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Preface

The goal of this text is to present an introduction to a sampling of ideas and methods
from the subject of nonlinear dispersive equations. This subject has been of great
interest and has rapidly developed in the last few years. Here we will try to expose
some aspects of the recent developments.

The presentation is intended to be self-contained, but we will assume that the
reader has knowledge of the material usually taught in courses of theory of one
complex variable and integration theory.

This text is the product of lecture notes used for mini-courses and graduate courses
taught by the authors. The first version of the lecture notes was written by Gustavo
Ponce with Wilfredo Urbina from the Universidad Central de Venezuela and de-
signed to teach a mini-course at the Venezuelan School of Mathematics in Mérida,
Venezuela, in 1990. A second version of those notes was presented by Gustavo Ponce
at the Colombian School of Mathematics in Cali, Colombia in 1991. These notes
comprise a part of the materials covered in the first six chapters of the present text.
Most of the original notes were used to teach various graduate courses at IMPA and
UNICAMP by Felipe Linares. During these lectures the previous versions were com-
plemented with some new materials presented here. These notes were also used by
Hebe Biagioni and Marcia Scialom from UNICAMP in their seminars and graduate
courses. The idea to write the present text arose from the need for a more complete
treatment of these topics for graduate students.

Before going any further we would first like to give a notion of what a dispersive
type of partial differential equation is. We will do this in the one-dimensional frame.
We consider a linear partial differential equation

F (3, 9) u(x, 1) =0, 6]

where F is a polynomial in the partial derivatives. We look for plane wave solutions
of the form u(x,t) = Ae/**~“") where A, k, and w are constants representing the
amplitude, the wavenumber, and the frequency, respectively. Hence u will be a
solution if and only if

F(ik,—iw) = 0. 2
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This equation is called the dispersion relation. This relation characterizes the plane
wave motion. In several models we can write w as a real function of k, namely,

w = w(k).
The phase and group velocities of the waves are defined by

w dw
Cp(k) = z and Cg = ﬁ

The waves are called dispersive if the group velocity ¢, = '(k) is not constant, i.e.,
" (k) # 0. In the physical context this means that when time evolves, the different
waves disperse in the medium, with the result that a single hump breaks into wave-
trains.

To present the material we have chosen to study two very well-known models in
the class of nonlinear dispersive equations: the Korteweg—de Vries equation

dv+ddv + v =0, A3)
where v is a real-valued function and the nonlinear Schrodinger equation
iou+ Au = f(u,un), 4)

where u is a complex-valued function.

Before commenting on the theory presented in this text regarding these equations
we would like to say a few words concerning the physical models described by these
equations in the context of water waves.

The first model (3) goes back to the discovery of Scott Russell in 1835 of what
he called a traveling wave. This equation describes the propagation of waves in
shallow water and was proposed by Diederik Johannes Korteweg and Gustav de Vries
in 1895 [KdV]. In the one-dimensional context, the (cubic) nonlinear Schrédinger
equation (4) with f(u,u) = |u|?u models the propagation of wave packets in the
theory of water waves.

We also have to mention that there is a very well-known strong relationship be-
tween these two equations and the theory of completely integrable systems, or Soliton
theory.

In many cases, we present the details of simple proof, which may not be that of the
strongest result. We give several examples to illustrate the theory. At the end of every
chapter we complement the theory described either with a set of exercises or with a
section with comments on open problems, extensions, and recent developments.

The first three chapters attempt to review several topics in Fourier analysis and
partial differential equations. These are the elementary tools needed to develop the
theory in the rest of the notes.

The properties of solutions to the linear problem associated to the Schrodinger
equation are discussed in Chapter 4. Then the initial value problem associated to (4)
and properties of its solutions are studied in Chaps. 5 and 6. Chapters 7 and 8 are
devoted to the study of the initial value problem for the generalized Korteweg—de
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Vries equation. A survey of results concerning several nonlinear dispersive equa-
tions that generalize (3) and (4) as Davey—Stewartson systems, Ishimori equations,
Kadomtsev—Petviashvili equations, Benjamin—Ono equations, and Zakharov sys-
tems is presented in Chapter 9. In the last chapter we present the most recent result
regarding local well-posedness for the nonlinear Schrodinger equation.

We shall point out that by no means our presentation is completely exhaustive.
We refer the reader to the lecture notes by Cazenave [Cz1], [Cz2] and the books by
Sulem and Sulem [SS2], Bourgain [Bo2], and Tao [To7]. In these works many topics
not covered in these notes are studied in detail.
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Chapter 1
The Fourier Transform

In this chapter, we shall study some basic properties of the Fourier transform. Sec-
tion 1.1 is concerned with its definition and properties in L'(R"). The case L*(R")

is considered in Section 1.2. The space of tempered distributions is briefly consid-
ered in Section 1.3. Finally, Sections 1.4 and 1.5 give an introduction to the study of
oscillatory integrals in one dimension and some applications, respectively.

1.1 The Fourier Transform in L' (R")

Definition 1.1. The Fourier transform of a function f € L'(R"), denoted by f, is
defined as:

1G) =ff(x)e*2”"<x'5>dx, for £ € R, (1.1)
]Rn

where (x - %_) = xl%-l + - +-xn%—n-
We list some basic properties of the Fourier transform in L!(R").

Theorem 1.1. Let f € L'(R"). Then:

1. f+— f defines a linear transformation from L'(R") to L®[R") with
1 lloo < I £l (1.2)

2. f/\is continuous.
3. f(&)— 0 as |§| = oo (Riemann—Lebesgue).
4. If t, f(x) = f(x — h) denotes the translation by h € R", then

@ F)E) = e 70O fg), (1.3)

and
(e £)(E) = (z_ ] )E). (1.4)
© Springer-Verlag New York 2015 1
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2 1 The Fourier Transform

5. If 8,f(x) = f(ax) denotes a dilation by a > 0, then

GuNE) =a™" fla™"e). (1.5)
6. Let g € L'(R") and f * g be the convolution of f and g. Then,
(F * &) = F&RE). (1.6)
7. Let g € L'(R"). Then,
/ Fgdy = / FOE(y. (1.7)
Rn R

Notice that the equality in (1.2) holds for f > 0,i.e., £(0)= |7 lleo = Il

Proof. It is left as an exercise. o
Next, we give some examples to illustrate the properties stated in Theorem 1.1.

Example 1.1 Let n =1 and f(x) = x(.u»(x) (the characteristic function of the
interval (a, b)). Then,

b
f-(&_) :/ e—2rrix§ dx

672m’b§ _ 672711'115
2mwi&
_emitaetb SN (T(@ = b))
23

Notice that f ¢ L'(R) and that f(é) has an analytic extension f(é +in) to the whole
plane £ + in € C. In particular, if (a,b) = (—k, k), k € Z*, then we have

sin (2w k&)
&

Example 1.2 Letn =1 and for k € Z" define

K=k () =

k+14+x, if xe(—k—1,-k+1]

2, if xe(—k+1,k—1)
gr(x) = )
k+1—x, if xelk—1,k+1)
0, if x¢(—k—1,k+1),

1.e., gk(X) = X1.1) * X(—k(x). The identity (1.6) and the previous example show

that . .
sin (2w &) sin 2w ké)

(§)?

Notice that g € L'(R) and has an analytic extension to the whole plane C.

g§) =
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Example 1.3 Let n > 1 and f(x) = e *'” with t > 0. Then, changing

variables x — x/+/t and using (1.5), we can restrict ourselves to the case ¢ = 1.
From Fubini’s theorem we write:

oo
n
/ef4n2|x‘2€72ni(x-{-') dx — l—[ /e(74”2)‘.%’2”"§f)")dxj

Rn j=1—00

o0
n
_ l—[ /e(’4”2)‘.72"2”i§f"f*512/4)[512/4 dx;

J=ll
n &9

_ nefg,?/4/ef(2nxj-+is,/2)2 dx;
j=1 00

— g2 64

where in the last equality, we have employed the following identities from complex
integration and calculus:

o oo oo
/ e—(2nx+ié/2)2 dx — / e—(Zer)2 dx — / e—xz d_x — 1 .
2r 2J®
—00 —00 —00
Hence,
e o161 /4
—472t|x S 1.8
e ©) = Gy (1.8)

Observe that taking ¢ = 1/47 and changing variables t — 1/167°t we get:
alP(g) — -l ¢ _ —antgP
e (E) = e and @) =e :
respectively.
Example 1.4 Let n>1 and f(x) = e 2*Fl. Then,

(n+1)
F[1T] 1
a@+D/2 (1 4 |E]2)0+D/2 >

f& =

where I'(+) denotes the Gamma function. See Exercise 1.1 (i).

1
Example 1.5 Let n =1 and f(x) = —

E Using complex integration one
bid X

obtains the identity:

oo

cos (ax) T _u
/xz—_+_b2dx=ze . a,b>0.
—00
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Hence,

LT 1 e
- B =— "4
n1+x2(§) 71/1+x2 *

_ L fenrtin ) _ o

T 1+ x2

—00
One of the most important features of the Fourier transform is its relationship with
differentiation. This is described in the following results.

Proposition }\.1. Suppose xi f € L' (R"), where x; denotes the kth coordinate
of x.Then, f is differentiable with respect to &, and
0 ——
— ) = (= 2mixe f(x))(E). (1.9)
98k
In other words, the Fourier transform of the product x f(x) is equal to a multiple
of the partial derivative of f(£) with respect to the kth variable.
To consider the converse result, we need to introduce a definition.

Definition 1.2. Let1 < p < oco. A function f € LP(R") is differentiable in
LP(R"™) with respect to the kth variable, if there exists g € L?(R") such that

B )
/‘f(x+h€;lc) f(x)_g(x) dx — 0 as h — 0,

Rn

where e; has kth coordinate equals 1 and O in the others. If such a function g exists
(in this case it is unique), it is called the partial derivative of f with respect to the
kth variable in the L”-norm.

Theorem 1.2. Let f € L'(R") and g be its partial derivative with respect to the
kth variable in the L'-norm. Then, g(£) = 2mi& f(£).

Proof. Properties (1.2) and (1.4) in Theorem 1.1 allow us to write
(1 — e~ 2mihEen))
7 )
then take 7 — 0O to obtain the result. O
From the previous theorems it is easy to obtain the formulae:

26— F®

P(D)f(E) = (P(—2mix) f(x)) (&), w10)
(P(D)f)(E) = PQri&)f(£),

where P isapolynomial in n variables and P(D) denotes the differential operator
associated to P.
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Now we turn our attention to the following question: Given the Fourier transform
f of afunctionin L'(R"), how can one recover f?
Examples 1.3—1.5 suggest the use of the formula

Fl) = / Flere o e,

Rn

Unfortunately, f(é ) may be nonintegrable (see Example 1.1). To avoid this problem,
one needs to use the so called method of summability (Abel and Gauss) similar to
those used in the study of Fourier series. Combining the ideas behind the Gauss
summation method and the identities (1.4), (1.7), (1.8), we obtain the following
equalities:

P4 e lv—yP /4
Y= Gy * 1O = / Gy T
R
_ e—‘y' a1
= lim " ,)n/zf(Y) y
Rll
= lim / (27D ) (y) £ (y)dy

_ }1_{% eZni(x-E)ef4n2t|E|2ﬁg)d%:’
RV!

where the limit is taken in the L'-norm.

Thus, if f and f are both integrable, the Lebesgue dominated convergence
theorem guarantees the point-wise equality. Also, if f € L'(R") is continuous at
the point x, , we get:

—|-1?/4t

f(x0) = t m —(4]”),,/2

f(xo) = }EI(I) er”i(X0'§)e—4ﬂzl|§|2J/c\(%-)dg.
R}’l

Collecting this information, we get the following result.

Proposition 1.2. Let f € L'(R"). Then,
. ; _ 2~
fo) =lim [ TCO T Figyag,
Rl’l

where the limit is taken in the L'-norm. Moreover, if f is continuous at the point
Xo , then the following point-wise equality holds:

f(x) = lim / ZTiC0H) 4T ER £y

R



6 1 The Fourier Transform

Let f, f € L\(R"). Then,

fx) = /ez”i(x'é)]/‘\("g‘)d"g‘, almost everywhere x € R".

Rll
From this result and Theorem 1.1 we can conclude that
A L' (R — Co(R)

is a linear, one-to-one (Exercise 1.6 (i)), bounded map. However, it is not surjective
(Exercise 1.6 (iii)).

1.2 The Fourier Transform in L*(R")

To define the Fourier transform in L2(R"), we shall first consider that L!'(R") N
L%(R") is a dense subset of L'(R") and LZ(R").

Theorem 1.3 (Plancherel). Let f € L'(R") N L2(R"). Then, f € L*(R") and

1712 = 1 f ]2 (1.11)

Proof. Let g(x) = —x. Using Young’s inequality (1.39), (1.6), and Exercise 1.7
(i1), it follows that

frge L'RYNCx®) and (fg)€) = [(€)FE).

Since g = (fT) , we find that (T;k\g) = |]"\|2 > 0. Hence, (ﬂ\g) e L'(R") (see
Exercise 1.7 (iii)). Proposition 1.2 shows that

(f % )(0) = / (f = g)(&) dE,

Rll
and

1713 = / (f % g)(E)dE = (f * g)(0)

R

= ff(X)g(O —x)dx = ff(X)f_(X)dx =1 £1I3.
R? R?

O

This result shows that the Fourier transform defines a linear bounded operator from
L'®RMH N L2R") to L*R"). Indeed, this operator is an isometry. Thus, there is
a unique bounded extension F defined in all L*(R"). F is called the Fourier
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transform in L2(R"). We shall use the notation f F(f) for f € LZ(R")
In general, the definition f is realized as a limit in L? of the sequence {h 1,
where {h;} denotes any sequence in L'(R") N L>(R") that converges to f in
the Lz—norm. It is convenient to take /; equals f for |x| < j and to have A;
vanishing for |x| > j. Then,

hj(€) = f F(x)e™ 29 gy = /hj(x)efzm(x“?) dx

lx|<j R"

and so, R R
hj(€) — f(€) inL? as j— oo.

1
Example 1.6 Letn = 1and f(x) = —%. Observe that f € L2(R) \ L'(R).
Vg X

Differentiating the identity in the Example 1.5 with respect to a and taking b = 1
we get:
 x sin (ax) _
————dx=me %, a>0,
oo 1+ x2

which combined with the previous remark gives:

f(&) = —isgn(g)e .

A surjective isometry defines a “unitary operator.” Theorem 1.3 affirms that F is
an isometry. Let us see that F is also surjective.

Theorem 1.4. The Fourier transform defines a unitary operator in L*(R").

Proof. From the identity (1.11) it follows that F is an isometry. In particular, its
image is a closed subspace of L?(R"). Assume that this is a proper subspace of L>.
Then, there exists g # 0 such that

/ F)g(ydy =0, forany f e L*(R").

Using formula (1.7; Theorem 1.7), which obviously extends to f,g € L*(R"), we
have that

/ FOMEdy = / F()g(dy =0, forany f e L.
R” R
Therefore, g(&§) = 0 almost everywhere, which contradicts
lgllz = Igll2 # 0.
O

Theorem 1.5. The inverse of the Fourier transform F~' can be defined by the
formula
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Flf(x)=Ff(—=x), forany f e L*R"). (1.12)
Proof. 7~'f = f is the limitin the L2-norm of the sequence

f = [ Feemenae.
[El<j
First, we conside}r\ the case where f € L'(R") N L%(R"). It suffices to verify that this
agrees with JF* f, where F7* is the adjoint operator of F (we recall the fact that

for a unitary operator the adjoint and the inverse are equal). This can be checked as
follows:

fx) = f F©)EENds = lim f;(x) in L*R"),
Jj—>00
Rl’l

and

(@ f) = / 20 / &) e2mien dg ) dx
Rn

R?

= [(( [ et o) Fende = .

R R"

for any g € L'(R") N L?>(R"). Hence f = f.
The general case follows by combining the above result and an argument involving
a justification of passing to the limit. O

1.3 Tempered Distributions

From the definitions of the Fourier transform on L'(R") and on L*(R"), thereis a
natural extension to L'(R") 4+ L2(R™). It is not hard to see that L'(R") 4+ L*(R")
contains the spaces LP(R") for 1 < p < 2. On the other hand, as we shall prove,
any function in LP(R") for p > 2 has a Fourier transform in the distribution
sense. However, they may not be function, they are tempered distributions. Before
studying them, it is convenient to see how far Definition 1.1 can be carried out.

Example 1.7 Letn > 1and f(x) = dy, the delta function, i.e., the measure of mass
one concentrated at the origin. Using (1.1) one finds that

8o(€) = faO(X) e gy = 1.
Rn

In fact, Definition 1.1 tells us that if g is a bounded measure, then [t(£) represents
a function in L*°(R").
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Suppose that given f(x) = 1 we want to find f(é ). In this case, Definition
1.1 cannot be used directly. It is necessary to introduce the notion of tempered
distribution. For this purpose, we first need the following family of seminorms.

For each (v, B) € (Z*)*" we denote the seminorm || - ll v ) defined as:

gy = 1270 fllco-

Now we can define the Schwartz space S(R"), the space of the C*-functions
decaying at infinity, i.e.,

SR") = {p € C*®R" : il < 0o forany v,B € (Z")"}.

Thus, Cg°(R") € S(R") (consider f(x) asin Example 1.3).
The topology in S(R") is given by the family of seminorms || - [, ), (v, B) €
(Z+)2".

Definition 1.3. Let {¢;} € S(R"). Then, ¢; — 0 as j — oo, if for any
(v, B) € (Z*)* one has that

lloillwp —> 0 as j — oo.

The relationship between the Fourier transform and the function space S(R") is
described in the formulae (1.10). More precisely, we have the following result (see
Exercise 1.13).

Theorem 1.6. The map ¢ — @ is an isomorphism from S(R") into itself.
Thus, S(R") appears naturally associated to the Fourier transform. By duality, we
can define the tempered distributions S’'(R").

Definition 1.4. We say that ¢ : S(R") — C defines a tempered distribution, i.e.,
¥ e S'(R") if:

1. ¥ is linear.
2. ¥ is continuous, i.e., if for any {¢;} € S(R") such that ¢; — O as j — oo,
then the numerical sequence ¥ (¢;) — 0 as j — oo.

Itis easy to check that any bounded function f defines a tempered distribution ¥y,
where

Ye(p) = /f(x)w(x)dx, for any ¢ € S(R"). (1.13)
Rn

In fact, this identity allows us to see that any locally integrable function with poly-
nomial growth at infinity defines a tempered distribution. In particular, we have the
LP(R™) spaces with 1 < p < oo. The following example gives us a tempered
distribution outside these function spaces.

Example 1.8 In S'(R), define the principal value function of 1/x, denoted by

p.v. —, by the expression
X
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1
p.v. —(¢) = lim f 20
X €l0 X
e<|x|<l/e
for any ¢ € S(R). Since 1/x is an odd function,
1 — (0
PV~ () = / P =¢O f 20D e (1.14)
X X X
lx<1 [x|>1
Therefore,
1 /
[p-v: —(@)] = 20/ lloc + 211x¢ loc, (1.15)

and consequently, p.v. % e S'(R).
Now, givena ¥ € S’'(R"), its Fourier transform can be defined in the following
natural form.

Definition 1.5. Given ¥ € S’'(R"), its Fourier transform Ve S’(R") isdefined
as:

W(p) = W(@), forany ¢ € S(R"). (1.16)

Observe that for f € L'(R") and ¢ € S(R"), (1.7), (1.13), and (1.16) tell us
that
Vi) = (@) = / FOPx)dx = / Fp)dx = UHg).
Rﬂ Rll

Therefore, for f € L'(R") 4+ L*(R") one has that @f = W7 . Thus, Definition 1.5
is consistent with the theory of the Fourier transform developed in Sects. 1.1 and 1.2.

Example 1.9 Let f(x) =1 € L®[R") c S'(R"). Using the previous notation, for
any ¢ € S(R") it follows that

Wi(p) = ¥1(@) = /1 P(x)dx = ¢(0) = /50()6) P(x)dx = So(¢).
R R7
Hence 1 = 80. We recall that in Example 1.7 we already saw that /8\0 =1.

Next we compute the Fourier transform of the tempered distribution in Exam-
ple 1.8.

Example 1.10 Combining Definition 1.5, Fubini’s theorem, and the Lebesgue
dominated convergence theorem we have that for any ¢ € S(R),

1 1 . P(x)
p.v. —(¢) = p.v. —(¢) = lim / —dx
X X €l0 X
e<|x|<l/e
l o0
—1i = —2mixy
= lim ~( f p()e 2 dy ) dx

e<|x|<l/e —0o0
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o0
) e—2m’xy
=1€%1/<0(y)( / —dx) dy
—00

e<|x|<l/e
00
ef2m‘xy
= fcp(y)(lim / dx)dy
€l0 X
—00 e<|x|<l/e
= —iNngn(y) e(y)dy,
—00

where a change of variables and complex integration have been used to conclude that

oo [o¢]
—2mixy in(2 3
lim dr=-2i / SIn@TY) 1o — i sen(y) / S
€l0 X X X
e<|x|<l/e 0 0
=—im sgn(y).
This yields the identity:
/‘\1 ‘
py. —(§) = —im sgn(®).

The topology in S’(R") can be described in the following form.

Definition 1.6. Let {¥;} C S'(R"). Then, ¥; — Oas j — oo in S'(R"),if for
any ¢ € S(R") it follows that ¥;(¢) — Oas j — oo.

As a consequence of the Definitions 1.4, 1.6, we get the next extension of
Theorem 1.6, whose proof we leave as an exercise.

Theorem 1.7. The map F : ¥ +— ¥ isan isomorphism from S'(R") into itself.

Combining the above results with an extension of Example 1.3 (see Exercise 1.2),
we can justify the following computation related with the fundamental solution of
the time-dependent Schrodinger equation.

Example 111 e~#ilP = lim e~47c Dk in S'(R").
e—0t
From Exercise 1.2, it follows that

oI /Ate+in)

A ey gy = S
(e TP E) =

Taking the limit € — 0%, we obtain:
oiEl7 /41

,m‘z —
(e ©) = G

(1.17)
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As an application of these ideas, we introduce the Hilbert transform.

Definition 1.7. For ¢ € S(R), we define its Hilbert transform H(p) by

1 1 1 1
Hp)(y) = p (p(y =) = — PV ;*w(y).

From (1.14) and (1.15) it is clear that H(g)(y) is defined for any y € R and it is
bounded by g(y) = aly| + b, with a, b > 0 depending on ¢. In particular, we have
that H(¢) € S'(R). Let us compute its Fourier transform.

Example 1.12 From Example 1.10 and the identity
. 11 . y
H@)) = 1im (= —xieui<1/ #9) () i SR)
e—0 T X
it follows that

—

Lol e _
lim (; T Me<li<l/e) * <.0)(§) = —isgn(§) p(&).
This implies that
H(@)(&) = —i sgn(€) §(&), forany ¢ € S(R). (1.18)

The identity (1.18) allows us to extend the Hilbert transform as an isometry in L2(R).
It is not hard to see that

IH@Ill2 = llgl. and H(H(p)) = —¢.

Other properties of the Hilbert transform are deduced in the exercises in Chaps. 1
and 2.

In Definition 1.7, we have implicitly utilized the following result, which is
employed again in the applications at the end of this chapter.

Proposition 1.3. Let ¢ € S(R") and ¥ € S'(R"). Define
¥k p(x) = W (px — ). (1.19)

Then,
¥k e COMRYNS'(RY)

and
Urp=0g, (1.20)

where W§ € S'(R") is defined as V() = W (@¢) forany ¢ € SR).

Proof. It is left as an exercise. O
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1.4 Oscillatory Integrals in One Dimension

In many problems and applications the following question arises:
What is the asymptotic behavior of 7(A) when A — oo, where
b

I(}) = / e £(x)dx, (1.21)

a

and ¢ is a smooth real-valued function, called the “phase function,” and f isa
smooth complex-valued function?

We shall see that this asymptotic behavior is determined by the points x , where
the derivative of ¢ vanishes, i.e., ¢'(x) = 0.

Proposition 1.4. Let f € Cg°(la,bl) and ¢'(x) # O for any x € |a,b]. Then
b
I(L) = / e f(x)ydx = 075, as A — oo (1.22)
forany k € Z*.
Proof. Define the differential operator

1 df

L(f) = wa

which satisfies
d f : )
Et __Z d £k irpy l)\¢’
N T <_ik¢’> an (e?)=e
where L' denotes the adjoint of L. Using integration by parts it follows that

b b
/ e fdx = / LK) f dx

a a

b
= (—1)"/eﬂ¢(c’)’<fdx =007, asr — oo.

O

Proposition 1.5. Let k € Z* and |p®(x)| > 1 forany x € [a,b] with ¢'(x)
monotonic in the case k = 1. Then,

b
’/eiwm dx‘ < a Yk, (1.23)

a
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where the constant cy is independent of a,b.

Proof. For k =1, we have that
b

b
1d /1
irp 3. _ irp — H\¢ _
/ dx = /E(e )dx = Mﬁ/e ) fe l)»dx(¢’>d

a a

Clearly, the first term on the right-hand side is bounded by 2A~!. On the other hand,
the hypothesis of monotonicity on ¢’ guarantees that

Jortaal= 15
zkdx ¢/ —/\ dx ¢/

=l 7 !< 2
Ay ¢@l T a
This yields the proof of the case k = 1.
For the proof of the case k > 2, induction in k is used. Assuming the result
for k, we shall prove it for k + 1. By hypothesis, |¢(k“)(x)| > 1. Let xg € [a,b]
be such that

¢ Cxo)l = min |V (x)].

If $®(x9) = 0, outside the interval (xo — 8, xo + 8), one has that |¢p®(x)| > 8,
with ¢’ monotonic if k = 1. Splitting the domain of integration and applying the
hypothesis we obtain that

x0—38

| / 4] | / 90 ] < 38y 1

X0+
A simple computation shows that

x0+98

’fe"wmdx’gzs.

xp—98

Thus,

(/eiw(’f) dx‘ < c(18)" 1k 4 28.
If ¢®(x0) # 0, then xo = a or b and a similar argument provides the same

bound. Finally, taking 8§ = A~"/*+1 we complete the proof. a

Corollary 1.1 (van der Corput). Under the hypotheses of Proposition 1.5,

b
| / e f)da| = e (1 flloo + 1L£1) (1.24)



1.4 Oscillatory Integrals in One Dimension 15

with ¢ independent of a,b.

Proof. Define

X

G(x):/ei’w’(y)dy.

a

By (1.23) one has that
1G] < .

Now using integration by parts we obtain:

b b b b
’/ el'wfdx’ - ’/ G’fdx‘ < ‘ (Gf) +]/ Gf’dx‘

< eed (1 oo + 111 -

Next, we shall study an application of these results. i
Proposition 1.6. Let 8 €[0,1/2] and Ig(x) be the oscillatory integral
00
I5(x) = /ei<x"+’73> in|Pdn. (1.25)
“o0

Then, Ig € L™®(R).
Proof. First, we fix ¢y € C*°(R) such that

1, if [n] > 2

voli) = {o, if Il < 1.

Observe that (1 — ¢o)(n)e'™ |n|# € L'(R), therefore its Fourier transform belongs to
L*°(R). Thus, it suffices to consider

o0

~ . 3
Ip(x) = / e 1B go(m)dn.

For x > —3, the phase function ¢.(17) = xn + 1>, in the support of ¢y, satisfies
|6, (DI = |x +30%| = (x| + [n/).

In this case, integration by parts leads to the desired result.
For x < —3, we consider the functions (¢1,¢;) € Ci° x C* such that

e1(n) + @2(n) =1 with
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) 2 |x]
suppp; C A = {n S 4397 = 7},

and

0 =0 in B:{ |x+3n|<|3—|,

and we split the integral I s(x) in two pieces,

[T < 1300 + [0,

where
o0

~ . 3 .
Ih(x) = / S 1P go(me;(ydn,  for j=1,2.

—00

When ¢,(n) # 0, the triangle inequality shows that
3
gLl = |x +30° = Z(xl + ).

Integration by parts leads to

d . 3
73000 = | / S s 51 an < 100,

Now, if n € A, we have that
2¢x

|x| 32<3I al and
2

)| = 6lnl = x|

Thus (1.24) (van der Corput) and the form of ¢y, ¢; guarantee the existence of a
constant ¢ independent of x < —3 such that

[o.¢]
ol = | / 1 [P go(mgrny di| < e x| 4l P2,
—00
a
1.5 Applications
Consider the initial value problem (IVP) for the linear Schrodinger equation:
ou =1iAu, (1.26)

u(x,0) = uo(x),
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x € R", t € R. Taking the Fourier transform with respect to the space variable x
in (1.26) we obtain:

du(§. 1) = 9§, 1) = i Au(§, 1) = —4m2il§ (g, 1)
(g, 0) =uo(§).
The solution of this family of ordinary differential equations (ODE), with parameter

&, can be written as:
~ —A72itE 2P~
u(E, 1) = e EG(E).

By Proposition 1.3 it follows that

u(x, 1) = (e HEPGE))Y = (e IER)Y s u(x)

i2
_ elH /4t .
- (4””)71/2 * uo(x) =e€

(1.27)
1AYo(x),

where we have introduced the notation ¢'"# which is justified in Chapter 4.
Next, we consider the IVP associated to the linearized Korteweg—de Vries (KdV)
equation:

0 3v =0,
v Oy (1.28)
v(x,0) = vo(x)
for ¢,x € R. The previous argument shows that
v, 1) = S, % vo(x) = (1R = V(o). (1.29)
where the kernel S;(x) is defined by the oscillatory integral:
o0
S,(x) = / PixE STNET e (1.30)
After changing variables,
() = — A‘(x ) (1.31)
Xx) = i , .
' /3t /3t
where Ai(-) denotes the Airy function:
17
Ai(x) = —/e’<fx+f3/3>dg. (1.32)
2
—00

By combining Proposition 1.6 (with 8 = 0) and a new change of variable we find
that

IS lloo < clt]/3. (1.33)
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Moreover, if B € [0, 1/2], then
I DPS;|loe < clt|” P, (1.34)
Hence, using Exercise 1.6 it follows that
IDZV ()volloe = I1DLS: * vollow < cltl PP w1, (1.35)

where Df = DP = (—A)P/? denotes the homogeneous fractional derivative of
order B, i.e.,

D f(x) = [@r &)’ FE)" (x). (1.36)
Notice that the derivative of the phase function in (1.32) ¢(&) = &x + £°/3 does not
vanish for x > 0, i.e., |¢'(£)] = |x + £%| > |x|, so using Proposition 1.4 one sees

that Ai(x) has fast decay for x > 0. In fact, one has (see [Ho2] or [SSS]) that

32

IAl(x)| < me_ +, (137)

and
1A ()] < (1 + x) e (1.38)

where x; = max{x;0} and x_ = max{—x;0}.
Hence, (1.34) with 8 = 1/2 can be seen as an interpolation between (1.37) and
(1.38) and the scaling.

Remark 1.1. The relevant references used in this chapter are the books [SW], [S2],
[S3], [Sa], [Du], and [Rd].

1.6 Exercises

1.1 () Let n>1 and f(x) = e 2"l Show that

'l(n+ 1)/2] 1

f¢ = TOID2 (1 4 [ER)etD

Hint: From the formula of Example 1.5 with a = 8 and b = 1 one sees

that
_ /cos (,Bx)
B 1+ x2 *

which, combined with the equality:

o]

[o¢]
= /e’“*ﬁp dp, yields e ? :/d Bl qp.
0 0 VP

1
14 x2

Use this identity to obtain the desired result.
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1 1
(i) Let n=1 and f(x) = —— . Show that
f T (1 + x2)2

. 1
f@ = e Elemig + .

Hint: Differentiate the identity in Example 1.5.
1.2 (i) Prove the following extension in S’'(R") of formula (1.8):

(e-akP)(E) = (z)"/ze—”z‘g'z/“, Rea >0, a#0,
a
where /a is defined as the branch with Rea > 0.

Hint: Use an analytic continuation argument.
(ii)) Show thatif a = 1+ it, then

(E)"/ze—nZ\xF/a
a

and

1 1
s~ (140072 1<p<oo, 1>0,

“e—ﬂa\g‘znq ~ Cq, 1 <q < o0,
where f(t) ~ g(t), for f,g > 0, means that there exists ¢ > 1 such that

U f() < g) <c f@t), Vi>D0.

1.3 Prove Young’s inequality: Let f € LP(R"), 1 < p < oo,and g € L'(R").
Then, f *g e LP(R") with

ILf*gllp < Ifllpllglh- (1.39)

1.4 Prove the Minkowski integral inequality. If 1 < p < oo, then

1/p 1/p
/‘/f(’“’wdx\pdy S/({R/‘f(x,y)‘pdy dx.  (140)
R~ n

n Rﬂ
Observe that the proof of the cases p = 1,00 is immediate.

1.5 Let f € L?((0,00)),1 < p <00, f > O:
(i)  Prove Hardy’s inequality:

00 | X p ) » oo
f )—C/f(s)ds dx < (F) f(f(x))” dx. (1.41)
0 0 0

(i)  Prove that equality in (1.41) holds if and only if f = 0, a.e., and that the
constant ¢, = p/(p — 1) is optimal in (1.41).

(iii) Prove that (1.41) fails for p = 1 and p = oo.
Hint: Assuming f € Cy((0, c0)) define
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F(x):)lc/f(s)ds,soxF/:f—F.
0

Use integration by parts and the Holder inequality to obtain (1.41).
1.6 Consider the Fourier transform ~ as a map from L'(R") into L®(R").
(i)  Provethat ~ is injective. .
(ii)  Prove that the image of ~ ,i.e., LI(R"), is an algebra with respect to
the point-wise multiplication of functions.

(iii) Prove that @) C Coo(R™), where Co(R™) denotes the space of
continuous functions vanishing at infinity.
Hint: From Example 1.2 we have that || g |lc = 2 and

lim |||, = oo.
Jm gkl

Apply the open mapping theorem to get the desired result.
1.7 (i)  Prove the following generalization of (1.6) in Theorem 1.1:
If f e L'R)and g € LP(R"), 1 < p <2, then (f # 9)(€) =
F&36). /
G) If feLPR"), ge LPRY,with I/p+1/p'=1,1<p < oo,
then f g € Coo(R"). What can you affirm if p = 1,007
(iii) If f € L'(R"), with f continuous at the point 0 and f > 0, then
feL'®R).
Hint: Use Proposition 1.2 and Fatou’s lemma.
1.8 Show that

o0 o0
sin? x 7 sin® x 3
dx=— and dx = —.
x?2 2 x3 8

0

0
Hint: Combine the identities (1.7), (1.11), and Example 1.1.
1.9 Foragiven f e L?(R") prove that the following statements are equivalent:
(i) g e L*(R")is the partial derivative of f e L?>(R") with respect to the
kth variable according to Definition 1.2.
(i) There exists g € L?(R") such that

/f(x)axkqﬁ(x)dx = —/g(X)rb(x)dx (1.42)

Rn Rn

for any ¢ € Cg°(R"). In general, if (1.42) holds for two distributions
f, g, then one says that g is the kth partial derivative of f in the
distribution sense.

(iii) There exists { f;} C C5°(R") such that

lfi—flla—0 as j— oo,

and {9y, f;} is a Cauchy sequence in L*(R™).
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(iv) &F(€) e LX(RY).
v)

< 00.
>0 h

/ ‘ fx +he) — f(x)]?
sup dx
Rn

For p # 2, which of the above statements are still equivalent?

1.10 (Paley—Wiener theorem) Prove that if f € C5°(R") with supportin {x € R”" :
|x] < M} , then f(£) can be extended analytically to C". Moreover, if
k € Z one has that

6‘27[M|77|

A+ 1E+ ik

Prove the converse, i.e., if F(§ + in) is an analytic function in C” satisfying
(1.43), then F is the Fourier transform of some f € Cj°(R") with support in
{x e R": |x] < M}.

1.11 Show thatif f € L'(R"), f # 0, with compact support, then for any € > 0,
f ¢ L'(e™ldx).

1.12 Prove that given k € Z* and a, € R¥, with & = (oy,...,a,) € N7,
lo| = oy + -+ -+ a, <k, there exists f € C;°(R") such that

IfE+in)| <c forany & +in € C". (1.43)

/x“f(x)dx = ay.
RVI
Hint: Use Exercise 1.10.
1.13 (i) Provethatif f,g € S,then fxg e S.
(ii)  Prove that the Fourier transform is an isomorphism from S into itself.
(iii) Using the results in Section 1.3, find explicitly ¥ = |x|? € S'(R").
(iv) Prove Proposition 1.3.
1.14 In this problem we shall prove that

— (&) =cCpa m% for a € (0,n)

x|«

as a tempered distribution, i.e., Yo € S(R")

1 1
/ x| P(x)dx = cna / o @(§)d§, (1.44)

where ¢, =142 T'(n)2 — a/2)/T(a/2).
(i) Combining the Parseval identity and Example 1.3 show that for § > 0

(i1)  Prove the formula

/ eI P gB1 g5 — % for any 8 > 0. (1.46)
0
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(iii) Multiply both sides of (1.45) by §"2° ~!, integrate on 8, use Fubini’s
theorem and (1.46) to get (1.44).

1.15 Prove the following identities, where H denotes the Hilbert transform:

() H(fg) =H(g + fH(@) + HH(HH()).

.. 1 x+1
(i)  H-1.)x) = —log '
b4 -1
a x
(iii) H<x2+a2>:x2+a2’ a>0.

1.16 Prove thatif ¢ € S(R), then H(p) € L'(R) if and only if (0) = 0.

1.17 Consider the function f,(x) = al 5
a

—X
(i) Ifa > 0 prove that the principal value function of f,(x),

() =i / ¥ o)d
'a—xzq)_el?ol a—xzwx *

e<la—x2|<1/e

p.-v

with ¢ € S(R) defines a tempered distribution. Moreover, prove that if

o~ . X
= lim P e
Ja(§) lim / R
e<la—x2%|<1/e

then

I flloo < M, (1.47)

where the constant M is independent of a.

Hint: Observe thatifa = 0, f,(x) is just a multiple of the kernel 1/x of
the Hilbert transform H. If ¢ > 0, then f,(x) can be written as sum of
translations of the kernel of the Hilbert transform H. Since the Hilbert
transform satisfies a similar result, (1.47) follows in both cases. (See
Example 1.10).

(i1)) Show that (1.47) is also satisfied if a < 0.
Hint: Use Example 1.6.

1.18 Consider the IVP associated to the wave equation

Blzw —Aw =0,
w(x,0) = f(x), (1.48)
I w(x,0) = g(x),

x € R", t € R. Prove that
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(i) If f,g € Cg°(R") are real-valued functions, then using the notation in
(1.29), the solution can be described by the following expression:

sin (Dt)

wx,t) =U'(t)f + U(t)g = cos (Dt) f + g (1.49)

with Dh(€) = 27|&| h(£) (see (1.36)).

(i) If f, g are supported in {x € R?® : |x|] < M}, show that w(-,¢) is
supported in {x € R?: |x| < M +t}.

(iii) Assuming n = 3 and f = 0, prove that

1
wx,t) = — gx +y)ds,.
4t Jiyi=n

Hint: Derive and apply the following identity:

sin (27 |€]7)

ETEX S = At
2r|§]

{lx|=t}

If g € C§°(R?) is supported in {x € R® : |x| < M}, where is the support
of w(-,1)?
(iv) Assuming n = 3 and g = 0, prove that

1
WD = o / FG+9)+ Y x+y)-y1dS,.  (150)
{lyl=t}

(v) If E@t) = [((@w)*+ [V.w|*)(x,1)dx, then prove that forany ¢ € R,
]Rn

E(t) = Eo = /(g2 + IV 1)) dx.
RVI
Hint: Use integration by parts and the equation.
(vi) (Brodsky [Br]) Show that

. 2 EO
lim | (0;w)“(x,t)dx = >
t—00
RVI
Hint: Use the Riemann—Lebesgue lemma (Theorem 1.1(3)).

1.19 Consider the IVP (1.28) with initial data vy € C5°(R). Prove that for any ¢ # 0
v(-, 1) does not have compact support.



Chapter 2
Interpolation of Operators: A Multiplier
Theorem

In this chapter, we shall first study two basic results in interpolation of opera-
tors in L? spaces, the Riesz—Thorin theorem and the Marcinkiewicz interpolation
theorem (diagonal case). As a consequence of the former we shall prove the Hardy—
Littlewood—Sobolev theorem for Riesz potentials. In this regard, we need to introduce
one of the fundamental tools in harmonic analysis, the Hardy-Littlewood maximal
function. In Section 2.4, we shall prove the Mihlin multiplier theorem.

The results deduced in this chapter are used frequently in these notes. In particular,
in Chapter 4 the proof of Theorem 4.2 is based on the Riesz—Thorin theorem and the
Hardy-Littlewood—Sobolev theorem.

2.1 The Riesz—Thorin Convexity Theorem

Let (X, A, u) be ameasurable space (i.e., X is a set, A denotes a o -algebra of subsets
of X, and u is a measure defined on A). L? = LP(X, A, ), 1 < p < oo denotes
the space of complex-valued functions f that are p-measurable such that

1/p

11, = /If(x)|”du < o0,
X

Functionsin L?(X, A, ) are defined almost everywhere with respect to . Similarly,
we have L>*(X, A, n) the space of functions f that are pu-measurable, complex
valued and essentially p-bounded, with || f]lo the essential supremum of f. The
Riesz—Thorin convexity theorem can be obtained as a consequence of a version of
the Hadamard three circles theorem, a result of the Phragmen-Lindelof theorem,
known as the three lines theorem.

Lemma 2.1. Let F be a continuous and bounded function defined on
S={z=x+iy:0<x <1}
which is also analytic in the interior of S. If for each y € R,
|[F(iy)l <My and |F(1+iy)| < M,
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then foranyz = x +iy € S
[Fe+iy)l < My~ M;.

In other words, the function ¢(x) = log k, is convex, where k, = sup {|F(x +iy)| :
y € R} forx € [0, 1].

Proof. Without loss of generality one can assume that My, M; > 0. Moreover,
considering the function F'(z)/ M(; “*M?, the proof reduces to the case My = M; = 1.
Thus, we have that

|[F(iy)l <1 and |F(1+iy)| <1 foranyy € R,
and we want to show that |F(z)| < 1 forany z € S. If

‘llim F(x+iy)=0 uniformlyon0 <x <1,
y|—>o00

the result follows from the maximum principle. In this case, there exists yy > 0 such
that |F(x +iy)| < 1for |y| > yo and |F(z)| < 1 in the boundary of the rectangle
with corners
iyO? 1+ iYO, _iy()’ 1 — ly()
The maximum principle guarantees the same estimate in the interior of the rectangle.
In the general case, we consider the function:

Fu(z) = F(2)e¥ V" ezt
Since
|F,(2)| = |F(x + iy)|e>"/n ¢&=D/n
<|F(x+iyle™/™ =0 as |y| — oo,

uniformly on 0 < x < 1, with |F,(iy)| < | and |F,(1 4+ iy)| < 1, the previous
argument proves that | F,(z)] < 1 for any n € Z*. Letting n — 00, we obtain the
desired estimate. O

Let T be a linear operator from L?(X) to L9(Y). If T is continuous or bounded,
ie.,

T
T = sup 1771,
20 Iflp

00, @2.1)

we call the number || T'|| the norm of the operator T .

Theorem 2.1 (Riesz-Thorin). Let pg # p1, qo 7% q1. Let T be a bounded linear
operator from LP(X, A, u) to L9(Y, B, v) with norm My and from L"'(X, A, 1) to
L7 (Y, B,v) with norm M. Then, T is bounded from L? (X, A, ) in L9(Y,B,v)
with norm My such that

My < My~ MY,
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with

1 1-6 6 1 1-6 06
_ +20 1 +2, e, (2.2)
Do Po P1 4s q0 q1

Proof. (Thorin). Combining the notation
(o) = [ hg0) dviy)
Y

and a duality argument it follows that

2lly = sup {[{h, g)| : llglly = 1}
and

Mpy = sup{{Tf. )l - I fllp = lglly = 1},

where 1/p+1/p' =1/q+1/q' = 1. Since p < oo and ¢’ < 0o, we can assume
that f, g are simple functions with compact support. Thus,

fE) = ajxa,x) and g(y) =Y bexn, ().
Jj k
For 0 < Re z < 1, we define

1 . 1—z b4 1 . 1—z2 n b4
P& p p g@ g4 qf
0(z) = o(x,2) = Z |aj|P9/P(z)eiarg(a,‘)XAj (x),

J

and

V@) =Y(.2) = Y _ bl /4O =Wy ().

k

Thus, ¢(z) € LPi, ¥(z) € Lq-/f, and Te(z) € L%,j = 0,1. Also, ¢'(z) €
LPi, /() € LY, and (T)'(z) € L9, j =0,1for0 < Re z < 1. Therefore, the
function

F(2) = (Te(2), ¥(2)

is bounded and continuous on 0 < Re z < 1 and analytic in the interior. Moreover,

WGl = I1F17/70 Ly = £/ = 1

and
(L + iD= ISPy = IFIR P = 1.

Similarly, |y (in)ll; = 1¥(1 +inll; = 1.
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From the hypotheses it follows that
|[FGD] < ITen)llgy 1Y @)llgy = Mo

and
[F(I+i)| = ITe(1 +iDllg, V(1 +iDlly = M.

Since ¢p(0) = f, ¥(0) = g, and F(0) = (Tf, g), by the three lines theorem we
obtain |(Tf, g)| < M(;_g Mf. This completes the proof. O

Definition 2.1. An operator T is said to be sublinear if T(f + g) is determined by
the values of Tf, Tg, and

IT(f + I <ITfI+1Tgl

We shall say that a linear or sublinear operator T is of (strong) type (p,q) with
constant M, if [T fl; < M4l fl, forany f € LP.
With this definition we can rephrase the statement of the Riesz—Thorin theorem.
Let po # p1, qo # g1, and T be a linear operator of type (po, go) with norm My
and of type (p1, g¢;) with norm M;. Then T is of type (p,q) with
1 1- 6 1 1-60 06
- ) - + ) 9 S (O’ 1)7
p Po Pt q q0 q1

with norm
M < My M}.

2.1.1 Applications

Next we use the Riesz—Thorin theorem to establish some properties of the Fourier
transform and the convolution operator. We fix X = ¥ = R" and © = v = dx the
Lebesgue measure.

Theorem 2.2 (Young’s inequality). Ler f € LP(R")and g € L1(R"), 1 < p,q <
1 1 1 1 1

oo with — 4+ — > 1. Then f x g € L"(R"), where — = — + — — 1. Moreover,
P q r.p q

If gl = 11Flplgllg- (2.3)

Proof. For g € LY(R"), we define the operator

Tf(x) = / Flx = »gdy = (f %)),

Rn

The Minkowski integral inequality shows

ITf g < llglgll flli-
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On the other hand, using Holder’s inequality one sees that

ITflloo = ligllgllfllg

Thus, T is of type (1,¢) and (¢g’,00) with norm bounded by |gll,. Hence,
Theorem 2.1 (Riesz—Thorin) guarantees that T is of type (p, r), where
1 1-06 0 0

= ( ) + 1

p 1 q' q
and
1 (1-9) 1 0 1 1
- = +0==-4+({1-=)=-1==-4+—-=1,
r q q q q P
with norm less than || g||,. O

Theorem 2.3 (Hausdorff-Young’s inequality). Ler f € LP(R"), 1 < p < 2.
Then f € LP (R") with % + pi =1and

1N < ILF1,- 2.4)

Proof. From (1.2) and (1.11) it follows that the Fourier transform is of type (1, co)
and (2, 2) with norm 1. Hence, Theorem 2.1 tells us that it is also of type (p, g) with

1 1-6 0 0 1 0 1 1

—=( )+—=1—— and - =0+-=1——=—

P 1 2 2 q 2 p 0
withnorm M < 10-9 19 =1, O
This estimate is the best possible when p = 1 or 2. This is not the case for

1 < p < 2. Beckner [B] found the best constant for the Hausdorff—Young inequality.
He showed that if f € LP(R"), 1 < p < 2, then

R pl/p 1/2
If lpy < AR I fllp, where Ay =|—7= ) .
P /1

2.2 Marcinkiewicz Interpolation Theorem (Diagonal Case)

Let (X, A, 1) be a measurable space.

Definition 2.2. For a measurable function f : X — C, we define its distribution
function as:

mQ, f) = ux € X 1 | f(0)] > 1)) = u(E}).

Thus, m(X, f) as a function of A € [0, oo] is well defined and takes values in [0, c0).
Moreover, it is nonincreasing and continuous from the right.
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Proposition 2.1. For any measurable function f : X — C and for any A > 0 it
follows that

1. (Tchebychev)

m, f) = )»_”/ |fQOI” du(x) < 2721 fII.

£
2. If1 < p <oo
o0 o0
Il = — / AP dm(h, ) = p / AP, f)dh.
0 0

If p=o0,
[ fllo =inf {A : m(x, f) = 0}.

3 mh, f+g) <m(A/2, f)+m(h/2,g).

Proof. It is left as an exercise. O

Definition 2.3. For 1 < p < oo, we denote by L?*(X, A, n) (weak LP-spaces) the
space of all measurable functions f : X — C such that

A1 = iugx(m(x,f»'“’ < 00.

Observe that L°* = L.
Proposition 2.2. If1 < p < oo, then
1. LP(RMGLP*(R).

2.0 f + gl = 201115, + lgly)-

Proof. It is left as an exercise. O
Therefore, LP*(X, A, ) is a quasinormed vector space

ILf+gll < kALFI+llglD

with k = 2, i.e., it only satisfies a quasitriangular inequality. The spaces L” and LP*
are particular cases of the Lorentz spaces L7 (see [BeL]).

Definition 2.4. Let (X;, A;,1;), j = 1,2, be two measurable spaces. Let M(X>)
be the space of complex-valued, measurable functions defined on X,. A linear or
sublinear operator 7' : LP(X;) — M(X;) with 1 < p < oo is said to be of weak
type (p, q) if there exists a constant ¢ > 0 such that for any f € L?(X))

ITf15 < clfllp

If ¢ = oo, type (p, 00) and weak type (p, 0o) agree. Tchebychev’s inequality shows
that if 7 is of type (p, q), then it is of weak type (p, q).
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In the rest of this chapter, we shall consider X; =R", j =1,2.
Theorem 2.4 (Marcinkiewicz). Let 1 < r < oo and
T:L'R") + L' (R") - M(R")
be a sublinear operator (see Definition 2.1). If T is of weak type (1, 1) and of weak
type (r,r), then T is of (strong) type (p, p) for any p € (1,r).

Proof. First we consider the case r = co. Changing the operator T by ||T||~'T one
can assume that

I7flloo = 11 flloo-
Given f € L'(R") + L"(R"), for each A € R* we define

f), if [f(x)] = A/2

A _
fiw = 0, if |f(x)| <Ar/2

and f3-(x) = f(x) — f}(x). Therefore,
ITf)| < ITfH0]+4/2,

and
(x eR":Tfx)| > A} C {x e R" : |Tf(x)| > 1/2}.

Since T is of weak type (1, 1), it follows that

5\ !
{x e R" : ITfl(x)| > 1/2})| < ¢ (5> /Iff(X)Idx
Rn

— 2er”! / 0Ol dx,
[fl>A/2

where |- | denotes the Lebesgue measure. Combining this estimate, part (2) of
Proposition 2.1, and a change in the order of integration, one has:

[e¢]

/ITf(x)I”dx _ p/xﬂ—'ux € R |Tf(x)| > 2} dA
Rn

0

5p/w*1 2er7! / | f)dx | dx

0 [fI>2/2
o0
= 2cp / AP2 / | f()dx | dn
0 [f1>1/2
21 f(x0)l

2P
=2cp/ fwm If(X)Idx=—Cpl||f||”,
Py

R 0
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which yields the result for the case r = oc.
In the case r < 0o, we have

m,Tf) = [{x e R" : |Tf(x)| > A}|
<mO/2, Tf])+mO/2,Tf)

)" - A r )" - A r
<0 (5) f|f, Oldx + ¢ (5) /Ifz(x)l dx
R"

Rn

=2¢17! / | f(O)ldx 4+ 2c)' A" / | fGOI" dx.
1f1=2/2 If1<r/2

As in the proof of the case r = co , we have that

00 . 2p—l
[l [ irwras ] a= s,
0 [f1=2/2
A similar argument shows that
oo
—1—r r 2p—r
/K” / |fI"dx | dh = I
r—=p
0 1£l<i/2

Combining these inequalities and part (2) of Proposition 2.1, we find that

r 1/p
) 1 c,
ITf 1 < cpll fll with cp=2</5<p_1+r_p> :

2.2.1 Applications

We shall use the Marcinkiewicz interpolation theorem to study some basic properties
of the Hardy-Littlewood maximal function. First, we introduce some notation.
We denote by LIIOC(R”) the spaces of functions f : R* — C such that f x |1 fldx <

oo for any compact K C R”. The volume of the unit ball in R” will be denoted by
w, and B,(x) = {y € R" : ||x — y|| < r}is the ball of center x and radius r.

Definition 2.5. Foragiven f € Ll (R"), wedefine M f(x), the Hardy-Littlewood

loc
maximal function associated to f, as:

1
MICO = sup 7]

1
f [f(D)dy = sup — [f(x —ry)ldy
r>0 @,

n
B (x) B1(0)

1
= sup <|f| * mXBr(O)> (x).
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Proposition 2.3.

1. M defines a sublinear operator; i.e.,
IM(f + @)0)] < IMf(x)]+ IMg(x)l, x eR™
2. If f € L(R"), then
M Flloo < I1f lloo- (2.5)

Proof. It is left as an exercise. O
Part (2) of Proposition 2.3 tells us that M is of type (oo, 00). Next, we show that
M is of weak type (1, 1). For this purpose, we need the following result.

Lemma 2.2 (Vitali’s covering lemma). Let E C R” be a measurable set such that
E C Uy B, (x4) with the family of open balls { B, (xy)}4 satisfying supr, = ¢ < 00.

Then there exists a subfamily {B,;(x;)}; disjoint and numerable such that

oo
|E| <5" ) |B,(x))].

j=1
Proof. Choose B, (x;) such that r; > ¢o/2. For j > 2, take B,}. (x;) such that

j—1
B,,(x))N U B, (x;) = ¥ and
k=1

1
rj > Esup{ra : B, (xg) N By (xx) =9 for k=1,...,j—1}.

It is clear that the B, (x;) are disjoint. If > |B;;(x;)| = 0o, we have completed the
proof. In the case ) |B,j (xj)| < oo (hence, lim r; = 0), it will suffice to show that
j—oo

B, (xy) €U Bs,, (x;), forany a.
J

If B, (xq) = B, (x;) for some j, there is nothing to prove. Thus, we assume that
B, (xq) # B;;(x;) for any j. Define j, as the smallest j such thatr; < r,/2. By the
construction of B, (x;), there exists j € {1,..., jo— 1} suchthat B,, (xo)N B, (x;) #
). Denoting by j* this index it follows that B, (x,) € BSrj* (xj+) since rj« > 1o /2.0

Theorem 2.5 (Hardy-Littlewood). Let 1 < p < oo. Then M is a sublinear
operator of type (p, p), i.e., there exists ¢, such that

IMFfllp < cpll fllp, forany f e LP(R"). (2.6)

Proof. We first show that M is of weak type (1, 1), that is, there exists a constant ¢;
such that for any f € L'(R")

sup A m(rh, M f) < c1ll flh- 2.7)

A>0
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Once (2.7) has been established, a combination of (2.5), (2.7), and the Marcinkiewicz
theorem yields (2.6).
To obtain (2.7), we define EA ={x e R": M f(x) > A} for any A > 0. Thus, if

xeFE } then there exists B, (x) such that

LfO)Idy > A|By, (x)].

By, (x)

Clearly, we have that
E* S U B, (x),

A
XEEJ

then the Vitali covering lemma guarantees the existence of a countable, disjoint
subfamily {B,Xj (x j)}jEZ . such that

|EA|<5"Z|BM (xj)l < 5" ‘Z / |fldy < 5"A7 I f 1

j= Brx (x/)

which implies (2.7). O
Next, we extend the estimates (2.6) and (2.7) to a large class of kernels.

Proposition 2.4. Let ¢ € L'(R") be a radial, positive, and nonincreasing function
of r = ||x|| € [0,00). Then

sup @i * f(x)| = sup

t>0

_1 B
f uf(y)dy <ol Mf@).  28)

R?

Proof. First, we assume that, in addition to the hypotheses, ¢ is a simple function

p(x) = Zakxgrk(o)(x), with a; > 0.
k

Hence,

@ * f(x) = Zakwrk(on X5, % f(X) < @l Mf(x).

| By, (O)I

(observe that [l¢|l; = Y, ax| B, (0))).

In the general case, we approximate ¢ by an increasing sequence of simple func-
tions satisfying the hypotheses. Since dilations of ¢ satisfy the same hypotheses and
preserve the L'-norm, they verify (2.8). Finally, passing to the limit we obtain the
desired result. |
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Next, we shall apply these results to deduce some continuity properties of the
Riesz potentials. We recall that a fundamental solution of the Laplacian A is given
by the following formula describing the Newtonian potential

Uf(x):cn/L)fzdy for n > 3.
A lx — y["

The Riesz potentials generalize this expression.

Definition 2.6. Let 0 < o < n. The Riesz potential of order «, denoted by 1, is
defined as:

I, f(x) = ca,n/L), dy =k * f(x), (2.9)
P |x — y|*—¢

where ¢,,, = 17?27 '(n/2 — a/2)/ T (a/2).
Since the Riesz potentials are defined as integral operators, it is natural to study
their continuity properties in L7 (R").

Theorem 2.6 (Hardy-Littlewood—Sobolev). Let0 <o <n, 1 < p < g < 00,
1 1
with — = — — =
p n
1. If f € LP(R"), then the integral (2.9) is absolutely convergent almost every
x e R
2. If p > 1, then 1, is of type (p,q), i.e.,

11e(llg = cpanll fllp- (2.10)
Proof. We split the kernel
ko) = I;;’ja = KO(x) + k°(x)
as
W = [ i <.

0 if |x]|>e¢
and k°(x) = ko (x) — kg (x), where ¢ is a positive constant to be determined. Thus,
Lo f(0)] < [kg 5 fQO] + [k fQ)| =1 +11. (2.11)

The integral I represents the convolution of a function kg e L'(R") with f € LP(R").
The integral /I is the convolution of a function f € L7(R") with k° € L”/(R”).
Therefore, both integrals converge absolutely.
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Also, using that

&
dy pn=l
f ||"a=c” o dr = Can €%,
v re
0

lyl<e

together with (2.8) in Proposition 2.4 we infer that

1 1
I< ¢ ( R L *Ifl) () < Caw €M), (212)

On the other hand, Holder’s inequality implies that

1/p'
1
I <con I fllp W——awdy
[yl=¢
00 rn_l 1/[7/
e d 2.13
Cq, ||f||P </€. yn—a)p r) ( :

/.
= Can Sn/p n+a||f||p'

Next, we minimize the sum of the bounds in (2.12) and (2.13). Hence, we fix £ = £(x)
such that
e Mf(x) = ce" " " £,

using n/p’ —n = —n/p. This is equivalent to
cMf(x)=ce P fl,. (2.14)
Combining (2.11)—(2.14) we can write
(o fOI < ¢ (11l (MF@)™HP™ Mf(x)

=c £8P (M flx)'—er/n (2.15)

=cllfIf Mfa)'™®  6=ap/ne 0.
Finally, taking the L?-norm in (2.15) and using (2.6) we conclude:

o fllg < el FIGIMO Ny =l 11 IIMfII(l Zoyg =<l fllp

since (1 —0)g = (1 —ap/n)q = p,ie., 1/q = 1/p — a/n. This completes the
proof. m|
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2.3 The Stein Interpolation Theorem

So far we have discussed interpolation theorems for fixed linear or sublinear opera-
tors. We now have to cover the following situation: Suppose we have linear operators
varying together with the indices p and g smoothly. Is it possible to extend the Riesz—
Thorin theorem to this case? The answer is affirmative and we shall describe this
extension next.

Let S be the strip defined in Lemma 2.1 and z = x 4+ iy € S. Suppose that for
each z € § there corresponds a linear operator 7, defined on the space of simple
functions in L'(X, A, 1) into measurable functions on Y in such a way that (7, f)g
is integrable on Y provided f is a simple function in L'(X, A, ) and g is a simple
function in L'(Y, B, v).

Definition 2.7. The family of operators {7,},cy is called admissible if the mapping

2 / (T. f)gdv
Y

is analytic in the interior of S, continuous on S and there exists a constant a < w
such that

e log | /Y (T f)sdv|

is uniformly bounded above in the strip S.

Theorem 2.7 (Stein). Suppose {T,},z€ S, is an admissible family of linear opera-
tors satisfying

ITiy fllgg < Mo I1f llpy  and N Ti4iy fllgy < M) 1 fllpys v € R,

for all simple functions f in Ll(X,.A, W), where 1 < pj,q; < oo, Mij(y), j =0,1,
are independent of f and satisfy

sup e PPl log M;(y) < oo

—00<y <00

for some b < w. Then, if 0 <t < 1, there exists a constant M, such that

N7 fllg = Mol Sl
for all simple functions f, provided
1 1-1

t 1 (1-1) t
+ — and — = + —.
Pt Po P1 q: q0 q1

Proof. For the proof of this theorem, we refer the reader to [SW]. O
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2.4 A Multiplier Theorem

Let m(-) be a bounded measurable function in R”. Define the operator
Ty f(x) = m()f() ). feL'®)NLARY. (2.16)

Notice that if 71(x) = K (x), then, formally, T,, f(x) = K * f(x). However, K €
S’(R"), i.e., a temperate distribution so K * f is not necessarily defined.

