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Abstract

This book is about monotone complete C�-algebras, their properties, and the new
classification theory (using spectroid invariants and a classification semigroup). A
basic account of generic dynamics is included because of its important connections
to these algebras. Each bounded, upward-directed net of real numbers has a limit.
Monotone complete algebras of operators have a similar property. In particular,
every von Neumann algebra is monotone complete, but the converse is false. The
small von Neumann factors can be labelled by the set of real numbers. But there
are many more (2R) small monotone complete C�-algebras which are factors. The
aim of this book is to give an account of monotone complete C�-algebras which
includes recent advances but also indicates the many mysteries and open problems
which remain.
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Chapter 1
Introduction

This book is about monotone complete C�-algebras, their properties and their
classification. We also give a basic account of generic dynamics because of its useful
connections to these algebras.

1.1 Monotone Complete Algebras of Operators

Fundamental to analysis is the completeness of the real numbers. Each bounded,
monotone increasing sequence of real numbers has a least upper bound. Monotone
complete algebras of operators have a similar property.

Let A be a C�-algebra. Its self-adjoint part, Asa, is a partially ordered, real Banach
space whose positive cone is fzz� W z 2 Ag. If each upward directed, norm-bounded
subset of Asa, has a least upper bound then A is said to be monotone complete. Every
von Neumann algebra is monotone complete but the converse is false.

Recently there have been major advances in the theory of monotone complete
C�-algebras; for example the construction of classification semigroups [144]. This
followed an important breakthrough in [66], which introduced huge numbers of
new examples. But much remains to be discovered. The purpose of this book is to
expound the new theory. We want to take readers from the basics to the frontiers
of the subject. We hope they will be stimulated to work on the many fascinating
open problems. Our intention is to strive for clarity rather than maximal generality.
Our intended reader has a grounding in elementary functional analysis and point
set topology and some exposure to the fundamentals of C�-algebras, say, the first
chapters of [161]. But prior knowledge of von Neumann algebras or operator
systems is not essential. However, in this introduction, we may use terminology
with which some readers are unfamiliar. If so, we apologise and reassure them that
all necessary technicalities will be discussed later in the text.

© Springer-Verlag London 2015
K. Saitô, J.D.M. Wright, Monotone Complete C*-algebras and Generic Dynamics,
Springer Monographs in Mathematics, DOI 10.1007/978-1-4471-6775-4_1
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2 1 Introduction

Algebras of operators on Hilbert space, including C�-algebras, von Neumann
algebras and their generalisations, are the focus of intense research activity world-
wide. They are fundamental to non-commutative geometry and intimately related to
work on operator systems and operator spaces and have connections to many other
fields of mathematics and quantum physics. But the first to be investigated (with a
different name and a more “spatial” viewpoint) were the von Neumann algebras.

Monotone complete C�-algebras arise in several different areas. There are close
connections with operator systems, with operator spaces and with generic dynamics.
In the category of operator systems, with completely positive maps as morphisms,
each injective object can be given the structure of a monotone complete C�-algebra
in a canonical way. Injective operator spaces can be embedded as “corners” of
monotone complete C�-algebras, see Theorem 6.1.3 and Theorem 6.1.6 [38] and
[25, 59, 60]. When a monotone complete C�-algebra is commutative, its lattice
of projections is a complete Boolean algebra. Up to isomorphism, every complete
Boolean algebra arises in this way.

Let A be a monotone complete C�-algebra then A is a von Neumann algebra
precisely when it has a separating family of normal states. If a monotone complete
C�-algebra does not possess any normal states it is called wild.

The best known commutative example of a wild monotone complete C�-algebra
is straightforward to construct. Let B.R/ be the commutative C�-algebra of all
bounded, complex valued Borel measurable functions on R. Let M.R/ be the ideal
of all functions h in B.R/ such that ft 2 R W h.t/ ¤ 0g is a meagre subset of R.
(Let us recall that a set is meagre if it is contained in the union of countably many
nowhere dense sets; a set is nowhere dense if its closure has empty interior.) Then
the quotient algebra B.R/=M.R/ is a commutative monotone complete C�-algebra
which has no normal states and so is not a von Neumann algebra. It turns out that
if we replace R by any complete separable metric space, without isolated points,
and perform the same construction then we end up with the same commutative
monotone complete C�-algebra.

A monotone complete C�-algebra, like a von Neumann algebra, is said to be a
factor if its centre is trivial. In other words, factors are as far as possible from being
commutative. Just as for von Neumann algebras, monotone complete C�-factors
can be divided into Type I, Type II1,Type II1 and Type III. It turns out that all
Type I factors are von Neumann algebras. So it is natural to ask: are all monotone
complete C�-factors, in fact, von Neumann algebras? The answer is “no” in general
but to clarify the situation, we need some extra notions. Let H be a separable Hilbert
space and L.H/ the bounded operators on H. A C�-algebra A is said to be separably
representable if there exists a �-isomorphism � from A into L.H/. It is known
that if A is a monotone complete C�-factor which is also a separably representable
C�-algebra then A must be a von Neumann algebra [179]. So where are the wild
factors?

A (unital) C�-algebra B is said to be small if there exists a unital complete
isometry from B onto an operator system in L.H/, where H is separable. When
an algebra is separably representable then it is small but the converse is false. In
other words, there exist C�-algebras which can be regarded as operator systems
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on a separable Hilbert space but which can only be represented as �-algebras of
bounded operators on a larger Hilbert space. There do exist small Type III monotone
complete C�-factors which are not von Neumann algebras. In fact they exist in
huge abundance. There are 2c, where c is the cardinality of the real numbers. By
contrast, there are only c small von Neumann algebras. (Each small von Neumann
algebra is isomorphic to a �-subalgebra of L.H/ where the subalgebra is closed
in the weak operator topology. In particular, each small von Neumann algebra is
separably representable. This follows from [1].) Incidentally, if a small C�-algebra
is a wild factor then it is always of Type III.

One way to find a wild monotone complete C�-factor is to start with a separable,
simple, unital C�-algebra and use a kind of “Dedekind cut” completion [173].
This approach will be discussed later. Another method is to associate a monotone
complete C�-algebra with a dynamical system. This “generic dynamics” approach
is outlined below.

Monotone complete C�-algebras are a generalisation of von Neumann algebras.
The theory of the latter is now very well advanced. But it took many years before
it was demonstrated that there were continuum many von Neumann factors of
Type III [126], Type II1 [100] and Type II1 [148]. Then the pioneering work
of Connes, Takesaki and other giants of the subject transformed our knowledge
of von Neumann algebras, see [8, 30, 96, 162]. By comparison, the theory of
monotone complete C�-algebras is in its infancy with many fundamental questions
unanswered. But great progress has been made in recent years. In the early study
of monotone complete C�-algebras the emphasis was on showing how similar they
were to von Neumann algebras. Nowadays we realise how different they can be.

In 2001 Hamana [66] made a major breakthrough which implied that there are
2c small monotone complete C�-factors. In 2007 [144] we found a way to classify
monotone complete C�-algebras. This is set out in Chap. 3.

In [144] we introduced a quasi-ordering between monotone complete
C�-algebras. From this quasi-ordering we defined an equivalence relation and used
this to construct, in particular, a classification semigroup W for small monotone
complete C�-algebras. This semigroup is abelian, partially ordered, and has the
Riesz decomposition property. For each small monotone complete C�-algebra A we
assign a “normality weight”, w.A/ 2 W . If A and B are algebras then w.A/ D w.B/,
precisely when these algebras are equivalent. It turns out that algebras which
are very different can be equivalent. In particular, the von Neumann algebras are
equivalent to each other and correspond to the zero element of the semigroup. It
might have turned out that W is very small and fails to distinguish between more
than a few algebras. This is not so; the cardinality of W is 2c, where c D 2@0 .

A natural reaction by anyone familiar with K-theory, is to construct the
Grothendieck group of W . But this group is trivial because each element of the
semigroup is idempotent. However this implies that W has a natural structure as
a semi-lattice. Furthermore, the Riesz Decomposition Property for W ensures that
the semi- lattice is distributive.



4 1 Introduction

As we shall see later, one of the useful properties of W is that it can sometimes
be used to replace problems about factors by problems about commutative algebras
[144].

To each monotone complete C�-algebra we can associate a spectroid invariant,
@A [144]. Just as a spectrum is a set which encodes information about an operator, a
spectroid encodes information about a monotone complete C�-algebra. It turns out
that if wA D wB then A and B have the same spectroid. So the spectroid may be
used as a tool for classifying elements of W .

Kaplansky wished to capture the algebraic essence of von Neumann algebras
and to do it, introduced AW�-algebras [90–92]. An AW�-algebra may be defined
as a unital C�-algebra in which every maximal abelian �-subalgebra is monotone
complete [146]. Every monotone complete C�-algebra is easily seen to be an
AW�-algebra. Nobody has ever seen an AW�-algebra which is NOT monotone
complete. It is strongly suspected that EVERY AW�-algebra is monotone complete.
But in full generality this is a difficult open problem. But many positive results are
known. In particular, all “small” AW�-factors are known to be monotone complete.
Since our interest is strongly focused on small C�-algebras we shall postpone
a discussion of AW�-algebras until Chap. 8. (But this can be read now, without
working through all the earlier chapters.) They will appear on our list of open
problems, some of which have been unsolved for over 60 years. For a scholarly
account of the classical theory of AW�-algebras the reader may consult [13].

Generic dynamics is used in an essential way in this book but we shall not
introduce this tool until Chap. 6. So some readers may prefer to turn immediately to
Chap. 2 and postpone reading the introduction to generic dynamics.

1.2 Generic Dynamics

An elegant account of generic dynamics was given by Weiss [165]; the term
occurred earlier in [157]. In these articles, the underlying framework is a countable
group of homeomorphisms acting on a complete separable metric space with no
isolated points (a perfect Polish space). The key result of [157] was a strong
uniqueness theorem. As a consequence, the wild factor discovered by Dyer [36]
and the factor found by Takenouchi [159] were shown to be isomorphic.

We devote a chapter to aspects of generic dynamics useful for monotone
complete C�-algebra theory, including some recent discoveries [145]. This is an
elementary exposition. In this book, generic dynamics is only developed as far as we
need it for applications to C�-algebras. But this does require us to consider generic
dynamics on compact non-metrisable separable spaces; a topic which has been little
explored and gives rise to interesting open questions.

Let G be a countable group. Unless we specify otherwise, G will always be
assumed to be infinite. Let X be a Hausdorff topological space with no isolated
points. Further suppose that X is a Baire space i.e. such that the only meagre open
set is the empty set. In other words, the Baire Category Theorem holds for X. We
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shall also suppose that X is completely regular. (These conditions are satisfied if X is
compact or homeomorphic to a complete separable metric space or, more generally,
a Gı-subset of a compact Hausdorff space or is the extreme boundary of a compact
convex set in a locally convex Hausdorff topological vector space.) A subset Y of X
is said to be generic if XnY is meagre.

Let " be an action of G on X as homeomorphisms of X.
In classical dynamics we would require the existence of a Borel measure on

X which was G-invariant or quasi-invariant, and discard null sets. In topological
dynamics, no measure is required and no sets are discarded. In generic dynamics,
we discard meagre Borel sets.

We shall concentrate on the situation where, for some x0 2 X, the orbit f"g.x0/ W
g 2 Gg is dense in X. Of course this cannot happen unless X is separable. (A
topological space is separable if it has a countable dense subset. This is a weaker
property than having a countable base.) Let S be the Stone space of the (complete)
Boolean algebra of regular open sets of X. Then, see below, the action " of G on
X induces an action O" of G as homeomorphisms of S; which will also have a dense
orbit.

When, as in [165] and [157], X is a perfect Polish space, then S is unique; it can
be identified with the Stone space of the regular open sets of R. But if we let X range
over all separable compact subspaces of the separable space, 2R, then we obtain 2c

essentially different S; where S is compact, separable and extremally disconnected.
For each such S, C.S/ is a subalgebra of `1.

Let E be the relation of orbit equivalence on S. That is, sEt, if, for some group
element g, O"g.s/ D t. Then we can construct a monotone complete C�-algebra ME

from the orbit equivalence relation. When there is a free dense orbit, the algebra
will be a factor with a maximal abelian �-subalgebra, A, which is isomorphic to
C.S/. There is always a faithful, normal, conditional expectation from ME onto A.
It can be shown that wME D wA. So some classification questions about factors
can be replaced by questions about commutative algebras. When E and F are
orbit equivalence relations which coincide on a dense Gı-subset of S then ME is
isomorphic to MF.

For f 2 C.S/, let �g. f / D f ı O"g�1 . Then g 7! �g is an action of G as
automorphisms of C.S/. Then we can associate a monotone complete C�-algebra
M.C.S/;G/, the monotone cross-product with this action (see Chap. 7). When the
action O" is free, then M.C.S/;G/ is naturally isomorphic to ME. In other words, the
monotone cross-product does not depend on the group, only on the orbit equivalence
relation.

In this book we shall consider 2c algebras C.S/. Each is a subalgebra of `1
and each takes different values in the weight semigroup W . (Here c D 2@0 , the
cardinality of R.)

For general S there is no uniqueness theorem but we do show the following. Let
G be a countably infinite group. Let ˛ be an action of G as homeomorphisms of S
and suppose this action has at least one orbit which is dense and free. Then, modulo
meagre sets, the orbit equivalence relation obtained can also be obtained by an action
of
L

Z2 as homeomorphisms of S. This should be contrasted with the situation in



6 1 Introduction

classical dynamics. (e.g. It is shown in [31] that any action by an amenable group is
orbit equivalent to an action of Z. But, in general, non-amenable groups give rise to
orbit equivalence relations which do not come from actions of Z.)

On each of 2c, essentially different, compact extremally disconnected spaces
we construct a natural action of

L
Z2 with a free, dense orbit. Let ƒ be a set of

cardinality 2c, where c D 2@0 . Then by applying generic dynamics, as in [144],
we can find a family of monotone complete C�-algebras fB� W � 2 ƒg with
the following properties. Each B� is a monotone complete factor of Type III, and
also a small C�-algebra. For � ¤ �, B� and B� have different spectroids and so
wB� ¤ wB� and, in particular, B� is not isomorphic to B�. Furthermore each B� is
generated by an increasing sequence of full matrix algebras.



Chapter 2
Order Fundamentals

This chapter presents basic material which will be needed later. Among the topics
discussed are order limits, monotone �-complete C�-algebras and commutative
algebras.

Our aim is to present an account of monotone complete C�-algebras which can
be followed without requiring the reader to constantly look up results elsewhere. So,
particularly in this first chapter, we give proofs of some basic results which appear
in standard texts. We shall also state a number of results without proof but with an
indication of where proofs can be found.

The books [161] and [121] are our sources for much of the canonical theory of
C�-algebras; we have used their guidance for some basic results. There are many
other excellent books in this area, an interesting recent example is [15] as well as
the classic [34]. An elegant succinct introduction to operator algebras is to be found
in [67].

In the 80 years of its development, operator algebra theory has woven together
the thoughts of many brilliant contributors. In such a vast subject it is no longer
practical to keep track of every individual contribution. If we fail to attribute results
to their original discoverers this is not a slight, not an insult, but evidence of how
fundamentally enmeshed in the general theory their work has become. In particular,
none of the results are claimed as our own unless we specifically say so.

The first three sections of this chapter are “Order structures and order conver-
gence”, “Monotone �-complete C�-algebras” and “Commutative algebras”. They
are basic to all that follows. The final section, “Matrix algebras over a monotone
complete C�-algebra”, is not needed until the later chapters.

© Springer-Verlag London 2015
K. Saitô, J.D.M. Wright, Monotone Complete C*-algebras and Generic Dynamics,
Springer Monographs in Mathematics, DOI 10.1007/978-1-4471-6775-4_2
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8 2 Order Fundamentals

2.1 Order Structures and Order Convergence

We are familiar with the fact that a bounded set of real numbers has a least upper
bound. Let P be a partially ordered set and S a subset of P. An upper bound for S
is an x 2 P such that a � x for each a 2 S. We call y a least upper bound for S if
y is an upper bound for S and, whenever x is an upper bound for S, then y � x. If
a least upper bound exists then it is unique. Lower bound and greatest lower bound
are defined analogously. We shall also use “supremum” and “least upper bound”
interchangeably; they mean the same. Similarly with “infimum” and “greatest lower
bound”. If, for each x; y in P the set fx; yg has a supremum and an infimum then P
is a lattice.

When S � P and S has a supremum s, we write s D supS or s D W
S. Both these

notations are in common use and we shall make use of both of them.
We recall that S is upward directed if a 2 S and b 2 S implies there exists c 2 S

such that a � c and b � c. (Downward directed is defined similarly.)
Let A be any C�-algebra (not necessarily with a unit element) and let Asa be

the (real) Banach space of self-adjoint elements of A. We recall that the positive
elements of A are, by definition, those of the form zz�. Let AC be the set of all
positive elements of A. Then AC is a cone, that is, if x and y are in AC and if � and
� are in R

C then �x C �y is in AC. This cone AC is closed in the norm topology.
Furthermore, AC \ �AC D f0g and Asa D AC � AC. So we can define a partial
ordering on Asa by x � y precisely when x � y 2 AC. (We also use y � x to mean
x � y.) Then with this partial ordering, Asa is a partially ordered Banach space with
the real numbers as scalars.

Let us put A D C.T/, the algebra of complex valued continuous functions on a
compact Hausdorff space T. Then Asa can be identified with CR.T/, the real valued
continuous functions. Then f � g if f .t/ � g.t/ for each t 2 T. It is easy to see that
this ordering makes Asa into a lattice.

In fact this lattice property is equivalent to commutativity. Given a C�-algebra A,
Sherman’s Theorem [152] tells us that Asa is a (vector) lattice if, and only if, A is
commutative. A striking theorem of Kadison [81] tells us that L.H/ is an anti-lattice.
That is, given x; y 2 L.H/sa, the pair fx; yg does not have a supremum unless x � y or
y � x. For these, and more general results, see [9, 29]. At first sight Kadison’s result
seems puzzling, since we know the projections in L.H/ form a lattice, with respect
to the partial ordering induced by �. But this apparent paradox is easily resolved.
Given projections p and q in L.H/ the set of projections above both of them has a
smallest element; but, in general, the set of all self-adjoint elements above both of
them does not have a smallest element.

Whenever J is a closed ideal of A then JC is a hereditary cone in AC, in other
words, if x 2 A, 0 � x � b and b 2 JC then x 2 JC. (Our main reference for the
basic theory of C�-algebras is Takesaki [161] but see, also, Pedersen [121] for his
elegant account of order properties in C�-algebras.)
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Let U be a subset of Asa. Then U is a norm bounded, upward directed set if and
only if �U D f�a W a 2 Ug is a norm bounded, downward directed set. Furthermore
U has a least upper bound x if, and only if, x � U D fx � y W y 2 Ug has infimum 0.

If .an/ is a monotone increasing sequence in Asa then, clearly, fan W n D 1; 2 : : :g
is an upward directed set; when this directed set has a supremum a we say that
the sequence has supremum a. Similarly, a monotone decreasing sequence .bn/ has
infimum b, when the downward directed set fbn W n D 1; 2 : : :g has infimum b.

As well as sequences we shall also make use of nets, see below.
The set ft 2 R W t < 1g is an upper bounded set of real numbers but it is not

bounded. In general, given an upper bounded set U in A we can pick y0 2 U and
define U0 D fy 2 U W y � y0g. Then U0 is norm bounded.

If U is upward directed then U0 has the same set of upper bounds as U. But if U
is not upward directed then this need not be true. (For a trivial example, recall that
L.H/ is an anti-lattice. So we can find self-adjoint a and b for which fa; bg has no
supremum. Put U D fa; bg and U0 D fy 2 U W y � bg D fbg.)

Definition 2.1.1 A C�-algebra A is monotone complete if each norm bounded,
upward directed subset of Asa has a least upper bound.

By using the map a 7! �a it is easy to see that A is monotone complete if each
norm bounded, downward directed subset of Asa has a greatest lower bound.

Definition 2.1.2 A C�-algebra A is monotone �-complete if each norm bounded,
monotone increasing sequence has a least upper bound.

It is immediate that A is monotone �-complete if each norm bounded, monotone
decreasing sequence has a greatest lower bound.

We shall see, later, that all monotone complete C�-algebras have a unit element.
This is not true for monotone �-complete C�-algebras. However, suppose that A is
monotone �-complete and does not posses a unit. Then A1 the algebra formed by
adjoining a unit, will be shown to be monotone �-complete.

When working with C�-algebras things go much more smoothly when they
possess a unit. But, particularly for dealing with ideals, we need to extend parts
of the theory to the non-unital situation. Most of the (minor) contortions which this
requires are dealt with in this chapter.

Let A be monotone (�-)complete and let T be a Hausdorff topology for A. Let us
call T sequentially order compatible if, whenever .an/ is a norm bounded, monotone
increasing sequence with least upper bound a, then an ! a in the T -topology. In
L.H/ the strong operator topology is sequentially order compatible. When A is any
von Neumann algebra, with predual A�, then the �.A;A�/ topology is (sequentially)
order compatible. Does every monotone complete C�-algebra have a Hausdorff,
locally convex vector space topology which is sequentially order compatible? If the
answer were “yes” we could replace order considerations by topological arguments.
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But the answer is “no”. There are commutative counter examples:

Example 2.1.3

(a) Let BŒ0; 1� be the space of all bounded Borel measurable, complex valued
functions on the unit interval. Let M be the set of all f in BŒ0; 1� for which
f� 2 Œ0; 1� W f .�/ ¤ 0g is a meagre set. Then, when the algebraic operations
are defined pointwise and BŒ0; 1� is equipped with the supremum norm, it is a
commutative C�-algebra. Also M is a closed ideal and the quotient BŒ0; 1�=M
will be shown to be monotone complete in Chap. 4. We have already remarked,
and will prove later, that this algebra has no normal states. It is known that if T
is a Hausdorff, locally convex vector space topology for BŒ0; 1�=M then T is not
sequentially order compatible. This follows from [44] because this work shows
that if BŒ0; 1�=M is equipped with a Hausdorff topology S which is sequentially
order compatible then the map .x; y/ 7! x � y is not jointly continuous. Hence
such an S cannot be a locally convex vector topology. However, as we shall see
later, the Wright Representation Theorem [171] does show that each monotone
�-complete C�-algebra is the quotient of a monotone �-complete C�-algebra
which does posses a sequentially order compatible topology. This is illustrated
by the above example.

(b) Let Bnd.R/ be the commutative C�-algebra of all bounded complex valued
functions on R. Let J be the ideal consisting of all f 2 Bnd.R/ for which
fr 2 R W f .r/ ¤ 0g is a countable set. Then J is monotone �-complete. It is not
monotone complete and does not possess a unit element.

(c) Let CŒ0; 1� be the C�-algebra of continuous complex valued functions on
the closed unit interval. Then this algebra is neither monotone complete nor
monotone �-complete. Now let U be the set of all f 2 CŒ0; 1� such that f is
real valued, f .0/ D 0 and 0 � f .�/ < 1 for each � 2 Œ0; 1�. Then U is upward
directed and the function with the constant value 1 is the least upper bound of
U in CŒ0; 1�. We have jj f � 1jj D 1 for each f 2 U. So there does not exist a
sequence in U which converges in norm to the least upper bound of U.

When A is not assumed to be monotone complete it may still have some norm
bounded, downward directed subset which has a greatest lower bound e.g. in
Example 2.1.3(c) put D D f1 � f W f 2 Ug. Then D has 0 as its greatest lower
bound.

When A is a C�-algebra without a unit, we define A1 to be the algebra formed by
adjoining a unit. Then A is a maximal ideal of A1. When A does have a unit we put
A1 D A.

In the rest of this section A is a C�-algebra which is not assumed to possess a
unit and is not required to be monotone complete, unless this is stated explicitly.

Notation 2.1.4 In an algebra A we use: “.an/ " a” as an abbreviation for: .an/

is a monotone increasing sequence in Asa with least upper bound a in Asa. We also
use .xn/ # x to indicate that .xn/ is a monotone decreasing sequence in Asa with
infimum x in Asa. When we write “.an/ "” that will mean that the sequence is
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monotone increasing. We shall also use a similar notation for sequences in more
general partially ordered sets.

We shall sometimes find it convenient to abuse our notation, mildly, by referring
to a monotonic sequence or directed set as being “in A” when “in Asa” would be
more correct; similarly we sometimes refer to a supremum or infimum as being
“in A”.

Lemma 2.1.5 Let A be any C�-algebra. Let .an/ " a and .bn/ " b. Then .anCbn/ "
a C b.

Proof Let x be an upper bound for .an C bn/. Then

ar C bm � arCm C brCm � x.

So ar � x � bm. Fix m. Then x � bm is an upper bound for .ar/. Thus a � x � bm.
So, for all m, bm � x � a. Hence b � x � a. It now follows that a C b is the least

upper bound of .an C bn/. ut
Let ƒ be a directed set. Let .a� W � 2 ƒ/ be a net in Asa. Then the net is

increasing if � � � implies a� � a�. We say the net has least upper bound a when
its range fa� W � 2 ƒg has a least upper bound a. It is clear that when .a� W � 2 ƒ/ is
increasing then fa� W � 2 ƒg is an upward directed subset of Asa. Similarly the net is
decreasing if � � � implies a� � a� and it has infimum b if its range fa� W � 2 ƒg
has infimum b. When D is a downward directed set in Asa then .d W d 2 D/ is a
decreasing net.

Lemma 2.1.6

(i) Let .a� W � 2 ƒ/ be an increasing net in Asa with least upper bound a and
.b� W � 2 ƒ/ an increasing net in Asa with least upper bound b. Then .a�C b� W
� 2 ƒ/ is an increasing net in Asa with least upper bound a C b.

(ii) Let .x� W � 2 ƒ/ be a decreasing net in Asa with infimum x and .y� W � 2 ƒ/ a
decreasing net in Asa with infimum y. Then .x� C y� W � 2 ƒ/ is a decreasing
net in Asa with infimum x C y.

Proof

(i) This is a straightforward modification of the proof of Lemma 2.1.5.
(ii) Put x� D �a� and y� D �b� and apply (i). ut
Lemma 2.1.7 Let A be any C�-algebra. Let .xn/ be a monotone increasing
sequence in Asa. Suppose this sequence converges in norm to x. Then the sequence
has a supremum and this supremum is x.

Proof For m � n, xm � xn � 0. Because the positive cone is closed in the norm
topology,

x � xn D limm!1.xm � xn/ � 0.
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Let b be an upper bound for the sequence. Then b � x D limn!1.b � xn/ � 0. So x
is the least upper bound of the sequence. ut

The converse of this lemma is, of course, false. To see this, first take a separable,
infinite dimensional, Hilbert space H. Then, in L.H/, take a monotone increasing
sequence of finite rank projections converging to 1H (the identity operator on H)
in the strong operator topology. Then the sequence has 1H as its supremum but the
sequence is certainly not convergent in norm.

Corollary 2.1.8 Let T be a Hausdorff locally convex vector topology for Asa such
that AC is closed in the T topology. Let .x� W � 2 ƒ/ be an increasing net in Asa

such that .x� W � 2 ƒ/ converges in the T topology to x. Then x is the least upper
bound of fx� W � 2 ƒg.

Proof Straightforward modification of the proof of the preceding lemma. ut
We shall see that if S is an upward directed set in Asa with supremum s, then, for

any z in A, zSz� is upward directed with supremum zsz�. We also obtain a weaker,
but useful, result which can be used when S is not a directed set.

We call a subset S � Asa order bounded in A if there exist a and b in Asa such
that

a � x � b

for each x in S. Clearly an order bounded set is bounded in norm. When A is unital,
norm bounded sets are order bounded. But when A is not unital, norm bounded
sets need not be order bounded. For example, let A be the compact operators on
a separable, infinite dimensional Hilbert space and take S to be the self-adjoint
(compact) operators in the unit ball of A.

In the following lemma, there is no requirement that S be a directed set. Part of
the proof is based on [61].

Lemma 2.1.9 Let J be a (closed two sided) ideal in A. Let S be a norm bounded
subset of Jsa with least upper bound s in J. If z 2 A1 is invertible then zSz� is a norm
bounded subset of J with least upper bound zsz� in J. Furthermore, if S is order
bounded in Jsa, and c 2 JC then cSc has supremum csc in JC.

Proof We observe that J is a closed ideal of A1.
Let L D s � S D fs � y W y 2 Sg. Then L is a subset of JC which is bounded in

norm and has infimum 0. Since J is an ideal, zLz� is a subset of J. We show that, in
J, zLz� has an infimum and that this infimum is 0.

Since a 7! a� is an anti-automorphism of A1, z� is invertible and .z�1/� D
.z�/�1. The map Tz defined by Tz.x/ D zxz� for x 2 A is an order-isomorphism of
Asa onto itself with Tz

�1 D Tz�1 and Tz.J/ D J. Hence zLz� has infimum 0.
Now suppose S is order bounded in Jsa. Then there exists a 2 Jsa which is an

upper bound for L. Let d be any element of L. So, there exists a 2 Jsa such that
d � a for all d 2 L.
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Then

d2 � jjdjjd � jjdjja � jjajja.

Let c 2 JC. We shall show that cLc has an infimum in J and that this infimum is 0.
Let x 2 J be a lower bound for cLc and let d be any element of L. So x � cdc.
Let " be a positive real number. Then

.c C "1/d.c C "1/ D cdc C ".cd C dc/C "2d

D cdc C "..c C d/.c C d/� � c2 � d2/C "2d

� cdc � ".c2 C d2/

� x � ".c2 C kaka/ 2 Jsa.

Hence it follows that

d � .c C "1/�1.x � "c2 � "kaka/.c C "1/�1 in Jsa

for all d 2 L. So, we have

0 � x � "c2 � "kaka

for all " and so 0 � x follows. So, csc D sup cSc in Jsa. ut
Proposition 2.1.10 Let J be a (closed two sided) ideal in A. Let S be an upward
directed subset of Jsa with least upper bound s in J. Then, for any z 2 A1, we have
zSz� is an upward directed subset of J with least upper bound zsz� in J.

Proof Let a0 2 S then S0 D fa 2 S W a � a0g is upward directed, order bounded
and with supremum s. So, without loss of generality, we may assume that S is order
bounded in Jsa. We use the same notation as in the preceding lemma.

Let L D s � S D fs � y W y 2 Sg. Then L is a subset of JC which is downward
directed with infimum 0. It suffices to show that, in J, zLz� has an infimum and that
this infimum is 0.

We may assume that z ¤ 0 for otherwise there is nothing to prove. Let x D z C
2jjzjj and y D z�2jjzjj. Then x and y are invertible elements of A1. By the preceding
lemma, xLx and yLy both have infimum 0. We shall show that .x C y/L .x C y/� also
has infimum 0. To see this, we argue as follows.

For any f and g in A we find, by expanding . f � g/. f � g/�, that fg� C gf � �
ff � C gg�.

Let d 2 L. Put f D xd1=2 and g D yd1=2. Then xdy� C ydx� � xdx� C ydy�. So
.x C y/d.x C y/� � 2xdx� C 2ydy�.

Let c be any lower bound for .x C y/L.x C y/�. Then c � 2xdx� C 2ydy� for
every d 2 L.
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In Lemma 2.1.6 (ii) put ƒ D L and consider the nets .2xdx� W d 2 L/ and
.2ydy� W d 2 L/. Then .2xdx� C 2ydy� W d 2 L/ has infimum 0. So c � 0. Hence
zLz�has infimum 0 and so zSz� has supremum zsz�. ut

Suppose A does not possess a unit. Let S be an upward directed set with
supremum s. When S is regarded as a subset of A1does it still have a supremum
in A1sa and, if it does, is it s? Fortunately the answer is “yes”. See the proposition
below.

In contrast to this result, an upward directed set in Asa may have a supremum in
A1sa but fail to have a supremum in Asa. To see this, let H be a separable, infinite-
dimensional, Hilbert space. Let A be the algebra of compact operators on H. Then
take an increasing sequence of finite rank projections converging (in the strong
operator topology) to 1, the identity operator on H. This sequence has no supremum
in A but, in A1, it has 1 as its supremum.

Proposition 2.1.11 Let A be a C�-algebra without a unit element. Let S be an
upward directed set in Asa with supremum s in Asa. Then S has supremum s in A1.

Proof Because A is a closed ideal in A1 the quotient map q W A1 7! A1=A is a
�-homomorphism and hence a positive map.

Let a C �1 be any upper bound for S in A1, where a 2 A. Since q maps each
element of A to zero, it follows that � � 0.

For any z 2 A, since A is an ideal of A1, z.a C �1/z� is an upper bound for zSz�
in A. So

zsz� � z.a C �1/z� � zaz� C �jjzjj21.

Now let .z˛/ be an approximate unit for A. Then z˛sz�̨ � z˛az�̨ C �1. Also jjz˛.a �
s/z�̨ � .a � s/jj ! 0. Since the positive cone of A1 is closed in the norm topology it
follows that 0 � a � s C �1. That is, s � a C �1. ut
Corollary 2.1.12 Let A be monotone �-complete. Let .an/ " a. Let jjanjj � 1 and
an � 0 for each n. Then jjajj � 1.

Proof In A1, the unit 1 is an upper bound for the sequence. So, from the proposition,
a � 1. ut
Lemma 2.1.13 Let � be a positive linear functional on a C�-algebra A. Then � is
a bounded linear functional.

Proof Let AC
1 D fa 2 AC W jjajj � 1g. It suffices to show � is bounded on AC

1 .
Suppose this is false. Then for each n there is an in AC

1 such that n2n < �.an/.
Using norm convergence, let a D P1

1
1
2n an. Then, for each n,

n � �.
1

2n
an/ � �.a/.

This is impossible. ut
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Let � be a positive linear functional on a C�-algebra. Then � is said to be faithful
if x � 0 and �.x/ D 0 implies x D 0.

Theorem 2.1.14 Let A be a monotone �-complete C�-algebra. Let � be a faithful,
positive linear functional on A. Then A is monotone complete. In particular, let D be
an upward directed, norm bounded set in Asa. Then there is a monotone increasing
sequence in D whose supremum is the supremum of D.

Proof It suffices to prove this when D is a subset of AC
1 , the intersection of the

closed unit ball with the cone of positive elements.
Let D be the set of all x 2 AC

1 for which there is a monotone increasing sequence
in D with x as its supremum.

Since D is upward directed, it is easy to see that D is also upward directed. Let
.dn/ be any sequence in D. Then, for each n we have .x.n/r / " dn where each x.n/r is
in D. Since D is upward directed we can find a monotone increasing sequence in D,
.yn/ such that yn � x.k/r for n � k and n � r.

Let .yn/ " d. Then d 2 D and d � x.k/r for all r and all k. So d � dn for all n.
By the preceding lemma, � is bounded. Let � D supf�.y/ W y 2 Dg. For each n

let dn 2 D such that �.dn/ � � � 1=n. Then there exists d 2 D with �.d/ � �. So
�.d/ D �.

Now let b 2 D. Then, because the set is upward directed, we can find c 2 D such
that c � b and c � d. Thus � � �.c/ � �.d/ D �. So �.c � d/ D 0. Since � is
faithful, c D d. So d � b. So d is an upper bound for D. Since d is the least upper
bound of an increasing sequence from D, it is the least upper bound of D. ut
Proposition 2.1.15 Let A be monotone complete. Then A has a unit element.

Proof Let 	 D fa 2 AC W jjajj < 1g. Then, see p.11 [121], 	 is upward directed
and an approximate unit. Since it is norm bounded it has a supremum e in A. Then
0 � e. By Proposition 2.1.11 e � 1 in A1. So kek � 1. By spectral theory e2 � e.
So z�e2z � z�ez � z�z for all z 2 A.

Let x 2 Asa. Since 	 is an approximate unit, and since

jjx2 � xaxjj � jjxjjjjx � axjj

it follows that the net .jjx2 � xaxjj W a 2 	/ converges to 0. So the net .xax W a 2 	/
converges in the norm topology to x2

But, by Proposition 2.1.10, xex is the least upper bound of x	x. So, by
Lemma 2.1.7, xex D x2.

So we have

0 � .x � ex/�.x � ex/ D x2 � xex � xex C xe2x

D �x2 C xe2x � �x2 C xex D 0

which implies that kx � exk2 D 0, that is, x D ex. Taking adjoints gives x D xe. So,
e is a unit element of A. ut



16 2 Order Fundamentals

It is convenient to define an “order limit” for sequences which are not monotonic.
In fact, there are at least two useful notions of order limit. For our current purposes
we shall use the Kadison-Pedersen limit [86]. We shall use sequences but everything
can easily be generalised to nets.

To show that our definition makes sense we need the following lemma.

Lemma 2.1.16 Let A be any C�-algebra. Let .an/ " a; .bn/ " b; .cn/ " c and
.dn/ " d. Suppose that an � bn D cn � dn. Then a � b D c � d.

Proof We have an C dn D cn C bn. By Lemma 2.1.5 we have .an C dn/ " a C d and
similarly .cn C bn/ " c C b. Thus a C d D c C b. ut
Definition 2.1.17 Let A be any C�-algebra. Let .xn/ be a sequence in Asa. If xn D
an � bn where .an/ " a and .bn/ " b; then we define LIMxn D a � b and say that
the order limit of .xn/ is a � b. When A is contained in a larger algebra we shall
sometimes say .xn/ order converges to a � b in A and write

LIMAxn D a � b.

It follows from Example 2.1.3 (a) that, in general, order limits do not correspond
to convergence with respect to some locally convex vector topology for A. But part
(iv) of the following lemma does say that the positive cone of A is “closed” with
respect to order limits.

Lemma 2.1.18 Let A be any C�-algebra. Let .xn/ and .yn/ be sequences in Asa such
that LIMxn D x and LIMyn D y. Let � be any real number. Then

(i) LIM�xn D �LIMxn.
(ii) LIM.xn C yn/ D LIMxn C LIMyn.

(iii) For any z 2 A1 we have LIMzxnz� D z.LIMxn/z�.
(iv) If xn � 0 for each n then LIMxn � 0.

Proof Let xn D an � bn where .an/ " a and .bn/ " b.

(i) It is immediate that LIM.�xn/ D b � a D �LIMxn. For � ¤ 0 the map
x ! j�jx is an order isomorphism of Asa. So .j�jan/ " j�ja and .j�jbn/ " j�jb.
Thus LIM�xn D �LIMxn.

(ii) Let yn D cn�dn where .cn/ " c and .dn/ " d. By Lemma 2.1.5 .anCcn/ " aCc
and .bn C dn/ " b C d. So LIM.xn C yn/ D a C c � b � d D LIMxn C LIMyn.

(iii) We have zxnz� D zanz� � zbnz�. By Proposition 2.1.10 zanz� " zaz� and
zbnz� " zbz�. Since A is an ideal in A1, zaz� and zbz� are in A. So LIMzxnz� D
zaz� � zbz� D z.LIMxn/z�.

(iv) Finally, if xn � 0 then an � bn. So a � bn for all n. So a � b. Thus LIMxn D
a � b � 0. ut

Lemma 2.1.19 Let A be any C�-algebra. Let .xn/ be a sequence in Asa which has
an order limit x, that is LIMxn D x. If .xn/ also converges in the norm topology then
jjx � xnjj ! 0.
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Proof Let c be the limit, in the norm topology, of .xn/. Let yn D xn � c. Then jjynjj
! 0. It follows from Lemma 2.1.18 (ii) that LIMyn D x � c.

Let yn D an � bn where an " a and bn " b. Then, for any real number " > 0,
there is an m such that, when n � m,

jjan � bnjj < ":

So, in A1, we have �"1 � an � bn � "1. Thus an � b C "1.
By applying Proposition 2.1.11, we find a � b C "1.
Since this holds for each positive " it follows that a � b. Similarly we can show

b � a. So LIMyn D a � b D 0. So x D c. ut
In contrast to Lemma 2.1.7, we have NOT proved that jjxn � cjj ! 0 implies

LIMxn D c. But if we take a subsequence .xn. j// such that jjxn. j/ � cjj < 1
2j then this

subsequence is order convergent and LIMj!1xn. j/ D c.
(Let aj D xn. jC1/ � xn. j/. Then .

Pm
1 aC

j / and .
Pm

1 a�
j / are monotone increasing

and norm convergent.)
Let us recall that for any z 2 A, z D x C iy where x and y are self-adjoint. In

particular, x D 1=2.z C z�/ and y D 1=2i.z � z�/. We call x the real part of z and y
the imaginary part of z.

Definition 2.1.20 Let A be any C�-algebra. Let .zn/ be a sequence in A where xn

is the real part of zn and yn is the imaginary part of zn. We say that .zn/ is order
convergent if LIMxn and LIMyn both exist. We define LIMzn to be LIMxn C iLIMyn.

Lemma 2.1.21 Let A be any C�-algebra. Let .zn/ and .wn/ be sequences in A such
that LIMzn and LIMwn both exist. Then

(i) LIMz�
n D .LIMzn/

�
(ii) LIM.zn C wn/ D LIMzn C LIMwn.

(iii) For any complex number !, LIM!zn D !LIMzn.
(iv) When LIMzn D z and .zn/ converges in norm then jjzn � zjj ! 0.

Proof (i) is an immediate consequence of the definitions. So, also, is LIMizn D
iLIMzn.

Let ! D � C i�. Then, by applying (i) and (ii) from Lemma 2.1.18 we find
LIM!zn D !LIMzn.

By applying Lemma 2.1.18 again we get (ii).
For (iv) we observe that .z�

n / is also convergent in norm. So we may apply
Lemma 2.1.19 to the sequences . 1

2
.zn C z�

n // and . 1
2i .zn � z�

n //. ut
The following proposition is useful.

Proposition 2.1.22 Let A be any C�-algebra. Let .zn/ be a sequence in A which is
order convergent to z 2 A, that is LIMzn D z. Let w 2 A1. Then LIMwzn D wLIMzn,
where these order limits are in A.

Proof By linearity and Lemma 2.1.21, it suffices to prove this when .zn/ is
monotone increasing (with supremum LIMzn in A).
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For any z we have the following polarisation identity:

1

4

3X

kD0
ik.w C ik1/z.w C ik1/� D wz.

By Proposition 2.1.10

LIM.w C ik1/zn.w C ik1/� D .w C ik1/.LIMzn/.w C ik1/�.

By using the polarisation identity and the linearity results of Lemma 2.1.21 we find
LIMwzn D wLIMzn. ut
Corollary 2.1.23 Let A and .zn/ be as in the preceding proposition. Let w and v be
in A1. Then LIM.wznv

�/ D w.LIMzn/v
�.

Proof We have vLIMz�
n D LIMvz�

n . On taking adjoints .LIMzn/v
� D LIM.znv

�/.
Another application of the preceding proposition gives
w.LIMzn/v

� D LIM.wznv
�/. ut

Let A be any C�-algebra. Let ƒ be a directed set. Let .x� W � 2 ƒ/ be a net in
Asa. If x� D a� � b� where .a� W � 2 ƒ/ is an increasing net with supremum a and
.b� W � 2 ƒ/ is an increasing net with supremum b then .x� W � 2 ƒ/ is said to order
converge to a�b. We write LIMx� D a�b. Now consider a net .z� W � 2 ƒ/ in A. Let
z� D x� C iy� where x� and y� are self-adjoint. We define the order limit LIMz� to
be LIMx� C iLIMy� when LIMx� and LIMy� both exist. Then the preceding results
on order convergence of sequences are easily extended to nets. The results from
Lemma 2.1.16 to Corollary 2.1.23 were proved for sequences. From now onwards
we will make use of them for nets as freely as we do for sequences.

Incidentally, we may always suppose that an order convergent net is bounded in
norm. This follows from the observation that when .a� W � 2 ƒ/ is an increasing
net with supremum a we can fix �0 and work instead with .a� W � � �0/, which is
bounded in norm by jja�0 jj C jjajj.

The following technical lemma is sometimes needed.

Lemma 2.1.24 Let A be any C�-algebra. Let .x� W � 2 ƒ/ be an increasing net
with supremum x. Let y 2 Asa be such that x�yx� � 0 for each �. Then xyx � 0.

Proof We have

�xyx � x�yx� � xyx D .x � x�/y.x � x�/ � .x � x�/yx � xy.x � x�/.

We shall suppose the net to be bounded in norm by K. We have

.x � x�/y.x � x�/ � jjyjj.x � x�/
2 � jjyjjjjx � x�jj.x � x�/.

So

�xyx � .jjxjj C K/jjyjj.x � x�/� .x � x�/yx � xy.x � x�/.
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Since LIM.x � x�/ D 0 it follows that LIMw.x � x�/v� D 0 for any w and v in
A1. So, applying this to the above inequality, gives xyx � 0. ut

The following inequality will be used in a later section.

Lemma 2.1.25 Let A be any C�-algebra. Let b, z and d be in A with d self-adjoint
and z�z � b�b. Let 
 be a complex number of modulus 1. Then

jj.b C 
z/d2.b C 
z/�jj � 4jjdb�bdjj.

Proof We have

jj.bC
z/d2.bC
z/�jj D jjd.bC
z/�.bC
z/djj � 2jjd.b�bCz�z/djj � 4jjdb�bdjj.

ut

2.1.1 Operator Monotone

Operator monotone functions are often useful. We recall some basic information but
for more details see [121]. Let f be a continuous real valued function defined on an
interval of R. Then f is said to be operator monotone (increasing) if, for x and y in
Asa, 0 � x � y implies f .x/ � f .y/, whenever the spectra of x and y belong to the
interval of definition of f .

For " > 0 let f".t/ D .1C "t/�1t D 1
"
.1 � .1C "t/�1/ for t in the open interval

.�1=";1/. Then f" is operator monotone.
Let f .t/ D tˇ for t � 0. Then f is operator monotone for 0 < ˇ � 1. But NOT

operator monotone for ˇ > 1. In particular, if A is a C�-algebra such that whenever
0 � x � y then x2 � y2, it can be proved that the algebra must be commutative.

When A is unital, if x is positive and invertible and

0 � x � y

then 0 � y�1 � x�1. See [121].

2.1.2 Monotone Closed Subspaces

Let P be any partially ordered set and let C be a subset of P. Then C is a monotone
closed subset of P if it satisfies the following two conditions. First, whenever L is
an upward directed set in C which has a least upper bound b in P then b is in C.
Secondly, whenever D is a downward directed set in C which has an infimum b in
P then b is in C.
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We have a sequential version of this. We call C a monotone �-closed subset of P
if it satisfies the following conditions. First, whenever .bn/ " in C and .bn/ " b in
P, then b 2 C. Secondly, whenever .bn/ # in C and .bn/ # b in P, then b 2 C.

Now let S be any subset of P. The monotone closure of S in P is the
intersection of all monotone closed subsets of P which contain S. Similarly for
monotone �-closure.

Let A be any C�-algebra. Let us recall that a subset S � A is self-adjoint if
z 2 S implies z� 2 S. We call S a �-subspace of A (or equivalently, a self-adjoint
subspace) if it is a (complex) vector subspace of A and also self-adjoint. When S is
a �-subspace of A, let Ssa D S \ Asa then S D Ssa C iSsa.

Definition 2.1.26 Let A be any C�-algebra and let V be a �-subspace of A. Then V
is a monotone closed subspace of A if, Vsa is a monotone closed subspace of Asa.

This definition makes sense for any A but if A is monotone complete then, clearly,
a monotone closed subalgebra will also be monotone complete.

