only way to have overlapping T-matches is if exactly one integer overlaps, so the
only possible lists in J; are of the form (3,2,...,2,2).

We claim that the number of 6 = G-~ G243 € S;30,..02) is (2n+1)(2n —
1)---3-1. Clearly this is the case when n = O—there is only one permutation in S 3)-
For larger n there must be a 7-match starting in position 2i+ 1 forall i =0,...,n, so
the integer 0;+1 must be smaller than both ;4> and 07,43 fori =0,...,n. It follows
that o1 = 1, 03 =2, and 03 can be any one of the 2n+ 1 elements in {3,...,2n+3}.
We have proved the claim by induction since the reduced permutation 03 - - - 02,43
can be any one of the (2n—1)---3-1 elements in S35 7).

Therefore when T = 132, equation (7.2) tells us that

1
A(Z) = 2n+3

1—z=37 (=) (2n+1)---3-1 23

1
oo 1 n+1 2n+3
1-2=320(=3)  @amer

(7.3)

I
7N
|
\
Y

!\‘.N
~
o)
L
I
~__
|

Using this A(z) in Theorem 7.1 gives

-1

oo

2 < 2 x132nlap(c) _ (1 —xz+ (x— 1)/612/2dz>

|
n=0 n: oeS,

In section 3.2 we adapted homomorphisms of the form ¢(e,,) = (—1)"~! f(n)/n!
to include a power of g to register inversions, to count common descents in two
or more permutations, and to find analogous results about words. The proof of
Theorem 7.1 relies on a generating function of this form and so Theorem 7.1 can be
generalized in these ways as well. We record these results in our Theorems 7.2, 7.3,
and 7.4.

Additionally, we can generalize Theorem 7.1 by allowing more than just one
permutation T to register a pattern match in a permutation. Let T be a set of permu-
tations 7 € §; and define a permutation 6 = 07 - - - 0, € S, to have a T-match ending
at place m if red(Gy—j41---Om) € 7.

For example, if 7= {213,312}, then the permutation

has four T-matches, ending at places 3,5,7, and 11. This choice of T counts the
number of valleys.
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Theorem 7.2. For any subset T of S,

xJ- -nlap( mv o) _ Aq (Z)
;126" ogs'n " (1=x) +x(1-2)A4(2)

where T-nlap (o) lS the maximum number of nonoverlapping T-matches in ¢ € S,
mv(c)

and A ( ) zn 0 n' ZG € S, does not have a T-match 4
Proof. The proof updates the proof of Theorem 7.1 for T-matches while including
the ideas in the proof of 3.7 to keep track of inversions.

Extending the definitions of Jr and S(; ¢, .4, We let Sy, 4, the set of per-
mutations of length j+ ¢; + - - + £,, which have (m+1) J- matches which end at
places j, j+ /1, and so on. We let J the set of lists (j,¢1,...,¢,) defined in the
same way as J.

The appropriate homomorphism for this situation is ¢(e,) = (—1)"~! f(n)/[n],!
where f(1) =1 and

f=(i-x) %y 3 g
(Jsl1yeeesbm) €T OES(j,tqorlm)
JH A Al =n

for n > 2. Then we have [n],!@(h,) = z [Z:l |B}t,(n) lf(A)f(A2) -~
Abn q
From this expression we build the same combinatorial objects as found in the

proof of Theorem 7.1 with two differences: we consider J-matches instead of
T-matches, and we have a power of ¢ in each cell counting the integers to the right
which are smaller. One object when T = {213,312} is

I G R A G L el L L A

3 (11714 1 100 6 8 ([25]12]9

The involution in the proof of Theorem 7.1, provided we scan from right to left
looking for T-matches instead of T-matches, does not rearrange the integers in the
permutation. The powers of ¢ and the number of inversions are unchanged by this
operation, and so fixed points correspond to ¥.scg, x7-nap(0) 4inv(0) The generating
function in the statement of the theorem now follows from applying ¢ to Theo-
rem 2.5 and simplifying in the same manner as in the proof of Theorem 7.1. O

As an example of Theorem 7.2, suppose we would like the generating function
for the number of nonoverlapping valleys in S,,. A permutation has no valleys—that
is, a permutation has no T-matches when T = {213,312}—if the permutation is of
the form

01 <0< <Oy =n>0pyg1 > >0y
for some integer m. There are (;’171) choices for such a permutation, so summing

over all m gives that the number of permutations without a valley is ¥ _; (:,,11) =
2n 1
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The generating function for the number of permutations without any valleys
is A(z) = 1+ 35,2" 17" /n! = (e* +1)/2. Taking ¢ = 1 and using this A(z) in
Theorem 7.2 we find

i i 2 x# nonoverlapping valleys in o _ eZz +1 (7 4)
2(1—x)+x(1—z)(e®2+1) ’

roeS,

A common T-match in two permutations o, p € S, is an index i such that both o
and p have a T-match ending at place i. If we let com-T-nlap(c,p) the number of
nonoverlapping common J-matches, then combining the methods in the proofs of
Theorem 7.2 and 3.8 in a straightforward way gives us Theorem 7.3:

Theorem 7.3. For any subset T of S},

SRS com-T-nlap(c.,p) __ A(Z)
X - 9
2007 2 =721 ~9A0

where A(z) = Yoo |{0, p have no common T matches}|7"/(n!)>.

The generalization of Theorem 7.1 for words takes a bit more care since the idea
of a pattern match is slightly different from that for permutations. If V is a subset
of {0,...,k—1}3, then we say that w = wy ---w, € {0,...,k— 1}} has a V-match
ending at place i if w;_j1---w; € V.

Unlike permutations, we do not consider reducing the word before determining
if it is an element of V. Also unlike permutations, it may be impossible for two
words to have an overlapping V-match. For example, if V = {10,20}, then no two
words in {0,1,2}; can have an overlapping V-match. These type of matches are
sometimes called exact V-matches to distinguish them from the case where we allow
reductions.

Theorem 7.4. For any subset V of {0, ...,k —1}7,

o ! wef0,.. k—1}2 (1=x) +x(1 —k2)A(z)’

i i Z xV-nlap(w) A(Z)

where V-nlap(w) is the number of nonoverlapping V-matches and
A(z) = [{w€{0,....k— 1} does not have a V-match}|z".
n=0

Proof. Modifying the proof of Theorem 7.1 for words, we let W, ) the set of
words in {0,....k—1}7, , .., which has exactly (m+ 1) V-matches which end
at places j, j+ 1, j+¢1 + ¢, and so on.

Let Jy be the set of all lists of the form (j,/,...,4,) such that

1. the set W, . ,) is nonempty,
2. the integers ¢1,...,¢,, are all less than j, and
3. the inequality j < ¢; + ¢;11 holds for all consecutive integers ¢;, ¢;1| in the list.
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The second and third conditions here are the same as in the proof of Theorem 7.1, so
the V-matches must overlap. This means that if the set V does not allow overlapping
V-matches, then Jy will contain only the list ().

The appropriate ring homomorphism is defined by ¢(e,,) = (—1)"~! f(n) where
f(1)=kand

fmy=(1=x) ¥ U)W )
(j.,El,...,ém)eJV
JHO b =n
Applying ¢ to hy, gives Y1, [By ()| f(A1)f(A2) - -, from which we create objects
like these (we have taken V = {010, 020} in this example):

X —1 —1 X

0121210 2 0 I 0 1 0] 2 1

Specifically, in the same manner as before, we place a choice of {0,...,k— 1} in
each brick of length 1 and fill longer bricks with a choice from W(; ;. 4,,)- On these
longer brick we place a —1 over each place which ends a V-match and either keep
the first —1 in place or change it to an x.

Define the same sort of involution as in the proof of Theorem 7.1, scanning from
right to left looking for either j bricks of length 1 to combine into one brick of
length j, a brick of length j to break into j bricks of length 1, a brick of length
at least j which can be combined with bricks of length 1 to its right, or a brick of
length longer than length j which can have the trailing ¢,, bricks broken off into ¢,
bricks of length 1.

The weighted sum over all fixed points is ¥,,e0,... k—1}: X
Theorem 2.5 gives

V-nlap(w) Applying ¢ to

o _n
< 2 V-nlap(w)
X

1
n=0"" welo. k—1};

1
= = . (1.5
1—mz4(1=x) X7 02" Xty tm)edy (D™ W
JHO Al =n
Taking x = 0 gives
AG) 1 7.6)
)= = , .
1- mz+2n:2 7 Z(j,fl,...,fm)e./v (_1)m+] ‘W(j,f,l,...,fm)‘
JHO Al =n

giving an alternative way to find A(z) which can sometimes be useful in computa-
tions. Using this expression for A(z) in (7.5) gives the generating function in the
statement of the theorem. a

For an example of Theorem 7.4, consider counting the number of nonoverlapping
V = {0100} matches in words w € {0, 1}}. Every listin Jy is of the form (4,3,...,3)
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and there is only one element in Wy 3 3), the word 0100100100 - - - 100. Using (7.6)

we find that A(z) = (1 — 2z+22°:0(—1)3k+4z3k+4)71 =(1-2z+2*/(1+2)"".
Putting this into Theorem 7.4 gives

< n # nonoverlapping 0100 matches in w 1+ Z3
DI =

n=0 we{0,1}; 1-2z+723 —(14+x)*

7.2 Clusters

A 7-cluster of length n is a permutation ¢ € §,, with some of the (possibly overlap-
ping) consecutive T-matches marked in such a way that every element of & is con-
tained in at least one marked 7-match and any two consecutive marked 7-matches
share at least one element in common. A given permutation ¢ € S, may give rise to
several T-clusters.

For example, if T = 142536 and we indicate a marked 7-match of ¢ by placing
an x on the element of ¢ that starts the marked 7-match, then

162738495 10

and
X X X
16273849510

are two different 7-clusters, both arising from the same underlying permutation.

Let %), denote the set of all -clusters of length n. For any 7-cluster 6 € 4, ¢,
let mk; (o) denote the number of marked T-matches in ¢. The cluster polynomial
Cy,z(x,q) is defined by

Cn,r(x,Q) _ 2 xmkf(c)qinvc'

S

Note that if 7 € S}, then C,, ;(x,q) =0for 1 <n < j.

Theorem 7.5 is known as the cluster method of Goulden and Jackson [52, 53],
adapted for permutations as described by Elizalde and Noy [36]. This section is
devoted to showing how the cluster method can be proved by applying ring homo-
morphisms to symmetric function identities.

Theorem 7.5. Let T € S;. Then

o .n 1

2 Ea 2 x‘r-match(c)qinv(G) _

n=0 [n]q' oES, - 1 - (Z+2n2j Cn,T(-x_ 1a‘])zn/[”]q')

o (17)

where tT-match(c) denotes the number of consecutive (possibly overlapping)
T-matches in ©.
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Proof. Define ¥ by ¥(ep) = ¥(e1) =1, ¥(ep) =0for2<n < j—1,and

_1\n—1
¢Cn,r(x_ 17‘])

Blen) = [n]!

for n > j. Applying © to [n],!h, and expanding in terms brick tabloids in the usual
way, we find

n

' =
[nlg! 0 () bi,....by

|: :| Cbl,r(x_laCI)Cbz,r(x_1>51)""
T € By () forsome A -n q
has bricks by,...,by

The right-hand side of this equation can be interpreted combinatorially. Begin by
selecting a brick tabloid 7. Since G, r(x —1,4q) # 0 if and only if either n =1 or
there is a 7-cluster of size n if n > 1, assume that each b; is either of size 1 or the
size of some 7-cluster.

Interpret the g-binomial coefficient [b] " hz] as picking sets Si,...S; where
q

|Si| = b; for i = 1,... k, placing the elements of S; in the cells of brick b; in in-
creasing order, and weighting the resulting filled brick tabloid by ¢"™() where o is
the permutation that results by reading the cells of the filled brick tabloid from left
to right.

Finally, use the Cp, ¢(x — 1,¢)Cp, r(x — 1,q)--- term to either take o) = 1 if
b; = 1 or to select a T-cluster al) of size b; otherwise. With these choices, replace
the elements in brick b; by a permutation of S; that reduces to o). This will add
inv(a(i))

an extra inV(a(i)) inversions, accounting for the factor g associated to a(¥) in

Cpz(x—1,9).

Label each cell of b; that corresponds to a marked 7-match in o) with a choice
of either x or —1. The product of the labels of the cells of b; accounts for the factor
(x— 1)’”"1(0‘(0) associated with o) in Cp, 1(x — 1,¢).

An example of such an object created in this way when 7 = 142536 is below:

16 | 6 1 9 2 10 3 11 4 13 5 14 7 15 8 17|12

Let T denote the set of combinatorial objects created in this way. Let the sign
of T € T, denoted sign(T), be the product of the (—1)s appearing in T and let
the weight of T, denoted w(T'), be the product of all xs appearing in T along with a
power of g registering the number of inversions found in the underlying permutation
inT.

It follows from our construction that

nlgle(h,) = z sign(T)w(T).

TeT

Therefore, in order to complete the proof, we need to show
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Z sign(T)w(T) _ Z xT—match(G)qinv(G). (7.8)
TeT oES,

If this identity can be verified, then the proof of the theorem is complete since the
generating function in the statement of the theorem can then be found by applying
the ring homomorphism ¥ to both sides of Theorem 2.5 in the usual way.

We will give two proofs of (7.8). The first and simplest proof is to replace x by
(x+1) in (7.8), turning the right-hand side of (7.8) into T, (x+1)Fmach(e) ginv(o),

Let MS,, ; denote set of permutations in S, where we have marked some of the
T-matches by placing an x at the start of each marked t-match. We let mk;(0)
denote the number of marked 7-matches in o (these definitions extend our previous
definition of mk. (o) to include any permutation &, not just clusters). It follows that

Z (X+ 1)r-match(c)qinv(6) — 2 xmkf(c)qinv(o). (79)
OESy BeMS, 1

The effect of replacing x by (1 + x) on the left-hand side of (7.8) is the signed
sum of the weights of T € T where the choice of x or —1 labels has been replaced
with only the choice of x.

There is a natural one-to-one correspondence between such 7T € T and elements
of MS,, ;: simply send T to the element of MS,, ; found by removing the brick struc-
ture. We only need to show that we can recover the brick structure on 7 from the
labels.

Given a consecutive subsequence of a permutation 8, say Bii1,...,Bik let
red(Bifit1 ... Bitr) denote the element of MS; ; that results by replacing the un-
derlying permutation with its reduction and marking all corresponding 7-matches
that are contained in ;1 ... B; k. For example, if T = 123, then

X x X X X X
red(1235479)=1235467.

We say that a consecutive sequence [;Bi11...Bix of B is a T-subcluster if
red(BiBit1 ... Birk) is a T-cluster. We say that it is a maximal T-subcluster if it is
a T-subcluster of 3 and it is not contained in a strictly larger T-subcluster of 3. For

example, the maximal 123-subclusters of 3 given above are )1C 5 35and fl 79.1f we
start with 7' € T, the bricks that are not of size 1 cover the maximal 7-subclusters of
B, meaning that we can recover T from 3. This proves (7.9) and therefore completes
our first proof of the theorem.

Our second proof also shows that (7.9) follows from (7.8). Given that most of the
generating functions in this book come from proofs using involutions, it is natural
to ask if this passage from (7.8) to (7.9) can as well be realized by a series of invo-
lutions. Our second proof will show that this is indeed the case. Unfortunately, this
second proof is more involved than the first.

Given a permutation 3 = ;... 3, € S,, let B denote the element of MS,, ; where
the first element of every 7-match in f3 is marked. We shall call 8 the fully t-marked
version of 3.
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Let &, ¢ g denote the set of T € T with underlying permutation . If f3; is not an

element of maximal 7-subcluster in f3, then B; must be covered by a brick of size 1.
Thus if B has no 7-matches, then there is only one element in €, ; g, namely, the
one consisting entirely of bricks of size 1.

Fix B such that B has at least one 7-match. If T € &, ; g, we say that a maximal

t-subcluster Bis ;... B« in B is fully T-marked if the elements of Biy; ... B are
covered by a single brick of size k in T and the start of any 7-match contained in
Bit1-..Bivx is marked with an x.

As described above, there is only one element of 7% € &, ; 3 in which every

maximal 7-subcluster B;; ;... B in B is fully t-marked. That is, 7* has the brick
structure associated with f3 and the start of any t-match in 3 is marked with an x. In
such a case, the weight of 7* is xTmatch(B) ginv(B)

Our goal in this second proof of (7.9) is to define a series of involutions which
will cancel out all the elements of &, ; 3 which are not equal to 7. That is, suppose
that we are givena T € €, : g\ {T*} and Biy1Bi+2 .- Birx is the left-most maximal

7-subcluster of B which is not fully t-marked in 7. Thus the brick structure on the
elements fB,...,J; is completely determined.

Our first involution /; looks at the element f3; . Since ;1 is the start of maximal
7-subcluster of B, Bis1Bis2- ..Bi+j is a T-match. If in T, if B;4; is covered with a
brick of size greater than 1, and if the label on cell i+ 1 is x, then T is a fixed point
of I;. Otherwise, we have two cases to consider.

Case Al. The number ;1 is covered with a brick of size 1 in 7. In this case, if
each of Bi1Bit2 ... Biyj is covered with bricks of size 1 in T, then let I; (T) =T’
where T' results from replacing the j bricks of size 1 on BiBit2...Biyj by a
single brick of size j and the label on cell i 4 1 is changed to —1.

If Bit1Bit2...Bitj are not all covered with bricks of size 1 in T, there is
an s > 1 such that B;;1,..., Bi+s—1 are covered by bricks of size 1 and S is
covered by some brick b of size u where u > j. In this case, I;(T) = T’ where
T’ is found by replacing the s — 1 bricks of size 1 on ;11822 ... Birs—1 plus the
brick b by a single brick b* of size s — 1 4+ u and replacing the label on cell i+ 1
by —1.

Case A2. The number f;; is covered with a brick b size u where u > 1 in T and
L(i+ 1) = —1. In this case if u = j, meaning that B> .. Bi;; are covered
by a single brick b of size j, then let I} (T) = T’ where T’ is found by replacing
brick b by j bricks of size 1 and replacing the label —1 of cell i + 1 by 1.

If u > j, then by our conditions, one of the cells i+ 2,...,i+ j must be
labeled with either —1 or x since consecutive T-matches in b which are labeled
with either —1 or x must have at least one element in common. In this case, let
s be the least number greater than 1 such that cell i + s is labeled with either —1
orx. Let I1(T) = T' where T is found by replacing b by s — 1 bricks of size 1
followed by a single brick of size u — s+ 1 and replacing the label —1 on cell
i+1by 1.
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By construction, I; is a sign reversing and weight preserving involution. Thus I
shows that for fixed 8 with 7-match(f) > 1,

Y, w(T)= D w(T).

TGSn.T’B TEEn,‘LﬁJ] (T):T

Let £1,, ; g denote set of all fixed points of /;, thatis, €1, ; g consists of all those

T € &,.p\{T"} such that the left most 7-subcluster ;... B; 1« of B which is not
fully t-marked is such that ;1] is covered with a brick of size greater than 1 and
cell i+ 1 is labeled with an x.

Our second involution considers the element B, . Since i1 ... Birk is a maxi-
mal T-subcluster of 3, we know that Bi 4 j41Bitk—j+2---Birk is @ T-match. If the
elements of B x—j+1Bitk—j+2-- - Biyk are covered by a single brick and the label on
cell i+k— j+ 1isx, then T is a fixed point of I,. Otherwise, we have two cases to
consider.

Case B1. The number fB;,; is covered with a brick of size 1 in 7. In this case,
if each of B x—ji1Bitk—j+2... Biyk is covered by a brick of size 1 in 7', then
we let L(T) = T’ where T' is found by replacing the j bricks of size 1 on
Bitk—j+1Bi++k—j+2 - - - Bitk by a single brick of size j and replacing the label on
celli+k—j+1by —1.

If Biyk—jt+1Bitk—j+2-- - Birk are not all covered with bricks of size 1 in T,
there is an s > 1 such that i x_j;1,..., Biyx—j4+s are contained in a single brick
of size u > 1 and Bik—jist1,---,Bitk are covered by bricks of size 1 in 7. In
this case, let (B, 3, L) = T’ where T is found by replacing the brick b and the
following bricks of size 1 by a single brick »* and replacing the label on cell
i+k—j+1by—1.

