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Synopsis

The purpose of this book is to present in a uniform way commutator theory for
universal algebra. We are interested in the logical perspective of the research—
emphasis is put on an analysis of the interconnections holding between the
commutator and equational logic. This book thus qualifies as belonging to abstract
algebraic logic (AAL), the area of research that explores to a large extent the
methods provided by the general theory of deductive systems.! The notion of
a commutator equation’ is introduced, and it plays a central role in the theory
to be expounded. This book is therefore concerned with the meanings the term
“commutator equation” receives in the models provided by theory and clarifies the
contexts in which these meanings occur. Purely syntactic aspects of the theory of
the commutator are underlined.
This book is mainly addressed to algebraists and logicians.

"From the viewpoint of AAL, universal algebra is the study of (reduced) models of equational
logics. The latter are defined as structural and finitary strengthenings of the basic equational
Birkhoft’s logic.

2The term “commutator equation” denotes in this book a certain equation from the first-order
language of a given algebraic signature. In the literature, this term is also used with the following
different meaning: it refers to any equation of the language involving lattice-operation symbols as
well as the symbol of the commutator operation; each such equation is interpreted in congruence-
lattices, which are additionally augmented with the binary commutator operation (see Section 9.2).
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Chapter 1
Introduction

Commutator theory is a part of universal algebra. It is rooted in the theories of
groups and rings. From the general algebraic perspective the commutator was
first investigated in the seventies by J. Smith for Mal’cev varieties. (Mal’cev
varieties are characterized by the condition that all congruences on their algebras
permute.) Further was done by the German algebraists H.P. Gumm, J. Hagemann
and C. Herrmann in the eighties. They discovered that congruence-modular varieties
(CM varieties, for short) form a natural environment for the commutator. Hagemann
and Herrmann’s approach is lattice-theoretical. Gumm’s approach is based on
an analogy between commutator theory and affine geometry which allowed him
to discover many of the basic facts about the commutator from the geometric
perspective. Freese and McKenzie (1987) summarize earlier results and establish
a complementary paradigm for commutator theory in universal algebra. Kearnes
and McKenzie (1992) subsequently extended the theory from congruence-modular
varieties onto relatively congruence-modular quasivarieties.

In this book the theory of the commutator from the perspective of abstract
algebraic logic (AAL) is investigated. AAL offers a very general conception of the
commutator defined for any n-dimensional deductive system in the sense of Blok
and Pigozzi (1989) (see Czelakowski 2006). The AAL perspective encompasses
the above approaches as particular cases. An account of the commutator operation
associated with equational deductive systems is presented. In this context an
emphasis is put on logical aspects of the commutator for equational systems
determined by quasivarieties of algebras. The book is therefore mainly addressed to
algebraists and logicians interested in recent advancements in the area of equational
logic and in the methods AAL provides.

The focus of this book is on the following problems:

(1) the definition of a commutator equation for an arbitrary class of algebras;
(2) the definition of the equationally defined commutator;

(3) adiscussion of general properties of the equationally defined commutator;
(4) adiscussion of various centralization relations for relative congruences;
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2 1 Introduction

(5) adiscussion of the additivity and correspondence properties of the equationally-
defined commutator;

(6) the behaviour of the equationally defined commutator in finitely generated
quasivarieties;

(7) adiscussion of other properties of the equationally defined commutator.

Starting with (1) and (2), the definition of a commutator equation for a class of
algebras is introduced. The notion of a commutator equation seems to have not been
considered in the literature. Some properties of commutator equations are discussed
at length. The crucial notion of the equationally defined commutator, based on
commutator equations, is defined for any class of algebras.

The importance of quaternary commutator equations (with parameters) in the
context of additivity and other properties of the equationally defined commutator is
underlined. It is proved that for any relatively congruence-modular quasivariety of
algebras (abbreviated RCM), the equationally defined commutator coincides with
the one promoted by Kearnes and McKenzie (1992) . An emphasis is put on the
role of the equational logics associated with classes of algebras in the study of the
equationally defined commutator. More specifically, for each class K of r-algebras,
the equational consequence operation K= associated with K is defined and its
properties are thoroughly investigated, especially in the context of the equationally
defined commutator for theories of KF. (The consequence K= operates on the set
of equations Eg(t) of a given signature 7.)

The commutator for any congruence-modular variety is equationally defined by
a set of equations derived either from quaternary Day terms or ternary Gumm terms
(see, e.g., Proposition 4.2 in Freese and McKenzie (1987) or Theorem 6.4.2 in this
book). As to (3), the focus of this book is on providing a uniform treatment of
the equationally defined commutator for any quasivariety in terms of commutator
equations. This definition encompasses congruence-modular varieties as a particular
case. It also gives a new insight into the Kearnes-McKenzie’s theory because it
shows that the commutator defined by them for RCM quasivarieties is equationally
defined.

As to (4), the book deals with the issue of equivalence of different concepts
of centralization relations provided by the theory in the context of quasivarieties
with the relative shifting property. Since the equationally defined commutator of
two relative congruences is also determined by appropriate centralization relations,
much space is devoted to the discussion of various forms of such relations.

In the context of centralization relations, the focus is on the idea of applying a
general notion of an implication for equational logics viewed as a set of quaternary
equations having jointly the detachment property relative to a given equational
system. In particular, the significance of Day implication systems in commutator
theory is highlighted. This idea was outlined in Czelakowski and Dziobiak (1996)
and applied in the author’s monograph (2001) to various problems in the theory of
quasivarieties of algebras. We begin with a certain implication system = p (viewed
as a finite set of quaternary equations in four variables x, y, z, w and possibly
some other variables u called parameters) for the equational logic (Eg(t), QF)
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associated with a given quasivariety Q. The system =>p is assumed to possess
certain natural properties with respect to Q. The set of equations = is then called
a Day implication system for Q= . More specifically, a finite set of equations in four
variables

D = {pi(x,y,z,w) ~ qi(x,y,z,w) : i € I},

more suggestively denoted by x ~ y =p z & w, is called a Day implication system
for QF if the following conditions are met'

z%weQ':(x&\:y,x%y:h)z%w), @iD1)
i.e., = p has the detachment property relative to QF,
xxy=pray QO (iD2)
i.e., =p has the identity property relative to QF, and
x%x:pywng':(Q)). @iD3)
The above conditions are expressed in the standard notation as follows:

the implication (x & y) A /\p,»(x,y,z, w) &~ qi(x,y,z,w) = (z~w) (iDD)*
iel
is Q-valid,
for every i € I, the equation p;(x, y, x,y) & q;(x,y, x,y) is Q-valid, (iD2)*
for every i € I, the equation p;(x, x,y,y) ~ ¢;(x, x,y,y) is Q-valid. (iD3)*

Condition (iD3) is equivalent to the condition
xxy=pzawC QF(xayzaw). (iD3)**

The significance of a Day implication for equational logics stems from the fact
that = p characterizes congruence-modular varieties of algebras and, more widely,
in the context of quasivarieties of algebras, it characterizes the relative shifting
property. The notion of a Day implication, although not defined by Day himself, can
be shown to be equivalent to a Mal’cev type characterization of congruence-modular
varieties provided by Day (1969). These and other issues are discussed in Chapter 3.

'This understanding of implication departs from the traditional concept according to which
implication is viewed as a sentential connective conjoining two sentential formulas and thereby
yielding a new formula. AAL provides a more general meaning of the term “implication”. In
particular, in equational logic, an implication (without parameters) is any set = of quaternary
equations having the detachment property with respect to a given consequence operation QF .
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The presence of a Day implication =, in the equational logic QF enables one
to simplify considerably the description of the centralization relations. (The latter
relations are certain congruences defined on the algebras from the quasivariety Q.)

Commutator theory isolates several centralization relations. These relations are
strictly conjoined with the properties of the standard or the equationally defined
commutator and play an important role in the theory. For example, in many varieties
V and for any algebra A from the class V, the commutator (in whatever meaning of
the word) of two congruences @ and ¥ of A is the least congruence = such that
@ centralizes ¥ with respect to & for a suitably selected centralization relation.
In this work seven definitions of centralization relations for relative congruences in
quasivarieties of algebras are discussed. The main results (Theorems 4.1.2 and 4.2.2)
show that in the presence of a Day implication system, the first four of them are
equivalent for quasivarieties and all seven are equivalent for varieties. Some further
refinements of relevant notions in this context are also discussed in Chapter 4.

As to (5), the presence of a Day implication system for a quasivariety of algebras
is generally too weak to yield a workable commutator theory. Another property, viz.
the additivity of the equationally defined commutator is needed. A characterization
of the additivity of the equationally defined commutator via quaternary commutator
equations is presented. The additivity property already implies the correspondence
property for the equationally defined commutator (Theorem 5.1.1). The notion of
a generating set of quaternary commutator equations for the additive equationally
defined commutator is isolated.

The theory of the commutator for congruence-modular varieties of algebras is
developed in Freese and McKenzie (1987). This theory was subsequently extended
to relative congruence-modular quasivarieties by Kearnes and McKenzie (1992).
Every RCM quasivariety possesses a Day implication system. Moreover, the
Kearnes-McKenzie commutator is additive for any RCM quasivariety. It is proved
in this book that for RCM quasivarieties, the equationally defined commutator and
the one defined by Kearnes and McKenzie (1992) coincide. We may therefore speak
of the commutator for any RCM quasivariety.

The central part of the book tackles the problem of syntactical characterization of
the additivity of the equationally defined commutator. Various conditions equivalent
to additivity are presented in Chapter 5, the main part of the book. The property
of the restricted distributivity of the lattice of theories of the equational logic QF
associated with a quasivariety Q is isolated. This property plays a crucial role
in commutator theory. The central theorem of the book—Theorem 5.3.7—states
that for any quasivariety Q for which the lattice of equational theories of QF is
distributive in the restricted sense, the equationally defined commutator is additive.
Though the restricted distributivity is not a lattice-theoretic property (this property
merely reflects a logical aspect of equational systems), it turns out that the lattice
of equational theories of the consequence operation QF associated with any RCM
quasivariety Q is distributive in the restricted sense. (But restricted distributivity has
a wider scope and there are non-modular quasivarieties whose lattices of equational
theories obey this law.) It then follows that the equationally defined commutator
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for any RCM quasivariety is additive. Since the said commutator is the same as
the one investigated by Kearnes and McKenzie, the additivity of the Kearnes-
McKenzie commutator follows. The above reasoning therefore provides a new proof
of additivity property of the commutator for any RCM quasivariety.

Our treatment of the commutator for equational systems was greatly inspired
by the above two seminal works. They both contain many deep, highly non-trivial
results concerning the commutator. Our contribution to the area of equational logics
consists mainly in introducing the notion of the equationally defined commutator
and an attempt to disentangle various intricate (often syntactic) characterizations of
this commutator and related notions and to put them in a more transparent logical
form provided by the conceptual framework of contemporary abstract algebraic
logic.

As to (6), it is proved that every finitely generated quasivariety possesses a finite
generating set of commutator equations. It follows that the equationally defined
commutator of any finitely generated RCM quasivariety has a finite generating set.

As to (7), specialized classes of quasivarieties whose definitions are derived
from the properties of the commutator, e.g., abelian or nilpotent quasivarieties, are
studied. Each such defining property can be expressed in terms of appropriate sets
of quaternary commutator equations.

This book has the following structure. The (hyper)class of quasivarieties of
algebras forms the conceptual environment for the equationally defined commutator.
There is a natural one-to-one correspondence between equational logics and their
model classes, viz. quasivarieties of algebras. We therefore frequently switch from
equational logics to their model classes and vice versa. Chapter 2 contains a brief
introduction to the theory of quasivarieties and the associated equational logics.
In Chapter 3 the theory of the equationally defined commutator for quasivarieties
is developed. Chapter 4 provides several definitions of centralization relations and
proves their equivalence for some classes of quasivarieties. Chapter 5 contains
the basic results that characterize the additivity property of the equationally
defined commutator. Chapter 6 is devoted to modularity and RCM quasivarieties.
Chapter 7 is concerned with relatively congruence-distributive subquasivarieties
of quasivarieties whose equationally defined commutator is additive. In Chapter 8
some basic properties of the equationally defined commutator for finitely generated
quasivarieties are outlined. Chapter 9 deals with special properties of the lattices
of relative congruences and of the equationally defined commutator. The three
appendices provide the reader with a more specialized knowledge of some aspects
of the expounded theory.

The book is rather self-contained in the matters concerning the equationally
defined commutator. As far as universal algebra is concerned, the books by Burris
and Sankappanavar (1981), McKenzie et al. (1987), and the yet unpublished book by
Jezek (2008) (available on the internet) give a good introduction to the subject. The
book by Gritzer (2008) gives an account of classical results in universal algebra. The
books by Freese and McKenzie (1987), Hobby and McKenzie (1988), and Kearnes
and Kiss (2013) are suggested to the reader wanting to learn more about universal
algebra and the commutator.
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The classical monograph by Blok and Pigozzi (1989) is recommended for the
reader interested in abstract algebraic logic and basic logical issues. The monograph
by Czelakowski (2001) provides a comprehensive and detailed exposition of AAL
and outlines the theory of quasivarieties from the perspective of AAL (Chapter Q).
A survey paper by Font et al. (2003) together with its update (2009) as well as
the introductory chapter Font (2014) familiarizes the reader with a broad spectrum
of issues AAL deals with. The textbook by Font (2016) is a good introduction to
the subject. The book by Font and Jansana (2009) and Jansana shows algebraic
semantics for sentential logics from the general perspective of closure systems.

In this book the standard algebraic notation is adopted. In the context of
quasivarieties, terminology is modelled after Pigozzi (1988). This terminology is
also used in Czelakowski (2001).

The logical notation and terminology does not depart from that used in AAL—
see, e.g., Wdjcicki (1988) or Czelakowski (2001).

Some of the results of this book were presented in abstracted form in
Czelakowski (2006).

The author is greatly indebted to Keith Kearnes and Piotr Wojtylak for valuable
and inspiring comments on some aspects of the presented theory.

As a non-native speaker of English, the author is indebted to dr. Matthew
Carmody for proof-reading the whole text of the book and for making appropriate
linguistic recommendations and amendments.



Chapter 2
Basic Properties of Quasivarieties

This chapter supplies basic facts concerning quasivarieties and the equational
systems associated with quasivarieties. Many of these facts are of syntactical
character. An equational logic is an extension of the familiar Birkhoff’s logic. The
narrative structure of the book is strictly linked with the properties of lattices of
theories of equational logics. Examining these lattice requires formal tools. They
are introduced in this part; some of them are new.

2.1 Quasi-Identities

w is the set of natural numbers (with zero). An algebraic signature is a pair
T := (F,a), where F is a set (of operation symbols), and @ : F — w is a function
(assigning arity). An algebra of signature T is a pair A := (A, F4), where A is
a non-empty set, called the universe of A, and for each f € F with a(f) = m,
there is m-ary operation f4 : A” — A. The operations f4 are called the basic (or
fundamental) operations of A. If a(f) = 0, f is also called a constant symbol. f4 is
then an element of A.

An algebra A of signature t will often be referred to as a t-algebra.

Hom(A, B) is the set of all homomorphisms from a t-algebra A to t-algebra B.

Let 7 be a fixed algebraic signature and let L, be the corresponding first-order
language with equality ~. Var = {v, : n € w} is the set of individual variables
of L.. Te, is the algebra of terms of L, and Eq(7) is the set of equations of L..

Ift = t(xy,...,x,) is a term in at most # individual variables x = xi, ..., x,, and
a=a,...,a,is asequence of elements of a r-algebra A, then tA(al, ...,a,)is the
value of the term ¢t fora = ay,...,a, in A. tA(al, ..., a,) is defined in the standard
way by induction on complexity of terms. We shall also use the abbreviation 4 (a)
for A (ay, ..., a,) often omitting the superscript “4* when the algebra is clear from
context.

© Springer International Publishing Switzerland 2015 7
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8 2 Basic Properties of Quasivarieties

A quasi-equation is a formula of the form
g xEPAAG R B> arf,

where ay, B1,...,%,, By, o, B are terms. n = 0 is possible so every equation
qualifies as a quasi-equation.

A universally quantified quasi-equation is called a quasi-identity. As is custom-
ary, the universal quantifiers in quasi-identities are usually not explicitly written.
It is left to the context to distinguish quasi-identities from quasi-equations.

Any class of algebras defined by a set of quasi-identities is called a quasivariety.
If Q is a quasivariety, then any set I" of quasi-identities defining Q is called a base
for Q; we then write Q = Mod(I").

The symbols I, H, S, P, and P,, respectively, denote the operations of forming
isomorphic images, homomorphic images, subalgebras, direct products and ultra-
products. (The class operations S, P and P, are interpreted in the inclusive sense
which means that they also comprise isomorphic copies of algebras; for example,
P,(K) is the class of all algebras isomorphic to an ultraproduct of a system of
algebras from K.)

Let Q be a class closed under isomorphisms. By a well-known result due to
Mal’cev, Q is a quasivariety if and only if Q is closed under the operations S, P
and P,,.

If K is a class of algebras, then Qv(K) is the smallest quasivariety containing
K; the class K is then said to generate the quasivariety Qv(K). Va(K) is the variety
generated by K. The equalities Qv(K) = SPP,(K) and Va(K) = HSP(K) holding
for any class K are classical results of universal algebra.

A quasivariety Q is finitely generated if Q = Quv(K) for a finite set K of finite
algebras. In this case Qv(K) = SP(K).

2.2 Rules of Inference

Let 7 be a fixed signature. A rule of inference r in Eq(t) is a set of pairs (X, o),
where X' is a (possibly infinite) set of equations and o is a single equation. (The pair
(X, o) is read: From the set of equations X infer the equation ¢.) Any pair (X, o)
belonging to r is called an instance of r.

Let e be a substitution in Te, (i.e., e is an endomorphism of the term algebra).
e is fully determined by its values on the set of individual variables of 7e,. Given
a set of equations ¥ and an equation ¢ ~ f8, we put: eX = {ep : p € X'} and
e(a ~ f) :=ea ~ ef.

A rule r is schematic if there exists a single pair (X, 0p) such that r is equal to
the set of all instances of (X, 0y), i.e.,

r={{eXy, e00) : e € Hom(Te., Te,)}. (1)
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The pair (X, 09) is then called a scheme of the rule r. A schematic rule r is finitary
(or standard) if for one its schemes (X, ap) (equivalently, for all schemes), the set
X is finite. A schematic rule r is proper (or non-axiomatic) if X is non-empty;
otherwise, r is called axiomatic.

The equations in e X are called premises of the rule r and the equation eoy is the
conclusion of r, for any e.

Any schematic rule r is usually identified with its scheme. Therefore any sche-
matic rule r (with a scheme (X, 0y} is often presented in the form

Xo/00
or, more explicitly, as
{aix~Bitiell/ja~f 2)

where Xy = {o; ~ f;:i€l}andopisa ~ f.
In particular, following common practice adopted in metalogic, if r is schematic

with a scheme (X, 0g), where X is finite, Xy = {a] =~ Bi1,...,a ~ B}, and oy
is & ~ f3, then the standard rule r is usually presented in the form
oy & Bra....ap ~ Bija~ B! 3)

Thus, formally, (3) is the set consisting of ordered pairs
({ea; =~ ey, ..., eq; =~ efi;}, ea ~ eff)

called instances of (3), with e ranging over the set of endomorphisms of 7e;.
If (2) is axiomatic (and hence the set I is empty), then (2) is written as

Ja ~ B. 4
Birkhoff’s rules are the following schematic rules
/x =~ x, (identity axiom)
x~yly =~ x, (symmetry)
XY, yR Z[/X =~ Z, (transitivity)
and
XL ARV oo X V)X, oo X)) D1y s Yim)s (functionality)

for each operation symbol f of arbitrary arity m. The identity axiom is also referred
to as the reflexivity rule. (This rule is axiomatic, with the empty set of premises.)

A similar ‘forward slash’ notation is sometimes applied to substitutions in the algebra of terms
but this should not lead to confusion.
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If the signature t is finite, the above set of standard rules is finite as well. The set
of Birkhoff’s rules is denoted by Birkhoff(t).

A set of equations X' is closed with respect to a schematic rule r : {o; ~ f; i €
I}/ @ ~ B if and only if for every endomorphism e : Te, — Te,, {ex; =~ ef; 1 i €
I} € ¥ implies that eox ~ eff € X.

If X and I are sets of equations, then X'/I" denotes the set of rules X' /o, where
o ranges over the set .

Let R be a set of standard rules in Eq(t). We assume that R includes the set
of Birkhoff’s rules Birkhoff(t). (This assumption may be overridden, but then one
assumes instead that Birkhoff(t) is among secondary rules of the consequence
operation Cp' determined by R—see the definition below.) Let ¥ be a set of
equations. An R-proof from X is any finite sequence of equations

PR Gl Pn X qn ®)
satisfying the following condition:

(pD) p1 &= q1 € ¥ or p; ~ q is of the form x & x for some variable x,

(p2) foreveryi(l <i < n),either p; & q; € X or p; &~ g; is of the form x ~ x,
or there are indices iy,. . ., iy smallerthaniand arule r : @1 &~ B1A.. . Aoy =
Br/ @ ~ B in R such that p; ~ ¢; is obtained from p;, ~ ¢i,,...,pi, ~ qi
by an application of r.

(The phrase “application of a rule” is commonly used in the proof-theoretic
parlance. Formally, the meaning of the phrase “p; ~ g¢; is obtained from p; =~
qis---» Piy, ~ q; by an application of #” is that the pair ({p;, ~ qi,,...,pi
qi.}, Pi & qi) is an instance of r.)

Let p &~ g be an equation. An R-proof from X' is called an R-proof of p ~ q from
X if p & ¢ is the last element of this proof. p &~ ¢ is R-provable from X if there
exists an R-proof of p ~ g from X.

For every set ¥ C Eq(t) we define:

Q

C{(X) :={p~ q € Eq(7) : p ~ g is R-provable from X'}.

Cy' is a structural and finitary consequence operation defined on Eg(tr) which
validates the set of rules R (see below). In particular C;q validates Birkhoff’s rules
for equality Birkhoff(t).

2.3 Equational Logics

#(Eq(t)) is the power set of Eg(t), i.e., the family of all subsets of Egq(7).
A mapping C% : p(Eq(t)) — (Eq(t)) is a consequence operation on Eq(t)
if it satisfies, for all X, Y C Eq(7):

(Col) X C C¥(X) (reflexivity)
(Co2) C*(X) C C*(Y) whenever X C Y (monotonicity)
(Co3) C¥(C*(X)) C C*(X) (idempotency).
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A consequence C*? is finitary if for all X C Eq(t):
(Cod) C*(X) = |J{C*(Xy) : X; is a finite subset of X} (finitariness).

(Note that (Co4) already implies (Co2).)
A consequence C¢ is structural if for all X C Eq(t):

(Co5) eC®(X) C C“(eX) for every endomorphism e : Te, — Te, (structurality).

B, stands for the consequence operation (on Eg(7)) determined only by the set
of rules Birkhoff(t) in the standard way. B, is referred to as Birkhoff’s logic in the
signature t.

By an equational logic we shall understand any structural consequence operation
C* defined on Eq(t) which validates Birkhoff’s rules for equality Birkhoff(t), and
possibly some other rules. This means that B, (X) € C*(X), for all X € Eg(7).
Birkhoff’s logic B, is the least equational logic (in the sense of the above inclusions).
Thus the class of equational logics in a given signature t comprises exactly all
strengthenings of the logic B;.

The terms “equational logic” and “equational deductive system” will be treated
as synonyms.

Any set of equations X such that C*?(X') = X is called a closed theory of C*,
or shortly, a theory of C*1.

Th(C*T)

is the set of all theories of C*?. Since Th(C*?) is a closure system, it forms a complete
lattice with respect to inclusion. This lattice is denoted by

Th(C*®).
Given a class K of r-algebras, we let
KF

denote the consequence operation on the set of t-equations determined by K. Thus,
for{o; =~ B;:iel} U{a ~ B} C Eq(1),

a ~ B e KE({o; ~ B : i € I}if and only if, for every algebra A € K and
every h € Hom(Te.,A), h(a) = h(B) whenever h(«;) = h(B;) foralli € 1.

o~ B eKF({a; ~ Bi i ellisread: o ~ B follows from {a; ~ B; : i € I}
relative to K.

The consequence operation KF is structural,ie., o ~ p € KF({o; ~ Bi 1 i € I})
implies that ea ~ e¢f € K= ({ea; ~ ef; : i € I}) for all endomorphisms e of the
term algebra Te, and all sets {o; ~ f; : i € I}. As KF validates Birkhoff’s rules,
KF is an equational logic. Furthermore, if K is closed under the formation of
ultraproducts, the consequence KF is finitary. Note that « ~ B € KF () means
that the equation o & f is valid in the class K.
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Following common practice we suppress parentheses as much as possible and in
case of finite sets of equations we usually write

a~BeK(a ~ B, ... .00~ Br)

instead of @ ~ B € KE({a; ~ Bi.....00 ~ Bi}).

K=({a; ~ B; : i € I}) is thus the set of all equations o ~ 8 which follow from
{a; =~ B; : i € I} relative to the class K.

A schematic rule r : {o; ~ B; : i € I}/a ~ B is said to be a rule of the
consequence KF if a ~ B € KFE({o; ~ B; : i € I}). In this case we also say that r
is a rule of the class K.

Every equational logic C°? on Eg(t) is characterized semantically by some class
of algebras, i.e., there exists a class K of r-algebras such that C¢7 = KF, and there
always exists the largest such class K. Furthermore, if C¢¢ is finitary, K can be
assumed to be a quasivariety. These, rather simple observations, form the content
of the completeness theorem for equational logics. Consequently, when we are
dealing with equational logics, we shall mainly consider consequences K= already
determined by some fixed class K of algebras.

Any set of equations X such that K=(X) = X is called a closed theory of K,
or shortly, a theory of K=. A set of equations X is a theory of KF if and only if X
is closed with respect to the set of rules of KF.

According to the adopted notation, Th(KF) is the set of all theories of K=.
Th(KF) forms a complete lattice with respect to inclusion. This lattice is denoted by

Th(K").

For any class K it is the case that KF = inf{A’: : A € K}, which means that
KF(2) = ﬂ{A':(Z) : A € K}, for any set of equations X. (Here AF is, in
accordance with the definition, {A}"~.) Equivalently, Th(KF) is the closure system
generated by | J{Th(AF) : A e K}.

There is an obvious translation of KF into the language of quasi-identities
over Te,:

a~ B eKF(a ~ B, ....ar~ B) ifandonlyif the implication
ap & P AL A R By —> a &~ fisvalid in K.

This observation enables one to express the properties of the consequence operation
KF on finite sets in terms of quasi-equations valid in K. The definitions given below
are formulated in terms of standard rules; but they can be easily reformulated in
terms of quasi-identities. The key is in assigning to each standard rule

ro o RPIAAYG R B/axp
the quasi-identity
r: ayrBiA...Aa=xpB—>a=xp.

Thus r is a rule of K= if and only if (r) is universally valid in K.
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Although quasi-identities and standard rules of inference are interdefinable
concepts, in purely syntactic contexts, when one works with consequence relations
defined on equations, the notion of a standard rule of inference often appears to be
convenient and useful.

For every quasivariety Q, the logic QF is characterized proof-theoretically by
a set R of standard rules. That is, for every Q there is a set R of standard rules
including Birkhoff(t) such that

Q- =y (1)

(As R one may take the set consisting of all standard rules of Q':.) If (1) holds, then
R is called an inferential base for QF.

Since the notions of a standard rule of QF and of a quasi-identity of Q are
interdefinable, the fact that a set of rules R is an inferential base of Q': is equivalent
to the statement that the set of quasi-equations {(r) : r € R} corresponding to the
rules of R forms an axiomatization of Q.

In what follows we shall interchangeably speak of inferential bases for QF and
axiomatic bases for Q. (The latter bases consist of sets of quasi-identities.)

2.4 Relative Congruences

Let 7 be a signature. Let R be a binary relation defined on a t-algebra A. R is closed
under a schematic rule r = {o; ~ B; 1 i € I'/a ~ B if, for any a € A*, R contains
the pair (¢” (@), B4 (a)) whenever it contains the pairs (o (a), B4 (a)), for all i € I.
(Here k is the length of a sequence x = xp, x, ... which includes every variable
occurring in one of the terms of the equations {&; ~ B; : i € I} and ¢ ~ B. k may
be infinite. In this case we assume that k = w.)

If the rule r is standard, r = a; ~ Bi,..., =~ Bi/a = B, then we shall
interchangeably use the phrases ‘R is closed under ’ and ‘R is closed under the
quasi-equation o) &~ B A ... Ao~ By > ax .

A binary relation R on a t-algebra A is a congruence relation (of A) if R is closed
under Birkhoff’s rules Birkhoff(t).

If @ is a congruence of A and a € A, then a/ @ is the equivalence class of a with
respect to @. A/ P is the quotient algebra whose elements are equivalence classes
a/®,a € A.

If @ is a congruence of A, then @ is closed under the rule oy ~ fi,....,
o &~ Br/o & B if and only if the quotient algebra A /@ validates the quasi-identity
(V) ~ B A... Aoy = By = a = f).

Note. Each equation may be identified with a pair of terms. We may therefore
identify a set of equations X with a set of pairs of terms; X' is thus a binary relation
on the term algebra Te,. Consequently, the fact that ¥ is closed with respect to
a rule r is an instance of the above general definition. In particular, X is closed
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with respect to Birkhoff’s rules Birkhoff(7) if and only if the set of ordered pairs
{{a, B) : @ & B € X'} is a congruence of the term algebra Te,. |

If A is an algebra, then Con(A) is the set of congruences of A. Con(A) forms an
algebraic lattice, denoted by Con(A). If @, ¥ € Con(A), then @ + ¥ marks their
join in Con(A). The lattice meet of @, ¥ in Con(A) coincides with the intersection
@ NW.If X C A%, ©®4(X) denotes the least congruence of A that contains X.

Let Q be a quasivariety of t-algebras and A a t-algebra, not necessarily
in Q. A congruence @ on A is called a Q-congruence if A/® € Q. The set
of Q-congruences is denoted by Cong(A). Thus Cong(A) = {® € Con(A) :
A/® e Q}. If Q is not a variety, the elements of Cong(A) are also called relative
congruence. Cong(A) contains the universal congruence 14 := A? and it contains
the smallest Q-congruence being the intersection of all Q-congruences of A. This
smallest Q-congruence is the identity congruence 04 (= diagonal relation on A) if
and only if A € Q.

It is easy to see that if I" is an axiomatic base for Q, then @ is a Q-congruence if
and only if @ is closed under every quasi-identity from the base. It follows from this
observation that Cong(A) is closed under arbitrary intersections and the union of
directed sets; in other words, Cong(A) is a finitary closure system on A%. (This also
follows from the fact that Q is closed under subdirect products and ultraproducts.)
Cong(A) therefore forms the universe of an algebraic lattice Cong(A) called the
lattice of Q-congruences.

If &, ¥ € Cong(A), then @ +¢g ¥ denotes their join in Cong(A). @ +q ¥ is
generally larger than @ + ¥. The lattice meet of @, ¥ in Cong(A) coincides with
their intersection @ N Y.

If V is a variety, and A is an algebra of type 7, then Cony(A) forms a principal
filter in the lattice Con(A) of all congruences of A. But if A is in V, then Cony(A)
coincides with Con(A).

For any X C A?, @AQ (X) denotes the least Q-congruence of A that contains X.
Thus

O(X) = [)(® € Cong(A) : X € @}

The congruence @4 (X) is a subset of (H)‘é X).
1d(Q) denotes the set of all identities valid in Q.
The following characterization of (—*)6 (X) proves convenient in applications:

Theorem 2.1. Let Q be a quasivariety of algebras of type T and I' a set of quasi-
identities which are not identities such that Q = Mod(Id(Q) U I'). Then for any
algebra A, any set X C A? and any a,b € A,

a= b(@AQ(X)) if and only if there exists a finite sequence

(alsbl)v"'v(anvbn) (*)
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of elements of A% such that (a,, b,) = (a, b) and, for everyi, 1 < i < n, either

(ai, b;) € X ora; = b; orthere existasetJ C {1,...,i—1}, a quasi-equation
r@) &~ s1(X) Ao A (X)) & sp(x) = r(x) &~ s(x) € I" U Birkhoff (v),
where x = xi,...,x,, and a sequence ¢ = ci, ..., c, of elements of A such
that

{{re(©),sx(0)) : 1 <k <m} = {{a;,b;) : j€J} and (r(c),s(c)) = (ai, b;).

Proof. See Czelakowski and Dziobiak (1996) or Gorbunov (1984). See also
Czelakowski (2001), Lemma Q.2.1. O

The sequence (x) is called a Q-generating sequence of the pair {(a, b) from the
set X.

Proposition 2.2. Let Q be a quasivariety. Suppose that
axBeQ(u~piiicl))

for some set of equations {o; ~ B; : i € I} and an equation @ ~ fB. Let A be
a t-algebra and h : Te, — A a homomorphism. Then

(h(@), h(B)) € OH({(h(a;). h(B)) =i € I}).

Proof. Put @ := @’é({(h(ai), h(B;)) : i € I}). Let g be the composition of & and
of the canonical homomorphism from A to the Q-algebra A/®. As g validates
the equations «; ~ f;, i € I, it follows that g(e) = g(B). So (h(x),h(B)) €
O({(h(), h(B)) : i € 1}). 0

2.5 Free Algebras

Let K be a class of 7-algebras. Fg () denotes the free algebra in K freely generated
by a countably infinite set of generators. Fk(w) is also free in the variety Va(K).
Fx(w) need not belong to K, but Fg(w) is in Qv(K). We therefore have that
Fx(w) = Fouyk)(®) = Fyx)(@).

Let £2 be the congruence relation defined on the term algebra Te, as follows:
for any terms «, 8,

a=p(mod ) &5 a~pecK@) (& o~ fisvaldinK).

The equivalence class of any term 7 with respect to £2 is denoted by [f]. (Thus
a ~ B is valid in K if and only if [«] = [].)

Proposition 2.3. The quotient algebra Te./$2 is free in the class K and hence in
the variety Va(K). Moreover {[x] : x € Var} is the set of free generators of Te, | 2 .
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Proof. The congruence 2 is invariant, i.e., for any terms «, 8, if « = B (mod £2),
then ea =~ ef (mod £2), for all endomorphisms e of the term algebra Te,. Hence
Te./ 2 is free in K. O

A class K is trivial if it contains only one-element algebras; otherwise, K is non-
trivial.

We shall identify Fg(w) with Te./$2 . Since the congruence £ does not paste
together different variables (unless K is trivial), the free generators of Fg(w) are
often identified with individual variables.

Proposition 2.4. Let Q be a quasivariety of algebras. For any set I of equations
and any equation o =~ f3,

a~BeQ () ifandonlyif ([o].[B]) € OGU(ls].[) :s~teT}).
where F := Fg(w).

The proof is easy and is omitted. O

Let Q be a quasivariety and let 2 be the mapping which to each (closed) theory
¥ of the consequence operation QF assigns the congruence

2):={{uo,p):ar~pel}

on the algebra of terms Te,. (£2 thus coincides with £2 (QF @)).)

In turn, let = be the mapping which to each (closed) theory X of the
consequence operation QF assigns the set of pairs

E(2) = {[a].[B]) ra ~ B e X}

of the free algebra Fo(w). & (X) is a congruence of Fg(w). Z (X) is equal to the
quotient congruence 2 (X') /2.

Proposition 2.5. Let Q be a quasivariety. The mapping E establishes an isomor-
phism between the lattice of closed theories of QF and the congruence lattice
Cong(Fo(w)).

Proof. Straightforward. O

Proposition 2.6. Let F := Fo(X) be a free algebra in a non-trivial quasivariety Q
with the set X of free generators and Z < X°. Then @S (2) = ©F(2), i.e., the least
congruence in F containing X is a Q-congruence.

Proof. ©F(Z) is equal to @F (R(Z)), where R(Z) is the least equivalence relation
on X that includes Z. Let Y be a set of selectors for the abstraction classes of R(Z).
Thus, for every x € X there is a unique y € Y such that x R(Z) y. The quotient
algebra F/©F (Z) is isomorphic with the free algebra Fo(Y). This fact follows from
the observation that the mapping %o : X — Y defined by:

ho(x) := the unique y € Y such that x R(Z) y,
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extends to a homomorphism 4 from F to Fo(Y) and ker(h) = OF(R(Z)). Since
Fq(Y) belongs to Q, OF(2)isa Q-congruence. (See also, e.g., Czelakowski 2001,
Chapter Q, Lemma Q.2.3.) O

It follows from the above proposition that for any free generators x and y of F,
®(x,y) is a Q-congruence of F. But it is not true that every congruence @ C ®(x,y)
is a Q-congruence. The following example is due to Keith Kearnes”. Let Q be the
quasivariety of torsion-free Abelian groups. Q is known to be relatively congruence-
modular. The congruence @ := ®(2x, 2y) is a proper subset of ®(x, y), and it is not
a Q-congruence. To see this, it is enough to note that x — y is a nonzero torsion
element of F/®, so F/® is notin Q.

2.6 More on Congruences

Let A and B be sets and # : A — B a function. If Y is a subset of B2,
then A= (Y) := {(a.b) € A% : (ha,hb) € Y}. Similarly, if X is a subset of A2, then
h(X) := {(ha, hb) € B*: (a,b) € X}.

If h: A — B is a homomorphism between algebras A and B, then

ker(h) := {{a,b) € A> : ha = hb}.

ker(h) is a congruence of A. It is clear that ker(h) = h~'(0p).

Proposition 2.7. (The correspondence property). Let h : A — B be a homomor-
phism between arbitrary algebras A and B. If ® € Con(A) and ker(h) C @, then
h ' h(P) = @.

Proof. (2). Suppose (a,b) € &. Then (ha,hb) € h(®). It follows that
(a,b) e i ' (D).

(C). Assume (a,b) € h~'h(®). Then (ha, hb) € h(®P). It follows that there are
x,y € A such that (ha, hb) = (hx, hy) and (x,y) € ®@. As ha = hx, hb = hy, we
get that (a, x), (b,y) € ker(h) C @. Hence (x,y), (a,x), (b,y) € ®. This gives that
(a,b) € @. |

Note. Let Q be a quasivariety. Let 7 : A — B be a homomorphism, where A and B
are arbitrary algebras. If @ € Cong(B), then h~!(®) is a Q-congruence on A, i.e.,
h~'(®) € Cong(A). This follows from the fact that the relation #~!(®) is closed
under the rules of Q%F. Indeed, let r : a; & Bi,...,a, =~ B,/a =~ B be arule
of Q®F and let g : Te, — A be a homomorphism such that (ge;, gB:) € h™ " (P)
fori = 1,...,n. Hence (hga;, hgB;) € ® fori = 1,...,n. Ashg : Te; - Bisa
homomorphism and @, being a Q-congruence, is closed with respect to r, we get
that (hga, hgB) € @. Hence (ga, gB) € h™1(P).

2Personal correspondence.
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In particular, if B € Q, then ker(h) (= h~'(0g)) is a Q-congruence on A. O

Corollary 2.8. Let Q be a quasivariety of algebras of a signature t. Leth : A — B
be a homomorphism between arbitrary t-algebras and let ® € Con(A) be a
congruence such that ker(h) € .

(a) If his surjective and ® € Cong(A), then h(®) € Cong(B).
(b) If h(®) € Cong(B), then @ € Cong(A).
(c) If his surjective, then @ € Cong(A) if and only if h(®) € Cong(B).

Proof. As ker(h) € @, we have that h~'h(®) = @, by the correspondence prop-
erty. It follows that the algebra A /@ is embeddable into B/h(®). (The embedding is
established by the mapping ¢ which to each equivalence class a/® € A/® assigns
the equivalence class ha/h(®),a € A.)

If h(®) € Cong(B), then B/h(®) € Q. It follows that A/P € Q, because it is
isomorphic with a subalgebra of the Q-algebra B/h(®). This proves (b).

If & is surjective, then the above mapping is an isomorphism between A /® and
B/h(®). If @ € Cong(A), then A/P belongs to Q, and hence B/h(P) belongs to
Q as well. Hence h(®) € Cong(B). This proves (a).

(c) follows from (a) and (b). O

Proposition 2.9. Let Q be a quasivariety of algebras of a signature t. Let
h:A — B be a homomorphism between arbitrary t-algebras. Then for every
set X C A2,

h(OQ(X)) S Og(h(X)).

Proof. As A/h_l(@g (h(X))) is isomorphic with a subalgebra of B/(@B (h(X))) €Q,
it follows that A/h_l(@ (h(X))) € Q. Hence h~ 1(@ (h(X))) is a Q-congruence
onA. Since X € h~ l(@B(h(X))) we therefore get that ©4(X) S h~' (O (h(X))).
Consequently, A(Og(X) € OF (h(X)).

(An alternative proof of the above inclusion is based on Theorem 2.1. For let
(a,b) € (H)AQ(X) and let {a;, by),..., {(a,, b,) be a Q-generating sequence of (a, b)
from X in A. Then (hay, hb,), ..., {(ha,, hb,) is a Q-generating sequence of (ha, hb)
from 4(X) in B. Hence (a, b) € O (h(X)).) O

Note. Proposition 2.9 implies that for any set of equations X and any equation
a~ B, ifa ~ B € Q(X), then for any r-algebra A and any homomorphism
h: Te, — A it is the case that (h(x), h(B)) € OA({(h(oz) h(p)):y~d8eX}). O

Let Q be a quasivariety of t-algebras, A, B arbitrary t-algebras, and 4 : A — B
a homomorphism. We define:

kerg(h) := h™' (O (0p)).

i.e., kerg(h) is the h-preimage of the least Q-congruence of B. As A/ kerg(h) is
isomorphic with a subalgebra of B/E€ ()B (0g) € Q, kerg(h) is a Q-congruence on A.

If B € Q, then kerg(h) = ker(h), because ©B 0(08) = 05.
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Proposition 2.10. Let Q be a quasivariety of t-algebras, A, B arbitrary
t-algebras, and h : A — B a surjective homomorphism. Then for any set X C A2,

h(OH(X) +q kerg(h)) = OF (h(X)). ()

Note. If B € Q, then kerg (/) = ker(h). Hence (x) implies that
h(@ (X) +q ker(h)) = @Q(h(X)) O

Proof. Since kerg(h) is a Q-congruence on A, therefore @ := @‘é(X) +q kerg(h)
is a well-defined Q-congruence on A. As ker(h) C kerq(h) € Cong(A),
Corollary 2.8.(a) implies that A(®) is a Q- congruence on B. Since X C @, we
get that h(@ (X) +q kerg(h)) = h(®) D ©F o (h(X)).

On the other hand, as /(©y(X) € O (h(X)) and h(kerq(h)) = OF(0p), we get
that h((H) (X) +q kerg(h)) = h(() (X U kerg(h)) € ©8 o(h(X) U h(kerQ(h)))
@g(h(X)), by Proposition 2.9. O

Corollary 2.11. Let Q be a quasivariety, A, B be arbitrary t-algebras, and
h: A— B a surjective homomorphism. Then for any set X C A?,

h~'(O§(hX)) = kerq(h) +q Oy(X). O (%)

Proof. Since B € Q, ker(h) = kerg(h). O

Corollary 2.12. Let Q be a quasivariety, let A, B be arbitrary t-algebras, and
h: A — B a surjective homomorphism. Then for any @, ¥ € Cong(B),

H® +o W) = H(®) 4o hH(W).

Proof. As h is “onto”, hh™'(®) = & and hh™!(¥) = W¥. Moreover kerg(h) C
h~1(®) and kerg(h) € h~'(¥). Applying Corollary 2.11 we get:

W (@ +q¥) = h™ ' (OF(P UW)) = h (O (hh™" (@) U hh™' (¥))) =
W1 (O{(h(h™ (@) U b~ ()))) = kerg(h) +q O~ () UL~ (¥)) =
kerg(h) +q Oy (h™" (@) +q O{(h (W) = kerg(h) +q h™ () +q h™' (W) =
(@) +oh™'(W). O

Let F be a non-trivial infinitely generated free algebra and let # : F — F be an
epimorphism. Let x and y be arbitrary free generators of F. Assume F is free in a
quasivariety Q. We know that ®F (x, y) is a Q-congruence of F. The kernel ker(h)
is also a Q-congruence of F. Question: Is ker(h) + ©F (x, y) a Q-congruence of F?
(““4” stands for the least upper bound in the lattice of congruences of F.) If sx and
hy are free generators, then indeed ker(h) + @F (x,y) is a Q-congruence. But if hx
and hy are not free generators, the answer may be: No! Here is a simple example
provided by Keith Kearnes.
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Let Q be the quasivariety in the language with only two constant symbols 0,
1 (and no other operations) that is axiomatized by the quasi-identity 0 ~ 1 —
x & y. Let F be the free algebra in Q with free generators {xo, xi,...}. Then F =
{0, l,xo,xl, .. }

Let h : F — F be the function which xy and 0 maps to 0, x; and 1 maps to 1,
and x,+; maps to x, for all n = 1. h is an epimorphism and ker(k) = {0,xy}> U
{ 1, X1 }2 U OF.

The join ker(h) + OF (xo,x1) equals {0, 1,x9,x;}> U Op, i.e., it relates the four
elements 0, 1, xp, x; and relates no other pair of distinct elements. But the Q-join
ker(h) +q OF (xo,x1) is F x F. Hence ker(h) + ©F (xo, x1) is not a Q-congruence.

Other useful facts and aspects of the theory of quasivarieties can be found, e.g., in
Pigozzi (1988), Czelakowski and Dziobiak (1996), Czelakowski (2001) and Kearnes
and McKenzie (1992).

2.7 Properties of Equational Theories

The theory of the equationally defined commutator to a large extent uses syntactical
tools derived from the properties of the equational consequences associated with
quasivarieties. In this subsection we shall present some of these properties.

The facts presented in the above section on relative congruences have their
counterparts for the theories of QF, where Q is a quasivariety of a signature 7.

Let e : Te, — Te, be a function. If X is a set of equations, then

eX):={ep~eq:p~qgeX}
e 'X)={p~qgeEq():ep~eqecX.

We shall mark the theory QF (X, U X,) as
21 +Q 229

thus using the notation applied to Q-congruences. (X'} and X, are arbitrary theories
of QF.)

If e : Te, — Te, is an endomorphism and X is a theory of QF, then e~'(X) is a
theory of QF as well. This follows from the fact that the set of equations e~ ' (X)) is
closed with respect to the rules of QF (cf. Note following Proposition 2.7).

Some care is needed when one wants to define the kernel of an endomorphism e
of the term algebra. The set {p ~ g € Eq(7) : the term ep is identical with eq} is a
theory of Birkhoff’s consequence B,. Not much can be said about the properties of
this set when one wants to connect it with a non-trivial quasivariety. We therefore
adopt the following definition.
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If e : Te, — Te, is an endomorphism, then

kerg(e) := ¢! (QF 9)).

kerg(e) is called the kernel of the endomorphism e relative to Q. Thus p ~ q €
kerg(e) if and only if the equation ep & eq is valid in Q. One may directly verify
that kerg(e) is closed with respect to the rules of QF and hence it is a theory of QF.
We obviously have that {p ~ g € Eq(7) : ep = eq} < kerg(e).

The consequence operation Va(Q)F is weaker than QF but both operations agree
on @, that is, Q= (&) = Va(Q)F (¥). From the purely inferential viewpoint, Va(Q)F
is the consequence operation determined by the set of all Q-valid equations and the
rules of inference of the Birkhoff’s logic B;. In other words, Va (Q)': is an axiomatic
strengthening of Birkhoff’s logic B; (in the signature of Q).

As QF () = Va(Q)F (9), it follows that

kerQ(e) = kel'va(Q) (e)

Proposition 2.13. (The correspondence property for equational theories). Let Q be
a quasivariety of t-algebras and e : Te, — Te, an endomorphism. If X' is a theory
of QF and kerg(e) C X, then e™'e(X) = X. O

Corollary 2.14. Let Q be a quasivariety of t-algebras and e : Te, — Te, an
endomorphism. Let X be a theory of Birkhoff’s logic B, in Te., i.e., X € Th(B;),
such that kerg(e) € X.

(@) Ifeis surjective and ¥ € Th(QF), then e(X) € Th(QF).
(b) Ife(X) € Th(QF), then X € Th(QF).
(¢) Ifeis surjective, then ¥ € Th(QF) if and only if e(X) € Th(QF). O

Proposition 2.15. Let Q be a quasivariety of t-algebras and e : Te, — Te, an
epimorphism. Then

e(QF (X) +q kerg(e)) = Q7 (e(X))

for any set of equations X. O

Corollary 2.16. Let Q be a quasivariety of t-algebras and let e : Te, — Te, be an
epimorphism. Then for any set of equations X,

¢ (QF (eX)) = kerg(e) +o QF (X). O

Corollary 2.17. Let Q be a quasivariety of t-algebras and e : Te, — Te, an
epimorphism. Then for any theories ¥\ and X, of QF,

e (T +q ) =e¢ '(Z1) +qe (%)

in the term algebra Te. O
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Proposition 2.18. Let X be a set of equations of variables, i.e., X = {x; ~ y; 1 i €
I}, where x;, y; (i € I) are individual variables. Then Va(Q)F (X) is a theory of QF
for any non-trivial quasivariety Q. O

Va(Q)F (X) is a theory of the consequence Va(Q)F. The proposition states that
Va(Q)" (X) is a closed theory of the stronger consequence operation Q™.

The proofs of the above facts are easy modifications of the corresponding results
from the preceding subsection.

2.8 Epimorphisms and Isomorphic Embeddings
of the Lattice of Theories

Let Q be a quasivariety of t-algebras and let e : Te, — Te, be an endomorphism.
We define the function f, : Th(Q™) — Th(QF) by

fu(2):=e(X) forall X e Th(QF).

As e7!(X), the e-preimage of X, is a closed theory, f, is well-defined.
The following fact is immediate:

Lemma 2.19. For any epimorphisme : Te, — Te., the function f,, is an isomorphic
embedding of the lattice Th(QF) into Th(QF).

Proof. Let ¥ and X, be theories of QF. Corollary 2.17 yields that

Fo(Z14q 22) = (21 +q 22) = ¢ 1(Z1) +q e ' (22) =f.(Z1) +qf(Z2).
fu(EZiND) = (ZiNX) = (Z)Ne (D) =F.(Z1) Nf.(D).

The verification that f, is one-to-one is also straightforward. o

We define: Th*(QF) := {¥ e Th(QF) : kerg(e) € X'}. The set The(QF)
forms a sublattice Th¢(QF) of Th(QF). The theory kerq(e) is the least element of
The(QF).

Corollary 2.20. For any epimorphism e : Te, — Te,, the function f, is an
isomorphism between the lattices Th(QF) and Th¢(QF).

Proof. Tt suffices to check that f, is a surjection from Th(QF) onto Th¢(QF).
Suppose Y € Th¢(QF). We claim that ¥ = f,(X) for some X € Th(QF). We
put: X := QF(eY). Then, by Corollary 2.16, f,(X) = ¢ '(X) = ¢~ (QF(eY)) =
kerg(e) +q QT (Y) = kerg(e) +o Y =Y. O
It follows from the correspondence property (Proposition 2.13) that the function
g, : Th*(QF) — Th(QF) given by
2. (X):=e(X) (={e(0):0€ X)), forall ¥ e Th'(Q"),

is the inverse of the isomorphism f,.
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The function k, : Th(QF) — Th¢(QF) given by
k(%) :=kerg(e) +¢ . X e Th(QF),

is a retraction, that is k, is a surjection and k. is the identity map on the sublattice
Th¢(QF). k, need not be a lattice homomorphism: k, preserves joins but does not
preserve meets of theories.

2.9 The Kernels of Epimorphisms

Let Q be a quasivariety of t-algebras. Var is the (countably infinite) set of individual
variables of Te,.
We know that for every endomorphism e : Te, — Te,

kerg(e) 1= ¢~ (QF (8))

is a closed theory of QF. As Q= (9) = Va(Q)F(9), kerg(e) is also a theory of
Va(Q)F (9). (Va(Q)F is the consequence operation determined by the set of all
Q-valid equations and the rules of inference of Birkhoff’s logic B;.)

Let e : Te, — Te, be an endomorphism. We define:

V., := {x € Var : e(x) € Var}.

Thus V, := e~ (Var).

From now on we assume e : Te, — Te; is a fixed epimorphism, i.e., a surjective
endomorphism. Then the set V, is infinite and e surjectively maps V, onto Var.
Moreover, e assigns a compound term to each variable x € Var \ V,.

Te.(V,) is the set of all terms of Te, in the variables V, and Te.(V,) is the
corresponding subalgebra of 7e;.

For each variable x € Var we mark the term e(x) as t,. If x € V,, then ¢, is a
variable, not necessarily in V,. It is clear that then there is a variable s, € V, such
that e(s,) = t, (= e(x)), viz., s, := x. If x € Var \ V,, the term ¢, is compound,
and we write t, = t.(y), where y = yi,...,y, is the list of variables occurring
in t,. There are (differe_nt) variables X = Xx1,...,X%, in V, such that y = e(x), that
is, y1 = e(x1),...,yn = e(xy). Then e(x) = #, = tx(X) = f(e(x)) = e(tx(x)).
Hence the term e(x) is identical with e(#,(x)). Let us denote the term ¢,(x) by s,. We
thus get:

Fact 1. For every variable x € Var there is a term s, € Te.(V,) such that the term
e(x) is identical with e(sy). If x € V,, then s, is the variable x. If x € Var \ V,, the
term s, is compound. a

To simplify notation, we shall omit parentheses in the symbols like ‘e(x)’.
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e surjectively maps V, onto Var but it may glue some variables of V,. We then
put:

Ay:={x~sy:x€Var\V,} U {xxy:x,y€ V,and ex = ey} U
{x~y:x,y€ Var\ V, and ex = ey},

where, for each x € Var \ V,, s, is an arbitrary but fixed term in Te,(V,) such that
ex = esy.

The following observation, which seems to have not been considered in the
literature, provides a canonical characterization of sets of equations generating the
kernel of an arbitrary epimorphism of the term algebra. This characterization will
be applied in Chapters 5 and 6.

Theorem 2.21. kerg(e) = Va(Q)™(Ao).

Notes. 1. If e injectively maps V, onto Var, the set {x ~ y : x,y € V, and ex = ey},
being a component of Ay, reduces to {x &~ x : x € V,} and therefore it may be
disregarded in the above definition. Similarly, if e does not paste together different
variables in Var \ V,, the set {x ~ y : x,y € Var \ V, and ex = ey} may be omitted
too.

2. The theorem implies that kerg(e) = QF (A), because kerg(e) is a theory
of QF. O

Proof. To simplify notation we put C := QF. We also put: Cy := Va(Q)F. The
definitions of A and kerg(e) immediately give that Ay € kerg(e). Hence Cy(Ap) €
kerqg(e). We shall show that kerg(e) S Cp(Ao).

Claim 1. Ifx,y € Var\ V, and ex is identical with ey, then s, ~ s, € Co(Ao).

Proof (of the claim). We have: x ~ sy, y &~ s, € Ag. Moreover x ~ y € Ay, because
ex = ey. It follows that s, ~ s, € Co(Ap). O

Claim 2. For each term t € Te, there is a term s; € Te.(V,) such that t ~ s, €
Co(Ao). Moreover, et is identical with es;.

Proof. We use induction on the complexity of terms. Assume ¢ is a variable x. If
x € V,, then s, is identical with x. Hence trivially x &~ s, € Cy(A). If x € Var \ V.,
we take the compound term s, € Te,(V,) corresponding to x and defined as above.
Then ex = es, and x & s, € Ay, by the definition of Ay. Hence x & s, € Cy(Ay).
Let ¢ be a compound term F(¢; ... 1), where F is a k-ary function symbol, and

assume the thesis holds for the terms 71, . . . , #. There are terms s;,, . . ., 8, € Te.(V,)
such thatt; ~ s,,....,% ~ s, € Co(Ao) and et; = es;,,.... ety = es,. We put
8= F(sy ...8,). We have: s, € Te,(V,), t = 5, € Co(t1 = s, ~,tx & §,) €
Co(Ap) by functionality rules, and et = es;. O

It should be noted that if ¢ is in Te, (V,), then it follows from the above definitions
that ¢ is identical with s;.



2.9 The Kernels of Epimorphisms 25

Claim 3. Let r and s be terms in Te.(V,) such that er ~ es € Cy(0). Then
rs e C()(Ao).

Proof. Write r = r(x), s = s(x), where x = xy,...,x,. As r and s are in Te,(V,),
the substitution e merely replaces the variables of x by a block of other variables
y = exy,...,ex, (but not necessarily in a one-to-one way). As er x es is identical
with r(y) ~ s(y), we see that r(y) ~ s(y) € Co(@) implies that r(x) ~ s(x) €
Co({x; ixj 1 <i<j<nandex, = e)_c_,-}). Since {x; ~ xj : 1 <i<j<nand
ex; = ex;j} € Ay, it follows that r ~ s € Cy(Ay). i

Claim 4. Let p and q be arbitrary terms in Te; such that ep ~ eq € Cy(@). Then
p ~ q € Co(Ao).

Proof. According to Claim 2, there are terms s,,s, € Te;(V,) such that p ~ s,
q =~ s € Co(Ag) and ep = es),, eq = esy. As ep ~ eq € Cy(9), we trivially get that
es, ~ es; € Co(9). Hence, by Claim 3, 5, ~ s, € Cy(Ap). This fact together with
PR Sy, q~ s, € Co(Ap) yields that p ~ g € Co(Ap). O

From the above claim the theorem follows. d

Example. Let p(y) and ¢(y) be two different compound terms in variables y and
x, y be different variables. Let e : Te, — Te, be an epimorphism such that ex = D,
ey = q and e bijectively maps Var \ {x,y} onto Var. Then V, = Var \ {x,y}. Let x
be the set of variables of V, such that ex = y.

Let Q be an arbitrary quasivariety. It follows from the above theorem that the set

Ag = {x = px),y ~ q(x)}

generates the kernel kerg(e), that is,

kerg(e) = Va(Q)™ (Ay).

Note. In reference to Theorem 2.21 we also note the following distributivity law
involving the kernels of epimorphisms.

The following notions will be used in the chapters devoted to the equationally
defined commutator. A set of equations of variables is any set {x; ~ y; : i € I},
where x; and y; are variables for i € I and the variables occurring in the equations
x; &~ y; (i € I) are all pairwise different. Two sets X and Y of equations of variables
are separated if the equations of X and Y do not share a common variable.

Theorem 2.22. Let Q be a quasivariety and e : Te, — Te, an epimorphism. Define
the set V, as above. Let X and Y be separated sets of equations of variables from V,.
If e is injective on the set of variables occurring in X U Y, then

(kerg(e) +q QF (X)) N (kerg(e) +q QF (Y)) = kerg(e) +¢ Q7 (X) N QF ().
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The above theorem can be proved rather easily by applying Theorem 2.21 and
working with the kernel kerg(e) (cf. also Lemma 5.2.10). Another proof of the
theorem is presented in Section 3.3 (see Theorem 3.3.7). O

The thesis of Theorem 2.22 holds for any relatively congruence-distributive
quasivariety Q (without any restrictions imposed on X, Y and e).



Chapter 3
Commutator Equations and the
Equationally-Defined Commutator

3.1 Commutator Equations and the Equationally-Defined
Commutator of Congruences

Ifs=s,...,5mandt =1,,...,1, are sequences of terms (both sequences of the
same length m) and X is a set of equations then

s~teX
abbreviates the fact thats; ~ t; € Xfori =1,...,m.)
Let m and n be positive integers and let x = X|,....Xp, ¥ = Yi,e-vs Yo
Z=2Z0, . Ly W=Wi,...,wWy,andu = uy, ..., u be sequences of pairwise distinct

individual variables. The lengths of the strings x and y are equal, |x| = |y| = m and,
similarly, |z| = |w| = n, |u| = k.

Let

a()_c,X,g,y,y) =X, Xy Vs e oo s Y Zls e oo s Zus Wiy e oo s Wiy UL, oo o, UR)
and

By, 2w 1) := BX1s s Xy Vs e e ey Yo Ths v v v s s Wl v v oy Wiy ULy -, Ug)
be terms in 7e; built up with at most the variables x = x1,..., Xy, Y = Y1, -+, Ym»
=2 T W= Wi, Wy, and u = Uy, g -

Definition 3.1.1. Let K be a class of algebras. a(x,y,z,w,u) ~ B(x,y,z, w,u) is
called a commutator equation for K in the variables x,y, and z, w if the following
quasi-equations are valid in K:

XIRVIA o Ay R Yy %a@,z,g,y,g} ~ ﬁ(g,)_},g,mg)
URWIA...AZy AW, %a@,z,g,m,g) ~ ﬁ({,)_/,g,mg).
© Springer International Publishing Switzerland 2015 27
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Equivalently, a(x, y,z, w, u) ~ B(x, .2, w, u) is a commutator equation for K in the
variables x, y and z, w if and only if K validates the equations

ax.x.z,wu) ~ Bxzwu) and a(xy.z.zu) ~ B y,z.2,u).

CoEq(K) is the set of all commutator equations for K.

A quaternary commutator equation for K (with parameters) is any commutator
equation «(x, y, z, w,u) ~ B(x,y, z, w, u) for K in the variables x, y and z, w.

An equivalent definition of a commutator equation is formulated in terms of
inference rules: o(x,y,z, w,u) ~ B(x,y,z, w,u) is a commutator equation for K
in the variables x, y and z,wif and only if

XLRYIA o A Xy R Y/ (XY, 2w, u) = B(X,y, 2, w, 1)

and
ARWIA LA R wpfexy. zowu) & Xy, z,w, u).

are rules of the consequence operation K=. They are called absorption rules for
a =~ f. O

Notes.

1. It follows from the above definition that a(x,y,z, w,u) ~ B(x,y,z, w,u) is a
commutator equation for K (in the variables x, y and z,w) if and only if it is
a commutator equation (in the variables x,y and z,w) for the variety Va(K)
generated by K. Consequently, the classes K, Qu(K) and Va(K) possess the
same commutator equations.

2. Definition 3.1.1 is reformulated in terms of the consequence operation K= as
follows: for fixed m,n > 1,

KE G0 &y 2 y) NKE (2 2w, 20 & wy)
is the set of all commutator equations in the variables x = xj,...,x,, ¥y =
VieeoosYms 2 =215+, Zns W= Wi, ..., W, In particular

KFE(x ~y) NK=(z ~ w)
is the set of all quaternary commutator equations for K (with parameters) in the
variables x, y and z and w.

The definition of KF directly implies that K= (x; &~ y1,....,%n & ym) =
Va(K)#(xl A Yi,...,Xm & Yy) for any variables xi, ..., Xy, y1,..., ¥V (see
Proposition 2.18). It follows that for any m,n > 1,

KEGo &yt ) NKE (@ A w20 A owy) =
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Va(K)#(xl RV, Xy X V) N Va(K)':(zl WY, ... 2y R Wy).

In particular,
KFxa~y)NK-zaw) = VaK)Fxa~y)NnVa®)~z~w). O

The following lemma is a straightforward consequence of the above definition:
Lemma 3.1.2.

(1) Leta :=a(x,y,z,w,u) be any term. Then o ~ o is a commutator equation for
Kinx,yand g?m

(2) More generally, if @ ~ B is an identity of K, then it is a commutator equation
for K (in whatever variables x,y and z, w).

(3) Ifa ~ B is a commutator equation for K in x, y and z,w, then sois B ~ o.

4) If o ~ B is a commutator equation for K in x,y and zw, and o' ~ B’ isan
equation K-deductively equivalent to o ~ B, then o' ~ P’ is a commutator
equation for K in the same variables x,y and z, w

(5) Ifa ~ B and B ~ y are commutator equations in x,y and W, thena ~ y is
a commutator equation in x,y and z, w. N ad

Lemma 3.1.3. Let

oi(xi, yi, zi, wi, wi) ~ Bi(xi, yi, i, Wi, U;)

be a commutator equation for K in Xi, Yi and Zis Wi, fori =1,...,k Let f be a
k-ary operation symbol of t and let x := the union of X1,..., X, Y 1= the union of
Viyoo- ,yk, z := the union ole, e T W= = the union ofwl, .. M;k, u := the union
Eﬂ» - Ui [The sets x,y,z, w and u u are assumed to be pairwise dlS]Olnt] Let

Ol()_C,X,é,w,ﬂ):Zf(oll,...,Olk) and ,B(Lzag"’_"aﬂ):Zf(ﬂlv---vﬁk)-

Then
a(x,y,z, w,u) ~ B(x,y,z,w,u)

is a commutator equation for K in x,y and z, w."

The above lemma states that the set of commutator equations for K has the
substitution property.

Proof (of the lemmay). In the proof, the symbol “K |= ¢” denotes the validity of a
first-order formula ¢ of L, in the class K. We will present the proof in the case where

'In the above notation there is some ambiguity. x is for finite sequences of variables without
repetitions. To simplify notation, each such a sequence x is identified here with the set of variables
which occur in x.
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k=2and x; = Xiy Yi = Vi T = Ziy Wi = Wi and u; = @, i = 1,2. (The proof of
the general case is a stralghtforward modification of the reasoning presented below.)
We then have o; = ;(x;, yi, zi, i), Bi = Bi(xi, yi, zio wi) fori = 1,2, and

KExi =y = ai(x1,y1,21,w1) & Bi(x1, yi, 21, wi); 1)
KEz & w — ol y,z,wi) = (e, vz, wi); 2)
KE x ~ y = az(x2,y2,22,w2) & B2(x2, 2,22, W2): €))
KE 2~ wy — az(x2,y2, 22, w2) = Ba(x2,¥2, 22, W2). 4

We wish to show that

KExi 2y Axa~y = fla, ) =~ f(B1. B2) ()
and

KEzi ®w Az rxw — far, o) =~ f(B1, Ba). 6)
We have:

KExxyAxnxy—>a~p by (1); @)

KExxyAxnxy—>wn~ph by (3). ®)

ButK | o &~ 81 — f(a1,®2) = f(B1, «®2). Hence, by (7) and the transitivity of &,

KEx =y Axa =~y — fla,m) =~ f(B1,a). ©)
Butalso K | o & B, — f(B1,a2) ~ f(B1, B2). Hence, by (8),
KExi ~y1 Axaxyr = f(B1,a2) = f(B1, B). (10)
(9) and (10) imply (5). The implication (6) is proved in a similar manner. O
Let A be a non-empty set. If X € A? is a set of pairs of elements of A and
a={ay,...,an), b = (by,...,b,) are sequences of elements of A of the same
length, we write
a=b(X)
to indicate that (g;,b;) € X fori = 1,...,m. We shall also occasionally write
(a,b) € X.
The above notation is extensively used for algebras and congruences. Thus if A
is an algebra, @ is a congruence of A, and a = (ay,...,ay), b = (by,...,b,) are

sequences of elements of A of the same length, we write

a=b(P)
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to mark that ; is congruent to b; modulo @ fori = 1,...,m, i.e., {(a;,b;) € @ for
i=1,...,m.

Let A € K and let @, ¥ be fixed congruences on A. Comg (P, ¥) is the binary
relation on A defined as follows:

(f,g) € Comg(P,¥) if and only if there exist a commutator equation
a(x,y,z,w,u) ~ B(x,y,z,w,u) for K (in some variables x, y and z, w) and

a=b(P), c=d W), and f=axyzwu), g=pXy zwu.

Lemma 3.1.4. The relation Comg (P, W) is a tolerance, i.e., it is reflexive, symmet-
ric on A and has the substitution property.

Proof (of the lemma). Reflexivity of Comg(®,¥) follows from the fact that x =
x is a commutator equation in whatever variables x,y and z,w. The symmetry
of Comg(®,¥) follows from Lemma 3.1.2.(iii). The substitution property is a
consequence of Lemma 3.1.3. a

It is an open problem when Comg (@, ¥) is a congruence relation of A.
Before passing to presentation of other definitions and theorems we adopt a
certain notational convention we shall adhere to throughout the paper.

Convention 1. Let A = {o;(x,y.z, w,u) ~ Bi(x,y.z,w,u) : i € I} be a set of
commutator equations (in the variables x,y and z, w) for a class K of signature 7.

of A whose lengths are equal to the length of the strings x, y, z, w, u, respectively. The
set of pairs

{ai(a.b.c,d.e) ~ Bi(a.b.c,d,e) :i eI},

which is a subset of A2, is denoted by A%(a, b, ¢, d, e), for short. O

According to the above notation we have that
Comg(®.¥) = | J{ia* (@ b.c.d.e):a=b (D). c=d(¥). e € A”},

where A := CoEq(Q) is the set of all commutator equations for K.
To shorten notation, we shall often use the phrase “c.e.” as an abbreviation for
“commutator equation”.

Convention 2. We shall make a further step and we shall write down the set of

<A

(The superscript “*’ is often omitted when A is clear from context.) O
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Consequently, we may write the above equality in a more compact form as
Comg(®.¥) = | J{(Ve) A*(a.b.c.d.e):a=b(P). c=d P)}.
Definition 3.1.5. Let Q be a quasivariety of algebras of signature r. Let A be an

algebra of type 7, and let @ and ¥ be Q-congruences on A. The equationally defined
commutator of @ and ¥ on A relative to Q, in symbols

(@, ¥
is the least Q-congruence on A which contains the following set of pairs:

isace.forQ,a=b (D), c=d (¥), ande € A“}.

Equivalently, [®, 'Il]fdc(Q) is the least Q-congruence of A which contains the
relation Comq (P, ¥), i.e.,

[P, ¥ i= Og(Comq(@,¥)) =

O(Jivo A'@bcdeia=b(@). c=dW)). O

Comments. The use of the name equationally defined commutator is justified by
the fact that the above definition is formulated in terms of commutator equations.

The definition of the equationally defined commutator for Q refers to the set of
all commutator equations for Q. But, in fact, the definition of [®, llf]fdc(Q) is more
parsimonious in the number of involved commutator equations.

Let X = {x,  y, : n € Ntand Y = {z, & w, : n € N} be infinite
sets of equations of variables, where all involved variables are pairwise different.
In particular, the equations of X and Y do not share a common variable. Then
evidently QF (X) N QF(Y) is the set of all commutator equations «(x, y, LW ) A
Bx.y.z,w,u) withx ~ y € Xand z ~ w € Y. (According to the adopted
earlier notation, if x = X1, %nm, and Y = y1,...,Ym sequences of variables, then
x A y € X abbreviates the fact thatx; ~ y; € X fori = 1,...,n.)

Let @ and ¥ be any Q-congruences on a t-algebra A. The set QF(X) N QF(Y)
determines the commutator [®, llf]fdc(Q) in the following sense:

(@, IP]?[,C(Q) is the Q-congruence generated by the set of pairs

a=b(®), c=d(¥), ande € A}, (a)
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This follows from the fact that any commutator equation o' (x',y', 2/, w', /) =~
B'(x',y,Z,w',u') can be transformed into an equation in Q= (X) N QF(Y) by way
of renaming the variables occurring in x’,y’,z/, ', in a one-to-one way. It is clear
that o’ ~ B’ and the transformed equation yield the same pairs when computed on
the same sequences of elements of A.

But one may even go further. Let A be an arbitrary set of equations such that
QF (4) = QF(X) N QF(Y). We then obtain that

(2, lI/]fdc(Q) is the Q-congruence generated by the set of pairs

a=b(®), c=d(¥) ande € A"} (b)

The equivalence of (a) and (b) is a direct consequence of Note following
Proposition 2.9.

2. After the identification of the free algebra F := Fq(w) with the quotient
algebra Te, /82, the carrier of the free algebra F := Fg(w) isequal to {[t] : € Te,}
and then {[x] : x € Var} is the set of free generators of F.

If ¥ is a set of equations, then

[Z]:={(s].[) ;s ~ r € T}

[X] is thus a subset of F' x F.

In many algebraic contexts we shall operate with congruences defined on the free
algebra Fg(w). Since the lattice of Q-congruences on Fq(w) is isomorphic with the
lattice of (closed) theories of QF (Proposition 2.4), we shall often identify the set
of commutator equations Q': (X1 = Y1, Xy Xy N Q': (Z1 AW, .o 20 W)
with the corresponding Q-congruence

Ol D).+ (Bl ) N OQULaal, D) Alzal Iwal). ()
In view of Proposition 2.6, the last congruence is equal to

OF(bal, D)+ s (bl Do) N O (] i), - [zl Iwa])-

Following common practice, each free generator [x] of F is identified with the
individual variable x. We shall therefore write the congruence () in a more compact
way as

@F((Xl,yl), cee (xm’)’m» N @F((Zlywl)» ceen <Zn»Wn))- (*%)

LetX = {{x;, ;) :i €I}, Y = {{z;, w;) : j € J} be possibly infinite sets of pairs of
free generators of F, where the generators occurring in the pairs belonging to each
set are pairwise different. We say that X and Y are separated if moreover the pairs
of X and Y do not have a common generator. For example, if Q is non-trivial, then
the above sets {{x1,y1), ..., (Xm, Ym)} and {{z1,w1), ..., (24, Wn)} are separated.
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We accordingly call the congruence () the commutator congruence determined
by the separated sets {{x1, y1), ..., (X, ym)} and {{z1, w1), - ., (24, wu)} of pairs of
free generators of F.

(We suppress parentheses here as much as possible.) O

Convention 3. The notation

A
[P, ¥eae)

though fully informative, will be simplified when Q or A are clear from context.
Accordingly, the equationally defined commutator [, U/]?dc(Q) is often simply
marked as

[P, ¥Y]eac)
if A is clear from context. We also write
[@, v
when Q is fixed. We shall even write
(@, ¥]

when both Q and A are fixed.
In what follows we shall uniformly use these simplified symbols unless stated
otherwise. O

Theorem 3.1.6. Let Q be a quasivariety of algebras of type t, let A be an algebra
of type v, and @, ¥ € Cong(A). Then:

(1) [@, V] is a Q-congruence on A;

(i) [, V] C P NY;

(iii) [@.¥] = [¥, ?]:

(iv) The commutator is monotone in both arguments, i.e., if @, P, D, and
U, 0, W, are Q-congruences on A, 1 C @, and &1 C W,, then [®1,¥] C
[@,, W] and [®, W] C [®,¥5];

(v) The commutator is order-continuous, i.e., if {®; : i € I} is a directed family
of Q-congruences on A and ¥ € Cong(A), then

Ji@i:ien.w)=| Ji®.v:iel.
(vi) IfB is a subalgebra of A, then [® N B2, ¥ N B*|8 € B> N [®, ¥]4;

(vii) If a,b,c,d € A, then [@é(a, b), @’é(c, P = U{[@g(a, b), @g(c, B :
B is a countably generated subalgebra of A and a, b, c,d € B};
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(viii) [©® (X) oA (Y) U{[@ X, 68 (Y’)]B X' and Y’ are countable subsets
of X and Y, respectively, and B is a countably generated subalgebra of A
which includes X' U Y'}.