The sequential version of this is as follows.

Definition 2.1.27 Let A be any C�-algebra and let V be a �-subspace of A. Then V
is a monotone �-closed subspace of A if, Vsa is a monotone �-closed subspace of
Asa.

The following exercises help clarify some points concerning monotone
(�-) closures. They also introduce a technique which is frequently useful. When
there is no risk of ambiguity, we abbreviate monotone �-closure to �-closure.

Exercise 2.1.28 Let B be a monotone �-complete algebra and A a self-adjoint
subspace of B. Show there exists a smallest �-closed subset of Bsa which contains
Asa. Let V be this set. Show that V is a (real) vector subspace of Bsa.

Hint:

(i) Let V be the intersection of all monotone �-closed subsets of Bsa which contain
Asa. Show V is �-closed.

(ii) Fix a 2 Asa. Let Wa D fx 2 V W a C x 2 Vg. Show Wa is �-closed and contains
Asa.

(iii) Deduce from (ii) that Asa C V � V .
(iv) Fix b 2 Bsa. Let W D fy 2 V W y C b 2 Vg. Deduce from (iii) that Asa � W.
(v) From (i), deduce that V D V \ .�V/.

(vi) Let r be a strictly positive real number. Show rV is �-closed.

Exercise 2.1.29 Let B be a monotone complete algebra and A a self-adjoint
subspace of B. Show there exists a smallest monotone closed subset of Bsa which
contains Asa. Let V be this set. Show that V is a (real) vector subspace of Bsa.

The notion of a commutant is familiar from von Neumann algebra theory. For
our purposes we proceed as follows. Let A be a C�-algebra. As usual, when A is not
unital, A1 is the algebra formed by adjoining a unit; when A does have a unit we put
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A1 D A. When S is a non-empty subset of A1, the commutant of S relative to A is

S0 \ A D fa 2 A W as D sa for all s 2 Sg.

When there is no risk of ambiguity, we shall use S0 instead of S0 \ A.

Proposition 2.1.30 Let A be any C�-algebra and S a self-adjoint subset of A. Then
S0 \ A is a monotone closed C�-subalgebra of A.

Proof Let B D S0 \ A. Then, because S is self-adjoint, it is straightforward to check
that B is a C�-subalgebra of A. Let C�.S; 1/ be the C�-subalgebra of A1 generated
by S and the unit element. Then

C�.S; 1/0 \ A D S0 \ A.

Let L be an upward directed set of self-adjoint elements of S0 \ A which has
supremum b in Asa. Let u be any unitary in C�.S; 1/. Then every x 2 L commutes
with u. So uxu� D x.

By Proposition 2.1.10, ubu� is the supremum, in Asa, of uLu�. But, uLu� D L. So
ubu� D b. Thus ub D bu. Since each element of C�.S; 1/ is the linear combination
of at most four unitaries, it follows that b 2 C�.S; 1/0 \ A D S0 \ A D B. So B is a
monotone closed subalgebra of A. ut
Corollary 2.1.31 We have S � S00 and S00 is a monotone closed subalgebra of A.

Corollary 2.1.32 When C is any abelian �-subalgebra of A then C00 is abelian with
C � C00. When C is a maximal abelian �-subalgebra of A then C D C00 and C is a
monotone closed C�-subalgebra of A.

Proof Let y and z be in C00. Because C is abelian C � C0. So, for each x in C,
xy D yx. Hence y 2 C0. So y commutes with z. Thus C00 is abelian.

If C is maximal abelian it follows that C D C00. By applying Proposition 2.1.30
to C0 we see that C is a monotone closed subalgebra of A. ut

2.1.3 Regular Subalgebras and Subspaces

Let B be a C�-algebra and A a closed �-subalgebra. Also let D be a downward
directed set of positive elements of A. Since B has more elements than A it is possible
for D to have an infimum in B but fail to have an infimum in A. But even if D does
have an infimum in A it may be different from the infimum in B.

Example 2.1.33 Let A D C.Œ0; 1�/ and let B be the algebra of all bounded (complex
valued) functions on Œ0; 1�. Now let D be the set of continuous real functions f ,
where 0 � f � 1 and f .1/ D 1. Then D is downward directed and, in Asa, it has a
greatest lower bound; the function which takes the constant value 0. But in B, D has
a different greatest lower bound. It is d where d.1/ D 1 and d.t/ D 0 for 0 � t < 1.



22 2 Order Fundamentals

We will be particularly interested in embeddings where this misbehaviour does
not occur.

Definition 2.1.34 Let W be a partially ordered (real) vector space and V a subspace.
Then V is a regular subspace of W if, for each b 2 W, the set

L.b/ D fa 2 V W a � bg

has least upper bound b in W. When this condition is satisfied, by multiplying by
�1 we find that for each b 2 W, the set

U.b/ D fa 2 V W b � ag

has greatest lower bound b in W. When A and B are C�-algebras, with A a �-
subalgebra of B, and Asa is a regular subspace of Bsa then we call A a regular
subalgebra of B.

Proposition 2.1.35 Let W be a partially ordered (real) vector space and V a
regular subspace. Let D be a subset of V with infimum d in V. Then D has infimum
d in W.

Proof Let b 2 W be a lower bound of D. When a 2 L.b/ then a is a lower bound,
in V , for D. So a � d. Thus d is an upper bound of L.b/. So b � d because V is a
regular subspace of W. Thus d is the greatest lower bound of D in W. ut

The following technical lemma will be useful later. The proof is based on [61].

Lemma 2.1.36 Let B be a unital C�-algebra. Let A be a regular subalgebra of B
with the unit of B in A. For each y 2 Bsa let L.y/ D fa 2 Asa W a � yg. Then L.y/ is
not bounded below and cannot be assumed to be upward directed. But L.y/ contains
a bounded subset which also has supremum y.

Proof Let us observe that, in any unital C�-algebra, z is positive and invertible if,
and only if, there is a positive real number " such that z � "1. By spectral theory,
when this occurs z�1 is positive.

First suppose that y is positive and invertible. Let

L0 D fa�1 2 Asa W a � y�1g.

Since a � y�1 implies a�1 � y, we see that L0 � L.y/. Also L0 � AC
sa. So L0 is

bounded. Let w 2 Bsa be an upper bound of L0. Then w�1 � a for each a in U.y�1/.
Since A is a regular subalgebra of B, we have w�1 � y�1. Thus y � w. So L0 has the
same least upper bound, in B, as L.y/.

Now let x 2 Bsa. Then, for some real number �, x C�1 is positive and invertible.
So there exists L0 � L.x C �1/ where L0 is bounded and has supremum x C �1.
Then L0 � �1 is a bounded subset of L.x/ whose supremum is x. ut



2.1 Order Structures and Order Convergence 23

Definition 2.1.37 Let A be a unital C�-algebra. A regular �-completion of A is a
pair .B; j/ where B is a monotone �-complete unital C�-algebra and j is a unital
�-isomorphism of A into B with the following properties. First, jŒA� is a regular
subalgebra of B. Secondly, B is �-generated by jŒA� that is, B is the smallest
monotone �-closed subset of B which contains jŒA�.

In the above definition it would seem natural to put “�-closed subspace of B”
instead of “�-closed subset of B”. But, by Exercise 2.1.28, this would make no
difference.

If, in Definition 2.1.37, B is monotone complete and B is monotone generated by
jŒA� then . j;B/ is said to be a regular completion of A.

For commutative algebras, the existence of regular (�-)completions is discussed
in Chap. 4. In fact, we can construct the regular �-completion of every C�-algebra,
see Chap. 5. This implies, in particular, that each “small” C�-algebra has a regular
completion. (“Small” has a technical meaning. This class is large enough to contain
most of the examples of primary interest to us. It contains some algebras which
are too big to be represented as C�-algebras on separable Hilbert spaces. See the
discussion in Chap. 5.) Hamana [61] extended the results of [173] by showing
that every C�-algebra has a regular completion by first constructing its injective
envelope. We shall discuss this in a later chapter. Incidentally, other �-completions
have been considered [172].

2.1.4 On `2-Summable Sequences

The following is straight forward, but will not be used until Sect. 5.8, so the reader
can postpone reading it until later. See also [92] and [63].

A family fa�g�2ƒ in A is `2-summable if
nP

�2F.ƒ/ a��a� W F 2 F.ƒ/
o

is

bounded in Asa, where F.ƒ/ is the class of all (non-empty) finite subsets of ƒ.

Lemma 2.1.38 Let A be a monotone �-complete unital C�-algebra and let .an/ and
.bn/ be `2-summable sequences in A. Then

LIM
X

n�1
bn

�an does exist in A.

Proof Let fxng and fyng be `2-summable sequences in A. Note that for any x, y 2 A,
.x C y/�.x C y/ � 2x�x C 2y�y and 4y�x D P3

jD0 i j.x C i jy/�.x C i jy/. Hence the
sequence fxn C i jyg is also `2-summable for each j and, since

4

nX

kD1
yk

�xk D
3X

jD0
i j.

nX

kD1
.xk C i jyk/

�.xk C i jyk//
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on putting an. j/ D Pn
kD1.xk C i jyk/

�.xk C i jyk/ for each n and j, each .an.j//.n D
1; 2; � � � / is a norm bounded increasing sequence in Asa and so the sequence
.
Pn

kD1 yk
�xk/.n D 1; 2; � � � / converges to an order limit in A. The general case can

be shown similarly. ut
We shall sometimes write this limit as LIMn!1

Pn
kD1 yk

�xk D P1
nD1 yn

�xn.

Corollary 2.1.39 Let A be a monotone complete C�-algebra and let fa�g�2ƒ and
fb�g�2ƒ be `2-summable families in A. Then

LIMF2F.ƒ/

X

�2F

b�
�a� does exist in A.

Proof In the proof of Lemma 2.1.38, replace sequences by nets. ut

2.2 Monotone � -Complete C�-Algebras

In this section we discuss some basic properties of monotone �-complete C�-
algebras. We shall begin by considering projections and use them to derive a polar
decomposition theorem and also to show that when A is monotone �-complete then
so, also, is A1. We shall consider homomorphisms and �-ideals and formulate a
fundamental representation theorem. Of course every monotone complete algebra
is �-complete. We saw in Sect. 2.1 that when a monotone �-complete algebra has a
faithful state then it is monotone complete.

We shall see later that the classical type theory of von Neumann algebras
can readily be extended to monotone complete algebras. We shall also give a
classification theory for monotone complete algebras which is totally different from
the von Neumann theory.

Recall that we can embed a non-unital C�-algebra A in the unification A1 as
a closed two-sided ideal. When A is unital, we put A1 D A. In this section, we
shall denote the unit of A1 by 1. We also recall that for a, b in Asa, a � b if, and
only if, a � b in A1sa. Let us recall that, in any C�-algebra A, a projection is a
self-adjoint p such that p D p2. Obviously 0 and, if the algebra is unital, 1 are
projections but for some algebras these are the only ones. When there are non-
trivial projections they inherit a partial ordering from the partial ordering of the
self-adjoint elements. We shall show below that monotone�-complete algebras have
an abundance of projections and obtain a result which helps us to show that if A is
monotone �-complete then so, also, is A1. We shall denote the set of projections in
A by ProjA.

Lemma 2.2.1 Let p and q be projections in A. Then p � q if, and only if, pq D p.

Proof Let pq D p. Then qp D . pq/� D p. Also . p�q/2 D p�pq�qpCq D q�p.
So q � p.
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Conversely, let q � p. Then,

0 D .1 � q/q.1� q/ � .1 � q/p.1� q/ � 0.

So 0 D jj.1� q/p.1� q/jj D jjp.1� q/jj2. Thus p D pq. ut
Lemma 2.2.2 Let p and q be projections in A. Let p � Kq where K is a strictly
positive real number. Then p � q.

Proof We have .1� q/p.1� q/ � 0. Then jjp.1� q/jj2 D jj.1� q/p.1� q/jj D 0.
So p D pq. ut

Let us recall that when A is a C�-algebra without a unit and a 2 A, then �.a/ is
defined to be the spectrum of a in A1. The functional calculus for C�-algebras, see
[161], enables us to give a sensible meaning to f .a/ when a is a normal element
of a C�-algebra A and f 2 C.�.a//. Suppose 0 � a � 1. So �.a/ � Œ0; 1�. Then
the Gelfand transform gives an isometric �-isomorphism of C.�.a// onto the norm
closed �-subalgebra of A1 generated by a and 1. The image of f is denoted by f .a/.
In particular, a is h.a/ where h.t/ D t for all t 2 �.a/. In the future, when we wish
to indicate that the functional calculus gives a required result we shall often write
“by the functional calculus” or “by spectral theory”.

Let f 2 C.f0g [ �.a// with f .0/ D 0. Let f be real-valued. Then, by the Stone-
Weierstrass Theorem, there is a sequence of polynomials .�n/, with real coefficients,
such that jj f � �njj ! 0. Then �n.0/ ! 0. Let  n.t/ D �n.t/ � �n.0/. Then each
 n is a polynomial with zero constant term and, as before, jj f � njj ! 0. It follows
that jj f .a/�  n.a/jj ! 0.

Let r be a positive real number. Let . fn/ be a monotone increasing sequence in
C.Œ0; r�/ with fn.0/ D 0 for each n and, for 0 < t � r, fn.t/ ! 1. We shall normally
use fn.t/ D . 1n1 C t/�1t. An alternative which is sometimes useful is fn.t/ D t1=n

but this is only useable if r � 1. Now let g 2 C.Œ0; r�/ where g.0/ D 0 and g � 0.
Then .gfn/ is a monotone increasing sequence which converges pointwise to g. It
now follows from Dini’s Theorem that the sequence converges uniformly to g. Thus
jjg.a/fn.a/� g.a/jj ! 0.

Proposition 2.2.3 Let A be monotone �-complete. Then, for each z 2 A, there
is a smallest projection p such that pz D z. Furthermore, p is the supremum of
.. 1n1 C zz�/�1zz�/. Also, p is the smallest projection such that pzz� D zz� and the
smallest projection such that p.zz�/1=2 D .zz�/1=2.

Proof Let a D zz�. Let fn.t/ D . 1n1 C t/�1t. Then, by spectral theory, . fn.a// is a
norm bounded, monotone increasing sequence in Asa. So it has a least upper bound,
p, in A. By Proposition 2.1.11 p is also the least upper bound in A1. So p � 1.

Let g � 0 with g.0/ D 0 and g 2 C.Œ0; jjajj�/. Then, see the remarks above,
.g.a/fn.a// converges in norm to g.a/. Also .g.a/1=2fn.a/g.a/1=2/ is monotone
increasing with least upper bound g.a/1=2pg.a/1=2. But this sequence has norm limit
g.a/.
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So we have g.a/1=2.1 � p/g.a/1=2 D 0. So jj.1 � p/1=2g.a/1=2jj D 0. Thus .1 �
p/1=2g.a/ D 0.

For each n we may replace g by fn. Then ..1�p/1=2fn.a/.1�p/1=2/.n D 1; 2 : : :/ is
a sequence of zeroes with least upper bound .1�p/1=2p.1�p/1=2. So .1�p/1=2p.1�
p/1=2 D 0. That is, p D p2.

We have

g.a/� pg.a/ D .1 � p/g.a/ D .1 � p/1=20 D 0.

On taking adjoints we also have g.a/ D g.a/p.
In particular, by putting g.t/ D t, we get a D pa D ap.
Now suppose that q is a projection such that a D qa. Then, whenever  is a

polynomial with zero constant coefficient, q .a/ D  .a/.
Let f 2 C.f0g [ �.a// with f .0/ D 0 and f real-valued. Then f is the norm limit

of a sequence of real polynomials, each with zero constant coefficient.
So qf .a/ D f .a/. (In particular, qa1=2 D a1=2.) By taking adjoints, f .a/ D

qf .a/ D qf .a/q.
By Proposition 2.1.10, qpq is the least upper bound of .qfn.a/q/. So qpq D p.

Multiplying by .1 � q/ gives 0 D p.1� q/ D p � pq.
So, by the preceding lemma, p � q.
Let e be a projection. Then z D ez if and only if .1 � e/zz�.1� e/ D 0. That is

.1 � e/a.1� e/ D 0.

Equivalently .1 � e/a1=2 D 0.
Now .1 � e/a1=2 D 0 implies .1 � e/a D 0. Conversely, if a D ea then, as

remarked above ea1=2 D a1=2.
So z D ez if and only if ea D a and this holds if and only if ea1=2 D a1=2. ut

Definition 2.2.4 Let A be a monotone �-complete C�-algebra and z 2 A. Then the
left projection of z is the smallest projection p such that pz D z. And we denote it
by LP.z/.

Proposition 2.2.3 tells us that LP.z/ D LP.zz�/ D LP..zz�/1=2/. We define the
right projection of z to be LP.z�/ and denote it by RP.z/. So, whenever x is self-
adjoint, LP.x/ D RP.x/I we also call this the range projection of x. For a self-adjoint
b the functional calculus gives meaning to jbj. But for a general z in A we define jzj
to be .z�z/1=2.

Corollary 2.2.5 Let A be monotone �-complete. Then, for each z 2 A, RP.z/
exists. Also RP.z/ D RP.z�z/ D RP.jzj/. Furthermore RP.z/ is the supremum of
.. 1n1C z�z/�1z�z//.

Proof Apply Proposition 2.2.3 to z�. ut
Corollary 2.2.6 Let A be monotone �-complete. Each countable set of projections
has a least upper bound in ProjA; it also has a greatest lower bound in ProjA. In
other words, ProjA is a �-complete lattice.
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Proof Let . pn/ be an enumeration of a countable set of projections in ProjA. Let
a D P

1=2npn where the sum converges in the norm topology.
Let p be a projection in ProjA such that .1 � p/a D 0. Since a � 1 we have

a D pap � p.
So pn � 2np. So, by Lemma 2.2.2, p is an upper bound for fpn W n D 1; 2 : : :g. In

particular, the range projection of a is an upper bound.
Now let q be any upper bound for fpn W n D 1; 2 : : :g in ProjA. Then

.1 � q/a D
X

1=2n.1 � q/pn D 0.

So the set of (projection) upper bounds of fpn W n D 1; 2 : : :g is the same as the set
of p such that a D pa.

It now follows from the preceding proposition that there is a smallest projection

which is greater than each pn. We denote this by
1_

nD1
pn. It is straightforward to verify

that

p �
1_

nD1
. p � pn/ is the greatest lower bound of . pn/.

In particular, each finite collection of projections in A has a supremum in the set
of projections. So ProjA is a lattice. ut

By Corollary 2.2.6, when A is monotone �-complete then ProjA is a lattice. But,
if A is not commutative, a pair of projections may fail to have a supremum in Asa.
See the discussion below.

Proposition 2.2.7 Let . pn/ be a monotone increasing sequence of projections in a
C�-algebra A. If LIMpn exists in A it is a projection. If A is monotone �-complete
then

LIMpn D
1_

nD1
pn.

Proof Let x D LIMpn. Then xpm D LIM. pnpm/ D pm. So

x2 D xLIMpm D LIMxpm D LIMpm D x.

Then x is a projection and is the smallest projection which is greater than each pn. ut
By a slight modification of the above argument we have:

Proposition 2.2.8 Let A be a monotone complete C�-algebra. If . p� W � 2 ƒ/ is an
upward directed net of projections then LIMp� is the smallest projection in A which
is greater than each p�. Furthermore, ProjA is a complete lattice.
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Proof By adapting the above argument we can show that LIMp� is the smallest
projection in A which is greater than each p�.

Now let Q D fqt W t 2 Tg be a non-empty collection of projections in A. Let ƒ
be the collection of all finite, non-empty, subsets of T. For each � 2 ƒ, let

p� D
_

fqt W t 2 �g.

Then LIMp� is the supremum of Q in ProjA. ut
Lemma 2.2.9 Let A be a monotone �-complete C�-algebra which does not possess
a unit. Let far W r D 1; 2::g. be any countable subset of Asa. Then there exists a
projection p such that par D ar D arp for each r.

Proof Let p be the supremum in ProjA of the range projections of each ar. ut
Proposition 2.2.10 Let A be a monotone �-complete C�-algebra. Then A1 is
monotone �-complete.

Proof We shall suppose that A does not possess a unit. For, otherwise A1 D A and
there is nothing to prove. Let 1 be the unit of A1.

Let .�n1Cxn/ be a norm-bounded monotone increasing sequence in (A1/sa, where
each xn is in Asa.

By taking the quotient homomorphism onto A1=A we find that .�n/ is a bounded
monotone increasing sequence in R.

Hence it converges to �1, say.
Let q be a projection in A which is bigger than the range projections of each xr.

Then

�n1C xn D �n.1 � q/C �nq C xn.

Then �nq C xn D q.�n1 C xn/q. So .�nq C xn/ is a norm-bounded monotone
increasing sequence in A. So it has a supremum a in Asa and hence, by Proposi-
tion 2.1.11, supremum a in .A1/sa.

We also have .�n.1 � q// is a monotone increasing sequence in .A1/sa with
supremum�1.1�q/. (The sequence converges in the norm topology.) So .�n1Cxn/

has supremum �1.1 � q/C a. It follows that A1 is monotone �-complete. ut
Let A be a C�-algebra. Consider a monotone increasing sequence, .xn/ " in A.

Call the sequence upper bounded if there exists c 2 Asa such that xn � c for all n.
Then it is easy to check that every upper bounded monotone increasing sequence is
bounded in norm. For xn � x1 � c � x1 and so

jjxnjj � jjxn � x1jj C jjx1jj � jjc � x1jj C jjx1jj.

What about the converse? When A is unital it is easy to see that each norm
bounded, monotone increasing sequence is upper bounded.
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Call a C�-algebra pseudo monotone �-complete if each upper bounded, mono-
tone increasing sequence has a least upper bound. Then, for unital algebras, it
follows from the remarks above that each pseudo monotone �-complete algebra
is monotone �-complete. But for non-unital algebras this breaks down.

Example 2.2.11 Let H be a separable, infinite dimensional Hilbert space and K.H/
the C�-algebra of compact operators on H. Let .cn/ be a monotone increasing
sequence in K.H/sa and suppose it has an upper bound c in K.H/. Then, in L.H/,
.cn/ has a least upper bound x and cn ! x in the strong operator topology. Then
0 � x � c1 � c � c1. Here c � c1 is a positive compact operator. Since K.H/
is a closed ideal of L.H/, its self-adjoint part is an order ideal of L.H/sa. So
x � c1 is compact. So x is a least upper bound of .cn/ in K.H/. Thus K.H/ is
pseudo monotone �-complete. But it is not monotone �-complete. To see this take
a projection p 2 L.H/ such that the range of p is infinite dimensional. Let . pn/

be a monotone increasing sequence of finite rank projections such that pn ! p in
the strong operator topology. Clearly this sequence is bounded in norm. If c were a
compact operator which was an upper bound for this sequence then we would have
p � c. Then, as before, this would imply that p is compact. But this is absurd.

Proposition 2.2.12 Let A be a monotone �-complete C�-algebra. Let b 2 Asa

and z 2 A be such that z�z � b2. Then we can find c 2 A such that z D cb.
Furthermore, c D LIMz. 1n1C b2/�1b and jjcjj � 1.

Proof By dividing by a suitable constant if necessary, we can suppose that jjbjj
� 1. Let xn D . 1n1 C b2/�1.2 A1/. Then, by Corollary 2.2.5 .xnb2/ is a monotone
increasing sequence in A with supremum RP.b/ D RP.b2/. Let cn D zxnb. We have
the polarisation identity

cn D 1

4

3X

kD0
ik.b C ikz�/�xn.b C ikz�/.

By applying Lemma 2.1.25 with b self-adjoint and d D x1=2n we find that each of the
monotone increasing sequences ..b C ikz�/�xn.b C ikz�//.n D 1; 2 : : :/ is bounded
in norm by 4jjx1=2n b2x1=2n jj D 4jjb2. 1n1 C b2/�1jj � 4. Hence LIMcn exists. Let
c D LIMcn. Then

cb D LIMcnb D LIMzxnb2 D zRP.b/.

But

.1 � RP.b//z�z.1 � RP.b// � .1� RP.b//bb.1� RP.b// D 0.

So z.1 � RP.b//D 0. Thus cb D z.
It remains to show jjcjj � 1. We observe that

cRP.b/ D .LIMcn/RP.b/ D LIM.cnRP.b// D LIMcn D c.
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We have bc�cb D z�z � b2. So b.1 � c�c/b � 0. This implies

.
1

n
1C b/�1b.1� c�c/b.

1

n
1C b/�1 � 0.

We know that .. 1n1Cb/�1b/ " RP.b/. So, by Lemma 2.1.24, RP.b/.1�c�c/RP.b/ �
0. So RP.b/� c�c � 0. Thus jjcjj � 1. ut

2.2.1 Open Problem

Let a 2 Asa. We showed that if A is monotone �-complete then a has a range
projection, that is a smallest projection p such that pa D a D ap. But an examination
of the proof shows that we could prove the same result under a weaker hypothesis
on A. It is sufficient to suppose that if .an/ is a norm bounded, monotone increasing
sequence in Asa and the terms of the sequence are mutually commutative then .an/

has a supremum in Asa. Why did we not use this weaker hypothesis? Because no
one has ever seen an algebra with this property which is not monotone �-complete.
Let A be a C�-algebra where each maximal abelian �-subalgebra is monotone �-
complete. Is A, itself, monotone �-complete? This is unknown.

We recently discovered [146] that if each maximal abelian �-subalgebra in A is
monotone �-complete and A is unital then A is a Rickart C�-algebra. (Definition 3.3
in [13]). See also [3, 5].

So the question reduces to: are all Rickart C�-algebras monotone �-complete?

2.2.2 Polar Decomposition

Let us recall that, in any C�-algebra, w is a partial isometry if ww� is a projection.

Lemma 2.2.13 Let w be a partial isometry. Then w�w is also a projection.

Proof We observe that .w�w/3 D w�.ww�/2w D w�.ww�/w D .w�w/2. So, by
spectral theory, w�w is a projection. ut

In any C�-algebra, a projection p is (Murray-von Neumann) equivalent to q if
there exists a w in the algebra such that p D w�w and q D ww�. We shall write
p � q to indicate that two projections are equivalent. We shall show that when A
is monotone �-complete then, for any z, we can find a partial isometry u such that
z D ujzj and u�u D LP.z/ and uu� D RP.z/.

Let us recall [161] that in any C�-algebra A, for each x and y we have

�.xy/[ f0g D �.yx/ [ f0g.
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Lemma 2.2.14 Let A be any C�-algebra and z 2 A. Then for any f 2 C.�.zz�/ [
f0g/

zf .z�z/ D f .zz�/z.

Proof By induction on n, this holds when f .t/ D tn. Hence, by linearity, it holds
for all polynomials. So, by Stone-Weierstrass, it holds when f is real valued. For the
general situation, split f into real and imaginary parts. ut
Theorem 2.2.15 Let A be monotone �-complete. For any z 2 A there is a partial
isometry u such that z D ujzj. Also u�u D LP.z/ and uu� D RP.z/.

Proof Let un D z. 1n1C jzj2/�1jzj.
In Proposition 2.2.12 put b D jzj. Then LIMun D u where z D ujzj.
So u�

mun D jzj. 1m1C jzj2/�1z�z. 1n1C jzj2/�1jzj.
We recall that z�z D jzj2 and, by Corollary 2.2.5, LIM. 1n1Cjzj2/�1jzj2 D RP.z/.
We have

u�u D LIMm!1.LIMn!1u�
mun/ D RP.z/2 D RP.z/.

Now consider

unu�
m D z.

1

n
1C jzj2/�1jzjjzj. 1

m
1C jzj2/�1z�

D z.
1

n
1C z�z/�1z�z.

1

m
1C z�z/�1z�.

We now apply Lemma 2.2.14

unu�
m D .

1

n
1C zz�/�1zz�.

1

m
1C zz�/�1zz�.

First keep m fixed and let n ! 1. Then let m ! 1. We find that

uu� D LP.z/.

ut

2.2.3 Sequentially Closed Subspaces

Let L be a vector subspace of a C�-algebra A. We recall that L is said to be a self-
adjoint subspace, or �-subspace if z 2 L implies z� 2 L. We defined (monotone)
�-subspaces in 2.1.27. When we refer to an ideal of a C�-algebra we always mean
a norm-closed, self-adjoint, two sided ideal, unless we specifically state otherwise.
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Definition 2.2.16 Let A be a monotone �-complete C�-algebra. Then a �-ideal is
an ideal of A which is a monotone �-subspace of A. Similarly, a �-subalgebra is a
�-subalgebra which is a monotone �-subspace of A.

When A is monotone �-complete and L is a closed �-subalgebra which is a
�-subspace then it is easy to check that for any a 2 Lsa the range projection of
a, obtained in A, is the same as its range projection constructed in L.

For the rest of this section, J is a closed ideal of a C�-algebra A and � is the
quotient homomorphism onto A=J. It is easy to see that each self-adjoint element
of the quotient is �.a/ for some a 2 Asa. That is .A=J/sa D �ŒAsa�. Let d be a
positive element of A=J then, since � is surjective, d1=2 D �.w/ for some w. Hence
ww� 2 AC and �.ww�/ D d. So �ŒAC� D .A=J/C.

The following “intermediate value theorem” is a key technical result.

Lemma 2.2.17 Let a 2 AC. Let 0 � y � �.a/. Then there exist z in AC such that
�.z/ D y and 0 � z � a.

Proof See Proposition I.5.10 in [121]. For our purposes, we only need this result
for the special case where A is monotone �-complete. Making this assumption we
can argue as follows.

Since �.a/ � y is positive, it is �.w/ for some positive w. Let x D a � w. Then
x � a and �.x/ D y.

By C�-algebra spectral theory, there exist unique positive xC and x� such
that x D xC � x� and xCx� D 0. Then �.xC/ and �.x�/ provide the unique
decomposition for �.x/ D y. So �.xC/ D y and �.x�/ D 0.

We have xC � x� C a. So, by Proposition 2.2.12, there exists s, with jjsjj � 1,
such that .xC/1=2 D s.x� C a/1=2.

Put u D sa1=2. Then u�u D a1=2s�sa1=2 � a.
Since �.a/ D �.a C x�/ we have �.a1=2/ D �..a C x�/1=2/. From this it follows

that

�.u�u/ D �..a C x�/1=2/�.s�s/�..a C x�/1=2/

D �.xC/1=2�.xC/1=2 D �.xC/ D y.

Put z D u�u. ut
Corollary 2.2.18 Let .bn/ be a monotone increasing sequence of positive elements
of A=J which is bounded above by �.c/, with c � 0. Then there exists a monotone
increasing sequence, .xn/ in AC such that c is an upper bound for this sequence and
�.xn/ D bn for each n.

Proof By the lemma there exists x1 in AC such that �.x1/ D b1 and x1 � c.
Then 0 � b2 � b1 � �.c � x1/ with c � x1 � 0.
So we may apply the lemma again to find x 2 AC such that �.x/ D b2 � b1 and

x � c � x1.
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Now let x2 D x C x1. Then 0 � x1 � x2 � c and �.x2/ D b2. Proceeding
inductively, we obtain .xn/. ut
Lemma 2.2.19 Let A be monotone �-complete. Let J be a �-ideal and � the
quotient homomorphism from A onto A=J. Let .xn/ " x and .an/ " a. Let
�.xn/ D �.an/ for each n. Then �.x/ D �.a/.

Proof Since xn � an 2 Jsa we have RP.xn � an/ 2 J. Let q be the supremum of these
range projections in ProjJ.

By Corollary 2.2.6 we can find a projection e in A such that it is greater than q,
RP.x/, RP.a/ and, also, greater than RP.xn/ and RP.am/ for each n and m.

Then .e � q/xn D .e � q/an.
But ..e � q/xn.e � q// " .e � q/x.e � q/ and .e � q/an.e � q/ " .e � q/a.e � q/.
So �..e � q/x.e � q// D �..e � q/a.e � q//.
Since � is a homomorphism and �.q/ D 0 it follows that �.exe/ D �.eae/. So

�.x/ D �.a/. See [27]. ut
Definition 2.2.20 (i) Let A and B be monotone �-complete C�-algebras and � W
A 7! B a positive linear map. Then � is said to be �-normal if, whenever .an/ " a
in Asa then �.an/ " �.a/ in Bsa. If a �-normal map is a homomorphism we call it a
�-homomorphism. (ii) Let A and B be monotone complete. The map � is said to be
normal if, whenever D � Asa is a upward directed set with supremum a in A, then
�ŒD� has supremum b in B.

Proposition 2.2.21 Let A be a monotone �-complete C�-algebra with a closed
ideal J. Let � W A 7! A=J be the quotient homomorphism. Then A=J is monotone
�-complete and � is a �-homomorphism if, and only if, J is a �-ideal.

Proof Let J be a �-ideal.

(i) Let .an/ " a. Clearly �.a/ is an upper bound of .�.an//. We shall show that
this is the least upper bound. It suffices to prove this when .an/ is a sequence
in AC; for, otherwise, we could work with .an � a1/.

Let d be any upper bound of .�.an//. Then, see the remarks preceding
Lemma 2.2.17, d D �.c/ for some c � 0.

By Corollary 2.2.18 we can find .xn/ " in AC such that �.xn/ D �.an/ and
xn � c.

Let .xn/ " x. Then by Lemma 2.2.19 we have �.a/ D �.x/ � �.c/ D d.
This tells us that � is a �-homomorphism provided we can show that A=J is

monotone �-complete.
(ii) First suppose that A is unital.

Let .cn/ be a monotone increasing sequence in A=J which is bounded in
norm. Since A=J has a unit, the sequence is bounded above by a multiple of
the unit element. Let bn D cn � c1. Then it follows from Corollary 2.2.18 that
there is .zn/ " z in AC such that �.zn/ D bn. It now follows from the argument
above, that .bn/ " �.z/. So .cn/ " �.z/Cc1. Thus A=J is monotone�-complete.

(iii) Now suppose that A is not unital. By Proposition 2.2.10, A1 is monotone
�-complete. It is easy to see that J is a closed ideal of A1. By applying
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Proposition 2.1.11, it is straightforward to verify that J is a �-ideal of A1. It
now follows from the preceding paragraph that A1=J is monotone �-complete.
We abuse our notation by using � for the quotient homomorphism of A1 onto
A1=J. Then �ŒA� D A=J.

Let .bn/ be a norm bounded, monotone increasing sequence in A=J. We
wish to show it has a supremum in A=J. Without loss of generality, we assume
b1 � 0. Let d be the sequence’s supremum in A1=J. Then d D �.x/ for some
positive x in A1. By Corollary 2.2.18 we can find .yn/ " in A1 such that �.yn/ D
bn and yn � x. For each n, bn D �.an/ for some an 2 A. Then yn � an 2 J.
Since J � A it follows that yn 2 A.

The sequence .yn/ is norm bounded and A is monotone �-complete. So
.yn/ " y for some y in A. By Proposition 2.1.11, y is the supremum of the
sequence in A1. By applying part (i), we have �.y/ D d. So d is in �ŒA� D A=J.
Thus A=J is monotone �-complete.

(iv) Conversely, let � be a �-homomorphism onto a monotone �-complete algebra.
Then it is clear that the kernel of � is a �-ideal. ut

Let H be a Hilbert space and L.H/ the C�-algebra of all bounded operators on H.
Then L.H/ is monotone complete. Let .a� W � 2 ƒ/ be a norm bounded, increasing
net in L.H/sa. Then this net converges in the strong operator topology to a 2 L.H/,
that is, a�� ! a� (in the norm topology of H) for each � 2 H. Equivalently, a� ! a
in the weak operator topology. By Corollary 2.1.8 it follows that a is the least upper
bound of .a� W � 2 ƒ/.
Definition 2.2.22 Let B be a C�-subalgebra of L.H/. The Pedersen envelope of B
in L.H/ is the smallest �-subspace of L.H/ which contains B. We shall denote it by
B� .

By a theorem of Pedersen [118] (see also Corollary 5.3.8), B� is a C�-algebra.
It is now clear that B� is a �-subalgebra of L.H/. Then we can easily find a
sequentially order compatible, Hausdorff, locally convex topology for B� I either
the weak operator topology or the strong operator topology will do.

Let A be an “abstract” C�-algebra. For simplicity, let A have a unit element. Let us
recall that by taking the direct sum of all the Gelfand-Naimark-Segal representations
of A, we obtain the universal representation .�u;Hu/. Then �u is an (isometric) �-
isomorphism of A onto �uŒA�. Let A00 be the closure of �uŒA� in the strong operator
topology of L.Hu/; then A00 is the double commutant of �uŒA� in L.Hu/. Then we can
identify A with �uŒA�. The second dual of A, as a Banach space, can be identified
with A00.

Definition 2.2.23 We define the Pedersen-Baire envelope of A to be the Pedersen
envelope of �uŒA� in L.Hu/. We shall denote it by A1. So A1 D �uŒA�� .

Then A1 is a �-subalgebra of L.Hu/. We shall return to this topic in Chap. 5,
where we shall also consider other envelopes.

The Wright Representation Theorem [171] below tells us that each monotone
�-complete C�-algebra is the quotient of a �-subalgebra of some L.H/.
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Theorem 2.2.24 Let A be a unital monotone �-complete C�-algebra. There exists
a �-homomorphism � W A1 7! A such that �.a/ D a for each a 2 A. Let J be the
kernel of �. Then J is a �-ideal of A1 and A1=J D A.

It can be extended to non-unital algebras. More importantly, by taking a larger
envelope than A1 we get a representation which works well for general monotone
complete algebras. We shall postpone proofs until later, when we have more tools
at our disposal.

We have seen above that the quotient of a monotone �-complete algebra by a
�-ideal is always monotone �-complete. But sometimes the quotient may turn out to
be monotone complete. For example, in a later section, we shall show the following.
Let X be a compact Hausdorff space and B.X/ the algebra of bounded Borel
measurable functions on X. Let J be the set of f 2 B.X/ for which fx 2 X W f .x/ ¤ 0g
is a meagre set. Then B.X/ is a commutative monotone �-complete algebra and J
is a �-ideal. So B.X/=J is, necessarily, monotone �-complete. But more is true, this
quotient algebra is monotone complete.

Another, very familiar, example occurs if we take X D Œ0; 1� and J to be those
f in B.Œ0; 1�/ such that

R j f jd� D 0. For then B.Œ0; 1�/=J is a (commutative) von
Neumann algebra and so monotone complete.

The following propositions will be used later.

Proposition 2.2.25 Let A be monotone �-complete and let e be a projection in A.
Then the map

x 7! exe

is �-normal from A onto eAe. Also eAe is monotone�-closed in A (and so the natural
inclusion map is �-normal from eAe into A).

Proof Suppose .an/ is a norm-bounded, monotone increasing sequence in eAsae
with supremum a in Asa. By Proposition 2.1.22,

.1 � e/a D .1 � e/LIMan D LIM.1 � e/an.

But .1 � e/an D 0 for all n. So .1 � e/a D 0. So a D ea. Taking adjoints
gives a D ae. Hence a 2 eAe. It follows that eAe is monotone �-complete and is a
�-subspace of A.

Now let .an/ be any norm-bounded, monotone increasing sequence in Asa. Let
its supremum in A be a. Then .eane/ is monotone increasing and its supremum in
Asa is

LIMeane D e.LIMan/e D eae.

Since eAe is a �-subspace of A, eae is also the supremum of .eane/ in eAe. ut
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Proposition 2.2.26 When A is monotone complete the map x 7! exe is normal. Also
eAe is monotone closed in A (and so the natural inclusion map is normal from eAe
into A).

The proof is a straightforward generalisation of Proposition 2.2.25.

2.3 Basics for Commutative Algebras

Each maximal abelian �-subalgebra of a monotone complete C�-algebra is, itself, a
(commutative) monotone complete C�-algebra.

There is a duality between compact Hausdorff spaces and commutative (unital)
C�-algebras. i.e. for each compact Hausdorff space X, C.X/ is a commutative C�-
algebra; conversely, given a commutative unital C�-algebra A it is isomorphic to
C.
/ where
 is its spectrum.

What property of
 corresponds to C.
/ being monotone complete? The answer
is that 
 must be extremally disconnected i.e. the closure of each open subset is
open.

Throughout this section, indeed throughout this book, we shall always suppose
that the topologies we use are Hausdorff unless we explicitly state the contrary. In
this section X is a compact (Hausdorff) space. Let Y be a topological space where
Y is not assumed to be compact. We use Cb.Y/ to denote the algebra of bounded
complex valued continuous functions on Y and Cb.Y/sa the (real) algebra of bounded
real valued continuous functions on Y.

We recall that in any topological space, a subset is clopen if it is both closed
and open. It is easy to see that f 2 C.X/ is a projection if, and only if, it is the
characteristic function of a clopen set. Let us recall that a topological space is zero-
dimensional if its topology has a base of clopen sets.

Lemma 2.3.1 Let X be a compact space. For each pair of distinct points t1 and t2,
let there exist a clopen K such that t1 2 K and t2 … K. Then X is zero-dimensional.
Furthermore given disjoint closed sets E and F, we can find a clopen K such that
E � K and F � XnK.

Proof

(i) Let t0 2 X and F a closed subset of X with t0 … F. For each s 2 F there is a
clopen Qs with s 2 Qs and t0 … Qs. By compactness, there are finitely many
points fs1; : : : ; sng such that the corresponding clopen sets cover F. We now put
K D \fXnQk W k D s1; : : : ; sng. Then K is a clopen neighbourhood of t0 and K
is disjoint from F. Hence the clopen subsets form a base for the topology.

(ii) For each t 2 E there is a clopen Kt with t 2 Kt and F disjoint from Kt. Since E is
compact there are finitely many points ft1; : : : ; tng such that the corresponding
clopen sets cover E. Let K D Kt1 [ Kt2 [ : : : [ Ktn . ut
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Proposition 2.3.2 Let X be a compact (Hausdorff) space such that C.X/ is
�-complete. Then X is zero-dimensional.

Proof Suppose s and t are distinct points. Then there exist disjoint open sets U and
V where s 2 U and t 2 V . By Urysohn’s lemma, there exist continuous functions
a W X 7! Œ0; 1� and b W X 7! Œ0; 1� such that a.s/ D 1 and aŒXnU� D f0g and also
b.t/ D 1 and bŒXnV� D f0g.

Since U and V are disjoint ab D 0. Let p be the range projection of a. Then the
sequence .. 1n1C a/�1a/ is monotone increasing to p. So pb D 0.

Since 0 � a � 1 it follows that a D pa � p. Now let K be the clopen set such
that p D �K . Since a.s/ D 1 it follows that �K.s/ D 1. That is, s 2 K.

But pb D 0. So p.t/b.t/ D 0. Since b.t/ D 1 we have p.t/ D 0. That is t … K.
We can now apply the preceding lemma to deduce that X is zero-dimensional. ut
Let X be a compact zero-dimensional space. We call s 2 C.X/ simple if it takes

only finitely many values. This is equivalent to

s D
nX

iD1
�i�Ki

where fK1;K2; : : :Kng is a finite collection of pairwise disjoint clopen sets; equiv-
alently s is a finite linear combination of orthogonal projections. A straightforward
application of the Stone-Weierstrass Theorem shows that the simple continuous
functions are norm-dense in C.X/. In other words, each element of C.X/ is the
limit in norm of a sequence of finite linear combinations of projections.

Let Y be any non-empty set and Bnd.Y/ the set of all bounded complex valued
functions. Then with the natural pointwise operations of addition, multiplication
etc., it becomes a �-algebra. We define a norm by

jj f jj D supfj f .y/j W y 2 Yg.

Then Bnd.Y/ becomes a commutative C�-algebra. It is monotone complete, in fact
a von Neumann algebra. The self-adjoint part of Bnd.Y/ consists of the bounded
real valued functions on Y. Given f , g in Bnd.Y/sa we define f _ g by

. f _ g/.y/ D max. f .y/, g.y// D 1=2. f .y/C g.y/C j f .y/� g.y/j/.

We define f ^ g in a similar way. Then Bnd.Y/sa is a vector lattice.
When Y is a topological space and f , g are continuous real valued functions then

f _ g and f ^ g are continuous functions.
Let X be compact and C.X/ monotone �-complete. Let . fn/ be a sequence in

C.X/sa which is bounded above. Let

gn D f1 _ f2 _ : : : _ fn.
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Then .gn/ is a monotone increasing sequence in C.X/sa with the same set of
upper bounds as . fn/. So every upper bounded sequence has a least upper bound in
C.X/sa.

Clearly the supremum of .gn/ in Bnd.X/sa is the function which is the pointwise
limit of the sequence i.e. g where g.x/ D sup.gn.x// for each x in X. But, in general,
g is not continuous; although it is always lower semicontinuous. So the supremum
of .gn/ in C.X/sa is g, where g is the smallest continuous function in C.X/sa for
which g � g.

For any topological space Y, a real valued function f W Y 7! R is lower
semicontinuous if fy 2 Y W f .y/ > tg is open for each real number t. So each
(real valued) continuous function is also lower semicontinuous. The characteristic
function of U � Y is lower semicontinuous precisely when U is open. Clearly rf is
lower semicontinuous, when f is, whenever r is a positive real number.

We define u W Y 7! R to be upper semicontinuous if �u is lower semicontinuous.
This is equivalent to fy 2 Y W u.y/ < tg is open for each real number t.

Lemma 2.3.3 Let f f�g be an upper bounded family of continuous, real-valued
functions on a topological space Y. Let f .y/ D sup f�.y/ for each y 2 Y. Then f
is lower semicontinuous.

Proof We observe that fy 2 Y W f .y/ > tg D
[

fy 2 Y W f�.y/ > tg. ut
The same argument shows that if we weaken the hypotheses to each f� being

lower semicontinuous we still obtain the same conclusion.
When Y is completely regular then there is a converse to this lemma. Let us recall

that Y is completely regular if, whenever F is a closed subset of Y and y0 2 YnF then
there is a continuous function g W Y 7! Œ0; 1� with g.y0/ D 1 and gŒF� D 0. We are
only considering Hausdorff spaces; sometimes Hausdorff completely regular spaces
are referred to as Tychonov spaces. Any subset of a compact (Hausdorff) space is
completely regular in the relative topology. Conversely, it can be shown that every
(Hausdorff) completely regular space arises in this way.

Lemma 2.3.4 Let Y be a (Hausdorff) completely regular space. Let f W Y 7! R be
a positive, upper bounded, lower semicontinuous function. Let

V. f / D fa 2 Cb.Y/sa W 0 � a � f g.

Then, for each y in Y, f .y/ D supfa.y/ W a 2 V. f /g.

Proof Let v.y/ D supfa.y/ W a 2 V. f /g. Then, by the preceding lemma, v is lower
semicontinuous. Also v � f . We wish to show that v D f .

Suppose this is false. Then for some y0 we can find a real number t such that
v.y0/ < t < f .y0/.

Let F D fy 2 Y W f .y/ � tg. Then F is closed, because f is lower semicontinuous.
Also, y0 … F.

By complete regularity, there is a continuous g W Y 7! Œ0; 1� with g.y0/ D 1 and
g vanishing on F.
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Let h D tg. Then h 2 V. f / and so v.y0/ � h.y0/ D t. But this is a contradiction.
So v D f . ut
Corollary 2.3.5 Let Y be a completely regular space. Let f , g be bounded, lower
semicontinuous functions. Then so, also, are f C g, f _ g and f ^ g. If f and g are
positive and lower semicontinuous, so, also is fg.