Case B2. The number S; is covered with a brick b of size u where u > 1 in T and
L(i+k—j+1)=—1.1In this case, if u = j so that Bijx—j11Bitk—j+2--- Bitr
are covered by a single brick b of size j, then let L(T) = T’ where T’ is found
by replacing brick b by j bricks of size 1 and replacing the label —1 of cell
i+k—j+1byl.

If u > j, then by our conditions, the second to last T-match in b which is
labeled with x or —1 must end in some cell i4+s where i+k— j+1 <s <i+k.
Then let L(T) = T’ where T’ is found by replacing b by a brick that starts at
the first cell of b and ends at cell i + s followed by bricks of size 1 and replacing
the label —1 oncelli+k— j+1by 1.

By construction, /, is a sign reversing weight preserving involution. Thus I,
shows that for fixed 8 with at least one T-match,

Y w(l)= D w(T).

TEEI,LT)B TGElnﬁr,B,lz(T):T

Let €2, ; g denote set of all fixed points of /. That is, €2, ; g consists of all T €
€nzp \{T"} such that in the left-most T-subcluster B ... B« of B which is not
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fully t-marked in T, ;1 is covered with a brick of size greater than 1 and cell i+ 1
is labeled with an x, the elements B; 41 ...y« are contained in a single brick,
and the label on cell i +k— j+ 1 is x. -

Given T € €2, ;5, we say that maximal 7-subcluster fi;...B; 1 of f is
x-connected in T if when we remove the —1 labels, red(f;1; ... ;1) reduces to
a t-cluster. Thus B4 ...Bix is x-connected in T if every element in B ... Bk
is an element of 7-match whose first element is labeled with x in L and any two
consecutive T-matches whose first elements are labeled with x in L have at least one
element in common.

If the left-most maximal T-subcluster of B which is not fully 7-marked in T is
x-connected in 7', then T will be a fixed point of our third involution /3. Otherwise,
suppose that we are given T € €2, ;g and B ... ;1 is the left-most maximal
7-subcluster of B which is not x-connected in 7. Then we let

Bivs = BivsBivst1---Bivstj—1and By = BiviBivsv1- .- Bivsrj—1 be the left-most
pair of consecutive T-matches in B4 ... ;1 whose first cells are marked with an
x and which have no elements in common. Since we are assuming that the first and
last T-matches in B;41 ... Biix are marked with an x in 7, such a pair must exist.

Insuch acase, we musthave i+s+j—1 <i+t. Letug=i+s<u; <up <--- <
Uy < i+t be the start of all the 7-matches in B;;1 ... 31« whose first elements lie
between i+ s and i +1. Let 3, denote the 7-match which starts at u, for 1 < <m.
Since Bit1 ... Bisx is a maximal T-subcluster of B, we know that Bum must have at
least one element in common with Bi+z-

However there may be more than one of the Bus which have at least one element
in common with B,-Jrl. Hence we let ¢ the smallest s such that Bus has at least one
element in common with ﬁm. We then have five cases to consider depending on the
configuration for the t-match B, = By, Bup+1 - - - Bum+j—1-

Case C1. The number f3,, is covered by a brick of size 1. In this case, because
Bisi ... Bk is a maximal T-subcluster of B, we know that ﬁum and ﬁm must
have at least one element in common. It follows that all the cells that lie between
u, and i 4+t must be covered by bricks of size 1 and that 3;,, must start with a
brick b of size greater than 1. In this case, we let I3(T) = T’ where T’ is found
by replacing the bricks of size 1 on B, By, +1---Bi+:—1 plus the brick b by a
single brick b* and changing the label on cell u,, from 1 to —1.

Case C2. The number f,, starts a brick b of size greater than 1 and is labeled
with —1. In this case, we let I5(T) = T’ where T’ is found by replacing brick b
by bricks of size 1 on the elements f3,, 3y, +1 - - Bi++—1 followed by a brick b*
which covers the remaining cells of b and changing the label on cell u,, from
—1tol.

As an example, when T = 1324, the function /3 sends this combinatorial object:

X -1 X

16 [ 15] 1 32 5 4 8|7 ]|10(9 13 12 14| 6 |11
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to the combinatorial object pictured here:

16 [ 15 | 1 3 2 5v4 087109 13 12 14| 6 (11

If T is in case Cl, then I3(T) will be in case C2. Similarly, if T is in case C2, then
I(T) will be in case C1. When restricted to these two cases, /3 is an involution.

Case C3. The number f3,,, is contained in a brick b of size greater than 1 which ends
before cell i +¢. In this case, a brick 5" must start at cell i +¢. It is possible that
there may be some bricks of size 1 in between b and b'. Moreover, if u; < uy,
then all the cells from uy up to u,, must be labeled with 1 since there can be no
7-match starting as such cells which are contained in b as all such 7-matches
have an element in common with f3;,.

Let I5(T) = T’ where T’ is found by replacing b, &', and any brick of size 1
between b and b’ by a single brick b* and changing the label on cell u,, from 1
to —1. Note that if uy < u,,, then all the cells from u, up to u,, must be labeled
with 1in 7.

Case C4. The number f3,, is contained in a brick » which also contains f;y; and
is labeled with —1 in T and if uy < u,,, then u, is also in brick b and all the
cells between uy — 1 and u,, are labeled with 1 in 7. Consider the right-most
cell before u,, in b which has a label qf either —1 or x. This cell must be of the
form u, where 0 < r < ¢ and f3,, and 3, have at least one element in common.

Let I3(T) = T’ where T' is found by replacing the brick b with a brick b*
which starts at the first cell of b and ends at the end of the T-match Buw a brick
b** which starts at cell i +¢ and contains all the cells to the left of i +¢ in b, plus
a sequence of bricks of size 1 between b* and b** and changing the label on cell
u, from —1 to 1. Note that if uy < u,,, then all the cells from u, up to u,, must
be labeled with 1 in 7”.

As an example, when T = 142536, the function /5 sends this combinatorial object:

X —1 X

16 | 6 1 9 2 10 3 11 4 13|5 14 7 15 8 17|12

to the combinatorial object pictured here:

16| 6 1 9 2 10 3 11 4 13 5 14 7 15 8 17|12

If T is in case C3, then I3(T') will be in case C4. Similarly, if T is in case C4, then
I(T) will be in case C3. When restricted to these two cases, /3 is an involution.

Case CS. Suppose we are not in cases C1-C4. In this case, it must that u,, is in the
same brick as i+ ¢, uy < u,, and one of uy,usyy,...,u,—1 must be labeled with
—1in T. It follows that if the label on u,, can be either 1 or —1 because even
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if the label on u,, is 1, the labels on uy,upyq,...,u,_1 ensure that T meets the
conditions to be in €2, 7 5.

Let I;3(T) = T’ where all we do to find 7" is change the label on cell u,, from
1to—1orfrom—1tol.

As an example, when T = 142536, the function /3 sends this combinatorial object

~

16 | 6 1 9 2 10 3 11 4 13 5 14 7 15 8 17|12

J

The map /5 is a sign reversing weight preserving involution when restricted to
case C5.

This completes the description of the involution /3. At this point we can now
consider those combinatorial objects fixed by 5. Let €3, ; 3 denote set of all fixed
points of I3, That is, €3, ; g consists of all those T € €, ; g — {T*} such that in the
left-most 7-subcluster fBi; ... B4 s of B which is not fully T-marked, the start of
the first T-match is labeled with x, the start of the final T-match is labeled with x,
and By ... Bk is x-connected which means that the elements S ... B;, must be
covered by a single brick b of size k. .

This brings us to our final involution . Let iy, = BiypBitpt1-- - Biyp+j—1 be
the left-most T-match in Sy ... B, which is not marked with an x. In this case,
let I4(T) = T’ where the only change made to T is that we change the label on cell
i+ p from 1 to —1 if the label on cell i 4 p was 1 or we change the label on cell i+ p
from —1 to 1 if the label on cell i+ p was —1.

As an example, when T = 142536, the function /3 sends this combinatorial object

to the combinatorial object pictured here:

X X —1 x

16 | 6 19 2 10 3 11 4 13 5 14 7 15 8 17|12

The map I, is a sign reversing and weight preserving involution.

There are no fixed points under all of the successive involutions 11,1;,13, and I,
showing that the signed, weighted sum over all elements in &, ; g\ {7*} is 0. This is
exactly what is needed to finish our second proof that (7.9) follows from (7.8). O
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7.3 The Minimal Overlapping Property

The basis py , can be used to find a generating function for (possibly overlapping)
T-matches in permutations for sets T with the “minimal overlapping property.”

We say that a subset T of S; has the minimal overlapping property if the smallest
integer n such that a permutation in S,, with two J-matches exists isn =2j — 1. Put
another way, every pair of overlapping J-matches must share exactly one integer.
For example, T = {213,312} has the minimal overlapping property since no per-
mutation in S4 has two T-matches (the permutation 21534 € S5 has two T-matches).

Theorem 7.6. If T is a subset of Sj1 with the minimal overlapping property, then

© _n . Jj—1 (l_x)m/]A ((l—x)]/fz)
# of T-matches in ¢ — m
Z‘l P 2 1—x—xAg ((1—x)'/z)

z
=1 ges, m=0

where A(z) = X an?" for a, = |{0 € S, does not have a T-match }|/n! and
Am(Z) = 2 anjfmznj_m
n=1
form=0,...,j—1.

Proof. Let ¢ be the ring homomorphism defined by ¢(e,) = (—1)"1x(1—x)"1a,;
and let v be the function defined by v(n) = anj—m/(xay;). Then (nj—m)'@(py ) is
equal to

(nj—m)! Y, w(By ()x (1—x)M gy w2 (1—x)%Nay, ;-
Abn

which in turn may be written as

nj—m

T €Bj nfordkn <Jb]""’]b£_m
has bricks by,...,by

)xf—l(l —x)"E(jb1)ajp, - (jbe —m)\ajp, —m.

This expression tells us to choose a brick tabloid T € By, for some A - n with
bricks of lengths by,...,by. Scale each brick by a factor of j. Use the multino-
mial coefficient to fill these bricks with disjoint sequences of integers with union
1,...,nj—m,leaving the last m cells in the final brick empty. The terms of the form
(jbi)!ap, permit us to rearrange the integers in each brick such that no brick con-
tains a J-match (although T-matches may straddle consecutive bricks). Finally, use
the x’~!(1 —x)"~ term to place a choice of either 1 or —x in every j"* cell not at the
end of a brick and place an x in the last cell of each nonterminal brick in 7.
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One such object whenn =6, m =1, and T = {213,312} (and so j =2) is

X 1 —X X —X

5 1f{2 3 4 11 9 8|6 10 7

Scan the bricks from left to right looking for the first —x or two consecutive
bricks which can be combined without creating a brick containing a T-match. If
a —x is found, break the brick into two bricks and reverse the sign on the —x. If
consecutive bricks can be combined, do so, changing the x in the middle to a —x.

A fixed point under this involution cannot have —xs and every x must appear
in a brick which cannot be combined with the brick to its immediate right without
introducing a brick with a T-match. For example, one such fixed point is

X 1 1 X 1

5 1 2 3 4 11 9 86 10 7

The hypothesis that T possesses the minimal overlapping property implies that there
is exactly one J-match for every x in a fixed point, since the difference between
the places of T-matches must be at least j. Therefore (nj —m)!@(py ) is equal to
TS, X OF T maches 0 Summing over all values of m,

L nj—m
z Z #of T-matchesino __ z < 2 # of T-matches in &
X = —_— X
' o, meonzt (nj—m)! GESujom
-1 1 oo
= Z m (P Z Pv, nZ
m=0%" =1

U () ) e(en)

= T elen)(—2))"

The definitions of ¢(e,,) and v(n) turn the above generating function into the state-
ment of the theorem. O

As a double check of Theorem 7.6, consider T = {2 1} so that each T-match is
actually a descent. Here j = 1 and A(z) = ¢° — 1 is the exponential generating func-
tion starting at n = 1 for the permutations in S,, without any descents. Theorem 7.6
gives

(l—x)z_l -1
des(o) __ € _ X
1+z Z 71+1—x—x(e(1*x)z—1) C x— ez’

creS,,

which matches Corollary 3.2 as it should.

For a new example of Theorem 7.6, suppose T = {1 3 2} (so that j = 2) and let
A(z) be the generating function in (7.3), giving the number of permutations in S,
without any 1 3 2 matches. This way, Ao(z) = (A(z) +A(—z))/2—1 and A(z) =
(A(z) —A(—z))/2. Using Theorem 7.6 and cleaning up the result gives
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=

n -1
v z 3 o 132machesino _ (1 _/e(xl)zz/ZdZ) _ (7.10)

n=0 n! oS,

For a third example of Theorem 7.6, let us find the generating function for the
number of valleys in permutations in S,. Take T = {213,312} (so that j = 2).
The exponential generating function giving the permutations with no valleys is
A(z) = 32,217 /n! = (€% —1)/2, which was found in the discussion imme-
diately preceding (7.4). Using Ag(z) = (A(z) +A(—z))?/2 = sinh?z and A (z) =
(A(z) —A(—2))?/2 = sinh2z/2 in Theorem 7.6 gives

i = 3 o) _ sinh? (z4/T—x) ++/T—xsinh (2zy/1—x) /2
' - .

n0 " 5cs, 1 — x — xsinh? (zv/1—x)

Using the identity sinhiz = isinz, this simplifies to the generating function in Corol-
lary 4.5, as it should. We have now found the generating function for the number of
valleys in a permutation in two different ways, which is good since no fact in math-
ematics should be considered true unless two different proofs are given (a joke).

Just as in the case of Theorem 7.1, Theorem 7.6 can be g-analogued to keep
track of inversions, extended to count common matches in tuples of permutations
and adapted to the case of words. These extensions are so similar to those given in
Theorems 7.2, 7.3, and 7.4 that they are left to the reader.

Let 7 be a permutation which satisfies the minimal overlapping property. Theo-
rem 7.6 used permutations without any pattern matches in order to find a generating
function for the number of 7-matches in permutations. An alternative method to
finding this generating function can be found by using permutations with the max-
imum possible number of 7-matches. This is the approach we used in the proof of
Theorem 7.1 when finding a generating function for nonoverlapping 7-matches.

If T € §; has the minimal overlapping property, then the shortest permutation o
such that ¢ has n T-matches must have length n(j — 1)+ 1. Let MP; ;,(j_1)4 be the
subset of S,,(;_1)41 containing those permutations with n T-matches. We shall refer
to the permutations in MP, ,,;_1)4 | as maximum packings for 7. Let mp ,,(;_1)41 =
|MPT,n(j71)+] | and
inv(o)

MPzn(j—1)+1(q) = Y g
O_GMPT,n(.I'—l)H

As we see in our next theorem, a simple formula for mpg ;1)1 (q) exists in the
special case when T begins or ends with a 1.

Theorem 7.7. Suppose that T = Ty ---T; € S; has the minimal overlapping property
where T\ = 1 and T; = s. Then, for all n > 1,

inv n+1 j_l +1—s
mpe ui)(j-1)+1(q) = 4™ ( )(j—s) MPzp(j-1)+1(9)-
q
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Unwinding this recursion gives

P (1) (1) 41 (q) _ q(nJrl)inv(‘r) H iz

ntl {i(j—l)—i-] —s}

i=1 q

Proof. Suppose 6 = 01+ O(,41)(j—1)41 1S @ maximum packing for 7. Since 71 = 1,
the .integer o1 is l.ess than 0y, ..., 0}, the integer 0j is less than Gj41,...,0;, (1),
the integer 0,1 is less than 03j,...,07;_14(j_1), and so on.

It follows that 67 = 1 and that 6; must be less than 0j11,..., 0,4 1)(j—1)4+1- We
claim that o; must be s. We know that 6; > s since o7 - - - 0} being a T-match means
that there must be s — 1 elements of o7, ..., 0,1 which are less than ¢;. However if
0; > s, then 1,...,0; — 1 must be among o1, ...,0;_1, which violates the fact that
0 is the sth smallest element among oy, ..., 0;.

Therefore 1,...,s must be among ©y,...,0;, meaning that the positions of
1,...,sin 01,...,0; must be the same as the positions of 1,...,s in 7. There are
((”H)(;:SI)H_S) ways to choose the remaining j — s elements in oy,...,0;. Once
these are chosen, then their positions are completely determined by 7. Moreover,
red(0; -+ O(41)(j—1)+1) must be an element of MP; ;,;_);. It follows that

m+1)(j—-1)+1-s
mpe (n4+1)(j—1)+1 = j—s Mpr p(j—1)+1-
As for the powers of g, we can count the inversions in ¢ by

1. counting the inversions in 07 ... 0}, which contribute a factor of g™ to g™,
2. counting inversions among {01,...,0;} \ {1,...,s} and Gji1 ... O(up1)(j—1)+1>

which contribute a factor of [(”“)(?:;)H ] to MPz (ni1)(j—1)+1(q) as we vary

over all choices {o1,...,0;}\{1,...,s}, and
3. counting the inversions in ;... 0(,41)(j—1)41, contributing mpz ,(j—1)+1(q)-

Therefore

- (n+1)(j—-1)+1—s
mpe uiny(j-1)+1(q) = ¢™ s MPzn(j—1)+1(4)-
q
Iterating this recursion proves the second identity in the statement of the theorem.
O

Our interest in mpz ;1) +1(g) comes from applications of the next theorem,
where we use these polynomials in ¢ to find the generating function for the distri-
bution of T-matches in permutations for various choices of 7.

Theorem 7.8. If T € S; has the minimal overlapping property, then

oo n
< the number of T-matches in ¢ inv(c
AESPIE o

n=0 [n]qV oESy
1

G-+

1—(z+3 m(x —1)"mpeiji-1)+1(9))
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We will give two proofs of this theorem. The first proof uses the technique of
using a ring homomorphism on the ring of symmetric functions. As usual, it can be
modified to prove a number of similar results. The second proof is shorter but less
direct.

Proof (using a ring homomorphism). Define a ring homomorphism ¢ by @(e,) =
(—1)"! £(n)/ [nl! where

fn) = (=) mpe(g)

if n=s5(j—1)+1 for some s > 0 and f(n) = 0 otherwise. Applying ¢ to [n],!h,
gives

n

1]y p(hy) = ] F0)fB)--. @D

T € By, () for some A - n |:b1’ T ,bg(l) q
has bricks by,...,by

From here we create combinatorial objects by first selecting a brick tabloid
T € B) () for some A b n and then using the g-multinomial coefficient to assign
a disjoint subset to each brick such that the union of these subsets is {1,...,n}.
With these assignments of disjoint subsets comes a power of g registering inver-
sions within disjoint subsets.

Ifbj=s(j—1)+1fors>1 thenlet1 <aj <---<aj,;
of {1,...,n} assigned to the brick b;. We interpret the term

41 < n be the subset

(X— 1)<b"_1)/<j_1)mpr,b,~(CI) = (x— l)smpfﬁs(j_l)_;_l(q)

as the number of ways of filling b; with a permutation §; € MP; 4(;_1)4| and then
labeling each cell in b; which is the start of 7-match in f8; with either x or —1. In
this case, we weight f3; with qinv(ﬁi). Finally, we replace the numbers by 1,...,s(j —
1) + 1 that occur in f3; by ai,...,dyj_1)41, respectively. Doing this for each brick
will result in a filling of the cells of 7 with a permutation o € S,,. It follows that

inv(a) + Y inv(B;) =inv(0)

bi>1

since inv(o) accounts for the inversions that come from pairs of elements that lie
in two different bricks and ¥, ~.; inv(3;) accounts for the inversions that come from
pairs of o that lie in the same brick.

For example, here are four different possible combinatorial objects—referred to
later in the proof as 71, T», T3, and Ty—created in this way when T =213 andn = 17:
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'd N\
-1 X -1 -1 —1
17110 9 11| 5 |12| 4 2 8 1 13 6 16|15 7 3 14
|\ J
4 N\
X -1 X -1 -1 -1
17110 9 11 5 12| 4 2 8 1 13 6 16|15 7 3 14
|\ J
( Y
X -1 X —1 —1 —1
1710 9 11| 5 4 8 2 12 1 13 6 16|15| 7 3 14
|\ J
( Y
X X -1 -1 —1 —1

7{10 9 115 4 8 2 12 1 13 6 16|15 7 3 14

(. J

There is a weight coming from —1 and x terms in each of these four examples; they
are x, x%, x>, and x2, respectively. All four of the these combinatorial objects have
72 inversions, and so there is a weight of q72 associated with all of them in addition
to the weight coming from the —1 and x terms. The signed weighted sum over all
combinatorial objects is equal to (7.11).