Note. (viii) is also formulated in the following equivalent form:

(viii)* [O x),e4 (Y)]A = U{[@ (x'), 08 (Y’)]B X' and Y’ are finite subsets of
X and Y, respectlvely, and B is a ﬁmtely generated subalgebra of A which
includes X’ U Y'}.

The algebras B mentioned in (viii) or (viii)* need not be generated by X’ UY’. O

Proof. Let us denote for brevity by A the set CoEq(Q) of all commutator equations
for Q. We note that if @, ¥ are Q-congruences on A, then

[®, ] = @4 o(Comq(P,¥)) =
O Ji(Vo)A(a b.c.d.e):a=b (@), c=d (¥))).

(1) is a part of the definition of the commutator.

(ii) Let o(x,y,z,w,u) ~ B(x,y.z,w,u) be a commutator equation for Q. Fur-
thermore, let @ = b (®), ¢ = d (¥) and ¢ € A*. Since a(xy. zow.u) ~
Bx,y.z,w,u) € QF(x ~ y),a = b (P), and @ is a Q-congruence, we
have that a(a, b,c,d,e) = B(a.b,c.d, e) (®). Similarly, since a(x,y,z, w,u) ~

Bx.y.z.w,u) € QF( ~ w),c = d (V) and ¥ is a Q-congruence, we
have that a(a,b,c.d.e) = B(a.b.c.d, e) (¥). It follows that a(a,b,c,d,e) =
B(a,b,c,d,e) (@ NY¥). Hence [@,¥] C dNY.

(iii) To prove symmetry, it suffices to show that Comqg(®,¥) = Comg(¥, ®)
because then [®, ¥] = O (Comq(P, ¥)) = O§(Comq(¥, @) = [¥, ®].

Assume (a, b) € Comqg(®, ¥). Hence

a=uala,b,c,de), b=Pp(abc,de)

for some commutator equation ax,y.z,wou) ~ Bxy z,wu for Q (in the

such that a a=b (QD) c=d ).

We shall rename the variables occurring in the equation @ &~ . Letx’,y’, 7/, w' be
new sequences of variables such that [x'| = |z], [y'| = |wl, [z/| = |x], and [w'| = |y
Let

o' @y 2w w) = ax/ y w2/ x  wly W)

and

By, 2w = B/ y/w z/x wly w).
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It is clear that o’ & B’ is a commutator equation in x’,y’ and ', w'. Then

d'(c.d,a,b,e) = (X /¢,y /d, 7 /a, W' /b, uje) = a(a,b,c.d.e) = a
and

B'(c.d,a,b,e):=p'(X/c.y'/d. 7 /a,w[b,u/e) = B(a,b,c,d,e) = b.
This shows that {(a,b) € Comqg(¥, ®). Hence Comq(®,¥) € Como(¥,®P). In a

similar manner one proves the opposite inclusion.

As (iv) follows from (iii) and (v), we shall prove (v). Let {&; : i € [} be a
directed (in the sense of inclusion) family of Q-congruences of A. It follows from
the definition of the commutator and the fact that every term has a finite length that
the family of Q-congruences {[®;, ¥] : i € I} is directed as well. Since the operator
@‘é is finitary, it follows that both sets (_,c; @; and | J,¢,[®;, ¥] are Q-congruences

of A. We compute:
Je. vl =

i€l

o5 JivoA@.b.c.d.e):a=b (o). c=d @)} =

O UtVvoA@ b.c.d.e):a=b(d). c=d (¥)}) =

i€l

UesUivoa@b.cdo:a=b (@) c=d @) =

i€l
e, 1.

iel
The third equality follows from the fact that the operator @6(-) is finitary and the
family of sets (J{(Ve)A(a.b.c.d.e) :a=b(P), c =d (¥)}, i € I, is directed.

(vi) directly follows from the definition by comparing the equationally defined
commutator in B and A.

(vii) follows from (viii). We shall give a proof of (viii).

(D). Let X’ € X, Y C Y and let B be a subalgebra of A which includes
the set of elements occurring in the pairs of X’ U Y’. As @g X c @AQ(X’ ) and
@g(Y’) - @6(Y’), we then have:

[0g(X). O§(Y")]P =
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op(Ji(vor @b.c.d.e):a=b (OH(X). c=d (OD)}) =
(0300 O (1.

From the above facts the D-part of the equality (viii) follows.
(If X’ and Y’ are finite, B can be taken to be any finitely generated subalgebra of A
containing the elements occurring in the pairs of X’ U ¥’.)

(S) Suppose (1, v) € [O4(X). O], i.

(u,v) € O Ji(VOA (@, b.c.d.e) 1 a = b (O§(X)), c =d (OG(V))}). (1)

As the operator @AQ( - ) is finitary, (1) implies that there exist a finite subset
Ao(x,y,z,w,u) of A, where |x| = |y| =k, |z| = |w| = [, |u| = r, and finitely
many sequences ﬁ,@ and ¢;, @, e of elements of A, where i = 1,2,...,m, such
that

lail = bil = k. il = |di|l = 1. el =1,

a = b (O(X)), ¢ =di (OH(Y)) fori=1,2,....m )
and
(u.v) € [0t do(ai. bicindie) i = 1.2.....m}). 3)

We may write:

a; = (a1, ...,aix), bi = (bi1,-..,bir),
¢i = (CiasensCit)s di=(di1,....d),

e =(e,... ,ei,r),

fori=1,2,....,.m

Let X’ be the set of pairs (aij, bij) fori =1,2,....,m,j = 1,2,...,k, and let
Y’ be the set of pairs (cijodij), fori=1,2,...,m,j=1,2,...,1 Furthermore, let
E; = {ﬁ:i: 1,2,...,m}.

It follows from (3) that

(u.v) € O J{dol@.b.c.de):a=bX). c=d(Y). ecE}). 4

(@ = b (X) means that for a = (ay,...,a), b = (by,...,by) it is the case that
(aj,bj) e Xforj=1,2,...,k)

It is clear that in view 0f (4) there exists a countably generated subalgebra B of
A (in fact, B is finitely generated) with the following properties:
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B contains the elements of A occurring in the pairs of X', Y’ and in the

sequences of Ef. 5

(Equivalently, B contains the elements of A occurring in a;, b;, ¢;, d;, e; for

i=1,2,...,m. (5) implies that the finite set | J{Ao(a,b,c,d,e) : a = b (X),
c=d (Y, e € Ef} is included in B.)

B contains all elements of A that appear in the definition of a Q-generating

sequence of the pair (u, v) from the set ©6)

| Jtdo@b.c.de):a=b(X). c=d(Y). e € Ef}

(see (4) and Theorem 2.1).
Conditions (5) and (6) give that

(wv) e O JAf@bcde):a=bX) c=d(Y), ecE})
c g J{voaf(a.b.c.d.e) :a=b (O§(X). c =d (Of(Y)})

c 0 Ji(voa® @ b.c.d.¢) :a = b (O§(X)), ¢ =d (OF(Y)})
= [@Q(X/)»@Q(Y,)] -

Hence (u,v) € [05(X"), O5(Y)]°.
This concludes the proof of (viii). The theorem has been proved. O

The property expressed in (v) is referred to as the order-continuity of the
commutator. In Chapter 5 we shall investigate a stronger property than order-
continuity, namely the additivity of the commutator.

Theorem 3.1.7. Let Q be a quasivariety of t-algebras and h : A — B a
homomorphism, where A and B are arbitrary t-algebras. Then for any sets
X,Y CA?

H(OX). Op(MNY) € [O5(1X). OF(hY)IP.

Note. The above theorem states the property of structurality of the equationally
defined commutator is analogous to the property of structurality studied in meta-
logic.

Proof. 1t suffices to show that for any c.e. a/(x,y,z, w,u) ~ B(x,y,z, w, u) and any

sequences a = b (() X)), c=d (() (Y)) and e of elements of A (of appropriate
lengths) it is the case that
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Buta =5 (@ X)), c=d (© (Y)) imply that ha = hb (@ (hX)), hc = hd
(@ (hY)). As

(ha(a.b.c.d.e). hf(a.b.c.d. e)) = (a(ha. hb. hc. hd. he). f(ha. hb. he, hd. he))

and the second pair belongs to [@g (hX), @g (hY)]B, the theorem follows. O

Theorem 3.1.8. Let Q be a quasivariety of t-algebras and h : A — B a surjective
homomorphism. Then for any @, ¥ € Cong(A),

kerq(h) +q [kerq(h) +q @. kerq(h) +q W' = h™' (05 (h®), OF (h¥)]P).

(A and B are arbitrary t-algebras; they need not belong to Q.)
A stronger version of the above equality when the equationally defined commu-
tator is additive is discussed in Chapter 5 (cf. Theorem 5.1.1).

Proof. Suppose @, ¥ € Cong(A). kerg(h)=h"" (@g(()g)) is a Q-congruence on A.

Let @* := kerg(h) +q @ and @* := kerq(h) +q ¥. Clearly, @* and ¥*
are Q-congruences on A. But, more importantly, as ker(h) C kerq(h), the h-
images h®* and h¥* are Q-congruences on B, by Corollary 2.8.(a). Moreover,
hd* = @g(hfp) and W™ = @B(h'J/) Indeed, ©3 o(h®)= h(@ (D)+okerg(h) =
h(® + g kerg(h)) = h®*, by Proposmon 2.10. The proof of the equality h™* =
@g(hll/) is similar. We also have that 7~ (h®*) = &* and h™' (hWW*) = ¥*, by
Proposition 2.7.

We define:

X = U {(a@»évgvésg)vﬂ(_

a~BE€COEq(Q)

a=b (mod &%), c =d (mod ¥™*), e € A<“}.

Iw

.c.d.e)):

Thus O4(X) = [@*,¥*]*, by the definition of the equationally defined
commutator.
We have:

h=' ([0 (h®), O3 (h)]P) = k™" ((h®* , hw*]®) = (by the definition of
the equationally defined commutator)

R OgC | fel@.b*.c*.d* ). B(a*.b*.c*.d*. ")) :

a~BECOEq(Q)

a* = b* (mod hd*), ¢* = d* (mod h¥*), e € B*})) = (by surjectivity of &)
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'O |  {{a(ha. hb. he,hd. he). B(ha. hb. he. hd. he)) :
a~r~BECOEq(Q)

ha = hb (mod h®*), hc = hd (mod h¥*), e € A<})) =

'O |  {{a(ha. hb. he,hd. he). B(ha. hb. he. hd. he)) :
ar~BECOEq(Q)

= b (mod @*), c =d (mod ¥*), e € A<?})) =

h~'(©g(hX)) = (by Corollary 2.11) O4(X) +q kerg(h) =
[@*, U*1* +q kerg(h) = kerg(h) +q [kerg(h) +o @, kerg(h) +o PI*.
It follows that h_l([@g(hQ), @g(hW)]B) = kerg(h) +q [kerg(h) +¢q P,
kerq(h) +q WA O

Corollary 3.1.9. Let Q be a quasivariety in a signature t. Let A, B be any
t-algebras and h : A — B a surjective homomorphism. Then for any @, ¥ €
Cong(B),

W' (@, 9)]%) = kerq(h) +q [h'(®). i~ (D]

Proof. Since ker(h) C kerg(h), we have that ker(h) € h~'(®) and ker(h) <
h=1(¥). As h is a surjection, hh~' (@) = & and hh~' (W) = ¥. In view of Note
following Proposition 2.7, A~ (®) and h~' (¥) are Q-congruences on A. Applying
Theorem 3.1.8 we get:

kerg(h) +q [h' (@), h ' (W)* =
kerg(h) +q [kerg(h) +q h™' (@), kerg(h) +q ™' (¥)]* =
W ((Og(hh™ (®)), O (k™ (I))]F) = K™ ([95(@). Og(P)]) =
miqe.v)®. o
Note. Corollary 3.1.9 and Theorem 3.1.8 are equivalent conditions. It suffices to
check that Corollary 3.1.9 implies this theorem. Indeed, let @, ¥ be Q-congruences

on A. Then @g (h(®)) and @g (h(¥)) are Q-congruences on B. Corollary 3.1.9 and
Corollary 2.11 then give:

K= ([0 (D). O (hW)]P) = kerg(h) +q [ (OF(h®)). k= (OF¥)]* =
kerg(h) +q [kerq(h) +q @, kerg(h) +o ¥]*. O



3.1 Commutator Equations and the Equationally-Defined Commutator. . . 41

Let Q be an arbitrary quasivariety. As Va(Q) is also a quasivariety, the definition
of the equationally defined commutator in the sense of Va(Q) is also meaningful
for arbitrary Va(Q)- congruences on any t-algebra. Thus to each quasivariety Q
not being a variety, two equationally defined congruences on the class of t-algebras
are assigned. The first commutator is

[ : ]edc(Q)

which we have defined above. [ - J.ac(q) Operates on Q-congruences @, ¥ on an
arbitrary algebra A and the value [®, ¥].4q) is a Q-congruence of A. The other
commutator is

[ lede(vaq))-

According to Definition 3.1.5, the commutator [ - |eac(va(Q)) assigns to any Va(Q)-
congruences @, ¥ on arbitrary algebra A a certain Va(Q)-congruence on A. More
precisely, let A be an algebra of type t, and let @ and ¥ be Va(Q)-congruences on
A. [D, Yleac(va(qy) is the least Va(Q)-congruence on A which contains the following
set of pairs:

Hala,b,c.d,e), B(a b, c.d. ) : a(x,y, z,w, 1) ~ B(x,y,2, W, u)
isac.e. for Va(Q), a=b (P), c=d (¥), ande € A=°}.

Equivalently, [®, ¥].ic(va(Q)) is the least Va(Q)-congruence of A which contains the
relation Conyyq) (P, ¥).

All the above theorems also apply to the commutator [ - ].ie(va(@) and to the
lattices of Va(Q)-congruences.

If A is in Va(Q), the family Conyyq)(A) of Va(Q)-congruences coincides with
the set of all congruences of A. In this case the commutator [ - Jo4c(va(Q)) assigns to
arbitrary congruences @, ¥ on A a congruence on A.

We have an embarrassment of riches here—there are rwo equationally defined
commutators determined by the same commutator equations on any t-algebra A,
viz. [« Jege(q) and [ - leaevacqy- The difference between them is that [ - ]eacqQ)
is defined only for Q-congruences of A and its values are Q-congruences while
[+ ledge(vaQ)y) is defined for the larger set of Va(Q)-congruences of A and its
values are Va(Q)-congruences of A. It is therefore quite natural to ask about
interrelations holding between the two commutators. For example, the question
arises as to whether [ - ].4c(q@) is the restriction of [ - Jeac(va(q)) to Q-congruences
of A; that is, whether [®, ¥].4c(va(@)) 18 already a Q-congruence whenever @, ¥ are
Q-congruences of A. This seems to be a difficult problem and it is natural to try
to solve it under additional assumptions such as the additivity of the equationally
defined commutator for Q. (The additivity property is investigated in Chapter 5.)
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As Q and Va(Q) share the same commutator equations, it is possible to compare
the properties of [®, ¥]eqc(vaq)) With those of the commutator [@, ¥].4(q) for any
congruences @, ¥ € Cong(A) on the algebras A of Va(Q). We shall formulate the
following identity in Section 5.3:

For any algebra A € Va(Q) and any congruences @, ¥ € Con(A),
O Y)eaeva@)) = [OG(@). O (¥)]eac()-

called the Extemnsion Principle for the Equationally defined Commutator (see
Theorem 5.3.8).

3.1.1 The Standard Commutator

Let Q be an RCM quasivariety in a signature t. Suppose that A € Q and
&, ¥ € Con(A). A(P) denotes the subalgebra of A x A whose universe is @. In
turn, Ag y is the congruence on A(@) generated by identifying the pairs (a, a) and
(b, b) whenever (a,b) € .

Definition 3.1.10. The commutator of the congruences @, ¥ in the sense of Smith-
Hagemann-Herrmann-Kearnes-McKenzie in the algebra A, hereafter called the
standard commutator, in symbols:

[@7 qj]sl»

is the set of all ordered pairs {a,b) € A x A such that {(a, b) is congruent to {(a, a)
modulo the Q-congruence (H)AQ@) (Apw). O

According to Lemma 2.6 in Kearnes and McKenzie (1992), [®, V], is a
congruence on A. If @ € Cong(A), then [®, ¥]; is a Q-congruence. If both
D, ¥ € Cong(A), then [@, V], C P NY.

The standard commutator in itself is not the main object of study in this book.
Its theory for quasivarieties is expounded in Kearnes and McKenzie (1992). But
the standard commutator plays a very significant role here as a reference point—in
many contexts the equationally defined commutator is compared with the standard
one. In fact, we are also interested here with the issue of identity of these two
notions.

The above observations give rise to the following three questions:

1. Does the equationally defined commutator coincide with the standard commu-
tator for quasivarieties defined by Kearnes and McKenzie (1992)?

2. When is the equationally defined commutator additive?

3. What new, non-trivial facts can be established with the help of the equationally-
defined commutator?

The above questions determine the logical and narrative structure of this book.
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In the following subsections of Chapter 3 as well as in Chapter 4 we will answer
the first of the above questions. Our purpose is to prove the following fact:

Theorem A. Let Q be a relatively congruence-modular quasivariety. The equa-
tionally defined commutator for Q coincides with the commutator for Q in the sense
of Kearnes and McKenzie. O

The proof we shall give in Chapter 3 takes a circuitous journey through geomet-
rical properties of the equationally defined commutator and various centralization
relations but offers a better understanding of the behaviour of this commutator in
the context of RCM quasivarieties.

The second question will answered in Chapters 5 and 6. A partial answer to the
third question will be provided in the final chapters.

3.2 The Equationally-Defined Commutator of Equational
Theories

Let Q be a quasivariety of t-algebras. The equationally defined commutator (in
the sense of Q) is defined in any algebra A similar to the algebras of Q. We are
mainly interested in examining the properties of the commutator in the algebras
of Q and, occasionally, in the algebras belonging to the variety Va(Q) generated
by Q. One important exception is the term algebra Te,, which plays a distinguished
role in the investigation of logical properties of the commutator, especially for
finitely generated quasivarieties. The equationally defined commutator in the term
algebra is defined for Q-congruences of Te, but it is also defined for (closed)
equational theories of the consequence operation Q. The lattice of theories of
QF is isomorphic with the lattice of Q-congruences of Te, via the map £ which to
each theory T of QF assigns the Q-congruence 27, where p = ¢ (mod £27) if
and only if p ~ ¢ € T, for all terms p and g. However, in metalogical applications it
is often more convenient to work rather with the commutator defined for equational
theories than the one defined for the Q-congruences of Te;.

Definition 3.2.1. Suppose 7} and T are theories of QF. Then, by definition,

[T1.T5] := Q% (e (p.¢.r.5.0) ~ B(p.¢. 1.5.1) :
a(x,y,z,w,u) ~ B(x,y, z,w,u) is a ce. for Q,
P, g, 1, s are sequences of terms such that[_J ~q €T, rxesely,

and ¢ is an arbitrary sequence of terms}). (1)

(Ifp=pi,....pmand g = qi,...,qm, then “p ~ g € T” abbreviates “p; ~ q; €
T,....pm~qneT”)

[Ty, T3] is called the equationally defined commutator of the theories Ty and T5.

O
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The equationally defined commutator of theories of QF and the equationally
defined commutator defined for Q-congruences of Te, are “isomorphic” objects
because the above map §2, being a lattice isomorphism, also preserves the com-
mutator operation in the sense that for any theories 7}, T, of QF, [T, T,] =
[2T,, £2T,] as one can easily check. (On the right side of the above equation the
commutator is defined for Q-congruences of Te..)

The following observation directly follows from the above remarks:

Proposition 3.2.2. Let Q be a quasivariety of algebras of type t. The theory
commutator for QF has the same properties as the equationally defined commutator
for the Q-congruences on t-algebras exhibited in Theorem 3.1.6 O

(One may also produce a direct proof of Proposition 3.2.2 by emulating the proof
of Theorem 3.1.6.)

Proposition 3.2.3. For any positive integers m and n and for any disjoint sequences

X,y,2, W of pairwise different variables, where x = x1,...,Xp, ¥y = Y1, ..., Ym» and
EZZI,...,Zn,m:Wls---,Wn;
[Q':(xl RV ee sy ym)7Q':(Z1 "Wl In X Wn)] = (2)

Q':(xl RV eeer X & V) N Q':(zl WL,y Zn R Wy).
In particular, if x,y, z, w are different variables, then
Q7 (r~».Q G~ W] =Q (x~ ) NQ~E ~ ).

Proof. To prove (2), we put: ) = QF(xy ~ Yyi,...%Xn ~ vy, and
T, := Q':(zl AR WL, ...,Zn & W,). In view of Proposition 3.2.2, we have that
[T], Tz] CTiNTy.

(We also give a direct proof of the inclusion [T},7,] € T; N T,. To prove
it, suppose @ = B is an arbitrary commutator equation for Q in the variables
X=X, X, Y = Y1, Y-and z =zy,...,2, w = wi,...,wyand u. Let p =
DPls-- Pk andq_z qi,....qcandr =ry,...,rpands = s1,...,s; be sequence_s of
terms such that p ~ g € T\, r ~ s € T», and let ¢ be an arbitrary sequence of terms
of the length of u. As a(x,y,z.w,u) ~ B(x,y,z, w,u) € QF (x ~ y), structurality
gives that a(p. g.r.s.0) ~ B(p.q.r.s.1) € Q(p ~ q). Similarly a(p.q.r.5.1) ~
B(p.g.r.5.1) € Q=(r ~ ). It follows that & (p, g. 7, 5,0 ~ B(p, . 1,5, € Q= (p =~
g9 NQ(r~s) ST NT,)
~ “D>”. Since Ty N T is the set of commutator equations in the variables x, y and
z, w (and hence a subset of the set of all commutator equations) and x ~ y €Ty,
z~ w € T, definition (1) gives that B

[T\, T5] 2

Q- (fex.y.zow. ) ~ B(r.y. z.w.0) s a(x.y. 2, w.u) = Bx.y. 2. w.u) € Ty N Ty

and ¢ is an arbitrary sequence of terms}) 2



3.3  More on Epimorphisms and the Equationally-Defined Commutator 45

T, N T,.
So (2) holds. O
Theorem 3.1.7 implies:

Corollary 3.24. Let ¢ : Te, — Te, be an endomorphism and X,Y—sets of
equations of Eq(t). Then

e([QF(X), QF(M]) C [QF(eX). QF (ev)]. D

The property of the equationally defined commutator in the lattice Th(QF)
encapsulated in Corollary 3.2.4 is referred to as the structurality of the theory-
defined commutator.

Theorem 3.1.8 and Corollary 3.1.9 yield:

Corollary 3.2.5. Let e : Te, — Te, be an epimorphism. For any sets of equations
X and Y of Eq(7),

kerg(e) +q [kerg(e) +q QF (X), kerg(e) +o QF (Y)]
= ¢~ ([QF (eX), QF (eV)));

equivalently, for any X and Y,
¢ ' ([QF (X). QF(1)]) =kerg(e) +q [T (QF(X)).e 7' (Q7(Y))]. O
One may look at the above corollary from the perspective of the isomorphism
f.: Th(QF) — Th¢(QF), where f(X) = e (D) forall ¥ € Th(QF) (see
Corollary 2.20). The second equation of Corollary 3.2.5 states that for any closed
theories X'| and X, of Q’::
e ([Z1, Z3)) = kerg(e) +q [T (Z1), e (Z)], ()

that is,

f([Z1, X3]) = kerg(e) +q [f.(Z1).f.(Z2)].

3.3 More on Epimorphisms and the Equationally-Defined
Commutator

Var is the (infinite) set of individual variables of Te,. Var absolutely freely generates
the term algebra Te,.
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Let e : Te, — Te, be an epimorphism, i.e., a surjective endomorphism. Then for
every x € Var,

{t € Te, : et is identical with x}
is a non-empty set of variables. We recall that
V. :={x € Var: e(x) € Var}.

Thus V, := e~ (Var). The set V, is infinite and e surjectively maps V, onto Var.
(e may glue together some variables belonging to V,.) Moreover, e assigns a
compound term to each variable x € Var \ V,.

For each x € Var we select a variable X' € {r € Te, : et = x}. This choice
function is denoted by g. Thus gx = x’ for each x € Var. Let V := g[Var] C V, be
the set of so selected variables. (The Principle of Countable Choice AC,,, a weaker
version of the Axiom of Choice, is used here to show the existence of g.) g is a
bijection from Var onto V and e(g(x)) = x for all x € Var. V is an infinite subset of
V. and the restriction of e to V is a bijection from V onto Var. It is the inverse of g.
(The set Var \ V may be non-empty.) Let T be the set of terms generated by V. T
forms a subalgebra T of the term algebra Ze..

Let f be the restriction of e to T,

fi=elT.
f is an isomorphism from T onto Te.,
f:T=Te,.

It follows that the extension of g onto the terms of 7', which is denoted by the same
letter g, is the inverse of f, g := f~'. Thus g is an isomorphism from Te, onto T.

g:Te, =T.
We therefore have that

eg(t)y =1t

for all terms ¢ € Te,.

If t = t(x1,...,x,) is a term of Te,, then gt = #(x;/gx1,...,X,/gx,) is
in T. (We shall mark the last term as t(gxy,...,gx,) for brevity.) Moreover gt
is a variant of #, which means that #(gxy,...,gx,) results from ¢(x,...,x,) by
an application of a one-to-one substitution of variables for variables, viz. the
substitution x; /gxy, ..., x,/gx, that assigns the variable gx; to the variable x; for
i=1,...,n.
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The composition
k:=goe

assigns to each term in 7e, a term in 7. k is a retraction from Te, onto T, that is,
k is a surjective homomorphism from 7e, onto T being the identity map on the
subalgebra T. k is an idempotent operation: k o k = k.

Similarly to e, the retraction k surjectively maps the set V, onto V. Indeed, if
x € V,, then e(x) is a variable, say y. Hence, by the definition of g, g(y) is a variable
inV.Sok(x) = (goe)(x) € V. Now, if ' € V, then X' = k(x'), because k is the
identity map on V. As V C V,, this proves the claim. If x € Var \ V,, then e(x) is a
compound term, hence k(x) is compound as well. Thus £ maps exactly the variables
in V, onto V.

Let Q be a quasivariety of t-algebras. To simplify notation, we put

C:= Q’=
and
Cy:= Va(Q)':.

Cy is thus the consequence operation determined by the set of all Q-valid equations
and the rules of inference of Birkhoff’s logic B;.
We know that kerg(e) := ¢~ !(C(9)) is a closed theory of C. (This fact directly
follows from structurality of C.) As C(¥) = Cy(9), kerg(e) is also a theory of Cy.
Since C(¥) = Co(9), we immediately get that kerg(e) = kery,(q)(e).

Lemma 3.3.1. Let Q be a quasivariety of t-algebras. and let e : Te, — Te, be an
epimorphism. Define T and the retraction k : Te, — T as above. Then kerg(k) =
kerg(e).

Proof. Letp,q € Te,. Then
D ~ q € kerg(k)
kp ~ kq € C(9)

g(ep) ~ gleq) € C(9)
ep ~ eq € C(0)

I I

p ~ q € kerg(e).

(The third equivalence follows from the fact that C(@) = QF(#) is an invariant
set of equations and g is an isomorphism from 7Te, onto T. In other words, the
difference between the equation g(ep) ~ g(eq) and the equation ep = eq is such that
g(ep) =~ g(eq) results from ep x eq by renaming the variables occurring ep ~ eq
in a one-to-one way. Consequently, g(ep) ~ g(eq) € C(9) if and only if ep ~ eq €
C(9).) Hence kerg (k) = kerg(e). O
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Lemma 3.3.2. For every variable x € Var, x ~ kx € kerq(k).

Proof. The lemma directly follows from the fact that & is an idempotent operation.

O
Corollary 3.3.3. Foreverytermt € Te,, t ~ kt € kerg(k).
Proof. Use induction on the complexity of terms and the above lemma. O
Corollary 3.3.4. Let X be any set of equations of Eq(t). Then
kerg(k) +q C(X) = kerq(k) +q C(kX).
Here kerg (k) +q C(Z) stands for C(kerg(k) U C(Z)) (= C(kerg(k) U Z)).
Proof. Use Corollary 3.3.3. O

We shall prove the following theorem:

Theorem 3.3.5. Let Q be a quasivariety of t-algebras and e : Te, — Te, an
epimorphism. Given a choice function g(x) € {x' € Var : ex’ = x}, for all x € Var,
define the term algebra T as above. Let X and Y be any sets of equations of Eq(T).
Then

kerg(e) +q [kerg(e) +¢ QF (X), kerg(e) +¢ QF ()]

= kerg(e) +¢ [QF (X). QF (V)]

in the term algebra Te..

The above theorem strengthens Corollary 3.2.5 but at the same time it restricts
its scope to the equations of terms from the set 7.

Proof. Throughout the proof we put: C := QF. As kerg(e) = kerg(k), it suffices
to prove the following lemma:

Lemma 3.3.6. Ler X and Y be any set of equations of Eq(T). Then
kerq (k) +q [kerq (k) +q C(X), kerg(k) +q C(Y)] = kerg(k) +q [C(X), C(Y)] (%)

in the term algebra Te..

Proof (of the lemma). Since the theory on the RHS of (x) is included in the theory
on the LHS, we only need to prove the inclusion

[kerq (k) +q C(X), kerg (k) +q C(Y)] < kerq(k) +¢q [C(X), C(Y)].

Let C’ be the restriction of C to Eq(T).
Claim 1. [kerg(k) +o C(X),kerg(k) +o C(Y)] = k™ 1([C'(X), C'(")]r).
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Proof (of the claim). It directly follows from Theorem 3.1.8, when applied to the
algebras Te, and T, that

[kerq(k) +q C(Z), kerq(k) +qo C(W)] = k™' ([C'(kZ), C' (kW)]r),

for all sets of equations Z, W in Eq(t). As X and Y are sets of equations of Eq(T)
and k is the identity map on the subalgebra T, the claim follows. O
Claim 2. k~'([C'(X), C'(V)]r) € kerq(k) +q [C(X), C(Y)].

Proof (of the claim). The definition of the equationally defined commutator and the
fact that k is the identity map when restricted to T give:

KN(CX). CMN]r) =
k(C'( U la(p.q.r.s.0) ~ B(p,q.r,5.1) : p,q,r, s are sequences
a~BECOEq(Q)

of terms of T such thatp ~ g € C'(X), r ~ s € C'(Y)

and ¢ is an arbitrary sequence of terms of T})) =
k(! (k( U {a(p,gq.1,5,0) ~ B(p,q.1,5,1) : p,q,r, s are sequences
axpEeCoEq(Q)
of terms of 7 such thatp ~ ¢ € C'(X), r~ s € C'(Y),
t is an arbitrary sequence of terms of T}))) =
(by Corollary 2.11 applied to the algebras Te, and T)
kerq (k) +¢q C( U la(p.q.r.s.0) ~ B(p,q.r,s.0) : p,g.r,s are
a~BECOEq(Q)

sequences of terms of 7' such thatp ~ g € C'(X), r ~ s € C'(Y),

t is an arbitrary sequence of terms of T}) C

kerQ(k) +Q C( U {Ol(lj,é_],L&L) ~ ﬁ(IZsQ,LEvD :Bsg9r’§are
arfeCoEq(Q)

sequences of terms of 7' such that p ~ g € C(X), r~ s € C(Y),

t is an arbitrary sequence of terms of 7}) C

kerg(k) +o C( | ) f{e(p.q.r.s.0) ~B(p.q.r.5.0) :p.q.r.sare
a~BeCoEq(Q)
sequences of terms of e, such thatp ~ g € CX), rxeseC(Y),

t is an arbitrary sequence of terms of Te, }) =

kerQ +Q[C(X), C(Y)].
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The last inclusion is due to the fact that T C Te, and the next to last one follows

from the fact that C'(Z) € C(Z) for any set Z C Eq(T). O
From the claims the lemma follows. O
The proof of the theorem is concluded. O

Applying the above reasoning we also prove:

Theorem 3.3.7. (This is Theorem 2.22 repeated.) Let Q be a quasivariety of
t-algebras and e : Te, — Te, an epimorphism. Define the set V, as above. Then for
any separated sets X and Y of equations of variables from V, such that e is injective
on Var(X UY) it is the case that

(kerg(e) +o Q" (X)) N (kerg(e) +o Q7 (¥)) = kerg(e) +¢ Q7(X) N Q™ (¥).
Proof. Let X and Y be separated equations of variables from V,. The inclusion
(kerg(e) +q C(X)) N (kerg(e) +q C(Y)) S kerg(e) +o C(X) NC(Y). (1)

is a non-trivial part of the theorem. Moreover, it suffices to prove this inclusion
only for finite sets X and Y. Let X = {x ~ y}, ¥ = {z ~ w}, where {x ~ y} =
{-xl X YViseeosXm %ym}s {ZQM} = {Zl X Wl %Wn}-

We assume e is injective on Var(X U Y). Let Vo := Var(XUY) = {x1,...,x,} U
D1yt Uzt ez Udwy, o wy b

Given the epimorphism e : Te, — Te,, we define T, the mappings g, f and the
retraction k : Te, — T as above. The carrier of T contains exactly the terms in the
variables from an infinite set V of variables, viz. V = g(Var). As e is one-to-one on
the set V) we may also assume that the selector g is so defined that V, C V.

Let C’ be the restriction of C to the term algebra T, i.e., C'(X) = C(X)NEq(T),
where Eq(T) is the set of all equations of terms of T. We select a set A(x, y, z, w, u)
of equations in Eq(T) such that N

Caxy)NCE~w =CARy zwuw).
Then
Axy.z,wou) € Clx = y) N Cz = w), (2)
because A(x,y, z,w,u) CC'x~y) NC(zrw) € Clx~y) NCiz~w).
To prove (1), assume p & q € kerg(e) +q C(x ~ y) = C(x ~ y U kerg(e)) and
p &~ qekerg(e) +q C(z =~ w) = C(z~ w U kerg(e)).

Lemma 3.3.1, structurality and the fact that & is the identity map on T give:

kp ~ kq € C'(kx ~ ky U k(kerg(e))) = C'(x ~y U k(kerq(k))) = C'(x ~ y)
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and
kp ~ kg € C'(kz ~ kw U k(kerg(e))) = C'(z ~w U k(kerg(k))) = C'(z ~ w).
Hence

kp ~kqe Cx~y) NCz~w =C(AQy, z,w u0). 3)

As k is the identity map on the variables x, y, z, w and u, we also have:

C'(A(x.y. z. w,u) = C'(A(kx, ky, kz, kw, ku)) =
C'(k(Ax, y,z. w, 1)) S Ck(A(x,y, 2, w, ).

This and (3) give that

kp ~ kq € C(k(A(x.y.z. w. 1)),

ie.,

p~qek ' Ck(AR y.z.w, ). (4)

As k : Te, — T is surjective, applying Proposition 2.5 and Corollary 2.16 to (4)
we obtain:

p = q € kerq(k) +q C(A(x,y,z,w,u)) C kerg(e) +q Clx ~ y) N C(z = w),

by (2). So (1) holds. This proves the theorem. O

Note. A theorem analogous (and equivalent) to Theorem 3.3.5 is formulated below
in terms of congruences generated by separated sets of pairs of free generators in
the free algebra F.

Let B be a subalgebra of an algebra A. A retraction of A onto B is a surjective
epimorphism k : A — B being the identity map on the subalgebra B, i.e., k(b) = b
for all b € B. B is then called a retract of A.

Every free subalgebra G of a free algebra F is a retract of F. (G is generated by
a subset of the set of free generators of F.)

The following facts are reformulations for free algebras of the above results
established for the consequence QF.

Retraction Lemma. Let F be a free algebraand h : F — F an epimorphism. There
exists a free subalgebra G of F, generated by a subset of the set of free generators
of F, and a retraction k : F — G such that ker(k) = ker(h). Moreover, if F has an
infinite set of free generators, then so does G.



52 3 Commutator Equations and the Equationally-Defined Commutator

The above lemma trivializes if F has only finitely many generators because % is
then an automorphism of F. Consequently, G = F and £ is the identity mapping.

Theorem 1.3.5%. Let Q be a quasivariety and h : F — F an epimorphism of the
free algebra F = Fg(w). Let G be the free subalgebra of F defined as in the above
lemma with the infinite set V of free generators. Let X and Y be subsets of G X G.
Then

ker(h) +q [OF (X) +q ker(h), OF (Y) +¢ ker(h)]F =
ker(h) +o OF(X) N OF(Y). O (1)

(As F € Q, ker(h) is Q-congruence of F.)
In a similar manner one may paraphrase Theorem 3.3.7.

3.4 The Relative Shifting Property and the Commutator

In this section logical aspects of the geometrical approach to the theory of
quasivarieties are examined. The shifting and cube properties play a central role in
this approach. These properties were defined by H.P. Gumm (1983) for varieties of
algebras and then extended to quasivarieties by Kearnes and McKenzie (1992). For a
variety, the validity of the shifting property is equivalent to congruence-modularity,
a result proved by Gumm (1983).

Let Q be a quasivariety of algebras with signature 7. The relative shifting
property of Q (see, e.g., Kearnes and McKenzie 1992) is the following statement:

Suppose that A € Q, @, ¥, &5 € Cong(A), and that a, b, c,d € A satisfy
{a,b),{c,d) € ®,{a,c),(b,d) € ¥, and {a,b) € E. Then {(c,d) € & +
(@ NVY).

This statement is expressed pictorially in Fig. 3.1:
In diagrams like this, lines are assumed to be labeled by any label appearing on
a parallel line.

implies E+q(@nY)

I
S
S
I
S
S

b ¥ d b 4 d

Fig. 3.1 The relative shifting property.
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The adjective “relative” is usually dropped when we speak of the relative shifting
property for varieties of algebras.

The following theorem is a combination of two results due to A. Day (1969),
and recalled as the equivalence of conditions (1) and (3) below, and H.P. Gumm
(1983), respectively. It shows that the shifting property for varieties is equivalent to
congruence-modularity

Theorem 3.4.1. For any variety V of algebras the following conditions are
equivalent:

(1) V is congruence-modular;
(2) V has the shifting property;
(3) For some n there are terms my(x,y,z,w), ..., m,(x,y,z, w) such that V satisfies

(1) mo(x, ¥, Z, W) ~ 7z mn(x» ¥,z W) ~ W,

() mi(x,x,z,z7) ~z i<n,
(i) my(x, v, x,y) & miy1(x,y,x,y) foralleveni < n,
@iv) mi(x,x,z,w) & mjy1(x,x,z,w) forall oddi < n.

Proof. See, e.g., Freese and McKenzie (1987) or Czelakowski (2001). O

Notes 3.4.2.
(1). The terms my(x,y,z,w), ..., m,(x,y,z, w) satisfying condition (3) of Theo-
rem 3.4.1 are called Day terms.
(2). Equations (i)—(iv) depart from the standard formulation of Day equations for
congruence-modular varieties given, e.g., in Freese and McKenzie (1987), Theorem
2.2. But the above equations are equivalent to the standard ones (up to a permutation
of variables). Indeed, taking the permutation o of {x,y, z, w} given by o(x) := y,
o(y) := z,0(z) := x, o(w) := w, it is not difficult to check that the terms
omy(x,y,z, W), ...,om,(x,y,z,w) satisfy the equations given in Theorem 2.2 of
Freese and McKenzie (1987).

The reason for displaying Day equations in the form (i)—(iv) is explained
in Section 3.5.

(3). The implication (1) = (2) also holds for relatively congruence-modular
quasivarieties of algebras (RCM quasivarieties, for short). Consequently,

Every RCM quasivariety has the relative shifting property.

Proposition 6.1.7 supplies a short proof of the above fact. The relative shifting
property need not imply relative congruence-modularity unless a quasivariety Q
is a variety.

(4). A quasivariety Q satisfies the Extension Principle if for every algebraA € Q
the operator @q( - ) is homomorphism from the lattice Con(A) to the lattice
Cong(A). Equivalently, Q satisfies the Extension Principle if for every algebra
A € Q and for every pair of congruences @,¥ € Con(A), it is the case that
Og(@ NY) = Og(P) N Og(¥).



54 3 Commutator Equations and the Equationally-Defined Commutator

Kearnes and McKenzie (1992) have proved a surprising result:

A quasivariety Q is RCM if and only if it has the relative shifting property and
satisfies the Extension Principle. O

We shall return to the Extension Principle in Chapter 6.

3.5 Day Implication Systems and the Relative Shifting
Property

We investigate quasivarieties Q such that the associated equational logic QF
is endowed with a Day implication system. A Day implication = for QF is
a finite set of quaternary equations which collectively possess the detachment
property relative to the equational logic QF and furthermore satisfy two other
natural conditions. A Day implication is the notion extracted from the well-known
Mal’cev-style characterization of congruence-modular varieties due to Day (1969)
and recalled in Theorem 3.4.1 above. The fact that a variety has a Day implication
is equivalent to congruence-modularity.

In this section we show that for quasivarieties of algebras, the geometrical
properties discovered by Gumm are naturally linked with the presence of Day
implication: the relative shifting property for Q is equivalent to the existence of
a Day implication system for Q. Furthermore, Day implication provides a simple
syntactic characterization of the cube property. These observations show the logical
perspective of Gumm’s approach and shed new light on the results proved by
Kearnes and McKenzie (1992).

We shall give an intrinsic characterization of the relative shifting property for
a quasivariety Q in terms of properties of the equational logic Q" associated with Q.

The relative shifting property is defined in terms of relative congruences of a
quasivariety. But the definition of the relative shifting property also makes sense for
(closed) theories of equational consequence operations.

Let Q be a quasivariety. The relative shifting property for the theories of Q" says
that for any theories X, Y, Z € Th(Q’:) and any terms «, 8, y, 8, the conditions « = 8,
yréeX ar~ypfadeYanda ~ B € Zimplythaty ~ § € QF(ZU(XNY)).

A finite set of equations in four variables

{pitx,y,z,w) ~ qi(x,y,z,w) 1 i € [}, (Impl)

more suggestively denoted by x ~ y = z ~ w or simply by =, is called an
implication system for the equational logic QF if it satisfies two conditions:

zzweQF(x%y,x%y:z%w), @iD1)
i.e., = has the detachment property relative to QF, and

x~y=x~ye QT (), (iD2)
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i.e., = has the identity property relative to QF.
If = additionally satisfies

xxx=y~yecQ(), @iD3)

then it is called a Day implication system for QF, or simply a Day implication.
(iD2) thus states that {p;(x,y.x,y) ~ ¢i(x,y,x,y) : i € I} € QF(#), i.e., Q
validates the equations

pi(x,y,x,y) ~ qi(x,,x,Y), i€l

Similarly, (iD3) states that {p;(x,x,y,y) ~ gi(x.x,y,y) : i € I} € Q= (9), i.e., the
equations

pilx, x,,y) ~ qi(x,x,y,¥), i€l

are valid in Q.

(iD3) is equivalent to the fact that x &~ y,z &~ w/x &~ y = z &~ w s a set of rules
of QF.

Any Day implication will be more suggestively marked by = p.

The following theorem relates the shifting property to the syntactic notion of a
Day implication system:

Theorem 3.5.1. For any quasivariety Q of t-algebras the following conditions are
equivalent:

(A) The relative shifting property holds for Q;

(B) The relative shifting property holds for the Q-congruences of the free algebra
Fq(w):

(C) The relative shifting property holds for the equational theories of QF:

(D) The consequence operation QF has a finite Day implication system =>p;

Proof. We first prove the following fact:

Lemma 3.5.2. For any quasivariety Q, the following conditions are equivalent:
(i) The relative shifting property for the theories of QF.
(i) For any (equivalently, for some) different variables x,y, z,w,

zaweQF(fxayUQFE(xa y.zaw) NQF(x & 2,y &~ w)).

(iii) The consequence operation QF has a finite Day implication system = p.
Proof (of the lemma). (i) = (ii). This is trivial.

(i1) = (iii). Assume (ii) for some x, y, z, w. (ii) implies that there exists a finite set
of equations ¥ (x, y, z, w, u) such that z ~ w € QF({x ~ y} U ¥(x,y,z, w, u)) and
Ty zowu) CQF(x ~ y.z & w), Z(x,y.z.w.u) € QF(x ~ z,y ~ w). Taking
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a substitution e being the identity map on x, y, z, w and which assigns the variable x
to each variable of u, we have that z ~ w € QF ({x ~ y} U X(x,y,z, w, eu)) and
X(x,y,z,w,eu) C Q'=(x ~y,z~w), XXy z,w eu) C Q'=(x ~ 7,y & w), by
the structurality of QF. Putting

X %y :>DZ W .= E(x,y,Z,W,eﬂ)’

weseethatz x we QF(x ~ y,xxy=pzraw,xxay=>pzawC Q- (x ~
y,zaw),andx ~y =pz~wC QF(x ~ z,y &~ w). Applying structurality to the
last two inclusions we get thatx ~ x =p y ~ y € QF (x ~ x,y &~ y) = QF (0) and
xry=px~yC QF(kx ~ x,y ~ y) = QF(9), respectively. Thus =, satisfies
(iD1), (iD3), and (iD2). This proves (iii).

(iii) = (i). Suppose that for X, Y, Z € Th(Q':) and terms «, 8, y, 8, it is the case
thata ~ B,y ~ e X,a ~y,f ~ 8§ € Yanda ~ B € Z. We shall show that
y~ 8 € QF(ZU (X NY)).Letx ~ y =p za wbe a Day implication for QF.

Claim. p(«, B8,y.0) ~ q(a, B,y,8) € X NY, for any equation p ~ q in =p.

Proof (of the claim). Let p &~ g be in =p. Since ¢ ~ B,y =~ § € X, we have that
pla, B,v,6) ~ p(a,a,y,y) € Xand g(a, B,y,6) = q(a,a, Y, y) € X. But by (iD3),
pla,a,y,y) ~ qla,a,y,y) € QF(9). It follows that

pla, B,y.68) ~ q(a, B,y,0) € X. (a)

Furthermore, as o ~ y, B &~ § € Y, we also have that p(«, B,y,8) ~
pla,B,a,8) € X and ¢q(o,B,y,8) ~ q(o,B,a,8) € Y. But by (iD2),
pla, B.a, B) ~ q(a, B.a, B) € QF(¥). Consequently,

pla, B,v.8) ~ q(a,B,y,8) € Y. (b)

The claim follows from (a) and (b). O

(iD1), the claim and @ ~ B € Z imply that
ya8eQ {a~plUanB=py~d)cQEZUENY). 0O

We now pass to the proof of the theorem.

Implication (A) = (B) is trivial. The equivalence of (B) and (C) follows
from Proposition 2.5. Implication (C) = (D) follows from the above lemma.
The implication (D) = (A) is proved by a straightforward modification of the
proof of implication (iii)) = (i) of Lemma 3.5.2. (See also Czelakowski 2001,
Theorem Q.10.4.) O

Notes.
1. Since for every Day implication system = for a quasivariety Q, x ~ y,z ~
w/x ~ y =p z ~ wis a set of rules of Q, it follows that for any terms «, 8, ¥, 8,

a~By~8ecQF @) implies a~p=py=~secQ(0).

(This fact also follows from the proof of condition (a) of the above claim.)
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2. Condition (ii) of Lemma 3.5.2 is equivalent to the following identity:

Q" (r~»UQF(x~yzawNQF(x~ 2y~ w) =

Q" (z~»WUQ r~y.zawNQ (xx 2y~ w). (i)*
Indeed, by applying the permutation ¢ of the individual variables, where o (x) = z,

o(y) = w,0(z) = x,0(w) = y and o does not move the remaining variables, to
inclusion (ii) we see that

xmyeQ’z({z%w}UQ’Z(z%w,x%y)ﬂQ’z(z%x,wwy)):

Q’:({z ~wpU Q’:(x ~y,zaw) N Q’:(x A7,y R W)).

This together with (ii) gives (ii)*. Trivially, (ii)* implies (ii). O

3. Let I1(x,y,z,w,u) be a set of equations (possibly with parameters u) such
that

Q" (M(xy.zww) =Q (x~yzxw)NQ -~ zy~w).  (eq)
Marking the set I[T(x,y,z,w,u) as x ~ y <, z ~ w (note the occurrence of

parameters), we see that condition (ii) of Lemma 3.5.2 implies that the following
are rules for QF:

xRy IRy Sz Wzrw and ZRWARY S, IR W/IXRY. (eD1)

X ~ y &, z ~ w may be called a parameterized equivalence system for the
consequence QF; (eD1) are detachment rules for the equivalence x ~ y SuTRW.
(eq) implies that QF(x~y SuIR W) = QFz~w 4, x &~ y) which means that

XRY S IRWIRW S, XY
and

IRWEXRYXRY S, 2R W
are sets of rules of QF. These are commutativity rules for the equivalence system
X~y ¢, z ~ w. Moreover, <, retains the characteristic properties of any Day
implication system, viz.,

xxy e, x~yCQF(9) (eD2)

and

x%x@Hy%ng':(@). (eD3)



58 3 Commutator Equations and the Equationally-Defined Commutator

(eD3) is equivalent to the fact that

ARYIRWARY Sy W (eD3)g

is a set of rules of QF.

By an analogy to propositional logic, the rules (eD3)g may be collectively called
Godel rules for QF.

Let x ~ y & z =~ w be the set of equations which results from x ~ y <,
Z ~ w by the uniform substitution of the variable x for each parameter of u. (The
equations x &~ y < z &~ w therefore do not involve parameters.) It follows from
structurality that x ~ y < z &~ w shares properties (eD1)—-(eD3) and (eD3)g with
X~y <, 2~ w. But (eq) need not hold forx ~ y < z ~ w, that is, QFx~ry <&
z ~ w) may be a proper subset of QF (x ~ y,z ~x w) N QF (x & z,y & w).

The setx &~ y < z &~ w may be infinite, but from the definition a Day implication
system = p, for Q= (%) we get that

xry=pzawC Qi xay & zaw).

(eD1)—(eD3) give an equivalent characterization of the relative shifting property.
a

The above result provides Mal’cev-type conditions which characterize the
relative shifting property. Theorem 3.5.1 is essentially due to Kearnes and McKenzie
(1992, Theorem 2.1). They do not use the term “Day implication system”, but their
syntactic characterization of the relative shifting property is, after making suitable
rearrangements of variables, equivalent to the above three properties (iD1)—(iD3)
that define Day implications.

Corollary 3.5.3. Let Q' and Q be quasivarieties of t-algebras such that Q' C Q.
If the relative shifting property holds for Q, then it also holds for Q'.

Proof. Assume Q" has a Day implication system = 5. By the inclusion Q' € Q,
= p is also a Day implication system for Q= . O

Note 3.5.4. Let V be a congruence-modular variety and let my(x,y, z, w),...,
my(x,y,z,w) be Day terms for V. Define:

b4 @ bz b4 [0} b2
Etq(ony) .-
ay (2] a ' as Lo [5) '
implies
b4 b3 U4 b3
= b1 = by
as ] ai as D ap

Fig. 3.2 The relative cube property
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xx~y=pzrw:={mxyz,w) &~ m(x,y,z,w) i <n, ieven}.

We claim that x &~ y =p z ~ w is a Day implication system for V.

We apply conditions (i)-(iv) of Theorem 3.4.1.(3). As the equations
m;i(x,y,x,¥) ~ miy1(x,y,x,y), i < n,ieven, are valid in V (by (iii), we see
that x &~ y =p z & w satisfies (iD2). But by (ii) the equations m;(x, x,y,y) =
mi+1(x,x,¥,y), i < n,also hold in V. Hence the system x ~ y =p z & w satisfies
(iD3). Finally, suppose that for any algebra A € V and a,c,d € A it is the case
that m;(a, a,c,d) = miy(a,a,c,d), i < n, i even. In view of condition (iv) of
Theorem 3.4.1.(3), it follows that m;(a,a,c,d) = mit+(a,a,c,d), for all i < n.
Consequently, ¢ = mg(a, a,c,d) = my(a,a,c,d) = d. Hence ¢ = d. This shows
that x ~ y =p z ~ w satisfies (iD1).

This implication system actually satisfies a stronger system of equations than
@iD3), viz.

mi(x,x,y,y) 2y~ miy1(x,x,5,5), i<n, ieven (iD4)

(see also Theorem 4.2.2). O

3.6 The Relative Cube Property

Let Q be a quasivariety of algebras of a given signature t. The relative cube property
of Q is the following statement:

Suppose that A € Q, that ®,¥,E € Cong(A), and that a,,a;,as,a,
bl, bz, b3, b4 e A satisfy (al,a3), (az,a4), (bl,b3), (bz,b4) e @,
(ar,az),{as,as), (b1, b2}, (b3,bs) € V¥, and {a|,by),(az,b),(a3.b3) € &.
Then (as,bs) € E + @ NVY.

This statement is expressed pictorially in Fig. 3.2:
The following theorem is essentially due to Kearnes and McKenzie (1992)
(modulo a permutation of the variables in condition (B) below):

Theorem 3.6.1. For any quasivariety Q of t-algebras the following conditions are
equivalent:

(A) The relative cube property holds for Q;
(B) There exists a finite set of equations X (x1, X2, X3, X4, V1,¥2,V3,V4) in eight
variables such that

(@)% Zo(x1, %2, %1, X2, Y1, Y2, V1, 2) € QF ()
(B)* Ze(x1,x1,%3,X3,1,1,3,¥3) € QF ()

and
(8)* x4~ ys € QF(Zo(x1, X2, X3, X4, X1, X2, X3, Y4))-
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Proof. (B) = (A). LetA € Q, ?,¥, 5 € Cong(A) and ay,ay, a3, as, by, by, b3,
by € A so that the hypothesis of the relative cube property is satisfied. Let
X (x1,x2,x3, X4, Y1,Y2,Y3,Y4) be the set of equations supplied by (B). We show
that

For every equation p ~ g € X,

plar,ar,az, as, a1, a2, a3,bs) = g(ay, az,a3,as,a1,a2,a3,bs) (mod @ NY +q &).
Letp ~ g € X.. We have:

play, az, a3, a4,by, by, b3, by) =g play, az, a1, a2,by, by, by, by) = (by (a)¥)

q(ay,az,ay,az,by, by, by, by) =¢ qlai, a2, a3, a4, by, by, b3, by)
and

plar,az,as,as, b1, by, b3, by) =y plai,ai, a3, a3, by, by, bz, b3) = (by (B)*)

q(ai,ai,as,as, by, by, b3, b3) =y q(ai, az,as, as, by, by, bz, by).

Thus
plai, az, as, as, by, by, by, by) =onw q(ar, az, a3, as, by, by, by, by). (2)
Furthermore
plar, ax, a3, as,a1,a2,a3,bs) =z plar, az, az, as, by, by, b3, by) 3)
and
plar, az, a3, a4, a1,a2,a3,by) =g play, az,as, aq, by, by, by, by). 4)

From (2), (3), and (4) the condition (1) follows.
Applying now (8)* to (1) we see that ay = by(mod ® N ¥ +¢ &). So (A) holds.
(A) = (B). Let F be the free algebra in Q, freely generated by xi, x2, x3, X4, V1,
Y2, V3, y4. We define:

@ := the congruence of F generated by {(x1,x3), {(x2,x4), (y1,¥3), (2, y4)},
¥ := the congruence of F generated by {(x1, x2), {(x3,x4), (y1,¥2), (3,4} },
Z := the congruence of F generated by {{x;, y1), {x2, y2), {x3,3)}.
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@, ¥ and & are Q-congruences because every congruence relation of F generated
by some equivalence relation on a set of free generators is a Q-congruence (see
Proposition 2.6). Applying the relative cube property of Q to this situation, we have
that

(x4,v4) € E +o P NW.

Since the operator O is finitary, there exists a finite set 7 of ordered pairs contained
in @ N ¥ such that (x4, y4) belongs to Oq({(x1,y1), (x2.¥2), {x3,y3)} UT). We can
write

T = {(p" (x1,%2, X3, X4, Y1, 2, Y3, Ya)» @& (X1, X2, X3, X4, Y1, Y2, V3, ¥4)) : (P, q) € T}

for a finite set X, of equations.

Conditions (a)* and (8)* hold because T is a subset of @ N Y. Condition (§)*
holds because (x4, y4) is in the Q-congruence of F generated by T together with the
pairs {(x1,y1), {(x2,¥2), {x3,y3) (see Proposition 2.5). |

3.6.1 The Relative Shifting Property and the Relative Cube
Property are Equivalent Properties

Theorem 3.6.2. Let Q be a quasivariety with the relative shifting property. Then
there exists a finite set of equations in eight variables X.(x1, X2, X3, X4, Y1, Y2, Y3, Y4)
such that the sets of equations

Xe(X1, X2, X1, X2, Y1, Y2, Y1, ¥2) (a)*
Yo (X1, X1, X3, %3, Y1, Y1, ¥3,¥3) B)*
Xe(xX1, X2, X3, X4, X1, X2, X3, X4) (y)*

are valid in Q. Furthermore

x4 & 4 € QF (T, (x1, X2, X3, X4, X1, X2, X3, Y1) (9)*
Consequently, any quasivariety with the relative shifting property has the relative
cube property.

(Note that the set X, additionally satisfies condition (y)* which is not mentioned in
the characterization of the relative cube property.)

Proof. Letx ~ y =p z &~ w be a Day implication system for QF. We define the
set of equations:

Te(X1. X2, X3, X4, Y1, Y2, Y3, V4) © =
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(Jp Gt y1. 50, 32) & g, yi, %2, 32) =0 plxs, y3, %4, 34) & 03, y3, %4, 34)
PRGEXXY=pI~ W
XY, is obtained from x ~ y =p z ~ w by the uniform substitution of the term
p(x1,y1, %2, y2) forx, the term g(x1, y1, X2, 2) fory, p(x3, y3, x4, y4) for zand g(x3, y3,

X4,y4) for w in each equation of x &~ y =p z ~ w. The set X, is also written down
in a more compact form as

(x1 y1 =p X2 & y2) =p (X3 X y3 =p X4 X y4).

Lemma 3.6.3. The following sets of equations are valid in Q:

(x1 Xy =p Xy X yz) =) ()C] Xy =p Xy ~ yz), (a)
(x1 y1 =px1 & y1) =p (X3 X y3 =p X3 X ¥3), B)
(x1 = x| =px2 X x2) =p (X3 X X3 =p X4 X X4). )

Moreover,
X4 X Y4 € Q':((xl R X| =p X2 X X2) =p (X3 R X3 =p X4 X y4)). )

Proof (of the lemma). The set of equations defined in (&) is equal to

(Gt y1, 52, 32) & g, y1,%2,32) = o1, y1, %2, 32) & 1, y1,%2,32) -
PR GEXRY=pIA W}
The above set is contained in the union of the following sets of equations
SAt=psAL, (1)
with s, t ranging over arbitrary terms. The equations of (1) are Q-valid by (iD2).

Hence the equations of («) are Q-valid as well.
The set of equations defined in (8) is equal to

Gy xiy) & gy xi.y1) = pp(a3.y3.23.33) & q(xs. y3.x3.¥3) :

PR GEXRY=pIX W
But, by (iD2), the equations

PO, y1, X1, y1) & q(x1, y1,X1,¥1)
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and

p(x3,¥3,%3,¥3) &~ q(x3,¥3,X3,¥3)

are Q-valid, for all p ~ g € x & y =p z &~ w. The set of equations () is therefore
equivalent (on the basis of QF) to the set

Gt yr,xi,31) & plei yi,x1,31) = pp(xs, v3, %3, ¥3) & plx3, y3,%3,33) -
PR GgEXRY=pIA W
The last set is contained in the union of the sets of equations
SRS =SptAL, (2
where s, ¢ are arbitrary terms. The equations of (2) are Q-valid by (iD3). Hence the

equations of (8) are Q-valid as well.
The set of equations defined in (y) is equal to

U{p(xl,xl,xz,xz) ~ q(x1, X1, X2, X2) =p p(X3,X3,X4,X4) X q(X3,X3,X4,X4) :
PRGEXRY =p I W
But, by (iD3), the equations
p(x1, x1,X2,x2) & q(x1,x1,%,%) and  p(xs, X3, X4, %4) = q(x3,X3, X4, Xs)

are Q-valid, for all p ~ g € x ~ y =p z &~ w. Hence the set of equations (y) is
equivalent (on the basis of QF) to the set

Ut x1.x0.%0) & p(rr.x1.x2.12) = pp(3.x3. X4, X4) & p(s. X3, X4, X4)
PR GEXRY=pIA W}
This set is contained in the union of all sets (2). Since the latter set is Q-valid, the
former is Q-valid as well. This shows that the equations of (y) are valid in Q.
We now show the validity of (§). By virtue of (iD3) we have that the set of
equations x; & x| =p X ~ xp is Q-valid, i.e.,
X| RX] DpXa R Xy € Q':(Q)). 3)

Using (iD1) and (3) we obtain

X3~ x3 =px A~y CQF (0 ~ X =p 0 & x)

=p (X3 & X3 =p x4 & y4)). “4)
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Since x3 & x3 is trivially Q-valid, applying again (iD1) we derive from (4) that
X~y € QF () A X1 Zpxa A x) Sp (43 &~ X3 =p Xy X Ya)).

So (§) holds. O
The theorem follows from Lemma 3.6.3. a

The proof of Theorem 3.6.2 shows that the cube property is a consequence of
some simple iterations of Day’s implication (Lemma 3.6.3). The above considera-
tions show the logical side of this genuinely geometric property.

The converse of Theorem 3.6.2 is also true; that is, the relative cube property
implies the relative shifting property under the additional assumption that the set
of equations X, supplied by Theorem 3.6.1, which characterize the relative cube
property, apart of conditions (a)*, (8)* and (§)* satisfies condition (y)* as well. We
have:

Theorem 3.6.4. Let Q be a quasivariety and suppose there exists a finite set of
equations X, in eight variables which satisfies (a)*, (B)*, (y)* and (§)*. Define
xxy=pzrw:.=X.(x,x,x,2,5y,w). The system x ~ y =p z = wis a Day
implication for Q. Consequently, Q has the relative shifting property.

Proof. We shall check that =, satisfies conditions (iD1)-(iD3) with respect to QF.

x &~y =p x ~ yisequal to X.(x,x,x,x,v,y,5,y). The last set of equations is
Q-valid by (@)* or (B)*. So = p satisfies (iD2).

X~ x =py~ yisequal to X .(x,x,x,y,x,x,x,y). The last set of equations is
Q-valid by (y)*. So = p satisfies (iD3).

Finally, we observe that = p satisfies (iD1) by (§)*. O

Corollary 3.6.5. A quasivariety Q has the relative shifting property if and only if it
has the relative cube property. O



Chapter 4
Centralization Relations

4.1 Four Centralization Relations for Quasivarieties

This section is devoted to the study of various forms of the ternary relation of
centralization holding on congruences, viz. @ centralizes ¥ modulo =, where
@, ¥, 5 are congruences on an algebra. We show the logical dimensions of this
relation by linking these relations with Day implication systems and commutator
equations.

Let A be a Q-algebra. Let @, ¥, 5 be congruences of A. We write:

Z4.c0m((pv v, E)

~

(D centralizes ¥ modulo = in the sense of quaternary commutator equations).
By definition,

Zyeom(@,¥; E) &4 for any quadruple a, b, ¢, d of elements of A, the
conditions
a = b(mod @) and ¢ = d(mod ¥) imply p(a,b,c,d,e) = q(a,b,c,d,e)(mod E)

for any quaternary commutator equation p(x, y, z, w, u) ~ q(x,y, z, w, u) for Q
and any sequence ¢ of elements of A of the length of u.

The ternary relation Z, .o, on congruences is called the centralization relation in
the sense of quaternary commutator equations for Q.
We also write:

ZCOm(Q’ W; E)
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(@ centralizes ¥ modulo Z in the sense of arbitrary commutator equations).
By definition,
Zeom(®,¥;E) &4  foranym,n = 1, any m-tuples a, b, any n-tuples
¢, d of elements of A,

a=b(mod @) and ¢ = d (mod ¥) imply that p(a,b,c.d,e) = q(a,b,c,d, ¢)(mod &)

for any commutator equation p(x,y,z,w,u) ~ q(x,y,z,w,u) for Q with
|x| = |yl = m, |z| = |w| = n, and any sequence e of elements of A of the
length of u.

The ternary relation Z.,, is called the centralization relation in the sense of
arbitrary commutator equations for Q.

We have: Zjcom(®@,¥; E) & Zycom(W, P; &) and Zeon (P, ¥; E) < Zeom
(¥, @; &). It is also obvious that Z.o, (@, ¥; &) implies Zy com (P, ¥; &).

Proposition 4.1.1. Let Q be an arbitrary quasivariety and A an algebra in Q. Then,
for any Q-congruences @, W, Z; (i € I) of A:

1) ifZeom (D, ¥; &) foralli € I, then Zeom (P, ¥; mie[ &)).
(i) [@, W]A = m{E € CO”Q(A) Zeom(P. Y E)}

Proof. Immediate. O

We need two more definitions. We write
Z)»(P,¥; 8)

(@ centralizes W modulo Z in the sense of the classical two-binary term condition).
We put:

Z5(D,¥;8) &4 forany pairs (a,b) € @, (c,d) € ¥, any two terms
f(x,y,u), g(x,y,u), and any sequence e of elements of A of the length of u,
the conditions

fla,c,e) = g(a,c,e)(mod &),
fla,d,e) = g(a,d,e)(mod &),
f(b,c,e) = g(b,c,e)(mod &)

imply

f(b.d,e) = g(b,d,e)(mod ).

The ternary relation Z; ; is called the centralization relation in the sense of the
classical two-binary term condition.
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Note 1. Z,,(®,¥; &) is equivalently expresses in terms of binary polynomial
operation of A: for all pairs {a,b) € @, (c,d) € ¥, for all polynomial operations
f(x,y), g(x,y) of A, the conditions
f(a.c) = g(a.c)(mod &),
fla,d) = gla,d)(mod E),
f(b,c) = g(b,c)(mod &)
imply
f(b,d) = g(b,d)(mod &). O

We also define
(P, ¥ &)
(D centralizes ¥ modulo & in the sense of the rwo-term condition). We put:

Z,(®,¥;5) &4 forany m,n = 1, any m-tuples a, b, any n-tuples ¢, d
of elements of A such that a = b(mod @) and ¢ = d(mod ¥), any terms
f(x.y,v), g(x,y,v), where |x| = m, |y| = n, and any sequence ¢ of elements
of A of the length of v, the conditions

fla.c.e) = g(a.c.e)(mod &)

fla.d.e) = g(a.d, e)(mod &)

f(b.c.e) = g(b.c,e)(mod &)
imply

f(b.d.e) = g(b.d.e)(mod &).

The relation Z, is called the centralization relation in the sense of the two-term
condition.

Note 2. We have:
Zz,z(cp, v E) = ZZ.Q(W,¢;E) and Zz(@,ll/; E) < Zz(lI/,¢;E).

For the sake of completeness, we prove the second equivalence. We assume
P, ¥, 5 € Cong(A) so that Z,(P, ¥; 5). To show that Zz(lI/ @; F), suppose
f(x,y,v), g(x,y,v) are arbitrary terms, where |x| = m = 1, [yl = n = 1, and
let a, b be m-tuples and ¢, d—n-tuples of elements of A such that a = b (mod V),
¢ =d (mod @), and let ¢ be a sequence of elements of A of the length of v, so that
the conditions
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fla,c,e) = gla,c,e)(mod Z) (a)
fla.d,e) = g(a,d,e)(mod &)
f(b,c,e) = g(b,c,e)(mod Z)

hold. We claim that
f(b,d,e) =g(b,d,e)(mod ).

We select two sequences of new and different variables x” and y’ such that |x'| = |y|
and |y'| = |x| and put

=y w =&y, y/xw, ¢ =Wy, uw:=gk/y y/x w.
We then have:
flcae) =f /e,y /aule) =f(x/a,y/c.ule) = f(ac,e); (b)
glc.ae) =g /c.y/aule) = gx/a y/c.ule) = gla,c.e);
f'd.a,e) =f(/dy/a,u/e) =fx/a,y/d u/e) = f(a de);
§'(d.a,e) =g (/d y/a,ule) = g(x/a,y/d u/e) = g(a,d,e);
flle.b,e) =f'(/c.y'/b,uje) = f(x/b.y/c,u/e) = f(b,c, e);
g(c.be) =g /x.y'/bu/e) = g(x/b,y/c,u/e) = g(b, c,e);
f'd.b,e) =f'(x'/d,y/b,uje) =f(x/b,y/d, u/e) = f(b.d, e).
g'(d.b,e) =g (x'/d,y /b,uje) = g(x/b,y/d,u/e) = g(b,d, e).
(a) and the first six identities of (b) give:
fl(c.a,e) = ¢'(c.a,e)(mod &) (©)
f(c.b.e) = g'(c,b,e)(mod &)
f'd,a,e) =g'(d a e)(mod ).

As ¢ =d (mod @) and ¢ = b (mod V), the assumption Z,(®, ¥; E) and (c) yield
that

f'(d.b.e) = g'(d.b.e)(mod ).
Hence

f(b.d.e) = g(b.d.e)(mod Z),
by the last two identities of (b). So Z, (¥, @; &) holds.
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By a symmetric argument one proves the reverse implication: Z,(¥, ®; &) =
(D, ¥; B). O

The following theorem is a crucial result of this section. It shows that for every
quasivariety with the relative shifting property all the four centralization relations
coincide.

Theorem 4.1.2. Let Q be a quasivariety with the relative shifting property. Then
for any algebra A € Q and any Q-congruences @, W, 5 of A,

Z4,com(¢» lI/; E) < Zcom(¢7 l]/; E) =4 Zz.’z(@, lI/; E) =4 Zz(@, lI/; E)

Proof. The implications “Zeom (@, ¥; &) implies Zy com (P, ¥; E)” and “Z, (P, ¥; E)
implies Z, »(®, ¥; E')” are trivial. The proof of the remaining implications is based
on several simple lemmas.

Lemma 4.1.3. Let Q be any quasivariety. Z,(®,V¥; &) implies Zeom (D, ¥; &),
for any algebra A € Q and any Q-congruences ®, ¥, Z of A.

Proof. Fix A € Q and Q-congruences @, ¥, & of A. Assume Z,(®, ¥; 5). Suppose
that a = b (mod @), ¢ = d (mod V) for sequences a, b, ¢, d of elements of A,
where |a| = |b| = m, [c| = |d| = n, and let p(x,y,z, w,u) ~ q(x,y,z,w,u) be
any commutator equation for Q with |x| = |y| = m, lz| = |w| = n. Let e be a
sequence of elements of A whose length is |u|. We must show that p(a, b,c,d) =
gq(a.b, c,d)(mod &).

We consider the following terms:

f@»X»Q) 1:P(217&227X7ﬂ)» 8(57)_’72) = q(yl’)_c’be’Z)v
where v, and v, are sequences of distinct variables not occurring on the list x +
y+z+ w+ usuch that [v,| = m, [v,] = n,and v := v; + v, + u (see the
footnote on p. 29). The variables of v are thus treated as parametric variables in
f and g. We define the list of elements of A: ¢ := a + ¢ + e. By the fact that

p ~ q is a commutator equation for Q, we have that f(a,c,¢’) = p(a,a,c,c,e) =
q(a,a,c,c,e) = g(a, c, ). Hence evidently,

fla.c.e') = gla.c.e)(mod &). (1)

Furthermore f(a,d,¢’) = pla.a,c.d,e) = qla,a,c,d,e) = g(a,d,¢'). Hence
trivially

fla,d,¢) = gla,d,¢)(mod &). 2)
We also have f(b, ¢, ¢') = p(a,b,c,c,e) = q(a, b, ¢, c,e) = g(b,c,¢'). Hence

fb.c.e) =g(b,c.e)(mod &). 3)
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Then (1), (2), (3),a = b (mod @), ¢ = d (mod ¥) and Z,(®, ¥; &) imply
f(b.d.¢') = g(b.d.¢))(mod &)

which means that

pla.b,c.d) = q(a,b,c,d)(mod T).

S0 Zeom (D, V; 2). |

As a particular case of the above proof, we obtain:

Lemma 4.1.4. Let Q be any quasivariety. Z; ,(®,W¥; &) implies Zy com(P, ¥; E),
for any algebra A € Q and any Q-congruences ®, ¥, Z of A. O

Lemma 4.1.5. Let Q be any quasivariety with the relative shifting property. Then
Zeom (P, W; &) implies Z,(D,V; E), for every algebra A € Q and any Q-congruen-
ces D, ¥, & of A.

Proof. By Theorem 3.6.2, Q has the relative cube property. Let X, be the set of
pairs of terms in 8 variables supplied by Theorem 3.6.1, and let (@)*, (8)*, and (8)*
be the equations and the quasi-equations provided by that theorem.

Let A € Q and assume Zon (@, ¥; EZ), a = b (mod @), ¢ = d (mod ¥) for
tuples a, b, ¢, d of elements of A, where |a| = |b| = m, |c| = |d| = n. Let f(x, y, v),
g(x,y,v) be terms and let e be a sequence of elements of A of the length of v.
Furthermore, let us assume that

fla,c,e) =gla,c,e)(mod &), f(a,d,e) = g(a,d,e)(mod Z), and (%)
f(b,c.e) = g(b,c,e)(mod &).

We shall show that f(b,d, e) = g(b,d, ¢)(mod Z).
For each pair (p, g) € X, define:
Py zw) =
p(f(x,z,0),f(x, w,0),f (3, 2,0). f (), W, v), g(x, 2, V), 8(x, W, v), (¥, 2, v), g(y, W, V),
q'(xy.zw) =
q(f(x, 2, 0), f(x, w. 0), f(y. 2, V). f (¥, W, V), g(x. 2, V)., g(x. W, ), &(y, 2, V), gy, W, V),

Claim. p’ ~ ¢’ is a commutator equation for Q in x,y and z, w.

