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Preface

“Two roads diverged in a wood, and I-
I took the one less traveled by,

And that has made all the difference.”
from THE ROAD NOT TAKEN

by Robert Frost, 1920.

About the Title

CONVEXITY is one of the most fundamental and multifaceted concepts in math-
ematics. It can be traced back to antiquity, especially to Archimedes of Syracuse
who gave the first precise definitions of convex curve and surface. The thorough
and systematic development of convexity theory began at the dawn of the twentieth
century by the monumental work of Minkowski, and it has been expanding ever
since. At present, this field comprises several subjects. Based on the ideas, methods,
and the arsenal of tools employed, it can be roughly divided into three major areas:
convex geometry, convex analysis, and discrete or combinatorial convexity. Each of
these areas is intricately interconnected with well-established and central subjects
in mathematics such as computational geometry, functional analysis, calculus of
variations, integral geometry, and linear programming.

This diversity is also apparent from the long list of eminent mathematicians who
contributed to convexity theory, and also from the even longer list of applications
beyond mathematics in areas such as econometrics, finance, computer science,
crystallography, physics, and engineering.

MEASURES OF SYMMETRY is a collective name of a wide variety of geometric
and analytic constructions in convex geometry that quantify various concepts of
symmetry for convex sets.

In 1963, in a seminal paper, Branko Griinbaum gave a detailed account on
literally hundreds of interrelated problems on measures of symmetry. Moreover,
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this work is of fundamental importance in that it established a framework of basic
definitions and problems pertaining to this area of convex geometry.

According to his most general and abstract definition, an affine measure of
symmetry is an affine invariant continuous function on the space of all convex bodies
(with a suitable metric topology). In addition, he also required that the minimum
value of a measure of symmetry must be attained precisely on symmetric bodies.

With this in mind, it turns out that measures of symmetry are frequently lurking
amidst many geometric situations. In addition to the classical Minkowski measure
and its relatives, simple volume comparisons (partitioning a convex body with
hyperplanes) give rise to the Winternitz measure and its variants; and, in more
complex geometric settings, one considers volume quotients such as the classical
Rogers—Shephard volume ratio, or the more recent Hug—Schneider measure which,
for a convex body, takes the volume ratio of the minimum volume circumscribed
Lowner ellipsoid and maximum volume inscribed John ellipsoid.

STABILITY is a desirable and often valid property of a geometric inequality
concerning a specific set of geometric objects. The question of stability arises in an
inequality if the geometric objects for which the equality sign holds form a “well-
characterized” class. Objects belonging to this class are called “extremal.” Stability
holds if whenever, for an object, the inequality sign is close to equality, then the
deviation (or distance) of the object is also close to one of the extremal objects.

For example, the well-known Bonnesen inequality, relating the length, the area,
the radii of the incircle and the circumcircle of a planar Jordan curve, can be viewed
as an early stability estimate for the isoperimetric problem: if, for a Jordan curve,
the isoperimetric inequality is close to equality then the two radii are also close so
that the Jordan curve is contained in an annulus of small width. This width can be
considered as the deviation of the Jordan curve from a circle, the extremal object of
the isoperimetric problem.

In 1993, in yet another seminal survey, Helmut Groemer gave a general and
comprehensive account on the known stability estimates for geometric inequalities
concerning various classes of convex sets.

Why This Book?

Since the survey articles of Griinbaum and Groemer, many papers have been written
on measures of symmetry and stability, shedding new lights on classical topics,
and developing new branches. In contrast to this proliferation of literature, there is
no single graduate-level textbook that starts from the beginning, guides the reader
through the necessary background, and ends up in recent research. This book wishes
to make a humble contribution to this end.

The goal of this book is to serve the novice who seeks an introduction to measures
of symmetry assuming only basic mathematics that can be found in undergraduate
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curricula, and also to serve mathematicians who, bypassing the preliminary material
in Chapters 1 and 2, wish to have a quick path to the most recent developments of
the subject.

This book is not a comprehensive survey, nor does it claim completeness;
rather, we make a careful selection of measures of symmetry covering a variety
of geometric settings, and follow with a thorough treatment and detailed proofs.

Unifying Theme

The apparent diversity of the notion of convexity is amply reflected in the occurrence
of measures of symmetry throughout the convex geometry literature. In this book
this multiformity of measures of symmetry is elevated to be the main guiding light to
unify seemingly disparate results to a single source, and thereby bringing coherence
to the subject. Led by this, throughout the text, we see no harm, indeed, we feel
justified pointing out various connections to other mathematical disciplines.

About the Reader

Throughout the writing of this book, utmost attention was paid for gradual
development of the subject; to assume as little as possible, and, at the same time,
to be self-contained as much as possible. The reader is assumed to be familiar with
basic topology, analysis, group theory, and geometry.

Since we believe in progressive learning through continuous challenge, this
book contains 70 problems assembled in groups at the end of each chapter. For
a newcomer to graduate studies, about half of these problems are difficult, and
oftentimes require novel ideas. It would have been possible to incorporate them
into the main text, but this would have been at the expense of the size of the book,
and at the expense of losing the main focus. To aid the reader, the more difficult
problems are marked with asterisk and have detailed hints and references.

Synopsis

The purpose of Chapter 1 is to give a gentle but rapid introduction to the basic
constructions and results in convexity theory, and therefore to lay a solid foundation
for the rest of the more advanced material. Highlights of some preparatory topics
treated in full detail are: (1) the Hausdorff distance leading to Blaschke’s selection
theorem; (2) the Hahn—Banach theorem giving a variety of separation theorems for
convex sets; (3) the Minkowski—Krein—Milman theorem; and (4) a brief introduction
to Minkowski’s mixed volumes. This chapter culminates in the three pillars of
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combinatorial geometry of convex sets; the classical theorems of Carathéodory,
Radon, and Helly.

Paving the way to subsequent developments and applications, Helly’s theorem
and some of its applications and extensions receive special care. As an application,
we use the Yaglom—Boltyanskil approach to Helly’s theorem to derive an a
priori upper bound for the distortion of a convex set; this is a prelude to the
Minkowski—Radon inequality treated in the next chapter. As an extension, an extra
section is devoted to Klee’s extension of Helly’s theorem to infinite non-compact
families, along with the necessary topological arsenal, the Painlevé—Kuratowski
convergence for sets.

Finally, still in this chapter, we introduce the four basic metric invariants of a
convex body; the inradius, the circumradius, the diameter, and the minimal width.
We derive the classical Jung—Steinhagen estimates for their two non-trivial ratios.

In Chapter 2 we introduce the notions of critical set and Minkowski measure of
a convex body. The critical set is usually defined as the minimal level set associated
with the Minkowski measure. However appealing and concise this may seem, here
we chose “the road not taken” (as Robert Frost wrote in the epitaph above) through
Hammer’s decomposition of a convex body not only because it reveals structural
details of the convex body (including an insight to the Yaglom—Boltyanskii method
alluded to above), but also because of its connection to affine diameters.

As a quick by-product of the work in the previous chapter, we derive the
Minkowski —Radon inequality for the Minkowski measure. (Two additional clas-
sical proofs of this fundamental inequality are in Chapter 3.)

The bulk of the material in this chapter is taken up by Klee’s dimension estimate
of the critical set (sharpening the Minkowski—Radon upper bound). As before and
particularly here, no effort is spared to give full details of Klee’s brilliant analysis.

Convex bodies of constant width have a steadily growing literature; they provide
a wealth of explicitly computable examples for measures of symmetry. This chapter
ends with an extended treatise on them; our main purpose is to provide transparent
as well as beautiful illustrations of the general theory.

Note that, as the brief summary above shows, the first two chapters have sufficient
material for an introductory graduate course in convex geometry (as it was done at
Rutgers—Camden in Fall 2014).

Armed with the necessary arsenal, in Chapter 3, we begin in earnest to study
measures of symmetry for convex bodies, and stability of the corresponding geo-
metric inequalities. The Minkowski measure is reintroduced here in dual settings.
The corresponding Minkowski—Radon inequality is archetypal in understanding one
of the principal problems in dealing with stability estimates: the choice of distance
on the space of convex bodies by which we measure the deviation of a convex body
from an extremal one.

We start with the Hausdorff distance, and first derive Groemer’s stability estimate
for the lower bound of the Minkowski measure.
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In seeking a distance better fit to stability, affine invariance (a fundamental
property of the Minkowski measure) as a desirable requirement comes to the fore.
This leads directly to the Banach—-Mazur “metric.” This proves to be a better choice
because it almost immediately gives a simple and strong stability result for the lower
bound of the Minkowski measure.

We keep the Banach—Mazur metric to obtain stability for the upper bound in the
Minkowski—Radon inequality. From a few competitors in the literature, we choose
to derive Schneider’s stability estimate not only because it is the sharpest but also
because it uses the Yaglom—Boltyanskii approach to Helly’s theorem treated in
Chapter 1.

The affine invariant Banach—-Mazur metric is sub-multiplicative, and therefore
its logarithm induces a distance on the (extended) Banach—Mazur compactum, the
space of (not necessarily symmetric) convex bodies modulo affine transformations.

As pointed out by Schneider, compactness of this space can be shown directly,
but it is an easy consequence of John's ellipsoid theorem (along with Blaschke’s
selection theorem discussed in Chapter 1). This striking and celebrated result of
Fritz John in 1948 is well-worth a detour. John’s ellipsoid theorem asserts that a
maximal volume ellipsoid inscribed in a convex body is unique, and its scaled copy
(from the center of the ellipsoid) with scaling ratio equal to the dimension of the
ambient space contains the convex body. A significant portion of this chapter is
devoted to this result. We first discuss John’s original approach as an optimization
problem with KKT (Karush—-Kuhn-Tucker) conditions. Then, we give complete
details of a more recent proof by Guo—Kaijser based on constructing volume
increasing affine transformations. This method not only recovers John’s ellipsoid
theorem (along with Lassak’s theorem), but also gives an interesting upper estimate
for the Banach—Mazur distance between convex bodies in terms of their Minkowski
measures.

After this detour, we return to the main line with another highlight of this chapter;
a complete proof of Groemer’s stability of the Brunn—Minkowski inequality.

At this juncture, we come to the main point of the book: Griinbaum’s general
notion of measure of symmetry. We illustrate this with a host of classical and
recent examples such as the Winternitz measure (with a fairly complete treatment),
the Rogers—Shephard volume ratio (with connection to the Brunn—Minkowski
inequality), and Guo’s L”-Minkowski measure.

In closing this chapter, we return to the four classical metric invariants of a
convex body. Since in the Jung—Steinhagen estimates equalities are not attained
by well-defined classes of extremal convex bodies, stability results for these ratios
cannot be expected. The situation radically changes, however, if we relax the
Euclidean scalar product on the ambient space by weaker Minkowski norms, and
take the supremum of the respective two ratios of metric invariants with respect to
all norms. We adopt here Schneider’s approach to this topic which not only recovers
the analogues of the Jung—Steinhagen universal estimates in Minkowski space (due
to Bohnenblust and Leichtweiss) but also gives stability estimates for these ratios.
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In the last chapter, Chapter 4, we introduce and study a new (infinite) sequence
of mean Minkowski measures associated with a convex body. It is a sequence of
functions on the interior of the convex body, and, in addition to subtle functional
behavior, it has a host of arithmetic properties such as sub-arithmeticity and mono-
tonicity. Roughly speaking, at an interior point, the kth member of the sequence
measures how far the convex body is from having an affine k-dimensional simplicial
intersection across the interior point. Each member of the sequence is a measure of
symmetry with universal lower and upper bounds. The corresponding classes of
extremal convex bodies are those of simplices (of the respective dimension) and
symmetric bodies. In this chapter we give a full analysis of this sequence including
stability estimates.

As a seemingly remote connection to convexity, Appendix A deals with eigen-
maps, maps of a compact Riemannian manifold (as the domain) to spheres whose
component functions belong to a given eigenspace corresponding to an eigenvalue
of the Laplace operator (acting on functions of the domain). The moduli (space) of
such maps is a convex body. If the Riemannian manifold is homogeneous, then the
acting Lie group induces a linear representation on the linear span of the moduli, and
leaves the moduli itself invariant. Although the dimension of the moduli increases
fast with the increase of the eigenvalue, in certain instances, a measure of symmetry
of the moduli can be explicitly calculated. This therefore gives a rough measure of
symmetry of the otherwise intractable moduli.
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Chapter 1
First Things First on Convex Sets

1.1 Preliminaries

A. Convex Sets. We begin here with some basic definitions and elementary facts.
Throughout this book we will work in an n-dimensional real vector space X'. The
choice of a basis in X amounts to a linear isomorphism X =~ R”, but we will make
this identification only in examples and some explicit computations.

We do not distinguish between the linear structure of a vector space X and the
underlying affine space, where the latter amounts to disregarding a distinguished
point that serves as the origin.

Several key concepts in convexity depend on the affine structure of X" only. While
we will occasionally indicate this by using the term “affine,” we will leave it to the
reader to make this finer distinction to avoid a detailed and somewhat redundant
introduction to affine geometry.

Using the additive structure of X, for V € X, the translation Ty : X — X with
translation vector V is defined by Ty(X) = X + V, X € X. The vector space X
can be naturally identified with the set 7(X) = {Ty |V € &X'} of all translations
of X (viaV +— Ty, V € X), and this identification makes 7 (X) a vector space
(of dimension n). We call 7 (X) the (additive) group of translations of X. Due to
their different roles, we will usually keep 7 (X’) and & separate.

Since the primary role of translations is to displace points (such as the origin in
a vector space), in affine geometry 7 (X) is postulated to be a vector space that acts
on X (regarded only as a set) by transformations satisfying certain axioms. This
defines the affine structure on X'.

An dffine combination of a finite set {A;,...,A,} C X, m > 1, is a sum
Yo, AiA; € X with coefficients {1y, ..., A,} C Rsatisfying ) | A; = 1.

As noted above, the term affine refers to the fact that affine combinations depend
only on the underlying affine structure of X'. This means that they do not depend
on the specific location of the origin, or, in other words, they are invariant under
translations in the sense that

© Springer International Publishing Switzerland 2015 1
G. Toth, Measures of Symmetry for Convex Sets and Stability,
Universitext, DOI 10.1007/978-3-319-23733-6_1
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Ty (Xm: kiA,‘) = Xm:/\iTv(A,‘), VeX.
i=1 i=l1

A subset X/ C X is an affine subspace if, along with any finite set of points
{A1,...,A,} C X', m > 1, any affine combinations Y ._ L;A;, > im A = 1,
{A1, ..., An} C R, also belong to X”.

An affine subspace of X is a linear subspace if and only if it contains the origin.
Consequently, an affine subspace in X is a translated copy of a linear subspace of X’.

The concepts of line, plane, hyperplane, etc. (corresponding to affine subspaces
of dimensions 1, 2, n — 1, etc.) in X are readily understood.

An affine map ¢ : X' — X between vector spaces is a map that preserves affine
combinations, that is, we have

¢ (Z A;A,») =" hip(A).
i=1 i=1

where Y i A = L{A, ..., An} C X {A, ... An) CRm > 1.

The composition of affine maps is affine, and the inverse of a bijective affine map
is also affine.

An affine map ¢ : X’ — X is linear if and only if it sends the origin of X” to the
origin of X,

The affine group Aff(X) of X is the group of invertible affine self-maps of X'.
The affine group contains two distinctive subgroups. First, the general linear group
GL(X), the group of all linear transformations of X, is a subgroup of Aff(X)
consisting of all affine transformations that keep the origin of X fixed. Second,
the group of translations 7 (X’) is a normal subgroup in the affine group: 7 (X)) <
Aff(X).

For an affine transformation ¢p € Aff(X), there exist unique A € GL(X) and
Ty € T(X),V € X,suchthatp(X) = Ty(A-X) = A-X+V,X € X. Thus, we have
Aff (X) = T(X) x GL(X) as sets. The product of two elements (Ty,A), (Ty,A’) €
T(X)xGL(X) is given by (Ty,A)-(Ty/,A’) = (Ta.v+v,A-A’). This is the archetype
of a semidirect product: Aff(X) = T(X) x GL(X).

A subset C C X is said to be convex if, for any Cy,C; € C and A € [0, 1],
the convex combination (1 — A)Cy + AC; (affine combination with non-negative
coefficients) belongs to C. Using geometric language, for any two distinct points
Cy, C, € C, the line segment

[Co.Ci] ={(1 =A)Co +AC |A €0, 1]} C X

(with endpoints Cy and C) is contained in C.

It follows by a simple induction that C C & is convex if and only if, for any
finite subset {Cy,...,C,} C C and {Ay,....4,} C [0,1] with Y A; = 1,
m > 1, the convex combination ) ;—, A;C; belongs to C. (m = 1 is a tautology
and m = 2 recovers the definition of convexity.) Clearly, convexity depends on the
affine structure of A" only.
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For an arbitrary subset A C X, we define the convex hull [A] of A by

[A] = giA,A, e X
i=1

D di=1AnL LAY CADL A} C 01 m = 1
i=1

(1.1.1)

The name is justified since A C [A] (m = 1), [A] is convex, and, for any convex
set C C X, A C C implies [A] C C. In other words, [A] is the smallest convex
set which contains A, or equivalently, it is the intersection of all convex sets that
contain A.

The frontispiece depicts a 13-sided regular polygon. It is the convex hull of the
inscribed (unshaded) star-polygon {%}

Remark. Many authors use the notation conv(.4) for the convex hull of A C X.
Our notation conforms with that of the line segment [Cy, C1], Cy, C; € X, Cy # Cy,
which is the convex hull of its endpoints Cy and C;. To improve clarity we will
occasionally write: “the convex hull [A] of A.”

Some of the elementary (and easily verified) properties of convexity are as
follows:

(1) The (non-empty) convex sets in a (one-dimensional) line are the intervals
(including singletons).

(2) The images and inverse images of convex sets by affine maps are convex. In
particular, affine subspaces are convex.

(3) Any intersection of convex sets is convex.

Removing the bounds on the parameters in the definition of the convex hull in
(1.1.1), for A C X, we define the affine span (or affine hull) {A) of A by

(A): {i)&,A, eX

i=1

Z)t,:l,{Al,...,Am} CAA, ... A} CRm> 17 .
i=1

(1.1.2)

Clearly A C [A] C (A), (A) C X is an affine subspace, and for any affine subspace
X' C X, A C X implies [A] C (A) C A”. In other words, {A) is the smallest
affine subspace that contains A (or [A]), or equivalently, it is the intersection of all
affine subspaces that contain A C [A].

The concepts of relative interior and relative boundary of a set will be understood
with respect the affine span of the set.

We need a distance function or metric (inducing a metric topology) on X. To do
this we endow X with a norm |- | : X — R, and assume that X is a Minkowski
space, a finite dimensional Banach space. The norm has the following properties:

(1) |X| = 0,X € X, and equality holds if and only if X = 0;
Q) |A-X]|=|A-X,XeX, L eR;
B) X +X'| < IX]+ X[, X,X" € X.
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The distance function d : X x X — R derived from a norm | - | on X is given
by d(X,X') = |[X — X'|, X, X' € X. As direct consequences of the definitions, the
distance function satisfies the following properties:

(1) (Positivity) d(X,X’) > 0, X, X’ € X, and equality holds if and only if X = X’;

(2) (Symmetry) d(X,X') =d(X',X), X, X € X;

(3) (Triangle inequality) d(X,X") <d(X,X') +d(X',X"), X, X', X" € X;

(4) (Translation invariance) d(Ty(X), Tv(X')) = dX + V. X' + V) = d(X,X'),
Ve X, X, X eX.

Endowed with this norm-induced distance, X is called an n-dimensional
Minkowski space. Note that, since X’ is finite dimensional, completeness of X’
in the induced metric topology is automatic.

A norm on X, in turn, can be derived from a scalar product (-,-) : X x X — R,
a symmetric positive definite bilinear form on X'. The associated norm is defined by
|X| = (X,X)'/2, X € X. Endowed with this structure, X is called an n-dimensional
Euclidean space.

Although some of the constructions require only a norm in Minkowski space
setting, unless stated otherwise (as in Section 3.9), in this book we will work
in Euclidean spaces. Whenever available, we will make specific remarks about
possible generalizations to Minkowski spaces.

The largest possible affine span of a finite set {Cy,...,C,} C X of (m + 1)
points is m-dimensional. This is the case if and only if the set {Cy,...,C,} is
affinely independent (that is, {C; — Co}1<i<m C X is linearly independent). In
this case the convex hull A = [Cy,...,C,] is said to be an m-simplex with
vertices {Cy, . .., Cp}. Thus, a 2-simplex is a triangle, a 3-simplex is a tetrahedron,
a 4-simplex is a pentatope, etc.

As a simple example, taking the vertices to be the elements of the standard basis
in R"*! as vertices, we obtain the standard (regular) n-simplex:

D=1 {ho.... A C0.1]¢

i=0

A, =12 (Ao,.... Ay) € RM!

Any two n-simplices A, A’ C X, dim X = n, are affine equivalent, that is, there
exists ¢ € Aff(X) such that ¢ (A) = A’. Moreover, ¢ is uniquely determined by its
action on the respective sets of vertices of A and A’.

A compact convex set C C X is called a convex body (in X) if it has non-empty
interior in X. Clearly, a compact convex set C is a convex body in its affine span (C).

Motivated by this, we define the dimension of a convex set C C X as the
dimension of its affine span: dimC = dim(C). It follows that a compact convex
set C C X is a convex body (in X) if and only if dimC = n (= dim X)).

Remark. Several authors define a convex body as a compact convex subset in X’
without requiring a non-empty interior within X’
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The distance function d on X" defines the open metric ball
B.(C)={XeX|dX,C) <r}

with center at C € X and radius r > 0. (The triangle inequality implies that the
open metric balls are open in the metric topology defined by d.) Replacing the strict
inequality in the definition with < we obtain the definition of the closed metric ball
B,(C), where the overline is justified as this is the topological closure of B,(C).
Since X is finite dimensional, the closed metric balls are compact. Clearly, metric
balls (open or closed) are convex (even in Minkowski space).

The boundary

S5,(C) = 3B,(C) = 0B,(C) ={X € X |d(X,C) = r}

is called the (metric) sphere with center C and radius r > 0. The sphere S,(C) is
closed in B,(C), and hence it is compact. The unit radius is suppressed from the
notation, so that B(C) denotes the open unit ball with center at C, etc. Similarly, the
origin as the center is not indicated, so that l’;’, stands for the closed ball with center
at the origin and radius r, and S is the unit sphere, etc.

An ellipsoid £ C X is the image of the closed unit ball B (or any other closed
ball) under an affine transformation ¢ € Aff(&X), that is, we have £ = ¢(B). In
particular, any two ellipsoids are affine equivalent.

For A, A" C X we define d(A, A') = inf{d(A,A)|A € A,A" € A}. In
particular, we set d(X, A) = d({X}, A), X € X. By the triangle inequality, we have

ld(X, A) —d(X', A)| <dX.X), X.X €X,

in particular, d(-, . A) : X — R is a continuous function.

In addition, once again by the triangle inequality, we have d(-, A) = d(-, A).
Finally, due to the compactness of closed metric balls, given X € &, there exists
A € A such that d(X,A) = d(X, A) = d(X,.A). In particular, d(X, A) = 0 if and
only if X € A.

Given r > 0, the open r-neighborhood of a subset A C X is defined by

A= BA) ={XeX|dX A <rl=A+B,.

A€eA

The equivalence of the first two definitions, the second equality, follows from
the definitions. In the last definition we used the Minkowski sum of two subsets
A, A C X defined by

A+ A =X+X|XecA X cA).

With this, the third definition follows from translation invariance of the distance
function d.

We have (A,) = A,+, r,¥ > 0. By the first definition (as a union of open
balls), A,, r > 0, is open for any A C X. Finally, we also have A = (a0 Ar-
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For r > 0, the closed r-neighborhood is de_ﬁned for a closed subset A C X
(a natural assumption in view of d(-, A) = d(-, A)) by

A= BA) ={XeX|dX. A)<rt=A+B,.

A€eA

As before, we have (Z),/ = A4y, r,¥’ > 0. The second definition implies that
A,, r >0, is closed.

A function f : D — R with domain D C /&, is called convex if, for any line
segment [Xy, X;] C D and A € [0, 1], we have

S =)Xo + AX1) = (1 = D)f (Xo) + Af(X).

Concavity is defined by reversing the inequality sign.
If f : D — R is aconvex function defined on a convex set D C X then the
level-sets {X € D |f(X) <r}and {X € D|f(X) < r}, r € R, are convex.

As a simple but important example, we now claim that, for a convex set C C X,
the distance function d(.,C) : X — R is convex.

Let Xy,X; € X. Given € > 0, choose Cy,C; € C such that d(Xy, Cy) <
d(Xo,C) + € and d(X], C]) < d(X],C) + €. Then (1 — A)C() +ACelC, A e [O, 1],
and we have

d((1 = 1)Xp + AX1,C) <d((1 —A)Xy + AX;, (1 —A)Cy + ACy)
=1 =2 Xo — Co) + A(X; — C)|
< (1=21)[Xo — Co| + AlX: — G|
< (1= 1)d(Xo,C) + Ad(X1,C) + .

Letting ¢ — 0, the claim follows. (Note that, as the proof shows, this holds in
Minkowski space.)

In particular, we see that the open r-neighborhood of a convex set is convex,
and the closed r-neighborhood of a closed (compact) convex set is also a closed
(compact) convex set.

Example 1.1.1. In X the (affine) hyperplane containing X, € X and having normal
vector 0 # N € X is given by H = {X € X |(X — X, N) = 0}. The closed
half-space G = {X € X |(X — Xo,N) < 0} then has boundary G = H and
outward normal vector N. Replacing < with strict inequality in the definition of G,
we obtain the open half-space int G. Switching the sign of the normal vector N gives
the complementary closed half-space G’ = X'\ intG with 3G’ = H. We then have
GNG = Hand X = intG U intG" U H, a disjoint union. Clearly, G, G', int G,
intG’, and H are convex sets.

In Minkowski space setting the construction of these objects requires the
replacement of the scalar product (-, N) by a non-zero linear functional ¢ : X — R,
an element of the dual X'*.
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Further properties of convexity are as follows:

(1) The intersection of closed half-spaces is a closed convex set.
(2) The closure and the interior of a convex set are convex.

The converse of (1) is a classical fact (to be proved in the next section): A closed
convex set is the intersection of closed half-spaces. In particular, taking only finitely
many closed half-spaces one arrives at the concept of polyhedron.

B. Distances Between Convex Sets. In this subsection we prove the celebrated
Blaschke selection theorem about bounded sequences of compact convex sets.

Let € = €y denote the set of all compact subsets of X'. (Whenever convenient,
the subscript will be suppressed.) We define the (Pompéiu—)Hausdorff(—Blaschke)
distance function dy : € x € — R by

dy(C.C'y =inf{r>0|Cc(C, C cC}

= max (sup d(X,C"), sup d(X’,C))
XeC X'eC’

=inf{r>0|CcC +B.C'cC+B}, C.Cec.
The equivalence of these definitions is clear by noting that

cccC, <& suwpdXC)<r, r=>0.
XeC

As the name suggests, this notion of distance was first studied by [Hausdorff],
and somewhat earlier, a non-symmetric version, by [Pompéiu]. For convex sets it
was first used by Blaschke. By compactness, the infima and suprema are attained.

The Hausdorff distance dy is obviously symmetric:

dy(C,C") =dy(C',C), C,C €¢,
and satisfies the triangle inequality:
dy(C,C") < dy(C,C") +dy(C',C"), C,C,C"ec.

Clearly, dy(C,C") = 0,C,C’ € €; and, by compactness of C and C’, dy(C,C') = 0
if and only if C = C'.

From now on, unless stated otherwise, we use the Hausdorff distance dj as the
natural metric (inducing the natural metric topology) on €.

Theorem 1.1.2. € is a complete metric space.

Proof. We first claim that if {Ci}x>1 C € is a decreasing sequence of compact
sets then its (Hausdorff) limit exists and is equal to the (non-empty) intersection

C=Vis1Cr-
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Indeed, otherwise, for some € > 0 and then for each k > 1, the kth member C;
is not contained in the (open) e-neighborhood C, of C. Then, the sequence of (non-
empty and compact) differences {Ai}i=1 C €, Ay = Cx \ Ce, k > 1, is decreasing.
Therefore it has a non-empty intersection A = (1), A. By construction, A is
disjoint from C, but also A = (o Ax C [ i>1 Ck = (, a contradiction. The claim
follows. B B

Turning to the proof of the theorem, let {Ci}>1 C € be a Cauchy sequence.
For k > 1, by the Cauchy property, the set Ay = | J,», C; is (closed and) bounded,
hence compact. The sequence {A;}x>1 C € is decreasing, so that, by the first claim,
it (Hausdorff) converges to the intersection A = (., Ax € €. We claim that
liml_,oo C[ = A -

Indeed, let e > 0, and choose ky > 1 such that A; C A, k > k. By construction,
we also have C; C A, | > ky. Using the Cauchy property again, there exists Ko > ko
such that C; C (Cy)e, I, m > Ky. Now, taking unions we obtain | ., C; C (Cp)e,
k,m > K. Taking closure (with a possibly larger ko) we arrive at Ay C (Cy)c. Thus,
A C (Cy)e, or equivalently, dy (C,,, A) < €, m > K;. The theorem follows.

Remark. Theorem 1.1.2 is classical and contained in several books; see, for
example, [Schneider 2, 1.8] and [Berger, 9.11.2]. The proof above shows that this is
true in any metric space with the property that the closed and bounded subsets are
compact (such as the finite dimensional vector space X).

We now introduce the following convenient terminology: a sequence subcon-
verges if it has a convergent subsequence.

Theorem 1.1.3. In € every bounded sequence subconverges. Consequently, every
closed and bounded subset of € is compact; in particular, € is locally compact.

Proof. The proof is via a diagonalization method in selecting an infinite sequence
of nested subsequences from a given bounded sequence {C};>1 C € contained in
a cube O C & of edge length a. (To be specific, a cube can be chosen with faces
parallel to the coordinate hyperplanes with respect to a fixed isomorphism X == R".)

First, systematically halving Q by hyperplanes parallel to the faces, for each
m > 1, we can split Q into (2")™ = 2™ subcubes. Each subcube has edge length
a/2™ (and diagonal length a+/n/2™). For any C € €, let A,,(C) denote the union of
the cubes in the mth subdivision which intersect C.

To begin the selection process, consider the sequence {A;(C?)}x>1.
Now, the crux is that there are only finitely many subcubes in a given (here the first)
level, so that this sequence must have a constant subsequence {A; = A;(C})}i>1
with {C} }iz1 C {C =1

Continuing inductively, using the mth subdivision, from {C;""'};>; we can select
a subsequence {C]'}x>1 with constant {A,, = A,,(C]") }k>1-

Summarizing, we have

{Cliz1 D {C =1 D oo DG st DAC b1 D - .. (1.1.3)

with
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Ap = A€, k> 1.

By construction, given m > 1, any two members C;" and CJJ, k, k' > 1, share a
common 4, so that we have

o i

om °

du(C'.CY) =

Using (1.1.3), we obtain

du(C/. C} "y < \/_, m >m, kK > 1.

We now select the “diagonal” C,, = C; and have

M m > m.

dH(CmaCm’)S o s =

This means that {C,, },,>1 is a Cauchy sequence, thereby convergent (Theorem 1.1.2).
Since {Cy,}m>1 is a (convergent) subsequence of the original sequence {C}>1, the
theorem follows.

We let R = Rx C €y denote the subspace of all compact convex subsets of X.
Theorem 1.1.4. R is closed in C.

Proof. We show that € \ R is open. Let C € € be a non-convex (compact) subset in
X.Choose Cj, = (1 —A1)Cy + ACy; ¢ Cwith Cyp,C; e Cand0 < A < 1.Lete >0
be such that the open metric ball B(C, ) is disjoint from C.

We claim that the Hausdorff metric ball with center at C and radius €/2 is disjoint
from K. Indeed, let C’ € € be such that dy(C,C’) < €/2. We need to show that C’
is not convex. By the definition of the Hausdorff distance, we have C, € B./2(Cy)
and C| € B¢2(C)), for some Cj, C| € C'. Setting C) = (1 — A)C;, + AC}, we then
have C}, € B¢/»(Cy). But B.(C}) does not intersect C while dy(C,C’) < €/2. Thus
C', cannot be in C’. We obtain that C’ is not convex. The theorem follows.

As an immediate corollary of Theorems 1.1.3 and 1.1.4, we obtain Blaschke’s
selection theorem:

Theorem 1.1.5 ([Blaschke 1]). A bounded sequence in K subconverges within K.

Given A C X, we let
Ra={CeR|CCA}.

Note that this notation conforms with our earlier Ry = .

Corollary 1.1.6. LetCy € R. Then K¢, C Ris compact; in particular, any sequence
in K¢, subconverges within f¢,.
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Proof. K¢, is bounded since

sup dy(C,Cy) = sup{d(C,C")|C,C € Cy}.
Cefc,

(The right-hand side is the diameter of Cy; see Section 1.5.) The rest follows from
Theorems 1.1.3 and 1.1.4.

The space of all convex bodies in X will be denoted by B = ‘B ». We thus have
the inclusions

BCRCC

We claim that B is dense and open in K. Density is clear since, for C € £ and
r > 0, we have C, € B and dy(C, C_,.) =r.

To show openness, let C € 6 with B,(0) C C,0 € intCandr > 0. Lete > 0
and C' € R such that dy(C,C’) < €. Assume, on the contrary, that the interior of
C’ is empty. Then C’ is contained in a hyperplane H. Since C is e-close to C’, we
obtain that C is contained in a slab of width 2¢ bounded by two hyperplanes parallel
to H. For € small enough this cannot happen. (For a more general statement, see
[Schneider 2, Lemma 1.8.14].)

In particular, ®B C £ is not a closed subspace. (This can also be seen directly:
A sequence of nested closed metric balls converging to a point is a sequence in ‘B
but its limit is in K \ B.)

Remark 1. Once again, Theorems 1.1.3—1.1.6 are classical; for recent expositions,
see [Schneider 2, 1.8] and [Gruber, 6.1]. The proofs can easily be fitted to
Minkowski spaces as in [Valentine, Part III] which itself is adapted from a more
general approach of [Whyburn] for compact metric spaces.

Remark 2. GivenC € Ry and € > 0, C can be covered by finitely many open metric
balls of radius € and centers in C. The convex hull of these centers is a polyhedron
‘P which, by the definition of the Hausdorff distance, satisfies dy(C,P) < €. We
obtain that compact convex sets can be approximated by polyhedra.

In addition, choosing a specific isomorphism X =~ R”" and selecting rational
points (in Q") for the centers of the balls, we see that Ry is separable (with respect
to the Hausdorff metric).

Another concept of distance is the symmetric difference distance dp : B x B —
R defined by using the n-dimensional volume vol = vol, (the n-dimensional
Lebesgue measure). It is given by

da(C.C")=vol (CAC)=vol (CUC")—vol (CNC")= vol (C\C')+ vol (C'\C), C.C B,
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where we used the symmetric difference
CAC'=(CucH\€nC)y=(@\CHu(\0).
We obviously have symmetry:
da(C,C") =da(C',C), C,C' € B.
The triangle inequality is a direct consequence of the set-theoretical identity
(CAC)A(C'AC")y =CAC", c.C'.C"eB.

Finally, da(C,C’) > 0, C,C' € B, clearly holds. For the non-trivial direction in
proving positivity, that is

drC.CY=0 = C=C, C.C eB,

one needs to use an elementary property of convex bodies as in Proposition 1.1.7
below; see Problem 6.

Remark 1. The symmetric difference metric was introduced and studied by
[Dinghas]. It can be generalized to any measure space (X,2, 1), where 2 is a
o-algebra of subsets of X', and u is a o-finite measure on 2. Adopting the definition
as above: da(A, A) = u(AAA), A, A € A, we immediately see that da is
a pseudometric (non-negative, symmetric, and satisfies the triangle inequality). It
becomes a metric on the quotient of 2 by the equivalence relation: A ~ A’ if and
only if u(AAA’) = 0. Finally, note that da on this quotient defines a separable
metric space if and only if L>(X, 2, ) is separable.

Remark 2. As shown by [Shephard—Webster], the Hausdorff distance and the
symmetric difference distance induce the same topology on ‘B. Explicit inequalities
asserting this have been obtained by [Groemer 1] as follows. We have

da(C,C') <c-dy(C.C), C,C' B,

where

n,n/2

r(2+1)

Cc

2Ky max (D¢, D¢
S 2l/m—1 2

) n—1
) and «, = vol(B) =

(D¢ and D¢ are the diameters of C and C’; see Section 1.5 below.)
For the reverse estimate, we need to assume that int(C N C") # @. We then have

dy(C.C") < ¢ -da(C.CH'",
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where

C/:( n )1/’1 (maX(DC,DC’))(n_l)/H
Kn—1 rene’ ,

and rener is the inradius of the convex body C N C’ € B (see again Section 1.5).

C. Topology of Convex Sets. In this section we derive several geometric and
topological properties of convex sets; in particular, we prove that the boundary of a
compact convex set is homeomorphic with a sphere.

For A € R, A # 0, and C € X, we denote by S; ¢ € Aff(X) the (central)
similarity or homothety in X with center C and ratio A:

S,.cX)=CH+AX-C)=(1-A)C+2AX, XeAX. (1.1.4)

Within the affine group Aff(X), the central similarities Syc, A € R, A # 0,
C € X, and the translation group 7 (X') form the group of dilatations Dil(X).
We have the chain of normal subgroups

T(X) < Dil(X) < Aff(X).

In the forthcoming chapters we will see many applications of central similarities.
As for now, we use this to prove the following simple result:

Proposition 1.1.7. Any ray emanating from a (relative) interior point of a convex
set C C X meets the (relative) boundary of C in at most one point.

Proof. We may assume that C € 8. Let O € intC so that, for some > 0, we have
B,(0) C C. Being convex, the intersection of a ray emanating from O with C is a
(connected) line segment with one endpoint at O.

First, assume that this line segment is finite with other endpoint C € dC. We have
[0,C) C C. (We adopt the usual interval notation for line segments: replacing a
square bracket with a parenthesis means that the respective endpoint is not counted
in.) Let O’ € [0, C). By convexity, for 0 < A < 1, we have

Si-1.0(B:(0)) = 10" + (1 = M)B.(0) = B(1-1(05) CC,

where 0, = (1 — 1)O + AO’. Hence 0,,0 < A < 1, is contained in the interior of
C. Since O’ € [0, C) was arbitrary, we obtain that the entire line segment [0, C) is
contained in the interior of C. (See Figure 1.1.1.)

Applying this argument for the points in B,(O), we see that the entire cone
[B:(0), C]\ {C} (without the vertex C) is contained in the interior of C. To complete
this case, we claim that the line extension of [0, C] beyond C cannot meet the
boundary of C again. Otherwise, let C’ € dC be a point on this extension beyond C.
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Fig. 1.1.1

Applying the construction above, we obtain that [B,(0), C'] \ {C'} is contained in
the interior of C. Since C € [0, C’), this means that C € intC, a contradiction.

Second, assume that the ray emanating from O € intC is contained in C. Sliding
a point O’ along this ray away from O and applying the construction above, we see
that the entire ray is contained in the interior of C. The proposition follows.

Remark. As in the first case of the proof, let B,(0) C intC and C € dC. The union
of all rays emanating from points in 5,(0) and passing through C is a double cone
with vertex at C. Deleting the vertex, it falls into two open connected components:
the open bounded cone [B,(0), C] \ {C} and an open infinite cone /C (the union of
the part of the rays beyond C). By the proof, K is contained in the exterior of C.
(See Figure 1.1.2.)

Corollary 1.1.8. For a convex set C, we have intC = intC. If intC # @ then
intC = C.

Fig. 1.1.2
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The following immediate corollary of Proposition 1.1.7 will be used repeatedly
in the future:

Corollary 1.1.9. Any ray that emanates from an interior point of a convex body
intersects the boundary of the convex body at a single point.

Given C € B and O € intC, this corollary asserts that the radial projection
wo : S(0) — dC of the unit sphere S(O) = 9dB(0) with center at O is well
defined. mp is clearly one-to-one and onto.

Proposition 1.1.10. For C € B, the radial projection wp : S(O) — 9IC is a
homeomorphism. In particular, the boundary of a convex body is homeomorphic
with the sphere.

Proof. Since S(0) is compact, we need only to show that mp is (sequentially)
continuous.

Let {X;}r>1 C S(O) converge to X € S(0) and C = mp(X). (We may assume
that X;, # X, k > 1.) Choose r > 0 such that 53,(0) C intC and consider the double
cone [B,(0), C]UK as in the remark after Proposition 1.1.7. For k sufficiently large,
only a finite segment of the ray emanating from O and passing through X; will
be outside of this double cone, in fact, as k — oo, this segment converges to the
vertex C. (See Figure 1.1.3.)

By the proof of Proposition 1.1.7, the double cone meets the boundary of C only
at the vertex C. Thus, for large k, mo(X;) € dC must be contained in this line
segment, and as k — oo, must therefore converge to C = mp(X). The proposition
follows.

Remark. Note that the construction also implies that 7y : S(O) — 9C is Lipschitz
continuous. Therefore, by the classical Rademacher theorem, ¢ is differentiable
almost everywhere.

Fig. 1.1.3

We now briefly return to the Hausdorff metric and give a characterization of
convergence (of compact sets) in terms of convergent sequences of points. This
will give an insight to the Painlevé—Kuratowski convergence to be discussed in
Section 1.6.
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Theorem 1.1.11. The Hausdorff convergence limy_,, C; = C in R is equivalent to
the following two conditions:

(1) Each point C € C is the limit of a sequence {Ci}>1, Cx € C, k > 1;
(2) The limit of a convergent sequence {Cy,}1>1, Cy, € Cx,, | > 1, is contained in C.

Proof. (=) Assume that in 8 we have dy(Cy,C) — 0 as k — o0. Let C € C. For
each k > 1, select Cy, € C; such that d(C, C) = d(C, C;). (By convexity of Cy, the
point Cy is actually unique; see Problem 7.) Since d(C,Cy) < dy(C,Ci), k > 1, we
obtain lim;_, o, Cy = C. (1) follows.

Next, assume that the sequence {Cy,};> is as in (2), but its limit C is not in C.
Since C is compact, for some € > 0, the open e-neighborhood C, and the open
metric ball B, (C) are disjoint. For large / > 1, however, we have d(Cy,, C) < € and
Cy, € Cy, C Cc. This is a contradiction. (2) follows.

(<) Let € > 0. Assuming (1)—(2), to prove limy_,  dy (Cr,C) = 0 we need to
show

Cc(C)e and CcCC., (1.1.5)

each for sufficiently large k > 1.

The failure of the first inclusion in (1.1.5) (for large k£ > 1) means the existence
of a sequence {4y, };>1 C C, converging to some C € C, say, such that d(4y,, Cy,) > €
for all [ > 1. For this particular C € C, let {C¢}x>1 C X be as in (1). Then
d(Ay,Cy) — 0 as ! — oo, a contradiction. Thus, the first inclusion in (1.1.5)
holds.

The failure of the second inclusion in (1.1.5) means the existence of a sequence
{C,?l}lzl C X with C,?l € Cy, but C,?l ¢ C., 1> 1. Choose any C € C, and use (1)
to obtain a sequence {C} }x> converging to C such that C} € Ci, k > 1. Then, for
[ = Iy (with [ large), we have Cy, € C. (and C;, € Cy). Finally, use Corollary 1.1.9
to select Gy, € [C}.C] N dC. C Cy,, I > ly. (Note that C, is a convex body in X
even though C may not be.) By (2), the sequence {Cy,};>;, sSubconverges to a point
in C, a contradiction. The theorem follows.

1.2 Separation Theorems for Convex Sets

The concepts of separation and support are fundamental notions in convex geome-
try. In this section we study under what topological conditions can two convex sets
be separated. We prove the Hahn—Banach theorem, the cornerstone of all separation
theorems. In addition, we derive two fundamental results of Minkowski about the
extremal points of a convex set and mixed volumes.

Given two convex sets C and C’, a hyperplane # is said to separate them if C
and C’ lie in different closed half-spaces determined by H. Using the notations of
Example 1.1.1 and with a suitable choice of the normal vector N for H, we have
C C Gand(C' C G Clearly, if H separates C and C’' then C N C’' C H.
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We say that H strictly separates C and C' if C C intG and C’ C intG’. In this
case C and C’ are disjoint.
As an instructive example, the (open) convex set

C={(xy eR*|xy>1xy>0}

and either of the coordinate axes of R? can be separated (by a line), but cannot be
strictly separated.

The following result is usually termed as Hahn—Banach theorem. It was proved
independently by H. Hahn and S. Banach in the late 1920s.

Theorem 1.2.1. Given an open convex set C C X, an affine subspace £ C X
disjoint from C can be extended to a hyperplane H still disjoint from C.

Remark. Note that £ may consist of a singleton on the boundary of C; in particular,
openness of C cannot be dispensed with.

Proof. We begin with the planar case n = dim X = 2 as it has a simple geometric
interpretation. We may assume that £ is zero dimensional, £ = {C}, C ¢ C, since
otherwise there is nothing to prove. Let S(C) = dB(C) be the unit circle with center
Cand i¢c : X'\ { C} — S(C) the radial projection. The image A = 7¢(C) of C is
connected and (relatively) open in S(C). (See Figure 1.2.1.)

Fig. 1.2.1

Hence A C S(C) is an open arc. A cannot contain antipodal points (with respect
to C). Indeed, if A = n¢c(B) and A’ = nc(B'), B, B’ € C, were antipodal in A then
we would have C € [B, B'] C C, a contradiction.

In particular, the arc .4 has two endpoints; let Ay be one of them. Now, the
antipodal A} of Ay cannot be in (the open) A since otherwise a point in A close
to Ap would have an antipodal in .A. We obtain that Ay, A, ¢ C so that the line
passing through them is the required extension of £.



1.2 Separation Theorems for Convex Sets 17

For the general case, let H D &£ be a maximal affine subspace of X disjoint
from C. We may assume that codim H > 2 since otherwise we are done. Translate
‘H to a linear subspace Ho C X, and consider the projection 7 : X — X /Hy. In
the quotient X'/H, (of dimension > 2), 7 (H) reduces to a single point C and 7(C)
is an open convex set disjoint from C.Let X C X/H, be a two-dimensional affine
subspace containing C and intersecting 7(C) in an open convex set C.

The first part of the proof now applies to C ¢ C C X yielding aline L C X
through C disjoint from C. The affine subspace 7~'(£) D H in X has one less
codimension than H, and it is still disjoint from C. This contradicts to the maximality
of H. The theorem follows.

Corollary 1.2.2. Let C and C’ be disjoint convex sets in X. If C is open then it can
be separated from C'.

Proof. The algebraic difference C; = C — C’ is convex and also open since
Co = Ugeer(C— C'). Since C and C’ are disjoint, Cy does not contain the origin
0 and the Hahn—Banach theorem applies. Let Hy be a linear hyperplane disjoint
from Cy. Let N € X be a normal vector of H, pointing to the half-space that
contains Cy. Then, for all C € C and C' € C’, we have (C,N) > (C',N). Let
Xo € X be such that infe(-, N) > (Xo,N) > supe (-, N). Then the hyperplane
H ={X € X|(X,N) = (Xo,N)} (containing X, and parallel to #,) separates C
and C'.

An immediate consequence of this corollary is that two disjoint open convex sets
can be strictly separated by a hyperplane.

In particular, a disjoint pair of a closed convex set and a compact convex set can
be strictly separated (since, by compactness of the second, they have disjoint open
r-neighborhoods for some r > 0).

Finally, note that two disjoint closed convex sets can be separated. (By the closure
of the example at the beginning of this section, in general they cannot be strictly
separated.)

Indeed, if C and C’ are closed convex disjoint sets then, for a fixed C € C and
any k > 1, the compact convex set C N Bi(C) can be (strictly) separated from C’
by a hyperplane #y. Then the sequence (H)i>1 of hyperplanes subconverges to a
hyperplane which automatically separates C and C’.

We have now come to the fundamental concept of support in convex geometry.
Let A C X be an arbitrary subset and A € A. A hyperplane H in X is supporting
A at A if H separates {A} and .A. Sometimes the role of the point of support A is
irrelevant and therefore may be suppressed.

If A is compact and H C X is a hyperplane then there exists at least one
hyperplane H’ parallel to 4 and supporting A.

Indeed, let H, be the linear hyperplane parallel to H, and consider the projection
X — X/H to the line X/H,. If C is an outermost boundary point of (the
compact) w(A) (that is, w(A) is on one side of C in X' /H,) then the hyperplane
H' = 7~ 1(C) supports A.
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This proof also shows that if, in addition, .4 has non-empty interior, then there
are at least two hyperplanes supporting .4 and parallel to H.

Finally, if C € B is a convex body then there are exactly two hyperplanes
supporting C and parallel to a given hyperplane #.

Corollary 1.2.3. Let C C X be a closed convex set and C € JC. Then there exists a
hyperplane supporting C at C. Moreover, C is the intersection of closed half-spaces
whose boundaries support C.

Proof. We may assume that C has non-empty interior (since otherwise a hyperplane
extension of the affine span (C) supports all points of C). Given C € dC, the first
statement now follows from Corollary 1.2.2 applied to {C} and intC.

For the second statement, once again we can assume that C has non-empty
interior. Let C’ be the intersection of all closed half-spaces containing C whose
boundary hyperplanes support C. Then C’ is a closed convex set and contains C.
Now, there cannot be a point X € C’ \ C since then {X} could be strictly separated
from C by a hyperplane, contradicting the definition of C’. Thus C’ = C and the
second statement also follows.

Remark. The boundary of any convex body has supporting hyperplanes at all its
points yet it is not convex. Thus the converse of the first statement of Corollary 1.2.3
is clearly false.

On the other hand, if A C X is a closed subset with non-empty interior such that
A has supporting hyperplane at each of its boundary points then A is convex. This
is an easy exercise in the use of a plane intersection of .4 containing an interior point
of A and a line segment [Cy, C1], Cy, C; € A, that fails the convexity property.

Corollary 1.2.4. If an open convex set C # X contains an entire hyperplane H
then OC consists of one or two hyperplanes parallel to H.

Proof. A supporting hyperplane H’ at any point of the boundary must be parallel to
‘H and, by convexity, the entire region between H and H’ must belong to C.

We now briefly digress here and discuss an alternative approach to the concept
of support.

In convexity theory it is customary to call an affine map f : X — R an affine
functional (on X'). We let aff (X') denote the vector space of affine functionals. Since
an affine functional is a linear functional plus a constant, we have dim aff (X) =
dmX +1=n+1.

An affine functional f : X — R is non-constant if and only if it is onto (R), and,
in this case, for any ¢ € R, the level-set f~!(f) = {X € X |f(X) = t} is a hyperplane
in X. Moreover, level-sets corresponding to different range values, being disjoint,
must be parallel hyperplanes.

Conversely, given two parallel hyperplanes H and ' in X', there exists a unique
affine functional f : X — RsuchthatH = f~1(0) = {X € X |f(X) =0} and H' =
(1) = {X € X|f(X) = 1}. (Indeed, in the spirit of our previous discussions,
let Hy C X be the linear hyperplane parallel to H, and consider the projection
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7w X — X/Hop to the line X /H,. Since H' is parallel to H, the projections m(H)
and 7(H’) are distinct points on the line X' /H,. Define the affine transformation
g: X/Ho — X/Hoby g(w(H)) = 0 and g(;x(H')) = 1. Then, the composition
f = g o is an affine functional possessing the stated level-sets.)

Given a convex body C € B, we say that an affine functional f € aff (X) is
normalized for C if f(C) = [0, 1]. The set of all normalized functionals for C is
denoted by affo C aff(X). Clearly, if f € aff then the level-sets H = f~1(0) =
(X € X|fX) = 0yand H' = (1) = {X € X|f(X) = 1} are parallel
hyperplanes both supporting C.

Conversely, if H is a hyperplane supporting C then there is a unique f € affe
such that H = f~'(0). (Indeed, by the discussion before Corollary 1.2.3, there
exists a unique hyperplane H’ parallel to H and supporting C. By what we have just
shown, H and H’ determine an affine functional f € aff(X’) uniquely. Having the
right level-sets, f is normalized for C.) It follows that the set affe can be identified
with the unit sphere S (by associating to a hyperplane supporting C the unit vector
pointing outward C); in particular, aff; carries a natural compact topology.

Finally, once again our discussion above implies that, for any non-constant affine
functional f € aff (X), there is an affine transformation g : R — R such that the
composition g o f is normalized for C.

Many of the concepts discussed so far can be conveniently expressed in terms of
the support function he : X — R, C € K. We define

he(X) = sup(C.X), X € X. (1.2.1)
ceC

Remark. If X is a Minkowski space, the support function is naturally defined on the
dual X'* of X as he : X* — R given by

he(p) = supp(C), ¢ € X*.
ceC

Clearly, h¢ is a degree-one positively homogeneous function: i¢(1X) = t he (X)),
t > 0, X € X. Hence, its restriction to the unit sphere S C X uniquely
determines h¢.

Given N € S, the hyperplane H(N) = {X € X |(X,N) = he(N)} supports
C at the points where the supremum in (1.2.1) is attained. In particular, s¢(N)
is the signed distance of this supporting hyperplane H(N) from the origin. The
corresponding closed half-space G(N) = {X € X |(X,N) < he¢(N)} contains C,
and, by Corollary 1.2.3, we have

c={)9m.
NeS

Being the supremum of linear functions, %¢ is convex. In addition, it is obviously
sub-additive

heX +X) <he(X)+he(X), X, X e€X.
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Therefore, h¢ is a Lipschitz function

lhe (X) —he(X)] < |he(X —X)| = sup(X — X', C) < sup |C|-|X —X'|. X. X' € X,
cecC cecC

with Lipschitz constant sup . |C|. In particular, k¢ is continuous.
The algebraic properties of the support function are as follows:

(1) hAC = Ahc,/\ >0,C e R;
(2) hetcr = he + her, C,C' € R, where C + (' is the Minkowski sum of C and C’
(as in Section 1.1/A).

In addition, as a direct consequence of the definition, complementing (1), we have
h_c(X) = he(—X),X e X,C € R
The proofs of (1)—(2) are straightforward. For X € X and A > 0, we have

hae(X) = sup(AC,X) = Asup(C,X) = Ahc(X),
ceC ceC

and (1) follows. Similarly, using the definition of the Minkowski sum C + C’, for
X € X, we calculate

here(X) = sup  (C+C'.X)
cec,Cc’ec’

sup  ({(C.X) + (C. X))
cec,c’ec’

sup{(C, X) + sup (C’, X)
ceC c’ec’

= he(X) + her(X).

Hence, (2) follows.
Finally, the Hausdorff distance between two compact convex sets is equal to the
maximum norm of the difference of the corresponding support functions:
dH(C,C,) = sup |hc — hc/|, C,C/ € R (1.2.2)
S

Indeed, if dy(C,C") < rthen C C C' 4+ B, = C' + B, and, by (1)~(2) above, for
N € S, we have

hc(N) < hC’+B_r(N) = hc/(N) =+ th(N) = hc/(N) +r.
Switching the roles of C and (', this gives

|he(N) — her(N)| < 1.
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Taking the supremum for N € S, we obtain that dy(C, C’) is at most the maximum
norm in (1.2.2). This argument can clearly be reversed, and the opposite inequality
also follows.

Remark. The discussion above shows that associating to a compact convex set
its support function (restricted to the unit sphere) gives rise to an embedding of
Ry into the space C°(S) of continuous functions on the unit sphere S C X.
This embedding is an isometry with respect to the Hausdorff metric on X and the
maximum norm on C°(S). In addition, it is an algebraic isomorphism with respect
to scalar multiplication and addition in the respective spaces.

A boundary point C of a convex set C is said to be extremal if C \ {C} is (still)
convex. Clearly, C € dC is not extremal if and only if there exists a line segment
[Co,Ci] C dC, Cy # Cy, such that C € (Cp, Cy). We denote by C” the set of
extremal points of C. Clearly, C” is contained in the (relative) boundary of C.

Example 1.2.5. Letdim X > 2. Given any (non-empty) subset A C S (of the unit
sphere S C X)), the convex hull C = [§ x {0} U A x {£1}] in X x R is a convex
set with non-empty interior. (It is a convex body if and only if A C S is closed.)
We have

CM = (S\ A) x {0} U Ax {£1}.

We see that the extremal set is not necessarily closed in dimension > 3. (Note that
C” is closed in dimension 2; see Problem 9.)

Theorem 1.2.6 ([Minkowski 2, Krein-Milman]). A compact convex set is the
convex hull of its extremal points: C = [C"], C € R.

Proof. We first note that if H is a supporting hyperplane for C then, as a
consequence of the definition of extremal point, we have

CNH)=C"NH. (1.2.3)

Turning to the proof, we clearly have [C*] C C and [0C] = C (Corollary 1.1.9)
so that we need only to show that

ac c [CM].

We proceed by induction with respect to the dimension of C. The one-
dimensional case is obvious. Let C € £, dimC > 2, and assume that the
inclusion above is valid in dimensions < dimC. Let C € dC and H a hyperplane
supporting C at C (such that dimC N ‘H < dimC). Applying the induction
hypothesis to C N H (a convex body in its affine span), by (1.2.3), we have
CeCnNHCPCNH)] CICNH)] = [C*NH] C[C"] This completes the
general induction step. The theorem follows.
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Remark 1. Theorem 1.2.6 is often called the “Krein—Milman theorem.” For
finite dimensional convex sets (that we have here), it was actually proved by
[Minkowski 2]; see also [Price].

Remark 2. A boundary point C of a closed convex set C is called exposed if {C} =
C N H for a hyperplane H supporting C (at C). Clearly, exposed points are extremal
but the converse is false. (As an example, consider a closed square with an open
semi-disk surmounted on one of its sides.)

By a result of Strasziewicz, the set of exposed points is dense in the set of extremal
points; see [Griinbaum 1].

If C is a compact polyhedron, an intersection of finitely many closed hyperplanes,
then it follows by an easy induction in the use of (1.2.3) that C has only finitely many
extremal points. We obtain the following:

Corollary 1.2.7. A compact polyhedron is the convex hull of finitely many points.

Let C C X be a closed convex set. Given a boundary point C € dC, the
intersection of all supporting hyperplanes for C at C is an affine subspace of X
whose dimension is called the order of C.

The two extreme cases are as follows: C € dC with the highest possible order
n—11is called a smooth point, and with the lowest possible order 0 is called a vertex.

By definition, a non-extremal point C € dC must have positive order so that a
vertex is always extremal. On the other hand any point on the boundary of a metric
ball is smooth and extremal so that the converse is false.

A convex polyhedral body is called a polytope. A polytope is therefore a compact
convex polyhedron with non-empty interior.

Representing a polytope P as a non-redundant intersection of closed half-spaces,
one easily arrives at the stratification

=P ' >, .. >P P

where P/ \ P/~!, 1 < j < n, is the set of boundary points of order j. The latter is a
disjoint union of components, the open j-faces of P. Clearly, P° = P*, that is, the
set of vertices and the set of extremal points coincide.

Finally, the closure of a j-face, a closed j-face, is a polyhedron of dimension j.

The corollary above can be restated as follows: A polytope is the convex hull
of its vertices. (For more details, see [Berger, Vol. II, 12.1.5-12.1.9], and for a full
analysis, see [Schneider 2, 2].)

As an application of these ideas, we briefly discuss the volume functional vol =
vol, : & — R introduced in Section 1.1/B. By definition, it is the (n-dimensional)
Lebesgue measure restricted to the space of all compact convex subsets of X
(metrized by the Hausdorff distance dy). (The subscript n indicating the dimension
will often be suppressed from the notation. Note also that, by Proposition 1.1.10, the
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Lebesgue measure of a compact convex set is equal to its Peano—Jordan volume.)
The proofs of the following properties are straightforward:

(1) The volume functional is invariant under isometries of X’;

(2) vol (AC) = A"vol (C), for any C € K and A > 0;

(3) ForC € R, vol (C) = 0if and only if C is contained in a hyperplane of X’;

@) IfC C C,C,C' € &, then vol (C) < vol (C'), and equality holds if and only if
vol(C'y=0o0rC =C';

(5) The volume functional is continuous (with respect to the Hausdorff metric
on R).

We note a simple but useful explicit formula for the volume of a polytope P € *B.
If Qy,...Q, C dP are the closed (n — 1)-faces of P, and N, € S is the outer unit

normal vector of P of the affine span (Qy), k = 1,...,m, then we have
1 m
vol (P) = = > " hp(Ni) vol,—1 (Q). (1.2.4)
=

where hp is the support function of P, and vol,,—; is the (n— 1)-dimensional volume
functional. (This holds since hp (Ny) is the signed distance of (Qy) from the origin,
so that the right-hand side in (1.2.4) is the sum of signed volumes of pyramids with
respective bases Qi k= 1,...,m.)

The following result is of fundamental importance:

Theorem 1.2.8 ([Minkowski 2]). There is a symmetric function V : & — R such
that, forC; € Rand A; > 0,i=1,...,r, we have

vol (Z): A,Ci)
i=1

Minkowski’s theorem asserts that the volume of the linear combination
> iy AiC; is a degree n homogeneous polynomial in the variables A;, i = 1,...,r.
The symmetric function V (whose values are the coefficients of the polynomial) is
called the mixed volume. The obvious properties of V are as follows:

> A A V(G Gy (1.2.5)

0] yeees =1

(1) The mixed volume is invariant under translations in each variable separately,
and under any simultaneous isometry (in all the variables);

2) vol(C) =V(C,...,C)forC € R;

(3) The mixed volume is continuous (with respect to the Hausdorff metric on K).

Remark. A less trivial property of V (which we will not use) is:

4) IfC, C C, C1,C € R, then we have V(Cy,Ca,...,Cy) < V(C],Ca,...,Cp),
C,‘ Eﬁ,i=2,...,l’l.
Note that this implies that V is non-negative. (See [Bonnesen-Fenchel, 28].)
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Proof of Theorem 1.2.8. We first prove (1.2.5) for polyhedra.

We proceed by induction with respect to n > 1. The first step is obvious. For the
general induction step n — 1 = n, assume that (1.2.5) holds for compact convex
polyhedra of dimension < n — 1. LetdimX =n, P, € Rand A; > 0,i=1...,r.
We may assume that the linear combination

P = Zkﬂ% (1.2.6)
i=1

is n-dimensional (that is, it belongs to B) since otherwise the induction hypothesis
applies.

Let H C X be a hyperplane supporting P with outer unit normal N € § such
that @ = P N H is a closed (n — 1)-dimensional face of P. Fori = 1,...,r, let H;
be the hyperplane supporting P; with the same outer unit normal N for P; as for H.
Fori = 1,...,r, the intersection Q; = P; N H; is a closed face of P; of dimension
< n— 1. We claim that

Q=) 19 (1.2.7)
i=1

To prove this, we let X € P be decomposed according to (1.2.6), that is, we write
X = Z;=1 A:X; with X; € P;, i = 1,...,r. Using the respective support functions,
we have

(X,N) <hp(N) and (X, N)<hp(N), i=1,....r (1.2.8)

Now the crux is that equality holds in the first inequality in (1.2.8) if and only if
X € Q, and similarly, equalities hold in the second set of inequalities if and only
if X; € Q;,i = 1,...,r. Furthermore, using the algebraic properties of the support
function, the first inequality in (1.2.8) can be expanded as

Xr:)ti <X,,N> < Xr:klhfpl(N)
i=1 i=1

Finally, since A; > 0,i = 1,...,r, these imply that X € Q is equivalent to X; € Q,,
i=1,...,r. The decomposition in (1.2.7) follows.

Fori =1,...,r, the orthogonal projection of Q; C H; to H does not change its
(n — 1)-dimensional volume (since H; is parallel to H), and (1.2.7) stays intact for
the projections. Since all convex sets in H are of dimension < n — 1 the induction
hypothesis applies. We obtain that vol,—(Q) = vol,—; (Zle A,-Qi) is a degree
(n — 1) homogeneous polynomial in the variables A;, i = 1,...,r.

Applying this to all closed (n — 1)-faces O, k = 1,...,m, of P and using
(1.2.4), we obtain (1.2.5) since the support function of P is a degree 1 homogeneous
polynomial (in A;, i = 1,...,r) via hp = Y ;_, A; hp,. Thus the theorem follows
for polyhedra.
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We now show (1.2.5) in full generality for C; € fand A; > 0,i = 1,...,r.
We set C = Y_;_, A,C;. Recall from the second remark after Corollary 1.1.6 that
a compact convex set can be approximated by polyhedra with arbitrary precision
with respect to the Hausdorff distance dy. Thus, foreachi = 1,..., r, there exists
a sequence {P!};> of polyhedra such that lim—, P! = C; in the Hausdorff metric.
Taking linear combinations, we obtain lim/o, P! = C, where P!/ = YI_, A;PL.
Since the volume functional is continuous, the sequence {vol (P!)};>| converges to
vol (C).

Now, by what we proved above, every element of this sequence is a degree n
homogeneous polynomial in A;, i = 1,...,r. The convergence being pointwise in
these variables, it follows that the limit vol (C) is also a degree n polynomial in A,
i=1,...,r. The theorem follows.

We now discuss an important special case when C € B and B C X is the unit
ball. Then, for the sum C + €3, € > 0, (1.2.5) reduces to

n

vol (C + eB) = Z (’Z)e"V(B[i], Cln—1])

i=1

=V({C,....C)+enV(B,C,...,C)+ O(?),

where the numerals in the square brackets indicate repetitions. As noted above,
V(C,...,C) = vol(C). The coefficient of the linear term is

- 1 — _ 1
WV(B.C.....C) = lim *LCF D) vl (©)

e—>0t €

(1.2.9)

We claim that, for C = P € B a polytope, the right-hand side in (1.2.9) is the
surface area of P. (We tacitly assume that n > 2 with the area for n = 2 interpreted
as perimeter.)

Indeed, if Q4, ..., Q,, C P are the closed (n—1)-faces of P then (C —i—elg)\intC
consists of the union of (closed) cylinders with bases Q;, i = 1,...,m, and height
€ > 0, and a remainder which is contained in the union of closed balls of radius
€ and centers in "2, The latter has combined volume O(e?) (since n > 2). We
obtain

vol (C + eB) = vol (C) + € Y _ vol,—1 (Q) + O(€?).

i=1

The claim follows.

We now define the surface area of C € ‘B as given in (1.2.9). We obtain that the
surface area of a convex body always exists, and it is a continuous functional on B
with respect to dy; in particular, the surface area of C € ‘B is the limit of the surface
areas of convex polytopes converging to C in the Hausdorff metric.
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Remark. Thediscussion of mixed volumes above follows closely [Bonnesen-Fenchel,
28]. For a recent treatment, see [Schneider 2, 5.1].

1.3 The Theorems of Carathéodory and Radon

The three pillars of combinatorial convexity are the classical theorems of
Carathéodory, Radon, and Helly. In this section we discuss the first two. A detailed
treatment of Helly’s theorem will be given in the next section.

Recall from Section 1.1/A the definition of the convex hull [.A] of a subset A C
X: B € [A] if there exists a finite subset {A;,...,A,,} C A, m > 1, such that
B =", LA;, for some {A1,..., A,} C [0, 1] with Y | A; = 1.

A natural problem is to find a universal upper bound for m. The simple answer,
m < n + 1, is given by the following:

Theorem 1.3.1 ([Carathéodory]). Given A C X, B € [A] if and only if there
exists {Aq, ..., Ap+1} C Asuchthat B € [Ay, ..., Apq1].

Proof. Let B = Y "  LiA;, {Ar,...,An} C A, {A1..... 4.} C (0,1] with
> A; = 1, and assume that m is minimal, and m > n + 1.

We will make a linear change in the coefficients of the representation of B above
to reduce the number of non-zero terms.

To do this, it is natural to fix a non-trivial solution {1, ..., ,} C R of the
system Y . ;A; = 0, Y ', u; = 0 (which exists since there are m variables and
n + 1(< m) equations). We consider the set

T={teR|Ad+Tu;>0,i=1,...,m}.

Clearly, 0 € 7 # R, and T is closed and convex. Let 7y € 97 and choose j €
{1,...,m} such that A; 4+ tou; = 0. With this, we have

B = ZMAI' + 1 Z Wi = Z(Ai + Topi)A;.
i=1 i=1 i=1

The last sum is a representation of B in [A},...,A,] since the coefficients are
non-negative (by the definition of 7) and they add up to 1 (by the choice of
{1, ..., m}). In addition, the jth term is zero. This contradicts to the minimal
choice of m. Thus, m < n + 1, and Carathéodory’s theorem follows.

