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Preface to the Second Edition

This is a revised and extended version of my 1995 elementary introduction
to partial differential equations. The material is essentially the same except
for three new chapters. The first (Chapter 8) is about non-linear equations
of first order and in particular Hamilton—Jacobi equations. It builds on the
continuing idea that PDEs, although a branch of mathematical analysis, are
closely related to models of physical phenomena. Such underlying physics
in turn provides ideas of solvability. The Hopf variational approach to the
Cauchy problem for Hamilton—Jacobi equations is one of the clearest and
most incisive examples of such an interplay. The method is a perfect blend
of classical mechanics, through the role and properties of the Lagrangian and
Hamiltonian, and calculus of variations. A delicate issue is that of identifying
“uniqueness classes.” An effort has been made to extract the geometrical
conditions on the graph of solutions, such as quasi-concavity, for uniqueness
to hold.

Chapter 9 is an introduction to weak formulations, Sobolev spaces, and
direct variational methods for linear and quasi-linear elliptic equations. While
terse, the material on Sobolev spaces is reasonably complete, at least for a
PDE user. It includes all the basic embedding theorems, including their proofs,
and the theory of traces. Weak formulations of the Dirichlet and Neumann
problems build on this material. Related variational and Galerkin methods,
as well as eigenvalue problems, are presented within their weak framework.
The Neumann problem is not as frequently treated in the literature as the
Dirichlet problem; an effort has been made to present the underlying theory
as completely as possible. Some attention has been paid to the local behavior
of these weak solutions, both for the Dirichlet and Neumann problems. While
efficient in terms of existence theory, weak solutions provide limited informa-
tion on their local behavior. The starting point is a sup bound for the solutions
and weak forms of the maximum principle. A further step is their local Hélder
continuity.

An introduction to these local methods is in Chapter 10 in the framework
of DeGiorgi classes. While originating from quasi-linear elliptic equations,
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these classes have a life of their own. The investigation of the local and bound-
ary behavior of functions in these classes, involves a combination of methods
from PDEs, measure theory, and harmonic analysis. We start by tracing them
back to quasi-linear elliptic equations, and then present in detail some of
these methods. In particular, we establish that functions in these classes are
locally bounded and locally Holder continuous, and we give conditions for the
regularity to extend up to the boundary. Finally, we prove that non-negative
functions on the DeGiorgi classes satisfy the Harnack inequality. This, on the
one hand, is a surprising fact, since these classes require only some sort of
Caccioppoli-type energy bounds. On the other hand, this raises the question
of understanding their structure, which to date is still not fully understood.
While some facts about these classes are scattered in the literature, this is per-
haps the first systematic presentation of DeGiorgi classes in their own right.
Some of the material is as recent as last year. In this respect, these last two
chapters provide a background on a spectrum of techniques in local behavior
of solutions of elliptic PDEs, and build toward research topics of current active
investigation.

The presentation is more terse and streamlined than in the first edi-
tion. Some elementary background material (Weierstrass Theorem, mollifiers,
Ascoli-Arzeld Theorem, Jensen’s inequality, etc..) has been removed.

I am indebted to many colleagues and students who, over the past fourteen
years, have offered critical suggestions and pointed out misprints, imprecise
statements, and points that were not clear on a first reading. Among these
Giovanni Caruso, Xu Guoyi, Hanna Callender, David Petersen, Mike O’Leary,
Changyong Zhong, Justin Fitzpatrick, Abey Lopez and Haichao Wang. Special
thanks go to Matt Calef for reading carefully a large portion of the manu-
script and providing suggestions and some simplifying arguments. The help
of U. Gianazza has been greatly appreciated. He has read the entire manu-
script with extreme care and dedication, picking up points that needed to be
clarified. I am very much indebted to Ugo.

I would like to thank Avner Friedman, James Serrin, Constantine
Dafermos, Bob Glassey, Giorgio Talenti, Luigi Ambrosio, Juan Manfredi,
John Lewis, Vincenzo Vespri, and Gui Qiang Chen for examining the manu-
script in detail and for providing valuable comments. Special thanks to David
Kinderlehrer for his suggestion to include material on weak formulations and
direct methods. Without his input and critical reading, the last two chapters
probably would not have been written. Finally, I would like to thank Ann
Kostant and the entire team at Birkh&user for their patience in coping with
my delays.

Vanderbilt University Emmanuele DiBenedetto
June 2009



Preface to the First Edition

These notes are meant to be a self contained, elementary introduction to
partial differential equations (PDEs). They assume only advanced differential
calculus and some basic LP theory. Although the basic equations treated in
this book, given its scope, are linear, I have made an attempt to approach
then from a non-linear perspective.

Chapter I is focused on the Cauchy—Kowalewski theorem. We discuss the
notion of characteristic surfaces and use it to classify partial differential equa-
tions. The discussion grows from equations of second-order in two variables to
equations of second-order in N variables to PDEs of any order in N variables.

In Chapters 2 and 3 we study the Laplace equation and connected ellip-
tic theory. The existence of solutions for the Dirichlet problem is proven by
the Perron method. This method clarifies the structure of the sub(super)-
harmonic functions, and it is closely related to the modern notion of wiscosity
solution. The elliptic theory is complemented by the Harnack and Liouville
theorems, the simplest version of Schauder’s estimates, and basic LP-potential
estimates. Then, in Chapter 3 the Dirichlet and Neumann problems, as well
as eigenvalue problems for the Laplacian, are cast in terms of integral equa-
tions. This requires some basic facts concerning double-layer potentials and
the notion of compact subsets of L?, which we present.

In Chapter 4 we present the Fredholm theory of integral equations and
derive necessary and sufficient conditions for solving the Neumann problem.
We solve eigenvalue problems for the Laplacian, generate orthonormal systems
in L%, and discuss questions of completeness of such systems in L2. This
provides a theoretical basis for the method of separation of variables.

Chapter 5 treats the heat equation and related parabolic theory. We intro-
duce the representation formulas, and discuss various comparison principles.
Some focus has been placed on the uniqueness of solutions to the Cauchy
problem and their behavior as |x| — oo. We discuss Widder’s theorem and
the structure of the non-negative solutions. To prove the parabolic Harnack
estimate we have used an idea introduced by Krylov and Safonov in the con-
text of fully non-linear equations.
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The wave equation is treated in Chapter 6 in its basic aspects. We derive
representation formulas and discuss the role of the characteristics, propaga-
tion of signals, and questions of regularity. For general linear second-order
hyperbolic equations in two variables, we introduce the Riemann function and
prove its symmetry properties. The sections on Goursat problems represent a
concrete application of integral equations of Volterra type.

Chapter 7 is an introduction to conservation laws. The main points of the
theory are taken from the original papers of Hopf and Lax from the 1950s.
Space is given to the minimization process and the meaning of taking the
initial data in the sense of L'. The uniqueness theorem we present is due
to Kruzhkov (1970). We discuss the meaning of wiscosity solution vis-a-vis
the notion of sub-solutions and maximum principle for parabolic equations.
The theory is complemented by an analysis of the asymptotic behavior, again
following Hopf and Lax.

Even though the layout is theoretical, I have indicated some of the physical
origins of PDEs. Reference is made to potential theory, similarity solutions
for the porous medium equation, generalized Riemann problems, etc.

I have also attempted to convey the notion of ill-posed problems, mainly
via some examples of Hadamard.

Most of the background material, arising along the presentation, has been
stated and proved in the complements. Examples include the Ascoli-Arzela
theorem, Jensen’s inequality, the characterization of compactness in LP, molli-
fiers, basic facts on convex functions, and the Weierstrass theorem. A book
of this kind is bound to leave out a number of topics, and this book is no
exception. Perhaps the most noticeable omission here is some treatment of
numerical methods.

These notes have grown out of courses in PDEs I taught over the years
at Indiana University, Northwestern University and the University of Rome
I1, Italy. My thanks go to the numerous students who have pointed out mis-
prints and imprecise statements. Of these, special thanks go to M. O’Leary,
D. Diller, R. Czech, and A. Grillo. I am indebted to A. Devinatz for reading
a large portion of the manuscript and for providing valuable critical com-
ments. I have also benefited from the critical input of M. Herrero, V. Vesprii,
and J. Manfredi, who have examined parts of the manuscript. I am grate-
ful to E. Giusti for his help with some of the historical notes. The input of
L. Chierchia has been crucial. He has read a large part of the manuscript
and made critical remarks and suggestions. He has also worked out in detail
a large number of the problems and supplied some of his own. In particular,
he wrote the first draft of problems 2.7-2.13 of Chapter 5 and 6.10-6.11 of
Chapter 6. Finally I like to thank M. Cangelli and H. Howard for their help
with the graphics.
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Preliminaries

1 Green’s Theorem

Let E be an open set in RN, and let k& be a non-negative integer. Denote
by C*(E) the collection of all real-valued, k-times continuously differentiable
functions in E. A function f is in C¥(E) if f € C*(E), and its support
is contained in E. A function f : E — R is in C¥(E), if f € C¥(E) and
all partial derivatives 9°f/dz¢ for all i = 1,...,N and £ = 0,...,k, admit
continuous extensions up to dE. The boundary dF is of class C! if for all
y € 992, there exists € > 0 such that within the ball B.(y) centered at y and
radius €, OF can be implicitly represented, in a local system of coordinates,
as a level set of a function @ € C*(B.(y)) such that |V®| # 0 in B.(y).

If OF is of class C*, let n(z) = (n1(x),...,nny(x)) denote the unit normal
exterior to £ at « € OFE. Each of the components n;(-) is well defined as a
continuous function on OF. A real vector-valued function

Esx—f(x) = (fi(x), .., fn(z)) € RY

is of class C*(E), CF(E), or CX(E) if all components f; belong to these classes.

Theorem 1.1 Let E be a bounded domain of RN with boundary OF of class
C'. Then for every f € C1(E)

/divfdx:/ f-ndo
E OF

where dx is the Lebesque measure in E and do denotes the Lebesgue surface
measure on OF.

This is also referred to as the divergence theorem, or as the formula of inte-
gration by parts. It continues to hold if n is only do-a.e. defined in JF. For
example, OF could be a cube in RY. More generally, 9E could be the finite

E. DiBenedetto, Partial Differential Equations Second Edition, 1
Cornerstones, DOI 10.1007/978-0-8176-4552-6 1,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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union of portions of surfaces of class C*. The domain E need not be bounded,
provided |f| and |Vf| decay sufficiently fast as |z| — o0o.!

1.1 Differential Operators and Adjoints

Given a symmetric matrix (a;;) € RY x RN, a vector b € RV, and ¢ € R,
consider the formal expression
02 0

i i 1.1
@i &rzaxj +b o0x; T ( )

L() =

where we have adopted the Einstein summation convention, i.e., repeated
indices in a monomial expression mean summation over those indices. The
formal adjoint of £(-) is

9? 7

ij —bi
“ 7 6377637J 6377

L) = +e.

Thus £ = L* if b= 0. If u,v € C?(E) for a bounded open set E C RV with
boundary OF of class C'!, the divergence theorem yields the Green’s formula

/ [WL(u) — ul*(v)]dx = / [(vaijug;ni — uaijvg,n;) +uvb -nldo.  (1.2)
B oE

If u,v € C2(E), then

/ [vL(u) — ul™(v)]dx = 0. (1.2),
B

More generally, the entries of the matrix (a;;) as well as b and ¢ might be
smooth functions of z. In such a case, for v € C?(E), define

02 (ai;v) O (biv)
L(v) = R ’ .
(’U) 6377637J 8.131 e
The Green’s formula (1.2), continues to hold for every pair of functions w,
v € C2(E). If u and v do not vanish near 9F, a version of (1.2) continues to
hold, where the right-hand side contains the extra boundary integral

O
/ w7 njdo.
or O

dentifying precise conditions on E and f for which one can integrate by parts
is part of geometric measure theory ([56]).



2 The Continuity Equation 3

2 The Continuity Equation

Let t — E(t) be a set-valued function that associates to each ¢ in some open
interval I C R a bounded open set E(t) C RY, for some N > 2. Assume
that the boundaries OF(t) are uniformly of class C!, and that there exists a
bounded open set E C RY such that E(t) C E, for all t € I. Our aim is to
compute the derivative

d

/ p(z, t)dx for a given pe CY(E x I).
dt E(t)

Regard points « € E(t) as moving along the trajectories t — x(t) with veloci-
ties & = v(z,t). Assume that the motion, or deformation, of E(-) is smooth
in the sense that (z,t) — v(x,t) is continuous in a neighborhood of E x I.
Forming the difference quotient gives

o).
pla, t)dx

1
= lim / px,t—l—Atdx—/ px,tdm)
At—0 At ( E(t+At) ( ) E(t) (&1)

— lim p(xvt"_At) —p(x,t)
At—0 E(t) At

1
+ lim (/ ptdx—/ ptdx).
At—0 At E(t+At)—E(t) ( ) E(t)—E(t+At) ( )

The first limit is computed by carrying the limit under the integral, yielding

dx

lim plz,t+ At) = p(w.?) dx = / pi d.
At—0 E(t) At E(t)

As for the second, first compute the difference of the last two volume integrals
by means of Riemann sums as follows. Fix a number 0 < Ao <« 1, and
approximate OF(t) by means of a polyhedron with faces of area not exceeding
Ao and tangent to OE(t) at some of their interior points. Let {F1,..., F,}
for some n € N be a finite collection of faces making up the approximating
polyhedron, and let z; for i = 1,...,n, be a selection of their tangency points
with OF(t). Then approximate the set

[E(t+ At)— E(t)| U [E(t) — E(t + At)]

by the union of the cylinders of basis F; and height v(z;,t) - nAt, built with
their axes parallel to the outward normal to 0E(t) at x;. Therefore, for At
fixed
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E(t+ At)

Fig. 2.1.

1 (/ p(t)dac—/ p(t)dx)
AL\ Jptan—EB@) E(t)— E(t+At)

n

= lim plxi, t)v(x;,t) -nAo 4+ O(At) = / pv -ndo + O(At).
Aoc—0 =] OE(t)

Letting now At — 0 in (2.1) yields

d / pdx:/ ptdx—l—/ pv -ndo. (2.2)
dt Jew) E(t) E(t)

By Green’s theorem

/ pv-ndo = / div(pv) dz.
OE(t) E()

Therefore (2.2) can be equivalently written as

d
/ pdr = / [pt + div(pv)] dx. (2.3)
dt Jp E(t)

Consider now an ideal fluid filling a region £ C R3. Assume that the fluid is
compressible (say a gas) and let (z,t) — p(x,t) denote its density. At some
instant ¢, cut a region F(t) out of E and follow the motion of E(t) as if each of
its points were identified with the moving particles. Whatever the sub-region
E(t), during the motion the mass is conserved. Therefore

X
E(t)

By the previous calculations and the arbitrariness of E(t) C E
pr +div(pv) =0 in ExR. (2.4)

This is referred to as the equation of continuity or conservation of mass.
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3 The Heat Equation and the Laplace Equation

Any quantity that is conserved as it moves within an open set E with velocity
v satisfies the conservation law (2.4). Let u be the temperature of a material
homogeneous body occupying the region E. If ¢ is the heat capacity, the
thermal energy stored at © € E at time ¢ is cu(x,t). By Fourier’s law the
energy “moves” following gradients of temperature, i.e.,

cuv = —kVu (3.1)

where k is the conductivity ([42, 17]). Putting this in (2.4) yields the heat
equation

k
up — CAu = 0. (3.2)

Now let u be the pressure of a fluid moving with velocity v through a region
E of RN occupied by a porous medium. The porosity p, of the medium is the
relative infinitesimal fraction of space occupied by the pores and available to
the fluid. Let p, k, and p denote respectively kinematic viscosity, permeability,
and density. By Darcy’s law ([137])

kpo
o

v = Vu. (3.3)
Assume that k and p are constant. If the fluid is incompressible, then p =
const, and it follows from (2.4) that divv = 0. Therefore the pressure u
satisfies

divVu = Au=1uz,,, =0 in E. (3.4)

The latter is the Laplace equation for the function u. A fluid whose velocity
is given as the gradient of a scalar function is a potential fluid ([160]).

3.1 Variable Coefficients

Consider now the same physical phenomena taking place in non-homogeneous,
anisotropic media. For heat conduction in such media, temperature gradients
might generate heat propagation in preferred directions, which themselves
might depend on x € E. As an example one might consider the heat diffusion
in a solid of given conductivity, in which is embedded a bundle of curvilinear
material fibers of different conductivity. Thus in general, the conductivity
of the composite medium is a tensor dependent on the location z € F and
time ¢, represented formally by an N x N matrix k = (k;;(z,t)). For such
a tensor, the product on the right-hand side of (3.1) is the row-by-column
product of the matrix (k;;) and the column vector Vu. Enforcing the same
conservation of energy (2.4) yields a non-homogeneous, anisotropic version of
the heat equation (3.2), in the form

kij
up — (ai; (x,t)uwi)zj =0 in F, where a;; = cj’ (3.5)
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Similarly, the permeability of a non-homogeneous, anisotropic porous medium
is a position-independent tensor (k,] (x)) Then, analogous considerations
applied to (3.3), imply that the velocity potential u of the flow of a fluid in
a heterogeneous, anisotropic porous medium satisfies the partial differential
equation
(aij(®)uz,), =0 in E, where a;; = pokij. (3.6)
i)z, y

The physical, tensorial nature of either heat conductivity or permeability of a
medium implies that (a;;) is symmetric, bounded, and positive definite in E.
However, no further information is available on these coefficients, since they
reflect interior properties of physical domains, not accessible without altering
the physical phenomenon we are modeling. This raises the question of the
meaning of (3.5)-(3.6). Indeed, even if u € C*(E), the indicated operations
are not well defined for a;; € L*°(E). A notion of solution will be given in
Chapter 9, along with solvability methods.

Equations (3.5)—(3.6) are said to be in divergence form. Equations in non-
divergence form are of the type

aij(T)Uz,z; =0 in E (3.7)

and arise in the theory of stochastic control ([89]).

4 A Model for the Vibrating String

Consider a material string of constant linear density p whose end points are
fixed, say at 0 and 1. Assume that the string is vibrating in the plane (x,y),
set the interval (0, 1) on the z-axis, and let (z,t) — u(x,t) be the y-coordinate
of the string at the point € (0,1) at the instant ¢ € R. The basic physical
assumptions are:

(i) The dimensions of the cross sections are negligible with respect to the
length, so that the string can be identified, for all ¢, with the graph of
x — u(w,t).

(ii) Let (x,t) — T(x,t) denote the tension, i.e., the sum of the internal forces
per unit length, generated by the displacement of the string. Assume that
T at each point (z,u(z,t)) is tangent to the string. Letting T = |T|,
assume that (z,t) — T'(x,t) is t-independent.

(iii) Resistance of the material to flexure is negligible with respect to the
tension.

(iv) Vibrations are small in the sense that |u|? and |u,|? for § > 1 are
negligible when compared with |u| and |u|.



4 A Model for the Vibrating String 7

Fig. 4.1.

The tangent line to the graph of u(-,t) at (z,u(z,t)) forms with the z-axis an
angle a € (0,7/2) given by

sino =

Uy
V1du2
Therefore the vertical component of the tension T at (x, u(x,t)) is

Tsina=T ta .

V14 u2
Consider next, for ¢ fixed, a small interval (z1,22) C (0,1) and the correspond-
ing portion of the string of extremities (901, u(xy, t)) and (xg, u(wa, t)) Such
a portion is in instantaneous equilibrium if both the x and y components of
the sum of all forces acting on it are zero. The components in the y-direction
are:

1. The difference of the y-components of T at the two extremities, i.e.,

Uy Uy 20 < Uy )
T To,t)— (T r1,t) = T dx.
( \/1+u3>( %) ( \/1+u§)( ) /zl 9x \" /1 +u2
2. The total load acting on the portion, i.e.,

x2
—/ p(z,t)dx, where p(-,t) = {load per unit length}.
x1
3. The inertial forces due to the vertical acceleration uy(z,1), i.e.,
T2 62
o ou(z, t)de.
L. 7o

Therefore the portion of the string is instantaneously in equilibrium if

/w2 82u(gct)dx—/$2 0 Tt (x,t) + p(a,t)|dx
) pat2 ) - - 637 \/1+u% ) plx, .

Dividing by Az = x5 — 21 and letting Az — 0 gives

o? 0 Uy .
p8t2u_8x(T\/1+u§> =p in (0,1) xR. (4.1)
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The balance of forces along the z-direction involves only the tension and gives
(T cosa)(x1,t) = (T cos a)(xa, t)

or equivalently

(\/11—;— u%>($1,t) - <\/11;_ ui)(xg,t).

From this

To 9 T
/m1 8;3(\/1_1_“%)6&7:0 for all (z1,z2) C (0,1).

Therefore

0 T T
= — = TO
&E(\/l—i—ui) 0 and =z <\/1+u%)(x,t)

for some T, > 0 independent of z. In view of the physical assumptions (ii)
and (iv), may take T}, also independent of ¢. These remarks in (4.1) yield the
partial differential equation

2 2
O % w01 xR (4.2)

where

CQ:TO and f(x,t):p(x’t).
P

This is the wave equation in one space variable.

Remark 4.1 The assumption that p is constant is a “linear” assumption
in the sense that leads to the linear wave equation (4.2). Non-linear effects
due to variable density were already observed by D. Bernoulli ([11]), and by
S.D. Poisson ([120]).

5 Small Vibrations of a Membrane

A membrane is a rigid thin body of constant density p, whose thickness is
negligible with respect to its extension. Assume that, at rest, the membrane
occupies a bounded open set E C R?, and that it begins to vibrate under the
action of a vertical load, say (x,t) — p(x,t). Identify the membrane with the
graph of a smooth function (z,t) — wu(z,t) defined in E x R and denote by
Vu = (ug,,us,) the spatial gradient of u. The relevant physical assumptions
are:
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(i) Forces due to flexure are negligible.

(ii) Vibrations occur only in the direction u normal to the position of rest of
the membrane. Moreover, vibrations are small, in the sense that wu,,u,,
and wu,, for i,j = 1,2 are negligible when compared to u and |Vul.

(iii) The tension T has constant modulus, say |T| =T, > 0.

Cut a small ideal region G, C F with boundary 0G, of class C', and let G
be the corresponding portion of the membrane. Thus G is the graph of u(-, )
restricted to Gy, or equivalently, GG, is the projection on the plane u = 0 of
the portion G of the membrane. Analogously, introduce the curve I" limiting
G and its projection I, = 0G,. The tension T acts at points P € I" and is
tangent to G at P and normal to I'. If 7 is the unit vector of T and n is the
exterior unit normal to G at P, let e be the unit tangent to I" at P oriented
so that the triple {7, e, n} is positive and 7 = e A n. Our aim is to compute
the vertical component of T at P € I'. If {i,j, k} is the positive unit triple
along the coordinate axes, we will compute the quantity T -k = T,7 - k.
Consider a parametrization of I, say

s — Py(s) = (21(s),w2(s))  for s € {some interval of R}.
The unit exterior normal to 0G, is given by

L (ah—a)
Vat +af

T3
G
e
P n
r T
T
Z2
G
T, ?
v
Z1
Fig. 5.1.

Consider also the corresponding parametrization of I’

s — P(s) = (Po(s),u(xl(s),xg(s),t)).
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The unit tangent e to I is
(xh, xh, %) (Po, p,. Vu)

e = =
Vet tef taf b 4B, vap

and the exterior unit normal to G at I is

(=Vu,1)
n= .
\/1 + |Vul?
Therefore
i j k 1
T=eAn=det| 2} af a4
J
—Ug, —Ug, 1
where
J =1+ VP \[|BJ2 + B, - Vul2
From this

Jr k= (zh, —x) - Vu = |P,| Vu - v.
If 8 is the cosine of the angle between the vectors Vu and P,
k=, Jg=+/1+|Vul2\/1+ 32|Vul2.
Since
(1+B%Vul?) < Jp < (14 [Vaul?)
by virtue of the physical assumption (ii)
T -k~T,Vu-v.

Next, write down the equation of instantaneous equilibrium of the portion G
of the membrane. The vertical loads on G, the vertical contribution of the
tension T, and the inertial force due to acceleration us; are respectively

/ p(x,t) dz, / T,Vu-vdo, / puge dx
Go G, G

o

where do is the measure along the curve 0G,. Instantaneous equilibrium of
every portion of the membrane implies that

/ pug dr = / T,Vu-vdo + / p(x,t) de.
Go 9G, Go

By Green’s theorem

/ T,Vu-vdo = / T, div(Vuu) dz.
oG, Go
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Therefore
/ [putr — TpdivVu — plde =0
G,

forallt € R and all G, C E. Thus

uy —Au=f in ExR (5.1)
where T
=7, f= p’ Au = div(Vu).
p p

Equation (5.1), modeling small vibrations of a stretched membrane, is the
two-dimensional wave equation.

6 Transmission of Sound Waves

An ideal compressible fluid is moving within a region £ C R3. Let p(x,t) and
v(z,t) denote its density and velocity at x € E at the instant ¢. Each x can
be regarded as being in motion along the trajectory ¢t — x(t) with velocity
2’ (t). Therefore, denoting by v;(z,t) the components of v along the x;-axes,
then

i (t) = vi(x(t), t), i=1,2,3.

The acceleration has components

Bvi 81]7; Bvi

ot tom BT g TV VI

Ti =

where V denotes the gradient with respect to the space variables only. Cut any
region G, C E with boundary 0G, of class C'. Since G, is instantaneously
in equilibrium, the balance of forces acting on G, must be zero. These are:

(i) The inertial forces due to acceleration
/ p[vt + (v V)v] dzx.
Go

(ii) The Kelvin forces due to pressure. Let p(x,t) be the pressure at x € E
at time ¢. The forces due to pressure on G are

/ pvdo, v = {outward unit normal to 9G,}.
lel

(iii) The sum of the external forces, and the internal forces due to friction

—/ fdx.
Go
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Therefore

/ p[vt—l—(v-V)v}dx:—/ puda—l—/ fdz.
G, oG, G

/ deO':/ Vpdzx.
G, G,

Therefore by the arbitrariness of G, C E

By Green’s theorem

plvi+ (v -V)v]=-Vp+f in ExR. (6.1)

Assume the following physical, modeling assumptions:

(a) The fluid moves with small relative velocity and small time variations
of density. Therefore second-order terms of the type v;v; 4, and p,v; are
negligible with respect to first order terms.

(b) Heat transfer is slower than pressure drops, i.e., the process is adiabatic
and p = h(p) for some h € C%(R).

Expanding h(-) about the equilibrium pressure p,, renormalized to be zero,
gives
p=aop+aip’+---.

Assume further that the pressure is close to the equilibrium pressure, so that
all terms of order higher than one are negligible when compared to a,p. These
assumptions in (6.1) yield

aat(pv) =-Vp+f in ExR

Now take the divergence of both sides to obtain
0 .. . .
ot div(pv) = —Ap+divf in ExR.
From the continuity equation
div(pv) = —pr = —aop:.

Combining these remarks gives the equation of the pressure in the propagation
of sound waves in a fluid, in the form

2
gtf —PAp=f in ExR (6.2)
where . divE
2=, f=- v .
Qo ao

Equation (6.2) is the wave equation in three space dimensions ([119]).
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7 The Navier—Stokes System

The system (6.1) is rather general and holds for any ideal fluid. If the fluid is
incompressible, then p = const, and the continuity equation (2.4) gives

divv = 0. (7.1)

If in addition the fluid is viscous, the internal forces due to friction can be
represented by upAv, where > 0 is the kinematic viscosity ([160]). Therefore
(6.1) yields the system

gtv—uAv—i—(v-V)v—i— ;Vp:fe (7.2)

where f, = f/p are the external forces acting on the system. The unknowns
are the three components of the velocity and the pressure p, to be determined
from the system of four equations (7.1) and (7.2).

8 The Euler Equations

Let S denote the entropy function of a gas undergoing an adiabatic process.
The pressure p and the density p are linked by the equation of state

p= f(S)p't, a>0 (8.1)

for some smooth function f(-). The entropy S (x(t), t) of an infinitesimal por-
tion of the gas moving along the Lagrangian path ¢ — x(t) is conserved.
Therefore ([160])

d
S=0
dt
where formally
d_ 0 +v-V
dt ot
is the total deriative. The system of the Euler equations of the process is
plvi+ (v-V)v] =-Vp+f (8.2)
pr +div(vp) =0
9 p p
ot pi-o +V-Vp1+a =0. (8.4)

The first is the pointwise balance of forces following Newton’s law along the
Lagrangian paths of the motion. The second is the conservation of mass, and
the last is the conservation of entropy.
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9 Isentropic Potential Flows

A flow is isentropic if S = const. In this case, the equation of state (8.1)
permits one to define the pressure as a function of the density alone. Let
u € C?(R3 x R) be the velocity potential, so that v = Vu. Assume that f = 0,
and rewrite (8.2) as

Pz,

0
atum T U Uy, = — p/a 1=1,2,3. (9.1)

From this

0 1 9 P ds )
= =1.2.3.
o (’“ﬂ“ “f p<s>> 0 =123

From the equation of state
/p ds 1+4ap
o p(s) a p

Combining these calculations, gives the Bernoulli law for an isentropic poten-
tial flow?

I+ap

1
up + Q\VU\Z-F (9.2)

where g(+) is a function of ¢ only. The positive quantity

dp p

2

= =1+4a)
dp p

has the dimension of the square of a velocity, and ¢ represents the local speed

of sound. Notice that ¢ need not be constant. Next multiply the ith equation

in (9.1) by u,, and add for i = 1,2, 3 to obtain

10

1 1
2 . 2 e .
28t‘vu‘ + 2Vu V|Vul pr Vu. (9.3)

Using the continuity equation
1 1
—Vp-Vu=-Vlvu-P vy vu
p p pp
1
= v vut P 4P Au
p pp p
2Daniel Bernoulli, 1700-1782, botanist and physiologist, made relevant discover-
ies in hydrodynamics. His father, Johann B. 1667-1748, and his uncle Jakob 1654

1705, brother of Johann, were both mathematicians. Jakob and Johann are known
for their contributions to the calculus of variations.
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From the equation of state

d d p 1dp pd 1
CIS)

B dt ptte  pxdtp  pdt p* -
From this, expanding the total derivative

dp

p_ P _
atp+V“ vp apz[pt—FVu Vp] = 0.

Again, by the equation of continuity
pt + Vu-Vp = pAu.

Therefore

—Vp~Vu: ap—i—oszu.
p otp — p

Combining these calculations in (9.3) gives

1 10
2 Ay — ) 2 _ 2
¢ Au 2Vu V|Vul Qath\

10
p o’

9.1 Steady Potential Isentropic Flows
For steady flows, rewrite (9.4) in the form
(025ij — Uy, Uz, VU ;z; = 0.

The matrix of the coefficients of the second derivatives 1, is

i —
J 62

and its eigenvalues are

and Ay = 1.

15

(9.4)

Using the steady-state version of the Bernoulli law (9.2) gives the first eigen-
value in terms only of the pressure p and the density p. The ratio M = |Vu|/c
of the speed of a body to the speed of sound in the surrounding medium is

called the Mach number.?

3Ernst Mach, 1838-1916. Mach one is the speed of sound; Mach two is twice the

speed of sound;...
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10 Partial Differential Equations

The equations and systems of the previous sections are examples of PDEs.
Let w € C™(E) for some m € N, and for j = 1,2,...,m, let D/u denote
the vector of all the derivatives of u of order j. For example, if N = m = 2,
denoting (x,y) the coordinates in R?

D'u= (ug,uy)  and  D*u = (Upy, Upy, Uyy).
A partial differential equation (PDE) is a functional link among the variables
x, u, D'u, D*u, ..., D™u

that is
F(z,u, D'u, D*u,...,D™u) = 0.

The PDE is of order m if the gradient of F' with respect to D™u is not
identically zero. It is linear if for all u,v € C™(FE) and all o, € R

F(x, (au + Bv), D' (au + Bv), D*(au + pv), ..., D™(au + ﬁv))
= aF(ac, u, D'u, D?u, .. ., Dmu) + ﬁF(:v, v, D', D%v, ..., Dmv).

It is quasi-linear if it is linear with respect to the highest order derivatives.
Typically a quasi-linear PDE takes the form

a77l u

Z aml M N
e TNy =m EAR] amlxl . 6meN

+F,=0

where m; are non-negative integers and the coeflicients ap,,,...my, and the
forcing term F,, are given smooth functions of (x,u, D u, D?u, ..., D™ 1u).
If the PDE is quasi-linear, the sum of the terms involving the derivatives of
highest order, is the principal part of the PDE.
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Quasi-Linear Equations and the
Cauchy—Kowalewski Theorem

1 Quasi-Linear Second-Order Equations in Two
Variables

Let (z,y) denote the variables in R?, and consider the quasi-linear equation
Augy + 2Bugy + Cuyy = D (1.1)

where (z,y, ug,uy) — A, B,C, D(z,y,us,u,) are given smooth functions of
their arguments. The equation is of order two if at least one of the coeffi-
cients A, B, C is not identically zero. Let I" be a curve in R? of parametric
representation

I'= {;: ggg € C*(—46,6) for some § > 0.

On I', prescribe the Cauchy data
u’F:v, uw’F:go, uy|F:w (1.2)

where t — v(t), o(t),9(t) are given functions in C?(—6, ). Since

d

dtU(ﬁ(t), nt)) = ue +uyn’ =& + ¢y =0

of the three functions v, ¢, 1, only two can be assigned independently. The
Cauchy problem for (1.1) and I, consists in finding u € C?(R?) satisfying the
PDE and the Cauchy data (1.2). Let u be a solution of the Cauchy problem
(1.1)—(1.2), and compute its second derivatives on I". By (1.1) and the Cauchy
data
Aty + 2Bugy + Cuyy = D
Eluzz + n/uzy = ‘P/
gy + 1ty ="

E. DiBenedetto, Partial Differential Equations Second Edition, 17
Cornerstones, DOI 10.1007/978-0-8176-4552-6_2,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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Here A, B, C are known, since they are computed on I'. Precisely
A, B,C|,. = A,B,C(n,v,0,9).

Therefore, Uuzz, Uzy, and uy, can be computed on I”, provided

A 2B C
det | & o 0 | #£0. (1.3)
0 ¢ 7
We say that I is a characteristic curve if (1.3) does not hold, i.e., if
An? —2B¢'y + CE? =0. (1.4)

In general, the property of I" being a characteristic depends on the Cauchy
data assigned on it. If I" admits a local representation of the type

y=y(z) in a neighborhood of some z, € R, (1.5)

the characteristics are the graphs of the possible solutions of the differential
equation
J = B++VB? - AC

A
Associate with (1.1) the matrix of the coefficients
A B
- (22).

Using (1.4) and the matrix M, we classify, locally, the family of quasi-linear
equations (1.1) as elliptic if det M > 0, i.e., if there exists no real charac-
teristic; parabolic if det M = 0, i.e., if there exists one family of real char-
acteristics; hyperbolic if det M < 0, i.e., if there exist two families of real
characteristics. The elliptic, parabolic, or hyperbolic nature of (1.1) may be
different in different regions of R2. For example, the Tricomi equation ([152])

YUgy — Uyy = 0

is elliptic in the region [y < 0], parabolic on the z-axis and hyperbolic in the
upper half-plane [y > 0]. The characteristics are solutions of \/yy" = £1 in
the upper half-plane [y > 0].

The elliptic, parabolic, or hyperbolic nature of the PDE may also depend
upon the solution itself. As an example, consider the equation of steady com-
pressible fluid flow of a gas of density u and velocity Vu = (uy,u,) in R?
introduced in (9.5) of the Preliminaries

(62 - ui)urr - 2uruyu1y + (C2 — U;)Uyy =0
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where ¢ > 0 is the speed of sound. Compute

2,2
det M = det <C s 2uwuyz> = 2( — |Vul?).

—Ugly € — Uy

Therefore the equation is elliptic for sub-sonic flow (|Vu| < ¢), parabolic for
sonic flow (|Vu| = ¢), and hyperbolic for super-sonic flow (|Vu| > ¢). The
Laplace equation

AU = Uy + Uyy =0

is elliptic. The heat equation
H(u) =ty — gz =0
is parabolic with characteristic lines y = const. The wave equation
u:uyy—czumzo ceR

is hyperbolic with characteristic lines x 4+ cy = const.

2 Characteristics and Singularities

If I" is a characteristic, the Cauchy problem (1.1)—(1.2) is in general not solv-
able, since the second derivatives of u cannot be computed on I'. We may
attempt to solve the PDE (1.1) on each side of I" and then piece together the
functions so obtained. Assume that I" divides R? into two regions E; and F
and let u; € C%(E;), for i = 1,2, be possible solutions of (1.1) in Ej; satisfying
the Cauchy data (1.2). These are taken in the sense of

lim ’LLZ‘(Z', y)7 ui,a:(xa y)7 ui,y(xv y) = U(t)v QO(t), 1/)(t)
(m,yz:éi(etg?i(t))

Setting
o (U5} in E1
o { u9 in E2

the function u is of class C! across I'. If f; € C(E;), for i = 1,2, and

_If in E
f_{f; in B,

let [f] denote the jump of f across I, i.e.,

[ﬂ(t) - (w-,y)—*l(lﬁr(ri)m(t)) f1(x,y) B (w-,y)—*l(lﬁr(ri)m(t))
(z,y)EE] (z,y)EE2

f2(x7y)'
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From the assumptions on u,

[u] = [ue] = [uy] = 0. (2.1)
From (1.1),
Altugy] + 2Blugy] + Cluy,] = 0. (2.2)
Assume that I" has the local representation (1.5). Then using (2.1), compute
[tza] + [ueyly” =0, [tay] + [uyyly’ = 0.
Therefore
[Uaa] = [uyy]y/2, [tay] = —[uyyly'. (2.3)

Let J = [uy,] denote the jump across I" of the second y-derivative of u. From
(2.2) and (2.3)
J(Ay? — 2By +C) =0.

If I' is not a characteristic, then (Ay"? — 2By’ + C) # 0. Therefore J = 0,
and v is of class C? across I'. If J # 0, then I" must be a characteristic. Thus
if a solution of (1.1) in a region E C R? suffers discontinuities in the second
derivatives across a smooth curve, these must occur across a characteristic.

2.1 Coefficients Independent of u, and u,

Assume that the coefficients A, B,C and the term D are independent of u,
and u,, and that u € C3(E;), i = 1,2. Differentiate (1.1) with respect to y in
E;, form differences, and take the limit as (z,y) — I to obtain

Alttzry] + 2Busyy] + Cluyyy] = 0. (2.4)
Differentiating the jump J of u,, across I" gives
I = [ayy] + [uyyyly' (2.5)
From the second jump condition in (2.3), by differentiation
Y I =y = [taay] + [Uayyly'- (2.6)
We eliminate [uzz,] from (2.4) and (2.6) and use (2.5) to obtain
Aly'J +y"J) = (2B — AyY')[uayy] + Cluyy,]
= (2B — AY)J' + (Ay”? — 2By + O)[uyy,].
Therefore, if I" is a characteristic
2(B— Ay')J = Ay"J.

This equation describes how the jump J of u,, at some point P € I" propa-
gates along I'. In particular, either J vanishes identically, or it is never zero
on I
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3 Quasi-Linear Second-Order Equations

Let E be a region in RV and let u € C?(E). A quasi-linear equation in £
takes the form
Aijuajﬂj =F (31)

where we have adopted the summation notation and
(x,u,Vu) — A;;, F(z,u,Vu) for 4,j=12,...,N

are given smooth functions of their arguments. The equation is of order two if
not all the coefficients A;; are identically zero. By possibly replacing A;; with

Aij + Aji
2

we may assume that the matrix (A4;;) of the coefficients is symmetric. Let I”
be a hypersurface of class C? in RY, given as a level set of & € C?(E); say for
example, I' = [@ = 0]. Assume that V@ # 0 and let v = V@/|VP| be the unit
normal to I oriented in the direction of increasing ®@. For x € I', introduce

a local system of N — 1 mutually orthogonal unit vectors {71,...,7n_1}
chosen so that the n-tuple {71,...,7ny_1,7} is congruent to the orthonormal
Cartesian system {ey,...,ey}. Given f € C(E), compute the derivatives of

f, normal and tangential to I" from
DnyVf'V, Dij:Vf‘Tj, jzl,,N—l

If ;;, = 7i-e;, and v; = v - ej, are the projections of 7; and v on the
coordinate axes

Dr,f=(151,...,7jn) - Vf and Dyf=(v,...,un)-VFf.

Introduce the unitary matrix

T1’1 T1’2 Tl,N
T2’1 7—2’2 TQ’N

T= (3.2)

TN—-1,1 TN—1,2 -+« TN—1,N
%1 Vo UN
and write
_ 1 (DT f -1 _ gt
Vf=T where 771 =T°, (3.3)

Dy f

The Cauchy data of u on I" are

u’F:v, Dq-ju|F:goj,j:1,...,N—1, Dyu|F:1/) (3.4)

regarded as restrictions to I" of smooth functions defined on the whole of E.
These must satisfy the compatibility conditions



22 1 Quasi-Linear Equations and the Cauchy—Kowalewski Theorem
Dr,v=ypj, j=1,....,N —1. (3.5)

Therefore only v and 1 can be given independently. The Cauchy problem for
(3.1) and I" consists in finding a function u € C*(FE) satisfying the PDE and
the Cauchy data (3.4). If u is a solution to the Cauchy problem (3.1)—(3.4),
compute the second derivatives of v on I”

Uy,

i

= Tk,iUry, + viuy
+ 0 (3.6)
Ug,z; = Thkyi Ury, TV Uy .
! &rj > &pj
= Tk,iTl,jUrr T TkiVjUry + Tk, jVillr,y + VilVjUyy.
From the compatibility conditions (3.4) and (3.5)
DTq‘,(DT_ju):DTiQDj’ DTi(DVu):DTq‘,w'

Therefore, of the terms on the right-hand side of (3.6), all but the last are
known on I'. Using the PDE, one computes

Ajjvivity, = F on I (3.7)

where F is a known function of I" and the Cauchy data on it. We conclude
that u,,, and hence all the derivatives u,,,;, can be computed on I" provided

Ay By, 0. (3.8)

Both (3.7) and (3.8) are computed at fixed points P € I'. We say that I is a
characteristic at P if (3.8) is violated, i.e., if

Since (A;;) is symmetric, its eigenvalues are real and there is a unitary matrix
U such that

AM O ... 0
0 MX... O
UlApu=1| . .. .
0 0 ... Ay

Let ¢ = Ua? denote the coordinates obtained from z by the rotation induced
by U. Then

(V) (Aiy) (V) = [U—H (VD) U~ (A, )U[U (V)] = A2..
Therefore I' is a characteristic at P if
Xi®Z, = 0. (3.9)

Writing this for all P € F gives a first-order PDE in &. Its solutions permit
us to find the characteristic surfaces as the level sets [@ = const].
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3.1 Constant Coefficients

If the coefficients A;; are constant, (3.9) is a first-order PDE with constant
coefficients. The PDE in (3.1) is classified according to the number of positive
and negative eigenvalues of (A4;;). Let p and n denote the number of positive
and negative eigenvalues of (4;;), and consider the pair (p,n). The equation
(3.1) is classified as elliptic if either (p,n) = (N, 0) or (p,n) = (0, N). In either
of these cases, it follows from (3.9) that

0=|\®Z| > min [\]|[VO|.
i 1<i<N

Therefore there exist no characteristic surfaces.

Equation (3.1) is classified as hyperbolic if p +n = N and p,n > 1.
Without loss of generality, we may assume that eigenvalues are ordered so
that Aq,..., A, are positive and that A\,11,..., Ay are negative. In such a
case, (3.9) takes the form

P 2 N 2
SNBL = S el
i=1 j=p+1

This is solved by

gj \/I/\j\ﬁj

Jj=p+1

= (E9)/(2%)

The hyperplanes [#* = const] are two families of characteristic surfaces for
(3.1). In the literature these PDE are further classified according to the values
of p and n. Namely they are called hyperbolic if either p = 1 or n = 1.
Otherwise they are called wultra-hyperbolic.

Equation (3.1) is classified as parabolic if p +n < N. Then at least one
of the eigenvalues is zero. If, say, A\; = 0, then (3.9) is solved by any function
of & only, and the hyperplane £; = const is a characteristic surface.

PE(E) = i NOVIE:

where

3.2 Variable Coefficients

In analogy with the case of constant coefficients we classify the PDE in (3.1)
at each point P € FE as elliptic, hyperbolic, or parabolic according to the
number of positive and negative eigenvalues of (A;;) at P. The classification
is local, and for coeflicients depending on the solution and its gradient, the
nature of the equation may depend on its own solutions.
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4 Quasi-Linear Equations of Order m > 1

An N-dimensional multi-index «, of size |al, is an N-tuple of non-negative
integers whose sum is |a], i.e.,

N
a=(ay,...,an), o € NU{0},i=1,...,N, |a]=> a.
i=1

If f e C™(F) for some m € N, and « is a multi-index of size m, let

g 9o2 9w

Do —
f Ozt Oxy? Oz

I

If |a| = 0 let D*f = f. By D™~ !f denote the vector of all the derivatives
D= f for 0 < |a] < m — 1. Consider the quasi-linear equation

S AuDu=F (4.1)

la|=m

where (z, D™ lu) — A, F(z, D™ 'u) are given smooth functions of their
arguments. The equation is of order m if not all the coefficients A, are iden-
tically zero. If v = (vy,...,vy) is a vector in RY and « is an N-dimensional

multi-index, let

a «q , 2 anN
v =ty oY

Prescribe a surface I' as in the previous section and introduce the matrix
T as in (3.2), so that the differentiation formula (3.3) holds. Denoting by
B=(01,...,06n-1) an (N — 1)-dimensional multi-index of size |3| < m, set

DLf = DF,DE - D,

Write N-dimensional multi-indices as o = (3, s), where s is a non-negative
integer, and for |a| < m, set

D% 41 = DEDS
The Cauchy data of u on I" are
D?‘-7,}u|r = fo € C"(E) forall |af <m. (4.2)
Among these we single out the Dirichlet data
uly = (42)p
the normal derivatives

D‘fju|r = fo, lal = s <m—1, (4.2)y
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and the tangential derivatives

Diu|,.=fs, 18 <m. (4.2)1

Of these, only (4.2)p and (4.2)p can be given independently. The remaining
ones must be assigned to satisfy the compatibility conditions

D fs=D3f, forall |3 >0, [Bl+s<m—1. (4.3)

The Cauchy problem for (4.1) consists in finding a function u € C™(FE) satis-
fying (4.1) in E and the Cauchy data (4.2) on I'.

4.1 Characteristic Surfaces

If u is a solution of the Cauchy problem, compute its derivatives of order m
on I', by using (4.1), the Cauchy data (4.2) and the compatibility conditions
(4.3). Proceeding as in formula (3.6), for a multi-index « of size |a| =m

D% =vi" - viNDju+g on I’

where ¢ is a known function that can be computed a-priori in terms of I,
the Cauchy data (4.2), and the compatibility conditions (4.3). Putting this in
(4.1) gives
S A DPu=F, v =ity
loe|=m

where F' is known in terms of I" and the data. Therefore all the derivatives,
normal and tangential, up to order m can be computed on I', provided

S Aar® £0. (4.4)

|a]=m
We say that I" is a characteristic surface if (4.4) is violated, i.e.,

S A (D)™ = 0. (4.5)

la|=m

In general, the property of I" being a characteristic depends on the Cauchy
data assigned on it, unless the coefficients A, are independent of D™ 4.

Condition (4.5) was derived at a fixed point of I". Writing it at all points
of E gives a first-order non-linear PDE in & whose solutions permit one to
find the characteristics associated with (4.1) as the level sets of @. To (4.1)
associate the characteristic form

E(f) = Aa£a~

If £(£) # 0 for all € € RN —{0}, then there are no characteristic hypersurfaces,
and (4.1) is said to be elliptic.



26 1 Quasi-Linear Equations and the Cauchy—Kowalewski Theorem

5 Analytic Data and the Cauchy—Kowalewski Theorem

A real-valued function f defined in an open set G C R”, for some k € N,
is analytic at n € G, if in a neighborhood of 7, f(y) can be represented as
a convergent power series of y — 7. The function f is analytic in G if it is
analytic at every n € G.

Consider the Cauchy problem for (4.1) with analytic data. Precisely,
assume that I" is non-characteristic and analytic about one of its points x,;
the Cauchy data (4.2) satisfy the compatibility conditions (4.3) and are ana-
lytic at x,. Finally, the coefficients A, and the free term F' are analytic about
the point (2, u(x,), D™ tu(z,)).

The Cauchy-Kowalewski Theorem asserts that under these circumstances,
the Cauchy problem (4.1)—(4.2) has a solution u, analytic at z,. Moreover,
the solution is unique within the class of analytic solutions at x,.

5.1 Reduction to Normal Form ([19])

Up to an affine transformation of the coordinates, we may assume that z,
coincides with the origin and that I" is represented by the graph of zy =
&(z), with T = (z1,...,2N-1), where T — &(Z) is analytic at the origin
of RN=1. Flatten I' about the origin by introducing new coordinates (Z,t)
where t = xy — @(z). In this way I" becomes a (N — 1)-dimensional open
neighborhood of the origin lying on the hyperplane ¢ = 0. Continue to denote
by u, An, and F' the transformed functions and rewrite (4.1) as

A gpn® = 2 Ay g Dlut X Ay Dlut P (51)
oS =

Here D? operates only on the variables Z. Since [t = 0] is not a characteristic
surface, (4.4) implies

Ay o (2,0,D™ u(z,0)) #0

and this continues to hold in a neighborhood of (O, 0, D™ (0, 0)), since the
functions A, are analytic near such a point. Divide (5.1) by the coefficient of
D7 and continue to denote by the same letters the transformed terms on the
right-hand side. Next, introduce the vector u = D™ 'u, and let u, = D%u
for |a] <'m — 1, be one component of this vector. If & = (0,...,m — 1), then
the derivative

o'~ opm "
satisfies (5.1). If « = (8, s) and s < (m — 2), then

a 0 .

ot = o,
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for some i =1,..., N — 1 and some component 1, of the vector u. Therefore,
the PDE of order m in (5.1) can be rewritten as a first-order system in the

normal form
E , 1, .
ijk + (.r t u)

The Cauchy data on I" reduce to u(z,0) = f(z). Therefore setting

U = Aijk

v(z,t) = u(z,t) — £(0)

and transforming the coefficients A;; and the function F' accordingly, reduces
the problem to one with Cauchy data vanishing at the origin.

The coeflicients A;;, as well as the free term F', can be considered inde-
pendent of the variables (z,t). Indeed these can be introduced as auxiliary
dependent variables by setting

uj =xj, satisfying uj =0 and u;(Z,0) = x;

ot
forj=1,...,N —1, and
e 0 _
uy =t, satisfying 8tuN =1and un(Z,0) =0.

These remarks permit one to recast the Cauchy problem (4.1)-(4.2), in the
normal form

u = (u1,ug,...,up), (€N
0 0
gt = Aj(u) oz, u+ F(u) (5.2)
u(z,0) = ue(z), u,(0) =0
where A; = (A;); are {x{ matrices and F = (F1,.. ., Fy) are known functions
of their arguments. We have also renamed and indexed the space variables,
on the hyperplane t =0, as = (z1,...,zN).

Theorem 5.1 (Cauchy-Kowalewski) Assume that u — Aj;j(u), Fi(u)
and © — uei(z) for i,j,k = 1,...,¢ are analytic in a neighborhood of the
origin. Then there exists a unique analytic solution of the Cauchy problem
(5.2) in a neighborhood of the origin.

For linear systems, the theorem was first proved by Cauchy ([20]). It was gene-
ralized to non-linear systems by Sonja Kowalewskaja ([84]). A generalization
is also due to G. Darboux ([24]).

6 Proof of the Cauchy—Kowalewski Theorem

First, use the system in (5.2) to compute all the derivatives, at the origin, of
a possible solution. Then using these numbers, construct the formal Taylor’s
series of an anticipated solution, say
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DPD;
u(.]?,t) — Z tu(oao)lﬂts

1B|+5>0 Bls! (6.1)

where 2 = x?l . ~x]ﬁVN, and B! = B! --- Bn!. If this series converges in a neigh-
borhood of the origin, then (6.1) defines a function u, analytic near (0,0). Such
a u is a solution to (5.2). Indeed, substituting the power series (6.1) on the
left- and right-hand sides of the system in (5.2), gives two analytic functions
whose derivatives of any order coincide at (0,0). Thus they must coincide in a
neighborhood of the origin. Uniqueness within the class of analytic solutions
follows by the same unique continuation principle. Therefore the proof of the
theorem reduces to showing that the series in (6.1), with all the coefficients
DA D*u(0,0) computed from (5.2), converges about the origin.

The convergence of the series could be established, indirectly, by the
method of the majorant ([77], 73-78). This was the original approach of
A. Cauchy, followed also by S. Kowalewskaja and G. Darboux. The con-
vergence of the series, can also be established by a direct estimation of all
the derivatives of u. This is the method we present here. This approach,
originally due to Lax ([97]), has been further elaborated and extended by
A. Friedman [49]. It has also been extended to an infinite dimensional setting
by M. Shimbrot and R.E. Welland ([141]).

Let o and 3 be N-dimensional multi-indices, denote by m a non-negative

m

integer and set o' = af" - - - af}, and

a+ = (a1+b1,...,an + On), <a+ﬂ):(a+ﬁ)[.

a alg!
Denote by ¢ the multi-index ¢ = (1,...,1), so that
6+L:(ﬂ1+1,52+1,7/8N+1)

The convergence of the series in (6.1) is a consequence of the following

Lemma 6.1 There exist constants C, and C' such that,

Bls!
(B+0)?(s+1)?

for all N-dimensional multi-indices 3, and all non-negative integers s.

|DPD:u(0,0)] < C,C181+s=1 (6.2)

6.1 Estimating the Derivatives of u at the Origin

We will establish first the weaker inequality

Lemma 6.2 There exist constants C, and C such that

(18] + s)!
(B+1)2(s+1)2

for all N-dimensional multi-indices 3 and all non-negative integers s.

|DPD;u(0,0)] < C,C181+s=1
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This inequality holds for s = 0, since Du(0,0) = D"u,(0), and u, is analytic.
We will show that if it does hold for s it continues to hold for s + 1.

Let v = (71, .., 7¢) be an ¢-dimensional multi-index. Since A;(-) and F(-)
are analytic at the origin

Aigj(u) = Aiﬁju'y7 Fi(u)= > Ff;u'y (6.4)
[v1=0 [v1=0

where u” = u" -

up, and Af{kj and F! are constants satisfying
|F2| + [AM] < MMM (6.5)
foralli,k=1,...,fandall j =1,..., N, for two given positive constants M,
and M. From (5.2) and (6.4), compute
. o ,
DﬁDerlui = Z Af/kJDﬁDf (u'y uk) + Z F}/DﬁDfu’Y. (6.6)
[v|>1 Ox; lv|>1

The induction argument requires some preliminary estimates.

7 Auxiliary Inequalities

Lemma 7.1 Letm,n,i,j be non-negative integers such thatn > i and m > j.

Then N ) 16
<

2o (n—i 126412 S (nt 1)

and (7) (T) < (ij”) (7.2)

Proof f 1 <1i < én, the argument of the sum is majorized by

(7.1)

and

4 1

. ] o
(n+1)2 (i + 1)2 for all integers 1 <i < jn.

If én < 1 < n, it is majorized by

4 1

. o .
(n+1)2 (n—i+1)? for all integers ~ ;n <i <mn.

Thus in either case
n 1 8 S 1
< .
- i+ 1212 S (12 2 (4 1)2

Inequality (7.2) is proved by induction on m, by making use of the identity

("7)-()=0m)
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Next, we establish a multi-index version of Lemma 7.1. If # and o are
N-dimensional multi-indices, we say that o < g, if and only if o; < 3; for all
1=1,...,N.

Lemma 7.2 Let a and 3 be N-dimensional multi-indices. Then

> 1 - 16N
o<s (B—o+1)2(c+0)? ~ (B+0)%

C)=(5)

Proof (of (7.3)) For 1-dimensional multi-indices, (7.3) is precisely (7.1).
Assuming that (7.3) holds true for multi-indices of dimension k € N, will
show that it continues to hold for multi-indices of dimension k& + 1. Let 8 and
o be k-dimensional multi-indices and let

(7.3)

and

6:(ﬂ17'~'75k7ﬁk+1)7 5:(017'~'70k70k+1)

denote multi-indices of dimension k + 1. Then by the induction hypothesis
and (7.1)

1 1
?TZS:B B-6+02@E+02 azgjﬂ (B—0+1)%(c+1)?

Br41 1
) Opt1=0 (Bk+1 — g1 + 1)%(0g1 + 1)2
< 16* 16 _ 16F+1
T (BH)? (Brr +1)2 0 (B+0)2

Proof (of (7.4)) By (7.2), the inequality holds for 2-dimensional multi-indices.
Assuming that it holds for k-dimensional multi-indices, we show that it con-
tinues to hold for multi-indices of dimension k + 1. Let a and 8 be (k + 1)-
dimensional multi-indices. Then by the induction hypothesis

<Oé+ﬁ> _ (Oé+ﬂ)' _ H?:l(aj +ﬂ]) (Oék+1 +6k+1)'

o alB! [, 018! aker!Bri!
k
[Z(%‘ +6)|!
< L=t (a1 + Brt1)!
- k k Oék+1!ﬂk+1!
[Z a]]! > 5j]!
j=1 j=0
k k41
< 321(aj +55) <C¥k+1 +ﬁk+1> < j:l(aj 6 _ (|a+ﬁ|)
- i o, Qpt1 - kil o |af .

j=1 j=1
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8 Auxiliary Estimations at the Origin

Lemma 8.1 Let u = (uq,...,be) satisfy (6.3). Then for every 1 < p,q < ¢
and every N-dimensional multi-index (8

(18] + s)!

Bropsrre G

2
|DP D; (up4)(0,0)] < (CSO> C181+s

where ¢ = 16N T, For every (-dimensional multi-index ~

(18] + s)!
B+ (s+1)*

Moreover, for all indices h=1,...,N andk=1,...,¢

[7]
D Dju (0,0)] < (g) et (3.2)

(18] + s+ 1)!

gropsrrp

cC [7]
|DPD; (0" Dy, ur)(0,0)| < C, ( CO) C\BIJrs(
Proof (of (8.1)) By the generalized Leibniz rule
PPt = 3 () > <ﬁ> (D777 Dy uy) (D7 D]ug)
i=0\J/ o< \7

where o is an N-dimensional multi-index of size |o| < |3|. Compute this at
the origin and estimate the right-hand side by using (6.3), which is assumed
to hold for all the t-derivatives of order up to s. By (7.4)

() ()= (=) G = (i5)

| D7 D (uyug) (0, 0)] <CICIH=2(|6] + 5)!

S 1 1
s G021 s (B ot 2o 0

Therefore

To prove (8.1) estimate the two sums on the right-hand side with the aid of
(7.1) of Lemma 7.1 and (7.3) of Lemma 7.2.

Proof (of (8.2)) The proof is by induction. If 7 is a ¢-dimensional multi-index
of either form

(ol L)y (a2,

then (8.2) is precisely (8.1) for such a multi-index. Therefore (8.2) holds for
multi-indices of size |y| = 2. Assuming it does hold for multi-indices of size
|v], we will show that it continues to hold for all ¢-dimensional multi-indices

&:(717"'a7p+1a"'77€)7 1§p§€
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of size |y| + 1. By the Leibniz rule
DPDiuY = 3 (5) > (5> (DA~ D™ u)(D° Dluy).
i=0\J/ o< \7

First compute this at the origin. Then estimate DP=7 D Iu7(0,0) by the
induction hypothesis, and the terms D? D{u,(0,0) by (6.3).
The estimation is concluded by proceeding as in the proof of (8.1).

Proof (of (8.3)) By the generalized Leibniz rule
it D) = ¥ (3) £ (1) 000w 07 010 ).
i=0\J/ o<p \7

First compute this at the origin. Then majorize the terms involving u”, by
means of (8.2), and the terms D7D, Djuy(0,0) by (6.3). This gives

[7]
D D} (D, 1) (0,0)] < C, (g) clot+s

. . (84)
£ (W), e e e
i=0o<s \lol+7) (B—0+0)2(5 +0)%(s — j +1)2(j +1)?
where & is the N-dimensional multi-index & = (01,...,0, + 1,...,0n). Esti-

mate
(lo] +7+D!< (o] + DB +s+1) and (5+1)? > (o + 1)

These estimates in (8.4) yield

bl
DO DEW D) 0.0 < Co (0 ) O a1+ 5] 5+ 1)

» Z"‘: 1 1
im0 (s —J+ 120 +1)? 55 (B-0a+1)*(o+1)?

[v]
< cC, (‘g) CIBIEs(18] 4 s + ).

9 Proof of the Cauchy—Kowalewski Theorem
(Concluded)

To prove (6.3) return to (6.6) and estimate
|DP D u(0,0)] <2(cCy + 1)M,N2C1AI+

(18] + s + 1)! cCy M\
(54 1)2(s +2)2 ?( c >
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where M and M, are the constants appearing in (6.5). It remains to choose
C so large that

[v]
2(C,y + 1)M,N (2 | % (CC(;M> <, (9.1)
v|>1

Remark 9.1 The choice of C' gives a lower estimate of the radius of conver-
gence of the series (6.1) and (6.4).

9.1 Proof of Lemma 6.1

Given the inequality (6.3), the proof of the Cauchy—Kowalewski theorem is a
consequence of the following algebraic lemma

Lemma 9.1 Let a be a N-dimensional multi-index. Then |a|! < Nl®lal.

Proof Let x; for i = 1,..., N be given real numbers, and let k be a positive
integer. If o denotes an N-dimensional multi-index of size k, by the Leibniz
version of Newton’s formula (9.2 of the Complements)

(%x)k Py ka'H . (9.2)

i=1
From this, taking ; =1 foralli=1,... N

N|o¢\ _ |O‘|'
jal=k o

Problems and Complements

1c Quasi-Linear Second-Order Equations in Two
Variables

1.1. Assume that the functions A, B,C, D in (1.1) are of class C*°. Assume
also that I" is of class C'*°. Prove that all the derivatives
oF u
k,h,l €N, , h+l=k
Oxhoyt +
can be computed on I' provided (1.4) holds.

1.2. Assume that in (1.1), A, B, C are constants and D = 0. Introduce an
affine transformation of the coordinate variables that transforms (1.1) into
either the Laplace equation, the heat equation, or the wave equation.

1.3. Prove the last statement of §2.1. Discuss the case of constant coefficients.
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5¢ Analytic Data and the Cauchy—Kowalewski Theorem

5.1. Denote points in RV*! by (z,¢) where z € RV and ¢t € R. Let ¢ and 1
be analytic in RY. Find an analytic solution, about ¢t = 0 of

Au=0, u(z,0)=p(x), ulr,0)=1(z).

5.2. Let f; and fo be analytic and periodic of period 27 in R. Solve the
problem

Au=0 in l-e<|z[<1l+e¢

0
@i = £10), a|z| 1= f2(0)

for some € € (0,1). Compare with the Poisson integral (3.11) of Chapter 2.

6¢c Proof of the Cauchy—Kowalewski Theorem

6.1. Prove that (6.2) ensures the convergence of the series (6.1) and give an
estimate of the radius of convergence.

6.2. Let § be a N-dimensional multi-index of size |3|. Prove that the number
of derivatives D? of order |3| does not exceed |3|".

6.3. Let u: RY — R be analytic at some point z, € RY. Prove that there
exist constants C, and C' such that for all N-dimensional multi-indices /3

16!

JE] [B]—1
D7u(ag)| < 0t I

6.4. Prove (6.4)—(6.4).

8c The Generalized Leibniz Rule

8.1. Let u,v € C*°(R) be real-valued. The Leibniz rule states that for every
neN

i=0 \

DMuv) = 3 (”) D" 'uD'v.

In particular if u,v € C*(RY), then

DI (wv) =Y (?) DI uDi v,
i=0
Prove, by induction, the generalized Leibniz rule

D () = 3° (f) DP-ouD,

o<p



9¢ Proof of the Cauchy—Kowalewski Theorem (Concluded)

9c Proof of the Cauchy—Kowalewski Theorem
(Concluded)

9.1. Prove that C' can be chosen such that (9.1) holds.
9.2. Prove (9.2) by induction, starting from the binomial formula

k k .
o =3 ()b

J=0

35
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The Laplace Equation

1 Preliminaries

Let E be a domain in RY for some N > 2, with boundary OF of class
C'. Points in E are denoted by = = (z1,...,2n). A function u € C?(E)
is harmonic in E if

N 92
Au=divVu=3 J ,u=0 in E. (1.1)
i=1 0x;
The formal operator A is called the Laplacian.' The interest in this equation
stems from its connection to physical phenomena such as

1. Steady state heat conduction in a homogeneous body with constant heat
capacity and constant conductivity.

2. Steady state potential flow of an incompressible fluid in a porous medium
with constant permeability.

3. Gravitational potential in R generated by a uniform distribution of
masses.

The interest is also of pure mathematical nature in view of the rich structure
exhibited by (1.1). The formal operator in (1.1) is invariant under rotations or
translations of the coordinate axes. Precisely, if A is a (unitary, orthonormal)
rotation matrix and y = A(x — &) for some fixed ¢ € RV, then formally
N 52 N 5?2
A . = = — A .
Pl T Hap T
This property is also called spherical symmetry of the Laplacian in RV.

!Pierre Simon, Marquis de Laplace, 1749-1827. Author of Traité de Mécanique
Céleste (1799-1825). Also known for the frequent use of the phrase il est aisé de voir
which has unfortunately become all too popular in modern mathematical writings.
The same equation had been introduced, in the context of potential fluids, by Joseph
Louis, Compte de Lagrange, 1736—1813, author of Traité de Mécanique Analytique
(1788).

E. DiBenedetto, Partial Differential Equations Second Edition, 37
Cornerstones, DOI 10.1007/978-0-8176-4552-6 3,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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1.1 The Dirichlet and Neumann Problems

Given ¢ € C(JF), the Dirichlet problem for the operator A in E consists in
finding a function v € C?(E) N C(E) satisfying

Au=0 in E, and u’aE = . (1.2)

Given ¢ € C(OF), the Neumann problem consists in finding a function u €
C?(E) N C1(E) satisfying

Au=0 in E, and 6arlu:Vu~n:1/) on OF (1.3)

where n denotes the outward unit normal to JE. The Neumann datum ) is
also called wvariational.

We will prove that if E is bounded, the Dirichlet problem is always
uniquely solvable. The Neumann problem, on the other hand, is not always
solvable. Indeed, integrating the first of (1.3) in E, we arrive at the necessary

condition
/ Ydo =0 (1.4)
oOF

where do denotes the surface measure on 0F. Thus v cannot be assigned
arbitrarily.

Lemma 1.1 Let E be a bounded open set with boundary OF of class C and
assume that (1.2) and (1.8) can both be solved within the class C?(E). Then
the solution of (1.2) is uniquely determined by @, and the solution of (1.3) is
uniquely determined by 1 up to a constant.

Proof We prove only the statement regarding the Dirichlet problem. If u; for
i = 1,2, are two solutions of (1.2), the difference w = u; — u9 is a solution of
the Dirichlet problem with homogeneous data

Aw=0 in F, =0.

|y
Multiplying the first of these by w and integrating over E gives

/ |Vwl|?dz = 0.
B

Remark 1.1 Arguments of this kind are referred to as energy methods. The
assumption w € C?(E) is used to justify the various calculations in the
integration by parts. The lemma continues to hold for solutions in the class
C?(E) N CY(E). Indeed, one might first carry the integration over an open,
proper subset £’ C E, with boundary OE’ of class C*, and then let E’ expand
to E. We will show later that uniqueness for the Dirichlet problem holds within
the class C?(E) N C(E), required by the formulation (1.2).

Remark 1.2 A consequence of the lemma is that the problem
Au=0in F and u|aE:g0, Von=1

in general is not solvable.
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1.2 The Cauchy Problem

Let I" be an (N — 1)-dimensional surface of class C! contained in E and
prescribe N +1 functions 1; € C?(I"), fori = 0,1,..., N. The Cauchy problem
consists in finding u € C?(E) satisfying

Au=0in E and w=1,, s, =%;,i=1,...,N on I. (1.5)

The Cauchy problem is not always solvable. First the data 1;, must be com-
patible, i.e., derivatives of u along I" computed using 1, and computed using
1; must coincide. Even so, in general, the solution, if any, can only be found
near I'. The Cauchy-Kowalewski theorem gives some sufficient conditions to
ensure local solvabilty of (1.5).

1.3 Well-Posedness and a Counterexample of Hadamard

A boundary value problem for the Laplacian, say the Dirichlet, Neumann or
Cauchy problem, is well-posed in the sense of Hadamard if one can identify
a class of boundary data, say C, such that each datum in C yields a unique
solution, and small variations of the data within C yield small variations on
the corresponding solutions. The meaning of small variation is made precise
in terms of the topology suggested by the problem. This is referred to as the
problem of stability. A problem that does not meet any one of these criteria
is called ill-posed.

Consider the problem of finding a harmonic function in E taking either
Dirichlet data or Neumann data on a portion X7 of OF and both Dirichlet
and variational data on the remaining part Yo = 0F — Y;. Such a problem is
ill-posed. Even if a solution exists, in general it is not stable in any reasonable
topology, as shown by the following example due to Hadamard ([62]).

The boundary value problem

Upg + Uyy =0 in (=7 <z<73)x(y>0)
u(£3,y) =0 for y >0

u(z,0) =0 for -7 <az<7

uy(x,0) = e V" cosnx for — 5 <w<73

admits the family of solutions
un(z,y) = ief\/” cosnzsinhny,  where n is an odd integer.
One verifies that
[1tn,y (s O)loo,(~7.7) — 0 as n— o0
and that for all y > 0

[un(s9)llse, (- 3.7 lun(9)ll2,-3.5) — 00 as n— oo
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1.4 Radial Solutions

The invariance of A under orthonormal linear transformations suggests that
we look for solutions of (1.1) in R depending only on p = |z — g/, for any
fixed y € RY. Any such solution p — V(p;y) must satisfy

N -1
V" + V' =0, yeRY fixed
P

where the derivatives are meant with respect to p. By integration this gives,
up to additive and multiplicative constants

1

ooy TN 23

RN —{y}sz— (1.6)
In|z —y| if N=2.

These are the potentials of the Laplacian in RY with a pole at y. Consider a

finite distribution {(e;,y;)} for i = 1,...,n, of electrical charges e;, concen-

trated at the points y;. The function

n
RN — Yly - s Ynf DT — ,
k30220, s

“i r#y, 1=1,2,....n

is harmonic, and it represents the potential generated by the charges (e;, y;)
outside them.

Let E be a bounded, Lebesgue measurable set in RY, and let u € C(E).
The function

RY —Esz— ) N3
gl —ylN=2

is harmonic in RV — E. and it represents the Newtonian potential generated
outside F, by the distribution of masses (or charges) u(y)dy in E. Let X be an
(N — 1)-dimensional bounded surface of class C! in RY, for some N > 3, and
let n(y) denote the unit normal at y € X. The orientation of n(y) is arbitrary
but fixed, so that y — n(y) is continuous on X. Given ¢, ¢ € C(X) the two

functions W)
py
do
/2 |z —y|N=2

Y(y)
| @ =) n(as

are harmonic in RY — X The first is called single-layer potential, and it gives
the potential generated, outside X, by a distribution of charges (or masses) on
X, of density ¢(-). The second is called double-layer potential and it represents
the electrical potential generated, outside X', by a distribution of dipoles on
Y, with density ¥(-).

Analogous harmonic functions can be constructed for N = 2, by using the
second of (1.6). These would be called logarithmic potentials.

RN - Y5z —
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2 The Green and Stokes Identities

Let E be a bounded open set in RY with boundary OF of class C', and let
u,v € C?(E). By the divergence theorem we obtain the Green’s identities

/vAudx:—/Vv~Vudx+/ vauda (2.1)
E E or On

ou ov
/E(vAu —uAv)dx = /3E (Uan - uan>d0. (2.2)

Remark 2.1 By approximation, (2.1)-(2.2) continue to hold for functions
u,v € C?(E) N CY(E) such that Au and Av are essentially bounded in E.

Remark 2.2 If u is harmonic in F, then

audazO and /\Vu\zdx:/ uﬁuda.
or On E or On

2.1 The Stokes Identities

Let u € C?(E) and let wy denote the area of the unit sphere in RY for N > 3.
Then for all z € E

_ 1 N Ou Oa —y~~
o) = vy [ (1= = utn) " i

1 2—N
— — A .
WN(N_Q)/EM g2 Audy

1 Oln|x — ou
u(x) =5 /aE <u ‘8n y —In|z — y|an>da

1
+ / In |z — y|Audy.
2w E

(2.3)

IfN=2

(2.4)

Remark 2.3 These are implicit representation formulas of smooth functions
in F.

Proof We prove only (2.3). Fix « € FE and let B.(x) be the ball of radius ¢
centered at x. Assume that ¢ is so small that B.(z) C E, and apply (2.2) in
E — B.(x) for y — v(y) equal to the potential with pole at x introduced in
(1.6). Since V' (+; x) is harmonic in E — B.(x), (2.2) yields

N -2 B ooy Ou Olr—yN
N1 /wy_gu(y)da—/aE (:v Y| o Y on do

cy (2.5)
+€27”/ Vu - da—/ lz —y> N Audy.
|z—y|=e ‘.’E - y‘ E—Bc(x)
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Ase—0
/ lz —y|> N Audy — / |z —y|>~N Audx
E—B.(z) E
and
aZ—N/ Vu- © Y de —0.
|x—y|=¢ |x—y|

As for the left-hand side of (2.5)

1 1
N1 /Ioc y|—EU(y)dU = wnu(x) + N1 /liyl_g[u(y) — u(z)do.

The last integral tends to zero as € — 0, since

1 Vu 0, E
o fu(y) — u(a)ldo < IV [ la—slao
€ |z—y|=e € |z—y|=¢

< ewn||Vul oo, E-
These remarks in (2.5) prove (2.3) after we let € — 0.

Motivated by the Stokes identities, set

1 1
if N >
on(N =2 Ja —yy-2 TV =23
Flasy) = (2.6)
—1
27T1n|x—y| it N=2.

The function F'(;y) is called the fundamental solution of the Laplacian with
pole at y.

Corollary 2.1 Let E be a bounded open set in RN with boundary OF of class
C' and let u € C*(E) be harmonic in E. Then for allx € E

u(z) = /M (F(x; ~)gi‘1 - uE)Fgﬁ; '))da. (2.7)

A consequence of this corollary, and the structure of the fundamental solution
F(-,y) is the following

Proposition 2.1 Let E be an open set in RY and let u € C?(E) be harmonic
in E. Then uw € C®(E), and for every multi-index «, the function D*u is
harmonic in E.

Proof If E is bounded, dF is of class C', and u € C?(E), the statement
follows from the representation (2.7). Otherwise, apply (2.7) to any bounded
open subset £’ C E with boundary of class C!.

Corollary 2.2 u € C?(E) = u(x ) = — [ F(z;y)Audy for all x € E.
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3 Green’s Function and the Dirichlet Problem for a Ball

Given a bounded open set £ C RY with boundary 9F of class C*, consider
the problem of finding, for each fixed # € E, a function y — &(x;y) € C?(E)
satisfying

AyP(z;-) =0 in E, and PD(x F(z;-) (3.1)

’8E

where F(x;y) is the fundamental solution of the Laplacian introduced in
(2.6). Assume for the moment that (3.1) has a solution. Assume also that the
Dirichlet problem (1.2) has a solution u € C?(E). Then the second Green’s
identity (2.2) written for y — u(y) and y — @(z;y) gives

0= / (@(m; .)a“ _ 00 ')> do  for all fixed z € E.
OF 611 61’1

Subtract this from the implicit representation (2.7), to obtain

_ 0G(z;-)
u(z) = /{)E@ on d (3.2)
where
(z,y) — G(z;y) = Fla;y) — D(z;9). (3.3)

The function G(+;-) is the Green function for the Laplacian in E. Its relevance
is in that every solution u € C2?(E) of the Dirichlet problem (1.2) admits
the explicit representation (3.2), through the Dirichlet data ¢ and G(+;-). Its
relevance is also in that it permits a pointwise representation of a smooth
function u defined in E' and vanishing near 0F.

Corollary 3.1 u € C2(E) = u(z) = — [, G(z;y)Audy for all x € E.
Lemma 3.1 The Green function is symmetric, i.e., G(x;y) = G(y; ).
Proof Fix x1,x5 € E and let £ > 0 be small enough that

B.(z;) CE for i=1,2, and B(x1) N Be(x2) = 0.
Apply Green’s identity (2.2) to the pair of functions G(x;;-) for i = 1,2 in the

domain F — [B.(x1) U B (22)]. Since G(x;; ) are harmonic in such a domain,
and vanish on OF

9 0
_ /83 . |:G(~1717y) 8n(y)G(x2’y) — G(z2;y) 3n(y)G(x1’y):| do

0 0
-/ y [Gm, ) gty Glazis) = Glaai) Gl y>] do.
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Let ¢ — 0 and observe that

0
lim G(zo;y)do =0
e—0 OB (z1) 3n(y) ( 2 )
0
lim G(z1;y)do = 0.
e—0 OB (2) 811(:1/) ( ! )
Therefore
lim G(x2:y) 0C(@1iy) 4 iy G(x1;y) 0C(@2iy)
<=0 JoB. () On(y) =0 Jop. (2) on(y)
From the definition of G(;-)
G (zisy) _ OF (zi3y)  0P(wi3y)
on(y) on(y) on(y) '
and observe that
0
lim G(xq; D(zo;y)do =0
Y . (71 y)an(y) (z2;9)
0
lim G(xa; P(z1;y)do =0
=0 JaB. (22) (z: y)an(y) (@133)
since y — @(x;;y) are regular. This implies that
i OF (z1;y) . OF (z2;y)
lim G(za;y do = lim G(z13y do.
e—0 OB:(z1) ( 2 ) an(y) e—0 9B, (v2) ( 1 ) 8n(y)

Computing the limits as in the the proof of the Stokes identity gives
Jalt s
lim G(z4;v) OF (wj5y)
=0 JoB. (=) on(y)
Thus G(z1;22) = G(z2;21).

Corollary 3.2 The functions G(-;y) and 0G(-;y)/0n(y), for fized y € OF,
are harmonic in E.

do = G(zs;25) for x; # ;.

To solve the Dirichlet problem (1.2) we may find G(+; ), and write down (3.2).
This would be a candidate for a solution. By Corollary 3.2 it is harmonic.
It would remain to show that

lim u(z) = ¢(z,) forall z, € OF. (3.4)
We will show that this is indeed the case if (3.1) has a solution, i.e., if the
Green’s function for A in F can be determined. Thus solving the Dirichlet
problem (1.2) reduces to solving the family of Dirichlet problems (3.1). The
advantage in dealing with the latter is that the boundary datum F(z;-) is

specific and given by (2.6). Nevertheless, (3.1) can be solved explicitly only
for domains F exhibiting a simple geometry.
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3.1 Green’s Function for a Ball
Let Bp be the ball of radius R centered at the origin of RY. The map?

R2

transforms Br—{0} into RN — Bg, and 0B, into itself. Referring to Figure 3.1,
the two triangles A(y,0,¢) and A(z,0,y), are similar whenever y € JBp.