Define a sign reversing weight preserving involution / on the collection of such
combinatorial objects T by scanning the cells from left to right looking for the first
time we are in one of the following cases:

Case 1. There is a brick b; of size j whose first cell is labeled with —1. In this case,
let I(T') be the object T with this brick of size j replaced with j bricks of size 1
and the —1 sign removed.

Case 2. There are j consecutive bricks of size 1 in T, namely b;,b;11,...,biyj—1,
such that the letters in these cells form a 7-match. In this case, I(T) is T with
the bricks b;,b;y1,...,b;yj—1 combined into a single brick b of size j and the
first cell of b is labeled with —1.

Case 3. There is a brick b; of size (s+1)(j — 1) + 1 where s > 1 such that all the
labels on b; are xs except for the cell that is j cells from the right which is
labeled with —1. In this case, I(T) is found by replacing the brick b; by a brick
of size s(j— 1) + 1 followed by j— 1 bricks of size 1 and removing the —1 label
that was in b;.

Case 4. There are j consecutive bricks in T, namely b;,b;y1,...,b;y 1 such that
bi=s(j—1)+1>1and bj;1,... ,biyj—1 are of size 1, all the labels on b; are xs,
and the letters in these bricks form a maximum packing for 7 of size (s+1)(j —
1)+ 1. In this case, I(T') is found by replacing the bricks b;, bt 1,...,biyj—1 by
a single brick b of size (s+ 1)(j — 1)+ 1 and by labeling the last cell of b; with
a—1.

Case 5. There is a brick b; of size (s+1)(j — 1)+ 1 where s > 1 such that the first
cell of b; is labeled with —1. In this case, I(T') is found by replacing the brick b;
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by j— 1 bricks of size 1 followed by a brick of size s(j— 1)+ 1 and by removing
the —1 label that was on the first cell of b;.

Case 6. There are j consecutive bricks in T, namely b;,b;y1,...,b;y 1, such that
bi,...,biyj_o are of size 1, biyj_1 = s(j—1)+1> 1, and the letters in these
bricks form a maximum packing for 7 of size (s+1)(j — 1)+ 1. In this case,
I(T) is found by replacing the bricks b;,bit1,...,biyj—1 by a single brick b of
size (s+1)(j— 1) + 1 and by labeling the first cell of b with a —1.

Case 7. There is a brick b; of size s(j — 1) 4 1 where s > 3 such that the first cell is
labeled with an x and there is a cell which has a label —1 which is not the jth
cell from the right. Let 7 be the left-most cell of b; which is labeled with —1.
In this case, I(T) is found by replacing the brick b; with j consecutive bricks
1,¢2,...,Cj—1,¢j where c| contains all the cells of b; up to and including cell
t, ¢2,...,cj—1 are bricks of size 1, and c; contains the remaining cells of b;.
Remove the —1 label from cell ¢.

Case 8. There are j consecutive bricks in T, namely b;,b;y1,...,b;y 1, such that
bi=c(s—1)+1>1and has no —1 labels, b;1,...,b;y;_» are bricks of size
1,biyj1 =d(j—1)+1> 1, and the letters in these three bricks form a maxi-
mum packing for 7 of size (c+d+1)(j— 1)+ 1. In this case, I(T) is found by
replacing the j bricks b;,b;y1,...,b;yj—1 by a single brick b and adding a label
—1 on the last cell of b;.

Case 9. If none of the previous 8 cases apply, set I(T) =T.

For example, consider images of the combinatorial objects 11, 7>, 73, and T pic-
tured earlier in this proof. Case 1 applies to Tj, and so I(T) is equal to

171109 |11 |5 (1214 2 8 1 13 6 16|15 7 3 14

The object I(T}) now falls under the jurisdiction of case 2. Applying I yet again will
yield 73, showing that / is indeed an involution in this example.

Case 3 applies to 75. The involution I replaces b, in T, with a brick of size 3
followed by two bricks of size 1 and removing the —1 label from cell 4, as shown:

X X -1 —1 —1

17{10 9 11| 5124 2 8 1 13 6 16|15 7 3 14

Now I(T») is in case 4, and it may be verified that I?(T5) = T>.

The object T3 is in case 5 where the needed b; is the third brick. Thus we obtain
I(T3) by replacing b3 by two bricks of size 1 followed by a brick of size 7 and
removing the —1 label on cell 5:

b X —1 -1 —1

17110 9 11|54 (8 2 12 1 13 6 16157 3 14
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The result I(T3) is in case 6, and so I?(T3) = T.

Finally, T4 is in case 7, with t = 9 so that we replace the fifth brick by three
consecutive bricks of sizes 3, 1, and 3, reading from left to right, and remove the —1
label for cell 9:

x x -1 -1 ~1

7{10 9 115 4 8 (2 (12 1 13 6 16|15 7 3 14

The result /(T3) is in case 8, and it may be checked that I*(T;) = Ty.

To prove that I is an involution we proceed by a case-by-case analysis. Let T
be a combinatorial object with I(T) # T. In all cases, I(T) is defined by changing
the brick structure on some cells s,s +1,--+,s+ j— 1 where 0;0511...0y1j_1 18 a
T-match in ©.

Case 1 and Case 2. Suppose /(T) was defined using case 1 and that the brick of
size j that was used in the definition of I(T) is b; and b; covers cells ¢,z +
l,-++,t+ j— 1. Then in I(T), we have the possibility to recombine the bricks
of size 1 that now cover cells t,¢+1,--- ,t 4+ j— 1.

Thus if I?(T) # T, then it must be that we took some action which involved a
T-match ;01 ... Oy4 j—1 where s < 7. Now it cannot be that s+ j — 1 < since
otherwise we could have taken the same action by changing the brick structure
oncells s,s+1,...,5s+ j—1in T which would violate the fact that we always
take an action on the left-most possible cells that we can when defining I(T).

Because ¢ has the minimal overlapping property, the only other possibil-
ity is that t = s+ j — 1. Now if s > 1, then the minimal overlapping prop-
erty for 7 implies that 6,1 0y... 0,2 is not a 7-match and hence the cells
s—1,s,...,5+ j—2 cannot lie in a single brick since the last j cells in any brick
b of size greater than 1 must correspond to a T-match in 6. Thus it must be that
inT,cellss+1,---,s+ j—2 must be covered by bricks of size 1. If cell s is also
covered by a brick of size 1, then we could apply case 6 to T using the j— 1
bricks of size 1 covering cells s,---,s+ j— 2 plus b; which would contradict
the fact that for 7', we are in case 1 using brick b;. If cell s is part of brick b of
size > 1, then we could apply case 8 to T using b plus the j — 2 bricks of size 1
covering cells s+ 1,...,s+ j — 2 plus b; which again would contradict the fact
that for 7', we are in case 1 using brick ;. If s =1, then cells s, ...,s+ j—2 must
be covered by bricks of size 1 so that we could apply case 6 to T using the j— 1
bricks of size 1 covering cells s, ...,s+ j—2 plus b; which would contradict the
fact that for 7', we are in case 1 using brick b;.

Thus the left-most 7-match that we can use to define the image of I for I(T')
is the T-match that lies in the j bricks of size 1 covering cells ¢, 41,--- 1+ j—1
in which case we know that I?(T) = T. An entirely similar analysis will show
that if /(T is defined using case 2, then I?(T) =T.

Case 3 and Case 4. Suppose /(T) was defined using case 3 using a brick b; of size
a(j—1)+1 where a > 2 and b; covers cells t,t+1,...,t +a(j—1). Then in
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I(T), there is a single brick b covering cells t,t+1,--- ;t4+(a—1)(j—1) followed
by j—1 bricks of size 1 covering cells # + (a —1)(j — 1)+1,...,74a(j— 1) and
all the labels on b are xs.

If I?(T) # T, then it must be the case that we took some action which in-
volved a T-match 00y ...0j—1 where s <. But then we could have taken
some action by changing the brick structure on cells s,s +1,---, s+ j—1 in
T which would violate the fact that we always take an action on the left-most
possible cells that we can when defining (7). Thus it must be the case that the
left-most action that we can take to define / on I(T') is to combine b with the
j— 1 bricks of size 1 that follow b and hence I*(T) = T. A similar analysis will
show that if /(T) was defined using case 4, then I>(T) =T.

Case 5 and Case 6. Suppose /(T) was defined using case 5 using brick b; = a(j —
1) + 1 where a > 2. The analysis in this case is essentially the same as the
analysis of Case 1. That is, suppose that b; covers cells ,¢ 4+ 1,--- .t +a(j—1).
We are assuming that cell ¢ is labeled with —1.

The first j — 1 cells of b; in I(T') will be covered with bricks of size 1 and the
remaining cells of b; with a single brick b. Thus if I?(T) # T, then it must be
the case that we took some action which involved a T-match 00,1 ... 0y j—1
where s < ¢. Now it cannot be that s+ j — 1 < ¢ since otherwise we could have
taken the same action by changing the brick structure on cells s,s+1,...,5+
j—1in T which would violate the fact that we always take an action on the
left-most possible cells that we can when defining I(T).

Because 7 has the minimal overlapping property, the only other possibil-
ity is that t = s+ j — 1. Now if s > 1, then the minimal overlapping prop-
erty for T implies that 0y_10y... 0,1 ;> is not a o-match and hence the cells
s—1,s,---,5+ j—2 cannot lie in a single brick since the last j cells in any
brick b of size greater than 1 must correspond to a T-match in ¢. Thus it must
be thatin 7', cells s+ 1,--- ,s+ j — 2 must be covered by bricks of size 1. If cell
s is also covered by a brick of size 1, then we could apply case 6 to T using
the j — 1 bricks of size 1 covering cells s,...,s+ j—2 plus b; which would
contradict the fact that for 7', we are in case 5 using brick b;.

If cell s is part of brick b of size > 1, then we could apply case 8 to T
using b plus the j — 2 bricks of size 1 covering cells s+ 1,--- , s+ j—2 plus b;
which again would contradict the fact that for 7', we are in case 5 using brick
b;. If s =1, then cells s,--- ,5 4+ j — 2 must be covered by bricks of size 1 so
that we could apply case 6 to T using the j — 1 bricks of size 1 covering cells
S,...,8+ j—2 plus b; which would contradict the fact that for 7', we are in case
5 using brick b;.

Thus the left-most T-match that we can use to define the image of I for I(T')
is the T-match that lies j — 1 bricks of size 1 covering cellst,t+1,--- ;¢4 j—1
plus the brick b in which case we know that I>(T) = T. An entirely similar
analysis will show that if I(T) is defined using case 6, then I*(T) =T.
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Case 7 and Case 8. Suppose /(T) was defined using case 7 using a brick b; of size
a(j—1)4 1 where a > 3. Suppose that b; covers cells t,7 + 1,...,t +a(j—1).
We are assuming that cell ¢ has label x and that the left-most cell of b; which is
labeled with —1 occurs on cell t+b(j— 1) where 1 <b<a—1.

Then in I(T) there is a single brick b* covering cells t,¢ + 1,...,t +b(j—1)
followed by j — 2 bricks of size 1 covering cells t +b(j — 1)+ 1,--- 1 +b(j—
1)+ j— 2 followed by a brick b** covering the remaining cells of b;. Moreover
all the labels on b* are xs. In this case, if 12 (T) # T, then it must be the case that
we took some action which involved a 7-match 0,051 ...0;4 ;1 where s <.
But then we could have taken some action by changing the brick structure on
cellss,s+1,...,5s4+ j—11in T which would violate the fact that we always take
an action on the left-most possible cells that we can when defining (7).

Thus it must be the case that the left-most action that we can take to define
is to recombine b* plus the following j — 2 bricks of size 1 plus 5** into a single
brick so that I?(T) = T. An entirely similar analysis will show that if I(7") is
defined using Case 8, then I>(T) =T.

We have now shown that / is a sign reversing weight preserving involution. It is
time to move on to describing the fixed points of the involution /.

Let T be a fixed point with bricks by,...,by. There cannot be any —1 labels on
any of the bricks in B since otherwise we could apply cases 1, 3, 5, or 7. The x
weight of T' is x° where c is the number of 7-matches in ¢ that lie entirely within
some brick b; in B.

We claim that any 7-match in ¢ must lie entirely within some brick. That is,
suppose that 0 = 07...0; and 0;05;1...054 ;1 a T-match that does not lie in a
single brick. Because 7 has the minimal overlapping property, there are only four
possibilities, namely,

a. cellss,s+1,--- 5+ j— 1 are covered by bricks of size 1,

b. cell s is part of brick b; of size > 1 and cells s+ 1,...,5s+ j— 1 are covered by
bricks of size 1,

c. cell s+ j—1is part of brick b; of size > 1 and cells s,...,s+ j —2 are covered
by bricks of size 1, and

d. cell s is part of a brick b; of size > 1, bj11,...,bi4 ;> are bricks of size 1 cov-
ering cells s+1,---,s+ j—2, and cell s+ j— 1 is part of brick b; j_1 which is
of size > 1.

In case (a), we could apply case 2 of the definition of I to cells s,s+1,...,5s+
Jj— L. In case (b), we could apply case 4 of the definition of / to cells of b; plus cells
s+1,---,54j— 1. In case c., we could apply case 6 of the definition of / to cells
8,...,5+ j—2 plus the cells of b;. In case d., we can apply case 8 of the definition
of I to the cells of contained in the bricks b;,--- ,b;y ;1.

Thus in each of the cases (a)—(d), I(T) # T. This contradicts our choice of T.
Thus we have shown that if I(T) = T, then the x weight of T is equal to x*™(®),

Finally note that if 0 = 07 - - - 6, € S;;, then we can construct a fixed point of / by
placing bricks which cover the maximal length maximum packings in o, covering
the remaining cells by bricks of size 1, and labeling the start of each 7-match in &
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by x. It thus follows that [n],!¢@(h,) is equal to the sum of weights over all fixed
points, that is, we have shown that

[n} ‘(P(h ) — z xthe number of T-matches in qunv(o‘).

oES,

Applying ¢ to Theorem 2.5 gives the generating function in the statement of the
theorem. a

Proof (not using a ring homomorphism). The idea of this second proof is to replace
x with x+ 1 in the statement of the theorem. Let MS;, denote the set of all permu-
tations o € S, where some of the T-matches of ¢ are marked by marking the first
element of 7-match with a *. For example, if T = 132 and ¢ = 2546175, then there
are two T-matches in o, namely, 245 and 175. Thus ¢ gives rise to the following
four elements MS13; 7:

2546175, 2"546175, 25461*75, and 2*5461*75.

If 6 € MS:,, we let %(0) denote the number of *s that occur in 0. When we replace
x by x+ 1 in the generating function in the statement of the theorem, we find

1—"_ Z Z *(6) = n(] 1)+

n>1 ‘1 CEMSz 1- (Z+2n>1mx Mpen(j— 1)+1(‘1))

1

Our goal is to prove this identity is true.

Extracting the coefficient of z"/[n],! on the right-hand side of this identity by
expanding the right-hand side as a geometric series, we find that Y scys,, x*(9) is
equal to

k bizl bi_lx}y%llmf.
! Y y | (x( )+ x( [b;!) Py (9))

k>1by o b€ {1}0{n(j—1)+1:n>1} i=
by+by+--+br=n

b;i—1

k
-y e s 0 e @),

k>1by - bre{13U{n(j—1)+1:n>1} i=1
by+by+--+by=n

where for any statement A, y(A) is 1 if A is true and 0 if A is false.
With the terms of the form

n K bt
L,l?,“ bk} _l:[l(l(bi =1)+x(bi>1)x7Tmpryp(q))

in this expression we can associate an ordered triple of the form (B, o, L) such that

1. Bisalist of integers of the form (b1, ..., b;) which sum to n. With these integers
we can associate a brick tabloid with bricks by, ..., b;.
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2. o is an element of §,, such that in each brick b; > i, the elements of ¢ reduces
to a maximum packing of MP; 5, and

3. L is the labeling of the cells of B such that the start of each cell which starts a
T-match that lies entirely with a brick b; is labeled with an x and all other cells
are labeled with 1.

We define the weight of such a triple to be ¢™° times the product of the labels in
each cell.

Given such a triple (B,0,L), we can obtain an element of MS;, by removing
the brick structure and putting a * on each element of ¢ whose cell was labeled
with an x. On the other hand, given an element of ¢ € MS; ,, we can reconstruct
the brick structure as follows. Let us say that two marked 7-matches in o are linked
if they have an element in common. Since T is a minimal overlapping permutation,
two T-matches in o are linked if and only if the last element of the first T-match is
equal to the first element of the second 7-match.

We call two marked 7-matches M and N of ¢ marked 7-match connected in o if
there is a sequence of marked t-matches of o, M = My, M>,--- ,M; = N such that
for all i, M; and M;| are linked. The maximal marked 7-match connected compo-
nents of ¢ under this relation are just consecutive sequences on ¢ which reduce to
a maximum packing of 7. Thus for each maximal marked 7-match connected com-
ponent, we simply cover the elements with a single brick b and cover all elements
which are not part of a maximal marked 7-match component by a brick of size 1
and label each cell that corresponds to element with a * on it with x and label all re-
maining cells with 1, we can recover (B, 0, L). This proves the desired equality. O

Combining the results in Theorems 7.7 and 7.8 thatif j >3 and 7=1,---7; €S
has the minimal overlapping property with 7| = 1 and 7; = s, then

n
z < Z the number of 7-matches(o) qinv(d)
|
iz gt 5S35,
1

x—1)nzn(j—1)+1 v n+1 p i(j— _5
1—(Z+2,121([,,<j)_217)11]qg(‘1 (T)) H,;Lll [(l Jlfsrl ])

For example, 132 has the minimal overlapping property and it can be shown that
n
mpi32oni1(q) = q" []12i — 1],
i=1

Applying our results to the permutation 132 gives us a g-analogue of (7.10):
n 1

< # of 132-matches(o) ,inv(c) __
2 | 2 X q - _1)n2n+1 K
Solnlg! 553, 1= (24 B St a T 2 1],)

1

- n(x—1)nz2n+1 q
1—2n20% =112ilq
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As another example, the permutation 1342 also has the minimal overlapping
property. Elizalde and Noy [35] showed that

n
< # of 1342-matches(c) __ 1 1
P I =

| z 113 /6 = 7111.3'1+1 :
0™ 5es, 1= fgeb1riodr I—anom

Since

n & 3n+1_2 n n 371—1 3n—2
mpi3aoni1 = (¢°) [ 5 } =& HM

P 2]q ’

i=1

we can use Theorem 7.8 to find a g-analogue:

n
Z ~ .

}: }: x# of 1342 matches(o‘)qmv(d)
n!

n>0 CES,

1
1 )nz3n+l

I—(z+ X5 “‘anqz”@n?:l [3i—1]4[3i —2],)
1

1 . 2 an(x,])anénJr]
n>0 Br+1]g[2]2 1T [3i]q

As a third example, suppose 7 is a permutation of the form 7= 12---ac(a+ 1)
where o is a permutation of {a+2,---,k+ 1}, then 7 has the minimal overlapping
property and inv(7) = (k—a) +inv(o). Using Theorems 7.7 and 7.8, we have

" #of h i
g -matches
2 2 5 of T-matc es((r)qmv(o')

n>0 [n]4! GES,

(7.12)

1
= )itk ; - e
1— (Z+2i20 ( [ik)-&-l]Z! (qk a+1nv(o‘))(t+l) ;:2 [Jk’i;]

We pause to observe two other consequences of Theorem 7.8. The permutations
o and B are called c-Wilf equivalent if the number of permutations in S, without
any consecutive & matches is equal to the number of permutations in S, without any
consecutive 8 matches for all n > 1. We call these two permutations strongly c-Wilf
equivalent if

= oo

Z < Z x# of o-matchesin o _ 2 i Z x# of B-matches in o

n'
n=0""" ces, n=0""" oc€s,

Clearly, if o and 3 are strongly c-Wilf equivalent, then ¢ and 3 are also c-Wilf
equivalent. The surprise is that Theorem 7.8 implies the converse in the case of
minimal overlapping permutations. To see this, suppose that o and 8 are c-Wilf
equivalent and take x = 0 in Theorem 7.8 to see that
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1

=1+l

1—(z+ 2n>1 W(— 1 )nmpa,n(jfl)Jrl)

1

(—1)+1

1= (z+ 21 G (S D"mpgai-1)+1)

from which it follows that mpg ,(;—1)41 = mpguj-1)+1 for all n > 1. Then
Theorem 7.8 implies that the two generating functions for consecutive o and f3
matches are the same.