Proof (of the claim). To show that p'(x,x,z, w,v) &~ ¢'(x,x,z,w,v) holds in Q,
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Pa.a.cde =
p(fa.c.e).fa.d.e).f(a.c.e).f(a.d.¢e).g(a c.e) glad e) glac e glade),
= (by (®)*)
q(f(a.c.e).f(a.d.e).f(a.c.e).f(a.d.e).g(a.c.e).g(a.d.e). g(a. c. e). g(a.d, ¢)),
=q'(a,a,c.d.e).

To show that p'(x,y,z,z,v) ~ ¢'(x,,2,z,v) holds in Q, observe that in A:

p'(ab,cce) =
p(fa.c.d).f(a,c.d).f(b.c.e).f(b.c.e).8(a.c.e).g(a.c.e), g(b, c.e), 8(b,c.e))
= (by (B)*)
q(f(a.c.e).f(a.c.e).f(b.c.e).f(b.c.e) gla.c.e) glace)gb.ce)gbce),
=q'(a,b,c.c.e).

This proves the claim. O

Since ¢ = b (mod @) and ¢ = d (mod V), the above claim and the fact that
Zeom (@, ¥; &) holds imply

p'(a.b.c.d.e) = q'(a.b.c.d, e)(mod &). (1)
We put:
a ::f(bv 47§)v
er :=f(a,c,e), ey :=f(a,d,e), e3 :=f(b,c.e),
b:=g(b.d,e),

¢y i=gla.ce), e:=glade, ¢&:=gb.ce).
(1) thus states that
pler,er,e3,a,¢€), €, €5,b) = qler, ez, e3,a, €|, ¢, ¢, b)(mod &) )
for all (p, gq) € X.. But (x) means that
e1=¢) (mod &), e =¢)(mod &), e;=e,;(modZ).
This together with (2) gives that

plei, e, e3,a, e, e, e3,b) = qley,er,e3,a, ey, e, e3,b)(mod &),

for all (p,q) € X.. Now applying (6)*, we obtain that a = b (mod Z). Thus
f(b,d,e) = g(b,d,e)(mod ZE) as required. So Z,(P, ¥; &) holds. O
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Repeating the above proof for binary terms with parameters f(x, z, v), g(x, z, v),
we obtain:

Lemma 4.1.6. Let Q be any quasivariety with the relative shifting property. Then
Zscom (@, W¥; &) implies Zy (P, ¥; &), for every algebra A € Q and any Q-con-
gruences P, W, & of A. O

The proof of the next lemma is more involved:

Lemma 4.1.7. Let Q be a quasivariety of algebras with the relative shifting
property. Let @, W, and & be Q-congruences of an algebra A € Q. Then
Zscom (P, ¥; &) implies Zeom (P, ¥; E).

Proof. Let A € Q and assume that Z com (@, ¥; £). We apply Theorem 3.5.1. We
prove the following statement P(m, n):

P(m,n) For any commutator equation «(x,y, z, w,u) ~ B(x,y,z, w,u) for Q with
|x| = |y| = m and |z| = |w| = n, and for any four sequences a, b, c,d
elements of A such that |a| = |b| = m and |¢| = |d| = n, the conditions

a=b(mod @) and ¢ =d (mod¥) imply
a(a,b,c,d,e) ~ B(a,b,c.d,e)(mod Z) for any sequence e of elements

of A of the length of u.

Lemma 4.1.7 will be proved once we show P(m, n) for all possible values of m
and n. P(m, n) is proved by induction on m for n = 1, and then by induction on n.

Sublemma 1. P(m, 1), forallm > 1.

Proof (of the sublemma).  The case m = 1 is covered by the assumption
Zy com(P, ¥; &). Now suppose the sublemma is true for a certain m. Leta = ay, .. .,
s A1 and b = by, ..., by, b,41 be (m + 1)-tuples, let ¢, d be elements such that
a=>b (mod @) and ¢ = d (mod V), and let a(x,y,z, w,u) ~ B(x,y,z,w,u) be
a commutator equation for Q with x = xy,... ,xm,_xm+1, y = yi,. - s Vous Vit 1+
Let ¢ be sequence of elements of A of the length of u. We need to show that
a(a,b,c,d,e) = B(a,b,c,d,e) (mod &). We prove it in two stages.

Put x, 1= xi,..., %, Yo = Vioeoo Ve Let v be a sequence of variables (of
length m + 1) not occurring in x,y,z,w,u, and let v be a single variable not
occurring in x,y,z, w, u, v. We define the list v := u + v + v. Consider the Day
implication x &~ y = z & w for the consequence operation Q. For each equation
p(x,v,z,w) = ¢q(x,y, z, w) belonging to = p we define the following two terms:

P (g, ¥y 2w, 0) 1=

P, xyv, 2w, u), B, Xy, 2w, ), (v, y v, 2. w,u), BV, y v, 2. W, 1)),
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/ AN
q (X, ¥y 2w V) 1=
q(o(v, xov. 2w, u), B, Xov. 2w, ), (v, y v, 2w, ), BV, y v, 2, W, ).
Claim 1. p’()_co,yo,z, w,v’) & q’()_co,yo,z, w, V') is a commutator equation for Q in
the variables x,,, Y and z, w.
roof (of the claim). The equation p’(x,, x5, 2, W, V') =~ ¢’ (x,, x4, 2, w, V") coincides
P (of the claim). The equation p’(x,, x, V)~ q'(xy, X, v d
with
pla(v, xgv, 2, w, 1), BV, xyv, 2, w, 1), @ (v, Xov, 2, w, 1), B(V, XV, 2, W, 1)) ~

q(a(g’ -I()vv ,w, Z)a 13(2’ )_COU’ I, W, E)’ a(gv -I()vy I, W, E)a 13(27 )_C()va , W, !))
The last equation is Q-valid by (iD2) since it is of the form p(s, t, s, 1) ~ ¢(s,1, s, t).
: / N o~ I s e .
The equation p @O,XO, 7,2,0) ~ ¢ ()_cO,XO, z,2,V) coincides with
pla(v, xyv, 2,2, u), BV, XV, 2.2, ), (V. y v, 2,2, 4), B, y v, 2.2 w) &~ (1)

q(@(v, xpv, 2,2, w), B, XV, 2,2, ), € (v, Y v, 2,2, 1), BV, YV, 2,2, W)

Since the equations «(v,xyv,z,2,u) ~ B(v,xyv,2,z,14) and a(v, YU 2: 2 u) ~
B, YoUs2n 2 u) are Q-valid because @ & B is a commutator equation for Q, we see
that the equation (1) is Q-valid if and only if the equation

pla(v, xyv, 2,2, 1), (v, X0, 2,2, ), (V. y v, 2, 2, u), ¢ (V, YV, 2, 2, ) &

q(a(v. Xy, 2, 2, u), & (0, X0, 2,2, ), (V. Y, v, 2, 2, ), & (L, Y . 2,2, 1))

is Q-valid. But the last equation is Q-valid by (iD3) since it is of the form
p(s,s,t, 1) ~ q(s,s,t,1). O

If f, g, k, | are polynomials over an algebra A, then we write (f, g) =p (k,I) to
denote the set of pairs {{p(f, g, k, 1), q(f, g, k. 1)) :p~qgex~y=pzrw}

Leta, := ai,...,am, by == b1,....by, and ¢ := ¢ + a + a, 4. By the above
claim and the inductive hypothesis (in the proof of Sublemma 1), we obtain that

p/(gov QO? C9 d’ g/) = q/(Q(V QO’ C’ d9 2/) (mOd E)
This means that

p(a@’ Q{)am+l ,C, d? €)7 /3@7 Qoam+l , C, d7 g), O[@, b()am+l , G, d? g)) ﬁ(gv Q)am+l , €, d’ Q)EE

q(a(a, aya, 1. c.d, e). f(a, a,a,+.,c.d,e) a(a, bya, .. c.d e, Ba b,y c.de)).
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that is,

p((x@, ac, d, g)’ ﬁ@v ac, d, g)v Ol@, Qoam—}—l, c,d, g), ﬂ(g, b()am-l—la c.d, g)) =z (2)
Q(a(gv ac, d? €)7 13@5 ac, d, g)v a@, Qoaerlv c, d7 9)7 ﬁ@v Qoam—i-ly c, d! Q))

Since (2) holds for an arbitrary member p ~ g of = p, we may write

(05(275_1, C7 d’é)? ﬂ@’Q’ C7 d’€)>
=D (Ot(g,lgoam+1,c,d,g), IB(C_lleoam-HvC, d,g)) - 5.
But evidently (x(a,a,c,d,e), B(a,a,c,d,e)) € E, again by the fact that « ~ f

is a commutator equation for Q. Hence, applying (iD1) to the above situation, we
conclude that

(a(a, byam+1.c.d, e), B(a,byan+1.c.d, e)) € 5. 3)

In the second stage, for each equation p(x,y,z,w) &~ ¢(x,y,z, w) belonging to
= p, we define the following two terms:
Py, zow, v ):=pla(v, vx, z, w, w) B, vx, 2, w, 1), & (v, vy, 2, w, 1), B(V, vy, Z, W, 1)),

gy, z,w, v ) :=pla, vox, z, w, 1), B, vox, 2. w, u), (v, vy, z w, ), BU, vy, 2, w, 1)),

where:

v is a sequence of variables (of length m 4 1) not occurring in x, y, z, w, u,
vy is a sequence of variables (of length m) not occurring in x, V.2, W, U, U,
and N

v i=u+v+ v,

Claim 2. p/(x,y,z,w, V') =~ ¢'(x,y,z, w, V') is a quaternary commutator equation

forQ
Proof (of the claim). The equation p’(x, x, z, w, V') &~ ¢'(x, x, z, w, v’) coincides with
p(a(v, vox, z,w,u), B(v, vox, 2, w, ), (v, vox, 2, w, 1), B(U, VX, 2, W, 1)) ~
q(@(v, vox, z, w, ), BV, vox, 2, w, w), @ (v, Vex, 2, w, ), B(V, VeX, 2, W, ).

It is Q-valid by (iD2) since it is of the form p(s, 1, s, 1) &~ q(s, t, s, 1).
The equation p’(x, y,z,2, V") ~ ¢'(x,y,z, z,v") coincides with

pla(v, vox, z,z,u), B(L, VoX, 2,2, ), @(V, VoY, 2,2, ), BV, VoY, 2,2, u) =~ (4)
q(o(v, vox, z,z, u), BV, vox, z, 2, u), (v, VoY, 2, 2, 1), BV, VyY, 2. 2, ).
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Since the equations (v, vyx,z,z.u) ~ BV, VX, z,z,4) and a(v,V4y.2,2,U4) ~
B, vyy. z, z, u) are Q-valid because @ ~ f is a commutator equation for Q, we see
that the Q-validity of (4) is equivalent to the Q-validity of the equation
pa(v, vox, 7,2, u), & (V, VX, 2, 2, u), (¥, VoY, 2,2, u), & (L, VyY, 2, 2, U))
q(a (v, vx, 2,2, u), & (U, Vox, 2,2, u), (U, Vg, 2, 2. 1), & (L, VY, 2, 2, U)).

But the last equation is Q-valid by (iD3) since it is of the form p(s,s,t,1) =~
q(s,s,t,1). O

By the above claim and the inductive hypothesis (in the proof of Sublemma 1),

we obtain that

P (@ms1.bmsr,c.d.€) = ¢ (amy1.buy1.c.d, €) (mod &),

where ¢’ is the list e + a + b,. This means that

P(Ol@a boaerl , C, d7 g)v ﬂ@s Qoam+l , C, dv E), a@s Q0b171+l , C, d? 5)7 ﬂ(g7 b()bm+] , C, da €))EE
q(a(a, bya,1.c.d, e), fla, bya,1.c,d, e)ala, byb,ii,c.d,e) fla, byb,ii.c.d,e))

ie.,

p(a(a, byay,t1,c,d, e), (@, byany1, ¢, d, e),a(a,b,c,d,e), fla,b,c,d,e)) (5)
=z q(a(a.bya,+.c.d,e), Ba. bya,1.c.d.e),a(a,b.c.d,e), B(a.b,c.d.¢)).

Since (5) holds for an arbitrary member p &~ g of =p, we may write

(Ol(t_l, Qoaerl’ c, d»g)’ ﬁ(gv lzuaerlv c, d’ §))
=D <Ol(g’ 27 c.d, g)» IB(a(g’ Q’ ¢, d7§)) c&.

Now using (3) and applying (iD1) to the above situation, we infer that
(Ol(g, 1_7’ ¢, d? g)v ,B(O((Qa é» C?d’ g)) €.

The inductive proof of P(m,1) for any positive value of m is complete.
Sublemma 1 has been proved. O

Sublemma 2. Let m be an arbitrary but fixed positive integer. Then P(m, n) holds,
foralln = 1.

Proof (of the sublemma). P(m, 1) holds by Sublemma 1. Now suppose the sub-
lemma is true for a certain n. Leta = ay,...,a, and b = by, ..., b, be m-tuples,
C = Clye.sCpyCpy1 and d = dy,...,d,,dy4+1 be (n + 1)-tuples of elements of
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A such that g = b (mod @) and ¢ = d (mod ¥), and let a(x,y,z, w,u) ~
B(x.y,z, w, u) be a commutator equation for Q withx = x,..., X,y =V Vs
z= 2. s Zns Znt1 and w = wy, ..., w,, w,y1. Let e be sequence of elements of A
of the length of u. We need to show that «(a, b, c,d,e) = B(a,b,c,d,e)(mod E).
We prove it in two stages.

Putz, '= z1,..., 20 Wy = Wi,...,wy. Let v be a sequence of variables (of
length n+ 1) not occurring in x, y, z, w, u, and let v be a single variable not occurring
inx,y,z,w,u,v.Puty’ := y—i—ylv. Consider the Day implicationx ~ y =p z ~ w

for the consequence QF . For each equation p(x, y, z,w) ~ g(x, y, z, w) belonging to
= p we define the following two terms:

P y.25, W, ) 1=

plax,y,v,zyv, 1), Bla(x, y, v, 2y, w), (X, y, v, wyv, ), B(x,y, v, wyv, ),
q'(x.y. 25wy, 0') =

qle(x, y, v, zyv, u), Bla(x, y, v, z)v, ), (X, ¥, v, Wyv, 1), B(x,y, v, wov, u)).

Claim 3. p'(x,y,z,, Wy, V) =~ ¢'(x,y, 2. Wy, V') is a commutator equation for Q in
the variables x, y and z,, wy.

The proof of the claim is left as an exercise to the reader. O

By the above claim and the inductive hypothesis (in the proof of Sublemma 2),
we obtain that

p/(g’ 1_77 g[)v d{)v g/) = q/(g9bv g(]v C_i(]v g/) (mOd E)»
where ¢’ := e + ¢ + ¢,+1. This means that

p(a@7 bv c, ron-H ) g)v ﬂ@? Qa C, Qgcn+1 ) g)a a@v é? C, docn+l, g)a ﬂ@v bv c, d()clﬂ-l ) E)) =z
q(a(a.b.c,c,coi1.€). (@, b, c.cCotr ) (@ b ¢, dCoir, ). Ba, b, . d €1, ©)),

ie.,
plala.b.c.c.e). Ba.b.c.c.e).a(a.b.c.dic,y1.€). B(a.b.c.dc,11.€)) =z (6)
q(a(a.b.c.c.e). Bla.b.c.c.e).ala.b.c.dyc,+1. ). B(a. b.c. dyc, 1. €)).
Since (6) holds for an arbitrary member p &~ g of = p, we may write
{@(@.b.c.c.e). Bla.b.c.c.e))

=p (a(a, b,c.dyc.y1.€). B(a, b, c.dc.r1.€)) C E.
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But evidently (@(a, b, c,c,e), B(a, b, c,c,e)) € &, again by the fact that @ &~ B is a
commutator equation for Q. Hence, applying (iD1) to the above situation, we obtain
that

(a(g»é’g’docn-‘rhg)’ 5(271_7’9’4001-%1’2‘)) € 5. (7)

In the second stage, for each equation p(x,y,z,w) =~ g(x,y,z, w) belonging to
= p, we define the following two terms:

Py zwy) =
pla(x, y, v, 00z, u), B, y, v, V92, 1), (X, y, v, Vow, 1), B(X,y, v, VoW, 1)),
gy zw ) =
q(a(x,y,v,v0z, 1), B(x, Y, 0, 002, 1), (X, y, v, vow, ), B(x, y, v, VoW, u)).
where:

v is a sequence of variables (of length n + 1) not occurring in x, y, z, w, u,
v, 1s a sequence of variables (of length n) not occurring in x, y, z, w, u, v,
vii=ut v+,

Claim 4. p'(x,y,z,w, V') = ¢'(x,y,z,w, V') is a commutator equation for Q in the
variables x,y and z, w.

The proof of the claim is left as an exercise. O

By the above claim and the inductive hypothesis (in the proof of Sublemma 2),
we obtain that

p'(a.b.cnr1,dut1.€) = ¢ (@b, cpy1.dpyr.€) (mod &),

where ¢’ = e + ¢ + d,,. This means that

p(awvésg’ n+l’) ﬂL b CVAQ n+1?e) (’YL n+1?e) /3(0 b Cvgo r1+l’))
q(a(a,b,c.d,c,11,e), B(a, b, c,dc,y1,e) ala, b,c,dyd, i1, €) B(a, b, ¢, dyd,11 €)),

ie.,

plala,b,c,dyc,t1,e), Bla, b, c,dic,y1,e) ala b, c,d,e), B(a,b,c.d,e)) =g (8)
q(a(a,b,c.dc,y1, ) Bla, b, c,dic,y1,e)aa,b,c.d, e), B(a, b, c,d, e)).

Since (8) holds for an arbitrary member p ~ g of = p, we may write

(a(gvévgvdocrﬂrlvg)’ ﬂ(QvQ,E,ronJmé))
=D (a(gvb’gvé»g)’ /3(272’2’4’9) c&

Now using (7) and applying (iD1) to the above situation, we obtain that {«(a, b, c,

47€)’ﬂ@’é’£’é’g)) € =
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The inductive proof that P(m, n) holds for any positive value of n is complete.
Sublemma 2 has been proved. O

This concludes the proof of Lemma 4.1.7. O

The theorem is an easy consequence of the above lemmas. In virtue of
Lemmas 4.1.3 and 4.1.5, Z,(®,¥; &) is equivalent to Zon(®,¥; Z). In turn
Zr2(®@,W; &) is equivalent to Zjcom(P,¥; Z) by Lemmas 4.1.4 and 4.1.6.
Zeom(®@,¥; £) is equivalent to Zy com(®,¥; &) by Lemma 4.1.7. Thus all the
four conditions are equivalent. O

Note. Conditions Z,(®,¥; E) and Z, (P, ¥; &) were essentially formulated by
Kearnes and McKenzie (1992) in terms of polynomials of algebras. They proved that
these conditions are equivalent for any algebra belonging to a relatively congruence-
modular quasivariety. The conditions Z.on (P, ¥; &) and Zy com (P, ¥; &) seem to
have not been considered in the literature. O

Corollary 4.1.8. Let Q be a quasivariety with the relative shifting property. Then
for any algebra A € Q and any Q-congruences @, ¥ of A,

[®.%] = ({& € Cong(A) : Z(®.¥: &)}
where Z is an arbitrary but fixed centralization relation from the above list of four
centralization relations. O
The following observation is useful:

Corollary 4.1.9. Let Q be a quasivariety with the relative shifting property. Then
for any algebra A € Q and any Q-congruences @,V of A,

[D.¥] = Oqg({{ala,b,c.d.e), B(a.b,c.d,e)) :a(x,y,z,w,u) ~ B(x,y,z,w, u)

is a quaternary commutator equation Q, a = b (®), ¢ = d (¥), and e € A~*}).

Proof. Take the centralization relation Z4 .o, and apply the above corollary. O

On the right-hand side of the above corollary one may even take a subset of
the set of all quaternary commutator equations in x,y and z, w. E.g. one may take
the quaternary equations belonging to any set A such that QF(A) = QF(x ~
¥)NQF (z &~ w) (see Theorem 4.3.9) and even smaller sets (Theorem 4.1.11 below).

Theorem 4.1.2 implies:

Corollary 4.1.10. Let Q be a quasivariety with the relative shifting property. Then
for any algebra A € Q and all @, ¥ € Cong(A):

(@, WA = sup{[@q(a, b), Oq(c, DA a=b (@), c=d (W)}

(The supremum on the right-hand side of the above formula is taken in the lattice
Cong(A).)
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Proof. Let A be the set of all quaternary commutator equations for Q. Suppose
A €Qand @, ¥ € Cong(A). It is easy to see that

O Ji(Ve)Ala.b.c.d.e) :a=b (@), c=d (¥)}).
is the least Q-congruence =& of A for which Zy .o (@, ¥; &) holds. Hence
[@. 91" = Oo(Ji(VoA@.b.cd o) :a=b(P). c=d (9)})

by Corollary 4.1.8.
Leta, b, c,d € A. By the above remark, the least Q-congruence & of A for which
Z4 com(Oqla, b), Og(c,d); &) holds coincides with

@Q(U{(Vg)A(a/,b/, d,d',e):d =1 (mod Og(a,b)). ¢ =d (mod Og(c,d))}).

But [@q(a,b), Og(c,d)}! is the least Q-congruence Z of A for which Zj com
(Bqla, b), Oqg(c,d); E) holds, again by Corollary 4.1.8. It follows that

O J{(Ve)Ala.b.c.d.e):a=b (®). c=d (¥)}) =

sup{@Q(U{(Vg))A(a',b', d.d'e):d =b (Oga,b)),  =d (Og(cd)}) :
a=b (). c=d W) =
sup{[@q(a,b), Og(c,)* :a=b(P), c=d (¥)}. O

Let Q be a quasivariety with the relative shifting property. Letx ~ y =>pza~ w
be a Day implication system for Q. By Theorem 3.6.2, Q has the relative cube
property. Let X.(x1,x2,x3, X4, V1,2, V3, y4) be the set of equations in 8 variables
supplied by Theorem 3.6.1 and let (@)*, (8)*, and (§)* be the equations and the rule
of inference of QF provided by that theorem.

For each equation p ~ g € X, for any m-tuple t = 1y, ..., 1, of terms, and any
two terms f(x, y, u), g(x, y, u), we define the following terms:

P =pf(xz ). feow 1), f (3. 2.0, f (. w. 1), g(x, 2, 1), g(x, w, 1), g(v. 2. 1), g(y, w. 1)),
q, = q(f(xv Z!D!f(xv Wvaf()’v 2, va(yv W,Q, g(x7 2, [),g(X, W’D’ g(y7 Z?D? g(y’ W’D)

(see the proof of Lemma 4.1.5).

Let A.(x,y,z, w, u) be the set of all equations of the form p’ ~ ¢’ with p’ and ¢’
defined as above, f and g ranging over (m + 2)-ary terms (for all m), and ¢ ranging
over strings of terms. The set A, is infinite.

In a more compact form, A, is the union of the following finite sets of equations

Ec(f(‘x7z’£)7f(‘x7 W’Z)’f(y’ZsZ)»f(y» W’D’ g(x’ Z’Z)’g(‘x7 W,D, g(y9ZsZ)»g(yv W’D)
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obtained from the equations of X.(x1,x,x3, X4, V1, Y2, V3, Y4) by the uniform sub-

stitution of the terms f(x,z, 1), f(x,w, 1), f(y,2,8), f(y,w, 1), g(x,2,1), glx,w,1),

g, z,1), g(y,w, t) for the variables xi, x, x3, X4, Y1, V2, V3, V4, respectively.
Applying the notation adopted in the proof of Theorem 3.6.2 we may write:

Ac(x,y,z,w,u) =
(G20 ~ g2 0) =p flxw. D) & g(x.w. 1)

=D (f(%z,l) ~ g(yvz’z) in(y’W»D ~ g(y’ Wﬁ!)) :fandgrange

over (m + 2)-ary terms (for all m) and ¢ ranges over strings of terms}.

Note. The set A.(x,y,z, w, 1) has the following absolute invariance property: it is
the same in any quasivariety Q for which x ~ y =p z &~ wis a Day implication sys-
tem. This fact directly follows from the definitions of X (xy, x2, X3, X4, Y1, Y2, ¥3, V4)
and A,. O

Theorem 4.1.11. Let Q be a quasivariety with the relative shifting property. Let
X &y =p z & w be a Day implication system for Q. Define the set of equations A,
as above. A, is a set of quaternary commutator equations for Q such that for every
algebra A € Q and any @, ¥ € Cong(A):

[@. 0" = O(|_J{(Vo)Acla.b.c.d.e) :a=b (D). c =d (¥)}).

A, is called the set of quaternary commutator equations for Q supplied by the
(relative) cube property and the centralization relation in the sense of the classical
two-binary term condition.

Proof. The fact that A, is indeed a set of quaternary commutator equations for Q
follows from the claim being a part of the proof of Lemma 4.1.5.

To prove the above equality, we shall make use of the centralization relations
Z4 com and Z; » (defined in the algebras of Q). Suppose A € Q and @, ¥ € Cong(A).
We let &, denote the congruence Oq( | J{(Ve) Ac(a,b,c,d,e) : a = b (D),
c=dW¥)}).

Since A.(x,y,z,w,u) is a set of quaternary commutator equations for Q, it
immediately follows that Z is included in any Q-congruence & of A such that
Zscom (P, ¥; &) (see the definition of Zy com). It follows, by Theorem 4.1.2, that
&y is included in any Q-congruence = of A such that Z, (@, ¥; &). To prove the
theorem, it therefore suffices to show that

Zy,(P, ¥; By). (D

To show (1), assume f(x, y, u), g(x, y, u) are arbitrary terms, where u = uy, ..., Uy,
a=b (@), c=d(W)andlete = ey,...,e, be asequence of terms. Suppose that
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the pairs (f(a. ¢, e), g(a, ¢, e)), (f(a.d.e).g(a.d, e)), 2
(f(b,c,e),g(b,c,e)) belong to .

We must show that (f(b,d, e), g(b,d, e)) € Ey.
But by the definitions of A, and &, we have that

Ye(fa,c.e).f(a.d.e).f(b.c.e).f(b.d,e),
g(av cvé)! g(a,d,g),g(b, ng)vg(bs dvg)) - EO- (3)
(2) and (3) imply

Ye(fla.c.e).f(a.d.e).f(b.c.e).f(b.d.e),
f(asCag)vf(a’d7€)7f(bsng)vg(bsdvg)) - EO' (4)
But by condition (§)* (see Theorem 3.6.2) we have that

(f(b.d,e), g(b.d.e)) € Oq(Xc(f(a,c,e).fla.d,e).f(b,c.e).f(b.de),
fla,c.e).fla.d e).f(b,c.e).g(b.d,e)) (5
(4) and (5) imply that

U‘(b» d? g)’ g(b7 d’ g) € EO‘
So (1) holds. The theorem has been proved. O

It follows from Theorem 4.1.2 that the definition of the equationally defined
commutator, adopted in this paper, is equivalent to the definition provided by
Kearnes and McKenzie (1992) for relatively congruence-modular quasivarieties.
Theorem 4.1.2 is a main tool which, in the presence of the facts established
by Kearnes and McKenzie (1992), enables us to derive the crucial Theorem A
announced in the beginning of this section:

Theorem 4.1.12. (This is Theorem A repeated.) Let Q be a relatively congruence-
modular quasivariety. The equationally defined commutator for Q coincides with
the commutator for Q in the sense of Kearnes and McKenzie.

Proof. Let Q be an RCM quasivariety of algebras. Let A € Q. Then, for any
Q-congruences @, ¥ of A, the commutator of @ and ¥ in the sense of Kearnes and
McKenzie coincides with the Q-congruence (\{& € Cong(A) : Z,2(P.¥; B)}
(Theorem 2.13(3) of Kearnes and McKenzie 1992). But Q has the relative shifting
property. It follows from Theorem 4.1.2 and Proposition 4.1.1 that

((E € Conq(A) : Zx2(D.W: B)} = [ |(Z € Conq(A) : Zeom(P. ¥: B)} = [, V]*.

From the last two equalities the thesis follows. O
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4.2 Centralization Relations in the Sense of One-Term
Conditions

4.2.1 Three More Centralization Relations

We shall examine three more centralization relations. Let A be an arbitrary algebra
and let @, ¥, 5 be congruences of A. We write:

Zi(D,¥; 8)

~

(D centralizes ¥ modulo & in the sense of the classical one-term condition).
By definition,

Z\(0,W; B) &4 for any positive integers m, n, for any term #(x, y, u)

with x = x1,..., X, Y=Vl Vns for any two m-tuples a, b of elements of
A and any two n-tuples ¢, d of elements of A such that a = b (mod @) and
¢ =d (mod V),

t(a,c,e) =t(a,d,e) (mod &) implies 1(b,c,e) =1t(b,d,e) (mod E),

for any sequence ¢ of elements of A of the length of u.
We also define
Zys(@. ¥ E),
a relaxation of the above condition Z| (@, ¥; Z'). We put:

Zy5(D,¥; B) g  for any positive integer n, for every term #(x, y, u)
with y = yi, ..., y,, for every pair a, b and any two n-tuples ¢, d of elements
of A such thata = b (mod @) and ¢ = d (mod V),

t(a,c,e) = t(a,d,e) (mod &) implies #(b,c,e) =t(b,d,e) (mod T),

for any sequence e of elements of A of the length of u.

While the centralization relation Z 5 only plays an auxiliary role in our consider-
ations, the subsequent centralization relation Z, we define plays a significant role in
the theory of congruence-modular varieties (see, e.g., McKenzie 1987). Zy(D, ¥; &)
is a relaxation of the above condition Zy 5(®, ¥; &). We put:

Zy(D,V; &) &y forevery term #(x, y, u), for every quadruple a, b, c, d
of elements of A such that a = b (mod @) and ¢ = d (mod ¥), and for any
sequence e of elements of A of the length of i,

t(a,c,e) =t(a,d,e) (mod Z) implies t(b,c,e) =t(b,d,e) (mod &).
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Trivially, Z,(®,¥; &) implies Zys(P,¥;E) and Zys(P,¥;E) implies
Zy(D,V; B).

The next theorem establishes the equivalence of the above three centralization
relations for a wide class of quasivarieties.

Theorem 4.2.1. Let Q be a quasivariety with the relative shifting property. Then,
for every algebra A € Q and any congruences @, ¥, E € Cong(A),

@ Z(P,V;5) & Zys(D,¥;8) & Zy(P,¥:8).
() Zeom (P, ¥; B) implies Z,(P,¥; E), ie., the fact that @ centralizes ¥ modulo

E in the sense of arbitrary commutator equations implies that @ centralizes ¥
modulo E in the sense of the one-term condition.

Proof. Suppose A € Q and @,¥, & € Cong(A). To show (a), we first prove the
following lemma.

Lemmal. Z;(®,¥;5) & Zys(®,¥; &).

Proof (of the lemma). Evidently Z, (@, ¥; &) implies Zy 5(D, ¥; &). The proof the
reverse implication is similar to the proof of Lemma 4.1.6. We apply Theorem 3.5.1.
Assuming Zy 5(®, ¥; &), we prove the following sentence (Vm) T (m), where T (m)
is formulated in terms of polynomials over A:

T(m) For any polynomial #(x, y) over A with |x| = m, and for any sequences
a, b, ¢, d elements of A such that |a| = [b| = m, |c| = |d| = [y]
and ¢ = b (mod @) and ¢ = d (mod ¥), the condition

t(a,c) = t(a,d) (mod &) implies t(b,c) = t(b,d) (mod ZE).

(a) will be proved once we show T'(m) for all possible values of m. T (m) is proved
by induction on m.

Sublemma. T'(m), for allm = 1.

Proof (of the sublemma). The case m = 1 is covered by the assumption
Zy5(P,¥; Z) Now suppose the sublemma is true for a certain m. Let a =
ai,...,Qm,auy1 and b = by, ..., by, byt be (m + 1)-tuples, ¢ and d arbitrary
sequences of elements of the same length such that ¢ = » (mod @) and ¢ =
d (mod V), and let #(x, y) be a polynomial over A with x = xi,..., Xy, X+ and
[y| = |c| = |d|. Assume that t(a,c) = t(a,d) (mod Z). We need to show that
t(b, c) = t(b,d) (mod &). We prove it in two stages.

Put x, = xi,...,x, and g, := ay,...,an, by = by,...,b,. For each
equation p(x,y,z,w) ~ q(x,y,z, w) belonging to the Day implication = for the
consequence QF, we define the following two polynomials over A:

P (x0,y) := p(t(a,y), (@, d), 1(xgam+1, ), 1(Xgm+1, d)),
q/@o, X) = q(t(g, X)’ t(g, 4)7 t@oa,71+1,2), t(%am+lyé))'

Claim 1. Letp ~ g be in =p. Then p'(a,.c) = p'(a,.d) (mod &) and ¢'(a,, c) =
q'(ay, d) (mod &).
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Proof (of the claim). We have:

p/(QO’ g) = p(t((;l’ g)i t(gv é)’ t(g()am-i-l ’ g)» t(g()am—l—l ) 4)) =
p(t(a,c), t(a,d), t(a,c),t(a,d)) =z (by the assumption)
p(t(g’ é)v I(Q, é)v t(‘_l’ é)v t(‘_l’ é)) = pl(c_l(y 4)
The second condition is similarly proved. O

It follows from the claim and the inductive hypothesis that

P (by.©) = p/(by.d) (mod &) and ¢/ (by.©) = ¢ (by. d) (mod E),

for any p & ¢ in = p, which means that

p(t(gv Q)»t(g»d)?t(éoam-i-lvg)’ t(goam-i-l’é)) =z
p(t(a,d), t(a, d), t(byam+1,d), t(byam+1,d)) (1)

and

q(t(a, ©), 1(a, d). t(byam+1. ©), dgamt1,d)) =g
q(t(a,d), 1(a, ), t(byam+1, )., t(byam+1.d))  (2)
forall p ~ g in = p. But evidently, by (iD3), the elements standing on the right-hand
sides of (1) and (2) are identical, i.e.,
p(t(a, d). t(a, d), t(byam+1, d), t(byam+1,d)) =
q(t(a.d), t(a. d), t(byam+1. d), t(byam+1. d)).

Consequently, the elements standing on the left-hand sides of (1) and (2) must be
& -congruent, i.e.,

p(t(gv g)» I(Q, @’ t@oam-l—lv Q)s I(Qoam-‘rlvé)) =z
C](I(C_l, Q)» I(Q»é)» t@oam-i-l,g), I(Q()am-i-l’é))

for all p &~ g in = p. This shows that (¢(a, ¢), t(a,.d)) =p (t(byam+1.¢). t(byam+1,
d)) € E. Since, by the assumption, #(a, ¢) =z t(a, d), we thus obtain that

t(byam+1,¢) =5 t(byam+1,d), 3)
by (iD1).
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In the second stage, for each equation p(x,y,z,w) ~ ¢(x,y,z, w) belonging to
= p, we define the following two polynomials:

p/(x7z) = p(t@’X)’ t(ﬂ’ d)v I(QOX,X), t(lloxv 4))7
q'(x,y) := q(t(a,y), t(a, d), t(byx, ), t(byx, d)).

Claim 2. Let p = g be in =p. Then

p/(am+1v£) ==z p,(am-Hvd) and C]/(Clm+1,£) =z q/(am+lvc_i)~

Proof (of the claim). By (3) and the assumption we have:

p/(am-l-lvg) :p(t(gv Q)’t(g’ d)’t(éoam-i-lvg)’t(lzoam-‘rl»é)) =z
P(I(Q»Ql)»f(g»é)’f@oam-i-l,d),f@oam—i—l,@) =P/(am+l,4)'

The second condition is similarly proved. O

It follows from the claim and the inductive hypothesis that

P (bus1.0) =z p'(bpy1.d) and ¢ (bus1.0) =z ¢ (buy1.d),

for all p ~ g in = p, which means that

p(1(a, ¢). t(a, d), (b, ), 1(b. D)) =g p(t(a. ). 1(a.d),1(b.d),1(b.d)) (4

and

q(t(a. ). 1(a. d).1(b. 0). 1(b. d)) =¢ q(1(a.d). 1(a.d). 1(b.d).1(b.d)).  (5)

for all p &~ ¢ in = p. But the elements standing on the right-hand sides of (4) and (5)
are equal by (iD3). Hence the elements standing on the left-hand sides of (5) and (5)
are = -congruent, i.e.,

pli(a.c). t(a,d), 1(b, ). 1(b. d)) =z q(i(a. ¢), 1(a.d), 1(b. ¢). 1(b, d)).

for all p &~ g in =p. This shows that (#(a, ¢),t(a,d)) =p (t(b,¢),t(b,d)) C E.
But #(a, ¢) =z t(a, d), again by the assumption. Hence, using (iD1), we infer from
the above that #(b,c¢) =g t(b,d). This proves the sublemma and at the same time
concludes the proof of Lemma 1. O

Lemma 2. Zys(®,¥; Z) ifand only if Zy(P,V¥; E).
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Proof (of the lemma). Evidently Z,5(®,¥; &) implies Zy(P, ¥; &). To prove the
reverse implication, we assume Zy(®, ¥; Z') and we prove the following sentence
(Vm) T(m), where T (m) is formulated in terms of polynomials over A:

T(m) For any polynomial ¢(x, y) over A with |y| = m, and for any a, b € A, for any
sequences c, d elements of A such that |c| = |d| = |y|,a = b (mod ®) and
¢ = d (mod ¥), the condition t(a, ¢) = t(a,d) (mod Z) implies (b, ¢) =
t(b,d) (mod &).

The lemma will be proved once we show 7 (m) for all positive values of m. T'(m)
is proved by induction on m.

Sublemma. 7(m), for allm = 1.

Proof (of the sublemma). The case m = 1 is covered by the assumption
Zy(®,¥; E). Now suppose the sublemma is true for a certain m. Let ¢ =
Cly-vvnsCmyCmy1 and d = dy,...,dy,dyy1 be (m + 1)-tuples of elements of
A such that a = b (mod @) and ¢ = d (mod ¥), and let #(x, y) be a polynomial of
A withy = yi,....,Ym Yms1. We assume that #(a, ¢) = t(a,d) (mod Z). We need
to show that #(b, ¢) = t(b,d) (mod &).

We define Yo = Vlseoosm and ¢, := ci,...,Cm, dy 1= d,...,dy. For each
equation p(x,y,z,w) ~ q(x,y,z,w) belonging to the Day implication = for the
consequence QF, we define the following two polynomials:

Py, = plt(a, O, Ha, ). 5, 3y i), 15, D),

q(x, Xo) = q(t(a,c), t(a,d), t(x, Xocm+‘)’ t(x, d)).
Claim A. Letp ~ q be in =p. Then p'(a,c;) = ¢'(a.c,) (mod &).
Proof (of the claim). We have:
p'(a.co) = p(t(a.c). (a. d).1(a. ). /(a. d))
and
q'(a.co) = q(t(a.¢). t(a,d). t(a. c). t(a,d)).
As Q validates (iD2), we have that
pli(a,c).1(a.d). t(a, 0), ((a.d)) = q(t(a, ). (a.d). (a, ), 1(a, d)).
Hence p/(a, ¢,) = ¢'(a, ¢,) which trivially implies that p’(a. ¢,) =z ¢'(a,¢,). O

It follows from the claim and the induction hypothesis that p’(b, ¢;) =z ¢'(b. ¢,)
for all p ~ ¢ in = p. This means that

p(i(a. ), 1(a. d). 1(b, ¢). 1(b, d)) =z ¢(t(a. ¢). t(a. d). 1(b, ¢), 1(b. d))
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for all p &~ ¢ in =p. But, by assumption, t(a,c) =z t(a,d) (mod Z). Applying
condition (iD1) to the above situation, we conclude that ¢(b, ¢) = #(b,d) (mod &).
So T(m + 1) holds. This proves the sublemma and at the same time concludes the
proof of Lemma 2. O

The part (a) of Theorem 4.2.1 has been proved.

Proof of (b). Assume Z.,n(P,¥;E) holds. Assume a = b (mod @),
¢ =d (mod ¥) for some m-tuples a, b and some n-tuples ¢, d of elements of A,
and let t(a, c,e) = t(a,d,e) (mod Z), where t(x,y, u) is a term with |x| = m and
lyl = n.

Consider the Day implication x ~ y =p z ~ w for the consequence QF. For

each equation p(x,y, z, w) & q(x,y,z, w) belonging to = p we define the following
two terms:

Py, 2w ) = p(e(x, z, w), t(x, w, w), 1(y, 2, w), 1(y, w, ),
q (Y, 2w, u) 1= gt z, w), 1(x, w,w), 1y, 2, w), 1y, w, ).

Claim B. p’ =~ ¢ is a commutator equation for Q, for all p ~ q belonging to = p.

Proof (of the claim). Let p ~ g be in = p. We have:

P/(L X, 2w, Z) = P([(L Z, Z)s t(zs w, ﬂ)v f(% Z, Z)» I(L w, Z)) and
q'(x.x. 2z wou) = q(t(x, z, ), 1(x, w, ), 1(x, 2, 1), 1(x, W, ).
Thus the equation p’(x, x, z, w, u) ~ ¢'(x, x, z, w, u) is Q-valid by (iD2) since it is of

the form p(s,1,s,1) = q(s,t,s,1).
Similarly,

Py 2.2, u) = p(t(x. z.u), 1(x, 2, 1), 1(y, 2, u), 1y, 2, u)) and

q(x.y,z2.z.1) = qt(x, 2, w), 1(x, 2, w), 1y, 2, W), 1y, 2, W)

The equation p'(x, y, z,z,u) ~ q'(x,y,2,z, u) is thus Q-valid by (iD3) since it is of
the form p(s, s, t,1) = q(s, s,t,1). O

The assumptions that a = b (mod @), ¢ = d (mod ¥), Z.on (P, ¥; &), and the
above claim imply that p’(a,b,c,d,e) = ¢'(a,b,c,d,e) (mod &), forall p ~ ¢
belonging to = p and all sequences e of elements of A. Thus

p(t(a,c.e).t(a.d.e). t(b,c,e),t(b,d.e)) =z q(t(a,c.e).t(a.d,e),t(b,c,e), t(b.d, e)),

for all equations p &~ ¢ in = p and all strings e. Since #(a, ¢, ¢) = t(a,d, ¢) mod &),
we thus obtain that (b, ¢, ) = 1(b,d, ¢) (mod &), by (iD1). So Z,(®, ¥; E) holds.
This completes the proof of the theorem. O
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For varieties of algebras the shifting property is equivalent to congruence-
modularity. In this case both Theorems 4.1.2 and 4.2.1 can be considerably
strengthened and lifted to the form of equivalence:

Theorem 4.2.2. Let V be a congruence-modular variety. Then, for any algebra
A €V, all the seven centralization relations defined as above coincide.

Proof. As V has the shifting property, in virtue of Theorem 4.1.2 the four central-
ization relations Z4 com» Zcom, Z2 .2, and Z, coincide for V. In view of Theorem 4.2.1,
Zeom C Z1 = Zys = Zy for any algebra A C V. Thus, in order to prove the above
theorem, it suffices to show that Zy C Z4 com-

Letx ~ y =p z ~ w be the Day implication system for the consequence VF
supplied by Day equations for V. We know that this implication system satisfies a
stronger system of equations than (iD3), viz. the equations

plx,x,y,y) =y~ qx,x,y,y), (iD4)

forallp ~ ginx ~ y =p z ~ w (see Note 3.5.4).
Let A be an algebra in V, and &,¥, 5 congruences of A. Assume that
Zy(®, ¥; &) holds. This means that

(1) for every term f(x, y, u), for every quadruple a, b, ¢, d of elements of A such that
a=b (mod @) and ¢ = d (mod ¥),

t(a,c,e) = t(a,d,e) (mod &) implies t(b,c,e) = t(b,d,e) (mod &),

for any sequence e of elements of A of the length of u.

We claim that Zy o (P, ¥; &) holds in A. Let p(x, y, z, w, u) ~ q(x,y,z, w, u) be
a quaternary commutator equation for V and let a, b, ¢, d be a quadruple of elements
of A such that

a=b(mod ®) and c=d (mod V).
We must show that
pla,b,c,d,e) = q(a,b,c,d,e) (mod &)
for any sequence e of elements of A of the length of u.
In the proof that follows we shall be working with polynomials over the algebra

A rather than with terms. This will simplify the proof and, as is easy to check, we
will not lose generality of the argument.
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For each even i define the following two polynomials over A:

ti(xsysﬂ) = mi(p(a’xs c,y,g),q(a,x, c,y,g),p(a,x, c, d,g),q(a,x, c, dvﬂ))?
lip1(x, y,u) = mip1(p(a, x, ¢,y u). q(a,x, ¢,y u), p(a,x,c,d, u), q(a, x, c,d, u)).

Let e be a sequence of elements of A of the length of u.
Claim 1. f;(a,c,e) = ti(a,d,e) and tiy\(a,c,e) = tir1(a,d,e) forany even i.

Proof (of the claim). Fix even i. We compute:

tl(a’ c’ g) = ml(p(a’ a’ C’ c7 g)’ q(a’ a’ c7 C7 g)’p(a’ a’ C’ d’ g)’ q(a7 a’ C’ d7 g)) =
mi(p(a,a,c,c,e),pla,a,c,c,e),pla,ac,de)plaa,c,de) =plaacde).

(The second equality follows from the fact that p(x,y,z,w,u) ~ q(x,y,z,w,u)
is a commutator equation for V and hence p(a,a,c,c,e) = q(a,a,c,c,e) and
pa,a,c,d,e)= q(a,a,c,d,e). The third equality follows from (iD4).)
Similarly,
ti(a,d,e) = mi(p(a,a,c,d,e),q(a,a,c,d,e),p(a,a,c,d,e),q(a,a,c,d,e)) =
mi(p(a,a,c,d,e),p(a,a,c,d,e),p(a,a,c,d,e),pla,a,c,d,e)) =pla,a,cd,e),

by the same argument. Consequently, t;(a, ¢, e) = t;(a, d, e).
The proof of the equality t;4(a, ¢, e) = t;+1(a, d, e) is fully analogous. O

Claim 2. 7(b,c,e) = ti(b,d.e) (mod &) and ftiy1(b.c.e) = tiy1(b.d.e)
(mod &) for any even i.

Proof (of the claim). 1t trivially follows from Claim 1 that #;(a,c,e) = ti(a,d, e)
(mod &) and t;41(a,c,e) = tiy1(a,d,e) (mod Z) for an even i. Then use (1). O

But t;(b, c,e) = t;(b,d, e) (mod &) means that
mi(p(a,b,c,c,e),q(a,b,c,c,e),pla,b,c,d,e),q(a b,c.d e)) =z 2)
m;(p(a,b,c,d,e),q(a,b,c,d,e),pla,b,c,d, e),qla,b,c,d, e)) forieven.
Similarly and t;41(a, ¢, e) = t;+1(a,d, ¢) (mod Z') means that
miy1(p(a.b.c.c.e).q(a.b.c.c.e).pla.b.c.d.e).q(a.b.c.d.e)) =z (3)
miy1(p(a,b,c,d,e),q(a,b,c,d,e),pla,b,c,d,e),qla, b, c,d,e)) forieven.
Moreover
mi(p(a,b,c,d,e),q(a,b,c,d,e),pla,b,c,d,e),q(a, b,cd e)) = 4)
mi1(pa.b.c.d.e).q(a.b.c.d.e).pla.b,c.d.e).q(a.b.c.d.e)) forieven,
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because x ~ y =p z w satisfies (iD2), which means that the equations
m;(x,y,x,y) ~ mi+1(x,y,x,y), i even, are valid in V.
It follows from (2), (3), and (4) that
mi(p(a,b,c,c,e),q(a,b,c,c,e),p(a,b,c.d,e),q(a,b,c.d,e)) =z ()
miy1(p(a,b,c,c,e),q(a,b,c,c,e),pla,b,c,d, e),q(a,b,c,d,e)) forieven.

But p(a, b, c,c,e) = q(a, b, c,c, e), because p = ¢ is a commutator equation for V.
Hence trivially

pla,b,c,c.e) =z q(a,b,c,c,e). (6)

Applying the detachment property (iD1) of x ~ y =p z ~ w to (5) and (6) we
conclude that p(a, b, c,d, e¢) =z q(a, b, ¢, d, ), which is what was to be shown.
This completes the proof of Theorem 4.2.2. O

Corollary 4.2.3. Let V be a congruence-modular variety. Then for every algebra
A € V and any congruences @, ¥ of A,

[®.¥]* = ("{& € Con(A) : Z(®, ¥: B)}.

where Z is an arbitrary but fixed centralization relation from the above list of seven
centralization relations.

Theorem 4.2.2 and Corollary 4.2.3 imply that the equationally defined commuta-
tor for congruence-modular varieties coincides with the “standard” one—see Freese
and McKenzie (1987) . But this fact also follows from Theorem 4.2.1 and the results
presented in Kearnes and McKenzie (1992).

4.3 Generating Sets of Commutator Equations

We first adopt another notational convention.

Convention 4. The notation introduced in Convention 2 is extended to the term
algebra Te,. Let Ag(x,y,z,w,u) be a set of quaternary equations with k parame-
ters u. For any terms «, B, , 8, the set of equations

U{AO(a’ ﬂ’ )/,8, Q) 10 € Sk}

18 written as

(YwAo(a, B,y,8,u).
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The four definitions of centralization relations formulated for Q-congruences
in Section 4.1 are also applicable, after suitable modifications, to the term algebra
Te, and to equational theories of the consequence operation QF, where Q is an
arbitrary quasivariety. For example, let X, Y, Z be theories of QF. We write:

Z4 com (X» Y, Z)

(X centralizes Y modulo Z in the sense of quaternary commutator equations).
By definition,

Zyeom(X,Y;Z) &4 forany quadruple o, B, y, § of terms, the conditions
a~pfeX and y~§eY imply p(a,B,y.6,1) ~ q(a, B,y,8,1) € Z

for any quaternary commutator equation p(x, y, z, w, u) ~ q(x,y, z, w, u) for Q
and for any sequence ¢ of terms of the length of u.

In turn, we write:
22X, Y;Z)

(X centralizes Y modulo Z in the sense of the classical two-binary term condition).
By definition,

Z,,(X,Y;Z) &g forany equationso ~ B € Xand y ~ § € Y, any
two terms f(x, y, u), g(x, y, u), and any sequence ¢ of terms (of the length of u),

fla,y.0) =~ gla,y,t) € Z,
fla,8,H) ~ g(a,d,1) € Z,

fB,y,0) ~gB.y.p)eZ
imply
f(B,8,1) ~ g(B,d,1) € Z

Z,, is called the centralization relation in the sense of the classical two-binary
term condition.

Keeping in mind the remaining, original definitions of centralization relations
for Q-congruences, viz. Z.om, and Z,, one can easily reformulate them in terms of
equational theories of QF. Thisis a simple task and the details are omitted.

Similar remarks concern the three additional definitions of centralization rela-
tions adopted for congruence-modular varieties V, viz. Z;,Zy 5, and Z,. They are
also redefined so that they are applicable for equational theories of V©=.

The main theorems of the previous paragraph, which show the equivalence of
various centralization relations for congruences, continue to hold for the theories
of QF if one adopts the above modified definitions of centralization relations
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for equational theories. The proofs of these new theorems are straightforward
adaptations of the proofs presented above for congruences.

We have the following counterparts of Theorems 4.1.2 and 4.2.2 for equational
theories:

Theorem 4.3.1. Let Q be a quasivariety with the relative shifting property. Then
for any theories X, Y, Z of QF :

Z4,com(X’ Y;Z) 4 Zcom(X, Y;Z) < ZZ,Z(Xy Y;Z) < ZZ(X’ Y;Z)~ (1)

Moreover, the universal closure of (1) (quantified over all theories X,Y,Z of QF)
is equivalent to the universal closure of the formula

Z4,com((p» v, E) g Zcom((p, v, E) g Z2,2(<pv v, E) < ZZ((p» v 5) ()

(quantified over all algebras A € Q and all Q-congruences @, W, = of A).

Proof. Given theories X,Y,Z of Q, one proves (1) by emulating the proof of
Theorem 4.1.2 for the theories of QF. In the next step one proves that for any
two centralization relations Z;, Z, from the above list of four such relations, the
condition

For any theories X, Y,Z of QF, Zi(X,Y;Z) & Z,(X.,Y;Z) (a)

is equivalent to

For all algebras A € Q and all Q-congruences @, ¥, & of A,
Z(P V. E) & Z(D,¥;E). (b)

The proof of the equivalence of (a) and (b) makes use of the fact that the mapping
2 given by 2(I') := {{[«],[B]) : @« ~ B € I'} is an isomorphism from the
lattice of closed theories of the consequence operation QF onto the lattice Cong(F)
(Proposition 2.4).

Assuming (a), one first proves the equivalence (b) for the Q-congruences of
the free algebra Fg(w), then one extends (b) onto the Q-congruences of arbitrary
countably generated algebras of Q, and, finally, onto the set of all Q-congruences
of an arbitrary algebra of Q. We omit the details.

The proof of the reverse implication (b) = (a) is immediate.

Then (1) and (a) < (b) give (2). |

Theorem 4.3.2. Let V be a congruence-modular variety. Then in the algebra of
terms, all the seven centralization relations for equational theories of V= defined
as above coincide. Moreover, the equivalence of (1) and (2) continue to hold for the
remaining three centralization relations defined for varieties.
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The proof of Theorem 4.3.2 is similar. O

We have the following counterparts of Corollaries 4.1.8 and 4.2.3 for equational
theories.

Corollary 4.3.3. Let Q be a quasivariety with a Day implication system. Then for
any theories X, Y € Th(QF),

[X.¥] = ({Z € Th(Q) : R(X.Y: 2)}.

where R is an arbitrary but fixed centralization relation among Zs com, Zcom» Z2.2, Z
for the theories of QF.
If'V is a congruence-modular variety, then

[X.¥] = ({Z € Th(VF) : R(X. Y: 2)}.

where R is any centralization relation from the above list of seven centralization
relations. O

We also have:

Proposition 4.3.4. Let Q be an arbitrary quasivariety. Let Ao(x,y, z, w, u) be a set
of quaternary commutator equations for Q. The following conditions are equivalent:

() (X, Y] = Q5 (UL(Yw) Ao(@. B, 7.8, u) e~ feX, y ~5€Y})
for every pair X, Y of theories of QF,

(i) [@, ¥ = @AQ(U{(Vg) Ajy(a,b,c,d,e): (a,b) € D, (c,d) € ¥})
forall algebras A € Q and all ®,¥ € Cong(A).

Proof (an outline). (ii) = (i). Let F be the free algebra Fg(w). (ii) implies that

(i) [@,¥]F = @S(U{(Vg)Ag(a,b,c, d,e):{a,b) e ®, (c,d) eV}
for all @, ¥ € Cong(F).

Then (i) holds, by Proposition 2.4.

(i) = (ii). (1) implies (iii). Then, one extends (iii) onto countably generated
algebras, and, finally, onto algebras of arbitrary cardinality. This shows (ii). O

In this section the focus is on some syntactic aspects of the theory of the
commutator, namely the axiomatization of the equational theory QF(x ~ y) N
QF (z ~ w) of all quaternary commutator equations for a quasivariety Q.

Proposition 4.3.5. Let Q be an arbitrary quasivariety and F = Fq(w) the
w-generated free algebra in Q. For any positive integers m and n, the equationally
defined commutator of the congruences @S(([xl], Dil)s - (ol oml))  and

@g(([m], Wi}, ..., {[za], [Wa])) in F coincides with their meet.
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Proof. We apply Propositions 2.5 and 3.2.3. It suffices to show that

@S(([xl]v Ul])v B ([xm]’ Urn])) N @(F)(([Zl], [Wl])» ) <[Zn]v [Wn]>) <
(O] 1D - - ([l D], OQ U] i) - ([za], [Wal)].

We shall make use of the mapping $2 defined as above on the equational theories
of Q¥F,

Let A:= QF(x; &~ i, Xm ~ ym) NQF (21 &~ Wi, ..., 20 & wy,). A is the set
of all commutator equations of Q in the variables x = xi, ..., X, Y= VleeesVm
andz =21,...,2Z,, W= Wi,..., W, Ais also a closed theory of Q':. We have:

[OG ({1, b)) - - (Bend. Dnd))s OG (L] wal) - ([za]. [wal))] 2
Of((Ve) A" (] ). 2] w]. &) =
OG({{[el, [B]) s ~ B € A}) =
(o). [B) ca~ pedy=2(4) =
2QFx ~ Y1k 2 y) NQE (@ R W2y A Wy) =
2Q(1 Ayt X A y) N 2QT@ A WL 2y W) =
OG([xi), ). - - (bl Dnd) N OGLza]s ), (L2l [wal))-

The reverse inclusion holds by Theorem 3.1.6.(ii). O

Proposition 4.3.6. Let Q be an arbitrary quasivariety and F = Fg(w) the
w-generated free algebra in Q. Let m and n be positive integers and let Ay be a
subset of QF (x1 & Y1, ... %m &~ ym) N QF (21 &~ Wi, ....24 &~ wy). The following
conditions are equivalent:

HQF(A0) = QF (1 & yiv ek X ym) NQF (21 A Wi, .., 20 & Wy).
OF ([, [B]) - @ ~ B € Ag}) =
(i) OG((bxa]. pal). - - (Bl D)) N OG(Lza]. i), - - (L], [wal).

Proof. This immediately follows from Proposition 2.5. O
Before passing to other results we shall introduce the following definition.

Definition 4.3.7. Let K be a class of algebras. Any set A(x, y, z, w, u) of equations
such that

KE(x ~ y) NKF(z ~ w) = KF (V) A(x,y, 2, w, 1))

is called a generating set of quaternary commutator equations for K. O
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Note. The variables x,y, z,w are assumed to be different and u = uj,u,,... is
a possibly infinite string of variables (of length k, where k < w). The variables
of u are called parametric variables. (We recall that the equations belonging to
KF(x ~ y) N KF(z &~ w) are called quaternary commutator equations in the
variables x, y, z, w with parameters for the class K.) It is clear that a generating set
A(x,y, z,w, u) exists (as A(x, y, z,w, u) we may take KF (x ~ y)NKF (z ~ w)). O

Let Q be a quasivariety. As QF (x &~ y) = Va(Q)F (x & y) for any variables x
and y, it follows that the classes Q and Va(Q) have the same quaternary commutator
equations in the variables x, y, z, w with parameters. (This also directly follows from
the definition of a commutator equation for Q.) As the consequence operations QF
and Qv(Q)F coincide on the equations x ~ y and z ~ w it follows that the classes
Q and Qv(Q) have the same generating sets of quaternary commutator equations.
We therefore interchangeably use the terms:

“generating set of quaternary commutator equations for Q”,
“generating set of quaternary commutator equations for Q=",
“generating set of quaternary commutator equations for Va(Q)” etc.

In particular, if Q is a quasivariety, then according to the above definition, any
set Ag(x,y, z, w, u) with the property that

QF (V) Ao(x,y, zow.u) = QT (x ~ y) NQF (z ~ w)

is also called a generating set of quaternary commutator equations for the (equatio-
nally-defined) commutator of Q. O

Proposition 4.3.8. Let Q be a quasivariety and Ay(x,y, z, w, u) a generating set of
quaternary equations for Q. Let Q' be a quasivariety such that Q' C Q C Va(Q').
Then Ay(x,y,z, w, u) is also a generating set of quaternary equations for Q', i.e.,

QF((Yu) Ao(x,y, zow.w) = QF(x ~y) NQF(z ~ w).
Proof. The inclusion
Ao(x,y,zw,u) CQF(x~ ) NQFE~w)

follows from the fact that the equations Ay (x, x, z, w, u) and Ay(x, y, z, z, u) are valid
in Q and hence in Q' (because Va(Q) = Va(Q')). Consequently,

QF((Vu) Ao(x,y,zow.u)) € QF(x ~ y) N QF(z ~ w).
As Q' € Qand Va(Q) = Va(Q'), we also have:
QF(~y)NQFE~w) =Va(Q) (x~y) NVa(@Q) (z~w) =
Va(Q)F (x ~ y) N Va(Q)F z~w) =QF(x ~ ) NQF z ~ w) =

Q':((vﬂ) AO(-xvyv <5 Wvﬂ)) - Q/):((VE) A()()C,y, Z, W, Z))
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Hence Q= (x ~ ) N Q7 (z ~ w) = QF((Yu) Ao(x.y.z, w.w). O

Let K be a class of algebras. Putting Q := Va(K) and Q' := Qv(K), we have

that Q' € Q = Va(Q'). Applying the above proposition, we get that for any set

Ao(x,y.z,w, u) such that Q= ((Vu) Ao(x.y.z,w,u)) = QF(x ~ y) N QT (z = w),

it is also the case that Q= (Vu) Ao(x,y,z, w,u)) = QF(x ~ y)NQF(z ~ w), ie.
Va(K)™ (V) Ao(x.y. 2w, ) = Va(K)™ (x ~ y) N Va(K)™ (2 ~ w)

implies that
Qv(K)F (V) Ag(x.y.z.w.w) = Qv(K)F (x ~ y) N Qu(K)™ (z ~ w).

As Va(K)F(x ~ y) = QuK)F(x ~ y) and Va(K)F(z ~ w) = QuK)F(z ~
w), we thus see that Va(K)=((Yu) Ao(x,y,z, w,u)) is a theory of the consequence
Qv(K)~.

The equationally defined commutator is characterized for quasivarieties with the
relative shifting property by generating sets in the following way:

Theorem 4.3.9. Let Q be a quasivariety with the relative shifting property and
Ao(x,y,z,w, u) a generating set of quaternary commutator equations for Q. Then

[®, WA = @AQ(U{(\@ Aj(a,b,c,d,e): (a,b) € D, (c,d) € ¥})
forall algebras A € Q and all ®,¥ € Cong(A).
Proof. In view of Proposition 4.3.4 it suffices to show that

X.7] = QS (Ji(Vw) Ag(e.B.y.8.w):a~BeXy~ser) ()

for every pair X, Y of theories of QF.
Fix theories X and Y of QF. Suppose & ~ f € X,y ~ § € Y. As Ay is a
generating set, we have that

Py, 2w, 0) & q(x,y,2,w,v) € QF((Yu) Ao(x,y, 2, w,u)),

for every quaternary commutator equation p(x,y, z,w,v) =~ q(x,y,z,w,v) for Q.
It follows, by structurality, that

(e, B.7.8.0) ~ qla. B.y.8.1) € QT((Yu) Ao(, B, 7.8, w)), 2

for any sequence ¢ of terms of the length of v.
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Applying Theorem 4.3.1, Corollary 4.3.3, and the centralization relation Z com
for theories, we see that (2) yields

[X.Y] =
Q= ({p(a, B. 7.8, ) ~ q(a. By, 8, ) ;a~ BEX, y~ 8 €Y, pxqis
a quaternary commutator equation for Q and ¢ a sequence of terms}) C

Q= (J{(vw) Ag(e.B.y.8.w) i~ feX. y~beT).

But the last inclusion is reversible, because Ag(x,y,z, w,u) is a set of quaternary
commutator equations. So (1) holds.
This proves the theorem. O

Proposition 4.3.10. Ler Q be a quasivariety with the relative shifting property.
Let A (x,y,z,w, u) be the set of quaternary commutator equations for Q supplied by
the relative cube property and the centralization relation in the sense of the classical
two-binary term condition (as in Theorem 4.1.11). Then

(V0w Acp.g.r.s.w):p~ge QF(x~y). rase QF(zx w)}

is a generating set of quaternary commutator equations for Q.

Proof. In view of Theorem 4.1.11 and Proposition 4.3.4,

Q=(JtVw Acp.g.rsw i prgeQTxry), raseQTrrw)) =

QFx~y».QFzraw]=Q x~»NQ-E~w). O



Chapter 5
Additivity of the Equationally-Defined
Commutator

In this chapter we are concerned with the problem of additivity of the equationally
defined commutator.

5.1 Conditions (C1) and (C2)

Let t be an algebraic signature. Let Q be a quasivariety of t-algebras and let A be
an arbitrary t-algebra, not necessarily in Q. The equationally defined commutator
of Q is additive on A if for any @, @,, ¥ € Cong(A):

(C1) (@1 +q D2, V] = [@1. V] +q [P, ¥].

(C1), quantified over all algebras of Q, is referred to as the additivity property of the
commutator. (C1) implies that

(Cl)ﬁn [CDI +Q...+0 CD,,,‘I’] = [(Dl,l]/] +Q...t+0 [@n,q/].
for any finite set {®y, ..., @,} of Q-congruences on A and any ¥ € Cong(A).

(C1) also implies that for any non-empty set {®; : i € I} of Q-congruences of A
and for any ¥ € Cong(A),

(CDoo [supi{®; i €I}, ¥] = sup{[®:. V] :iel}.
in the lattice Cong(A); equivalently

(O3 i@ 1ie ). vl =04 Ji@. vl iel)).
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If {&; : i € I} is a directed family, then (Cl)o, holds in virtue of Theorem
3.1.6.(v). Additivity thus postulates that (C1)s, holds for an arbitrary non-empty
family of Q-congruences.

(Cl)so follows from (Cl)sz, and the definition of the equationally defined
commutator. The inclusion (2) in (Cl)s, always holds by the monotonicity of the
commutator. To show the reverse inclusion, suppose that {a, b) € [@6(U{¢i (i€
I}), ¥]. It follows from Definition 3.1.5 that there is a finite subset /; I such that
{a,b) € [O (UKD : i € It}),¥]. (Cl)y, then gives that (a,b) € @‘é(U{[@i, U]
i € Iy}). Hence (a,b) € O o(UL[@:, W] 1 i € 1}). So (Cl)o holds.

The equationally deﬁned commutator of Q is additive on Q if it is additive on
every algebraA € Q. We then say that the equationally defined commutator satisfies
(Cl)on Q.

We need one more property of the commutator:

(C2) If h : A — B is a surjective homomorphism between Q-algebras and @, ¥ €
Cong(A), then

kerg(h) +q [®, ¥]* = h™' ([0 (hd). OF(h¥)]®).

(C2), quantified over all algebras A, B of Q, is referred to as the correspondence
property of the commutator. The above conditions are extensively applied in the
commutator theory—see Freese and McKenzie (1987) or Kearnes and McKenzie
(1992).

(C2) is stronger than the statement of Theorem 3.1.8.

It turns out that for any quasivariety Q, (C1) implies (C2). More precisely:

Theorem 5.1.1. For any quasivariety Q, if the equationally defined commutator is
additive on Q, then it has the correspondence property.

Proof. Let h : A — B be a surjective homomorphism between t-algebras, and
@, ¥ € Cong(A). According to Theorem 3.1.8,

kerq(h) +q [kerq(h) +q @. kerq(h) +q ¥I* = h™' (05 (h®), OF (h¥)]?)
Thus, to prove (C2), it suffices to show that
kerg(h) +q [kerq(h) +q @, kerg(h) +q WI* = kerg(h) +q [, ¥]*. (%)

As kerg(h) € Cong(A), (Cl) implies that kerg(h) +q [kerq(h) +q @,
kerq(h) +q W =kerq(h) +q [kerg(h), kerq(W)* +q [kerg(h), ¥4 +q
[@, kerq(W +q [®@, W] = kerg(h)+o[P, ¥4, because [kerg(h), kerq(h)]A C
kerg(h), [kerg(h), ¥1* C kerg(h), and [®, kerg(h)[* C kerg(h). This proves ().

It follows that A~ ([0 (h®), OF (h¥)]P) = kerq(h) +q [P, ¥]*. So (C2) holds.

O



5.1 Conditions (C1) and (C2) 101

The following theorem, being one of the crucial results of this section, charac-
terizes the additivity property of the equationally defined commutator in terms of
quaternary commutator equations.

Theorem 5.1.2. Let Q be a quasivariety of algebras. The following conditions are
equivalent:

(1) The equationally defined commutator for Q is additive, i.e., it satisfies (C1) in
any t-algebra A;

(2) There exists a set Ay(x,y, z, w, u) of quaternary commutator equations for Q in
x,y and z,w (possibly with k parameters u = uy,uy, ..., k < ) such that for
every t-algebra A and for every pair of sets X, Y C A?,

[©5X). O] = O J{(Ve) A3 (a.b.c.d. ) : (a.b) € X.(c.d) € Y}).
Note that condition (2) is stronger than Theorem 4.3.9—see Example 4 in Sec-

tion 6.4.

Notes. (a). We apply here the convention adopted in Chapter 3. We may rewrite
the above equality in a more developed form as

[05(X), OM* = Og({{a(a, b, c.d.e), Bla,b,c,d,e)) :
ar~ B e (abeX, (c.deY, ecA})). O
(b). Condition (2) immediately implies that
[0g(a.b). Og(c. )* = OH(Ye) Af(a.b.c.d.e))
for any algebra A and anya, b, ¢, d € A. This in turn implies that Ay(x, y, z, w, 1)

is a generating set for the equational commutator of Q. O

Proof. (1) = (2). Assume (1). In view of Theorem 5.1.1, the equationally defined
commutator for Q also satisfies (C2).

Let Ag = Ap(x,y,z, w, u) be an arbitrary set of quaternary commutator equations
for Q such that Q= (Ay) = QF(x ~ y) N QF (z & w). Ay is therefore a generating
set for the equational commutator of Q. Let k < w be the length of u = uy,u,, .. ..
In view of Propositions 4.3.4—4.3.5 we have that

[©g(Ix]. DD ©G (], WD = Og(AG (. D1, 2], [wl. [u)))

in the free algebra F := Fo(w). (Here [u] := [u;], [u2], . ...)
We prove the following string of claims.

Claim 1. Let B be any countably generated t-algebra and a, b, c,d € B. Then

(06 (a.b), O(c.d)]® = O((Ve) Af(a.b.c.d.e)).
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Proof (of the claim). Since Ag(x,y,z, w,u) is a set of commutator equations, the
definition of the equationally defined commutator gives:

Og(Ao(a.b,c.d,e)) € [OF(a,b), OF(c. D], (a)
for all sequences ¢ = ey, e, . .., ¢ of elements of B of length k.
To simplify notation we shall identify the free generators [x], [y], [z], [w], and
[4] = [m1], [u2], ... of F with x,y,z,w, and u = uy, up, . . ., respectively.

Let ¢ € B* be an arbitrary but fixed sequence of length k. Since B is countably
generated, there exists a surjective homomorphism % : F — B such that ix = q,
hy =b,hz = c,hw = d. Letej := hu; forj = 1,... k. (his arbitrarily defined for
the remaining free generators.) Then

Og(hx, hy) = Of(h(Of(x.y))) and  Of(hz, hw) = OF(h(OG(z. w))).

Indeed, putting X := ©F (x y), and applying Proposition 2.9 we obtain that

MR 1) +okera(h) = K(O(Of (x.1) +oker(h) = BB} (x. ). But the

congruence h(@ (x,y) +qkerg(h)) is equal to @g (hx, hy), also by Proposition 2.9.

Hence OF (hx, hy) = O3 (h(Og(x,y))). The proof of the other equality is similar.
We then have:

W= ([0g(a, b), Og(c, d)]P) = K™ ([Og(hx, hy), O (hz, hw)]¥) = (b)
W ([0§ (O (x, 1)), O (MO (z, w))IP) = (by (C2)
kerg(h) +q [OG(x,¥), Oz, )" =
kerq(h) +q O (Ao(x. y. 2. w, u)).
On the other hand, Proposition 2.9 also gives:
h~'(O§(Ao(a.b.c.d.e))) = h™ " (OF(Ao(hx, hy, hz, hw, hu))) = (©)

h™" (h(kerq(h) +q Of(Ao(x,y.z. w.w)))) =
kerg(h) +q @S(AO(X»Y» z,w, u)).

It follows that the first congruence of (b) is equal to the first congruence of (c), i.e.,
W~ ([©G(a, b), O5(c, d)]P) = i~ (Og(Ao(a, b, ¢, d, e))).
Consequently,

(0§ (a.b). Of(c.d)]® = Of(Ao(a.b,c.d, e)). (d)
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As e € B¥ is arbitrary, it follows from (d) that

(0§ (a.b). Of(c.d)]® = Of(Ve) Ao(a.b.c.d.e)).
The last equality combined with (a) gives the thesis of the claim. O
Claim 1 continues to hold regardless of the cardinality of B:

Claim 2. Let A be an arbitrary t-algebra and a, b, c,d € A. Then

[©3(a.b), O (c. D = OF((Ye) Af(a.b,c.d.e)).

Proof (of the claim). As Ay(x,y,z,w,u) is a set of commutator equations for Q,
the definition of the equational commutator gives the inclusion:

[04(a.b), Oy(a.b)]* 2 Of((Ye) Aj(a.b,c.d.e)).

We shall prove the opposite inclusion. According to Theorem 3.1.6.(vii) and
Claim 1 we have:

[©4(a.b), O(c.d)* =
Pola, b)), Bg(c, : B is a countably generated subalgebra
{[©5(a.b), O3(c.d)]” : B bl d subalgeb.
ofAanda,b,c,d € B} =
ola,b,c,d, e . D1s a counta enerated subalgebra
{©3(Ao(a.b.c.d. ) : Bi bly g d subalgeb
of A containing a, b, c,d € Band e € B}.

Suppose that a*, b* are elements of A and (a*,b*) € [@ (a.b), OA 0@ bA. 1t
follows from the above equations that there exists a countably generated subal-
gebra B C A containing a,b,c,d and a string ¢ € B* such that (a*,b*) €
O (Ao(a, b, c,d, ¢)). But evidently

Og(Ao(a.b,c.d.e)) € B> N Oy(Ao(a.b.c.d.e)).

Hence (a*,b*) € ©3(Ao(a, b, ¢, d, ¢)). Consequently,
(a*.b*) € OY(|_J{Ao(a.b.c.d.e) : e € A*}).