Indeed, they have in common the angle 6, and in view of (3.5), the ratios
|z|/|y| and |y|/|¢| are equal, provided |y| = R. Therefore

Fig. 3.1.

x R
o-sl=le-ully =l=al f.  wcBrmd yeosn GO

Then for each fixed x € Br — {0}, the solution of (3.1) is given by

1 R\ 1
if N>3
WN(N—Q)(|IE|) 1§ =y 2 -
P(xyy) = (3.7)
-1 || P
27T1n|§—y|R if N=2.

While constructed for x # 0, the function @(x;-) is well defined also for z = 0,
modulo taking the limit as |#| — 0. For all € Bpg, the function @(x;-) is
harmonic in Bp since its pole £ lies outside Br. Moreover, by virtue of (3.6),
the boundary conditions in (3.1) are satisfied. Thus the Green function for
the ball By is

G(x;y) = ; [ ! - < i )N_2 ! } (3.8)n>3

wy(N =2) [z —yN=2  \[a] & =y 2

2Called also the Kelvin transform ([151]).
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for N > 3, and

||

Gz y) = R

1
5 In|l¢—y|' —Injx—y|| for N=2. (3.8) n=2
™

The derivative of G(x;-), normal to the sphere |y| = R, is computed from

0

From Figure 3.1, by elementary trigonometry

|z = yl* = ly* + |z|* - 2Jy[|z| cos O
R* R?
|£ - y‘2 = ‘y|2 + |$|2 - 2|y‘ ‘Jf‘ cosf.

Therefore for 0 fixed and y € 0Bg

2

R
Olr —y| |yl — |z[cos® olc —y| ly| 2|

lyl -yl oyl -y

cos

First let N > 3. Computing from (3.8)n>3 and (3.8)n=2, and using (3.6),
gives
0 1 R?— |z
_ Gz = .
Ayl @ 9)lyeonn Roy |z —y|V
Such a formula also holds for N = 2 with wy = 27. Put this in (3.3) to derive
the following Poisson representation.

Lemma 3.2 Let u € C?(E) be a solution of the Dirichlet problem (1.2) in
the ball Br. Then

1 R? — |z|?
©(y) =

u(x) =
wNR Jop, |z —y[N

do, N >2. (3.9)
Setting u =1 in (3.9) gives

1 2 _ 2
i |:£1|V do =1 forall z € Bg. (3.10)
wn R Jop, &=yl

Even though the representation (3.9) has been derived for solutions of (1.2)
of class C?(Bg), it actually gives the unique solution of the Dirichlet problem
for the sphere, as shown by the following existence theorem.

Theorem 3.1 The Dirichlet problem (1.2) for E = Bg has a unique solution
given by (3.9).
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Proof (existence) By Corollary 3.2, the function u given by (3.9) is harmonic
in Bgr. To prove (3.4), fix z, € OBg, choose an arbitrarily small positive
number ¢, and let § € (0, 1) be so small that

lo(y) — p(z.)| <e forall ye Xs={y€dBr||ly—=z.|]<d}. (3.11)

By (3.10)

1 / R% — |z|?
Ty) = Ty do.
P(x+) R Jop, P(x+) m—y|N

Therefore

ww) = o) = o[ fotn) - ot | 1 g

RwN _y|N
1 R? — |z|?
= — o(xy d
R o 190 @l o

1 R? — |z|?
+ / o(y) — p(z« do
Ron aBR_ES[ (y) — o)) lz — |V

= I (2, 2.) + I (2, ).

For 0 fixed, I§2)(x, z.) — 0 as © — x,. Moreover, in view of (3.10) and (3.11),
\Igl)(x,x*ﬂ < e. Therefore limg_,,, |u(z) — p(z.)] < e for all e > 0.

Remark 3.1 By Lemma 1.1 and the Remark 1.1, such a solution is unique
in the class C*(Bg) N C'(Bg). It will be shown in the next section that
uniqueness holds for solutions u € C?(Bg) N C(Bg).

4 Sub-Harmonic Functions and the Mean Value
Property

Let E be a bounded open set in RY with boundary dF of class C'. Let
u € C?(E), and assume that the solution ®(x;-) of (3.1) exists for all x € E.
Subtracting the second Green’s identity (2.2) for u and @(z; ) from the Stokes
identity (2.3) gives

u(x) = —/ uach;y) do —/ G(z;y)Au(y)dy for all x € E.
oF n E

In particular, if E is a ball Bg(x,) of radius R centered at x,, by setting
T = T,, we obtain

u(xo) :][ udo — / G(0;y — x,) Au(y)dy (4.1)
aBR(ﬁn) BR(.’EO)
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where for a measurable set D C RY of finite measure and f € L'(D)

]{jfdy= llj/Dfdy, |D| = meas (D).

Let E C RN be open. A function v € C(FE) is sub-harmonic in E if
u(z,) S][ udo for all Br(z,) C E. (4.2)
OBRr(zo)

This implies that if u € C'(F) is sub-harmonic in E, then (4.1 of the Comple-
ments)

u(zx,) §][ udy for all Br(z,) C E. (4.3)
BR(ﬁn)

A function v € C(E) is super-harmonic if —u is sub-harmonic in E.

The Green function G(-;-) for a ball, as defined in (3.8) >3 and (3.8) =2,
is non-negative. A consequence is that if u € C*(FE) is such that Au > (<)0
in E, then, by (4.1), u is sub(super)-harmonic in E. Conversely if u € C?(FE)
is sub(super)-harmonic, then Au > (<)0 in E. Indeed, (4.1) implies

/ G(0;y — x,)Au(y)dy > 0 for all Br(z,) C E.
BR(QJO)
From this

Au(z,) /BR(%) G0y — zo)dy > /an) G(0;y — x0)[Au(,) — Au(y)]dy

and the assertion follows upon dividing by the coefficient of Au(zx,), and
letting R — 0.

Lemma 4.1 Let E be a bounded, connected, open set in RN . If u € C(E) is
sub-harmonic in E, then either u is constant, or

u(z) < supu forall xz € E.
OF

Proof Let x, € E be a point where u(x,) = supz u, and assume that u is not
identically equal to u(x,). If z, € E, for every ball Br(z,) C E

u(y) < u(z,) for all y € Br(z,)
which implies

][ [u(y) — u(z,)]do < 0.
OBR(w,)

On the other hand, since u is sub-harmonic, this same integral must be non-
negative. Therefore
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][ [u(y) —u(zo)]do =0 and  wu(y) < u(x,).
OBRr(zo)

Thus there exists a ball B,(x,) for some r > 0 such that u(y) = u(x,) for
all y € By(x,). Consider the set & = {y € E|u(y) = u(z,)}. The previous
remarks prove that &, is open. By the continuity of u, it is closed in the relative
topology of E. Therefore, since F is connected, &, = E and u = u(z,). The
contradiction implies that z, € OF.

A function u € C(E) satisfies the mean value property in E' if
u(zo) :][ udo for all Br(z,) C E, (4.4)
aBR(QZO)
equivalently if (4.2 of the Complements)
u(x,) :][ udy for all Br(z,) C E. (4.5)
Br(z,)

Functions satisfying such a property are both sub- and super-harmonic.
By (4.1), harmonic functions in F satisfy the mean value property.

Lemma 4.2 Let E be a bounded, connected, open set in RN. If u € C(E)
satisfies the mean value property in E, then either it is constant or

sup |u| = sup |u].
E OB

Proof (Theorem 3.1, uniqueness) If u,v are two solutions of the Dirichlet
problem (1.2) for E = Bp, the difference w = u — v is harmonic in Br and
vanishes on 0Br. Thus w = 0 by Lemma 4.2.

Lemma 4.3 The following are equivalent:

u € C(F) satisfies the mean value property (i)
u€ C*(E)and Au=0. (i)

Proof We have only to prove (i)==(ii). Having fixed Br(z,) C E, let v €
C?(Br(w,)) N C(Bgr(x,) be the unique solution of the Dirichlet problem
Av =0 in Bg(xz,) and

U’aBR(zo) =u

Such a solution is given by the Poisson formula (3.9) up to a change of variables
that maps z, into the origin. The difference w = u— v satisfies the mean value
property in Bg(z,), and by Lemma 4.2, w = 0.
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4.1 The Maximum Principle

We restate some of these properties in a commonly used form. Let E be a
bounded, connected, open set in RY with boundary OF of class C!, and let
u € C%(E) N C(E) be non-constant in E. Then

Au>0 in F = u(x) < supgpu Ve e E
Au<0 in E = u(x) > infppu Ve e B
Au=0 in F = |u(z)| <supgg |u| VoekFE.

Remark 4.1 The assumption that OF is of class C! can be removed by
applying the maximum principle to a family of expanding connected open
sets with smooth boundary, exhausting E.

Remark 4.2 The assumption of E being bounded cannot be removed, as
shown by the following counterexample. Let E be the sector xg > |x1] in R2.
The function u(z) = 23 — 2% is harmonic in E, vanishes on F, and takes

arbitrarily large values in FE.

4.2 Structure of Sub-Harmonic Functions

Set
o(E)={ve C(E)|v is sub-harmonic in E} (4.6)
Y(E)={velC(E) | v is super-harmonic in E}. '
Proposition 4.1 Let v,v; € o(E) and ¢; € RY fori=1,...,n. Then
veEa(E") for every open subset E' C F (i)
> v € o(E) (i)
i=1
max{vi,va,...,v,} € o(E) (iii)
For every non-decreasing convex function f(-) in R (iv)

veo(E)= f(v) €o(E).

Proof The statements (i)—(ii) are obvious. To prove (iii), observe that having
fixed Bg(xz,) C E, for some 1 <i<mn

max{v1(zo), ..., vn(xo)} = vi(20) S][ v; do
OBRr(wo)
< ][ max{vi,..., v, do.
OBR(z,)

To prove (iv), write (4.2) for v and apply f(-) to both sides. By Jensen’s

inequality
fv(zo)) < f<]£B . )vdo) S]éB . )f(v)da.
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Remark 4.3 For simplicity, (iii) and (iv) have been stated separately. In fact
(iv) implies (iii).
An important subclass of o(F) is that of the sub-harmonic functions in E

that actually are harmonic in some sphere contained in E. Given v € o(E),
fix B,(§) C E and solve the Dirichlet problem

AH,=0in B,(§) and H, .

’8&(5)2

The unique solution H, is the harmonic extension of v|aB © into B,(&). The
P

function that coincides with v in E — B,(§) and that equals H, in B,(£) is
denoted by v ,, i.e.,

v(z) if x € E— B,(&)
ven(®) = {Hv(x) if € B,(¢). (4.7)

Since v € 0(B,(§)) and H, is harmonic in B,(§), we have v — H, € o(B,(£)).
Therefore v < H, in B,(§). The definition of v¢ , then implies

v<uwe, in E. (4.8)
Proposition 4.2 Let v € o(E). Then ve , € o(E).

Proof One needs to verify that ve , satisfies (4.2) for all Bg(z,) C E. This is
obvious for z, € E — B,(§) in view of (4.8). Fix z, € B,(£) and assume, by
contradiction, that there is a ball Br(x,) C E such that

Ve, p(20) >][ ve p do.
OBRr (o)

Construct the function

- _ fve, in E— Bgr(x,)
w = (V¢,p)ao, R = {H in Bp(zo).

UE»/’
Since v¢,, > v, by the maximum principle w > v, gr. Since w satisfies the
mean value property in Bg(x,), the contradiction assumption implies that

Ve p(xo) —w(zp) > 0. (4.9)

The difference ve , — w is harmonic in Br(x,) N B,(§). The boundary of such
a set is the union of 9; and 0,5, where

01 = 0BRr(x,) N B,(§) and 9y = OB,(&) N Br(z,).

Because of (4.9), the function x — (ve,, —w)(z), restricted to Br(z,)NB,(£),
must take its positive maximum at some point z, € 91 U d». Since it vanishes
on 01, there exists some x, € 0o such that ve ,(2.) > w(z,). By construction,
vg,p = v on Os. Therefore v(x,) > w(x,). Since w > vy, g, we conclude that
v(x4) > vg, r(zs). This contradicts (4.8) and proves the proposition.

Remark 4.4 Analogous facts hold for super-harmonic functions.
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5 Estimating Harmonic Functions and Their Derivatives

We will prove that if w is harmonic and is non-negative in F, then in any
compact subset K C FE, its maximum and minimum value are compara-
ble. We also establish sharp estimates for the derivatives of u in the interior
of E.

5.1 The Harnack Inequality and the Liouville Theorem

Theorem 5.1 (Harnack ([68])) Let u be a non-negative harmonic function
in E. Then for all x € B,(x,) C Br(z,) CE

(Rip)N_z g;Zu(xo) <u(r) < (le p)N—2 ];i_Zu(xo). (5.1)

Proof Modulo a translation, we may assume that xz, = 0. By the Poisson
formula (3.9) and the mean value property (4.7), for all z € Bg

LR BP [ uly) Bl uw)
u(x) = /a do < /8 d

Roy  Jopp le—yl¥ 7 Ron Jop, (Il — |2V

R~z N, R \"?R+|zl
(R~ a))V JiBR“ g (R—x) R o) ¥

This proves the estimate above in (5.1). For the estimate below, observe that

R faf u@) Rl uly)
ule) = / do = /aBR<

Ron  Jopn lt—yl¥ " =  Rwy lyl + x|V
and conclude as above.

Corollary 5.1 (Harnack Inequality ([68])) For every compact, connected
subset K C E, there exists a constant C' depending only on N and dist(K; OF),
such that

C'minu > maxu. (5.2)

K K

Proof Let x1,22 € K be such that ming v = u(x;) and maxg u = u(xz). Fix
a path I" in K connecting x; and z2, and cover I" with finitely many spheres
for each of which (5.1) holds.

Corollary 5.2 (Liouville Theorem) A non-negative harmonic function in
RY s constant.

Proof In (5.1) fix z, € RY and p > 0. Letting R — oo gives u(z) = u(x,) for
all z € B,(x,). Since x, and p > 0 are arbitrary, u = const in RV.

Corollary 5.3 Let u be harmonic in RY and such that w > k for some
constant k. Then u is constant.
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Proof The function u — k is harmonic and non-negative in R",

Remark 5.1 The proof of Theorem 5.1 shows that in (5.1), for z € Bgr(z,)
fixed, the number p can be taken to be |z|. This permits us to estimate from
below the normal derivative of any harmonic function u in Bg(x,) at points
x4 € OBRr(x,) where u attains its minimum.

Proposition 5.1 Let u € C?(Bgr(x,)) N C(Bgr(z,)) be harmonic in Br(z,),

let . € OBRr(w,) be a minimum point of u in Br(z,), and set

u(ry) = min v and n= T o
Br(x,) |24 — 0
Then 5 () ()
u 1N w(xo) — u(w,
- ) = . .
g () 22 R (5.3)

Proof The function u— u(z,) is harmonic and non-negative in Br(x,). Apply
(5.1) to such a function, with p = |z|, to get

u(r) —u(ws) 1o nu(xo) —ulzs)
o 22 TR

Letting now & — z, along n proves (5.3).

5.2 Analyticity of Harmonic Functions

If w is harmonic in F, by Proposition 2.1, D®u is also harmonic in F, for every
multi-index «. Therefore D%u satisfies the mean value property (4.5) for all

multi-indices a. In particular, for all i = 1,..., N and all Br(z,) C E
ou N (Y —20)i
(z0) :][ Uy, (y)dy = u do.
Ox; Br(z.) WNBRN Jopg,) 1Y — Tol
From this 9
u
T,)| < sup |ul. 5.4
|axi( o) RBR(%)I | (5.4)

This estimate is a particular case of the following

Theorem 5.2 Let u be harmonic in E. Then for all Bgr(x,) C E, and for all
multi-indices o
Ne)la !

R sup |ul. (5.5)

€ Br(zo)

|Du(,)| < (

Proof By (5.4) the estimate holds for multi-indices of size 1. It will be shown
by induction that if (5.5) holds for multi-indices of size ||, it continues to
hold for multi-indices [ of size |3| = |a| + 1. For any such
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DBy = Ba D% for some 1 <i¢<N.
Ty

Fix 7 € (0,1) and apply (4.5) to D”u in the ball B, r(z,). This gives

0
DPu(x,) :][ D%udy
Brn(z,) O%i

N D% (y - xO)i d

= Yy .
wNTVN RN Jop (a0 ly — ol

By (5.5) applied over balls centered at y € 0B;r(z,) and radius (1 — 7)R

D%AM|S(CL7;R)Q|Q!

Therefore

sup |u| for all y € OB g(x,).
e BR(wo)

Ne)la+1 1 la!

Dute < (7

To prove the theorem, choose

1

) L\ -18
T= = so that (1 —7)7lel < (1 - ) <e.
lal+1 |3

18]

Corollary 5.4 Let u be harmonic in E. Then u is locally analytic in E.

Proof Let k be a positive number to be chosen, and having fixed z, € E, let
R be so small that B(;11)r(2z,) C E. The Taylor expansion of u in Br(x,)
about z, is
D>u(x, DP
U(IIJ) _ Z U(:L' )(QL' o xo)a 4 Z u({) Jé3

(x — )
jal<n @ Bl=nt1 P

for some £ € Br(z,). Estimate the terms of the remainder by applying (5.5)
to the ball centered at ¢ and radius kR. This gives

Bu e\ PLan plisl
D (£)I(x_%)ﬁ<<N> B! R

8! kR SR

|
gl e Br+1)r(0)

NeN+1\ 1P
< ( s ) sup |
Br+1)r(0)

where we have also used the inequality |3|! < NP3, Set

N€N+1

P 0 and sup  |u| = M.

By1yr(zo)
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Choose k so that 8 < 1, and majorize the remainder of the Taylor series by

DB
;’(5) (z—z,)’| <M Y 08 < m|pNelPl
IBl=n+1 P |Bl=n-+1

Since this tends to zero as |3| — oo, the Taylor series of u about x, converges
to w uniformly in Br(z,).

6 The Dirichlet Problem

We will establish that the boundary value problem (1.2) has a unique solution
for any given ¢ € C(OF). In the statement of the Dirichlet problem (1.2), the
boundary OF was assumed to be of class C'. In particular OF satisfies the
exterior sphere condition, i.e.,

for all x, € OF there exists an exterior ball

Br(z,) € RN —E such that 0Bgr(z,) NOE = x,. (6.1)

The ball Bg(x,) is exterior to E, and its boundary 0Bgr(z,) touches OF
only at x,. Such a property is shared by domains whose boundary could be
irregular. For example, it is satisfied if OF exhibits corners or even spikes
pointing outside F.

Theorem 6.1 Let E be a bounded domain in RN whose boundary OF satisfies
the exterior sphere condition (6.1). Then for every ¢ € C(OF) there ezists a
unique solution to the Dirichlet problem

ueC*(E)YNC(E), Au=0 in E, and u|3E:<p. (6.2)

Proof (Perron ([117])) Recall the definition (4.6) of the classes o(F) and
Y(FE) and for a fixed ¢ € C(OF), consider the two classes
o(p; E) = {vea(E)NC(E) and v |,,< ¢}
Y(pE)={veX(E)NC(E) and v |3E2 o).
Any constant k£ < mingg ¢ is in o(p; E), and any constant h > maxpg @ is

in X (¢; E). Therefore o(¢; E) and X(p; E) are not empty. If a solution u to
(6.2) exists, it must satisfy

v<u<w forall veao(p;E) and for all we X(p;E).

This suggests to look for u as the unique element of separation of the two
classes o(p; F) and Y(p; E), i.e.,

def def

= u(z

sup v\T = lnf w(x), vx c E 63
veo(p;E) ( ) ) weX (p;E) ( ) ( )



56 2 The Laplace Equation

To prove the theorem we have to prove the following two facts.

Lemma 6.1 The function u defined by (6.3) is harmonic in E.
Lemma 6.2 u € C(E) and ulpr = .

Proof (Lemma 6.1) Fix z, € E and select a sequence {v,} C o(¢; E) such
that v, (z,) — u(x,). The functions

V= max{vy,va,..., U} (6.4)
belong to o(p; E), and the sequence {V,,} satisfies

Vio <Vygr and  lim Vi (x,) = u(x,).
n—oo
Let B,(§) C E be a ball containing x,, and construct the functions V,,.¢ , as
described in (4.7). By Proposition 4.2, V;,.c , € o(p; E), and by the previous
remarks
Vigo < Vatriep and  Vie p(20) — (o).

Thus {V,.¢,,} converges monotonically to some function z(-), which we claim
is harmonic in B,(&). Indeed, V¢ , — Vi.¢ , are all harmonic and non-negative
in B,(&), and the sequence {Vy.¢,,(x0) —Vi.e p(z0)} is equi-bounded. Therefore
by the Harnack inequality (5.1), {Vye,p — Viie,p} is equi-bounded on compact
subsets of B,(§). By Theorem 5.2, also all the derivatives D*(Vpe,p, — Viie p)
are equi-bounded on compact subsets of B,(§). Therefore, by possibly passing
to a subsequence, {D*(V,,.¢. ,—Vi.¢,p) } converge uniformly on compact subsets
of B, (), for all multi-indices . Thus z(-) is infinitely differentiable in B,(§)
and {D*V,¢,,} — Dz uniformly on compact subsets of B,(&), for all multi-
indices . Since all V¢ , are harmonic in B,(§), also z is harmonic in B, ().
By construction, z(z,) = u(z,). To prove that z(z) = u(x) for all z €
B,(£), fix & € B,(£) and construct sequences {#,} and {V,,} as follows:

Up €0(p; E) and  0,(Z) — u()

V() = max{V,, (z); 01 (), 2(2), ..., 0n(x)} Vo€ E

where V,, are defined in (6.4). Starting from V., construct the corresponding
functions V¢ , as indicated in (4.7). Arguing as before, these satisfy

V, < ‘zl;ima ‘7”;57/) < Vn+1;£7pv Vg p(T) — u().

Moreover, {V,.¢.,} converges monotonically in B,(¢) to a harmonic function
Z(+) satisfying

Z(z) > z(xz) forall ze€ B,(§) and Z(%)=u().
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By the construction (6.3) of u
u(zy) = z(xo) < 2(x0) = u(z,).

Thus the function Z —z is non-negative and harmonic in B,(£), and it vanishes
in an interior point x, of B,(&). This is impossible unless Z(z) = z(x) for all
x € B,(§). In particular

Since T € B, (§) is arbitrary, we conclude that u is harmonic in a neighborhood
of x, and hence in the whole of E, since z, is an arbitrary point of E.

Proof (Lemma 6.2) Fix x, € OF and let Br(z,) be the ball exterior to E and
touching OF only at x, claimed by (6.1). The function

1 1
— if N>3
RN=2 7 |g — g,|N-2 1 =z
In 1% ;{””‘ if N =2

is harmonic in a neighborhood of F and positive on OF except at x., where it
vanishes. Fix an arbitrarily small positive number € and determine 6 = d(¢) €
(0,1) so that

lo(z) — p(z)| <e Vo —a.| <5 NOE.

We claim that for all € > 0 there exists a constant C., depending only on
l¢llso,0E, R, N, and d(¢), such that

lo(x) — p(zs)| < e+ C-H(x) Va € OF. (6.6)
This is obvious if |z — x| < §. lf x € OF and |x — x| > 6

H{(z)

o, where Hs =

- * < o0 i H
lp() = p(x)] < 2([¢lloo,0m L L S (x)
To prove (6.6), we have only to observe that Hs > 0. It follows from (6.6)

that for all z € OF
o) — = — C.H(@) < 9(2) < plo.) + &+ C.H().

This implies that
p(r.) —e—CH € o(p; E)

and
o(z4) +e+C.H € X(p; E).
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Therefore for all z € E
o(z4) — e — C.H(x) < u(r) < p(x,) + e+ C-H ().
This in turn implies
lu(z) — p(z)| < e+ C.H(x) Vr € E.
We now let  — z, for e € (0,1) fixed. Since H € C(E) and H(z,) =0
limsup [u(z) —p(z.)| <e Ve e (0,1).

T—Tx

7 About the Exterior Sphere Condition

The existence theorem is based on an interior statement (Lemma 6.1) and a
boundary statement concerning the behavior of u near F (Lemma 6.2). The
first can be established regardless of the structure of OF. The second relies
on the construction of the function H(-) in (6.5). Such a construction is made
possible by the exterior sphere condition (6.1). Indeed, this is the only role
played by (6.1). Keeping this in mind, we might impose on OF the

Barrier Postulate: V. € 0F, 3H(z.;-) € C(E) satisfying

H(z.;-) is super-harmonic in a neighborhood of F
H(zw;x) >0 Vee E—{z.}, and H(z.z.) =0.
Any such function H (z,;-) is a barrier for the Dirichlet problem (6.2) at z,.
Assume that OF satisfies the barrier postulate. Arguing as in the proof of
Lemma 6.2, having fixed . € OF, for all £ > 0 there exists a constant

Cs - CE(||SO||OO,6E7N7H(x*7 ')75)

(7.1)

such that
lo(x) — p(xs)] < e+ CoH(zy;x) Vo € OF.

Therefore, for all x € OF
p(x) —e — CeH(zs;2) < () < p(as) + e+ CeH(zs; 7).
Since H(z;-) is super-harmonic
p(s) —€ — CeH(zss 1) € (0 E)

and
o(xy) +e+ C.H(zy;x) € X(p; E).
Therefore for all € E
p(re) —e — CeH(zw;2) <u(z) < () + e+ CeH(xy; x)

and _

lu(z) — p(zy)| < e+ CeH(zy; 2) Ve e F.
This proves Lemma 6.2 if the exterior sphere condition (6.1) is replaced by
the barrier postulate (7.1). We conclude that the Dirichlet problem (6.2) is
uniquely solvable for every domain FE satisfying the barrier postulate.
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7.1 The Case N = 2 and OF Piecewise Smooth

Let E be a bounded domain in R? whose boundary dF is the finite union
of portions of curves of class C*. Domains of this kind permit corners and
even spikes pointing outside or inside F. Fix z, € 0F and assume, modulo
a translation, that x, coincides with the origin. We may also assume, up to
a homothetic transformation, that F is contained in the unit disc about the
origin. Identifying R? with the complex plane C, points z = pe'? of E, are
determined by a unique value of the argument 6 € (—m, 7). Therefore In z is
uniquely defined in E. A barrier at the origin is

1 1
H(z) = —-Re =— 2np .
Inz In” p + 62

7.2 A Counterexample of Lebesgue for N = 3 ([101])

If N > 3, spikes pointing outside F are permitted, since any such point would

satisfy the exterior sphere condition (6.1). Spikes pointing inside E are, in

general, not permitted as shown by the following example of Lebesgue.
Denote points in R? by (z, 2), where x = (21, 22) and 2 € R. The function

1
sds
v(x,2) = 7.2
@=L e e (7.2
is harmonic outside [|z] = 0] N [0 < z < 1]. By integration by parts one

computes

v(w,2) =v/[e? + (1= 2)2 = V2| + 22
+zIn|[(1=2) + V]2 + (1 - 2)?] [z + V]2 + 2%]]
—2zIn|x|.
As (z,z) — 0, the sum of the first three terms on the right-hand tends to 1,
whereas the last term is discontinuous at zero. It tends to zero if (z,z) — 0

along the curve |z|? = |z| for all 8 > 0. However, if (z,2) — 0 along |z| =
e~7/%% for z > 0 and v > 0, it converges to 7. We conclude that

lim v(x,z) =1+1.
(x,z)—0
along |x|=e—7/22

Therefore, all the level surfaces [v = 1++] for all v > 0 go through the origin,
and as a consequence, v is not continuous at the origin.

Fix ¢ > 0 and consider the domain

E=w<1l4+cn[az <1].
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R2
u=14+c¢
O z
Fig. 7.1.

There exists no solution to the Dirichlet problem

uweC*E)NC(E), Au=0 in E, and (7.3)

“’aE = ,U|8E'

Notice that even though v is not continuous in E, the restriction v|sg is
continuous on JF. The idea of the counterexample is based on showing that
any solution of (7.3) must coincide with v, which itself is not a solution.
Fix any € > 0, and consider the domain E. = EN|[|z, z| > £]. Assume that
u is a solution of (7.3) and let C' be a constant such that |u —v| < C in E.
The functions R
we = C +(u—wv
¢ = Oz F Y
are harmonic in F. and non-negative on 0 E.. Thus by the maximum principle

lu(z, z) —v(z, 2)| < C\xfz\ in E..

8 The Poisson Integral for the Half-Space

Denote points in RV*! by (x,t), where x € RY and ¢ € R. Consider the
Dirichlet problem

u € CERY x RT)NC(RN x R+)
Au=0 in RN x R* (8.1)
u(z,0) = p(z) € C(RY) N L=®(RY).

A solution to (8.1) is called the harmonic extension of ¢ in the upper half-
space RV x R*. Consider the fundamental solution (2.6) of the Laplacian in
RN*1 with pole at (y,0)

1 1
_ if N>2
(N — 1)wN+1 H:L._y|2 +t2} N2
Fz, tyy) =
1 9 ,971/2 .
—QFIHUx—y\ + 7] if N=1.
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The Poisson kernel for the half-space is defined for all N > 1 by

Flx,t:
K(ayy) = —2 070 69) _ o 32
ot wnit [z —y2+2] 2

Theorem 8.1 Every ¢ € C(RY) N L>®RYN) has a unique bounded harmonic
extension H, in RY x R, given by

2t
Hy,(z,t) = / #(v) ~ar dy. (8.3)
vt Jax o g2 2]

Proof (Uniqueness) If w and v are both bounded solutions of (8.1), the differ-
ence w = u — v is harmonic in RN x RT and vanishes for t = 0. By reflection
about the hyperplane t = 0, the function

. _ w(x,t) it t>0
w(z,t) = {—w(a:, —t) if t<0

is bounded and harmonic in RV *!. Therefore, by Liouville’s theorem (Corol-
lary 5.3), it is constant. Since w(-,0) = 0, it vanishes identically.

Remark 8.1 The statement of uniqueness in Theorem 8.1 holds only within
the class of bounded solutions. Indeed, the two functions © = 0 and v =t are
both harmonic extensions of ¢ = 0.

Proof (Ewvistence) The function H,, defined in (8.3) is harmonic in RY x R*.
The boundedness of H, follows from the boundedness of ¢ and the following
lemma.

Lemma 8.1 For alle >0 and all x € RN

2e d
/ Yoo =1L (8.4)
RN [

WN 41 ‘x_y‘2+€2} 2

Proof Assume N > 2. The change of variables y — x = &£ transforms the
integral in (8.4) into

2 d o) N—-1
/ E Ny1 T 2 . / g N+1 dp =L (8'5)
wn Sy (L4 (g2 TovnJo (1492

The case N =1 is treated analogously (8.1 of the Complements).

To conclude the proof of Theorem 8.1, it remains to show that for all z, € RY

lim  Hy(z,t) = p(xy).

(z,t)—xx

This is established as in Theorem 3.1 by making use of (8.4).
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9 Schauder Estimates of Newtonian Potentials

Let E be a bounded open set in RV and continue to denote by F(-;-) the
fundamental solution of the Laplacian, introduced in (2.6). The Newtonian
potential generated in RY by a density distribution f € LP(E) for some p > 1
is defined by

Arf = [ Plawsdy 91)
E
provided the right-hand side is finite. If f € L>®(E)
[AF flloo,gn + VAR flloo gy < Y[ flloo, (9:2)

where 7 is a constant depending only on N and diam(F). Further regularity
of Apf can be established if f is Holder continuous and compactly supported
in E. Form e NU{0}, n € (0,1), and ¢ € C>®(E), set

def

D%p(x) — D¢
Iellmne S S ID|loes + 3 sup | D%p () ns@(y)|_
la|]<m la|=m z,yEE |1' — y|

(9.3)

Denote by C™"(E) the space of functions ¢ € C™(FE) with finite norm
lellmn: e and by CU»"(E) the space of functions ¢ € C™"(E) compactly
supported in E. If m = 0, we let C*"(E) = C"(E) and |[¢lo,n:e = |lln:E-

Proposition 9.1 Let f € C™"(E). Then Arpf € C™2(E), and there
exists a constant v depending upon N, m, n, and diam(F), such that
IAF flim+2.m8 < AN Sfllm - (9.4)

Proof Tt suffices to prove (9.4) for m = 0 and for f € CS°(F). Assume N > 3,
the proof for N = 2 being analogous, and rewrite (9.1) as

on(N =DArf =o0) = [ 6P A+ )i

and compute
iy (@) = [ e ot g = = [ (€PN o+ €1

=— / (IEP~N)e, fe, (z + €)dg

[g]>r
[ (P Mg e+ - Fllede

[€l<r

— [P e, (o + €

[E]>r

+ / 2N )ese, (Fo +€) — F(a))de
[€l<r

&i

2 do.
el

Y G
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In this representation, r is any positive number, do is the surface measure
over the sphere 0B, and the integral extended over the ball |£| < r is meant
in the sense of the limit

/|5|< 2N )e,e, (Fo +€) — F(x))de

def o / (€2 e e, (Fl@ + &) — f(a))de.
e<[¢|<r

e—0

Such a limit exists, since f is Holder continuous. From (9.5), by taking r =
diam(E), we estimate

¥ 1D ey < Sl (1 + / |5Nd§>
r<|é|<2r

|ar] =2
wlf@ O~ f@] . (96)
+7/§<T e R

<7 (1 + diam(E)) || flln: -

Next we fix y € R and represent v,, ; (). By calculations analogous to those
leading to (9.5)

iy () = [ I e, o+ €0
= [ M=)+ € g o+ €1
= [ e =)+ €Y St g 9.7

_ 2—N - B
+/|5|<r('(x W)+ PN [Fla+€) — Flu))de

&
&8l

From the representations (9.5) and (9.7), we obtain by difference

10) [ (@) v ) fde

Vg, Tj (l‘) —Ug, Tj (y)

:/s> (P~ =l =) + 6P g [+ ) = fW)lds
[P el €) - Flade
[gl<r

_/s< (@ =) + €7V, [z +6) = fly)de

@ = 1) [ (P do

[§l=r
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2N _ (. 2=y Sig
LT N G IR M

() /w (167N — (e — y) + €27), . de.

The sum of the last two integrals is zero, and the integral extended over the
shell |¢] = r is majorized by

el

where v is a constant depending only upon the dimension N. In the estimates
below we denote by 7 a constant that can be different in different contexts,
and it can be computed quantitatively a priori in terms of NV alone. Estimating
the first integral extended over the ball [¢] < r we have

[ 6P )ee 7+ — F@lde] <9l [ 11N nde
l&f<r gj<r

il =yl

S AL -
Analogously

‘ /|€|< (I(z —v) +§|27N)5i§j [flx+&) — f(y)}df‘

<A f / (@ —y) + €~V e
[gl<r

<A f / 2| =N
|z|<r+|z—y|

< Al + |2 — y]7).

Combining these estimates, we conclude that there is a constant v depending
only upon N, such that for every r > 0

s (" + [ = y|")

9.8
wa| [ 06PN =)+ €Y U+ - sl Y
1€]>r '
Choose r = 2|z — y| so that over the set || > r

20el > (o —y) +l > el

Then by direct calculation and the mean value theorem

2N 2N dij 0ij
6 =1 =)+ €7 ) o < i |<x—y>+sN’
L] &8 @y + il —y) +4
§|N+2 [(x —y) +EN+2
<t
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Therefore the last integral in (9.8) can be majorized by

) &P e+ - F)
W=l f e e — ) e

< Wl T/|s| €[~ = ) F Ly .
>r

dg

Combining this with (9.2) and (9.6) proves the proposition.

Remark 9.1 The proof shows that

sup "Uafiaij (IIJ) - Uwifvj (y)| < ~ sup ‘f(x) - f(y)|
z,yERN |z —y| syee |z —yl"

where the constant v depends only on N and 7 and is independent of |E|.

Remark 9.2 The dependence on diam(FE) on the right-hand side of (9.3)
enters only through (9.2) and (9.6). Therefore the constant v in (9.4) depends
on diam(FE) as

v =7 (1+diam(E)) for some v, = vo(N,m,n).

10 Potential Estimates in LP(F)

The estimate (9.2) implies that A, as defined by (9.1), is a map from L*°(E)
into L*°(E). More precisely, it maps L (F) into the subspace of the Lipschitz
continuous functions defined in E. It is natural to ask whether f € LP(E) for
some p > 1 would imply that Apf € LI(E) for some g > 1, and what is the
relation between p and gq.

If f € CI(E), then Apf, as defined by (9.1), is differentiable and

1 (@ —y)
If however f € LP(E) for some p > 1, the symbol VApf does not have
the classical meaning of derivative, and it is simply defined by its right-hand
side. If this is finite a.e. in E, we say that VApf is the weak gradient of the
potential Apf. We will give sufficient integrability conditions on f to ensure
that the weak gradient VAg f is in LI(E) for some ¢ > 1.

Both issues are addressed by investigating the integrability of the Riesz
potential

E>z— wy(x) = / _f(yj)\,_a dy for some «a > 0. (10.1)
B |z —yl
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Proposition 10.1 Let f € LP(E) for some p > 1. Then

Np N
1, if p <
[ N — ap) i !

|we| € LY(E)  where q¢€ [1,00) if p= (10.2)

R =2 e =

1, 0] if p>

Moreover, there exists a constant v that can be determined a priori only in
terms of N, p, q, «, and diam(FE), such that

[wallg,2 < VI flp.E- (10.3)

The constant v — oo as either p — N/« or as diam(E) — co.

Proof Assume first p < N/a, and choose s > 1 from
1 1+ L1 1<s<
= — s )
5 q p N -«

By Hoélder’s inequality

1
()| = /E (le =gl f7) 11— gl @m0y
q—1

1
< ( / Ix—yl(“N)slfpdy) ( / |x—y|<“N>3‘if|3“fdy)
E E
1 1_1
_N)s a 1—i _N)s s 4
< ( [ o=l N)‘prdy) T ”( JEST dy) .

The last integral involving |z — y|(*~N)® is estimated above by extending the
domain of integration to the ball of center & and radius diam(FE). It gives

diam(E)
/ l — | @ Mgy < wN/ pN=1)=(N=a)s g,
E 0

_ wy diam(E)N(1-s )

=v(N,s
N(l—sNJ;“) g )
provided
1<s< N i L 1 < @
5 ie. — .
N -« ’ p q N

This determines the range of ¢ in (10.1). In the estimates below, denote by ~
a generic positive constant that can be determined a priori only in terms of
N, p,q, and diam(FE). To proceed, carry this estimate into the right-hand side
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of the estimation of |w, (x)], take the gth power of both sides and integrate
over E. Interchanging the order of integration with the aid of Fubini’s theorem

o|2d _ . |(@=N)s P dud > pa(1—]
[ x<v<//x U3 () Py ) 12
<o L1z ( [e-e N)de)dy]qu(l

<A1l

p,E*

Let now p > N/a. Then by Holder’s inequality

p—1

P
wa ()] < ||f||p,E( [ —y““-N)pfldy)

Corollary 10.1 Let f € LP(E) for some p > N. There exists a constant -y
depending only upon N,p and diam(E), such that

[lloo, 5 + [ V]|oo,2 <[

pE-
The constant v — oo as p — N.

Let E a bounded open set in R with boundary 0F of class C'. For f €
LP(OF) set

Vo () :/8 Fy)doly) for a >0 (10.4)

B |z -yt
where do is the Lebesgue surface measure on 0F.
Corollary 10.2 Let f € LP(OF) for some p > 1. Then

[1’ ol I>1—)pap) <t

|va| € LY(E), where q€ 1, 00) if p= N-1 (10.5)

1, 0] ifp>N_1.

Moreover, there exists a constant vy that can be determined a priori in terms
of N, p, q, o, and |0E| only, such that

q.08 < fllp.os- (10.6)

[|va

The constant v — oo as either p — (N — 1)/« or as |0E| — oo.
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11 Local Solutions

Consider formally local solutions of the Poisson equation
Au=f, in FE (11.1)

with no reference to possible boundary data on 0F. Thus we assume that
u € C*(E) and f € O"F"(E) for some non-negative integer m and some
n € [0,1). This means that || f|lm,n.x < oo for every compact set K C E. Let
K C K' C E be such that dist(K;90K') > 0. We will derive estimates of the

norm C"*1(K) for u in terms of the norms ||u||oo, k7 and || f|lm+n;x-
Proposition 11.1 There exists a constant v depending only upon N, m, and
dist(K; OK') such that

etz < (f llmmircr + [tlloo, x7) -

Proof Tt suffices to prove the proposition for m = 0, and for K C K’ two
concentric balls B,,(z,) C B,(z,) C E, for some ¢ € (0,1). In such a case
the statement takes the following form.

Lemma 11.1 There exists a constant v depending only upon N such that for
all Byp(zo) C By(x,) C E

1
R T (TS [ 1 e

1
+ 7(1 + (1 N J)N+2p2+n) HuHOO,BP(Io)'

Proof (Lemma 11.1) The point z, € F being fixed, we may assume after a
translation that it coincides with the origin and write B,(0) = B,. Construct
a smooth non-negative cutoff function ¢ € CS°(E) such that
Clel
(1= )]

for all multi-indices « of size |a] < 2 and for some constant C. Multiplying
(11.1) by ¢ and setting v = u(, we find that v satisfies

C: 1 in B(1+o)p and |Da<| < (112)
2

Av = f(+uA(+2Vu -V, UECE(BP).

Let N > 3, the case N = 2 being similar. By the Stokes identity (2.3), we
may represent v as the superposition of the two Newtonian potentials

@) == vy Lol P OW
Vaw) == o) o= AC+ 2V VO .
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By virtue of Proposition 9.1 and Remark 9.2

We estimate V5 (-) within the ball B,, by rewriting it as

V1

2y < V(L+p)|f¢

n:B, <Y1+ p+ "D flln:s,-

1
wN(N — 2)
2

2—N
Y IR0 e

Vala) = [ wwle =y Acdy

Since V(¢ = 0 within the ball of radius (1;‘7) p, these integrals are not singular
for x € B,, and we estimate

1
Welamo, <9(1+ (o wes ory il

11.1 Local Weak Solutions

The previous remarks imply that if f € C! (E), the classical local solution
of the Poisson equation (11.1) can be implicitly represented about any point
z, € F as

u(z) = — / F(x;) f(dy

B (o) (11.3)

+ [ u) P@nA+ 2V E @) VO dy
Bp(zo)

where F(-;-) is the fundamental solution of the Laplace equation, introduced
in (2.6), and ¢ satisfies (11.2). Consider now the various integrals in (11.3),
regardless of their derivation. The second is well defined for all € B,,(z,)
if u € LL _(E). The first defines a function

loc

r— F(z;y)f¢dy € Li.(E)
Bﬂ(mﬂ)

provided f € LY (F) for some p > 1. Since B,(z,) C E is arbitrary, this
suggests the following

Definition Let f € LT (FE) for some p > 1. A function v € L{ (FE) is a weak

loc loc

solution to the Poisson equation (11.1) in E if it satisfies (11.3).
The estimates of Section 10 imply:
Proposition 11.2 Let f € LY (E) for p > 1 and let u € L, (FE) be a local

loc loc

weak solution of (11.1) in E. There exists a constant v depending only on N
and p such that for all Bs,(x,) C By(z,) C E
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IVullg,5.,0) < YN Fllp 5,0 + 1A =)™ VD07 |[ull1 5, a0
where
[LN{p) if 1<p<N
1€ [1,00) if p=N
[1, 00] if p> N.

If p € [1, N], the constant v — oo as ¢ — Np/(N — p). Moreover, if p > N/2

_N —
[l oo,y (0) < 707 % 1flp, B, 20y + YA = )] N ull1, 5, .)-

The constant v — 00 as p — N/2.

12 Inhomogeneous Problems

12.1 On the Notion of Green’s Function

Let £ be a bounded domain in RY with boundary OF of class C'. The
construction of the Green’s function for F, introduced in (3.3), hinges on
solving the family of Dirichlet problems (3.1). These solutions y — &(z;y)
were required to be of class C%(E). Such a regularity has been used to justify
intermediate calculations, and it appears naturally in the explicit construction
of Green’s function for a ball.

However for each fixed x € E, the Dirichlet problem (3.1) has a unique
solution if one merely requires that OF satisfies the barrier postulate and that

O(x;-) € CA(E)NC(E) for all fixed = € E.
This is the content of Theorem 6.1 and the remarks of Section 7.

Proposition 12.1 Every bounded open set E C RN with boundary OF satis-
fying the barrier postulate admits a Green’s function G(+;-). Moreover, for all
(z;9) € EX E,

0<G(z;y) < F(x;y) for N >3

. (12.1)
0< Glay) < 1 ) diam(FE)

< n for N =2.
2r o —y|

Proof For fixed z € E, let € > 0 be so small that B.(z) C E. The function
G(x;-) is harmonic in E — B.(z), and it vanishes on OF. The number ¢ can be
chosen to be so small that G(x;-) > 0 on 0B, (x). Therefore, by the maximum
principle, G(x;-) > 0 in E — B.(z) and hence in E since ¢ is arbitrary. The
function @(x;-) is harmonic in F, and by the maximum principle, it takes its
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maximum and minimum values on OF. If N > 3 it is positive on F and thus
@(-;-) > 0 in E. This proves the first of (12.1). If N = 2 rewrite the Green’s
function as

1 . diam(FE) 1 .
y) =, 1 — | D(x; Indiam(E) |.
Glasy) = o 20 [0 + ) Indinan()
For fixed x € E, the function of y in [- - -] is harmonic in E and non-negative

on OF.

Remark 12.1 The estimate roughly asserts that the singularity of G(-;-) is
of the same nature as the singularity of the fundamental solution F(-;-).

Corollary 12.1 G(z;-) € LP(E) uniformly in x, for allp € [1, ).

12.2 Inhomogeneous Problems

Given f € C"(F) for some n € (0, 1), consider the boundary value problem

uwe C*E)NC(E), Au=fin E, and = 0. (12.2)

u|8E

Theorem 12.1 The boundary value problem (12.2) has a unique solution.

Proof (Uniqueness) If u; for i = 1,2 solve (12.2), their difference is harmonic
in £ and vanishes on 0F. Thus it vanishes identically in F, by the maximum
principle.

Proof (Eristence) Assume momentarily that (12.2) has a solution u € C?(E)
and that the Green’s function G(x;-) for E is of class C?(E). Then subtracting
Green’s identity (2.2) written for the pair of functions u and @(x;-) from the
Stokes identity (2.3)—(2.3) gives

u(z) = —/EG(w;y)f(y)dy
(12.3)

= —/ F(x;y)f(y)der/ D(x;9) f(y)dy.
E E

This is a candidate for a solution of (12.2). To show that it is indeed a solution,
we have to show that it takes zero boundary data in the sense of continuous
functions in F, it is of class C%(E), and it satisfies the PDE. Fix z, € dF and
write

lim u(z) =— lim [ G(z;y)f(y)dy

T—X T—=Tx J @
= _ lim G(x;y) f(y)dy
=%« JENB: (x4)
— lim G(x;y) f(y)dy.

T E—B:(x)



72 2 The Laplace Equation
The second integral tends to zero by the property of the Green’s function,

since y is away from the singularity x = x.. The first integral is estimated by
means of (12.1), and it yields

/ G 9)|f (w)ldy < 2sup /| |F(z;9)ldy < O()
ENBe(xy) E ENBe ()

uniformly in z.

To establish in what sense the PDE is satisfied, we assume N > 3, the argu-
ments for N = 2 being similar.

12.3 The Case f € C°(E)

The set K = supp(f) is a compact proper subset of E, and @(x; ) is in C*°(E).
Therefore by symmetry

A /E B(asy) f(y)dy = /E Ay B(z:y) f(y)dy = 0.

Calculating the Laplacian of the first term on the right-hand side of (12.3)
gives

A [ o yP Ny = [ 6P Acf @ - e
= lim €[>~ Ag f (x€)dE.

=0 J1g>e

Perform a double integration by parts on the last integral using that f is
compactly supported in RY. Taking into account that |¢|>~ is harmonic in
|€] > €, and proceeding as in the proof of the Stokes identity (2.3) gives

1 . -
wN(N—Q)A/E lz =y N fy)dy = f(x).

Combining these calculations shows that w defined by (12.3) satisfies the
Poisson equation (12.2) in the classical sense.

12.4 The Case f € C"(E)

Let {K} be a family of nested compact subsets of E exhausting E. Construct
a sequence of functions {f;} C C2°(FE) satisfying

11751 |

|"7§Kj < ”|f

me and jlggo If; = fllnx =0
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for every compact subset K C E. Let u; be the unique classical solution of
uj € CX(E)NC(E), Auj=f; in B, and ujlaE =0. (12.4)

From the representation formula (12.3)

[uillos,2 < YN filloose < YN fllnis vVjeN.
Combining this with Proposition 11.1 gives
\Hug |2,77;K1 < 'V”|fj I nk < YN £ nE vVjeN

where 7 depends on N and dist{K7;0FE} and is independent of j. By the
Ascoli-Arzela theorem, we may select a subsequence {uj, } out of {u;} con-
verging in C%7(K;) to a function u; € C?"(K;). By the same process, we
may select a subsequence {u;,} out of {uj} converging in C*"(K3) to a
function uy € C?"(Ks), which coincides with u; within K;. Continuing this
diagonalization process, we obtain a function u € Clzog’(E) and a subsequence
{u;j} out of the original sequence {u;} such that {u;} — w in CIZOZZ(E) Let-
ting j — oo in (12.4) along such a subsequence proves that u € C*"(E) is a
classical solution of the PDE. To verify that « € C(E) and that it vanishes
on OF in the sense of continuous functions, we have only to observe that u
satisfies (12.2) by the same limiting process.

Problems and Complements

1c Preliminaries

1.1c Newtonian Potentials on Ellipsoids

Compute the Newtonian potential generated by a uniform distribution of
masses, or charges, on the surface of an ellipsoid. Verify that such a potential
is constant inside the ellipsoid ([80], pages 22 and 193).

Theorem 1.1c Let E be a bounded domain in RN of boundary OF of class
C?. The Newtonian potential V(-), generated by a uniform distribution of
masses on OF, is constant in E if and only if E is an ellipsoid.

The sufficient part of the theorem is due to Newton. The necessary part in
dimension N = 2 was established in 1931 by Dive [37]. The necessary part for
all N > 2 has been recently established is in [28]. The assumption of uniform
distribution cannot be removed as shown in [140].
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1.2c¢c Invariance Properties

1.4. Prove that the Laplacian is invariant under a unitary affine transforma-
tion of coordinates in RYV.
1.5. Find all second-order rotation invariant operators of the type

N

L(U) = Z Aijhk Uz, Uz xy, -
i,4,h, k=1

1.6. Prove that A is the only second-order, linear operator invariant under
orthogonal linear transformation of the coordinates axes.

1.7. Find all homogeneous harmonic polynomials of degree n in two and
three variables ([70]).
Hint: For N = 2 attempt 2" and 2", where z = x1 +ix2 and z = x1 — ix2.
For N = 3 attempt polynomials of the type 27 P,_;(|z|?, z3), where P,_;
is a polynomial of degree n — j in the variables |z|> = 27 + 22 and z3.

1.8. Let N = 2, and identify E with a portion of the complex plane C. Then
the real and imaginary part of a holomorphic function in £ are harmonic
in E ([18], pages 124-125).

2¢ The Green and Stokes Identities

2.1. Prove that if u € C?(E) N C(E) is harmonic in E, then it is locally
analytic in E. It will be a consequence of the estimates in Section 5 that
the hypothesis u € C1(E), can be removed.

2.2. Tt follows from the Stokes identity (2.3)—(2.3) that if u € C?*(E)NCY(E)
is harmonic in E, it can be represented as the sum of a single-layer, and
a double-layer potential.

2.3. Let wy denote the surface area of the unit sphere in R"V. Prove that for
N=23,...,

w/2
WN41 = QwN/ (sint)N_ldt.
0

3¢ Green’s Function and the Dirichlet Problem
for the Ball

3.1. Prove that the Green’s function in (3.3) is non-negative.
3.2. Verify by direct calculation that the kernel in (3.9) is harmonic.
Hint: One needs to prove that for all y € 0Bgr
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From (3.8)
2lz| 0 2-N 2||
_ — _ 0
o o7~ = 2 el = ol coso)
_ =P =1yl + o —yl?
jz —y[¥
and for y € 0BR
R? — |z|? 2—-N 2[z| 0 2—N

Therefore it suffices to show that the second term on the right-hand side
is harmonic.
3.3. Study the Dirichlet problem

0 if zy <O

Au=0 in Bg, andu|pp, = {1 if 2x > 0.

Examine the behavior of the solution for 2y = 0 near 0Bg.

3.4. Find Green’s function for the half-space xn > 0.
Hint: Set T = (x1,...,2n—1) and consider the reflection map analogous
o (3.5), i.e., &(x) = (T, —xN).

3.5. Using the results of 3.4, discuss the solvability of the Dirichlet problem

Au=0 in RN~ x [xx > 0]

uw(z,0) = () € C(RN=1) N L= (RN 1),
3.6. Construct Green’s function for the quadrant [z > 0] N [y > 0] in R?.
3.7. Find Green’s function for the half-ball in RY.

3.1c Separation of Variables

3.8. Solve the Dirichlet problem for the rectangle [0 < z < a] x [0 < y < b] in
R? by looking for “separated” solutions of the form u(x,y) = X (2)Y (y).
Enforcing the PDE, derive the ODEs

X" = (const) X, Y" = —(const)Y.
Superpose the families of solutions X, Y,, of these ODEs, by writing
u=>y A, Xn(2)Y,(y), A, R, n=0,1,2,...,

Finally, determine the coefficients A,, from the prescribed boundary data.
In the actual calculations, it is convenient to split the problem into the
sum of Dirichlet problems for each of which the data are zero on three
sides of the rectangle. For example, the problem
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Au=0in R=0<z<1]x[0<y<1]

u(0,y) = cos ;ry, u(z,0)=1—2z, wu(l,y)=u(z,1)=0

can be solved by superposing the solutions of the two problems

Aup =0 in R, and uy(0,y) = cos ;Ty
u(z,0) = ui(1,y) = ui(z,1) =0,
and
Aug =0 in R, and ws(z,0)=1-—=x
u2(17y) = UQ(JT, 1) = u2(07y) = 0.

Even though the boundary data are not continuous on dR, one might
solve formally for w;, ¢ = 1,2 and verify that u = u; 4 us is indeed the
unique solution of the given problem.

3.9. Solve the Dirichlet problem for the disc 2% + y? < 1 by separation of
variables, and show that this produces the same solution as that obtained
by the Poisson formula (3.9).

Hint: Write Au in terms of polar coordinates (p, #) to arrive at

1 1
u,,,,+pu,,—|—p2u99:0 in [0<p<1]x[0<6< 27

To this equation apply the method of separation of variables.

3.10. Use a modification of this technique to solve the Dirichlet problem for
the annulus 7 < |z| < R in R%

3.11. Solve the Dirichlet problem for the rectangle with vertices A = (1, 0),
B=(2,1),C=(1,2), D=(0,1).

4c Sub-Harmonic Functions and the Mean Value
Property

4.1. Prove that (4.2) implies (4.3). Hint: (4.2) implies
wnrN tu(z,) < / u(y)do  for all B,(x,) C E.
OB, (xo)

Integrate both sides in dr for r € (0, R).
4.2. Prove that (4.4) and (4.5) are equivalent. Hint: Write (4.5) in the form

WN N
ru(z,) = / udy
N By (o)

and take the derivative of both sides with respect to 7.

4.3. Let u € C?(E) satisfy Au = v in E. Prove that u has neither a positive
maximum nor a negative minimum in .

4.4. Let u be harmonic in E. Prove that |Vu|? is sub-harmonic in E.
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4.1c Reflection and Harmonic Extension

4.5. Denote points in RY by 2 = (z,2y) where Z = (21,...,7x_1), and let
u be the unique solution of

Au=0 in By, and =@ e C(0By).

“’331

Prove that ¢(Z,zy) = —¢(Z, —zn) implies u(Z,zn) = —u(Z, —znN).

4.6. Let u be harmonic in B]” = By N [zy > 0], and vanishing for zy = 0.
Extend it with a harmonic function in the whole of Bj.

4.7. Solve explicitly the Dirichlet problem

xil)’v if xy >0

Au:Oian, and “|aBl+Z{0 it zy =0.

4.2c The Weak Maximum Principle

Consider the formal differential operator

0? 0

Lo = ai;(x) + bi(x) oz, (4.1¢c)

63773.13]'
where a;j, b; € C(FE) and the matrix (a;;) is symmetric and positive definite
in .

Theorem 4.1c Let u € C%(E) N C(E) satisfy Lo(u) >0 in E. Then

< .
u(x) < max u forall xe E

Proof Fix y € RN — E, let v be a constant to be chosen later, and consider
the function ,
v =u+eel"Yl for € > 0.

It satisfies

Lo(v) > 2yelaijbiy + Nyai;(z — y)ile —y);]
+ 27e [bi(x — y)i] evle—ul?
> 2ve [NA+2yA|z — y|* — Blz — y] evle=ul®

where B = max;<;<, maxg |b;|. By the Cauchy inequality
2 B? 2
NA+29Xx —y|” = Blz —y| > N+ | 29X — |z —y|* — NA.
4NN
Therefore « can be chosen a priori dependent only upon B, N, and A, such
that L,(v) > 0 in E. If 2, is an interior maximum for v, b;(x,)vy, (z,) = 0

and
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WijVzia; |y > 0 and vzix].|$:wo <0. (*)
Next observe that a;jvs,.; = trace((ai;)(va,z,;)). Using that (a;;) and (vg,a,)
are symmetric, and that the trace is invariant under orthogonal linear trans-
formations, prove that
i (T )Vzz; (1) < 0.
This and (%) give a contradiction. Therefore

maxv < maxuv
E OFE

and the theorem follows on letting ¢ — 0.
4.8. Let u € C?(E) N C(E) satisfy
L(u)=Lo(u)+c(x)u>0 in E.

Prove that if ¢ < 0, then u cannot have a non-negative maximum in the
interior of E. Give a counterexample to show that the assumption ¢ < 0
cannot be removed.

4.3c Sub-Harmonic Functions

4.9. Prove that v € o(F) if and only if for every open set E’ C F and every
harmonic function u such that u|aE, =, thenv <wuin E'.

4.10. Prove that  — In|z| is sub-harmonic in RY — {0}.

4.11. Give examples of non-differentiable sub-harmonic functions.

4.12. Let u € C?(E) N C(E) be a solution of

Au=-1in E, and 0.

u|8E =
Prove that for all z, € £

inf |z —z,|%

>
ulzo) 2 o inf

4.3.1c A More General Notion of Sub-Harmonic Functions

Certain questions in potential theory require a notion of sub-harmonic func-
tions that does not assume continuity. First, by a real valued function in F
is meant u : E — [—00,+00). Thus u is defined everywhere in E and is per-
mitted to take the “value” —oco. A real-valued function v : E — [—o00, +00) is
upper semi-continuous if [u < s] is open for all s € R.

Definition of F. Riesz ([126], see also [122]) Let E be a connected, open
subset of RV. A real valued function u : E — [—00,+00), is sub-harmonic in
E, if it is upper semi-continuous, and if for every compact subset K C F and
for every function H € C'(K) and harmonic in the interior of K

u|8K§H|8K — u<H in K.
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4.13. Prove that this notion of upper semi-continuity is equivalent to

limsupu(z) < u(x,) forall z, € E.

T—T,

4.14. Prove that the function
u(z) = {lnx if x#0

—00 if =0

is upper semi-continuous. Such a function is sub-harmonic in the sense of
F. Riesz, and it is not sub-harmonic in the sense of Section 4.
4.15. Prove that apart from the continuity requirement, Riesz notion of a
sub-harmonic function is equivalent to the notion of Section 4.
4.16. Let {u,} be a decreasing sequence of sub-harmonic functions, in the
sense of F. Riesz and let
u(z) = lm wuy,(2) Vo e E.
n—oo

Prove that either « = —oo in F, or u is sub-harmonic in £, in the sense
of F. Riesz ([75], page 16).

5c¢ Estimating Harmonic Functions

5.1. Let w be harmonic in F. Estimate the radius of convergence of its
Taylor’s series about z, € E.

5.2. (Unique Continuation) Let u be harmonic in F and vanishing in
an open subset of E. Prove that if F is connected, u vanishes identically
in E. As a consequence, if v and v are harmonic in a connected domain
FE and coincide in a open subset of F, then u = v in E.

5.3. Find two harmonic functions in the unit ball that coincide on the set
o] < 310 e = 0]

5.4. (Phragmen—Lindel6f-Type Theorems) Let RY = RY N [zy > 0],
and let u be a non-negative harmonic function in Rf . Prove that if u is
bounded and vanishes on the hyperplane xny = 0, then it is identically
Z€ro.

Remark 5.1c The function v = xy shows that the assumption of u being
bounded cannot be removed. However, this is in some sense the only coun-
terexample as shown by the following theorem of Serrin ([133]).

Theorem 5.1c Let u be a non-negative harmonic function in Rf vanishing
for xy = 0. There exists a constant C depending only on N, such that

u(x) <c

lim sup
|| — o0 |z



80 2 The Laplace Equation
5.1c Harnack-Type Estimates

5.5. Let u be harmonic in R, and let G be its graph. If P € G, denote by
7p be the tangent plane to G at P. Prove that [tp NG| — P # 0.

5.6. Prove that a non-negative harmonic function in a connected open set
F is either identically zero or strictly positive in FE.

5.7. Let @ be the rectangle with vertices (0,0), (nr,0), (nr,2r), (0,2r), for
some r >0 and n € N. Let P, = (r,r) and P, = ((n — 1)r,7). Prove that
a non-negative harmonic function u in @ satisfies

272 (P,) < u(P,) < 2°"u(P,).

5.8. Assume that the mixed boundary problem
ueC’2(Bl)ﬁCl(Bl), Au= -1 in B4
u=01in 9B N[zy >0], Vu-n=-u on 9B N[xy < 0]

has a unique solution. Prove that u > 0 in By, and that u ’8310 > 0.

[zn>0]

5.2c Ill-Posed Problems: An Example of Hadamard
The following problem is in general ill-posed.
Au=0in FE=0<z<1lx[0<y<1]
u(0) =9, uy(-,0) =9 (%)

Proposition 5.1c A solution of (*) exists if and only if the function

(0,1)> 2 — ¢(x) — 71r /0 Y(s)In |zs|ds

is analytic.

Proof If u solves (x), write u = v + w, where

1
o) =y [ Ul - 92 + s

Then Aw = 0 in E and wy(-,0) = 0. Therefore, by the reflection principle
(z,y) — w(x,|y|) is harmonic in [0 < z < 1] x [-1 < y < 1], and = — w(x,0)
is analytic.

5.9. Prove that the following problem is ill-posed.

Au=0in [Jz] <1} x [0 <y <1]
U(—1,~) = u('? 1) = ’U,(]_, ) =0
uy(,0) =0, wu(,0)=1—|z|
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5.3c Removable Singularities

Let 2, € E and let u be harmonic in F — {x,}. The function v is analytic
in F — {z,}, and it might be singular at x,. An example is the fundamental
solution F'(-;x,) of the Laplace equation with pole at x,. A point z, € E is
a removable singularity for u if u can be extended continuously in x, so that
the resulting function is harmonic in the whole of E.

The pole z, is not a removable singularity for F(-;x,). This suggests that
for a singularity at x, to be removable, the behavior of u near x, should be
better than that of F(-;z,).

Theorem 5.2c Assume that

i u(x) = *ok
:cll{rzln F(x;1,) 0 ()

Then x, is a removable singularity.

Proof Let v be the harmonic extension in the ball B,(x,) . Such an

of u ’83,,(3:0)
extension can be constructed by the Poisson formula (3.9) and Theorem 3.1.
The proof consists in showing that v = v in B,(z,). Assume N > 3, the proof
for N = 2 being similar. Consider the ball B.(x,) C B,(z,) and set

M. = ”u - UHooﬁBs(ﬂcn)'

By (#%), for every fixed n > 0, there exists ¢, € (0, p) such that M. < 2=Vp
for all € < g,. The two functions

wi:Mg( c )szl:(u—v)

|z — x|

are harmonic in the annulus € < |z —x,| < p and non-negative for |z —z,| = p.
Moreover, on the sphere |z — z,| = ¢

w =M. + (u—v) | _>0.
|z—20|=¢

*
|z—20|=¢
Therefore, by the maximum principle, for all € < |z — z,| < p
ME€N_2 n
u—v|(z) < .
| |(z) < 2 — 2o|N=2 = |z — 2| N2

Theorem 5.3c Assume that

lim |z — 2,|N " 'Vu - T re .
T, |z — o)

Then x, is a removable singularity.
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Proof (Hint) Let v be the harmonic extension of u|gp, (4,) into B,(z,), and
for € € (0, p) set

Tr—x
D.= sup |V(u—w)- °
OB, (xo) ‘.’E - :L'o‘
Introduce the two functions
N-1
€ D
w* : + (u—w)

- (N —2)|z — x| N2

+

and prove that a minimum for w™ cannot occur on 9B (z,).

5.10. Prove that if
lim u(x)

=c¢ for some ce R
z—z, F(x;2,)

then u = ¢F(-;z,) + v, where v is harmonic in E.

5.11. The previous statements assume that v has a limit as * — z,. Prove
that if u is a non-negative harmonic function in the punctured ball By —
{0}, then the limit of u(x) as |x| — 0 exists, finite or infinite ([55]).

7c About the Exterior Sphere Condition

The counterexample of Lebesgue leads to a question that can be roughly
formulated as follows. How wide should the cusp in Figure 7.1 be, to ensure
the existence of solutions? The correct way of measuring “how wide” a cusp
should be is by means of the concept of capacity introduced by Wiener ([161]).
The capacity of a compact set K C RY is defined by

cap(K) = inf |Vo|2da.
veCge ®N) JpN
v>1 on K

Such a definition can be extended to Borel sets. Now consider a domain F
whose boundary has a cusp pointing inside E as in Figure 7.1. Let z, be the
“vertex” of the cusp, and consider the compact sets

K,=RY —~E)NBy-n(r.) neN

obtained by intersecting the region enclosed by the cusp, outside E, with balls
centered at x, and radius 27".

Theorem 7.1c (Wiener [162]) The following are equivalent:

(i). There exists a barrier H(x.;-) for the Dirichlet problem (6.2) at x.
(ii). The series Y cap(K,) is divergent.

For a theory of capacity and capacitable sets, see [80, 104, 94].
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8c Problems in Unbounded Domains

8.1. Compute (8.5) for N = 2,3 first. Then proceed by induction for all N.

Use 2.3 and
< pN=2 ~/2 N—2
dp = sint)"™ ~“dt.
Lol pypnte= [ eno

8.2. Having in mind 3.7 and the representation formula (3.2), justify the
definition (8.2) of the Poisson kernel for the half-space.

8.3. Give a solution formula for the Neumann problem in the half-space.
Discuss uniqueness.

8.4. Let E C RY be bounded, connected, and with boundary dF of class
C'. Prove that there exists at most one solution to the boundary value
problem in the exterior of

ueC*RY —E)NCRN —E), Au=0in RN - E
=p e C(OF), | lim w(z) =7

z|—o00

“|3E

for a given constant ~.

8.1c The Dirichlet Problem Exterior to a Ball

Let N > 3,set E = |z| > R for some R > 0, and consider the exterior problem
uweC*E)NC(E), Au=0 in E (8.1c)

=p e C(0F), m u(x) =7 (8.2¢)

u’|a:|:R |a:1|14>oo
for a given constant ~.

Step 1. First apply the Kelvin transform to map E into B — {0}. Then
introduce the new unknown function

R2
— 2—N

With the aid of Theorem 5.2¢, verify that the singularity y = 0 is remov-
able. Then, in terms of the new coordinates, (8.1¢) becomes

v € C?*(Br)NC(Br), Av=0 in Bp (8.3¢)

0|y, = B Ve € C(OBR). (8.4c)

Step 2. Solve (8.3¢) by means of Poisson formula (3.9). Return to the orig-
inal coordinates x by inverting the Kelvin transform. In this process use
formula (3.6). To the function so obtained add a radial harmonic function
vanishing for |z| = R and satisfying the last of (8.1c). The solution is

=2l (1) ] i L o0 e
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9c Schauder Estimates up to the Boundary ([135, 136])

Let u € C?(E) N C(F) be the unique solution of the Dirichlet problem (1.2).
If OF and the boundary datum ¢ are of class C?" it is natural to expect that
u € C2"(E). Prove the following?.

Proposition 9.1c Let v € C?*(RYN x RT) N C(RN x RT) be the unique
bounded solution of the Dirichlet problem (8.1). If ¢(x) € CZ"(RY) then
u € C*"(RN x R+) and there exists a constant v depending only upon N, n
and the diameter of the support of ¢ such that

bl o e < Yl -

Moreover there exist a constant v depending only upon N and n and indepen-
dent of the support of ¢ such that

‘ Ui, (T, TN+1) — Ui, (Y YN 1) o) = o(y)
sup 5 21n/2 <~ sup
z,y RN H.’E - y‘ + (‘TN+1 - yN+1) ]77 z,yERN ‘x - y‘ﬂ

TN 41, YN ERT
Proof (Hint:) Apply the same technique of proof of Theorem 9.1 to the
Poisson integral (8.1).

The result of Theorem 9.1c is the key step in deriving C?" estimates up to the
boundary for solutions of the Dirichlet problem (1.2). The technique consists
of performing a local flattening of JF.

10c Potential Estimates in LP(E)

10.1. Compute the last integral in the proof of Proposition 10.1 by intro-
ducing polar coordinates. Prove that for a = 1, the constant 7 in (10.3)

is
(p—1)/p
1 < p—1 ) . 2-N/
v = diam(FE) P,
wjlv/p(N—Q) 2p—-N
10.2. Verify that for N = 2 and « = 1, the constant v in (10.3) is
I p

ep—1 .
diam(E)?"» Indiam(E) if diam(E) > 1.

if diam(E) <1

7T (2m)/e

10.3. Prove the following

3A version of these estimates is in [54, 91]. Their parabolic counterparts are in
[45, 92].
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Corollary 10.1c Let E = Br and N > 3. Then

1/p
1Al < A(N.p, ) (][ f(y)l”dy>

Br
where

2]\[1/1022—N/p p—1 '
State and prove a similar corollary for the case N = 2.

10.4. In Proposition 10.1 the boundedness of E is essential. For a = 2, give
an example of f € LP(E) for some p > N/2 and E unbounded for which
Ap f is unbounded.

10.5. If F is unbounded, the boundedness of Arf can be recovered by

imposing on f a fast decay as |x| — oco. Prove the following

Lemma 10.1c Assume f € LP(E) for some p > N/2, and
[f(@)] < Cla|=®*) for [a > R,

for given positive constants C, R,, €. Then Apf € L*(F), and there
exists a constant v depending only on N, C, R,, € such that

[AF flloo,.z < v+ |If

10.6. Give an example of A f such that |VAgf| € L?(E) and wy ¢ L>(E).

p7E)~

10.1c Integrability of Riesz Potentials

The proof of Proposition 10.1 shows that the constant 7 in (10.3) deteriorates
as ¢ — Np/(N —ap). However, (10.3) continues to hold also for the limiting

case
Np

(N —ap)+’
The proof for such a limiting case, however, is rather delicate and is based on
Hardy’s inequality ([65], also in [31], Chapter VIII, §18).

q= provided ap < N.

10.2¢c Second Derivatives of Potentials

If f e CI(E), then Apf is twice continuously differentiable, and formally

(Ao, () = /E Fovo, (2:9) 1 (9)dy. (10.1¢)

The integral is meant in the sense of the improper integral

/E Fo;(w59) f(y)dy = lim Fyow; (5y) f(y)dy.

e JEN[|z—y|>¢]
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The limit exists, since f € C"(E). However, if f € LP(E) for some p > 1, such
a representation loses its classical meaning. It is natural to ask, in analogy
with Proposition 10.1, whether one may use (10.1c) to define (Apf)s,2; in a
weak sense and whether such weak second derivatives are in LI(FE) for some
q > 1. It turns out that

feLP(E) = (AFf)ex; € LP(E) for 1 <p < oo.

The proof of this fact cannot be constructed from (10.1) for a« = 0, since
the latter would be a divergent integral even if f € C2°(E). One has to rely
instead on cancellation properties of the kernel in (10.1c¢). These estimates are
due to Calderén and Zygmund ([16], see also [144]).



3

Boundary Value Problems by Double-Layer
Potentials

1 The Double-Layer Potential

Let X be an (N — 1)-dimensional bounded surface of class Ct in RY for
N > 2, whose boundary 0% is an (N — 2)-dimensional surface of class C.
Fix 2, € RY — % and consider the cone C(X,1,) generated by half-lines
originating at x, and passing through points of 9X. Let a(x,) denote the
solid angle spanned by C(X,x,), that is, the area of the portion of the unit
sphere centered at x,, cut by the cone. The double-layer potential generated
in x, by a distribution of dipoles identically equal to 1 on X is defined by

OF (zo; -1 0o—Y)-

W (Z,x0) = 7/ (w03 9) 4 _ / (o —y) ?v(y)da. (1.1)
s On(y) wy Jp e —yl

Here n(-) is the unit normal to X exterior to the cone C(X, z,), and F(+;-) is

the fundamental solution of the Laplacian, introduced in (2.6) of Chapter 2.

o

Lo

Fig. 1.1.

The same cone is generated by infinitely many surfaces; however, the double-
layer potential depends only on z, and the solid angle «(z,). This is the
content of the next proposition.

E. DiBenedetto, Partial Differential Equations Second Edition, 87
Cornerstones, DOI 10.1007/978-0-8176-4552-6 4,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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Proposition 1.1 Let Xy and X be any two surfaces generating the same
cone C(X,x,). Then
oz
W (X1, xe) = W(Xe,20) = W(X, 2,) = u(J O).
N

Proof Let E be the portion of the cone C(%1,z,) = C(X2,1,) included by
the surfaces X7 and X5. Since z, is outside F

1 o—Y) -
E WN JOE—(X1UXy) |0 — ¥l

OF(zo3y) , [ OF(xoiy)
+/21 on(y) © /E on(y)

The first integral on the right-hand side vanishes since (x, — y) is tangent to
the cone and thus normal n(y). Therefore W (X1, z,) = W (X3, x,).

Next, since W (X, z,) is independent of X, we replace X with the portion
of the sphere dBr(z,) cut by the cone, that is

Yo =0Bgr(z,)NC(X,x,) for some R > 0.
The normal to Y, exterior to the cone is
Yy—Zo
n(y) = -

|y - xo‘
This in (1.1) gives
1 a(x,)

w(x = do = .
( 71‘0) wNRN*1 /Zn g W

In what follows E, is a bounded open set in RY with boundary OF of class
Che for some o € (0,1]. The double-layer potential generated at a point
z, € RN — OF by a continuous distribution of dipoles y — v(y) on JF is

N OF (z03y)
W(OE, z,;v) = —/8Ev(y) on(y)

[ @) ),
- /aE () do.

wN

do

Proposition 1.2 In (1.2) let v =1. Then

1 for z, € E

0 for x, c RN — E. (1.3)

W(OE, z0;1) = {

Proof The first follows from the Stokes identity (2.3)—(2.4) of Chapter 2, writ-
ten for u = 1. If x, is outside F, the function y — F(x,;y) is harmonic in E.
Therefore

OF (203 y)

do = 0.
or On(y)

/ AyF(zo;y)dy =
E
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2 On the Integral Defining the Double-Layer Potential

As z, tends to a point x € OF the integrand in (1.2), becomes singular. Such
a singularity however is integrable. This is the content of the next lemma.

Lemma 2.1 There exists a constant C depending only on N, «, and the
structure of OFE such that

(@ =) - n(z)] <C 1 for all x,y € OF.
|z —y|N [z —yN-1me
Proof 1t will suffice to prove the lemma for all |z — y| < 5 for some 1 > 0.
Fix x € OF and assume, after a translation, that it coincides with the origin.
Since OF is of class C1®, there exists n > 0 such that the portion of F within
the ball B, centered at the origin, can be represented, in a local system of
coordinates, as the graph of a function ¢ satisfying

Ev=9(), &=(&,.--,&nv-1), &l <n
p e Cho(lg] <m), ¢(0)=0, [Ve(0)|=0 (2.1)
V()] < Cul€]* for a given positive constant C,.

n<0>T ( = (&¢n)

B, 3 RN-1

Fig. 2.2.

Then n(0) is the unit vector of the &y-axis, exterior to E, and in the new
coordinates

€l <yl < A+ IVelloo,n,)E]

and
| —y-n(0)] = |p(&)] < Cyle'+e.

Let x € OF and for € > 0 let S.(x) = OF N B:(x) denote the portion of OE
within the ball B.(z) centered at x and radius .

Lemma 2.2 There exist constants C' and €,, depending only on N, «, and
the structure of OF, such that for every e < e,

S.x) 2=yl

uniformly for all z € Be(x).
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Proof Fix such a z € B.(z). Since OE is of class C1T% we may choose ¢,
so small that z has a unique projection, say z,, on JE. Set § = |z — z,| and
compute

2 —yl* = lzp — 91> + 8% = 2(2zp —y) - (2 — 2).

Since z, € OF, by Lemma 2.1

— . — — — . ZP_Z
[(zp —y) - (2p — 2) (2p —¥) I2p — 2|
= |(zp —y) ' n(zp)[6 < Clzp — y|' oo,
Therefore
1
2= y® > |zp —y* + 67 = 20|z —y["*76 > (|2 — 3| +)?

provided €, is chosen sufficiently small. Also

(2 —y) 0| < [(z —y) ny)| +0 < Clzp —y['T* +3.

Therefore e
I(Z—y)~rllv(y)|§0\zp—y\ +If.
|z —yl (lzp —yl +9)
From this
). 1
/ [(z —y) ?V(y”da S/ i do
Se(z) |z —yl Se(z) lzp — yl
d
+C5 7

s.() (lzp =yl + )N

The first integral is convergent, since x € OF, and it is bounded above by

Lo o y-a
sup .
vcoE Jop |t —y|N -1

To estimate the second integral, first extend the integration to the larger set
S2¢(2p). Then introduce a local system of coordinates with the origin at z,,
so that Sa.(zp) is represented as in (2.1). This gives

do d¢
1 < (CLo
77 Jiej<ae (€14 0)N

s.@) (| =yl + )N
2 qr
< ! < //.
70505/0 (r + 6)? <y
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3 The Jump Condition of W (9E, x,;v) Across OF

We will compute the limit of W(OF, z,;v) as ©, — OF either from within F or
from outside E. Having fixed z € F, denote by {x'} C E a sequence of points
approaching @ from the interior of E. Likewise, denote by {z¢} C RN — E a
sequence of points approaching z from the exterior of E.

Proposition 3.1 Let v € C(OF). Then for all x € OF

lim W(OE,z';v) = ;U(x) . /{)E u(y) (x—y)- n(y)da

Ti—w wWN ‘x_y‘N

: 1 1 (z —y)-n(y)
lim W(OFE,z%v) = — _v(x) — / v do.
Jm WoE.tw) = — @) = [ o' YN

Combining these limits gives the jump condition of the potential W (9E, x,; v)
across OF.

Corollary 3.1 Let v € C(OE). Then for all x € OFE

lim W(OE,z';v) — lim W(OFE,x%v) = v(x).

Tl T€—x

Proof (Proposition 3.1) For € > 0, let Sc(x) = OE N B.(z) and write

oF Se(x)

ot =y
%

(e & Ty nly)
+ /S e e d

|2t —y[N

(z* —y) - n(y)
—|—/ v(y ) do.
OE—S.(x) ) |2t —y[N

Choose € < ¢,, where ¢, is the number claimed by Lemma 2.2, and set

_/ (xi_y).n(y)do':a(g x’L)
S.(2) ’

[zt —y[V

where by Proposition 1.1, a(e, ) is the solid angle of the cone generated by
the lines through z* and the points of 0S.(x). By Lemma 2.2

[t —een 20 s
Se(x)

ot =y

< sup fu(y) — (=)

yESe(x)

<C sup Jo(y) —o(z)|.
yESe:(x)

/ (@' —y) - nly)
Se(z)

ot =y



92 3 Boundary Value Problems by Double-Layer Potentials

Therefore
P @ =9 0) 4y ywale, o) + O(e)
oOF

|zt —y|N
(z' —y) - n(y)
+/ v(y) , do.
OE—S.(x) |2t —y[N

Now let ¥ — z to obtain

lim W(OE,z';v) = v(x)a(ﬁ;x)

Tt—x WN

3 o) &~ Y) 0
/aE—SE(n:) ) |z —y|N I

where a(e; z) is the solid angle of the cone generated by lines through x and
points of 9S.(x). As ¢ — 0, a(g;x) — %wN. To prove the proposition, we let
¢ — 0 in (3.1) with the aid of Lemma 2.1.