Remark. Splitting the index-set Z = {1,...,m}as It = {i € T|u; > 0} and
I~ ={ieI|u; <0}, itiseasy tosee that 7 is a (finite) closed interval containing
0 in its interior. The positive boundary is at — min;ez—(A;/ ;) which can be taken
as 7p.
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Corollary 1.3.2. The convex hull of a compact set is compact.

Proof. Recall from Section 1.1/A the standard n-simplex A, C R**!. Given a com-
pact subset A C X, by Carathéodory’s theorem, the convex hull [A] is the image
of the continuous map A, x A" — X givenby (A1,..., Apt1: A1, ... Apr1) =
Z?:ll AiA;. Thus, [A] is compact and the corollary follows.

Remark. A subset A C X is bounded if it is contained in a metric ball. Since
the latter is convex, it immediately follows that the convex hull of a bounded set is
bounded. On the other hand, the convex hull of a closed set is not necessarily closed.
For example, we have

[{(x,y) € R? |xy = Lx,y > 0} U {(0,0)}] = {(x.y) € R |x,y > 0} U {(0,0)}.

(Compare this with the example at the beginning of Section 1.2.) This shows that
Corollary 1.3.2 does not immediately follow from the definitions. For a proof that
does not use Carathéodory’s theorem, see [Eggleston 1, p. 22].

Corollary 1.3.3. Let C € ‘B. Then any point of C is contained in an m-simplex,
m < n, with vertices being extremal points of C.

Proof. Let C € C. By Theorem 1.2.6, C is in the convex hull of C*, the set of
extremal points of C. Carathéodory’s theorem (applied to C*) then guarantees the
existence of {Cy, ..., C,} C C*, m < n, such that C € [Cy, ..., C,].

Assuming that m is minimal, we claim that [Cy, . . ., C,,] is a simplex.
Indeed, otherwise dim[Cy, ..., C,] < m, and applying Carathéodory’s theorem to
C and (Cy, ..., C,) again, we would get contradiction to the minimality of m. The
corollary follows.

Theorem 1.3.4 ([Radon]). Let A C X consist of at least n + 2 points. Then A =
AT U A~ AT N A™ = 0, such that [AT] N [AT] # 0.

Proof. Choose a subset {A;},cz C A of m > n + 2 points indexed by Z =
{1, ..., m}. In the spirit of the proof of Carathéodory’s theorem and the subsequent
remark, we consider a non-trivial solution {i;};ez of the system ) . it;A; = 0,
Yerpi=0,andletZT ={ieZ|pu; >0}andZ™ ={i € T|u; <0}

Non-triviality implies that » ,c7+ i = D ,e7—(—pi) = p > 0. Letting
{A;|i € It}) ¢ A" and {A;|i € T°} C A~ (with the rest of the points in
A distributed arbitrarily), a stated point in the intersection of the convex hulls is
Yier+ (i WA = 3 ier— (=) DA

Remark 1. A generalization of Radon’s theorem to general partitions is due to
[Tverberg]: Given a set A C X of at least (n + 1)(k + 1) + 1 points, A can be
partitioned into k subsets whose convex hulls have a non-trivial intersection.

Remark 2. Letf : X — Xy, n = dimAX > dim A&}, be an affine map. Radon’s
theorem implies that, given a polytope C C X, the set of vertices C* of C can be
split into two disjoint subsets .A* such that f([AT]) N f([A7]) # @.
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Since any subset of at least n 4+ 1 points in X} is the affine image of the vertices of
a polytope in X' by an affine map f : X — X, this statement is actually equivalent
to Radon’s theorem.

It is a surprising fact proved by [Bajméczy—Barany] that in this statement the
word “affine” can be replaced by “continuous”: Given a continuous map f : X —
Xy, dim X > dim X, and a polytope C C X, we have f([AT]) Nf([A~]) # @ for a
splitting C* = AT UA™, AT N A™ = 0.

In addition, they also proved a generalization of Borsuk’s theorem: Given a
convex body C C X and a continuous map f : X — Ap, dim X > dim &} as above,
we have f(C") = f(C”) for a pair of antipodal points C’, C” € dC, where antipodal
means that C’ and C” are contained in a pair of parallel hyperplanes supporting C.

For a continuous analogue of Tverberg’s theorem above as well as various
generalizations, see Eckhoff’s article in [Gruber—Wills, 2.1].

1.4 Helly’s Theorem

The third pillar of combinatorial convexity alluded to at the beginning of the
previous section is the following:

Theorem 1.4.1 ([Hellyl). Let § be a family of convex sets in X. Assume that the
intersection of any n + 1 members of § is non-empty. Suppose that (i) § is finite; or
(ii) the members of § are compact. Then (\§ # 0.

We first show that, in proving Helly’s theorem, it suffices to assume the
intersection of (i) and (ii), that is, we may assume that § is a finite family of compact
subsets.

To begin with, suppose that Helly’s theorem holds under (i). Assuming now (ii)
and applying Helly’s theorem to the finite subsets of § we obtain that §§ is a family of
compact sets with the finite intersection property, that is, every finite subfamily of §
has a non-empty intersection. Then, fixing (any) ¢ € §, the family § N Fy also has
the finite intersection property. Any member F N Fy, F € §, of this family is closed
in Fy. Applying the usual definition of compactness to F( and the complementary
family of open sets Fy \ §, we obtain (| § # @.

Thus, we reduced the proof of Helly’s theorem to (i), that is, we may assume
that § is a finite family of convex sets with any n + 1 members intersecting non-
trivially. We select a specific point in every intersection of n + 1 members of §.
We denote the collection of these points by .4. The members of A are indexed by
the n + 1 member subsets of §, and 4 consists of at most (nlf_‘l) points. Letting
§ = {[FNA|F € 5§}, each n + 1 members of § intersect non-trivially and
3§ C (3§ Thus, it is enough to prove Helly’s theorem for §’. Each member
[FNA] €, F € § is acompact polyhedron (with possibly empty interior) so that
(ii) along with (i) in Helly’s theorem can be assumed.

These reductions indicate that the character of Helly’s theorem is combinatorial
rather than fopological.
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Proof ala Helly. We proceed by induction with respect to n > 0, the first step being
obvious. Assume that the theorem is true in dimensions < n, and let § C K be a
finite family (of compact convex sets in X), such that each n + 1 members of §
intersect non-trivially.

Assume, on the contrary, that (|§ = @. Replacing § (if necessary) with a
subfamily, we may assume that there exists Fy € § such that (\F = @ but
G\ {Fo}) = C # @. Since Fy and C are disjoint compact convex sets, by
Corollary 1.2.2 (and the subsequent discussion), there exists a hyperplane H C X
that strictly separates Fy and C.

Let C’ be the intersection of any n members of § \ {Fo}. (If § consists of < n+ 1
members then the theorem is a tautology.) Clearly, C C C’ and, by assumption, C’
intersects Fo (on the other side of ). Convexity thus implies that " intersects H in
a compact convex set.

Summarizing, we obtain that § = {F = FNH|F € §F\ {Fo}} is a family of
compact convex sets in  such that each » members of § intersect non-trivially. The
induction hypothesis applies giving (| § # 0. In particular, C N H is non-empty, a
contradiction.

Proof ala Radon. Assuming (i) (without (ii), actually) we use induction with
respect to |§| > n + 1, the first step being a tautology.

For the general induction step, assume that the theorem is true for families with
< k members, where k > n 4 1. Consider a family § of k convex sets each n + 1 of
which intersects non-trivially. By the induction hypothesis, for any F € §, we can
selectapointpr € ((F\{F}). By Radon’s theorem applied to the set {p = | F € F},
there is a partition § = FT U F~, §" N F~ = 0, such that the convex hulls
Upr|F € gt and [{pr|F € F}] intersect non-trivially. Clearly, any point
in this intersection is also in (1) §. Helly’s theorem follows.

Remark. The first proof of Helly’s theorem was published by [Radon] closely fol-
lowed by [Helly, Konig 1]. Later proofs were given by [Rademacher—Schoenberg,
Sandgren, Levi, Krasnosel’skﬁ]. In our treatment of Helly’s theorem we followed
[Danzer—Griinbaum—KIlee]. This is the most comprehensive treatment of the subject.
In addition to several other proofs, it contains many related problems, applications,
and references. (See also some of the problems at the end of this chapter.) Many
other books treat this subject, for example, [Eggleston 1, pp. 33-44], [Eckhoff],
[Valentine, pp. 69—89], [Schneider 2, pp. 4-5], [Gruber, 3.2], [Gruber—Wills, 2.1].

Let C € B and O € intC. Given a boundary point C € dC, by Corollary 1.1.9,
there exists a unique point C° € dC with O in the interior of the line segment [C, C°].
The point C? is called the antipodal of C with respect to O. (See Figure 1.4.1.)

The ratio A(C,0) = d(C,0)/d(C? O) of lengths that O splits the chord
[C, C?] C C is called the distortion ratio of C (with respect to O). (By definition,
a chord is a non-trivial intersection of a line with a convex set. We will study chords
in Section 2.2.) Clearly, A(C?, 0) = 1/A(C, O).
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C()

C

Fig. 1.4.1

Corollary 1.4.2 ([Minkowski 1, Radon]). Let C € B. Then there exists a point
O € intC such that, for all C € dC, we have

< A(C,0) <n.

S |-

Proof. Recall the similarity in (1.1.4). For A € C, we define

n

—C.
n+1

Ca = Spjna1a(C) = A+

n+1

The family § = {C4 |A € C} consists of compact convex sets. In addition, given
{A1,..., A1} C C, the center of mass

1 n+1
Ay = AiGC
0 n+]i§1:

belongs to 07:11 CAJ.. Indeed, forj = 1,...,n+ 1, we have

1 n 1 1 n

Ag = A; + —-Aje —A + ——C =0C,.

0 n+17  n+1 Z n n+17 n+1 A
1<i#j<n+1

Helly’s theorem (with (ii)) applies, and we obtain that the family § has non-empty
intersection.

Let O € (\§ = (yecCa- Clearly, O € intC since, for A € intC, we have
Cs C intC.

Finally, given C € dC, the relation O € C¢c means that O = 1/(n + 1)C + n/
(n 4+ 1)A for some A € C (depending on C). Clearly, O € [C,A] so that A € [0, C°],
and we have
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d(C.0) _d(C.0) _
d(C?,0) = da,0) "

A(C,0) =

The corollary follows.

Remark 1. Corollary 1.4.2 was first proved by [Minkowski 1] for n = 2, 3 and by
[Radon] in the general case. They actually proved that the centroid has this property.
(A simple proof due to [Bonnesen-Fenchel, 34] (also quoted in [Valentine, Proposi-
tion 12.5, p. 190]) is outlined in Problem 11 at the end of Chapter 3.) The proof given
here is due to [Yaglom—Boltyanskﬁ]; see also [Danzer—Griinbaum—Klee, p. 246].

Remark 2. In Corollary 1.4.2, the family § is parametrized by the convex body C.
We can restrict this parametrization to the boundary dC, that is, define § = {C¢|
C € dC}, and the proof of the corollary still goes through.

Indeed, the only step that needs further elaboration is that O € (") ¢yc Cc implies
O € intC. Assume, on the contrary, that O € dC. Let H be a hyperplane supporting C
at O, and H' a hyperplane parallel to # and also supporting C. (See Corollary 1.2.3
and the discussion therein.) Choose C' € dC N H'. Denote by Q D C the closed
region bounded by the parallel hyperplanes H and H'. Since O € H and C' € H’,
we have O ¢ S, (u41),c'(Q). Thus, O € S,/(n+1),c/(C) = Cc. This is a contradiction
since C’ € dC.

In Section 2.3 we will gain a further geometric insight into the proof of
Corollary 1.4.2 above, including the seemingly ad hoc choice of the ratio n/(n + 1),
through Hammer’s decomposition of a convex body.

Helly’s theorem is extremely rich in applications. (See [Danzer—Griinbaum—Klee]
and [Gruber—Wills, 2.1].) For our further developments, we need only one
immediate application. A more complex refinement is deferred to Section 1.6.

Corollary 1.4.3 ([Vincensini, Klee 2]). Let § be a family of convex sets in X.
Assume that the intersection of any n + 1 members of § contains the translate of
a given convex set I C X. Suppose that (i) § is finite; or (ii) K and the members
of § are compact; or (iii) K is open and the members of § are bounded. Then [\ §
contains a translate of K.

Proof. For F € §, we define
F=XeX|(K+X) CF}

Let § = {F|F € §}. Clearly, § consist of non-empty and convex subsets. Under
(i), § is finite, and, under (ii) or (iii), the members of § are compact. In addition, by
hypothesis, any n 4+ 1 members of T have non-empty intersection. Thus, by Helly’s
theorem, there is a point X € () 3. By definition, IC + X is then contained in every
member of §. The corollary follows.

Remark. In Corollary 1.4.3 the word “contains” can be replaced by “intersects” or
“is contained in” (with corresponding modifications in the proof).
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1.5 The Circumradius and Inradius in Euclidean Space

In this section we discuss classical geometric inequalities among the basic metric
invariants of a convex body C € By in a Euclidean space X of dimension n. The
four invariants in question are the circumradius R = Rc¢, the inradius r = r¢, the
diameter D = D¢, and the minimal width d = dz. (Whenever convenient, we will
suppress the subscript.) They are defined as follows:

Rc = inf{s > 0| C C By(X) for some X € X}

sup{s > 0|C D By(X) for some X € X'}
sup{d(C,C)|C,C" €C}
dec = inf{d(H,H') | H,H  C X are parallel supporting hyperplanes of C}.

re

D¢

Since C is a convex body, the infima and suprema are clearly attained.

We now discuss these invariants along with some of their geometric properties.

We first claim that the circumradius R = R is attained by a unique closed metric
ball Bg(0) D C, the circumball of C. (The corresponding sphere Sg(0) = 3Bg(0)
is called the circumsphere, and the center O, the circumcenter of C.)

To give a quick proof of this, for s > R, we let C; = {X € X|C C By(X)}.
Clearly, {C,}s~r is a monotonic family of non-empty, compact subsets of X'. Thus,
Cr = [,z Cs is non-empty and compact. For O € Cg, we have C C Br(0), and
hence the existence of a circumball follows. For unicity, if Oy, 0, € Cg, Oy #
0, then the intersection l’S’R(Ol) N E’R(Og) D C would be contained in a closed
metric ball with center at (O; + 0,)/2 and radius (R? — d(0;, 0,)*/4)"/> < R,
a contradiction. Thus Cx = {O} is a singleton, and unicity of the circumball also
follows.

The circumsphere has the following geometric property:

0 € [C N Sk(0)]. (1.5.1)

To show this, for simplicity, we may assume that O is the origin 0 (by performing
a suitable translation). We first claim that, for each unit vector N € S, there is
A € C N Sg such that (A, N) < 0.

Indeed, unicity of the circumsphere Sk implies that, for each k > 1, there exists
A € C such that (d(Ar,0) <)R < d(Ax,N/k). In particular, from the triangle
[Ag, 0, N/k], we obtain (A;, N) < 0, k > 1. Now, an accumulation point A € C of
the sequence {A;};>1 C C satisfies d(A,0) = R and (A, N) < 0. The claim follows.
Applying this to all pairs +N € S, we conclude that the origin cannot be strictly
separated from C N Sg. (See the discussion after Corollary 1.2.2.) Now (1.5.1)
follows.

As a byproduct, we obtain O € C, in particular, we have R¢ < D¢ with strict
inequality. (Note that the circumcenter O can be on the boundary of C as the case of
the half-disk shows.)
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Remark. The Euclidean structure of X is essential to guarantee the unicity of the
circumball and (1.5.1). For example, in Minkowski space a circumball exists but it
is not unique, and (1.5.1) may not hold.

Finally, note that the discussion above holds for any compact subset 4 C C by
setting C = [A] (via Corollary 1.3.2).

The fact that the inradius r = r¢ is attained as the radius of a closed metric
ball in C, an inball of C, is a textbook application of Blaschke’s selection theorem
(Section 1.1/B) (by considering a minimizing sequence for the supremum defining
rc). Note also that, as the example of a circular cylinder shows, one cannot expect
the inball to be unique.

The supremum defining the diameter D¢ of C is clearly attained (at boundary
points of C). A corresponding chord [C, C'] € Cwith C,C’ € dC and d(C, C') = D¢
is called a metric diameter.

A metric diameter [C, C'] is a double normal of C in the sense that the (parallel)
hyperplanes H > C and H' > C’ orthogonal to [C, C'] both support C. In addition,
we also have CN'H = {C} and CN'H' = {C'}, that is, C and C’ are exposed points
of C (Section 2.1). (These statements are clear: If C” € C NH', C” # C/, then
d(C”,C) > d(C', C), contradicting to maximality of [C, C'].)

As the example of a generic ellipsoid shows, a double normal is not necessarily
a metric diameter. (See Problem 11.)

Remark. In 1960, V. Klee conjectured that a convex body C has at least n double
normals; see [Klee 3]. This was solved affirmatively by [Kuiper] in 1964. (For
a brief history of this problem and related problems, see the survey article of
[Soltan, 2.3].)

The infimum defining the minimal width d¢ is also attained at a (not necessarily
unique) pair H,H’ C X of parallel hyperplanes supporting C and having minimal
distance d¢ = d(H,H').

An important property of this minimal configuration is the following: Under the
orthogonal projection 7 : X — H (onto H) the image of C N H’ intersects C N H.
Consequently, # and H’ are connected by a double normal of C.

To prove this, assume that 7(C N H') is disjoint from C N H. Being compact
convex subsets of 7, these can be strictly separated by a hyperplane £ in H
(Section 1.2). Let H” = m~!(€), an extension of £ to a hyperplane of X. Then
& = H N H" is a hyperplane in H'. We can now simultaneously rotate  about
& and H’ about £’ to a new configuration of parallel hyperplanes neither of which
intersects C. Since their distance in the new position is less than the original d¢, this
is a contradiction. (For this proof, see [Eggleston 1, 4.5]. For a different proof, see
[Soltan, 2.2].)

Returning to the main line, as a direct consequence of the definitions, the four
invariants are connected through the inequalities

2rc <d¢ < D¢ < 2Re.
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The middle inequality can significantly be improved; in fact, we claim that the
maximal width is equal to the diameter:

D¢ = sup{d(H,H') | H,H C X are parallel supporting hyperplanes of C}.
(1.5.2)

To show this claim, for a moment, let D’C denote the right-hand side of (1.5.2).
If H,H' C C are parallel supporting hyperplanes of C then, for C € C N H and
C' € CNH, we have D¢ > d(C,C) = d(H,H’). Taking the supremum in the
parallel pair H,H’, we obtain D¢ > Dj,.

Conversely, letting C, C' € dC realize the diameter Do = d(C, C’), then, by
the discussion above, [C, C'] is a metric diameter. By definition, the pair of parallel
hyperplanes H > C and H’' > C’ orthogonal to [C, C'] are supporting C so that
D¢ =d(C,C') =d(H,H') < D,. The claim follows.

Remark 1. If H,H' C X are parallel supporting hyperplanes of a convex
body C € ‘B then their distance can be expressed using the support function A¢
(Section 1.2):

d(H,H') = h¢(N) + he(=N),
where N € S is orthogonal to the pair H, H'. It follows that we have
de = inf{hc(N) 4+ he(—=N) |N € S}.
By what we just proved, we also have
D¢ = supthc(N) + he(—=N) |N € S}.
Remark 2. In addition to the inequalities above, we also have
rc +Rec <D, Ce€B.

(See Problem 15 at the end of Chapter 2.)

A quick case-by-case check shows that, among the twelve possible ratios of our
four metric invariants, there are only two left that may have universal upper bounds
(depending only on n = dim C); the “dual” pair R¢ /D¢ and d¢/r¢, C € B.

In Euclidean setting, the universal sharp upper bounds for these ratios are due
to Jung and Steinhagen, respectively. In our treatment of these classical results we
follow [Berger, 11.5.8] and [Eggleston 1, 6.3].

Theorem 1.5.1 ([Jung]). Let X be Euclidean and C € B x. We have

RC [ n
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Proof. By (1.5.1) and Carathéodory’s theorem (Section 1.3), the circumcenter O
is in the convex hull of n 4+ 1 (or less) points Ag,...,A, € C N Sg(0). As
usual, we assume that O is at the origin and write > ;_jAA; = 0, Y oA = 1,
{Ao, ..., Ax} C[0,1].

For fixedi = 0, ..., n, we estimate

(1=A)Dg = Y Nd(Ai A = Y LA + 1A —2(A41.4)))
j=0 j=0

> Y A(2RE —2(AiAy)) = 2Rg,

=0
where, in the first sum, the ith term is zero, and 1 — A; = Z;'l=0; i Aj. Summing
overi =0, ...,n, we obtain nDé >2(n+ l)Ré. The estimate in (1.5.3) follows.

Remark 1. Jung’s theorem holds for any compact subset A C X by setting C = [A]
(in the affine span (A) as X).

Remark 2. A quick check of the proof shows that equality holds in all the estimates
(and hence also in (1.5.3)) for a regular simplex.

The upper bound in (1.5.3) is attained by many other convex bodies, however. For
example, equality holds in (1.5.3) for any convex body between a regular simplex
and any of its completions. (See Section 2.5 for the relevant discussion.)

As a partial converse, a theorem of [Melzak] asserts that if, for a convex body
C € B of constant width d, equality holds in (1.5.3) then C contains a regular
simplex A of diameter d, therefore C is a completion of A.

Remark 3. The analogue of Jung’s theorem in Minkowski space, due to Bohnen-
blust, will be treated in Section 3.9.

Theorem 1.5.2 ([Steinhagen]). Let X be Euclidean and C € Bx. We have

de 2/n ifnisodd

— ) 2(n+1) . .
7, ek ULEEV A
C — if nis even.

(1.5.4)
Proof. Fix an insphere S,(0) C C, r = r¢. Due to the maximality of r, we have
O € [0C N S,(0)]. By Carathéodory’s theorem (Section 1.3), there exists an affinely
independent set {Cy,...,Cyy+1} C dC N S,(0), 1 < k < n, such that O is in the
(relative) interior of the k-simplex [Cy, ..., Cy+1].

As an initial step in proving (1.5.4), we claim that, without loss of generality, we
may assume k = n.

To show this, we introduce the following notation: For C € §,(0), we let
Hce C X denote the hyperplane tangent to S,(O) at C. This hyperplane bounds a
unique closed half-space G which contains S,(0). Note that if C € dC N S,(0)
then H ¢ supports C (by convexity), and consequently C C Gc.
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Now, assume that k < n. Then, for every ¢ > 0 we can find an affinely
independent set {C},....C, ,} C S.(0) (near {Cy,...,Ciy1}) such that O is in
the interior of the n-simplex [CY., ..., C, ], and, for the minimal width d¢- of the
truncated convex body C' = C N ﬂf:ll Ger, we have de — € < der < der. Since
{C},....C,,} CIC" and 5,(0)is an insph'ere for C" as well, once (1.5.4) is proved
for C’, we then let € — 0 to obtain (1.5.4) in general.

Summarizing (and reverting to the earlier notation), we may assume that there
is an affinely independent set {C,...,C,+1} C dC N S,(0) such that O is in the
interior of the n-simplex [Cy, ..., Cy41].

Let7T = ﬂ:’: 11 Gc, be the n-simplex bounded by the hyperplanes # ¢, tangent to
S,(0) at the points C;, i = 1,...,n+ 1. Since C; € dC N S,(0), as noted above,
the hyperplanes H; support C, and we have C C T In particular, we have d1 > d.
Since, by construction, r = re¢, it is enough to prove (1.5.4) for 7.

Let {By, ..., B,+1} denote the vertices of 7 with B;, i = 1,...,n + 1, opposite
to the ith face 7; = 7 N H¢, of 7. Finally, fori = 1,...,n+ 1,1let V; € & be
the vector orthogonal to 7;, pointing outward from 7, and having norm equal to the
(n — 1)-dimensional volume vol,,—; (7;).

We first claim that

n+1

Y vi=o. (1.5.5)
i=1

Indeed, if N € S is any unit vector then <Z;’:11 Vi,N > is equal to the sum of signed
volumes of the faces 7; C 7,i = 1,...,n + 1, projected to the line R - N. For any
polytope this sum vanishes. We obtain that <Z:’: 11 Vi,N> = 0. Since N € S was

arbitrary, (1.5.5) follows.
Now, taking norms, we also have

n+1

Y Wik+2 Y (v =o. (1.5.6)
i=1

1<i<j<n+1

LetZ = {l,...,n+ 1}. For k = 1,...,n, we let J;, denote the family of
k-element subsets of Z. (Only proper subsets of Z will be used here.) We have
B = (7).

For A € Ty, k = 1,....,n, we write V(A) = Y .., Vi In particular,
VAVi) =V,i=1,...,n+ 1. By (1.5.5), we have

VA) =-V(A), Aed, k=1,...,n, (1.5.7)

where A° = 7 \ A is the complement of A.
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Now, fix A € T, for some k = 1,...,n. By definition V(A) is orthog-
onal to the affine span ({B;}ic4c) (since V; is orthogonal to the affine span
(Bl,...,E,...,BnH) D T i € A). By (1.5.7), V(A) is also orthogonal to
({Bi}iea).

Let H 4 and H 4 be the (unique) parallel pair of hyperplanes supporting the
simplex 7 and containing its respective disjoint faces [{B;}icu] C H. and
[{Bi}icac] C H.ac. By what we just concluded, V(A) is orthogonal to this pair.
Letd(A) = d(H .4, Hac)(= d7).

In addition, with N = V(A)/|V(A)|, the norm |V(A)| = (V(A),N) =
(Zie 4 Vi.N ), is the sum over i € A of the (signed) volumes of the faces 7; projected
to R- V(A). For each i € A, the projection factor (the cosine of the respective angle
between V; and V 4) multiplied by d(.A) is equal to the length of the altitude of the
sub-simplex [7;, C] C T over the base 7;, where the extra vertex C is the endpoint
in H 4 of the unique double normal of 7 connecting H 4 and #H 4c. These sub-
simplices form a subdivision of 7, so that we have

vol T = %IV(A)|d(A). (1.5.8)

On the other hand, another subdivision of 7 is given by the simplices [7;, O],
i=1,...,n+ 1, with the extra vertex O, the center of the insphere S,(0). We thus
have

n+1

,
vol T = Z;M" (1.5.9)
Combining (1.5.8)—(1.5.9), we obtain
n+1 n+1
i . Vi
dr < min min d(A) = r min min =——— Lit Vil _ min &
I<k<n A€ I<k<n A€J; |V(A)|  1<k=n max4ez, |V(A)]|
(1.5.10)
Since |Ji| = (”rl), we have
2
1
max |V(A > V(A2 1.5.11
(s vel) = poel (1511

We estimate

=> [ DwilP+2 Y (v

AeT, \ieA i<j,ijeA
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n n+1 n—1
= Vil* +2 Vi,V 1.5.12
(L )Emea(i)) ¥ ase
i=1 I<i<j<n+1
(n_l)n-l-l
= Dol
k=1)=

where in the last equality we used (1.5.6).
We also have

n+1 2 a4 n+1
(Zlvil) =Y VilP+2 Y WiV =m+ DY VIR (15.13)
i=1 i=1 I<i<j<n+1 i=1

where the last inequality can be established by a simple induction.
Combining (1.5.11)—(1.5.13), we obtain

A%

2
(ggi IV(A)I)

v
S
+| =
SiEE)
3T
—l==
=
agki
=
v
[\

Using this in (1.5.10), we arrive at the estimate

1
d7 < r min (nt Dy

1<k=n Jk(n—k + 1)

Finally, the minimum on the right-hand side is attained fork = (n + 1)/2 if n is
odd, and for k = n/2 if n is even. The estimate in (1.5.4) follows.

Remark. The analogue of Steinhagen’s theorem in Minkowski space will be treated
in Section 3.9.

1.6 A Helly-Type Theorem of Klee

The natural domain of the Hausdorff-distance is €y, the set of all compact subsets
of X. For unbounded (closed) subsets this metric does not reflect the intuitive
concept of limit. Indeed, a sequence {8, }x>1 of nested closed metric balls with



1.6 A Helly-Type Theorem of Klee 39

limy—, o 7 = o0 can be thought of having the entire space X as its limit; however,
limg— 00 dy (B,.k, X) = 0 cannot hold since X C (B,k), = B,k+, clearly fails for any
r>0and k > 1 (while B,, C X, = X is obviously valid).

Klee’s theorem to be discussed in this section requires a concept of convergence
for unbounded subsets in X. This has been initiated by Painlevé and devel-
oped by Kuratowski. We begin with the definition and basic properties of this
Painlevé—Kuratowski convergence of sequences of subsets in a topological space.

Although this concept of convergence can be stated in much more general
setting (for topological spaces satisfying the second axiom of countability), for our
purposes it will be sufficient to assume that the ambient space is separable metric.

For a sequence {A}i>1 of sets in X', we define

likm inf Ay = {X € X| limsupd(X, A;) = 0}
—>00

k—o00

={XeX|IX € Ak > 1, lim X = X},
k—o00

limsup Ay = {X € X'| liminfd(X, A;) = 0}
k—00

k—>00

= {X € XlHXk, € Ak[vkl+l > k;, [ > 1, lim Xk[ = X}
l—o00

Equivalently, X € liminfy_, o Ay if and only if for every € > 0 there exists ky > 1
such that B.(X) N Ay # 0, k > ko. In a similar vein, X € limsup,_, ,, Ay if and
only if for every € > 0 we have B.(X) N A, # @ for infinitely many £ > 1.

Remark. As noted by [Kuratowski, Section25, VIII, p. 156, footnote #2], the
concepts of limit inferior and limit superior are due to [Painlevé, p. 1156].

It follows that the limit inferior and limit superior are both closed subsets. We
obviously have

liminf Ay C lim sup Ay.
k—>00 k—>00

The limit superior has the following useful explicit formula

limsup.Ak = ﬂUA[ C UA[
k—o00

k=1 Ik 1>1

Remark. Note that

m.Al C U ﬂA[ C likrgzngk,

=1 k=1 I=k
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with inclusion only. Referring to the formula above for the limit superior Kura-
towski noted “on ne connait pas de formule analogue” for the limit inferior; see
[Kuratowski, Section 25, IV, p. 154].

On the other hand, one may note that the families of subsets (of N = {1,2,...}):

Moo = N C N[N\ N| < o0}
N, = NV C N[N\ V]| = o0}

are “dual” in the sense

N =NCNINNN #0, NV C Nl
Noo = N CNIN NN #0, NV C N L

(Moo defines the cofinite topology on N.) With these, we have

limsup Ay = ﬂ U.Ak

k=00 N€Noo kEN
lim inf = .
iminf A = (7] [ A
Nent, keN

For a thorough treatise on set convergence, see [Rockafellar—Wets, IV].

For any subsequence {Ay, };>1 of {Ai}x>1, we clearly have

likm inf A; C lilm inf Ay, C limsup A, C limsup A;. (1.6.1)
—> 00 —> 00

[—oc0 k—00

Finally, for two sequences {A}x>1 and {By}i>1, we have

lim sup(A; N By) C lim sup A; N lim sup B;. (1.6.2)

k—00 k—00 k—00

We say that the sequence { A }x>1 converges to A, written as limy_, o0 Ay = A, if

liminf A, = limsup A4, = A.
k=00 k—00

Remark. Let {C;}i>1 C € be a sequence of compact subsets in the Euclidean space
X. A quick comparison of (1)—(2) in Theorem 1.1.11 with the definitions of limit
inferior and limit superior shows that this sequence converges in the Hausdorff
metric if and only if it converges in the Painlevé—Kuratowski sense above.

More generally, in a separable metric space in which closed and bounded sets
are compact (such as the Euclidean space X’) the Painlevé—Kuratowski convergence



1.6 A Helly-Type Theorem of Klee 41

of sequences of sets coincides with the convergence in the bounded-Hausdorff
topology; or equivalently, limyoo Ax = A if and only if limyeo d(., Ax) =
d(., A) uniformly on bounded subsets.

We will repeatedly use sequential compactness (the Bolzano—Weierstrass prop-
erty) of the Painlevé—Kuratowski convergence: Any sequence {Aj}i>1 of subsets
subconverges, that is, contains a convergent subsequence.

Remark. For a classical proof in separable metric spaces (using second countabil-
ity), see [Kuratowski, Section 25, VIII, pp. 156—157] (and also [Aubin-Frankowska,
p- 23D.

Note that the Bolzano—Weierstrass property for the Painlevé—Kuratowski conver-
gence was first observed by S. Mrowka (for nets) and [Sierpiniski] (for sequences).
Emphasizing that this is the property of the respective space of all closed subsets,
it is usually stated for sequences of closed sets. Since d(X, A) = d(X, A), X € X,
A C X, for any sequence {Ay}i>1, we have liminfy_ o0 Ay = liminfi_ 0 Ay and
limsup,_, o, Ax = limsup,_, oo Ay, and hence this restriction is irrelevant.

We now return to our Euclidean space X'. A family J of open subsets of X
is called interior-complete if for every convergent sequence {Z;};>; C J with
limg— oo Zy = Z we have intZ € J.

Theorem 1.6.1 ([Klee 2]). Let J be an interior-complete family of convex subsets
of X. Assume that there exists T € 3, T # X such that whenever {1, ...,T,} CJ
then T N ... NI, N T contains points arbitrarily far from 0Z. Then int () # 0.

The proof of Klee’s theorem is technical and will be preceded by two lemmas.
We follow the original paper of [Klee 2] with some modifications.

Lemma 1.6.2. Let {Cy}1>1 be a sequence of convex sets in X with limy_, o, Cy = C.
Assume that O € intC. Then O € int ﬂkzko Cy. for some ky > 1.

Proof. We may assume that O = 0, the origin, and that {Ci}i>1 is uniformly
bounded, that is, the sequence is contained in a ball Bg of radius R > 0 (centered
at 0).

We first claim that there exists ky > 1 such that 0 € intCy, k > ky. Otherwise,
by convexity (Corollary 1.2.3), for a subsequence {Cy, };>1, we would have C;, C G,
[ > 1, where G, is a closed half-space with boundary hyperplane containing 0.
Since the sequence {G;};>; subconverges to a closed half-space G with boundary
hyperplane once again containing 0, we would have C = liminfy o Cr C
liminfj .o G, C liminf; o G; C G. Thus 0 cannot be an interior point of C, a
contradiction. The claim follows.

Now, for k > ko, let r,, > 0 be the radius of the largest open metric ball with
center at 0 which is contained in C;. The lemma asserts that lim inf,_, oo 7, > 0.

Assuming the contrary, let {Cy, };>1 be a subsequence such that lim;_,o ry, = 0.
By convexity (and the extremal property of the radius), there exists a unit vector
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Vi, € S such that ry, = sup{(Vy,X)|X € C}. Passing to a subsequence if
necessary, we may assume that lim; . Vi, = V. Setting €, = |V — V},|, we have

(V.X) =(V—-Vi,, X) + (Vi,, X) < |V—=Vi,lIX| + 1y, < e,R + 1y,
or equivalently
C, C{X e X|(V.X) < e R+ 1y}
We now have

C = liminfC; C liminfC, C {X € X | (V,X) < 0}.
k—00 =00

This contradicts to O € intC. The lemma follows.

Lemma 1.6.3. Let J be an interior-complete family of convex sets in X. Assume
that any n + 1 members of J intersect non-trivially. Then (T has a non-empty
interior.

Proof. We will make use of Corollary 1.4.3(iii) of Helly’s theorem. We claim that
there exists k > 1 such that any n + 1 members of J contain a metric ball 3 ;(X)
within B (with X depending on the members).

Assuming this, we can apply this corollary to K = B, and J = {Z N By |
Z €7}, and obtain that a translate of B/ is contained in () J;. Therefore
int () Jx # @, in particular, int (T # @. Our lemma then follows.

It remains to prove the claim. We argue by contradiction, and assume that, for any
k > 1, there exists {Z}, ... ,I,?'H} C T such that B, N I,g Nn...N I,:Z‘H contains no
1/k-sphere. By sequential compactness of the Painlevé—Kuratowski convergence,
we may assume that limg— I,i = I(l) exist forall i = 1,...,n + 1. Being limits,
Ié, i=1,...,n+4 1, are closed sets. On the other hand, interior-completeness gives
intIé €J,i=1,...,n+ 1, and therefore, by assumption, ﬂl’.’illintI(’; # 0.

Letting Dy, = I,} n...N I,’:H, k > 0, we see that Dy is a closed set with
int DO 75 @.

We now claim that there is a convergent subsequence {Dy, };>; such that

lim Dy, = D. (1.6.3)
=00

First of all, for any subsequence {Dy,};>; (convergent or not), by (1.6.1) and
(1.6.2), we have

limsup Dy, C limsup Dy = limsup (Z} N... N Z/Hh

=00 k—o00 k—00
C limsupZ! N...N lim supl',:“|rl (1.6.4)
k—00 k—>00

=ZyN...n gt =D,
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For the opposite inclusion, we exhibit a subsequence {Dy, };>1 such that int Dy C
liminf; , o Dy,. Since the limit inferior is a closed set, using (1.6.4), this will give
(1.6.3).

Given X € intDy, we have X € intIé foralli = 1,...,n + 1. Since

Ié = limg-eo I,i, Lemma 1.6.2 applies giving X € int (mkzkg(X.i) I,i), for
some ko(X,i) > 1 (depending on X and i = 1,...,n + 1). Letting ko(X) =
maxi <;<,+1 ko(X, i), we obtain X € int (ﬂkzko(x) Dk).

We now appeal to separability and apply Lindelof’s theorem to obtain a countable
set arranged in a sequence {X;};>1 C int Dy such that

mmcUm(]m. (1.6.5)

=1 k=ko(X)

Letting k; = ko(X;), [ > 1, we consider the subsequence {Dy, };>1 of {Di}i>1- By
(1.6.5) and the definition of the limit inferior, we have

intDy  (J () e | [ Dy, € liminf D

I>1 k>k =1 j=1

We obtain (1.6.3).

Finally, for X € intDy, by Lemma 1.6.2 this time applied to the sequence
{Ds,}i=1, we have Be(X) C (5, Dy for some € > 0 and lp > 1. This shows
that, for k; > max(1/€,2d(X,0)), [ > Iy, the set By, N Dy, contains a 1/k;-sphere, a
contradiction. The lemma follows.

Proof of Theorem 1.6.1. We proceed by induction with respect ton = dim X" > 1.
For n = 1, the assumptions imply that Z is an open half-infinite interval which we
may assume to be (0, o0). Moreover, any other member Z' € J, 7/ # X, must be
of the form (a, 00), where a € R. The statement of the lemma is now equivalent to
finiteness of sup{a| (a,00) € J}. If the supremum is infinite then we can select a
monotonic sequence {(ax, 00) }r>1 C J with limy_o ax = oco. Then

lim (a, 00) = lim sup(ax. 00) = ()| J(@:. 00) = ([ax. 00) = 4,
k=00 k=00 k>1 1>k k=1

contradicting to interior-completeness.

For the general induction step, we assume that the statement holds in dimensions
< n(n> 1) and prove it for n = dim X. In view of Lemma 1.6.3, we need to show
that, for {Z, ..., Z,} C J, we have (\,.,., Zi # 9.

Assuming the contrary, there exists Tfo ..., Z,} C T such that the open convex
sets Zg and C = (), .;-,Z: are disjoint. Let # C X be a hyperplane (strictly)
separating Zp and C.
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Consider now Z € 7 as in Theorem 1.6.1. We first claim that H ¢ Z. Indeed, if
‘H C 7 then, by convexity of Z, its boundary dZ must be comprised by one or two
parallel translates of # (Corollary 1.2.4). This, however, cannot happen since, by
assumption, both Z N Zy and Z N C contain points arbitrarily far from 0Z.

We obtain that 7/ = ZN%H is a non-empty open convex proper subset of 7{. Given
k = 1...,n, by assumption, ﬂlsi#ﬂl} must intersect Zy. Since ﬂlSi#kSnIi
is convex, contains C, and intersects Z; on the other side of #, we obtain that
M <itk<nLi N M is non-empty. In particular, since n > 2, the intersections I =
LiNH,i =1,...,n, themselves are non-empty. In addition, it also follows from
the assumption that (), ;. Z; N Z' contains points arbitrarily far from the relative
boundary 0Z’ in . Now the induction hypothesis applies to 3’ = {Z{,...,Z,,T'}
as dim’H = n — 1. We obtain that (,_,., Z/ # @ contradicting to C NH = 0.
Klee’s theorem follows. o

Remark. The proof of the general induction step follows the original proof of
Helly’s as well as the one by [Konig 1]; see [Danzer—Griinbaum—Klee].

Corollary 1.6.4. Let I C X be an affine subspace of dimension k < n and J an
interior-complete family of convex subsets of X such that each element of J contains
a translate of K. Assume that there exists T € 3, T # X, such that whenever
{Z1,...,Ly—} C Tthen Iy N ...N L,y N T contains points arbitrarily far from 0Z.
Then int (1 J) contains a translate of K.

Proof. Let K' C X be an affine subspace complementary to K. Let Iy = {Z N
K'|Z € 3} and apply Theorem 1.6.1 to Jx.

Exercises and Further Problems

1.* Show that a convex set C C &' is closed if and only if its intersection with any
line is a closed (possibly infinite) line segment.

2. Showthat[A+ A =[A]+ [A], A, A C X.

3. Show thatif 4 C X is open then sois [A] C X.

4. Show that taking the convex hull A — [A], A € €, is a continuous projection
¢ — R;in fact, a Lipschitz map (with Lipschitz constant one): dy ([A], [A]) <
du(AA), AL A e

5.% For C1,C,,Cy, C) € 8, derive the following inequalities:

du(Ci + C2,CL + Cy) < du(Cy,C)) + du(Ca, Ch)
dy(Ci U Cz,Ci U Cé) < max (dH(Cl,Ci),dH(Cz,Cé)) .

6. Derive positivity of the symmetric difference function: For C,C’ € 95, we have
da(C,C") =0ifandonlyif C = C'.
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7%

10.*
11.

12.
13.*

14.*

15.%

16.

17.*

18.

Let C C X be convex and X € X'. Show that there is ar most one point C € C
such that d(X, C) = d(X, ().

Another construction of a supporting hyperplane to a closed convex setC C X
with no control over the point of support is as follows. Given X ¢ C there is
a point C € C such that d(X, C) = d(X,C). (By Problem 7, C is unique. C is
called the metric projection of X to C.) Show that the hyperplane H through C
with normal vector N = X — C supports C at C.
Let C C X be a planar convex body. Show that the set C* C 9C of extremal
points is closed.
Show that the set of vertices (Section 1.2) of a convex set is at most countable.
Show that a (scalene) ellipsoid
n 2 }
5 <1¢,
a:

i=1

=

[

%(xl,...,xn) e R"

with a; > ay ... > a, > 0, has n double normals and one metric diameter.
Show that Dey¢r < D¢ + Der and deqcr > de + der, C,C' € R.

Let C C X be a convex set and § a finite family of subsets of X covering
C such that, for every £ € §F, the intersection C \ £ is convex. Use Helly’s
theorem (Section 1.4) to prove that there is a subfamily in § consisting of
< n + 1 members that still covers C.

Let A and B be two finite subsets of X'. Show that .4 and B can be strictly
separated if and only if, for every subset C C A U B of < n + 2 points, the
intersections C N A and C N B can be strictly separated.

Verify that the convex set

C, = {(xl,...,xn)eR"

ilxil =< 1}

i=1

is a convex polytope with the 2n vertices (0,...,0,£1,0...,0) € R". C, is
called the cross-polytope. Show that the origin O € intC is not in the interior
of the convex hull of a set of less than 2n vertices.

Prove the following theorem of [Steinitz]: Let A C X and O € int[A].
Then there exists a subset Ay C A consisting of at most 2n points such that
0 € int[A].

Show that if {Az}x>1 is a sequence of convex sets then | Jo; ((Njsf A1) is
convex.

Show that the diameter map D : 8 — R, associating to a compact subset
A C X its diameter D 4, is Lipschitz with constant 2.

Let {lg,k(Ok)}kzl C €y be a sequence of closed metric balls such that
lim;— o O = O and limy_, o rx = o00. Show that the Painlevé—Kuratowski
limit of this sequence is the whole space X.
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19.% Let C,C’ C X be closed subsets. Consider the alternating sequence
{C,C’,C.C’,...}. Show that the limit inferior is C N C’ while the limit superior
isCuc'.

20.* In this exercise we derive several elementary properties of convex functions
(of one variable). Let f : I — R be a convex function defined on an interval
I CR.

(a) Show that f : I — R is bounded and Lipschitz continuous on any
closed subinterval of int /. (Thus f is continuous on int/; in fact, absolutely
continuous on every closed subinterval of int/. Consequently, f almost
everywhere differentiable on 7.)

(b) Let x1,x2,x3,x4 € int] be consecutive points: x; < x; < x3 < x4. Show
that

flx2) —f(x1) - fx3) —f(x1) - fx3) —f(x2)

X2 — X1 - X3 — X1 - X3 — X2
_SfOa) =) _ fla) —f(x3).
- X4 — X2 - X4 — X3

(What is the geometric meaning of these inequalities?) Use these to
conclude that the left- and right-derivatives

and fi(a) = lim @ -f@

x—at X—d

fx) —f(@)
xX—a

(@) = lim

both exist for a € int/, and they are increasing functions on int /.
(c) Show that

1imi fi(x) =fL(a) and lim:F fi() =f(a), ac€ intl.

x—>a

21. (a) Show that the volume functional (Lebesgue measure) is upper semi-
continuous on € with respect to the Hausdorff distance: If limy_,o, Cx = C
in € with respect to dy then lim sup,_, ., vol C; < volC.



Chapter 2
Affine Diameters and the Critical Set

2.1 The Distortion Ratio

Let X be a Euclidean space of dimension n. Recall that B = B x denotes the space
of all convex bodies in X’ equipped with the Hausdorff metric dy. In Section 1.4, in
an application of Helly’s theorem, we briefly encountered the concept of distortion
ratio (Corollary 1.4.2). In the present section we will make a more elaborate analysis
of this concept. Throughout, C € B will denote a convex body in X'. The distortion
ratio can be defined with respect to interior and exterior points of C. We split our
treatment accordingly.

A. Interior Points. Let O € intC. For C € 0dC, let A(C, O) denote the ratio
into which O divides the chord in C passing through C and O with other endpoint
C° e dC:
d(C, 0)
d(ce,0)’
(See Figure 1.4.1 in Section 1.4.) We call C° the antipodal of C (with respect
to O). (For the existence and uniqueness of the antipodal, see Corollary 1.1.9. In
this section we will repeatedly use this corollary in various settings without making
explicit references.) This defines the distortion ratio A = A¢ : dC x intC — R.
(The dependence on C will be indicated by subscript if necessary.)

Clearly, (C°)° = C, so that the antipodal map C + C°, C € dC, is an involution
of dC, and we have A(C°, 0) = 1/A(C, O), C € dC. More specifically, we have

C—-0=-A(C,0)(C°-0), CeaC. (2.1.2)

A(C,0) = @2.1.1)

Proposition 2.1.1. (a) For fixed O € intC, the function A(.,0) : dC — R is
continuous; (b) the family of functions {A(C,.)}cesc is equicontinuous; (c) A :
dC x intC — R is continuous.

© Springer International Publishing Switzerland 2015 47
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C

Fig. 2.1.1

Proof. Albeit fairly simple, we give detailed and elementary proofs.

(a) Let C' — Cin dC. We need to show that A(C’, 0) — A(C, O).
The triangle [C, O, C'] gives

d(C',C)* = (d(C',0) —d(C,0))* + 4d(C’, 0)d(C, 0) sin*(t/2),

where o = ZCOC’ (see Figure 2.1.1).
As C' — C, this implies that d(C’, O) — d(C, O), and

0 < 12 sin%(ar/2) < d(C', 0)d(C, 0) sin*(et/2) — 0,

where ro = d(0, dC) > 0 is the radius of the largest metric ball with center O
which can be inscribed into C. We thus have o — 0.

Next, let C° and C be the antipodals of C and C’ with respect to O,
respectively. We have @ = ZC°0OC”. Let mp : S(O) — 9C be the radial
projection of the unit sphere S(O) centered at O to dC. By Proposition 1.1.10,
7o is a homeomorphism.

Since

d(m; " (C"), 75" (C%)) = 2sin(er/2) — 0,

we conclude that C”* — C° as C' — C. Taking ratios, (a) follows.

(b) Let O — O inintC, C € dC a variable point, and C° and C” the antipodals
of C with respect to O and O’, respectively. Let « = ZOCO', § = LOC"C,
and y = ZC°0C". The dependence of these angles on C, O, and O’ will be
indicated if necessary. (See Figure 2.1.2.)
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Fig. 2.1.2

Since y is an exterior angle of the triangle [0, C, C”°], we have y = « + B. Let
ro be as in (a) and Ry the radius of the smallest metric ball with center at O that
can be circumscribed about C. We have Rp > rp > 0.

The triangle [0, O', C] gives

d(0',0)* = (d(C,0') —d(C., 0))* + 4d(C,0')d(C, 0) sin*(a/2).
In particular, we obtain
d(0',0)* > 4d(C, 0"d(C, 0) sin*(at/2).

Letr € (0, rp/2) and assume that d(O’, O) < r. Using the triangle inequality,
we have d(C, 0") > ro — r > ro/2, and the inequality above reduces to

d(0',0) > 2rg sin(a/2).

We obtain that « = a(C, 0, 0') — 0 as O’ — O uniformly in C € dC.
The triangle [C, O, C'] gives

d(C,O) . RO .
sine < — sIn«.

Slnﬂ:ml _ro

Hence § = B(C,0,0") — 0 as O’ — O uniformly in C € dC.
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Since y = @ + B, we have y = y(C,0,0') — 0 as O’ — O uniformly
in C € dC.

As in (a)
d(7y' (C). 75" (C7) = 2sin(y/2),
and we obtain that
;' (C°) — 75N (C0)

as O’ — O uniformly in C € dC.

Once again, 7y is a homeomorphism, so that C'* — C° as O’ — O uniformly
in C € 9C.

Finally, we have

|d(C,0") —d(C,0)| <d(0,0),
and

1d(C", 0') — d(C°, 0)| < |d(C",0') — d(C", 0)| + |d(C”, 0) — d(C°, O)]
< d(0',0) +d(C”,C°),

and both converge to zero uniformly in C € dC as O’ — O.

Combining these, we obtain that |A(C,0) — A(C,0’)| converges to zero
uniformly in C € dC as O’ — O. (b) follows.

Finally, (a) and (b) imply (c). The proposition follows.

We define the maximum distortion m = me : intC — R as

m(0) = gle%yéA(C, 0), O € intC. (2.1.3)

(Once again the dependence on C will be indicated by subscript when necessary.)
Since A(C?,.) = 1/A(C,.), C € dC, we have m > 1. Moreover, if m(0) = 1
for some O € intC then A(.,0) = 1 identically on dC, and, consequently, C is
centrally symmetric with respect to O.
As we will discuss below, m does not have an upper bound on intC
(Lemma 2.1.6).

Theorem 2.1.2. For C € dC, the function 1/(A(C,.) + 1) is concave on intC.
The function 1/(m + 1) is continuous and concave on intC, and extends to C as a
continuous concave function by setting it equal to zero on 9C.

The proof of this theorem will be broken up into several steps below. We first
point out the following consequence:
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Corollary 2.1.3. The function m : intC — R is convex.

This corollary is a simple consequence of Theorem 2.1.2 along with the general
fact that the composition of a concave function (such as 1/(m + 1)) with a convex
and decreasing function (such as f(x) = 1/x — 1, x > 0) is convex.

Remark. In Chapter 4 we will make an extensive use the function 1/(m + 1), and
its concavity (asserted in Theorem 2.1.2) will play a principal role. In contrast, as
the next example shows, the reciprocal 1/m is, in general, not concave.

Example 2.1.4. Consider the closed unit ball B C R". As simple computation
shows

1+ 0]

, OeB.
1-|0|

mz(0) =

Clearly, mg is convex but 1/mg is not concave (albeit quasi-convex, that is, the
level-sets are convex; in fact, the level-sets are the concentric closed metric balls Br,
0<r<l.

On the other hand, as in Theorem 2.1.2, the ratio 1/(m; + 1) is concave, since

1 1-10]

, OeB.

mz(0)+1 2

P\ = (1—\)Py+ AP,

Fig. 2.1.3

We now begin the proof of Theorem 2.1.2 with the following:

Lemma 2.1.5. Let two line segments [Py, P1] and [Qo, Q1] in X be related by
a perspectivity centered at C. (See Figure 2.1.3.) Let Py = (1 — A)Py + APy,
0 < A < 1, and denote by Q, the corresponding point in [Qy, Q1] Setting
oy =d(C,Py)/d(C,Q;),0 <A <1, we have

pr = (L =24)po + Ap1. (2.1.4)
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Proof. By definition, we have
1
C—0y=—(Pr—0).
Pr

Letting Q) = (1 — u)Qo + 1O (with p depending on 1), we compute

C= 01 = (1= p)(C= Q)+ u(C— Q1)
S0+ Lei-o
Po L1

1—-A A
= (Po—C)+ — (P —0).
Px P

Assuming (without loss of generality) that Pp — C and P; — C are linearly
independent, we obtain

l—p 1-24
Po B P
woA
P P

Eliminating n we arrive at (2.1.4).

Lemma 2.1.5 implies the first statement of Theorem 2.1.2. Indeed, let Oy, O; €
intCand 0, = (1—=1)0p+ 10,0 < A < 1. Let C{ denote the antipodal of C with
respect to Oy in C, and C¢ € [C, C{] the same quantity with respect to the triangle
[C, C§, CY7]. (See Figure 2.1.4.)

C

Fig. 2.1.4

Using the notation of Lemma 2.1.5 in our setting, we have

_d(C.0) _ d(C.0;) _ d(C, 0,) _1 1
PRZCE) T dC, G T d(C o) +d(CL0)  AC O+ 1
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with equality for A = 0, 1. By (2.1.4), we have

1 -2 A
>
A(C,0;)+1 = A(C,00) + 1 * A(C,0) + 17

Concavity of the function 1/(A(C,.) + 1) follows.

The family of concave functions {1/(A(C,.) + 1)}cesc is equicontinuous by part
(b) of Proposition 2.1.1. Thus, the pointwise minimum 1/(m + 1) is continuous and
concave. This is the second statement of Theorem 2.1.2.

The last statement follows from the following:

Lemma 2.1.6. We have

li 0) = oo. 2.1.5
d(O.glCr)leOm( ) o ( )

Proof. Fix O € intC and 0 < € < ro. We will show that, for d(0’,9C) < e,
O’ € intC, we have

11%
-2 <m(0).
< Ro (0)

Indeed, let B € dC be on the extension of the ray emanating from O and passing
through O, and choose C' € 9C such that d(C’,0’) < €. We may assume that
C’ # B since otherwise the proof is simpler. (See Figure 2.1.5.)

C ¢

<>

Fig. 2.1.5

Let C € 9C be the unique point such that C — O = A(C' — O’) for some A > 0.
Finally, let 0" = [C’, O'] N [B, C]. The triangle [0, B, C] gives

d(B,0") d(0",0) - d(C’,0)

d(B,O)  d(C,0) ~ d(C,0)"
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Estimating, we obtain

d(B, 0) Ro  Ro
d(B,0") <d(C',0)——= <d(C',0)— —.
(B.0) <d(C,0) 5= <d(C0) 2 <

Hence

/ /
AB.0') = dB.0) _dB.0) _ Ro
d(B°,0) ~ d(B°,0)

)

where the antipodal B° of B is with respect to O (or O’). We conclude

1 12
0) = ACO)>AB’,0)= —— > -9
m(0) =max Al 0) = AB"0) = 7555 > 2Ry

The lemma follows.

A fundamental concept in convex geometry is the Minkowski measure (of
symmetry) defined by

*=m} = inf 0) = inf A(C,0), €8, 2.1.6
m Me OérilntC m( ) OélilntC gle%)é ( ) Ce® ( )
where m = me : intC — R is the maximum distortion as in (2.1.3). When

discussing a specific convex body, the subscript C will often be suppressed. On the
other hand, in Chapter 3 we will consider m* as function on 98 and will write
m*(C) =mg, C €B.

By convexity of m (Corollary 2.1.3) and Lemma 2.1.6, the infimum is attained
on a compact convex subset C* C intC. This is called the critical set of C. The
corresponding distortion ratio is called the critical ratio. We will study the critical
set and critical ratio in Sections 2.3 and 2.4 and in Chapter 3.

As noted before Theorem 2.1.2, we have m > 1, so that m* > 1. At the other
extreme, recall that Corollary 1.4.2 asserts the existence of an interior point O €
intC such that m(0) < n. In particular, we obtain m* < n.

Summarizing, the Minkowski measure has the following bounds

l<mi<n CeB. (2.1.7)

For the lower bound, if m* = 1 then, for any O* € C*, we have m(0*) =
m* = 1. Therefore A(., 0*) = 1 identically on dC. This means that C is symmetric
with respect to O* (and, consequently, O* is unique, that is, the critical set C* is a
singleton). (See also the discussion before Theorem 2.1.2.)

For the upper bound in (2.1.7), we claim that m* = nif and only if C is a simplex.
The “if” part is a simple computation, and it is the content of the next example. The
“only if”” part can also be shown directly, but will follow from the much stronger
Theorem 3.2.4 (¢ — 0), and also as a byproduct of the results in Section 4.1. (See
Corollary 4.1.3.)
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Remark. Some authors define the reciprocal 1/mg as the Minkowski measure. In
either case, it is usually denoted by as(C) or asy,(C), where the notation indicates
that it is also called the Minkowski measure of asymmetry.

Example 2.1.7. Let A = [Cp,...,C,] € B be an n-simplex with vertices
Co. ..., C,. We claim that m} = n. Given O € intA, we write O = Y |_;A,C;,
Z?:o Ai = 1,{Xo,..., A,} C [0, 1]. Due to the simple geometry of the simplex, its
distortion ratio A(., O) attains its maximum at one of the vertices and A(C;, O) =
(1—=24)/A;,i=0,...,n Hence, we have

1—A; 1
ma(0) = n;an A(.,0) = max A(C;, 0) = max = —1.

O<isn A; MiNg<j<n A

On the other hand, ) _jA; = 1 implies that ming<;<, A; < 1/(n + 1) and hence
ma(0) > n. This lower bound is attained for Ag = ... = A, = 1/(n + 1). Thus,
we have m} = infpeinca ma(0) = n.

We now return to the general setting, and let C € ‘5. By Theorem 2.1.2, for
0 < r < 1, the level-sets

Crz{OeC' 1—r (2.1.8)

—1 >
mO0)+1 "~
form a monotonic family of compact convex subsets of C with C; = C, and smallest
non-empty level-set

1
Cr=C*={0cintC|mO) =mw"}. —=1+_. (2.1.9)
r

being the critical set (with critical ratio r* > 1/2).

In Section 2.3 we will discuss Hammer’s geometric construction of this decom-
position {C,},* <,<1 of C; see [Hammer 2]. Although it follows easily from convexity
(and continuity) of 1/(m + 1), Hammer’s approach will immediately imply that C,
is a convex body for r* < r < 1. In particular, by Proposition 1.1.10, the boundaries
dC,, r* < r < 1, form a topological foliation of C \ C* with topological spheres.

Finally, Section 2.4 will be devoted to Klee’s analysis of the critical set C* as in
[Klee 2]; in particular, the proof of Klee’s estimate on its dimension.

B. Exterior Points. We now define and study the distortion ratio on the exterior
extC = X'\ C, C € B. As expected, the behavior of the distortion on the exterior
is more technical due to fact that the boundary of C splits into visible and invisible
parts whereas from an interior point the entire boundary is visible. (For visibility,
see [Danzer—Griinbaum—Klee, p. 111] or [Berger, Vol. I, 11.7.7].)

First, let

(0C x extC)o = {(C,0) € dC x extC|(C,0) N intC # B},

where (X;, X,) stands for the (affine) line passing through X, X, € X.
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The complement of (dC x ext(C), in dC x extC is the union of pairs (C, H\C) €
dC x X, where H C X is a hyperplane supporting C at C. (This follows from the
Hahn-Banach theorem (Section 1.2) because any line disjoint from the interior of
C but passing through a boundary point C € dC can be extended to a hyperplane H
that supports C at C.)

By definition, for (C,0) € (dC x ext(C)y, the line (C, O) intersects the interior
of C, and therefore meets dC in two (distinct) points, C and another point C°. The
latter is called the antipodal of C with respect to O. Clearly, (C°, O) € (dC x extC)g
and (C?)? = C, so that the antipodal map C + C? is an involution of (dC x extC)y.

Proposition 2.1.8. (0C x extC)o is open and dense in 0C x extC. It has two
connected components which are interchanged by the antipodal map.

Proof. Openness is clear from the definition.

Let (C, 0) € 9C x extC with (C, O) disjoint from int C, and choose disjoint open
metric balls U and V C extC about C and O, respectively. We need to show that
(C’, 0’} intersects int C for some C' € C N U and O’ € V. We may assume that X’
is two-dimensional. (Otherwise we intersect this configuration with an affine plane
that contains C and O and an interior point of C.) If the lines (C, 0’), O’ € V, are
still disjoint from int C then C is contained in an angular region with vertex at C (and
angle < 7). Clearly, every line (C’, O) with C' € dC N U, C’ # C, intersects intC
(provided that U is small enough). Density follows.

The set (dC x extC)o naturally splits into two disjoint subsets (dC x extC)it
according as C° € [C,0] or C € [C°, O], C € (dC x ext(C)y. The antipodal map
clearly interchanges these two subsets. Path-connectedness of (dC x extC), say,
can be seen as follows.

First, (Co, 0), (C1,0) € (3C x ext(C), are in the same path-connected compo-
nent; in fact, the projection of the parametric line segment A — (1—1)Cyo+AC; from
O to dC gives rise to a continuous path from (Cy, O) to (Cy, O) (Proposition 1.1.10).
This path stays within (3C x extC) 4 since [Co, C1] is disjoint from [C{, C{], the line
segment connecting the respective antipodals.

It remains to show that (C, Oy), (C, O1) € (dC x ext(C)4 are in the same path-
connected component. Moving Oy and O; away from C along (C, Op) and along
(C, O1) (and staying in the same path-connected component), we may assume that
[0, 01] C extC. The final path is then given by the parametrized line segment
A+ (1 = 4)O¢y + A0,. The proposition follows.

With these preparations, the distortion ratio A = A¢ : (3C x extC)y — R can
be defined in the obvious way:

d(C,0)

MED= ooy

(C,0) € (dC x ext(C)y.

As before, A(C°,0) = 1/A(C, 0), (C, 0) € (dC x ext(C)y, and (in place of (2.1.2))
we have:

C— 0= A(C,0)(C° - 0).
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Moreover, using the method in the proof of Proposition 2.1.1, it follows easily that
A 1 (3C x extC)g — R is continuous. Clearly, the two connected components
(0C x ext(C)+ correspond to the domains {A > 1} and {A < 1}, respectively.

Remark. In general, the distortion A : (dC x ext(C)y — R cannot be extended to
dC x extC continuously. An example illustrating this is when the boundary point C
is in the interior of a side of a triangle and O is in the extension of the side. (See
Figure 2.1.6.)

/

Fig. 2.1.6

For C € dC, the intersection of (dC x extC)+ by {C} x extC is denoted by
({C} x extC)+. (See Figure 2.1.7.)

({C} x extC),

({C} x extC)_

Fig. 2.1.7

The union of these two connected sets comprises the domain of A(C,.). Clearly,
({C} x ext(C)_ is convex.

Similarly, for O € extC, the intersection of (dC x ext C)+ by dC x {0}, is denoted
by (dC x {O})+. (See Figure 2.1.8.)

Once again, the union of these two connected sets is the domain of A(., O). Both
sets are precompact (that is, they have compact closures), and their boundaries can
easily be described. Given a boundary point C of (dC x {O})+, say, the intersection
[C, O] N C is either a chord [C, C'] on the boundary of C with C’ being a boundary
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Fig. 2.1.8

point of (3C x {O})—, or the singleton C € (dC x {O})+ N (3C x {O})— with (C, O)
being a contact line to C at C. One may extend the distortion to these boundaries
continuously (by declaring A(C, O) = d(C, 0)/d(C’, 0)).

As in the case of the interior we define the maximum distortion m = m¢
extC — R by

m(0) = sup A(,0)= max A(.,0), O € extC.
(Cx{0})+ (dCx{0})+

For the next theorem, recall that a function is quasi-convex if its level-sets are
convex.

Theorem 2.1.9. For C € dC, 1/|A(C,.) — 1| is convex on its respective domains
({C} x extC)+. The function 1/(m—1) is continuous and quasi-convex on extC and
extends to dC as a continuous function by setting it equal to zero on dC. (In quasi-
convexity, we assume that 1/(m — 1) is extended to be equal to zero on C.)

Proof. The proof is analogous to that of Theorem 2.1.2. Let [0y, O;] C ({C} X
extC)+. We adopt the notations and the method from the case of interior points.
(See Figure 2.1.9.)

We have

_d(C.0y) _ d(C.0y) _ d(C,0;) 14 1
©d(C,C9) T d(C.C)  d(C.0)—d(C3.0;)  A(C.Op) -1

P

with equality for A = 0, 1. Using Lemma 2.1.5, we obtain

1 B v S A
AC,0) —1 = A(C,00)—1 " A(C,01) =1

Convexity of 1/(A(C,.) — 1) on ({C} x extC)y follows.
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Oo

({C} x extC)_

Fig. 2.1.9

The proof of convexity for 1/(1—-A(C, .)) on ({C}x extC)_ is entirely analogous.
(See Figure 2.1.10.)

({C} x extC)

O() O)\ Ol

Fig. 2.1.10

Continuity and quasi-convexity of 1/(m — 1) can be shown directly, but it will
follow easily from Hammer’s construction in Section 2.3.
To finish the proof of the theorem, we need the following.

Lemma 2.1.10. On extC, we have

lim m(0) = oo.
d(0,3C)—0
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Proof. We mimic the proof of Lemma 2.1.6 with appropriate modifications. Fix
O € intC and € > 0. We claim that, for d(0’,dC) < €, O’ € extC, we have

172
-2 <m(0).
€R0

Indeed, let B be the intersection of the line segment [0, O'] with dC and choose
C’' € dC such that d(C',0’) < €. We may assume that C" # B. Let C € dC

be the unique point such that C — O = A(C' — O’) for some A < 0. Finally, let
0" =[C,0 1N (B, C). (See Figure 2.1.11.)

Fig. 2.1.11

The triangles [0, B, C] and [0, B, O”] are similar so that

d(B.0)) _d(0".0) _d(C'.0)
d(B,O)  d(C,0) ~ d(C,0)’

Estimating, we obtain

d(B,0O R R
d(B,0') < d(C',0) (B, 0) <d(C,0)=2 <=2,
d(C,0) ro ro
Hence
d(B,0' d(B,0’ R
AB,0) = (0 ,)g (0 )<e—20,
d(B°,0') — d(B°,0) o
where the antipodal B° of B is with respect to O (or O').
By construction, B € (3C x {O'})+ and we conclude
©') A, O) > A(B’,0) L 17
m = sup . = N = —_— [
(ICx{0'}) + A(B,0') €Ro

The lemma follows.
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2.2 Affine Diameters

Let C € B. A chord of C is the intersection of a line with C. It is a (closed) line
segment which we assume to be non-trivial. A chord is an affine diameter if C
has parallel supporting hyperplanes at its endpoints. In this section we study the
existence of affine diameters whose (line) extensions pass through a given point
in X.

Any boundary point is the endpoint of an affine diameter. Indeed, let H be
any hyperplane supporting C at a given boundary point (Corollary 1.2.3). By
compactness of C there exists another hyperplane H? parallel to H and supporting C.
Then any chord connecting the given point and a(ny) point in C N H° is an affine
diameter of C.

For affine diameters passing through a given interior point of C we will make
a more detailed study. Recall the distortion ratio A : dC x intC — R and the
maximum distortion m : intC — R, m(0) = maxye A(., 0), O € intC.

Proposition 2.2.1. Let O € intC and assume that A(., O) attains a local maximum
at Cy € dC. Setting mg = A(Cy, O), there is an open neighborhood U of Cy € X
such that we have

(14 1/me)0 — 1/me[dC N U] C C. 2.2.1)

Proof. Choose a neighborhood U of Cy in X’ such that the restriction A(., 0)|dCNU
attains its maximum at Cy. Since mgy > 0, for C € dC N U, we have

(14 1/mp)0 —1/myC = O + A(C° — 0), (22.2)

for some A > 0. For the inclusion in (2.2.1), we need to show that A < 1. (See
Figure 2.2.1.) Rearranging (2.2.2), we find 1/my(O — C) = A(C° — O) so that
A = A(C,0)/A(Cy, O) < 1. The proposition follows.