This proves the claim. O

Claim 3. Let A be any Q-algebraand ay, ... ,a,, by, ...,by,a,b,c,d € A. Ifa=b
(©g({ar, br), ..., (an, by)), then

(Ve) Ao(a,b,c,d,e) C @4 o((Ye) Ao(ar, by, c.d,e)U...U(Ve) Ag(an, by, c,d, e)).
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Proof (of the claim). The assumptiona = b (@ ({a1, b1), ..., {a,, b,)) implies that
[©4(a.b), Og(c, DI < [Og({ar. 1), ..., (an, b)), Og(c, DI, ()

by the monotonicity of the commutator.
We have:

O4((Ye) Ag(a.b.c.d.e)) = (by Claim 2)
[0 (a.b), Og(c, DI < (by (+))
[©5 (a1, b1), ..., (an, ba)), Og(c, )I* = (by (C1)
(04 (a1.b1). Oy (c.)* +q ... +q [O§(an. by). O (c.d)* = (by Claim 2)
O3((Ye) Ao(ar.by,c.d.e) +q ... +q O§(Ye) Ao(an. by, c.d.e)) =
O4((Ye) Ag(ar,by,c.d,e)U...U(Ye) Ag(an. by.c.d.e)). O

Claim 4. Let A be any t-algebra and X,Y C A2, Then
(05X, @5 = @g(U{(vg Ao(a,b,c,d,e): (a,b) € X, (c,d) € T}).

We note that Claim 4 is the same as the thesis of condition (2).

Proof (of the claim). It suffices to show that the congruence on the left side is
included in the congruence on the right side.
According to (C1) and Claim 2

[05(X), O = (@)
sup {[@g(a. b), Oy (c. )" : {a.b) € OY(X). (c.d) € OH(Y)} =

@AQ(U{(VQ Ao(a,b.c.d.e) : (a.b) € O§(X). (c.d) € Oy(Y)}.
(sup @ denotes the supremum in the sense of the lattice Cong(A).)
Assume (a*,b*) € @é(X) and (c*,d*) € @6(Y). Then there exist finite sets

X* C X and Y* C Y such that {a*,b*) € (96(}(*) and (c*,d*) € @6(Y*).
According to Claim 3 we then have:

(Ve) Ag(a*,b*,c*,d*,e) € OG(|_Ji(Ve) Ao(a,b,c*,d*,e) : (a,b) € X*}),  (B)

because {(a*, b*) € @6 (X™*). But we also have that for every pair (a, b) € X*,
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(Ve) Ao(a,b,c*,d*,e) < O4(|_J{(Ve) Ao(a,b,c.d, o) : (c.d) €Y™}),  (¥)

because (c*,d*) € @é(Y*).
Conditions (f) and (y) imply that

(Ye) Ao(a™.b*.c*.d",e) € )
O3 J{(Ve) Ao(a.b.c.d.e) : (a.b) € X* (c.d) € Y*}) S
O%(_J{(Ye) Ao(a.b.c.d.e) : (a.b) € X. (c.d) € Y}).

Taking into account (&), (6) and the fact that (a*, b*) and (c*, d*) are arbitrary
elements of @3(X) and OF(Y), respectively, we obtain that

[03(X). O5MN* € O J{(Ve) Ao(a.b.c.d.e) : (a.b) € X, (c.d) € Y}).

This proves the claim. O

Now, by Claim 4, condition (2) is satisfied for the set Ay (x, y, z, w, u) of equations
defined as above.

(2) = (1). We assume (2) holds. We show that the equational commutator for Q
is additive.

Let @;, i € I, be a family of Q-congruences on an algebra A € Q and
¥ e Cong(A). We claim that

8\ i@ i e ). vt = od Jile. w1 i)

in the lattice Cong(A).
We have:

O Jt@iie ). w1 = (by (2))

O J{(ve) Ao(a.b.c.d.e) : (a.b) e | Ji®i:iel}.(c.d)ew}) =
O JUJi(Ye) Ao(a.b.c.d.e) : (a.b) € ®i (c.d) e W} :iel}) =
O J1od( Ji(ve) Av(a.b.c.d.e): (a.b) € B, (c.d) e W})} :iel}) =
O Ji@. w1t rien).

This concludes the proof of the theorem. O
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Corollary 5.1.3. Let Q be a quasivariety whose equationally defined commutator
is additive. Let Ay(x,y, z, w, u) be a generating set of quaternary equations for the
equational commutator of Q. Then for any t-algebra A and any a,b,c,d € A,

[Oq(a.b). Og(c, d)* = Oq((Ye) Ag(a.b.c.d.e)).

Proof. This follows from the proof of the implication (1) = (2) above. |
The next observation supplements Theorem 5.1.2.

Theorem 5.1.4. Let Q be a quasivariety of algebras. The following conditions are
equivalent:

(1) The equationally defined commutator of Q is additive (on Q);
(2) There exists a set Ay(x,y,z,w,u) of (parameterized) quaternary commutator
equations for Q such that for any t-algebra A:

(2).4) If D, ¥ € Cong(A), then
(@, WA = @6(U{(V@ Ao(a.b,c.d.e) :a=b (®), c=d )}

and
(2).Gi) Foralla,...,a, by,...,bya,b,c,d €A, if

a=b (@6((&1, b]), ey <am bn))v
then
(Ve) Ao(a,b,c,d,e) € OA o((VYe) Ag(ar, by, c,d,e)U...U(Ve) Ao(an, by, c,d, e)).

Proof. (1) = (2). Assume (1) holds. Let Ag(x,y,z, w,u) be a generating set of
quaternary commutator equations for Q, i.e., QF ((Yu) Ao(x,y,z, w,u)) = QF (x ~
y) NQF @z~ w).

Let A € Q. To prove (2).(i), assume @, ¥ € Cong(A). Putting X := & and
Y := ¥, we immediately infer condition (2).(i) from the above theorem.

As to (2).(ii), we assume that a = b(@AQ((al,bl),...,(an,bn))) for some
a,...,apby,...,b,,a,b,c,d € A. Theorem 5.1.2.(2) gives that

O4((Ye) Ag(ar, by, c.d.e)U...U (Ve) Ag(an.by.c.d, e)) = (%)
[©g(a1.b1) +q - .. +q O(an. by). Og(c.d)].

As OA(a by < oA o(a1.b1) +q ... to oA 0(an, by), the monotonicity of the
commutator yields that

[©4(a.b), O (e, D] S [O (a1, br) +q - .. +q O (an by), O (c.d)].
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But [0 (a, b), O§(c,d)] = O§((Ye) Ao(a,b,c,d, e)). Hence, applying (x), we
deduce the thesis of (2) (ii).
(2) = (1). The proof of this implication is based on the following lemma:

Lemma 5.1.5. Let Q be an arbitrary quasivariety of algebras and Ay(x,y,z, w, u)
a set of (parameterized) quaternary commutator equations for Q. Suppose
Ao(x,y,z,w, u) validates the above condition (2).(ii) in the algebras of Q. Then
for any t-algebra A and every pair of sets X, Y C A?,
O Ji(Ye) Ava.b.c.d.¢) :a=b (Og(X)). ¢ =d (Oy(V)}) =
O Ji(Ve) Ao(a.b.c.d.¢) : (a.b) € X, (c.d) € Y}).

Proof (of the lemma). Suppose A € Q and X,Y C A% Let @ := @AQ(X) and
¥ 1= O4(Y). We trivially have:

O (Vo) Ao(a.b.cd.e)ra=b(®). c=d ()} 2
O J(Ve) Ao(a.b.c.d.e) : (a.b) € X, (c.d) € Y}).
We shall show that the above inclusion can be reversed. Suppose
(a0. bo) € O J{(Ye) Ao(a.b.c.d.e) :a=b(®). c=d (V).
As the closure operator @4 ( ) is finitary on subsets of A2, there exist four n-tuples
ai,...,a,, by, ..., by, cl,.. sCusdy,...,d, € Asuchthata; = b; (D), c; = d; (¥)
fori=1,...,nand

(0. bo) € OJ(J{(Ve) Ao(ai.bi.cindie) :i=1.....n}). (a)

Since the Q-congruences @ and ¥ are generated by X and Y, respectively, there
exist finite subsets X, € X and Y; C Y such that

(ai b)) € O§(Xy) fori=1,...,n, (b1)
and

(ci.d;) € OH(Yy) fori=1,...,n. (b2)

But (bl) and (2).(ii) imply that foreachi (i = 1,...,n)
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(Ye) Ao(ai. bi.ci.di.e) € O(|_J{(Vo) Ao(a.b.ci.die) : (a.b) € Xp}). (o)

Similarly, by (b2) and (2).(ii) we also have that for each i (i = 1,...,n) and each
(a, b) [S Xf,

(Ve) Ao(a, b, ¢ di,e) € OF (U{(Ve) Ag(a,b,c.d,e): (c,d) € Ys}). (d)

Combining together (c) and (d) we deduce that

(Vo) Av(ai.bicidie):i=1.....n} C
O Ji(Ve) Ao(a.b.c.d.e) : (a.b) € X;. (c.d) € Ys}). ()
In the presence of (a), condition (e) gives that
(a0 bo) € O{(_JI(Ve) Ao(a.b.c.d.¢) : (a.b) € Xy, (c.d) € V}}).
Consequently,
(ao. bo) € OY(|_J{(¥e) Ao(a.b.c.d.e) : {(a.b) € X, (c.d) € Y}).

This proves that

o5 J{(ve) Av(a.b.c.d.e):a=b (@), c=d (¥)}) C
@Aq(U{(Vg) Ao(a,b,c,d,e) : {a,b) € X, (c,d) €Y}, O
Having established the lemma, we prove the implication (2) = (1). Assume (2)

holds. Suppose A is a t-algebraand X, Y C A%. Let @ := @6(X) and ¥ = @‘é(Y).
According to condition 2.(i) and Lemma 5.1.5 we have that

[®, W] = @AQ(U{(\@ Aola,b,c,d,e) :a=b(P), c=d (¥))) =
O J{(ve) Ao(a.b.c.d.e) : (a.b) € X, (c.d) € Y}).

This proves that the equationally defined commutator of Q satisfies condition (2) of
Theorem 5.1.2. It follows that the commutator for Q is additive. O
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Notes. (a). In the above theorem the existence of a Day implication system for the
consequence operation QF is nor assumed. On the other hand, if QF possesses a
Day implication, (equivalently, Q has the relative shifting property), then Q satisfies
condition (2).(i) for some quaternary set of commutator equations Ay (x, y, z, w, i).
As Ag(x,y,z,w,u) one may take the set A, of quaternary commutator equations
supplied by the cube property (see Theorem 4.1.11).

(b). It may happen that (2).(i) is satisfied by some set Agy(x,y,z, w, u) and the
equationally defined commutator for Q is additive, but implication (2).(ii) does not
hold. An appropriate example is provided by the variety of equivalence algebras
in Section 6.4 (Example 4). |

Corollary 5.1.6. Let Q be a quasivariety with the relative shifting property.
Suppose that the equationally defined commutator for Q is additive. Let Z be any
of the four (equivalent) centralization relations defined as in Theorem 4.1.2. Then
for any algebra A € Q, for any sets X C A%, Y C A? and any congruence
E € Cong(A):

Z(0§(X).04(Y): E)  ifand only if
Z(@AQ(a,b), @AQ(C, d); &) for all pairs {a,b) € X,{c,d) € Y
Moreover, if Q is a congruence-modular variety, then the above holds for any of
the seven equivalent centralization relations defined as in Theorem 4.2.2.

Proof. Let A, X,Y and E be as above. In view of Theorem 4.1.2 and
Proposition 4.1.1, [()A(X) (o5 (Y)] is the least Q-congruence in A for which

Z(O X), 04 (Y) &) holds. Tr1v1ally, if Z(O X), 04 (Y) Z)) and &) C E,, then
Z(O (X), O o(Y): &2), for all congruences &, &> onA Hence, by the additivity of
the commutator the following conditions are equivalent:

Z(O4(X), Og(Y); &),
[6(X). O] € &,
Z(@ (a,b), 08 olc,d); &) forall pairs (a,b) € X, (c,d) €

To prove the second statement, apply also Theorem 4.2.2. O
5.2 Additivity of the Equationally-Defined Commutator
of Equational Theories

An interest into the equationally defined commutator of equational theories is
motivated by investigations concerning purely syntactical aspects of this notion.
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The equationally defined commutator for Q is additive in the lattice Th(QF) if

(Cl)theories [Xl +Q Xz, Y] - [Xls Y] +Q [XZ! Y],
for any closed theories X, X5, Y of Q’:.
The above condition is equivalently formulated in the infinite form:
[@=(Jx». Y1 = Q=( X YD),
iel iel
for any family X;, i € I, of closed theories of QF and any closed theory Y.
It is easy to see that (C1) implies:

For any epimorphism e : Te, — Te, and any sets of equation X and Y,
(C2)ineories  kerge) +q [Q7(eX), Q7 (V)] = ¢'([Q7(eX), Q7 (eV)]). O
As
¢ ([Q7 (eX), Q7 (eV)]) = kerq(e) +q [kerq(e) +¢ Q (X). kerg(e) + QT ()],

holds for any quasivariety Q (see Corollary 3.2.5), condition (C2)e0ries 1S €quiva-
lently formulated as the equation

kerQ(e) +q [X, Y] = kerQ(e) +q [kerQ(e) +q X, kerQ(e) +q Y],

holding for any closed theories X, Y and any epimorphism e : Te, — Te,.

We recall that, for a given epimorphism e, k, : Th(QF) — Th¢(QF) is the
retraction defined by k.(X) := kerg(e) +¢q X, for all ¥ € Th(QF). The above
equation thus states that

ko([X.Y]) = ke([ke(X). ke(Y)]).
for any closed theories X, Y.

The following observation supplements Theorem 5.1.2:

Theorem 5.2.1. Let Q be a quasivariety of algebras. The following conditions are
equivalent:

(1) The equationally defined commutator for Q is additive, i.e., it satisfies (C1) in
any algebra A € Q;

(2) The equationally defined commutator for Q is additive in the lattice Th(QF);

(3) There exists a set Ay(x,y, z, w, u) of quaternary commutator equations for Q in
x,y and z, w (possibly with k parameters u = uy, uy, ..., k < w) such that

[Q=(X). Q= ()] = Q7 (_J{(Vw) Ao(@.B.y.8.w) :a ~ X,y ~ 8 €Y},

for any sets of equations X, Y.
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Proof. The theorem follows from Theorem 5.1.2 and the following strengthening
of Proposition 4.3.4:

Lemma 5.2.2. Let Q be an arbitrary quasivariety. Let Ay(x,y,z, w, u) be a set of
quaternary commutator equations for Q with |u| = k < w. The following conditions
are equivalent:

() [QF(X), Q"MI=Q~(_J{(Vw) Ao(@. B, .8, w:a~ B eX,y~ber}
for every pair X, Y of sets of equations,

i) (03 OgMI* = O Ji(Ve) Ad(@.b.c.d.): (a.b) € X, (c.d) € V})
for all algebras A € Q and all sets X, Y C A2

Lemma 5.2.2 states that the equational commutator for Q is additive if and only
it is additive in the lattice of equational theories of Q7.

Proof (of the lemmay). In view of Proposition 2.5, (i) is equivalent to the fact that

@)% [0§X), OGN = O§(_Ji(Ve) Af(a.b.c.d.¢) : (a.b) € X. (c.d) € Y})
for the free algebra F := Fq(w) and all sets X, Y C F.

By repeating the (1) = (2)-part of the proof of Theorem 5.1.2, we get that
(i)* implies (ii). Hence (i) implies (ii). The reverse implication is also immediate,
because (ii) implies (i)* and hence (i). O

We now pass to the proof of Theorem 5.2.1. (1) implies (2), because (2) is
equivalent to the additivity of the equational commutator on the Q-congruences of
the free algebra Fg(w). (2) implies (3) by modifying the proof of the (2) = (1) part
of Theorem 5.1.2. In turn (1) is equivalent to condition (ii) of Lemma 5.2.2. (This is
the content of Theorem 5.1.2.) Hence, by Lemma 5.2.2, we get the equivalence of
(3) with (1). O

The following observation is also useful.

Theorem 5.2.3. Let Q be a quasivariety of algebras. The following conditions are
equivalent:

(1) The equationally defined commutator of Q is additive (on Q);
(2) There exists a set Ay of quaternary commutator equations for Q (possibly with
parameters u) such that for every pair X, Y of theories of QF it is the case that

2).0) [X.Y] = QF(U{(Vw) Ao(@.B.y.8.w):a~BeX.y ~EeY))
and

(2).(i) For any terms ay,...,0,, Bi,..., B &, B and any variables z and w
not occurring in these terms, if

axBeQ(@~pBi....an~ ),
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then
(Yu) Ao(a, Bz, w,u) €

QF (V) Ao(ar, Br.zowow) U ... U (Yu) Ag(ety, Brs 2, W, 10)).

The proof of this theorem is an easy modification of the proofs presented in Sec-
tion 5.1. (1) implies that the equationally defined commutator for Q is additive in
the lattice Th (Q#). Then (2) follows. In the proof of the implication (2) = (1) one
proves that (2).(1)—(2).(ii) imply that

[QT(X), Q=M = Q= (_Ji(Vw) Ao(e.B.7.8.w) ;e ~ e X,y xS €T}

for every pair X, Y of sets of equations.

(One argues as in the proof of the implication (2) = (1) of Theorem 5.1.4.) We omit
the details. Conditions (1) and (2) are therefore equivalent. ad

Note 5.2.4. In condition (2).(ii) of the above theorem we may restrict ourselves to
a set of standard rules forming an inferential base of Q':, that is:

Let R be a set of standard rules such that Cy = QF.

(2).(i)g Suppose that for every rule a; =~ By,...,a, ~ B,/a =~ B of R and any
variables 7 and w not occurring in the equations «; ~ Bi,...,0, =~ B,
and o = B it is the case that

(Yu) Ao(er, Bz, w,u)
Q':((Vﬂ) AO(al’ ,Bl,Z, W’ﬂ) u...u (Vﬂ) AO(ana ﬁmza W»ﬂ))

Then (2).() and (2).(i1)g imply that the equationally defined commutator
Sfor Q is additive. In fact,
(0 [QF(0). QFM=QF (J{(Vw) Ao(er. B.y.8.u):a ~ Be X.y ~ S Y},
for any sets of equations X, Y. O
Note that the equality () implies that Ay is a generating set for the commutator

of Q because for X = {x &~ y}, ¥ = {z & w} we get that
Q= x~y»NQ= Gz~ w) = [Q(x ~),Q (2 ~ w)] = QT (V) Ao(x,y, 2, w, ).

Conversely, if Ay is a generating set and R is an inferential base for QF, then the
additivity of the commutator and condition (2).(i) already imply (2).(ii)g.

Remark. Some care is needed when one operates with standard rules. Each rule
r:o; &~ Bi,...,a, = B,/a ~ B is given in a schematic way—the pair ({o; =
B, ...,o, & Bu},a = B) is a scheme of the rule and all pairs belonging to this
rule are of the form ({ea; = efy,...,ex, ~ ef,},eax = ef), where e ranges
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over endomorphisms of the term algebra Te,. Any other scheme of r is of the form
({ac; ~ aPy, ..., a0, =~ af,},ax ~ af), where a is an arbitrary automorphism of
the term algebra. It then follows by structurality that condition (2).(ii)g is ‘scheme-
independent’ in the following sense: if ({a] ~ B|.....a, ~ B}, &’ ~ B') is an
arbitrary scheme of r and z and w are any variables separated from the variables
occurring in o ~ B, ..., «a, ~ B,, then (2).(ii)z also means that

(Vﬂ) Ao(alv /3/7 W, Z) -
QT ((Yw) Ao(e}, B}, zow ) U ... U (Vi) Ao(etl, Bz, wom)). O

Note 5.2.5. Taking as Ag in Theorem 5.2.3 the (infinite) set A. of quaternary
commutator equations for Q supplied by the (relative) cube property and the
centralization relation in the sense of the classical two-binary term condition, we
conclude that if A, satisfies (2).(ii), then it satisfies (x), and hence the equationally

defined commutator of Q is additive. O
Letr:ay ~ Bi....,0, ~ Bn/a ~ B bearule of QF and let z and w be variables
not occurring in the equations o) ~ B1,...,u, = B, and @ ~ B. The set of rules

(Yu) Aoy, Br,zow ) U ... U (Yu) Aoy, Bu, 2w, 1)/ Ag(x, y, z, w, 1)

is called the Ag-transform of r. This set of rules may be infinite (if the set Ag(x, y, z,
w, u) is infinite). Moreover, if the string u of parameters is non-empty, the above
rules may be infinitistic. If the Ao-transforms of r are rules of Q, then, taking
into account the fact that the consequence QF is finitary, a finitarization procedure
can be applied to the Ay-transform of r so as to replace the above set by its finitary
counterparts. More precisely, taking an arbitrary rule (Yu) Ao(ay, B1,z, w,u)U. ..U
(Vu) Ao(ay, Br,z, w,u)/y = § with y ~ 6 € Ay(x,y, z, w, u), there exists a finite
subset

Xy~s © (Vi) Ao(r, Brozow ) U U (Vi) Ag(at, fns 2. W, 1)

such that X, ~s/y = 4 is a standard rule of QF. The set of all such rules Xyns/y =68
with y & § ranging over Ay (x,y, z, w, u) is called a finitarization of a given Ag-
transform of r. This set is finite whenever Ay (x, y, z, w, i) is finite.

We underline the fact that the finitarization procedure makes sense if the Ay-
transform of a given finitary rule r of QF are (possibly infinitistic) rules of QF.
In particular, this procedure can be applied for any rule of consequence QF
corresponding to any quasivariety Q whose equationally defined commutator is
additive.
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Theorem 5.2.6. Let Q be a quasivariety (in a given signature t) with the relative
shifting property. Let Ay(x,y,z,w,u) be a generating set. Then for every rule
r € Birkhoff (t) of Birkhoff’s logic B, the Ag-transform of r consist of rules of
QF as well.

As QF is stronger than the consequence Va(Q)F, the latter being an axiomatic
strengthening of Birkoff’s logic B, it follows that every Birkhoff’s rule r is a rule
of QF. (Generally, QF may also have other rules not being rules of B;.) The theorem
states that the Ao-transform of any Birkhoff’s rule r yields a set of rules of QF.

Proof. As Q has the shifting property and Ag(x,y,z,w,u) is a generating set,
Theorem 4.3.9 (see formula (1) in the proof of it) imply that [X, Y] = Q= (L{(Vu)
Ao, By, 8, u) cae ~ B € X,y ~ 8 € YY) for every pair X, Y of theories of QF.

The Ao-transform of the axiomatic rule /x =~ x consists of the equations
Ap(x, x, z, w, u) which are obviously Q-valid.

As QF(x ~ y) = QF(y ~ x), we have that QF(y ~ x) N QF(z ~
w) = QF(x &~ y) N QF(y ~ x). Consequently, QF (VYu) A¢(y,x,z,w,u)) =
QF((Vu) Ao(x,y,z, w,u)). The Ag-transforms of the rule x ~ y/y A x consists
of the rules (Vu) Ao(x,y,z,w,u)/ Ao(y,x,z,w,u). Since Ay(y,x,z,w,u) C
QF(x ~ Yy NQF(z ~ w) = QF((VYu) Ao(x,y,z,w,u)), the members of
(Yu) Ao(x,y,z, w,u)/ Ao(y, x, z, w, u) are Q=-rules.

The case of other rules is less trivial. We shall prove the following two lemmas,
interesting in their own right.

Lemma 5.2.7. Let Q be a quasivariety possessing a Day implication system = p.
Letx',y', 7, z, w be different variables. Then

Q"W ~H)NQFzraw) CQFW ~y)NQFz~ w)
+0QF (¢ ~ ) NQF(z ~ w).

Proof (of the lemma). We write: x~y=p zaw={p;(x,y,z,w) ~q;(x,y,z, w): i€1}.
Let Ag = Ag(x,y,z, w, u) be a set of quaternary commutator equations for Q such
that QF (x ~ y) N QF(z ~ w) = QF(Ao(x,y.z w,u)). (The variables x, y are
assumed to be different from x’,y’, 7/, z, w.) Then

QF (W ~ ) NQFz~ w) = QF (AW, 7,z w, ),
Q' ~y)NQF(z~ w) = QF (A, y . z. w. ),

Q'Z(y/ ~ Z/) N Q'Z(Z ~ W) = Q':(AO(y/s Z/v <y W»Z))v

by the structurality of QF.
Thus the lemma equivalently states that the Ay-transform of the transitivity rule
X =y, y ~7 /¥ ~7,viz,

Ao,y 2w u) U A, 2 2w )/ Ao(X . 2 2w, ), 1)
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is a set of rules of QF as well. The variables x’ .Y, Z,x,y,z,w are all different.
For brevity, the consequence operation QF is marked by C.

We define a set of equations as follows: in each equation p;(x,y,z,w) =
qi(x,y,z,w) belonging to =p the variables x; and y; are substituted for x,y,
respectively, while for the variables z, w in the equation p;(x, y, z, w) ~ g;(x,y, z, w)
one substitutes the terms p;(x2, y2, X3, ¥3) and gj(x2, y2, X3, y3), respectively, for each
Jj- The obtained equation in the developed form can be written down as

DPi(x1, y1, pj(x2, ¥2, X3, ¥3), qj(x2, y2, X3, ¥3)) ~ 2
qi(x1, y1, pj(x2, ¥2, X3, ¥3), 4j(x2, y2, X3, ¥3)).

The resulting set of equations, for all possible choices of i and j in I is marked here
for brevity as

X1~y =p (X2 X y2 =p X3 = y3), 3)

(cf. the notation adopted in the proof of Theorem 3.6.2).

We then make further substitutions in the equations of (3). Let «(x, y, z, w, u) &~
B(x,y.z,w,u) be an arbitrary but fixed equation belonging to Ag(x,y,z, w,u).
We define the substitution

xi/a(.y 2w, u)
y/BELY 2w, u)
x/a(y .,z w,u)
yZ/ﬂ(y/’ Z/9 Z,w, Z)
x3fa(xX', 2z w,u)
y3/:3(x/v Z/’ ,w, Z)
We apply this substitution to the equations belonging to (3). We then repeat the

above substitution procedure for all equations a(x,y,z,w,u) ~ B(x,y,z,w,u) in
Ay. The resulting set of equations obtained from (3) is denoted by

Ao(X Y zowou) =p (Ao(Y, 7z wou) =p Ag(X, 7z, w,w).  (4)

The equations in the set (4) contain the variables x’, ¥, 7/, z, w and possibly some
other parameters. To simplify notation we shall mark the set (4) as

ALY, z,w,v)

treating, e.g. 7/ together with the other variables different from x’,y’,z,w as
parametric variables.
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Claim 1. A(X,y,z,w,v) is a set of quaternary commutator equations in the
variables X',y and z, w.

Proof (of the claim). We must show that the equations A(x',x’,z,w,v) and
AW,Y.z,z,v) hold in Q.
The set A(x',x', z, w, v) is equal to

Ao, X,z wou) =p (Ao(X, 7 zow. ) =p Ao(X .2z, w,u)).  (5)

The equations of Ay(x',x’,z,w,u) are valid in Q, because Ag(x',y’,z, w,u) is a
set of quaternary commutator equations in x’,y" and z,w. In turn, the definition
of (4) and condition (iD1) for = p implies that equations of A¢(x’,7,z, w,u) =p
Ao(X, 7, z,w, u) are valid in Q. According to Note 1 following Theorem 3.5.1, the
equations of (p ~ q) =p (r = s) are Q-valid whenever the equations p ~ ¢ and
r & s are Q-valid, Consequently, (5) is a set of Q-valid equations.

The set A(x', Y, z,z,v) is equal to

Ao(xX, Y z,z.u) =p (Ao(y .2 z,2.u) =p Ao(X, 7 2.z, u)).  (6)

As the sets Ag(x', Y, z,z, 1), Aog(y', 7', 2,2, u) and Ay(X, 7/, z, z, u) consist of Q-valid
equations, it follows that (6) consists of Q-valid equations only.
This proves the claim. O

It follows from the claim that A(X,y’,z,w,v) € C( ~y)NC(z ~w) =
C(Ao(x',y,z,w,u)). We immediately get from this inclusion, by enlarging the set
on the right-hand side, that

Claim 2. A(X',y',z,w,v) € C(Ao(x'.y' . z.w,u) U Ao(y'. 2.z, w, u)). O

(1) then follows from the above claim. Indeed, according to Claim 2 we have that

Ao,y zowou) =p (Ao, 2oz wou) =p Aog(X, 2z, w ) C
C(Ao(,y zow ) U Ag(y, 2z, w,m).  (7)

Applying twice the detachment rule for = p, it is easy to see that (7) implies
Ao(xX', 2 2w u) € C(A .y zow, ) U Ag(Y, 2, 2w, w)).

So (1) holds. The lemma has been proved. O

In the following lemma Ay = Ag(x,y,z,w,u) is assumed to be a set of
quaternary commutator equations for Q such that Q5(x ~ y) N QF(z ~ w) =
Q':(Ao(x,y, <5 W’ﬂ))

Lemma 5.2.8. Let Q be an arbitrary quasivariety. Let f be an m-ary operation
symbol from the signature of Q. Let z = zi, ...,y be different variables disjoint
fromx,y,z,w. Then foranyi(i=1,...,m)
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Ao(f(éi_1x§i+1)»f(§,~_1}’§,~+1)a W, Z) < Q': (AO(X’ Vs, W, H)) (8)1

where z.

T =2 s Zim1 ANA 2 TS Tl e T

Proof (of the lemma). Let Ay = Ag(x,y, z, w, u) be as above.
Let z = zi,...,2y, be different variables disjoint from x, y, z, w. Then for any i
(i =1,...,m) we trivially have:

Q™ (/@ 3zy ) =S yzy) € QT & ).
Hence, multiplying both sides by QF (z &~ w) we get the inclusion:

Q= (Fz_ 2y ) ~ @ yz,) N Q= w) ©)
CQ (x~y) NQ G~ w).

It follows that

Ao(f(éi_1x§i+1)’f(§,-_1y§i+1), zw,u) ©
Q': (f(éi—lxglq_l) %f(ZEi—lyZH_l)) N Q': (z~w)C

QT (x ~ y) NQF(z ~ w) = QF(Ao(x, .z, w, ).

Hence (8); follows. ad
From the above remarks and the two lemmas the theorem follows. O

Corollary 5.2.9. Let V be a congruence-modular variety. Then the equationally
defined commutator for V is additive.

It follows from Theorem 4.1.12 that the standard commutator coincides with
the equationally defined commutator for any congruence-modular variety. Corol-
lary 5.2.9 yields the classical result that the standard commutator in any CM variety
V is additive (see, e.g., Freese and McKenzie 1987 , Proposition 4.3).

Proof. As V is congruence-modular, it has the relative shifting property. Let R be
the set consisting of the rules of Birkhoff’s logic B, and the axiomatic rules 1d(Q).
(Each identity « & B valid in Q is identified with the axiomatic rule /& ~ B.) R is
thus an inferential base of the consequence operation VFE.

Let Ag(x,y, z, w, u) be a set of equations such that

VEGx ~ y) N VE G~ w) = V(Ao (x, y, 2, w, ).

Let @ &~ f be an equations which is valid in V. Then, by the properties of
commutator equations, the equations in Ag(«, B, z, w, u) are V-valid as well. This
simply means that the Ag-transform of each axiomatic rule « =& § in Id(V), viz. the
set Ag(a, B,z, w, u), is a set of axiomatic rules of VFE.
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In view of the above theorem, the Ay-transform of each Birkhoff’s rule » consists
of rules of VF.

Thus, for every rule r € R, the Ag-transform of r is a set of rules of VE.
By applying Note 5.2.4, the theorem follows. O

The above corollary also directly follows from Theorem 6.3.3 in the next
paragraph and the fact that for varieties of algebras, the relative shifting property
is equivalent to congruence modularity.

5.2.1 The Equationally-Defined Commutator on the Free
Algebra F ()

This section is devoted to a syntactic characterization of additivity of the equa-
tionally defined commutator. We shall investigate special equational theories of
quasivarieties, viz. theories generated by equalities of separated individual variables.
We shall first provide some simple observations on the equational commutator on
the free algebra Fo(w).

Let Q be a quasivariety and C := QF the equational consequence associated
with Q. Cy := Va(Q)F is the equational logic associated with the variety Va(Q).

If X is a set of equations, then Var(X) is the set of individual variables occurring
in the equations of X. Two sets of equations X and Y are said to have separated
variables if Var(X) N Var(Y) = 0.

C)y is an axiomatic extension of Birkhoff’s consequence B; in the signature T of
Q and Cy(X) € C(X) for any set of equations X and Cy(d) = Cy(¥). Moreover,
if X = {x; ~ y; : i € I} is a set of equations, where x;, y; (i € I) are individual
variables, then Cy(X) = C(X). The theories of the form C(X) with X = {x; ~ y; :
i € I} as above are determined by the equations of X in the following sense: suppose
X={~y:ielfandY = {z; ~ w; : j € J}, where the variables occurring in
the equations of X are all pairwise different and the same holds for the variables
occurring in the equations of Y. Then

C(X)=C(Y) ifandonlyif X =Y,

provided that Q is non-trivial (see also Lemma 6.3.5.(2)).
The following simple lemma is crucial for the investigations into the additivity
property of the equationally defined commutator.

Lemma 5.2.10. Let Q be an arbitrary quasivariety. Let X = {x; ~ y; :i € I},
where x;,y;, i € I, are pairwise different individual variables. Let Y and Z be
arbitrary sets of equations whose variables are separated from the variables of X,
i.e., Var(X) N (Var(Y) U Var(Z)) = @. Then

(QF (X) +0 QF () N (QF (X) +¢ QF(2)) = QF (X) +¢ QT (Y) N QF (2).
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Proof (of the lemma). Let C := QF. The inclusion “2” is immediate. To prove the
reverse inclusion, let us assume that ¢ ~ 8 € (C(X) +q C(Y)) N (C(X) +q C(2)),
thatis,« ~ f e CXUY)ando ~ f € C(XUZ). Lete : Te, — Te, be the
endomorphism such that ex; = x; and ey; = x; for all i € I, and e is the identity
map on the remaining variables. In particular, e is the identity map on the variables
occurring in Y and Z. Then, by the structurality of C and the fact that eX € C(9),
we getthatea =~ eff € C(e(XUY)) = C(eXUeY) = C(eY) = C(Y) and, likewise,
ex ~efp € C(e(XUZ)) =C(eXUeZ) = C(eZ) = C(Z). Hence

ex ~efs € C(Y)NC(2). (a)

To show thata =~ € C(XU(C(Y)NC(Z))), supposeA € Qandleth : Te, - A
be a homomorphism which validates the equations of X U (C(Y) N C(Z)). We claim
that ha = hB. We have that

hy; = hx; foralliel, (b)
because / validates X. As h also validates C(Y) N C(Z), (a) gives that
heo = hep. (©)

But (b) and the definition of e yield that het = ht for every term ¢. (Use induction
on the complexity of terms.) In particular, heaw = ho and heff = hB. This and (c)
give that ha = hp. |

Corollary 5.2.11. Let Q be an arbitrary quasivariety. Let X = {x; ~ y; : i € I}
be a set of equations of pairwise different variables. Then for every finite non-empty
family {Y1, ..., Y,} of arbitrary sets of equations of terms such that the variables
occurring in the terms of Y1 U ... U Y, are separated from the variables of X, i.e.,
Var(X) N (Var(Yy) U ... U Var(Y,)) = 0, it is the case that

G QFXUY)N...NQF(XUY,) =QF(X) +qQF(Y) N...NnQF(Y,).

Proof. Let C = QF. The inclusion “2” is obvious. To prove the reverse inclusion,
suppose that ~ B € C(XUY;)N...NC(XUY,). Then suitably modify the above
proof of Lemma 5.2.10 to show thate ~ f € C(X) +o C(Y1) N...NC(Y,). 0O

In Section 5.3 we shall examine a condition which is dual of the statement
of the above lemma. This dual property, however, does not universally hold
for all quasivarieties. But, more importantly, it retains its validity for all RCM
quasivarieties.

For finite sequences of equations and C := QF we introduce the following
abbreviations:

p,~q =P Rq,....Pn~ qm),

Clp,~q,):=Cpi~q1....0m"~ Gn).



120 5 Additivity of the Equationally-Defined Commutator

Thusifr, ~ s, 1= (ri & s1,...,m & 5,), then

Clp, ~q )NCr,~s,)=Co1r=q....0m~ qn) NC(ri X s1,....1 % 5n).

We shall consider the following condition:

Let m and n be arbitrary positive integers. For any disjoint finite sequences
XY 2y Wy of pairwise different individual variables, where x,, = x1, ..., Xp,
Xm :yly-~~7ym7§n =2yl W, =W, oot , Wy,

(EqDistr),., C(x,, ~y )NCE, ~w,)=C( | J  Climy)nCiznw)).

I<ism,1<j<n
In particular, for m = 2 and n = 1, we obtain:

Clx; =y, xa &2 y)NC(z =wp,) =
(EgDistr), 1 C(Clxy ~y1) NC(z1 =~ w) UC(xy ~ yz) N C(z1 = wy)).

(EgDistr),,,, form = 1 and n = 1 are certain restricted laws of distributivity
tailored for the simplest atomic equations. Conditions (EqDistr),, , do not continue
to hold (with the exception of the trivial case m = 1 and n = 1) if the
individual variables occurring in these laws are uniformly replaced by arbitrary
terms. In particular, the laws (EqDistr),, , should not be confused with congruence-
distributivity. As we shall later see, the infinite number of equations (EqDistr),,,
does not imply the distributivity of the lattice of equational theories of Q (or,
equivalently—the distributivity of the lattices of Q-congruences on the algebras of
Q.) However, if Q is relatively congruence-modular, it validates (EqDistr),, , for all
m = 1and all n = 1 (Theorems 5.2.16 and 6.3.2).

The above formulas continue to hold for infinite sets of equations (or pairs of free
generators). Let X = {x; = y; : i € I}, Y = {z; ® w; : j € J} be possibly infinite
sets of equations of variables, where the variables x;, y; (i € I) are pairwise different
and zj, w; (j € J) are also pairwise different. We say that X and Y are separated if
the equations in X and Y do not contain a common variable. This definition extends
in an obvious way on sets X and Y of pairs of free generators of F.

(EgDistr) is the following condition:

(EqDistr)oo Let X = {x;  y; i € I}, Y = {z; ~ wj : j € J} be possibly infinite,
separated set of equations of variables. Then

Cx)NC) =c(|J Cei=y)nC~w)).

iel jel

Lemma 5.2.12. For any quasivariety Q, condition (EqDistr)s holds if and only if,
for all positive m, n, condition (EqDistr),, , holds.

Proof. Use the fact that the consequence C is finitary. O
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Notes.

(1.

Q).

3.

(EgDistr)s, implies that for any separated sets Xi,X»,Y of equations of
variables:

(C(X1) +Q C(X2)) NC(Y) = C(X1) NC(Y) +q C(X2) N C(Y), ()
In fact, () is equivalent to (EqDistr)s as one can easily check, because (x)
implies condition (xx*) below:
(C(X1) +q C(X2)) N (C(Y1) +q C(Y2)) =

CX1) N C(Y1) +q C(X1) N C(Y2) +q C(X2) N C(Y1) +q C(X2) N C(Y2)).
(%)

for any separated sets X, X, Y;, Y, of equations of variables. (x) yields
(EgDistr)so.
The dual equality to (x), viz.

C(X1) N C(X2) +q C(Y) = (C(X1) +q C(Y)) N (C(X2) +q C(Y)),

holds for any quasivariety Q, because it follows from Lemma 5.2.10.

As Cp(X) = C(X) for any set X = {x; ~ y; : i € I}, we may rewrite
(EqDistr),,, and (EqDistr)s in an equivalent form as
Colx,, ~y )N Colz, »w,) = C( U Co(x; = yi) N Co(z; = w)))
1<ism,1<j<n
and
Co(X) N Co(Y) = C( U Co(x; ~ y;) N Co(zj ~ wy)),
ieljeJ
respectively.
We are concerned with congruences on the free algebra F := Fg(w). If

X C F?, then ©F (X) and O (X) stand for the congruence of F generated by X
and the Q-congruence of F generated by X, respectively. If X = {({x;,y;) :
i € I} is a set of pairs of free generators of F, then OF(X) = O (X)
(Proposition 2.6).

Condition (EqDistr),,, can be equivalently paraphrased as a property of the
congruences generated by finite sets of pairs of free generators in the free algebra
F := Fg(w). In other words, the lattice of Q-congruences of the free algebra F
obeys the following form of distributivity:

(FreeGenDistr),,,, Let m and n be arbitrary positive integers. For any disjoint

finite sequences x,y,z, w of pairwise different free generators
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OfF, Where)_c :-xh-"»xm’x :yh'-'»ym’g =2y ln
mzwlv'--vwnx

@F((xl,)ﬂ)’ R <xmv ym)) N @F((Zlv Wl)» ces (Zm Wn)) =

@S( U @F(xi,yi) N @F(Zj, wj)).

I<ism,1<j<n

As OF ((x1,v1), ..., (X, ym)) is a Q-congruence, therefore it is not necessary to

put the subscript ‘g’ at ‘@F. But this subscript occurs on the right-hand side of
(FreeGenDistr),, ,,.

The law (FreeGenDistr),, , is equivalently expressed in terms of sets of pairs of
free generators of the algebra F as follows.
(FreeGenDistr)oo Let X = {{x;,y;) : i € I}, Y = {(zj, w;) : j € J} be separated
sets of pairs of free generators of F. Then
OFx)NOF () = 0§ | ) O (xi.y) N O (.w)).
iel jeJ
(4)  (FreeGenDistr)o, is equivalent, for any Q, to the following conditions:
Let X,Y,Z,W be arbitrary pairwise separated sets of pairs of free
generators. Then
efxuyynefzuw)
= 04" (X) N OF(Z2) L BT (X) N BT (W)
uef(ryn ef(zyu ef(v)n ef(w)).
All the conditions introduced in this note are therefore mutually equivalent, for
any Q. O

Proposition 5.2.13. Let Q be a quasivariety validating conditions (EqDistr),, , for
all positive integers m and n. Then for every algebra A € Q and any ®,¥ €
Cong(A),

(@, ¥]* = sup{[Oq(a,b), Og(c,)* :a=b (D), c =d (¥))}.

(Here the supremum is taken in the lattice Cong(A).)

Note. The statement of the above proposition, which is weaker than additivity, is the
same as the thesis of Corollary 4.1.10. Thus, the equations (EqDistr),,,, m,n = 1,
yield the same result as the relative shifting property which was (implicitly) used
in the proof of Corollary 4.1.10. However, it should be noted that conditions
(EqDistr),, ,, m,n = 1, do not imply the relative shifting property. For let t be the
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empty signature. Birkhoff’s logic B; in this signature reduces to the pure identity
theory and B,(¥) = {x ~ x : xisan individual variable}. The corresponding
quasivariety (which is actually a variety) is formed by the class of all non-empty
sets. Congruences on any non-empty set A are equivalence relations of A. B; has
trivial commutator equations. It follows that the equationally defined commutator
[®, W]4 of any two equivalence relations @, ¥ on any set A reduces to the diagonal
relation of A. This trivial commutator is additive. But the relative shifting property
fails for B;. O

Proof (of Proposition 5.2.13). Let

X = X1, X2,
Y =12,
Z=121,22,
w=wg,wy,

be four infinite sequences of pairwise different individual variables. As above, C
stands for the consequence operation QF.

Let Ay(x,y, z, w, u) be a generating set of C(x ~ y) N C(z ~ w), where x,y, z, w
are different variables, i.e., C((Yu) Ao(x,y,z,w,u)) = C(x ~ y) N C(z ~ w). Then
C((Yu) Ao(xi,yi, zj, wj, w)) = C(x; =~ y;) N C(z; &~ wy), for all i, j, by structurality.

Let A be C(x ~ y) N C(z ~ w). Conditions (EqDistr),, ,, m,n = 1, imply that

C(A) = (| (Yw) Ao, yms 2n i, ). ()

mn=1

Let X and Y be theories of C. In view of the comments following Definition 3.1.5
we have that

[X.Y] = Cla(p.g.r.s.0) =~ B(p.q.r.s.1) 2
axfeAp~qgeXrxseY,teTe”}).
But (1) and the structurality of C imply that
C(ap,gq.r.s.0) = f(p.q.r.s.1) : 3)
axfelAp~qgeXrraseY,tele”}) =

C(U{AO(p’q’r’s’D prqgeX,rasCY,teTles®}).
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(2) and (3) give that
X.Y] = C(U{Ao(p,q, rs,t)iprqgeX,rasCY reles®) = (4)
C(U{(VE) Ao(p,g,1r,5,u) :p~qgeX,rxseY}).

As (Yu) Ao(p,q,r,s,u) C [C(p ~ q),C(r =~ s)], for all terms p, gq,r,s, (4)
implies

x.vicc( Jicp~q).Cor~9]:prgeX.raser).

Since the opposite inclusion holds in the virtue of the monotonicity of the
equationally defined commutator, we obtain that

X.¥Y]=Cc( J{Cp~q).Clras)]:iprgeX.rasel). (5)
(5) carries over to Q-congruences of the free algebra F = Fg(w), i.e.,
[, 9] = supoi[Oq(a.b). Og(e. ) 1a=b (), c=d (¥)},
for any @, ¥ € Cong(F). Then suitably modifying the argumentation presented in

the proof of Lemma 5.2.2, one arrives at the thesis of the proposition. O

Problem. Show that the relative shifting property does not imply the condition
(Ym,n = 1)(EqDistr),, .. O

Note. Equations (EqDistr),, , need not be preserved on passing to equational theo-
ries obtained by substituting arbitrary terms for the variables xi, ..., X, Y1, .-+ Ym»
2,y ...,2Zn, and wy, ..., w,, because this would imply the distributivity of the lattice
of theories of QF. In particular, (EqDistr),, , does not hold if the strings x,y,z, w
do not form disjoint sets of variables. E.g., in view of the above proposition the
equation

VE@ ~yn ) NVEGE~w) =
VE(VE@ ~ y) NVE A w) UVE (o & 32) NVEE ~ w)
holds for every CM variety V but the formula
VEGx~zxa~w)NVEGEZaw) =
VE(WVE (x 2 2) N VE(z 2 w) U VE(x & w) N VE(z &~ w))

does not, because it implies congruence-distributivity of V. (To see this, note first
that V&= (x &~ z,x ~ w) N VF(z & w) = V= (z ~ w) and then repeat the proof of the
well-known Jénsson’s Theorem characterizing congruence-distributive varieties.)

O
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The following corollary follows from the proof of Proposition 5.2.13. (cf.
Theorem 5.1.4):

Corollary 5.2.14. Let Q be a quasivariety validating conditions (EqDistr),, , for
all positive integers m and n. Let x,y,z,w be arbitrary different variables and
Ao(x,y,z,w,u) a set of equations such that QF (Yu) Ao(x,y.z,w,u)) = QF
(x ~ y) N QF(z &~ w). Then for every algebra A € Q and any ®, ¥ € Cong(A),

[@.¥]* = O4(|_J{(Vo) Ag(a.b.c.d.e):a=b (D). c=d(¥)}). D

According to the definition of the equationally defined commutator (Defini-
tion 3.1.5), if Q is an arbitrary quasivariety Q, A € Q, and @, ¥ € Cong(A), then
[, lI/]A is the least Q-congruence = such that Z.,, (@, ¥; &), i.e., @ centralizes ¥
relative to & in the sense of arbitrary commutator equations. The above corollary is
a stronger result: it states that if Q validates (EqDistr),, , for all positive m and n, then
[, lI/]A is the least Q-congruence = such that Z con (P, ¥; Z), i.e., @ centralizes
Y relative to = in the sense of arbitrary quaternary commutator equations for Q. In
fact, the proof of Proposition 5.2.13 yields:

Corollary 5.2.15. Let Q be a quasivariety validating conditions (EqDistr),, , for all
positive integers m and n. Then the centralization relations Z.oy and Zy com coincide
on Cong(A) in any algebra A € Q. |

If one additionally assumes the relative shifting property for Q, then the above
equivalence extends to the remaining centralization relations examined in Chapter 4
(Theorem 4.1.2).

Yet another condition we shall introduce is a weakening of (C2). We shall restrict
it to the free algebra F; or, equivalently, to the term algebra Ze,.

We recall that if e : Te, — Te, is an endomorphism, then kerg(e) :=
¢~ (QF (9)) (see the remarks preceding Proposition 2.13). Let m and n be positive
integers. We define:

(EpDmn Let x,,.y .z,.w, be sequences of pairwise different individual variables,
where Xy = XlseoosXmy )—)m = Vs Vm %, = ZUse-esln W, =
Wi, ..., Wpn. Then for every epimorphism e : Te, — Te.,

kerg(e) +¢ Q™ (x, ~y ) NQ -z, ~ w,))
= ¢ ([QF (ex,, ~ ey, Qlez, ~ ew,)]).

The universal closure (Vm,n = 1)(Epi),., is equivalent to the following condition
involving possibly infinite separated sets of equations of individual variables:

(Epi)oc Let X and Y be separated sets of equations of pairwise different individual
variables.Then for any epimorphism e : Te, — Te.,

kerg(e) +o QF (X) N QF(Y) = ¢ ([QF (eX), QF (eV)]).
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In view of Theorem 3.1.8, (Epi)o is equivalent to the condition:

Let X and Y be separated sets of equations of pairwise different individual
variables. Then for any epimorphism e : Te, — Te.,
kerg(e) +o Q7 (X) N Q™ (Y) =

kerg(e) +q [kerg(e) +q QF (X), kerg(e) +o QF (X)].

Note. (Epi),,, and (Epi)so can be equivalently paraphrased in terms of properties
of congruences of the free algebra F:

(EpiFreeGen),,, Let m and n be arbitrary positive integers. Let Xr Y2 % W

=n’ —n
be sequences of pairwise different free generators of F, where
X = X1y oo s Xy Xm = Yoo Ymo én = 2se-nln W, =
W1, ..., Wy. Then for every epimorphism h : F — F,

ker(h) +q O ((x,,,y ) N OF((z,., w,)) =

W' (0G (k. hy, ). OG (k. hw,)).

The universal closure (Vm,n = 1)(EpiFreeGen),,, is equivalent to the following
condition formulated in terms of possibly infinite separated sets of pairs of free
generators:

(EpiFreeGen)o Let X and Y be separated sets of pairs of different free generators
of F. Then for every epimorphism h : F — F,
ker(h) +¢ OF(X) N OF (Y) = k™ ([04(hX), Of(hY)]).

According to Theorem 3.1.8 (EpiFreeGen) is equivalent to the condition:

Let X and Y be separated sets of pairs of different free generators of F. Then
for every epimorphism h : F — F,

ker(h) +q OF (X) N OF (Y) = ker(h) +q [ker(h) +q OF (X), ker(h) +q OF (Y)].

Theorem 5.2.16. Let Q be an arbitrary quasivariety. The following conditions are
equivalent:

(A) The equationally defined commutator of Q is additive (on the algebras of Q);

(B) The equationally defined commutator validates conditions (EqDistr),,,, and
(Epi).n for all positive integers m and n.

(C) The equationally defined commutator validates conditions (EqDistr)eo
and (Epi)eo.

Proof. We put C := QF. The equivalence of (B) and (C) has been already
established.
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(A) = (B). Assume (A). Fix m and let x,y,z,w be as in (B). In view of
Proposition 3.2.3 and additivity we have that
C(xl %ylv"'vxm %)’m) m C(Zl ~ Wl""azn ~ wl’l) =

[COxr ~y1,e X X yn), Cz1 .o W, 2 Rwy)] =

c | [Cei=y).Cerw) =

1<i<m,1<j<n

cC U Ceimy)nCeaw)).

1<ism,1<j<n

So (EqDistr),,,, holds.

Since that additivity of the equational commutator implies condition (C2), which
in turn implies (Epi),, ., we see that (B) holds as well.

(C) = (A). The proof of this implication is longer. Throughout the proof of this
implication Q is assumed to be a quasivariety satisfying (C).

Lemma 1. Let (Dl, (pz, Y e COl’lQ(F) Then [(pl +Q ¢2, lI’] = [¢] s lI’] +Q [(pz, q/]

Proof (of the lemma). It suffices to prove the lemma for finitely generated congru-
ences @, Py, ¥ € Cong(F).

Select three finite sets X;, X, and Y of mutually separated sets of pairs of free
generators of F and a surjective endomorphism # : F — F such that @6 (hXy) =

Dy, @S(th) = @,, and @S(hY) = ¥ Then:
h (@ +q D2, V) =
W ([0 (X)) +q O (hX»), OG(hY)]) =
' ([OG(h(X, U Xp), O4(hY)]) =  (by (EpiFreeGen) )
ker(h) +¢ OF (X; UX,) N OF (¥Y) = (by (FreeGenDistr)s)
ker(h) +q OF (X)) N OF (Y) +¢ OF (X) N OF(Y) =

ker(h) +q OF (X)) N OF(Y) +q ker(h) +q OF (X2) N OF(Y) =

(by (EpiFreeGen)oo )
K (@1 9]) +o b ([22.9]) =
h=' (@1, W] +q [@2. 9)).
As h is surjective, it follows that [@) +q @2, ¥] = [@1, V] +q [D2, ¥]. |

Lemma 2. Let A be a countably generated algebra in Q and ®@;, @,, ¥ € Cong(A).
Then [®) +q @2, WA = [@) +q Y] +¢ [P2 +o Y.

Proof. Leth : F — A be an arbitrary epimorphism. Then:



128 5 Additivity of the Equationally-Defined Commutator

W' ([@) +q @2, ¥]*) =  (Corollary 3.1.9)
ker(h) +q [h™' (@1 +q P2). b~ (W)]F =
ker(h) 4+q [h71(®1) +o h (@), i '(W)]F = (Lemma 1)
ker(h) +q [ (@), ' (W)]F +o [ (®2). ™' (W)]F =

ker(h) +q [h™' (@), ' (W) +q ker(h) +q [h™' (@), ' (W) =

(Corollary 3.1.9)

K (@, Y1) +o hH([02, 91 =
([P, W1 +q [0, W1Y).

Hence [@) +q P». lI/]A = [®) +q W]A +q[P2 +q lp]A a

Lemma 3. Let A be an arbitrary algebra in Q and ®@;, ®,, ¥ € Cong(A). Then
(@1 +@ P2, W1 = [@1 +q PI* +¢ [P2 +q P

Proof. Use Lemma 2 and Theorem 3.1.6.(viii). O
Lemma 3 concludes the proof of (A). The theorem has been proved. O

Note 5.2.17. Suppose Q is a quasivariety whose equationally defined commutator
is additive. The additivity of the commutator entails yet another distributivity
property of equational theories of QF. We shall discuss it briefly. Put C := QF.
Let x, y, z, w be finite disjoint sets of variables such that |x| = |y| = m, |z| = |w|
and let ¥ = {p; ~ g; : i € I} be a non-empty set of equations such that

Clx ~ X) =C(X).
Then

CaryNCer~w = JCpi~q)NCe~w). (Distr) 5
i€l

Proof. We have:

Cary)NCzrw =[Cxxy).Clzrw)]=

[C(X),Cz~w)] = (by additivity)
cJice: ~ g).Cz~w)) €
i€l
clJCpi~ag)nCer~w) c
i€l

CE)NCzrw) =Clxxy NCEz~w).
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The above inclusions give that C(x ~ y) N C(z ~ w) € C(U;; Cpi =~ i) N
C(z = w))C(x ~ y) N C(z ~ w). Hence (x) follows. O

It is not difficult to reformulate (Distr)y in terms of congruences of the free
algebra Fg(w) generated by pairs of separated free generators.

5.3 Restricted Distributivity and Additivity
of the Equationally-Defined Commutator

According to Lemma 5.2.10, if X = {x; ~ y; : i € I} is a set of equations of
pairwise different variables and Y and Z are arbitrary sets of equations of terms
whose variables are separated from the variables of X, that is, Var(X) NVar(YUZ) =
@, then for any quasivariety Q and for C := QF it is the case that

(C(X) +q C(Y)) N (C(X) +q C(2)) = C(X) +q C(Y) N C(2). ()

The dual form of this simple equality is of basic importance for the theory of the
equationally defined commutator. We therefore define the following condition:

Let Q be a quasivariety and C := QF. Let X = {x; ~ y; : i € I}, where x;,y;,
i € I, are pairwise different individual variables. Let Y and Z be arbitrary sets
of equations of terms such that the variables occurring in the terms of Y U Z
are separated from the variables of X. Then:

C(X) N C(Y) +¢ C(X) N C(Z) = C(X) N (C(Y) +¢ C(2)).

We call this condition the restricted distributivity of the lattice Th(QF).

We shall discuss in this paragraph several aspects of this notion. The crucial fact
we shall prove is Theorem 5.3.8 which states that the restricted distributivity of
the lattice Th(QF) implies the additivity of the equationally defined commutator
for Q. The proof of this theorem exhibits structural properties of the kernels of
epimorphisms of the term algebra Ze,.

The restricted distributivity can be suitably reformulated in terms of Q-congruen-
ces of the free algebra F := Fg(w) and separation of free generators. It follows that
the restricted distributivity holds for the lattice Th(QF) if and only if its counterpart
formulated for Q-congruences of F holds for the lattice Cong(F).

Note. Restricted distributivity is a property that is essentially weaker than relative
congruence-modularity. This issue is discussed in the next chapter. But here we want
to elucidate another aspect of the former property. We return to the example from
the note following the statement of Proposition 5.2.13.

Let 7 be the empty signature. Birkhoff’s logic B; in this signature is the pure
identity theory. The corresponding quasivariety (which is actually a variety) is
formed by the class of all non-empty sets and it is called the variety of sets. Each
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B -congruence on any non-empty set A is an equivalence relation on A. As B; has
trivial commutator equations, the equationally defined commutator [®, ¥], of any
two equivalence relations @, ¥ on any set A, is equal to the diagonal relation of A.
This trivial commutator is additive. The lattice Th(B;) is the same as the lattice
of equivalence relations on the countably infinite set of variables Var. Equations
of variables are identified with ordered pairs of variables. From a more abstract
perspective we consider the following situation. Let A be a non-empty set and let
X,Y,Z C A? be sets of ordered pairs of elements of A. Suppose that X is separated
from Y U Z in the sense that the set of elements of A that occur in the pairs of X
is disjoint from the set of elements of A that occur in the pairs of the union ¥ U Z.
Let D be the operation of generating equivalence relations on A. Then D(X) N D(Y),
D(X)ND(Z) and D(X)N(D(Y)UD(Z)) are all the diagonal relations of A. It follows
that D(X) N (D(Y)UD(Z)) = D(D(X) ND(Y)UD(X) N D(Z)) = the diagonal of A.
This observation implies that

the lattice Th(B;) is distributive in the restricted sense.
As Th(B,) is isomorphic with the set of all partitions of Var,
Th(B.) does not satisfy any non-trivial lattice theoretic identity;

in particular Th(B,) is not modular.! Equivalently we may say that the w-generated
free algebra in the variety of sets validates restricted distributivity.

The above example shows that restricted distributivity is not expressible as a
lattice-theoretic identity; it is a specific property of congruence lattices.

The above reasoning carries over to the equational logic B, whose signature t
contains only unary operation symbols. We therefore get:

If T contains only unary operation symbols, then the lattice Th(B;) is distribu-
tive in the restrictive sense.

It is an open question how large the (hyper)class of quasivarieties Q is for which
the lattice Th(Q") validates the restricted distributivity. In other words, we ask for
which Q Lemma 5.2.10 entails its dual form. In view of von Neumann’s Theorem
(Theorem 6.3.1) for modular lattices this question has a positive answer for any
RCM quasivariety. We thus ask whether a lattice-theoretic property weaker than
modularity also entails this form of duality. O

Theorem 5.3.1. Let Q be a quasivariety such that Th(QF) is distributive in the
restricted sense. Let X = {x; = y; : i € I} be a set of equations of pairwise different
variables and let, forn = 2, Yy, ..., Y, be arbitrary sets of equations of terms such
that the variables occurring in the terms of Y1 U ... U Y, are separated from the
variables of X, i.e., Var(X) N (Var(Y,) U ... U Var(Y,)) = @. Then

QT X)NQE (Y1) +q...+QF X)NQF(Y,) = QF(X)NQF (Y U...UY,). (1),

The lattice of partitions of any set satisfies, however, the condition of semimodularity. This
condition is not expressible as a lattice-theoretic identity.
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Proof. We put C := QF. The case n = 2 is covered by restricted distributivity. We
assume the theorem holds for n. We prove it holds forn+ 1. Let X, Yy, ..., Y,, Y41
satisfy the assumption of the theorem, i.e., Var(X) N (Var(Y;) U ... U Var(Y,) U
Var(Y,+1)) = @. As Var(X) N (Var(Y1) U ... U Var(Y,)) = @, the induction
hypothesis yields (1),,. Moreover, by restricted distributivity we also have that

CX)NCY, U...UY,) 4 CX) N C(Yuy1)
= C(X)HC(Yl U...UYnUYn_H). (2)

It follows that

CX)NCY)) 4q ...+ CX)NCY,) 49 CX) N C(Ypy1) =  (by (1))
CXINCMU...UY,) +o CX) N C(Ynt1) = (by (2)
CX)NCY,U...UY, UVY,y1).

So (1),+1 holds. d
Corollary 5.3.2. Let Q be a quasivariety. The following conditions are equivalent:

(a) The lattice Tl h(Q':) is distributive in the restricted sense.

(b) For any finite set of equations X, any non-empty finite sets of pairwise different
variables of the same cardinality z = z1,...,Zm, W = Wi, ..., Wy Separated
from Var(X) and for any equation r ~ s, if r ~ s € Q= (X), then

Q" r~9NQ~z~w Q- (|J QT ~ 9 nQ-z~w).

prgeEX

(c) Th(QF) satisfies the conjunction of the following two conditions:

(c1) For any finite set of equations X, for any two variables z and w separated
from Var(X) and any equation r ~ s, if r ~ s € Q= (X), then

Q (r~9HNQ-zrw) cQ (| J Q" ~9NQ-z~w)

prqgeEX
and
(c2) for any equation p ~ q and for any non-empty finite sets of pairwise dif-
ferent variables of the same cardinality zi, ..., Zu, Wi, ..., Wy Separated
from Var(p =~ q),
Q= NQ=~w =

Q" ~ ) NQ @ ~wi) +q... +o QF( ~ ¢) N QF (2 ~ i)

Herez~ w:i={z1 & Wi,....2Zn & Wp}.)
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Proof. We shall prove the following chains of implications:
(@) = (b) = (a), (a) = (c) = (b).

We put C := QF.
(a) = (b). This is easy. Assume r &~ s € C(X), X finite. (a) gives that

Ciras)NCerw) SCE)NCerw) =C( | Cp~q) N Ce~w).

prqeX

So (b) holds.
(b) = (a). We assume (b). Due to the fact that the lattice 7 h(Q#) is algebraic,
the restricted distributivity of Th(Q™) will be proved once we show that

Cpi~q1,---,pn~q) NCzxw) C
Coprrq)NCzrw) +q...+QClpn ~ q,) N Cz ~ w).
for any finite set p; ~ qi,...,pn &~ ¢, of equations and any finite disjoint sets
Z=2Z1,...,%my W = Wi, ..., Wy, of variables separated from the variables occurring

inpy ~qi,....,pp = ry.
So fix p1 =~ q1,...,Pn = qn, 2, w and suppose

raeseCprrq, ... pn~qn) NCZrw).

Since r ~ s € C(p1 ~ q1,...,Pn = ), (b) gives that

Cres)NCzr~w) C
Cpr~q)NCizrw)+qg---+QCn ~ ) NClzxw). (%)

Asr ~ s e C(z ~ w), we have that r ~ s € C(r ~ s) N C(z &~ w). This and (x)
imply that

reseCpr~q)NCzrw) +q... +QCpn ~ q,) N Cz ~ w).

So (a) holds.

(a) = (c). This is also immediate.

(¢) = (b). We assume (b) and consider the following formula 7'(m) with m
ranging over positive integers:

T(m) For any finite set of equations X, and any pairwise different 2m variables z, =
Z1,....2m and w, = wi, ..., wy, separated from Var(X) and any equation
ras,if r ~ s € C(X), then
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Cr~s)NCe,~w,)<C( | ) Co~gnce,~w,).

pqeX

Claim 1. T'(m) implies that

e cor~ance,~w,)=CX)NCG, ~w,)

prqeX
for all finite sets of equations X and any 2m variables z, = 71,...,Zm
w,, = Wi,..., Wy, separated from Var(X).

Proof (of the claim). Assume T(m). Suppose r ~ s € C(X) N C(z, ~ w,). As
r~s € C(X), T(m) gives that C(r ~ 5) N C(z,, ® w,,) € C(U,npex CP=q) N
C(z, ~ w,)). Since r ~ s € C(z, ~ w,), we have that r ~ 5 € C(r ~ s) N
C(z, ~ w,). Hence r = 5 € C(Upnyex C0 = q) N C(z,, = w,,)). |
Claim 2. T(m) holds for allm = 1.
Proof (of the claim).

Induction base. T(1).

This holds in virtue of (cy).

Inductive step. Fix m = 1. T(m) implies T(m + 1).

We assume 7'(m). To prove T(m + 1), let X be a finite set of equations X, let z, w
and Zy = ZseeesZms Wy = Wiseoo, Wi be pairwise different variables separated
from Var(X), and let r &~ s be an equation such that r &~ s € C(X). We claim that

Cr=s)NC(z,~w,,zxw)

cc(|J co~gnce,~w,.zxw). (1

prqeX
According to T(m) and Claim 1 we have that
CX)NC, ~w,) =C(| ] Cp~q NCq,~w,)). 2)
prqeX
To prove T(m + 1) we compute:

el co~qnce,~w,.zxw) =

prqeEX

(| €CprqnCi,~w, +oCzrw)) = (by(c)

prqeX

e Co~gnce, ~w,) +eClp~q)NCzrw)) =

prqgeEX
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el Co~gnce,~w,)+eC( | Corgncir~w) =

pPrgeEX prqgeX
(by (2), T(1), and Claim 1 form = 1)
C(X) N €, ~ w,) +o CX) N Ce ~ w).

Thus
C( U Cp~q NCz,xw,,z2~2w) =
pRgeEX
CX)NCE, ~w,) +CX)NCzx=w). (3)

On the other hand, (c,) also gives

Cr=s)NC(,~w,,z~w) =
Cr=s)NC(z,~=w,) toClras)NCzrw). (4)

AsC(r~s)NC(z, ~w,) € CX)NC(, ~w,) and C(r = s) N C(z =~ w) C
C(X) N C(z ~ w), we see that (3) and (4) imply that

Cr=s)NC(, ~w,.z~w) S C( U Cp~=qNC(,~w,z~wW))
prqeEX

So (1) holds. This concludes the proof of Claim 2. O
From Claim 2 condition (b) follows. O

Note. In the above corollary, condition (c;) cannot be replaced by the following
statement:

For any finite set of equations X and any equations a ~ b, c ~ d,
ifa~ b e QF(X), then

Q= @~b)NQ=(c~d) cQ~( ] Q°(p~ 9 NQ-(c~d))

pRqeEX

because one then obtains a condition which is equivalent to relative congruence-
distributivity of Q (see, e.g., Czelakowski 1985). ad

Conjecture. Let Q be a quasivariety such that the lattice Th(QF) is distributive
in the restricted sense. Let X = {x; ~ y; : i € I} be a non-empty set of equations
of pairwise different variables and let Y be an arbitrary non-empty set of equations
of terms such that the variables occurring in the terms of Y are separated from
the variables of X, i.e., Var(X) N (Var(Y) = @. Then {QF(x; ~ y;) 1 i € I} U
{QF(p ~ q) : p ~ q € Y} generates a distributive sublattice of Th(QF).
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A weaker version of the above conjecture holds for RCM quasivarieties—see
Theorem 6.3.8. O

We recall condition (Distr)y from Note 5.2.17. Let Q be a quasivariety and
C:= Q“F. Letux,y, z, w be finite disjoint sets of variables such that |x| = |y| = m,
|z| = |w| and let Y = {p; ~ q; : i € I} be anon-empty set of equations such that

Clx~y) = C(X).
Then

Cary)NCizrw) =C(|JCpi~ g) N CE~w)). (Distr)

iel
Corollary 5.3.3. Let Q be an arbitrary quasivariety. Suppose the lattice Th(QF)
is distributive in the restricted sense. Then (Distr) 5 holds for any set of equations X.

Note. (Distr)y does not directly follow from Theorem 5.3.1, because the variables
occurring in the equations of X' need not be separated from the variables of z and w.
a

Proof. 1Tt suffices to prove (Distr)y for X' finite. So let

Y={Pi~q,....pc~ g}

be a finite set of equations such that C(X) = C(x & y) for some finite sets of

pairwise different variables x = {x1,...,x,}, y = {y1, .. o Ym)-
Letz = {zi,...,2,} and w = {wy, ..., w,} be sets of different variables. We
claim that

Cx~y)NCz~w) = Cp1~q)NCz~w)
49+ Ck ~ @) N Cz ~ w). (1)

We write X' = {pi(x.y.u) ~ qi(x,y.u),....pe(x.y, u) ~ qi(x,y,u)}, where u is
the set of variables which occur in X and are different from those in x and y. (u are
parametric variables.) B

We first select 2n pairwise different variables

=4 W=,

separated from x, z, u, z and w. According to Theorem 5.3.1 we have that
C(X)NCE ~w)=Clpi~q)NCE ~w)+q...+Q Clok ~ q) N C(Z ~ w).

As C(X) = C(x ~ y), we therefore obtain that
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Caxmy)NCE ~w)

Cpi~q)NCE ~w)+qg... +oCox ~ q1) ~ C(Z ~w). (2)

Select a set of equations A, (x,y, 2z, ', v) such that

C(Am(x.y.2. W' v)) = Cx > y) N C(Z ~ w). (3)
Let ¢ : Te, — Te, be the endomorphism such that ez, := z;, ew! := w; for
i =1,...,nand e is the identity map on the remaining variables. In particular, e is

the identity map on the variables of x, y, u,z, w and v. As

C(Am(x,y, 2, W', v) =

Cpr~q)NCEZ ~w)+q... 4+ Cor ) N C(EZ ~ w), (4)

we see that by applying the above substitution to (4) we get

C(Apn(x,y, z. W, 0)) ©
Cpi~q)NCzrw)+qQ...+Q Cpx = qr) N C(z ~ w),

by structurality. But C(A,,(x,y,z,w,v)) = C(x ~ y) N C(z ~ w). Hence

Cary)NCzrw) <

CPi~q)NCEr~w) +q...+Crr ~ ) N Cz = w). (5)

Since C(p1 ~ 1) NCEZ ~ w)+q ...+ Cx ~ qx) N C(z ~ w) € C(X)N
C(z ~ w), the corollary follows. O

According to Theorem 5.2.16, conditions (EqDistr),,,, and (Epi),, », universally
quantified over all positive integers m and n, jointly provide a necessary and
sufficient condition for the equationally defined commutator to be additive. The
crucial fact in the theory of the equationally defined commutator is that the restricted
distributivity of the lattice Th(QF) implies both (EgDistr),,,, and (Epi).p, for all
m, n. We shall prove these facts below.

Theorem 5.3.4. Let Q be a quasivariety such that the lattice Th(QF) is distributive
in the restricted sense. Then the lattice Th(Q’:) validates (EqDistr),,, for all
positive m, n.

Proof. We put C := Q%= The restricted distributivity implies that

(C(X1) +q C(X2)) N C(Y) = C(X1) N C(Y) +q C(X2) N C(Y) ()
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for any separated sets X, X», Y of equations of variables.
According to Notes following Lemma 5.2.12, () entails the condition

(C(X1) +q C(X2)) N (C(Y1) +q C(Y2)) = (%)

C(X1) N C(Y1) +q C(X1) N C(Y2) +q C(X2) N C(Y1) +q C(X2) N C(Y2)
for any separated sets X, X», Y1, Y» of equations of variables. It is easy to see
that () yields (EqDistr)e.. The thesis follows. ad

Note. Appendix B contains a (longer) proof of the above theorem for any RCM
quasivariety. In this proof conditions (EqDistr),, , are directly computed. The proof
given there involves some purely syntactical techniques which are also useful in
other contexts. O

The next step consists in showing that every quasivariety Q whose lattice
Th(QF) is distributive in the restricted sense validates (Epi)m.n, for all positive m, n.
The proof of this fact is more intricate.

Theorem 5.3.5. Let Q be any quasivariety such that the lattice Th(QF) is dis-
tributive in the restricted sense. Let X and Y be finite separated sets of equations of
pairwise different variables of Var. Then for any epimorphism e : Te, — Te.,

[QF (eX), QF (eV)] = QF (e(QF (X) N QF(1))). (1)

Notes. A. By taking the e-preimage of the theories on the both sides of (1) we
obtain the equivalent equality

¢7'[QF (eX). QF (eY)] = kerg(e) +q QT (X) N QF (Y).

Theorem 5.3.5 is therefore equivalent to (Epi)so—see Corollary 5.3.6.
B. (1) cannot be replaced by the stronger identity:

QF (eX) N QF (e¥) = QF (e(QF (X) N QF (1)), (1)*

holding for all finite sets of equations of separated variables X and Y, because (1)*
implies, in the presence of (Vm,n = 1) (EqDistr),,,, the distributivity of the
lattice Th(QF).

Proof (of the theorem). Write C := QF and let us assume that X = x ~ y, ¥ =

z ~ w, where x = {x1,.... %}, Yy = Voo Vmb 2 = {21,z and w =
{wi,...,w,} for some m,n = 1. We also write
ex ~ ey = {ex; ~ eyy,...,exy ~ eyy} and ez ~ ew := {ez) ~ ewy, ..., €z, ~ ew,}.

We must show that
[Clex ~ ey). Clez ~ ew)] = C(e(C(x x y) N C(z & w))). (2)

Passing to the e-preimages of the theories on both sides of (2), we get
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Claim 1. (2) is equivalent to

kerq(e) +q [kerg(e) +q C(x = y), kerq(e) +o C(z = w)] =
kerg(e) +q [C(x = ), Cz = w)]. (3)

(see the remarks following Corollary 5.2.15).

Proof (of the claim). We apply Corollary 3.2.5 and argue as follows.
(2) = (3). Assuming (2) we get:

kerq(e) +q [kerg(e) +q Cl(x = y), kerg(e) +q C(z ~ w)] =
(by Corollary 3.2.5)
e ([Clex ~ ey), Clez ~ ew)]) = (by (2))
= 'Cle(Cx~y) NCzrw))) =

kerg(e) +q C(x ~ y) N C(z = w) = kerq(e) +q [C(x ~ y), C(z = w)].