- 0(e)
(3.1)

RN E

ale, x)

r

Fig. 3.3.

Corollary 3.2 For all x € OF
1 / (@-y)nly, 1
OFE

WN lz —y|N 2

Proof Apply (3.1) with v = 1 and use (1.3).

Remark 3.1 Combining this with Proposition 1.2, we conclude that the
double-layer potential z — W(JF;x) generated by a constant distribution
of dipoles on OF, at points 2 € RY, is a function that is discontinuous across
012, and its values are, up to a multiplicative constant

1 for zeF
W(OE;z) = for x € OF (3.2)
for z e RN — E.

SN =
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4 More on the Jump Condition Across OF

Fix # € OF and denote by n(x) the outward unit normal at x. For z, €
RN — 0F, set

W(aE,xO;U) = — 1 /aEU(y) (o —y) -n(x) o

WN "ro - y|N

_v. ( / Ev(y)F(z;wda) n(z)

As z, — z the behavior of W (AE, ,; v) is similar to that of the double-layer
potential W(9F, x,;v), provided x, approaches = along the normal n(x). Let
{z'} and {2¢} denote sequences approaching z from the inside and respectively
outside of E, say for example

(4.1)

2=T,

' =z — oin(z), ¢ =x + 0.n(x)
where {9;} and {d.} are sequences of positive numbers decreasing to zero.
Proposition 4.1 Let v € C(OFE). Then for all x € OF

R | 1 (z —y) -n(z)
61:3) W(OE,z";v) = 21}(3:) " on /E?E v(y) = y|N do

o 1 1 (z —y) -n(z)
1 E,z%v) = — - do.
661310 W(OE, z%v) 2v(x) on /aEv(y) o — [N o
Corollary 4.1 Let v € C(OF). Then for all x € OF

lim W(9E,z';v) — lim W(OE, x°;v) = v(z).

Trt—x

Proof (Proposition 4.1) We prove only the first statement. Write

o iy (z' —y) - (n(y) — n(z))
51711310 W(OE,z";v) = lim /aEv(y) do

6;—0 WN ‘.’Ei—y|N
—1 i —y)-n
+ lim / v(y) (@ y) N(y) do.
5i—0WN Jogr |zt — y|

The second limit is computed by means of Proposition 3.1, and equals
1 1 z—1y) -n(y
v(x) — / v(y)( ) N( )da.
2 wn Jom |z —y|
To compute the first limit, set So. = OE N Ba.(x) for 0 < e <« 1, and write

[ ot )00 ne,,
OF

|2t —y|N

:/ o(y) (@' —y)- (n(y) —n())
OE—Ba. ()

|zt —y|¥

(z' —y) - (n(y) — n(x)) >
" /sggm v o

|2t —y|N¥
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Without loss of generality, we may assume that the sequence {x'} is contained
in B(x). Then for ¢ fixed

: (z' —y) - (n(y) — n(z))
51»'1210 aE—Bzg(ﬂf)v(y) |2t —y[N !

[ e ney,
OE—Ba.(x)

|z —y|N

a

It remains to prove that

: (' —y) - (n(y) —n(z))
517:1210 SQE(z)v(y) |zt — y|N do

[ 0w e,
Sae(z)

|z —y|¥
Compute A
" —y[* =[x —y|* + 67 + 20i(x — y) - n(2).
By Lemma 2.1, since |z — y| < &

|(z —y) - n(z)| < const|z — y|' T < e*const|z — y|.

Therefore, if € is chosen so small that e*const < 1
i 2 2 2 a 1 5
|z" —y|° > |z —y|* + 0; — 2e%const|x — y|d; > 4(‘95—.@\"‘52‘) )

Next estimate

(@ =) () —n@)| _ eyl eyl
i — ¥ ot =yl N1 = (e — g 0N
v
= o - gV

for a constant v depending only upon N and the structure of OF. Therefore
to compute the last limit, it suffices to pass to the limit under the integral
with the aid of the Lebesgue dominated convergence theorem.

5 The Dirichlet Problem by Integral Equations ([111])

Let E be a bounded domain in RV with boundary OF of class C™® for some
a € (0,1], and consider the Dirichlet problem (1.2) of Chapter 2. Seek a
solution of such a problem in the form of a double-layer potential

w(@) = /M o(y) & ~Y) B 4o (5.1)

WN |z —y[N
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for some unknown density v € C(9OF). To impose the boundary data u = ¢
on 0f2, let x tend to points of JE. Using Proposition 3.1, we conclude that
v(-) must satisfy the integral equation

1
v= [ Kp(;yv(y)do +¢ (5.2)
OF
where Kp(+;-) is the Dirichlet kernel

1 (z—y) n(y)

KD('r;y):wN |[L’—y|N

(5.3)

Proposition 5.1 Suppose that (5.2) has a solution v € C(OF). Then (5.1)
for such a v defines a solution of the Dirichlet problem (1.2) of Chapter 2.

Proof The function wu defined by (5.1) is harmonic in F, and by Proposi-
tion 3.1, it takes the boundary values ¢ on JFE.

For v € L*°(JF), set
Apv= [ Kp(ypl)do. (5.4
Elo)

Proposition 5.2 The function x — Apv(x) is continuous in OF.
Proof Let {x,} be a sequence of points in OE converging to some z, € OF.
First observe that {Kp(x,;-)} — Kp(x,;-) a.e. in OF. Then write
lim [Apv(z,) — Apv(z,)| < lim/ [Kp(2n;y) — Kp(@o;y)|[v(y)|dy.
OF
Pass to the limit under integral, with the aid of Lemma 2.1 (5.2. of the
Complements).

Corollary 5.1 Let {v,} be equi-bounded in L>°(OFE). Then {Apv,} is equi-
bounded and equi-continuous in OF (5.3. of the Problems and Complements).

6 The Neumann Problem by Integral Equations ([111])

Consider the Neumann problem (1.3) of Chapter 2 for a datum ¢ € C(OF).
For x € OF, such a datum is taken in the sense

lim Vu(x — on(x)) - n(z) = ¢(z). (6.1)

6—0

Seek solutions of the Neumann problem in the form of a single-layer potential

u= [ F(;yv(y)do (6.2)
OF
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where F'(-;-) is the fundamental solution of the Laplacian, introduced in (2.6)
of Chapter 2, and v(+) is an unknown surface density. To compute v, impose
the boundary condition in the sense of (6.1). First, for 2* € E and x € JF,

compute
Donter— - V[ @ =y n)
Vu(a') - n(r) = u)N/M @) i e

Then take 2! = z — dn(x) and take the limit as  — 0 of the integral on the
right-hand side by making use of Proposition 4.1. We conclude that v(-) must
satisfy the integral equation

1
v= [ Kn(:yv(y)do + (6.3)
OFE
where Ky (+;-) is the Neumann kernel

1 (z—y) n()

(6.4)

Proposition 6.1 Suppose that (6.3) has a solution v € C(OFE). Then (6.2),
for such a v, defines a solution to the Neumann problem (1.3) of Chapter 2.

Proof The function defined by (6.2) is harmonic in E and by the previous
calculations, satisfies the Neumann data on 0F.

Theorem 6.1 A necessary and sufficient condition of solvability of (6.3) is
that v be of zero-average over OF, i.e., that (1.4) of Chapter 2 holds.

Proof (Necessity) Integrate (6.3) over OF in do(x). By Corollary 3.1

[ @y @),
[ vdote) = [ 0 S o) -

The sufficient part of the theorem will be proved in the next chapter.
For v € L*>®(0F) set

Anv = Ky (- y)v(y)do. (6.5)
OF

Proposition 6.2 The function x — Ayv(x) is continuous in OF.

Corollary 6.1 Let {v,} be equi-bounded in L (OF). Then {Anvy,} is equi-
bounded and equi-continuous in OE.
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7 The Green Function for the Neumann Problem

Consider the family of Neumann problems
N(z;-) € CHE)NCYE) forall x € E, AyN(z;y)=k in E
N(x;y) = F(z;y), € 0F
on(y) (z3y) on(y) (z3y),

where F' is the fundamental solution of the Laplacian, introduced in (2.6) of
Chapter 2, and k is a constant. Integrating the equation by parts and using

(7.1)

(1.3) gives
OF (x;
k|E|:/ @9) 4y — 1.
or On(y)
Therefore, a necessary condition of solvability is k = —|E|~!. Assuming for

the moment that (7.1) has a solution set

(z,y) = G(z;y) = F(a;y) — N(z;y) for x #y.

This is called Green’s function for the Neumann problem, and it satisfies

AyG=—k in E, G(z;y) =0 on OFE; x#y. (7.2)

B
on(y)

Green’s function is not unique; indeed if G(x;-), is a Green’s function, then
G(x;) +v(z) forall ve C*E)

is still a Green’s function for the Neumann problem. Having determined one
such a function, say for example G (z;y), we let

v=_]{391(‘;y)dy and  G(z:y) ' Gi(ary) + v(w).

In this way, among all the possible Green’s functions for the Neumann prob-
lem, we have selected the one with zero-average for all z € E. Such a selection
implies that G(-;-) is symmetric. This is a particular case of the following

Lemma 7.1 Let G(-;-) be Green’s function for the Neumann problem satis-
Jying
T — / G(x;y)dy = const.
E
Then G(z;y) = G(y; x).

The proof is the same as in Lemma 3.1 of Chapter 2. From now on, we will
select G satisfying the zero-average property. Therefore, by symmetry

AG=A4,G=—k in E for x #y.
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Let u be a solution of the Neumann problem (1.3) of Chapter 2. From the
Stokes identity (2.3)—(2.4) of Chapter 2, subtract the Green’s identity (2.2),
of the same Chapter, written for v and N(z;-). This gives

u= [ wGtspo ~k [ udy
oFE E

If w is a solution of the Neumann problem, then u + C' are also solutions of
the same problem, for all constants C. Choosing

C:—][ udy
E

we select, among all solutions of the Neumann problem, the one with the
zero-average property and satisfying the representation

u= [ ¢G(;y)do. (7.3)
OF

This representation is a candidate for a solution of the Neumann problem.
By the symmetry of G(+;-)

Apu = / VALG(y)do = —k Ydo = 0.
OB OB

Thus the condition that 1 be of zero-average over OF is necessary for (7.3) to
define a harmonic function. It would remain to establish that the boundary
datum is taken in the sense of (6.1). This verification could be carried out
if one had an explicit expression for G(-;-). This would be analogous to the
Dirichlet problem for the ball, where a verification of the boundary data was
possible via the explicit Poisson representation of Theorem 3.1 of Chapter 2.

Even though the method is elegant, the actual calculation of the Green’s
function G(-;-) can be effected explicitly only for domains with a simple geo-
metry such as balls or cubes (see Section 7c of the Complements).

7.1 Finding G(-;-)
One might look for G(-;-) of the form
G(ary) = Fla:y) — Yolyl* + h(;y)

up to the addition of a function x — v(x). Here =, is a constant to be deter-
mined, and

h(x;-) € C*(E)NC*(E) is harmonic for all = € E.

Such a G(+;-) satisfies the first of (7.2) for the choice 2N+, = k. Imposing the
boundary conditions on G(x;-) implies that h(x;-) must satisfy
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Oh(z;y) _ OF(z1y)
on(y) On(y)
This family of Neumann problems can be solved by the method of integral

equations outlined in the previous section. Specifically, one looks for h(z;-) in
the form of a single-layer potential

Ah(z;-) =0 in E, = 27,y - n(y) n OF.

h(z;y) = AEv(x;n)F(y;n) do(n), =yekE

where the unknown x-dependent density distribution v(x;-) satisfies the inte-
gral equation

Lo(@;y) = 2909 - nly) - do ().

OF (z;y) | 1 _(y=n)-n(y)
9 + /aEv x;n)

on(y)  wy ly —nl¥
This integral equation is solvable if and only if
Oh(z;y)
or On(y)

This is part of the existence theory for such integral equations that will be
developed in the next chapter. To verify the zero-average condition, compute

OF (r;y) 21) = —
/E?E on(y) do = —-W(OE,x;1) 1

by Proposition 1.2. On the other hand, by the divergence theorem and the
indicated choices of 7, and k

do=0 forall z€FE.

2%/ y-n(y)do = 'yo/ div V|y|*dz = 2N~,|E| = —1.
OE E

8 Eigenvalue Problems for the Laplacian

Consider the problem of finding A € R — {0} and a non-trivial u € C*(E) N
C"(E), for some n € (0, 1) satisfying

Au=—Xu in £, and wu=0 on JF. (8.1)

This is the eigenvalue problem for the Laplacian with homogeneous Dirichlet
data on OF. If (8.1) has a non-trivial solution, by the results of Section 12 of
Chapter 2, such a solution u satisfies

u= /\/EG(-;y)udy (8.2)

where G(+;-) is the Green’s function for the Laplacian in E. The non-trivial
pair (\, u) represents an eigenvalue and an eigenfunction for the integral equa-
tion (8.2). Conversely, if (8.2) has a non-trivial solution pair (A, ), such that
u € C"(E), for some n € (0,1), then by the same procedure of Section 12 of
Chapter 2, such a u is also a solution of (8.1). We summarize
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Lemma 8.1 A non-trivial pair (\,u) is a solution of (8.1) if and only if it
solves (8.2).

8.1 Compact Kernels Generated by Green’s Function

Let E be a bounded open set in RV with boundary OF of class C' and let
G(+;+) be the Green’s function for the Laplacian in E. Set

D(E)3 [ = Acf = [ GLanf)dy forsome p=1 (53)

provided the right-hand side defines a function in LY(F) for some g > 1.

Theorem 8.1 Ag is a compact mapping in LP(E) for all 1 <p < oo, i.e., it
maps bounded sets in LP(E), into pre-compact sets in LP(E).

Green’s function G is defined in (3.3) of Chapter 2, where F'(+;-) is the fun-
damental solution of the Laplace equation in RY, for N > 2, defined in (2.6)
of Chapter 2, and @ is introduced in (3.1) of the same chapter. Setting

Avf = [ Fanri
LP(E)> f — for some p >1 (8.4)

A¢f=/E45(-;y)f(y)dy

the proof reduces to showing that both Ap and Ag are compact in LP(E).

9 Compactness of Ar in LP(E) for 1 < p < oo

The operator Ar maps bounded sets in LP(E) into bounded sets of LP(FE), for
all 1 < p < oo. This is content of Proposition 10.1 of Chapter 2. For p > N, the
compactness of Ap follows from Corollary 10.1 of Chapter 2. Indeed, in such
a case, Ap maps bounded sequences { f,} C LP(E) into sequences {Ap f,,} of
equi-Lipschitz continuous functions in £. Therefore compactness follows from
the Ascoli-Arzela theorem.

To establish compactness in LP(E) for 1 < p < N, for a fixed vector
h € RN introduce the translation operator

v(-+h) if -+heEFE

P _
LP(E) 3 v — Thw = {O otherwise.

Also for 6 > 0 set
Es = {z € E | dist(z,0F) > 6}. (9.1)

The proof uses the following characterization of pre-compact subsets of L?(E)
([31] Chapter 5, Section 22).
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Theorem 9.1 A bounded subset K C LP(E), for 1 < p < oo is pre-compact
in LP(E) if and only if for every € > 0 there exists § > 0 such that for all
vectors h € RN of length |h| < &, and for allv € K

|1 Thv —vllpe <e and ||v

|p,E7E5 < E. (9.2)

To verify the assumptions of the theorem, set v = Apf and use Proposi-
tion 10.1 of Chapter 2 and (10.3) of the same Chapter, for « = 1. Fix 6 > 0
so small that E — Es is not empty and let h € RY be such that |h| < §. Then

/\(x-l-h)—v Vdz <
Es

v(z + th) ‘dtda:
Es

< |h\/ / Vole + th)|dadt
0 Es
< |B|E|"" 4|V Apfllqn < R f

p,E

where p and ¢ are as in the indicated proposition, including possibly the
limiting cases. Therefore for all o € (0, 110)

/ Tho —vPde = / | Thv — v[P7 (=) gy
Es on

po p(i—0) 1—po
< / |Thv — v|dx / [Tho — v| 1-po dz .
Eé E5

Choose o from

Ml—v):q€< Np ) e go 4P

1—po (N =p)t )] ’ p(g—1)

One verifies that such a choice is possible if ¢ is in the range (10.2) of Chap-
ter 2, for &« = 1. Therefore

[ i —olrds <7,
Es

On the other hand

v p/a
/ |Thv —v|Pde < 2P|E — Es| « (/ qux)
E—Es E

a—p
<HIE-Es| | fll6

Since OF is of class C', there exists a constant v depending on N and the
structure of OF such that |E — Es| < vd. Combining these estimates
p,E)-

I Tho — vllp.i = |ThApf — Apfllpe <46 (1+]||f
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10 Compactness of Ag in LP(E) for 1 < p < oo

Since @(x;-) is harmonic in E and equals F'(x;-) on OF, possible singularities
of &(x;y) occur for © € OF. Therefore, for 6 > 0 fixed, @(-;y) € C(E;)
uniformly in y € E. If { f,,} is a bounded sequence in LP(E), then the sequence
{Agf,} is equi-bounded and equi-continuous in Es. By the Ascoli-Arzela
theorem, a subsequence can be selected, and relabeled with n, such that for
every € > 0, there exists a positive integer n(e) such that

|As fr — Ad frnlloo, 55 < € for n,m > n(e). (10.1)

The selection of the subsequence depends on 6. Let {d;} be a sequence of
positive numbers decreasing to zero, and let {Ag f,,, } be the subsequence, out
of {Agfn}, for which (10.1) holds within Ej,. By diagonalization, one may
select a subsequence, and relabel it with n, such that {Agf,} is a Cauchy
sequence in C(Es,) for each fixed j = 1,2,.... We claim that {Asf,} is a
Cauchy sequence in LP(FE). Fix € > 0 arbitrarily small and j € N arbitrarily
large. There exists a positive integer m(e, j) such that

|Afo — Apflloci,, <c  for n,m > m(e.j).

Next, for n,m > mf(e, j)

Ao fn — Apfull? 5 = / g fn — Ag fnlPdz + / |Ag fu — Ap fru|Pde
, E—Es,

E57

< eP|E] +/
E-E;s,

Let us assume that N > 3, the proof for N = 2 being similar. By Proposi-
tion 12.1 of Chapter 2 the last integral is majorized by

/E B9 faly) — Fun(y)|dy|”d.

([ | Fesotsn - utwya]'ar) " 15—y v

for some g > p.

11 Compactness of Ag in L*=(E)

Lemma 11.1 Let f € L>(E). Then Agf is Holder continuous in E. Namely,
there exist constants v > 1 and 0 <n < 1, that can be determined a priori in
terms of N and the structure of OF only such that

A f(21) = As f(22)] < Y[ flloo. 2

x1 —x2|"  for all x1,79 € E.
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Proof The points x; € E being fixed, set § = |r1 — x2|%, where a > 0 is to be
chosen, and denote by Bjs(Z) the ball of radius § centered at T = %(le + x2).
For such a §, let Es be defined as in (9.1), where without loss of generality we
may assume that ¢ is so small that Ey5 # (). Assume first that Bs(Z) C Fas.
Then

Aof(w1)—Aof(z) = / (B(r13y) — Bl )] f(v)dy

E

1
d
= [([ oot + (= yas) swpay
E \Jo 05
1
= (21 — x2) / Va </ P(sxy + (1 — s)xg;y)f(y)dy) ds.
0 E
The function Ag f is harmonic in Bys(Z), and sz + (1 — s)ae € Bs(Z) for all
s € ]0,1]. Therefore by Theorem 5.2 of Chapter 2

‘VI / @(:E;y)f(y)dy‘ <7 s |f @(x;wf(y)dy(

TEBas ()

< MWl [ oy < e
zcE JE

Combining these estimates

‘Aqbf(l'l) — Aqsf(q;z)‘ < ;y”f”oo,E |5L'1 g 1’2‘

provided Bs(T) C Eas. Assume now that Bs(Z) N (E — Eas) # (0, and write

Apf(21) — Agf(zs) = / (1) — Ble:y)]f(w)dy

E

_ /E [B (a1 y) — Bz )] f (y)dy

[ i) - Pyl f)dy = 1+ I
E—Eus

I = (21 — 22) ‘/01 Voc</E45 P(sz1+ (1 — s)xg;y)f(y)dy>ds

=012 1 ([ womton + 1=y )as

by symmetry of &(+;-). Since y — P(sx1 + (1 — s)x9;y) is harmonic in Eys, by
Theorem 5.2 of Chapter 2

Bl sup P(sx1 + (1 — s)xe;2)

V(s + (1 — s)sy)| <
0 2€Bs5(y)

IN

sup F(sz1+ (1 —s)xg;2) <

Y z€Bs(y) oN=1
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Therefore | |
- Tl — X2
P

Next

Bl [ @)+l 0y

< / [F(en:y) + F(aa )] £()ldy
E—FEys

<A fllow, BB = Eas N < Al flloo, 56N
Therefore if Bs(Z) N (E — Eas) #£ 0

A1)~ Anf(aa)] <3150 12 4.

The remaining cases are treated by inserting between x7 and w9, finitely many
points {{1,...,&n}, so that each of the pairs (x1,&1), (§5,&41), and (&, z2)

falls in one of the previous cases. The number n will depend on the structure
of OF.
Corollary 11.1 Ag is compact in L (E).

Corollary 11.2 Let u € L*(E) be a solution of (8.2). Then u € C"(E) for
some 1 > 0.

Proof Applying Proposition 10.1 of Chapter 2 a finite number of times implies
that u € L*°(E). Then the conclusion follows from Lemma 11.1 and Corol-
lary 10.1 of Chapter 2.

Remark 11.1 The corollary provides the necessary regularity for the eigen-
value problems (8.1) and (8.2) to be equivalent.

Problems and Complements

2c On the Integral Defining the Double-Layer Potential

2.1. Prove a sharper version of Lemma 2.1. In particular, find the optimal
conditions on OF to ensure that
r—y)-n
|z -yl
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2.2. Consider the integral in (2.1). As z, — = € OF, the integrand tends to

(z —y)-n(y)

v(y) forae. ye€IE.
|z —y[N
Moreover, such a function is in L'*¢(9E) for some £ > 0. This follows
from Lemma 2.1. However, the limit cannot be carried under the integral.
Explain.

5c The Dirichlet Problem by Integral Equations

5.1. Let £ C RY be open and bounded and with boundary OF of class C*.
Formulate the following exterior Dirichlet problem in terms of an integral
equation:

ue C?’(RYN —E)NC(RN —F), Au=0in RN - F
“’315 =p e C(0F), lxlliinoou(x) =0.
Compare with Section 8.1c of the Problems and Complements of
Chapter 2.
5.2. In the proof of Proposition 5.2, justify the passage of the limit under
the integral. Hint:

/ Kp(2n;y) — Kp(2o;9)llo(y)|do
oOF
- / K p (23 9) — Kp(20;)|[0(y)|do
OEN(ly—wol<e]
+ / Kb (@n;y) — Kp(@o;9)l[v(y)|do
OEN(ly—wo|>e]

5.3. Prove a stronger version of Proposition 5.2. Namely, if v € L*®(9E),
then {Apv} is Holder continuous with exponent a/N, where « is the
constant appearing in Lemma 2.1. Hint: For z1,25 € OF

(z1—y) n(y) (r2—y) n(y) i

||UH<>03E
Apv(z1) —Apv(xs)| < '
[4pv(m) = Apv(e:) op | lo1—ylY 22—yl

wN

May assume that |x; — 22| < 1 and set
67; = {y S 8E||$7 — y‘ < ‘.131 — .rz‘l/N}.

Divide the integral into one extended over 9;Nd, and another one extended
over the complement.
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6¢c The Neumann Problem by Integral Equations

6.1. Let £ C RY be open and bounded and with boundary 0F of class C*.
Formulate the following exterior Neumann problem in terms of an integral
equation:

ue C?(RYN —E)NCYRN - E), Au=0 in RN - FE
=peC(OF), lim u(x)=0.

u
On ’8E |z]— o0

6.2. Prove a stronger version of Proposition 6.2. Namely, if v € L*®(9F),
then {Anv} is Holder continuous with exponent a/N, where « is the
constant appearing in Lemma 2.1.

7c Green’s Function for the Neumann Problem

7.1c Constructing G(-;-) for a Ball in R? and R3
Attempt finding G(+;+) of the form

G(wsy) = F(w;y) + S(wsy) + hlwsy) +91yl?

—N(z3y)

where F' and @ are defined in (2.6) and (3.7) of Chapter 2 respectively, v is
a constant, and h(z;-) is a suitable harmonic function in Br to be chosen to
satisfy the last of (7.2). As in Section 7.1 one computes 2Nv,|E| = —1. Using
the explicit expression of &

1

F+o %) =
(F'+ @ +9[y[*) wn Rz —

B
1 2v,R.
on(y) yN-2 T

Therefore the harmonic function h(x;-) has to be chosen to satisfy

0 -1
6n(y) h(x7y) - (UNR|$ o y‘N_z -

7.1.1c The Case N = 2

Choose h = 0 and v, = —1/47R? to conclude that Green’s function for the
Neumann problem for the disc Dr C R? is

R2

1 2
|y‘ ) g_ |x|2x

-1 T
G(ain) = 5 (i —ully v mlo—ol) -, 1y

up to an arbitrary additive smooth function of x.
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7.1.2c The Case N =3
The function h(z;-) is given by

1 €—y) = Rr?
N = 1 = —_ = .
h(zy)=, WK, H 1 +E—yl, ¢ 22”
One computes
-1/ x E—vy )
47Vh = + *
H (Ia?l €=yl *)

and
2 1 [z E—y x §—vy
AT Ah = - :
TN e —y) H2<x+|f—y) <x+lf—y>

_ 2 2 §—y'x>zo
He —y| ~ H2 <”|f—y 2

From (%), taking into account that ¢ = R%x/|z|?

oh y
47ran(y)—47th-R
Ly €y (Y—8) (ﬁ—y)-£>
‘RH(x Y I T
_ 1 LT T _(E—y)-E)
N O (R T A W
“RrRH |\t €yl iz ) R Jz—y|

The last equality follows from (3.6) of Chapter 2, since y € dBg. We conclude
that Green’s function for the Neumann problem for the ball Bp C R3 is

1 1 L
G(xsy) “4r <x—y * || §_y>
1 r P
+47‘r In ((6—1/) ‘x‘ +|£_y> N 87TR3‘y|

up to an arbitrary additive smooth function of x.

8c Eigenvalue Problems

8.1. Formulate the homogeneous Neumann eigenvalue problem
Ay = —Au in E, gf;u:O on OF. (8.1c)

8.2. Find eigenvalues and eigenfunctions of (8.1) and (8.1¢), when F is a
parallelepiped in R3 of sides a, b, c. Do the same for a disc Dr C R2.

8.3. Let Ag be defined as in (8.3) with G replaced by G. Prove the analogue
of Theorem 8.1.
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Integral Equations and Eigenvalue Problems

1 Kernels in L?(E)

Let E be a bounded open set in RN with boundary dE of class C'. For
complex-valued f and g in L?(E), set

(f.9) = /E fgdr and |f1?=(f )

and say that f and g are orthogonal if (f, g) = 0. A complex-valued dx x dz-
measurable function K (-;-) defined in E x E is a kernel acting in L?(E) if the
two operators

Af = /E K(ip)f(y)dy, A f= /E Ky ) f(y)dy

map bounded subsets of L?(E) into bounded subsets of L?(E), equivalently,
if there is a constant v depending only upon N and E such that

IAFIF<AIfI and A fl <Allfll,  forall fe L*(E).

It would be sufficient to require only one of these, since any of them implies
the other. Indeed, assuming that the first holds

sl =| [ ([ xuosa) s
-| [ro( [ K<y;x>g<x>dx)dy| (£, Ag)l < A1l

The operators A and A* are adjoint in the sense that

(Af, gy = (f,A%g) forall f,ge L*E).

E. DiBenedetto, Partial Differential Equations Second Edition, 109
Cornerstones, DOI 10.1007/978-0-8176-4552-6 5,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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Their norm is defined by

[All = sup [[Af[l,  [[A%] = sup [[A"f]|.
I711=1 I711=1

By the characterization of the L?(E)-norm ([31], Chapter V, Section 4)

A K d
H H HfH 1H9H 1 / (/ x y >g( ) ‘
— K d d
s s / ([ Kz x) y\

< sup /‘/ K(x;9)g(z)dz dy
I£ll= 1H9H 1
1/2
= sup /K (z;y)g(x)dx dy =A%
llgll=1

A similar calculation gives ||A*|] < ||A||. Thus [|A] = ||A*||.

A kernel K(-;-) in L?(E) is compact if the resulting operators A and A*
are compact in L?(E), i.e., if they map bounded subsets of L?(E) into pre-
compact subsets of L?(E). If A is compact, A* is also compact.

A kernel K (-;-) in L2(E) is symmetric if K (z;y) = K (y,z) for a.e. (x,y) €
E x E. If it is symmetric and real-valued, then A = A*.

1.1 Examples of Kernels in L?(E)

Given two n-tuples {¢1,...,on} and {¢1,...,¥,} of linearly independent,
complex-valued functions in L?(E), set

vi(z)i(y) for ae. (z,y) € Ex E. (1.1)

M:

K(z;y) =

=1

A kernel of this kind is called separable, or of finite rank, or degenerate. For
such a kernel for any f € L?(E)

/K y)dy = sz,am

Thus separable kernels are compact, but need not be symmetric. Green’s
function G(+;-) for the Laplacian with homogeneous Dirichlet data is a real-
valued, symmetric, compact kernel in L?(E) (see Theorem 8.1 of Chap-
ter 3). This last example shows that a kernel K(-;-) in L?(E) need not be in
L*(E x E).
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1.1.1 Kernels in L2(9FE)

If OF is of class C%® for some a > 0, one might consider complex-valued
kernels defined and measurable in OF x F and introduce in a similar manner
integral operators A and A* for such kernels, where the integrals are over
OF for the Lebesgue surface measure on it. Examples of such kernels are
the Dirichlet kernel Kp introduced in (5.3) and the Neumann kernel Ky
introduced in (6.4) of Chapter 3. The corresponding operators Ap and Ay
are introduced in (5.4) and (6.5) of the same chapter. By Corollary 5.1 and
Corollary 6.1 they map L?(OF) into L*(OF). The kernels Kp and Ky are
real-valued but not symmetric.

2 Integral Equations in L?(E)

A Fredholm integral equation of the second kind in L?(FE) is an expression of
the form ([44])

u= /\/ K(sy)u(y)dy + f (2.1)
E

where ) is a complex parameter, f is a complex-valued function in L?(E), and
K (+;-) is a complex-valued kernel in L?(E). A solution of (2.1) is a complex-
valued function u € L?(E) for which (2.1) holds a.e. in E.

To the integral equation (2.1) associate the homogeneous, and the adjoint
homogeneous, equations

U=x [ K@iy, v=r [ Rusevwdy.  (22)

The general solution of (2.1) is the sum of a particular solution and a solution
of the associated homogeneous equation.

Lemma 2.1 The integral equation (2.1) has at most one solution if and only
if U = 0 is the only solution of the associated homogeneous equation (2.2).

Denoting by T the identity operator, (2.1) can be rewritten in the operator
form

(I - AA)u = f. (2.3)

2.1 Existence of Solutions for Small ||

Theorem 2.1 Let A and K (+;-) satisfy ||| A|| < 1. Then for every f € L*(E),
there exists a solution to the integral equation (2.1). The solution is unique if
the associated homogeneous equation (2.1) admits only the trivial solution.
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Proof Tf || is small, a first approximation to a possible solution u is u, = f.
Then progressively improve the approximation by setting

Up = NAUp_1 + f n=1,2,.... (2.4)
Set A° =T and A™ = AA™"! for n € N, and estimate

|A™| = sup [|A"f|| = sup [A(A""f)|
[Ifll=1 [Ifll=1

~ s |A(A™1f)

ifl=1 ALl

By iteration, ||A™|| < ||A]|™ for all n € N. With this symbolism, the approxi-
mating solutions u,, take the explicit form

U = 30 NAf. (2.5)

=0

Fam=rpy < jagany.

From this, for every pair of positive integers n > m
n . .
[un —um|| <[IfIl X2 [A[[AI" =0 as m,n — oo.
i=m-+1

Therefore {u,} is a Cauchy sequence in L?(FE) and we let u denote its limit.
Also
|Au, — Aull < |A||||un, —u|| = 0 as n — oo.

Therefore {Au,} — Au in L?(E). To prove the theorem, we let n — oo in
(2.4), in the sense of L*(E).

Motivated by the convergence of the series > |A|*||A|* and by the formal
symbolism of (2.5), write
w=yxaf @y (2.6)

The operator (I — AA)~! : L?(E) — L2(E) is called the resolvent, and it
satisfies
I —AA)I—AA) ' =T —-2A) "I —-NA) =1

Since (A" f, g) = (f, A*"g) for all f,g € L?(E), there also hold
(T=AA)1f g) = (f,(T-AA")"1g). (2.7)

3 Separable Kernels

If the kernel K (+;-) is of finite rank, as in (1.1), rewrite (2.1) in the form
s f=A S [ Nhidyea S [ poan(3)
i=1 E i=1 E
The associated homogeneous and adjoint homogeneous equations are

u:AZsoi/wzidy, vﬂz’m/widy. (3.2)
=1 E =1 E
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3.1 Solving the Homogeneous Equations

n

Solutions of (3.2) are of the form U = Z wip; and V = Z wW;1p; where the
=1 =1

numbers w; = (U, ;) and w; = (V, <p,> are to be determlned Putting this
form of U into the first of (3.2) gives

é inl /E ( ZZ) wj@j(@;))%(y)dy
é wm/ pitidy = X\ Zn) < > a?ﬂ”])

i=1

||
WM:

where a;; = (p;, ;). Since the set of functions {¢;}7 is linearly independent,
this leads to the linear system

[ — X(ai;)|w =0, w = (w1,...,w,)". (3.3)

Analogously, putting the form of V into the second of (3.2) and taking into
account that the set {1;}} is linearly independent leads to the linear system

L= XNaj)w =0, W =(ir,...0)" (3.3)*

Let 7 be the rank of [I — A(a;;)]. If » = n then det[I — A(a;;)] # 0 and (3.3)-
(3.3)* have only the trivial solution. Otherwise, the systems have n—r linearly
independent solutions, say w; and w; for j = 1,...,n —r, and (3.2) have,
respectively, the n — r solutions

n n
Uj:Zwij@i, VJZZ@ZJ¢7, j:1,...,n—r.
i=1 =1

3.2 Solving the Inhomogeneous Equation

Solutions to (3.1) are of the form u— f = > v;¢; where the complex numbers

i=1
v; are to be determined from (3.1). Putting this in (3.1), and setting f; =
(f,14), yields the linear system

[]I — )\(aij)]v = M.

If det[l — A(a;;)] # 0, then for every f € RY, this system admits a unique
solution. Otherwise, the system is solvable if and only if f is orthogonal to
the (n — r)-dimensional subspace spanned by the solutions of (3.3)*, that is,
if and only if

0=f w; =Y fﬁ)iﬂzidy:/fzﬁ)ijwidy
i=1JF E i=1
:/Efffjdy:ﬁ,vj), j=1,...,n—r.
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Theorem 3.1 Let K(-;-) be separable. Then the integral equation (2.1) is
solvable if and only if f is orthogonal to all the solutions of the adjoint homo-
geneous equation (2.2). In particular, if X is not an eigenvalue of the matriz
(aij), then (2.1) is uniquely solvable for every f € L?(E).

More generally, one might consider separable kernels of the type

Kaop(i7) = ; i (5 N5 N) (3.4)

2

where
A= ayN) = [ il 00 )y (35)
are analytic functions of A in the complex plane C. Then det[l — A(a;;()))]

can vanish only at isolated points of C. Therefore, for such kernels, (2.1) is
uniquely solvable for every f € L?(E) except for isolated values of A in C.

Remark 3.1 The theorem, due to Fredholm, discriminates between those
values of A that are eigenvalues of (a;;) and the remaining ones. For this
reason it is referred to as the Fredholm alternative ([43, 44], see also Mikhlin
[106] and Tricomi [153]).

4 Small Perturbations of Separable Kernels

Consider the integral equation (2.1) for kernels of the form
K(5) = Keep(57) + Kol5) (4.1)

where Kgep(+;+) is separable and K,(;-) is a kernel in L?(E). Setting

Aofz/EKo(-;y)f(y)dy, AZf=/Ef(o(y;~)f(y)dy

the perturbation K,(+;+) is said to be small if
A4 <1 and A AG[] < 1. (4.2)

This implies that the resolvent (I — AA,) ™" is well defined in the sense of (2.6)
and permits one to rewrite (2.1) in the form

(H — )\AO)U = )\/EKsep('; y)u dy + f

Ay so/ Bl = M)~ (I = M )udy + f.
=1 E
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Set z = (I — AA,)u and observe that by (2.7)

/ i (T — M,) "M (I — M,)udy = / (I— A2 " 2 dy.
E E

Therefore, solving the integral equation is equivalent to solving

n

2= @ /E (T — S\Aj;)flw,; zdy + f. (4.3)

i=1

This, in turn, has the associated adjoint homogeneous equation
V=33 (1-343) e / iV dy (4.4)
i=1 E
which can be rewritten as
-2V =235 [ vy
i=1 E
or equivalently
V=AY 1/%‘/ @iV dy + X/ Ko(y; )V dy = /_\/ K(y;)Vdy.
i=1 E E E

This is precisely the adjoint homogeneous equation in (2.2) associated with
the original kernel K (;-). Thus V € L?(E) is a solution of (4.4) if and only if
it is a solution of the adjoint homogeneous equation

V= \A*Y, Af = /EK(~;y)fdy (4.5)

associated with the original kernel.

4.1 Existence and Uniqueness of Solutions

By Theorem 3.1, the integral equation (4.3) is solvable if and only if f is
orthogonal to all the solutions of the adjoint homogeneous equation (4.4), that
is, if and only if f is orthogonal to all the solutions of the adjoint homogeneous
equation (4.5). The solution of (4.3) is unique if the associated homogeneous
equation

n

v=AY 802‘/ v dy + AAyv (4.6)

i=1 E
admits only the trivial solution. We may regard this as an integral equation
with separable kernel and with forcing term f = AA,v. By Theorem 3.1, such
an equation has at most one solution if A is not an eigenvalue of the matrix
(@i;). In such a case, since v = 0 solves (4.6), it must be the only solution.
Recalling that \ is restricted by the condition (4.2), we conclude that if X is
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not an eigenvalue of (a;;) satisfying [A| < ||4,] ™", then (4.6) has only the
trivial solution, and consequently (4.3) has at most one solution.

Analogously, if A is not an eigenvalue of (a;;) satisfying [\ < [|Ao|~*,
then (4.5) has only the trivial solution. Therefore any f € L%(E) would be
orthogonal to all the solutions of the adjoint homogeneous equation (4.5), and
therefore (4.3) is uniquely solvable for every f € L?(E).

Theorem 4.1 If the kernel K(+;-) is a small perturbation of a separable ker-
nel, in the sense of (4.1)-(4.2), the integral equation (2.1) is solvable if and
only if f is orthogonal to all the solutions of the adjoint homogeneous equation
(4.5). In particular, if X is not an eigenvalue of (a;;) such that |\| < ||Ao| =1,
then (2.1) is uniquely solvable for every f € L?(E).

More generally, one might consider kernels that are small perturbations of
a separable kernel of the type of (3.4), with the corresponding functions in
(3.5) analytic in the disc D = {|A| < |[|[4]| 7'} C C. Then det[I — A(a;;(N))]
can vanish only at isolated points of D. Therefore, for such kernels, (2.1) is
uniquely solvable for every f € L?(E) except for isolated values of A in D.

5 Almost Separable Kernels and Compactness
A kernel K (+;-) in L?(E) is almost separable if for all € > 0 it can be decom-

posed as in (4.1) with Ksep(+;-) separable and a small perturbation K,(-;-)
such that

[ Kcarran << o

[ 4o = sup

£ll=1

The perturbation kernel K,(-;-) is not required to be compact. It turns out
however that the original kernel K (-;-) is compact.

Proposition 5.1 (F. Riesz [125]) An almost separable kernel K(-;-) in
L?(E) is compact.

Proof Let A be the operator generated by K (-;-). It will suffice to prove that
every bounded sequence {f,} C L?(E) contains a subsequence {f»} C {fn}
such that {Af,/} is Cauchy in L?(E). For j € N, let Agep ; and A, ; be the
operators corresponding to the decomposition (4.1) and (5.1) for the choice
e = 1/j. Since Agep ; are compact, select by diagonalization, a subsequence
{fn'} C{fn} such that {Asep ;fn} is convergent for all j € N. Then

[ASn = Afnr | < [ Asepj frr = Asep,j o[l + 21| Ao,

sup || fol-
n

Corollary 5.1 Let A : L*(E) — L*(E) be such that for all ¢ > 0 it can be
decomposed into the sum of a compact operator and a “small perturbation” A.
of norm ||Ac|| < e. Then A is compact.
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5.1 Solving Integral Equations for Almost Separable Kernels

It follows from Theorem 4.1, and the remarks following it, that (2.1) for an
almost separable kernel can always be solved for every f € L?(FE) except at
most finitely many values of A within the disc [|z| < 7] C C. Since € > 0 is
arbitrary, we conclude that solvability is ensured for all f € L%(E), except for
countably many complex numbers {), }. Every disc |z| < e~! of the complex
plane contains at most finitely many such exceptional values of A. Therefore
if the sequence {)\,} is infinite, then {|\,|} — co. Equivalently, for all £ > 0,
the adjoint homogeneous equation associated to such almost separable kernels
has only the trivial solution, except for finitely many values of A within the
disc [|z| < e7!] C C. These are the eigenvalues of the adjoint homogeneous
equation. Since ¢ > 0 is arbitrary, we conclude:

Theorem 5.1 The integral equation (2.1) with almost separable kernel K (-;-)
1s solvable if and only if f is orthogonal to all the solutions of the associated
adjoint homogeneous equation in (2.2). Moreover, it is always uniquely solv-
able for every f € L*(E) except for countably many values of X. These are
the eigenvalues of the associated adjoint homogeneous equation (2.2). If the
sequence {\,} is infinite, then {|\,|} — oo.

5.2 Potential Kernels Are Almost Separable
A potential kernel is a measurable function K (-;-) : E x E — R such that
|K (z;9)] < Cla —y|~ N+ for almost all (z,y) € Ex E (5.2)
for some positive constants C' and «. For § > 0 let
§—N+a if K(x,y)>¢6 Nte

Ks(zyy) =< K(z;y) if [K(zy)| <6 Ve
5Nt i K(z,y) < —6Nte,

Since Ks(-; ) is uniformly continuous in £ x E, by the Weierstrass theorem, for
each € > 0 there exists a polynomial P, (z;y) in the 2N variables (z,y) € ExE

such that
€

||K5_Pn||oo,E><E§ .
2V/|E|

Writing K = P, + (K — P,,), the perturbation K, = K — P, satisfies (5.1).
Indeed, for all f € L?(E) of norm || f|| = 1

/IKO(-;y)fldyS/ \K5(~;y)—Pn(~;y)\|f\dy+/ |K(5y) — Ks(5 ) fldy
E E E

3 —
<:+c L=yl fldy.
lz—y|<CN=ag§

It remains to choose 0 so small that the last integral is less than /2. This is
possible by virtue of Proposition 10.1 of Chapter 2.
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Remark 5.1 Analogous considerations can be carried almost verbatim for
integral equations set on JF such as (5.2) and (6.3) of Chapter 3. By virtue
of Lemma 2.1 of that Chapter, the Dirichlet and Neumann kernels Kp and
Ky, introduced in (5.3) and (6.4) of Chapter 3 respectively, are potential,
almost separable kernels in 0 E'x OF. For these integral equations, Theorem 5.1
continues to hold with the proper modifications.

The idea of approximating potential kernels by separable ones, appears in E.
Schmidt ([138]) and J. Radon ([123]).

6 Applications to the Neumann Problem

Solving the Neumann problem (1.3) of Chapter 2 is equivalent to solving the
integral equation (6.3) of Chapter 3. The latter is in turn solvable if and only
if the Neumann datum  is orthogonal, in the sense of L?(OE), to all the
solutions of the adjoint, homogeneous equation

by = [ Katpawao—- L [ €0 myg,
2 OF wN Jor T —1y| 6.1)
= Kp(z;y)Vdo = —/ 6F($;y)Vdo_'
oOF OE on

By Corollary 3.2 of Chapter 3, this is solved by V = const. If the constants
are the only solutions, then the zero-average condition (1.4) of Chapter 2 on
the Neumann datum v would imply that such a 1 is orthogonal to all the
solutions of the homogeneous, adjoint equation (6.1) and thus would provide
the characteristic condition of solvability of the Neumann problem. Therefore
the sufficient part of Theorem 6.1 of Chapter 3 will be a consequence of the
following

Proposition 6.1 The integral equation (6.1) admits only the constant solu-
tions.

Proof Solutions V € L?(0F) of (6.1) are continuous in OF. Indeed, applying
Corollary 10.2 of Chapter 2 a finite number of times, one finds V € L*(0F).
Then V € C(9FE), by Proposition 5.2 of Chapter 3. Let v be the harmonic
extension of V in F and denote by ¢ the resulting normal derivative of such
an extension on OF, that is

def Ov
P = o

on n OF.

Av=0 in FE, v’ =V, and

By the Stokes representation formula (2.7) of Chapter 2

Vf)F (z;y)

E>x—ovlx)=—
(z) R

da+/ oF(z;y) do.
oF
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Letting x — OF and using Proposition 3.1 of Chapter 3, gives
1
v=,v- [ EKppwdot [ oFiy)do
2 oF om

Therefore if V is a solution of (6.1), then
/ pF(x;y)do =0 forall x € OF. (6.2)
OE

To prove the proposition it suffices to establish that (6.2) implies ¢ = 0.
Indeed, in such a case, v would be harmonic in E and with zero flux on OF;
thus v = V = const. Assume N > 3 and consider the function

H= [ ¢F(;y)do.
OFE

It is harmonic in F and it vanishes on 0F. Therefore it vanishes identically
in E. Likewise, it is harmonic in RY — E, it vanishes on F, and |H(z)| — 0
as || — oo. Therefore H = 0 in RN — E. Fix x € 0F and let {2’} and {z°¢}
be sequences of points approaching x respectively from the interior and the
exterior of E. Let also W(9E, x,; ) be defined as in (4.1) of Chapter 3. By
the previous remarks

W(OE, z0;0) = —VH(z,) -n(z) =0 in z, e RN —9E.
On the other hand by the jump condition of Corollary 4.1 of Chapter 3

0= lim W(JE,z';¢) — lim W(JE,z%¢) = p(z).

Tt —T T€—T

For N = 2 see Section 6¢ of the Problems and Complements.

7 The Eigenvalue Problem

In what follows we will assume that A is generated by a real-valued, compact,
symmetric, almost separable kernel K (-;-) in L?(E), so that A = A*. Consider
the problem of finding non-trivial pairs (A, u), solutions of

u = Nu, ANeC, uelLl?E). (7.1)
The numbers A are called the eigenvalues of the operator A, and the functions
u are its corresponding eigenfunctions.

Proposition 7.1 Any two distinct eigenfunctions corresponding to two dis-
tinct eigenvalues are orthogonal in L?(E). Moreover, the eigenvalues of A are
real and the eigenfunctions of A are real-valued.
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Remark 7.1 If (\, ) is a solution pair to (7.1), then also (A, pu), for all u €
C, are solution pairs. Therefore a more precise statement of the proposition
would be that the eigenvalues of A are real, and the eigenfunctions can be
taken to be real-valued.

Proof (Proposition 7.1) Let (\;,u;), i = 1,2, be distinct solution pairs, say
Uy = )\1A’LL1, U2 = )\QA’LLQ, )\1 75 )\2.

Multiply the first by us, and integrate over E to obtain

1 1
/ UpUe dr = / Auqus dy = / w1 Aug dy = / uius dy.
A JE B B A2 JE

Therefore (uy,u2) = 0. Let now (A, u) be a non-trivial solution of (7.1). Then

u = MNu = \Au.

Therefore the pair (5\,_11) is also a solution of (7.1). If A # A, then (u,u) =
[lul|> = 0. Thus A = X. Since both u and % are eigenfunctions for the same
eigenvalue A, the functions

" —; - Re(u), R Im(u)

are also eigenfunctions for the same eigenvalue \. Thus u can be taken to be
real.

Proposition 7.2 The operator A admits at most countably many distinct
eigenvalues {\,}. If the sequence {\,} is infinite, then {|\,|} — oo. More-
over, to each eigenvalue \ there correspond finitely many, linearly independent
eigenfunctions {ux1,...,Uxn, }, for some ny € N.

Proof Regard (7.1) as an integral equation of the type of (2.1) with f = 0.
According to Theorem 5.1 this is uniquely solvable except for countably many
numbers {\,}. If A # A,,, then u = 0 is the only solution. Therefore non-
trivial pairs (A, u) occur for at most countably many values of A. To prove
the second statement, let A be a fixed eigenvalue of (7.1). Since K (-;-) is real-
valued and almost separable, it can be written as in (4.1) with |A|||A.|| < 1,
and the integral equation (7.1) can be rewritten as an analogue of (4.3) for
z = (I— MA,)u, that is

n

z2=AY goi/ (T — NAZ) Mz dy. (7.2)
i=1 E
Solutions of this are of the form

n

z2=X> zip;, where z; = / (T — NAZ) " Mz dy.
‘ E

=1
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Multiply (7.2) by (I—AA%)~ 14, and integrate over E to arrive at the algebraic
System

Zj = AaijZi, ;5 = /E%‘(H - )\Az)ild’jdy'

This has at most n linearly independent vector solutions (z1j,...,2y,;) for
j = 1,...,n. Accordingly, (7.2) has finitely many solutions, and (7.1) has
finitely many linearly independent solutions u = (I — AA,)z for a given .

An eigenvalue A of A is simple if to A\ there corresponds only one eigenfunc-
tion w up to a multiplicative constant p. The eigenvalues of (7.1) need not
be simple. To an eigenvalue )\ there corresponds a maximal set of linearly
independent eigenfunctions {vx 1,..., vz n, }. Any linear combination of these
is an eigenfunction for the same eigenvalue A\. We let

&y = {the linear span of the eigenvectors of A}.

By the Gram—Schmidt orthonormalization procedure we may arrange for £y
to be spanned by an orthonormal system of eigenvectors {ux1,...,Uxn, }-

Corollary 7.1 The set of eigenfunctions of (7.1) can be chosen to be ortho-
normal in L*(E).

8 Finding a First Eigenvalue and Its Eigenfunctions

Let S; be the unit sphere of L%(E). If (A, u) is a a non-trivial solution pair
of (7.1), by possibly replacing u with u/|u||~!, one may assume that u € Sj.
Thus

|Ap||? < ||A||* for all ¢ € S; and | Aul* = 272

This suggests that the eigenvalue A and the eigenfunction u satisfy

sup [|Ap|? = [|[Au|? = A7 (8.1)
PESL

and that they can be found by solving such an extremal problem.’

Theorem 8.1 The eigenvalue problem (7.1) admits a non-trivial solution.

Proof Select p1 € S1. If ||[Ap1|| > ||Ag|| for all ¢ € Sy, then the supremum in
(8.1) is achieved at ;. If not, there exists @9 € S1 such that ||Ags|| > || A1l
Proceeding in this manner, we generate a maximizing sequence {p,} C Si.
Since A is compact, one may select out of {¢,} a subsequence, relabeled with
n, such that {¢,} — u weakly in L?(E) and {Ap,} — w, strongly in L?(E),
and in addition

lim | All* = sup [ Ap]* € A2,

n—0oo @631

!This idea, due to Hilbert [69], applies to general, linear, symmetric, compact
operators in L?(E); also in F. Reillich [128].
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Lemma 8.1 u = \2A4%u.
Proof Observe first A%2p,, — Aw strongly in L?(E). Indeed
1A%, — Aw|| = [|AlAp, — w]l| < Al Apn — w].
For the assertion, it will suffice to show that
lon — A2A%0,|| — 0 as n — oo. (*)

Indeed, since {A%p,} converges to Aw strongly in L?(E), this would imply
that {p,} — u strongly in L?(E), and as a consequence w = Au and Aw =
A2u. To prove (*) write

llon — /\21429071“2 = ”%OnHz - 2)‘2<A2%0m @n) + /\4”142‘:0””2-

Since A is symmetric (A%, ¢n) = || Apn||?. Moreover ||Ap,[|> < A72, and

A(Ap, 2 1
A )nAwn2<<sggnAwn4<
1

1A% 00 |* = < -
[Agn? " At

Combining these estimates
lpn — A2A2p, 2 < 2 — 22| Ay ]2 — 0.
To prove the theorem, rewrite the conclusion of Lemma 8.1 as
(I—N2A%u = T+ AA)(I - AA)u = 0.

If (I—AA)u = 0, then the pair (A, u) is a non-trivial solution of the eigenvalue
problem (7.1). Otherwise, setting (I — AA)u = 1, the pair (=X, ) solves
(I — (=X)A)y = 0, and therefore is a non-trivial solution of (7.1).

9 The Sequence of Eigenvalues

Let A1 be the eigenvalue claimed by Theorem 8.1, denote by &; the linear
span of all the eigenvectors of A1, and let £ be its orthogonal complement.
Motivated by the previous maximization procedure, we construct another
eigenvalue Ay by the formula

sup  [[Ag|* = A% (9.1)

LPESlﬁgf‘

If Ap = 0 for all ¢ € S; N &L, then Ay = oco. Otherwise, we proceed as
before and find a non-trivial pair (A2, us) such that A\? < A3 and us L &.
Having constructed the first n eigenvalues {\1, ..., A\, } and the corresponding
eigenspaces {&1,...,&,}, construct A\,11 by the maximization problem
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sup lApl = 2.2, (9.2)
peESIN[ELU---UE, |+

If for some n € N, Ap = 0 for all p € S;N[E U---UE,]L, then A,y = 00
and the process terminates. Otherwise, proceeding inductively, we construct
a sequence {A,} of eigenvalues such that A2 < A2, and a sequence {u,} of
eigenfunctions that can be chosen to form an orthonormal sequence in L?(E).
Such a sequence in general need not be complete. Necessary and sufficient
conditions on the kernel K(-;-) to ensure completeness will be given in the
next section.

9.1 An Alternative Construction Procedure of the Sequence of
Eigenvalues

Having determined A1, let {ux, 1,...,ux.n, } be a set of real-valued linearly
independent orthonormal eigenfunctions spanning the eigenspace &1, and set

1 ™
Ki(z;y) = A ;U/\l,i(x)ux\l,i(y)'

The kernel K(+;-) is symmetric, and the corresponding operator

LAE) > f— Af = /E Ky f@)dy = 1 S5 uns slusg i )

DN
is compact and symmetric. Then compute an eigenvalue, Ao, for the problem
u=ANA—-A)u (9.3)
by the previous procedure, that is

sup [|(A — Ay)el* = A%

pESL
Unlike the maximization in (9.1) and (9.2), here the supremum is taken over
the entire unit sphere S; of L2(E). However, the operator (A — Ay) is, roughly
speaking, inactive on the eigenspace & . In particular, if A = A, then Ay = o0,
and the process terminates.

Lemma 9.1 A pair (A, u) different from (A1, ux, ;) foralli=1,...,n1, is a
solution of the eigenvalue problem (7.1) if and only if it is a solution of the
eigenvalue problem (9.5).

Proof If (A, u) solves (7.1) and A # Ay, then v L &, and therefore it is a
solution of (9.3). Now let (A, u) solve (9.3). Multiply both sides by wy, ; and
integrate over F. Since A — A; is symmetric

<u’ u>\1,i> = )‘<(A - Al)ua u>\1,i> = )‘<u7 (A - Al)”>\1,¢>

= )\<<U,Au>\1,i> - <u,u,\17i>> =0
A1
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since uy, ; is an eigenfunction for A corresponding to A;. This implies that

=MA - A))u = NAu — A 21: Uny i (U, i, w) = AAu.
i=1

Proceeding inductively, construct A, 41 from
n
2 _
sup [[(A— 32 A" =22 (9.4)
pESL Jj=1

where A; is the compact symmetric operator in L?(E) corresponding to the

kernel
1 M

Kj(z;y) = ZUAJ,( Jux;.i(y)

and {uy, 1,. .., Uz, n, } are real-valued linearly independent orthonormal eigen-
functions corresponding to the eigenvalue A;. If, for some n € N

1 M.§

Ko = ¥ Kem) = 5 | S, e, afo)

set A,41 = 00, and the process terminates. If not, recall that {2} — oo and
deduce from (9.4) that

limsup (A= 32 A;)f| =0 forall feL*(E).
n— oo j:l

Therefore, letting n — oo in (9.4) gives a formal expansion of the kernel
K(-;+), in terms of its eigenvalues and eigenfunctions. Since the right-hand
side of (9.4) tends to zero as n — oo, such an expansion can be rigorously
interpreted in the sense of

(K, fy= 3 o 5 ua@)oms, i f) 95)
J=1 "j =1
for all f € L?(F). Equivalently
SSAf - Af i LA(E). (9.6)
j=1

10 Questions of Completeness and the Hilbert—Schmidt
Theorem

Let {\,} and {uy, .} be the sequences of eigenvalues and corresponding eigen-
functions of A. If {\,} is finite, say {\1,..., A} for some m € N, set \; = oo
for j >m and uy,; =0 fori =1,...,n; for all j > m. Reorder {uy, ;} into a
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sequence {vy, } of real-valued linearly independent orthonormal eigenfunctions,
and rewrite (9.5) in the form

> 1
(K(x;-), f) = ; wi(@)(vi, f) (10.1)
where \; remains the same as {v;}, for i = 1,...,n), spans the eigenspace

&;j. The system {v,} is complete if it spans the whole of L?(E). Equivalently
if [span{v, }]* = {0}, that is if (f,v;) = 0 for all i implies f = 0. If {v,,} is
complete then every f € L?(E) can be represented as

2

I=.

(f,vi)v;  in the sense Hf — i(f, vi>v¢H — 0 as n — oo.
i=1

1
The series on the right-hand side is the Fourier series of f.
Proposition 10.1 Af =0 <= (f,v;) =0 for all i € N.

Proof For fixed (A\;,v;), (f,vi) = N\i(Af,v;). This proves the implication =.
The converse statement follows from (10.1).

Corollary 10.1 The orthonormal system {v,} is complete in L*(E) if and
only if f # 0 implies Af # 0.

Remark 10.1 If the kernel K(-;-) is of finite rank, then {v,} cannot be
complete in L?(E).

The corollary gives a simple criterion to check the completeness of {v,}.
We will apply it to the case when K(-;-) is Green’s function G(-;-) for
Laplacian with homogeneous Dirichlet data on 042.

Proposition 10.2 L*(E) > f # 0 = [, G(;;y)fdy # 0.

Proof Let ¢ € C5°(E) and recall the representation of Corollary 3.1 of Chap-
ter 2. For f € L*(E)

(Af, Ag) = /E /E Gl ) (y) Ap(x) dyda
_ / f(w) / G y) Ap() dudy
E E
=—/ f@dy = —(f.0).
E

10.1 The Case of K(x;-) € L?(E) Uniformly in x

Assume that K (-;-) is a real-valued compact symmetric kernel acting on L?(E)
that generates an orthonormal system {v,} complete in L?(F). It is natural
to ask whether, or under what conditions, the Fourier series of a function f €
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L?(E) converges to f in some stronger topology, for example in the topology
of the uniform convergence in E. This requires more stringent assumptions
on f and on the kernel K (-;-).
Assume that || K (x;-)|| < C for some positive constant C' uniformly in x.
In such a case, in (10.1), we may take f(x;y) = K(z;y) to obtain
< 1
> 32 v (r) < C?  forall € E. (10.2)

i=1

Theorem 10.1 (Hilbert—Schmidt) Let K(-;-) be a real-valued compact
symmetric kernel in L?(E), which generates an orthonormal system {v,} com-
plete in L*(E) and such that | K (z;-)|| < C for some C > 0, uniformly in x.
Then every function f € L*(E) that can be represented as

f :/ K(;y)gdy for some g € L*(E) (10.3)
E

has a Fourier series ., (f,vi)v;, absolutely and uniformly convergent to f
m E, that is, Hf =y (S Ui>UiHoo — 0 as n — oo.

Proof Tt suffices to show that || Y72, |(f, U1>HU1H|OO — 0 as m — oo. This is
a consequence of (10.2) and the representation (10.3). Indeed, for all x € E

iiuf,mm(x)r - £ <g,vz»>|“’§f|)r

0 > 1
<[ £ o] £ Lot
Remark 10.2 The Green’s function G(-;-) satisfies the assumptions of the
Hilbert—Schmidt theorem only for N = 2, 3.

Corollary 10.2 Let N = 2,3. Then a function f € CL(E) N C?*(E) has a
Fourier series that converges absolutely and uniformly to f in E.

Proof 1t follows from the Hilbert—Schmidt theorem and the representation of
Corollary 3.1 of Chapter 2.

11 The Eigenvalue Problem for the Laplacean
Eingenvalues and eigenfunctions for the Laplacian with homogeneous Dirichlet

data are those related to (8.1)—(8.2) of the previous chapter, which were shown
to be equivalent.
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Theorem 11.1 The eigenvalues of the Laplacian on a bounded open set
E C RN, with homogeneous Dirichlet data on OE, are positive and form
a monotone increasing sequence {\,} — 00 as n — oco. Moreover, the corres-
ponding orthonormal system of eigenfunctions {v,} is complete in L*(E).
Finally, the first eigenfunction can be taken to be positive, and N\ is simple.

Proof If the pair (A, u) solves (8.1) of Chapter 3, is non-trivial, and A < 0,
then u cannot take a positive maximum in E. Indeed, if a positive maximum
were taken at some z, € F

—Au(z,) = Au(z,) < 0.

By the same argument, v cannot attain a negative minimum in E. Therefore
u = 0. The statement about completeness follows from Proposition 10.2.

The maximization process (8.1) implies that if the supremum is achieved
for some uy then it is achieved also for |u|. Indeed, since G(+;-) > 0

2

2
it =l = | [ atsuma| <] [ ceapaian] <o

Thus uy and |uq| are both eigenfunctions for the same eigenvalue A;. In par-
ticular
—A|U1| = Al\ul\.

This in turn implies that the function
E xRS (z,t) — wz, t) = [uy (z)]eVM?

is a non-negative harmonic function in the (N + 1)-dimensional strip E x R.
By the Harnack estimate of Corollary 5.1 of Chapter 2, |ui| > 0 in E, and
therefore u; = |ui|. We conclude that all the eigenfunctions corresponding to
A1 can be taken to be positive. In particular, no two of them can be orthogonal.
Thus A; is simple.

11.1 An Expansion of Green’s Function

Formula (9.5) provides an expansion of the Green’s function G(+;-) in terms
of its eigenvalues and eigenfunctions. Namely, for all f € L?(E) and for a.e.
rckE

(@) f) = g i) )+ 5 L S @), )

A1 j=2
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Problems and Complements

2c Integral Equations

2.1c Integral Equations of the First Kind

Equation (2.1) was also called an integral equation of the second kind.
An integral equation of the first kind is of the form

/ K(;y)udy = f. (2.1¢)
E

Here f € L?(E) is given, K () is a kernel in L?(E), and u is the unknown
function. Below we give an example of an integral equation of the first kind.

2.2¢c Abel Equations ([2, 3])

A particle constrained on a vertical plane falls from rest under the action
of gravity along a trajectory . On the vertical plane introduce a Cartesian
system originating at ground level, and with j directed along the ascending
vertical. If the particle is initially at level x from the ground, we seek the
trajectory 7 such that it will hit the ground after a time ¢t = f(x), where f is
a given function. Parametrize v by the angle 6 that the tangent line at points
of v forms with the horizontal axis, taken counterclockwise starting from the
positive direction of the horizontal axis.

The speed of the falling particle at level y € [0, 2] is \/Qg(x —y), where g

is the acceleration of gravity. The velocity along j is

d
Y _ —/2g(z — y)sin 6
dt
or, separating the variables

d
Y — —dt.
V2g(z — y)sin
Integrate the left-hand side from the initial level  to the final level 0, and the

right-hand side from the initial time 0 to the final time f(z). This gives the
Abel integral equation of the first kind

“u(y)dy _
0 VT—Y

When f = const, this is the problem of the tautochrone trajectory. More
generally, an Abel integral equation takes the form

f(z) where v(y) = s,l

0 and [ = —\/ng. (2.2¢)
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[ oo — (2:3¢)

for some a > 0 and f € C'[0,00). This can be recast in the form (2.1c) as
follows. First limit z not to exceed some fixed positive number a. Then set

L -y fO0<y<x
K(”“"’y)_{o if <y <a.

and rewrite (2.3¢) as
a
/ K(s5y)vdy = f.
0

Kernels of this kind are said to be of Volterra type ([158, 159]).

2.3c Solving Abel Integral Equations

a—1

In (2.3¢) replace z by a running variable 7, multiply both sides by (x —n)
and integrate in dn over (0, x). Interchanging the order of integration gives

/Ox v(y) [/j . n)ldz(n ) y)a]dy _ /Or . f(;?))la an.

Compute the integral in braces by the change of variables

1
n:y+s+1(:c—y), s €1]0,00).

This gives

/I dn J _/OO ds o
x—nl—an—yan_ sl=a(14+5s) sinarm
y 0

where the last integral has been computed by the method of residues ([18]
page 107). Combining these calculations

Sinﬂm /OGE v(y)dy = /Ogﬂ (@ f(yy))la dy

=T+ ) [

= o A Y y)ay.

Taking the derivative gives an explicit representation, of the solution of the
Abel integral equation (2.3c), in the form

o(z)= " [f(o) +/0w( F'w) dy} (2.4c)

sinanm |zt~ x—y)l—e
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2.4c The Cycloid ([3])

To find the parametric equations of the tautochrone trajectory, in (2.4c) take
o=} and f = C. Using (2.2c)

C T/
o

v(x) = sinf =

Denoting by x = () the vertical component of the parametrization of ~y

02 L 02

z(0) = 2 5D 0= o2 (1 —cos20). (2.5¢)

Let y = y(f) denote the horizontal component of the parametrization of -,
and let v have the local representation y = y(z). Then

dv C? 2sinf cos Cc?

do =

T tanf 72 tand o2 (L + cos 20)df

dy
and by integration

c? 1
y()= , 0+ ,cos20) +co (2.6¢)
s 2

for a constant ¢,. The equations (2.5¢) and (2.6¢) are the parametric equations
of a cycloid.

2.5¢ Volterra Integral Equations ([158, 159])

Let f be bounded and continuous in RT, and consider the Volterra equation
u(w) = [ Kty + 2
0

where K (+;+) is bounded and continuous in R x R*. Assuming that K (z;y) =
0 for y > x, rewrite this as

u=n | T KCyuly)dy + .

Prove that for all x € RT

n M

) <swls| 0 where (49)@) = [ Ky
R+ n: 0

and where K is an upper bound for |K(+;-)|. Conclude that a solution must
be continuous and locally bounded in RT.

2.1. Say in what sense the Dirichlet and Neumann problems for the Laplacian
in a bounded domain are mutually adjoint. Hint: See Sections 5-6 of
Chapter 3 and the arguments of Section 6 of this chapter.
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2.2. Find A? if K(z;y) =e/*~¥ and E = (0,1).
2.3. Find A% and A% if K(x;y) =2 —y and E = (0, 1).

One might ask whether these integral equations set in R*, have a solution
if K(-;-) does not vanish for y > =. It turns out that some decay has to
imposed on K (-;-). For kernels of the type K (x;y) = K(z —y) and K(s) — 0
exponentially fast as s — oo a theory is developed by N. Wiener and E. Hopf
([163]). See also G. Talenti [147].

3c Separable Kernels

3.1c Hammerstein Integral Equations ([64])

Consider the non-linear integral equation of Hammerstein type

u= / K (2:9)f(y, u(y))dy.
E

If the kernel is separable, set

- /E Gy (K() = 3 )

where the numbers ~; are to be determined from
u= 3 vipi = Z %/ Vif (y, ;ww(y))dy

Therefore, the numbers ; are the possible solutions (real or complex) of the
System

Vi = /wy y,Z%%( ) dy.

3.1. Solve the Hammerstein equations

1
_ 2 \x—y\
(z) —/\/0 zyu®(y)dy,  u(z —A/ 1+ 2y

3.2. Let ¢ € L?[0,1] be non-negative. Show that if ||¢||5,j0,1] > 1, there are
no real-valued solutions of the Hammerstein equation

1

uw) =y [ e@)eln) (1+0w)dy.
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6¢c Applications to the Neumann Problem

Prove Proposition 6.1 for N = 2 by the following steps.
Step 1: Consider the double-layer potential

1 Oln |z —y
R? - 0E >z — W(OE,z;¢) = / o(y) do.
27 Jor In(y)
By the first part of the proof of Proposition 6.1, such a function is identi-
cally zero in E. Prove that it vanishes on 0F. Thus W (9OE, -; ) is harmonic
in R? — F, vanishes as |z| — oo and has zero normal derivative on OE.
Step 2: Prove that VIV > 2, there exists at most one solution to the problem

ue C*RNY —E)NCYRN —E), Au=0 in RN — E

Ou =0 on JF, and lim wu(xz)=0.

on |z|— o0

Prove that positive maxima or negative minima cannot occur on 9FE.

9c The Sequence of Eigenvalues

9.1. Let A be generated by the Green’s function for the Laplacian with
homogeneous Dirichlet data. Prove that the maximization process (8.1) is
formally equivalent to

min  [|[Vul[*> = A*  where C, = {u € C,(E)||Vu| € L*(E)}.
peC,NSy

9.2. Let f € L?(E). Prove that the minimum
min — i Uq
{f1,- s fn}€C} Hf ;:1 4 H

is achieved for f; = (f,u;). Hint: Compute the derivatives
0 n 2
f—= 20 fiui| "
or I = 5 el

9.3. Prove Bessel’s inequality Y 1, fZ < || f]|*.
9.4. Prove Parseval’s identity > -, f2 = | f|*

10c Questions of Completeness

10.1. If K(x;-) € L?(E) uniformly in z € E, then (10.2) gives another proof
that to each eigenvalue \; there correspond only finitely many linearly
independent eigenfunctions. Hint: If n; is the number of linearly indepen-
dent eigenfunctions corresponding to the eigenvalue A;, then n; < C|\;|E|.
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10.2. Prove that {\/ i sin "L”J:} is a complete orthonormal system in

L?(0,L). Hint: Compute the eigenvalues and eigenfunctions of the
Laplacian in one dimension, over (0, L) with homogeneous Dirichlet data
onz=0and x = L.

10.3. Let m be an even positive integer, and let CJ%,(0, L) denote the space
of functions in C"™ (0, L) whose even order derivatives vanish at = 0 and
r=1L,1ie.,

o7 o7

O 0(0T) = O ©(L7) =0 for all even integers 0 < j < m.

Denoting by {v,} the complete orthonormal system in L2(0, L), of the
previous problem prove that if ¢ € C7%,(0, L)

(@, vn)| < (nm)i ’|axj<p|‘oo,[0,L] forall 0<j <m.

As a consequence

1 const
[l — <907vn Yonl| o [0,L]< Hgag“@H J[0,L]°

10.1c Periodic Functions in R¥Y

A function f : RN — R is periodic of period 1 if f(z + n) = f(x) for all
xz € RY and every N-tuple of integers n € Z".

Let Q = (0,1)" denote the unit cube in RY. Every f € L?*(Q) can be
regarded as the restriction to Q of a periodic function in RV of period 1. If f
is periodic of period 1, there exists a constant v such that f -+~ is periodic of
period 1 and has zero average over Q. Consider the space

12(Q) = {feL2<Q>|/Qfdx:0}

where the subscript p denotes “periodic function”. An orthogonal basis for
L2(Q) is found by solving the eigenvalue problem

ou

—Au=Xdu in Q, and =0 on 0Q.
on
Verify that
N N
Hl COSN;TT;, Hl sinn;mr;; n=(ni,...,ny) €ZY, |n* = Z n
i= Jj=

are eigenfunctions for the eigenvalues A\ = (m|n|)?. Any complex linear combi-
nation of these is still an eigenfunction. Prove that the system {e!™(™#} for
n € Z is a complete orthogonal basis for L2(Q).
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10.2c The Poisson Equation with Periodic Boundary Conditions

Consider the Neumann problem

0

ueC2(Q)NCYQ), Au=feC(Q), 5

“—0 on 0Q.
n

The necessary and sufficient condition for solvability is that f has zero average
over Q, which we assume. Write

f = Z fneiW(n,m), where fn _ <f, eiw(n,m>>

nezZN

and seek a solution of the type

u= 3 a7:,€i7r<n’m>, Up = (u, ei”<n,m>>.
nezZN
Prove that A
"= —7{7;z|2 forall n 2" - {0).

11c The Eigenvalue Problem for the Laplacian
11.1. A linear operator A : L?(E) — L?(E) is positive if
(Af —Ag.f—g) >0 forall f g€ L*E).

The operator A generated by the Green’s function for the Laplacian with
homogeneous Dirichlet data on OF, is positive in the sense that (Af, f) >
0 for all f € L%(E), f # 0. Assume first that f € C7(E) for some
1 € (0,1). Then the function Af is the unique solution of the problem

ue C*(E)NC(E), —Au=f, inE, u|,,=0.

Therefore
(AF, f) = (u, —Au) = | Vul>.

Prove the positivity of A for general f € L?(E).
11.2. Prove that if A is a symmetric, positive, compact operator in L?(E),
then its eigenvalues are positive.



5
The Heat Equation

1 Preliminaries

Consider a material homogeneous body occupying a region £ C RY with
boundary OF of class C' and outward unit normal n. Identify the body with
FE and denote by k > 0 its dimensionless conductivity. The temperature dis-
tribution (x,t) — wu(z,t) satisfies the second-order parabolic equation

us = kAu for x € E and t € (t1,t2) (1.1)

where (t1,t2) C R is some time interval of observation. By changing the time
scale, we may assume that k = 1. Set formally

0 0

HH)=_-A H*(:) = A.
(=g =8 H()= g+
The formal operators H(-) and H*(-) are called the heat operator and the
adjoint heat operator respectively. If 0 < T" < oo denote by Er the cylindrical
domain E x (0,7], and if E = RY let Sy denote the strip RY x (0,T].
The heat operator and its adjoint are well defined for functions in the
class

H(Er) ={u: Er — R | u,up,2, € C(Er), i,j=1,...,N}.

Information on the thermal status of the body is gathered at the boundary of
E over an interval of time (0, 7']. That is, one might be given the temperature
or the heat flux at OF x (0,T). Physically relevant problems consist in finding
the temperature distribution in E for ¢ > 0, from information on OF x (0,T)
and the knowledge of the temperature & — u,(z) at time ¢ = 0. This leads to
the following boundary value problems:

E. DiBenedetto, Partial Differential Equations Second Edition, 135
Cornerstones, DOI 10.1007/978-0-8176-4552-6 6,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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1.1 The Dirichlet Problem
Find u € H(E7) N C(Er) satisfying

H(u)=0 in Ep
u’aEx[O,T] =g € C(OF x (0,T]) (1.2)
u(-,0) = u, € C(E).

1.2 The Neumann Problem
Find u € H(E7) N CY(Er) satisfying

H(u)=0 in Er
Du-n=geC(OE x (0,T)) (1.3)
u(-,0) = u, € C(E).

where D denotes the gradient with respect to the space variables only.

1.3 The Characteristic Cauchy Problem
Find u € H(S7) N C(St) satisfying

H(u):O in ST

u(+,0) = u, € C(RY) N L= (RN). (14)
The initial datum in (1.4) is taken in the topology of the uniform convergence
over compact sets K C RY | that is, ||u(-,t) — o||cc,k — 0, as t — 0, for all
such K. In (1.4) the data are assigned on the characteristic surface t = 0. The
Cauchy—Kowalewski theorem fails to hold in such a circumstance. Even if u, is
analytic, a solution of (1.4) near ¢t = 0, that is for small positive and negative
times, in general cannot be found. Indeed, changing ¢ into —¢ does not preserve
(1.1) and the PDE distinguishes between solutions forward and backward in
time. This corresponds to the physical fact that heat conduction is, in general,
irreversible, i.e., given & — wu,(x), we may predict future temperatures, but we
cannot in general determine the thermal status that generated that particular
temperature distribution.

2 The Cauchy Problem by Similarity Solutions
The PDE H(u) = 0 is invariant by linear transformations z = hz, = h’t

for h # 0. These are transformations that leave invariant the ratio & = |z|?/t.
This suggests looking for solutions w that are “separable” in the variables ¢
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and &, that is, solutions of the form wu(z,t) = h(t)f(£). Substituting this in
the PDE H(u) = 0 gives

th'f —2Nhf' = hé[Aaf" + f'].
Setting each side equal to zero yields

F(6) = exp(=¢£/4),  h(t) =t N2

up to multiplicative constants. These remarks imply that a solution of H (u) =
0 in RY x (0,00) is given by

1 —|z|?/4t
I'(x,t) = (47rt)N/26 l=I%/ (2.1)

where the multiplicative constant (47)~"/2 has been chosen to satisfy the
normalization (Section 2.1c of the Complements)

1 _ |z —y|?
[4m(t — s)]V/2 /RN ¢ Hdy=1 (22)

for all z € RN and all s < t.

Remark 2.1 The function I" is called the heat kernel or the fundamental
solution of the heat equation. It satisfies

(z,t) — [(z,t) € C®°(RN x RY)
x — I'(z,t) is analytic for ¢ > 0.
Let H, ) and H(*" M denote respectively the heat operator and its adjoint
with respect to the variables n € RY and 7 € R. By direct calculation
Hepnl'(x —y;t—s)=0
Hi, ('@ —y;t—5)=0

Y,S)

for s <t < o0. (2.3)

Assume that v € H(St) is a solution of the Cauchy problem (1.4) satisfying
/ lu(z,t)|de < oo forall 0<t<T (2.4)
RN
and the asymptotic decay

limsup‘/ F(J:—y;t)Du~:zd0‘ =0
lyl=r

T—00

forall 0 <t<T (2.5)
limsup’/ uDF(x—y;t)~yda‘:O
lyl=r r

T—00
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where do denotes the surface measure on the sphere |y| = r. Multiply the
first of (1.4) viewed in the variables (y, s) by I'(z — y;t — s), and integrate by
parts in dyds over the cylindrical domain B, x (0,t —¢) for € € (0,t). Letting
r — oo with the aid of (2.4) and (2.5), we arrive at

/ u(y,t — e)eN/2e= "3 gy = / wot 2"y (26)
RN RN
We let ¢ — 0 as follows. Fix o > 0 and write

/ u(y,t —e)e N2 2 dy_/ uy,t —e)eN/2e "l " dy
Y ly—2z|>0o
+/ u(y,t_e)g—N/2e_\m y|2 dy
ly—z|<o

=1 4+ 12,

As £ — 0, the first integral on the right-hand side tends to zero. We rewrite
the second integral as

|2
I = / [uy,t — <) —ulz,)]e N2 "a dy
ly—z|<o
—I—u(x,t)/ e N/2e= "3 o dy
ly—z|<o

= [u(z,t) + O(c + ¢)] / e N2 g dy

lyl<o

where O(o + €) denotes a quantity that tends to zero as (o + ) — 0. Write

—N/2 _lyl? —N/2 _lyl? 7N/2 _lvl?
€ e e dy=c¢ 1 dy — e 4= dy.
ly|<o RN |ly| >0

The first integral can be computed from (2.2) with z = 0 and (t — s) = ¢, i.e.,
8_N/2/ - dy = (4m)N/2.
RN

To estimate the second integral, introduce the change of variables y = 2./en,
whose Jacobian is (4¢)N/2. This gives

—N/2 _ 1y N 7‘77‘2
€ e e dy = dn.
ly|>o In|>.°

2

This integrals tends to zero as € — 0, for o > 0 fixed. Combine these calcula-
tions in (2.6), and let € — 0, while o > 0 remains fixed, to obtain

(4m)N 20z, 1) :t_N/2/ wo(y)e~ "3 dy + O(o).
RN
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Letting 0 — 0 gives the representation formula

_la—yl?

u(z,t) = (47rt1)N/2 /RN e” 1 u,(y)dy = /RN I'(x —y;t)uo(y)dy.  (2.7)

Therefore every solution of the Cauchy problem satisfying the decay conditions
(2.4)—(2.5) must be represented as in (2.7). Now consider (2.7), regardless of
its derivation process. If u, € C(RV)NL>(RY), the integral on the right-hand
side is convergent and defines a function u that satisfies the decay conditions
(2.4)—(2.5). Moreover, by Remark 2.1, u(z,t) € C*(Sr) and

x — u(z,t) is locally analytic in RY for all 0 <t <T. (2.8)

Theorem 2.1 Let u, € C(RY) N L>®[RYN). Then u defined by (2.7) is a
solution to the Cauchy problem (1.4). Moreover, u is bounded in RN x R*,
and it is the only bounded solution to the Cauchy problem (1.4).