Remark. The inclusion in (2.2.1) has a simple geometric interpretation. The
similarity S_i/my0 : X = (1 + 1/mg)O — 1/meX (Section 1.1/C) maps [dC N U]
to the convex set on the left-hand side of the inclusion in (2.2.1). In addition, C is
mapped to its antipodal Cj. Since Cj is also a boundary point of C the two convex
sets at the two sides of (2.2.1) meet at this common boundary point.

Corollary 2.2.2. Given O € intC, for any Cy € 9C at which A(.,O) attains
a local extremum, the chord [Cy, C{] is an affine diameter (passing through O).
More precisely, if A(., O) attains a local maximum at Cy and H° is any hyperplane
supporting C at C{ then the hyperplane H = H° + Cy — C{ supports C at C. In
particular, through any interior point O € intC there is an affine diameter which is
split by O in the ratio m(O).

Proof. Since A(C°,0) = 1/A(C,0), C € 9dC, the sets at which A(., Q) attains
local maxima and minima are antipodals. We may therefore assume that at Cy € dC
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H H?

Co &

[0C N U] (1+1/mp)O — 1/m[0C N U]

Fig. 2.2.1

we have a local maximum and Proposition 2.2.1 applies. Let H° be any hyperplane
that supports C at Cj. By the geometric description in the remark above it is clear
that 7 also supports the convex set on the left-hand side of (2.2.1) at Cj. Applying
the inverse of the similarity S—_j/m,,0 to H” we obtain another hyperplane H =
(1 +mp)O0 —moH? parallel to H? and supporting C at Cy. Thus [Cp, C{] is an affine
diameter and the corollary follows.

If (in the proof of Proposition 2.2.1) A(., O) attains global maximum at C; then
there is no restriction on U (= &X’) and we obtain

1 1
m(0)  maxye A(., O)

=max{s > 0| (1 +s)0O—sC C C}. (2.2.3)

Clearly, the maximum distortion is attained at the common boundary point(s) of the
convex bodies participating in the inclusion

Co=(1+1/m(0))0—1/m(0)C CC.

Remark. Corollary 2.2.2 is a local version of [Klee 2, (3.2)].

We now introduce the notion of k-flat point on dC, 0 < k < n. Let C € dC. We
call an affine subspace A C X" a supporting flat at C if C € A and A is contained
in a hyperplane supporting C at C. (By the Hahn—Banach theorem (Section 1.2), an
affine subspace A containing C is a supporting flat at C if and only if A is disjoint
from the interior of C.) Consider the set of supporting flats .4 at C which have the
property that dC N A is a convex body in A and C is contained in its (non-empty)
relative interior. Since C is convex, this set has a unique maximal element denoted
by Ac. Thus, C N A is a convex body in A¢ with C it its relative interior, and A¢



2.2 Affine Diameters 63

is maximal with respect to this property. We call C a k-(dimensional) flat point if
dim A¢ = k.

Clearly, C is an extremal point if and only if & = 0 (Section 1.2). At the other
extreme, an (n — 1)-flat point will be called a flat point. (Compare this with the
concept of order of a boundary point discussed after Corollary 1.2.7.)

Corollary 2.2.3. Let C be a convex body and C™ C 9C the set of extremal points.
We have

m(0) = née}xA(.,O), O € intC.

Proof. Assume that A(., O) attains its maximum at a non-extremal point C € dC.
Then C is a k-flat point for some £k > 0, k = dim.A¢. Since A(., O) attains its
maximum at C, by Proposition 2.2.1, the antipodal point C° is [-flat, [ > k, and A¢
is parallel to Aco.

Choose a point C’ on the (relative) boundary of the convex body dC N Ac in
Ac. Clearly, C’ is a lower dimensional flat point than C. Since A¢ is parallel to
Aco, A(.,0) is constant on [C, C']. We can replace C by C’ without changing of
the value of A(., O). The corollary now follows by induction (with respect to the
dimension of the flat point).

Example 2.2.4. Let M(n,R), n > 2, be the vector space of n x n-matrices with real
entries. We denote by A = (a,‘j);"].=l € M(n,R) a typical element, where a;; € R is
the entry of A in the ith row and jth column. As a vector space, M (n, R) is isomorphic
with R” via the “read off map” which associates to A = (a;); ;= the vector formed
by juxtaposing the rows of A consecutively as

2
n
(a1, .-, Qs @210 - oo Qoo oo Gl - o Ayp) € R

We identify M(n, R) with R" via this isomorphism.

A matrix A = (aij)f_j:l € M(n,R) with non-negative entries is called doubly
stochastic if the sum of the entries in each row and in each column is equal to 1,
that is, for i,j = 1,...,n, we have ZJ'-’ZI aj = land Y/ a; = 1. In particular,
0 <a; < 1foralli,j = 1,...,n; and hence the double stochastic matrices are
contained in the unit square [0, 1]"2 CR".

Let X, C M(n,R) = R" be the affine subspace defined by the two sets of
equations Z};laij =1i=1,....,n,and ) a; = 1,j = 1,...,n. Note that
these constraints are dependent as each of the two sets implies )/, > | a; = n;
therefore one (but only one) constraint is redundant. We obtain that dim &, = n? —
Qn—1) = (n—1)>2

The set B,, C M(n,R) of doubly stochastic matrices is the intersection of A&, and
the convex cone consisting of all matrices with non-negative entries. Therefore B,
is convex. Moreover, as noted above, B, C |0, 1]”2, and therefore B, is compact.
Finally, B, has non-empty interior in A},; for example, it contains the open ball of
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radius 1/n and center E,, € 15,, the doubly stochastic matrix all of whose entries are
equal to 1/n.

Let S, denote the symmetric group of all permutations on {1, 2, ..., n}. For any
permutation & € S, the associated permutation matrix P, € M(n, R) is the matrix
with all entries 0, except, for i = 1,...,n, in the ith row the 7 (i)th entry is 1.
Clearly, P, is doubly stochastic; in fact, P, € dB,, 7 € S,,.

The symmetric group S, acts naturally on M(n,R) by linear isometries; a
permutation 7 € S, sends a matrix A € M(n, R) to the product P, - A € M(n,R)
whose rows are those of A permuted by m. The affine subspace &), and its convex
body B, are invariant under this action. Finally, note that the action of S, restricted
to X, has a unique fixed point; the matrix E,,.

The celebrated Birkhoff-von Neumann theorem asserts that 3, C X, is a convex
polytope whose vertices are the (n!) permutation matrices. (This theorem has many
different proofs. Example 3 details one of the simplest proofs due to [Hurlbert]
that uses the Minkowski—Krein—Milman theorem (Section 1.2). For the original
accounts, see [Birkhoff, von Neumann], and also the earlier approach by [Konig 2,
Chapter XIV, Section 3] via regular bipartite graphs.) B, is called the Birkhoff
polytope.

As an application of Corollary 2.2.3, in this example we claim that the maximum
distortion

mB”(E,,) =n-—1.

Since the extremal points of 3, are precisely the vertices, we need to calculate
the distortion A(P,,E,) for a(ny) permutation matrix P,, 7 € S,. (As S, acts
transitively (and isometrically) on the set of vertices of B,, all these distortions are
equal.)

Let P2 denote the antipodal of P, with respect to E,. It is given by the convex
combination

—t(Py — E,) + E, = —tP, + (1 + DE,

with the largest # > 0 such that this matrix has non-negative entries. In terms of the
entries, this condition is —t+ (1 4+1¢)/n > 0. Thus, r < 1/(n— 1), and equality gives

—'P”_Enl —l—n—l
| —tP, +tE,| t ’

A(Prr» En) =
The claim follows.
Returning to the main line, we now consider the case of exterior points.

Proposition 2.2.5. Let O € extC and assume that A(., O) attains a local maximum
at Cy € aC with (Cy, O) € (0C x ext(C)+. Setting my = A(Cy, O), mg > 1, there is
an open neighborhood U of Cy € X such that we have

(1=1/mp)0 + 1/me[dC N U] C X \ intC. (2.2.4)
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Proof. We choose the neighborhood U of Cy in X such that (dC N U) x {0} C
(0C x extC)4+ and A(.,0)|dC N U attains its maximum at Cy. For C € dC N U,
we have

(1—1/m)0 + 1/meC = O + A(C° — 0), (2.2.5)

for some A > 0. We need to show that A < 1. (See Figure 2.2.2.) As
before, rearranging (2.2.5), we find 1/mo(C — O) = A(C° — O) so that A =
A(C, 0)/A(Cy, O) < 1. The proposition follows.

&

o C 4 ‘

Co 0

[0C NU|

Fig. 2.2.2

Remark. Figure 2.2.2 contains the geometric interpretation of the proposition. The
similarity Si/mg.0 : X = (1 —1/mp)O 4+ 1/meX maps [0C N U] to the convex
set on the left-hand side of the inclusion in (2.2.4). In addition, Cy is mapped to its
antipodal Cj. Since Cj is also a boundary point of C the two convex sets at the two
sides of (2.2.4) meet at this common boundary point.

Corollary 2.2.6. Given O € extC, for any Cy € 9C with (Cy, O) € (dC x extC)o,
at which A(.,0) attains a local extremum, the chord [C, C°] is an affine diameter
(passing through O).

Remark. Unlike the case of interior points, in general, global maxima of A may not
be attained in (dC x extC)4. A simple example is furnished by a triangle and O on
one of the extensions of a side.

As before, for O € extC, we have

1 1
m(0)  supgexioy, Al 0)

= sup{s = 0| (1 —s)O +sC C X\C}. (2.2.6)

To show this, we first note that, clearly, m(0) > 1. The convex body

Co = (1 — 1/m(0))0 + 1/m(0)C 2.2.7)
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is the image of C under the similarity S;/m(0).0 With center at O. By (2.2.4), Co C
X \ intC so that the interiors of C and Cy are disjoint, and C and Cp meet at a
common boundary point B € dC N dCp. (See Figure 2.2.3.)

0

Co
B H
C
C o
/ Bo H

Fig. 2.2.3

Since they are both convex, there exists a hyperplane H (separating and)
supporting C and Cyp at B (Corollary 1.2.2). Applying the inverse similarity Sy (0),0,
we obtain that the hyperplane H? = (1 — m(0))O + m(O)H is parallel to H and
supports C at B = (1-m(0))O+m(0)B € dC. (Since B may not be in (dCx{0}) +,
B may only be the antipodal of B in the limiting sense.) Thus, [B, B°] is an affine
diameter of C whose line extension passes through O.

We claim that B € (dC x {O})—. Indeed, we have d(B,0)/d(B°,0) =
1/m(0) < 1 implying that B cannot be in (dC x {O})4. In addition, being an
endpoint of an affine diameter, B cannot be in the interior of any line segment on
dC. The claim now follows from the description of the splitting of the boundary of
C into visible and invisible parts (from O). (See Figure 2.1.8.)

We thus have B° € (dC x {0})+ with d(B°,0)/d(B,0) = m(0). We now
let C € (dC x {O})+. Since the chord [C, C°] is between the parallel supporting
hyperplanes H and H° and the line extension of this chord passes through O, we
have A(C,0) = d(C,0)/d(C°,0) < d(B°,0)/d(B,0) = m(0). The equality in
(2.2.6) follows.

As a byproduct we also obtained the following:

Corollary 2.2.7. Given a convex body C C X, the extensions of affine diameters
cover the entire space X.

Remark. The method above for treating the exterior points was essentially indicated
by an undisclosed reviewer of [Hammer 2].

The following result gives a characterization of affine diameters in terms of their
lengths.
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Theorem 2.2.8. Consider the family of all chords of C parallel to a given line. In
this family the affine diameters of C are precisely the longest ones.

Proof. Since C is between its two supporting parallel hyperplanes at the endpoints
of an affine diameter, it is clear that the affine diameters are the longest in any given
parallel family.

Conversely, assume now that [C, C'] C C is the longest in a family of parallel
chords. We consider the parallel translate C’ = C+C—C'. Clearly, C = C'+C—-C’ €
CNC as C' € C. We now claim that C and C’ have disjoint interiors. Assume not. Let
B e intCN intC’. Since B € intC’, wehave B=A + C — C/, for some A € intC.
Rewriting this as A — B = C’ — C gives two things: d(A,B) = d(C,C’) and the
chord [C, C'] and the chord passing through A an B are parallel. But B is an interior
point of C so that the latter is certainly longer than [C, C']. This is a contradiction
proving the claim.

Since C and C’ have disjoint interiors but meet at C € dC N dC’ there exists a
hyperplane H (separating and) supporting both convex bodies at C. Now, letting
H' = H + C' — C we see that [C, C’] is an affine diameter of C supported at its
endpoints by the parallel hyperplanes H and H’.

Corollary 2.2.9. C has an affine diameter parallel to any given line.

Remark. The literature on affine diameters is extensive. For thorough surveys, see
[Soltan] and [Martini—-Swanepoel-Weiss].

The structure and mutual incidence of affine diameters within the interior of a
convex body C is subtle. To begin with, improving an observation of [Dol’nikov],
[Soltan, 6.1] showed that through the midpoint of an affine diameter yet another
affine diameter must pass through. (See Problem 2.)

About the structure of the affine diameters, in 1963 [Griinbaum 2] posed the
following:

Griinbaum Conjecture. Every convex body possesses a point through which n 4 1
affine diameters pass through.

We will return to this question at the end of Sections 2.4 and 4.2. Related to this,
[Soltan—Nguyén] proved that a convex body C either has continuum many points
each belonging to (at least) three affine diameters or there is a point belonging to
continuum many affine diameters. (See also [Nguyén]. For previous work on this
type of result, see [Dol’nikov] and [Harazisvili].)

2.3 Hammer’s Construction of the Critical Set

Let C € 8. Recall from Section 2.1 that the level-sets of the concave function
1/(m+1) (Theorem 2.1.2) define a monotonic family {C,}+<,<1, 1/r* = 14+1/m*,
of compact convex sets with C; = C and C,» = C*, the critical set of C.

Following Hammer, using the central similarities S, ¢ € Dil(X) C Aff(X) with
center C and ratio r(3 0) introduced in Section 1.1/C, in this section we discuss a
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geometric description of this decomposition. As a byproduct, this will give a new
insight into Yaglom—Boltyanskii’s approach to the Minkowski—Radon inequality
(Corollary 1.4.2).

A. Interior Points. For 0 < r < 1, we define

Co=1{)S$c@=[)1=nNC+1C)= () (C+rC-C). (2.3.1)

CedC CedC CcedC

With respect to the inclusion, {C,}o<,<1 is an increasing family of compact convex
sets with C; = C. Since Sy.¢(C) = {C}, C € dC, we have C, = @ for small r > 0.
We define

P =inf{r € (0,1]|C, # @} and C* =C». (2.3.2)

We call r* the critical ratio and C* = C,» the critical set of C.

To justify the overlapping terminology, we claim that (2.3.1)—(2.3.2) are equiva-
lent to (2.1.8)—(2.1.9).

To show this, we first note that, for 0 < r < 1, in (2.3.1), we have

¢, ={0eX|(1/rO+ (1—-1/rCCC}. (2.3.3)

Indeed, O € C, in (2.3.1) if and only if S;é(O) € C, C € dC, or equivalently,
(1/r)0+ (1 —1/r)aC C C. Since C is convex dC can be replaced by C.

Now, the parameter r in (2.3.3) is just the rescaling of the parameter s in (2.2.3).
We immediately see that, for O € intC, we have

1
0eC <+ Pl (P —
"= T m0) F

(2.3.4)
This is the definition of C, in (2.1.8). The claim follows.

Equality holds in (2.3.4) if and only if O € dC,. As already established in Sec-
tion 2.1, the following simple geometric picture emerges: The family {9C, },«<,<1
on C; = C comprises the level-sets of the convex function 1 — 1/(m + 1) (with its
continuous convex extension to C; Theorem 2.1.2). The lowest level-set (at r*) is
the (compact convex) critical set C*, and we have

1 1
r*=1-sup =1- (2.3.5)
ine M+ 1 m* + 1

with the supremum attained on C*. For r* < r < 1, O € intC, if and only if strict
inequality holds in (2.3.4); in particular, intC # (. We obtain that, for r* < r < 1,
C, € B, and {JC,},~<,<1 gives rise to a topological foliation on C \ C* with the
leaves being topological spheres (Proposition 1.1.10).
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Finally, note that »* > 1/2 with equality if and only if C is (centrally) symmetric
with respect to the singleton C*. Indeed, this is just a rewording of what has already
been established in Section 2.1, since m* > 1 if and only if r* > 1/2.

At the other extreme, the proof of Corollary 1.4.2 along with the following
Remark 2 shows that C,/(ui+1) = [ \cese Sn/(+1),c(C) is non-empty. This means that
r* <n/(n+ 1), which gives again the Minkowski—Radon upper bound m* < n.
To turn the question around, in the Yaglom—B oltyanskii approach to Helly’s theorem
(Corollary 1.4.2), the points O € intC for which the estimate 1/n < A(,,0) <n
(on 9C) holds fill the compact convex set C,,/(,+1) of the Hammer decomposition.

Fig. 2.3.1

A connection with affine diameters is as follows. Let r¥* < r < 1 and O € 09C,.
Let m(0O) = maxyc A(., O) be attained at C € 9dC. By Corollary 2.2.2, [C, C’]
is an affine diameter (passing through O). Let ‘H and H° be parallel hyperplanes
supporting C at C and C?, respectively. We now claim that the hyperplane o
parallel to H and passing through O supports C,. (See Figure 2.3.1.)

To prove this claim, first note that Hp = S,c(H°) = C + r(H° — C) since
the right-hand side is parallel to 7{? and passes through O; in fact, we have O =
C+r(C°—=C)sincer =1—1/(m+1) =1—-1/(A(C,0) + 1). Now, H° is
supporting C so that S, (H°) = Ho is supporting S, (C). But the latter contains
C,, and the claim follows.

B. Exterior Points. For » > 1, we define

¢=JSco=Jw-nc+)=|JC+rC-0)y.
CceadC CeadC CceadC
Clearly, C C C,,r > 1,and C; = C.

Proposition 2.3.1. {C,},> is a monotonic family of convex bodies.

Proof. Monotonicity is clear. We need to show that C,, r > 1, is a convex body.
First, as a consequence of the definition, we have

C, ={0eX|((1/r0+(1—-1/r)dC)NC # B}. (2.3.6)

Indeed, for O € X and r > 1, O € C, if and only ifS;é(O) = (1/r)0+(1-1/r)C €
C for some C € dC.
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Now let Og, O; € C,. Then, for some Cy, C; € dC, we have
(1/r)0g+ (1 —=1/r)CyeC and (1/r)O;+ (1 —-1/r)C; eC.

Letting Oy = (1 —A)0y + A0; and C; = (1 —1)Cy + AC), A € [0, 1], using these
two relations we obtain (1/r)0y + (1 — 1/r)Cy € C. A slight difficulty is caused
by the fact that C; € C is not necessarily on the boundary of C. To overcome this,
let C; € dC be on the extension of the line segment [(1/r)0; + (1 — 1/r)C;., Cy]
(possibly) beyond C;. Then we have

(1/r)05 + (1 =1/r)Cy € [(1/r)05 + (1 = 1/r)Cr. C3] C C,

and O, € C, follows. Thus C, is convex.
Since C,, r > 1, is obviously compact and contains the convex body C = Cy, we
conclude that C, is a convex body. The proposition follows. O

Given O € X and r > 1, the defining relation in (2.3.6) clearly implies that
(1/r)O 4+ (1 — 1/r)dC intersects the interior of C if and only if O € intC,. Hence
O € dC, if and only if the convex bodies (1/r)O + (1 — 1/r)C and C meet only at
their boundaries. We thus land in the situation given in (2.2.6).

Matching the parameters, we obtain that, for O € extC, we have O € dC, if and
only if

1 1
T T m©o) - T mo) =1

where (as usual) m(0) = supex oy N A(., O). By monotonicity, for O € extC, we
obtain

|
0eC & r>l4+—
Tt RO =1

and equality holds if and only if O € dC,. Since C,, r > 1, are convex, this means
(by definition) that 1/(m — 1) is quasi-convex, provided that it is extended to be
equal to zero on C.

Going back to the boundary, we see that {C,},> are the level-sets of the function
1 4+ 1/(m — 1). As a byproduct, we also see that m is continuous on extC.

Indeed, since m > 1 on extC, it is enough to show continuity of 1 + 1/(m — 1).
Given O € extC, and € > 0 small enough, then, setting r = 1+ 1/(m(0) — 1),
the open set U = intC,4. \ C,— is a neighborhood of O with O’ € U and
¥ =14+ 1/(m(0) — 1) implying |r' —r| < €.

Remark. The construction of the monotonic family {C,},>, is due to [Hammer 2].
In the last passage he follows a different approach. One of the key elements in his
treatment is to prove that dC, can be characterized as the set of points on affine
diameters of C extended about their midpoints by the ratio 2r — 1. The equivalence
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of this with our level-set approach can be seen as follows. Let [B, B°] be the affine
diameter with extension containing O € extC as in the discussion after formula
(2.2.6). (See also Figure 2.2.3.) Letting A = (B + B°)/2 be the midpoint, we
calculate

d(A,0) d(B°.0)+d(B.0) A(B’.0)+1 m(0)+1
d(A,B)  d(B°,0)—d(B,O) AMB°,0)—1 mO)—1"

where the last equality is because A(.,O) attains its maximum m(O) on
(0C x {O})+ at B°. Now, the last quotient is equal to 2r — 1 if and only if
r=141/(m(0) — 1) if and only if O € dC,.

2.4 Klee’s Inequality on the Critical Set

Let C € B. The main objective of this technical section is to derive Klee’s inequality
m% 4+ dimC* <n, (24.1)

where C* C C is the critical set of C (Section 2.1). Note that this can be viewed as
an improvement of the Minkowski—Radon upper estimate in (2.1.7) (in which the
critical set is missing).

All the results in this section are due to [Klee 2]. We follow his concise and bril-
liant argument with simplifications (whenever possible) and detailed elaborations.

Recall the (interior) distortion ratio A : dC x intC — R, and the maximal
distortion m : intC — R, m(0) = maxyc A(., O), O € intC (Section 2.1).

We define

M(O) = {C € IC| A(C,0) = m(0)}.

By continuity of the functions involved (Proposition 2.1.1 and Theorem 2.1.2),
M(0) C 9dC is closed and hence compact. Note also that, by Corollary 2.2.2, for
every C € M(O), the chord [C, C°] (passing through O) is an affine diameter.

As in Section 2.1, we let m* = infj ¢ mand C* = {0 € intC |m(0) = m*} the
corresponding critical set. The key to the proof of Klee’s inequality is to understand
the structure of (the antipodal of) M (0O™*) with respect to a critical point O* € C*.

We begin with a sequence of lemmas. The first lemma is illustrated in
Figure 2.4.1.

Lemma 2.4.1. Let O* € C*, and denote N' = N(0*) = M(0*)° C dC, where
the antipodal is with respect to O*. Let & be the family of closed half-spaces G C X
that are disjoint from intC and G "N # @. Then () & is empty.
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C e M(0%)

C*

C°eN
Ge®

Fig. 2.4.1

Proof. We proceed by contradiction assuming (& # @. We first make a
preparatory step to ensure that this relation also holds for & replaced by & obtained
by changing ' in the definition to a small neighborhood A of A in 3C.

We may assume that O* is the origin 0. If G € & then 0 ¢ G so that, forr > 1, we
have tG C intG. Thus, assuming that (1] & is non-empty, (] int & is non-empty as
well, where int & = {intG |G € &}. We now let P € ()int & (with |P| > 1, say).

We claim that for ¢y > 0 small enough, replacing A/ by its €y-neighborhood
N =N,Nnac (where N, is the open €g-neighborhood of N in X’; Section 1.1/A),
we also have P € (| &, where & is the family of closed half-spaces G C X’ that are
disjoint from intC and G N N # 0.

Indeed, this follows easily by contradiction using the following three steps: (1)
letting €, = 1/k, k € N; (2) assuming that P is not contained in a sequence of closed
half-spaces G i disjoint from intC and G, /x N Nj/ N IC # @; and finally (3) using
compactness and selecting convergent subsequences.

Now let B € /. We claim that B + [0, 00)P is disjoint from int C. By definition,
there exists G € & with B € 8G. If B+tP € intC for some 7 > 0 then (B+1P)/(1+1)
is in the interior of C (since 0 € intC and C is a convex body; Corollary 1.1.9), and,
at the same time, it is also contained in [B, P] C G, a contradiction. Thus, we have
(B + (00,0)P) N intC = @.

If B+ (—o0, 0) P were also disjoint from int C then, by the Hahn—Banach theorem
(Section 1.2), the entire line B + RP could then be extended to a hyperplane
supporting C at B. This hyperplane, in turn, would then serve as the boundary of a
half-space G € &. Since B—P,P € G, we would then have B = (B—P)+P € G+G.
Since 0 € intC, we have G + G C intG. In particular, B € int G, a contradiction.

Summarizing, we obtain that, for B € N , there exists 1 > 0 such that B— 3P €
intC. (See Figure 2.4.2.)

To uniformize this, once again a compactness argument (in the use of the
precompactness of A and possibly a smaller €y > 0) shows that there exists 7 > 0
such that, for B € /\7, we have B— 7P € intC.
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After these preparatory steps we now arrive at the crux of the argument. Let
M = N°, where (as before) the antipodal is with respect to 0 = O* € C*. Since
N = M(0)° ¢ N, we have M(0) = N ¢ N = M. In addition, as €y — 0, we
have N' — A so that M — M(0).

Fig. 2.4.2

Recall that A(C,0) = maxaq) A(C,0) = m*, C € M(0). We now claim that
for any

A(.,0)
0 < e < tinf —————, 242
Ao+ 1 @242)
there exists § > 0 such that
A(C,—€P) <m* —§, Ce M, (2.4.3)

provided that €y > 0 (controlling the size of N) is small enough.
Let C € M so that C° € N and, by the above (with B = C°), C° — TP € intC.
Using (2.4.2), we have

_ A(,0) o (o d0,C)
d(O —€P) € <‘L'Hlfm _d(C C% — P)d(C,C")

Using similar triangles, we conclude that —eP is in the interior of the triangle
[C,C? C° — 7P] so that —eP € intC (see Figure 2.4.3).
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CeMm

Fig. 2.4.3

Moreover, if C € M(0) then A(C,0) = m(0) = m*, so that C° — tP € intC
implies

A(C,—€P) <m* —§¢
for some §¢ > 0 depending on €. Using compactness of M (0), we can make § > 0
uniform in C € M(0):

A(C,—€P) <m* —§, C e M(0),

with § > 0 still depending on €. Since M — M (0) as €y — 0, choosing €y > 0
small enough, we arrive at (2.4.3).

On the other hand, by definition, A(.,0) attains its maximum m* on M (0).
Hence, for every €/ > 0 there exists ' > 0 such that for C € 9C \ M(0) (with
M (0)¢ the (relatively open) €’-neighborhood of M (0) in dC) and d(0, 0) < &', we
have A(C,0) <m* —§’.

We now match €’ and 8’ with € and § as follows. First, for ¢’ > 0 small enough,
we have M(0) N dC C M. For this € > 0 we choose 8’ > 0 as above. Finally, we
choose € < §’/d(P, 0). With these choices, we have

A(C,—€P) <m* =8, CedC\ M(©O)e. (2.4.4)
Since dC \ M C 9C \ M(0)./, comparing (2.4.3) with (2.4.4), we obtain

max A(.,—€P) = m(—€eP) < m".

This, however, contradicts to m* = infj,;¢ m. The lemma follows.
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Remark. Note that an immediate consequence of Lemma 2.4.1 is that M(O*),
O* € C*, consists of at least three points. (Since (& # @, the family & must
consist of at least three closed half-spaces.) This is the best possible for n = 2
(equilateral triangle), but, for n > 3, will be improved later (Corollary 2.4.14).

The next lemma asserts that the critical set C* can be mapped to dC by a suitable
central similarity from a boundary point of C.

Lemma 2.4.2. Let O* € intC*, the relative interior of C* with respect to the affine
span (C*), and C € M(O*). Then

1
S1+|/m*,c(c*) =C+ (1 + ﬁ) (C* —C) Cac, (2.4.5)

where the set on the left-hand side of the inclusion is the set of antipodals of C with
respect to points in C*. Moreover, C € M(0O™) for any O"™* € intC*.

Proof. Since C € dC, by Hammer’s definition of the critical set C* in (2.3.1)-
(2.3.2), we have

C* = Cp C Sy=c(C).

Inverting, and using 1/r* = 1 + 1/m™*, we obtain

1
Sl/r*.c(c*) = S]+1/m*,c(c*) =C+ (1 + ) (C* —-C)CC. (2.4.6)

m*
Comparing (2.4.5) and (2.4.6), by convexity of the sets involved (and Proposi-
tion 1.1.7), it remains to show that a point in the relative interior of Siy1/m* c(C*)
in (2.4.6) is in the boundary dC. We choose this point to be Si1/m* c(0*).
Since A(C, 0*) = m(0*) = m*, by the definition of antipodal in (2.1.2) (with
respect to O*), we have

C— 0" = —A(C,0")(C° - 0*) = —m*(C° — O%).

Rewriting this, we obtain
1 * )
C+|(1+ )OO -C)=C"€dC.
m

(2.4.5) follows.
Finally, the last statement follows from (2.4.5) since A(C,.) = m* is constant
on C*. (See Figure 2.4.4.)

Lemma 2.4.2 implies that M(O%*) is independent of O* € intC*. Henceforth
we will denote this set by M*. On the other hand, ' = N(0O*) does depend
on O* € intC* (even though it may be suppressed in the notation) since it is the
antipodal of M™ with respect to O*.
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C e M(0%)

Fig. 2.4.4

The following simple example, due to [Hammer—Sobczyk], is a good illustration
of Lemma 2.4.2.

/’M
| —C*

M— .
M——

Fig. 2.4.5

Example 2.4.3. Let A = [Cy,Cy,C3] C R? be an equilateral triangle and C =
A x[—h/2,h/2] C R?xR = R? the vertical cylinder of height 7 > 0 on A. We can
write C = [A™, AT], where A* = [CT, CF, CF], CF = (Ci, £h/2),i = 1,2,3.

The critical set A* of the planar convex body A is comprised only by the centroid
(C1 + C3 + C3)/3 with m}, = 2. We may assume that this point is the origin. The
horizontal planar slices A x {t}, |t| < h/2, of C are isometric copies of A.

It follows directly from Hammer’s decomposition (2.3.1) that m’; = m} = 2 and
C* = [0™,07], where oF = (0,0, £h/6), the middle third of the vertical axis.

Finally, M* is comprised by the three vertical edges. Note that in Klee’s estimate
(2.4.1) equality holds. (See Figure 2.4.5.)

From now on, for a convex set C, will write int C* for the relative interior of C*
in its affine span (C*).
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Corollary 2.4.4. Let O* € intC*, N = N(0*) = M(0*)° = (M*)° C dC and
& as in Lemma 2.4.1. If G € & has a common point with N at C° € N, C € M*,
then G contains the affine subspace C + (1 + 1/m*)((C*) — C) (parallel to {C*))
on its boundary. In particular, int G contains an affine subspace parallel to {C*).

Proof. The point to note here is that C? is in the (relative) interior of the convex set
on the left-hand side of the inclusion in (2.4.5). (See Figure 2.4.6.)

C+(1+1/m")((C*)-C

Fig. 2.4.6

Therefore, the hyperplane G supporting C at C° must contain the entire convex set
C+ (1 4+ 1/m*)(C* — C). The corollary follows.

Corollary 2.4.5. Let O* € intC* and C € M™. Then, for the affine diameter
[C, C°), there exist parallel hyperplanes H and H° supporting C at C and C° which
are also parallel to (C*).

Proof. By construction, the affine span of the left-hand side in (2.4.5) is disjoint
from intC. Hence, by the Hahn-Banach theorem (Section 1.2), it extends to
a hyperplane #° supporting C at C°. The existence of H now follows from
Corollary 2.2.2. O

Lemma 2.4.6. Let O* € intC* and £ C X an affine subspace containing O*
and complementary to (C*). Let w : X — & be the projection onto £ with kernel
(parallel to) (C*). Then we have

mn(c)(O*) = mz and ./\/ln(c)(O*) = 7(Mc(0%)) = N(Mz), 2.4.7)

where the dependence on the respective convex sets is indicated by subscripts. (See
Figure 2.4.7.)
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Fig. 2.4.7

Proof. We may assume that O* is the origin 0. Given P € d7(C), let C € dC such
that 7(C) = P. Since C° = (1/m*)(—C) € dC (with the antipodal with respect to
0), we have 7 (C°) = (1/m*)(—P) € n(C). Thus, we have

Arc)(P,0) < Ac(C,0) <mj

with equality (throughout) implying C € M(0). Taking the maximum in P € dC,
we obtain myc)(0) < mg.

On the other hand, for C € M¢(0), the chord [C, C?] is an affine diameter, and
by Corollary 2.4.5, there exist parallel hyperplanes H and 7 supporting C at C and
C? which are also parallel to (C*). Since the kernel of 7 is (C*), the intersections
H N E and H? N € are parallel hyperplanes supporting 7 (C) at 7 (C) and 7 (C?).

Thus, we have

Are)(7(C),0) =m§ and my)(0) > mg.

The lemma follows.

Lemma 2.4.7. Let O € intC and A C 9C such that O € [A]. Assume that, for
some m € N, we have A(C,0) > m for all C € A. Then there exists Ay C A
such that dim[Ag] > m and O € int[Ay]. Moreover Ay can be chosen as the set of
vertices of a k-simplex, k > m.

Proof. As before, for computational simplicity, we may assume that O is the
origin 0. Let & > 1 be the smallest integer such that 0 € [Cy, ..., Cy], where
{Co,...,Ci} C A.
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The existence of k (< dimC) is a direct consequence of Carathéodory’s theorem
(Section 1.3). Minimality of k implies that {Cy,..., C} are the vertices of a
k-simplex and 0 € int [Cy, .. ., Cy]. It remains to show that k > m.

We have Yo AiCi = 0, Yk Ai = 1, {Ag,..., 4} C (0, 1). Let B = —C? =
(1/A(C;,0))Ci, i = 0,...,k, where the antipodal is with respect to 0. We have
Sk LiA(Ci, 0)B; = 0, so that

k
-5 wiBi, (2.4.8)

where p; = AA(C;,0)/(AA(Cy,0)) > 0, i = 1...,k. Comparing C; =
—A(C;,0)C? € 9C and mB; = —mC?, the assumption m < A(C;, 0) implies that
mB; € intC,i=0,...,k We therefore rewrite (2.4.8) as

_B.z_m30+ Z —mB,, j=1...,k
M 1<l<k,t7$j

Noting that —B; = €} € 9dC, this implies that

Nall

or equivalently
m <14+ Y . j=1....k
1<i<k; i#j
Summing up with respecttoj = 1,..., k, we obtain

k

mp <kt (k=D p=) u.
j=1

or equivalently

u k
_< — (2.4.9)
nw+1 m+1

On the other hand, rewriting (2.4.8) again, we have

k
Hi
~By =) ~mB;,
i=1 m

and the same argument applies yielding m < w. This gives m/(m+1) < pu/(n+1).
Using (2.4.9), we finally obtain m < k. The lemma follows.
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Remark. A very simple interpretation of Lemma 2.4.7 will be given in Section 4.1
in terms of a new mean Minkowski measure.

The first step in proving Klee’s inequality is the following:

Lemma 2.4.8. Assume that M* is not contained in any open half-space (whose
boundary is) parallel to (C*) but not containing C*. Then Klee’s inequality in (2.4.1)
holds.

Proof. This follows from Lemmas 2.4.6-2.4.7. For clarity we indicate the respective
convex sets by subscripts. We may assume that 0 € intC* so that M¢(0) = M.
Let& C Xand 7w : X — & be as in Lemma 2.4.6. Then, for any P € M )(0) =
7(Mc(0)) = n(MP), we have my)(0) = Ayc)(P,0) = mf.

The assumption on M means that 0 € [7(MJ)]. Applying Lemma 2.4.7 to
A =n(MF) = My)(0) C dx(C) we obtain

mi;>m = dimn(C)>m, me N.

Since the dimension is an integer, it follows that dim 7 (C) > m¢. Now, dim 7(C) =
dimC — dim C*, and (2.4.1) follows. O

In view of future applications, we formulate the next lemma for a compact convex
set £ C X, and work in the linear span of /.

Lemma 2.4.9. Let K C X be a compact convex set, 0 < t < 1/mj, C =
[ U (=tK)], 0* € K*\ {0}, and s > t(1 + my)/(1 — mm}). Then —sO* is
contained in every closed half-space that intersects —tIC but disjoint from intC.
(See Figure 2.4.8.)

/
K —tK
/
/] T - _ _ -
/ T
O~ / G —sO*
/
/
Fig. 2.4.8

Proof. For brevity, we set m* = mj.. By Hammer’s decomposition, we have

1 1
(1 + —*) 0*— —KcCK. (2.4.10)
m m
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Let G C X be a closed half-space that contains —#C for some C € K, and disjoint
from intC. (Note that if G does not exist then we are automatically done.) Let ¢ :
X — R be a non-zero linear functional such that

={X e X|¢(X) < ¢(-10)}.

Note that ¢ (—tC) < ¢(0) = 0since 0 € C.
Applying (2.4.10) to C € K and noting that IC C C, we obtain

(1 + i*) $(0") — L $(C) = $(—10).
m m

Rearranging, we find

02 p(i0) = Ty on),

If $(0*) = 0 then ¢(—tC) = 0 and hence ¢(—sO*) = 0 implies —sO* € G.
Otherwise, ¢ (0*) > 0 and, by the above, we have

H(l+m

$(—1C) = (d—rm *)¢( 0%) = s¢(=0%) = ¢p(—s0%),

and —sO* € G follows again.

Lemma 2.4.10. Let C € B and assume that
n—1<m;+dimC*. (24.11)

Then M* is not contained in any open half-space parallel to (C*) but not
containing C*.

Proof. By continuity of the data involved, we may assume that strict inequality
holds in (2.4.11), that is, we have m’ > n —k — 1, where k = dimC*. As usual, we
may assume 0 € intC*. We let NV = M(0)° = (M™*)° and & as in Lemma 2.4.1.
Setting J = int &, by (the proof of) Lemma 2.4.1, we have (| J = .

Assume now that the statement of the lemma is false, that is, there exists an open
half-space containing M* such that it is parallel to (C*) but not containing C*. This
means that there also exists an open half-space Z such that 0 ¢ Z, —M™* C Z, and
07 is parallel to (C*). (See Figure 2.4.9.)

The family J is interior-complete, and, by Corollary 2.4.4, each element of J
contains a translate of (C*). We now claim that any n — k members of J have
common intersection with Z arbitrarily far away from 90Z. According to Klee’s
Helly-type theorem (Section 1.6; actually, Corollary 1.6.4), this means (| J # 0,
a contradiction.
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Fig. 2.4.9

To show the claim, let Z;,...,Z,—x € J. Let Cy,...,Co_x € M™ such that
C e dl;,i=1,...,n—k. Theconvex hull X = [Cy, ..., C,—] is at most (n—k—1)-
dimensional and hence, by the universal upper bound in (2.1.7), we have m,*C <
n —k — 1. We are now in the position to apply Lemma 2.49 to t = 1/m} <
1/(n—k—1) < 1/mi. (0 ¢ K since K C [M*] C —Z and 0 ¢ —Z. Hence any
O* € K* is different from the origin 0.) We obtain that Z,, . .., Z,— have a common
point (sO* with s > #(1 +m¥.)/(1 —rm}.)) arbitrarily far away from 0Z. The lemma
follows.

We now realize that Klee’s inequality in (2.4.1) follows. Indeed, Lemmas 2.4.8
and 2.4.10 give (2.4.1) provided that n — 1 < m$ + dimC*. On the other hand, if
n—1>mj + dimC* then (2.4.1) is automatic.

Corollary 2.4.11. Let C € B and assume that (2.4.11) holds. Then, for the relative
interiors, we have

intC* C int[C* U M™]. (2.4.12)

Proof. Let O* € intC*. Assume, on the contrary, that O* € J[C* U M*] in (C* U
M*). Since [C* U M*] is a convex body in {C* U M?™), there is a hyperplane
Ho C (C*UM*) supporting [C*UM*] at O*. Since O* € intC* C [C*UM?*], this
hyperplane must contain intC* and therefore (C*). Let H C X be any hyperplane
extension of H, and G the closed half-space containing [C* U M™*] with 0G = H.
Clearly, int G is an open half-space parallel to (C*) but not containing C* and int G
contains M™* (by convexity of C). This contradicts to Lemma 2.4.10. O

Corollary 2.4.12. LetC € B. Then dimC* <n — 2.
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Proof. Since m > 1 the dimension estimate on C* follows from Klee’s inequality
in (2.4.1) unless mé = 1. In the latter case, however, C is symmetric with respect to
the singleton C* and the inequality also holds.

Let C € %5 and consider the compact convex set K = [M*]. We claim that
mg < my. (2.4.13)

Indeed, if m§ > my. were true then applying Lemma 2.49 to t = 1/mf < 1/mj
and with a choice of O* € * \ {0}, we would get contradiction with Lemma 2.4.1.
(If O* did not exist then K* = {0} and we would get mg = mg(0) =
maxye A(,,0) > maxse Ac(.,0) = mj since M* C 9K; a contradiction again.)
The inequality in (2.4.13) follows.

We note two consequences:

Corollary 2.4.13. If m$ > n — 1 then C* is a singleton, (M*) = X and C* C
int [M*].

Proof. The first statement is a direct consequence of Klee’s inequality (2.4.1). Using
the notations above, let dim ' = m, where K = [M*]. By (2.1.7), we have m}. <
m. Using the assumption and (2.4.13), we have n — 1 < mj < my. < m. Thus, we
have m = n, and (M*) = X follows. The last statement now is a consequence of
(2.4.12).

For the next lemma recall that the ceiling [x] of x € R is the smallest integer > x.
Corollary 2.4.14. M™ contains at least [m(; + 1] points.

Proof. As in the previous proof, let dim C = m, where K = [M?*]; in particular,
M* consists of at least m + 1 points. Once again, by (2.1.7), we have m,*C < m.
Using (2.4.13), we have m + 1 > my- + 1 > m¢ + 1 and the corollary follows.

Remark 1. By Corollary 2.2.2, given O* € intC*, for every C € M*, [C, C’]
is an affine diameter containing O*. Therefore Corollary 2.4.14 implies that the
number of affine diameters passing through O* is at least [m* + 1]. In particular, if
m* > n — 1 then there are n + 1 affine diameters passing through O*, C* = {O*}.
Note that this is a partial answer to the Griinbaum Conjecture stated in Section 2.2.
We will return to this in Section 4.2.

Remark 2. Klee’s proof of Corollary 2.4.14 is somewhat more involved as follows.
If n — 1 < mZ(< n) then (as above) C* is a singleton and C* C int [M*]. Hence,
M* contains at least n + 1 > [m} + 17 points, and the corollary follows in this
case. It remains to consider the case mz + 1 < n. Assume, on the contrary, that M*
consists of m + 1 points with m + 1 < [m} 4 17 < n. By the definition of M™* it
follows that the convex hull X = [M*] is a j-simplex with j < m. The rest follows
easily by explicit computation.
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2.5 Convex Bodies of Constant Width

Convex bodies of constant width form a special class of convex bodies whose
geometric invariants can often be explicitly calculated. In this final section we give
an extended treatise on them with the purpose of providing transparent and beautiful
examples to the general theory developed so far.

A convex body C € B is said to have constant width if any pair H and H’ of
parallel supporting hyperplanes of C are at the same distance apart. In this case the
minimal width d = d¢ is called the width of C.

By (1.5.2), C has constant width if and only if d¢ = D¢, the diameter of C.

A simple comparison of the support functions of a convex body C and its
Minkowski symmetral C = (C — C)/2 shows that C is of constant width d if and
only if ¢ = Bd/z, the closed ball of radius d/2. (See Problem 7. For properties of
the Minkowski symmetral, see Section 3.2.)

Although unexpected at the first sight, and as Euler was already aware of, there is
an abundance of convex sets with constant width way beyond the obvious examples
of closed metric balls. For many characterizations and examples of convex bodies
of constant width, see [Chakerian—Groemer, 2].

In the study of convex bodies of constant width the notion of (diametric)
completeness plays a key role. A convex body C € B is called (diametrically)
complete if C C C',C’' € 9B, and D¢ = D¢/ imply C = C'.

Now, a convex body is complete if and only if it is of constant width. (This
result is usually referred to as Meissner’s theorem; see [Bonnesen-Fenchel, 64] and
[Chakerian—Groemer, 4].)

The “if” part is straightforward (see Problem 9).

The “only if” part can be seen though yet another characteristic property.
A simple argument shows that C is complete if and only if it satisfies the spherical
intersection property

C=()BaX). d=Dc.

XeC

(Indeed, one needs to observe that Y € X belongs to the intersection of the closed
metric balls above if and only if supyc d(X,Y) < D¢ if and only if Dy c) = Dc¢.)
In particular, along with any two of its points C’ and C” of a complete convex body
C, it also contains any proper circular arc of radius > D¢ connecting C’ and C”.
(Here proper means that the arc is smaller than a semi-circle.)

The “only if” part now follows by contradiction: If a complete convex body C
has d¢ < D¢ then consider the endpoints C, C' € C of a double normal realizing dc,
and yet another point C” € C with D¢ distance from C. (The existence of C” follows
from completeness of C.) Finally, consider a circular arc of radius D¢ connecting C’
and C” (within the affine planar span of the entire configuration), and realize that
this arc crosses the given hyperplane supporting C at C'. This is a contradiction.
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As a byproduct we see that a convex body C is of constant width d if and
only if C satisfies the spherical intersection property. (For a direct proof of this,
see [Maehara, Corollary 1].) (Note that, in Minkowski space, the concepts of
constant width and completeness both make sense, but they are not equivalent; see
[Chakerian—Groemer, 6].)

Every convex body C has a (diametric) completion, a complete convex body C* D
C such that D¢ = Dgs. (This result is usually referred to as Pal’s Theorem (n = 2).
See again [Bonnesen-Fenchel, 64] and [Chakerian—Groemer, 4].)

Given C € ‘B of diameter D¢ = d, one is tempted to consider the wide
spherical hull

n(C) = {X € X | D) = Dc} = () Ba(X)
XeC

of C, but, as the example of a regular tetrahedron shows, this, in general, is not
complete. (See Example 2.5.2 below.)

A quick fix of this problem is the following construction in [Eggleston 1,
Theorem 54, p. 126]. Let

p(C) = sup d(X,(),
Xen(C)

and
NC)={XeX|Xen(C) and d(X,C) = p(C)}.

(Clearly, C C n(C), and C is complete if and only if n(C) = C if and only if p(C) =
0.) Assume now that C is not complete, and define the sequences {X;};>1 C X and
{Ci}i>=1 C *B inductively as follows: X; € 7(C), and C; = [X,C]. If Xy and Cy
are defined then let X;+; € 7(Cy) and Crq1 = [Xi+1,Cx]. It is easy to see that (1)
limg .00 Gt = Coo exists; (2) C* = Coy is convex; and (3) Doz = De.

We claim that C* is complete. Assuming the contrary, let ¥ ¢ C* such that
Dy sy = De.Let 8§ = d(Y,C*) > 0. Given > k > 1, we have d(Xi, X;) > p(Ci—1).
On the other hand, we have d(Y, C;) > 6 so that p(C;—;) > §. We obtain d(Xy, X;) >
8,k > 1> 1, which is impossible since the sequence {X };>1 is bounded.

A more refined approach of [Scott] shows that a convex body C has a completion
C* contained in the circumball of C. (An independent proof of this by [Vreéica] is
outlined in Problem 14.)

An explicit and direct construction of a completion due to [Maehara] is as
follows. For C € ‘B of diameter d = D¢, we apply n above to the wide spherical
hull n(C) again to obtain the tight spherical hull

720 = [ Bx)

Xen(€)

of C. Clearly, C C n*(C) C n(C); in fact, in the first inclusion, n*(C) is the
intersection of all closed balls of radius d that contain C.
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The arithmetic mean

n(C) + n*(C)
2 b
the Maehara body of C, is a convex body of constant width d, therefore a completion
of C.
Finally, one may be tempted to iterate Maehara’s procedure, but, with obvi-

ous notation, we have 7n*°(C) = n(C). (For details, see [Maehara], and also
[Moreno—Schneider 2].)

wC) =

The completion of a convex body is not unique, however. (See, for example,
the two Meissner tetrahedra in Example 2.5.2 below.) Moreover, [Groemer 4]
showed that a non-regular tetrahedron has infinitely many completions. (For more
information, see the extensive survey of [Chakerian—Groemer] as well as the
additions by E. Heil and H. Martini in [Gruber—Wills, pp. 363-368].)

On a positive note [Moreno—Schneider 1, Moreno—Schneider 2] studied Lips-
chitz continuous (with respect to the Hausdorff metric) single-valued selections of
the multi-valued completion map, the map that associates to C all its completions C*.

We now begin with low dimensional examples:

Example 2.5.1. Given d > 0, a Reuleaux polygon of width d is a convex body
C C R? whose boundary dC is composed of finitely many arcs of circles of radius
d, and the centers of these circles are also the vertices of C (as well as the endpoints
of the circular arcs).

Clearly a Reuleaux polygon is a convex set of constant width d. The number
p of circular arcs contributing to the boundary of a p-Reuleaux polygon must be
odd. (See Problem 8.) The extremal radial segments connecting the endpoints of the
circular arcs with the corresponding (antipodal) centers form a star-shaped set with
equal side lengths d.

If the boundary arcs are all congruent then the Reuleaux polygon is said to be
regular.

An explicit construction of a regular (2m + 1)-Reuleaux polygon Qy,41, m > 1,
is as follows. The vertices of Oy, are the same as the vertices of the regular
(2m + 1)-gon Py = {2m + 1} inscribed in the unit circle S:

2k 2k
Vi = | cos d , sin i €S, k=0,...,2m.
2m + 1 2m + 1

For k = 0,...,2m, the circle with center at V; and radius d = 2 sin(mm/(2m + 1))
passes through Vi, and Vy4,,+1, and the shorter circular arc connecting these two
vertices forms the kth part of the boundary of Q,,,+; antipodal of V;. Note that the
star-shaped set of extremal radii of Q,,,+; form an inscribed regular star-polygon
{%} Clearly, Qu+1 = P§m+1.

According to the Blaschke—Lebesgue theorem, the Reuleaux polygons have the
least area among all convex bodies with a given constant width d. (For a simple proof
of this, see [Eggleston 1, 7].) For corresponding stability results, see H. Groemer’s
article in [Gruber-Wills].
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Example 2.5.2. Let A = [Vy, V1, V5, V3] C R? be a regular tetrahedron of diameter
(edge length) d with vertices V;, i = 0,...,3. The Reuleaux tetrahedron is the
intersection

3
C= ﬂ Ba(V:)

i=0

of the four closed balls with radius d and centers V;, i = 0,...,3. An elementary
geometric reasoning shows that C does not have constant width. (See Problem 10.)
From C [Meissner] constructed a convex body M of constant width d (named after
him) by “shaving off” three edges of C as follows. Let £ denote the union of the
three edges of C that meet in V. We then define the Meissner tetrahedron as

M= BiO)NC.

ce&

The three edges of C disjoint from V| (and composing a triangle) are replaced here
by curved patches which are formed as surfaces of revolution of circular arcs. (See
Problem 11.)

Dually, replacing £ by the three edges that are disjoint from V{, one can similarly
shave off the three edges that meet at the common vertex V| to obtain another (non-
congruent) Meissner tetrahedron of constant width d.

Note that both Meissner tetrahedra are completions of the regular simplex A,
showing, in particular, non-unicity of the completion for n > 3.

Finally, according to the (still open) Bonnesen—Fenchel conjecture, the two
Meissner tetrahedra have minimum volume among all convex bodies of constant
width d.

Remark. [Lanchand-Robert—Oudet] gave the following “dimension raising” con-
struction for convex bodies of constant width.

Let H C X be a hyperplane and Cy C H a convex body of constant width d in
‘H. The construction results in a convex body C C X of constant width d in X such
that Co = C N H.

First, let G’ and G” be the two half-spaces with common boundary 3G’ = 9G” =
‘H. The construction depends on the choice of a set ¢ satisfying

Co Cécg/m m B_d(X)v

XeCo

where B,(X) is the closed ball (of radius d and center X) in X'. Using this, we define

" =4¢"n ﬂ Bs(X) andthen C'=¢'nN ﬂ By(X).

xeC Xxec”

Finally, we setC = C' U C".
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Note that if Cp = C C Ris an interval (of width d) then C C R? is a Reuleaux
triangle. If Co = C C R? is a Reuleaux triangle then C C R3 is a Meissner
tetrahedron. (For details, see [Lanchand-Robert—Oudet].)

We now begin to explore the geometry of convex bodies of constant width.

Theorem 2.5.3. Let C € B be of constant width d. Then the critical set C* consists
of a single point O*.

Proof. First note that C is strictly convex, that is, every boundary point is extremal.

Indeed, assume, on the contrary, that [Cy, C;] C dC, Cy # Cj, is a non-trivial
line segment on the boundary. Let 7 be a hyperplane that supports C at an interior
point of this line segment. Clearly, [Cy, C;] C H.Let H' # H be the second parallel
hyperplane supporting C, say, at a point C. Then one of the chords [C, Cy] or [C, C]
must have length > d, contradicting to D¢ = d¢ in (1.5.2). Thus, C is strictly
convex.

Moreover, by Lemma 2.4.2, an affine (in fact, homothetic) copy of the (convex)
critical set C* is contained in the boundary of C. Thus, C* must consist of a single
point.

Theorem 2.54. Let C € ‘B be of constant width d. Then the circumcenter (of
the unique circumball) coincides with the critical point O*. Moreover, the inball is
unique, and its incenter also coincides with O*. The circumradius R¢ and inradius
rc can be expressed in terms of the Minkowski measure as

*
1
Re=—"%—-d and re= d. 2.5.1
CTmr1d T e @5.1)
In particular, we have Re + re = d and
R
mh = =<, (2.5.2)
rc

Proof. Let C € ®B. Given O € intC, we define

Rc(0) = inf{s > 0|C C By(0)},
re(0) = sup{s > 0| B,(0) C C}.

Note that, by definition, we have R¢ = infpeinic Rc(O) and r¢ = supgginic e (0).
(The infima and suprema are clearly attained.)
We first claim that
m(0) 1 .
Rc(0) = ————d and 0)=————d, O eintC. 253

O =0 +1 O = o+ (233
Given O € intC and C € M(O) (Section 2.4), the chord [C, C°] (passing through O)
is an affine diameter (Corollary 2.2.2) so that there exist parallel hyperplanes H and
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H? supporting C at C and C?, respectively. Since d(C, 0)/d(C°,0) = A(C,0) =
m(0) and d(C, O) + d(C?,0) = d(C, C°) = d, we obtain

. m(0)
d(C,0) = md. 2.5.4)

If [C', C'°] is any chord passing through O then we have

d(C,, 0) B d(C/, 0)
d(C',C") —d(C',0) _ d(C",0) <m(0).
Hence
Y )
d(C/,O) S %d(c/,c/a) S % .

Since C’ € dC was arbitrary, this means that the closed ball with center O and radius
m(0)/(m(0) + 1)d contains C. By (2.5.4), no smaller closed ball (with center O)
contains C, so that the first equality in (2.5.3) follows.

Let C € dC such that r¢(O) = d(C, O) and ‘H a hyperplane supporting C at C.
Since H also supports the closed ball with center O and radius r¢(O), we see that
[C, C°] is a normal cord since it is perpendicular to H at C. Since C is of constant
width, every normal is a double normal (and a metric diameter). (See Problem
9.) Therefore, the supporting hyperplane 7 parallel to H supports C at C°. As a
byproduct, we also see that d(C, O) + d(C?, 0) = d.

We now claim that

d(C°, 0)
d(C,0)

(Note the reverse roles of C and C°.)

As before, if [C’, C'°] is any chord passing through O then d(C’, O) > rc(0) =
d(C,0) and d(C',0) 4+ d(C"”,0) = d(C',C°) < d = d(C,0) + d(C°,0),
and we obtain d(C”, 0) < d(C°,0). Taking ratios, we get d(C?, 0)/d(C,0) >
d(C"”,0)/d(C',0). Since C' € dC was arbitrary, (2.5.5) follows.

Using the previous argument, we obtain

= A(C°,0) = m(0). (2.5.5)

1

The second equality in (2.5.3) also follows.

To finish the proof of the theorem, we note that uniqueness of the critical point
O* implies that, for any O € intC \ {O*}, we have m* = m(0*) < m(0). Thus, by
(2.5.3), we also have

Rc(0*) < Rc(0) and  rc(0%) > re(0), O €intC \ {O*}.

Thus, Re(0*) = Re and r¢(0*) = re, and (2.5.3) (for O = O*) implies (2.5.1).
The rest of the theorem follows.
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Remark 1. As a byproduct of the proof, for O € intC, we have R¢(0O) +
re(0) = d and m(0) = Rc(0)/re(0). Note that parts of Theorem 2.5.4 are in
[Bonnesen-Fenchel, 63] and [Eggleston 1, Theorem 53 and its Corollary, p. 125].

Remark 2. As shown by [Sallee], in Minkowski space it is the spherical intersection
property which implies that the circumball and inball are concentric.

Example 2.5.1 (continued). For a regular (2m+-1)-sided polygon P41 = {2m+1},
the unique critical point is the origin. (This can be seen directly, or by noting that
the symmetry group of P, 1, the dihedral group Dy, + 1), must leave the critical
set invariant.) By Corollary 2.2.3 (and simple geometry), we have

1
cos (51)

* j—
mPZm-‘rl -

(The maximum distortion A(., 0) is attained at the vertex V, say, and the antipodal
of Vo is Vg = (Vm + Vm+1)/2.)

For a regular (2m + 1)-Reuleaux polygon, the unique critical point is also the
origin (for the same reason as above), and (2.5.2) gives

mp :L, d=2sin % .
mtt T 4] 2m+ 1

According to a result of [Guo-Jin], this Minkowski measure (of a regular (2m +
1)-Reuleaux polygon) is minimal among the Minkowski measures of all (2m + 1)-
Reuleaux polygons.

Theorem 2.5.5 ([Jin-Guo 1]). IfC € *B is a convex body of constant width then
we have

ntynt+l) (2.5.6)

l=mg =< +2
n

The lower bound is attained if and only if C is a closed ball. The upper bound is
attained if C is a completion of a regular simplex.

Proof. By (2.1.7), the lower bound holds for any C € B. If m}; = 1 for a convex
body C € B of constant width then, by (2.5.2), we have R¢ = r¢, so that C is a
closed metric ball. Since the converse is obvious, it remains only to treat the upper
bound.

Let C € B be of constant width d. Using Jung’s upper estimate (1.5.3) with
D¢ = d along with (2.5.2), we calculate

n
Re _ Rc - \/Z(n-i-l)d

" d—Re
fe ¢ d— 2(nr-l|—l)

_ Jn _n+t 2n(n + 1)

V2 + 1) — /n n+2

The upper bound in (2.5.6) follows.

*_
mc—
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Finally, let A be a regular simplex of diameter (edge length) d and A a
completion of A. Since A C A¥, we have

n n
|— " d=Ry <Ry < |——d,
2+ 1) A= =M+ )

where, in the last inequality, we used Jung’s upper estimate (1.5.3) for the
completion A% with D,; = D = d. Thus, equality holds everywhere, and the
upper bound in (2.5.6) is attained for A",

Remark 1. The last part of the proof above shows that we have Ry = R,y for a
regular simplex A and any of its completions A¥. Therefore the same holds for
the respective circumballs; that is, the circumball of a regular simplex is also the
circumball of any of its completions. (For a different proof of this involving the
“Reuleaux simplex” of A, see [Jin—Guo 4]. Finally, note that regularity is crucial
here. As noted previously, a convex body may have many completions, and the
circumballs of the completions may be different.)

Remark 2. The material presented here is given in [Jin—-Guo 1]. In a subsequent
paper [Jin—Guo 3] observed that the upper bound in (2.5.6) is attained precisely
on completions of regular simplices. Indeed, this follows directly from a theorem of
[Melzak] asserting that a convex body C € ‘B of constant width d for which equality
holds in Jung’s upper estimate (1.5.3) must contain a regular simplex of diameter
d. (This has already been noted in Remark 2 after Theorem 1.5.1. The special case
n = 2 is also treated in [Jin—Guo 2].)

For a classical account of convex sets of constant width, see [Bonnesen-Fenchel,
pp. 135-147]. For a modern treatment, see [Chakerian—Groemer], and the subse-
quent additions by E. Heil and H. Martini in [Gruber—Wills, pp. 363-368].

Example 2.5.2 (continued). By construction, the Meissner tetrahedron M is a
completion of the regular tetrahedron A. By Theorem 2.5.5, we have

. 3+2V6
mMzT.

(This can also be obtained by elementary geometrical reasoning using the threefold

symmetry of M about V;.)
Note also that the unique critical point of M is the centroid of A, and, by (2.5.1),

we also have
6 6
RM:§d and rM:(1—£>d.
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Exercises and Further Problems

1.*

2.*

3.*

Let C € B and O € intC. If C is symmetric with respect to O then, clearly,
every chord in C through O is an affine diameter of C. Prove the converse: If
every chord in C through O is an affine diameter of C then C is symmetric with
respect to O.

Let C € B and [C, C'] C C an affine diameter. Show that C has another affine
diameter through the midpoint O = (C + C')/2.

Proceed along the following argument to obtain a proof of the Birkhoff—von
Neumann theorem due to [Hurlbert]. (1) Use Theorem 1.2.6 (along with
transitivity of the action of the symmetric group S, on the set of permutation
matrices), to realize that it is enough to show that any extremal point of
B, is a permutation matrix. Let A € B, be a doubly stochastic matrix and
assume that A is not a permutation matrix. Prove that A is not an extremal
point of B, as follows. (2) Letting A = (a;)],=,, there exists an entry
ayj, € (0,1) for some ij,j; = 1,...,n. Since the sum of the entries in each
row is equal to 1, there exists another entry a; ;, € (0,1),j» = 1,...,n,
J1 # Jo. Since the sum of the entries in each column is equal to 1, there
exists another entry a;,;, € (0,1), & = 1,...,n, ii # i. Continuing this
way we obtain a sequence of entries a;, j,, @, j,» iy jr» Qi 3> Qi3 j3» - - - Whose
consecutive members are different. Since there are finitely many entries, this
sequence repeats itself. A sequence of entries with the first and last entry
being the same is called a cycle. A cycle is called minimal if it contains the
least amount of elements. Clearly, in a minimal cycle all members are distinct
except the first and the last. Show that a minimal cycle must contain an even
number of distinct members. (3) Let a;, j,. @i j,, Qi jy» - - - » 4y, j,, DE @ minimal
cycle (iy = i, and j; = j.), and denote by d, the distance of this cycle as a
subset in (0, 1) from the boundary {0, 1}. Let 0 < € < d, and define AT (¢)
as A with the entries participating in the cycle replaced according to the rule
Qi jo > iy H€and a; j o > ay g —€, k= 1,...,m—1. Similarly, define
A~ (¢€) as A with the entries participating in the cycle replaced according to the
rule a;, j, > a;, — € and a; i, > @iy, + €, k=1,...,m—1. Show that
A*(e) € B,and A = (AT (¢) + A~ (€))/2. Conclude that A is not an extremal
point of B,,.

Let C € B be a planar convex body. This problem addresses the question
of non-unicity of line extensions of affine diameters passing through a given
point in the exterior of C (Corollary 2.2.7). For simplicity, we call these lines
extended affine diameters. All the results here are due to [Hammer 2]. (a)
Given a point C € X \ C, if two extended affine diameters pass through
C then dC has a pair of parallel line segments which contain the respective
endpoints of the two affine diameters. (b) If C has two parallel extended
affine diameters then dC has a pair of parallel line segments which contain the
respective endpoints of the two affine diameters. (c) Fix a metric ball 5,(0)
that contains C and for each C € S,(0) consider the family of extended affine
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6.%

10.

11.

12.%

13.%

diameters that pass through C. Use (a) to show that this family either consists
of a unique extended affine diameter or it is between two extremal extended
affine diameters. In each case we select a unique extended affine diameter and
call it essential as follows. In the first case we choose the unique extended
affine diameter, and in the second, we choose one of the extremal extended
affine diameters consistently with respect to a fixed orientation. Let ® denote
the family of essential affine diameters obtained this way.

Show that © has the following properties: (1) through every point C € &' \ C
there passes the line extension of a unique essential diameter; (2) given a unit
vector N € S, there is a unique element in ® parallel to R - N; (3) every pair
of essential diameters intersect in a unique point in C; and (4) through every
point in C there passes at least one essential diameter.

In the setting of Problem 4, show that the essential diameters of C,, r* < r < 1,
in Hammer’s decomposition are extensions of the essential diameters of C by
the ratio 2r — 1 about their midpoints.

Let X = &y x Rand C = [Cy, V] C X a convex cone, a convex body in X
with base Cy C Aj and vertex V € X'\ Xp. Show that mj = mZO + 1.

For C € ‘B, define the width function we : X — R by we(X) = he(X) +
he(—X), X € X, where he : X — R is the support function of C (Section 1.2).
Show that C is of constant width d if and only if the width function is constant
on S: wels = d. Use the properties of the support function to prove that C is
of constant width d if and only if the Minkowski symmetral C = Bd/z Finally,
given a convex body C of constant width d, show that, for » > 0, the closed
r-neighborhood C.=C+B. (Section 1.1) is of constant width d + 2r.

Show that the number of vertices of a Reuleaux polygon must be odd.

The construction of a double normal with minimal width in Section 1.5
shows that if C is of constant width then every normal (a chord of C with
the orthogonal hyperplane at one of its endpoints supporting C) is a double
normal, and every double normal is a metric diameter. In particular, any point
of C is contained in a double normal, and C has a double normal parallel to
any given line.

Prove the converse statements as follows. Given C € B, the following
properties are equivalent: (1) C is of constant width; (2) every double normal
of C is a metric diameter; (3) any point in C is contained in a double normal;
and (4) C has a double normal parallel to any given line.

Show that the distance between the midpoints of two antipodal edges of the
Reuleaux tetrahedron is (v/6 — 1)/+/2 - d > d.

Show that the Meissner tetrahedron M constructed in Example 2.5.2 has
constant width d. (Note the threefold symmetry about the vertex Vj.)

Let C € B. Show that if C is of constant width d then C has the spherical
intersection property: C = [ \yec By(X).

Let A = [Vj,...,V,] C X be aregular simplex with circumball Bz(0), where
R =Rx = \/n/(2(n+ 1)) d and d = D, is the diameter (edge length) of A.
Construct the “Reuleaux 31mplex” C =N, B4(V;). Show that C C Bg(0).
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14.* Let C € ‘B be of diameter d and with circumball BR(O) and circumradius

15.

R = Re¢(< d). Use the following steps to derive a theorem of [Vrecica]: there
exists a completion C* of C such that C C C* C Bg(0). (1) Consider the family

F=1{C'e®B|Cc cCBr(0), Do =dj,

partially ordered by the inclusion relation. (2) Show that every chain in § has
an upper bound so that the Zorn lemma applies. (3) Let C* € F be a maximal
element. Show that C* is complete.

LetC € B and C¥ the extension constructed in Problem 14. Use 7o +Rp:=Dgs
(Theorem 2.5.4) to show that in general, we have r¢c + R¢ < D¢.



Chapter 3
Measures of Symmetry and Stability

3.1 The Minkowski Measure and Duality

In this section we give another interpretation of the Minkowski measure of a convex
body (Section 2.1) in terms of supporting hyperplanes. We show that the associated
“support ratio” corresponds to our earlier distortion ratio through the concept of
duality (or polarity) between convex bodies. We introduce and discuss duality by
means of “musical correspondences” which prove to be transparent and convenient
technical tools to derive various simple facts such as the so-called Bipolar Theorem.

Let X be a Euclidean space, and C € B, a convex body. Recall from Section 2.1
the distortion ratio A¢ : dC x intC — R defined by

d(C.0)

AC(C’O)Zd(Co 0),

CedC, O¢€intC,

where C° € dC is the antipodal of C with respect to O. (In this section it will be
important to keep track of the dependence of various objects on the convex body by
subscript.)