A second consequence of Theorem 7.8 is a proof of a conjecture of Elizalde
[34] that if & = o1 ---j and B = B --- B are permutations in S; with the min-
imal overlapping property and o = f; and a; = f3;, then o and B are strongly
c-Wilf equivalent. This was proved independently by Duane and Remmel [32] using
Theorem 7.9 below and by Dotsenko and Khoroshkin [29].

Theorem 7.9. Suppose o= o --- oj and B = By - - - B; are minimal overlapping per-
mutations in S and oy = By and oj = ;. Then for alln > 1,

MP o n(j—1)+1 = MPBu(j—1)+1-
If in addition g"™(®) = g™ B) then

MP o n(j—1)+1(9) = MPg u(j-1)+1(4)-

Proof. Let us try constructing all maximum packings 6 = 07 ... 0y(;_1)4 of size
n(j—1)+1 for a or B. One way to do this is to partition {1,...,n(j— 1)+ 1} into
sets T1,...,T, where |Tj| = j and |T;| = j — 1 for i > 2 and use the elements of T}
for o1...0;, use the elements of 7> for 6j,1...02;_1, use the elements of 73 for
02+ 03j-2, and so on.

This may not work for all choices of T,...T,. For instance, if ¢ = 132 and we
pick T} = {4,5,6} and T» = {1,2}, then there will be no way to use 7} for the
elements 010,03 and use T; for the elements 0405 to produce a maximum packing
for 132 because we must let 1 =3, 6, =5, and 03 = 4. But then 63 will be greater
than o4 and o5 so that this choice will not allow us to construct a maximum packing
for 132.

Our claim is that for any choice of 71, ..., T, either we cannot construct a maxi-
mum packing for either ¢ or 8 in this way or we can construct a maximum packing
for both & and f in this way.

For example, if oo = 24153, then we first choose Ti,...,T,; suppose we pick
T ={2,5,6,7,10}, >, = {1,8,9,15},73 = {3,11,13,14}, and Ty = {4,12,16,17}.
This means that when creating the permutation &, these sets of integers must appear
in the blank spaces as shown below:

{2,5,6,7,10} {1,8,9,15} | {3,11,13,14} | {4,12,16,17}
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Given the choice for 77, there is only one way to fill in the first 5 integers in o as to
form an o match; we must have this:

{2,5,6,7,10y | {1,8,9,15} | {3,11,13,14} | {4,12,16,17}

In this process, 05 = 6 must be the third largest element of 77 since o5 = 3. In order
to continue, it must be that 6 is the second largest element in {6} U T3 if 05+ - - 09
is an a-match. Since 6 is the second largest element in {6} U T3, the positions of
the elements of 7, are then forced by the requirement that o5 - - - 09 be an o-match
which is pictured below:

{2,5.6,7,10} {1,8,9,15} | {3,11,13,14} | {4,12,16,17}

In particular, oy must be the third largest element of {6} U T so that oy = 8. To
continue, it must be that 8 is the second largest element of {8} U T3 if 0y --- 03 is
an a-match and 673 must be the third largest element of {8} U T3. In this case, 8 is
the second largest element of {8} U T3 and we are forced to have 013 = 11 since 11
is the third largest element of {8} U Tx:

{2,5,6,7,10} {1,8,9,15} | {3,11,13,14} | {4,12,16,17}

Repeating this logic with 11 being the second largest element of {11} U Ty, we can
construct a maximum packing for o using 77, - - -, Tx:

{2,5,6,7,10} {1,8,9,15} | {3,11,13,14} | {4,12,16,17}

60000060

In general, if o = B; = s and o¢; = B; = ¢, then to be able to use 7> to continue
the construction of a maximum packing for either o or 3, we must have that the
rth largest element a; of 77 is the sth largest element of {a; } U75. If not, we cannot
use T1,..., T, to construct a maximum packing for either o or . If so, then the th
largest element a; of {a; } U T, must be the s-largest element of {a} UT5. If not, we
cannot use 77, -+, T, to construct a maximum packing for either o or f3. If so, then
the ¢th largest element a3 of {ax} U T3 must be the s-largest element of {a3} U Ty,
and so on. Thus we can use T7,...,T, to construct a maximum packing ¢ for « if
and only if we can use T,..., T, to construct a maximum packing c* for 3.

Moreover, if ¢™(®) = ¢™(B)  then it will be the case that ¢g™(0) = g™(0") a5
needed to prove the theorem. a
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7.4 Minimal Overlapping Patterns in Cycles

We can adapt definitions in the previous section to the cycle structure of per-
mutations. Given a cycle C = (co,...,cp—1), we assume that the cycle has been
rearranged so that ¢y is the smallest element of C. The reduction of C, red(C), is
the p-cycle in Sp where the ith smallest element in C is replaced by i. For example,
red(2,4,7,3) = (1,3,4,2).

Lett=1---7;€S;jand C = (co,...,c,) be an n-cycle in the cycle structure of
some permutation ¢. We say that T consecutively occurs in ¢ if j < n and there is
an i such that red(c;ciy - ~c,'+j,1) = 7 where we take the indices modulo p. Thus 7
consecutively occurs in C if, as we traverse C, we see a consecutive sequence which
reduces to 7. Let 7-mch(C) denote the number of T-matches in C.

For example, if T =231 and C = (2,5,6,4,9) then there are two T-matches in C,
namely 564 and 492, so 7-mch(C) = 2.

Our definitions ensure that T occurs in C if and only if T consecutively occurs in
red(C). Thus if o is a permutation of S, consisting of cycles Cy,...,Cy, we define
t-cmatch(c) = ¥¥ | 7-mch(red(C;)). Let %, be the set of all n-cycles in S,. The
exponential formula gives that

ceS,, Ce(g

2 z ythe number of cycles in & i -cmatch(o) _ = exp < 2 z v -mch(C

(7.13)
Looking at the right-hand side of this equation, we are motivated to study the

generating function
2 z T-mch(C

n>1 Ce(ﬂn

In this subsection we consider the special case where 7 is a minimal overlapping
pattern that starts with 1. Given an n-cycle C = (1,03,...,0,), we associate a per-
mutation 6(C) = 103 - - - 6;,. We begin with the following lemma:

Lemma 7.1. If t =71 ---Tj € Sj and 1| = 1, then for all n-cycles C, T-cmatch(C) =
t-mch(o(C)).

Proof. IfC = (co,...,cn—1) =(1,02,...,0,) and ¢jcit1 - - cit j—1 is a cycle T-match
in C where we take the indices modulo m, then cp is an element of the cycle
T-match if and only if i = 0. That is, since 7 starts with 1, the only role that ¢y = 1
can play in a cycle T-match is 1.

This means that if ¢;c;y1 ---citj—1 is acycle T-matchin C, then 1 <i < i+j—1<
n, thereby implying that ciciy1---¢ipj—1 is also 7-match in 6(C). Thus every
T-match in o(C) gives rise to a T-match in C. O

Another useful property of minimal overlapping patterns T € S; which start with
1 is the following lemma whose proof we leave to the reader.

Lemma 7.2. If T = 71 ---T; € §; is a minimal overlapping permutation with T = 1,
then for alln > 1, every 6 € MP; ,,; 1), starts with 1.



7.4 Minimal Overlapping Patterns in Cycles 239

Lemma 7.1 gives that if T € §; is a permutation that starts with 1, then

Z 3, atmene

GGSI,,
where S1,, is set of all permutations ¢ € S, which start with 1.

Theorem 7.10. Suppose that T =1 --- T; € S is a minimal overlapping pattern that
starts with 1 where j > 3. Then

7 (j—1)+1

Z+ 21 W(X— 1)nmp7:,n(jfl)+1

z x‘L’—mch(G) _
1)+1 :
o€ESly —(z+ 2 m(x - 1)”mp1,,,(j,1)+1

P

Proof. Let ¢ be the ring homomorphism in Theorem 7.8 after taking ¢ = 1. The
generating function in the statement of the theorem will follow from applying ¢ to
the modified basis py , where

v(n) =

n ifn=s(j—1)+1 for some s >0,
0 if otherwise.

Expanding py , in terms of the elementary symmetric functions using Theorem 4.1,
we have

=110 =3 3 (5 ) i) ) 2)--

Abn
n—1
b]—l,...,b[(l)—l

( )re0rea)-
T € By, () for some A - n
has bricks by,...,b,

We have consciously chosen to use v to change the weight on the first brick instead
of the last brick.

Next we give a combinatorial interpretation to this last equation. Suppose we
have a brick tabloid B = (by,...,b;) of size n such that b; € {1} U{s(j—1)+1:

s > 1} for all i. Interpret the (bv 1;‘2_1 bM)) term as filling the cells of B with a

permutation o = 0 - - - &, such that &¢; = 1 and « is increasing in each brick of B.

That is, we choose b; — 1 elements for the first brick which we use to fill cells

2,...,by in B and we choose b; elements to fill b; for eachi > 2.
Ifb;=s(j—1)+1>1,thenlet1 <d} <---<d SG-1)+1 < < n be the elements of

o which are in the cells of b; reading from left to right. Interpret the term
f(b) = (x— 1)(bi*l)/(j7])mpr’bi

as the number of ways of filling b; with a permutation 3; € MP T s and then

s(j—1)+1
labeling each cell in b; which is the start of a T-match in f3; with either x or —1. For
brick by, clearly 1 is in cell 1 if by equals 1 and if b1 > 1, then 1 is in cell 1 since
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by Lemma 7.2, every maximum packing in MP; 5, starts with 1. Finally, we replace
the numbers by 1,...,s(j—1) + 1 that occur in B; by ai, ..., ayj_1)+1, respectively.
Doing this for each brick will result in a filling of the cells of B with a permutation
o € Sl,.

Let 21;, denote the set of all labeled brick tabloids that can be constructed in
this way. An element in Q € 21, can be considered a triple T = (B, o, L) where

1. B=(by,...,by) is abrick tabloid of shape (n) such that b; € {1} U{s(j—1)+1:
s> 1} for all i,

2. 0 €S, is a permutation which starts with 1, and

3. if bj=s(j—1)+1 > 1, then cells of b; are filled with a sequence ¥; such that
red(7;) is a maximum packing for 7 of size s(j — 1) + 1 and each cell of b; which
corresponds to the start of 7-match in ¥; is labeled with either —1 or x.

The weight of T is defined to be the product of the x labels in T and the sign of T,
sign(T), is the product of the —1 labels in 7.
At the point we have shown

(n=D'o(pyn) = > sgn(T)w(T).
T=(B,0,L)€ 21 p

We have arrived at the same situation that had in the proof of Theorem 7.8 with the
exception that all the permutations ¢ start with 1. We can then apply exactly the
same involution / that we applied in the proof of Theorem 7.8 and then apply ¢ to
(4.1) in order to find the generating function in the statement of the theorem. a

By dividing both sides of the generating function in the statement of the last
theorem by z and then integrating with respect to z, we see that

n

Cr(z,x) = z Z—' Z T-meh(o)

n>1 " 5esl,
)lj 1)

_ z 1 +2n>1 WG=D) (x— 1>nmp1'~,"(j—1)+1 dy.

( 1)+1

01—+ m(x— D" mpe n(j-1)+1)

Using the substitution that u = (y+ ¥~ ";1711)):)( 1)nmpr7n(j71>+1), we find

n(j—1)+1
Celzx)=—In[1—(z+ Y, 7“)( D)'mpe aii-1)+1)

n>l

which, in turn, can be used in (7.13).

7.5 Minimal Overlapping Patterns in Words

There are two natural ways to define pattern matchings in words, depending on
whether or not a word is reduced before looking for a pattern match.
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Making these ideas precise, we say that the word u = u; - - - u; exactly consecu-
tively occurs in the word w =wy - - -wy, if there is an i such that wyw; 1 - - - wipj—1 = u.
In such a situation, we say that w has an exact u-match starting at position i. We let
u-ematch(w) denote the number of exact u-matches in w. This was our concept of
pattern matches given when discussing Theorem 7.4.

A second way to define a pattern match in a word is to reduce the word first,
just as we did for permutations. If u and w have letters in {1,2,...} such that
red(u) = u, then we say that u consecutively occurs in w if there is an i such that
red(w;wit1 - -wit j—1) = u. In such a situation, w has a u-match starting at position i.
Let u-match(w) denote the number of u-matches in w.

The two corresponding analogues of minimal overlapping permutations for
words are as follows. We say that u has the exact match minimal overlapping prop-
erty if the smallest i such that there exists a word w of length i with u-ematch(w) =2
is 2j — 1. If red(u) = u, then we say that u has the minimal overlapping prop-
erty (for words) if the smallest i such that there exists a word w of length i with
u—match(w) =2 is 2j — 1. As before, this means that for a word w, two u-matches
in w can share at most one letter occurring at the end of the first #u-match and at the
start of the second u-match.

For example, 121 has both the minimal overlapping property and the exact match
minimal overlapping property whereas 1122 does not have the minimal overlapping
property.

A new phenomenon happens in the case of pattern matching in words. Let
us say that a word u of length j with letters in {O0,...,k — 1} = [k] has the [k]-
nonoverlapping property ([k]-exact match nonoverlapping property) if the smallest i
such that there exists a word of length i with u-match(w) = 2 (u-ematch(w) = 2) is
2j. Thus u has the [k]-nonoverlapping ([k]-exact match nonoverlapping) property if
no two u-matches (exact u-matches) can share a letter.

For example, if k = 3 and u = 00112, then u has both the [k]-nonoverlapping
property and the [k]-exact match nonoverlapping property. However, if k = 3 and
v =011, then v has the [k]-exact match nonoverlapping property but does not have
the nonoverlapping property since w = 01122 has two v-matches. We note that
whether a word « has the [k]-minimal overlapping property, the [k]-exact minimal
overlapping property, or the [k]-exact nonoverlapping property can depend on k. For
example, 1122 is not [k]-minimal overlapping if k > 3 but it has the nonoverlapping
property in the alphabet [2] = {1,2}.

The goal of this section is to find generating functions for the number of matches
of minimal overlapping patterns in words. To this end, suppose that u € A/ where
A={1,2,...} or A = [k] for some k > 2. If red(#) = u and u has the A-minimal
overlapping property, then the shortest words w € A* such that u-match(w) = n have

length n(j—1)+1 so we let MPL‘:"n(jil)Jrl denote the set of words w € A"U~D+1 with

u-match(w) = n. We will refer to elements of MP;\_n( )

i—1)41 38 A-maximum packings

for u. Then we let mpﬁ}n(j_l)“ = |MP1ﬁn(j—l)+l| if A is finite,
mp‘:,n(jfl)Jrl(r) = Z =,
weMPA

un(j—1)+1
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and

mpﬁ,n(j71)+1(x1ax27 )= Z x(w)

WG‘/uPun(j 1)+1

where x( ) _ xtlhe number of wy’s in wxlzhe number of wp’sinw

If u has the A-exact match minimal overlapping property, then the shortest words

w € A* such that u-ematch(w) = n have length n(j — 1)+ 1 so we let EMP? a(i—1)41

denote the set of words w € A"U~1D+1! such that u-ematch(w) = n. We will refer to

elements of EM P,fn (j=1)+1 38 A-exact match maximum packings for u. Furthermore,
we define emp? (1)t |EMP12n(j71)+1| if A is finite,
A _ >w
empu,n(jfl)+1 (r) z r=-,
WeEMPu n(j—1)+1
and
A
empu’,Z(jf]H](xl,xz,...) = z x(w).
weEMPA
un(j—1)+1

For example, if u = 121 and k > 2, then the only w € [k]*"*! such that u-ematch
(w) = n is 1(21)". This means emp[lkz]1 one1 = Lo empraionsi(r) = 1 and
emp[lz]l AG—1)41 (x1,%2) =X/ T1x% foralln > 1 and k > 2.

If we are just considering u-matches instead of exact u-matches in [k]?"*!, then
the only words w € [k]*"*! such that u-match(w) = n are of the form siysizj- - - siys
where s € {1,....,k— 1} and iy,...,i, € {s+1,...,k}. Thus

—1

k k—1
k .
mpin e = X (k=" = X1

s=1

k=
(n41)s s+1 (2n+1)(
mP121 ant Z r Z r i, and

k
mp[12]1,2n+1(x17--~vxk = 2 Z x)"
s=1 t=s+1
Similarly, if we are just considering u-matches instead of exact u-matches for words
with letters in {1,2,... }, then the only words w such that u-match(w) = n are of the
form siysizj- - - siys where iy, ..., i, € {s+1,s+2,..., }. Thus MPi3; 2,41 is infinite
and

r”] pS@nt1)4n

Z
s>1
(12

mplds ) x) = S S )

s=1 t=s+1

n+l
mPlzl 2n+1 2

l—r
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Theorem 7.11. Let u be a word of length j with letters in {1,2,...} where j > 3. If
u has the minimal overlapping property and red(u) = u, then

z 7 2 xufmatch(w)x(w)

n>0  wef{l2,.}n

1
1= (T2 %) 2+ Ty 20D (x— )"’"Piln(, 1}>+1 (x1,%2,...))

If u has the exact match minimal overlapping property, then

z 2 Z xu—ematch(w)x(w) _

n>0  we{l.2,..}"
1

1= (X2 %) 24 Sy 22U~ D (x = 1) emPi - 1})+1(x1’x2"")).

Proof. This proof is a relatively straightforward modification of the proof given in
Theorem 7.8.

Suppose u is a word of length j with letters in {1,2,...} such that u has the
minimal overlapping property and red(u) = u. Define a ring homomorphism ¢ by

olen) = (~1)" L f(n) where
Fln) = (x= 1)U mp {2 ()
ifn=s(j—1)+1 for some s > 0 and f(n) = 0 otherwise. Applying ¢ to h, gives
(hn) = 2 fo0)f(b2)--. (7.14)

T € By, () for some A -n
has bricks by,...,by

As usual, our next task is to give a combinatorial interpretation to the right-hand
side of this last equation. Start with a brick tabloid B = (by,...,by) of size n such
that each brick b; has a length which is of the form s(j — 1) + 1 for some s > 0.

Interpret the term f(b;) as filling b; with a word v; € mp! (2 }; and then labeling

each cell in b; which is the start of a u-match in v; with either x or —1.
For example, one different possible combinatorial objects created in this way
when u = 121 is

—1 X —1 —1 —1

5 1 3 114122 3 2 4 2 6 2|73 4 3

The weight of this object is +x. The signed weighted sum over all combinatorial
objects is equal to (7.14).

These are the exact same combinatorial objects as found in proof of 7.8 with
the exception that our brick tabloids contain words instead of permutations. From
here on out the proof follows in exactly the same way as the proof of theorem 7.8:
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apply the exact same sign reversing weight preserving involution / on the collection
of such combinatorial objects 7" as found in the proof of theorem 7.8 (except with
every instance of “7” found in the description of the involution / replaced with the
word “u’”). For example, the image of the combinatorial object shown above is

X -1 -1 -1

5 1 3 1 41212 3 2 4 2 6 2|73 4 3

Fixed points under this involution have a weight of x“™h(") x (). The sum of all
fixed points, and therefore @(h,), is equal to X,,c(1 5,y xt-mateh(w) v (1) - Applying
¢ to Theorem 2.5 gives the first generating function in the statement of the theorem,
and repeating the argument yet again for exact matches gives the second generating
function in the statement of the theorem. O

The proof of the last theorem still works if we restrict all the entries in the filled
brick tabloids to be from the alphabet [k] = {1,...,k} for any & > 2, and so we can
replace {1,2,...} in the statement of the last theorem with [k] if desired.

Another variant on Theorem 7.11 can be stated for colored permutations. A col-
ored permutation is a pair (o,u) where ¢ is a permutation in S, and u is a
word of length n with letters in {0,...,k — 1}. We say that a k-colored permu-
tation (o,u) has (7,w)-match starting at position i if red(c;---0;1j—1) = 7 and
red(uiutit 1 -~ uiy j—1) = w. This is an exact (7,w)-match if ujuiyy---uipj—1 = w.
A number of papers in the literature have addressed matches in colored permuta-
tions, such as [34, 85, 84, 86].