As we have seen in (1.27), (1.29), and (1.49), solutions of the linear evolution
equation can be written in this form.

Definition 2.8. An m(-) is said to be an L?-multiplier if
1T fll, < cpllfllp, forall f e L*(R")NLP(RY. (2.17)

In this case, T,,(-) can be extended to L?(IR"). The smallest constant c; in (2.17) is
the operator norm of 7,, in L?(R"), i.e., ||T,,|| (see 2.1). Notice that if p = 2, one
has ¢ = ||m||. Also, by duality, if m(-) is an L”-multiplier, 1 < p < oo, then m(-)
is an L” -multiplier with % + % = lLand ¢}, = ¢}

Theorem 2.8 (Mihlin-Hormander). Let m € CK(R" \ {0}), k € Z*, k > n/2. If
Jor a| < k

sup Rl / |agm(g)|2dg = Ay < 00, (2.18)
k=0 R<|&|<2R

then m(-) is an L?-multiplier for any p € (1, 00). Moreover, T,, is of weak type (1,1),
ie., fork >0

A{x € R": T, f)l > M) <cllfl forallf € L'R"), (2.19)

where |A| denotes the Lebesgue measure of the set A.
Notice that if m € CX(R" \ {0}), k € Z*, k > n/2 with

sup sup |x|*3%m(x)| = By < 0o for |a| <k, (2.20)
x#0 |a|<k ’

then (2.18) holds. Condition (2.20) is due to Mihlin, the weaker assumptions in (2.18)
is due to Hormander.

Combining a duality argument and the Marcinkiewicz interpolation theorem, it
suffices to establish (2.19) to obtain Theorem 2.8. This is done in Appendix A.

2.5 Exercises

2.1 Prove the continuity part of Theorem 2.1 (Riesz—Thorin) in the cases py = p;
and go = q.
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2.2 Prove Proposition 2.1.
2.3 Prove Proposition 2.2.
2.4 Prove Proposition 2.3.
2.5 (i) Prove that the Fourier transform defines a continuous operator from
LP(R") to LY(R") onlyif 1/p + 1/g = 1 withgq > p.
(i) Provethatforl < p <2

LP(R7) G LYR").

Hint: Use Exercise 1.2(ii) and the open mapping theorem.
2.6 (i) Prove the Lebesgue differentiation theorem: If f € L] _(R"), then for
almost every x € R”

/ fdy = f(x). (2.21)

B, (x)

lim
=0 |B,(x)]

Hint: Without loss of generality take f € L'(R"). Define O(f,x) the
oscillation of f at x as

O(f,x)=|limsup

1 1
P IB()] / f()’)dy—hrrnmfm / f(y)dy’_

—0
B, (x) Br(x)

Prove that (2.21) is equivalent to O(f,x) = 0. Use that
lim — f=fin L'RM
im —— * f=fin ;
10 | B.(0) ¥

therefore, there exists a sequence {r;} such that

1
lim ——— * f(x) = f(x) almost everywhere x € R".
1 1B, ) x8,,0) % f(x) = f(x) y
Combine (2.7), the inequality O( f, x) <2M f(x), and a density argument

to obtain the result.
(i) Let f e LIOC(R”) and Q; be a sequence of closed cubes in R" such that

o0
0120:2...,|01l <ocand |Q;| =2"|Qjn|. If x € () Q; prove
=1

that
dy = 2.22
IQ | /f(y) y = fx). (2.22)
Hint: Define
M) = sup — / F )l dy. (2.23)
Q cube |Q|

xeQ
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Show that there exist ¢,, d, > 0 such that
dy Mf(x) < M*f(x) < cu M f(x),

and reapply the argument in (i).

2.7 Assuming to be true the case n = 1 of the Hardy-Littlewood—Sobolev inequal-

2.8

2.9

2.10

2.11

ity (2.10) prove the general case n > 2.
Hint: Combine the Holder, Young, and Minkowski inequalities with the identity

/ dyl "'dynfl _ Cn
Rr—1 lx — y| |2 — Ynl

Prove that the Hilbert transform (see Definition 1.7) is of type (p, ¢) if and only
ifl <p=gqg <oo.

Hint: (a) The identity (1.18) provides the result for the case p = 2. Use the
formula deduced in Exercise 1.15 part (i) with f = g to prove the result in the
case p = 4. Apply the Riesz—Thorin interpolation theorem to extend the result
to 2 < p < 4. Reapply this argument to obtain the proof for p > 2. Finally,
use duality to complete the proof.

(b) Otherwise use Theorem 2.8.

(c) Use (1.5) and part (ii) of Exercise 1.15.

Prove that the Riesz potential of order «, I,, @ € (0,n) defines a bounded
operator from L?(R") to LIR") only if 1 < p < g < oo, with 1/g =
1/p —a/n.

Hint: Prove the formula §,-11,6, = a~*1,, where 6, f(x) = f(ax). Show
that the value of the norms of §, f(x) and é,-11,8, f give the relation 1/g =
1/p — a/n. To see that the inequality does not hold for the extremal cases
p = land g = n/(n — «), use an approximation of the identity instead of f
(case p = 1). For the case g = n/«a, use duality.

Prove that the multipliers

it
B

m;(§) =

=1,...,n, (thej-Riesz transform)

and

my(€) = £]”, yeR,

are L?-multipliers with 1 < p < oo.
Hint: Use condition (2.20).
Lets > 0and p € (0, s):

(i)  Prove that for any p € (1, c0)
ID? fllp < eI, PP IDS FI17/° f € SR™). (2.24)
(i) More general, prove that for any p,q,r € (1, 00)

ID? fll, < clfIPEIDS FI2F,  f e S(RY), (2.25)
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with
1 1 1
L (1 . 3) Sy (ﬁ) - (2.26)
p s/r s/ q

(iii) Prove that the estimates (2.24) and (2.25) still hold with A = (1 — A)!/?
instead of D, and that in both cases the proof for p = g =r = 2 is
immediate. Prove that »r = oo is allowed in (2.25).

Hint: For (ii) fix f € S(R"), use that

ID* fll, = o l! D’ f(y)g(y)dy|
glly= R

and define

Fi(z) = & DIk / D f(M)W¥(y,z)dy, for z=x-+iy with 0 <x <1,

R}l
where
V(2 = gl 1@ B0 g L —t
18I q(2) r q
R | 1 1 1 1 . .
with — 4+ — = —+ — = —+ — = 1. Verify that Fy(-) satisfies the hypotheses
p p/ r r/ q/

of Lemma 2.1 using Theorem 2.8 (see Exercise 2.10). Let & tend to infinity to
get the result.

2.12 [Pi] Pitt’s Theorem affirms: if | < p < g < oo,
1 n 1 1
O0<a<n|l--=), 0<y<-—-, a—-y=n{l—-=-——],
p q q P

then there exists ¢ > 0 such that

IIfIXI_yllq <cllfIxl“l, (2.27)
with:

(i) Prove (2.27) in the case « = 0 and g > 2.
(i) Prove (2.27)inthecase y =0and p < 2.

2.13 For the initial value problem associated to the heat equation:

o,u = Au,
u(x,0) = f(x),

x € R", t > 0, prove that the solution u(x, t) = e'® f(x) satisfies the following
inequalities:
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(i)
IDS u-,0ll, < s t™ 2| £, (2.28)
fors > 0 and
11 1
p q T
(ii)
00 1/o
[z ar| - <eus, 229)
0

with p € [0,2) and

1 n (1 1 o 1
O<—=-|-=—=)+35=—, (see[Gl]).
o 2\q p 27¢q
Hint: For (i) use Example 1.3 to deduce that
—|?/41
u(x,t) = K, * f(x) = Aty * f(x).

Obtain the identity [|DSK;|loo = cst~®/>%/? for s > 0 and combine it with
Young’s inequality to obtain (2.28).

For (ii) define (22f)(r) = |DYe'"®fll,. Then by (2.28) (2f)(t) <
ct™Vo | f lly» ¢ € (0,00). Hence, the sublinear operator £2 is bounded from
Li(R") into L7*((0, 00)), (i.e., L?-weak). Use Marcinkiewicz interpolation

theorem to get (2.29).
2.14 Consider the initial value problem (IVP) associated to the wave equation:

8t2w — Aw =0,
w(x,0) = f(x),
ow(x,0) = g(x),

x € R, t € R, prove that
(i) If n = 1, then
1 X+t
xX+t)+ f(x —1t
_ S )zf( )+§/g(s)ds.

x—t

w(x,t)

Hint: Use the formula deduced in Exercise 1.18(i) or the change of variables
{=x+t, n=x—1.
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2.15

2.16

(i) If n =3, f =0 and g is a radial function (g(||x|)), then

lxll+z

wix, 1) = w(l|x[l,t) = 2l pg(p)dp.

[llxll =z

Hint: Deduce the formula for the Laplacian of radial functions, use the change
of variables

v(p,1) = pw(p,1) = [x[lwlllx]l,?)

and part (i) of this exercise.
(ii1) Under the same hypotheses of part (ii) use the Hardy—Littlewood maximal
function to show that

172

/ w0 de | <cligl (2.30)

In [KIM], it was established that (2.30) does not hold for nonradial functions g.
Let m, mj be two L?-multipliers. Prove

(i) T, 0 Ty = Touyomy-
(i) (Tn)"* = Ty

(i)  Prove thatif n = 3, then for any r # 0
mi(§) = cos 2 [E]1), T, f(x) = (m,() F())"(x) (2.31)

is not an L”-multiplier for p # 2.
(ii)) Prove that if n = 3, then (see 3.38)

I T, flloo < ct™ IV flli2,  foranyt # 0.

(iii) Prove that if n = 1, then m,(§) = cos (2w |£|t) for each r € R is an
LP-multiplier for 1 < p < oo.
(Part (i) holds in any dimension n > 2 See [Lp]).
Hint: Notice that 7,,, f(x) = (m,(-) )" (x) is the solution u(x, 7) of the

IVP
8,214 — Au=0,
u(x,0) = f(x), (2.32)
o;u(x,0) =0,

x € Rt > 0. So the formula (1.50) in Exercise 1.18(iv) applies.
Take f(x) = h(|x|)/|x| = h(r)/r, with h(-) supported in the annulus
{x e R?: & < |x| < 2¢}. Check that u(x,t) = (h(r +1) + h(r —1))/2r,
and derive the desired result.



Chapter 3
An Introduction to Sobolev Spaces and
Pseudo-Differential Operators

In this chapter, we give a brief introduction to the classical Sobolev spaces H*(R").
Sobolev spaces measure the differentiability (or regularity) of functions in L>(R")
and they are a fundamental tool in the study of partial differential equations. We also
list some basic facts of the theory of pseudo-differential operators without proof.
This is useful to study smoothness properties of solutions of dispersive equations.

3.1 Basics

We begin by defining Sobolev spaces.
Definition 3.1. Let s € R. We define the Sobolev space of order s, denoted by
HS(R"), as:

H'RY={fe SR : A'f)=((1+EPfE)') € 'R}, (.

with norm |- ||;» defined as:

1flls2 = 14° Fll2. (3.2)

@cample 3.1 Let n=1 and f(x)= x{—1,1j(x). From Example 1.1, we have that
f()= sin(RQe&)/(w&). Thus, f e H'R) if s <1/2.

Example 3.2 Let n =1 and g(x) = x(—1.17 * x[—1.17(x). In Example 1.2, we saw

that
sin® (27 £)

g(é) = P

Thus, g € H*(R) whenever s < 3/2.
Example 3.3 Let n>1 and h(x) = e "™ From Example 1.4, it follows that

~ I'l(n+1)/2] 1
ey = 0 r D) S— (3:3)
" (14 [E2)ntD/
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Using polar coordinates, it is easy to see that & € H*(R") if s < n/2 + 1. Notice
that in this case s depends on the dimension.

Example 34 Let n > 1 and f(x) = 8p(x). From Example 1.9, we have
80(§) = 1. Thus, 69 € H'(R") if s < —n/2.

From the definition of Sobolev spaces, we deduce the following properties.
Proposition 3.1.

1. Ifs < s, then H® (RMGH*(R").
2. H*(R") is a Hilbert space with respect to the inner product (-,-)s defined as
follows:

If fig e H'RY, then (f, g), = / A0 f(8) T g(®) dt.

R?

We can see, via the Fourier transform, that H*(R") is equal to:
L*(R"; (14 € d§).

3. Forany s € R, the Schwartz space S(R") is dense in H*(R").
4. If 51 <5 <sp, with s =051+ (1 —0)s2, 0 <0 <1, then

0 1-0
Iflls2 = NFls 20 N2 -

Proof. Itis left as an exercise. a
To understand the relationship between the spaces H*(R") and the differentia-
bility of functions in L%*(R"), we recall Definition 1.2 in the case p = 2.

Definition 3.2. A function f is differentiable in L*(R") with respect to the kth
variable, if there exists g € L>(R") such that

/|f(x+h€k)—f(x)
R?

; — g(0)[’dx — 0 when h — 0,

where e, has kth coordinate equal to 1 and 0 in the others.
Equivalently (see Exercise 1.9) & f(§) € L>(R™M), or

[ s = - [ s dx

RVI Rn
for every ¢ € CP(R") (Cg°(R™) being the space of functions infinitely
differentiable with compact support).

Example 3.5 Let n =1 and f(x) = x1,n(x), then f’=38_; — &, where §,
represents the measure of mass 1 concentrated in x , therefore f’ ¢ L2(R).
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Example 3.6 Let n =1 and g be as in Example 3.2. Then,
dg dg
d_x(-x) = X0 — Xo2’ and so a S LZ(R)

With this definition, for k € Z* we can give a description of the space H¥(R")
without using the Fourier transform.

Theorem 3.1. If k is a positive integer, then H¥R") coincides with the space
of functions f € L*(R") whose derivatives (in the distribution sense, see (1.42))
o7 f belong to L2(R") forevery a € (ZT)" with |a|=a;+---+a, <k.

In this case, the norms || fllx2 and Y |P% fll2 are equivalent.

| <k

Proof. The proof follows by combining the formula 8/)‘;‘7 &) =Qmi&)” ]/‘\(é ) (see
(1.10)) and the inequalities:

€7 <A +EP < Y gL, Be@h), Bl <k 0

|| <k

Theorem 3.1 allows us to define in a natural manner H*(£2), the Sobolev space of
order k € Z7 in any subset £2 (open) of R”. Given f € L?*(£2), we say that arf,
a € (Z*)" is the ath partial derivative (in the distribution sense) of f, if for every
¢ € CF(R2)

[ rozoax = e [ azrpax
2 2
Then,

H*(2) = {f € L*(2) : 3% f(in the distribution sense) € L*(2), |a| < k}

with the norm

If Nl x 2y = <Z L |3§‘f(x)|2dx>]/2.

| <k

Example 3.7 Forn = 1,b > 0, and f(x) = |x|, one has that f € H'(( — b,b))
and f ¢ H*((— b, b)).

The next result allows us to relate “weak derivatives” with derivatives in the
classical sense.

Theorem 3.2 (Embedding). If s > n/2 + k, then H*(R") is continuously em-
bedded in C* (R"), the space of functions with k continuous derivatives vanishing
at infinity. In other words, if f € H'(R"), s > n/2 + k, then (after a possible
modification of f in a set of measure zero) f € C&(R”) and

Ifllcr = e 1 fllse- (3.4)
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Proof. Case k = 0: We first show thatif f € H*(R"), then fe L'(R™) with

Wil < el fllsas if s > n/2. (3.5)
Using the Cauchy—Schwarz inequality, we deduce:

dg

-~ N 2\5/2
R[If(%‘)ldé —R[If(é)l(lﬂél) TR

172

d
< A Al f ﬁ <ellflha
R”

if s > n/2. Combining (3.5), Proposition 1.2, and Theorem 1.1, we conclude that

1 flleo = 1CF) oo < 171 < €l flls2-

Case k > 1: Using the same argument, we have that if f € H*(R") with
s >n/2+k, thenfor o € (ZT)", |a| < k, it follows that 02 f € L'(R") and

18% flloo < 18 F 111 = 127i&)* Fll1 < ¢sll fllsa-
O

Corollary 3.1. If s =n/2+k+06, with 6 € (0,1), then H*(R") is continuously
embedded in C*9(R™), the space of C* functions with partial derivatives of order
k Holder continuous with index 0.

Proof. We only prove the case k = 0, since the proof of the general case follows
the same argument. From the formula of inversion of the Fourier transform and the
Cauchy—Schwarz inequality we have:

7643 = fl = | [0 Fexeo0 — 1
Rﬂ

|62ni(y-é) _ 1|2 )1/2

= 12
2\1/246 2
s(ﬂ!(lﬂén R ) ([ S

RVI
But
|62m'(,v~€) _ 1|2
gy
Rl’l

5(:/ mw% +4/ %
g1<lyl! (1 + &)+ 1=ty (14 |§[2)n/2+0
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Iy~

nl
2 20
=<l /(1+ ryaa /(1 pyr A7 =
0

[yI=!

If |y| < 1, we conclude that | f(x + y) — f(x)| < c|y|?. This finishes the proof.0

Theorem 3.3. Ifs € (0,n/2), then H*(R") is continuously embedded in LP(R")
with p = 2n/(n — 2s), ie.,, s = n(1/2 — 1/p). Moreover, for f € H*(R"),
s € (0,n/2),

1£1lp < cns ID° fll2 < el fls.25 (3.6)

where

D'f=(—a)2f=nlg) ).

Proof. The last inequality in (3.6) is immediate, so we just need to show the first
one. We define

_ I\ Cns
D'f=g or f:DSg:cn,s(Hg) = ~— % g, (3.7

=

where we have used the result of Exercise 1.14. Thus, by the Hardy-Littlewood—
Sobolev estimate (2.10) it follows that

1f1lp =D~ gll, = * gl < cns gl = cllD* fll2. (3.8)

O
We notice from Theorems 3.2 and 3.3, and Corollary 3.1 that the local regularity in
H* s > 0, increases with the parameter s.
Examples 3.1 and 3.3 show that the functions in H*(R") with s < n/2 or
s < n/2 + 1, respectively, are not necessarily continuous nor C I Moreover, let
f e L*(R") with .
(I + &) log(2+ (&)

(Wthh is radial, decreasmg, and positive). A simple computation shows that f* €
H % (R™), but f ¢ L'(R") and so f ¢ L®(R"), since f(0) = ff(é)dé = o0 (see
also Exercise 3.11(1ii)).

To complete the embedding results of the spaces H*(R"), s > 0, it remains to
consider the case s = n/2 (since for s = k + n/2, k € Z™, the result follows from
this one). So, we define the space of functions of the bounded mean oscillation or
BMO, introduced by John and Nirenberg [JN].

Definition 3.3. For f : R" — C with f € L/
(f has bounded mean oscillation (BMO)) if

GE

(R™), we say that f € BMO(R")

loc

1
Il fllemo = sup —/ [f() — fBwldy < oo, (3.9)
xeR”|Br(x)| B, (x)
r>0
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where

fB.v) = fdy.

| B, (x)| Jg,(x)

Notice that |- ||gmo 18 a semi-norm since it vanishes for constant functions.
BMO(R") is a vector space with L>*(R") C BMOR") since || f||lsmo < 2| f lloo
and log [x| € BMO(R").

Theorem 3.4. H"/*(R") is continuously embedded in BMO(R"). More precisely,
there exists ¢ = c¢(n) > 0 such that

I fllgmo < ¢ I1D"* £ll5.

Proof. Without loss of generality, we assume f real valued. Consider x € R” and
r> 0.

Let ¢, € C;°(R") such that suppg, C {x|[|x| < %} with 0 < ¢,(x) < 1 and
¢.(x) = 11if |x| < 1/r, and define

f) = fi+ fi= ()" + (FU—¢)".
We observe that

Ifllemo = Il fillmo + I fnllBMO

and f; € H*(R") for any s > 0; therefore,

1
(X)) — T d =
J1.8,(0) B0l o Jiy)dy = fi(xo)

for some xy € B,(x), and so for any y € B,(x)

i) = fiaml = 2r IV filleo-

Using this estimate we get:

ol
|Br(x)| By (x)

/2

1) = fiB.w

1 1
ds—/ L) = fipwl*d
= Ty IO~ fisiol )

<2r |V fillo <27 IV filh

<o / E1 211 )| de
&1<1/2r

12
=2 / [§12" dg) ID"2 fl < cID"2 .
|&l=<1/2r

Also,
! / ) = Frpeldy < ——— 1l
By Jg, ) 1) T I = g i Al
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) P2
_ d
< oo (/Wm o )

_ Cﬂ
/2

. 1/2
( f eI F©RdE) = 1D
§1=1/2r

which yields the desired result. m|

We have shown that H*(R") with s > n/2 is a Hilbert space whose elements
are continuous functions. From the point of view of nonlinear analysis, the next
property is essential.

Theorem 3.5. If s > n/2, then H*(R") is an algebra with respect to the product
of functions. That is, if f,g € H'(R"), then fg € H'(R") with

I1£8lls2 < csll flls2llglls.- (3.10)

Proof. From the triangle inequality, we have that for every &,n € R":
A+ 5P < 2200+ 16 = 02 + (1 + 71,
Using this we deduce that
1A = 11+ 5P (F9)6)
=1+ 6P| [ 7 = g i

Rn

< 2 [0+ 1 = Y21 -ngon)

R
+ 1+ P72 7€ = mgonl dn
< 2(IAF1 I8+ | fT + 1A%,
Thus, taking the L2-norm and using (1.39) it follows that
1 fgllsa = 1A°(Fl2 < (A FILIZI + I Fl A gl (G.11)

Finally, (3.5) assures one that if » > n/2, then

I /8lls2 < es(l flls 218N + 1 liglls2)
< el flls2lighrz + 1F 2018 lls.2)-

(3.12)

Choosing r = s, we obtain (3.10). O
The inequality (3.12) is not sharp as the following scaling argument shows. Let
A > 0and

F) = fiGx), gx) =g1(x), fi, g € S(R).
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Then, as A 1 oo the right-hand side of (3.12) grows as A**’, meanwhile the left-hand
side grows as A*. This will not be the case if we replace |||, in (3.12) with the
I ]lco-norm to get that

If8lls2 < cs(ll flls2 lIglloo + 1l flloc 1181ls.2) (3.13)

which in particular shows that for any s > 0, H*(R") N L>°(R") is an algebra under
the point-wise product.

For s € Z*, the inequality (3.13) follows by combining the Leibniz rule for the
product of functions and the Gagliardo—Nirenberg inequality:

192 £, < ¢ > 1AL 11" (3.14)
|Bl=m

with |a| = j, ¢ =c(j,m,p,q.r), 1/p— j/n =00/ —m/n)+ (1 —0)l/r,
6 € [j/m,1]. For the proof of this inequality, we refer the reader to the reference
[Fm].

For the general case s > 0, where the usual point-wise Leibniz rule is not available,
the inequality (3.13) still holds (see [KPo]). The inequality (3.13) has several exten-
sions, for instance: Lets € (0,1),r € [1,00),1 < pj,q; <00, 1/r =1/p;+1/q;,
j = 1,2. Then,

12°(fOlr = U@ (NpilIgllgr + 1 1 p, 12 (@)llg2)s

with @* = A* or D¥ (for the proof of this estimate and further generalizations
[KPV4], [MPTT], and [GaO]). The extension to the case r = p; = q; = 00,
Jj = 1,2 was given in [BoLi].

In many applications, the following commutator estimate is often used:

D e gl fla= Y 102(ef) — 83% flla

|or|=s la|=s

(3.15)
< aus (IMgle D2 1L S+ 1100 Y 10 8l2),
|Bl=s—1 1Bl=s
(see [KI12]). Similarly, for s > 1 one has
A% 81 fll2 < € IV &llocll®™ Al + 1f Tl 14°8ll2), (3.16)

(see [KPo)).
There are “equivalent” manners to define fractional derivatives without relying
on the Fourier transform. For instance:

Definition 3.4 (Stein [S1]). For b € (0, 1) and an appropriate f define

_ 2 un
D F(x) = (/M dy) . (3.17)

— y|n+2b
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Theorem 3.6 (Stein [S1]). Let b € (0, 1) and ﬁ < p <oo. Then f, D' f €
LP(R") ifand only if f, D° f € LP(R").
Moreover,

£+ 1D° Al ~ 1fllp + IDP £,

The case p = 2 was previously considered in [AS].

For other “equivalent” definitions of fractional derivatives see [Str1].

Finally, to complete our study of Sobolev spaces we introduce the localized
Sobolev spaces.

Definition 3.5. Given f : R" — R, we say that f € H}] (R") if for every ¢ €
CP(R™) we have ¢ f € H*(R"). In other words, for any £2 € R" open bounded
fla coincides with an element of H*(R™).

This means that f has the sufficient regularity, but may not have enough decay
tobein H*(R").

Example 3.8 Let n =1, f(x)=x,and g(x)=|x|,then f € HJ (R) forevery
s >0and g € H{ (R) forevery s < 3/2.

3.2 Pseudo-Differential Operators

We recall some results from the theory of pseudo-differential operators that we need
to describe the local smoothing effect for linear elliptic systems.
The class §™ = ST, of classical symbols of order m € R is defined by

S" = {p(x,£) € C*R" x R") : |p|¥) < o0, j €N}, (3.18)
where
|15 =sup {[{&) " 1820 p(-, )l Lo xrm : |t + Bl < j} (3.19)

and (£) = (1 + )"/,
The pseudo-differential operator ¥, associated to the symbol p € $™ is defined
by

v, f(x) = / ) TE p(x,6) f(§)dE,  f € SR). (3.20)

Example 3.9 A partial differential operator

P =" a,(x)d,
la|<N
with a, € S(R") is a pseudo-differential operator P = ¥, with symbol

p.&) = Y a,(x)2mig) e SV,

loe|<N
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Example 3.10 The fractional differentiation operator defined in (3.1) as A” = Wg»
is also a pseudo-differential operator with symbol in S, p € R.

The collection of symbol classes S, m € R, is in some cases closed under
composition, adjointness, division, and square root operations. This is not the case
for polynomials in &, and sometimes this closure allows one to construct approximate
inverses and square roots of pseudo-differential operators.

Next, we list some properties of pseudo-differential operators whose proofs can
be found for instance in [Kg].

Theorem 3.7 (Sobolev boundedness). Letm € R, p € 8", and s € R. Then, ¥,
extends to a bounded linear operator from H"(R") to H*(R"). Moreover; there
exist j = j(n;m;s) € Nand ¢ = c(n;m;s) such that

I, flas < e pIS 11l mes (3.21)

Theorem 3.8 (Symbolic calculus). Let mi, my € R, p; € §™, p, € S™2. Then,
there exist p3 € S™™=1 p e §™MAM=2 and ps € §™ 7 such that
VoW = Y1y + ¥pss
Yo Wp, = ¥p W = Yeitprpo) + Yoo (3.22)
(lppl ) = Y5 + ¥
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where {p1, p»} denotes the Poisson bracket, i.e.,

{pl»pZ}:Z(anpl Bijz_anpl 8§jp2)’ (323)
j=1

and such that for any j € N there exist j' € N and ¢y = ci(n;my; ma; j), ¢ =
cy(n;my; j) such that

(0] (0)] (" (")
|p3|S]ml+m2—] + |p4|SJml+m2—2 S C1 |p1|Sj’”] |p2|SJm2

(" ("
|P5|Sjm,4 by e) |p1|5]m1 .

Remark 3.1.

(1) (3.22) tell us that the “principal symbol” of the commutator [, ; ¥,,] is given
by the formula in (3.23).
(i) It is useful for our purpose to consider the class of symbols S™V = S'l’f()N

defined as p(x,£) € CN(R" x R") such that
1Pl < oo, with [p|0 defined in (3.19). (3.24)

For N sufficiently large the results in Theorem 3.7 extend to the class S™-V.
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3.3 The Bicharacteristic Flow

In this section, we introduce the notion of bicharacteristic flow. This plays a key role
in the study of linear variable coefficients Schrodinger equations and in the well-
posedness of the initial value problem (IVP) associated to the quasilinear case as we
can see in the next and the last chapters.

Let £ = 9dy;a;x(x)dy, be an elliptic self-adjoint operator, that is, (a;x(x))jx is a
n x n matrix of functions aj; € C;°, real, symmetric, and positive definite, i.e.,
Jv > Osuch that V x, £ € R”,

n

vIENR < ) anEE < vIENR (3.25)

k=1
Let A, be the principal symbol of L, i.e.,

n

ha(x,8) = = > aj(0)E k. (3.26)

Jk=1

The bicharacteristic flow is the flow of the Hamiltonian vector field:
th = Z [a§}h2 . axj - anhz : aél] (3'27)
j=1
and is denoted by (X (s; xo, &), & (s; X0, £0)), i.€.,

d n
ng(s;xo,éo) = =2 ai(X(s;x0,&0)) Ex(s; x0,0),
k=1

y . (3.28)
%Ej(S;xO,SO) = > Ox;au(X(s; X0, §0)) Ei(s; X0, §0) Ei(s; X0, §0)
KI=1
for j =1,...,n, with
(X (05 x0,€0), &(0; x0, §0)) = (x0, 50)- (3.29)

The bicharacteristic flow exists in the time interval s € ( — §,8) with § = §(xo, &),
and §(-) depending continuously on (xo, &p).
The bicharacteristic flow preserves #,, i.e.,

d
d—hz(X(S;Xo, &), E(s5x0,0)) =0,
S
so the ellipticity hypothesis (3.25) gives
V2 NEl1* < 12 (s x0, )17 < v 150l (3.30)

and hence § = oo.
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In the case of constant coefficients, /,(x, £) = —|£|?, the bicharacteristic flow is

given by (X, &)(&, x0,60) = (xo — 250, &0)-
For general symbol i(x, &), the bicharacteristic flow is defined as:

ax _ e h(X, &)
ds T F
(3.31)
5 _ o h(X, &)
ds =~ " s
In applications, the notion of the bicharacteristic flow
1 (X(t;x0,80), X(t;x0,80)) (3.32)

being nontrapping arises naturally.

Definition 3.6. A point (xp, &) € R"” x R"\ {0} is nontrapped forward (respectively,
backward) by the bicharacteristic flow if

|1 X(t; xo, &0)|| = 00 as t — oo (resp, t — —o0). (3.33)

If each point (xg, &) € R"” x R" —{0} is nontrapped forward, then the bicharacteristic
flow is said to be nontrapping.

In particular, if one assumes that the “metric” (a;r(x)) in (3.26) possesses an
“asymptotic flat property,” for example,

Co
10y (@jk(x) = 8)] < @ €(@) >0, 0<la| <m=mn), (3.34)

then it suffices to have that for each (xo,&)) € R" x R" \ {0} and for each u > 0
there exists 7 = 7(u; Xo, &) > 0 such that

IX(; x0. §0)ll = 1t

to guarantee that the bicharacteristic flow is nontrapping.
The next result shows that the Hamiltonian vector field is differentiation along
the bicharacteristics.

Lemma 3.1. Let ¢ € C*°[R" x R"*). Then,

(Hp,d)(x, &) = 05[p(X (55 x,8), Z(s;x,E)]ls=0 = {h2, P} (3.35)
Notice that —i{h,, ¢} is the principal symbol of the commutator [, , V4] (see 3.22).
Proof. By the chain rule,
Os[p(X(s;x,8), E(s;x, )] = (Vap)(X(s5x,8), E(s5x,8)) - 05X (s5x,8)
+ (Vep)(X(s:x,8), E(s;x,8)) - 0, E (53 x,§)
= (Vi - Veho)(X(s5x,6), E(s3x,8))
— (Ve - Vihp)(X(s5x,8), E(s:x,8)).

Setting s = 0, the lemma follows. O
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34

3.1

32
33

34

3.5

Exercises

Prove that for any k € Z* and any 6 € (0, 1)

k times _
X %% x-np() € Gy RN\CHR).
Prove Proposition 3.1.
Let f, : R* —> R with f,(x) = e~

=27 |x|
(i) Provethat fi x fi(x) = (14 2m|x]).
Hint: Use an explicit computation or Exercise 1.1(ii).
(i) Show that fi * fi(x) € C*(R), but is not in C3(R) .
(iii) Prove that f, x f, € C.7/(R").
(iv) More general, prove that if g € H*'(R") and h € H*2(R"), then
gxheC g;l +521(R™) (where [ - ] denotes the greatest integer function.)

Let p(x) = e Ml x e R:
(i) Prove that

P(x) — ¢"(x) = 28, (3.36)

(a) in the distribution sense, i.e., Vo € Cj°(R),

/¢(X)(90(X) —¢"(x) dx = 2¢(0),

(b) by taking the Fourier transform in (3.36).
(i) Prove that given g € L*(R) (or H*(R)) the equation:

d2
(1-2a)/ =
has solution f = 1e7x g € H*(R) (or H*"*(R)).

Show thatif k € Z* and p € [1,00), then
Fip(R") = LY(R") N L®(R")

is a Banach algebra with respect to point-wise product of functions. Moreover,
if f,g € Frp, then

If&lp < cxlllfllkpll8lloo + Ifllooligll. p)- (3.37)
Notation:
LY(R") = {f:R" — C:9*f (distribution sense) € L?, || <k},
whose norm is defined as:

1l =Y 0%l

| <k
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3.6

3.7

3.8

39
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Observe that when p = 2 one has Lf (R") = HKRM).
More generally, we define

LP(R") = (1 — A)™/2LP(R") for s € R, with || flls, = [I(1 — A)/*fl],.
(3.38)

Hint: From Leibniz formula and Hoélder’s inequality it follows that (assume
n = 1 to simplify)

k

N : 1 1 1

DUy < D el U, 18PNy, with — = — + —.
j=0 p P Pj

Combine the Gagliardo—Nirenberg inequality (3.14):

IB* DN, < clk®I0NRIG?, 6 =6k, j,p)),

oo

with Young’s inequality Gif 1/p + 1/p’ = 1 with p > 1, then ab <
a’/p 4+ b?' /p’ ) to get the desired result (3.37).

Extend the result of Theorem 3.3 to the spaces LY (R"), i.e., if f € LY(R"),
0 <s <n/p,then f € L"(R") with s = n(% — }1), and

1£1lr = ns ID° fllp < s 1 f lls.p- (3.39)

(i) Provethatif 1 < p < oo and b € (0, 1), then

A% flp ~ 1F 1y + 1D 1.

Hint: Use Theorem 2.8.
(ii) Givenany s € R find f; € H*(R) such that f, ¢ H* (R) for any s’ > s.
Hint:

(a) Notice that it suffices to find fp.

(b) Show thatif g € L?(R) and g ¢ LP(R) for any p > 2, then one can
take fo = g.

(c) Use (b) to find fj.

Show thatif f € H'(R"), s > n/2, with|| fll,2> < 1, then

I flloe < c[1+Tlog (14 [1]152)1"

with ¢ = ¢(s,n), see [BGa].
Prove the following inequalities:

() Ifs > n/2, then

1—n/2s K 2.
I flloo < casllflly "/ ID* f57%.
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(i) Ifs>n/p,1 < p < oo,then

1— X K X
1flloo < casp ISP UDS AP

(iii) Prove Gagliardo—Nirenberg inequality (3.14) for p even integer, m = 2,
j=2,andg,r € (1,00)suchthat1/qg + 1/r =2/p.
(iv) Combine Exercises 2.10 and 2.11, and Theorem 2.6 to prove the
Gagliardo—Nirenberg inequality in the general case.
3.10 ([AS]). Using Definition 3.4:

(i)  Prove that for b € (0, 1)

ID® fll2 = ¢ D" fll2- (3.40)
(i) Prove that
D (f8)(x) < [IflD’g(x) + 1(x)| D’ f (x) (3.41)
and
ID*(fell2 < IIF D" gll2 + D" 1. (3.42)

(iii) Let F € CJ(R: R), F(0) = 0. Show that

IDP(F ()2 < IF oo ID” fl2-

Hint: Apply part (i).
311 i) Let f € LP(R), 1 < p < 00, be such that f(x+) f(xg) exist and
f ()car ) # f(xy ) for some xg. Prove that f ¢ LY (R)
(i) Lety € Cg°(R) with ¢(x) = 11if |x] <1 and (p(x) =0if |x| > 2. Let
a,b € (0,1). Prove that |x|“¢(x) € H*(R) if and only if b < a + 1/2.
(iii)) Leta € (0,1/2). Prove that

10
[og [x11* xtrei=1/10) + 5 (1= 18 Xt1 /1021011 € H'(R?) — L™(R?).

3.12 (Sobolev’s inequality for radial functions) Let f : R” — R, n > 3, be a radial
function, i.e., f(x) = f(y)if |x| = |y|. Show that f satisfies

|F Ol < e 1x]Z2 IV £l

3.13 (Hardy’s inequalities (see Exercise 1.5))
(i) Letl <p <oo.If f € LY(R"), then

‘If( )IH

x|

IVfII - (3.43)
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3.14

3.15

3.16

3.17

3.18
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(i) Letl <p<oo,g <n,andgq €[0,p].If f € Llp(]R"), then

| fOIP P \? -
S dx < (<) 11 A (3.44)
|x1 n—q
Rn
Hint: Assume that f € C§°(R™). For (i), write ||[-|~" f]|5 in spherical coor-

dinates, use integration by parts in the radial variable and Holder inequality
to get the result. For (ii), assume p > ¢, and apply (3.43) to |x|~! g(x) with
g(x) = | f(0)IP/e.

Prove Heisenberg’s inequality. If f € H'(R") N L*(|x|* dx), then

, 2 4r ~ 2
1£13 =< ’_l”xjf”2”8)cj fl2 = TH’C,‘fIIzII%jfllz =< ;ILXszIIVsz. (3.45)

Hint: Use the density of S(R") and integration by parts to obtain the identity

1
||f||§=—;fx,axjuf(x)ﬁ)dx.

Denote u = u(x,1) , the solution of the IVP associated to the inviscid Burgers’
equation:

[B,u—}—uaxu:O, (3.46)

u(x,0) = up(x) € CP(R),
t, x € R. Prove that forevery T > 0,
ue C*Rx[—T,T]) or u¢ C'Rx[—T,T)).

Hint: Combine the commutator estimate (3.16) and integration by parts to obtain
the energy estimate

d
27 14Oz = celldcu®llollu®llc2 forall k € Z*. (3.47)

Let P(x,9y) = Y au(x)3% and Q(x,d,) = Y by(x)d? be two differential
la|<m || <ma

operators. Check the properties stated in Theorem 3.8 for P and Q.

i IfA=1- A)l/_2 and y € R, show that the symbol p = p(&) of A7,
p&) = (1+15)7/? € Sy, and

1Pl < e (1+ 1D
(i) Show thatif p = p(x,£) € §” = 87, then e/™® € §° = §7,,.

Prove that the bicharacteristic flow in (3.28) (X (s; x0, &), Zx(s; X0, &p)) satisfies
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1) X(s;x0,080) = X(ps;x0,%0),
(i) Ex(s;x0, 080) = p Er(ps;x0,%0).

Hint: Use the homogeneity of ,(x,§) = —a i (x) §;&.

3.19 Prove that if ¥, is a pseudo-differential operator with symbol p € 59, then for

any b € R,

19, fll L2y axy < Chon N F N 2200012 axys (3.48)
where

- 12

lgllzaqeran = ( / g ()" dx)

and
(x) = (14 |xH'2 (3.49)

Hint:

(i)  Follow an argument similar to that given in the proof of Theorem 2.1 to
show that it suffices to establish (3.48) for b = 4k, k € Z.

(ii))  Consider the case b = —4k, k € Z™, and show that (3.48) is equivalent
to

| o o @0, =l (3.50)

(iii)) Obtain (3.50) by combining integration by parts, Theorems 3.7 and 3.8.
(iv) Finally, prove the case b = 4k, k € Z™, by duality.

320 Leta, b > 0. Assume that A°f = (1 — A/4n?)2f € L*[R?) (ie., f €
H*®R")) and (x)? f € L>(R") (see 3.49). Prove that for any 6 € (0, 1),

A9 )1y < capn 1102V FUGIACFI1570.

Hint: Combine the three lines theorem, Exercises 3.17 part (i) and (3.19).



Chapter 4
The Linear Schrodinger Equation

In this chapter, we study the smoothing properties of solutions of the initial value
problem:

u=iAu+ F(x,t), @1

u(x, 0) = ug(x),
x € R" t € R. These properties are fundamental tools in the next chapters. In Sec-
tion 4.1, we present some general basic results concerning the initial value problem
(4.3). The global smoothing properties of solutions of (4.3) described by estimates of
the type L9(R : LP(R")) are discussed in Section 4.2. In Section 4.3, we derive the
local smoothing arising from estimates of type Lfoc R: Hl:,/cz(]R”)). We end the chap-
ter with some remarks and comments regarding the issues discussed in the previous
sections.

4.1 Basic Results

We begin by recalling the notation (see (1.27))
e—\x|2 /4it

itA
Uy = ————5 * U
(4mit)/?

o = (e—4n2it\$\2’b;0)v' 4.2)

The identity (4.2) describes the solution u(x, ) of the linear homogeneous initial
value problem (IVP)

u(x,0) = up(x). (“4-3)

{a,u = iAu,
x € R", t € R. In the following examples, we illustrate some of the properties
exhibited by solutions of IVP (4.3).

© Springer-Verlag New York 2015 63
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Example 4.1 Consider the Gaussian function uy(x) = eI, Using Examples 1.3,
1.11, and Exercise 1.2 we find that the solution of the IVP (4.3) is given by

u(x,t) = (ef4n2it|s|2ﬁ0(§)>v

_ (e—(1+47ril)7r |S|2)\/

1 —7|x|?
= €X
A+ aminy”? P\ T azir

L |x|? 4%it|x|?
= (1 +47mity ™ exp [-—= . 44
(1 +4miz) eXp( 1+ 16722 ) “P\T 1 160222 9

Notice that when # > 1 and |x| < t, the absolute value of the solution is bounded
below by ¢, /> and the solution oscillates for |x| > ¢!/2. Furthermore, if |x| > ¢
the absolute value of the solution decays exponentially. Moreover,

C17"2 Y ey ) < Julx, )| < 17", (4.5)

lx]<t}

which is the expected behavior of the solution in order to have its L(R")-norm
independent of 7.

Example 4.2 We can write the solution of the IVP (4.3) as

eyl /4

W uo(y)dy

u(x,t) = <e’4”2”‘5|2’ﬁ0>v (x) = Gn

RH
a2
ellxl /4t

= Grity? / ¢ I () dy (4.6)
1 1

RVI
i|x|? /4t —
_ e—(ei|~|2/4z o) (L) .
(4mit)n/? 4t
Thus, if ¢, = (4mit)"/?
e, e~ IFPAT e gy = (iR 14 ) (;?) . 4.7)

Notice that if uy € Co(R") from (4.7) we deduce that for any r € R \ {0} and any
€ > 0,u(-,t) ¢ L'(e™dx). In particular, if ¢ # 0, u(x, ) has an analytic extension
to C" (see Exercise 4.5).

Example 4.3 This examplg describes the propagation of oscillatory pulses. Now
we take ug(x) = e* %07 xo e R". From Examples 1.3 and 1.4 we have %p(§) =
e~ 71§=%0/271" Thus, using Example 4.1 we obtain

u(x,t) = (674712“(\%7.)50/271|2+2(Efxo/2n)~xo/27t+|x0\2/47t2)efn\éfxo/anz)V

= (1, e (e~ TSP 2820 2P 47 gy
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_ (Txo/Zn (e~i2E%o o—itxol? 87(1+4mz)n\g\2))v (4.8)

o . 2 : 2
— ¢i*0 x_L,z (6 it|xp| e (14+4xit)m|&| )\/
XO!

o 5 L —n|x—2r;0|2
— 0N 4 it|xo| (1 +4]Tll) ’1/28 +amin |

where 7 is the translation operator (see (1.4)). In other words, the solution of the IVP
(4.3) with data ug(x) = e~ =7 ¥’ is given by

u(x, 1) = ™20 e~ yix — 21 x0.1), 4.9)

where u denotes the solution of the IVP (4.3) given in Example 4.1.
In the next proposition, we list several invariance properties of solutions of the
equation in (4.3).

Proposition 4.1. If u = u(x,t) is a solution of the equation in (4.3), then
u(x, 1) = eulx,r), 6eR fixed,

ur(x,t) = u(x — xo,t — to), with xo € R", 1ty € R fixed,

uz(x,t) = u(Ax,t), withA any orthogonal matrix n x n,

ug(x, 1) = u(x — 2xg £, 1) € X000 ypinh xo € RN fixed,

us(x,1) = A"?u(x, A’t), A > 0,

1 [ iw|x|? ] X y + 0t
— €X u B
(o + wt)/? P 4(a + wt) o+ ot o+ ot

ug(x,t) = ), af —wy =1,

u7(x,t) = u(x, —t),

also satisfy the equation in (4.3).
In (4.2), we have used an exponential formula to describe the solution of the IVP

(4.3). To justify this formula, we state next some properties of the family of operators
{ ei tA ;)i .

Proposition 4.2.

1. Forallt e R, €": L2(R") — L*(R") is an isometry, which implies

itA
e fll2 = II£ll2.

, ") . , . , _ . ,
2. ellAelt PA— el(1+[ )A with (el[A) 1 _ e itA _ (ellA)*-
3. €04 =1,

4. Fixing f € L2(R™), the function @5 : R L*(R"), where Ds(t) = el fisa
continuous function, i.e., it describes a curve in L*>(R").

Proof. The proof is left as an exercise. a
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In general, a family of operators {7;}7° __ defined on a Hilbert space H which
satisfies properties (1)—(4) in Proposition 4.2 is called a unitary group of operators.

Example 4.4 Let L; : L*(R) — L*(R) be the one parameter family of translation
operators L, (ug)(x) = uo(x +1). It is easy to see that {L,};°_  is a unitary group of
operators, which describes the solution u(x,t) = L,(up)(x) of the problem

;U = Oyu,
u(x, 0) = up(x),

t, x € R.
The next result of M. H. Stone, characterizes the unitary group of operators.

Theorem 4.1 (M. H. Stone). The family of operators {T;}2_ defined on the
Hilbert space H is a unitary group of operators if and only if there exists a self-adjoint
operator A (not necessarily bounded) on H such that

T, = &' (4.10)

in the following sense: Consider D(A) the domain of the operator A, which is a
dense subspace of H; if f € D(A), then we have
i oS =
im—— =
t—0 t
In other words, if f € D(A), then the curve @y defined in Proposition 4.2 (4) is
differentiable at t = 0 with derivative iAf.

For a proof of this theorem, we refer the reader to [Yo].

The operator A in Theorem 4.1 is called the infinitesimal generator of the unitary
group. In (4.2), the operator A is the Laplacian A with D(A) = H*(R"). In Example
4.4, we have A = —ij—x and in this case, formula (4.10) can be interpreted as a
generalized Taylor series.

Now we establish the properties of the group {e''4}>°

iAf. 4.11)

in the L?(R") spaces.

—00

Lemma 4.1. Ift #0, 1/p+1/p' = 1 and p' € [1,2), then &' LV'(R") >
LP(R") is continuous and

”eizApr < c|t|_”/2(1/’/—1/”)||f||p/- 4.12)

Proof. From Proposition 4.2 it follows that
e LX(R") > LA(RY)
is an isometry, that is, .
e fll2 = 12
Using Young’s inequality (1.39), we have
ei\-|2/4t

7 oo = |+
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ol /4
J@mirn

A combination of these inequalities with the Riesz—Thorin theorem (Theorem 2.1)
lead to

1A < eltl™21fl. (4.13)

[o.¢]

, , 11
' LP(R") > LP(R") with —+ — =1,
p P
and ‘
€2 fll, < Cclt] ™ N fll = cle] 2PV £,
where
1 6 2 1 1
—=s ad 1-0=1-—=——-—, 0€][0,1]
p 2 p P P
Thus, the lemma follows. O

This result indicate that if f € L?(R") decreases fast enough when |x| — oo such
that f € L'(R"), e'“ f, t # 0, is bounded (and so more regular than f). In general,
decay on the initial data f is translated into smoothing property of the solution ¢/'4 f
(see Exercise 4.4).

Note that ¢/'4 with ¢ # 0 is not a bounded operator from L?(R") in L?(R") if
p #£2,ie,mE) = e~4itE jsnot an LP multiplier for p # 2 (see Definition 2.8).
In fact, if it were bounded for p # 2 it would be bounded also for p’ by duality.
Then, without loss of generality, we can assume p > 2. Using (4.12), we would
have that for all f € LP (R") N LP(R") € L3(R"),

itA —itA —itA
1Al = lle"2e™ 2 fl, < colle™ 2 fll, < cocOII fll,

which is a contradiction.
Next proposition help us to understand the regularizing effects present in the group

itA
(e} _ -

Proposition 4.3.

1. Giventy # 0 and p > 2, there exists f € L>(R") such that ¢! f ¢ LP(R").

2. Lets' >s > 0and f € H*(R") such that f ¢ H* (R"). Then, forallt € R,
A f e HS(R") and " f ¢ H* (R").

Proof. To show (1), it is enough to choose g € L%(R") such that g ¢ LP(R™) and
take f = e 0 4g,
The statement (2) follows from the fact that {e''4}>°
for all s € R since

is a unitary group in H*(R")

—00

e flls2 = 1A% @2 Pll2 = 12 Hllla = 1A° fla = 1 f lls0-

Therefore, if /4 f € H(R"), then f = e~ ""4(e""4) f € HO(R"). m|
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4.2 Global Smoothing Effects

The next theorem describes the global smoothing property of the group {e

itAyoo

2 _ oo Satisfies:

Theorem 4.2. The group {e
1/q

o0

itA
/ lle™ 2 £ dt =clfl2
[o.¢]

00 00 1/q 0 1/q'
. / q ’
[ [ emscorar ar) <el [rscona) .
oo -0 ’ o0
e8] oo 1/q'
| f gl ndi = e / lgC.0l%dr |
—0oQ o0
and
ot 1/q 00 1/q'
. / q ’
[ ] emscarar ar) <el [recongar) .
p
o 0 o0
with
2<p< nzT”z if n>3 5
2<p<oo ifn=2 and — =~ — —,
<p if 72 7
2<p=<o© if n=1

where ¢ = c(p,n) is a constant depending only on p and n.
From here on, we always use the notation

Proof. First, we shall prove that (4.14), (4.15), and (4.16) are equivalent.
Fubini’s theorem gives us that

[o¢]

—o0 R” 00

Therefore, using duality,

/ / (€ £)(x)g(x, t)dxdt = / f(x) / e"o(x,t)dt | dx.
Rn

itA}oo
t=—00"

(4.14)

(4.15)

(4.16)

4.17)

(4.18)
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( /DO .ol dr)

1/9'

o0 o0
— sup ‘/ /h(x,t)w(x,t)dxdt‘: fnw(-,t)n‘;’, | =1

—oco R

it follows that (4.14) and (4.16) are equivalent. An argument due to P. Tomas implies
that

o0 ) o0 o0
H / e”Ag(~,t)dtH2= / / ' dg(., 1) dt / e’ dg(,1dt' | dx
—o0 Rr o0 o0
o0 o0
:/ / g(x,1) f N dr | didx.  (4.19)
R? —o0 00

From these identities we obtain (applying again an argument of duality and Holder’s
inequality) the equivalence between (4.15) and (4.16).

Next we shall establish (4.15). Minkowski’s inequality (1.40) and Lemma 4.1

give

[o.¢] oo
| / el3g(ydr| < / lei=4g (1)), d
P

o R (4.20)

<c [ ele. oy dr

—00

with @« = (n/2) (1/p' —1/p). Inequality (4.20) and Theorem 2.6 (Hardy—
Littlewood—Sobolev) imply

o0

oo
(/ H/ e 1y dr!

—00 —00

q 1/q
dt)
P

1/q'

[
=c| [ gl di’
—0o0

It — 1]

o0
<c| [ nsc.ong ar
o0

q

withl/¢'=1/g+ (1 —a)and0 < 1 —«a < 1, thatis,n/2 =2/q +n/p , where

2<p< ifn >3,

n—
2<p<o0 ifn=2,

2<p<ox ifn=1.
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Finally, we turn to the proof of (4.17). This is a consequence of (4.15) and the
following result due to Christ-Kiselev [CrK].
Lemma 4.2. Let

Tf(t)= /K(t,s) f(s)ds “4.21)

—00

be a bounded map from L"(R) to L'(R)with 1 < r <1 < oco. Then the map

Tf(t):/K(r,s)f(s)ds (4.22)

s<t

also maps L (R) into L'(R).
For the proof of this lemma, see Appendix B. O
In particular, this theorem tells us that if f € L*(R"), then ¢/ f € LP(R"), for
any fixed p € (2, p(n)) for almost all time ¢+ € R, with p(n) depending on the
dimension. In particular, if n = 1, p(1) = 0o, and ¢ = 4, then for f € L*(R) we
have 14

o0

itd2 pn4
/Ile”*flloodt <cllfl
o0

which implies that /"% f € L(R) for almost every ¢. Indeed, in this case, one has
re02 . . . .

that for almost every t € R, ¢'% f is continuous in R (see Exercise 4.9). Note that

this fact does not contradict Proposition 4.3.

Corollary 4.1. Let (po.qo0), (p1.q1) € R? satisfying the condition (4.18) in
Theorem 4.2. Then, for all T > 0 we have

T t
/H/ei(f_t,)Ag(-,t’)dt’
0 0

with ¢ = c(n, po, p1).

1/q1 1/q)

T

1 ’

ar| zef [recontar) .
0

q
P1

Proof. By hypothesis, the points (1/po, 1/go) and (1/p1, 1/g;) are in the segment of
the line connecting P = (1/2,0) with Q = (1/p(n),n/4—n/2 p(n)). So p(n) = co
if n = 1,2, and p(n) = 2n/(n — 2) if n > 3. Therefore, without loss of generality
we can assume pg € [2, p1). An application of the inequalities (4.16) and (4.17) in
Theorem 4.2 provides the following estimates:

T t
f | / R (T
0 0

1/q1 1/4

T
1 ’
ar| e [rsconga) .
0

q
p1

and
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t

t
sup ” [ei(z—t/)Ag(.’t/) dr’ ‘ — sup || /e_”/Ag(~,t/) dr'
(0,71 2 7] 2
0
t T 1/4}
= sup | f gt ar| <e / g0l di
[0,T] 2 Py
0 0
These estimates and Holder’s inequality lead to
T 1/40 T 1/q}
. ’ q ’
[ 1] s ar|  <c| [ s a
Po P
0 0 0
To finish the proof, an argument of duality allows us to write the inequality
T ' 1/q1 T 1/4}
. ’ q ’
[ e ar)  <c| [rsc.onar
P1 0
0 0 0
This yields the result. o
4.3 Local Smoothing Effects
In this section, we study the local smoothing effects of the group {e"4}°__ .
Theorem 4.3. [fn =1, then
o0
sup / D2 f0)lPdr < el £15. (4.23)
’ —00
Ifn>72,thenforall j €{l1,...,n}
sup/ |D/2e" fo)Pdx - dxjordx iy - dxy dt < cl| f13, (4.24)
xj

R~

where D}C//zg(x, 1) = (2nl§; |)1/2§(§, 1)V (x,t) denotes the homogeneous fractional
derivative of order 1/2 in the variable x ;.

Proof. We begin considering the case n = 1. So,
Dl/zeitAf — C(|%‘|1/2€74”2”|E|2 J/C\(S))v
X

= c(|&]"Pe R FL(8))Y + c(E2e TR F(£))Y,
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where ﬁ(& ) = Xr+ f(é ). Thus, it is enough to show (4.23) with f, replacing f. A
combination of the change of variables 2£2 = r, Plancherel’s theorem (1.11) and
the inverse change of variables & = 4./r/2m produce the following identities:

/|D1/2 lI‘Af | (.x)dt_C/’/|$|l/2 27”){{: —4 ztng (%_)dg’ dt

—00 —00

—C/ ‘/ V1/4 —2mitr zxmf ( [ r ) 1/2’2dl
0 '
:c/ eI <,/ ) 1/4\ dr = /If+(§)| dg = c |l f+13,
0

which gives (4.23). Moreover, when fhas support in [0, 0o) or ( — 00, 0], inequality
(4.23) becomes an equality.
To obtain (4.24), we fix j = 1 to simplify the notation. We then define fi(é ) =
xr(&1) f (&). Without the loss of generality , we prove (4.24) with f replacing f.
Denote x = (x3,...,x,) andé = (&,...,&,). The change of variables

€& E) = (E1,E) > QuEr + - +ED),E) = (r, E),

or or or -1
& 08 08,
_ 0 1 .0 _
d&ids = || . . drdé = yom |g1| drdé,
0 0 e 1

Plancherel’s identity (1.11) and the change of variables @ ! yield

. 2~
”D)lﬂ/zesz ”LZ _ H/ g (g 12, —4x2it|g]|

o [r—2mil] ~ -
=c “/ez”’(x'¥+rr)|$_|l/2 o2y folr, &
1

E'f*(r )P drdé = I|f+||22 = cllfxlss

which leads to (4.24). O



4.3 Local Smoothing Effects 73

Corollary 4.2.

1/2

o0
f f |D/2e 4 £12(x) dx dt <cRY2 | £l (4.25)
}

"o {lx|=R

where D*v(x, 1) = (27 |§])'50(E, 1))
Notice that from this result and the translation invariance property of the solution
one gets

172

o0
1 .
sup —/ / 1D, )P dxdt | <clfla
xoeR”. R>0 \ R

—00 Bg(x0)

Proof. If n = 1, inequality (4.25) follows from (4.23).
Consider the case n > 2. Defining D; = {§ € R" : [§;] > ﬁ'f”’ with
Jj =1,...,n. Itis easy to see that _U1 D; = R" —{0}. Let {¢;}}_, be a partition

j=
of unity subordinate to the covering {D;};_, (the ¢; can be defined in the sphere

S"~! and extended such that they are homogeneous of order zero). Using linearity it
suffices to show that

o0
/ / "4 f0)Pdx dt < ¢ RID; V2 f113 = cRINEITV2F 112,

—00 {|x|<R}

From (4.24), we obtain for all j = 1,...,n,

oo
/ / le"4g(x)|* dx dt < ¢ R||D;*gll3.

—00 {|x|<R}

Therefore, using the notation E = f(l) i»J =1,...,n,it follows that

o0 n o0
/ / |e”Af|2(x)dxdt§cZ/ / "4 f12(x) dxdt
—o0 (|x[<R) J=1"00 (Ix|<R)

<cRY|DPfis=cRY |1g,7 27

j=1 j=1

= cRY &1 70| < e R|1E17 7],

j=1
=cR|D;'f5.
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From Corollary 4.2 and the group properties, we deduce that if f € L?*(R"), then
¢A f e L2 (R : HY*(R")) and thus ¢4 f € Hlif(R") for almost every ¢ € R.

loc loc

On the other hand, from (4.23) (case n = 1) using duality we have
oo
| Dl / FHAF(1)dt H <c / | Fx, )|, dx. (4.26)
—00

Similarly, from (4.24) we obtain the corresponding inequality for the case n > 2.
For solutions of the inhomogeneous problem:

{8,u —iAu+ F(x,1), 427

u(x,0)=0

x € R", t € R, we observe that the gain of derivatives doubles that obtained in the
homogeneous case.

Theorem 4.4. If u(x,t) is the solution of problem (4.27), then, when n = 1 it
satisfies

o0 172 1/2
sup f |0 u(x, )| dt <c f / |F(x,t)|*dt dx, (4.28)
%0 “%o
and in the case n > 2
1/2 1/2
sup / |0y, u(x,D)Pdpdt | <c / / |F(x,0)dp,dt| dx;, (4.29)
o\

where dpj = dx---dxj_ydxjyy - - dx,. Therefore in the case n > 2 we have that

172 . 172

sup //|8Xu(x,t)|2dtdx <cy //lF(x,t)|2dtdx , (4.30)

o —O0 a T

where { Qg }uczn denotes a family of disjoint unit cubes with sides parallel to the axes
and covering R".

Proof. We only sketch the proof in the case n = 1. Using Exercise 4.16 in this
chapter, we deduce that

an%‘ o 4 2:0Ep2 . ~
a 1) = witt _ ,—4w*ilE|*t 27Tlx-§F , déd
ux. 1) = //471 z|§'|2+2mt(e ¢ e ¢, r)dede

—ooR"

27.”5 eZmrt 271' PN
it Bg, 1) dEd 431
//47'[ NIEP + 2mit. (¢, 7)dedr (4.31)

—00 R”
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2 —472i )&% N
/ / e R (e, T) dEdr
472 |E]2 + 2miT

—oc0 R"

= axul(x,t) + axu2(x7t)’

where Fi (&, n) represents the Fourier transform with respect to the variables x, 7.
Since the numerator in the first integrand vanishes on the zeros of its denominator,
the integrals in the second equality are understood in the principal value sense. From
Exercise 1.17, we have that

27.”€: V(&)
Vo ) K1) € LRR).
(pv 47t2i|§|2+271ir> (.)€ L7

Plancherel’s identity (1.11), Young’s and Minkowski’s inequalities, (1.39) and (1.40),
respectively, imply that for all x € R,

/ oan(e.nPdr | = / i f K=y, 0F 0o dyde |
t
o0 —00 —00
o0

=c H / K —y,0)FO(y,7)dy H
2(t)

o0 oo
<c [ 190y dy =< [ 1G] v
—00 —00

which proves

o0 1/2 00 0o 1/2
sup /|axu1(x,r)|2dr sc/ /IF(x,t)Izdt dx.
! —00 —00 o0

On the other hand, we have that
deur(x,1) = D24 G(x),

where

o sgn() £]V2 F (&, r)
GE)=c f A2 |E? + 2it

—0Q

A simple computation and (1.18) shows that

o0

1 V(1) —2mwitt )

(p.v. —) = / ; dt = c sgn(r) e TP
Am2i|E|2 4 2mit 472 |&|? + 2mit

—00



76 4 The Linear Schrodinger Equation

Therefore, using (4.23), (4.26), and Plancherel’s identity (1.11), we infer that

1/2 .
[ [ sen(e) €' Fe, 1)
sup | [ 1an(x, 0P dr | <c " dt
x 4m?i|E|)? 4+ 2mit 2()
o0 —0oQ
o0
=c| [ et sy 161 POy senoyan|
—0Q
00 \2
:c” /e"’AD)lC/zHF(gt)sgn(t)dt ”2@)
o0
o0
—c D;/Zf e”AHF(~,t)sgn(t)dtH2
—0oQ
00 00 1/2
5cf /|F(x,t)|2dt dx,
—00  \—00

where H denotes the Hilbert transform (see Definition 1.7). This leads to the result.0

4.4 Comments

The first result concerning smoothing effects for the particular group {¢/"4}%°___ or
for general group of unitary operators was obtained by Kato in [K1]. In this work
on theory of operators, Kato introduced the notion of A-regular and A-super regular
operators.