For the involution of dC given by C +— C° (with (C°)° = C), we have
Ac(C?,0) =1/Ac(C,0), C € dC.

The maximum distortion is the function m¢ : intC — R given by

me(0) = gé%)é Ac(C,0)>1, O eintC.

Another notion of ratio can be introduced using supporting hyperplanes as
follows. Let 8C denote the set of all hyperplanes supporting C. Associating to
each H € §C the unit normal vector that points outward C establishes a one-to-
one correspondence between 6C and the unit sphere S in X'. This correspondence
endows 6C a natural (compact) topology homeomorphic with the unit sphere S.
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For H € 8C, there is a unique H° € §C such that H and H° are parallel; we call
H? the antipodal of H (Section 2.1).
We define the support ratio R¢ : 6C X intC — R by

d(H,0) )
Re(H.0) = ————-, 8C, O € intC.
c(H,0) d(H°.0) H e € in
(See Figure 3.1.1.)
H
HO
Fig. 3.1.1

For the involution of §C given by H + H° (with (H°)° = %H), we have
Re(H?,0) = 1/Re(H,0), H € 8C.

In analogy with the maximum distortion (ratio), we can introduce the maximum
support ratio. The next proposition shows that these two concepts are the same.

Proposition 3.1.1. We have

me(0) = sup Re(H,0), O € intC, (3.1.1)
Hese

where the supremum is attained.

Proof. Let O € intC. Choose a point Cy € dC at which the distortion A(., O) attains
its maximum.

By Corollary 2.2.2, given any hyperplane H, supporting C at the antipodal C{,
the parallel hyperplane H; = Ho + Co — C{ supports C at Cp, and [Cp, C{] is an
affine diameter. (In particular, H; = #{ is the antipodal of H,.)

We thus have

d(Co, 0
(€0, 0) = Re(H)), 0) < sup Re(H, 0).

0) = Ac(C,0) = —=
me(0) ceic c(6.0) d(Cg, 0) Hese

(See Figure 3.1.2.)
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&

Fig. 3.1.2

For the opposite inequality in (3.1.1), let H,H’ € C be a parallel pair of
hyperplanes supporting C. Let C € dC N H and C' € H° the corresponding point
with O € [C, C']. Since H and H' are both supporting, C lies between these parallel
hyperplanes. It follows that the antipodal C° € dC of C is contained in the line
segment [O, C']. (See Figure 3.1.3.)

Fig. 3.1.3

We have

d(C,0) _ d(C,0)
d(C’,0) ~ d(C°, 0)

Re(H,0) = = Ac(C,0) <mc(0).

Taking the supremum in A € 8C, the opposite inequality in (3.1.1) follows.

A technically more convenient reformulation of the support ratio is by normal-
ized affine functionals introduced in Section 1.2. Recall that an affine functional
f: X — Ris normalized for C € B if f(C) = [0, 1]. In this case, £~ (0) and f~!(1)
are parallel hyperplanes both supporting C.
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A simple ratio comparison shows that, for an affine functional f : X — R
normalized for C, we have

1-£(0) = 0 € intC,

Re(H,0) + 1’
where H = £~1(0) € §C.

Since an affine functional f : X — R normalized for C is uniquely determined
by its zero-set £~ (0), the correspondence f > f~!(0) is a topological equivalence
between the space affe of affine functionals normalized for C and the space §C of
hyperplanes supporting C. In particular, affe carries a natural (compact) topology
homeomorphic with §. Under the equivalence of affe and §C, the involution f +—
1 — f in affe corresponds to the involution H +— H? in §C.

Taking infima in the equation above, Proposition 3.1.1 gives

1 1

= , O €intC.
SUpyesc Re(H,0) + 1 me(0) + 1

(3.1.2)

Remark. Since the infimum of any set of affine functionals is concave, (3.1.2)
implies that the function 1/(m¢ + 1) is concave on intC. This was established in
Theorem 2.1.2 by different means. Note that Corollary 2.1.3 also follows.

inf f(0) = feiilffc (1-f(0)) =

feaffe

The second interpretation of the maximum distortion me : intC — R (as a
maximum support ratio) can be naturally interpreted in terms of the dual of C.

To define the dual, we first let Cy € 25 be a convex body with 0 € intCy. The dual
of Cp with respect to 0 is defined by

Co=1{Xe X |he(X) <1} ={X€X|sup(C,X) <1}, (3.1.3)
ceC

where h¢ : X — R is the support function of C (Section 1.2).

Clearly, C) € B and 0 € intCp.

The general case is reduced to this by using the group of translations 7 (X) C
Aff(X) in the affine group of X. A typical translation is denoted by Ty : X — X,
VeX where Ty(X) =X+ V,X e X.

We define the dual of C € B with respect to an interior point O € intC by

CO=To(CH)=C-0"+0, C=T-C)=C-0.

Clearly, CO € B and O € intC°.
Let C,C’ € B with O € intC. The dual satisfies the following properties:

(1) (AC)° = (1/1)C%, A > 0;

(2) C c ¢ implies C"° C C9;

3) €9?=¢;

@ €NCY =[C°uC?,0eint(CNC),and[CUCT° =C°NC? 0 €
int (C% N ).
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The first two properties are obvious. The third property can be derived directly (as
in [Eggleston 1, 1.9]), or it will follow as the byproduct of the musical equivalencies
to be discussed shortly. The fourth property follows from (2) (applied to C N C’' C
C,C' cCcuU(C)and (3).

Remark. The dual is often called polar, or even polar dual. For this reason, the third
property is sometimes called the “Bipolar Theorem.”

Example 3.1.2. A general ellipsoid with center at the origin 0 can be defined as
E={XeX|(QX.X) =1},

where Q : X — X is a symmetric positive definite linear endomorphism of X
Since the defining inequality (QX,X) < 1 is equivalent to |Q'/?X|?> < I, we see
that the dual ellipsoid (with respect to the center, the origin) is given by

E=XeX[(Q'X.X) <1}

LetC € B and O € intC. As a technical tool to study duality, we now introduce
the musical equivalencies

b=beo:dC — affoo and f#=fico: affe — CO,
which are inverses of each other in the following sense:
nCO.O o bC,O = idac and bCO.O ] ﬁC,O = idaﬁ‘c. (3.1.4)

Remark. The first equality in (3.1.4) implies dC = 9(C°)?, C € B, so that the third
property of the dual above follows.

In addition, we will show that the musical equivalencies are compatible with the
involutions of the respective spaces:

(€ =1—-C" and ()’ =(1—-f)" CedC, f e affe, (3.1.5)

and that they satisfy the following equations

1
b .
C (0) = m and f(O) = W, Ce BC,f € affc, O € intC.
(3.1.6)
(Whenever convenient, the subscripts will be suppressed.)

To define the musical equivalencies with these properties, as in the case of the
definition of the dual, we reduce the general case to the case when the base point is
the origin.

First, the translation group 7 (X) of X acts on the space aff (X') of affine

functionals via T} (f) = f o T_y, V € &, f € aff (X). Using our previous notations
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for the dual, for O € intC, the linear map T, restricts to T¢, : affc, — affc between
the spaces of affine functionals normalized for Cy and C. Since C) = T_o(C?), we
also have the restriction 7, : affoo — affco between the spaces of affine functionals
for the duals C{ and C°.

We now let

bc_]o = TS [e] bCo,O e} T_O and Hco = TO o HC().O o TZO.

This reduces the general case to Cy with 0 € intCy. For brevity, we now suppress
the subscript 0, and set C = Cyp with 0 € intC.
For C € 3C, we let C” : X — R be the affine functional

1
b - - _
(xm_Adam+1“ (C.X), XeAX. (3.1.7)

Evaluating this at the origin 0, the first equality in (3.1.6) follows.

The antipodal of C € 9dC with respect to the origin 0 is C° = —C/A¢(C,0).
Replacing C by C? in the definition (3.1.7), a simple computation gives the first
formula in (3.1.5).

Finally, in this sequence, the definition of the dual in (3.1.3) shows that C" is
normalized for the dual C°. We conclude that the musical map b = bc o : dC — affeo
is well-defined and satisfies its respective properties.

Let f € affc. Since f is a non-constant affine functional, we have

fX)=AX)+a, XeX, 0#£AcX, acR

Since f is normalized (and O € intC), we have 0 < a < 1. We define

f=—= (3.1.8)
a

Once again, since f is normalized, we have f(C) = [0, 1], so that
0<{(A,C)+a<1, foralCeC
(with both equalities attained).
The lower bound here and the definition of the dual in (3.1.3) now shows that

—A/a € 3C°. Thus, the musical map ff = fic : affc — 9C° is well-defined.
The upper bound, along with 1 — f in place of f in (3.1.8), now gives

(1-pf = 2 = ("

The second equality in (1.3.5) follows.
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Since —A/a and A/(1 — a) are antipodals in C°, we have A(f%,0) = 1/a — 1.
Thus, f(0) = a, and the second equality in (1.3.6) also follows.

Finally, it remains to show (3.1.4). Combining (3.1.7) and (3.1.8), we obviously
have (C*)! = C, C € dC. The first equality in (3.1.4) follows. For the second, as
before, we let f(X) = (A,X) + a, X € X. Using the second equality in (3.1.6)
along with (3.1.7) and (3.1.8), we have (f1)*(X) = a(1 + (4/a.X)) = f(X). The
second equality in (3.1.4) also follows. This finishes the construction of the musical
equivalencies.

Taking the infima in the respective sets in the two equalities in (3.1.6), for O €
intC, we obtain

1
inf C"(0) = ———— and inf

0)=——, Oce€intC.
ceac me(0) + 1 fGaffcf( ) meo(0) + 1 n

This shows that the maximum distortion and the maximum support ratio are dual
constructions. In addition, the corresponding two measures are equal by (3.1.2), so
that, as a byproduct, we obtain

me(0) = meo(0), O € intC. (3.1.9)

3.2 Stability of the Minkowski Measure
and the Banach—Mazur Distance

The Minkowski measure studied in the previous section serves as a prominent
example and primary motivation to introduce the concept of stability for geometric
inequalities. We choose here a gradual development by first deriving Groemer’s
stability estimate for the natural lower bound for the Minkowski measure in terms
of the Hausdorff distance.

Seeking a notion of distance better fit to stability naturally leads to the affine
invariant Banach—-Mazur metric. A large central part of this section is devoted to
the discussion of this concept along with the Banach—Mazur compactum and John’s
original approach to prove boundedness of this space.

Next, to complete the circle, we return to our original purpose, and derive a
simple stability estimate for the lower bound of the Minkowski measure in terms
of the Banach—-Mazur metric. We do this by relating the (global) maxima of the
distortion ratio discussed in Section 2.2 to the Banach—Mazur distance of a convex
body from its Minkowski symmetral.

Finally, to complete yet another circle, we derive Schneider’s stability estimate
for the Minkowski—Radon upper bound of the Minkowski measure once again in
terms of the Banach—-Mazur metric.
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Recall from the previous section (Proposition 3.1.1) that, for the Minkowski
measure, we have

M = ol me®) = ojnf g Ae(C.0) = i gy Re(H,O). € € .
(3.2.1)

Based on the last equality, m’ can conveniently be expressed by the support
function he of C as follows. Recall that h¢(N) is the signed distance of the
hyperplane supporting C (with outward normal vector N € S) from the origin. It
is positive if and only if N points into the respective open half-space disjoint from
the origin.

Now, given O € intC, measuring distances from O in the definition of h¢c (or
moving O to the origin by a suitable translation of C), we thus have

_ heN) .
Re(H, O) he(=N) = 1, O e intC,
with unique choice of the normal vector N € S to H (except when the ratio is 1).
Using (3.2.1), we thus have

he(N)
he(=N)’

me(0) = max (3.2.2)

Ne

where h¢ is once again with respect to O € intC. Finally, if the infimum in (3.2.2)
is attained at a point O* (that is, O* is in the critical set C* of C) then this formula
gives the Minkowski measure

he(N)
he(—N)’

mg = max (3.2.3)
€

where h¢ is with respect to O*.

Remark. In (3.2.3) the dependence on the base point O € intC can be explicitly
incorporated in the support function A¢ o : X — R defined by

he.o(X) = sup(C — O0,X) = he(X) — (0,X), X € X.
cec

With this (3.2.3) rewrites as

* . hC,O(N)
my = inf max —————.
O€intC NeS hC.g(—N)

Recall from Section 2.1 that the Minkowski measure m* attains its minimum
value m* = 1 in B at symmetric bodies. (See the inequality in (2.1.7) and
the subsequent discussion.) A natural question arises: If a convex body C € ‘B
has Minkowski measure mz close to this minimum value 1, how closely does C
approximate a symmetric convex body?
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The answer is a stability estimate. This question can easily be generalized to a
much wider setting of geometric inequalities which have a well-characterized class
of geometric objects for which equality holds.

We will see many examples of stability estimates in the rest of this book.

Finally, note that, to make the question more precise, one needs to specify the
metric on B with respect to which the close approximation is understood.

As a simple application of (3.2.3), we have the following stability estimate for
the lower bound of the Minkowski measure:

Theorem 3.2.1. Let 0 < e <n— 1. IfC € ‘B satisfies
mi<1l+e
then there exists a symmetric convex body C € B such that

n
n+1

- D
du(C,C) < 76 e (3.2.4)

where D¢ is the diameter of C.

Proof. For simplicity, we may assume that the origin is a critical point. Then, by
(3.2.3) and our assumption, we have

he(N)
———<14¢ NEeS§ (3.2.5)
he(—N)
(where h¢ is with respect to the origin).
The symmetric body in (3.2.4) is the Minkowski symmetral of C defined by

C=C-0)2={X-X)/2]|X.X €C).

(We briefly encountered this in Section 2.5; see, in particular, Problem 7 at the end
of Chapter 2.) It follows directly from the definition that C is compact and convex.
Moreover, the Minkowski symmetral of an inball B,(O) C C (with inradius r = r¢)
is B, C C (with center at the origin). We conclude that C € B is a convex body.
Using the algebraic properties of the support function (Section 1.2), we have

|he(N) = he(N)| =

heN) 3 (he ) + he (—N))'

— 5 (N |00

he(=N)

Taking the supremum in N € S, by (1.2.2), we have
- 1
du(C,C) = sup |hc(N) — hs(N)| < = sup he(N) - e, (3.2.6)
Nes 2 Nes

where we used (3.2.5) (for £N € S).



104 3 Measures of Symmetry and Stability

To estimate the supremum of 4¢ on the unit sphere S, we first make use of (1.5.2)
along with the subsequent Remark 1:

sup (h¢(N) + he(—=N)) = De.
NeS

Using (3.2.5) in the supremum once again, we obtain

1+ € 1+ € n
he(N) < ——(he(N) + he(—N)) < D¢ < Des, NEeS, 3.2.7
c()_2+€(c()+ el ))_2+e e = De (3.2.7)

where the last inequality is due to our restriction 0 < € < n — 1. Substituting this
into (3.2.6), we arrive at (3.2.4).

Remark. By the Minkowski—Radon upper bound in (2.1.7), we have m$ < n. This
corresponds to € = n — 1. Therefore Theorem 3.2.1 can be concisely paraphrased
by the single inequality

n
n+1

dy(C,C) < % (ms—1), CeB.

Theorem 3.2.1 (and its proof) is essentially due to [Groemer 1] with the centroid
of C as the base point. (See also the discussion in the next section.) Note also that
by narrowing down the range of €, the first upper bound in (3.2.7) gives much
sharper estimate on the Hausdorff distance; for example, for 0 < ¢ < 1, we obtain
dy(C.C) < (Dc/3)e.

The use of the Hausdorff metric in a stability estimate as above is exceptional.
A suitable concept of distance should be defined on the quotient of 5 y by the group
Aff (X) of affine transformations of X’ (with respect to the natural action of Aff (X)
on ‘B y). The (initial) difficulty in using the Hausdorff metric stems from the fact
that the topology on the natural domain €y of compact subsets of X (Section 1.1)
with the Hausdorff metric induces a non-metrizable topology on the quotient
Cx/Aff (X). (See Problem 4.) As shown by [Webster], however, the Hausdorff
metric can be used to define a metric on this quotient, and in this new topology
€y /Aff (X) is compact. The reason that this Webster metric topology is different
from the natural (non-metrizable) quotient topology is the varying dimensions of
the convex hulls of the elements in €. Restricting to By C €y, these difficulties
disappear and on the quotient B » /Aff (X) the two topologies coincide. Moreover,
as shown by [Macbeath] this topology on the quotient is compact.

Even though it is constructed from the Hausdorff distance, the complexity of the
Webster metric on the quotient 8y /Aff (X’) makes it difficult to use. Instead, we
now introduce another, very transparent concept of distance.

The (extended) Banach—Mazur distance function dpgy : B x B — R is defined,
forC,C’ € B as

dpy(C.C') = inf{A > 1|C' C $(C) C AC' + X with¢ € Aff(X)andX € X}.
(3.2.8)
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The infimum is clearly attained. dgy, satisfies the following properties:

(1) dpy(C,C") = 1forC,C’" € B if and only if C" = ¢(C) for some ¢ € Aff(X);
(2) dpu(C,C") = dpy(C’,C) for any C,C’ € ‘B;

3) dpu(C,C") < dpu(C,C") - dpy(C’,C") for any C,C’,C" € B;

@) dpu(@(C), v (C)) = dpy(C,C") forany C,C’' € B and ¢, ¢ € Aff (X).

Property (1) is a direct consequence of the definition since, for ¢ € Aff(X),
C,C’ € B, the inclusions C' C ¢(C) C C' + X imply X = 0, so that C" = ¢(C).

Properties (2)—(4) all depend on the fact that, in addition to the group of
dilatations Dil(X) being normal in Aff(X) (Section 1.1/C), conjugation of a
similarity S, x by any affine transformation does not change the ratio A. In fact,
for ¢ € Aff (X'), we have

¢ ' oSicop =S)a1c-v)

where p(X) =A-X+V,Xe X, A e GL(X),V e X.
To show (2), for A > 1, assuming

CCcop(C)CAC +X, ¢e Aff(X), Xe i,
we have
$(C) CAC"+X C Ap(C) + X.
Applying the inverse of ¢, we obtain
Ccy(C)cac+y,

for some Y € X, where ¢ € Aff(X) is the affine transformation defined by ¥ (X') =
¢~ '(AX'+X),X € X.Hence dpy(C',C) < dpy(C.C’). Switching the roles of C and
C’, we obtain (2). The proof of (3) is similar. For (4), first note that dpy(¢(C),C’) =
dpym(C, C’) obviously holds for any ¢ € Aff(X). Now, using (2), we have

dpm(¢(C). ¥ (C") = dpu(C. ¥ (C")) = dpu(¥(C').C) = dpu(C'.C) = dpu(C.C).

Thus, (4) follows.

It follows that In(dpy,) is a distance function on the quotient By / Aff (X). The
simple “algebraic” character of the Banach—-Mazur distance in (3.2.8) makes it very
convenient to use in explicit computations. Whenever suitable, we will also use the
more geometric definition

dgy(C.C") = inf{A > 1]¢(C) C C' C S) x(¢(C)) withgp € Aff (X)andX € int¢p(C)}.
(3.2.9)

where S x is the similarity with center X € X and ratio A # 0 as defined in (1.1.4).
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Remark. The extended Banach—-Mazur distance function is sometimes called the
Minkowski distance or affine distance. Originally, dgy was defined only for
symmetric convex bodies. Following several authors, we retained the original name.

There are several striking results in connection with the Banach—Mazur metric
properties of ‘B x/ Aff (X).

Given C € ‘B, let £ = &¢ be the unique ellipsoid of maximal volume contained
in C. (For existence and uniqueness, see Problem 5.) In 1948 in a pioneering work
[John] proved that

ECCCS80E)=nE—-0)+0, (3.2.10)

where O = Oc¢ is the center (centroid) of £. In addition, for C symmetric, he also
showed that the scaling factor n can be improved to /.

Dually (see the following remark), C is contained in an ellipsoid &' = &/ of
minimal volume such that

(/m)(E = 0) + 0 =Sy () CCCE,

where O = O/C is the center of &’. As before, for C symmetric, the scaling factor
1/n can be improved to 1//n.

Although the terminology varies slightly, £ = &¢ is usually called the John
ellipsoid of C, and £’ the Lowner ellipsoid of C. The latter is to recognize Lowner’s
unpublished contributions, such as the unicity of the circumscribed minimum
volume ellipsoid. (See [Busemann 1, Busemann 2].)

Remark. LetC € B. Let O be the center of the John ellipsoid £¢ of C. Taking duals
with respect to O, we see that & C C implies C° C (€¢)°. By Example 3.1.2,
(Ec)? is an ellipsoid. It is, in fact, the Lowner ellipsoid of the dual C, that is, we
have £ éo = (£¢)°. (See [Tomczak-Jaegerman].) It follows that the John and Lowner
ellipsoid constructions are dual. This property of the centers of the John and Léwner
ellipsoids is generalized by [Meyer—Schiitt—Werner 1] to the dual affine invariant

points.

We now make a detour here to discuss the original approach of [John] with some
variations. His estimate (3.2.10) is an application of his general result on non-linear
optimization with inequality constraints.

We will treat the Lowner ellipsoid variant when C = [V, ..., Vy] CR", N > n,
is a convex polytope. (The general case C € B follows by approximation.)

First, the Lowner ellipsoid is the solution of the following optimization problem:

in: —1
min n(detQ),

subjectto: (V;—0)TQ(Vi—0)<1,i=1,...,N, and Q> 0,
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with variables Q(> 0), a symmetric (positive definite) n X n-matrix, and O € R”".
If O, O’ solves this problem then &’ = {X e R" | (X — O)TQ'(X — 0') < 1} is the
Lowner ellipsoid of C with center O'.

The hard part of John’s proof is to show that for this optimization problem the
Karush—Kuhn—Tucker (KKT) conditions are not only necessary but also sufficient
for the solution.

They are as follows:

N
Q07 )Y AVi—O)N(Vi-0)T =0, ' >0,

i=1

N
Z/\iQ/(Vi—O/) =0, 1,>0,i=1,...,N,

i=1
Vi—oTQWv,—0)<1,i=1,...,N,
AL(Vi—ONTQVi—0)=A:, i=1,...,N.

(The use of the logarithmic scaling factor in — In(det Q) is justified as the derivative
(with respect to the matrix coefficients) gives —Q~'.)
Using these KKT conditions, the lower bound (1/n)(£" — 0’) + O’ C C (as well
as its (1/4/n)-refinement for symmetric C) can now be derived as follows.
Introducing the affine transformation ¢ € Aff(R") by

p(X) = (Q)*(X-0), XeR"

we realize that ¢ transforms the ellipsoid £’ to the closed unit ball 3. Performing ¢
on all elements of our configuration and retaining the original notation, we arrive at
the following scenario: The minimal volume ellipsoid containing the convex body
C =[V1,...,Vy]is the closed unit ball B, and we have

N N
Y AVievii =1 and Y AV =0,
i=1 i=1

where {Vi,...,Vy} C B,and A; > 0,i = 1,...,N. In addition, if A; > O then
|Vi] = 1, and therefore V; e SN dC, S = 9B.

The first equality gives Zf/:] A; = n (by taking the traces in both sides), and
X = Zf;l Ai(X, Vi)V, X € R". The second equality gives 0 € int [V, ..., Vy].

For John’s estimates we need to determine the largest radius » > 0 such that
B, C[Vi,....Vy].Let Xo € S, N 3[Vy,...,Vy], S, = 3B,. The hyperplane # that
supports [V, ..., Vy] at X, also supports B, so that X, is orthogonal to 7. Letting
X = Xo/|Xo| € S, we clearly have r = maxo<;<n (X, V;).

We now follow the method of [Belloni—Freund] (with simplifications) which, for
general X € S, aims to estimate maxo<;<y (X, V;).
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Fori=1,...,N,letting w; = (X, V;), the two equations above give

N N N n
D AP =" LX. V) =XP =1 and Y Awi= ) A(X.Vi)=0.
i=1

i=1 i=1 i=1

Setting wi,x = maxj<;<y w; and wpi, = min;<;<y w;, and using the equations
above, we now calculate

N
0= Z Ai(wmax - W,‘)(W,’ - Wmin)

i=1

N N
Z Ai * Wimax (_Wmin) - Z /\iW,‘z

i=1 i=1

n- Wmax(_wmin) - 1

Thus
1

Wmax(_wmin) = —.
n

On the other hand, by the definition of the maximal distortion myy,
have

Vy] = meg, we

—Wnin = — min (X, V;) < me(0) max (X, V;) = mc(0) - Wiax.
1<i<N 1<i<N
Combining these, we obtain

1
>

Wmax = m

Taking now X = Xo/|Xo| as a point of common support of B, and C as above, we
arrive at

1
r >

~ /nme(0)

Reverting to the original notation, we obtain the estimate

(1/y/nme(ON)(E -0+ 0 cCccé&,

For C symmetric, O’ coincides with the center of symmetry of C (since otherwise
&’ could be reflected to this center, and we could construct a circumscribed ellipsoid
of smaller volume). Thus, we have m(0Q’) = 1, and the estimate above reduces to
John’s (1/./n)-estimate in the symmetric case.
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For the non-symmetric case, first note that, by the above, we have

—(C-0)C —(E—-0)=E—0 C J/nm(0)(C - 0.

On the other hand, —(C — O") € m(0')(C — O’) with the best constant m(O’). (See
also Lemma 3.2.3 below.) Combining these, we obtain that m(0’) < /nm(0’).
This gives m(0’) < n, and once again, the Banach—-Mazur estimate above reduces
to John’s (1/n)-estimate in the non-symmetric case.

Finally, note that to obtain the (1/n)-estimate directly is simpler; see [Ball 1]. In
the next section we will derive John’s estimates pursuing a different approach.

We now return to the Banach—Mazur distance. In (3.2.9), we have dgy (€,C) < n
or < 4/n, for symmetric C. Since any two ellipsoids are affine equivalent (and also
to the closed unit ball B), the properties in (3) and (4) of the Banach—Mazur distance
above imply that dgy(C,C") < n* for any C,C’ € 8. In addition, dgy(C.C') < n
provided that C,C’ € B are both symmetric.

Finally, note that an estimate for the mixed case was given by [Lassak] in 1983
who proved that dgy(C,C’) < 2n — 1, if one of the convex bodies C,C' € B is
symmetric.

As noted above, we will derive these estimates in the next section.

John’s estimates dBM([;’, C) <n,C € B, and < /n, for symmetric C, are sharp.
Indeed, if C = A is a simplex then dBM(B, A) = n,and if C = Q, is a cube
then dpy (B, Q) = ./n. (See Problem 6.) Conversely, if dBM(l’S’, C) =nthenCisa
simplex. This has been proved by [Leichtweiss 2] and rediscovered by [Palmon].

As noted by [Hug—Schneider], no stability result seems to be known for the upper
bound dBM(B, C) < n, C € ‘B, but they prove a weaker stability for the volume
quotient:

vol (EL)\ /"
volq (C) = (Vol E&Cz;) , CeB,

where £ = £ and £’ = &, are the John and Léwner ellipsoids of C, respectively.
By (3.2.8), we have

volq (C) < dpy(B.C) <n, C e B,
and equalities hold throughout if and only if C is a simplex. (See also
[Leichtweiss 2].)
For the volume quotient volq [Hug—Schneider] proved the following stability
estimate: There exist constants co(n) = O(n'*/?) > 0 and €,(n) > 0 such that, for
€ € [0, €g(n)], we have

volg(C) > (1—e)n =  dpy(C.A) <1+ co(n)e*, CeB,

where A is a simplex.
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For other volume quotients, see [Ball 2, Barthe 1, Barthe 2, Schmuckenschlidnger].

Recently there has been extensive work in finding the best possible upper bound
in John’s n?-estimate dgy (C,C’) < n?, C.C’ € B. Most noteworthy is the estimate
of [Rudelson] replacing n? with a-n*/? log? n, where « and B are universal constants.

For lower bounds, one should also note the result of [Gluskin]: For any n > 2,
there exist symmetric convex bodies C,C’ € B such that dgy(C,C’) > ¢ - n, where
¢ > 0 is a universal constant.

Equipped with the Banach-Mazur distance, B x/ Aff (X) becomes a compact
metric space. A quick proof of this is as follows.

Since, for metrizable spaces, compactness is equivalent to sequential com-
pactness, it is enough to show that any sequence {[|C|[}x>1 C Br/Aff(X)
subconverges. (Here [|C|] € Bx/ Aff (X) stands for the equivalence class (orbit)
of C € By by the affine group Aff (X), that is, [|C]] is the set of all convex bodies
that are affine equivalent to C.) Since any two ellipsoids are affine equivalent, we
may assume that the John ellipsoid of each representative Cy, k > 1, is the closed
unit ball B. By John’s estimate, we have BcC Cr C nl§', k > 1, so that the Hausdorff
distance dy (Cy, B <n—1,k>11In particular, the sequence {Cy}x>1 C B is
Hausdorff bounded. By Blaschke’s selection theorem (Section 1.1/B), this sequence
subconverges in Ry (D B y). Selecting a convergent subsequence and adjusting the
notation, we may assume that the Hausdorff limit limy—0o Cxy = C € Rx.

Let €, = dy(Cr.C), k > 1, so that limy_o0 € = 0. Since B C C; C C + B3,
letting k — oo, we conclude that BccC.In particular, we have C € 8 . (In fact, B
is the John ellipsoid of C but we do not need this fact.) Now we have

CCC+eBc(+e)
CCC+ GkB C (1 + €)Cr.

Combining these, we obtain
Cc(+e)C C(1+e)C.
By the definition of the Banach—Mazur distance, this means that
dpu (G ICI) = A+ &)?, k=1
Thus the sequence {[|Ci|l}k>1 C Br/Aff(X) converges to [|C|] in the

Banach—Mazur distance, and the stated (sequential) compactness follows.

Remark. [Schneider 4] gave a direct proof for the compactness of B x/ Aff (X)
without using John’s ellipsoid as follows.

Given C € B, let A = [V,...,V,] C C be a simplex of maximal volume
inscribed in C. Given a vertex V;, i = 0,...,n, with opposite face F;, let H; be a
hyperplane containing V; and parallel to F;. Due to the maximality of the volume of
A, H; supports C. (Indeed, if it did not then, choosing a point V € dC in the interior
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of the other side of H; (which does not contain C), we would get vol [F;, V] > vol A.)
The hyperplanes H;,i = 0, ..., n, enclose the simplex —n(A — O) 4+ O, where O is
the centroid of A. By construction, we have A C C C —n(A — O) + O.

Let Ay be a regular simplex with centroid at the origin 0, and A] = —nA,.
The previous chain of inclusions can then be written as Ay C ¢(C) C Aj with a
suitable affine transformation ¢ € Aff (X). We obtain that ®B is the Aff (X) orbit of
the compact set {Cy € B | Ay C Cy C Afj}. Compactness of By / Aff (X) follows.

We now return to the main line. How well the Banach—-Mazur distance is adapted
to stability (as in Theorem 3.2.1) is illustrated by the following:

Proposition 3.2.2. For C € ‘B, we have
dpu(C,C) < mf, (3.2.11)

where C = (C—C) /2 € B is the Minkowski symmetral of C.

Clearly, (3.2.11) reduces stability of the lower bound for the Minkowski measure
to tautology.

Before the proof of Proposition 3.2.2, we need a simple expression for m* as
follows:

Lemma 3.2.3. Let C € 8. We have
mg =inf{A > 0|C + X C —AC for some X € X}. (3.2.12)

Proof. Using the substitutions A = 1/s and sX = —(s 4+ 1)O in the defining
inclusion in (3.2.12), the reciprocal of the infimum can be written as

sup{s > 0| (s + 1)O — sC C C for some O € X'}. (3.2.13)

By Corollary 1.1.9, if (s + 1)O — sC C C for some s > 0 then O € intC. Therefore
the range of O in (3.2.13) can be restricted to intC C X. Using (2.2.3), we obtain

1

sup{s > 0| (s +1)O —sC C C for some O € intC} = sup =—.
oeintc Mc(0) me

The lemma follows.

Remark. Although we do not need it at present, for C € 5, a more careful tracking
of the base point O € intC in the proof above also gives the following refinement of
(3.2.12):

me(0) = sup{A > 0| — (C — 0) C A(C — O)}.

(Alternatively, this can also be proved directly using the definition of maximal
distortion.)
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Proof of Proposition 3.2.2. As in (3.2.12), let A > 0 such that C + X C —AC.
Adding to both sides of this inclusion first AC then —C and using —C = C =
(C — (C)/2, a short computation gives

20 - 1 A—1
—C—-——XC2A —X.
Ceamit XMt

Now (3.2.11) follows from the definition of the Banach—Mazur distance in (3.2.8).

We close this long section by proving stability of the upper bound of the
Minkowski measure in the Minkowski—Radon inequality (2.1.7) with respect to the
Banach—Mazur distance:

Theorem 3.2.4 ([Schneider 1]). Let 0 < e < 1/n. IfC € ‘B satisfies
m>n—e
then, for an n-simplex A(C C), we have

(n+ e

dBM(C, A) <1 —+
1 —ne

, (3.2.14)

Remark. This stability result in its present complete form is due to [Schneider 1].
We follow his treatment with minor modifications. Note that [Boroczky 1,
Boroczky 2] and [Guo 1] proved similar stability results albeit with weaker
estimates.

Note also that if m’ = n then Theorem 3.2.4 (with € — 0) along with the first
property of the Banach—-Mazur distance dgy, imply that C is a simplex.

Proof of Theorem 3.2.4. Given C € B as in the theorem, we will find a suitable
n-simplex A C C close to C with respect to dgy. This is yet another application of
Helly’s Theorem which, in turn, borrows the idea of the proof of Corollary 1.4.2 by
[Yaglom-Boltyanskii].

For0 <v <nand A € C, we define

1 v
Car =Sy C)=——A C.
A, Jw+1).4(C) — +v+1
We first claim that, for fixed 0 < v < n, we have
X e (\Cuy ifandonlyif —(C—X)Cv(C—X). (3.2.15)

AeC
This is straightforward since, for A € C, we have X € Cy4, if and only if —(A —X) €

v(C —X).
Turning to the construction of the n-simplex A, we let 0 < € < 1/n and set

V=n-—Ee.
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By assumption, we have m7; > v. By (3.2.12), for A < v, we have C+ X ¢ —AC for
any X € X.For A = v (replacing X by (14 v)X) we obtain that —(C—X) ¢ v(C—X)
for any X € X. Now (3.2.15) implies that the intersection ()¢ Ca,, is empty.
Helly’s Theorem applies yielding {Cy,...,C,} C C such that the finite
intersection (\_, Cc,., is also empty.
This is an open condition in the (n + 1)-fold product C"*!, so that the set
{Co,...,Cy} can be chosen to be affinely independent. We now set A =
[Co, ..., C,] CC, an n-simplex with vertices Cy, ..., C,.
Applying a translation to the entire configuration if necessary, we may assume
that the centroid of A is at the origin:

Z C; = 0. (3.2.16)
i=0

In the next step, we need a reference point Y € ﬂl';l Cc,» which, by construction,
is not in Cc, .. The simplest choice is
V—n

Y = Co. 3.2.17
v+1 0 ( )

Indeed, using (3.2.16), for a fixed i = 1,...,n, Y can be represented by the nested
convex combinations

v—n+1 v 1 "1 v 1
C G - Ci+—GC ).
v (v+1 0+v+1 )+j;¢,v(v+l j+v+1 )
=1,j#i

Y=

This shows that

v
Ci+ ——A=A¢c,CCcp i=1,....n

Ye ——
v+ 1 v+ 1

as stated. By Helly’s theorem, we have Y ¢ C¢, .. Playing this back to C in the use
of (3.2.16) and (3.2.17), we obtain the scaled point

Yo=—kCo=k» Ci¢C. (3.2.18)

i=1
where

n—v+1 1
K= ———— > —,
v “n

With these preparations we now turn to the proof of the theorem. Setting

(n+ 1e -
1 —ne

w=1+ 1
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as in the theorem, for the upper estimate in the Banach—-Mazur distance in (3.2.14),
it is enough to show that

C C intuA. (3.2.19)

Assume not. Then C meets a face of A opposite to the vertex uCy, say, in a
point C € C N uA, and we have

C=Y auC. Y aj=1, {or.....a,} C[0.1]. (3.2.20)
i=1 i=1

Since p > 1, the set {C, Cy, ..., C,} is affinely independent, so that the point Y ¢ C
constructed above has the unique convex combination

Yo = ﬂOC + Zﬂncn» Zﬂz =1 (3.2.21)
i=1 i=0
Combining this with (3.2.20), we have

Yo = Z(ﬂoaiﬂ + B)C..
i=1
Comparing this with (3.2.18), we obtain

Boain+ Bi=«k, i=1,...,n (3.2.22)

We now solve this system (along with the second equation in (3.2.21)) for
Bo, ..., By Summing (3.2.22) overi = 1,...,n, we have

Bow+ Y Bi=1+Po(n—1) = nk.

i=1

so that

Substituting this back to (3.2.22), fori = 1,...,n, we obtain

> 0,

Bi =K — (e — Day—— = (e — 1)(1 — &)
n—1 n—1

since k(u—1) — (nk — )u = 0.
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Since all the coefficients f8;, i = O0,...,n, are non-negative, the expansion in
(3.2.21) is a convex combination. We obtain that Y, € [C,Cy,...,C,] C C. This
contradicts to (3.2.18). The theorem follows.

3.3 The Theorems of John and Lassak

In the previous section we sketched the original proof of John’s theorem. The
purpose of the present section is to give a complete proof of the estimates of John
and Lassak following the unified approach of [Guo—Kaijser 2] with simplifications
and corrections. This ingenious method is based on constructing one-parameter
families of volume increasing affine transformations.

The main result of this section is the following:

Theorem 3.3.1. Let C,C’ € B. We have:

(1) dpu(C.C') < (n— 1) min(ms, m%,) + n;

(2) dpy(C,C") < n, if C and C' are both symmetric;

(3) dpu(C.C") < n, if C is an ellipsoid;

(4) dpu(C,C') < /n, if C is an ellipsoid and C' is symmetric.

Remark 1. The inequality in (1) is due to Qi Guo. In the original proof in
[Guo—Kaijser 2] there is a minor gap which is emended below based on the author’s
communication with him. If, in (1), one of the convex bodies C,C’ € B is symmetric
then min(mg, mg,) = 1, and (1) reduces to Lassak’s estimate dpy (C.C") < 2n — 1
noted in the previous section.

Note also that, even though (4) clearly implies (2), for the proof it is more natural
to follow the sequence given above; in fact, (4) will be a quick byproduct of the
proof of (3).

Finally, by affine invariance of the Banach-Mazur distance, in (3) and (4) C
can be replaced by the closed unit ball B. The notation here is purely of technical
convenience to streamline the sequence (1)—(4).

Remark 2. In yet another paper [Guo—Kaijser 3] also gave a general upper bound
on the Banach-Mazur distance in terms of the Minkowski measures:

my + mp,
dpu(C.C) < n% C.C e B.
In view of (2.1.7) and the subsequent discussion, this inequality also recovers John’s

estimate.

Remark 3. Recall that the [Belloni—Freund] method, discussed in the previous
section, gives

Ccé&cnm0)C—-0)+0,
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where £ = &/, is the Lowner ellipsoid of C and 0" = Oy, is its center. In particular,
this gives the interesting Banach—-Mazur estimate

dpu(C.B) < Vrme(0p).

Since the Banach—Mazur distance is multiplicative, we obtain

dpn(C,C) < nyJme(0L)me(0L,), C.C € B,

where O, and O, are the centers of the Léwner ellipsoids of C and C’, respectively.

[Belloni—Freund] conjectured that, in the Banach—Mazur estimates above, the
maximum distortions can be replaced by the respective infima, the Minkowski
measures:

dBM(C,B) < nmé, C €8,

and (consequently)
dBM(C,C/) <n mzmé,, C,C/ € ‘8.

Note that, using the arithmetic-geometric means inequality, the latter would clearly
imply the Guo-Kaijser estimate in Remark 2.

Remark 4. Finally, note that [Giannopoulos—Perissinaki—Tsolomitis] generalized
John’s theorem to a pair of convex bodies C C C’, where C has maximal volume in
C’. Aside from some smoothness conditions that their proof required, they recovered
the theorems of John and Lassak as special cases. In addition, they gave a direct
proof of the upper estimate (vol (C’')/vol (C))'/" < n for the respective volume
ratio. (For the original proof, see [Ball 2].)

We now return to the main line and prove Theorem 3.3.1.
The general plan is as follows. Given C,C’ € 8, we place an affine copy ¢(C),
¢ € Aff(X), of C of maximal volume inside C’, then write (as in (3.2.9))

$(C) CC' CSo@C). A=1 0€ ¢(0)",

where the asterisk indicates the critical set. We then construct a continuous one-
parameter family of affine transformations {V/+},e(r,, 1) C Aff(X), ro € (0, 1), ¥ =
1, and derive a condition for ¥, r € (rg, 1), to be volume increasing. This will then
give various estimates for A.

Note that this method will automatically imply the existence of John’s ellipsoid
(satisfying (3.2.10)) in both the general and symmetric cases. (For a direct proof of
the existence and uniqueness of John’s ellipsoid, see Problem 5.)
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We work backwards and begin with the second step:

Lemma3.3.2. LetC € BandC' = C+ Z € B, Z € X, a translated copy of C.
Let H be a hyperplane with both C and C' on one side of H such that the translation
vector Z is not parallel to H. Choose Cy € C such that d(Cy, H) = maxcecd(C, H),
and assume that Z points away from H in the sense that d(Cy, H) < d(Cy + Z, H).
Let ¢ € Aff (X) be the affine transformation that fixes H (pointwise) and maps Cy
to Cy + Z. Then we have

$(C) C[C.C].

Proof. By assumption, the line with direction vector Z through Cy intersects the
hyperplane H at a point Xj. Setting this point as the origin of X (by a suitable
translation), ¢ becomes linear. Comparing distances we find that C € [0, Cy] =
¢(C) € [C,C+Z] C [C,C']. The lemma now follows by writing an arbitrary C € C
asasum C = tCy + H, t € [0,1], H € H, and applying ¢. (See Figure 3.3.1.)

tCo+ H+Z
o(tCo + H)

Fig. 3.3.1

According to our plan, we now proceed with the construction of the one-
parameter family of affine transformations in the following setting. We let C € B
be a given convex body, and a pair H,H of parallel hyperplanes enclosing C.
We choose X, resp. X', from the (closed) half-space of H, resp. H', which does
not contain C. We first construct a continuous one-parameter family of affine
transformations {V,},e(0.1, ¥1 = 1, such that ¥,.(C) C [X,C,X'], r € (0, 1].

For r € (0, 1], let Y,, resp. Y7, be the intersection point of the hyperplane S, x ('),
resp. S, x'(H'), with the line segment [X, X']. (Note that ¥, = Y| = H' N [X,X'].)
We consider the affine transformation ¢,, which fixes the hyperplane H, = S, x(#)
(pointwise) and maps Y, to Y. Clearly, ¢; = I. Finally, let Cy be the portion of
[X,C, X'] that lies in the closed slab bounded by the parallel hyperplanes H and H’'.
(See Figure 3.3.2.)
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[X.C. X'

Fig. 3.3.2

We are now in the position to apply Lemma 3.3.2 to S, x(Cy), its translated copy
S,.x'(Co), the hyperplane #,, and ¢,. We obtain

¢:(Sr.x(Co)) C [S;x(Co) U Sy.x(Co)] C [X,C.X'].

Thus, setting ¥, = ¢, o S, x, we obtain the continuous one-parameter family
{¥r}reo) C Aff(X), Y1 = [, satisfying

¥, (C) C ¥, (Co) C [X,C,X"], re(0,1]. (3.3.1)

Given r € (0, 1), we now ask under what condition will v, be volume increasing.
By the definition of v,, the volume changing ratio is

_ AL Hy) _
A(r) = d(Y“Hr),ﬂ, A(l) = 1.

We calculate the distance ratio as follows
d(YL,H,)  d(S,x (M), S x(H))
iy, H,)  d(S,x(H),S-x(H))
_dXH)+dH, H) +dXH) —d(X, S, x(H) —d(X', S, x/(H))
B rd(H,H")

_l=rdX,H) +dH,H') +dX', H) L
oo d(H, H')

1.

Putting everything together, we see that the volume changing ratio is a degree n
polynomial in r:

A =11 —r)p + 1, (3.3.2)
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where

dX,H)+dH, H) +dX, H)

= o(X. X' N =
p=pX.X HH) A H)

(3.3.3)

Differentiating (3.3.2) (at » = 1), we obtain
A1) =n—p.

Summarizing, we see that if p > n then A’(1) < 0; in particular, there exists ry €
(0, 1) such that, for r € (rg, 1), we have A(r) > 1, that is v, is volume increasing.

Proof of Theorem 3.3.1. Let C,C' € 9. Choose an affine transformation ¢ €
Aff(X) such that ¢(C) C (', and ¢(C) has maximal volume. Since the
Banach—-Mazur distance is affine invariant, we may replace C by ¢(C) and retain
the original notation. With this, C C C’ has maximum volume, and, by (3.2.9),
dpy(C,C") is bounded (from above) by those A > 1 for which C' C S, x(C),
X e intC.

Let O be a critical point of C’. Since C has maximal volume in C’, we have O € C.
Given a boundary point X € dC’, the line segment [O, X] intersects the boundary of
C at a unique point C € dC. Let H be a hyperplane supporting C at C, and H’ the
other supporting hyperplane for C parallel to #. Finally, let X’ € #' be on the line
extension of [0, X], thatis O € [X, X'].

We are tempted to apply the previous construction for X, X’, H,H’, and C, but X’
may be outside of C'. (See Figure 3.3.3.)

Fig. 3.3.3

We remedy this with replacing X’ by X' € CNH' and C by C, the intersection
point of the line segment [X, X’] with the hyperplane H. Clearly, we have

dX.X)  dX.X')
d(C.X")  d(C.X)’
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We are now in the position to apply the previous construction to X, X, H, ', and
C. We obtain a continuous one-parameter family {y,},e0,1; C Aff (X) such that
V. (C) C[X.C.X']=[X.ClcC,re(01].

Now, since C is of maximal volume in C’, v, cannot be volume increasing for
any r € (0, 1]. By the discussion above, we then must have p < n, where p is given
in (3.3.3). We now calculate

o d, X) dX.X) dX.,0)+dX.0) X+ R(H,0)
=PTUCX) T dC.X) " d(C.0)+d(X.0) 1+ R(H.0)’

where A = d(X,0)/d(C,0) and R(H,0) = Re(H,0) = d(X',0)/d(C,0O)
(Section 3.1). This gives

A<n(l+RMH.0)—RMH,0)=n—1)RMH,0)+n<(n—-1mi+n.

Since X € dC’ was arbitrary, we obtain

d(X, 0)
dpu(C,C") < sup <(m-Dm} +n,
o xeser d(C.,0) ¢

where the first inequality is because the ratio (A1) of a central similarity applied to
C (from O) covering C' must be an upper bound for the Banach-Mazur distance
dgy (C,C"). Since C and C’ play symmetric roles, the inequality in (1) follows.

Turning to the proof of (2), assume that C,C’ € B are both symmetric. As before,
we may identify C with an affine copy contained in C’ having maximal volume. We
first note that C and C’ have the same center. Indeed, otherwise we reflect C to the
center of C’, and the convex hull of C and its reflected image would contain an affine
copy of C of greater volume than the volume of C, a contradiction.

Let O be the common center of C and C’. As before, let X € 9C’ and C €
[0,X] N C. Let X’ € dC" and C' € 9C be the respective antipodals with respect
to O. Finally, let H and H’ be parallel hyperplanes supporting C at C and C’ at C’,
respectively. The previous construction applies to X, X', H, H’, and C, and we have

. _dX.X) _d(X.0)
"=P= . o) T dc o)

Varying X € dC’, we obtain

d(X,0)
dpu(C,C") < sup <n.
oM xeac d(C, 0)

Part (2) of the theorem follows.
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For the proof of (3) and (4), assume that C is an ellipsoid. Performing a suitable
affine transformation, we may assume that C = B(0) is the closed unit ball
inscribed in C’ as an affine copy of C with maximal volume. Let C,C’ € dC and
X, X' € 9C’ as before.

Due to the geometry of the (unit) sphere dC, the points of support of all the
hyperplanes that contain X and support C comprise a (codimension one) small
sphere of dC if X # C, and it reduces to the singleton {C} if X = C. We let Hy C X
denote the hyperplane that cuts out this small sphere from dC if X # C; and, in the
limiting case X = C, we let H, denote the hyperplane tangent to C at C. We define
Hy, similarly, using X" and C’. Since O € [X, X'], the hyperplanes #, and H,, are
parallel. We now claim that

!

Xy (3.3.4)
d(Ho, Hy)
To prove this we assume that X # C and X’ # C’ since the limiting cases follow
easily. Assume that the opposite inequality holds in (3.3.4). Translate the hyperplane
Ho toward X, resp. H;, toward X', to a new (parallel) hyperplane #, resp. ', such
that we still have

dX, X’
axx) (3.3.5)
d(H, H')

Let Cy denote the part of C between the two hyperplanes # and H’, and let D C C,
resp. D' C C, be the intersection of C with the half-space given by H that contains
X, resp. H' that contains X’. (See Figure 3.3.4.)

H, Ho Hy H
f /7_§\
¢ L Co N
D/
X C 0 o X'
N %

Fig. 3.3.4
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For the configuration Cy, X, X', H, and H’, construct the continuous one-
parameter family {y,},e01 C Aff(X), ¥y = I, that satisfies the analogue
of (3.3.1):

¥ (Co) C [X.Co, X' CC', re(0,1].

By (3.3.5), there exists ry € (0, 1), such that ¥, is volume increasing for r € (rg, 1).

By construction, the spherical cuts D and D’ have positive distance from dC’.
Since v, converges to ¥; = I as r — 1 uniformly on compact sets, we see that there
exists r; € (ro, 1) such that, for r € (r, 1], we have ¥,(D) C C' and ¥, (D) C C'.
Putting everything together, we see that ¥, (C) = ¥, (Co) Uy, (D)Uy,.(D') C C',r €
(r1, 1]. Since ¥,, r € (r, 1), is volume increasing, this contradicts to the maximality
of the volume of C in C’. The inequality in (3.3.4) follows.

By elementary geometry, we have

d(X,0)d(Hy,0) =d(C,0)> =1 and d(X',0)d(H},0) =d(C',0)* = 1.
With these, (3.3.4) becomes

Lo dXX) _ d(X.0)+d(X.0)

~ d(Ho, H))  d(Ho, 0) + d(H}, 0)

_ d(X,0)+d(X',0)
~ 1/d(X,0) + 1/d(X’", 0)

= d(X, 0)d(X', 0).

As before, using d(X’, O) > 1, we have

dpy(C.C") < sup d(X,0) <n.
Xeoac!

Part (3) of the theorem follows.

Finally, assume that C’ is symmetric. We first claim that the center O’ of C’ must
coincide with the center O of C. Indeed, as before, otherwise we can reflect C to
O’ and the convex hull of C and its reflected unit ball would contain an ellipsoid of
greater volume than that of C, a contradiction.

Thus, in the computation above we have d(X, O) = d(X’, O), and we obtain

dgu(C.CH* < sup d(X,0)* <n.
Xeac’

Part (4) of the theorem follows. This completes the proof.
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3.4 The Centroidal Minkowski Measure and Stability

Let C € 8. Recall that the centroid g(C) of C, the center of mass of a uniform mass
distribution on C, is an interior point of C. (See Problem 9.)

To avoid confusion with the already heavily used letters ¢ and m (in various font
styles), we employ the letter g based on the Archimedean identification of g(C) with
the center of gravity (in uniform gravitational field).

In this section we discuss the centroidal Minkowski measure m® = mf,
defined as the maximum distortion at the centroid: m{, = mc(g(C)), where
m = mg : intC — R is the maximum distortion as in (2.1.3). We prove the original
Minkowski-Radon inequality for mf, and Groemer’s stability estimate for the
corresponding lower and upper bounds.

By the definition of the Minkowski measure, we have mé < m‘gc', C € B. The
following example shows that in general these two measures are different.

Example 3.4.1. Let
C={(xny eR?|¥+)y*<1,y=>0}

be the unit half-disk in R?. A simple computation shows that the maximum
distortion m¢ attains its minimum at the (unique) critical point at O* = (0, V2- 1).
(See also [Hammer 2].) (In fact, the critical point must be on the vertical axis, say
(0,y), 0 < y < 1, and the only competing ratios are the boundary points (0, 0),
(0, 1), and (—1,0)° = (1 —y%,2y)/(1 +»?).) Thus, we have m} = /2.

The centroid g(C) = (0,4/3m) is different from O*, and we have

9% + 16
8§ - - 2 =mk.
mc 97‘[2—16>\/_ mc

(Note that the difference is only ~ 0.025187295.)
Theorem 3.4.2 ([Minkowski 2, Radon]). ForC € ‘B, we have

1<mé <n (3.4.1)

The lower bound is attained if and only if C is symmetric with respect to g(C).
The upper bound is attained if and only if C is a convex cone.

Proof. Since 1 <m} <mf,, C € B, the lower estimate in (3.4.1) and the fact that it
is attained only by symmetric convex bodies is clear from the analogous statement
for the Minkowski measure m* discussed in Section 2.1.

Turning to the upper bound in (3.4.1), we first note that, for any convex
cone K € B, we have m§. = n. (This is an elementary exercise in integration;
see Problem 10.)
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Now let C € 5. Setting the centroid of C as the base point in (3.2.2), we have

mé, = max he (V)
¢ NeS ]’lc(—N),

where the support function is with respect to g(C). Choose a unit vector Ny € S at
which the maximum is attained

he (No)

. 342
he(—No) ( )

8 _
me, =

As usual, let H' and H"” be parallel hyperplanes supporting C in the orthogonal
directions +Ny, and H yet another parallel hyperplane through g(C). Fix V € CNH'.
This configuration defines a (unique) convex cone K = [Ky, V] € B with Ky C H”
suchthat CNH =CNH.Let G’ D H and G D H" denote the two closed half-
spaces with common boundary hyperplane H = G’ = dG”. Since K is a cone, we
have m§. = n. To derive the upper estimate m{, < m}. = n in (3.4.1) it remains to
show that g(K) € G” (since g(C) € H).

For A C X, we denote A’ = ANG" and A” = ANG". By construction, we have

K'cC and C"c K (3.4.3)

In order to locate the centroid g(K) we endow X with a coordinate system x =
(x1,...,x,), placing the origin at g(C) and setting Ny = (0, ..., 0, 1). With this, we
have G’ = {x, > 0} and G” = {x, < 0}. Therefore g(K) € G” is equivalent to

gn(K) =0, (3.4.4)

where the numerical subscript indicates the respective coordinate of the point.

Letting @’ = he(Ng) > 0 and @’ = —he(—Ny) < 0, fora” <t < d/, we let
H, = {x, = t}, the hyperplane parallel to H and intersecting the nth axis at x,, = ¢.
Clearly, we have Hy = H', H,» = H”, and Hy = H. By the definition of the
centroid, we have

S tvol(C N Hodr
vol@©

&n(C) =

where we used the volume in the respective dimensions without explicit subscripts.
Using the inclusions in (3.4.3), we now estimate

g (C)vol (C) = / tvol(C N H,)dt

0 a
= / tvol(C” N H,)dt + / tvol(C' NH,)dt
a”’ 0
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7

0 a
> / tvol(K” N H,)dt + / tvol(K' N H,)dt
a’ 0

= / tvol(K N Hy)dt = g.(K) vol (K).

Since g,(C) = 0 we obtain (3.4.4). The upper estimate in (3.4.1) follows.

Finally, note that if m{ = n then g,(C) = g,(K) = 0, and equality holds
everywhere. In particular, equalities hold in the inclusions (3.4.3), and C = K is
a cone. Theorem 3.4.2 follows.

Remark. For the original proofs, see [Minkowski 2] (n = 2, 3) and [Radon] (n > 2).
For further proofs and study, see [Neumann, Ehrhart, Estermann, Siiss 1, Hammer 1,
Klee 2, Leichtweiss 1, Birch, Yaglom—Boltyanskif] and also [Griinbaum 2]. The
proof in [Bonnesen-Fenchel, 34] is outlined in Problem 11. The proof above was
tailored to mesh well with the discussion on the stability estimates below by
[Groemer 1].

For a stability estimate of the lower bound in (3.4.1) we have the following:

Theorem 3.4.3 ([Groemer 1]). Let0 < € < n—1. Ifa convex body C € ‘B satisfies
mf <1+e

then we have

~ Dc n
dy(C,C) < — , 34.5
H(C.C) = e (3.4.5)
where C € B is the Minkowski symmetral of C with respect to g(C).

Proof. This is a simple adjustment of the proof of Theorem 3.2.1. The base point
now is the centroid g(C) placed at the origin. The supremum of the support function
in (3.2.6) can be directly estimated from above by D¢ n/(n+1) using Theorem 3.4.2.

Remark. Stability of the lower bound for m$, in terms of the Banach-Mazur distance
is immediate, since, by (3.2.11), we have

dpu(C,C) <m% <mf, CeB.

Stability for the upper bound in (3.4.1) is more involved. As expected, a
suitable distance function is provided by symmetric difference metric da. (See
Section 1.1/B; especially Remark 2 at the end for comparisons of the Hausdorff
and the symmetric difference metrics.)

Theorem 3.4.4 ([Groemer 1]). Let € > 0. If a convex body C € ‘B satisfies

8
Me=>n—e
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then there exists a convex cone K € B such that

da(C,K) < vol (C) €. (3.4.6)

n+1

Proof. We begin with a few adjustments. Since CAK C C, in view of (3.4.6), for
any cone I C C, we may assume

1
0<e< _”: , (3.4.7)

In addition, decreasing the value of € if needed, we may also assume that mﬁ = n—e.
Choose Ny € S such that

he(No) b

mg = =
€7 he(—No)

where the support function A¢ (here and below) is with respect to g(C).
Finally, performing a suitable similarity S; ¢(), we may assume

he(Ng) =n—e€ and he(—Ny) = 1. (3.4.8)

We now construct the cone X € ‘B approximating C as in the proof of
Theorem 3.4.2, and retain the corresponding notations: K = [Ko, V], V € CNH’
and Ky C H”, such that K N H = C N H. Using the inclusions in (3.4.3), the
symmetric difference of C and L decomposes as

CAK = (C'\K') U (K" \C")

with disjoint interiors in the union. With these, the symmetric difference distance in
(3.4.6) rewrites as

da(C,K) = (vol (C') — vol (K')) — (vol (C") — vol (K")). (3.4.9)

For future reference, observe that X’ is a cone and K" is a truncated cone.

As before, we endow X with a coordinate system (but) placing the origin at
g(K), and setting Ny = (0, ...,0,1). By (3.4.8), the height of the cone K is equal
to n 4+ 1 — €. Taking proportions, we have

€
n+1

he(No) = n (1 _ L) and  Iyc(=Np) = 1 — (3.4.10)
n+1

We also have

€n(C) = hic(No) — he(No) = n% > 0.
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By the definition of the centroid, we then have
€
vol (C/)gn(C/) + vol (C")g,l(C") = vol (C)? (3.4.11)
n

We need to compare the ingredients here with those of the cone. By Theo-
rem 3.4.2, we have m(g(C")) < n = m(g(K’)) (as K’ is a cone), and this gives

gn(C') = ga(K"). (3.4.12)
The analogous (and expected) inequality
gn(C") = gun(K") (3.4.13)

is also true but more involved to prove. We defer the proof till the end, and proceed
with the main line of the argument.

Replacing all centroidal coordinates in (3.4.11) via (3.4.12) and (3.4.13), we
obtain

vol (C) g, (K') — vol (C")|g.(K)| < vol (C)%, (3.4.14)
n
where the absolute value is because g,(K”) < 0 (as g(K) = 0).
Since the centroid of the cone K is the origin, we also have

vol (K")gu(K") — vol (K")|gx(K")| = 0.

Using this in (3.4.14), we obtain

(vol (C") — vol (K')) gu(K') — (vol (C") — vol (K)) |ga(K")| < vol (C)néﬁ'
(3.4.15)

The centroidal nth coordinates here are easy to estimate. Since K’ is a cone, by
(3.4.10), we have

n—e 1

no_ 1 — zZ >
gn(K) =~ (he(No) = 84(€)) + 82(C) = == > 7

Since K" is a truncated cone of height 1, the distance of the centroid g(KX") from
the base (in H”) is < 1/2. Thus, we have

I 1 € 1
WK > hic(—No) — = = = — -
8] = hic(=No) = 5 = 5 = ——= > 1

Using these in (3.4.15), the main estimate (3.4.6) follows via (3.4.9).
To complete the proof of the theorem, it remains to prove (3.4.13).
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The convex bodies C” and K" are between the supporting hyperplanes # and
‘H”. As in the proof of Theorem 3.4.2, we let H, = {x, = t} denote the hyperplane
parallel to 4 and intersecting the nth axis at x, = ¢. Then H, intersects C” (and K")
if and only if @’ <t < @, where H = Hy and H” = H, withd = g,(C) =
€/(n+1)>0and a’ = —hxc(—Ny) = —(1 —€¢/(n+ 1)) < 0.

We now perform a rotational symmetrization with respect to the nth axis. (See
[Bonnesen-Fenchel, 41].) This amounts to replacing C” N H,, a”’ <t < &', with the
metric ball B,)(0, ...,1) C H, of the same volume: vol(C” N H,) = k,—17(t)""",
where k,, is the volume of the n-dimensional unit ball. Clearly, the nth coordinate
of the centroid g(C”) stays the same. Now the crux is that the symmerrized set
stays convex, that is, r : [a”,a’] — R is concave. This is a simple consequence
of convexity of C” and the Brunn—Minkowski inequality. (See the next section or
Problem 12.) Performing the same symmetrization for X, the symmetrized set is
still a truncated cone containing the symmetrized C”.

Now, to prove (3.4.13), we therefore may assume that C” C K" are rotational
symmetric with respect to the nth axis.

Denote by # the hyperplane parallel to 7 and containing g(C"). Consider the
truncated cone (or cylinder) K 'C K with bases KNH=KnHand KNH' C KN
H" satisfying K NH = C” N 7L. An argument similar to the proof of Theorem 3.4.2
shows that g,(K) < g,(C”). For (3.4.13), it remains to show that

gn(K) > gu(KK"). (3.4.16)

This is a comparison of the centroids of two truncated cones. The integration leading
to (3.4.16) is entirely elementary (see Problem 13).

3.5 The Brunn—-Minkowski Inequality and Its Stability

The Brunn—-Minkowski inequality relates volumes of convex bodies under convex
combinations. It is the cornerstone of the Brunn—Minkowski theory which provides
a powerful arsenal to tackle a host of geometric problems about volume, surface
area, width, etc. For our purposes, we state the Brunn—Minkowski theorem for
convex bodies only.

Theorem 3.5.1. Let Cy,C; € B. Then, for o € [0, 1], we have
vol (1 — a)Co + aC)'" = (1 — &) vol(Co) /" + & vol(Cy) /. (3.5.1)

Moreover, equality holds for some o € (0, 1) if and only if Cy and C, are homothetic.

The Brunn—-Minkowski theorem has a long and prominent history fully
expounded in the survey article of [Gardner]. Along with the early history of
this important result, [Bonnesen-Fenchel, 48] presents a classical proof which can
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be traced back to the original ideas of Brunn but uses the analytic formulation of
Minkowski as simplified by [Kneser—Siiss].

The Brunn—-Minkowski theorem holds in general for compact sets Ay, A, € €
using the Lebesgue measure on & in place of the (n-dimensional) volume. The once
again classical proof of this employs an inductive argument in disjoint unions of
open parallelepipeds, and uses the fact that, with respect to the Lebesgue measure,
these unions can approximate any compact set with arbitrary precision. This proof
is posed in Problem 12 (with generous hints).

In his monograph [Eggleston 1, 5.5] chooses this as his first proof of the Brunn
—Minkowski inequality (also repeated in [Berger, 11.8.8.1, pp. 371-372]). (For the
equality, see also [Bonnesen-Fenchel, 48] and [Hadwiger, p. 187].)

The second and more delicate proof in [Eggleston 1, 5.5, pp. 99-100] applies
to convex bodies but it also recovers the equality case. The method employed
there goes back to Blaschke who used an infinite cyclical Steiner symmetrization
procedure to reduce the convex body to a rotational symmetric one as in Groemer’s
proof of Theorem 3.4.4. (See also Problem 16.)

Finally, note that [Schneider 2, 7.2] presents three proofs: the classical Kneser-
Siiss proof noted above (see also the discussion below), another using the mass
transportation method of [Knothe] and recovering the equality case as well, and a
more recent proof (for not necessarily convex sets) based on the Prékopa—Leindler
inequality.

The purpose of this section is to present a detailed proof of [Groemer 5] on the
stability of the Brunn—Minkowski inequality. As a byproduct of the proof, we will
also recover the original Brunn—Minkowski theorem above. This will be used in
Section 3.8/A to derive the classical lower bound of the Rogers—Shephard volume
ratio.

Groemer’s proof is delicate and complex, and uses the setting of the proof of
[Kneser—Siiss].

To state Groemer’s theorem we need a suitable distance function on 5. Given
C € B, there is a dilatation (a central similarity followed by a translation) ¢ € Dil
(Section 1.1/C) such that the homothetic copy C’ = ¢(C) has volume volC’ = 1
and centroid g(C’) = 0, the origin. We define

d"(Co. C1) = du(Cy, CY),

where dy is the Hausdorff distance function, and C(’) and C { are respective homothetic
copies of Cy and C; satisfying vol Cj = volC{ = 1 and g(C}) = g(C;) = 0.
Theorem 3.5.2 ((Groemer 5]). Let Cy,C; € B be convex bodies with vy =

(vol Co)'/" and vy = (vol C;)'/", and set D = max (D¢, /vo, D¢, /v1). If, for e > 0
and o € (0, 1), we have

vol (1 — &)Co + aC1) /™ < (1 + €)'/ (a- a)(vol Co) /™ + a(volCl)l/")
(3.5.2)
then
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. 1—
WR1(Co. C1) < A, (M n 2) Del/eHn, (35.3)

va(l —a)vyv;

where

A, = 3I=1/n 41/ (k1) y1=1/ (D) _ g

Remark 1. We first note that Theorem 3.5.2 implies Theorem 3.5.1. Indeed, if in
(3.5.1) we had the opposite inequality then (3.5.2) would hold with € = 0. Therefore
we would have dB“(CO, C1) = 0, that is, homothety of Cy and C; with equality in
(3.5.1); a contradiction.

Remark 2. The non-linear e-dependence on the right-hand side of the inequality in
(3.5.2) can be changed to an additive e-dependence at the expense of a somewhat
larger constant in (3.5.3); see [Groemer 5, Theorem 3]. Theorem 3.5.2, however,
captures the essence of stability, so that we will not pursue this technical point any
further.

We begin the proof of Theorem 3.5.2 by a simple reduction. Using the sub-
stitutions Co/vg + Co, Ci/v1 + Ci, av/((1 — a)vy + av;) — « (and
consequently (1 —a)vo/((1 — a)vg + @vy) — 1 — ), and changing the notation,
(3.5.2) reduces to

vol (1 —a)Co 4+ aCy) <1+4+¢€, volCy=volC, =1, a €(0,1), (3.5.4)
while (3.5.3) gives

1
va(l—oa)

where D = max(Dc,, D¢,). (Note that, under hgﬂ, the new convex bodies Cy and C;
need only be translated to a common centroid (which we choose to be the origin).)

To prove Theorem 3.5.2, we will assume that (3.5.4) holds. The proof of the
upper estimate in (3.5.5) will be long and technical and will be accomplished in the
rest of this section.

We begin with the main construction (of [Kneser—Siiss]) first applied to a single
convex body C € 96 with volC = 1. Let N € S be a fixed unit vector and endow X’
with a coordinate system x = (xq,...,x,) such that N = (0,...,0,1). Fora € R,
weset G, = Go,..0a9(N) ={xe X|x, <a}and H, = 3G, = {x € X' |x, = a}.

For the given C € B, using the support function A¢ of C, we have h¢(N) =
sup{a e R|CNH, # 0} and —he(—N) = inf{a € R|C N H, # @}.

Since volC = 1, for every + € [0,1], there exists a unique a(f) €
[—hc(—=N), he(N)] such that

RN (Co, C1) < Ay ( + 2) D!/t (3.5.5)

vol (C N Guqy) = t. (3.5.6)

Note that a : [0, 1] — R is a continuous function, and we have
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a(0) = —hc(—=N) and a(l) = he(N).
Finally, let v : [0, 1] — R be the (continuous) function defined by

v(f) = vol,— 1 (C N Hyw), te[0,1].