Proof (existence) By construction H(u) = 0 in S7. Moreover
(s )l o mn < [lttolloo,m /N Iz —y;t)dy = |[uollocrr-  (2.9)
R

Therefore u defined by (2.7) is bounded in RY x R*. It remains to show
that the initial datum is taken in the topology of uniform convergence over
compact subsets of RV, Fix a compact set K C RY, recall the normalization
(2.2), and write for x € K

1 _lz—y?

(4mt)N/2 /RN [uo(y) — uo(x)le™ 4t dy.

Divide the domain of integration on the right-hand side into |z — y| < o and
|z —y| > o where ¢ > 0 is arbitrary but fixed. As ¢t — 0, the integral extended
over |z — y| > o tends to zero and the one extended over |z — y| < o is
majorized by

u(x,t) — uo(x) =

sup |uo(y) — uo(w) I'(x —y;t)dy.

zEK RN
le—y|<o

Therefore, for arbitrary o > 0

lim [Ju(z,t) = uo(z)|lco,x < sUP  |uo(y) — uo()]-
t—0 zeK

lz—y|<o

The proof of uniqueness will make use of the maximum principle discussed
in the next sections. A first form of such a principle can be read from (2.9),
that is, the supremum of |u(-,?)| at all instants ¢ > 0 is no larger than the
supremum of |u,|.
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Remark 2.2 Suppose that in (2.7), u, is non-negative, not identically zero,
and supported in the ball B, of radius € > 0 centered at some point in RY.
Then u(z,t) is strictly positive for all (x,t) € Sp. In particular, the initial
disturbance, confined in B, for however small ¢, is felt by the solution at
any |z| however large, and any positive ¢, however small. Thus the initial
disturbance propagates with infinite speed.

2.1 The Backward Cauchy Problem

Let_ST = RN x (—=T,0), and consider the problem of finding u € H(ST) N
C(ST) satisfying

H(u)=0 in ST

u(-,0) = u, € C(RY) N L=(RY).

The backward problem (2.10) is ill-posed in the sense that unlike the forward
problem (1.4), it is not solvable in general within the class of bounded solu-
tions. Indeed, if a bounded, continuous solution did exist for every choice of
data u, € C(RY) N L*>°(RY), we would have by (2.7) and Theorem 2.1

(2.10)

we)= [ I =Ty =1)dy (2.11)

and this would contradict (2.8), if for example, u, is merely continuous.

3 The Maximum Principle and Uniqueness (Bounded
Domains)

Let E be a bounded open subset of R and let 9, Er = dFEr — E x {T'} denote
the parabolic boundary of Er.

Theorem 3.1 Let u € H(Er) N C(Er) satisfy H(u) < 0(>0) in Ep. Then

inf u) .

supu = sup u (iEnfu:aE
T w LT

Er O« Er

Proof We prove the statement only for H(u) < 0. Let ¢ € (0,T) be arbitrary
but fixed, and consider the function

Or_c 2 (2,t) = v(z,t) = u(x,t) — et
which satisfies H(v) < —e < 0 in Ep_.. Since v is continuous in Ep_, it
achieves its maximum at some (z,,t,) € Er_.. If (2o,t,) ¢ O.Er_c, then

H(v)(zo,t,) > 0, contradicting H(v) < 0. Thus (z,,t,) € 0xEr_. and

u(z,t) < 2T+ sup u for all (z,t) € Er_. for all £ > 0.
O+ Er
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Corollary 3.1 Let u € H(Er) N C(Er) satisfy H(u) =0 in Ep. Then

[tlloo, B7 = l|ulloc,0. 22

Remark 3.1 Theorem 3.1 is a weak maximum principle since it does not
exclude that u might obtain its extremal values also at some other points in
Er. For example, u could be identically constant in E7. A strong maximum
principle would assert that this is the only other possibility.

3.1 A Priori Estimates

Denote by A the diameter of E. After a rotation and translation, we may, if
necessary, arrange the coordinate axes so that

for all z = (z1,...,on) € E, 2{—- A<z <29

for some z° = (2%,...,2%) € OFE. This is possible since the heat opera-
tor is invariant under rotations and translations of the space variables. Let
u € H(Er) N C(Er) be such that ||H (u)||eo,zr < oo and construct the two
functions

we (1) = [|ullos,0. 5 + ML — e V]| H(u) oo, r £ u.
One verifies that H(wx) > 0 in Ep and that
Wi ’&ETE ”u”OO,a*ET tu ’8*ET :

Therefore wy > 0, by Theorem 3.1. This gives the following a priori estimate.

Corollary 3.2 Let u € H(Er) N C(Er). Then

oo, 22 < llulloc,0.mr + (€™ — 1| H(w)]| 0,57

3.2 IllI-Posed Problems

A boundary value problem for H(u) = 0 with data prescribed on the whole
boundary of E7 in general is not well-posed. For example, consider the rec-
tangle R = [0 < z < 1] x [0 < ¢t < 1], and let ¢ € C(OR) be non-
constant and such that it takes an absolute maximum on the open line segment
[0 <z < 1] x [t = 1]. Then the problem

u€ H(R), u;— Uz, =0 in R, u’asz

cannot have a solution, for it would violate Theorem 3.1.
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3.3 Uniqueness (Bounded Domains)

Corollary 3.3 There exists at most one solution u € H(Er) N C(Er) of the
boundary value problem

u — Au = f € C(Er), u’a*ET =g € C(0.Er).
Proof If u and v are solutions, w = u — v solves
wy —Aw=0in Er, wl, , =0

and hence w = 0 by Theorem 3.1.

4 The Maximum Principle in RY

Results analogous to Theorem 3.1 are possible in RY if one imposes some
conditions on the behavior of z — wu(z,t) as |x| — oo. Such conditions are
dictated by the solution formula (2.7). For such a formula to have a meaning,
u, does not have to be regular or bounded. It would suffice to require the
convergence of the integral on the right-hand side for 0 < ¢t < T. The next
proposition gives some sufficient conditions for this to occur.

Proposition 4.1 Assume that u, € Li (RY) and satisfies the growth condi-

loc
tion

{ there exist positive constants C,, .y, T, such that (4.1)

[uo ()] < C'(,e%'“C|2 for almost all |x| > r,.

Then (2.7) defines a function u € C*°(St) for every T € (0, 461%), Moreover,

H(u) =0 in Sy, and for every e € (0, 4i0), there exists positive constants o,
C, and r depending upon «,, C,, 1o, N, and ¢ such that

52 2
u(z, )] < I'(s; luoll1,5,, + Cel*!
( 2N) (4.2)

1
for all |xz| > r and for all O<t<4 —e.

o

Proof Fix ¢ € (0, 4(10) and |z| > 1, + €, and write the integral in (2.7) as

/ Tyl + / (e — s uo(y)dy = Ty + Jo.
y[<ro

[y|>ro
For |z —y| > ¢

2

1| <sup I(e;t)||uoll1,B,, = I'(s; luoll1,B,, -
>0

13
o)

In estimating J, we perform the change of variables y —x = 2+/tn, of Jacobian
(4t)N/2 and use (4.1) to estimate |u,(y)| from above. This gives
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|J2| < Coﬂ'_N/z/ e—lnlzeao\x+2\/f,n|2dn_
ly[>70o

By the Schwarz inequality, for all § > 0
1
x4+ 2vin? < (1+ 5) )% + 4(1 + 6)t|n|>.
Therefore, for all |z| >r =1r,+¢
o] < ComN/2eeo(11/0) 2 / ¢~(1=4a,(1+8)Dln gy
RN
The integral on the right-hand side is convergent if

1 1
= — €.

t <
dao(1+9) 4da,

This defines the choice of §. Therefore |J5| < Ce®l*” | where

C = Co,n_fN/Z/ e*(174ao(1+5)t)‘77\2d77 and o= ao(l + 3-;)
RN

In deriving a maximum principle for solutions of the heat equation in Sy, we
require that such solutions satisfy a behavior of the type (4.2) as || — oo,
but we make no further reference to the representation formula (2.7).

Theorem 4.1 Let u € H(St)NC(St) satisfy H(u) > 0 in St and u(-,0) > 0.
Assume moreover that

there exist positive constants C, o, such that (4.3)
u(z,t) > —Ceolal? for all |z| >r and all 0 <t < T. '
Then u >0 in St.
Proof Choose 3 > « so large that T > 81B def T;. We first prove that v > 0 in

the strip St,. The function

1

oBlel2/(1-48t)
(1—4pt)N/2

v(x, t) =

satisfies H(v) = 0, and v(z,t) > eAlel in St,. Let € > 0 be arbitrary but
fixed and set w = u + ev. In view of the arbitrariness of €, it will suffice to
show that w > 0 in Sp, . The function w satisfies H (w) > 0in Sy, w(-,0) > 0,
and

llirln infw(z,t) >0, uniformly in ¢ € [0, 71].
Therefore, having fixed (z,,t,) € S, and o > 0, there exists p > |z,| such
that w(z,t) > —o for |z| > p for all ¢t € [0,T1]. On the (bounded) cylinder
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Q = [|z| < p] x (0,T1) the function w = w + o satisfies H(w) > 0 in Q
and w > 0 on the parabolic boundary 0,Q of Q. Therefore w > 0 in @, by
Theorem 3.1. In particular, w(z,,t,) > —o for all ¢ > 0. Therefore w > 0
in St i, since (x,,%,) € Sty is arbitrary. To conclude the proof we repeat the
argument in adjacent non-overlapping strips of width not exceeding Slﬁ, up to
cover the whole of Sp.

Theorem 4.2 Let u € H(St) N C(St) satisfy H(u) <0 in St and

{there exist positive constants C,a,r such that (4.4)

u(z,t) < Ceolz for all |z| >r and all 0 <t <T.

Then
u(z,t) <supu(-,0) forall (z,t) € Sr.
RN
Proof We may assume that u(-,0) € L>(R™); otherwise, the statement is tri-
vial. Assume first that T is so small that 4aT < 1 and consider the (bounded)
cylinder @ = [|z| < p] x (0,T"). The function

< elol*/AT—t)

4 (T — )N/ =0

w=u—

satisfies H(w) < 0 in S, and w(z,0) < suppx u(-,0) for |z| < p. Moreover,
for |a] = p,
w |, < O™ — o(4nT) =N/ 2er /AT,

Therefore, since 4T < 1/, having fixed € > 0, the parameter p can be chosen
so large that w|;—, < 0. The conclusion now follows from Theorem 3.1 and
the arbitrariness of e. If 4aT > 1, subdivide St into finitely many strips of
width less than 4104'

4.1 A Priori Estimates
Proposition 4.2 Let u € H(St) N C(St) satisfy (4.3) and (4.4). Then

[elloc, 57 < [lul-; 0)l[co,mr + T H (w)]| oo, 5

Proof Assume that ||u,]| s gy and || H (u)|/co,s, are finite; otherwise, the state-
ment is trivial. The functions

we = [[u(, 0)llso,ey + ¢ H (4)loo, 57 + u

satisfy H(w+) > 0 in Sr and wy(-,0) > 0. Moreover, both w4 satisfy the
asymptotic behavior (4.3). Therefore wy > 0 in Sy, by Theorem 4.1.

Remark 4.1 The functional dependence of this estimate is optimal. Indeed,
the estimate holds with equality for the function u =1+ t.



5 Uniqueness of Solutions to the Cauchy Problem 145
4.2 About the Growth Conditions (4.3) and (4.4)

The conclusion of Theorem 4.1 fails if (4.3) is replaced by
u(z,t) > —keP=*T for any € > 0.

However Theorem 4.2 continues to hold for a growth slightly faster than (4.4).
Precisely (S. Tacklind [146])

u(z,t) < Celeh=) a5 2] — 0o

where h(-) is positive non-decreasing and satisfies the optimal condition

* ds
= +400.

h(s)

5 Uniqueness of Solutions to the Cauchy Problem

Consider the class of functions w € H(St) satisfying the growth condition

{there exist positive constants C, «,r such that (5.1)

lu(z,t)| < Cel=l* for all |z] >r and all 0 <t <T.

Let u,v € H(St) N C(St) be solutions of the Cauchy problem (1.4) with
initial data u,, v, € C(RY) N L (RY). If both u and v satisfy (5.1), then by
Proposition 4.2,

[t = vlloo, 5 < |10 = volloo,m -

This inequality represents both a uniqueness and a stability result. Namely:

(i). Uniqueness: solutions of the Cauchy problem (1.4) are unique within
the class (5.1).

(ii). Stability: within such a class, small variations on the data, measured
in the norm of L (RY), yield small variations on the solution measured
in the same norm.

Proof (of Theorem 2.1 (Uniqueness)) If u, € L=(RY) N C(RY), the function
u defined by the representation formula (2.7) is bounded by virtue of (2.9).
It solves the heat equation in S, and it satisfies (5.1) by virtue of Propo-
sition 4.1. Therefore, it is the only bounded solution of the Cauchy problem
(1.4).

5.1 A Counterexample of Tychonov ([155])

The growth condition (5.1) is essential for uniqueness, as shown by the
following counterexample due to Tychonov.
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Proposition 5.1 There exists a non-identically zero solution to the Cauchy
problem
Ut = Ugy 0 R X (0,00), u(z,0)=0.

Proof For z € C, let

. e V/¥  for z2#0
sO(Z)_{O for z=0

and define p )
%) n z2n
u(z,t) = 4 2 an? 2
0 for t =0.

for t >0 (5.2)

Proceeding formally

y oo o qn ; x2n _o .
tl_%u(xv )_ Z dtn SO( ) ’tZO (2”)' B (1)

a2u %) dn x2n—2
ox? "z::() dtn #(6)2n(2n = 1) (2n)!
o Jn x2(n71)
_ " ..
2 d?D (o — 1)1 (i)
00 dn+1 J,‘2n au

= 2 g ¥ 9 = o

n=0

These calculations become rigorous after we prove the following

Lemma 5.1 The series in (5.2) and (i)-(ii) are uniformly convergent in a
neighborhood of every point of R x RT.

Proof The function z — ¢(z) is holomorphic in C—{0}. We identify the t-axis
as the real axis of the complex plane. If ¢t > 0 is fixed, the circle

t .
72{26C|z:t+2629}, 0<6<2m
does not meet the origin, and by the Cauchy formula ([18] page 72)
- 2mi —t)ntl

n |
jtnsO(t)— " /w(z ?() 0 forall neN.

From this

dn n! e~ Re(z7?) nl [2\" [T —2
)] < dz| = —Re="") g,
|dt”<p()|27r[/ z—t|”+1| 2| 2 (t) /0 ¢
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2 1_-2i0 | —if
1 . 1 1 (1
2?2 = ¢? (1 + 2610) and 2= ( Tae +262 )
z i
|(1+ Sei)?]

From this Re(z72) > (2¢)~2 and

dn 2 n
|dtn@(t)}én!(t) eV meN

Fix a > 0. For all |z| < a, the series in (5.2) is majorized, term by term, by
the uniformly convergent series

o 1/4t? io: (1>n (a®)" _ e 1/48 a? )t

t n!

n=0
Here we have used the Stirling inequality

2™n! - 1
(2n)! = nl’

Remark 5.1 The function in (5.2) can also be defined for ¢ < 0. Therefore
the backward Cauchy problem

uy — Au=0 in RY x (=00,0), wu(z,0)=0

fails in general to have a unique solution.

6 Initial Data in L}

N
loc (R )
The Cauchy problem for the heat equation can be solved uniquely for rather
coarse initial data, for example u, € L _(RY), provided they satisfy the
growth condition (4.1). The solution will exist only within the strip Sp for
0<T < ,!  and the initial datum is taken in the sense of L{ (RY), i.e.,

lu(-t) — uoll1ix — 0 as t — 0, for all compact K C RY. (6.1)

Theorem 6.1 Let u, € Li (RY) satisfy (4.1). Then (2.7) defines a solution
of the Cauchy problem

) 1
Hu)=0 in Sy for 0<T < 4% (6.2)
u(-,0) = u, in the sense of Li (RM).

loc

Such a solution is unique within the class (5.1).
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Proof Fix p > r,, where r, is the constant in the growth condition (4.1). For
almost all x € B,, write

uwt) = @)l < [ o= ystuoly) = uole)ld.

Integrating in dx over B,

J

) = wo@)do < [ [ 1@ 0lua(s) ~ vola)ldydo

P

_ / / D@ — s Dluo(y) — uo(a)|dyda
B, J|z—y|<o

w [ = et - o) ldyds
B, J|z—y|>0
=1 + L.
Let h be a vector in RY of size |h| < 0. Then the first integral is estimated
by
I < sup / |uo(x + h) — uo(x)|de.
B,

herN
[h|<o

The second integral is estimated by

I, < WN/Q/II oy e~ Inl? /B [uo(x + 2V/tn) — u,(2)|dxdn.
n|\>oc t

P

For all t > 0 and 1 € RY such that 2v/t|n| < 2p, estimate

/ o (& + 2v/t0) — o)l dz < 2luo1.5,,.
B

P

If 2v/t|n| > 2p, by the growth condition (4.1)

/ [to(w + 2v/t0) — () |dx < ol B,, + C|B,| sup 2ol +seotin,
B B

p z€b),

Therefore for p > r, fixed

[u(,t) — uoll1,B, < const(p)/ e—(l—fiow‘z)lnlzah7
Inl>o/2v/t
+ sup [[uo(z + h) — uo(@)||1,5,-
herRN
Ih| <o

The proof is concluded by recalling that the translation Thu, = uo(- + h) is
continuous in Li (RY) ([31], Chapter IV, Section 20).

loc
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6.1 Initial Data in the Sense of L}

loc

(RY)

Part of the definition of a solution to the Cauchy problem (1.4) or (6.2) is
to make precise in what sense the initial data are taken. The notion (6.1) is
the weakest unambiguous requirement for data u, € L{ (R™). If (6.2) holds,
then there exists a sequence of times {¢,,} — 0 such that

u(z,tn) — uo(x) for almost all 2 € RV,

and one might be tempted to take this as the sense in which u(-,t) takes its
datum at t = 0. Such a definition might, however, generate ambiguity. Indeed,
the uniqueness may be lost, as shown by the following examples. The function
I" satisfies the heat equation in S, and the growth condition (5.1). Moreover,
I'(-,t) — 0 ae. in RV, as ¢t — 0, and yet I # 0. For such a “solution” the
identically zero initial datum is not taken in the sense of L{ (R"). Indeed,
for all p > 0

/ I'(z,t)dx = W*N/z/ e*|7’|2d77 —1 as t—0.
By |77|<P/2\/t

Even more striking is the following example in one space dimension. The

function

v, ) = 4\/7rt3/2

is a solution of the heat equation in R x RT satisfies all the previous properties,
and in addition, v(z,t) — 0 as t — 0 for all x € R. And yet v # 0. One checks
that for all p > 0

P 1
\/t/ lv(z,t)|de — ast—0
—p s

that is, the initial datum u, = 0 is not taken in the sense of L{ (R™).

loc

7 Remarks on the Cauchy Problem

7.1 About Regularity

Let u, be locally analytic in R and assume that it satisfies the growth
condition (4.1). Then formula (2.7) defines the unique solution, within the
class (5.1), to the Cauchy problem (1.4) in St for 0 <T' <, . Such a solution
is locally analytic in the space variables. It is also analytlc in ‘the time variable
within RY x (¢, T) for all € € (0, 7). Having in mind the Cauchy-Kowalewski
theorem, it is natural to ask whether u is analytic in the = and ¢ variables up
to t = 0. This is in general false, as shown by the following argument.

If w were analytic in ¢ up to t = 0, then u, uy, Au would have, in a right
neighborhood of the origin, the absolutely convergent series representations
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u(z,t) = Zo On(x)t" (7.1)
o0
u(z,t) = . @n(x)ntnfl
n=1

Au(z,t) = 20 Ay, (z)t"

with analytic coefficients ¢,,. This in the equation H(u) = 0 gives

= A = 0 1, cee
Pn+1 (’I’L + 1) Pny, N )
From this, by iteration, starting from ¢, = u,
Aﬂ,
On = uo, n=0,1,2,...
n!

where A? = T and A" = A""1A, for n € N. Putting this in (7.1) gives a
representation of u in the form

< A"u,
u(z,t) = t".
n,Z::O n!
From the uniform convergence, it follows that
An
uT(x) t"—0 as n— oo (7.2)
n!

for (z,t) fixed in the domain of uniform convergence. Let D™u, denote the
generic derivative of u,, of order n . Expanding u, about x within a ball of

radius ¢t we must have

D™u,

| u'(x)‘t”—>0 as n — oo. (7.3)
n!

Now there exist locally analytic initial data u, satisfying (7.3) but not (7.2).!

7.2 Instability of the Backward Problem

We have already remarked that the backward Cauchy problem (2.10) in gen-
eral does not have a solution. If it does, the datum u, must by analytic by
Remark 2.1 and the representation formula (2.11). Stability however might
be lost, as shown by the following example, due to Hadamard ([62]):

u(z,t) = ce /% sin (:) , >0

solves (2.10) with N = 1 and u,(z) = esin(z/e). As ¢ — 0, u, — 0 in the
L (R)-norm. Yet for all ¢ < 0, for all intervals (—p, p), and for all 0 < p < o0

lu(, t)|lp,(—pp) = 00 ase—0.

!Give examples of such functions in R. Hint: Attempt e or In(1 + 2?), or a
variant of these.
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8 Estimates Near t = 0

Let u, € LS, (RY) satisfy the growth condition (4.1), and let u be defined by
(2.7) in the strip St for 0 < T < 4(10. We will study the behavior of u(-,t) and
|Du(-,t)| as t — 0. Since u, is locally bounded, in (4.1) we may take r, = 0,
by possibly modifying the constant C,. We will also investigate the behavior
of us(-,t) and g4, (-,t) as t — 0, under the more stringent assumption that
u, € C° (RN) for some 6 € (0,1).

loc

Proposition 8.1 Let u, € L (RY) satisfy (4.1) with r, = 0. For all p > 0,

loc

there exist constants Ay, for £ = 0,1, depending only on p, N, oy, and C,,
such that
lu(z, t)| < Ao, |Du(z,t)] < Ayt~1/? (8.1)

for (z,t) € B, x (0,T7.

Proposition 8.2 Let u, € Cp _(RN), for some § > 0, satisfy (4.1) with
ro = 0. For all p > 0 there exists a constant A depending only on p, N,
0o, Cy, 0, and the Holder constant of u, over B, such that

e (@, )] + [z, (2, 0)] < AP/271 (82)
for (z,t) € B, x (0,T] and for alli,j =1,...,N.

Proof (Proposition 8.1) Both estimates will follow from estimating

Y4
si= [ (75" T w0l o e=o.
RN 2t

The change of variable y — x = 2v/tn yields

1 2
o £,—Inl 2vin)|d
CT RN /RN Inl‘e™"" o +2v/tm)dn
C,e2eolel’ €, —(1—8a,t)[n|?
S /RN Inl’e dn.

Thus if |z| < p and ¢ is so small that (1 — 8a,t) > 3

L < const(Co, N, ) OoerlHe*é’“er.
t4/2 0

Proof (Proposition 8.2) First one computes

0? 02
= F —_ N = F —_ .
0 iz /RN (z —yit)dy v 020 (x —yst)dy
82

= I'(z —y;t)dy.
v Didly; (z —y;t)dy
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Then for [z| < pand 0 <t <T

N 2

‘ut(xvt)‘ + |u$i$j(x7t)‘ < 2 Z
h,k=1

I'(x —y; 1) (uo(y) — uo(x))dy

&y OYnOyi

lz—yl* 1
<2N U e + o I'(x —y;t)|uo(y) — uo(z)|dy

2
T =Yy 1
- ly|<2 < 2t2‘ +t>F(x_y?t)uo(y)—uo(x)|dy
yl<2p
2
xT—Yy 1
N s ( e +t)F(x_y;t)uo(y)—uo(xﬂdy
y|>2p
=H, + H>.
Since uoeCﬁ)c( Ny
_ 4|2+ 18 o2
H, SQNhO(47rt)*N/2/ o=y eyl e,
ly|<2p 4t 2t

where h,, is the Holder constant of u, over By,. Perform the change of variables
y—x = 2¢/tn, and majorize the resulting integral by extending it to the whole
of RN to get

A o e
H < t1—6/2/0 N (0P nl°)e ™" dly|

where A = ANh,mN/2wx2°. To estimate H,, perform the same change of
variables to get

2
Hy < 4CoN7T_N/2€2a"|x|2 / (‘77| + 1) e—(l—Saot)|7I|2d,’7.
[n|>p/2vt t

If ¢ is so small that (1 — 8a,t) > %, this gives Hy < At9/2-1 where

2
A= sup 4CON7T_N/262C“"”2 / (|77‘6"2‘ 1)e_§|"|2dn.
t€(0,1/4a,) mi>prave Y

9 The Inhomogeneous Cauchy Problem

Consider the problem of finding u € H(St) satisfying
H(U) = f in ST7 ’LL(', 0) = Uo- (91)

Assume that u, is in L _(RY) and satisfies the growth condition (4.1). The

loc
initial datum in (9.1) is taken in the sense of L] (RY). On the forcing term

f, we assume
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f(,t) € CL (RN) for some § > 0 uniformly in ¢ > 0. (9.2)

Moreover f(-,t) is required to satisfy the same growth condition as (4.1),
uniformly in ¢, i.e.,

|f(x,t)| < Coe®l*®  for |z| > r, uniformly in ¢ > 0. (9.3)

Theorem 9.1 Let (9.2) and (9.3) hold. Then there exists a solution to the
inhomogeneous Cauchy problem (9.1) in the strip St for 0 <T < 4é . More-
over, the solution is unique within the class (5.1) and is represented by

wat) = [ Pyt [ [ 1@ s 04)

Proof Since the heat operator is linear, u can be constructed as the sum of
the solution of the homogeneous Cauchy problem (f = 0) and the solution
of (9.1) with u, = 0. Thus it suffices to take u, = 0 in (9.1). The family of
homogeneous Cauchy problems

(z,t;8) — v(z,t;8) € HIRN x [0 < s <t <T))
v —Av =0 in RY x (5,7)
U(') 53 8) = f(7 8)
has, for all 0 < s <t < T, the unique bounded solution
v(z,t;8) = / Iz =yt —s)f(y,s)dy
RN

valid for 0 < t — s < T. We claim that the function

u(zx,t) = /Otv(x,t; s)ds

solves (9.1), with u, = 0. To show this, first observe that by virtue of the
estimates of the previous section and assumption (9.2) and (9.2), the integrals

t t t
/ v(x,t; s)de, / ve(x, t; 8)ds, / Vo, (2,15 8)ds (9.5)
0 0 0

are uniformly convergent over compact subsets of RY. The convergence of
the first integral implies that u(-,t) — 0 as t — 0, in the sense of L{ (RY).
Moreover, by direct calculation

t
uy = v(x, t;t) —|—/ ve(x,t; 8)ds
0

= f(=z,1) —|—/0 Av(z, t;s)ds = f(z,t) + Au(z,t)

where the calculation of the derivatives under the integral is justified by the
uniform convergence of the integrals in (9.5). Thus w is a solution of (9.1) with
uo = 0. Such a solution is unique in view of (9.3).

This method is a particular case of the Duhamel principle. See Section 3.1c
of the Problems and Complements of Chapter 6.
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10 Problems in Bounded Domains

Let E be a bounded region of RV with boundary OE of class C' and
consider the Dirichlet problem (1.2). If ¢ = 0, the problem is referred to
as the homogeneous Dirichlet problem. We may solve such a homogeneous
problem by separation of variables, i.e., by seeking solutions of the form
u(z,t) = X (z)T'(t). Using the PDE, we find

T'(t) = =NT(t), t>0; AX =-)XX, X |,,=0. (10.1)

The second of these is solved by an infinite sequence of pairs (A, v, ), where
{A\n} is an increasing sequence of positive numbers and {v,} is a sequence
of functions that form a complete orthonormal set in L?(E) (Section 11 of
Chapter 4). In particular, the initial datum wu,, regarded as an element of
L?(E), can be expanded as

or

I
—

Uo(w) = 3 (o, vi)vi(w)  with  [|uoll3 5 = 3= [{uo, vi)|*.

K3

Then with \,, determined by (10.1), one has T,,(t) = To,ne’/\"t, where Tj, ,, are
selected to satisfy the initial condition u,. This gives approximate solutions
of the form

Up(z,t) = Z T,ie v (x), Toi= (uo,v;).
i=1
Lemma 10.1 The sequence {u,(-,t)}, is Cauchy in L*(E), uniformly in t.

Proof Fix € > 0 and let n, = n,(e) be such that

5 oyl < e. (10.2)

i>Ne

Next forallm >n >n,andall 0 <t < T

i (-5 8) = wun ()3 < || 3 (o, viYe ™ 0i(@) ||, < 32 Huo, vi)]* <o

i=n i>Ne

Thus, formally, a solution to the homogeneous Dirichlet problem (1.2) is

(U, vi)e Nt () (10.3)

o

u(zx,t) =

=1

where the convergence of the series is meant in the sense of L?(E), uniformly
in t € [0,7]. It remains to interpret in what sense the PDE is satisfied and in
what sense u takes the boundary data.

Lemma 10.2 Let u be defined by (10.3). Then t — u(-,t) is continuous in
L?(E), Moreover, u(-,t) takes the initial datum u, in the sense of L*(E)
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llu(-yt) — tollo, g — 0 ast— 0. (10.4)
Finally, u(-,t) satisfies the decay estimate
(-, ) 2,E (10.5)
where \1 is the first eigenvalue of the Laplacian in E.

Proof From the definitions

w(x,t) — uo(x) = iTO,i(e_Mt = Dwi(w).

2.8 < 67/\”\\%

Fix € > 0 and choose n, as in (10.2). Then
o)
H’LL(',t) - UOHS,E = Zl |<u0,’ui>‘2(ef)‘it — 1)2
< 3 gy vi)[P(e X = 1)% 4 &
i=1

< (=) uoll3 g + e

Therefore, letting t — 0 gives

lim sup ||U(,t) — Uo||2,E < \/E'

t—0
This proves (10.4) and also that t — w(-,t) is continuous at ¢ = 0, in the
topology of L?(E). The continuity at every t € [0,7] is proved in a similar
fashion. The decay estimate (10.5) follows from the representation (10.3),
Parseval’s identity, and the fact that {\,} is an increasing sequence.

Remark 10.1 This construction procedure as well as Lemmas 10.1 and 10.2
require only that the initial datum u, be in L?(E).

10.1 The Strong Solution

Assume that N < 3 and that the initial datum u, is in C?(FE) and satisfies
1, = 0 and Du, = 0 on JF. Then, by Corollary 10.2 of Chapter 4, the series
in (10.3) is absolutely and uniformly convergent. This implies that u satisfies
the homogeneous boundary data on OF, in the sense of continuous functions.
Also, the series

o0 d o0

;}<Uo,vi>dt€ﬂ\itvi($) and ;}(Uo’vﬁeﬂ\itﬂw(ﬂf)

are absolutely and uniformly convergent. Therefore, the heat operator H(-)
can be applied term by term in (10.3) to give

H(u) = S (o, v) Hle tv; ()] = 0.
i=0
We conclude that if 1 < N < 3, and if u, satisfies the indicated regular-
ity properties, then u as defined by (10.3) is a solution of the homogeneous
Dirichlet problem (1.2).
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10.2 The Weak Solution and Energy Inequalities

If N > 3, or if u, € L?(E), we will interpret the PDE in a weak sense.
By construction, each u,, satisfies

Ut — Au, =0 in Ep

- Dlop =0 (106)
Up(+,0) = ;}(uo,vﬁvi.

Let ¢ € C?(Er) vanish on OF for all . Multiply the PDE satisfied by u,, by
¢ and integrate by parts over F; to obtain

/E(ungo)(t)dx—/Ot/E[ungot—i—unAgo] dx dt = /E(uo’ngo)(x,O)dx.

Letting n — oo gives

/E (ugp) (t)dar — /0 t /E WH* () dar dt = /E wop(z,0)dz.  (10.7)

In this limiting process we use Lemma 10.1, which is valid for all N > 1.
We regard (10.7), as a weak notion of a solution of the homogeneous Dirichlet
problem (1.2), and we call u a weak solution.

Lemma 10.3 Weak solutions in the sense of (10.5), (10.7) are unique.

Proof The difference w = uy — uy of any two solutions satisfies (10.3), and in

particular
t
/(wgp)(t)dx—/ /wAgodxdeo (10.8)
E o JE

for all ¢ € C1(E) independent of t. Since w € L?(Er), it must have for a.e.
t € (0,T) a representation in terms of the eigenfunctions {v,}, i.e.,
n

w(z,t) = lm > a;(t)vi(z) for a.e. t € (0,7).

In (10.8) choose ¢ = v; to get
t
a;(t) + /\i/ ai(s)ds =0 for all i € N.
0

Thus a;(-) =0 for all i € N, and w = 0.

Remark 10.2 The choice ¢ = v; is admissible if v; € C}(E). By Corol-
lary 11.2 of Chapter 3, the eigenfunctions v; are Holder continuous in FE.
By the Schauder estimates of Section 9 of Chapter 2, v; € C?>*"(E), and by
a bootstrap argument, v; € C°°(E). Actually v; are of class C1™7 up to 9F.
Such an estimate up to the boundary, has been indicated in Section 9 of the
Problems and Complements of Chapter 2.
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Remark 10.3 If u, € C}(E), and u is smooth enough, we may take u = ¢
in (10.7) to obtain the energy identity

1 1 t
s~ yluolip+ [ [ Dupdede=o
0 JE

This identity also contains a statement of uniqueness since the PDE is linear.
Indeed, u, = 0 implies u(-,t) = 0.

11 Energy and Logarithmic Convexity

Let E be a bounded open set in RY with boundary OF of class C' and let
u € H(E7)NC(ETr) be asolution of the homogeneous Dirichlet problem (1.2).
The quantity

E(t) = [lul- O)I3.£
is the thermal energy of the body E at time ¢.
Proposition 11.1 For every 0 <t; <t <ty <T

E(t) < [E(h)] 2 [E(ta)] 2 (11.1)

Proof Assume first that v is sufficiently regular as to justify the formal calcu-
lations below. Multiply the first of (1.2) by u(-,t) and integrate by parts over
E, taking into account that wu(-,¢) vanishes on OF. This gives

o :2/ uAudr = —2/ Du - Dudzx.
E E
From this
5”:—4/ Dut-Dudx:4/ utAudx:4/ uldz.
E E

E
From this and Hélder’s inequality

2
&’ = (2/ Ut dx) < &g,
E

First assume that £(¢) > 0 for all ¢ € [t1, t2]. Then the function ¢ — In&(t) is
well defined and convex in such an interval, since

d? g - €”
g2 In€ = £2 > 0.

Therefore, for all t1 <t < ty
to — 1 t—1t
mEE) < > mé&(ty) + " InE(ty).
t2 — tl t2 - tl
If £(t) > 0, replacing it with & = £ + ¢ for € > 0 proves (11.1) for &..
Then let ¢ — 0. These calculations can be made rigorous by working with the
approximate solutions {u,} of (10.5) and then by letting n — oo.
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Remark 11.1 The energy £(+) can also be defined for solutions of the homo-
geneous Neumann problem (1.2), and (11.1) holds for it ([116]).

11.1 Uniqueness for Some Ill-Posed Problems

Corollary 11.1 There exists at most one solution to the homogeneous back-
ward Dirichlet problem

uw€ H(Er)NC(Er), H(u)=0 in Er

u(-,T) =ur € C(E), ul(-t) |8E: 0.

Proof It suffices to show that up = 0 implies u(-,¢) = 0. This follows from
(11.1) with ¢t = T

12 Local Solutions

We have observed that solutions of the Cauchy problem representable by (2.7)
are analytic in the space variables and C* in time for ¢ > 0. It turns out that
this is also the case for every local solution of the heat equation in a space-
time cylindrical domain Er. Let Q, = B, x (—p?,0) denote the cylinder with
“vertex” at the origin, height p?, and transversal cross section the ball B,.
For (z,,t,) € RN*L we let (2,,t,) + Q, denote the box congruent to @, and
with “vertex” at (x,,t,), i.€.,

(o, t0) + Qp = [l — @o| < p] X [to — P’ to).
If (20,t,) € Er, we let p > 0 be so small that (z,,%,) + Q4p, C Ep. We also

denote the integral average of |u| over (x,,t,) + Qup, by

1
][ |ul dy ds = |u| dy ds.
(osto)+Qap Quol J(w0.t)+Qus

Proposition 12.1 (Gevrey [52]) Let u € H(Er) be a solution of the heat
equation in Ep. There exist constants v and C' depending only on N such that
for every box (z,,t,) + Q1p C Er

cloljal!
sup  |D%u| <~ |O|é‘a| ][ lu| dy ds (12.1)
(znvtn)""Qp P (mo,t0)+Q4p

for all multi-indices ov. Moreover

k 2k 2k)!
sup |8 u| < 70 (2F) lu| dy ds (12.2)
6tk 2k
(To,to)+Q, P (To,to)+Qup

for all positive integers k.
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Proof Tt suffices to prove only (12.1), since

k
aatku = AFy.

After a translation, we may assume that (z,,t,) coincides with the origin and
u is a solution of the heat equation in Q)4,. Construct a non-negative smooth
cutoff function ¢ in Q4, satisfying

. 1 1
¢(=11in Q2pv |DC| < 407 ‘Cyzy]‘ < p2 i,j=1,...,N

1
OSCfsza

C(y,s) =0 for |y| > 4p and s < —(4p)°.
The function

w - Juc i lyl < 4p] x (=(4p)*,0)
0 otherwise

coincides with » within @2, and satisfies

H(w) = uH(C) — 2Du-DC X in RY x (—(4p)2,0].

Therefore, it can be viewed as the unique solution of the inhomogeneous
Cauchy problem

H(w) = f in BY x (—(4p)°,0], w(-, ~(4p)?) = 0.

By Theorem 9.1
t
w(z,t) =/ / Iz —y;t —s)f(y,s)dyds.
—(4p)? JRN
From this, after an integration by parts

wiety= [ )Myt

+2DI(z —y;t — s) - D¢] dy ds
—(2p)?
:/ / I'z —y;t—s)Gudyds

—(4p)?
ly|<4p

t
—|—/ / I'(x—y;t—s)Aludyds
—(4p)? J2p<|y|<4p

t
+2/ / DI'(xz —y;t—s)- DCudyds.
—(4p)? J2p<|y|<4p

Observe that in these integrals, if |z| < p and —p2 <t <0, the kernel is not
singular. Take the space derivatives of any order of both sides, for z and ¢ in
such a range, and use the properties of the cutoff function ¢ to obtain
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1 @
sup [D%u| < / / | DT (z — y;t — s)||u| dy ds
Qp P —(4p)2 Jlyl<ap

1 t
+ / / | DIz — y;t — s)||ul dy ds
P=J—(4p)2 J2p<|y|<4p

]. t n
* / / 2Dy (x — y;t — s)||u| dy ds
P J—(4p)2 J2p<|y|<4p i=1
=J1+J2+ J5.

In the estimates to follow we denote by C' and «y generic positive constants that
can be different in different contexts. These may be quantitatively determined
a priori only in terms of N and are independent of the multi-index .

Lemma 12.1 There exists a positive constant C' such that

!

|
|D°‘F(x—y;t—8)|§0a|[< P ) +p|a‘

P }F(x—y;t—«?)
for all (z,t) € Q, and (y,s) € Qup, and for every multi-index .

Assuming the lemma for the moment, we proceed to estimate J;. In esti-
mating .J; observe that within the domain of integration t —s > p?. Therefore

o clellal!
DIz —y;t —s)| < plal+N
and ol
cl*lall 1
J1 <« o] |u| dy ds.

pla‘ ‘Q4P‘ Qap
The estimation of J5 and Js; hinges on the supremum of the function

1
e—A/T

m , >0
-

g9(1) =
where A and m are given positive constants. The supremum of g is achieved
for 7= A/m, and

lg(T)| < (Z;)me*m for all 7> 0.

Within the domain of integration of Jy and J3 one has |z — y| > p, provided
|z| < p. Therefore

laf
et | P —p?/A(t—s)
‘DOLF(.’E y;t S)‘ < ’yca [4(1; _ s)]\a|+N/2e .
laf lct]! 1 — 0% /4(t—s)
FICT gl e — w2
Clel cleljal!

jod o~
SV papen 10T AT iy
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By Stirling’s inequality m"e~™ < ym!. Therefore by modifying the constants
C and v
clellal! 1

plet pN
for (z,t) € Q, and (y, s) € Qup — Q2,. With this estimate in hand, we deduce
that for (z,t) € @, and all multi-indices «

DT (z —y;t —s)| < v

cleljall 1

|u| dy ds.
p|a\ ‘Q4P‘ Qap

Jay <y

As for J3, the previous calculations give

cletall(lal +1) 1

Js <
s plel Qo Joo,

|u| dy ds.

Now the constant C' can be further modified so that
Clel+(jal +1) < €l for all multi-indices a
and the theorem follows.

Proof (Lemma 12.1) Fix a multi-index « of size |a| = n and let § be a multi-
index of size || = n + 1. Then

DBI‘:D&F:“ :Da(x_y)ip

2(t — s)
for some ¢ =1,..., N. From this
-1
opri < ( P Viperj+ " por|
t—s (t—s)
where @ is a multi-index of size |@| = n — 1. The lemma holds for n = 1.

By induction, assuming that it does hold for multi-indices a of size |a| < n,
we show that it continues to hold for multi-indices [ of size || = n+1. Using
the induction hypothesis

2 p e p 2n! p \'n—1
Drp<cr :
F‘ I=¢ [(t—s) +<t—s p"+ t—s Cp

By Young’s inequality
p \ 2n! - 1 P n+1+2n:1n(n!)":1
t—s) p» “n+1\t—s n+1 pntl

p "n—1< n p n+1+(n—1)"+1 1
t—s Cp “n+1\t—s n+1 Cntlpntl’
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Using Stirling’s inequality and choosing C' sufficiently large

(n — 1)+t

nt1 g SO

This in turn implies

\DPr| p \" 4n ) (n+ 1)
< L/ .
r =o2lios) U g™ pn+l

The number (n!)'/™ is the geometric mean of the first n integers, which is
majorized by its arithmetic mean. Therefore

4n

n dn DO i 2n
nt 127" S L

“(n+1)2 n n+l
These remarks in the previous inequality yield
3 n+1 |
|D F|§36’" p +(n+1), .
r 2 t—s pntl

It remains to choose C so that gC" < ontl

12.1 Variable Cylinders

To simplify the symbolism, let us assume that (z,, t,) coincides with the origin.
The estimates of Theorem 12.1 give information on D“u on the cylinder @,
in terms of the L'-norm of u over the larger box @2,. The proof could be
repeated with minor variations to derive a similar statement for any pair of
boxes (), and @, for o € (0,1). Tracing the constant dependence on o gives:

Proposition 12.2 Let u be a solution of the heat equation in Q,. There exist
constants C' and v, depending only on N, such that for every multi-index «,
for every non-negative integer k, and for all o € (0,1)

o cloljal!
1D%ullso,q,, < V(1 — gyN+2-+lal pla ]{2 lu| dy ds (12.3)
P

o C*(2k)!
[P N V(1 = o) N+2+2k 2k ]é |ul dy ds. (12.4)
P

Remark 12.1 Estimates (12.3)—(12.4) hold for any pair of boxes (2o, to)+Q,
and (z,,t,) + Qp contained in O2p.

12.2 The Case |a| =0

We state explicitly the estimate of Proposition 12.2 for the case |a| = 0.
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Corollary 12.1 Let u € H(ET) be a local solution of the heat equation in
FErp. There exists a constant C' depending only on N such that for every box
(%o, t0) + Q, contained in Ep and all o € (0,1)

C
sup  |ul < ][ |u| dy ds. (12.5)
(@orto)+Qup (1= )2 oo to)+Q,
These estimates have a number of consequences for local or global non-
negative solutions. In the next two sections we present some of them.

13 The Harnack Inequality

Non-negative local solutions of the heat equation in Ep satisfy an inequal-
ity similar to the Harnack estimate valid for non-negative harmonic func-
tions(Section 5.1 of Chapter 2). This inequality can be stated as follows. For
p > 0 consider the box Q, = B, x (—p?, p?), with its “center” at the origin.
If (zo,t,) € Ep, let

(@0, t0) + Qp = [l — 20| < p] X (to — p*ito + p%)
be the box congruent to @, and centered at (z,, ).

Theorem 13.1 Let u € H(E7r) be a non-negative solution of the heat equation
in Ep. There exists a constant ¢ depending only upon N such that for every
box (xo,t0) + Qup C Er

‘ inf| u(z,to + p?) > cu(zo,t,). (13.1)
T—To|<p
(xm to+ p2)
°
(To, o)
Fig. 13.1.

Such an estimate can be given different equivalent forms. We illustrate one of
them, assuming for simplicity of notation that (z,,t,) = (0,0). To distinguish
between the upper part and the lower part of Q,, let us set

Q, =By x (=p%0),  Qf =B, x(0,p%).
Fix o € (0,1), and inside Qf and Q, construct the two sub-boxes

Q,, = Bosp x (—0p%,0),  Qi,=Bs, x ((1—=0)p*,p°).
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Theorem 13.2 Let u € H(Qu,) be a non-negative solution of the heat equa-
tion in Qu,. For every o € (0,1) there exists a constant ¢ depending only upon
N and o such that

inf u > ¢ sup u. (13.2)
op Qop
2
--| (L= 0)p?
—-|=op?
_p?

Fig. 13.2.

In the case of harmonic functions, the main tool in the proof of the Harnack
estimate was the explicit Poisson representation formula of the solution of the
Dirichlet problem for the Laplacian over a ball (formula (3.9) of Chapter 2).
The corresponding Dirichlet problem for the heat equation over cylinders
whose cross section is a sphere does not have an explicit solution formula.
However, local representations will play a major role via the regularity results
of Proposition 12.1.

The form (13.1) of the Harnack estimate is due independently to Pini
([118]) and Hadamard ([63]). The form (13.2) was introduced by Moser in a
more general context ([110]). The proof we present here, based on an idea
of Landis ([93]), is “non-linear” in nature, and its main ideas can be applied
to a large class of parabolic equations, including degenerate ones ([30], Chap-
ters 6-7, and [34]). Alternative forms of the parabolic Harnack inequality that
resemble the mean value property of harmonic functions are in [35].

13.1 Compactly Supported Sub-Solutions
For given positive numbers M, r, b, and (x,t) € S, consider the function

M 2t
(t41r2)b

]

(= |=P), where [o2= .

7#(37775) =

One verifies that 1/ € H(Seo) NC(Sx), and it vanishes identically outside the
paraboloid |z] < 2.

Lemma 13.1 The number b > 0 can be chosen so that H(v) <0 in S, for
all M > 0.

Proof By direct calculation

My2b

— R B4 — |2 _ |2|*
HW) - (t—|—7‘2)b+1 (4 |Z| )+ b(4 |Z| )++4N 24_ ‘Z‘Q .
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For Y <[z <4, we have H(y) < 0. For |22 < 4V,

Mr? 4b
H(y) < =24 | - 4N ).
(0= a0 B (=Y )
To prove the lemma, choose b = N(N + 1).
We will consider a version of 1) “centered” at points (z,,t,) € RVT1. Precisely
Mr2b |z — 20| 2
4 t) = — t—1t,) = 4 — .

(ajmto) (x7 ) ¢(1' Lo, 0) [t _ to + TQ}b ( >+

Corollary 13.1 Let b= N(N +1). Then
H(w(xmtn)) S 0 in RN X (t07oo)’

13.2 Proof of Theorem 13.1

We may assume that (x,,%,) = (0,0), that p = 1, and that u(x,,t,) = 1. This
is achieved by the change of variables

Tr— T, t—>t_to U
)

p p2 T o0y

xTr —

Thus we have to show that if u is a solution of the heat equation in the box
Q4 = By x (—4,4) such that u(0,0) = 1, then u(x,1) > ¢, for all x € By, for
a positive constant ¢ depending only on N. To prove this we proceed in three
steps.

13.2.1 Locating the Supremum of u in Q;

For s € [0,1), consider the family of nested and expanding boxes
Qs = [|z] < 5] x (—52,0]

and the non-decreasing family of numbers

M, = sup u, Ns = (1 - s)iS

Qs

where £ is a positive constant to be chosen later. One checks that M, = N, =
1,and as s — 1

lirri My, < oo and lirq Ny = oo.

S— S—

Therefore the equation My = Ny has roots. Denote by s, the largest of such
roots, so that

supu = M,, = (1—5,)"% and M, < (1—s)"% for s> s,.
Qso

Since u € C(Q4), the supremum Mj, is achieved at some (z,,t,) € Qs,, i.e.,
w(o,to) = (1 — 5,)7¢.
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13.2.2 Positivity of u over a Ball

We show next that the “largeness” of u at (z,,%,) spreads over a small ball
centered at x, at the level ¢,.

Lemma 13.2 There exists € > 0 depending only upon N and independent of
S, such that

— S,

1 1
u(x,t,) > 2(1 —8,)"%  forall |x—x,| <e¢ 9

Proof Costruct the box with “vertex” at (zo,t,) and radius (1 — s,)

1-s 1—5,\°
(xmto)"_Qé(lfso): |:L._xo‘ < 2 :| X |:to_< 9 ) 7to:|~

By construction, (zo,t,) + Q1(1_s,) C Q1 (14s,), and by the definition of M
and N,

sup u< sup u< Nigs, = 25(1 — 30)75.
(@osto)+Q1 1., QL (1450) 2

Apply Proposition 12.2 with |a| = 1 over the pair of boxes (z,,t,) + Qi(i-s,)
and (2o, o) + Q1(1-s,), to obtain

C
sup | Du| < sup u
(wo’to)+Qé(l—sn) 1—- So (wo’t0)+Q%(1—s0)

for a constant C' dependent only upon N. Let € € (0, 411) to be chosen later.
Then for all [z — z,| < e3(1 — s,)
1—35,
U(CL’, tO) > U([L’O, to) — € sup |D’LL|
2 ($o7t0)+Qé<1,50)

> (1—5,)75(1 — 25Ce).

To prove the lemma we choose € small enough that 1 — 26Ce = %

13.2.3 Expansion of the Positivity Set

The point (,,t,) being fixed, consider the comparison function ¥, . ) for
the choice of parameters

1—s5,

1 _
M:Q(l—so) £ r=e



14 Positive Solutions in St 167

By Lemma 13.2
1 ¢
u(x,t,) > 2(1 —50) " 2 Wy, 1y (2,to),  for |w—a,| <.

Therefore, by the maximum principle, u > ¥, , ) in the box By x [to,4).
In particular, for t =1 and |z] < 1

u(z, 1) > 21741 — 5,) 7570,

The knowledge of s, is only qualitative. We render the estimate independent
of 5, by choosing ¢ = b. This gives u(x,1) > 2174 = ¢.

14 Positive Solutions in St

We have shown that uniqueness for the Cauchy problem (1.4) holds within
the class of functions satisfying the growth condition (5.1). However, the rep-
resentation formula (2.7) is well defined for initial data u, € L (RY) for
which the integral is convergent. This suggests that we consider the problem

of uniqueness within the class of functions u € H(St) such that

/ lu(y, $)| I (z —y;t — s)dy < oo for s € (0,t). (14.1)
RN

It turns out that uniqueness for the Cauchy problem holds for functions in such
a class. More important, every non-negative solution of the heat equation in
St satisfies (14.1). Therefore, uniqueness for the Cauchy problem (1.4) holds
within the class of non-negative solutions. This was observed by Widder in
one space dimension ([164]). Here we give a different proof, valid in any space
dimension.

Theorem 14.1 Let u € H(St) satisfy
H(u)=0 in Sy, and u(t)—0 in LL.(RYN) as t — 0.
Then, if u satisfies (14.1), it vanishes identically in Sp.

Proof Let (z,t) € Sr be arbitrary but fixed. For p > 2|z| consider the balls
Bs, and let y — ((y) € C%(Ba,) be a non-negative cutoff function in Ba,

satisfying
. 1 22
¢=11in By, |DC|§p7 ‘Cyiyj‘gp

For § > 0 let

if ul <6 (14.2)
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Multiply the PDE by hs(u){(y)I(x —y;t —s), and integrate by parts in dy ds
over the cylindrical domain By, x (7,t —¢) for 0 < 7 <t—cand 0 <e < t.
This gives

/BW{H} (/ u h5(5>d5> I(a = y:)C(y)dy

2 ot
o [ 1Dur s g < ) dy b

- /B%X{T} (/O h(;(g)df) Iz =yt —7)C(y)dy
+ /T o < /0 ' h(;(f)d§> (IAC + 2D - DC) dy ds.

As 7 — 0, the first integral on the right-hand side tends to zero, since it is
majorized by

const/ lu(y, 7)|dy — 0 as 7 — 0.
B

2p
Discard the second term on the left-hand side since it is non-negative and let
first 6 — 0 and then 7 — 0 to obtain

/B fuly,t — )|z — y;)C(y)dy

/ / S (x—y;t —s)dyds
2 / DT~ st — 5)| dy ds.
Ba,

The right-hand side of this inequality tends to zero as p — oo. This is obvious
for the first term in view of (14.1). The second term is majorized by

1 t—e _
[ [ s - -1~ ayas
pJo p<lyl<2p t—s

4 t—e
<] s — st - s)dyas.
€Jo p<lyl<2p

Letting p — oo gives
[ lutwt =2~ i)ty =0
B

for all » > 2|z| and all € € (0,¢). Finally, we let ¢ — 0. Arguing as in Section 2,
in the derivation of the representation formula (2.7), gives u(x,t) = 0.
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14.1 Non-Negative Solutions
Theorem 14.2 Let u € H(St) be a non-negative solution of
H(u)=0 in Sr, and u(-,t) =0 in Li (RY) as t — 0.
Then u vanishes identically in St.

It will suffice to prove:

Proposition 14.1 Let u € H(St) be a non-negative solution of the heat
equation in St. Then ¥(x,,t,) € St

/ w(y, $)I'(xo — yito — 8)dy < u(xo,to)  for all 0 < s <t,. (14.3)
RN

Proof Fix (z,,t,) € St and s € (0,t,) and introduce the change of variables

t—s Y — To
-

Cte—s8 n:\/to—s’

The function
U(77» T) =u (xo + \/to —sn,s+ (to - 5)7—)

satisfies the heat equation in R x [0, 1]. For such a function, (14.3) becomes
[ v0re < v,
RN

Thus it will be enough to prove that if u € H(S;) is a non-negative solution
of the heat equation in Sy such that u(-,0) € C2(RY), then

[ w08 sy < w0, 1), (14.4)

To prove (14.4) fix p > 0 and consider the Cauchy problem

C(x)u(x,0) if |z] < 2p

0 otherwise (14.5)

H(v) =0 in Sy, v(x,O):{

where z — ((z) € C$°(Bs,) is non-negative and equals one on the ball B,.
Since the initial datum is compactly supported in Bs,, the unique bounded
solution of (14.5) is given by

v(w,t) =/||<2 C(y)uly, 0)I'(x — y; t)dy.

Lemma 14.1 v > v in S;.
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Assuming this fact for the moment, it follows from the representation of v
and the structure of the cutoff function ¢ that

u(0,1) > /B u(y, 0)T(y; 1)dy.

This proves (14.4), since p > 0 is arbitrary.
Proof (Lemma 14.1) The statement would follow from the maximum principle
if u satisfied the growth condition (5.1). The positivity of u will replace such
information. Let n, be a positive integer larger than 2p, and for n > n,,
consider the sequence of homogeneous Dirichlet problems
H(Un) =0 in Q, = B, x (071)
on liyj—n =0

[ C(x)u(x,0) if |x| < 2p

vn(2,0) = {O otherwise.

We regard the functions v, as defined in the whole of S; by defining them
to be zero outside @),,. By the maximum principle applied over the bounded
domains @,

(14.6)

0<vp <vpy1 <|u(,0)|lc0,B,, and v, <u (14.7)

for all n > n,. By the second of these, the proof of the lemma reduces to
showing that the increasing sequence {v,} converges to the unique solution
of (14.5) uniformly over compact subsets of S;. Consider compact subsets of
the type K = Br x [g,1 — ¢] for ¢ € (0, é) and R > 2p. By the estimates
of Proposition 12.1 and the uniform upper bound of the first of (14.7), for
every multi-index « and every positive integer k, there exists a constant C'

depending only on N, ¢, R, |a|, k and independent of n such that

ak
otk Up, < (C forall n>2R.

1Dl + H
oo, K

It follows, by a diagonalization process, that {v,} — w, uniformly over
compact subsets of Sq, where w € C°°(S;) and satisfies the heat equation.
It remains to prove that

w(-,t) — Cu(-,0) in LL (RY) as t — 0.
For this, rewrite (14.6) as

fn =Un — CU(Z’,O), fn,t - Afn = ACU(.’E,O) in Sl
Faligjzn = 05 ful,0) =0.

Let hs() be the approximation to the Heaviside function introduced in (14.2).
Multiply the PDE by hs(f,) and integrate over B,, x (0,t) for t € (0,1) to
obtain
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In Lt 2
/an{t}< o ha(f)d§>dy+ 5/0 /Bn 1D fo2x[| ful < 6] dyds
0 JBs,

Discard the second term on the left-hand side, which is non-negative, and let
6 — 0 to get

/B a5, 1) — C)u(y, 0)|dy < t|Bay|[| ACu(z, )| o5,

Letting n — oo

lw(y, t) = C(Y)uly, 0)ll1,Br < tBapl[[ACu(z, 0) [0, 5, -

By the first of (14.7), w is bounded; therefore by uniqueness of bounded
solutions of the Cauchy problem, w = v.

Remark 14.1 The Tychonov function defined in (5.2) is of variable sign.

Problems and Complements

2c Similarity Methods
2.1c The Heat Kernel Has Unit Mass

To verify (2.2), disregard momentarily the factor 7=/2, and introduce the

change of variables y — x = 2,/(t — s)n, whose Jacobian is t[4(t — s)]"/2. This
transforms the integral into

/ 67‘77‘2(17] — / eﬂf+---+?712vd7h e an
RN RN
N 2 2 N
= H €777jd7’]j = </€S dS)
j=1JR R
, , N/2 , N/2
= (/ e”ldm/e"2d7]2) = (/ eIl d7]>
R R R2
00 , N/2
= (27r/ re " dr) =aN/2,
0
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2.2c The Porous Media Equation
Find similarity solutions for the non-linear evolution equation
u— A" =0 u>0, m>1.
This equation arises in the filtration of a fluid in a porous medium ([137]).

Similarity solutions were derived independently by Barenblatt ([8]), and Pattle

([115]). Attempt solutions of the form u(x,t) = h(t)f(§), where £ = |f0|2 and
o is a positive number to be found. Derive and solve ODE’s for A(-) and f(+),
to arrive at

1 ‘.13‘2 m—1
Fm(xvt) = N/~ 1—cym 12/ . , t>0
m—1
2k
where ¢ > 0 is an arbitrary constant. Show that as m — 1, I, (z,t) tends to

the fundamental solution of the heat equation. Find the constant ¢ such that
the total mass of I, is 1, i.e.,

V= k=N(m-—1)+2

/ Ip(z—y;t—7)dy =1 (¢ = 4m).
RN
Show that if m > 1, possible solutions to the Cauchy problem
up— Au™ =0 in Sy, u>0
u(+,0) = u, € C(RY) N L>=(RY)

cannot be represented as the convolution of I3, with the initial datum wu,.
Attempt to find similarity solutions when 0 < m < 1.

2.3c The p-Laplacean Equation

Carry on the same analysis for the non-linear evolution equation
uy — div |[DulP>Du =0 p > 2.

A version of this equation arises in modeling certain non-Newtonian fluids
([90]). Then for p = 2 this reduces to the heat equation. The similarity solu-
tions are

s

1 2] )"
Fp(x,t):tN//\ 1—cyp 41/ , t>0
+

1
1\#»=tp—-2
%Z(A) p A=N(p—2)+p.

Prove that I}, — I' as p — 2. Find the constant ¢ so that I}, has mass 1.
Attempt to find similarity solutions when 1 < p < 2.

P
P
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2.4c The Error Function

Prove that the unique solution of the Cauchy problem

1 if >0

Up — Ugy =0 in Rx RT, u(m,()):{o iz <0

is given by

u(z,t) = ;[1+E(\Zt)], where  B(s) = \/QF /(Jse_r2dr.

The function s — E(s) is the error function.

2.5¢ The Appell Transformation ([7])

Let u be a solution of the heat equation in R x RT. Then

1
w(z, t) =I'(z,t)u (x, - )
t t
is also a solution of the heat equation in R x R¥.

2.6c The Heat Kernel by Fourier Transform
For f € LY(RN), let f denote its Fourier transform

def 1

F@) = e [, F@e ey,

173

Here ¢ is the imaginary unit and (x,y) = x;y;. In general, assuming that
f € LY(RY) or even that f is compactly supported in RY does not guarantee

that f € LY(RY), as shown by the following examples.

2.1. Compute the Fourier transform of the characteristic function of the unit

interval in R*. Show that 2 — (x[0,1))" () ¢ L*(R).

2.2. Let N =1, and let m be a positive integer larger than 2. Compute the

Fourier transform of

0 forx <1
M forz >1

)= {

and show that f ¢ L'(R).
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2.7c Rapidly Decreasing Functions

These examples show that L'(R) is not closed under the operation of Fourier
transform, and raise the question of finding a class of functions that is closed
under such an operation. The class of smooth and rapidly decreasing functions
in R, or the Schwartz class, is defined by ([139])

feC=®Y) | sup [a]™Df(x)| < oo
z€RN
for all m € N and all multi-indices « of size || > 0

Proposition 2.1c f € Sy = f € Sy.

Proof For f € Sy and multi-indices o and 3, compute

B
af €T a,—i(
2D (@) = o ywge [, SRy
_ (—")lo‘/ By ()o@ )
- (27T)N/2 ]RNJ: y f(y)e dy
(_i)|0¢‘—‘ﬁ| « —1{x,
i)l thl
2 /2 / Dﬁ ﬁDa f(y)e —Z(-t,y)dy_
'/T

2.8¢c The Fourier Transform of the Heat Kernel
Proposition 2.2¢ Let p(z) = e~ 212", Then o =¢.

Proof Assume first that N = 1. One verifies that ¢ and ¢ satisfy the same
ODE
¢ +xp=0, & +xp=0, z € R.

Therefore ¢ = C for a constant C. From (2.2) with t —s =) and N =1

1 1,2
e 2V dy=p(0)=1.
o [ = 400)

Since also ¢(0) = 1, we conclude that C' = 1, and the proposition follows in
the case of one dimension. If N > 2, by Fubini’s theorem

1 1,02 s
5 — =2yl o —i{z,y)
60 = (gapn [ H
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2.3. Prove the rescaling formula ¥ (cz) = e Vo)(z/e), valid for all ¢ € Sy
and all € > 0.
2.4. Verify the formula

(e—\x—y\Z‘(t—T))A _ 1 G
[2(t — )]

for all t — 7 > 0 fixed.

2.9¢ The Inversion Formula

Theorem 2.1c Let f € Sy. Then

flz) = fy)e=vldy.

(2m)N/2 Jo
Proof The formula follows by computing the limit

! 0 i 1 D
WN/2 Jon f(y)e y>dy_hm @m)V/2 fox f() —lyl(t=7), y>dy

T—1

(27

The integral on the right-hand side is computed by repeated application of
Fubini’s theorem:

1

P e— V12 (=7) gitz.) g
@mN/2 Jo fye e Yy
1

f(n)e™ i(ym) o=yl (t—7) pie *Y) dydn

N N

T

(271'

)

_ 1 Iy (t=7) g=it—2.9) gy | d

= (2m)N/2 RNf N/2 RNe € ypan
1 —ly[2(t-7)

= %)N/Q RNf e ) (n—x)dn

f( )e —|z—n|?/4(t— T)dn

[47?(t — T)]N/2
Therefore
oy o Sy = T [P = gct =) pdn = @

where the last limit is computed by the same technique leading to the repre-
sentation formula (2.7).
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3c The Maximum Principle in Bounded Domains

Let E be a bounded domain in RY with smooth boundary OE.

3.1. Let u be a solution of the Dirichlet problem (1.2) with g = 0. Prove
that

el < gyl
3.2. State and prove a maximum principle for u € H(E7)NC(E7) satisfying
H(u)=v-Du+c in Ep.

where v € RV and ¢ € R are given.
3.3. Discuss a possible maximum principle for H(u) = Au for A € R.
3.4. Let f € C(R") and consider the boundary value problem

1 € H(Es) N C(Eu)

2
— Au = f(t) (u— ;N) —1 in By x RT
1
u(-,t) = oN"

Prove that this problem has at most one solution, the solution is non-
negative and satisfies

0 < u(z,t) < exp(/f ) W.

In particular, if f <0 then u(x,t) <1/N.
3.5. In the previous problem assume that

fit) < _lit for all t > t,

for some C' > 0 and some ¢, > 0. Prove that

|z
flirgo u(z,t) = ON
Moreover, if u(-,0) = [z]*/2N, then u(-,t) = u(-,0), for all f.
3.6. Let f € C(FEr) and « € (0,1). Prove that a non-negative solution of
H(u) = u® in Ep satisfies

1 . !
lulloo,pr < | llullco0.E0 + (e —1)]| flloo, b2

-1
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3.1c The Blow-Up Phenomenon for Super-Linear Equations
Consider non-negative classical solutions of

u—Au=u® in ExR", forsome a>1
that are bounded on the parabolic boundary of Er, say

sup u < M  for some M > 0.
0+ F oo

Prove that if @ = 1, then u < Me®. Therefore if o € [0, 1) the solution remains
bounded for all ¢ > 0, and if @ = 1, it remains bounded for all ¢ > 0 with
bound increasing with ¢. If @ > 1, an upper bound is possible only for finite
times.

Lemma 3.1c Let o« > 1. Then

(@0 < "
B 10— (@ = 1) Mam1g /ey

Proof (Hint) Divide the PDE by u® and introduce the function
w=u"4 (a —1)t.

Using that o > 1, prove that H(w) > 0 in E.,. Therefore, by the maximum

principle
1 1
+(a-Dt> .

uocfl

Remark 3.1c This estimate is stable as « — 1 in the sense that as a — 1,
the right-hand side converges to the corresponding exponential upper bound
valid for o = 1.

3.1.1c An Example for a = 2

Even though the boundary data are uniformly bounded, the solution might
indeed blow-up at interior points of F in finite time, as shown by the following
example ([48]).

U — Uge = u? in (0,1) x (0,00), u(-,0) = u,

u(0,t) = ho(t), wu(l,t)=hy(t), forall t>0. (3.1c)

Assume that
1

C2

Uoy ho, h1 > ¢ =

for positive constants ¢; and ¢y to be chosen. These constants can be chosen
such that (3.1c) has no solution that remains bounded for finite times. Intro-
duce the comparison function
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C1

v= .
co —x(l —x)t

By direct calculation

Vs — o — C1$(1 - l’) n 2cqt B 261t2(1 _ 2:3)2
t — Upy = [c2 —x(1—2)t)2 " [eo —a(1— )] [eo — x(1 — 2)t]?

v2 /1
< 2t ) .
<" (4+ )

Taking ¢t € (0,4ce) and choosing ¢; sufficiently large, this last term is
majorized by v2. Therefore

U — Vg <07 in (0,1) x (0, 4co).

Fix any time T € (0, 4c2) and consider the domain Ep = (0,1) x (0,7). If u
is a solution of (3.1c), the function w = (v — u)e™** for A > 0 satisfies

Wt — Wey < —(A— (v+u))w in Ep, <0.

w|3*ET

Therefore, by choosing A sufficiently large, the maximum principle implies
that w <0 in Er.

3.2c The Maximum Principle for General Parabolic Equations

Let £,(-) be the differential operator introduced in (4.1¢) of the Complements
of Chapter 2. By using a technique similar to that of Theorem 4.1c, prove

Theorem 3.1c Let u € H(Er) N C(Er) and let ¢ < 0. then

ur — Lo(u) <0 in Er = wu(x,t) <supu in Er.
0.E

3.6. The maximum principle gives one-sided estimates for merely sub(super)-
solutions of the heat equation. An important class of sub(super)-solutions is
determined as follows. Let v € H(E7) be a solution of the heat equation in Er.
Prove that for every convex(concave) function o(-) € C%(R), the composition
©(u) is a sub(super)-solution of the heat equation in Ep.

4c The Maximum Principle in RY
4.1. Show that u = 0 is the only solution of the Cauchy problem
TS H(ST)QC(ST)OL2(ST), us —Au =0 in Sy, u(~,0) =0. (4.1C)

Hint: Let x — ((x) € C%(Ba,) be a non-negative cutoff function in B,
satisfying
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if || <p

¢=1in By, D¢ < it p<|z| < 2p,

0
2
p
0 if |zl <p

ol < :
[Cosars | < o i p<lal <20

Multiply the PDE by u¢? and integrate over Ba, x (0,t) to derive

t t
/ u?(t)CPdx + 2/ / |Du|?¢%dx ds = 4/ CuDuD(dx ds.
BQ;) 0 sz 0 B2p

By the Cauchy—Schwarz inequality, the last integral is majorized by

t t
2/ / \Du\zgzdxds—i—Q/ / u?| D¢ dx ds
0 ng o BQp
t 8 t
2/ / u?|D¢Pdx ds < 2/ / u?|D¢dx ds.
0 JBs, P=Jo Jp<|z|<2p

Combine these estimates and let p — oo.

and

4.2. Prove that the same conclusion holds if in (4.1c) one replaces L?(St)
with L1(S7). Hint: Let hs(-) be the approximation to the Heaviside func-

tion introduced in (14.2). Multiply the PDE by hs(u)¢ and integrate over
B, x (0,t) to obtain

/Bm{t} (/0“ hd(g)df) Cdw + (15 /Ot /sz |Dul?x(|u| < 8)¢ dz ds
- _/Ot /sz D (/07 hé(&)d£> D¢ dz ds.

The last term is transformed and majorized by

/Ot /B (/Ou h(;(f)d§> ACdads < “t /Ot /p<|x|<zp (| dz ds.

P2

Combining these estimates and letting § — 0 we arrive at

gt
/ luldzds < cor;st/ / |u| dx ds.
B, x{t} P 0 Jp<|z|<2p

To conclude, let p — oo.
4.3. Prove that the same conclusion holds if u satisfies either one of the
weaker conditions

u 2 u 1
(1+la) SFET (o) €T
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4.1c A Counterexample of the Tychonov Type

Prove that the function
(oo}
u(z,t) = / [e®Y cos(zy + 2ty?) + e~ *Y cos(zy — 2ty2)}ye_y4/3 cosy*/3dy
0

is another non-trivial solution of the Cauchy problem in R x R* with vanishing
initial data ([131]).

7c Remarks on the Cauchy Problem

7.1. Write down the explicit solution of

u; — Au=u+b-Vu+e'sin(z; —bit) in S

u(z,0) = [z]

for a given b € RV, Hint: The function v(z,t) = u(x — bt, t) satisfies the
PDE with b = 0.

7.2. Using the reflection technique, solve the homogeneous mixed boundary
value problems

Up — Uzp =0 in RT xRT wp —uyp =0 in RT x RT
u.(0,¢8) =0 for t >0 u(0,t) =0 for t >0
u(z,0) = u, € C*(RT) u(z,0) = u, € C(RT)
p,2(0) = 0 ,(0) = 0.

where u, is bounded in RT.
7.3. Solve the inhomogeneous mixed boundary value problems

Up — Upy = in RT x RT Up — Upgy =0 in RT x RT
u(0,t) = h(t) € CY(RT) u(0,t) = h(t) € CY(RT)
u(z,0) = u, € CHRT) u(z,0) = u, € C(RT)
Uo,2(0) = h(0) uo(0) = h(0).

12¢ On the Local Behavior of Solutions
Proposition 12.1c Let u € H(Er) be a local solution of the heat equation

in Ep. For every p > 0 there exists a constant C, depending only on N and p
such that, for all (x,,t,) + Q, C Er

1/p
sup  Ju| < C’(][ |u|Pdy ds) .
(zn,t,,)—',-Qp ($07t0)+Q2p
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Proof The case p =1 is the content of Corollary 12.1. The case p > 1 follows
from this and Hélder’s inequality. To prove the estimate for 0 < p < 1, one
may assume that (x,,t,) = (0,0). Consider the increasing sequence of radii
{pn}, the family of nested expanding boxes {@,}, and the non-decreasing
sequence of numbers {M,,}, defined by

p’ﬂ:p227iv Qn:BPn X(_pi,O), Mn:Sllp|U‘, 7120,1,....
7/:0 n
Apply Corollary 12.1 to the pair of cylinders @,, and @, 41 to obtain
M, < 02("“)(1\”2)][ |u| dy ds.
Qn+l
Fix p € (0,1). Then by Young’s inequality, for all § > 0

M, < 02<"+1><N+2>M§;§’][ |u|Pdy ds
Qn+1

1-1 1/p p
< 6Mpy1 +pdtr <C2(7l+2)(N+2)> <][ lulPdy ds) )
Q2n
Setting
K =pot=» (CQ(N‘FQ))UP, b=2"75"
we arrive at the recursive inequalities
1/p
M, <M, 1 +V0"K (][ |u|Pdy ds) .
Q2p

By iteration

n i 1/p
M, < 8" Mysy + DK S (8b) (][ lulPdy ds) .
i=0 Q:p

Choose § small enough that 6b = }, so that the series Y77 (db)" is convergent.
Then let n — oo.
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The Wave Equation

1 The One-Dimensional Wave Equation

Consider the hyperbolic equation in two variables
Ut — gy = 0. (1.1)

The variable t stands for time, and one-dimensional refers to the number of
space variables. A general solution of (1.1) in a conver domain E C R2?, is
given by

u(z,t) = F(x — ct) + G(z + ct) (1.2)

where s — F(s), G(s) are of class C? within their domain of definition. Indeed,
the change of variables

§=x—ct, n=ua+ct (1.3)

transforms E into a convex domain E of the (&,m)-plane, and in terms of &
and 7, equation (1.1) becomes

§+n ’7*5).

Uey =0  where U(g,n):u( 9 7 o

Therefore Ug = F'(¢) and
Uten = [ e + Gl

Rotating the axes back of an angle § = arctan(c™!), maps F into E back in
the (z,t)-plane and

u(z,t) = F(x — ct) + G(z + ct).

The graphs of ¢ — F(§) and n — G(n) are called undistorted waves propagat-
ing to the right and left respectively (right and left here refer to the positive

E. DiBenedetto, Partial Differential Equations Second Edition, 183
Cornerstones, DOI 10.1007/978-0-8176-4552-6 7,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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orientation of the x- and t-axes). The two lines obtained from (1.3) by making
¢ and 7 constants are called characteristic lines. Write them in the parametric
form

z1(t) =ct+¢& wo(t)=—ct+mn, forteR

and regard the abscissas ¢t — z;(t) for ¢ = 1,2 as points traveling on the
xr-axis, with velocities +c respectively.

1.1 A Property of Solutions

Consider any parallelogram of vertices A, B, C, D with sides parallel to the
characteristics = ¢t + ¢ and contained in some conver domain E C R2.

Fig. 1.1.

We call it a characteristic parallelogram. Let
A= (x,t), B=(zx+cs,t+s)
C=(@x+ecs—crt+s+71), D=(x—cr,t+71)
be the coordinates of the vertices of a characteristic parallelogram, where s

and 7 are positive parameters. If a function u € C'(F) is of the form (1.2), for
two continuous functions F'(-) and G(-), then

u(A) = F(x —ct) + G(z + ct)
u(C) = F(x — 2¢ — ct) + G(x + 2¢s + ct)
u(B) = F(x — ct) + G(x + 2¢s + ct)
u(D) = F(x —2¢ct — ct) + G(z + ct).
Therefore
u(A) + u(C) = u(B) + u(D). (1.4)

Therefore any solution of (1.1) satisfies (1.4). Vice versa if u € C?(E) is of the
form (1.2) for F and G of class C? and satisfies (1.4) for any characteristic
parallelogram, rewrite (1.4) as
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[u(z,t) —u(z +es,t+3s)] =u(x —crt+7) —u(x +cs —cr,t + s+ 7).

Using the Taylor formula one verifies that u satisfies the PDE (1.1). Since
(1.4) only requires that u be continuous, it might be regarded as some sort of
weak formulation of (1.1).

2 The Cauchy Problem

On the non-characteristic line ¢ = 0, prescribe the shape and speed of the
undistorted waves, and seek to determine the shape and speed of the solution
of (1.1), for all the later and previous times. Formally, seek to solve the Cauchy
problem
Ug — gy = 0 in R?
u(-,0) = ¢ in R (2.1)
w(,0)=¢ iR

for given ¢ € C?(R) and ¢ € C*(R). According to (1.2) one has to determine
the form of F' and G from the initial data, i.e.,

1
F+G=¢p, F+G=¢, -F+G= cw.

From this . . 1 1
F = o r_ / .
0¥ T G A,

This, in turn, implies

for two constants ¢; and cy. Therefore

x+ct
u(z,t) = ;[go(x —ct)+o(xz+ct)] + ! / Y(s)ds (2.2)

2¢ r—ct

since, in view of the second of (2.1), ¢; + ¢2 = 0. Formula (2.2) is the explicit
d’Alembert representation of the unique solution of the Cauchy problem (2.1).
The right-hand side of (2.2) is well defined whenever ¢ € Cioc(R) and 9 €
L} .(R). However, in such a case, the corresponding function (z,t) — u(z,t)
need not satisfy the PDE in the classical sense. For this reason, (2.2) might be
regarded as some sort of weak solution of the Cauchy problem (2.1) whenever

the data satisfy merely the indicated reduced regularity.
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Remark 2.1 (Domain of Dependence) The value of w at (z,t) is
determined by the restriction of the initial ¢ and ), data to the interval
[z — ct,x + ct]. If the initial speed 1) vanishes on such an interval, then u(x,t)
depends only n the datum ¢ at the points  + ¢t of the z-axis.

Remark 2.2 (Propagation of Disturbances) The value of the initial data
(&), ¥(§) at a point £ of the z-axis is felt by the solution only at points (z,t)
within the sector

[ —ct <& N[x+ct>E].

If » = 0, it is felt only at points of the characteristic curves x = £ct + &.

Remark 2.3 (Well-Posedness) The Cauchy problem (2.1) is well-posed in
the sense of Hadamard, i.e., (a) there exists a solution; (b) the solution is
unique; (c¢) the solution is stable. Statement (c) asserts that small perturba-
tions of the data ¢ and v yield small changes in the solution u. This is also
referred to as continuous dependence on the data. Such a statement becomes
precise only when a topology is introduced to specify the meaning of “small”
and “continuous”.

Since the problem is linear, to prove (c¢) it will suffice to show that “small
data” yield “small solutions”. As a smallness condition on ¢ and 1, take

lelloors  |Y]loor < & for some e > 0.