Let A be a self-adjoint operator (not necessarily bounded) defined on a Hilbert
space H such that the resolvent of A, R(A) = (Al — A)~', exists for all A € C with

Im X # 0 and let L be an operator of closed graph with domain D(L) dense in H.

Definition 4.1. We say that the operator L is A-regular (respectively, A-super
regular) if for all x € D(L*) and for all > € C with Zm X # 0,

|Zm < R(M)L*x,L*x > | < c7|x]|?

(respectively, [(R(A)L*x, L*x)| < cm||x||?), where the constant ¢ is independent of
x and A.

The following theorems establish the relationship between the notion of A-regular
operator and the type of results described in this chapter .



4.4 Comments 77

Theorem 4.5 ([K1]). The operator L is A-regular if and only if for all x € H

o0
/ ILe A dr < clix].
—0o0

In particular, ¢"“x € D(L) for almost every t € R.

Theorem 4.6 ([KY]). Let L = L, be an operator of multiplication by h with
h e L"(R") and n > 3. Then, Ly, is A-super regular.

Theorem 4.7 ([KY] see also [BKI]). Let L be the operator
(4 72472 = A+ x)720 — '

with domain Cg°(R") and n > 3. Then, the closure of L is A-super regular.
Combining Theorems 4.5 and 4.6, we have that if f € L*(R™) with n > 3, then
e f e D(Ly) for almost every t € R. When & ¢ L®(R"), then D(L,) is a set
of first category in L?(R"). These results neither imply nor are consequence of the
estimate (4.14) in Theorem 4.2.
Later on, Strichartz [Str3], motivated by the work of Segal [Se], studied special
properties of the Fourier transform. He proved that

n/2(n+2)

o0
/ / |64 f PO e iy < cllf I 4.32)

—o0 R”

In his proof, he employed previous results of Tomas [Tm] and Stein [S2] regard-
ing restriction theorems (and extension) of the Fourier transform. More precisely,
Strichartz used the fact that

e”Af(x) _ /ezmx-se%nzit\é\zf(g)dg
R"
— / eZni<(x,l);($,r)>g(é’ T) dU(S, T) — g/d;_’

R+l

where g is a measure supported on the hypersurface M, C R"*!, where the symbol
o(€,n) = n + 2m|&)? vanishes, i.e.,

M, ={¢&,1)eR" xR : o(&,7) =0} (4.33)
(in this case, o'(£, ) = n + 2m|&|?), with density f(é) and do (§) = dE.
Similarly,

o0

@(g,r) _ /e_zmne—zm%tls\zﬂg)d; = f(&) 8(t + 27 |E)P),

—0Q
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where ~ on the left-hand side denotes the Fourier transform with respect to both
variables: space x and time ¢. In other words, the Fourier transform in the variables
(x,t) of the solution e/'4 f(x) is a distribution with support on the parabola T =
—2m|€|?. Thus, inequality (4.14) can be seen as a result on the extension of the
Fourier transform of measures with support on this parabola. Similarly, we can see
(4.16) as a result of restriction because using the Fubini theorem and the Plancherel
identity (1.11) we have,

00 00
/ ei’Ag(-,t) dt — / /e2nix»ée—4n2it|g|2§(%_,t) d%— dt

©0 o2 oo R 2 (4.34)
- / e / el o nar | de | = | 3 —2IER)]ln.
R” 00 2

The proof presented in Section 4.2 is due to J. Ginibre and G. Velo [GV1] (see also
(M], [P1]).

The main point in the argument is the curvature of the hypersurface M,, defined
by the symbol o as in (4.33) and not the ellipticity of A. In particular, the same
inequalities (4.14), (4.17) hold when we replace A by

L =08% +---+0; =9, —---0;, forsome jef{l,...,n}. (435
The curvature of hypersurface M, for the symbol o = 1 + 27 |£|? is reflected on the
decay estimates (4.12) in Lemma 4.1. In fact, the results in Theorem 4.2 are true for
any unitary group satisfying decay estimates of the type described in Lemma 4.1.
Thus, in particular for the linear problem associated to the KdV equation (1.28), we

have that the unitary group V (¢)vy = (e"S”3 & Vo) describing the solutions satisfies
for any (6, @) € [0, 1] x [0, 1/2]

I D2V (tywo oo < clt]7*FTV  vgll 2nso. (4.36)

Therefore, the argument used in Theorem 4.2 shows that for any (0, «) € [0, 1] x
[0, 1/2],

| D2V w0 | o e 10 gy < € ol (4.37)

where (g, p) = (6/6(x + 1),2/(1 — 0)). Notice that in (4.37) there is a possible gain
of 1/4 derivatives. Roughly speaking, in general this gain is equal to (m — 2)/4,
where m is the order of the dispersive operator (see [KPV2]).

In the case of the IVP associated wave equation:

Btz w = Aw,
w(x,0) =0, (4.38)
ow(x,0) = g(x),
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x € R", t € R*, whose solution

Ol
wir) = Ung = (T 50)

i2rgl 5

(see (1.49)) is associated to the unitary group M(t) = (e )V, we have the

decay estimate:

n—D(3 -1 e
U@l g < et ID* Ny s (4.39)
with
n—1 n+1
o = — , 2<p<oo, n=>2.
2 p’
From this, we can deduce the equivalent to Theorem 4.2:
(=208 o g 1r @y < €Nl (4.40)
where
1 2 1 —1 1
2<g<00, -————=—, and p=" _nt

2 (n—Dg p 2 p

(see [M], [P1]).

As we mentioned above, the decay estimates (4.12), (4.36), and (4.39) are related
to the “curvature” of the hypersurfaces M(,_/. , j = 1,2,3, which described the zero set
of the symbols o] = 7+ 27|£|, 05 = T —4m%E3, and 03 = T ||, respectively. In
the case 0 and o3, we observe that the hypersurfaces M, and M, have nonvanishing
curvature in n and n — 1 directions (rank of the Hessian), respectively.

In the limiting case, the inequality (4.14) in dimension n = 2 (i.e., (g, p) =
(2,00)) fails (see [MSm]). Similarly, the limiting case of the estimate (4.40) for
the wave equation in dimension n = 3 (i.e., (g, p) = (2,00)) fails (see [KIM])
although both hold in the radial case; see [Tol] for the Schrédinger equation and
[KIM] for the wave equation. Moreover, in the case of the Schrodinger equation
((n, p,q) = (2,00,2)) one has the following generalization of the radial result, see
[Tol]

i1
lle" “uoll 2. 2@y = € lluoll2,

where

1/2

L
10 = sup | 5= [ 1P do

In [KT1], the limiting cases in higher dimension were shown to hold in both cases,
i.e., the Schrodinger equation (4.14) holds for n > 3, (¢, p) = (2,2n/(n — 2)), as
well as the wave equation in (4.40) hold forn > 4, (¢, p) = 2,2(n — 1)/(n — 3)).
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The problem of finding the best constant for the Strichartz estimate (4.14):

o0 ) 1/q
c(n;p;q) = sup (/ IIe”Auoll‘,’,dt) (4.41)

lluoll2=1 00

as well as its maximizers, i.e., the uy € L*(R") for which the equality (4.41) holds
with (p,q) as in (4.18) has been studied in several works. In [Kz], it was proved
the existence of a maximizer forn = 1 and p = ¢ = 6. In [Fs] and [HuZ],
it was established that for the case n = 1,2 and p = g = 2 + 4/n, one has
c(1;6;6) = 127112 and ¢(2;4;4) = 2~1/2 with the maximizer, up to the invariant
of the Schrodinger equation (see Proposition 4.1), equal to cne_‘)"z, n =1,2. Also
in [Fs], the same problem was settled for the case of the wave equation (4.38) in
dimension n = 2,3 with p = ¢ = 2 +4/(n — 1). The value ¢(1;8;4) = 274 in
(4.41) was computed in [BBCH] and [Car].

Corollary 4.1 was proved in [CzW1]. For further results in this directio, we refer
to [Vil].

Concerning the decay of the free Schrodinger equation, on one hand, one has
that if ug € C{°(R") with ug # 0, then for any t # 0 and any € > 0, €'y €
SRMH\L'(e ¥ dx) (see Exercises 4.4 and 4.5). On the other hand, Example 4.2
tells us that solutions corresponding to Gaussian data exhibits a global Gaussian
decay. In [EKPV1], it was shown that given uy € S'(R") the following conditions
are equivalent:

(i)  There are two different real numbers #, and t,, such that ei4uy € L2(e%" dx)
forsomea; >0, j =1,2.

() wup e L™ Mzdx) and 7y € L?(e? 'x‘zdx), forsome b; >0, j =1,2.

(iii) Thereis v : [0, +00) —> (0, +00), such that e"3uy € L2(e"®*dx), for all
t>0.

(iv) uo(x + iy) is an entire function such that |up(x + iy)| < N e~@RF+o17 for
some constants N, a, b > 0.

(v) Thereexistd, € >0,and h € Lz(eemzdx) such that uo(x) = e*h(x).

It was also established in [EKPV 1] that if one of the above conditions holds then for
appropriate values «, 8 > 0 the function

K2
F0) = e e
is logarithmically convex. In particular, one has that

@) < FO F()' =00,

with 6(¢) = B(T —t)/(T(at 4+ B)) forallt € [0, T].

In [EKPV1], the constants used above were described in a precise manner as a
consequence of (4.7) and the following result due to Hardy for n = 1 [H] and its
extension to higher dimension given in [SS]: if f(x) = O(e”””’”z) and f(g) =
O(e ™BEP) with A > 0, B > 0,and AB > 1, then f = 0.
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Extensions of these results to the case of Schrddinger equation, with potential (in
an appropriate class) as (4.42) below depending on x or on (x,?), i.e., V = V(x,1)
(as well as application to unique continuation properties of semilinear Schrodinger
equations) were given in [EKPV2].

Consider the IVP associated to the Schrédinger equation with a potential V':

i0iu = Au— V(x)u, (4.42)
u(x,0) = up(x).
Assume first that the potential V = V(x) is real and regular enough such that
L = —A + V(x) is self-adjoint.
A natural question is whether or not the unitary group et = ¢/"=4+V) satisfies
the L™ — L! estimate in (4.13) as in the free case V = 0, i.e., there exists ¢ > 0 for
every f € L*(R") such that

€™ flloo < ct™2[ flI1. (4.43)

If L has an eigenvalue (with eigenfunction f € L'(R") N L*(R")), (4.43) fails.
Similarly, if zero is a resonance of L. So, one reformulates the inequality (4.43) as

"L Poc(L) flloo < clt| "1 £ 1115 (4.44)

where P,.(L) defines the projection onto the absolutely continuous spectrum of L.

The following conditions on the decay of V have been shown to be sufficient
for (4.43)tohold: n = 1 and (1 + |x|)V € L'(R) [GSch], n = 2 and |V (x)| <
c(1+ |x)73€[Scll],n =3 and V € L*?>7<(R3) [Gb].

In [JSS], for n > 3 sufficient conditions on the decay and regularity on the
potential V(x) which guarantees (4.43) were deduced. In [GVi], it was shown that
for n > 3 decay assumptions alone do not imply the estimate (4.43). More precisely,
it was proved that (4.43) fails for any potential V with compact support such that

> 118Vl < 1.

=

lele cases of time-dependent potentials have been also studied (see for instance
[RS]). Also, decay estimates of the type in (4.43) with electromagnetic potentials
were obtained in [FFFP].

For conditions on the potential V that guarantee the extension of the local
smoothing effect described in Corollary 4.2 to solutions of the IVP (4.42) see [RV],
[BRV].

Local-in-time extensions of Strichartz estimates to the variable coefficients’ case,
where the Laplacian A is replaced by an elliptic operator of the form:

L = 0y, aj(x,1)dy; + 0y, i(x, 1) + bi(x, )0y, + V(x,1) (4.45)

have been considered in several works. In [StTa], Staffilani and Tataru established
these estimates under the assumptions: b; = V = 0, (ai(x,?)) a compactly sup-
ported perturbation of the Laplacian and a nontrapping condition on the bicharacteric
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flow. Extensions of this result under appropriate hypotheses on the “asymptotic flat-
ness” and the nontrapping condition of the coefficients a ;; were given in [MMTal],
[RZ], [Td]. The one-dimensional case was considered in [SI].

Next, we briefly treat the periodic case:

{ia,u = 9u,

(4.46)
u(x,0) = up(x),

xeStx--- xSl reSh

Theorem 4.8 ([Z]).

oo
55 e
k=—o00
where (x,t) € S' x S' = T2,
Note that u(x, 1) = Y, axe! ™+ is the solution of the periodic problem (4.46)
forn = 1 withup(x) = Y, ape’*x.

o 1/2
2
. (Z | ) : (4.47)

k=—00

Proof. If u(x,t) = Xk:akei(’k2+k"), then ||u||i4(T2) = |lu - it]| 2(p2). It is easy to see
that L,
uil = Z |ak|2 + Z aklakzel((kl_kZ)x+(kl_k2)t).
k k1 #ka
Ifwefixly = ki —kyandl, = k]2 — k% we have at most one pair (ky, k») of solutions

of these equations. So, we can conclude that

- 2 =~ 2
ity =Yl + | D laia|
k

ki7#ky

172

1/2
<Y lal + (Z la,1” |ak2|2> =2 lal”.
k ki ko k

O
We observe that for the case n = 1, the corresponding inequality to (4.32) in R is
true with p = 6. So, the next question is natural: Is the inequality (4.47) still true if
we substitute 4 by 67 The answer is negative. In fact, one has that

N
H Z i k21)

k=1

> (log N)'/S N1/, (4.48)
L6(T2)

N
So,if ¢ = Y e**, then ||¢|l, = N'/2, which combined with (4.48) implies that
k=1

[, 20 ., <<l (4.49)

fails forn = 1.
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Nevertheless, Bourgain [Bol] proved that there exists a constant ¢y > 0 such that
foralle > 0and N € Z* we have

1/2

2
H Z ae! ko) < coN¢ Z lax|? ) (4.50)
LO(T?)
|k|l<N [k|<N

It is an open problem to determine if the inequality can be obtained in the interval
(4, 6). More precisely, it was conjectured in [Bo2] that

; _ 2(n +2)
[€"26 ] Loy = cligllz if g < =——, (4.51)
and assuming supp$ C B(O,N)
f n_n+2 . 2(n+2)
[ 28] apuer, < NI Ul if g = == (4.52)

hold. In this direction, some partial results are gathering in the next proposition.
Proposition 4.4 ([Bo2]).

1. Forn = 1,2, inequality (4.52) holds.
2. Forn > 3, inequality (4.52) holds for g > 4.

For details, see [Bol] and [Bo2].

The extension of Theorem 4.8 to other compact manifolds (i.e., L”—L? esti-
mates for the Schrodinger flow on manifolds) has been studied by Burq, Gerard and
Tzvetkov [BGT3].

In the particular case of the two-dimensional sphere S?, they proved that

plq 1/4

/ / e du)|?dx | dit| < erluolypas 4.53)
T\

where [ is a finite time interval and |||/, > is defined as in (3.38), for every admissible
pair in (4.18) Theorem 4.2 withn = 2, i.e.,

p 2 q

Roughly, (4.53) gives a gain of 1/2 derivatives with respect to the Sobolev embedding
(Theorem 3.3),

. 1 1 1
lluolly < clluglliyr, with —=n (E - 5) .

The local smoothing effect studied in Section 4.3 was first established by T. Kato
[K2] for solutions of the Korteweg—de Vries equation:

ou + afu + ud,u =0,

(4.54)
u(x,0) = up(x).
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t, x € R. More precisely, Kato proved the following inequality:
1/2

T R
//Iaxu(x,t)lzdxdt < (T, R)|luoll2, (4.55)
~T —R

which was the main ingredient in his proof of existence of the global weak solutions
of (4.54) with initial data uy € L*(R) (see [K2]). In [KF], Kruzhkov and Faminskii
independently obtained a similar result to that described in (4.55). Later on and
simultaneously, Constantin and Saut [CS], Sjolin [Sj], and Vega [V] showed that the
estimates of the type in (4.55) are intrinsic properties of linear dispersive equations.
Let P (&) be the real symbol associated to the operator P(D). Suppose that at infinity
P(£) ~ |€|%, for « a real positive number, and u(x, t) = e/ "™ uy(x), then

172

T

f / (= A Rugx, 0 dxdr] < (T, R)llugllo. (4.56)
[x|<R

—T

In particular, inequality (4.56) implies that if uy € L>*(R"), then the solutions
PPy, e Hl(ooéfl %(R") for almost all 7. Notice that this gain of derivatives is
a pure dispersive phenomenon, which cannot hold in hyperbolic problems.

The version of the homogeneous smoothing effect given here (Theorem 4.3) is
taken from [KPV3] (see also [LP]). The inhomogeneous smoothing effect version
described in Theorem 4.4 was first established in [KPV3]. Observe that the gain of
derivatives here doubles from that in the homogeneous case. Also, one has that the
result in Theorem 4.4 still holds with £; as in (4.35) instead of the Laplacian.

It is interesting to note that in [CS] the authors extended Kato’s result (4.55) to
linear dispersive equations. In contrast, in [Sj] and [V] inequality (4.56) with ¢ = 2
appears implicitly in the study of the following problem introduced by L. Carleson:
Determine the minimum value of s which guarantees that if uy € H*(R"), then

l,iﬂ} e"ug(x) = up(x) for almost every x € R". (4.57)
In the one-dimensional case n = 1, we have that s > 1/4 implies (4.57) (see [C])
and this is the best possible result (see [DK], [KR]). For the case n = 2, the best
result asserting (4.57) is s > 3/8 obtained in [Le] (improving previous results of
[Sjl, [V], s > 1/2, [Bo3], s > 1/2 — ¢, [MVV2], s > (164 + +/2)/339, [TV]
s > 15/32). In [Bol1], it was shown that in any dimension #n the statement (4.57)
holdsifs > 1/2—1/4n (improving previous results of [Sj], [V],s > 1/2). Moreover,
it was also established in [Bol1] that for n > 4 the condition s > % is necessary
for (4.57) to hold.

The original Kato’s proof of the smoothing effect (4.55) was based on an energy
estimate argument. Let us consider the linear problem (4.54) with data uy € L*(R).
Then multiplying the equation by u(x, #)@(Rx) = u(x, t)pr(x),¢ € C®R), (p(x) =
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1forx > 2, p(x) =0forx < —2, with ¢'(x) > 0 for —1 <x < 1 and R > 0), we
obtain after integration by parts that

% % Wordx + %/ (B,u)* @y dx — %/ u2¢§3) dx =0.
Thus, integrating in the time interval [0, T'] and using that the L?-norm of the solution
is preserved we get (4.55).

The extension of the estimate (4.56) to general dispersive linear models (with
constant coefficients) given in [CS] was based on a Fourier transform argument. In
nonlinear problems and in linear ones with variable coefficients (where the Fourier
transform does not provide the result) it may be useful to obtain the result via “energy
estimates.”

For example, consider the IVP:

oju = i Au,

(4.58)
u(x,0) = up(x),

x € R", ¢t € R, where A has a real symbol a = a(x, &) of order m (for instance,
A = 0y;(ajx(x)dy), iaﬁ, A, and iHaf). By integration by parts, we have that the
solutions u(-, ) preserve the L2-norm, i.e., ||u(-,1)|| = |luoll2. Now to establish the
corresponding local smoothing effect (4.55), we follow the argument in [CKS]. First,
one applies an operator B of order zero with real symbol b(x, £) to our equation to
get:

Bu=iABu-+i[B;A]u. (4.59)

By multiplying the equation (4.59) by u and the conjugate of equation (4.58) by Bu,
adding the results and integrating in the x-variable, and then in the time interval
[0, T'], it follows that

T

// i[B;Aluudxdt < co (T; B)l|luoll2. (4.60)
R

0

Let C = i[B; A] = —i[A; B]. The operator C has order m — 1 and its symbol
c(x, &) is given by

d
c(x.8) = —{a.b) = — b lp(six £y = Hab)(x.6).  (46D)

(where ¢(s; x, £) denotes the bicharacteristic flow associated to the symbol of A, that
is, a(x,&), and H,(b) is defined as in (3.27)). The aim is to find an operator B such
that C > 0. By quadrature,

o0

b(x,é):/ c(o(s;x,€))ds. (4.62)

0
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Thus, if A = A/ST(Z, a(x,&) = |E|2/2, and ¢(s;x,&) = (x 4 s§,&). Taking
Fx;D 8
&2

with f € L'([0,00) : RT), f decreasing, and (£) = (1 + |£])!/2, we have C > 0 of
order 1.
By (4.61) one gets:

c(x,§) = (4.63)

flx;Dé;
(&)
Now, from (4.60), (4.61), (4.63) it follows that

T T
// Cuﬁdxdt:// —f’(|xj|)A_'8fjuﬁdxdt
0 R 0 B

T
:// 3, AT2(— f'(Ix;) AV20y u) uwdxdt (4.64)
. .
0

b(x,§) =

(nonlocal operator of order zero).

T
+f/R [— £/ 0, A~ A7, widxd.
0

zero order operator

From (4.60) combined with (4.64) and the choice of f, one basically has that

T T
/ / |Dl/2u(x,t)|2dxdt§/faxjA_l/z(—f/(IijA_l/zaxju)ﬁdxdt
R
0

0 |x|<R
(4.65)
< co(R; [ D)llugll2-

Repeating the argument for A = i 8; and taking c(x, &) = ¢’ (x)€% with ¢'(x) = 1 if
|x] < R and ¢'(x) = 0 and if |x| > 2R, even, C*, nonincreasing for x > 0, we
obtain b(x, &) = ¢(x) (local operator as in Kato’s approach). Similarly, for A = iHBf
(the dispersive operator associated to the Benjamin—Ono equation) with the same
choice of c(x, £) = ¢'(x) £2, we get the same b(x, &) = ¢(x), again a local operator
so the result can be obtained by standard integration by parts.

For the variable coefficients case A = 0y, (ajk(x)dy, ), we need several hypotheses
that guarantee the appropriate behavior of the bicharacteristic flow at infinity as well
as the integrability of I(s) = c(¢(s;x,&)) in (4.62). In this regard, we find the
following result due to Doi [Dol].

Let A(x) = (ajx(x)) be areal and symmetric n x n matrix of functions aj; € C;°.
Assume that

IVajx)| = o(Ix|™" as x| > o0, j.k=1,...,n, (4.66)
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and that A(x) is positive definite, so the operator d,; (ax(x)dy, ) is elliptic as in (3.25).
Assume that the bicharacteristic flow is nontrapped in one direction, which means
that the set

{X(s;x0,0) : s € R}

is unbounded in R” for each (x, &y) € R” x R* — {0}.

Lemma 4.3. Let A(x) and its bicharacteristic flow satisfy the assumptions above.
Suppose A € LY([0, 00)) N C(]0, 00)) is strictly positive and nonincreasing. Then,
there exist ¢ > 0 and a real symbol p € S°, both depending on h, and X, such that

Hp,p = {ha, p}(x,8) = A(Ix [§] — ¢, V(x,§) e R" x R". (4.67)

Extensions and refinements as well as different proofs of the estimates in Theo-
rems 4.2 and 4.3 have been deduced in connection with specific problems. To simplify
the exposition we shall only mention some of them.

In [Bo5], Bourgain showed that there exists ¢y > 0 such that if u;,u, € L%(R?),
0 < M| < M, satisfying that

uj(x) = Py, uj = / ETEuE)dE,  j=1,2, (4.68)
M;/2<|§|<2M;
then
i —i M\ !/
[ une™ )] g2 s, < o (ﬁ) laey 12 a2 - (4.69)

Inequality (4.69) measures the interaction of a pair of solutions corresponding to
data with localized support in the frequency space.

Notice that for M; ~ M, (4.69) yields the case p = ¢ = 4 = 24+ 2/n of
Theorem 4.2.

In [OT1], Ozawa and Tsutsumi studying the bilinear form:

(110, v0) = (e ug)(e ")
established the following identity: there exists ¢y > 0 such that for any ug, vy € L*(R)

.02 Ty
| DY 1" up)(e ™" o) “LZ(]RXXR,) = colluoll2llvoll2- (4.70)

The estimate (4.70) resembles the gain of 1/2 derivative in Theorem 4.3 as well as
(after Sobolev embedding) the limit case (p = o0, ¢ = 4, n = 1, up = vg) of
Theorem 4.2.

In higher dimensions, Lions and Perthame [LP] applied the Winger transformation
to obtain a different proof of (4.23) in Theorem 4.3. They also showed that for
a € (0,00),

o0 .
Ve up(x)|* 172 "
(/ R dxdf) < Cna | DY uo,- (4.71)

—00 R”
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Finally, we shall briefly discuss the L?-well-posedness of the IVP

{8,1/1 = i Au+ by () u + du + f(x,1), @72

u(x,0) = up(x),

where the coefficients b; and d and their derivatives are assumed to be bounded.

The problem (4.72) is said to be L2-well-posed if for any uy € L*(R") and
f € Co([0,00) : L%(R")) (where C, stands for the set of continuous functions with
compact support) there exist 7 > 0 and a unique solution u € C([0, T] : L*(R™)) of
(4.72) such that for r € [0, T']

t
suplu.5)la = (0 {Juola + [ 1£Co)lads)
[0.7] 0

Notice that if the b; take real values the result follows by integration by parts. Also,
if b;(x) = by; is a constant then the assumption Zm bgy; = 0 for all j is a necessary
and sufficient condition. In the one-dimensional case, Takeushi [Tal] proved that the
condition

4
sup‘ / Im b(s)ds( < o0 4.73)
LeR 5

is sufficient for the Lz-well-posedness of (4.72). In [Mz] Mizohata showed that in
any dimension » the condition

12

sup sup /Imbj(x+s-vAv)~Wjds <00 (4.74)
weSn—1 xeR"
teR 0
is necessary. (4.74) is an integrability condition on the coefficients b = (by,...,b,)

of the first order term along the bicharacteristic. In fact, Ichinose [I] extended (4.74)
to the case where the Laplacian A in (4.72) is replaced by the elliptic variable
coefficients A = ax/' (ajk(x)dy, ) by deducing that

¢
sup sup ‘/ Imb;(X(s;x,w)) - E(s;x,w)ds| < o0 (4.75)
weS—1 xeR” o

LeR

is a necessary condition for the L>-well-posedness (to the IVP associated to the equa-
tion 0;u = i Au+ b;(x)dx,;u +d(x)u+ f(x,1)), where s — (X(s;x, W), X(s;x,W))
denotes the bicharacteristic flow associated to A (see 3.28).

Notice that the notion of nontrapping for the bicharacteristic flow associated is
essential in the hypothesis (4.75) for b;(-), even in Cg°(R"). We will return to this in
Chapter 10, where the above results are further studied.
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4.5 Exercises

4.1 Prove Proposition 4.1
4.2 Prove Proposition 4.2.

43 Provethatif ] < p <qg <00,0<y <n/q,0 <o <n(—1/p), and

oa—y=n(l— é - %), then there exists ¢ > 0 such that for all € R\{0}

||e’muo Ix|7" ||q <c |t|—(a+y)/2—n/2(l/p—1/q) ||u0 m&“p. (4.76)
Notice that the exponent in (4.76) satisfies
______G_J)=_z+1_l_a:_z+l_%
p g 2 p 2 q

Hint: Combine the formula (4.7) and Pitt’s theorem (Exercise 2.12).
4.4 Define the operators:

[y =x+2itd,,  j=1,....n.
(i)  Prove that for any o € (Z1)" (with multi-index notation),
T f(x, 1) =% Qira,) e f = 18 x@ g4 .
(ii))  Prove that I'; commutes with O; = 9, — i A.
(iii) Ifuo € L? and x® uy € L*(R"), show that 'u € C(R : L*>(R")) and so
3% (/P4 ¢4 1) € C(R\ {0} : LA(R™)).

In particular, 3% €' uy € L2 (R") for t # 0.

(v) Ifuy e H'(R"),s € Z*, and x* uy € L?, || < s, prove that
u=-e"uye C(R: H NL*(x|' dx)).
(v) Ifuy € S(R") show that ¢/"%uy € S(R").

4.5 (i) Prove thatif up, x*ug € L*(R"), and 9% up ¢ L*(R"), then x* e''* uq ¢
L?*(R") for any t # 0.

(i) Show that if uy € Co(R"), then for any + € R\ {0} and any € > O,

e"uy ¢ L'(e™dx), and that e’’“uy has an analytic extension to C" for

t #0.
Hint: Use formula (4.7).

4.6 Using the notation in Definition 3.4.
(i) Prove that fort > 0,and b € (0, 1)
D" (") < cup ("2 41 1),
(i) Prove that for b € (0, 1)

| 1xl”], < e(® luolla + £ 1D uoll2 + Il [x1"uo]l2)-
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(iii) Prove thatifs > b/2,b € (0,2) and
up € H'R") N L*(|x|" dx) = F,

then

(a) €'%uy e F¥, forallt #0.
(b) Moreover, e"4uy € C(R : F3) (see [NhPol]).

Hint: For (ii) combine part (i) and Exercise 3.10 inequality 3.42.
4.7 Check that for the group of translations

L, : L*(R") — L*(R")

defined by L;(u9)(x) = up(x +1t) the inequalities (4.12) and (4.14) are not true.
4.8 Prove that there do not exist p,g,t with1 < g < p < oo, t € R\ {0} such that

4 LP(RM) — L4(R™) is continuous.

This is a particular case of Hormander’s theorem in [Ho2].
Hint:

(i) Verify that ¢/"4 commutes with translations. Thatis, if 7, f (x) = f(x — h),
then 1,(e"? f(x)) = "1, f(x).
(i) Show thatif f € LP°(R"), 1 < py < o0, then

im [[f + Sl =270 Fll o
|h|—o00

(iii) Using (ii) deduce that if 7 commutes with translations and |Tf]l, <
cll flp, then
ITflly < e20P=VDY £,

which leads to a contradiction because g < p.

4.9 (i) Prove that if f € L?*(R), then ¢4 f is continuous in R for almost every
t eR.
Hint: Combine Strichartz estimate (4.14) with (p, g) = (00, 4) and adensity
argument.

(ii) Prove that inequality (4.14) is not true when the pair (p, ¢) does not satisfy

the condition 2/g = n/2 — n/p in (4.18) Theorem 4.2.
Hint: Use the fact that if u(x,7) is a solution of the linear Schrédinger
equation, then for all A > 0, A u(Ax, A21) is also a solution.

4.10 Given a sequence of times A = {r; € R: j € Z™} converging to #y, prove that
there exists f € L*(R) such that ¢/4 f ¢ L®(R)if t € A (compare this result
with the inequality (4.14)).
Hint: For all + € A choose a;g;, € L'(R) N L*(R) such that g, ¢ L®(R)
and where the constants @, are fixed and such that if f; = e "4a,g, then
f =",c4 fi satisfies the statement (use Lemma 4.1).
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4.11

4.12

4.13

4.14

4.15

Prove that

1/3r

oo o0
i i 3 ~
e A uoll 32y = //|e”4uo(x)|’dxdz <claoll, 477
o0 —00

with 1/r + 1/r/ = 1 and 2 < r < o00. (The inequality (4.77) holds for
4/3 < r < oo see [Ff]).
Prove that if f € L>(R"), then

l| \ /4t
. itA
Jim | = s 7. /4m)H (4.78)

Hint:
(1)  Verify that for all ¢ # 0,

Ut) f(x) = (@Arit)y "2 /% f(x nt)

defines a unitary operator. Hence, it is enough to prove (4.78) assuming
f e SR).
(ii))  Prove that

i|x|? /4t
itA _ ¢ -
) ~UOf W) = e x4,

with Fy(y) = (/74 — 1) f(y).
. 2
(iii) Use the estimate |e/*/4 — 1] < c% to complete the proof (see [DI]).

Prove that if uy € H'(R) N L?(|x|*dx), then
202
llx "% uglla = 21 [18,u0ll2 — llxuoll>.

Show that the initial value problem:

(4.79)
u(x,0) = up(x),

{Btu = i A,
x € R, ¢t > 0, is ill-posed.
Hint: Differentiate equation (4.79) with respect to the variable ¢, then use the
conjugate of equation (4.79) to obtain an equation in terms of second-order
derivatives with respect to ¢ and the bi-Laplacian.
(Duhamel’s principle) Prove that the solution u(x,#) of the inhomogeneous
IVP:

(4.80)

ou=iAu+ F(x,t),
u(x,0) = up(x),
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x e R", t e R, with F € C(R : S(R")) is given by the formula:
t
u(x, 1) = e u +/e"<f—”>AF(.,z/)dr/. (4.81)
0

4.16 Prove that if F € S(R"*!), then the solution u(x, t) of problem (4.80) can be
written as:

e2mitt —47 2|t i B
= TS F(g,T)dEdT, 4.82
u(x,t)=e" qur//‘ml|£5|2+2mr (¢,7)dédr (4.82)

—ooR"

where F represents the Fourier transform of F with respect to the variables
X, t.
4.17 [AvHe]

(i)  Show that if u(x, ) is a solution of the IVP for the Schrodinger equation
with Stark potential:

oru =i(Au+ (v - x)u),

(4.83)
u(x,0) = up(x)

with v € R” for (x,7) € R" x R, then
wix, 1) = u(x + t*v,1) emitva—it’ v?/3

solves the linear Schrodinger equation with the same data, i.e., w(x,t) =
¢y,

(i1) Do the estimates (4.14) and (4.24) hold for the solution u(x, t) of (4.83)?
4.18 Prove inequality (4.37).

4.19 Prove that m(&) = €87'"¢" is not an LP-multiplier for p # 2.

4.20 Using the estimates (4.23), (4.24) from Theorem 4.3, prove that:
() Ifn > 2,a > 1/2,and f € L*(R"), then (1+|x|)~ "‘Dl/2 A f e L2(R"),
ae.r e R.

(i) If n = 1 the result in (i) is not true.

(iii) What can be said in the case n = 2? (See [KY]).
4.21 Use the commutator estimates in (3.16) to show that operator defined in (4.64),

ie.,

[— £/(Ux;1) 00,47 12) 47120,

is in fact of order zero.



Chapter 5
The Nonlinear Schrodinger Equation:
Local Theory

In this chapter, we shall study local well-posedness of the nonlinear initial value
problem (IVP):

idu=—Au— Aul*u,

u(x,0) = up(x), (5.1

t € R, x € R", where A and « are real constants with « > 1.

The equation (5.1) appears as a model in several physical problems (see references
[GV1], [N], [SCMc], [ZS]).

Formally solutions of problem (5.1) satisfy the following conservation laws, that
is, if u(x,t) is solution of (5.1), then for all ¢ € [0, T'], the L2-norm

M (ug) = |lu(-, D3 = lluoll3, (5.2)
the energy
2\
E(up) = / (|vxu<x,z>|2 - |u(x,t)|“+‘> dx
a-+1
R" (5.3)
= ||Vuoll3 — Y lluoll<1,

the momentum

Im / Vu(x,t)u(x,t)dx =Im / Viug(x) up(x) dx, 5.4
R” R”

and the so-called quasiconformal law [GV 1]

. 2 8ar? a+l
(x4 2itVu(t)|; — mllu(t)lla+l

o

t
4—n(@—1
= ||xuo||%—4)»$/ /|u(x,s)|“+'dx sds.
0

Rll
(5.5)
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We will use these identities in the next chapter.

We shall say that equation in (5.1) is focusing if A > 0 (attractive nonlinearity)
and defocusing if A < 0 (repulsive nonlinearity).

In any dimension, the equation in (5.1) in the focusing case A > 0 has solutions
of the form

u(x,1) = e g(x), (5.6)
called standing waves. The ground state ¢ is closely related to the elliptic problem
—Av = f(v), (5.7

which have been extensively studied. In our case, f(v) = —v + |[v[*~!v, with A = 1.
Indeed, the problem is to find ¢ € H'(R"), positive, such that

—Ap+ ¢ = lp|* o (5.8)

Hence, for any w > 0,

Uy(x, 1) = e 0 Vo(Jo x) = € g, (x) (5.9)

is a solution of the equation in (5.1) with A = 1.

The existence of solutions of the equation (5.8) in dimensionn > 3 was established
by Strauss [Sr2] and Berestycki and Lions [BLi] (see also [BLiP]). The bidimensional
case was considered in [BGK] by Berestycki, Gallouét and Kavian Regarding the
uniqueness of solutions of (5.8), Kwong [Kw1] showed that positive solutions of the
problem (5.7) with f(v) = —v + v are unique up to translations. We summarize
these results in the next theorem.

Theorem 5.1. Letn >2 and 1 <a <(n+2)/n—2) (1 <a <oo,n=2).
Then, there exists a unique positive, spherically symmetric solution of (5.8) ¢ €
H'(R™). Moreover,  and its derivatives up to order 2 decay exponentially at infinity.

Remark 5.1. The restriction on @ comes from Pohozaev’s identity (5.83) since we
want to have H'-solutions of (5.8) (see Exercise 5.3).

Remark 5.2. There are infinitely many radially symmetric solutions under the
hypothesis of Theorem 5.1 without the positivity assumption (see [BLi], [E], [JK]).

As given below, once we have a solution of (5.1), we can use the invariance of the
equation to generate other solutions. Thus, if u = u(x, t) is a solution of the equation
in (5.1), then the following are also solutions:

(i) u,(x,t) = T u(px, 12t), w e R, with initial data given by
(5.10)
2
o, (x) = peTug(ux).

(ii) ug(x,1) = eu(x,1),0 € R.
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(ii1) us(x,t) =u(Ax,t), Aany n x n orthogonal matrix.
@iv) ugp(x,t) =u(x —a,t —b), aeR", belk.
) u(x, 1) = ei*e=ileliy(x — 2tc,t) for ¢ € R", with initial data

. 5.11)
uc(x,0) = e “* uy(x).

(vi) In addition, if « =4/n + 1,then [GV1]

1) 1 . iw|x|?
Uy(x, 1) = X
@+ o P\ + o)

( x y+9t>
X U s , ¢ —wy=1,
a4+ ot o+ ot

(vii) u7(x,t) = u(x, —t).

Property (i) is called scaling, property (v) Galilean invariance, and property (vi)
pseudo-conformal invariance.

Hence, gathering this information, one gets the multiparametric family of
solutions R = R(v,w, 0, xp) with v, xg € R", w > 0, and 6 € R.

R(x,1) = 05— WPitortt) o (o 0 —2v1) (5.12)

of (5.1) with A = 1 (focusing case), where ¢(-) is the positive solution of (5.8) and
@»(+) is defined in (5.9). Notice that the solitary wave in (5.12) moves on the line
x = X9 + 2vt. In the one-dimensional (1-D) case, the equation (5.8) becomes an
ordinary differential equation (ODE) and one has that

_ 1/(a—1)
Po(x) = {(a—; 1)a) sech? (a > ! \/5)()} . (5.13)

Thus, forall r €e R and p € [1, o]

lul-, Ol = lluoll, = K(a, w). (5.14)

From the nonlinear differential equations point of view, the existence of the solitary
wave describes a perfect balance between the nonlinearity and the dispersive char-
acter of its linear part. More precisely, although the solutions of the linear problem
e"“uy with uy € L'(R") N L2(R") decay as t — oo (see (4.12) for the case
uy € L'(R") and (4.14) for uy € L>(R™)), the solutions of (5.1) neither decay nor
develop singularities. The latter situation is addressed in the next chapter.
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5.1 L2 Theory

We consider the integral equation (see Exercise 4.15)

t
u(t) = e"ug + ix / SO () dt (5.15)
0

The difference between this equation and the one in (5.1) is that (5.15) does not require
any differentiability of the solution. Using the properties described in Proposition 4.2,
it is easy to see that if u is a solution of the differential equation in (5.1), then it is
also a solution of (5.15). We shall prove in Section 5.3 that under some hypotheses
on o and n,if uy € H3(R"), the solution of (5.15) also satisfies the differential
equation in (5.1).

We say that the integral equation (5.15) is locally well-posed in X, where X is
a function space, if for every uy € X there exist T > 0 and a unique solution u €
C(0,T): X)N...of(5.15) for (x,t) € R" x [0, T). Moreover, the map data solution,
i.e., ug > u(-,t), locally defined from X to C([0, T) : X), is continuous. Therefore,
our notion of well-posedness includes existence, uniqueness, and persistence (the
solution u(t) belongs to the same space as the initial data and its time trajectory
describes a curve on it). Thus, the solution flow of (5.15) defines a dynamical system
in X. In the case that T can be taken arbitrarily large, we shall say that (5.15) is
globally well-posed in X.

As we shall see below in the subcritical case, one has that T = T (Jjug|lx) > 0
and in the critical case that T = T'(up) > 0. These definitions of local and global
well-posedness also apply to the initial value problem (IVP) (5.1).

Our firstresult indicate that under some restriction on the power of the nonlinearity,
a € (1,1 + 4/n), problem (5.15) is locally well-posed in L2.

Theorem 5.2 (Local theory in L2). If 1 < o < 1+ 4/n, then for each uy €
L>(R") there exist T = T(|ugllz,n,r, @) > 0 and a unique solution u of the
integral equation (5.15) in the time interval [—T,T] with

ue C(-T,T): LA\@R")YNL ([-T,T]: L*T'(R")), (5.16)

where r = 4(a + 1)/n(a — 1).
Moreover, for all T' < T there exists a neighborhood V of uy in L*(R")
such that

F: Ve C(=T,T'1: L*(RM)N L ([T, T']: LYY R™), g — i(r),

is Lipschitz.

As we shall see in the proof of Theorem 5.2 (see (5.24)) and in Exercise 5.5, one
can give a precise estimate for the life span of the solution according to the size of
the data in L?-norm. This fact holds whenever the problem is “subcritical” and the
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scaling of the norm of the initial data is homogeneous, i.e., in our case, if u = u(x, t)
is a solution of (5.1) or (5.15), then

2/(a—1)

MM(X,I) = H/ u(l/«x, H/Zt)3

is also a solution with data u,,(x,0) = u*@=Y uy(uux) so that
i, O)ll2 = @D Jlug .

If, in addition to the hypothesis of Theorem 5.2, one has that uy € H*(R"), s > 0,
and @ > [s] + 1, [-] denoting the greatest integer function, then

ue C(0,T]: H*R" )N L' ([-T,T]: L;"H(R")), 6.17)

with 7 as in the theorem. This fact holds in any subcritical case with a regular enough
nonlinearity, since by taking s derivatives the problem becomes linear in this variable.
The proof of Theorem 5.2 is based on the contraction mapping principle. This has
the advantage that it also shows that if the nonlinearity is smooth, i.e., @ is an odd
integer, then the map data-solution uy — u(#) is smooth (see Corollary 5.6).

Corollary 5.1. The solution u of equation (5.15) obtained in Theorem 5.2 belongs
to LY([—-T,T]: LP(R")) forall (p,q) defined by condition (4.18) of Theorem 4.2,
that is:

(5.18)

e
~ s

2<p<oco  ifn=2f and =
2<p=<o0 ifn=1

In the proof of Theorem 5.2, we use the following notation: For all positive
constants 7 and a, we define

E(T,a)={v eC(I=T, T} LX®R") N L"([—T, T]: L**'(R")) :
T 1/r
Il = sup V@)l + / WOldi| <a)  5.19)
[-T.T] “r

with 1 <o <1+4+4/n and r = 4o + 1)/n(e — 1). Note that E(Tp,a) isa
complete metric space.

Proof of Theorem 5.2 For appropriate values of @ and T > 0, we shall show that

D, (u)(t) = Pu)(t) = ey + ir / 2 (e w) @y dr’ (5.20)
0

defines a contraction map on E(T, a).
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Without loss of generality we consider only the case ¢ > 0. Using (4.14), (4.17),
and Holder’s inequality combined with the definition @(-) in (5.20), we obtain:

T 1/r T 1/r
/ 10O dt | < clluolla + el / O L 1 e
0 0 (5.21)
T 1/ '
<clluoll>+clAl f ()1t
0
By hypothesis (1 < @ < 1+ 4/n), we have that o’ < r, that is,
r 4a+1)
o <r or a<r—1l=——-—
r—1 n(a —1)
Therefore, from (5.21) we deduce that
T 1/r T afr
/ |2y ydt | <clluolla+clA|T / lluellgyrdt (5.22)
0 0

withf =1 —n(o¢ — 1)/4 > 0. Then, if u € E(T,a) we have
T 1/r
/ @) ()l dt < cllugllz + c|r| T% a®.
0

Using 4.16 and the unitary group properties in expression (5.20), we obtain that if
ue E(T,a),then

1/r
T
sup || D (u)(t < c|lugll2 + clr ul®||” dt
[o,f] @@ ®l2 =< clluollz + c[A] <{ I 12l W1 e ) (5.23)
< cllugllz +clr| T a*,
where the constant ¢ depends only on « and the dimension n. Hence,
Ie@lly < cllugllz + AT a”.

If we fix a = 2c¢|lug||» and take T > O such that

29¢ M T uol§™" < 1, (5.24)
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it follows that the application @ is well defined on E(T, a). Now, if u,v € E(T,a),

(@) — PW)(t) = ir /e"<'-”>A(|v|a—1v — |u|* Yu)(r") dr'.
0

The same argument as in (5.21) and (5.22) shows that
T 1/r

/ (@) — D))y dt
0

1/r

T
-1 —1
< c|A] /” 1%y = 1l ullfgy 1)/ dt
0

1/r

T
-1 —1y '
< calA| /(IIV||§+1 + llullgr )" v —ully, (1) dt
0

(a=1)/r (a—1)/r

T T
< colr| T f IVl dr + / lullfy sy
0 0

T l/r
x / V() = () it
0

T 1/r
<2, |1 T @ / V() = w1y
0

Combining (4.16) with the unitary group properties and the arguments used in (5.21)
and (5.22), we see as in (5.23) that

1/r

T
[S()ug (@) — P@)N®)]l2 < 242 T? a*! / v(t) — u(®)lly,, dt
’ 0

Finally, it follows from the choice of a, a < 2c||up||, and inequality (5.24) that
20| T @' < 2% A T uoll§™" < 1.

Hence,

41 — o)

B .
T ~ , th =———"—.
luollf,  with = 7=

(5.25)
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Thus, we have proved the existence and uniqueness in an appropriate class of the
solution of equation (5.15). To prove the continuous dependence of @ (u(t)) =
D, (u(t)) with respect to ug, note thatif u, v are the corresponding solutions of
(5.15) with initial data ug, vo, respectively, then

t
u(t) — v(t) = " (uy — vo) + i / DA = (@ )dr .
0

Therefore, the same argument used in (5.21) and (5.22) implies
T 1/r

[ 1) =0l de | < el = vl

0

T 1/r
0 a—1 a—1 r
+ Kol T (luolls™" + Ivolls™") / u(®) — v(D)llg, dt
0
As a consequence, if |lug — vl is small enough (see (5.24)), then
T 1/r
[ 1) vl de | < Rl ol
0
Analogously we can prove that
sup lu(t) — v()ll2 < K lluo — volla.
[0,T]
which completes the proof. a

Proof of Corollary 5.1 The proof is obtained by combining Corollary 4.1 with in-
equality (5.21). That is, taking (p,q) in Corollary 4.1 instead of (@ 4 1,r) on the
left-hand side of (5.21) and then using the argument in the proof of Theorem 5.2.
The details of this proof are left as an exercise to the reader. O

Remark 5.3. Observe that in the proof of Theorem 5.2 we only used the hypothesis
on the growth of the nonlinear term but not its particular form.

Next, we show how to extend the argument used in the proof of Theorem 5.2 to
the critical case o = 1+ 4/n.

Proposition 5.1. Let (p,q) be a pair satisfying condition (5.18) in Corollary 5.1.
Given uy € L*(R") and € > 0, there exist § > Oand T > 0 such that if
lvo — uoll2 < 6, then

1/q

T
/ lle"“voll% dt <e. (5.26)
0
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Proof. If we take § < €/2c¢, then it suffices to show that
1/q

T
f lle"“uol% dt <€/2. (5.27)
0

We choose %y € S(R") such that |lug — uollz < €/4c and then combining
Theorem 4.2 (inequality (4.14)), the fact that {e’4} defines a unitary group in
H’(R™) and Sobolev’s inequality (Theorem 3.3), we have

T 1/q
/ lle"“uol% dr
0

1/q

T 174 T
< itArsy a4 itA~ a4
< [ e G — g dr |+ [ [ e i ar
0 0

~ 1 ~
< clliip — uolla + T |[iio |52,

where s > n(1/2 — 1/p). Fixing T such that ¢T'/9 ||p|l;» < €/4, we obtain
(5.27). O

Theorem 5.3 (Critical case, « = 1 +4/n in L>(R")). If « = 1+ 4/n, then
for each uy € L>(R") there exist T = T(up, »,) > 0 and a unique solution u
of the integral equation (5.15) in the time interval [—T,T] with

ue C([~T,T]: LXR"))NL°([—T,T]: L°(R")), (5.28)

where o =2+ 4/n.
Moreover, for all T' < T there exists a neighborhood V of uy in L*(R")
such that

F: Vi C(=T,T]: LPR")NLO(—T',T']: L°R"), ity > ii(t),
is Lipschitz.

Remark 5.4. Notice that the time of existence in Theorem 5.2 depends only on the
size of ug (that is, on |lup|2); meanwhile, in Theorem 5.3, the time of existence
depends on the position of 1, and not only on its size.

Proof. We shall show that @,, = @ in (5.20) defines a contraction in:

E(T,a) = {v e C([-T,T]: LXR")NL°([—T,T]: L°(R")) :
1/o

T
sup V() — e 4ully + / holgd)  <al.
-T

vl
[~T.T]

First, from (5.20) it follows that

t
sup [|@u)(t) — " “upll> < sup | / A ul (¢ di |1
[0,T] [0,T] 0
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1/o0'

T
< el / NI 12, di (529)
0

o/o

T
el | [ o ar
0

On the other hand, it is easy to see that the pair (o,0) satisfies the condition (5.18)
of Corollary 5.1. Then, combining the integral equation (5.20), estimates (4.14), and

(5.26) with (p,q) = (0,0), with the argument used on (5.21), we obtain:
T 1/o T 1/0’
[1owaongar| < cevea | [imoriza
0 0

(5.30)

oo

T
< ce+clA| /IIM(I)IIZdt ,
0

because o’ =(14+4/n) (2n+4)/(n+4)=2+4/n=0.
From Proposition 5.1, inequalities (5.29) and (5.30), we obtain that given € > 0,
there exists 7 > 0 such thatif u € E(T,a), then

@@, <ce+clr|a”.
Therefore, if
ce +c|A|a® <a, (5.31)

we get that <D(E (T,a)) C E (T, a). The argument used in the proof of Theorem 5.2
yields:

T /o T 1/o
/ (@) — )O3 dr | <2c|r]a / Iv(t) — w5 dt
0 0
Thus, for
2¢ A a® ' < 1/2, (5.32)

we have that @(-) is a contraction. Now, fixing € > 0 such that
clal e < 1/2

we see that both (5.31) and (5.32) are verified. This basically completes the proof, the
remainder of the proof follows using the same argument employed to show Theorem
5.2. m|
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Corollary 5.2. There exists €y > 0 depending on A and n such that for all
uy € LA R") with ugll, < €y, the results of Theorem 5.3 extends to any time
interval [0,T], i.e,

ue CR: LAR"))NL°(R: L°(R"), o =2+4/n. (5.33)

Proof. Itisenoughtonotethatif |lugl|, issufficiently small, thentaking € = |lug]|>
and a = 2||up||>» (both independent of T'), and

c Al uolly™" < 1/2,

we see that (5.31) and (5.32) hold. O

Combining the results in Corollary 5.2 and those in Exercise 6.2 (concerning the
scattering of the solutions obtained in Corollary 5.2), one should expect that the
constant € in Corollary 5.2 be given by ||¢||,, where ¢ is the positive solution of
equation (5.8), with w = 1 and @ = 1 4 4/n. This has been proved in the radial case
and for dimension n = 2 in [KTV].

5.2 H! Theory

We consider the integral equation (5.15) with uy € H'(R") with the nonlinearity o
satisfying

n+2
| if n>2
se=u Ty e (5.34)

1l <a< oo, if n=1,2.

Theorem 5.4 (Local theory in H'). If « satisfies hypothesis (5.34), then for all
up € H'(R") there exist T= T (||uol|1.2,n,1,&) > 0 and a unique solution u of the
integral equation (5.15) in the time interval [—T,T] with

ueC(-T,T]: H'®R") NL (=T, T]: LYR")), (5.35)

n(e + 1) da+1)
n+a—1 (n—=2)(a—1)
forn=1,2,and LY is defined as in (3.38).

Moreover, for all T' < T there exists a neighborhood W of uy in H'(R")
such that the function

where (p,r) = ( ) forn > 3, and (p,r) satisfies (5.18)

F: Wi C(=T.,T']: HHR") N L (=T, T']: LY(R"Y), itg — ia(t),

is Lipschitz.
If in addition to the hypothesis of Theorem 5.4 one has that uy € H*(R"), s > 1,
and o > [s] + 1, [-] denoting the greatest integer function, then

ueC(0,T]: H'R")NL'([0,T] : L' (R")), (5.36)
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where [0, T'] is the same time interval given for s = 1. As in (5.17), the problem
becomes linear in Dju once one takes D7 in the equation and the result follows by
reapplying the argument in the proof of Theorem 5.4 in this linear equation whose
coefficients (depending on u) have sufficient regularity to get the desired result.

As we shall see in the next chapter, in the critical case, a similar result was quite
difficult to establish.

Corollary 5.3. The solution of the integral equation (5.15) obtained in Theorem 5.4
belongsto u € L4([—T,T]: LY(R")) forallpair (p,q) defined by condition (5.18)
in Corollary 5.1. Moreover, in these spaces, the solution depends continuously on
the initial data.

The proof of this theorem is similar to the one given in the previous section for
the L2 case; therefore, we can give only a sketch of it.

Proof of Theorem 5.4 We will show the theorem in the case n > 3. We first define
ET,a)={v € CU=T,T): HONL'(=T,T1: L) : ll = sup vl
[-T.T]

T 1/r
+ / VO, + IVl de | <a). $5.37)
T

Notice that the pair (p, r) is an admissible pair (see Corollary 4.1).

We prove that there exist positive constants 7 and a such that the operator
defined in (5.20) is a contraction on E'(T,a).

Combining Holder’s inequality and the Sobolev inequality (Theorem 3.3) it
follows that

-1 -1 -1
™ Vully < clul* llVull, < cllulllg_y IVull, < clIVull.
Thus,
—1
Ml ullry < cllulf,, (5.38)

with 1/p" = 1/1+ 1/p. Then,
1 2 1 I 1 I a—1 ao-1

- =1—— and =———,1le, - =
[ 0 (a—DI p n P n
Therefore, (¢ +1)/p =+ o — 1)/n.
Using Corollary 4.1, (5.20), and (5.38), we have

T
-1 4
el < clluglliz + ¢ /IIIMI“ ully , dt
0
1/r

T
< cluolia+e | [ i ar (5.39)
0
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a/r

T
5
<clluplliz+cT / lu@)Ily, dt ,
0

withd =1— (e +1)/r =1 — (n — 2)(¢ — 1)/4. Hence, taking a = 2c |Jup||12 in
(5.37), we get from (5.39) that

Ie@lir < clluolliz + ¢ T° flullf

o
s a

a
< = T <
=5t o =1
if T is sufficiently small, i.e.,
cT? a1 1
a < -.
2c)~ -2
Thus,
T < a0, (5.40)

To complete the proof of existence and uniqueness of the solution, it is enough to
show that the operator @ is a contraction. The proof of this as well as the continuous
dependence is similar to the one given in the previous section, so it will be omitted.O

Remark 5.5. As we commented in the previous section, in the proof of this (local)
result, we did not use the particular structure of the nonlinear term.

Theorem 5.5 (Critical case, « = (n +2)/(n —2),n > 2,in H'(R")). Letn > 2
and a = (n 4+ 2)/(n — 2). Given uy € H'(R"), there exist T = T (up,n, 1, ) > 0
and a unique solution u of the integral equation (5.15) in the time interval [T, T
with

ue C([-T,T]: H®R")YN L (-T,T]: LY (®R™M)),
where r =2n/(n —2), p =2n%/(n* —2n+4) and Lf is defined as in (3.38).

Moreover, forall T' < T there exists a neighborhood W of uy in H'(R")
such that the function

F: W — C([-T,T'1: HH@®") N L (=T, T']: LY([R"), iy — ),
is Lipschitz.

Remark 5.6. We notice that the time of existence depends on the initial data. In
Theorem 5.4, it depends only on the size of uy, thatis, on ||ug||; 2. In Theorem 5.5,
the interval of existence depends on the position of ug, and not only on its size.

Proof. Observe that the pair (r,p) = 2n/(n — 2), 2n? / (n? — 2n + 4)) satisfies
condition (5.18) of Corollary 5.1. First, we have that

1 1/1

T I T r 7
/||Vx(|u|a_lu)||:,l/ <c /||qu||:> /|||M|a_1||lu (5.41)
0 0 0
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r r o, r 1/1
Ia—1)
=c /IIVXMII:, fllullvf;_n ,
0 0

where 1/r+1/r'=1/p+1/p' =1, 1/p'=1/p+1/v,and 1/r' =1/r +1/1.
Since (a,7,p) = ((n +2)/(n — 2),2n/(n — 2),2n/(n* — 2n + 4)) , we have
lla—1)=r and vie —1) = 2n2/(n — 2)%. Then by Gagliardo—Nirenberg’s
inequality (3.14) it follows:

lullve—1) < cllull, = clull, + 11 Viullp). (5.42)

Combining (5.41), (5.42), Proposition 5.1, Theorem 4.2, and the notation in the
proof of Theorem 5.4, we obtain that for any & > 0 fixed there exists 7 > 0 such
that

T 1/r
/ |, dt
0

T 1/r T 1/r
<c / le@l,dr |+ f IV @) )], dt
0 0
T 1/r
< ce + c|A| /||u||;dt (5.43)
0
T 1/r T (a—1)/r
+ |l /nvxuu:,dt fuuu’l,pdr
0 0
T aofr
< ce +c|A| /.||u||{’pdt
0
On the other hand, we have that
T alr
sup || P (u)(1) — € ?ugll12 < c|A| /Ilullﬁ,pdt : (5.44)
[0,7o]
0

Therefore, defining
ENT,a) ={v e C([0,T]: H'®R")NL'([0,T]: LY(R") :
T 1/r
Ivll, = supllv(t) — e “uplli» + / vy, dt < a},
[0,70] 0
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and applyingv(5.44) and (5.43), we have that for all € > 0 there exists 7 > 0 such
thatif u € EX(T,a) , then

eIl < ce + clr] a®. (5.45)

Once inequality (5.45) is established, the remainder of the proof follows an argument
given previously, so it will be omitted. o

Corollary 5.4. There exists €y > 0 depending on A and n such that for all
up € H'(R") with |uol|12 small, the results of Theorem 5.5 extend to all time
intervals [0,T], so

ue CR: H'®R)NL(R: LR (5.46)

with (r, p) as in Theorem 5.5.

Proof. Once Theorem 5.5 is established, we follow the argument used in the proof
of Corollary 5.2. a

5.3 H? Theory

Consider again the integral equation (5.15) with uy € H*(R").
Assume that the nonlinearity « satisfies

d<a<-—" iftn=>5
n_4 (5.47)
2 <a < 00, ifn <4.

Theorem 5.6 (Local theory in H 2(RM)). If «a satisfies (5.47), then for all uy €
H*(R") there exist T = T(||ug|l22,n, A, @) > 0 and a unique solution u of the
integral equation (5.15) in the interval of time [—T,T] with

ue C([-T,T]: H*R") N LI([-T,T]: LY(R™) (5.48)

for all pairs (p,q) defined by condition (4.18) of Corollary 5.1.
Moreover, for all T' < T there exists a neighborhood W of uy in H*(R")
such that for all pairs (p,q) in (4.18) the function

F: W C(-T,T']: H*R") N LI([~T',T']: LER"), g — i),

is Lipschitz.

The proof of this result is similar to the one exposed to establish Theorem 5.2 and
Corollary 5.1, so it is left to the reader to complete the details.

As a consequence of Theorem 5.5 we obtain the following relation between the
differential equation (5.1) and integral equation (5.15).
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Corollary 5.5. If u is the solution of equation (5.15) obtained in Theorem 5.6,
then for all pair (p,q) which verifies condition (5.18) of Corollary 5.1, we have

due LI([-T,T]: LP(R")).

Moreover, u is the (unique) solution of the differential equation (5.1) in the time
interval [—T,T].