Proof Let �. f / D inf f f .y/ W y 2 Yg. Let

V. f / D fa 2 Cb.Y/ W �. f / � a.y/ � f .y/ for each y 2 Yg.

Then, by applying Lemma 2.3.4 to f � �. f /1,

f .y/ D supfa.y/ W a 2 V. f /g.

We define �.g/ and V.g/ similarly.
Consider fa ^ b W a 2 V. f / and b 2 V.g/g. It is straightforward to check that this

set is upward directed. Let

w.y/ D supfa.y/^ b.y/ W a 2 V. f / and b 2 V.g/g.

Clearly w � f ^ g. By Lemma 2.3.3, w is lower semicontinuous.
Fix y 2 Y and fix b 2 V.g/. Then w.y/ � a.y/ ^ b.y/ for all a 2 V. f /. So

w.y/ � f .y/ ^ b.y/.
So w.y/ � supf f .y/ ^ b.y/ W b 2 V.g/g D f .y/ ^ g.y/. Then f ^ g D w and so

f ^ g is lower semicontinuous.
Similar arguments work for f C g and f _ g. For fg we use positivity of f and g

to ensure that fab W a 2 V. f /, b 2 V.g/g is upward directed.
Let g � 0. Then �.g/ � 0. So, for each y 2 Y, and each b 2 V.g/ we have

b.y/ � 0. Similarly, f � 0 implies a.y/ � 0 for each a 2 V. f /.
Consider a1, a2 in V. f / with a1 � a2 and b1, b2 in V.g/ with b1 � b2. Then

a1.y/b1.y/ � a2.y/b1.y/ � a2.y/b2.y/.

So fab W a 2 V. f /; b 2 V.g/g is upward directed. The pointwise supremum is fg. So
fg is lower semicontinuous. ut
Proposition 2.3.6 Let C.X/ be monotone complete. Then X is extremally discon-
nected.

Proof Let U be an open subset of X. We wish to show that clU is open. By
Proposition 2.3.2, X is zero-dimensional i.e. has a base of clopen sets. So U is the
union of its clopen subsets.

Let V D f�L W L is a clopen subset of Ug. Then V is an upward directed set of
projections. Since C.X/ is monotone complete, V has a least upper bound in C.X/sa

which is a projection. So this least upper bound must be of the form �K where K is
clopen. Clearly U � K. Hence clU � K.
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Then KnclU is an open set. Suppose it is not empty. Since X is zero-dimensional,
this implies there exists a non-empty clopen Q � KnclU. Then KnQ is a clopen
set containing clU. Then �KnQ is an upper bound for V . This implies �KnQ � �K .
Hence KnQ 	 K. But this implies Q is empty, which is a contradiction. So clU is
the clopen set K. ut

To show that C.X/ is monotone complete if, and only if, X is extremally
disconnected we need the converse of the above proposition. See [33, 156]. We
give a proof here but later on, when we have some more machinery, we will give
another proof which may be more transparent.

Theorem 2.3.7 Let X be a compact Hausdorff space. Then C.X/ is monotone
complete if, and only if, X is extremally disconnected.

Proof In one direction this is already proved. So we assume that X is extremally
disconnected and wish to show that C.X/ is monotone complete.

Let V be a norm bounded, upward directed set in C.X/sa we shall show that V
has a least upper bound in C.X/sa. It suffices to prove this when V is bounded below
by 0.

Let f .x/ D supfa.x/ W a 2 Vg. Then f is a non-negative, bounded lower
semicontinuous function.

For each t 2 R
C let Ft D fx W f .x/ � tg. Because f is lower semicontinuous,

each Ft is closed.
Let Ct be the interior of Ft. Then FtnCt is a closed nowhere dense set.
Since X is extremally disconnected, clCt is clopen. But clCt � clFt D Ft. So Ct

is clopen.
Let M be the union of FtnCt where t ranges over the (countable) set of all non-

negative rational numbers. So M is a meagre set.
Since f is bounded above, Ft D X for large enough t. Also, s < t implies Fs � Ft

and hence Cs � Ct.
Let g.x/ D inf ft 2 Q

C W x 2 Ctg where QC is the set of non-negative rationals.
Then

fx 2 X W g.x/ < sg D
[

fCt W t 2 Q
C& t < sg, which is open;

fx 2 X W g.x/ � rg D
\

fCt W t 2 Q
C& t > rg, which is closed.

So, whenever r < s, fx 2 X W r < g.x/ < sg is open. Hence g is a continuous
function from X into R

C.
Now fix x0 in X and let g.x0/ D r. Then x0 2 Ct for t > r and t 2 Q

C. So
f .x0/ � t for t > r. Hence f .x0/ � g.x0/. So f � g.

Now let x 2 XnM. Let f .x/ D r. Then x 2 Ft for all rational t with t � r. Since
x … M, in fact, x 2 Ct for all rational t with t � r. Hence g.x/ � r D f .x/.

In summary, g � f and g.x/ D f .x/ except on a meagre set.
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Let h 2 C.X/ with h � f . Then g � g ^ h � f . So fx 2 X W .g � g ^ h/.x/ > 0g
is a meagre open set. It now follows from the Baire Category Theorem that this set
is empty. Thus g � h.

So g is the supremum of V . ut
Exercise 2.3.8 Show that for any compact Hausdorff X, the construction of the
function g in the above proof gives an upper semicontinuous function with g � f
and g D f except on a meagre set.

2.3.1 Extension Theorems

Let A be a commutative monotone complete C�-algebra. Then it is sometimes
helpful to think of Asa as an analogue of the real numbers. Both have a Dedekind
complete order structure, that is, bounded sets have a supremum. So we may regard
A as an infinite dimensional generalisation of the complex numbers. This viewpoint
is fruitful for a number of extension theorems. See below.

Proposition 2.3.9 Let A be a commutative monotone complete C�-algebra. Let
B be a unital C�-algebra and C a self-adjoint subspace of B with 1 2 C. Let
�0 W C 7! A be a positive linear map. Then there exists a positive linear map
� W B 7! A which is an extension of �0.

Proof The restriction of �0 to Csa is a real linear map from a real vector space into
Asa. It suffices to find a positive, real-linear extension � W Bsa 7! Asa. (Because we
can then define � on the whole of B by �.a C ib/ D �.a/C i�.b/ whenever a and
b are self-adjoint. Then � is complex linear.)

Let E be the collection of all pairs .V;  / where (i) V is a (real) vector subspace
of Bsa, (ii) Csa � V , (iii) W V 7! Asa is a positive (real) linear map which coincides
with �0 on Csa.

Partially order E by .V1;  1/ 
 .V2;  2/ when V1 � V2 and  2 extends  1.
Just as in the classical Hahn-Banach Theorem, a straightforward Zorn’s Lemma
argument shows that E has a maximal element .M; �/.

Suppose there exists a positive b 2 BsanM. If x � b then x � jjbjj1.
Then U D f�.x/ 2 Asa W x 2 M and x � bg is an upper bounded set in the

boundedly complete lattice Asa. So U has a supremum u. Since 0 2 U it follows that
u � 0.

Let L be the (real) linear span of M and b. That is L D fm C �b W m 2 M and
� 2 Rg.

Let �.m C �b/ D �.m/C �u. Then � is an extension of � to a real-linear map.
It remains to show that � is positive.

Let m C �b � 0.

Case (i) � > 0. Then � 1
�

m � b. So, from the definition of U, �.� 1
�

m/ � u.
Hence 0 � �.m/C �u D �.m C �u/.
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Case (ii) � < 0. So � 1
�

m � b. So �.� 1
�

m/ is an upper bound for U. Thus
�.� 1

�
m/ � u. Thus �.m/C �u � 0.

So .L; �/ is in E , which is a contradiction. It follows that every positive element
of B must be in M. So, by linearity, Bsa D M. ut
Corollary 2.3.10 Let H be a Hilbert space of arbitrary dimension and let A be
a commutative, unital closed �-subalgebra of L.H/. Suppose that A is monotone
complete. Then there exists a conditional expectation from L.H/ onto A.

Proof In the proposition, let C D A and let �0 be the identity map from C to A.
Then the extension � is a positive linear idempotent map from L.H/ onto A; hence
� is a conditional expectation from L.H/ onto A. ut
Proposition 2.3.11 Let A and B be commutative, unital C�-algebras with A
monotone complete. Let C be a (unital) �-subalgebra of B and let � W C 7! A
be a �-homomorphism mapping the unit of C to the unit of A. Then there exists a
�-homomorphism ˇ W B 7! A whose restriction to C coincides with � .

Proof (Sketch) A proof of this can be found in [168]. When D is a self-adjoint,
unital subspace of B, let P.Dsa;Asa/ be the (convex) set of those positive, real-linear
maps from Dsa to Asa, which map unit to unit. The key observation is that when Dsa

is a closed subalgebra of Bsa, then the extreme points of P.Dsa;Asa/ coincide with
the homomorphisms of Dsa to Asa (see the exercise below). See [124]. We adapt the
method of proof of Proposition 2.3.9 but this time requiring our extensions to be
extremal.

The homomorphism � is an extreme point of P.Csa;Asa/. Let E# be the collection
of all pairs .V;  / in E such that  is an extreme point of P.V;Asa/ and  is an
extension of � . Again, by a Zorn’s Lemma argument, E# has a maximal element
.M; �/. So here� is an extreme point of P.M;Asa/. If M D Bsa then � is an extreme
point of P.Bsa;Asa/. So � is an homomorphism and its “complexification” is a �-
homomorphism of B into A, which extends � .

Otherwise, there is a positive b 2 BsanM. We now define .L; �/ as in Propo-
sition 2.3.9. Suppose � D 1

2
.˛ C ˇ/ where ˛ and ˇ are in P.L;Asa/. Then

� D 1
2
.˛jM C ˇjM/. Since � is extreme, �.m/ D ˛.m/ D ˇ.m/ for all m 2 M.

If m � b then, by positivity, ˛.b/ � ˛.m/ D �.m/. So ˛.b/ � u D �.b/.
Similarly ˇ.b/ � �.b/. So ˛ D ˇ. Thus .L; �/ is in E#. But this contradicts
maximality. ut
Exercise 2.3.12 Let B and A be commutative, unital C�-algebras. Let P.Bsa;Asa/

be the convex set of those positive linear maps from Bsa into Asa which map the unit
element of A to the unit element of B. (i) Let h be an extreme point of P.Bsa;Asa/.
Show that h is an homomorphism. (ii) Let h be an homomorphism of Bsa to Asa

where h.1/ D 1. Show that h is an extreme point of P.Bsa;Asa/.
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Hint: (i) Fix b 2 B with 0 � b � 1. Let g.x/ D h.xb/� h.x/h.b/. Show h ˙ g are
in P.Bsa;Asa/. Then use the extremality of h to show that g D 0. (ii) Reduce to the
situation where A D C. Suppose h D 1

2
.˛ C ˇ/ where ˛, ˇ are states. Show that ˛,

ˇ both vanish on the maximal ideal which forms the kernel of h.

These two propositions are “best possible” in the sense that the hypothesis that A
is monotone complete is essential. This follows from the following result.

Proposition 2.3.13 Let A be a unital C�-subalgebra of a monotone complete C�-
algebra B. Let 	 W B 7! A be a positive linear map such that 	a D a for each a in
A. Then A is monotone complete.

Proof Let .a� W � 2 ƒ/ be a norm bounded increasing net in A. Let x 2 A be any
upper bound of this net. Let b be the supremum of this net in B. Then, for each �,

x � b � a�.

Hence, by applying 	 to the above inequality,

x � 	b � a�.

So 	b is the least upper bound of .a� W � 2 ƒ/ in A. ut
We note that there is no assumption here that A is commutative. We can weaken

the hypotheses by not requiring A to be a sub-algebra; merely a self-adjoint subspace
with 1 2 A. Then the same argument shows that Asa is monotone complete in
an obvious sense. This argument can easily be extended further to categories of
partially ordered sets (see Lemma 1 [168]).

When A is a commutative monotone complete C�-algebra, Vincent-Smith [164]
obtained far reaching generalisations of the Hahn-Banach Theorem, where vector
spaces are replaced by modules over A. See also [48, 109, 160].

2.4 Matrix Algebras over a Monotone Complete C�-Algebra

When considering completely positive maps, we shall need to know that matrix
algebras over monotone complete C�-algebras are, themselves, monotone complete.
The reader can accept this fact and move on, or else, read this section. For the
convenience of the reader, we begin by recalling some basic C�-algebra facts.

Definition 2.4.1 Let A be a unital C�-algebra. For any n 2 N, let Mn.A/ be the set
of all n � n matrices x D .xij/1�i;j�n (we shall sometimes write .xij/ if no confusion
is likely to occur) with elements from A in each position. Let Mn.A/ be given the
natural �-algebra operations: x C y D .xij C yij/, �x D .�xij/, xy D .wij/ with
wij D Pn

kD1 xikykj.1 � i; j � n/ and x� D .zij/ with zij D xji
�.1 � i; j � n/ for
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any x D .xij/, y D .yij/ in Mn.A/ and � 2 C, the field of complex numbers. When
equipped with these operations Mn.A/ becomes a �-algebra over C.

Let A be a unital C�-algebra. As was pointed out in [161], Chapter 4, Section 3,
we can suppose that A acts on a Hilbert space H; that is, we may identify A with
a unital subalgebra of L.H/. Then Mn.A/ acts on QH D H ˚ � � � ˚ H (n-times) as a
�-subalgebra of L. QH/ defined by

a� D
 

nX

kD1
a1k�k; � � � ;

nX

kD1
ank�k

!

for � D .�1; � � � ; �n/ 2 QH

for each a D .aij/ 2 Mn.A/.
Then clearly, a is a bounded linear operator on QH such that sup1�i;j�nkaijk �

kak � P
1�i;j�n kaijk. So Mn.A/ acts on QH as a unital C�-algebra on QH. Since any

�-isomorphism between C�-algebras is an isometry, Mn.A/ has a unique C�-norm,
k � k, defined by this operator norm of a for each a 2 Mn.A/. It follows that k � k does
not depend on the choice of H. We call this norm, the matrix norm of a D .aij/1�i;j�n

in Mn.A/. It is also clear that with this norm k � k, Mn.A/ is a unital C�-algebra.

Definition 2.4.2 Let B be a unital C�-algebra or more generally a unital �-algebra.
A system fuij W 1 � i; j � ng of elements in B is said to be an n � n system of
matrix units for B if uij

� D uji, uijuk` D ıj;kui` for all i, j, k and `, where ıj;k is the
Kronecker’s delta and

Pn
iD1 uii D 1.

We note that fuii W 1 � i � ng is an orthogonal family of projections in B that is
also a homogeneous partition of 1, that is, u11 � uii via the partial isometry ui1 for
each i.

Take any n 2 N and let e.n/ij be the matrix with 1 (the unit of A) in the .i; j/ position

and zero otherwise. Then the system fe.n/ij W 1 � i; j � ng is an n�n system of matrix
units for Mn.A/. We call this system the standard (n � n) system of matrix units in
Mn.A/. If no confusion is likely, we shall sometimes write feij W 1 � i; j � ng.

Let fe.n/i;j W 1 � i; j � ng be the standard n � n system of matrix units in Mn.C/,
which we shall sometimes write feijg if no confusion is likely to occur. Then clearly
Mn.C/ D P

1�i;j�n Ceij which is an n2 dimensional vector space over C.
Let us define the map

… W Mn.A/ 3 t D .tij/1�i;j�n 7�!
nX

i;jD1
tij ˝ eij 2 A ˝ Mn.C/:

Then clearly… is a �-isomorphism from Mn.A/ onto A ˝ Mn.C/ such that

….eij/ D 1˝ eij for every pair i, j with 1 � i, j � n.

We also have that for x 2 Mn.A/, xeij D eijx for all pairs i and j with 1 � i, j � n
if, and only if, x D .ıi;ja/1�i;j�n for some a 2 A. This is easy to check by the map
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… defined above. So,

Mn.A/\ feij W i; j D 1; � � � ; ng0 D f.ıi;ja/ W a 2 Ag Š A.

Furthermore, for every b D .bij/ 2 Mn.A/ and for each pair i and j with 1 � i, j � n,

we have e1ibej1 D

0

B
B
B
@

bij 0 � � � 0
0 0 � � � 0
:::
:::
: : :

:::

0 0 � � � 0

1

C
C
C
A

and we have….e11Mn.A/e11/ D A ˝ e11. Hence it

follows that

nX

kD1
ekibejk D

0

B
B
B
@

bij 0 � � � 0
0 bij � � � 0
:::
:::
: : :

:::

0 0 � � � bij

1

C
C
C
A

2 Mn.A/\ fers W 1 � r; s � ng0.

In this section, instead of using “i” for the square root of �1 we shall write
“
p�1”; to avoid any possible confusion with the use of “i” as an integer subscript.

Lemma 2.4.3 Let B be a unital C�-algebra or more generally, a �-algebra and let
f fijg1�i;j�n be any n � n system of matrix units for B.

(1) Then, for any pair i and j with 1 � i, j � n, we have for every t 2 B, by
polarization

4f1itfj1 D
3X

kD0

p�1k
. fj1 C p�1k

fi1/
�t.fj1 C p�1k

fi1/

and each term of the above equality belongs to f11Bf11. For each pair i and j
with 1 � i, j � n and k, put

t.i; jI k/ D . fj1 C p�1k
fi1/

�t. fj1 C p�1k
fi1/.

Then 4f1itfj1 D P3
kD0

p�1k
t.i; jI k/ and the map B 3 t 7�! t.i; jI k/ 2 f11Bf11 is

a positive normal linear map when B is a monotone complete C�-algebra.
(2) Let C D f fij W 1 � i; j � ng0 \ B. Take any x 2 B and put, for each k, l with

1 � k, l � n, xkl D Pn
rD1 frkxflr. Then xkl 2 C for all k and l and C is a unital

�-subalgebra of B. If B is a C�-algebra, then so is C and when B is monotone
(�-)complete, so is C. The map ˆ W B 3 x 7�! .xij/1�i;j�n 2 Mn.C/ is a unital
�-isomorphism.

(3) The map  W C 3 x 7�! f11x 2 f11Bf11 is a �-isomorphism.
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(4) Let � W B 3 x 7�! . f1ixfj1/1�i;j�n 2 Mn. f11Bf11/. Then � is also a �-
isomorphism from B onto Mn. f11Bf11/ and we have the following commutative
diagram:

where … is the canonical map from Mn. f11Bf11/ onto f11Bf11 ˝ Mn.C/ and…C
is the canonical map from Mn.C/ onto C ˝ Mn.C/.

Proof By Propositions 2.1.10 and 2.2.26, (1) is clear.
Since the system f fij W 1 � i; j � ng is self-adjoint, C is a unital C�-subalgebra

of B. Now take any x 2 B. Since xkl D Pn
rD1 frkxflr for each pair k and l with 1 � k,

l � n, calculation shows

fijxkl D fij

 
nX

rD1
frkxflr

!

D fikxflj and xklfij D
 

nX

rD1
frkxflr

!

fij D fikxflj

and so xkl 2 C follows.
Consider the map ˆ W B 3 x 7�! .xij/1�i;j�n 2 Mn.C/. It is clear that ˆ is an

injective �-linear map from B to Mn.C/. Moreover, for each x 2 B,

x D
nX

i;jD1
fiixfjj D

nX

i;jD1

 
nX

kD1
fkixfjk

!

fij D
nX

i;jD1
xijfij

that is, B D Pn
i;jD1 Cfij and the map is surjective.

We also have that for every pair x and y in B and i and j with 1 � i, j � n,

nX

rD1
xiryrj D

nX

rD1

 
nX

kD1
fkixfrk

! 
nX

lD1
flryfjl

!

D
nX

rD1

nX

kD1
fkixfrryfjk D .xy/ij

which implies that the map ˆ is a homomorphism. Hence it is a �-isomorphism.
This is (2).

Furthermore, the map  W C 3 x 7�! f11x 2 f11Bf11 is a �-isomorphism. In fact,
for any x 2 C, xf11 D 0 implies f1jx D f11f1jx D f11xf1j D 0 for all j. Hence fjjx D 0

for all j and so x D Pn
jD1 fjjx D 0 follows, which implies that the map is injective.

Take any y 2 f11Bf11 and put z D Pn
rD1 fr1yf1r. Then as was shown above, z 2 C

and zf11 D f11yf11 D y. So the map is surjective. Since it is clear that this map is a
�-homomorphism, it is a �-isomorphism. This is (3).
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Now take any x 2 B and as before put, for each pair i and j with 1 � i, j � n,
xij D Pn

kD1 fkixfjk, we have xijf11 D f1ixfj1 2 f11Bf11. Let us define the map � W B 7�!
Mn. f11Bf11/ by �.x/ D . f1ixfj1/1�i;j�n. Then, as before, � is a �-isomorphism from
B onto Mn. f11Bf11/. This comes from the fact that  ˝ �n is a �-isomorphism from
C ˝ Mn.C/ onto f11Bf11 ˝ Mn.C/. Since the map � D …�1 ı . ˝ �n/ ı …C ı ˆ,
where… is the canonical map from Mn. f11Bf11/ onto f11Bf11˝Mn.C/ and…C is the
canonical map from Mn.C/ onto C ˝ Mn.C/, this induces a commutative diagram
in the statement of (4). ut
Corollary 2.4.4

(1) For any b 2 A, b � 0 if, and only if,

0

B
B
B
@

b 0 � � � 0
0 0 � � � 0
:::
:::
: : :

:::

0 0 � � � 0

1

C
C
C
A

� 0 in Mn.A/.

(2) For a D .aij/ 2 Mn.A/, if a � 0, then akk � 0 for each k with 1 � k � n.

Proof Since the map A 3 a 7�!

0

B
B
B
@

a 0 � � � 0
0 0 � � � 0
:::
:::
: : :

:::

0 0 � � � 0

1

C
C
C
A

2 e11Mn.A/e11 is a �-isomorphism,

(1) follows.

If a � 0, we have, as before, e1kaek1 D

0

B
B
B
@

akk 0 � � � 0
0 0 � � � 0
:::
:::
: : :

:::

0 0 � � � 0

1

C
C
C
A

� 0, which means by (1)

that akk � 0 for every k with 1 � k � n. ut
More generally, we have the following:

Lemma 2.4.5 Let A be a unital C�-algebra and let n 2 N. Take any s D
.sij/1�i;j�n 2 Mn.A/. Then s is non-negative if, and only if,

nX

i;jD1
xi

�sijxj � 0 for every fx1; � � � ; xng � A. (*)

Furthermore, for any n-family fa1; � � � ; ang � A, the matrix b D .ai
�aj/1�i;j�n is

non-negative.

See Lemma IV.3.1 and Lemma IV.3.2 in [161].
Now we come to the main result of this section, which was originally proved in

[61] by making use of the regular completion (see later arguments) of Mn.A/. Here
we shall show this in an elementary way by applying Lemma 2.4.5. In [63], it was
treated in a more general setting where n D 1. We shall discus this more general
situation later.
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Theorem 2.4.6 Let the C�-algebra A be monotone complete (monotone �-
complete). Then for each n 2 N, the matrix algebra Mn.A/ is also monotone
complete (respectively, monotone �-complete).

Proof Suppose that A is monotone �-complete. Let .am/ be any norm bounded
increasing sequence of elements in Mn.A/sa with am D .aij.m//1�i;j�n for some
aij.m/ 2 A for each such m and i; j. Take any n-family fx1; � � � ; xng � A. By

Lemma 2.4.5, each sequence
�Pn

i;jD1 xi
�aij.m/xj

�
in Asa is norm bounded and

increasing. Since A is monotone �-complete, there exists an a.x1; � � � ; xn/ 2 Asa

such that
Pn

i;jD1 xi
�aij.m/xj " a.x1; � � � ; xn/ in Asa.

As in Lemma 2.4.3 (1), by polarization, for any b we have:

4e1ibej1 D
3X

kD0

p�1k
.ej1 C p�1k

ei1/
�b.ej1 C p�1k

ei1/

where each term lies in e11Mn.A/e11. This tells us that for each i; j and each k
with 1 � i; j � n and k D 0; 1; 2; 3, there exist four norm bounded increasing
sequences.aij.mI k/ W m D 1; 2; � � � / of elements in Asa such that

aij.m/ D
3X

kD0

p�1k
aij.mI k/ for each i; j with 1 � i; j � n and m 2 N.

Since A is monotone �-complete, we have aij.k/ .k D 0; 1; 2; 3I 1 � i; j � n/ such

that aij.mI k/ " aij.k/ in Asa as m ! 1. Let aij D P3
kD0

p�1k
aij.k/ for each pair i

and j with 1 � i; j � n.
We shall show

Pn
i;jD1 xi

�aijxj D a.x1; � � � ; xn/.

By our definition of order limit, LIMm!1aij.m/ D P3
kD0

p�1k
aij.k/ in A. By

Proposition 2.1.22, we also have LIMm!1
Pn

i;jD1 xi
�aij.m/xj D Pn

i;jD1 xi
�aijxj and

it follows that a.x1; � � � ; xn/ D Pn
i;jD1 xi

�aijxj.
Hence we have

Pn
i;jD1 xi

�aij.m/xj � Pn
i;jD1 xi

�aijxj for all fx1; � � � ; xng � A
and m. As was noted before, a D .aij/1�i;j�n 2 Mn.A/ is self-adjoint. SincePn

i;jD1 xi
�.aij � aij.m//xj � 0 for all fx1; � � � ; xng � A, we have am � a for all

m. Now take any b 2 Mn.A/sa and suppose that am � b for all m. Then for every
n-family fx1; � � � ; xng � A, we have

Pn
i;jD1 xi

�aij.m/xj � Pn
i;jD1 xi

�bijxj for all m,
which implies that

Pn
i;jD1 xi

�aijxj � Pn
i;jD1 xi

�bijxj, because
Pn

i;jD1 xi
�aij.m/xj "

Pn
i;jD1 xi

�aijxj in Asa. Hence it follows that a � b and so am " a in Mn.A/sa. By a
similar argument, we can show Mn.A/ is monotone complete when A is monotone
complete. ut



Chapter 3
Classification and Invariants

In this chapter we show how monotone complete C�-algebras, of bounded cardinal-
ity, can be classified by a semigroup which we construct. We introduce the spectroid
invariant for monotone �-complete C�-algebras and show how it can also be defined
for elements of the classification semigroup. In later chapters this theory will be
applied to exhibit huge numbers of examples. We also indicate how aspects of this
theory can be extended to more general classes of partially ordered set. We begin
with a brief discussion of C�-algebras which are not “too large” and cardinalities.

3.1 C�-Algebras of Small Size

Each monotone complete C�-algebra is unital. Also, adjoining a unit to a monotone
�-complete C�-algebras gives a unital monotone �-complete C�-algebra. In this
chapter we shall assume all C�-algebras considered are unital, unless we specifically
state otherwise. Let H be a Hilbert space and L.H/ the (von Neumann) algebra of
all bounded operators on H.

We recall from Chap. 1 that if M is a von Neumann algebra with a separable
state space then, see [1], M is isomorphic to a von Neumann subalgebra of L.H/,
where H is separable. But there do exist monotone complete C�-algebras which
have separable state spaces but which are NOT isomorphic to C�-subalgebras of
L.H/ [178].

We need a few basic notions on complete positivity and complete isometry.
Let A and B be unital C�-algebras and let ˆ W A 7! B be a linear map. Let

ˆn W Mn.A/ 7! Mn.B/ be defined by ˆn..aij// D Œˆ.aij/�.
Then ˆ is said to be completely positive if ˆn is positive for every n. Similarly,

ˆ is said to be a complete isometry if ˆn is an isometry for each n. If ˆ maps the
unit of A to the unit of B then ˆ is said to be unital.

© Springer-Verlag London 2015
K. Saitô, J.D.M. Wright, Monotone Complete C*-algebras and Generic Dynamics,
Springer Monographs in Mathematics, DOI 10.1007/978-1-4471-6775-4_3
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Our standard reference for operator spaces and operator systems is [38]. There
are interesting and important connections between this theory and monotone
complete C�-algebras. But for the beginner, most of these considerations can be
postponed until later.

We recall that a C�-algebra A is said to be small if there exists a unital complete
isometry ˆ from A into L.H/ where H is separable. It follows from Corollary 5.1.2
[38] that when such a ˆ exists, then ˆ is a completely positive isometry onto an
operator system in L.H/, and its inverse is completely positive. Saitô’s Theorem
[137] tells us that A is a small C�-algebra if, and only if, the state space of Mn.A/ is
separable for each n.

A C�-algebra B is almost separably representable if the state space of B is
separable. This turns out to be equivalent to: there exists a separable H and a
completely positive unital

	 W B 7! L.H/

such that 	 is an isometric order isomorphism of Bsa into L.H/sa [178].
Clearly each small C�-algebra is almost separably representable. We conjecture

that the converse is true; it is certainly true in most cases of interest to us. But in full
generality this seems a delicate question. We shall discuss this later.

Lemma 3.1.1 Let A be a monotone �-complete C�-algebra with a separable state
space. Then A is monotone complete.

Proof Let .�n/ be a dense sequence of states. Then
P1

1 1=2
n�n is a faithful state.

So, by Theorem 2.1.14, A is monotone complete. ut
We use #S or card.S/ to denote the cardinality of a set S. We frequently use “c”

to denote the cardinal of the continuum of real numbers, that is, c D 2@0 D #R.

Proposition 3.1.2 Whenever A is a C�-algebra with a separable state space then
#A D #R D c.

Proof Let H be a separable Hilbert space. Because H has a countable orthonormal
basis, each operator on H can be represented by an infinite N � N matrix over the
complex numbers. So L.H/ injects into C

N�N which has cardinality c. Since there
is a completely positive injection of A into L.H/, A also has cardinality c. ut
Proposition 3.1.3 Let A be any C�-algebra of cardinality c. Then it has a faithful
representation on a Hilbert space of dimension c.

Proof We may assume that the algebra is unital, if not we can adjoin a unit without
increasing the cardinality.

For each a 2 Anf0g; there is a pure state �a such that �a.aa�/ ¤ 0. By
the Gelfand-Naimark-Segal process and the fact that the state is pure, there is a
surjection from A onto the corresponding Gelfand-Naimark-Segal Hilbert space
H.�a/. So #H.�a/ � #A D c. Let H be the Hilbert space direct sum of
fH.�a/ W a 2 Anf0gg. So H has an orthonormal basis of cardinality not exceeding
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c � c D c. Since each element of the Hilbert space is orthogonal to all but countably
many basis elements, #H � c � c@0 D c. The natural representation of A on H is
faithful. ut

3.2 Classification Semigroup

In this section we construct a classification semigroup, W , for monotone complete
C�-algebras. We shall see that W is abelian and equipped with a zero element. It is
partially ordered with 0 as its smallest element.

Each element of W is idempotent, that is x C x D x. We show that the semigroup
has the Riesz Decomposition Property.

From these facts it follows that, in its natural partial ordering, W is a distributive
semi-lattice.

To avoid some set theoretic difficulties we fix a large Hilbert space H# and, for
the rest of this section, only consider algebras which are isomorphic to subalgebras
of L.H#/. For most of our applications it suffices to take an H# which has an
orthonormal basis of cardinality c D 2@0 D #R. This ensures that each C�-algebra
of cardinality #R has a faithful representation in L.H#/. In particular, all small
C�-algebras are included.

Many of these constructions can be generalised to other classes of partially
ordered sets. But for this section, we shall only discuss monotone complete
C�-algebras.

Let A and B be monotone complete C�-algebras and let � W A 7! B be a positive
linear map. We recall that � is faithful if x � 0 and �.x/ D 0 implies x D 0.

Let A and B be monotone complete C�-algebras and let � W A 7! B be a positive
linear map. We also recall that the map � is said to be normal if, whenever D is a
downward directed set of positive elements of Asa, � maps the infimum of D to the
infimum of f�.d/ W d 2 Dg in Bsa. That is,

Vf�.d/ W d 2 Dg D � .
Vfd W d 2 Dg/ :

When defining the classification semigroup we shall use positive linear maps
which are faithful and normal. By varying the conditions on � we would get
a slightly different theory. (For example we could, alternatively, require � to be
completely positive or replace normality by a sequential condition.)

Let
 be the class of all monotone complete C�-algebras which are isomorphic to
norm closed �-subalgebras of L.H#/; and let 
# be the set of all C�-subalgebras of
L.H#/ which are monotone complete (in themselves) (They cannot be monotone
closed subalgebras of L.H#/ unless they are von Neumann algebras.). So every
A 2 
 is isomorphic to an algebra in 
#.

Definition 3.2.1 We define a relation between algebras in 
 by A - B if there
exists a positive linear map � W A 7! B which is faithful and normal.
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Let � be an isomorphism of A onto B. Then � and ��1 are both normal so A - B
and B - A. Now suppose � is an isomorphism of A onto a subalgebra of B. Then
� need not be normal. It will only be normal if its range is a monotone closed
subalgebra of B. In particular, if A is a monotone closed subalgebra of B, then by
taking the natural injection as �; we see that A - B.

Lemma 3.2.2 Let A;B;C be in 
. If A - B and B - C then A - C. Also A - A.

Proof There exists a normal, faithful positive linear map � W A 7! B and there exists
a normal, faithful positive linear map  W B 7! C.

Then  ı � W A 7! C is a normal, faithful positive linear map.
The identity map from A to A is a surjective isomorphism and so, by the remarks

above, A - A. ut
Lemma 3.2.3 Let A and B be in 
. Then A ˚ B is also in 
.

Proof Let .an ˚ bn W n D 1; 2; � � � / be any norm bounded increasing sequence in
.A ˚ B/sa. Since for x ˚ y 2 A ˚ B, x ˚ y � 0 if, and only if, x � 0 and y � 0, .bn/

is norm bounded and increasing. Hence there exists b 2 Bsa such that bn " b in Bsa.
Similarly, we have a 2 Asa such that an " a in Asa. By applying Lemma 2.1.5, it is
easy to check that an ˚ bn " a ˚ b and so A ˚ B is monotone �-complete.

By replacing sequences by nets, the same argument will show A˚B is monotone
complete.

Since H# is an infinite dimensional Hilbert space it is isomorphic to the direct
sum of two isomorphic copies of itself, H1 ˚ H2. Then A is isomorphic to A1 �
L.H1/ and B is isomorphic to B2 � L.H2/. Then A ˚ B is isomorphic to A1 ˚ B1
and clearly A1 ˚ B1 can be identified with a subalgebra of L.H1 ˚ H2/D L.H#/. So
A ˚ B is in 
. ut

It is clear that Lemma 3.2.3 implies that 
 is closed under the taking of finite
direct sums. In fact more is true. We can generalise to infinite sums. But, before
doing so, we shall clarify what “infinite sums” we have in mind. The infinite product
of a family of C�-algebras is defined in ([121], page 6, 1.2.4).

In particular, let .An/
1
nD1be a sequence of C�-algebras. Then the direct product is

1Y

nD1
An D f.an/ W an 2 An jj.an/jj D supnjjanjj < 1g:

We recall that when the algebraic operations are defined in the obvious way,
1Y

nD1
An is a C�-algebra. Now consider x D .xn/ and y D .yn/ in

1Y

nD1
An. Then x � y

if, and only if, xn � yn for every n. Using this, a straightforward argument shows
that when each An is monotone complete then so, also, is their direct product.

Lemma 3.2.4 Let .An/ be a sequence of algebras in 
. Then the (infinite) direct
product

Y
An is in 
.
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Proof The proof is essentially the same as in the preceding lemma, except we split
H# into a countable direct sum of isomorphic copies of itself. ut

Provided H# has an orthonormal basis of cardinality c or more, we can generalise
Lemma 3.2.4 and show that the infinite direct product of continuum many algebras
from
, is in 
.

Lemma 3.2.5 Let A1 - B1 and A2 - B2 where A1;B1;A2 and B2 are in 
. Then
A1 ˚ A2 - B1 ˚ B2.

Proof By hypothesis, there exist positive, faithful, normal linear maps �j W Aj 7! Bj

for j D 1; 2.
We define  W A1 ˚ A2 7! B1 ˚ B2 by  .a1 ˚ a2/ D �1.a1/˚ �2.a2/. Then it is

straightforward to verify that  is a positive, faithful, normal linear map. ut
Definition 3.2.6 We now define a relation between algebras in 
 by A � B if
A - B and B - A.

Lemma 3.2.7 The relation � is an equivalence relation.

Proof By Lemma 3.2.2, A � A. Again by Lemma 3.2.2, if A � B and B � C then
A � C. ut
Lemma 3.2.8 If A1 � B1 and A2 � B2 then A1 ˚ A2 � B1 ˚ B2.

Proof This follows from Lemma 3.2.5. ut
We adopt the following temporary notation. For each A 2 
# we define ŒA� to be

the set of all B in 
# such that B � A.
Let W D fŒA� W A is a norm closed �-subalgebra of L.H#/; and A is a monotone

complete C�-algebrag.
For each B 2 
; there is an isomorphism � from B onto A 2 
#; we define

w.B/ to be ŒA�. It is clear that w is well defined. In particular w.A/ D w.B/ if,
and only if, A � B. So, by Lemma 3.2.8, w.A1/ D w.B1/ and w.A2/ D w.B2/
implies w.A1 ˚ A2/ D w.B1 ˚ B2/. It follows that we can define an operation C
on W by setting w.A/C w.B/ D w.A ˚ B/. The associativity of taking direct sums
immediately implies that C is associative on W . So .W ;C/ is a semigroup; we shall
abuse our notation and use W for both the semigroup and the underlying set.

Proposition 3.2.9 The semigroup W is abelian and has a zero element. The zero
element is w.C/, where C is the one dimensional algebra, the complex numbers.

Proof Consider w.A/ and w.B/. Define � W A ˚ B 7! B ˚ A by �.a ˚ b/ D b ˚ a.
Then � is a surjective �-isomorphism. Hence w.A ˚ B/ D w.B ˚ A/. So

w.A/C w.B/ D w.B/C w.A/:

Fix A. Let � W A 7! A ˚ C be defined by �.a/ D a ˚ 0. Then � is positive,
normal and faithful. So A - A ˚ C.
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Now consider  W A ˚ C 7! A defined by  .a ˚ �/ D a C �1, where 1 is
the unit element of the algebra A. Then  is positive and normal. Suppose that
 .aa� ˚ ��/ D 0. Then aa� C j�j21 D 0. So a D 0 and � D 0. i.e.  is faithful.
So A ˚ C - A. Hence

w.A/ D w.A ˚ C/ D w.A/C w.C/:

ut
We shall denote the zero element of W by 0.

Proposition 3.2.10 Each element of W is idempotent, that is, w.A/ C w.A/ D
w.A/.

Proof Let � W A ˚ A 7! A be defined by �.a ˚ b/ D a C b. Then � is a faithful,
normal positive linear map. So A ˚ A - A.

Now consider  W A 7! A ˚ A defined by  .a/ D a ˚ a. Then  is a faithful,
normal positive linear map. So A - A ˚ A. ut

From Lemma 3.2.2, we see that if A1 � A2 - B1 � B2 then A1 - B2. So, without
ambiguity, we may define w.A/ � w.B/ if, and only if A - B.

Lemma 3.2.11 The relation � is a partial ordering of the semigroup W . Then 0 �
w.A/ for all elements of W . Also, w.A1/ � w.B1/ and w.A2/ � w.B2/ implies

w.A1/C w.A2/ � w.B1/C w.B2/:

Proof For any A consider the positive linear map � W C 7! A defined by �.�/ D �1.
Then � is faithful and normal. So C - A hence 0 � w.A/. The second part of the
lemma follows from Lemma 3.2.5. ut
Corollary 3.2.12 In the partially ordered semigroup W , w.A/ C w.B/ is the least
upper bound of w.A/ and w.B/.

Proof Since w.A/ � w.A/ and 0 � w.B/; we have w.A/ C 0 � w.A/ C w.B/.
Similarly w.B/ � w.A/C w.B/.

Now suppose that w.X/ is an upper bound for w.A/ and w.B/. Then

w.A/C w.B/ � w.X/C w.X/ D w.X/.

ut
Corollary 3.2.13 We have w.A/ � w.B/ if and only if w.A/C w.B/ D w.B/.

Proof This is because w.A/ � w.B/ if and only if w.B/ equals the least upper bound
of w.A/ and w.B/. ut
Proposition 3.2.14 Let A be an algebra in 
. Then w.A/ D 0 if, and only if, A is a
von Neumann algebra with a faithful normal state.
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Proof Let 1 be the unit element of A. Then � ! �1 is a positive, faithful normal
map from C to A. Hence C - A. So A � C if, and only if, A - C. But this is
equivalent to the existence of a faithful normal state on A. By a well known theorem
of Kadison ([84] or Exercise 7.6.3 in [88]) the existence of a faithful normal state on
a monotone complete C�-algebra implies that A is a von Neumann algebra. Also, if
A is a von Neumann algebra with a faithful normal state, then A - C. ut
Corollary 3.2.15 Let A be a von Neumann algebra which has a faithful state. Then
w.A/ D 0.

Proof When a von Neumann algebra A possesses a faithful state, say ', then, by a
well known theorem of Takesaki, the state ' can be split into the sum of a positive
normal functional � and a completely singular positive functional � (see Theorem
III.3.8 in [161]).

Suppose there exists a non-zero projection p such that �.p/ D 0. Then, because �
is completely singular, there is a non-zero projection q such that q � p and �.q/ D
0. But then '.q/ D 0. Since ' is faithful this is a contradiction. So � is a faithful
normal positive functional on A. ut

From the above we get:

Theorem 3.2.16 The semigroup W is a partially ordered, abelian semigroup with
zero. Each element of W is idempotent. The natural partial ordering induced on W
by - coincides with the partial ordering defined by:
x � y if, and only if x C y D y.

A join semi-lattice is a partially ordered set in which each pair of elements has a
least upper bound. See [55].

Corollary 3.2.17 The semigroup W is a join semi-lattice with a least element 0.

Proposition 3.2.18 Let .An/.n D 1; 2; : : :/ be a sequence of algebras in 
. Let
their (infinite) direct product be

Q
An. Then w.

Q
An/ is the least upper bound of the

countable set fw.An/ W n D 1; 2; : : :g. In other words, in W each countable set has
a supremum.

Proof Let w.X/ be an upper bound for fw.An/ W n D 1; 2 : : :g. Then for each n there
exists a faithful positive normal linear map �n from An into X. By multiplying by a
suitable constant, if necessary, we can suppose jj�njj � 1.

For each x 2 QAn with x D .xn/.n D 1; 2; � � � /, let ˆ.x/ D
1P

nD1
2�n�n.xn/. Then

ˆ.x�x/ D 0 implies that �n.x�
n xn/ D 0 which implies xn D 0; for all n. So ˆ is

faithful.
Let .x˛/ be a downward directed net with infimum 0 in

Q
An where x˛ � 1 for

all ˛. Choose � > 0. Then for large enough N; and all ˛;

0 � ˆ.x˛/ �
NX

nD1
2�n�n.x

˛
n /C

1X

nDNC1
2�n1 <

NX

nD1
2�n�n.x

˛
n /C �1:
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Hence
V

˛

ˆ.x˛/ �
NP

nD1
�n.x˛n

n / C �. Where ˛1;˛2; : : : ; ˛N are arbitrary elements of

the index set for the net. Hence
V

˛

ˆ.x˛/ � �1. Since � was arbitrary it follows that

ˆ is normal. So w.
Q

An/ � w.X/. It is easy to see that w.Aq/ � w.
Q

An/ for each
q. The result follows. ut
Lemma 3.2.19 Let � W A 7! B be a positive linear map which is normal. Then there
exists a projection e 2 A such that � vanishes on .1� e/A.1� e/ and its restriction
to eAe is faithful.

Proof Let K be the hereditary cone fx 2 AC W �.x/ D 0g. Let K0 D fx 2 K W
jjxjj < 1g. Then, see ([121] page 11) or ([161] pp25–27), K0 is an upward directed
set. Let p be the supremum of K0 in A. In fact, ([121], Theorem 1.4.2) or ([161],
Theorem 1.7.4) K0 is an increasing approximate unit for the hereditary subalgebra
B generated by K so its supremum, p, is a unit for this algebra. So p is a projection.
(See the proof of Proposition 2.1.15.)

Let z 2 .1 � p/A.1 � p/ and �.zz�/ D 0. Then zz� is in K. So zz� D pzz� D
p.1 � p/zz� D 0. So � is faithful when restricted to .1 � p/A.1 � p/. On putting
e D 1 � p the lemma follows. ut

We call e the support projection of �.

Lemma 3.2.20 Let e be any projection in A. Then

eAe ˚ .1 � e/A.1� e/ � A:

Proof If e D 0 or e D 1 then the statement is trivially true. So we suppose that
neither e nor 1� e is zero. Let � W A 7! eAe ˚ .1� e/A.1� e/ be defined by �.x/ D
exe˚.1�e/x.1�e/. Then � is positive, linear and normal. (Use Lemmas 2.1.9, 2.1.5
and Proposition 2.2.26.)

Suppose �.zz�/ D 0. Then ezz�e D 0 and .1 � e/zz�.1 � e/ D 0. So ez D 0 and
.1 � e/z D 0. Thus z D 0. So � is faithful.

Hence w.A/ � w.eAe ˚ .1 � e/A.1 � e//.
By Proposition 2.2.26, the natural embedding of eAe in A is an isomorphism onto

a monotone closed subalgebra. Hence w.eAe/ � w.A/. Similarly w..1 � e/A.1 �
e// � w.A/. Since w.A/Cw.A/ D w.A/; we have w.eAe˚.1�e/A.1�e// � w.A/.
The result is proved. ut

The next result shows that the ordered semigroup W , has the Riesz Decom-
position Property. This will then imply that, regarded as a join semi-lattice, it is
distributive. This is useful because there is a well developed structure theory for
distributive join semi-lattices which can then be applied to W .

Theorem 3.2.21 Let a; b; c be elements of W such that a � bCc. Then a D a1Ca2
such that 0 � a1 � b and 0 � a2 � c.
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Proof Let a D w.A/, b D w.B/; and c D w.C/. Then there exists a faithful normal
positive linear map � W A 7! B ˚ C.

For each y in the algebra B and for each z in the algebra C; let �1.y ˚ z/ D y.
Then �1 is the canonical projection from B˚C onto the first component B. Similarly,
define �2 W B ˚ C 7! C.

Let �j D �j ı � for j D 1; 2. Then each �j is positive, linear and normal. Also
�.x/ D �1.x/˚ �2.x/ for each x 2 A. First let us suppose that �1 D 0. Then a � c.
So, on putting a D a2 and a1 D 0; we are done.

Hence we shall now suppose that �1 ¤ 0. Then, by Lemma 3.2.19, it has a
non-zero support projection e. Then �1jeAe is a faithful normal map into B. Also
�.1 � e/ D 0 ˚ �2.1 � e/. If this vanishes then, since � is faithful, e D 1. So �1
would be faithful on A; which implies a � b. On putting a D a1 and a2 D 0 we
would be finished. We now suppose that �.1 � e/ D 0 ˚ �2.1 � e/ ¤ 0. Since �1
vanishes on .1�e/A.1�e/, we have that 0˚�2j.1�e/A.1�e/ D �j.1�e/A.1�e/
which is faithful.

Hence eAe - B and .1 � e/A.1 � e/ - C. On putting a1 D w.eAe/ and a2 D
w..1 � e/A.1� e//; we find that 0 � a1 � b and 0 � a2 � c.