The definitions for maximal packings and the minimal overlapping property for
colored permutations follow by analogy to the situation for regular permutations or
words. We record these results here, with the details carefully spelled out in [32].

Theorem 7.12. If (t,u) is a colored permutation with red(u) = u and (T,u) has
the minimal overlapping property for colored permutations, then the generating
function

i ZL: 2 x(t,u)—match(c,u)qinv(o')x(w)
n=0"" (o,w) is a colored permutation
is equal to
1
o n(j—1)+1 k ’
1-— ()CO -+ ... +)Ck71)Z - zn:l m()«f — l)nmpg‘j,u),n(jfl)Jrl(q’xo’ A ,)Ckfl)

7.6 Minimal Overlapping Patterns in Alternating Permutations

This section is devoted to finding an analogue of Theorem 7.8 for alternating per-
mutations. In contrast to our earlier definition of an alternating permutation, in this
section we will consider 6 = 0y - - - 6, € S, an alternating permutation if

01<0>03<O04"".
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That is, in this section only, we will consider an alternating permutation as begin-
ning with an increase rather than a decrease. Let A, be the set of all alternating
permutations in S,,.

An alternating permutation T € Ay; has the alternating minimal overlapping prop-
erty if the smallest i such that there is a permutation 6 € Ay; with 7-mch(o) =2
is 2(j — 1). This means that in any permutation ¢ = 0y --- Oy, € Ay, any two T-
matches in ¢ can share at most two letters which must be at the end of the first
T-match and the start of the second 7-match.

For example, 7 = 142536 does not have the alternating minimal overlapping
property since T-match(15263748) = 2 and the T-match starting at position 1 and
the 7-match starting at position 3 share four letters, namely, 2637. However, the
permutation T = 143526 does have the alternating minimal overlapping property.

If T € A; has the alternating minimal overlapping property, then the shortest
permutations ¢ € Ay, such that 7-match(c) = n have length 2n(j — 1) + 2. Thus
we let UDMP; 5,(j—1)4+2 equal the set of permutations & € Ay,(;_1);2 such that
t-match(o) = n. We shall refer to the permutations in UDMP; 5,(j_1)42 as alter-
nating maximum packings for 7 and we let udmp; »,(j—1y42 = [UDMP; 5(j—1)42|-

It will turn out that the generating functions for the number of 7-matches in al-
ternating permutations can be expressed in terms of what we call generalized maxi-
mum packings for 7. We say that o € Sy, is a generalized maximum packing for T
if we can break o into consecutive blocks ¢ = Bj - - - By, such that

1. forall 1 < j <k, Bj is either an increasing sequence of length 2 or red(B;) is
an alternating maximum packing for 7 of length 2s for some s and
2. forall 1 < j <k—1, the last element of B; is less than the first element of B .

If o is a generalized maximum packing for 7, there is only one possible block
structure. That is, if ¢ = 07+ 02, € Sy, is a generalized maximum packing for
7, our conditions force that 0y; | < 0y for i = j,...,n. Therefore 05; 107; and
02410242 are in the same block if and only if 02; > 02j1.

If o is a generalized maximum packing for 7 of length 2n with block structure
Bi - -- By, then we define the weight w(B;) of block B; to be 1 if B; has size 2 and
to be (x — 1)* if B} has length 2s(j — 1) 42 where s > 1. Then we define the weight
w(o) of o to be (—1)*Tw(By)w(By)--- W (By).

For example, if T = 143526, then

0=12387941061151213141518 171916 20

is a generalized maximum packing for T where By =12,B,=38794106115 12,
B3 =13 14, B4 =15 18 17 19 16 20. Thus w(B;) = w(B3) = 1, w(B2) = (x — 1)2,
and w(Bg) = (x— 1) so that w(o) = (—=1)3(x = 1)3 = —(x — 1)3.

Let GMP+ », denote the set of o € S, which is a generalized maximum packings
for 7 and let

GMP; 7, (x) = 2 w(o).
o0c€GMPz
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Similar definitions for generalized maximum packing can be given for permuta-
tions of an odd number. Specifically, 0 € 2,41 is a generalized maximum packing
for 7 if we can break o into consecutive blocks ¢ = Bj - - - By such that

1. forall 1 < j <k, Bj is either an increasing sequence of length 2 or red(B;) is
alternating maximum packing of 7 of length 2s for some s,

2. By is a block of size 1, and

3. forall 1 < j <k—1, the last element of B; is less than the first element of B .

From here the sets GMP+ 2,41 and GMP; 5,11 (x) are defined analogously as in the
case of even length permutations.
The main theorem in this section is as follows.

Theorem 7.13. For T € Az, an alternating minimal overlapping permutation with
Jj >3, we have

oo Z2n 1

Z Z x‘l:—mch(c) _ -

n=0 (21’1)' 0EAY, - Z;czl GMPT’Z’Z (X) @

and
- '2)171
i ZZ”; Z xT*mch(0'> = L= GMPT72,,_1(x) (22"*1)!
o 2n

n=1 (2]1 - 1)' O€A, 1 - zn:l GMP‘QZ" ()C) (gn)!

Proof. We begin by finding the first of the two generating functions in the statement
of the theorem. Define a ring homomorphism ¢ by setting ¢(e2,+1) = 0 and

_1\n—1
(P(EQn) = %GMPT’%(X)

for all n.

Since an integer partition A F (2n+ 1) must have at least one odd part, ¢(e; ),
and therefore @ (h2,+1), must both equal 0. Expanding (2n)!¢@(hy,) in the usual way,
we have

2n
(2n)'@(hon) = > <2b " )GMPf,Qbl (x)GMPr op, (x) -
T € By, () for some A - n A
has bricks by, ...,by

Create combinatorial objects from this equation by selecting a brick tabloid of
shape (2n) with only even length bricks and associate with each brick a disjoint sub-
set of {1,...,2n}. Use the factor of the form GMP; 55, (x)GMP; 5, (x)--- to select
a sequence of permutations G(l), U o) such that 6/ € A2bj is a generalized

maximum packing for 7 for all j. Then for each j, we let ali) the sequence that
arises by replacing the rth largest element of o) by the rth largest element of the
subset associated with each brick. Place these sequences o) into the cells of the
bricks.
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We still must account for the x weights coming from GMP; 5, (x). To do so, place
a weight of 1 on top of each block of size 2 that ends a brick. Place a weight of —1
on each block of size 2 which does not end a brick. For blocks of size > 2 j, we place
an (x — 1) at start of each T-match in the block and, in addition, we add a factor of
—1 to the first match in the block if the block is not the last block in a brick.

For example, we have pictured one combinatorial object created in this way when
7(1) = 231546 where the underlying brick tableau has bricks of length 2,8, and 6.
We have also indicated the block structure in each brick by underlying those ele-
ments in a common block.

1 —1 x—1 x — 1

1 3 ({4 5 9 10 7 12 11 13|16 8 2 15 14 16

If T 5, denotes the set of all combinatorial objects constructed in this way, then

(2n)lp(ha) = X, w(T)

TETT,Q,,

where the weight of T is the product of the weights above the integers in 7.

We now define two involutions, I and J, on the set of combinatorial objects we
have created. The first involution / is as follows. Read the bricks from left to right
until finding the first brick d; such that either

1. the generalized maximum packing corresponding to the elements in d; consists
of more than one block or

2. the generalized maximum packing corresponding to the elements in d; consists
of a single block and the last element of d; is less than the first element of the
following brick dj 1.

In the first situation, split d; into two bricks d* and d** where d* contains the cells
of the first block in the generalized maximum packing corresponding to the elements
in d; and d** contains the remaining cells of d;. Keep all the labels the same except
change the label on the first cell of d* from —1 to 1 if the first block of d; is of size
2 and from —(x— 1) to (x — 1) if the first block of d; has size > 4.

In the second situation, combine bricks d; and d;; into a single brick d. Since
the last element of d; is less than the first element of d;, the elements in the new
brick d will still reduce to a generalized maximum packing. Keep all the labels the
same except change the label on the first cell of d; from 1 to —1 if d; is of size 2
and from (x — 1) to —(x — 1) if d; has size > 4.

In either situation, do not change the underlying permutation ¢. If neither situa-
tion applies, define T to be a fixed point under /.

For example, if T is the combinatorial object depicted earlier in the proof, then
the second situation applies. The effect of 7 on T is that we combine the first and
second bricks in 7 to create the combinatorial object shown below:
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1 3 4 5 9 10 7 12 11 13|16 8 2 15 14 16

This function [ is a sign reversing involution. Therefore, in order to understand
n!@(ha,), we only need to understand the fixed points 7 under /. Such a fixed point T
must have elements in each brick d which reduce to a generalized maximum packing
of 7 consisting of a single block. Furthermore, we cannot combine any consecutive
bricks d; and dj, 1 such that the last element in d; is greater than or equal to the first
element of d; | for any j. This means that the underlying permutation ¢t must be an
alternating permutation.

To recap, fixed points 7" under / must satisfy these conditions:

1. The permutation ¢ is an alternating permutation of length 2n,

2. T has bricks dy,...,d, where each d; has even length and the elements in d;
reduce to a generalized maximum packing of 7 within a single block, and

3. the label in the jth cell of T is (x — 1) if j is the start of T-match in o and is
equal to 1 otherwise.

Instead of these exact fixed points, take any combinatorial object T with a cell
with a label (x — 1) and create two combinatorial objects 7; and 75 such that the
label (x— 1) is changed to x in 7] and —1 in T,. Therefore instead of considering
fixed points which satisfy the three above conditions, change the third condition to

3. the label in the jth cell of T is x or —1 if j is the start of T-match in « and is
equal to 1 otherwise.

For example, one such fixed point 7" under / is when 7 = 231546 is

1 1 -1 X 1

1 4 (3 916 7 2 10 8 11 5 13 12 14 (15 16

On these fixed points we will apply the involution J, which is fundamentally the
same as the involution given in the proof of Theorem 7.8, with modifications only
made to account for the fact that we are dealing with alternating permutations.

Define a sign reversing weight preserving involution J on the collection of such
combinatorial objects T by scanning the cells from left to right looking for the first
time we are in one of the following cases:

Case 1. There is a brick b; of size 2j whose first cell is labeled with —1. In this
case, let J(T) be the object T with this brick of size j replaced with j bricks of
size 2 and the —1 sign removed.

Case 2. There are j consecutive bricks of size 2 in T, namely b;,b;1,...,biyj—1,
such that the letters in these cells form a 7-match. In this case, J(T) is T with
the bricks b;,b;11,...,b;j—1 combined into a single brick b of size 2j and the
first cell of b is labeled with —1.
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Case 3. There is a brick b; of size 2(s+1)(j — 1) +2 where s > 1 such that all the
labels on b; are xs except for the cell that is 2j cells from the right which is
labeled with —1. In this case, J(T) is found by replacing the brick b; by a brick
of size 2s(j— 1) + 2 followed by j — 1 bricks of size 2 and removing the —1
label that was in b;.

Case 4. There are 2j consecutive bricks in T, namely b;,b;y1,...,b;yj—1 such that
bi=2s(j—1)+2>2and bi;1,...,bi;j_1 are of size 1, all the labels on b; are
xs, and the letters in these bricks form an alternating maximum packing for 7
of size 2(s+1)(j — 1) 4 2. In this case, J(T) is found by replacing the bricks
bi,biy1,...,biyj—1 by asingle brick b of size 2(s+1)(j — 1) +2 and by labeling
the last cell of b; witha —1.

Case 5. There is a brick b; of size 2(s+1)(j — 1) +2 where s > 1 such that the
first cell of b; is labeled with —1. In this case, J(T) is found by replacing the
brick b; by j— 1 bricks of size 2 followed by a brick of size 2s(j — 1) +2 and
by removing the —1 label that was on the first cell of b;.

Case 6. There are j consecutive bricks in T, namely b;,b;y1,...,bi1 1, such that
bi,...,biyj> are of size 2, biyj_1 = 25(j — 1) +2 > 2, and the letters in these
bricks form an alternating maximum packing for 7 of size 2(s+1)(j — 1) +2.
In this case, J(T') is found by replacing the bricks b;, bit1,...,bij—1 by asingle
brick b of size 2(s+1)(j — 1) + 2 and by labeling the first cell of b with a —1.

Case 7. There is a brick b; of size 2s(j — 1) 4+ 2 where s > 3 such that the first cell
is labeled with an x and there is a cell which has a label —1 which is not the jth
cell from the right. Let 7 be the left-most cell of b; which is labeled with —1.
In this case, J(T') is found by replacing the brick b; with j consecutive bricks
1,¢2,...,Cj—1,¢j where ¢| contains all the cells of b; up to and including cell
t, ¢2,...,cj—1 are bricks of size 2, and c; contains the remaining cells of b;.
Remove the —1 label from cell 7.

Case 8. There are j consecutive bricks in T, namely b;,b;y1,...,b;y 1, such that
bi=2c(s—1)+2>2and has no —1 labels, b;;1,...,bj, j_> are bricks of size
2, birj—1 =d(j—1)+1> 1, and the letters in these three bricks form an al-
ternating maximum packing for 7 of size 2(¢c+d +1)(j — 1) 4 2. In this case,
J(T) is found by replacing the j bricks b;,biy1,...,bij—1 by a single brick b
and adding a label —1 on the last cell of b;.

Case 9. If none of the previous 8 cases apply, set J(T) =T.

The remainder of the proof in the case of alternating permutations in A,,, follows
in a completely analogous way as the proof of Theorem 7.8, that is, it can be shown
that J is an involution and that the fixed points under J correspond to alternating
permutations ¢ with a power of x corresponding to the number of 7 matches in ©.
In turn, this means that

(2n)1p(n) = F, 47N,

O0€A,
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The first generating function in the statement of the theorem follows from applying
¢ to the relationship between e, and %, found in Theorem 2.5.

As for the alternating permutations of an odd length in Aj,+1, we use the new
basis py , for an appropriate choice of the function v. We would like to select v
so that we find the exact same combinatorial objects for alternating permutations in
Ay, except that the entries in the final cell of the brick tabloid are erased. This is the
idea we used in the proofs of Theorems 3.5 and 4.6 when we first found generating
functions for alternating permutations and j-alternating permutations.

In this situation, the appropriate choice for v is to take v(2n — 1) = 0 and

(—=1)>""'GMP; 5,1 (x)/(2n—1)!

v(2n) = ()

for all n. After applying ¢ to (2n— 1)!py 2., this choice of v will change the last
brick in one of our combinatorial objects 7" described earlier in the proof in the
following ways:

1. Since we are dividing by ¢(e,) in the definition of v, we erase all labels in a
last brick of length 2nin T.

2. Since we are dividing by a 1/(2n—1)! instead of the usual 1/(2n!) in the numer-
ator of the function v, (2n—1)!@(p2,,v) will produce multinomial coefficients
of the form (Zblir-l;;e—l) in our usual expansion of (21— 1)!¢(pan.v). This will
allow us to leave the last cell blank.

3. Use the remaining (—1)**"'GMP; 5,1 (x) term in v to fill the first 2n — 1 cells
in the last brick with blocks in the usual way.

For example, one such combinatorial object created in this way when 7 =
231546, and which is counted by (2n)!@(py 2,), is shown below:

2 3 7 8 5 10 9 13(4 6 1 12 11 13 14

The only difference between the fillings of even length and our current fillings is
that our current fillings must have a last brick which ends in a block of size 1 and
the last cell of that brick is blank.

It is not difficult to check that the involutions / and J are not affected by these
changes to our combinatorial objects 7. Therefore we can proceed exactly as in
the case of even length alternating permutations: first apply 7 to 7, then apply J to
the fixed points under /. The fixed points under J will correspond to permutations in
As,—1, which in turn will show that

@ 1)lp(pry) = 3, 2F ),

0€A, |

From here, the second generating function in the statement of the theorem fol-
lows immediately from applying ¢ to (4.1). O
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We end this section with a discussion on the problem of actually finding
udmpz 2n, GMP;2,(x), and GMP;2,41(x). In general, finding GMP;»,(x) and
GMP; 5,11 (x) is more difficult than finding mp: >, and mpz 2,41. Even if we cannot
easily provide a closed expression for GMP; 5,(x) or GMP; 2,11 (x) as a function of
n for any given alternating minimal overlapping permutation 7, we can still compute
GMP, ;(x) using recursions.

Let F,, ; denote the set of all fillings of a k X n rectangular array with the integers
1,...,kn such that the elements increase from bottom to top in each column. We let
(i, ) denote the cell in the ith row from the bottom and the jth column from the left
of the k x n rectangle and we let F (i, j) denote the element in cell (i, j) of F € F, 4.

If F is any filling of a k x n rectangle with distinct positive integers such that
elements in each column increase, reading from bottom to top, then we let red(F)
denote the element of F, ; which results from F by replacing the ith smallest element
of F by i. For example, below we show a filling F alongside red(F).

12 16 22 7 10 12

8 15 17 5 9 11
F= red(F) =

6 10 13 3.6 8

1 7 5 1 4 2

For F € Fypand 1 < ¢ <--- <cj <n, welet Flcy,...,c;] the filling of the
k x j rectangle where the elements in column a of F[cy,...,c;] equal the elements
in column ¢, in F for a =1,...,j. We can then extend the usual pattern matching
definitions from permutations to elements of F, ; as follows.

Let P be an element of F ; and F € F, ; where j < n. Then P occurs in F if there
are 1 <ij <ip <---<ij<nsuchthatred(Flij,...,i;]) = P, F avoids P if there is no
occurrence of P in F, and there is a P-match in F starting at position i if red(F'[i,i+
l,...,i+j—1]) = P. When k = 1, then F,, | = S,,, and our definitions reduce to the
standard definitions that have appeared in the pattern matching literature.

We let P-match(F) denote the number of P-matches in F. For example, below
we have displayed a P, F, and G for which there are no P-matches in F but there is
an occurrence of P in F, since red(F[1,2,5]) = P. Also, there are 2 P-matches in G
starting at positions 1 and 2, respectively, so P-match(G) = 2:

36 9 4 11 12 16 18 14 4 7 11 16 18 14
P=1|2 5 8 F=1]2 10 8 13 17 9 G=1|2 6 10 13 17 9

1 4 7 1 5 6 3 157 1 5 8 12 15 3
If P€ Fjy, then letMPf(ji]H] tobe the set of F' € F,(j_y)41 With P-match(F) =

n, i.e., the set of ' € F, ; with the property that there are P-matches in F starting at
positions 1,7,2j—1,...,nj— (j—1). We let mpf(j4)+1 = |MPF|, and by conven-
tion, define mpf =1.

Given a permutation 0 = 07 - - - 02; € A2,, One can construct a column strict array
Ps € Fj by letting the ith column of Ps consist of 0y _1)110y(;—1)2, reading from
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bottom to top, for i = 1,..., j. Then if 0 € Ay; is an alternating minimal overlap-
ping permutation and T € Ay,(;_1);2 is an alternating maximum packing for o,
then P; will be a maximum packing for Py. For example if 6 =132 54 6 and
T=2317584109116 13 12 14, then P5; and P; are pictured below:

b _|3 56 p_|3 7 810111314
T2 1 4 1215 4 9 6 12

Suppose that we are given an alternating minimal overlapping permutation T €
Aj3;. To help us visualize the order relationships within Py, we form a directed graph
Gp, on the cells of the 2 x j rectangle by drawing a directed edge from the position
of the number s to the position of the number s+ 1 in P; for j =1,...,2j— 1.
For example, here is the graph Gp, pictured immediately to the right of P; for 7 =
231546:

The graph Gp, determines the order relationships between all the cells in P; since
P(r,s) < Pr(u,v) if there is a directed path from cell (r,s) to cell (u,v) in Gp,.

Now suppose that F' € MP;;(j_l) 4o Where n > 2. Because there is a Pr-match
starting in column j, we can superimpose Gp, on the cells in columns j,j+
1,...,2j — 1 to determine the order relations between the elements in those j
columns. If we do this for j-tuple of columns, a(j—1) — (a—1) and (a+1)j—a for
a=1,...,n—1, we end up with a directed graph on the cells of the 2 x (n(j—1)+1)
rectangle which we will call G,(;_1)11p,. For example, here is G p,y 5, for the
graph Gp shown above:

e >0 o >0 0 >0 0 >0

0 00 0+—0

If Fe MP,ﬁTj,l) . and there is a directed path from cell (r,s) to cell (u,v) in
Gp(j—1)+1,pr> then it must be the case that F(r,s) < F(u,v). Note that G,,(;_1 41 p,
will always be a directed acyclic graph without multiple edges.