Proof. Using Theorem 3.3 and hypothesis (5.47) on the nonlinearity, it is easy to
see that u € C([—T,T]: H?) implies that |u|*"'u € C([—~T,T]: L*). Combining
Theorem 5.6, which guarantees Au € C([—T,T]: L?) with the previous results
and the integral equation (5.15), we see that d,u € C([—T,T]: L?), and that the
differential equation in (5.1) is realized in the space C([-T,T]: L?).

The end of the proof is left as an exercise to the reader. O

In the next chapter, we will use the identities (5.2) and (5.3) to establish global
solutions. To justify them, we present the following result in H2.

Theorem 5.7.

1. Let ue C([-T,T]: L*R")NLI([—T,T]: LP(R")) be the solution of integral
equation (5.15) obtained in Section 5.1. If ug € H'(R"), then

ueC(-T,T]: H'@®R") N LY([-T,T]: L7(R™M). (5.49)

2. Let ue C(-T,T]: HHYN LI(-T,T]: Lf) be the solution of the integral
equation (5.15) obtained in Section 5.2. If uy € H>(R") and « > 2, then
ue C(-T,T]: H> and satisfies the differential equation (5.1) and estimates
(5.2) and (5.3).

Proof. We prove only part 1 of the theorem. Given uy € H'(R"), we know by
Theorem 5.4 that there exists 7’ > 0 such that u € C([—T’,T']: HY(R")). If
T’ > T itis easy to see that the solution in L? can be extended to the interval
[—T',T’]. Thus, we assume that 7’ < T. To get the desired result, it is enough to
prove that

sup [[Vyu(®)ll2 < K{lu0)l12

[0,7]
with K depending onlyon 7 and M = sup{|lu(t)|l, : t € [0, T]}.

Differentiate the integral equation (5.15) and use the notation v; = 9dy;u, j =

1,...,n, to have that

t
vi(t) = e"v;(0) + ira / A ) dr (5.50)
0
which is a linear integral equation, because u(-) is known in the time interval [0, T'].

With the same method used in the proof of Theorem 5.2, it is easy to see that this
new integral equation (5.50) has unique solution on [0, AT], where AT depends
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on «, A, n, and M, which remains constant in the interval [0,7]. Combining
this result with an iterative argument, we obtain (5.49), which leads to the result. O

Now, we explain how to use Theorems 5.6 and 5.7 to justify the use of identities
(5.2) and (5.3), respectively, in the proof of theorems (global).

Assume that uy € L*(R") and « € (2,1 +4/n), we choose {uf}>, in
H*(R") such that ||u’6 — upll2 = o(1) when k — oo. Combining Theorems 5.2,
(5.6), and (5.7), we see that for all 7 > 0 there exist u* € C([—T,T]: H*(R")),
k =1,..., asolution of (5.1) and (5.15) with initial data uﬁ Since it satisfies the
differential equation in (5.1), we infer that for all t € [T, T],

k k
™ (Oll2 = llugll2,

i.e., identity (5.2). From Theorem 5.2 (continuous dependence on the initial data),

we have that  sup |lu*(t) — u(?)|l» = o(1) when k — oo, where T’ < T. Thus,
[-T'.1"]

lu()|l> = |lugll, forallz € [T, T]. (5.51)

This identity allows us to reapply Theorem 5.2 and extend the solution to the interval
[—(T" + AT"), T’ + AT’], where (using the same argument) identity (5.51) still
holds. By successive applications of this step, we obtain the desired result (identity
(5.42) in any time interval).

Finally, the case « € (1, 2) requires some changes: For initial data Mo e H*(R")
we will have the nonlinear term py * (|0 * u|* ™! pg * u), where px(-) = k" p(- /k),
with p(-) an approximation of the identity. In this case it will be necessary to prove
the stability of the solutionin L? with respect to initial data and the nonlinear term.

As we remarked at the end of Theorem 5.2 all the previous existence proofs are
based on the contraction principle. This approach has the advantage that it also shows
that for smooth nonlinearity the map data-solution is smooth.

This general fact follows from the implicit function theorem. However, to simplify
the exposition we will sketch the details in the case of Theorem 5.2.

Corollary 5.6. Assume the same hypotheses of Theorem 5.2. Suppose F(u,u) =
iAul*” Y is smooth (i.e., o — 1 is an even integer). Then there exists a neighborhood
% of up € L2(R") such that the map F : uy — u(t) from V into E(T,a) is smooth.

Proof. Define for F(u, 1) = iAlu|* 'u
H:V x E(T,a)— E(T,a)
(VO’ V(t)) = V(l) - Ql’()(v)(t)

t
=v(t) — ("?vy + f A B ) dt).
0

Thus, H is smooth, H (ug, u(t)) = 0, and

D, H (ug, u(t))v(t) = v(t) + / DA, F(u, ) v + 85 F (u, w)v](¢) dt’.
0
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Hence,
D, H(ugy, u(t)) =1+ L.
From the proof of Theorem 5.2 it is easy to see that
LVl < el T?a" ™! < 1
for any choice of a in (5.24). Then,
D, H(uo,u(t)): E(T,a) - E(T,a)

is invertible, i.e., one-to-one and onto. Thus, by the implicit function theorem there
exists h : V — E(T,a) smooth (V C V neighborhood of uy € L*(R")) such that

H(vo, h(v)) =0, ¥v €V,

S0,
'
h(vo) = €'"“vy + / ¢! F(h(vo), Avo))(t) dt’
0
is a solution of (5.15) with data v, (instead of ug). O

Remark 5.7. The same argument shows that if F(u, ) = iA|u|*"'u is C'*) (when
o — 1 is not an even integer), then the map F : uy — u(t) from V into E(T, a)is C[¥1,

5.4 Comments

The L? theory exposed on Section 5.1 was obtained by Y. Tsutsumi [T1] in the case
a € (1,1 +4/n). The critical case L? (@ = 1+ 4/n) was established by Cazenave
and Weissler [CzW3]. The results of Section 5.2 were taken from references [CzW2],
[GV1], [K1], and [T2]. Finally, the H? theory can be found in [K2].

It is important to note that Theorems 5.2, 5.4, and 5.6 prove that under some
conditions on the power of the nonlinearity «, the solutions of the integral equation
possess, at least locally in time, the same smoothing properties as the Strichartz type
(discussed in Section 4.2, Theorem 4.2) that the solution of the associated linear
problem.

From the proof of Theorem 5.3, one sees that the conditions on the data i in
the existence results can be significantly weaker. To simplify the exposition, let us
concentrate on the results in Theorem 5.3: Instead of uy € L*(R"), one can take
uy € S'(R™) such that

" S i 5.52
lle" “uoll Lo ®rxr,) < 00, o0 = + - (5.52)
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to get the same local result, or
lle" Auol Lo rrxr,) < 1 (5.53)
to obtain a global one in the function space u(-) with
u—e"uy e C([0,T]: L*(R™) and u € L°([0,T]: L°(R")). (5.54)

Several methods to construct uy € S’'(R") such that (5.52) or (5.53) are satisfied (or
simply, ug € L>(R") with |ug||, > 1 such that (5.53) holds) have been developed.
Let us consider first the last problem. Without loosing generality, assume the 1-D
case. We will use Examples 4.1-4.3 Chapter 4 to obtain uy € L*(R) with ||ug|l> > 1
such that (5.53) holds.
Let ¢ € C{°(R) with suppp C B;(0) and ||¢|l, = 1. Let N € Z* and define

N N
up (x) = th(x — vj)ez’”"”’C = Z%‘(X), (5.55)

j=1 j=1
where vy, ..., vy and 1, ..., uy are numbers chosen such that for# > 0 the “cones”

containing most of the mass of u;(x, 1) = €' ¢;, i.e., for 7, > 1 fixed

QN D+ 1, | _@N+ b1
to Iy

Cjz{(_x,t): t+l,0§t§t0},

do not overlap. Thus,

lud |l = VN (5.56)

and using that outside c;, u;(x, t) decays exponentially (for a 7 fixed and |x| — ©0),
one can show (for a similar computation see [Vi2]):

N
00 00 1/6 5.57)
P> / / le"4p;(x)|® dxdr |~ NV
=
(since [le"%9;[1% < llg;[I%, = 1). So by taking v = ul //N, we get a sequence

of data with ||[v)'[|,> = 1 and

1/3

le"“voll o@urt) < cN'? <1 for N large.

For the same problem, Bourgain [Bo3] introduced the following norm (two-
dimensional case, n = 2)

4/py 174

ol = [ 3°3°274 | 375 [ oo ax . 65®)

j=lk=1 .
o
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where {Q}i}keZ* denotes a grid of squares with disjoint interior of side 2~/ parallel
to the axes.

First one notices that the norm || - ||, ~scales like the L?>(R*)-norm, i.e., || £l .
with f5(x) = Af(Ax) is independent of A (see Exercise 5.5). In [MV V1], [MVV2]
Moyua, Vargas and Vega (improving and extending results in [Bo3]) showed that

itA
lle"Cuoll Loz v,y < clluoll, (5.59)

for 12/7 < p <2 forany uy € LIIOC(RZ), and for 4(ﬁ— )<p<2if
ug is the characteristic function of a measurable set. Moreover, they showed that
p>4K-2—-1is sharp.

Using (5.58) and (5.59), one can find uy € LIIOC(RZ) \ L*(R?) such that (5.53)
holds.

Let

oj (4, 3) = X, (x,y), jeL (5.60)

027/ 1x[02/1}

It is not hard to see that [|ug; |||Xp < 27//* (Exercise 5.7) while lug;llo = 1. Then
taking

oo
up(x,y) =€ Y uo;(x,y) = (j,0)), €>0 (5.61)
j=I1
it follows that u ¢ L*(R?) and
lle™ Auoll sz xry < luosll, < ce.

It is not difficult to show that solutions of (5.15) also enjoy the local regularity
property described in Section 4.3. For instance, we see that the solution u(-) of (5.15)
obtained in Theorem 5.2 satisfies

ue LX[-T,T]: H/*R")). (5.62)

loc

In fact, writing the equation (5.15) in the form:

1

u(t):eitA(u0+/ e—it’A(|u|ol—lu)(t/)dtl)

0
and using (4.25) (or (4.23) when n = 1) and (4.16) we have that
T 172 t
IDYux,0))*dtdx | < cR [lluola+ sup || fe " A(ul* u)r)dt'|l,
[-T,T]

{|x|<R}-T

1/r

T
<cr |l + | [Nl O] |
0
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where r = 4(a + 1)/n(e — 1). Combining (5.21) and (5.22) with Corollary 5.1, we
obtain (5.62).

As we have seen along this chapter, the results concerning local existence are a
consequence of the estimates obtained in Theorem 4.2. Thus, the method of proof
applied can be extended to any group satisfying Theorem 4.2 (even locally). In
particular, we obtain the same local theorems for the nonlinear Schrodinger (NLS)
equation with real potential

du=iAu+ V(xu+ rul* u,

under appropriate conditions on V (see the references [C], [Y]).

Theorems 5.6 and 5.7 are concerned with the regularity of solution measured
in Sobolev spaces. One can also ask whether the decay properties of the data are
preserved by the solution. To simplify the matter, consider the case where « is an
odd integer (or, where the nonlinearity has the form f(|u|*)u with f(-) smooth).
In [HNT1], [HNT2], [HNT3], Hayashi, Nakamitsu, and Tsutsumi showed that if
uy € H™(R") N L*(|x|* dx) with m > k, then there exists T = T(|lugllg), I =
min{m;n/2%} such that the IVP (5.1) has a unique solution

ueC(0,T1: H™(R™) N L*(|x|* dx)NL([0, T1: L (R") N LP(|x|* dx))

with p, g as in Theorem 4.2 and where L,f(R”) is defined as in (3.38).

In the case k > m they showed that the solution u does not belong to L>(|x|* dx)
but possesses a further regularity property, roughly speaking 9%u(-,1) € LIZOC(R"),
t # 0, for |a| <k, (see [HNT1], [HNT2]).

In particular, one has that if uy € S(R"), then the solution u(-) of the IVP (5.1)
(with o an odd integer) belongs to C([0,T] : S(R")), and that if uy € H'(R")
with compact support, o an odd integer, and 1 +4/n < o < 1 +4/(n — 2), then
ue C®MR" xR —{0}).

The proofs given in [HNT1]-[HNT3] are based on the properties of the operators
I'=x;+ 2it8xj, j =1,...,n,deduced there.

In particular, using that for I' = (I, ..., I}),

reu = e P4 Qin g% (e 4y for o € ZF (5.63)
and
x%euy = "4 My, (5.64)

(see Exercise 4.4), they developed a calculus of inequalities for the operators I';
similar to that in (3.15) for the operators d,;. For instance, for n = 1 they showed
that
1T (POl 2 < enlvO 7% I vl
and
VOl < 2V 1S vl

(compare with (3.14), (3.15), and (3.16) in Chapter 3) which have been essential
tools in the study of the asymptotic behavior of solution of (5.1). The extension of
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these weighted results to L?(Jx|* dx) with k > 0 (not necessarily an integer) was
obtained in [NhPol1].

To simplify the exposition, we have presented local well-posedness results in
Sobolev spaces with integer indexes, i.e., H*(R"), s = 0, 1, 2. Concerning the local
existence theory in fractional Sobolev spaces, H*(R"), s > 0, we have the following
result due to Cazenave and Weissler [CzW4].

Theorem 5.8. Let 1 +4/n <a <00 and s > s, =n/2 —2/(a — 1), with
[s] < a—1if a—1 isnotan even integer. Given vy € H*(R"), there exist
T = T(|wlls2;s) > 0 and a unique strong solution v(-) of the IVP (5.1) satisfying

veC(-T,T]: HH®R))NW/],. (5.65)

Moreover, given T’ € (0,T) there exist a constant r =r(||volls2;5; T') > 0 and a
continuous, nondecreasing function G(-) = G(||volls2) with G(0) =0 such that

sup [[(v = V)52 < GUIvolls2)lIvo —Volls2 (5.66)
[0,7']

forany vy € H*(R") with |lvo —Volls2 < r, i.e., the map data-solution is locally
Lipschitz.

The space an in (5.65) is related to the Strichartz estimates, and its precise
definition will not be needed in the discussion below. We recall that for 1 < a <
1 + 4/n the problem is locally well-posed in L2(R").

From the scaling argument, i.e., if u(x, ) is a solution of the IVP (5.1), then

w6, 1) = pC Vu(ux, e, w0, (5.67)

is also a solution with data u,(x,0) = 1 @=Dyo(ux), for which one has that
D51 O)ll2 = ep D=2 lug .

To have results invariant by rescaling, one needs to consider data uy € H*(R")
(= (=A)T2L%(R™)), with s(a) = s, = n/2 — 2/(a — 1) which is called the
critical case. The case s > s. = n/2 —2/(a — 1) is called subcritical case. Notice
that Theorem 5.8 above corresponds to the subcritical case and Theorem 5.3 to the
critical case in L2(R") (s = 0).

So the following question arises. Are the results in Theorem 5.8 optimal? This
seems to be the case. First, let us consider the “focusing case,” i.e., for A > 0 in
(5.1), the following result was obtained in [BKPSV].

Theorem 5.9. If 4/n+ 1 < o < oo, then the IVP (5.1) with A > 0 is ill-posed in
H(R")Ywiths, = n/2—2/(«e — 1), in the sense that the time of existence T and the
continuous dependence cannot be expressed in terms of the size of the data in the
H*:-norm. More precisely, there exists co > 0 such that for any §, t > 0 small there
exist data uy, u; € S(R") such that

luillsz + Nluzlls2 < co, Nur — uzlls2 <8, lNur(t) — ua(®)lls2 > co/2,

where u () denotes the solution of the IVP (5.1) with data u;, j =1,2.
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Proof. For simplicity, we shall only consider the case 0 < s, < 1 and fix A = 1. We
consider the one-parameter family of ground states:

v (x, 1) = e, (x) = ™ Vo /i),

where the function ¢(-) = ¢;(-) solves the nonlinear elliptic eigenvalue problem
(5.8) with 0 <@ < 4/(n —2),if n > 2. The idea is to estimate

I D3 (v, — v )O3

and

1D (1" Vo1 (Vi) = 1y Vo1 (VD5
Choosing it; = (N + 1)? and p, = N? so that u; — 4 > 2N, we have that
1Dy ey = V)O3
= D3V, (I3 + I Dy vi, (0115 — 2Re {742 (v, (1), v, (D), |
= W1, 42)(@).
Given any T > 0 there exist N > ¢(T') and ¢ € (0, T') such that
Re (e 712 (v, (1), v, (D).} = 0,
hence,

sup ¥ (i1, 12)(t) = 2| D g1 I3
[0,T]

On the other hand,
Jim 1Dy 0y = V)O3 = 1D v, O3 + 11D3 v, (013
—2Re {{(v);» V)5 ) =0
by using that ;) /s — 1 as N — oo and so

lim Re {(vu,,Vis)s.} = I1DE @113

N—o0

Therefore, for any 7 > 0

lim sup || D (v, — v, )(Oll2 = V2| D%y |12,
N—oo [0,T]

while
. s a—1 oa—
Jim 1Dy ()P = 1 Ve Dl = 0.

which essentially proves the result. g
Christ, Colliander and Tao [CrCT1] have shown that the results in Theorem 5.9
extend to the defocusing case . < 0. Moreover, the following stronger ill-posedness
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result in norm inflation concerning the IVP (5.1) in both the focusing and defocusing
cases was established in [CrCT3]:

Theorem 5.10. Given s € (0,s.) Huf : m € ZT} C SR") and {t,, : t,, > 0}
with |lug'lls2 — 0, 1, — 0asm 1 oo such that the corresponding solution u™ of
the IVP (5.1) with A # 0, and initial data u™ (x,0) = ug' (x) satisfies that

ltm -, t)lls2 — 00, as m 1 oo. (5.68)

In the case « > 3, this result has been strengthened in [AlCa] by showing:

Theorem 5.11. Given @ > 3 and s € (0,s.) there exist {uf : m € ZT} C
SR and {t,, : t,, > O} with |ug' s — 0, t, — 0asm 1 oo such that the
corresponding solution u™ of the IVP (5.1), in the defocusing case . < 0, with initial
data u™(x,0) = uy (x), satisfies that

it -+ a2 = 00, as m 4 00,V € (2 e _2i)(SC — S),s) . (5.69)

All the existence results for the IVP (5.1) discussed so far are restricted to Sobolev

spaces with nonnegative index, i.e., in H*(R"), s > 0, even in the cases when the

scaling argument tells us that the critical value is negative, that is, s(@) = s, =

n/2 —2/(ae — 1) < 0. Thus, for example, we can ask whether for the IVP for the
cubic 1-D Schrddinger equation:

(5.70)
v(x,0) = vo(x),

{iatv + 820 4 Av[2v =0,
teR,x e R XA eR, for whichs, = 1/2 —2/(e — 1) = —1/2, one can obtain a
local existence result in H*(R), with s < 0 (we recall that Theorem 5.2 provides the
result in H*(R), with s > 0). In this regard, we have the following result found in
[KPV4].

Theorem 5.12. Ifs € (—1/2,0), then the mapping data-solution uy — u(t), where
u(t) solves the IVP (5.70) with ). > 0 (focusing case), is not uniformly continuous.

In [VV] and [Gr3], Vargas and Vega, and Griinrock found spaces which scale
is below the one from L2 but above that of H~'/2(R), i.e., spaces whose norm is
invariant by 2 ug(Ax) with @ € (—1 /2,0), for which the IVP (5.70) is locally and
globally well-posed.

Remark 5.8. The result in Theorem 5.12 can be extended to higher dimensions.
More precisely, it applies to the IVP

i+ Au+|ulPlu=0,

u(x,0) = up(x), (5.71)

teR,xeR", withuy € H'R"), n <4/(p —1),ands € n/2 —2/(p — 1),0).
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For the IVP (5.70), on one hand, one has that the map data solution fails to be
continuous, i.e., there exist data uy € S(R) with arbitrary small H*-norm for s <
—1/2, whose corresponding solution u(¢) provided by Theorem 5.2 has arbitrary large
H*-norm at an arbitrary small time (see (5.68)). On the other hand, Theorem 5.12
for the focusing case and the results in [CrCT1] for the defocusing case, shows that
the map data-solution is not uniformly continuous in H* for s < 0.

In [KTa3], Koch and Tataru obtained the following a priori estimates for solutions
of the IVP (5.70), improving a previous result found in [CrCT2] and [KTa2].

Theorem 5.13 ([KTa3)]). Let u € CRY : L2(R) N L*R x [0, T]) forall T > 0
be the global solution of the IVP (5.70) (see Theorem 5.2). Then for all T > 0 there
exists a(T) > 0 such that

sup [lu()ll -1 < 1,

t€[0,T] o)
where
) 1F )
= | ————=———dE.
e

—00

This a priori estimate allows one to establish the existence of an appropriate class
of global weak solution of (5.70) (see [CrCT2] and [KTa3]).

Proof of Theorem 5.12 As in the previous proof, consider the one-parameter family
of standing wave solutions (with n = 1 in this case)

Vo(x,1) = €' gy (x),

where ¢, (x) = wg(wx) and p(x) = ¢;(x) solves the nonlinear equation in (5.8) with
o = 1. Using the Galilean invariance (5.11), we obtain the two-parameter family of
solutions:

UN (X, 1) = ¢ iN*FiNx Volx —2tN,t) = e i1(N?=0?) ,iNx Yo(x — 2tN).

We fix s such that s € (—1/2,0) and take @ = N~2° and N;, N, >~ N.
First, we calculate

llun, w(0) — 1, ()12, -

Observing that ¢,,(§) = @(& /w) so that @, (-) concentrates in B,(0)= {§ € R : |§]
< w}. From the choice of w and s > —1/2,if & € B,(£N), then |§] >~ N.Then, a
straight calculation yields

ll3,.(0) = ttny (012

o0
s INL = No G e
<M= Ml ( [ ag) [ @mran
@ 14N, A
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< cN*(N; — Nz)% ® = c(N* (N = N2))’,
and that

luy, 0O, ~ cN*0 =c, j=12.
Now, we consider the solutions uy, ,(t), un, »(t) attimet = T, and compute

Nun, w(T) — tiny,o(T) s 2-
Note first that
i, (DI, = e, j=1,2.
In fact,
lun; (D32 = lun, 0O, = e, j=1,2.

Note that the frequencies of both uNj,w(T), j = 1,2, are localized around || ~ N,
and hence,

i, o(T) = uny (T2 2 N [y, o(T) — iy (T3 (5.72)
Next, we observe that
U, 0, T) = TNV D o (w(x —2TN),  j =1,2.

Thus, the support of uNj,w(T) is concentrated in B,,-1(2T N;), j = 1,2. Therefore,
if for T fixed, N;, N, are chosen such that

T(N; — Np) > o' = N,
then there is not interaction and
lny o (T) = uny (T3 = Ny, o (I3 + lunyo (T3 = o.

The above estimate combined with (5.72) yields

lun, o(T) = uny (T3, = cN¥ 0 = c. (5.73)
Take now
8
N =N and N2=N—m,
so that

(N (N1 — N»))* = ¢8?,

T(Ni = Np) =T > N>, ie, T2

(5.74)
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Since s < 0, given §, T > 0, we can choose N so large that (5.74) is valid, and
from this we see that (5.73) violates the uniform continuity. O

Well-posedness for some particular cases of the IVP (5.71) has been studied in
other spaces. In [P1], the problem was considqu in Besov spaces, in [CVV]in L7*
(L?-weak spaces) and in [Gr3] in the spaces HS(R") defined as:

feHX®Y it Nflg =01+ €7 Fly < oo (5.75)

The idea was to find larger spaces than H*(R") or other ones which scale closer to
the critical homogeneity given by the equation.
In [KPV12], the study of the IVP:

i10;u+ Au+ Ni(u,u) =0,

(5.76)
u(x,0) = up(x),

x € R", t € R, where

Ni(z2) = Y Cezi 2, (5.77)
a+b=k

was first considered. Even though it may not have a physical interpretation in general,
the main purpose of this study was motivated to test new local estimates based on X ;,
spaces (see Definition 7.1) and variant of them and their relation with the geometry
of the nonlinearity Nj.

We summarize next some local results obtained for the IVP (5.76). First, we will
consider the 1-D situation. For the nonlinearity N,(u,u%) = u?, Bejenaru and Tao
[BTo] obtained a sharp local well-posedness result in H*(R) for s > —1. In [Ki3],
Kishimoto established a similar result for the quadratic nonlinearity N,(u, u) = ().
In [KiT], Kishimoto and Tsugawa showed the local well-posedness for the case
No(u, @) = uti = |u|? in H*(R) for s > —1/2. In each case, these results improve
by one fourth the previous ones obtained in [KPV12]. Griinrock [Gr1] has shown that
the IVP (5.76) is locally well-posed in H*(R) with s > —5/12 for N3(u,u) = (1)’
and N3(u,u) = u’ and with s > —2/5 for N3(u, ) = u(it)*>. Notice that all these
nonlinearities have the same homogeneity, but only N3(u,u) = |u)?u is Galilean
invariant. For higher powers in (5.77), the results known are due to Griinrock [Grl1].
He proved local well-posedness for the IVP (5.76) when the nonlinearity Nu(u, u)
has either of the following forms: (#)*, u*, u’u, and w’u in H*(R), s > —1/6, and
for Ny(u, ) = |u|* in H*(R), s > —1/8.

In dimension n = 2, Bejenaru and De Silva [BeDS] showed local well-posedness
for the IVP (5.76) in H*(R?), s > —1 when N,(u, %) = u* and a similar result was
obtained by Kishimoto [Ki2] for N,(u,u#) = (1)*. These results improved by one
fourth the previous ones found in [CDKS]. In the later work, local well-posedness
for the nonlinearity N,(u,#) = uii was established in H*(R?), s > —1/4. In the
three-dimensional case, Tao [To3] proved that the IVP (5.76) is locally well-posed
in H'(R%), s > —1/2 for either Ny(u,u) = u®> or No(u,u) = u*, and in H*(R?),
s > —1/4 for the nonlinearity N,(u, u) = uu.
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Next, we deal with the existence and uniqueness question for the IVP associated
to the cubic Schrodinger equation with the delta function as initial datum:

iu+ 3%2u % |ul*u =0, (5.78)
u(x,0) = 8(x).

t>0,xeR.

Theorem 5.14 ([KPVS5)). Either there is no weak solution u for the IVP (5.78) in
the class

u, |u)’u € L=([0,00) : S'(R)) with lig)l u(-,t) =24 (5.79)
t

or there is more than one.
Consider now the local and global well-posedness of the periodic problem:

(5.80)
u(x,0) = up(x).

{ia,u = —Au =+ [u]*u,
xeT,teR, a=>1.

For n = 1, Bourgain [Bol] established local well-posedness for (5.80) in H*(T),
s € [0,1/2) forx € (1,1 +4/(1 — 2s)). This combined with the conservation law
lu(t)|| 12 = lluoll 2 yields the corresponding global well-posedness result.

In the defocussing cubic NLS case ((+) in (5.80)) it was shown in [BGT2],
[CrCT1] that the problem (5.80) is ill-posed (the map data-solution is not uniformly
continuous) in H*(T), s < 0.

For n = 3, local well-posedness with « = 3 was proved in [Bol] for uy €
H (T3, s > 1 /2. For n > 2, local well-posedness was established in [Bol] for
a€[3,4/(n—2s))ands > 3n/n + 4.

The problem (5.80) in an n-dimensional nonflat compact manifold M" has been
studied by Burq, Gerard and Tzvetkov [BGT2], [BGT3]. Among other results, for
the case of the two-dimensional sphere S? they have shown that the IVP (5.80) in
the cubic defocusing case (i.e., « = 3 and positive sign in front of the nonlinearity)
is locally well-posed in H*(S?) for s > 1/4 and ill-posed for s < 1/4.

The IVP problem (5.76) can also be considered in the periodic setting. We list
next some results regarding the local well-posedness for this IVP in this situation.
In the 1-D case, Bourgain [Bo1] established local well-posedness in L*(T) for any
nonlinearity in (5.76) such that @ + b = k < 4. Kenig, Ponce and Vega [KPV12]
established the local well-posedness theory in H*(T), s > —1/2, for Np(u,u) = u?,
and for No(u,u) = 72, Also, in the 1-D case Griinrock [Grl] proved local well-
posedness for N3(u,u) = % and Ny(u,m) = u* in H*(T), with s > —1/3 and
s > —1/6, respectively. In the two-dimensional case, Griinrock [Gr1] showed local
well-posedness in H* (Tz), s > —1/2, for Nr(u,u) = ﬁz, and in dimension three that
the IVP (5.76) is locally well-posed in H*(T?3), s > —3/10, for Na(u, %) = u”. For



5.5 Exercises 121

further well-posedness results in the spaces

1/p
?AA®=<§]1+#WQGGW) :

nez

we refer to [Cr] and [Th].

5.5 Exercises

5.1 (i) Prove that if u = u(x, t) satisfies
idu = —Au+ ul*"u (5.81)

(u is the solution of the equation in (5.1) with & = 1 and the critical power
o =4/n+ 1in L?>(R™")) then:

w(x,1) = e“u(x, 1),

ur(x,1) = u(x — xo,t — ty), withxg € R”, 7y € R fixed,

uz(x,t) = u(Ax,t), with A any orthogonal matrixn x n,

. 2 .
ug(x,t) = u(x —2xpt,1) 0=l withx, € R” fixed,

us(x, ) = " Pu(ux, p’t), p € R fixed,
1 iw|x]? x  y+0t
ug(x,t) = exp u , ,
(o + wt)/? 4(a + wt) a+ ot o+ ot
af —wy =1,

u7(x,t) = u(x, —t),

also satisfy equation (5.81).
(i1) Prove thatuy, uy, us, ug, us (with different powers in @) and u; still satisfy
the equation (5.81) for general nonlinearity = |u|*'u in (5.81).

5.2 Letu € H'(R") solve —Au + au = b|u|*u, where a > 0 and b € R. Show
that u satisfies

®

/ |Vu|2dx+a/|u|2dx :b/|u|“+2dx. (5.82)
RVI

Rn Rn

(i1) Pohozaev’s identity:

2nb

(n —2)/ |Vu|2dx+na/ ul? dx = L/mw“dx. (5.83)

o+2
R~ R7 R?
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5.5

5.6

5.7

5.8
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Use Pohozaev’s identity to show that a necessary condition to have solu-
tion in H'(R") of problem (5.8) is that the nonlinearity satisfies | < a <
n+2)/n—-2)1 <a<oo, n=172).

(i) Show that a formal scaling argument yields the estimate:

4(a —1)

T = T(luoll2) = ¢ luoll;,”, B =

for the life span of the L2-local solution as a function of the size of the
data given in Theorem 5.2.
(i) Review the proof of Theorem 5.2 to obtain the estimate (5.84).

Consider the IVP for the 1-D NLS equation

(5.85)
u(x,0) = uop(x),

{a,u =i 02u ik |ul*u,
reR, o> 1.
(i) Prove that if « € (1,5) and uy € L*(R), then the solution u(-, ) of the
IVP (5.85) provided by Theorem 5.2 satisfies that

u(-,t) e CR) ae. rel[-T,T].

(i) Can the result in (i) be extended to the case o« = 5?
Hint: Combine the idea of the proof of Exercise 4.9(ii) with Theorem 5.2,
Corollary 5.1 and Theorem 5.3.

Let f,(x) = uf(ux). Show that || f,, ”|x,, is independent of ., where || - ”|x,,
was defined in (5.58).

Let
U0 (X, Y) = X0 pieponry 0 ¥) J €L
Prove that
ol < 27974,
Show that
; 4(1 + 2ir)
u(x,t) =e' {1 - m}

solves the IVP associated to
idu+ 3%u+ |ul*u =0,

with datum
4

0)=1-—
u(x,0) 1+ 2x2
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5.9

(i) Prove that for any w > 0 the function:
Up(x,1) = "/ Do(Jwx) =e"p,(x), x eR", t €R, (5.86)

where ¢(-) is the unique positive, spherical symmetric solution of (5.8),
satisfies the equation in (5.1) with A = 1 (focussing case).
(ii)) Show that

1
>0, if > z,
a—1 4
d 1 n
- NUpll2 = 7 llPw =0, if = -
da)”u ll2 dwllfﬂ ll2 if — =7
0, if —_ "
<0, 1 —
oa—1 4

5.10 [Generalized pseudo-conformal transformation] Let u(x, ¢) be a solution of the

5.11

equation
idu+Liutul*'u=0, a>1 (5.87)
with
2 2 2 2 .
L= +--+0; =3 —--—0dr, jell,....n)

Prove that for v,0,w,y € R suchthat v —wy =1,

ein‘,-(x)/4(v+wt) X Y —i—@l‘
v(x, 1) = ,
v + wt)/? V4ot v+ ot
with
Qj(x):x%+...+x12__sz,+l ___xlf
verifies the equation:
i+ LvE @+ o) 22ty =0, (5.88)

In particular, if « — 1 = 4/n (critical L?-case) (5.87) and (5.88) are equal, see
[GV1].

Letu € C([0,T] : L*(R)) N L*([0,T] : L*(R)) be the local solution of the
IVP

ou = i(Bfu + |ul?u),

(5.89)
u(x,0) = up(x),

x,t € R, provided by Theorem 5.2.
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(i)  Prove that if x ug, x u(-, T) € L*(R), then
ue C(0,T]: H'(R) N L*(|x|*dx)) = C([0,T] : F)).

(ii)) Extend the result in (i) for any m € Z7T, i.e. If |x|" ug, |x|" u(-,T) €
L?*(R), then

ue C(0,T]: H™(R) N L*(|x|* ™ dx)) = C([0,T]: F3.).

(iii) Prove that if uy € H*(R) N L(|x|* dx) = F3, with s > b € Z*, then
ueC(0,T]: Fp).



Chapter 6
Asymptotic Behavior of Solutions
for the NLS Equation

In this chapter, we shall study the longtime behavior of the local solutions of the
initial value problem (IVP)

i+ Au+1ul*'u=0,
u(x,0) = up(x),

6.1)

t € R, x € R", obtained in the previous chapter.

In the first section, we shall present results that under appropriate conditions
involving the dimension n, the nonlinearity «, the sign of A (focusing A > 0, defo-
cusing A < 0), and the size of the data u( guarantee that these local solutions extend
globally in time, i.e., to any time interval [T, T'] for any T > 0.

In the second section, we shall see that when these conditions are not satisfied,
the local solution should blowup in finite time.

6.1 Global Results

We shall start with the L? case. Theorem 5.2 (subcritical case) tells us that the initial
value problem (IVP) (6.1) is locally well-posed in L>(R") for o € (1,1 +4/n)ina
time interval [0, T] with T = T(|lugll2) > 0. Multiplying the equation in (6.1) by
u, integrating the result in the space variables, and taking the imaginary part we get
that the mass is conserved:

M(u) = |u®)|3 = luol3 (6.2)

(to justify this procedure one needs to use continuous dependence, approximate the
data ug by a sequence in H*(R"), and take the limit). The conservation law (6.2)
allows us to reapply Theorem 5.2 as many times as we wish, preserving the length
of the time interval to get a global solution.

Theorem 6.1 (Global L2-solution, subcritical case). If the nonlinearity power
a € (1,1 + 4/n), then for any uy € L*(R") the local solution u = u(x,t) of the

© Springer-Verlag New York 2015 125
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initial value problem (IVP) (6.1) extends globally with

u € C([0,00) : LAR™) N Liy ([0, 00) : LP(R")),
where (p, q) satisfies the condition (4.18) in Theorem 4.2.
The situation for the L>-critical case o = 1 + 4/n,

idu—+ Au+Alu*"u=0 (6.3)

with u(x,0) = up(x) € L*(R"), whose solutions are given by Theorem 5.3, is quite

different. In this case, the local result shows the existence of solution in a time interval

depending on the data u itself and not on its norm. So, the conservation law (6.2)

does not guarantee the existence of a global solution. The problem of the longtime

behavior of the L?-solution of the equation (6.3) has received considerable attention.
The progress on this problem can be roughly described as follows:

(1) |luol], is small enough (Corollary 5.2); and

(i1) For the “defocusing” case, i.e., A < 0 in (6.1), with ug € H*(R"), s > 4/7,
[CKSTT2], and for s > 1/2 for n = 2 [FGr] or under the decay assumption
|x|" ug € L>(R™), I > 3/5 [Bo4].
In this case, it was also proved [Bo2] that if the local L?-solution provided by
Theorem 6.1 cannot be extended beyond the time interval [0, T,), then at least in
the two-dimensional case (n = 2), the following L?-concentration phenomenon
of the L? mass occurs: There exists ¢ > 0 such that

lim sup sup / lu(x, )| dx > c, (6.4)
MTe  QCR?:|Q|=(T.—n'/2 JQ

where Q denotes a square in R? and | Q| the size of its side. The result in (6.4)
holds in both the defocusing case A < 0 and the focusing case A > 0 in which,
as we see, blowup takes place but in the H'-norm.

(ii1) If the initial data uo(-) are assumed to be radial, then

— In the defocusing case (A = —1), the global existence and scattering results
were established in [TVZ] for dimension n > 3 and in [KTV] for dimension
n=2.

— In the focusing case (A = 1) for initial radially symmetric data ug satisfying

luoll2 < ll@ll2,

where g is the positive solution of the elliptic equation (5.8) witha = 14-4/n,
it was proved in [KTV] and [KVZ] that the corresponding local solution
extends globally and scattering results hold (this is sharp).

(iv) Finally, in [D1]-[D3] Dobson removed the radial assumptions on the result
described in (iii). More precisely, in [D1]-[D3] global well-posedness and scat-
tering results were established in the defocussing case for any data uy € L*(R")
and the focussing case for any data uy € L*(R") with |lugll2 < |¢@ll2, with ¢
being the positive solution of the elliptic equation (5.8) witho = 1 4 4/n.
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Definition 6.1. A global solution « of the IVP (6.1) is said to scatter in the space
X to a free solution as t — 00, if there exists uy € X such that

lim [|€"%uy — u(-,t)||x = O. (6.5)
t— %00

Notice that for the IVP associated to the L>-critical equation (6.3) focusing case
(A = 1), scattering cannot occur for all L?-data in the ball with center as the origin
and radius R, R > ||¢||> (with ¢ as in (5.8)).

Let us consider now the extension problem of the H'-local solution proved in
Chapter 5. We first examine the subcritical case (Theorem 5.4), i.e., « € (1,1 +
4/(n —2)),n > 3,0orl < a < oo, if n = 1,2, where the time of existence T
depends on the size of the data, i.e., T = T (J|ug|| z1). In this case, if u is a solution in
the interval [0, T'], then multiplying the equation by —0,u, integrating the result in
the space variables, taking its real part and using integration by parts, one gets that
fort € [0, T]

dE t)—d/ v A2 — 2)
o Ew@) = [ | [Vau(x, 1)l Y
Rn

So, E(u(t)) is constant and E(u(t)) = E(ug) or

E(uo) = / <|vxu(x,r>|2— 22
a+1

|u(x,t)|°‘+l> dx = 0.

|u(x,t)|°‘+1> dx. (6.6)
Rn

Therefore, if A < 0 (defocusing case) it follows that
sup / |Vu(x,)Pdx < E(uo),
[0,7]

Rll

which combined with (6.2) gives
sup lu()17, < E(uo) + lluoll3-
[0,7]

This allows us to reapply Theorem 5.4 to extend the local solution u to any time
interval.

In the focusing case A > 0, using the Gagliardo—Nirenberg inequality, see (3.14),
we have that for ¢t € [0, T]

a1 < clVau®IS lu@ly ™ < c IV luolly ™, (6.7)
with
! =9(1—1)—i-ﬂ or :—n(a—l).
oa+1 2 n 2 2@+ 1)
Then,

1 [(a+1)— —1)/2] —-1)/2
lu)IE < e Juo 5DV 1w ey )32

This combined with (6.6) proves that if E(ug) < 0o, then

1)—. —1)/2 —-1)/2
IV ()13 < |Eo)| + caltl ol D25 w572, (6.8)
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Assume first that « € (1,1 +4/n), so n(a — 1)/2 < 2. Then, from (6.8) and the
notation y = y(t) = ||V,u(t)||,, one gets

v} < Eug) + c llug |50V 2 (6.9)

withy = 2—n(a—1)/2 € (0,2). Therefore, there exists M = M (|lug||12;n; ;1) >
0 independent of T such that

sup [[Viu(@)ll2 < M.
(0.7

Thus, the same argument used above allow us to reapply Theorem 5.4 to extend the
local solution u to any time interval.
In the case « = 1 4+ 4/n , the inequality (6.9) becomes

¥ < E(ug) + c lluolly" y*. (6.10)

Hence, there exists ¢y > 0 such that if ||u||» < ¢, then the local solution u provided
by Theorem 5.4 extends to any time interval.

Finally, we consider the case @ € (1 +4/n,(n 4+ 2)/(n — 2)). In this case, using
the notation § = |lup||,, the inequality (6.9) becomes

y2(t) < E(up) + ¢ §L@tD=—n@=D/21 24y 6.11)

withv = n(a—1)/2—2 > 0. For |lupll12 = lluoll2+ |Vuoll2 < p sufficiently small,
it follows from (6.11), evaluated at t = 0, that E(uy) > 0. Also, from (6.11), one
gets that there exists M > O such that y(r) = || V,u(t)||» < M, which combined with
(6.2) allows us to extend the local solution to any interval of time as in the previous
case.

Summarizing, we have the following result:

Theorem 6.2. Under any of the following set of hypotheses the local solution of
the IVP (6.1) with uy € H'(R") provided by Theorem 5.4 extends globally in time, if

i A <0,
i) A>0and 1l <a<1+4/n,
(i) A>0,a=144/n, and ||upll» < co,
(iv) A >0, a>1+4/n, and |luplli2 = lluoll2 + IVuoll2 < p, for p sufficiently
small.

The size assumption on the data in (iii), i.e., « = 1 4+ 4/n, can be made precise. In
[W3], Weinstein showed that

\V/ 2 4/n 4/n

2+4 - ’
R 4 Feovis L+2/n

and the infimum is attained at ¢, where ¢ is the unique positive solution up to
translation of the elliptic problem (5.8) (for details see Exercise 6.6). From (6.12),
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it follows that E(¢) = 0 and that if uy € H'(R") with |luplla < ||¢|l2, then the
corresponding solution of the IVP (6.1) with @ = 1 4 4/n extends globally in time,
i.e., co = |l¢||2 in part (iii) of Theorem 6.2. We shall return to this point after Theorem
6.4.

Next, we consider the extension problem of the local solution of the IVP (6.1)
with uy € H'(R") in the critical case @ = (n+2)/(n —2). As we shall see in the next
section, in the focusing case A > 0, local solutions of this problem may blow up. So,
we first consider the defocusing case & < 0. Under these assumptions, one may ask if
the local solution provided by Theorem 5.5 extends to all time and there is scattering.
For this problem, the first result known is due to Bourgain [Bo7], who gave a positive
answer in the case of dimensions n = 3,4 for radial data, i.e., ug(x) = ¢(|x|) (see
also [Gl1]). In [To5], Tao extended Bourgain’s result to any dimension. For any data,
not necessarily radial in dimension n = 3, Colliander, Keel, Staffilani, Takaoka and
Tao [CKSTT7] established global well-posedness and scattering results. Ryckman
and Visan [RVi] showed the corresponding result in dimension n = 4 and Visan [Vs]
obtained it for dimension n > 5.

A similar problem for the semilinear wave equation:

3w —Aw+ wH Dy =0,x eR", t >0, (6.13)

with (w(0), 3;w(0)) = (f,g) € H'(R") x L*(R") was previously solved by Struwe
[Stw] in the radial case and n = 3, and by Grillakis [G]2], [GI3] for general data
in dimensions n = 3,4, 5 (see [ShS] for a simplified proof and an extension to the
casesn = 6,7).

In both cases, one reviews the local existence theory to deduce what happens
if the local solution is assumed not to extend beyond the time interval [0, 7*). In
this case, a “concentration of energy” in small sets must occur as ¢t 1 T*. In the
radial case, this should only take place at the origin. Roughly speaking, to exclude
this possibility in the case of the wave equation one combines the Morawetz estimate
and the finite propagation speed of the solution. The case of the Schrodinger equation
is more involved. The corresponding local Morawetz estimate (appropriate truncated
version) [LS] (see Exercise 6.3) is significantly more difficult to establish and even
in the radial case requires an inductive argument in the accumulation of energy to
disprove the possible concentration.

In [KM1], assuming that the H'/2(R3)-norm of the solution of the defocusing

idu~+ Au— ulPu=0

remains bounded, Kenig and Merle showed that the above global results apply.
Next, consider the H! critical focusing case (A = 1):

i+ Au+ [u|" Py =0, (6.14)

assuming that the data uq are spherically symmetric and 3 < n < 5, Kenig and Merle
[KM2] established a sharp condition for the global existence and blow-up results.
Let @ be the solution of the elliptic problem:

AP+ |2 =0 (6.15)
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(so-called Aubin—Talenti solution), where

M
D(x) = (1 + m) >

i.e., the solution of the associated stationary problem to (6.15).
For uy € H'(R"), radial:

(1) If E(ug) < E(®) and ||Vug|l» < ||[V®||2, then the local solution extends to a
global one and scatters as t — +o0.

(i) If E(up) < E(®) and ||Vupll2 > [|[V@]|2, then the local solution blows up in
finite time in both directions.

In [KV1], Killip and Visan extended the result in (i) to dimension n > 5 without the
radial assumption on the data. They also extended the result in (ii) to all dimension
n > 6 under the radial assumption on the data.

The case E(uy) = E(@®) forradial solutions for the equation (6.14) withn = 3,4, 5
was studied in [DM]. To describe these results, we need to introduce the following
notation:

Given u = u(x,t), a radial solution of the IVP associated to (6.14) define .Q;ad
the set of its radial symmetries:

Q1 = (¢ A"T u(hx, A1) : 6 € R, A > 0).

Then in [DM] it was shown that if uy € H'(R"), radial, with E(up) = E(®) the
corresponding radial solutions u = u(x, t) of (6.14) verify the next threshold:

i) If||Vupll2 < V@], then the local solution extends to a global one in R.

(i) If |Vuglla = [V, then u € 259

(i) If | Vuglla > ||V@]|,, then either u € Q{ff (for some fixed radial solution wt)
or u(t) blows up in both directions.

Above, we have considered the equation (6.3) critical in L*(R™) and (6.14) critical in
H'(R™). The critical problem in H*(R") with s = s, € (0, 1) was studied by Holmer
and Roudenko in [HR1]. For the case n = 3, s, = 1/2, i.e.,

19—+ Au+ |ul>u=0,

6.16
u(x, 0) = uo(x), (6.16)

(denoting by ¢(x) the solution of (5.8) with w = 1) they proved:
Let uy € H'(R?) radial such that
M (uo) E(uo) < M(¢) E().
1) If fluoll2 IVuoll2 < llell2 IVell2, then for all ¢, u(t) satisfies
luoll2 IVu@®ll2 < llell2 Vel

and is globally defined and scatters.
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@) If fJugll2 | Vuoll2 > llell2 I Vell2, then the local solution blows up in finite time.

The radial assumption in (i) was removed by Duyckaerts, Holmer and Roudenko in
[DHR]. The method in [HR1] and [DHR] follows some of the ideas introduced in
[KM1].

In [NSc], Nakanishi and Schlag obtained the following:

There exists € > 0 such that for any uy € X where

={fe H'(R?): f radial, M(f) E(f) < M(¢)(E(p) + €*) and || f]l» = ll¢ll2},

the corresponding local solution u(t) of the IVP associated to the equation in (6.14)
ast — +oo (and t — —o0) satisfies one of the next three possibilities:

(i)  Scatters,
(ii))  Finite time blowup,
(iil) After sometime it remains close in H' to B = {¢!? ¢(-) : 0 € R}.

Considering t — =00, this gives nine possibilities.

Moreover, the subset of X, having the behavior in (i) and (ii) (four possibilities)
is open and B describes “their boundaries.”

The case ||up||2 [Vuoll2 = llell2 | Vell2 for equation (6.16) was studied in [DRu],
where they obtained results in the direction of [DM] for the H! critical case (see
above).

The extension of the results in [HR1] and [DHR] to the energy subcritical range

4
1+
con51dered by Fang, X1e and Cazenave [FXC] and Guo [Gq].

The problem of the longtime behavior of the local solution for the supercritical

H'-case,ie.,a > 1+4 /(n—2),n > 3, remains largely open. For some techniques
and results in this direction, see [KM1] and [KV?2].

— <o < oo, forn = 1,2 was

6.2 Formation of Singularities

In this section, we prove that the global results in the previous section are optimal.
We shall see that if (i)—(iii) in Theorem 6.2 do not hold, then there exists uy € H'(R")
and T* < oo such that the corresponding solution u of the IVP (6.1) satisfies

lim || Vu(t)||» = oo. (6.17)
T
To simplify, the exposition we shall assume A = 1. In the proof of (6.17), we need
the following identities.
Proposition 6.1. Ifu(t) is a solution in C([— T, T1: H'(R")) of the IVP (6.1) with
A = 1 obtained in Theorems 5.4 and 5.5, then

—/|x| lu(x, )| dx—4Im/ru8 u dx, (6.18)

R?
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with r = |x| and Im (-) = imaginary part of (), and

izm /rua udx:Z/ |Vu(x, 1)|* dx + (2—" —n)/|u(x N dx. (6.19)
d r b a+1 b . .
R

Rn n Rn

Proof. To obtain (6.18) we multiply the equation in (6.1) by 2u and take the
imaginary part to get

Im Qidutn) = 8, |ul®> = —Im QAun) = —2div(Im (Vun)).

Multiplying this identity by |x|?, integrating in R”, using integration by parts and
that rd,u = x;0,,u (with summation convention) it follows that

d
w7 / |x|2|u|2dx=/ X208, |u|* dx = —2/div(Im(ﬁVu))|x|2dx
:2/ Im(ﬂaxju)2xjdx=4/ Im (ruo,u)dx,

which proves (6.18).
For (6.19), we multiply the equation in (6.1) by 2rd, u, integrate in R”, and take
the real part of this expression to get

Re (2i f ro, u dudx) =i / r(0, u d;u — 0,u0; u) dx
= —2Re / rd, u Audx — 2Re /rarﬁ|u|“71udx. (6.20)
By integration by parts and the equation in (6.1) it follows that
i / r (0,u 0;u—0,udsu) dx = i / Xj (ijﬁ ou — ijuatﬁ) dx
=i / Xj (at(axju u) — Oy, (uo;u)) dx

d
Zid_t / ru8,ﬁdx+ni/ uo; u dx (6.21)

d
= <l/ ruarﬁdx) +n (/ u(Au + |u|°‘_1ﬁ)dx)
(i/ ruarﬁdx> —n/ |Vu|2dx+n/ |u| T dx.

|

SIS
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Similarly, we see that

2 Re ([ rB,ﬁAudx) =2TRe (/ Xj BXI.ﬁafkudx)
=27Re (—/ |Vu|2dx—/xjaxkuaxkaxjﬁdx>

=_2/ |Vu|2dx—/x.,-axkuaxkaxjﬂdx
—/xj axkﬁaxkaxjudx (6.22)
:_2/ |Vu|2dx+n/ |Vul? dx
+/xj8,xkaxjuaxkﬁdx—/ xjaxkaxjuaxkﬁdx

=(n— 2)/ [Vu|*dx.

Also,

27'\’e(/ |u|°‘_1ru8rﬁdx) = 2726(/ |u|"‘_luxjaxjﬁdx>

/xj(|u|2)<“*1>/2(axiuﬁ+uax_,.ﬁ)dx (6.23)

2

= o7 [ X e
2

- / |+ dx.
a+1

Collecting the information in (6.21)—(6.23) we can rewrite (6.20) as:

%Im ([ rﬁarudx) :2/ |Vau|? dx + (% —n) f |+ d,

which yields (6.19). O
In the last proof, we used implicitly the following result commented on at the end
of Chapter 4.

Proposition 6.2 ([HNT2]). If u is a solution of the IVP (6.1) in C([ — T,T]:
H'(R™) provided by Theorems 5.4 and 5.5 such that Xjuy € L*(R™) for some
j=1,...,n, then

xju(-,t) € C(-T, T]: L*(R")).

Thus, if uy € L*>(R", |x|? dx), then
u(-,1) € C(-T,T1: H' N L*(|x|* dx)).

Now, we shall prove one of the main results in this section.
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6.2.1 Caseac(1+4/n,1+4/(n—2))

Theorem 6.3. Let u be a solution in C([0,T]: H'(R") N L?(|x|? dx)) of the IVP
(6.1) with A = 1 provided by Theorems 5.4 and 5.5 and Proposition 6.2. Assume that
the initial data uy and the nonlinearity o satisfy the following assumptions:

2
1 2_ 0(+1 = =
O [ 1Vl = luol**) d = Euo) = £ <

(i) e e (1 4+4/n,14+4/(n —2));
then there exists T* > 0 such that

lim || V()| = co. (6.24)
(AT*

We observe that condition (i) implies that ||up]|; 2 is not arbitrarily small. In par-
ticular, for any uy € H'(R") one has that Eq(vug) < O for v > 0 sufficiently
large.

In the proof, we justneed @ > 1+4/n, therefore, the theorem extends to solutions
ueC(0,T]: H*R") N L*(|x|*dx)), a < oo forn < 4 and a < n/(n — 4) for
n>S5.

Proof. We first assume that Zm ( [ ritg 9, ug dx) < 0. We define
0 ==1n [ r@une.nds

By hypothesis, f(0) > 0. Using identities (6.19) and (6.6) it follows that

F) = —2/ \Vu(x, ) dx — (az—j:l — n)/ u(x, H|* dx

o+ 1

:—2/|Vu(x,t)|2dx+n( > —1)05—_2’_1 f|M(X,t)|“+1dx
— _2/ |W(x,z)|2dx+n(“;rl - 1)(/ \Vulx, 1) dx — E0> (6.25)

SR [T

> M || Vu(®)l3,

since by hypothesis Ey < 0, « > 1 implies that (@ +1)/2—1 > 0,anda > 1+4/n
implies that n((¢ + 1)/2 — 1) —2=M > 0.
From (6.25), f(¢) is an increasing function, so f(¢) > f(0) > O forall ¢ > 0.
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Now we use (6.18) to see that
% /|x|2|u(x,t)|2dx =4Tm / r(ud.u)(x,t)dx = —4 f(1) < 0.
Thus, h(t) = [ |x|*|u(x,?)|* dx is a decreasing function with
h(t) < f x| |uo(x)|* dx = h(0).

The Cauchy—Schwarz inequality tells us that

\f(O) = f(t) = —Tm / (@ ) x. 1) dlx

< (/r2|u|2(x,t)dx>l/2<f |8,u|2(x,t)dx>]/2
< (h(O)' | Vu(®) |2,

which combined with (6.25) proves that f(¢) satisfies the differential inequality:

M
f10) = — (f0),

~ h(0)
f(0) > 0.
Hence,
h(0) f (0)
1/2
(RO IVu@®ll2 = f() = 70) — M7 Oy (6.26)

Defining

k()

we obtain (6.24) with T* = T.
Next, we consider the case Zm ( [ riig 0, ug dx) > 0. From (6.25), it follows that
2(n +2)

d
d_tIm /rﬁB,u(x,t)dx=2Eo+( P

- n) / u(x, D"+ dx < 2 E,
because « > 1 4+ 4/n. Hence, since Ey < 0 there exists f > 0 such that
Im / rud, u(x,t)dx <0

and we are in the case previously considered. a

The antecedently result gives us an upper bound on the life span of the local
solution in H' since we have shown that the existence of the interval of time [0, 7*)
implies (6.24). This only tells us that the time of life span 7* of the solution is less
than or equal to Ty as above. It is easy to see that the L”-norm with p > o + 1 of the
solution u, that is ||u()|| ,, also satisfies an estimate of the type described in (6.24).
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6.2.2 Case o =1+4/n

In this case, n(1 — 2/(e + 1)) = 4/(a + 1), (6.19) can be rewritten as:

d — _ 2 2 a+1 _
~Tm / rEdudys = 2(/ \Vulx, 1) dv — a——i—l/ lu(x, )| dx) —2E,.

Integrating this equality we see that
Im / rududc =7Im / ruy d,uydx + 2t Ey,
which combined with (6.18) tells us that
d 2 2 —
7 |x|“|ulx,t)|“dx =47Im rup o, up dx + 8t Ey.
Integrating again, we obtain the identity:

/ Ix 2 u(x, > dx = || |x| uo||3 + 4t Zm / r g d,uq dx + 412 E,. (6.28)
Assume first that either (i) Eg < 0 or (i1) Eg < 0 (with Ej as in Theorem 6.3 (i)) and
Im f rugdugdx < 0 or(iii) Eg > Oand Zm f riug drugdx < —/Eg || |x| uol|2-

Suppose that the desired result (6.24) does not hold, i.e., the H I_solution can be

extended globally.
Our assumptions and (6.28) allow us to deduce that there exists 7* such that

lim || [x|u(,0)]l2 = 0. (6.29)
(AT*

Now, we recall Weyl-Heisenberg’s inequality (see Exercise 3.14): For any f €
H'(R") N L*(|Jx|* d),

2
Lf1I3 < —IHxLf 2 11V £z (6.30)

Notice that (6.22) still holds when one substitutes x by x — a for any fixed a € R".
Combining (6.2) and (6.30), it follows that

2
0 < lluoll3 = lu)l5 < el uC, Dl [1Vut, Dll2,

which together with (6.29) leads to a contradiction. Therefore, it follows that

lim ||Vu(t)||s = co.
AT

Thus, we have proved the following theorem.
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Theorem 6.4. Letu € C([-T,T]: H' (R")N L?(|x|? dx)) be the solution of the IVP
(6.1) with o« = 1 4+ 4/n obtained in Theorem 5.4 and Proposition 6.2 such that the
initial data uy € H'(R™) N L%(|x|? dx) satisfy

(i) Eo <0,
(ii) Eo <0 and Im / rug o ugdx < 0,
or

(iii) Eog > 0and Im / r up o ugdx < —/ Eo || |x]| uoll2,

where Ey was defined in Theorem 6.3(i). Then there exists T* for which identity
(6.24) holds.

It is important to notice that (6.29) has not been proved as part of Theorem 6.3,
since the singularity in (6.24) could form before time T*, i.e., Ty < T*, Ty being
the time when the inequality (6.24) occurs since we assume the existence in the time
interval [0, T]. However, when Ty in (6.24) and T* in (6.29) coincide then (6.24),
(6.2), and (6.29) ensure that

lu(, t)|2 — ¢8(+) (“concentration”), (6.31)

when ¢ 1 T* in the distribution sense.
In the critical case « = 1 + 4/n, the pseudo-conformal invariance tells us that if
u = u(x,t)is a solution of the equation in (6.1) witho = 1 +4/n and A = %1, then

ei|x|2/4t x 1
V(x,t): |t|—n/2u ?,; (632)

solves the same equation for t # 0, with v(-,¢) € H'(R")N L?(|x|? dx). In particular,
in the focusing case A = 1, if u(x, ) = e/ ¢(x) is the standing wave solution of the
equation in (6.1) see Chapter 5 (5.7) and (5.8), to simplify the notation we fix w = 1.
Then,

ei(lx\274)/4z
Z2(x, 1) =

0 (f) (6.33)

|l|n/2 t

is also a solution in C(R — {0} : H'(R") N L?(|x|? dx)), which blows up at time
t=0,1i.e.,

lim [|Vz(2)]l2 = oo.

110

Moreover, ||Vz(¢)|2 ~ c/t.

The next result tells us that this is the “unique” minimal mass blow up solution.
Observe that ||z(#)|l» = ||¢ll» and as it was commented before, if ||ugll2 < ||¢]l2, then
the corresponding H '-solution extends globally in time.
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Theorem 6.5 ([Me3]). Letu; be asolutionofthe IVP (6.1)withd = 1, = 14+4/n,
and data w1 o € H'(R") with
lurollz = llellz,

where @ is the unique positive solution of the elliptic problem (5.8). Assume that u;
blows up at time T > 0, i.e.,

Iim || Vu(t) |, = oo. (6.34)
T

1 n/2 . X
wi(x. 1) = X P—4)/4(T =)
1(xa 1) (T_) 07—

up to the invariance of the equation (see (5.10) and (5.11)).

Next, we consider the IVP (6.1) as in Theorem 6.5,1.e., A = 1, = 1 +4/n, and
up € H'(R"), n = 1,2 (so that the nonlinearity is smooth). Assuming that for some
8 > 0 sufficiently small

Then,

luoll2 = llell2 + 8

and that (6.34) occurs, Bourgain and Wang [BoW] have shown that the corresponding
solution u can be written as:

u(x, 1) = ui(x, 1) + uz(x, 1),

with u; as in Theorem 6.5 and where u; remains smooth after the blow-up time 7,
i.e., for some p > 0,

dur + Aup + [ua|"uy =0, t (T —p, T+ p),

with uy(x, T) = ¢(x), where ¢ is smooth, with fast decay at infinity and vanishes at
0 to sufficiently high order.

In particular, this result tells us that at the blow-up time the solution does not need
to absorb all the L?-mass.

The following result is concerned with the concentration phenomenon in the blow
up solutions.

Theorem 6.6 ([Me2]). Given T > 0 and a set of points {xi,...,x;} C R",
there exists an initial datum uy such that the corresponding solution of the IVP (6.1)
with » = 1 and a = 1 + 4/n blows up exactly at time T with the total L*-mass
concentrating at the points {x1, ..., Xx;}.

Next, we comment on the blow-up rates. As a consequence of the H'-local
existence theorem (Theorem 5.8), we have

Corollary 6.1 ([CzW4)). If the solution of the IVP (6.1) satisfies
lim |Vu()|, = oo, (6.35)
AT

then

Vu)lla > co(T* — ¢y~ /@ D=n=2/), (6.36)
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We recall that (6.35) can only occur in the focusing case A = 1 witha > 1+4/n.