By appealing to Lemma 3.2.20 we have a1 C a2 D a. ut
Corollary 3.2.22 Regarded as a join semi-lattice, W is distributive.

Proof When we interpret ‘C’ as the lattice operation ‘_’ this is just a straightfor-
ward translation of the statement of the theorem. ut

The well established theory of distributive join semi-lattices can now be applied
to W . See [55]. Since we wish to keep this chapter of reasonable length we shall not
pursue this here. But distributivity is a key property which, in particular, leads to an
elegant representation theory akin to the Stone representation for Boolean algebras.

The classification given here maps each small von Neumann algebra, equiva-
lently, each von Neumann algebra acting on a separable Hilbert space, to the zero
of the semigroup. It could turn out that W is very small and fails to distinguish
between many algebras. We shall see later that this is far from true. Even when w
is restricted to special subclasses of algebras (e.g. subalgebras of `1), we can show
that its range in W is huge, 2c;where c D 2@0 . In the next section we shall introduce
the spectroid of an algebra and show that it is, in fact, an invariant for elements of
W .

The following technical result will be useful to us later.

Lemma 3.2.23 Let A be a monotone complete C�-algebra. Let M be a maximal
abelian �-subalgebra of A. Let 	 W A 7! M be a faithful, normal idempotent map
from A onto M. Then wA D wM.

Proof By Corollary 2.1.32, M is a monotone closed subalgebra of A. So the natural
embedding of M in A implies M - A. On the other hand, the map 	 gives A - M.
So A � M. Thus w.A/ D w.M/. ut
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3.3 Spectroid and Representing Functions

Although our main interest is focused on monotone complete C�-algebras, in this
section we shall also use the larger class of monotone �-complete C�-algebras.

Let A be a monotone �-complete C�-algebra. When fak W k 2 Kg is a countable,
lower bounded, downward directed subset of Asa, we denote the infimum of fak W
k 2 Kg by

V
k2K ak.

For any non-empty set J we let F.J/ be the collection of all finite subsets of J;
including the empty set. In particular we note that F.N/, where N is the set of natural
numbers, is countable.

Definition 3.3.1 A representing function for a monotone �-complete C�-algebra,
A, is a function f W F.N/ 7! AC such that

(i) f .k/ � 0 and f .k/ ¤ 0 for all k.
(ii) f is downward directed, that is, when k; l are finite subsets of N, then

f .k [ l/ � f .k/ and f .k [ l/ � f .l/.
(iii)

V
k2F.N/ f .k/ D 0 in Asa.

Let T be a set of cardinality 2@0 . Let N W T 7! P.N/ be an injection and let N.t/
be infinite for each t. We could, for example, take T to be the collection of all infinite
subsets of N and let N.t/ D t for each t. But we do not demand that fN.t/ W t 2 Tg
contains every infinite subset of N. We shall regard T and the function N as fixed
until further notice.

Definition 3.3.2 Let A be a monotone �-complete C�-algebra and let f W F.N/ 7�!
A be a representing function. Then let R.T;N/. f / be the subset of T defined by

ft 2 T W
^

k2F.N.t//

f .k/ D 0g:

The set R.T;N/. f / is said to be represented by f in A; modulo .T;N/.
Any subset of T which can be represented in A is said to be a representing set of

A (modulo .T;N/).

Definition 3.3.3 Let A be a monotone �-complete C�-algebra. Then the spectroid
of A (modulo .T;N/), written @.T;N/A, is the collection of all sets which can be
represented in A; modulo .T;N/, by some representing function f W F.N/ 7! AC,
that is,

@.T;N/A D fR.T;N/. f / W f is a representing function for Ag.

When it is clear from the context which .T;N/ is being used, we shall sometimes
write @A.

We use Card.S/ or #S to denote the cardinality of a set S.
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Proposition 3.3.4 Let .T;N/ be fixed and let A be any monotone �-complete C�-
algebra of cardinality c. Then @.T;N/A is of cardinality not exceeding c.

Proof Each element of @.T;N/A arises from a representing function for A. But the
cardinality of all functions from F.N/ into A is Card.AF.N// D c@0 D c. So
Card.@.T;N/A/ � c. ut
Corollary 3.3.5 Let .T;N/ be fixed and let A be a small monotone complete C�-
algebra of cardinality c. Then @.T;N/A is of cardinality not exceeding c.

Lemma 3.3.6 Let .T;N/ be fixed and let S be the set of all spectroids, modulo
.T;N/, of monotone �-complete C�-algebras of cardinality c. Then Card.S/ � 2c.

Proof Each subset of cardinality � c is the range of a function from R into P.T/.
So Card.S/ � Card.P.R/R/ � Card.P.R � R// D 2c. ut

Suppose that A and B are monotone �-complete C�-algebras and � W A 7! B
is a faithful positive linear map. Let us recall that � is �-normal if, whenever
.an/.n D 1; 2; : : :/ is a monotone decreasing sequence in A with

V1
nD1 an D 0

then
V1

nD1 �.an/ D 0.

Lemma 3.3.7 Let A be monotone �-complete and D a downward directed subset
of Asa, which is countable and bounded from below. Then there exists a monotone
decreasing sequence .an/.n D 1; 2; : : :/ in D such that d 2 D implies d � an for
some n. Furthermore

V
D D V1

1 an.

Proof Since D is countable, we can write D D fbn W n D 1; 2; � � � g. Let a1 D b1.
Since D is downward directed, we can find a2 in D such that a2 � a1 and a2 � b2.
We can now find a3 in D such that a3 � a2 and a3 � b3. Continuing in this way we
find a sequence .an/.n D 1; 2; : : :/ with the required properties. ut
Corollary 3.3.8 Let A and B be monotone �-complete C�-algebras. Let � W A 7! B
be a positive, faithful �-normal linear map. Let D be a downward directed subset of
non-negative elements in A which is countable. Then

Vfd W d 2 Dg D 0 if, and only
if
Vf�.d/ W d 2 Dg D 0.

Definition 3.3.9 Let A and B be monotone �-complete C�-algebras. If there exists
a positive, faithful �-normal linear map � W A 7! B we write A -� B. Then the
relation -� is a quasi-ordering of the class of monotone �-complete C�-algebras.

When A -� B and B -� A we say that A and B are �-normal equivalent and
write A �� B. This is an equivalence relation on the class of monotone �-complete
C�-algebras. Clearly, if A and B are monotone complete C�-algebras and A - B
then A -� B. So if A � B it follows that A �� B.

Proposition 3.3.10 Let .T;N/ be fixed and let A and B be monotone �-complete
C�-algebras. Let A -� B. Then @.T;N/.A/ � @.T;N/.B/.

Proof Each element of @A is of the form R.T;N/. f /where f is a representing function
for A. It is straightforward to verify that �f is a representing function for B. Since
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� is faithful it follows from Corollary 3.3.8 that R.T;N/. f / D R.T;N/.�f /. Thus @A �
@B. ut

It is clear that the spectroid is an isomorphism invariant but from Proposi-
tion 3.3.10 it is also invariant under �-normal equivalence.

Corollary 3.3.11 Let .T;N/ be fixed and let A and B be monotone �-complete C�-
algebras. Let A �� B. Then @.T;N/.A/ D @.T;N/.B/.

Corollary 3.3.12 Let A and B be monotone complete C�-algebras with w.A/ D
w.B/. Then @.T;N/.A/ D @.T;N/.B/ for any given .T;N/.

So the spectroid is an invariant for the semigroup W and we may talk about the
spectroid of an element of the semigroup.

For the rest of this section we shall consider only monotone complete C�-
algebras, although some of the results (and proofs) are still valid for monotone
�-complete C�-algebras. Let C be the class of all monotone complete C�-algebras
of cardinality c. Let W be the semigroup constructed in Sect. 3.2. We shall now
assume that w has been restricted to the class of all monotone complete C�-algebras
of cardinality not exceeding c and, from now on, use W to denote the semigroup
fw.A/ W A 2 Cg. (So, in effect we are taking a sub-semigroup of the one constructed
in Sect. 3.2, and abusing our notation by giving it the same name.)

Theorem 3.3.13 Let .T;N/ be fixed and consider only spectroids modulo .T;N/.
Let fA� W � 2 ƒg be a collection of small monotone complete C�-algebras such
that the union of their spectroids has cardinality 2c. Then there is a subcollection
fA� W � 2 ƒ0g where ƒ0 has cardinality 2c and @.A�/ ¤ @.A�/ whenever � and �
are distinct elements ofƒ0.

Proof Let us define an equivalence relation on ƒ by � � � if, and only if,
@.A�/ D @.A�/. By using the Axiom of Choice we can pick one element from
each equivalence class to form ƒ0. Clearly @.A�/ ¤ @.A�/ whenever � and � are
distinct elements of ƒ0. Also

Sf@.A�/ W � 2 ƒ0g is equal to the union of all the
spectroids of the original collection. So

2c D #
�[

f@.A�/ W � 2 ƒ0g
�
:

By Corollary 3.3.5, #@.A�/ � c for each � 2 ƒ0. Hence 2c � c � #.ƒ0/. It
follows that we cannot have #.ƒ0/ � c. So c � #.ƒ0/ D #.ƒ0/. So 2c � #.ƒ0/.
From Lemma 3.3.6, we get #ƒ0 � 2c. So #ƒ0 D 2c. ut
Corollary 3.3.14 Given the hypotheses of the theorem, whenever � and � are
distinct elements of ƒ0 then wA� ¤ wA�. So A� is not equivalent to A�. In
particular, they cannot be isomorphic.

Proof Apply Corollary 3.3.12. ut
We have seen that the small monotone complete C�-algebras can be classified by

elements of W and also by their spectroids. Since w maps every small von Neumann
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algebra with a faithful state to the zero of the semigroup, this classification might be
very coarse, possibly W might be too small to distinguish between more than a few
classes of algebras. But we shall see later that this is far from the truth. By applying
Theorem 3.3.13 for appropriate .T;N/ we shall see that #W D 2c.

We can define the spectroid in much greater generality. In particular we can do
this for order feasible sets.

Definition 3.3.15 A partially ordered set M is said to be order feasible if it has
a smallest element 0 and each monotone decreasing sequence in M has a greatest
lower bound.

For example, the positive cone AC of monotone (�-)complete C�-algebra and
more generally, the positive cone VC of a monotone (�-)complete operator system
V are order feasible.

Quasi-orderings of classes of order feasible sets can be defined and associated
weight semigroups can be constructed. However, the Riesz Decomposition property
may fail for these generalized weight semigroups unless extra conditions are
imposed.

We constructed the classification semigroup W in [144]. Representing functions
for Boolean algebras were used by Monk and Solovay [104]; their definition was
extended to monotone complete C*-algebras by Hamana in [66]. See also [103].
The spectroid invariant was introduced by us in [144]. Its extension to order feasible
sets is outlined in [182].



Chapter 4
Commutative Algebras: Constructions
and Classifications

The second chapter gave the foundations of the theory of monotone complete C�-
algebras. We then introduced a classification semigroup and spectroid invariants.
But, up to now, we have seen few concrete examples of wild monotone complete C�-
algebras. A good place to start is by finding commutative examples. This is what we
shall do in this chapter. In Sect. 4.2 we give general constructions for commutative
algebras. In Sect. 4.3 we show that `1 has 2R subalgebras fAt W t 2 2Rg, where each
At is a (small) wild, commutative monotone complete C�-algebra. Furthermore,
when r ¤ s, then Ar and As take different values in the semigroup W and have
different spectroids. In a later chapter we shall use group actions on commutative
algebras to construct huge numbers of small wild factors.

We have seen earlier that there is a natural correspondence between commutative
monotone complete C�-algebras and complete Boolean algebras. So it is not
surprising that we begin with Boolean algebras.

4.1 Boolean Algebra Preliminaries

Most readers will have come across Boolean algebras. This short section outlines
the few topics we need. Experts in this area should skip to the next section.

4.1.1 Basics

An elegant, lucid account of Boolean algebras, ample for our purposes, is given by
Halmos [57] but a vast literature exists, see [12, 95]. Complete Boolean algebras
are of importance in mathematical logic. As we mentioned earlier each complete
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Boolean algebra can be identified with the lattice of projections in a commutative
monotone complete C�-algebra.

Given a non-empty set X, a non-empty collection of subsets, F , is a field of sets
if (i) A 2 F implies that its compliment A0 2 F and (ii) A and B in F implies A [ B
and A \ B are in F . These properties imply that ¿ and X are also in F . Every field
of sets is an example of a Boolean algebra and the formal definition of a Boolean
algebra (which we shall give shortly) is an abstraction of the idea of a field of sets.
(In fact there are many equivalent lists of axioms for Boolean algebras.)

For E � X and F � X the symmetric difference E4F is defined to be .E \ F0/[
.E0 \ F/. It turns out that this operation is associative (see below) and that we can
define a ring structure on F by putting:

0 D ¿ and 1 D X

E C F D E4F

EF D E \ F:

This ring is commutative, has a unit, and, for each E; E2 D E. Any unital ring
where e2 D e for each element is said to be a Boolean ring. In a Boolean ring, by
expanding the identity .a C a/2 D a C a; we find that a C a D 0. Every Boolean
ring is commutative. To see this we use

a C b D .a C b/2 D a2 C ab C ba C b2 D a C b C ab C ba:

When X is a set with only one element then the collection of all subsets has
only two elements. So the corresponding Boolean ring contains just 0 and 1. The
two element Boolean ring is a field, in the algebraic sense, that is, each non-zero
element (there is only 1) has a multiplicative inverse. This use of “field” in two
completely different senses is unfortunate but should not cause confusion. Following
the notation of Halmos, we shall sometimes denote the two element Boolean ring
by 2.

Then 2X is the set of all functions from X to 2. When we add �E and �F pointwise
(where we regard them as taking their values in 2/ we get �E C�F D �E4F . (Hence
“�” is associative.) Similarly �E�F D �E\F .

A Boolean algebra is a set B with two (distinct) distinguished elements 0 and 1; a
binary operation _, a binary operation ^; and a unary operation 0 with the following
properties. For a; b; c in B

(i) a^.b_c/D .a^b/_.a^c/ and a_.b^c/ D .a_b/^.a_c/ (distributivity)
(ii) the operation _ is commutative and associative

(iii) the operation ^ is commutative and associative
(iv) a ^ a D a and a _ a D a
(v) a ^ 0 D 0 and a _ 0 D a

(vi) a00 D a
(vii) 00 D 1



4.1 Boolean Algebra Preliminaries 65

(viii) .a _ b/0 D a0 ^ b0
(ix) a ^ a0 D 0.

From these axioms we can deduce, for example 10 D 000 D 0. We also have
.a ^ b/0 D .a0 _ b0/00 D a0 _ b0 and a _ a0 D .a0 ^ a00/0 D 00 D 1.

The above axioms are clearly satisfied by a field of subsets of a set X, when _ is
interpreted as union, ^ is interpreted as intersection and 0 as complimentation.

Given a Boolean algebra B we can give it the structure of a Boolean ring by
defining x C y D .x ^ y0/ _ .x0 ^ y/ and xy D x ^ y. This Boolean ring has,
appropriately, 0 as its zero element and 1 as its unit. Conversely, given any Boolean
ring we can give it the structure of a Boolean algebra by defining

x ^ y D xy and x _ y D x C y C xy and x0 D 1C x:

This correspondence between Boolean algebras and Boolean rings is bijective
i.e. if we start with a Boolean algebra, construct the corresponding Boolean ring
and then construct a Boolean algebra from this ring, we recover the original Boolean
algebra.

Let B1 and B2 be Boolean algebras. A map H W B1 7! B2 is a Boolean
homomorphism if it preserves the Boolean operations. That is, for all x; y in B1

H.x _ y/ D Hx _ Hy

H.x ^ y/ D Hx ^ Hy

Hx0 D .Hx/0:

It can be deduced that H.0/ D 0 and H.1/ D 1. Furthermore, when these
Boolean algebras are given their canonical Boolean ring structures, H W B1 7! B2
is a ring homomorphism (with H.1/ D 1) precisely when H is a Boolean
homomorphism.

Let J be a subset of B. It is a (ring) ideal of B precisely when it is the kernel of
a (ring) homomorphism. But this is equivalent to J being the kernel of a Boolean
homomorphism. So we call J a Boolean ideal if (i) 0 2 J; (ii) a 2 J and b 2 J
implies a _ b 2 J and (iii) a 2 J and b 2 B implies a ^ b 2 J.

There is a third way of looking at Boolean algebras. We can partially order a
Boolean algebra B; by defining p � q to mean p ^ q D p. With this partial ordering,
each Boolean algebra becomes a distributive lattice where a and b have least upper
bound a _ b and greatest lower bound a ^ b.

We define a Boolean algebra B to be �-complete if each countable subset of B
has a least upper bound. It is complete if every subset has a least upper bound.
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4.1.2 Regular Open Sets

Let X be a (non-empty) topological space. Throughout this book we consider only
Hausdorff spaces and so we shall suppose X to be Hausdorff even though this
assumption is not strictly necessary here.

We recall that an open subset of X is regular if it is the interior of its closure.
As usual we denote the compliment of P in X by P0. It is convenient, in this

section, to denote the closure of P by P� and the interior of P by Po. Then Po D P0�0.
So Q is a regular open set precisely when Q D Q�o D Q�0�0. We now define P? to
be P�0. So P is a regular open set if, and only if, P D P??.

Lemma 4.1.1

(i) Let R be any subset of X. Then R�o is a regular open set. When R is open then
R�o is the smallest regular open set which contains R.

(ii) Let P and Q be regular open sets. Then P \ Q is a regular open set.
(iii) Let fP� W � 2 ƒg be a (non-empty) collection of regular open sets. Let O D

[�2ƒP�. Then O�o is the smallest regular open set containing each P�.

Proof

(i) Let V be the open set R�o. Then V� � R�. So V�o � R�o D V . But, since
V is an open subset of V�, V � V�o. Thus V is a regular open set. When R is
open then R � R�o D V .

Let W be any regular open set with R � W. Then R� � W� and so V D
R�o � W�0 D W.

(ii) Clearly .P \ Q/� � P�. So .P \ Q/�o � P�o D P (because P is a regular
open set). So .P \ Q/�o � P \ Q. But, by (i), P \ Q � .P \ Q/�o. So P \ Q D
.P \ Q/�o.

(iii) By applying (i) to O we get (iii). ut
Let RegX be the set of regular open subsets of X. By Lemma 4.1.1, RegX is a

complete Boolean algebra. But, in general, it is not a field of sets. One reason is the
union of two regular open sets need not be regular. For example, when X is the set
of real numbers with its usual topology, the intervals .0; 1/ and .1; 2/ are regular
open but their union is not. But if we put 0 D ¿; 1 D X; P ^ Q D P \ Q and
P _ Q D .P [ Q/�o then, if we use P 7! P? as unary operation, we obtain a
complete Boolean algebra.

With no additional conditions on X, whenever O is an open subset, then O�nO is
a closed set with empty interior. We recall that a set is nowhere dense if its closure
has empty interior. A set is meagre if it is the union of countably many nowhere
dense subsets. It follows that the union of countably many meagre sets is, again, the
union of countably many nowhere dense sets. Hence it is meagre.

Also any subset of a meagre subset is meagre. So the meagre subsets of X form
a Boolean �-ideal of P.X/. But this ideal is only of interest if it is not too big. For
example, if X consists of all the rationals in R, with the topology induced by R, then
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every subset of X is meagre. For this reason we shall now focus our attention on
Baire spaces.

We recall that X is a Baire space if its only meagre open set is the empty set.
Equivalently, the intersection of a sequence of dense open subsets of X is a dense
subset of X.

Let X be a Baire space. Then E � X is said to have the Baire Property if there
exists an open set U such that E�U is meagre. Let BP.X/ be the collection of
all subsets of X with the Baire Property. Clearly every open set is in BP.X/. It is
straightforward to show that BP.X/ is a �-field of subsets of X. Hence it contains
the Borel sets of X; because they are the smallest �-field of subsets which contains
the open sets.

Lemma 4.1.2 Let X be a Baire space. Then for each E 2 BP.X/ there is a unique
regular open set U such that E 4 U is meagre.

Proof Let J be the ideal of meagre sets in BP.X/. This is both a Boolean ideal and a
ring ideal when we regard BP.X/ as a Boolean ring. Then 4 is addition in this ring.

By the definition of the Baire Property, there exists an open set O such that E 4
O 2 J. Now let U D O�o. Then, by (i) in the preceding lemma, U is a regular
open set. Also O � O�o � O�. Since O�nO is nowhere dense, O 4 U 2 J. So
E 4 U D .E 4 O/4 .O 4 U/ which is in J.

Now let V be any regular open set such that E 4 V 2 J. Then V 4 U D .V 4
E/4 .E 4 U/ which is in J.

Then the open set .U [ V/n.U \ V/� is contained in .U [ V/n.U \ V/ D U 4 V
which is in J.

Because X is a Baire space, any open set which is meagre must be empty. So

U [ V � .U \ V/�:

Since U [ V is open, U [ V � .U \ V/�o.
Since U \ V is a regular open set, it now follows that U [ V � U \ V . Hence

U � V and V � U. So U D V . ut
Let Bor.X/ be the smallest �-field of subsets of X which contains all the open

sets. Then Bor.X/ is the field of Borel subsets of X. When X is a Baire space, for
each Borel set E let rE be the unique regular open set such that E 4 rE is meagre.

Theorem 4.1.3 (Birkhoff-Ulam) Let X be a Baire space. Let r be the map defined
above. Then r is a Boolean �-homomorphism of Bor.X/ onto RegX. Furthermore
the kernel of this homomorphism is the ideal of meagre Borel sets.

Corollary 4.1.4 Let E and F be Borel sets whose intersection is meagre. Then rE
and rF are disjoint.

Proof We have rE \ rF D rE ^ rF D r.E \ F/ D ¿. ut
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4.1.3 Structure Space

Let f0; 1g be equipped with the discrete topology. Then, for any index set I; the
product space f0; 1gI is compact Hausdorff. From the definition of the product
topology, it has a base of clopen subsets. So it is zero-dimensional. (For compact
Hausdorff spaces, zero-dimensional and totally disconnected are synonymous.) Let
X be a closed subset of f0; 1gI. Then X is compact and totally disconnected. Let
K be the collection of clopen subsets of X. Then K is a Boolean algebra, in
fact a field of subsets of X. Given x 2 X we can define hx W K 7! f0; 1g by
hx.K/ is 1 if x 2 K and 0 if x … K. Then hx may be regarded as a Boolean
homomorphism of K onto the two element Boolean algebra, or equivalently, as a
(unital) ring homomorphism of K onto the field with two elements. So each point of
X corresponds to a homomorphism onto 2.

The Stone Representation Theorem, see below, implies that every Boolean
algebra is isomorphic to the algebra of clopen subsets of some compact totally
disconnected space.

The only Boolean ring without any non-trivial ideals is the (algebraic) field 2.

Lemma 4.1.5 Let B be a Boolean algebra. Let p 2 B with p ¤ 0 and p ¤ 1. Then
there is a homomorphism h W B 7! 2 such that h.p/ D 1 and h.p0/ D 0.

Proof Consider the ideal .1� p/B. By a Zorn’s Lemma argument, it is contained in
a maximal ideal M. Let h be the quotient homomorphism of B onto B=M.

Then B=M is a Boolean ring and a field. So we can identify it with 2.
Since 1 � p 2 M; we have 1 � h.p/ D h.1� p/ D 0. ut

Theorem 4.1.6 (Stone) Let B be a Boolean algebra. Let SB be the set of all
homomorphisms of B onto 2. Then SB is a closed subset of 2B and thus a totally dis-
connected compact Hausdorff space. For each b 2 B let H.b/ D fh 2 SB W h.b/D 1g.
Then H is an isomorphism of B onto the Boolean algebra of all clopen subset of SB.

Corollary 4.1.7 When X is a totally disconnected, compact Hausdorff space and K
is the Boolean algebra of clopen subsets of X, then X is homeomorphic to SK.

Corollary 4.1.8 Let � be an infinite cardinal. Let X be a totally disconnected
compact Hausdorff space. Let � clopen subsets form a base for the topology of
X. Then X is homeomorphic to a subspace of 2� .

Proof Let K be the Boolean algebra of all clopen subsets of X. Then, by definition
of the Stone structure space of a Boolean algebra, SK is a closed subset of 2K.

Hence X is homeomorphic to a closed subspace of 2K. By compactness, each
clopen subset of X is the union of finitely many base elements. So #K D �. Hence
2K is homeomorphic to 2� . ut

We know that there is a duality between the category of compact Hausdorff
spaces (with continuous maps as morphisms) and the category of commutative uni-
tal C�-algebras (with �-homomorphisms as morphisms). Stone’s theorem implies
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a similar duality between totally disconnected, compact Hausdorff spaces and
Boolean algebras.

In particular, the Stone structure space of a Boolean algebra is extremally
disconnected precisely when the Boolean algebra is complete.

4.2 Commutative Algebras: General Constructions

Let us recall that if a monotone complete C�-algebra has a separating family of
normal states then it is a von Neumann algebra. If it has no normal states, then it
is said to be wild. In this chapter we give some constructions with commutative
algebras which will lead to huge numbers of examples of wild commutative
monotone complete C�-algebras. We shall make use of the classification semigroup
W and spectroid invariants discussed in Chap. 3. In subsequent chapters we shall
use group actions on wild commutative algebras to exhibit huge numbers of wild
factors.

4.2.1 Measurable Functions

Let Y be a non-empty set. Let us recall the following notation. Let Bnd.Y/ be
the algebra of all bounded complex valued functions on Y, where multiplication,
addition, involution etc. are determined pointwise. When this algebra is given the
norm

jj f jj D supfj f .t/j W t 2 Yg

it becomes a commutative, unital C�-algebra; in fact, a von Neumann algebra. We
use Bnd.Y/sa to denote the self-adjoint part of Bnd.Y/. Then Bnd.Y/sa is the (real)
commutative algebra of all bounded real-valued functions in Bnd.Y/.

We saw, in Chap. 2, that Bnd.Y/sa is a vector lattice as well as a commutative
algebra.

Let S be a �-algebra of subsets of Y; that is, (i) Y 2 S, (ii) A 2 S implies
YnA 2 S, (iii) if An 2 S for n D 1; 2 : : : then [1

1 An 2 S. We call the pair
.Y;S/ a measurable space. We recall that a real valued function f W Y 7! R is
S-measurable if fy 2 Y W f .y/ > tg 2 S for each t 2 R. A complex valued function
F on Y is measurable if F D f C ig where f and g are real valued measurable
functions. By standard measure theoretic arguments (see, for example, [127]) sums
and products of measurable functions are measurable. Also, if . fn/ is a sequence
of measurable functions which converges pointwise to f then f is measurable. Let
B1.Y;S/ be the algebra of all bounded, complex valued, S-measurable functions.
(We shall abbreviate this to B1.Y/ when it is clear which �-algebra is being used.)
It is a closed �-subalgebra of Bnd.Y/.
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Let J be a (Boolean) �-ideal of S, that is, (i) ¿ 2 J and Y … J . (ii) A 2 J and
B 2 S implies B \ A 2 J (iii) An 2 J for n D 1; 2 : : : implies [1

nD1An 2 J .
Let J be the set of all f 2 B1.Y/ such that fy 2 Y W f .y/ ¤ 0g 2 J . Then

it is straightforward to show that J is a (C�-algebra) �-ideal of B1.Y/. So, see
Chap. 2, B1.Y/=J is monotone �-complete. But sometimes this quotient algebra is
monotone complete. For a familiar example, let Y be the interval Œ0; 1� and S the
collection of Lebesgue measurable subsets. When J is the set of Lebesgue null
sets then B1.Y/=J is L1 which is monotone complete. We shall find many other
examples.

Just as in classical measure theory, we shall say that a property holds almost
everywhere (with respect to J ) if the subset of Y for which it does not hold is in
J . We shall abbreviate this to a.e.(J ) or, when there is no risk of ambiguity, write
“a.e.”.

Let q W B1.Y/ 7! B1.Y/=J be the quotient homomorphism. Then, see Chap. 2,
q is a �-homomorphism.

Lemma 4.2.1 Let f and g be bounded, real-valued measurable functions on Y.
Then q. f / � 0 if, and only if, f � 0 almost everywhere. Furthermore, q. f / � q.g/
if, and only if, f � g almost everywhere.

Proof

(i) Let f D f C � f � where f C and f � are positive and f Cf � D 0.
Then f � 0 a.e. precisely when f � D 0 a.e. But this is equivalent to

q. f �/ D 0.
This is equivalent to q. f / D q. f C/. This implies q. f / � 0.
Conversely, q. f / � 0 implies, on multiplying by q. f �/; that q. f �/ D 0.

(ii) We have q. f / � q.g/ is equivalent to q. f � g/ � 0 which is equivalent to
f � g � 0 a.e. ut

We recall that a measurable function s is simple if it takes only finitely many
values. Equivalently, s D Pn

1 cn�En where fE1; : : : ;Eng is a disjoint collection of
measurable sets. The simple functions in B1.Y/ are closed under addition and
multiplication by scalars. In other words, they form a vector subspace of B1.Y/.
The following elementary lemma tells us this vector space is norm dense in B1.Y/.

Lemma 4.2.2 Let f 2 B1.Y/sa. Then there exists a monotone increasing sequence
of simple (measurable) functions which converges uniformly to f .

Proof It suffices to show this when 0 � f � 1 that is, when the range of f is in the
interval Œ0; 1�.

Let A D f �1Œ0; 1
2
/ and B D f �1Œ 1

2
; 1�. We define s1 D 0�A C 1

2
�B then jj f �s1jj �

1
2
.

We split A into the disjoint union C [D where C D f �1Œ0; 1
4
/ and D D f �1Œ 1

4
; 1
2
/.

We split B into the disjoint union E [ F where E D f �1Œ 1
2
; 1
2

C 1
4
/ and F D

f �1Œ 1
2

C 1
4
; 1�.
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We define s2 D 0�C C 1
4
�D C 1

2
�E C 3

4
�F . Then

s1 � s2 � f

and jj f � s2jj � 1
22

.
By repeating this process, splitting the range of f into smaller and smaller disjoint

pieces, we construct a monotone increasing sequence of simple functions .sn/ such
that jj f � snjj � 1

2n . ut

4.2.2 Baire Spaces and Category

We defined a Baire space to be a (Hausdorff) topological space T such that whenever
.On/ is a sequence of dense open sets then

T1
nD1 On is dense in T. Equivalently, the

only meagre open subset of T is the empty set. Let us recall that a Gı-set is the
intersection of countably many open sets. When T is a Baire space and G is a dense
Gı-subset of T; then G is a Baire space in the relative topology. Since each closed
subspace of a compact space is compact, every Gı-subset of a compact space is a
Baire space; similarly for complete metric spaces.

As before, all topological spaces considered are required to be Hausdorff.
We discussed semicontinuous, real-valued functions in Chap. 2

(see Lemma 2.3.3). On any topological space X, f W X 7! R is lower semicontinuous
if, for each real number t; the set fx 2 X W f .x/ > tg is open.

Let Y be a completely regular space and f W Y 7! R a bounded function. Let
U. f / be the set of all bounded, real-valued continuous functions, a 2 C.Y/sa; such
that a � f . Then the upper envelope of f is defined to be

Of .y/ D inf fa.y/ W a 2 U. f /g:

Then Of is a bounded upper semicontinuous function. (Apply Lemma 2.3.3 with
f� D �a�.)

We can define the lower envelope of f to be the pointwise supremum of the
continuous functions below f or, equivalently,

f D �b.�f /.

Proposition 4.2.3 Let Y be a completely regular space and f W Y 7! R a bounded
lower semicontinuous function. Then

fy 2 Y W Of .y/ > f .y/g

is a meagre set.
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Proof Since � Of is lower semicontinuous, so also, is � Of C f . Thus Of � f is upper
semicontinuous. So for each n; fy 2 Y W Of .y/ � f .y/ � 1

n g is closed. Let On be the
interior of this set.

Suppose, for some n; that On is not empty. Fix y0 2 On. Since Y is completely
regular, there exists a continuous function h W Y 7! Œ0; 1n � such that h.y0/ D 1

n and h
takes the constant value 0 on the closed set YnOn.

For y 2 On; we have Of .y/ � f .y/ � 1
n � h.y/. For y 2 YnOn; we have

Of .y/� f .y/ � 0 D h.y/. So Of � f C h � f .
Let a 2 U. f /. Then a � Of � f Ch. So a�h 2 U. f /. Hence a.y0/�h.y0/ � Of .y0/.
Hence Of .y0/ � 1

n � Of .y0/. This is a contradiction so each On is empty. Hence

fy 2 Y W Of .y/ > f .y/g is the union of a sequence of closed nowhere dense sets. So it
is a meagre set. ut
Corollary 4.2.4 Let Y be a completely regular space. Let u W Y 7! R be a bounded
upper semicontinuous function and let u be its lower envelope. Then u is lower
semicontinuous and fy 2 Y W u.y/ > u.y/g is meagre.

Proof In the proposition, put u D �f . ut
Lemma 4.2.5 Let u be a bounded, upper semicontinuous function on a Baire space
Y. Let fy W u.y/ < 0g be a meagre set. Then u � 0.

Proof Because u is upper semicontinuous, fy 2 Y W u.y/ < 0g is open. But fy 2
Y W u.y/ < 0g is meagre. In a Baire space a meagre open set must be empty. So
u � 0. ut
Lemma 4.2.6 Let X be a completely regular space. Let D D fa� W � 2 ƒg be a
downward directed set in Cb.X/sa; where a� � 0 for each �. Let

u.x/ D inf fa�.x/ W � 2 ƒg

for each x in X. If D has a greatest lower bound, 0, in Cb.X/sa then

M D fx 2 X W u.x/ > 0g

is meagre. Conversely, if X is a Baire space and M is meagre then D has a greatest
lower bound, 0, in Cb.X/sa.

Proof First we observe that u is positive and upper semicontinuous. If D has a
greatest lower bound, a; in Cb.X/sa then a D u; the lower envelope of u. Hence,
if D has infimum 0 in Cb.X/sa then, by Corollary 4.2.4, M is meagre.

Conversely, let us suppose that M is meagre. Let c 2 Cb.X/sa such that c is a
lower bound for D. Then c � u. So fx 2 X W c.xP/ > 0g is a meagre open set.
Because X is now required to be a Baire space, this set is empty. So c � 0. ut

In the following, Y is a (Hausdorff) completely regular Baire space and Bor.Y/
is the �-field of Borel subsets of Y; that is, the smallest �-field of subsets of Y
which contains the open sets. Then every lower semicontinuous function is Borel
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measurable. Let Mg be the set of all meagre Borel sets in YI this is a Boolean �-ideal
of the Borel sets. For the rest of this section, B.Y/ is the algebra of bounded, Borel
measurable functions; that is, we abbreviate B1.Y;Bor.Y// by B.Y/. Let M.Y/ be
the set of all f in B.Y/ such that fy 2 Y W f .y/ ¤ 0g is meagre. Then M.Y/ is a
�-ideal and so the quotient map

q W B.Y/ 7! B.Y/=M.Y/

is a �-homomorphism.
For each Borel set E there is a unique regular open set rE such that the symmetric

difference, .EnrE/[ .rEnE/, is meagre. (See Sect. 4.1.)

Lemma 4.2.7 Let g be a real-valued, bounded Borel measurable function on a
completely regular Baire space Y such that ˛1 � g � ˇ1 for real numbers ˛ and ˇ.
Then there exists a lower semicontinuous function f such that fy 2 Y W f .y/ ¤ g.y/g
is meagre and f satisfies ˛1 � f � ˇ1. Furthermore, there exists an upper
semicontinuous function u such that u D g a.e.(Mg) and u satisfies ˛1 � u � ˇ1.

Proof By adding an appropriate constant and then multiplying by a suitable
constant, it suffices to prove the result when 0 � g � 1.

By Lemma 4.2.2, there exists .sn/, a monotone increasing sequence of positive,
Borel measurable, simple functions, such that sn ! g uniformly.

For each n there exist pairwise disjoint Borel sets fEn
j W j D 1; 2; : : : ; k.n/g and

non-negative constants .cn
j /.j D 1; 2; : : : ; k.n// such that

sn D cn
1�En

1
C : : :C cn

k.n/�En
k.n/
:

Then, see Sect. 4.1, frEn
j W j D 1; 2; : : : ; k.n/g is a set of pairwise disjoint, regular

open sets. Now let

fn D cn
1�rEn

1
C : : :C cn

k.n/�rEn
k.n/
:

Then fn is a lower semicontinuous function bounded above by maxfcn
j W j D

1; 2; : : : ; k.n/g. Since each En
j only differs from rEn

j on a meagre set, sn D fn
a.e.(Mg).

Let f .y/ D supfn.y/. Then f is lower semicontinuous, 0 � f � 1 and g D f
a.e.(Mg).

Put u D Of ; the upper envelope of f . ut
Let us recall that a topological space is extremally disconnected when the closure

of each open set is an open set. In such a space, each regular open set is a clopen set.

Corollary 4.2.8 Let Y be an extremally disconnected, completely regular Baire
space. Let g be a bounded Borel measurable function on Y. Then there is a bounded
continuous function f in Cb.Y/ such that g D f a.e.(Mg).
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Proof By taking real and imaginary parts, it suffices to prove this when g is real
valued. We use the same notation as in the proof of the lemma. But now, because
each regular open set is a clopen set, each fn is a bounded continuous function.

For any m and n; we have j fm.y/� fn.y/j D jsm.y/� sn.y/j � jjsm � snjj for all y
outside a meagre subset of Y. Because of continuity, the set

fy 2 Y W j fm.y/� fn.y/j > jjsm � snjjg

is open. But it is also meagre and so must be empty. It follows that . fn/ is a
Cauchy sequence which converges uniformly to f . So f is a (bounded) continuous
function. ut
Theorem 4.2.9 Let Y be a completely regular, Baire space. Then the commutative
algebra B.Y/=M.Y/ is monotone complete.

Proof Let L D fq.a�/ W � 2 ƒg be a set of self-adjoint elements which is bounded
in norm. It suffices to consider the situation where 0 � q.a�/ � 1 for each �. Then,
by using Lemma 4.2.7, we can suppose that each a� is lower semicontinuous and
that 0 � a� � 1 for each � 2 ƒ.

Let a.y/ D supfa�.y/ W � 2 ƒg. Then a is lower semicontinuous. Clearly q.a/ is
an upper bound for L. Let q. f / be any other upper bound for L.

For any �, we have q. f / � q.a�/. So f � a� a.e.(Mg). Now let Of be the upper
semicontinuous envelope of f .

Then Of � a� is upper semicontinuous and Of � a� � 0 a.e.(Mg). So, by
Lemma 4.2.5, Of � a�. So Of � a.

Since q. Of / D q. f / it follows that q. f / � q.a/. Thus q.a/ is the least upper bound
of L. ut

Consider the quotient map q from B.Y/ onto B.Y/=M.Y/. Let q0 be the restriction
of q to Cb.Y/. Because Y is a Baire space, the only continuous function in M.Y/ is
the constantly zero function. (See Lemma 4.2.5.) So q0 is an injective map from
Cb.Y/ into B.Y/=M.Y/. But an injective �-homomorphism from a C�-algebra into
another C�-algebra is an isometry, so q0 is an isometric embedding from Cb.Y/ into
B.Y/=M.Y/. So we may identify Cb.Y/with its image in B.Y/=M.Y/. We shall show
that, with this identification, Cb.Y/ is a regular subalgebra of B.Y/=M.Y/.

Let 
 be the spectrum of B.Y/=M.Y/; that is, 
 is the compact Hausdorff
space such that C.
/ is isomorphic to B.Y/=M.Y/. Since this algebra is monotone
complete,
 must be extremally disconnected.

Corollary 4.2.10 Let E be an extremally disconnected, completely regular, Baire
space. Then Cb.E/ is monotone complete.

Proof By Corollary 4.2.8, for each g in B.E/ there exists f 2 Cb.E/ such that q.g/ D
q. f /. So q0 is an isometric �-isomorphism from Cb.E/ onto B.E/=M.E/. ut
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The definition of a regular subalgebra was introduced in Sect. 2.1. The intuitive
idea is that B.Y/=M.Y/may be thought of as a “Dedekind cut” completion of Cb.Y/,
analogous to the way the rational numbers embed in the reals.

Corollary 4.2.11 Let Y be a completely regular Baire space. The algebra Cb.Y/ is
a regular subalgebra of B.Y/=M.Y/ ' C.
/.

Proof Each self-adjoint element of B.Y/=M.Y/ is q.u/ for some bounded upper
semicontinuous u.

Let L D fa 2 Cb.Y/sa W q.a/ � q.u/g.
If a is in L then u � a � 0 a.e. So, by Lemma 4.2.5, u � a.
So u.y/ D supfa.y/ W a 2 Lg.
Arguing as in the proof of the theorem, q.u/ is the least upper bound of

fq.a/ W a 2 Lg.
By Corollary 4.2.4, q.u/ D q.u/. ut

Lemma 4.2.12 Let T be any (Hausdorff) completely regular space. Let RegT be
the complete Boolean algebra of regular open subsets of T. Then T has an isolated
point if, and only if RegT has an atom.

Proof Suppose s is an isolated point of T. Then the closed set fsg is also open.
Hence it is in Reg.T/. Clearly it is an atom.

Let U be a regular open set. Suppose there exist distinct points y1 and y2 in U.
Because Y is completely regular, each of these points has an open neighbourhood,
such that the closures of these neighbourhoods are disjoint. So U contains two
disjoint, non-empty, regular open sets. So U is not an atom.

So U is an atom of Reg.T/ if, and only if, it contains exactly one point. ut
Proposition 4.2.13 Let Y be a completely regular Baire space. The Boolean
algebra of projections in B.Y/=M.Y/ ' C.
/ is isomorphic to the Boolean algebra
of regular open subsets of Y.

Proof Let e be a projection in B.Y/=M.Y/. Then there is a real-valued Borel
function f such that e D q. f / and 0 � f � 1. Then q. f n/ D e. Also the sequence
. f n/ is monotone decreasing and converges pointwise to a projection in B.Y/. Since
q is a �-homomorphism it follows that e D q.p/ for some projection p in B.Y/.
Thus e D q.�P/ where P is a Borel subset of Y. It is straightforward to verify that q
induces a Boolean homomorphism q# from Bor.Y/ onto Proj.C.
//. The kernel of
q# is the Boolean ideal of all meagre Borel sets, Mg. So Proj.C.
// is isomorphic to
Bor.Y/=Mg which is isomorphic to RegY; the complete Boolean algebra of regular
open subsets of Y. In particular, for each projection e 2 Proj.C.
// there exists a
unique regular open set O � Y, such that q.�O/ D e. ut
Corollary 4.2.14 The space 
 has no isolated points if, and only if, Y has no
isolated points.

Proof We have Reg.
/ ' Proj.C.
// ' Reg.Y/. So Reg.
/ has no atoms if, and
only if, Reg.Y/ has no atoms. So 
 has no isolated points if, and only if, Y has no
isolated points. ut
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4.2.3 Normal States and Wild Algebras

We are familiar with the notion of a normal state on a monotone complete C�-
algebra. But we can generalise this in a natural way to general C�-algebras.

Let W be a unital C�-algebra. Let D be any norm-bounded downward directed
set in Wsa. If D has a greatest lower bound, d, in Wsa; then we write

V
D D d.

Let � be a positive linear functional on W. Then � is said to be normal if,
whenever

V
D D 0; then inf f�.x/ W x 2 Dg D 0.

Lemma 4.2.15 Let W be a regular subalgebra of a monotone complete C�-algebra
M. Let � be a positive normal functional on M then the restriction of � to W is also
normal.

Proof Let D be downward directed in W and have infimum 0 in W. Then, because
W is a regular subalgebra of M; Proposition 2.1.35 tells us that the infimum of D in
M is also 0. So inf f�.x/ W x 2 Dg D 0. ut
Proposition 4.2.16 Let X be a compact Hausdorff space and let � be a positive
normal functional on C.X/. Let � be the regular Borel measure on X which
corresponds to �. Then �E D 0 whenever E is a meagre Borel subset of X. Also,
for any Borel set B,

�B D �.clB/:
Proof Let F be a closed, nowhere dense subset of X. Let D D f f 2 C.X/sa W �F �
f � 1g. Then, because X is completely regular and �F is upper semicontinuous, D is
downward directed with pointwise infimum �F . It now follows from Lemma 4.2.6
that

V
D D 0.

Because � is normal, inf fR fd� W f 2 Dg D 0.
But �F D R

�Fd� � R
fd� for each f in D. So �F D 0.

It now follows from countable additivity that each meagre Borel set has
measure 0.

Let B be any Borel set. Choose " > 0. Because � is a regular Borel measure,
there is an open set O such that B � O and �O < �B C ".

Then �.clB/ � �.clO/. But clOnO is a closed nowhere dense set. So �.clO/ D
�O < �B C ".

It follows that �.clB/ � �B. Since B � clB the result follows. ut
Theorem 4.2.17 Let X be a compact (Hausdorff) space. Let X have a dense meagre
subset. Then the monotone complete C*-algebra B.X/=M.X/ ' C.
/ is wild.

Proof Every meagre set is contained in the union of a sequence of closed nowhere
dense sets. So every meagre subset of X is contained in a meagre Borel set. Hence
X has a dense meagre Borel set.

Let � be a normal, positive linear functional on C.
/. Since C.X/ is a regular
subalgebra of C.
/; by applying Proposition 2.1.35 we see that the restriction of �
to C.X/ is normal. Let � be the corresponding regular Borel measure on X. Then,



4.2 Commutative Algebras: General Constructions 77

by Proposition 4.2.3, �.X/ D 0. So �.1/ D 0 which, by positivity, implies � D 0.
So C.
/ has no normal states. ut
Corollary 4.2.18 Let X be a compact (Hausdorff) space with no isolated points.
Let X be separable. Then B.X/=M.X/ is wild.

Proof Since there are no isolated points, each one-point set in X is nowhere dense.
So a countable dense set is a dense meagre set. ut

It follows from Corollary 4.2.18 that B.Œ0; 1�/=M.Œ0; 1�/ is wild.
It turns out that whenever Y is homeomorphic to a complete, separable metric

space with no isolated points (i.e. is a perfect Polish space) then B.Y/=M.Y/ is
isomorphic to B.Œ0; 1�/=M.Œ0; 1�/. (This follows from the observation that each
perfect Polish space contains a dense Gı-set which is homeomorphic to N

N, the
space of irrationals. See Chapter 3 Section 36 in [97]. So the Boolean algebras RegY
and RegNN are isomorphic.)

We call the algebra B.Y/=M.Y/ the Dixmier algebra.

Corollary 4.2.19 Let � be Lebesgue measure on .��; �/. Let SL be the spectrum
of L1.��; �/. Then SL is not separable.

Proof There are no minimal projections, because each set of strictly positive
Lebesgue measure can be split into two disjoint sets of strictly positive measure.
So SL has no isolated points. So if SL were separable the algebra would be wild. But
the map f 7! 1

2�

R
fd� gives a normal state. ut

4.2.4 Separable Spaces

Our aim is to construct large numbers of commutative examples of wild monotone
complete C�-algebras. We know from Corollary 4.2.18 that a wild algebra can be
obtained from any separable compact space which has no isolated points. So we
begin by considering separable spaces more carefully.

Lemma 4.2.20 Let X be a compact Hausdorff space. Then X is separable if, and
only if, there is a (unital) �-isomorphism of C.X/ into `1.