Then formula (2.2) gives that the solution u corresponding to such data
satisfies
Hu('vt)Hoo,R < (1L +t)e.

This proves the continuous dependence on the data in the topology of L (R).
If in addition, the initial velocity 1 is compactly supported in R, say in the
interval (—L, L), then

L
ooz < (1+)e.

3 Inhomogeneous Problems

Let f € C'(R?) and consider the inhomogeneous Cauchy problem

Ut — gy = | in R?
u(-,0) = ¢ in R (3.1)
ut(-, 0) = w in R.

The solution of (3.1) can be constructed by superposing the unique solution
of (2.1) with a solution of

Vit — gy = f in R?

0(,0) = (0 =0 i R, (3:2)
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To solve the latter, introduce the change of variables (1.3), which transforms
(3.2) into

1 —
Uey(€.m) = =, ,F(& 1), where F(f,n):f(g—;n,_§2677).

The initial conditions translate into
U(s,s) =Ue(s,s) =Up(s,s) =0 Vs € R.

Integrate the transformed PDE in the first variable, over the interval (), ).
Taking into account the initial conditions

1 3
Un(gvn) = _402 / F(Svn)ds
n

Next integrate in the second variable, over (£,7). This gives

U(,n) = 4; /; /: F(s,z)dsdz. (3.3)

In (3.3) perform the change of variables
s—z s+z

= T,
2c 2
whose Jacobian is 2¢. The domain of integration is transformed into

r—ct=¢(<o—cT<o+cr <n=ux+ct

Therefore, in terms of x and ¢, (3.3) gives the unique solution of (3.2) in the

form
ztc(t— 7')
v(zx, t) 26/ /I . (o,7)do dr. (3.4)

Remark 3.1 (Duhamel’s Principle ([38])) Consider the one-parameter
family of initial value problems
Uyt — gy =0 in R x (1,00)
v(,7) =0 in R
v, 1) = f(-,7) in R.
By the d’Alembert formula (2.2)

( ) 1 ztc(t—T) ( )
v(x,t;7) = / f(o,7)do.

2¢ z—c(t—T1)
Therefore, it follows from (3.4), that the solution of (3.2) is given by “super-
posing” 7 — v(x,t;7) for T € (0,¢). This is a particular case of Duhamel’s
principle (see Section 3.1c of the Complements).

Remark 3.2 It follows from the solution formula (3.4) that if x — f(z,t)
is odd about some x,, then x — wv(z,t) is also odd about z, for all ¢ € R.
In particular, u(z,,t) = 0 for all t € R.
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4 A Boundary Value Problem (Vibrating String)

A string of length L vibrates with its end-points kept fixed. Let (x,t) — u(z,t)
denote the vertical displacement at time ¢ of the point = € (0,L). Assume
that at time ¢ = 0 the shape of the string and its speed are known, say
¢, € C?[0,L]. At all times t € R the phenomenon is described by the
boundary value problem

Ugy = Uy in (0,L) xR
u(0,-) =u(L,")=0 in R (4.1)
U(,O) =¥, ut('70) :¢ in (OvL)

The data ¢ and 1 are required to satisfy the compatibility conditions

O L T
Fig. 4.2.

At each point of [0, L] x R, the solution u(x,t) of (4.1), can be determined
by making use of the solution formula (2.2) for the Cauchy problem, and
formula (1.4). First draw the characteristic = ct originating at (0, 0), and the
characteristic x = —ct+ L originating at (L, 0), and let A be their intersection.
As they intersect the vertical axes z = 0 and = = L, reflect them by following
the characteristic of opposite slope, as in Figure 4.2. The solution u(x,t) is
determined for all (z,t) in the closed triangle OAL by means of (2.2). Every
point P of the triangle OAM is a vertex of a parallelogram with sides parallel
to the characteristics, and such that of the three remaining vertices, two lie
on the characteristic x = ct, where u is known, and the other is on the vertical
line © = 0, where u = 0. Thus u(P) can be calculated from (1.4). Analogously
u can be computed at every point of the closure of LAN. We may now proceed
in this fashion to determine u progressively at every point of the closure of
the regions a, 3, etc.
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4.1 Separation of Variables
Seek a solution of (4.1) in the form u(z,t) = X (2)T'(t). The equation yields

T"=cXT  in R

X=X i (0,1) ~°F (4.2)

The first of these implies that only negative values of A\ yield bounded solu-
tions. Setting A = —v?2, the second gives the one-parameter family of solutions

X (x) = Cysinyz + Cy cosyz.

These will satisfy the boundary conditions at © =0 and x = L if C, = 0 and
~v = nx/L for n € N. Therefore, the functions

nm

Xp(x) =si
(x) sin

x, n €N

represent a family of solutions for the second of (4.2). With the indicated
choice of v, the first of (4.1) gives

T,.(t) = A, sin (nzct> + B,, cos (n;rct) .

The solutions u,, = X,,T}, can be superposed to give the general solution in
the form

u(w,t) = "2231 [A" sin (n;rct> + B,, cos (nzctﬂ sin (qu) . (4.3)
The numbers A,, and B, are called the Fourier coefficients of the series in
(4.3), and are computed from the initial conditions, i.e.,

i1 B, sin T[L’ = o(z), i A, sin @ =(x).

Since the system {sin "7"} is orthogonal and complete in L?(0, L) (10.2 of
the Problem and Complements of Chapter 4), one computes

A, = e /0 sin nzxw(x)da:, B, = I /0 sin nzx@(x)da:. (4.4)
Remark 4.1 We have assumed ¢, 1) € C2[0, L]. Actually, the method leading
to (4.3) requires only that ¢ and 1 be in L?(0, L). Therefore, one might define
the solutions obtained by (4.3) as weak solutions of (4.1), whenever merely
@, € L*(0,L). The PDE, however, need not be satisfied in the classical
sense.

Remark 4.2 The nth term in (4.3) is called the nth mode of vibration or
the nth harmonic. We rewrite the n'" harmonic as
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. nw nmwe
G, sin g Tcos (t—mn)

where G, and 7, are two new constants called amplitude and phase angle

respectively. The solution u can be thought of as the superposition of inde-

pendent harmonics, each vibrating with amplitude G,,, phase angle 7, and

frequency v, = nmwc/L.

The method of separation of variables and the principle of superposition were
introduced by D. Bernoulli ([9, 10]), even though not in the context of a formal
PDE. In the context of the wave equation, the method was suggested, on a
more formal basis by d’Alembert; it was employed by Poisson and developed
by Fourier [42].

4.2 Odd Reflection

We describe another method to solve (4.1) by referring to the Cauchy problem
(2.1). If the initial data ¢ and 1 are odd with respect to z = 0, then u is odd
with respect to x = 0. Analogously, if ¢ and ¢ are odd about = L, the same
holds for u. It follows that the solution of the Cauchy problem (2.1) with ¢
and v odd about both points x = 0 and x = L must be zero at z = 0 and
x = L, for all t € R, i.e., it satisfies the boundary conditions at x = 0 and
x = L prescribed by (4.1). This suggests constructing a solution of (4.1) by
converting it into an initial value problem (a Cauchy problem) with initial
data given by the odd extension of ¢ and i about both x = 0 and x = L. For
©, such an extension is given by

{ p(x —nlL) for z € (nL,(n+1)

) n € 7 even
o((n+1)L—=x) for z € (nL,(n+1)

L
L) n € Z odd.

An analogous formula holds for . Then the solution of (4.1) is given by the

restriction to (0, L) x R of

r+ct

(z,t) = ;[@(x —ct)+@(z+ct)] + 96 / O(s)ds

T—ct
constructed by the d’Alembert formula.

Remark 4.3 Even if ¢ and 1 are in C?[0, L], their odd extensions might fail
to be of class C? across z = nL. However, for (z,t) € (0,L) x R, the points
x &£ ct are in the interior of some interval (nL, (n+ 1)L) for some n € N, so
that u is actually a classical solution of (4.1).

4.3 Energy and Uniqueness
Let u € C?([0, L] x R) be a solution of (4.1). The quantity

L
E(t) :/0 (u? + *u?)(z,t)dx (4.5)
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is called the energy of the system at the instant ¢. Multiplying the first of (4.1)
by ug, integrating by parts over (0, L), and using the boundary conditions at
x=0and x = L gives

L
jt / (2 + 22 (z, t)dz = E'(t) = 0.
0

Thus £(t) = £(0) for all ¢ € R, and the energy is conserved. Also, if p =1 =0,
then v = 0 in (0, L) x R. In view of the linearity of the PDE one concludes
that C? solutions of (4.1) are unique.

4.4 Inhomogeneous Problems

Let f € Cl((O,L) X R), and consider the inhomogeneous boundary value
problem
Ut — gy = | in (0,L) xR
u(0,)=wu(L,") =0 in R (4.6)
u(+,0) = ¢, ue(-,0) = in (0,L).
The solution u(x,t) represents the position, at point z and at time ¢, of a
string vibrating under the action of a load f applied at time t at its points
x € (0, L). The solution of (4.6) can be constructed by superposing the unique
solution of (4.1) with the unique solution of
Uy — gy = f in (0,L) xR
v(0,-) =v(L,-) =0 in R
v(+,0) = v(-,0) =0 in (0,L).
This, in turn, can be solved by reducing it to an initial value problem, through

an odd reflection of x — f(x,t), for all t € R, about « = 0 and « = L, as
suggested by Remark 3.1.

5 The Initial Value Problem in N Dimensions

Introduce formally the d’Alembertian

def 62 2
= o2 c*A.
and, given ¢ € C*(RY) and v € C%(RY), consider the Cauchy problem
(SZO in RN xR -
u(+,0) = .
v in RV,
ut('? O) =9

If N > 3, the problem (5.1) can be solved by the Poisson method of spherical
means, and if N = 2 by the Hadamard method of descent.
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5.1 Spherical Means

Let wy denote the measure of the unit sphere in R™ and let dw denote the
surface measure on the unit sphere of RV, that is, the infinitesimal solid angle
in RV, If v € C(RY), the spherical mean of v at z of radius p is

1
M@wm%nm%wmwﬂémuﬁw

1 / 1
- wdoly) = [ ole+ pride
NPV S jamyi=p WN Jjyj=1

where v ranges over the unit sphere of RV,

Remark 5.1 The function p — M (v;x, p) can be defined in all of R by an
even reflection about the origin since

/|V—1 v(x 4 pr)dw = /|u_1 v(x — p(—v))dw = /|u_1 o(z — pr)dw.

Remark 5.2 If v € C%(RY) for some s € N, then x — M (v;x, p) € C*(RV).
Remark 5.3 Knowing (z, p) — M (v;z, p) permits one to recover x — v(x),
since

lirr(1) M(v;x, p) =v(x) forall z € RY.

p—
5.2 The Darboux Formula

Assume that v € C?(RY). By the divergence theorem

Av(y)dy = Vou(y) - vdo
/r—y<p (y)y /|.7f—y|_p (y) (y)

=pN ! Vou(x + pv) - vdw

lv|=1

=Nt d / v(z + pr)dw.
lv[=1

dp
Therefore
0 1
M(via,p) = [ sy
9p WPV Jamyl<p
= ! /r’ rNT1A v(x + rv)dwdr
wnpN= o ! lv|=1 .



6 The Cauchy Problem in R® 193

Multiplying by pV~! and taking the derivative with respect to p yields

0

0
N M (v = A (pN T M (v; :
ap (p 9p (v; 2, p)) (p (v;z, p))

This, in turn, gives Darboux’s formula

(82 N—-190

et (i) = A s, p) (52)

valid for all v € C2(RY).

5.3 An Equivalent Formulation of the Cauchy Problem

Let u € C2(RY x R) be a solution of (5.1). Then for all z € RY and for all
p>0

1

Ap M (u; 2, p) = won St Agu(z + pv, t)dw
1 82 1 82
Csz /|y—1 at2 u(x + P, ) w 02 at2 (u7 Zz, P)

Therefore, setting
M(p,t) = M(u(=,t); 2, p)

and recalling Remarks 5.1 and 5.3, one concludes that v € C?(RY x R) is a
solution of (5.1) if and only if

0? of 2 N-10

M(p,0) = M(p;z,p) = My(,p)
Mi(p,0) = M(¢;z,p) = M¢(l‘,p).

6 The Cauchy Problem in R3

If N = 3, the initial value problem (5.3) becomes, on multiplication by p
0? 5 02
g2 (PM(p,1)) = ¢ 02 (pM(p,t)) in R x R
pM(p,0) = pMy(x, p)
pM(p,0) = pMy(z, p).
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By the d’Alembert formula (2.2)
1
pM(p,t) =, [(p — ct)Mp(z, p — ct) + (p + ct) M(2, p + ct)]

1 p+ct
+ / sMy(x, s)ds.
2c o—ct

Differentiating with respect to p
1
M(p, t) + pMp(ﬂ: t) = D) [M@(l', P — Ct) + MW(‘ra p + Ct)}

0
Moo+ et)|

1 0
by 0=y Ml —ct) + o+ ct))

+ 21C {(p +ct)My(x,p+ct) — (p— ct)My(x, p — ct)} .

Letting p — 0 gives the solution formula for (5.1)
1
u(z, t) = / o(z + evt)dw + / o(r — evt)dw (6.2)
87\ Jjv=1 lv|=1

1
+ (ct Vo(z +vet) - vdw — ct/
8T\ = |

Vo(r — cvt) - de)
v|=1
1

t t)d t
+87r< M:lq/)(x—i—l/c) w +

W(a — cut)dw).

|v]=1
From this and Remark 5.1
10 1
u(z,t) = t/ oz +vet)dw | + ¢ V(x4 vet)dw.  (6.3)
47 Ot |v]=1 4 lv|=1

This can be written in the equivalent form

drcu(z,t) = Gat (1 /Iy_ctgo(y)da> + 1 /wy_ctil)(y)da. (6.4)

By carrying out the differentiation under the integral in (6.3)

truet) =, [ )+ o) + Ve @ plde (65)

o —y|=ct

Theorem 6.1 Let N = 3 and assume that p € C3(R?) and ¢ € C*(R3?).
Then there exists a unique solution to the Cauchy problem (5.1), and it is
given by (6.2)-(6.5).

Proof We have only to prove the uniqueness. If u,v € C%(R? x R) are two
solutions, the spherical mean of their difference
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3

:47r

M /y|_1(u —v)(z + pv)dw

satisfies (6.1) with homogeneous data. By the uniqueness of solutions to the

one-dimensional Cauchy problem, M = 0 for all p > 0. Thus v = v.

Formulas (6.2)—(6.5) are the Kirchoff formulas; they permit one to read the
relevant properties of the solution w.

Remark 6.1 (Domain of Dependence) The solution at a point (z,t) €
RN+ for N = 3 depends on the data ¢ and v and the derivatives ¢, on the
sphere |z — y| = ct. Unlike the 1-dimensional case, the data in the interior of
Bei(z) are not relevant to the value of uw at (z,1t).

Remark 6.2 (Regularity) In the case N = 1 the solution is as regular as
the data. If N = 3, because of the t-derivative intervening in the representation
(6.4), solutions of (5.1) are less regular than the data ¢ and . In general,
if o € C™THR3) and ¢ € C™(R?) for some m € N, then u € C™(R3 x R).
Thus if ¢ and 1 are merely of class C? in R3, then u,,,, might blow-up at
some point (z,t) € R3 x R even though ¢u,+;, and ¥, are bounded. This is
known as the focussing effect. In view of Remark 6.1, the set of singularities
might become compressed for t > 0 into a smaller set called the caustic.

Remark 6.3 (Compactly Supported Data) In the remainder of this sec-
tion we assume that the initial data ¢ and i are compactly supported, say
in the ball B,.(0), and discuss the stability in L>°(R?) for all t € R. From the
solution formula (6.3), it follows that x — w(z,t) is supported in the spherical
annulus (¢t — )4 < |z] <7+ ct. A disturbance concentrated in B,.(0) affects
the solution only within such a spherical annulus.

Remark 6.4 (Decay for Large Times) We continue to assume that the
data ¢ and ¢ are supported in the ball B,.(0). By Remark 6.3, the solution
x — u(x,t) is also compactly supported in R*. The solution is also compactly
supported in the t variable, in the following sense:

t — u(x,t) =0 if for fixed |z|, |t| is sufficiently large.

A stronger statement holds, i.e., ||u|lco.r(t) — 0 as t — oo. Indeed, from (6.5),
for large times
(1+c)r?

le@®lloezs < Ly

(lelloors + [IV@lloors + [[¥]locrs) — (6.6)

since the sphere |z — y| = ¢t intersects the support of the data, at most in a
disc of radius r.

Remark 6.5 (Energy) Let £(t) denote the energy of the system at time ¢

E(t) = / (ui + *|Dul?) d
R3



196 6 The Wave Equation

where D denotes the gradient with respect to the space variables only.
Multiplying the PDE  u = 0 by u; and integrating by parts in R? yields

LEB =0,

The compactly supported nature of x — w(z,t) is employed here in justi-
fying the integration by parts. The same result would hold for a solution
u € C%(R3 x R) satisfying

|Dul(-,t) € L*(R?)  for all t € R. (6.7)

A consequence is

Lemma 6.1 There exists at most one solution to the Cauchy problem (5.1)
within the class (6.7).

Also, taking into account (6.6) and Theorem 6.1,

Theorem 6.2 Let N = 3 and assume that ¢ and i) are supported in the ball
B, for some r > 0. Assume further that ¢ € C3(R3) and v € C*(R3). Then
there exists a unique solution to the Cauchy problem (5.1), and it is given by
(6.2)—(6.4). Moreover, such a solution is stable in L>(R?).

Therefore, for smooth and compactly supported initial data, (5.1) is well-posed
in the sense of Hadamard, in the topology of L>(R?).

7 The Cauchy Problem in R2

Consider the Cauchy problem for the wave equation in two space dimensions
0
u(-,0) = ¢ in R? (7.1)

Theorem 7.1 Assume that ¢ € C3(R?) and 1 € C*(R?). Then the Cauchy
problem (7.1) has the unique solution

a/( 1 Ly2)dy1d
u(xy, xo,t) ( / o(y1,y2)dy1dy2 2)

—0t\27¢ Jp, (41.) Vet = (y1 — 21)? — (y2 — 32)
1/ U (Y1, y2)dyrye
27¢ Jpy (w1 ,29) \/02t2 —(y1 —21)? — (y2 — 22)°

(7.2)

where Do (x1,x2) is the disc of center (x1,x2) and radius ct.
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The Hadamard method of descent ([62]), consists in viewing the solution of
(7.1) as an zz-independent solution of (5.1) for N = 3, for which one has
the explicit representations (6.2)—(6.5). Let S be the sphere in R?, of center
(1,22,0) and radius ct

S ={(y1,y2,y3) €R® | (1 —11)” + (x2 — y2)* + 43 = F1*}.
From (6.5)

u(xy, o, t) = u(wy, x2,0,1)

0 1 1
SOt (47rc2t /S<,0(y1,y2)da> + Arc2t L¢(y1’y2)d0.

If P = (y1,y2,y3) € S and if v(P) is the outward unit normal to S at P, then

for |ysz| >0

t
Ya ya and do = ¢

v = dy1dy>
lys| et |y3]

where dy = dy;dys is the Lebesgue measure in R? and (y1, y2) ranges over the
disc (y1 — 21)* + (y2 — 22)? < (ct)?. Also

lys| = /22 — [(y1 — 21)2 + (y2 — 72)?].

Carry these remarks in the previous formula and denote by = = (z1,x2) and
y = (y1,92) points in R? to obtain

o1 ¢(y)
u(@,t) = ot (27rc /|yx|<ct \/c2t2 — |y — dey

(7.3)
1 P(y)
* 242 o @
2 Jiy—gl<er /22 — |y — x
where we have used that as P = (y1,¥2,¥3) = (y,ys) runs over S, y runs twice
over the disc |y —z| < ct. Formula (7.3) is the Poisson formula for the solution
of (7.1).

Remark 7.1 (Domain of Dependence) The solution u at a point (z,t) €
R? x R depends on the values of the initial data ¢, V¢, and ) on the whole
disc |y — x| < ct. This is in contrast to the three-dimensional case in which
only the values on the sphere of center x and radius ct were relevant.

Remark 7.2 (Disturbances and The Huygens Principle) The values
of the data ¢, Vg, and 9 at some x, € R? (initial disturbances at x,) will
not affect a point z until time ct(x) = |z — x,|, and will affect u(z,t) at all
further times ¢ > #¢(x). Therefore a signal starting at z, at time ¢t = 0 is
received by = at ¢ = t(z) and keeps being “received” thereafter. This explains
the propagation of circular waves in still water originating from a “nearly-
a-point” disturbance. In the three-dimensional case, an initial disturbance
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o(z0), Vo(w,), and ¥(z,) at z, € R3 reaches z at time ct = |z — z,| and
will not affect u(z,t) for all later times. This is a special case of the Huygens
principle, which states that if N > 3 and N is odd, signals originating at some
z, € RV are received by an observer at = € RY only at a single instant.

8 The Inhomogeneous Cauchy Problem

Consider the inhomogeneous initial value problem
u=fecC*RY xR) in RV xR, N=2,3
u(+,0) = ¢ € C3(RY) in RY (8.1)
ug(+,0) = ¢ € C*(RY) in RY.
The solution is the sum of the unique solution of (5.1) (f = 0), and
v= in RY xR

8.2
v(z,0) = v (z,0) =0 in RV, (®.2)

The Duhamel principle permits one to reduce the solution of (8.2) to the
solution of the family of homogeneous problems (f = 0)

w(z, t7) =0 in RY x (t>7)
w(,737) =0 I
U)t(,T;T):f(, )

By Duhamel’s principle, the solution of (8.2) is given by
t
vz, t) = / w(x, t; T)dT.
0
Indeed, by direct calculation
t
wiet) = [ wiatinydr
0
since w(z, t;t) = 0. Therefore v(x,0) = v¢(x,0) = 0. Next
t
vy = wy(x, t;t) +/ wy(x, t; 7)dT
0
t
= f(z,t) + 02/ Aw(z, t;7)dr = f + 2 Av
0

so that (8.2) holds. If N =3 and t >0

IR |
v(z,t) = 47rc2/0 (t—1) /wy_c(tT)f(y,T)dadT. (8.3)



9 The Cauchy Problem for Inhomogeneous Surfaces 199
IN=2andt>0

I fy,7) .
0= g [ v fe—yp @ B

Remark 8.1 (Domain of Dependence) If N = 3, the value of v at a point
(x,t), for t > 0, depends only on the values of the forcing term f on the surface
of the truncated backward characteristic cone

lz =yl =clt =) N[0 <7 <.

If N = 2, the domain of dependence is the full truncated backward character-
istic cone
o —yl<ct—7)N[0<7T <t

Remark 8.2 (Disturbances) The effect of a source disturbance at a point
(Zo,t0) is not felt at x until the time

1
t(z) =t, + . |z — x|
Notice that i|x — I, is the time it takes for an initial disturbance at z, to
affect x. Thus f(z,,t,) can be viewed as an initial datum delayed to a time ¢,.
For this reason, the solution formulas (8.3), (8.4) are referred to as retarded
potentials.

9 The Cauchy Problem for Inhomogeneous Surfaces

The methods introduced for the inhomogeneous initial value problem permit
one to solve the following non-characteristic Cauchy problem

u=f in R® x (t > @)
u(-, @) = in R (9.1)
ur(-, @) =1 in R3.

The data ¢, and ¢ are now given on the surface X = [t = @|. Such a surface
must be non-characteristic in the sense that ¢[V®| # 1 in R3. We require that
X is nearly flat, in the sense

||V oo e < 1. (9.2)

To convey the main ideas of the technique, we will assume that ¢, v, and @
are as smooth as needed to carry out the calculations below. Finally, without
loss of generality, we may assume that @ > 0.
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9.1 Reduction to Homogeneous Data on t = ¢
First consider the problem of finding v € C3(R? x R), a solution of
( U_f)|t:<15:( U_f)t’t:¢:( U_f)“|t:<1520
v( @) =, u(,P)=1.

Lemma 9.1 Let (9.2) hold. Then there exists a solution to problem (9.3).

(9.3)

Proof Seek v of the form

4

v(@,t) = 3, ai(@)(t - O(x))’
where © — a;(x), for i = 1,...,4, are smooth functions to be calculated. The

last two of (9.3) give a, = ¢ and a; = . Next, by direct calculation

i(i — 1)ai(x)(t — &(x))? — 2 i: Aa;(z)(t — D(z))

=0

4
Il
-

2 24: iVai(x)V(t — q')(x))(t _ gj(x))i—l

=1

I
Do
Y

<.

ait — &(x))' LAt — &(x))

|
o
[V
M

©
Il
—

i(i = Dag(2)(t — () 7|V (¢ — D).

I
Q
[ )
L=

q
||
N

From this and (9.2)—(9.3)

2(1 — 2|VP*ag = *[A (¢ — a1 P) + PAay] + f
6(1 — ?|VP|*)as = P[A(Y) — 2a2D) + 2P Aas] + f;
24(1 — 02|V@\2)a4 = 262 [A(az — 3a3@) + 3!15Aa3} + ftt-

9.2 The Problem with Homogeneous Data

Look for a solution of (9.1) of the form w = u —wv, and set F = f — v. Then
w satisfies
w=F in R® x (t > @)

By the construction process of the solution of (9.3) F = F, = Fy; = 0 on
t = @, so that the function

F(z,t)  for t > &(x)
Fo(z,t) = {0 for t < &(x)
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is of class C? in R? x R. Then solve
w=F, inRgx(t>0)
w(x,0) = wy(x,0) =0 in R?

whose solution is given by the representation formula (8.3). The restriction of
W to [t > P] is the solution of (9.4). This will follow from (8.3) and the next
lemma.

Lemma 9.2 Let (9.2) hold. Then w(x,t) =0 fort < &(x).
Proof In (8.3), written for w and F,, fix z and ¢ < @(x). For all y on the
lateral surface of the backward truncated characteristic cone
|z =yl =clt =7)]N[0 <7 <t <P(x)]
we must have 7 < &(y). Indeed, if not
[z —y| < c(@(x) — D(y)) < c|VO(E)||z -y

for some & on the line segment 72 + (1 — 7)y for 7 € (0,1). In view of (9.2)
this yields a contradiction. Since F, vanishes for (y,7) such that 7 < @(y),
the lemma follows.

The solution obtained this way is unique. This is shown as in Theorem 6.1.
Unlike the Cauchy—Kowalewski theorem, the data are not required to be
analytic and the solution is global. Analytic data would yield analytic solutions
only near Y.

10 Solutions in Half-Space. The Reflection Technique

Consider the initial boundary value problem

= in (R? xRT) xR
© for x3 >0

(,O):w for 3 >0

u(ry, x2,0,t) = h(z1,22,1) for 3 =0, ¢t > 0.

(10.1)

If the data are sufficiently smooth, and there is a solution of class C® in the
closed half-space R? x [x3 > 0] x [t > 0], the following compatibility conditions
must be satisfied
(.131,.132, ) <p(x1,x2)
hi(x1,22,0) = (1, 22)
EAp + f(1,22,0,t) = hyy(x1,22,0)
FMp + fi(w1,m2,0,t) = by (21, 22,0).

Assume henceforth that (10.2) are satisfied and reduce the problem to one
with homogeneous data on the hyperplane x5 = 0.

(10.2)
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10.1 An Auxiliary Problem
First find a solution v € C3(R3 x R) of the problem

=0

=h, Vg, |a73 =0 = Vg ’$3:0 =

U|:c3:0

(10.3)
(v=Nlpoo=0 v="Drs, o= v~ Naszal,,_g = 0.

Lemma 10.1 There exists a smooth solution to (10.3).

Proof Look for solutions of the form

4 .
v(x,t) = h(z,x2,t) + > ai—1(x1, 22, t)25
i=2

and calculate

3 ,
v—f=(hy— czAh)(xl,xg,t) + 37 ai—1(x1, z2,t)|2}
i=2
4 .
— Sl — 1)a,;_1x§72 — f(z,1).
i=2

Therefore the conditions (10.3) yield

2 2 2
2c’a; = h— f’xg:O’ 6c as = —fgCB’zS:O, 24cas = _ff”3i3|a:3:0'

10.2 Homogeneous Data on the Hyperplane 3 = 0

Set w=wu—wvand FF=f— . Then

w=F in (R? x [23 > 0]) x [t > 0]
f
w(-,0) =0 o v(,0)  in B2 x [25 > 0]

wi(-,0) = o &y —u,(,0) I R x[r3 >0
w’m:o —0 for z3 =0, ¢t > 0.

Let ﬁ‘, Do, and 120 be the odd extensions of F', ¢,, and 1, about x3 = 0, and
consider the problem

w=F in R* xR
w(-,0) = @o(x) in R?
Wy(-,0) = P,(z)  in R

If this problem has a smooth solution w, it must be odd about 3 = 0, that is,
w(x1, x2,0,t) = 0, so that the restriction of @ to x3 > 0 is the unique solution
of the indicated problem with homogeneous data on x3 = 0. To establish the
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existence of w we have only to check that ¢, € C?(R?), o € C2(R3) and
F € C?(R? x R). For this it will suffice to check that

F=Fyy=Fypy =0
4150 = 4150,13 = 4150,1313 =0 for T3 = 0.
Yo = V0,25 = Y0,05205 =0

These conditions follow from the definition of odd reflection about x3 = 0, the
compatibility conditions (10.2), and the construction (10.3) of the auxiliary
function v.

11 A Boundary Value Problem

Let E be a bounded open set in RY with smooth boundary dF and consider
the initial boundary value problem

u=20 in £ xR"
u(t)],, =0 in RT (1L.1)
u(-,0) = in F
w(,00=4 i B

Here u(x, t) represents the displacement, at the point z at time ¢, of a vibrating
ideal body, kept at rest at the boundary at OF. By the energy method, (11.1)
has at most one solution. To find such a solution we use an N-dimensional
version of the method of separation of variables of Section 4.1. Solutions of
the type T'(t) X (x) yield

—AX, =X\X in E

neN (11.2)
X,=0 on OF

and
T/ (t) = =\ T, (t)  for t >0, neN. (11.3)

The next proposition is a consequence of Theorem 11.1 of Section 11 of
Chapter 4.

Proposition 11.1 There exists an increasing sequence {\,} of positive num-
bers and a sequence of corresponding functions {v,} C C?*(E) satisfying
(11.2). Moreover {v,} form a complete orthonormal system in L*(E).

Using this fact, write the solution u as

u(z,t) = > Ty (t)vn(2) (11.4)

and deduce that the initial conditions to be associated to (11.3) are derived
from (11.4) and the initial data in (11.1), i.e.,
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T, (0) :/Evngodx, T,'L(O):/Evnwdx.

Thus .
T.(t) = / [¥ sin(ey/Ant) + <pcos(C\//\nt)]vn dzx.
E C\//\n
Even though the method is elegant and simple, the eigenvalues and eigen-
functions for the Laplace operator in E can be calculated explicitly only for
domains with a simple geometry (see Section 8 of the Problems and Comple-
ments of Chapter 3). The approximate solutions

wn (1, 1) = é T (t)os ()

satisfy, for all 7 € N, the approximating problems

Up =0 in B xR
u”("t)’aE:O in R
Un(2,0) = () © S (0, i) (2) in B (11.5)
=1
def

I
M=

Unt(x,0) = ¥y, (x) (1, vi)vi(x) in E

@
I
-

The function u(-,t) defined by (11.4) is meant as the limit of u, (-, ) in L?(E),
uniformly in ¢ € R. The PDE in (11.1) and the initial data are verified in the
following weak sense. Let f be any function in C?(E x R), and vanishing on
OFE. Multiply the PDE in (11.5) by any such f and integrate by parts over
E x (0,t), where t € R is arbitrary but fixed. This gives

/Eun(x,t)f(x,t)dx—f—/Ot/Eun(x,t)(x,T) fdxdr
:/1/)nf(x,0)dx—/ onfi(z,0) dz.
E E
Letting n — oo gives the weak form of (11.1)
/Eu(x,t)f(x,t)dx—1—/(:/Eu(x,t)(x,7) fdxdt
— [ wt@oyds- [ opwo)ds
E E

for all f € C%(E x R) vanishing on 0F.

12 Hyperbolic Equations in Two Variables

The most general linear hyperbolic equation in two variables z = (x1,22)
takes the form
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B 0%u

o 63716372
where b = (b1, b2) and ¢, f are given continuous functions in R2. For this, the
characteristics are the lines z; = (const); for i = 1,2. If b= ¢ = f = 0, then,

up to a change of variables, (12.1) can be rewritten in the form of the wave
equation

L(u) +b-Vutcu=f (12.1)

Vit — Vze =0 in R? (12.2)

where
Ty =x—1
! and vz, t) =u(r —t,x +1).
To=x+1

Therefore if v is prescribed on the characteristics © + ¢t = const, the method
of the characteristic parallelograms of Section 1.1 permits one to solve (12.2)
in the whole of R2.

13 The Characteristic Goursat Problem
The characteristic Goursat problem consists in finding u € C?(R?) satisfying!

Lu)=finR>® u| _=¢ €C*R), i=1,2. (13.1)

a:i:0

Theorem 13.1 There exists a unique solution to the characteristic Goursat
problem (13.1).

13.1 Proof of Theorem 13.1: Existence

Setting Vu = (wy,ws) = w, by virtue of (12.1)
0 0

= =f—-b-w—cu.
6x2w1 8x1w2 f W — cu

Integrate the first of these equations over (0, x2) and the second over (0,x1).

Taking into account the data ¢; on the characteristics x; = 0, ¢ = 1,2, recast
(13.1) into the equivalent form

wi(r) = ph(x1) + /Ou(f —b-w—cu)(x1,s)ds
wa (1) = o) (22) + /Om(f —b-w—cu)(s,x2)ds (13.2)

u(z) = pa(r1) + /Om2 wa (1, 8)ds.

!The problem is also referred to as the Darboux-Goursat problem. For L£(-)
linear, the problem was posed and solved by Darboux, [25](Tome II, pages 91-94).
The non-linear case of Uz, = F(z1,22,u, Tsy, Uz, ) Was solved by E. Goursat, [60,
Vol. 3 part I]. See also J. Hadamard, [61](pages 107-108).
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The last equation could be equivalently replaced by

T1
u(z) = p1(z2) +/ w1 (s, x2)ds.
0
To solve (13.2), define

/ !
Uo = P2, Wi =2, W20 =¢;

and recursively, for n = 0,1, ...

wl,n-&-l(aj) = <,0/2($1) + / [f —-b- (wl,naw2,n) - Cun](xlv S)dS
0

wapy1 () = @} (x2) +/ [f = b (Win,wen) —cuyl(s,z2)ds  (13.2),
0

T2
Uny1 = p2(T1) +/ wa (1, 8)ds.
0

A solution of (13.2) can be found by letting n — oo in (13.2),, provided the
sequences {uy,} and {w;,} for i = 1,2 are uniformly convergent over compact
subsets of R2. For this it suffices to prove that the telescopic series

Uo + D (U —up—1) and  wio + > (Win — Wip—1) (13.3)

are absolutely and uniformly convergent on compact subsets K C R?. Having
fixed one such K, one may assume that it is a square about the origin with
sides parallel to the coordinate axes, and such that meas(K) < 1. Set

Vi = (un, Wi, w2,n),  |2| = [@1] + |22
HVn - Vn71|| - |un - unfl‘ + ‘wl,n - wl,nfl‘ + |w2,n - w2,n71|
Ck =14 |bllec,x + oo + [ flloo e Ax =1+ [[Volloo k-

Lemma 13.1 For all x € K and all n € N

n ‘x

Ve = Vo) < Ax (2Ck)" ", -

(13.4)

Proof From (13.2),—¢

xr2
W11 — Wi, = / [f -b- (wl,mw2,o) - Cuo}(xl, S)dS

[}

T1
Wa 1 — W2, = / [f = b (wi,0,w2,0) — cuol(s, x2)ds

[}

xr2
Uy — Uy = / wa,o(x1, 8)ds.
0
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From this

Z2
IV = Vall2) < ot + (e + lelloe )Vl [ i
Z1
1 ot + (Bl + el Vol [ s
0

T2
Vol [ ds
0
S AKCK‘.’E‘

Therefore (13.4) holds for n = 1. We show by induction that if it does hold
for n it continues to hold for n + 1. From (13.2), for all z € K

Vit - Vall (@)
< Cx (/ Vi = Vi (21, 8)ds +/ W — vn,_l(s,a:z)ds)
0 0

2n0n+1 T2 1
<Ak, K (21, 8)|"ds + |(s, 22)["ds
- 1)' 0 0

(n
< Ax(ciyt [T
S I G DT

Returning to the absolute convergence of the series in (13.3), it follows from
the lemma that for all x € K

Volla) + S 1V, = Vacr ) < A (14 D(20k)" ) = Aee2.

13.2 Proof of Theorem 13.1: Uniqueness

Let us assume that there exist two locally bounded solutions of the system
(13.2), say (u(i),wY),wg)) =V for i = 1,2, and set

1 2 1 2
VO VO = —u®] 4 i — ] + g — i),

Write the system (13.2) for V() and V(?)| and subtract the resulting equa-
tions, to obtain for all x € K

VO =V (2) < [V — Vo kBl
where Bi = ||b|lco. i + ||¢||co. k- Since K is an arbitrary compact subset of
R2, this implies V1) = V() identically.
13.3 Goursat Problems in Rectangles

Let a7 < (31 and oy < (32, and let R be the rectangle a1, 31] X [as, (2.
Prescribe data 7 € C2%[ay, £1] and 2 € C?[ag, B2] on the segments [aq, 3]
and [z, Bs], and consider the problem of finding u € C?(R) satisfying
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L(u)=f in R
u(xl,ag) = (pg(l‘l) for z; € [(Xl,ﬂl] (135)
ulan, z9) = @1 (22) for x5 € [ag, Ba].

The same proof applies, and one may conclude that (13.5) has a unique solu-
tion. Analogously, there exists a unique solution to the characteristic problem

L(u)=f in R
u(z1, B2) = pa(w1) for 21 € [, B1] (13.6)
u(B1,w2) = ¢1(w2) for zo € [ag, Ba].

14 The Non-Characteristic Cauchy Problem and the
Riemann Function

Let I" be a regular curve in R? whose tangent is nowhere parallel to either of
the coordinate axes. For example

T =S5 seR
I'=1{ x5 = h(s) € CY(R)
h(s) <0 for all s € R.

Consider the problem of finding u € C?(R?) satisfying

Lu)=fin R* u|.=ugz|.=0 (14.1)

I r

where L£(-) is defined in (12.1). As an example, take the case b = ¢ = 0, and
I' is the line 2 = —x1. Then (14.1) reduces to the Cauchy problem for the
wave equation R
Vit — Vg = f in Rz
v(,0) =0 t=x1 + x2
’Ut(',O):O T = —x1 + T2,
where

v(x,t)zu(t;x,t;x>, f(x,t)zf(t;x,t—;x)

This problem has a unique solution is given by the representation formula
(3.4). We will prove that (14.1) has a unique solution and will exhibit a rep-
resentation formula for it.

Through a point z € R? — I', draw two lines parallel to the coordinate
axes and let E, be the region enclosed by these lines and I, as in Figure 14.3

E,={(0,8) | h(0) < s <23 a <o <z}
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r

(av, z2) (x1,22) =

($17ﬁ)

Fig. 14.3.

Let £*(-) denote the adjoint operator to £(-)

0%v

ﬁ (U) - 8.1316.132

— div(bv) + cv.
This is well defined if b; € C*(R?), which we assume henceforth. Let u,v be
a pair of functions in C?(R?), and compute the quantity

//m [WL(u) — ul*(v)]dy.

The outward unit normal to E, on I" is n = (—h/,1)/+v/1 4 k2. Therefore by
Green’s theorem

/ / [oL£() — wl* (0)]dy = (uv) (@) — (uv) (e 22)

— wuvw—vbl r1,8)ds — ulvg, — vba](s,z2)ds 14.2
J o= [l I(s.2) (14.2)

_ / R (5)[tte, + ubt] (s, h(s))ds — / w[oby — va,](s, h(s))ds.

[e3

If w is a solution to (14.1), then (14.2) reduces to

z2

//x[vf —ul”(v)]dy = (uv)(x) _/B ul[vg, — byv](xy1,s)ds s

1
—/ ulvg, — bav](s,x2)ds.

Next, in (14.3), we make a particular choice of the function v. For each fixed
r € R? let y — R(y;z) € C?(R?) satisfy

Li[R(y;2)] =0 in R?

by (21, s)ds]

Y2

R(w1,y2;7) = exp [ (14.4)

xr2
Y1

R(y1,xo;x) = exp [ b2(8,$2)d3:| )

x1
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Such a function exists, and it can be constructed by the method of successive
approximations of the previous section. The last two of (14.4) imply that
R(x;x) = 1. Therefore, writing (14.3) for y — v(y) = R(y;z) yields the
representation formula

u(x) = / [ R (14.5)

This formula, derived under the assumption that a solution of (14.1) exists,
indeed does give the unique solution of such a non-characteristic prob-
lem, as can be verified by direct calculation. The function y — R(y;z) is
called the Riemann function ([129]), with pole at z, for the operator L(-)
in R2.2

Remark 14.1 The integral formula (14.3) and the Riemann function R(:;-)

permit us to give a representation formula for the unique solution of the non-
characteristic problem (12.1) with inhomogeneous data on I’

L(u) = f in R? u|F =, um’F =1 (14.1)

for given smooth functions in R.

15 Symmetry of the Riemann Function

The Riemann function y — R*(y; x), with pole at z, for £*(-) satisfies

LIR*(y;x)] =0 in R?
Y1

R*(y1, w23 2) = exp {— b2(3,$2)d3:|

(15.1)

1
Y2

R*(x1,y2;x) = exp [—/ bl(xl,s)ds}

2
It follows from this that R*(x;x) = 1.
Lemma 15.1 R(y;x) = R*(z;y).

Proof Let * = (x1,22) and y = (y1,y2) be fixed in R? and be such that
the line through them is not parallel to either coordinate axis. Without loss
of generality may assume that y; < x; and y2 < x2, and construct the

rectangle
Qzy=[y1 <s<z1] X [y2 <7 < x2].

*For an N-dimensional version of the Riemann function, see Hadamard [61].
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By Green’s theorem, for every pair of functions u,v € C?(R?)

/ / W) — ul* (v)]dsdr = (uv) (@) — (uv)(y)

x,y

1

V[ug, + brul(yr, 7)dT — / v[ug, + baul(s, y2)ds (15.2)

Y1

2 1
/ ul[vg, — byv](ay, 7)dT — / ulvg, — bav](s,z2)dr.
Y2

Y1
Write this identity for v = R(-;2) and u = R*(;y).

Remark 15.1 (The Characteristic Goursat Problem) The integral for-
mula (15.2) and the Riemann function permit one to give a representation

formula in terms of R(-;-) of the characteristic Goursat problems (13.5) and
(13.6).

Problems and Complements

2c¢ The d’Alembert Formula

2.1. Solve the Cauchy problems

Ut — Uz = f In RXR
u(-,0) = u(-,0) =0

3c Inhomogeneous Problems

3.1c The Duhamel Principle ([38])

A linear differential operator with constant coefficients and of order n € N in
the space variables x = (x1,...,2x) is defined by

Lw)= Y A,D%w, A,€R, weC"RY).

laf<n

Let f € C(RV*1) and for a positive integer m > 2 let

(x,t;7) — v(x, t;7), zeRY, te (r,00), TER
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be a family of solutions of the homogeneous Cauchy problems

gtmv = L(u) in RN x (1,00), m >2
0’ .
6tjv(~,7';7'):0 for j=0,1,...,m—2 (3.1¢)

amfl
atmflv("T;T) = f(')T)

parametrized with 7 € R. Then, the inhomogeneous Cauchy problem

gtmu =L(u)+ f(z,t) in RN xR
(3.2¢)
&7 .
atju(~,0):0 for j=0,1,....,m—1
has a solution given by
t
u(z,t) = / v(x, t;7)dr (z,t) € RNV x R. (3.3¢)
0

Formulate a general Duhamel’s principle if m = 1.

4c Solutions for the Vibrating String

4.1. Solve the boundary value problems

Ut — Uz = f In (0,L) X R flx,t) =¢"
w(0,) =wu(L,)=0 for (x,t) =sinmx
u(-,0) = us(-,0) =0 fla,t) =2

~

4.2. Solve the boundary value problem
Upp — Uge = In (0,1) X R
u(-,0) = 2%(1 — ), us(-,0) = 0
u,(0,) =0, u(l,-) =0.
4.3. Let § € R be a given constant. Solve
Ut — Uge = ﬁ(2ut - ﬁu) in (07 1) xR
U(,O) =pcE 02(Ov 1)7 Ut(',O) =0
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4.4. Solve the previous problem for ¢ € C(0,1) but not necessarily of class
C?(0,1). Take, for example

(z) = 2hx for z € (0, })
L) = 2h(1—z) for z € (},1)

where h is a given positive constant.
4.5. Let a € R, and consider the boundary value problem
Ut + AU — Uyy = 0 in (0,1) x (t>0)
u(0,t) = u(l,t) = for t>0

0
u(+,0) =@, u(-,0) =9 in (0,1).

Find an expression for the energy £(¢), introduced in (4.5) in terms of u;.

Hint: Setting
t o1
f(t):/ / u?(z, s) dx ds
o Jo

derive a differential inequality f' < A — Bf, for suitable constants A, B.
4.6. In the previous problem take

a=1, ¢(r)=sinnx+ 2sindrz, ¢ =0.

Write down the explicit solution. Find constants ¢; and ¢o such that |u|+
lug] < cpec2t.
4.7. Solve by the separation of variables

Ut — Ugpy = COS 2t

u(0,t) = u(l,t) =0 in (0,1) x R
u(z,0) =0 for t >0
(o)
ug(x,0) = > sin2nmz. in (0,1)
n=1

4.8. Let u be the solution of (4.1) defined in (4.3)—(4.4). Discuss questions
of convergence of the formal approximating solutions

n
up = Y (Ajsinjmt 4 Bjcos jmt)sin jra.

Jj=1
Take L = ¢ =1 and verify that for all p,q,j € N
H or o4

n

< X GmPT( A+ 1B

Up
Oz Ot 00,(0,1)xR  j=1

4.9. Let m be a positive even integer, and let C7%,(0,1) be defined as in
10.3 of the Problems and Complements of Chapter 4. Assume that ¢ and
¢ are in C%,(0,1), and prove that u,, — w in C™[(0,1) x R].
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6c Cauchy Problems in R3
6.1. Solve the Cauchy problem
u=0 in R* xR, wu(z,0) =z}, wu(z,0) =23 in R

6.2. Find a space-independent solution of w« = e~? in R? x R, and use it to
find the solution of

u=e"in R*xR, u(-,0) =z, u-0)=mz2mw3.

6.1c Asymptotic Behavior
6.3. Let u be the solution of
u=0 in R* xR, u(-0)=0, u-0)=|zl*

for some k > 0. Compute the limit of u(0,t) as ¢ — oo. Prove that as
|z] — oo the solution has the form

u(z,t) = a(z, t)(1 4 |z|®).
Find a(z,t) and prove that

lIm |u(z,t) —a(z, t)(1+ |z])| =0

|z|— o0

uniformly on compact intervals of the t-axis.
6.4. Let u. be the unique solution of wu. =0 in R3? x R, with initial data

_e2

a 2_ 1412
ue(+,0) =0, ue(z,0) =4 €1 for |x| <e
0 ot (. 0) {O for |z| > e.

Study the limit of u., as € — 0, in some appropriate topology.

6.2c Radial Solutions

6.5. Let B be the unit ball about the origin in R? and consider the problem
(internal vibrations of a contracted sphere)

Utt—AUZO

in BxR
u(~,t)faB:O for te R (6.10)
e

ut(z,0) :cosg\x\ in B.
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Find a radial solution of (6.1¢) by the following steps:
(i) Set |z| = p and recast the problem as

Ut — Upp — Up =10 in (0,1) xR
u(1,t) =u,(0,t) =0 for teR (6.2¢)
u(p,0) =0, us(p,0) = cos ;Tp for p e (0,1).

(ii) Let v be the symmetric extension of u(-,¢) about the origin

_ Ju(p,t) for O0<p<l1
U(p’t)_{u(—p,t) for —1<p<0.

Verify that v,(0,t) = 0, and that v solves

2
Vg — Vpp — Uy =0 in (-1,1) xR

v(—1,t) =v(l,£) =0 for te R (6.3c)
v(p,0) =0, v(p,0) = cos ;Tp for p e (—1,1).

(iil) Solve (6.3¢c) and verify that
T
v(0,t) = tcos 2t for || < 1.

6.6. Now consider (6.2c) in the whole of R?, i.e.,

uy — Au =0 in RS xR
u(x,O) =0 in R3
w(,0) =cos [ |e|  in R,

Write down the explicit solution and check that u = v.

6.7. Prove that all radial solutions of the wave equation in R3 x R are of the
form

F(lz| = ct) + G(|Jz| + ct)
||
for functions F(-) and G(-) of class C?(R).
6.8. Write down the explicit solution of

u(z,t) =

u=0 in R*xR, u(-.0)=0, u(-,0) =1 (6.4c)

where 1 is radial.
6.9. In the case c =1 and

W(lz]) = { 1 for |z| <1

0 for |z|>1
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prove that the unique solution of (6.4c) is
t if 0<|z|<1—t, t e (0,1]
1= (ja] - 1)?

u(z, t) = A2l

if [1—t <|z]<t+1, t>0
if 0<|z|<t+1.

In particular, the solution is discontinuous at (0, 1).

6.3c Solving the Cauchy Problem by Fourier Transform

We will use here notions and techniques introduced in Sections 2.6¢-2.9¢
of the Problems and Complements of Chapter 5. Consider the Cauchy
problem

v —Av =0 in RY xR, 0(-,0)=0, wv(-,0)=1. (6.5¢)

We assume that 1 is in the class of the rapidly decreasing functions or the
Schwartz class Sy, and seek a solution v(+,t) in the same class with respect to
the space variables. Taking the Fourier transform of the PDE in (6.5¢) with
respect to the space variables gives

{}tt + |y‘2ﬁ = Oa @(Q,O) = Ov ﬁf(:%o) = w

This can be solved explicitly to give

. sin |yt -
o(y,t) = ] U(y).
Prove that
< t
sup |D¢ sin |y ’ < oo, for every multi-index «.
yeRN |y‘

Deduce that o(-,t) € Sy. By the inversion formula obtain the solution of
(6.5¢) in the form

1 / sin |yt - %
v(x,t) = D(y)e =V dy. 6.6¢
COZ o fon (0.0
Now consider the general Cauchy problem
ug — Au=0 in RY xRT wu(-,0)=¢, u(-,0) =1 (6.7¢)

with both ¢ and ¢ in Sy. Verify that if w solves (6.5¢) with the initial con-
dition wy(-,0) = ¢, then the solution of (6.7c) is given by

u(x,t) = v(x,t) + w(x,t).

It follows from (6.6¢) that the solution of (6.7c) can be represented by the
formula

1 in [y|t - ,
w@ ) = gon /RN (Smﬁt?ﬁ(y) +COS|yt¢)(y)> el dy.
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6.3.1c The 1-Dimensional Case

If N =1, by the inversion formula

1 ety(@+t) o giy(z—1)
) = >(y)d
u(z,t) Jon /]R 5 o(y)dy

1 ety(@+t) _ piy(z—t)
+ o $
V2 Jr

= etz +olz=0]+; [ - ( 0 e””yzﬁ@)dy) i

21y

= lola +0) + oo — )] +

[\

6.3.2c The Case N = 3

We refer to the representation formula (6.6¢). Let N = 3 and prove the formula

sin\y|t: 1 / MY dg = t/ Y 1.
lyl  Amt = AT Jjg=1

Hint: If T is a rotation matrix in R3, then
/ 1Y) do(n) = / eI do(y).
Inl=t In|=t

Next choose T' such that Ty = |y[(0,0, 1) and compute the integral by intro-
ducing polar coordinates. By the Fubini theorem and the inversion formula,
one computes from (6.6c)

1 1 , . )
— i(y,n) i(z,y)
v(x,t) it /]RB [(2@3/2 /n_te d0]¢(y)e dy

! By)do(y).

=t ) P(z +n)do =

n|=t 47t

|z—y|=t

The solution of (6.7¢) is given by

w0 = oy (g [ etwao) 1 [ vt

7c Cauchy Problems in R? and the Method of Descent

7.1. Solve the Cauchy problem

g — Au=0 in R? xR, wu(z,0)=|z]*, u(z,0)=1 in R
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7.2. Write down the explicit solution of
ugg — Au=0 in RZxR, u(-,0)=p(), u(-,0)=0

where p is a homogeneous polynomial of degree 10 in x; and xy. Write
down u(0,0,t) in the case p(z1,xs) = (23 + 23)°.

7.3. Solve the problem

Uy — Au=0 in R*xR, u(x,0)=0, wuz,0)=sin(z;+z2).

Find the solution in the form u(z,t) = a(t) sin (1 + 22).

7.4. Recover the d’Alembert formula (2.2) from the Poisson formula (7.3)
and the method of descent.

7.1c The Cauchy Problem for N = 4,5

In the Darboux formula (5.2) take N =5 and let
2 a
w(z, p,t) =p 6pM(u; x,p,t) + 3pM (u; x, p, t).

Verify that wy; = c?w,, and solve (5.1) for N = 5. Prove that the solution of
(5.1) is given by

(3 8) (o 70
B )

Use the previous result and the method of descent to solve (5.1) for N = 4.

8c Inhomogeneous Cauchy Problems

8.1c The Wave Equation for the N and (IN 4 1)-Laplacian

Denote by Ax the Laplacian with respect to the N variables x = (x1,...,2n)
and by Ay the Laplacian with respect to the (N + 1) variables (z, xn+1)-
Let k € R be a given constant and let u € C2(RY x R) be a solution of

up = CAnu —k*u  in RY x R.

Then for any two given constants A and B, the function

v(x, xNy1,t) = [Acos (i;xNH) + Bsin (IZxN_H)}u(x,t)
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solves
vy = Aypv in RVFE R, (8.1c)

Similarly, if u solves
up = CAyu+Ek*u  in RY xR

then
v(z, zN41,t) = [A cosh (i;xNH) + Bsinh (IZxNH)}u(x,t)

solves (8.1¢). Use these remarks and the method of descent to solve the Cauchy

problems
Uy = 2 Agu + N in R?2xR

u(-,0) = ¢ € C3(R?) in R?
ut(-,0) = ¢ € C*(R?) in R?

where A € R is a given constant.

8.1.1c The Telegraph Equation
Solve the Cauchy problems
Upr = Upy + N in RxR
u(+,0) = ¢ € C*(R) in R (T)+
u(-,0) =9 € C*(R)  in R.
The equation (T)_ is called the telegraph equation. Set

2 /2 2 /2
BT (s) = / cos(ssinf)dd, B~ (s) = / cosh(ssin6)do
0 T Jo

™

where s is a real parameter. Prove that the solutions uy of (T)4 are

vt =) [ vem (e e )
O e (e e )]

The functions B*(-) are the Bessel functions of order zero ([12]).

8.2c Miscellaneous Problems
8.1. Let a, b, ¢ be given constants. Solve

Upp = Ugy + Uy +bus +cu in R xR
u(-,0) = p € C*(R), w(-,0) =9 € C*(R).
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Hint: Reduce the problem to the previous one by exponential shifts in x
and ¢. The solution is

2u(z,t) = e 2" /$+t e? <w(s) g ) ()\\/t2 (x—s ) ds

—t

bt—aza o+t 2
+e 2 3t(/$t e (s ()\\/t (x —s) )ds)

where
a2 — b2

if a? > b% + 4c, /\:\/ A

a2 — b2

if a2 <b®+4c, A=1/c— R A(s) = BT (s).

8.2. Solve
Ut = Ugy + Uy +bur +cu+ f in R xR
u(-,0) = € C3(R), u(-,0) =9 € C*(R), f e C?R?).

8.3. Let (8 be a given constant. Solve the boundary value problem

Ut — Uge = —Buy in (0,1) x RY,  w(0,-) =u(l,")=0

u(-,0) = € C%0,1)NC[0,1], w(-,0) = 0.

8.4. Solve the problem

2
uft—um—xuxzo in (-1,1) xR
w(-1,)=u(l,)=0 in R
u(z,0) =0 for z € (—1,1)
ug(x, 0) = cos @ for z € (—1,1).

Verify that the solution is symmetric about the origin, that u,(0,t) = 0
for all ¢, and moreover

u(0,t) =t cos ;T:v for |t| < 4.

Hint:  (xu) =0.
8.5. Solve explicitly

Utt (um+uyy) n (—g,;) XRXR+
( ,Zlv for t>0 and y € R
(J: Y, )—cochosy in R?

(CE Y, ) in Rz
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8.6. Solve the problem

Uy =y in y >z, us,s)=0,u(s,—s)=s>

Vu(s,s) - (—1,1) = {(\)/28(1 ) i)ftlfefw(igé.l)

10c The Reflection Technique

10.1. Find the solution of the boundary value problem
Ut — Ugg = 0 in Rt x Rt
u(0,)=h for t>0
u(+,0) = ¢ for y >0
ug(-,0) =1 for y >0
where the data h, ¢, ¥ are smooth and satisfy the compatibility conditions

h(0) = ¢(0), A'(0) =4(0), h"(0)=c*"(0).
10.2. Transform the problem
utt_u.t.tzo, in [$>O}X[t>0}

o in [0<z<1U[z>2]
u(x’o)_{@—x)(x—l) in [l<a<?]

ug(x,0) =0

into another one in the whole of R. Find the times ¢ such that u(3,¢) # 0.
Find the extrema of z — u(x, 10).

11c Problems in Bounded Domains

11.1c Uniqueness

Let E ¢ RN be bounded, open, and with boundary OF of class C'. Prove
that there exists at most one solution to the boundary value problem

uy — Au+ k(z,t)u =0, in ExR

~— —

u=0, on OF xR

)=¢, inE
u(-,0) =1, in E

where ¢ and 1) are smooth and k(-, -) and ¢(-, -) are bounded and non-negative
in their domain of definition.
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11.2¢ Separation of Variables
11.1. Let R =0,1] x [0, 7], and consider the problem

upg — Au =0, in RxRT
u(s )]y, =0

u(z,0) =0

ut(2,0) = f(21)g(22)

where f(0) = f(1) = g(0) = g(m) = 0. Solve by the separation of variables.
In particular, write down the explicit solution for the data

< x < 3 (o)

— — 4 — :

<<l 9(y) ngl sinny.

11.3. Solve (11.1) for E = [0,1]? in terms of the eigenvalues and eigenfunc-
tions (A?,v;) of the Laplacian in F

Av; = \v;. (11.1c)

11.3-(i). Solve (11.1c¢) by the separation of variables. Denote by x,y, z the
coordinates in R? and seek a solution of the form v; = X;(x)W;(y, 2).
Then

X!'=-X; and Ay Wi=-1]W,

where & and v; are positive numbers linked by &2 + 12 = A\2.

11.3-(ii). Find W; of the form W;(y, z) = Yi(y)Z;(z). Then

Y/ =-nY; and Z] =-(Z

7

where 7; and (; are positive numbers linked by 77 + (? = v2.

11.3-(iii). Verify that for all triples (m,n, ¢) of positive integers, the pairs
A =m2 (m*+n*+ %), v; =sinmm sinmn sinwl

are eigenvalues and eigenfunctions of (11.1c). Prove that these are all the
eigenvalues and eigenfunctions of (11.1c).

12c Hyperbolic Equations in Two Variables

12.1c The General Telegraph Equation

Let u(s,t) be the intensity of electric current in a conductor, considered as a
function of ¢ and the distance s from a fixed point of the conductor. Let «
denote the capacity and [ the induction coefficients. Then
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Uge — Cugs + (a4 B)ur +afu=0 in R xR.

Setting
61/2(a+ﬁ)tu(3,t) = v(x,y), r=s+ct,y=s—ct

transforms the equation into

Vgy + A0 = 0, A= (04—65)2.

14¢ Goursat Problems

14.1. Prove that (14.5) is the unique solution of (14.1).

14.2. Prove that (14.1)" has a unique solution and give a representation
formula in terms of R(-; ).

14.3. Give a representation formula for the characteristic Goursat problems
(13.5) and (13.6) in terms of R(-;-).

14.4. Use the method of successive approximations of Section 13, to find the
Riemann function for the operator

2

= b-V
6x183:2v+ v+ cv

L(v)
where by, bs, and ¢ are constants.

14.1c The Riemann Function and the Fundamental Solution of the
Heat Equation

The fundamental solution of the heat equation u, = u,, can be recovered as
the limit, as e — 0, of the Riemann function for the hyperbolic equation ([61],
145-147).

Uz + EUgy — Uy = 0.

The change of variables £ =y and n = x — iy transforms this equation into
1
EUgy + SUn —ug = 0.
Using the previous problem, show that the Riemann function, with pole at

the origin, for such an equation is given by

e3

R[(€.m):(0,0)] = e2" 7, (2 En)

where J,(-) is the Bessel function of order zero. Returning to the original
coordinates
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2y _ =z 2
R[(Jja y)7 (Oa 0)] =es? = JO 2 \/y(sx - y) .
Let ¢ — 0 to recover the fundamental solution of the heat equation in one

space dimension with pole at the origin. For the asymptotic behavior of J,(s)
as s — oo, see [12].
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Quasi-Linear Equations of First-Order

1 Quasi-Linear Equations

A first-order quasi-linear PDE is an expression of the form
ai(z,u(z))ug, = ao(x,u(x)) (1.1)

where x ranges over a region E C RY the function u is in C1(E), and (z,2) —
a;(z, z) are given smooth functions of their arguments. Introduce the vector
a=(a1,...,an), and rewrite (1.1) as

(a,ao) - (Vu,—1) =0. (1.1)

Thus if u is a solution of (1.1), the vector (a,a,) is tangent to the graph of
u at each of its points. For this reason, the graph of u is called an integral
surface for (1.1). More generally, an N-dimensional surface X of class C! is
an integral surface for (1.1) if for every point P = (x,z) € X, the vector
(a(P),ao(P)) is tangent to X at P. The curves

s g [ = a0 20). i=1. N
R iy (12)
(2(0),2(0)) = (w0, 20) € E xR

defined for some § > 0, are the characteristics associated to (1.1), originating
at (zo, 2,). The solution of (1.2) is local in ¢, and the number § that defines
the interval of existence might depend upon (z,, 2,). For simplicity we assume
that there exists some ¢ > 0 such that the range of the parameter ¢ is (=, ¢),
for all (z,2,) € E x R.

Proposition 1.1 An N-dimensional hypersurface X is an integral surface
for (1.1) if and only if it is the union of characteristics.

Proof Up to possibly relabeling the coordinate variables and the components
a;, represent X, locally as z = u(x) for some u of class C. For (z,,2,) € X,
let ¢ — (x(t), 2(t)) be the characteristic trough (z,, 2,), set

E. DiBenedetto, Partial Differential Equations Second Edition, 225
Cornerstones, DOI 10.1007/978-0-8176-4552-6 8,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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w(t) = 2(t) — u(z(t))
and compute
W= 2 — Uy, T = ao(x,2) — ai(T, 2)uy, ()
= ao(z,u(z) + w) — a;(z, u(zr) + w)ug, (x).
Since (2, 2z0) € X, w(0) = 0. Therefore w satisfies the initial value problem

W= ao(x,u(x) + w) — a;(z,u(x) + w)ug, ()

w(0) = 0. (1.3)

This problem has a unique solution. If X, represented as z = u(x), is an inte-
gral surface, then w = 0 is a solution of (1.3) and therefore is its only solution.
Thus 2(t) = u(x(t),t), and X is the union of characteristics. Conversely, if X
is the union of characteristics, then w = 0, and (1.3) implies that X' is an
integral surface.

2 The Cauchy Problem

Let s = (s1,...,8n—1) be an (N — 1)-dimensional parameter ranging over the
cube Qs = (—§,0)N~1. The Cauchy problem associated with (1.1) consists
in assigning an (N — 1)-dimensional hypersurface I' ¢ RV*1 of parametric

equations
=£&(s) = (&(s) ,..., (s))
38—
@25 = {1260 o Y e
and seeking a function u € C'(E) such that C(s) = u(&(s)) for s € Qs and
the graph z = u(x) is an integral surface of (1.1).

(2.1)

2.1 The Case of Two Independent Variables
If N = 2, then s is a scalar parameter and I" is a curve in R3, say for example

(=0,0) 35 = r(s) = (£1,€2,¢)(s)-

Any such a curve is non-characteristic if the two vectors (a1, az,()(r(s)) and
(&1,&5,¢")(s) are not parallel for all s € (—4,d). The projection of s — r(s)
into the plane [z = 0] is the planar curve

(—8,0) 25 = 1,(s) = (£1,&)(5)

of tangent vector (£],&5)(s). The projections of the characteristics through
r(s) into the plane [z = 0] are called characteristic projections, and have
tangent vector (a1, az)(r(s)). We impose on s — r(s) that its projection into
the plane [z = 0] be nowhere parallel to the characteristic projections, that
is, the two vectors (ag,az2)(r(s)) and (&1,&5)(s) are required to be linearly
independent for all s € (=4, 9).
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2.2 The Case of N Independent Variables

Returning to I" as given in (2.1), one may freeze all the components of s but
the i*", and consider the map

S; — (glw~~7£Na<)(317~~~75i7~~~>3N71)~

This is a curve traced on I" with the tangent vector

oe ac\ (06 otw o
8si’asi B 8si""’ 0s; ’882‘ '

Introduce the (N — 1) x (N + 1) matrix

(5057)- (505

The (N — 1)-dimensional surface I" is non-characteristic if the vectors
9¢  o¢
o€ o) (e pe )

are linearly independent for all s € Q5, equivalently, if the N x (N + 1) matrix

(a(é“(S),C(S)) ao(£(8)7C(8))>
(2.2)

9¢(s) 9¢(s)
s 0s
has rank N. We impose that the characteristic projections be nowhere parallel
to s — £(s), that is

(a(f(é’), C(S)))
det 0&(s) #0 forall seQs. (2.3)

Os

Thus we require that the first N x N minor of the matrix (2.2) be non-trivial.

3 Solving the Cauchy Problem

In view of Proposition 1.1, the integral surface Y is constructed as the union
of the characteristics drawn from points (£, ()(s) € I, that is, X' is the surface

(=0,0) X Qs > (t,8) — (az(t,s),z(t,s))

given by

d
dt:ﬂ(t, s) =a(xz(t,s),z(t,s)), x(0,s) =£&(s)

d
dtz(t,s) = a,(z(t, ), 2(t,s)), =2(0,s)=C(s).
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Fig. 3.1.

The solutions of (3.1) are local in ¢. That is, for each s € @5, (3.1) is solvable
for ¢ ranging in some interval (—t(s),t(s)). By taking ¢ smaller if necessary,
we may assume that ¢(s) = ¢ for all s € Q5. If the map

M (=0,0) x Qs 2 (t,s) — x(t, s)

is invertible, then there exist functions S: E — Qs and T : E — (—0, ) such
that s = S(z) and ¢t = T'(z) and the unique solution of the Cauchy problem
(1.1), (2.1) is given by

u(e) = =(t,5) 1 2(T(2), S(2)).

The invertibility of M must be realized in particular at I", so that the deter-
minant of the Jacobian matrix

- (v )

must not vanish, that is, I" cannot contain characteristics. In view of (3.1) for
t = 0, this is precisely condition (2.3).

The actual computation of the solution involves solving (3.1), calculating
the expressions of s and ¢ in terms of z, and substituting them into the
expression of z(t, s). The method is best illustrated by some specific examples.

3.1 Constant Coefficients

In (1.1), assume that the coefficients a; for ¢ = 0,..., N are constant. The
characteristics are lines of parametric equations

x(t) =z, + at, 2(t) = 2o + a0, t  tER.

The first N of these are the characteristic projections. It follows from (1.1)’
that the function f(z,z) = u(x) — z is constant along such lines. If I" is given
as in (2.1), the integral surface is

x(t,s) =&(s) +at

(hs) = C(s) fagt 5 1) (3.2)



3 Solving the Cauchy Problem 229

The solution z = u(x) is obtained from the last of these upon substitution of
s and t calculated from the first V. As an example, let N = 2 and let I" be a
curve in the plane xo = 0, say

I'={&i(s) = 55 &a(s) = 0; ¢(s) € CH(R)}.
The characteristics are the lines of symmetric equations

L1 — T1,0 T2 — T2,0 Z— Zo
- - 5 (x1,07x2,o7 Zo) € Rg
ay ag Qo

with the obvious modifications if some of the a; are zero. The characteristic
projections are the lines

aox1 = a1xo + const.

These are not parallel to the projection of I'" on the plane z = 0, provided
as # 0, which we assume. Then (3.2) implies

ai

Ty =agt, &i(s)=s=x1— 1o
az
and the solution is given by
a a
U([L’l,iL'g) = C(.’El — 1.%2) + OLUQ.
an an
3.2 Solutions in Implicit Form
Consider the quasi-linear equation
a(u) - Vu =0, a=(ay,as,...,an) (3.3)

where a; € C(R), and ay # 0. The characteristics through points (z,, z,) €
RN*1 are the lines

x(t) =z, +a(z,)t lying on the hyperplane z = z,.

A solution u of (3.3) is constant along these lines. Consider the Cauchy prob-
lem with data on the hyperplane zny =0, i.e.,

u(ry, .. an—1,0) = (21,...,an_1) € CHRN ).
In such a case the hypersurface I is given by

T; = S84, izl,...,N—l

RV-1ss < an=0 (34)
z(s) = ((s).
Setting z = (z1,...,2ny-1), and a = (a1,...,any_1), the integral surface

associated with (3.3) and I" as in (3.4), is
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Z(t,s) = s+a(((s))t
xn(t,s) = an(C(s))t (3.5)
2(t,s) = ((s).

From the first two compute

__a(c(s))
s=7T— TN
an (¢(s))
Since a solution u of (3.3) must be constant along z(s,t) = ((s), we have
((s) = u(x). Substitute this in the expression of s, and substitute the resulting
s into the third of (3.5). This gives the solution of the Cauchy problem (3.3)—
(3.4) in the implicit form

_a(u(x))
= — 3.6
u(e) = (7= ) (3.6)
as long as this defines a function u of class C'. By the implicit function
theorem this is the case in a neighborhood of xny = 0. In general, however,
(3.6) fails to give a solution global in x .

4 Equations in Divergence Form and Weak Solutions

Let (x,u) — F(x,u) be a measurable vector-valued function in RY x R and
consider formally, equations of the type

div F(z,u) = 0 in RY. (4.1)

The equation (3.3) can be written in this form for F(u) = [“a(0)do. A mea-
surable function u is a weak solution of (4.1) if F(-,u) € [L], ( )} and

/ F(z,u) - Veodr =0 forall p € C°(RY). (4.2)
RN

This is formally obtained from (4.1) by multiplying by ¢ and integrating by
parts. Every classical solution is a weak solution. Every weak solution such
that F(-,u) is of class C! in some open set £ C R¥ is a classical solution of
(4.1) in E. Indeed, writing (4.2) for all ¢ € CS°(E) implies that (4.1) holds in
the classical sense within E. Weak solutions could be classical in sub-domains
of RY. In general, however, weak solutions fail to be classical in the whole of
RY as shown by the following example. Denote by (z,y) the coordinates in
R? and consider the Burgers equation ([14, 15]

0 10

2
= U. 4
8yu+28xu 0 (4.3)
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One verifies that the function

u(z, y) = —g(y—l—\/?)x—i—y?) for 4x+y2>0
0 for 4z +y* <0

solves the PDE in the weak form
/ {u<py + %uzgoz}dxdy =0 forall p € C(R?).
R2
The solution is discontinuous across the parabola 3z + y2 = 0.

4.1 Surfaces of Discontinuity

Let RN be divided into two parts, F; and Fs, by a smooth surface I" of unit
normal v oriented, say, toward Fs. Let u € CY(E;) for i = 1,2 be a weak
solution of (4.1), discontinuous across I'. Assume also that F(-,u) € C*(E;),
so that

divF(z,u) =0 in E; for i=1,2

in the classical sense. Let [F(-,u)] denote the jump of F(-,u) across I, i.e.,

[F(x,u)] = EllalinHFF(x,u) - E2131£ILFF(x,u).

Rewrite (4.2) as

/ F(z,u) - Vdz —l—/ F(z,u)-Voder =0 for all ¢ € C°(RY).
E1 E2

Integrating by parts with the aid of Green’s theorem gives
/ ¢[F(z,u)] -vdo =0 for all p € C(RN).
r
Thus if a weak solution suffers a discontinuity across a smooth surface I, then

[F(z,u)]-v=0 on I. (4.4)

Even though this equation has been derived globally, it has a local thrust, and
it can be used to find possible local discontinuities of weak solutions.

4.2 The Shock Line

Consider the PDE in two independent variables

Uy +a(u)uy, =0  for some a € C(R) (4.5)
and rewrite it as 9 9
_ H 2
8yR(u) + axS(u) =0 inR
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where

R(u)=u and S(u)= / a(s)ds.
More generally, R(-) and S(-) could be any two functions satisfying
S'(u) = a(u)R'(u).

Let u be a weak solution of (4.5) in R?, discontinuous across a smooth curve
of parametric equations I' = {z = x(t),y = y(¢)}. Then, according to (4.4),
I' must satisfy the shock condition®

[R(w)]z’ = [S(u)]ly" = 0. (4.6)

In particular, if I" is the graph of a function y = y(x), then y(-) satisfies the
differential equation
_ [R(u)]

Sl
As an example, consider the case of the Burgers equation (4.3). Let u be a
weak solution of (4.3), discontinuous across a smooth curve I' parametrized
locally as I' = {& = x(t),y = t}. Then (4.6) gives the differential equation of
the shock line?
[u (x(t), t) + ™ (2(t),1)] +

2 (t) = 5 ) ut = $li$rg)i u(x,t). (4.7)

5 The Initial Value Problem

Denote by (z,t) points in R x R*, and consider the quasi-linear equation in
N + 1 variables
up + a; (@, b u)ug, = ao(x, t, u) (5.1)

with data prescribed on the N-dimensional surface [t = 0], say
u(z,0) = u,(x) € CHRN). (5.2)

Using the (IV 4 1)st variable ¢ as a parameter, the characteristic projections
are
i (t) = a;i(x(t),t,2(t)) for i=1,....N

TNt =t for ¢ € (—0,9) for some § > 0
z(0) =z, € RV,
Therefore ¢ = 0 is non-characteristic and the Cauchy problem (5.1)—(5.2) is

solvable. If the coefficients a; are constant, the integral surface is given by

!This is a special case of the Rankine-Hugoniot shock condition ([124, 76]).
2The notion of shock will be made more precise in Section 13.3.
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x(t,s) =s+at, z(t,8) =uo(s)+ aot

and the solution is
u(x,t) = uo(x — at) + a,t.

In the case N =1 and a, = 0, this is a traveling wave in the sense that the
graph of u, travels with velocity a; in the positive direction of the z-axis,
keeping the same shape.

5.1 Conservation Laws

Let (x,t,u) — F(x,t,u) be a measurable vector-valued function in RV x
Rt x R and consider formally homogeneous, initial value problems of the
type

uy + divF(z,t,u) =0 in RY x RT

u(-,0) = u, € LYRN). (5:3)

These are called conservation laws. The variable t represents the time, and
is prescribed at some initial time t = 0.

Remark 5.1 The method of integral surfaces outlined in Section 2, gives
solutions near the non-characteristic surface t = 0. Because of the physics
underlying these problems we are interested in solutions defined only for
positive times, that is defined only on one side of the surface carrying the
data.

A function u is a weak solution of the initial value problem (5.3) if

(a) wu(,t) € LL (RYN) for all t > 0, and Fi(-,-,u) € LL (RN x RT), for all

loc loc

i=1,...,N

(b) the PDE is satisfied in the sense

/OO/ [upr + F(z,t,u) - Do|dxdt =0 (5.4)
o JrN

for all ¢ € C°(RY x R*), and where D denotes the gradient with respect
to the space variables only.
(c) the initial datum is taken in the sense of L (RY), that is

loc

lim 0 Hu(vt) — Uol|1,K = 0 (55)

Rtst—

for all compact sets K C RV,
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6 Conservation Laws in One Space Dimension

Let a(-) be a continuous function in R and consider the initial value problem
ug +a(w)u, =0 in RxRY u(-,0) = u, € C(R). (6.1)
The characteristic through (z,,0, 2,), using ¢ as a parameter, is
2(t) = 20, x(t) = 2o + a(zo)t
and the integral surface is
x(s,t) = s+ alue(s))t, z(s,t) = uo(s).
Therefore the solution, whenever it is well defined, can be written implicitly as
u(x,t) = uo(x — a(u)t). (6.2)

The characteristic projections through points (s,0) of the z-axis are the lines

x=s+alu.(s))t
and u remains constant along such lines. Two of these characteristic projec-
tions, say
x=8; +a(uo(s;))t i=1,2, such that a(u,(s1)) # a(u,(s2)) (i)
intersect at (£,n) given by

a(uy(s1))s2 — aluo(s2))s1

aluto(51)) — afuo(52) 63
_ 81 — S2
17 T a(uo(s1)) — aluo(s2))”

Since u is constant along each of the ~;, it must be discontinuous at (§,7),
unless u,(s) = const. Therefore the solution exists only in a neighborhood of
the z-axis. It follows from (6.3) and Remark 5.1 that the solution exists for
all t > 0 if the function s — a(u,(s)) is increasing. Indeed, in such a case, the
intersection point of the characteristic lines «; and 5 occurs in the half-plane
t <0.If a(-) and ue(-) are differentiable, compute from (6.2)

_ up(z—a(u)t)a(u)
1+ ul(x — a(u)t)a (u)t

L e
T4l (r— a(u)t)a (u)t

&=

Uy =

These are implicitly well defined if a(-) and u,(+) are increasing functions, and
when substituted into (6.1) satisfy the PDE for all ¢ > 0. Rewrite the initial
value problem (6.1) as

us + F(u), =

0 in RxRT
’LL(,O) = Uo

where F'(u) = /Ou a(s)ds. (6.4)
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Fig. 6.1.

Proposition 6.1 Let F(-) be conver and of class C?%, and assume that the
initial datum u,(-) is non-decreasing and of class C'. Then the initial value
problem (6.4) has a unique classical solution in R x RT.

6.1 Weak Solutions and Shocks

If the initial datum wu, is decreasing, then a solution global in time is neces-
sarily a weak solution. The shock condition (4.6) might be used to construct
weak solutions, as shown by the following example. The initial value problem

u+ 5(u?); =0 in RxRF

1 for £ <0 (6.5)
u(z,0)=<¢ 1—a for 0<z<1
0 for z>1

has a unique weak solution for 0 < t < 1, given by

1 for © <t
r—1

u=93 for t<ax<1 (6.6)
0 for x > 1.

For t > 1 the geometric construction of (6.2) fails for the sector 1 < z < .

The jump discontinuity across the lines z = 1 and x = t is 1. Therefore,
starting at (1,1) we draw a curve satisfying (4.7). This gives the shock line
2x =t + 1, and we define the weak solution u for ¢t > 1 as
{ 1 for 2z <t+1
u =

0 for 2oz >t+1. (6.7)



236 7 Quasi-Linear Equations of First-Order

0 1 T
Fig. 6.2.

Remark 6.1 For ¢t > 1 fixed, the solution x — wu(x,t) drops from 1 to 0 as
the increasing variable x crosses the shock line.

6.2 Lack of Uniqueness

If u, is non-decreasing and somewhere discontinuous, then (6.4) has, in gen-
eral, more than one weak solution. This is shown by the following Riemann
problem:

1
ut+2(u2)m:O in RxR"

(6.8)
0 for <0
u(x,O)—{l for = > 0.