Proof. For 7y < T*, we consider the IVP (6.1) for time ¢ > f#; with data u(#). By
hypothesis, the solution cannot be extended in H' beyond the interval [0, T*). From
the proof of Theorem 5.4 (estimates (5.38) and (5.39)), it follows that if for some
M > c |lu(tp)||1 2 one has that

e lutiollo +eT —nf M < M, 5=1-"Z2EZD )
then T < T*. Therefore, for all M > c |lu(ty)||12,
cllu(to)lha + ¢ (T* = 1)’ M* = M. (6.38)
Choosing M = 2c|lu(to)||12, it follows that
(T* = 1)’ lu(to) 75" = co- (6.39)
Since ||u(t)||, = ||luoll2, it follows that
IVeu(to)llz = co(T* — 10) ™ @™" = co(T* — 1) /@~ D=0=2/%,
O

Thus, on the one hand we have that, in the critical case « = 1 4 4/n, Corollary 6.1
gives the following estimate for the lower bound for the blow-up rate:

[Veu()lla > co (T* —1)~1/2,

On the other hand, numerical simulations in [LPSS] suggested the existence of
solutions with blow-up rates as:

In|In|T* — 7]\ "/?
—_ ) . (6.40)

V. u(t ~
NATOIE ( e

The constructions of the two previous blow-up solutions imply the following: there
are at least two blow-up dynamics for (6.1) with two different rates, one which is
continuation of the explicit z(x, t) blow-up dynamic with the 1/(T — t) rate (6.36),
and which is expected to be unstable; another one with the log—log rate (6.40), which
has been conjectured to be stable.

In the one-dimensional case (n = 1), Perelman [Pel] established the existence of
a solution blowing up at the rate described in (6.40).

In [MeRal], [MeRa2], Merle and Raphael have obtained general upper bound
results for the blow up rate. More precisely, they characterize a set of data, i.e.,

By = {up € H'(R"): /902 §/|Mo|2 5/<p2+a*}, (6.41)

where «* is a small enough parameter and ¢ is a ground state solution of (6.1), see
(5.6)—(5.8), witha = 1 +4/n and A = 1, satisfying

l(Im(f quﬁ)>2 <0,

Egw) = E() — 5 T (6.42)
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blow up with an upper rate of the form:

In|In|T* — £]]\ /2
—) . (6.43)

1Vl $ (s —

Regarding the dynamics of the blow up solutions Raphael [Ral] established the
following result:

Theorem 6.7 ([Rall]). Let n = 1,2,3,4. There exist universal constants C*, C}
> 0 such that the following is satisfied:

(i)  Rigidity of blow-up rate: Let uy € By with
Eg(uo) > 0,

and assume the corresponding solution u(t) to (6.1) blows up in finite time
T < oo, then, there holds for t close to T either

— 2
g e T 0! s

V,u(t <C*(
(IViu(®)]l2 < T —;

or

C*
IV > ————.
(T — 1)V Eg(uo)
(ii)  Stability of the log—log law: Moreover; the set of initial data uy € B~ such that
u(t) blows up in finite time with upper bound (6.44) is open in H'.

6.3 Comments

The results shown in Section 6.1 are due to Glassey [G2], based on previous ideas of
Zakharov and Shabat [ZS]. Section 6.2 was built on the works of Tsutsumi [Ts] and
of Nawa and Tsutsumi [NT]. Proposition 6.1, crucial in the proof of Theorem 6.2,
is known as “the pseudoconformal invariant property” and was proved by Ginibre
and Velo [GV1]. Observe that all these blow up results apply to local solution u €
C([0,T] : H'(R™")N L?(|x|? dx)). In [OgT], the one-dimensional case n = 1, critical
case o = 5, the weighted condition xuy € L?(R) was removed. The formation of
singularities in solutions of the problem associated to the equation in (6.1) in the
case of boundary and periodic values was studied in [Ka].

We recall that the existence of solutionsin L? for the critical power o = 14+4/n
was established in Theorem 5.2 (see [CzZW2]). Using this result, we have that an
extension is only possible when the L2—lim,TT0 u(t) exists. The identity (6.2) assures
the existence of the limit in the weak topology of LZ2. It was proved in [MT] that
the strong limit does not exist and moreover that the same extension does not exist.
This shows that if a solution that corresponds to radial data and dimension n > 2
develops singularities, then this solution satisfies (6.24) and (6.29).
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In [Ra2], Raphael studied the dynamical structure of the blow up for the quintic
nonlinear Schrodinger (NLS) in two dimensions, i.e., the equation in (6.1) with
a =5, A =1, and n = 2, which is supercritical in L2, Among other results he
showed the existence of H' radial initial data for which the associated solutions
blow up in finite time on a sphere of strictly positive radius.

In this setting, one has the equation:

. 2 1 4
i Ou—+ 0 u+ —o-u+|u"u=0.
r

Removing the term d,u/r above, one gets the one-dimensional equation with the
critical L?-power (o« = 1 4 4/n). Roughly proving that the contribution of the term
d,u/r is negligible for the analysis and using Theorem 6.6, with one point x = 1,
one gets the idea of the form of the result in [Ra2].

This approach to get blow up results which concentrate in a surface of R" has also
been obtained and extended in [HR2], [HR3], [HPR], and [MRS].

Corollary 6.1 was taken from Cazenave and Weissler [CzW4]. There they also
showed that the IVP (6.1) with data uy € H*(R"), s € (0, 1), and [[(—A)*"%ug >
sufficiently small and nonlinearity « = 14 4/(n — 2 s) has a unique global solution
(notice that the cases s = 0, s = 1 were covered in Corollaries 5.2, 5.4, respectively).
This result holds in both the focusing and defocusing case. In fact, it is just based on
the homogeneity of the nonlinearity, so it applies to any nonlinear term of the form
f(u,u) with f(hu, Au) = A* f(u, u).

Based on a pioneering idea of Bourgain [Bo5], one can obtain a global solution
below the “energy norm,” which in this case is H'. The argument in [Bo5] has
been significantly refined in a sequence of works of Colliander, Keel, Staffilani,
Takaoka and Tao [CKSTT1], [CKSTT?2], [CKSTT3]. For the IVP (6.1), with A <
0, they have shown that in the cases (n,«) = (1,5), (2,3), (3,3), up € H*(R"),
s > 1/2,1/2, 4/5, respectively, suffice for the global existence. In the last case
(n,a) = (3, 3) with radial initial data the condition is lower: s > 5/7. Notice that in
the above cases, the IVP (6.1) is locally well-posed in H*(R"), with s > 0, 0, 1/2.
So, it is unclear whether these results are optimal.

Now, we regard the problem of the rate of growth of the higher Sobolev norm.
Consider the IVP (6.1) defocusing case A < O witha € (1 +4/n,(n +2)/(n — 2)).
Theorem 5.4 provides the global solution for data uy € H'(R") with

sup [lu(®)|l12 < oo.
teR

Assuming that uy € H*(R"), s > 1, and the nonlinearity is sufficiently smooth, one
can ask what are the best possible bounds for [|u(t)||s2 ~ [[(=A)*?u(?)]|>.

Standard energy estimates give an exponential upper bound. In [Bo6], Bourgain
showed that if n = 3 and @ < 5, then

lu(t)lls2 < c]t¢D
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for some constant c. In [Stal], Staffilani refined the arguments seen in [Bo6] and
among other results in the case (n, ) = (1, 3), she showed that

lu(®)lls2 < clt]*  as t — oo,

with u =2/3(s — 1)™.

Concerning the asymptotic behavior of the H!-global solution of the IVP (6.1)
obtained in Theorem 6.2, one has the following L”-norm decay result due to Ginibre
and Velo [GV2].

Theorem 6.8. Assume

4
A <0, ae(l—i——,l—i— ), and n > 3. (6.45)
n

n—2

Then, for each uy € H'(R") the corresponding global solution u(t) of the IVP (6.1)
provided by Theorem 6.2(i) satisfies

. 2n
tinj?oo lu®ll, =0 forpe (2, m) . (6.46)

In addition, in [GV2] and [GV3], Ginibre and Velo proved the following theorems:

Theorem 6.9. Underassumption (6.45), foreachuy € H'(R") there exists a unique
u(jf e H'(R") such that

lim [le"“ug — u(t)|l12 =0, (6.47)

t—+o0
with
+ +2
lug ll2 = lluoll2, and ||Vuy |l; = E(uo).

Theorem 6.10. Under assumption (6.45) for each u§ e H'(RY), there exists a

unique uy € H'(R") such that (6.47) holds.

Theorems 6.9 and 6.10 were used in [GV2] and [GV3] to define (continuous)
maps W* (asymptotic states) and £2* (wave operators) in H'(R"), respectively, as
W*(up) = uy and 2% (uf) = up. Hence, W2+ = I on H'(R") and one has the
scattering operator S = Wt Q2~, with S(u,) = uar . For extensions of these results,
see [GV2], [GV3]; for results in the cases n = 1, 2, see [Na].

Regarding global well-posedness for the periodic problem:

(6.48)
u(x,0) = up(x),

{ia,u = —Au u* ',

x €T", t € R,a > 1, we have the following results:
For n = 2, Bourgain [Bol] showed that (6.48) with @ > 3 in the defocussing
case ((—) sign) is globally well-posed. A similar result holds for the focusing case
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((+) sign) under the additional assumption of |lugy|/;2 being small enough or for
« > 3 assuming that ||ugl12 is sufficiently small. In [BGT1], Burq, Gerard and
Tzvetkov proved the existence of finite time (T < oo) H' blow-up solutions, with
data close to the ground state, i.e., lim; 47 |[u(?)|1> = oo for (6.48) with @ = 3 in
the focusing case. Moreover, they found the precise rate of the blowup showing that
(T =) lu®)l2 ~ co-

Finally, we describe some results concerning the stability and instability of
standing waves. Before doing that we introduce the following notation:

A={pec H'R"); ¢ #0and — Ap + wp = |¢|* ¢} (6.49)
and
G =1{¢peA; S(¢)<S®) forall ve A}, (6.50)

where

1 1
@) =3 / |V¢>|2dx—a—+2f lp|* ! dx—%/ |¢|* dx.
RVI

R~ Rn

The functions in the first set are called ground states and u(x,t) = ¢'“'¢(x) bound
states or standing waves or solitary waves.
If we require the following conditions be satisfied:

i) a=144/n, o>0andgp € Aor

) 14+4/n<a<m+2)n—-2),0+4/n<a <oo, n=1,2), o> 0and
v € G,

then u(x,t) = €' @(x) is an unstable solution of (6.1), in the sense that there is a
sequence {@, }men C H'(R") such that

om — ¢ in H'R"Y

and such that the corresponding maximal solution u,, of (6.1) blows up in a finite
time for both# > 0 and ¢t < 0.

The result in case (i) was established by Weinstein [W3] and case (ii) was proved
by Berestycki and Cazenave [BC2]. The argument of proof involves variational
methods.

On the other hand, if welet | < o« < 14+ 4/n, w > 0, and ¢ € G, then the
solution u(x,t) = e'® ¢(x) is a stable solution of (6.1), in the sense that for every
€ > 0 there exists 8(¢) > 0 such that if v € H'(R") verifies ¢ — ¥ |1 < 8(€),
then the corresponding maximal solution v of (6.1) with data i verifies

sup inf inf [|[v(-, 1) — e p(- =) < €.
teR O€R yeR"
This result shows orbital stability in the subcritical case. It was established by

Cazenave and Lions [CzL]. Extensions of this result to other dispersive equations
can be found in [AL].
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The interaction of solitary waves:
. 2
R(x,t) = ' Vx=FHei+0) o (x —2vt — xp), (6.51)

with v, xp € R", w, 8 € R, > 0, and ¢, a solution of (5.8), is not yet well
understood. For example, the detailed description of solutions of the IVP (6.1) with
A > 0 and data:

N N
uo(x,0) = 3 Ri(x,0) = 3 gu(x —x0), N =2 (6.52)
j=1

j=1
suchthat3 j, k € {I,...,N}, j # k,and 7 > 0 with
12(v; = v T — (x0, — Xo)| K 1

(ie., att = 7 the solitary waves R;(x,t) and Ry(x,t) interact) is quite open. In
the integrable case n = 1, @ = 3, the scattering theory [ZS] describes the solution
u(x,t) in terms of the data as a nearly perfect elastic interaction between solitary
waves (see Section 8.3). In the nonintegrable case, numerical simulations predict a
similar behavior which has not been rigorously established. However, some results
are known: In [MM7], Martel and Merle for the L?-subcritical case (1 < a <
1 + 4/n) proved the existence of multisolitary waves. More precisely, for

N
R0y =Y 0 mlraitt0ng (v — 2y, 1 — xq), (6.53)

j=1
the sum of the N-traveling waves in (6.51) with v; # v if j # k, they showed that

there exists u € C([0,00) : H'(R")) solution of the equation in (6.1) with A > 0
such that for all > 0

IR, ) — u(,0)|l12 < ce™®" for some ¢, ag > 0. (6.54)

Notice that in the L2-subcritical case the solitary waves are stable (see [CzL]), (for
other results in this direction see [Pe2].)

In the same vein as in [HoZ], [HMZ], and [DH], the time evolution of the solution
of the IVP:

01 + 92 — g So(x) u + Jul*u = 0, 655)

u(x,0) = e’V *sech(x — xp), xp L —1,

q € R, has been studied. Notice that if ¢ = 0, the solution of (6.55) is the soliton:
ivx —ivit

ulx,t)=e""e sech(x —2vt — xgp), (6.56)

and that for g # 0 the “soliton” should interact with the localized potential at time
t ~ |xo|/v. In [HoZ], it was shown that for |g| < 1 the “soliton solution” of
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(6.55) remains “intact.” In the repulsive case (g > 0), for high velocity (v > 1), it
was proven in [HMZ] that the incoming solution split into transmitted and reflected
components (traveling with velocity v to the right and to the left, respectively). The
attractive case (¢ < 0) was studied in [DH].

In the one-dimensional L2-supercritical case:

idu+ 0%u+ |ul"'u=0, o> 5,

it is known that the traveling wave solution in (5.14) is unstable. In [KrS], a kind
of “finite dimensional version” of the stable manifold for the ordinary differential
equation (ODE) system was constructed. For further developments in this direction
see [Scl2] and [Bc].

The “soliton resolution conjecture” claims that any “reasonable” solution to a
nonlinear dispersive equation eventually resolve into a radiation component that
behaves as a linear solution plus a localized component that behaves as a finite sum
of special solutions (traveling waves, standing waves, breathers, . . . ). This conjecture
is largely open (see Section 8.3). In the case of the NLS (6.1) for the defocusing case
(A < 01in (6.1)) (where no nontrivial special solutions exist) is known in some cases.
In [To8], a weak form of this conjecture was established for energy-subcritical and
mass-supercritical global H'(R") radial solutions in higher dimension n > 5.

Finally, we return to the formula (4.7) (and the comment after it). This affirms
that if uy € Co(R"), then for any ¢ # 0 and € > 0, e/“uy ¢ L'(e€*ldx). So, one
can ask if a similar result holds for solutions of the IVP (5.1). The following unique
continuation principle established in [KPV15] answers this question:

Consider the equation:

du=i(Au+rul*hH,reR-{0}, (6.57)

with « such that [«¢] > n/2 if « is not an odd integer.
Let u;, u» € C(-T,T] : H*®R"), k > n/2, T > 0, be two solutions of the
equation (6.57) such that

supp(u(-,0) — us(-,0) C {x e R" : x; < a},a; < oo.
If for some ¢ € (—T, T) — {0} and for some € > 0,
w1 (1) — up(-, 1) € LMl dx),

then u; = u,.

Notice that fixing u, = 0 one settles the above question. Moreover, by taking
u1(x,0) = ¢(x) as in (5.8) and uy(x,0) = ¢(x) + ¢(x), with ¢ € H*(R"), s > n/2,
with compact support, one can see that

ur(+, 1) ¢ L*(e€"! dx) for any € > 0,

for any ¢t # 0 and « as in (6.57). This follows by combining Theorem 5.1 and the
above unique continuation result. In other words, regardless of the stability of the
standing wave a compact perturbation of it destroys its exponential decay.
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6.4 Exercises

6.1 (1) Let o € (1,1 + 4/n]. Prove that the local L2-solution of the IVP (5.1)

provided by Theorems 5.2 and 5.3 satisfies the identity (5.2).

(i) Leta € (1,14 4/(n — 2)]. Show that the local H'-solution of the IVP
(5.1) provided by Theorems 5.4 and 5.5 satisfies the identities (5.2) and
(5.3).

(iii)  If in addition to the hypothesis in (ii), assuming that |x|uy € L*(R"),
prove (5.5).

@iv) Assume A < 0 (defocusing case) and @ > 1 + 4/n with the hypotheses
in (iii), prove the decay estimate:

(@)1 < ct™2/@D.
6.2 Considerthe IVP (6.1) witha = 144/n. Letu(z) be its global L2-solution corre-
sponding to adatum uy € L>(R") with ||ug ||, < € provided by Theorem 6.2 (iii).

(i) Prove that there exist u(jf e L*(R") such that

u(t) = e uF 4+ Ro(t) with lim || R(1)||2 = 0. (6.58)

(i) Prove that (6.58) fails for arbitrary uj € L>(RM).
Hint: (i) Using Theorem 4.2, inequality (4.16), and Corollary 5.2 prove that

+oo
u(j)'E =uy + / e MM uydf e LARY).
0
(ii) Use the standing wave solutions in (5.8), (5.9), and (5.13) if n = 1.

6.3 (Morawetz’s estimate) Consider the IVP (6.1) in the defocusing case A = —1,
witha < 14+4/(n —2),andn > 3. Letu € C([-Tp, T1] : H'(R™)) be the local
solution of this problem provided by Theorem 5.4.

(i)  Prove the following estimates:

. . (n—1_ 1d .

(a) Re /z&,u(aru—i- 5 u)dx:ReEd—t/m&.udx.

(n—1)_
r

el _ (=1 _a—1 (n — atl
(C)Re/ |u| u(aru—i— " u)d— 2(a+l)/ || dx

(b)Re/Au(B,L_hL it) dx < 0.

where r = |x]|.
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(ii)) Using part (i) and the equation in (6.1) show that

1d o (@—Dm -1 [ |ux, 1)t
EE/luitudx > @D ] dx. (6.59)

(iii) Integrate (6.59) in the interval (¢, %) C [Ty, T1] to get

1 a+1
/ —|”(xi;)|| < e (lu@)lhz + lu)lh 2)- (6.60)

R

(iv) Use Theorem 6.2 to conclude that if in addition @ < 1 + 4/n, then the
global solution u € C(R : H'(R")) satisfies

a+1
//'”(x Ot < oo, 6.61)

—00 ]Rn
(Notice that |x|~! is not integrable around the origin, so (6.61) gives
information over the movement in time of the solution around the origin.)

6.4 For the IVP (6.1) with A = 1 (focussing case), with the notation in Exercise 5.9,
prove that

2
E(uw(X,t)) = / (|quw(.x,t)|2 _ o |uw(x,t)|°’+1) dx

Rll
2
= £ = [ (FeuP = o) dr (662
R?
_nla—1)—4 atl
—(—ZEIB—%JWAMI dx.

Thus, E(¢,) > Oifa — 1 > 4/n, E(p,) = Oif @ — 1 = 4/n and E(g,) < 0
ifo —1 <4/n.
Hint: Combine the fact that ¢, (x) = »'/“ Dgp( /o x) is the solution of (5.8),
with the identity (5.83).

6.5 Prove that for any « > 1, there exist ug, u, , u) € H'(R") such that if

B = [ (WP -

Rn

a+l
o o)

then E(ul) > 0, E(uy) < 0 and E(u)) =0
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6.6 [W3] Consider the following case of the Gagliardo—Nirenberg inequality (3.14):

I fllast < VISR, (6.63)
1 1 2n
O=n|{-———) and 2 <a+1< .
2 a+1 n—2

For f € H'(R"), define

O(a+1 1-0)(a+1)
IV £V 15—

+1
I G

Ja,n(f) =

, (6.64)

* .
Copn a0 g aS:

C;,ni(a+1) = Man = Inf Ja,n(f)»

feH! R
f#0
R e Ca - -
Le., Cyp = Han is the optimal constant in (6.63).

(i)  Assuming that 1, is attained, i.e., there exists f* € H'(R") such that
Joun(f*) = g, with f* > 0, prove that for any A,v > 0

Jan O f7(V ) = Han- (6.65)

(i) Choosing Ag, vy in (6.65) such that g(x) = Xto f*(vox) satisfies

gl = IVgla = 1, ie. pon = gl %", and using that D J, ,(g) = 0

(i.e., L Jon(g +€h)lcog =0, Vh € H'(R")) prove that
—0Ag+(1—-60)g —1eng” =0, g=0.

(iii) Prove that the function gg ,(x) = B g(p x), B, p > 0 satisfies
0 _
- Agpp+ (1 =085, — tan B g5, =0. (6.66)
(iv) Choose By, po in (6.66) such that gg, ,, solves (5.8) withw = 1, i.e.,

—Ap+o—lpI“lo=0, ¢=>0,

to prove that

(1 —)l+ie=D 1 (1 —@)tie-b
S L PN e N P
SO,
9323111;
ch = (o) V@D = e el e,
(1 —0) #@+n

(v)  Verify that f* is a “rescaling” of ¢(-).
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6.7 Consider the IVP (6.1) in the focussing case (A = 1) and for the L2-critical
power (@ = 1 + 4/n). Assume that the local H'-solution provided by
Theorem 5.4 blows up in finite time, i.e., there exists 7* > 0 such that

lim ||Vu(t)|, = oo. (6.67)
AT

(i)  Prove that for any s € (0, 1] it follows that

lim inf || D u(t)||» = oo.
AT*

(i) Prove that for any p € (2, oo] it follows that

lim inf [|u(1)], = oo.
AT*

(i) If instead of « = 1 + 4/n one considers a nonlinearity
o € (1 +4/n,1 +4/(n — 2)) and assume that (6.67) holds, for
which values of s (i) holds, and for which values of p (ii) holds.

6.8 [GHW] Consider the one-dimensional cubic focussing NLS with a §-potential:
idv+a2v+ud(H)v+vv=0 pekR. (6.68)

(i)  Prove that if © = 0, the equation (6.68) has a one-parameter family of
standing wave solutions of the form:

Vo(x,1) = ' Vo p(Jox), o >0,

with ¢(x) = sech(x) (positive, even, and radially decreasing) being the
ground state.
(i)  Prove that for u # 0 formally

Vo u(x, 1) = €' o g, (Vx)
is a standing wave solution of (6.68), if
(X)) = o) = Vo o (Vox)
satisfies the elliptic equation
~0p+¢" + oo+ ud()e =0, (6.69)

with ¢ € H'(R) N H2(R\{0}).

(iii) Prove that if @ < u? /4, then (6.69) has no even positive radially
decreasing nonnull L2-solution.

(iv) Prove that if @ > u?/4 and u > 0, then (6.69) has an even, positive,
radially decreasing solution of the form:

Ouox) = /o sech <ﬂ|x| + tanh™! <%)) . (6.70)
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Show that if the radially decreasing requirement is removed, then for
w > wu?/4 and u < 0, the formula (6.70) describes another set of
solutions of (6.69).

Hint: show that if ¢ solves (6.69), then

@'(07) — ¢'(07) + pe(0) = 0. (6.71)
Use that for x > 0, one should have
(x) = /o sech(v/w(x + x9)), xo >0,

and a similar argument for x < 0. Combine this and (6.71) to obtain the
equation:

1 = 24/ tanh (vwx),

which yields the desired result.



Chapter 7
Korteweg—de Vries Equation

In this chapter, we study the local well-posedness (LWP) for the initial value problem

avp):

8,v+83v+vk d,v =0, 7.1)
v(x,0) = vo(x),

x,t € R, k € Z". The family of equations above is called the k-generalized
Korteweg—de Vries (k-gKdV) equation. The case k = 1 is known as the Korteweg—de
Vries (KdV) equation and is the most famous of the family. It was first derived as a
model for unidirectional propagation of nonlinear dispersive long waves [KdV] but
it also has been considered in different contexts, namely in its relation with inverse
scattering (see Chapter 9, Section 9.6 for a brief introduction to it), in plasma physics,
and in algebraic geometry (see [Mu] and references therein). The case k = 2 is called
the modified Korteweg—de Vries (mKdV) equation. Like the KdV equation, it models
propagation of weak nonlinear dispersive waves and it also can be solved via inverse
scattering, i.e., this is a completely integrable system. There is an important relation-
ship between these two equations given by the Miura transformation [Mul]. More
precisely, if we assume u to be a solution of the mKdV equation, then

v =i~60,u+u (7.2)

is a solution for the KdV equation. This relation was first used to obtain the inverse
scattering results for both equations. Below we return to this transformation when
we discuss global and ill-posedness results.

The KdV and mKdV equations have an infinite number of conserved quantities
(see [MGK]). For k > 2, that is not the case. However, real solutions to the k-gKdV
equation have the following conserved quantities: total mass

[ee] ]

Il(v)=/v(x,t)dx= /vo(x)dx, (7.3)

—00 —00
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the L2-norm

L) = /vz(x,t)dxz /v(z)(x)dx, (7.4)
and the energy
L(v) = / () — e V) (x, 1) dx = / ((vp)* — cx vy ™) (x) dx, (7.5)

where ¢; = 2{(k + 1)(k +2)} "

The k-gKdV equation admits solitary wave solutions having strong decay at infin-
ity. These solutions are given by v x(x,t) = ¢ x(x —ct), ¢ > 0 (c is the propagation
speed) where

k+Dk+2
Pes(x) = {#

k 1/k
c sechz(E\/Ex)} (7.6)
are the unique (up to translation) positive solutions decaying at infinity of

1 k+1
" + 0. 7.7
—co+¢" + 1Y = (7.7)

To motivate the local results that we describe in this chapter, we first note that
if v solves (7.1), then, for A > 0, so does v;(x,?) = A¥*v(Ax, A1), with data
vi(x,0) = A¥*y(ax, 0).

Note that

Vi Ol e = DS vi (-, 0)ll2 = A KT =12)u(, 0)]] g (7.8)

This suggests that the optimal s, for the power k, is s = s, = 1/2 — 2/k. Thus,
sy > 0if and only if k > 4.
A simple computation shows that

ekl s = ID*@exll2 = ax, independent of c, (7.9)

and if s # sg, |[D°¢crll2 — 0 as either ¢ — 0 or +00. Later on we illustrate the
significance of this.

The best LWP results in Sobolev spaces H*(R) known for the k-gKdV equation
can be summarized as follows:

k Scaling Result
1 s——% sz—%
2 s=—% sZ}T
3 s:—é SZ—%
kz4]s=1-1 s24-1
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In this chapter, the local results apply to both real and complex solutions. In
Chapter 8, where we study global well-posedness for the k-gKdV, we will only
consider real solutions since they satisfy the conservation laws (7.4) and (7.5).

Here we provide the proofs of the local results for the initial value problem (IVP)
associated to the KdV (k = 1), mKdV (k = 2), and the L2-critical gKdV (k = 4)
equations.

The approach we follow for the last two equations is closely related to the previ-
ous one described for the nonlinear Schrodinger (NLS) equation. However, we shall
remark that the situation faced here is more difficult to deal with due to the presence
of derivatives on the nonlinearity that causes the so-called loss of derivatives. The
idea is to analyze the special properties of solutions of the associated linear prob-
lem, such as smoothing effects like those of Strichartz (4.32) and Kato type (4.55),
maximal function estimates combined with interpolated estimates. These along with
some commutator estimates for fractional derivatives and the contraction mapping
principle are the main ingredients in this method.

On the other hand, to establish LWP for the IVP associated to the KdV equation
we use the function spaces X, introduced in the context of dispersive equations
in [Bol]. These functions spaces have a norm given in terms of the symbol of the
associated linear operator (in this case 9, + 97) and have been very useful in analysis
of the interaction between the nonlinear and the dispersive effects. In this point, the
so-called bilinear estimates play a main role to obtain sharp results.

In Section 7.3, we also list some results regarding the supercritical case (k > 4).
There we use (7.6) and (7.9) mentioned above to illustrate ill-posedness results and
thus the sharpness of the LWP results for the k-gKdV equation for k > 4.

7.1 Linear Properties

In this section, we establish a series of estimates for solutions of the linear initial
value problem (IVP):
) v =0,
v Oy (7.10)
v(x,0) = vo(x),

x, t € R. These estimates are useful to show sharp LWP results for the IVP (7.1) for
k=2and k > 4.
We first recall that the solution of the IVP (7.10) is given by

v(x,t) = V(t)ve(x) = S; * vo(x), (7.11)

where
o0

. . 1 X
S.(x) = 627!1er8:13”£3 dE = — S (—

—00

(see (1.30)).
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Notice that {V(#)}2__ defines a unitary group operator in H*(R) (see Proposi-
tion 4.2).

We begin by showing a sharpened version of the “local smoothing” effect
found by Kato and Kruskov and Faminskii (see (4.55)) for solutions of the linear
equation (7.10) and the inhomogeneous problem:

0 v = f,
=1 (7.12)
v(x,0) =0,
x,t eR.
Lemma 7.1. The group {V(¢)};2_, satisfies
19xV(Ovollpeer2 = clivoll, (7.13)
t
i f V= ifahdr |  <ellfllg (7.14)

0
Remark 7.1. The proofs show that in (7.13) and (7.14), we can also have D',
D>*7 |y real.

Remark 7.2. To simplify the exposition from now on we omit the 27 factor in the
Fourier transform. Thus, in particular we write

V(t)vo(x) = f ! CEHENT (&) dE.

Proof. We only give the proof of (7.13), and refer to the proof of Theorem 4.4
estimate (4.28) for an argument similar to that needed to obtain (7.14).
The change of variables £ = 1 shows that

1 T o
v =3 [ ey S

—00

Using Plancherel’s identity (1.11) in the ¢ variable, we get

2=

—0Q

o0
1 nl/3 2
18,V (t)voll? 5 f ™ 235 3)| " dn

—¢ / Po(&)P d&

using n'/? = &. This proves (7.13). O
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A consequence of (7.13) is
Corollary 7.1.

o, [ V=0 1dr e = Nl (7.15)

[o.¢]
Remark 7.3. The result in (7.15) is equivalent to (7.13) by duality. Note that this
corollary implies

t

sup 10, [ V(=001 dr s = el (7.16)

te[-T,T]

The next lemma is useful to obtain maximal function estimates.

Lemma 7.2. Forany x € R,

o0
feon inerey 4§ c(1+1y)
I (x)l_\/ e G| S (7.17)
—0Q

for y real.

Proof. Since for r = 0 the result is obvious (Exercise 1.14), we assume ¢ # 0 and
see that a dilation argument reduces the proof to show

c(I+1yD

1
1wl = =

This can be done using a similar argument as the one in the proof of Proposition 1.6,
taking into account the following sets:

21={eR : |§ <2},
2, =1{& ¢ 2, 138 + x| < |x|/2),
2; =R —(£2,U 2,). |

Next, we have maximal function estimates for solutions of (7.10).

Lemma 7.3.

I sup  [V(t)vol s = IV(OWollare < c 1Dy *voll2, (7.18)

—00<t <00

1

| ;1 / V(i — 1) f()dr

0

<
LﬁL?C = Cy”f”LiﬁL,l’ (719)

where y is real.
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Remark 7.4. The estimate (7.18) due to [KR] is sharp in the sense that for any p # 4
on the left-hand side require even in a finite time interval more than 1/4 derivatives
on the right-hand side of the inequality.

Proof. Showing estimate (7.18) is equivalent to proving
IDZ YV (tywoll e < ey lIvolla (7.20)

Hence, we do so for y = 0 and prove (7.20).

We see that a version of (7.19) implies (7.20) by a method that follows the proof
of the Stein—-Tomas L>-restriction theorem for the Fourier transform. In fact, duality
shows that (7.18) is equivalent to

[e¢]

| [ oovrscnar] , < cliglgey,

—0Q

Squaring the left-hand side of the inequality we obtain

H/ D;1/4V(f)g(',f)de§=//g(x,t)/ D2Vt —t"g(L 1) dr dx dt,

—00
so that (7.18) follows from

o]

H / D;1/2 V(t —t)g(-,t))dt’ Ly <c ”g”Li/}L," (7.21)

x ™t

—0o0
Next, we observe that (7.17) shows that

oo o0

— , c ,
| / Dx‘/zva—r’)g(-,r’)dr(slxl—m* / G, dr’

Thus, inequality (7.21) can be deduced from the Hardy-Littlewood—Sobolev theorem
x: LY3 — L* The estimate (7.19) follows by the same

(Theorem 2.6), since ¢

x|
argument. |
Lemma 7.4.

1. Ifvy € L*(R), then
IV (@©wvollgszre < clvoll2. (7.22)

2. Ifg e Li/4L,10/9, then

< cllgll s o (7.23)

10 —
L3L}

H / V(i — et dr’
0
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Proof. To prove (7.22), we consider the analytic family of operators
Tovo = D;/* DU V(t)wy, withzeC, 0<Rez<l.

Whenz =iy,

d :
Tiyvo = 5— V()D;P""* Hyy,

where H denotes the Hilbert transform (see (1.18)). Hence, estimate (7.13) implies
175y vollor2 < clvoll2,

where we used that | Dy " *Hvgll> = [Ivolla.
On the other hand, settingz = 1 +iy we get

T1+i)/ Vo = Dx_l/4 V(l‘)DX_iys/4 Vo.
Thus, estimate (7.18) yields
IT12iy voll 21z < € Ivollz.

Hence, from Stein’s analytic interpolation (Theorem 2.7), the estimate (7.22) follows
by choosing z = 4/5.

The proof of part 2 uses a similar, but more delicate arguments (see Corollary 3.8 in
[KPV4]). m|

Lemma 7.5. Ifvy € L*(R), then
1DV (@voll 20,52 < 1D, *voll2- (7.24)
Proof. The result follows using the Stein interpolation theorem (see Theorem 2.7)
and the estimates (7.13), i.e.,
IDY*DYV(twoll ez < e 1D wolla,

and (7.18), i.e., '
DYV (t)vollpare < c DY *voll2,

with 6 = 4/5. ]
Lemma 7.6 (Leibniz rule).

(i) Leta €(0,1). Let p € (1,00), f = f(x), g = g(x), then

ID*(f&) = fD¢ll, = cllglooll D flIp- (7.25)
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(ii) Leta €(0,1), aj,ar € [0,a] with o = oy + . Let p,q, pi1, p2,g2 € (1,00),
q1 € (1, 00] be such that
1 1 1 1 1
=—+ and - =—+4—.

1
p P1 P2 q q1 Q2
Let f = f(x,t)and g = g(x,t). Then,

ID2(fg)~F D¢ — gD% fllzpy < ¢ 1D £l o | D2gll e o (7.26)
Moreover, for oy = 0 the value q; = o0 is allowed.

Lemma 7.7 (Chain rule). Ler « € (0,1) and p, q, p1, p2, g2 € (1,0), g1 €
(1, co] be such that

1 1 1 1 1 1
—=—+4+—  and —=—+4—.
14 P1 P2 q qi q2
Then,
IDSF(Hzers < cIF Nz 1D fll o (7.27)

For the proof of Lemmas 7.6 and 7.7, we refer to [KPV4] (see also [CrW]).
The extra difficulty in obtaining these estimates comes from the fact that one needs
to control derivatives in the space variable in a norm depending on the ¢ variable first.

7.2 mKdV Equation

In this section, we establish the LWP theory for the IVP associated to the modified
Korteweg—de Vries (mKdV) equation,

8tv+8fv+v2 d,v =0, (7.28)
v(x,0) = vo(),

x, t € R. The idea of the proof is to use the linear estimates that we have obtained
in the previous section plus a contraction mapping argument. As in the case of the
nonlinear Schrodinger (NLS) equation, we employ the integral equation form of
(7.28) for the same reason, i.e., it does not require differentiability of the solution.

Theorem 7.1. Let s > 1/4 . Then, for any vo € H’(R) there exist T =
T(||D;/4v0||2) =c ||D,£/4vo||;4 and a unique strong solution v(t) of the IVP (7.28)
such that

ve C(-T,T]: H'®R)), (7.29)
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T
12
1D} vl yzpz = sup (/ |D;axv(x,t)|2dt) < 0, (7.30)
—o0<X <00

°r

1D 48wl 20,32 + 1DVl 10 < 00, (7.31)
and

||V||L§Lf;° < o0. (7.32)

Moreover, there exists a neighborhood V of vy in H*(R) such that the map vy — V(1)
from V into the class defined by (7.29)—(7.32) is smooth.

Proof. We define

Xr={veC(-T.T]: H®R): lvll; < oo}

and
Xi={veC(-T,T]: '®R): |l <a},
where
IVl = vl s+ 1Dy 39l ez + 1D 00wl 032 + 1 D3Vl s 0 + IVl s e

We shall prove that for appropriate values of a and T the operator

t

P, (W)(t) =P )(@) = V(v — / V(t — (Vo)) dt (7.33)
0
defines a contraction map on X7.

We only consider the case s = 1/4. As the higher derivatives derivatives appear
linearly in the norms (7.29)—(7.31), argument below also provide the proof in the
general case s > 1/4.

Using the operator (7.33), group properties, and the Minkowsky and Cauchy—
Schwarz inequalities it follows that

t
IDY*wm)(O)ll2 < cIIDY*voll2 + / IDY** 8,2 dt
0

< clIDY*volla + ¢ TV2IDL* 02 9.9 2z -

To estimate the last term we make use of the Leibniz rule for fractional derivatives
(7.26) and the chain rule (7.27). Thus,

1D 02 8:v)ll 2,13



160 7 Korteweg—de Vries Equation
2 1/4 1/4,.2
< Iz I DY 0l ez + 1D OO 20 10 19V o, 52
< VT4 1DVl oo 2 + IVl zaree DY * VI s 10192Vl 0,52 (7.34)
= LﬁLL;C x YxVllLers LILT X LyL 11%x L,%ULT .
3
<clvli3.
Hence,
1/4 1/4 1/2 3
ID* e 0)Dl2 < 1D wolla + ¢ T2 IVl (7.35)

From Definition 7.33, Minkowski’s inequality, group properties, the smoothing effect
(7.13), and the Cauchy—Schwarz inequality it follows that

1D W () 2012
t
< clID*voll2 + / 18:(V(OV (=)D 8D | oz dt” (7.36)
0

<clID*volla + e T2IDA 0 8:W)ll 1242

The maximal function norm of ¥ can be estimated applying Minkowski’s
inequality, group properties, (7.18), and the Cauchy—Schwarz inequality:

t
1))l < e IDY *voll2 + / VOV (=)0 99)]l a0 dt’ 737
J _

1/4 1/4
< cID vl + ¢ T2ID 02 90 12,2

A similar argument as the previous one, but using (7.24) instead of (7.18) yields

t
18:9 O 20,32 < ¢ 1D voll2 + f 18: VOV (=)0 30l 0, 32

) (7.38)
< Dol + ¢ TV2ID 02 09l 122
Finally, the estimate (7.22) and the above argument gives us
t
1D e @)Dl 30 < el volla + [IVOV (=)D (2 8,:9) ] 130 dit’
e 0 o (7.39)

< cIDvolla + e TY2ID* 02 9v) 22
Hence, the argument in (7.34) applied in (7.36)—(7.39) yields

IOl < clvollijaz + ¢ T2V (7.40)
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Choosing a = 2¢||vo|l1/4,2 and T such that

1
ca®> T'? < 3 (7.41)

we obtain that ¥, : X7 — X7,
A similar argument shows that

1T ) — @y < cT2AVIG + 1T Iy = Plly < 2¢ TY2a* Iv = ¥l

Then, the choice of @ and T in (7.41) implies that ¥ is a contraction. Consequently,
we have that there exists a unique v € X} with ¥, (v) = v, i.e,,

1

v(t) = V(t)vg —f Vit — )Pt dr. (7.42)
0

Using similar arguments as above, we also deduce that for 77 € (0, T)
~ ~ 2 ~ ~
19 () = Wy Dl < ¢ Ivo = Folls2 + ¢ T AW + 1T v = 71l

This shows that for 7} € (0, T), the map vy — v on a neighborhood W of v
depending on T; to X} is Lipschitz. We notice that an argument as the one used in
Corollary 5.6 allows one to prove that this map actually is smooth.

Hence, the solution v(-) € X} of the integral equation (7.42) is a strong solution
of the IVP (7.28). In particular, v satisfies the equation in (7.28) in the distribution
sense.

Next, we extend the uniqueness result to the class X7. Suppose w € Xy, for small
T, € (0, T) is a strong solution of the IVP (7.28). The argument used in (7.40) shows
that for some 7> € (0, T}),w € X?z. Thus, (7.41) impliesw = vin R x [-T», T>]. By
reapplying this argument, the result can be extended to the whole interval [T, T'].
This yields the uniqueness result in A77. o

7.3 Generalized KdV Equation

The local theory for the IVP (7.1) when k > 4 is discussed in this section. We will
prove the local theory for the critical case k = 4. For the case k > 4, we give the
statements of the LWP results without proofs and talk over the sharpness of these
results.

We first consider the L2-critical case (see 7.8), i.e.,

a, v+ 8;\1 +v*,v =0,

(7.43)
v(x,0) = vo(x).

To show the LWP for (7.43), we follow a similar approach to the one applied for the
mKdV equation.
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Theorem 7.2. There exists § > 0 such that for any vy € L*(R) with
voll2 <8,

there exists a unique strong solution v(-) of the IVP (7.43) satisfying

ve CR: L*R)N LR : LA(R)), (7.44)
”axV”L_chl2 < 00, (7.45)

and
IVl < o0 (7.46)

Moreover, the map vy — v(t) from {vo € L>(R) : |[wll> < 8} into the class defined
by (7.44)—(7.46) is smooth.

Remark 7.5. Observe that this global L? result is valid for real or complex solutions.
This is due to the homogeneity of the equation (scaling argument) and not to the L>
conserved quantity.

Remark 7.6. 1Tt is expected that § in the theorem be equal to the size of the solitary
wave solution in the L?-norm (7.6) with k = 4.

Proof of Theorem 7.2 We now define, for vo € L*(R), [[voll> < 8,
t
W O)(1) = By 0)(1) = V(E)vo — / Vit — ) oohde.  (7.47)
0

We shall show that there is § > 0 and a > 0 such that if ||vg||» < &, then
v:.x, > A&
is a contraction map, where
Xy ={we CR: L*R): Iwll < a}
and
VIl = 10Vl o2 + IVIlzeer2 + VIl s to-
From (7.47) and (7.15), we have

t

HW@WNzSWMh+CM{/VO—fﬁﬂﬁdﬂbSHmh+CWW4g

0
(7.48)

5 5
=< lvollz + cllvil®.

< ||v C ||V
< lIvoll2 + € WIS 0 <
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Similarly, (7.22) and (7.23) lead to

t
1@ @)Dl 5110 < cllvollz + <l f V(e — 1) 0,0y dr 510
0

<clvolla + ¢ v* vl 373 roro (7.49)
4

< clvollz + eIVl o0yl e
5

< clvoll2 +clvil>.

Finally, we use (7.13) and (7.14) to have

82 / V(e — 1) )ty dt’
0

<cllvolla+ eIVl (7.50)

[0 W(V)(t)“Lgoer <clvolla +c¢

LPL?

5
= clivollz + clvil®.

Using Remark 7.3, it follows that ¥ (v) € C(R : L%(R)). Thus, from (7.48) to
(7.50) we obtain that
1T Wl < clvollz + clvil.

Now, choosing § such that
4 1
c(4céd)” < 3 and a € (2¢6, 3c¢d),

we conclude that ¥ : X, — AX,.
A similar argument leads to

- - - o1 -
¥ ) = @I < cUVI* + 11Dy = ¥l < 2¢a’llv =Vl < Sy =i.

As the remainder of the proof follows the argument employed in Theorem 7.1, it is
omitted. m|
As a corollary of this result, we have the LWP for the L>-critical case.

Theorem 7.3 (Critical case). Let k = 4. Given any vy € L>(R) there exist T =
T (vo) > 0 and a unique strong solution v(-) of the IVP (7.43) satisfying

ve C(-T,T]: LAR)), (7.51)

IVlizspio < oo, (7.52)
and

19Vl o2 < 00. (7.53)
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Given T' € (0, T), there exists a neighborhood W of vy in L*>(R) such that the
map vy > v(t) from YV into the class defined by (7.51)—(7.53), with T’ instead of T
is smooth.

Ifvg € H*(R) with s > 0, the previous result extends to the class

ve C(-T,T]: H (R))
and
1D} 0,vllp2 < 00,

in the above time interval [— T, T].

Remark 7.7. The norm we define to prove this result is as follows:
VIl = 1lv = V(©vollgerz 4 10Vl poe 2 + VIl L5 10,

which is “similar” to the L2-critical case for the semilinear Schrodinger equation
(see Theorem 5.3). Notice that in Theorem 7.3 the time of existence of the local
solution depends on vy itself and not on its norm.

Next, we have the subcritical local existence result.

Theorem 7.4. Let s > 0. Then, for any vo € H*(R) there exist T = T(||volls.2)
(with T (p,s) — oo as p — 0) and a unique strong solution u(-) of the IVP (7.43)
satisfying

veC([-T,T]: H'(R)), (7.54)
IVl s o +ID3 Vil s g0 + 1D Vil 50 < o0, (7.55)
and
s 5/3
||3,(V||L$OL2T + 1Dy axV”ngoLZT + ”Dt/ axV”LgOLZT < 00. (7.56)

Given T' € (0, T), there exists a neighborhood V of vy in H*(R) such that the map
Vo — V(t) from V into the class defined by (7.54), (7.55), and (7.56) with T' instead
of T is smooth.

Next, we consider the IVP (7.1) in the L?-supercritical case, i.e., k > 4. The
results are listed without proof.

Theorem 7.5. Let k > 4 and s, = (k — 4)/2k. Then, there exists §; > 0 such that
for any vy € H*(R) with

[ D¥volla < &,
there exists a unique strong solution v(-) of the IVP (7.1) satisfying

ve CR : H*R)NL®R : H*R)), (7.57)
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1Dy OVl peop2 < 00, (7.58)
DY Vil 10 < 00, (7.59)
and
| D102 DY e < 00, (7.60)
where
1 2 n 1 d 3 4
—=—+— and —=———
pr S5k 10 g 10 5k

Moreover, the map vy — v(t) from
V= {v € H*R) : [D}wll2 < &)

into the class defined by (7.57)—(7.60) is smooth.
Next, we have the result corresponding to any size data.

Theorem 7.6. Let k > 4 and s, = (k — 4)/2k. Given vy € H*(R), there exist
T = T(vo) > 0 and a unique strong solution v(-) of the IVP (7.1) satisfying

veC(-T,T] : H*(R)), (7.61)
1D 9l o2 < 00, (7.62)
1D vl 510 < 00, (7.63)

and

e (7.64)

with py and qy. as in (7.60).

Given T’ € (0, T), there exists a neighborhood W of vy € H%(R) such that the
map vy — v(t) from WV into the class defined by (7.61)—(7.64) is smooth.

Ifvog € H*(R) with s > sy, the previous results extend to the class

ve C(-T,T] : H'(R))
and
| D} OVl o2 < 00

in the above interval [—T,T].

Corollary 7.2. Letk > 4ands > s, = (k—4)/2k. Then, for any vy € H*(R) there
exist T = T(||volls2) > 0 (T (p;s) — oo as p — 0) and a unique strong solution
v(-) of the IVP (7.1) satisfying, in addition to (7.62)—(7.64):

ve C(-T,T] : H'(R)), (7.65)
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1D} vl oo 2 + 1D} Bl 2. < 00, (7.66)
1D} Vil s 0 + | D3 Vil < 00, (7.67)

and
| D5 D Vil < 00 (7.68)

with py and gy as in (7.60).

Given T’ € (0,T), there exists a neighborhood WV of vy € H (R) such that the
map vy — v(t) from VWV into the class defined by (7.65)—(7.68) is smooth.

Ifvo € HY (R) with s' > s, the previous results hold with s' instead of s in the
same time interval [—T,T].

To conclude, we discuss the sharpness of the results described in this section.

In [BKPSV], it was proved that if the notion of well-posedness given in Chapter 5
is strengthened, then the IVP (7.1) is ill-posed for k > 4. More precisely, we have
the following.

Theorem 7.7. The IVP (7.1) withk > 4 isill-posedin H*(R) with s, = 1/2—2/k
in the sense that the time of existence and the continuous dependence cannot be
expressed in terms of the size of the data in the H* -norm.

Proof. We only consider the case k = 4. We prove that if we assume 7T =
T(llvollz2) > O, then the part in the theorem regarding the continuous dependence
of the solution upon the data fails. The proof below also establishes the second part
of the theorem.

Consider the solitary wave solutions ¢.4 in (7.6) and v, 4(x,?) the solution
corresponding to initial data vo(x) = ¢, 4(x). We compare

2 2
fci 4 — eall;  and  [lve aC 1) = ve,a( D2

for t # 0. We show that one can choose ¢ and c¢; so that the first expression tends to
0 while the second one does not. Thus, well-posedness cannot hold for these data.
Letaj = [ ¢’52j,4a j = 1,2, and note that

2 2 2
Pc14 — Perallz = l@ei allz + 1 Perally = 2( e, 4 Pera)-

Writing ¢4(x) = 3'/* (sech?(2x))!/#, the inner product equals

o0

61/46»2/4[ Pa(C1X)@a(/cox) dx.
—00
If \/cix =y, we get
s 7
(c—') /¢4(y)<04( C—ly) dy > a} if 1.
o (6 [(65)

—00
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Thus,
I $er.a — Beralls — 0. (7.69)

Analyzing [[ve, 4(-,1) — Ve, a(,1)||3 similarly, we obtain

C1 /4 r k C1
aﬁ + ai — (—) / sy — c?/%) (p4( [—y — C§/2t> dy
(&) (&)
cry 174 r c
=a; +a; — (—1) / ©04(2) @4 (‘ / Le- 05/2(61 - Cz)t) dz.
() C2
Choose now c¢;/c; — 1, but c;/z(cl — ¢p) — oo (for instance, ¢y = N + 1,
¢» = N, N € Z*). The rapid decay of ¢4 shows that the integral approaches 0. Thus,
Sup [[ve, a(-»1) = Va3 — 2a;  forany T > 0 (7.70)
[0,7]
ascy/c; —> 1.
Finally, (7.8), (7.69), and (7.70) yield the result. O

7.4 KdV Equation

In this section, we establish the local theory of the IVP associated to the KdV
equation, that is,

{3,v+83v+v8xv =0, 7.71)

v(x,0) = vo(x),
x, t € R. The method used here is quite different from the one illustrated for the
NLS equation in Chapter 5 and in the previous three sections of this chapter for the
mKdV and generalized KdV (gKdV) equations.

We start out by defining the function spaces introduced in the context of dispersive
equations by Bourgain in [Bol]:

Definition 7.1. Fors,b € R and f € S'(R?), we say that f € X, , if

. 1/2
||f||x5.,b=(/ (17— €)% + D> If €, P dgdr) <00,  (172)
R2

where ~ denotes the Fourier transform in R?.
We solve (a variant) of the integral equation, namely

v(t) = 0@V (t)vy + 6(:)/ V(t —tWwov()dr, (7.73)
0
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where € C°(R), 0 <60 < 1,0 = 1near 0, supp 6§ € [—1,1] with vy € H*(R)
andv € X, .

Remark 7.8. Let T° f(€) = (1 + [E1)/2F(&), and A f(z) = (1 + |t|)P2 F(z),
where ~ denotes the Fourier transform in one variable. Then,

1l = 147 J° V=0 fll 2z

Corollary 7.3. Ifb > 1/2,
Xsp C C((—00,00) : H'(R)).

This is an easy consequence of Remark 7.8 and the usual Sobolev embedding
theorem.
Letus set 0,(t) = 0(p~'t), p € (0, 1], where @ is as above.

Lemma 7.8. Foranyb > 1/2ands € R,

16,V ()vollx,, < ¢ 0727 vl 2. (7.74)
Proof.
o0 o0
0,()V(t)vo = 0(p ') / / et " §(t — E3Yy dE d,
—00—00

s0 that (8(p ™' 1)V (1)v0) (€, 7) = p B(p(x — £3))To(&). Thus,

16,V @)vollx,,

—cp f / Blo(c — EDPA + [t — B + £ Po@)P dé de

oo
—c [+ B (o [ Dot = DR+ 17 - £ dr) de.
—o0 —0
Since b > 1/2 and p € (0, 1), the inner integral can be estimated as follows:

0’ / B(p(x — NP + |t — P dr

<o’ f 10(p(t — ) dt + cp? f 6(p(x — E)P|r — &3P dr
K b K

<cp+ep? <cp,

This completes the proof of the lemma. a
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Lemma 7.9. Foralls e Rand1/2 <b <1,

(1-2b)/2

0o vllx,, <cp vilx, - (1.75)

Proof. (6,(t)v(x, 1)) =V, (p 5(,0 -)), so that by definition of the X ;-norm, the
proof reduces to showing that, for a € R,

/|<p5<p ~>)*v(r>|2(1+|r—a|>2”drScp“—z‘”/rv‘(r>|2<1+|r—a|>2bdr.

Since

o0
f lpB(pT)| dT < 00,
—00

it follows that

/|(p§(p ) * (o) dt SC/ (r)? dr.

We turn to
oo o0
f (pB(p ) * YD) |7 —al” dr = / |D} (" v(1)8(p™" 1) dt.
—0oQ0 —Q

The Leibniz rule (7.25) yields
1Dy (e “vo(p™" ) — e“'v DO~ )2 < cIDYE“ W) 21101 Lze.

Note that [|0] . < ¢, and
|22, = / ROPRle — P dr.
—00
Thus, we only have to bound the term:
o0
/ le'“'vDy6(p ™" 1) dt.

—0o0

But the Sobolev embedding theorem and the fact that » > 1/2 lead to

(/OC ey DO (=" )P dt)

—00
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o] (&)
<ol [ or i+ [10f@mRan) ot Ol
—00 —00

00 00
<o [ porac+ [z -aporar) [pee |
—00 —c0
By Plancherel’s identity (1.11) and since b > 1/2 we have
00
1026~ IZ, = / T2 o) dT < e p o2,

The proof of the lemma then follows. a

t
Lemma 7.10. Let w(x,t) = [V(t —t)h(t")dt' . If 1/2 < b < 1; then
0

16, wllx,, <cp" " |hlx,,,. (7.76)
Proof. We write
6,(1) / V(t — () dt'
_ oitE?
=0,(1) // W, vdedr
_ 1153
=0,(1) // 0t —EYh(E, ) dE dT (1.77)

) ezrr _ el[f PN
+o,0 [ / ¢ e (=0 — )T T e d
=1+11.
A Taylor expansion gives us

I=Zi o (r)/ ixg ”g /h(s (T — S)k_lé’(r—$3)dr>d§. (7.78)
k=1

—0Q

Let 1*6,(1) = p* (t/p)* 0(p~"'1) = ¢i(¢). Then,

oo
,Ozf (o) (1 + 12 de
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=eo*( [ Beotdc+ [ 1 @)
< P ez + 107 gellfz) < cp 720 (14 K2,

Thus, by the proof of (7.74) and (7.78):

Z 14K [ v
s = 3 —eopt 002 ([ e o - 8o - gae) |
k=1 ’ % S,
But
OOA Vo2
([ feone - te - gar) |
[e.¢] o0 . 2
< f 1+ 1™ ( f g, o) — £l — )] dr) de
? n 2
< [ e ( / i, )l de ) d
- lt=£3|<1
i ([ e ! :
: /(H'E') | T+ =) U+ =1 i) ds
< cllhl

s,b—1

since b > 1/2.
Next, we estimate II in (7.77). We rewrite it as II = II, + II,, where

I = —6,() / g ( / - 9)(“5)}1@ r)dr) dé

_ _ 3y
IIZZQD(I)/fei(x§+tT)w h(E, 1) dE dr.
T —§&3

—00—00

Using Lemma 7.8, the Cauchy—Schwarz inequality, and b > 1/2, we deduce

o0 B e .
e [ T

5.2

| / 1+ Jg D



172 7 Korteweg—de Vries Equation

(- ﬁm(s,mdr)zds]

le—&31=1/2

1/2

oo
<02 / 1+ gDy

(g, )| 1 2 12
x ( / (14|t — &A= (1 4 |z — £3))P df) dé]

lt—&31=1/2

<" hlx,, -

Finally, by (7.75) and the definition of X, ,_1,

o | [T sesr (= 0)E — €) ~
i, < o2 [ f e“f*’”r_—%f W, 7)d dr

A Xs.b
<cp "2 hlix, -
This completes the proof of the lemma. a
Lemma 7.11.
’
1650) [ V=M@Y o = o bl 079)
0

Proof. A similar argument as the one used to show Lemma 7.10 yields (7.79). Thus,
we omit it. a

Lemma 7.12. Lets € R, b',b € (1/2,7/8) withb < b’ and p € (0, 1), then for
v e X1, we have

16, VI, < € o7 vl (7.80)
Proof. To prove (7.80), we use duality and prove the estimate
16, vllx_,,, < cp® B iy . (7.81)

This result follows by interpolation. To do so, we need to establish the next
inequalities:

16, Vlix_o < o IVlx_,1sy (7.82)
and

||9pv||X,5_1,b <c ”V”X,S,],h- (783)
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Combining Remark 7.8, the Holder inequality, and the Sobolev inequality (Theo-
rem 3.3), we have

16,711 o = I VOO W22 = VOO ) TVl 222
=10~ VO TVl < 0PIV TV 80

1/8 — 1/8
< cp BNV TVl s = 0" IVIlx_, s

1/8
<o vllx_ i

where we use that 1 — b > 1/8. This shows (7.82).

On the other hand, to prove (7.83) we use a similar argument to the one applied
in the proof of Lemma 7.9. Since (6,(?) v(x, 1)) = 5,, %, v, by the definition of the
X p-space, the proof reduces to showing that, for a € R,

o0 o0
f@, % V> (14|t —a ) Pdr < c/m2(1 + |t —a)* ' Pdr. (7.84)

Since ||,o§(,0 L1 < 0o, we have that

o0 o0
/@»*tﬂszSC/ w1*dr.

Next, we estimate
o0 o0
[ Bx 31 = 0PV ar = [ Dl 00 0 ar
—0 —00

Using the Leibniz rule (7.25) we have that
1D}~ (e'"v6,) — ¢“'vD} "0, |l,2 < c 1D/ (" W)II 2116, Il - (7.85)

The first term on the right-hand side of (7.85) can be estimated as follows. We first
notice that ||6, || ~ < oo. Thus, Plancherel identity (1.11) gives us

® 1/2
il = ([ PO —apt ) ase

To bound ||’y Dtl’b O,ll 12, We use the Holder inequality to obtain
' 1-b ' 1-b
Iy D720, 1,2 < e vl 20| D726,

with 1/p 4+ 1/q = 1. Then, we choose p such that 1/2 — 1/2p = 1 — b. Using the
Sobolev inequality (Theorem 3.3), we have

[o¢]
iat iat _ _\2(1-b) 2 1/2
eVl 20 < eVl gie = ¢ I+t —al M)l“dc) . (7.87)

—00
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_2q .
Since the inverse Fourier transform is bounded from L @-1(R) into L?7(R), we have

2g-1

29

00
I D} 76,12 < / [2l'~p Blor)|%"T de
o 241 (7.88)
oo 2
- /||z|1—”5(r)|% dr < 0.
00
Combining (7.87) and (7.88), we have
00
le'“v D/ "6, 11,2 < ¢ f (1+ |t —a’" ()P dr. (7.89)

—0Q

Thus, (7.86) and (7.89) yield (7.84).

The estimates (7.82) and (7.83) and interpolation yield the inequality (7.81). Thus,
the lemma follows. m|

The next estimate is the key argument to obtain the local result for the IVP (7.71).
Notice that when we estimate the X ,-norm of the integral part in Lemma 7.10, we
end up in the space X, ;_1, we have lost “one derivative,” so to apply a contraction
mapping argument we need to have an estimate that takes the nonlinear part back to
the space X ;.

Lemma 7.13.

1. Ifv e Xsp, s > —3/4, there exists b > 1/2 such that vo,v € X1 and
190, < VIR, ,-

2. Given s < —3/4 the estimate above fails for any b.

We restate Lemma 7.13 in an equivalent form:

Forv € X, let f(§,7) = 0, D)1+ (14|t —£°|), so that [|v]|x,, = || f]l2-
In terms of f we can express vd, v in the following way:

B P)ET) = is/ff@l,n)f@—sl,r—m

y dé dt
A+ 16D A+ 1u—§DPA+E- &)U+ [(t—)— E—&) )

Thus, if we let

O a+Ey
BUF. fu5b) = i
(7.90)
x /K(s,sl,r,mf(sl,n)f(é T — ) dE do,

R2
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where

A+EDTA+]E-&D
I+ =& DA+t —71) — (€ = £)3DP

Lemma 7.13 is equivalent to proving the next result for the bilinear operator B(-, -)
defined in (7.90).

Lemma 7.14.
1. If s > —3/4, then

K& ,t,1) =

IB(f, frs. D)2 < c | fII3- (7.91)
2. If s < —=3/4, the above estimate fails for each b.

We prove (7.91) in detail for s = 0. For this purpose, we need some lemmas. The
first one is regarding some elementary inequalities.

Lemma 7.15. Ifb > 1/2, there exists ¢ > 0 such that

foo dx _ c (7.92)
K (T4 |x = a1+ |x = BD?* ~ (14 |a = B*’ '
/oo dx - c (7.93)
S a1 T Al |
Lemma 7.16. Let
_ &1
NN (RN
00 00 172 (7.94)
o // dédt
JoJ I+ —EDPA+ |t — 1 — (¢ —&)PP

If1/2 < b < 3/4, then
IGE, D) =c.