Proof Suppose fxn W n D 1; 2; : : :g is a dense subset of X. For each f in C.X/ let
�. f / be the sequence . f .xn//. Then � is an isometric �-isomorphism of C.X/ into
`1.

Conversely, let � be an injective �-homomorphism of C.X/ into `1. (Since
these are C�-algebras it follows that � is an isometric �-isomorphism onto a closed
subalgebra.) Let ˇN be the Stone-Czech compactification of N; the natural numbers
equipped with the discrete topology; this can be identified with the spectrum of `1.
Then we may regard� as an injective �-homomorphism of C.X/ into C.ˇN/. So, by
the Gelfand-Naimark duality between compact Hausdorff spaces and commutative
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unital C�-algebras, there is a continuous surjective map � from ˇN onto X. But N
is a countable dense subset of ˇN. So �ŒN� is a countable subset of X.

Let U be any non-empty open subset of X. Then, because � is surjective, ��1ŒU�
is a non-empty open set. So, for some n 2 N; n 2 ��1ŒU�.

Thus �.n/ 2 U. So �ŒN� is a dense subset of X. ut
Corollary 4.2.21 Let Y be a separable (Hausdorff) completely regular space. Then
Cb.Y/ has a faithful state and is a subalgebra of `1.

Proof Since Y is dense in its Stone-Czech compactification, ˇY is separable.
By Lemma 4.2.20, C.ˇY/ ' Cb.Y/ can be regarded as a unital subalgebra of

`1. For .xn/ 2 `1 let �..xn// D P1
nD1 1

2n xn. Then � is a faithful state on `1. So its
restriction to Cb.Y/ is a faithful state on Cb.Y/. ut
Proposition 4.2.22 Let Y be a separable, completely regular, Baire space. Let
 be
the spectrum of B.Y/=M.Y/. Then the extremally disconnected space
 is separable
and C.
/ has a faithful state.

Proof By Corollary 4.2.21 there exists a �-isomorphism � from Cb.Y/ into `1. It
now follows from Proposition 2.3.11 that � can be extended to a homomorphism O�
from B.Y/=M.Y/ into `1.

We shall show that O� is injective. Let O�.z/ D 0. Now let b D zz�. Then O�.b/ D 0.
Let a � b and a 2 Cb.Y/sa. Then �.a/ � 0. So a � 0.

Since Cb.Y/ is a regular subalgebra of B.Y/=M.Y/; b is the least upper bound of
fa 2 Cb.Y/sa W a � bg. But 0 is an upper bound for this set. So b � 0. Hence b D 0.
So z D 0.

So there is an isomorphism from C.
/ ' B.Y/=M.Y/ into `1. So, by
Lemma 4.2.20, 
 is separable. The existence of a faithful state now follows from
Corollary 4.2.21. ut
Corollary 4.2.23 Let Y be a separable, completely regular (Hausdorff) Baire
space. Let f be any positive bounded lower semicontinuous function on Y. Then
there exists .an/, a monotone increasing sequence of continuous, positive real-
valued functions, such that jjanjj � jj f jj and a lower semicontinuous function h
such that f D h a.e.(Mg) and

h.x/ D supfan.x/ W n D 1; 2 : : :g:

Proof Let D D fa 2 Cb.Y/sa W 0 � a � f g. Then q. f / is the least upper bound of
D in B.Y/=M.Y/. Since this algebra has a faithful state, we can use Theorem 2.1.14
to find a monotone increasing sequence in D; .an/; such that this sequence has
supremum q. f /.

Now let h.x/ D supfan.x/ W n D 1; 2 : : :g for each x. Then q.h/ is the least upper
bound of .an/. Thus q.h/ D q. f /. So h D f (a.e.). ut
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4.2.5 Baire Measurability

The name of Baire is associated with several different mathematical topics. This can
cause some confusion.

In any topological space an F� -set is one which is the union of countably
many closed sets. Let X be a completely regular (Hausdorff) Baire space. When
f W X 7! R is continuous then the open set f �1.t;1/ is the union of the closed sets
f �1Œt C 1

n ;1/. So f �1.t;1/ is an open F� set. When X is normal, in particular,
when X is compact, every open F� -subset arises in this way from a continuous f .
But there exist completely regular spaces which are not normal.

So we define Baire.X/ to be the smallest �-field of sets for which every
bounded continuous, real-valued, function on X is measurable. We shall abbreviate
B1.X;Baire.X// by B1.X/. Then B1.X/ is the �-envelope of Cb.X/ in B.X/.

Then B1.X/ is the smallest �-subalgebra of B.X/ which (i) contains Cb.X/ and
(ii) is closed under pointwise sequential limits of bounded sequences. Then B1.X/
is the algebra of bounded, Baire measurable functions on X.

Let M0.X/ D B1.X/\M.X/. Then M0.X/ is a �-ideal of B1.X/. Clearly we may
regard B1.X/=M0.X/ as a subalgebra of B.X/=M.X/ and Cb.X/ as a subalgebra of
B1.X/=M0.X/. By Corollary 4.2.11, Cb.X/ is a regular subalgebra of B.X/=M.X/.
In other words, each self-adjoint element of B.X/=M.X/ is the supremum of the
elements of Cb.X/ which lie below it. So, also, Cb.X/ is a regular subalgebra of
B1.X/=M0.X/. From this it follows that B1.X/=M0.X/ may be identified with the
regular �-completion of Cb.X/. (See Definition 2.1.37.) In Chap. 5 we shall show
that every C�-algebra has a regular �-completion.

As an immediate consequence of Corollary 4.2.23 we have:

Corollary 4.2.24 Let Y be a separable, (Hausdorff) completely regular, Baire
space. Then B.Y/=M.Y/ D B1.Y/=M0.Y/.

Proof By Corollary 4.2.23 and Lemma 4.2.7, each real valued, bounded Borel
function coincides with a Baire measurable function, outside a meagre set. ut

4.2.6 Cantor Product Spaces

Let f0; 1g be given the discrete topology. Then for any index set I; the space
f0; 1gI is a compact Hausdorff, totally disconnected space. When I is infinite then
(see Sect. 4.1) the collection of clopen subsets of f0; 1gI has cardinal #I. Following
the notation of Halmos, we shall usually abbreviate f0; 1gI by 2I .

We shall call 2N the Cantor space because it is homeomorphic to Cantor’s
“middle third” space. So it is metrisable and separable. It follows from the above,
that the collection of clopen subsets of 2N is countable. Each element of this space
is the characteristic function of a subset of N. So

#2N D #P.N/ D #R:
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We shall call 2R the Big Cantor space. This space turns out to be separable but
not metrisable. (A separable metric space has at most #R elements. But #2R D
#P.R/ > #R.)

Lemma 4.2.25 The Big Cantor space is separable.

Proof Separability follows from a more general theorem that says the product of
continuum many copies of a separable space is separable. See [78] or [167]. But the
following simple argument is all that is needed here.

Let T D 2N be the usual Cantor space. Because #T D #R, the Big Cantor space
can be identified with 2T . Let

D D f�K W K � T is clopeng:

Then D is a countable set.
Let fs1; : : : ; sng and ft1; : : : ; tmg be disjoint finite subsets of T. We can find a

clopen K such that fs1; : : : ; sng � K and ft1; : : : ; tmg is disjoint from K. Then �K is
in the open set

fx 2 2T W x.sr/ D 1 for r D 1; : : : ; n and x.tk/ D 0 for k D 1; : : : ;mg:

Since opens sets like this give a base for the topology of 2T it follows that the
countable set D is dense in the Big Cantor Space. ut
Proposition 4.2.26 Let X be a separable, totally disconnected, compact Hausdorff
space. Then X is homeomorphic to a closed subspace of 2R.

Proof By Corollary 4.1.8, if X has a base of at most #R clopen sets, then it is
homeomorphic to a closed subspace of 2R.

Let C be a countable dense subset of X. For each clopen set K � X, K \ C is
a dense subset of K. So K 7! K \ C is an injection of the collection of all clopen
subsets of X into the collection of all subsets of a countable set. So X has at most
#R clopen sets. So X is homeomorphic to a closed subspace of 2R. ut

4.3 Constructing and Classifying Wild Commutative
Algebras

We shall give explicit constructions of large numbers of wild commutative mono-
tone complete C�-algebras. The examples given here are all subalgebras of `1.
We use spectroids to show that these examples take 2R distinct values in the
classification semigroup W .

Our strategy is to apply the results of Sect. 4.2 in the following way:
Let C be any infinite, countable subset of 2R. Let X be the closure of C in

2R. Then X is compact Hausdorff, totally disconnected and separable. If X has an
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isolated point then, since C is dense in X, this point must be in C. So, unless C
has an isolated point in the relative topology, the commutative monotone complete
C�-algebra B1.X/=M.X/ ' C. OX/ is wild. By Proposition 4.2.22, OX is separable, so
C. OX/ is a subalgebra of `1.

By varying the countable set C in a carefully controlled way we find 2R wild
commutative algebras, each of which takes different values in the classification
semigroup W . We go on to show that 2R of these algebras can be represented as
quotients of B1.2N/ by “exotic” �-ideals. So we may use exotic spaces and ideals
of meagre subsets or, the Cantor metric space and exotic �-ideals.

In a later chapter we shall consider group actions on commutative algebras
constructed here and use them to find 2R small wild factors; each taking different
values in W .

We begin by recalling some elementary topological results which will be needed
later. In contrast to the notation in Sect. 4.1, we shall denote the closure of a set S by
clS and its interior by intS.

Lemma 4.3.1 Let K be a (Hausdorff) topological space and let X be a dense subset
of K. Let U be any open subset of K. Then clU D cl.X \ U/. In particular, when U
is a clopen subset of K, then we have U D cl.U \ X/.

Proof Let y 2 clU. Let V be an open subset of K such that y 2 V . Then V \ U is
not empty.

Since X is dense in K, .V \ U/\ X ¤ ¿, which implies that V \ .U \ X/ ¤ ¿.
So, we have y 2 cl.U \ X/; that is, clU � cl.U \ X/. The reverse inclusion is trivial
and it follows that clU D cl.U \ X/. ut
Corollary 4.3.2 Let L \ X D M \ F \ X; where L;M are clopen subsets of K and
F is a closed subset of K. Then L D M \ intF.

Proof Applying the preceding lemma, L D cl.L\X/ � cl.F\X/ � F. So L � intF.
Again, by the lemma, L \ X � M \ X implies L � M. Thus L � M \ intF.
But .M \ intF/ \ X � M \ F \ X D L \ X. By applying the lemma again,

cl.M \ intF/ � L. Hence L D M \ intF. ut
As before, we use the notation F.S/ to denote the collection of all finite subsets

(including the empty set) of a set S.
To carry out the strategy outlined above we shall need some technicalities. None

of them are difficult but they are mildly intricate. For a first reading, they may be
skimmed over.

We shall start with the following:

Definition 4.3.3 A pair .T;O/ is said to be feasible if it satisfies the following
conditions:

(i) T is a set of cardinality c D 2@0 ; O D .On/ (n D 1; 2; : : : ) is an infinite
sequence of non-empty subsets of T, with Om ¤ On whenever m ¤ n.
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(ii) Let M be a finite subset of T and t 2 TnM. For each natural number m
there exists n > m such that t 2 On and On \ M D ¿. In other words
fn 2 N W t 2 On and On \ M D ¿g is an infinite set.

An example satisfying these conditions can be obtained by putting T D 2N,
the Cantor space, and letting O be an enumeration (without repetitions) of the
(countable) collection of all non-empty clopen subsets of 2N.

For the rest of this section .T;O/ will be a fixed but arbitrary feasible pair.

Definition 4.3.4 Let .T;O/ be a feasible pair and let R be a subset of T. Then R is
said to be admissible if

(i) R is a subset of T, with #R D #.TnR/ D c D 2@0 .
(ii) On is not a subset of R for any natural number n.

Return to the example where T is the Cantor space and O an enumeration of
the non-empty clopen subsets. Then, whenever R � 2N is nowhere dense and of
cardinality c, then R is admissible.

For example, let R D fy 2 2N W y.2n/ D 1 for all n 2 Ng. Then clearly R is a
closed subset which has empty interior and #R D #.T n R/ D c.

Lemma 4.3.5 Let .T;O/ be any feasible pair and let R be an admissible subset of
T. Then there are 2c subsets of R which are admissible.

Proof Let S � R where #S D c. Then S is admissible. ut
Since F.N/ � F.T/ has cardinality c; we can identify the Big Cantor space with

2F.N/�F.T/. For each k 2 F.N/; let fk 2 2F.N/�F.T/ be the characteristic function of
the set

f.l;L/ W L 2 F.TnR/; l � k and On \ L D ¿ whenever n 2 k and n … lg:

Let XR be the countable set f fk W k 2 F.N/g. Let KR be the closure of XR in the
Big Cantor space. Then KR is a (separable) compact Hausdorff totally disconnected
space with respect to the relative topology induced by the product topology of the
Big Cantor space. Let AR D B1.KR/=M0.KR/, the regular �-completion of C.KR/.
By the discussion in the previous section, AR is monotone complete and is a (unital)
C�-subalgebra of `1. Furthermore, the only way it could fail to be wild, is if one
of the points in XR were an isolated point in KR. We shall show that this does not
happen; so that the algebra must be wild.

The projections in AR form a complete Boolean algebra which satisfies the
countable chain condition (because it embeds in `1 which supports a faithful state)
and which is Boolean isomorphic to Reg.KR/; the Boolean algebra of regular open
subsets of KR.

For each .k;K/ 2 F.N/ � F.T/ let E.k;K/ D fx 2 KR W x.k;K/ D 1g. The
definition of the product topology of the Big Cantor space implies that E.k;K/ and
its compliment Ec

.k;K/ are clopen subsets of KR. It also follows from the definition
of the product topology that finite intersections of such clopen sets form a base for
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the topology of KR. Hence their intersections with XR give a base for the relative
topology of XR. We shall see that, in fact, fE.k;K/\ XR W k 2 F.N/;K 2 F.TnR/g is a
base for the topology of XR. To establish this we first need to prove some preliminary
technical results. We shall then show that Reg.KR/ is generated as a Boolean �-
algebra by the countable set fE.fng;¿/ W n 2 Ng. Using this we shall find a natural
representation of AR in the form B1.2N/=JR where JR is a �-ideal of the bounded
Baire measurable functions on the Cantor space with C.2N/\ JR D f0g.

Lemma 4.3.6 We have E.k;K/ D ¿ unless K � TnR.

Proof Suppose K is not a subset of TnR. Then, for any h 2 F.N/; it follows from
the definition of fh, that fh.k;K/ D 0. So XR � Ec

.k;K/. Then by Lemma 4.3.1,
KR D clXR D Ec

.k;K/. Thus E.k;K/ D ¿. ut
Lemma 4.3.7 Let x 2 XR and .k;K/ 2 F.N/ � F.T/. Let x 2 Ec

.k;K/. Then there
exists .l;L/ 2 F.N/ � F.TnR/ such that x 2 E.l;L/ � Ec

.k;K/.

Proof First suppose that K \ R ¤ ¿. Then by the preceding lemma KR D Ec
.k;K/.

For any h 2 F.N/; fh 2 E.h;¿/. But E.h;¿/ � KR D Ec
.k;K/.

So we may now assume that K \ R D ¿.
Let x D fh. Then fh 2 Ec

.k;K/ ” not.k � h &.8n.n 2 hnk H) On \ K D ¿///
” knh ¤ ¿ or 9n1 2 hnk such that On1 \ K ¤ ¿.

(1) First let us deal with the situation where knh ¤ ¿. Then there exists n0 2 knh.
Since R is admissible, we can find t0 2 TnR such that t0 2 On0 . Then it is
straight forward to verify that fh 2 E.h;ft0g/. It remains to show that E.h;ft0g/ \
E.k;K/ D ¿. Suppose that this is false. Then we can find fg 2 E.h;ft0g/ \ E.k;K/.
So h � g and k � g. Thus n0 2 gnh. Then fg 2 E.h;ft0g/ implies t0 … On0 . But
this is a contradiction. So fh 2 E.h;ft0g/ � Ec

.k;K/.
(2) Now consider the case where 9n1 2 hnk such that On1 \ K ¤ ¿. Consider

E.fn1g;¿/. It is clear that fh is an element of this set. We now wish to show that
E.fn1g;¿/ \ E.k;K/ D ¿. Suppose this is false. Then we can find fg 2 E.fn1g;¿/ \
E.k;K/. Then n1 2 gnk. So On1 \ K D ¿. This is a contradiction. So fh 2
E.fn1g;¿/ � Ec

.k;K/. ut
Lemma 4.3.8 Let .l;L/ and .k;K/ be any elements of F.N/ � F.TnR/ such that
E.l;L/ \ E.k;K/ ¤ ¿. Then E.l;L/ \ E.k;K/ D E.l[k;L[K/.

Proof Since E.l;L/ \ E.k;K/ is not empty and XR is dense in KR; E.l;L/ \ E.k;K/ \ XR is
not empty. Let fh 2 E.l;L/ \ E.k;K/ \ XR. Then l � h and k � h. So l [ k � h.

Also (i) On \ L D ¿ for all n 2 hnl and On \ K D ¿ for all n 2 hnk.
Since knl � hnl and lnk � hnk we have
(ii) On \ L D ¿ for all n 2 .l [ k/nl and On \ K D ¿ for all n 2 .l [ k/nk.
From (i) we have On \ .L [ K/ D ¿ whenever n 2 hn.l [ k/. So fh 2 E.l[k;L[K/.

Thus .E.l;L/ \ E.k;K/ \ XR/ � E.l[k;L[K/ \ XR. Hence E.l;L/ \ E.k;K/ � E.l[k;L[K/.
By the above, E.l[k;L[K/ is not empty. So E.l[k;L[K/ \ XR is not empty. Let fg 2

E.l[k;L[K/. Then l [ k � g. Also, for all n 2 gn.l [ k/; we have On \ .L [ K/ D ¿.
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By (ii) we also have On \ L D ¿ for n 2 .l [ k/nl. Hence fg 2 E.l;L/. Similarly
fg 2 E.k;K/.

It now follows that E.l[k;L[K/ \ XR is a subset of E.l;L/ \ E.k;K/. Taking closures
and applying Lemma 4.3.1, gives E.l;L/ \ E.k;K/ D E.l[k;L[K/. ut
Lemma 4.3.9 Let U be an open subset of KR and x 2 U \ XR. Then there exists
.k;K/ 2 F.N/ � F.TnR/ such that x 2 E.k;K/ � U.

Proof It follows from the definition of the product topology on the Big Cantor space

and Lemma 4.3.7, that x 2
qT

jD1
E.h.j/;H.j// � U where .h.j/;H.j// 2 F.N/ � F.TnR/

for j D 1; 2; : : : ; q.

Let k D
qS

jD1
h.j/ and let K D

qS

jD1
H.j/. Then, by repeated applications of

Lemma 4.3.8, we have x 2 E.k;K/ � U. ut
Corollary 4.3.10 Let U be a non-empty regular open subset of KR. Then there exists
a sequence .k.j/;K.j//.j D 1; 2; : : :/ in F.N/ � F.TnR/ such that, in the complete
Boolean algebra of regular open subsets of KR,

U D W

jD1
E.k.j/;K.j//.

Proof Since XR \ U is a countable set it can be enumerated by .xj/.j D 1; 2; : : :/.
By Lemma 4.3.9, for each j, we can find .k.j/;K.j// in F.N/ � F.TnR/ such that
xj 2 E.k.j/;K.j// � U. So XR \ U � S

jD1
E.k.j/;K.j// � U. On taking closures, we get

clU � cl
1S

jD1
E.k.j/;K.j// � clU.

Because U is a regular open set, U D int.clU/. We recall that the supremum. of
a sequence of regular open sets in Reg.KR/ is formed by taking the closure of their
union, and then taking the interior of that set. So U D W

jD1
E.k.j/;K.j//. ut

The following technical lemma will not be needed in this section, but it seems
natural to prove it here.

Lemma 4.3.11 Let .l;L/ and .k;K/ be in F.N/�F.TnR/. Let E.l;L/ D E.k;K/. Then
l D k and L D K.

Proof For h 2 F.N/; fh 2 E.l;L/ ” l � h; and whenever n 2 hnl then On\L D ¿.
It follows that fl 2 E.l;L/ and so fl 2 E.k;K/. Thus k � l. Similarly we can show

that l � k. So l D k.
Suppose that L is not a subset of K. Then there exists t 2 LnK. Then, by

feasibility, there exists m such that m … k; t 2 Om and Om \K D ¿. Let h D k[fmg.
Hence fh 2 E.k;K/. So then fh 2 E.k;L/. So Om \ L D ¿. But t 2 Om \ L. This
contradiction shows that L � K. Similarly K � L. ut
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Corollary 4.3.12 Let .l;L/ and .k;K/ be in F.N/ � F.TnR/. If E.l;L/ � E.k;K/ then
k � l and K � L. Conversely, if k � l and K � L then either E.l;L/ \ E.k;K/ D ¿ or
E.l;L/ � E.k;K/.

Proof First suppose E.l;L/�E.k;K/. Then E.l;L/ D E.l;L/ \ E.k;K/. Since fl.l;L/D 1

this intersection is not empty. So, by Lemma 4.3.8, E.l;L/ D E.l[k;L[K/. By
Lemma 4.3.11, l D l [ k and L D L [ K. i.e. k � l and K � L.

Conversely, let k � l and K � L. By Lemma 4.3.8, either E.l;L/ \ E.k;K/ D ¿ or
E.l;L/ \ E.k;K/ D E.l[k;L[K/ D E.l;L/. ut
Proposition 4.3.13 The algebra AR D B1.KR/=M0.KR/ D C.cKR/ is wild and non-
atomic.

Proof It follows from the work of the preceding Section that it suffices to show that
none of the elements of XR is an isolated point in KR.

Suppose this is false and fg is an isolated point. Then, by Lemma 4.3.9, for some
k 2 F.N/ and K 2 F.TnR/; E.k;K/ D f fgg.

Since K is a finite set and TnR is infinite, we can find t0 2 .TnR/nK. It now
follows from the definition of feasibility that we can find n0 … g such that t0 2 On0
and On0 \ K D ¿. Let h D g [ fn0g. Then k � h and, for n 2 hnk;On \ K D ¿.
So fh 2 E.k;K/. Hence fh D fg. But fg.fn0g [ k;K/ D 0 whereas fh.fn0g [ k;K/ D 1.
This is a contradiction. So the proposition is proved. ut
Lemma 4.3.14 For each k 2 F.N/ and t 2 TnR we have

E.k;ftg/ D
\

n2k

E.fng;¿/ \ int

0

@
\

n…k;t2On

.KRnE.fng;¿//

1

A :

Proof By Corollary 4.3.2 it suffices to prove that

XR \ E.k;ftg/ D XR \
\

n2k

E.fng;¿/ \
\

n…k;t2On

.KRnE.fng;¿//: (#)

Let fg 2 XR \ E.k;ftg/. So fg.k; ftg/ D 1. Thus (a) k � g and (b) for every n 2 gnk
we have t … On. So, by (a), fg.fng;¿/ D 1 for each n 2 k. Thus fg 2 E.fng;¿/ for
every n 2 k.

Now consider n … k. If n 2 g then n 2 gnk. So On \ ftg D ¿. Hence if n … k and
t 2 On then n … g. So fg.fng;¿/ D 0. Thus fg 2 KRnE.fng;¿/. It now follows that fg
is an element of the right hand side of (#).

Conversely, let us take fh to be an element of the right hand side of (#). Then
fh.fng;¿/ D 1 for each n 2 k. So k � h. Now fix n 2 hnk.

Then fh.fng;¿/ D 1. If t 2 On then fh 2 .XRnE.fng;¿// which would imply
fh.fng;¿/ D 0. Hence t … On. It follows that fh.k; ftg/ D 1. So the equality (#) is
established. ut
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Proposition 4.3.15 Let Reg.KR/ be the complete Boolean algebra of regular open
subsets of KR; it is the smallest �-complete subalgebra of itself which contains the
countable set fE.fng;¿/ W n D 1; 2; : : :g.

Proof Let S be the �-subalgebra of Reg.KR/ generated by fE.fng;¿/ W n D 1; 2; : : :g.
Fix k 2 F.N/nf¿g and consider E.k;¿/. Then fk 2 E.fng;¿/ for each n 2 k.
So, by Lemma 4.3.8, E.k;¿/ D T

n2k
E.fng;¿/. Hence E.k;¿/ 2 S. We observe that

E.¿;¿/ \ XR D f fg W g 2 F.N/g D XR. So E.¿;¿/ D KR.
We now consider E.k;K/ where K ¤ ¿. If E.k;K/ ¤ ¿ then K � TnR. So K D

ft1; t2; : : : ; tng where each tj is in TnR. By Lemma 4.3.14, E.k;ftg/ 2 S for each
k 2 F.N/ and t 2 TnR. Also fk 2 E.k;ftg/. It now follows from Lemma 4.3.8 that
E.k;K/ 2 S. We can now apply Corollary 4.3.10 to deduce that Reg.KR/ � S. ut
Corollary 4.3.16 Let qR be the canonical quotient homomorphism of B1.KR/ onto
B1.KR/=M0.KR/. Let B be a Boolean �-subalgebra of the Baire subsets of KR such
that E.fng;¿/ 2 B for each n 2 N. Then fqR.�S/ W S 2 Bg is the set of all projections
in B1.KR/=M0.KR/.

Proof This follows from Proposition 4.3.15 and the observation that the map
O 7! qR.�O/ is a Boolean isomorphism from Reg.KR/ onto the Boolean algebra
of all projections in B1.KR/=M0.KR/. ut
Definition 4.3.17 Let

N W T 7�! P.N/

be the map defined by

N.t/ D fn 2 N W t 2 Ong

for each t 2 T.

We remark that the definition of feasibility implies that N.t/ is an infinite set
for every t 2 T. Feasibility also implies that it is an injective map. Its definition is
independent of any choice of R.

Proposition 4.3.18 For each t 2 T let C.t/ be the closed set defined by

C.t/ D
\

n2N.t/

.KRnE.fng;¿//:

Then C.t/ has empty interior if, and only if, t 2 R.

Proof We recall that fg.fng;¿/ D 0 if, and only if, n … g. So fg 2 C.t/ if, and only
if, g \ N.t/ D ¿.

First assume that t 2 TnR. Then fh 2 E.¿;ftg/ ” .n 2 h implies t … On/ ”
h \ N.t/ D ¿ ” fh 2 C.t/. Thus f¿ 2 E.¿;ftg/ \ XR D C.t/ \ XR.
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By Corollary 4.3.2, given a closed set C in KR and a clopen E in KR, if XR \ C D
XR \ E, then E D intC. So the clopen set E.¿;ftg/ D intC.t/. This set is non-empty
because f¿ is an element.

Conversely, let us assume that C.t/ has non-empty interior. So there exists
.k;K/ 2 F.N/ � F.TnR/ such that ¿ ¤ E.k;K/ � C.t/. First suppose that t … K.
Since .T;O/ is feasible we can find n … k such that t 2 On and On \ K D ¿.
Let h D fng [ k. Then it follows from this that fh 2 E.k;K/. So fh 2 C.t/. Thus
h \ N.t/ D ¿. In particular, t … On. This contradiction shows that we must have
t 2 K � TnR.

So C.t/ has non-empty interior if, and only if, t 2 TnR. The required result
follows. ut

We shall now see how to represent AR D B1.KR/=M0.KR/ D C. OX/ as a quotient
of the algebra of Baire functions on the (classical) Cantor space. The key fact which
makes this possible is the existence of a countable set of generators.

Let 	 be a map from the Big Cantor space onto the small Cantor space, defined
as follows:

For x 2 2F.N/�F.T/ let 	.x/.n/ D x..fng;¿// for n D 1; 2; : : :. Then 	 is a map
from the Big Cantor space into 2N; the classical Cantor space.

Let J D f.fng;¿/ W n 2 Ng. Then, trivially, we may identify 2N with 2J. So
	 may be regarded as a restriction map and, by the definition of the topology for
product spaces, it is continuous.

Let † D fy 2 2N W y.n/ D 0 for all but finitely many ng. Then † is a countable
dense subset of 2N such that 	ŒXR� D †. Let 	R be the restriction of 	 to KR.
Then 	R is a continuous map from the compact Hausdorff space KR onto a compact
Hausdorff space. Since XR is dense in KR; it follows that 	RŒKR� D 2N. This map
	R is never an open map, see the remarks at the end of this section.

Let En D fy 2 2N W y.n/ D 1g. Then 	�1
R ŒEn� D E.fng;¿/ for n D 1; 2; : : :.

Since 	R is continuous, it follows that whenever f 2 B1.2N/ then f ı 	R is in
B1.KR/. We define a �-homomorphism �R from B1.2N/ to B1.KR/ by �R. f / D
f ı 	R. As in Corollary 4.3.16, we let qR be the canonical quotient homomorphism
of B1.KR/ onto B1.KR/=M0.KR/.

Definition 4.3.19 Let IR D f f 2 B1.2N/ W f ı 	R 2 M0.KR/g.

Theorem 4.3.20 We have IR is a �-ideal of B1.2N/ and B1.2N/=IR is isomorphic
to B1.KR/=M0.KR/ � C.cKR/ D AR. Also IR \ C.2N/ D f0g.

Proof The mapping qR ı �R is a �-homomorphism, so its kernel is a �-ideal.
But qR ı �R. f / D 0 ” �R. f / 2 M0.KR/ ” f ı 	R 2 M0.KR/ ” f 2 IR.
Thus IR is a �-ideal and B1.2N/=IR is isomorphic to

qR ı �RŒB
1.2N/� � B1.KR/=M0.KR/:

We observe that �R maps the characteristic function of En to the characteristic
function of E.fng;¿/. It now follows from Corollary 4.3.16 that the range of qR ı �R
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contains every projection in B1.KR/=M0.KR/. Since the range of qR ı �R is a closed
subalgebra of B1.KR/=M0.KR/ it must coincide with B1.KR/=M0.KR/.

Finally, if f 2 IR \ C.2N/; then f ı 	R is a continuous function in M0.KR/. So
fy 2 KR W f ı	R.y/ ¤ 0g is an open meagre set. So, by the Baire Category Theorem
for compact Hausdorff spaces, this set is empty i.e. f D 0. This completes the proof.

ut
We denote the natural quotient homomorphism from B1.2N/ to B1.2N/=IR by

�R.
To avoid “subscripts of subscripts” we shall denote the characteristic function of

a set S by �.S/.
We now let Dn D 2NnEn. So �R maps �.Dn/ to �.Ec

.fng;¿//. For each k 2
F.N/nf¿g let dk D �.

T

n2k
Ec
.fng;¿//. Then �R maps �.

T

n2k
Dn/ to dk.

Because �R is a �-homomorphism, it maps �.
T

n2N.t/
Dn/ to �.C.t//. Then, by

Proposition 4.3.18, �.C.t// 2 M0.KR/ if and only if t 2 R. So �.
T

n2N.t/
Dn/ 2 IR if

and only if t 2 R.

Proposition 4.3.21 When R ¤ S then IR ¤ IS.

Proof Without loss of generality, we may suppose that there exists t 2 RnS. Then
�.

T

n2N.t/
Dn/ 2 IR but �.

T

n2N.t/
Dn/ … IS. So IR ¤ IS. ut

Corollary 4.3.22 There are 2c distinct ideals IR.

Proof By Lemma 4.3.5 there are 2c admissible sets. ut
Remark 4.3.23 When R ¤ S then IR ¤ IS. But it does not necessarily follow that
B1.2N/=IR is not isomorphic to B1.2N/=IS. To show that there are 2c algebras AR

which are not equivalent and hence, in particular, not isomorphic, we make use of
the machinery of representing functions and spectroids, modulo .T;N/, where N is
the map defined in Definition 4.3.17. We define a particular representing function
for B1.2N/=IR by defining fR.k/ D �R.�.

T

n2k
Dn// for k ¤ ¿; and putting fR.¿/

D 1.

Then we have:

Lemma 4.3.24 For each admissible R the function fR is a representing function
for B1.2N/=IR. Then R is represented by fR; modulo .T;N/. In other words, R 2
@.T;N/.B1.2N/=IR/.

Proof First we note that
T

n2k
Dn is a non-empty clopen set for each finite set k.

So �.
T

n2k
Dn/ is a non-zero continuous function. Hence it is not in IR. It is clear

that fR is downward directed. Now consider
V

k2F.N/ fR.k/ D �R.�.
1T

nD1
Dn//. But
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1T
nD1

Dn is a single point set. So �R.�.
1T

nD1
Dn// is zero or an atomic projection. Since

B1.2N/=IR � AR which has no atoms,
V

k2F.N/ fR.k/ D 0. Thus fR is a representing
function.

We now calculate R.T;N/. fR/ D ft 2 T W Vk2F.N.t// fR.k/ D 0g. We haveV
k2F.N.t// fR.k/ D 0 precisely when �.

T

n2N.t/
Dn/ 2 IR.

In the notation of Proposition 4.3.18, �R.�.
T

n2N.t/
Dn// D �.C.t//. So, by

applying Proposition 4.3.18, we see that �.C.t// 2 IR precisely when t 2 R. Thus
R D R.T;N/. fR/.

So R is in @.T;N/.B1.2N/=IR/ D @.T;N/.AR/. ut
Corollary 4.3.25 Let R be the collection of all admissible subsets of T. Then there
exists R0 � R; with #R0 D 2c and such that fAR W R 2 R0g is a set for which AR

is not equivalent to AS unless R D S. Also the spectroid of AR; modulo .T;N/; is not
equal to the spectroid of AS, modulo .T;N/, when R ¤ S.

Proof By Lemma 4.3.5 #R D 2c. From Lemma 4.3.24, for each R 2 R;R 2
@.T;N/.AR/. The result now follows from Theorem 3.3.13 and Corollary 3.3.14. ut

There are a number of interesting side issues which we have omitted. For
example, it can be proved that none of the algebras constructed above is isomorphic
to the Dixmier algebra. If, for a given R, the continuous map 	R were open then this
would imply that B1.2N/=IR is isomorphic to the Dixmier algebra. So 	R is never
open.

In the construction of commutative monotone complete algebras described in
this section we have assumed that #.TnR/; the cardinality of the compliment of the
admissible set used, is c. If we replaced this assumption by requiring #.TnR/ D @0;
then the constructions would still work but it turns out that the algebras obtained
would all be isomorphic to the Dixmier algebra.

It can be shown that the spectroid of any small C�-algebra has cardinality c. In
particular the spectroid of C has cardinality c. This is not too surprising, since the
spectroid of C equals the spectroid of each small von Neumann algebra.

This section is taken from our paper [144]. The compact separable spaces
discussed here are modifications of spaces constructed by Hamana [66]. Our
indebtedness to his work is clear.



Chapter 5
Convexity and Representations

In this chapter we apply methods from convexity to representations of C�-algebras.
We construct regular �-completions and show that the regular �-completion of a
small C�-algebra is its regular completion.

We discuss small C�-algebras and completely positive maps.

5.1 Function Representations of Non-commutative Algebras

Unless we specifically state otherwise, the C�-algebras considered in this chapter
will be assumed to have a unit element. For most results this is not essential but it
permits a simpler and more straightforward exposition.

We shall need a few tools from the theory of compact convex sets and of partially
ordered Banach spaces. We shall remind the reader of some of the basics. For more
complete information an excellent source is [2]. See also [123]. We shall also need
to recall some standard results from C�-algebra theory.

When a C�-algebra is commutative it is isometrically isomorphic to C.
/, the
C�-algebra of all complex valued continuous functions on its spectrum 
. See [50,
89, 150]. But for non-commutative algebras the Gelfand-Naimark Theorem does not
apply.

Given a C�-algebra A, its self-adjoint part, Asa, is a partially ordered Banach
space (over the real numbers). Let a 2 Asa. Then, by spectral theory,

jjajj D inff� W ��1 � a � �1g:

This implies that 1 is an order unit for the partially ordered Banach space Asa. It also
shows that for any self-adjoint a, its norm jjajj coincides with the order-unit norm
of a.

© Springer-Verlag London 2015
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Let K be the state space of A, that is, K is the set of states of A with the �.A�;A/-
topology. Then K is a compact convex subset of the dual space A�, when A� is
equipped with the �.A�;A/-topology. Equivalently, K is a compact convex subset
of the (real) dual space A�

sa (of Asa), when A�
sa is equipped with the �.A�

sa;Asa/-
topology. By a theorem of Kadison (see page 70 [121] and Theorem II.1.8 Page 74
[2]) the real, order unit normed, Banach space Asa is isometrically order isomorphic
to A.K/. Here A.K/ is the Banach space of all continuous, real valued, affine
functions on K, equipped with the supremum norm.

This can be generalised from C�-algebras. Let V be a partially ordered vector
space which is Archimedean, possesses a distinguished order unit u and is a Banach
space with respect to the order-unit norm. We call V an order unit Banach space.
Let Q be the convex set of all � 2 V� such that � � 0 and �.u/ D 1. Then Q is
compact in the �.V�;V/-topology. We call Q the state space of V . By Kadison’s
theorem, V is isometrically order isomorphic to A.Q/. For details, see [2]. See also
[82].

When A is commutative with spectrum 
 then 
 can be identified with the
extreme points of the state space of A.

Let A be a unital C�-algebra. We recall some standard results. (See Section 12
[34], also Theorem 3.10.3 and Proposition 3.7.8 [121] and Section 2 of Chapter 3
[161]). For each state � of A there is a corresponding Gelfand-Naimark-Segal repre-
sentation. The direct sum of all these representations is the universal representation
.�u;Hu/. We shall identify A with its image in L.Hu/, that is, with �uŒA�. The von
Neumann envelope of A in L.Hu/ is the double commutant �uŒA�00. By the Sherman-
Takeda Theorem, this von Neumann envelope can be identified with A��, the second
(Banach space) dual of A. See [87, 151, 158]. We shall make this identification
from now onward. The weak operator topology on �u.A/00 induces the �.A��;A�/-
topology on A��. (Observe that every positive functional � 2 A� can be identified
with a vector state on�u.A/00.) Similarly, A00

sa (which is .�u.A/00/sa) can be identified
with the second dual of the real Banach space Asa. Also the �.A��

sa ;A
�
sa/-topology

corresponds to the weak operator topology.
We can extend the Kadison representation as follows. Let A00ŒK� be the space

of all bounded (real valued) affine functions on K, equipped with the supremum
norm. Then, see Lemma III.6.7 page 161 of [161], the Kadison isomorphism of Asa

onto A.K/, can be extended to an isometric isomorphism of A��
sa onto A00ŒK�. In this

isomorphism, a 2 �uŒA�00sa is mapped to ea, where

�.a/ D Qa.�/ for each � 2 K.

Furthermore a (norm bounded) net a� in �uŒA�00sa converges to a in the weak
operator topology if, and only if, .ea�/ is a (norm bounded) net which converges
pointwise to Qa.

We shall frequently find it convenient to write “a” instead of “Qa”. This minor
abuse helps us to avoid some cumbersome notation (“hats on tildes”).
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Incidentally, for any Hilbert space H, if a sequence in L.H/ converges in the
weak operator topology then it is bounded in norm. This is just a consequence of
the Uniform Boundedness Theorem, see Exercise 5.3.2.

We shall discuss the Pedersen-Baire envelope of A, (see Definition 2.2.23),
and the Brown-Borel envelope of A in Sect. 5.3. These are both C�-subalgebras
of A00 and both of them contain A as a subalgebra. We shall make use of them
when proving representation theorems for monotone �-complete C�-algebras and
monotone complete C�-algebras.

We shall see, in Sect. 5.6, that for every monotone complete C�-algebra A there
exists a commutative monotone complete C�-algebra C and a faithful, normal,
positive linear map 	 W A 7! C. So in the notation of Chap. 3,

A - C:

5.2 Compact Convex Sets: Preliminaries

When we apply convexity theory to C�-algebras, the compact convex sets we use,
will usually be the state spaces of the algebras. But many of the basic geometric
results can be proved much more generally with no extra effort. So in this section K
will be a compact convex subset of a Hausdorff, locally convex (real) vector space
V . In our applications, in later sections, K will usually be the state space of a C�-
algebra A and V will be the space A�

sa, equipped with the �.A�
sa; Asa/-topology.

We shall denote the set of extreme points of K by @K. We recall that, by the
Krein-Milman Theorem, the convex hull of @K is dense in K.

For any convex X � V , a real valued function f W X 7! R is convex if,

f .�x C .1 � �/y/ � �f .x/C .1 � �/f .y/

for � 2 Œ0; 1� and for any x and y in X. It is concave if �f is convex. Clearly f is
affine when it is both convex and concave. We use A.X/ to denote the vector space
of all continuous (real-valued) affine functions on X.

All functions on K considered in this section are real valued.

Exercise 5.2.1 Let f 2 A.V/. Show that f � f .0/1 is a continuous linear functional
on V .

Hint: When f .0/ D 0, f . 1
2
x/ D 1

2
f .x/. So

1

2
f .x C y/ D f

�
1

2
x C 1

2
y

�

D 1

2
f .x/C 1

2
f .y/:

In the following let A.KIV/ D f f jK W f 2 A.V/g.
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Lemma 5.2.2 Let f be a lower semicontinuous convex function on K. Then, for
each x 2 K,

f .x/ D supfa.x/ W a 2 A.KIV/ and a < f gI

where a < f signifies a.x/ < f .x/ for each x 2 K.

Proof See Proposition 1.1.2 [2] or Lemma III.6.1 [161]. By multiplying by �1 we
get a corresponding result for upper semicontinuous concave functions. ut
Lemma 5.2.3 Let a be a lower semicontinuous (real valued) affine function on K.
Then there is an increasing net, .a�/, in A.KIV/ such that

a.x/ D lim a�.x/:

The set f f 2 A.KIV/ W f < ag is upward directed.

Proof See Corollary 1.1.4 [2] or Lemma III.6.2 [161]. By multiplying by �1 we get
a corresponding result for upper semicontinuous affine functions.

Both the preceding lemmas were obtained in [102]. ut
Corollary 5.2.4 Let a be a continuous (real valued) affine function on K. Then there
is an increasing sequence in A.KIV/ which converges to a in the uniform norm. In
particular, A.KIV/ is dense in A.K/.

Proof By Lemma 5.2.3 and Dini’s Theorem, there is a increasing net in A.KIV/
which converges uniformly to a. That means jja � a�jj ! 0. It follows that we may
choose a monotone increasing sequence in A.KIV/ which converges in norm to a.

ut
Exercise 5.2.5 Suppose that the compact space K is a Polish space, that is,
homeomorphic to a complete separable metric space. Show that @K is a Gı-set.

Hint: Take a complete metric d on K. Then consider the sets

Fn D fx 2 K W x D 1

2
.y C z/ for some y and some z in K where d.y; z/ � 1=ng:

Show that each Fn is closed. Show also that if a point in K is not extreme then it
is in [nFn.

Each Gı-subset of a Polish space is a Baire space. So Exercise 5.2.5 implies that
when K is Polish then @K is a Baire space. A key theorem of Choquet says that for
every compact convex K, @K is a Baire space in the relative topology induced by K.
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Lemma 5.2.6 (Choquet) Let K be a compact convex subset of V and let e 2 @K.
Then a fundamental system of open neighbourhoods of e is given by the family of
sets of the form

fx 2 @K W a.x/ > 0g

where a 2 A.K/ and a.e/ > 0.

Proof See 25.13 in [26] or page 355 [34]. For a generalisation see [37]. ut
Theorem 5.2.7 (Choquet) Let K be a compact convex subset of V . Then @K is a
Baire space in the relative topology.

Proof See 27.9 in [26] or B14 of [34]. ut
Corollary 5.2.8 Let A be a unital C�-algebra and let K be its state space. Then @K,
the set of all pure states of A, is a Baire space.

The following theorem is based on [170].

Theorem 5.2.9 Let F be a bounded subset of A.K/ such that there exists g, a
greatest lower bound in A.K/ for F . Let

g.x/ D inff f .x/ W f 2 Fg

for each x 2 K. Then g is a bounded, upper semicontinuous concave function on K
and the set

fx 2 @K W g.x/ > g.x/g

is a meagre subset of @K in the relative topology. Furthermore, if F is downward
directed then g is affine.

Proof Clearly g is upper semicontinuous and concave. If, in addition, F is
downward directed then g is the pointwise limit of a directed set of affine functions,
and so affine.

Returning to the general situation, let

Mn D fx 2 K W g.x/ � g.x/ � 1=ng
D T

f 2F
fx 2 K W f .x/ � g.x/ � 1=ng:

Then Mn is the intersection of a family of closed convex sets. So it is a closed convex
subset of K.

Suppose that there exists an open subset U of K such that

Mn \ @K 	 U \ @K ¤ ¿:
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Choose e 2 U \ @K. By Lemma 5.2.6, there exists h 2 A.K/ such that

O D fx 2 K W h.x/ > 0g

is an open neighbourhood of e and O \ @K � U \ @K.
Since we can multiply h by 1=njjhjj we can assume, without loss of generality,

that h.x/ � 1=n for all x 2 K. For x 2 @KnO we have

h.x/ � 0 � g.x/� g.x/:

For x 2 @K \ O we have

h.x/ � 1=n � g.x/ � g.x/

because O \ @K � Mn.
So for all x 2 @K and each f 2 F

0 � f .x/ � g.x/� h.x/:

When an affine continuous function is positive on @K then it is positive on the closed
convex hull of @K. So, by the Krein-Milman Theorem,

g C h � f

for all f 2 F . Hence g C h � g. So h � 0. But this contradicts the existence of e.
So Mn \ @K is a closed nowhere dense set in the relative topology of @K.

Since the union of a sequence of nowhere dense sets is meagre, the theorem
follows. ut
Corollary 5.2.10 Let U be a bounded subset of A.K/ such that there exists g, a
least upper bound in A.K/ for U . Let

g.x/ D supf f .x/ W f 2 Ug

for each x 2 K. Then g is a bounded, lower semicontinuous convex function on K
and the set

fx 2 @K W g.x/ < g.x/g

is a meagre subset of @K in the relative topology. Furthermore, if U is upward
directed then g is affine.

Proof Let F D f�h W h 2 U g and apply Theorem 5.2.9. ut
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Definition 5.2.11 The Baire envelope, A1.K/, of A.K/ is the smallest space of
bounded, Baire measurable functions which contains A.K/ and which is closed
under pointwise limits of uniformly bounded, monotone increasing sequences.

Definition 5.2.12 The Borel envelope, Ab.K/, of A.K/ is the smallest space of
bounded, Borel measurable functions which contains all bounded, lower semi-
continuous affine functions on K and which is closed under pointwise limits of
uniformly bounded, monotone increasing sequences.

Remark 5.2.13 We use A00.K/ to denote the space of all bounded (real valued) affine
functions on K. Suppose K is the state space of a C�-algebra A. Then A00.K/ can be
identified with A00

sa, the self-adjoint part of A00. In turn this can be identified with A��
sa ,

the second dual of the real Banach space Asa. Also, by Kadison, Asa is identified with
A.K/. See Page 161 of [161]. Also, as will be discussed later, both A1.K/ and Ab.K/
are the self-adjoint parts of C�-algebras when K is the state space of a C�-algebra.