No points of the sector 0 < & < t can be reached by characteristics originating
from the z-axis and carrying the data (Figure 6.3). The solution is zero for
x <0, and it is 1 for « > ¢t. Enforcing the shock condition (4.7) gives

0 for 2z <t
u(z,t) = {1 for 2z > t. (6:9)
However, the continuous function
0 for x <0
u(z,t) = f for 0<z<t (6.10)
1 for z >t

is also a weak solution of (6.8).

7 Hopf Solution of The Burgers Equation

Insight into the solvability of the initial value problem (6.4) is gained by
considering first the special case of the Burgers equation, for which F'(u) =
yu?. Hopf’s method [71] consists in solving first the regularized parabolic
problems
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t
0 X
Fig. 6.3.
L in RxR"
Unt — Un = —UpUn 1mn
,t n ,TT ,T (71)
Un(,0) = u,

and then letting n — oo in a suitable topology. Setting

Uz, t) = /I Un(y, t)dy

for some arbitrary but fixed z, € R transforms the Cauchy problem (7.1) into

1 1
Ut - Uzz = — (Uqg)z in R x R+
n 2

U(x,0) = /z o (3)ds.

o

Next, one introduces the new unknown function w = e~ 29 and verifies that
w is a positive solution of the Cauchy problem
1 . +
Wy — Wee =0 in R X R
n

(7.2)

w(z, 0) = e~ 8 2 ne (s,

Such a positive solution is uniquely determined by the representation formula

Jz—y|?

1 n [y
w(:ﬂ,t) = \/47rt\/Re—2 fmo uo(s)dse,n " dy

provided u, satisfies the growth condition®
[uo(s)] < Cols|' =% for all |s| >,
for some given positive constants C,, r,, and ¢,. The unique solutions w,, of

(7.1) are then given explicitly by

(1) = /R @ =9 on )

t

3See (2.7), Section 14, and Theorem 2.1 of Chapter 5.
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where d\, (y) are the probability measures

5 (12 w752

f o8 (P mae 5) 4

The a priori estimates needed to pass to the limit can be derived either
from the parabolic problems (7.1)—(7.2) or from the explicit representa-
tion of u, and the corresponding probability measures A, (y). In either case
they depend on the fact that F(-) is convex and F' = a(-) is strictly
increasing.*

Because of the parabolic regularization (7.1), it is reasonable to expect
that those solutions of (6.4) constructed in this way satisfy some form of the
maximum principle.® It turns out that Hopf’s approach, and in particular
the explicit representation of the approximating solutions u,, and the corre-
sponding probability measures A, (y), continues to hold for the more general
initial value problem (6.4). It has been observed that these problems fail, in
general, to have a unique solution. It turns out that those solutions of (6.4)
that satisfy the maximum principle, form a special subclass of solutions within
which uniqueness holds. These are called entropy solutions.

8 Weak Solutions to (6.4) When a(-) is Strictly
Increasing

We let a(+) be continuous and strictly increasing in R, that is, there exists a
positive constant L such that

1
a'(s) > [ e 8€ R. (8.1)

Assume that the initial datum w, satisfies
u, € L®(R)N LY (—o00,z) for all z € R

i s o (0)] = 0 (82)

inf / Uo(8)ds > —C' for some C > 0.
T€R

For example, the datum of the Riemann problem (6.8) satisfies such a condi-
tion. The initial datum is not required to be increasing, nor in L!(R). Since
F(+) is convex ([31], Chapter IV, Section 13)

“Some cases of non-convex F are in [79].
°By 38.2. of the Problems and Complements of Chapter 5, the presence of the
term unUn,e in (7.1) is immaterial for a maximum principle to hold.
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F(u)—F(v) > a(v)(u—v) u,veR, a(v)=F(v) (8.3)

and since F’ is strictly increasing, equality holds only if u = v. This inequality
permits one to solve (6.4) in a weak sense and to identify a class of solutions,
called entropy solutions, within which uniqueness holds ([97, 99]).

8.1 Lax Variational Solution

To illustrate the method assume first that F(-) is of class C? and that u, is
regular, increasing and satisfies

uo(x) =0 for all z <b for some b < 0.

The geometric construction of (6.2) guarantees that a solution must vanish
for z < b for all t > 0. Therefore the function

Ul(z,t) :/z u(s,t)ds

—00
is well defined in R x R, Integrating (6.4) in dz over (—oo, ) shows that U
satisfies the initial value problem

U+ FU;)=0 in RxR", U(z,0)= / Uo(S)ds.

It follows from (8.3), with u = U, and all v € R, that
Ui+ a(v)U; < a(v)v — F(v) (8.4)

and equality holds only if v = u(x,t). For (z,t) € R x RT fixed, consider the
line of slope 1/a(v) through (x,t). Denoting by (£, 7) the variables, such a
line has equation x — & = a(v)(t — 7), and it intersects the axis 7 = 0 at the
abscissa

n=x—a(v)t. (8.5)

The left-hand side of (8.4) is the derivative of U along such a line. Therefore

d

dTU(:E —a()(t —7),7) = Ut + a(v)Uy < a(v)v — F(v).

Integrating this over 7 € (0,t) gives

Ul(z,t) < /71 uo(s)ds + tla(v)v — F(v)]

—00

valid for all v € R, and equality holds only for v = u(x,t). From (8.5) compute

u:a1<‘”;”> (8.6)
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and rewrite the previous inequality for U(x,t) in terms of n only, that is
U(zr,t) <W(x,t;n) forall neR (8.7)

where

U (x,t;n) = ! Uo(8)ds
/_OO (8.8)

AT () e (]}

Therefore, having fixed (z,t), for that value of n = n(x,t) for which v in
(8.6) equals u(x,t), equality must hold in (8.7). Returning now to F(-) con-
vex and u, satisfying (8.1)—(8.2), the arguments leading to (8.7) suggest the
construction of the weak solution of (6.4) in the following two steps:

Step 1: For (x,t) fixed, minimize the function ¥ (x, ¢; 1), i.e., find n = n(x, t)
such that

VU (z,t;n(x,t)) <¥(z,t;s) forall s eR. (8.9)
Step 2: Compute u(z,t) from (8.6), that is
u(z,t) =a (x B Z(x’ 2 > (8.10)

9 Constructing Variational Solutions I

Proposition 9.1 For fired t > 0 and a.e. x € R there exists a unique 1 =
n(x,t) that minimizes ¥ (x,t;-). The function x — u(x,t) defined by (8.10) is
a.e. differentiable in R and satisfies

u(xa,t) — u(xy,t) - L

fora.e. z3 <xzp €R. (9.1)
To — I t

Moreover, for a.e. (x,t) € R x RT

lu(z, 1) < \/ th ( [ ;a(O)tuo(s)dS ~ inf [ : uo(s)ds)l/z. 9.2)

Proof The function n — W (z,t;n) is bounded below. Indeed, by the expres-
sions (8.6) and (8.8) and the assumptions (8.1)—(8.2)

y
U (z,t;m) > inf Uo(8)ds + tlva(v) — F(v)] > —C + ! v? (9.3)
yeR J_ 2L

for n = x — a(v)t. A minimizer can be found by a minimizing sequences {7, },
that is one for which
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U(x, t;n,) >V (2, t;n,41) and  lUmW (x,t;n,) = inf ¥ (z,t;n).
n

By (9.3), the sequence {n,} is bounded. Therefore, a subsequence can be
selected and relabeled with n such that {n,} — n(z,t). Since ¥ (z,t;-) is
continuous in R

lim ¥ (z,t;n,) =¥ (x,t;n(z,t)) <P (x,t;n), forall neR.

n—oo
This process guarantees the existence of at least one minimizer for every fixed
x € R. Next we prove that such a minimizer is unique, for a.e. x € R.

Let H(z) denote the set of all the minimizers of ¥ (x, t; -), and define a function
x — n(x,t) as an arbitrary selection out of H (z).

Lemma 9.1 If z1 < xg, then n(x1,t) < n(xs,t).

Proof (of Proposition 9.1 assuming Lemma 9.1) Since x — n(x,t) is increas-
ing, it is continuous in R except possibly for countably many points. Therefore,
n(x,t) is uniquely defined for a.e. z € R. From (8.10) it follows that for a.e.
1 < w9 and some £ € R

uteat) — ety < s =)~ 2 t) e )
a v L
< ; (xg —21) < t($2—$1)~

This proves (9.1). To prove (9.2), write (9.3) for n = n(x,t), the unique mini-
mizer of ¥(z,t;-). For such a choice, by (8.10), v = u. Therefore

t Y

2 < N 1
oY (z,t) <¥(z, t;n(z,t)) ;relﬂfk - Uy(s)ds
y
<V (z,t;m) — inf o(s)d
< U (x,t;m) inf _Ocu (s)ds

for all n € R, since n(x,t) is a minimizer. Taking n = z — a(0)¢ and recalling
the definitions (8.8) of ¥ (z,t;-) proves (9.2).

9.1 Proof of Lemma 9.1
Let n; = n(x;,t) for i = 1,2. It will suffice to prove that

U(xg,t;m) < ¥(x2,t;m) for all n < n. (9.4)
By minimality, ¥(x1,t;m1) < ¥(x1,t;n) for all n < ny. From this

V(xo, tym)+ W (r1, tn) — ¥(xe, tm)]
S W(wo,tm) + [W(21,t5n) — P, t5n)].
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Therefore inequality (9.4) will follow if the function
n— L(n) =¥, t;n) — (w2, t5m)

is increasing. Rewrite L(n) in terms of v; = v;(n) given by (8.6) with x = x;
for i = 1,2. This gives

L) = tora(vr) — F(u1)] — tlosa(vs) — F(vs)] = ¢ / " gl (s)ds.

V2

From this one computes

8111

L) =tma 00! -
_ al(”t‘”) _al(‘“t‘”) >0,

10 Constructing Variational Solutions II

For fixed ¢ > 0, the minimizer n(z,t) of ¥ (z,t;-) exists and is unique for a.e.
x € R. We will establish that for all such (x,t)

a—1<x_77t(”3’t)) ~ lim Ra_l(x;n>d)\"(77) (10.1)

n—oo

where d\,,(n) are the probability measures on R

e—"q’(I»t;TI)

d\, (77) = f
R

e*"q’(%tW)dndn for n e N. (10.2)

Therefore the expected solution

() = a~ ! (w - n(m))

t

can be constructed by the limiting process (10.1). More generally, we will
establish the following.

Lemma 10.1 Let f be a continuous function in R satisfying the growth con-
dition /
|f(v)] < Colv|eteSo 57" S)ds for all |v] > A, (10.3)

for given positive constants C,, ¢, and y,. Then for firedt > 0 and a.e. z € R

n—oo

flu(z, )] = lim Rf[ﬂ(‘”;”ﬂdxn(n).
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Proof Introduce the change of variables

v:a_l(x;n), vo:a*(x_"t(x’t)) (10.4)

and rewrite ¥ (z, t;n) as

z—a(v)t
(o) = / uo(5)ds + tjva(v) — F(v)]. (10.5)

—o0
The probability measures d\,(n) are transformed into the probability mea-
sures
—n¥(v) ,/ —n[¥(v)—¥(vo)] !
dpn,(v) = ¢ v a'(v) v= ° Do) w @'(v) dv (10.6)
fR e~ (1))al(v)dv fR e—n[¥(v)— (1)0)]a/(v)dv

and the statement of the lemma is equivalent to

f(vo) = lim f(v)d,“n(v)

n—o0 R

where v, is the unique minimizer of v — W (v). For this it suffices to show that
1 [ 150 = Fldin) =0 as n— o

By (9.3) the function ¥(-) grows to infinity as |v| — co. Since v, is the only
minimizer, for each € > 0 there exists 6 = d(¢) > 0 such that
U(v) >P(v,) +d forall |v—u,]>e. (10.7)

Moreover, the numbers € and § being fixed, there exists some positive number
o such that
W(v) <W¥(vo) + 56 forall |v—v,| <o.

From this we estimate from below

/e’"["p(”)*g’(%)]a’(v)dv > 1 / eI () =T (o)) g > 2067%5.
R [v—v,o|<o

Therefore I
dpn (v) < 9 2T (o)l o/ (1) dy.
o

Le [ 1) fen)ldun)
[v—v,|<e
[v—vo| <2y 20
20

Next estimate I,, by using these remarks as
L
+ sup |f(v)] e%"‘s/ e M=l g/ (1) do
<|v—v,|<2y
L
+ et [ (@) e O )y
[v—vo|>2y
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where v is a positive number to be chosen. Denoting by w(-) the modulus of
continuity of f, estimate itV < w(e), since du,(v) is a probability measure.
The second term I is estimated by means of (10.7) as

L
17(12) < sup \f(v)\a’(v) eéné / e—n[W(v)—lI/(vn)]dv
[v—ve| <2y 20 e<|v—v,| <2y

< C(y,0,L)e 2™

for a constant C' depending only on the indicated quantities. Thus I,(L2) — 0

as n — 00. The last term L(Lg) is estimated using the lower bound

¥ (v) > —C + tjva(v) — F(v)] > —=C —i—t/ov sa'(s)ds.

Also choose v > ~,, where 7, is the constant in the growth condition (10.3).
By choosing v even larger if necessary, we may ensure that [|[v — v,| > 2] C
[Jv] > ~]. For this choice

I(3) < COLen[§+C'+lI/('uo)] / ef(ntfco) Iy Sal(s)ds|’U|a/(’U)d’U. (108)
[v][>~

n o

If n is so large that nt — ¢, > 0, the integral on the right-hand side of (10.8)
can be computed explicitly, and estimated as follows

! o 7’\{
/ e—(nt=co) [ sa (S)ds|’u|a/(v)d’l} — / codo - / oodv
[v]>y v —oo

_ 2 6—(nt—cn) ) sa’(s)ds < 2

nt — c, “nt—c,

This in (10.8) gives

2
—(nt—co) 3.

cor?
2C,Le 32 —n(=6-C=w(vo)+ 5, )

I®) <
" o(nt — ¢,)

The number ¢ > 0 being fixed, choose ~ large enough that

2

t
TS0

—6—C—W(vo)+2L .

Then let n — oo to conclude that lim,, o I, < w(e) for all € > 0.

11 The Theorems of Existence and Stability

11.1 Existence of Variational Solutions

Theorem 11.1 (Existence) Let the assumptions (8.1)-(8.2) hold, and let
u(+,t) denote the function constructed in Sections 8-10. Then
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lu(-st)oor < [[tholloor  for all t > 0. (11.1)

The function u solves the initial value problem (6.4) in the weak sense

/Ot/R[USOt+F(u)som]dxdT:/Ru(x,t)go(x,t)dx —/Ruo(x)cp(x,O)dx (11.2)

for all p € CH[RT;C°(R)] and a.e. t > 0. Moreover, u takes the initial datum
u, in the sense of Li (R), that is, for every compact subset K C R

loc

tim [[u(-.£) — ol = 0. (11.3)
Finally, if u,(-) is continuous, then for all t >0

u(z, t) = uo(z — afu(x, t)]t)  for a.e. z €R. (11.4)

11.2 Stability of Variational Solutions

Assuming the existence theorem for the moment, we establish that the solu-
tions constructed by the method of Sections 8-10 are stable in L (R). Let
{uo,m} be a sequence of functions satisfying (8.2) and in addition

{ 1tto.mllco,® < ¥|[ttolloco,r for all m, for some v >0 (11.5)

Uom — Uy weakly in L'(—oo,z) for all z € R.

Denote by u,, the functions constructed by the methods of Sections 8-10, cor-
responding to the initial datum w, .. Specifically, first consider the functions
U (2,t;-) defined as in (8.8), with u, replaced by g . For fixed ¢t > 0, let
Nm(2,t) be a minimizer of ¥,,(x,t;-). Such a minimizer is unique for almost

all z € R. Then set
— IIm 7t
Um(IL',t) — (1' 77t (.’E )) )

Theorem 11.2 (Stability in L. _(R)) For fized t > 0 and all compact sub-
sets K C R
”um(‘»t)_u(‘,t)||1,[(—>0 as m — 0.

Proof Denote by &, and &,, the subsets of R where u(-,t) and u,,(-,t) are not
uniquely defined. The set & = |J &, has measure zero and {u,,(-,t), u(-,t)}
are all uniquely well defined in R — £. We claim that

lm w,(z,t) = u(z,t) and lim 7, (x,t) = n(x,t)

for all z € R — &, where n(x,t) is the unique minimizer of ¥(x,t;-). By (11.1)
and the first of (11.5), {um(z,t)} is bounded. Therefore also {1, (z,t)} is



246 7 Quasi-Linear Equations of First-Order

bounded, and a subsequence {n,,(z,t)} contains in turn a convergent sub-
sequence, say for example {1, (z,t)} — no(x,t). By minimality

Wm” ({E7 t, nm// ({E7 t)) g Wm” (1’, t7 ’I’](.’E7 t))

Letting m” — oo
Wz, t;10(2,t)) < W (2, t5n(2,1)).

Therefore 1, (x,t) = n(z,t), since the minimizer of ¥(z,t;-) is unique. There-
fore any subsequence out of {n,,(x,t)} contains in turn a subsequence conver-
gent to the same limit 7(x,t). Thus the entire sequence converges to n(z,t).
Such a convergence holds for all x € R — &, i.e., {un(-,t)} — u(-,t) a.e. in R.
Since {u,(-,t)} is uniformly bounded in R, the stability theorem in L (R)
follows from the Lebesgue dominated convergence theorem.

12 Proof of Theorem 11.1

12.1 The Representation Formula (11.4)

Let dA,,(n) and dpy, (v) be the probability measures introduced in (10.2) and
(10.6), and set

(2, 1) :/Ra1<x;n)d/\n(n):/Rvd,u"(v)
P t) = /R P {a—l(”;;”)] A (v) = /R F(o)dpn (v)

H,(z,t) = ln/ e @B gy — ln/ e ™ g (v)dv
R R

(12.1)

where the integrals on the right are computed from those on the left by the
change of variables (10.4)—(10.5). From the definitions (8.8) and (10.5) of
U (z,t;m) and ¥ (v), and recalling that F’ = a(-)

Uy (z,t;m) =a™! (Jj B n) =

t

W (x, 1) = _F[a_l <a: - 77)] . (12.2)

Then compute

0
axH"(x,t) = —n/R!T/x(x,t;n)d/\n( ) = —n/Rvd,u"(v)
— -1 [ ofe ~ ae)t)dyn(v)
R
) = = [ e tindr(a) =n [ Flo)duao)
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Therefore
10 10
Up (2, t) _nﬁan(x’t)’ F(z,t) natHn(x,t)
These imply
0 +8F—O in RxRT (12.3)
8tun ox " '

and
Up(z,t) = / uo(x — a(v)t)duy, (v). (12.4)
R
Since u, € L>®(R) and dpuy, (v) is a probability measure
ltun (-, )]l ook < JUolloor  for all ¢ > 0.

Therefore by Lemma 10.1 and Lebesgue’s dominated convergence theorem,
{un(-,t)} and {F,(-,t)} converge to u(-,t) and Flu(-,t)] respectively in
L (R), for all ¢ > 0. Moreover {u,} and {F,} converge to u and F(u)
respectively, in L} (R x RT). This also proves (11.1).

If u, is continuous, the representation formula (11.4) follows from (12.4)

and Lemma 10.1, upon letting n — oo.

12.2 Initial Datum in the Sense of L{ _(R)

Assume first u, € C(R). Then by the representation formula (11.4)

lim [Ju(-, ) — uo

e = Jim [ ol = alue, 1)) = o (o)ldz =0

since w is uniformly bounded in K for all ¢ > 0. If u,, merely satisfies (8.2), con-
struct a sequence of smooth functions u, ., satisfying (11.5), and in addition
{to,m} — u, in L, (R). Such a construction may be realized through a mollifi-
cation kernel Ji /,,,, by setting uo m = J1/m *uo. By the stability Theorem 11.2

lu(-,t) = wm (-, )1, — for all ¢ > 0.
Moreover, since u, », are continuous
”um(':t) - uo,mHl,K - as t — 0.

This last limit is actually uniform in m. Indeed
/ [t (2, ) — Upm (x)|d = / [to,m (T — aftm (2, 0)]t) — u m(x)|dx
K K
= [ 1apm # lle = alim a]0) = (o)l
K

< /K [to(x — aftiy, (z,1)]t) — uo(x)|da.
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Since afuy, (x,t)] is uniformly bounded in K for all ¢ > 0, the right-hand side
tends to zero as t — 0, uniformly in m.
Fix a compact subset K C R and € > 0. Then choose ¢t > 0 such that

||’U,m(‘,t) - uo,mHl,K <e.

Such a time ¢ can be chosen independent of m, in view of the indicated uniform
convergence. Then we write

[u(t) = toll1,rc < [lu(t) = um(t)

(t) —

— Uo

1,K-

Letting m — oo gives |[u(:,t)

12.3 Weak Forms of the PDE

Multiply (12.3) by ¢ € CY[RT;C°(R)] and integrate over (g,t) x R for some
fixed € > 0. Integrating by parts and letting n — co gives

/:/R[“@t‘*‘F(U)%]dl“dT = /Ru(x’tﬁﬂ(%t)dﬂ?—/Ru(x,a)w(x,s)dag.

Now (11.2) follows, since u(-,t) — u, in L{ (R) as t — 0.
The following proposition provides another weak form of the PDE.

Proposition 12.1 For allt > 0 and a.e. © € R
/ u(s,t)ds = Wiz, t; u(x, t)]

— 00

w—alu(z,t)]t (12:5)
— / Uo(8)ds + tlua(u) — F(u)](z,t).

— 00

Proof Integrate (12.3) in dr over (g,t) and then in ds over (k,x), where k is
a negative integer, and in the resulting expression let n — oo. Taking into
account the expression (12.1) of F), and the second of (12.2), compute

/ u(s,t)ds —/ u(s,e)ds = lim / / (x,73m) — e (k,m;m)] dAn(n)dT
k k n—oo

=Vlx, t;u(x,t)] — Pk, e;ulk, e)]
by virtue of Lemma 10.1. To prove the proposition first let € — 0 and then
k — —oc.
13 The Entropy Condition

A consequence of (9.1) is that the variational solution claimed by Theo-
rem 11.1 satisfies the entropy condition
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limsup [u(z + h,t) — u(z,t)] <0 (13.1)
0<h—0
for all fixed ¢ > 0 and a.e. € R. The notion of a weak solution introduced
in Section 5.1 does not require that (13.1) be satisfied. However, as shown by
the examples in Section 6.2, weak solutions need not be unique. We will prove
that weak solutions of the initial value problem (6.4) that in addition satisfy
the entropy condition (13.1), are unique. The method, due to Kruzhkov [85],

is N-dimensional and uses a notion of entropy condition more general than
(13.1).

13.1 Entropy Solutions
Consider the initial value problem

uy +divF(u) =0 in Sp =RY x (0,7

13.2

U(,O) =Uo € Llloc(RN) ( )
where F € [C1(R)]N. A weak solution of (13.2), in the sense of (5.4)—(5.5), is
an entropy solution if

/ /S sign(u — k) {(u— k)er + [F(u) — F(k)] - Dp}dadt >0 (13.3)

for all non-negative ¢ € C1(Sr) and all k € R, where D denotes the gradient
with respect to the space variables only.

The first notion of entropy solution is due to Lax [97, 99], and it amounts
to (13.1). A more general notion, that would cover some cases of non-convex
F(+), and would ensure stability, still in one space dimension, was introduced
by Oleinik [113, 114]. A formal derivation and a motivation of Kruzhkov notion
of entropy solution (13.3) is in Section 13c of the Problems and Complements.
When N = 1 the Kruzhkov and Lax notions are equivalent, as we show next.

13.2 Variational Solutions of (6.4) are Entropy Solutions

Proposition 13.1 Let u be the weak variational solution claimed by Theo-

rem 11.1. Then for every convex function ® € C%(R) and all non-negative
p € C(R x RY)

J[ . |ewecs ([ Foweas)e a0 pora ke r

Corollary 13.1 The wvariational solutions claimed by Theorem 11.1 are
entropy solutions.

Proof Apply the proposition with @(s) = |s — k|, modulo an approximation
procedure. Then &'(s) = sign(s — k) for s # k.
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The proof of Proposition 13.1 uses the notion of Steklov averages of a function
f € L (R x RT). These are defined as

fn(z,t) —][:Hh f(s,t)ds, (x,t) ][ f(z,7)d

t+e
fre(z,t) ][ ][ (s, T)dsdr

for all A € R and all £ € R such that ¢ + ¢ > 0. One verifies that as h,{ — 0

Su(t) — f(t) in L (R) ae. t€RT
fe(z,:) = f(z,-) in LL (RT) ae. z€R
e = f in Li (R xRY).

Lemma 13.1 The variational solutions of Theorem 11.1 satisfy the weak for-
mulation 5

ox
4

uhg(‘,()) :][ uh(-,T)dT.
0

Moreover, up(+,0) — u, in Li (R) as h,¢ — 0.

une + . Fpe(u) =0 in R x RT

ot (13.4)

Proof Fix (z,t) € R x Rt and h € R and ¢ > 0. Integrate (12.3) in dr over
(t,t + ¢) and in ds over (z,z + h), and divide by hf. Letting n — oo proves
the lemma.

Proof (Proposition 15.1) Let @ € C%(R) be convex and let p € C°(R x RY)
be non-negative. Multiplying the first of (13.4) by @' (up¢)e and integrating
over R x RT, gives

- // [D(une)pr — F' (une)® (wne)unes )] dx dt
RxR+
= // [Fh o(u) — F(une)]®" (une)une,pda dt
RxRt

" / /Mw [Fhew) = F(une)]® (une)pod di.

The second term on the left-hand side is transformed by an integration by

parts and equals
Uhe
// (/ F”(s)@’(s)ds) ppdx dt
RxR+ k

where k is an arbitrary constant. Then let £ — 0 and A — 0 in the indicated
order to obtain
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//RxR+ {dﬁ(u)% T (/u F'(s)®'(s )ds> @z} da dt

~ _lim / / Fp () — F ()" (un) (un)epda dt.
h=0J JrxR+

It remains to show that the right-hand side is non-negative. Since F(-) is
convex, by Jensen’s inequality Fj,(u) > F'(up). By (9.1), for a.e. (x,t) € RxRT

o [oth u(x + h,t) —u(z,t) L
pr— < .
(up)z = o], u(s,t)ds b <

— lim //RxR+ F(up))®" (up) (up)zpdx dt

h—0

> lim //RxR+ D" (up)[Fp(u) — F(uh)]cpfdx dt = 0.

h—0

13.3 Remarks on the Shock and the Entropy Conditions

Let w be an entropy solution of (13.2), discontinuous across a smooth
hypersurface I". The notion (13.3) contains information on the nature of the
discontinuities of u across I'. In particular, it does include the shock condition
(4.4) and a weak form of the entropy condition (13.1).

If P € I', the ball B,(P) centered at P with radius p is divided by
I', at least for small p, into B;r and B, as in Figure 13.1. Let v =
(Vt;Vays -+ Vay ) = (V45 V2) denote the unit normal oriented toward B
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We assume that u € C’l(BSE) and that it satisfies the equation in (13.2) in
the classical sense in B;,t. In (13.3) take a non-negative test function ¢ €
C°(B,(P)) and integrate by parts by means of Green’s theorem. This gives,
for all k € R

Asign(u"‘ — k) {(u" = k) + [Fu™) = F(k)] - v }pdo
< / sign(u™ — k){(u™ —k)vy + [F(u™) —F(k)] - v }pdo
r

where do is the surface measure on I’ and u® are the limits of u(z,t) as
(z,t) tends to I" from B;AL. Since ¢ > 0 is arbitrary, this gives the pointwise
inequality

sign(u” — B){(u” — F)ve + [F(u™) = F(k)] - v} (13.5)
< sign(u™ — B){(u™ — ki + [F@™) ~F(R)] v}
on I'. If k > max{u™,u™}, (13.5) implies
([ — ), [P(ut) — P(u)]) v > 0
and if k¥ < min{u™,u"}

([w" —u ], [Fu") = F(u)) v <0.

Therefore, the surface of discontinuity I" must satisfy the shock condition
(4.4). Next, in (13.5), take k = 2[u™ +u~], to obtain

signfu® — u”][F(u") + F(u™) — 2F(k)|v, < 0. (13.6)

This is an N-dimensional generalized version of the entropy condition (13.1).

Lemma 13.2 If N =1 and F(-) is convex, then (13.6) implies (13.1).

Proof If N = 1, I' is a curve in R?, and we may orient it, locally, so that
v = (v, vs), and v, > 0. Since F(+) is convex, (8.3) implies that

F(u®) — F(k) > F'(k)(u™ — k).
Adding these two inequalities gives
[F(uT) + F(u™) — 2F(k)|ve > 0.

This in (13.6) implies sign[u™ —u~] < 0.
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14 The Kruzhkov Uniqueness Theorem

Theorem 14.1 Let uw and v be two entropy solutions of (13.2) satisfying in
addition

”F<u> “FO| Car or some M >0 (14.1)

u—v

‘OO,ST

Then u=v.

Remark 14.1 The assumption (14.1) is satisfied if F € C1(R) and the solu-
tions are bounded. In particular

Corollary 14.1 There exists at most one bounded entropy solution to the
initial value problem (6.4).

14.1 Proof of the Uniqueness Theorem I

Lemma 14.1 Let u and v be any two entropy solutions of (13.2). Then for
every non-negative p € C°(Sr)

/ /S sign(u — ){(u — V)1 + [F(u) — Fw)] - Do}dwdt > 0. (14.2)

Proof For € > 0, let J. be the Friedrichs mollifying kernels, and set

r—y t—T1\ t—1 |z — vyl
(7)) ()

Let ¢ € C5°(St) be non-negative and assume that its support is contained in
the cylinder B X (s1,$2) for some R > 0 and € < 51 < so <T — . Set

r+y t+71 r—y t—T
M%uyﬁ)=w< 9 0 9 )&( 5 >. (14.3)

The function A is compactly supported in Sy x Sp, with support contained in

|z + | lz —yl |t + 7] |t — 7]
n : n .
[ 5 <R 5 <el;ls1 < 5 < 89 5 <e

The variables of integration in (13.3) are x and t. We take k = v(y, 7) for a.e.
(y,7) € St and integrate in dydr over Sp. This gives

//s //gflg“ u(w, ) = vy, D[l 8) = vly, DA

[F(u(z,t)) — F(v(y, 7))] - VaAldz dt dy dr > 0.

Analogously, one may write (13.3) for v in the variables of integration y, 7, and
take k = u(z,t). Integrating in dx dt over Sy gives an analogous inequality
with A; and D, replaced by A; and DyA. Adding these two inequalities gives
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J ]ttt = ot )i+ 20 + signfuta, ) - v(y.7)
s JJsr (14.4)
+ [F(u(z,t) = F(v(y, 7)] - (DaA + DyA) Yz dt dy dr > 0.

To transform this integral, compute from (14.3)

_ rty t+7 r—y t—7
At"i_)\'r_@t( 2 ) 2 )56( 2 9 2 )

r+y t+71 r—y t—7
Dm/\—l—Dy)\:Dgp( 20 )6( 0 )

Then, in the resulting integral, make the change of variables

a:—|—y:E t—|—7':3. x—y:n t—T:U
2 ’ 2 ' 2 ’ '

The domain of integration is mapped into
{l1€] < R] x [s1,s2]} x { [In] <e] x [lo| <e]}

and (14.4) is transformed into

Jeteo [[ e ns b0y vt~ s oo, o)ando fa s
+/S Dy(,s) //s signfu(§ +n,s+0) —v( —n,s — 0)]
X [Fu(§+n,s+0)—F@w( —n,s—0)]0(n,0)dn da}d§ ds > 0.
By the properties of mollifiers the integrals in {-- -} converge respectively to

[u(€,s) —v(&, )| and  signfu(§, s) —v(&, $)|[F(u(S, s) = F(v(E, s))]

for a.e. (£, s) € Sp. Moreover, they are uniformly bounded in ¢, for a.e. (£, s) €
supp(p). Therefore (14.2) follows by letting ¢ — 0 in the previous expression
and passing to the limit under the integrals.

14.2 Proof of the Uniqueness Theorem 11

Fix z, € RY and R > 0 and construct the backward characteristic cone of
“slope” M

[lz — 20| < M(T —t)] x [0 <t <T].
The cross section of this cone with the hyperplane ¢ = const, for 0 < ¢t < T,

is the ball |z — z,| < M (T — t). The uniqueness theorem is a consequence of
the following
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(70, T)

| < M(T 1)
/ .\\v\"‘\
/ \.\.\

RN

. :
Ty MT RN
Fig. 14.1.

Proposition 14.1 For all z, € RN and for almost all0 <7 <t <T

/ lu —v|(z,t)dx < / lu —v|(z,7)dx.  (14.5)
|z—xo|<M(T—t) |z—zo| <M (T—T)

Proof Assume z, =0 and in (14.2) take

t—T1 [e s}
oz, t) = / Jg(s)ds/ Je(s)ds (14.6)
t—ty || —M(T—t)+e
where ¢ < 7 < t; < T — ¢ are arbitrary but fixed. Such a ¢ is admissible since
it is non-negative, is in C'*°(Sr), and vanishes outside the truncated backward
cone
[lz| < M(T —t)] x [T—e<t<t;+e].

Compute
or = [Je(t—7) = J(t — t1)] / Je(s)ds
|z|—M(T—t)+e
t—r1
—J (x| = M(T —t)+e)M Je(s)ds

t—t1
t—r1
D = —Jo(jz| - M(T — ) + 2) é' / J.(s)ds.
t—ty

Put this in (14.2) and change the sign to obtain

[ee)

//ST[JE(t_tl)_Jﬁ(t_T)HU_U|/ Je(s)ds dx dt

|| —M(T—t)+e

<//ST /t § Jo(s)dsJ(|x] — M(T — t) + €){|F(u) — F(v)| - M|u — v|}dz dt.

By virtue of (14.1), the right-hand side is non-positive. Letting ¢ — 0, by the
properties of the mollifiers, the left-hand side converges to

/ \u—v|(x,t1)dx—/ lu —v|(z, 7)dx.
|| <M(T—t1) |z|<M(T—T)
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14.3 Stability in L*(RY)

Let v and v be entropy solutions of (13.2) defined in the whole of S,. Fix
T > 0 and rewrite (14.5) as

/ 1 — 0| (0 — g, )y < / i — vl (2o — v, 7)dy.
ly| <M (T—t) |y|<M(T—7)

Integrating this in dz, over R gives

N
T—71
o= oliax® < (727 ) e olhan)

Since the solutions u and v are global in time, let T" — oo, and deduce that
the function ¢ — |Ju — v||; g~ (t) is non-decreasing.

Theorem 14.2 Let u and v be, global-in-time, entropy solutions of (13.2)
originating from initial data u, and v, in L*(RY) N L®(RY), and let (14.1)
hold. Then

Ju—vll1 g~ (t) < luo —voll1 gy for a.e. t>0.

15 The Maximum Principle for Entropy Solutions

Proposition 15.1 Let u and v be any two weak entropy solutions of (13.2).
Then for all z, € RN

/ (u—v)q(z,t)de < / (u—v)g(z,7)dx
|z—zo| <M (T—t) |z—xo| <M (T—T)

forae 0<T<t<T.

Proof Since u and v are weak solutions of (13.2) in the sense of (5.4)—(5.5),
starting from these, we may arrive at an analogue of (14.4) with equality and
without the extra factor sign[u(x,t) — v(y, 7)]. Precisely, starting from (5.4)
written for

u—o(y,7) and [F(u(z,t)) —F(v(y,7))]

choose ¢ and A as in (14.3) and proceed as before to arrive at

//ST/ST{ 1) = v(y, T\ + Ar)

+[F(u(z,t)) —F(v(y, 7))]- (DgA + DyX) }da dt dy dr =0.
Add this to (14.4) and observe that

= o] + (u — v) = 2(u — v)4
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to obtain

//S //s {2fu(z,t) = v(y, 7)]+ (A + Ar) + (1 + signlu(z, t) —v(y, 7)])

Proceeding as in the proof of Lemma 14.1, we arrive at the inequality
/ (20— v) 01 + (1 + sign [u — v])[F(u) — F(v)] - Dp}da dt > 0
St

for all non-negative ¢ € C3°(St). Take ¢ as in (14.6) and let € — 0.

Corollary 15.1 Let u and v be two entropy solutions of (13.2), and let (14.1)
hold. Then u, > v, implies u > v in St.

Corollary 15.2 Let u be an entropy solution of (13.2), and let (14.1) hold.
Then

lu(t)|[oory < ||Uollcory — for ae. 0 <t <T.

Corollary 15.3 Assume that u, € L=(RY) and let F € C*(R). Then there

ezists at most one bounded, weak entropy solution to the initial value problem
(13.2).

Problems and Complements

3c Solving the Cauchy Problem

3.1. Solve z - Vu = o with Cauchy data h(-) on the hyperplane zxy = 1, that
is
F:{&:SZ}, izl,...,N—l
Ev =1, ((s)=h(s) e CYRNH).

Denote by # = (x1,...,2y_1) points in RV~1 and by (Z,zx), points in
RY. An integral surface is given by

Z(s,t) = se', wn(s,t)=¢€', z(s,t)=h(s)+at.

For xn > 0, we have s = T/, and the solution is given by

u(z) :h< * ) +Inzxy.
TN
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3.2. Let u solve the linear equation a;(x)u,, = yu for some v € R. Show that
the general solution is given by & — u,(z)u(x), where u, is a solution of
the associated homogeneous equation.

3.3. Show that the characteristic projections of

YUy + TUy = YU, >0 (3.1c)
are the curves

z(t) = x, cosht + y, sinh ¢

2
y(t) = To sinh ¢ —+ Yo cosht (Z’O, yo) eR

and observe in particular that the lines x = +y are characteristic.
3.4. Show that the general solution of the homogeneous equation associated
with (3.1c) is f(2? — y?), for any f € C*(R).
3.5. Solve (3.1c) for Cauchy data u(-,0) = h € C1(R). The integral surfaces
are
x(s,t) = scosht, y(s,t) =ssinht, z(s,t) = h(s)e".

The solution exists in the sector |x| > |y|, and it is given by
v/2
w(z,t) = h(v/22 — y?) <x—|—y> .
r—=y

This is discontinuous at = y and continuous but not of class C! at
x = —y. Explain in terms of characteristics.
3.6. Consider (3.1c) with data on the characteristic = y, that is

u(z,z) = h(z) € C*(R).

In general, the problem is not solvable. Following the method of Section 3,
we find the integral surfaces

x(s,t) = s(cosht + sinh )
y(s,t) = s(cosht + sinht)
2(s,t) = h(s)et.

From these compute
¥
h
set=x+y, u($7y)=<x+y) (S)

Therefore the problem is solvable only if h(s) = Cs7. It follows from 3.4
that C = f(z? — y?), for any f € C}(R).
3.7. Show that the characteristic projections of yu, — xu, = ~yu, are the
curves
z(t) = x,cost + y,sint
y(t) = yocost — x, sint
Solve the Cauchy problem with data w(z,0) = h(z). Show that if v =0
then the Cauchy problem is globally solvable only if h(-) is symmetric.

(To,Y0) € R2.
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6¢c Explicit Solutions to the Burgers Equation

6.1. Verify that for A > 0, the following are families of weak solutions to the
Burgers equations in R x RT.

for x <0

for 0 <z < V2t (6.1c)

for = > V2Mt.

W (x,t) =

S+ 8

for © < —vV2\t
for — V22X <z<0 (6.2¢)
for = > 0.

O~ 8O

for <0

A
for 0< <

_ (6.3c)
A for ;\ <z <A

for = > A\

R 8 9

U(z,t) =

o

6.2c Invariance of Burgers Equations by Some Transformation of
Variables

Let ¢ be a solution of Burgers equation in R x RT. Verify that for all a,b,c € R
the following transformed functions are also solutions of Burgers equation:

u(z,t) = p(x +a,t+b) for t>—b (i)
u(z,t) = a+ p(x — at, t) (ii)
u(zx,t) = ap(bx, abt) def 0,bP (iii)
r a /bx ab ab .
u(x,t)zt—i—t (t’c_t> for t > e (iv)

6.2. Assume that a weak solution ¢ is known of the initial value problem

1 .
o1t (#%)e =0 in RXR, ¢(,0) = p,.

where ¢, is subject to proper assumptions that would ensure existence of
such a ¢. Find a solutions of the initial value problems

1 1
ut+2(u2)$:01n RXR+; ut—|—2(u2)$:01n RXR+;

u(+,0) = a+ @o; u(+,0) = vz + p,.



260 7 Quasi-Linear Equations of First-Order

A solution of the first is
u(z,t) = a+ o(x —at, t)

and a solution of the second is

Yy 1 x t
u(z, t) = + cp( , )
1+t T4t \14~t 149t
Note that the initial values of these solutions do not satisfy the assump-

tions (8.2).
6.3. Prove that those solutions of Burgers equations for which ¢ = T ,p are

of the form f(x/t).
6.4. Prove that those solutions of Burgers equations for which ¢ = T, are

of the form f(\/z/t)/V/t.

6.3c The Generalized Riemann Problem

Consider the initial value problem

1
W+QW%¢:OmeR+
(6.4c)

_Ja+pz for x <0
u(x’o)_{ﬁ—f—qx for x>0

where «, (3, p, q are given constants. Verify that if o < 3, then the solution to

(6.4c) is
atpr for z < at
1+ pt
x
u(x,t) = ; for at <z < [t (a < p)
A+gx for x > ft
1+qt

for all times 1 + (o A B)t > 0. If & > 3, the characteristics from the left of
x = 0 intersect the characteristics from the right. Let « = x(t) be the line of

discontinuity and verify that a weak solution is given by

C;::__pf for x < x(t)
! (> p)

fra for = > z(t)
1+qt

where x = x(t) satisfies the shock condition (4.7). Enforcing it gives
sl < L0, 9+l
2\ 14pt 1+qt /°

Solve this ODE to find

u(x,t) =

o(t) = oz\/l—l—qt—i—ﬁ\/l—i—qtt
Vitpt+/1+q
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13c The Entropy Condition

Solutions of (13.2) can be constructed by solving first the Cauchy problems

Uet —eAus +divF(u.) =0 in Sp
us(', O) = Uo
and then letting € — 0. Roughly speaking, as ¢ — 0, the term eAu,. “disap-
pears” and the solution is found as the limit, in a suitable topology, of the net
{us}. The method can be made rigorous by estimating {u.}, uniformly in ¢,
in the class of functions of bounded variation ([157]).

In what follows we assume that a priori estimates have been derived that
ensure that {u:.} — uin L{ _(S7). Let k € R and write the PDE as

loc
0
ot

Let hs(+) be the approximation to the Heaviside function introduced in (14.2)
of Chapter 5. Multiply the PDE by hs(us — k)@, where ¢ € CS°(St) is non-
negative and integrate by parts over St to obtain

o [ret
//S {8t (/0 h§(3)d$> pdx dt + Ehfs(us - k)‘DUEF@

+ ehs(ue — k)D(ue — k) - Dy
+ hs(ue — k)[F(ue) — F(k)] - Dy
4 R (ue — K)[F(u) — F(k)] - D(ue — k)gp}dw dt = 0.

(ue — k) —eA(ue — k) + div[F(u.) — F(k)] = 0.

Ue)

First let 6 — 0 and then let ¢ — 0. The various terms are transformed and
estimated as follows.

o ue—k
s [ [ oo
us—k
= —;EI%J éli% //ST </0 h(;(s)ds> prdx dt
=— // lu — k|pida dt.
St

The second term on the left-hand side is non-negative and is discarded. Next

lim lim // ehs(ue — k)D(us — k) - Dpdx dt
St

e—06—0
us—k
= ili% glir(l) //ST eD(/O hg(s)ds) - Dpdx dt

ue—k
Z—;%(%ILI})//STeE(/O h(;(s)ds)Agodxdt:O.
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Jim Tim / / he(ue — k)[F(u.) — F(k)] - Dopda dt

e—06—0
_ / /S sign(u — k)[F(u) — F(k)] - Dyda dt.

The last term is transformed and estimated as

/ /S div ( / " By(s — W)[F(s) — F(k)Jds ) e

//ST / hs(s = k)[F(s) - F(k)]dS) - Depdz dt.

For £ > 0 fixed

;ii% hs(s —k)[F(s) —F(k)] =0 ae. se€(0,uc).

Moreover, by (14.1)
0 < hi(s — k)[F(s) — F(k)] < M.

Therefore by dominated convergence

lim R (ue — k)[F(us) — F(k)] - D(ue — k)pdz dt = 0.
6—0 St

Combining these remarks yields (13.3).

14c The Kruzhkov Uniqueness Theorem

The theorem of Kruzhkov holds for the following general initial value problem

—divF(z,t,u) = g(x,t,u) in St
u(-,0) = u, € L (RY).

A function u € LS, (S7) is an entropy solution of (14.1c) if for all K € R

// sign(u — k){(u— k)gr + [F(xt,u) — F(a,t,k)] - Dy
St

+ [Fia; (2, t,u) + g(x,t,u)}go}dm dt >0
provided the various integrals are well defined. Assume

g, Fie CY(Sr xR) i=1,...,N.
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Moreover

F(z,t,u) — F(z,t,v)

|
Fi ., (z,t,u) — F; 5, (x,t,0)

Z | e

F(z,t,u) — F(z,t,v)

R
g(z,t,u) — g(x,t,v)

[

OO,ST xR

OO,ST xR

oo, STXR

< M,

< M,

< M,

< M;

00,STXR -

263

(14.4c)

for given positive constants M;, i = 0, 1,2, 3. The initial datum is taken in the

sense of L (R

NY. Set M = max{M,, My, My, M3}.

Theorem 14.1c Let u and v be two entropy solutions of (14.1¢) and let
(14.3¢c)~(14.4¢c) hold. There exists a constant vy dependent only on N and

the numbers M;, i = 0,1,2,3, such that for all T > 0 and all z, € RN

/ lu —v|(z, t)dx < e”’t/
|z—xo|<M(T—t)

|z—zo|<MT

forae 0<t<T.

[ — voldx
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Non-Linear Equations of First-Order

1 Integral Surfaces and Monge’s Cones

A first-order non-linear PDE is an expression of the form
F(z,u,Vu) =0 (1.1)

where z ranges over a given region £ C RY, the function u is in C*(F) and
F' is a given smooth real-valued function of its arguments. If u is a solution
of (1.1), then its graph X(u) is an integral surface for (1.1). Conversely, a
surface X is an integral surface for (1.1) if it is the graph of a smooth function
u solution of (1.1). For a fixed (z, z) € E xR, consider the associated equation
F(z,z,p) = 0 and introduce the set

P(z,z) = {the set of all p € RY satisfying F(z,z,p) = 0}.
If X (u) is an integral surface for (1.1), then for every (z,z) € X (u)
z=u(z) and p= Vu(x). (1.2)

Therefore solving (1.1) amounts to finding a function u € C*'(E) such that for
all z € F, among the pairs (x, z) there is one for which (1.2) holds. Let X be
an integral surface for (1.1). For (z,,2,) € X consider the family of planes

z2—zo=p- (x—x,), p € P(x, 2). (1.3)

Since X' is an integral surface, among these there must be one tangent X at
(2o, 20). The envelope of such a family of planes is a cone C(z,, z,), called
Monge’s cone with vertex at (z,, 2,). Thus the integral surface X' is tangent,
at each of its points, to the Monge’s cone with vertex at that point.

!Gaspard Monge, Beaune, France 1746-1818 Paris, combined equally well his sci-
entific vocation with his political aspirations. He took part in the French Revolution
and became minister of the navy in the Robespierre government (1792). Mathemati-
cian and physicist of diverse interests, he contributed with Lavoisier to the chemical
synthesis of water (1785), and with Bertholet and Vandermonde in identifying vari-
ous metallurgical states of iron (1794). The indicated construction is in Feuilles
d’Analyse appliquée a la Géométrie, lectures delivered at the Ecole Polytechnique
in 1801, and published by J. Liouville in 1850.

E. DiBenedetto, Partial Differential Equations Second Edition, 265
Cornerstones, DOI 10.1007/978-0-8176-4552-6 9,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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1.1 Constructing Monge’s Cones

The envelope of the family of planes in (1.3) is that surface S tangent, at each
of its points, to one of the planes of the family (1.3). Thus for each (z, z) € S,
there exists p = p(x) such that the corresponding plane in (1.3), for such a
choice of p, has the same normal as S. These remarks imply that the equation
of Sis

z2— 2o =p(x) (¥ — o). (1.4)
The tangency requirement can be written as
Pi() + Py (T — 20i) = pj(x)
~ < ~ ~
jth component of the jth component of the normal
normal to § at = to the tangent plane at «

This gives the N equations
Pz, - (x— 1) =0, i=1,...,N.

Since p(z) € P,, the vector-valued function x — p(x) must also satisfy

DyF (20, 20,p(x)) - po, =0, j=1,...,N
where D, F' = (Fp,, ..., Fpy). It follows that for each x fixed in a neighborhood
of z,, the vectors D, F and = — x, are parallel, and there exists A(z) such that
DpF(xm Zovp(x)) = )\(CE)(.’E - xo)

F(xmzovp(x)) =0.

This is a non-linear system of N + 1 equations in the N + 1 unknowns
p1(x),...,pn(2), A(z). Solving it and putting the functions x — p(x) so
obtained in (1.4) gives the equation of the envelope.

(1.5)

1.2 The Symmetric Equation of Monge’s Cones

Eliminating A from (1.4) and the first of (1.5) gives the symmetric equation

of the cone
Z— Zo Ti — Loy

= ’ i =1,...,N. 1.
p- Dyl Eyp, 7 ' T (16)
This implies the Cartesian form of the Monge’s cone C(x,, o)
2
2 p-DpF 2
— = — . 1.7
pent = (M) e 1.7

Remark 1.1 If F(x, z,p) is such that the “coefficient” of |x—,|? is constant,
then the cone in (1.7) is circular and its axis is normal to the hyperplane z = 0.
This is occurs for the first-order non-linear PDE |Vu| = const, which arises
in geometric optics.

We stress however that the indicated “coefficient” depends on z via the
functions © — p;(«), and therefore C(z,, z,) is not, in general, a circular cone,
nor is its axis normal to the hyperplane z = 0.
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2 Characteristic Curves and Characteristic Strips

Let ¢ denote the line of intersection between the cone in (1.6) and the
hyperplane tangent to the integral surface X' at (z,, z,). For (z,z) € ¢, the
vector p(z) remains constant. Therefore, for infinitesimal increments dz and

dx;, along £
dz dxq dr N

p'DpF_Fpl_ _FpN
where p and F),, are computed at p(x), constant along ¢. We conclude that ¢
has directions

(DPF(waZOvp(x))?p : DpF(Z'O,ZO,p(Z')))

where p(z) is computed on ¢. Following these directions, starting from (z,, 2,),
trace a curve on the surface X'. Such a curve, described in terms of a parameter
€ (—9,9), for some § > 0, takes the form

i(t) = DpF ((t), 2(t), p(t)) o
4(t) =p- DpF(x(t), 2(t),p(t))  2(0) =z

Here p(t) is the solution of the system (1.5) with z, and z, replaced by x(t)
and z(t), and computed at points x on the tangency line of the integral surface
X with the Monge’s cone with vertex at (z(t),z(t)). The system (2.1) is not
well defined, because the functions ¢t — p;(t) are in general not known. For
quasi-linear equations, F'(x, z,p) = a;(z, 2)p;. In such a case F), = a;(z, z) are
independent of p and (2.1) are the characteristics originating at P, (Section 1
of Chapter 7). Because of this analogy, we call the curves (2.1), characteristics.
To render such a system well defined, observe that if ' is an integral surface,
then p; = ug, (z). From this and the first of (2.1)

I
—~

(en)
=

I

(2.1)

p, = u7;77;7.131 = uinjFp]..
Also, from the PDE (1.1), by differentiation
Fp, + Puug, + Fp g, = 0.

Therefore
p’L:_FI7_Fqu77 Z.:l’...7N.

Thus, the characteristics for the non-linear equation (1.1) are the curves

@(t) = DpF (2(t), 2(t), p(t))

(t) = p- DpF (2(t), 2(t), p(t))

p(t) = =Dy F(x(t), 2(t), p(t))
—F.(x(t), 2(t), p(t)) p(t)

(—6,8) 5t — I(t) = (2.2)
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where D, F = (F,,..., Fy, ). For every choice of “initial” data
(2(0), 2(0),p(0)) = (%0, %0, po) € E x R x RY

the system (2.2) has a unique solution, local it ¢, with the interval of existence
depending, in general, on the initial datum. To simplify the presentation we
assume that the interval of unique solvability is (—d,d), for every choice of
data (2, 2o, Po)-

2.1 Characteristic Strips

A solution of (2.2) can be thought of as a curve t — (z(t),2(t)) € RV *! whose
points are associated to an infinitesimal portion of the hyperplane trough them
and normal p(t). Putting together these portions along ¢ — (z(t), z(t)), the
function ¢ — I'(t) can be regarded as a strip of infinitesimal width, called a
characteristic strip. These remarks suggest that integral surfaces are union of
characteristic strips. Let X be a hypersurface in RV*! given as the graph of
z = u(x) € CY(E), and for (z0,2,) € X, let t — I{,, .,)(t) be the charac-
teristic strip originating at (z,, o), that is, the unique solution of (2.2) with
data

2(0) =z, 2(0) =2, =u(x,), p(0)= Vu(z,). (2.3)

The surface X is a union of characteristic strips if for every (z,, z,) € X, the
strip t — I, 2,)(t) is contained in X, in the sense that

z(t) =u(xz(t)) and p(t) = Vu(x(t)) forall te (=4,9). (2.4)

Proposition 2.1 An integral surface for (1.1) is union of characteristic
strips.

Proof Let X be the graph of a solution v € CY(E) of (1.1). Having fixed
%o € E, let t — 2(t) be the unique solution of

i(t) = DpF (z(t), u(z(t)), Vu(z(t))), 2(0) = x,.
One verifies that the 2V + 1 functions
(=0,0) 3t — x(t), =) =wulx(t), px(t)) = Vul(z(t))
solve (2.2), with initial data (2.3). These are then characteristic strips.

Remark 2.1 Unlike the case of quasi-linear equations, the converse does not
hold, as (2.4) are not sufficient for one to conclude that X is an integral
surface. Indeed, even though F is constant along ¢ — (z(t),z(t)), the PDE
(1.1) need not hold identically.
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3 The Cauchy Problem

Let s = ($1,...,8n—1) be an (N — 1)-dimensional parameter ranging over the
cube Qs = (—§,0)N~1. The Cauchy problem associated with (1.1) consists
in assigning an (N — 1)-dimensional hypersurface I' C RV*1 of parametric
equations

z=£(s) = (&1(5),-..,En(5))

c=cls) (Ee)c(s) eBExr Y

Q598—>F(3)={

and seeking a function u € C1(E) such that ((s) = u(£(s)) for s € Qs and
such that the graph z = u(z) is an integral surface of (1.1).

An integral surface for the Cauchy problem, must be a union of characteris-
tic strips, and it must contain I". Therefore, one might attempt to construct it
by drawing, from each point (£(s),((s)) € I', a characteristic strip, a solution
of (2.2), starting from the initial data

2(0) =&(s),  2(0)=¢(s), p(0,5) =p(s) € RY.

However, a surface that is a union of characteristic strips need not be an
integral surface. Moreover, starting from a point on I, one may construct
ooV characteristic strips, each corresponding to a choice of the initial vector
p(0,s) = p(s). A geometric construction of a solution to the Cauchy problem
for (1.1), hinges on a criterion that would identify, for each (£(s),((s)) € I,
those initial data p(0, s) for which the union of the corresponding characteristic
strips, is indeed an integral surface.

3.1 Identifying the Initial Data p(0, s)

Set (£(0),¢(0)) = (&,¢o) € I', and assume that there exists a vector p, such
that

F(fo, Co,po) =0, DC(O) =Po - VE(O) (3'2)

VE(0)
det (DPF(fo,co,po>> #0

Consider now the N-valued function

and in addition?

Qs x RN 3 (s,p) — W(s,p) = (VC(S) —p~V£(s)> '

F(&(s),¢(s),p)

By (3.2) such a function vanishes for (s,p) = (0,p,). More generally, for
s € Qs, we seek those vectors p(s) for which ¥ vanishes, that is ¥ (s, p(s)) = 0.

2See Section 2.2 of Chapter 7 for symbolism and motivation.
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By the implicit function theorem, this defines, locally, a smooth N-valued
function Qs > s — p(s) such that

V((s) = p(s) - V&(s)
F(£(5),¢(s),p(s)) = 0

Such a representation holds locally in a neighborhood of s = 0, which might be
taken as Qs by possibly reducing §. The vector p(s), so identified, is the set of
initial data p(0, s) = p(s) to be taken in the construction of the characteristic
strips.

for all s € Q5. (3.3)

3.2 Constructing the Characteristic Strips

The characteristic strips may now be constructed as the solutions of the system
of ODEs

dtx(t, S) = DPF(x(t7 5)7 Z(t7 S)ap(ta 3))
d
dt

jtp(t, s) = —DIF(a:(t, s), z(t, s), p(t, 3))

—F.(z(t,s),2(t,s),p(t,s))p(t, s)

with initial data given at each s € Qs

LU(O,S) :f(s)v Z(O,S) = C(S), p(O,S) :p(s)‘ (35)

The solution of (3.4)—(3.5) is local in ¢, that is, it exists in a time interval
that depends on the initial data, or equivalently on the parameter s € Q5.
By further reducing ¢ if needed, we may assume that (3.4)—(3.5) is uniquely
solvable for (¢,s) € (=9,9) x Q5. Having solved such a system, consider the
map

2(t,s) = p(t, s) -DpF(x(t, s), z(t, s), p(t, 3)) (3.4)

(=0,6) x Q5 > (t,5) — (x(t,s), 2(t,5)).

This represents a surface X € RN*! which by construction contains a local
portion of I" about (&, ¢,).

Proposition 3.1 The surface X is an integral surface for the Cauchy problem

(1.1), (3.1).

4 Solving the Cauchy Problem

To prove the proposition, we construct a function x — wu(z) whose graph is
X and that solves (1.1) in a neighborhood of (§,,(,). Observe first that by
continuity, (3.2) continues to hold in a neighborhood of s = 0, i.e.,
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VE(s)
det <DPF(£(8),<(3),p(s))> #0 for s € Qs

where ¢ is further reduced if needed. Next consider the map
M : (=4,0) x Qs > (t,5) — z(t, s).

From (3.4)—(3.5) and the previous remarks

dor (207) = 06t ( ey compten)) 7

for all s € Q5. By continuity this continues to hold for ¢ € (—4¢,6), where § is
further reduced if necessary. Therefore

det ( gﬁ;;) #0  forall (t,5) € (=4,8) x Qs. (4.1)

Therefore M is locally invertible in a neighborhood of &,. In particular, there
exist ¢ = €(9), a cube Q:(& ), and smooth functions 7" and S, defined in
Q:(&,), such that t = T'(x) and s = S(x) for z € Q:(&,).

The function  — u(x) is constructed by setting

u(z) = z(T(x),S(x)) for z € Q(&).

By construction, u(&(s)) = ¢(s) and ¢ — F(x(t,s),z(t,s),p(t, s)) is constant
for all s € Qs. Moreover, by (3.3), F is also constant along I". Therefore

F(x(t,s),2(t, s),p(t,s)) =0 forall (t,s)€ (—6,6) x Qs. (4.2)
It remains to prove that
p(T(z),S(z)) = Vu(z) forall z € Q.(&). (4.3)
From the definition of wu(-)
zt(t, ) = Vu - x4 (t, s), Dsz(t,s) = Vu - Dsx(t, s). (4.4)
These and the equations of the characteristic strips, yield

[Vu —p(t,s)] - z(t,s) =0  for all (t,s) € (—6,0) x Qs. (4.5)

4.1 Verifying (4.3)
Lemma 4.1 The relation (4.8) would follow from

Dsz(t,s) = p(t,s) - Dsx(t,s) forall (t,s) € (=9,d) X Qs. (4.6)
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Proof Assuming (4.6) holds true, rewrite it as
Vu- Dsx(t,s) = p(t,s)Dsx(t, s)

which follows by making use of the second of (4.4). Combining this with
(4.5) gives the following linear homogeneous algebraic system in the unknowns
Vu —p(t,s)

(Vu —p(t,s)) - z(t,s) =0

(Vu —p(t,s)) - Dsx(t,s) = 0.
By (4.1), this admits only the trivial solution for all (¢,s) € (—=4,d) x Qs.

To establish (4.6), set
M(t,s) = Dsz(t,s) — p(t,s) - Dsx(t, s)
and verify that by the first of (3.3), M(0,s) =0 for all s € Q5. From (4.2)
DpF - D.p+ DyF - Doz = —F.D,z.

Using this identity in s and the equations (3.4) of the characteristic strips,
compute

My = Dszy — pi - Dsx — p - Dsy
=DpD,F +p-D,DF + D, F-Dyx+ F.p- Dsx —p-D,D,F
=F.p-Dsx — F,Dgz
= —F.(Dsz—p-Dsx) = —F, M.

This has the explicit integral

M(t, s) = M(0, 5) exp (- /0 t de7'>

and gives (t,s) — M(t,s) =0, since M(0,s) = 0.

4.2 A Quasi-Linear Example in R?

Denote by (x,y) the coordinates in R?, and given two positive numbers A and
p, consider the Cauchy problem

TUUG — Auy =0, u(p,y) =y.

The surface I' in (3.1) is the line z = y in the plane @ = p, which can be
written in the parametric form

&(s)=p, &(s)=s, ((s)=s, seR.
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We solve the Cauchy problem in a neighborhood of (p,0,0). The vector p,
satisfying (3.2) is p, = (0, 1). The system (3.4) takes the form

x¢(t,s) = ( $)z(t, s)

ye(t, s) =

zi(t, s) = ( »8)z(t, s)p1(t, s) — Apa(t, s)
p1i(tss) = —2(t, 8)pi(t, ) — (t, s)pi(t, s)
p2,e(t, s) = x(t, s)p1(t, s)p2(t, s)

with initial conditions
JJ(O,S) =P, y(078) =S, 2(078) =S, p1(078) :Oa p2(0a3) =1
The solution is

Z(t7 S) = S, y(t, S) = _At + S7 h’l . = St.
14

Eliminate the parameters s and ¢ to obtain the solution in implicit form
5 T
W3, t) - yu(e,y) = Aln
P

The solution is analytic in the region y? + 4AIn(x/p) > 0

5 The Cauchy Problem for the Equation
of Geometrical Optics

Let @, be a surface in RY with parametric equations = £(s) where s is a
(N — 1)-parameter ranging over some cube Qs C RV~1. Consider the Cauchy
problem for the eikonal equation ([32] Chapter 9, Section 8)

|[Vu| =1 u ’qﬁo: 0. (5.1)

The function  — u(x) is the time it takes a light ray to reach x starting from
a point source at the origin. The level sets &, = [u = t] are the wave fronts
of the light propagation, and the light rays are normal to these fronts. Thus
@, is an initial wave front, and the Cauchy problem seeks to determine the
fronts @; at later times ¢t. The Monge’s cones are circular, with vertical axis
and their equation is (Section 1.2)

|z —t| = |z — y| for every y € @;.
The characteristic strips are constructed from (3.4)-(3.5) as

l't(t?s) :p(t,s) LU(O,S) :f(s) s € Qé
2i(t, ) =1 2(0,t) =0 t e (=4,9) (5.2)
pe(t,s) =0 p(0,8) = p(s).
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Computing the initial vectors p(s) from (3.3) gives
p(s) - V&(s) =0, lp(s)| =1, forall seQs.

Thus p(s) is a unit vector normal to the front @,. By the third of (5.2) such a
vector is constant along characteristics, and the characteristic system has the
explicit integral

a(t,s) = tp(s) +&(s),  z(t,s) =1, p(t,s) = p(s). (5:3)

Therefore after a time ¢, the front @, evolves into the front @;, obtained by
transporting each point £(s) € @,, along the normal p(s) with unitary speed,
for a time t.

5.1 Wave Fronts, Light Rays, Local Solutions, and Caustics

For a fixed s € Qs the first of (5.2) are the parametric equations of a straight
line in RY, which we denote by ¢(; s). Since p(s) is normal to the front @,, such
a line can be identified with the light ray through £(s) € ®@,. By construction
such a ray is always normal to the wave front @; that it crosses.

This geometrical interpretation is suggestive on the one hand of the under-
lying physics, and on the other, it highlights the local nature of the Cauchy
problem. Indeed the solution, as constructed, becomes meaningless if two of
these rays, say for example £(¢;s1) and €(t; s2), intersect at some point, for
such a point would have to belong to two distinct wave fronts. To avoid such
an occurrence, the number ¢ that limits the range of the parameters s and ¢
has to be taken sufficiently small.

The possible intersection of the light rays £(s;t) might depend also on the
initial front. If @, is an (N — 1)-dimensional hyperplane, then all rays are
parallel and normal to @,. In such a case the solution exists for all s € RV ~!
and all t € R. If @, is an (N — 1)-dimensional sphere of radius R centered at
the origin of RY, all rays £(¢; s) intersect at the origin after a time ¢t = R. The
solution exists for all times, and the integral surfaces are right circular cones
with vertex at the origin.

The envelope of the family ¢(¢; s) as s ranges over Qg, if it exists, is called
a caustic or focal curve. By definition of envelope, the caustic is tangent in
any of its points to at least one light ray. Therefore, such a tangency point is
instantaneously illuminated, and the caustic can be regarded as a light tracer
following the parameter t.

If @, is a hyperplane the caustic does not exists, and if @, is a sphere, the
caustic degenerates into its origin.

6 The Initial Value Problem for Hamilton—Jacobi
Equations

Denote by (7;2x41) points in RN+ and for a smooth function u defined in a
domain of RV*1, set Vu = (Dyu, ugy ., ,). Given a smooth non-linear function
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(@, xN41,p) = H(z, p; 2N41)
defined in a domain of RN+ x R™ | consider the first-order equation
F(z;xn41, U Doty Ug ) = Uy, + H(x, Dyusongr) = 0. (6.1)

The Cauchy problem for (6.1) consists in giving an N-dimensional surface
@ and a smooth function u, defined on @, and seeking a smooth function u
that solves (6.1) in a neighborhood of ¢ and equals u, on @. If the surface
@ is the hyperplane xny4; = 0, it has parametric equations = s and the
characteristic system (3.4) takes the form

zi(t,s) = DpyH(x(t, s), p(t, 5); on41(t, 5))

TNs1e(t,s) =1
zi(x,t) = p(t, s) - DyH(x(t, s),p(t, s); xn41(L, 8) + Py, )
pe(t,s) = —DH(x ( s),p(t, s), xn41(t, 5))

PN+1¢(t; 8) = —Dayy H(z(t, s), p(t, 5); o1 (t, 5))

with the initial conditions

2(0,8) =s, an+1(0,8) =0, 2(0,8) = u(s)
p(0,8) =p(s), pn+1(0,8) =pn+1(s).

The second of these and the corresponding initial datum imply xy1 = t.
Therefore the (N + 1)st coordinate may be identified with time, and the
Cauchy problem for the surface [t = 0] is the initial value problem for the
Hamilton—Jacobi equation (6.1). The characteristic system can be written
concisely as

x4(t,s) = DpyH(x(t,s),p(t,s);t) x(0,s) = s (6.2)
pi(t,s) = =Dy H(z(t, s),p(t, s);t) p(0, 5) = p(s) '
where the initial data (p(s), py+1(s)) are determined from (3.3) as
p(s) = Dsuo(s),  pn4+1(0,5) = —H(s,p(s); 0). (6.3)

Moreover, the functions (¢, s) — py+1(t, s), 2(t, s), satisfy

pN+1,t(t ) = —H(x(t, s), p(t, 5); 1)

pn+1(0,8) = —H(s,p(s); 0)
ze(2,t) = p(t, s) - DyH(x(t,s),p(t, s);t) + pn+1(t, s)
2(0,8) = uo(s)

It is apparent that (6.2) is independent of (6.3), and the latter can be inte-
grated as soon as one determines the functions (¢, s) — x(t, s), p(t, s), solutions
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of (6.2). Therefore (6.2) is the characteristic system associated with the initial
value problem for (6.1).

Consider now a mechanical system with N degrees of freedom governed
by a Hamiltonian H. The system (6.2) is precisely the canonical Hamiltonian
system that describes the motion of the system, through its Lagrangian
coordinates t — x(t, s) and the kinetic momenta ¢t — p(t, s), starting from its
initial configuration. Therefore the characteristics associated with the initial
value problem for the Hamilton-Jacobi equation (6.1) are the dynamic tra-
jectories, in phase space, of the underlying mechanical system.

From now on we will restrict the theory to the case H(x,t,p) = H(p), that
is, the Hamiltonian depends only on the kinetic momenta p. In such a case
the initial value problem takes the form

us + H(Dyu) =0, u(+,0) = u, (6.4)

where u, is a bounded continuous function in RY. The characteristic curves
and initial data are

x(t,s) = DyH(p(t,s) x(0,s) = s
pe(t,s) =0 (0, 8) = Dsuo(s) (6.5)
PN+1,t(t,8) =0, pN+1(0,8) = —H(Dsuo(s)).

Moreover
Zt(t7 S) = p(t, 3) : DPH(p(ta S)) + pN-H(t’ 3)
2(0,8) = uo(s).

7 The Cauchy Problem in Terms of the Lagrangian

Assume that p — H(p) is convex and coercive, that is®
lim H(p) =00
lpl—co ||
The Lagrangian ¢ — £(q), corresponding to the Hamiltonian H, is given by
the Legendre transform of H, that is*
L(q) = sup [¢-p—H(p)].

peERN
By the coercivity of H the supremum is achieved at a vector p satisfying

q=DyH(p) and L(q) =g p—"H(p). (7.1)

3This occurs, for example, for H(p) = |p|'™®, for all & > 0. It does not hold
for the Hamiltonian H(p) = |p| corresponding to the eikonal equation. The Cauchy
problem for such non-coercive Hamiltonians is investigated in [86, 87, 88].

4[32] Chapter 6 Section 5, and [31], Section 13 of the Problems and Complements
of Chapter IV.
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Moreover, ¢ — L(q) is itself convex and coercive, and the Hamiltonian H is
the Legendre transform of the Lagrangian £, that is

H(p) = sup [p-q— L(q)].

qERN
Since L is coercive, the supremum is achieved at a vector ¢, satisfying
p=D¢L(qg) and H(p)=q-p—L(q) (7.2)

The equations for the characteristic curves (6.5)—(6.6) can be written in terms
of the Lagrangian as follows. The equations in (7.1), written for ¢ = (¢, s),
and the first of (6.5) imply that the vector p(s,t) for which the supremum in
the Legendre transform of H is achieved is the solution of the second of (6.5).
Therefore

L(ze(t, s)) = e(t, s) - p(t, s) = H(p(t, ). (7.3)
Taking the gradient of £ with respect to z; and then the derivative with
respect to time ¢, gives
d OL(x)

D;L(%) =p(t,s) and &t O

=0, h=1,...,N.

These are the Lagrange equations of motion for a mechanical system of
Hamiltonian H.

8 The Hopf Variational Solution

Let u be a smooth solution in RY x R* of the Cauchy problem (6.4) for a
smooth initial datum w,. Then for every x € RY and every time ¢ > 0, there
exists some s € RV such that o = (¢, s), that is the position z is reached in
time ¢ by the characteristic £ = {z(¢, s)} originating at s. Therefore
u(z,t) = u(z(t,s),t) and Dyu(z(t,s),t) = p(t,s).

Equivalently, taking into account that u is a solution of (6.4)
[ Ou

¢ O

= /0 [Dwu(x(T, $),T) - xe(7, s) + ug(z(T, 3)77)] dr

u(z,t) — uo(s) de

- /O {p(r.5) - z4(7.5) — H(p(r, ) }dr.

Using now (7.1), this implies

u(x,t)z/o L(xr(7,8))dT + uo(s). (8.1)
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8.1 The First Hopf Variational Formula

The integral on the right-hand side is the Hamiltonian action of a mechanical
system with N degrees of freedom, governed by a Lagrangian £, in its motion
from a Lagrangian configuration s at time ¢t = 0 to a Lagrangian configuration
x at time t¢. Introduce the class of all smooth synchronous variations

K - the collection of all smooth paths ¢(+)
sy2¢ 1 in RY such that ¢(0) = s and q(t) = =

By the least action principle ([32], Chapter IX, Section 2)

t
/Oﬁ(xt(T,s) qunll(lilm/ L(g

Therefore

u(z,t) = min /L ))dT + uo(s)

qEKWm

> inf inf [/ L(G())dr + uo(y )}.

YyERN geK¥ e

Such a formula actually holds with the equality sign, since if u(z,t) is known,
by (8.1), for each fixed x € RY and t > 0 there exist some s € RY and a
smooth curve 7 — x(7,s) of extremities s and x such that the infimum is
actually achieved. This establishes the first Hopf variational formula, that is,
if (x,t) — u(z,t) is a solution of the Cauchy problem (6.4), then

u(x,t) = min  min [/ L(¢())dT + uo(y)| - (8.2)

YERN g€ K ne

8.2 The Second Hopf Variational Formula

A drawback of the first Hopf variational formula is that, given z and ¢, it

requires the knowledge of the classes KY . for ally € RY. The next variational

formula dispenses with such classes ([72, 73]).

Proposition 8.1 Let (x,t) — u(z,t) be a solution of the minimum problem
(8.2). Then for all x € RN and all t > 0

u(z,t) = min [tﬁ(w ; y) + uo(y)} (8.3)

yeRN
Proof For s € RN consider the curve

T—>q(7’):s+7t-(x—s) T € [0,¢].
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If u(x,t) is a solution of (8.2)

r—S
t

u(x,t) / L(G(1))dr + uo(s )—t£< )—i—uo(s)

and since s is arbitrary

u(z,t) < inf [tﬁ(w ; y) —l—uo(y)}.

yeRN

Now let ¢ € K, for some s € RY. Since £(-) is convex, by Jensen’s inequality

c(* )= () [amar) < [ ctitrar

e(" %) + ks /c ))dr -+ t(s).

From this

Since s € R is arbitrary, by (8.2)

inf [tﬁ(x;y> —|—uo(y)} < min min [/ L(G(7))dT + uo(y)

yeRN yERN qu:.ync
= u(x,t).

9 Semigroup Property of Hopf Variational Solutions

Proposition 9.1 ([5, 13]) Let (x,t) — u(x,t) be a solution of the varia-
tional problem (8.8). Then for all x € RN and every pair 0 < 7 <t

y) + u(y,T)}. (9.1)

u(x,t) = min {(t - T)L(;E a

yERN

Proof Write (8.3) for # = 7 at time 7 and let ¢ € RY be a point where the
minimum is achieved. Thus

u(, ) =r£(" 5 )+ ua(©).

Since L(-) is convex
e(" )= (-G e (")
Therefore

u(x,t) = min [t£<w—y> +uo(y)} < tﬁ(ng) + uo(§)

yERN

<w-ne(f2 1) re (M) Fute
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T —
:(t—7)£< n)—i—u(nm)
t—T

< min [(t—T)E(m 77) —|—u(77,7')}.

neERN t—T

A

Now let ¢ € RY be a point for which the minimum in (8.3) is achieved, i.e.,

ue,t) = £ (" | 5) +up(6).

For 7 € (0,t) write

T T x—n_x—g_n—g
N e I
Moreover, by (8.3)
utnr) < 7£(" ") +uo(e)

Combining these remarks

t=ne(5 ") ) < @ -ne(t ") re(" ) e

t—T1 t—rT1

=te(” | ’5) Fuo(€) = u(z, 1)

From this

u(z,t) > min {(t — T),C(m a 77) + u(n,T)}.

nERN t—T1

10 Regularity of Hopf Variational Solutions

For (z,t) — u(z,t) to be a solution of the Cauchy problem (6.4), it would have
to be differentiable. While this is in general not the case, the next proposition
asserts that if the initial datum wu, is Lipschitz continuous, the corresponding
Hopf variational solution is Lipschitz continuous. Assume then that there is
a positive constant C, such that

[uo(x) — uo(y)| < Cola —y|  for all z,y € RY. (10.1)

Proposition 10.1 Let (z,t) — u(x,t) be a solution of (8.3) for an initial
datum u, satisfying (10.1). Then there exists a positive constant C depending
only on C, and H such that for all x,y € RN and all t,7 € RT

(e, t) —uly, 7)| < C(lz —y[+ [t = 7)), (10.2)

Proof For a fixed t > 0, let £ € RN be a vector for which the minimum in
(8.3) is achieved. Then for all y € RV,
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u(y,t) — u(z,t) = inf {tc(y;”)mo(n)} —tﬁ(x_£>—uo(§)

neRN t

<oie(P"V TN - -9

r—§
a tﬁ( t ) ~ uo(8)
= Uo(y — (= &) — uo(§) < Coly — 2.
Interchanging the role of = and y gives
lu(z,t) —u(y,t)] < Colr —y| for all z,y € RY.

This establishes the Lipschitz continuity of w in the space variables uniformly
in time. The variational formula (8.3) implies

u(z,t) <tL(0) +uy(x) for all x € RY

and
— i r=y _
u(z,t) = ;2]11& [tﬁ( ; ) + uo(y) — uo(x) + uo(x)}
. r—y
S R
> _ _
> to(x) — max [Cotlal —tL(q)]
> uo(w) —t Jnax max [p-q—L(q)]
= uo(x) —t max H(p).
lp|<Co
Therefore
lu(z,t) — uy(x)] < Ct, where C = L(0) A lr?aéc H(p). (10.3)
pI<Co
From this

lu(z,t) —u(x,7)| < C|t —7| forall t,7 € RT.

Remark 10.1 By the Rademacher theorem (z,t) — u(z,t) is a.e. differen-
tiable in RY x R* ([31], Chapter VII, Section 23).

11 Hopf Variational Solutions (8.3) are Weak Solutions
of the Cauchy Problem (6.4)

Assume that u, is Lipschitz continuous as in (10.1). Then by (10.3), a solution
(z,t) — u(x,t) of the corresponding variational problem (8.3) takes the initial
datum wu, in the classical sense. The next proposition asserts that such a
variational solution satisfies the Hamilton—Jacobi equation (6.4) at each point
(z,t) where it is differentiable.
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Proposition 11.1 Let (x,t) — u(x,t) be a solution of the minimum problem
(8.8). If u is differentiable at (x,t) € RN x RT, then

us + H(Dgu) =0 at (x,t).
Proof Fix n € RN and h > 0. By the semigroup property

YY)

t+h

T+ f;ﬁ - y) + u(y,t)] < hL(n) + u(z, b).

u(x + hn,t + h) = min [(t—i—h)ﬁ(
yeERN

= min [hc(

From this
u(x + hn,t + h) — u(x,t)

L < L(n)

and letting h — 0
7 Dyu(x,t) + u(z,t) < L(n).
Recalling that H is the Legendre transform of £

us(z,t) + H(Dyu(z, t)) = ue(x,t) + ;relﬂagﬁ l[¢- Dyu(zx,t) — L(q)] <0.

Let ¢ € RY be a point for which the minimum in (8.3) is achieved. Fix
0<h<t,set 7T=t—h, and let

T T x—& n—¢ h

= ]_ — ) = N = — — .

U tx+( )E= L son=z— (29
Using these definitions, compute

u(z,t) —uln,7) = tﬁ(x ; 5) + uo(§) — min [Tﬁ(n ; y) +uo(y)}

yeRN
r—§

Ztﬁ( . )+uo(§)—r£(n;§)—uo(£)
—a=ne(F) =ne(" )
From this
;l{u(x,t)—u(x— itl(x—f),t—hﬂ Z£<x;§)
and letting h — 0
r—¢
t

Since H is the Legendre transform of the Lagrangian £

ug(z,t) + - Dyu(x,t) 2£<x;£>.

ug(x,t) + H(Dyu(x, t)) = up(x, t) + 5161]%% [q - Dyu(z,t) — L(q)]

> uy(x,t) + x;& - Dyu(z,t) —ﬁ(x_£> > 0.

t
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12 Some Examples
Proposition 11.1 ensures that the variational solutions (8.3), satisfy the

Hamilton—Jacobi equation in (6.4) only at points of differentiability, as shown
by the examples below.