Proof. Letus seta = & and B = 7 — (£ — &)* in (7.94). Then by (7.92), we have

7/00 dédr
o I+t —&D?P( 4+t — 11— (E — &)

o0

oo

</ dé§
__oo I+t —(E—&)P—&p¥»

Next, we use the change of variable



176 7 Korteweg—de Vries Equation

p=1—(E—&)Y —& =1 -8 +385(E — &),  du=3EE —28)déE,

and

1 4t — 2;‘3 — 4#
Thus,
66 — 28| ~ V€] V4T — €3 —4p
and

C VENWAT - -4

Substituting this on the right-hand side of the previous inequality and using (7.93),
we obtain

dé

1 du - 1 c
ETJ (4 uD?Jar —&3 —ap — JIETA + |4 —£31/2

Hence, using the hypotheses we conclude that

&1 ! c
+ [t — €D gV (1 + 4T — gD
3 c lgp _.
T AT =D+ =D T

G, )l < a

Thus, the lemma follows. O

Proof of Lemma 7.14 We will prove 1. in the case s = 0. Definition (7.90),
the Cauchy—Schwarz inequality, Lemma 7.16, Fubinni’s theorem, and Young’s
inequality yield

£l
1B 100y = |1 gas

/w/ FEnT) fE — &7 — 1) dE dy
X
J ) R gyl m - € gy

o0

2
LILg

< ” €]
(I+ [z —&3i-b

(/] )"
(410 —§DPA + [t — 1) — (E — £ LELy

—00—00

x H(/OO/OOU(SI»H)IZIf(é—51,7—11)|2d$1drl>1/2

—00—00

2
LILg
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2
<clfif:
This proves the lemma. |

As a corollary, we have the next result.

Corollary 7.4. Fors > —3/4andb € (1/2,3/4]1 and b’ € (1/2,b] we have that

IBCfs Pllxgr < cllfII%,,- (7.95)

Now, we are in position to establish the LWP result for the IVP (7.71). More
precisely, we have the following.

Theorem 7.8. Lets € (— 3/4,0]. Then, there exists b € (1/2, 1) such that for any
vo € H*(R) there exist T = T (||volls2) with (T (p) — oo as p — 0) and a unique
solution v(t) of the IVP (7.71) in the time interval [T, T] satisfying

veC(-T,T]: HR)), (7.96)
ve X, CLY (R: LXR) forl<p <oo, (7.97)
9, (v*) € X p1 (7.98)
and
dve Xy ap i (7.99)

Moreover, forany T' € (0, T) there exists R = R(T') > 0 such that the map Vo >
V(1) from {vy € H*(R) : |[vg — Wolls2 < R} into the class defined by (7.96)—(7.99)
with T' instead of T is smooth.

In addition, if vy € HS/(]R) with s’ > s, the previous results hold with s’ instead
of s in the same time interval [—T,T].

Proof. We define
Xo=1{veXsp : IVIx, <al (7.100)

For vg € H*(R), s > —3/4, we define the operator:
9 t
13
U, (v) =¥ ) =61(1)V(t)vy — % Vit —1)0,(t") 3, (V") dt’.  (7.101)
0

We see that W (-) defines a contraction on X,.
Let 8 = (b—0")/8(1 —b'). By using (7.74), (7.75), (7.76), and (7.91) in
Lemma 7.13 we deduce that

I Olx., < clvollsa + 03> ()l x,,
< clvollsa + ¢ P 10:v2C. )l x

s.b'—1
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< clvollsa +coPIvII%,,
< clvollsz +c pf a’. (7.102)

Setting a = 2c¢||vo||gs and p such that

1
c,oﬂa<§

we have
¥mlx,, <a.

A similar argument shows that for v, v € X,

1 t
1#0) =¥ @, = 5 He,(t) / V(I —1)6,(t) 0, — )t dr’
0

Xs,b

<co? Iv+7lx,, Iv—Tllx,,

<2¢pfalv—7lx,,
1 -
= 5 v =7l

Therefore, ¥ (-) is a contraction from &}, into itself and we obtain a unique fixed
point that solves the equation for 7' < p, i.e.,

v(t) = 0,(t)V (t)vo — ﬁ Vit —1)6,(t") 3,02t dr. (7.103)

The additional regularity

ve C(0,T]: H'R))

is proved as follows:
Using the integral equation (7.103), Lemmas 7.11, and 7.12, for0 <7 <t < 1

and t — 7 < At it follows that

(@) = vDlls2 < 1Vt = DD = v(Dlls2

t

+

Vit —1)6? 3, (V")) dt'
At

i

< V(@ = @) — vDlle2 + 10(— Y )3 Vi, (7.104)

< IV = @) — vDllea + ¢ (AN [8,02x, |

- ~ b=t
< IVt = D) = vDlls2 + e (AN IR = o(1)

as At — 0. This yields the persistence property. O
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7.5 Comments

The well-posedness of the k-gKdV equation has been studied extensively for many
years. Improving results in [BS], [BSc], [ST], it was shown in [K5] that the IVP
(7.10) is locally well-posed in H*(R), s > 3/2. However, as Kato remarked in [K2],
“In fact, local well-posedness has almost nothing to do with the special structure of
the KdV equation.” In other words, the local result in H*(R), s > 3/2, does not
distinguish the powers k and works for any skew-symmetric operator (instead of
8; ) or omitting it (hyperbolic case).

For the study of the stability of solitary wave solutions of the k-gKdV equation,
it was important to have LWP in Sobolev spaces H*(R) with s < 1, specially for the
case k = 3.

For the KdV equation the L? LWP was established by Bourgain [Bo1]. The proof
given here was taken from [KPV6], where LWP was obtained for data in H*(R),
s > —3/4(Lemmas7.14 and 7.15 were proved in [KPV6] and by Nakanishi, Takaoka
and Tsutsumi [NTT1] in the case s = —3/4).

Extensions of the bilinear estimates (Lemma 7.14 (1)) were first obtained by
Colliander, Staffilani and Takaoka [CST], motivated by the study of global well-
posedness below the L?-norm for the KdV equation. A further extension was given
by Tao [To3].

The well-posedness in the limiting case s = —% was established in [Kil] [Gu]
using a Besov-like generalization of the X ;, spaces with (s, b) = (—3/4,1/2) in the
low frequency (see also [BTo]).

It is interesting to compare this LWP result for the KdV with those for the viscous
Burgers’ equation:

ou = Bfu + uo.u, (7.105)
u(x,0) = up(x) € H'(R).

In [Dx], Dix showed that (7.105) is locally well-posed in H*(R), s > —1/2
(scaling s = —1/2) and uniqueness fails for s < —1/2 (a construction based in the
Cole—Hopf transformation (see Exercise 9.18). Therefore, from the LWP point of
view the KdV equation is better than the viscous Burgers’ equation.

The proof of the LWP result for the mKdV was taken from [KPV4]. The estimate
(7.13) is the sharp version of the Kato smoothing effect. It was already commented
on at the end of Chapter 4 (see (4.54)—(4.67)) which was used to obtain weak L2
solutions for the KdV equation.

The estimate (7.18) regarding the continuity of the maximal function associated to

the group V(¢),1i.e., sup |V (¢)wyl, is due to Kenig and Ruiz [KR] and was obtained
1€[0,T]
in their study of the problem mentioned in Chapter 4 (see (4.57)).

It was shown in [KPV5] that the result s > 1/4 is optimal, i.e., the map data-
solution vy — v(¢) cannot be uniformly continuous in H*(R) for s < 1/4. The
proof of this assertion follows a close argument to the one provided in Chapter 5
for the cubic (focusing) NLS equation in one dimension. There it was constructed
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a two-parameter family of solutions for the cubic (focusing) NLS by combining the
Galilean and the scaling invariance of the solutions. However, the mKdV equation is
not Galilean invariant. So to overcome this, one first considers the complex version
of the mKdV equation, namely,

dw+ 3w+ wFaw=0 (7.106)

(see [GO], [KSC]), which has a set of solutions that is Galilean invariant. In fact, we
have the two-parameter family

W (X, 1) = /3 e HONO NI GixN (4 1) 4 3¢N?), (7.107)

where ¢ solves (5.8) (i.e., —¢ + ¢” 4+ ¢> = 0 50 p(x) = /2 sech(x)); and g, (x) =
w@(wx) (notice that V3 @u(x — tw?) solves 7.106). With the two-parameter family,
we follow an argument similar to the one employed in Theorem 5.12 to obtain the
result for equation (7.106). To pass to the mKdV equation, one uses a special solution
called a “breather,” see [Wa],

VN (X, 1) = —2V6 w sech(wx + yt)

<COS (Nx + 81) — (0/N)sin (Nx + 81) tanh (wx + yt)) (7.108)
1 + (w/N)?sin® (Nx + 8t) sech (wx + y1)

with 8§ = N(N? — 3w?) and y = w(3N? — »?) and observe that for o/N < 1,
VN, 1) & — 24/6 cos(Nx + N(N? — 30?)1)
x o sech(wx + w(3N? — w?)1),

which is basically a multiple of the real part of (7.107).

As it was remarked above, Bourgain introduced the spaces X;; in the context
of dispersive equations. Previously they were used by Rauch and Reed [RuR] and
Beals [Bs] in their respective studies of propagation of singularities for solutions of
semilinear wave equation.

In the same spirit that [KTa2], [CrCT2] and [CrHoT] a priori estimates were es-
tablished for solutions of the modified KdV below the Sobolev index 1/4 which
guarantees the well-posedness. More precisely, it was shown in [CrHoT] that
solutions of the IVP associated to the mKdV satisfies for s € (—1/4,—1/8),

sup [lu(®)lls2 < (T lluolls2)-
[0.T]
This result does not give control on the difference of two solutions (uniqueness).

In a similar regard, in [BuKo] an a priori estimate in H~'(R) for smooth solutions
of the KdV equation was obtained. More precisely, in [BuKo] the following result
was established: if v € C([0, 00) : H*(R)), with s > —3/4, is a solution of the IVP
with k = 1, then

3
v, Oll-12 < c(lvoll-12 + lIvollZ, 5),  forany 7 > 0.
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This allows to construct global H —L_weak solutions of the associated IVP. In [Mo2],
it was shown that the map data-solution associated to the IVP for the KdV equation
cannot be continuously extended in H*(R) for s < —1.

In [FaPa], modified proofs of Theorems 7.4, 7.5, and 7.6 and Corollary 7.2 were
obtained which simplify the argument by not using norm involving time derivatives
D, of the unknown function.

The LWP result for the case k = 3 for data in H*(R), s > —1/6, was obtained by
Griinrock [Gr2]. The key tool to prove that result was the following bilinear estimate
for solutions of the linear problem. More precisely,

D (V@) f - VO 22 = clfl2llgll

Tao [To6] extended Griinrock’s result to the critical case by showing LWP for data
in H~"°(R). From this result, it follows readily the global one for small data due
to the criticality of the space. Thus, the case k = 3 exhibits similar properties to the
case k > 4; see Theorems 7.2 and 7.3 and the Remarks 7.15 and 7.16.

The results for k& > 4 were taken from [KPV4] (Theorems 7.2-7.6). Their
sharpness was established in [BKPSV] (Theoreln\ 7.7).

In [GrV], LWP was established in the spaces H} (R) (see (5.75)) for the parameters
re(,2)ands > 1/2 —1/2r.

Results concerning the smoothing effects of solutions of (7.10) due to special
decay of the data were first given by Cohen [Col] and Cohen and Kappeler [CoK]
for the KdV equation for step data using the inverse scattering theory.

In [K2], Kato studied the IVP (7.1) in weighted Sobolev spaces and showed that
if

vo € Fy, = H'(R)N L*(|x|* dx), keZ*, s>2k, (7.109)

then the local solution describes a continuous curve on F3, as far as it exists. In
particular, the solution flow preserves the Schwartz class S(R). Roughly, this is due
to the fact that the operators L = 9, +9? and I' = x — 3t 97 commute. The extension
of this result to solutions of (7.1) with data:

vy € F5; with s > max{2/; s}, [ > 0, (7.110)

sg = —3/4ifk =1,s, = 1/2if k = 2, and 5, = 1/2 — 2/k was established
in [Nh] and [FLP4]. In [ILP1], it was shown that this persistence result in F; with
s > 1 > 0 is optimal. More precisely, if u € C([—T,T] : H'(R)) N ..., with
s > max{sy; 0}, is a solution of the IVP (7.1) and there exist t;,t, € [-T,T],
11 # t such that |x|* u(-, ;) € L’(R) for 2o > s, thenu € C([—T,T] : H*(R)).
In other words, persistence in L?(Jx|** dx) (decay) can only hold for solutions in
C(-T,T]: H*(R)).

Also in [K2], Kato proved the following result for the KdV equation (which also
holds for solutions of (7.1) with k € Z1):ifv e C([0, T] : H*(R))N. ... is a solution
of (7.1) with vy € H2(R) N L?*(e*#*dx), B > 0, then

v e C([0,T]: LA (R) N C((0, T) : H*(R)). (7.111)
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Formally, one has that the semigroup {V(t) = e g > 0} in L*(ef*dx) is
equivalent to {e”(afﬁ)3 .t > 0}in L2(R), i.e., if

du+d2u=0,
then v(x, t) = e’ u(x, t) satisfies
dv—+ @, — BYv=23v+dv—383%+38%3,v—pv=0, (7.112)

which explain this “parabolic effect.” In [KF], Kruskov and Faminskii obtained
another version of this result by considering weights of the form x§ = x* x(0,00)(x)-

Tarama [Ta2] showed that solutions of the KdV equation with real-valued initial
data vo(x) € L*(R) satisfying the condition:

o0
12
/eam [vo(x)|?dx < 00

—0Q

with some positive constant §, become analytic with respect to the variable x for
all ¢ > 0. The proof of this theorem is based on the inverse scattering method (see
Section 9.6), which transforms the KdV equation into a linear dispersive equation
for which the analyticity smoothing effect can be established through the analytic
properties of the fundamental solutions. However, for higher powers a similar result
is unknown even for the integrable case k = 2, i.e., for the mKdV.

In [GT], Ginibre and Tsutsumi proved for the mKdV that if vy € L*(R) and
x}r/ 8 vo € L%(R), then the uniqueness holds (observe that decay corresponds to 1/4
derivatives via the operator I" above which is the sharp LWP). In the KdV case, this
result improves by a factor of 2 the one obtained in [KF].

In (7.111), we have seen that persistence property holds in L>(w(x) dx), w(x) =
eP* B > 0fort > 0. The following unique continuation result found in [EKPV3]
gives an upper bound on the weight w(x) for which this property remains: there exists
cr > 0 such that if

vi,va € C([0,1] : H3(R) N L?(|x|? dx))
such that
V1 =) 0) (v — va)( 1) € L2 dx),  xy = max{x;0}.  (7.113)

Then,
vi=wonR x[0,1].

Notice that taking v, = 0 it follows that persistence in L*(w(x) dx) with w(x) =

eck Xi/z, ¢y, arbitrarily large cannot hold in the interval [0, 1] for a nonnull solution.
In [ILP1], it was shown that (7.113) is optimal. More precisely:
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If vo € H'(R) N L2(e®*} dx), ay > 0, then v = v(x, 1) the solution of the TVP
(7.1) defined in the time interval [0, T'] satisfies

00
a(t)x3/2 2 4o 3/
sup [ e u(x, )7 dx < ¢ = claos Ivolliz; lle® ™ voll; 7)) (7.114)
0<t<T
—o0
with

ao

)= —F—.
A= ez van

(7.115)

In other words, the initial decay of vy € L?(e xy? dx) remains in time but with
a constant a(t) decreasing in ¢ as in (7.115).

Concerning the propagation of asymmetric regularity in solutions of the IVP
(7.1), one has the following result established in [ILP2]: Let v € C([-T,T] :
H3*"(R))N. .. be a solution of the IVP (7.1). If for some [ > 1

o0
/ 18! vo(x)|? dx < o0, (7.116)
0

then for any ¢ > O and any b > 0

sup / 18! v(x, 1)|* dx < oo. (7.117)
O<t<T
x>e—bt

Roughly speaking, this tells us that the regularity in the right-hand side of the data
Vo propagates with infinite speed to its left as time evolves.

Next, we consider the LWP for the periodic boundary value problem associated
to the k-gKdV.

For the case k = 1, the KdV equation, local well-posedness was proven in H*(T),
s > —1/2by Kenig, Ponce and Vega [KPV6] (improving an earlier result of Bourgain
[Bol] for s > 0). The proofs are based on the modified version of the X spaces,
i.e., the spaces Y, j,, which are the completion under the norm:

172

1f Ny, = Z/(1+|r—m3|>2b im | fom, ©) d (7.118)

m#0_"

of the space ) defined as the function space of all f such that

i f:TxR-—>C,

(i) f(x,:) € Sforeachx €T,
i) x+— f(x,-)is C*,

@iv) f(O, t)=0forallt € R.
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Bourgain [Bo8] also showed that below —1/2 (for s < —1/2) the smoothness of the
map data-solution fails. We recall that the smoothness of this map is a by-product of
the contraction principle. So this type of result in particular shows that the iteration
process by itself does not provide a result in H°(T), s < —1/2. In this regard, using
the inverse scattering method Kappeler and Topalov [KpTo] showed that the solution
flow of the KdV extends continuously to H -1().

For the mKdV equation (k = 2), LWP was established in [KPV6] in H*(T),
s > 1/2. This was proven to be sharp in [CrCT1]. By requiring the dependence of
solutions on the initial data be just continuous and considering real solutions, Takaoka
and Tsutsumi [TTs] were able to lower the Sobolev index s > 1/2 to s > 3/8. One
of the main new ideas in their approach was the modification of the Bourgain norm
(7.118) by

7 . 1/2
11z, = (Z/(1+|r—m3—m|ﬁo<m)|2|)2b | Fom, P dr)

m#0_"

where uy is the considered initial data. Notice that the definition of the norm || - ||z, ,
depends on the initial data. In [NTT2], Nakanishi, Takaoka and Tsutsumi extended
this LWP result for the mKdV to H*(T), for s > 1/3 (and under some additional
hypotheses on the data to H*(T), s > 1/4).

For k > 3, the best LWP result is in H*(T), s > 1/2 (see [CKSTT4]).

7.6 Exercises

7.1 ([BSa2]) Let A;(x) be defined as in (1.32):

(i)  Prove that
Al(2) =z Ai(2) = 0.

(i) Defining

1
v(x,t) = — 2 al

i BV %),
prove that
dv+av=0 xeR, t>0.
(iii)) Using (1.37), show that for any ¢ > 0,
Iv(-, D)l < oo if and only if p > 2.

(iv) Show that for any p > 2,

li -t = .
im [[v(-, )], = +00
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7.2 Denote by (k, +1) the equation:
dv+avErfav=0, xteR, keZ,

(the cases (k, —1) correspond to the generalized defocusing KdV equation).
(i)  Prove that if v(x, t) is a solution of (k, +), then

(a) v(—x,—t) also solves (k, %)
(b) —v(x,1) solves (k,(—1F)
(© A**v(x,231) solves (k,£) for A > 0

(i) Prove that for A > 0
vi(x,t) = A V6 tanh (A(x + 2221)) (kink solution)

is a solution of (2, —1).

(iii) Provethatif v(-,-)isasolutionof (1,41),thenforh € R, v(xtht,t)+h
also solves (1, £1) (Galilean invariance).

(iv) Letv be asolution of (2, —1). Show that the function (Miura transforma-
tion) w = «/Eaxv + 2 solves (1, —1).

(v)  Let v be a solution of (2, 1). Show that w = i\/gaxv +v?% solves (1, 1).

7.3 Consider the IVP associated to the KdV equation (7.71):
() Prove that v(r.1) = - al

; is solution of (7.71) with v(x,0) = x for any
time ¢ > 0.

(ii)  Prove that v(x,?) = ——

1—1¢

solves (7.71) with v(x,0) = —x, but it blows

up in finite time.

(iii) Prove that parts (i) and (ii) also hold for the inviscid and viscous Burgers’
equation ((3.46) and (7.105), respectively) and for the Benjamin—Ono
equation (9.9).

7.4 (Soliton) Let u(x,t) = ¢.x(x — ct) = ¢(x — ct) be solution of
ou + 83u+uk ou=20

with strong decay at infinity.
(i) Show that

(a) —C¢/+¢)W+¢k¢/=0.
® —cdp+¢"+ LT =0

o @) o
© =5 +5 + moms =0

(integrating this equation one gets the explicit solution (7.6)).

(i1) Starting in (b) define x = ¢ and y = ¢'.
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(a) Show that the second order ODE can be written as the Hamiltonian

system:

dx

— =0,H

dt

dy

— = —0,H,
dt *

where
yz %2 xk+2

P RRET (ES)

(b) Using the decay condition at infinity prove that the level set
{H(x,y) = 0} represents the traveling wave.
(c) Prove that ¢ > 0, symmetric and [|¢[loc = [§ (k + D(k + 2)]'/%.
4c
(e —
“@(C 4c2(x — 6¢21)? + 1 )

7.5 ([Za]) Show that v(x,t) = solves the mKdV

equation (7.28).

7.6 (Critical KdV) Show that if uy € H3/%(R) N S(R), then the solution of the
KdV equation (7.71) u(-,t) ¢ H‘3/2(R) for all + # 0.

7.7 Using a formal scaling argument, obtain the estimate of the life span of the
local solutions as a function of the size of the initial data given in Theorem 7.1,
ie.. T(I Dy voll) = ¢ | DV4voll*.

7.8 (Two-soliton solution of the KdV) Given the solution of the KdV:

3 + 4 cosh (2(x — 4t)) + cosh (4(x — 16¢))
[3 cosh (x — 28¢) + cosh (3(x — 121))]?

show that for & = x — 16¢ fixed

vix,t) =172

log 3
v(x,t) ~ 48 sech2(2$1 ¥ %) ast — +o00;
show that for & = x — 4t fixed
) log3
v(x,t) ~ 12 sech (2&2 + T> ast — =oo.
Conclude that

log3 log3
W(x, 1) ~ 48 sechz(zsl - %) 12 sech2(2§2 + %) ast — +oo.

7.9 ([KPV6])

(i)  Assuming that the following inequality holds for s € (—3/4,—1/2) and
b=>b(s)e(1/2,1)

‘//// &1 h(€. D) (I+ 16D fELm)
I+t =P A+1ED™  A+1u—§P
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(ii)

(iii)

(iv)

v)

A+ -&D"gE -8t —1)
(I+lt—u—E-&PD

= clibllzeallfllzze2 gl

dtid&drde| (7.119)

prove Corollary 7.4 with b = b. Sketch the LWP result for the IVP
associated to the KdV equation (7.71) in H*(R), s € (—3/4, —1/2).
Prove that if either |£1] < 1 or |§ — &] < 1, then

I+EDTA+E-&D =c+ 16D,

so the proof of (7.119) in this domain reduces to the estimate (7.94).
Show by symmetry that to prove (7.119) it suffices to consider

lt—1 —(E—&)| < |t — &l

Combine (ii) and (iii) to show that in order to obtain Corollary 7.4 with
b’ = b it suffices to establish the following inequalities:

B
TP+ 1r— &)+ gD~

172 7.120
// G — £ drde, _. (7.120)
Gt +r-n—C—arn® ~°©

with A = A(&,7) as:

A={¢E ) eR: &, [E—&|>1, |t — 11— ( — &)
<lu-§&|<lt -8

and

1
Sup ——=3
6.7, AHE—EDP

o // P88 (E — EDIT (L + 15D dtds
L+t =EPIDA+ |t — 1 — ¢ - &)°D?

2 (7.121)

<c,

with B = B(§, 1) as:

{@m)eRZ &l 16 =& =1, |t —1 — (& — &) }
g1.)

3 3
sl —§lLlt=§1=<|n-

Following the argument given in Lemma 7.16 prove the inequality (7.120)
(for the proof of (7.121) we refer the reader to [KPV6]).
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7.10 Assuming b > 1/2 prove the following inequalities:

7.11

7.12

(i) Il s@y < cllglxo,
.. 1/6

(i) 1D gl sy < cllglixo,s
(iif) 19:gllzer2 < € Igllxo,s
(iv) I8l sz < cligllx,, -

Let w be a solution of the IVP:

9 33 +ibd)w=F,
(8 + ad; +ibd)w (7.122)
w(x,0) = wo(x).
Show that
(1) = B e + L)
,1‘ = 27a 3a —l"t
X e e wix 3a
solves the IVP
3 3Bz=F,
iz +aod;z (7.123)
2(x,0) = zo(x).
where
. b ~ i 3 t b bz
z0(x) = €%  wo(x) and F(x,t) = e ma' e'3%* F(x + 3—t,t). (7.124)
a

([TLP2]) Consider the linear IVP (7.10) with vy € L*(R). Prove that if for some
kelZt,

V0l 0.00) € H (0, 00)),
then the corresponding solution v(x, t) satisfies that for any b > 0,
V(s )| (_poo) € H*((—b,00)), foreacht > 0
and
V(s D) (—oop) € H*((—00,b))  foreacht < 0.

Hint: Let n € C*°(R), n’ > 0, n(x) = O0forx < 0and n(x) = 1 forx > 1.
Following Kato’s argument in [K2] one easily gets the (formal) identity
1d 3
s [ ren wwdn s [ewen s
(7.125)

1
—Efvz(x,t) n(3)(x)dx =0.
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7.13

7.14

7.15

Modify n(-) in each step j = 1,2,...,k (n;(-)) and consider n;(x + ct) with
¢ > 0 (for t > 0) to obtain the appropriate version of (7.125).
([TLP2]) Consider the linear IVP (7.10) with vy € L*(R). Prove that if for some
meZt,

x7vy € LAR),

then for any ¢ > 0,
X7, 1) € LA(R)

and forany b > Oand r > 0
o0
/(a;"u(x,t))2 dx < o0.
b

Hint: Modify the argument in the hint of Exercise 7.12.
([TLP2]) Consider the linear IVP (7.10) with vy € L%(R). Prove that if for some
m € Z* and 11,1, € R with #; < 1, the corresponding solution v(x, ¢) satisfies

PG, X ) € LAR),

then vo € H™(R).
Hint: Use Exercise 7.13.
(i) Consider the IVP for the 1-D heat equation

(7.126)
u(x,0) = up(x),

{H,M — Bfu =0,
xeR, t>0. Przove that if uy € L?(R), then for each ¢ positive the solu-
tion u(-, 1) = e'%uy of (7.126) has an analytic extension to C. Moreover,
if z = x 4 iy, then

y2 /4

e
’t E T 1A
Dl < Gapia

lluoll2.

(ii) Consider the linear IVP (7.10). Prove that if vo € L?(R) N L?(ef*dx),
B > 0, then for each ¢ positive the solution v(-, ) has an analytic extension
to C.
Hint: Combine the result in part (i) and the formula (7.112).



Chapter 8
Asymptotic Behavior of Solutions
for the k-gKdV Equations

This chapter is concerned with the longtime behavior of solutions to the initial value
problem (IVP) associated to the k-generalized Korteweg-de Vries equations,

{B,v—i—a)?v—l—vkaxv:O, 8.1)

v(x,0) = vo(x),

x,t €R, keZt.
We shall restrict ourselves to consider only real solutions of (8.1). In this case,
the following quantities are preserved by the solution flow:

o0

I = / v(x, 1) dx, (8.2)

—00

o0

L = /vz(x,t)dx, (8.3)

—0Q

o0

E(v) = Iy = f (CO

—00

k+2
ey’ )(x, 1) dx. (8.4)

Combining them with the local existence theory in Chapter 7, we shall see that
for k = 1,3 the IVP (8.1) with vy € L*(R) has a unique globally bounded solution.
For the case k = 2, the same holds in H'(R).

In fact, we shall see in Section 8.1 that a quite stronger set of results has been
established in the case k = 1,2, 3.

In Section 8.2, we treat the L2-critical case k = 4. A major set of results due to
Martel and Merle as well as extensions and further analysis due to Martel, Merle, and
Raphael is discussed. In particular, they have settled a long-standing open problem
by proving the finite time blowup of some local H'-solutions. Similar results for
k > 5 remain as open problems.

In Section 8.3, we add some further comments.

© Springer-Verlag New York 2015 191
F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations,
Universitext, DOI 10.1007/978-1-4939-2181-2_8



192 8 Asymptotic Behavior of Solutions for the k-gKdV Equations

8.1 Casesk=1.23

We observe that if v(z) is a local real H'-solution of (8.1), combining Gagliardo—
Nirenberg (3.14) and (8.3)—(8.4) gives

oo

_ 2 2 k+2
E(vo) = / (@) st Jow 0
> [[9,v()I5 — ;nvu)n"“
TRk Dk +2)
> 19,0013 — ex [av@) |5 vl (8.5)

k/2

2+k/2
> (1801113 — ci 1:v)15 o ll3 2.

Hence, using the notation n = n(t) = ||d,v(?)||, it follows that
E(vo) = 1° — ellvoll3 ™2 n*”. (8.6)
So for k < 4, one obtains the a priori estimate:
n(t) < M(llvoll2; k). (8.7)

In this sense as well as in the scaling argument for the L?-norm (see (7.8)), the
case k = 4 is critical.

Thus for k = 2, (8.7) allows us to reapply the local existence theory (local
well-posedness in H*(R), s > 1/4) for data vy € H'(R).

Theorem 8.1. For vy € H'(R) real valued the corresponding local solution of the
initial value problem (IVP) (8.1) with k = 2 given by Theorem 7.1 extends in the
same class to any time interval with

veCR: H'R)NL®R: H'(R)). (8.8)
Moreover, if vg € H*(R), s > 1, then
veCR: H (R)). (8.9)

In the cases k = 1,3, the local well-posedness was established in H*(R) for
s > —3/4 and s > —1/6, respectively (see Theorem 7.8 and [Gr2]). These cases
are subcritical, so the interval of existence in each case [0, T'] satisfies that T =
T (|luolls2) > 0. Therefore, if vo € L*(R) by I, (see (8.3)), we can reapply this local
theory to obtain the following global result.

Theorem 8.2. For vy € L*(R) real the corresponding local solution of the IVP
(8.1) with k = 1 or 3 extends in the same class to any time interval with

ve CR: LA R)NLPR : L*(R)). (8.10)
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Moreover, if vg € H*(R), s > 0, then
ve CR: H'R)). (8.11)

In the cases k = 1, 2, due to the form of the infinite conservation laws, one can
replace (8.9) and (8.11) byv e C(R: H*(R)) N L®(R : H*(R))if s € Z™.
p y
These local and global results present the following questions:

Question 1. What happens with the longtime behavior of the solution corresponding
todatavy € H°(R) withs € [—3/4,0),[1/4,1),and (—1/6,0) in the casesk = 1,2,
and 3, respectively?

The first result in this direction was given by Bourgain [Bo5] in his study of the
critical two-dimensional nonlinear Schrodinger (NLS) equation. He set up a general
argument to obtain global solutions corresponding to data whose regularity is below
that required if one is using the conservation law.

To illustrate his approach, we take the mKdV equation, Xk = 2 in (8.1), with
vo € H'(R), s € [1/4,1) (see [FLP2]).

First, one splits the data according to the frequency (low—high). For N large to be
determined one considers

vo = (X(e1=ny V)" + (Xge1=n V0)” = vio + vap. (8.12)

Thus, vi9 € H®(R), with E(vip) + [vigliz < ¢ N7 and |[vapll,2 < ¢ N™F
forr € [1/4,5).

One solves the mKdV with data v, as in Theorem 7.1, so the corresponding
solution v (¢) satisfies

i@®lha e N'™, 1 €[0,AT], AT ~|D*violi;*, (8.13)
and v,(¢) satisfies the error equation (using that v = v 4 v,):
dvy 4+ vy +129,v —vidv =0, 1t e[0,AT], (8.14)

with data v, (small) in H"(R) for € [0, s). The interval [0, AT] is given by the
local well-posedness theory. Using that

1

va(t) = V(1o + / V(= 1)1+ v2) 8,1 + v2) — V2w 1) de
0

= V(D)oo +2(1),

one observes that z(¢) is smoother than V(#)v, (see Exercise 8.1 and comments
there). Indeed, it belongs to H I(R) with a “good” estimate for its norm. Define

v1io(AT) = vi(AT) + z(AT),
Vo o(AT) = V(AT )va

and repeat the argument in [AT, 2AT].
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Briefly, to reach the time 7" we apply it 7*/AT times. If one proves that

T*/AT T*/AT
Efvoi+ Y 2GAT) |+ D 1zGAD)ha <N, (8.15)
j=1 Jj=1

then all the previous estimates are uniform and one can extend the solution to [0, T*].
It is in (8.15) where the restriction on s appears.

By introducing the I-method (see [KT2]) in this context Colliander, Keel, Staffi-
lani, Takaoka and Tao [CKSTT4], [CKSTTS5], [CKSTT6] have improved most of
the results obtained by the above argument. By defining

If(x) = Iy, f(x) = (mE)f)", (8.16)

where m(£) is a smooth and monotone function given by

1, ] < N,
= 8.17
MO =\ Ner, g > 2N, 617

with N to be determined and s < 0, they obtain a series of “almost conserved
quantities.”

By using the “cancellations” in the multilinear form working directly with the
equation, in this case the KdV, they show that

S[l(l)r;] I1v(@)ll2 < 1TvO) 12 + NP [ TvO)]3, (8.18)
tell,

for some small 8 > 0. So if N is large, the increment in ||/v(¢)||, is controlled. In
particular for the IVP (8.1) they have shown the following.

Theorem 8.3 (JCKSTTS5)).

1. The local real solutions of the IVP (8.1) with k = 1 corresponding to data
vo € H*(R), s > —3/4, extend to any time interval [0, T*].

2. The local real solutions of the IVP (8.1) with k = 2 corresponding to data
vo € H*(R), s > 1/4, extend to any time interval [0, T*].

In [Gu], Guo and [Kil] Kishimoto have extended these global results to the limiting
cases s = —3/4 and s = 1/4 for the KdV and the mKdV equations, respectively.

For the sake of completeness, we explain how the first step of this method works
for the IVP associated to the KdV equation (8.1) (k = 1).

The material described below was essentially taken from the lecture notes given
by Staffilani at IMPC (see [Sta3]).

One first notices that the operator defined in (8.16) is the identity operator on low
frequencies {£ : |&] < N} and simply an integral operator in high frequencies. In
general, it commutes with differential operators and maps H*(R) to L’(R).
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As we mentioned before, the goal is to establish an estimate as the one in (8.18). To
do so, we first use the fundamental theorem of calculus, the equation and integration
by parts to get

t

d
I1v)]13 = [Tv(0)]]3 + / S V(s Iv(s)) ds
0

= [[1v0)]I3 +2/ (ilv(s),lv(s)> ds
ds

0

= [ Iv0)]3 + 2/ (I(=Vyry — vvy), IV(s)) ds (8.19)
0

= | Iv(0)|3 + 2/ (I(—=vvy), Iv(s)) ds
0

= [I1v(0)|3 + R(?),

where
t
R(t) = / / 8, (—Iv?) Ivdxds (8.20)
0 R

is an error term. Hence,
ITv)13 = [Tvoll; + R(). (8.21)

We shall show then that locally in time R(¢) is small. This can be achieved using
local well-posedness estimates. Since one introduces the operator / in this analysis,
a well-posedness result involving it has to be proved. A similar argument as the one
given in the proof of Theorem 7.8 and the bilinear estimates (7.91) obtained by Kenig,
Ponce and Vega [KPV6] provide us the local well-posedness result. More precisely:

Theorem 8.4. For any vo € H°(R), s > —3/4, the IVP (8.1), k = 1, is locally
well-posed in the Banach space I"'L? = {¢p € H*(R)} furnished with the norm
I p| 12, with time existence satisfying

T2 (wll)™  a>0. (8.22)
Moreover,
10C-/T)Ivlxy, < CllIvoll2, (8.23)

where 0 was defined in (7.73).
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The proof of this theorem follows by using the same procedure to establish
Theorem 7.8 once one has the bilinear estimate:

10 1G)lx, < ¢ 1ullx,, I11VIx, - (8.24)

To prove the bilinear estimate (8.24), one applies the usual bilinear estimate (7.91)
due to Kenig, Ponce and Vega [KPV6] combined with the following extra smoothing
bilinear estimate whose proof is given in [CKSTTS5].

Proposition 8.1. The bilinear estimate:

_3
||ax{1”IV_I(uV)}”X0v7%7 <eN73 | Lullx,, IMviix, (8.25)

2 2t
holds.

Proof. Just to give a flavor of the proof we consider the case when u is localized in
a very small frequency (|| < 1) and v localized in a very large one (|§| > N). One
notices that in this situation

(T () — Tulv)(E)| = f Im(&) — m(&)|[u€)|V(E)].
§=61+&

Since m is smooth, the mean value theorem yields
|((uv) — Tulv)(§)| < / Im' (&)|[w(€)| V(&)
§=t116
where |&;| ~ |&| > N.Moreover, it is easy to check that m/(£;) < N~'m(&,). Thus,
105 (L (uv) = TuIW)llx,_, o, < N UT@IWN) I x0_y0, - (8.26)

In this point, one uses the bilinear estimate (8.24) to get (8.25). For the estimates
involving intermediate size frequencies the best gain that one can obtain is N ~3/4.0

Next we will obtain the so-called almost conserved quantity from (8.21). Note
that the cancellation property

t oo
/ / d,(Tu*Tudx dt =0 (8.27)
0 —oo

holds. In what follows this identity play an important role.
Using (8.27) one can write R(t) as:

R(t) = // 3. {(Iv)> = IvW)M v dx ds. (8.28)
0 —oo
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The Plancherel identity and the Cauchy—Schwarz inequality yield

IROI < 194Uy = 106, , IVix,, - (8.29)
2 2
Now, using (8.29) and Proposition 8.1 the identity (8.21) gives the almost
conservation law,

(8.30)

L
7+

_3
ITv@)I5 < VO3 +e NTFE VI

From (8.30), it is clear that the contribution of the error term R(¢) is very small
for large N and therefore one can use (8.30) in the iteration process to extend the
local solution.

Now, we are in position to prove the following global well-posedness result.

Theorem 8.5. The IVP (8.1), k = 1, is globally well-posed in H*(R) for all s >
-3/10.

Proof. Itis enough to show that the IVP (8.1) can be extended to [0, T'] for arbitrary
T > 0. To make the analysis easy, one uses the scaling (7.8) mentioned in Chapter 7.
More precisely, if v solves the IVP (8.1), k = 1, with initial data vy, then for 1 >
A > 0so does v;, where v; (x, 1) = A2v(Ax, A3t), with initial data vé(x) = A2vo(Ax).
Observe that v exists in [0, T'] if and only if v;, exists in [0, A3 T1. So we are interested
to extend v, in [0, 173 T].

An easy calculation shows that

3 _
1Vl < 22PN fvglls, (8.31)

where N = N(T) is chosen later, but now we pick A = A(N) by demanding

%+s —5 _ @ 1 2
cA2T N vollsp = 5 < 1. (8.32)

From (8.32) one deduces that A ~ Np%x and using (8.32) in (8.31) one gets
&
I1vg1I3 < 30 < 1. (8.33)
Therefore, if we choose ¢y arbitrarily small, then from Theorem 8.4 we see that IVP
(8.1), k = 1, is well-posed for all ¢ € [0, 1].

Now, using the almost-conserved quantity (8.30), the identity (8.33), and
Theorem 8.4, one gets

12
v, (D2 < 82—0 n cN—%+[3%° (82—0) ] <eo+cN ite (8.34)

. . 3. .
So, one can iterate this process ¢! N1~ times before doubling || Iv;, (t)||§. Hence,

. . . . 3 . 3
one can extend the solution in the time interval [0, ¢c"'N37] by taking ¢ !N~
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times steps of size O(1). As one is interested to define the solution in the time
interval [0, A~ T'], one chooses N = N(T') such that NI > A3 T. That is,

3 T —6s
N+~ >c¢c— ~ TN,
Z¢3

Therefore, for large N, the existence interval is arbitrarily large if we choose s such
that s > —3/10. This completes the proof of the theorem. O

Question 2. For these global solutions whose regularity is below or between those
given by the conservation law, one can ask for upper and lower bounds for the growth
of the H*-norm.

Theorem 8.1 provides some upper bound. In the case k = 2, where infinitely
many conservation laws are available, one has the upper bound

sup [v(®)|ls2 < ¢ TS, 6(s) = min{s — [s], [s + 1] — s} (8.35)
1€[0,T]
(see [Fo], [Stal]). A similar result for the case k = 1 is unknown as well as any lower
bound estimate of the growth of the H*-norm of the solutions.
For the case k = 3, the best-known global result for large H*-data is due to [GPS]
for s > —1/42. We recall that s3 = —1/6 and the results in [To6] included global
well-posedness for small data in H~'/9(R).

8.2 Casek=4

In this section, we shall first attempt to describe some of the main results in a series
of works by Martel and Merle. Among other conclusions, they proved that blowup
in finite time occurs in some H'! local solutions of the IVP (8.1) with k = 4. Later,
we shall add some further analysis with a more precise description of the dynamics
of this blow-up result given by Martel, Merle, and Raphael.

For convenience sake we shall follow their notation, so we rewrite the equation
in (8.1) with &k = 4 in divergence form to get

(8.36)

ou+ BX(Bfu +u) =0,
u(x,0) = up(x),

ie., v(x,t) = {‘/gu(x, t). In this setting, the conservation law E (or I3) becomes

o0

E(up) = / [(8Xu)2— %ué](x,t)dx. (8.37)

—0Q0
We shall recall that the “traveling wave” ¢(x)= 3% sech? (2x) satisfies

o +¢ =9 (8.38)
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and E(¢) = 0.
In [W3], Weinstein (see Exercise 6.6) obtained the following sharp version of a
Gagliardo—Nirenberg inequality,

Jw
[ ¢

Thus, if uy € H'(R) with |lug|l>» < ||¢||2, one has

2
- ) / (9, w)? dx. (8.39)

1 1
forallweHl(R), —/Wédx§§<

1 ( f”(z) )2 2
—(1- / (0,0 (x, 1) dx < E(ug) forall 7 eR. (8.40)
2 f @2

This a priori estimate together with I (Jlu(t)||2 = |luoll2) allows one to extend the
local solution of (8.36) globally in time.

Notice that based on homogeneity, Theorem 7.2 guarantees the existence of global
solutions for uy € L*(R) with ||lug|l» < 8 sufficiently small. From these results, it is
reasonable to conjecture that § = ||¢ ||, (see the comments at the end of this chapter).

Also from the proof of Theorem 7.4 with uy € H*(R), s € (0, 1], and using an
idea in [CzW4] one has that if there exists 7* € (0, co) such that

lim [[u)ll,2 =00 for s €[0,1), (8.41)
t *

then
lu()lls2 > ¢ (T* —1)~/3, (8.42)

and by [W], [Me5] there exist ¢y, Ry > 0 both depending on ||ug]|, such that

1%1;1 inf / lu(x,t)|* dx > ¢, (8.43)
t *
[x—x()|<Ro(T*—1)!/?

for some function x(¢).

The next result by Martel and Merle [MM3] tells us that any global H' solution
of (8.36) that at + = 0 is close to a traveling wave and does not disperse has to be
precisely the traveling wave.

Theorem 8.6 ([MM3] of Liouville’s type). Let uy € H'(R) and let
luo — ¢lhz = a. (3.44)

Suppose that the corresponding H' solution u = u(x,t) of (8.36) satisfies:

(i) There exist ¢y, cp > 0 such that

cr < u@®)lliz < e forallt € R. (8.45)
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(ii) There exists x(t) such that for every ¢ > O there exists Ry > 0 so that

inf / ul(x,t)dx <& forallt € R. (8.46)
x(1)eR
[x—x(t)|>Ro

Then, there exists ag > 0 such that for o € (0, ap) in (8.44) one has
u(x, 1) = Ay p(holx — xo) — A1) (8.47)

for some Lo € RY and xg € R.

The proof of this theorem is quite interesting.

First, the problem is renormalized by properly fixing the “center of mass™ x(¢)
and the “scaling” A(¢), which is possible due to the invariance up to translations and
dilations of the equation. Next, the authors establish a uniform-in-time exponential
decay in the x-variable by using (8.46). Once this exponential decay is available they
reduce the problem in studying which solutions of the associated linearized equation
have such decay. They show that the solutions should have nontrivial projection on
the singular spectrum of the linearized problem. But this possibility is withdrawn
by using the choice of the parameters x(¢), A(¢). So the solution of the linearized
problem has to be the trivial one.

The next theorem complements the result in Theorem 8.6.

Theorem 8.7 ([MMS5]). Under the hypotheses (8.44) and (8.45) in Theorem 8.6
there exists oy such that if o € (0, a1), then there exist A(t), x(t) such that

AP0 u(()(x — x(1)), 1) = (x) + ug(x, 1), (8.48)
where
N 7 1
ug(t) (waakly) 0 in H as t 1 oo. (8.49)

In fact, one has that
A(t) € (M, M) foralltand x(t) 2 oo as t 1 oo. (8.50)

In [MM1], Martel and Merle studied the stability of the traveling wave solution
of the IVP (8.1) with k = 4.

We recall that it was shown in [Bel] and [BSS] that for the IVP (8.1) with k =
1,2, 3, the corresponding traveling waves were stable and in [BSS] that for k > 5
they were unstable. Also, we recall that for the IVP (8.36), we have that ¢ satisfies

B = [ (@7 -2¢)dx=0

and using (8.38) that

d
DE@)® = ;- Elp + n)|,_o = 2/ (¢ ¢ —¢° ¢)dx
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= —2/ (¢" +¢)pdx = —2/ Qpdx = (20, ¢).
So,
DE(p) = —2¢.
Let e € H'(R) with |e]|;, < 1; thus, E(p + &) ~ (=20, &).

The next result establishes the instability of the traveling wave in this critical case
k =41n (8.1) (see also (8.36)).

Theorem 8.8 ([MM1]). There exist «y, ag, by, co > 0 such that if uy = ¢ + & with

ee H'R), |ela <ap.  x&* e L'(R), (8.51)
le(x)] < bo(1 —i—x)_z, forall x >0 (8.52)

and
O</ epdx < cg / ©* dx, (8.53)

then there exists to = to(ug) such that

inf Jlu(-,t0) — (- =)z = ao. (8.54)
yeR

In fact, they show that (8.54) holds in L*(R). Observe that taking &, = n~'¢ for
n large enough, ¢, satisfies the hypotheses (8.51)—(8.53). Similarly, if ¢ = a¢ + &
with xe? € L', (1+x)? |eg(x)| < ¢o forall x > 0 with [|eg]l1.2 < bo+/ao, then ¢ also
satisfies (8.51)—(8.53).

In [Me4], Merle proved the existence of blow-up solutions of (8.36) in finite or
infinite time.

Theorem 8.9 ([Med]). There exists oy > 0 such that if uy € H'(R) with
E(up) <0  and f ¢? < / u? < / 0?4+ ap, (8.55)

then the corresponding solution u(t) of (8.36) blows up in the H'-norm in finite or
infinite time.

Observe that since E(¢) = 0 and DE(¢) = —2¢ there is a large class of data u
satisfying (8.55) whose corresponding solution blows up.

In [MMS5], the authors showed that any blowup solution close to the traveling
wave ¢ behaves asymptotically like it up to rescaling and translation, i.e., for some
C' functions x(z), A(7),

A2 () un(Dx 4+ x(1),t) ~ ¢ in H'R) as t 1T, T <oo.

(See [ABLS] for a related result.)
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As a consequence they established that the blowup at finite time must occur at a
rate that in particular excludes the possibility of blowup at the self-similar rate:

x —x(1)
(T —pV/o | (T —1)'/3

u(x,t) ~

since they establish that in this case (finite blow up time 7')

lim (T — 1) ||, u(-, 1)||2 = oo.
1T

Based on these works, Martel and Merle were able to show the blowup in finite
time [MM4] for solutions corresponding to data uy with negative energy (E(ug) < 0),
L%-norm close to that of the solitary wave, see (8.55), and with sufficient decay at
the right, i.e., there exists & > 0 such that for all xy > 0

f u(x)dx < % (8.56)

0
X=>X0

Theorem 8.10 ([MM4]). Under the hypotheses (8.55) and (8.56) the correspond-
ing solutions of the IVP (8.36) blowup in finite time T < o0, i.e.,

lim |3 u(r)]|> = oo. (8.57)
T

Moreover, let t, 1 T be the sequence defined as:
19xul, 1)l = 2" |0xpll2 (8.58)
with
[9cuC, )l > 2" 0@l 1 € (8, T).

Then there exists no = n(ug) such that for all n > n,

€o

_, 8.59
|E(uo)| (T — 1) (859

||8xu(', tn)”Z =<

where co = 4( [ @)* [|0x¢ |-

The proof of this theorem used the results in the previous ones together with some
elliptic and oscillatory integral-type estimates.

Finally, we have their following result regarding the nonexistence of minimal
mass blow up solutions.

Theorem 8.11 ([MMG6]). Let uy € H'(R) be such that

luoll2 = llell2-
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Assume that for some ¢ > 0 and 6 > 3

/ ué(x) dx < % forall xo > 0.
X0

X>X0

Then the corresponding solution u(t) of the IVP (8.36) does not blowup in H'(R)
either in finite or in infinite time.

We recall that for uy € H'(R) with |jugll2 < |l¢|| global existence is known
(see 8.40). Also that for the NLS with critical power there exists a unique (up to
the invariants of the equation) blow-up solution with minimal mass, i.e., a blow-up
solution for

i3u+ Au+ [u*"u =0,
u(x, 0) = up(x),

o =144/n,and |lugll2 = |l¢ll2, where ¢ is a solution of (7.10) (see [Me3]).

The blow-up problem for the local solutions of the IVP (8.36) has been revised in
the sequence of works [MMR1], [MMR?2], [MMR3]. In these papers, a more concise
description of the results in Theorems 8.9, 8.10, and 8.11 was established.

By defining the L?-tubular neighborhood of the soliton manifold:

1
Ve ={ue HR) : AO>£H)£)ER “u - )»_o(p(( : —xo)/)\o)nz <o},

and the set of data:
Ay = o = ¢ + 0 : leolla < a0, / ¥ eo(n)dy < 1)
y>0

with 0 < @y << a* < 1 and ¢ the soliton (8.38), it was obtained in [MMR1] the
following blow-up scenario near the soliton in Ay,.

Theorem 8.12 ([MMR1]). There exist universal constants oy, a* withQ < ag <<
a* < 1 such that if uy € Ay, with E(ug) < 0 and uy # ¢, then the corresponding
solution u(t) blows up in finite time T and fort € [0, T) u(t) € Vy+. Moreover, there
exists lo = ly(ug) > 0 such that

[0 u(®)l2 ~ &,ast T,
Io(T —1)
and A1), x(t), u* € H', u* # 0 such that
1
u(x,r) — )J/—z(t)(p((x — x0)/M(1)) = u'in L*ast 1 T,

with |
A(t) ~1o(T —t d 1)~ 5.
O ~1lo(T —1) and  x(1) BT 1)

Also, there exists pg = po(ug) > 0 such that if vo € Ay, with |lug —voll12 < po, then
the corresponding solution v(t) blows up in finite time T (vy) in the manner described
above.
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Notice that x(#) — oo ast 1 T. The next result found in [MMR1] gives a picture
of the dynamic of the solution flow in A, .

Theorem 8.13 ([MMR1]). There exist universal constants oo, o* with 0 <
apKe® < 1 such that if uy € Ay, then one of the following three possibilities
occurs:

(i) 3t* €[0,T) such that u(t*) ¢ Vys.
(ii) The solution u(t) blows up in finite time in the regime of the previous theorem.
(iii) The solution is global, for all t, u(t) € V,+ and there exist Aoo > 0, x(t) such
that
)Léézu()»oo(-—i—x(t)),t) — @ in H,f)c as t1 oo

1
X(f)”)\— and | — 1 =0(1) as oyl 0.

o0

Thus, the set of data found in (i) and (ii) are open. Also, results in [MMR3] delineates
the exit scenario (i) in Theorem 8.13 and the existence and uniqueness of the minimal
mass blowup element.

The following result shows that the decay assumption in the definition of Ay, is
essential in the above theorems. More precisely, H'-data with slower right decay
may produce “exotic” blow-up rates.

Theorem 8.14 ((MMR3]).

(i) Vy >11/13 Jue C(0,7) : H'(R)) solution of the IVP (8.36) which blows
up att = T with

o u(t)||, ~ ———.
9l ~ 7
(ii) Ju € C([0,00) : H'(R)) solution of the IVP (8.36) such that
|3 u(®)ll2 ~ €'
(iii) Yy > 03u € C([0,00) : H'(R)) solution of the IVP (8.36) such that

[0 u®)ll2 ~ 7.

The possibility of continua blow up rates were first observed in [KST] for solutions
of the H'(R?)-critical semilinear wave equations.

8.3 Comments

The global solution for the IVP (8.1) with k > 5 with small data vy € H'(R) follows
by the argument used in (8.5). This tells us that

EWo) = 199013 = cx 13:v)I15 Ivoll3 77" (8.60)
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Since at t = 0 we have

2 k/2 242/k
E(vo) = [13:v0ll3 — cx 19,v0ll5” Ivoll3 ™

then for ||voll2 + [|0xvoll2 < 1 one has E(vg) > 0, which inserted into (8.60) provides
an a priori estimate for ||d,v(¢)||» through an argument similar to the one in (6.11).
This combined with I, gives an a priori estimate for ||v(#)]|1 2.

More precisely, in [FaLP] Farah, Linares and Pastor following some arguments
in [HR1] proved

Theorem 8.15. Let ug € H'(R). Let k > 4 and s, = (k — 4)/2k. Suppose that
E(uo)* (o) ™ < E(Q)* 1(Q)'™, E(up) = 0. (8.61)
If
lsuolly uoll,™ < 13: Q13 Q1™ (8.62)
then for any t as long as the solution exists,

192113 lluoll, ™™ = H9cue() 13 ()™ < N0, QIS QI ™™ (8.63)

where Q(x) = (k + DY* ¢ 4(x) and ¢y is unique positive even solution of the
equation (7.7).

This in turn implies that H' solutions exist globally in time.

We also recall that in the case k£ > 5 global well-posedness based on the homo-
geneity (scaling argument) was established in Theorem 7.5 for small data in H*(R),
sk=1/2-2/k.

The problem of describing the long time behavior of solutions to the generalized
KdV equation corresponding to “small” data was studied by Hayashi and Naumkin
[HN1], [HN2].

In [HN1], they answered the following question: what is the smallest power p
which guarantees that “small” solutions of the generalized KdV equation:

du+ Fu+ufu=0, p>1, (8.64)

behave as the solutions of the associated linear problem (7.21) and scatter? They
showed that if p > 3 and the data u satisfies that

11+ x5V Augll, <& (for some ¢ fixed < 1), (8.65)

then the corresponding solution u(-, t) of (8.64) satisfies that for any ¢ > 0,
“13 1 1
lu(-, O, <c(d+1) P pe,o0], ; + ; =1. (8.66)

Moreover, there exists ;. € L>(R) such that for ¢ > 0

lu(-ot) = V(Ouylp < ct™ P95, (8.67)
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(see the notations in (3.1) and (7.22)).

In [HN2], they proved that the above result is optimal by establishing that “small”
solutions of the mKdV (p = 3 in (8.64)), although satisfy (8.65), they do not
hold (8.66). (The description of their asymptotic behavior involves the self-similar
solutions (= \%ﬁ w(iLﬁ)) of the mKdV).

Consider the periodic boundary value problem:

, (8.68)
v(x,0) = vo(x) € H*(T),

ia,v + 8;1) +3,v=0,
t €R, x € T, k € Z*. Global well-posedness for (8.68) with k = 1,2, 3 has been
established in H*(T) withs > —1/2,s > 1/2,s > 5/6, respectively, by Colliander,
Keel, Staffilani, Takaoka and Tao [CKSTT4], [CKSTTS5].

For k > 4 the best results are due to Staffilani [Sta2] (s > 1 with a smallness
condition on the |[vg ||, norm).

In the same regard for the IVP (8.36), global well-posedness was obtained in
H*!(R) with s > 6/13 (see [MSWX]) for data satisfying ||up|l2 < [|¢ll2 (improving
previous results in [FLP1] (s > 3/4) and in [Fa] (s > 3/5)). As it was mentioned
this result should hold in L?, i.e., if uy € L*(R) and |jug|l2 < [l¢ll2, then the local
solution extends globally or § = ||¢||, in Theorem 7.2 with ¢ as in (8.38).

Next, we shall briefly comment on stability for the solitary wave solutions (7.6)
for the k-generalized Korteweg—de Vries (k-gKdV) equation. In [Bel] and [Bn2],
the stability of the solitary wave solution for the KdV equation was established. The
stability is understood in the following sense: Given ¢ > 0, there exists § > 0 such
that if ||[vo — ¢c.1ll12 < 8, then for all ¢ € R, there is x(¢) such that

V(- +x(), 1) = dea (2 < €, (8.69)

this is known as orbital stability.

For the k-gKdV, it was proved in [BSS] that for k < 4 (subcritical case) the
solitary waves are stable, and for k > 4 they are unstable (see also [GSS]). Martel
and Merle [MM 1] have shown the instability of the solitary waves in the critical case
k = 4. Regarding asymptotic stability of the solitary waves ¢, x, Pego and Weinstein
[PW] obtained results for the cases k = 1 and k = 2 for data decaying exponentially
as x — oo. In [MM2], the following assertion was proved: Given ¢, there exists
a 8o, such that for [[vo — ¢y xll12 < 8o, there exist co a constant and x(¢) a real
function so that

v(x +x(1),t) = ¢k 1n H' ast— oo

for k = 1,2, 3, i.e., the subcritical case.

The results listed above were obtained in the H'-norm. Merle and Vega [MV]
have shown the stability and asymptotic stability for the solitary wave solutions of
the KdV equation in the L2-norm. More precisely, in [MV] the following result was
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proved (see also [MiT]): Let cg > o > 0. Then, there exist ¢, > 0 such that if
u(x, 1) is a solution of the IVP (8.1) with k = 1 (KdV) such that

u(x,0) = ¢y, 1(x) +vo(x), with  [lwgll2 < 6,
then there exist c; > O and x : [0,00) > RaC ! function such that

~ 1/2
sup lu(-, 1) = g1t — x(O)ll2 < & Ivolly
t>0

—>00

¢4 — col +suplx(r) — col < clivoll2
>0

and

lim |u(x, 1) — ¢e, 1(x — x(1)[*dx = 0.
1= Jy>ot
In [KM], the stability of the traveling wave solution for the quartic KdV, i.e.,
k = 3 in (8.1), was studied in the critical space H'/%(R).
In [W4], Weinstein deduced the following variational characterization of the
traveling wave ¢, in (7.6):
If u(x, t) is a solution of (8.1) with k = 1,2, 3,4 such that

Lu(t)) = Ii(¢ex) and  Lu(t)) = L(¢.x) forsome ¢ > 0. (8.70)

Then, u(x,t) = ¢por(x — xo9 — ct) for some xy € R.
In particular, this implies (see Exercise 8.4) that if # = u(x,t) is a solution of
(8.1) with k = 1,2, 3,4 such that

lim Inf [lu(-, ) — ¢ei(- =¥)12 =0, (8.71)
—00 yE]R

then u(x,t) = ¢.x(x — x9 — ct) for some xy € R.

Based on the previous works [DM], [DRu], concerning related results for the
NLS in [Cb] it was shown that (8.71) fails for n > 5. More precisely, it was proved
the existence of a one parameter family of special solutions of (8.1) with k > 5
{UA(x, )} acr such that
lim Inf |U(,1) = ges(- =)li2 = 0.

yeR

=00
Moreover, if u = u(x,t) is a global solution of (8.1) with k > 5 such that
lim Inf [lu(-,7) — ¢ex(- =¥)12 =0,
t—o00 yeR
then
u(x,t) = UA(X — Xo,1), t > 1o, for some A, 1y, xo € R.

In [AIMnl], it was established that the breather solutions of the mKdV equa-
tion (7.108) are orbitally stable in the H' topology.
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In the introduction to this chapter we mentioned the fact that the KdV and mKdV
equations can be solved via the inverse scattering method. Now, we would like
to describe some interesting applications deduced from this method. The first one
regards the construction of explicit solutions called N-solitons. These solutions gen-
eralize the solitary wave solutions or “solitons” (7.6) (k = 1,2) (see [Lb], [Hil],
[Sc]). In particular, they describe the interaction between several solitons with dif-
ferent speeds. In addition, the N-soliton solutions decompose exactly as a sum of

N solitons as t+ — +oo. In other words, for any given 0 < ¢| < ¢; < --+ < ¢y,
X1,...,Xn, there exists an explicit N-soliton solution v(¢) such that
N
[0 = >0e,uC —x; =] =0 as 1> +oc. (8.72)
12
j=1 :

Another interesting result obtained in [ES] for the case k = 1 is the following: Any
sufficiently smooth and decaying solution v of (7.1) splits into two parts as t — 0o,
i.e.,

v(x,t) = va(x,t) + ve(x,t),

where v, is an N-soliton solution and v.(x,t) — 0 uniformly for x > Qast — +o0.
(see also [Sc)).