Definition 5.2.14 Let f and g be bounded functions on K. Then f 
 g if fx 2 @K W
f .x/ ¤ g.x/g is meagre. When f 
 g we shall say f D g almost everywhere and
also write this as f D g a.e. More generally

f � g a.e.

when fx 2 @K W f .x/ < g.x/g is meagre.

Exercise 5.2.15 Let . fn/ and .gn/ be bounded sequences of bounded functions
on K.

Let f .x/ D supf fn.x/ W n D 1; 2 : : :g and g.x/ D supfgn.x/ W n D 1; 2 : : :g. If
fn � gn a.e. for each n show that f � g a.e.

Hint: The union of countably many meagre sets is meagre.
Show also that inf fn � inf gn a.e.
Let lim fn.x/ D infm�1.supn�m fn.x//. Show that lim fn � lim gn a.e. Deduce that

if fn D gn a.e. then lim fn D lim gn a.e.

We observed in Chapter 2, see [44], that even when C.S/ is monotone complete,
it may fail to have a locally convex Hausdorff topology in which bounded, monotone
sequences converge to their order limits. The following representation theorems
[170] are useful when dealing with spaces which exhibit this “bad behaviour”. Just
as for C�-algebras, A.K/ is monotone complete if each upper bounded, upward
directed subset has a least upper bounded in A.K/. Monotone �-complete is defined
similarly.

Theorem 5.2.16 Let A.K/ be monotone complete. Then corresponding to each f 2
Ab.K/ there is a unique kf 2 A.K/ such that kf 
 f . Furthermore, k is a positive
linear, idempotent map of Ab.K/ onto A.K/ with the following properties.

(1) Let . fn/ be a monotone increasing, upper bounded sequence in Ab.K/ with
pointwise limit sup fn, and with

W1
nD1k. fn/ as the least upper bound of .kfn/

in A.K/. Then k.sup fn/ D W1
nD1k. fn/.
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(2) Let F be an upward directed, upper bounded subset of A.K/ with pointwise
supremum f . Let

W
F be the least upper bound of F in A.K/. Then

kf D W
F .

Proof Suppose that f 
 g1 and f 
 g2 where g1 and g2 are in A.K/. Then

fx 2 @K W g1.x/ ¤ g2.x/g

is a meagre, open subset of @K. So, by Theorem 5.2.7, this set is empty. So when kf
exists it is unique. If f � 0 then

fx 2 @K W kf .x/ < 0g

is an open, meagre subset of @K and hence empty. So, by Krein-Milman, kf � 0.
Let

W D f f 2 Ab.K/ W 9kf 2 A.K/ such that f 
 kf g:

When f and g are in W then f C g 
 kf C kg. Since kf C kg is in A.K/, we have
k. f C g/ D kf C kg. So W is a vector subspace of Ab.K/ containing A.K/. Also k is
a positive linear map of W onto A.K/.

Let F be an upper bounded, upward directed subset of A.K/. Let f be its
pointwise supremum then, by Corollary 5.2.10, f is a lower semicontinuous function
with f 
 W

F . So

kf D W
F :

By Lemma 5.2.3, each bounded lower semicontinuous affine function on K is the
pointwise supremum of an upward directed set in A.K/. Hence W contains all the
bounded lower semicontinuous affine functions on K.

Let . fn/ be a monotone increasing sequence in W bounded above by a constant
m. Since k is a positive linear map, .kfn/ is a monotone increasing sequence in A.K/
bounded above by m.

So limn!1 kfn.x/ D sup kfn.x/ exists for all x 2 K. By Corollary 5.2.10,
sup kfn 
 W1

nD1kfn.
By Exercise 5.2.15

sup fn 
 sup kfn:

So k.sup fn/ D k.sup kfn/ D W1
nD1kfn. So sup fn 2 W. Hence W contains Ab.X/. ut

Theorem 5.2.17 Let A.K/ be monotone �-complete. Then corresponding to each
f 2 A1.K/ there is a unique kf 2 A.K/ such that kf 
 f . Furthermore, k is
a positive linear, idempotent map of A1.K/ onto A.K/. Let . fn/ be a monotone
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increasing, upper bounded sequence in A1.K/ with pointwise limit sup fn, and withW1
nD1k. fn/ as the least upper bound of .kfn/ in A.K/. Then

k.sup fn/ D W1
nD1k. fn/:

Proof The proof is a simplified version of the proof of Theorem 5.2.16. ut
Theorems 5.2.16 and 5.2.17 can be applied to obtain extension theorems for

A.K/-valued maps, see Proposition 5.4.7.
The following application of Choquet’s Lemma gives a well-known result which

will be needed later.

Proposition 5.2.18 Let H be a separable Hilbert space. Let L.H/ be the algebra of
bounded operators on H. Let K be its state space. Then @K is separable.

Proof Since H is a separable metric space, f� 2 H W jj�jj D 1g has a countable
dense subset f�n W n D 1; 2; : : :g. For each n, let yn be the normal pure state defined
by yn.a/ D< a�n; �n >.

Let e 2 @K and let U be any open neighbourhood of e in @K. By Lemma 5.2.6,
there exists a self-adjoint a 2 L.H/ such that

e 2 fy 2 @K W y.a/ > 0g � U:

If yn … fy 2 @K W y.a/ > 0g for any n then< a�n; �n >� 0 for all n. But this implies
a � 0, which is impossible. So @K has a countable dense subset.

It follows from the Krein-Milman Theorem that K is also separable. ut
Proposition 5.2.19 Let A be a unital C�-algebra with a separable state space.
Then A possesses a faithful state. If A is monotone �-complete then it is monotone
complete.

Proof Let fxn W n D 1; 2; : : :g be a dense set of states. Let y D P
n�1 12n xn. Then

y is a faithful state. If A is monotone �-complete, then by Theorem 2.1.14, it is
monotone complete. ut

5.3 Envelopes of C�-Algebras

Let B be a closed �-subalgebra of L.H/ for some Hilbert space H. Then there
are several interesting candidates for larger C�-subalgebras of L.H/ which contain
B. The most familiar is the closure of B in the weak operator topology, the von
Neumann envelope of B in L.H/.

Another natural construction is due to Davies [32]. When Y is a subset of L.H/,
it is said to be sequentially closed in the weak operator topology if, whenever .Tn/

is a sequence in Y which converges in the weak operator topology to T then T 2 Y.
Given any Y � L.H/ let †.Y/ be the intersection of all subsets of L.H/ which
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contain Y and are sequentially closed in the weak operator topology of L.H/. Clearly
†.Y/ is sequentially closed in the weak operator topology and is the smallest such
set containing Y.

Lemma 5.3.1 Let B be a closed �-subalgebra of L.H/ for some Hilbert space H.
Then†.B/ is a C�-algebra and is sequentially closed in the weak operator topology
of L.H/. We do not require B to have a unit element.

Proof Take complex numbers � and �. Take a 2 B. Now let W be the set of all
y 2 †.B/ such that

.�a C �y/ 2 †.B/, y� 2 †.B/ and ay 2 †.B/:

Then W contains B and is sequentially closed in the weak operator topology. So
W D †.B/.

Now let V be the set of all x 2 L.H/ such that, for every b 2 †.B/;

.�x C �y/ 2 †.B/ and xb 2 †.B/:

Then V contains B and is sequentially closed in the weak operator topology. So
V D †.B/. Since a norm convergent sequence in L.H/ is also convergent in the
weak operator topology,†.B/ is a C�-subalgebra of L.H/. ut
Exercise 5.3.2 Let fT� W � 2 ƒg be a subset of L.H/ such that, for each � and �
in H;

supfj < T��; � > j W � 2 ƒg < 1:

Prove that fjjT�jj W � 2 ƒg is bounded.
Hint: Fix � and use the Uniform Boundedness Theorem to show that fjjT�

� �jj W
� 2 ƒg is bounded.

As before, let A be a unital C�-algebra, with universal representation .�u;Hu/.
We identify A with its embedding, �uŒA�, in L.Hu/. Its second dual is identified with
�uŒA�00, its von Neumann envelope in L.Hu/. Its state space is the compact convex
set K.

Definition 5.3.3 The Davies-Baire envelope of A is the smallest subset of L.Hu/

which contains A and is sequentially closed in the weak operator topology of L.Hu/.
We denote it by A†. By Lemma 5.3.1, it is a C�-algebra. When A00

sa is identified
with A00.K/ then A†sa is identified with A†.K/; where A†.K/ is the smallest (real)
subspace of A00.K/ which (i) contains A.K/ and (ii) is closed under pointwise limits
of sequences (see Exercise 5.3.2).

Let H be any Hilbert space. Let .Tn/ be a norm bounded, monotone increasing
sequence in L.H/sa. Then this sequence converges in the weak operator topology
and also in the strong operator topology. Denote its limit by lim Tn. Then lim Tn is
the least upper bound of the sequence in L.H/sa.
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We defined the Pedersen-Baire envelope of A, A1, in Definition 2.2.23. Then
A1

sa is the smallest subspace of L.Hu/sa which contains Asa and is closed under
strong limits of bounded monotone increasing sequences. Comparison with
Definition 5.2.11, shows that A1

sa corresponds to A1.K/. It is clear that A1 is
a �-subspace of A† � L.Hu/. The fact that it is a �-subalgebra of A† and L.Hu/

follows from Theorem 4.5.4 in [121]. Using Pedersen’s methods and those of
Kadison [85] we shall obtain, in Theorem 5.3.7, a result which, for unital algebras,
is more general.

Remark 5.3.4

(i) Let B be a non-unital C�-algebra and let A D B1. Since B is a (maximal closed)
two-sided ideal of A, we can identify B00 with a weakly closed two-sided ideal
of A00, where C00 is the universal enveloping von Neumann algebra of a C�-
algebra of C.

Let B1
sa be the smallest �-closed subset of A00. Since B00 is �-closed in A00,

it follows that B1
sa � B00. That is, B1

sa is the smallest of all such in B00
sa.

By Pedersen’s theorem, B1 D B1
sa C iB1

sa is a C�-subalgebra of B00 and
so of A00. We note here that even when B is non-unital, his argument works to
show that B1 is a C�-subalgebra of B00. That is, the Pedersen-Baire envelope
of B is obtained by taking the monotone �-closure in A00 and so we have

B � B1 � B00 � A00.

Hence it follows that

B � A � B1 C C1 � A1 � A00.

Since B1 C C1 is monotone �-closed in A00, it follows that A1 D B1 C C1.
Here 1 is the unit element of A00, where B00 D A00z for a central projection z of
A00.

(ii) Let A be a (unital) C�-algebra and let A1 be the Pedersen-Baire envelope
of A. Let f�a;Hag be the reduced atomic representation of A (see page 103,
4.3.7 [121]). Let e�a be the unique normal �-homomorphism, from A00 into
L.Ha/, which extends �a to A00. Then e�ajA1 is injective (see page 114,
Corollary 4.5.13 [121]).

(iii) Let A D C.
/ be the commutative C�-algebra of all complex valued
continuous functions on a compact Hausdorff space 
. Then A1 Š B1.
/;
where B1.
/ is the monotone �-complete C�-algebra of all bounded Baire
measurable functions on 
. To see this, let �a be the reduced atomic
representation of A. Note that @K D 
, �a.x/ D fx.!/g!2
 .x 2 A/ and
Ha D `2.
/. We have a unique normal extension e�a of�a, as a unital �-normal
�-homomorphism e�a W A�� 7! Bnd.
/ � L.`2.
//. Moreover, we have
e�a.A1/ D B1.
/. Since e�ajA1 is injective, it follows that A1 Š B1.
/
via the map e�ajA1 .
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5.3.1 Open Problem

It is clear that the Pedersen-Baire envelope of A is contained in the Davies-Baire
envelope of A, that is

A1 � A†.

Do they coincide? Or is there an A where the Davies-Baire envelope is strictly
larger than the Pedersen-Baire envelope? This problem has been open for nearly
50 years. Pedersen succeeded in showing that the answer is positive for some classes
of A, see [121]. But, in general, this is a mystery. We shall refer to this question later.

Many of the results we prove using A1 could easily be extended to results using
A†. But there seems little point in doing so, unless we can find A where A1 ¤ A†.

5.3.2 Monotone Envelopes and Homomorphisms

We recall the following. Let C be a self-adjoint (complex) subspace of a C�-algebra.
Then C D Csa C iCsa where Csa is the real vector space of self-adjoint elements of
C. This uses the elementary observation z D 1

2
.z C z�/C i 1

2i .z � z�/.

Definition 5.3.5 Let B be a monotone complete C�-algebra. Let A be a unital C�-
subalgebra of B. Let M be the smallest monotone closed subset of Bsa containing
Asa. We recall from Sect. 2.1, that M is monotone closed if it satisfies the following:
whenever .x˛/ is an increasing net of elements of M with x˛ " x in Bsa for some
x 2 Bsa, x 2 M and whenever .y� / is a decreasing net of elements in M with y� # y
in Bsa for some y 2 Bsa, y 2 M. Then, we shall call M C iM the monotone closure
of A in B and we denote it by M.A/. If M.A/ D B, then we say that B is monotone
generated by A or A monotone generates B. (Arguing as in Exercise 2.1.29, we find
that M is a (real) vector subspace of Bsa.)

Definition 5.3.6 Let C be a monotone �-complete C�-algebra and let B be a
unital C�-subalgebra of C. Let M� be the smallest monotone �-closed subset of C
containing Asa. As in Sect. 2.1, M� is monotone �-closed if it satisfies the following:
whenever .xn/ is an increasing sequence of elements of M� with xn " x in Csa for
some x 2 Csa, then x 2 M� and whenever .yn/ is a decreasing sequence of elements
of M� with yn # y in Csa for some y 2 Csa, then y 2 M� . Then, we call M� C iM�

the monotone �-closure of A and denote it by M� .A/. If M� .A/ D C then C is said
to be (monotone) �-generated by A. Equivalently, A is said to �-generate C. (By
Exercise 2.1.29, we find that M� is a (real) vector subspace of Bsa.)

The following theorem (and its sequential analogue) is a useful tool which the
reader should know about. But its proof may be postponed to a later reading.
Although the proof may seem intricate at first sight, it is based on repeated
applications of the same basic strategy used in Exercise 2.1.29.
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Let us recall that a function ˆ from one C�-algebra into another is a �-map if
ˆ.z�/ D ˆ.z/�for all z. Clearly a �-map takes self-adjoint elements to self-adjoint
elements.

Theorem 5.3.7 Let B1 and B2 be monotone complete C�-algebras and let A be a
unital C�-subalgebra of B1. Let ˆ W B1 7! B2 be a unital, normal, positive linear
�-map. Suppose that ˆjA is a �-homomorphism from A into B2. Then, M.A/ is
a monotone closed unital C�-subalgebra of B1 and the restricted map ˆjM.A/ is
a normal, unital �-homomorphism from the monotone complete C�-algebra M.A/
into B2.

Proof See the proof of Theorem 4.5.4 Page 110 in [121] and see also [85]. Because
of our more complicated situation, we give a detailed argument.

Arguments used in Exercises 2.1.28 and 2.1.29 can also be used to show that
M is the smallest monotone closed subspace of .B1/sa which contains Asa. Hence
M.A/ is the smallest monotone closed �-subspace of B1 that contains A. Since ˆ is
a positive linear unital map from B1 to B2 it is bounded in norm on B1 and hence
on M.

The 1st step: We wish to show that M.A/ is norm closed in B1. Let .xn/ be
a sequence in M such that kxn � xk �! 0 for an element x 2 .B1/sa. By taking
a subsequence, we may assume that kxn � xk � 1=2nC2 .n D 1; 2; � � � /. So
kxnC1�xnk � 1=2nC1. From this it follows that .xn�2�n1/ is a monotone increasing
sequence in M which converges in norm to x. So by Lemma 2.1.7, .xn �2�n1/ " x in
.B1/sa. Since M is monotone closed, it follows that x 2 M. So M.A/ is norm closed.

The 2nd step: Take any x 2 M. We shall show that xn 2 M and ˆ.xn/ D ˆ.x/n

for all positive integers n. Let W1 be the set

fa 2 M W an 2 M and ˆ.an/ D ˆ.a/n for all positive integers ng:

Clearly W1 contains Asa. We observe that, for any real number t, and any a 2 W1 we
have ta 2 W1. This follows from M being a vector space and the linearity of ˚ jM .

We shall show that W1 is monotone closed. It will then follow that W1 D M.
Since a 2 W1 if, and only if, �a 2 W1, we need only consider increasing nets. Also,
see the remarks following Corollary 2.1.23, we only need to consider nets which are
bounded in norm. Take any norm bounded increasing net .x� / in W1. Then x� " x in
.B1/sa for some x 2 .B1/sa. Since M is monotone closed, x 2 M. We wish to show
that x 2 W1.

Since W1 is stable under multiplication by positive scalars we only need to
consider nets where kx�k � 1. So, we also have that �1 � x � 1, that is, kxk � 1.
For every t 2 R with 0 � t < 1, using norm convergence, we have the identity

.1 � tx� /
�1 D 1C

X

k�1
tk.x� /

k:



104 5 Convexity and Representations

Since each tk.x� /k is in M and M is a norm closed subspace of a Banach space,
.1 � tx� /�1 2 M for all � and t with 0 � t < 1.

Let us recall [121] that, in any C�-algebra, if 0 � c � d and c is invertible, then
d is also invertible and d�1 � c�1.

Let .a�/ be a norm bounded decreasing net of positive elements in .B1/sa such
that a� # a for some a 2 .B1/sa. Suppose that a is invertible. Then each a� is
invertible and .a��1/ is a norm bounded increasing net of positive elements such
that a��1 " a�1.

So .1� tx� /�1 " .1� tx/�1 in .B1/sa. Since M is monotone closed, it follows that
.1 � tx/�1 2 M for all t with 0 � t < 1. Since ˆ is a positive linear map, we have
kˆ.x� /k � 1 and kˆ.x/k � 1 for each � . Since ˆ is a bounded linear operator

ˆ
�
.1 � tx� /

�1� D 1C
X

k�1
tkˆ.

�
x� /

k
�
:

Because each x� 2 W1 we have

ˆ
�
.1 � tx� /

�1� D 1C
X

k�1
tk.ˆ.x� //

k D .1� tˆ.x� //
�1:

Since ˆ is normal, we have ˆ.x� / " ˆ.x/ in .B2/sa. Arguing as above
.1 � tˆ.x� //�1 " .1 � tˆ.x//�1 in .B2/sa.

Because ˆ is normal and .1 � tx� /�1 " .1 � tx/�1 in .B1/sa, it follows that
ˆ
�
.1 � tx� /�1

� " ˆ �.1 � tx/�1
�

in .B2/sa. So, we have

.1 � tˆ.x//�1 D ˆ
�
.1 � tx/�1

�
for all t 2 R with 0 � t < 1:

The fact that 1
t2
..1 � tx/�1 � .1C tx// 2 M and

�
�
�
�
1

t2
..1 � tx/�1 � .1C tx//� x2

�
�
�
� �! 0 .t ! C0/

tells us that x2 2 M. Since ˆ is linear and norm continuous, it follows that

ˆ

�
1

t2
�
.1 � tx/�1 � .1C tx/

�
�

D 1

t2
	
.1 � tˆ.x//�1 � .1C tˆ.x//



:

By letting t ! 0 through positive values we find ˆ.x2/ D .ˆ.x//2.
We observe that, for each natural number k,

�
�
�
�
1

tk

	
.1 � tx/�1 � .1C tx C � � � C .tx/k�1/


 � xk

�
�
�
� �! 0 .t ! C0/:
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By induction on k we find xk 2 M and ˆ.xk/ D ˆ.x/k for each k. So x 2 W1. Thus
W1 is monotone closed. This implies that W1 D .B1/sa. Hence we have xn 2 M and
ˆ.xn/ D .ˆ.x//n for all n 2 N and for every x 2 M.

The 3rd step: We shall show that M.A/ is a �-subalgebra and ˆ is a
multiplicative map.

To do this, first of all, note the following consequences of the 2nd Step.
Take any x and y in .B1/sa. Let us recall that the Jordan product x ı y is defined

to be 1
2
.xy C yx/.

We have the following algebraic identities

2.x ı y/ D xy C yx D .x C y/2 � x2 � y2 (#)

2xyx D .xy C yx/x C x.xy C yx/ � .yx2 C x2y/ (##)

D 4.x ı y/ ı x � 2y ı x2

.x C i1/�y.x C i1/ D xyx C i.xy � yx/C y: (###)

Hence for every pair x and y in M, we have, by the 2nd step, xy C yx D .x C y/2 �
x2 � y2 2 M and

ˆ.xy C yx/ D ˆ..x C y/2/�ˆ.x2/ �ˆ.y2/
D .ˆ.x/Cˆ.y//2 �ˆ.x/2 �ˆ.y/2

D ˆ.x/ˆ.y/Cˆ.y/ˆ.x/.

So M is closed under the Jordan product and, for each x and y in M

ˆ.x ı y/ D ˆ.x/ ıˆ.y/:

Using this in (##) we see that xyx is in M and

ˆ.xyx/ D 2.ˆ.x/ ıˆ.y// ıˆ.x/ �ˆ.y/ ıˆ.x/2
D ˆ.x/ˆ.y/ˆ.x/:

We shall show that, for every pair x and y in M,

i.xy � yx/ 2 M and i.ˆ.x/ˆ.y/ �ˆ.y/ˆ.x// D ˆ.i.xy � yx//:

To do this, first fix x 2 Asa. Now let W2 be the set of all y 2 M such that
.x C i1/�y.x C i1/ 2 M and

ˆ..x C i1/�y.x C i1// D .ˆ.x/C i1/�ˆ.y/.ˆ.x/C i1/:
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Clearly Asa is a subset of W2. Since the maps y 7�! z�yz and ˆ are normal and
order preserving for any z 2 B1, it follows that W2 is monotone closed in B1. Hence
W2 D M.

So, for all x 2 Asa and y 2 M we have .x C i1/�y.x C i1/ 2 M and

ˆ..x C i1/�y.x C i1// D .ˆ.x/C i1/�ˆ.y/.ˆ.x/C i1/:

So, by (###) i.xy � yx/ 2 M. By also applying (###) in ˆŒM� and M we find

ˆ.i.xy � yx// D i.ˆ.x/ˆ.y/ �ˆ.y/ˆ.x//:

By multiplying this equation by �1, then interchanging x and y, we find that, for all
x 2 M and all y 2 Asa, i.xy � yx/ 2 M and

iˆ.xy � yx/ D i.ˆ.x/ˆ.y/ �ˆ.y/ˆ.x//:

Now let W3 be the set of all y 2 M such that, for every x 2 M, .xCi1/�y.xCi1/ 2 M
and

ˆ..x C i1/�y.x C i1// D .ˆ.x/C i1/�ˆ.y/.ˆ.x/C i1/:

From the preceding paragraph, Asa � W3. Arguing as in the W2 case above, W3 is
monotone closed. So W3 D M. Using (###) again, we have i.xy � yx/ 2 M and

iˆ.xy � yx/ D i.ˆ.x/ˆ.y/ �ˆ.y/ˆ.x//

for all x and y in M. We already have xy C yx 2 M and ˆ.xy C yx/ D ˆ.x/ˆ.y/C
ˆ.y/ˆ.x/. Since ˆ is linear on M.A/ it follows that xy 2 M.A/ and

ˆ.xy/ D ˆ.x/ˆ.y/:

From this it follows that ˆ is a �-homomorphism from M.A/ to B2. ut
By a minor modification of the above proof we can obtain the following

“sequential” analogue of the above theorem.

Corollary 5.3.8 Let B1 and B2 be unital, monotone �-complete C�-algebras. Let
A be a unital C�-subalgebra of B1. Let M� be the smallest monotone �-closed
subset containing Asa. Then M� .A/ D M� C iM� is a unital monotone �-closed
�-subalgebra of B1. Let ˆ W B1 7! B2 be a unital, �-normal, positive linear �-map
such that ˆjA is a �-homomorphism from A into B2. Then ˆ is a �-homomorphism
from M� .A/ into B2.

Fix a Hilbert space H and let B1 D B2 D L.H/. Let ˆ be the identity map from
B1 to B2. Then Corollary 5.3.8 gives Pedersen’s theorem for A unital, see [121].
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By a more careful argument, the validity of Pedersen’s result can be established
for non-unital algebras; see [121].

5.3.3 Borel Envelopes

We have discussed how Asa can be identified with A.K/ and Asa
�� with A00.K/,

the bounded affine functions on K. We saw that A1
sa , the self adjoint part of the

Pedersen-Baire envelope of A, can be identified with A1.K/. We also observed
that when A D C.
/ then A1 can be identified with the algebra of bounded
Baire measurable functions on 
. We seek a non-commutative generalisation of
the algebra of bounded Borel measurable functions on 
. It is easy to identify a
plausible candidate but it has been very hard to show that it is a C�-algebra. This
has only recently been accomplished by Brown [19]. We will expound his proof
here.

First we define Am
sa to be the set of those elements of A00

sa which are limits,
in the weak operator topology, of increasing nets in Asa. See 3.11.6 in [121]
and page 157 of [161]. Then each element of Am

sa corresponds to the pointwise
limit of an increasing net in Asa. Hence it corresponds to a bounded lower
semicontinuous affine function on K. Conversely, by Lemma 5.2.3, each bounded
lower semicontinuous affine function on K corresponds to an element of Am

sa.
Let V D Am

sa � Am
sa and let V0 be the norm closure of V . Then, by page 166,

Proposition 6.14 of [161], V0 is a norm closed Jordan subalgebra of Asa. Let Ab
sa be

the smallest subset of A00
sa that contains V D Am

sa � Am
sa and is a monotone �-closed

subset of A00
sa.

We now define the Brown-Borel envelope of A.

Definition 5.3.9 Let Ab D Ab
sa C iAb

sa where Ab
sa is the smallest subset of A00

sa that
contains V D Am

sa � Am
sa and is a monotone �-closed subset of A00

sa. Then Ab is
the Brown-Borel envelope of A. When we identify A00.K/ with A00

sa we find that Ab
sa

corresponds to Ab.K/, see Definition 5.2.12.

Lemma 5.3.10 The set Ab
sa is a norm closed subspace of A00

sa.

Proof Since V is a real vector space, it follows from Exercise 2.1.28 that Ab
sa is a

monotone �-closed subspace of A00
sa. By applying the argument used in Step 1 of

the proof of Theorem 5.3.7 we find that Ab
sa is a norm closed subspace of A00

sa. ut
Lemma 5.3.11 The set Ab

sa is a norm closed Jordan subalgebra of A00
sa.

Proof By Lemma 5.3.10, Ab
sa contains the norm closure of V . This is V0 which is

a norm closed Jordan subalgebra of A00
sa. We shall show xn 2 Ab

sa for all x 2 Ab
sa.

Let W D fx 2 Ab
sa W xn 2 Ab

sa for all n 2 Ng. Since the norm closure of V is a
Jordan subalgebra, V0 � W. By imitating the argument used in the 2nd Step of the
proof of Theorem 5.3.7, W is a monotone �-closed subspace of Ab

sa that contains V .
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Hence W D Ab
sa, which implies that x2 2 Ab

sa for all x 2 Ab
sa and so Ab

sa is a Jordan
subalgebra of A00

sa. ut
Corollary 5.3.12 The vector space Ab is a norm closed Jordan �-subalgebra of A00.

Lemma 5.3.13 (Brown [19]) Ab is a two-sided A-submodule of A00.

Proof Take t 2 A and consider the map 
t W A00 7! A00 defined by 
t.s/ D t�st for
s 2 A��. Clearly 
t is a normal positive linear map and satisfies 
t.Am

sa/ � Am
sa � Ab

sa,
which means that 
t.V/ � V . So, 
t.Ab

sa/ � Ab
sa. Take any s; t 2 A and x 2 A00

sa.
Since

4t�xs D
3X

kD0
ik.s C ikt/�x.s C ikt/

if x 2 Ab
sa, then it follows that t�xs 2 Ab. Hence Ab is a two-sided A-submodule of

A00. ut
Let us observe that under the canonical embedding of A into A00, the universal

enveloping von Neumann algebra (page 122 of [161]) M2.A/00 of the C�-algebra
M2.A/, is �-isomorphic to M2.A00/ in a canonical way. Indeed, note that M2.A/ Š
A ˝ M2.C/ (see Sect. 2.4) via a canonical isomorphism … and A00 ˝ M2.C/ is the
universal enveloping von Neumann algebra of A ˝ M2.C/ (see page 203–204 of
[161]). So, A00 ˝ M2.C/, which is �-isomorphic to M2.A00/, is also �-isomorphic to
M2.A/00 in a canonical way. Hence we may assume that M2.A/00 D M2.A00/. Let us

consider the map � W A00 3 x 7!
�

x 0
0 0

�

2 M2.A00/ and  W M2.A00/ 3
�

a11 a12
a21 a22

�

7!
a11 2 A00. Then � and  are norm continuous, normal positive linear maps and so
we have

�.Am
sa/ � .M2.A//

m
sa and  ..M2.A//

m
sa/ � Am

sa:

Lemma 5.3.14 (Brown [19]) Take any x 2 A00. Then x 2 Ab
sa if and only if

�
x 0
0 0

�

2
M2.A/bsa. Also, for any y 2 M2.A00/.
 M2.A/00/, y 2 M2.A/b if, and only if, on

putting y D
�

y11 y12
y21 y22

�

; yij 2 Ab for every pair i and j with 1 � i; j � 2.

Proof Let W1 be the set of all y 2 M2.A00/sa such that  .y/ 2 Ab
sa. Since  is

normal and positive, W1 is monotone �-closed and contains M.A/msa. Hence we have
W1 	 M2.A/bsa. Let W2 be the set of all x 2 A00 such that �.x/ 2 M2.A/bsa. Since � is
normal and positive, by a similar argument, W2 is monotone �-closed and contains
Am

sa. Hence W2 	 Ab
sa. The first part of the statement follows.

Since
P

1�i;j�2 ei1

�
xij 0

0 0

�

e1j D x and e1ixej1 D
�

xij 0

0 0

�

for each i; j and x, the

first statement and Lemma 5.3.13 can be applied to show Lemma 5.3.14. ut
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Theorem 5.3.15 (Brown [19]) Ab is a C�-subalgebra of A00 whose self-adjoint part
is Ab

sa.

Proof Take any x 2 Ab
sa C iAb

sa. Then by Lemma 5.3.14, y D
�
0 x�
x 0

�

2 M2.A/bsa.

Since M2.A/b is a Jordan subalgebra of M2.A00/sa, it follows that y2 2 M2.A/bsa,
which implies that

M2.A/
b
sa 3 y2 D

�
0 x�
x 0

��
0 x�
x 0

�

D
�

x�x 0

0 xx�
�

:

Hence it follows that x�x 2 Ab
sa. Now take any pair x and y in Ab. Since .xCy�/�.xC

y�/ D x�x C yy� C .yx C x�y�/ 2 Ab
sa, it follows that yx C x�y� 2 Ab

sa. On the other
hand, also .x C iy�/�.x C iy�/ D x�x C yy� � i.yx � x�y�/ 2 Ab

sa, which implies that
yx 2 Ab. Hence Ab is a C�-subalgebra of A00.

So the Brown-Borel envelope of A is a C�-algebra which is monotone �-closed
in A00 and contains Am

sa. Its self-adjoint part is Ab
sa. So .Ab/sa D Ab

sa. We re-iterate
that when we make the usual identifications of A00

sa with A00.K/ then

Ab
sa D Ab.K/. ut

5.4 Representation Theorems

Let C be a monotone �-complete algebra. Let us recall, see just before Exam-
ple 2.1.3, that a �-compatible topology is a Hausdorff locally convex vector
topology such that each bounded monotone increasing sequence converges to its
least upper bound in C. It would be very convenient if there always existed
a �-compatible topology for C. But this is not true in general. However the
representation theorems provide a substitute: The Pedersen-Baire envelope of C has
a �-compatible topology and C is the quotient of its Pedersen-Baire envelope by a �-
ideal. There exists a �-homomorphism h from C1 onto C such that h is idempotent.
Also, when .cn/ is a monotone increasing sequence in C whose least upper bound
in C is c, then

h.lim cn/ D c:

Here lim cn is the limit of the sequence in C1, with respect to the topology induced
on C1 by the strong operator topology of C00. Since the sequence is monotonic, its
limit in the weak operator topology of C00 is the same.

When C is monotone complete we can say more: There is an idempotent,
�-homomorphism h from its Brown-Borel envelope onto C with the following
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property. Let .c�/ be an increasing net in C with least upper bound c in C. As
remarked in Chap. 2, we may suppose that this net is bounded below and, hence
bounded in norm. Then, using the strong operator topology, lim c� exists in Cb and

h.lim c�/ D c:

In Sect. 5.2 we obtained representations of monotone (�-) complete order unit
spaces as quotients of their Baire (Borel) envelopes. By using “meagre ideals”, we
get corresponding representation theorems for monotone complete, and �-complete
C�-algebras.

We revert to our earlier notation where A is a unital C�-algebra with state
space K. As before, we regard A as embedded in L.Hu/. We let A00 be the double
commutant of A which is also identified with the second dual of A. We also identify
Asa with A.K/ and A00

sa with A00.K/, the vector space of all bounded, real-valued,
affine functions on K.

Lemma 5.4.1 Let @K be equipped with the relative topology induced by K. Let M
be the set of all z 2 A00 such that f' 2 @K W '.z/ ¤ 0g is a meagre subset of @K.
Then M is a �-subspace of A00 which is sequentially closed in the weak operator
topology of L.Hu/. For any unitary in A, uMu� D M. Also M \ A D f0g.

Proof To show that M is a �-subset of A00, we first note that '.z�/ D '.z/ for all
' 2 K and z 2 A00. Then, for each ' 2 @K, '.z/ ¤ 0 if, and only if, '.z�/ ¤ 0. So
z 2 M if, and only if, z� 2 M. For any pair x and y in A00, we have

f' 2 @K W '.x C y/ ¤ 0g � f' 2 @K W '.x/ ¤ 0g [ f' 2 @K W '.y/ ¤ 0g:

So it is clear that M is a subspace of A00.
Let .zn/ be a sequence in M which converges in the weak operator topology to z.

Then for each � 2 K

�.zn/ ! �.z/:

We have

f' 2 @K W '.z/ ¤ 0g �
1[

nD1
f' 2 @K W '.zn/ ¤ 0g:

Because the union of countably many meagre sets is meagre, it follows that z 2 M.
For each unitary u 2 A and any ' 2 K, define a map from K into K by

Tu'.x/ D '.uxu�/ for x 2 A:
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Then Tu�1Tu is the identity operator because

.Tu� Tu�/.x/ D Tu�.u
�xu/ D �.uu�xuu�/ D �.x/.

Interchanging u and u� we see that TuTu� is also the identity. So Tu is a bijection of
K onto K.

Let .'� / be any net in K such that '� �! ' with respect to the �.A�;A/-topology
of K. Then

'�.uxu�/ �! '.uxu�/ for each x 2 A:

Hence Tu'� �! Tu' with respect to �.A�;A/. So Tu is continuous. Since .Tu/
�1 D

Tu� it follows that Tu is a homeomorphism of K onto itself.
It is straightforward to check that Tu is an affine map of K onto K. From this it

is easy to see that Tu is a homeomorphism of @K onto @K. In particular Tu maps
meagre subsets of @K onto meagre subsets of @K.

For any x 2 A00 there is, by the density theorem of Kaplansky, a bounded net .a�/
in A which converges to x in the weak operator topology. So for any unitary u and
any � 2 @K,

Tu�.x/ D lim Tu�.a�/ D lim�.ua�u�/ D �.uxu�/:

It follows that uxu� 2 M if, and only if, x 2 M.
Finally, let z 2 M \ A. Let z D a C ib where a and b are self-adjoint. Then

a D 1
2
.z C z�/ is in M \ A. On identifying a with an affine continuous function on

K, the set

f� 2 @K W a.�/ ¤ 0g

is both open and meagre. Since @K is a Baire space, this set must be empty. So
a D 0. A similar argument applies to b. So z D 0. ut
Lemma 5.4.2 Let MC D fz 2 M W z � 0g and let

N D fz 2 A00 W zz� 2 MCand z�z 2 MCg:

Then N is a C�-algebra which is sequentially closed in the weak operator topology
of L.Hu/ and NC D MC. Furthermore, for any a 2 A, aN � N and Na� N .
Also A \ N D f0g.

Proof Since MC is a norm closed hereditary subcone of .A00/C, the set L D fz 2
A00 W z�z 2 MCg is a norm closed left ideal of A00. Let N D L \ L�. Then N is a
C�-subalgebra of A00. (See page 15, Theorem 1.5.2 [121].) If a 2 N and a � 0, then
a
1
2 2 NC � L and so a 2 MC. Conversely if b 2 MC, then b

1
2 2 L and b

1
2 2 L�,

which implies b 2 N . Hence it follows that NC D MC. Since N is the complex
linear span of NC, N � M. So, by Lemma 5.4.1 N \ A D f0g.
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Since M is sequentially closed in the weak operator topology,†.N / � M. By
Lemma 5.3.1,†.N / is a C�-algebra. Then

NC � †.N /C � MC:

It follows that †.N / D N . So N is sequentially closed in the weak operator
topology of L.Hu/.

For any unitary u 2 A and z 2 N , .zu/.zu/� D zz� 2 MC. Also

.zu/�.zu/ D u�z�zu 2 u�MCu.

By Lemma 5.4.1, u�MCu D MC. So zu 2 N . Similarly uz 2 N . Since every
element of A is the linear combination of at most four unitaries, for each a 2 A and
each z 2 N we have za 2 N and az 2 N . ut
Lemma 5.4.3 Let W D N C A. Then W is a C�-subalgebra of A00 such that N is a
closed two-sided ideal of W. Let k be the natural projection of W onto A. Then k is a
�-homomorphism whose kernel is the ideal N (of W). Let .c�/ be a norm-bounded,
upward directed net in Asa. Let lim c� be the limit of this net in A00, with respect to
the weak operator topology of L.Hu/. If .c�/ has a least upper bound, c, in A, then,

.c � lim c�/ 2 NC

and lim c� 2 W. Also

k.lim c�/ D c:

Proof Let W be the C�-subalgebra of A00 obtained by taking the norm closure of AC
N . By Lemma 5.4.2, N is a closed two-sided ideal of W and A is a C�-subalgebra
of W. By Corollary 1.5.8 in [121], A CN is a C�-subalgebra of W. So W D A CN .
Clearly k W W 7! A is a �-homomorphism with kernel N .

By Corollary 5.2.10, c � lim c� 2 MC. But MC D NC.
Also lim c� D c�.c� lim c�/. So lim c� 2 W. Since k has kernel N , k.lim c�/ D

k.c/ D c. ut
Corollary 5.4.4 Let A be monotone �-complete. Then W is a �-closed subalgebra
of A00 and k is a �-homomorphism.

Proof Let .wn/ be any norm bounded increasing sequence in Wsa. Then wn D cn C
dn, where cn 2 Asa and dn 2 N for each n.

We have k.wn/ D cn. So .cn/ is monotone increasing and norm bounded. So it
has a least upper bound c in A. By Lemma 5.4.3, lim cn is in W and k.lim cn/ D c.
Since .wn/ is monotone increasing and norm bounded, it converges in the weak
operator topology to lim wn 2 A00. Since

dn D wn � cn
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it follows that .dn/ is a sequence in N which converges in the weak operator
topology to lim wn � lim cn. Since N is sequentially closed in the weak operator
topology and lim cn is in W, it follows that lim wn is in W. So W is �-closed in A00.
Also, by Lemma 5.4.3,

k.lim wn/ D k.lim cn/ D c D W
n�1cn D W

n�1k.wn/: ut

We now come to the representation theorem for monotone �-complete C�-
algebras.

Theorem 5.4.5 Let A be monotone �-complete. There exists a �-homomorphism q
from A1 onto A such that q.a/ D a for each a 2 A. Then A1 \ N is a �-ideal of
A1 and is the kernel of q. So A is isomorphic to A1=.A1 \ N /.

Proof The smallest �-closed subspace of A00
sa which contains Asa is A1

sa . So A1 �
W. Let q be the restriction of k to A1. The result follows from Corollary 5.4.4. ut

We recall that the algebra N is the complex linear span of MC. We shall see
from the results of Sect. 5.6, that in Theorem 5.6.5, we may replace A1 \ N by
A1 \ M.

When specialised to commutative algebras, Theorem 5.4.5 corresponds to the
Loomis-Sikorski theorem for Boolean �-algebras [153].

By applying results of Birkhoff-Ulam for complete Boolean algebras, see The-
orem 4.1.3, every commutative monotone complete C�-algebra can be represented
as follows. Let S be the spectrum of a commutative monotone complete C�-algebra
then C.S/ is isomorphic to the quotient of the algebra of bounded Borel measurable
functions on S modulo the ideal of meagre Borel functions. This may be thought of
as a special case, for commutative algebras, of the following representation theorem.
See Theorem 4.2.9.

Theorem 5.4.6 Let A be monotone complete. There exists a �-homomorphism q
from Ab onto A such that q.a/ D a for each a 2 A. Then Ab \ N is a �-ideal of
Ab and is the kernel of q. So A is isomorphic to Ab=.Ab \ N /. Let .c�/ be a norm
bounded increasing net in Asa with least upper bound c in Asa. Let lim c� be its
strong (and so weak) operator limit in A00 (and so is in Ab), then

q.lim c�/ D c:

Furthermore, given f 2 Ab
sa, q. f / � 0 if and only if f � 0 a.e.. So q. f / D 0 if, and

only if, f D 0 a.e.

Proof Let .c�/ be a norm-bounded, upward directed net in Asa. Then lim c� is in
Ab. By Lemma 5.4.3 limc� is also in W. By definition, Ab

sa is the smallest �-closed
subspace of A00

sa which contains all x that correspond to lower semicontinuous affine
functions on K. So Ab � W. Let q be the restriction of k to Ab.



114 5 Convexity and Representations

For any g 2 Ab
sa we have q.g � q.g// D 0. So g � q.g/ is in N . So g D q.g/ a.e..

It now follows that if f 2 Ab
sa and f � 0 a.e. then q. f / � 0 a.e.. So

f� 2 @K W q. f /.�/ > 0g

is an open meagre subset of the Baire space @K. Hence this set is empty. Thus
q. f / � 0.

Conversely, let q. f / � 0. Since f D q. f / a.e. it follows that f � 0 a.e.
Finally, q. f / D 0 if, and only if, q. f / � 0 and q.�f / � 0. So q. f / D 0 if, and

only if, f D 0 a.e. In other words, Ab \ N DAb \ M. ut
We give a typical application of this Representation Theorem below. The

representation theorems obtained in Sect. 5.2 can be used in a similar way.

Proposition 5.4.7 Let A be monotone complete and let D be a unital C�-algebra.
Let T W D 7! A be a positive �-linear map. Then T has a unique extension to a
positive, linear QT W Db 7! A with the following properties. First, if .xn/ is a bounded,
monotone increasing sequence in Db

sa then

QT.lim xn/ D W
n�1 QTxn:

Secondly, if .a�/�2ƒ is a bounded, upward directed net in Dsa, then

QT.lim a�/ D W
�2ƒ QTa�:

Furthermore, if T is a �-homomorphism then so also is QT.

Proof (Sketch) Given a bounded linear operator T from a Banach space X into a
Banach space Y, its second adjoint T�� W X�� 7! Y�� is an extension of T. Also
T�� is a continuous map from X��, equipped with the �.X��;X�/ topology, to Y��,
equipped with the �.Y��;Y�/ topology. Identify X with D and Y with A. Then T��
is an extension of T which is weak-operator topology continuous on bounded balls
of D00. Let W D fx 2 D00 W T��x 2 Abg and show Db � W. Now let QT be qT��
restricted to Db. Finally, if T W D 7! A is a �-homomorphism then T�� W D00 7! A00
is a �-homomorphism. See Theorem 5.3.7. ut
Exercise 5.4.8 Show that if, in Proposition 5.4.7, A is only assumed to be monotone
�-complete and Db is replaced by D1 then we can obtain a sequential version of
Proposition 5.4.7 by applying Theorem 5.4.5.

Remark 5.4.9 If, in Exercise 5.4.8 or in Proposition 5.4.7, we put D D C.X/ we
may regard QT as an “A-valued integral”. By using Theorem 5.2.16 and Proposi-
tion 5.4.7 we can replace Asa by more general partially ordered vector spaces. See
[170].

The results of this section are mainly from [171] and [170] but with some
modifications of the original arguments. The recent achievement of Brown, see
Sect. 5.3, has allowed us to state Theorem 5.4.6 in a neater form than the original.
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For any C�-algebra A, it follows from Lemma 5.4.2 that A1 \ N is a �-ideal of
A1. So the algebra A1=.A1 \ N / is monotone �-complete by Proposition 2.2.21.
Since A \ N D f0g, qjA is an injective �-homomorphism, and hence an isometric
�-isomorphism of A into A1=.A1 \ N /. But a much stronger result is true. The
quotient algebra is a regular �-completion of A. We shall prove this in Sect. 5.6. In
the final section of this chapter we shall show that when A is a small C�-algebra then
its regular �-completion is also small. So it has a faithful state and thus is monotone
complete. So when A is a small C�-algebra its regular �-completion is its regular
completion. See the discussion at the end of Sect. 5.6.

5.4.1 Open Problem

We know A1 � A†. This induces a natural embedding of A1=.A1 \ N / into
A†=.A† \ N /. Are these algebras isomorphic? This could have a positive answer
even if A1 ¤ A†.

For which A is Ab=.Ab \ N / the regular completion of A?

5.5 Compact Convex Sets: Semicontinuity
and Approximations

We shall need some more results on convexity. As before K is a compact convex
subset of a Hausdorff, locally convex topological vector space. Let Y be a subset of
K, with @K � Y � K. For most applications Y D K or Y D @K. All functions are
real valued unless we specify otherwise.

Definition 5.5.1 Let f be a bounded real valued function on Y. For each x 2 K let

f .x/ D supfa.x/ W a 2 A.K/; a.�/ � f .�/ for every � 2 Yg
and

Of .x/ D inffa.x/ W a 2 A.K/; a.�/ � f .�/ for every � 2 Yg:

Then it is clear that f is lower semicontinuous. It is straightforward to check that
f is a convex function which is bounded below by �jj f jj. Since each a 2 A.K/
attains its maximum on @K, it follows that f is bounded above by jj f jj. We note that
f is defined on the whole of K. If g W Y 7! R is bounded and f � g on Y, then it is

easy to see that f � g on K. Also Of � Og. (See Proposition 1.1.6 [2].)

Similarly, Of is a concave, upper semicontinuous function with

�jj f jj � Of � jj f jj:
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By Lemma 5.2.2, when Y D K and f is lower semicontinuous and convex, then
f D f . Similarly, when f is a bounded, concave, upper semicontinuous function on

K, by applying Lemma 5.2.2 to �f , we have f D Of .

Lemma 5.5.2 Let u be a bounded upper semicontinuous concave function on K.
Let u � 0 a.e., that is, fx 2 @K W u.x/ < 0g is a meagre subset of @K. Then u � 0.

Proof By upper semicontinuity, fx 2 @K W u.x/ < 0g is open. By hypothesis it is
also meagre. But any meagre open subset of a Baire space is empty. So u is non-
negative on @K. Thus the closed convex set fx 2 K W u.x/ � 0g contains @K. So, by
the Krĕin-Milman theorem, u.x/ � 0 for all x 2 K, that is, u � 0. ut

We have the following:

Lemma 5.5.3 Let u be a bounded upper semicontinuous function on K. Then
u.x/ D Ou.x/ for each x 2 @K.