Now let Cy,C; € B with volCy = volC; = 1. We apply the main construction
to Cy and Cy, and obtain the (continuous) functions ag, vy : [0, 1] — R and ay, v :
[0, 1] — R, where the subscripts indicate the respective convex body.

In view of the expression of the Hausdorff distance in (1.2.2) in terms of the
respective support functions, it is good to keep in mind that the ultimate aim of the
proof is to give an upper bound for

lhe, (N) = hey(N)| = lai (1) — ao(1)].

Using (3.5.6) we see that ay and a; are strictly increasing, and, for i = 0, 1, we
have

a,‘(t) a,'(t)
vol,—1(C;NH,)dt = / vi(ai_l(t)) dt =1t.

ai(0)

vol (Cl N ga,-(l)) = /

a;(0)

Differentiating with respect to the variable ¢, we obtain

da,‘ 1
—=—, 1te(0,1),i=0,1.
dt v;(1) €O.1),

We combine these into a single function s = (1 — a)agp + aa; : [0,1] - R and
obtain
ds 11—« o

@ w® n0 G>D

Forming affine combinations, by the definition of s, we have
(I —a)(Co N Hapry) + a(Ct N Haypy) C (1 =a)Co + aCi) N Hyyy, t€[0,1].
Taking the respective volumes, we obtain

vol,—1 (((1 —a)Co + aC1) N Hyw)
> vol,—1 (1 — a)(Co N Hayry) + a(Cr N Hayr)))
> (1= a)uo() /D + qwy (1)/0=0)" "

In the last inequality, we used the Brunn—Minkowski inequality (3.5.1) in dimension
n — 1 (by projecting the slices C; N H,, a € R, i = 0, 1, to a single hyperplane).
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We now assume that the entire proof is under the umbrella of a general induction
step n — 1 = n, so that the inequality above follows from the induction hypothesis.
During the proof of Theorem 3.5.2 we will use this induction hypothesis one more
time. Once the entire proof is finished, Theorem 3.5.2 will automatically imply the
Brunn—-Minkowski theorem in dimension #, and this will also complete the general
induction step n — 1 = n.

Integrating and using (3.5.7), we have

s(1)
vol (1 —a)Cy + aCy) = / vol,—1 (((1 — @)Co + aCy) N Hy)ds
s(0)

1
d.
= / vol,—1 (1 —a)Cy + aCy) N Hs(z))d—idt
0

1 n—1 (1] —q« o
N ) ( + )dt.
_/0 <( )% : vo(t)  vi(?)

Jensen’s inequality asserts that the final integral here is > 1. Due to the conditions
volCy = volC; = 1, this means that we obtained the Brunn—Minkowski inequality
in dimension n. With this the main induction step n — 1 = n is complete and the
Brunn—Minkowski inequality follows. This is the classical proof of [Kneser—Siiss]
(also repeated in [Bonnesen-Fenchel, 48]).

Alternatively, following [Groemer 5] (and disregarding Jensen’s inequality), we
may stay within the general induction step n — 1 = n and, aiming higher, refine our
approach to obtain more delicate estimates.

To do this we briefly return to a single convex body C € B, volC = 1, and derive
a lower bound for v(¢), t € [0, 1].

Lemma 3.5.3. Let C € B with volC = 1 and diameter D¢. Then the function v
defined above has the lower estimate

1-1/n
() > (—) 1 in (= =) reo, 1] (3.5.8)
3 De

Proof. As in Theorem 3.4.4, we first perform a rotational symmetrization with
respect to the x,-axis (by replacing each slice C N H,(), ¢ € [0, 1], with the (n — 1)-
dimensional closed metric ball in H,) of volume v(#) and center on R - N). By
construction, a(¢) and v(z), t € [0, 1], stay the same.

The symmetrized body stays convex. As above (and Theorem 3.4.4), this is a
consequence of the Brunn—-Minkowski inequality (3.5.1) in dimension n — 1. Since
we are within the general induction step n— 1 = n, the induction hypothesis applies
here.

Finally, rotational symmetrization does not increase the diameter of the convex
body. (For a proof of this using Blaschke’s symmetrization via Steiner’s, see
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Problem 16. Incidentally, as a byproduct of this problem, convexity of the sym-
metrized body also follows but we preferred to use the already existing induction
hypothesis.)

Thus, from now on we may assume that C is rotational symmetric with respect to
the x,-axis. We denote by r(¢) the radius of the closed metric ball CN'H,(,), t € [0, 1].
By continuity of r, we have r(fy) = maxp 1)  for some ¢, € [0, 1].

Clearly, we have

v(ty) D¢ > volC = 1. (3.5.9)
We set
2
cp,=1——. (3.5.10)
3n

Case I. Let 7 € [0, 1] be such that (¢) > ¢, r(fp). By (3.5.9) and (3.5.10), we have

n—I1 2 n—1 1
v = oy > o= (1- 2] —
DC 3n DC

(4 2 1—=1/n 1 3 2 1—1/n 1 1 1—1/n
- 3 De  \3 D¢ \ 2

) 1—1/n 1
> (= — min (tl—l/n’ (1 _ t)l—l/n) ,
3 De¢

where (in the second line) we used the Bernoulli inequality (1 — x/n)" > 1 — x,
x € [0, 1]. (The latter is the consequence of convexity of the function x > (1—x/n)"
on [0, 1]; therefore its graph is above its tangent line at x = 0.) The lemma follows
in this case.

Case II. Let 1 € [0, 1] be such that r(¢) < ¢, r(ty). We have the alternatives

a(t) < a(ty) or a(t) > a(ty). (3.5.11)

Due to the construction, these two cases (and the lower bound in (3.5.8)) are
symmetric with respect to the substitution t <> 1 — ¢, ¢ € [0, 1]. Thus, from now on,
we may assume that for the given 7 € [0, 1] the first inequality holds in (3.5.11).

Let KCy be the convex cone with base C N H () such that Ko N Hepy = C N Hag-
(Compare this with the proof of Theorem 3.4.2.) Let K C K, be the convex cone
truncated from KCy by the hyperplane H,(. By convexity of C, we have

cn ga(;) c K.
Taking volumes, by (3.5.6), we obtain

t < vol K. (3.5.12)
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We estimate the volume of the cone K using elementary geometry. Let A, resp. hg,
denote the height of /C, resp. Ky. Taking into account the various proportions as well
as (3.5.9), we calculate

_v0 ) v
VoI = h—= = ) — 0 n (ho —h)

r0/rt) v
= 1—r)/rt)) n ¢

1/(n—1)
1 ( v(?) ) o())De

(1 —cy) \v(t)

3
S w@ODy .

IA

Combining this with (3.5.12), we arrive at
2 1—1/n 1
v == — =
3 D¢
The lemma follows.

We now bring in the main assumption in (3.5.4). By our previous lower estimate,
this gives

1 _ o\ 11—« o
(1 —a)vl/=D 4 gpl/=D) (—+—) dt<1+e  (35.13)
[ (a-eong S B v ORTT;

The rest of the proof consists of a careful estimation of this integral.
First, we need a strong version of the inequality for the (weighted) arith-
metic/geometric means:

Lemma 3.5.4. Foray,a; > 0and a € (0, 1), we have

l—a a(l —a)

(1 — Ol)do + aa; — ag ay > m(do — 01)2. (3514)

Proof. We may assume that ap > aj, so that max(ag, a;) = ag. Letting ¢ = (ap —
ay)/ap € [0, 1) and using the binomial expansion, we calculate

(1 —@)ap + aa; —ayay = ay (1 —ac— (1 —c)%)

=ay (1 —ac — (1 + ; (Fod (_ko-tq-) 1)' (k_a)ckH))

> ap (1 —ac— (1 —oc— Mcz)) = %(do —ay)’.

The lemma follows.
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We substitute ag = 1/bg and a; = 1/by in (3.5.14), and obtain

_ l—a  « ooa(l—a) (1 1)\ .
blop | ——+ =) =1 4+ppr ——— | — — — bo, by).
0 l( bo Jrbl)_ I (bo bl) e (13)515)

Returning to the main line, to estimate the integral in (3.5.13), we first note
n—1
((1 - oz)v(l)/("_l) + av;/("_l)> > v, (3.5.16)
(Indeed, (1 —a) + ax > x*, x > 0, since the function x — x* — 1, x > 0, is convex
so that its graph is below its tangent line at x = 1.) Now making use of (3.5.16) and

(3.5.15) (with vg = by and v; = b;) reduces the inequality in (3.5.13) to the simpler
form

1— Y1 1)
%/ (v——v—) VI v dr < e, (3.5.17)
0 1 0

where v = min(vg, vy).
For the next step we employ (3.5.8) in our setting:

1—1/n 1
vi(t) > (5) 2 min (= =), relo,1], i=0,1.  (3.5.18)

(Recall that D = max(Dc,, D¢,).) We claim that, for 0 < ¢ < n/2, (3.5.17) and
(3.5.18) imply

T 1 A 1
— — —|dt < 2| —= 42| DV, 3.5.19
/0 v v| T2 (,/oe(l—a)—i_ ) ‘ ( )

where A, is given in Theorem 3.5.2.
To show this we let

172 n/(n+1)
=3 (—) et e 10, 1/2], (3.5.20)
n

split the integral in (3.5.19) into three parts, and estimate

1 82 1-6 1 2
/ dtf/ —dt+/ dt~|—/ —dt
0 oV 5 1-§ V

L) 2
< | Zdar+ Zdt (3.5.21)
oV 1-8 U

1 1

U1 Vo
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1—5 2 1/2 1 1/2
1 1 dt
+ / (———) v vt (/ —— a) .
5 oAt Vo 0oV U

where we used Holder’s inequality.
By making use of (3.5.18), we have v(r) > (2/3)!~/*(1/D)t'~'/" if t € [0, 8],
and similarly v(¢) > (2/3)'~"(1/D)(1 —t)'='/"if t € [1 — §, 1]. Thus

8 2 1 2 3 1—1/n ) 1
/ —dt—l—/ Zdr < (-) 2D / a0 (=0
0oV 1§ U 2 0 1-8

3 1—1/n

Again by (3.5.18), for § <t < 1 —§, we have v(r) > (2/3)!71/"(1/D)§'~!/". Using
this and (3.5.17), we have

1—§ 2 1—1/n 1 2
1 1 3 1 1
/ (— - —) vy vt < (—) D§/m! / (— - —) ve v v dt
5 v Vg 2 o \V1 Yo

1-1/n
< E / D81/"—12—6
—\2 a(l —a)’

Finally, we have v}™@v% > (2/3)!7V/"(1/D)/'=V" if 0 < t < 1/2, and similarly
v > (2/3)="(1/D)(1 —1)'=Y/"if 1/2 < t < 1. Using these, we have

1 1=1/n 1/2 1
dt 3
/ —— < (—) D / a4+ | =0/ ar
0 Uy Yvs 2 0 1/2

3 1—1/n
< (_) 21_1/”"1D.
2

Putting all these together in (3.5.21), we finally arrive at

3 1—1/n
dt < (5) 4Dn81/"

1—1/n 1/2
+ E D 2e yl=1/n, s1/n=1
2 a(l —a)

— AHDGL/(’H_D + A" Dél/(n+l).

2y/a(l o)

The estimate in (3.5.19) follows.
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We now return to the geometric setting. The importance of the integral in (3.5.19)
is clear from the formula
1
)
0

Performing suitable translations, from now on we may assume that g(Cy)=g(C;)=0.

Thus
1 1
/ao(t)dtzf ai(t)dt =0,
0 0

1 1

o)1 Vo
3

lar(5) — ao®) — (@1(0) — a0 (0))] = ‘ /0 (@ - @) dr d.

dt dt

and, by (3.5.22), we have
1
lai (0) —ap(0)| = '/0 (a1 (t) — ao(t) — (a1(0) — ap(0))dt
|
< /0 a1 (t) — ao(t) — (@1 (0) — ap(O)|dr  (3.5.23)

1
= /
0

Using (3.5.19) along with (3.5.22) and (3.5.23), we finally obtain

1

U1 Vo

dt.

Del/tD

V1 Vo

1
lan(1) — ap(1)] <2 /0

1

(3.5.24)

Now, as noted at the beginning of the proof, we have a;(1) = h¢,(N), i = 0, 1, the
value of the support function of C; in the direction N. Since this direction in S was
arbitrary, (1.2.2) along with (3.5.24) give

dy(Co, Cy) = sup |he, — hey| < A ( Del/tD)
s

1
va(l —a) * 2)

Finally, it remains to remove the condition € < n/2. But, for € > n/2, we have

D/t S op,

1
(= +2)

so that the Hausdorff-distance estimate above is automatic.
Theorem 4.5.2 follows.
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3.6 The General Concept of Measures of Symmetry

By now we have developed a sufficient variety of geometric and analytic con-
structions in convexity to tackle the basic question of this book: How to quantify
symmetry for convex sets?

In this section we introduce the general concept of measure of symmetry due
to Branko Griinbaum. To motivate this, recall that in Proposition 3.2.2 (and also in
the stability estimate in Theorem 3.2.1) there is no restriction as to how close the
Minkowski measure m}; of a convex body C € B should be to its minimum 1. Thus,
beyond stability, the inequality in (3.2.11) asserts in general that m} is an upper
bound to how far a convex body is from being symmetric; it provides a measure of
symmetry (or asymmetry) for convex bodies.

This prompts the following definition: A continuous affine invariant function
f B — Ris called a measure of symmetry if infy § is attained precisely on
symmetric convex bodies (that is, for C € B, we have f(C) = infsy f if and only
if C is (centrally) symmetric).

Based on the intuitive concept that simplices are the least symmetric of the
convex bodies, one may be tempted to include in the definition that supy fis attained
precisely on simplices. This is indeed the case for several (classical) measures of
symmetry, but not all. For example, the centroidal Minkowski measure m$ (as a
measure of symmetry to be discussed below) attains its supremum on all convex
cones (Theorem 3.4.2).

By affine invariance, a measure of symmetry § factors through the quotient map
B — B/Aff (X) yielding a continuous function fy : B/Aff(X) — R. In particular,
f is bounded, and the extremal values infys § and supy, f are attained.

Conversely, if fo : B/Aff(X) — R is any continuous function whose infimum is
attained precisely at (the Aff (X')-equivalence classes of) symmetric convex bodies,
then precomposition of f, with the quotient map B — B/Aff (X) is a measure of
symmetry.

A measure of symmetry can be composed with a homeomorphism (of the image
to another closed interval) to obtain a new measure of symmetry. In particular, in
the definition, the choice of the infimum as well as the actual values of the infimum
and the supremum are irrelevant.

Of interest are those measures of symmetry that arise through (convex) geometric
and measure theoretic constructions.

Remark. In his seminal paper [Griinbaum 2] initiated a systematic treatment of
measures of symmetry. Apart from his specific range restriction (the interval
[0, 1]), the definition above is identical to Griinbaum’s affine invariant measures of
symmetry.

As expected, the archetype of measures of symmetry is the Minkowski measure:
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Proposition 3.6.1. The Minkowski measure m* : B — R, m*(C) = mj, C € B, is
a measure of symmetry.

Proof. Affine invariance and the fact that the lowest level-set characterizes the
symmetric convex bodies follow from the definition of m* (Section 2.1). It remains
to establish sequential continuity of m*.

Let C € ‘B, and {Ci}x>1 C ‘B a sequence such that lim— o, Cx = C with respect
to the Banach—Mazur distance. We set

dpy(Ci,C) =1+ 8 with klim S = 0. (3.6.1)

Due to affine invariance of m* (and dpys), we may assume that C C BB. Moreover,
by the same reason, each Ci, k > 1, can be replaced by an affine equivalent copy to
obtain

CeCcCC(1+8)C+2Z, k> 1. (3.6.2)

(For the right-hand side, note that Dil(X) <1 Aff (X); Section 1.1/C.) We first claim
that |Z| < &, k > 1. Indeed, using (3.6.2), we have

Ck —7Z; C (1 + Sk)Ck C Ck + SkC C Ck + 8](8,

and the claim follows.
Returning to (3.6.2), we then have

Cr CCC(14+68;)Ch +Zy CCr+ 6C + 8B C Cr + 2855
In particular, we obtain that the Hausdorff distance
dH(Ck,C) <28, k> 1.

Thus, with the choices made, we have lim;_, o, C; = C with respect to the Hausdor{f
metric. In particular, for any compact subset Cy C intC, there exists kp > 1 such
that we have Cy C intCy for k > ko, and the maximum distortions m¢, converge to
me uniformly on Cy. Sequential continuity of m* now follows by Lemma 2.1.10.

Remark. The following general statement can be extracted from the proof above.
Let C € ‘B, and assume that C is contained in the unit ball: C C B. Then, for any
C' € B there exists Y € Aff(X) such that

du(C,¥(C)) <2 (dpu(C,C) —1).

Up to this point we were discussing upper bounds for the Banach—-Mazur
distance. For a lower bound, we have



140 3 Measures of Symmetry and Stability

(1 <) max (:C , ‘:1‘3) <dgy(C.C"), C.C €B. (3.6.3)
C’ C

This gives
[Inmg —Inmf, | < Indgu(C.C"), C.C' € B.

In other words, with respect to the Banach-Mazur distance Indpy, the function
Inm* is Lipschitz with Lipschitz constant equal to 1.
In particular, we have

|m2 — mé,| < }’l(dBM(C, C’) — 1)
(Indeed, by simple calculus, we have (1/n)|x —y| < |In(x) —In(y)|, 1 < x,y <n,
and In(z) < z— 1, z > 0.) This gives another proof of continuity of m*.
To show (3.6.3), let § > 0 and C,C’ € B such that dgy(C,C’) < 1 + §. By the
definition of the Banach—-Mazur distance, we have
Cco@cCcA+8C +7, (3.6.4)
for some ¢p € Aff(X) and Y € X. Due to affine invariance of m* (and dgy), we
may assume that ¢ is the identity.
Let A > 0 such that m$ < A. By (3.2.12) in Lemma 3.2.3, we have
C+XcC-AC, (3.6.5)
for some X € X. Combining (3.6.4) and (3.6.5), we obtain
CH+X+AYCCHX+AYC-AC—-Y)C-A(1+8)C.
Once again, (3.2.12) (this time applied to C’) gives mf;, < A(1 4 §). We obtain
mz, < mé . dBM(C, C/) (366)

Switching the roles of C and C’, we arrive at (3.6.3).
The inequality in (3.6.3) implies

mz 5 dBM(C’CO)7 C € %7

for any symmetric convex body Cy € ‘B since mzo = 1. In addition, by (3.2.11),
for the Minkowski symmetral C = (C — C)/2, equality holds. We conclude that the
minimum distance of a convex body C from any symmetric convex body is realized
by the Minkowski symmetral of C.
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The centroid g(C) of a convex body C C X, is an affine invariant point in
the sense that, for any ¢ € Aff (X’), we have g(¢(C)) = ¢(g(C)). (This follows
immediately by the respective affine change of variables in the integrals defining
the centroid.)

We obtain that the centroidal Minkowski measure m® : 28 — R, m8(C) = mﬁ,
C € %B, is an affine invariant function. Moreover, we have the following:

Proposition 3.6.2. The centroidal Minkowski measure m# : B — R is a measure
of symmetry.

Proof. We need to prove sequential continuity of m8. We let C € B, and {Cy }x>1 C
B a sequence such that limy_, o, C; = C with respect to the Banach—Mazur distance.
We need to show

kli)rrolo mé(Cr) = mé(C). (3.6.7)

(For notational convenience, convex bodies will be displayed in subscripts and in
functional arguments interchangeably.)

As in the proof of Proposition 3.6.1, replacing the participating convex bodies
by suitable affine copies, we obtain limy—., Cx = C with respect to the Hausdorff
metric.

Simple integration now gives limy_, g(Ct) = g(C). As noted previously, for
any compact subset Cy C intC, there exists ko > 1 such that we have Cy C intCy
for k > ko, and the maximum distortions m¢, converge to me uniformly on Cy. Now
(3.6.7) and therefore Proposition 3.6.2 follow.

Remark. The centroid g : B — X is an archetype of an affine invariant point
which, by definition, is a continuous map p : ‘6 — X’ (with respect to the Hausdorff
distance dy on B) and satisfies p(¢(C)) = ¢ (p(C)), ¢ € Aff(X), C € B.

As [Griinbaum 2] noted, similar to the construction of the centroidal Minkowski
measure m8(C) = m(g(C)), C € *B, evaluating the maximum distortion function
m : intC — R on (proper) affine invariant points of C one obtains a whole host of
new affine measures of symmetry. (Here proper means that p(C) € intC, C € B.)
Griinbaum called these derived measures of symmetry.

Examples of affine invariant points yielding new derived measures of symmetry
abound, for example: (1) the surface-area centroid, that is, the center of uniform
mass distribution on the boundary [Schneider 2, 5.4]; (2) the center O of John’s
ellipsoid; (3) the center O’ of the Léwner ellipsoid. (See [Griinbaum 2].)

In fact [Meyer—Schiitt—Werner 2, Meyer—Schiitt—Werner 3] proved that the space
of affine invariant points is infinite dimensional.

More recently [Meyer—Schiitt—Werner 1] introduced the concept of dual affine
invariant points as follows. Given an affine invariant point p : 8 — X, a dual
g 1B — X of p is an affine invariant point if it satisfies ¢(C*©)) = p(C), C € %B.
Here C9 is the dual of C with respect to O € intC (Section 3.1).

They proved that the dual affine invariant point may not exist, but if it does then
it is unique. A prime example of a dual pair is the centers O and O of the John
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and Lowner ellipsoids. (Section 3.2.) In addition, the dual of the centroid g is the
Santalé point s : B — X defined, for C € B, as the unique point s(C) € intC
satisfying vol (C*©)) = maxpeincc vol (CO).

3.7 Winternitz Measures

Let C € B. Given O € intC and N € S, consider the half-space Go(N) C X with
boundary hyperplane 7o (N) containing O and having outward normal vector N:

Go(N) ={X € X | (X,N) < (O,N)}.

(See Example 1.1.1.) We define

w0e(0) = sup vol (C N Gp(N))

. 3.7.1
SUD 2ol (€ M Go (=) G7.D

A standard continuity argument implies that the supremum is attained. Varying O €
intC, we obtain the continuous function to¢c : intC — R with boundary behavior
e (0) — oo as d(0,dC) — 0. The infimum of to¢ is therefore attained on a
compact subset C* C intC, called the (Winternitz) critical set of C. By definition,
we have toe > 1.

Proposition 3.7.1 ([Blaschke 3]). LetC € B and O* € C* a critical point. Assume
that the supremum w* = 1o(O*) of the volume ratios in (3.7.1) is attained at
Ny € S. Then O* is the centroid of the intersection C N Hox (Np).

Proof. For simplicity, we may assume that O* is at the origin. Setting Ho = Ho(No)
and Cy = C N H,y, we need to show that g(Cy) = 0.

LetN € HoNnSand N, = cosa - Ny + sina - N, 0 < o < 7/2. To compare
C N Go(Np) with the “rotated” C N Gy(N,), we write

CNG(Ny) = ((CNGo(No)) UCH\ CF
where

CH=CNGoNa) \ Go(Ny),
C; = C N Goo) \ Go(No).-

Hence, we obtain
vol (C N Go(N,)) = vol (C N Go(No)) + volC — vol C}, .

Since N, € S is maximal, we have

volCf —volC, < 0. (3.7.2)
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To estimate the volume difference we introduce a coordinate system x =
(x1,...,x,) in X such that Ny = (0,...,0,1) and N = (0,...,0,—1,0). (Note
the sign change.) Letting H, = {x,—1 = 1} = H(0,...0..,0)(N) we have

a 0
vol CF —volC, = / vol (C NH,)dt — / vol (C; NH,) dt,
0 '’

a/

with some fixed bounds ¢” < 0 < a’. We approximate each (signed) intersection
H,N Cf by the ((n — 1)-dimensional) cylinder with base Cy N H, and height 7 tan .
Since the boundary of C is Lipschitz continuous (Section 1.1), we obtain

/
a

volCl —volC, = tanaf tvol (Co N H,) dt + O(?), a — 0. (3.7.3)

a//

The integral is g,—1(Cp), the (n — 1)st coordinate of the centroid of Cy. Comparing
(3.7.2)—(3.7.3), we arrive at

gn-1(Co) = 0.

Changing the sign of N, we obtain the opposite inequality, so that g(Co) € Ho(N).
Now, varying N € S N H,, we get g(Cp) = 0. The proposition follows.

Remark. For the original proof, see [Blaschke 3].

Proposition 3.7.2. Let C € *B. The function w¢ : intC — R is quasi-convex. It
attains its infimum at a unique interior point of C, so that the critical set C* is a
singleton.

Proof. Let Oy, O; € intC. Setting O, = (1 — 1)0y + A0q, A € [0, 1], we claim
¢ (0y) = max(rc(0p), oc(01)). (3.7.4)

Observe that quasi-convexity (convexity of the level-sets) is a direct consequence of
this.

To prove the claim, let A € (0,1) and assume that the supremum in (3.7.1)
defining to¢(0,) is attained at Ny € S. By definition, the hyperplane Ho, (No)
splits C in the volume ratio ¢ (0, ). Since O; is in the interior of the line segment
[0y, O1], one of the parallel hyperplanes Ho,(No) or Ho, (No) splits C in a volume
ratio > 1¢(0;). Thus, (3.7.4) and the first statement of the proposition follow.

As a byproduct, we also see that the inequality in (3.7.4) is strict if [Oy, O1] €
Ho, (No).

For the second statement first note that, as a consequence of quasi-convexity of
¢ just proved, the critical set C* C intC is (compact and) convex.

Assume, on the contrary, that there exist distinct critical points OF, Of € C*.
Consider the line segment [OF, Of] C C* parametrized as usual by A = O} =
(1 -1)0§ + AO07, A € [0, 1]. Then, for any A € (0, 1) and any Ny € S that realizes
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the supremum in (3.7.1) for toc (O7), we have [0}, OF] C Hox (Np) since otherwise
strict inequality would hold in (3.7.4) contradicting minimality of the critical set.
On the other hand, by Proposition 3.7.1, the only critical point in the intersection
cn 7—[0; (No) is the centroid. This is a contradiction.

Remark. For other proofs, see [Siiss 2] (n = 2) and the unpublished paper of
Hammer (Volumes cut from convex bodies by planes, Preprint 1960, unpublished)
(n > 3).

Using Proposition 3.7.2, the following geometric picture emerges. Given C € ‘B,
for r > 17, the level-set C, = {0 € intC|w¢c(0) < r} is a convex body in
intC, and the boundaries in the monotonic family {C,},.x give rise to a foliation
of intC\ C*, C* = {0}, with topological spheres. Moreover, for O € dC,, r > w7,
the half-space Go (V) that realizes the supremum in (3.7.1) contains C,, in particular,
its boundary hyperplane H(N) supports C,.

As noted in [Griinbaum 3, Griinbaum 4], another property of the critical set C* =
{O*} is that the supremum in (3.7.1) defining to(O*) is assumed at least n+1 times.
In other words, there exist at least n + 1 hyperplanes containing O* and splitting the
volume of C in the ratio w} = w¢(0%).

In analogy with the Minkowski measure, we now define the Winternitz measure
of C as

g = we(0) = inf_we(0), (3.7.5)

where C* = {O™*} is the critical set, and the centroidal Winternitz measure of C as
w¢ = roc(g(C)), C € B,

where g(C) € intC is the centroid of C.
Clearly, we have

* g
1 <w; <tw;, CecB.
For an upper estimate of the Winternitz measures, we have the following:

Theorem 3.7.3. For C € ‘B, we have
8 ] !
w, < |1+ o B 1. (3.7.6)

Equality holds if and only if C is a convex cone.

Proof. For brevity, let e, = (1 + 1/n)". Let C € B be such that 0}, > ¢, — 1. As
usual, setting centroid at the origin, g(C) = 0, there exists Ny € S such that

vol (C N Go(No))
T C NG =&~ 1. (3.7.7)
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In the light of the proof of Theorem 3.4.2, we let G’ = Go(Ny), G” = Go(—No),
and H = Ho(Ny) = 0G' = 3G”, and endow X with a coordinate system x =
(x1,...,x,) such that Ny = (0,...,0, 1). With this, we have ¢’ = {x, < 0}, " =
{x, > 0}, and H = {x, = 0}. (Note the opposite inequalities.) Finally, for A C X,
we denote A’ = ANG and A" = ANG".

As in the proof of Theorem 3.4.4, we perform a rotational symmetrization with
respect to the nth axis. Adjusting the notation, we observe that (3.7.6) and (3.7.7)
remain valid. We may therefore assume that C is rotationally symmetric with respect
to the nth axis.

We now define the cone K € 98 “matching” C as follows. First, let K" € B
be the cone with base C N H and vertex (0,...,0,v) = v - Ny, v > 0, such that
vol K" = vol C”. Second, we extend K along its generators to obtain K such that
the (affine span of the) base of /C is parallel to H and vol L = vol C. By construction,
K’ is a truncated cone with vol K" = vol C”, and (3.7.7) gives

vol K’

In addition, convexity of C implies
gn(K") = g,(C") and g, (K) = u(C"),

where the subscript indicates the nth coordinate. These give g(K) € G”. In
particular, we have

Go(No) C Ggiic)(No)  and  Gy(xc) (=No) C Go(—No).
Taking intersections with K, by (3.7.8), we obtain

vol (K N Gy (Vo)) _ voL K

> >e, — 1.
vol (X N Geacy (—No)) — vol K

The left-hand side is the volume ratio of a cone with a hyperplane section through
the centroid and parallel to the base. By elementary reasoning, this ratio is e, — 1.
Thus, in all estimates in the proof above, equalities hold. The theorem follows.

Remark 1. As noted in [Blaschke 2, pp. 54-55], it was A. Winternitz who observed
first that a line through the centroid cuts a planar convex body into an area-ratio
between 4/5 and 5/4. In addition he also noted that the triangles were the only
extremal bodies. Winternitz’s results have been rediscovered many times. For a
detailed history of this problem, see [Griinbaum 3] and Hammer (Volumes cut from
convex bodies by planes, preprint 1960, unpublished). The proof above is due to
[Griinbaum 3].
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Remark 2. A stability estimate of the upper bound for ¢ was obtained by
[Groemer 1] as follows: Given C € B and € > 0, there exists a universal constant

An, such that
o} > 1+1 —1—€
¢ = n

implies that C contains a convex cone K C C satisfying
da(C.K) < Aol (C) €'/,

(Here dj is the symmetric difference metric; see Section 1.1/B.)

Summarizing, for C € B, we have
* 8 1
I <w; <t; < 1+; —1. (3.7.9)

By Theorem 3.7.3 just proved, the upper bound is attained by tof, that is
1w = (1 + 1/n)" — 1, if and only if C is a convex cone.

We now claim that the (same) upper bound is attained in (3.7.9) by w¢ if and
only if C is a simplex.

Indeed, assume that w} = w(0*) = e, — 1, ¢, = (1 4 1/n)". Then, we also
have 1§, = ¢, — 1. By (the proof of) Theorem 3.7.3, C is a convex cone. Setting
the centroid g(C) at the origin, the base of the cone C is orthogonal to a unit vector
Ny € S that realizes equality in (3.7.7). In addition, the vertex V, (of C as a cone) is
contained in int Go(—Np).

Note that, by assumption, the critical point O* is the centroid: O* = g(C) = 0.

Now let O € intC N intGo(Ny). Let N € S realize the supremum for to(0) in
(3.7.1). Since tvc(0) > w(, we have 0 € Go(N). Letting O approach to 0 along
a line segment, the limit of a convergent subsequence of the corresponding normal
vectors N € S is a unit vector N; # Ny such that equality holds in (3.7.7) for Ny
replaced by N;. Applying once again the proof of Theorem 3.7.3, we obtain that C
is a convex cone with base orthogonal to N;. As before, the corresponding vertex V
is in int Go(—Ny).

Comparing the two cone structures of C, we see that first vertex Vj is contained
in the base of the second cone structure, and the second vertex V| is contained
in the base of the first cone structure. We now use induction to define N, € S,
k = 0,...,n (as a limit of extremal normals on a line segment [0, 0] with O €
intC NintGo(Ny) N ... N int Go(Ni—1)). We obtain that C has n + 1 distinct cone
structures, so that it must be a simplex.

The lower bound in (3.7.9) is attained precisely on symmetric convex bodies
(simultaneously by tv} and rof). The “if” part is obvious. The “only if” part
has a long and circuitous history. The planar case n = 2 is easy, and proofs
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of the three-dimensional case have been published by [Funk 1, 2] and [Kubota].
The general case n > 3 has been proved by [Petty], [Schneider 3], and [Falconer].
See also [Groemer 3, Theorems 5.6.8-5.6.10] (for star-bodies), and also for the
corresponding stability of the lower bound.

Finally, note that the proofs of Propositions 3.6.1 and 3.6.2 suitably modified
give that v* : B — R, w*(C) = w}, and w08 : B — R, 08(C) = wf, C € B, are
measures of symmetry.

Remark 1. The Winternitz and Minkowski measures have simple comparisons
(") <m* and (0®)"/" < ms. (3.7.10)

These follow from the estimate

<w(0) <m(0)", O €intC, C € B. (3.7.11)
m(0)"

To prove this, let N € S a unit vector, and Ct=¢Cn Go(£N). Assuming that O
is the origin, the remark after Lemma 3.2.3 gives —C C m(0) C. Applying this to
the two parts C*, we obtain —C* C m(0)CT. Taking volumes, we have vol (CT) <
m(0)" vol (CT). These give

I vol(€h) )
Oy = vol (@) = ™0

Taking the supremum in N € S, (3.7.11) and hence (3.7.10) follow.

Remark 2. Analogously to the Minkowski measure, several variants of the Winter-
nitz measure can be defined; see [Griinbaum 2]. For the surface Winternitz measure,
the lower bound is again attained on symmetric convex bodies. (See [Groemer 3,
Theorem 5.5.17] along with further results.)

3.8 Other Measures of Symmetry

As noted in the preface, this book is not a comprehensive survey on measures of
symmetry. Nevertheless, we will discuss two additional measures of symmetry not
only because of their beautiful geometry, but also because they provide additional
insights to our previous studies. The Rogers—Shephard volume ratio sheds new light
to the nature of the Minkowski symmetral and links up with the Brunn—Minkowski
inequality, and Qi Guo’s L7-Minkowski measure opens a path to generalizations of
the classical Minkowski measure to L”-setting. In our rudimentary treatments of
these measures we focus on the main points only.
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A. The Rogers—Shephard Volume Ratio. Let ts : *B — R be defined by

vol (C —C)

ws(C) = volC

, Ce’B,
where C — C = 2C € B is the difference body of C. (C is the Minkowski symmetral
of C as in Proposition 3.2.2.) Then we have

2 < ts(C) < (2:) Cc®B. (3.8.1)

Moreover, equality holds on the left-hand side if and only if C is symmetric, and on
the right-hand side if and only if C is a simplex.

The inequality on the left-hand side of (3.8.1) is a direct consequence of the
Brunn—-Minkowski inequality (3.5.1) (with Cy = C, C; = —C, and @ = 1/2).
Equality is clearly attained for symmetric C (since C —C = 2C). Conversely, also by
the Brunn—Minkowski theorem, if equality is attained then C and —C are homothetic.
Therefore, they must be equal, so that C is symmetric.

The inequality on the right-hand side of (3.8.1) is known as the [Rogers—Shephard]
inequality. Following their original and illuminating approach, we now derive this,
and give a brief indication why equality is attained for simplices only. (See also
[Eggleston 1, 5.6]. For a more recent proof, see [Schneider 2, 10.1].)

Let C € ®B. The idea of Rogers—Shephard is to “spread out” translates of C in the
product space X’ x X" to form a convex body D, and to calculate the volume of D in
two different ways; by vertical and horizontal slicing along the two factors X'

We let

D={X.Y)eXxX[XeCX+YeC=|]JX}x(C-X.
XeC

Clearly, D is a convex body in X x X’; in particular, dimD = 2dim & = 2n.

For any set A C X x X, we denote by A" C X, resp. A” C X, the projection
of A to the first, resp. second, factor of X x X'. We have D' = C and D" = C — C;
both convex bodies in X'.

The vertical slicing of D is simple since by definition we have D N ({X} x X) =
{X} x (C —X), X € C. We then integrate

vol, (D) = /

vol,(C — X)dX = / vol,, C dX = (vol, C)?, (3.8.2)
C

C

where the subscripts indicate the respective volume dimensions.
Turning to the horizontal slicing of D, for Y € D” = C — C, we clearly have

DX x{¥})=(CN(EC-Y)) x (Y.

In particular, for Y = 0, we have D N (X x {0}) = C x {0}.
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From now on (without loss of generality) we assume that the origin O is an
interior point of C. For 0 # Y € D", we give a lower estimate of the horizontal
slice DN (X x {Y}) as follows. By convexity of D”, there is a unique C € dD” such
that Y € [0,C]. Welet Y = AC, A € (0, 1]. Since C € D" = C — C, there exists
X € D' = C such that (X, C) € D. We have

DD [(X,0), DN (X x{0})] = [(X.(1/1)Y),C x {0}]. (3.8.3)
The convex hull on the right-hand side is a cone with vertex (X, C) and base C x {0}.
Taking the horizontal slice of both sides in (3.8.3) by X' x{Y} and taking proportions,
we obtain

DA x{Y)=(CN(EC—-Y)x{¥>(1—-ACx Y. (3.8.4)

We can now integrate:
voly, (D) = / vol,(D N (X x {Y})dY
D//

> (1—=24)"vol,(C x{Y})dY
'D//

1
= / (1= 24)"vol, Cd(A" vol,(D"))
0
1
= vol, C - vol,(C — C>/ n(1=2)"A"""dA,
0

where the last but one integral is with respect to the level-sets of A as a function
onD”.
Finally, by elementary integration (using repeated integration by parts, say), we

obtain
1 2 -1
/ n(1—=A)y' A dA = ( ”) .
0 n

Substituting this to the computation above and using (3.8.2), the Rogers—Shephard
upper estimate in (3.8.1) follows.
Assume now that equality holds. Then equality also holds in (3.8.4) and we have

CnEC-Y)=(1-1C, YeC—C.

This means that any non-trivial intersection of C with a translate of C must be
homothetic with C. This property characterizes the simplices. (For details, see
[Rogers—Shephard], also [Boroczky 2], and Chapter 2.1 of the article of H. Heil
and H. Martini in [Gruber—Wills].)
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By a considerable refinement of the argument above, [Boroczky 2] went much
further and established a stability version of this argument. He showed

2
ts(C) > (1 —e)( ") =  dp(C,A) <1+ 1", CeB.
n

Remark. A stability estimate for the lower bound in (3.8.1) is an immediate
consequence of Theorem 3.5.2 (withCy = C,C; = —C,and ¢ = 1/2). If C € B
with volC = 1, then we have

<) <(1+6)7"2" = hH'(C,—C) < 4A,Dee!/ Y.
Finally, note that, in terms of the Minkowski measure, we also have
w5C)=(1+€)2" = l+ce<mi<l+Ce,

where ¢,/ > 0 depend only on n. (Compare this with Theorem 3.2.1 and
Proposition 3.2.2.) The lower bound is obvious and the upper bound is due to
[Diskant].

B. Guo’s [”’-Minkowski Measure. Let C € ‘B. Recall from Section 3.2 that the
Minkowski measure m7; can be expressed in terms of the support function of C as

he o(N
mg = inf maxc’o—()

. 8.5
O€intC NeS hC,O (—N) G )

Here we used the base point dependent support function ic o : X — R, O € intC,
given by

heo(X) = sup(C— 0,X) = he(X) — (0,X), X € X.
cec

The basic idea of [Guo 2] is to view the maximum in (3.8.5) as the L*-norm of the
function p¢ o : S — R given by

and define a corresponding L”-Minkowski measure for 1 < p < oo. (Note the sign
change in the argument; a latter technical convenience.)

For the 7-norm one needs a suitable (probability) measure m¢ o on S (depending
on the base point O € intC). For this one can use the surface area measure S(C,-) =
S(C,...,C,-) of C on the unit sphere S C X, where S(Cy,...,C,—1,") is the mixed
area measure of Cy,...,C,—1 € B on S. (See [Schneider 2, 5.1].) With this, the
probability measure m¢ o on S is defined by
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[, he.o(N)dS(C,N)

mco(w) = , wCS.
co(®) [shco(N)dS(C,N)
Finally, for 1 < p < oo, we let
1/p
» .
m,c(0) = (fS pe.o) dmC*O(N)) ifl=p<oo (3.8.6)
SUupyes Pc,0(N) if p = o0.
Now, Guo’s L”-Minkowski measure is defined as
* =i <p<
mye = inf myc(0), 1 =p =oo. (3.8.7)

By (3.2.2), we have m¢ = megc, so that mg = m7 .. (The notation for m in
[Guo 2] is as,, reflecting a prevailing view of this as a measure of “asymmetry.”)

The I”-Minkowski measures m[",‘ B - R, m;," ©) = m;f,c, CeB,1<p<=<oo,
form an increasing sequence of affine invariant measures [Guo 2, Theorem 3]. The
bounds are the same as for the Minkowski measure:

l<mj<n 1<p<oo.

In addition, for C € B and 1 < p < o0, the lower bound m;.c = 1 is attained if and
only if C is symmetric, and the upper bound m;’c = n is attained if and only if C is
a simplex.

We now discuss the critical set at which the infimum in (3.8.7) is attained. It
is clear from the definition that m; ¢ (p = 1) is constant on intC. At the other
extreme, m3 . = mg (p = 00) is attained precisely on the critical set C* of C, a
compact convex set (Section 2.1). In contrast, as shown in [Guo 2, Theorem 4], for
1 < p < oo, the level-sets of m,, ¢ are strictly convex so that the infimum in (3.8.7)
is attained at a single point.

Derived L7-measures can be defined using the function m, ¢ in a natural way;
for example, we have the centroidal I”-Minkowski measure mﬁ,c = m,c(g(C)),
C e®B.

Using the volume ratio (3.7.1) instead of p¢ ¢ in (3.8.6), one can also define the
L7-Winternitz measure m;c, 1 < p < o0, and the respective derived measures, such

as the centroidal I”-Winternitz measure mﬁ.c, 1 <p<=<oo.

3.9 The Circumradius and Inradius in Minkowski Space
and Stability

As an application of the Minkowski measure, in this section we briefly return to our
earlier study of the ratios R¢ /D¢ and d¢/rc, C € 9B, in Section 1.5. Our goal here is
to derive stability estimates for upper bounds of these ratios. The Jung—Steinhagen
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universal estimates (1.5.3) and (1.5.4) are not suitable for stability, however, since
the upper bounds are not attained by well-defined extremal classes of convex bodies.
(See Remark 2 after Theorem 1.5.1.)

In these estimates we assumed that X was Euclidean. We now relax this condition
and consider the problem of giving universal upper bounds for the ratios R¢ /D¢ and
dc/re, C € B, for all Minkowski structures on X. We will show that in Minkowski
spaces X we have the following

R d
o " oad L<nt1 cess. (3.9.1)
D¢ n+1 re

The first inequality is due to [Bohnenblust] in 1938. Both inequalities have been
proved by [Leichtweiss 1] in 1955, and a few years later independent proofs have
been given by [Eggleston 2]. Following [Schneider 1] (and the original approach of
Eggleston) we will give short proofs of both inequalities.

The upper bounds are sharp and attained on any simplex A whose difference
body A — A = B C X is the unit ball. Conversely, if equality holds for a convex
body C € ‘B in either of the inequalities in (3.9.1) then C is still a simplex with some
specific properties as described in [Leichtweiss 1, Satz 2 and Satz 3]. In particular,
and in contrast to (1.5.3) and (1.5.4), we see that the upper bounds in (3.9.1) are
better suited for stability as they are attained by simplices only.

We will actually derive the following sharper estimates:

de
— < and — <mi+1, CeB.
Dc_mz'i'l re ¢

By (2.1.7), we have (1 <) m* < n, so that these immediately imply (3.9.1).
The stability estimates for the upper bounds in (3.9.1) are contained in the
following:

Theorem 3.9.1 ([Schneider 1]). Let X' be a Minkowski space of dimension n and
0 < e < 1/n. IfC € B satisfies one of the conditions

Rc n—e dec
— >——— or —>n—€+1, 3.9.2)
Dec n—e+1 re

then there exists a simplex A € B such that

n+1

dBM(C, A) <14
1 —ne

e (3.9.3)

The crux in the approach of [Schneider 1] to derive (3.9.3) is to express all
ingredients in terms of a function p : ‘B x B8 — R defined by

o(C,C"Yy = min{A > 0|C + X C AC' forsome X € X}, C,C' € B. (3.9.4)
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Remark 1. Lemma 3.2.3 immediately gives
m% = p(C.—C). C € B. (3.9.5)
Remark 2. The reciprocal of p(C, C’) is called the inradius of C relative to C':
r(C,C") = max{A > 0|AC + X C C’ forsome X € X}, C,C’ € B.

For the properties of the relative inradius and further developments, see
[Schneider 2, 3.1].

A crucial property of p (not mentioned in [Schneider 1]; see [Toth 11]) is sub-
multiplicativity:

Lemma 3.9.2. We have
p(C.C") < p(C.C"y- p(C'.C"), C.C.C" € B. (3.9.6)
Proof. Let A > p(C,C’) and ' > p(C’,C"), so that we have
C+XCAC and C' +X cAC” forsome X, X' € X.
Combining these, we obtain
CH+X+AX CAC +AX CANC".

Thus, we have AL" > p(C,C”). The lemma follows.

The metric invariants of a convex body studied in Section 1.5 can be expressed
in terms of the function p as follows:

Proposition 3.9.3. Let C € 8. We have

Dc = 2p(C, B), (3.9.7)
o= —2_ (3.9.8)
© T p(B.C) ”
Re = p(C.B), (3.9.9)

1
=, 3.9.10
re 6.0 ( )

where C = (C—C) /2 is the Minkowski symmetral.

Proof. A typical element of the difference body 2C = C — C is the difference of a
pair of elemgnts in_C. Taking norms, we see that |[X — X’| < 2A, forall X, X’ € C, if
and only if C C AB. Equation (3.9.7) follows.
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To prove (3.9.8) we will make use of the support function ie : X* — R of C
defined by hc(¢) = supeee $(C), ¢ € X™*. (See the remark after Corollary 1.2.4.)
We have

2 §Mforaﬂ¢e)€* s BcAC e p(B.C) <A,
A hiz(¢)
where the last equivalence is because B and C are both symmetric (with respect to
the origin). Since d¢ = inf{hc (@) +he(—p) | € X*, |¢p| = 1} (Section 1.5, where
|¢| = maxces ¢(C) = maxcep ¢(C) = hiz(¢), this implies (3.9.8).

Finally, (3.9.9) and (3.9.10) follow from the definitions of the circumradius and
inradius (Section 1.5).

In view of (3.9.7)—(3.9.10), the two inequalities in (3.9.1) can be written in more
symmetric forms as

R 3 2p(B
2 _ p(C:B_) < n and d—czﬂfn—}—l, C e’B. (3.9.11)
De  2p(C.B) ~ n+1 re  p(B,0)

The crux in establishing these estimates (and the respective stability) is the
following intermediate step:

Proposition 3.9.4. Let C € B. We have

~ 2m}
p(C.C) = m*fl (3.9.12)
C
~ * 1
p(@,C) = mc; . (3.9.13)

Proof. We mimic the proof of Proposition 3.2.2. In general, for A > O and X € X,
we clearly have

20 4

1
C+XC-AM <<= C+—XC C. (3.9.14)

A+1 A+1

For brevity, let k* = p(C,C). By (3.9.5), we have C + X C —m*C, for some X € X.
Applying (3.9.14) [and the definition of p in (3.9.4)], we obtain k* < 2m*/(m*+1).
Conversely, by the definition of k*, we have C+X C k*C, for some X € X. Applying
(3.9.14) (this time backwards), we obtain m* < k*/(2 — k™), or equivalently, k* >
2m*/(m* 4 1). Equation (3.9.12) follows.

Turning to (3.9.13), let kx = p(C,C). In general, for A > 0 and X € X, we
clearly have

C+XC-A <= 204+XC—-(A+1)C. (3.9.15)

As before, this gives k, = (m* + 1)/2. Equation (3.9.13) follows.
g q



3.9 The Circumradius and Inradius in Minkowski Space and Stability 155

After these preparations we are now ready to prove the inequalities in
(3.9.11). Let C € *B. By sub-multiplicativity of p in (3.9.6), we have p(C,B) <
p(C,C)p(C, B). Dividing and using (3.9.12), we have

Re _ pC.B) _pCC) _ w& _ n

= =2 = ¢ < . (3.9.16)
Dc  2p(C,B) 2 mi+1"n+1

where we used the Minkowski—Radon inequality (1 <) mé < nin (2.1.7). The first
inequality in (3.9.11) follows.

In a similar vein, we have p(B, C) < ,0(5’, (f),o((f C). Dividing and using (3.9.13),
we have

20(8B ~
20(B.€) <20C.C)<mi4+1<n+1. (3.9.17)
p(B,C)

The second inequality in (3.9.11) also follows.

Proof of Theorem 3.9.1. Let 0 < € < 1/n, and assume that C € B satisfies (3.9.2).
Monotonicity of the bounds in (3.9.16) and (3.9.17) in the variable m}, gives my, >
n — €. Theorem 3.2.4 now applies yielding (3.9.3).

Remark. [Schneider 1] also proved the inequality

p(C.C") _

>l <n, C,C eBy. (3.9.18)
p(C,C")

Once again, (3.9.18) is a consequence of sub-multiplicativity of p and (3.9.12) and
(3.9.13) as

c.c L mt mk 41
PCC) _ e.é)p(@.C) < e Mo+ 1
p(C.C") me+1 2 n

i [ =n (3919

If the upper bound in (3.9.18) is attained then (3.9.19) immediately implies that
mé = mz, = n, so that C and C’ are both simplices. In addition, as shown by
[Schneider 1], C’ must be homothetic to —C; in fact, this characterizes the upper
bound n.

For a stability estimate of the upper bound in (3.9.18), assume

n p(C,C")
n— € < —.
n+1 p(C,C")
Combining this with (3.9.19) and m§, m3 < n, a simple estimation gives

mé > n —ne and mz, > n—e. Now Theorem 3.2.4 asserts the existence of simplices
A, A’ € 93, such that
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n+1
1 —ne

(n+ Dn
——¢
1 —n2e

dBM(C, A) <1+ and dBM(C/, A/) <1+ €.

A delicate analysis in [Schneider 1] gives much more: For 0 <e <1/
(n(5n* + 1)), there exists a simplex A, with centroid at the origin such that

(1 —n(r? 4+ 1)e)Ag C ¢(C) C Ay and (1 —2n€)Ag C ¢'(C') C A

for some ¢, ¢’ € Aff(X). (In fact, ¢ and ¢’ can be chosen to be (positive)
homotheties.)

Exercises and Further Problems

1. Show that, under the musical equivalences (Section 3.1), affine diameters
correspond to affine diameters. More precisely, given C € B and O € intC, let
[C, C°] C C be an affine diameter (through O) with parallel hyperplanes at the
endpoints as the level-sets f~'(0) and f~!(1) of an affine functional f € aff
normalized for C. Show that [f*, (f¥)°] C C (through O) is an affine diameter
of the dual C? with parallel hyperplanes at the endpoints given by (C*)~'(0)
and (C*)~!(1) of the affine functional C* € aff.o normalized for C°.

2. Assume that C € B is not symmetric. Show that the only symmetric convex
body in the 1-parameter family {(1 — A)C — AC}rep0.1] is C (corresponding to
A=1/2).

3.% Let C € B and O* € C* a critical point. Reflect C to O* to obtain C’ € B.
Show that, for the symmetric convex body C, = C N C' € B, we have
dpy(C,Cp) < mé. (This construction is due to Qi Guo. It gives an alternative
method for estimating the Banach—Mazur distance of a convex body C € B
from a symmetric one (not the Minkowski symmetral of C); compare with
Proposition 3.2.2.)

4. Show that an affine invariant continuous function of €y (with respect to
the Hausdorff metric) is constant; therefore, any continuous function on the
quotient €y /Aff (X)) is constant. Hence, the quotient is not metrizable.

5.% Given C € ‘B, show the existence and uniqueness of the John ellipsoid
&€ C C (an ellipsoid of maximal volume contained in C) using the following
steps: (1) Let £ C X be an ellipsoid. Show that £ is the image of the
unit ball B € X under an affine transformation ¢ € Aff(X) of the form
¢(X) = AX + Z, X e X, with A € GL(X) positive definite and Z € X.
(Use polar decomposition in GL(X).) Also note that vol (£) = det(A)vol (B).
(2) Let P(X) C GL(X) denote the convex cone of all positive definite linear
transformations. Show that the subset

{(A,Z) e P(X)x X |AB+Z C C}
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6.%

8.*

9.%
10.
1.

12.%

13.%
14.

15.%

16.*

is compact and convex. For existence, maximize the volume over this set. For
uniqueness: (3) Let £ = AB+Zand &' = A'B+Z7Z,A,A' e P(X),Z,Z € X,
be two ellipsoids in C of maximal volume. Show that A = A’. (4) Continuing
(3), show that Z = Z'.

(1) Show that dgy (€, A) = nif £ is an ellipsoid and A is a simplex. (2) Let
Q={(x,....,x,) e R"||x;] < 1,i = 1,...,n} be the unit cube in R". Show
that the John’s ellipsoid is the unit ball B, so that dgy (B_', C) = J/n.

Show that

_ R
dey(C,B) = inf —29
PEATT(X) T$(C)

Prove “superminimality” of the Minkowski measure:
* * * Y
mc/+c// < max(mc,, mc//), C s C" €B.

Let C € 3. Show that the centroid g(C) of C is contained in the interior of C.
Show that, for any convex cone K € B, we have mf,"C =n.

Prove the Minkowski-Radon inequality m, < n, C € B, using the following
steps: (1) Use an approximation argument to show that it is enough to prove the
inequality for polytopes; (2) Let C be a polytope and assume that the centroid
g(C) is at the origin. By (3.2.2) one needs to show that B(N)/(n + 1) <
he(N) < B(N)n/(n + 1), where B(N) = he(N) + he(—N) is the distance
between the two supporting hyperplanes H’ and H” of C orthogonal to N € S.
Choose a point V € CNH’ and decompose C into finitely many pyramids with
common vertex V and bases, the faces of C disjoint from V. Use Problem 10
to show that the distance of the centroid of any participating pyramid to H’ is
< B(N)n/(n + 1), and, therefore, to H" is > B(N)/n + 1).

Prove the Brunn—Minkowski inequality: For A;, A, € €, the function f4, 4, :
[0,1] = R, f4,.4,(A) = vol(AA; + (1 — 1).A»)'/", X € [0, 1], is concave.
Prove (3.4.16).

Use sub-multiplicativity of p to prove the following: r¢/Rer < p(C,C’) <
Rc/l"c/, C, C' € %B.

Defined : B x B — Rby d(C,C’) = p(C,C")p(C’,C),C,C" € B, where p is
defined in (3.9.4). Show that (1) d(C,C’) > 1, and equality holds if and only
if C and C’ are positively homothetic, that is, C’ = S x(C) for some A > 0
and X € X. (2) Show that d is sub-multiplicative. Conclude that In(d) is a
metric on the quotient of B by the relation of positive homothety. (3) Show
that dgyy < d. (4) Calculate: d(C, C~) = my (in particular, recover (3.2.11)),
d(C,B) = Re/rc (in particular, d is not bounded), and d, B) = D¢/dc,
C e*B.

Prove that rotational symmetrization does not increase the diameter using the
following steps: (1) First, define the Steiner symmetrization C[H] of a convex
body C € B with respect to a hyperplane H C X as follows. For C € C, let
{¢ denote the line through C and perpendicular to H. Then, for each C € C,
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translate the chord C N £¢ (or point) within £¢ to a symmetric position with
respect to H (that is, the midpoint of the translated chord (or the point itself)
is on #H). The union C[H] of the translated chords is the Steiner symmetral
of C. Clearly, C[H] is symmetric with respect to H. Prove the following:
(a) C[H] € B. (b) volC[H] = volC. (c) Under Steiner symmetrization,
the surface area does not increase: vol,—;d(C[H]) < vol,—;dC, and equality
holds if and only if C is symmetric with respect to a hyperplane parallel to 7.
(See the end of Section 1.2.) (d) D¢y < Dc. (2) Let Ho, ..., H,—» C X be
n — 1 hyperplanes containing the line R - N such that their mutual (dihedral)
angles are irrational multiples of m. Apply the composition of Steiner’s
symmetrizations: C — C[Ho] ... [H,—2], and repeat this process cyclically to
obtain the sequence {C;}i>0, Co = C, Cit+1 = Ci[Himodn—1))]- i = 0. (Observe
that C;y is symmetric with respect to Himodm—1)) i = 0.) Use Blaschke’s
selection theorem (Section 1.1/B) along with (1/b-c) to show that {C;};>o
subconverges to a convex body Co, Which is symmetric with respect to the
hyperplanes Hi, ..., H,—1. (3) Use the irrationality condition on the mutual
angles of the hyperplanes to prove Blaschke’s result that C, is rotationally
symmetrix with axis R - N. Conclude that C, is the convex body obtained
from C by rotational symmetrization. (4) Use (1/d) to deduce D¢, < D¢.



Chapter 4
Mean Minkowski Measures

4.1 Mean Minkowski Measures: Arithmetic Properties

In this final chapter we introduce a sequence of new measures of symmetry {04 }r>1.
For a convex body C, the kth term ¢ = o¢y, k > 1, is a function on the interior
of C. For an interior point O of C, 6(0) measures how far are the k-dimensional
affine slices of C (across O) from a k-simplex (viewed from O). The minimum
value of 6;(0) is 1 corresponding to a k-dimensional simplicial slice of C. For
k > 2, the maximum value of ¢ (O) corresponds to symmetric C with respect to
O. In this section we derive a host of arithmetic properties of the sequence {0 }i>1,
and show various connections with the maximal distortion m¢, and the Minkowski
measure mp.

As usual, we work in a Euclidean space X’ of dimension n. LetC € 6 = By
and O € intC. Given k > 1, a multi-set {Cy, ..., Cy} C dC (repetition allowed) is
called a k-configuration of C (with respect to O) if O € [Cy, ..., Cy]. The set of all
k-configurations of C is denoted by €(0) = €¢x(0).

We define the kth mean Minkowski measure o, = o ¢y : intC — R by

k 1

0) = inf -
o+(0) {Co..... é?}er(O)Z A(C;,0) + 1

i=0

O € intC, 4.1.1)

where A : 0L x intC — R is the (interior) distortion ratio (Section 2.1). (The
subscript C will usually be suppressed when no ambiguity is present.)

Since A is continuous (Proposition 2.1.1) and dC is compact, the infimum in
(4.1.1) is attained. A k-configuration at which o4 (O) attains its minimum is called
minimizing or minimal, for short.
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Our primarily focus will be the functions oy, k > 1, but occasionally we will
make note of the centroidal measures 6§ = of,, = 0¢x(g(C)), k > 1, and the
suprema o = 0, = SUPpeinc 0ck(0), k > 1. (In Section 4.4 we will show that
the suprema are attained.)

A 1-configuration is an antipodal pair {C, C°} C dC and, since A(C°, O0) =
1/A(C, O), we have

1 1 1
= = 1 - .
AC,0)+1  1/A(C,0) +1 A(C.0) + 1

4.1.2)

We obtain that 6y = ¢} = ¢ = 1 identically on intC.

Remark. For a short discussion on the measures of symmetry

Z A(C;, 0) and inf ]‘[ (C;, 0)

{Co..... ck}eg(c 0) {Co...Cl€€(C.0) |

(at least for k = n), see [Griinbaum 2, 6.1].

Any k-configuration, k > 1, (with respect to an interior point O) can always be
extended to a (k + [)-configuration, [ > 1, by adding / copies of a boundary point
of C at which A(., O) attains its maximum distortion m(0O) = maxceye A(C, O)
(Section 2.1). Thus we have the following sub-arithmeticity:

l
0) < 0] —— Oe€ intC, k,1>1. 4.1.3
0+1(0) < o ( )+m(0)+1 € in ( )

We claim that equality holds for k = n and [ > 1, that is, the sequence {04 }i>1
is arithmetic with difference 1/(m + 1) from the nth term onwards.

Indeed, let {Cy,...,Ch+;} € €,4(0) be a minimal (n + [)-configuration.
Since O € [Cy, ..., Cyy], by Carathéodory’s theorem (Section 1.3), a subset of
(n + 1) points (or less) {Cy, ..., C,}, say, contains O in its convex hull, so that
{Co,...,C,} € €,(0) is an n-configuration. We thus have

n+l 1
onti(0) = Y ACLO 1
i=0 o

oLy !
NGO +1 7 & NGy 0) + 1

l
m(0) + 1

v

0,(0) +

By (4.1.3), the opposite inequality also holds, so that arithmeticity of the subse-
quence {0 }x>n follows.
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Note that, as a byproduct, we obtain that a subconfiguration of a minimal
configuration is also minimal.
We also see that

O n+k

lim = lim .
m+4 1

k—oo k k—00

O 1
k

In view of the arithmeticity just established, the most important member of the
sequence {O}i>1 18 0, = 0¢c,, dimC = n. We call this the mean Minkowski
measure of C. We will usually suppress the numerical index and write ¢ = o¢.

For 1 < k < n, we also have

ock(0) = ocne(0), (4.1.4)

inf
(0€)EC X dim E=k

where the infimum is over affine subspaces £ C X’ (of dimension k) containing O.

Theorem 4.1.1. Let C € B. Fork > 1, we have

k+1

I <oy = 3

4.1.5)

Assuming k > 2, 04(0) = (k+1)/2 for some O € intC if and only if C is symmetric
with respect to O. If, for somek > 1,6,(0) = 1at O € intC, thenk < nandC hasa
k-dimensional simplicial intersection across O, that is, there exists a k-dimensional
affine subspace £ C X, O € &, such that C N £ is a k-simplex. Conversely, if C
has a simplicial intersection with a k-dimensional affine subspace & then o, = 1
identically on intC N .

We begin with a lemma which will be useful in several instances in the future.

Lemma 4.1.2. Let C € B and O € intC. Assume that {Cy,...,Cy} € &(0)
such that A = [Cy, ..., Cy] is a k-simplex with O € int A (relative interior). We
write O = Y% 1iCi, Y4 hi = 1, {Ao, ..., A} € [0,1]. Then, fori = 0,...,k
we have

A (4.1.6)

iS—
- AC(CI'»O) + 1

Equality holds if and only if the ith face A; = [Cy, ..., Ci..., Cy] antipodal to C;
is contained in 9C.

Proof. Fori =0,...,k, let é’lf’, denote the antipodal of C; in A with respect to O.
(See Figure 4.1.1.)

Clearly, Ci” € [C?,0] so that AA(C;,0) = Ac(Ci, 0). By Example 2.1.7,
AA(Ci, 0) = (1 — A;)/A; and (4.1.6) follows.
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Fig. 4.1.1

For a giveni = 0,.. ., k, equality holds in (4.1.6) if and only if C{ = C;’. Since
C” € int A; and the vertices Cy, . .. C ..., Cy of A; are on the boundary of C, this
holds if and only if any hyperplane supporting C at C? contains A;. Thus, A; C dC
and the lemma follows.

Proof of Theorem 4.1.1. We first derive the upper bound in (4.1.5) as it is simpler.
Given O € intC, using sub-arithmeticity in (4.1.3), we have

k-1 k—1 k—+1
0) < [0) <1 — ,
o0 =0+ T =1+ 2

where we used that m(0O) = maxye A(., O) > 1. The upper bound in (1.4.5) follows.

Let k > 2. If equality holds throughout then m(O) = 1 so that A(.,0) =
identically on dC. This means that C is symmetric with respect to O. The converse
is obvious: If C is symmetric with respect to O, then, once again, A(.,,0) = 1
identically on dC, and, for any configuration {Cy, ..., Cx} € €(0), k > 1, the sum
in the infimum in (4.1.1) is equal (k + 1)/2.

We now derive the lower bound in (4.1.5). Let O € intC, and {Cy,...,Cy} €
& (0) be any k-configuration. By Carathéodory’s Theorem 1.3.1, there is a subcon-
figuration, say {Cy,...,Cp,} € €,(0), m < k, such that A = [Cy,...,C,] is an
m-simplex. (See also the second part of the proof of Corollary 1.3.3.) Moreover,
assuming that m is minimal we have O € intA. As in Lemma 4.1.2, we write
O0=Y"LiC, Y —ori=1,{Ao,....A,} C [0, 1]. By (4.1.6), we have

k m m

1
ZW—ZW Z P = (4.1.7)

Thus, the lower bound o4(C, O) > 1 is proved.

Finally, let k > 1, and assume that 6,(0O) = 1 for some O € intC. Let
{Co, ..., C} € €(O) be a minimal k-configuration:
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k

1

Comparing this with (4.1.7), we see that equalities hold there, in particular, m = k,
A = [Cy,...,C] is a k-simplex with O in its (relative) interior, and equality holds
in (4.1.6) foralli =0, ..., k. Lemma 4.1.2 now finishes the proof.

Remark. The sequence of mean Minkowski measures {04 }x>; Was introduced in
[Toth 5] with a different proof of Theorem 4.1.1.

The various estimates above can be summarized as follows. Combining the trivial
lower estimate for (4.1.1) with the lower estimate in (4.1.5), and sub-arithmeticity
in (4.1.3) (as in the proof above), for k > 1, we obtain

k+1 k—1
L~ ) <o0)<1+——"" oecintc. 418
max( m(O)—l—l)_Uk( Y m (4.1.8)

In addition, once again by (4.1.3) and the discussion above, we have ¢ ;4(0) —
0x(0) < 1/(m(0) + 1) with equality for k > n. We conclude that the sequence
{(k,0(0))}x>1 is contained in the strip (with slope 1/(m(0O) + 1) bounded by two
parallel lines as shown in Figure 4.1.2.

y=1+ m(zo;)lﬂ
/y = m(ZO+)]+1
/
/
L@ =1 - 2:(0)
1—-1/(m(0) +1) |—
1/m©O)+ )| .
1 m(0) k -

Fig. 4.1.2

Remark. 1f {Cy,...,Cy} € € (0) is a k-configuration then, taking antipodals, a
simple computation shows that {Cj,...,C}} € €(0) is also a k-configuration.
Thus the antipodal map gives rise to an involution ¢ : €(0) — €;(0). Using
(4.1.2), we obtain

k k

1 1
k+1= > 204(0).
" ;A(Ci,o)ﬂ +;A(C§’,0)+l = 201(0)

Thus the upper bound in (4.1.5) follows again. (For another application of this, see
Problem 1.)
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As a simple application of Theorem 4.1.1, we recover the characterization of the
upper bound of the Minkowski measure in (2.1.7):

Corollary 4.1.3. Let C € B. If m$ = n then C is a simplex.

Proof. Assuming m* = n, by Corollary 2.4.13, C* consists of a single point O*,
say, and it is in the interior of the convex hull of M*. Therefore, by Carathéodory’s
theorem (Section 1.3), there exists {Cy, ..., C,} C M* with O* € int[C, ..., C,],
and we have

n 1 n 1
e — - =1
ZA(C,»,O*)Jrl m* + 1

i=0 i=0
Since {Cy, ..., C,} is an n-configuration, Theorem 4.1.1 applies. We obtain that C
is an n-simplex.

Remark. We note here that the long computational part in the proof of Lemma 2.4.7
can be bypassed using the lower bound in (4.1.5). Indeed, if {Cy, ..., Ci} C dC is

the set of vertices of a k-simplex and 0 € int[Cy,..., C] with A(C;,0) > m,
i=0,...,k then {Cy, ..., C} is a k-configuration of C, and we have
- 1 k+1
1< 0) < < .
_ak()_ZA(Ci,OH—l mt 1

i=0
Thus, k > m follows.

We now return to the main line and show that the sequence {07 }i>1 is super-
additive in the following sense:

Theorem 4.1.4. Fork,l > 1, we have

Oiti—Ojt1 =2 0;—01, 01 =1 (4.1.9)
Proof. Let O € intC and consider a minimal (k+ [)-configuration {Cy, ..., Cy+;} €
Ci+1(0). We write
k+1 K+
0=> XCi. > Ai=1 {lo..... sy} C[0.1]. (4.1.10)
i=0 i=0

By definition, the partial sum ijl Ak+j = 0. We now split the proof into two cases.