Concerning the stability of N-solitons in the sense given in (8.69) for the solitary
waves, Martel, Merle and Tsai [MMT] obtained for powers k = 1,2 (integrable
cases) and k = 3 (nonintegrable) the following result:

Theorem 8.16. Let0 < ¢y < --- < ¢y and k = 1,2,3. There exists yy, A, Ly,
oo > 0 such that the following is satisfied. Assume that there exist L > Lo, @ < oy,
and x < - < x% such that

N
[[v(0) — Z¢“/-k ( — x?) o <o, with x;) > x?71 + L
j=1
forall j =2,...,N. Then there exist x((t),...,xy(t) € R such that for all t > 0,
N
—yL
HV(I) - Z;cbc,,k(x - x_;(t))HL2 < Al +e 7).
j=

The above result tells us that if v(0) is close in the H'-norm to the sum of N-
solitons whose speeds are ordered (so they do not interact for + > 0) and whose
centers are far apart, then the corresponding solution v(¢) remains close in H'-norm
to a translated sum of N-solitons for all # > 0.

Using the ideas in [MV] and [MMT], Alejo, Mufioz and Vega [AlMnVe] were
able to establish the L2-stability of the N-solitons solutions.

In [Ma], the following existence and uniqueness result of an asymptotic N -soliton-
like solution was established for the subcritical k = 1,2, 3 and critical case k = 4 in
(8.1).
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Theorem 8.17. Let N € Z*, O <ci <cp < -+ < Cn, X1,...,Xn € R. There
exists a unique v € C([Ty, 00) : H'(R)) for some Ty > 0 solution of the equation
in (8.1) with k = 1,2, 3, or 4 such that (8.72) holds. Moreover, there exist A,y > 0
such that

N
lv(z) — Z(/J)c.f,k(_x,j —cinha<Ae .

j=1

Notice that Theorem 8.17 extends the estimate (8.72) to the nonintegrable cases
k=3,4.

In [FePaUl], Fermi, Pasta and Ulam and latter in [ZaKr] Zabusky and Kruskal
presented numerical evidences describing the remarkable phenomena of the soliton
collision. They illustrated the elastic character of the collision of two solitons (elastic:
the collision preserves the shape of the solitons). So the unique consequence of the
collision is a shift translation on each soliton.

For the equation:

e + 03u + 05 (f () =0,

it was established in [Mu] that the collision between two solitons is not elastic in
general, except for the KdV equation, for the mKdV equation and for the Gardner
equation (f(u) = u? — pu?) all completely integrable systems. This work was
preceded by [MMS], where for the case f(u) = u* with two solitons of different
masses it was shown that the collision is inelastic by proving the nonexistence of a
pure two-soliton solution. More precisely, if the solution u(x, t) satisfies that

M(x,l) = ¢C|,3(-x - Clt) + ¢6‘2,3(-x - CZI) + n(x7t)s as t \L —00

(see 7.6) with
DNz K ey 3ll12 K llPe; 311,25

then fort > 1

u(x,t) = e, 30 — ¥1(1)) + ey 3(x — y2()) + n(x, 1)

with
In®llh2 < l¢eyinzlliz.

and

ci(t) = cf, o) —>cf as 11 oo

In the case where u(x, t) is a pure two-soliton as ¢ || —oo, one has that

cfr > ¢y, c;r < ¢, lim |[n(#)]2 > 0.
11— 00

In the case of the modified KdV equation and the Gardner equation, it is an interesting
problem to characterize the initial data which precede to the formation of these special
solution solitons or “breathers” (see 7.108). Using the inverse scattering method
(IST) this question was studied in [SaYa].
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Also, it is interesting to describe the interaction between these solutions traveling
in opposite directions. In this regard, one has the results concerning the generalized
Gardner equation found in [CGD]:

du+audu+putdu+8ddu=0, a, B,8cR. (8.73)

It has been proved that this equation is integrable and also arises in the study of wave
propagation (see [GKM]). Notice that in (8.73) the interaction between the dispersion
and the nonlinearity cubic and quadratic should be considered. It was shown in [CGD]
that (8.73) possesses breather solutions and solitons traveling in both directions when
B, 8 > 0. Also based on the Hirota method of constructing multisoliton solution to
integrable models (see [Hi2]) explicit expressions describing the interaction of these
solutions were deduced. It was proved that these solutions retain their shape after
the interaction, except for a phase shift, and numerical simulations were presented
to confirm this fact.
In the same regard, one has the special solutions of the modified KdV equation:

dv+ 3 +129,v =0,

given by solitons (described in 7.6) traveling to the right and the breathers (see
(7.108)), which travel to the left if 3 N> > @?. The description of the interaction of
these solutions is largely open.

Regarding the “soliton resolution conjecture”: any “reasonable” solution of the
k-gKdV (7.1) will eventually resolve into a radiation-dispersive wave moving to
the right plus a finite number of traveling waves moving to the left. Notice that the
breather solution of the mKdV equation (7.108) contradicts this statement. In [ES],
Eckhaus and Schuur were able to prove this conjecture for the KdV equation (k = 1
in (7.1)). Their proof uses the inverse scattering theory and is based on the relation
between properties of the datum uy = ¢ and the reflected coefficient b(k) (see (9.59)—
(9.64)). More precisely, they proved that if uo and its derivatives up to order fourth
have an appropriate algebraic decay as |x| — oo, then b(k) = b € C"(R) and

3"b(k) = O(lk|™>) as |k| = oo,

form =0,1,...,r. Werecall that in the cases when b(k) = 0 the solution is the sum
of N solitons with N being the number of discrete eigenvalues in (9.62).

8.4 Exercises

8.1 Consider the IVP (8.36) with areal-valued datum uy € H'(R) such that ||ug||» <
ll@ll> with ¢ as in (8.38). As it was shown in this case, u € C(R : H'(R)) is the
global solution of the problem.
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(i) Prove that for any time interval (¢y, #y + AT) with AT > 0,

1

j j+1 N .
D (0071l 1101y 104y + 107 Ull o L2t ary) < € lutolli 23 AT).
j=0

(8.74)

Hint: Use Theorem 7.4, and the conservation laws I, and /3 in (7.4) and (7.5).
Notice that in this case s = 1 one can take 9, instead of D, in (7.55) and
(8.38).

(i1) Prove that for any time interval (7o, fo + AT)

Nl 24 oo (toto+a1y) = € Uluolli 23 AT). (8.75)
Hint: Use Lemma 7.3 and the integral equation:

t

u(t) = V(@t)uo — / V(t —1)8,0)t)dt = V(g + 2(2). (8.76)
0

(ii1) Prove that z(-) in (8.76) satisfies
z€ C(R: H*(R)). (8.77)

Hint: First observe that to obtain (8.77) it suffices to show that sz e CR:
L?(R)). Use (7.16) to reduce the problem to bound ||8f(u5)||L} L2((to,to+AT))
with AT < 1. Now combine parts (i) and (ii) to get the desired result.

Remark 8.1. Roughly speaking, Exercise 8.1 illustrates a general principle, i.e., if
v e C([0,T] : H*(R)) is a solution of the k-gKdV (7.10) with § > sox, where so is
the smallest Sobolev exponent, where local well-posedness can be established (i.e.,
S0 = —3/4, 502 = 1/4, ...), then the integral term in z(¢),

1

vmzvmm—fva—wﬁmwmﬁ=vm%+@m
0

is more regular in the H°(R) scale than both v(¢) and the linear part V (¢)vy.
8.2 Consider the linear IVP (7.10). Prove:

() Ifvg € L>(R) N L2(]x|*dx), then V(t)vy € C'(R) for ¢ # 0.
Hint: Use the commutative property of the operators I" = x + 3732 and
L=20+3}.

(i1) Given ¢ > 0 and the set:

Ay ={(x;t)) 1 j=1,...,N} CR?,

there exists vy € H'(R) (real valued) with |[vol2 < & such that
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(@) Ift ¢ {t1,...,tx}, then V(¢)vy € C'(R).
(b) If t =1, then V(tj)vy € C'(R) — {xx : (xx, 1) € Ay}, and 0 V(tj)vo(xy)
does not exist if (xx, ;) € Ay.

(ii1) If u = u(x,t) is the solution of the IVP (8.36) with data u(x,0) = vo(x) as in
part (ii) with € = ||¢||», then (a) and (b) hold for u(x, ).
Hint: Use Exercise 8.1

Remark 8.2. This is a particular case of the so-called dispersive blow up, studied
by Bona and Saut [BSal], [BSa2].

8.3 Letv € C(R : H*(R)) be a solution of the KdV equation.

(i) Prove that for ¢ € R,

oo

L)1) = / [?(aﬁv)z — 3u(d,v)* + %v“] (x,1)dx
= L(v)(0) = L4(vo). (8.78)

(ii) Prove that there exists ¢ > 0 such that

sup [[v(®)ll22 < ¢ lIvoll2z2.
teR

Hint: Combine (8.78) and I,, I5in (7.4) and (7.5).

(iii) If ¥ € C(R : H'(R)) is solution of the IVP associated to the KdV equation
and vy € H'T(R), prove that v € C(R : H'**(R)) and deduce an upper
bound for

D(T) = sup [[V(Dl1+s2

0<t<T

in terms of T and ||Vg|| 1452 (for the case of the mKdV, see (8.35)).
8.4 (1) Using the notation in (7.6), prove that

J >0, if k=1,2,3,
— ekl =0, if k=4,
dc ]

<0, if k=5,....

(ii) Using the notation in (7.6)—(7.6), prove that

k+2
(e ) = 2(k+1)(k+2) /¢ (x) dx.

Thus,

<0, if k=1,2,3,
L(per) 1=0, if k=4,
>0, if k=5,....
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Hint: Combine the equation (7.7) and the identity (5.83).
8.5 [W2] Defining the functional B : H'(R) — R as:

B@) = L) 4 c LL(v). (8.79)

(i) Prove that B is differentiable, and

d ? N
DB()w = < B+ ew)|,_g =2 / (-afv +ev— o - 1) wdx,
—0Q
ifve H*(R) and w € H'(R).
(i1) Prove that ¢ is a critical point of B, i.e. DB(¢.x) = 0.
(>iii) Prove that D B(-) is differentiable, and

o0
D>BW)(h,w) = iDB(v+eh)w| =2 | (9 h—v'h+ch)wd
s - de e=0 — ' 14 cn)wax

—0o0

ifve H'(R) and h, w € HX(R).
(iv) Using the notation:

2

d k
Loy f(x) = e (X) = be i (0) f(x) + cf(x),

show that

o]

(@) D*B(¢cs)(h,w) = 2/ Ly hwdx =2 / hLg, wdx.

—00
kerd)  KE2

k+2
®) Loy@er =—C 7 by -

© Looybes =0

d
(d) Ly, <_%¢c,k> = Pc -

8.6 Using the notation in (7.6) prove that 4 : (0, 0c0) — R defined as:
h(c) = I(Pep) + ¢ I(Pex)

is strictly convex if and only if k = 1,2, 3.
Hint: Use Exercises 8.4(i) and 8.5(ii).

8.7 Assuming the characterization of the traveling wave described in (8.70) for k =
1,2, 3, 4 prove property (8.71).

8.8 Let u € C([0,T] : H*(R) N L%(|x|*>dx)) be a real solution of the k-gKdV
equation (8.1).
(i) Prove the identity:

4 -2k

PP —— Mk+2 dx] .
30+ Dk +2)

%/ xul(x,t)dx = =3 |:13(u0) +
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(ii) Prove that if k = 2 (mKdV) and a(¢ € R such that
/(x — ap) ub(x)dx = 0,

then
/(x —a(t)) u%(x)dx =0,

3 I3(uo)

L(up)
8.9 Letu € C([0,T] : H'(R)) be a solution of the k-gKdV equation (8.1). Prove

that if |x| u(0), |x| u(1) € L2(R), then u € C([0,T] : H(R)).

with a(t) = ap +t

8.10 Consider the equation (8.73) with the parameterse =8 =1, 8 = —y, i.e,
a,u—i—uaxu—yuz 8xu+83u=0, y € R. (8.80)

(i) Prove that for y > 0 the equation (8.80) has traveling wave solutions of
the form q.,, (x — ct) with

6¢
1 + p cosh (y/cx)’

(ii) Prove thatif u € C([0,T] : H*(R)) is a solution of the equation (8.80),
then

v=v(x,1) = u—+/6y d,u—yu* e CI0,T]: H(R))

ey (X) = p=(—6cy)? ce,1/6y). (881)

satisfies the KdV equation.
(iii) Prove thatif y | O, then

ey (x) = ¢e1(x) = 3¢ sech? (g) ,

the soliton solution of the KdV equation (7.6).
8.11 Letu € C([0,T*) : H'(R)) N ... be a local solution of the IVP (8.1) with
k = 4 (L?-critical case). Assume that

lim || 0,u(?t)|, = oo.
T+

(i) Prove that for any s € (0, 1],

liminf || Dju(t)|, = oo.
1T*

(ii) Prove that for any p € (2, oc],

liminf [|u(t)||, = co.
14T



Chapter 9
Other Nonlinear Dispersive Models

In this chapter, we will discuss local and global well-posedness for some nonlinear
dispersive models arising in different physical situations. Our goal is to present
some relevant results associated to the equations to be contemplated here and it is
by no means an exhaustive study of each of them. In Section 9.1 we will treat the
Davey—Stewartson systems. The Ishimori equations will be considered in Section 9.2.
The Kadomtsev—Petviashvili (KP) equations will be discussed in Section 9.3. The
Benjamin—Ono equation will be studied in Section 9.4 and in Section 9.5 we will
be examine the Zakharov systems. Finally, in Section 9.6 we will briefly review the
inverse scattering method for the KdV equation and well-posedness results regarding
higher order KdV equations.

9.1 Davey-Stewartson Systems

The cubic nonlinear Schrédinger equation
idu+ 0%u=+ul’u, x,teR,

among other phenomena models the propagation of wave packets in the theory of wa-
ter waves. It is also a complete integrable system. The corresponding bi-dimensional
model is called the Davey—Stewartson system, which is given by the nonlinear system
of partial differential equations,

10,u+ coafu+ 85u:c1|u|2u+ Uy,

9.1
82¢ + 3029 = 3 ([ul?), ©-b

x,y € R, t> 0, where u = u(x, y,t) is a complex-valued function, ¢ = ¢(x, y,t)
is a real-valued function, and cy, c3 are real parameters and c|, ¢, are complex pa-
rameters. It was first derived by Davey and Stewartson in [DS] in the case ¢3 > O.
When capillary effects are important, Djordjevic and Redekopp [DR] showed that
c3 can be negative (see also Benney and Roskes [BnR]). Independently, Ablowitz
and Haberman [AH] obtained a particular form of (9.1) as an example of a com-
pletely integrable model generalizing the two-dimensional nonlinear Schrédinger

© Springer-Verlag New York 2015 215
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equation. In the context of inverse scattering theory the system above with parame-
ters (co, c1,¢2,¢3) = (1,—1,-2,—1),(—1,-2,1,1),and (— 1,2, —1, 1) are known
as DSI, DSII defocusing, and DSII focusing, respectively. For these particular cases
several results regarding the existence of solitons and the Cauchy problem have been
established by inverse scattering techniques (see [AnF], [BC1], [FS1], [Sul]). For
instance, in [FS1] Fokas and Sung proved that for initial data in the Schwartz class
S(RR?) and boundary data 9, ¢; (x, t) and dy@2(y, t) in the Schwartz class in the spatial
variable and continuous in ¢, (9.1) has a unique global solution in time # which, for
each ¢ belongs to the Schwartz class in the spatial variable. The same result was
obtained in [BC1] for the DSII defocusing.

Ghigladia and Saut [GS] classified the system as elliptic-elliptic, hyperbolic-
elliptic, elliptic-hyperbolic, and hyperbolic-hyperbolic according to the signs of the
parameters (co, c3), i.e., (+,+), (—, +), (+, —), and (—, —), respectively.

Solutions of (9.1) satisfy the following two conservation laws:

M(MO)Z/Iu(x,y,t)Izdxdy,

R2
E(uo):/(co|8xu(x,y,t)|2+|8yu(x,y,t)|2)dxdy
]R2
1
+3 / (c1 luCx, y,OI* + €2 (3:0)*(x, ¥, 1) + €3 (3,9)* (x, y, 1)) dxdy.
]RZ

The elliptic-elliptic and hyperbolic-elliptic cases were considered by Ghigladia
and Saut [GS]. In these cases they reduced the system (9.1) to the nonlinear cubic
Schrodinger equation with a nonlocal nonlinear term, i.e.,

i, + codgu + 0yu = c1|ul’ u+ Au),

where A(u) = (A~" 92|u|*)u. They showed local well-posedness for data in L*(R?),
H'(R?), and H?(R?) using Strichartz estimates (see 4.23) and the continuity prop-
erties of the operator A~! 3)%. They also established global well-posedness and blow
up results for the elliptic—elliptic case (see also [SG]). Ozawa in [Oz] found exact
blow up solutions in the hyperbolic—elliptic case (see Exercise 9.6).

For the elliptic-hyperbolic and hyperbolic—hyperbolic cases the Strichartz esti-
mates by itself does not provide the desired result. To explain this we will consider
without loss of generality cp = =1 and c3 = —1. So using a rotation in the xy-plane
and assuming that ¢ satisfies the radiation condition

lim ¢(x,y,1) = ¢1(x,t) and lim @(x,y,t) = @2(y,1),
y—00 xX—00



9.2 Ishimori Equation 217

for some given functions ¢y, ¢», then the system (9.1) can be written as

o0
idu+ Hu=d [ulPu+dyu [ 8,(Ju(x,y, 1)) dy
g

T 9.2)
+dyu [3y(|u(x', y,)*) dx' + dsudcp) + dsudygs, ‘

M(X, y70) = I/t()(X, )’)’

where H = A in the elliptic-hyperbolic case and H = 29,9, in the hyperbolic-
hyperbolic case. The difficulty of these problems comes from the fact that the
nonlinear terms contain derivatives of the unknown function and that the terms

o] ]

/ 0. (luCx,y',)P)dy  and / 0,(luCx', y. D) dx’

y X

do not decay as |x| — oo, |y| — 00, respectively.
To describe the results in these two cases we introduce the weighted Sobolev
spaces F;" defined as follows:

F' = H™"R*) N L*(|x|' dx).

First we look at the elliptic—hyperbolic case. In [LiPo] Linares and Ponce proved
local well-posedness for the IVP (9.2) for sufficiently small data in F5, m > 12,
¢1 = ¢ = 0. They use the smoothing effect of Kato’s type associated to the group
{e'f"}. Chihara [Ch1], using pseudo differential operators, obtained a local result for
data in ug € H™(R?) satisfying |lup|, < 1/(2v/max{d;,d>}), ¢1 = ¢, = 0, with
m sufficiently large. Hayashi in [H2] showed local well-posedness for small data
in F}';, m, [ > 1. The main tool for accomplishing this was the use of smoothing
effects. In [HH2] Hayashi and Hirata proved that one can have local result in the
usual Sobolev space H>/?(R?) for data with L?-norm small. The latest updated result
is due to Hayashi [H3], where he got local well-posedness for the IVP (9.2) for data
of any size in H*(R?), s > 2. Global results were obtained by Hayashi and Hirota
in [HH1] for small data in .7-"63; see also [Ch1]. For analytic function spaces a global
result for small data was established by Hayashi and Saut in [HS].

For the hyperbolic-hyperbolic case, using Kato’s smoothing effect Linares and
Ponce proved local well-posedness for small data in ]—'f, ¢1 = @2 = 01in [LiPo].
Hayashi [H2] showed local well-posedness for small data in F5;, § > 1. No local
well-posedness results are known without restriction on the size of the data.

9.2 Ishimori Equation

In this section we comment on local and global well-posedness results for a two
dimensional generalization of the Hesinberg equation, called the Ishimori equation
which reads
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FJ:SAGgSixSwamms+m¢@$, ©3)

020 F 92 = F25 - (3,5 A 9,9),

x,y,t € R, where S¢,¢) : R2 - R® with ||S| =1, § — (0,0,1) as
[l(x,y)|| — oo, and A denotes the wedge product in R>.

This model was proposed by Ishimori in [Is1] as a two-dimensional generalization
of the Heisenberg equation in ferromagnetism, which corresponds to the case b =0
and signs (—, +, +) in (9.3) and it was studied in [SSB].

For b =1 the system (9.3) is completely integrable by inverse scattering (see
[AH], [BC1], [KMal], [Su2], [ZK], and references therein).

Using the stereographic variable u : R? > C one can get rid of the constraint
IIS]| = 1. Thus, for

S +iS,
I

1 _ . _
S =(81,5,5) = W(“ + i, —i(u — i), 1 — [uf?),

(9.4)

the IVP for (9.3) can be written as

(0,u% — dyu)
(1 + |u?)
(O udyu) 9.5)

(14 [u]?)?’

i0;u + Bﬁu + a8§u=2u — ib(0,p0yu — 9,00 u),

¢ +dd;p=8In
M()C, y’o) = MO(X,)’),

with the condition u(x,y,t) — 0 as ||(x,y)|| = oo, where a, a’ € R\ {0}.

To discuss the local and global results we will distinguish two cases: case (—, +),
i.e., a < 0 in the first equation, and @’ > 0 in the second equation in (9.5) and case
(+, —) with similar connotation.

The case (—, +) was studied by Soyeur [Sy]. He obtained local well-posedness
for the IVP (9.5) for small data in H"(R?), m > 4. Assuming additional regularity
on the data he extended the local solution globally in H™(R?), m > 6. The argument
used here does not extend to the case (+, —).

The case (+, —) was first studied by Hayashi and Saut [HS]. They considered the
problem in a class of analytic functions obtaining local and global existence results
for small analytic data. This approach allows them to overcome the loss of derivatives
introduced by the nonlinearity.

Hayashi in [H4] removed the analyticity hypotheses used in [HS]. He established
local well-posedness for the IVP (9.5) for small data in the weighted Sobolev Fy.

In [KPV9] Kenig, Ponce and Vega established a local well-posedness result for
data of arbitrary size in the space F3, = H*(R*)NL*(|x|*" dx), s > m. The method
of proof follows closely the method explained in detail in the next chapter.



9.3 KP Equations 219

9.3 KP Equations

Here we shall discuss some well-posedness results for the Kadomtsev—Petviashvili
(KP) equations. The KP equations are two-dimensional versions of the KdV equa-
tion. They arise in many physical contexts as models for the propagation of weakly
nonlinear dispersive long waves, which are essentially one-directional, with weak
transverse effects. For instance, in the plasma physics context these models were
derived by Kadomtsev and Petviashvili [KP]. Meanwhile, in surface water wave
theory, they were deduced by Ablowitz and Segur in [AS1]. It is also one of the
classical prototype problems in the field of exactly solvable equations (see [AC] for
a complete set of references on this subject).
The equation reads as follows.

0y (0 u + Biu + uo u) F af,u =0,

9.6)
u(x, y’()) = I/l()(x, Y),

x,y € R, t > 0. Under some conditions on the initial data, (9.6) can be written as

du+ du+ud.u 7, '97u =0,

9.7)
M(X, y’O) = Mo(x, Y),

x,y € R, t > 0. When the sign in front of 3.! 8)2, in (9.7) is minus we refer to this
equation as the KPI equation; otherwise we called it the KPII equation.

The results concerning well-posedness for KPI and KPII equations are quite
different. We will first list the results regarding the KPII equation.

Bourgain [Bo10] showed local and global well-posedness for data in H*(R?),
s > 0. The local result was obtained by the Fourier transform restriction method in-
troduced by him to study nonlinear dispersive equations. In [Tz1] Tzvetkov obtained
local results in anisotropic Sobolev spaces H*!*2(R?) defined as

H'"™(R*) = {f € SR?) :

£l = f (1 + E DX+ 162 | (&1, &) d& d& < oo},
R2

with s; > —1/4, s, > 0. He combined the ideas in [Bol] with bilinear estimates
in [KPV6] and Strichartz estimates. Improvements of these results were obtained
in [Tz2], [Tk2]. Independently, Isaza and Mejia [IM1] and Takaoka and Tzvetkov
[TT] established local well-posedness for data in H s12(R2?) for s; > —1/3 and
5o > 0. Global results are also obtained in [IM1], [Tk2] using Bourgain’s method
in [BoS5]. In [IM2] Isaza and Mejia using the I-method introduced by [CKSTT6]
showed global well-posedness for data in H**2(R?) for s; > —1/14 and s, > 0. In
[HaHK] Hadac, Herr and Koch obtained local well-posedness in the critical space
H~Y29(R?) (see Exercise 9.14(i)). These solutions corresponding to small data are
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global and scattered. They also showed local well-posedness in the inhomogeneous
case H'/>%(R?) for arbitrary data.

The problem for the KPI equation is completely different. The techniques used
in Bourgain [Bol] do not work here due to the lack of symmetry of the symbol
associated to the equation. In [IN] Iorio and Nunes proved local existence result using
the Kato quasilinear theory for data in H*(R?), s > 2. Molinet, Saut and Tzvetkov
[MST1] showed that the difficulty with respect to the symmetry of the symbol was
not at all technical, by proving that a Picard’s scheme cannot be applied to study
local in well-posedness for that equation in standard Sobolev spaces. However, they
obtained [MST2] using the conservation laws for the solution flow of the KPI equation
and a compactness argument the global existence of solutions for (9.7).

In [Ke] Kenig showed local well-posedness in

Y = {u e L*R?) : ully + I JSull + 113 dyull> < oo} (9.8)

for the KPI equation, s > 3/2. Combining this local result with the results in [MST?2]
he established global well-posedness in the space

Zo={u € L*(R?) : ully + 105 " 0yully +[105ullz 41192 95ull, < oo}.

In [CIKS] Colliander, Ionescu, Kenig and Staffilani obtained local well-posedness
in the space Y; N L%(|y| dxdy).

In [IKT] Ionescu, Kenig and Tataru proved global well-posedness in the energy
space Yy, i.e. ug, dyug, 3,0, 'up € L*(R?).

Regarding the periodic setting there are some results by Bourgain [Bo10], Iorio
and Nunes [IN], and Isaza, Mejia and Stallbohm [IMS].

9.4 BO Equation

o,u + H8§u+u8xu =0, 9.9)
u(x,0) = up(x),
x € R, > 0, where H denotes the Hilbert transform (see Definition 1.7).

This integro-differential equation serves as a generic model for the study of weakly
nonlinear long waves incorporating the lowest-order effects of nonlinearity and non-
local dispersion. In particular, the propagation of internal waves in stratified fluids
of great depth is described by the BO equation (see [Be2], [On]) and turns out to
be important in other physical situations as well (see [DaR], [Is2], [MK]). Among
noticeable properties of this equation we can mention that it defines a Hamiltonian
system, can be solved by an analogue of the inverse scattering method (see [AF]),
admits (multi)soliton solutions (see [Ca]), and satisfies infinitely many conserved
quantities (see [Ca]).
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Regarding the IVP associated to the BO equation, local and global results have
been obtained by various authors. Iorio [Io1] showed local well-posedness for data
in H*(R), s > 3/2, and making use of the conserved quantities he extended globally
the result in H*(R), s > 2. He also studied the problem in weighted Sobolev spaces.
In [Po], Ponce extended the local result for data in H3/2(R) and the global result
for any solution in H*(R), s > 3/2. The argument of proof combines parabolic
regularization, smoothing properties, and energy estimates. In [MST3], Molinet,
Saut and Tzvetkov showed that the Picard iteration process cannot be carry out to
prove local results for the BO equation in H*(R) for any s € R. Koch and Tzvetkov
[KTz] established a local result for data in H*(R), s > 5/4, improving the one given
in [Po]. In [KeKo] Kenig and Koenig refined the argument in [KTz] to obtains > 9/8.
The main idea is the use of the Strichartz estimates to control one derivative of the
solution. More precisely, through energy estimates and Kato—Ponce commutator
estimates (3.16) a smooth solution of the BO equation satisfies

T
10Ul 1 < IOz exp (c / 0t} dr). 9.10)
0

Then the Strichartz estimates allow them to establish the existence of a constant ¢
such that

1
/ l0xu(®) L~ dt < c (9.11)
0

whenever uy € H*(R), s > 5/4. Thus, a combination of (9.10) and (9.11) and a
standard compactness argument yields the result.

Tao in [To4] showed that the IVP associated to the BO equation is globally
well-posed in H'(R). The new tool introduced by him was the following gauge
transformation

X

w=P.(eTu), F=Fu= / u(y,t)dy, 9.12)

—00

where Er\f &) = X0,000(& )f(é ). This is a variant of the Cole—Hopf transformation
for viscous Burgers’ equation (see Exercise 9.18), which in this setting allows one
to remove most of the worst terms involving the derivative.

Tao’s gauge transformation idea was further developed by Burq and Planchon
[BuPl] to carry the local well-posedness to H*(R), for s > 1/4 and by Ionescu and
Kenig [IK1] to extend it to H*(R), s > 0. We refer to [MoP1] for further discussion
of the latter results.

In the periodic setting, Molinet [Mo1] has shown global well-posedness for data
in L2(T).

In the previous chapters we discussed some decay and smoothness properties for
solutions of the NLS and k-gKdV equations and their relationship. In particular, for
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initial data in the Schwartz class S, the corresponding solutions (for smooth nonlin-
earity) also belong to this class in their life span. The decay of the data is reflected
in the decay of the corresponding solutions of the associated IVP (persistence). So-
lutions of the BO equation do not share this property, not even mild persistence
properties regarding the decay hold. To illustrate this unusual character of solutions
of the BO equation we shall recall the following spaces:

F = H'(R)N L*(|x|" dx),

and
f::{fef: : /f(x)dx=f(0):o}.

The following result is due to I6rio [I02].
Theorem 9.1. Letu € C([0,T]: H*(R)), T > 0, be the solution of the IVP (9.9).
(i)  If upeF3, j=1,2 Then

ueC(0,T]: F3), j=12.
(ii) If up € F and [ up(x)dx = 0. Then
ue C(0,T]: F).

(iii) If ue C(0,T]: F3). Then u = 0.

In [Io3] Iorio strengthened the result in Theorem 9.1(iii) by proving that if at three
different times a solution of the BO equation satisfies u(, ;) € fg, Jj =1,2,3, then
u = 0. In [FoPo] Iorio’s result was extended to non-integer values. In particular it
was shown that if u(, ;) € .7-"77/2, j = 1,2,3, then u = 0, and that for every ¢ > 0
if ug € ]—'77 i 26, then the corresponding solution satisfies u € C([0,T] : ]—'77 i 25). In
[FLP3] it was shown that the uniqueness result of Iorio mentioned above involving
a condition a three different times is necessary. More precisely, it was proved that
there exist non zero solutions of the BO equation u € C([0,7T] : .7:"3) such that
ut,tj) e Fej =12

Notice that the above results are mainly a consequence of the lack of smoothness
of the symbol o (§) = £|&| modeling the dispersion.

For the sake of completeness we shall explain the parabolic regularization method
or artificial viscosity method for the case of the BO equation. This method which is
quite general will be used in the next chapter.

The goal is to establish the following local well posedness result for the IVP (9.9)
associated to the BO equation.

Theorem 9.2. Lets > 3/2. Given any uy € H*(R) there exist T (||ugl|s2) > 0 and
a unique solution u of the IVP (9.9) such that

ueC(0,T]: H'R))NCYO,T): H ~2(R)). (9.13)
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Moreover, the map data — solution from H*(R) to C([0,T] : H*(R)) is locally
well defined and continuous.
In addition, if uy € H* (R) with s’ > s, then

ueCy0,T]: H ®R)NCO,T): H ~2R)).

To simplify the exposition we shall sketch the details in the case s = 2. It will
be clear from our proof below and the calculus of inequalities in Chapter 3 how to
obtain the general result s > 3/2.

We consider the IVP associated to the viscous BO equation

du + H2u + ud,u = you,

u(x,0) = up(x), 9.14)

t>0,xeR, ye,1).

Step 1 A priori estimate for solutions (9.14)
Assume that u¥ € C([0,T*] : H>(R)) N C=((0, T*) : H*®(R)) is a solution of
the IVP (9.14), then the standard energy estimate (see 3.12 and 3.13) show that

d
Enumné,z + 713w’ 13 < clldcuw? @)lloollu” (D13, (9.15)

Thus, from Sobolev Embedding (Theorem 3.2)

d
Ellu”(t)llz,z < cllu’ @113, (9.16)

where ¢ here and below will denote a constant whose value may change from line
to line but it is independent of the data and the parameters in (9.9) and (9.14) (and
later in (9.32)). From (9.16) one has that

luoll2,2

u” ()22 < T ctluolnn 9.17)
therefore taking 7" such that
cTllugllz2 = 1/2 (9.18)
it follows that
sup lu” (O)l2p < 2llupll22, Yy €(0,1). 9.19)

[0.7]

Now integrating in the ¢ variable in (9.15), using Sobolev embedding and (9.18)—
(9.19) one gets that

T T
y / 183w (1)13dt < lluoll3, + ¢ / Q2lluplla) dt (9.20)
0 0
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< 2 8cT 3 < 2
= ||”O||2,2 + &8¢ ||“()||2,2 = C||“()||2,2~

To complete this step we observe that if ug € H S/(R) with s > 2, then as in (9.15)
it follows that

d 14 Y Y
— " Olly2 < cllu” @)ll22llu” @)lls 2

dt
Hence,
T
sup [ ()ly2 < lluolly2 eT1™122 = K lug |y 2, K = K(|luoll2.2),
[0,T]

i.e. higher derivatives of the solution are also bounded by the data in the same time
interval [0, T'].

Step 2 Existence of solutions to the IVP (9.14).
We consider the semigroup {U”(¢) : ¢t > 0} defined as

U (1) £ (x) = (711601 7476 )Y (),
It is easy to see that for any r > 0
(@ U@ fllz = 1 fll2,

) 1. U0 fl2 = Wllfllz- 9:21)

The solution of the IVP (9.14) is a fixed point of the operator ¥ = ¥, ,, with
t
vW)(t) = U7 (t)uy — [ U” (t — t')vav(t')dr, (9.22)
0

defined on

27, =:Rx[0,T] >R :veC(0,T]: HA(R), sup |[v(t)l22 <7},
[0,T]
(9.23)

with 7 and 7 > 0 to be chosen. From (9.21) it follows that

12
Cly 2

sup [P (W)(D)ll22 = clluollzz + —75= sup VD)3,

[0,7;] Y [0,7}]

and

sup [[(F(M)—¥@)(®)|22
[0.75]
172

= 1}//2 sup ([[v()ll22 + [V(D)ll2.2) sup (v — V)(®)]2.2-
YVe 0., 0.7 ]




9.4 BO Equation 225
Hence, choosing r and T,, as

cy’r 28T P luglha 1
y12 y12 4’

r =2cllugll22  and (9.24)

it follows that the operator ¥ defines a contraction in £27, ,, and so for any y > 0
the IVP (9.14) has a unique solution

W € C([0,T,]: HXR) NCPR x (0,T,)), with T, ~y. (9.25)

Now using the a priori estimate (step—1) we can reapply the above local existence
argument (which only depends on the size of the initial data, see 9.24) to extend for
each y € (0, 1) the solution u” in the class (9.25) to the whole time interval [0, T']
with T as in (9.18). Moreover, we have that

T
sup (sup lu” ()3, + ¥ / 83u” (1)13d1) < clluoll3,. (9.26)
y>0 [0,7] 0

Step 3 Convergence of the u”’sas y | 0.
For1 > y >y’ > 0 we define

o(t) = "’ () = u’ () — u’ (), (9.27)
which satisfies the equation
dw+H’w 4+ wdu’ +u” 8.0 =y 02w+ (y —y)d2u’, te[0,T], (9.28)

with data w(x, 0) = 0. Using energy estimates it follows that

d Y Y’ N a2iY
Ellw(t)llz < c(lloxu” (Olloo + 0" (Do)l + (v — y)llozu” [@)]l2.
Hence, from (9.26) one has that

sup [|(u” — u” )(®)]l2 = sup &(®)ll2
(0.7] (0.7]

T T
<y-y) / 92u” (1)]l2dt expf / (135 oo + 1354 lloo)dt}  (9.29)
0 0
<2y — YT llugllaz - e*T0l22 < (y — y"HK,

K = K(|luo||22) which shows that the u”’s converge as y | 0in C([0, T] : L*(R)).
Moreover, combining (9.26) and interpolation the u"’s converge in C([0,7] :
H?>*(R)) for any x> 0 to a limit function %(x, t)

TeC(0,T]: H*R)NL>(0,T]: HXR)), ¥Yu>0 (9.30)
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(using a weak compactness argument) satisfying that

sup [[u(1)ll22 < clluoll2z- (9.31)
[0,T]

To complete this step we observe that if uy € H*(R) with s’ > 2, then the
u”’s converge as y | 0in C([0,T] : HY"“(R)), © > 0 and by taking limit with
s’ — i > 2 one has that

%e C(0,T]: H ™R) N L>(0,T] : H* (R)) V>0

is a solution of the IVP (9.9).

Step 4 Persistence property: u € C([0, T] : H°*(R)).
We need some preliminary estimates. Let p € C§°(R) be such that

p(x) >0 Vx € R, /,o(x)dx =1, /xk p(x)dx =0, k=1,...,m, (9.32)
for some m € Z*. Denote
1 x
Pe(x) = —,o(—), e > 0.
€ ‘e

Proposition 9.1. Letr > 0and f € H"(R). Then

@ e * fllra2 < ce [ fllr2, Ya > 0,
®) Nf = pex fllr—p2 < c€’l fll,2, ¥B €I0,r]. (9.33)
Moreover,
@ pe * fllrraz = O(e™™) as €10 Va>0,
®) NIf —pe* fllr—p2=0(’) as €0 VBel0r] (9.34)

Proof. The proof of part (a) in (9.33) and (9.34) is immediate so we only consider
part (b). We shall restrict ourselves to prove the case r = 1 and 8 = 1. The proof for
the case where r, B € Z™* is similar to the argument below. The general case follows
by interpolation between the previous cases.

By hypothesis on p(-) one has

FO) = pes () = f Pe(F() — flx — ) dy

ld 1
_ / pe()( — /0 & F = )iy = /O / P f'(x — ty)y dydi

1
_ /0 / e (x —1y) — F(0)y dydt.
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Hence,

1
ILf = pe* fll2 = Gf |i—lpe(y)llf/(- —ty) — f'Oll2dydt.

0

Since f € H'(R) a density argument shows that

lim  sup ||f'(-—ty)— f'(OHll. =0.
30 1y<s,1r1<1

This together with the fact that for any § > 0 fixed

lim m,oe(y) dy = lim |x]p(x)dx =0
0 Jiyze € A0 Jixjzs/e

yields the desired result.
Next, we turn to the proof of step 3. We consider the [VP

{81u+H8fu+u8Xu=O, 9.35)

u(x,0) = uy(x) = pe * up(x),

t>0,xeR.
Since the data in (9.35) uy € H*°(R) the argument in steps 1 and 2 shows for any
€ > 0 the IVP (9.32) has a solution

u® € C([0,T]: H®(R)),
with T as in (9.18), i.e.
cTlluglizz = T llugll22 = 1/2
satisfying that

sup sup [lu®(H)]l22 < clluoll (9.36)
e>0 [0,T]

with ¢ independent of €. Also by (9.33) one has that

sup lu()];2 = O(e™?) as €0, VI>2. (9.37)
[0,T]

Next, for € > €' > 0 we define
v(t) = v (1) = (uf — u (1),
which solves the IVP

latv + Hd2v + v uf +u v = 0, (9.38)

v(x, 0) = uf(x) — u§ (x) = (pe * g — per  Uo)(x) = vo(x),
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t € [0, T]. Using energy estimates it follows that

d ,
EIIV(t)IIz < c(10:u () loo + 10:u D) VD)l (9.39)
which combined with (9.36) and Proposition 9.1 lead to

sup [[v(t)]l2 < cllvolla e T2 < ce? k| K = K(|luoll22). (9.40)
[0,T]

In the same manner one has

d 2 € € 2
Ellaxv(f)llz < (195 u () lloo + 1951 (D]l 105 v(E) 2

+ (192U (@)l2 + 192 (DI v(E) o
+ 1826 12 V)l oo
= E|(t) + Ex(1) + E3(1). (9.41)

Gronwall’s inequality will be applied to (9.41) after estimating E;, j = 1,2, 3.
The estimate for E; follows from (9.36) and Sobolev Embedding Theorem. Using
the Gagliardo—Nirenberg inequality (see (3.13)), (9.36) and (9.40) the contribution
of E, can be bounded as

1/4 3/4
sup Ex(2) < cllupll22 SUP(“V(t)”z/ ||3fV(t)I|2/ ) <ce'”K, K = K(||uoll2n).
] [0.T]

[0,7

Similarly, using (9.37) and (9.40) one controls the contribution of the term E3 in
9.41)

3/4 1/4
sup E3(1) < sup (1926 [ vy 182v(0) 1)
[0,T] [0,7T]

<ce'ePK =ce'?K, K = K(|uoll22).

Hence, collecting the above information, using Gronwall’s inequality and (9.41),
and adding the result to (9.40) we conclude that

sup [[v(1)ll22 = sup [|(u€ — u€)D)llao = o(1) as €} 0. (9.42)
[0,T] [0,T]
Thus,
u —>u in C(0,T]: HXR)), as €0,

with u(-) solving the IVP (9.9) where the equation holds in C([0, T] : L?>(R)). The
uniqueness of the solution u = u(x, ) in the class C([0,T] : H*(R)) follows by
using the argument in (9.39) and (9.40). One can show that our solution u agrees
with the function % found in the step 3, see (9.30).

Step 5 (from [BS]) Proof of the continuous dependence of the solution # upon the
data uy.
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‘We shall show that

YA>038>0(lluo— 2zl <8 = sup (wu—2)O)llp <r],  (9.43)
[0,7/2]

where u,z represent the solutions of the IVP (9.9) with data ug,z9p € H?*(R))
respectively. Without loss of generality we assume uy # 0.
In (9.43) we take the time interval [0, 7/2] with T as in (9.18) to guarantee that
if |lug — 20ll22 < &, then the solution z(¢#) is defined in the time interval [0, T'/2].
For 1 > € > €' > 0 we define

w(r) = we (1) = (€ — z°)(1), (9.44)

where u¢, z¢ are the solutions of the [VP (9.35) with data uy; = p. * u, zg = Per %20
respectively. Thus, taking 8; = |[uo||2.2/2 from the above results one has that

sup [lu“(D)ll22 4+ sup |z (D22 < cllugllzz + 2¢lluoll2,. (9.45)
[0.7/2] [0,7/2]

Since w(t) satisfies the IVP

ow + H8f w4 wdut + z€ 9w = 0,

€ ¢ (9.46)
w(x,0) = u§(x) — 25 (x) = (pe * g — per * 20)(x) = vo(x),
t € [0, T/2], one has (combining (9.45) and a familiar argument) that
sup WD)y < llug — 25 112 K
[0,T/2]
< K(Jlug — u§ll2 + llz — 2§ 2 + 8) < K (€2 +6), (9.47)
K = K(lluoll22) and
d 2 € € 2
w2 = el @lloo + 10:2 Olloo) 197 WD) Il2
+ c(12us () ll2 + 19225 OB w(T) o
+ 1876 1 W)l oo
= G(t) + Ga(t) + G3(1). (9.48)

First using (9.45) and Sobolev embedding one gets that
Gi(1) < cllugllolld; w2, V1 €10,7/2].
Next, combining (9.45) and (9.47) one gets the bound

1/4 3/4
sup Ga(t) < clluollaa sup (Iw()lly 182 w(o)Iy*)
[0,7/2] [0,7/2]

< cllugll 5 K(€* +8)'* < K(€ +8)/* < cK (e + 8'/%,
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K = K(|lup||22). Finally, from (9.36), (9.37), and (9.47) the term G3 in (9.48) can
bounded as

sup G3(t) = sup (|3u@)[2llw(®)llo)
[0,7/2] [0,7/2]

<cKe ' sup (w182 w)lly'™)
[0,T/2]

< cKe W€+ 8)* < cK'(e'? + 7183,

Combining the estimates for G;, j = 1,2,3, Proposition 9.1, and Gronwall’s
inequality and adding the result to (9.47) it follows that

sup [w(B)llo2 = sup [[(u —z)D)l22
(0,7/2] (0,7/2]

< K(|lu§ — z5lloa + T (/> + 8% 4 e7153/4y) (9.49)
< K(llu§ — uollaz + llz§ — zoll2z + 814 + €2 71534

assuming § < 1. Therefore collecting these results one concludes that

sup [I(u —2)@)lla2 < sup (lu — ulo2 + llz — 2° o + llu® — 2% [l22)
(0.7/2] (0.7/2]

< o(D)e +o(1)er
+ K(HM(E) - u0||2,2 + ”Zg — Z0||2’2 + 81/4 + 61/2 + 6_183/4)
< o(1)e 4+ o(1)e + K (84 + 71834

So we fixed ¢ small enough such that
o(De = 4/3,
then we take § < min{1; ||u|22/2} such that
K (Y4 +e718%%) < a/3,

and finally for each zo € H?(R) such that ||zg — ug|l22 < & we take €’ = €'(z0) >
0, € € (0, ¢) such that
o()e < A/3,

to conclude the proof of Theorem 9.2.

We observe that the only fact used on the operator H3? describing the dispersive
relation in the BO equation was that it is skew-symmetric.

Next, consider the IVP associated to the generalized BO equation, that is,

ou + Hafu + k3, u =0,

(9.50)
u(x,0) = up(x),
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xeR,t>0,keZt k>2.
In addition to preserve the L?-norm, solutions of the IVP (9.50) leave invariant
the quantity

o0

E(u)(t) = f (IDYu(x, 1)* —

—00

1
mu(x,t)k“)dx. (951)

These quantities will be useful for extending possible local results globally in the
corresponding Sobolev spaces dictated for them.

We also notice that the scaling argument for the equation in (9.50) suggests well-
posedness for the IVP in H*(R) for

L_1 9.52
$>s0=5 = (9.52)

Using the oscillatory integral techniques described in Chapters 4 and 7 in [KPV11]
local well-posedness for small data was established in Sobolev indices lower than
the 3/2 given by the energy method.

In [MR1] and [MR2] Molinet and Riboud improved the results in [KPV11]. In
particular, they showed local well-posedness for small data in H*(R), s > 1/3 for
k =3, and s > s; for k > 4, and for data in H*(R) of arbitrary size, s > 3/4 for
k=3,5s >1/2fork =4,and s > 1/2 for k > 5. These results can be extended
globally using the conserved quantities (9.51) whenever the local well-posedness is
realized in H'!/2(R). Kenig and Takaoka [KT] has obtained global well-posedness
for (9.50) with k = 2 for s > 1/2. One of the main new tool used by these authors
was a gauge transformation reminiscent of that introduced by Tao (see (9.12)). In
[Ve] Vento established local well-posedness in the critical space H R), s, = % — %,
(and its inhomogeneous version) for k > 4. It was also proved that for k = 3 local
well-posedness holds in H*(R) for s > 1/3.

From the ill-posedness results obtained by Biagioni and Linares [BiL] the results
in [Ve] for k > 4 should be optimal.

9.5 Zakharov System

In this section we will give a brief account of some results concerning local and
global well-posedness for the Zakharov system,

iou+ Au=uv,
17202y — Av = A([ul?), (9.53)
u(x,0) = up(x), v(x,0) = vo(x), d,v(x,0)=vi(x),

x eR" t>0,whereu: R" x [0,00) — C"and v : R" — R.

This model was introduced by Zakharov [Zk] to describe the long wave Langmuir
turbulence in a plasma. The function u = u(x,t) represents the slowly varying
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envelope of the highly oscillatory electric field; v = v(x, ¢) is the deviation of the ion
density from the equilibrium; and A is proportional to the ionic speed of sound. In
the limit when A — oo the system (9.53) reduces formally to the cubic (focusing)
nonlinear Schrédinger equation,

[ QUos + Allog = —|Uso|? Uso. (9.54)

Solutions of this system satisfy the following conservation laws:

M(uo) = / lu(x, )| dx,
R2

2
E(uo, vo,v1) = / (IVul* + viul* + VE + A2 (=) (x, 1) dx. (9.55)
]RZ

The Zakharov system has been studied by several authors. Sulem and Sulem [SS1]
showed that for data

(o, vo, vi) € H'(R") x H*"'(R") x (H'2(R") N H™'(R")) (9.56)
withs > 3 and 1 < n < 3, the IVP (9.53) has unique local solution
(u,v) € L2([0,T] : H*(R™) x L>®([0,T]: H*~'(RM)).

They also proved that in the case n = 1 these solutions can be extended globally
in time. Later on in [AA2] Added and Added established the global existence for
the solutions given in [SS1] in the case n = 2 corresponding to data ug with | ug]|»
sufficiently small. Schochet and Weinstein [SWe] obtained a local existence and
uniqueness results for data in (9.56) with time interval [0, T'] independent of the
parameter A. This allowed them to show that solutions (#*, v*) of (9.53) converge to a
solution of (9.54) as A — oo. For small amplitude solutions rates of this convergence
were obtained in [AA1]. Latter Ozawa and Tsutsumi [OT3] found optimal rates of
convergence of solutions of (9.53) to solutions of (9.54).

In [OT2] Ozawa and Tsutsumi obtained, for a fixed A, unique local results for
the IVP (9.53) for data (g, v, vi) € H>(R") x H'(R") x L2 (R") with 1 < n < 3,
removing the hypothesis v, € H~' in previous works (see (9.55)). Ozawa and
Tsutsumi approach relies on the L7-L4 estimates of Strichartz type.

Kenig, Ponce and Vega [KPV8] proved that an iteration scheme can be used
directly to obtain small amplitude solutions. They showed that for n > 1, there exist
s > 0,m € Z*, and § > 0 such that for any data

(uo, vo, 1) € X™™ = H*(R™) N HO(|x|" dx) x H VX R") x H/*(R"),
(9.57)

so = [(s +3)/2] (where [r] denotes the largest integer < r) with || (ug, vo, V1)l asm <
8, there exists a unique solution (#*,v*) in an interval of time [0, 7] independent of
A > 1. They also showed that under some additional hypotheses on v and vy,

sup [ — us))ll o = OL™") as A — o0.
[0,T]
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The main idea used in [KPV8] was to exploit the inhomogeneous n-dimensional
version of Kato’s smoothing effect (4.30) to overcome the loss of derivatives. This
was complemented with maximal function estimates for the group {e'’4}.

In [BoC] Bourgain and Colliander showed local well-posedness of IVP (9.53)
in the energy space (up,vo,v;) € H'(R") x L2 (R") x H'(R"), n = 2,3, by
extending the method developed in [Bol]. Global well-posedness for small data
was also established by combining local well-posedness and conservation laws, (see
(9.55)).

Ginibre, Tsutsumi and Velo [GTV], using the Fourier restriction method intro-
duced by Bourgain [Bol], obtained a more complete set of results concerning local
well-posedness. Their results are roughly as follows:

For data (ug, v, vi) € H*(R") x H'(R") x H'~!(R") the IVP is locally well-posed
provided

(k, D) Dimension
L <k-l<1, 2k=1+1 n=1
>0, 2k—(+1)=>0 n=23
I>5-2, 2k—(I+1)>5-2 nx>4

The solutions satisfy
(u,v,d,v) € C([0,T] : H*(R") x H'(R") x H'"'(R")).

In [BHHT] for the two-dimensional case, Bejenaru, Herr, Holmer and Tataru
obtained local well-posedness in the space LZ2(R?) x H~'/2(R?) x H~3/?(R?) and
showed that this result should be optimal.

Regarding blow up results we shall mention the following. In the two-dimen-
sional case Glangetas and Merle [GM] proved the existence of blow up solutions
with radial symmetry and self-similar form:

w|x|

w .
u(x,t) — m el@(x,f)P(T__t)’

w w|x|
v(x,t) = (T—t)2 N(T—t)’

where w € R and
w2 |X|2

PN =Ty T aT =

They also showed that concentration happens in L? (see (6.4)). In [Me5] Merle
found rates for the blow up. In [Me6] he also obtained some extensions of the blow
up results.

In the one-dimensional case a global result below the energy space has been
proved by Pecher [P2].
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The corresponding IVP (9.53) in the periodic setting was treated by Bourgain in
[Bo9] and Takaoka in [Tk1].

To end this section we comment on the results obtained by Colin and Métivier
[CM] and Linares, Ponce and Saut [LPS] regarding the local theory concerning a
system deduced by Zakharov where the Schrodinger linear part has a degenerate
Laplacian. In [CM] it was established that the periodic boundary value problem is
ill-posed. However, the use of some smoothing properties in [LPS] allow the authors
to prove local well-posedness in spaces defined via those regularizing properties.
This example illustrates the difference between the nonperiodic and periodic setting.

9.6 Higher Order KdV Equations

In 1967 Gardner, Greene, Kruskal and Miura [GGKM] discovered the remarkable
fact that the spectrum of the Sturm-Liouville (or stationary Schrodinger) equation

2

i gx)y =1y, —00<x < 00, (9.58)
X

Ly)=y"—qx)y =

does not change when the potential g(x) evolves accordingly to the KdV equation,
i.e., if u(x,t) solves the IVP

8,u+83.u+u8xu=0, (9.59)
u(x,0) = g(x),
x,t € R, with g(+) in an appropriate class, then
spectrum of L, = o(L,) = o(L,) foranyt e R. (9.60)

This principle allowed them to use results from (direct and inverse) spectral theory
to solve the IVP (9.59) through a succession of linear computations. This procedure is
called the inverse scattering method (ISM) as it was mentioned in previous chapters.

More precisely, to guarantee the validity of the process we will describe next, one
assumes that g (x) satisfies the decay assumption

oo
f (14 |x*) |g(x)|*dx < oo (no optimal condition). (9.61)
—00
The scattering data for the problem (9.58) is the spectral information needed to

reconstruct the potential g(x).
First, one has the spectrum o (L,) where by (9.61)

o (Ly) = (—00,0] U {k7}}! N e Z* U {0}, (9.62)

j=0
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where (—00, 0] is the continuous spectrum and A; = —ka., ki >0,j=1,...,N,
are the eigenvalues corresponding to eigenfunctions {yr j}j.v:l C L*(R) normalized,
ie, l¥ll.=1,j=1,...,N. Thus from (9.58) and (9.61)

Yi(x)~cje ™ * as xtoo, j=1,...,N. (9.63)

The {c; }?’:1 are called the “normalizing coefficients.”
For A < 0 the generalized eigenfunctions can be written as (k = +/—A)

—ikx ikx
V(x) ~ {e + bk) e, x — 400 9.64)

a(k)e ™ x - —o0,
where a(k) and b(k) are called the tfransmitted and the reflected coefficients,
respectively, extended to k € R.

The scattering data are given by the spectrum, the normalizing coefficients, and
the reflected coefficients

{o(Ly)s {c;}) 15 {b(k) : k € R}}. (9.65)

This information permits one to recover the potential g(x) as follows: Define

N o0

1 .

F(x) = Z e+ > f b(k) ™ dk, (9.66)
Jj=1 —00

and let K (x, z) be the solution of the Marchenko (Fredholm integral) equation

[e¢]

K(x,z) + F(x +z)+/K(x,x’)F(x’+z)dx’=O. (9.67)

—X
Then the potential is obtained via the formula

1 d
= - —K(x, . 9.68
g() =3 K3 _, (9.68)
Assuming now that the potential ¢ (x) evolves accordingly to (9.59), one can show
(see [AS2], [DJ] for details of this discussion) that the scattering data change in time,
the spectrum as (9.60) and the normalized and reflected coefficients as
_ 43 43t
ci®)=c0)e™" =cje™i,
3 3 (9.69)
b(k;t) = b(k;0) 3k = b(k) ¥,

Hence we know

{o(Lucn)s {e;OYZys (blkst) = k = 0}, (9.70)
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the scattering data for

Lu(-,t)(y) = y// - u("t)y = )‘y’

which allows one to recover the potential u(, t), i.e., the solution of the IVP (9.58)
associated to the KdV.

In [Lx2] Lax generalized this principle by finding a class of evolution equations
for which the operators

2

L —u(x,t) (9.71)

“ = g2

are unitary equivalent whenever u(, t) is a solution of an equation in this class. One
must find a family of unitary operators {U(¢)};°__, such that

U*(Z‘) Lu(.,,) U(I) = Lu(.’()). (972)

This family should satisfy an equation of the form
d
ZU(I) = B@®)U(t) (9.73)
for some B(t) skew-symmetric operator. Combining (9.72) and (9.73) one sees that

d
ELM(J) = B(t) Lu¢sy — Luey B(t) = [B(1); Lycp]. 9.74)

d
Choosing B = By = — one gets
dx

—L =9 —[— L ]——3 (9.75)
) = o = s Ly = U, .
dt 0 ! dx 0

ie.,
oru+ o,u =0,

whose solution u(x,t) = up(x —t) = q(x — t) clearly leaves the spectrum of L,
in (9.71) independently of ¢.
The choice

d? d d
B =a— — 4+ —(u - 9.76
1= oo+ Bu o+ o) (9.76)
with appropriate values of the constants o and § gives
[B(2); Lyl = —87u —udu. (9.77)

Hence, (9.74) becomes the KdV equation.



9.6 Higher Order KdV Equations 237

In general, one has

42+ i1 42+ 2+
5= ¥t Z Bju )d 2+ W(ﬂkf(u) 2l ©.78)
k=0

with B (u) selected such that [B;; L] has order zero.
Thus for B,(u) one obtains (up to rescaling)

B — u+10udlu +209,ud?u —30u* d,u = 0. (9.79)

This class can also be described using the conservation laws satisfied by solutions
of the KdV [Lx2]

1 2 w o (Bu)?
Fow) =3[ udx; Fi(u)= 3 u dx; Fr(u)= (E - )dx;
(9.80)
The gradient of these functionals (3F; = G ) are
1
Gow) =3, Gi(w)=u, Gru)= 3 W+ %u, ..., (9.81)
which are related by the formula
HG;=0G;y1, j=0,1,..., (9.82)
where
a3 n 2 d n 1 du
= — — U — -,
dx? 3 dx 3dx
and
d .
oy u + 56141 =0u+[Bj;Lunl=0, j=0,1,..., (9.83)

which is called the jth equation in the KdV hierarchy.

So (9.79) is the second equation in the KdV hierarchy. Related versions of this
equation appear as a higher order approximations in the study of water wave problems
for long, small amplitude waves over shallow horizontal bottom (see for instance [Ol],
[Bn1] and references therein). In 1972 Zhakarov and Shabat [ZS] showed that the
ISM used for the KdV and its hierarchy can be extended to other relevant physical
equations. More precisely, they proved that the cubic one-dimensional defocusing
Schrédinger equation

i0u = Bfu +)L|u|2u, A >0,

can be solved by considering an appropriate linear scattering problem and its inverse.
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The local and global well-posedness of the IVP and PBVP associated to equa-
tion (9.79) was established in [St2]. Also the PBVP for the whole KdV hierarchy
was studied in [Sch].

Here we restrict ourselves to consider the IVP for the KdV hierarchy in (9.83).

In a more general framework consider the initial value problem

du+ 7 u+ P, deu,..., 37u) =0,

u(x,0) = up(x), (9.84)

x,t € R, j € Z", where u = u(x, 1) is real-(or complex-)valued function and
P:R¥1 5 R (or P:C¥'— ©)

is a polynomial having no constant or linear terms, i.e.,

41
P()= ) a,2" with £ >2 (9.85)

lee|=£o

and = (Zl, e ’Z2j+l)'
In [KPV13] local well-posedness of the IVP (9.84) in

FS = H*(R) N L*(|x|" dx)

was established. The proof combines the fact that the results in [HO] extend to
diagonal systems and a change of dependent variable, which allows us to write the
equation in (9.84) (after a few differentiations with respect to the x-variable) as a
diagonal system

d o + 37 + @', @, B0, ..., 3 ™) =0 (9.86)

fork = 1,...,m = m(j)where the nonlinear terms Qy are independent of the highest
derivatives, i.e., those of order 2 ;. In this case some modifications are needed since
the Oy introduced by the change of variable involve nonlocal operators.

More precisely, in [KPV13] the following two results were proven:

Theorem 9.3. Let P(-) be a polynomial of the type described in (9.85). Then there
exist s, m € Z* such that for any uy € F3, = H*(R) N L?(|x|™ dx) there exist
T =T(luollrs) > 0 (with T(p) — oo as p — 0) and a unique solution u(-) of
the IVP (9.84) satisfying

ue C(0,T]:F;), 9.87)

T
sup f|a;+fu(x,t)|2dt < 0 (9.88)
! 0
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and

(o]

/ sup |9Lu(x,1)|dx <oo, r=0,...,[
[0,T]

s+j
5 ]. (9.89)
If ug € F.0 with so > s the results above hold with s, instead of s in the same
time interval [0, T].
Moreover, for any T’ € (0, T) there exists a neighborhood Uy, of uy in F:, such
that the map uy — u(t) from U,, into the class defined in (9.87)—(9.89), with T’
instead of T, is smooth.

Theorem 9.4. Let P(-) be a polynomial of the type described in (9.85) with £y > 3,
or P(zx) = P(z1,...,2j41)in(9.85). Then the results in Theorem 9.3 hold withm = 0
and L*-norm instead of L' -norm in (9.89).

Theorem 9.4 tells us that the IVP for the equation

du+ Ju+ W + (d,u)*) 8%u = 0, (9.90)

x,t € Ris locally well-posed in H*(R), s > s, with s sufficiently large. Roughly
speaking Theorems 9.3 and 9.4 establish conditions that guarantee that the local
behavior of the solution of (9.84) is controlled by the linear part of the equation.
Moreover, it shows that the dispersive structure of the equation is strong enough to
overcome nonlinear terms of lower order with arbitrary sign as in (9.90).

However, for a specific model of the kind described in (9.84) the results in Theo-
rems 9.3 and 9.4 can be improved by reducing the index s and m depending on the
order (2j + 1) considered and the structure of the nonlinear term (see for example
[Kw2] and [Ci] for some fifth order cases). In particular in [KePi] Kenig and Pilod
have shown that the third equation in the KdV hierarchy (9.79) is globally well posed
in the energy space H2(R).