The graph G,,;_1)1,p induces a poset
Wai—n+1,p={(5,) 1 1 <i<2& 1< j<n(j—1)+1},<w)

on the cells of the 2 x (n(j — 1) + 1) rectangle by defining (i, j) <w (s,¢) if and only
if there is a directed path from (i, j) to (s,7) in Gy,(j_1)11p-

We define the graph G:(jil) +1p, 1O be the Hasse diagram for the covering re-
lation given by the partially ordered set indicated by G,(;_1)11,p,- In our running
example, this is
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o> 0o
9P~ o \o \o \o \

o —>0—>0>0—>0>0>0>0>0>0>0>0>0>0

R |

The following lemma gives information about directed acyclic graphs with no
multiple edges, which will allow us to replace G,(;_1)41,p With G' 1)+ 1P Given
a directed acyclic graph G = (V,E) with no multiple edges, let Con(G) equal the
set of all pairs (i, j) € V x V such that there is a directed path in G from vertex i to

vertex j. The proof of the lemma and the next theorem can be found in [59].

Lemma 7.3. Let G = (V,E) be a directed acyclic graph with no multiple edges. Let
H be the subgraph of G that results by removing all edges e = (i, j) € E such that
there is a directed path from i to j in G that does not involve e. Then Con(G) =
Con(H).

Using Lemma 7.3, one can prove the following characterization of when the
maximum packings for P are unique. That is, we say that a pattern P € F';; with the
minimal overlapping property is degenerate if it satisfies

1. P(1,1)=1lorP(l,j) =1,

2. P(k,1) = jkor P(k,j) = jk,and

3. atleastone of P(i,1)+1=P(i+1,1) or P(i,j) + 1= P(i+1, ) holds, for each
1 <i<k.

Theorem 7.14. Suppose k > 2 and P € Fj is a pattern with the minimal overlap-
ping property. Then mpp, ;1)1 = 1 for alln > 1 if and only if P is degenerate.

Unfortunately there are no alternating minimal overlappings ¢ € A,; that cor-
respond to degenerate patterns in Fj, when j = 3: If P € F; > where j > 3 and is
degenerate, either the first column of P is equal to 12 or the last column of P is
(2n— 1)2n, both of which violate the alternating condition.

For nondegenerate patterns, Lemma 7.3 allows us to replace the graph G,,(;_1)41,p
by the simpler graph G, (1)1, without losing an information about the possible
maximum packings of P>3546.

The number of linear extensions of the poset WG;P is not hard to find.
231546

A linear extension of W+ is just a labeling L of vertices of G9+ P with
9.P)31546 31546

the numbers 1,...,18 in such a way such that if there is a directed path from vertex

vto vertex win Gy p. ., then L(v) < L(w).

Define the branch points of G9+ Psysa 1O be those vertices whose in degree is > 2.

Suppose that by, by, b3 are the branch points of G9 Prisa , reading from left to right,
and a; is the vertex connected to b; from below for i = 1,2,3. The rightmost branch
point b3 and the 5 vertices to its right must be assigned the numbers 13,...,18 ina
linear extension L, reading from left to right. Taking away these 6 vertices, we see
that we have 12 vertices left and that the vertex a3 is independent of the rest of the
remaining graph.
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Thus L(a3) can be any element in {1,...,12}. Having fixed L(a3), the largest
three remaining numbers must be assigned to b, and the two vertices on the path
from b, to b3. Removing these 3 vertices, we see that a; is independent of the re-
maining 8 vertices so that we have 8 choices for the value of L(a;). Having fixed
L(ay), the largest three remaining numbers must be assigned to b; and the two ver-
tices on the path from b to b,. Removing these 3 vertices, we see that a; is inde-
pendent of the remaining 4 vertices so that we have 4 choices for the value of L(a5).

In conclusion, the number of linear extensions of WG;P is12-8-4 = 433!,
1231546
This argument can be applied in general to WG; o . That is, there will n — 1
n+1,P31546
. . + . .
branch points by, ...,b,—1 in G5, 1 Prysae’ reading from left to right. We then let a;

be the vertex connected to b; from below in G2+n 1 Pysisae” Then there will be 4n + 2

vertices in Gj, +1,Pyy54 ANd there are 6 vertices on the path from b, moving to
the right and these elements must be assigned the largest 6 numbers in any linear

extension of W+ .
. +lP3isae .
Taking away these 6 vertices, we see that we have 4(n — 1) vertices left and that

the vertex a,_; is independent of the rest of the remaining graph. Thus L(a,—_1)
can be any element in {1,...,4(n— 1)}. Having fixed L(a,—), the largest three
remaining numbers must be assigned to b,_, and the two vertices on the path from
bn,—» to b,_3. Removing these 3 vertices, we see that a,_» is independent of the
remaining 4(n — 2) vertices so that we have 4(n — 2) choices for the value of L(a).
Having fixed L(a,_,), the largest three remaining numbers must be assigned to b,_3
and the two vertices on the path from b,_3 to b,_>. Removing these 3 vertices, we
see that a,_, is independent of the remaining 4(n — 3) vertices so that we have
(n — 3) choices for the value of L(a,—»).

Continuing on in this way, we see that the number of linear extensions of
Wt is [T"= 4i = 4"~ (n— 1)!. Therefore

2n+1,Py31546

n—1
UdMpP4n 2231546 = MP2nt1 Pryysee =4 (n— 1)L

More examples of explicit formulas for udmpy,;_1)12,; when T € A; has the al-
ternating minimal overlapping property which can be found in the thesis of Adrian
Duane [31].

In general, it is a difficult problem to find explicit formulas for GMP; »,(x) and
GMP; 5,41(x). However if T = 1;---Ty; € A2; has the alternating minimal over-
lapping property where 7; = 1 and 7; = 2/, then GMP;,(x) satisfies a simple
recursion, as shown in the following theorem due to Adrian Duane and Jeffrey
Remmel [32].

Theorem 7.15. Suppose that T = T -+ Tj € Ayj with j > 3 has the alternating min-
imal overlapping property where T\ =1 and Tyj = 2j. Then for n < j, Gron(x) =
(—1)"=1. Additionally, Gy (x) = (x— 1)+ (—1)/~1, and G ,(x) is equal to

s—1

(x— 1)*udmpz 2y — GMPy 2y 2(x) — Y (x — 1)'udmpe o ;—142GMPy o)1) (%)
i=1
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if2n =2s(j— 1) +2 for some s > 1, and Gy 2,(x) is equal to

3
|

k=4
—GMProp2(x) = 2, (x=1)'udmpq yi(j—1)s2GMPr 5 2i(j-1)42) (*)

~

if j — 1 does not divide n — 1.

Proof. If n < j, then any generalized maximum packing for 7 of length 2n consists
of n blocks By - - - B, of size 2. Thus the only generalized maximum packing for 7 of
length 27 is the identity permutation 12 ---2n which has weight (—1)"~!.

If n = j, any generalized maximum packing for 7 of length 2n consists of either
(i) nblocks By - - - B, of size 2 or (ii) one block B; of size 2n which must be equal to 7.
The only permutation for (i) is the identity which contributes (—1)/~! to Gr;(x)
and the only for (ii) is T which contributes (x — 1) to Gz ;(x).

Suppose that n > j. Since 7 starts with 1 and ends with 2 j, any maximum packing
O € MP; 55(j_1)4, must start with 1 and end with 2s(j — 1) +2. Now suppose that
o is a generalized maximum packing for 7 of length 2n which has block structure
B1B; - - - Bi. Our observation about maximum packings for 7 ensures that each block
B; must start with the smallest element in block B; and end with the largest element
in B;. Since for any i < k the last element of B; is less than the smallest element
of By, it follows that if |B;| = b; for i = 1,...,k, then the elements of B; are just
1,...b; and the elements of B are just 1 —i—ZZ:l bi,...,bit1 —&—2221 b;. Thus we
can classify such generalized maximum packings ¢ by the size of the first block.

Case 1. Suppose k > 2 and b; = 2. In this case, B; = 12 and the reduced permu-
tation red(B; - - - By) is a generalized maximum packing for T of length 2n — 2.
Moreover, w(Bj - - B) = —w(red(B; - - - By). Thus the o in this case contributes
7GMPT72n,2(x) to GMP; », (x).

Case 2. Suppose k > 2 and by = 2s(j — 1) + 2 for some s < % In this case,
By is an element of MPy;_1),, and red(By---By) is a generalized maxi-
mum packing for T of length 2n — (25(j — 1) +2). Moreover w(Bj ---By) =
—(x —1)*w(red(By ---By)). Hence, such permutations contribute — "~/ (x —
1)’ udmpy 55(j—1)42GMPr 2n—2(x) to GMP g, (x).

Case 3. Suppose k = 1. In this case, 2n must be of the form 2s(j — 1) +2 for
some s and ¢ € MP; 5,. Such permutations contribute (x — 1) udmpz »y(j—1)+2
to GMP; 5, (x).

This completes the proof. a

In the case where T € A>; has the minimal overlapping property and 7 starts with
1 and ends with 2, it is possible to compute G 2,+1(x). We do so in the following
theorem.

Theorem 7.16. Suppose that T = T1---Ty; € Ay; with j > 3 has the alternating
minimal overlapping property where T = 1 and Tj = 2j. Then G1(x) =1 and
Gront1(x) = —=Gron(x) forn > 1.
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Proof. The only generalized maximum packing for 7 of length 1 is 1 (weight 1).
Our previous observations show that if By - - - By is the block structure of a gener-
alized maximum packing for 7 of length 2n + 1, then B is of size 1 and its element
must be the largest element 2n+ 1. Thus Bj - - - By is a generalized maximum pack-
ing for 7 of length 2n and w(B; -+ By) = —w(Bj -+ - Bx_1). O

There are more cases where we can derive similar recursions for GMP; 5, (x) and
GMP; 5,11 (x) when 7 either starts with one or ends with the largest elements. For
example, consider our previous example of T = 231546. Then using the graphical
reasoning above, one can show that a typical generalized maximum packing ¢ with
block structure By, ..., By is just a linear extension of a poset like

*—>0>0>0>0>0>0>0>0>0>0>0>0>0>0
B B B

or possibly

O—>0O0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0—>0

! | !

B B B3

That is, if the last block By is of size 2, then the two elements in By, are two largest
elements in o. If the last block By is of size 2(2k + 1), then all the elements in
the previous blocks are smaller than all the elements in B except those elements

. . + .
connected to the main chain of GP<231 546) 241 by vertical arrows.

Theorem 7.17. Define f(i,n) by f(1,n) =2n—5, f(2,n) = (2n—9)(2n—6), and
s—=2

fors>3, f(s,n) = (2n—4s—1)(2n—4s+2)[ [ (2n—4s+2+4)). If T = 231546,
j=1
then G o,(x) = (—=1)"! forn < j, Gron(x) =(x—1)+ (=1)771, Gron(x) is equal

to

# N s— 1) (x — 1) udmpy 2 — GMPy 22 (x)—
s—1

S (x— 1) f(i,n)udmpe 442 GMPx 2y—4i—(x)
i=1

ifn=2s+1 for some s > 1, and G 2,(x) is equal to

s—1
—GMP; 5, 5(x) = Y (x— 1) f(i,s)udmpr 4i 42 GMPy 5 _4i—(x)
i=1
ifn=>2s.

Proof. If n < j, then any generalized maximum packing for 7 of length 2n consists
of n blocks By - - - B, of size 2. Thus the only generalized maximum packing for 7 of
length 27 is the identity permutation 12 ---2n which has weight (—1)"~!.
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If n = j, any generalized maximum packing for 7 of length 2n consists of either
(i) of n blocks Bj,...,B, of size 2 or (ii) one block B; of size 2n which must be
equal to 7. The only permutation for (i) is the identity which contributes (—1)/~! to
Grj(x) and the only for (ii) is T which contributes (x — 1) to G 2j(x).

Suppose that n > j. We classify the generalized maximum packings of 7 by the
size of the last block of its block structure By, B3, ..., B;. We have three cases.

Case 1. Suppose k > 2 and by = 2. In this case, By = (2n— 1)(2n) and the re-
duced permutation red(By,...,By_1) is a generalized maximum packing for t
of length 2n — 2. Moreover w(Bj - -- By) = —w(red(B; - - - By). Thus the o in this
case contributes —GM Pz 2,2 (x) to GM Py 2,(x).

Case 2. Suppose k > 2 and by = 4i+ 2 for some i < s. By our remarks above, all
the elements of By,...,B;_; are less than elements along central chain of the
poset G;(231 546),2i+1 EXCEPt for the elements connected to the central chain by

vertical arrows. We have pictured this situation in the case where |By| is of size
6, 10, 14, and 18 below:

»0—0—0—>0—>0—0

By

i

[ J [ J
By

»0—0—>0—>0—>0—>0—>0>0—>0>0—>0

By

»0—0—>0—>0—>0>0>0>0>0>0>0>0>0>0

S |

By

The dotted line represents that we are only displaying the final connection
between the elements of By,...,B;_1 and By. In such a situation, each linear
extension of the poset corresponds to a generalized maximum packing of 7
with block structure By, ..., B with weight (—1)*"'TT,_, w(B;). We have a few
sub-cases to consider:

1. If By is of size 6, then the last 5 elements of the central chain of B; must
be the largest 5 elements of the poset. If we remove these elements, then
the element of By below the central chain is independent of the remain-
ing elements so that we have 2n — 5 choices for this element. Once we
choose this element, the rest of ¢ just corresponds to a linear extension of
the poset associated with the block structure Bj - - - By . Such permutations
contribute
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—(x—=1)(2n—5)GMP; 2,_¢(x) = —(x— 1) f(1,n) GMP; 2, (x)

t0 GMP; 3,(x).

. If By is of size 10, then the last 6 elements of the central chain of By must

be the largest 6 elements of the poset. If we remove these elements, then
the element of By below the central chain on the right is independent of the
remaining elements so that we have 2n — 6 choices for this element.

Once this choice is made, the first two elements of the central chain must be
the largest two remaining elements. After removing these two elements, the
element below the central chain is independent of the rest of the elements
so we have (2n —9) ways to choose this element. Once that is chosen, the
rest of o just corresponds to a linear extension of the poset associated with
the block structure Bj - - - Br._1. Such permutations contribute

—(x—1)*(2n—6)(2n—9)GMP; 2 10(x) = —(x—1)* f(2,n) GMPy 2, 10(x)

to GMPnzn (x) .

. If By is of size 45 + 2 where s > 3, then the last 6 elements of the central

chain of By are must be the largest 6 elements of the poset. If we remove
these elements, then the element of By, below the central chain on the right
is independent of the remaining elements so that we have 2n — 6 choices
for this element.

Once we choose this element, the next three elements of the central chain
must be the largest three remaining elements. Once we remove those three
elements, the element below the central chain is independent of the rest
of the elements so there are (2n — 10) ways choose this element. If this
element is not the first element, reading from left to right, of the elements
of Bj below the central chain, then the next three elements of the central
chain must be the largest three remaining elements.

Once we remove those three elements, the element below the central chain
is independent of the rest of the elements so that we have (2n — 14) ways
to choose this element. We can continue in this way until we reach the first
element below the central chain; we will have (2n—6)(2n —10)---(2n —
6+4(s—2)) ways to choose the values of the elements below the central
chain.

Having chosen all these, then the first two elements of the central chain will
be the largest of the remaining elements. Once we have chosen those two
elements, we will have (2n —6+4(s —2)) — 3 ways to the first element be-
low the chain and then the rest of o just corresponds to a linear extension of
the poset associated with the block structure Bj - - - Bx_. Such permutations
contribute

*(X* 1)sf(san)GMPT,2n72s72(x)
to GM Py 2, (x).
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Case 3. Suppose k = 1. In this case, 2n must be of the form 25+ 2 for some s
and 6 € MP; »,. Such permutations contribute (x — 1)*udmpz 2512 = 451 (s —
D!(x—1)* to GMP; 2,(x).

This completes the proof. ad

We can also compute GMP>31546 2,+1(x) in terms of GMPs31546 2n41(X), as we
show in our final result in this chapter.

Theorem 7.18. Suppose that T = 231546 has the alternating minimal overlapping
property. Then G 1 (x) = 1 and G 41(x) = —Gron(x) forn > 1.

Proof. Clearly 1 is the only generalized maximum packing for 7 of length 1 and it
has weight 1.

Our previous observations show that if By, ..., By is the block structure of a gener-
alized maximum packing for 7 of length 2n+ 1, then B is of size 1 and its element
must be the largest element 2n + 1. Thus By,...,By_; is a generalized maximum
packing for 7 of length 2n and w(By ---By) = —w(B1 -+ Bi_1). O
Exercises

7.1. Given A(z) = X,y |{0 € S, does not have a T-match}|z"/n! for some 7 € 5},
approximate the expected number of nonoverlapping 7-matches in a randomly se-
lected permutation in S,,.

7.2. Find a normal distribution (see Exercise 3.4) which gives a reasonable approx-
imation for the distribution of nonoverlapping descents in S,,.

7.3. Let T be the set of permutations in T = 7y ---T;y1 € S;41 which satisfy 7; >
T >--->7T;jand 7; < 7;1. Find generating functions for

©0 n

ii’: z T-nlap(0) and Z < 2 xT-match(o)

P
n=0"" ges, n=0"" ges,

Solutions

7.1 The probability that j consecutive integers is not a T-match is 1 — 1/ j!. Group-
ing consecutive integers in a permutation into sets of size j, the probability that a
permutation in S, will not have any t-matches is at most (1 — 1/;!)l"/7)_ Since the
coefficient of z" in A(z) is the probability that a permutation in S, will not have
a T-match, this means that the sum A(1) converges since it is not greater than the
convergent series 3o (1 — 1/1)l"/7). The number A’(1) is also well defined.
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Using Theorem 7.1 and the ideas in Exercise 3.3, the expected number of
T-matches is

2 Alz) _1-4AR0 -7
ox (1=0) +x(1-2A@) |,y AQE—1)

1/A(1) | 1=-A'(1)/AQ1)
T (z-1)72 (z—1) +2@)

where g(z) is a function with radius of convergence larger than 1. Using Exer-
cise 1.20, the expected number of nonoverlapping T-matches in a randomly selected
permutation in S, is approximately (n+1)/A(1) +A’(1)/A(1)? — 1.
7.2 The function A(z) in this example is ¢°. Using the result in the solution to
exercise 7.1, the expected number of nonoverlapping descents in S, is approximately
(n+2)/e—1.

As for the variance,

e & _ 3¢~ _ 1
(z—1)3 (z—1)2 z—1
2¢72 (Be!—4e?) 4de 43071
= 3 D) - +g(Z)
(z—1) (z—1) (z—1)

A)ch(zrx)‘x:l =

for some function g(z) with no singularities. Using the result in Exercise 1.20, we
can use the singular part of the above equation to find a very good estimate for the
second moment. Subtracting the square of (n+2)/e — 1 from this second moment
gives that the variance is very close to (3 —e)(n+2)/é>.

The normal distribution which best approximates the number of descents in S, is

(ex+e7n72)2

therefore ¢!~ 2602 //2m(3 —e)(n+2). Below we plot this normal distribution
when n = 25 along with bars showing the exact probabilities that a permutation in
S»5 has x nonoverlapping descents:

0.4
0.3
0.2

0.1
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7.3 Every permutation in S, without a T-match must be the concatenation of int-
egers which reduce to a permutation of n — ¢ without a j --- 2 1-match with a
decreasing string of length /. For example, when j = 3, the permutation

c0=917845211121063

does not have a T = {3214,4213,4312} match and is the concatenation of the inte-
gers 9178452 11 12 and the decreasing sequence 10 6 3. This concatenation is
unique if we require ¢ to be a multiple of j, so we have

A(z) = Z Z—‘|{G € S, has no 7 matches}|
n:On'

~£53() c-omone (e55)

where B(z) is the exponential generating function for the permutations in S, without
a j --- 2 1 match found in the statement of Theorem 3.4. Therefore

7t

i i eCOZ IS e€j71

SN (1= g Debe g (1- )b
where { = e/ is a primitive j”* root of unity. The desired generating functions
follow by using this particular A(z) in Theorems 7.2 and 7.6.