So (3) holds and therefore (2) implies (3).
(3) = (2). Now assume (3). We then have that

¢ '([C(ex ~ ey), C(ez ~ ew)]) = (by Corollary 3.2.5)
kerq(e) +q [kerg(e) +q C(x = y), kerg(e) +q C(z ~ w)] = (by (3)
kerq(e) +¢q [C(x ~ y), C(z ~ w)] =
kerg(e) +Q Cx ~ y) N C(z = w) =
e (C(e(Clx ~ y) N Clz ~ w))).

It follows from the above equalities that e~ !([C(ex ~ ey), Clez ~ ew)])
e 1(C(e(C(x ~ y) N C(z &~ w))). Hence [C(ex ~ ey), C(ez ~ ew)]) = C(e(C(x
y) N C(z ~ w))) which means that (2) holds. N
"~ This proves the claim. O

%

Let A’ (x, .2, w, u) be any set of equations such that
Cx~y)NCzr~w) =C(A(x,y, 2, w,1)). (%)
A’ may be infinite. We recall that if u € Vark, where k < w, then

(Yw) A'(ex, ey, ez ew.u) := | J{A'(x/ex.y/ey. z/ez. wew. u/D)) : t € Tek}.
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Q

As A'(x,y,zw,u) © Clx ~ y) and A'(x,y,z,w,u) C C(z w), struc-
turality gives that (Vu) A'(x,y,z,w,u) S Cix ~ y) N C(z w). Since
C(A'(xy.zwuw) € C((Vu) A'(x,y,z,w,u)), it follows that C(x ~ y) N C(z ~
w) = C(Axy.zw.w) € C(VWA'(x.y.zwu) € Clx ~ y) N Cz ~ w).
Hence

%

Car~y) NCez~xw =C((YA'(xy z,w, ). (%)

(2) (equivalently, (3)) continues to hold if e is replaced by any other epimorphism
e : Te, — Te, which agrees with e on the variables x, y, z, w because both sides
of (2) are unambiguously determined by the values of e on the variables x, y, W
displayed there. This remark is encapsulated in the following claim. B

Claim 2. Let ¢’ : Te, — Te, be an epimorphism which coincides with e on the
variables x, Vi W. Then

[Clex ~ ey), Clez ~ ew)] = [C(e'x x €y), C(e'z ~ €'w)]
and
C(e(Cx = y) N Cz ~ w))) = C('(Cx ~ y) N Cz ~ w))).
Proof (of the claim). We obviously have [C(ex ~ ey), Cez ~ ew)] = [C(ex ~

e'y), C(e'z =~ €'w)]. To prove the other equality we define A’(x, ¥:2,w, u) as above
and compute:

Cle(Cx = y) N C(z = w))) = (by (xx%))
C(e(C((Yu) A'(x,y,z,w,u)))) = (by structurality)

Cle(Vw) A'(x,y,z,w,u)) =

C((Yu) A'(ex, ey, ez, ew, u)) =

C((Yu) A'(e'x, €'y, 'z, e'w,u)) =
Cle'(Vu) A(x,y, z,w, w) =
C(e'(C((Yuw) A(x,y,z,w, w)))) = (by (x%))
Ce(Cx~ y) N C(z~ w)).
Consequently,

Cle(Clx = y) NCz = w)) = C((Clx = y) N Cz ~ w))).

This proves the claim. O
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Thus to prove (2) (equivalently, (3)) it suffices to find at least one epimorphism
¢ : Te, — Te, which coincides with e on the variables x, VW and for which

[C(e'x ~ €y), C(e'z ~ e'w)] = C(e/(Cx ~ y) N C(z ~ w))).
We shall take a closer look at (3). We write
pilx,y.z,w,v) == ex;,  gi(x,y.z,wv):=ey; fori=1,....m, “
and
ri(x,y,z,w,v) ==z, si(xy,zwv) i=ew; forj=1,...,n, (5)

where v is the set of variables different from those in x, y, z, and w that may occur
in the above terms p;, g;, rj, s; (i=1,...,m,j=1,.. n)_

We apply Theorem 2.21 and the remarks following the formulation of this
theorem. In view of Claim 2, we may assume that Var \x Uy Uz Uw C V,.
(Thus e assigns a variable to each variable belonging to Var \ x Uy U zU w; but it
may also happen that ev is a variable for some v € x Uy U z U w.) Moreover we
may assume that e is the identity map on the set of parameters v, and e bijectively
maps V, onto Var. We therefore have that Var \ V., CxUyUzUw.

Let x/, yl, zj/., w} be the (unique) variables such that x; = exi,y; = eyj/., zj = ezjf,
wj = ewj/. fori = 1,...,m,j = 1,...,n. They are pairwise different. In view of
Claim 2 we may also assume, without loss of generality, that all x/, y!, zj/., wj/. are also
different from x Uy U z U w. We write:

X=X X’:: ooy =4y g, W=l owl, b
We also define:

/. / !’ / /. / /! /
pi ':pi(lsngsmsQ)a qi -:%()_572@7&72)»

=nalyl iy s =gyl 2w ),
fori = 1,...,m,j = 1,...,n. (The above terms are thus obtained by making
appropriate substitutions in the terms p;, g;, rj,5; (fori = 1,...,m,j = 1,...,n),

viz., replacing the variables x by x', y by )" etc.) Thus p}, ¢;, r; and s; are terms in the
variables in V, for which

/ / / /
ex; =ep;, ey =eq; ez =er;, ew;=es;

fori=1,...,m,j=1,...,n. (Here “=" means the identity of terms.)
We also put:

pi= P y.zw.0), ... pw(x, y. 2, W, 1)),
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q:= (XY, 2w, V), ... qn(x,y,2, W, 1)),

ri=(rn®y.zw),....nxy zwo)),

si= (1062w, ), .., (X, Y, 2. W, D)),
P= @y 2w ), ey 2w ),
q =&y, 7w, ), gy 2w 0)),
= (n@y, oW Y)Y ),
= (s (YL W), (Y 2w ).

It may happen that some terms occurring in the concatenation of the sequence
p- g, 1, s repeat. It therefore follows from Theorem 2.21 that kerq(e) is generated by

Ao = i~ pid Y. 2 w0, vim gy 2w o) i =1L mU

(g~ .y, 2, w, ), w~ s,y 7w v):j=1,...,nU

("~ y" ¥,y € xUyUzUw and the terms ex” and ey”
(among those in pq.r, s) are identical}. (6)
ie.,
kerg(e) = C(Ao), (7

(The set {x” ~ y” : X",y € x Uy U zU w and the terms ex” and ey” are identical}
may contain only trivial equations.) Thus

kerg(e) = P +q R, 3
where
P:=C({x ~pi(x,y. 2. v 0. yi~ g,y 2w v)i=1,....mju (9
g~y Z.wv),w~ @y, 7. wv)j=1,...,n})and
R:=CH{x" ~y":x",y" € xUyUzUw and the terms ex” and ey”
among those inp, g, r, s are identical}).

In virtue of (8) we see that to prove (3) it suffices to show that
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kerg(e) +q [P+ C(x ~ y) +QR. P +q Cz ® w) +qR] =
P+qClx~y)NC(z~w) +qR. (10)

But
P+qClax~y)=P+qC(p' ~¢) and P+qClzrw) =P+qC( ~¥).

We may therefore rewrite (10) as

kerg(e) +q [P+ C(p' ~ ¢') +qR.P+o C(r' ~ 5') +qR] =
P+ Clx~y)NCz~w) +qR,

that is,

kerg(e) +q [kerg(e) +q C(p' ~ ¢'). kerg(e) +q C(r' ~ 5)] =
kerg(e) +o Cx ~ y) N C(z = w). (11)

We recall that A’(x, y, z, w, u) is the set of equations defined in (x) above. Thus ()
holds. We then proceed as follows. e is the identity map on the set of parameters v.
As the assignment x; — x/, y; —>yjf,z_,~ — zj’.,wj — wj{fori =1,....mj=1,...,n,
is well-defined and one-to-one, we extend it to a choice function g from Var to the
family {u' € Var : ew' = u} : u € Var} so that gu € {u' € Var : ed’ = u}, for all
u € Var and g is the identity map on v. Let V := g[Var] and let T be the subalgebra
of Te, generated by the variables of V (see Section 3.3). Sincex Uy Uz Uw U i’ is
a subset of V, the terms of p’, ¢, ', s’ belong to the term algebra T generated by V.
Theorem 3.3.5 applies to this situation and it implies that the LHS of (11) is equal
to kerg(e) +q [C(' ~ ¢'), C(r' ~ s)]. Thus (11) is equivalent to

kerg(e) +o [C(P' ~ ¢), C(r' ~ 5)] = kerg(e) +@ Cx ~ y) N C(z ~ w).  (12)
But the inclusion “2” in (12) is immediate because:
kerg(e) +q [C(P' ~ ¢), C(r ~ s")] =
P+oR+q[C( ~ ¢).C( ~ §)] 2
P+oR+qC((Vw) A'(p/.q .1 5"\ w) 2
P+o C((Yw) A'(W'.q.r'.s',w) 2
C((Yw) A'x.y.z.w) = Cx & y) N C ~ w).
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by the definition of P. We thus see that (12) is equivalent to the inclusion:
(€ ~ q).C(t' ~ 5] € kerg(e) +o Clx ~ y) N €z~ w).
ie.,
[CQp" ~¢).C(r' )] S P+q Clx~y) N C(z~w) +qR. (13)

Once we show (13), our theorem will be proved. To show (13), it suffices to check
that C(p’ ~ ¢') centralizes C(r' ~ ') relative the theory 7 := P +¢q C(x =~ y)
N C(z & y_) in the sense of the centralization relation Zj com, defined as in
Chapter 2 (see Corollary 5.2.14). Z4 com is the centralization relation in the sense of
quaternary commutator equations of Q (see Chapter 1). (13) then follows, because,
by definition, the equationally defined commutator [C(p’ ~ ¢’), C(r' ~ s')] is the
least equational theory X of C such that C(p’ ~ ¢') centralizes C(r' ~ s') relative
to X in the sense Zqo, and hence in the sense of Zlcom, by Corollary 5.2.15. As the
theory T is included in kerg(e) +¢ C(x ~ y) N C(z ~ w), (13) will follow. The
following lemma elaborates this idea. B

Lemma. Let

A:=C@p' ~q), B:=C{ ~y5).

129
&
1~

T:=Cx~p.y~{q, wa )+ Clxry)NCz~w).

Then Zy com(A, B; T).
Proof (of the lemma).

Claim A. Suppose that a, b, ¢, d are arbitrary sequences of terms such that

ax~beCp' ~q) and c~deC( ~y), (14)

where a ~ b = (a ~ by,...,ay =~ by)andc ~ d = (c; =~ dy,...,c, = d,).
Then

C((Yw) A'(a,b,c.d, ) € T. (15)

Proof (of the claim). Let
YVi={x~plU{y~qg} and Z:={z~r}U{w~y}.
The first conjunct of (14) gives that

axbeC@p ~q)CCY)+qCx~y).
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Hence
Cla~b) S C(Y) +q Clx ~ y). (16)

As the variables z and w are separated from the variables occurring in Y U x =~ y,

we apply Theorem 5.3.1 to the theory C(Y) +q C(x ~ y). (16) then yields that
C((Yu) A'(a.b.z.w.u) €S Cla~b)NCzrw) S
(C(Y) +qClx~y)NC(z~w) = (by Theorem 5.3.1)
CNCezrw +Cxr~y NCzrw) =
C(Y) N C(z~ w) +q C((Yu) A'(x,y,2,w,u)) C
C(Y) +q C((Vu) A'(x, y. 2. w. w)).

Hence

C((Yu) A'(a, bz, w,u)) € C(Y) +q C((Yu) A'(x,y, 2, w, u)). (17)
By applying the substitution z/c, w/d to (17), we get

C((Yu) A'a.b.c.d.w) € C(Y) +q C((Yu) A'(x,y, c. d.w)), (18)

by structurality.
In turn, the second conjunct of (15) gives that

cxdeC(r =5)CCZ) +q Clz~w).
Hence
Clcx~d) CC2) +qClzxw). (19)

As x and y are separated from the variables occurring in Z U z ~ w, we again apply
Theorem 5.3.1 but this time to the theory C(Z) +q C(z ~ w). (19) then yields that:

C((Yu) A'(x,y.c.d.w) SClc ~d)NCx~y) S
(C(2) +qCz=w) NCx~y) = (by Theorem5.3.1)
CONCaxry +oCzrwNChry) =
C(2) N C(x ~y) +q C((Yu) A'(x,y, 2, w,u)) C
C(Z) +q C((Yw) A'(x,y, 2, w, ).
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Hence
C((Yu) A'(x,y.¢c,d,w) € C(Z) +q C((Yu) A'(x,y, 2, w,u)). (20)
Combining (18) and (20) we get that
C((Yu) A'(a,b.c,d,w) S C(Y) +q C((Yu) A'(x,y,c.d u) S
C(Y) +q C(Z) +q C((Yu) A'(x,y,z, w,u)) =
C(Y) +q CZ) +q Cx ~ y) N Cz ~ w) = T.

Thus C((Yu) A'(a,b,¢,d,w)) € T.As T C kerg(e) +q Cx ~ y) N C(z ~ w), the
claim follows. ad

Claim B. Z; om(A, B; T).

Proof. Let x,y,z, w be four distinct variables and let Ag(x,y,z, w,u,) be a set of
equations such that C(x ~ y) N C(z ~ w) = C((Vuy) Ao(x,y,z, w, uy)).
To prove the claim, we apply Corollary 5.2.14. We then have:

[A,B] =
[CQ' ~ q).C(' ~ 5] = C|_J{(Vuy) Ao(a.b.c.d.uy):
axbeCp ~q)andc~deC ~s)}).

AsClx ~ y)NC(z ~w) = C((Yuy) Ao(x,y,z,w, u,)), the fact Zs com(A, B; T) will
be proved once we show that

(Yu,) Ao(a,b,c,d,uy) CT whenever
axbeCp' ~q)and cxdeCl ~5). (21)

As Q validates (EgDistr),, , (by Theorem 5.3.5), we also have that

C(Vw Ay zww)=CC | (V) doxiyizowjoug)).  (22)

I<ism,Isj<n

To show (21), assume a ~ b € C(p' ~ ¢') andc ~ d € C(r' ~ §). Let

1
Il
—
R
2
=
IS
Il
—
S

..,b), (aand b repeated m times)

1o
Il
—
Ay
o
2
1
Il
—
&

..,d), (c and d repeated n times).
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Asa~beC@p ~q¢)andc~de C( =~ s'),Claim A gives that

C((Yu) A'(a.b.c.d.u)) S T.

But (22) and the structurality of C give that

It then follows that C((Yu,) Ao(a, b, c,d,u,)) € T. So Claim B holds. O
The lemma has been proved. This concludes the proof of the theorem. O

Corollary 5.3.6. Let Q be a quasivariety such that Th(QF) is distributive in the
restricted sense. Then Th(QF) validates (Epi)m.n, for all positive m, n.

Proof. Let X and Y be separated finite sets of equations of individual variables and
e : Te, — Te, an epimorphism. Put: C := QF.
According to the above theorem, we have that

[C(eX), C(eY)] = C(e(C(X) N C(Y))).
Taking the e-preimages of both sides we get that
e ([C(eX), C(eY)]) = €™ (C(e(C(X) N C(Y)))) = kerg(e) +q C(X) N C(Y).
Hence
kerg(e) +q C(X) N C(Y) = ¢~ ([C(eX), C(eY)])

So (Epi)u.» holds for all positive m, n. O
We thus arrive at the crucial result of this book:

Theorem 5.3.7. Let Q be a quasivariety such that the lattice Th(QF) is distributive
in the restricted sense. The equationally defined commutator for Q is additive.

Proof. The thesis directly follows from Theorem 5.3.4, Corollary 5.3.6 and Theo-
rem 5.2.16. O

The question as to whether the additivity of the equationally defined commutator
for Q is essentially weaker than the restricted distributivity of Th(QF) appears to
be open. In other words, we ask if there is an example of a quasivariety Q whose
equationally defined commutator is additive but where the lattice Th(QF) is not
distributive in the restricted sense.

In the next chapter we shall show that for every relatively congruence-modular
quasivariety Q, the lattice Th(QF) is distributive in the restricted sense. From
this fact and Theorem 5.3.7 we shall immediately get that for every relatively
congruence-modular quasivariety the equationally defined commutator is additive.



5.3 Restricted Distributivity and Additivity of the Equationally-Defined. .. 147

We close this section with a comparison of the properties of the commutator
(D, ¥]edc(va(qy) With those of the commutator [@, ¥].e(q) for @, ¥ € Cong(A) in
any algebra A—see Section 3.1, Definition 3.1.10. We first pose the following:

Problem. Suppose that the equationally defined commutator for Q is additive. Let
@ and ¥ be Q-congruences of t-algebra A. Is it true that [®, ¥].4c(va()) 1S a Q-
congruence?

Leaving aside the problem, we shall just prove the Extension Principle for the
Equationally defined Commutator here.

Theorem 5.3.8. Let Q be a quasivariety whose equationally defined commutator is
additive. Then for any algebra A € Va(Q) and any congruences @, ¥ € Con(A),

O ([P YNeaeva(@)) = [OG(@). O (¥)]eac(qy-

Proof. We shall first prove the above theorem for principal congruences:

Lemma 5.3.9. LetA € Va(Q) and a,b,c,d € A. Then
[0, b), O (¢, Deae) = O ([O(a. b), O(c, d)edeva@)))-

Proof. The inclusion “2” is immediate because @é(a, b) D O(a,b), @6(@ d) 2
®(c, d) and hence

[04(a.b). O (c. D)]eaciq) = O[O (a.b). O (c, d)]eacvai)) 2

04(O(a.b), O(c, d)eaeva@))-
by the monotonicity of [ - Jeac(va(Q))-
To prove the reverse inclusion, suppose that A(x, y, z, w, u) is a generating set for

the equationally defined commutator of Q. As [-].4c(q) is additive on Q-congruences
of the algebras of Va(Q), we have that

[@3(&5)» @3(& D]eacQ) = @AQ(U{(VQ) A(a.b,c.d.e) : e € AX})
in the lattice Cong(A). We must therefore show that
@é(U{(VE) Aa.b.c.d.e) : e € A'}) € O§([O(a.b). O(c. d)]eactva))-
To prove the above inclusion it suffices to show that

(p(as b» c, dv g)’ q(av bs c, d» Q)) € [@(d, b)’ @(C, d)]EdC(Va(Q))s (*)

forall p ~ g € A(x,y, z, w, u) and all sequences e of elements of A.
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Fix p ~ ¢ and e. We have:

pla,a,c,d,e) = pl(a,b,c,d,e) (mod O(a,b)) €))
q(a,b,c,c,e) =qla,b,c,d,e) (mod O(c,d)) 2)

Since p & ¢ is a commutator equation for Va(Q) and A € Va(Q), we also have that

pla.a.c.d.e) = q(a.a.c.d.e) 3)
and
pla,b,c,c,e) = q(a,b,c,c,e). 4)
(1) and (3) imply that
pla,b,c.d,e) = qla,a,c,d,e) (mod O(a,b)). %)

In turn, (2) and (4) give that

g(a,b,c,d,e) = p(a,b,c,c,e) (mod O(c,d)). (6)
But trivially,
q(a,a,c,d,e) = q(a,b,c,d,e) (mod ©(a,b)) @)
and
pla,b,c,d,e) = p(a,b,c,c,e) (mod O(c,d)). ®)

(5) and (7) imply that
pla,b,c,d,e) = q(a,b,c,d,e) (mod O(a, b)),
while (6) and (8) give that
pla,b,c,d,e) = q(a,b,c,d,e) (mod O(c,d)).
Hence
pla.b.c.d.e) = gq(a.b.c.d. e) (mod [O(a, ). O(c, d)]edc(va@)))-

by the definition of [@(a, b), O (c, d)]edc(vac@))- SO (*) holds.
This proves the lemma. O
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We pass to the proof of the theorem. The inclusion
O Y)eaeva@)) S [O(P). OG(¥)]eac()

is immediate. To prove the opposite inclusion, we argue as follows.

[04(@). O§(P)]eaciqy = (by the additivity of [ - Jeac(q))
sup Q(U{[@g(a,b), O (c. Dleacq) : (a.b) € D, {c.d) € ¥}) =
(by the lemma)

@6(U{@6([@(as b)v @(C‘, d)]edc(Va(Q))) : (aa b) € <pv (Cv d) € lp}) =
03 Ji16(a.b). O(c.d)etciva) : (a.b) € . (c.d) € ¥}) =
O%(@* (| 0(a.b). O(c, D]eactua(@)) = (a.b) € @, (c.d) € ¥}) <

O (P, Wleacva))-

This concludes the proof of the theorem. O

5.4 Semilattices and Restricted Distributivity

Let S be the variety of semilattices. Each semilattice is endowed with a single binary
operation - that is idempotent, commutative, and associative. S is minimal and it is
not congruence-modular.

Theorem 5.4.1. Let S be the variety of semilattices. The lattice Th(SF) obeys the
law of distributivity in the restricted sense.

Proof. We shall sketch the idea of the proof. Hereafter the term ‘term’ refers to any
term in the signature of S. We shall use simplified notation and for any terms p, g
we write pq instead (p - ¢) omitting the dot - and parentheses as much as possible.
In particular we write xx, in place of (x; - x3). By a block of variables we shall

mean any term of the form (... (x1x)...x,), where x1,x,...,x, iS a sequence
(without repetitions) of pairwise different variables. Thus, if ¢ is a permutation of
the set {1,...,n}, then (... (Xs(1)Xs(2)) - - - Xo(n)) is also a block. It is clear that for
any term t = #(xy,xp,...,X,), where all variables of ¢ are displayed, the equality
t(x1, X2, oo .5 xn) & (... (x1x2) . .. x,) is valid in S, that is, every term is ‘equivalent’
to a block.

To simplify matters we assume that 2 is the two-element meet-semilattice. (This
assumption is not restrictive—we could work with 2 treated as a join-semilattice as
well. But then in the proofs we present below one should replace O by 1 and 1 by 0.)
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Lemma 1. Let s; and s, be arbitrary terms. Then s; ~ s, is valid in S if and only
if Var(sy) = Var(sy).

Proof. Immediate — use 2. O
We put: C := SF.

Lemma 2. Let x and y be different variables andp ~ q € C(x ~ y). If p ~ q is not
in C(@), then there is (a possibly empty) block of variables a not containing x and y
such that

either C(p =~ q) = C(xa ~ ya) or C(p =~ q) = C(xa =~ yxa)
or C(p =~ q) = C(xya ~ ya).

Proof (of the claim). We first note that for an arbitrary block of variables a not
containing x and y we have that

xarxya€Clx~y), xarxyxacClk=y), xya=yacClx=y).

The claim shows that up to deductive equivalence with respect to C these are the
only possible cases.
As p =~ g & C(9), we have that Var(p) # Var(q). We first show

{x.y} & Var(p) N Var(q). (a)

Suppose that {x,y} € Var(p) N Var(g). Hence we may write that p and ¢ are of
the form xya and xyb, where a and b are blocks of variables not containing x and y.
As xya ~ xyb € C(x ~ y), we get that xxa &~ xxb is valid in S. Hence xa =~ xb
is also valid in S, by idempotency. It follows that a and b are blocks of the same
variables (i.e., ¢ and b are equal up to a permutation of variables). Consequently,
C(p =~ q) = C(xya ~ xya). Hence p &~ g € C(). A contradiction.

{x.y} 0 (Var(p) U Var(q)) # 0. (b)

Suppose that {x,y} N (Var(p) U Var(q)) = @. Hence neither x nor y occurs in
pand g. Asp ~ g € C(0), there is an assignment / in a semilattice A such that
hp # hgq. Since the sets of variables {x, y} and Var(p) U Var(q) are disjoint, we
may at the same time assume that ix = hy. It follows that p =~ ¢ & C(x ~ y). A
contradiction.

{x.y} € Var(p), Var(gq) contains exactly one variable from {x,y} or (c)
{x.y} € Var(q), Var(p) contains exactly one variable from {x,y} or
both Var(p), Var(g) contain exactly one (but not the same) variable

from {x, y}.

In view of (a) and (b), to prove (c) it suffices to exclude the following four cases:
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{x.y} € Var(p), {x,y; N Var(q) =0, (dD)
{x.y} € Var(q), {x,y; N Var(p) =0, (d2)
Var(p) N {x, y} is a singleton, {x,y} N Var(q) = 0, (d3)
Var(q) N {x, y} is a singleton, {x,y} N Var(p) = 0. (d4)

As to (d1), suppose {x,y} € Var(p), {x,y} N Var(q) = @. Hence there are blocks
of variables a and b not containing x and y such that C(p ~ q) = C(xya = b).
Asp ~ g € C(x ~ y), we therefore get that xya ~ b € C(x = y). Let us
take an assignment / in the two-element semilattice 2 such that hia = hb = 1 and
hx = hy = 0. Then hxya = 0. As hb = 1, it follows that xya ~ b & C(x =~ y). A
contradiction.

(d2) is proved similarly.

As to (d3), suppose first that x € Var(p), y € Var(p) and {x,y} N Var(q) = 0.
Hence there are blocks of variables a and b not containing x and y such that C(p ~
q) = Cxa =~ b). Asp ~ g € C(x ~ y), we getthat xa ~ b € C(x ~ y). Let
h be an assignment in the two-element semilattice 2 such that ha = hb = 1 and
hx = hy = 0. Then hxa = 0. As hb = 1, it follows that xa ~ b &€ C(x = y). A
contradiction.

The case when x & Var(p), y € Var(p) and {x,y} N Var(q) = @ is similarly
handled.

(d4) is left as an exercise.

From (a), (b), (¢) the claim follows. Indeed, assume first that {x, y} C Var(p) and
Var(q) contains exactly one variable from {x, y}, say x. Then C(p ~ q) = C(xya~ xb)
for some blocks of variables a and b not containing x and y. We then have that
xya ~ xb € C(x =~ y). Substituting x for y we therefore get that xxa ~ xb € C(9).
Hence xa ~ xb € C(%). It follows that the blocs a and b contain the same variables.
So without loss of generality we may assume that they are identical. We therefore
have that C(p ~ ¢q) = C(xya =~ xa).

The other cases are handled in a similar way. They all yield one of the cases
of the statement of the claim. For instance, let us also check the last case when
both Var(p) and Var(q) contain exactly one (but not the same) variable from {x, y}.
In this situation C(p ~ q) = C(xa ~ yb) for some blocks a and b not containing
xand y. As xa =~ yb € C(x = y), we get that xa ~ xb € C(@). From this it
follows that @ and b contain the same variables. Hence a &~ b € C(#). Consequently,
C(p ~ q) = C(xa =~ ya). O

Lemma 3. Let X be any finite set of equations of terms and let Y be any finite set
of equations of variables separated from X, that is, Var(X) N Var(Y) = @. Then
CX)NC(Y) =C®).

Proof. The lemma is reformulated as the statement:
Let m and n be arbitrary positive integers. For any sequences of terms

P, = Pl--iPm 4, = qis---qm and any sequences X, = Xi,...,Xp
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Y, = Vi Vn of pairwise different individual variables separated from the
variables occurring in the terms of P, and g,

(D Clp, ~q )NCx,~y)=CO).

Proof. We prove (T),, , by double induction on m and n.
Claim 1. (7),,.1 holds for all m.

Proof (of the claim). Fix m = 1 and let P, = PloeeiPmd, = qis--qm be
sequences of terms. Let x and y be two variables separated from the variables of P,
and q,., To prove (T),,1 suppose by way of contradiction that r ~ s € C (p ~q, )
NCx~y)butr~ s & C(@). Asr~ s € C(x ~ y), Lemma 2 applies. We therefore
consider three cases.

Case 1. C(p ~ q) = C(xa ~ ya).

So we have xa ~ ya € C(p ~q ). As x and y do not occur in a, P, and
q,,we take an assignment /4 in " such'that hx = 1, hy = 0 and ha = hp1 =
= hpm = hqy = ... = hq,, = 1. As hxa = 1 and hya = 0, we see that

xa~ya ¢ C(pm ~ ﬂm)' A contradiction.
Case?2. C(p ~ q) = C(xa ~ yxa).

Then we have that xa ~ yxa € C(pm R gm). Taking an assignment 4 in 2 such
thathx =1, hy=1land ha = hp, = ... = hp,, = hg1 = ... = hq,, = 1, we get
that ixa = 1 and hyxa = 0. Hence xa ~ yxa ¢ C([_?m ~ flm)‘ A contradiction.

Case 3. C(p =~ q) = C(xya = ya).

Then xya ~ ya € C (pm A qm). Then taking an assignment /4 in 2 such that

hx =0,hy=land ha = hp; = ... = hp,, = hq; = ... = hq,, = 1, we get that
hxya = 0 and hya = 1. It follows that xa ~ yxa ¢ C([_Jm ~ flm)‘ A contradiction.
This proves the claim. O

Claim 2. Fix m. Then (T),,, holds for all n.

Proof. This is proved by induction on n. The case n = 1 is established by Claim 1.
Fix n = 1 and assume (T),, ,. We shall prove (), ,+1. Fix terms P, =Pt Pms

q, = 91>+ 4m and variables x, = xi,...,X,, Y, = Yoo n and let x and y
be two new variables separated from the varlables of P, and q, We claim that
C(Em m)ﬂCLn %y)—C(@)AssumerwseC(p Nq)ﬂ

Cx, ~ MR y) and suppose r = s is not in C({). Let e be a substitution
such that ex = x, ey = x and e is the identity map on the remaining variables.
ThenerweseC(ep ~eq )N Clx, Ny)—C(p q )HCL Ny)—C((Z))
because e is the 1dent1ty map on the variables of | p,~4q, and by (T)m,, Hence
er ~ es € C(9),i.e.,r ~ s € kerg(e). But from the deﬁnltlon of e and Theorem 2.21
it follows that kers(e) C(x~y). Thusrxse Clxrxy). Asrx~seClp ~gq ),
we therefore get that r &~ s € C(Em ~q, ) N C(x & y). But as the variables x
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and y are separated from the variables of P, and q,. (T)m,1 yields that C([_Jm R
c_]m) NC(xNy)=C(@).Sor=se C(d).A contradiction. |
From Claims 1-2 the lemma follows. O
The above lemma implies the theorem. For let X = {x; ~ y; : i € I}, where
x;,yi, i € I, are pairwise different individual variables. Let Y and Z be arbitrary
sets of equations of terms such that the variables occurring in the terms of Y U Z
are separated from the variables of X. Then Lemma 3 gives that C(X) N (C(Y) +q
C(Z2)=C®),CX)NCY)=C(@) and C(X) N C(Z) = C(¥). Hence

C(X) N C(Y) +q CX) N C(Z) = C(X) N (C(Y) +q C(2)),

which means that Th(SF) validates the restricted distributivity. O

The above Lemma 3 shows that the law of restricted distributivity of Th(SF)
trivializes because its constituents are equal to the theory C(@). This fact also
implies:

Corollary 5.4.2. The equationally defined commutator for the variety of semilat-
tices S is the zero commutator: for every semilattice A and any two congruences
(RS COI’l(A), [(P, lp]edc(S) = 04.

Proof. This follows from the fact that for any positive integers m and n and any
sequences of pairwise distinct individual variables x = X1, ..., X3, ¥y = Y1,--+sYm
and z = z1,...,24, W = Wy, ..., W, itis the case that

SE(x ~ y) NSF(z ~ w) = ST ().

This is a particular case of Lemma 3. Thus the set of commutator equations for S
reduces to the identities of S. a

5.5 A Characterization of the Equationally-Defined
Commutator

The following theorem states that if the equationally defined commutator is additive,
then it is the largest one among all additive operations defined in the lattices of
relative congruences and satisfying (C2):

Theorem 5.5.1. Let Q be a quasivariety of algebras whose equationally defined
commutator is additive. Suppose that % is a binary operation defined in the lattices
Cong(A), A € Q, such that for any algebra A € Q, # satisfies
ChH* osfvCcony,
(C2)* @ ¥ supo(X) =supo{®@** &: 5 €X},
forany @, ¥ e Cong(A) and any set X € Cong(A).
If, furthermore, * satisfies



154 5 Additivity of the Equationally-Defined Commutator

(C3)* If h : A — B is a surjective homomorphism between Q-algebras and
D, ¥ e Cong(A), then

ker(h) +q (@ #* W) = i~ (he #* hW),

then the operation % is included in the equationally defined commutator, i.e.,
& %W C (D, Y, forany A € Q and any &, ¥ € Cong(A).

(In (C1)* the supremum is taken in the lattice Cong(A). (C1)* and (C2)* are the
s-counterparts of (C1) and (C2) for the equationally defined commutator.)

To prove the theorem, one repeats the reasoning carried out for the equationally
defined commutator in Section 3.1. One first selects four distinct variables x, y, z, w
and defines Ag(x,y,z,w,u) to be any set of equations such that Q': (49 =
Q(x ~ y) * Q=(z ~ w). (The definition of % makes sense in the lattice of
equational theories of QF as well. But Ay need not be a generating set for the
equationally defined commutator of Q.)

(C0)* implies that Q=(Ay) € QF(x ~ y) N QF(z & w), i.e., Ay is a set of
quaternary commutator equations of Q. In turn, (C1)* and (C2)* imply that

For every algebra A € Q and for every pair of sets X, Y C A2,
Og(X) x* 04 (Y) = O J{(Ve) Aj(a.b.c.d.e) : (a.b) € X.(c.d) € ¥}). (a)

(Argue as in the (1) = (2)-part of the proof of Theorem 5.1.2.)
(a) and the fact that the equationally defined commutator of Q is additive imply
that

For every algebra A € Q and for every pair of sets X, Y € A%,
O(X) #* O (Y) S [95(X). O], (b)
because Ay is a set of quaternary commutator equations.

(b) readily implies that @ %4 & C [®,¥]A, forany A € Q and any @, ¥ €
COI’ZQ(A). O



Chapter 6
Modularity and Related Topics

6.1 Relative Congruence-Modularity and the
Equationally-Defined Commutator

Definition 6.1.1. A lattice L = (L, A, V) is modular if it satisfies the following
modularity identity:

xAD)VOAD) =zAEV (Y AZ) (M)
or, equivalently, it satisfies the dual identity
GxVIAGVYrRIVEAGVI)). (M)4

It is easy to see that L is modular if and only if the following implication is true
in L:

z<x > zV(EAY) =xA(V2). O ™M)y

A quasivariety Q of algebras is called relatively congruence-modular (RCM, for
short) if, for any algebra A € Q, the lattice Cong(A) is modular.

One can prove that Q is RCM if and only if the lattice of Q-congruences on the
free algebra in Q with w free generators Fg(w) is modular.

A lattice L is distributive it satisfies the following distributivity identity

@A)V AD) R (EVY) AZ (D)
or, equivalently, it satisfies the dual identity

GVIAGV)REAY) V. (D)4
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A quasivariety Q of algebras is called relatively congruence-distributive (abbre-
viated RCD) if, for any algebra A € Q, the lattice Cong(A) is distributive.

Q is RCD if and only if the lattice of Q-congruences on the free algebra Fg(w)
is distributive.

Examples of congruence-modular varieties: any variety of groups, any variety
of rings, any variety of equivalence algebras (see Section 6.4). More generally, any
point-regular variety is congruence-modular. Any congruence-permutable variety is
also congruence-modular.

General fact due to Kearnes and McKenzie (1992): If Q is a locally finite, RCM
subquasivariety of a semisimple congruence-modular variety, then Q is a variety.

Examples of relatively congruence-modular quasivarieties. According to
Kearnes and McKenzie (1992), every RCM quasivariety of semigroups satisfies the
cancellation laws: xy ~ xz — y =& z and a non-trivial equation. Conversely, any
quasivariety of semigroups axiomatized by the cancellation laws and a non-trivial
equation is RCM. O

The following theorem, already mentioned in this book, is a non-trivial result in
the theory of the commutator.

Theorem 6.1.2 (Kearnes and McKenzie (1992)). Let Q be an RCM quasivariety
of algebras. Then, for every algebra A € Q, the commutator in the sense of Kearnes
and McKenzie satisfies conditions (C1) and (C2) on the lattice Cong(A). O

We recall that conditions (C1) and (C2) have been defined in Section 5.1.
But according to Theorem 4.1.12, for any RCM quasivariety the Kearnes-
McKenzie and equationally defined commutators coincide. We thus have:

Corollary 6.1.3. Let Q be an RCM quasivariety of algebras. For any algebra
A € Q, the equationally defined commutator is additive on the lattice Cong(A). O

Open Problem Suppose that a quasivariety Q has the relative shifting property
and the equationally defined commutator for Q satisfies (C1). Is Q an RCM
quasivariety?

It is easy to see that (C1) alone does not imply relative congruence-modularity.
For, let T be the empty signature (no operation symbols). Let us take Birkhoff’s logic
B, (see remarks placed in Section 5.3). Its models coincide with “bare” non-empty
sets (no operations on them) with equivalence relations as congruences. B, has the
zero equational commutator—the equationally defined commutator [®, ¥4 of any
two equivalence relations is the identity relation in A. Trivially, the commutator
satisfies (C1). But the class of lattices of equivalence relations on all sets does not
satisfy a non-trivial lattice-theoretic identity. It follows that B; is not congruence-
modular.

The above variety fails to have the shifting property because otherwise it would
be congruence-modular, which is excluded.

Corollary 6.1.3 is a consequence of the fact that for any RCM quasivariety Q,
the equationally defined commutator and the commutator in the sense of Kearnes-
McKenzie coincide (Theorem 4.1.12). Hence the former is additive because the
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latter has this property. But the proof of Theorem 4.1.12 is indirect because it
makes heavy use of the results from the theory of centralization relations presented
in Chapter 4.

The rest of this section is devoted to a direct proof of the fact that, for any RCM
quasivariety, the equationally defined commutator is additive, without resort to the
theory of Kearnes and McKenzie.

We begin with the following simple observations concerning modular lattices.

Let x,xj,...,x,, ... be an infinite sequence of pairwise distinct individual
variables of the language of lattice theory. We inductively define the following
infinite sequence of terms

x*x(xy,...,x,) forn=1,2,....
(see Erné 1988):
X% (x1) I=xAXx
Xk (X1, o X Xk 1) i = XA (e V (0% (X1, ..., ),

foralln > 1.
Thus
x*x (x1,x) is x A (x2 V(X Axp)),

Xk (x1,x,x3) 18 X A3V (XA VEAX)))) etc.
Every lattice L validates the inequalities
XAXD)V. .. VAX) Sxx(X],..., %) SXAM@ V... VX,)

for all n = 1. (The proof is by induction on n.)
Theorem 6.1.4. A lattice L is modular if and only if L universally validates the
equations

Xk (X, ..., %) X XAX) V...V (AX)

foralln = 1.

Notice that if L is modular and (a, b1, ..., b,) € L"*! then, in view of the above
theorem, a * (by,...,b,) = a * (bsq), ..., bsm) for any permutation o of the set
{1,2,...,n}, because (a A by) V...V (a A b,) is invariant under permutations of
{1,2,...,n}. (The interpretation of * in L is denoted by the same symbol.)

Proof. (=). Assume L is modular and @ € L. We prove by induction:

T(n): ax(by,...,by) =(anb)Vv...v(anb,), forall(by,...,b,)elL"



158 6 Modularity and Related Topics

T(1) is trivial. To show T(2), assume (b, b,) € L*>.Letc :=a A b|. Asc < a,
modularity gives that a A (b, V(@ ADby)) = an(baVe) = (@Aby) Ve =
(@A by)V (@A by). So T(2) holds.

Assume T(n) holds. Let (by, ..., b,,b,11) € L. We compute:

a*(bl,...,bn,bn_,_l) :=a/\(bn+1 \/(Cl*(bl,...,bn))) = (IH) (a)

an (byp1 vV H(anby) V...V (aAby))).
Putting ¢ := (a A by) V...V (a A by), we have that ¢ < a. Hence, by modularity,

an bprrVanby)v...v(anby)) =an (bt V)= (b)
aANbyr))Ve=(aAbr))V(@nbl)yv...v(anb,) =

(anb)v...v(anb,V(anb,).

Combining together (a) and (b) we see that T(rn + 1) holds.
(=). As T(2) holds, we have that

aAN(byV(aAby)) = (anby)V(anby),
for all a, by, b, € L. Hence
an (byV (b Aa) = (byAa)V (b Aa).
It follows that L validates modularity law
xADVOADrRZAEV (Y A2). O
Note. On the basis of the axioms of lattice theory, modularity is equivalent to the

identity x * (x1,x2) & (x Ax1) V (x Axp). The remaining identities x * (xi, ..., X,) &
(x Ax;) V...V (xAx,),n = 3, are consequences of it. O

Let %, be the term operation dual to *. Thus
X kg (x1) ;= x VX
X kg (X1, e X, X 1) =XV (1 A (kg (X1, ..., X)),

foralln = 1and (xq,...,%,, X,01) € LT
In particular,

X kg (xp,x2) IS xV (2 A (x VX)),

Xkg (xp,x0,x3) =xV (3 AV (A (xVax)))) etc.
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Every lattice L validates the inequalities
XV AL AX) Sxkg (g, .,x) S@VI)ALLAGV X
foralln > 1.
The reverse of the second inequality is equivalent to modularity:
Corollary 6.1.5. A lattice L is modular if and only if L universally validates the
equations

Xkg (X1, ., x) AR XVI)A.. AKXV X,

foralln = 1.

Proof. This can directly verified by emulating the proof of Theorem 6.1.4 for its
dual counterpart or directly by using Theorem 6.1.4 and the duality principle for
modular lattices in the following version (see Appendix A): a lattice equation s ~ ¢
is universally valid in the class of modular lattices if and only if its dual s¢ ~ 14 is
universally valid in this class. O

Corollary 6.1.6. Let Q be an RCM quasivariety, A € Q, @ € Cong(A). Let
B:=A/® and h : A — B be the canonical homomorphism. Then for any n = 1
anday,...,a, by,...,b, €A,

® 5y (O (a1, b1), O(ar, ). ... Op(an. b)) = h7'( () OB(ai/@.bi/ ).
I<i<n
Proof.
D x4 (@6(a1 ,b1), @6(512, b),..., @6(61,,. by)) =  (by Corollary 6.1.5)

m (q) —I—Q @6(ai-bi)) = ﬂ (/’l_l(@g(ai/(p’ bi/‘p)) =

1<i<n I<isn

() O§(ai/e.bi/®)). O

1<i<n

We also note the following fact:

Proposition 6.1.7. Let Q be an RCM quasivariety. Then Q has the relative shifting
property.
Proof. In view of Lemma 3.5.2, it suffices to show that:

For any (equivalently, for some) different variables x,y, z, w,

zaweQF(x~ UQF(r~ y, 22 W) NQFE(r ~ 2,y ~ w)).
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Fix x,y, z, w and put:
C:=Q':({x%y}), A:=Q':(x::¢y,zzw), B:=Q':(x%z,y%w).

Thenz ~ w e A,z~w e Q= (BUC) and C C A. By modularity, ANQF(BUC) =
(ANB)VC.Hencez ~ w e QF(fx  yJUQF(x & y,z » w)NQF (x & 2,y ~ w)).
O

The relative shifting property is essentially a weaker property than relative
congruence-modularity. There exists a congruence-modular variety V with a sub-
quasivariety Q that fails to be relatively congruence-modular (Kearnes and McKen-
zie 1992, Example 3.3.) Since the relative shifting property is inherited by subqua-
sivarieties (Corollary 3.5.3), we see that Q has the relative shifting property and Q
is not an RCM quasivariety.

6.2 The Extension Principle

We recall that a quasivariety Q satisfies the Extension Principle if for every algebra
A € Q, the operator ®qg( - ) is a homomorphism from the lattice Con(A) to
the lattice Cong(A). Equivalently, Q satisfies the Extension Principle if for every
algebra A € Q and for every pair of congruences @, ¥ € Con(A), it is the case that
@Q((p ny) = @Q((p) N @Q(ll/)

Kearnes and McKenzie (1992) have proved a surprising result:

A quasivariety Q is RCM if and only if it has the relative shifting property and
satisfies the Extension Principle.

We shall first broaden the scope of the Extension Principle a little bit as compared
with the original proof given in Kearnes and McKenzie (1992).

Let 7 be a fixed algebraic signature, let Q be a quasivariety of r-algebras, and
A a t-algebra, not necessarily in Q. If @ € Con(A), then @’ denotes the least
Q-congruence of A that includes @. (This congruence is usually denoted by @AQ (@)
but we shall use the more compact notation @’ because Q is clear from context.).
Thus @’ is the least congruence ¥ of A such that ® C ¥ and A/¥ € Q. Clearly,
0, is the least Q-congruence of A. If A € Q, then 0, = 04.

Theorem 6.2.1. (The Extension Principle). Let Q be an RCM quasivariety. Then
for every algebra A € Va(Q) and any congruences ®,¥ € Con(A), (® NV¥) =
Ny

If (@ NW) = &' NV holds for any @, ¥ € Con(A), we say that A satisfies the
Extension Principle with respect to Q.

Before proving the theorem we shall present some general remarks on
quasivarieties.
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Proposition 6.2.2. Let Q be an arbitrary quasivariety of a signature t. Let
h A — B be a surjective homomorphism between t-algebras. Then (W™ (E))' =
h~Y(&"), for all E € Con(B).

(Here, for any a,b € A, {a,b) € h~'(&) if and only if (ha, hb) € E.)

Proof (of the proposition). Assume E € Con(B). AsB/EZ’ € Qand A/h™ (&) =
B/Z’, we have that h~!(&’) is a Q-congruence of A. As i '(&) € h~ (&), it
follows that (h~(Z))’ < h~'(E"), because (h~'(Z))’ is the least Q-congruence
containing A~ (Z).

It remains to show that A~1(5") € (h~'(&)).

We have that for every X C A2

h(@H(X) +q kerg(h)) = OF (hX).
Hence, putting X := A~ (&), we get that
h(h~(2))' +q kerg(h) = (hh™'(8))". (@)

But ker(h) € h~'(Z). Indeed, suppose (a.b) € ker(h), i.e., ha = hb. Then
trivially, (ha, hb) € &, which gives that (a, b) € h~!(&). It follows that kerg(h) C
(h~'(Z))’. This and (a) give that

h((h~H(E))) = (hh™(8))'.
Since  is surjective, kh~'(Z) = E and hence (hh~'(E)) = E’. Thus
h(h™'(&))) = &". (b)

To show the inclusion 7~ '(E’) < (h~'(&)), assume (a,b) € h™'(E), ie.,
(ha, hb) € E'. Hence, by (b), we get that (ha, hb) € h((h~'(Z))’). Consequently,
there exist x, y € A such that ha = hx, hb = hy and (x,y) € (" (&))". But (a,x) €
ker(h) € k(&) € (h"(&)) and (b,y) € ker(h) € h™'(&) € (h"'(&))’. Hence

{a.x) e (@), () e (@), (xny) er™(&). (c)
It follows from (c) that {(a, b) € (W~ (Z))’.
This proves the lemma. O

We prove the following fact providing a necessary and sufficient condition for
the Extension Principle to hold in a variety.

Theorem 6.2.3. Let Q be an arbitrary quasivariety. Then every algebra in the
variety Va(Q) satisfies the Extension Principle with respect to Q if and only if the
free algebra F := Fq(w) satisfies the Extension Principle relative to Q.



162 6 Modularity and Related Topics

The “="-part of the proof is obvious. The proof of the reverse implication “<="
is based on two simple lemmas. Throughout the proof Q is an arbitrary but fixed
quasivariety of a signature t.

Lemma 1. Leth : A — B be an epimorphism between algebras, where A € Va(Q).
If A satisfies the Extension Principle with respect to Q, then so does B.

Proof (of the lemma). Let @, ¥ € Con(B). Then:

F'((® NW¥)') = (by Proposition 6.2.2) (h"1(® N ¥)) =
(" Y(@) N A~ (W) = (by the assumption)
(hY(@)) N ('(W)) = (by Proposition 6.2.2)
Y@ N ') =h (@' NY).
As h is “onto” it follows that (® N W) = @' NV, O

Lemma 2. Suppose that every countably generated algebra in Va(Q) satisfies
the Extension Principle. Then every algebra in Va(Q) satisfies this principle with
respect to Q.

Proof (of the lemma). Let A be an algebra in Va(Q) and @, ¥ € Con(A). Suppose
a=b (P’ NY'). We shall show thata = b (& N ¥)').
Asa =D (®P’') and a = b (¥'), there exist finite sequences

(d, b)), ..., (d,.b,)ed

m’

and

(al,b]),... . (dl, b)) e W

n’>-n

n’>~n

Then there exists a countably generated subalgebra B of A which includes the pairs
(a},b)).....{a,,b,), (], b]),... (a), b)) such thataEb(@g((a’l,b’l),. .o {d b))

such that a=b (@6(((1’1,17’1), ..., {a, b Y))anda = b (@6(((1’1’, bly,....(d],bl))).

anda=b (@g((a'{,b’l’), o {adllbly)y).
Let @, := @g((a/l,b/l), oo {d, b)) and ¥ = @g((a/{,b’{), oo {dlbny).

Thus a = b (O5(®o)) and a = b (O (¥)). As B satisfies the Extension Principle,
a = b (0(®) N ¥)). But OF (P9 N W) € B> N OF(Py N W) € OF(® NW).
Hencea = b (@ N¥)). O

To conclude the proof of Theorem 6.2.3, let us assume that the free algebra
F = Fg(w) (= Fyyq)(w)) satisfies the Extension Principle relative to Q. It follows
from Lemma 1 that every countably generated algebra in Va(Q), being a homomor-
phic image of F, satisfies the Extension Principle. Then Lemma 2 yields that every
algebra in Va(Q) satisfies this principle. O

We shall pass to the proof of Theorem 6.2.1. To prove the theorem it suffices to
show that the free algebra F := Fg(w) satisfies this principle relative to Q.
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We are concerned with congruences on the free algebra F := Fo(w). If X C F?,
then ®F(X) and @g(X) stand for the congruence of F generated by X and the
Q-congruence of F generated by X, respectively. If X = {{x;,y;) : i € I} is a
set of pairs of free generators of F, then OF (X) = @g (X), by Proposition 2.6.

Lemma 3. Suppose @ € Con(F). Let X be a set of pairs of free generators of F
and h : F — F an epimorphism such that ® = OF (hX). Then

(@) = OF(X) + ker(h) and h (@) = OF (X) +¢ ker(h).

Proof (of the lemmay). 1t is clear that the required epimorphism / and X always exist.
(One may simply take X to be an infinite set of pairs of free generators, map first X
onto @ and then, assuming that there are infinitely many free generators not involved
in X, map surjectively the remaining free generators onto F.) Thus @ = hOF (X).
But the claim below shows that then @ = ©F (hX).

Claim. If @ = h(OF (X)), then & = OF (hX).

Proof (of the claim). We have: @ = h(®F (X)) and hX € h(OF (X)). Proposition 2.9
gives: @ = h(OF (X)) € OF (hX) € OF (W(OF (X)) = OF (@) = D. u]

It should be also noted that for any epimorphism 4 : F — F, ker(h) is a
Q-congruence because the quotient algebra F/ker(k) is isomorphic with F and
F € Q.

We have:

@ = OF (hX) = h(OF (X) + ker(h)),

by the claim and Proposition 2.10 applied to Va(Q).

Passing to the h-preimages, we get: h™'(®) = h~'(h(OF (X) + ker(h))) =
OF (X) + ker(h), because h is surjective.

The proof of the other equality is similar:

@' = (0F (X)) = Of(hX) = h(OF (X) +q ker(h)).

by Proposition 2.10 applied to Q (see Note following Proposition 2.10). Taking the
h-preimages, we get

(@) = h (W(OF (X) +q ker(h))) = OF (X) +qker(h). O
We shall pass to the proof of the Extension Principle for RCM quasivarieties.

We shall make use of Theorem 6.2.3. The following lemma is crucial:

Lemma 4. Let Q be an RCM quasivariety. Then the free algebra F = Fg(w)
satisfies the Extension Principle.

Proof (of the lemma). The lemma is proved in two steps.
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Claim 1. Let @, ¥ € Con(F). Then (® N¥) = o' Ny’

Proof (of the claim). 1t is clear that (@ N ¥’') € &’ N ¥'. To prove the reverse
inclusion, let X and Y be separated sets of pairs of free generators of F and let
h : F — F be an epimorphism such that ® = @F (hX) and ¥ = OF (hY). Then

h'((®@ N¥')) = (by Proposition 6.2.2)
(@ Nn¥)) =

(WY (@) NA (W) = (by Lemma 3)

((ker(h) + OF (X)) N (ker(h) +q O (Y)))'.

On the other hand,
Y@ Ny =h (@) Nh ' (W) = (by Proposition 6.2.2)

(n~'(®))' N ("' (¥))' = (by Lemma 3)

(ker(h) +q ©F (X)) N (ker(h) +q OF(Y)).

It follows that the inclusion @’ N Y’ C (& N ¥’')’ is equivalent to

(ker(h) +q O (X)) N (ker(h) +¢ OF (V) €
O ((ker(h) + OF (X)) N (ker(h) +¢ O (Y))). (1)
Since Q is RCM, the congruence on the left-hand side of (1) equals ker(k) +q
(OF (X) N (ker(h) +q OF (Y))) (see Corollary 6.1.5). Consequently, (1) is equivalent
to the inclusion
ker(h) +q (OF(X) N (ker(h) +¢ ©"(Y))) €
O ((ker(h) + OF (X)) N (ker(h) +q OF(Y))). (2)

As ker(h) is included in the congruence on the right-hand side of (2), to prove (2),
it suffices to show that

O (X) N (ker(h) +q OF(Y)) € OG((ker(h) + OF (X)) N (ker(h) +¢ OF (1))

But this inclusion trivially holds. O
Claim 2. Let @,¥ € Con(F). Then (® NW¥) = @' Ny’

Proof (of the claim). The inclusion (@ N ¥') C @' N ¥ is obvious. To prove the
reverse inclusion, suppose X and Y are separated sets of pairs of free generators of



6.2 The Extension Principle 165

F and let i : F — F be an epimorphism such that ® = @F (hX) and ¥ = OF (hY).
Then, arguing as in Claim 1, we get that

KN (@ N )) = ((ker(h) + O (X)) N (ker(h) + OF (1))’
and
(@' NW) = (ker(h) +q OF (X)) N (ker(h) +¢ OF(Y)).
It follows that the inclusion @’ N Y’ C (@ N ¥)’ is equivalent to
(ker(h) +q O (X)) N (ker(h) + OF(Y)) <
O ((ker(h) + OF (X)) N (ker(h) + OF(Y))). (3)
Corollary 6.1.5 gives that

(ker(h) +q OF (X)) N (ker(h) +q OF (Y)) = ker(h) x4 (OF (Y), OF (X)) =
ker(h) +q (OF (X) N (ker(h) +q OF (Y))).

Consequently, (3) is equivalent to the inclusion
ker(h) +¢q (OF(X) N (ker(h) +q OF(Y))) €

O ((ker(h) + OF (X)) N (ker(h) + OF(Y))). @)
To prove (4), it suffices to show that
(OF(X) N (ker(h) +q OF (V) <

O ((ker(h) + OF (X)) N (ker(h) + OF(Y))). (5)
We shall apply Claim 1 to the congruences @, := ker(h) + OF(Y) and

¥, := OF(X). As ¥, is a Q-congruence, Claim 1 gives that @) N ¥y = ) N ¥, =
(@0 n l]’(;)/ = (@Q N lI/()),, i.e., @6 N lI/() = (@0 N qfo)/. Hence

OF (X) N (ker(h) +q O (Y)) = OFO" (X) N (ker(h) + OF(¥))) €
O ((ker(h) + OF (X)) N (ker(h) + OF(Y))).

So (5) holds. This proves the claim and concludes the proof of the lemma. O

Theorem 6.2.1 follows from Lemma 4 and Theorem 6.2.3. O
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6.3 Distributivity in the Lattice of Equational Theories
of RCM Quasivarieties

The theorems presented in this section exhibit various interrelations holding
between RCM quasivarieties Q and some restricted forms of distributivity law
for QF-theories generated by equations of separated variables (equivalently, for
the congruences of the free algebra Fg(w) generated by separated pairs of free
generators).

The following observation is due to von Neumann (1936-1937).

Theorem 6.3.1. Let L be a modular lattice and a,b,c € L. The following
conditions are equivalent:

(1) The sublattice of L generated by {a, b, c} is distributive.
2) an(bvec)=(anb)Vv(anc).
(3) av(ibArc)=(aVvb)A(aVc).

Proof. The proof of the equivalence of (1) and (2) can be found in Gritzer (1978),
Theorem 12, Chapter IV.

(1) = (3). This is trivial.

3) = (1). Let L? be the lattice dual to L. Since L is modular, L? is modular as
well. The sublattice L of L generated {a, b, c} has the same carrier as the sublattice
L‘OI of LY dual to Ly, that is, Lg is generated by the same set {a, b, c}. Moreover,
by duality, Ly is distributive if and only if Lg is distributive. The equivalence of
(1) and (2) when applied to L? implies that the sublattice Lg' is distributive if and
onlyifav (b Ac) = (aV b)A (aV c). Hence, assuming (3), we obtain that Lg is
distributive. It follows that L is distributive as well. So (1) holds. O

The following theorem is a basic tool in the commutator theory for RCM
quasivarieties:

Theorem 6.3.2. Let Q be an RCM quasivariety. The lattice Th(QF) is distributive
in the restricted sense.

Proof. Put C := QF.Let X = {x; ~ y; : i € I} be a set of equations of pairwise
different variables and let Y and Z be arbitrary sets of equations of terms whose
variables are separated from the variables of X, that is, Var(X) N Var(Y U Z) = @.
According to Lemma 5.2.10,

(C(X) +q C(Y)) N (C(X) +q C(2)) = C(X) +q C(Y) N C(2). ()

Theorem 6.3.1 and (%) imply that the sublattice of Th(QF) generated by
{C(X), C(Y),C(Z)} is distributive. Hence

CX)NCE)+oCX)NCZ) = CX)N(C(Y) +q C(2)).
Thus Th(QF) validates the restrictive distributivity. O

It follows from the above observation that Theorem 5.3.1 applies to any RCM
quasivariety. We shall make use of it several times.
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Theorem 6.3.3. Let Q be an RCM quasivariety. The equationally defined commu-
tator for Q is additive.

Proof. In view of the above theorem the lattice Th(QF) is distributive in the
restricted sense. Then apply Theorem 5.3.7. O

Notes 6.3.4.

(1). According to Theorem 4.1.12, the equationally defined commutator for any
RCM quasivariety coincides with the commutator in the sense of Kearnes and
McKenzie. (The latter commutator is simply referred to as the commutator in
the literature.) Theorem 6.3.3 thus provides a new proof of the additivity of the
commutator for any RCM quasivariety.

(2). Although there are non-RCM quasivarieties for which the thesis of Theorem
6.3.3 holds, the above proof of this theorem cannot be extended onto non-RCM
quasivarieties. The above proof makes use of Theorems 6.3.1-6.3.2 and is
based on the fact that any modular lattice L validates the following equivalence:

foranya,b,ce L, an(bVvc)=(aAb)V(anc) ifandonlyif  (x)

av(bnrce)=(avb)A(aVec).

The equivalence (x) fails to hold in any non-modular lattice (take the pen-
tagon). In fact, (x) characterizes modularity: a lattice L validates (x) if and only
if L is modular. It follows that Theorem 6.3.1 does not hold for non-modular
lattices. Consequently, if Q is not an RCM quasivariety, Theorem 6.3.1 cannot
be used to show that the lattice Th(QF) is distributive in the restricted sense.
It is an open question as to whether there is a lattice-theoretic condition weaker
than modularity and implying the restricted distributivity of the lattice Th(QF).
O

In the second part of this paragraph we shall isolate some distributive sublattices
of the lattice Th(QF) for any RCM quasivariety Q. We begin with some preliminary
observations.

Lemma 6.3.5. Let Q be an arbitrary non-trivial quasivariety. Let {x; ~ y; : i € I}
be a non-empty set consisting of equations of pairwise different variables. For each
non-empty set J C I define

T =Q (i~ y i)
Then for all non-empty subsets A, B,C C I:

(1) AC B ifandonlyif X¥(A) C ¥ (B):
2) A=B ifandonlyif X (A) = X (B);
(3) Z(AUB) = X(A) +q Z (B);
4 Y¥(ANB)C X(A)N X(B).
5) if AN(BUC) =4, then
(2(4) +o Z(B) N (E(A) +q Z(C)) = Z(4) +¢ £(B) N Z(O).
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Proof. As the set of individual variables is countably infinite, the set / is countable
too.

(1). The implication ‘(=) is immediate. To prove the reverse, assume
Y (A) € X' (B) and suppose A is not included in B. There is an equation x; ~ y;
such that x; ~ y; € A and x; ~ y; & B. As Q is non-trivial and x; & y; is separated
from B, there is an algebra A € Q and a valuation / of variables in A which validates
B and for which hx; # hy;. Hence x; &~ y; &€ X (B). Consequently, x; &~ y; & X (A),
a contradiction.

(2), (3), and (4) are immediate. (5) follows from Lemma 5.2.10. O

Note. We shall later show that the assumption that A N (B U C) is non-empty in (5)
can be dropped if Q is RCM. Consequently, in any RCM quasivariety, the family
{X(J) : @ #£ J C I} generates a bounded and closed distributive sublattice of
Th(QF) (Theorem 6.3.8 below). Moreover, (4) can be replaced by the equality:

FANEB =Q (| Q=i NQ - ~y):ijeAnB}). O

Lemma 6.3.6. Let Q be an arbitrary quasivariety. Let {x; ~ y; : i € I} be a non-
empty set consisting of equations of pairwise different variables. If I is infinite, then

(Q~ (i ~ y) = QF(®).
i€l
Proof. As the set of individual variables is countably infinite, the lemma is

equivalently reformulated as follows:

Lemma 4.3.6*. Let {x, : n € w} be an infinite set of individual variables. Then

[ QF (20 & x2041) = QT ().

new

The inclusion ‘D’ is obvious. To prove the reverse inclusion, assume p ~ ¢ €
Mhew QF (2w ~ X2411). We write p = p(xo. ..., Xou41. 1), = q(Xo. . .., Xou 41, 1),
where xy, ..., Xp,+1 contains all variables among {x, : n € w} which at most occur
in p and g and u is the set of the remaining variables outside {x, : n € @} occurring
in p and g. (The set {x, : n € w} need not contain all individual variables.)

The assumption implies in particular that

P(X0s .o Xopg1, w) & q(Xo, . .., Xop1, U) € Q':(x2n+2 R Xop43)-

Let e be an endomorphism of Te, which is the identity map on the variables
X0s« oy Xont2, U, and expy+3 = X2,42. € is well defined because the variables of
X0+« +» Xon+1, X2n+2, X2n+3 and u are all pairwise different. Hence, by structurality,

P(X0s .o Xopg1, U) & q(Xo, . .., Xop1, U) € Q':(€x2n+2 R eXopy3) = Q':(Q). O
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Lemma 6.3.7. Let {xo,x1,...,Xu+1} be a finite set of individual variables. Then
QF (xo ~ x1)NQF (x2 &~ x3)N...NQF (x2 & X2441) # QT (D) ifand only if there
existterms p = p(Xo, - . ., Xon+1, "), ¢ = q(X0, . . . , Xou+1, U) containing the variables
X0, - - - s Xont1 and possibly some other variables u such that p ~ q & QF (9) but
P(aig1/x2) & q(xzit1/x2) € QF (9) fori =0,....n.

Proof. (=). If QF(xo ~ x1) N ... N QF (x2y & x2011) # QF(¥), we select an
equation p ~ ¢ € QF (xo ~ x1) N ... N QF (X2, & X2u41) \ QF (9). Let x be the set

of variables among x¢, X, . .., X2,+1 that occur in p &~ ¢ and let u be the set of the
remaining variables occurring in this equation.
Suppose that the list x is shorter than xg,xp,...,xs,+1. Hence for some k

(0 <k <2n+1) the variable x; is not in x. If k is even, k = 2/, then p ~ ¢ €
Q': (x21 & x141). We then define a substitution e which is the identity map on the
variables of x and u such exy; = x4 and exy;+; = xy4+1. Hence, by structurality,
p &~ qc€ QF (exyy ~ exzq1) = QF(9). A contradiction. A similar argument is
applied when £ is odd, k = 2/ 4 1. Then work with the variables x,; and x,;4. In
this case we also arrive at a contradiction.

It is clear that p(xpi4+1/%2:) =~ q(x2i41/X2:) € QF (@) fori=0,...,n.

(«). Assume p=p(xo,. . ., X241, 1) and g = q(xo,. . ., X241, i) are terms satisfy-
ing the RHS and suppose a contrario that QF (xp=~x1)N...N QF (X0 X2 41)=
QF ). Asp ~ g ¢ QF (), it follows that p ~ g & QF(xai ~ xa41) for
some i 0 < i < n). Consequently, p(xai41/X2:) =~ q(x2i+1/%2) & QF (9).
A contradiction. O

Before reading the proof of the next theorem the reader is advised to have a look
at Appendix A.

Let M and L be complete lattices such that M is a subset of L. M is a closed
sublattice of L if for every non-empty subset X of M, the elements sup(X) and
inf(X), as computed in L, are actually in M. If M is a closed sublattice of L, then
M is a sublattice of L but M may not be a bounded sublattice of L—the zero and
the unit elements of M need not coincide with their counterparts in L. If moreover,
the zero and the unit elements of L belong to M, the sublattice M is called a complete
sublattice of L. Thus a sublattice M of L is a complete sublattice of L if for every
subset X of M, the elements sup(X) and inf(X), when computed in L, belong to M.

If L is a complete lattice and X a non-empty subset of L, then there exist the least
closed sublattice of L that includes X and the least complete sublattice of L that
contains X.

Theorem 6.3.8. Let Q be an RCM quasivariety. Let {x; ~ y; : i € I} be any non-
empty set of equations of pairwise different variables. The least closed and bounded
sublattice L of Th(QF) that contains the family X = {QF(x; ~ y;) : i € I} is
algebraic and distributive.

Notes.

1. The theorem trivially holds if Q is an RCD quasivariety.

2. Under the assumption that Q is RCM, the statement of the theorem is equivalently
paraphrased in terms of free generators of the free algebra Fg(w) as follows:
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Let {{x;,y;) : i € I} be any non-empty set of pairs of pairwise distinct free
generators of Fo(w). The closed sublattice of Cong(Fq(w)) with zero and
unity containing the family of Q-congruences {©(x;,y;) : i € I} is algebraic
and distributive.

3. The assumption that the free generators occurring in the pairs {(x;,y;) : i € I}
are pairwise different cannot be dropped in the above theorem. If Q is a variety,
the fact that for any non-empty set {{x;,y;) : i € I} of pairs of free generators
{O(x;,y;) : i € I} generates a distributive sublattice of the lattice Cong(Fq(®))
implies that Q is a congruence-distributive—see the proof of the well-known
Jonsson’s characterization of CD varieties. |

Proof (of the theorem). Some additional facts concerning modular lattices are
needed. We first prove:

Lemma 1. The family X = {QF(x; ~ y;) : i € I} generates a distributive
sublattice of Th(QF).

Proof (of the lemma). We shall apply the classical result due to Jénsson (1955) (with
simplifications made by Balbes 1969) which characterizes distributive sublattices of
modular lattices (see also Tamura 1971):

A non-empty subset X of a modular lattice generates a distributive sublattice if
and only if

(aV..Vag ) A1 A...Aby)=ai A1 A...Ab) V...V auy A (b1 A...\Dby)
(D)

whenever ay, ..., ay, by, ..., b, € X, for all positive integers m, n.

Accordingly, we show that (1) holds for any m,n = 1 and any finite non-empty
subsets {ay,...,an}, {b1,...,b,} of X = {Q’:(x,- ~ y;) : i € I}. The family X
is countable. Note that if the intersection {ay, ..., a,} N {b1,..., b,} is non-empty,
then the theory on the left-hand side of (1) equals by N ... N b,, which in turn is
equal to the equational theory on the right-hand side of (1), so in this case (1) holds.
It therefore suffices to consider the case when the sets {ay, ..., a,}, {b1, ..., b,} are
disjoint.

We prove the following statement (7’),, , by double induction on m and n:

For any disjoint subsets {ay, ..., au},{b1,...,b,} of X,
(a; +Q...+Qam)ﬂ(b1 N...Nb, =
(T)mn alﬂ(blﬂ...ﬂbn)+Q...+Q(lmﬂ(b1ﬂ...ﬂbn).

(T)y,; is immediate. (T),, follows from Theorems 6.3.2 and 5.3.1. (T);, is also
immediate for all n.

Claim 1. (7),,, holds for allm = 1.
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Proof (of the claim). (T); > is obvious. We prove (T); », that is, we show that

(T)2.2 For any disjoint subsets {a, a>}, {b1, by} of X,
(a1 +Q az) M (b] N bz) = a n (b] n bz) +Q ay n (b] n bz)
We put: C := QF. Leta; := C(x; ~ y;) fori = 1,2 and b; :== C(z; ~ wj) for
j =1,2. We claim that
Clx1 = y1,x2 = y2) N Clz1 = w1) N C(z2 = wy) =
Cx; &~ y1) N C(z1 = wi) N C(z2 & yw) +q Clx2 & y2) N Cz1 = wi) N C(z2 = wy).
We apply Theorem 5.3.1. Let
X:=C~w)NC(nprw), Y:=Ch =~y), Z:=Cl;=y).
We have:
Clxy & y1,x & y2) N C(zr & wi) N C(z2 & wy) =
Y+9Z)NX=  (by Theorem 5.3.1)
YNX+qozZNX=
Clx; ~ y1) N C(zi = wi) N C(z2 & y2) +q Clx2 & y2) N Clz1 & wi) N C(z2 = wy).
So (T);, holds.

Let m = 2. We prove that (T),,» implies (T),,+1.2. Assume (T),,». Let {ay, ...,
Qs Am+1}, {b1, by} be disjoint subsets of X. We put:

X:=bNby, Y:=aq +Q .- +Qam, Z:= amt1.

We compute:

(@1 +Q ... +Qam +Qam) N (b1 Nby) = (Y +9 Z) N X = (by Theorem 5.3.1)
YNX+QZNX=(ar+q-..+Qam)N(b1 Nb2) +q am+1N (b1 N b3) = (by (T),2)
a; N (by N by) +Q-.--+tQamN (b1 N by) +Q dm+1 N (b1 N by).

So (T);y+1.2 holds. O
It remains to prove:
Claim 2. (T),,, holds for allm,n = 2.

Proof (of the claim). Fix m = 2 and assume that (7),,, holds, where n > 2. We
prove (T)pn+1- Let {ay,...,an}, {b1,...,by, byt1} be disjoint subsets of X. We
put:

Xizzaiﬂ(blﬂ...ﬁbn) fori=1,...,m, Y:an_H.
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We compute:

(a1 4+q...+oan) N1 NbyN...Nbyy1) =
(@ +q...+oam) N1 N...Nby) Nbpyy = (by (M)
(@NBiN...0bY)+qg...+QanN (b1 N...N b)) N by =
Xi+g..-+oXn)NY = (by Theorem 5.3.1)
XiNY)+g...+o X, NY) =
aiN(byN...0byNbyi1)+g...40anN (b N...0 b, Nbyi).
So (T).n+1 holds.
This completes the proof of the lemma. O

Let Ly be the (distributive) sublattice of Th(QF) generated by the family
X={QF(xi~y):iel}.

Note. For each finite and non-empty set J < [ define Lo(J) to be the (finite)
sublattice of Ly generated by the set {QF (x; &~ y;) : i € J}. Ly is thus the union of
the directed family of lattices {Ly(J) : @ # J C I, J finite}. O

If the set [ is finite, the lattice L is finite bounded (and hence algebraic) with
the zero 0 = ﬂ{Q'=(xi ~vy):ielyandtheunitl = QF({x; ~ y; : i € I})
and the theorem follows. Note that 1 need not be the unit element of the lattice
Th(QF) which is Eq(t). Likewise, 0 need not coincide with Q" (@) being the
zero of Th(QF). But nevertheless Ly is a closed sublattice of Th(QF).

If I is infinite, some other constructions are needed. Suppose that 7 is infinite.
Then, by Lemma 6.3.6,

(QF (i ~ yi) : i € I} = QF ().

It is easy to see that due to distributivity, the lattice L, consists of all elements of
the form

ar+q ... +qQ am 1)
where m = 1 and
a = QT (xi = y) i € A} )
for some finite non-empty sets Ay C I fork=1,...,m.

The lattice Lo is augmented with the zero element 0 := QF (%) and the unit
element 1 := Q=({x; ~ y; : i € I}). This extended lattice is still distributive.
(To simplify matters we shall assume that 0 and 1 are already in Ly.) Of course, 0
is also the zero element of Th(QF) but 1 need not coincide with the top element
Eq(t) of Th(QF).
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Let (Ideal(Ly), €) be the extension of Ly by ideals. For each ideal I of L, define:
h(I) := sup(I),

where sup(f) is taken in the lattice Th(QF). Thus sup(I) = QF (U1I). Note that
h({0}) = 0 and h(Lo) = Q= (U,e; Q7 (i ~ ) = Q= ({x; ~ y; : i € I}). The last
theory need not coincide with the top element of Th(QF).

Lemma 2. % is a closed embedding of the algebraic lattice (Ideal(Ly), <) into
Th(QF). Moreover h preserves the zero elements.

Proof. h is well defined.
Claim 1. I CJ ifandonlyif h(I) < h(J), foranyl,J € Ideal(Ly).
Proof (of the claim). The implication (=) is obvious.
(<). Assume h(I) < h(J). Let a € I. Trivially a < sup(I). Hence a < sup(J).

As Th(QF) is algebraic, there is a finite subset Jy € J such that a < sup(Jy). Since
Jr € J, sup(Jy) belongs to J. Hence a € J. This proves the inclusion I C J. O

Claim 2. h is injective.
Proof (of the claim). This directly follows from Claim 1. O

Claim 3. Let {I, : t € T} be a non-empty family of ideals of Ly. Then

h(sup({I, : t € T}) = sup({h(l,) : t € T}) 3)
and

h(nf({I, : t € T}) = inf({h(;) : t € T}) 4

Proof (of the claim). (3) is obvious.

(4). Claim 1 implies that h((\,c71;) < (\,e7hW;). We have: h(inf({I, : t €
T} = W(\erl:) and inf({h(,) : t € T}) = inf({h(,) : ¢t € T}) in the lattice
Th(Q").