Proof This is a theorem of Hervé [73]. It is proved in Proposition 1.4.1 [2]. ut
Corollary 5.5.4 Let f be a bounded continuous, real-valued function on @K. Then

f .x/ D Of .x/ D f .x/ for each x 2 @K.

Proof See Corollary 1.4.2 [2] or [125]. ut
Lemma 5.5.3 has the following variant which starts with a bounded upper

semicontinuous function defined only on the extreme points of K.

Lemma 5.5.5 Let v be a bounded upper semicontinuous function on @K. Then v
can be extended to a concave, upper semicontinuous, bounded function on K. In
particular,

v.x/ D Ov.x/

for each x 2 @K. Furthermore, for all x 2 K;

�jjvjj � Ov.x/ � jjvjj:

Proof Since K is compact Hausdorff, @K is completely regular. So, by Lemma 2.3.4,
there is a bounded, downward directed net, . f� W � 2 ƒ/, of bounded continuous
functions on @K such that

inff f�.x/ W � 2 ƒg D v.x/



5.5 Compact Convex Sets: Semicontinuity and Approximations 117

for each x 2 @K. We can assume, without loss of generality, that

�jjvjj � bf�.x/ � jjvjj for all x 2 K:

Let u be the pointwise infimum, on K, of fbf� W � 2 ƒg. Then u is bounded, upper
semicontinuous and concave. Also, by applying Corollary 5.5.4 to each f�, we see
that u.x/ D v.x/ for each x 2 @K.

Since f� � v on @K, we have bf� � Ov on K. Hence u � Ov. Thus

v.x/ D Ov.x/ for each x 2 @K: ut

In general, @K need not be a Borel subset of K. But we have the following.

Corollary 5.5.6 A bounded (real valued) function on @K is a Borel function if, and
only if, it is the restriction of a bounded Borel function on K.

Proof Let V be the set of all F W K 7! R, where F is a bounded, Borel measurable
function on K and Fj@K is a Borel function on @K.

Then V is a real vector space and, for any F and G in V , FG is in V . Also, if u is
a bounded, upper semicontinuous function on K then u 2 V . Let .Fn/ be a bounded,
monotone increasing sequence in V with pointwise limit F. Then F is Borel on K
and Fj@K is Borel on @K. So F 2 V . Hence V contains all the bounded (real-valued)
Borel functions on K. So the restriction of a Borel function on K is a Borel function
on @K. We now prove the converse. Let W be the set of all f W @K 7! R such that, f
is Borel measurable and f can be extended to a bounded Borel measurable function
on K. By Lemma 5.5.5, each bounded, upper semicontinuous function on @K is in
W. Also W is a (real) subalgebra of B.@K/.

Now let . fn/ be a bounded, monotone increasing sequence in W, with 0 � fn � 1

for each n. This sequence converges pointwise to a Borel function f .
For each n there is a bounded Borel function Fn on K such that Fn j@K D fn. Since

Fn ^ 1 is a Borel function on K whose restriction to @K is fn, we may assume that
Fn is bounded above by 1. Similarly we may suppose it is bounded below by 0. Let

F.x/ D lim sup
n

Fn.x/:

Then F is a bounded Borel function on K. But Fj@K D f . So f 2 W. Hence W
contains all the bounded Borel functions on @K. ut
Lemma 5.5.7 Let u be a bounded concave upper semicontinuous function on K.
Then u D u a.e., that is, fx 2 @K W u.x/� u.x/ ¤ 0g is a meagre subset of @K.

Proof First we observe that uj@K is upper semicontinuous. Since @K is a Baire space,
we can apply Corollary 4.2.4 to uj@K . So we find a bounded lower semicontinuous
w W @K ! R such that uj@K � w and

fx 2 @K W u.x/� w.x/ ¤ 0g
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is a meagre subset of @K. Applying Lemma 5.5.5 to �w we find that �.c�w/ D w is
a bounded, lower semicontinuous convex function on K with

w.x/ D w.x/ for all x 2 @K.

By Lemma 5.5.2, u � w � 0. Hence u � w. Thus u D u a.e. ut
Proposition 5.5.8 Let f be a (bounded) Borel function on K. Then there exists a
bounded, concave, upper semicontinuous u such that f D u a.e.

Proof By Corollary 5.5.6, f j@K is a bounded Borel function on the completely
regular space @K. By Lemma 4.2.7, there exists an upper semicontinuous v on @K,
such that v D f a.e. and v has the same upper bound and lower bounds as f j@K .
Then, using Lemma 5.5.5, v D Ov on @K. So, Ov D f a.e.. Put u D Ov. ut

5.6 Applications of Convexity to Completions

We now return to the situation where A is a unital C*-algebra with state space K. As
usual K is equipped with the compact topology induced by the �.A�;A/ topology.

Exercise 5.6.1 For each invertible a 2 A and each � 2 K, let

Ta�.x/ D �.axa�/
�.aa�/

:

Show that (i) Ta maps K into K; (ii) Ta W K 7! K is continuous; (iii) TaTa�1 is the
identity map on K; (iv) Ta:@K 7! @K is a homeomorphism.

Hint: For (ii) look at Lemma 5.4.1. For (iv) demonstrate that Ta maps extreme
points of K to extreme points.

Let A be a unital C�-algebra and let A1 be the Pedersen-Baire envelope of A, see
Definition 2.2.23. As before, we identify A1

sa with A1.K/ and A00
sa with A00.K/. We

recall that M is the set of all z 2 A00 such that

f� 2 @K W �.z/ ¤ 0g
is meagre. Let N be the complex linear span of MC. Then N is a �-subalgebra of
A00 which is sequentially closed in the weak operator topology. See Lemma 5.4.2.
We saw in Sect. 5.4 that A1 \ N is a �-ideal of A1.

Lemma 5.6.2 Let g 2 A00.K/ such that g � 0 a.e. Then aga� � 0 a.e. when a is an
invertible element of A. Also, for any positive b 2 AC, we have bgb � 0 a.e.

Proof First let a be an invertible element of A. Let Ta be the homeomorphism from
@K onto @K defined in Exercise 5.6.1. Since f' 2 @K W '.g/ > 0g is a meagre subset
of @K and f' 2 @K W '.aga�/ > 0g D Ta�1f' 2 @K W '.g/ > 0g. It follows that

aga� � 0 a.e.
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Let b 2 AC then b C 1
n is invertible for each n. Let fn D .b C 1

n /g.b C 1
n /. Then

f� 2 @K W �. fn/ > 0g is meagre for each n. Also . fn/ converges in norm to bgb.
Hence

f� 2 @K W �.bgb/ > 0g

is contained in the meagre set

S
n�1f� 2 @K W �. fn/ > 0g:

So bgb � 0 a.e. ut
As before q is the quotient homomorphism of A1 onto A1=.A1 \ N /. By

Proposition 2.2.21, A1=.A1 \ N / is monotone �-complete and q is �-normal.

Lemma 5.6.3 Let g 2 A1
sa . Then g � 0 a.e. if, and only if, q.g/ � 0.

Proof Let g D gC � g� where gCg� D 0. Let e be the range projection of gC. So
e 2 A1

sa .
Suppose q.g/ � 0. Then

0 � q.gC/ D q.eg/ D q.e/q.g/q.e/ � 0:

So gC is in A1 \ N . Thus g D �g� a.e. So g � 0 a.e. Conversely, suppose g � 0

a.e. Let

V D fx 2 A1
sa W x2gx2 � 0 a.e.g:

By Lemma 5.6.2, Asa � V . Let .xn/ be a monotone increasing sequence in V
which converges to x in A1

sa . Then xn ! x in the strong operator topology. So
x2ngx2n ! x2gx2 in the strong operator topology and hence in the weak operator
topology. So, regarded as a sequence in A00.K/, it converges pointwise. It follows
from Exercise 5.2.15 that x2gx2 � 0 a.e. So x 2 V . Thus A1

sa � V . In particular

gC D ege � 0 a.e.

So gC 2 MC. Thus gC is in A1 \ N . So

q.g/ D q.gC/� q.g�/ D �q.g�/ � 0: ut

Corollary 5.6.4 Let g 2 A1. Then q.g/ D 0 if, and only if, g 2 M. That is
A1 \ N D A1 \ M.

Proof Since q is a �-homomorphism it suffices to prove the result for g self-adjoint.
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Then q.g/ D 0 if, and only if, q.g/ � 0 and q.�g/ � 0. That is if, and only if,
g D 0 a.e. ut

In the next theorem we show that A has a regular �-completion.

Theorem 5.6.5 The algebra A1=.A1 \N / is a regular �-completion of A. If D �
Asa has an infimum d in Asa then q.d/ is the infimum of qŒD� in A1=.A1 \ N /.

Proof As before, let q be the quotient homomorphism. We have seen that the
restriction of q to A is an isometric �-isomorphism of A into the �-algebra
A1=.A1 \ N /. As usual, we identify A00

sa with A00.K/, the bounded real-valued
affine functions on K.

Let W be the smallest monotone �-closed subset of qŒA1
sa � containing qŒAsa�. Let

V D fa 2 A1
sa W q.a/ 2 Wg. Then V is a monotone�-closed subset of A1

sa containing
Asa. Hence V D A1

sa . So A1=.A1 \ N / is monotone �-generated by qŒA�.
Next, we shall show that qŒA� is a regular subalgebra of A1=.A1 \N /. To show

this, take any f 2 A1ŒK�. By Proposition 5.5.8 there exists a bounded, concave,
upper semicontinuous u such that u D f a.e.. Let

L D fa 2 A.K/ W q.a/ � q. f /g:

Then, by Lemma 5.6.3, a 2 L if, and only if, a � f a.e. This is equivalent to a � u
a.e. By applying Lemma 5.5.2 to u � a we find that a 2 L if, and only if, a � u. This
is equivalent, see Definition 5.5.1, to a � u.

Now let h 2 A1ŒK� be such that q.h/ is an upper bound for fq.a/ W a 2 Lg. Let

Lh D fa 2 A.K/ W q.a/ � q.h/g:

Then L � Lh.
By Proposition 5.5.8, there exists a bounded, concave, upper semicontinuous v

such that v D h a.e. Arguing as above, we find that a 2 Lh if, and only if, a � v.
Since L � Lh, whenever a 2 L, a � v. Hence u � v.

By Lemma 5.5.7 u D u a.e. We know that u D f a.e. and v D h a.e. So f � h
a.e. Hence, by Lemma 5.6.3, q. f / � q.h/.

It now follows that q. f / is the least upper bound of

fq.a/ W a 2 A and q.a/ � q. f /g:

It follows that qŒA� is a regular subalgebra of A1=.A1 \ N /.
So we have constructed a regular �-completion of A.
Finally, the fact that q preserves existing infima follows from Proposition 2.1.35,

because qŒA� is a regular subalgebra of A1=.A1 \ N /. ut
For the moment we drop the requirement that A.K/ be the self-adjoint part of a

C*-algebra. So K is an arbitrary compact convex set in a Hausdorff locally convex
vector space. To avoid cumbersome notation, in this chapter we shall use B.X/ to
denote the bounded Borel measurable, real-valued, functions on a topological space
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X. For F in B.K/ let R.F/ D Fj@K . By Corollary 5.5.6 the map R is a surjection of
B.K/ onto B.@K/.

Let M.K/ be the bounded Borel functions f W K 7! R such that f D 0 a.e., that
is, f� 2 @K W f .�/ ¤ 0g is a meagre subset of @K. (This conflicts slightly with
our earlier notation in Chap. 4 where M.Y/ is used to denote the set of all bounded
Borel functions on Y, which vanish on a meagre subset of Y.) Then B.K/=M.K/ is
clearly isomorphic to the quotient of B.@K/ by the ideal of bounded meagre Borel
functions on @K. So, by Theorem 4.2.9 B.K/=M.K/ is monotone complete.

For f 2 B.K/ let Œf � be the equivalence class in B.K/=M.K/ which contains f . So
Œf � D f C M.K/.

Let us observe that in [123] it is shown that every Archimedean partially ordered
vector space has an (essentially unique) Dedekind vector lattice completion. The
work of the following exercise shows that B.K/=M.K/ may be regarded as the
Dedekind completion of A.K/.

Exercise 5.6.6 Let f ; g be in B.K/ and let a; b be in A.K/. Prove the following:

(i) Œf � � 0 if and only if, f � 0 a.e. that is f� 2 @K W f .�/ < 0g is a meagre subset
of @K. Hint: This is easier than Lemma 5.6.3 because B.K/ is a commutative
algebra.

(ii) Œf � � Œg� if, and only if, f � g a.e.
(iii) Œa� � Œb� if, and only if, a � b. Hint: Use Lemma 5.5.2.
(iv) Show that a 7! Œa� is a bipositive isometry of A.K/ into B.K/=M.K/.
(v) Let y be in B.K/=M.K/. By Proposition 5.5.8, y D Œu� for some bounded

concave upper semicontinuous u. Let L D fa 2 A.K/ W Œa� � yg. Show that
a 2 L implies a � u. Hint: Use (iii) and Lemma 5.5.2.

(vi) Let z be an upper bound for fŒa� W a 2 Lg. Show that z � y. Hint: Let z D Œw�
where w is bounded concave and upper semicontinuous. Arguing as in (v),
show that w � u.

(vii) Deduce that Œw� is the least upper bound of fŒa� W a 2 Asa and Œa� � Œw�g.
(viii) Let D be a (non-empty) subset of A.K/. Suppose that D has a least upper

bound, b, in A.K/. Show that Œb� is the least upper bound, in B.K/=M.K/, of
fŒd� W d 2 Dg. Hint: Apply Proposition 2.1.35.

We now revert to assuming K is the state space of a (unital) C�-algebra.

Proposition 5.6.7 Let A be any unital C�-algebra. Then there exists a faithful
bipositive linear map 	 from A into a commutative monotone complete C�-algebra
C. If A is monotone complete, then 	 is normal. So, in the notation of Chap. 3,
A - C. If A is monotone �-complete, then 	 is �-normal.

Proof It suffices to define 	 on Asa D A.K/. We take for C the commutative algebra
whose self-adjoint part is B.K/=M.K/. Using the notation of Exercise 5.6.6, let

	a D Œa� for a 2 A.K/:
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Then Exercise 5.6.6 (iv) shows that 	 is faithful and bipositive. By Exercise 5.6.6
(viii) 	 is normal. ut
Lemma 5.6.8 Let Z be a partially ordered (real) vector space; Y a regular
subspace of Z; X a regular subspace of Y. Then X is a regular subspace of Z.

Proof For any z 2 Z, let

LY.z/ D fb 2 Y W b � zg
LX.z/ D X \ LY.z/

UY.z/ D fb 2 Y W z � bg:

Now fix x 2 Z. We wish to show x is the least upper bound of LX.x/. Let y 2 Z be
an upper bound of LX.x/. Let u 2 UY.y/. So u 2 Y is an upper bound of LX.x/. Let
b 2 LY.x/. Then a 2 LX.b/ implies a 2 LX.x/. So a � u. Thus u 2 Y is an upper
bound of LX.b/. Since X is a regular subspace of Y it follows that b � u. So u is an
upper bound for LY.x/. Since Y is a regular subspace of Z this implies x � u. So x
is a lower bound for UY.y/. Since Y is a regular subspace of Z this implies x � y.
Thus x is the least upper bound of LX.x/. Hence X is a regular subspace of Z. ut

Using the same notation as above, we have the following corollary.

Corollary 5.6.9 Let X;Y;Z be order unit Banach spaces with the same order unit.
Suppose that X is a regular subspace of Y. If Z is the Dedekind completion of Y then
it is also the Dedekind completion of X.

Proof Any upper bounded subset of X is also an upper bounded subset of Y. Hence
it has a least upper bound in Z.

Since X is a regular subspace of Z, for each c 2 Z the least upper bound, in Z, of

LX.c/ D fa 2 X W a � cg

is c. ut
Definition 5.6.10 An ordered pair .W; j/ is a Dedekind completion of an order unit
vector space U if (1) W is the self-adjoint part of a commutative monotone complete
C�-algebra, (2) j is a unital linear bipositive map from U into W and (3) j.U/ is a
regular subspace of W.

We have seen from Exercise 5.6.6 that when V D A.K/ is an order unit Banach
space it posses a Dedekind completion, which we denote by QV . Then this Dedekind
completion is unique. (See [123].) More precisely, if V# is an isomorphic copy of
V and ˛ is a bipositive, linear, unital bijection of V onto V# then ˛ has a unique
extension Q̨ , where Q̨ is a bipositive, linear, unital bijection of QV ontofV#. Further, Q̨
preserves all infima and suprema that exist in V . In particular, Q̨ is normal. In fact,
if fV# is a Dedekind completion of V#, then by Proposition 2.3.9, there exist a linear
bipositive map Q̨ from QV into fV# such that Q̨ jV D ˛ and a linear bipositive map
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e˛�1 fromfV# into QV such thate˛�1 jV# D ˛�1. Since V and V# are regular subspaces,

Q̨ ıe˛�1 D � ande˛�1ı Q̨ D �. So, Q̨ is a normal bipositive bijection of QV onto fV#: See,
for an account of injectivity in Banach spaces, page 88 Corollary 2 and Chapter 3
Section 11 of [98]. (See also [54, 72, 94, 108, 149].)

The following theorem says that, given a C�-algebra A, its regular �-completion
is unique.

Theorem 5.6.11 Let A be a unital C�-algebra and � a �-isomorphism of A onto
A#. Let B be a regular �-completion of A and B# a regular �-completion of A#. Then
� has an extension which is an isomorphism of B onto B#.

Proof Let ˛ be the restriction of � to Asa.
We have Asa � Bsa � fBsa. By Corollary 5.6.9, we may replace fBsa by fAsa. Then

Bsa is the �-completion of Asa inside fAsa. Then Q̨ W fAsa 7! fA#
sa is normal and so is

its inverse. So it maps the �-completion of Asa in fAsa to the �-completion of A#
sa in

fA#
sa. Thus it is a bipositive linear bijection of Bsa onto B#

sa. Now let Q� W B 7! B# be
defined by

Q�.x C iy/ D Q̨ .x/C i Q̨ .y/ when x; y are in Bsa.

Finally, by applying Corollary 5.3.8, Q� is an isomorphism from B onto B#. ut
Remark 5.6.12 A straight forward modification of this approach gives the unique-
ness of regular completions. We shall see in Sect. 5.8, that for every small
C�-algebra its regular �-completion is monotone complete and hence is its regular
completion. This will suffice for most of our applications. However Hamana showed
[61] that for every C�-algebra A, its regular �-completion is embedded in a regular
completion. We give details in a later chapter.

Definition 5.6.13 For each unital C�-algebra A we denote its regular �-completion
by OA and identify A with a subalgebra of OA.

In the following theorem and its corollaries we may take B to be OA but, of course,
they apply more generally.

Theorem 5.6.14 Let the unital C�-algebra A be a regular subalgebra of B. Let I
be a closed proper (two sided) ideal of B. Then I \ A is a closed proper (two sided)
ideal of A.

Proof Clearly I \ A is a closed (two sided) ideal in A and 1 … I \ A.
Assume that I \ A D f0g. Let h W B ! B=I be the quotient homomorphism and

let h0 be the restriction of h to A. Then h0 is a �-isomorphism of A into B=I. Hence
it is an isometry and its restriction to Asa is a bipositive order isomorphism into Bsa.

Let b be any self-adjoint element of I. Whenever a 2 Asa and a � b we have

h0.a/ � h.b/ D 0:
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So a � 0. But, by regularity, b is the least upper bound of the elements of Asa

dominated by b. So b � 0. Similarly �b � 0 and so b D 0. Thus I D f0g, contrary
to hypothesis. ut
Corollary 5.6.15 Let A be a simple unital C*-algebra and a regular subalgebra of
B. Then B is simple.

Proof If B is not a simple C�-algebra then it has a proper closed ideal I. But then,
by Theorem 5.6.14, A is not simple. ut
Corollary 5.6.16 Let � be a �-homomorphism of B into a C�-algebra C. Let �0
be the restriction of � to A. If �0 is an isomorphism of A into C then � is an
isomorphism of B into C.

Proof The kernel of �0 is the intersection of the kernel of � with A. ut
Corollary 5.6.17 Let OA have a non-trivial centre. Then there exist proper closed
ideals I1 and I2 of A such that I1 \ I2 D f0g.

Proof Since the centre of OA is monotone �-complete and non-trivial it contains a
non-trivial projection e. Let I1 D A \ OAe and I2 D A \ OA.1 � e/. ut
Corollary 5.6.18 If A is prime, then OA has trivial centre.

In a following section we shall consider the class of Small C�-algebras. Let
H be a separable, infinite dimensional Hilbert space. Then L.H/ and all its
C�-subalgebras are small. But there are many small C�-algebras which are not
subalgebras of L.H/. Each small C�-algebra has a separable state space and hence
has a faithful state.

We shall see in Sect. 5.8 that when A is small its regular �-completion OA is
also small. So this monotone �-complete algebra has a faithful state and hence is
monotone complete. It follows that the regular �-completion of A is also its regular
completion.

In particular, when A is simple or prime OA is a monotone complete factor.
When A is a separable C�-algebra and Q the state space of OA then @Q is separable

(in fact, “hyperseparable”) [177]. So when A is simple then OA is a monotone
complete factor for which @Q is separable. The only infinite dimensional von
Neumann factor whose pure state space is separable is L.H/ [174]. But L.H/ is
not simple. So when A is separable, simple and infinite dimensional then OA is a wild
factor. (It can be shown to be of Type III.) This gives a method for constructing
examples of small wild factors. In particular if A is a UHF or Glimm algebra then OA
is a wild factor.

5.6.1 Open Problem

Let A1 and A2 be separable, unital, infinite dimensional C�-algebras which are both
simple. Suppose their pure state spaces have no isolated points. Then, how different
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can bA1 and bA2 be? Do they take the same value in the weight semigroup? Do they
have the same spectroid? If so, is there any other invariant which distinguishes
between them? Or are they in fact isomorphic?

5.7 Separable State Spaces and Embeddings in L.H/

Let L.H/ be the algebra of bounded operators on a separable (infinite dimensional)
Hilbert space. Let S.L.H// be its state space; the set of all states, equipped with the
�.L.H/�;L.H//-topology. By Proposition 5.2.18 this state space has a countable
dense subset.

Akemann [1] showed that any von Neumann algebra with a separable state
space has a faithful normal representation on a separable Hilbert space. He posed
the question: if a C�-algebra has a separable state space, does it have a faithful
representation on a separable Hilbert space ?

The answer is “no’̇’. For a counter example, let OA be the regular �-completion
of a UHF algebra; this has a separable state space. (So by Proposition 5.2.19 it is
monotone complete.) It was shown in [178], as a consequence of a more general
result, that OA is a wild factor which cannot be realised as a subalgebra of L.H/.

We observe that if a unital C�-algebra, A, has a separable state space then so does
OA, and OA is monotone complete. See Lemma 1.1 in [179]. In particular when A has
a separable state space then OA is the regular completion of A.

But having a separable state space is equivalent to being realisable as a linear
subspace of L.H/. More precisely:

The unital algebra A has a separable state space if, and only if, for some separable
Hilbert space H, there exists a linear order isomorphism � from Asa into L.H/sa with
�.1/ D 1.

We recall that, just like von Neumann algebras, monotone complete factors can
be divided into Types I, II and III. All the Type I factors are von Neumann. If a
Type II factor has a faithful state then it is von Neumann [175, 176]. So there are
NO wild factors of Type II which have a separable state space. What about Type III?
If a Type III factor can be realised as a subalgebra of L.H/ (H separable) then it is a
von Neumann algebra [119]. (See also [130] and [39].) So a wild factor never has a
faithful representation on a separable Hilbert space.

More generally, let A be monotone complete and (as a C�-algebra) have a faithful
representation on a separable Hilbert space. Then A is a von Neumann algebra if,
and only if, its centre is von Neumann. See Corollary 3.6 in [179].

But we have seen above that wild Type III factors, with separable state spaces,
do exist. In fact we shall see that they exist in huge abundance.

It is convenient to work with the class of small C�-algebras [137, 144]. A unital
C�-algebra A is small if, and only if, it satisfies any one of the following:

(i) For each n, Mn.A/ has a separable state space.
(ii) There exists a unital complete isometry of A into L.H/ (H separable).
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(iii) There exists a unital completely bipositive map of A into L.H/ (H separable).

For more information on small algebras, where these three conditions are shown
to be equivalent, see below. But these sections can be omitted on a first reading.
However it is useful to be aware of the following points.

Obviously L.H/, where H is separable, is small. Every closed �-subalgebra of a
small C�-algebra is, itself, small.

Let A be a wild factor with a separable state space. We have seen that it must be
of Type III. This implies that it is isomorphic to Mn.A/ for each n. So it must be
small by (i). It can never be a subalgebra of L.H/ (H separable). But by (iii) it can
be realised as an operator system on a separable Hilbert space.

Proposition 5.7.1 Let A be a commutative unital C�-algebra with separable state
space S. Then A is small.

Proof Let fsn W n D 1; 2 : : :g be a dense subset of S. Let � W A ! `1 be defined by

�. f / D . f .sn// .n D 1; 2 : : :/ :

Then � is a unital bipositive linear map of A into `1. Since A is commutative, it
follows from Theorem 5.1.5 [38] that � is completely positive. Since the restriction
of � to Asa is an isometry, �ŒA� is an operator system. By Lemma 5.1.4 [38], since
A is commutative, ��1 is completely positive. So, by (iii), A is small. ut

5.7.1 Open Problem

Let A be a unital C�-algebra with a separable state space. Is A small? If A is
commutative or a factor (monotone complete with trivial centre) the answer is “yes”.
But, in general, the answer is unknown. The problem can be reduced to the question:
does A ˝ M2.C/ have a separable state space when A has a separable state space. A
key difficulty is that a closed subspace of a separable space may fail to be separable.

5.8 Small C�-Algebras and Completely Positive Maps

Small C�-algebras were defined above. In fact we gave three definitions! We adopt
(ii) as the official definition and show that this is equivalent to both (i) and (iii).

This Sects. 5.8 and 5.9 can be omitted on a first reading of this book. But in
Sect. 5.9 we show that the regular �-completion of a small C�-algebra is small.
Hence it has a faithful state. So it is monotone complete. So the regular �-
completion of a small algebra is its monotone completion.

We introduced the notion of small C�-algebras in [144] (see also [66]).
We shall give a characterisation of small C�-algebras in Theorem 5.8.9 (see

[137]).
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Let � be a linear map from a C�-algebra A into another C�-algebra B. Let us
recall that the linear map �n W Mn.A/ 7! Mn.B/ is defined by

�n.x/ D �n..xij/1�i;j�n/ D .�.xij//1�i;j�n .x D .xij/1�i;j�n 2 Mn.A//:

See Sect. 2.4. If �n is positive, then we call the map �, n-positive. The map � is
called completely positive when � is n-positive for all n 2 N. If the map �n is
an isometry for all n 2 N, then we call � a complete isometry. If A and B are
unital and �.1A/ D 1B, then �n is unital for every n 2 N. Furthermore, if �
is completely positive (respectively, a complete isometry) then we call � a unital
completely positive map (respectively a unital complete isometry).

Lemma 5.8.1 Let A be a unital C�-algebra and let H be a Hilbert space. Let � W
A 7! L.H/ be a unital completely positive linear map.

(1) (Stinespring’s theorem [155]) There is a �-representation f�;Kg of A, where K
is a Hilbert space, and a bounded linear operator v from H into K such that
�.x/ D v��.x/v for all x 2 A. On noting that v is an isometry from H into K,
if we identify H with vH, we may assume that H � K. Let P be the projection
from K onto H. Then

�.x/ D P�.x/ jH for all x 2 A: (*)

Conversely, any map of the above form (*) is always a completely positive linear
map from A into L.H/.

(2) (The Schwarz-Kadison inequality [83]) We have �.x�/�.x/ � �.x�x/ for all
x 2 A.

(3) (The Choi multiplicative domain theorem [24]) Let A and B be unital C�-
algebras and let � W A 7! B be a unital completely positive linear map. Let
us define multiplicative domains by

Al
� D fa 2 A W �.a�a/ D �.a�/�.a/g and Ar

� D fa 2 A W �.aa�/ D �.a/�.a�/g:

Then we have Al
� D fa 2 A W �.xa/ D �.x/�.a/ for all x 2 Ag and Ar

� D fa 2
A W �.ax/ D �.a/�.x/ for all x 2 Ag; that is, Al

� and Ar
� are closed subalgebras

of A.

Proof

(1) See for example, Theorem 3.6, page 194 [161].
(2) By (1), for every x 2 A, we have �.x�/�.x/ D P�.x/�P�.x/P � P�.x�x/P D

�.x�x/.
(3) We may assume that B acts on a Hilbert space H. By (1), there exists a

representation f�;Kg of A such that K 	 H and �.a/ D PH�.a/ jH for all
a 2 A. Take a 2 Al

� . Then, we have

PH�.a
�/�.a/ jH D PH�.a

�a/ jH D �.a�a/ D �.a�/�.a/ D PH�.a
�/PH�.a/ jH ;
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which implies that

PH�.a
�/.1 � PH/�.a/ jH D ..1 � PH/�.a/PH /

�..1 � PH/�.a/PH / jH D 0:

Hence, for every a 2 A, �.a/ jH D PH�.a/ jH . So we have, for every a 2 A,

�.xa/ D PH�.xa/ jH D PH�.x/�.a/ jH D PH�.x/PH�.a/ jH D �.x/�.a/:

By similar reasoning, the claim for Ar
� also holds true. This completes the proof.

See [24]. ut
Corollary 5.8.2 Let A and B be unital C�-algebras. Let � W A 7! B be a unital
completely positive linear map. Suppose that � is a Jordan homomorphism, that is,
�.a2/ D �.a/2, for all a 2 Asa. Then, � is a �-homomorphism.

Proof Note first that � is a �-map. By our assumption, for any a 2 Asa, a 2 Al
� \Ar

� .
So, we have A D Al

� D Ar
� . ut

The next technical lemma is useful later. It is cumbersome to state but its proof
is easy.

Lemma 5.8.3 For a C�-algebra C and each pair m; n 2 N, the map �.m;n/C W
Mm.Mn.C// 7! Mmn.C/ defined by deleting the inner parentheses, that is,

�
.m;n/
C W .Tij/1�i;j�m 7�!

0

B
B
B
B
B
B
B
B
B
B
B
B
@

t.11/11 � � � t.1n/
11 t.11/1m � � � t.1n/

1m
:::

::: � � � :::
:::

t.n1/11 � � � t.nn/
11 t.n1/1m � � � t.nn/

1m
:::

:::

t.11/m1 � � � t.1n/
m1 t.11/mm � � � t.1n/

mm
:::

::: � � � :::
:::

t.n1/m1 � � � t.nn/
m1 t.n1/mm � � � t.nn/

mm

1

C
C
C
C
C
C
C
C
C
C
C
C
A

for all .Tij/ 2 Mm.Mn.C//, where each Tij D .t.kl/
ij /1�k;l�n with t.kl/

ij 2 C .1 � i; j �
mI 1 � k; l � n/, is a �-isomorphism from Mm.Mn.C// onto Mmn.C/.

Proposition 5.8.4 Let A be a unital C�-algebra with a system feijg1�i;j�n of n � n
matrix units and let B be a unital C�-algebra with a system of n � n matrix units
f fijg1�i;j�n. Let � W e11Ae11 7�! f11Bf11 be a unital completely positive linear map.
Then

(1) There exists a unique unital completely positive linear map ˆ W A 7! B such
that ˆ je11Ae11 D � and ˆ.eij/ D fij for all i and j with 1 � i; j � n.

(2) If � is a �-homomorphism (clearly � is completely positive), then so is ˆ.
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(3) If A and B are monotone (�-)complete and the map � is a .�-)normal
completely positive map, then ˆ is also a completely positive (�-)normal map.

Proof Let us define the mapˆ W A 7! B by

ˆ.x/ D
nX

i;jD1
fi1�.e1ixej1/f1j for every x 2 A:

Let �A W A 7! Mn.e11Ae11/ and �B W B 7! Mn. f11Bf11/ be canonical maps defined,
as before, by �A.x/ D .e1ixej1/1�i;j�n for x 2 A and �B.y/ D . f1iyfj1/1�i;j�n for
y 2 B. Then, as before, on noting that

��1
B ..bij/1�i;j�n/ D

nX

i;jD1
fi1bijf1j for every .bij/ 2 Mn. f11Bf11/;

we haveˆ D ��1
B ı�nı�A. We shall show that �n is completely positive (and soˆ is

also completely positive). To do this, first of all, note that�.m;n/B ı.�n/m D �mnı�.m;n/A
by Lemma 5.8.3. Since �mn is positive, .�n/m is positive, that is, �n is m positive for
all m. So, �n is completely positive, which implies thatˆ is also completely positive.
Since � is unital, ˆ is also unital. Calculation shows

ˆ.x/ D
nX

i;jD1
fi1�.e1ixej1/f1j

D f11�.x/f11 D �.x/ for every x 2 e11Ae11:

Moreover, on noting that �.e11/ D f11 (because � is unital), calculation shows that,
for any pair k and l with 1 � k; l � n,

ˆ.ekl/ D
nX

i;jD1
fi1�.e1ieklej1/f1j

D fk1�.e11/f1l D fkl:

Henceˆ satisfies our requirements. Next, we shall show that ˆ is unique. Take any
completely positive map ‰ satisfying ‰ je11Ae11 D � and ‰.eij/ D fij for all i; j
with 1 � i; j � n. Since ‰.eij/

�‰.eij/ D fjifij D fjj D ‰.ejj/ D ‰..eij/
�eij/; eij is

in the multiplicative domain of ‰ and so by Lemma 5.8.1(3), Choi’s multiplicative
domain theorem, we have ‰.xeij/ D ‰.x/‰.eij/ and ‰.eijx/ D ‰.eij/‰.x/ for all
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x 2 A and i; j with 1 � i; j � n. Hence we have

‰.x/ D
nX

i;jD1
‰.ei1e1ixej1e1j/

D
nX

i;jD1
fi1‰.e1ixej1/f1j

D
nX

i;jD1
fi1�.e1ixej1/f1j

D ˆ.x/ for all x 2 A.

Suppose that � is a �-homomorphism. Since � is completely positive and linear, it
is clear that ˆ is also a �-linear map by the above argument. We show the map ˆ is
multiplicative. To do this, take x and y in A. Then we have

�.e1ixyej1/ D
nX

kD1
�.e1ixek1e1kyej1/

D
nX

kD1
�.e1ixek1/�.e1kyej1/

D
nX

kD1
�.e1ixek1/f1kfk1�.e1kyej1/ for each pair i; j 2 f1; � � � ; ng:

Hence it follows that

ˆ.xy/ D
nX

i;jD1

nX

kD1
fi1�.e1ixek1/f1kfk1�.e1kyej1/f1j D ˆ.x/ˆ.y/:

So ˆ is a �-homomorphism.
(Please note that, as usual, we use i for

p�1. We also use i; j; k to represent
integer variables. This dual use of “i” does not normally cause any difficulties.)

Suppose that A and B are monotone �-complete and the completely positive map
� W e11Ae11 7! f11Bf11 is �-normal. We shall show thatˆ is �-normal. To show this,
take any norm bounded increasing sequence .am/ of elements in A such that am " a
in Asa.

For a C�-algebra C with a system of matrix units fpijg, and for a pair i and j with
1 � i; j � n, by Lemma 2.4.3(1), p1ixpj1 D P3

kD0 ik.pj1 C ikpi1/
�x.pj1 C ikpi1/.

Hence, by Corollary 2.1.23, we have LIMme1iamej1 D e1iaej1 in A and so, by
Propositions 2.2.25 or 2.2.26 we have the order limit is in e11Ae11. Since � is �-
normal and positive, by Definition 2.2.20, LIMm�.e1iamej1/ D �.e1iaej1/ in f11Bf11
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for each pair i and j. On the other hand, sinceˆ is positive, .ˆ.am// is norm bounded
and increasing and there exists b 2 Bsa such that ˆ.am/ " b in Bsa. By the same
reasoning as above, for each pair i and j, it follows that LIMm�.e1iamej1/ D f1ibfj1
in f11Bf11. Hence it follows that f1ibfj1 D f1iˆ.e1iaej1/fj1 for every pair i and j and so
we have b D ˆ.a/.

We used sequences but everything can easily be generalised to nets. ut
Definition 5.8.5 (See [38]) Let V be a complex vector space. Let Mn.V/ denotes
the linear space of all n � n matrices v D .vij/1�i;j�n with vij 2 V . Take any � 2
L.V;W/ where W is another complex vector space. We define a linear map from
Mn.V/ into Mn.W/ by �n.v/ D .�.vij//1�i;j�n .v D .vij/ 2 Mn.V//.

Let H be a Hilbert space and let V be a unital �-subspace which is closed in L.H/
with respect to the norm topology. We call V an operator system on the Hilbert space
H.

We introduce the order “�” on the system V by the positive cone VC D V \
L.H/C.

Take any n 2 N. As before, we define the canonical map � W Mn.L.H// 7�!
L.H/˝ Mn.C/ defined by �..aij// D Pn

i;jD1 aij ˝ eij..aij/ 2 Mn.L.H///. Then the
map � jV W Mn.V/ 7�! V ˝ Mn.C/ induces a topological isomorphism.

We can introduce an order on Mn.V/ by Mn.V/ \ Mn.L.H//C and the space
Mn.V/ is order isomorphic, as an ordered Banach space, with a unit 1n D .ıi;j1H/,
to an operator system V ˝ Mn.C/ on H ˝ C

n. For any v 2 Mn.V/sa, we have
v D .v C kvk � 1n/� kvk � 1n and so

M.V/sa D Mn.V/
C � Mn.V/

C;

where Mn.V/C D Mn.V/\ Mn.L.H//C.
Let H1 and H2 be Hilbert spaces and let Vi � L.Hi/ be operator systems for

i D 1; 2. Suppose � W V1 7�! V2 is a linear map. We say that � is n-positive if �n

is positive, that is, �n.v/ � 0 if v 2 Mn.V/C. We call � completely positive if � is
n-positive for every n 2 N. The map � is an n-isometry if �n is an isometry. We call
� a complete isometry if for every n 2 N, � is an n-isometry.

The following technical lemma is borrowed from [38] and will be used to show
Lemma 5.8.7.

Lemma 5.8.6 Let C be a unital C�-algebra and take any a 2 C and put Qa D�
0 a
a� 0

�

2 M2.C/sa. Then kak D kQak. Also kak � 1 if, and only if, �12 � Qa, where

12 D
�
1 0

0 1

�

is the unit of M2.C/, that is, if, and only if,

�
1 a

a� 1

�

� 0.

Proof Clearly Qa� Qa D
�

aa� 0

0 a�a

�

. So we have kQak2 D supfkaa�k; ka�akg D kak2
and so kQak D kak follows.
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Suppose that kak � 1. Then kQak � 1 and so

�
1 a
a� 1

�

D 12 C Qa � 0.

Conversely if 12 C Qa � 0. Then we have

12 � Qa D
�
1 �a

�a� 1

�

D
�
1 0

0 �1
��

1 a
a� 1

��
1 0

0 �1
�

� 0:

Hence it follows that �12 � Qa � 12, that is, kak D kQak � 1. ut
Lemma 5.8.7 If � is a unital linear map from a unital C�-algebra A into a unital
C�-algebra B, then � is a complete isometry if, and only if, � is completely
bipositive.

Proof Suppose that � is a (complete) isometry. Take any a 2 A with a � 0. We
shall show �.a/ � 0. To do this, we may assume kak � 1. Then, ka � 1k � 1 and
so k�.a/� 1k � 1.

Take any � 2 SB, the state space of B. Let � ı �.a/ D ˛ C iˇ with ˛; ˇ 2 R.
Let am D a � ˛1C imˇ1 for each positive integer m. Then we have � ı �.am/ D

i.1C m/ˇ, which implies that

.1C m/jˇj � k�.am/k D kamk �
p

ka � ˛1k2 C m2ˇ2:

Hence it follows that .1C 2m/ˇ2 � ka � ˛1k2 for all m and so ˇ D 0 follows. So,
�.�.a// 2 R for all � 2 SB, that is, �.a/ 2 Bsa. The fact that k�.a/ � 1k � 1 now
tells us that �1 � 1 � �.a/ � 1. So �.a/ � 0 follows.

Let a 2 A such that �.a/ � 0. To show that a � 0, we may assume that kak � 1.
Then a D a1 C ia2 where a1 and a2 are self-adjoint. So �.a/ D �.a1/ C i�.a2/.
Since �.a/; �.a1/ and �.a2/ are self-adjoint, it follows that �.a2/ D 0. So, 0 D
k�.a2/k D ka2k, that is, a2 D 0, which implies a D a1 2 Asa. Since 0 � �.a/ � 1,
1 � k1 � �.a/k D k�.1 � a/k D k1 � ak. Hence it follows that k1 � ak � 1 and
a � 0 follows. So � is a completely bipositive map.

Conversely suppose that � is completely bipositive. We shall show that � is a
complete isometry. To do this, take any a 2 A and take any positive real number ".
Put b D a

k�.a/kC" 2 A. Then k�.b/k D k�.a/k
k�.a/kC" < 1, which implies that

�2

��
1 b
b� 1

��

D �2

  
1 a

k�.a/kC"
a�

k�.a/kC" 1

!!

D
 

1
�.a/

k�.a/kC"
�.a�/

k�.a/kC" 1

!

� 0.

Since �2 is bipositive, we have

 
1 a

k�.a/kC"
a�

k�.a/kC" 1

!

� 0, that is, kak � k�.a/k C "

for all such ", which implies that kak � k�.a/k. A similar argument shows that
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k�.a/k � kak, by putting b D a
kak and using the positivity of �2. Hence � is an

isometry. By Lemma 5.8.3, �.2;n/A is a �-isomorphism of M2.Mn.A// onto M2n.A/

such that �.2;n/B ı .�n/2 D �2n ı�.2;n/A and so, .�n/2 is also bipositive for every n 2 N.
By making use of this and Lemma 5.8.6, the same reasoning as above also tells us
that �n is an isometry. Since n is arbitrarily chosen, it follows that � is a complete
isometry. ut

Let us recall that a C�-algebra A is small if there exists a separable Hilbert space
H and a unital complete isometry from A into L.H/.

Next, we shall give a useful alternative characterisation of small C�-algebras. To
do this we need the following lemma (See Lemma 2 and Theorem 1 in [137].):

Lemma 5.8.8 Let B be a unital C�-algebra. Suppose that there exist a separable
Hilbert space H and a unital isometry ‰ W B 7! L.H/. Then SB is �.B�;B/-
separable.

Proof Since ‰ W B 7! L.H/ is a unital isometry it is bipositive onto ‰ŒB�. So the
state space of B may be identified with the state space of ‰ŒB�.

For each state � of L.H/ let R� be the restriction of � to ‰ŒB�. Then R is a
continuous affine map of the state space of L.H/ into the state space of ‰ŒB�.

Let � be a state of ‰ŒB�. Then by the Hahn-Banach Theorem,� can be extended
to a self-adjoint �, where jj�jj D jj�jj D �.1/ D 1 D �.1/. So � (Lemma III.3.2
of [161] or Lemma 3.1.4 of [121]) is a state of L.H/ such that R� D �. So R is a
continuous map from the state space of L.H/ onto the state space of ‰ŒB�.

But, by Proposition 5.2.18, L.H/ has a separable state space. So SB is the
continuous image of a separable space. Hence SB is separable. ut
Theorem 5.8.9 Let A be a unital C�-algebra. Then A is small if, and only if, for
each n 2 N, the state space of Mn.A/ is separable.

Proof If A is small, then for each n, there exists a unital isometry from Mn.A/ into
L.K/ for some separable Hilbert space K. By Lemma 5.8.8, the state space of Mn.A/
is separable.

Conversely, suppose the state space of Mn.A/ is separable for each n 2 N. We
shall show A is small. To do this, take any n 2 N. Note that Mn.A/ Š A ˝ Mn.C/

via the canonical map … defined, in Sect. 2.4 (see the fourth paragraph after
Definition 2.4.2), by

…..tij// D
nX

i;jD1
tij ˝ e.n/ij for .tij/ 2 Mn.A/:

Note that for each map ˆ W A 7! B with a C�-algebra B, we have ˆn D …�1 ı
.ˆ˝ �Mn.C//ı… and so we may assume that Mn.A/ D A ˝ Mn.C/. Since S.Mn.A//,
the state space of Mn.A/, is separable, there is a dense subset f'.n;p/ W p 2 Ng in
S.Mn.A//. Let f�.n;p/;H.n;p/; �.n;p/g be the Gelfand-Naimark-Segal representation of
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Mn.A/ defined by '.n;p/. Let us note that for all a 2 A and for all i and j,

.a ˝ 1Cn/.1A ˝ e.n/ij / D .1A ˝ e.n/ij /.a ˝ 1Cn/:

So for all .aij/ 2 Mn.A/; 1 � i; j � n, we can write, on noting '.n;p/..aij// D
.�.n;p/..aij//�.n;p/; �.n;p//,

'.n;p/..aij// D
X

1�i;j�n

.�.n;p/.aij ˝ e.n/ij /�.n;p/; �.n;p//

D
X

1�i;j�n

.�.n;p/.aij ˝ 1Cn/�.n;p/.1A ˝ e.n/1j /�.n;p/; �.n;p/.1A ˝ e.n/1i /�.n;p//:

Let �.n;p/ be the �-representation of A on H.n;p/ defined by

�.n;p/.a/ D �.n;p/.a ˝ 1Cn/ for each a 2 A:

Let f�;Kg be the direct sum of f.�.n;p/;H.n;p// W n; p 2 Ng. Since f'.1;p/ W p 2
Ng is �.A�;A/-dense in SA, � is faithful. The closed subspace of K, generated by
f�.n;p/.1A ˝ e.n/ij /�.n;p/ W i; j D 1; � � � ; n; n 2 N; p 2 Ng, shall be denoted by H.
Then H is a separable Hilbert space. Let Q be the orthogonal projection on H and
let us define the map 	 by 	.a/ D Q�.a/Q jH for each a 2 A. Clearly 	 is a unital
completely positive linear map by Lemma 5.8.1 (1).

Take any n 2 N and suppose that .aij/ 2 Mn.A/ satisfies 	n..aij// �
0, that is, .	.aij// � 0. We shall show .aij/ � 0. To do this, take any
fx1; � � � ; xng � L.H/ and � 2 H. Then we have

P
1�i;j�n.xi

�	.aij/xj�; �/ � 0,

that is,
P

1�i;j�n.xi
�Q�.aij/Qxj�; �/ � 0. Note that �.n;p/.1A ˝ e.n/ij /H.n;p/ � H.n;p/

and so �.n;p/.1A ˝ e.n/ij /H � H for all i and j with 1 � i; j � n. Put � D �.n;p/

and xj D �.n;p/.1A ˝ e.n/1j / jH .j D 1; � � � ; n/. Since �
ˇ
ˇ
H.n;p/ D �.n;p/, it follows that

Q�.n;p/.1A ˝ e.n/1j /�.n;p/ D �.n;p/.1A ˝ e.n/1j /�.n;p/ .j D 1; � � � ; n/ and so we have

X

1�i;j�n

.�.n;p/.aij/�.n;p/.1A ˝ e.n/1j /�.n;p/; �.n;p/.1A ˝ e.n/1i /�.n;p// � 0;

which implies that '.n;p/..aij// � 0 for all p 2 N. Since f'.n;p/ W p 2 Ng is dense
in S.Mn.A//, we also have that '..aij// � 0 for all ' 2 S.Mn.A//. So, we have
.aij/ 2 Mn.A/sa and .aij/ � 0. Therefore, 	n is bipositive for every n 2 N. Hence by
Lemma 5.8.7, 	 is a complete isometry. ut

The following technicalities will not be used in this chapter but since they are an
easy, “real variable”, analogue of Lemma 5.8.7 this is a convenient place for them.
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Proposition 5.8.10 Let A and B be partially ordered vector spaces with order units
and each equipped with the order unit norm. Let � W A 7! B be a linear map with
�.1/ D 1. Then � is positive if, and only if, jj�jj � 1.