12.1 Example I

u+ J|Dyul? =0 in RN x RT, u(z,0) = |z|. (12.1)
The Lagrangian £ corresponding to the Hamiltonian H(p) = |p|? is
_ Co o Lp12] 1,2
£(q) = max [p-q = 31pP"] = 3ldl

and the Hopf variational solution is

a2
u(z,t) = min (|x yl + y|)

yERN 2t

The minimum is computed by setting

|z —y|? y—z |y z 11
Dy( o T = Jr\ylzO — e )V

From this compute, for |x| > ¢

y=zx 2] = u(z,t)=|z|— 3t for |z >t
X
If |[z] <t
|z —y|? e ey [yl
S ¢ oy Tl
z|> |xf ly[? z|* + [y]?
Z gy T Wl HlIZ T,

This holds for all y € RY, and equality holds for y = 0. Therefore if |z| < ¢
the minimum is achieved for y = 0, and

jz/?

u(z,t) =< 2t
|| — 3t for |z| >t

for |z| <t

One verifies that u satisfies the Hamilton—Jacobi equation in (12.1) in RY xR+
except at the cone |z| = t.
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Remark 12.1 For fixed ¢ > 0 the graph of x — u(x,t) is convex for |z| < t
and concave for |z| > ¢. In the region of convexity, the Hessian matrix of u is
I/t. Therefore for all ¢ € RY

€17
Uamz]g?g] < ¢t (122)
In the region of concavity |z| >t
&g _ 1€
Ugia; €65 = (|20 —xiffj)|x|§ Sy
Therefore (12.2) holds in the whole of RV x R* except for |z| = t.
12.2 Example II
u+ 3| Dpul> =0 in RY xRY,  w(z,0) = —|z. (12.3)

As before, L(q) = §|q\2, and the Hopf variational solution is
(e =yl
u(x,t) = min — .
@) =min (5 = 1o
The minimum is computed by setting

|z —yl? y—z y
D, (M5 =) =TT =0 = = (el

x
2t vl |

Therefore

u(z,t) = —|z|— 3t in RN x R,
One verifies that this function satisfies the Hamilton—Jacobi equation in (12.3)
for all |z| > 0.

Remark 12.2 For fixed t > 0, the graph of z — u(x,t) is concave, and
Upp; &€ <0 forall £€RY  in RN x RY — {|z| = 0}. (12.4)

12.3 Example IIT
The Cauchy problem

g+ (ug)? =0 in RxRY,  u(z,0)=0 (12.5)
has the identically zero solution. However the function

0 for |x| >t
u(z,t)=< xz—t for 0<ax<t
—x—t for —t<z<O0.

is Lipschitz continuous in R x R*, and it satisfies the equation (12.5) in RxR™
except on the half-lines © = =+t.
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Remark 12.3 For fixed ¢ > 0, the graph of © — u(x,t) is convex for |z| < t
and concave for |z| > ¢. In the region of concavity, u,, = 0, whereas in the
region of convexity, u(-,t) is not of class C?, and whenever it does exist, the
second derivative does not satisfy an upper bound of the type of (12.2). This
lack of control on the convex part of the graph of u(-, t) is responsible for the
lack of uniqueness of the solution of (12.5).

This example raises the issue of identifying a class of solutions of the Cauchy
problem (6.4) within which uniqueness holds.

13 Uniqueness

Denote by C, the class of solutions (z,t) — wu(x,t) to the Cauchy problem
(6.4), of class C?(RN x R*), uniformly Lipschitz continuous in RY x R* and
such that the graph of x — wu(x,t) is concave for all ¢ > 0, that is

u € C2(RY x RT)
C, = { Unz;&& <0 for all £ € RV in RN x Rt (13.1)

[Vu| < C for some C' >0 in RY x R*.

Proposition 13.1 Let w3 and uy be two solutions of the Cauchy problem
(6.4) in the class Co. Then uy = us.

Proof Setting w = uy — ugy, compute

1
d
wy = H(Dgyu2) — H(Dgyuy) = / dsH(sDIug + (1 —8)D,uy)ds
0

1 (13.2)
=— (/ Hp, (sDguz + (1 — S)Dmul)ds) Wy, = =V - Dyw
0

where .
V= / DyH(sDyus + (1 — $)Dyur ) ds. (13.3)

0

Multiplying (13.2) by 2w gives

w? = -V - Dyw? = —div(Vw?) + w? div V. (13.4)

Lemma 13.1 divV <0.
Proof Fix (z,t) € RN x RT and s € (0,1), set
p = sDyus(x,t) + (1 — s)Dyuq (2,t)

Zij = SU2,z;x; ('rv t) + (1 - S)UL%‘,I]‘ ('rv t)
and compute

1
diVV:/ Hp.p, (p)zjids.
0
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The integrand is the trace of the product matrix (H,,,;)(2i;). Since H is
convex, (Hp,p,) is symmetric and positive semi-definite, and its eigenvalues
An = Ap(z,t,s) for h = 1,..., N are non-negative. Since both matrices
(Ug,2,2;) for £ = 1,2 are negative semi-definite, the same is true for the convex
combination
(2i) = s(uz.wiz;) + (1= ) (u1,2:0,)-
In particular, its eigenvalues up, = pp(x,t,s) for h = 1,..., N are non-positive.
Therefore
Hpip; 2ji = trace(Hp,p; )(2ij) = Anpn < 0.

This in (13.4) gives
w? +div(Vw?) <0 in RY x R, (13.5)

Fix z, € RY and T > 0, and introduce the backward characteristic cone with
vertex at (z,,T)

Cu = [Je —ao| <M(T—7); 0< 7 < T (13.6)

where M > 0 is to be chosen. The exterior unit normal to the lateral surface
of C]W is

x/|x|, M
@/l
V1+ M?
For ¢t € (0,T) introduce also the backward truncated characteristic cone
Cly=llz—zo| <M(T—7); 0<7<t]. (13.7)

Integrating (13.5) over such a truncated cone gives

M t
/ w(z, t)dx + / / w’do(7)dr
l&—ao|<M(T—t) V14 M2 Jo Jjg—wo)=m(r—r)

t
< / w”(z,0)dx —/ / w?V - vydo(T)dr
|z—xo|<MT 0 |z—xo|=M(T—T)

where do(7) is the surface measure on the sphere [|z — z,| = M (T — 7)].
Using the constant C'in (13.1) and the definition (13.3) of Vi, choose M from

[V vy < sup |DyH(p)| =M  for some 6 € (0,1). (13.9)

lp|<C

This choice of M in (13.8) gives

w?(z, 1) dz + // w2do(7)dr
/lx—xo<M(T—t) \/1+M2 le—zo|=M(T—7)

< / w?(z,0)dz.
|z—zo|<MT

(13.8)

Thus

/ w?(z, t)dr < / w?(x,0)dx. (13.10)
|x—xo|<M(T—t) |x—xo|<MT
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Multiply (13.2) by f/(w), for some non-negative f € C'(R) and use Lemma 13.1
to get
fw)s +div(Vf(w)) <0 in RV x R,

By similar arguments

/ Flw(e, 8))dz < / Fw(z,0))dz. (14.1)
|z—zo|<M(T—t)

|z—xo|<MT

By the change of variables x — z, =y

/ Flwzo + y. 1)dE < / Flwl(o + 3, 0))dy.
|y|<M(T—t)

ly|<MT

Integrating this in dz, over R gives

7 AN
- flw(z,t))de < (T B t) - fw(z,0))dx

provided the integrals are convergent. Fix 0 < ¢ < T and let 7' — oo to obtain
the stability estimate

flw(z,t))de < fw(x,0))dx. (14.2)

14.1 Stability in LP(RY) for All p > 1

Proposition 14.1 Let uy and us be solutions of (6.4) in the class C, intro-
duced in (18.1). If both are in LP(RY) for some 1 < p < oo, then

lur(-58) = w2 (- D)lppy < flua(-;0) = ua(:, 0)|pz~- (14.3)
Proof If 1 < p < oo, the conclusion follows from (14.2) for f(w) = |w|P.

If p =1, take f(w) = sign(w), modulo an approximation process. If p = oo
write (14.1) with f(w) = |w|? for 1 < ¢ < oo, in the form

N 1/q
w(x,t qu)
(wN [M(T — )|V /|a:a:o<]W(Tt) iz )

T N/q N 1/q
< w(x,0)|?dx
B (T_t> (wN(MT)N /|.7:—3:0|<MT ( )‘ )

where wy is the measure of the unit sphere in RY. Letting ¢ — oo gives

Hw('vt)||oo,[|a:7$o|<M(T7t)] < Hw('vo)”m,[lexokMT]-

This implies (14.3) for p = oo since z, is arbitrary.
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14.2 Comparison Principle

Proposition 14.2 Let u; and us be solutions of (6.4) in the class C, intro-
duced in (18.1). If up1 < uo 2, then

ui(t) <ug(-t)  in RN for all t> 0. (14.4)

Proof In (14.2) choose f(w) = w4+ modulo an approximation process.

15 Semi-Concave Solutions of the Cauchy Problem

Let u be a solution of the Cauchy problem (6.4) of class C?(RY x R*) with no
requirement that the graph of u(-,¢) be concave. We require, however, that in
those regions where such a graph is convex, the “convexity”, roughly speaking,
be controlled by some uniform bound of the second derivatives of u(-,¢). In a
precise way it is assumed that there exists a positive constant v such that

(Uzz;) =71 <0 in RV x R,

Since this matrix inequality is invariant by rotations of the coordinate axes,
it is equivalent to

Uy, <y in RY xRt forall |v]=1. (15.1)

A solution of the Cauchy problem (6.4) satisfying such an inequality for all
unit vectors v € RY is called semi-concave.

15.1 Uniqueness of Semi-Concave Solutions

The example in Section 12.3 shows that initial data, however smooth, might
give rise to quasi-concave solutions and solutions for which (15.1) is violated.
Introduce the class
c {u € C?(RN x R*) satisfies (15.1) and
1 pr—

|Vu| < C for some C >0 in RV x RT. (15.2)

Proposition 15.1 Let w3 and uy be two solutions of the Cauchy problem
(6.4) in the class C1. Then uy = us.

Proof Set w = u; — us and proceed as in the proof of Proposition 13.1 to
arrive at (13.2). Multiplying the latter by signw modulo an approximation
process gives

|lw]y = —div(V|w|) + |w| divV

where V is defined in (13.3).

Lemma 15.1 There exists a constant 4 depending only on the constant vy in
(15.1) and C in (15.2) such that divV <7 in RNV x Rt.
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Proof With the same notation as in Lemma 13.1

Hpipj (p)Zij = trace(Hpipj )(ZU) = trace(HPipj )((le) - ’VH + ’VH)
< trace(Hyp, ) ((2i5) — A1) + yixace(Hyup, () < Mo (0).

Since the Hamiltonian is convex, H,,p, (p) > 0. Moreover, since the solutions
u; and uy are both uniformly Lipschitz in RY x R

0 <yHp,p,(p) <7 sup Hp,p, (p) = 7.
[p|<C

Combining these estimates
lw|; + div(V]w|) < Flw| in RY x RT.

Introduce the backward characteristic cone C; and the truncated backward
characteristic cone C%, as in (13.6) and (13.7), where the constant M is chosen
as in (13.9). Similar calculations yield

t
/ wir.oldr <7 [ [ (e, 7)ddr
lt—zo| <M (T—t) 0 J|z—zo|<M(T—T1)

This implies w = 0 by Gronwall’s inequality.

16 A Weak Notion of Semi-Concavity

The most limiting requirement of the class C; is that solutions have to be of
class C?(RY x R*). Such a requirement is not natural, since the equation in
(6.4) imposes no conditions on the second derivatives of it solutions. In addi-
tion, Proposition 10.1 establishes only that variational solutions of (8.3) are
Lipschitz continuous, however smooth the initial datum might be. On the
other hand, the example of Section 12.3 shows that uniqueness fails if some
assumptions are not formulated on the graph of w(-,t) through the second
derivatives of solutions. A condition of semi-concavity can be imposed using
a discrete form of second derivatives. A solution of the Cauchy problem (6.4)
is weakly semi-concave if there exists a positive constant + such that for every
unit vector » € RY and all h € R

u(x + hv,t) — 2u(z, t) + u(z — hv,t) < 7(1 + 1)}12. (16.1)

Remark 16.1 The t-dependence on the right-hand side allows for non-semi-
concave initial data.

For € > 0, let k. be a mollifying kernel in RY, and let u.(-,¢) be the mollifi-
cation of u(-,t) with respect to the space variables, i.e.,

x — ue(x,t) = /RN ke(z — y)u(y, t)dy.
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Lemma 16.1 Let u(-,t) be weakly semi-concave in the sense of (16.1). Then
for every unit vector v € RN and all € > 0,

1
UE,VV§’7<1+ t) mn RN XRJr.
Proof Fix v € RN and € > 0 and compute
Ue,w (T,1) = / ke (z = y)u(y, t)dy
RN
1
h—0 h2

= lim / [ke(x 4+ hv —y) — 2k (x — y,t) + ke (z — hv — y)] u(y, t)dy
RN

=ty [ el = )+ ) — 2un,0) + uly — o, 0)] d

Sv(1+ 1)/}@ ks(:v—n)dn=7(1+ 1)

Corollary 16.1 Let u(-,t) be weakly semi-concave in the sense of (16.1).
Then for all e > 0

1
(ue,a:i:cj)_'y(]-"‘ " ]ISO m RN XR+.

N—

17 Semi-Concavity of Hopf Variational Solutions

The semi-concavity condition (16.1) naturally arises from the variational
formula (8.3). Indeed, if u, is weakly semi-concave, the corresponding varia-
tional solution is weakly semi-concave. Moreover, if the Hamiltonian p — H(p)
is strictly convex, then the corresponding variational solution is weakly semi-
concave irrespective of whether the initial datum is weakly semi-concave. The
next two sections contain these results. Here we stress that they hold for the
variational solutions (8.3) and not necessarily for any solution of the Cauchy
problem (6.4).

17.1 Weak Semi-Concavity of Hopf Variational Solutions Induced
by the Initial Datum wu,

Proposition 17.1 Let u, be weakly semi-concave, that is there exists a posi-
tive constant , such that for every unit vector v € RN and all h € R

uo(z + hv) — 2uo(z) + u(z — hv) < v,h*  in R.

Then © — u(x,t) is weakly semi-concave, uniformly in t, for the same con-
stant vo.
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Proof Let £ € RN be a vector where the minimum in (8.3) is achieved. Then

u(x £ hyt) = yrg}f{r}v [tﬁ(wi hty a y) +uo(y)} < tﬁ(x ; 5) + uo(€ + hv).

From this

u(x + hv, t)—2u(x,t) + u(x — hu,t)
< tﬁ(x . '5) (€ + hv) — 2t£(aj | 5)

r—£
t

= Up(§ + hv) = 2uo(§) + uo(§ — hv) < ’Yohz-

= 2u(&) + t£(" ") + uolE — hw)

17.2 Strictly Convex Hamiltonian

The Hamiltonian p — H(p) is strictly convex, if there exists a positive constant
¢o such that (Hy,p,) > ¢, in RY.

Lemma 17.1 Let p — H(p) be strictly conver. then for all p1,ps € RY

H(pl + D2

1 1 Co 2
5 ) < 2H(p1)+ 2H(p2) ~ g Ip1 — p2l|”.

Moreover, if L is the Lagrangian corresponding to H, then for all q1,qo € RY

1 1 q1+q2 1 9
< —
2£(ql) + 2£(qz) < E( 5 ) + 860|Q1 a@|°.

Proof Fix p; # po in RY and set

p=3pi+p2),  L=Ip2—pl,  v=(p2—p1)/2L.
Consider the two segments (p1,p) and (p, p2) with parametric equations
(p1,p) = {y(0) =p+ov; o € (0,—30)}
(p,p2) = {ylo) =p+ov; o €(0,30)}

and compute

/2
H(p) = H(p1) + /0 D,H(p—ov) - vdo

/2
H(p) = H(p2) — /0 D,H(p + ov) - vdo.
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Adding them up
/2
2H(p) = H(p) + H(p) — | (DH(p +0v) ~ DoH(p— ov)] - vior
0
By the mean value theorem, there exists some o’ € (0, %E) such that

[DoH(p + ov) — DoH(p — ov)] - v = Hyp,p, (D — 0'v)1iv;20 > ¢,20.

Combining these calculations

/2
2H(p) < H(p1) + H(p2) — co/ 20do.
0

This proves the first statement. To prove the second, recall that £ is the
Legendre transform of H. Therefore

L(q1) < q1-p1 — H(p1), L(g2) < q2-p2 — H(p2)

for all py, p2 € RY. From this

;H(pl) + ;H(p2)>

1
< 2((11 ‘1 +Q2-p2)—H<

1 1 1
25(91) + 2£(Q2) < 9 (q1-p1+q2-p2) — (

p1+p2)_co|p _p‘z
9 g IP1 2|
Transform

+ + 1
q1 (J2)<p1 p2)+

9 9 4(611 —q2) - (p1 —p2)

1
2(611']91 +Q2'p2):<

and combine with the previous inequality to obtain

;ﬁ((h)-i- ;ﬁ(%) < (Ch-;(h)(pl-;pz) _H(pl-;-pz)
- (;O\pl — ol — i(m —q2) - (p1 —p2) + 8i0|(h —Q2\2> + 8;\(11 — @|?
< ma (U)o w)] - [T -p) -y - w)]
+ 8io|(h — q2|?
< £<q1 ;—qQ> + 8;‘(11 — gl

Proposition 17.2 Let H be strictly convex. Then every variational solution
of (8.3) is weakly semi-concave for all t > 0, in the sense of (16.1), for a
constant v independent of u,.
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Proof Let £ € RN be a vector where the minimum in (8.3) is achieved. Then

u(z + hv,t) — 2u(x,t) + u(z — hv, t) = min [tﬁ(m hv = y) + uo(y)}
yERN t

—2{t£<$;€> +uo(£)} + min [tﬁ(x_};l/_y) +U0(y)}

yERN

< (Y ] 2l (") )

+ [tc(”” N ht” N 5) +uo(5)}
o) e e
[2hw /2 _ b

<2t .
- 8¢, teo

18 Uniqueness of Weakly Semi-Concave Variational
Hopf Solutions

Introduce the class Co of solutions

u is a variational solution of (8.3)
Ca = < u(-,t) is weakly semi-concave in the sense of (16.1) (18.1)
|Vu| < C for some C >0 in RY x RY.

Theorem 18.1 The Cauchy problem has at most one solution within the class

Co.

Proof Let u; and uy be two solutions in Co and set w = u; — us. Proceeding
as in the proof of Proposition 13.1, we arrive at an analogue of (13.2), which
in this context holds a.e. in RY x R*t. From the latter, we derive

fw)y ==V -D,f(w) ae. in RY x R

for any f € C1(R), where V is defined in (13.3). For ¢ > 0, let u.; and u. 2
be the mollifications of u; and wuy as in Section 16, and set

1
V.= / D,yH(sDyue 2+ (1 — s)Dyuc 1)ds.
0

With this notation
f(w)t = - diV(Vef(w)) + f(w) divVe + (Vs - V) : D?:f(w)

Lemma 18.1 There exists a positive constant 7, independent of €, such that

1
divvggﬁl(l—i—t) in RY x R



294 8 Non-Linear Equations of First-Order

Proof Same as in Lemma 15.1 with the proper minor modifications.

Putting this in the previous expression of f(w), and assuming that f(-) is
non-negative, gives

. _ 1
F(w)e < —div(Vef (@) +7(1+ , ) fw) + (Vo = V) - Dof(w).  (182)
Introduce the backward characteristic cone Cj; and the truncated backward

characteristic cone C%; as in (13.6) and (13.7), where the constant M is chosen
as in (13.9). For a fixed 0 < ¢ < t < T, introduce also the truncated cone

Cyf =[lz—ao| <M(T—7); 0<o<T<t<T]

Now integrate (18.2) over such a cone. Proceeding as in the proof of Proposi-
tion 13.1, and taking into account the choice (13.9) of M, yields

/ flwlat)ds < | f(w(z, 0))dz
|z—xo|<M(T—t) |z—zo| <M (T—0)

+ry/at (1 N 1) /lx—%KM(T_T) f(w(x,T))dxdT (18.3)

t
+ / / (V. = V) - Dy f(w)dadr.
o J]|x—zo|<M(T—7)

By the properties of the class Ca, |Dyw|, |Dyusl, and |Dyus| are a.e. bounded
in RY x RT, independent of €. Therefore

t
lim / / (Ve = V) Dywdxdr = 0.
=0 /4 |z—zo| <M (T—T)

Observe first that (18.3) continues to hold for non-negative functions f(-),
uniformly Lipschitz continuous in R. Choose fs(w) = (Jw| — J)+, for some
fixed 6 € (0,1). There exists o > 0 such that fs(w(-,7)) =0 for all 7 € (0, o].
Indeed, by virtue of (10.3), for all 7 € (0, 0]

(lw(z, 7)] = 6)+
provided o < §/2C. These remarks in (18.3) yield
/ fs(w(z,t))dx
|z—xo|<M(T—t)
¢ 1
< '7/ (1 n ) / Fs(w(z, 7))dzdr
o t |z—20|<M(T—1)

<5(1+ i) /ﬁ t /lm_%KM(T_T) fs(w(z, 7))dxdr.



18 Uniqueness of Weakly Semi-Concave Variational Hopf Solutions 295

Setting

SOé(t) B /0' /:c:co<]W(TT) fé(w(x7 T))dxdT

the previous inequality reads as

A0 <31+ )est)  and ealo) =0,

This implies that ¢s(7) = 0 for all 7 € (0,¢), and since (z,,T) is arbitrary,
|w| < ¢ in RY x R*, for all § > 0.
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Linear Elliptic Equations with Measurable
Coefficients

1 Weak Formulations and Weak Derivatives

Let E be a bounded domain in RV with boundary OF of class C'. Denote by
(ai;) an N x N symmetric matrix with entries a;; € L*°(E), and satisfying
the ellipticity condition

MNEP < agj(2)&:85 < AlE)? (1.1)

for all ¢ € RY and all z € E, for some 0 < A < A. The number A is the
least upper bound of the eigenvalues of (a;;) in E, and A is their greatest
lower bound. A vector-valued function f = (fi,..., fy) : E — RY is said to
be in L} (E), for some p > 1, if all the components f; € L} (E). Given a

scalar function f € L, (F) and a vector-valued function f € L{. (FE), consider
the formal partial differential equation in divergence form (Section 3.1 of the

Preliminaries)

—(aijug,)  =divf—f in E. 1.2
J z

Expanding formally the indicated derivatives gives a PDE of the type of (3.1)
of Chapter 1, which, in view of the ellipticity condition (1.1), does not admit
real characteristic surfaces (Section 3 of Chapter 1). In this formal sense, (1.2)
is a second-order elliptic equation.

Multiply (1.2) formally by a function v € C$°(E) and formally integrate
by parts in F to obtain

/ (aijuxivmj + fivz; + fv)dx =0. (1.3)
E

This is well defined for all v € C3°(E), provided Vu € L (E), for some p > 1.
In such a case (1.3) is the weak formulation of (1.2), and u is a weak solution.
Such a weak notion of solution coincides with the classical one whenever the
various terms in (1.3) are sufficiently regular. Indeed, assume that f € C(E)
and a;;,f € C1(E); if a function u € C?(E) satisfies (1.3) for all v € C°(E),

integrating by parts gives

E. DiBenedetto, Partial Differential Equations Second Edition, 297
Cornerstones, DOI 10.1007/978-0-8176-4552-6 10,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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/ [(aijur»m +divf + f)]vdx =0 forall ve CX(E).
E J

Thus u satisfies (1.2) in the classical sense. It remains to clarify the meaning
of Vu € LY (E) for some p > 1.

1.1 Weak Derivatives

A function u € L (E), for some p > 1, has a weak partial derivative in
LP (E) with respect to the variable z; if there exists a function w; € L}, (E)

loc
such that
/ UV, dr = —/ wjvde  for all ve C°(E). (1.4)
E E

If w € C'(E), then w; = u,, in the classical sense. There are functions
admitting weak and not classical derivatives. As an example, u(z) = |z| for

€ (—1,1) does not have a derivative at = 0; however it admits the weak
derivative

w:{—1 in (—1,0)

1 —
1 in (0,1) as an element of L (—1,1).

With a perhaps improper but suggestive symbolism we set w; = u,;, warning
that in general, u,; need not be the limit of difference quotients along z;, and
it is meant only in the sense of (1.4). The derivatives u,; in (1.3) are meant in
this weak sense, and solutions of (1.1) are sought as functions in the Sobolev
space ([142])

WP (E) = {the set of u € LP(E) such that Vu € LP(E)}. (1.5)
A norm in WP(E) is
[ullp = llellp + [Vl (1.6)

Proposition 1.1 W'?(E) is a Banach space for the norm (1.6). Moreover,
C>(E) is dense in WLP(E) ([105]).

Introduce also the two spaces

WLP(E) = {the closure of C5°(E) in the norm (1.6)}. (1.7)

Wie(B) = {all u € WHP(E) such that /
E

Proposition 1.2 W P(E) and WYP(E) equipped with the norm (1.6) are
Banach spaces.

udx:O}. (1.8)

Functions in WP(E) are more “regular” than merely elements in L?(E), on
several accounts. First, they are embedded in L?(E) for some ¢ > p. Second,
they form a compact subset of LP(F). Third, they have boundary values
(traces) on OF, as elements of LP(OF).
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2 Embeddings of W'P(E)

Since OF is of class C!, there is a circular spherical cone C of height h and solid
angle w such that by putting its vertex at any point of F, it can be properly
swung, by a rigid rotation, to remain in F. This is the cone condition of OE.
Denote by v = (N, p) a constant depending on N and p and independent of
E and OF.

Theorem 2.1 (Sobolev—Nikol’skii [143]) If 1 < p < N then WlP(E) —
LP"(E), where p* = Iévfp, and there exists v = v(N,p), such that

vyl . Np
Jullp+ < w{hHqu-i' HVullp}, =Ny for all we W'P(E). (2.1)

Ifp=1 and |E| < oo, then WI'P(E) — L1U(E) for all 1 < ¢ < N, and there
exists v = y(N, q) such that

v 1_nN—1 (1 11
< a ’ . .
lullg < 1Bl 4 IVuli ) for alt we WHUE). (22)
If p> N then WYP(E) — L*®(E), and there exists v = vy(N,p) such that

-
lulloo < nyp Ulullp + RIVullp) - for all u e Whe(E).  (2.3)

If p> N and in addition E is convez, then WP (E) — Cljlr\)] (E), and there
exists v = y(N, p) such that for every pair of points x,y € E with |z —y| < h

([107))
ju(@) — ()| < o=yl P |Vall,  forall we WIP(E).  (24)

Remark 2.1 The constants (N, p) can be computed explicitly, and they
tend to infinity as p — N. This is expected as W1 (E) is not embedded in
L*>°(FE). Indeed the function

2] <e '] = {0} 52 — In|ln|z|]| € Wh(|z] <e™)

is not essentially bounded about the origin. In this sense these embeddings
are sharp ([148]). In (2.2) the value ¢ = 1* = ¥ is not permitted, and the
corresponding constant (N, q) — oo as ¢ — 1*. The limiting embedding for

p = N takes a special form ([31], Chapter IX, Section 13).

Remark 2.2 The structure of OF enters only through the solid angle w and
the height h of the cone condition of OF. Therefore (2.1)-(2.4) continue to
hold for domains whose boundaries merely satisfy the cone condition.

Remark 2.3 If E is not convex, the estimate (2.4) can be applied locally.
Thus if p > N, a function u € WHP(E) is locally Hélder continuous in E.

A proof of these embeddings is in Section 2¢ of the Problems and Comple-
ments.
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2.1 Compact Embeddings of W1P(E)

Theorem 2.2 (Reillich-Kondrachov {127, 83]) Let 1 <p < N. Then for
all 1 < q < p*, the embedding WP (E) — Li(E) is compact.

A proof is in 2.2¢ of the Problems and Complements.

Corollary 2.1 Let {u,} be a bounded sequence in WIP(E). If 1 < p < N,
for each fixred 1 < q < ]\][pr there exist a subsequence {un,} C {un}, and

u € WHP(E) such that

{tp'} — u weakly in WP(E) and {un} — u strongly in LY(E).

3 Multiplicative Embeddings of W?(E) and W'?(E)

Theorem 3.1 (Gagliardo—Nirenberg [50, 112]) If 1 < p < N, then
WLP(E) — LP"(E) for p* = ]\J,pr, and there exists v = v(N, p) such that

N
Il <Vl 9= T forall we WIHE). (3)
If p= N, then W}P(E) — LY(E) for all ¢ > p, and there exists v = v(N, q)
such that - )
lullg < ANVully “llullp — for all u € WyP(E). (32)

If p> N, then WhP(E) — L*(E), and there exists v = (N, p) such that

N _N
lulloo < AVull ull, *  for all ue Whr(E). (3.3)

Remark 3.1 The constants (N, p) can be computed explicitly independent
of OF, and they tend to infinity as p — N. Unlike (2.2), the value 1* is
permitted in (3.1).

Functions in WP (E) are limits of functions in C2°(E) in the norm of
WLIP(E), and in this sense they vanish on AE. This permits embedding
inequalities such as (3.1)—(2.3) with constants v independent of E and JF.
Inequalities of this kind would not be possible for functions u € W1 (E). For
example, a constant non-zero function would not satisfy any of them. This
suggest that for them to hold some information is required on some values of

u. Let )
Up = udr
|E| /E

denote the integral average of u over E. The multiplicative embeddings (3.1)—
(3.3) continue to hold for functions of zero average. Denote by v = v(N, E, 0F)
a constant depending on N, |E|, and the C''-smoothness of JF, but invariant
under homothetic transformations of E.
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Theorem 3.2 (Golovkin—Poincare [59]) If 1 < p < N, then WlP(E) —

LP"(E), where p* = ]\][pr, and there exists v = (N, p, E,OF) such that

N
p <IVulp, Pt = N_pp for all we WYP(E).  (3.4)

lu—ug
If p> N, then WhP(E) — L*(E), and there exists v = (N, p) such that

N N
lu — ug|leo < |Vullf Hu—uEHzl, P for all uer’p(E). (3.5)

If p= N, then WYP(E) — L4(E) for all ¢ > p, and there exists v = v(N, q)
such that

_p P
lu—uglly < AVulp “lu—uglly for all ue WP (E). (3.6)

Remark 3.2 When F is convex, a simple proof of Theorem 3.2 is due to
Poincare and it is reported in Section 3.2¢ of the Complements. In such a case
the constant v(N, E,0F) in (3.4) has the form

(diam E)N

v(N,E,0F) =C
( ) B

for some absolute constants C' > 1 depending only on N.

3.1 Some Consequences of the Multiplicative Embedding
Inequalities

Corollary 3.1 The norm || - |1, in WHP(E), introduced in (1.6), is equiva-
lent to ||Vul|p; that is, there exists a positive constant o = vo(N,p, E) such
that

1o < [Vullp < lully  for all uwe WP(E). (3.7)

'VOHU

Corollary 3.2 The norm |- ||1,, in W'P(E), is equivalent to ||Vul|,; that is,
there exists a positive constant Y, = 5,(N, p, E) such that

1o S IVullp < llully  for all we WHP(E). (3.8)

Tollu

Corollary 3.3 W 2(E) and W'2(E) are Hilbert spaces with equivalent inner
products

(u,v) + (Vu,Vv) and (Vu,Vv) (3.9)

where (-,-) denotes the standard inner product in L?*(E).
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4 The Homogeneous Dirichlet Problem
Given f, f € L°°(FE), consider the homogeneous Dirichlet problem

4.1
=0 on 8E. ( )

“|3E

The PDE is meant in the weak sense (1.3) by requiring that u € W1P(E) for
some p > 1. The homogeneous boundary datum is enforced, in a weak form,
by requiring that u be in the space WP (E) defined in (1.7). Seeking solutions
u € WhP(E) implies that in (1.3), by density, one may take v = u. Thus, by
taking into account the ellipticity condition (1.1)

/\/ \Vu\zdxg/(\f|\Vu\—|—|f\|u\)da:.
E E

This forces p = 2 and identifies W!2(E) as the natural space where solutions
of (4.1) should be sought.

Theorem 4.1 The homogeneous Dirichlet problem (4.1) admits at most one
weak solution u € WH2(E).

Proof 1f uy,us € Wh2(E) are weak solutions of (4.1)
/ aij (U1 — U2), Vg dx = 0 for all v € Wh(E).
E

This and the ellipticity condition (1.1) imply ||V (u1—wuz2)|l2 = 0. Thus u; = us
a.e. in E, by the embedding of Theorem 3.1.

5 Solving the Homogeneous Dirichlet Problem (4.1) by
the Riesz Representation Theorem

Regard (1.3) as made out of two pieces
a(u,v) :/ AUz, Uz ;dz and  L(v) = —/ (fjve, + fv)dx (5.1)
E E

for all v € WL2(E). Finding a solution to (4.1) amounts to finding u €
WL2(E) such that

a(u,v) = L(v) for all v e WH(E). (5.2)

The first term in (5.1) is a bilinear form in W}2(E). By the ellipticity condi-
tion (1.1) and Corollary 3.1

Mallullf » < MIVull3 < alu, u) < A[Vul3 < Allullf ,.
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Therefore a(-,-) is an inner product in W12(E) equivalent to any one of the
inner products in (3.9). The second term £(-) in (5.1) is a linear functional
in W12(E), bounded in || - || 2, and thus bounded in the norm generated by
the inner product a(-,-). Therefore by the Riesz representation theorem it is
represented as in (5.2) for a unique u € W2(E) ([98]).1

6 Solving the Homogeneous Dirichlet Problem (4.1) by
Variational Methods

Consider the non-linear functional
WL2(E) 5 u — J(u) d:ef/ (5@iUg g, + fiua, + fu)dz. (6.1)
E

One verifies that J(-) is strictly convex in W1 2(E), that is
J(tu+ (1 —t)v) < tJ(u)+ (1 —1t)J(v)

for every pair (u,v) of non-trivial elements of W!?(E), and all t € (0,1).
Assume momentarily N > 2, and let 2** be the Holder conjugate of 2%, so

that 2N 2N 11
2" = 2" = d =1
N-2 Ny M g T ou
The functional J(u) is estimated above using the ellipticity condition (1.1),
Holder’s inequality, and the embedding (3.1):

J(u)

IA

u

1
o ANVull3 + [Ell2lVella + [ £ll2- ull2-

IA

1
S AIVulls + (Il + 1

2++) [[Vul2
1 2
< AVull3 + ) (Il + ) fll2e)”
2A
Similarly, J(u) is estimated below by

1 1
J@) = AIVull3 = | (Il + 7] Fll2-)°

Therefore
—Fy + ) Vull3 < J(u) < Al[Vul3 + F (6.2)

for all u € W12(E), where
1 2
Fo = (Ifllz + vl fll2-)"-

!The Riesz representation theorem is in [31], Chapter VI Section 18. This solution
method is in [98] and it is referred to as the Lax—Milgram theorem.
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Here ~ is the constant appearing in the embedding inequality (3.1). These
estimates imply that the convex functional J(-) is bounded below, and we
denote by .J, its infimum. A minimum can be sought by a minimizing sequence
{un} € W12(E) such that

J(un) < J(up—1) < -+ < J(uy) and limJ(up) = Jo. (6.3)

By (6.2) and (6.3), the sequence {u,} is bounded in W12(E). Therefore a
subsequence {u, } C {u,} can be selected such that {u, } — u weakly in
WLE2(E), and {J(un)} — J,. Since the norm af(-,-) introduced in (5.1) is
weakly lower semi-continuous

liminf J(up/) = Jp > J(u).

Thus J(u) = J, and J(u) < J(w) for all w € W)?(E). Enforcing this last
condition for functions w = u + ev, for £ > 0 and v € C°(E), gives

2

J(u) < J(u) +

< / Vg,V dT + 6/ (a,;juxivmj + fivz; + fv) dz.

Divide by € and let ¢ — 0 to get
/ (QijUz, Ve, + five, + fv)dz >0 forall ve CF(E).
E

Changing v into —v shows that this inequality actually holds with equality
for all v € C2°(E) and establishes that u is a weak solution of the Dirichlet
problem (4.1). In view of its uniqueness, as stated in Theorem 4.1 the whole
minimizing sequence {u,} converges weakly to the unique minimizer of J(-).
Summarizing, the PDE in divergence form (4.1) is associated with a natural
functional J(-) in W12(E), whose minimum is a solutions of the PDE in
WL2(E). Conversely, the functional J(-) in W12?(E) generates naturally a
PDE in divergence form whose solutions are the solutions of the homogeneous
Dirichlet problem (4.1).

6.1 The Case N = 2

The arguments are the same except for a different use of the embedding
inequality (3.1) in estimating the term containing fu in (6.1). Pick 1 < p < 2,
define p* as in (3.1), and let p*™* be its Holder conjugate, so that
N N 1 1
_ p , Pt = p , = 1.
N —p Np—-1)+p PP

One verifies that p** > 1 and estimates

[ fude <l
E

The proof now proceeds as before except that the term || f||2++ is now replaced
by y|E[*7P2| f

*

p

2—p
Vull, <HlE| = || f

pr S Y0 f pr* pr ‘VU”Z

pr-
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6.2 Gateaux Derivative and The Euler Equation of J(-)

If v is a minimum for J(-) the function of one variable ¢ — J(u + tv), for an
arbitrary but fixed v € C°(E), has a minimum for ¢ = 0. Therefore

d
0= gt J(u + tv) ’t:OZ/ (@ijua, vz, + five, + fv)dz. (6.4)
E

This reinforces that solutions of the Dirichlet problem (4.1) are minima of
J(-) and vice versa. The procedure leading to (6.4), which is called the Euler
equation of J(-), has a broader scope. It can be used to connect stationary
points, not necessarily minima, of a functional J(-), for which no convexity
information is available, to solutions of its Euler equation.

The derivative of € — J(u + ey) at € = 0 is called the Gateaux derivative
of J(-) at u. Relative variations from .J(u) to J(v) are computed along the
“line” in R x W12(E) originating at u and “slope” . In this sense Gateaux
derivatives are directional derivatives. A more general notion of derivative of
J(+) is that of Fréchet derivative, where relative variations from J(u) to J(v)
are computed for any v however varying in a W1?(E)-neighborhood of u ([6],
Chapter I, Section 1.2).

7 Solving the Homogeneous Dirichlet Problem (4.1) by
Galerkin Approximations

Let {wy} be a countable, complete, orthonormal system for W12(E). Such
a system exists, since W1?(E) is separable, and it can be constructed, for
example, by the Gram—Schmidt procedure, for the natural inner product
a(u,v) introduced in (5.1). Thus in particular

Apr = / aijwh,mwk,xjdx = Onk (7.1)
E

where &y is the Kronecker delta. Every v € W12?(E) admits the represen-
tation as v = Y vrwy for constants vg. The Galerkin method consists in
constructing the solution u of (4.1) as the weak W12(E) limit, as n — oo, of
the finite-dimensional approximations

n

Up = D Cp hWh
h=1

where the coeflicients ¢,, j, are computed by enforcing an n-dimensional version
of the PDE in its weak form (1.3). Precisely, u,, is sought as the solution of

/ (aijun,m Y VkWha, + fj Y VkWra; + f D vkwk)dx =0 (7.2)
E k=1

k=1 k=1
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for all v € W}12(E). From this

> 'Ulc{ > Cn,h/ AijWh,o; W,z ; AT +/ (fiwee, + fwr) dx} =0
-1 E E

k h=1

Setting
Ap = / Qi jWh, o, W,z ; AT, b = —/ (fiwn,a, + fwr) dx
E E

and taking into account that v € W)?(E) is arbitrary, the coefficients ¢, ,
are computed as the unique solution of the linear algebraic system

n

Z Cn,hAhk = gbk for k= 1, ceey . (7.3)
h=1

By (7.1), Ak is the identity matrix, and therefore ¢, , = ¢y, for all n,h € N.
With wu,, so determined, put v = u,, in (7.2), and assuming momentarily that
N > 2, estimate

2% || Un,

MVl < Il Vel + [1f

2+ < (Ifllz + IS

where ~y is the constant of the embedding inequality (3.1). Therefore {u,}
is bounded in W}2(E), and a subsequence {u, } C {u,} can be selected,
converging weakly to some u € W12(E). Letting n — oo in (7.2) shows that
such a u is a solution of the homogeneous Dirichlet problem (4.1). In view of
its uniqueness, the whole sequence {uy,} of finite-dimensional approximations
converges weakly to u. The same arguments hold true for N = 2, by the minor
modifications indicated in Section 6.1.

2e) [Vn |2

7.1 On the Selection of an Orthonormal System in W}-2(E)

The selection of the complete system {w,} is arbitrary. For example the
Gram—Schmidt procedure could be carried on starting from a countable col-
lection of linearly independent elements of W}2(E), and using anyone of the
equivalent inner products in (3.9), or the construction could be completely
independent of Gram—Schmidt procedure. The Galerkin method continues to
hold, except that the coefficients Ay defined in (7.1) are no longer identified
by the Kronecker symbol. This leads to the determination of the coefficients
Cn,h as solutions of the linear algebraic system (7.3), whose leading n x n
matrix (Apg) is still invertible, for all n, because of the ellipticity condition
(1.1). The corresponding unique solutions might depend on the nth approxi-
mating truncation, and therefore are labeled by c;, 5.

While the method is simple and elegant, it hinges on a suitable choice
of complete system in W12(E). Such a choice is suggested by the specific
geometry of E and the structure of the matrix (a;;) ([21]).
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7.2 Conditions on f and f for the Solvability of the Dirichlet
Problem (4.1)

Revisiting the proofs of these solvability methods shows that the only required
conditions on f and f are

g=2" i N>2

any ¢ >1 if N =2. (7.4)

fc L*(E) f € LYE) where {
Theorem 7.1 Let (7.4) hold. Then the homogeneous Dirichlet problem (4.1)
admits a unique solution.

8 Traces on OF of Functions in W'P(E)

8.1 The Segment Property

The boundary OF has the segment property if there exist a locally finite open
covering of OF with balls {B,(z;)} centered at x; € OF with radius t, a
corresponding sequence of unit vectors nj;, and a number t* € (0,1) such that

r€ENBy(z;) = ax+tn; € E forall te(0,t"). (8.1)

Such a requirement forces, in some sense, the domain E to lie locally on one
side of its boundary. However no smoothness is required on 0FE. As an example
for z € R let

1

2

h(z) = V]| sin . for |z| >0 and E=[y> hl. (8.2)
0 for z =0.

The set E satisfies the segment property. The cone property does not imply the
segment property. For example, the unit disc from which a radius is removed
satisfies the cone property and does not satisfy the segment property. The
segment property does not imply the cone property. For example the set in
(8.2), does not satisfy the cone property. The segment property does not imply
that OF is of class C''. Conversely, OF of class C' does not imply the segment
property.

A remarkable fact about domains with the segment property is that func-
tions in W1P(E) can be extended “outside” F to be in WP (E'), for a larger
open set E’ containing F. A consequence of such an extension is that func-
tions in W1P(E) can be approximated in the norm (1.6) by functions smooth
up to OFE. Precisely

Proposition 8.1 Let E be a bounded open set in RN with boundary OE of
class C' and with the segment property. Then C°(RYN) is dense in WP (E).

Proof 8.1c of the Problems and Complements.
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8.2 Defining Traces

Denote by v = v(N, p,0F) a constant that can be quantitatively determined
a priori in terms of N, p, and the structure of OF only.

Proposition 8.2 Let OF be of class C' and satisfy the segment property.
If 1 < p < N, there exists v = v(N, p,0F) such that for all € > 0

[

1 o0
A +7(1 + e)uuup for all we CXRY).  (8.3)

If p = N, then for all ¢ > 1, there exists v = v(N,q,0F) such that for all
e>0

1
lullpor < elVuly +7(1+ )llull,  for all ue CF®Y).  (84)
If p > N, there exists v = v(N,p,OF) such that for all e >0

1
U008 < €||Vullp + (1—1— )u
Jullc.o < el Vully + (1 + )l 5

_N —
u(@) —u(y)l <yl —y['" 7 flulliy forall z,y € E.

Proof Section 8.2¢ of the Problems and Complements.

Remark 8.1 The constants v in (8.3) and (8.5) tend to infinity as p — N,
and the constant v in (8.4) tends to infinity as ¢ — oo.

Since u € C°(RY), the values of u on OF are meant in the classical sense.
By Proposition 8.1, given u € WYP(E) there exists a sequence {u,} C
C>(RY) such that {u,} — w in WP(E). In particular, {u,} is Cauchy
in WHP(E) and from (8.3) and (8.4)

Hun_um p NS LOE S’YHun_umHl,p if 1<p<N

lwn — tumllgom < Vl[un — wml|l1, forfixedg=>1if p>N >1.

By the completeness of the spaces LP(OF), for p > 1

L NOE) if 1<p< N
{un]pp} = tr(u) in {Lq(aE) for fixed ¢ > 1if p= N> 1. 00

One verifies that tr(u) is independent of the particular sequence {u, }. There-
fore given u € W1P(E), this limiting process identifies its “boundary values”
tr(u), called the trace of u on OF, as an element of L"(E), with r speci-
fied by (8.6). With perhaps an improper but suggestive symbolism we write
tr(u) = ulgp.
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8.3 Characterizing the Traces on OF of Functions in WP (E)

The trace of a function in WP (E) is somewhat more regular that merely an
element in LP(OF) for some p > 1. For v € C*(JE) and s € (0,1), set

Wl pos = [ [ 00 L do@inty <o 1)

where do(+) is the surface measure on OE. Denote by WP (9FE) the collections
of functions v in LP(JF) with finite norm

[vlls.pr0m = [vllp.05 + [[v]ls pom- (8.8)

The next theorem characterizes the traces of functions in W?(E) in terms
of the spaces W*P?(0F).

Theorem 8.1 Let OF be of class C' and satisfy the segment property. If u €
WYP(E), then tr(u) € WP(JE), with s = 1 — [1) Conversely, given v €
W*P(OE), with s =1 — 117, there exists u € WP (E) such that tr(u) = v.

Proof Section 8.3c of the Problems and Complements.

9 The Inhomogeneous Dirichlet Problem

Assume that JF is of class C' and satisfies the segment property. Given f
and f satisfying (7.4) and ¢ € W22 (OF), consider the Dirichlet problem

_(aijum)ﬁ =divf—f in E

9.1
= on 6E. ( )

“|3E

By Theorem 8.1 there exists v € W2(E) such that tr(v) = ¢. A solution of
(9.1) is sought of the form u = w + v, where w € W}2(E) is the unique weak
solution of the auxiliary, homogeneous Dirichlet problem

—(aijws,), =divE—f i E

=0 on OF

where f; = f; + @ijva,. (9.2)
w]op =

Theorem 9.1 Assume that OF is of class C' and satisfies the segment prop-
1

erty. For every f and f satisfying (7.4) and ¢ € W=22(dE), the Dirichlet

problem (9.1) has a unique weak solution u € W12(E).

Remark 9.1 The class W2?(E) where a weak solution is sought character-
izes the boundary data ¢ on OF that ensure solvability.
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10 The Neumann Problem

Assume that OF is of class C! and satisfies the segment property. Given f
and f satisfying (7.4), consider the formal Neumann problem

—(aijus,), =divE—f  in E

(10.1)

(aijue, + fj)nj =1 on 0F
where n = (ng,...,ny) is the outward unit normal to OF and ¢ € LP(OF)
for some p > 1. If a;; = d;5, f = f = 0, and ¢ are sufficiently regular, this
is precisely the Neumann problem (1.3) of Chapter 2. Since a;; € L>®(FE)
and f € L?(E), neither the PDE nor the boundary condition in (10.1) are
well defined, and they have to be interpreted in some weak form. Multiply
formally the first of (10.1) by v € C:°(RY) and integrate by parts over F,
as if both the PDE and the boundary condition were satisfied in the classical
sense. This gives formally

/ (aijuzivzj + five; + fv)dx = Yo do. (10.2)
E OE

If v € C2°(RY) is constant in a neighborhood of E, this implies the necessary
condition of solvability?

/ fdx = Y do. (10.3)
B Elo)

It turns out that this condition linking the data f and ) is also sufficient for
the solvability of (10.1), provided a precise class for ¢ is identified. By Proposi-
tion 8.1, if (10.2) holds for all v € C2°(RY), it must hold for all v € W2(E),
provided a solution u is sought in W12(E). In such a case, the right-hand
side is well defined if v is in the conjugate space of integrability of the
traces of functions in W12(E). Therefore the natural class for the Neumann
datum is

if N>2
Y € LY(OFE), where N (10.4)

any g > 1 if N=2.
Theorem 10.1 Let OF be of class C' and satisfy the segment property. Let
f and f satisfy (7.4) and o satisfy (10.4) and be linked by the compatibility

condition (10.3). Then the Neumann problem (10.1) admits a solution in the
weak form (10.2) for allv € WY2(E). The solution is unique up to a constant.

Proof Consider the non-linear functional in W12(E)

2This is a version of the compatibility condition (1.4) of Chapter 2; see also
Theorem 6.1 of Chapter 3, and Section 6 of Chapter 4.
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J(u) d:ef/ (3@iUg, Ug; + fiua, + fu)ds — Ytr(u)do. (10.5)
E OFE

By the compatibility condition (10.3), J(u) = J(u — ug), where ug is the
integral average of u over E. Therefore J(-) can be regarded as defined in the
space W12(E) introduced in (1.8). One verifies that .J(-) is strictly convex in
W12(E). Assume momentarily that N > 2, let 2** be the Holder conjugate
of 2%, and estimate

| [ o] < el vl
E

| [ puda| < 51

where 7 is the constant in the embedding inequality (3.4). Similarly, using the
trace inequality (8.3)

u

2 <[ £ 2%

Vul|z

gor|ltr(u)

’/aE hr(u)do| < |19
<7l

where 7 is the largest of the constants in (3.4) and (8.3). Therefore

2x No1oE

gor (lull2 + | Vull2) < 293¢

lgoel|Vull2

—Fy+ JVull3 < J(u) < Al Va3 + By (10.6)

for all u € W12(E), where

2
2%+ + 272“¢||q;3E) :

1
o= (Il +1f

By Corollary 3.2, the |ju/|; » norm of W2(E) is equivalent to |[Vul|p. With
these estimates in hand the proof can now be concluded by a minimization
process in W2(E), similar to that of Section 6. The minimum u € W2(E)
satisfies (10.2), for all v € W12(E) and the latter can be characterized as the
Euler equation of J(-).

Essentially the same arguments continue to hold for N = 2, modulo minor
variants that can be modeled after those in Section 6.1.

10.1 A Variant of (10.1)

The compatibility condition (10.3) has the role of estimating J(-) above and
below as in (10.6), via the multiplicative embeddings of Theorem 3.2. Consider
next the Neumann problem

—(aijuﬂfi)xj +pu=divf — f in E

10.7
(aijuq, + fj)n; =1 on OF (10.7)
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where p > 0, f, f € L?(E), and 1 satisfies (10.4). The problem is meant in its
weak form

/ (aijuzivzj + fivz,; —I—,uuv—l—fv)dx = / Yudo (10.8)
E

OF

for all v € W2(E). No compatibility conditions are needed on the data f
and ¢ for a solution to exist, and in addition, the solution is unique.

Theorem 10.2 Let OF be of class C' and satisfy the segment property. Let
f, f € L2(E), and let ¢ satisfy (10.4). Then the Neumann problem (10.7) with
>0 admits a unique solution in the weak form (10.8).

Proof If u; and uy are two solutions in W2(E), their difference w satisfies
/ (aijwmw% + ,uwz)dx =0.
E
The non-linear functional in W12(E)
J(u) d:‘Sf/ (3aijuaz,ua, + Spu® + fiug, + fu)dz — Ytr(u)do  (10.9)
E OB

is strictly convex. Then a solution can be constructed by the variational
method of Section 6, modulus establishing an estimate analogous to (6.2)
or (10.6), with |[Vul|2 replaced by the norm ||ul|; 2 of W12(E). Estimate

| /Efj“f-fdx\ < EflellFul, | /E Fuda| < | fll2]ull
| /(,)Ewtrw)da( <A ¥llgom (lull2 + | Vull2)

where v is the constant of the trace inequality (8.3). Then the functional J(-)
is estimated above and below by

—Fy + qmin{X; p}|lullf o < J(u) < §max{A;p}llulli o+ F, (10.10)

for all u € WH2(E), where

1
Fu= (el + 1 fll2 + ¢l om)*

min{A; p}t

11 The Eigenvalue Problem

Consider the problem of finding a non-trivial pair (u,u) with ¢ € R and
u € WH2(E), a solution of
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—\QijUz; ), = HU in E
(#gts), (11.1)
uw=0 on OF.
This is meant in the weak sense
/ (aijtig, vy, — puv)dz =0  for all v e W, ?(E). (11.2)
E

If (1, w) is a solution pair, u is an eigenvalue and w is an eigenfunction of (11.1).
In principle, the pair (u,u) is sought for p € C, and for u in the complex-
valued Hilbert space W} 2(E), with complex inner product as in Section 1 of
Chapter 4. However by considerations analogous to those of Proposition 7.1
of that chapter, eigenvalues of (11.1) are real, and eigenfunctions can be taken
to be real-valued. Moreover, any two distinct eigenfunctions corresponding to
two distinct eigenvalues are orthogonal in L?(E).

Proposition 11.1 Eigenvalues of (11.1) are positive. Moreover, to each
etgenvalue p there correspond at most finitely many eigenfunctions, linearly
independent, and orthonormal in L*(E).

Proof If n < 0, the functional
Wh2(E) s u— / (@3jUg, g, — pu?) dx (11.3)
E

is strictly convex and bounded below by A||Vul|3. Therefore it has a unique
minimum, which is the unique solution of its Euler equation (11.1). Since
u = 0 is a solution, it is the only one. Let {u,,} be a sequence of eigenfunctions
linearly independent in L?(E), corresponding to u. Without loss of generality
we may assume they are orthonormal. Then from (11.2), ||V, |l2 < /p/A for
all n, and {u,} is equi-bounded in W22(E). If {u,} is infinite, a subsequence
can be selected, and relabeled with n, such that {u, } — u weakly in W}2(E)
and strongly in L?(E). However, {u,} cannot be a Cauchy sequence in L?(E),
since ||u, — |2 = V2 for all n,m.

Let {u,,1, ..., Uy n, } be the linearly independent eigenfunctions corresponding
to the eigenvalue p. The number n,, is the multiplicity of p. If n, =1, then u
is said to be simple.

12 Constructing the Eigenvalues of (11.1)

Minimize the strictly convex functional a(-,-) on the unit sphere S; of L2(E),
that is
min  a(u,u) = min / QijUg, Uy, dx
E

wewd ?(E) wewd ?(E)
[lullg=1 [lullg=1
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and let pp > 0 be its minimum value. A minimizing sequence {u,} C Si
is bounded in W}2(E), and a subsequence {u, } C {u,} can be selected
such that {u,/} — w; weakly in W}2(E) and strongly in L?(E). Therefore
wy € Sy, it is non-trivial, g1 > 0, and

w1 = lm a(tn, uy) > lima(wy,wy) > p. (12.1)

Thus
a(wy + v, wy +v)
lws + 13

It follows that the functional

< for all v e WI3(E). (12.2)

WIA(E) 3 v — I, (v) :/ (aijwi,e,ve; — prwiv)de
E

1
+ / (aijvzivxj —,ulvz)dx
2 JE

is non-negative, its minimum is zero, and the minimum is achieved for v = 0.
Thus

d
dtIM(tv)|t:0 =0 forall ve WH3(E).

The latter is precisely (11.2) for the pair (u1,w;). While this process identi-
fies pq1 uniquely, the minimizer w; € S; depends on the choice of subsequence
{tn'} C {un}. Thus a priori, to u1 there might correspond several eigenfunc-
tions in W12(E) N S;.

If pu, and the set of its linearly independent eigenfunctions have been
found, set

En = {span of the eigenfunctions of s, }
WLAE)=W2(E)n[&U---UE& )

n

consider the minimization problem

min  a(u,u) = min / AijUg, Ug,; dT
uewy? (B) wewy? () JB '
lullz=1 lullz=1

and let fin4+1 > iy, be its minimum value. A minimizing sequence {u,} C Si
is bounded in W?(E), and a subsequence {u, } C {u,} can be selected
such that {u, } — wy,+1 weakly in W!2(E) and strongly in L?(E). Therefore
Wp41 € 51 18 non-trivial, and

Hn+1 = lim a(un’a un’) > lim a(w7l+17 w7l+1) > Hn+1-

Thus
a(Wpq1 + v, Wnt1 +0)

5 for all v e W1 3(E).
lwnt1 + 03

Hnt1 <
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It follows that the functional
Wh2(E)sv — Iy, () :/ (aijwnﬂ,mvﬁ — un+1wn+1v)dx
E

1
+ / (@ijve,ve; — pny10?)dz
2 )k

is non-negative, its minimum is zero, and the minimum is achieved for v = 0.

Thus
d

dtI“"“(w) ’t:(): 0 forall ve W E).

This implies
/ (aijwn+1’wiij — un+1wn+1v)dx =0 (12.3)
E

for all v € W12(E). The latter coincides with (11.2), except that the test
functions v are taken out of W,1'2(E) instead of the entire W}2(E). Any
v € WH2(E) can be written as v = v + v,, where v € W,1'2(E) and v, has

the form
kn

Vo = D UjWj
j=1
where v; are constants, and w; are eigenfunctions of (11.1) corresponding to
eigenvalues 1, for 7 < n. By construction

/ (aijwnJrl,a:i'Uo,:cj - /~Ln+1wn+lvo>dx =0.
E

Hence (11.2) holds for all v € W12(E), and (41, Wn41) is a non-trivial solu-
tion pair of (11.1). While this process identifies fi,,+1 uniquely, the minimizer
wp41 € S1 depends on the choice of subsequence {u,} C {u,}. Thus a priori,
to pn41 there might correspond several eigenfunctions.

13 The Sequence of Eigenvalues and Eigenfunctions

This process generates a sequence of eigenvalues pi,, < 5,41 each with its own
multiplicity. The linearly independent eigenfunctions {wy, 1,...,wu, n,, }
corresponding to p, can be chosen to be orthonormal. The eigenfunctions
are relabeled with n to form an orthonormal sequence {w, }, and each is asso-
ciated with its own eigenvalue, which in this reordering remains the same as
the index of the corresponding eigenfunctions ranges over its own multiplicity.
We then write

1 Spre <o Sty Soeee

w1 Wo e W,

(13.1)
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Proposition 13.1 Let {u,} and {w,} be as in (13.1). Then {u,} — oo as
n — oo. The orthonormal system {wy} is complete in L*(E). The system
{V/tnwy} is orthonormal and complete in WL2(E) with respect to the inner
product a(-,-).

Proof If {pn} — oo < 00, the sequence {w,} will be bounded in W12(E),
and by compactness, a subsequence {w,'} C {w,} can be selected such that
{wn} — w strongly in L%(E). Since {wy,} is orthonormal in L?(F)

2= lim |wy —wml|?® — 0.

n’,m’—oo
Let f € L?(E) be non-zero and orthogonal to the L?(E)-closure of {w,}. Let
uy € Wh2(E) be the unique solution of the homogeneous Dirichlet problem
(4.1) with f = 0, for such a given f. Since f # 0, the solution uy # 0 can be
renormalized so that ||uy|l2 = 1. Then, for all n € N
o= it auw) < a(ug,ug) < £l
wewr?(B)
lullz=1

It is apparent that {/u,wy,} is an orthogonal system in W}-?(E) with respect
to the inner product a(-, -). To establish its completeness in W}2(E) it suffices
to verify that a(wy, u) = 0 for all w,, implies v = 0. This in turn follows from
the completeness of {w, } in L?(E).

Proposition 13.2 pu; is simple and wy; > 0 in E.

Proof Let (p1,w) be a solution pair for (11.1) for the first eigenvalue ;. Since
w € Wh2(E), also w* € W}2(E), and either of these can be taken as a test
function in the corresponding weak form (11.2) for the pair (u1,w). This gives

a(w®, w*) = pu w3

Therefore in view of the minimum problem (12.2), the two functions w® are

both non-negative solutions of

—(aiwi), =mw*  weakly in B

13.2
wEf =0 on OF. ( )

Lemma 13.1 The functions w* are Hélder continuous in E, and if w™ (z,) >

0 (w™(xo) > 0), for some x, € E, then w™ >0 (w™ > 0) in E.

Assuming the lemma for the moment, either w™ =0 or w™ =0 in E. There-
fore, since w = wt — w™, the eigenfunction w can be chosen to be strictly
positive in E. If v and w are two linearly independent eigenfunctions corre-
sponding to u1, they can be selected to be both positive in E and thus cannot
be orthogonal. Thus v = yw for some v € R, and g is simple.

The proof of Lemma 13.1 will follow from the Harnack Inequality of Section 9
of Chapter 10.
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14 A Priori L*°(F) Estimates for Solutions of the
Dirichlet Problem (9.1)

A weak sub(super)-solution of the Dirichlet problem (9.1) is a function u €
WL2(E), whose trace on OF satisfies tr(u) < (>)p and such that

/ (aijuxivx_,' + fjv-’lfj + fv)dx <(>)0 (14.1)
E

for all non-negative v € W12(E). A function u € W12(E) is a weak solution
of the Dirichlet problem (9.1), if and only if is both a weak sub- and super-
solution of that problem.

Proposition 14.1 Let u € WY2(E) be a weak sub-solution of (9.1) for
N > 2. Assume
+e

pr € LX(OE), feLV*(E), frelL : (E) (14.2),

for some € > 0. Then uy € L®(E) and there exists a constant Cg that can
be determined a priori only in terms of A, A, N, €, and the constant ~y in the
Sobolev embedding (5.1)-(3.2), such that

esssupuy < max { esssup s O [|[fllvees [EPfellvge 1B} (14.3)4

where
€

= NN 4o (14.4)

A similar statement holds for super-solutions. Precisely

Proposition 14.2 Let w € W12(E) be a weak super-solution of (9.1) for
N > 2. Assume

p_ € L®(0F), feINt(E), f el (E) (14.2)_
for some e > 0. Then u— € L*(E) and

€55 SUp U < max { es%sup o—; Ce[|Ifl|ntes B ) £-]] N2+5] B’} (14.3)-
B

for the same constants Ce and §.

Remark 14.1 The constant C. in (14.3)4 is “stable” as ¢ — oo, in the sense
that if f and fy are in L*°(FE), then uy € L*°(FE) and there exists a constant
Cs depending on the indicated quantities except £, such that

1 1
essEsupui < max{es%%upgoi; Coo [IE]lo; |EI N || f£ oo | | E] & } (14.5)
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Remark 14.2 The constant C; tends to infinity as e — 0. Indeed, the propo-
sitions are false for € = 0, as shown by the following example. For N > 2, the
two equations

N -2 1
Au = h = _
u f wihere f |x|21n|$| ‘$‘21n2 |$|
T
Au = fj.,  where f; = |x|2lil|x|

are both solved, in a neighborhood E of the origin by u(z) = In|In|z|. One
verifies that

feL?(E) and fgéLN;E(E) for any € >0
feLN(E) and f¢ LN*S(E) for any € > 0.

Remark 14.3 The propositions can be regarded as a weak form of the maxi-
mum principle (Section 4.1 of Chapter 2). Indeed, if u is a weak sub(super)-
solution of the Dirichlet problem (9.1), with f = f = 0, then uy < tr(u)4+
(u— < tr(u)-).

15 Proof of Propositions 14.1-14.2

It suffices to establish Proposition 14.1. Let u € W12(E) be a weak sub-

solution of the Dirichlet problem (9.1), in the sense of (14.1) for all non-
negative v € WLh2(E). Let k > ||¢+ | c.0 to be chosen, and set

1
kn:k<2—2n71), Ap=lu>kl], n=12,.... (15.1)

Then (u—k,)+ € WH2(E) for all n € N, and it can be taken as a test function
in the weak formulation (14.1) to yield

/E [[aijuﬂfi + fi] (u = kn)4a; + f4(u— kn)+]d$ <0.

From this, estimate

A

NIV = )4 12 < [Exa, 2V (6 — )2 + /E Folu—Ey)ade

IN

A 1

19— ko) 2+ fxa, 2+ / Filt— k) sda
4 h .

A 1 2
< I k)[4 | 6o Anl %

T /E Folu— k) da.
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The last term is estimated by Holder’s inequality as

[ fetu= ke <UL = o)l
where ) N4+ N
P e . p
= d = . 1 .2
p*—1 2 a b N—p (15.2)

For these choices one verifies that 1 < p < N for all N > 2. Therefore by (3.1)
of the embedding of Theorem 3.1

[ eu= k) ede < Ul 19— Rl

1 —
IV (= K)ol fo ll g [ A |05

IA

IA

A 1 2
MAAC kn)+ 13 + /\Hf+||21v2+s [ Anl» ™1
Combining these estimates gives

IV(u— kn) 3 < G A 520 (15.3)

where
C2 = 272 max {|1£l|3yo | B 1 f+ 11 5= }

and ¢ is defined in (14.4).

15.1 An Auxiliary Lemma on Fast Geometric Convergence

Lemma 15.1 Let {Y,} be a sequence of positive numbers linked by the recur-
siwe inequalities
Y1 S OPKY (15.4)

for someb>1, K >0, and o > 0. If
Yy < bV g-le (15.5)
Then {Y,} — 0 as n — oc.

Proof By direct verification by applying (15.5) recursively.

15.2 Proof of Proposition 14.1 for N > 2

By the embedding inequality (3.1) for W12(E) and (15.3)
k? 2 2

4n |[Ans1] < E(u - kn)+X[u>kn+1]dx < (w = kn)+lI2

Auld <PV ko)o [2lAn 7 15O

< H(u —kn)+
< 231,

2
2%
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From this

471,72002
k2

where v is the constant of the embedding inequality (3.1). If {|A,|} — 0 as

n — oo, then v < 2k a.e. in E. By Lemma 15.1, this occurs if

|Apy1] < |A, |12 for all n e N (15.7)

1A1] < |B| < 271/2520071/5]{1/5.

This in turn is satisfied if & is chosen from k = 2'/2°C,|E|°.

15.3 Proof of Proposition 14.1 for N = 2

The main difference is in the application of the embedding inequality in (15.6),
leading to the recursive inequalities (15.7). Let ¢ > 2 to be chosen, and modify
(15.6) by applying the embedding inequality (3.2) of Theorem 3.1, as follows.
First

11_2
I — k)4 ll2 < [l (u — kn) gl An|2 070

1-3 . 1(1-2)

<AV~ k)1 lly [ — En)s |5 [An |20

1 1
< it =kn)illz + Y (DIV (1 = kn)+ [l2| An] 2.

Therefore

k2
gn |An+1| < /E(u - kn)iX[u>k,n+1]d‘r

< Jl(u = k) 4113 < 29(0)CF1 AR,

16 A Priori L°°(E) Estimates for Solutions of the
Neumann Problem (10.1)

A weak sub(super)-solution of the Neumann problem (10.1) is a function
u € WH2(E) satisfying

/ (@ijua,va, + fiva, + fo)dz < (=) Yu do (16.1)
E ' 0B

for all non-negative test functions v € WH2(E). A function u € WH2(E) is a
weak solution of the Neumann problem (10.1), if and only if is both a weak
sub- and super-solution of that problem.

Proposition 16.1 Let OF be of class C' and satisfying the segment property.
Let u € WY2(E) be a weak sub-solution of (10.1) for N > 2, and assume that

+e

Yy € INTUO(QE), fe LNY(E), freL’i(B) (16.2)4
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for some 0 > 0 and € > 0. Then uy € L®(E), and there exists a positive
constant C. that can be determined quantitatively a priori only in terms of the
set of parameters {N,\, A,e,0}, the constant v in the embeddings of Theo-
rem 2.1, the constant v of the trace inequality of Proposition 8.2, and the
structure of OF through the parameters h and w of its cone condition such
that

esssupuy < Comax {|ur o5 [0+ o [ €Lt EP L g} (16:3)s

where

N -1 €
=N-1 = d 0= . 16.4
q to, o=e ., an N(N +2) (16.4)
Proposition 16.2 Let OF be of class C' and satisfying the segment property.
Let w € WY2(E) be a weak super-solution of (10.1) for N > 2, and assume
that

N+e

Yo e LNTY0E), feLVNT(E), f_eL : (B) (16.2)_
for some o >0 and € > 0. Then u_ € L>®(E)

esssupu < Ce max {[Juai - lors [l ves EPI S g} (163)-

where the parameters q, o, § and C. are the same as in (16.3)4 and (16.4).

Remark 16.1 The dependence on some norm of u, for example ||uy||2, is
expected, since the solutions of (10.1) are unique up to constants.

Remark 16.2 The constant C. in (16.3)+ is “stable” as ¢ — oo, in the sense
that if
w:l: € LOO(aE)7 fe LOO(E)a f:l: € LOO(E)a (165)

then uy € L°°(FE) and there exists a constant Cs depending on the indicated
quantities except ¢ and o such that

1
essEsupui < Cw maX{Hung;es%supwi; [1£llo0; 1B ¥ || f4lloo }- (16.6)
B

Remark 16.3 The constant C. in (16.3)+ tends to infinity as ¢ — 0. The
order of integrability of f and f required in (16.2) is optimal for u4 to be in
L*>°(E). This can be established by the same local solutions in Remark 14.2.
Also, the order of integrability of 14 is optimal for ug to be in L*®(F), even
if f = f = 0. Indeed, the propositions are false for 0 = 0 and f = f = 0,
as shown by the following counterexample. Consider the family of functions
parametrized by n > 0 (Section 8 of Chapter 2)

1
RxRT =E> (2,y) = Fy(z,y) = o In /22 + (y + )2
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One verifies that F;, are harmonic in F, and on the boundary y = 0 of &/

_ n
F’I»Zl|y:0 - 27'('(.’E2 + 772) :

One also verifies that
1
/F,],y(x,O)dx =, for all n > 0.
R

Therefore if an estimate of the type of (16.3)1+ were to exist for ¢ = 0, and
with C independent of o, we would have, for all (x,y) in a neighborhood E,
of the origin

|Fy(z,y)] S CL+||Fyy(-,0)||1,08) = gC for all n > 0.

Letting n — 0 gives a contradiction. While the counterexample is set in RxR™,
it generates a contradiction in a subset of E, about the origin of R2.

Remark 16.4 The constants C; in (16.3)1 and Cs in (16.6) depend on the
embedding constants of Theorem 2.1. As such, they depend on the structure
of OF through the parameters h and w of its cone condition. Because of this
dependence, C. and C tend to oo as either h — 0 or w — 0.

Remark 16.5 The propositions are a priori estimates assuming that a
sub(super)-solution exists. Sufficient conditions for the existence of a solution
require that f and ¢ must be linked by the compatibility condition (10.3).
Such a requirement, however, plays no role in the a priori L>°(E) estimates.

17 Proof of Propositions 16.1-16.2

It suffices to establish Proposition 16.1. Let u € W2(E) be a sub-solution
of the Neumann problem (10.1), in the sense of (16.1), and for & > 0 to be
chosen, define k,, and A, as in (15.1). In the weak formulation (16.1) take
v=(u—kn+1)+ € WH2(E), to obtain

/E[(aijuxi + fi)(w = Ept1) o, + f+ (U — kngr)4]da < - Vi (u — kntr)+do.

Estimate the various terms by making use of the embedding (2.1), as follows

| = b o da] < IV ) ol

IN

A 1 _ 2
IV = Fng ) oI5+ ) IR Ana [ 25

Next, for the same choices of p. as in (15.2), by the embedding (2.1) of
Theorem 2.1
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p*

| [ Felu=bu)eda] < 1l u = E)

¥ 1
< Dl (0= Bga) llp + 19 = Kng) 4l )
w 2 \h
A
< 4\|V(u—kn+1)+H§+ (= Eng1)+ I3
2
7,1 1 5 2 1— 2425
+ 1 ) B B [ A 3

where v is the constant of the embedding inequality (2.1), and ¢ is defined in
(14.4). Setting

7?1

1
w2(/\

6
F? = fl}4e + [P f4l5se, Cr= w2)

+

the previous remarks imply
A _
o IV~ k1) 4113 < 11w = Eng1) 413 + CLE?| Ay |7 5 +20
+ ‘ Yy (u— kn+1)+d0"
oE

The last integral is estimated by means of the trace inequality (8.3). Let

N+5)

q:N—1+U:(N—1)( N

be the order of integrability of 1) on OF and determine p* and p from

1 1 N

B Np 1 p—-1 N
g pN-1

" N-p ¢ p N-1

*

1- D

One verifies that for these choices, 1 < p < 2 < N, and the trace inequality
(8.3) can be applied. Therefore

|| etu=bin)sde] < o

< ||¢+ q;aE[HV(U - kn+1)+Hp + 27“(“ - k7l+1)+||z°]
<Nt llgor IV = knia)+ll2 + 29I (w = kpga) 4 2] [Anga] 7~ 2

A
< V= k)13 + [l = Enr) 4113

goE| (u — kn—i—l)-}-Hp* N-lop

1 2
+ (77 )l Ropl Ansa P

Denote by Cy, £ =1,2,... generic positive constants that can be determined
quantitatively a priori, only in terms of the set of parameters {N, A, A}, the
constant « in the embeddings of Theorem 2.1, the constant 7 of the trace
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inequality of Proposition 8.2, and the structure of 9F through the parameters
h and w of the cone condition. Then combining the previous estimates yields
the existence of constants Cy and C3 such that

IV (u — k1) + 113 < Coll(u — K1) 413 + C5F2[Appa '~ ¥ F2 (17.1)
where we have set

F? = max {[¢150m5 Ifl5cs [N £all5se }

17.1 Proof of Proposition 16.1 for NV > 2
By the embedding inequality (2.1) of Theorem 2.1 for W12(E) and (17.1)
1w = Knt1)+ 13 < [[(w— Knt1)+
2y? 2 1 2 2 17.2
S L2 (IV(u = Eng1) 415 + i knt1)+113) [Anga| ¥ (17.2)
< Cill(u = ka4 |3 Ansa| ¥ + CsF2| Apa |2,
For alln € N

def 2 2 k'2
Y, = [ (u—kp)ide > (u—kpy1)ide > [Apia].
E Ant1 4

2

2
2% An+1|N

Therefore the previous inequality yields
2
4"Cy 1405 (1 2, \ M FRACs s
Yot < 140 Y, 2 Eu dz +I<;2 140 Y .
Take k > max {||ul|2; F%}, so that

L, F2
kz/Eudxgl and kzgl.
This choice leads to the recursive inequalities
42”06
Yo <0 Y120 (17.3)

for a constant Cg that can be determined a priori only in terms of {N, \, A},
the constants v in the embedding inequalities of Theorem 2.1, the trace
inequalities of Proposition 8.2, the smoothness of OF through the parameters
w and h of its cone condition, and is otherwise independent of f, f, and .
By the fast geometric convergence Lemma 15.1, {Y;,} — 0 as n — oo, provided

v, <27 Vo2,
We conclude that by choosing
k=212 O3/ max{|ully; F.}
then Yo, = ||(u — 2k)4||2 = 0, and therefore u < 2k in E.
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17.2 Proof of Proposition 16.1 for N = 2

The only differences occur in the application of the embedding inequalities of
Theorem 2.1, in the inequalities (17.2), leading to the recursive inequalities
(17.3). Inequality (17.2) is modified by fixing 1 < p < 2 and applying the
embedding inequality (2.1) of Theorem 2.1 for 1 < p < N. This gives

p—1
(e = Kna) 4113 < 11w = kngr) 15+ [ Ansa [* 7

<y, hyw) (V1 = 1)+ 12 + 1 (w = kngr) £ 112) |Anga[*?
< (P, hyw) (IV (1 = k1) 4 15 + [ (w = kng1) £ 115) [ Anta |
< (= k)4 13| Ansa] + Cs 2 Apga |20

18 Miscellaneous Remarks on Further Regularity

A function u € I/Vlf)c2 (E) is a local weak solution of (1.2), irrespective of possible
boundary data, if it satisfies (1.3) for all v € WL2(E,) for all open sets E,
such that E, C E. On the data f and f assume

+

f e LNT(E), fie LN2E(E), for some € > 0. (18.1)

The set of parameters {N, X\, A, e, ||f||nte, || f]I N;E} are the data, and we say
that a constant C,+, ... depends on the data if it can be quantitatively deter-
mined a priori in terms of only these quantities. Continue to assume that the
boundary OF is of class C! and with the segment property. For a compact
set K C RY and 5 € (0,1) continue to denote by || -||,.x the Holder norms
introduced in (9.3) of Chapter 2.

Theorem 18.1 Let u € VVlf)Cz(E) be a local weak solution of (1.2) and let
(18.1) hold. Then w is locally bounded and locally Hélder continuous in E,
and for every compact set K C E, there exist positive constants vi, and Ck
depending upon the data and dist{K;0FE}, and o € (0,1) depending only on

the data and independent of dist{K;OE}, such that
lufla:x < v (data, dist{K; OE}). (18.2)

Theorem 18.2 Let u € WH2(E) be a solution of the Dirichlet problem (9.1),
with £ and f satisfying (18.1) and ¢ € C(OFE) for some € € (0,1). Then u
is Hélder continuous in E and there exist constants v > 1 and a € (0,1),
depending upon the data, the C' structure of OFE, and the Hélder norm
lelleom, such that

lulla,z < ~(data, @, OF). (18.3)

Theorem 18.3 Let u € WY2(E) be a solution of the Neumann problem
(10.1), with £ and f satisfying (16.1) and ¢ € LYN"149(OE) for some
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€ (0,1). Then u is Hélder continuous in E, and there exist constants ~y and
€ (0,1), depending on the data, the C* structure of OF, and ||¢||N—1+40.08,

such that
lulla, 5 < ~(data, 3, OE). (18.4)

The precise structure of these estimates in terms of the Dirichlet data ¢ or
the Neumann v, as well as the dependence on the structure of OF is specified
in more general theorems for functions in the DeGiorgi classes (Theorem 7.1
and Theorem 8.1 of the next chapter). These are the key, seminal facts in the
theory of regularity of solutions of elliptic equations. They can be used, by
boot-strap arguments, to establish further regularity on the solutions, when-
ever further regularity is assumed on the data.

Problems and Complements

1c Weak Formulations and Weak Derivatives

1.1c The Chain Rule in W1P(E)

Proposition 1.1c Let u € WYP(E) for some p > 1, and let f € C'(R)
satisfy sup |f'| < M, for some positive constant M. Then f(u) € WLP(E)
and V f(u) = f'(u)Vu.

Proposition 1.2¢c Let u € WYP(E) for some p > 1. Then u* € WhP(E)

" (u) > 0]
+ | sign(u)Vu a.e. in [ut >0
V= {0 a.e. in [u=0].

Proof (Hint) To prove the statement for u™, for ¢ > 0, apply the previous
proposition with

[ Vur 42— for u>0
fe(u) = {0 for v <0.

Then let ¢ — 0.

Corollary 1.1c Let u € WYP(E) for some p > 1. Then |u — k| € WIP(E),
for allk € R, and Vu =0 a.e. on any level set of u.
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Corollary 1.2¢ Let f,g € WYP(E) for some p > 1. Then f Ag and fV g
are in WHP(E) and

Vi aein [f>g
ViANg=< Vg ae in [f <]
0 aein [f=g]

A similar formula holds for fV g.

1.2. Prove Proposition 1.2 and the first part of Proposition 1.1.

2c Embeddings of W1P(E)

It suffices to prove the various assertions for u € C*°(E). Fix x € E and let
C, C E be a cone congruent to the cone C of the cone property. Let n be the
unit vector exterior to C,, ranging over its same solid angle, and compute

o= [ ' o (1= 1) utomyan| < | " [Fulomldp+ | / " u(on) dp.