Let a be a compact element of the lattice Th(QF) and suppose a < e 7 ).
This means that a < sup(l;) for all # € T. Hence, for every t € T, there is a
finite subset I;, C I, such that a < sup(ly) in the algebraic lattice Th(QF). But
evidently, sup(I;) € I, for all + € T. It follows that a € I, for all + € T, and
consequently, a € (),erI;. This implies that a < sup{(\,c71:}) = h(\erlr)-

a

Thus (e 7 2Uy) < M e 7 11)-
The above three claims prove Lemma 2. O
Note that Claim 3.(4) does not hold if {I; : t € T} is empty.

Let L be the h-image of the lattice (Ideal(Ly), €). In view of Lemma 2, L is an
algebraic, distributive lattice, and a closed sublattice of Th(QF) with the same zero
element as Th(Q"). The zero in the lattice L is (\{QF (x; ~ y;) : i € I} = Q= ().
But one can say more about the structure of L.
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Claim 4. The set of non-zero elements of L consists of all elements of the form

sup{a, 1t € T}, ©)

where T ranges over non-empty sets of positive integers and

a:=[ Qi ~y) i€}

for some finite non-empty set A, C I, forallt € T.

(If A, is infinite, we get ¢, = 0 = QF (), by Lemma 6.3.6, so we may disregard
this case. The supremum is taken in Th(QF).)

Proof (of the claim). The set of compact elements in L is equal to L, that is,
compact elements in L are the zero 0 together with all elements of the form (5)
with T finite (see (1) and (2)). It follows that for any ideal I of L, the element
h(I) = sup(l) is of the form (5) for an appropriate T (T may be now infinite.)
Hence every non-zero element of L is of the form (5). O

It directly follows from the above claim that L is a closed sublattice of
every complete sublattice L' of Th(QF) such that L' includes the family
X = {QF(x; &~ y;) :i € I}. Thus L is the least closed sublattice of Th(QF) (with
the same zero as Th(QF)) that includes X. As L is algebraic and distributive, the
theorem follows. O

Though L is a (distributive) sublattice of Th (Q':) if Q is RCM, it is unclear when
L is closed with respect to the commutator operation. (If Q is RCD, the answer is
positive, because the commutator operation reduces to the meet of Q-theories.)

6.4 Generating Sets of Commutator Equations in Varieties

The main focus on the book is on quasivarieties but readers may also be interested
to learn that the results of this book lead to novel conclusions in the simpler context
of varieties. This section is devoted to the exposition of some results in this area.

The theorems placed in Chapter 5 show a significant role of generating sets in
the theory of the equationally defined commutator.

Trivially, for any quasivariety Q, the infinite set Q= (x ~ y) N1 Q= (z ~ w) is a
generating set for the equationally defined commutator of Q. If Q has the relative
shifting property, yet another generating set was defined in Section 4.3. According
to Theorem 4.1.11 and Proposition 4.3.10, the set

A= V) Acp.g.rsw i px g e QT ), ra s e QR )

is also a generating set for the equationally defined commutator of Q. Here A, is the
set of quaternary commutator equations for Q supplied by the relative cube property
in the sense of a classical two-binary term condition.
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In this section further examples of generating sets are presented for congruence
modular varieties.

6.4.1 Gumm Terms

The following theorem is due to H. P. Gumm (1983):

Theorem 6.4.1. A variety V is congruence-modular iff there exists a natural
number n and ternary terms qo(x,v,2), ..., q.(x,y,2), p(x,y,z) in the language of
V such that the following equations hold in V:

(1) QO(xvy’Z) ~ X,

(2) qilx,y.x) ~x for 0 <is<n,

(3) qi(x’ Ys y) ~ qi+1 (.X, Ys y) for i even,

(4) Qi(x’ X, y) ~ qi+l(x5 X, y) fOF i Odd’

() Gn(x,y,y) ~ px,y.y),

©) px.x,y) ~y. O
Note. Inthe above theorem n may be assumed to be an even natural number because
if it is odd then equations (3) and (5) imply that ¢,—;(x,y,y) & p(x,y,y) and thus
the term g, could be omitted (see Freese and McKenzie 1987, p. 60). O

Let V be a congruence-modular variety with Gumm terms g¢o(x,y,2),. ..,
qn(x,y,2), p(x,y,2). Let t = t(x,y,uy,...,u,) be an (m + 2)-ary term (for any
m) in the language of V. We write u for the m-tuple uy, ..., u,. We then define the
following set A, of 2n 4 3 equations in the variables x, y, z, w, u:

p(t(x, z,u), 1(y, 2, w). 1(y, w, u)) ~ p(t(x, w, u), t(y, w, u), 1(y. w, u)), (a)

qi(t(xv W,Z),I(X,Z,Z),l(y, Wvﬂ)) ~ Qi(f()ﬁ Wvﬂ)vt(x7 Wvﬂ)7t(ysw9w)v (b)

Qi([(xv WvZ)vt(y9Z’Z)vl(yv WvZ)) ~ C]i(f()ﬂ WvZ)vt(y’ W»Z)’t(y’ W’w)v (C)
fori =0,...,n.

Let Ay be the union of the sets A, with ¢ ranging over (m + 2)-ary terms (for
all m). The set Ay is infinite.

Theorem 6.4.2. Let V be a congruence-modular variety. The set A, defined as
above, is a generating set of quaternary commutator equations for the commutator
of V.

Proof. The theorem is basically due to McKenzie (1987), Corollary 2.10.(2).
He proves that for any algebra A € V and any congruences @ and ¥ on A,

[@.¥] = O*(|_Ji(Ve) Ag(a.b.c.d.e):a=b (D). c=d(¥)})  (d)
and, moreover, for any a, b, c,d € A,

[@A (a’ b)v @A (C’ d)] = @A((Vg) Ao((l, b7 ¢, dv g)) (e)
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In particular, taking the free algebra F = Fy(w) we get from (ii) that

O (L. D) N OF (] wh] =
[ (Ix]. b, ©F ([2]. D] = O ((Ye) Ao([x]. b, [2]. [w]. €)).

In view of Proposition 4.3.5 the above equations imply that
VE((Yu) Ao(x,y,zow.w)) = VE(x ~ y) N VE(z ~ w). ()

This proves that Ag(x, y, z, w, 1) is a generating set for the commutator of V.
Due to congruence-modularity of V and the fact that the equational commutator
for V is additive, (e) also gives that for any algebra A in V and all sets X, Y C A2,

[04(X), (V)] = O*(( J{(Ve) Ao(a.b.c.d.e) : (a.b) € X.(c.d) € Y}).

(To prove the last equality, one may simply repeat the (1) = (2)-part of the proof
of Theorem 5.1.2. (e) is the same as Claim 1 there. Then automatically repeat the
proof of Claims 2-4.) O

Notes. 1. As Ag(x,y,z,w,s) € Ag(x,y,z, w, u) for any string s of terms, we obtain
that Ag(x,y,z,w,u) = (Yu) Ap(x,y,z, w,u) in the algebra Te,. Consequently, we
get a stronger equality than (f), viz.

VE(Ao(x,y. 2w, u)) = VE(x &~ y) N VE(z & w).

2. In view of Theorem 4.3.9, (e) implies (d) because V has the shifting property.
Indeed, as shown above, (¢) implies that Ay(x, y, z, w, u) is a generating set for the
commutator of V (cf. Corollary 5.1.3). Hence, applying Theorem 4.3.9 we get (d).

The fact that Ay(x, y, z, w, u) are commutator equations for V can be also directly
checked. We shall do that below.

Given a term f(x,y,uy,...,u,), we first show that (a)-(c) are (quaternary)
commutator equations for V. As to (a), we must show that after the identification of
x and y in (a), the resulting equation

p((x,z,w), 1(x, 2, w), 1(x, w, w) =~ p(e(x, w, u), 1(x, w, u), 1(x, w, u)) (@
is valid in V.
It follows from (6) that the equations
p(e(x z,u), 1(x, z,u), 1(x, w, ) ~ 1(x, w, u)
and
p(t(x, w,u), t(x, w, u), t(x, w, u)) ~ t(x, w, u)

hold in V. Taking into account left sides of the above two equations, we see that (i)
holds.
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We must also show that after identification of z and w in (a), the equation

pt(x,z,u), t(y, z, u), t(y, w, ) ~ p(t(x,z, u), t(y, 2, u), t(y, w, u)) (ii)

is valid in V. But (ii) is a tautology of any equational logic.
As to (b), we must show that after the identification of x and y in (b), the resulting
equation

qi(t (e, w, w), 1(x, z, 1), 1(x, w, ) ~ qi(1(x, w, u), 10x, w, ), t(x, w, w)) - (iii)

isvalidinVfori =0,...,n.
Fix i. It follows from (2) that the equations

qi(t(x’ w, Z)’ t(-xv Z, E)v t(xs w, Z)) ~ t(-xv w, ﬂ)

and

qi(t(x’ w, ﬂ)’ t(xv w, ﬂ)a t(x, w, ﬂ)) ~ [(X, w, Z)
are valid in V. Taking into account left sides of the above two equations, we see that
(iii) holds in V.
We must also show that after identification of z and w in (b), the resulting
equation

Qi(t(xs Z, Z)v t(x9 <5 H)v t(yv <y Z)) ~ qi(t(x’ <, Z)v t(x9 <, H)v t(yv <y Z)) (1V)

is V-valid for i = 0, ..., n. But (iv) is a tautology of any equational logic.
As to (c), we must show that after the identification of x and y in (c), the resulting
equation

Qi(t(x’ w, Z)’ t(x’ <, Z)v t(x’ w, Z)) ~ qi(t(x’ w, Z)» t(x’ w, ﬂ)’ t(xs w, Z)) (V)

isvalidin V fori = 0,...,n. But (v) is exactly the equation (iii), which, as shown
above, holds in V.
We must also show that after identification of z and w in (c), the resulting equation

qi(t(x’ <, Z)v [(y» < ﬂ)’ t(yv Z»Z)) ~ Qi(t(xs <, Z)v t(Y» <, Z)v l(yv <, Z)) (Vl)

is V-valid for i = 0, ..., n. But (vi) is a tautology of any equational logic.
This proves that Ay is a set of commutator equations for V. O

6.4.2 Varieties with Congruence-Permutable Congruences

Let V be a variety with permutable congruences. V is congruence-modular and, in
view of the well-known Mal’cev’s Theorem, there exists a ternary term p(x, y, 7)
such that V validates the identities p(x,y,y) =~ x and p(x,x,y) ~ y. p(x,y,z) is
called a Mal’cev term for V.
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Any equational class with permutable congruences is also called a Mal’cev
variety. Commutator theory for Mal’cev varieties is presented in Bergman (2011).
It is easy to see that the single equation

2 pw,p(y,x,2),2)

forms a Day implication system for V.

Let go(x, y, z) be the variable x. The set {go(x, y, z), p(x,y, z)} forms a system of
Gumm terms for V with n = 0. (Conditions (3)—(4) of Theorem 6.4.1 are vacuously
satisfied.)

Theorem 6.4.2 implies that the infinite set Ay(x,y,z, w,u) consisting of all
equations of the form

p(t(x,z,u), 1(y, z, u), t(y, w, w)) =~ p(t(x, w, u), t(y, w, u), t(y, w, u)), *

where #(x, y, u) ranges over arbitrary terms, is a generating set for the commutator
of V.

Since V validates p(x, y, y) & x, the term on the right side of (*) can be replaced
by the equivalent term #(x, w, u) (on the basis of V). We therefore get:

Corollary 6.4.3. Let V be a congruence-permutable variety with a Mal’cev term
p(x,y,2). The infinite set Ay(x,y, z, w, u) consisting of all equations of the form

pe(x, z, 1), 1(y, 2, w), 1(y, w, ) =~ 10x, W, ),

where t(x, y, u) ranges over arbitrary terms, is a generating set for the commutator
of V. O

6.4.3 Groups

For each group A = (A,-, 7', 1) (in the multiplicative notation) and a,b € A we
define: @ <> b := a- b~ (the dot will be omitted). For any normal subgroup F C A,
we also define:

R24(F):={{a,b) :a< beF}.

82 4(F) is a congruence of A and it is the largest congruence of A compatible with F.
(The notation adopted in abstract algebraic logic is applied here. A congruence @ €
Con(A) is compatible with F if for all a,b € A, a = b (mod @) implies that a € F
ifandonlyifb € F.)

The operator §24 establishes an isomorphism between the lattice of normal
subgroups of A and the lattice of congruences of A. The mapping H4 given by

Hy(®):={acA:a=1 (mod ®)}, @ € Con(A),

is the inverse of £2 4.



6.4 Generating Sets of Commutator Equations in Varieties 179

In group theory, one investigates the formally simpler commutator defined for
normal subgroups rather than for congruences. The “standard” commutator of
normal subgroups F and G of A is defined as follows:

[F, G] := the subgroup of A generated by the set {ab <> ba :a € F,b € G}. (1)

(As yx < xy ~ (xy <> yx)~! holds in all groups, it follows that [F, G] includes the
set{ba <> ab:a € F,b € G}.)

Since the variety G of groups is congruence-modular, it is endowed with the
additive commutator operation for congruences. This commutator coincides with
the equationally defined commutator for G.

Apart from the property of preserving lattice operations, the operator §2 4 pre-
serves the commutator operations in the following sense: for any normal subgroups
Fand Gof A,

24([F,.G]) = [£24(F), 24(G)]. 2

where on the right side, the commutator is defined for congruences of A. We also
have

HA([P.¥]) = [Ha(®P). Hs(V)],

for all @, ¥ € Con(A).

Since groups have permutable congruences with p(x,y,z) = x(y~!z) as a
Mal’cev term, Corollary 6.4.3 defines an infinite generating set of commutator
equations for G, viz. the infinite set Ay(x, y, z, w, u) consisting of all equations of
the form

t(x» Z’Z) : (t(yv Z?E)_l : t(y» W’Z)) ~ t(x’ W’Z) (3)

where #(x, y, u) ranges over arbitrary terms, is a generating set for the commutator
of G.

After making appropriate simplifications in (3), we get the following sequence
of equivalent equations (modulo the axioms of groups), viz.

t()C, <, H) : (t(y’ <, Z)_l : t(y9 w, E)) ~ t(x’ w, ﬂ)
(t(x’ ZVE) ° t(yv 272)_1) : t(y’ W’Z) X t(x’ W?Z)

t(x’ e Z) : t(yv 2, Z)_l ~ t(xs W»Z) : I()/, w, Z)_l
It follows that the equations

1, zou) - 1y, 2, u) " At wou) - 1y, w,u) !



180 6 Modularity and Related Topics

with 7 ranging over arbitrary terms, form a generating set for the (congruence)
commutator of G. This set is infinite. But it can be shown that in fact the commutator
for G has a one-element generating set, viz. the set consisting of the following
equation (with one parameter u; parentheses omitted):

1 1

z wu !

x yu ~ u x yuz M w @)

(see, e.g., the remarks following Corollary 2.10 in McKenzie 1987). O

6.4.4 Equivalence Algebras

An intuitionistic equivalence algebra is an algebra A = (A, <>) (endowed with one
binary operation) satisfying the following equations:

(xex)oyry (el)
(xeoyeodeozxxoy < o2, (e2)
(reyeo(@xerded) e ((xer)eor)rxoy (e3)

(see, e.g., Idziak et al. 2011). EA is the variety of intuitionistic equivalence algebras.
EA is pointed (1 := x < x is a distinguished constant of EA) and point-regular
(relative to 1). EA is the algebraic counterpart of the purely equivalential fragment
of the intuitionistic propositional calculus. EA is locally finite. Moreover, every
quasivariety contained in EA is a variety—a result proved by Stomczyriska (1996).

In the theory of EA one usually adopts the conventions of ignoring the operation
sign <> in the terms of 7e, and also left bracketing which means that the terms
lacking parentheses are to be associated with the left. For example, axioms (el)—(e3)
are written down as

(el) xxy=y, (€2) xyzz = xy(yz), (€3) xy(xzz)(xzz) ~ xy.
A filter F of an equivalence algebra A is a subset ' C A such that, foralla, b € A,
(fl) 1€F, (f2) ifa,ab e F, thenb e F (f3) ifaeF, thenabb € F.

((f3) is referred to as the Tax property.)
For each equivalence algebra A and a filter F C A, one defines:

2 4(F) := {{a, D) : ab € F}.
82 4(F) is a congruence of A. The operator £2 4 establishes an isomorphism between

the lattice of filters of A and the lattice of congruences of A. The mapping H4
given by
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Hy(®):={acA:a=1(mod D)}, @ € Con(A),

is the inverse of £2 4.

Since the variety EA is point-regular, it is congruence-modular. In fact, EA
has permutable congruences with p(x,y,z) := xyz(xzzx) being a Mal’cev term
(Idziak 1991). EA is therefore endowed with the additive commutator operation.
This commutator coincides with the equationally defined commutator for EA.

In the theory of EA one investigates the formally simpler commutator defined
for filters rather than for congruences. This is due to the fact that the operator §2 4
preserves the commutator operations in the following sense: for any filters F' and
GofA,

R4([F.G]) = [L4(F), 24(G)]. (1

where on the right side, the commutator is defined for congruences of A. We also
have

HA([9.¥]) = [Ha(P). Hs(P)],

for all @, ¥ € Con(A).
Applying (1), it can be proved that the “standard” commutator of filters F and G
of A is defined as follows:

[F, G] = the filter of A generated by the set{abba, baab : a € F,b € G}.  (2)

(Idziak et al. 2011).
(2) cannot be replaced by the stronger formula:

[Fi(X), Fi(Y)] = the filter of A generated by the set 3)
{abba,baab : a € X,b € Y}, for any sets X, Y C A.
(Idziak, Stomczynska and Wronski, personal correspondence.) Fi(Z) stands for the
filter of A generated by Z.

Taking into account the above Mal’cev term p(x, y, z) for EA and Corollary 6.4.3,
we see that the infinite set Ag(x, y, z, w, u) consisting of all equations of the form

tx, z,u) ty, 2. w) ty, wou) (t(x,z, 1) 1y, w,u) ty, w,u) t(x,z,u)) ~ t(x, w,u).

where 7(x, y, u) ranges over arbitrary terms, is a generating set for the (congruence)
commutator of EA. O

Open problem. Let Q be a quasivariety of algebras with the relative congruence
extension property. Then the equationally defined commutator has a generating set
of equations Ag(x,y, z, w) in four variables only (without parameters). O
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6.5 Various Commutators in Varieties

In the literature one finds a definition of the “Term Condition” (TC) commutator,
the one called C(®, ¥) in Freese and McKenzie (1987) (and [@, ¥)] in the second
edition). C(®, ¥) is the commutator arising from the centralization relation Z; of
the present book (but in the context of all algebras of a given signature). To avoid
confusion with the equationally defined commutator, we shall mark this commutator
as [ -];. Thus, for any algebra A and any congruences @, ¥ of A,

[@, W], := the least congruence & of A such that Z; (&, ¥; E) holds.

Z,(®, ¥; E) means here that for any positive integers m, n, for any term #(x, y, u)
with x = x1,...,%u, ¥ = Y1,..., Y, for any two m-tuples a, b of elements of A
and any two n-tuples ¢, d of elements of A such that a = b (mod @) and ¢ =
d (mod ¥),

f(a,c.e) = t(a,d,e) (mod &) implies 1(b,c,e) = 1(b.d.e) (mod &),

for any sequence e of elements of A of the length of u.

The definition of Z;(®,¥; &) is often rendered in a matrix form as follows.
Let @, ¥, and Z be in Con(A).

M(®, V) is the set of all square 2 x 2 matrices

t(a.c.e) 1(a.d, e)
1(b.c.e) 1(b.d. )

where #(x, X,g) with x = x1,...,x,, Y = Vi dn is an arbitrary term of Te,

with positive m and n, a, b are arbitrary m-tuples of elements of A such that g =

b (mod @), ¢, d are arbitrary n-tuples of elements of A such that ¢ = d (mod V),

and e is an arbitrary sequence of elements of A of the length of u.
It is then easy to check that

— . Ui Uiz
Z(®,¥;E) <& forevery matrix (

inM(P, V),
U1 Uz
uip = up (mod E) 1mphes Uy = U (mod E)
Let M(®, )T be the set of transposed matrices of M(®, V).
Lemma 6.5.1. M(®,¥)" = M(¥, @) for all ®, ¥ in Con(A).
Proof. Let
t(a.c.e) t(a.d, e)
1(b.c.e) 1(b.d. e)
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be a matrix in M(®, ¥). We show that its transposition, viz.,

t(a,c,e) t(b,c,e)
t(a.d,e) t(b.d,e)

belongs to M(¥, @).

We may write t = tQ,X,@ with x = x1,..., X, Y = Vi Yn We select
sequences of new different variables x" and )’ such that [x'| = |y| and |y'| = |x| and
put:

=17y u) =)y, y/x .
We have:
f(c,a,e) =1 /c.y /a,ule) = t(x/a,y/c,u/e) = t(a,c,e)
/(d,a,e) =1 /d,y [a,ule) = t(x/a,y/d,u/e) = t(a.d,e)
/(c.b,e) =1 /c.y /b, uje) = t(x/b,y/c,u/e) = t(b,c, e)
7(d.b,e) =1(/d.y/b,uje) = t(x/b,y/d, uje) = 1(b.d. e).

Hence the matrix

ta,c,e) ta.d, o)\ . . . !(c.,a,e) t'(d.a e)
is identical with .
t(b,c,e) t(b.d, e) ?(c,b,e) t'(d,b,e)

After transposition we get that

ta.c.e) t(b.c.e)\ . . . . ?(c.a.e) t'(c.b.e)
is identical with .
t(a.d,e) t(b.d,e) t(d.a,e)t'(d, b,e)

But the second matrix belongs to M (¥, ®). This proves that M(®, ¥)" € M(¥, ).
By a symmetric argument we get that M(¥, ®)7 € M(&P, ¥). Hence M(¥, d) =
MW, @) € M(®,¥)T. This shows that M(®, ¥)T = M(¥, D). O

The definition of [@, ¥]; is absolute; the commutator [@, ¥]; does not depend on
a variety to which A belongs. The commutator [-];, defined by the centralization Z;,
is studied in the literature by its own right. Generally, [ - |; need not be a symmetric
function!

We take a step farther and define yet another commutator, viz., the “Two-Term
Condition” (2TC) commutator [ - |, determined by the centralization Z, in the sense
of the two-term condition in arbitrary algebras. Thus, for any algebra A and any
congruences @, ¥ of A,

[@, Y], := the least congruence & of A such that Z,(®, ¥; Z) holds.
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(Z(D,Y¥; £) means here that for any m,n = 1, any two m-tuples g, b, any two
n-tuples ¢, d of elements of A such that a = b (mod @) and ¢ = d (mod ¥), any
terms f(x, y, v), g(x,y,v), where |x| = m, |y| = n, and any sequence e of elements
of A of the length of v, B

fla,c.e) = gla,c,e) (mod &)

fla,d,e) = g(a,d,e) (mod &)
f(b,c.e) = g(b,c.e) (mod T)

imply

f(b.d.e) = g(b.d.¢) (mod &).)

By the same token, the definition of [@, W], is absolute; the commutator [@, ¥],
does not depend on a variety to which A belongs. [ - |, is, however, a symmetric
function (see Note 2 following Proposition 4.1.1).

For the sake of the present comments, if V is a variety (not necessarily CM),
A eV,and @, ¥ € Con(A), then [D, ¥4 cde(v) is the commutator defined by means
of quaternary commutator equations in the sense of V. Thus

[D, ¥]4.cdc(v) := the least congruence & of A such that Zy com (P, ¥; &) holds.

Here Z4 com (P, ¥; E') means that for any quadruple a, b, ¢, d of elements of A, the
conditions

a=Db(mod @) and ¢ =d (mod ¥) imply p(a,b,c,d,e) = q(a,b,c,d,e) (mod £)

for any quaternary commutator equation p(x,y,z,w,u) ~ ¢(x,y,z,w,u) in the
sense of V and any sequence e of elements of A of the length of u.

We recall that [@, ¥],4 vy is the commutator defined by means of arbitrary
commutator equations in the sense of V. Thus, if A € V, and &, ¥ € Con(A),
then

[P, ¥]eae(vy := the least congruence & of A such that Zc,, (P, ¥; &) holds

(see Section 4.1).

Theorem 4.3.2 implies:
Theorem 6.5.2. Let V be a congruence-modular variety. Then for any algebra
A € V and any congruences @, ¥ of A,

[@2.¥]1 =[P, ¥]: = [D, Y]eacv) = [P, V4 cdev)- a
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A part of the above result was proved by Kiss (1992)—he showed that [-]; = [-]2
holds in any CM variety.

Since the above definitions of congruences [®, V], and [, V], are variety
independent, it therefore follows from the above theorem that if V; and V, are CM
varieties, then for any algebraA € VNV, and any @, ¥ € Con(A), the equationally
defined commutators of @, ¥ in the sense of V| and V,, respectively, coincide,
that is, [@, Y]eiev)) = [P, ¥]eac(v,) despite the fact that the sets of commutator
equations of V| and V,, respectively, are generally different. Since the definition of
congruences [@, ¥]; and [@, ¥], do not depend on V but merely on the structural
properties of the algebra A, we see that the equationally defined commutator of @, ¥
is stable in the sense that it is the same congruence whenever it is computed in any
CM variety to which A belongs.

Let V be a variety, not necessarily congruence-modular. Then [®, ¥4 c4c(v) <
(@, ¥]edc(vy for any algebra A € V and any @, ¥ € Con(A). In turn, Lemma 4.1.3
gives that [®, Y], v) € [P, ¥],. We may therefore abbreviate the above inclu-
sions as

[ Jaedervy < [ leaeevy < [ ]2

for any variety V.

As far as non-CM varieties V are concerned, it is not clear to what extent the
commutators [ - ]i, [ ]2, [+ J4.cacevy and [ - Jege(v) are different. If V is the “empty”
variety consisting of all non-empty sets (no operations), then [ - 14 cge(v) and [+ Jegev)
coincide. [ - J4.cae(v) = [+ Jede(v) also holds in “free” varieties satisfying no non-
trivial identity, because in this case the equationally defined commutator is a zero
commutator. These are Birkhoft’s logics in all possible signatures. (More, generally,
if V is a variety whose free algebra Fy(w) satisfies conditions (FreeGenDistr),, , for
all positive integers m and n, as defined in Section 5.2, then [ - |4 cde(v) = [ * lede(v)-
This follows from Corollary 5.2.15.) We do not know how the above commutators
behave in monadic varieties (with only unary fundamental operations).

The symmetric commutator of @ and ¥, written [@, ¥y, is the least & such
that Z, (@, ¥; &) and Z; (¥, @; Z) hold. Let [ -], be the symmetrization of [-];. We
have [@,¥]; C [@, Y]ym = [¥. P]sym. Moreover, both operations [ - |; and [ - Jom
are monotone in each variable.

According to Freese and McKenzie (1987), Proposition 4.2, the equation
(@, Y] = [P, ¥]sym holds in every congruence modular variety. (This also directly
follows from Theorem 4.2.2.) This equation holds for an algebra exactly when
the operation [ - |5, is symmetric. It is shown in Kearnes (1995) that the identity
[-]i = [ ]sm holds in any variety with a difference term, but it fails in some
varieties with a weak difference term, such as the variety of inverse semigroups.

If V is an idempotent variety satisfying a non-trivial Mal’cev condition, then
[-]2 = [+]sm throughout V (see Kearnes and Szendrei 1998). But as [ ]oqe(v) < [+]2,
we have that [ - Jozv) < [+ ]sym in such varieties V. In particular, if [ - ]; is symmetric
in V, then [ - Joaev) < [-]1 in the algebras of V.
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The variety S of semilattices is minimal and it is not congruence-modular.
Kearnes (2000) has proved that, up to term equivalence, the only minimal idempo-
tent varieties that are not congruence-modular are the variety of sets and the variety
of semilattices. (The variety of sets has the empty signature—this is the variety with
no fundamental operations—see also Section 5.3.) [ - Jeqc(s) is the zero commutator,
the fact established by Corollary 5.4.2.

The following corollary is an immediate consequence of the above result of
Kearnes and of Theorems 5.4.1 and 6.3.2:

Theorem 6.5.3. For every minimal idempotent variety V, the lattice Con(Fvy(w))
validates the law of restricted distributivity. Consequently, the equationally defined
commutator for V is additive. O

The following theorem is due to Keith Kearnes (unpublished):

Theorem 6.5.4. Suppose that V is a locally finite variety and that [ - legecvy = [+ 11
throughout V (or just only [+ legev) = [+ lsym throughout V). Then:

(a) V omits type S in the sense of Hobby and McKenzie (1988).

(b) If V satisfies some non-trivial idempotent Mal’cev condition (that is, V omits
type 1), then congruences of algebras in V satisfy some non-trivial lattice
identity (that is, V omits types 1 and 5 (see also Kearnes 2001, in particular
Theorem 2.4).

(c) If V is congruence meet semidistributive and satisfies some non-trivial idem-
potent Mal’cev condition, then V is congruence join semidistributive (Kearnes
2001, Theorem 2.6). O

Since (b) and (c) do not mention tame congruence theory, it is conceivable that
they hold for arbitrary varieties, not just locally finite varieties. This is an open
problem and perhaps a solution can be obtained in a relatively simple way using the
methods of Kearnes and Kiss (2013) .

Yet another direction of investigation is to see how the commutators behave in
varieties V which are not congruence modular but whose congruence lattices still
satisfy a non-trivial lattice theoretic identity. Interesting test cases are 4-permutable
varieties, e.g., Polin’s variety (see Day and Freese 1980) or the variant of Polin’s
variety with Abelian groups as “internal algebras” (see Example A3 in Exercise 6.23
in Hobby and McKenzie 1988). The crucial issue is that of the additivity of [ ].4c(v)
(see Chapter 5).



Chapter 7

Additivity of the Equationally-Defined
Commutator and Relatively
Congruence-Distributive
Subquasivarieties

7.1 Relatively Finitely Subdirectly Irreducible Algebras

Let Q be a quasivariety. The notation A = A’ Cgp IT;c;B; means that the algebra A
is isomorphic to a subdirect product of a system B;, i € I, of algebras in Q.

A non-trivial algebra A € Q is (finitely) subdirectly irreducible relative to Q if
it is not isomorphic to a subdirect product of a (finite) system B;, i € I, of algebras
in Q, unless at least one of the algebras B; is isomorphic with A. When Q is clear
from context, A is also called relatively (finitely) subdirectly irreducible.

A € Q is relatively (finitely) subdirectly irreducible iff the identity congruence
04 is (finitely) meet-irreducible in the lattice Cong(A). Since Cong(A) is algebraic,
every Q-congruence on A is the meet of a family of finitely meet-irreducible
Q-congruences.

Theorem 7.1.1. Let Q be a quasivariety. Any algebra in Q is isomorphic with
a subdirect product of relatively finitely subdirectly irreducible members of Q. O

The class of relatively (finitely) subdirectly irreducible algebras of Q is denoted
by Qrs1 (Qrrsi, respectively). It is clear that Qrs; € Qrpsi- Moreover, if Q is a sub-
quasivariety of a quasivariety Q’, then Q N Qgg; € Qrst and Q N Qips; € Qrrsi-

Theorem 7.1.2. Let K be any class of algebras. Then Qv(K)rgs1 < SP, (K).
Proof. See, e.g., Czelakowski and Dziobiak (1990). O

The following observation is due to Pigozzi (1988), Lemma 2.1; see also the
proof of Proposition 7.2.2 below.

Proposition 7.1.3. Let Q be a quasivariety and let A(x,y,z,w,u) be a possibly
infinite set of quaternary equations (with parameters). The following conditions are
equivalent:
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(1) Forall A € Qand forall a,b,c,d € A,
Og(a.b) N Oy(c.d) = O§((Ve) A (a.b.c.d.w));

(2) Forall A € Qand foralla,b,c,d € A,
O4(a.b) N Oj(c.d) =0, < A (Yu) )\ Alx.y.z.w wla.b.c.d);

(3) Qresi E (Vxyzw)(Yu) A(x,y,z,w,u) <> xx~yVzxw).
Proof. The proof is omitted. O

A quasivariety Q has (universally) parameterized equationally definable relative
principal meets (parameterized EDPM for short) if any (and hence all) of the
conditions Proposition 7.1.3 hold for some set A(x,y,z, w,u) of parameterized
quaternary equations.

A class of algebras is elementary if it is definable by a (possibly infinite) set of
sentences of a first-order language.

The following theorem was independently proved by Pigozzi (1988) and
Czelakowski and Dziobiak (1990):

Theorem 7.1.4. A quasivariety Q has parameterized EDPM if and only if Q is
relatively congruence-distributive.

Q has parameterized EDPM with respect to a finite set A(x,y, z, w, u) if and only
if Q is relatively congruence-distributive and Qggs; is an elementary class. O

If Q is relatively congruence-distributive, then each member of Qggs; is finitely
subdirectly irreducible in the absolute sense, which means that Qrgs; € Va(Q)gsi-
(In fact, this inclusion holds for any relatively congruence-modular quasivariety
Q—see Kearnes and McKenzie 1992.)

The following theorem provides a purely syntactic characterization of quasivari-
eties with EDPM.

Theorem 7.1.5. Let Q be a quasivariety. Let I' be a set of proper quasi-equations
such that Q = Mod(Id(Q) U I'). Let A(x,y,z,w,u) be a parameterized set of
quaternary equations. The following assertions are equivalent:

(1) Q has EDPM with respect to A(x,y,z,w, ).
(2) The following are sets of rules on': :

2)a) x =~ y/A(x,y,z,w, 1) (absorption rules)
2)(d) (Yu) A(x,y,z,w,u)/ Az, w, x,y, u) (commutativity rules)
2)c) (Vu) A, y,x,y,u)/x =~y (idempotency rule).
Moreover, for every proper quasi-equation p : «; =~ By,...,0, ~ B, > o ~ f

belonging to I' U Birkhoff (1), its A-transform
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(2)(d)p (Vﬂ) A(alaﬁlszl, Wl?ﬂ) Uu...u (Vﬂ) A(Olnv ,Bn,zlv WlﬁE)/A(a’ﬂazlvwl,ﬂ)

is a set of rules of QF. (Here zy and wy are arbitrary but fixed variables not
occurring in p.)

Note. The rules of (2)(b), the rule (2)(c), and the rules of (2)(d), are infinite. Since
the equational consequence operation QF determined by Q is finitary, the above
rules are subject to the finitarization procedure and can be replaced by sets of finitary
rules valid in Q.

If the set A(x,y, z, w, u) is finite, there are only finitely many rules in (2)(a) and
(2)(b). Moreover, for every rule p, the set of rules (2)(d), is finite. O

Open problem. Let A(x,y,z, w,u) be a set of equations. Give a set of inference
rules characterizing the consequence operation QF of the largest quasivariety
Q whose equationally defined commutator is additive and A(x,y,z,w,u) is a
generating set. It is convenient to reformulate syntactic conditions (2)(a), (2)(b) and,
for each rule p, (2)(d), uniformly in terms of equational inference rules. The rule
(2)(c) is a problem. O

Proof. (1) = (2). Assume (1). We use the facts and notation presented in the
proof of the implication (B) = (C) of Theorem 3.5.1. Taking the free alge-
bra F := Fg(w) we see that (1) gives that @6([x],[y]) N @S([z],[w]) =
O4((Ve) AF([x], [y], [2], [W], €)). This readily implies that Q- (A(x.y.z.w.u)) C
QF (x &~ y). Hence (2)(a) holds.

EDPM implies that O ((Ye) A([x], ], [2], [w], €)) = O5([x], )N Og ([2], [w]) =
O[], W) N G111, b)) = OG((Ye) AT([2]. [W]. [x], V] ¢)). Hence

QT ((Yu) Ax,y,z,w,u)) = QF((Vu) Az, w, x,y, u)),

by Proposition 2.5. From the above equality 2(b) follows.

In view of Theorem 7.1.4, the quasivariety Q is relatively congruence-
distributive. Suppose p : a1 &~ B A ... Ao, ~ B, & o ~ B is a quasi-equation
of Q. Hence « ~ B € QF(a; ~ Bi.....a, ~ B,). This fact implies 2)(d),.
Indeed, we have

Og([@l, 8D € Og({[eil [Bi]): - -+ ([, [Ba])-

It follows that

Of (el [B) N O5([Y].[8) <
@g([al], BiD N (»Dg([)/], ) +o-.-+o (»Dg([an]’ [B,]) N @S([VL 5]).
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by the distributivity of the lattice Cong(F). EDPM then gives that

Og((Ve) AT ([a]. [B]. [¥].[8].0) <
Og((Ve) A" ([eu]. [B1]. [¥]. [81. ©)) +o. - - +q Og((Ye) AT (], [Bul. [¥].[8].€)) =
Og((Ye) A" (fn]. [B1]. [¥]. [8]. ) U ... U (Vo) A" ([ ]. [BA]. [7]. [8]. €)).

Applying Proposition 2.5 to the above inclusion we get that

(Vu) A, B,y 8.u) C
QT ((Yu) At B, v, 8, ) U ... U (V) Actu, B, ¥, 8, 10))

for every equation y ~ §. So (2)(d), holds.
EDPM also implies that

O§((Ye) A" ([x]. ] . [y]. ) = @ (Ix]. ).
Hence
QF (x ~ y) = QF((Yu) A(x.y.x,y,u)),

again by Proposition 2.5. So (2)(c) holds.
(2) = (1). Assume (2).

Claim 1.  (2)(e) zxw/Ax,y,2,w,u)
is a set of rules of QF.
Proof (of the claim). By (2)(b) and structurality,

(Yu) Az, w.x,y, 1)/ A(x. y, 2, w, u) *)
are rules of Q':. In turn, (2)(a) and structurality give that
7 w/A(z, w,x,y, 1)
are rules of QF. It follows that
2~ w/(Yu) Az w.x, y,u) (%)
is a set of rules of QF. (*) and (**) imply that
7 w/AX,y,z,w, 1)

is a set of rules of QF as well. O
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Note that (2)(a) and (2)(e) jointly state that A(x, y, z, w, u) is a set of commutator
equations for Q.

Claim 2. (2)(e) Vu) Az, w,x,y,u)/ Ax,y,z,w, u)
is a set of rules of QF.
Proof (of the claim). This follows from (2)(b) and structurality. O

(2)(b), (2)(e) and structurality imply that A satisfies the following equality:
QF ((Yu) A(x,y,zow.u)) = QT ((Vu) A(z,w.x,y,u))  (commutativity).
Consequently, for any algebraA € Q and all a, b, c,d € A,
O4((Ye) Ala.b.c.d.e)) = Oy((Ye) Alc.d.a.b.e)).

We now pass to the proof that Q has EDPM with respect to A(x, y, z, w, u). Let
A be an algebra in Q and a, b, ¢, d € A. The inclusion

O4((Ye) A(a.b,c.d.e)) € ©4(a,b) N OY(c.d)

holds because (2)(a) and (2)(f) are sets of rules of Q’=.
The proof of the reverse inclusion is harder. Suppose that (e,f) € @6 (a,b) N

@AQ(c, d). According to Theorem 2.1, there exist finite sequences of pairs of
elements of A

(a],bl),...,(am,bm) (1)
and
(Cl,dl),...,(cn,dn) (2)

being Q-proofs of (e, f) from (a, b) and (c, d), respectively.
Taking (1) into account, we first inductively prove that

@6((v€) A(aiv biv C, d, g)) g @6((V€) A(CZ, b7 c, d» g)) (3)

fori=1,2,...,m.

For i = 1, we have that {(a;,b,) = (a,b) or a; = by. If {a1,b1) = {(a,b),
then evidently (Ve) A(ay,by,c,d,e) € (Ve) A(a,b,c,d,e). If ay = by, then
(Ve) A(ay,by, c,d,e) = 04 C (Ve) A(a,b,c,d,e), because in view of (2)(a),
x ~ y/A(x,y,z,w,u) is a set of rules of Q. Now fix i > 1 and suppose that

O((Ye) Alaj. bj,c.d,e)) € Og((Ve) Ala,b,c,d,e)) forallj<i. (4
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It remains to consider the case when there exist a set J < {1,...,i — 1}, a
quasi-equation p : r(x) & s1(x) A A (X)) & os(x) > rx) &= s(x) in
I' U Birkhoff(t), where x = x, ... ,Xp, and a sequence ¢ = ci,...,c, such that

{{(re).,si(0)) 1 1 <t <k} = {{a;,b;) : j € J} and (r(c),s(c)) = (a;,b;). These
relations together with (4) imply that

@6((V€) A(rt(g)’st(g)vcv d’g)) g @6((\7,@ A(Cl,b, c, d»é))
forallt, 1 <t<k. (5

Since (2)(d),, is a set of rules of Q':, we get that

OH((Ve) A(r(c), s(¢),c.d, €)) €
O J{(ve) A(r(0).51(0).c.d.e) : 1 St < k}). (6)
(5) and (6) imply that
(Vo) A(r(e), 5(0), ¢.d, €)) € OG((Ve) Ala, b, c,d,e)),
ie.,
O4((Ve) Alai, bi.c.d.e)) € Oy((Ye) Ala,b.c.d,e)),
So (3) holds. In particular, for i = m, we obtain
(Vo) Ale.f.c.d.e)) S Oy((Ve) Ala,b,c.d,e)). (7
Having established (7), we inductively prove that
O4((Ve) Ale.f.cj.dj. ) S Oy((Ve) Ale.f.c.d.e)) )
forallj, (1 <j < n).
For j = 1 we have that (c;,d;) = (c,d) or ¢; = d;. If {c;,d;) = {c,d),
then evidently (Ve) Ale,f,c1,di,e) A(NVe) Ale,f,c,d,e). If c; = dj, then
(Ve) A(e,f,c1,d1,e) = 04 € (Ye) A(e,f,c,d, e), because by (2)(e) (Claim 2),

2~ whk A(x,y,z, w,u) is a set of rules of Q=. Now fix j > 1 and suppose that

O((Vo) Ale.f.cindi.0)) S Og((Ye) Ale.f.c.d.e)) foralli<j. — (9)
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It remains to consider the case where there exists a set I € {1,...,j — 1},
a quasi-equation p : ri(x) & s1(x) A...A (X)) &~ si(x) > r(x) & s(x) in
I' U Birkhoff(t), where x = xi, ... ,Xp, and a sequence ¢ = ci,...,c, such that

{{(ro),si(0)) 11 <t <k} = {{ai.b;) : i € I} and (r(c),s(c)) = (a;,b;). These
relations together with (9) imply that

@é((vg) A(e’f’ rt(g)vst(g)v g)) g @é((vg) A(e’f’ c, d’ g))
forall?, 1 <t <k (10)

But according to (2)(d),
(Yw) A(r1,s1,zi,wi, w) U U (V) A(rg, sk, z, wi, w) = Ay s,z wi,u) - ()

is a set of rules of Q'=, where z; and w; are different variables not occurring in x.
Since

Q™ ((Yw) A(x.y.z.w. 1) = Q7 (V) Az, w. x.y. 1)
(see the remarks following Claim 2), and hence
(Yu) A(x,y,z,w, 1)/ Az, w,x,y,u)  and (Vi) Az, w,x,y, 0)/ A(x, y, 2, w, 1)
are sets of rules of QF, it follows from () that
Vu) A(z,w, 1, s1, ) U ... U (Vu) Az, w, ri, sg, w)/ A(z, w, r, s, 1)
is a set of rules of QF as well. Consequently,
(Vo) Ale.f.r(c),s(c),0) <
O Ji(vo) Ale.f.ri(0).si(c).0) s 1 <t < k). (1)
(10) and (11) imply that
O5((Ye) Ale.f,r(c),s(0). ©)) € Og((Ve) Ale.f,c.d. e))
ie.,

O (Y0 Ale.f.ci.d;.0) € OY(Ve) Ale.f.c.d.e)).
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So (8) holds. In particular, for j = n, we obtain
Op((Ve) Ale.f,e.f,€)) € OH((Ve) Ale.f,c.d, e)).
Hence, taking (7) into account, we get that
O8((Ve) Ale.f.e.f. ) € O((Ve) Ala,b,c.d.e)). (12)
Since (2)(c) is a rule of QF, we have that
(e.f) € Og((Ye) Ale.f.e.f.e)). (13)

(12) and (13) imply that (e, f) € O3((Ve) A(a,b,c,d, e)).
This proves the inclusion @4 o((Ve) A(a, b, c.d,¢e)) 2 oA ola.b)N oA olc.d).

It follows that @A ola.b) N () olc.d) = o4 o((Ve) A(a, b c,d,e)). SlnceA is an
arbitrary algebra in Q we see that Q has EDPM with respect to the set of equations

A(x,y,z,w, u).
The proof of the theorem is completed. O

The following observation is a simple corollary to Theorem 7.1.4:

Theorem 7.1.6. Let Q be an RCD quasivariety. Then the equational commutator of
any two relative congruences coincides with their meet, i.e., for any algebra A € Q
and for all ®,¥ € Cong(A), [, ¥]* = D NWY.

Proof. As Q has EDPM with respect to some set A(x,y, z, w, u), it follows that
A(x,y,z,w,u) is a set of quaternary commutator equations for Q. Hence, for all
A € Qandforalla,b,c,d €A,

Og(a.b) N O§(c.d) = O4((Ye) Asla.b.c.d.e)) S
[04(a.b), O(c. D* S O(a.b) N OY(c.d).
It follows that
[0g(a.b), O (c. )* = Of(a.b) N O§(c.d).

Then, making use of the fact that the lattice Cong(A) is algebraic and distributive,
we get that [@, YA = @ N Y, for all ®, ¥ € Cong(A). O

Corollary 7.1.7. Let Q be a quasivariety whose equationally defined commutator
is additive. Q is RCD if and only if [®,W]* = @ NV for any algebra A € Q and
forall @, ¥ € Cong(A). O
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7.2 Prime Algebras

Let Q be a quasivariety and A an algebra in Q. Let @ be a Q-congruence on A. @ is
said to be prime (in the lattice Cong(A)) if, for any congruences @, @, € Cong(A),
(@), D,]* € @ implies that &, C & or &, C @. (Here [@;, P,]* denotes the
equationally defined commutator of the congruences @;, @, in A in the sense of Q.)

A € Q is said to be prime (in Q) if the identity congruence 04 is prime in
Cong(A). Thus A is prime in Q if and only if [®;, P,;] = 04 holds for no pair
of nonzero congruences @, @, € Cong(A).

Qprive denotes the class of all prime algebras in Q.

Proposition 7.2.1. For every quasivariety Q, Qprive < QRrrsI-

Proof. Suppose A € Qprive and let o4 (a b)N o4 (c d) = 04 forsome a, b, c,d €

A. Then [() (a,b), OA (¢ d)] =04 1t follows that a=borc=4d.SoA € QgpsI-
O

If Q is an RCD quasivariety, Theorem 7.1.6 implies that

QPRIME = QRFSI .

Proposition 7.2.2. Let Q be quasivariety whose equationally defined commutator
is additive. Let A(x,y,z,w,u) be a generating set. Let A be an algebra in Q and
@ € Cong(A). Then the following conditions are equivalent:

(i) @ is prime in Cong(A);
(i1) Foralla,b,c,d € A,

[OA(a,b), OA(c,d)] € @ implies {(a,b) € ® or (c,d) € ®
Q Q
(iii) Foralla,b,c,d € A,
O4((Ye) Ala.b.c.d.e)) € ® implies (a.b) € D or(c.d) € .

Proof. Obviously (i) implies (ii).

(i) = (iii). Assume (ii). A(x,y,z,w,u) is a generating set for Q, i.e.,
QF ((Yu) Ao(x,y,zow,u)) = QF(x ~ y) N QF(z ~ w). But this implies
that [@ (a,b), @A (¢ P = @A((V_) A(a,b,c,d,e)) for all a,b,c,d € A, by
Corollary 5.1.3. From (ii) and this observatlon condition (iii) follows.

(iii) = (i). Assume (iii) holds for @ and suppose @;, P, € Cong(A) so that
[@1, D;] € . Let us assume that @ = @‘3(X) and @&, = @é(Y) for some sets X
and Y. Then, by additivity, [®@, ;] = @6(U{(Vg) Aj(a,b,c.d,e) : {a,b) € X,
(c,d) € Y}) (see Theorem 5.1.2). It follows that for any (a,b) € X, {c,d) € Y, itis
the case that (a,b) € @ or {(c,d) € @. Hence, X € @ or Y € @. This gives that
Qi Cdord, CP. O
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Corollary 7.2.3. Let Q and A(x,y, z, w, u) be as above. Then for any algebra A €
Q and any @ € Cong(A), P is prime in Cong(A) if and only if the algebra A/ is
prime in Q. Moreover, the following conditions are equivalent:

(1) A isprimein Q;

(i) A E (Vxyzw)(Vu) \ A(x,y,z, w,u) <> x 2 yV z ~ w). |

The aim of this chapter is to prove the following theorem:

Theorem 7.2.4. Let Q be a quasivariety whose equationally defined commutator is
additive and has a finite generating set. The class SP(Qprimg) is the largest RCD
quasivariety included in Q.

Proof. We have: Qprive S SP(Qprive) € Q.

Let A(x,y,z, w, u) be a finite generating set of quaternary commutator equations
for Q. As A is finite, the sentence (Vxyzw)((Vu) N\ A(x,y,x,y,u) < x ~ y) is
elementary. It then follows from Corollary 7.2.3 that the class Qprive is closed
under the formation of ultraproducts. Hence

Q" := SP(QprivE)

is a quasivariety included in Q.

Lemma 7.2.5. Q* has EDPM with respect to A(x,y,z,w,u) and hence it is an
RCD quasivariety.

Proof (of the lemma). We shall apply Theorem 7.1.5 to Q*.

Claim 1. (2)(a) is a set of rules of Q*F.

Proof (of the claim). Since A(x,y,z,w,u) is a set of quaternary commutator
equations for Q, it follows that x ~ y/A(x,y,z,w,u) is a set of rules of Q':.
Consequently, x ~ y/A(x, y, z, w, u) is a set of rules of Q*':, because Q* € Q. O

Claim 2. (2)(b) is a set of rules of Q*.

Proof (of the claim). Since A(x,y,z, w,u) is a generating set of equations for the
equationally defined commutator of Q, it follows that QF ((Yu) A(x,y,z, w, u)) =
QF ((Yu) A(z, w, x, y, u))—see Corollary 5.1.3. Consequently, (Vi) A(x, y, z, w, u)/
A(z,w,x,y,u) is a set of rules of Q’=. Hence it is a set of rules of Q*'z. O

Claim 3. (2)(c) is a rule of Q*F.

Proof (of the claim). According to Corollary 7.2.3.(iii), the class Qprivg validates
the universal-existential first-order sentence

(V) (V) J\ AGx.y.x.y.u) - x = y). (%)

As Qprive is closed under ultraproducts, a straightforward ultraproduct argument
shows that there exists a finite set of finite sequences of terms 7, ... (all of the
same length) such that the class Qpgrpvg validates the quasi-identity

L
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o: (Vo) (VWA y,x,p,0) Ao AAQ Y, XY, 8,) = X & Y).

Hence o is valid in the quasivariety Q* = SP(Qprmg). Consequently,
A,y x,y, 1) U UAQX, Y, x,y.1,)/x ~ .

is a rule of Q*F and hence

(Yu) ACx,y,x,y,u)/x =y

is a rule of Q*F as well.

(Yet another justification of the claim runs as follows. Since the sentence () is
valid in Qprive, (Yu)(A(x, y,x,y,u)/x = y is a rule of the consequence operation
Qprive- As Qprive is closed with respect to P, the consequence operation Q'P:RIME
is finitary. Hence there exists a finite subset Xy C (Yu) A(x,y,x,y,u) such that
Yi/x ~ yis arule of Q'P:RIME' It follows that Xy/x =~ y is also a rule of
SP(Qprive)™ = Q*F. Consequently, (Vu) A(x,y,x,y,u)/x ~ y is a rule of Q*F.)

O

Claim 4. For every quasi-equation p of Q*, (2)(d), is a set of rules of Q*F.

Proof (of the claim). Suppose that a quasi-equation p : r; & §; A ... ATx X S —
r s is valid in Q*F. We must show that

(Yu) A(ry, s1,z,w,u) U ... U Vu) AQrg, g, 2, w,u)/ A(r, s, 2, w, u) (2)(d),

is a set of rules of Q*F, where z,w are different variables not occurring in p.
It suffices to show that the rules of (2)(d), are validated in the algebras of QprimE,
because, having established this fact, arguing as in the proof of Claim 3 one shows
that (2)(d),, is validated in Q™.

Let A € Qprive and suppose x = xi, ..., X, is a sequence of variables occurring
in the equations of r. Let ¢ = ¢y,...,¢, be a sequence of elements of A and let
c,d € A so that

A E (Yu) A(ry, s,z w,u)lc, ¢, d] forj=1,...,k
This means that
(Ve) A (r1(c), s1(c), c.d,e) U ... U (Ve) A(re(c), sk(c), c.d, e) is a subset of 04.
But Corollary 7.2.3.(iii) implies that for every j (1 < j < k), either rj(c) = s;(c) or
¢ =d.Hence c = d or rj(c) = sj(c) forall j (1 <j < k). If c = d, then taking into
account the fact that z ~ w/A(x,y,z, w,u) is a set of rules of Q*F, we have that

(Ye) A(r(c),s(c),c,d, e) is asubset of 04. If rj(c) = sj(c) forall j (1 <j < k), then
r(c) = s(c), because p is a rule of Q*F. It follows that (Ve) A(r(c), s(c), ¢, d, e)
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is also a subset of 04, because x &~ y/A(x,y,z, w, u) is a set of rules of Q*':. This
proves the claim. O

The above claims and Theorem 7.1.5 imply that Q* has EDPM with respect to
A(x,y,x,y,u) and hence Q* is an RCD quasivariety. This proves the lemma. O

Lemma 7.2.6. QEFSI = QPRIME-

Proof (of the lemma). (C). As Q* has EDPM with respect to A(x,y,x,y,u),
Proposition 7.1.3 implies that for any algebra A € Q¥,

A€ Qg ©
A | (Yxyzw)((Yu) /\ Ax,y.z,wu) <> xR yVIRw). ()

Hence, if A € Qgg;» then A € Q and () holds. S0 A € Qprime, by Corollary 7.2.3.
(2). Suppose A € QprivEe- As Qprive € QF, we have that A € Q. But

A E (Vxyzw)((Vu) /\A(x,y, LW U) > XYV IR W).

As Q* has EDPM with respect to A(x,y,z,w,u), we get that A € QgRgg, by
Proposition 7.1.3. O

Lemma 7.2.7. The class SP(Qprivg) is a unique RCD quasivariety Q' with the
following properties: Qprivie € Q' € Q and Q' has EDPM with respect to
Ax,y,z, w, u). Consequently, Qgrs; = QpriME-

Proof (of the lemma). Suppose Q' is a quasivariety such that Qprivg € Q' € Q
and Q' has EDPM with respect to A(x, y, z, w, u). Since Q' is an RCD quasivariety,
we have that Qgre; = Qprive-

Claim. Qpzpvie € QprIME

Proof (of the claim). Suppose A € Qprivp- S0 A € Qipg- Hence A € Q' € Q
and A validates the sentence (Vxyzw)((Vu) A\ A(x,y,z,w,u) < xxyVzaxw).
Hence A € QPRIME- O

We then have: Q" = SP(Qgrs) = SP(Qprive) € SP(Qprivie). On the other
hand, as Qprive € Q’, we also have that SP(Qprive) € SP(Q’) = Q. So

Q' = SP(QprivE)-

As Q' coincides with SP(Qprivie) = Q*, we get that Qprg; = QRrs; = QprivE, bY
Lemma 7.2.6. O

The class Qprive does not determine the quasivariety Q in an unambiguous
way. In other words, there exist different quasivarieties whose equationally defined
commutators are additive (and are determined by the same set of quaternary
equations with parameters) such that the corresponding classes of prime algebras
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coincide. For let Q be any RCM quasivariety which is not relatively congruence-
distributive and whose equationally defined commutator is determined by some
finite set A(x, y, z, w, u) of quaternary commutator equations (see Theorem 8.1.1). It
follows from Lemma 7.2.7 that the (distinct) quasivarieties Q and SP(Qprive) have
the same classes of prime algebras.

The following lemma is crucial:

Lemma 7.2.8. Let Q be a quasivariety whose equationally defined commutator
additive and has a finite generating set A(x,y,z,w,u). Let Q' be a quasivariety
included in Q. Then the following conditions are equivalent:

(1) Q' is RCD.
(2) Q' has EDPM with respect to A(x,y,z, w, ).
(3) Qgpsi € QprivE-

Proof (of the lemma). (3) = (1). Suppose szFSI C QprivE. Then evidently Q' =
SP(Qgrs) S SP(Qprive). But Qprivie and hence also the class Qgpg; satisfy the
universal-existential sentence (Vxyzw)((Vu) AA(x, y,z,w,u) <> x ~ yV z ~ w).
Proposition 7.1.3 then implies that Q" has EDPM with respect to A(x,y, x, y, u).
Hence Q' is RCD.

(1) = (2). Suppose Q' is RCD. As Q' satisfies the Extension Principle (see
Note 3.4.2.(4) and Section 6.2) and Q' € Q, we have that for any algebra A € Q'
and alla,b,c,d € A,

O3, (a,b) N O (c,d) =
Oy (B4 (a. b)) N OY (OH(c.d)) =
B4 (Og(a.b) N Og(c.d)) =
Oy (Og((Ve) Ala,b,c.d, ) =
Oy ((Ye) Ala.b.c.d.e)).

This shows that Q' has EDPM with respect to A(x, y, x, y, u).

(2) = (3). Assume (2). Applying Proposition 7.1.3 to Q’, we obtain that Qg
validates the sentence (Vxyzw)((Vu) \ A(x,y,z,w,u) <> x &= yV z &~ w). As
Qi{FSI CQ, it follows that Q;(FSI C QpRIME- O

We can now conclude the proof of Theorem 7.2.4.
In view of Lemma 7.2.5, SP(Qprime) is an RCD quasivariety included in Q.
Now suppose Q' is an RCD quasivariety such that Q" C Q. Lemma 7.2.8 implies

that Q;{FSI C QpriMe. It follows that Q/ = SP(Q;ZFSI) - SP(QPRIME)«
The theorem has been proved. O

Theorem 7.1.5 provides a syntactic characterization of the equational logic QF
associated with any quasivariety Q with EDPM. Thus for Q to have EDPM with
respect to A(x, y, z, w, u), it is necessary that for any standard rule r : o; = B4, ...,
oy &~ Bpja ~ B of QF, the A-transform
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(V@ A(alvﬁlvzlvwl’@ u...u (Vﬂ) A(amﬂn,leWl,ﬂ)/A(xsy7Z1,W1,@ (*)

be a set of rules of Q': as well. (Here z;,w; are arbitrary but fixed variables not
occurring in the above scheme of r.) The rules of (*) are infinitistic when A is
infinite or the set of parametric variables u is non-empty. But after applying the
finitarization procedure with respect to QF, we see that (*) yields a (possibly
infinite) set of standard rules of QF. Let us denote this set by A(r). But again, the
A-transform of each rule of A(r) defines a new set of rules of Q. The finitarization
procedure, when applied to the A-transforms of the rules A(r), produces a family
of sets of standard rules of Q= which we shall denote by A%(r). Continuing this
pattern, that is, applying the A-transforms and then the finitarization procedure, we
define an infinite sequence A™(r) of families of sets of standard rules of QF. The
question arises: Is it necessary to iterate the above procedure infinitely many times?
Does the above procedure terminate in finitely many steps in the sense that the
rules obtained at some level n suffice to generate the rules of the level n + 1? The
answer is: Yes—even one step suffices. This is due to the fact that the system QF
associated with Q with EDPC validates certain rules determined by A which are
called associativity rules for QF. We shall briefly elucidate this issue (but without
going into details), because it is one of crucial points in the proof of the finite basis
theorem for finitely generated RCD quasivarieties due to Pigozzi (1988) (see also
Czelakowski and Dziobiak 1990).

What are associativity rules? For didactic reasons, we shall first present them on
the level of propositional logic. Let L be a propositional language endowed with
one binary connective V (and possibly some other connectives). The associativity
rule for Vv is the two-sided one-premiss rule of inference (p vV q) vV r//p Vv (g V 1)
in L (applied in both directions), where p, g, r are propositional variables. This rule
is obviously valid in classical and intuitionistic propositional logics for Vv being the
disjunction connective.

Let r : «p,...,a,/a be any (proper) rule of inference in L. The (right)
V-transform of ris the rule rv : ay V p,...,a, V p/a V p, where p is a variable
not occurring in the formulas oy, ..., «,, «. In turn, the V-transform of rv is the
rule rvv i (e Vp)Vag, ..., (e, Vp)Vq/(aVp)V g, where q is a fresh variable
not occurring in the formulas «; V p, ..., o, V p,a Vv p. Continuing, we define V-
transforms of » of higher ranks. But in the presence of the associativity rule for Vv,
the rule vV (as well as the other successive V-transforms of r) is already derivable
from r and rV. For we have: from the formulas («; vV p) V q,...,(a, V p) V g we
derive the formulas «; V (p V q),...,a, V (p V q), by associativity. Then, using
the transform Vv and making a suitable substitution, from the last set of formulas
we derive the single formula @ Vv (p Vv ¢q). Applying again the associativity rule (but
in the reverse order) to @ Vv (p V ¢), we derive (¢ V p) V gq. Thus, in logical terms,
rVV is a secondary rule of the propositional logical system based on r, v and the
associativity rule for V.

The above remarks can be appropriately lifted to the level of equational logics
and applied to the system QF associated with any quasivariety Q that has EDPC.
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But the role of Vv is played there by any set of equations A(x,y,z, w,u) which
defines EDPC for Q. A detailed elaboration of this idea is presented in Czelakowski
and Dziobiak (1990) (in case when A does not involve parameters) and in the
seminal Pigozzi’s paper [1988] in the general case. To simplify our narration, we
shall consider only finite sets A(x, y, z, w, u).

Let A(x,y,z,w,u) be a finite set of quaternary equations in x,y,z,w and in
some parametric variables u. Let Q be a quasivariety with EDPM with respect to
A(x,y,z,w,u). By the associativity rules determined by A(x,y,z, w,u) we shall
mean the following two sets of rules:

(VW) Aa. B. 2. wr.w) e ~ B € (Yu) Ax.y. 21w w)}/

JtaG.y. e Buy) s o~ B e AGrwizawa )} (1)

and

(VW) Ay . Bow) s~ B € (Yu) Az, wi. 2. w2 0)}/
JiA@ B2 wa,u) s~ B € Ay, 2w, )), ()

where u; and u, are separated k-element sets of variables different form x, y, z, w,
and k is the cardinality of u. Here (Vu) A(w, 8, 22, w2, u) abbreviates | J{A(x/a, y/B,
z/z2,w/wa, u/t) : tis a sequence of terms whose length is k}. (Note that the sets (1)
and (2) are finite because A is finite.)

The crucial fact is that if a quasivariety Q has EDPM with respect to A,
then (1) and (2) are rules of Q': (see Pigozzi 1988). This directly follows from
Proposition 7.2.2 and the fact that finitely meet-irreducible Q-congruences in the
algebras of Q coincide with prime congruences.

The above rules are infinitistic if A involves parameters u, but they are replaced
by their finitistic variants for Q= by applying the above finitarization procedures.
The so modified rules are called finitary associativity rules for QF determined
by A. They are of course standard rules of Q. The above standard rules can be
equivalently replaced by two sets of quasi-equations.

The following observation supplements Theorem 7.2.4. Let Q be a quasivariety
whose equationally defined commutator is additive. Suppose that Q has a finite
generating set A = A(x,y,z,w,u) of quaternary commutator equations of Q
with k being the length of u. (Thus QF((Yu) A(x,y.x.y.u)) = Q(x ~ y)
NQF(z ~ w).) The quasivariety SP(Qprpve) is RCD and it has EDPM with respect
to A (Lemma 7.2.5).

Let Ry be an inferential base for the equational logic QF, ie., QF = Cr.
The absorption rules

x =~ y/Ax,y,z,w,u)
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and the following finitarizations (with respect to QF) of the commutativity rules
Ay, z,w, 1)/ Az, w, x, y, 1),

where T is a finite set of k-tuples of terms, are all secondary rules in the system Ce((’),
i.e., they all are provable by means of R(. The same remark applies to the Birkhoff’s
rules Birkhoff(t) and the axiomatic rules Id(Q). Moreover, Theorem 5.2.3.(2).(ii)
implies that for every proper rule

proy =P, ..o >axf
eq
of the system C 0°
Alar, Br.zw, D) U ... U Ay, Brz.w, T)/A(e, B, z, w, 1)

is a set of standard rules of Cf{(’J as well, for some set T (depending on the rule p).
(Here z and w are arbitrary variables not occurring in oy, B, ..., %, B, @, B.)
All these rules are also secondary in Cy!.

Summing up, as the equationally defined commutator for Q is additive and A is
a finite generating set, it follows from Theorem 5.2.3.(2).(ii) that the finitarizations
of the A-transform of the rules of QF (with respect to QF) are already rules of QF
and hence they are secondary rules with respect to R, (because R, is a base of Q).
Hence all these rules are also rules of the stronger logic SP(QPRIME)':.

In view of Corollary 7.2.3, the infinite idempotency rule (Vu) A(x, y, x,y, u)/ x ~
yisarule of SP(QPRIME)'z. Since the equational logic SP(QPRIME)'= is finitary, there
exists a finite set 7 of k-tuples of terms such that A(x, y, x,y, T)/x & y is a standard
rule of SP(Qprime)F . (Formally, A(x, y, x, y, T)/x ~ yis the rule (J{AG,y, x,,10) :
t € T}/x ~ y.) Let us denote the last rule by riz,,. We call 7,4, the idempotency
rule. Thus ri4, is a finitarization of (Vu) A(x,y,x,y,u)/x ~ y with respect to
SP(QPRIME)’:. Equivalently, the quasi-identity 04, corresponding to rig, is valid
in the quasivariety SP(QpriME)-

According to Theorem 7.1.5, the A-transform of 7, produces rules of
SP(QPRIME)’:. We take the set of rules A, (ri4m) being finitarizations (with respect
to SP(QPRIME)’:) of the rules of A(rign,). We also take the finitary associativity
rules for SP(QPRIME)# determined by A together with finitarizations of their A-
transforms with respect to SP(QPRIME)':. The resulting set of standard rules is
denoted by R;. (Note that if A is finite, R; is finite as well.)

Let R := Ry UR,. Let Q' be the quasivariety axiomatized by the quasi-equations
corresponding to the rules of R. The rules of R form a base of the consequence Q'
ie, QF = Cy. As R is a base for Q'F, the identities belonging to Id(Q’) are all
provable in the system Cy'.

Due to the presence of the above finitary associativity rules in R, the iterations of
A-transform of arbitrary rank of the rules of R produce rules of Cy’. Thus, in view
of the above remarks, condition (2) of Theorem 7.1.5 is satisfied for the system C;q.
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It follows from this theorem that Q' has EDPM with respect to A(x, y, z, w, u). Thus
Q' is a relatively congruence-distributive quasivariety included in Q.
We thus arrive at the following theorem:

Theorem 7.2.9. Let Q be a quasivariety whose equationally defined commutator

is additive. Suppose that there exists a finite generating set A = A(x,y,z,w, u) of

quaternary commutator equations of Q. The quasivariety SP(Qprivg) is axioma-

tized relative to Q by the quasi-identities corresponding to the set of standard rules

formed by finitarizations of the idempotence rule and the associativity rules with

respect to A together with finitarizations of the A-transform of these rules.
Moreover SP(QprivE) is finitely based relative to Q.

Proof. The rules of R are so defined that they are also rules of SP(QPRIME)’:. Hence
the quasi-identities corresponding to the rules of R are all valid in SP(QprimE).
As the quasi-equations corresponding to R form a base of Q’, we obtain that
SP(Qprive) € Q'

In virtue of the above inclusion, Lemma 7.2.7 and the fact that Q' is RCD, we
get that Q' = SP(Qprime). This concludes the proof of the theorem. |

Note. RCD subquasivarieties of various quasivarieties are investigated, e.g., in
Czelakowski and Dziobiak (1990). Kearnes (1990) provides characterizations of
RCD subquasivarieties of congruence-modular varieties. O

Open Problem If K is a class of algebras closed under the formation of subdirect
products, then for any algebra A of the type of K, the family Cong(A) of
K-congruences on A forms a complete lattice (but not necessarily algebraic). Ps(K)
is the class of subdirect products of families of members of K.

Suppose that Q is a quasivariety whose equationally defined commutator is
additive. Let A(x, y, x, y, u) be a generating set. (It is not assumed that A is finite.)

Is it true that Ps(Qprivg) is the largest subclass K € Q closed with respect to
the operation Pg such that forallA € Kand all a, b, c,d € A,

O (a,b) N Og(c,d) = Og((Ye) A (a, b, c,d, e)?

Conclude that then the lattices of Ps(QprivEg)-congruences are distributive.
Decide the analogous problem for the class SP(QprivE)- O

7.3 Semiprime Algebras

Let Q be a quasivariety and A an algebra in Q. Let @ be a Q-congruence on A.
@ is called semiprime if for every congruence ¥ € Cong(A), [¥,¥] = @ implies
that ¥ = @.

A € Q is semiprime (in Q) if the identity congruence 04 is semiprime in
Cong(A). (Equivalently, [@, @] = 04 holds for no nonzero @ € Cong(A).)
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QsemiprivE denotes the class of semiprime members of Q. Evidently, Qprive €
QSEMIPRIME-

PI‘OpOSitiOIl 7.3.1. For every quasivariety Q, QPRIME = QRFSI N QSEMIPRIME'

Proof. Qerive S Qrrsi, by Proposition 7.2.1. Let A € Qgrrst N QsemiprivE- TO
show that A is prime suppose that [®;, ®,] = 04 for some @, P, € Cong(A). Then
(@1 N Dy, @ N Dy] = 04. It follows that @; N @, = 0,4, because A is semiprime.
But then @, = 04 or @, = 0,4, because A € Qrgs;. Thus A € QprimE. O

Proposition 7.3.2. Let Q be quasivariety with the additive equationally defined
commutator and generating set A(x,y,z,w,u). Let A be an algebra in Q and
@ < Cong(A). Then the following conditions are equivalent:

(i) @ is semiprime in Cong(A);
(ii) Foralla,b € A, [@‘é(a, b), @6(a, b)|* € @ implies (a,b) € D;
(iii) Foralla,b € A, @6((Vg) A(a,b,a,b,e)) € @ implies (a,b) € P.

Proof. Immediate. O

Corollary 7.3.3. Let Q be as above. Then for any algebra A € Q and any
® € Cong(A), @ is semiprime in Cong(A) if and only if the algebra A/® is
semiprime in Q. Moreover, the following are equivalent:

(iv) A is semiprime in Q;
(v) The congruence 04 is semiprime;
vi) A (Vo) (V) A Alx.y. x.y.u) < x ~ ). O

If Q is an RCD quasivariety, then Corollaries 7.3.3 and 7.1.7 imply that

QsemrrivE = Q.

The following observation supplements Theorem 7.2.4.

Theorem 7.3.4. Let Q be a quasivariety whose equationally defined commutator
is additive. Suppose that Q possesses a finite generating set A(x,y,z,w,u) of
quaternary commutator equations. Then SP(Qprive) < S(QsemiprivE) and
S(QsemiprIME) IS a quasivariety contained in Q.

Proof. Let A(x,y,z,w,u be as above. Corollary 7.3.3 states that the class
QsemipriME IS axiomatized by the quasi-identities of Q and the universal-existential
sentence

(Yay)((Yu) \ AGx.y.x.3.0) > x ~ ). (%)

QsemipriME 18 therefore an elementary class and hence closed under the formation
of ultraproducts P,. But Corollary 7.3.3.(vi) also implies that QsgmipriME 1S closed
under the formation of subdirect products (as one can directly check) and hence
direct products. Therefore SPP,(QsemipriveE) = S(Qsemiprive)- It follows that
S(QsemiprIME) 1S @ quasivariety.
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As Qprive € Qsemierive, We get that SP(Qprive) S SP(QsemipriME) =
S(QsemrprivE)- Hence SP(Qprive) € S(QsemipRIME)- O

Corollary 7.3.3 implies that the class Qsgmiprive Validates quasi-identities of
Q and a single quasi-equation o4, of the form A A(x,y,x,y,T) — x ~ y
obtained from () by deleting the block of quantifiers “(Vu)” and substituting for
u k-tuples of terms from an appropriate finite set 7. (k is the length of u.) As
S(QSEMIPRIME) validates o and, as shown above, SP(QPRIME) - S(QSEMIPRIME),
the class SP(Qprive) validates 04, as well. In fact, we obtain

Corollary 7.3.5. The quasivariety S(QsgmipriME) IS axiomatized relative to Q by
the single quasi-equation O;gep,. O

In other words, any inferential base of Q': enriched with the standard rule
(J{A(x,y,x,y,t € T}/x =~ y (being a finitarization of (Vu) A(x,y,x,y,u)/x ~ y)
forms a base of the equational logic S (QSEMIPRIME)’:.

Examples

1. Groups. According to Section 6.4, Example 3, the set Ag(x, y, z, w, u) consist-
ing of equations

1,z u) - t(,zouw) "t A e wou) - 1(y, wou) 7!

with #(x,y,u) ranging over arbitrary terms form a generating set for the
(congruence) commutator of the class G of groups. But we can also take the
single equation, viz.

1 1 1 1

7 wu x_lyu ~u x_lyuz_ w
as a generating set.

It follows from Corollary 7.2.3 that a group A is prime (in G) if and only if it
validates the universal-existential sentence

1

(Vaxyzw)(Yu) 27w oy ~ ' yuz 7 'w > x 2 y vz w).

The class SP(GprvE) is the largest RCD quasivariety included in G.
In view of Corollary 7.3.3, a group A is semiprime (in G) if and only if it
validates the following universal-existential sentence

(Vo) (V) x 'y yu ~ u'x lyux™ly - x & y).