I. If this partial sum is zero then O € [Cy, ..., Ci] so that {Cy, ..., Ci} € &(O).
As noted above, this subconfiguration must be minimal and A(Ci4;, O) =
m(0), j = 1,...,1. Using sub-arithmeticity in (4.1.3) repeatedly, we now
calculate
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k

1 [
7(0) = ;) AC. O +1  mO)+1

= ox(0) + m(0) + 1

-1
m(0) + 1
Uk+1(0)+01—01(0).

v

0+1(0) +

IV

Thus, (4.1.9) follows in this case.
II. Assume now that the partial sum above is positive. We let

!
Aktj
0 = . Crij-
;AH] o+

First, assume that O’ = O. Then {Cy+1, ..., Ci+1} € €,—1(0) and, as before, this
subconfiguration must be minimal and A (C;, 0) = m(0),i = 1, ..., k. Once again,
using (4.1.3), we calculate

1

k+1 1
o 0) = +
w+1(0) m(0) + 1 Z/\(ck+,-, 0) + 1

j=1
k+ 1

= W +0,-1(0)

0;+1(0) —01(0) + W +0,-1(0)

04+1(0) + 06,(0) —61(0).

%

A%

Thus, (4.1.9) follows in this case.

Second, assume that O’ # O. Let C' € 9C be the intersection of the ray
emanating from O and passing through O’ with the boundary of C. Using the
definition of O, the decomposition of O in (4.1.10) can be written as

k
0= Z/\,-C,' + (a1 + ... MO

i=0

Since O’ € [0, C'], C' € AC, we obtain {Cy, ..., Cy, C'} € €41. On the other hand,
0 € [0/, C/O] and O’ € [Ck+1 yeees Ck+l] so that {Ck+1, vy Crar, Cm} € Q:I(O).
Using these, we calculate



166 4 Mean Minkowski Measures

k 1

1 1
0+1(0) = +
k+1(0) ; A(C:, 0) + 1 = A(Cr4,0) + 1

1 1
AGC.O) +1 AT 1

k
—0

l

! 1 1

-1
L YNy S BN (I

j=1

> 0441(0) + 0,(0) — 01(0).

Thus, (4.1.9) follows. The proof of the theorem is complete.

As an immediate consequence of (4.1.9) (and the lower bound in (4.1.5)), for
k > 1, we have

O)+2— 0441 =202—01=20,—12>0.

Hence the sequence {0y }x>1 is non-decreasing: oy > ok, k > 1.

Theorem 4.1.5. For O € intC, the length d(O) of the initial string of 1I’s in
{0k(0)}k>1 is the dimension of the maximal simplicial slice of C across O. We have

d(0) < m(0). @.1.11)

If equality holds then the sequence {0 (0)}k>1 is arithmetic from the d(O)th term
onwards:

k+1

0(0) = o)+ 1

k > d(0).

Proof. The first statement is a direct consequence of Theorem 4.1.1. The inequality
in (4.1.11) and the last statement follow from (4.1.8) and sub-arithmeticity in
(4.1.3):

k1) _ - k—d(0)
mox (1. 2557 ) < 1@ < 7a00) + L
_k+14+m0)—d©0) |
- m(0) + 1 k2 d(0).

Note that this can also be read off from Figure 4.1.2 using

1
04+1(0) —04(0) = o) 11 k> 1. (4.1.12)
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We finish this section by a long example which will play an important part in
Appendix A.

Example 4.1.6. Let H be a Euclidean vector space, dimX = h, and S?(#) the
space of symmetric linear endomorphisms of . On S2(#) the natural scalar product
is defined by

(C,C'y = trace (C-C'), C,C € S*(H).

With this S?(H) is a Euclidean vector space. Let S3(#) be the linear subspace of
traceless endomorphisms:

S2(H) = {C € S*(H) | trace C = 0}.

We have the orthogonal decomposition S*(H) = S5(H) @ R - I, where [ stands for
the identity. In particular, we have dim S3(H) = h(h + 1)/2 — 1.

The orthogonal group O(#) acts by linear isometries on S?(#) via conjugation
with fixed point set R - /.

Finally, we define

Co=Co(H) = {C e S}(H)|C+1>0},

where > 0 means positive semi-definite. Positive semi-definiteness is a closed
and convex condition so that Cy is a closed and convex set in S3(7). Moreover,
replacing the defining condition of semi-definiteness with positive definiteness gives
the interior of Cy, in particular, 0 € intCy. For C € Cy, the conditions trace C = 0
and C + I > 0 mean that the sum of eigenvalues of C is zero and the eigenvalues
are > —1. Thus, all the eigenvalues are contained in the interval [—1, /2 — 1]. The
orthogonal group O(H) leaves Cy invariant and diagonalizes each endomorphism
within Cy. In particular, we see that Cy is bounded, hence compact.

Summarizing, we obtain that Cy is a convex body in S5(H).

Since the only fixed point of O(#) in Cy is the origin, the latter is the centroid
of Cy. It also follows that the critical set C consists of the origin only: m* =
infoe inic, M(0) = m(0).

We claim that, for C € 09C, the distortion ratio A(C,0) = A¢,(C,0) (with
respect to the origin 0) is the maximal eigenvalue of C. Indeed, by definition,
A(C,0) = 1/t, where ¢ > 0 is the largest number such that /—¢C > O but /—tC ¥ 0.
Replacing the endomorphisms by the respective eigenvalues, the claim follows.

Co € ‘B carries a natural stratification defined by the images im(C + I) C H,
C € (. The interior intCy corresponds to the stratum with image the entire 7.
Moreover, for Cy, C; € dCpand 0 < A < 1, we have

im((1=2)Co+AC +1) = im((1=A)(Co+D+A(Ci+1)) = im(Co+I)+ im(C; +1).

(In the last equality we used the elementary fact that, for positive semi-definite
endomorphisms Q, @', we have im (Q + Q') = imQ + imQ'.)
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As a byproduct, we see that C € dCy is an extremal point if the image of C + I
is one-dimensional. If this image is given by the line R-v C H, 0 #% v € H, then
the corresponding endomorphism is C, = v ® v — I € dCy, where we normalized
v € H as [v]?> = h. Note that C, has maximal eigenvalue 4 — 1 with multiplicity 1
and the only other (minimal) eigenvalue is —1 with multiplicity # — 1. We see that
maximum distortion appears precisely at C,, |v| = h, v € H. Thus, we have

m*=m@0) =h—1.

Let {¢;}"_, C H be an orthonormal basis and consider the set {C ,wi}f‘=1 C 9C.
Since ZLI A/mC s, = Zf;l (e; ®e;) —1I = 0, this set is an (7 — 1)-configuration
(with respect to 0) which is clearly minimal as its elements have maximal distortion.
We obtain

h

1
0 =3 T~ L !

i=1

Thus, d(0) > h — 1 (Theorem 4.1.5). Since m(0) = h — 1, by (4.1.11), equality
holds: d(0) = h — 1. Theorem 4.1.5 thus asserts that the (h — 1)-simplex Ay =
[C i+ C Jhey) 18 @ maximal simplicial slice of Co across 0. (Note that this
also follows by inspecting the images of the corresponding endomorphisms, but
we preferred to point out the connection with the distortion ratio.)

Since d(0) = m(0), the last statement in Theorem 4.1.5 now gives

k41
oﬁmz—%—,kzh (4.1.13)

Summarizing, (4.1.13) means that the sequence {0 (0) }x>; has the simplest possible
structure: 0 (0) = max(1, (k + 1)/h), k > 1; after an initial string of 1’s of length
h — 1, it is arithmetic with difference 1/A.

The simplex A, consists of all endomorphisms in Cy that are diagonal with
respect to the orthonormal basis {e; f’: |- Diagonalizability of all the endomorphisms
by O(#H) means that the O(H)-orbit of Ay is the entire Cy. In particular, 6,—; = 1
identically on int Cy.

We finally note that the functions ¢ have unique absolute maximum at 0 so that
we also have o} = max(l, (k + 1)/h), k > 1. Indeed, given 0 # O € intCy, by
(4.1.3), for k > h, we have

k—h+1 k—h+1 k+1
mO0)+1 m(0) + 1 h

01(0) <0,-1(0) + = 04(0).

Note that sharp inequality holds in m(0) > infijyc, m = m* = h — 1 since the
critical set is a singleton: Cj = {0}.
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4.2 Dual Mean Minkowski Measures

In this section we introduce a “dual” sequence {o{};>; of mean Minkowski
measures whose original idea is due to Qi Guo. We summarize some basic properties
of these measures, and point out some striking new properties that the sequence
{0 k}r>1 does not have. In particular, we show that Klee’s work in Section 2.4 gives
a direct and explicit evaluation of ¢, on the critical set of the convex body. This leads
to a solution of the Griinbaum Conjecture (Remark 1 at the end of Section 2.4) under
a much weaker condition than Klee’s.

The material in this section is not directly related to our main goal, therefore, in
our exposition, we limit ourselves to sketch the main points only. For more details,
see the joint work of [Guo—Toth].

Let C € B = B . Recall from Section 1.2 that an affine functional f : X —
R is said to be normalized for C if f(C) = [0, 1]. The (compact) space of affine
functionals normalized for C is denoted by affe.

Given k > 1, a multi-set {fy, ..., fi} C affe (repetition allowed) is called a dual
k-configuration of C if

k
(X € X|fi(x) <0} = 0. (4.2.1)
i=0
The set of all dual k-configurations of C is denoted by €} = €&, ;.
We define the kth dual mean Minkowski measure 6, = ¢, : intC — Rby

k
$(0) = inf i(0), O € intC. 422
o1(0) %“}dngk}quf( ), O€in (422)

(As usual, the subscript C will be suppressed when no ambiguity is present.)

For k > 1, the subspace €} C (affc)* is closed and hence compact. Therefore the
infimum in (4.2.2) is attained (for every O € int(C), and the dual mean Minkowski
measures g : intC — R, k > 1, are continuous functions. In addition, being infima
of affine functionals, they are automatically concave.

As before, a k-configuration at which ¢ (0O) attains its minimum in (4.2.2) is
called minimizing or minimal (for O).

Remark. A dual 1-configuration is an antipodal pair {f, 1 — f} C aff¢, so that we
have ¢{ = 1 identically on intC.

We have the following “pointwise duality” between the two mean Minkowski
measures:

Theorem 4.2.1. Let C € B and O € intC. For k > 1, we have
0¢(0) = 0¢0,4(0), (4.2.3)

where CO is the dual of C with respect to O (Section 3.1).
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Remark 1. On the right-hand side of (4.2.3), the mean Minkowski measure has
double dependency on the point O; it is present not only in the argument but also
plays the role of the base point in forming the dual C. In particular, it does not
follow (and is actually not true in general) that o¢c; : intC — R is a concave
function. We will treat the problem of concavity of the mean Minkowski measures
in Section 4.4 below.

Remark 2. The crux of the proof of Theorem 4.2.1 is the equivalences
{Co....Cil €Cer(0) & {C.....C} €€,
Joouo SIEC, & Ui fi) € Ceo,(0),

where b = beo : dC — affpo and ff = fco : affe — 9CO are the
musical equivalences introduced in Section 3.1. In addition, by (3.1.6), under these
equivalences, minimal configurations correspond to each other.

It is possible to derive arithmetic properties of the dual mean Minkowski
measures in much the same way as it was done for the original sequence {67 };> in
the previous section. But the pointwise duality in (4.2.3) allows these properties of
the mean Minkowski measures to carry directly over to the duals.

Using (4.1.3) for C? instead of C, by (4.2.3) and (3.1.9), we obtain sub-
arithmeticity:

074/(0) <a?(0) + , O€intC, k1> 1. (4.2.4)

m(0) + 1

In addition, the sequence {o{}i>1 is arithmetic with difference 1/(m + 1) from the
nth term onwards.

Remark. The direct proof of arithmeticity (without the use of duality) beyond n =
dim X is an application of (the contrapositive of) Helly’s theorem (Section 1.4)
(instead of Carathéodory’s as in Section 4.1): For k > n, any dual k-configuration
(characterized by (4.2.1)) contains an n-configuration.

To state the dual version of (4.1.4), for 1 < k < n, we denote by Ly = P
the space of all orthogonal projections IT : X — A& onto k-dimensional affine
subspaces [1(X) = £ C X'. We then have

02x(0) = nf 0%, (T(0), O €intC. 4.2.5)

(In the infimum IT(O) can be replaced by O if we require O € TI(X) = £.)

By duality, the bounds in (4.1.5) stay the same for the dual mean Minkowski
measures. To characterize the convex bodies for which the lower bound holds is
essentially based on (4.2.5).
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Theorem 4.2.2. Let C € B. For k > 1, we have

k+1
<—.

1 <0} < >

(4.2.6)
Assuming k > 2, we have ¢7(0) = (k + 1)/2 for some O € intC if and only if C is
symmetric with respect to O. If, for some k > 1, 7(0) = 1 at O € intC then k < n,
and o{ = 1 identically on intC, and C has an orthogonal projection to a k-simplex.

The dual mean Minkowski measures are not only continuous in the interior of
the convex body but also extend continuously to the boundary (with value 1) via the
formula

li 2(0) = 1. 4.2.7
d(o,ércr)leoak( ) ( )

To show this, we use the lower bound in (4.2.6) along with sub-arithmeticity
(k=Tland/=k—1in(4.2.4) witho{ = 1) to obtain

—1

1<e0(0) <1+ —
=0i(0) = +m(0)+1

By Lemma 2.1.6, the limit of the right-hand side is 1 as d(O, dC) — 0. Thus, (4.2.7)
follows.
Finally, we have super-additivity

o o0 o o
Ojp1 —Opp1 20, —07, ki=1,

and, as a direct consequence, monotonicity: 67 < o7, , k > 1.
As a striking application of Klee’s analysis of the critical set, we have the

following:

Theorem 4.2.3. Let C € ‘B with critical set C* C C. For any critical point
O* € C*, we have

n+1

o 0* — .
(07 m* 41

4.2.8)

Remark. In the spirit of Lemma 2.4.1 of Klee, let N'(0*) = M(0*)° C 9C be
the antipodal set of M(0*) = {C € dC|A(C,0*) = m*} with respect to O*.
Denote by & the family of closed half-spaces that intersect A’ (O*) but disjoint from
intC. Clearly, for each G € &, the boundary # = 9§ is a hyperplane supporting C
at a point in A'(O*). Conversely, for any hyperplane H supporting C at a point in
N(0%*), the closed half-space G with boundary H and disjoint from intC belongs to
®. By Lemma 2.4.1, we have

(e=()d=0

Ggeod
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Taking interiors, the family
J=1int® = {intG |G € &}

of open half-spaces is interior-complete (Section 1.6). Recall that this means that,
for any sequence {Z; }y>1 C & which is Painlevé—Kuratowski convergent to a limit
Z, we have intZ € &. (Note that, by definition, any Painlevé—Kuratowski limit is a
closed set.)

Applying Lemma 1.6.3 (in Klee’s extension of Helly’s theorem), we see that
there are n 4+ 1 open half-spaces Zy, . ..,Z, € J such that ﬂ:’=0 I, = 9.

Fori = 0,...,n, we can select C; € M(O*) such that CY € 7; (where
the antipodal is with respect to O*). Then [C;, C{] is an affine diameter with
A(C;, 0*) = m*. Finally, let f; € aff; be the (unique) normalized affine functional
with zero-set dZ;. Now, a simple computation shows that {fy, . .., f,} € €9 is minimal
for O*, and (3.1.2) (with O = O*) gives (4.2.8).

Substituting k = n—1 and / = 1 into (4.2.4), by Theorem 4.2.3, sub-arithmeticity
at a critical point O* € C* reduces to the inequality

el o?_(0%). (4.2.9)
This holds for any convex body C. According to one of the main results of
[Guo—Toth], if the inequality in (4.2.9) is sharp then the Griinbaum Conjecture
holds; that is n + 1 affine diameters meet at O* (Section 2.2). Note that sharp
inequality in (4.2.9) is automatic for m* > n — 1 (by the lower bound in (4.2.6)),
so that Klee’s solution of the Griinbaum Conjecture is a special case of this. (For
details, see again [Guo—Toth].)

4.3 The Mean Minkowski Measure of Convex Bodies
of Constant Width

In this short section we continue our discussion on convex bodies of constant
width started in Section 2.5. Our first result gives an explicit formula for the mean
Minkowski measure ¢ = o, of a convex body of constant width at the critical
point in terms of the Minkowski measure itself. (Recall from Theorem 2.5.3 that
the critical set of a convex body of constant width is a singleton.) As a byproduct,
this immediately leads to a sharp lower bound for ¢ in our case. Finally, using this
method we will be able to calculate this mean Minkowski measure for a variety
of classical examples such as the regular Reuleaux polygons and the Meissner
tetrahedra.
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Theorem 4.3.1. Let C € B be a convex body of constant width, and O* € intC the
(unique) critical point. Then we have

n+1

o0 =T

4.3.1)

Proof. Recall from Theorem 2.5.4 that the critical point O* is both the circumcenter
and the incenter of C. Moreover, the sum of the circumradius R = R¢ and the
inradius r = r¢ is equal to the (constant) width d; and, according to (2.5.2), the
Minkowski measure m* = R/r.

Let Bg(0*) be the circumball, and Sg(O*) the circumsphere of C. By the critical
property of the circumsphere in (1.5.1), we have

0* € [C N Sx(0™)].

In particular, by Carathéodory’s theorem (Section 1.3), there exist Cy,...,C, €
dC N Sg(0*) such that O* € [Cy,...,C,]. By definition, this means that
{Co, ..., C,} € €(0*), an n-configuration of C with respect to O*.

We now calculate the distortion ratio A(C;, 0*) = d(C;,0%)/d(C?,0%), i =
0,...,n, where the antipodal is with respect to O*. Clearly, d(C;, O*) = R.
Moreover, the tangent hyperplane to Sg(0*) at C; supports C, and, since R + r = d
is the constant width, the (parallel) tangent hyperplane to the insphere S,(0*) at
C? also supports C. We thus have d(C°,0%*) = d — R = r. We conclude that
A(C;, 0*) = R/r = m*. Consequently, we have o (0*) < (n + 1)/(m* + 1).
By (4.1.8), equality holds, and the theorem follows.

Theorem 2.5.5 and the subsequent Remark 2 give the precise range of the
Minkowski measure m* of convex bodies of constant width. Since the mean
Minkowski measure (at the critical point) can be expressed by the Minkowski
measure itself via (4.3.1), we immediately arrive at the following:

Corollary 4.3.2. Let C € B be a convex body of constant width, and O* the
(unique) critical point. Then we have

V2n(n+1) n+1
5 .

n+1-— <0(0%) < 5

4.3.2)

The upper bound is attained if and only if C is a Euclidean ball. The lower bound is
attained if and only if C is the completion of a regular simplex.

Example 4.3.3. As a simple application (of the lower bound in (4.3.2)), we obtain
the mean Minkowski measures of the Reuleaux triangle Q3 and the Meissner
tetrahedra M as

00,(0) =3—-+/3 and o, (0%) =4— 6. (4.3.3)
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The first formula can immediately be generalized to obtain the mean Minkowski
measure of a regular (2m + 1)-Reuleaux polygon Qy+i. A minimizing configura-
tion can be chosen to be comprised by any three vertices whose convex hull contains
the center O*. Using the computations in Example 2.5.1 (cont.), we obtain

3 3
00y, (0) = F———=3——7-—, m=>1 (4.3.4)
o Qomt1 +1 2sm(ﬁ)
In two dimensions (n = 2), the completion of a regular triangle is the unique

regular Reuleaux triangle. In this case the corollary above reduces to the following:

Corollary 4.3.4. Let C be a planar convex body of constant width and critical point
O*. Then, we have

3-3<0(0% <

N W

The upper bound is attained if and only if C is a (closed) disk, and the lower bound
is attained if and only if C is a regular Reuleaux triangle.

In three dimensions (n = 3), we see that the mean Minkowski measure of the
Meissner tetrahedra (second formula in (4.3.3)) is the lower bound for the respective
mean Minkowski measure of any spatial convex body of constant width (at the
critical point).

Remark. Corollary 4.3.2 is due to [Jin—Guo 4] with a direct proof.

4.4 Concavity of Mean Minkowski Measures

We now return to the main line and discuss functional properties of the mean
Minkowski measures {o4}>1. We first prove continuity of these measures up to
the boundary of the convex body.

Despite (pointwise) duality with the concave dual mean Minkowski measures
(Section 4.2), the main result of the present section asserts that 0 = o0, is, in general,
not concave for n > 3.

This failure of concavity is intimately connected to the possible singular limiting
behavior of minimizing sequences of configurations in the definition of the mean
Minkowski measure o . Accordingly, the interior of the convex body naturally splits
into regular and singular sets. A large part of this entire chapter will be devoted to
the study of the subtle structure of this splitting. In this section we make a few initial
observations on the regular set.

We begin with the following elementary result:

Theorem 4.4.1. Let C € B. For k > 1, the function o : intC — R is continuous
and extends continuously to dC by setting it equal to 1 on 9C.
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Before the proof we make some preparations. Given C € ‘B and O € intC,
we define the map ¢p : intC x dC — dC as follows. For O' € intC
and C € 9C, ¢o(0',C) is the unique point on the boundary of C such that
C—0 = u(¢po(0’, C)—0’) for some (unique) u > 0. (See Figure 4.4.1.)

C

60(0',C)

Fig. 4.4.1

The existence (and unicity) of ¢o(0’, C) follows from Corollary 1.1.9. Clearly,
¢0(0, C) = C. Moreover, for 0, 0’, 0" € intC, we have

$o (0", ¢0(0', C)) = ¢po(0", C). 4.4.1)

Consequently, we have

$0(0.¢0(0'. C)) = C.
(See Figure 4.4.2.)

@0(0/7 C)

¢O’(ON7 ¢O(Olv C)) - ¢O(ON7 C)

Fig. 4.4.2

Lemma 4.4.2. For fixed C € dC, ¢po(.,C) : intC — 9C is continuous.

Proof. By (4.4.1), it is enough to prove continuity at O. Let O’ € intC and o =
ZCO¢p(0',C). Then o = LO0¢o(0’, C)O’. (See Figure 4.4.3.)

Mimicking the proof of Proposition 2.1.1/(b) for the triangle [0, O’, ¢po(O’, C)]
(and using the notations there), we obtain
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C

$o(0',C)

Fig. 4.4.3

d(0',0) > V2rg sin(a/2),
provided that d(0’, O) < r < ro/2. Thus,« — 0as O' — O. By Proposition 1.1.10,
we then have ¢o(0’, C) — C as @ — 0. The lemma follows.

Lemma 4.4.3. Let Cy,...,Cy € C. Then

O€l[C,....Cil = O € [po(0'.Cy),....00(0'CY)].

Proof. We write O = Zf:o G, Zf:o Ai=1,{Ro,...., Ax} C [0,1]. Let u; > 0
be such that C; — O = pui(¢po(0',C;) — O0'),i = 0,..., k. Multiplying this equality
by A; and summing up with respecttoi = 0, ..., k, we obtain

k k
(Z l;lh) o0 = ZM/M‘?O(O/’ C).

i=0 i=0

The lemma follows.

Proof of Theorem 4.4.1. Let O € intC and {Cy,...,Cr} € € (0) any k-
configuration. Let ¢ > 0. By Proposition 2.1.1/(c), there exists 0 < § < rp/2
such that d(0’, 0) < § and d(C’, C) < §, C,C’ € dC, imply

1 1 €
— < .
AC,0)+1 A(C,0)+1 k+1

(4.4.2)

Let C! = ¢o(0',C;), i = 0,...,k. By Lemma 4.4.3, we have {C[,...,C}} €
€, (0"). Since ¢o(., C;) is continuous at O for every i = 0,...,k (Lemma 4.4.2),
there exists 0 < 6’ < § such that d(0’,0) < &' implies d(C},C;) < § for all
i=0,...,k Using (4.4.2), for d(O', 0) < &, we also have

k k

<e. (4.4.3)

Y e Y
A(C,0") + 1 A(C;,0) +1

i=0 i=0
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We now first choose {Cy, ..., Cr} € €(O) to be minimal (with respect to O).
Substituting into (4.4.3), we obtain

k

1
00| <e.
; NGRS

Taking the infimum in the first sum over € (0’), we obtain
0:(0) —04(0) <e.

Second, we choose {Cj,...,C;} € €(0’) to be minimal (with respect to O’).
(This is possible by first choosing C! and then defining C; = ¢/ (O, C;), since then
¢0(0', C;) = C!.) Again by (4.4.3), we have

k

1
—— — (O .
Lacor1 MO <

Taking the infimum in the first sum over & (0), we obtain
01(0) — 0 (0) < e.
Combining these, for d(0’, O) < §, we have
|04(0) —64(0)] <e.

Continuity of o follows.

For the last statement we note that

d(o}gg)l_)oak(o) =1 (4.4.4)

The proof is the same as in the dual case (Section 4.2). By (4.1.3) and (4.1.5),
we have

k—1
1< 0)<l+—, OeintC.
o) =1+ m

Using Lemma 2.1.6, we see that the right-hand side converges to 1 as d(O, dC) — 0.
This gives (4.4.4). The theorem follows.

We have seen in Section 4.2 that the dual mean Minkowski measures 67, k > 1,
are concave functions on the interior of the convex body. In addition, Theorem 2.1.2
asserts that the function 1/(m + 1) : intC — R is also concave. It is therefore
natural to study concavity properties of the original mean Minkowski measures o,
k > 1. We begin with the (initially) surprising counter-example:
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Example 4.4.4. For the n-dimensional cube C,, n > 3, the function 0 = o¢
intC, — R is not concave.

We realize the cube as C, = [—1,1]" C R". The set of n vertices {C1,...,C,}
adjacent to the vertex V. = (1,...,1) forms a simplicial configuration whose
centroid is O = (1—2/n)V. The convex hull [Cy, ..., C,] is a simplicial intersection
of C, across O. (Up to scaling, this is called the vertex-figure of V. The vertex-figures
for all the vertices define the cross-polytope dual of C,,.) By Theorem 4.1.1, we have
0'11—1(0) =L

Since the antipodal of V (with respect to O) is V° = —V, the distortion ratio at
Veis

n

V+(A=2/mV| _2-2/n _
V_a—2/mv| ~ 2 " 1=mO)

A(V°,0) =

Using sub-arithmeticity in (4.1.3), we obtain

1 1
0)<o,-1(0 —_—— <14 -.
0(0) =i )+m(0)+1 +n

On the other hand, C, is symmetric with respect to the origin 0, so that we have
0(0) = (n + 1)/2. Finally, using the continuous extension of ¢ to dC,, we have
o (V) = 1 (Theorem 4.4.1). Thus, for n > 3, on the line segment [0, V], we have

0(0)§1+%<%";1 —i—(l—%)z%a(O)—i—(l—%)a(V).

This shows that o|[0, V] is not concave.
Remark. For a generalization of this example, see Corollary 4.6.8.

The previous example does not work for n = 2. In fact, concavity holds in 2
dimensions:

Theorem 4.4.5. For any planar convex body C (n = 2), the functiono¢ : intC —
R is concave.

The proof of this theorem will be obtained at the end of this section. In view
of future applications, we first begin with some observations in the general setting
n > 2 on partial concavity:

Proposition 4.4.6. Let C € B and O € intC. Given k > 1, let {Cy,...,Ci} €
&w(0) be a minimal configuration. Then, for any Oy, O; € [Cy,...,Ci] and 0 <
A < 1 such that O = (1 — A)O0y + ALO,, we have

04(0) = (1 = 1)o(0g) + A0 (0y).
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Proof. This is a simple consequence of Theorem 2.1.2. Indeed, we have

k k A

0(0) = Z A(CZ,O) 1 Z A(C,,Oo) +1 + ; A(Ci,01) + 1

i=0

since each term in the sum of the left-hand side is concave. By assumption, we
have {Cy,...,Ci} € €(0p) N €(Oy). Taking infima on the right-hand side, the
proposition follows.

In the rest of the section we set k = n, and study the function 0 = 0, : intC —
R. (Recall that, unless necessary, the dimension n will be suppressed.)

Given O € intC, a configuration {Cy,...,C,} € €(0) is called simplicial
if [Co,...,C,] is an n-simplex with O in its interior. The set of all simplicial
configurations (with respect to O) is denoted by A(O). Since A(O) is dense in €(0),
in the definition (4.1.1) of o, the set of all configurations €(O) can be replaced by
A(O), but a minimizing sequence may not subconverge.

We call an interior point O € intC regular if the infimum is attained only in
A(O). Equivalently, O € intC is a regular point if, for any minimal configuration
{Co,...,C,} € €(0), the convex hull [Cy, ..., C,] is an n-simplex with O in its
interior. The set of regular points, the regular set, is denoted by R = R¢ C intC.

An interior point of C which is not regular is called singular, and we have the
singular set S = S¢ = intC \ R.

The regular set R is open. Indeed, this is because compactness of dC implies
that a sequence of non-simplicial configurations may only subconverge to a non-
simplicial configuration. Thus, given a sequence {O;};>1 C & of singular points,
for each j > 1, we can select a minimal non-simplicial configuration {Cj e C{l} €
&(0;j). Selecting a convergent subsequence if necessary, we may assume that, for
i=0,...,n, Cf — C;asj — o0. Clearly, {Cy, ..., C,} € €(O) is non-simplicial. It
is also minimal by continuity of . Thus, O is a singular point.

Remark. Let O € intC be a regular point and {Cy,...,C,} € A(O) a minimal
(simplicial) configuration. Since O is in the interior of the simplex [Cy, ..., C,], for
eachi = 0,...,n, C;is local maximum of the distortion A(., O). By Corollary 2.2.2,
[Ci, C7] is an affine diameter. We obtain that (n 4 1) affine diameters pass through
any regular point. The question of existence of this kind of points has been raised in
Griinbaum’s Conjecture. (See the end of Section 2.2.) We see that if the regular set
is non-empty then the Griinbaum Conjecture holds.

The existence and non-existence of regular points will be discussed in the next
two sections.
Theorem 4.4.7. On the regular set R, the function o is concave, that is, for
[0Og, O1] C R, we have

o ((1=2)0¢ + A01) = (1 = A)a(0p) + Ao (Oy).
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Remark. In the next section we show, by way of an example, that R may not be
convex.

Before the proof of Theorem 4.4.7, for O € R, we define p(0O) as the infimum
of the distance d(O, d[Cy,...,C,]) over all minimal (simplicial) configurations
{Co,...,Cy} € €(0). Clearly, p > 0 pointwise on R.

We can state somewhat more:

Lemma 4.4.8. For K C R compact, we have infoexc p(O) > 0.

Proof. Assuming the contrary, let {O;};>1 C K be such that p(0;) — 0 as j — oo.
Since K is compact, we may assume O; — O € K C R as j — oo. In addition,
since dC is compact, we can select minimal configurations {Cj oGy e A(0))
such that d(0;,d[C), ..., C}]) — 0 and C} — Ci,i = 0,...,n, asj — oo. The
limiting configuration {Cy, ..., C,} € €(0) is minimal since o is continuous. We
also have d(0, d[Cy,...,C,]) = 0 so that O € 09[Cy,...,C,]. This means that
{Co, ..., C,}is not simplicial, a contradiction to O € R.

Proof of Theorem 4.4.7. Let Oy, Oy C R such that [0y, 0] C R,and O = (1—-21)
Oy + A0, 0 < A < 1. Proposition 4.4.6 asserts the concavity property for o if
Oy and O are sufficiently close to be contained in the convex hull of a minimal
simplicial configuration with respect to O. Lemma 4.4.8 states that Oy and O, can
be made sufficiently close universally in this sense provided that O varies within a
compact subset of R. Restricting o to the maximal line segment in R that passes
through Op and O, concavity is the consequence of the following:

Lemma 4.4.9. Let f : (ag,by) — R, ag < by, be a continuous function satisfying
the following property:

For each ¢ € (ay, by) there exists €. > 0 such that (c — €., c+€.) C (ag, by), and
for any [co, c1] C (¢ — €, ¢ + €.) with ¢ € [cg, c1] we have

f©) = (1= D)f(co) + Af(cr), (4.4.5)

where ¢ = (1 — A)co + Acy. Moreover, given [a, b] C (ay, by), there is a universal
choice of € > 0 for all ¢ € [a, b]. Then f is concave on (ay, by).

Proof. Let [a, b] C (ag, by) and € > 0 a universal choice for [a, b]. Let 0 < A < 1.
We need to show that

F((1=A)a+ Ab) > (1 — Mf (@) + Af(b). (4.4.6)

Letc = (1 — A)cyp + Acy. Let N > 1 and subdivide [a, ¢] and [c, b] into (N + 1)
equal parts:

a=ay<a; <...<ay <ay+1 =c=byy1 <by <...<by <by=b.
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Note that ¢ = (1 — A)a; + Ab;, i = 0,...,N. Choose N large enough so that
the e-neighborhood of any subdivision point inside (a, b) contains at least three
subdivision points. Then (4.4.5), applied to each triplet of consecutive subdivision
points, gives

fla) = Sfla) + 3f @), i=1. N,
£(©) = (1= D)fan) + A (by).

fb;) > %f(btﬂ) + %f(b,url), i=1,...,N.

We refer to the ith inequality in the first and last set of N inequalities as (A); and
(B);, i =1,...,N, and the inequality for f(c) as the middle inequality.
We now claim that

f(e) = (1 = Mf(ay—i) + Af(by—i)., i=0,....N. 4.4.7)

Observe that, for i = N this is our statement in (4.4.6). Proceeding by induction
to prove (4.4.7), we first note that, for i = 0, (4.4.7) is the middle inequality. For the
general induction step i = i + 1, we consider the inequality given algebraically as

(I =D (A)v—i + ... (A)y) + MB)N—i + ... (B)w).

After simplifications, this becomes

(1 =) (flan—i) +f(an)) + A(f(bv—i) —f(bn))
> (1 — A)f(an—i—1) + Af (by—i—1) + f(c).

The left-hand side is < 2f(c) by (4.4.7) and the middle inequality. Equation (4.4.7)
now follows for i + 1. The lemma and hence Theorem 4.4.7 follows.

Summarizing, the interior of a convex body C € ‘B splits into the disjoint
union of the open regular set R and the (relatively) closed singular set S and, by
Theorem 4.4.7 just proved, o| R is concave. Example 4.4.4 indicates, however,
that, in general, we cannot expect o |S to be the restriction of a concave function
(on intC).

The definition of regularity can be paraphrased as follows: O € R if no minimal
(n-) configuration contains a proper subconfiguration. Thus, an interior point O of

C is singular if there exists a minimal configuration {Cy, ..., C,} € €(0) which
contains a (necessarily minimal) k-subconfiguration, say {Cy, ..., Cy} € € (0), for
some 1 < k < n. Since at the complementary points Cy+j, j = 1,...,n — k, the

distortion ratio A(., O) must take its maximum m(Q0), we see that O € S if and
only if, for some 1 < k <n— 1, we have
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n—k

0(0) =04(0) + m (4.4.8)
By sub-arithmeticity in (4.1.3), in general, we have
o <0,-1+ §ak+n—_k, 1<k<n-1. 4.4.9)
m+1 m+1
The following characterization of the singular set emerges:
S= %06 intC a(O)za,,_l(O)—i-ﬁ . (4.4.10)

We see that, on the singular set, the restriction o | S is equal to 0,,—; + 1/(m + 1).
In this sum the second term is concave (Theorem 2.1.2), but the first, in general, is
not.

In fact, the reason that, for the n-dimensional cube C,, the function o is not
concave (Example 4.4.4) is that 0, is identically 1 on the complement of the
inscribed dual cross-polytope (as C, has codimension 1 simplicial slices across these
points), whereas at the interior points of the cross-polytope ¢ ,—; > 1.

The following definition is therefore natural. A convex body C € ‘B is called
simplicial in codimension k,0 < k < n — 1, if C possesses an (n — k)-dimensional
simplicial slice across any point O € intC.

Clearly, any convex body is automatically simplicial in codimension n — 1, and
a convex body is simplicial in codimension O if and only if it is a simplex.

By Theorem 4.1.1, C is simplicial in codimension k if and only if 6,— = 1
identically on intC.

As an application, in Example 4.1.6, the convex body Cy(H) of endomorphisms
of a Euclidean vector space # is simplicial in codimension i(h — 1)/2. Indeed, as
noted there, we have dim Co(#H) = h(h + 1)/2 — 1 and 0,1 = 1. The set Ay C Cp
of diagonal endomorphisms (with respect to a fixed orthonormal basis in ), and its
O(H)-images, comprise simplicial slices of dimension # — 1.

Theorem 4.4.10. Let C € B be a codimension 1 simplicial convex body. Then
o : intC — R is a concave function.

Proof. By assumption, we have ¢ ,—; = 1. By sub-arithmeticity in (4.1.3) gives

o<1+ L,
m+ 1

where the function on the right-hand side is concave (Theorem 2.1.2). Equality holds
on the singular set S, and strict inequality holds on the regular set R on which o is
also concave (Theorem 4.4.7).

To show that ¢ is concave on the entire interior of C, let Oy, O1 € int(C, and
consider the line segment (Op, O;) NC. Let f denote the restriction of 1 +1/(m+1)
to S N (Cy, C1), and g the restriction of o to R N (Cy, C;). On 9C both functions
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assume their limit equal to 1 (Lemma 2.1.6 and Theorem 4.4.1). We have g < f and,
since R is open, g differs from f on a countable union of (disjoint) open intervals.
The theorem is now the consequence of the following:

Lemma 4.4.11. Let f : [a,b] — R be a continuous and concave function with
fla) = f(b) = 1. Let U C |[a,b] be an open set. Write U as a countable union
of (disjoint) open intervals (a;, b;), i > 1. For each i > 1, let g; : [a;, b;]] — R be
continuous and concave, g; < f on (a;, b;), g(a;) = f(a;) and g(b;) = f(b;). Define
g :la,b] > Ras gionla;,b;), i > 1, and f otherwise. Then g is (continuous and)
concave on [a, b).

Proof. Let fy = f. Proceeding inductively, we define f; as f;_;, and replaced by g; on
[a;, b;]. Since the subintervals are mutually disjoint, the decreasing sequence {f;};>1
is pointwise convergent, and it converges to g.

It remains to show that f; is concave for each i > 1. Proceeding inductively again,
we need to show that concavity of f;_; implies concavity of f;. Let [co, c1] C [a, b].
We need to show

Sl =Nco + Aer) =z (1= A)f(co) + Af(c1), 0=A =1

This is an easy case-by-case verification depending on the mutual position of [cg, ¢{]
and [a;, b;] on which f;_; is modified to f;. The lemma follows.

Note that Theorem 4.4.5 follows as a special case since any planar convex body
is simplicial in codimension 1. In addition, we also have the following:

Corollary 4.4.12. For three-dimensional cones, @ is a concave function.

Example 4.4.13. There exists a four-dimensional cone C on which ¢ is not concave.
The construction of this cone is very technical so that we just make a short note
here. Full details are in [Toth 7]. The base of the cone is the convex body Cy C R3
obtained as the intersection of the closed unit ball B C R? and the vertical cylinder
A x [—1,1] with base A C R?, an equilateral triangle inscribed in the unit circle
S C R2. Note that o5 is (highly) non-concave as A is the only triangular slice of C
across points in its interior (therefore 0, = 1 on int A) but in the two components
of the complement intC \ A we have o, > 1 (Theorem 4.1.1).

4.5 Singular Points

In our study of concavity of the function o we introduced the concepts of regular
and singular points. In the present section we study the existence and structure of
the regular and singular sets. It is almost immediate from the definitions that the
interior of a simplex consists of regular points only. At the other extreme, the main
result of this section asserts that, in a symmetric convex body, all interior points are
singular.
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Another purpose of this section is to give a variety of explicitly worked out
examples; in particular, to show that the converse of this result is false, that is, there
exist non-symmetric convex bodies all of whose interior points are singular.

We begin with a refinement of our discussion on singular points of the previous
section.

LetC € ‘B. First note that, by sub-arithmeticity in (4.1.3) and (4.4.10), the regular
set is given by

R = %06 intC

0(0) <0,-1(0) + 4.5.1)

1
m(0) + 1 } ’
In particular, due to continuity of the functions in the defining inequality, openness
of R (established in the previous section) follows directly.
For 1 < m < n, we define

Sy = {0 € intC|o(0) =0,-,(0) +

m
m(O)—i—l}'

By (4.4.10) again, S = §; = intC\ R is the singular set, and, by sub-arithmeticity
in (4.1.3), we have

Spt1C Sy m=1,...,n—2.

Let O € S be a singular point. We define the degree of singularity of O as the
largest m such that O € S,,. Thus, the degree of singularity of O is n—k if and only if
the sequence {0 ;(0)};> is arithmetic (with difference 1/(m(0) + 1)) exactly from
the kth term onwards.

The next proposition follows from the definitions:

Proposition 4.5.1. Let O € S be a singular point. Then, O € S,—, 1 <k < n, if
and only if there exists a minimal n-configuration which contains a k-configuration.
In this case, the k-configuration is also minimal, and, at each n-configuration point
complementary to the k-configuration, A(., O) attains its absolute maximum m(0O).
In addition, if the degree of singularity is n — k (equivalently, O € S,—+1), then the
k-configuration is simplicial in the sense that its convex hull is a k-simplex with O in
its relative interior, and A(., O), restricted to the affine span of this simplex, attains
local maxima at each k-configuration point.

Remark. The degree of singularity of a singular point O € S cannot exceed the
codimension of a simplicial slice across O. Indeed, if O € S,,, 1 < m < n, and
there is an m’-dimensional simplicial slice across O, then o ,/(0) = 1. Using sub-
arithmeticity in (4.1.3), we have

n—m n—m

<0p-m(0)+ mO) +1 1+ m(0) + 1’

= 0(0) <0 (0)+

1+ m m
m(0) + 1 m(0) + 1

Thus, m < n — m’ follows.



4.5 Singular Points 185

Returning to the general setting, recall from Theorem 4.1.1 that, for O € intC,
we have

n—+1

1 < 0) < ,
<0(0) = 5

with the lower bound attained for a simplex, and the upper bound attained for a
symmetric body (with center of symmetry at O).

According to our next theorem, these two bounds also correspond to the two
extreme cases in which the entire interior of C is the regular or singular set.

Theorem 4.5.2. LetC € B and O € intC. If6(0) = 1 then C is a simplex and the
interior of C consists of regular points only. If 6 (O) = (n+1)/2 then C is symmetric
with respect to O and the interior of C consists of singular points only.

Proof. 1Tt is clear that the interior of a simplex consists of regular points only with
unique minimal configuration comprised of the vertices of the simplex. Thus, we
need to prove the last statement only.

Let C be a symmetric convex body with center of symmetry at Oy € intC. Then
the distortion ratio A(., Op) = 1 identically on dC. Clearly, any configuration for Oy
is minimal so that Oy is a singular point.

Let O € intC, O # Oy, be another point. Assume that O is regular. In what
follows, the antipodal of a point C € dC will be denoted by C°. Let {Cy, ..., C,} €
€(0) be a minimal configuration. By assumption, [Cy, ..., C,] is an n-simplex with
O in its interior. At each vertex C;, i = 0,...,n, A(., O) attains a local maximum
and therefore [C;, C?] is an affine diameter (Corollary 2.2.2). Let H; and H{ be

0

parallel hyperplanes supporting C at C; and C7,i = 0,...,n.

Let A be the intersection of the ray emanating from O and passing through Oy
with the boundary. We claim that [A, C;] C H; N dC provided that C; ¢ (O, Op).

For simplicity, we suppress the subscript, assume that A(., O) assumes a local
maximum at the boundary point C ¢ (O, Op) of a minimal configuration, and the
affine diameter [C, C] has parallel hyperplanes H and H° at its endpoints. Let C{ €
dC be the antipodal of C with respect to Oy. By symmetry at Oy, the hyperplane
parallel to H passing through Cj must support C. Hence, it must coincide with 1.
We obtain that [C°, C§] C H’ N dC.

We now define a sequence of points {A;};>1 C dC as follows. Let A; be the
antipodal of C” with respect to Op. With A; defined, let A;4, be the antipodal of A7
with respect to Oy. (See Figure 4.5.1.)

We claim that [A;, C] C HNdC,j > 1.

First, since [C?, C§] C H° N dC, taking antipodals with respect to O, we obtain
[A], C] € H N dC. For the general induction step, assume that, for some j > 1, we
have [A;, C] C HNOC. Consider a point C" moving continuously from C to A; along
the line segment [A;, C]. Since #H and H are parallel, we have

A(C,0) = A(C,0). 4.5.2)
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H

Fig. 4.5.1

Hence, for every specific C’ we can replace C(= C;) by C’ in the configuration
{Co,...,C,} as long as the configuration condition O € [Cy,...,C,] stays intact.
In this case, by minimality, we also have A(C’,0) = A(C, O). We now observe
that this replacement does keep the configuration condition intact for any C” since
otherwise for some specific C’ we would get a modified minimal configuration with
O on the boundary of its convex hull, contradicting to the regularity of O.

We obtain that the distortion ratio A(., O) is constant along [A;, C], or equiva-
lently, [A?, C°] is parallel to [A;, C]. This means that

[A?, €] € H® N dC.

Reflecting [A7, C°] to the center of symmetry O, we see that [A;41,A;] C H N IC.
Since the entire construction takes place in the plane (O, Oy, C), we see that the
points C, A, Aj4; are collinear and [Aj4, C] C H N dC. The claim follows.

The sequence {A;};>1 converges to A. (In fact, an elementary computation shows
that the sequence {d(A;,A)};>1 of distances is geometric.)

Taking the limit, we obtain [A, C] C H N dC. As in the proof, we can replace C
by A in the minimal configuration as long as C ¢ (O, Oy).

Finally, since the configuration {Cy, ..., C,} is simplicial, it must have at least
two configuration points away from the line (O, Op). Replacing these two points
with A we obtain a minimal configuration whose convex hull is not a simplex. This
contradicts to the regularity of O. The theorem follows.

Remark. Theorem 4.5.2, along with its proof, is taken from [Toth 9]. A different
proof is outlined in Problem 8.

As the continuation of Example 4.4.4, we now use Theorem 4.5.2 just proved to
determine the degrees of singularity of points in the interior of the cube.
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Example 4.5.3. LetC = C, = [—1,1]" C R", n > 3, be the n-dimensional cube
in standard position. By Theorem 4.5.2, the entire interior of C consists of singular
points: S = intC. We are interested in determining the degrees of singularity.

First, for the origin 0, the centroid of C,, we have 0(0) = (n + 1)/2 with
m(0) = 1 sothat 0 € S,—;. Thus, O is a singular point of degree n — 1.

Let C° C C denote the dual of C viewed as the inscribed cross-polytope with
vertices being the centroids of the (n — 1)-cells on dC. Clearly, through any point
O € intC\intC? in the complement of the interior of C° there passes a codimension
one simplicial slice (say, parallel to one of the vertex figures). By Theorem 4.1.1,
we have 0,1 (0) = 1. Since O is a singular point, we then have o (0) = ¢,(0) =
1+ 1/(m(0) + 1). Since 6,—1(0) = 6,-2(0) = ... = 61(0) = 1, the degree of
singularity of O is 1.

It remains to study the degree of singularity for points in the interior of the cross-
polytope C°. For simplicity, we will do this only for n = 3.

We claim that the set of degree 2 singular points A is the intersection of the three
coordinate axes with the interior of C. The rest of the interior is comprised by degree
1 singular points.

By symmetry, we may restrict O to the fundamental tetrahedron 7 = [0, V, E, F],
where V. = (1,1,1) is a vertex, E = (0,1, 1) is the midpoint of an edge, and
F = (0,1,0) is the midpoint of a face. We then let O = O, . = aV + bE + cF,
where 0 < a,b,c < landa + b + ¢ < 1. An easy calculation gives

l+a+b+c

m(Ou.b,C) = l—a—b—c’

(4.5.3)
By the above, we need to consider points in the intersection 7o = 7 N C? only. This
is another tetrahedron cut out from 7 by the plane extension of the Vertex figure
that has normal vector V and passes through the point V /3. (See Figure 4.5.2.)

L ER —7

Vi3

To

Fig. 4.5.2
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Since this plane can also be written as the affine span (V/3,E/2,F), the
restriction O, € 7o amounts to 0 < 3a + 2b + ¢ < 1.

We now consider a specific plane intersection C, ;. of C by a plane that passes
through O, 5 and the vertices A = (1,1,—1) and B = (1,1, 1).

For 3a + 2b + ¢ = 1, C,p. is the vertex figure considered above. For
3a 4+ 2b + ¢ < 1, Cyp. is a symmetric trapezoid (which, fora = b = ¢ = 0,
becomes a rectangle). As computation shows, we have Cyp. = [A, B, Paper Quib.cl,
where

5 4b + 2c — 1 5 4b 4+ 2¢c —1
Pupe = (_1’ 1 %) and  Qup. = (_1’ ‘H_IA’ 1) )
—a —a

Now, a somewhat more tedious computation shows that

3—3a—-2b—c

5 4.5.4)

acll.b,(' (Ou.b,L') =

(In fact, O,p. is a regular point of C,;. with a minimizing configuration
{A’B7 P(l,b.C}')
We now compute

1
me(Oupe) +1
1
me(Ogpe) + 1
- 4a + 3b + 2c
2

0¢(Oupe) < 0¢2(0gp) +

IA

OCipe (Oa,b,c) +

where we used (4.1.3), (4.1.4) and (4.5.3), (4.5.4).
On the other hand, assume that O,,, € S,. (We already know from Theo-
rem 4.5.2 that O, € S = S).) By definition, we have

o Oa c) = I+ —
( o ) m(oa,b.c) +1

=2—-—a—b—c.

Comparing these two computations, we get a = b = 0, the defining equality for A.
We obtain

0eS, C A

Finally, due to the symmetric position of A relative to the parallel pairs of faces,
it is easy to see that every point in A is singular of degree 2. (In fact, the points of
any configuration can be continuously moved to antipodal position with increasing
distortion.) Thus S, = A.
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Continuing our study of the singular set, a natural question to ask is whether the
converse of the second statement of Theorem 4.5.2 is true: If the interior of a convex
body C consists of singular points only, is then C symmetric?

This is true for n = 2 and false for n > 3. First, we will give two
simple (albeit computational) three-dimensional counter-examples, both simplicial
in codimension 1 (Section 4.4).

In determining the regular set of a given convex body we can restrict ourselves
to minimal configurations consisting of extremal points only (Section 1.2). This is
the content of the following:

Proposition 4.5.4. Let C € *B. If O is a regular point of C then there exists a

minimal configuration {Cy, ..., C,} € €(O) consisting of extremal points.
Proof. Let {Cy,...,C,} € €(0) be a minimal configuration. Since O is a regular
point, by definition, [Cy,...,C,] is an n-simplex containing O in its interior.

Consequently, the distortion ratio A(., O) attains a relative maximum at each C;,
i=0,...,n.

Suppressing the index for simplicity, assume that a configuration point C is not an
extremal point. Then C is a k-flat point for some k& > 0 having a (unique) supporting
maximal k-dimensional flat A¢ (with C being in the (relative) interior of the convex
body dC N Ac¢ in A¢). (See Section 2.2 as well as the proof of Corollary 2.2.3.)

Since A(., O) attains a relative maximum at C, by Proposition 2.2.1, the antipodal
point C° is [-flat, [ > k, and A is parallel to Aco.

Choose a point C’ on the boundary of the convex body dC N A¢ in A. Then,
C’ is a lower dimensional flat point than C. Since Ac is parallel to Aco, A(., O)
is constant on [C, C']. Moving C toward C’ and replacing C with the moved point,
the configuration condition O € [Cy, ..., C,] stays intact since O is a regular point.
Thus, replacing C by C’ in the configuration, we arrive at a minimal configuration
with C’ being a lower dimensional flat point than C.

Proceeding inductively, we can replace C with and extremal point without alter-
ing minimality. Finally, performing this on all configuration points, the proposition
follows.

Example 4.5.5. Let C = C4+ U C_ be the double of two regular tetrahedra Cy =
[Co, C1,Cr,C4] C X, n =dimX = 3. We claim that S = intC.

By symmetry, we may assume that O € intCNC4, and write O = O; = (1 — 1)
Op+AC4,where0 < A < 1and Oy € int[Cy, C;, C;]. By symmetry again, we may
also assume that O}, is in the fundamental tetrahedron 7 = [Cy, (Co+ C1)/2, (Co +
Ci + C,)/3,C4]. (See Figure 4.5.3.)

For computational convenience we may assume that (Cy + C; + C,)/3 is the
origin. Then the restriction O = O, € T amounts to Oy = OS’b = aCy + b(Cy +
C1)/2, where a,b > 0 and a + b < 1. To show this latter dependency, we also write
0=0;= Of{’b. Since R is open, to prove that S = intC, it is enough to show that
OK”’ € SforA>0anda,b> 0.
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C

Fig. 4.5.3

Assume, on the contrary, that Oi'b is a regular point. Consider a minimal
configuration. By Proposition 4.5.4, we may assume that the configuration points
are extremal points, in our case, vertices of C.

Due to the position of O;”b, for the minimal configuration, we have only two
choices:

{C(), Cy, Gy, C+} or {Co, C,C_, C+}.

We first rule out the second case. Indeed, parametrize the line segment [C,, C_] by
C(t)=(1—-1Cy+1tC_,0 <t < 1. Then a brief computation gives

- —2 A
AC@), 0%y = 2 t(;L_(lk) i )_(‘;tl;);r . (4.5.5)

This shows that the distortion decreases from C, to C—. This rules out the second
choice.

We conclude that {Cy, C;, C,, C4+} is the unique minimal configuration for the
regular point O = Oi'b. By regularity, we have

2 1 1 1

1 .
+ m(0) + 1

0) = < 45.6
(0 ;A(ci,0)+1+/\(c+,0)+1 (4.5.6)
We calculate these terms as follows. First, A(C;, 0) = Ac(Ci, 0) = Ac, (C;i,0),
i =0,1,2, and since C is a simplex, we have

2 1 1

oc, (0) = + =
C+( ) ;I\(Cl,o)_}_l AC+(C+’0)+1
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On the other hand, we clearly have Ac, (C4+,0) = (1 — A)/A. Using this, we find
that the first sum on the left-hand side of the inequality in (4.5.6) is equal to 1 — A.

To calculate A(C4+,0) = Ac(C4, O), we write the antipodal of Cy as C% =
(1 — s)C+ + sOq, with s > 1. Since this antipodal is on the face [Cy, C1, C_],
using regularity of the participating simplices C4, a simple computation gives s =
2/(a + b + 1). Thus, we have

1-A 1—-A

A(C+’0)=s—(1—x)= —a-x

. 4.5.7)
a+b+1

With this, the left-hand side of the inequality in (4.5.6) is calculated. To determine
the right-hand side in (4.5.6), we first note that maximum distortion of A(., O),
0= Oi'b, occurs at a vertex (Corollary 2.2.3). A simple comparison gives that this
vertex is C,. (See Figure 4.5.3 again.) The distortion ratio at C, has already been
calculated in (4.5.5) (t = 0), so that we obtain

3

m(0) = m(05") = =0 =a=5 1.

(4.5.8)

Substituting all the ingredients in (4.5.7), (4.5.8) back to (4.5.6), a simple
computation reduces this inequality to 1 < a + b. This is a contradiction. We
conclude that O cannot be a regular point. Thus, intC = S follows.

Now, since every interior point is singular, in summary, we obtain

(1—2)(1—a—b)

b
O'(Oi’b) =1+ , Oi,b =(1 —A) (chi + E(Cl + C/)) +ACx,

where i,j = 0, 1,2, i # j, and the centroid of C is at the origin.

In conclusion, we also see that m* = infy, ¢ m(O0) = 2 attained only forA = a =
b = 0. This point, making up the critical set C*, is the centroid of C. In particular,
as dimC* = 0, and, in Klee’s estimate (2.4.1), sharp inequality holds.

Finally, we also see that o is a concave function which is linear along line seg-
ments emanating from the centroid. The measure of symmetry 6* = maxyco =
4/3 is attained at the centroid.

Our second example is the continuation of Example 2.4.3 (and uses the notation
there):

Example 4.5.6. Let C = [A~, A™] be the vertical cylinder of height # > 0 on an
equilateral triangle A = [C}, C5, C3] C R, where A* = [CE, CF, Cf], ¢ =
(C;, £h/2),i = 1,2,3. As usual, for computational convenience, we assume that
the centroid is at the origin.

In Example 2.4.3, we showed that C* = [0~, O], where OF = (0,0, £4/6),
the middle third of the vertical axis.

We claim that all interior points of C are singular.
Assume, on the contrary, that there is a regular point O € intC. As in the previous
example, by Proposition 4.5.4, there exists a minimal configuration consisting
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of extremal points (vertices) of C. Up to symmetries of C, we then have two
possibilities for this configuration:

{C;.Cy,Cy,Cf} or {Cr.Cy,.CF.cih.

(See Figure 4.5.4.)

A* .
C11+ [/- C%
o
O+
]\42 //_ (Aj
M, f M,
4
0,
Cr C;
c. o~
Fig. 4.5.4

Casel.O € [C], (5, (5, C;r ] N intC. Since O is regular, C;r can be moved freely
on AT with the configuration condition staying intact. The corresponding distortion
ratio either stays constant or increases when the ray emanating from this moved
point through O intersects one of the sides of C. Since the configuration is minimal,
the latter cannot happen. Thus, we must have

3
0e(Cr.C7.C5.CH =[CT.C7.C5.07].

i=1

Finally, in this case we can raise the configuration points Ci, C;, and C5 along
the vertical edges to the level of O without changing the distortions and obtain a
singular configuration. This contradicts to the regularity of O.

Case II. O € [C].C;, C;' , C;‘ ] N intC. The middle section A intersects the
tetrahedron [C| , C5, C;' , C;' ] in a square whose vertices are the midpoints My, M>,
M; of the three sides of C and the midpoint M, of the vertical edge [C; , C; ]. (See
again Figure 4.5.4.) By symmetry, without loss of generality, we may assume that
O is in the lower polyhedron [M, M>, M3, M4, C{, C5].

If O € [M,M3,M,,Cy, C;] then we can move C3+ to C5 along their vertical
line segment without changing the distortion ratio, and arriving at Case 1.
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Thus, we may assume that O is in the tetrahedron [M;, M,, M3, C;]. We can
now move C5 to C, along their vertical line segment, and get a contradiction to
regularity.

Thus, the claim follows in both cases.

Since all interior points are singular, by definition, we have 0 = 6,4+ 1/(m+ 1)
identically on intC. In addition, C is simplicial of codimension 1 so that 0, = 1
holds identically on int C. Combining these, we obtain

1
=1+ —--. 459
? + m-+1 ( )

Actually, the maximum distortion m : intC — R (and thereby o) can be
determined explicitly as follows. By symmetry, we may restrict ourselves to the
fundamental cylinder 7 = Ty x [0, h/2], where Ty = [Cy, (C; + C2)/2,0] C A.
(See Figure 4.5.5.)

. o
Cl A 3
2
T\/\ I
a,b
Cl >O A C'3 O;L
To— CHONA
2 C, ~JEx0
o
C A o 00
CQ_
Fig. 4.5.5

Given O € intCN7T,weset O = Oi’b € Tox{A(h/2)},0 < A < 1, with vertical
projection to 7 as Og’b =aC; +b(C; + C2)/2,a,b>0,a+ b < 1.
With this, we have

1+ A 24a+b 1+ A
a,by __ a,b —
m(0) )—max(mA(O0 )’—l—k) max(—l—a—b’—l—k)' (4.5.10)

To show this we first note that maximum distortion occurs at an extremal point
(Corollary 2.2.3), which then must be one of the vertices C;, i = 1,2,3. If the
antipodal of C; with respect to OX’}’ is contained in one of the three sides of C in
dA x[—h/2,h/2] then A(C;, OZ'b ) = Aa(Ci, O4?). 1f the antipodal is contained in
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AT then A(C7, O’i’b) = (1 4+ A)/(1 — 1), the latter corresponding to the distortion
ratio of the vertical chord of C through OZ"’. Thus, the first equality in (4.5.10)
follows.

Now, by elementary calculation, we have

24a+b

ma(0) = T

’

and the second equality in (4.5.10) follows.
Substituting (4.5.10) to (4.5.9), we arrive at the formula

l—a—b 1-2
o (0" =1+ min| ——, —= ).
(@) = 14 min (=52 220
The following transparent picture emerges: ¢ attains its maximum o* = 4/3
along the critical set C* = [0, OT]. In addition, ¢ is linear along line segments
connecting points in C* with the side dA x[—h/2, h/2] and also along line segments
from OF to A*.

Remark. 1t is not known whether o, is constant on the critical set of the convex
body, in general. By Theorem 4.2.3, this is true for the dual Minkowski measure o°¢.

Interestingly and in contrast to the examples just discussed, the converse of the
second statement of Theorem 4.5.2 is affirmative in dimension 2:

Proposition 4.5.7. Let C be a planar convex body (n = 2). Then the interior of C
consists of singular points if and only if C is symmetric (with respect to its single
critical point O*, C* = {O*}).

We will prove this in the next section.

4.6 Regular Points and the Critical Set

The examples in the previous section were simple because all the interior points of
the convex body were singular. In the present section we consider more complex
cases when both regular and singular points may be present in the interior of the
convex body.

The first natural question about regular points is the converse of the first statement
of Theorem 4.5.2: If the interior of a convex body C consists of regular points only,
is then C a simplex?

As opposed to the case of singular points, an affirmative answer can be given
under mild conditions as follows:

Theorem 4.6.1. Let C € B with all its interior points regular. Assume that one of
the following conditions hold:
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(I) There is a flat point on 0C, that is a point C € dC with a hyperplane H C X
supporting C such that C is contained in the (non-empty) relative interior of
ICNHinH.

(II) C has (at least) n isolated extremal points (isolated points in the extremal set
Ch c aC).
Then C is a simplex.

Theorem 4.6.1 can clearly be rephrased as a statement on existence of singular
points for non-simplicial convex bodies. It is an open question whether the theorem
is true without any conditions.

The proof of Theorem 4.6.1 is long and technical, and will be deferred to the next
section.

In the present section we explore the connection among the regular set R (and
thereby the singular set S), the Minkowski measure m*, and the critical set C*. We
begin with the question of existence of regular points. The next result relies heavily
on Klee’s analysis of the critical set (Section 2.4):

Theorem 4.6.2. Let C € B and assume that m* > n — 1 holds. Then the critical
set C* consists of a single regular point O* € R and

n+1

o) = .
o(07) m* 4+ 1

4.6.1)

Proof. By Corollary 2.4.13, the assumption implies that C* = {O*} and O* €
int [M*] with (M*) = X, where M* = M(0*) = {C € dC| A(C,O0*) = m*}.
Hence there exists a configuration {Cy,...,C,} € €(0*) contained in M*. (The
fact that no more than n + 1 points are needed follows from Carathéodory’s theorem
in Section 1.3.) Since C; € M™* we have A(C;,0*) = m*,i = 0,...,n, and the
definition of o gives

n

1 n+1
o (0 < = .
( )_;A(C,»,O*)+l m* + 1

The opposite inequality is the obvious lower estimate for o in (4.1.8). Thus, (4.6.1)
follows.

It remains to show regularity of O*. Using (4.6.1) already proved and our
condition m* > n — 1, we estimate

n 1
0*) = 1 <o,.1(0* )
(09 m*+l+m*+1< +m*+1_a 1 )+m*+l

Regularity of O* follows by (4.5.1).

Remark 1. Since the regular set R is open, Theorem 4.6.2 implies that, if m* > n—1
then an open neighborhood of O* belongs to R. In Example 4.6.14 below, we will
construct a sequence {Cy,}n>2> of three-dimensional cones converging to a circular
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cone such that C;, = {0}, }, O;, € Re,,,m > 2, and d(0,,, Sc,) — Oand mg — 2
as m — oo. This indicates that, for a possible a priori lower bound on this open
neighborhood, one should assume m* > € + n — 1, for some € > 0.

Remark 2. Theorem 4.6.2 immediately implies Proposition 4.5.7 stated at the end
of the previous section. In fact, if the interior of a convex body C consists of singular
points only, then, by what we just proved, (1 <) m* < n — 1. This, for n = 2, gives
m* = 1. Symmetry of C follows.

Remark 3. Examples 4.5.5 and 4.5.6 show that the inequality m* > n — 1 in
Theorem 4.6.2 is sharp in the sense that there are convex bodies with m* = n — 1
and no regular points.

Example 4.6.3. We briefly revisit the unit half-disk
C={(y) eR ¥+ <1 y=0}

of Example 3.4.1. As noted there, m* = +/2 with the (unique) critical point at
0* = (0,2 — 1), {0*} = C*, and centroid g(C) = (0,4 /37), different from O*.
By Theorem 4.6.2, O* is a regular point with o (0*) = 3/(+/2 + 1).

We now claim that R = int A, where A = [Cy, C—, C+] with Cy = (0, 1) and
Cy = (£1,0).

This can be seen as follows. Given (a,b) € intC, there may be at most three
affine diameters passing through (a, b), those that also pass through Cy, C—, and C..
(See Figure 4.6.1.)

(a,b)

C ocCy C,

Fig. 4.6.1

Since, at a regular point, there must be at least three, this immediately implies
that the complement int C \ A must belong to the singular set: R C int A.

For the opposite inclusion, we let (a, b) € int A. By (4.5.1), for (a,b) € R, itis
enough to show that
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1 1 1 1

AGo @) +1 T AL @ +1 T A @ +1 - T @ e 12)

since the left-hand side is > o(a,b). Once we have this, the existence and
uniqueness of the three affine diameters through (a, b) imply that {Cy, C—, C4+} €
&(a, b) is a minimal configuration so that the left-hand side is actually equal to
ol(a,b).

(By )symmetry, we may assume that @ > 0. Then, by simple comparison, we have
m(a, b) = max(A(Co, (a,b)), A(C—, (a,b))). In addition, extending the respective
chords to horizontal and vertical lines through Cy and C+, we obtain

1 1 1 1
ACo @b +1 A @ +1 ™A e+t Tach @1 -

1.

With these (4.6.2), and hence R = intC follows.
As a byproduct, a simple computation of the left-hand side in (4.6.2) gives the
explicit formula

@.5) ==V | pif (a,b) € intA 463
ola, = 2 . . .0.
1+ lz(l“j_‘ubl)z if (a,b) ¢ int A

Finally, note that 0* = max;, ¢ 6 = 5/4 is attained at (0, 1/2), yet another point
distinct from O* = (0, +/2 — 1) and g(C) = (0,4/37n).

Returning to the main line, recall from Section 4.4 that C € ‘B is simplicial in
codimension k£, 0 < k < n if C has an (n — k)-dimensional simplicial slice across
any interior point, or equivalently, if o ,—; = 1 identically on the interior of C.

For a codimension k simplicial convex body there is a simple interplay between
the Minkowski measure, the critical set, and the set of degree > k singular points:

Proposition 4.6.4. Let C € ‘B be a codimension k simplicial convex body,
1 <k < n. Then m* > n — k and equality holds if and only if C* C &.

Proof. By sub-arithmeticity in (4.1.3) and (4.1.8), we have

n—+1 k k
<0(0*) < 0,_4(0* =1 , O*ecC”. 4.6.4
w1 =00 =00+ o = T @64

Comparing the two sides, we obtain m* > n — k. We have m* = n — k if and only
if equality holds everywhere in (4.6.4). By definition, this means that C* C ;.

We now briefly revisit our study of the concavity properties of o'

Proposition 4.6.5. Let C € B be a codimension k simplicial convex body,
1 <k<n Let O € S and choose C € dC such that A(., O) assumes its global
maximum at C. Then o |[O, C°) is concave if and only if [0, C°) C ;. In this case
o is linear on [0, C?).



198 4 Mean Minkowski Measures

Remark. Note that in the two propositions above Sy = @. (See the remark after
Proposition 4.5.1.)

Before the proof of Proposition 4.6.5 we develop a useful comparison formula.
LetC € Band O € intC.For C,C’' € dC, C' # C,C° welet Kco = (0, C,C).
By assumption, ¢ ¢ is an affine plane in X'. Within K¢ v we let G¢ ¢ be the closed
half-plane which contains C’ and has boundary line (O, C). Taking antipodals, we
also have the closed half-plane G¢o o Which contains C° and has boundary line
(0,C") = (0, C’"). We now define

Cecr = Ge.or N Geroco N intC.

Clearly, C_c,c/ is a convex body in G¢  with boundary consisting of the line
segments [0, C'], [0, C°] and a boundary arc of C N G¢ . (See Figure 4.6.2.)