Notes

Theorem 7.1 was proved by Kitaev [70]. The proof that we have presented, which
also gives a method to calculate the function A(z) in the statement of the theorem, is
found in [88]. This method of finding A(z) was used to prove more explicit formulas
for the generating functions that avoid certain consecutive patterns in [77].

As stated in section 7.2, the cluster method is due to Goulden and Jackson and it
has many applications. Our proof of the cluster method is new.

The results in sections 7.3 and 7.5 are based on [32], the results in section 7.4 are
new, and the results in section 7.5 are based on [31, 100].

Many of the results on consecutive patterns in permutations were first proved by
Sergey Kitaev and Sergey Kitaev with Toufik Mansour. The generating function in
(7.3) is due to Elizalde and Noy.

Equation (7.12) generalizes a result due to Kitaev [69], which was proved using
an inclusion—exclusion argument, when proving the results due to Elizalde and Noy.

The problem of computing udmp; >, has been studied in [59] in a different con-
text. There maximum packings in column strict arrays were considered. Here we
studied the problem of computing mpg (—1)+1 for PF ;j is shown to reduced to find-
ing the number of linear extensions of a certain poset associated with P.



Chapter 8
The Reciprocity Method

In Chapters 3, 4, and 7, we showed that the generating function for the distribution
of many generating functions for permutations and words can be proved by applying
ring homomorphisms ¢ to symmetric function identities. Many different generating
functions came from applying ¢ to the identity in Theorem 2.5, namely

1 1
— Y = — )
HE) = 2 = e e, B9

Suppose that we are given some statistic s(o) on permutations and wish to study

the generating function
b n

< (o)
YIS e
n=0""" c€Ss,
In order to use our methods, we would like to come up with a ring homomorphism
¢ which is defined on the elementary symmetric functions such that

nlo(hy) = Y, 1,

oES,

which in turn would make @(H ()) equal to the desired generating function.

But how do we find an appropriate homomorphism ¢? The reciprocity method,
the subject of this chapter, provides one possible answer to this question.

The reciprocity method begins by assuming that we can write the desired gener-
ating function as

x 1

< )~ -
2 ! 2 1+ 37 Un(0)&

n=0"" oS,

for some function U, (x) where we assume that the generating function

oo o 1
U(Z7x) = ZUH(X)i = o n
n=0 nt o 1+E0 5 Yees, ()
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is the result of applying a second homomorphism I" to the identity H(z) = 1/E(—z).
This assumption implies that I'(eg) = 1 and

I'(e

oES,

for n > 1. Expanding n!h,, in terms of brick tabloids,
U, (x) =n!T(hy,)

=n!'Y (=1)""M|By ()T (ex)
Abn

= D (—1)t*) <b1, >H D Pl (8.1

T € By, () for some A - n i=10€S),
has bricks by,...,by

The right-hand side of this expression has a natural combinatorial interpretation,
giving us information about U,(x) and information about how to define the appro-
priate ring homomorphism ¢.

Let us illustrate this idea with example. Suppose that we want to find the gener-
ating function for

o _n 1

Z i' 2 ydes(o)+1 _

n=0"" 5es, 1+37 U0

Looking at (8.1), we can say that

I ) Pt

T € By, () for some A - n i=10€S),
has bricks by,...,by

A combinatorial interpretation to the right-hand side of (8.1) is as follows.

First select a brick tabloid with bricks by, ..., by. Interpret the multinomial coef-
ficient as picking an ordered set partition 7j,...,T; of {1,...,n} such that the size
of 7; equals b; for i = 1,...,n. We interpret [T,—; Zoes), x9es(0)+1 a5 the number of

ways of placing a permutation o of T; in the cells of brick b; and labeling each
cell which starts a descent of ¢(!) with an x and labeling the last cell of b; with an x
for i = 1,... k. Finally, we interpret the term (71)[@) as changing the label of the
last cell of each brick from x to —x.

One such combinatorial object is shown below, where we have chosen 71 =
{1,4,7,9}, I» = {2,12,13}, T3 = {2,5,10}, Ty = {6,8,11}, c(!) = 3124, c? =
132, 60 =213, and ¥ = 123:
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Let O, denote the set of all such combinatorial objects. Define the weight of such
an object to be the product of all x or —x labels. Then U, (x) is equal to the weighted
sum over O,,.

As usual, we can define an involution 7 on O, by scanning the cells from right to
left looking for the first cell ¢ such that either

1 cis labeled with an x or
ii cell ¢ is labeled with —x so that ¢ is the last cell in some brick b; and the element
in cell c is larger the first cell of brick b;; .

In the first case, split the brick b containing ¢ into two bricks »* and b** such that
b* contains the cells of b up to and including cell ¢ and b** contains the remaining
cells of b. Change the label on cell ¢ from x to —x. In the second case, replace b; and
bi+1 by a single brick and change the label on cell ¢ from —x to x. If neither case
applies, do nothing.

It follows that I is sign reversing weight preserving involution and U, (x) is there-
fore a weighted sum over the fixed points of /. In such a fixed point, there can be
no cells labeled x in the fixed point, so o is increasing within each brick b of B and
there can be no decreases between bricks.

This means that the permutation ¢ in a fixed point must be the identity permu-
tation. We can have any brick structure on o = 12---n. Therefore, for each i < n,
we can decide to have brick end at cell i, in which case we label cell i as —x, or we
cannot have a brick end at cell i, in which case the label is 1. Since the last cell is
labeled with —x, we have

Un(x) = —x(1 —x)"" L.

Therefore
S T N B
=0 55, L+ 30 Un(x) 5
B 1
1=%r  x(1—x)r 15
_ 1—x
- 1 — xe(l=x)z"

We found the desired generating function without knowing the appropriate ring
homomorphism ¢ from the outset.

8.1 The Reciprocity Method for Pattern Avoiding
Permutations

Let NM, (1) denote the set of permutations in S, with no consecutive T-matches
where 7 is a permutation which begins with 1. We begin by assuming that
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z des(o)+1 1
2o 2 Y

n=0""" GeNM,(7) 1+30 Uf,n(Y)fT’;

for some function Uy ,(y).

In this section we discuss how the reciprocity method can be used to find recur-
sions for Ur(y) in the case when 7 is of the form 1324 - - p for p > 4, that is, we are
considering the case where 7 is created by from applying the transposition (23) to
the identity permutation. This will enable us to find the generating function for the
number of descents in permutations in NM,, (7).

Theorem 8.1. Let T = 1324--- p where p > 5. Then Uy 1 (y) = —y and

|25 +1
UT,n(y) = (1 _y)UT.n—l(y) + 2 (_y)kilU‘r,nf((kfl)(p72)+l)(y)
k=2

forn>2.

Proof. Beginning with equation 8.1, we create combinatorial objects which have a
weighted sum equal to Uz ,(y). Looking at (8.1), we select a brick tabloid with bricks
b1,...,by and then interpret the multinomial coefficient as selecting an ordered set
partition T1,...,T; of {1,...,n} such that |T;| = b; for each i. Use the factor of the
form HleNM”,[. (y) to select permutations oW, ..., o' such that ¢() ¢ NM,, (1)
for each i. Use these permutations to rearrange the ordered set partition associated
with each brick.

Place a power of y in each cell which contains a descent of () and label the last
cell of each brick with a y in order to account for the factor ydes("(l))+1 in equation
(8.1). Lastly, change the final y to —y, accounting for the (71)4(7L> in (8.1). Below we
display one possible combinatorial object created in this manner when 7 = 13245:

y y y -y y y o=y y -y

2 12 5 16 13 14 6 7 9 (15 1 3 11 8 (10 4

Define the weight of such an object T, w(T'), to be the product of the y and —y
labels and let O, be the set of all possible combinatorial objects created in this

way. It follows that
Uea(y) = X, w(T).
T€O,

Time for an involution! Define / on T € O, in the following way. Scan the cells
of T from left to right looking for the first cell ¢ such that either

i cislabeled with a y or
ii cis a cell at the end of a brick b;, 6. > 0,11, and there is no T-match of ¢ that
lies entirely in the cells of bricks b; and b; .
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In the case of (i), if c is a cell in brick b;, split b; into two bricks &’ and b;’
where b’j contains all the cells of b; up to an including cell ¢ and b;-’ consists of the
remaining cells of b;. Change the label on cell ¢ from y to —y.

In the case of (ii), combine the two bricks b; and b, into a single brick b and
change the label on cell ¢ from —y to y.

If neither case (i) or case (ii) applies, define I(T) =T.

The fact that 7 has only one descent is the key to ensuring that / is an weight
preserving sign reversing involution. That is, suppose that we are in case (i) and we
split brick b; into two bricks &; and b"! at cell c. Then if j > 1, we have to consider
the brick b;_; that proceeds b;. Let d be the last cell of brick »;_; and suppose that
Oy > Oy4+1- Then the reason that we did not apply case (ii) of the definition of I at
cell d to define I(T) is that there must be a 7-match that straddles the cells of b;_;
and b;. Since 7 has one descent this T-match can not extend beyond cell ¢ since then
there would be two descents in the T-match, namely 6; > 64 and 6, > 04 . Thus
our 7-match that straddles the bricks b;_; and b, is contained in the bricks b;_; and
b’j. It then easily follows that the first cell where we can apply our involution to I(7T')

is again at cell ¢ which implies that I>(T) = T. Verifying that I>(T) = T when either
04 < 0411 or j = 1 is straightforward. Similarly, it is easy to check that I*(T) =T
in the case where we apply case (ii) to define /.

A fixed point under I cannot have any cells labeled with y, and so elements within
each brick must be increasing. Similarly, if b; and b; | are two consecutive bricks
in a fixed point 7', then either there is an increase between bricks b; and b;;| or
there is a T-match contained in the elements of the cells of »; and b;;; which must
necessarily involve both the last element in b; and the first element of b; .

We claim that, in addition, the numbers in the first cells of the bricks must form
an increasing sequence reading from left to right. That is, suppose that b; and b;
are two consecutive bricks in a fixed point T of I and that a > a’ where a is the
number in the first cell of b; and @’ is the number in the first cell of b; | ;. Then the
number in the last cell of b; must be greater than @’ so there is a T-match in the cells
of b; and b 1.

However, o is the least number that resides in the cells of b; and b; |, meaning
that the only way that a’ could be part of a T-match that occurs in the cells of b; and
biy1 is to have @' play the role of 1. But since we are assuming that 7 starts with
1, this means «’ is part of a T-match and that T-match must be entirely contained
in b;1—an impossibility. Thus &’ cannot be part of any T-match that occurs in the
cells of b; and b; 1.

However, this would mean that the T-match that occurs in the cells of b; and b;
must be contained entirely either in the cells of b; or in the cells of b; 1 which again
is impossible. We can now conclude that a < a’.

To recap, the fixed points 7 under / must satisfy

i there are no cells labeled with y in 7',
ii the integers in each brick of T form an increasing sequence, and
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iii if b; and b;;| are two consecutive bricks in 7', then either there is increase
between b; and b; | or there is a decrease between b; and b;, but there is a
T-match contained in the elements of the cells of b; and b;; which straddle
these two bricks.

The results so far in the proof are valid for T = 1324... p where p > 4, but from
this point on we specialize to the case of T = 1324.--p where p > 5.

Let T be a fixed point of /. Number 1 must be in the first cell of 7. We claim
that 2 must be in the second or third cell of T. Suppose that 2 is in cell ¢ where
¢ > 3. Since there are no descents within any brick, 2 must be the first cell in a
brick. Moreover, since the minimal numbers in the bricks of 7 form an increasing
sequence, 2 must be in the first cell of the second brick. Thus if b; and b, are the first
two bricks in 7', then 1 is in the first cell of by and 2 is in the first cell of b,. But then
there is no 7-match in the cells of | and b,. We now have two cases, depending on
whether 2 is in the second cell of T or if 2 is in the third cell of T'.

Case 1. Suppose 2 is in the second cell of 7. There are two possibilities, namely
either

i 1 and 2 are both in the first brick by of T or
ii brick by is a single cell filled with 1 and 2 is in the first cell of the second
brick b, of T.

In either case, 1 is not part of a T-match in 7" and if we remove cell 1 from T
and subtract 1 from the numbers in the remaining cells, we would end up with
a fixed point 7" of I in O 1.

In case (i), we have the weight of T and T’ the same. In case (ii), since b
will have a label —y on the first cell, so w(T') = (—y)w(T"). It follows that fixed
points in Case 1 will contribute (1 —y)Uz ,—1(y) to Uz »(y).

Case 2. Suppose 2 is in the third cell of 7. Let T (i) denote the number in cell i of
T and by, b, ... be the bricks of T. Since there are no descents within bricks in
T and the first numbers of each brick are increasing, it must that 2 is in the first
cell of b,. Thus b; has two cells because there must be a 7-match straddling the
cells of b and b, where the 1 in the first cell of b; plays the roll of 1 and the 2
in the first cell of b, plays the roll of 2.

Then b, must have at least p — 2 cells because if not, there would not be
a T-match straddling the cells of b; and b;. But then the only reason that we
cannot combine bricks b; and b; is that there is a T-match in the cells of b and
b, which could only start at position 1.

Next we claim that 7(p — 1) = p — 1. Since there is a 7-match starting at
position 1 and p > 5, we know that all the numbers in the first p — 2 cells of T
are strictly less than T(p—1). Thus T(p—1) > p— 1. Now if T(p—1) > p—1,
then let i be least number in the set {1,..., p— 1} that is not contained in bricks
by and b;. Since the numbers in each brick are increasing and the minimal
numbers of the bricks are increasing, the only possible position for i is the first
cell of brick b3. From here it follows that there is a decrease between bricks by
and bs.
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Since T is a fixed point of I, there is a T-match in the cells of b, and b3.
But since 7 has only one descent, this T-match can only start at the cell ¢ which
is the second to the last cell of b,. Thus ¢ could be p — 1 if b, has p — 2 cells
or ¢ > p — 1 if by has more than p — 2 cells. In either case, p— 1 < T(p—1) <
T(c) <T(c+1)>T(c+2) =i Butthis is impossible since to have a T-match
starting at cell ¢, we must have T'(¢) < T(c+2). Thus it must be the case that
T(p—1)=p—land{T(1),....,T(p—1)}={1,...,p—1}.

We now have two sub-cases.

Case 2a. Suppose there is no 7-match in 7 starting at cell p — 1. We claim that
T(p) = p. Thatis, if T(p) # p, then p cannot be in by, so p must be in the first
cell of the brick b3. But then we claim that we could combine bricks b, and
b3. That is, there will be a decrease between bricks b, and b3 since p < T(p)
and T(p) is in by. Since there is no t-match in T starting at cell p — 1, the
only possible T-match among the cells of b, and b3 would have to start at a cell
¢ # p— 1. But it cannot be the case that ¢ < p— 1 since then T'(c) < T(c+1) <
T(c+2).

Similarly, it cannot be that ¢ > p — 1 since then T(c) > p and p has to be
part of the T-match—this is impossible since 7'(c) must play the role of 1 in
the 7-match. Thus T (p) = p. Thus if 7’ is the result of removing the first p — 1
cells from T and subtracting p — 1 from the remaining numbers, then T’ will be
a fixed point of 7in O, (,_1)-

If by has p — 2 cells, then 7’ will start with a brick with one cell and if b,
has more than p — 2 cells, then T’ will start with a brick with at least two cells.
Since there is —y coming from the brick b1, the fixed points in Case 2a. will
contribute —yUz ,_(p—1)(¥) t0 Uz ().

Case 2b. Suppose there is a T-match starting at cell p— 1 in 7. In this case, T (p— 1)
< T(p)>T(p+1) and so b, must have p — 2 cells and brick b3 starts at cell
p+ 1. We claim that b3 must have at least p — 2 cells. That is, if b3 has less than
p — 2 cells, then there could be no 7-match among the cells of b, and b3 so then
we could combine b, and b3 violating the fact that T is a fixed point of /.

In the general case, assume that the bricks by, ...,b;_1 in T all have (p —2)
cells. Thenlet ry = 1 and for j=2,...,k—1,letrj=1+(j—1)(p—2). Thus
r;j is the position of the second to last cell of brick b; for 1 < j < k— 1. Fur-
thermore, assume that there is a 7-match starting at cell r; for 1 < j <k—1.1It
follows that T'(ry_1) < T(rg—1 +1) > T (rr—1 +2) and so brick b; must start at
cell r;,_1 +2 and there is a decrease between bricks b;_; and by.

But then by has at least p — 2 cells since otherwise we could combine bricks
by and by, violating the fact that T is a fixed point of I. Let r, = 14 (k— 1)
(p—2) and assume that T does not have a T-match starting at position r. This
is the situation pictured below:

1) Fje—1 Tk
[r)| 7| 76)] | 702 [ T2+ D] ||| i) | T 4D |- [ 700
—

by by bj—1 by

T(r+1)] -
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First we claim 7(r;) = r; and {1,...,r;} = {T(1),...,T(rj)} for j =
1,...,k. We have shown that 7(1) = 1 and that T(r;) =T(p—1) = p—1 and
{r1),...,T(p—1)} ={1,...,p— 1}. Assume by induction that T(r;_;) =
ri—i and {1,...,r;_1} = {T(1),...,T(rj—1)}. Since there is a 7-match that
starts at cell ;_1 and p > 5, we know that all the numbers

T(rj-1),T(rj-1+1),....,T(rj-1+p—3)

are <T(rj) =T(rj-1+p—2). Thesets {1,...,rj—1} and {T(1),...,T(rj—1)}
must be equal, and so we know T'(r;) > r;.

Next suppose that 7'(r;) > r; and let i be the least number that does not lie
in the bricks by,...,b;. The numbers in each brick increase and the minimal
numbers in the bricks are increasing, so i is in the first cell of the next brick
bjr1. Now if j <k, then i =T (r;+2) <r; <T(rj) <T(rjy+1) which would
violate the fact that there is a T-match in T starting at cell r;.

If j =k, then it follows that there is a decrease between bricks by and by |
since by starts with i < ry < T(r). Since T is a fixed point of 1, this must
mean that there is a T-match in the cells of b; and b . But since 7 has only
one descent, this T-match can only start at the cell ¢ which is the second to the
last cell of by. Thus ¢ must be greater than r because there cannot be a 7-match
starting at cell ry.

So by must have more than p — 2 cells. In this case, we have that i < r; <
T(ry) <T(c) <T(c+1)>T(c+2) =i But this cannot be since to have a
T-match starting at cell ¢, we must have 7'(c) < T(c+2). Thus it must be the
case that T'(r;) = rj. Butthen rj_y =T (rj—y) < T(d) < T(rj) =rjforri_ <
d <rjsothat {T(1),...,T(rj)} ={1,...,rj}, as desired. Thus we have proved
byinductionthat 7'(r;) =rjand {1,...,r;} ={T(1),...,T(rj)} for j=1,... k.

This means that the sequence T(1),...,T(r¢) is completely determined.
Next we claim that since there is no 7-match starting at position r, it must
be the case that T(ry+ 1) = ry + 1. That is, if T(ry+ 1) # ri + 1, then ry + 1
cannot be in brick by so then r; 4 1 must be in the first cell of the brick by ;.

But then we could combine bricks by and by ;. That is, there will be a dec-
rease between bricks by and by since rp+1 < T(rp+1) and T(r;+ 1) is in
by. Since there is no T-match starting in 7 at cell ry, the only possible 7-match
among the cells of b and by, would have to start at a cell ¢ # ry.

Now it cannot be that ¢ < rg since then T'(c) < T(c+1) < T(c+2).If ¢ > 1y,
then T(c) > ry+ 1 and ry + 1 would have to be part of the T-match, meaning
T (c) could not play the role of 1 in the T-match. Thus it must be the case that
T(rk—i— 1) =r+1.

It now follows that if we let 7 the result of removing the first r; cells from
T and subtracting ry from each number in the remaining cells, then 77 will be a
fixed point [ in Oz, .

If by has p — 2 cells, then the first brick of 7/ will have one cell and if b; has
more than p — 2 cells, then the first brick of 7’ will have at least two cells. Since
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there is a factor —y coming from each of the bricks b1, ..., b;_1, the fixed points
in Case 2b. will contribute Zk23(—y)k_lU”,_((k_l)(p_Q)H)(y) to Uz (y).