2. Equivalence algebras. According to Section 6.4, the set Ag(x,y,z, w,u)
consisting of all equations of the form

1(x, z,u) 1y, z, ) t(y, w,w) (t(x, z,u) t(y, w,u) t(y, w, u) t(x, z,u)) =~ t(x, w, 1)

where #(x, y, u) ranges over arbitrary terms, is a generating set for the (congru-
ence) commutator of EA.
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An equivalence algebra A is prime (in EA) if and only if it validates the
(infinite) sentence (Vxyzw)((Yu) A\ Ao(x,y,z,w,u) — x =~ yV z ~ w).
SP(EAprive) is the largest RCD quasivariety included in the variety EA. (In

fact SP(EApriME) is a variety.)

An equivalence algebra A is semiprime (in EA) if and only if it vali-
dates the infinite sentence (Vxy)((Vu) /\ Ao(x,y,x,y,u) — x ~ y), where
Ao(x,y,x,y, 1) consists of equations of the form

106, X, u) 1y, x, ) 10y, y, 1) ((x, x, ) 10y, y, ) 10y, y, ) 1(x, %, w)) = 1(x, y, u),

with ¢ ranging over arbitrary terms. O



Chapter 8
More on Finitely Generated
Quasivarieties

8.1 Generating Sets for the Equationally-Defined
Commutator in Finitely Generated Quasivarieties

We begin with the following observation concerning arbitrary finitely generated
quasivarieties:

Theorem 8.1.1. Let Q be a finitely generated quasivariety. Then there exists a finite
set Ao(x,y,z, w, u) of quaternary equations (possibly with parameters) such that

Q (x ~ y) NQF (z ~ w) = QT (Ao(x, y, 2. w, ).

Consequently, Q has a finite generating set of quaternary commutator equations
with parameters.

Proof. K be a finite class of finite algebras such that Q = Qv(K). Furthermore,
let m be the least positive integer k such that all algebras of K are of power < k, i.e.,
|A| < m, for every algebra A € K. We clearly have that QF = KF.

Let A(x,y,z,w,u) be a possibly infinite set of quaternary equations such that
QF(x ~ y) N QF (z ~ w) = QF(A(x,y,z, w, u)). In order to define a finite set of
quaternary commutator equations for Q which satisfies the thesis of the theorem
we shall apply to A(x,y,z,w,u) a simple reduction procedure yielding a set of
equations Ao (x, y, z, w, u) with the required property.

We may write ¥ = uy,up,us,..., i.e., the variables of u are indexed by
consecutive positive integers. The latter form a set N C w. (Thus N is either finite
or coincides with the set of natural numbers w.)

For each function o : N — {1,2,...,m}, where m is given as above, we define
the strings of variables

Uy 1= Ug(1), Us(2), Us(3)s - - -
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Let A(x,y,z,w,u,) be the resulting set of equations obtained from A(x,y, z, w, u)
by uniformly replacing each parameter u; of u by the corresponding parameter i,
forall k € N.

Let

Al = U{A(x,y,z,w,g(,) 10 € {1,2,...,m}N}.

A is a set of equations in the variables x,y,z,w and m parametric variables
Uy, Un, Uz, ..., Uy, We write

Ay = Ap(x,y,2,w, U1, U, U3, o ).
Lemma 1. K=(x ~ y) N KF(z &~ w) = K= (A)).
Proof. We have:

Claim 1. A, is a set of quaternary commutator equations for K, i.e.,
Ay C K':(x ~y)n K':(z ~w).

. . N
Proof (of the claim). For every mapping o € {1,2,...,m}", theset A(x,y,z,w, u,)
consists of quaternary commutator equations for K, because the substitution of
parameters determined by o preserves the property of being a commutator equation
for K. It follows that A is a set of quaternary commutator equations for Q as well.

a

Claim 2. A C KF(A)).

Proof (of the claim). Let A € K and let h : Te, — A be a homomorphism
validating the equations of A;. As |A| < m, it follows that there is a mapping o €
{1,2,...,m}" such that h(ux) = h(us), for all k € N. As A(x,y, z,w,u,) € Ay,

h validates A(x,y,z, w, u,) as well and, consequently, / validates A. |

It follows from Claims 1-2 and the definition of A that
K (x ~ y) NKF(z & w) = KF(4) S KF(4))
CK-(x~y) NKF(z~w).

Hence KF (x ~ y) N KF(z &~ w) = K= (A)).
The lemma has been proved. O

Having defined the m-parameterized generating set A of quaternary commutator
equations for Q, we make the next step.
We define the relation £ on the algebra of terms Te, as follows:

« = B (mod ) iff the equation a ~ B is K-valid (i.e., « ~ B € K= (0)),

fora, B € Te,. Trivially, £2 is a congruence relation and the quotient algebra Te, / £2
is the w-generated free algebra Fx(w) in the variety Va(K).
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Let T be the subalgebra of the term algebra Te, generated by the variables
X,¥,2, W, Uy, Uy, Uz, . . ., U,,. We consider the subset F' of Fg(w) consisting of the
abstraction classes of £ determined by the terms of 7. Thus

F:={[f]:teT}.
F forms a subalgebra F of Fk(w) that is the image of the algebra T under the
canonical map from Te, to Te, /2.

Claim. The algebra F is finite.

Proof. Let A|,A,, ..., Ay be a list of pairwise nonisomorphic algebras of K such
that every algebra of K is isomorphic with some algebra from the list. For each i,
1 < i < k, define the relation ~; on T':

s ~;t iff every homomorphism 4 : F — A; validates the equation s ~ .

Each ~; has a finite index and £ = (), <, ~i- Consequently, £ has a finite
index too. O

Let S be a selector of the finite set F. S is a mapping which from each equivalence
class [f], t € T, picks out a term ¢’ € [t].

Given an m-parameterized generating set A; = Aj(x,y,z, w,uy, U, . .., Uy) of
quaternary commutator equations for Q, defined as above, we form a new set A of
equations. We put

Agi=dd' ~ B :a~rpBcAl

Lemma 2. Q’:(x ~ y) N Q’Z(Z ~ W) = Q'z(AO(-xv Vs 2 W, Z))

Proof. Tt is clear that the set A is finite. As each equation ¢ ~ B € Aj is
deductively equivalent to o’ = B’ on the basis of K, ie., KF(a@ ~ B) =
K= (' & ), it follows that A is a finite set of quaternary commutator equations
for Q. Moreover, A, is deductively equivalent to A; with respect to K<, i.e.,
K= (A¢) = KF(4)). Applying Lemma 1, we get the thesis of Lemma 2. O

The proof of the theorem is concluded (see Definition 4.3.7). O

Note 1. Let Q be a quasivariety and suppose that a set of equations Agy(x, y, z, w, u)
has the property that

Va(Q)F (x ~ y) N Va(Q)F (z ~ w) = Va(Q)F (Ao (x,y, z, w, ).
Then

QF(x ~ y) NQF (z ~ w) = QF(Ao(x, y, 2, w, ).



210 8 More on Finitely Generated Quasivarieties

Indeed, as Id(Q) = Id(Va(Q)), Ao(x, y, z, w, u) is a set of commutator equations for
Q. ie., Ao(x,y,z,w,u) € QF (x ~ y) N Q¥ (z &~ w). Then

Va(Q)F (x ~ y) N Va(Q)F z ~ w) = QF(x ~ y) NQF (z ~ w) 2

Q':(AO(xs Y, 2w, Z)) 2 Va(Q)'Z(AO(x’ Y, Z,w, Z)) =
Va(Q)F (x ~ y) N Va(Q)F (z ~ w)

Hence QF (x ~ y) N QF (z & w) = QF (Ao (x, y, 2, w, u)).

It follows from the above observation that, in terms of congruence generation,
if in the free algebra Fg(w) the congruence ©(x,y) N @(z, w) is finitely generated
in the absolute sense (i.e., in the sense of the closure system Con(Fg(w))), then
it is finitely generated in the relative sense (i.e., in the sense of the closure
system Cong(Fq(®))). Equivalently, if &(x,y) N @(z,w) is compact in the lattice
Con(Fg(w)), then it is compact in Cong(Fg(w)).

The above implication cannot be reversed. There are varieties of algebras
generated by a single, finite algebra A such that the congruence ®(x,y) N ©(z, w) is
compact in the lattice Cong(Fg(w)) but non-compact in the lattice Con(Fg(w)),
where Q = Qv(A). An appropriate example is due to Keith Kearnes (personal
correspondence). O

Note 2. Applying basically the same argument as in the proof of Theorem 8.1.1,
one can prove the following, more general facts:

Corollary 8.1.2. Let Q be a finitely generated quasivariety. Then for each pair
m, n of positive natural numbers and any four sequences of different variables x =
Xlseoo s Xy Y = Visev sV &= 2y e vsZpy W = W1, ..., Wy, there exists a finite set
Ao(x,y, z, w, 1) of commutator equations (with parameters) for Q in the variables
x,y and z, w such that

Q':(xl R Voo X X Vi) DQ':(zl AW,y Zn W) =
Q= (A(x.y.zw.w). O

(See also Definition 3.1.1 and Notes following it.)

Corollary 8.1.3. Let Q be a finitely generated quasivariety. Then for each natural
number m = 2 and any two sequences of different variables x = xi,...,Xn,
Y =V1.-..,Ym 0f length m, the theory

Q (1 ~ y1) N... NQF (X & y)

has a finite generating set. O
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The following corollary is an intermediate consequence of Theorems 8.1.1
and 4.3.9:

Corollary 8.1.4. Let Q be a finitely generated quasivariety with the relative shifting
property. Then there exists a finite set Ao(x,y,z,w,u) of quaternary equations
(possibly with parameters) such that

(@, v = @AQ(U{(vg) Aj(a,b,c,d,e): (a,b) € D, (c,d) € ¥})

for all algebras A € Q and all ®,¥ € Cong(A). O
The following corollary is crucial:

Corollary 8.1.5. Let Q be a finitely generated quasivariety such that the lattice
Th(QF) validates the law of restricted distributivity. Then there exists a finite set
Ao(x, v, 7, w, u) of quaternary equations (with parameters) such that

[©5X), O = 04| (Vo) Aj(a.b.c.d,e): (a,b) € X fe.d) €V} (%)

for all algebras A and all sets X, Y C A2,
In particular,

[QF(X). Q)] = QF(Ji(Vu) A} (@.B.y.8.w):a~BeX.y ~ScY)
(3k3%)

for any sets of equations X and Y.

Proof. In view of Theorem 5.3.7, the equationally defined commutator for Q is
additive. As QF (x ~ y) N QF (z & w) = QF (Ao(x,y,z, w, u)), (x) follows from
the proof of Theorem 5.1.2.(1) = (2).

(%) follows from (*) and Lemma 5.2.2. O

We also note:

Corollary 8.1.6. Let Q be a finitely generated quasivariety whose equationally
defined commutator is additive. Then SP(Qprimg) is the largest RCD quasivariety
included in Q.

Proof. Apply Theorems 7.2.4 and 8.1.1. O

8.2 Triangular Irreducibility of Congruences

Let Q be a quasivariety, A € Q and let ay, . .., a,, be a finite sequence of elements
of A (possibly with repetitions) of length m > 3. In what follows we shall make use
of the following triangle table of Q-congruences on A:
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Oqlar, az), Oqlar, a3), Oqlar,as), ... Ll Oqlar, an),
@Q(az, a3), @Q(az, a4), ............ @Q(az, am),
@Q(d,’, a;+1). ...... @Q(ai,am),

@Q (am—l ) am)v

This table contains r := m(m — 1)/2 elements. It is called the triangular table of
relatively principal congruences corresponding to the sequence ay, . . ., d.

The Q-congruence ﬂl$i<j$m @é (ai,a;), being the intersection of the above
congruences, is called the triangular intersection.

Definition 8.2.1. Let m > 3 be a natural number. Let Q be a quasivariety, A € Q
and @ € Cong(A). The congruence @ is said to be m-triangularily irreducible in

the lattice Cong(A) if for every sequence ay, . . ., a,, of elements of A (possibly with
repetitions) of length m, if (), <;_;<,, (O (@i, @) +q @) = @ then a; = a; (®) for
someiandj, 1 <i<j<m. O

In particular, the congruence 04 is m-triangularily irreducible in the lattice
Cong(A) iff for every sequence aj,...,a, of elements of A of length m, if
Mi<icjen O3(ai, aj) = 04, then a; = a; for some i and j, 1 <i <j < m.

In what follows we shall make use of the following simple observation, being an
instance of Proposition 2.9:

Fact. Let Q be a quasivariety, let A € Q, and @ € Cong(A). Let B := A/® be the
quotient algebra and let h : A — B be the canonical homomorphism. Then

h~'(OF(a/®.b/D)) = @ +q Oy(a.b). O

Lemma 8.2.2. Let Q be a quasivariety, A € Q and @ € Cong(A). @ is m-trian-
gularily irreducible in the lattice Cong(A) if and only if the congruence 04 /¢ is
m-triangularily irreducible in the lattice Cong(A /).

Proof. Leth:A — A/® be the canonical homomorphism. Then, by the above fact,
W10y % (a/®.b/®)) = & +q OY(a.b) *)

forall a, b € A.
(*) and the surjectivity of A imply that for any ay,...,a, € A the following
conditions are equivalent:

[\ (©§aia) +q @) =P,
1<i<j<m

() (O (@) ®.a;/ @) = h™ (04/0).

I<i<jsm
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() 0y @/ P.a;/ @) = h (04/0).

1<i<j<m

) 04 @/®.a;/®) = 04/0.

1<i<j<m
From these conditions we get the equivalence of the following statements:

@ is m-triangularily irreducible in the lattice Cong(A),
(Val, e,y € A)( ﬂ (@6(ai,aj) +qQ @) =¢ =
1<i<j<m
a; = a; (D) for some i and j),
(Var.....an €A () O (a/®.aj/®) =040 =
1<i<j<m
a; = aj (D) for some i and j),

(Var.....an € A [ 0y (@/®.a;/®) =040 =

I<i<jsm

a;/® = aj/ P for some i and j),

04,0 is m-triangularily irreducible in the lattice Cong(A/P). O

We recall that Qggsy is the class of non-trivial relatively finitely subdirectly
irreducible algebras of Q.

Lemma 8.2.3. Ler Q be a quasivariety and m a natural number, m = 3. If A €
Qgrerst, then 04 is m-triangularily irreducible in Cong(A).

Proof. Immediate. O

We define

QTR

to be the class of all members A of a quasivariety Q for which the congruence 04 is
m-triangularily irreducible in Cong(A).

It follows from the above lemma that every quasivariety Q has enough algebras A
with m-triangularily irreducible zero congruences (4 in the sense that every algebra
of Q is isomorphic with a subdirect product of a family of algebras from the class
Q,—Tr1, for each m = 3.

Let K be a class of algebras. Pg(K) denotes the class of isomorphic copies of
subdirect products of families of algebras from K.
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Corollary 8.2.4. Let Q be a quasivariety. Then for every positive integer m, m = 3,

Q = SP(Qu—tr1) = Ps(Quu—tr1)- o

The theorem below provides a characterization of finitely generated quasivari-
eties in terms of triangular intersections of relatively principal congruences:

Theorem 8.2.5. Let Q be an arbitrary quasivariety and m = 3 a positive integer.
The following conditions are equivalent:

(1) Q is generated by a finite class of algebras each of which has at most m — 1
elements.

(ii) For every algebra A € Q and for any sequence ay, . .., a,, of elements of A of
length m (possibly with repetitions) it is the case that

m @é(ai,aj) = OA.
I<i<jsm

(iii) For every algebra A € Q, for any congruence ® € Cong(A), and any
sequence ay, .. .,a, of elements of A of length m (possibly with repetitions)
it is the case that

() (@ +qOflaia)) = .
1<i<j<m
(iv) For any sequence Xy, . .., X, of m different free generators of the free algebra
F := Fo(w) and any congruence @ € Cong(F),
[ (@ +qOf(xi.x) = @.
1<i<j<m
Note. In view of Proposition 2.5, condition (iv) is equivalent to

(iv)* For any sequence xi,Xx3,...,xy of m different individual variables and any
set of equations X,

[ QXU xi~x}) =Q~(X).
1<i<j<m

Equivalently, (iv)* holds for any finite set of equations X. But in view of the
above theorem, (iv)* is equivalent to

(iv)** For any sequence o1, Qz, . . ., 0, of terms and any set of equations X,
| Q"X U{w~a}) =QF(X).
1<i<j<m

Indeed, (iv)** trivially implies (iv)*. Conversely, assume (iv)*. As (iv)* is equiva-
lent to (iv), the theorem implies that (iii) holds. In particular, we get that (iii) holds
for the free algebra Fg(w). But the last condition is equivalent to (iv)**. So (iv)**
holds. O
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Proof. (i) = (iv). Assuming (i), we prove (iv)*. There is a finite class of algebras
K such that each algebra in K is of power < m and Q = SP(K). Consequently,
QF = KF. Let X be a theory of Q. It suffices to show that Mi<i<j<m Q- (XU{x; ~
X)) € X.

Let m be as above and suppose that @ =~ f ¢ X. There exists an algebra A € K
and a homomorphism v : Te, — A such that v validates X and v(«) # v(f).
As |A] < m, we have that v(x;) = v(x;) for some 1 < i,j < m, i < j. It follows
that e ~ B & QF(X U {x; ~ X;}), by the definition of QF, and consequently,
@~ B & (Nicicjem QT (X U {xi & x;}). So (iv)* holds.

(iv) = (ii). The proof of this implication is based on two claims. Assume (iv).

Claim 1. For every countably generated algebra A € Q and for any sequence

ai,...,a, of elements of A of length m (possibly with repetitions),
ﬂ @6(61,’,611') = OA.
1<i<j<m
Proof (of the claim). Assume A € Q is countably generated. Let ay,...,a, be a

sequence of elements of A.

Let » : F — A be a surjective homomorphism such that h(x;) = a; for
i=1,2,...,m. Let @ be the kernel of h. @ is a Q-congruence of F because the
quotient algebra F/@® is isomorphic with A.

The fact following Definition 8.2.1 and the surjectivity of /4 imply that the
following conditions are equivalent:

[ (@ +qOfxi.x) = @,

1<i<jsm

) 7Oy /®.x5/P)) = @,

1<i<j<m

M 71O (i/®.x;/®)) = h™ (Op/0).

1<i<j<m
() 0N/ ux/®) = ' Op0).
1<i<j<m
K1) Odlaia) = h7(0y),
1<i<j<m
[ O4laia) =04,
1<i<j<m

As the first equality holds by (iv), the last one holds as well. This proves the claim.
a

Claim 1 continues to hold for arbitrary algebras of Q.
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Claim 2. For every algebra A € Q and for any sequence ay, . . ., a, of elements of
A of length m (possibly with repetitions),

ﬂ @6(&,’,611') = 0A-

I<i<j<m

Proof (of the claim). Let A € Q and let ay, ..., a, be a sequence of elements of
A. Suppose (a,b) € [<ici<m @6(0@, a;). By Theorem 2.1 for each pair i < j there
exists a finite generating sequence

(cir-dijx),  k=1,....ny, (%)

of the pair (a, b) from the pair (a;, a;) in the algebra A.

Let B be the subalgebra of A generated by the elements of A that are involved in
the definition of the sequence (x);;, for all pairs i < j. (In particular, B contains the
elements that occur in the pairs (x);. But B also contains elements of A that were
employed by the quasi-identities applied in the definition of (x);.) B is countably
generated. It follows from the definition of B that (*);; is also a generating sequence
of (a,b) from the pair (a;, q;) in the algebra B, for all pairs i < j. Consequently,
(a,b) € M<icjem @G (@i, @). But Claim 1 implies that a = b. O

This proves (ii).

(ii) = (iii). Suppose A € Q, @ € Cong(A), ay,...,ay € A. Let B:=A/P. Let
h : A — B be the canonical homomorphism. Hence ker(h) = @ and B € Q. Then
by the above Fact,

(| (@+qOda.a) = [\ (' (Of(a/®.a;/®)) =

I<i<j<m I<i<j<m

W) 0@/ /@) = h (0p) = 9.

I<i<j<m

It follows that (), ¢;_;<,,(? +q O (ai,a))) = ®.
(iii) = (ii). This is obvious.
(i) = (i). Assume (ii). To prove (i) it suffices to show the following

Claim 3. Every algebra in Q,,—1r1 is of power < m.

Proof (of the claim). Let A € Q,,—tgr; is and suppose a contrario that there are

m distinct elements in A, say ay, ..., a,. (ii) gives that ml$i<jsm (H)‘é(ai, a;) = 04.
As A € Q,_try, it follows that g; = ag; forsome iandj, 1 <i < j < m. So A has
fewer than m elements. A contradiction. O

This concludes the proof of the theorem. O
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Corollary 8.2.6. Suppose that Q is a quasivariety generated by a finite class of
algebras each of which has at most m — 1 elements, m = 3. For every algebra
A € Q, the following conditions are equivalent:

(1) A€ Qm—TRI:
(2) A has at most m — 1 elements.

Proof. LetA € Q.
(1) = (2). Assume (1). Suppose a contrario that there are m distinct elements in

A,say ay,...,a,. Theorem 7.1.5 implies that m1si<js;n (H)AQ(al-, a;) = 04. It follows
by (1) that a; = a; for some i and j, 1 <i < j < m. So A has fewer than m elements.
(2) = (1). Assume (2). Let ay, ..., a, be a sequence of elements A of length m

(possibly with repetitions). (2) trivially implies a; = a; for some iandj, 1 <i<j<m.
Hence the implication

ﬂ @é(ai,aj)zm = a;=a; forsomeiandj, 1 <i<j<m

1<i<j<m

is true, i.e., (1) holds. ad

Theorem 8.2.7. Suppose that Q is a quasivariety in a finite signature generated by
a finite class K of algebras each of which has at most m — 1 elements, m < 3. Then
Q..—1r1 IS a finitely axiomatizable class.

Proof. In view of Corollary 8.2.6, Q,,—tr1 is the class of all at most (m— 1)-element
algebras of Q. It follows that Q,,—Tgr; is axiomatized by any set of quasi-identities
which axiomatizes Q together with a single universal sentence

(V) (¥x2) ... (Vo) \ /i o s 1 <i < j < m),

To show that Q,,_rg; is indeed finitely axiomatizable, we notice that, up to
isomorphism, Q,,—tr; consists of finitely many finite algebras. Evidently, Q,,—tgri
and its complement are algebraic classes, i.e., they are closed under isomorphisms.
The trivial ultraproduct argument shows that both Q,,—tr; and the complement of
Q.—1r1 are closed under the formation of ultraproducts. It follows from Corol-
lary 6.1.16 in Chang and Keisler (1973) that Q,,—rg; is a finitely axiomatizable
class. O

8.3 Equationally-Definable m-Triangular Meets of Relatively
Principal Congruences (m-EDTPM)

The following observation is modelled after Lemma 2.1 in Pigozzi (1988), see also
Proposition 7.1.3.
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Proposition 8.3.1. Let m = 3 be a natural number and A = A(xy,x2, ..., X, U)
a set of equations in variables x1,x,, ..., X, (and possibly some parameters u). Let
Q be a quasivariety. The following conditions are equivalent:

(1) Forall A € Q and for any sequence ay, . . ., a,, of elements A of length m,

[ O4lai.a) = O((Yo) A*(ar,az,....am, ©));

1<i<j<m

(2) Forall A € Q and for any sequence ay, . . ., a,, of elements A of length m,

ﬂ @6(0,‘,01‘) =04 <

1<i<j<m
AE (VY /\A(xl,xz, s xmWlar, az, ... an);

(3) Q,u—1r1 validates the first-order sentence

(Y1) (Vx2) ... (V) (V) \ A1 x. . X )

<—>\/{x,-x:xj:1$i<j$m};
(4) Forevery pair i,j, (1 <i<j < m), Qvalidates the equations

A(xi/x, x;/x)
and for any algebra A € Q and any sequence ay, . .., a,, of elements A,

(| ©4(@.a) € Of(Ye) A*(ar.az.....an.e)).

1<i<j<m
A(x;/x, x;/x) results from A(xy, X, ..., X,, u) by the uniform substitution of the
variable x for the variables x; and x;, where x is different from x,x2, ..., x, and u.

(If the string u is infinite, we can always rename the parametric variables u so that
there are still infinitely many variables different from those of u.)

In (3), the symbol “<«” is the equivalence connective from the first-order
language associated with the signature of Q.

Proof. We recall that
O4((Ye) A (a1, az, ... am. €)) =
@6({(0[(611,612,. .. ,am,g)),ﬂ(al,az, ...,Clm,g)) A ﬂ I= A’g GAk}),

The implications (1) = (2) = (3) are immediate.
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(3) = (4). (3) implies that for each pair i,j (1 < i < j < m), Q,—rr; validates
the equations A(x;/x, x;/x) and hence so does Q.

Now let A € Q and let ay, ..., a,, be a sequence of elements of A. To prove the
inclusion

(| ©da.a) S O§((Ve) A(ar.as.....an.e)).

1<i<j<m

it suffices to show that for every m-triangularily irreducible congruence @ in the
lattice Cong(A),

® 2 O((Ve) A*ar.az. ... an.¢)) implies that

o2 () Oglana. ()

I<i<j<m

Suppose the first inclusion holds. Then
a(br,c1,by,¢2,..., by, ¢, 0) /@ = B(br,c1, by, 2.0, byy Cr0) [ D

for all @ &~ § € A and all sequences ¢ € A;. Thus

A/ E (V) \ AGrx. . X wlara. . a).

AsA/® € Qu_1rr it follows by (3) that a;/P = a;/P forsome | <i <j < m.
So @y (ai, a;) C @ for some i < j. Consequently, @ 2 (), ¢;_j<, O (@i ). So (%)
holds.

4) = (1). Let A € Q and let ay,...,a, be a sequence of elements A. Fix a
pair i,j (1 < i < j < m) and let @y := @é(ai,ai). The quotient algebra A/®y
belongs to Q. By the first conjunct of (4) we get that «(ay,az,...,an,,e)/Py =
Blai,as, ... apm, e)/ P foralla ~ B € A and all sequences e € AX, It follows that
@‘é((‘v’g) A(ay, az, ... ap.e)) C @AQ(ai, a;). This proves the “2”-inclusion of the
two inclusions of (1).

As the other inclusion is assumed by (4), condition (1) follows. O

Definition 8.3.2. Let m > 3 be a natural number and A(x|,xp,...,X,, 1) a set
of equations. A quasivariety Q is said to have equationally definable m-triangular
meets of (relatively) principal congruences by A(xy, xa, . .., X, u) if Q satisfies any
of the equivalent conditions of the above proposition.

Q is said to have equationally definable m-triangular meets of (relatively)
principal congruences m-EDTPM, for short) if there is a set of equations
A(xy,X2,. .., X, u) which defines m-triangular meets of (relatively) principal
congruences in the algebras of Q. O
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Theorem 8.3.3. Let m = 3 be a natural number. For any quasivariety Q the
following conditions are equivalent:

(i) Q has m-EDTPM.
(i) For every algebra A € Q, for any sequence ay, ..., a, of elements of A of
length m (possibly with repetitions) and any congruence @ € Cong(A),

®+q (| O4lana) = [ (P +qO%aia)).

1<i<j<m 1<i<j<m

(iii) For any sequence xi, . .., X, of m different free generators of the free algebra
F := Fo(w) and any congruence @ € Cong(F),

D+q [ OgGix)= () (®+qOH(i.x)).

1<i<j<m 1<i<j<m

Note. Condition (iii) of the above theorem is equivalently expressed in terms of the
consequence QF as:

(i QU (] Q i~x) = (] QXU {xi~x)),

I1<i<j<m 1<i<j<m
for any set of equations X.

(Here x1,x5,...,x, is an arbitrary but fixed sequence of m different individual
variables.) But it is easy to see that (iii)* is equivalent to

Giy=* QF(XU [ Q~m) = [) Q°XUfw~a}.
I<i<j<m 1<i<j<m
for any set of equations X and any sequence of terms a1, 3, . .., Qy,.
Trivially (iii)** implies (iii)*. To prove the converse, assume (iii)*. But (iii)* is
equivalent to condition (iii) of the above theorem, and hence to condition (ii). Thus
(iii)* implies (ii). But (ii) holds in particular for the free algebra Fg(w). The last
fact implies (iii)**. O

Proof. (1) = (ii). Assume Q has m-EDTPM with respect to a set of equations
A = A(x1,x2,...,%y,u). Let A be an algebra in Q, @ € Cong(A), and ay, ..., ay
sequence of elements of A of length m. Let B := A/®. As B € Q, (i) implies that

() O§@/®.4/®) = O§(Ye) A®(a1/@,a2/®,....an/P.e/P)). (@

1<i<j<m

Let 4 : A — B be the canonical homomorphism. Then
h~'(Of(a/P.b/P)) = D +q Oy(a.b) (b)

forall a,b € A.
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(b) and the surjectivity of 4 imply that

') O/ ®.a;/®)) = ©)

I<i<j<m

() 7 (Ofai/®.a;/®)) =

I<i<j<m

[\ (@ +q @(ai.a)).

1<i<j<m
On the other hand, we also get
W1 (Og((Ve) AP(a1/®, a2/ D, ... an/D,e/P))) = (d)
h=' (sup of{OF (AP (a1/D.ar/D. ... an/P.e/D)): e € A'}) =
sup oth~ (Og(A% (a1 /P, ar /D, ... an/ P, e/ P))) 1 e € A'} =
sup of{® +o @‘é(AA(al,az, cam,e)) e € ARy =
P +q supQ{@AQ(AA(al,az, ....ape)) ec A} =
D +q O4((Yo) A (a1, az. ... am. €)) =

@ +Q ﬂ @6((1,‘,01').

1<i<jsm

(Here sup ¢ is the supremum in the lattice Cong(A).) But in view of (a), the first
congruences of (¢) and (d) are identical. Consequently, the last congruences of (c)
and (d) are the same. Thus

[ (@ +00(aa) =@ +q [ P3laia).
1<i<j<m 1<i<j<m

So (ii) holds.

The implication (ii) = (iii) is immediate.

(iii) = (). Let xq, x2, . . ., X, be a finite sequence of pairwise different individual
variables. Let A(x,xy, . .., X,, 1) be a set of equations such that

[ Qi ~x) =Q Ak, %2, ., X0 W),

1<i<j<m

Passing to the algebra F' we therefore have that

ﬂ @S(xi,xj) = @3(AF(xl,x2’ c e Xms ﬂ))

1<i<j<m

(We identify here terms of the language of Q with elements of the free algebra F'.)
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Let A be a countably generated algebra in Q, let aj,as,...,a, be a fixed
sequence of elements of A. Moreover, let e € A be an arbitrary sequence of length k.
Let h : F — A be a surjective homomorphism such that A(x;) = ay,....,
h(x,,) = a,, and h(u) = e. (h is arbitrarily defined for the remaining free generators
of F.) Let @ € Cong(F) be the relation-kernel of 4. Then, assuming (iii), we have:

() Odlaiay) = ()

1<i<j<m

( (O a)) =

1<i<j<m

(| (@ +qOf(xi.x;) = (by (i)

I<i<j<m

Op@U () Ofi.x)) =

1<i<j<m
@(I;(A(XI,XQ, - ,xm,ﬂ)) +0 D =

' (Oy(Alar. az. ... ap.€))).

(e) gives that

ﬂ @6(@, a;) = (—*)‘3(A(a1, as,....am,€)) forany sequence e € A*.

1<i<j<m

It follows that

For every countably generated A € Q and all a;,a,...,a, €A :
(| O§laa) =04 & O(Alar.as....ane) =04
I<i<j<m

for all sequences e € A*.  (f)

We then observe that (f) continues to hold for algebras A € Q of arbitrary
cardinality.

For any algebraA € Q and any a;,az,...,a, €A : (2)
ﬂ @‘a(a;,aj) =0 < @‘é(A(al,az, o am,€)) = 04 for all e € A,
I<i<j<m
For let ay,a,...,a, € A. Let us first assume that mls,'qu @6(a,«,a]~) = 04.

Let ¢ € A* be an arbitrary sequence. (i<, @@ a;) = 04 implies
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that () <iojem ©G(@i,a;) = 0p for some countably generated subalgebra
B of A that contains aj,a,...,a, and e. Hence, by (f), we have that
@g(A(al,az, ....am e)) = 0g. It follows that @AQ(A(al,az, o ame) = 04
because B is a subalgebra of A.

Conversely, suppose that @AQ(A(al, ar,...,am e)) = 0y, forall e € AF. Let B
be an arbitrary countably generated subalgebra of A which contains a;, a, . . ., a.
Then evidently, O (A(ar, az, . .., am, €)) = 0p for all ¢ € B. (f) thus gives that

ﬂ @(B)(ai, aj) = 0p in every countably generated subalgebra (%)

I<i<j<m
B of A which contains ay, as, ..., a,.

We then get that

ﬂ Og(ai.aj) = 04. (k%)

1<i<j<m

Indeed, if (c,d) € ﬂl$i<j$m @AQ(ai,aj), then Theorem 2.1 implies that there is
a countably generated subalgebra B of A which includes a;,ay,...,a, and c,d
such that (c,d) € ﬂ1$i<j$m @g(a,-,aj). It follows by (x) that ¢ = d. Hence ()
holds. This proves (g).

But (g) is equivalent to condition (2) of Proposition 8.3.1. It follows that Q has
m-EDTPM. O

The following corollary is immediate (cf. Corollary 8.2.6):

Corollary 8.3.4. Let m = 3 be a natural number. Let Q be a quasivariety with
m-EDTPM with respect to a set of equations A = A(xy,x3,...,%Xn, u). Then for
any algebra A € Q, the following conditions are equivalent:

(1) Ac Qm—TRI~
(2) For every sequence ay,. . ., a, of elements of A, if@’é(A(al, az,...,ay, €)=
04, for all e € AX, then a;=aj for some 1 <i<j<m.

Proof. (1) = (2). Assume (1). Let ay,.... ,a, be a sequence of elements
of A such that @AQ(A(al,az,.... am.e) = 0Oy, for all ¢ € AF. But m-EDTPM
gives that @6((V§) Alar,az, .., ) = (i<icjsm @é(a,-, a;j). It follows that

Mi<icjm @6(ai,aj) = 04. As A € Q,—1ri, We get that @; = a;, for some i,

(1 <i<j<m).So(2) holds.
(2) = (1). The proof of this implication is similar. Assume (2). We must

show that 04 is m-triangularily irreducible in Cong(A). Let ay,...,a, be
a sequence of elements of A such that ()<<, @‘é(ai,a_,-) = 04. But by
m-EDTPM, (g jem @glaia) = O§((Ye) Alar,az,... an,¢€)). Hence

@‘é((‘v’g) A(ar,as, ..., am,e)) = 04. (2) implies that a; = a;, for some i,j,
(1 £i<j<m). Thus (1) holds. O
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It follows from Theorems 8.2.5 and 8.3.3 that:
Every finitely generated quasivariety has m-EDTPM for some m = 3.

Indeed, assume Q is generated by a finite set of finite algebras, each of power
less than m. Suppose A € Q, @ € Cong(A), and ay,...,a, is a sequence of
elements of A. By Theorem 8.2.5 we have that ()<, @é(a,-,a,-) = 04 and

Nisicjgn(® +q Oflai,a))) = @. Consequently, & +q (i<icjen Oglai- @) =
@ = <icjen(® +o O (ai, a)). So Q has m-EDTPM, by Theorem 8.3.3.
The following observations supplement Theorem 8.2.5:

Theorem 8.3.5. Let Q be an arbitrary quasivariety and let m, m = 3, be a fixed
natural number. The following conditions are equivalent:

(1) Q is generated by a finite class consisting of algebras each of which has at
most m — 1 elements.

(2) Q has m-EDTPM and ml$i<j$m @6 (xi,x)) = Of for any sequence
X1, .., Xy of m different free generators of the free algebra F := Fq(w).

Proof. (1) = (2). Assume (1). The first conjunct of (2) follows from Theorem 8.2.5
and the second conjunct is a particular case of condition (iii) of Theorem 8.2.5.

2) = (1). Assume (2). Let xj,...,x, be a sequence of m different free
generators of the free algebra F = Fq(w). The fact that Q has m-EDTPM and
Theorem 8.3.3 imply that

®+q () Ogtix)= [\ (@+qOFx.x)).

I<i<j<m I<i<j<m

for any Q-congruence @ of F. This and the second conjunct of (2) give that

&= () (@+qO40x.x)),

1<i<j<m

for any Q-congruence @ of F. So (1) holds by Theorem 8.2.5. O

Notes. 1. The second conjunct of (2) is equivalently formulated in terms of the
consequence operation Q<< as

(| Q°(xi~x)=Q~®). (a)

1<i<j<m

In the presence of the first conjunct, it is equivalent to the condition:

m Q- (i ~ o)) = QF (@), for any sequence of terms a1, 0z, . . ., Q. (b)

1<i<j<m
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In view of the above theorems, the property of having m-EDTPM for some m is
essentially weaker than the property of being a finitely generated quasivariety.

2. It follows from Theorem 8.3.3.(ii) that every RCD quasivariety Q has
m-EDTPM for all m = 3. (Q need not be finitely generated.) This observation does
not extend onto RCM quasivarieties.

More facts concerning m-EDTPM one may found in Czelakowski (2014). O

Theorem 8.3.6. Let m = 3 be a natural number. Let Q be a quasivariety with
m-EDTPM with respect to a set of equations A = A(x;,x2,...,Xp,u). The
following conditions are equivalent:

(1) Q is generated by a finite class of algebras each of which has at most m — 1

elements.
(2) Q validates the equations A(x1, X3, . . ., X, U).
Proof. (1) = (2). Assume (1). It follows from Theorem 8.3.5.(ii) that
ﬂ1$i<j$m @S(xi,xj) = Op, where xy,...,x, is an arbitrary but fixed sequence

of m different free generators of the free algebra F := Fg(w). As Q has m-EDTPM
with respect to A we therefore get that @S((Vg) AF(xy,x0,.. ., xme)) = Op.
This is equivalent to Q’:((Vg) A(xy, X2, ooy Xy U)) = QF (). 1t follows that
Q= (A(x1,x2, ..., X, 1)) = QF(9). So (2) holds.

(2) = (1). (2) implies that @6((Vg) A(ay,az,.... a4y, e)) = 04, for any
A € Q and any sequence aj, .. .., a, of elements of A. But ﬂl$i<]$m @6(11[, aj) =
@‘é((‘v’g) A(ay,az, . ..,ay, ) because Q has m-EDTPM with respect to A. It
follows that  (1),¢;_jcn @g(@i- @) = 04, for any A € Q and any sequence
ai,...,ay of elements of A. This gives (1), by Theorem 8.2.5. O

We already know that every finitely generated quasivariety Q has the m-EDTPM
property for sufficiently large m. But, more interestingly, Q has m-EDTPM with
respect to a finite set of trivial equations:

Theorem 8.3.7. Let m = 3 be a natural number. Suppose that Q is a quasivariety
generated by a finite class consisting of algebras each of which has at most m — 1
elements. Then Q has m-EDTPM with respect to the following finite set of trivial
equations

A, X0, 00 X)) i= X R XL XD R XDy, Xy R X )

Proof. Let Q be as above. It is clear that for any A € Q and any
ap,....a, € A, @6(A(a1,a2,...,am)) = 04. This means that A E
N A1,xa,. .. xa)lar, @z, ..., ay). On the other hand, (<<, @AQ(ai,aj) = 04,
by Theorem 8.2.5.(ii). It follows that any A € Q and any ay,...,a, € A, the
equivalence

m @6(ai,aj)=0A & Al:/\A(xl,xz,...,xm)[al,az,...,am].

I1<i<j<m

is true because its both sides are true.
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Thus any algebra A € Q validates condition (2) of Proposition 8.3.1. It follows
that Q has m-EDTPM with respect to A(xy, xz, . .., X;). O

The above proof shows that one cannot expect much from the m-EDTPM in
general while studying specific properties of finitely generated quasivarieties Q—
the equations of A(xy,xz,...,x,) from Theorem 8.3.7 are not conjoined with the
intrinsic structure of the algebras of Q. Consequently, the m-EDTPM property
trivializes for Q. But if one imposes a further constraint on m-EDTPM viz. by
requiring that Q has m-EDTPM with respect to a certain specific set of equations
A(xy,x2, ... ,%n), the problem becomes less trivial.

On the other hand, the fact that a quasivariety Q has m-EDTPM with respect to
a set of equations A(xy,xz, ..., Xy, #) need not imply that Q has m-EDTPM with
respect to trivial equations {x; & x{,x; & Xp,...,X, & X,}. For instance, as Q one
may take any non-finitely generated RCD quasivariety.

The following characterization of the m-EDTPM property in terms of equational
consequence operations has some interesting consequences:

Theorem 8.3.8. Let m = 3 be a natural number and A = A(x1,x3, ..., Xy, 1) a set
of equations. Then for any quasivariety Q the following conditions are equivalent:
(1) Q has m-EDTPM with respect to A(x1, Xz, ..., Xy, U,
@ QXU (Yw) Ar.xa...xpw) = (] QT(XU{xi ~x})
1<i<j<m

for any set of equations X (equivalently, for any finite set of equations X),

3) QXU (Yu) A1, . ..., 0, 1) = ﬂ Q" (X U {o; ~ o))
I<i<j<m
for any sequence of terms a1, 0, ..., &, and any set of equations X (equiva-
lently, any finite set of equations X).

Proof. (1) implies (3) (see Note following Theorem 8.3.3) and (3) trivially implies
(2). In turn, (2) implies (1) because (2) is equivalent to condition (iii) of Theorem
8.3.3. O

8.4 Properties Related to m-EDTPM

In view of Theorem 8.3.3 and the remarks following it, the fact that a quasivariety
has m-EDTPM is equivalent to the following equality holding for the consequence
operation QF:

Q"xu [ Qirx)= () " KUi~x), (D

1<i<j<m 1<i<j<m

for any set of equations X and any string of m different individual variables
X1,X2, ..., Xy. One may relax m-EDTPM by assuming additionally that the variables
X1,X2,...,%y, are separated from the variables occurring in the equations of X.
This leads to the following definition:
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Definition 8.4.1. Let m be a positive integer, m = 3. A quasivariety Q is said to
have equationally definable separated m-triangular meets of (relatively) principal
congruences (in short: Q has the separated m-EDTPM) if (1),, holds for any set
of equations X and any string of m different individual variables x;, x5, . .., X, not
occurring in the equations of X. O

Theorem 8.4.2. Let Q be any quasivariety. Then Q has separated m-EDTPM for
allm = 3.

Proof. Apply Corollary 5.2.11. O

We thus see that the above property trivializes for all quasivarieties. But one may
also consider the dual property to the separated m-EDTPM.

Definition 8.4.3. Let m be a positive integer, m = 3. A quasivariety Q is said to
satisfy the dual separated m-EDTPM if the consequence operation QF obeys the
equality dual to (1),,, viz.,

Q" NQ~( | Qw5 =Q~( |J QX NQ-wxi~x)). @

1<i<j<m I1<i<j<m
for any set of equations X and any string of m different individual variables
X1,X2,...,X, NOt occurring in the equations of X. a

Theorem 8.4.4. Let Q be an arbitrary quasivariety such that the lattice Th(QF)
validates the restricted distributivity property. Then Q has the dual separated
m-EDTPM, for all m = 3.

Proof. This directly follows from Corollary 5.3.2. O

Corollary 8.4.5. Let Q be an arbitrary RCM quasivariety. Then Q has the dual
separated m-EDTPM, for all m = 3.

Proof. Use Theorems 6.3.2 and 8.4.4. O



Chapter 9
Commutator Laws in Finitely
Generated Quasivarieties

9.1 Iterations of Generating Sets

Let K be a class of algebras. Suppose A = A(x,y,z,w,u) is a set of quaternary
commutator equations for K such that

K- (x ~ y) NK™(z ~ w) = KE(A(x, y, 2, w, u)). (1)

If A satisfies (1), it is a generating set for the equationally defined commutator
for Q (see Definition 4.3.7).

We partition the set of individual variables Var into infinite (disjoint) subsets
V.U, U,,...,U,,.... We assume that x,y, z, and w belong to V. Then, for each
positive integer i we select a string u; = u;1,u;2, ... of distinct variables in U; of
length k (= the length of u). kK may be equal to w. But if A is finite, then k € w.
For each positive integer i we also select two different variables x; and y; in V
different from the fixed variables x, y, z and w. We thus have two infinite sequences
of variables

X1 X2, X35« oo s Xy Xp-15 - - -
V1,Y2: Y3, oo s Yns Yl oo -
We then inductively define an infinite sequence of sets of equations
Ay, Ay, ...
such that

(a) A, is built from the variables xi, ..., X,4+1,¥1,...,Ys+1 and the variables v, :=
u U...Uu, forn=1,2,.... We therefore write

Ay = Ay(X1L Y10 X 1 Yt 15 U,) -
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The variables occurring in v, are called parametric variables of A,. The length
of v,isn-k.
We put:

(b) Ai(x1,y1,%2,¥2,0)) is equal 0 A(x/x1,y/y1,2/%2,w/y2,u/vy), e,
A1 (x1,¥1,X2,¥2, ;) is the result of the uniform replacing of x by x;, y by
Y1, Z by x2, w by y,, and the parametric variables u in A by the consecutive
variables of v;. (Note that v; = u; and v, :=v,_, Uu, forn = 2.)

(© An+1 = U{A(x/oe,y/ﬂ, Z/xn+2vw/yn+2»ﬂ/ﬂn+1) o= .8 € An}v for all

n=1.

Lemma 9.1.1. If the set A is finite, then so are the sets A,(x1,y1,...,Xn+1,
Ynt1,0,), for all n.

Proof. Immediate. O

Let E be a collection of substitutions e : Te, — Te, such that

e(x) =x3, elx3) =x4, ..., e(Xy) =Xpg1,-..
e() =y, e()=ys ..., e(n) =Yntti,...
e(w)) =uy, ely) =us, ..., e(w,)=U_ ...

and whose values for x; any y; range over the equations of Ay, i..e.,

(*) for each e € E, the equation e(x;) = e(y;) belongs to Ay,
and
(**) for every equation @« ~ 8 € A, there is a substitution ¢ € E such that

e(x1) =a, e(y) =B.

It is clear that such a set E exists.
For each positive integer n we define recursively the following sequence of
equations:

Xy = A(xnL Y1, X2, ¥2,0y)
T = Jle[Z] s e € E}.

Lemma 9.1.2. A, =X, foralln = 1.

Proof. The lemma is proved by induction on n.
Induction base.
Ay = X, by definition. We show A, = X,. We have:

AZ = U{A(x/as)’/ﬁ»Z/XSsW/YSaZ/Zz) ax ﬂ € Al(-xl’ylv-x29y2syl)} =

U{Al(xl/“,yl/ﬂ,xz/x&yz/Ys»El/ﬂz) ta e Ai(xy,x,y2, V) =

| Jtelai]:e e E} = Jle[Z1] :e e E} = X,
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Inductive step. Let n be a positive integer, n > 2. We assume that A, = X, for
all positive k < n. We claim that A, | = X,4,. We compute:

A1 =
\JtAG/a, v/ B, 2/ 502, W/ynta uftt, ) e~ B € Ay = (by (IH))
JtAG/a,y/B. 2/ xur2, W/ynta, /) s ~ B € Ty} =
A B. xur2.ynt2.1,41) e~ B e | JlelZai] s € B} =
iUt A@. B xusa yuta ity ) @~ B € e D]} s e € B} =
UilUtAw@ B.exisr eynrien,) ra ~ p e elS]y e € E} =
Ut Ay eb. exreyuren,) iy x5 € Sy} re e B} =
Ul A 8. 50s1. a1, u)] 1y A 8 € Bt} te € B} =
(Jell JtAG 8. xust.nt11,) sy ~ 8 € B}l e € E} = (by (TH))
| Jtell J{AG. 8. 51 ynr1.1) 1y ~ 8 € Ay} e € B} =
Utelanl rec E} = (by (1))

JtelZi) se € B} = S

The lemma is proved. O

Note. The above lemma is the equational counterpart of a simple algebraic fact.
Suppose V is a binary operation symbol. Let x be an individual variable and let
X1,X2,X3, ..., Xn, Xn+1, - - - D€ an infinite sequence of pairwise distinct variables, all
different from x. Define recursively the following sequence of terms:
= (xl V)Cz),
tit1 = (ty V Xpg2), foralln > 1.
Thus ¢, equals ((...((x; VX2) Vx3) V...) Vx,41), foralln > 1.

The same sequence can be defined in a different way. Let e : Te, — Te, be a
substitution such that

e(xy) := (x1 Vxp),

e(Xp41) = Xp42, foralln = 1.
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We define the following sequence of terms:

s1 = e(xy),
Sp1 2= e(sy), foralln > 1.
The terms t, and s, coincide for all n = 1. (We recall that if #(z;, ..., z,) is a term
in variables 71, ...,z, and e is a substitution, then e(?) is the term #(z;/e(z1), . . .,
Zn/€(zn))-) u|

Lemma 9.1.3. Let K be a class of algebras. Let A(x,y,z,w,u) be a set of
quaternary commutator equations for K satisfying (1). Define the sets A, A,, . ..
as above. Then

(@ KF(4) =KF(x ~ y) NKF(x, & y2),

(b) K=(4,) SKF( ~y) N NKF (g1 & Yag1)
and

(¢) Anp1 CKF(A,) forn=1,2,...

Proof As KF(x ~ y) N KF(z ~ w) = KF(A(x,y.z, w,u)), we get that
A(x,y,z,w.u) € KFE(x &~ y) and A(x,y,z,w,u) € KF(z ~ w). Then the struc-
turality of K& and the definition of u, give that A(xy,y1,x2,y2,4;) € K= (x; ~y1)
and sA(xy, yi, X2, y2,14;) S KF(x, ~ y,). Hence KF(A)) € KF(x; ~ y)) N
K': (X2 I yz)

Now assume that s &~ 1 € KF(x; ~ y)) NKF (x, & y2), i.e., s ~ 1 € KF(x; ~ y;)
and s ~ t € KF(x, &~ y;). Let e; be a substitution which is a permutation of
individual variables such that e; (x;) = x, e;(y1) = y, e1(x2) = z, e1(y2) = w, and
e1(u;) = u. Then, by structurality, e; (s ~ t) € K-(x~y)ande /(s ~ 1) e K (z ~
w). It follows that

e1(s) ~ e (1) e KE(x ~ y) NKF (z &~ w) = KF (A, y, 2, w, ).

Hence

ei(s) ~ ei(t) € KE (A, y, 2w, ). ()

Let e, be the inverse of e;. () and e; (¢;) = u imply that e;(#) = 1, and
sx 1= ee(s) ~ el (1) € K- (ea(Alx, y, 2w, 1) =
K= (A(x/ex(x). y/e2(y). 2/ e2(2). w/ea(w), u/e2(w)) =
K= (A(x1,y1.%2. 32, 1)).

This proves that K':(xl ~ y1) N K':(xz ~ y;) C K':(A(xl,yl,xz,yz,g])). So

K=@)=KF(x ~ y1) N KF(x; & y2), i.e., (a) holds.
(b) follows from the definition of A,,.
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To prove (c), fix n = 1. Let A be an algebra in K and let & : Te, — A be a
homomorphism such that 4 validates every equation in A, = A, (X1, Y1, ..., Xn+1,
Ynt1,0,). We claim h validates every equation in A,1; = A4,
Viseos Xndkls Ynt1s Xnt2s Y2 Vi) As ha = hf foralla ~ B € A,, the fact that
A(x,y,z,w,u) is a set of commutator equations for K implies that every equation
in A(x/o,y/B,2/2n+1, W/ Wat1,u/u, ) is validated by h, forall o ~ B € A,.
Consequently, & validates the set A, . O

In view of the above lemma,
KF(4) 2KF(4)2...2KF(4,) 2 ... )

ie., K=(A)),KF(Ay),... is a descending chain of theories of the equational
consequence K= and A, is a generating set of quaternary commutator equations.

Lemma 9.1.4. Let K be a class of algebras. Let A(x,y,z,w,u) be a set of
quaternary commutator equations for K satisfying (1). Define the sets Ay, Ay, ...
as above. Suppose that there exists a positive integer m such that K= (A1) =
K=(A,,). Then K=(4A,) = KF(A,,) for all n = m.

Proof. Define the set E of substitutions as in the proof of Lemma 9.1.2.

We let v, — u denote, for each positive n = 2, the truncated string of variables
obtained from v,, by deletion of the variables occurring in u. Thus v, —u = v, —v,,
forall n = 2. Note that e(v,) = v, ,, —u,foralln > 1,and alle € E.

We prove by induction that KF(A,1;) = KF(4A,) for all positive integers
n = m. The induction base (for n = m) holds in virtue of the assumption. To
make the inductive step, fix n = m and assume that K=(4,4,) = KF(4,) holds.
We claim that KF(A,4,) = KF(A,41) holds as well. It suffices to show that
Ant1 € KF(A,42). We have that

An(X1,1,%2, Y25+ + s Xnt 15 Ynt 1, ) ©
K'Z(An+l(x17yl9x2a Y2, v s Xn41s Yn+1Xn+2, yn+272n+]))s (a)

by the induction hypothesis.
(a) and the structurality of KF imply that

Ay(exi,eyi,exz, eyr, ..., exu41,€Vnt1,€V,) C
K™ (Ant1(ext, eyi, exa, e, ..., €Xni 1, €Vnt1s €t €Vnts €0,41))-

for all e € E. (Parentheses are suppressed as much as possible here.) This means
that

Ao, B, X3, Y3, 0oy Xng2, Yud2, Uy — U) C

KF (A1 (@, Boxs, ys, ... s X2 Ynb 2 Xnt 35 Yt 35 Upyn — U)),
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foralla &~ B € Ay (x1,y1,%, 2, v,). Consequently,

U{All(a9ﬁyx3ay3v'"7xn+25yn+272n+1 _Z) : (b)
a~rpfeAx,yLx,y,v)}C
K#(U{Anﬁ(a,ﬁ,xa)’y e X2 Vi 2 X 3y Ynk 35 Upyyp — U)

a~BeA(x,y,x2,y2,0)}).

But according to Lemma 9.1.2,

U{An(a,ﬁ,X3,y3,.--,xn+z,yn+z,y,,+1 —u): (©
a~pfeA(x,y1,%,y2,,)} = A,41, for all positive n.

(b) and (c) imply that A,+; < KF (A,+2). This completes the proof of the
lemma. O

Theorem 9.1.5. Let K be a class of algebras. Let A(x,y,z,w,u) be a set of
quaternary commutator equations for K satisfying (1). Define the sets Ay, A,, . ..
as above. Then either

KF(A)).K(4)). ...

is a strictly descending infinite chain of theories or there exists a positive integer m
such that

K- A4, = K- (An) foralln = m.

Proof. In view of Lemma 9.1.3, KF(A,), KF(A,),... is a descending chain of
theories. Suppose that the first disjunct of the statement of the theorem does not
hold. Thus the above chain is not strictly descending. Hence there exists a positive
integer m such that KF(A,,41) = KF(A,,). This, in view of Lemma 9.1.4, implies
that K=(A,) = KF(A,,) for all n = m. So the second disjunct of the statement
holds. O

Theorem 9.1.5 and the lemmas preceding it neither assume the additivity of the
equationally defined commutator nor the finiteness of the set A(x,y,z, w,u). (The
above proof encompasses the case A(x, y, z, w, 1) is infinite. But in this general case,
the sets A, n € w, are infinite as well.)

However, the assumption that the set A is finite together with additivity of the
equationally defined commutator will be to a large extent explored in the next
section.

Example 9.1.6. The symbol 2 stands for a two-element Boolean algebra. BA
denotes the variety of Boolean algebras, BA = ISP(2). As BA is congruence-
distributive, the commutator of any two congruences on a Boolean algebra coincides
with the meet of the two congruences. Let @ &~ B be the equation

x<yViEzew 1.
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(Here <>,V and 1 stand for the operation symbols of Boolean operations of
equivalence and join, respectively. 1 stands for the unit element.) It is clear that
a & B is a quaternary commutator equation for BA. Moreover, the singleton set
Alx,y,z,w, u):={a &~ B} generates the (equational) commutator for BA, i.e.,

BAS (¢ &~ B) = BAF (x ~ y) N BAF (z ~ w).

(A(x,y,z,w) does not contain parametric variables.)

We define the sets A, (x1, y1,X2, V2, ..., X0+1,Vnt1) for n = 1,2,... as above.
Each set A, is a singleton, A, = {«, &~ fB,}, where B, is the constant 1 and the
term o, (X1, Y1, X2, Y2, - - - s Xn1, Yn+1) 18 inductively defined as follows:

o1 (X1, y1,%2,y2) 1= (X1 <> y1) V (x2 < y2),
Q1 (X1, Y1y - s X2, Ynt2) 1= (@ < 1) V (X2 < Yat2)

forn=1,2,...
We claim that

BAS(4),BAF(A,),. ..

is a strictly descending infinite chain of equational theories.
In view of the above remarks, we have that

BAF(A)) DBAF(4,) D ... 2 BAF(4,) D ...

Fix n = 1. To prove that BA™ (A,+1) is a proper subset of BA™ (4,), it suffices
to show that o, =~ B, & BAF (ap+1 &~ Bnt1)- Select a homomorphism 4 : Te, — 2
so that A(x1) = h(x2) = ... = h(xy41) = 0, h(y1) = h(y2) = ... = h(yut1) = 1,
and h(x,+7) = h(yu+2). Then h(e;)) = 0 fori = 1,2,...,n but h(a,4+1) = 1. It
follows that h(e,+1) = h(B,y+1) = 1 but 0 = h(a,) # h(B,) = 1.

We also note that

BAF(4,) = BAF(x; ~ y1) N ... NBAF (5,41 &~ yus1)

foralln > 1. a

9.2 Pure Commutator Terms and Their Interpretations

In this section xq,...,Xx,,... is a countably infinite set of congruence variables.
They range over the set of congruences of algebras.
The set of pure commutator terms is defined as follows:

(i) every congruence variable is a pure commutator term,
(ii) if¢; and ¢, are pure commutator terms, then so is the expression [¢1, £;],
(iii) nothing else is a pure commutator term.
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We shall often use the well-known convention of suppressing parentheses if it
does not lead to misunderstanding.

By a pure commutator law for the commutator we shall mean any formula of
the form ¢, ~ t,, where ¢; and ¢, are commutator terms. E.g., [[x;,x2].x3] ~
[x1, [x2,x3]] and [x1,x,] ~ [x2,x;] are pure commutator laws.

Let Q be a quasivariety and A € Q. (Cong(A), [ - }*) stands for the algebraic
lattice Cong(A) enriched with the equationally defined commutator operation [ - |4
defined on the set of Q-congruences of A.

If t(xy,...,x,) is a commutator term containing at most the variables among
Xi,..., Xy, and @y,..., P, € Cong(A), then t2(Py,...,d,) is the value of ¢
computed for @y, . .., ®, in the commutator lattice (Cong(A), [-]4). ta(Py, ..., D)
is defined by induction on the length of . If £ is [x;,x,], then (@, ®,) =
(@1, D]

The fact that the equationally defined commutator for Q is additive implies that
for any pure commutator term #(xy,...,X,), the operation  is additive in each
argument for any algebra A € Q.

The following theorem provides syntactical tools enabling one to express various
properties of the equationally defined commutator in terms of sets of equations
of Eq(7).

Theorem 9.2.1. Let Q be a quasivariety with the additive equationally defined
commutator. For every positive integer n and for any pure n-ary commutator term
t(xy,...,x,) there exists a set of equations Xy(x1,y1,...,Xn, Yn, u) of Eq(t) in 2n
variables x1,y1, . . ., Xn, Yu (and possibly with some parameters u) such that for any
algebra A € Q and any sets X1, ..., X, C A2

A (Og(X)). ..., 00Xy) = ®*

Oo(|_J{(Ve) Zi(ar.br.....an.by.e) : (ar.br) € X1, (an. bu) € X,}).

Moreover, if Q is finitely generated, then the sets Xy can be assumed to be finite.

Proof. Let A = A(x,y,z,w,u) be a set of quaternary commutator equations for Q
so that condition (1) of Section 9.1 is satisfied. We select two infinite sequences of
pairwise different individual variables

X1, X2, X3, oo s Xpy Xpt-15 - - -
Y1:Y2: Y35« o5 Yns Ynt+lse v vt

It is assumed that there are also infinitely many individual variables lying outside
the set of those which belong to the two sequences. We therefore assume that V
is an infinite set of variables occurring neither in xi, X2, x3, ..., Xy, Xy+1,... NOT
in y1,92,¥3, -« Yns Yn+1, - - . . Moreover, the variables x, y, z, w, u all belong to V.
(By renaming the parameters u, we assume that there are still infinitely many
variables in V that are different from those of u.)
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The proof of (¢£)* is by induction on the complexity of commutator terms.

If (£)* is the i-th term variable x;, then we put X, := {x; &~ y;}. Then (¢f)* trivially
holds.

Let ¢, and ¢, be pure commutator terms and X, X, the corresponding sets of
equations. We assume that (£;)* and (¢;)* hold. Let ¢ := [t,¢,]. We define:

5= JiA@B.y.6w:a~pe Sy ~5e D)

We claim that (£)* holds.
Suppose that the term ¢ = [t,,¢,] is n-ary, t = t(x;,...,x,). Then ¢, and ¢, are at
most in the variables xy, . .., x,. We first prove:

Claim. Let (t)* be as above. For any A € Q and ay, by, ...,a,, b, € A,
(Oqlar, by), ..., O (an, by)) = Og((Ye) Zi(ai, by, ... a, by, e)). &)+

Proof (of the claim). Fix A € Q and assume that a;, by,...,a,,b, € A. By the
induction hypothesis we have that

£ (Bglar, by), ..., Oq(ay, b)) = Og((Ve') Zi(ar,bi,...,an by e))
and
£ (Oglar, by), ..., Oq(ay, b)) = Og((Ye") Zr(ar, by, ... an by e")).

To simplify notation, we mark the sequence ay, by, ..., a,, b, as a,b. We work in
the lattice Cong(A). Then

*(Og(ar, by),...,O(a,, b)) =
[t} (Oq(a1, b)), ..., Og(an, b)), £(Oq(ar, b), ..., Oqlan, by)* =
[©0((Ve) Zi(a1.by. ... adnbu.€)). Oo((Ye") Za(ar by, ... an by ")) =
(by additivity)
sup o{[Oq(a(a. b.¢"), B(a.b.€)). Oq(y(a.b.e"). 8(a.b.e)NI* : (a)

ax~pBeX,y~8ecXe cA® e A

(The supremum is taken in Cong(A).) Since [@q(d’,b'), Og(c/,d)A =
Oo((Yf) Ald b, d’,]:)) forany @', b',c’,d € A, the element (a) is equal to

sup {@q((Vf) Aa(a,b,¢). B(a, b. ), y(a,b,e"),8(a,b.e").f)) 1 (b)

axpBeX,y~8ecX)e cA ¢ € A}
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But the element (b) is equal to @qg((Ye) Xi(a,b,e)), by the definition of X.
Consequently,

1 (Oq(ar, b), ..., Oq(an b)) = Og((Ve) Zi(a,b,e)). O

Since the operation # is additive in each argument, (£)* follows from the above
claim (see also the proof of Proposition 9.2.6).
This concludes the proof of the theorem. O

We shall now extend the set of pure commutator terms by adding to the
vocabulary two constants 0,1, representing the zero and the full congruences
respectively and the symbol “-” representing the intersection of congruences. The
recursive definition of the new, extended set of terms is obvious.

The properties of a set of quaternary commutator equations Ag(x, y, z, w, u) have
an impact on the behaviour of the equationally defined commutator itself. In the
simplest cases one may additionally assume that Ay is finite or it has no parameters
at all. The first case is investigated in Chapter 8 in the context of finitely generated
quasivarieties. Freese and McKenzie (1987) made the following list of commutator
identities they investigate for congruence modular varieties of algebras:

x-[y.yl~[x-y.yl (CI1)
[x.y]~x-y-[1,1]. (C12)
[x.,y] ~x-y. (C13)
[x.y] ~ 0. (C14)
[1.1] ~ 0. (CI5)
[1,[1,1]] ~ 0. (CI6)
[1,1],[1,1]] ~ 0. (C17)
[x,1] ~ x. (CI8)

1 represents the largest congruence on the algebra, 0 is interpreted as the iden-
tity congruence, and the variables x,y,z represent arbitrary congruences. The
identity (CI3), which is equivalent to relative congruence distributivity, is also
investigated in Chapter 6 of this paper. If (CI5) holds in an algebra A, then A is
called Abelian.

The crucial observation made by Kearnes and McKenzie (1992, Thm. 3.1) is that
the commutator in every finitely generated RCM quasivariety obeys (CI1).

Commutator equations as well as other derived equations are a convenient tool
enabling one to characterize syntactically various properties of the commutator.
Below we shall investigate some of such commutator properties.

Given a sequence of variables x|, x», . . . ranging over congruences, we define the
following sequence of pure commutator terms ¢, (x1,Xz, . ..,X,4+1),n = 1,2,.. .
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¢ is [x1,x2],
Cot1 = [en,Xpy2], forn=1,2,...
¢, is thus the term [[ ... [[x1,x2], %3], ... |, xp+1], forn = 1,2, .. ..
The following observation establishes the relationship between equations

An(X1,Y1,X%2,Y2, -« - s Xnt1, Ynt1, V,,) defined earlier and the commutator term ¢, for
all n.

Theorem 9.2.2. Let Q be a quasivariety whose equationally defined commutator is
additive. Define the set A, = A, (X1,Y1,X2,Y2, . . s Xot+1, Yut1, ) for each positive
n as in Section 9.1 above. Then for every algebra A in Q, for every n = 1, and any
C],d],.. . 7Cn+ladn+l €A,

A (Oqlcr,dr), Oglca, da), ..., Oq(Ct1,dnt1)) =

sup Q{@Q(An(cl, dl, Ccy, dz, ey, Cptl, dn+1’]:n)) :J:n € Ank}.

(The supremum is taken in the lattice Cong(A).)

The proof is based on two lemmas.

Given an algebra A in Q and two sequences ay, ..., a,...and by, ..., by, ... of
elements of A (finite or infinite but of the same length) we inductively define the
following sequence of Q-congruences of A:

¥, = [Oq(ay, by), Og(az, by)]*,
Yy = [, @Q(an+2,bn+2)]A, forany n > 1.

The first lemma follows immediately from the definition of the sequence ¥,
n=1:

Lemma 9.2.3. Let A be an algebra in Q, and let ay, ... ,a;,...and by, ..., by, ...
be sequences of elements of A of the same length. Define the congruences ¥,, n = 1,
as above. Then, foralln = 1,

Wn+l - lpn (3")

Proof. Fix n. (3,) follows from the properties of the commutator. (Additivity is not
needed here.)
We have: lpn-i—l = [lI/na @Q(an+2s bn+2)]A c lpn N @Q(al‘l"er bn+2) - lIln- d

Lemma 9.2.4. Let A be an algebra in Q and let ay,...,a;,...and by, ..., by, ...
be sequences of elements of A of the same length. Then for every n,

W, = sup o{O(Au(a1, b1, ..., ans1,bus1,f)) 1 f, € A"} 4,

Proof. Induction on n.
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Induction base. For n = 1 we have
¥ = [Og(ar.b1). Oqlaz. b)* = sup o{Oq(Alar, b1, az.br.e)) : e € A},

by the fact that A is a generating set of quaternary commutator equations.
But Oq(A(ai, bi,as,by,e)) = Oq(Ai(ar,bi,az,bs,e)), for all sequences
e € Ak Tt follows that sup{@q(A(ai,bi,az,br,e)) : e € A} =
sup Q{@Q(A[(al, b] ,an, bz,g)) .ec Ak}. So (41) holds.

Inductive step. Assume (4,) holds. We prove (4,+). Letting @, , b, denote
the sequence ay, by, ..., ay+1, by+1, respectively, we have:

i1 = (W, Og(duta, byi)* =  (by IH)
[sup @{OQ(An(@,y 1 by f))  f, € A}, Og(ansa, bata)* = (additivity)
sup Q{[OQ(An(@, 11+ by 1-f,)s Oq@nta, by 1 f € A} =
sup of[sup o{Oo (11, bypy . f ) B@ypy by o f))
@~ B €A, Oglansa, by 1 f €A™}) = (additivity)
sup Q{[OQ(@(@, 13 by 1:f,)s By By1of))s O, bura)1 -
axfeA,f Ay =

sup o{sup @{O(A(x (@41, by oS ))- B@yiy. Bygy o f ) Ant2, buga, ©)
ecAY anped,f eA”y =
sup {O(A((a, 4 1: byy1f )s B@yy1: bygy f ) A2 buga.€)
a~fe A,,,]_‘n eA"k,g eAk} =
sup Q{OQ(Ant1(ay11: by 1+ ni2. buia. [ €))  f € A™ e e ARy =
sup Q{O@q(Auti(ai, by, ... s @ty but 1 g2, buanf D)) 2 f L€ ARy

So (4,+1) holds.
This proves the lemma. O

The theorem follows from Lemma 9.2.4 and the definition of the commutator
termsc,,n=1,2,.... a

The suitably modified versions of the above lemmas also hold for equational
theories of the consequence operation Q. To simplify notation, we let C denote
the consequence QF.
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Corollary 9.2.5. Let Q be a quasivariety whose equationally defined commutator

is additive. Then for all n and any two sequences of terms Si, ..., Sp+1,815 -+« tat1
of Te,
cn(Cls1 = 11),C(s2 & 1), ..., Clspg1 R Iyt1)) = )

C((Yv,) An(s1,t1s - Sut1s tat 15 0,))- |

Note. If Q is relatively congruence-distributive or Abelian, then for any n > 1 and
any different variables xi, ..., Xy41, Y1, - -+ Ynt1s

cn(Clx1 = 1), Cx2 = y2), ..., CXug1 = Ypt1)) =
Clxr ~y1) NCx = y2) N ... N Cug1 X ynt1). (5n)
(51) holds for any quasivariety. For n = 2, we get
[[CCx1 & y1), Clxa & y2)], Clxz & y3)] = Cx1 & y1) N Clxz & y2) N Clxz = y3),
i.e.,
[C(x1 ~ y1) N Clxz % y2), Clxz &~ y3)] = Cx1 ~ y1) N Clxz & y2) N Clx3 ~ y3).
The last identity implies the following form of associativity:

[[Cx1 = y1), Clx2 = y2)], C(x3 & y3)] = [C(x1 = y1), [C(x2 = y2), C(x3 = y3)]].

It is an open problem if (5,) (n = 2) holds for other algebraically interesting

quasivarieties. O
We recall that (Yv,) A,(s1,ti, ..., Spt1, tat1,V,) equals
U{A,,(sl, H, oo Snt1s tut1, €,) @ €, 18 a sequence of terms of the length of v, }.

Proposition 9.2.6. Let Q be a quasivariety whose equationally defined commutator

is additive. Let A € Q. Let n be a positive integer n, @y, ..., ®,41 € Cong(A) and

let Xy, ..., Xu41 be sets such that @, = Og(Xy), ..., Ppy1 = Og(Xy+1). Then
C;‘((pl, ey (pn+l) = supQ{cﬁ(@Q(al, bl), ey @Q(anH, bn+l)) . (*)n

{ar,br) € X1, ..., {ant1,bnt1) € Xpt1}.

A formula analogous to (x), holds for the term algebra Te, and for the equational
theories of QF.

(The supremum is taken in the lattice Cong(A).)



242 9 Commutator Laws in Finitely Generated Quasivarieties

Proof. Induction on n.
Base step. n = 1.

c1(®1, §y) = [@1, D] = [Og(X1), Og(X)* =  (by additivity)
supQ{[@Q(al, bl), @Q(az,bz)]A : (a1,b1) € Xl, (dz,bz) S Xz} =
sup gfc1(Oqlar, by), Oqlaz, bs)) : (a1, b1) € X1, (a2, b2) € X»}.

Inductive step. Suppose (x), holds. We show (x),+1. We have:

Ct1 (Do, Pt Dygd) = [en(Pr, ..., Pug1). Dupa]* = (IH)
[sup @ic.(@q(ar.b1). ..., Og(ant1,buy1)) :
(a.b1) € X1, ... (@ns1.bps1) € Xpg1}, Dupo]* =
sup o{fen(Oq(ar, by). . .., Og(ans1, but1)), Pyl :

(a1, b1) € X1, ..., {(ap41,bp41) € X1} =

sup o{[e.(Oq(ar. by), ... Oq(@nt1,but1)), Og(anta, but2)]* -
(ai,br) € Xi,... {@n+1. bpg1) € Xut1, (@ng2. but2) € Xyga} =

sup Qica+1(@qlai, by), ..., Og(ant1, bny1), Og(ant2, buyo) :

{ar,bi) € X1, ... (a1, bug1) € Xog1, (@ng2. bpga) € Xugo}.

So (%),+1 holds. a

Theorem 9.2.7. Let Q be a quasivariety whose equationally defined commutator is
additive. Let m be a positive integer. The following conditions are equivalent:

(1) Q%(4Anw) = Q= (An+).
(2) Api1/An is a set of rules of QF,
(3) The lattices of Q-congruences on the algebras of Q obey the commutator law:

Cm+1 N Cpy.
Consequently, if at least one of (1)—(3) holds, the above lattices also obey the

laws: ¢, ~ ¢, for alln = m.

Proof. (1) = (2). This is trivial.

(2) = (1). Use Lemma 9.1.3.

(1) = (3). Assume (1). Let A be an algebra in Q and let ¥, ..., ¥, 41, ¥, be
Q-congruences on A. We must show that

Cot1(P1, .o Wngt, Yi2) = (W1, oo, W)
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Select sets of pairs Yi,..., Yyut1, Yimt2 C A? such that ¥, = Oq(Yy) for k =
1,2,..., m+ 2. We work in the lattice Cong(A).
(1) implies that

sup Q{@Q(Am+l(ala bl, cees Apt2, b171+27]fm+1)) :‘]fm-{—l € A(m+l)k} =

sup Q{@Q(Am(al» bl yee s A1, bm+1a]:m)) :me € Amk}v
forallay,...,an+1, @Gm+2,b1, . ., byt1, btr € A. Hence, applying Theorem 9.2.2,
we get that
Cut1(Oqlar, by), ..., 00(@n+1,but1), OQ(@nt2, bui2)) =
sup Q{@Q(Am+1(a1 N bl, ey Ay, bm+2’fm+l)) :‘}:m+l S A(m+l)k} =
SUPQ{@Q(Am(al, blv vy 41, bm—l—l’]:m)) :J:m € Amk} =
cn(Oglar. by), ..., O0(@mt1, bnt1)),

for all (aj,b1) € Y1, ..., {(cmt1-du+1) € Yint1, and (¢p42, dpt2) € Yyio. Then, by
Proposition 9.2.6, (3) follows.