As it was previously mentioned the existence and uniqueness (in H*(T)) for the
periodic boundary value problem (PBVP) for the KdV hierarchy was established in
[Sch]. The argument relied heavily on the structure of the equations in the hierarchy.
Thus one can ask if a general result can be established for the PBVP associated to
the general equation in (9.84). The answer is not, in [Bo12] Bourgain showed that
the PBVP for the equation

du+ 83u = u* (,u)

is ill-posed in H*(T) for every s € R.

9.7 Exercises

9.1 Prove that the Benjamin—Ono equation

du+Hu + udu =0
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9.2

9.3
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has a traveling wave solution (decaying at infinity) ¢.(x +t), ¢ > 0, with

o(x) = — m,

and
de(x +1) = cp(c(x + 1)).

Notice that ¢(x +-ct) is negative and moves to the left, so p(x —ct) = —¢(x —ct)
is a traveling wave, positive and traveling to the right, of the equation

0,v — Hva +vd,v =0.

Hint: Integrate the equation for ¢ to get a first order ODE. Take Fourier
transform and use Exercise 3.3 to get the result.

(Camassa—Holm equation [CH]) Consider the equation
Qo — 30%u + 3udou = 20,ud>u + udlu. (9.91)
(i) Prove that (9.91) can be written in the formally equivalent form

NC0G
+ 2

(ii) Prove that for any ¢ > 0 the equation (9.91) has the nonsmooth traveling
wave (peakon)

1
B u + udyu + 3 d e x (u ) =0. (9.92)

—|x—ct|

p(x —ct)=ce
Hint: (i) Use Exercise 3.4.
(i1) Notice first that it suffices to consider the ODE for ¢ with ¢ = 1. Prove that

4 2
(efl.\ * e*ZH)(x) — geflx\ _ g e 21Xl

Integrate the ODE and use that (@' (X))? = p(x)2.

(Benjamin—Bona—Mahony equation [BBM]) Consider the equation

Qu+ du+udu—23a u=0. (9.93)

xxt

(1) Prove that (9.93) can be written in the following forms

2
u
U+ 5) =0 (9.94)

U —

sgn(x) el 4 (
2
and

_ CLsenO) i Y
u(x,t) = MO(X)+/0 /Te Y (u+ 7)(x y,t)dydt. (9.95)
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(i) [BTz] Prove that given u € L?(R) there exist T = T(Jlugll2) > 0 and a
unique solution u € C([0, T] : L(R)) solution of (9.95).
Hint: Given 1y € L?(R) consider the set

Xr(6)={v:Rx[0,T]— R : sup |[v(t)]. < 25}

0<t<T

with § = |lug]|>. Show that

t 2
PV)(x,1) = up(x) +/ / %(y)e_'yl(u + %)(X —y,1)dydt
0

defines a contraction map in X7(6) if 7(1438) < 1/2. (This result is sharp,
see [BTz]).

(iii) Prove that for any b € (0, 1) (9.93) has a traveling wave solution u;, =
up(x, 1) of the form

32 b t
up(x,t) = 5 sech2<§(x —1= bz)) (9.96)

Hint:
(a) For @ > 1 look for solutions of (9.93) of the form n(x — « ¢).
(b) By rescaling the ODE for 7(-) obtain a relation between 7(-) and ¢(-)
in (7.6) and (7.7) with k = 2.
9.4 Consider the sine-Gordon equation

82u — %u + sin (u) = 0. (9.97)
(i) Show that the function

VA(x, 1) = dtan~" (c eI/

with © € (= 1,1), ox() = £¢/1 — u? and ¢ € R is a traveling wave
solution of the sine-Gordon equation.

(ii) Show that for u € (0, 1), vi(-) (kink solution) satisfies:
(a) foreach 1y € R fixed v/y (, 7o) is increasing with

lim vi(x,50)) =0 and lim v/ (x,7) = 1.
x| —00 xPoo
(b) v/ (x,1) moves to the right as 7 increases.

(iii) Show that for i € (—1,0), v*(-) (anti-kink solution) satisfies
(a) foreach ) € R fixed v"(, ty) is decreasing with

lim v*(x,t0) = —1 and limv"(x,%) = 0.
x}—00 xtoo

(b) v/ (x,1) moves to the left as 7 increases.
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(iv) Verify that

o () sin(ur) )

el
wy(x, 1) = 4tan”" ( p cosh (o (u)x)

with 0 < |u| < 1 is a (stationary breather) solution of the sine-Gordon

equation which satisfies

I llim wy(x,t) = O uniformly in # € R.
X [— 00

(v) Show that if ¢’ = (t — ax)/o (a), x' = (x — at)/o (), a € (—1,1)
(Lorentz transformation), then

2u — 3*u = %u — d%u,

i.e. the sine-Gordon equation is invariant under the Lorentz transformation.
(vi) Combine (iv) and (v) to conclude that for |«|, || < 1 the function

o (u) sin(u —ax)/o(a)) )

_ —1
Zyar) = 4 tan” ( i cosh (o4 (x — at)/o4 (@)

is a (moving breather) solution of the sine-Gordon equation.
9.5 (Compactons [RH]) Consider the quasilinear equation

du+ 32w + 9, (u*) = 0. (9.98)

Show that the C'-function of compact support

4c

— 2 x—ct . -
p(x—ct) =13 cos” (3%), |x —ct| <27,

0, |x —ct| > 2m,

¢ > 0, is a traveling wave (classical) solution of (9.98).
9.6 (i) Show that the function

o~y 8 —iGrty)

i (I 4+exp(—2x —8))(1 +exp(—2y —8¢))+ 1

u(x,y,t) =4

is a solution of the elliptic-hyperbolic DS system (9.1) with (cg, ¢1, ¢2, ¢3) =
(1,2, —1, —1) where ¢ satisfies the boundary conditions

lim 0, (x, y,1) = 4 sech®(x + 41)
y—00

lim dy(x, y,t) =4 Sechz(y + 41).
xX—00

(i) [Oz] For the hyperbolic-elliptic DS system (9.1) with (cg, c1,¢2,¢3) =
(—1,16,8,1) prove:
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1—1
(1 =1 +x* +y?

(a) u(x, y, 1) = eI

X 1
21—t +x24y2

is a solution of (9.1) with u(x, y,0) € L%2(R?) N L=(R?).

(b) Forany 7 € R, u(,- 1) ¢ H'(R?) and (x% + y)2 ut, -, 1) ¢ L*(R?) but
fors € (0,1) and t € (—o0, 1), one has u(,-,t) € H'(R?) and (x> +
V2 uG, -, 1) € LAR?).

p(x,y,t) =

© lim 4y [luc, -, )]loo = +00.
9.7 Show that the function

diexp(—(x+y+4)—i(x+y)
(1 4+exp(—2x —41))(1 +exp(—2y —41))+ 1

u(x,y,t) =

is a solution of the Davey—Stewartson system (DSI)

{ia,u+ L (@2u+ 020 = |ulPu+ ud, g, ©.99)

97p — 979 = =20, (lul?),
when ¢ satisfies the following boundary conditions

lim 3,¢(x, y, 1) = —2sech?(x 4 2¢),and lim d,¢(x, y,t) = —2sech®(y + 2t).
y—>00 X—>00

This solution is called dromion (see [FSa]).
9.8 Show that the Boussinesq equation

8u— %u — tu+ 32w =0
has traveling wave solutions of the form
u(x,t) = asech’(b(x — ct)),

with appropriate values of a, b forc > Oand ¢ < 0, i.e., the wave can propagate
in any direction.
9.9 Consider the linear part of the Benjamin—Ono equation

Lu = du+Hd?u=0.
Defining
I'=x—-2tHd, =x -2t D,.
Show that

[L; I =[L; I'’*]=0,



244 9 Other Nonlinear Dispersive Models
[L; F3]¢ =0 if and only if 5(0, t)=0, forall reR,
and
[L; T #0.
9.10 Consider the IVP

o,v + Hafv =0,
v(x,0) = vo(x)

and
Z,, = H'(R)N L*(Jx|*).
Let k € Z*, prove that v(,¢) € L?*(|x|*dx) for all + > 0 if and only if
Vo € Zik, k = 1,2 and for k > 3,
oo

/vao(x)dxzo, j=0,1,....k—3.

—0Q

9.11 Let H be the Hilbert transform. Prove that H : L*({(x)? dx) — L*({x)? dx) is
continuous if and only if 6 € (— 1/2,1/2).

Remark 9.1. Compare this result with that of Exercise 3.19 in Chapter 3.
9.12 Letu € C([0,T] : H'(R)NL?(|x|?> dx)) be a“strong” solution of the Benjamin-
Ono equation. Assuming that f u(x,0)dx = 0, prove the identity

%/ x (u? + (Hw)»)(x,1)dx = 4||Dut, 1)|3.

9.13 (i) Show that the following quantities are conserved by the BO solution flow:

I(u):/u(x,t)dx,

R

L(u) = /uz(x,t)dx,
R
3

3
13(u)=/(uaxHu+'%)(x,t)dx:/(|D;/2u|2+”?)(x,r)dx

R R
and
L) = / (2(3 WP+ PHau ”—4)(x 1) dx
X 2 X 4 9 .

R
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9.14

®
(i)

9.15

(ii) Prove that a solution # € C([0,T] : H3(R) N L?*(|x|*dx)) of the BO

equation satisfies

(a) /xu(x,t)dXZ/ xuo(x)dx-i-%HMOH%-
R
R

(b) /x W(x,t)dx = / x ud(x) dx + 2t I3(up).
R
R

R

(c) /xzu(x,t)dxzf xzuo(x)dx+t/xu(z)(x)dx+t213(u0).
R
R

Consider the KPI(—) and KPII(+) equations,
O+ udeu + dJu F 0 0ju = 0. (9.100)

Prove that if u = u(x, y, t) is a solution then

u(x, y,1) = A2 u(rx, A2y, A3t), A > 0 (scaling) is also a solution.
u(x,y,t) =ulx —cy=+t c2t,y F 2ct, t) (Galilean invariance) is also a solution
of the KPI and KPII, respectively.

Show that

1
u(x, y,1) = 3¢ sechz(z(\/zx Yly—0 r)), 0 =412 ¢>0,1€eR,

9.16

9.17

is a solution of the Egs. (9.100) with + sign, i.e. the KPII equation.
Hint: Use that u.(x,t) = 3¢ sech2(§(x — ct)) is the soliton solution of the
KdV equation with speed c.
Prove that the function
24¢(3 — c(x — ct)> + c2y?)
(B + c(x — ct)? + c%y?)?

$e(x —ct,y) =

is a finite energy (¢, dx¢., d; '9,¢. € L*(R?)) solitary wave solution of the
KPI.
Consider the linear IVP associated to (9.84)

fw + 0w =0, (9.101)
w(x,0) = wo(x), '
x,teR,j=0,1,....Denote by
W, t) = V(O wolx) = e % wo(x) (9.102)

its solution.
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(i)

(iii)

(iv)
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Prove that for any j = 0,1,... there exists ¢; > 0 such that for any
x, t € R one has that

o0 o0
Q/WmemszwW@ﬁmﬁ (9.103)
—0Q —0Q

Hint: Follow the argument given in the proof of Lemma 7.1.
Prove that for any j = 0,1,... there exists c} > 0 such that for any
x,t eR,

t
||8fj/Vj(t—t/)F(,l/)df/HL,Z < NF g2 9.104)
0

Hint: Follow the argument given in the proof of Theorem 4.4 (estimate
(4.28)).

Show that for any k = 0,1,...,j there exists ¢ = c(k; j) > 0 such that
for any x € R,

t

T
Jj+k (4! ’ 72 12
|9] Vit =) F(,t)dt'|" dt
0

0

T
< cTU/2 H/|F(~,t)|2dtH . (9.105)
o 2j/(j+k)

Hint: Combine (i) and Minkowski’s integral inequality to obtain (9.105)
for k = 0. Interpolate between this result and (9.104).
Combining the identity (9.103) and the (unsharp) estimate

| sup 1Vi@uol[, < ¢ (1 + Tllugllj+1.2 (9.106)
0<t<T

to prove Theorem 9.4 with s > 1 and m = 0 (no weight) in the case where
P=Pu,...,0u

with P(-) as in (9.85) (nonlinear terms at least quadratic) using a fixed point
argument.

Hint: Consider the integral equation equivalent form of the corresponding
VP

Du)(t) = Vj(t)uo+/V,-(r—r/)P(u,...,a;u)c,z/)dz/. (9.107)
0
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(v)  Combining (9.103), (9.104) and (9.106) prove Theorem 9.4 with s > 1
and m = 0 (no weight) in the case where

P=P,...,07 "u (9.108)

with P : R* — R being a polynomial such that

[y
P(x) = Zaax“. (9.109)

lor|=3
i.e. the nonlinear terms are at least cubic.

Note: Parts (iv) and (v) show that the IVP (9.84) can be solved via contraction
principle in H*(R) (without weight) with s > 1 if either

i P = Pu,..., B{u) with P as in (9.85), i.e., the nonlinear terms are at least
quadratic or '
(i) P = Pu,...,d" 'u) with P asin (9.108) and (9.109).

This is optimal. More precisely, it was established in [Pd] that the IVP (9.84)

cannot be solved in H*(R) for any s > 0 with an argument based solely on the
. . . 2j=1, 2

contraction principle if P = 9;"  (u”).

9.18 (Cole-Hopf transformation) Let w = w(x, t) be a positive C3-solution of the
heat equation

dw=23>w, (9.110)

i) x eR, t > 0.Prove that u(x,t) = —2d,(Inw(x, t)) satisfies the viscous
Burgers’ equation (7.105).

(i) Prove that if u = wu(x,t) is a CZ?-solution of the viscous Burg-

ers’ equation (7.105) with u € L®MR* : L'(R)), then w(x,t) =
exp (—% j{ u(s,t) ds) is a positive solution of the heat equation (9.110).
9.19 (i) [BM] Consider the logarithmic Schrodinger equation
idu+ Au+ulnu®*=0,x e R",t € R. 9.111)
(a) Prove that g(x) = 7 /4 ¢~1I°/2 satisfies the elliptic equation
—Ap — ¢ Ing? = n(1 + In /7)e. (9.112)
(b) Prove that

u(x, 1) = e "INV ()

is a (standing wave) solution of (9.111).
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(i) [JP] Consider the logarithmic Korteweg-de Vries equation
8,u+8$u+8x(uln|u|)=0, (9.113)

x,t € R.
Prove that for any ¢, € R

u(x,t) = eC\/Eef("*”*"‘)z/4

is a (Gaussian solitary wave) solution of (9.113).

9.20 [X] Consider the Burgers-Korteweg-de Vries equation
du 4 udu — B d%u+ adu =0, (9.114)

o, B>0,xeR, t>0.
(i)  Prove that for 8 = 0 the equation (9.114) has a traveling wave solution of
the form u.(x,t) = ¢p.(x — ct), ¢ > 0, with

Jc
(x)=3 h?(—~—x).
¢c(x) csec (Zﬁx)
(i) Prove that for « = 0 the equation (9.114) has a traveling wave solution of
the form
Mc(xvt):C_(pC(x_0t)9 C>Oy
with

¢.(x) = Bc tanh (%x) .

(iii)) Check that if @, B > 0, then the equation (9.114) has traveling wave
solutions of the form

1
uc(x,1) = =csech’(

5 Ve(x Fet)) — ¢ tanh (

! ;\/E(x ct)) +c
240 240 +

. _ 6;‘32
with ¢ = 355 > 0.



Chapter 10
General Quasilinear Schrodinger Equation

10.1 The General Quasilinear Schrodinger Equation

In this chapter, we shall study the local solvability of the initial value problem (IVP)
associated with the general quasilinear Schrodinger equation:

Ou =iaj(x,t,u,u, Viu, Vilt) BfJ,Xku
+bji (e, t,u,it, Viu, Viit) 7
+E>(x, t,u,u, Veu, Viit) - Vyiu
55 (x, 1, 1, i, Vitt, Vi) - Vi
+er(x, t,u, ) u~+ cp(x, tu, i)+ f(x,t),

u(x,0) = up(x)

(10.1)

(using summation convention).

One may think of this equation as a nonlinear Schrddinger equation, where the
operator modeling the dispersion relation is nonisotropic and depends also on the
unknown function, its conjugate, and its space gradient.

Equations of this form arise in several fields of physics (plasma, fluids, classical
and quantum ferromagnetic, laser theory, etc.)

A well-studied model is

du = iAu—2iuh’'(|u)®) Ah(u|*) + iug(jul®), (10.2)

where h and g are given functions, n > 1. When n = 1,2, 3, Bouard, Hayashi and
Saut [BHS] proved local well-posedness of the associated IVP in H%(R"), for small
data. This was extended by Colin [C]] to data of arbitrary size in H*(R"), s > s(n)
for all n.

Problems of this type also arise in Kihler geometry, where the “Schrodinger flow”
is defined as follows:

Let (M, g) be aRiemannian manifold and (N, J, h) be a complete Kéhler manifold
with complex structure J and Kéhler metric 4. Then given

uy: M— N (10.3)

© Springer-Verlag New York 2015 249
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one seeks for

u: Mx[0,T]— N (10.4)
such that
du = J(u(x, 1)) - T(u(x, 1)), (10.5)
u(x,0) = up(x),
where t(u) the tension field of u is given in local coordinates by
: ouP dur
13 o k po

where I'g’, represents the Christoffel symbol for the target manifold N. These systems
have been studied in [DW], [CSU], [MG], [NSU], [NSVZ], among others. For the
minimal regularity problem, i.e., to determinate the minimal Sobolev index that
guaranties (local or global) well-posedness see [IK2], [BIK] and references therein.

Before considering nonlinear models, it is convenient to study the IVP for the
linear equation involving first-order terms. More precisely, we review the results
mentioned at the end of Chapter 4. This will be helpful in understanding the hy-
potheses and the arguments of the proof of the nonlinear result to be discussed later
in this chapter.

Consider the linear IVP,

. —
{Btu:lAu-I— b (x)- Vu+du+ fx,0), (10.7)

u(x,0) = up(x) € L*(R"),

x € R", 1 € R, with A = 9,(a;x(x)dy,) a second-order elliptic operator, D =
(bi,....by), bj R~ C,j=12,...,n,and f € CR: L*(R™)). To simplify
the exposition, assume b; € C°(R") and f = 0. Concerning the L?-local well-
posedness of (10.7) one has:

(i) If b = b(x)isareal-valued function, the result follows by integrating by parts.

(i) Ifn=>1,aj(x)=24,ie, A= Aandb;(x) =ico, co € R for some j, then
problem (10.7) is ill-posed.

(iii) If n=1and A = 32, define v = ¢ u, with ¢ real-valued to be determined (¢
and 1/¢ bounded) so

dx
8,v=i3fv+i<2 ¢
¢

+ZIm b(x)) 0,V + Re b(x)o,v
(10.8)

+ terms of order zero inv.

Then to eliminate the term which cannot be handled by integration by parts
one takes

X

Ingp(x) = —% /Im b(s)ds. (10.9)
0
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In [Tal], Takeuchi proved in case, n = 1 and A = 8)?, and general b(-) in
(10.7), that the condition

l
sup ‘/ Im b(s)ds‘ < 00
leR o

is sufficient for the Lz-well—posedness of (10.7). R
(iv) Ifn>2,and A = A one can reapply the argument above to find ¢ = ¢(x, §),
& e S"=1, which should solve the equation

2% +Tm B (x)=0. (10.10)

Hence, if © = In ¢,

20u=—Im b (x)-&  forall £eS"",

Thus,

0
M(x,?):—% / Im B (x+sE)-Eds, £eS, (10.11)

and

~ 7% }) Im _b)(x+s§)~§ds ~ .
P(x,6)=e - , &eS'. (10.12)

In [Mz], Mizohata showed that if » > 1 and A = A, the condition

l

sup sup /Im bj(x—i—sg)ds < 00 (10.13)
Eesn—1 xeR?
leR

is necessary for the L?-local well-posedness (10.7). Notice that (10.11) is an
integrability condition on the coefficients 7 = (by,...,b,) of the first-order
term along the bicharacteristics.

(v) Considernow n > 1 and A = 09,;(ajk(x)dy - ) a general elliptic operator
(see (3.25)). In this case, we apply an invertible pseudo-differential operator
C(x, D) with real symbol c(x, £) to the equation in (10.7) to get

9,C =iACu+i[C;Alu+iC(Im B (x)-Vu)+Re b (x)- VCu

+ terms of order zero in # and Cu. (10.14)
To cancel the bad first-order term one solves the equation:

i[C;Al+iCTm B (x)-V) =0, (10.15)
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up to operators of order zero. So, using their symbols one has

{e(x, £);a(x, €)} + c(x, EYIm b (x) - € = —Hy(c) + c(x, )Im b (x) - £ =0,

i.e., (see Lemma 3.1),

ic(X(s,)c,E),E(s,x,ﬁ;)) = (10.16)
ds
c(X(s,x,8), E(s,x,E)Im ?(X(s,x, &) E(s,x,§).
Therefore,

0
[ Im T (X(s.x,£))-E(s,x.6)ds
c(x,8) = e ,

where s — (X(s,x,&)), E(s, x,&)) is the bicharacteristic flow associated to
the symbol of A (see (3.28)).

In [I], Ichinose extended the Mizohata condition (10.13) to the case of elliptic
variable coefficients deducing that

l

sup sup /Im bi(X(s,x,&) - Ej(s,x,€)ds| < o0 (10.17)
geS"—IXGR"
leR

is a necessary condition for the L2-well-posedness of (10.7).

Notice that the notion of nontrapping for the bicharacteristic flow associated
to the symbol of A is essential for (10.17) to hold even for b; € C{°(R").
Also, asymptotic flatness conditions in the coefficients a j; (x) (see for instance
(4.66)) guarantee an appropriate behavior at infinity of the bicharacteristic
flow.

Returning to the nonlinear problem consider the case of the Schrédinger equation,
with the constant coefficients semilinear case, i.e.,

dqu=ilAu+ f(ui,Veu, Voit),  xeR" (10.18)

If f is smooth, integration by parts yields the estimate

‘Z /8)‘;‘f(u,ﬁ,qu, Veddudx| < c(1+ [ull?,) ul,, (10.19)

le<s R

forany u € H**'(R"), s > n/2+ 1, and p = p(f) € Z*, then energy estimates
lead to the desired local well-posedness.

Another technique used to overcome the “loss of derivatives” introduced by the
nonlinearity f in (10.18) involving V,u relies on an analytic function approach (see
[H5]).
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Local well-posedness for small data and general smooth function f : C*"*2 > C
was established by Kenig, Ponce and Vega [KPV3]. In [KPV3], the authors consider
the integral equation associated to (10.18):

t
u(t) = e ug + / 8 fu, i, Vo, Vi)t dt’ (10.20)
0

and use the inhomogeneous version of the local smoothing effect (see (4.30)) of the
group {4} ie.,
t

H VX/\ei(tff/)Ag(t/)dt/

0

<c 12 s 10.21
(LA 0uxIOTT) — ”g”Ka(L (Qu x[0,T]) ( )

(where the {Q,}, is the family of unit cubes with disjoint interiors such that UQ,, =

R"), to overcome the “loss of derivatives” introduced by the nonlinearity f(-) in
(10.18), which depends up to first-order derivatives of the unknown. Briefly, one
needs to estimate u in the KEO(LZ( Q. % [0, T]))-norm, which cannot be made “small”
by taking 7 — 0, so it is here where the conditions on the size of the data appear.

The smallness assumption on the data was removed by Hayashi and Ozawa [HO]
in the one-dimensional case (n = 1). To do so they introduced a change of variables.
To illustrate their argument, let us consider the equation:

du = i0%u + ud u + ud, it. (10.22)

When performing standard energy estimates, one sees that the “bad” term in (10.22)
is u dyu, i.e., the one involving d,u. This term cannot be handled by integration by
parts except when it has a real coefficient, for instance, |u|2 d.u. Hence, the idea is to
eliminate it. First, take the derivatives of (10.22) up to order 3, and use the notation
d{u = uj4 to rewrite equation (10.22) as the system:

oy = iaful + uyur + ujus,
0ty = iafuz + up up + uy uz + oy + Uiz,
o uz = i83u3 + 3uouz + uy ug + uztty + 2uruz+ uylig,

. 2 - - -
Ojusy = 10 us~+ w1 0xus + ui0yits + Quy, uty, . .., Us, Us).

(10.23)

The first three equations in (10.23) are semilinear as well as the term Q(-) in the
fourth one. One then considers “u4 ¢ instead of “u3” with ¢ to be determined.

So we substitute uy by ¢! (uy ¢) except in the main part of the fourth equation,
i.e.,

Qg = i0%uy + wy deuty + uy d,ily. (10.24)
Here, multiplying by ¢ we rewrite (10.24) as

0 (g §) — usdyp =107 (us ) — 2005ty dep — ing 07 + uy p d,us (10.25)



254 10 General Quasilinear Schrodinger Equation

+ o w0z d)+ pur(uz oG .

We now choose ¢ to eliminate the terms involving 9, uy, i.e.,

—200, Uy 0y + Uy ¢ 0ty =0 or —2i0,p4+u ¢ =0, (10.26)
that is,
i X
d(x,1) = exp ( —3 / ul(e,t)de). (10.27)
0

In the new variables (uy, uy, u3, us ¢) for the system (10.23), the standard energy
estimates can be performed to obtain the desired local existence and uniqueness
result.

Later, Chihara [Ch2] removed the smallness assumption on the data in any di-
mension. The change of variables used in [HO] in higher dimensions leads to an
“exotic” class of pseudodifferential operators (y.d.o.) studied by Craig, Kappeler
and Strauss [CKS].

Consider the symbol in (10.11), i.e.,

0
1 — 3 3
u(x,%‘)=—§£ Im b(x—i—s'é—')-gds (10.28)

with £ € R”, and D = (bi,...,by), bj € Ci°(R™). One has that for |§] > 1

000 1(x,6)| < cap (VNEIT Ve B e @), (10.29)

where (x)? =1+ |x|>.

Roughly speaking, the function space for the local well-posedness was H*(R"),
s > s(n) in the case where f is at least cubic, and where it was F;;, = H*(R") N
L%(|x|"dx), s > s(n) when f is just quadratic. This is a clear necessary condition
in the light of the integrability (10.12).

In [KPV3], Kenig, Ponce and Vega showed that this local result can be proved by
a Picard iteration, so the mapping data solution, uy > u, is not only continuous but
also analytic. A crucial step in this proof was to establish a “local smoothing” effect

(see 4.23) for solutions of (10.18), i.e., if ug € H*(R"), then
; 1
f/ wr | AT 2y(x, 1))? dx dr < oo, (10.30)
X
0

where (x)2 = (1 + |x|*)!/? and A® = (I — A)*/? is the operator with symbol (£)*.
This might seem like a technical device but Molinet, Saut and Tzvetkov [MST3]
showed that for the IVP:

[B,uziafu—i—uaxu, (1031)

u(x,0) = up(x)
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the map data-solution, ug > u, cannot be C2 at uy = 0 for uq in any Sobolev space
H*(R). Hence, in order to use Picard iteration, the weights are needed.

Returning to our IVP (10.1), we have that in the one-dimensional case (n = 1)
Poppenberg [Pp] established local well-posedness for coefficients independent of
(x,t) under the following conditions:

Ellipticity. a(-) is real-valued and for |(z1,22,23,24)] < R, there exists A(R) > 0
such that

a(z1,22,23,24) — |b(21, 22,23, 24)| = A(R). (10.32)

Degree of nonlinearity:

d,a(0,0,0,0) = 9,5(0,0,0,0) =0,

0 ) (10.33)
b1, by vanishing quadratically at (0,0, 0,0).

Poppenberg showed local well-posedness in H*(R) = ‘ﬂOH S(R). His proof is based

on the Nash—Moser techniques.

In [LmPo], Lim and Ponce showed, in the (x, #)-dependent setting, that under Pop-
penberg’s hypotheses one has local well-posednessin H*(R), s > sy, so large enough,
and if by, b, vanish linearly at (0, 0, 0, 0) and 9,a(0,0,0,0) # 0 or 9,5 (0,0,0,0) # 0
in the weighted space F,, = H*(R) N L2(Jx|™ dx).

To clarify the elliptic condition notice that when b = 0, this is the usual condition
and in general, it says that 32u “dominates” 2. This is certainly needed, as Exercise
4.14 shows.

Moreover, if the nontrapping condition fails dramatically, i.e., all orbits are peri-
odic, ill-posedness in semilinear problems occurs, as Chihara [Ch3] has shown. He
proved that for the IVP,

(10.34)
u(x,0) = uo(x),

{8,14 = iAu+div (G (),
x € T",t € [0, T], where ﬁ =(Gy,...,G,) # 0, G; holomorphic, is ill-posed on
any Sobolev space H*(T").

Now we turn to the positive results in [KPV10] concerning the local well-
posedness of the IVP (10.1). To simplify the exposition, we shall consider only
the case bj; = 0.

We shall assume the following:

(H1) Ellipticity. Given M > 0 there exists y); > 0 such that
(ajp(x,t, T )EE) > yy VEeR", forall 7 e C*? (10.35)

with | 7| < M.
(H2) Asymptotic flatness. There exists ¢ > 0 such that for any (x,7) € R" x R,
c
18y ajiCe,t, 0] + 102, apx,t, 0)] < —, (10.36)

(x)
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where! =0,1,...,n,r =1,...,n with 9,;, = 0;.
(H3) Growth of the first-order coefficients. There exist ¢, c; > 0 such that for any
x € R" and (x,1) € R" x R,
c
(x)?’

B (x,0, 0) < ——=, 13, by(x,0, 0)| <

<c>2, m=12 (1037
X

(H4) Regularity. Forany N € Nand M > 0 the coefficients a j, b1, Dy .c1.coare
in
CYR" xR x (| T] < M)).

(HS5) Nontrapping condition. The data uy € H*(R"), s > n/2 + 2, are such that
the Hamiltonian flow Hj,,) associated to the symbol

h(uo) = huy(x,8) = —ai(x, 0, ug, ito, Vg, Vitg)§; & (10.38)

is nontrapping.
The main result in this chapter is the following theorem:

Theorem 10.1. Under the hypotheses (H1) — (H4) there exists N = N(n) € Z*
such that for any up € H*(R") with

(x)?9%up € LAR"),  la| <51,
and
feLl'(R:HR") and (x)?3°f e L'R: L*R"), |a| <si,

where s, s1 € Zt with sy > n/2+7, s = max{s; +4, N + n + 3} and uy satisfying
the hypothesis (H5). There exists Ty > 0 depending only on

luollsa + D 11(x)* 8% upll>

le|<s
N o (10.39)
4 / fOhadi+ X [ 16202 £(0)lade = 2.,
|a|<si

so that the IVP (10.1) is locally well-posed in [0, Ty) with the solution:
ue C([0, Tl : H'(R"), (x)*3%ue C(0,Tp]: L*R")

for || < s1.
Remark 10.1.
(i)  Whenn = 1, the ellipticity hypothesis (H1) implies the nontrapping one (H5).
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(i)  One can also prove that the solution possesses the “local smoothing” effect
A2y e L2(R" x [0, To] @ (x) "2 dx dt).

(iii) In the above statements, (x)? can be replaced by (x)'*¢, € > 0.

(iv) Koch and Tataru [KTal] have noticed that the map data-solution, uy — u, is
not C?, hence the result in Theorem 10.1 cannot be established by using only
Picard iteration.

(v)  The proof of this theorem is based in the so-called artificial viscosity method,
which was explained in details in Chapter 9 (Section 9.4).

(vi) The proof sketched below only uses classical pseudodifferential operators.

To apply the “artificial viscosity method,” we first consider the [VP:

B = —€ Au+iap(x,0) 02 u+ By (x,1) - Vu+ b (x,1) - Vit

+ci1(x,Hu + co(x, Hu + f(x,1), (10.40)
u(x,0) = up(x)
under the following assumptions:
(H;1) Ellipticity. A(x,t) = (a jk(x,t))’}!kzl is a real symmetric matrix and there

exists y € (0, 1) such that for any £ € R” and (x,7) € R" x [0, 00),

VIEP < (A(x,0)E,8) <y g (10.41)

(H;2) Asymptotic flatness. There exists ¢ > 0 such that forany (x, ¢) € R" x [0, 00),

Cc
|0 @ji (e, D] + 197, aju(x, 1) < o (10.42)

withl =0,1,...,n, r =1,...,n,and d,, = 0;.

(H;3) Growth of the first-order coefficients. There exists ¢ > 0 such that

| Zm By (x,0)] + | Zm 8, B, (x,1)] < @ (10.43)

for all (x,t) € R" x [0, 00).
(H;4) Regularity. The coefficients aji, by, baj, c1, ¢2 are in CéV(R” x [0, 00))
with E) = (bi1,...,bn), 1 =1,2,for N = N(n) sufficiently large.

(H;5) Nontrapping condition. Let Ag(x) = A(x,0)=(a,(x, 0)2 ;
j’ =

h(x,§) = —a;i(x,0)§;5k, (10.44)

and Hj, be the corresponding Hamiltonian flow. Then H}, is nontrapping.
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The following a priori estimate for solutions of the linear IVP (10.40) is the key in
the proof of the nonlinear result for the IVP (10.1), Theorem 10.1.

Lemma 10.1. Under the hypotheses (H;1)—(H;5) above there exist N = N(n), ¢
and Ty > 0 (depending both cy, Ty on the nontrapping condition (H;5) and on the
coefficients att = 0), so that for any T € (0, Ty) and any € € (0, 1) we have that the
solution of (10.40) satisfies

T 12
supo<,<7 I u(t)ll2 + /(X)_2|A1/2u|2dx dt
0
(10.45)
T 1/2
<co | lluoll> + f(x>2|/r1/2 f(x, 0> dx dt ,
0
and
T 1/2
supg<, <7 llu(®)ll2 + /(x>*2|A‘/2u|2dx dt
0
2 (10.46)

T
< co | ol + /If(x,t)lzdxdt
0

In fact, the constant ¢y depends on_l;f on the nontrapping condition for A(x, §) (H;5),

on the bounds at t = 0 of ()c)2 bj(x,0), j = 1,2, and on size estimates for the

coefficients and their derivatives at ¢+ = 0. Thus, in the nonlinear case, ¢y depends

only on the data uy. Assuming the resultin Lemma 10.1, we shall prove Theorem 10.1.
We introduce the notations (v = v(x, t), u = u(x,t)) for

LOu = iaj(x,t,v,v, Vv, Vi) afjxku

4 By (X, 1,0, 5, Vv, Vi) - Vi + s (x,£,v, 5, Vv, V¥) - Vi (10.47)

+ i, t,v,V)u+ co(x, t,v,v)u,

Xrmy = {v: R" x[0,T] — C|v e C(0,T]: H*(R")),

(10.48)
(x)20%v € C([0, T] : LAR™), la| < 51, v(x,0) = up(x)},
with the norm
Ivily = [SOHP] v(Olls2 + Z sup [|{x)* 3v(t)[l2 < M. (10.49)
T

loe| <s1
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For u € X7 u,, we study the linear IVP:

v =—e A%+ L+ f(x,1), €€ (0,1) (10.50)
v(x,0) = up(x),
and its integral equation version
t
W(t) = e Ay + / e~ =2 Ly + )P dr . (10.51)

0

One defines the operator @ (u)(¢) as the right-hand side of (10.51). Using that

et A2 a2 1
le™ " gll2 < ligll2 and [Ae™ 4 gll, < pRYERYES llgll2,

it is easy to check that the operator @(-) is a contraction on X7, y, with 7, = O(e).
One needs standard commutator identities to estimate the weighted norms in X7 .
Thus, there exists u¢ € X7, u, (the fixed point of @) solution of the IVP:

Qu=—€ A’u+ Luwu+ f(x,1), € e€(0,1),

(10.52)
u(x,0) = up(x),

on the time interval [0, T,].

Now we will use Lemma 10.1 to extend all solutions {u€}c¢(o,1) to the time interval
[0, Tp] with Ty independent of € € (0, 1), with [|u€ ||, uniformly bounded.

The first step is to show that if ||u¢|l; < My = 20cp A (see (10.39)), the co-
efficients of the linear equation for APyE = (I — AY"uf, 2m < s, and x,2 APy
with 2m < s (assuming s, s; even integers) can be written so that tge constants in
(H;1)—(H;5) are uniform for all these equations in a time interval [0, 7] independent
of €.

The equations for A?"u¢ are obtained by applying the operator A>" to the
equation (10.52), which can be written as

AU = — € APAY U+ i Lo () AP u (10.53)
+ Fom(x, 1, (3P u) g<am—1, (3P ) g<am—1)+ AP f(x,1),
where

Low)y =iaj(x,t,u,u, Vu, Vﬁ)&gl_“v
+b2m,2,j(-x,ts(8ﬁu)\ﬂ\§2m71’(aﬁﬁ)lﬁ\sﬁnfl)Rja)rjv
+ Do (1, 3P U) 1 <am1, (0P 0) g1 <2m—1) R; 0,9 (10.54)
+ c1am(x, 1, (3P 1) g1 <2m—1, (3P 1) g1 <2m—1) Rom1 v

+ C20m (%, 1, (3P 1) g1 <2m—1, (3P 18) g1 <2m—1) Rom 2 Vs
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where R;, ﬁj, Ry 1, Roymp are y.d.o. of order zero.

We observe that the principal part of L5, (u) is independent of m. Moreover, the
first-order coefficients by, 1,;, bam2,j depend on 2m as a multiplicative constant, and
on the original coefficients a , FT, E) and their first derivatives and they verify the
asymptotic flatness assumptions (H;2). The term f5,,(-) involves derivatives that have
been previously estimated in L‘}OLJ%, and so putting it on the right-hand side in the
L} L2-norm they appear with a factor 7 in front.

Similar remarks hold for the equation for x7A®" u after using some simple
commutator identities.

Collecting this information, we can also show that there exists a Q(-) increasing
function such that, for any @ € X7 p, with T > 0 solution of the IVP (10.52),

sup D Ilx)?08 ol < Q(Mo) (10.55)
[0.T]
la|<s1—4

holds.
All these facts will allow us to apply Lemma 10.1 to get the a priori estimate

lusll < co(h + T R(Mo)) < My/4 (10.56)

for T small, but uniform in €, where R(-) is a fixed increasing function. Thus, we
can reapply the local existence theorem (originally on [0, 7¢]) to extend the local
solution u€ to the time interval [0, T'], with

llufll < My = 20co A. (10.57)

Once (10.57) has been established (as in the viscosity method for the BO explained
in Chapter 9), we consider the equation for the difference u¢ — ue/, € >¢€ >0,
and reapply the argument to obtain the existence as € — 0 and the uniqueness of
the solution. The continuous dependence is based on Bona—Smith regularization
argument [BS] (see Step 5 in the proof of Theorem 9.2).

Now we turn our attention to the proof of Lemma 10.1. One of the main ingredients
in the proof is the following lemma due to Doi [Dol].

Lemma 10.2 [Dol]. Assume that h in (10.38) verifies the assumptions (H;5) (non-
trapping), (H/4) (regularity) and (H;2) (asymptotic flatness). Then, there exists a
real-valued zeroth-order classical symbol p € SO (see (3.18)) whose seminorm is
bounded in terms of the “nontrapping character” of h, the ellipticity constant y in
(H;1), and the bound for the smoothness norm att = 0, ¢y, and a constant 8 € (0, 1)
(with the same dependence) such that

B §l 1
Hyp={h p} =B — — (10.58)

(x)2 B
forall (x,&) e R" x R.

Remark 10.2. The seminorm bounds for the symbol p and the constant 8 above are
the quantitative way in which the “nontrapping” character of /& enters into the proof.
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‘We recall that
H, p=1{h, p} = 85jh 0y, P — 8xjh g, p- (10.59)

Observe that, if & is only “approximately nontrapping” and we use the p cor-
responding to H,, for Hj;, we get a lower bound of H; p by BIE|/2(x)? —

2/B.
To apply Doi’s lemma, we need the sharp Garding inequality (see [Ho2]).

Lemma 10.3 (Sharp Garding’s inequality). Let ¢ € S' be a classical symbol
of order 1 such that Re q(x,&) > 0 for |&| > R, then there exist jo = jo(n) and
¢ = c(n, R) such that

Re Wy f. f) = —cllgl{ I £1, (10.60)

where W, denotes the yr.d.o. with symbol q, i.e.,

%ﬂm=/&%u@ﬂ@@. (10.61)

Assuming Lemmas 10.2 and 10.3 we shall divide the proof of Lemma 10.1 into
several steps.

Step 1. Write equation (10.40) as a system. Using

W: I:t 5 ?: f s W}0: s

u f i
one has the system

9W = —€eAIW+(H+B+O)W+ T,
W(X,O) = W>O(X)s

where

L 0 cp ¢

H = , C = , (10.62)
0 L Cy C1
— —
by -V by -V B B

B=|— = S e (10.63)
b, -V b -V By By

and £ = ia(x,1)0?

XjXk®

Step 2. Diagonalization of the first-order terms. (To simplify the exposition take
€ =0).
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Notice that £ is elliptic, with ellipticity constant y/2 for ¢+ € [0,T] for T
sufficiently small since

aj(x, DEE = ajr(x, 00& ;& + [ajk(x, 1) — aj(x, 0)&;& > yI&E|* — c TIE)?

(10.64)
(by using the bound of 9,a;(x, ) in (H;2)).
This type of argument shall be used repeatedly.
Next we write
By O 0 Bp
B = Bdiag + Banti = + . (1065)
0 Bxn By O
Our goal is to eliminate B,,;. To do this we set
. Si2
A=1-S, with S=
S 0
where S),, Sp; are vr.d.o. of order —1 to be determined.
We want to write the system in the new variable
T =AW (10.66)

for an appropriate choice of S, so that B,,; is eliminated.

We will use that S is a matrix of .d.o. of order —1, to have that A is invertible
in L? and so the estimates on 7 are equivalent to the estimates on W .

We calculate

L 0 L 0
A—A

0 —-L 0 —-L
_ L 0 0 S . 0 S L 0
0 —-L S O S71 0 0 —-L
_ 0 —LS1,— S L
LS+ S L 0
Since
|h(x, &) = laji(x,DE&| > yIE]* for |&] > R (10.67)

A

uniformly in ¢, choosing ¢ € C3°(R") with ¢(y) = 1if |y| 1 and ¢(y) = 0 if

|y| > 2 we define

hix,1,8) = (h(x, €))7 (1 — p(&/R)) (10.68)
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and £ = ¥;, i.e., the ¥.d.o. of order —2 with symbol 7. Notice that
LL=1+W, (10.69)

with £; € S~! (uniformly in ¢). Define

1 ~ 1 ~
S = 3 iBp L, S = —zile L (10.70)
and
0 S
S = . (10.71)
S 0

Notice that the entries of S are ¥.d.o of order —1, whose SY seminorms tend to zero
as R 1 oo (see (10.68)). Thus, for R large enough A is invertible in H*({x)? dx),
H*({x)~2dx), and H*(R") with operator norm in the interval (1/2,2). Also if A™!
denotes the inverse of A, the entries of A~! are 1.d.o. of order zero.

Finally, from our construction

—LSp—SpL=-B der 0,
12 12 12 + order (10.72)
L S21 — Sg] L= —le + order 0.
We then observe that
ABdiag ={-29) Bdiag = Bdiag -5 Bdiag
= Biagg A + Biiag S — S Baiag (10.73)
= BdiagA + [(Bdiag S-S Bdiag)A_l] A,

(notice that [ - ] is an operator of order zero).
Similarly,

A Bunii = Banii A + C A, (10.74)

by (10.70), (10.71), (10.72) with C a matrix of ¥.d.o. of order zero.
Thus, our system in 70 = AW becomes

%7 =iHZ +Buag T +CZ + 7,

10.75
2,0 = T (), (10.73)
where g = A?, Zo = AWy, H, By, as before with By = E) -V,

By, = E) -V and C is a matrix of ¥ .d.o. of order zero whose symbols have
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seminorm estimates controlled by ¢ (not c).

Step 3. Energy estimates for a “gauged” system. We recall that £ = a i (x, ) ijXk
has symbol a;i(x, ) § &, and our “nontrapping” assumption is on

h(x,&) = aji(x,0)§&. (10.76)
Let p € S be the symbol associated to / as in Lemma 10.2 so that
Hyp={hp = fpit L
(x)* B
Let
hl(x’t"i:)Zajk(-x’t)gjsk° (1077)
So
ohy op  0hy dp
mP= o T Al Ae
0§ dx;  dx; 3§
oh dp doh dp 9 ap
—_— - = . ) —a; ’0 — (& -
98 7, am 9 + (@ji(x,1) — ajr(x ))351 (&80 o
d ap
- (a—xl( jk(x,t) — ajk(x,O)))éjEka—El.
Thus, by “asymptotic flatness,” assumption (H;2), we see that for small T
B1El 2
Hyp=z——5—2, 10.78
"R (107

for the same p. We now consider the v.d.o. of order 0, ¥,,, whose symbol is
eMPED for an M large to be determined depending only on ¢y, and the “nontrapping
character.” Notice that the seminorms of r; depend only on c;, and the nontrapping
character: it is elliptic. The same holds for lI/rl’l (modulo order —2 errors). Also

2M
Hy, ri = M(Hp, P)ﬁZ{MéE—l—— r (10.79)

2 (x)2 B
and that modulo Oth-order operators the symbol of i {L¥, — ¥, L} = Hj, ry, for
each t.
We also consider ¥,,, whose symbol is e =P($) 50 that symbol-wise we have
B 1§l 2M

iw%—wun=mm=—Mummm§{M55§—?ﬁm.

Now we define
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and obtain a new system for @, in which for M chosen appropriately we will be
able to perform energy estimates. For simplicity, let

v, 0
v =
0 v,
We want to obtain the system for o
i YL —-LY, 0
i{(YH—-HY} =i
0 LY, -, L
Yy 0
I + Oth order.
0 YHy, 1

Recalling that —H,, vy = —M(Hp, p)r1, Hy, r» = —M(H}p,, p) r2, and using that

Yy 0 —MVY, 0 v, 0
Hiy = Hi ! + Oth order
0 Yy, ry 0 —MPy, p 0 v,
we get
. MWy, » 0
i{WH—- HY} = ¥ + Oth order.
0 MYy, »
gl
Next,
¥ Bjiag = Y + (Oth order
and

U C=wWcyhHy.

Thus, the system for @ is:

WH}:] p O
0 Yu,,

3@ =iHT + Buiag @ — M @ +CT + F,

@ (x,0) = @ (x),
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where @ = W7 and F = wg. It suffices to find M (see definition of %)
depending only on ¢; and the nontrapping character so that we can estimate & . To
do this we consider

(7,?> = / a1 B + o fs

and calculate
d

(@) =i[(H&, @) = (@ H)] + (Biiag @, @) + (W Buiag @)

i ) (Y, )7

lI/th P l[/th P

(T, @)+ (@, CT)+(F, @)+ (@, F)
=i[(H&, @) — (&, H&)| +2Re (Byiag @, @)

—2MRe<(lth‘p 0 )7,7>+2Re<c7,7>
0 lI/thp

+2Re (F,@).

We recall that
L 0
H = s
0o —-L

L= aj(x, 00}, =y, (@j(x,0dy) — dy,a(x,0dy, = Lo — B (x,1)- V.

with

So

i[(Ha, @) — (a0, H&)| =i[(H&, @) — (&, Hya)]
F (D300, 0) - VT, @)+ (T, —i(B3 (x,1) - V)
=[(H®@, @) — (&, Hy&)] +2Re (B, , @, ),

where

Lo 0 1 ibs(x,1)-V 0
HO = ’ Bdiag = -— :
0 —Lo 0 —i B3 (x,1)- V

Note that our asymptotic flatness assumption implies that

~ 1 By 0
Bdiag = Bdiag + Bdiag = 0 E >
11,
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where the symbols of B ij» 1 = 1,2 satisfy

~ €]
|81Bjj(-x’t,§)| SCW7
and
~ €]
|Bjj(x,0,8)| < Clw-

As a consequence, for ¢t small (depending on ¢) we have that

~ €]
|Bjj(x,t,8)] < ZCIW’
and
d
- (@, @) =il[(Ho, @) — (&, H@)]
+ Re (Ediagﬁ,ﬁ)—ZMRe< Vit p 0 7,7>
0 Yhy, p
+2Re (C&, &) +2Re (7,7). (10.80)

Now it is easy to see that
<H07, 7) - (7,1‘107) =0.
For the next two terms in (10.80), we get

Re (Ellal,al) - M (lI/thpotl,az) + similar terms in «5.

We recall that
> £
[B11(x,2,8)| < ¢ e
and
B 1El 2
Hyp>5 2o =2
2 (x> B
We now choose M so large such that
> z (§)
MHh[ )4 :t Bll(-x’t9§) S /3 _13 W’

then the sharp Garding inequality (Lemma 10.3) gives

Re (Bhai.an) — M Re (W, parar) < cllagll3 — (W56 210 1)
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Using that
—5 Yew) + Ve

with eg of order O,
W ) = GAV2A,

and

with e} of order 0, we see that

A2 2
W5 ) e 1) / e+ 0.
So we pick fy € [0, T] such that

1
I ()3 = 5 sup I W3,
[0,7]

to get that
| to d
sup IIW(t)Ilerﬁ/ / r)dxdrszf ST d+ 2T
[0,T]
0

<c /II7||2d1+2/ IF 120@ 12 de + 21135 113

= CT sup II7(t)II2+25uP @ ®l3 / IF Il dr + 2115 13,

[0,T]

which, upon choosing CT < 1/2 yields the desired estimate (10.46).

10.2 Comments

The main result in this chapter, Theorem 10.1, was obtained in [KPV10]. As it was
seen, the proof is based on the artificial viscosity method (it cannot be established
by a solely Picard argument; see [KT]) and uses only classical pseudodifferential

operators. In this regard, the ellipticity assumption is crucial.
It was displayed in Chapter 9 that dispersive models of the form

Qu=i(@ 4+ = == D+ fu,it, Veu, Vi)

Xk+1
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arise in the physical (for instance, wave propagation) and in the mathematical context,
for example, related to higher-order models which can be solved by inverse scattering
method.

In [KPV14], local well-posedness of the IVP associated to the equation (10.81)
was obtained. The method of proof, among other arguments, employs pseudodiffer-
ential operators in the Calderén—Vaillancourt class. This approach does not seem to
apply to the variable coefficient class

Oyt = (9 (a(x)dy, ) + (b (x) - Vyu+ (B (x) - V)i 1082)
Fc1(xX)u + co(x)u + f(u,u, Viu, Viit),

where (a i (x)) is a symmetric nondegenerate (invertible) matrix.

The local well-posedness of the IVP associated to equation (10.82) was studied
in the massive work [KPRV1]. For that purpose, a new class of pseudodifferential
operators was introduced, which takes into consideration the “geometry” of the
nonelliptic operator. Under asymptotic flatness hypothesis of the coefficient a i (x),
bij, byj, k,j =1,...,n, and nontrapping assumptions of the bicharacteristic flow
associated to the symbol a j; (x)&x&; it was proved in [KPV 14] that the IVP for (10.82)
is locally well-posed in weighted Sobolev spaces Fy, = H*(R") N L?(|x|* dx) for
large enough values of s,k € Z* (s > k). The results in [KPRV1] were extended
in [KPRV2] to the case where the coefficients a (), by;(-), b2;(-) depend on
(x,t,u,u, Viu,Viu), k,j=1,...,n, and ci(-), ca(-) on (x, 1, u, u).

In [MMTa2] and [MMTa3], the problem of finding the minimal regularity assump-
tions required to guarantee local well-posedness was considered. In these works, the
setting was restricted to the small data regime. In [MMTa2], for the quadratic case, a
translation invariant space was used instead of the weighted one. One should remark
that in the small data case the crucial step in the proof presented here, the use of the
integrating factor, is not necessary. Similarly, in the small data case the nontrapping
condition is not relevant and the proof follows by applying the contraction mapping
principle which cannot be the case for data of arbitrary size (see [KT]).

10.3 Exercises

10.1 Fill out the details of the results discussed in (i)—(v) regarding the IVP (10.7).

10.2 Prove that f = f(u,u,Vu), n > 1, and f = . (ulPu), n = 1, satisfy the
inequality (10.19).

10.3 Assuming that f(u,u, Vu, Vi) satisfies the inequality (10.19), sketch a local
existence proof for the IVP:

ou=1ie Au—+ f(u,u,Vu, Vi),

(10.83)
u(x,0) =up(x) € H*R"), s>n/2+1,
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for € > 0. This shows that under the hypothesis (10.19) the dispersion is not
needed for a local theory.
Consider the IVP:

oru =iAu+ P(u,u,Vu,Vu),

(10.84)
u(x,0) = up(x),

x € R", t € R, where P : C" — C is a polynomial such that
N
PQzx) = Zaa z“.
le|=3

Prove that there exists § > 0 (small) and s > 1 such that for any uy € H*(R)
with 8¢ = ||up||s2 < 8 the IVP (10.84) has a unique solution:

ueC(0,T]: H'®R"Y), D*'V2yuelL?

loc

R* x [0,T]) (10.85)

(with T = T(8p) 1 oo as & | 0) which can be obtained by a fixed-point
argument. Hint: Consider the equivalent integral equation form of the IVP
(10.84) and prove that the operator

t
B,y (W)(1) = € ug + / A P(u, i1, Vi, Vi), 1) di’
0
has a unique fixed point in an appropriate space
X5 — C([0,T]: H*R"))
by using the estimates in Theorems 4.2 and 4.3.
(i) Prove that the symbol in (10.28) for |£| > 1 satisfies the estimate (10.29).
(i) Prove that in addition, for |£| > 1 one has
|(xjdy,)” 829L 1(x, )] < capy (X) &7, (10.86)

y € Z,a, B € (ZY)", where (x) = (1 + |x|2)'/2,



Appendix A
Proof of Theorem 2.8

Definition A.1. For k € 7Z let Q; be the collection of cubes in R” which are
congruent to [0,27%)" and whose vertices lie on the lattice (27¥Z)".
The cubes in

o' =Jx (A1)
keZ

are called the dyadic cubes.

A.4 Proof of Theorem 2.8

As it was mentioned after the statement of Theorem 2.8 it suffices to show that the
operator T, is of weak type (1,1), that is, there exists ¢; > 0 such that for every
feL'R")

sup o [{x € R" : [T, f(O)| > o}l =il flh- (A2)

a>0

To establish (A.2) we need the Calderén-Zygmund decomposition of L!-
functions.

Lemma A.1 (Calderén-Zygmund lemma). Let f € L'(R"). For any o > 0, f
can be decomposed as

f=g+b=g+) b; (A3)
j=1
such that
lgx)] <2"a a.e x € R", (A4)
b; supported in aj, Q; a dyadic cube with /bj dx =0, (A.5)
Qj
© Springer-Verlag New York 2015 271

F. Linares, G. Ponce, Introduction to Nonlinear Dispersive Equations,
Universitext, DOI 10.1007/978-1-4939-2181-2



272 Appendix A Proof of Theorem 2.8

o0
the Q/js are disjoint, Zle| < a”! N fFNs (A.6)
j=1
and
o0
gl + D lbjll <61 f1h- A7)
j=1

Proof. Assume f > 0 (otherwise f = f* — f~ and decompose each part). Since
f € L'(R") there exists / such that |Q|! f fdy < o for any cube of side length /.
Qo

Fix ko € Z such that
29" flly < e

We start with the family of cubes in Qy,. Let Q° be one of them. Divide each side
of Q¥ in two to get 2" new dyadic cubes of side length 2=*0+D_ Let Q' be such a
cube; there are two possibilities:

1
|Q|/fdy<oz or (b)@é]/fdyza

In case (b) one stops the subdivision, noticing that

1 2”
axign [ fav= s [ ray <2 (A8)
o! o

and collecting it in a sequence Q ;.
In case (a) the subdivision process continues. Thus, if x ¢ (_J Q; it follows from
i

the Lebesgue differentiation theorem (Exercise 2.6 (ii)) that

fx)<aae.x cR'\UQ;. (A.9)
J

Finally, we define

0] /fdy ifx € 0,
gx) = 2 (A.10)

f(x) ifx ¢ Qj,

and

bj(x) = (f(x) = g()xo,(x), jeZ", (A.11)



A.4 Proof of Theorem 2.8 273

which yields the result. O
We shall denote by Q7 the cube having the same center as Q; and twice its side
length as

2=U0,; and.Q*:UQj (A.12)
J J
with

121 <Y 1051 =2">" 10, (A.13)
J J

Proof of inequality (A.2). First we notice that using Calder6n—Zygmund lemma

Hx e R" : [T, f(0)| > a}]
<|{x eR" : |T,gx)| > a2} +|{x eR" : |T,, b(x)| > a/2}| (A.14)
<Hx eR" : T g0 > /2 + l{x ¢ 27 : |T, b(x)| > a}| + |27
=E + E)+ Es.

From (A.13) and (A.6) in Calder6n—Zygmung lemma we have that

Ey=|2"<2"Y 10,1 <2 ' fl. (A.15)
J
Tchebychev’s inequality and (A.4) in the Calderén—Zygmund lemma yield

E;

2
||ng||z> N 1

{x e R" : |T, g(x)| > a/2}]| SC( @2 2 (A.16)

c c c
< —lglhligles = =liglh = =l flh-
o o o
Hence, it remains to prove that
Ey=|{x ¢ 2 : |T,,b(x)| > a/2}| < ca™" || f|. (A.17)
It will suffice to show that
/ [T bj(x)dx < cllbjl1, jez". (A.18)
*¢Q;

To establish (A.18) we follow the argument in [BeL].
Let ¢ € CP({& = |&] < 2}), such that ¢(§) = 1 for |§] < 1. Let B(§) =
@(§) — ¢(28). Thus

> BRTE) =1 for £ £0. (A.19)

I=—00
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If my(&) = B(&) m(2'€), then by hypothesis (2.18)

f (1= 2)my(®)? d§ < c. (A.20)
Thus, by Plancherel’s identity using the notation K;(x) = 71;(x), one gets that
/(1 + x| K (x)[*dx < ¢, (A21)
which, combined with the Cauchy—Schwarz inequality yields the estimate
|K,(x)|dx < ¢ R"*75, (A.22)
{x: max [x|>R)

which is a good estimate for R >> 1.
Reapplying the estimates (A.20) and (A.21) for & m; (&) instead of m,;(£) one finds
that

/|VK1(x)|dx < c. (A.23)

Consequently, it follows that

‘ﬁmu+w—muwu<dw (A24)

We observe that as a temperate distribution,

oo oo

K=Y 2"K@x) =) mQ2"x). (A.25)

l=—00 l=—00

Assume that Q; is a cube of side R centered at the origin. From (A.22) one has
that

/ |2”’Kz(21~)>|<bj|dx5/ / 2" K120 = y))IIbj () dxdy
£ 05 Q) x¢0*
< bl / |Ki(o)ldx (A.26)
{x: max |, [>2/ R}
<c@ Ry |bjlh.

Now using that [ b;dy = 0 it follows that

Qj

[ 2 [ koo av (A27)
x¢Qj yeQ;
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- / 2 / (Ki@(x — y)) - Ki(2')) b;(y) dyd.
x¢Q3‘- yeQ;
Therefore, (A.24) yields
/ 12" K;(2") % b;| dx
¢Q;

< / / 21 K2 (x — y)) — Ki20)|1b; ()] dxdy (A28)
YeQ;j x¢ Q7

<c@BlIblh-
Adding in  in (A.26) for 2'R > 1 and in (A.28) for 2'R < 1 one gets that
f | T bj(x)dx < clbjll, (A.29)
x#0;

which completes the proof. m|



Appendix B
Proof of Lemma 4.2

B.1 Proof of Lemma 4.2

Let

2 ={(x,y) €[0,1] x [0, 1]] x <y}=LiJQj,

and

A=1{0;};

(B.1)

(B.2)

where the Q;’s are disjoint dyadic cubes (see Definition A.1) such that if 0 j =

I; x J;, (I}, J; intervals), then

(i) #Q;N{x.x)[xel01]h=1.
(i) #{Q; C £ |lengthsideof Q; =27*} =2¢"1 k e Z*.

Without loss of generality assume || ||, = 1 and define

t
o= [ 1761 ds,
—00
so F : R — [0, 1] is a nondecreasing continuous function.
Notice that if s < t, then either
F(s) < F(t)
or
f=0, a.e. in[s,t].

For I = [a,b] C [0, 1] one has that

F~'([a,b]) = [A, B] with F(A)=a and F(B)=b.

© Springer-Verlag New York 2015
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(B.3)

(B.4)

2717
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Hence
B
/lf(s)|’ds=F(B)—F(A)=b—a, (B.5)
A
and
I N1y = IV (B.6)
Defining
o0 0
B(f.g) = / / K(t.)f (s)g(t) dsd (B.7)
—00—00
and
B(f.g) = / / K(t.5)f(s)g(t) dsdr (B.8)
s<t
it will suffices to see that there exists ¢ > 0 such that
- 1 1
[B(f, ol <clfl-lglr, 7 + 7= L. (B.9)

We take || fl, = llgllr = 1, thus

|B(f,g) = | f / K(t,s)f(s)g(t)dsdt|

= | Z B(xr-10,)f Xp10)8)|
Qj=IjxJ;j
QjE.A

< Y cllfleaaplel g, (B.10)
QA

<c Z(Z_k)l/r Z ||g||L1’(F-1(J,-))

keZ* |Jjl=2-k

<e e g ( Y )Y

kezZ* |Jj1=2"*

<c 2(2—k)1/r(2k—1)1/1.

keZ*

1 1
Since by hypotheses —— + 7 < 0, this finishes the proof. O
r
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