We have now proved the theorem. a

The statement of Theorem 8.1 changes slightly in the case of taking T = 1324,
as we record in the following theorem.

Theorem 8.2. Let T = 1324. Then Uy (y) = —y and

15]
Urn(y) = (1 =y)Ui234,0-1(y) + 2 (=)' U324 n—2+1(y)
k=2

forn>2where C, = (2kk) /(k+1) is the k" Catalan number:

Proof. The beginning of this proof is the same as the proof of Theorem 8.1. The
difference is in the analysis of the fixed points under the involution /.

Let T be a fixed point under /. We know that 1 is in the first cell of 7. In the same
way as in the proof of theorem 8.1, either 2 is in the second or third cell in 7. We
break the situation into the two different cases.

Case 1. Suppose 2 is in the second cell of T'. In this case there are two possibilities,
namely either

i 1 and 2 lie in the first brick b1 of T or
ii brick by has one cell and 2 is the first cell of the second brick b, of T'.

In either case, 1 is not part of a 1324-match and if we remove cell 1 from T
and subtract 1 from the elements in the remaining cells, we would end up with
a fixed point 7" of I in T304 1.

In case (i), the weights of T and T' are the same. In case (ii), since b; will
have a label —y on the first cell, w(T) = (—y)w(T"). Therefore fixed points in
Case 1 will contribute (1 —y)U1324 n—1(y) to Ui324.0(y)-

Case 2. Suppose 2 is in cell 3 of T. Let T (i) denote the element in i cell of 7 and
let by,by,... be the bricks of T. There are no descents within bricks in 7 and
the minimal elements in the bricks are increasing, so 2 is in the first cell of a
brick b;. As in the proof of Theorem 8.1, it follows that b; must have two cells.
But then b, must have at least two cells since if b, has one cell, there could be
no 1324-match contained in the cells of by and b, and we could combine bricks
b1 and b, which would mean that T is not a fixed point of 1.

Thus b; has two cells and b, has at least two cells. But then the only reason
that we could not combine bricks b and b, is that there is a 1324-match in the
cells of b; and b, which could only start at the first cell.

‘We now have two sub-cases.

Case 2a. There is no 1324-match in T starting at cell 3. Suppose for the moment
that {7'(1),7(2),7T(3),T(4)} is not equal to {1,2,3,4} and let

i=min({1,2,3,4}\{T(1),T7(2),7(3),T(4)}).
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Since there is a 1324-match starting at position 1, it follows that 7'(4) > 4 since
T(4) is the fourth largest element in {7(1),7(2),T(3),T(4)}. Since the min-
imal elements of the bricks of T are increasing, it must be that i is the first
element in brick b3. But then we could combine bricks b; and b3 because there
will be a decrease between bricks b, and b3. Since there is no 1324-match in T
starting at cell 3, the only possible 1324-match among the elements in b, and b3
would have start at a cell ¢ > 3. But then T'(¢) > i, which is impossible since it
would have to play the role of 1 in the 1324-match and i would have to play the
role of 2 in the 1324-match. Thus it must be that 7(1) =1, 7(2) =3, T(3) = 2,
and T(4) =4.

If we let 77 be the result of removing the first 3 cells from T and subtract 3
from the remaining elements, then 7’ will be a fixed point in O 324,23 Since
there is —y coming from the brick b, the fixed points in Case 2a. contribute

—yU13240-3(y) 10 U1324.0(y).

Case 2b. Suppose there is a 1324-match starting at 3 in 7. In this case, T(3) <

T(4) > T(5), so by must have two cells and brick b3 starts at cell 5. We claim
that b3 must have at least two cells. Indeed, if b3 has one cell, then there could
be no 1324-match among the cells of b, and b3 so that we could combine b;
and b3 violating the fact that T is a fixed point.

In general, assume that the bricks b;,...,br_1 in T all have two cells and
there are 1324-matches starting at cells 1,3,...,2k — 3 but there is no 1324-
match starting at cell 2k — 1 in 7. Then we know that by has at least two cells.
Let ¢; < d; be the numbers in the first two cells of brick b; fori =1,...,k. Then
we know red(c;dici+1dir1) = 1324 for 1 <i<k—1landsoc; <ciy) <d; <diyi.

It must be the case that {T(1),...,T(2k)} = {1,...,2k}. If not, there is
a number greater than 2k that occupies one of the first 2k cells. Let M be
the greatest such number. If M occupies one of the first 2k cells then there must
be a number less than 2k that occupies one of the last n — 2k cells. Let m be the
least such number. Since numbers in bricks are increasing, M must occupy the
last cell in one of the first kK — 1 bricks or occupy cell 2k. If M occupies the last
cell in one of the first k — 1 bricks, then M is part of a T-match

Then red(c; M ciy1 diy1) =1 3 2 4 implies that M < d;, contradicting our
choice of M as the greatest number in the first 2k cells. Thus M cannot occupy
the last cell in one of the first k — 1 bricks. This means that M must occupy cell
2kinT.

Since numbers in bricks are increasing, m occupies the first cell of by .
Thus there is a descent between bricks by and by |, meaning m must be part
of a 1324-match. But the only way this can happen is if in the 1324-match
involving m, m plays the role of 2 and the numbers in the last two cells of brick
by play the role of 1 3.
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Since we are assuming that a 1324-match does not start at cell 2k — 1 which
is the cell that the number c; occupies, the numbers in the last two cells of brick
by must be greater than or equal to dy = M which is impossible since m < M.
Therefore {T'(1),...,T(2k)} ={1,...,2k} and dy = 2k.

It now follows that if we remove the first 2k — 1 cells from 7 and replace
each remaining number i in T by i — (2k — 1), then we end up with a fixed
point in 7’ under 1. Each such fixed point T will contribute (—y)*~1U, 21 (y)
to Uy, (y).

The only thing left to do is to count the number of such fixed points 7. That is,
we must count the number of sequences cidicads . . . cxdj such that

i Cc] = 1,
i =2,
i dy =2k,

iv {c1,dy,...,cr,di} ={1,2,...,2k}, and
v red(C[dej+1di+1) =1324 foreach1 <i<k-—1.

We aim to show there are C;_; such sequences where Cj_ is the k — 1-st Catalan
number, which is also the number of Dyck paths of length 2k — 2. (See Exercise 3.9
for the definition of a Dyck path.) We will prove this bijectively.

Start with a Dyck path P = (py, p2,...,pa—2) of length 2k — 2. Label the seg-
ments py,...,py—o with 2,..., 2k — 1, respectively. Define ¢ (P) to be the sequence
ci1dy ...cd; where ¢y = 1 and ¢, ... c; are the labels of the up-steps of P, reading
from left to right, d; ...d;_; are the labels of the down steps, reading from left to
right, and dy; = 2k.

For example, bijection ¢ in the case k = 7 below when applied to the Dyck path
shown here yields the permutation 142738596 121013 11 14.

By construction, if P is a Dyck path of length 2k — 2 and ¢ (P) = c1d; ... cidy,
then c; < ¢y < -+ < ¢ and d; < dp < --- < dy. Moreover, since each Dyck path
must start with an up-step, we have that ¢, = 2. Clearly ¢; = 1, dy = 2k, and
{c1,di,...,cr,di} = {1,...,2k} by construction. Thus ¢;dj ...cid; satisfies con-
ditions (i)-(iv).

As for condition (v), note that ¢; = 1 < d; > 2 = ¢y < dp so red(c1dicodp) =
1324.1f2 <i<k—1, then ¢; equals the label of the (i — 1)th up-step, c;+1 equals
the label of the ith up-step, and d; is the label of ith down-step. Since in a Dyck path,
the ith down-step must occur after the ith up-step, it follows that ¢; < ¢;11 < d; <
dit+1 so that red(cid,-ci+1d,~+1) =1324.
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Vice versa, if we start with a sequence c1d; ... cyd; satisfying conditions (i)-(v)
and create a path P = (py,...,pay—2) with labels 2,...,2k — 1 such that p; is a
up-step if j+1 € {c2,...,¢x} and p; is an down-step if j+1 € {d,...,d;_1}, then
condition (iii) ensures P starts with an up-step and condition (v) ensures that the ith
up-step occurs before the ith down step so that P will be a Dyck path. Thus ¢ is
a bijection between the set of Dyck paths of length 2k — 2 and the set of sequence
c1,dy,...,ck,d satisfying conditions (i)-(Vv).

It follows that the fixed points T of I where the bricks by,bs,...,by_ are of size
2 and there are 1324-matches starting at positions 1,3,...,2k —3 in T, but there is
no 1324-match starting at position 2k — 1 in T contribute Cy_1(—y)* " 'U, 1+ 1(y)
to Uy (y). This proves the theorem. O

The recursions for Uz , given in Theorems 8.1 and 8.2 allow us to find generating
functions for

z %V: z ydes(6)+1.

n=0""" ceNM,(T)
The exponential formula, our Theorem 4.8, can be used to provide a refinement of
this generating function.

Let 0 = 01 --- 0, be a permutation in §,,. We say that o; is a left-to-right min-
imum of o if 0; < o; for all i < j. For example, the left-to-right minima of
0 = 938471625 are 9, 3, and 1. Let Ir-min(o) denote the number of left-to-right
minima of .

Given a cycle C = (co,...,cp—1) with smallest element ¢y written first, we let
cyc-des(C) = 1+ des(co,...,cp—1). The statistic cyc-des(C) counts the number of
descent pairs as we traverse once around the cycle (the extra 1 counts the descent
pair c,—1 > cg). By convention, if C = (cp) is a one cycle, we let cyc-desC = 1.
If ¢ is a permutation in S, with k cycles Cj...Cy, then we define cyc-des(o) =
cyc-des(Cy) + - - +cyc-des(Cy).

In [64], Miles Jones and Jeffrey Remmel studied generating functions of the form

b n

Z . )
NCM; (z,x,y) — Z = z ot of cycles 1n(cr)ycyc des(c)’
n=0"" GeNCM, ()

where NCM,,(7) is the set of permutations ¢ € S, which have no cycle-t-matches.
The basic idea was to use the exponential formula to reduce the problem of com-
puting NCM+(z,x,y) to the problem of computing similar generating functions for n
cycles.

That is, let NCM, () be the set of permutations ¢ of S, with k cycles such that
o has no cycle-7-matches and L] (7) denote the set of m cycles y in S, such y has
no cycle-7-matches. Then it can be shown with the exponential formula that

S Zn C - faid nem cyc-desC
NCMy(z,x,y) = Y, = b Y, yoedel) = gt e ™0
n=0"" k=1 ceNCM, (1)



8.1 The Reciprocity Method for Pattern Avoiding Permutations 275

It turns out that if T € §; is a permutation that starts with 1, then we can reduce
the problem of finding NCM:(¢,x,y) to the usual problem of finding the generating
function of permutations that have no 7-matches. Let & be the permutation that
arises from Cj ---C; by erasing all the parentheses and commas where Ci,...,C
are ordered by decreasing minimal elements and each cycle starts with its minimal
element. Then the minimal elements of the cycles correspond to left-to-right minima
in 6. Under the bijection 6 — &, cyc-des(o) = des(6) + 1 since every left-to-right
minima other than the first element of & is part of a descent pair in .

In [64], it was proved that if T € S; and 7 starts with 1, then

i o has k cycles if and only if & has k left-to-right minima,
ii cyc-des(o) =1+des(G), and
iii o has no cycle-7-matches if and only if & has no 7-matches
for any ¢ € S,. These facts imply that NCM,(z,x,y) = NM(z,x,y). (However, if
T does not start with 1, then |[NM,,(7)| might not equal |[NCM,,(7)|. For example, it
can be checked that [NCM7(3142)| = 4236 whereas |[NM7(3142)| = 4237.) Further-
more, these fact also imply that NM(¢,x,y) = F(z,y)* for some function F(z,y).
If we let U (z,y) the generating function Y., Uz ,(v)Z"/n!, then

1

I+30 anv ZUGNM”, ydeS(G)H ’

U‘L’(Z>y) =

and so for any permutation T which starts with a 1,

< 1 x
ENMen(ey) = [ —— ) .
,E)n! ran(%,3) <Uf(z,y)>

Mathematica can be used to unwind the recursions in Theorems 8.1 and 8.2 in
order to find the values of Uy3;... p7n(y). Once these polynomials are found, the poly-
nomials NM1324. p.n (x,y) can be computed. For example, the table below gives the
coefficient of y' in Ujzpas »(y) forn=1,...,10:

n\ifl 2 3 4 5 6 7 8 910
1|1

2 |-11

3 1-12 -1

4 1-13 -3 1

5|1-15 -6 4 -1

6 |-17-1210 -5 1

71-19 -2123 —-15 6 -1

8 |—-111-34 47 -39 21 -7 1

9 |-113 =51 8 —90 61 —28 8 —1
10 [—1 15 =72 153 —189 156 —90 36 —9 1
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Using this table, the polynomials NM3)45 ,(x,y) can also be found:

The polynomial NM 3245 ,(x,y)

xy

xy+x2y2

xy+xy? +3x2y° +x°y°

xy+4xy? +7x%y +xy’ +4x7y + 627y +xty?

xy+10xy? +15x7y> + 11xy +30x%y® +25x7 y° +xy* +5x°y* + 1027 y*+
10x*y* 425 y3

6 |[xy+24xy> +31x2y> +62xy° + 140x%y® +90x° y® +26xy* +91x%y* +
120 y* 4+ 65 x4 y* + x3° +6x2y° + 153y +20x*y> + 157 y7 + 260

7 [xy+54xy> +63x7y* +273xy° +553x7y° +301x° y° +292xy* 4 840x% y* +
875x3 y* +350x* y* 4+ 57 xy +238x%y° + 4061 y> 4+ 350x*y° + 14017 yO +
xy® + 720 42130 +35x4y0 1357y £ 21 x0y0 47 y7

[, SN (OS] I NS ) I

In every case that we have tested, the polynomials U1324,,(—y) and U1324...p.n(—y)
are unimodal, leading us to conjecture they are unimodal for all p >4 and n > 1.

Exercises

8.1. Prove that the coefficient of x*y* in NMi324.. pn(X, y)xkyk is equal to S(n,k)
where S(n,k) denotes the number of set partitions of {I,...,n} into k disjoint
nonempty sets.

8.2. Prove that the coefficient of xy* in NM304... pn(X,y) is equal to 2l _pifn<p
and 2" ' —2n+p—1ifn>p.

8.3. How many permutations o € S, have exactly one descent and no consecutive
1324 matches for n > 4? How many permutations ¢ € S, have exactly one descent
and no consecutive 132... p matches for n > p?

Solutions

8.1 A permutation o € S, that contributes to the coefficient xkyk in NM3p4.. p,n(x, y)
must have k left-to-right minima and k — 1 descents. Since each left-to-right minima
of o which is not the first element is always the second element of descent pair, it
follows thatif 1 =i < iy <i3 <--- < iy are the positions of the left-to-right minima,
then ¢ must be increasing in each of the intervals [1,i2), [i2,i3), . - ., [ik—1, k), [ix, 7]-
Therefore

{Gla"'761'271}7{61'27"'70-1'371}7'“a{cik,la"'7Gik71}7{0ik7'~'ao-n}
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is just a set partition of {1,...,n} ordered by decreasing minimal elements. More-
over, no such permutation can have a 1324 ... p match for any p > 4.

If we are given a set partition of {1,...,n} into the sets Aj,...,A; such that
min(Ay) > --- > min(Ay), then the permutation o created by listing the elements in
each of the sets Ag,A;_1,...,A] in increasing order is a permutation with k left-to-
right minima and k — 1 descents where for any set A C {1,...,n}.

8.2 Suppose that ¢ € S, contributes to the coefficient of xy2 in NM1324.. pn(x,¥),
meaning that ¢ has one left-to-right minima and one descent. Thus, ¢ must start
with 1 and have one descent.

Now if A is any subset of {2,...,n} and B = {2,...,n}\ A, then we let o4 the
permutation created by writing down 1, the elements in A in increasing order, and
then the elements in B in increasing order. The only choices of A that do not give
rise to a permutation with one descent are @ and {2,...,i} fori =2,...,n. It follows
that there 2"~ — n permutations that start with 1 and have 1 descent.

Next consider when such a 64 could have a 1234...p match. If the 1234...
p-match starts at position i, then red(0;0;410;4+20;4+3) = 1324. This means that the
only descent is at position i + 1 and all the elements o; for j > i+ 3 are greater
than or equal to 0;;3. But then all the elements between 1 and 0;;, must appear in
increasing order in 0 ... ;1. It follows that oy is of the form 1...(g—2)g(g+2)
(g+1)(g+2)...n. There are no such permutations if n < p — 1 and there are
n— (p—1) such permutations if n > p as ¢ ranges between 1 and n— (p—1).

8.3 The permutation ¢ with exactly one descent and no 1324 or 1324. .. p matches
must have either one or two left-right minima. Therefore in the case of 1324, the
number of such permutations is equal to

NMi3245(x,)| 12 = NM1324.0(x,) ] 2,0 = ' —2n+d4-1)+(2" ' -1)

=2"-2n+2,
where we used exercises 8.1 and 8.2 together with the fact that there are 2"~! — 1
set partitions of {1,...,n} into two sets. Similarly, in the case of 132... p, we have

NM1324.n(x7y)|xy2 - NM1324"n(.X,y)|x2y2 = (2"71 _2n_|_p_ l) + (2n71 _ l)
=2"-2n+p-2.

Notes

The reciprocity method was first recorded in [65].

In [67], generating functions were explicitly calculated to find formulas for the
permutations in S,, with exactly two descents and no consecutive 132... p matches.
This gave enumeration results similar, but more intricate, to our Exercise 8.3. For
instance, for n > 8, the number of permutations in S, with exactly 2 descents and no
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consecutive 13245 matches is equal to

3
3 (T—2m)2 25— 2
3 3
The proof of this result relies on generating function manipulations (see [67]).
A direct combinatorial proof is not known.
The methods in section 8.1 can be used to prove other results for collections of
patterns that start with 1 and have one descent. In [66], permutations of the form

X
T=1p2...(p—1) were considered and it is shown that NM(z,x,y) = (m)
where Uz(z,y) = X Urn (y)% with Uz 1 (y) = —y, and for n > 2,

b=d n—k(p—3)—2
Uzn(y) = (1=y)Urna(y Z ( (,f_l) )Uf,nw(pz)m(y)-

Similarly, if p > 5and T=134...(p—1)2p, then it is shown that U ; (y) = —y, and
forn>2,

=) 1 k(p—2
Ur.n(y):(l_ U‘L’n l z ])_3)k+1< ( k )>U1,n—k(p—2)—1~

The reciprocity method can also be applied to find generating function of xdes(v)+1
over all words w € {1,2,...}* which have no u-matches where u is a word such that
des(u) = 1. In this case explicit formulas for the generating function can be found
instead of resorting to recursions. This work will appear in the forthcoming Ph.D.
thesis of Sangha, who is a student of the second author.

The reciprocity method can also be extended to compute generating functions of

the form -
Z
Z Z ydes( o)+
n=0"" GENMM )

where 7 has more than one descent. This requires modifying the involution / in
Theorem 8.1. This will be done in the forthcoming Ph.D. thesis of Bach, who is also
a student of the second author.



Appendix A
Transition Matrices

The a to b edge in the following directed graph is labeled with the A, u entry of the
a-to-b transition matrix A, . This means ay = 3,4, ;b
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(,1)4(#)+f(/1)w(15;/1 u)

|Bj. u| [Brick tabloids of content A, shape u (page 50)
xﬁ Signed sum of rim hook tableau of shape A, content i (Exercise 2.14)
Kj u  |Column strict tableau of shape A, content u (page 48)

Signed sum of special rim hook tabloids, shape A4, content u (Ex. 2.15)
NM;, ,, [Non-neg. integer matrices, row sum A, column sum u (Exercise 2.16)
OB, 5 |Ordered brick tabloids of shape A, content i (page 55)

w(Bj, ;) |Weighted brick tabloids of content A, shape u (page 53)

Z,M;, ;. | 0,1 matrices with row sum 4, column sum g (page 49)

zp |If A has m; parts of size i, z) = 1"2"2---m;!lmy! - -
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