(3) = (1). Assume (3). (3) implies that in any algebra A in Q and for all
Aty Qui1s Ant2, b1y o oo byg1, buya € A itis the case that

Cut1(Oqlar, by), ..., 00(@us1,but1), Og(@mt2, buy2)) =
cn(Oqlar, b1), ..., Oq(@mt1, bmt1)).

Taking into account Theorem 9.2.2, we see that the above equality is equivalent to
sup Q{@Q(Am—i-l (611 , b] yees 42, bm+2,]_cm+1)) Z]:m+1 € A(m+1)k} =

sup Q{@Q(Am(alv bl» e Amt, bm-i-ls]:n)) :Ln € Amk}'

But the last equality implies (1). So (1) holds.

As to the last statement, it is proved by induction on i that the (universal)
validity of ¢,,+1 ~ ¢, for the Q-congruences on the algebras of Q implies the
universal validity of ¢,,4; & ¢, for all positive integers i. Use Lemma 9.1.4 and
Theorem 9.1.5.

We shall give a short proof of this statement without resort to Lemma 9.1.4.
Assume

cl’l—l(xlvx?,v e 7xn) ~ cl‘l(xlvx?,v e 7xn7xn+1) (a)

is Q-valid, i.e., it is validated by the lattices of Q-congruences on the algebras of Q.
We claim that

Cn(xl,XQ, o 7xn»xn+1) r cl‘l+l(x17x25 e axnaxn+laxn+2) (b)

is Q-valid as well.
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As ¢ (x1,X2, ..., x,) & [en—1(x1,X2,....,%,),X,+1] is Q-valid, substituting
a variable u for x4+, we see that
Co1(X1,X2,...,%) & [cu—1 (X1, X2, ..., X,), U] (©)
is Q-valid too. Hence, multiplying both sides of (c) by x,,4,, we get that
[en1(x1,x2, ..o X0), Xng2] & [[en—1 (1,22, ... X0), U], Xp42] d

is Q-valid. (u is a congruence variables different from x, x5, ..., X+1, X4+2.)
On the other hand, substituting x,+, for u in (c) and applying (a), we get that

[en—1(e1,x2, ... x0), Xp 2] A Cp1 (X1, X2, ..., X0) N Cn(X1,X2, ... X0, Xp 1) (e)
are Q-valid.
In turn, substituting x,+; for u in (c) gives that
[en1(x1, %2, .. x0), Xp2] & [[en—1(x1, X2, . . ., X0), Xnp 1], Xnt2] )
is Q-valid.
(e) and (f) give thate, (x1, X2, ..., Xn, Xnt1) & [[cnm1 (X1, X2, ..., X0), Xnt1], Xnt2]
is Q-valid. So (b) holds. O

9.3 Nilpotency

We recall that the constants 1 and 0 denote the universal and zero congruences on
any algebra, respectively.

Let m be a positive integer. A quasivariety Q is (m — 1)-nilpotent, if there exists
a positive integer m such that the equational commutator for Q obeys the law

cn(1,...,1)

04

0. (Nil),,

(1 occurs here (m + 1)-times.) Thus if Q is (m — 1)-nilpotent, it is also n-nilpotent
foralln =2 m—1.
(Nil),, implies the identity:

cnr0

(i.e.,ep(x1,Xx2, ..., x,41) ~ 0 for all (Q-congruences) x1,Xs, ..., X,+1). Moreover,
if the equationally defined commutator for Q is additive, then the converse also
holds, i.e., ¢, &~ 0 implies (Nil),,.

Theorem 9.3.1. Let Q be a quasivariety whose equationally defined commutator
is additive. Suppose that A(x,y,z, w,u) satisfies condition (1) of Section 9.1, i.e.,
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QF(x ~ y) NQF(z &~ w) = QF(A(x,y.z. w, u)). Then Q is (m — 1)-nilpotent if
and only if the equations A, (X1, Y1, X2, Y2, - - s Xt1, Ym+1, U,,) are valid in Q.

Proof. Use Theorem 9.2.1. O
The following observation is immediate:

Proposition 9.3.2. If Q is an (m — 1)-nilpotent quasivariety, then its equationally
defined commutator satisfies the law ¢,,+1 & ¢, and, consequently, it also satisfies
the laws: ¢, & ¢, for alln = m. O

O-nilpotent quasivarieties are also called Abelian quasivarieties. Thus a quasivari-
ety Q is Abelian if it satisfies the identity ¢;(1,1) & 0, i.e., [1, 1] &~ 0. Equivalently,
a quasivariety with the additive equationally defined commutator is Abelian if and
only if [@q(a, b), Oqg(c, d)] is the identity congruence in any algebra A € Q, for all
a,b,c,d € A.

Theorem 9.3.3. Let Q be a quasivariety whose equationally defined commutator is
additive. Suppose that a set A(x,y, z, w, u) satisfies condition (1) of Section 9.1, i.e.,
QF(x ~ y) N QF(z &~ w) = QF(A(x, y, z, w, u)). Then Q is Abelian if and only if
Q validates the equations A(x,y, z, w, u). |

The above corollary states that Abelian quasivarieties whose equationally
defined commutator is additive are characterized by the condition that
QF(x~y) N QF(z~ w)is the trivial equational theory.

Example 9.1.6 shows that the variety BA of Boolean algebras obeys the law
Cut+1 A ¢y, for no positive integer m. Hence BA is (m — 1)-nilpotent for no m.

9.4 Identities Weaker than Nilpotency

The identity ¢,,+1 & c,, is of rather a special character. By modifying the above
reasoning we shall formulate weaker commutator identities which hold in relative
congruence lattices of finitely generated quasivarieties with the additive equationally
defined commutator.

Let A(x,y,z, w, u) be a set of parameterized quaternary equations. We define for
any n = 1 the following sets of equations:

Fl(xyyﬁZ,Wa@ = A(X,y,Z,W,E),

Fn-i-l(xvvavaZ) = U{A(Ol,,B,Z,W,Z) X /3 € Fn(xvva’WvZ)}-

Proposition 9.4.1. Let Q be a quasivariety. Let A(x,y,z, w, u) be a set of quater-
nary commutator equations for Q. Then:

(1) IL(x,y,z,w,u) is a set of quaternary commutator equations for Q,
foralln = 1,
(2) If A is finite, then so are the sets I, for all n,
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(3) QF(I41) € QF (L), foralln = 1,
(4) Suppose that Q=(Iy) = QF(I,) for some m = 1. Then
Q= (1) = QF (L) for all n = m.

Proof. Straightforward. O

Theorem 9.4.2. Let Q be a finitely generated quasivariety whose equationally
defined commutator is additive. Let A(x,y,z,w,u) be a finite set of commutator
equations which satisfies condition (1) of Section 9.1. Then there exists a positive
integer m such that QF (I,) = QF (I, for all n = m.

Proof. We have: Q = SP(K) for some finite set K of finite algebras. In view of
Theorem 8.1.1, there exists a finite set A(x, y, z, w, u) which satisfies condition (1)
of Section 9.1, where u = uy, uy, ..., u; for some k = 0. Proposition 9.4.1 states
that

Q=) 2QF)2...2QU) ...

is a descending chain of theories Suppose a contrario that Q= (I},+) is a proper
subset of QF(I7,) for all n. Hence for each n > 1 there exists an equation
a, ~ B, €T, such that o, =~ B, & QF(FHH). Let T be the subalgebra of Te,
generated by the variables x,y,z,w and uj,us,...,u;. It follows that for each
n = 1 there exists a homomorphism %, of T into an algebra A € K such that &,
validates I,4 and falsifies «, = §,. But the above assumptions made about K and
A(x,y,z,w, u) imply that the set {h, : n = 1} is actually finite. We may therefore
write {h, :n =1} = {h, : 1 < n < mp} for some sufficiently large my. It follows
that there exists i, 1 < i < my, such that the set {n = 1 : h, = h;} is infinite.
Select two numbers m and n from this set, where m < n. We have h,, = h,. Let
us consider the equation «, &~ f,. According to the definition of &, we have that
hy (o) # hy(B,). Hence hy, (o) # hyn(B,), because h,, = h,. On the other hand,
a, ~ B,el, C QF (I,), because m < n. This gives that o, ~ 8, € QF(Fm). But
as hy, validates I, we get h,,(a0,) = h,,(B,). A contradiction.

It follows from the above reasoning that there exists m > 1 such that Q= (I},) =
QF (I},41). Consequently, QF (I3,) = Q= (I},) for all n = m. O

We define the following sequence of binary commutator terms d,(x,y),
n=12,...:
d,  =|xyl],
dyy:=\d,y], forn=12,...

d,isthus theterm [[...[[x,y].¥]....]1.y], where y occurs n times, forn = 1,2, ....

Lemma 9.4.3. Let Q be a quasivariety whose equationally defined commutator is
additive. Define the set I, = I,(x,y,z, w, u) for each positive n as above. Then, for
every algebra A in Q, for every positive n, and for all a, b, c,d € A,
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d,(Oq(a,b), Og(c,d), ..., O(c,d)
= sup o{@q(I(a.b.c.d, e)) : e € A*}.

Proof. Immediate. O

Theorem 9.4.4. Let Q be a quasivariety whose equationally defined commutator is
additive. Let m be a positive integer. Then the following conditions are equivalent:

@ QF(I,) = QF(Inut).

(b) The lattices of Q-congruences on the algebras of Q obey the commutator law

g

dm-H ~ dm

Consequently, they also obey the laws: d,, ~ d,,, for alln = m.
(a) can be restated by saying that I,/ I, is a set of rules of Q.
Proof. By Lemma 9.4.3 and Proposition 9.4.1. O

Corollary 9.4.5. Let Q be a finitely generated quasivariety whose equationally
defined commutator is additive. Then there exists a positive integer m such that
QF(I,) = QF(I41). Consequently, Q obeys the commutator laws d,, ~ d,, for
alln = m.

Proof. By Theorems 9.4.2 and 9.4.4. O
We define the following sequence of unary commutator terms e,(x), n =
1,2,...
e, = [x,x],
e,+1 = le,,x], forn=1,2,...
e, is thus the term [[...[[x,x],x],...],x], where x occurs n + 1 times, for n =
1,2,.... e, is called the nth-potent term.

It is clear that every quasivariety obeys the laws: e,+1(x) < e,(x) for all positive
nande;(x) < x.

Lemma 9.4.6. Let Q be a quasivariety whose equationally defined commuta-
tor is additive. Put I)(x,y,u) = I,(x,y,x,y,u) for each positive n, where
I(x,y,z, w, u) is defined as above. Then, for every algebra A in Q, for every positive
n, and for all a,b € A,

e,(Oo(a.b), Og(a.b). ..., Op(a. b)) = sup oi@o(I(a.b.e)) : e € Ak}

(The congruence Oq(a,b) on the left-hand side occurs n + 1 times. I/ (x,y, u)
coincides with A(x, y, x,y, u). The supremum is taken in the lattice Cong(A).)

Proof. Immediate. O



248 9 Commutator Laws in Finitely Generated Quasivarieties

Theorem 9.4.7. Let Q be a quasivariety whose equationally defined commutator is
additive. Let m be a positive integer. Then the following conditions are equivalent:

(a) Q'Z(Fnﬁ) = Q’z(['n;—‘,-l)‘
(b) The lattices of Q-congruences on the algebras of Q obey the commutator law
en+1 R e,. Consequently, they also obey the laws: e, & e, for alln = m.

(a) can be restated by saying that I', /T, is a set of rules of QF.
Proof. By Lemma 9.4.6 and Theorem 9.4.4. O

Corollary 9.4.8. Let Q be a finitely generated quasivariety whose equationally
defined commutator is additive. Then there exists a positive integer m such that
QF (ry) = QF (I, 4,)- Consequently, Q obeys the commutator laws e, ~ e, for
all n = m. It follows that Q validates the commutator quasi-equation:

ent1(x) & 0 —e,(x) ~ 0. O

For every RCD quasivariety Q it is the case that e;(®,®) = @, for any
A € Qand @ € Cong(A). Hence every RCD quasivariety (not necessarily finitely
generated) satisfies the commutator quasi-equation e;(x) ~ 0 — x ~ 0. But this
quasi-equation itself does not entail congruence-distributivity—see Kearnes (1990).

9.5 Commutator Identities in Finitely Generated
Quasivarieties

We shall use the commutator terms ¢, (x,X2,...,X,+1), n = 1,2,... defined as
above. ¢, isthe term [[ ... [[x1,x2],x3],... ], xpt1], forn =1,2,.. ..
The following observation is crucial:

Theorem 9.5.1. Let Q be a finitely generated quasivariety, generated by a class
consisting of algebras each of which has at most m — 1 elements, where m = 3.
Suppose that the equationally defined commutator of Q is additive. Let A € Q and
letay,...,a, be asequence of elements of A of length m (possibly with repetitions).
Let (bj,c;) (1 <i < r, r =m(m—1)/2) be an enumeration of the pairs (a;, a;),
where 1 <i <j<m. Then

Cr—l(@é(b],C1), e @é(br,c,)) =0,.

In particular, if x, ..., Xy, are free generators in the free algebra F := Fg(w) and
(vi,zi) (1 < i< r)isan enumeration of the pairs (x;, x;), where 1 < i < j < m, then

c—1(OF (1. z1)..... O (y,.2,)) = 0.

Proof. In view of Theorem 8.2.5 we have that ﬂl$i<j @AQ(a,», aj) = 04. As

<m
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¢ 1(Og(br.c1).....08buc)) € () Odlaia) =04,

1<i<j<m

the theorem follows. ad

It is an open problem how to express the above equality as a commutator identity
(cf. Theorem 9.2.1).

Example. Let Q be as above withm = 4, A € Q and ay, a, a3, a4 be a sequence
of elements of A. Then » = 6 and let us assume that the sequence Oq(b;, ¢;)
(1 <i<6) equals Og(ai,az), Oqlar.a3), Oqlai,as), Oglaz,as), Oqlas,as),
Oq (a3, as). Since Q is generated by a class of algebras each of which has at most 3
elements, it follows that

¢5(Oq(b1,c1), ..., Oq(bs, c6)) =
Cs(@Q(dl, ag), @Q(al, a3), @Q(al, a4), @Q(az, a3), @Q(az, a4), @Q(a3, a4)) = OA.

The above equality trivially holds because a; = a; for some i < j. Hence
O (@i, aj) = 04 and, consequently, ¢s(O§ (b1, 1), . .., O (bs, c6)) = 04. O

In the next step we shall use the sets of equations

Ay = Ap(X1, 91, X2, Y25+« o, X 15 Ynt 15 V,) s

for n = 1,2,... from Section 9.1 to encode the above corollary in terms of
commutator equations.

Let Q be a quasivariety whose equationally defined commutator is additive
and let A(x,y,z,w,u) be a set of quaternary commutator equations for Q sat-
isfying condition (1) in Section 9.1. Let m > 3 be a positive integer. Fix a
sequence Xy, . .., X, of m different individual variables. (We may use the variables
X1,X2,...,X%,41 occurring in the equations of A, for a sufficiently large n). Let
{(zivwi) (1 < i < r, r = m(m — 1)/2) be an enumeration of the pairs (x;, x;),
where 1 <i<j<m Weputy:=v, ,and

Am(xl,XZ» ce ,Xm,y) = Arfl(ZIaWI,ZZs W, oo Zry Wiy yr—l)'

In other words A,_i(z1.wi,22,W2,...,2,Wr,V,_;) results from A,_; =
Ay (x1, Y1,%X2,¥2, ., X, Y, U,_;) by the uniform substitution of the variables
from the enumeration (z;,w;) (1 < i < r, r = m(m — 1)/2) for the consecutive
variables x; and y; occurring in A,_;.

Different enumerations (z;,w;) (1 < i < r) of the pairs (x;x;), where
1<i<j<m, yield different sets of equations A, (z1,wi,22, W2, ..., Zr, Wr, V,_})
because each time different substitutions are applied to the variables occurring in
Ay (x1,Y1,%2, Y2, - . ., Xr, r, U,,) to Obtain the set of equations A,,(x1, ..., X, V) =
A (z1,w1,22, W2, o oo Zr W, U,y). (The parametric variables v, ; are not
touched.)
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The set A, (x1,x2,...,%y,,v) is finite whenever the set A(x,y,z,w,u) is
finite. If Q is finitely generated, we may assume that A(x,y,z,w,u) is finite,
by Theorem 8.1.1.

Theorem 9.5.2. Let Q be a finitely generated quasivariety whose equationally
defined commutator is additive. Let A(x,y,z,w,u) be a finite set of quaternary
commutator equations satisfying condition (1) in Section 9.1. Suppose that Q is
generated by a class consisting of algebras each of which has at most m—1 elements,
where m = 3 is a positive integer. Define Ay, (x1, X2, ..., Xy, V) as above. Let A € Q
and let ay, ..., a, be an arbitrary sequence of elements of A. Then

Og(An(ar, ... .an.e)) = 04,

for all sequences e € AU~Dk,

In particular, if xy, ..., x, are free generators of the free algebra F := Fg(®),
then

@S(Am(xl, vy X, E)) = 0p,
forall e € FUr=Dk,

Proof. Let (bi,c;) (1 < i < r) be an enumeration of the pairs (g;, a;), where
1 < i <j < m, compatible with the enumeration (z;, w;) (1 < i < r) of the pairs
{xi,x;), where 1 < i < j < m.) In view of Theorem 9.2.1,

¢r-1(Og (b1, 1), ..., Oy(by,cr)) =
SupQ{@é(Ar—l(blsC17b2702» cobrcne, ) e, € ATV =

sup Q{@é(Am(al, ce,Op,€,_1)) e € AUk

(The suprema are taken in the lattice Cong(A).) Then apply Theorem 9.5.1. O
Corollary 9.5.3. Let Q, A, and A,(xy, ..., Xy, V) be defined as above. Then Va(Q)
validates the equations A,,(x1, ..., Xy, V). O
Example 9.5.4. For instance, suppose that in the above corollary m = 3 and

X1, X2, x3 are different variables. Then r = m(m — 1)/2 = 3. Let (x1, x3), {(x1,x3),
{x2,x3) be an enumeration of the pairs (x;,x;), 1 <i <j < 3.
We return to Example 9.1.6. In this case we have that A(x,y,z,w) = {(x <> y) Vv
(z <> w) &~ 1} (no parameters occur) and, consequently,
Ap(x1,y1,%2,¥2) = {(x1 < y1) V (2 < y2) = 1},
As(x1, y1,%2, 32, %3, y3) = | {AG/a,y/B.2/x3, wlys) ta ~ B e A} =
{laepP)Vooy)xlarxfeA}=
{(((r1 < y1) V(2 < y)) < 1) V(g < y)~ 1}
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As BA is generated (as a quasivariety) by a two-element Boolean algebra, it
follows from the above corollary that BA validates the equations Ajz(x1,x;,x3) :=
A (x1,x2, X1, X3, X2, x3). (In fact, this set consists of a single equation.) We have:

Asz(x1,x2,X3) = Ap(x1, %2, X1, X3, X2, X3) =

(1 ©x2) V(< x3)) © 1) V(o) ~ 1
One can directly verify that indeed the equation
(1 & x) vV ox) o )V o)1 (%)

holds in BA.
Since BA validates the equation x < 1 = x, equation (%) is equivalent
(in BA'Z) to

(X1 x) Vi <x)Vin<ox)al

(some parentheses are omitted). O

Theorem 9.5.5. Let m = 3 be a fixed natural number. Suppose that Q is a (finitely
generated) quasivariety generated by a finite class K of algebras, where each
algebra in K has at most m — 1 elements. If the equationally defined commutator
for Q is additive, then Q has m-EDTPM with respect to the finite set of equations
Ap(x1, %2, ..., X, V) defined as above, i.e.,

N(Obana) : 1 <i<j<m)=O3(Y)(Aular,ar....ane)),

for any algebra A € Q and any ay, ..., a, € A.

Proof. The assumptions and Corollary 9.5.3 imply that Q validates the equa-
tions A, (x1,x2,...,%y,0). Thus, if A € Q and ai,...,a, € A, then A E
(V) A(An (e, x2,5e - 5 X, Va1, aa, - . ., ayl.

According to Theorem 8.2.5 it is also the case that ﬂ{@é(ai, aj): 1<i<j<m} =
04. It follows that the equivalence

(\Odaia):1<i<j<smi=0, &
A= (Yv) /\(Am(xl,xz, X, V)ar, ag, .. a).
is true because its both components are true.

Thus any algebra A € Q validates condition (2) of Proposition 8.3.1. This shows
that Q has m-EDTPM with respect to A,,(x1, x2, ..., X, v), by Definition 8.3.2. O
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Theorem 9.5.5 concludes the presentation of the equationally defined commuta-
tor for quasivarieties.

Final Remarks

This book outlines the theory of the equationally defined commutator. The
approach presented here appears to have not been considered in the literature.
The basic notions and results are new. From the logical viewpoint the focus of
the book is on central theorems. This focus determines the narrative structure of the
book. Secondary threads have not been investigated in more detail; many of them
have been left open and identified as problems for further scrutiny. Some of these
problems seem to be difficult and they are a challenge for algebraists and logicians.
The following problem, referred to as Pigozzi’s conjecture, is central:

Problem. Let t be a finite signature. Let Q be a finitely generated and relatively
congruence-modular quasivariety of t-algebras. Prove Q is finitely based. O



Appendix A
Algebraic Lattices

A.1 Partially Ordered Sets

Let P be a set. A binary relation < on P is an order (or partial order) on P if and
only if < satisfies the following conditions:

(1) <is reflexive,i.e.,a < a,forall a € A;
(i) <is transitive,i.e.,a < band b < cimpliesa < ¢, forall a, b, c € A;
(iii) < is antisymmetric,i.e.,a < band b < aimpliesa < b, forall a,b € A.

A partially ordered set, a poset, for short, is a set with an order defined on it.

Each order relation < on P gives rise to a relation < of strict order: a < b in P if
and only ifa < band a # b.

Let P = (P, <) be a poset and X a subset of P. Then X inherits an order relation
from P: given x,y € X, x < y in X if and only if x < y in P. We then also say that
the order on X is induced by the order from P.

(1) Anelement u € P is called an upper bound of the set X if x < u, for all x € X.

(2) Anelement [ € P is called a lower bound of the set X if [ < x, for all x € X.

(3) Anelement a € P is called the least upper bound of the set X if a is an upper
bound of X and a < u for every upper bound u of X.
If X has a least upper bound, this is called the supremum of X and is written
“sup(X)”.

(4) Anelement b € P is called the greatest lower bound of the set X if b is a lower
bound of X and [ < b for every lower bound [ of X.
If X has a greatest lower bound, this is called the infimum of X and is written
“inf(X)”.

Instead of “sup(X)” and “inf(X)” we shall often write “\/X” and “/\ X”; in
particular, we write “a Vv b” and “a A b” instead of “sup({a, b})” and “inf({a, b})”.

If the poset P itself has an upper bound u, then it is the only upper bound. u is then
called the greatest element of P or the fop element of P. In an analogous way the
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notion of the least element of P is defined. The least element of P is often denoted
by 0 and is also called the zero or the bottom element of the poset P.
AsetX C Pis:

(a) an upper directed subset of P if for every pair a, b € X there exists an element
¢ € X such thata < c and b < c (or, equivalently, if every finite non-empty
subset of X has an upper bound which is an element of X);

(b) a chain in P if, for every pair a, b € X, either a < b or b < a (that is, if any two
elements of X are comparable);

(c) a well-ordered subset of P (or: a well-ordered chain in P) if X is a chain in
which every non-empty subset ¥ C X has the least element (in Y).

Equivalently, in the presence of the Axiom of Dependent Choices from set theory,
X is well-ordered if and only if it is a chain and there is no infinite strictly decreasing
sequence ¢y > ¢} > ... > ¢, > ... of elements of X.

Every well-ordered set X is isomorphic with a unique ordinal, called the type
of X.

A subset directed downwards is defined similarly; when nothing to the contrary
is said, “directed” will always mean “directed upwards”.

If the poset (P, <) itself is a chain or directed, then it is simply called a chain or
a directed poset.

Definition A.1.1. Let P = (P, <) be a poset.

(1) P is directed-complete if for every non-empty directed subset D C P,
the supremum sup(D) exists in P.

(2) P is chain-complete (or inductive) if for every non-empty chain C C P,
the supremum sup(C) exists in P.

(3) Pis well-orderably-complete if for every well-ordered non-empty chain C C P,
the supremum sup(C) exists in P. O

Every directed-complete poset is chain-complete and every inductive poset is
well-orderably complete. It is known from set theory that in the presence of the
Axiom of Choice they are mutually equivalent.

Note. The empty subset of a poset is usually assumed to be well-ordered. However,
if P = (P, <) is well orderably complete in the above sense, then the supremum of
the empty subset may not exist. But if it exists, it is the least element in P.

Analogously, in inductive posets and directed-complete posets the zero may not
exist.

In the literature, directed-complete posets are also called continuous posets
and the often used abbreviation “(P, <) is a cpo” marks that the poset (P, <) is
continuous.
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A.2 Semilattices and Lattices

A non-empty poset P = (P, <) is a join-semilattice, if for any two elements a, b €
P, sup({a, b}) exists in P.

Join-semilattices are equivalently defined as algebras P = (P, V) of signature (2)
satisfying the following identities:

XV xR~ X, XVYy=XyVuyx, xViVvza@xvy vz

A non-empty poset P = (P, <) is a lattice, if for any two elements a,b € P,
sup({a, b}) and inf({a, b}) exist in P.

Lattices are equivalently defined as algebras P = (P, A, V) of signature (2,2)
satisfying the identities:

XAXA X, XAYRYAX, XAYAZDY = EAY) AZ
XVX =X, XVYy=yVux, xViVv)r@ExVvy Ve,
xA(xVy) & x, XV (xAy) &

Thus for every lattice P = (P, A, V), its reduct (P, V) is a join-semilattice, and the
reduct (P, A) is a meet-semilattice, the notion dual to the first one. Moreover the two
semilattices are conjoined by the last two axioms.

A non-empty poset P = (P, <) is a complete lattice if every subset X C P has
both a least upper greatest lower bound sup(X) (the supremum, also called the join)
and a greatest lower bound inf(X) (the infimum, also called the meet) in P. It is
assumed that inf(@) is the top element of P and sup(9) is the zero element in P. The
join and the meet of X are often denoted by

\/X and /\X

respectively.
Every complete lattice is a lattice, and every finite lattice is a complete lattice.

Theorem A.2.1. Every directed-complete join-semilattice L = (L, <, 0) with zero
is a complete lattice.

Proof. If E is a non-empty set E C L, then define D := {sup(E;) : Efis a
finite subset of E}. D is well-defined and directed. As sup(D) exists in L and
sup(E) = sup(D), it follows that for every non-empty set E C L, sup(E) exists
in L. It is then easy to verify that inf(E) also exists in L. For let B := {b € L :
b is a lower bound of E}. Then 0 € B and sup(B) = inf(E). O

A sublattice M of a complete lattice L is called a closed sublattice of L if for
every non-empty subset X of M, the elements sup(X) and inf(X), as computed in
L, are actually in M. If moreover, the zero and the unit elements of L belong to M,
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the sublattice M is called a complete sublattice of L. Thus a sublattice M of L is a
complete sublattice of L if for every subset X of M, the elements sup(X) and inf(X),
as computed in L, belong to M. It follows that every complete sublattice M of L has
the same zero and unit elements as L and M itself is a complete lattice. It should be
noted that a closed sublattice M of a complete lattice L need not possess the zero
and the unit elements, but even if M has them, they need not coincide with their
counterparts in L.
If P = (P, <) is a poset, then (P, =) is also a poset, where = is the dual of <:

a=b < df b <a,

for all a, b € P. The poset (P, =) is called the dual of P and denoted by P<.

If P = (P, <) is a lattice, then the dual poset P/ = (P, >) is a lattice as well. If P
is viewed as an algebra (P, A, V) satisfying the above axioms, then P¥ becomes the
algebra (P, v, A). Thus P? results from P by interchanging A and V.

If a lattice P is represented by a Hasse diagram, then the Hasse diagram of P< is
obtained by turning upside down the diagram of P.

The above facts yield the Principle of Duality for lattices, which states that if o
is a statement that is true in every lattice and ¢ is the statement obtained from o by
interchanging < and > and interchanging A and V, then o is true in every lattice.

In some cases one may obtain a specialized versions of the Duality Principle
obtained by restricting the above general quantifier ‘in every lattice’ to some proper
subclasses of lattices. Examples are the classes of distributive and modular lattices.
Thus, in particular, the Principle of Duality for modular lattices states that o is true
in every modular lattice if and only if the dual statement o is true in all modular
lattices.

The equational class of distributive lattices is defined by the identity:

XAV EAY)V(AZ).
Equivalently, the class of distributive lattices is defined by the dual equation:
XVOAZD)~XVY)ARYV2).
The class of modular lattices is defined by the identity:
(xADVY)IAZRE (XA V(Y AZ).
Equivalently, this class is defined by the dual condition:
(kv AY)VZza (xVI)AQYV2I).

Modular lattices form an equational class. The following theorem is attributed to
Dedekind (see McKenzie et al. (1987), Theorem 2.25):
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Theorem A.2.2. For any lattice L the following conditions are equivalent:

(1) L is modular.

(2) L validates the quasi-identity 7 < x > xA(yVz) ~ (xAy)Vz

(3) L validates the identity (x AZ) VY) Az (x AZ)V (Y Ac).

(4) Foranya,b,ce L ifa<b anc=bAc,andaVvc=>bVc thena=D>.
(5) L has no sublattice isomorphic to N5 (Fig. A.1).

Fig. A.1 The lattice Ns.

Each of conditions (2)—(5) can be replaced by their duals.

A.3 Extensions by Ideals. Algebraic Lattices

Let L = (L, <) be a complete lattice. An element x € L is compact if, whenever
D is a directed and non-empty subset of L and x < sup(D), there is an element
d € D such that x < d. Equivalently, an element x € L is compact if, for every
non-empty set E C L, if x < sup(E), then x < sup(Ey) for some finite set E; C E.
The equivalence of these two conditions follows from the (already noted) fact that
for any non-empty set E C L, the set D := {sup(Ey) : Ef is a finite subset of E} is
directed and sup(E) = sup(D) in L.

We let K(L) denote the set of compact elements of L.

As L = (L, <) contains zero 0, we note that 0 is compact. Moreover, if x and y
are compact, then x Vv y is compact as well.

For every a € L, define the set K(a) := {x € K(L) : x < a}. The set K(a) is
non-empty (because it contains 0) and directed. In fact, K(a) is a join-semilattice.

Definition A.3.1. A complete lattice L = (L, <) is said to be algebraic if for every
a € L,sup(K(a)) = a. O

Thus, in any algebraic lattice each element is a directed limit of its compact
approximations.
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Examples. The power set (X) of every set X forms an algebraic lattice with zero
under inclusion relation. The set K (% (X)) coincides the family of finite subsets of X.

Let I be the unit interval of real numbers, I := {x € R : 0 < x < 1}. The lattice
(Q@ N1, <) formed by the rational numbers of / with the standard ordering < is not
complete. The lattice (1, <) is complete but it is not algebraic. One can easily check
that the number 0 is the only compact element in (/, <). O

Definition A.3.2. Let Py, = (Py, <,0) be a join-semilattice with zero. A subset
I C Py is called an ideal of Py if, for all a, b € Py, the following conditions hold:

(il) Ifa,b el thenavbel,
(i2) faelandb <a,thenb eI
(i3) 0 el O

Ideal(Py) denotes the set of all ideals of Py.

Py is the largest ideal in Py and {0}—the smallest one. The intersection of any
non-empty family of ideals is an ideal too. This means the family Ideal(Py), ordered
by inclusion, is a closure system and hence it forms a complete lattice. It is assumed
that {0} is the intersection of the empty family of ideals.

It is easy to see that in the lattice (Ideal(Py), A, V) of ideals of Py it is the case
that

IN]:=1IN],

IV ={xePy:x<ivj, forsomeiel, jeJ}.

for all ideals 1, J.
For every a € Py, the set

la={xePy:x<a}

is an ideal. | a is called the principal ideal generated by a.
Here are simple observations about the lattices of ideals.

Theorem A.3.3. Let Py = (Py, <, 0) be an arbitrary join-semilattice with zero. The
poset (Ideal(Py), <) of ideals of Py is an algebraic lattice. Moreover, the subposet
(K(Ideal(Py)), C) consisting of compact elements of the lattice (Ideal(Py), <) forms
a join-semilattice which is isomorphic with Py.

Proof. As the family Ideal(Py) is a closure system, the poset (Ideal(Py), ) is a
complete lattice. If (X, €) is a non-empty directed family of ideals, then the union
[ JX is also an ideal of Py. Clearly, | J X is the supremum of the family X in the
sense of (Ideal(Py), C).

We prove that the family {| a : a € Ly} of principal ideals of Py coincides with
the family K(Ideal(Py)). Let a € Py and let X be a directed non-empty family of
ideals such that | a € |JX. It follows that there exists an ideal I € X such that
a € I. Hence | a C I. This shows that | a is compact in the poset (Ideal(Py), C).
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To prove the converse, we notice that I = | J{] a : a € I} for every ideal I.
Furthermore, the family {| a : a € I} is directed and non-empty. Thus every ideal
is a supremum of a non-empty family of compact ideals.

Now, if an ideal I is a compact element in (Ideal(Py), C), it follows from the
above equality that I | a for some a € I. Hence I =, a.

The above facts prove that the lattice (Ideal(Py), C) is algebraic.

It is clear that the mapping ¢ : Py — Ideal(Py) given by

¢(d) ::\L a, deP(),
establishes an isomorphism between the join-semilattices Py and (K (Ideal(Py)), ©).

a

The order structure of any algebraic lattice is fully determined by the order
structure of the join-semilattice of its compact elements. This fact is established
by the following theorem:

Theorem A.34. Let P = (P, <) and Q = (O, <) be algebraic lattices. P and Q
are isomorphic if and only if the join-semilattices (K(P), <, 0) and (K(Q), <,0) of
their compact elements are isomorphic.

The proof is based on several simple lemmas.

Lemma A.3.5. Let Py = (Py,<,0), O, = (Qo,<,0) be isomorphic join-
semilattices with zero and let f : Py = Q, be an isomorphism between them. The
mapping f* given by the formula

U =), forall J € Ideal(Q,).

is an isomorphism between the complete lattices (Ideal(Q,),<) and (Ideal(Py),<),
symbolically,

[* 2 (Ideal(Qy). ©) = (Ideal(Py), ).

The proof is easy and omitted. O

Lemma A.3.6. Let L = (L, <) be an algebraic lattice. L is isomorphic with the
lattice (Ideal(K(L), <) of ideals of the join-semilattice (K(L), <,0) of compact
elements of L.

Proof (of the lemmay). For every a € L define K(a) as above, i.e.,
K(a) :={xe K(L) : x < a}.

Since L is algebraic, K(a) is an ideal of the join-semilattice (K(L), <).

Claim 1. Let I be an ideal of the join-semilattice (K(L), <). Then I = K(a) for
some a € L.
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Proof (of the claim). As I is a (non-empty) subset of (K(L), <), and hence of L,
sup(]) exists in L. (If I = {0}, then sup(l) = 0.) We define: a := sup([). Evidently,
I C K(a) because I contains only compact elements and every element of I is equal
or smaller than a. Now, let x € K(a). So x is compact and x < a = sup(l). Hence
x < ifor some i € I, by compactness. Since I is an ideal, we therefore have that
x € 1.So K(a) C I. Consequently, I = K(a). This proves the claim. O

Claim 2. Leta,b € L. Then K(a) € K(b) if and only ifa < b.
Proof (of the claim). Use the fact that a = sup(K(a)) and b = sup(K(D)).
To prove the lemma, we define the mapping % : L — Ideal(K(L) by:
h(a) := K(a), forallae€ L.

Clearly, h is well-defined. By Claim 1, & is surjective. By Claim 2, & is an
isomorphism between the lattices L and (Ideal(K(L), €) and hence it is also one-
to-one. a

Lemma A.3.7. Let P = (P, <) and Q = (Q, <) be algebraic lattices. If P and Q
are isomorphic, then so are the join-semilattices of compact elements (K(P), <, 0)
and (K(Q), <,0).

Proof (of the lemma). Let f : P =~ Q be an isomorphism. It suffices to prove that f
maps K (P) onto K(Q). Thus we need to show that, for every a € P, a € K(P) if and
only if f(a) € K(Q). A tedious verification of this condition is left to the reader. O

We pass to the proof of Theorem A.3.4.
(<). We assume that
(K(P),<,0) = (K(Q), <,0).
The second statement of Lemma A.3.5 implies that
(Ideal(K(P)), <) = (Ideal(K(Q)), ©).
In turn, Lemma A.3.6 gives that

P = (ldeal(K(P)),C) and Q = (Ideal(K(Q)),<).

Consequently, P = Q.
(=). This is the content of Lemma A.3.7.
The theorem has been proved. O
The following result follows from Theorems A.3.3-A.3.4:

Theorem A.3.8. Let Py = (Py, <,0) be an arbitrary join-semilattice with zero.
There exists a unique (up to isomorphism) complete lattice P = (P, <) with the
following properties:
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(1) P is algebraic.
(2) The poset K(P) of compact elements of P is isomorphic with P,.

Proof. In view of Theorem A.3.3, the poset (Ideal(Py), C) of ideals of Py satisfies
(1) and (2). In virtue of Theorem A.3.4, there is only one (up to isomorphism) poset

P which satisfies (1)—(2). O
Corollary A.3.9. Let Ly = (Lo, <,0) be an arbitrary lattice with zero. There exists
a unique (up to isomorphism) complete lattice L = (L, <) with the following
properties :

(1) L is algebraic.
(2) The poset K(L) of compact elements of L is a lattice isomorphic with L.

The unique algebraic lattice L = (L, <) satisfying conditions (1)—(2) of the
above corollary is called the algebraic completion of the lattice Ly = (Lo, <, 0).
In view of Theorems A.3.3-A.3.4, the lattice (Ideal(L(), <) of ideals of L is
the algebraic extension of L since it is unique. (Ideal(Ly), <) is also called the
algebraic extension of Ly by ideals.

According to the above corollary, every lattice with zero Ly = (L, <,0)
is embeddable in the complete algebraic lattice (Ideal(Ly), C) via the map
¢ : Ly — Ideal(Ly) given by

¢ (a) = a, a € Ly.

It should be noted ¢ is not a complete embedding L into (Ideal(Ly), C) because
it does not preserve supremums of infinite subsets of Ly, that is, if A € Ly and
sup(A) exists in Ly, then ¢ (sup(A)) may be strictly greater than sup({¢(a) : a € A}).
Indeed, if Ly = (Ly, <,0) itself is an algebraic lattice, then (Ideal(Ly), <) is a
proper extension of Ly, because every element of Ly becomes a compact element in
(Ideal(Ly), ©), by the above corollary. If ¢ preserved supremums, then every non-
compact element of Ly would be non-compact in (Ideal(Ly), C), which is excluded
by Corollary A.3.9.(2).

Lemma A.3.10. For any lattice with zero Ly the embedding ¢ : Ly — Ideal(Ly)
preserves arbitrary meets in L.

Proof. Let B be a non-empty subset of a lattice Ly and assume inf(B) exists in L.
As ¢ is monotone, we have that ¢ (inf(B)) C inf({¢(b) : b € B}). We shall show
that ¢ (inf(B)) is the g.1.b. of the set {¢(b) : b € B} in (Ideal(Ly), ). Suppose
I € Ideal(Ly) so that I is a lower bound of {¢(b) : b € B}. This means that I C| b,
for all b € B. Hence I C| inf(B), i.e., I C ¢ (inf(B)). O

In this context it is natural to speak of Lj-complete ideals (in Lo). Let
Ly = (Lo, <,0) be a lattice with zero. An ideal I € Ideal(Ly) is Lo-complete if,
for any non-empty set A € Ly such that sup(A) exists in Lo, sup(A) € I whenever
ACL

Let Ideal (L) be the set of all Ly-complete ideals. This set is non-empty, because
the ideals {0}, Ly and | a, for all a € Ly are Ly-complete. As the intersection of
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any non-empty family of Lo-complete ideals is an Ly-complete ideal, Ideal.(Lo) is a
closure system on Ly. (The ideal {0} is the intersection of the void family.) It follows
that (Ideal., C) is a complete lattice with {0} and L as the bottom and top elements,
respectively. If L is a complete lattice, Ly-complete ideals are exactly the ideals of
the form | a, where a € L.

Lemma A.3.11. For any lattice with zero Ly the mapping ¢ : Ly — Ideal.(Ly)
is a complete isomorphic embedding, i.e., it is one-to-one and preserves arbitrary
Jjoins and meets in L.

Proof. 1Tt is clear that ¢ is well-defined, one-to-one and monotone. From the proof
of Lemma A.3.10 it follows that ¢ preserves meets in Ly. We show ¢ preserves
arbitrary joins in L.

Let A be a non-empty subset of Ly, and assume sup(A) exist in Ly. As ¢ is
monotone, we have that sup({¢(a) : a € A}) < ¢(sup(4)). We shall show
that ¢(sup(A)) is the lL.u.b. of the set {¢(a) : a € A} in (Ideal.(Ly), <). For let
I € Ideal.(Ly) be an upper bound of {¢(a) : a € A}. This means that | a < I, for
alla € A. It follows that A € I. As I is Ly-complete, we get that sup(A) € I. Hence
| sup(A) € I. This shows that ¢ (sup(A)) is the Lu.b. of {¢p(a) : a € A}. O

(Ideal.(Ly), ©) though being a complete lattice need not be a sublattice of
(Ideal(Ly), ©). For instance, given two ideals I,J € Ideal.(Ly), the ideal K :=
{xely:x < iV}, forsomei € I,j € J} is the join of I and J in the lattice
(Ideal(Ly), ©).

If Ly is a complete lattice, Lo-complete ideals are exactly the ideals of the form
| a, where a € Ly. In this case the embedding ¢ trivializes, because the lattice
(Ideal.(Ly), ©) is identified with Ly. This case also shows that (Ideal.(Lg), <)
need not be an algebraic lattice. On the other hand, (Ideal(L), ©) is an algebraic
lattice being a proper extension of Ly and hence of (Ideal.(Ly), C). From the above
remarks it follows that (Ideal.(Ly), ), though being a sublattice of (Ideal(Ly), <)
for any complete lattice L, is not a complete sublattice, that is, meets and joins of
infinite subsets of Ideal.(Ly) may differ from the corresponding meets and joins in
(Ideal(Ly), ©).

A.4 Distributive and Modular Algebraic Lattices

Let P is a join-semilattice with 0, and a, b € P. We define:

M(a,b) <4 forallec,d e P,b<aVvcandb <aVdimply that
(FeeP)b<ave & e<c & e<aVvd).

Theorem A.4.1. Let P be a join-semilattice with 0. The lattice (Ideal(P), <) is
modular if and only if M(a, b) holds for all a,b € P.

Proof. (<). Let1,J, K be ideals of P, and suppose M(a, b) holds, for all a,b € P.
We want to show
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IvI)AUAVEK) =Iv(IVv]) AK).

The inclusion ‘2’ holds in any lattice, so we only need to show the reverse inclusion
‘C.Letxe IVJ)AIVK). Thenx <ivVvjx<iVk withi,i' €el,je Jand
k € K. Therefore i := ivi e Iandx <i" vj,x <i" vk.By M(i", x), there exists
lePsuchthat/ <k I<i"Vvjandx<i"VvIButle IvJ)AKandi’ €1, and
hencex e Iv (I Vv J) AK).

(=). Assume (Ideal(P), C) is modular, and let a,b € P. To show M(a, b), let
¢,d € Pandsuppose b < avcandb < avd.Thenbe (J av | c)A (] av |d) =
(by modularity) | aVv ((§ dv | a)An | ¢), thatis, b < f Vv e with f < a and
es<(ldv]anlcThusb<ave,e<cande<aVvd. O

In virtue of Lemma A.3.6, every algebraic lattice L is isomorphic with the lattice
of ideals of the join-semilattice of compact elements of L. Therefore Theorem A.4.1
implies:
Corollary A.4.2. Let L be an algebraic lattice. L is modular if and only if M(a, b)
holds for all compact elements a, b of L. O

The next lemma is useful in commutator theory:

Lemma A.4.3. Let P be a join-semilattice with 0 generated by a set X C P. If
M(a, b) holds for all a,b € X, then M(a, b) holds for all a,b € P.

Proof. First we show M(a, b) holds for alla € X and all b € P. Let a € X, and let

where x; € X, for 0 < i < n. We show by induction on n that M(a, b) holds. If n = 1,
then » € X and M(a, b) holds by assumption. Now let n = 2, b 1= \/_,_,,_ Xis
and assume M (a, b') holds. To prove that M (a, b) holds, let ¢, d be elements of P so
thatb <ave, b <avd. Thentrivially b’ <aVve, b <avd,soby M(a,b') there
exists ¢ € P such that

bV <ave, ¢ <c, e <avd. (1)

Also x,—1 < aVec, x,— < aVd, and since M(a,x,—) holds, there exists ¢’ € P
such that

¢’ <e, e <avd, X1 <ave. 2)
Lete := ¢ veé’;thenby (1) and 2), e < c,e <avdandb = b Vv x,_ <

avevave =ave.
Next we prove that M(a, b) holds for all a, b € P. Let
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where x; € X fori < n,and b € P.If n = 1, then a € X and M(a, b) holds by the
first part of the proof. If n > 2, then write @’ := \/,_,_,_, X, and assume M(d’, b)
holds. Let ¢,d € Psuchthatb < ave,b <avd Thenb < d V x,-1 Ve,
b<d Vx,—1Vvd,soby M(d,D) there exists ¢’ € P such that

b<dve, e <x, Ve, e <d Vv, Vvd. 3)

Since, by the first part of the proof, M(x,—1, €’) holds, there is an e € P such that
e <x,_1 Ve, e <c, e < x,_ V(dVvd). 4)
(3) and (4) imply that b < d' Ve < d Vx,—1 Ve = aVe. Since e < ¢ and
e <x,—1 V (d vd) = aV d, we thus see that M(a, b) holds. O

Let P be a join-semilattice with 0 and a, b € P. We also define:

D(a,b) <4 forallec,deL,b<aVvcandb <aVvdimply
(Feel)e<c & e<d & b<aVe).

Theorem A.4.4. Let P be a join-semilattice with 0. The lattice (Ideal(P), C) is
distributive if and only if D(a, b) holds for all a,b € P.

Proof. Suitably modify the above proof of Theorem A.4.1. O

Theorem A.4.5. Let Ly = (Ly, <,0) be an arbitrary distributive (modular) lattice
with zero. The unique algebraic completion L = (L,<) of Ly is distributive
(modular) as well.

Proof. We assume L is modular. It is easy to see that M(a, b) holds in L (treated
as a join-semilattice with zero), for all a,b € Ly, by modularity. Hence, by
Theorem A.4.1, the algebraic lattice (Ideal(Ly), C) is modular. As (Ideal(Ly), <)
is the unique algebraic completion of Ly, the theorem follows.

A similar argument applies when L is distributive. O

Theorem A.4.1 and the results following it were proved in Czelakowski (1998).



Appendix B
A Proof of Theorem 3.3.4 for Relatively
Congruence-Modular Quasivarieties

This appendix contains a proof of a special case of Theorem 5.3.4 in which
conditions (EqDistr),, , are directly computed for any RCM quasivariety. The proof
involves some purely syntactical techniques which are useful in other contexts and
it does not make use of von Neumann’s Theorem (Theorem 6.3.1).

Theorem 5.3.4%. Ler Q be an RCM quasivariety. The consequence QF vali-
dates (EqDistr),, , for any positive integers m and n.

Proof. To simplify notation, we mark the consequence Q= by C. We are to show
that

(EquStr)m,n CxXi =y, .. Xy ~ ym) N C(Zl RWI, .2y R Wy) =
cC |J  CimyncErw).

1<i<m, 1<j<n

where m and n are arbitrary positive integers and x = X1, ..., X ¥ = Y1y- -« VYm»
Z = Ziy.esZus W = Wi,...,w, are disjoint sequences of pai_rwise different
individual variables. The proof of (EqDistr),, , is on double induction on m and .

To give an insight into the proof, we shall first consider a simple special case
withm =2 andn = 1:

(EgDistr), Clxi =y, xa~y)NCiz~w) =
C(Clxa y)NC(zraw)UC(x; =~ y)NC(z~w)).

Let us put: B] = C(Xl I yl), Bz = C(XQ A yz),A = C(Z I W)
Then (EgDistr), ; takes the form

(Bl \/Bz) NA= (Bz ﬂA) \% (Bl NA).
© Springer International Publishing Switzerland 2015 265
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We have:
(BiNA)V (B,NA) =AN(B,V (AN By)),
by modularity. Therefore it suffices to show that
(B1VB) NACAN(ByV (AN By)). (D21

Suppose a(x1, y1, X2, V2,2, w, 1) ~ B(x1,¥1,%2, 2,2, W, u) belongs to the set on
the left-hand side of (1),;. Soax ~ B € Czxw)anda ~ B € C(x; ~ y,x» &
v2). Let e : Te, — Te, be an endomorphism (a substitution) such that ey, = x, and
e is the identity map on the remaining variables. As ¢ &~ 8 € C(x; & y1,x & y2),
we get that e ~ eff € C(ex; ~ eyj,ex; &~ ey;) = C(x; =~ y1) and ex = eff €
C(ez ~ ew) = C(z ~ w). Hence e =~ eff € C(z = w) N C(x; = y1), i.e.,

ea ~eff € ANB;. (%)

Claim 1. o =~ 8 € B, V(AN By).

Proof (of the claim). We have: B, V (AN By) = C({x, ~ y2} UA N By).

LetA € Qand i : Te, — A be a homomorphism which validates the equations
of {x; &~ y,}UANBy. Trivially hx, = hy, and h validates AN B;. But then (x) yields
that h validates ex & ef3, i.e., heaw = hef. We also that hea = ha and hef8 = hp,
because hx, = hy,. It follows that hae = hf. This proves the claim. O

Asa =~ B € A, (1), follows from the claim.
The general case is a modification of the above proof. We first prove:

Lemma B.1. C = QF validates

(EgDistr),, 1
Cxt Y1, Xy & yn) NC(z & w) = C( U Clx; ~y)NC(z~w)),

I<ism

forallm = 2.

Proof (of the lemma). For a given m > 2 we adopt the following notation:

XY I={X R YL X R Y
A:=C(z~w),
By := C(x; =~ y1),

B, = C(xm ~ ym)7

Byt1 = Ctmt1 = Ymt1)-
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(EqDistr),, | then takes the form:

(BiV...VB)NA=C(| ] Cl=y)NClzrw)),

I<i<m

But in view of Theorem 4.1.4,

C(|J Crimy)NClzrw) =Ax(Bi.....By).

1<i<m

It therefore suffices to show that
(BiV...vB,)NACAx(By,...,B,), MW

for all m = 2, because the reverse inclusion trivially holds.
The proof of (1),,; for m = 2 has just been given. To make an inductive step,
assume m is a positive integer, m = 2, and (1), holds. We show

BV...VB,VB,11)NACA*(By,...,By,Bu11), (Dt1.1

But, by the definition of %, A% (By,. . ., By, Byt1) :=AN(By+ MA*(By,. . ., By))).
We therefore must show that

(B] V... \/BmVBm+1) NACAN (Bm+1 \/(A* (B],...,Bm))). 2)

Suppose @ & B belongs to the set on the left-hand side of 2. So ¢ ~ B €
Cz~w)anda ~ 8 € C(x = y,Xu+1 =~ Ymt1). Let e : Te, — Te, be the
endomorphism such that ey,,+; = X;J,_] and e is the identity map on the remaining
variables. As ¢ ~ 8 € C(x & y,Xu+1 X Ym+1), We get that e ~ eff € Clex ~
ey, eXpi1 ~ eypy1) = C(x ~ y) and ea &~ ef € C(ez ~ ew) = C(z ~ w). Hence
ea ~eff € Cz~w)NC(x~y)= (B V...V B,) NA.This implies, by IH, that

ea ~ef € Ax (Bi,...,B,), (%)

Claim2. o =~ 8 € By+1 V(A% (By,...,Bp)).

Proof (of the claim). We must show that

o~ 13 € C({xm_H \/ym_H} U (A * (B],,Bm)))

LetA € Qand & : Te, — A be a homomorphism which validates the equations
of {Xn+1 & Ym+1} UA *x (By,...,By). Trivially hx,,+; = hy,+; and h validates
A * (B1,...,By,). But (xx) yields that & validates ea = ef, i.e., hea = hef. We
therefore have that hea = ho and heff = hp, because hx,,+1 = hy,+1. It follows
that ha = hf. This proves the claim. O
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(2) follows from the claim and the assumption that @ &~ B € C(z ~ w) = A.

So (2)p+1.1 holds. We have thus proved (2),; for all m, which means
that (EqDistr),, ; holds for all m. This proves Lemma B.1. O

Lemma B.2. Fixm. Then C = Q': validates (EqDistr),, , for all n.

Proof (of the lemma). The base of induction, viz. (EqDistr),,; has been proved.
To make an the inductive step, assume

(EquStr)m,n C(X] R VIyeo s = ym) n C(Zl WL, In N Wn) =

e |J  Cmy i rw)).

1<ism, 1Sj<n
We are to show that

(EquStr)m,n-l-l C(xl 20 PR Xm ~ ym) n C(Zl RWlseoosln R Wp, In+1 = Wn-H)

[
2

U C(xi ~ y;) N C(zj = w))).

1<i<m, 1<j<n+1

To simplify notation, we introduce the following abbreviations:
XRY =X RV X R Y
IR WI={U R WL, ... 2y R Wy,
A=Cl =y, X R ym) (= Cxay)),
B =Clzy~w,....0xw,) (=Czrw)),
By := C(zpt+1 = Wpt1)-

(EqgDistr),, 4+ then takes the form

ANBIVB)=C( |  Clmy)nCi~w). Q1

1<i<m, 1<j<n+1
By modularity, (EqDistr),, , and (EqDistr),,; we get:

A*(B1,By) =(ANB)V(ANBy) =

Cary)NCzrw Vv Cx~~y) NC@Et1 &~ Wpt1) =

cC |J cwmynce~w)vel) Cway) e ~ win) =

I<ism, 1Sjsn 1<i<m

cC U Cawmwnceaw).

1<i<sm, ISj<n+1
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The last theory is the same as the set on the right side of (2),, ,+1. Thus in order
to prove the lemma it suffices to show:

Claim. A N (31 VBZ) CAx (Bl,Bz).
Proof (of the claim). Suppose @ ~ 8 € AN (B, V B,). This means that

ax~peCxry) (a)
and
axfeC(z~W g1 X Watl)- (b)

Let e : Te, — Te, be the endomorphism given by ew,+; = z,+; and ex = x for
all variables x # w, 1. (a) and (b) imply that

eax ~ef € Clex~ey) =Clxxy) =A
and
ea ~ eff € Clez ~ ew, ez,41 ~ ewny1) = C(z = w) = By,
because ez, +1 & ew,4 is the trivial equation z,4+1 & z,+1. Consequently,
ea ~eff € ANB;. (©

We want to prove that o ~ f € A * (B},By) := AN (B, vV (AN By)). As
a ~ ff € A, by (a), it remains to show that ~ 8 € B, V (AN By), i.e.,

a =~ B € C({zut1 = Wpp1} U Clx = y) N C(z = w)). (d

LetA € Qand & : Te, — A be a homomorphism which validates the equations
of {zy41 ~ Wy} U C(x ~ y) N C(z ~ w). We wish to show that hae = hf. We
have that sz, = hw,4 and / validates C(x ~ y) N C(z ~ w) = AN By. This fact
and (c) imply that & validates ea ~ ef, i.e., hea = heB. As hz,41 = hw,i1, we
obviously have that heow = ha and hef8 = hf. The identities hea = hef, hea = ho
and hef = hf imply ha = hf. So (d) holds.

This proves the claim and at the same time concludes the proof of (2),,,+;. O

Thus Lemma B.2 has been proved. O

As the inductive proof of (EgDistr),,, for all positive m,n is completed,
Theorem 5.3.4* has been proved. O



Appendix C
Inferential Bases for Relatively
Congruence-Modular Quasivarieties

The focus of this appendix is on inferential bases of the equational system QF
associated with any RCM quasivariety Q.

Let Q be a quasivariety of algebras of signature t. A finite set P = P(x,y, z, w, u)
of equations (where u = uy,...,u,) is said to have the detachment property with
respect to QF if

zaweQE(PUx~y)). (*)p

Any set P with the detachment property is also denoted by (x ~ y) =, (z ~ w).
(x)p states that

PU{xr~yl/zaw (MP)p

is a rule of inference of the equational logic QF. The rule (MP), is called the
detachment rule corresponding to P. This rule is also marked as

xxy,Ery) =, Crw/zrw.

Any set of equations with the detachment property is also called an implication
system for QF. Q usually possesses many implication sets. This is a consequence
of Theorem C.1 below.

Let P be a family of finite sets of equations with the detachment property.
We shall say that the consequence QF admits the Parameterized Local Deduction
Theorem (PLDT, for short) with respect to P if for every set ¥ U {p ~ ¢, r ~ s} of
equations the following equivalence holds:

raseQF(Z Ufpagql) < thereexistsaset P(x,y,z,w,uy,....u,) €
‘P and a sequence of terms (¢, ...,t,) of Te, such that a(p, q,r, s, t1,...,t,) =
B(p.q.r.s.t1,....1,) € QF(X) for all equations « ~ B of P.

© Springer International Publishing Switzerland 2015 271
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(x(p,q,r,s,t1,...,t,) is the result of simultaneous substituting the terms
p.q,1, 8, t,...,t, for the variables x,y,z,w,uy,...,u, in the term a(x, y, z, w, uy,
..., Uy), respectively.)

The following theorems were proved in Czelakowski and Dziobiak (1996):

Theorem C.1. For every quasivariety Q there exists a family P of finite sets of
equations with the detachment property such that QF admits the Parameterized
Local Deduction Theorem with respect to P. O

Theorem C.2. Let Q be any quasivariety. Suppose P = {P;j(x,y,z,w,u;) : i € I}
is a family of finite sets of equations with the detachment property for Q= such that
QF admits the Parameterized Local Deduction Theorem with respect to P. Then the
set 1d(Q) together with the set of rules

ri: X~y UPi(x,y,zow,u)/z~w

(i € I) forms an inferential base for QF. O

Theorem C.3. Let Q be any quasivariety. QF has an inferential base consisting
of the set of equations 1d(Q), the rules of Birkhoff’s logic, and a countable set of
(parameterized) rules of the form Pi(x,y,u,)/x ~ y (i € I), where each P;(x,y, u,) is
a finite set of equations in two variables x and 'y (and possibly with parameters u;).

The theorem states that in order to axiomatize QF it suffices to strengthen any
base for the variety Va(Q) by the above rules P;(x,y,u;)/x ~ y (i € I).

Proof. We first prove the following lemma:

Lemma C4. Let Q be a quasivariety and let P = {Qi(x,y,z,w,v;) : i € I} be
a family of finite sets of equations which determines PLDT for QF. For each i € I
define the set of equations: R;(x,z,w,v;) := Q;(x,y/x,z,w, ;). Then the set of rules

ri Ri(x,z,w,v) /2~ w

(i € I) together with Birkhoff’s rules and the equations of Id(Q) forms an inferential
base for QF.

Proof (of the lemma). To simplify notation, we put: C := QF. As P determines
PLDT for C, Theorem C.2 gives that C is axiomatized by Id(Q) and the set of the
following rules:

r x~y, Qix,y,zwv,)/z~w

(i € I). (Brikhoff’s rules are then derivable from /d(Q) and the rules r; (i € I).)
Let Cy be the equational consequence determined by the rules r; (i € I), the

rules of Birkhoff and the set of axioms Id(Q). As Cy validates Birkhoff’s rules, Cy

is a finitary equational logic. This implies that Cj is semantically determined by

some quasivariety Qo, that is Cyp = Q'0: . (In fact, Qy is the largest class of models
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for Cy.) It is clear that Cy < C, because each rule r; is an instantiation of the rule
rlf. Consequently, Q € Q. To show that Cy = C, and hence Q < Q,, it suffices
to prove that Cy validates each rule 7, (i € I). Suppose otherwise that z ~ w ¢
Co(x ~ y,Qi(x,y,z,w,v,;)) for some i € I. There exists an algebra A € Qp and
a homomorphism # : Te, — A such that hx = hy, h validates the equations of
Qi(x,y,z,w,v;) and hz # hw. But as hx = hy, we get that h validates the equations
of Ri(x,z,w, v;) as well. Since #; is a rule of C;y and A is a model for Cy, we obtain
that hz = hw. A contradiction.

This proves the lemma. O

In the final step, for each i € I we make the substitution x/u;, z/x, w/y in the set
R;i(x,z,w, v;) and define:

P,'(X,y, H;) = R,'(X/Mi, Z/X, W/yv Ql) (I’l € NO)

Here u; is a variable different from x, z, w, v;. u; is thus a parametric variable added
to v;. (So u; = v; U {u;} for each i.) Moreover, we can safely assume that the new
parametric variables »; and u; are pairwise different whenever i # j, for all i,j € I).

The theorem follows from the above lemma and the definition of P;(x,y, y;),
iel ]

The following theorem, being the main result of this appendix, provides a
structural description of an inferential base for the equational logic QF associated
with an arbitrary RCM quasivariety Q. The proof makes use of some theorems on
PLDT for any RCM quasivariety Q given in Czelakowski (1998, 2001).

Theorem C.5. Let Q be any RCM quasivariety. QT has an inferential base
consisting of the set of equations 1d(Q), the rules of Birkhoff’s logic and a countable
set of (parameterized) rules of the form

P Pu(x,y,u,)/x~y

(n € Ny, where Ny is an initial segment of ) such that

(1) for each n € Ny, P,(x,y,u,) is a finite set of equations in variables x,y (and
possibly with some other parametric variables u,,);

(2) for any different m,n € Ny the parameters u,, and u, of P, and P, are
separated,

(3) for each n € Ny, there exists a sequence of terms t, such that

Py(x, x,1,) € 1d(Q);

(4) for each non-terminal number n in Ny, there exists a sequence of terms t,
such that

Pup1 (6., 1,41) € QF (Pa(x,y, 1))
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The theorem states that a base for QF is obtained from any base for Va(Q) by
adjoining a certain set of rules P,(x,y,u,)/x ~ y (n € Ny) that satisfy conditions

(D-.

Proof. Let Q be an arbitrary but fixed RCM quasivariety. To simplify notation
we put C := QF. We shall need the following observation which is crucial for
inferential bases of C:

Lemma C.6. Every family P of finite sets of equations which determines PLDT for
C satisfies the following condition: for any Py(x,y,z,w,u,), P2(x,y,z,w,u,) € P
there exists a set P(x,y,z,w,u) € P and a sequence t of terms such that

P(x,y,z,w,1) € C(P1(x,y,2,w,u;) and (mod)
P(x»y»sz’z)gC(PZ(x’y’ZvW’ZZ)U{x%y})' O
Lemma C.6 is a consequence of Corollary A.4.2 of Appendix A (see also

Czelakowski 1998, 2001).
We shall first prove the following fact:

Lemma C.7. Let Q be any RCM quasivariety. Q= has an inferential base consist-
ing of the set of equations 1d(Q), the rules of Birkhoff’s logic and a countable set of
(parameterized) rules of the form

Iy Pg(x, LW, ,) /2~ w

(n € Ny, where Ny is an initial segment of ) such that

(1) for each n € Ny, P)/(x,z,w,v,) is a finite set of equations in variables x, z, w
and possibly some other parametric variables v,,;

(2)" for any different m,n € Ny the parameters v,, and v, of P and P! are
separated,

(3)" for each n € Ny, there exists a sequence of terms t, such that

Pl(x,z,z,1,) € 1d(Q);

4" for each non-terminal number n in Ny, there exists a sequence of terms t,4
such that

P:z/+1(x’ L,w, Zﬂ-‘rl) - Q':(PZ(X, ,w, Qn))

The lemma states that a base for Q is obtained from any base for Va(Q) by
adjoining a certain set of rules r, : P/ (x,z,w,v,)/z &~ w (n € Ny) that satisfy
conditions (1)"—(4)".

Proof (of the lemma). Let P, be a family of finite sets of equations which determines
PLDT for C. We assume that a Day implication system (x =~ y) =p (z & w)
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for Q is in Py since otherwise it may always be adjoined to Py. We may also
assume without loss of generality that different sets in Py have separated parametric
variables. (This can be achieved by making appropriate substitutions for parametric
variables.) We then define:

Q = {R(xv,% Z, WvZR) € PO . (EIER) R(xvyv ,w, ZR/IR)
CCxmy (x~y)=plz~w)).

The family Q is non-empty, because (x ~ y) =p (zxaw) € Q. (The set (xxy)
=p (z & w) does not involve parameters.)

Claim 1. Q determines PLDT for C.

Proof (of the claim). Let p,q,r,s be arbitrary terms and X a set of equations.
Assume r = s € C(X,p ~ ¢). We claim that R(x,y,z,w,t) € C(X) for some
R(x,y,z,w,u) € Q and a sequence of terms ¢. As Py determines PLDT for C, there
exists R'(x,y,z, w,u') € Py and a sequence of terms ¢ such that R'(p, q,r,s,t) C
C(X). But according to Lemma C.6, there also exists R(x,y,z,w,u) € Py and a
sequence of terms ¢’ such that

R()C, .2, w, Z//) c C(R/(X, .2, w, Z/)) (a)
and
R(x,y,z,w, ) S C(x ~ y,(x ~ y) =p (z = w)). (b)

For the above sets R and R, we select a substitution e : Te, — Te, which
sends the parametric variables &’ to ¢’ and e is the identity map on the remaining
variables. (a) implies that

R(x,y,z.w,et") € C(R'(x,y,z.w,eu')) = C(R'(x,y,z.w,1')) € C(X).

Putting ¢ := et”, we have that R(x,y,z,w,1) € C(X). Moreover, (b) yields that
R(x,y,z,w,t) C C(x ~ y,(x &~ y) =p (z &~ w)), which means that R(x, y, z, w, u)
is in Q. This proves the claim. m|

As Q is countable, we may enumerate it by natural numbers from an initial
segment Ny of w,

Q = {Qn(xsys e W’En) ‘ne NO}

(Thus either Ny = w if Q is infinite or Ny = {0, ..., k} for some k if Q is finite.)
Moreover we can assume that Qo (x, y, z, w, v,) coincides with the Day implication
system (x &~ y) =p (z = w).

According to Lemma C.6 and the above claim, for any two numbers m,n €
Ny there exists k € Ny, m < k, n < k, and a sequence of terms f, such
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that Qk(x’ y,z,w, zk) < C(Qm (xv ¥z, w, Qm)) and Qk(x’ .z, w, £k) - C(x ~
¥, Ou(x,y,2,w,v,)). We then recursively define a subfamily

P = {P. (x,y,z,w,v,) : n € No}

of Q as follows. We put: Py(x,y,z, w, ) 1= Qo(x,y,2,w,0y) (= (x & y) =p (2~
w)). (The set of parameters v, is empty.)

Suppose n € Np and the sets Py(x,y,z,w,v),...,P,(x,y,z,w,v,) have
been defined. If n is not the greatest number in Ny, we consider the sets
P, (x,y,z,w,v,) and Quy1(x,y,2,w,V,4,). As P, and Q,4 are in Q, there is a
set Q(x,y,z, w,u) in Q and a sequence of terms ¢ such that Q(x,y,z,w,1) € C(x ~
y.P,(x,y,z,w,v,)) and Q(x,y,z,w,1) S C(Qut1(x,y,2,w,v,,,)). We then put:
P;H(x,y, W, 0,.1) = O(x,y,z,w,u). If n is the greatest number in Ny, the
recursive procedure terminates.

We therefore have that P(') (x,y,2,w,1y) := Qo(x,y,z,w,v,) and for any positive
n € Ny there is a sequence of terms ¢, such that

P (x,y,z.w,1,) € C(Qn(x.y,2,w,0,)). (c)

We therefore get that for any non-terminal n € Ny there is a sequence of terms s, , ;
such that

P (y,zow,s,,1) C Clx &y, Pl(x,y.2,w,1,)). (d)

Indeed, (d) holds for n = 0 directly from the definition of P|. Assuming
that (d) holds for n, we show it holds for n + 1. We have: P;H(x,y, LWV, ) =
O(x,y,z,w,u), where Q(x,y,z,w,u) is a set in Q such that Q(x,y,z,w,t) C
Cix ~ y, P, (x,y,z,w,v,,,)) for some sequence of terms ¢. It follows, by
structurality, that there is a sequence of terms s, , , such that P, ,(x,y,z,w,s,,,) =
0.y, z,w,1) € C(x ~ y, P, (x,y,2,w,V,,)). So (d) holds.

Claim 2. P determines PLDT for C.

Proof (of the claim). Indeed, suppose that r ~ s € C(X,p ~ g) for some terms
p.q,r,s and a set of equations X. We claim that there is n € Ny and a sequence of
terms ¢, such that P}, (p, ¢, r,s,t,) € C(X).

According to Claim 1, there exists n € Ny and a sequence of terms s, such that

0u(p.q.1.5,5,) € C(X). (e)
If n = 0, s, is empty, then P()(x,y, z,w) = Qo(x,y,z,w) C C(X) and we are done.
If n is positive, we apply to (c) a substitution such that x/p, y/q, z/r, w/s and v, /s,,.
Then, by structurality, there is a sequence of terms #, such that P, (p, q,r,s,t,) €
C(Qu(p.q,1,5,5,)). Consequently, P, (p,q,r,s,t,) € C(X), by (e). This proves the
claim. O
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In the next step we define the family of sets
{PuGey/x,zw0,)  Pyx.y.2,w,0,) € P}
and mark this family as
{P!(x,z,w,v,) : n € No}.

As P determines PLDT for C, Lemma C.4 yields that C is axiomatized by 1d(Q),
the rules of Birkhoff’s logic, and the rules

Py Pl(x,z,w,v,)/z ~ w,

n € Ny.

We shall check conditions (1)"—(4)”. (1) and (2)" are immediate.

As to (3)”, the definitions of P and of the family {P//(x,z,w,v,) : n € Ny} yield
that for each n € N there is a sequence of terms ¢, such that

PZ(.X, W, En) - C((x ~ x) =D (Z ~ W)) (f)

((f) is proved by induction on n with the help of (d).) But (x ~ x) =p (z & w) C
C(z ~ w). Indeed, according to the definition of = p, we have that (x ~ y) =p
(zm=w) CClx~ryza~wNCk= z,y ~ w). After identifying y with x, we
see that structurality gives that (x ~ x) =p (zxw) CCx ~ x,z~ w) N C(x ~
z,x &~ w) € C(z ~ w). We therefore have that

Pl (x,z,w, t,) CClzrw).

(3) then follows.

As to (4)”, the definition of P gives that for each non-terminal n € Ny
there exists a sequence of terms s, such that P, (x,y.z,w,s,,,) S Cx ~
Yy, Pﬁ, (x,y,z,w,v,)). Hence, by structurality, there exists a sequence of terms Z;, 11
such that P, (x,y/x.z. w.t,. ) S C(P,(x,y/x.z,w,v,)). From this inclusion
condition (4)” follows.

The lemma has been proved. O

In the last step, for each n € Ny we define the substitution x/u,, z/x, w/y for the
set P!/ (x,z,w,v,) and put:

Pn(xvyvﬂn) = P;(x/un, Z/)C, W/yvyn) (I’l € NO)

Here u, is a variable different from x, z, w, v,,. u, is thus a parametric variable added
tov,,. (Sou, = v, U {u,}.) Moreover, we can safely assume that the new parametric
variables u,, and u,, are pairwise different whenever m # n, for all m,n € Ny).
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The theorem follows from the above lemma and the definition of P,(x,y, u,),
n € Ny. O

Corollary C.8. Let Q be any RCM quasivariety. Let R be the set of rules defined as
in the above theorem. Then for each pair of natural numbers n,m € Ny such thatn <
m there exists a sequence of terms s, , for which Py(x,y,s,, ) € Q= (P.(x.y, u,)).

Proof. Fix n € Ny. Then the induction on k with n + k € Ny gives that there is

a sequence of terms r,,, , such that

Puyk(X, 3,11 0) S C(Pu(x,y,1,)). GOtk

The case k = 1 follows from (4). Assume (*),4; holds. We show (*),++1)-
(4) gives that there is a sequence of terms 7, ;. ; such that

Pn+k+1 (x» )’» Zn—‘,-k-{—]) g C(Pn+k(x9 y9 Zn-}—k))'

Taking a suitable substitution e we then get that

Potit1(x,y,e(t, 1 111) © CPutr(x, ¥, 7,04))- e9)

Hence putting r,, | := e(t,, ), We obtain that

Pn+k+l (xv Y, Kn+k+1) - C(Pn ()C, Y, Zn))»
by (1) and (), 4. SO (*),+k+1) holds.
The corollary thus follows. O

A quasivariety Q has the relative congruence extension property (RCEP), if for
any algebras Ag,A with A € Q and A being a subalgebra of A, every congruence
P, € Cong(Ap) can be extended to a Q-congruence on A, that is, there is a
congruence @ € Cong(A) such that the restriction of @ to Ay is equal to @y.

Corollary C.9. Let Q be an RCM quasivariety. If Q has RCEP, then QF is
axiomatized by the set of equations 1d(Q), the rules of Birkhoff’s logic and a
countable set of rules of the form

i Palny)/xmy

(n € Ny), where Ny is an initial segment of w, such that

(1)* for each n € Ny, P,(x,y) is a finite set of equations in variables x and y only;
(D)* foreachn € Ny,

Py(x,x) € 1d(Q);
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(2)* for each non-terminal number n € Ny

Pn+l(xvy) - Q':(Pn(xvy))

Proof. As Q has RCEP, there exists a family P, of finite sets of equations in the
four variables x, y, z, w only which determines LDT for C. We assume that a Day
implication system (x &~ y) =p (z &~ w) for Q is in Py. Then proceed as in the
proof of the above theorem. O
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