Integrating over the solid angle of C, gives
[Vu(y)| ()]
wlu(z)] </ i« — |N 1 dy —|— b —y|N 1 dy (2.1c)

/\Vu d+/ [u(y
ey [

The right-hand side is the sum of two Riesz potentials of the form (10.1) of
Chapter 2. The embeddings (2.1)—(2.3) are now established from this and the
estimates of Riesz potentials (10.2) of Proposition 10.1 of Chapter 2. Complete
the estimates and compute the constants ~ explicitly.

2.1c Proof of (2.4)

Let C;, , be the cone of vertex at z, radius 0 < p < h, coaxial with C, and
with the same solid angle w. Denote by (u)s,, the integral average of u over

Ca,p-
Lemma 2.1c For every pair x,y € E such that |z —y|=p < h

Y(N,p) -~
u(y) — eyl < T 5,

Proof For all ¢ € C,

) ) = | [ Oy e — )]
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Integrate in d¢ over Cy ,, and then in the resulting integral perform the change
of variables y + (¢ — y) = 1. The Jacobian is t="V, and the new domain of
integration is transformed into those n for which |y — n| = ¢|¢ — y| as £ ranges
over Cy, ,. Such a transformed domain is contained in the ball Bay(y). These
operations give

2o~ @l < [ ([ 16 uliuty + e - plac)a

z.p

1
< / (V1) / 17 — 41 Vu(n)|dn dt
0 Eﬂngt(y)

1

_ _1

< ~(N,p) / =D (2p) N0 )4 Tt
0

To conclude the proof of (2.4), fix x,y € E, let z = %(x +y), p= %|x -y,
and estimate

(N, p)

Ju(@) —u(y)] < Ju(@) = (@) |+ u(y) = (@)l < P o=y |Vl

2.2c Compact Embeddings of W1P(E)

The proof consists in verifying that a bounded subset of WP (E) satisfies the
conditions for a subset of LY(E) to be compact ([31], Chapter V). For 6 > 0
let

Es = {x € E|dist{z; 0E} > 6} .

For q € [1,p*) and u € WLP(E)

1_ 1
p (B — Eg)a™ v

[ullg,e—E5 < [lu

Next, for h € RY of length |h| < § compute

1
/ \u(x+h)—u(x)|dxg/ / ‘du(x+th)‘dtdx
o BsJo 1dt

1
< \hl/ / \Vu(z + th)|dz dt < [B||E|"> ||Vul,.
0 Es
Therefore for all o € (0, 1)

’q

/ |Thu — ullde = / | Thu — w9790 =9) dy,
Es Es

1 a(i—0) 1=qo
< / |Thu — u|dz / [Thu — | 1-av dx )
E(S E5
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Choose o so that

q(l - U) *

*_
=", that is, oq = p—a
1—gqo

pr—1

Such a choice is possible if 1 < ¢ < p*. Applying the embedding Theorem 2.1
gives

ra
[ s < w—ﬂq( [ - u|dx) (=
Es Es ’

for a constant v depending only on N, p and the geometry of the cone property
of . Combining these estimates

|Thu — gz, < y1|h|7 w1

3c Multiplicative Embeddings of W?(E) and W?(E)

3.1c Proof of Theorem 3.1 for 1 <p < N

Lemma 3.1c Let u € C°(E) and N > 1. Then

N
1/N
lull v, < IT o 111

Proof If N =2

// uz(xl,xg)dxldxg = // u(xy, xo)u(xy, xo)drrdas
E E

S/ max u(x1, o) maxu(xy, xe)drdrs
E 2 1

= [ maxu(xy,xz2)dr, [ maxu(xy,ze)drs
R T2 R *1

g// |uw1\dx// |t |d.
E E

Thus the lemma holds for N = 2. Assuming that it does hold for N, set

x=(x1,...,2y) and x=(T,xN41).
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By repeated application of Holder’s inequality and the induction

||u||N+1 —// 1' y TN+1 | W~ dxda:N_H

1
- / dry 1 / fu(@, o 41) (@, 2x )| ¥ da
R RN
N-—1

/deNH(/RN |U($7$N+1)|diﬂ> ‘ (/RN u(x7$N+1)NN1dff) ’
(/ Ua:N+1|d$) /Rf[l (/N s, (T, $N+1)|dl“> Nd$N+1
() () - (L o)

Next, for 1 < p < N write

N—-1 N-p
N N p(N-1) p(N—1)
HuHNNp = wN-1dx where w = |u| ~-»
", »

and apply Lemma 3.1c to the function w. This gives

N—
p(N-1)
lull s [ (/w dx) }
N-—p
J_
N—p
N PIN=1) _4 Np(N—1)
— (V) T / ) "V g, |
=1 \JE

N-—p

(p(N - 1)) PN

Y= N :
-Pp

where

Now for all j =1,..., N, by Holder’s inequality

[l o < ( / |udx)( / |uNNppdx> ’
E E E

Therefore

N-—p
N p(N—1) Np(N—1) N N-p
1 ( / ] "9 1|uzj|dx) = T 7 g
(/. 11 "

j=1 -p

N-p p—1 N

p(N— 1) p N-—1

< [[Vallp™ lull %, "7
N-—p
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3.2c Proof of Theorem 3.1 forp > N > 1

Let F(x;y) be the fundamental solution of the Laplacian. Then for u €
C2°(E), by the Stokes formula (2.3)—(2.4) of Chapter 2

u(z) = — F(x;y)Au(y)dy=/ Vu(y) - VyF(x;y)dy
RN RN
= [ V) VR [ Va9, F

The last integral can be computed by an integration by parts, and equals

1
Vu(y) - Vy F(x;y)dy = _ / u(y)do
/Iwy|>p ! wypN ! lz—y|=p

since F(z;-) is harmonic in RY — {z}. Here do denotes the surface measure
on the sphere |z —y| = p. Put this in the previous expression of u(x), multiply
by Nwyp™ 1, and integrate in dp over (0, R), where R is a positive number
to be chosen later. This gives

Vu
xRV () < N / ([l ) a
lz—y|<p |$— |

+ N/ (/ (y)|da> dp.
le—y|= p
From this, for all z € F

[Vu(y)| N /
wn|u(x §/ dy + u(y)|dy
Nu(z)] e 7 — N1 RN BW)\ ®)|

= Il(.’E,R) + NIQ(.’E,R)

3.2.1c Estimate of I (x, R)

Choose two positive numbers a,b < N such that

a+b<1—1):N—1.
q P

Since p > N, this choice is possible for the indicated range of q. Now write

[Vl
|z —y[N!

_ ()~
= ‘VU‘ P |b(1—p)

[z —yls |z —y

and apply Holder’s inequality with the conjugate exponents

1 1 1 1
(L -)+i+(1-1) -1
p q q p
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This gives

_p P o 1 -,
L(z.R) < |Vull} ( / V“(y)ady> ( / bdy) |
Br() 17—yl Br(z) |7 =l

Taking the gth power and integrating over E gives

1—141 N(L 141y

plap N ptq
IL(R)l, < N 1Vl
T (N—a) (N =)' P

3.2.2c Estimate of Iz(x, R)

1 11
In(z, R <R‘N< pd)p( 1d> ’
2(2.R) /,t_M'“(y) y /LT_M y
< (‘”N)I’I’R—ifu“z (/ |u<x+£>pds)‘l’
AN : ll<R ’

Take the gth power and integrate in dz over R to obtain

WN 1+(11*é _N(I=1)
12l (50) T RNGT

3.2.3c Proof of Theorem 3.1 for p > N > 1 (Concluded)

Combining these estimates yields

1 1
<y(R'7UVully + Rull,),  §=N(_ —
lullg < (R (Vull, lell) (p q)

for a constant v(V, p, g, a,b). Minimizing the right-hand side with respect to
the parameter R proves the estimate.

3.3c Proof of Theorem 3.2 for 1 < p < N and E Convex

Having fixed x,y € E, let R(xz,y) be the distance from z to OF along y — x
and write

R(z,y) y—x
u(x) — u(y §/ ‘ u(x + n‘d7 n= .
ule) —u)| < [ | ul - pm)lap v

Integrate in dy over E to obtain

R(z.y)
|E|u(z) — ug| S/ (/ |Vu(x+pn)dp>dy.
e \Jo
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The integral in dy is calculated by introducing polar coordinates with pole
at x. Therefore if n is the angular variable spanning the sphere |n| = 1, the
right-hand side is majorized by

diam E R(z,y)
(diam E)N~1 / / / pN Tt [Vu(z + pn)l dpdndr
0 |n|=1J0

[z —y[N

Vul
< (diam E N/ | dy.
( ) plr—yN! Y

Therefore

() — ug| < (diamE)N/ |Vu(y)] d
E

|E] o —y[N

The proof is now concluded using the estimates of the Riesz potentials in
Section 10 of Chapter 2. The remaining cases for p > N are left as an exercise
following similar arguments in the analogous multiplicative embeddings of
Whr(E).

5¢ Solving the Homogeneous Dirichlet Problem (4.1) by

the Riesz Representation Theorem
Consider formally the linear operator with variable coefficients

L(u) = —(aijuz, + ajU)Ij + biug, + cu (5.1c)
and the associated, formal bilinear form

a(u,v) = / (@ijuz, Ve, + ajuvg; + bitug,v + cuv) da. (5.2¢)
E

Assuming that (a;;) satisfies the ellipticity condition (1.1), all the various
terms are well defined for u,v € W}2(E), provided ¢ € L*(E) and

a=(ay,...,an) LN(E) if N>2
b= (b1,...,bN) } < {Lq(E) for some ¢ > 2 if N =2. (5.3¢)
The homogeneous Dirichlet problem (4.1) takes the form
L(u)=divf—f in E, and u|aE =0 on OF. (5.4c¢)
The latter is meant in the weak form of seeking u € W12(E) such that
a(u,v) = —/E (f-Vu+ fo)de (5.5¢)

for all v € W12(E). The unique solvability of this problem can be estab-
lished almost verbatim by any one of the methods of Sections 57, provided
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the bilinear form a(-,-) introduced in (5.2¢) generates an inner product in
WL2(E), equivalent to any one of the inner products in (3.9), precisely, if
there are constants 0 < \, < A, such that

Mol Vull3 < a(u,u) < Ao||Vul)3 for all uw € Wh2(E).

This can be ensured by a number of conditions on a, b, and ¢, and on the size
of E. Let ¢ = ¢t —c~ be partitioned into its positive and negative parts. Prove
that if N > 2, the following condition is sufficient for the unique solvability
of (5.4c):

3 (lally + Iblly +lle ) < (1= 2)A (5.6¢)
for some ¢ € (0,1), where ~ is the constant appearing in the embedding
inequality (3.1). The latter occurs, for example, if ¢ > 0, b € LI(E) for some
g > N, and |E| is sufficiently small. Prove that another sufficient condition is

1
c>¢o,>0 and 41— ) (Ilalleo + IB]lso) < co. (5.7¢)

6¢c Solving the Homogeneous Dirichlet Problem (4.1) by
Variational Methods

The homogeneous Dirichlet problem (5.4c¢), can also be solved by variational
methods. The corresponding functional is

2J(u) = / {laijue, + biug, + (aj 4+ bj)u + 2filus, + (b - Vu + cu + 2f)u}dr.
E

The same minimization procedure can be carried out, provided b and c satisfy
either (5.6¢) or (5.7¢).

6.1c More General Variational Problems

More generally one might consider minimizing functionals of the type

WIP(E) 3 u— J(u) = / F(z,u, Vu)dz, p>1 (6.1c)
E

where the function
ExRxRY 5 (z,2,q) = F(z,2,q)

is measurable in z for a.e. (z,q) € RN+, differentiable in z and q for a.e.
x € E, and satisfies the structure condition

Aal” = f(z) < F(x, 2,q) < Alql” + f(x) (6.2¢)

for a given non-negative f € L'(E). On F impose also the convexity (elliptic-
ity) condition, that is, F(x, z,-) € C*(RY) for a.e. (z,2) € E x R, and

Fuq,&i& > MNEP forall ¢ e RY for ae. (v,2) € E xR, (6.3c)
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A Prototype Example

Let (a;;) denote a symmetric N x N matrix with entries a;; € L*(F) and
satisfying the ellipticity condition (1.1), and consider the functional

WIP(E) 5w — pJ(u) = / (VP asjtgta, + pfu)de (6.4¢)
E

for a given f € LI(FE), where ¢ > 1 satisfies

1 1 1
+ =41 ifl<p<N, and ¢g>1if p>N. (6.5¢)
p q¢ N
Let v = (v1,...,un) be a vector-valued function defined in E. Verify that the
map

2B 5 v :/ VP2 050;dz
E

defines a norm in [LP(E)] equivalent to ||v||,. Since the norm is weakly lower
semi-continuous, for every sequence {v,} C [LP(E)]" weakly convergent to
some v € [LP(E)]N

liminf/ \v"\T’_Qa,;jv,;,nvj’"dxz/ \V\p_2a,;jv,;vjdx.
E E

The convexity condition (6.3c), called also the Legendre condition, ensures
that a similar notion of semi-continuity holds for the functional J(-) in (6.1c)
(see [108]).

Lower Semi-Continuity

A functional J from a topological space X into R is lower semi-continuous if
[J > a] is open in X for all a € R. Prove the following.

Proposition 6.1c Let X be a topological space satisfying the first axiom of
countability. A functional J : X — R is lower semi-continuous if and only if
for every sequence {u,} C X convergent to some u € X

liminf J(uy) > J(u).
6.3. The epigraph of J is the set
&y ={(z,a) € X xR| J(z) < a}.

Assume that X satisfies the first axiom of countability and prove that J
is lower semi-continuous if and only if its epigraph is closed.
6.4. Prove that J : X — R is convex if and only if its epigraph is convex.
6.5. Prove the following:
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Proposition 6.2¢c Let J : W1P(E) — R be the functional in (6.1c) where
F satisfies (6.2¢)-(6.3¢). Then J is weakly lower semi-continuous.

Hint: Assume first that F' is independent of x and z and depends only on
q. Then J may be regarded as a convex functional from .J : [LP(E)]N — R.
Prove that its epigraph is (strongly and hence weakly) closed in
Lo ().

6.6. Prove the following:

Proposition 6.3c LetJ : WhP(E) — R be the functional in (6.1c) where
F satisfies (6.2¢)-(6.3¢c). Then J has a minimum in WIP(E).

Hint: Parallel the procedure of Section 6.

6.7. The minimum claimed by Proposition 6.3c need not be unique. Pro-
vide a counterexample. Formulate sufficient assumptions on F' to ensure
uniqueness of the minimum.

6.8c Gateaux Derivatives, Euler Equations, and Quasi-Linear
Elliptic Equations

Let X be a Hausdorff space. A functional J : X — R is Gateaux differentiable
at w € X in the direction of some v € X if there exists an element J'(w;v) € R
such that

}in(l) J(w+ tvt) — J(w) ' (wsv).

The equation

J'(wjv) =0 forall veX

is called the Euler equation of J. In particular, (6.4) is the Euler equation of
the functional in (6.1). The Euler equation of the functional in (6.4c) is

— (\Vu\p_zaijum)rj = f. (6.6¢)
In the special case (a;;) = I this is the p-Laplacian equation
—div|Vul|P7*Vu = f. (6.7¢)
The Euler equation of the functional in (6.1¢) is
—div A(z,u, Vu) + B(z,u, Vu) =0, u € WhP(E) (6.8¢)
where A = VqF and B = F.. The equation is elliptic in the sense that
(aij) = (Fgq,;) satisfies (6.3c). Thus the functional in (6.1c) generates the

PDE in (6.8c) as its Euler equation, and minima of J are solutions of
(6.8¢).
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6.8.1c Quasi-Linear Elliptic Equations

Consider now (6.8c) independently of its variational origin, where

A(z,z,q) € RN

B(z,z,q) € R (6.9c)

EXRXRNB(‘T,Z,q)H{
are continuous functions of their arguments and subject to the structure con-
ditions

A(JZ, 2, q) q > )\|q|p —C?
|A(z,2,q)| < Alq/P~1 + CP~L (6.10c)
|B(z,2,q)| < ClgP~t +CP

for all (z,2z,q) € E x R x RY, for given positive constants A\ < A and non-
negative constant C. A local solution of (6.8¢)—(6.10c), irrespective of possible
prescribed boundary data, is a function u € Wﬁ)f(E) satisfying

/ [A(z,u, Vu)Vv + B(z,u, Vu)v]dz = 0 for all ve W P(E,) (6.11c)
E

for every open set E, such that E, C E. In general, there is not a function F
satisfying (6.2¢)—(6.3¢) and a corresponding functional as in (6.1c) for which
(6.8¢) is its Euler equation. It turns out, however, that local solutions of (6.8¢)—
(6.10c), whenever they exist, possess the same local behavior, regardless of
their possible variational origin (Chapter 10).

6.8.2c¢ Quasi-Minima

Let J : VV&)?(E) — R be given by (6.1c), where F satisfies (6.2¢) but not
necessarily (6.3c). A function u € I/Vlf)f (E) is a Q-minimum for J if there is a
number @) > 1 such that

J(u) < J(u+wv) forall ve WHP(E,)

for every open set E, such that E, C E. The notion is of local nature. Minima
are (Q-minima, but the converse is false. Every functional of the type (6.1c)—
(6.3c) generates a quasi-linear elliptic PDE of the type of (6.8¢)—(6.10c). The
converse is in general false. However every local solution u € VVl})f (E) of
(6.8¢)—(6.10c) is a Q-minimum, in the sense that there exists some F' satisfying
(6.2c), but not necessarily (6.3c), such that u is a Q-minimum for the function
J in (6.1c) for such a F' ([53]).

8c Traces on OE of Functions in W1P(E)

8.1c Extending Functions in W1P(E)

Establish Proposition 8.1 by the following steps. Let Rf be the upper-
half space zny > 0 and denote its coordinates by x = (Z,zn), where
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T = (x1,...,2n-1). Assume first that £ = RY so that F is the hyperplane
zy = 0. Given u € WHP(RY), set ([102])

(@, o) = uw(T, zN) if xy >0
PINT T —3u(z, —zN) 4+ du(z, —Joy)  if ay <O.

Prove that @ € WHP(RY), and that C°(RY) is dense in WP (RY).
If OF is of class C! and has the segment property, it admits a finite covering
with balls By(x;) for some ¢t > 0, and z; € OF for j = 1,...,m. Let then

Bt(xj)

U:{Bo,th(l‘l),...,Bgt(l‘m)}, BOZE—
j=1

J

[Name

be an open covering of E, and let @ be a partition of unity subordinate to U.
Set
h; = {the sum of the ¢ € @ supported in By (z;)}

so that

wyp; in K
u= ) u; where ;= {0 ’ otherwise.

By construction, u; € W1P(Ba(x;)) with bounds depending on ¢. By choosing
t sufficiently small, the portion 0N By (x;) can be mapped, in a local system
of coordinates, into a portion of the hyperplane zy = 0. Denote by U; an
open ball containing the image of Bg(z;) and set Uj+ =U;N[zn > 0]
The transformed functions @; belong to W1# (U j+). Perform the extension as
indicated earlier, return to the original coordinates and piece together the
various integrals each relative to the balls By (x;) of the covering U. This
technique is refereed to as local “flattening of the boundary.”

8.2c The Trace Inequality

Proposition 8.1c Let u € C°(RY). If 1 < p < N, there exists a constant
v =~(N,p) such that

[[u(-,0)

po vt s <7Vl zy. (8.1¢)

If p > N, there exist constants v = (N, p) such that
1_N N
YO T M i 1 (3.20)

_N
[u(,0) = u(F,0)] <11z — 7' > [Vl (8.3¢)

for all &, € RN—1L,
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Proof For all z € RN~! and all » > 1
(@ O <7 [ (@) iy (2.2 d
0

Integrate both sides in dz over RVN~! and apply Hélder’s inequality to the
resulting integral on the right-hand side to obtain

r—

a0 s < PVl syl where g = P 0 =1). (340)

Apply this with r = p* N];17 and use the embedding (3.1) of Theorem 3.1 to
get
11

1
i T
p*.R

p,RY

[[u(-,0)

« N2l RN-1 <qllu f“qu S'YHVu”p,Rf'

p

The domain Rf satisfies the cone condition with cone C of solid angle %wN
and height h € (0, 00). Then (8.3c) follows from (2.4) of Theorem 2.1, whereas
(8.2¢) follows from (2.3) of the same theorem, by minimizing over h € (0, c0).

Prove Proposition 8.2 by a local flattening of OF.

8.3c Characterizing the Traces on OFE of Functions in W1P(E)

Set RY*t = RN x R; and denote the coordinates in ]R_IXH by (z,t) where
z € RN and t > 0. Also set

() ()

oxy’ 7 Oxn

Proposition 8.2c Let u € CSO(R_IXH). Then

1 11
O3 g < Va2 o [Tl e (8.5¢)

where v = v(p) depends only on p and v(p) — oo as p — 1.

Proof For every pair x,y € RV, set 2¢ = z—y and consider the point z € Rf“
of coordinates z = (3(z + y), A|¢]), where X is a positive parameter to be
chosen. Then

u(z,0) = u(y, 0)] < fu(z) — ulz, 0)] + [u(z) — u(y, 0)]

1 1
< el / IV vl — p, Molé])ldp + I€ / IV vy + pE. Aole])ldo

1 1
] / s — p€. ApleD)dp + A€ / ey + pE, Molé])dp.
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From this
lu(z,0) —u(y,0)P 1 Y IVnu(z — p€, Ml O\
|z — y|N+E-1) < 9p N1 dp
=y 0 |z —y| »
LM IV Nuly + p& Mlél)] N
+2p N-—1 dp
0 lz—y| »

1 1 o ,)\ p
+2p,\p</ Jug(x pr_’i|£)|dp)
0 |z —y| »

1 Ap< /1 [ur(y + o8, Ale)) dp>”.
0

2 e —y| -
Next integrate both sides over RV x RY. In the resulting inequality take the

11) power and estimate the various integrals on the right-hand side by the
continuous version of Minkowski’s inequality. This gives

1 - P ;
oy < [ ([ TN ) 4
v o \Jr~y Jrw [z —y|

1 _ P »
0 RN JRN |z —y|N-!
Compute the first integral by integrating first in dy and perform such inte-

gration in polar coordinates with pole at x. Denoting by n the unit vector
spanning the unit sphere in RV and recalling that 2|¢| = |z — y|, we obtain

_ p
[ [T P
RN JRN |z —y|N=

=2 d ood A Pd
[ an [ el [ 9t puiel Aol P

ZQWN/ |V nulPde.
Ap S

Compute the second integral in a similar fashion and combine them into
1/py\—» b
e N A My
1
_1 _1
2N s [ dp
1 p -1 11
=2 P (Wl s N iy )

The proof is completed by minimizing with respect to A.
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Prove Theorem 8.1 by the following steps:

8.4. Proposition 8.2c shows that a function in Wl*p(]RfH) has a trace on

RY =[xy, = 0] in W'~ > P(RY). Prove the direct part of the theorem for
general OF of class C'! and with the segment property by a local flattening
technique.

8.5. Every v € Wl_rl”p(]RN) admits an extension u € WHP(RY™!) such
that v = tr(u). To construct such an extension, assume first that v is
continuous and bounded in RY. Let H,(x,t) be its harmonic extension in
Rf“ constructed in Section 8 of Chapter 2, and in particular in (8.3),
and set

w(@, wN+1) = Hy(x, 2N 41)e” TN

Verify that u € W'?(RY 1) and that tr(u) = v. Modify the construction
to remove the assumption that v is bounded and continuous in RYV.

8.6. Prove that the Poisson kernel K(-;-) in RY x R*, constructed in (8.2)
of Section 8 of Chapter 2, is not in W1P(RY x R*) for any p > 1. Argue
indirectly by examining its trace on x4; = 0.

8.7. Prove a similar fact for the kernel in the Poisson representation of har-
monic functions in a ball By (formula (3.9) of Section 3 of Chapter 2).

9c The Inhomogeneous Dirichlet Problem

9.1c The Lebesgue Spike

The segment property on OF is required to ensure an extension of ¢ into
E by a function v € W2(E). Whence such an extension is achieved, the
structure of OF does not play any role. Indeed, the problem is recast into one
with homogeneous Dirichlet data on 0F whose solvability by either methods
of Sections 5-7 use only the embeddings of W!?(E) of Theorem 3.1, whose
constants are independent of JF. Verify that the domain of Section 7.2 of
Chapter 2 does not satisfy the segment property. Nevertheless the Dirichlet
problem (7.3), while not admitting a classical solution, has a unique weak
solution given by (7.2). Specify in what sense such a function is a weak solu-
tion.

9.2c¢ Variational Integrals and Quasi-Linear Equations

Consider the quasi-linear Dirichlet problem
—div A(z,u, Vu) + B(x,u, Vu) = 0 in E

1 9.1c
=pc Wl—pvp(aE) on OF ( )

“’aE

where the functions A and B satisfy the structure condition (6.10c¢). Assume
moreover, that (9.1c) has a variational structure, that is, there exists a func-
tion F, as in Section 6.1c, and satisfying (6.2¢)—(6.3c), such that A = Vg F
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and B = F.. A weak solution is a function u € W'?(E) such that tr(u) = ¢
and satisfying (6.11c). Introduce the set

K, = {ue W"P(E) such that tr(u) = ¢} (9.2¢)

and the functional

K,>u— J(u)= / F(x,u, Vu)dx p>1. (9.3¢)
B

Prove the following:

9.3. K, is convex and weakly (and hence strongly) closed. Hint: Use the
trace inequalities (8.3)—(8.5).

9.4. Subsets of K, bounded in WP(E) are weakly sequentially compact.

9.5. The functional J in (9.3c) has a minimum in K. Such a minimum is
a solution of (9.1¢) and the latter is the Euler equation of J. Hint: Use
Proposition 6.2c.

9.6. Solve the inhomogeneous Dirichlet problem for the more general linear
operator in (5.1c).

9.7. Explain why the method of extending the boundary datum ¢ and
recasting the problem as a homogeneous Dirichlet problem might not be
applicable for quasi-linear equations of the form (9.1c). Hint: Examine the
functionals in (6.4c) and their Euler equations (6.6¢)—(6.7c).

10c The Neumann Problem

Consider the quasi-linear Neumann problem

—div A(z,u, Vu) + B(z,u,Vu) =0 in £ (10.1¢)

A(z,u,Vu) - n=1 on OF e
where n is the outward unit normal to OF and 1) satisfies (10.4). The func-
tions A and B satisfy the structure condition (6.10c) and have a variational
structure in the sense of Section 9.2c. Introduce the functional

WYP(E) 3 u — J(u) = / F(x,u, Vu)dz — Ptr(u)do. (10.2¢)
E OF
In dependence of various assumptions on F, identify the correct weakly closed
subspace of W1?(E), where the minimization of J should be set, and find such
a minimum, to coincide with a solution of (10.1c).
As a starting point, formulate sufficient conditions on the various parts of
the operators in (5.1c), (6.6¢), and (6.7¢) that would ensure solvability of the
corresponding Neumann problem. Discuss uniqueness.
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11c The Eigenvalue Problem

11.1. Formulate the eigenvalue problem for homogeneous Dirichlet data as
in (11.1) for the more general operator (5.1¢). Formulate conditions on
the coefficients for an analogue of Proposition 11.1 to hold.

11.2. Formulate the eigenvalue problem for homogeneous Neumann data.
State and prove a proposition analogous to Proposition 11.1. Extend it to
the more general operator (5.1c).

12c Constructing the Eigenvalues

12.1. Set up the proper variational functionals to construct the eigenvalues
for homogeneous Dirichlet data for the more general operator (5.1c). For-
mulate conditions on the coefficients for such a variational problem to be
well-posed.

12.2. Set up the proper variational functionals to construct the eigenvalues
for homogeneous Neumann data. Extend these variational integrals and
formulate sufficient conditions to include the more general operator (5.1c).

13c The Sequence of Eigenvalues and Eigenfunctions

13.1. It might seem that the arguments of Proposition 13.2 would apply to
all eigenvalues and eigenfunctions. Explain where the argument fails for
the eigenvalues following the first.

13.2. Formulate facts analogous to Proposition 13.1 for the sequence of eigen-
values and eigenfunctions for homogeneous Dirichlet data for the more
general operator (5.1c).

13.3. Formulate facts analogous to Proposition 13.1 for the sequence of eigen-
values and eigenfunctions for homogeneous Neumann data.

14c A Priori L*°(FE) Estimates for Solutions of the
Dirichlet Problem (9.1)

The proof of Propositions 14.1-14.2 shows that the L% (F)-estimate stems
only from the recursive inequalities (15.3), and a sup-bound would hold for
any function satisfying them. For these inequalities to hold the linearity of
the PDE in (9.1) is immaterial. As an example, consider the quasi-linear
Dirichlet problem (9.1c) where B = 0 and A is subject to the structure con-
dition (6.10c). In particular the problem is not required to have a variational
structure.
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14.1. Prove that weak solutions of such a quasi-linear Dirichlet problem sati-
sfy recursive inequalities analogous to (15.3). Prove that they are essen-
tially bounded with an upper of the form (14.5), with £ =0 and f = C?,
where C' is the constant in the structure conditions (6.10c).

14.2. Prove that the boundedness of u continues to hold, if A and B satisfy
the more general conditions

Al )2 Na? - 1)
1B(z,2,q)| < f(z) for some feL » (E).

Prove that an upper bound for ||u|/« has the same form as (14.3)+ with
f = 0 and the same value of 6.

15¢ A Priori L*°(E) Estimates for Solutions of the
Neumann Problem (10.1)

The estimates (16.3)+ and (16.6) are a sole consequence of the recursive
inequalities (17.3) and therefore continue to hold for weak solutions of equa-
tions from which they can be derived.

15.1. Prove that they can be derived for weak solutions of the quasi-linear
Neumann problem (10.1¢), where A and B satisfy the structure conditions
(6.10c) and are not required to be variational. Prove that the estimate
takes the form

1
[ulloe < Comax {lull2; [1W[|v—1405 [E]~ }.

15.2. Prove that L*°(E) estimates continue to hold if the constant C in
the structure conditions (6.10c) is replaced by a non-negative function

fe L for some € > 0. In such a case the estimate takes exactly the
form (16.6) with f = 0.

15.3. Establish L°°(F) estimates for weak solutions to the Neumann problem
for the operator £(-) in (5.1c).

15.4. The estimates deteriorate if either the opening or the height of
the circular spherical cone of the cone condition of OF tend to zero
(Remark 16.4). Generate examples of such occurrences for the Laplacian
in dimension N = 2.

15.1c Back to the Quasi-Linear Dirichlet Problem (9.1c)

The main difference between the estimates (14.3)+ and (16.3)+ is that the
right-hand side contains the norm [Juy||2 of the solution. Having the proof
of Proposition 14.1 as a guideline, establish L*(F) bounds for solutions of
the quasi-linear Dirichlet (9.1c) where A and B satisfy the full quasi-linear
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structure (6.10c), where, in addition, C' may be replaced by a non-negative

function f € L for some ¢ > 0. Prove that the resulting estimate has the
form
llloo < max{|l@lloo.om; Celllullzs | B fl| w+<]}-



10

DeGiorgi Classes

1 Quasi-Linear Equations and DeGiorgi Classes

A quasi-linear elliptic equation in an open set £ C R¥ is an expression of the
form
—div A(z,u, Vu) + B(z,u,Vu) =0 (1.1)

where for u € VV&)CP (E), the functions

A(z,u(z), Vu(z)) € RN

Esw— {B(x, u(z), Vu(z)) € R

are measurable and satisfy the structure conditions

A(z,u,Vu) - Vu > \[Vul? — fP
|A (z,u, Vu)| < A|VuP~t 4 P71 (1.2)
|B(,u, Vu)| < Ao|VulP~! + f,

for given constants 0 < A < A and 4, > 0, and given non-negative functions

+

f e LNt (E), foe L™ (B), for some ¢ > 0. (1.3)

The Dirichlet and Neumann problems for these equations were introduced
in Sections 9.2c and 10c of the Problems and Complements of Chapter 9,
their solvability was established for a class of functions A and B, and L*°(F)
bounds were derived for suitable data. Here we are interested in the local
behavior of these solutions irrespective of possible prescribed boundary data.
A function u € W,-P(E) is a local weak sub(super)-solution of (1.1), if

/ [A(z,u, Vu)Vv + B(x,u, Vu)v] dx < (>)0 (1.4)
B

for all non-negative test functions v € WLP(E,), for every open set E, such
that E, C E. A local weak solution to (1.1) is a function u € VVlif(E)

E. DiBenedetto, Partial Differential Equations Second Edition, 347
Cornerstones, DOI 10.1007/978-0-8176-4552-6 11,
© Birkhauser Boston, a part of Springer Science + Business Media, LLC 2010
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satisfying (1.4) with the equality sign, for all v € WYP(E,). No further
requirements are placed on A and B other than the structure conditions
(1.2). Specific examples of these PDEs are those introduced in the previous
chapter. In particular they include the class of linear equations (1.2), those in
(5.1¢)-(5.4c), and the non-linear p-Laplacian-type equations in (6.6¢)—(6.7¢)
of the Complements of Chapter 9. In all these examples the coefficients of the
principal part are only measurable. Nevertheless local weak solutions of (1.1)
are locally Holder continuous in E. If p > N, this follows from the embed-
ding inequality (2.4) of Theorem 2.1 of Chapter 9. If 1 < p < N, this follows
from their membership in more general classes of functions called DeGiorgi
classes, which are introduced next. Let B,(y) C E denote a ball of center y
and radius p; if y is the origin, write B,(0) = B,. For ¢ € (0,1), consider
the concentric ball B,,(y) and denote by ¢ a non-negative, piecewise smooth
cutoff function that equals 1 on B,,(y), vanishes outside B,(y) and such that
V(| < [(1 —o)p]~!. Let u be a local sub(super)-solution of (1.1). For k € R,
the localized truncations +(”(u — k)+ belong to W}P(E) and can be taken
as test functions v in (1.4). Using the structure conditions (1.2) yields

A — k)L |PCPd
< / IV~ B[P (pAIVC] + AoC) (1 — k)
BP(Z‘/)
4 / PP C X (tury s o) + I — k)| VC]) Y
BP(Z‘/)

o(u—k Pd
+/19p(y)f (u—k)+(Pdx

A

(4, p) /
< V(u— k)4 |P¢Pdx + u— k) dx
2 /Bpu/) = bl (1 —o)Pp? Bp<y)( e

" / FXiurys>odr + / folu — k)+CPdx
Felw) By (y)
where p has been taken so small that p < max{1; A,} 1. Next estimate
[ X < W dAg =5
By (y)

where we have assumed 1 < p < N, and

Aﬁp =[(u—k)+ >0/NB,(y) and §= N(Ng—i— &)’ (1.5)

The term involving f, is estimated by Holder’s inequality with conjugate

exponents
N+e ¢ Ng
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Continuing to assume 1 < p < N, one checks that 1 < ¢ < p < N for all
N > 2 and the Sobolev embedding of Theorem 3.1 of Chapter 9, can be
applied since (u — k)¢ € W14(B,(y)). Therefore

/ folw = k)£¢Pdx < || fol| wee || (u = k) £Cllq-
B, (y) r
< AN ) foll wae [V [(w = F)£(]llg
1_1
<N DIV = B)Cllpll foll e | A [ 22
A
< / \V(u—k)i\pgpdx—k/(u—k)’:’t\vqux
4 /e E
P
(N, N Foll 3| A |17 R o577,
Continue to assume that p < max{1;4,} ! and combine these estimates to

conclude that there exists a constant v = v(N, p, A\, A) dependent only on the
indicated quantities and independent of p, y, k, and o such that for 1 <p < N

~
IV (u— k)£l < (= k)=
PaBop(y) (1 — U)Ppp p,Bp(y) (16)
AR
where ¢ is given by (1.5) and
7 =7 P) (I 1 Re + ol R5L)- (L.7)
P

1.1 DeGiorgi Classes

Let E be an open subset of R let p € (1, N], and let +, 7., and & be given
positive constants. The DeGiorgi class DGT (E, p, 7, s, ) is the collection of
all functions u € I/Vl})f(E) such that (u — k)4 satisfy (1.6) for all £ € R, and
for all pair of balls B,,(y) C B,(y) C E. Local weak sub-solutions of (1.1)
belong to DG, for the constants 7, 7. and § identified in (1.5)—(1.7). The
DeGiorgi class DG™ (E, p, 7y, v+, 0) are defined similarly, with (u— k)4 replaced
by (u—k)_. Local weak super-solutions of (1.1) belong to DG™. The DeGiorgi
classes DG(E, p, v, 7x,9) are the intersection of DGT N DG, or equivalently
the collection of all functions u € WP (E) satisfying (1.6) for all pair of balls
B,,(y) C B,(y) C E and all k € R. We refer to these classes as homogeneous
if 7. = 0. In such a case the choice of the parameter § is immaterial. The set
of parameters {N, p, v} are the homogeneous data of the DG classes, whereas
7, and J are the inhomogeneous parameters. This terminology stems from the
structure of (1.6) versus the structure of the quasi-linear elliptic equations in
(1.1), and is evidenced by (1.7).

Functions in DG have remarkable properties, irrespective of their con-
nection with the quasi-linear equations (1.1). In particular, they are locally
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bounded, and locally Hélder continuous in E. Even more striking is that
non-negative functions in DG satisfy the Harnack inequality of Section 5.1 of
Chapter 2, which is typical of non-negative harmonic functions.

2 Local Boundedness of Functions in the DeGiorgi
Classes

We say that constants C,~, ... depend only on the data, and are independent
of v, and ¢, if they can be quantitatively determined a priori only in terms
of the inhomogeneous parameters { N, p,v}. The dependence on the homoge-
neous parameters {7.,d} will be traced, as a way to identify those additional
properties afforded by homogeneous structures.

Theorem 2.1 (DeGiorgi [26]) Let u € DGF and 7 € (0,1). There exists a
constant C' depending only on the data such that for every pair of concentric
balls B;,(y) C B,(y) C E

1
esssup u4+ < max {’y*pN‘S : ¢ L (/ uf_de) ' } (2.1)
Bry(y) (1-7) s,

For homogeneous DGF classes, v, = 0 and & can be taken § = ]{,

Proof Having fixed the pair of balls B;,(y) C B,(y) C E assume y = 0 and
consider the sequences of nested concentric balls {B,} and {B,}, and the
sequences of increasing levels {k, }

1 —
B, = B,, (0) where p, =71p+ 2n7:p
. n n 31—
By = B;,(0) where p, =" +2p T=Tpt 2 znT/’ (22)
1
kn =k — k
oan—1

where & > 0 is to be chosen. Introduce also non-negative piecewise smooth
cutoff functions

1 for x € By41
palel _ 2 :
Cn(x) = ~ = (pn - x) for ppi1 < |$| < pn (2-3)
Pn = Pn+t1 (L—=7)p =
0 for |x| > pp
for which
n+1
IVEal < :
(I—=7)p

Write down the inequalities (1.6) for (u — kp11)4, for the levels k,, 1 over the
pair of balls B,, C B,, for which (1 —¢) = 2"t (1 — 1), to get
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P 2(n Dy P
[V (u— kn+1)+Hp7gn < (1= )P pv [ (u — kn+1)+”p73n
+ARIAL TR

In the arguments below, « is a positive constant depending only on the data
and that might be different in different contexts.

2.1 Proof of Theorem 2.1 for 1 < p < N

Apply the embedding inequality (3.1) of Theorem 3.1 of Chapter 9 to the
functions (v — kpt1)+Cp, over the balls B, to get

[l (v — kn+1)+H£,Bn+1 < H(u - kn-&-l)-&-cnui’gn
L P
AL |~

S H(U - k7l+1)+<n p*,én Kkn+1,Pn

< ’YHV[(U - kn-&-l)-&-cn]”g,gn|A2_n+l,§n N (2.4)

grn )
<2 2= Fria) s,

‘ P

_ P 6 p
+ Wf|A—k~Tn+17Pn ‘1 N+p > ‘A;l_n-%—l»pn | e

Next

k), = [ (w= koo > [ (u = b)Y
o B, BaN[u>kni1]

/ (hnss — o)z > 147 | 22
> ko Pdr > .
Bnﬁ[u>kn+1] + onp kn+1,0n

Therefore

np

2
‘A;z+1,pn| < kp ”(u - kn)-i—”g,Bn- (26)

Combining these estimates yields

p e N PO+ )
||(’LL - kn—i—l)-‘r p,Bnt1 S 7(1 o T)ppp kpzil\’, H(u - k7l)+Hp,Bn v
(2.7)
2np(1+pd)

1+pd
T gy 10— R+l

Set

1 U—kn p P
:kp/ (= Foda = kpu):p’B", b=2"%

n

Yo,
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and rewrite the previous recursive inequalities as

ppr P Npd
Y1 < (3_ P (YnHN +prkp Yanﬁ) : (2.8)

Stipulate to take k so large that

1
k> N0 k> (/ uﬂdz) " (2.9)
B

P

P
Then Y,, <1 for all n and YV;;¥ < Y,{"s. With these remarks and stipulations,
the previous recursive inequalities take the form

pn
(17b )pY,}+P5 forall n=1,2,... (2.10)
— T

From the fast geometric convergence Lemma 15.1 of Chapter 9, it follows that
{Y,,} — 0 as n — oo, provided

Yn+1 S

1 -
Y= / ufde <b e? v e (1= 1)b .
kP Jp

P

Therefore, taking also into account (2.9), choosing
b (1o§)2 fypéé »
k = max {'y*pN‘s : L </ uﬁdm) }
(1 —7)»s \JB,

1
Yoo = / (u—k)lde=0 = esssupuy <k.
W/ p

one derives

TP

If 7, = 0, then (2.8) are already in the form (2.10) with § = .

2.2 Proof of Theorem 2.1 for p = N

The main difference occurs in the application of the embedding inequality
(3.2) of Theorem 3.1 of Chapter 9 to the functions (u — ky41)+(, over the
balls B, to derive inequalities analogous to (2.4). Let ¢ > N to be chosen and
estimate

= ki) 115,y < 0= Fngn) 4 Gall?
p 1_?
S W= k)4 Gall7 5 G L1

1-7 o N g 1-?
<7(N,q) (HV[(U—kn+1)+Cn]Hp7BnH(u—kn+1)+C||pJ§n> Ayl

<o, 7,

+

1) 1-7
mmemw&+mammwjm%M 3
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Choose ¢ = 2/6, estimate \A;LHWJ as in (2.5)—(2.6), and arrive at the ana-
logues of (2.7), which now take the form
271,p(2—§5) 1 (2-76)
||(u B kn+1)+ gaBn+l S ,Y(]_ — T)Ppp kp(2—g5) H(u B k7")+||578n2
271,p(1+§5) (1474
T et (= k)l 5,
Set )
Y, = kp/ (u — k)t dx and b=22"59
B,

and rewrite the previous recursive inequalities as

W (arzera-ze) | _,pVE0 aess

Stipulate to take k as in (2.9) with ¢ replaced by %5 , and recast these recursive
inequalities in the form (2.10) with ¢ replaced by %(5.

3 Holder Continuity of Functions in the DG Classes

For a function u € DG(E, p,7,v«,9) and Bs,(y) C E set

pt =esssupu, pu~ =essinfu, w(2p)=p" —p~ = essoscu. (3.1)

B2, (y) Bap(y) Bz, (y)

These quantities are well defined since u € LS (E).

Theorem 3.1 (DeGiorgi [26]) Let u € DG(E,p,~,7«,d). There exist con-
stants C > 1 and a € (0, 1) depending only upon the data and independent of
u, such that for every pair of balls B,(y) C Br(y) C E

w(p) < Cmax {w(R) (]p%)a ; fy*pNé}. (3.2)

The Holder continuity is local to E, with Holder exponent o, = min{a; NJ}.
An upper bound for the Hélder constant is

{Hoélder constant} < Cmax{2MR™%;~,}, where M = ||t oo.

This implies that the local Holder estimates deteriorate near OF. Indeed, fix
x,y € FE and let

R = min{dist{z; OF} ; dist{y; OE}}.
If |z — y| < R, then (3.2) implies
u(e) — u(y)] < Cmax{w(R)R™; y. o —y[*.
If |z —y| > R, then
u(z) — uy)] < 2MR™%[z — y|*.
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Corollary 3.1 Let u be a local weak solution of (1.1)-(1.4). Then for every
compact subset K C E, and for every pair x,y € K

2Mg
— < . _ Qo
o) — ) < Cmax{ 2 el

where My = esssupy |ul.

3.1 On the Proof of Theorem 3.1

Although the parameters 6 and p are fixed, in view of the value of § in (1.5),
which naturally arises from quasi-linear equations, we will assume § < J{, The
value § = J{, would occur if £ — oo in the integrability requirements (1.3).
For homogeneous DG classes 7. = 0, while immaterial, we take § = 1/N.
The proof will be carried on for 1 < p < N. The case p = N only differs in
the application of the embedding Theorem 3.1 of Chapter 9, and the minor
modifications needed to cover this case can be modeled after almost identical
arguments in Section 2.2 above. In what follows we assume that © € DG is
given, the ball Bs,(y) C E is fixed, u* and w(2p) are defined as in (3.1), and
denote by w any number larger than w(2p).

4 Estimating the Values of u by the Measure of the Set
where u is Either Near T or Near pu~

Proposition 4.1 For every a € (0,1), there exists v € (0,1) depending only
on the data and a, butl independent of w, such that if for some ¢ € (0,1)

|[u> p —ew]N By(y)| < v|B,| (4.1)+
then either ew < v,pN? or
u<pt —asw  ae in Bi,(y). (4.2)+

Similarly, if
[[u < p™ +ew] N B,(y)| < v|B, (4.1)_

then either ew < W*pNé or
u>p” Faew a.eoin By (y). (4.2)_

Proof We prove only (4.1)1—(4.2)4, the arguments for (4.1)_—(4.2)_ being
analogous. Set y = 0 and consider the sequence of balls {B,} and {B,}
introduced in (2.2) for 7 = } and the cutoff functions ¢, introduced in (2.3).
For n € N, introduce also the increasing levels {k,}, the nested sets {4},
and their relative measure {Y},} by
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L= A,
k‘":,qu—agw_ Qnaew’ A": [U>k‘n]ﬁB", Yn: B:

Apply (1.6) to (u— k,) over the pair of concentric balls B,, C B, for which
(1—0)=2"", to get
np

v2
IV(u=kn)4|l) 5 <

P, S k)l g, At A R
If 1 < p < N, by the embedding (3.1) of Theorem 3.1

{(1 —a)ew]?

2n+1 ] [Anta] = (knt1 = kn)? [ Anga | < [l(w = kn) 4 Gall? 5
< [(u = En)+Cn

72"[) P 1— P 4ps P
S H(u_k") || +775|An‘ NP ‘An‘N
pp + pon

P p Al ¥ S IVl = k)G 5 14n1 %

y2"P <5w

P
pv 2) [Ap|' TR P AP

From this, in dimensionless form, in terms of Y,, one derives

n Né§\ P n
T N s T (L I P e
T (1—a)p Ew " “(l—ap "

provided ew > 7,p™%. It follows from these recursive inequalities that {Y;,} —
0 as n — oo, provided (Lemma 15.1 of Chapter 9)

|[u>u+—€w}ﬁBp| (1—a)'/? def

TR = i

(4.3)

Remark 4.1 This formula provides a precise dependence of v on a and the
data. In particular, v is independent of €.

5 Reducing the Measure of the Set where u is Either
Near pT or Near p—

Proposition 5.1 Assume that
|[U <pt- éw] N Bp| > 0|B,| (5.1)+

for some 6 € (0,1). Then for every v € (0,1) there exists € € (0,1) that can
be determined a priori only in terms of the data and 0, and independent of w,
such that either ew < W*pN‘s or

[u> pt —ew]NB,| < v|B,|. (5.2)4
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Similarly, if
lu> i~ + N B, > 018, (5.1)-

for some 0 € (0,1), then for every v € (0,1) there exists e € (0,1) depending
only on the data and 0, and independent of w, such that either ew < v,p™° or

[fu<p™ +ew]NB,| <v|B,| (5.2)_

5.1 The Discrete Isoperimetric Inequality

Proposition 5.2 Let E be a bounded convex open set in RY | letu € WH(E),
and assume that |[u = 0]| > 0. Then

(diam E)N+!
|[u=0]|

Proof For almost all z € F and almost all y € [u = 0]

[ully <~7(N) IVl (5:3)

ly—=| ly—=| T—y
\—’/ u(r +mnp dp’</ [Vu(z +np)ldp, n= -y

Integrating in dx over F and in dy over [u = 0] gives

fu=0ll el < | { /[u_o] / " Vu<x+np>|dpdy}da:.

The integral over [u = 0] is computed by introducing polar coordinates with
center at x. Denoting by R(z,y) the distance from = to OF along n

ly—a|
/[ . | vute -+ np)idpdy

R(z,y) R(z,y)
< / sN’lds/ / |[Vu(z + np)|dpdn.
0 Inj=1.J0

Combining these remarks, we arrive at

|Vu(y)
fu=olluls < oy [ [ VU0 g

Inequality (5.3) follows from this, since

dx .
sup/ N_1 < wy diam E.
yeE JE ‘x _y‘

For a real number £ and u € WH1(E), set

e ifu>t
Y=Yu  ifu<t
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Apply (5.3) to the function (ug — k)4 for k < £ to obtain

e (diam E)N+1 ulde
=Rl 1900 GRELT [ a6

This is referred to as a discrete version of the isoperimetric inequality ([26]).
A continuous version is in [41].

5.2 Proof of Proposition 5.1

We will establish (5.2)1 starting from (5.1)1. Set

1
ks = P Ag=[u>k]NB, for s=12...,s, (5.5)

where s, is a positive integer to be chosen. Apply (5.4) for the levels kg < kg1
over the ball B,. By virtue of (5.1)4

|[u < ks]NB,| > 06|B,| forall seN.

Therefore

N
i )p/ |Vu|dx
0 As—Ast1

N 11) p—
< %(/ V<u—ks>+|”dw> Ay — Agr]
B

P

IN

w
25+1 |AS+1‘

Take the p-power of both sides and estimate the term involving V(u—ks)+ by
making use of the DG classes (1.6) over the pair of balls B, C By, for which
(1 —0) = ). This gives

P 1w = ks )+ 117 -
;p|AS+1‘p < '7 PpP < ’ P, B2, _'_,yprerNpﬁ) |As _ AS+1|p 1
p
vpp w? 2°  ne)l p1
< 1 v A — A .
< g QSP[ +<w7p |As — Asta |
Let e = 27(=*1) and stipulate that the term in [- - -] is majorized by 2. Then,

after we divide through by (w/2%)P and take the pil power of both sides, this
inequality yields

P
p— N
‘As+1|pfl < (’g) 1PP‘1’A5—A5+1|~

Add both sides over s = 1, ..., s, and observe that the sum on the right-hand
side can be majorized by a telescopic series, which in turn is majorized by
|B,|. On the left-hand side the sum is carried over the constant minorizing
term |As, +1]. Thus
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S
sulAg, 1] < 30 A0
s=1

< () o > [ds — Ava| < (3) " 1Bl

From this
1 v def

‘AS* p—1 9|BP‘ = V|BP"

<
s

6 Proof of Theorem 3.1

Consider the assumption (5.1)4 with § = }. Since w > w(2p), by the defini-
tions (3.1)

(u<pt = JwlNB)U(u>p + jw]NB,) DB,

Therefore not both of (5.1)1 can be violated. Assuming the first is in force,

fix the number v as the one claimed by Proposition 4.1 for the choice a = %,

and then, such a number being fixed, determine s, and hence ¢ = 2= (5++1) by
the procedure of Proposition 5.1. Then by Proposition 4.1, either ew < vp™?,
r (4.2)4+ holds. The latter implies

esssup u < esssup — 5€ ess 0SC . (6.1)
By, Ba, Bap
2

Now
—essinfu < —essinf u.
By, Ba,

Adding these inequalities gives

1
w(3p) < nw(2p), where n=1-— o (6.2)

Let Br(y) C E be fixed and set p, = 4" R. The previous remarks imply that
W(pns1) < max{nw(p,); e ypy 6} (6.3)
and by iteration
(pns1) < max{nw(R); =~ y.pN o},

Compute

1
n\ In n\ & 1
P7L=4_"R:>—n:1n(§%)l4:>77”=(p) for o = nn
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7 Boundary DeGiorgi Classes: Dirichlet Data

Let OF be the finite union of portions of (N — 1)-dimensional surfaces of class
C1, so that the trace of a function v € WP(E) can be defined except possibly
on an (N —2)-dimensional subset of OE. Given ¢ € W'~ » "P(QF), the Dirichlet
problem for the quasi-linear equation (1.1) consists in finding u € WHP(E)
such that tr(u) = ¢ and u satisfies the PDE in the weak form (1.4), with the
equality sign, for all v € W1P(E). Weak sub(super)-solutions of the Dirichlet
problem are functions u € WP(E) with tr(u) < (>)¢ and satisfying (1.4)
for all non-negative v € WlP(E). If ¢ € C(JE), it is natural to ask whether
a solution of the Dirichlet problem, whenever it exists, is continuous up the
boundary OF. The issue builds on the Lebesgue counterexample of Section 7.1
of Chapter 2, and can be rephrased by asking what requirements are needed
on JF for the interior continuity of functions in the DG classes to extend up
to OF. Assume that OF satisfies the property of positive geometric density,
that is, there exist § € (0,1) and R > 0 such that for all y € OF

|B,(y) N (RN — E)| > B|B,| forall 0<p<R. (7.1)

Fix y € OF, assume up to a possible translation that it coincides with the
origin, and consider nested concentric balls B,, C B, for some p > 0 and
o€ (0,1). Let ¢ € C(OF) and set

+ = su , - = inf
©"(p) am%f v~ (p) ot

(7.2)
we(p) =" () =9~ (p) = osc .

Let ¢ be a non-negative, piecewise smooth cutoff function, that equals 1 on
Bop(y), vanishes outside B,(y), and such that |[V¢| < [(1 — o)p]~!, and let
u be a local sub(super)-solution of the Dirichlet problem associated to (1.1)
for the given . In the weak formulation (1.4), take as test functions v, the
localized truncations £¢?(u—k)+. While ¢ vanishes on 0B, it does not vanish
of O0E N B,; however

(P(u— k)4 is admissible if & > ™ (p)

. o _ (7.3)
CP(u—k)_ is admissible if k£ < o™ (p).

Putting these choices in (1.4), all the calculations and estimates of Section 1
can be reproduced verbatim, with the understanding that the various integrals
are now extended over B, N E. However, since (P(u — k)+ € W}P(B, N E),
we may regard them as elements of W)?(B,) by defining them to be zero
outside E. Then the same calculations lead to the inequalities (1.6), with
the same stipulations that the various functions vanish outside F and the
various integrals are extended over the full ball B,. Given ¢ € C(OE), the
boundary DeGiorgi classes DGi = DGi(@E,p,’y,’y*, 0) are the collection of
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all u € WHP(E) such that for all y € OE and all pairs of balls B,,(y) C B,(y)
the localized truncations (u — k)4 satisfy (1.6) for all levels &k subject to the
restrictions (7.3). We further define DG, = DG;r N DG, and refer to these
classes as homogeneous if v, = 0.

7.1 Continuity up to dF of Functions in the Boundary DG Classes
(Dirichlet Data)

Let R be the parameter in the condition of positive geometric density (7.1).
For y € OF consider concentric balls B,(y) C Ba,(y) C Br(y) and set

+_ -
p' = esssup u, - = essinf wu
BapyyNE Ba,(y)NE
(7.4)
w(2p) = put — = = essosc u.
( p) : : Bap(y)NE

Let also w,(2p) be defined as in (7.2).

Theorem 7.1 Let OF satisfy the condition of positive geometric density (7.1),
and let ¢ € C(OE). Then every uw € DG, is continuous up to OE, and there
exist constants C' > 1 and « € (0,1), depending only on the data defining the
DG, classes and the parameter 3 in (7.1), and independent of ¢ and u, such
that for all y € OF and all balls B,(y) C Br(y)

wip) < Cmax {w(®) (1) 1 wpl20): 7:0™ ). (75)
The proof of this theorem is almost identical to that of the interior Holder
continuity, except for a few changes, which we outline next. First, Proposi-
tion 4.1 and its proof continue to hold, provided the levels ew satisfy (7.3).
Next, Proposition 5.1 and its proof continue to be in force, provided the levels
ks in (5.5) satisfy the restriction (7.3) for all s > 1. Now either one of the

inequalities
+

pt—jw>et pT+w <

must be satisfied. Indeed, if both are violated

+—%w§g0+ and —p —%wg—go*.

1

Adding these inequalities gives

w(p) < 2wy (2p)

and there is nothing to prove. Assuming the first holds, then all levels k4 as
defined in (5.5) satisfy the first of the restrictions (7.3) and thus are admissible.
Moreover, (u — k1)+ vanishes outside F, and therefore

[lu < pt = JwlNB,| > BB,
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where [ is the parameter in the positive geometric density condition (7.1).
From this, the procedure of Proposition 5.1 can be repeated with the under-
standing that (v — ks)4 are defined in the full ball B, and are zero outside
E. Proposition 5.1 now guarantees the existence of ¢ as in (5.2)4 and then
Proposition 4.1 ensures that (6.1) holds.

Remark 7.1 If ¢ is Holder continuous, then u is Hoélder continuous up to
oF.

Remark 7.2 The arguments are local in nature and as such they require only
local assumptions. For example, the positive geometric density (7.1) could be
satisfied on only a portion of OF, open in the relative topology of OF, and ¢
could be continuous only on that portion of JE. Then the boundary continuity
of Theorem 7.1 continues to hold only locally, on that portion of OF.

Corollary 7.1 Let OF satisfy (7.1). A solution u of the Dirichlet problem
for (1.1) for a datum ¢ € C(OE) is continuous in E. If ¢ is Hélder contin-
uous in OF, then u is Hélder continuous in E. Analogous statements hold if
OF satisfies (7.1) on an open portion of OF and if ¢ is continuous (Holder
continuous) on that portion of OF.

8 Boundary DeGiorgi Classes: Neumann Data

Consider the quasi-linear Neumann problem

—divA(z,u,Vu) + B(xz,u, Vu) =0 in E

A(z,u,Vu) -n=1 on OF (8.1)

where n is the outward unit normal to JE. The functions A and B satisfy
the structure (1.2), and the Neumann datum v satisfies
N -1
q= b if l<p<N

p—1 N

Y € LYOFE), where (8.2)

any g > 1 if p=N.

A weak sub(super)-solution to (8.1) is a function u € WP(E) such that

/ [A(x,u, Vu)Vv + B(z,u, Vu)v] de < (>) v do (8.3)
E OF
for all non-negative v € WP (E), where do is the surface measure on JF.
All terms on the left-hand side are well defined by virtue of the structure
conditions (1.2), whereas the boundary integral on the right-hand side is well
defined by virtue of the trace inequalities of Proposition 8.2 of Chapter 9.

In defining boundary DG classes for the Neumann data 1, fix y € JF,
assume without loss of generality that y = 0, and introduce a local change
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of coordinates by which OF N Bpr for some fixed R > 0 coincides with the
hyperplane zn = 0, and E lies locally in {xy > 0}. Setting

Bf =B,N[zy >0] forall 0<p<R

we require that all “concentric” }-balls B}, C B} C B}, be contained in
E. Denote by ( a non-negative piecewise smooth cutoff function that equals
1 on By,,(y), vanishes outside B,(y), and such that |V¢| < [(1 — o)p] L.
Notice that ¢ vanishes on 9B, and not on 9B/ . Let u be a local sub(super)-
solution of (8.1) in the sense of (8.3), and in the latter take the test functions
v =4 (u—k)+ € WHP(E). Carrying on the same estimations as in Section 1,
we arrive at integral inequalities analogous to (1.6) with the only difference
that the various integrals are extended over B}, , and B;, and that the right-
hand side contains the boundary term arising from the right-hand side of
(8.3). Precisely

R
= k)g\\;B; R (L

AL | [ vt ks

where § is given by (1.5), 4% is defined in (1.7), the sets AjE are redefined
accordingly, and & = (z1,...,2xny—1). The requirement (8. 2) merely ensures
that (8.3) is well defined. The boundary DG classes for Neumann data
require a higher order of integrability of v). We assume that

q:N_1<N+5> if1<p<N
p—1

(8.4)

e LY(OF), where N (8.5)
any g > 1 if p=N
for some £ > 0. Using such a ¢, define p > 1 by
L l_1 N . Np 1 _p-1 N
¢ pN-1 T TN-p  ¢T p N-T

One verifies that for these choices, 1 < p < p < N and the trace inequality
(8.3) of Chapter 9 can be applied. With this stipulation, estimate the last
integral as

[ ptu=k)acrao]

< [Wllgosll(w = k)=Cllz~-1 .00

[IVI(u— k)< H‘ﬁ+27H(u_k)ﬂ:CH’]
< [llgsom [V = k)il + 2911 (u = k) <1p] AT, |2~
= ;IIV(H = R)£ClIP o+ 1w = R)£(CH IVEDID 5

P

11
+V(N7p)||qu8E‘A | Poopipl,
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Combining this with (8.4) and stipulating p < 1 gives

~

p
V@B s < () L

= R)2l? 4L AE, P55 (86)
where ¢ is given by (1.5), and
P P
Ve = V(N D) (IF IR s + 1ol 35 + 125 5) - (8.7)

Given ¢ € L%(OFE) as in (8.5), the boundary DeGiorgi classes DGi =
DGi(@E,p,’y,v**,é) are the collection of all u € W'P(E) such that for all
y € OF and all pairs of y-balls BF (y) C Bf(y) for p < R, the localized

truncations (u — k)4 satisfy (8.6). We further define DGy = DG$ NDG, and
refer to these classes as homogeneous if v,, = 0.

8.1 Continuity up to F of Functions in the Boundary DG Classes
(Neumann Data)

Having fixed y € OF, assume after a flattening of OF about y that JE coin-
cides with the hyperplane z = 0 within a ball Bg(y). Consider the “concen-
tric” ,-balls Bf (y) C B3,(y) C B (y) and set

pt =esssupu, pu~ =essinfu, w(2p)=p" —p" = essoscu. (8.8)

B, (y) B, (v) B3, ()

Theorem 8.1 Let OF be of class C' satisfying the segment property. Then
every u € DGy is continuous up to OF, and there exist constants C' > 1 and

€ (0,1), depending only on the data defining the DGy classes and the C*
structure of OF, and independent of 1 and w, such that for all y € OF and
all y-balls B} (y) C B} (y)

w(p) < C'max {w(R) (g)a ; ’y**pNé} . (8.9)

The proof of this theorem is almost identical to that of the interior Hélder
continuity, the only difference being that we are working with “concentric”
%—balls instead of balls. Proposition 4.1 and its proof continue to hold. Since
(u — k)¢ do not vanish on 9B}, the embedding Theorem 2.1 of Chapter 9
is used instead of the multiplicative embedding. Next, Proposition 5.1 relies
on the discrete isoperimetric inequality of Proposition 5.2, which holds for
convex domains, and thus for %—balls. The rest of the proof is identical with
the indicated change in the use of the embedding inequalities.

Remark 8.1 The regularity of ¢ enters only in the requirement (8.5) through
the constant ...

Remark 8.2 The arguments are local in nature, and as such they require
only local assumptions.
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Corollary 8.1 Let OF be of class C' satisfying the segment property. A weak
solution u of the Neumann problem for (8.1) for a datum ¢ satisfying (8.5),
is Hélder continuous in E. Analogous local statements are in force, if the
assumptions on OFE and 1 hold on portions of OF.

9 The Harnack Inequality

Theorem 9.1 ([27, 29]) Let u be a non-negative element of DG(E, p, 7, V«,0).
There exists a positive constant ¢, that can be quantitatively determined a pri-
ori in terms of only the parameters N,p,~v and independent of u, v, and 0
such that for every ball Ba,(y) C E, either u(y) < c;ly.p™° or

e u(y) < Bl;l(g)u. (9.1)
This inequality was first proved for non-negative harmonic functions (Sec-
tion 5.1 of Chapter 2). Then it was shown to hold for non-negative solutions
of quasi-linear elliptic equations of the type of (1.1) ([109, 134, 154]). It is
quite remarkable that they continue to hold for non-negative functions in the
DG classes, and it raises the still unsettled question of the structure of these
classes, versus Harnack estimates, and weak forms of the maximum principle.
The first proof of Theorem 9.1 is in [27]. A different proof that avoids
coverings is in [29]. This is the proof presented here, in view of its relative
flexibility.

9.1 Proof of Theorem 9.1 (Preliminaries)

Fix B4,(y) C E, assume u(y) > 0, and introduce the change of function and
variables
U -y
w = , xr—
u(y) p
Then w(0) = 1, and w belongs to the DG classes relative to the ball By,
with the same parameters as the original DG classes, except that v, is now
replaced by
Ve
I, =(2p)N° : 9.2
ORI 92)

In particular, the truncations (w — k)4 satisfy

IV(w=Fk)+[; 5 lw=F) 1% (o) FTTIAG 8P (9.3)

v
or (@) < (1 —o)rre

for all B, (z.) C By and for all & > 0. By these transformations, (9.1) reduces
to finding a positive constant ¢, that can be determined a priori in terms of
only the parameters of the original DG classes, such that

e < max{igfw; I.}. (9.4)
1
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9.2 Proof of Theorem 9.1. Expansion of Positivity
Proposition 9.1 Let M > 0 and By, (x.) C By. If
[w > M] N By(z.)] > §|B,| (9.5)

then for every v € (0,1) there exists € € (0,1) depending only on the data and
v, and independent of Iy, such that either eM < I',+N? or

|[w < 2eM] N Byy ()| < v|Bur|- (9.6)
As a consequence, either e M < L.rNo or
w>eM in Bop(x.). (9.7)
Proof The assumption (9.5) implies that
11

Hw > M] OB47~(JJ*)| > 0|By4r|, where 0 = o 4N

Then Proposition 5.1 applied for such a 6 and for p replaced by 4r implies
that (9.6) holds, for any prefixed v € (0,1). This in turn implies (9.7), by
virtue of Proposition 4.1, applied with p replaced by 4r.

Remark 9.1 Proposition 4.1 is a “shrinking” proposition, in that informa-
tion on a ball B,, yields information on a smaller ball B ,. Proposition 9.1
is an “expanding” proposition in the sense that information on a ball B,.(x,)
yields information on a larger ball Ba,(z,). This “expansion of positivity” is
at the heart of the Harnack inequality (9.1).

9.3 Proof of Theorem 9.1
For s € [0,1) consider the balls B, and the increasing families of numbers

M@ = Sup u, N@ = (1 - 3)7B

where 3 > 0 is to be chosen. Since w € L>(Bs), the net {M,} is bounded.
One verifies that

M,=N,=1, lin%l\[G < oo, and lin%NS:oo.
S— S—

Therefore the equation My = Ny has roots, and we denote by s, the largest
of these roots. Since w is continuous in B, there exists z, € B,, such
that
sup w=w(z,) = (1 —s,)"".
Bs*(a:*)
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Also, since s, is the largest root of My = N
-B
1— s, 1— s,
sup w < ( s ) , where R = o
Br(wy) 2 2

By virtue of the Holder continuity of w, in the form (3.2), for all 0 < r < R
and for all z € By (x,)

Y

r\«o
w(z) — w(w, -C sup w— inf w +F*’I“N5}
( ) ( ) {liBR(E*) Br(z) :| (R)

—C[Qﬁ(l —s5,)7" (;)(1 + F*rN‘s].

(9.8)

v

Next take r = €, R, and then €, so small that
1
C{2°(1 - 5.) P + I} < 2(1 —s5.) 7"
The choice of €, depends on C, «, Iy, N, §, which are quantitatively determined

parameters; it depends also on (3, which is still to be chosen; however the choice
of €, can be made independent of s,. For these choices

1 1
w@) 2 wiw,) — (1 -5 = (1-s)7 def py
for all € B, (z,). Therefore
|[w > M]N By ()| > 3|Br|. (9.9)

From this and Proposition 9.1, there exists € € (0,1) that can be quantita-
tively determined in terms of only the non-homogeneous parameters in the
DG classes and is independent of 3, r, Iy, and w such that either

eM <IN, where r= yes(l—s.)

or
w>eM on  Bo.(x).

Iterating this process from the ball By, (z4) to the ball Byj+1,(z4) gives the
recursive alternatives, either

M < T,(27r)N° or w>e’M  on Byjii(x.). (9.10)
After n iterations, the ball Bon+1,.(x,) will cover By if n is so large that
2 <2ty =2n e (1—s,) <4 (9.11)
from which

26" M = e"(1 — 5,) 77 < (2P)"e? < 2P (1 — 5,)7F = 20H e ML
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In these inequalities, all constants except s, and (§ are quantitatively deter-
mined a priori in terms of only the non-homogeneous parameters of the DG
classes. The parameter ¢, depends on (3 but is independent of s,. The latter is
determined only qualitatively. The remainder of the proof consists in selecting
[ so that the qualitative parameter s, is eliminated. Select [ so large that
€28 = 1. Such a choice determines ¢, and

"M =¢e"}(1 - 5,) 7P > 27 B+ 0 def Cy.

Returning to (9.10), if the first alternative is violated for all j = 1,2,...,n,
then the second alternative holds recursively and gives

w>e"M >c¢, in Bj.

If the first alternative holds for some j € {1,...,n}, then a fortiori it holds
for j = n, which, taking into account the definition (9.2) of I, and (9.11),
implies

cau(y) < 7.(2p)N°.

10 Harnack Inequality and Holder Continuity

The Holder continuity of a function « in the DG classes in the form (3.2) has
been used in an essential way in the proof of Theorem 9.1. For non-negative
solutions of elliptic equations, the Harnack estimate can be established inde-
pendent of the Holder continuity, and indeed, the former implies the latter
([109]).

Let pF and w(2p) be defined as in (3.1). Applying Theorem 9.1 to the two
non-negative functions w* = p* — v and w~ = u — p~, gives either
esssupw’ = pT —essinfu < ¢ 1y, p™°0

B,(y) By (y)
L NS (10.1)
esssupw = esssupu — p < C, VP
By (y) By (y)

or

T —ess infu) < ,u+ — esssupu

(1
Byo(y) B,(y)

) (10.2)
cs(esssupu — p~) <essinfu — p~.
Bp(y) Bp(y)

If either one of (10.1) holds, then
w(p) < w(2p) < 7 yupM. (10.3)

Otherwise, both inequalities in (10.2) are in force. Adding them gives

cxw(2p) + cxw(p) < w(2p) —w(p).
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From this

w(p) <nw(2p), where n= (10.4)
The alternatives (10.3)—(10.4) yield recursive inequalities of the same form
as (6.3), from which the Holder continuity follows. These remarks raise the
question whether the Harnack estimate for non-negative functions in the DG
classes can be established independently of the Holder continuity. The link
between these two facts rendering them essentially equivalent, is the next
lemma of real analysis.

11 Local Clustering of the Positivity Set of Functions in
Wl,l (E)

For R > 0, denote by Kr(y) C RY a cube of edge R centered at y and
with faces parallel to the coordinate planes. If y is the origin on RY, write
Kgr(0) = Kg.

Lemma 11.1 ([33]) Let v € WYL(KR) satisfy
”’UHWLl(KR) < ’yRN_l and HU > 1” > Z/|KR| (11.1)

for some v > 0 and v € (0,1). Then for every v, € (0,1) and 0 < XA < 1,
there exist x. € Kp and €, = €. (v, vy, e,7,N) € (0,1) such that

[v> N NEKer()] > 1 —v)|Ke gl (11.2)

Remark 11.1 Roughly speaking, the lemma asserts that if the set where u
is bounded away from zero occupies a sizable portion of K, then there exists
at least one point z, and a neighborhood K., g(x.) where u remains large in
a large portion of K, g(z,). Thus the set where u is positive clusters about
at least one point of Kg.

Proof (Lemma 11.1) It suffices to establish the lemma for u continuous and
R = 1. For n € N partition K; into n’V cubes, with pairwise disjoint interior
and each of edge 1/n. Divide these cubes into two finite sub-collections QT
and Q™ by

Q,€Q" = |v>1NnQ; > ivQ;l
QicQ = |v>1NnQil < iv|Qil

and denote by #(Q%) the number of cubes in Q. By the assumption

S s Un@l+ ¥ > 100l K| =)
Q,;€QT QieQ~
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where |Q| is the common measure of the y. From the definitions of Q*

l/nN . ZQ HU >|2—;jm QJ| +Q ZQ H’U >612]'m Q’L| < #(Q+)+él/(nN_#(Q+))
;EQT €Q™ ?
Therefore y
#QT) >, (11.3)

Fix vi, A € (0,1). The integer n can be chosen depending on v, vy, A, 7y, and
N, such that

lv>ANQ;| > (1—v,)|Q,| forsome Q; € Q. (11.4)

This would establish the lemma for e, = 1/n. We first show that if @ is a
cube in QT for which

o >ANQI< 1 -r)lQl, (11.5)

then there exists a constant ¢ = ¢(v, i, A\, N) such that

1
||UHW1’1(Q) > C(”? V*’)\’N)HN—l' (116)
From (11.5)
1+ 1
<N zwlel  ad o> N[> vl

For fixedzx € [v < AJNQand y € [v > (1+XN)/2]NQ

ly—=| y—
< o(y) - v(x) = / Vu(z + ) ndf, n—
0

2 Sz -yl

Let R(x,n) be the polar representation of 9@ with pole at x for the solid angle
n. Integrate the previous relation in dy over [v > (1+ \)/2] N Q. Minorize the
resulting left-hand side, by using the lower bound on the measure of such a
set, and majorize the resulting integral on the right-hand side by extending
the integration over ). Expressing such integration in polar coordinates with
pole at z € [v < A N Q gives

_ R(z.n) ly—al
vl )‘)\Q|§/ / erl/ \Vo(z + tn)| dt dr dn
4 In=1Jo 0

R(z,n)
< NN2|| / \Vo(z + tn)| dt dn
0

In|=1

Vu(z)|
= NN/2 / | dz.
|Q‘ 0 |Z—$‘N_1 Z



370 10 DeGiorgi Classes

Now integrate in dz over [u < A] N Q. Minorize the resulting left-hand side
using the lower bound on the measure of such a set, and majorize the resulting
right-hand side, by extending the integration to ). This gives

v (1 —N) 1
< , 5 d
e Q1S olvsa@ysop [ s

< CM)IQM [[vllwr1 o)

for a constant C'(N) depending only on N, thereby proving (11.6).
If (11.4) does not hold for any cube Q; € Q%, then (11.6) is verified for
all such @;. Adding (11.6) over such cubes and taking into account (11.3)

(v, A, N < ullwra g,y < -

2—1/C

Remark 11.2 While the lemma has been proved for cubes, by reducing the
number e, if needed, we may assume without loss of generality that it contin-
ues to hold for balls.

12 A Proof of the Harnack Inequality Independent of
Holder Continuity

Introduce the same transformations of Section 9.1 and reduce the proof to
establishing (9.4). Following the same arguments and notation of Section 9.3,
for B > 0 to be chosen, let s, be the largest root of My = N, and set

M,=0-s,)" M"=2°(1-s,)""

1—8* 1+5*
R = R, =
4 2

so that M* = 2°M, and Bg(x) C Bg, for all z € B,,, and

esssupw < M*  for all x € By, .
Br(z)

Proposition 12.1 There exists a ball Br(x) C Bpr, such that either

M*<T.RY = u(y) <y, (12.1)
or
|[lw> M* —eM*| N Br(z)| > vq|Bg] (12.2)
where s
(1—a) 1
V“:,yl/zSQl/pa?’ a=¢= 1_25 (12.3)

and where 7y is the quantitative constant appearing in (4.3) and dependent
only on the inhomogeneous data of the DG classes.
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Proof If the first alternative (12.1) holds for some Bg(x) C Bg,, there is
nothing to prove. Thus assuming (12.1) fails for all such balls, if (12.2) holds
for some of these balls, there is nothing to prove. Thus we may assume that
(12.1) and (12.2) are both violated for all Br(z) C Br,. Apply Proposition 4.1
with € = a and conclude, by the choice of a and v,, that

w < (1—a®)M* =M. inallballs Bip(z) C Bg,.
Thus w < M, in B,,_, contradicting the definition of M,.

A consequence is that there exists Bg(x) C Bg, such that

0> 10 Br(@)] > viBrl,  where v= | _IZ)M*. (12.4)
Write the inequalities (9.3) for wy (k = 0) over the pair of balls Br(x) C
Bsgr(xz) C Bpg,, and then divide the resulting inequalities by [(1 — a)M*]P.
Taking into account the definition (9.2) of I'i, and (12.2), this gives

IV0ll? 5wy < ¥2PY2RYP.

From this
Vol Bra) < Y(B)RN (12.5)

Thus the function v satisfies the assumptions of Lemma 11.1, with given and
fixed constants v = ~v(data, 8) and v = vy, (data, 3). The parameter 5 > 1
has to be chosen. Applying the lemma for A = v = ; yields the existence of
z. € Br(z) and €, = e, (data, 3) such that

[w> M]N By(2.)| > 4|B|,  where r=eR

and where M = }LM*. This is precisely (9.9), and the proof can now be
concluded as before.

Remark 12.1 The Holder continuity was used to ensure, starting from (9.8)
that w is bounded below by M in a sizable portion of a small ball B, g(z.)
about x,. In that process, the parameter €, had to be chosen in terms of the
data and the still to be determined parameter . Thus e, = e,(data, 3). The
alternative proof based on Lemma 11.1, is intended to achieve the same lower
bound on a sizable portion of B, g(x«). The discussion has been conducted
in order to trace the dependence of the various parameters on the unknown
(. Indeed, also in this alternative argument, e, = €, (data, 3), but this is the
only parameter dependent on 3, whose choice can then be made by the very
same argument, which from (9.9) leads to the conclusion of the proof.
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at a point, 58
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differential operator(s), 2, 77
Dirichlet data, 24, 39, 43
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inhomogeneous, 309, 341
sub(super)-solution, 318
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distribution
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divergence theorem, 1, 2
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93, 104
jump condition, 91, 93
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for integral equation(s), 99, 104, 107
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eigenvalue problem(s), 119, 123, 312
for the Laplacian, 99, 104, 126
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first, 121, 316
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real, 119, 127, 313
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simple, 121, 316
eikonal equation, 273, 276
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second-order, 297
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linear, 297
quasi-linear, 337, 347
Dirichlet problem, 341, 347, 359
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embedding(s)
compact, 300, 328
limiting, 299
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of WHP(E), 299, 327
theorem(s), 299
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for the heat equation, 157
entropy
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global in time, 256
maximum principle for, 256
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equation(s)
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adjoint homogeneous, 111, 112,
114-118
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eikonal, 273, 276
elliptic, 18, 19, 25, 297
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Hamilton—Jacobi, 274-276, 281, 283
heat, 5, 19, 33
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in two variables, 183, 196, 204, 222
in divergence form, 6, 230
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Wiener—Hopf, 131
Lagrange, 277, 278
Laplace, 5, 19, 33
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flow(s)
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potential, 15, 37
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Fourier
coefficients, 189
law, 5
series, 125, 126
convergence of, 125, 126
transform, 173, 174, 216
heat kernel, 173, 174
inversion formula, 175
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Gateaux
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Holder
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Cauchy problem, 136, 139, 147, 149,
173
homogeneous, 153
inhomogeneous, 152, 153, 159
positive solutions, 167
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strong solution(s) of, 155
weak solution(s) of, 155, 156
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Hopf, Eberhard, 236
Huygens principle, 197, 198
hyperbolic equation(s), 18, 19, 23, 183,
196, 204, 222
in two variables, 183, 196, 204, 222

ill-posed problem(s), 39, 80, 140, 141,
158
inequality (ies)
Cauchy, 77, 179
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Jensen’s, 50
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infinite speed of propagation
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integral equation(s), 95, 99, 111, 114,
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eigenvalue(s) of, 99, 104, 107
Fredholm of the second kind, 111
Hammerstein, 131
in L*(E), 111
Neumann problem by, 95, 96, 99, 106
of the first kind, 128
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