Fig. 4.6.2

Clearly Cc.cr = Ccro cv, and, for fixed C € dC, we have

ﬂ Cec =10,C7).
Credc.C'#C, co

With these, we now state the following Comparison Lemma:

Lemma 4.6.6. LetC € B and O € intC. Let C,C' € dC, C' # C, C°, and assume
that

A(C,0) > A(C, 0). (4.6.5)
Then, for O' € Cc cr, we have
A(C,0)) > A(C, 0)). (4.6.6)

Moreover, sharp inequality in (4.6.5) implies sharp inequality in (4.6.6).
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Proof. Consider the ray p emanating from C and passing through C’, and the ray p°
emanating from C’° and passing through C°.

First, assume that sharp inequality holds in (4.6.5). This means that p and p’
intersect at a point P. By convexity of C, we have

CC,C/ C [C/, 0, Co, P].

Let O' € Cc, and let B and B’ be the antipodals of C and C’ with respect to
O'. Consider the ray p’ emanating from B’ and passing through B, and the ray p”
emanating from B and passing through B’. Along the boundary dC N C¢ ¢, the point
B follows C? in the same direction as B’ follows C”. (See Figure 4.6.3.)

Fig. 4.6.3

Therefore, by convexity of C, p” intersects p°. Since p’ U p” = (B, B}, p’ must
intersect p. The sharp inequality in (4.6.6) follows.

If equality holds in (4.6.5) then p and p’ are parallel, and the proof can be adjusted
accordingly.

An immediate consequence is the following:

Corollary 4.6.7. Let C € *B and O € intC. Assume that A(., O) attains its local
(global) maximum at C € 9C. Then, for any O’ € [0, C°), A(., Q') also attains its
local (global) maximum at C.

Proof of Proposition 4.6.5. Parametrize the line segment [O, C°] as
A0, =(0-1)O0+AC°, 0<A<I.

Consider the function A — 0(0;,), A € [0, 1). Sub-arithmeticity in (4.1.3) and
0, = 1give
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k

c(O0)) <1+ ——-or,
(©On) = m(0;) + 1

0<A<l. (4.6.7)

By Corollary 4.6.7, if the distortion A(., O) attains its global maximum m(O) at
C € dC then, foreach 0 < A < 1, A(., Oy) also attains its global maximum m(0;)
at C. Hence (4.6.7) rewrites as

k

O =1+ ACOTT

1+(1-2) 0<Ai<l. (468)

AC, 00 +1

By assumption, O = Oy is a singular point of degree k, so that, at A = 0, equality
holds in (4.6.8). On the other hand, by Theorem 4.4.1, the left-hand side in (4.6.8)
is continuous in A € [0, 1) and extends continuously to A = 1 with value equal to
1. Hence, equality holds in (4.6.8) also for A = 1. Thus, if A — a (., O;) is concave
for A € [0, 1] then it must be linear, and equality must hold in (4.6.8) everywhere.
This means that [0, C?) C &;.

The converse follows from the fact that the function 1/(m+ 1) is always concave
in the interior of C (Theorem 2.1.2). The proposition follows.

We derive several applications of Proposition 4.6.5. First, k = n — 1 gives the
following:

Corollary 4.6.8. Assume that C € B is symmetric. If C has a simplicial intersection
of dimension > 2 then o is not concave in intC.

Proof. For the center of symmetry, we have O € S,—. Therefore, Proposition 4.6.5
applies for k = n — 1 (and for any C € dC since A(.,0) = m(0) = 1).

Let O’ € intC, and assume that C has a simplicial intersection of dimension > 2
across O'. Let {(0,0') NC = [C, C°] such that O € [0, C]. Since O’ € [0, C°), if ¢
were concave we would have O’ € S,_;. By the remark after Proposition 4.5.1, the
degree of singularity (n — 1) of O’ cannot exceed the codimension of a simplicial
slice across O'. This is a contradiction, and the corollary follows.

Remark. Corollary 4.6.8 is a substantial generalization of the observation that for
the n-dimensional cube, n > 3, the function o is not concave (Example 4.4.4).

Since ¢ is concave for codimension 1 simplicial convex bodies (Theorem 4.4.10),
for k = 1, Proposition 4.6.5 takes a particularly simple form as well as reveals
information about the topology of the singular set:

Corollary 4.6.9. Let C € ‘B be a codimension 1 simplicial convex body. Given
O € intC, forany C € M (0) = {C € dC| A(C,0) = m(0)}, the line segment
[0, C°) intersects R and S in single intervals (one of which may be empty). In
particular, S U 9C is path-connected.

Remark. As Example 4.6.3 shows, the singular set itself may be disconnected. The
first statement of Corollary 4.6.9 also implies that, along any topological (n — 1)-
sphere within R, its interior is also contained in R.
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We summarize our findings in dimension 2 as follows:

Corollary 4.6.10. Let C be a planar convex body. Then 1 < m* < 2. If m* = 1
then C is symmetric with all interior points singular. If 1 < m* < 2 then the regular
set R is non-empty and simply connected, and S U dC is connected. If m* = 2 then
C is a triangle with all interior points regular.

Next, we have an important example revealing a few subtleties of the structure of
the regular set R. We need a preparatory step:

Lemma 4.6.11. Let C be a planar convex body with a supporting line H which
has a non-trivial maximal line segment F = [Cy, C] = H N dC common with the
boundary of C. Assume that the second supporting line H° parallel to H contains
exactly one boundary point Cy. Then the set

T = {0 € int [C(), Cy, Cz] | A(C(), 0) < max(A(Cl, 0), A(Cz, 0))}

is contained in the regular set R.

Remark. Recall that a boundary point Cy with the property in the lemma is called
exposed (Section 2.1).

The set 7 has non-empty interior. Indeed, if M; € [Cy, C;] and M, € [Cy, C3]
are the midpoints of the respective line segments then

[C()’MI’MZ] N lnt [C07 Cly C2] C T

Proof of Lemma 4.6.11. Let O € T. We first claim that

m]a_}x A(., 0) = max(A(Cy, 0), A(C3, 0)). (4.6.9)

Let C} € [C§, C1]. Then, with obvious notations, we have
A(CY, 0) < Ajcy.cy.c5.c91(Cr, 0) < A(C1,0),

where the second inequality is because H° is parallel to H. (See Figure 4.6.4.)
Similarly, for C} € [C{, 5], we have A(C5, O) < A(C», O). The claim follows.
Let F° be the antipodal of F with respect to O € 7. Then F* is a (connected)

continuous curve on the boundary of C with endpoints C{ and C5.

Once again the existence of the supporting line 7{° to C at Cy, parallel to H implies

l’r]l'_?.”XA(., 0) = A(Cy, 0).
By the definition of 7, we thus have
max A(.,0) <max(A(Cy, 0), A(Cy, 0)). (4.6.10)

Equations (4.6.9)—(4.6.10) imply that the maximum m(O) of A(., O) is attained
on one of the two connected components of dC \ ([C, C2] U F°).
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<F>=H

Fig. 4.6.4

Without loss of generality, we may assume that the maximum is attained at a
point C which belongs to the component with endpoints C; and C5. Since O €
[Co. C1, C3] and (automatically) O € [Cy, C,, C3], by convexity, we also have O €
[Co, C, C5). (See Figure 4.6.5.)

Fig. 4.6.5

Thus, {Cy, C, C,} is a configuration for O. We have

1 1 I
C,0) < .
CO = TE T T AGOoOTl  mo 1
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To prove that O is a regular point, by (4.5.1), it is enough to show that

1 1

1, 46,11
AGo.O) +1  ACLO) +1 (4.6.11)

or equivalently

1 1
ANGLO +1 ACO+1

Again by the existence of the supporting line H° at Cy, non-strict inequality
certainly holds here. Finally, if A(C>, 0) = A(C}) then (Cy, C9) is parallel to H.
This means that C is not unique in dC N H?, contradicting to our assumption. The
lemma follows.

Example 4.6.12. Let P, = {p} C R?, p > 3, be a regular p-sided polygon which,
for simplicity, we assume to be inscribed in the unit circle. By the first statement of
Theorem 4.5.2, for p = 3, the interior of the triangle P5 consists of regular points
only. By the second statement of Theorem 4.5.2, for p = 2m even, the interior of
Pom = {2m} consists of singular points only.

In contrast, for p = 2m + 1, m > 2, odd, we now claim that the regular set of
Pam+1 = {2m + 1} is the interior of the star-polygon {%}

The frontispiece depicts the case m = 6. The union of the 13 shaded triangles is
the singular set.

It is interesting to note that the ratio of the areas of {%} and {2m + 1} tends
to 2/3 as m — oo whereas the limiting polygon is the unit disk 3 with no regular
points (Theorem 4.5.2 again). More specifically, in each polygon P, the open
central disk Bj/; of radius 1/3 is contained in the regular set R, whereas in the
limiting unit disk every point becomes singular.

As in Example 2.5.1, let

2wk . 2k
Vi=|cos| —— ) ,sin , k=0,...,2m,
2m + 1 2m+ 1

be the vertices of Py,,+1. Let O be any interior point of P,,,+; and assume that, for
somej=0,...,2m, [V, VJ"] is an affine diameter (passing through O). Comparing
supporting lines, we see that V;” must be in the opposite side to V;, that is, we have
V? € [Vitm, Vitm+1]. Thus, O must be contained in the triangle [V;, Vitm, Vigm+1].

The intersection of any three of these triangles (corresponding to three different
indices j = 0,...,2m) is contained in the star-polygon {zmmﬁ} Thus, any interior
point O of Py, complementary to this star-polygon must be singular.

It remains to show that the interior points of the star-polygon are regular. Let

Xi = Vi, Vinrt] O Vi1, Vit 1]
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where the indices are counted modulo 2m + 1. We now let Cy = Vi, C; = V44,
and C; = V4141 and apply Lemma 4.6.11. We obtain

T = [V, Xi. O] U [Vie, Xy 14, O].

The union of these for k = 0, ..., 2m is the star-polygon {%} and we are done.
Note that the critical set 5, ; = {0}, and we have

m*=m(0)=A(Vk,O)=sec( ),foranykzO,...,Zm.

2m+ 1

In a perfect match with Theorem 4.5.2, we obtain

o(0) =

sec (2mn+1) +1

To calculate the area Aj,+; of the singular set, the complement of the star-
polygon {Z%t1} in Py, 11, is elementary. A simple computation gives

A Qm + 1)si ( 2m ) 1 ( 2m )
mt1 = (2m sin T — cos ax]].
et 2m+ 1 ZCOS(%n)—l 2m + 1

The limit as m — oo is clearly 27/3.
The minimum distance of the singular set from the center is

1

1 —2cos (%n)

As m — o0, this decreases to 1/3. Thus, the regular set of P, 1 contains the open
disk with center at the origin and radius 1/3. In the limit, each point of this disk will
turn singular.

The example we just discussed will be the base of a cone constructed next.
Before, we need the following general fact:

Lemma 4.6.13. Let 1 < k < n and assume that O ¢ S,—. If {Cy, ..., C,} € €(0)
is a minimal configuration then, among the configuration points C;, i = 0,...,n,
there are at most k such that

k+1

A(C,-,O)fm—l

Remark. For k = 1, Lemma 4.6.13 asserts that, if O ¢ S, then, with the possible
exception of one configuration point, we have A(C;, O) > 1.
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The exceptional point cannot be avoided as can be seen by taking C a simplex
and O close to one of the vertices.

The condition O ¢ S,—; is also essential: If C is symmetric with center of
symmetry O then O € S,— and A(., O) is identically 1 on dC.

Proof of Lemma 4.6.13. The proof is by contradiction. Renumbering if necessary,
we may assume that, fori = 0, ..., k, we have A(C;, 0) < (k+1)/0(0)—1. Then

: 0,(0)

k
1
> = 0,(0).
;A(C,-,o)ﬁ _;k+1 x(0)

Let {By, ..., Bx} € €(0) be a minimal configuration, so that we have

k
1
7HO) = ; ABLO) + 1

We extend this to the n-configuration {By, . .., B, Ck+1, . . ., C,}. Using this and the
previous inequality, we have

k n n
1 1 1

St Y e = l0) Y

= A(B;,0) +1 Parwd A(C/‘, 0)+1 farsrd? A(C]’ 0)+1

. 1
E;WZG(O).

Since the extension is a configuration, equality holds here. Thus, O € S,—. This
contradicts to our assumption.

Example 4.6.14. Let Py,,41, m > 2, be as in the previous Example 4.6.12. Consider
acone Cy, = [Paus1. V] C R?, where Ve R\ R?. Let 0 = AV,0 < 1 < 1. (Note
that Oy = 0 is the center of P,,,41.) An easy application of Lemma 2.1.5 shows that

sec (=Z=) + A
A(Vi, 0;) = % k=0,...,2m. (4.6.12)
‘We claim that for
7 _m
A< M (4.6.13)

3

the point O, must be singular. Indeed, if O, were regular then three vertices
of Pyu+1 (and V) must contribute to a minimal configuration. By (4.6.13), the
distortion ratio in (4.6.12) on these vertices is < 2. This contradicts to Lemma 4.6.13
fork =2since O ¢ S = Sy, and 6, = 1 identically on intC,,,.
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We denote the right-hand side of (4.6.13) by A, so that 0,, = O,,, € S.

It is geometrically plausible that the point O, belongs to the critical set C) if
AV, 05) = A(V,0;,) = (1 —A)/A, forall k = 0,...,2m. (See Problem 6 at the
end of Chapter 2.) By (4.6.12), this happens for A = A% = 1/(sec(w/(2m+1))+2).
Letting O}, = O;x, we then have

1—1*
mém = m(O;) = A* m — sec (2mn+ 1) =+ 1

m

Since m* > 2, by Theorem 4.6.2, the critical set C; consists of the single regular
point O}, € R and we have

4

0f)y= ——— .
7 (On) SeC(ZmTiH)—i_z

Now, the crux is that the sequences {A,,},>2 and {1} },,>2 equiconverge to 1/3,
so thatd(O,,, 0;,) — 0as m — oo. We finally obtain d(C,,, S¢,) — Oandmg — 2
as m — oo.

4.7 A Characterization of the Simplex

In this section we will prove Theorem 4.6.1. The assumptions (I) and (II) are very
different and so are the respective proofs. Accordingly, we will split this section into
two parts.

Part I. We assume that C € B has a flat point on its boundary: O, € dC.

We first study the existence of regular points near Oy.

Lemma 4.7.1. Let C € B with a flat point Oy on its boundary. Let {O}i>1 C R
such that limy_, oo Oy = Oq. Denote by H, the unique hyperplane supporting C at
Oy. Then Cy = Ho N AC is an (n — 1)-simplex. In addition, if Cy = [Cy,...,C,]
then, for each 1 < i < n, there exist parallel hyperplanes H; and H supporting C
such that [Cy, ..., Ci,...,C,) C H;and C; € H..

Remark. According to Example 4.6.12, the regular polygon P41, m > 2, has no
sequence of regular points converging to a boundary flat point and, clearly, there are
no parallel supporting lines at the endpoints of any side.

As another example, the diagonals of a proper trapezoid C split the trapezoid into
four triangles, and the regular set is the interior of the triangle with one side being
the longer parallel side. Hence, a flat point on this longer side can be approximated
by regular points, while the flat points on the other sides cannot be. This is also
confirmed by the lemma above as parallel supporting hyperplanes exist at the
endpoints of the longer parallel side but not at the endpoints of the shorter side.
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Proof of Lemma 4.7.1. For each k > 1, the point Oy, is regular so that there exists a
minimal simplicial configuration {Coy, . .., C,x} € €(Ox). Using Proposition 4.5.4,
without loss of generality, we may assume that the configuration points Cjy,
0 <i<n, k> 1, are all extremal points of C.

Moreover, by compactness, selecting a subsequence if necessary we may also
assume that, for each 0 < i < n, we have C;;, — C; € dC as k — oo.

Our present aim is to find the possible location of each limit point C; € dC,
0 < i < n. Clearly, C; cannot be in the relative interior of Cy since all configuration
points are extremal points.

First, we consider the case when C; ¢ Cj.

Since Oy is in the relative interior of Cy, for k large, the antipodal Cl”i of C;; with
respect to Oy must be in the relative interior of Cy. For any of these, H) is the unique
supporting hyperplane of C at Cf’fc Since Oy is a regular point, the chord [Ci, CID’,‘(
is an affine diameter. Hence, by definition, there exists a hyperplane H;, supporting
C at C; and parallel to H. Clearly, #;, depends only on H, and C.

There cannot be any additional point C; ¢ Co, 0 <j # i < n.

In fact, if C;, C; ¢ Co then, by what was said above, for k large, the points C;
and C; are both in H;. We then slide C; to C; along the line segment connecting
them and obtain contradiction to regularity of O.

More precisely, we consider the 1-parameter family of multi-sets

IH{COJG»Cl,ka»6j,\k5(1_t)cl,k+tclkvvcnk}v OStE 1

Since Hy and H;, are parallel, A(., Ox) evaluated on this 1-parameter family does
not depend on ¢. The configuration condition that O is in the respective convex hull
is valid at t = 0. Let 0 < #p < 1 be the last parameter for which the configuration
condition holds. If #p < 1 then the configuration at #y is minimal but not simplicial
(as the latter is an open condition), a contradiction to regularity of Oy. Therefore
to = 1. But then the once again minimal configuration has the point C;; listed
twice, also a contradiction to regularity.

Thus, we obtain that there may be at most one C;, 0 < i < n, with C; ¢ C,.
If there is one, renumbering if necessary, we may assume this to be Cy, and let
I ={1,...,n}; otherwise, we let I = {0,...,n}. We will show below that this latter
case cannot happen.

With this we have C; € dC,, i € I. By continuity of the distortion ratio, we have
Ac(Cix, Or) = Acy(Ci, Op) as k — oo. (In the exceptional case of Cp, we have
A(Co, Or) = 00, as k — 00.)

Since the configurations are minimal, we obtain

- 1 1
so)=y ——— >N~ —1, as k— oo,
©0) Z 1+ Ac(Cix. O) Z 1+ Ac,(Ci, Og)

i=0 iel
(4.7.1)
where the last equality is because of Theorem 4.4.1. (See the limit in (4.4.4).) From
the study of the possible exceptional point, it is clear that {C;};e; is a configuration
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for Oy in Cy. Since Cy is (n — 1)-dimensional, by Theorem 4.1.1, the only way the
last equality in (4.7.1) can hold is that I = {1,...,n} and Cy is an (n — 1)-simplex
with vertices Cq, ..., C,. The first statement of the lemma follows.

We now define V as the set of those boundary points C € dC \ Cy at which there
is a supporting hyperplane parallel to . By the proof above, it is clear that Cy € V
and the supporting hyperplane for any point in VV must be #;,. Thus, we have

V =CNHy=09CNH,.

(See Figure 4.7.1.)

Fig. 4.7.1

For the second part of the proof of Lemma 4.7.1 as well as for the sequel, we
need the following:

Lemma 4.7.2. Given O € intC, assume that A(., O) assumes a local maximum at
C € 0C. Then, we have the implication

C°eCy=Ce V. (4.7.2)

Proof. If C° € Cy then C ¢ Cy. Let H’' be the hyperplane passing through C and
parallel to H,. Since H, supports C at C° and A(., O) attains a local maximum at C,
Corollary 2.2.2 applies. We obtain that #’ supports C. Thus ' = Hj and C € V.

We now return to the proof of Lemma 4.7.1. Recall that, for k large, Cg,k is in the
(relative) interior of Cy, and therefore, by Lemma 4.7.2, we have Cy; € V. Since
Oy is regular, Cyp; can be any point in V), in particular, we can choose Co; = Cy
constant.

Recall now from the first part of the proof that, for 1 < i < n, C;j — C; €
Co, as k — oo, and Cy = [Cy, ..., C,]. Clearly, for k large, C;; ¢ V. Hence, by
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Lemma 4.7.2, Cl”ﬁ{ ¢ Co. Since [Ciy, Cl”?{] is an affine diameter there exist parallel
hyperplanes H; > C7, and H;; > C;, both supporting C.

Denote by 8, the dihedral angle of the angular sector given by the (transversal)
hyperplanes #H, and H,;, containing C. Define §;, similarly (with #;, in place of
Hix)- Clearly, 0 < 84, 8/, < m, and since H; and H;’k are parallel, we also have
ik + 8., = m. Selecting subsequences, we may assume that 6;; — 6; and 8/, — &/
as k — o0o. Taking the respective limits, we obtain §; + 8! = m. By convexity, we
also have 0 < §;, 6/ < 7.

-~

Let H; be the hyperplane containing [Cy,...,C;,...,C,] and having dihedral
angle §; with #Ho. By construction, #; is the limit of the supporting hyperplanes
Hix, and so it must also support C. Denote by #; the hyperplane containing C; and
parallel to ;. Again by construction, #; supports C at C;. The second statement of
Lemma 4.7.1 follows.

Remark. Since C is between the parallel supporting hyperplanes #; and #;, a simple
comparison of the distortion ratios shows that, for k large, A(C;, Ox) = A(Cix, Oy).
Hence, for large k, {Cy, ..., C,} € €(0y) (with Cy € V arbitrary) is a minimizing
configuration.

From now on, (without loss of generality) we will assume that each H;, 1 <i <
n, is closest to C in the sense that there is no supporting hyperplane between ; and
aC \ Co.

Lemma 4.7.3. Any affine diameter of C disjoint from Cy has endpoints on a pair H;
and H}, for some i =1, ..., n, or ona pair H; and H;, for some distinct 1 < i,j < n.

Proof. Let [B,B’] C C be an affine diameter disjoint from Cy. Let H and H’ be
parallel hyperplanes supporting C with B € H and B’ € H'.

Assume first that B ¢ H; for 1 <i <n.

We fix 1 < i < n. The hyperplane ; = (B, Cl,...,Ci_l,a,Ci_,_l,...,C,,)
intersects H; in A = (Cy,..., Ci_l,a, Cit+1,...,C,). This hyperplane K; is
transversal to H. (Otherwise, having B as a common point, they would be equal,
K; = H, and, due to the minimal choice of H; above, we would also have H = H,,
contradicting to B ¢ H;.) We now rotate XC; about A to H; staying on one side of C,.
We consider whether during this rotation the rotated hyperplanes stay transversal to
‘H. Assume not. Then, at one stage of the rotation, a rotated hyperplane is parallel
to #. Since this rotated hyperplane along with H, H,, H;, and #; all contain a
(translated) copy of A, the entire configuration can be understood via its intersection
with the two-dimensional A*. (See Figure 4.7.2.)

Projecting C; and B to A+ (along A) we see that we must have H = H!, and
so B € H.. In this case, we also have ' = H, (since they are parallel and both
supporting) and so B’ € H;. We arrive at the first stated scenarios: the affine diameter
[B', B] connects H; and ;.

Hence, during the rotation, the rotated hyperplanes stay transversal to H, in
particular, H; and H intersect transversally.
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Ho A C, (projected)

Fig. 4.7.2

Based on our initial assumption, this holds for all 1 < i < n; that is, H; and H
intersect transversally for all 1 <i < n.

The intersections H; N H, 1 < i < n, bound an (n — 1)-simplex A in H with B
in its interior since B ¢ H;, 1 <i <n.

Switching the roles of B and B', if B ¢ 7, for all 1 < j < n, then, repeating
the argument above and discarding the stated scenarios, we obtain that H; N H,
1 <j < n, bound a simplex A" in #' with B’ in its interior.

Since all the participating hyperplanes support C, it follows that the convex hull
[A, A’] contains C. This convex hull is a polytope which, in addition to its parallel
simplicial faces A and A’, has n other side faces supported by H;, 1 < i < n. On
the other hand, the configuration of the side faces intersected with the hyperplane
‘Ho cuts out the (n — 1)-simplex Cy (Lemma 4.7.1).

By assumption, Cy is disjoint from [B, B']. Since H, is supporting C, this implies
that Hy = H or Ho = H’'. Thus, B or B’ is in Cy, a contradiction. The lemma
follows.

To finish the proof of part I of Theorem 4.6.1, from now on we assume that all
interior points of C are regular (and Oy € dC is a flat point).

Lemma 4.7.4. Let B € dC \ Cy. Assume that B € H,; for some 1 <i <n. Then the
intersection C; = H; N C is an (n — 1)-simplex [C,Cy, ..., C;, ..., C,l with C € V.

Proof. Due to its minimal choice made above, H; is a supporting hyperplane of C
at B. The n-simplex [B,Cy, ..., a ..., C,] C H; must then be contained in the
boundary of C. Since any point in the relative interior of this simplex is a flat point
and, by assumption, all interior points are regular, we can now apply Lemma 4.7.1.
We obtain that C; = H; N C is an (n — 1)-simplex. The intersection C; N Cy is
the (n — 2)-simplex [Cy, ..., C.... C,]. We denote by C the missing vertex of C;.
Applying the last statement of Lemma 4.7.1 to this situation (with C; in place of Cy),
we see that C has a supporting hyperplane at C, parallel to Hy. By convexity, this
can only be 7—[6, so that C € V. The lemma follows.

Lemma 4.7.5. For any O € intC, the vertices Cy,...,C, along with a point
Co € V form a minimal configuration with respect to O. In particular, we have

C = [Co, V).
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Proof. Given O € intC, by regularity, we may choose a minimizing configura-
tion {By,...,B,} € &(0) consisting of extremal points (Proposition 4.5.4). Fix
0<i<n.

If B; € Cy then, since B; is extremal, it must be one of the vertices {Cy, ..., Cy,}
of Co.

If B; ¢ Co but B € Cy then, by Lemma 4.7.2, B; € V. (Since O is regular, A(., O)
attains local maximum at B;.)

In the remaining case [B;, BY] (with BY with respect to O) is an affine diameter
away from Co. We are in the position to apply Lemma 4.7.3. If B; € H; for

some j = /1\, ...,n, then, by Lemma 4.7.4, B; must be in the (n — 1)-simplex
[C,Ci,...,Cj,...,C,] with C € V. Since B, is extremal, it must be one of the
vertices of this simplex. Once again, we obtain that B; = Cy, forsome k = 1,...,n,

k # j, or B; € V. Finally, if B; € 7—[’ and B} € H, then B; can be moved to C; along
the line segment [B;, Cj] C 7—[/ ThlS line segment is part of the boundary of C since
’H’ is supporting C. During thlS move the distortion ratio A(., O) does not decrease
smce *H; is parallel to 7—[’ and supports C. In addition, the configuration condition
stays intact since O is a regular point. We obtain that B; can be moved to C; retaining
minimality. (See Figure 4.7.3.)

Fig. 4.7.3

Since a minimizing configuration for a regular point cannot contain multiple
points, renumbering and making some moves if needed, we conclude that our
minimizing configuration may be assumed to have the form

{Bo,...,Bk,C,'],...,C,'I}, I1<ii<...<ig<n, k+1=n,
where By, ..., B; € V. It remains to show that k = 0.
Since O € [By, ..., B, Ci, ..., C;], we have the convex combination

k 1 k i
OIZ/L'B,'—}—Z/X,}C,}, ZA,"{‘ZA,’J.:L OEA,,A,ISI
i=0 Jj=1 i=0 j=1
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We now compress the first sum in the usual way letting @y = Zf:o A; > 0 and
Co =+ Zf:] AiB; € V. We obtain
Ho

l

0 = poCo+ » _ 4;Cy. (4.7.3)
j=1

This implies that the antipodal of Cj is in Cy, in particular, A(Cy, O) > A(B;, O),
0 < i < k. Thus, we have

k ! !

| | k+1 |
0) = > )
(0) 21+A(B,«,0)+ZI+A(C 0) ~ 1+A(c0,0)+2;1+/\(c,-j,0)

i=0 =1 UM =

Again by (4.7.3), {Co,...,Co,Ci\,...,C;} (with Cp repeated k times) is a
configuration with respect to O, so that the opposite inequality also holds. Since
O is regular, k = 0 must hold. The lemma follows.

We are now ready for the final step as follows:

Lemma 4.7.6. V consists of a single point.

Proof. Let Cp € V. If V consists of more than one point then the simplex
[Co, ..., C,] cannot be the whole C. In particular, there is a point O € intC on
the boundary of [Cy, ..., C,]. Applying Lemma 4.7.5, there is C;, € V such that
{C},Cy,...,C,} is a minimal simplicial configuration with respect to O. Since
the antipodal of C, with respect to O is on Cy, we have A(Cy,0) > A(C), O).
By minimality, equality must hold. Thus, {Cy, Cy,...,C,} is minimizing with
respect to O. This is a contradiction to the regularity of O since it is on the boundary
of the simplex [Cy, Cy, ..., C,].

Combining Lemmas 4.7.5 and 4.7.6, we obtain that C = [Cy, C, ..., C,]. Part I
of Theorem 4.6.1 follows.

Part II. We now change the setting, and start the proof of Theorem 4.6.1 anew
under the assumption in (II). We also assume that all interior points of C are regular.
As in Section 1.2, we let C* C dC denote the set of extremal points of C. We call
an extremal point C € C” isolated if C has an open neighborhood disjoint from

Cr\ {C).

Proposition 4.7.7. Let C € *B be a convex body with all its interior points regular.
Assume that C has (at least) two isolated extremal points Cy,C; € C". Then, for
any plane Xy C X containing [Cy, C3] and an interior point of C, the intersection
Co = C N Xy is a triangle with [Cy, C,] as one side.

Before the proof of Proposition 4.7.7 we derive a sequence of lemmas. The first
lemma states that the local structure of C near an isolated extremal point is “conical.”
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Lemma 4.7.8. Let C be an isolated extremal point of C € B. Then

Uc =C\[CM\ {C}] (4.7.4)

is a relatively open set in C that contains C. For any C' € Uc N dC, C' # C, the line

segment [C, C'] is on the boundary of C, and it extends to a boundary line segment
[C, C" with C" € [C" \ {C}].

Proof. The first statement can be rephrased as

C ¢ [CM\{Cl. (4.7.5)

Assume the contrary. We can then select a sequence {Cili>1 C [C* \ {C}]
converging to C. For each k > 1, we write C; as a convex combination Z?:o AiCik,
Yiorn=1,0<Ay <1,0 <i<n,with Cjy € C", Cix # C. By compactness,
we may assume that, for each 0 <i < n, C;, — C;and A — A, as k — oo. Taking
the limit, we obtain C = ), A;C;. Since C is an extremal point, the only way this
is possible is that this sum reduces to a single term. We obtain that C; = C for a
specific 0 < i < n. With this we have C;; — C; = C as k — oco. Hence C is not
isolated. (4.7.5) follows.

For the second statement, let C’ ¢ [C” \ {C}] be a boundary point of C. Since
[C*] = C (Minkowski-Krein—-Milman theorem in Section 1.2), we can certainly
write C" as a convex combination of C and (finitely many) points in C* \ {C}. The
point C must participate in this combination with positive coefficient. Hence C’ is
in the interior of a segment [C, C"], where C” € [C" \ {C}]. Finally, since C and
C’ are both boundary points of C, the entire line segment [C, C"] is on the boundary
of C. The lemma follows.

Remark. Tt is instructive to revisit Example 1.2.5 in the specific case when
A C § is a singleton, and identify the isolated extremal points and their conical
neighborhoods as in (4.7.4).

Lemma 4.7.9. Let C be an isolated extremal point of C with associated open set Uc
as in (4.7.4). Then, for every regular point O € U, there is a minimal configuration
which contains C. In particular, in this case A(., O) takes a local maximum at C.

Proof. Let O € U¢ and choose a minimal configuration consisting of extremal
points (Proposition 4.5.4). If C does not participate in the configuration then O must
be contained in [C" \ {C}]. This contradicts to the assumption. Thus, C is a point in
the configuration. The second statement is clear.

For the next step, we introduce some notation. Let C be an isolated extremal
point of C. Let Xy C X be a plane containing C and an interior point O € intC
which we may assume to be contained in Uc. We consider the planar convex body
Co = CN X, with isolated extremal point C. As Lemma 4.7.8 asserts, Cy contains an
angular domain with vertex at C. We let [C, P], [C, Q] C 3dCy denote the maximal
side segments of this domain. We orient X, from O such that the positive orientation
corresponds to the sequence P, C, Q.
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Since Cy is convex, with respect to the orientation just fixed, through any
boundary point there passes a unique pair of left and right tangent lines. Let o be
the angle at C between the line segment [C, O] and the right tangent line at C. Due
to the conical structure of Cy at C asserted by Lemma 4.7.8, this angle is Z0 C Q.
In a similar vein, we let a° be the angle at C° between the line segment [C?, O] and
the right tangent at C° to the boundary of Cy.

From now on we assume that U¢ consists of regular points only. By Lemma 4.7.9,
A(., O) attains a local maximum at C. As a simple consequence of Proposition 2.2.1,
we have

a<a’. (4.7.6)

For any boundary point B € dCy, let 0 < ¢(B) < m denote the angle between the
left and right tangent lines at B to Cy. Then we have ¢ (C) = ZPCQ. For O close to
a fixed interior point of [C, P] (within int Cy), the right tangent to Cy at C? intersects
the extension of the line segment [C, P] beyond P. We let R denote this intersection
point. (See Figure 4.7.4.)

Fig. 4.7.4

From the triangle [C, C?, R], we obtain
$(C)—a+a’+p =,
where f = ZC°RC. Combining this with (4.7.6), we get

$(C)+ B =m.

We now let O converge a fixed interior point of [C, P]. We claim that 8 approaches
to ¢ (P). In fact, during this convergence, the antipodal C° approaches to P along
the boundary of Cy, and the right tangent line at C° approaches to the left tangent
line at P. (See Problem 20/(c) at the end of Chapter 1.)
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We obtain the following:

Lemma 4.7.10. Let C € ‘B, C an isolated extremal point, and assume that Uc
consists of regular points. Then, for any plane Xy C X passing through C and an
interior point of C, we have

#(C) +¢(P) <, (4.7.7)

where ¢(C) and ¢ (P) are the tangential angles of C N Xy at C and P, and [C, P] is
a maximal line segment on the boundary of C N AXj.

In the lemma above, we call P an adjacent point to the isolated extremal point C.
Equivalently, P is adjacent to C if [C, P] is a maximal line segment on the boundary
of C.

Proof of Proposition 4.7.7. Clearly Co, = C N &} is a convex body in &) with
isolated extremal points C; and C,. Let Py, Q1 € dCy and P, @, € dCy be adjacent
to C; and C,, respectively. Orient &j and choose the labels such that (with respect to
an(y) interior point of Cy) Py, Cy, Q) and P;, C,, O, are positively oriented. Assume
first that the adjacent points are all distinct, the right tangent at Q; and the left
tangent at P, intersect at a point X, and the left tangent at P; and the right tangent at
0, intersect at a point Y. (See Figure 4.7.5.)

Cs

Fig. 4.7.5

For the angle sum of the (convex) octagon [Py, Cy, Q1, X, P, C3, 0>, Y] we have

(P + ¢(C1) +¢(Q) + B+ d(P2) + ¢(C2) + d(Q2) +y =6m,  (4.7.8)

where § and y are the angles at X and Y, respectively. On the other hand, by (4.7.7),
we have

d(C) + ¢ (P1), ¢(C1) + ¢(Q1), 9(C2) + d(P2), ¢(Cr) + (Q2) < 7.

Adding these, we obtain

2¢(C1) +2¢(Ca) + ¢(P1) + ¢(P2) + $(Q1) + ¢(Q2) < 4.
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Comparing this with (4.7.8), we get
¢(C1) +9(Cr)+2n—p—y <0.

This is a contradiction. Notice that we get a contradiction even when f = 7
or y = & (the cases when the corresponding tangents coincide), and even when
P; = Q, but P, # Qy, or when P, = Q but Py # Q.

If X or Y do not exist, we can add additional supporting lines to boundary points
of Cy and get contradiction again.

Summarizing, we obtain P = @, and P, = (i, so that we have

Co = [P1,C1, P2, Cy).

If Py, Cy, Py, Cy are all distinct then, by (4.7.7), [Py, C1, P2, C3] is a parallelogram
with [C}, C;] as a diagonal.

Finally, if these points are not distinct then Cy is a triangle with [C}, C;] as a side
(and P; or P, is the other vertex), and we are done.

To finish the proof of Proposition 4.7.7 it remains to show that the parallelogram
intersection is impossible. Using Lemmas 4.7.8-4.7.10, we let O € U¢, and
consider a minimal configuration {C;, By, ...,B,} € €(0) consisting of extremal
points only. By the last statement of Lemma 4.7.9, O is contained in the interior
of the triangle [Py, Cy, P»]. Thus, the antipodal P{ is contained in [Ci, P»]. (See
Figure 4.7.6.)

Ch

P

Gy

Fig. 4.7.6

Any point on the line segment [C}, P{] has the same distortion ratio as C since
Cy is a parallelogram. Since O and [C* \ C,] are disjoint, there must be a point
C} € [C1,P;] for which O is on the boundary of [(C/ \ {C;}) U {C}}]. Thus, O
is on the boundary of [C], C5,...,C,]. Hence {C|,C>,...,C,} € €(0). It must
be minimal with C] € [Cy, P{] since the distortion along [P, P] increases. This,
however, contradicts to the regularity of O. Proposition 4.7.7 follows.
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With these preparations we now turn to the proof of part II of Theorem 4.6.1.
We assume that C € B with all its interior points regular. We let Cy,...,C, be a
fixed sequence of isolated extremal points.

For 2 < m < n, we let P,, denote the following statement:

“For any 1 < iy,...,i, < n mutually distinct, and any Oy € intC \
(Ci\,....Ci,), the set {C;,,...,C;,} is affinely independent, and the intersection
cCNn{C,...,C;, Op)is an m-simplex with [C;, ..., C;, ] as a side.”

Note that P, is Proposition 4.7.7. Moreover, for reasons of dimension, P, says
that C is an n-simplex; the statement in part II of Theorem 4.6.1. Therefore we can
use induction with respect to m > 2, with the initial step already accomplished.

For the general induction step m — 1 = m, 3 < m < n, we assume that
Pn—1 holds. Rearranging if necessary, we consider Cy,...,C,, and let Xy, =
(Cy,...,Cy, Op) for some Oy = intC \ (Cy,...,Cy). For P,, we need to show
that {Cy, ..., Cy,} is affinely independent and Cy = C N A&} is an m-simplex.

First, by the induction hypothesis, {Cy, ..., C,—1} is affinely independent and
CN{(Cy,...,Cpu_1,0y) is an (m — 1)-simplex with [Cy,...,C,—1] as a side. In
particular, we have C N (Cy, ..., Cy—1) = [C1, ..., Cp—1] C OC.

If {Cy,...,C,} were affinely dependent then we would have C, €
(Cy,...,Cp—1) so that C,, € [Cy,...,Cp—1] C OC. Since Cy,..., C,, are distinct,
this would contradict to the assumption that C,, is an extremal point. We obtain that
{Cy,...,Cy,} is an affinely independent set.

It follows that dim Xy = m, the set A = [Cy,...,C,] C Cp is an m-simplex,
and H = (A) = (Cy,...,C,) ahyperplane in Aj. (For the most part of the proof
below we will work within A} so that all the concepts are understood within this
affine subspace.) We denote by G C &) the closed half-space with 0G = H and
0 € intgG.

Forl <i<m,welet A; =[Cy,..., CA‘i, ..., Cy], the ith face of A opposite to
the vertex C;. For 1 <i #j <m,welet Aj = A; N A;.

We will repeatedly use the induction hypothesis in the following setting:

“For O € intCy N intG, we have Cy N (A;, O) = [A;, B;] for some B; € dCy N
int G. Taking the respective boundaries, we have A; C dCy, 1 < i < m; in particular
CoNH =A;and[A;,B] C3Cop, 1 <i#j<m”

We now turn to the proof of the second statement of P, above: Cy is an m-
simplex.

Let H' C intG be a hyperplane parallel to H and supporting Cy at some point
Co € 9Cy. Choose a sequence {O }r>1 C intCp N int G such that limg—cc Or = Co.
By the induction hypothesis, for each 1 < i < m, we have

Co N (Ai, Ok) = [A;, Bixl. (4.7.9)

for some B;; € dCy N intG, k > 1. Since H supports Cy at Cy, for each 1 < i < m,
we clearly have limy_oo Bix = Cp, | < i < m. (Otherwise, by compactness,
{Bix}k=1 would subconverge to a point C; € dC N H', C; # Cy, contradicting
to Oy € [A;, Bix] and limg—, o0 O = Cy. See Figure 4.7.7.)

Letting k — oo in (4.7.9), we obtain

CoN(Ai,Co) =[A;,Col, 1<i<m. (4.7.10)
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H/

Since

3[A;, Col = A; U U [A, Col, (4.7.11)

1<ji<m
as a byproduct (induction hypothesis), we have
[Aj, Col CCy, 1<i#j<m. 4.7.12)
We now claim that
[A;, Col C3Cy, 1<i<m. (4.7.13)
Assume on the contrary that [A;, Co] ¢ dC, for a specific 1 < i < m. This means
that the closed half-space G; C A} with boundary hyperplane H; = (A;, Co) C )

and C; ¢ G; intersects the interior of Cy.

Let 7! C intG; be a hyperplane parallel to #; and supporting C, at some point
V; € 3Cy N int G;. (See Figure 4.7.8.)
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Repeating the previous argument (in the use of a sequence {Oi}r>1 C intCy N
intG; converging to V;), we obtain Co N (A;, Vi) = [A;,Vi], 1 < j < m, and
[Au,Vi] C03Cy, 1 <j#k <m.

Now, C; and V; are on different sides of H,;, therefore [C;, V;] and H, intersect in
a point X € Cy. By (4.7.10), Co N H; = [A;, Co] so that X € [A;, Co]. In addition,
since m > 3, and C; € Ajy for some (actually any) 1 < j # k < m distinct from i,
we are in the position to apply (4.7.12) to get [C;, Vi] C 0Cp. In particular, X € 9Cy.
Combining the last two inclusions for X, we have X € d[A;, Cy]. Thus, by (4.7.11),
we finally have X € [Ay;, Co], for some 1 <j # i < m.

Summarizing, we obtain that [Aj;, Co] and [C;, V] are both contained in the
boundary of Cy and intersect transversally at X. By convexity, the convex hull
[Aj, Co, Vi], Aj = [Ay;, Ci], is also contained in the boundary of Cy, and, for reasons
of dimension, (A;, Cy, V;) is a supporting hyperplane of Cy.

Once again, let {Oy},>1 C intCy N intG be a sequence converging to X. By
the induction hypothesis, Co N (A;, Ox) is an (m — 1)-simplex with A; as a side.
Taking the limit as k — oo, we obtain that the limiting intersection is an (m — 1)-
simplex with A; as a side and an extra vertex W. On the other hand, the limit of the
hyperplanes (A;, Oy) as k — oo is the hyperplane [A;, Co, V] supporting Co. Thus,
the limiting simplex [A;, W] must contain Cy and V;. Due to the extremal choices of
the latter two points, we must have W = Cy and W = V; simultaneously. This is a
contradiction, so that we finally arrive at (4.7.13).

Since (4.7.13) holds for all 1 < i < m, we see that CoNG is the m-simplex [A, Cy].
Let G’ be the closed half-space complementary to intG in Xp. If G’ is disjoint from
the interior of Cy then Cy is the m-simplex [A, Cy], and P,, follows. Otherwise,
applying the argument above to G’ instead of G, we obtain that Cy N G’ is another
m-simplex [A, Cj]. In this case Cy is then a double m-simplex with base A (that is,
two m-simplices with disjoint interiors joined at their common side A.) It remains
to show that this cannot occur.

First, assume that m < n. Then C,,+; € dC exists. Let Oy € int A, and apply the
construction above to A" = [Ay, Cpq1] = [Ca, ..., Cp, Cpy1] and X5 = (A, Op).
(See Figure 4.7.9.)

Fig. 4.7.9
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We obtain that Cj = C N A} is an m-simplex or a double m-simplex with base A’.
On the other hand, we have C N (A1, Op) = [A1, C1] = A with Op an interior point
of Cj away from A’. This contradicts to the extremality of C;.

Finally, let m = n. In this case Cy = C = [A, Cy, C(’)] is a double n-cone
in X. This clearly cannot happen as double cones cannot have all their interior
points regular. (This is a consequence of Proposition 4.5.4. If [Cy, Cj] intersects
the interior of A then this intersection point must be singular as it does not have
a simplicial minimal configuration consisting of extremal points only. If [Cy. C(]
meets the boundary of A then all interior points of A are singular for the same
reason. Compare this with Example 4.5.5.) Part II of Theorem 4.6.1 follows.

4.8 Stability of the Mean Minkowski Measure

In this section we derive stability estimates for the inequalities:

k+1
l<ops 0 k=22 “8.1)

(Theorem 4.1.1). We begin with the upper bound as it is much simpler. As usual,
we let

*
o, = max o04(0), k=>2.
k O€intC k( ) -

(Note that the maximum is well defined by continuity of o; see Theorem 4.4.1.)
Recall from Theorem 4.1.1 that the upper bound in (4.8.1) is attained, o} =
(k + 1)/2, for some k > 2, if and only if C is symmetric (with respect to the unique
point at which ¢, assumes its maximum).
Our first result patterns the stability estimate for the upper bound of the
Minkowski measure m("; (Theorem 3.2.1) as follows:

Theorem 4.8.1. Let2 < k <nand

n—1k—1

n+1 2

0<e<
If a convex body C € B satisfies
k+1

———esaly (4.8.2)

then there exists a symmetric convex body C € B such that

dy(C,C) < De " €. (4.8.3)

where D¢ is the diameter of C.
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Remark. Replacing 07, in the assumption (4.8.2) by 04(g(C)), where g(C) is the
centroid of C, Theorem 4.8.1 still holds.

Proof of Theorem 4.8.1. Suppressing C, sub-arithmeticity in (4.1.3) (with k = 1
and [ = k — 1 there) gives

k1
0) <1 ————— Oc¢€ intC.
o0 = 1+ T n

Taking the maxima on both sides (over the interior of C), we obtain

k—1

<1+ —.
=TT

Combining this with the imposed lower bound (4.8.2), we obtain

w2 o142 (4.84)
—1- N 1-§ -

where § = 2¢/(k — 1). The imposed restriction on ¢ translates into

Thus, in (4.8.4), we have 26/(1 — §) < n — 1. Theorem 3.2.1 applies (with ¢ there
replaced by 26/(1 — 8)) yielding

2¢

~ n n —1
dy(C,C) < D <D, =L < p )
(.0 =Dei 75 < Chr 11— =

Theorem 4.8.1 follows.

Turning to the lower bound in (4.8.1), recall first that o4 (O) = 1, for some O €
intC, if and only if C has a k-dimensional simplicial slice across O (Theorem 4.1.1).
Hence a stability estimate can only be expected for @ = o ,. A simple application
of Schneider’s stability (Theorem 3.2.4) gives the following:

Theorem 4.8.2. Let 0 < € < 1/n(n + 1) and C € B. Assume that at a critical
point O* € C* we have

dg(0")<1+e. (4.8.5)
Then there exists an n-simplex A(C C) such that

(n+1)%

dpy(C,A) <1 4+ ————,
o )< +1—n(n—|—1)e
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Proof. Using the trivial lower bound in (4.1.8) for o, we obtain

1 1
A <o(0") <1+e.
m*+1 m0*)+1

Hence, we have
n—+1
Dl—¢€) < —— <m* + 1.
(n+ 1)( 6)_1+6_m +
Rearranging, we find
n—(mn+1e <m*.

Now Theorem 3.2.4 applies with € replaced by (n + 1)e. The theorem follows.

To obtain a stronger stability estimate we need to relax the inequality in (4.8.5)
as it is clearly too restrictive; for example, Theorem 4.8.2 does not apply to o (g(C))
with g(C), the centroid of C. In the rest of this section we derive a stability estimate
with weaker assumptions which thereby has wider range of applications.

Recall from Section 4.4 that an interior point O € intC, C € ‘B, is regular if and
only if

1
0(0) <0,-1(0)+ W

If O € R is regular then the convex hull A of any minimal configuration
{Co,...,C,} € €(O) is an n-simplex containing O in its interior: O € int A C C.
The main result of this section is the following:

Theorem 4.8.3. Let C € B and O € intC an interior point satisfying

m(0) < n. (4.8.6)

Assume that, for 0 < € < 1/(n + 1), we have

1<6(0)<1+e. 4.8.7)

Then O € R is a regular point, and we have

1

e’

where A can be chosen as the convex hull of any minimal configuration
{Co,...,Cy} € €0).
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Before the proof, we first note that we can lower the value of € (to ¢ (0) — 1),
and instead of (4.8.7), impose

1
l<o(O) <1+ ——. 4.8.9
0(0) +o (4.8.9)
(For simplicity, we excluded the trivial case ¢ (0O) = 1.) Assuming now (4.8.6)

and (4.8.9), we will prove a much more precise statement than the Banach—-Mazur
estimate in (4.8.8), namely that

ACCcCA=SA), (4.8.10)
where
. 1 . 1 1
C= —~ CieA 4.8.11
o(@—lg(A(a,owl AA<ci,0)+1) @810
and
y 1
P= (4.8.12)

-+ 1)@©O) —1)

Remark 1. Since m* < n the upper bound in (4.8.6) holds on the critical set C*. The
upper bound in (4.8.9) imposed on C* then implies that the critical set is a singleton.
Indeed, by the trivial lower estimate in (4.1.8) and (4.8.9), we have (n + 1)/(m* +
1) <0(0*) < 1+1/(n+1),0* € C*. This givesm*+ 1 > n, and Corollary 2.4.13
implies unicity of the critical point.

Remark 2. Even though Theorem 4.8.3 is a stability result for the mean Minkowski
measure o, as a special case (O = O%), it gives a stability result for the Minkowski
measure m* itself very close to Schneider’s (Theorem 3.2.4). In fact, given C € ‘B,
for0 <e <1/(n+ 1), we claim

n—e (n+ 1e
= dgy(C,A) <14+ —F—.
1+e¢ s )= +1—(n+1)e

Indeed, since0 < e < 1/(n+1) < 1/n,wehaven—1 < (n—¢€)/(1 + €) < m*,
and Theorem 4.6.2 implies that, for the unique critical point O* (which is regular),
we have 0 (0*) = (n + 1)/(m* + 1). Our assumption on the lower estimate of m*
above can then be written as 0 (0O*) < 1 4 €. Now, Theorem 4.8.3 applies with
O = O* (Remark 1 above), and the Banach—Mazur estimate above follows.

Remark 3. As in Problem 15 at the end of Chapter 3, the Banach—-Mazur distance
dpy can be replaced by the dilatation invariant pseudo-metric d constructed there.

Remark 4. The inequality in (4.8.6) holds for the centroid: m(g(C)) < n. (Theo-
rem 3.4.2). Hence (4.8.10) holds provided that 1 <a(g(C)) <1+ 1/(n+ 1).
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Remark 5. For the double regular tetrahedron C in Example 4.5.5 the conditions
(4.8.6) and (4.8.9) are mutually exclusive and complementary (m(0O) < 3 and
m(0) > 3, O € intC, since all interior points are singular and C is simplicial in
codimension 1). This also shows that the upper bound in (4.8.9) is sharp in the sense
that if we have equality there then the conclusion of Theorem 4.8.3 does not hold.

Remark 6. For the unit half-disk in Example 4.6.3, a simple computation shows
that (4.8.6) and (4.8.9) hold on a non-empty open subset of A = [Cy, C—, C4],
where {Cy, C_, C4} is the universal minimal configuration for its interior points. In
particular, choosing O on the symmetry axis O = (0,b), we get 1/3 < b < 1//3.
For these points, the center of symmetry C is the origin and we have ¥ = 1/(1 —
3b(1 — b)). We see that the center C of similarity can be on the boundary of A.

We now return to the main line. If (4.8.6) and (4.8.9) hold then, by Theorem 4.1.1,
we have

1
00)<l+ —=<0,-1(0) + ——.
© nr1 =0 O Lo
This means that O is a regular point. Thus, by definition, any minimal
n-configuration is simplicial, so that A in Theorem 4.8.3 is an n-simplex with
O in its interior. In addition, since

n 1 n 1
0)=Y ——— and 0s(0)=Y ——— =1,
a(0) ;A(Ci,0)+l and 4(0) ;AA(Ci,0)+1

the sum in (4.8.11) is a convex combination, and we have C € A.

Thus, it remains to prove that C C A, where A is given by (4.8.11)—(4.8.12). The
proof is long and technical and will be carried out in the rest of this section.

The overall plan is as follows. For simplicity, we may assume that O is
the origin 0. Given a minimal simplicial configuration {Cy,...,C,} € €&€(0)
with A = [Cy,...,C,], the crux is to write C as the union of the antipodal
simplex [C?,...,C% and (n + 1) ‘bulges’ B;, i = 0,...,n. The bulge B; is the
part of C contained in the positive cone Ry - [CY, .. E‘? ..., C?] spanned by
{Cs,... E‘? ..., C?} and truncated by [C{, . .. ,E‘?, ..., CY], the ith face.

In the first step of the proof we embed each bulge 5; into a polytope P;
(Theorem 4.8.10). (See Figures 4.8.1 and 4.8.2 for n = 2, 3.)

Second, if V; denotes the outermost vertex of P; we will then show that C is
contained in the n-simplex [V, ..., V,] (Theorem 4.8.11).

Finally, another estimate will yield [Vo,...,V,] ¢ A = [Co....,C,], with
Co, - . ., Cy, the vertices of the simplex A = S =(A) in (4.8.10)~(4.8.12).

Note that the polytope P;, i = 0, ...,n, has a transparent combinatorial structure:
its vertices can be parametrized by subsets of {0, ... e, n}, and the larger the
cardinality of the subset is the further the corresponding vertex is from the origin.

We start with a set {C;|i € Z} C 9C of boundary points indexed by a finite
subset Z C Z. (During the course of the proof this set will be various subsets
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Fig. 4.8.2

indexing a minimal configuration.) Recall that the interior point O is the origin 0.
For simplicity, we write A; = A(C;,0), i € Z, and first assume that

1

— < 1. 4.8.13
14+ A = ( )

i€Z



226 4 Mean Minkowski Measures

For I C Z, we define

1
o=y — (4.8.14)
o Lt
and
1 1 1 Ai
Vi=— C = C. 4.8.15
! l—O'IZl—i-A[ l—O'IZl—i-Ail ( )

i€l i€l

In particular, for a 1-point subset {i}, i € Z, we have Vi = C7.
IfI = {i,... i}, wealsowriteo; = o (C;,...,C;)and V; = V(C,,...,Cy).
We begin with two simple combinatorial lemmas.

Lemma 4.8.4. Foriel CZ, |I| > 2, we have
Vg € [Ci, V.

Proof. This is a simple computation. Subtracting i from [ in the sum in (4.8.15),
we have

1 1 n 1—o0y v
l—a[\{i}l—i—li ! 1—0’1\{,~} !

Vi =
Since the coefficients are positive, by (4.8.14), we obtain

1
l—6;+ —— =1 —0app.
s N

The lemma follows.
Lemma 4.8.5. ForI,J C I we have the following:
(i) IfINJ # O then there exist 0 < t < s < 1 such that

A=V +1tV; = (1 —5)Vius + sVins.
(ii) If I and J are disjoint then there exist r > 1 and 0 < t < 1 such that
r((1=0)Vy +1Vy) = Vyu,.

Proof. Given 0 < t < 1, we first consider the convex combination

1—1¢ A; t A;
11—V, +1V, = LY T .
( )1+ I 1—0121+Ail+1—0’121+kj]

il i€l
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The coefficients in front of the two sums are equal if

1—0'1
= ——.
2—0’1—0’1

With this, the two sums can be joined. Taking account of the overlap /NJ, we obtain

oy o
1+ 1)

On the level of the coefficients, we also have o; + 0; = o,;u5 + 0 ny. Thus, we
obtain

1 Ak
1—0nV;+1tV, = c?
( )I+ ! 2—0’1—0’1(214‘11{ k+2

keruJ leinJ

(I =0V +1tV; =1 = 95)Vius + sViny,
where

-0y
§=—"°">
2—o0y—0ny

If I N J = @ then the second term is absent. The lemma now follows.

Remark. Note that the cases (i) and (ii) can be united if we define Vg = 0. No
significant advantage is gained with this, however.

We now begin the first step constructing the polytopes P;, i = O0,...,n. In
addition to the assumptions and the notations above, we will consider only subsets
I C T for which {C; | i € I} are linearly independent, in particular, 0 ¢ ({C;}ies).

For a subset A C X, we denote the linear span of A by X(A) = (A,0), the
smallest linear subspace of X that contains A. For I C Z satisfying the above, we
define

X = X({Ci}ier) = X({C}ier).

We now let

T =

Yoy

i€l

S iz 1m0, iel§ . (4.8.16)

i€l

The defining inequalities show that 7; C A is a truncated (convex) cone.
In addition, by (4.8.14)—(4.8.15), for |I| > 2, we have V; € intT; since

1 A,‘ 1 1 |1|_0'I
= 1— = > 1. 4.8.17
1—0'121+Ai 1—0‘12( 1—‘1-/1,) 1—o0; ( )

i€l i€l

Moreover, for J C I, we have 7; = T; N A}, in particular, {V;},c; C Tj.
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Finally, we define P; C A; inductively (with respect to |I]) as follows. For
I ={i}, we set Py = {Vip} = {C/}, and, for |I| > 2, we define P; as the convex
hull
Pr= [UiEIPI\{i}» VI]
Clearly, P; C 7. In addition, for J C I we also have

PJ ZPIQXJ.

As above, for I = {i,...,i}, we will also use the notations X; = X
(C,‘l yee ey Cik), 77 = T(Cil, ey Cik), and P] = P(Cil ey C,‘k).

Example 4.8.6. For I = {i,j}, we have
P(Ci, G)) = [V(Ci, C)), V(C), V(C],

where V(C;) = C7, V(C)) = C, and

V(C,, C) ! ( Moy M C”)
i &) = 1 i -G G-
l—m—r/\l 1+A11 1+A.j J

Thus, P(C;, G;) is a triangle. (See Figure 4.8.3.)

e.C)

T(C,.C)

Fig. 4.8.3

Example 4.8.7. For I = {i,j, k}, P(C;, C;, Cy) is a polyhedron depicted in Fig-
ure 4.8.4. The seven vertices of P(C;, Cj, Cy) are Vi, and Vi;jy, Viixg, Viriy» and
Viiy, Vijy» Viry- In Proposition 4.8.9 below we will prove that there are seven faces:
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Fo = [Vig, Vi, Vil
Fi = [V, Vi Vgl Fj = Vi, Vg, Vil Fie = Vg Vg, Vigl,
F' = [V, Vi, Vs Vaals F = Vi, Vs Vs Vil F* = IV Vs Vi Vig)-

In particular, Py is not a simplex for |I| > 3.

Fig. 4.8.4

In the next two propositions we give a detailed description of the geometry of P;.
Proposition 4.8.8. P; C Aj is a convex polytope with vertices Vy, J C 1.

Proof. 1t follows directly from the definition that 7, is the convex hull of the points
Vy, J C I. It remains to show that each V;, J C I, is an extremal point (vertex) of
P;. We will do this by induction with respect to |I|. A quick look at Examples 4.8.6
and 4.8.7 shows that this holds for |I| = 2, 3, so that only the general induction step
needs to be discussed.

We first show that V; is a vertex. To do this consider the hyperplane (in A}):

7| —o;
Hi = —{Cier)-
1-— o7
By (4.8.15) and (4.8.17), we have V; € H;.
We now claim that V;, J C I, J # I, are contained in the same open half-space with
boundary H;. Comparing

1 oy
vV, = o 4.8.18
J 1—0121+)Lj J ( )

jel
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with (4.8.15) and (4.8.17), we need to show that

V-0, -0
<

1—0’1 1—0’1'

This, however, is clear since |I| > |J| and ¢; > ¢,. The claim follows.
Since Py is the convex hull of V;, J C I, we obtain that H; is a hyperplane
supporting Py at V;, and

PrOHr={Vi}.

This means that V; is a vertex of P;.

Assuming |I| > 3, we now proceed by induction with respect to |/| to show that
Vs, J C 1, are vertices of P;. Let i € I. By the induction hypothesis, {V,},;cn
are vertices of Pp ;3. The polytope Ppg;; is a face of P with supporting hyperplane
extension X\ ¢;3. Hence {V,},cp\ iy are also vertices of ;. (If P is a convex polytope
and H is a supporting hyperplane then any vertex of P N H is also a vertex of P:
(PNH)" = P NH; see (1.2.3) in Section 1.2.) Thus, for each proper subset J C I,
V, is a vertex of P;. Since V; is also a vertex, we are done.

Finally, V;, J C I, are all the vertices of P; since their convex hull is P;. The
proposition follows.

Proposition 4.8.9. Let |I| > 3. Then P; has 2|1| + 1 faces as follows:

Fo = [{C}}ienl.
Fi=Pngy =[{Vylig T}, i€l
F =[{vyliel), iel

Proof. First, observe that P; is contained in the truncated cone 7; whose faces are
Fo and T\, i € . Clearly, Fy is also a face of 7.

Since F; = Ppyp = Pr N Tpga, it is clear that F;, i € I, are also faces of ;.

Second, we show that F', i € I, is a face of P;. By definition, V;; € F', and
Vi € F',j € I\ {i}. Itis easy to see that Vi; — Vs, j € I\ {i}, are linearly
independent.

We claim that, for any J C [ with i € J, we have

Vi€ (Vi AV trentiy)s

or equivalently

Vi=aVi + Y Vi (4.8.19)
jeN}
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with

it Y =1 (4.8.20)
jeNG

We expand the right-hand side in (4.8.19) and use V;; = C7 to obtain

A A
V= |a+ Z |+ Z L_co. (4821
JEN T-0yp “{’J} T+ jeniy | "{“’} L+4

Equating the coefficients with those of V; in (4.8.18), a simple computation gives

2—1 A

— 0y . .
—L jelJ d o= T
j€J\{i} and « o, 110,

o =
/ 1—(7]

It remains to check that (4.8.20) is satisfied. Using the values of the coefficients o;,
j € J, just obtained, (4.8.20) can be written as

2- |J|)m + Z (I1-0g4y)=1-—0y.
JjeI\Li}

This holds, however, since

Y oga= Y. P T e
k= T+ 1+x)  1+a4 0 T

je} JeI\}

The claim follows.
In particular, we have

dim(F') = dim(Vgy. (Vi beng) = 1| — 1.

Finally, to conclude that F' is a face of P;, it remains to show that P; is on one
side of the hyperplane (F').

Let Vi be a vertex of P; not listed in F', thatis, i ¢ K C I. Let J = K U {i}.
We are now in the position to apply Lemma 4.8.5 (ii) to the disjoint subsets K and
{i} to obtain

r(1=0Vg + V) = Vy,

forsomer > 1and 0 < ¢ < 1. Since V3, V; € F', this means that V and the origin
0 are on the same side of (F'). Thus, F' is a face of P;.
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To finish the proof of the proposition, it remains to prove that Fyy, and F;, F' iiel,
are all the faces of P;.
To do this, we consider the hyperplane extensions of these faces:

Ho = (Fo) = ({C7 }ier)s
My = (F)) = (Pr) = Xy = XAChen)s i €1
H = (FY=({V,]liel}), iel

(Note that H,;, i € I, are linear.) Each of these hyperplanes is the boundary of a half-
space that contains 7. Let P; denote the intersection of these half-spaces. Clearly,
P C 73 C 7;. It remains to show that P; = 73,' , or equivalently, that the vertices of
P are the same as the vertices of P; (given in Proposition 4.8.8).

To do this, we consider the vertices of P; as (non-redundant) intersections of the
hyperplanes above. To obtain a vertex, we need to take at least |I| hyperplanes as
dim X; = |I|. We split the discussion into two cases according to whether H, is
participating in the intersection or not.

Case (i): Assume that H,, is participating in the intersection. We first show that,
for each i € I, Ho NH' intersects F, at the single point C? so that the remaining part
of the intersection is redundant (that is, disjoint from 751).

Let X € H!. As above, we have

X=aoViy+ Y oViy (4.8.22)
NG
and
it Y =1 (4.8.23)
JeIG}

As in (4.8.21), we expand the right-hand side of (4.8.22) to obtain

Ai Aj
= o+ Z |+ Z (4.8.24)
ey ! ‘7{”} L+ Py "{”} T+4

Now, X € Fy if and only if o; > 0,7 € I'\ {i}, and

Ai
o + Z >0
jens | ”{’J} L+

and

Ai o A
o; + Z —+ Z 7 J —
jeni ! “{’J} T+a 0 g T=ouy 144
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By the definition of o ; ;;, this last equality reduces to

2—0y;
o + Z 0{ J} =1.
jen i}

Combining this with (4.8.23), we obtain

Z aj =0.

jenay -

Since the coefficients are non-negative, this is possible only if o; = 0, j € I'\ {i}. By
(4.8.23),a; = l and X = Vi = C7 follow.

Thus, besides H,, the only participating hyperplanes we need to consider are H,,
i € I. There must be at least || — 1 of these. On the other hand, there cannot be |I| of
these as their intersection is the redundant origin O ¢ 7;. Hence, there exists i € I,
such that the participating hyperplanes are H, and #,, j € I \ {i}. The intersection
of these is clearly C7. Case (i) follows.

Case (ii): We first show that the hyperplanes #; and ' (with the same i € I)
cannot participate together in the intersection; in particular, that there are exactly |/|
participating hyperplanes, one for each index in /.

Let X € H' N H,;. Write X as in (4.8.22) with (4.8.23). Expanding as in (4.8.24),
X € H; forces the coefficient of C{ to vanish:

A
Gt Y T —
1
sy | "{”} Y

This, combined with (4.8.23) gives

Zw 1_;L =
/ l—oupl+A N

Jen{i}

The coefficient of ; is negative since (1—o;3)/(1—0; ) > 1. For non-redundancy,
X must be in 7;, in particular, oj > 0, j € I'\ {i}. This is a contradiction.

Let J C I index the participating hyperplanes H/, j € J, and let its complement,
K = I\ J, index the participating hyperplanes H;, k € K. As above we may assume
that J is non-empty. By definition, V; is contained in all these hyperplanes.

It remains to show that

(\H N[ He = (Vi

jel kekK
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Let X be in the intersection. First, since X € () wekx Hk> we have

X=> wc. (4.8.25)

jeJ

where (for non-redundancy) we may assume that Zje s> land u; > 0,j € J.

Now, fix i € J, so that X € H'. We thus have (4.8.22)—(4.8.24). Comparing these
with (4.8.25), we see that oy = O for k € K, so that in (4.8.22)—(4.8.24) I can be
replaced by J. Moreover, comparing coefficients, we obtain

4 A,’ Q;
Mi =
1+ /\,‘ e 1— O{ij}
and
o /\j . .
j= ———— ,jeJ . 4.8.26
e st e R ATARL (4:8.26)
Solving for «;, we also get
Ai 1+ /1,'
L= — L. 4.8.27
o == D o (4.8.27)
JeINi}

In (4.8.23), expressing the o¢’s in terms of the w’s in the use of (4.8.26) and (4.8.27),
after a simple computation, we obtain

M.
i — Z A—J =1
jenty !

We now vary i € J and consider this as a system of equations for u;, j € J.

We see that
1+ !
i —|=c
n ;

where c is a constant, independent of i. The value of the constant can be determined
by substitution:

1—0'1'
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We finally arrive at

1 A

- 1—0114—},[.

i

Thus, we have X = V. Case (ii) follows.
The proof of the proposition is now complete.

Remark. Given j € I, fori € I\ {j}, we have Vg € H. Since V; € H/, by
Lemma 4.8.4, we also have C; € H/. We obtain that H/ = (V;,{Ci}ien ;). Thus,
apart from the base ({C;}ic;), the hyperplanes H/, j € I, are bounding the simplex
[Vi.{Ci}ier] in &

The following geometric picture emerges: Py is the intersection of this simplex
with the truncated cone 7;.

For the next step, we define the “bulges” noted at the beginning of this section.
For I C Z,welet B = 7, NC. For I = {i,...,i}, we also write B; =
B(Ci,, ..., Cj). By is called the “bulge” for the linear slice C N A7 over [{CY}ie/].

Theorem 4.8.10. 3; C P,.

Proof. As usual we proceed by induction with respect to |/|. The theorem holds for
|I] = 2 by inspection of Example 4.8.6.

We will show that 3; is on the same side of the hyperplane extension of each face
of the covering polytope P;. Let H be a hyperplane extension of a face F of P;. By
Proposition 4.8.9, H = Hoor H = H; = Xpp, or H = H' for some i € I. Since
By C T;, and the hyperplane extensions of the faces of T; are Hy and H,;, i € I, we
may assume that H = H/ for some j € 1.

It is enough to show that the interior of B, is on the same side of H as the origin 0.

Let X € intB;. Leti € I\ {j}. Thenj € I\ {i} so that V(3 € F C H. By
Lemma 4.8.4, we also have C; € H.

C; ¢ T; since C; = —A;Cy. Since 7T; is convex, the line segment [X, C;] intersects
the boundary of 7; at a unique point X; € d7; (Corollary 1.1.9).

C; and C7 are at opposite sides of the hyperplane A ¢;;. Thus C; and X are also on
opposite sides of A\ (;;. Hence the line segment [X, C;] intersects X ¢ at a unique
point ¥; € &7\ (. Note that, by convexity, X;,Y; € C.

Case (i): X; = Y;. Since X; € 97; N Xy, we also have X; € Byy;. By the
induction hypothesis, By iy C Pn 3, so that X; € Pp g3 Consider H N Ap g3 This
is a hyperplane extension of a face of Pp¢; in A7\ g; and it contains Vp (3. We see
that X; and O are on the same side of H N A\ in Xp\¢. Thus X; and 0 are on
the same side of #. Since X; € [C;, X] and C; € H, we obtain that X and 0 are on
the same side of H.

Case (ii): X; # Y;. We first claim that X; € Fy. Indeed, since X; € 97}, the
only other possibility in this case would be X; € X\ for some k € I\ {i}. Write
X =) 1, mCy with Y, ity > 0 and p; > 0,1 € I. (Recall that X is in the interior
of B;.) Then, by the definition of X;, for some 0 < ¢ < 1, we have
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Xi=(1=0X +1C; = (1-1) Y wCy —iACy.

lel

If X; € Xp g then (1 — 1) = 0, a contradiction. The claim follows, and X; € Fy.
Since C7 and 0 are on the same side of H so is X;. As before, X and 0 are on the
same side of H. The theorem follows.

We now return to the original setting of Theorem 4.8.3 with C € B and O €
intC. As noted previously, we may assume that O is the origin 0 of X'. As usual, we
assume (4.8.6) and (4.8.9) so that 0 is a regular point. We take a simplicial minimal
configuration {Cy,...,C,} € &(0) with corresponding index set Z = {0,...,n}.
Letting A; = A(C;,0),i =0,...,n, (4.8.9) rewrites as

G 1
l<o = <1+ . 4.8.28
Fori =0,...,n, we define
n 1 1
o; =

=0 — .
A+ 1 A+1
j=03j#i + +

By (4.8.6) and (4.8.9) we have

1
<oi+t——=0<l+

Tt Ai+ 1 n+1

so that o; < 1. In addition, since [Cy, ..., C,] is an n-simplex with the origin 0
in its interior, {Cy, ..., a ..., Cy} is linearly independent. By (4.8.13) and the
preceding discussion these were the very assumptions under which the construction
of the polytope P;, I = Z \ {i}, was carried out. We obtain the polytope
P = P(Co,..., a, ..., Cy) containing the bulge B; = B(Cy,..., a-, o G
(Theorem 4.8.10), and the vertex V; = V(C,, ..., a ..., C,). Thus, so far we have

Cc=I[C.....cQu | JBiclc.....cqu P (4.8.29)
i=0 i=0

Our next result is the following:

Theorem 4.8.11. We have
CC[Vo,...,Vi]. (4.8.30)

Before the proof we introduce a useful method that compares the geometry
of [Vo,...,V,] with the geometry of the inscribed simplex A = [Cy, ..., C,].
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Throughout, we let 0 < i < n. Recall that A; = A(C;, 0) with our base point O
set at the origin 0. For simplicity, we also set Ax; = AA(C;, 0).
Since A C C, we have
Ai < Aa (4.8.31)

Since A is a simplex, by Lemma 4.1.2, we also have

Xn: ! =1, and 2”: ! C;i=0 (4.8.32)
izolA,i—i-l_ ’ i=OAA’i+1 e o

We substitute these into the defining formula (4.8.15) for V; which, for conve-
nience, we make explicit here:

1 n

Vi=—
l—0;
j

1
——C,.
A+17

i i+

Using (4.8.31)—(4.8.32) and (4.8.9), a short computation gives

1 1 -
V= G- G|, (4.8.33)
i 1 v ]
m — € Ai + 1 =0
where
1 1 0
€ = - - Y
14+ A; 14+ Ap,
and

e:zn:e,-:a—1>0.
i=0

(Notethat 1/(A; +1)—e=1/Ai+1)—0+1=1—-0;>0)
As in (4.8.11) we finally define

62 égG[CiEA.
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With this (4.8.33) can be written as

1 1 .
—(C;—O). 4.8.34
v ) ( )

Vi—C=

From this it is immediately clear that [V, ..., V,] is an n-simplex.
Lemma 4.8.12. We have C; € [Vy, ..., V]

Proof. Eliminating the denominators in (4.8.34), multiplying by €; and summing up
with respectto i = 0, ..., m, the definition of C gives

n

Y a(l—o)hi+ D(V;—=C) =) a(Ci—C) =0.

i=0 i=0

The coefficients are non-negative and their sum is positive. This means that C e
[Vo, - .., V,]. Finally, (4.8.34) can be written as

| 1
| Vitel=—c.
(Ai+1 E) teC= T

Since the coefficients are positive, this means that C; € [V;, C] C [Vq, ..., V,]. The
lemma follows.

~

Proof of Theorem 4.8.11. Recall that V; = V(Co,...,Cj,...,Cy). Applying
Lemma 4.8.4 inductively (first to I = {0, ...,i,...,n}) and using Lemma 4.8.12,
we see that, for J C I, we have V; € [V, ..., V,]. In the last step of the induction

we obtain C7 = Vi € [Vo, ..., V,], and so

[CS.....C%1C [Vo..... V.

Proposition 4.8.8 also gives

P,'C[Vo,...,vn], i=0,...,n.

Using (4.8.29), we obtain

cclC.....caul P cVo..... Vil
=0

The theorem follows.
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Proof of Theorem 4.8.3. The coefficient in (4.8.34) can be estimated as

1 1 14 o—1 <14 o—1 _ 1
l—oidi+1 ﬁ—i—l—a_ #—i—l—a_l—(n—}—l)(a—l)'
(4.8.35)
By (4.8.10)—(4.8.12), we define
Ci=8C)=C+HCi—C), i=0,...,n, (4.8.36)

and

By (4.8.34)—(4.8.36), we have

[V(),...,Vn]CA.

This, combined with Theorem 4.8.11, gives Theorem 4.8.3.

Exercises and Further Problems

1.*

2.%

3.%

LetC € B and O € intC. For k > 1, define

u 1

¥(0) = sup ————, Oe€ intC.
(Cor., CLYEEL(O) ; A(Ci,0) + 1

(Compare this with (4.1.1).) Show that ¥; = (k 4+ 1)/2 — 0.

Show that, in a minimal n-configuration, there is at least one configuration
point at which A(., O) assumes its global maximum m(O) over dC.

Let B C R" be the closed unit ball. Use induction with respect to n to show
that

1—|0|
>

Derive the formula in (4.6.3) for the function o on the half-disk C based on

the discussion in Example 4.6.3.

Let C be a planar convex polygon and Vy, V1, V,, V3 consecutive vertices of C.

Let «; and o, be interior angles at V; and V,. Assume that o} + oy > 7. Using
affine diameters, show that intC N [Vy, V,, W] C S, where S is the singular

c(0)=1+n-1) O € intB.
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7%

8.*

9.%

10.

11.*

4 Mean Minkowski Measures

setand W = [V, V2] N [V, V3]. Use this to give a complete description of the
regular and singular sets in convex quadrilaterals.

Let By, n > 2, be the Birkhoff polytope of doubly stochastic n x n-matrices
(Example 2.2.4). Show that

n—1)>%+1
O.Bu(E"l) = %’

where E, € B, is the n x n-matrix all of whose entries are equal to 1/n.

Let C € B with m* = n — 1 and assume that the critical set C* consists of
a single point: C* = {O*}. Show that O* is singular if and only if C has a
codimension 1 simplicial slice across O*.

Let C € B be symmetric with center of symmetry at O. Let O’ € intC,
0 #0.Let (0,0)NC = [C,C°] with O € [0, C]. Show that A(.,0’)
attains its global maximum at C (and its global minimum at C°). Moreover,
for any affine plane K that contains (O, O'), the distortion is increasing along
the boundary arcs of U 9 C from C to C.

Use the previous problem to give a simple proof of the second statement of
Theorem 4.5.2: The interior of a symmetric convex body consists of singular
points only.

Let C = [Cy, V] C & be a cone with base Cy and vertex V € X'\ X, where
Xo = (Cp) is a codimension 1 affine subspace in X. Let Oy € intCy and
0, =(1—=1)0¢ + AV,0 < A < 1. Show that O, € R¢ implies Oy € R,
and, in this case we have 0¢(0;) = A + (1 — )0 ¢,(0y). (The converse is
false; see Example 4.6.14.)

Theorem 4.8.10 can be interpreted in terms of the ‘“bulging function”
B : Fo — R (for a given I C Z and applied to the slice C N A}). It is defined,
for X € Fjy, as the largest number B(X) such that B(X)X € dC. Show that
1/B is a convex function. Define the bulging function 8; : Fy — R for the
covering polytope P; analogously for X € Fy, as the largest number S;(X)
with B;(X)X € 9P;. By Theorem 4.8.10, we have 1 < 8 < f;. Show that
1/ is convex and piecewise linear. Derive the formula

1-— J| =
B, UJVJ :|| 01.
|J|—O'J 1—o0y

Conclude that the maximum bulging of the slice C N &} over Fy is

1-— o |I| — 07
max p < maxp; = Vi) = .
Fo ﬂ_ Fo 'BI IB(|I|—O’1 1) 1—o0;
Apply this estimate to the “maximum bulging” of C over the inscribed
antipodal simplex [C{,....C?] C C as follows. Denote by f;

[cs,..., 6’?, ..., C%] = R the bulging function of the ith face, and conclude
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n—o; n—1
max  max f; < max =1+ - :
Osisnice @..cy  Osisnl—o; 1 =0 + ming<i<, 75
n?—1

R Yo

12 Let C = AUB C X, where A = [Cy,...,C,] is an n-simplex and the
“bulging” B is a convex set with A N B = dA N IB = [Cy,...,C,]
and the rest of the boundary of B is given by the graph of a smooth non-
negative function f : [Cy,...,C,] — R measured as the distance along
rays emanating from Cp and passing through [Cy,...,C,]. Assume that
B\ [Cy,...,C,] is contained in the interior of the n-simplex [C, ..., C,, V],
where V= (C; + ...+ C, — Cp)/(n—1). Show that R = int A. In addition,
letting O = (1-1)Cop+AX € R, X € int[Cy,...,C,]and 0 < A < 1, derive
the formula

fX)

= A—" .
7O =1+ AR

Note that, for non-zero f, this is an example of a non-simplicial convex body
with n affinely independent flat cells and nearby regular points. (Compare with
Theorem 4.6.1/(1).)



Appendix A
Moduli for Spherical H-Maps

A.1 Spherical H-Maps and Their Moduli

One of the original motivations to introduce the sequence of mean Minkowski
measures {0x}x>1 to convex geometry comes from a specific classical problem
in Riemannian geometry. For a given compact Riemannian manifold M and an
eigenvalue A of the Laplace—Beltrami operator AM on M, one can consider maps
with domain M into Euclidean spheres with components being eigenfunctions of
AM with eigenvalue A. Such maps can naturally be parametrized by a compact
convex body, called the moduli space. The fundamental problem is to measure how
symmetric (or asymmetric) the moduli space is.

In this appendix we explore the connection between convex geometry and
Riemannian geometry, construct the moduli space for these maps, and study how
far they are from being symmetric. We assume basic knowledge of Riemannian
geometry, and some elementary facts from the representation theory of certain
compact Lie groups.

Let M be a compact Riemannian (C*°-)manifold and C*° (M) the space of smooth
functions on M. We endow C°°(M) with the L*-scalar product (with respect to
the Riemannian measure defined by the Riemannian metric g). Let V be a finite
dimensional Euclidean vector space and f : M — V a smooth map. A component
of f is given by composition with a linear functional @« € V*: @ o f € C®(M).
Precomposition by f defines a linear map V* — C%(M) onto the space of
components Vy ={aof |a € V*}.

We call f : M — V full if the linear span of the image of f is V. (Note that any
map f : M — V can be made full by restricting the range of f to the linear span of
its image.) Clearly, f : M — V is full if and only if the linear map V* — V; above
is injective, that is, a linear isomorphism.

Two full smooth maps f : M — V and f' : M — V' are called congruent if there
is a linear isometry U : V — V' such that U o f = f’. Congruence is an equivalence
relation on the set of smooth full maps.

© Springer International Publishing Switzerland 2015 243
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Let H C C*°(M) be a fixed finite dimensional linear subspace. On H C C*°(M)
we take the scaled L*-scalar product

(X1, x2) = h[ X1° X2V, (A.1.D)
M

where h = dimH and vy, is the Riemann measure associated to the Riemannian
metric g on M scaled to [, U = vol (M) = 1. Whenever convenient, using this
scalar product, we will identify H and its dual H*. In terms of an orthonormal basis
{xi}"_, C M, the identification H* = H is given by a > Zf-’:l a(yi)yi-a € H*.

Amapf : M — Viscalled an H-map if Vy C H.

The archetype of an H-map is the Dirac delta map 6% : M — H. With respect to
an orthonormal basis { Xi}?=1 C H as above, it is defined by §3 (x) = Z?=1 Xi(x) ¥
Clearly, the definition does not depend on the choice of the orthonormal basis. The
Dirac delta map is maximal in the sense that Vs, = H.

Remark. The Dirac delta map gets its name from the equivalent definition §4 :
M — H*, §4(x)(x) = x(x), x € H. Using the identification H* = H by the
scalar product (A.1.1), this definition is equivalent to the one above since 5 (x) =
Yim1 S @O 1i = iy 1) i, x € M.

Letf : M — V be a full H-map. We denote by A : H — V the adjoint of the
composition V* — Vy C H = H* (precomposition by f followed by inclusion).
Clearly A is onto. In addition, we have f = A o §, in particular, dim V < dim .
Indeed, for « € V* and x € M, we have

h

a(A o8y () = (@of 6u() =Y (@of, xi)xix) = (@0 f)(x).

i=1

We associate to f the symmetric linear endomorphism (f) = A* -A — I € S*(H).
This association is well-defined on the congruence classes of full H-maps. Indeed,
with f = A o 83 as above, for any linear isometry U : V — V', we have

(Uofy=WU-A)* - (U-A)—I=A"-(U"-U)-A-T1=A"-A—-1={f).

In addition, since A* - A is automatically positive semi-definite, we see that, for
any full H-map f : M — V, the associated symmetric endomorphism (f) of H
belongs to the set

C(H)={CeS*(H)|C+1>0}.

As noted in Example 4.1.6, positive semi-definiteness is a closed and convex
condition, so that C(#{) is a closed convex subset of S?(#). Note also that C({) has
non-empty interior consisting of those symmetric endomorphisms C of H for which
C+1 > 0. In particular, the Dirac delta map § corresponds to the origin: (§4) = 0
as an interior point of C(H).



A.1 Spherical H-Maps and Their Moduli 245

Finally, note that for a full H-map f : M — V, we have
im ({f) +1) = im(A* - A) = im (A¥) = V}. (A.1.2)

Now let f; : M — V; be full H-maps and A; € (0,1),i = 0,...,d,
with Z?:o A; = 1. Then for the H-map f : M — V,V = Z?:o Vi given
by f = (VAdfo. ... vAqfy), a simple computation using the definition of the
parametrization gives

d
(f) =D Xilfi) € C(H). (A.13)

i=0

(Note that f is not necessarily full.) Using (A.1.2)—(A.1.3), for the respective spaces
of components, we obtain

d d d
V; = im ({f) + 1) = im (Zki(f,-) +1) =Y im({f)+D) =) V, CH.
i=0 i=0 i=0
(A.1.4)

(The third equality is because, for any set of symmetric positive semi-definite
endomorphisms {Q;}%_, C S*(#), we have im(Zflzo 0)) = Z?:o imQ;.)

We will show shortly that the association f + (f) gives rise to a one-to-one
correspondence of the set of congruence classes of full 7{-maps of M onto C(H), so
that C(H) can be considered as a parameter space or moduli space for such maps.

This parameter space C(7) is non-compact, however. We therefore normalize
our H-maps, so that the corresponding reduced parameter space or reduced moduli
space will be the compact slice

Co(H) = {C € C(H) | trace C = 0}.

Recall that Cy(H) is a convex body in S3(H) = {C € S*(H) | trace C = 0} analyzed
in detail in Example 4.1.6.
We call an H-map f : M — V normalized it

[mzva:l,
M

where the norm | - |y is defined by the given scalar product on the Euclidean vector
space V.

We first note that the Dirac delta map § : M — H is normalized. Indeed, in
terms of an orthonormal basis {y;}’_, C H, we have

h h h
1

83 vy = 2 = /.2 =) —=1.
/MIHI vu /M<;XI>UM ;MX,UM ;h



246 A Moduli for Spherical H-Maps

We now claim that f : M — V is normalized if and only if trace (f) = 0. Indeed,
letting f = A o §4; with A : H — V as above, we have (f) = A* - A — [. In terms of
an orthonormal basis {y;}"_, C H, we have

[Mm%w=fM<f,f>va=/M<(A*-A>08H,8H>vM

h

h
SN A [ e zom =4 Z(A* At

ij=1

1 1
= — trace (A* - A) = trace {f) +

The claim follows.
We obtain that, under f + (f), the congruence class of a full normalized H-map
corresponds to a traceless symmetric endomorphism of 7, an element in Co(#).

Proposition A.1.1. The correspondence f + (f) is one-to-one on the congruence
classes of full H-maps onto C(H). Under this correspondence, the congruence
classes of full normalized H-maps correspond to the convex body Co(H) C S3(H).

Proof. To show injectivity, letf; : M — V; and f, : M — V, be full H-maps and
assume that (fj) = (f»). Setting fj = Aj 08y and f, = Ay 0 83 with Ay : H — V)
and A, : H — V), linear and surjective, we have

A* A =AY A, (A.1.5)

In particular, A; and A, have the same kernel. We may assume that this kernel
is trivial since otherwise we would restrict both linear maps to its orthogonal
complement. We now apply the polar decomposition to obtain A; = U; - Q; and
Ay = Uy - Qp, where Uy : H — V; and U, : H — V, are linear isometries and
Q1 and Q, are symmetric positive definite endomorphisms of . Substituting these
into (A.1.5) and taking the square root of both sides, we obtain Q; = Q,. Hence
A; = U, -Uy'- Ay, sothatfy = (U - Us') o f>. Congruence of f; and f> follows.
To show surjectivity of the parametrization, let C € C(#). Since C + I > 0 we
can define A = (C + I)'/? € S?(#). Restricting A to its image V = imA, we
obtain a surjective linear map A : ‘H — V (denoted by the same letter), and a full
H-map f = A o8y : M — V. Working backwards, we have (f) = A*-A—1 = C.
Surjectivity of the parametrization, and therefore the proposition follows.

From geometric point of view, general H-maps f : M — V are uninteresting. On
the other hand, H-maps with specific geometric properties have long been of great
interest in Riemannian geometry. A case of particular importance is when H = H,,
is the eigenspace of the Laplace—Beltrami operator A of M (acting on the space of
functions C*>°(M)) corresponding to an eigenvalue A > 0. In addition, we impose
sphericality, that is, we assume that f : M — Sy (C V) maps into the unit sphere Sy
of the Euclidean vector space V. With these, we arrive at the concept of A-eigenmap,
an H,-mapf : M — Sy.
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One of the principal reasons why such maps are important is due to the fact
that a A-eigenmap is a harmonic map (of constant energy-density) in the sense of
[Eells—Sampson]. (See also [Eells—Lemaire].)

A great number of classical examples include the Hopf map Hopf : S* — S2, the
(real) Veronese maps Very : §> — S?*, k > 2, and their generalizations.

In addition, imposing conformality on A-eigenmaps, one arrives at the concept
of spherical minimal immersion, an isometric minimal immersion f : M — Sy (up
to scaling of the Riemannian metric g of M).

A famous example is the tetrahedral minimal immersion Tet : S> — S%. Its name
signifies that it defines an isometric minimal embedding of the tetrahedral manifold
(the quotient of S* by the binary tetrahedral group) into S°. Similarly, we have the
octahedral and icosahedral minimal immersions Oct : §> — §® and Ico : §* — §'2.
(See Problems 5-6.)

With this motivation in mind we now return to the general setting.

An H-map f : M — V is called spherical if it maps M into the unit sphere Sy
of V. In this case we write f : M — Sy. To study spherical H-maps, the Dirac
delta map 8 : M — H needs to be spherical. To ensure this, we assume that M
is Riemannian homogeneous, that is, M is endowed with a transitive action of a
compact Lie group G of isometries. As usual, we write M = G/K, where K C G is
a closed subgroup.

The action of G induces a linear action on C® (M) by setting g- y = yog ',
X E€EC®M), ged.

In addition, we also assume that the linear subspace H C C°°(M) is G-invariant.
Since the scaled L?-scalar product (A.1.1) is G-invariant, this means that # is an
orthogonal G-module, that is, G acts on H via orthogonal transformations.

We claim that under these assumptions the Dirac delta map is spherical. We first
show that §3; : M — H is equivariant with respect to the action of G on M and the
orthogonal action on H. Equivariance means that we have

g 8u(x) =8u(g-x), g€G, xeM.

Indeed, with respect to an orthonormal basis { )(,-}?:1 C H,forg € G,x € M,
we have

h h
g-8y(x) =g- (Z Xi(0) x,-) =Y xi® (g 1)

i=1

h h h
Z xi(0) Zgﬂx, oY @ i)
i=1 j=1 =1 =1

h
Z X)) = Zx,x, (g-%) = 6ulg-x),

j=1

where (g,])l =1 € O(#H) is the orthogonal matrix of g € G acting on H with respect
to the fixed orthonormal basis. Equivariance of 4 follows.
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Since G acts transitively on M, it follows that §3; maps M into a sphere in H with
center at the origin and radius » > 0. Now, once again with respect to an orthonormal
basis {y;}1_, C H, for x € M, we have

h
=[Sy =) 1)’
i=1

Integrating, and using orthonormality of the basis, we obtain

h
r2=2/)(?vM=1.
i=1"M

Sphericality of the Dirac delta map now follows: 83, : M — S.
We now take an arbitrary full H-mapf : M — V withf = AodyyandA: H -V
linear and onto. For x € M, we calculate

P =1 =)~ [8x ()

= ((A" - A= 1) 0 83(x). 83(v))
= ({f). 0 (x) © 6 (x) =0,

where © stands for the symmetric tensor product. As in Example 4.1.6, we use here
the natural scalar product on S?(#) given by

(Cl, Cz) = trace (Cl . Cz), C,C, € SZ(H)

This scalar product satisfies

(C-x102) =(C.x1 © ya), CeS*H), x1.x2 € H.

We conclude that a full H-map f : M — V is spherical if and only if the
associated symmetric endomorphism (f) belongs to the linear subspace

E(H) = {51 (x) © 8 (x) | x € Myt C S*(H),

where * stands for the orthogonal complement.
Let C € £(H). Using an orthonormal basis {x;}"_, C H and integrating, we
have

/ (C.83(x) © 8300 vys = / (C 0 83(x). 8320 vy
M M

h

Z(CXhXj)/ Xi* Xjom
M

ij=1

}‘IH

i 1
ZC)(,, Xi traceC—O
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Thus, E(H) C S5(H). We now define
LH)=CH)NEMH) =Co(H)NEH)={CeEH)|C+ 1= 0}.

In particular, since Co(#) is compact, so is £L(7). We obtain that L(H) is a convex
body in £(H). Proposition A.1.1 gives the following;

Corollary A.1.2. The correspondence f + (f) is one-to-one on the congruence
classes of full spherical H-maps onto L(H).

The convex body L(H) is called the moduli space for spherical H-maps. As before,
the Dirac delta map 64 corresponds to the origin of £(#). The interior of L(H)
consists of those symmetric endomorphisms C € £(#) for which C + 1 > 0.

Letf : M — Sy be a full spherical H-map. By definition, the corresponding
parameter point is (f) = A*-A—1 € C(H), wheref = Aody andA : H — V
linear and onto. By (A.1.2), we have

dimV = dim V; = dim im ((f) + I) < dimH = h.

Equality holds if and only if (f) + I > 0. By the above, this happens if and only
if (f) is in the interior of £(H). We obtain that full H-eigenmaps f : M — Sy
that correspond to boundary points in d£(H) are exactly those for which dimV <
dim H. These H-maps are said to be of boundary type.

Beyond the fact that it is convex, the geometry of the moduli £L(#), even for
the simplest Riemannian homogeneous spaces, is very complex. (For example, its
dimension is known for compact rank one symmetric spaces M = G/K only; see
below.) As the simplest measure of symmetry, recall from Example 4.1.6 that the
distortion A(C, 0) at a boundary point C € dC(H) is the maximal eigenvalue of C as
a symmetric endomorphism of H. Thus, m(0) = max,z ) A(.,0) is the maximal
eigenvalue of the symmetric endomorphisms corresponding to all spherical H-maps
of boundary type.

In this appendix we will study the sequence {0 £(1)(0)}r>1 (at the origin 0
which corresponds to the Dirac delta map 64 ).

We begin with the following elementary fact:

Proposition A.1.3. Let f : M — Sy be a full spherical H-map of boundary type.
Then we have

dmy =MD +1 = ((f) (A.1.6)

where v((f)) is the multiplicity of the maximal eigenvalue A({f),0) of {f). Equality
holds (in both places) if and only if f : M — Sy has L?>-orthogonal components of
the same norm with respect to an orthonormal basis in V.

Proof. Welet C = (f) = A*-A—1 € S*’(H), where f = Ao 8y withA : H — V
linear and onto, and, for brevity, we set v = v(C) and dimV = n. As noted in



250 A Moduli for Spherical H-Maps

Example 4.1.6, the eigenvalues of C are contained in [—1,2 — 1]. Since A : H — V
is onto, we have rank (C + I) = rank (A* - A) = rankA = dimV = n. Hence
the multiplicity of the minimal eigenvalue —1 of C is equal to A — n. Thus, for
the multiplicity v of the maximal eigenvalue A(C,0), we must have v < n. Let
Al,...,Au—y denote the non-minimal and non-maximal eigenvalues. With these,
the condition that C is traceless can be written as

VA(C.0)+ > Ai=h—n.
i=1
Now, using —1 < A; < A(C,0) in this equation, we obtain the two estimates in
(A.1.6).
Finally, observe that v({(f)) = dim V if and only if f : M — Sy has L*-orthogonal
components of the same norm with respect to an orthonormal basis in V.

A.2 The G-Structure of the Moduli

As in the previous section, we let M = G/K be a compact Riemannian homo-
geneous space, with a compact Lie group G of isometries of M, H C C®(M) a
finite dimensional orthogonal G-module endowed with the scaled L?-scalar product
(A.1.1), and L(H) C E(H)(C Si(H)) the moduli space parametrizing the full
spherical H-maps.

The action of G on H induces an action on S?(#) by conjugation g-C = go Co
g7!, C € $*(H), g € G. As easy computation shows, all the spaces C(H) C S*(H),
Co(H) C S}(H), and L(H) C E(H) are G-invariant, and the parametrization f —
(f) with f : M — V running on the respective sets of full 7{-maps, is equivariant in
the sense that g - (f) = (fog™!).

Proposition A.2.1. Assume that H is irreducible as a G-module. Then G acts on
S3(H) with no non-zero fixed points.

PROOF. Let C € S5(H). Since C is symmetric, it is diagonalizable, and 7 splits into
an orthogonal sum of the eigenspaces of C.

Assume now that C € S3(H) is G-fixed: g-C = C- g, for all g € G. This implies
that every eigenspace of C is G-invariant. By irreducibility, there can only be one
eigenspace. Hence C is a constant multiple of the identity, thereby orthogonal to
S3(H). We obtain C = 0.

The following proposition is the cornerstone of our calculations. We state this
result in a more general setting as follows:

Proposition A.2.2. Let X be an orthogonal G-module, and assume that G acts
on X with no non-zero fixed points. If C C X is a G-invariant convex body with
0 € intC then, for the mean Minkowski measure o ¢, we have

dimC + 1

7O ne@ T

(A2.1)

where mg is the maximal distortion.
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Proof. Assume that the distortion function A(., 0) attains its global maximum m(0)
at C € dC. Consider the convex hull [G(C)] C C of the orbit G(C) C dC passing
through C. This convex hull is a G-invariant compact convex set. It contains its
centroid which must be fixed by G. Since X has no non-zero G-fixed points, this
centroid must be the origin 0. By Carathéodory’s theorem (Section 1.3), there exists
{Co,....C,} C G(C), n = dimX, such that Y " (A,C; = 0, > A = 1,
{Ao,..., Ay} C [0, 1]. What we just concluded means that {Cy,...,C,} € €(0)
is an n-configuration with respect to 0. Therefore, we have

- 1 n+1
0) < - .
G()_;A(Ci,O)—l—l m(0) + 1

On the other hand, by (4.1.8), the opposite inequality also holds. The proposition
follows.

Remark. Note that connectedness of the Lie group G is not assumed. In particular,
Proposition A.2.2 can be used to calculate the mean Minkowski measure o (O)
for polytopes (with respect to the centroid O) possessing sufficiently large (finite)
symmetry groups. Specific examples include the regular solids in any dimension,
and the Birkhoff polytope B, (Example 2.2.4).

Returning to our specific setting, we now apply Propositions A.2.1-A.2.2 to the
moduli L(H) C E(H). Assuming irreducibility of H, we obtain

_dimL(H) + 1
oc)(0) = W (A.2.2)

In addition, Proposition A.1.3 gives the following:

Proposition A.2.3. Let M = G/K be a compact Riemannian homogeneous space
and H C C®(M), dimH = h, a G-invariant irreducible linear subspace. Then
we have

dim £(#) + 1 % dim Vi, (A2.3)

< 0) <
A = UE(H)( ) =

wheref : M — Sy, is a spherical H-map with minimum range dimension. Equality
holds in the upper estimate if and only if

c#)(0) dm v

In this case f : M — Sy, . has L*-orthogonal components with the same norm.
Proof. Proposition A.1.3 applied to a minimal range spherical H-mapf : M — Sy,
gives

h

<A 0)+1< 0) + 1.
dim Vo, = ({f).0) + 1 <mgy(0) +

By (A.2.2), the upper estimate and the last statement of the proposition follow
immediately.
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The lower estimate holds because A (C, 0) is the maximal eigenvalue (in our case)
of C € L(H) and, by Example 4.1.6, all eigenvalues are contained in the interval
[—1,h—1].

Remark. Although there are many known examples of spherical H-maps which (up
to scaling) have L?-orthonormal components, the full classification of such maps,
even in the simplest settings, is an unsolved problem. In addition, finding the lowest
rangle dimension for certain classes of spherical (e.g., conformal) H-maps is and
old and difficult problem.

We now specialize M = G/K to be a compact rank one symmetric space. (For a
thorough account, see [Besse].) It is a classical fact that M is then the Euclidean
sphere " C R™*!, or one of the real, complex, or quaternionic projective spaces
RP™, CP", HP™, or the (16-dimensional) Cayley projective plane CAP?.

We let H = H, C C°°(M) be the eigenspace of the Laplace—Beltrami operator
AM corresponding to an eigenvalue A > 0. (The trivial case A = 0 is excluded
as it corresponds to the one-dimensional eigenspace of constant functions.) It is
also a classical fact that H is an irreducible G-module [Helgason 1, Helgason 2,
Helgason 3]. In fact, there are several explicit geometric representations of H,; in
particular, h; = dim H, is known.

A spherical H-map f : M — Sy is called a A-eigenmap. By Corollary A.1.2, the
moduli space £, = L(#H,) parametrizes the congruence classes of full A-eigenmaps
of M into various Euclidean spheres. For simplicity, we denote &, = £(H,;), 8, =
81, : M — Sy, etc. Note that, in this case, the Dirac delta map is also known as
the standard eigenmap.

For a compact rank one symmetric space M = G/K, the G-module structure of
the quotient S3(H,)/E,; in particular, dim & is known [Toth 3]. More precisely, the
finite sums of products H, - H, of functions in H, is a G-submodule of S2(H 1), and

E = SP(Hy)/Hy - Hy. (A.2.4)

In addition, if {A;}r>0 denotes the sequence of eigenvalues in increasing order,
we have

Zf:o Hoy ifM = S™

H, -H,, =
AT S gy if M = RP™, CP”, HP", CAP?

(A.2.5)

As hy, = dimH, is known, combining (A.2.4)—(A.2.5), dim&, = dim L, can be
calculated. In summary, Propositions A.2.1-A.2.3 now give

dim L, +1 dimf;, +1 dimf; +1

< 0) = < dim Viin, A.2.6
hy, - GLA( ) mLA(O) +1 - hy, m ( )

where f : M — Sy, is a minimum range dimensional A-eigenmap.
The most studied and explicit case is the Euclidean sphere M = ™ C R™*! with
G = SO(m+ 1) and K = SO(m). Calculating the kernel of the Euclidean Laplacian
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acting on k-homogeneous polynomials in (m + 1)-variables, and comparing it with
the spherical Laplacian on ", we obtain that the kth eigenvalue is A, = k(k+m—1).
In addition, the eigenfunctions corresponding to A, are the restrictions of harmonic
k-homogeneous polynomials in (m + 1)-variables to S™ C R™*!. (For details, see
[Berger—Gauduchon—Mazet] or [Toth 4].) These are classically known as spherical
harmonics of order k. This computation also shows that

k k+m—2
hy, = dimH;, = ( ;m) . ( o ) (A2.7)

m

Now, (A.2.4), (A.2.5), and (A.2.7) give

dim £;, = dim&;, = dim S*(H,,) — dim(H,, - Hy,)

A | 2%k
_ < Ak2+ ) _ th
i=0
k+m _ k+m—2
:((m) (G )+1>_(2k+’”), (A2.8)

2 m

This shows, in particular, that the moduli space £;, parametrizing A;-eigenmaps
f 8" — Sy is non-trivial if and only if m > 3 and k > 2. Note that triviality of
the moduli for m = 2 is due to [Calabi], and it can be paraphrased by saying that
a full Ai-eigenmap f : S — Sy, k > 1, must be congruent to the Veronese map
Very : §? — 5% (with L?-orthonormal components).

For M = §", in view of (A.2.6) and (A.2.8), to calculate or, (0), m > 3 and
k > 2, one needs to know the maximal distortion m, " (0) for Ay-eigenmaps. This is
a difficult and largely unsolved problem [Escher—Weingart, Toth 4]. To obtain an
upper bound for oz, (0), again by (A.2.6), one needs to know the minimal range
dimension of such maps. This is the DoCarmo Problem. In general, to give bounds
on the minimum range dimension is (once again) an old and difficult problem
[DoCarmo—Wallach] (Remark 1.6) and [Moore, Toth 2, Toth—Ziller, Weingart,
DeTurck—Ziller 1, DeTurck—Ziller 2, DeTurck—Ziller 3].

A.3 SU(2)-Equivariant Moduli

In the rest of this appendix we will treat the first non-trivial domain S°>.

Identifying R* with C? in the usual way makes the Lie group SU(2) a (normal)
subgroup of SO(4). The (real) orthogonal transformation (z, w) — (z,w), z,w € C,
of C? conjugates SU(2) into another copy SU(2)) C SO(4), and we have the
splitting

SO(4) = SU(2)-SU(2)  with SU(2) N SU(2) = {+£I}.
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Since £;, C &, is a convex body, taking the fixed points sets by SU(2), we see
that ESU(z) L) OES @ is a convex body in the linear subspace 5 ve &),-Due
to the splitting SO(4) = SU(2) - SU(2)/, this linear subspace ESU( ) |

SU(2)’-module. Similarly, ES @’ is cut out from L, by the SU(2)-module 55:](2),.
(2> and £5U@
Ak

is actually an

Moreover, by restriction, 5 are orthogonal in&),.

Finally, since the parametrlzation is equivariant, Ei and L’SU parametrize
SU(2)- and SU(2) -equivariant eigenmaps. Because of thls they are called equiv-
ariant moduli. Since SU(2)’ is a conjugate of SU(2), the module structures on the
respective equivariant moduli are isomorphic via this conjugation.

The module structures on 5SU(2) and 5SU(2)
[Toth—Ziller, Toth 4]

are known, in particular, we have

’ k k
. SU(2) . SU(2) . SU(2) . SUQ2)
dim £, 7 =dim& 7 =dim L, 7 =dim¢;, [5} (2 [5] + 3) .
(A3.1)

Example A.3.1. For k = 2, a quick dimension computation in the use of (A.2.8)
and (A.3.1) gives

&, =

2

SU(2) SU2)
&, &,

The corresponding first non-trivial (ten-dimensional) moduli £, is particularly

simple as it is the convex hull of the five-dimensional slices ESU(Z) and L',SU(Z)

In fact, £ I Y® is the convex hull of the SU (2)’-orbit of the parameter point {(Hopf)
corresponding to the Hopf map Hopf : §* — S2. This orbit SU(2)' ({Hopf)), in turn,
is the real projective plane RPP? embedded into a copy of the 4-sphere in & SU(Z) asa
Veronese surface, the image of the Veronese map Ver, : > — §*. It now follows that
the extremal set £ consists of this orbit and its isomorphic copy SU(2)((Hopf"))
in £5V?",

Since maximal distortion occurs at an extremal point (Corollary 2.2.3), we have
Az, ({(Hopf)) = m,,(0) = 2, where the value 2 will be calculated in the theorem
below. (Note that the Hopf map also has the lowest range dimension, even for

topological reasons.)
By (A.2.6)—(A.2.7), we obtain

02, (0) = dim £y, +1 _ E
m,(0) +1 3

In addition, its explicit description shows that £, (actually, £ ( )) has a triangular

slice across 0. ({Hopf) can be chosen as one of the vertlces of the triangle. Its

antipodal is the parameter point (Ver®), where Ver® : §° — §°, Ver(z,w) =

(22, V22w, w?), zow € § C (2, is the complex Veronese map. The latter is the
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center of a disk on the boundary of the moduli, and the boundary circle of the disk
is on the orbit SU(2)'({Hopf)).) Thus, equality holds in (4.1.11) of Theorem 4.1.5,
and we obtain
j+1
Gﬁsz‘(O):T, J22.

For the equivariant moduli, we have the following:

Theorem A.3.2. For k > 2, we have

k ifkiseven
A(,0) = 0) =

it (- 0) = m v (0) {% ifk is odd.
k

(A3.2)

The dimension d), of the largest simplicial slice of Eig(z) across 0 is equal to this
maximal distortion, and we have

1 lf] = d)tk
= i . A3,
aﬁig(z)’j(O) { di:_-ll—l ifj > dy. (A.33)
In particular, we have
2 itk is even
v (0) = > A3.4
o v ) {k if k is odd. (A-34)

Remark. In the light of Theorem 4.1.1, it is instructive to compare (A.3.1) and
(A.3.4). We see that o .sue) (0) = O(k) whereas dim £if(2) = O(k?) as k — oo.
Ak

This means that, for large k, the equivariant moduli kaU(z

symmetric.

) is far from being

Before the proof, we need to recall a few facts from the representation theory of
the group SU(2). (See [Fulton—Harris, Borner, Knapp, Vilenkin, Vilenkin—Klimyk,
Weingart].)

The irreducible complex SU(2)-modules are parametrized by their dimension,
and they can be realized as submodules appearing in the (multiplicity one) decom-
position of the SU(2)-module of complex homogeneous polynomials C[z, w] in two
variables.

For k > 0, the kth SU(2)-submodule W, dim¢ Wy = k + 1, comprises
the homogeneous polynomials of degree k. With respect to the L?-scalar product
(suitably scaled), the standard orthonormal basis for Wj is

E=r
(CEilH e
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For k odd, W, is irreducible as a real SU(2)-module. For k even, the fixed point set
Ry of the complex anti-linear self map

W s (1YW, j=0,... k,

of Wy is an irreducible real submodule with W, = R, Qg C.
Conforming with the splitting SO(4) = SU(2)-SU(2)’, the SO(4)-module of real
spherical harmonics can be written as

H, = R ® R, (keven)and H;, = W, ® W, (k odd).

(Here if V is an SU(2)-module then V' denotes the SU(2)’-module obtained from V
by conjugating SU(2)’ to SU(2) as above.) Restriction to SU(2) gives

k+1
Halsue) = (k+ DRy (keven) and Hy, |sue) = — Wi (k odd).

Ignoring, for a moment, the second statement of Theorem A.3.2, and letting dj,
denote the right-hand side of (A.3.2), we see that (in both parities) Hy, |su(2) has
dy, + 1 irreducible components. Since, by (A.2.7), we have dim#H,;, = (k + 1),
each irreducible component is of dimension (k + 1)2/(d,, + 1).

Letf : $3 — Sy be any full SU(2)-equivariant A;-eigenmap. Equivariance means
that the parameter point C = (f) € £, is fixed by SU(2), that is, C commutes
with the action of SU(2) on H,,. In particular, each eigenspace is SU(2)-invariant,
therefore a multiple of Ry (k even) or a multiple of W (k odd).

Now, since trace C = 0 and the eigenvalues are > —1 (as C + I > 0), the largest
possible eigenvalue is d;. We obtain m £5ve) 0) < 4.

For the reverse inequality, let V, C #Aklsy(z) be an irreducible component. By
the above, V) = Ry (k even) or Vy = W} (k odd). Mimicking the construction of the
Dirac delta map, we let fy : S*> — V, be defined by fy(x) = Z?:l 1) i, x € 83,
where { Xi}f'zl C Vp is an orthonormal basis with respect to (A.1.1). (Note that
h =dimR;, = k+1 (keven) or h = dim Wy, = 2(k+1) (k odd).) The argument used
for the construction of the Dirac delta map goes through giving SU(2)-equivariance
and sphericality of fy. Thus, we obtain the full SU(2)-equivariant H,, -eigenmap
fo : 8 — Sy,. By construction, {fy) € Eii](z) has only two eigenvalues; the
maximal eigenvalue with multiplicity dim Vy and the minimal eigenvalue —1. (See
also (A.1.2).) Therefore, the maximal eigenvalue must be d,. Now (A.3.2) follows.

Next we apply Proposition A.2.2 to the SU(2)’-module Ef]f/(z) and its convex

body EiU(z) to obtain
k

dim ,cjk’“z) +1

o suvr(0) = ——————.
LiZ(Z)( ) o 0 11
k

Using the dimension formula (A.3.1) and (A.3.2) we arrive at (A.3.4).
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It remains to prove (A.3.3). This will follow from the last statement of
Theorem 4.1.5 provided that we show that equality holds in (4.1.11) there. For
this, we will construct an explicit d;, -simplicial slice of ESU(Z)

As in the discussion above, we have Hj, |su@) = Z, oV where all V;,j = 0,
., dy,, are isomorphic as SU(2)-modules and V; = Ry (k even) orV; = Wk (k odd).
Mimicking, once again, the construction of the Dirac delta map, we obtain a full
SU(2)-equivariant H,, -eigenmap f; : $*> — Sy, foreachj = 0,...,d;,. We now let
f=dy+ 1)V, ... (dy + l)_l/zfdlk) 153 — S,, - The orthonormal bases in
V; used to define f;, j = 0, ..., d,, unite to an orthonormal basis in ,, and we see
that f is the Dirac delta map d3,, . Since the latter corresponds to the origin 0 € £y,
by (A.1.3), we obtain

& Lo} {f, )]

The convex hull here is a d;,-simplex whose faces are contained in the boundary of
Liku(z). This follows from (A.1.4) since any interior point of the jth face (antipodal
to (f;)) corresponds to a A;-eigenmap whose space of components does not contain
the components of f;. Therefore this A;-eigenmap must be of boundary type. We
obtain that [{fo), ..., (fa, )] is a d,-dimensional simplicial intersection of LSU(z)

The formula in (A. 3 3) and with this Theorem A.3.2 follows.

Remark. Using the terminology of Section 4.5, (A.3.3) can be paraphrased saying

that the degree of singularity of the origin in CSU( ) is dim ESU(Z) dy,.

Exercises and Further Problems

1. Let§é = Z —0 CjZ Z“'w/ € W, be a non-zero polynomial. Define the orbit map
fi 8% — W through § by fi(g) = g- & = £ o g™ !, g € SU(2). (a) Show that,
for k odd, f; : S* — W is full, and, for k even and £ € Ry, f; : $* — Ry is
full. (b) Use SU(2)-equivariance to verify that, up to scaling, f; is a spherical
Ag-eigenmap, and that the scaling condition is Zf:o(k_ De;*> = 1. (c) Show
that A({f¢), 0) = dj,. (d) Use (c) to conclude that f; has orthogonal components
with the same norm.

2. Calculate f; : S* — Sg, in Problem 1 explicitly, and verify that for &(z, w) =
izw, up to congruence, we obtain the Hopf map Hopf : §*> — 52:

Hopf(a, b) = (|la]* — |b|?>,2ab), (a.b) € §* C C2.

3. Generahze Problem 2 to calculate the orbit map f; : S* — Sg,, for £(z,w) =
(i*/k!)Z*WF to show that f; = Ver; o Hopf, where Ver; : §? — S is the real
Veronese map.

4. Impose the condition of homothety on a A-eigenmap f : G/K — Sy as

A
(0L (¥) = —(X.Y). XY eT(M).
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where T(M) is the tangent bundle of M and f. is the differential of f.
(A A-eigenmap satisfying this homothety condition is called a spherical
minimal immersion. For more information see [DoCarmo—Wallach, Wallach]
and also [DeTurck—Ziller 1, DeTurck—Ziller 2, DeTurck—Ziller 3, Toth-Ziller,
Toth 4, Weingart].)

Assume that M = G/K is isotropy irreducible (that is, the isotropy group
K acts on the tangent space Tk (G/K) irreducibly). Show that the Dirac delta
map 8, : M — Sy, is homothetic. Then, show that the moduli M, of the
congruence classes of full homothetic A-eigenmaps is the slice of C; by the
linear subspace

Fo = {X) O£ X, Y € T(M)}H C S*(Hy),

where tangent vectors in a vector space at any point are identified by ordinary
vectors via parallel translation to the origin.

* Show that f; : S — Sw, in Problem 1 is homothetic (as in Problem 4) if and

only if the coefficients of & satisfy the following

k

> @i — kP k=il =

J=0

k(k +2)
—
k=2

D G+ DUk —leEipa =0,

j=0

k—1

D (k=2 = 1) + Dk — )i = 0.
j=0

(See [Mashimo 1, Mashimo 2].)

Choose Klein’s tetrahedral form Q € Rg, Q(z,w) = zw(z* — w*) to verify
that § = /(4+/15) satisfies the conditions of conformality in Problem 5
and obtain a full conformal Ag-eigenmap f, J@T5) - §* — S° Show that
this eigenmap factors through the binary tetrahedral group T* (the lift of the
tetrahedral group in SO(3) to the 2-fold cover S°) and gives an isometric
minimal embedding of the tetrahedral manifold S3/ T* to S°. Do a similar
analysis for the octahedral form O € Rg, O(z, w) = 28+ 14zw+w? to obtain the
octahedral minimal immersion of £, g /37, : S3 — S% and for the icosahedral
form Z € Ry, Z(z,w) = 2w + 112°° — zw!! to obtain the icosahedral
minimal immersion 7360011, §% — S§'2. (For these and similar examples,
see [DeTurck—Ziller 1, DeTurck—Ziller 2, DeTurck—Ziller 3], and for a study of
the corresponding moduli, see [Toth—Ziller, Toth 4].)



Appendix B
Hints and Solutions for Selected Problems

Chapter 1.

1.
5.
7.

10.

13.
14.

15.

See [Eggleston 1, p. 12].

See [Schneider 2, 1.8].

Let C € C be one such point. Assuming X # C, consider the hyperplane
‘H C X that contains C and has normal vector N = X — C.

Let C € *B. Define the normal cone K¢ (C) of C at C € dC as the union of all
the rays emanating from C and having direction vector as the outward normal
vector of a hyperplane supporting C at C. (Here outward means that the normal
vector points into the respective open half-space disjoint from C.) Realize that
C is a smooth point if and only if K¢ (C) is a single ray, and C is a vertex if and
only if K¢ (C) has a non-empty interior in &". Finally, show that for Cy, C, € dC,
C1 # C,, the normal cones K¢ (Cy) and K¢ (Cy) are disjoint.

See [Danzer—Griinbaum—Klee, 2.3].

See [Danzer—Griinbaum—Klee, 2.4]. The key is to encode all the data in X’ x R.
Extend the scalar product of X to X x R in a natural way: ((X,x), (Y,y)) =
(X.Y) +xy, X,Y € X, x,y € R. For C € X, define the two (complementary)
open half-spaces ggﬂ = {(X,x) € X xR|{(X,x),(C,1)) = 0}. Assume that
each n + 2 members of the family & = {QX" |A € A} U{G; | B € B} have a
non-empty intersection. Apply Helly’s theorem (Section 1.4) (dimX x R =
n + 1) to get a point (Xg,x) € ()& and show that the hyperplane {X €
X | ((Xo,x0), (X, 1)) = 0} separates A and B.

The following proof of the theorem of Steinitz is due to Valentine and
Griinbaum. We may assume that A is finite. Setting O at the origin, let D C X
be the union of the linear spans of all the subsets of A with < n — 1 elements.
Since A is finite, D is a finite union of proper linear subspaces of X'. Since
the origin is an interior point of the convex polytope [A], there exists a chord
[C,C'] C [A], C,C' € 9[A], with 0 € (C, ') such that the line extension
(C, C’") meets D only at the origin. Let H and ' be hyperplanes supporting [A]
at C and C'. By Carathéodory’s theorem (Section 1.3) and since (C, C’) avoids
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17.
19.
20.

B Hints and Solutions for Selected Problems

D \ {0}, the point C € [A] N H can be expressed as a linear combination with
exactly n elements {Cy,...,C,} C AN H. In particular, [Cy,...,C,] C H
is a convex body with C in its interior relative to #. In a similar vein,
[C],...,Cl] C His aconvex body with C’ in its interior relative to H'. We
obtain 0 € int[Cy,...,C,, C},...,C)).

See [Berger, 9.11.5].

See [Rockafellar—Wets, IV].

See [Roberts—Varberg, pp. 3-7]. (a) For a closed subinterval [u,v] C intl,
u < v, M = max(f(u),f(v)) is obviously an upper bound of f on [u, v]. For a
lower bound, apply the defining inequality for convexity to the interval [(u +
v)/2—w, (u+v)/2 +w], [w| < (u—v)/2, and its midpoint (u + v)/2, and
estimate f((# + v)/2 + w) from below. For Lipschitz continuity, let [u, v] C
int/, u < v, as above, and choose € > 0 such that [u — ¢,v + €] C I. Given
a,b € [u,v], a < b, apply the defining inequality for convexity to the interval
[a, b + €] and its interior point b to obtain f(b) — f(a) < A(f(b + €) — f(a)),
where A = (b—a)/(b—a+€) < (b—a)/e. Estimate and obtain f(b) —f(a) <
@(b —a), where M and m are upper and lower bounds of f on [u — €, v + €].
For estimating f(a) — f(b) use the interval [a — €, b] and its interior point a to
obtain f(a) — f(b) < @(b — a) (b) The chain of inequalities follows from
various rearrangements of the defining inequality for convexity. Then, setting
a = x3, we have

f) —fl@) _ fOx) —fla)

Xy —da X4 —da

Now the chain of inequalities shows that the left-hand side here increases as
X, — a~ and the right-hand side decreases as x4 — at. Thus, both one-sided
derivatives exist and f’ (@) < f/ (a), a € intl. Moreover, again by the above,
for a = x; and b = x,, we have

fn) —f@) _ fx3) —f(b)
X - —b

2 —a X3

fi(a) < <f.(b).

This, combined with the previous inequality gives monotonicity of f . (c) By
(b) and continuity of f, we have

o . fOa) = fOn)  fOs) —f(x)
legilﬁﬁr(xz) < xllliljf P

Letting x; = a and x, = x,x3 — a, we obtain lim,_, .+ f} (x) < f/ (a). The
opposite inequality is because of monotonicity of f) established in (b). The
first limit relation in (c) follows. The proofs of the remaining three relations are
similar.
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Chapter 2.

1.

12.

13.

See [Soltan, Hammer 2, Busemann 2]. First, reduce the statement to the planar
case (by intersecting C with a plane through O). Second, set O at the origin, and
let p : S — R denote the (radial) distance of the boundary dC from O as the
function of the polar angle on the unit circle S. Similarly, let o0 : S — R be
the radial distance for the boundary of the convex body reflected in the origin.
Clearly, p(8 + ) = 0(0), 8 € S. Now, the crux is that the condition that every
chord through the origin is an affine diameter gives p'/p = o’/o wherever
the derivatives exist. As noted in the text, p and o are Lipschitz continuous,
therefore absolutely continuous so that the derivatives exist almost everywhere
(except a countable subset [Berger]). Since Inp and Ino are also Lipschitz
continuous, integrating (In p)’ = (Ino)’, we obtain p(6)/p(6y) = o(0)/c(6y),
0,6y € S. Since the boundary of C and that of the reflected convex body
intersect (for 6), say) we obtain p = ¢ identically on S. Thus, any plane
intersection of C through the origin is symmetric, so that C itself is symmetric.
m(0) > 1 can be assumed. (Otherwise m(O) = 1 and C is symmetric
with respect to O with any chord through O being an affine diameter.) By
Corollary 2.2.2, there is an affine diameter through O with ratio m(O) which
must then be different from the given one.

(2) Assume that the cycle a;, j,, @iy jy» Qiyy» -« + > Qi s Qi juyy 1S Minimal. Then
we have il = im andj1 = jm+l» and the cycle iy jo s Qiy j3» Qiz 3o+ o o s Qi s iy
contains less elements; a contradiction.

See [Klee 2]. For Oy € intCpand 0 < A < 1,set Oy = (1 —A)Op + AV. First,
use Lemma 2.1.5 to show that 1/(A¢(C,01)+1) = (1-1)/(Ac,(C, Op) + 1),
C € dCy. Observe that the extremal points of C are those of Cy and the vertex
V. Second, use Corollary 2.2.3 to show that 1/(m¢(0;) + 1) = min((1 —
A)(me,(Og) + 1), A). Then maximize both sides for0 < A < 1 and Oy € intCy.
Realize that, for fixed Oy € intCy, maximum occurs on the right-hand side in
0 < A < 1 if the two entries in the minimum are equal to the common value
1/(mc,(Op) + 2). Conclude that 1/(mg + 1) = 1/(mg + 2).

Fix a vertex Vj and the opposite edge Ey. Deleting Vj, the rest of the vertices
split into two subsets according to which side of Ej they are located. Show that
these two sets have the same number of vertices.

Clearly C C (Nyee Ba(X), d = D¢ holds. Assume that C € B,(X), for all
X € C.If C ¢ C the use Problem 8 at the end of Chapter 1 to get a contradiction.
Let H;, i = 0,...,n, be the affine span of the ith face [Vj,..., \//\,-, ..., V] of
A opposite to V;. For i = 0,...,n, let G; be the half-space with boundary H;
which does not contain O. Finally, let D; = 3(B4(V;)) N G;. By construction,
for C € dC, we have C € D; for some i = 0,...,n. By symmetry, we may
assume that i = 0. Let X € D;, « = ZOVyX and B = Z0OV,V,. Clearly, we
have 0 < o < B < m/2. Use the law of cosines for the triangles [O, V), X]
and [0, Vy, V1] and the equality d(X, V) = d(Vy,Vy) = d to conclude that
d(X,0) <d(V;,0) =R.
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Argue by contradiction, and assume that C* is not complete. Let C be a
completion of C*, so that C  C* ¢ C, and C is complete with Dg = Doy = d,
in particular, C is of constant width d. Since C* is maximal in §, we have ¢ ¢35,
in particular, C ¢ Bg(0). Let Z € 3C be a point with maximal distance
(> R) from O, and let Y € X be the unique point such that O € [Y,Z]
and d(Y,0) = d — R(> 0). Notice that ¥ ¢ C% even Y ¢ C, since
d(Y,Z) =d(Y,0)+d(Z,0) = d—R+d(Z,0) > d, and C is of constant width
d. On the other hand, Y € BR(O) sinced(Y,0) =d—R =D¢c—R¢c <R¢c =R.
Conclude that the convex hull [C?, Y] C Bg(O) properly contains C*. Finally,
forX € C*,d(X,Y) <d(X,0)+d(Y,0) < R+d—R = d so that the diameter
of [C*, Y] is still equal to d. Thus, [C?, Y] € §, a contradiction to the maximality
of Ctin §.

Chapter 3.

3.

We claim Cy C C C mé - C. Since the first inclusion is obvious, we need to
show that dC C m} - Cy. Set O* = 0, the origin. For C € dC \ C’, there exists
0 < u < 1 such that uC € aC'(NC C Cp). This means that —uC € dC so that
1/i = A(C.0) < m. i

(3)LetAg = (A+A")/2and Zy = (Z+Z')/2, so that &y = AoBB+ Z; is also an
ellipsoid of maximal volume in C. Observe that det(4) = det(A’) = det(Ay).
Then calculate as

1 1 1
det(Ao)!/" = - det(A + A"/ = ~ det(A)!/" + - det(a)!/" = det(Ao)"/".

(The middle inequality is a variant of the Brunn—Minkowski inequality.) Noting
that equality holds if and only if A’ = cA for some ¢ € R, conclude that ¢ = 1.
@) If Z # Z' then &£ and &' are translates, and their convex hull contains an
ellipsoid having larger volume than vol (£).

(1) A can be assumed to be regular. Use the symmetries of A to show that the
John’s ellipsoid is the inball of A.

See [Griinbaum 2, 6.1]. Let O’ € intC’, 0” € intC” sothat 0 = O’ + 0" €
intC, where C = C' +C". Let H' > O, H" > O” and H > O be parallel
hyperplanes. First claim

Re(H,0) <max(Re/(H', 0'), Rer (H”, 0")).

All the supporting hyperplanes defining the ingredients in this inequality are
parallel. Taking the respective ratios, the claim follows from the elementary
inequality

/ i / /!
a +a a a
<max|—,— ), d&,d" b, b >0.
b/ _|’_ b// b/ b//
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Now choose 0" € " and 0" € C” with m¢/(0') = mf, and mer (0”) = mg,,.
Take the suprema with respect to H' > 0’ and H” > O” separately, and obtain

Re(H, 0) < max(mf,, mp,).
Since this holds for all hyperplanes H > O, finally arrive at

m <me(0) = sup Re(H,O0) < max(mf,, m3,).
H(20)

By convexity, g(C) € C. Use Corollary 1.2.3 to rule out the boundary.

(1) For A; and A, open rectangular parallelepipeds, concavity is a simple
application of the comparison of geometric and arithmetic means. (2) If
A = Ule Al and A, = U;=1 Al are disjoint unions of open rectangular
parallelepipeds then use induction with respect to & + [ as follows: Choose
a hyperplane H which separates at least two members in the decomposition
of A;. Let G’ and G” be the two closed half-planes with common boundary
. Taking intersections with intG’ and intG”, obtain 4; = A} U A{ and
A, = A, U A’ The number of participants in the respective decomposition
of A} and A/ are both < k, while the corresponding number for A} and A’
are < . Now apply the induction hypothesis. (3) Finally use an approximation
argument.

This is an elementary but surprisingly technical integration.

1= p(B.B) < p(B.C)p(C.C")p(C’. B) and p(C.C’) = p(C. B)p(B.C’).

(1) See [Eggleston 1, 5.4]. (a) Elementary geometry. (b) Use Fubini’s theorem.
(c) We indicate a geometric and an analytic proof. The analytic proof also
covers the equality case.

Geometric Proof: A one-parameter family {C,}.c0.1] C B is a concave
array if, for any po, u1 € [0, 1], we have (1 — A)Cpy + ACyu, C Clu—ayuo+ims
A € [0, 1]. Given a hyperplane  C X and a concave array {C,}.ej0.1] C ‘B,
show that the Steiner symmetrized array {C,[H]}.ecj0,1] C B is also concave.
(Construct the convex body Cx C & x R by Cx N (X x {A}) = C, if
A €[0,1],and Cx N (X x {A}) = @ if A ¢ [0, 1]. Then consider the Steiner
symmetrization of Cx with respect to the hyperplane 4 x R in X x R.) Now,
given C € B and B C X a closed unit ball with center on ‘H, show that the
array {(1 — u)C + uB} .17 is concave. After Steiner symmetrization use the
definition of concavity of the array {((1 — u)C + uB)[H]},e0,1] for po = 0
and u; = 1) and B[H] = Bto obtain (1—A)C[H]+AB C ((1-X)C+AB)[H],
A € [0.1]. Letting » = A/(1 — A1), A € [0, 1), conclude that C[H], C C.[H].
r > 0 where the subscript means closed r-neighborhood (Section 1.1/A). Take
volumes and use (b) to arrive at vol (C[H],) — vol (C[H]) < vol (C,) — vol (C),
r > 0. Dividing by r and letting r — oo conclude that vol,—1d(C[H]) <
vol,—10C. (For Minkowski’s definition of the surface area, see the end of
Section 1.2.)
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Analytic Proof: Introduce a coordinate system x = (xi,...,x,) in X such
that H = {x, = 0}. Represent C as the convex body between the graphs
of a concave—convex pair of functions f,g : Cy — R, where Cy is the
(orthogonal) projection of C to H; that is, C = {x|g(x1,...,X—1) < x, <
fxi, .. %), (x1,...,%,—1) € Co}. Assume that f and g are piecewise C'-
Sunctions on Cy. Split dC into three parts: The graph of f, the graph of g, and
the “side” of C consisting of vertical line segments that project to dCy. Realize
that the area of the side does not change under Steiner symmetrization (Fubini’s
theorem). Use the calculus formula for the surface area of a graph to obtain

o\ 12
vol,—1d(C[H])—vol,—19C = 2/ (H— ’V (ng) ) dxy . ..dx,—
Co

_/C ((1+Wf|2)1/2+(1+|Vg|2)1/2) dx; ... dve;.
0

(Note that the gradients exist on Cy almost everywhere.) Apply the triangle
inequality (to the vectors (1, Vf) and (1, —Vg) almost everywhere) to conclude
that the right-hand side is < 0, and equality holds if and only if Vf+Vg = 0 on
Co almost everywhere. Observe that the last equality means that f + g is constant
on Cy, or equivalently, C is symmetric with respect to a hyperplane parallel to
‘H. Finally, use an approximation argument to remove the smoothness condition
on f and g. (Note that the surface area and the Steiner symmetrization are
continuous with respect to dy on ‘B; see again the discussion at the end
of Section 1.2.) (d) Elementary geometry. (2) Let {C;, }x>0 be a subsequence
which converges to Co (in the Hausdorff metric). Since there are finitely many
remainders mod(n — 1), observe that there exists 0 < r < n — 2 such that the
congruence x = r(mod(n — 1)) has infinitely many solutions in the sequence
{ix}k>1. Selecting this subsequence of solutions and changing the notation,
assume that iy = r(mod(n — 1)), k > 1. Conclude that Cy, is Symmetric
with respect to H,—i(mod(n—1))- Assume that Coo is not symmetric with respect to
H, so that vol,—1(0Cso[H,]) < vol,—1(0Cs0). Observe that the subsequence
{Cir+1}k>1 converges to Coo[#H,]. Use (l/c) to obtain a contradiction with
vol,—1(9C; ) < vol,—1(dC;,+1) as k — oo. Continue to augment r and repeat
this process.

Chapter 4.

1.

2.

For any k-configuration {Cy, ..., C¢} € €(0), use the antipodal configuration
{C§. ..., C}} € €(O0) as in the remark before Corollary 4.1.3.

This is obvious if O is a singular point. If O is regular and {Cy, ..., C,} € €(0)
is a minimal simplicial configuration then, as in the previous exercise, take
the antipodal simplicial configuration {C{,...,C9} € €(0). The ith face
cs,... E‘? ..., C?] of the corresponding n-simplex [Cy, .. ., C,], projected to
the boundary dC from O is a closed domain D; C dC which clearly contains
C; in its relative interior. Restricted to D;, the function A(., Q) assumes its
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global maximum at C;. (Otherwise C; in the minimal configuration could be
replaced by a point in D; at which A(., O) assumes its global maximum over
D;, a contradiction.) Now use | J_, D; = 9C.

By (the last statement of) Theorem 4.5.2, we have & = intC and by
Example 2.1.4, 1/(m(0) + 1) = (1 —|0])/2, O € intC. The case n = 2
is clear. For the general induction step use (4.1.4) along with the geometry of
the codimension 1 slices of C across O.

First use (2.4.12) in Corollary 2.4.11 to prove that O* € [M*], and so 6 (0*) =
1 + 1/n. Then use sub-arithmeticity.

Apply Lemma 4.6.6.

Let 0,0" € intC and C,C° € 9dC be as in the previous exercise. Assume
that O’ is a regular point. Let {Cy,...,C,} € €(0O') be a simplicial minimal
configuration. Let C;, i = 0, ..., n be any of the configuration points, different
from C and C°. Let K = (0, 0, C;). Then C; can be moved along one of the
boundary arcs of K N aC from C° to C with increasing A(., O"). By minimality,
A(., O") must stay constant. Since O’ is regular, the condition O’ € [Cy, ..., C,]
stays intact when replacing C; with a moved point. Hence C; can be moved to
C. This is a contradiction.

See [Toth 8, Section 3].

The assumption on the bulging B implies that no tangent plane of the (relative
interior of the) graph of f is parallel to any of the sides of [Cy, ..., C,] other
than [Cy, ..., C,]. In particular, no affine diameter emanates from the (relative
interior of the) graph of f except those that end in Cy. Thus, for O € B,
the distortion A(., Q) cannot have local maxima on the graph of f. Hence
the interior of B consists of singular points. Since the singular set is closed,
R C intA follows. To show that equality holds, given O € intA, write
O =AX+(1-A)Cywith0 < A < 1and X € int[Cy,...,C,]. Setting
Co=0,writeX = Y/, A;C;,where Y ' A, =1,0<X; <l,i=1,...,n
Since 1/(A(C;,0) + 1) = AA;, i = 1,...,n, (Lemma 2.1.5) conclude that
Apa(Co,0) = A/(1 = Q).

Assume that the extension of the line segment [Cy, X] beyond X intersects
the simplex [Cy, ..., C,, V] at the side opposite to C;. This intersection point
is X/(1 — A;). Rewrite the assumption on B as f(X)/|X| + 1 < 1/(1 — A)).
Eliminate A; to obtain A(C;,0) < (1/M)|X|/f(X) —1,i = 1,...,n. Notice
that since C has a simplicial intersection across O, to prove that O is a regular
point, it is enough to show that Y ;) 1/(A(C;,0) + 1) < 1 + 1/(m(0) + 1).
Calculating the sum on the left-hand side (via comparison with o 5(0) = 1),
reduce this to Af(X)/(|1X] + (X)) < 1/(m(0) + 1).

The maximum of the distortion A(., O) occurs either at one of the vertices
C;,i = 0,...,n, or at a point on the graph of the function f. To show that the
latter cannot happen replace the graph with the boundary of the covering sim-
plex [Cy, ..., Cy,, V] (except the base [C1, ..., C,]). Since maximum distortion
occurs at a vertex, it is enough to show that the distortion at V cannot be greater
than the maximum. Calculate: 1/(A(V,0) + 1) = (n — 1)Amin;<j<, A; >
AA; = 1/(A(C;, O) 4 1), where maxi<j<, A; = A;j. Conclude that O is regular.
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To calculate o (O), show that the only minimizing configuration with extremal
configuration points is {Cy, . .., C,} (Proposition 4.5.4) and evaluate.

Appendix A.

1.

(b) For harmonicity of the components (showing that f; is a A,-eigenmap), first
write f¢ in coordinates:

fi(a,b)(z,w) = &(az + bw,—bz +aw), a,b € C, |a* + |b|* =1, z,w e C.
Here ¢ = (a,b) € §* C C? is identified with |:Z _]_7] € SU(2), and
a

the inverse g~! = (a,—b) acts on (z,w) by multiplication. Then apply the

Laplace operator A = 4(3%/dada + 9%/9bdb) to verify that the components
are harmonic polynomials. (c) Use SU(2)-equivariance of f; and argue as in the
proof of Theorem A.3.2 to conclude that (fz) € £;, commutes with the action of
SU(2) C SO(4) by restriction on Hj,.

. By SU(2)-equivariance, it is enough to check conformality at the tangent space

T1(S%). Now calculate the differential (f;)« on a specific orthonormal basis.
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