Proof First suppose jj�jj � 1. Let 0 � x � 1. Then 0 � 1�x � 1. So jj1��.x/jj �
1. Then

�1 � 1 � �.x/ � 1.

So �.x/ � 0. From this it follows that � is positive.
Conversely, suppose that � is positive. Let �1 � x � 1. Then �1 � �.x/ � 1.

So jj�jj � 1. ut
Corollary 5.8.11 Let A and B be as above. Let � W A 7! B be a positive linear map
with �.1/ D 1. Let � be an isometry. Then ��1 is positive.

Proof Apply the proposition to ��1. ut

5.9 Small C�-Algebras and Regular � -Completions

In this section we shall see that the regular (�-)completion of a small C�-
algebra is also small. Since each small C�-algebra has a separable state space, by
Proposition 5.2.19, it has a faithful state. So if a small C�-algebra is monotone
�-complete then it must be monotone complete. In particular the regular �-
completion coincides with the regular completion.

First of all, we shall state and prove the following technical lemma and its
corollary which are based on [61].

Lemma 5.9.1 Let C be a unital C�-algebra and let OC be the regular �-completion
of C. Take any non-zero projection d in C. Then d OCd is a regular �-completion of
dCd.

Proof Clearly d OCd is monotone �-complete and is monotone �-generated by dCd.
To show that dCd is a regular subalgebra of d OCd, take any y 2 .d OCd/sa. Then by
Lemma 2.1.36, one has a bounded subset L of L.y/ � Csa such that y D sup L in Csa.
Then by Lemma 2.1.9, y D dyd D sup dLd in Csa. Since dLd � L.dyd/ \ .dCd/sa,
it follows that y D supfb 2 .dCd/sa W b � yg in .d OCd/sa. Hence d OCd is a regular
�-completion of dCd. ut
Corollary 5.9.2 Let B be a unital C�-algebra with the regular �-completion OB. For
each n 2 N, the algebra Mn. OB/ is the regular �-completion of Mn.B/.

Proof Let us put C D Mn.B/ and let feijg1�i;j�n be the standard system of matrix
units for C. Then clearly feijg1�i;j�n is also a system of matrix units in OC. On writing

the n � n matrix whose .1; 1/ entry is b 2 OB and other entries are all 0 by

�
b 0
0 0

�

and
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e11 D e 2 C, it follows that the reduced algebra eMn. OB/e D
��

b 0
0 0

�

W b 2 OB
�

is a

regular �-completion of the reduced algebra eCe D
��

c 0
0 0

�

W c 2 B

�

, that is also

�-isomorphic to e OCe by Lemma 5.9.1. Hence by the uniqueness of the regular �-
completions, there exists a �-isomorphism � W e OCe 7! eMn. OB/e such that �.a/ D a

for all a D
�

a 0
0 0

�

with a 2 B. Hence by Proposition 5.8.4, there exists a unique

�-isomorphism ˆ from OC onto Mn. OB/ such that ˆje OCe D � and ˆ.eij/ D eij for
every pair i and j with 1 � i; j � n. Since for each x 2 C D Mn.B/, e1ixej1 2 eCe
with e D e11, it follows that

ˆ.x/ D
nX

i;jD1
ei1�.e1ixej1/e1j D

nX

i;jD1
ei1e1ixej1e1j D

nX

i;jD1
eiixejj D x

for every x 2 Mn.B/ and so ˆ jC D �C. This implies that Mn. OB/ is the regular �-
completion of Mn.B/. ut
Definition 5.9.3 (See, for example, Definition XV.1.2 (Volume III) of [162] and
[38]) A C�-algebra B is injective if every completely positive map � from any unital
operator subsystem (norm closed self-adjoint subspace with the identity of D) C of
any unital C�-algebra D into B can be extended to a completely positive map O� from
D into B.

Lemma 5.9.4 Let H be a Hilbert space and let L.H/ be the type I von Neumann
factor of all bounded linear operators on H. Then L.H/ is injective.

Proof This is well-known. See, the proof of Theorem XV.1.1 (Volume III) of [162].
ut

Theorem 5.9.5 Let A be a unital C�-algebra. Suppose that A is small. Then the
regular �-completion OA is also small and so OA has a faithful state, which implies
that OA is monotone complete and . OA; �/ is the regular completion of A.

Proof Let � W A 7! L.H/ be any unital complete isometry, where H is a separable
Hilbert space. By Lemma 5.9.4, there exists a unital completely positive contractive
linear map O� from OA into L.H/ such that O� jA D �. Take any n 2 N and consider
the map O�n W Mn. OA/ 7! Mn.L.H//.

We shall show that O�n is bipositive. To do this, take any a 2 Mn. OA/sa with O�n.a/ �
0. Note that O�n

ˇ
ˇ
Mn.A/ D �n and so �n is an isometry and so it is bipositive (see

Lemma 5.8.7). For every b 2 Mn.A/sa with a � b, we have �n.b/ � O�n.a/ � 0

and so �n.b/ � 0. Since �n is bipositive, we have b � 0, that is, for every b with
b � a and b 2 Mn.A/sa. Note that a D inffb 2 Mn.A/sa W b � ag in Mn. OA/sa by
Corollary 5.9.2 and we have that a � 0. So, O�n is bipositive for every n 2 N. Again
by Lemma 5.8.7, it follows that O� is a unital complete isometry. So, OA is also small.
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This implies that the regular �-completion OA has a faithful state. Hence, as remarked
in Lemma 3.1.1, OA is monotone complete and so . OA; �/ is a regular completion of A.
This completes the proof. ut

The next Corollary is a direct consequence of Theorem 5.9.5.

Corollary 5.9.6 Let A be a unital C�-algebra which has a faithful representation
on a separable Hilbert space, in particular, when A is norm separable. Then the
regular �-completion OA is a small C�-algebra and so . OA; �/ is a regular completion
of A.

We shall use `2-summable sequences in A (see Proposition 2.1.38) to state and
prove an infinite version, of Proposition 5.8.4, which is based on [63].

Proposition 5.9.7 Let A and B be monotone �-complete unital C�-algebras. Let
feij W i; j 2 Ng (respectively f fij W i; j 2 Ng) be a system of matrix units for A
(respectively for B) such that .

Pn
iD1 eii/ " 1A in Asa (respectively, .

Pn
iD1 fii/ " 1B

in Bsa). Suppose that there exists a unital completely positive linear map � from
e11Ae11 into f11Bf11. Then there exists a unique unital completely positive linear
map ˆ W A 7! B such that ˆ je11Ae11 D � and ˆ.eij/ D fij for all i; j 2 N. If � is
a �-normal �-homomorphism, then so is ˆ. In particular, if � is a �-isomorphism
from e11Ae11 onto f11Bf11, then ˆ is a �-isomorphism from A onto B.

Proof We shall prove Proposition 5.9.7 for a �-normal �-homomorphism �. By
working through Exercise 5.9.8, the reader will be able to prove the general result.
Let us put en D Pn

iD1 eii and fn D Pn
iD1 fii for each n. Then enAen and fnBfn satisfy

the conditions of Proposition 5.8.4 and so one finds a unique completely positive
linear map ˆ.n/ from enAen into fnBfn such that ˆ.n/ je11Ae11 D � and ˆ.n/.eij/ D
fij for all i; j with 1 � i; j � n. If � is a (�-normal) �-homomorphism, then ˆ.n/ is
also a �-normal �-homomorphism from enAen into fnBfn which is defined by

ˆ.n/.enxen/ D
nX

i;jD1
fi1�.e1ixej1/f1j (#)

for all x 2 A.
We shall show

P1
iD1 fi1

nP1
jD1 �.e1ixej1/f1j

o
does exist in B for each x 2 A. To

do this, take x 2 A and first of all, for each i, we shall check that f�.e1ixej1/
�g1

jD1
is `2-summable in B. Since � is a �-homomorphism, this is a direct consequence of
the following calculation

nX

jD1
�.e1ixej1/�.e1ixej1/

� D �

0

@
nX

jD1
e1ixejjx

�ei1

1

A � �.e1ixx�ei1/ for all n:
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On noting that f f1jg1
jD1 is also `2-summable in B, Lemma 2.1.38 tells us that

LIMn!1
Pn

jD1 �.e1ixej1/f1j, say b.i/, does exist in B. By Corollary 2.1.23,

b.i/fn D
nX

jD1
�.e1ixej1/f1j

and

fi1b.i/ D LIMn!1
nX

jD1
fi1�.e1ixej1/f1j

for each i and n. Next we shall show that fb.i/g is also `2-summable in B. In fact,
since � is a �-homomorphism,

fn

 
kX

iD1
b.i/�b.i/

!

fn D
kX

iD1

 
nX

s;tD1
fs1�.e1sx

�ei1/�.e1ixet1/f1t

!

D
nX

s;tD1
fs1�

 

e1sx
�
 

kX

iD1
eii

!

xet1

!

f1t

D ˆ.n/.enx�ekxen/ � ˆ.n/.enx�xen/ � kxk2fn

for all n, which implies, by Lemma 2.1.24, that
Pk

iD1 b.i/�b.i/ � kxk21B for all k
and so fb.i/g is `2-summable. By Lemma 2.1.38, LIMk!1

Pk
iD1 fi1b.i/ does exist

in B. For each x 2 A, let

ˆ.x/ D
1X

iD1
fi1

8
<

:

1X

jD1
�.e1ixej1/f1j

9
=

;
2 B.

Clearly for each n in N and for all x 2 A, ˆ.x/ satisfies

fnˆ.x/fn D
nX

iD1
fi1

0

@
nX

jD1
�.e1ixej1/f1j

1

A D fnˆ.n/.enxen/fn. (##)

Sinceˆ.n/ is unital and linear by Lemma 2.1.24 and Proposition 2.1.22 and positive
by Lemma 2.1.24, ˆ is also unital, linear and positive. Moreover, as was noted in
Proposition 5.8.4,ˆ.n/ is also a �-normal map from enAen into fnBfn. To show that
ˆ is �-normal, take any increasing norm bounded sequence .an/ such that an " a in
Asa for some a 2 Asa. Recall that, by Propositions 2.1.10 and 2.2.25, for any fixed
m 2 N, emanem " emaem in .emAem/sa. Since ˆ is positive and unital, .ˆ.an// is
also norm bounded and increasing. Since B is monotone �-complete, ˆ.an/ " b in
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Bsa for some b 2 Bsa. This implies, again by Propositions 2.1.10 and 2.2.25, that
fmˆ.an/fm " fmbfm in . fmBfm/sa for each m 2 N. Since (##) for each x 2 A, we have
fkˆ.x/fk D ˆ.k/.ekxek/ for all k, fmˆ.an/fm D ˆ.m/.emanem/ " ˆ.m/.emaem/ D
fmˆ.a/fm in . fmBfm/sa for all m and so it follows that fmbfm D fmˆ.a/fm for each m.
Hence we have, by Lemma 2.1.24, b D ˆ.a/ and so ˆ is �-normal.

We shall show that ˆ.xy/ D ˆ.x/ˆ.y/ for all x; y 2 A. Indeed, take any m; n in
N with n < m. We have then, by (##),

fmˆ.xeny/fm D ˆ.m/.emxem/fnˆ.m/.emyem/ D fmˆ.x/fnˆ.y/fm;

which implies that fm.ˆ.xeny/ �ˆ.x/fnˆ.y//fm D 0 for all m.
Put a D ˆ.xeny/ � ˆ.x/fnˆ.y/. Then, for all m, fmafm D 0. Taking adjoints

gives fma�fm D 0. Hence it follows, by Lemma 2.1.24 a D 0, that is, ˆ.xeny/ D
ˆ.x/fnˆ.y/ for all n. Sinceˆ is �-normal, we haveˆ.xy/ D ˆ.x/ˆ.y/. So,ˆ is a �-
homomorphism from A into B. The uniqueness can be shown as in Proposition 5.8.4.

For a general completely positive linear map �, see Exercise 5.9.8. ut
Exercise 5.9.8 Suppose that � is a completely positive unital linear map from
e11Ae11 into f11Bf11.

(1) Prove that f�.e1ixen1/
�g1

nD1 is `2-summable in B. Use Lemma 5.8.1 (2).
(2) Let b.i/ D P1

nD1 �.e1ixen1/f1n 2 B. Then fb.i/g is `2-summable in B. Use the
fact that f1ifj1 D ıi;jf11 and �.x/�.y/ D �.x/f11�.y/.

(3) By making use of (1) and (2), define the map ˆ from A into B in a way which
makes sense and show that the map ˆ is completely positive. Here we may
assume that Mm.A/ D A ˝Mm.C/ and Mm.B/ D B ˝Mm.C/. Show thatˆ˝ �m
is positive by making use of (##) for � ˝ �m.

Theorem 5.9.9 Let A be a unital monotone�-complete C�-algebra with an @0�@0-
system of matrix units feij W i; j 2 Ng such that

Pn
iD1 eii " 1 in Asa. Suppose that

e11Ae11 has a faithful representation on a separable Hilbert space. Then A is small.

Proof We may assume that e11Ae11 acts on a separable Hilbert space H. Let B
be the C�-subalgebra of L.H ˝ `2.N// generated by e11Ae11 ˝ L.`2.N//. Since
B acts faithfully on a separable Hilbert space H ˝ `2.N/, it is small. We shall show
that the regular �-completion OB of B is �-isomorphic to A, making use of ideas of
Hamana[63].

Let fgij W i; j 2 Ng be the standard system of matrix units for L.`2.N// and let
fij D 1H ˝gij for each pair i and j. Then, clearly, fij 2 B for each i and j and

Pn
iD1 fii "

1B in Bsa. Indeed, take any t 2 Bsa such that
Pn

iD1 fii � t for all n. Since
Pn

iD1 fii
converges strongly to 1, it follows that 1 � t, which implies that

Pn
iD1 fii " 1 in Bsa.

Let C be the regular �-completion of B. Then, by a general property of the regular �-
completion,

Pn
iD1 fii " 1 in Csa and f fijg is a system of matrix units for C. Moreover,

f11Bf11 D e11Ae11 ˝ f11 tells us that f11Bf11 is monotone �-complete. Since, by
Lemma 5.9.1, f11Cf11 is �-isomorphic to the regular �-completion of f11Bf11 and
f11Bf11 is monotone �-complete, it follows that f11Cf11 is �-isomorphic to e11Ae11.
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Hence by Proposition 5.9.7 C is �-isomorphic to A. Since B is small, C is also small,
which means that A is small. This completes the proof. ut

We shall give here a non-commutative example. Let H D `2 be the separable
infinite dimensional Hilbert space with canonical basis and let femng be the standard
system of matrix units for L.H/.

Given any monotone complete C�-algebra D and any von Neumann algebra
E, Hamana [63] gives a construction of a corresponding monotone complete
tensor product algebra A D .D˝E; �/. See also [65]. Here the product is not
straightforward. But when D is commutative and E D L.H/, for H separable,
this tensor product has an easy description as a quotient of a “conventional” tensor
product [140]. In fact this approach works even when D is not commutative.

Let D be commutative and A D .D˝L.H/; �/, where D is a monotone complete
(commutative) C�-algebra acting on a separable Hilbert space, with the system
of matrix units fEmng defined by Emn D 1A ˝ emn for each pair m and n. Then
E11AE11 Š D and fEmng satisfies the condition in Theorem 5.9.9. Hence A is small.
It will follow from this that all the factors we construct in Chap. 7 are small, although
these algebras never act on a separable Hilbert space. We shall discuss details of
these algebras later.



Chapter 6
Generic Dynamics

We gave an introduction to generic dynamics at the beginning of this book.
Here we shall give a brief account which emphasises orbit equivalence. This has
fruitful applications to monotone complete C�-algebras. Many open problems and
interesting possibilities for further development exist.

The important survey by Weiss [165], which is mainly concerned with generic
dynamics over complete metric spaces, includes topics not touched on here. See
also contributions by Goldets, Kulagin and Sinel’shchikov e.g. [53] and [52]. On
the other hand we include some of our recent results which are applicable to non-
metrisable, separable compact Hausdorff spaces [145]. As we saw in Chap. 4, there
is an abundance of such spaces. Generic dynamics can be developed in different
ways. Here, our approach to generic dynamics is intended to be elementary. It is
aimed at the applications to monotone complete C�-algebras.

6.1 Basics

Since no prior knowledge of dynamical systems is required, we start with routine
preliminaries and some illustrative examples.

Let G be a countable group. Let X be a non-empty set. Then an action of G on
X is a group homomorphism " from G into the group of all bijections of X onto
X. We normally write "g instead of ".g/. Then we shall call the triple .X;G; "/ a
G-system. We also call " the action of G on X. We call the system non-degenerate
if " is injective; when " is injective then "ŒG� is isomorphic to G. In this chapter, we
shall normally confine our attention to non-degenerate systems.

When x0 2 X the set f"g.x0/ W g 2 Gg is the orbit of x0 under the action of G; we
shall frequently denote it by GŒx0�.

A subset Z of X is G-invariant if "gŒZ� D Z for each g 2 G. Clearly each orbit is
G-invariant.

© Springer-Verlag London 2015
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When there is no risk of ambiguity, we shall often simplify our notation by
writing “g” instead of “"g”.

Given F � X, the saturation of F by G is the smallest G-invariant subset of X
which contains F; this is

S
g2G"gŒF�. We shall denote it by GŒF�. Given Y � X, the

largest subset of Y which is G-invariant is
T

g2GgŒY� D XnGŒXnY�.

Exercise 6.1.1 Let GŒx0� be an orbit such that "g.x0/ ¤ x0 for each g 2 G; except
the identity element of G. Show that for g ¤ �, "g leaves no point of the orbit fixed.
Deduce that the action " is non-degenerate.

An orbit GŒx0� is said to be free if "g.x0/ ¤ x0 for each g 2 G; except the
identity �.

If every point in X has a free orbit, then G is said to act freely on X.
As in the rest of this book, all topological spaces are required to be Hausdorff,

but we sometimes emphasise this by stating that a space is Hausdorff.
When X is a (Hausdorff) topological space and " is a homomorphism of G into

Homeo.S/ (the group of all homeomorphisms of X onto itself) we shall call .X;G; "/
a dynamical system.

When we say “G acts as a group of homeomorphisms of X”, we mean
there is a non-degenerate dynamical system .X;G; "/ where "ŒG� is a group of
homeomorphisms of X.

Example 6.1.2 Let X be the circle fz 2 C W jzj D 1g and let � W X 7! X be
the operation of rotation through an angle 
 . Clearly � is a homeomorphism. First
suppose 
 is a rational multiple of � . Then after a finite number of rotations we get
back to our starting point; that is �n is the identity map for some n. Now suppose that

 is an irrational multiple of � . Let x0 be any point on the circle. Then f�n.x0/ W n 2
Zg is a dense subset of the circle. (This is “Kronecker’s theorem in one dimension”.
See [71, Chapter 23].) So n 7! �n is an action of Z with a dense orbit. On putting
".n/ D �n we see that .X;Z; "/ is a dynamical system. This may be thought of as an
example of “topological dynamics”.

Example 6.1.3 To do “classical ergodic theory” observe that (the circumference
of) the circle X comes equipped with a Lebesgue measure, �, which is rotation
invariant. In particular, � maps �-null sets to �-null sets. So � induces an
automorphism of L1.X; �/ by h�.Œ f �/ D Œ f ı ��. (Here Œ f � is the equivalence class
of bounded�-measurable functions which differ from f only on a null set.) Let SL be
the spectrum of the commutative algebra L1.X; �/. Since this algebra is monotone
complete, SL is extremally disconnected and C.SL/ D L1.X; �/. Because of the
duality between compact Hausdorff spaces and unital commutative C�-algebras,
h� corresponds to a homeomorphism of SL; this homeomorphism we denote by Q�.
Then n 7! Q�n is an action of Z on the compact Hausdorff, extremally disconnected
space SL. But this action cannot have a dense orbit, because SL is not separable; see
Corollary 4.2.19. We shall come back to this point later.

Let us recall that a Polish space is a topological space which is homeomorphic
to a complete separable metric space. For example .��; �/ is not a complete metric
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space when equipped with the usual metric of the real numbers. But .��; �/ is
homeomorphic to R (consider � 7! tan �

2
) which is a complete separable metric

space. So .��; �/ is a Polish space. A Polish space is said to be perfect if it has no
isolated points.

For a topological space X, a subset Y, is a Gı-set if Y is the intersection
of countably many open subsets of X. Let A be a subspace of a Polish space
B. Then A is a Gı-subspace of B, if, and only if, A is a Polish space in the
relative topology induced by B. See [167, Theorem 24.12] or [161, Theorem A.1,
page 375 ]. Furthermore, each Polish space is a Gı subspace of its Stone-Czech
compactification. See the discussion in Sect. 6.5.

We discussed Baire spaces in Chap. 4. By the Baire Category Theorem, every
Polish space and every compact (Hausdorff) space is a Baire space. A dense, Gı-
subset of a Baire space, is a Baire space. From this it follows that every Gı-subset
of a compact space is a Baire space.

We recall that the abelian group
L

Z2 is called the Dyadic Group.

Example 6.1.4 Let Z2 be the two element field (integers mod 2), equipped with the
discrete topology. Then the product

Q1
nD1Z2 is homeomorphic to the Cantor set. It

also has a natural (additive) group structure which turns it into a compact abelian
group. Let

L
Z2 be the Dyadic Group embedded as a subgroup of

Q1
nD1Z2. So each

element of
Q1

nD1Z2 is an infinite sequence of zeroes and ones; whereas the elements
of
L

Z2 are those sequences which end in an infinite string of zeroes.

For y 2 L
Z2 and x 2 Q1

nD1Z2 let "y.x/ D y C x. Then .
Q1

nD1Z2;
L

Z2; "/ is a
dynamical system with a dense orbit. This is because the orbit f"y.0/ W y 2 L

Z2g
coincides with

L
Z2, which is a dense subset of the Cantor space. Clearly the action

of the Dyadic Group is free.
There is a strong uniqueness theorem for countable group actions on perfect

Polish spaces. We shall make this precise later. But, roughly, it says the following.
Consider a non-degenerate dynamical system .X;G; "/, where X is a perfect Polish
space and "ŒG� is an infinite countable group of homeomorphisms with a dense
orbit. Then, modulo meagre sets, this dynamical system is equivalent to the one in
Example 6.1.4. A consequence of this result is that Examples 6.1.2 and 6.1.4 are,
modulo meagre sets, equivalent. In particular, however complicated a group G may
be, .X;G; "/ is equivalent to a canonical system arising from an action of Z.

Now suppose S is not Polish but is a compact (Hausdorff) extremally discon-
nected space which is separable and has no isolated points. Then there is no longer
a uniqueness theorem. But we can still show the following. Suppose we are given
a non-degenerate dynamical system .S;G; "/; where "ŒG� is an infinite countable
group of homeomorphisms with at least one free dense orbit. Then this dynamical
system is equivalent (modulo meagre sets) to one arising from an action of the
Dyadic Group on S. Unlike the situation for perfect Polish spaces, it is NOT obvious
that this dynamical system is equivalent to a system coming from an action of Z.
However it is true. So we give a proof. But there remains an unanswered question
here (see Sect. 6.7).
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In contrast to the situation for Polish spaces, there are 2R “essentially differ-
ent” dynamical systems .S;Z; "/ where the spaces S are compact, separable and
extremally disconnected and "ŒZ� has a dense orbit.

Given a dynamical system there is an associated relation of orbit equivalence.

Definition 6.1.5 Let .Y;G; "/ be a non-degenerate dynamical system. Let x and y
be in Y. Then x is orbit equivalent to y if, for some g 2 G, "g.x/ D y. It is clear
that this is an equivalence relation and that the corresponding equivalence classes
are just the orbits of "ŒG�. When it is clear which action of G is being considered,
we write

x �G y

when x is orbit equivalent to y. We identify the relation �Gwith its graph in Y � Y.
This is f.x; "g.x// W g 2 Gg.

For a large collection of separable topological spaces, Y; there is a natural
method for constructing a monotone complete C�-algebra associated with .Y;G; "/;
we shall discuss this in the next chapter. This construction depends only on the
orbit equivalence relation. Since different groups can give rise to the same orbit
equivalence relation, it is useful to know when this happens.

These methods give rise to 2R small factors each taking different values in the
classification semigroup. But, when Y is a perfect Polish space and " is an ergodic
action of G we get a canonical monotone complete factor which does not depend on
the choice of Y or the choice of G.

6.2 Extending Continuous Functions

We gather together some useful topological results. For extremally disconnected
spaces, the most important of these is Theorem 6.2.7.

Throughout this section, K is a Hausdorff space and D is a dense subset of K,
equipped with the relative topology. It is easy to see that K has no isolated points if,
and only if D has no isolated points.

Let us recall that a Hausdorff topological space T is extremally disconnected if
the closure of each open subset is still an open set.

We shall see that when K is compact and extremally disconnected then, whenever
Z is a compact Hausdorff space and f W D 7! Z is continuous, there exists a unique
extension of f to a continuous function F W K 7! Z. In other words, K is the Stone-
Czech compactification of D.

For any Hausdorff space K; the closed subsets of D; in the relative topology, are
all of the form F \D where F is a closed subset of K. For any A � K;we denote the
closure of A (in the topology of K) by cl.A/. For A � D; we note that the closure
of this set in the relative topology of D is cl.A/ \ D. We denote this by clD.A/. We
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normally use intA for the interior of A but, for clarity, sometimes use intKA. When
A � D, its interior with respect to the relative topology is denoted by intDA.

The following lemmas are standard point-set topology.

Lemma 6.2.1 Let K be a Hausdorff space and D a dense subset of K.

(i) For any open subset U of K we have cl.U/ D cl.U \ D/.
(ii) Let U;V be open subsets of K. Then V � cl.U/ if, and only if,

V \ D � cl.U \ D/\ D

D clD.U \ D/:

(iii) Let U be an open subset of K. Then D \ int.clU/ D intD.clD.U \ D//.
(iv) If U is a regular open subset of K then U \ D is a regular open subset of D in

the relative topology of D. Conversely, if E is a regular open subset of D in the
relative topology, then E D V \ D where V is a regular open subset of K.

(v) Let C be a clopen subset of D. Then there exists W, an open subset of K, with
D � W, and E a clopen subset of W, in the relative topology of W, such that
E \ D D C.

(vi) Let .Cn/ be a sequence of pairwise disjoint, clopen subsets of D. Then there
exists Y, a dense Gı-subset of K with D � Y. Furthermore there exists .Fn/, a
sequence of pairwise disjoint, clopen subsets of Y, in the relative topology of
Y, such that Cn D Fn \ D for each n.

Proof

(i) This follows from Lemma 4.3.1.
(ii) If V � cl.U/ then V \ D � cl.U/\ D. So V \ D � cl.U \ D/ by (i).

Hence V \ D � cl.U \ D/\ D.
Conversely, suppose that V \ D � cl.U \ D/ \ D. Then

V \ D � cl.U/\ D � cl.U/.

Since cl.V/ D cl.V \ D/ it follows that cl.V/ � cl.U/. Hence V � cl.U/.
(iii) intK.clU/ D [fV W V � clU and V is open in Kg.

So D \ intK.clU/ D [fV \ D W V � clU and V is open in Kg.
By applying (ii) it follows that

D \ intK.clU/ D [fV \ D W V \ D � Cl.U \ D/\ D and V is open in Kg:

But the right hand side of this equation is just

[fW W W � clD.U \ D/ and W is open in the relative topology of Dg:

(iv) First suppose that U is a regular open set. Then U D intK.clU/.
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By (iii), D\U D intD.clD.U \D//. But this just says that D\U is a regular
open set in the relative topology of D.

Conversely, let us now suppose that E is a regular open set in the relative
topology of D. Then, from the definition of the relative topology, E D D \ U
where U is an open subset of K.

Then D\U D intD.clD.U \D//. So applying (iii), D\U D D\ intK.clU/.
Let V D intK.clU/. Then D \ U D D \ V .
By applying (ii), we find that V � clU and, also, U � clV . Hence clV D

clU.
But V D intK.clU/. So V D intK.clVP/. Thus V is a regular open subset of

K.
Then V is a regular open subset of K and D \ V D D \ U D E.

(v) Since C and DnC are clopen subsets of D, there exist regular open subsets of
K, U and V , with C D U \ D and DnC D V \ D. Then U \ V \ D D ¿. Since
D is dense in K it follows that the open set U \ V is empty. Let W D U [ V .
Put E D U.

(vi) For each n; let Wn and En correspond to Cn as W and E correspond to C in
(v). Let Y D T

n�1Wn and let Fn D Y \ En. Then Y is a Gı-subset of K with
D � Y. Since each En is a clopen subset of Wn, Fn is a clopen subset of Y, in
the relative topology of Y.

For m ¤ n, Fm \ Fn \ D D Cm \ Cn D ¿. Since D is dense in Y, Fm \ Fn

is empty. ut
For any topological space Y we recall that RegY denotes the Boolean algebra of

regular open subsets of Y.
Let H W P.K/ 7! P.D/ be defined by H.A/ D A\D. Here P.X/ is the collection

of all subsets of a set X.

Lemma 6.2.2 The function H, when restricted to RegK, becomes a Boolean
isomorphism of RegK onto RegD.

Proof By Lemma 6.2.1, part (iv), H maps RegK onto RegD.
Suppose that H is a homomorphism. If H.U/ D ¿ then U \ D D ¿. Since D is

dense in K and U is open, this implies that U D ¿. So H is a Boolean isomorphism.
It remains to show that H is, indeed, a homomorphism.
Let U;V be regular open sets. Then, trivially, H.U \ V/ D H.U/ \ H.V/.
The least upper bound of U;V in RegK is intK.cl.U [ V//. It now follows from

Lemma 6.2.1, part (iii), that H maps the least upper bound of U;V in RegK to the
least upper bound of H.U/, H.V/ in RegD. Since H.K/ D D it now follows that H
is a Boolean homomorphism; so H is a Boolean isomorphism. ut
Lemma 6.2.3 A Hausdorff topological space T is extremally disconnected if, and
only if, each regular open set is closed, and hence clopen.

Proof First suppose the space to be extremally disconnected and let U be an open
subset. Then clU is open.
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So intK.clU/ D clU. Hence, when U is a regular open set, U D clU. Thus each
regular open set is clopen.

Conversely, suppose that each regular open set is closed (and so clopen). Let U
be an open set. Let W D intKclU. Then W is an open set with U � W � clU. On
taking closure, we see that clU D clW. It follows that W D intK.clW/, that is, W is
a regular open set. So W is clopen. Hence W D clW D clU. Thus T is extremally
disconnected. ut
Corollary 6.2.4 Let D be a dense subset of a compact Hausdorff extremally
disconnected space S. Let D be equipped with the relative topology. Then D is an
extremally disconnected space.

Proof Let V be a regular open subset of D. Then, by Lemma 6.2.1, part (iv), there
exists U, a regular open subset of S, such that V D U \ D. By Lemma 6.2.3 U is
a clopen subset of S. Hence V is a clopen subset of D in the relative topology. By
using Lemma 6.2.3, we see that D is an extremally disconnected space. ut
Lemma 6.2.5 Let D be an extremally disconnected topological space. Also let D be
a completely regular (Hausdorff) space. Then ˇD, its Stone-Czech compactification,
is extremally disconnected.

Proof Let W be a regular open subset of ˇD. Then W \ D is a regular open subset
of D; by Lemma 6.2.2.

So W \ D is a clopen subset of D, in the relative topology. It follows that
the characteristic function of this set is a continuous map from D into the two
point compact space f0; 1g. So, by the fundamental property of the Stone-Czech
compactification, it has a unique extension to a continuous function from ˇD to
f0; 1g. Thus there exists a clopen set E in ˇD such that E \ D D W \ D. By
Lemma 6.2.1 (i), this gives

clW D cl.W \ D/ D cl.E \ D/ D clE D E:

So int.clW/ D E.
Since W is a regular open set this gives W D E. Hence, by Lemma 6.2.3, ˇX is

extremally disconnected. ut
Lemma 6.2.6 Let D be a dense subspace of a compact Hausdorff extremally
disconnected space Z. When A is a clopen subset of D in the relative topology,
then clA is a clopen subset of Z. Let A and B be disjoint clopen subsets of D, in the
relative topology. Then clA and clB are disjoint clopen subsets of Z.

Proof By Corollary 6.2.4, D is extremally disconnected. So, by Lemma 6.2.3 and
Lemma 6.2.2, there is a unique clopen subset of Z, say, U, such that A D U \ D.
On applying Lemma 6.2.1 we find that clU D cl.U \ D/ D clA. Since U is clopen,
U D clA.

Let V D clB. Then U, V are clopen sets such that H.U/ D A and H.V/ D B. So
H.U \ V/ D A \ B D ¿. But H is a Boolean isomorphism, so U \ V D ¿. In other
words, clA and clB are disjoint clopen sets. ut
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The following theorem was given by Gillman and Jerison [51] as a by-product of
other results. The argument given here may be slightly easier and more direct.

Theorem 6.2.7 Let D be a dense subspace of a compact Hausdorff extremally
disconnected space S. Then S is the Stone-Czech compactification of D. More
precisely, there exists a unique homeomorphism from ˇD onto S which restricts
to the identity homeomorphism on D.

Proof Since D is a subspace of the compact Hausdorff space, S, D is completely
regular and hence has a well defined Stone-Czech compactification. By the funda-
mental property of ˇD, there exists a unique continuous surjection ˛ from ˇD onto
S, which restricts to the identity on D.

Let a and b be distinct points in ˇD. Then there exist disjoint clopen sets U and
V such that a 2 U and b 2 V . Let A D U \ D and B D V \ D then U D clˇDA
and V D clˇDB. So ˛ŒU� � clSA and ˛ŒV� � clSB. By Lemma 6.2.6, clSA and clSB
are disjoint. Hence ˛.a/ and ˛.b/ are distinct points of S. Thus ˛ is injective. It now
follows from compactness, that ˛ is a homeomorphism. ut
Corollary 6.2.8 Let D be a dense subspace of a compact Hausdorff extremally
disconnected space S. Let � be a homeomorphism of D onto itself. Then there exists
a unique homeomorphismˆ of S onto itself which is an extension of �.

Proof Since S is the Stone-Czech compactification of D, there is a continuous
functionˆ W S 7! S which extends �. Since D is dense in S, the continuous function
ˆ is uniquely determined. By compactness, the range of ˆ is a closed subspace of
S. So the range of ˆ contains the closure of D, that is, ˆ maps S onto S. Similarly
we can extend ��1 to a continuous‰ mapping S onto S. But ‰ˆ.d/ D d for each d
in D. So, by continuity, ‰ˆ is the identity map on S. Similarly, ˆ‰ is the identity
map on S. So ˆ is a homeomorphism. ut

When working with Polish spaces we shall need a different extension theorem,
applicable to complete metric spaces.

Theorem 6.2.9 (Lavrentiev’s Theorem) Let X1 and X2 be complete metric spaces.
Let A1 be a dense subset of X1 and A2 a dense subset of X2. Let � be a
homeomorphism of A1 onto A2. Then there exist Z1 and Z2 where, for j D 1; 2,
Zj is a dense Gı-subset of Xj and Aj � Zj. Further, there exists an homeomorphism
�# from Z1 onto Z2 which extends � .

For a proof see [97, Chapter 2, page 429] or [167, Theorem 24.9]

6.3 Ergodic Discrete Group Actions on Topological Spaces

In this section, Y is a Hausdorff topological space which has no isolated points.
In most of our applications of this section, Y will also be completely regular; for
example, a compact Hausdorff space with no isolated points, or a dense subset of
such a space. As before, G is a countable infinite group.
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Lemma 6.3.1 Let G be a group of homeomorphisms of Y.

(i) If there exists x0 2 Y such that the orbit GŒx0� is dense in Y then every G-
invariant open subset of Y is either empty or dense.

(ii) If every non-empty open G-invariant subset of Y is dense then, for each x in Y;
the orbit GŒx� is either dense or nowhere dense.

Proof

(i) Let U be a G-invariant open set which is not empty. Since GŒx0� is dense, for
some g 2 G, we have g.x0/ 2 U. But U is G-invariant. So x0 2 U. Hence
GŒx0� � U. So U is dense in Y.

(ii) Suppose y is an element of Y such that GŒy� is not dense in Y. Then YnclGŒy�
is a non-empty G-invariant open set. So it is dense in Y. So clGŒy� has empty
interior. ut

Definition 6.3.2 When G is a group acting as homeomorphisms of Y, its action is
said to be ergodic if each G-invariant open subset of Y is either empty or dense in
Y.

Proposition 6.3.3 Let D be a dense subspace of Y. Let " W G 7! Homeo.Y/ be an
injective homomorphism (so a non-degenerate action of G). Let D be G-invariant.
Let "D.g/ be the restriction of ".g/ to D. Then "D is an injective homomorphism of
G into Homeo.D/, so a non-degenerate action of G on D. The action " is ergodic on
Y if, and only if, "D acts ergodically on D.

Proof By Lemma 6.2.1 (i), for any open U � Y; clU D cl.U \ D/.
Suppose that "D acts ergodically on D. Let U be any non-empty, G-invariant open

subset of Y. Then U \ D is a G-invariant, open subset of D. So

D D clD.U \ D/ D D \ clU.

It now follows that U is dense in Y. So " acts ergodically on Y.
Conversely, suppose that " acts ergodically on Y. A non-empty G-invariant subset

of D which is open in the relative topology of D, is of the form U \ D where U is
a non-empty open set. Suppose U \ D is G-invariant. Then it is straight forward to
verify that U \ D D GŒU� \ D. By hypotheses, each non-empty G-invariant open
subset of Y is dense in Y. So

Y D clGŒU� D cl.GŒU� \ D/ D cl.U \ D/:

So "D acts ergodically on D. ut
Lemma 6.3.4 Let Y be an extremally disconnected space. Let G be a group acting
as homeomorphisms of Y. Then the action of G is ergodic, if, and only if, the only
G-invariant clopen subsets are Y and ¿.
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Proof Let U be a G-invariant open set. Then clU and YnclU are G-invariant clopen
sets. Then U is neither empty nor dense, if, and only if, clU and YnclU are non-
trivial clopen sets. ut

In Example 6.1.3 it can be shown that the action n 7! Q�n is an ergodic action of
Z on SL. Since SL is not separable, no orbit can be dense so, by Lemma 6.2.1 (ii),
every orbit is nowhere dense.

For the first time in this section, we now require Y to be a Baire space.

Proposition 6.3.5 Let Y be a Baire space and G a countable group of homeomor-
phisms of Y. Then the following properties are equivalent.

(i) The action of G on Y is ergodic.
(ii) When E is a G-invariant Borel subset of Y then either E is meagre or its

compliment is meagre.

Proof First suppose that (ii) holds. Let U be a G-invariant open subset of Y. By (ii)
either U is meagre or YnU is meagre. Since Y is a Baire space, meagre open subsets
are empty. So either U is empty or the closed set YnU has empty interior. So U is
empty or it is dense in Y. Thus the action is ergodic.

Now suppose that (i) holds. Let E be a G-invariant Borel subset of Y. Each Borel
subset of Y has the Baire Property, see Chap. 4, Sect. 6.1. So there exists an open set
U and a meagre set M, such that

E D U4M D .UnM/[ .MnU/.

(The symmetric difference operation, 4, was introduced in the section on Boolean
algebras in Chap. 4.)

If U is empty then E is meagre, and we are done. So now suppose U is not empty.
We have

U D U4M4M D E4M � E [ M:

Since E is G-invariant, for each g 2 G, we have

gŒU� � E [ gŒM�:

So

GŒU� � E [ GŒM�:

We know that GŒU� is a non-empty, G-invariant open set and so, by (i), it is dense
in Y. So YnGŒU� is a closed nowhere dense set. Thus GŒM�[ .YnGŒU�/ is a meagre
set, say, M1. Also

Y D GŒU� [ .YnGŒU�/ � E [ M1:

Hence the compliment of E in Y is meagre. ut
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6.4 Induced Actions

Let K be a compact Hausdorff space. Then, see Lemma 4.2.20 in Chap. 4, K is
separable if, and only if C.K/ is isomorphic to a closed (unital) �-subalgebra of `1.

Let X be a completely regular (Hausdorff) Baire space.
For the definition of the regular �-completion of an arbitrary C�-algebra see

Definition 2.1.37. In Sect. 4.2, we discussed Baire measurability and regular �-
completions of commutative algebras. We saw that the regular �-completion of
Cb.X/ can be identified with the monotone �-complete C�-algebra B1.X/=M0.X/;
where B1.X/ is the algebra of bounded Baire measurable functions on X and M0.X/
is the ideal of all f in B1.X/ for which fx W f .x/ ¤ 0g is meagre. Let S1 be the
spectrum (Gelfand-Naimark structure space) of B1.X/=M0.X/ i.e. this algebra can
be identified with C.S1/.

Let j W Cb.X/ 7! B1.X/=M0.X/ be the natural embedding. This is an injective
(isometric) �-homomorphism.

Suppose that X is separable. Then, by Corollary 4.2.24, B1.X/=M0.X/ D
B.X/=M.X/. So C.S1/ is monotone complete and thus S1 is extremally disconnected.
It follows from Proposition 4.2.22 that S1 is separable and C.S1/ supports a
faithful state. Putting things another way, we can identify S1 with the spectrum of
B.X/=M.X/.

Let us recall that a Hausdorff space T is said to be topologically complete if it is
completely regular and is a Gı-subset of ˇT, its Stone-Czech compactification. In
particular all Polish spaces have this property. When T is topologically complete,
ˇTnT is a meagre, F� -subspace of ˇT. So it is trivial to observe that B.T/=M.T/ D
B.ˇT/=M.ˇT/ whenever T is topologically complete; in particular when T is
Polish. More generally, if K is compact and T is a dense Gı-subset of K then
B.T/=M.T/ D B.K/=M.K/. (See the exercises at the end of this section.)

Now, without any separability restrictions on X , it follows from Corollary 4.2.11,
that B.X/=M.X/ is monotone complete, with Cb.X/ ' C.ˇX/ embedded as a
regular subalgebra. In the following, K is required to be compact (Hausdorff). But
the preceding remarks should make it clear that by replacing K by ˇX, much of the
following work can be generalised to non-compact spaces.

Let S be the spectrum of B.K/=M.K/. We can identify B.K/=M.K/ with
C.S/, where S is a compact (Hausdorff) extremally disconnected space. Then
j W C.K/ 7! C.S/ is an (isometric) injective �-homomorphism. By the usual duality
between compact Hausdorff spaces and commutative (unital) C�-algebras, there is
a continuous surjection � from S onto K such that j. f / D f ı � for each f in C.KP/.

Since C.K/ is embedded in C.S/ as a regular subalgebra, for each self-adjoint b
in C.S/; the set

fj.a/ W a 2 C.K/sa and j.a/ � bg
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has b as its least upper bound in C.S/sa. (We recall that C.S/sa D CR.S/ that is, the
self-adjoint part of C.S/ can be identified with the algebra of real valued continuous
functions on S.)

Lemma 6.4.1 Let Z be a subset of S. Then �ŒZ� is dense in K if, and only if, Z is
dense in S.

Proof First let �ŒZ� be dense in K. Suppose Z is not dense in S. Then there exists a
non-empty clopen set E which is disjoint from clZ.

Let j.a/ � �E. Then j.a/.s/ � 0 for s 2 Z. So a.�.s// � 0 for �.s/ 2 �ŒZ�.
Hence a � 0. But this implies �E � 0 which is a contradiction. So Z must be dense
in S.

Conversely, let Z be dense in S. Suppose �ŒZ� is not dense in K. So there exists a
non-empty open set U � K, where U is disjoint from �ŒZ�. Since � is surjective,
��1ŒU� is a non-empty open subset of S. Since ��1ŒU� is disjoint from Z this
contradicts Z being dense in S. ut

Let K be a compact (Hausdorff) space. Let Homeo.K/ be the group of all
homeomorphisms from K onto K. Let AutC.K/ be the group of all �-automorphisms
of C.K/. For � 2 Homeo.K/ let h�. f / D f ı � for each f 2 C.K/. Then � 7! h�
is a bijection from the group Homeo.K/ onto AutC.K/ which switches the order of
multiplication. In other words it is a group anti-isomorphism.

Let 
 be a homeomorphism of K onto K. As above, let h
 be the corresponding
�-automorphism of C.K/. Also f 7! f ı 
 induces an automorphism bh
 of
B.K/=M.K/. Since B.K/=M.K/ can be identified with C.S/; there exists O
 in
Homeo.S/ corresponding to bh
 . Clearly, bh
 restricts to the automorphism, h
 ; of
C.K/.

Lemma 6.4.2 The automorphism bh
 is the unique automorphism of C.S/ which is
an extension of h
 . Hence O
 is uniquely determined by 
 . Furthermore, the map

 7! O
 is an injective group homomorphism from Homeo.K/ into Homeo.S/.

Proof Let H be an automorphism of B.K/=M.K/ D C.S/, which is an extension of
h
 . Let b be a self-adjoint element of B.K/=M.K/. Then, for a 2 CR.K/, j.a/ � b
if, and only if, Hj.a/ � Hb i.e. j.h
a/ � Hb.

So Hb is the supremum of fj.h
 .a// W a 2 CR.K/; j.a/ � bg. Hence H D bh
 .
That is, bh
 is the unique extension of h
 to an automorphism of C.S/.

Let h1 and h2 be in AutC.K/. Then for a 2 C.K/; we have

bh1h2. j.a// D j.h1h2.a// D bh1j.h2.a// D bh1bh2. j.a//:

By uniqueness, it now follows that bh1h2 D bh1bh2. Hence h 7! Oh is an injective group
homomorphism of AutC.K/ into AutC.S/. So the map 
 7! O
 is the composition of
a group anti-isomorphism with an injective group homomorphism composed with a
group anti-isomorphism. So it is an injective group homomorphism. ut
Corollary 6.4.3 For each s 2 S, 
.�s/ D �. O
s/.
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Proof For a 2 C.K/; s 2 S,

a ı 
.�s/ D h
 .a/.�s/ D bh
 . j.a//.s/ D j.a/. O
s/ D a.�. O
s//:

Hence 
.�s/ D �. O
s/. ut
Throughout this chapter, unless we specify otherwise, G is a countably infinite

group. Let " W G 7! Homeo.K/ be a homomorphism into the group of homeomor-
phisms of the compact space K. That is, " is an action of G on K. For each g 2 G;
let O"g be the homeomorphism of S onto S induced by "g. Then O" is the action of G
on S induced by ".

We shall normally assume that K has no isolated points. By Corollary 4.2.14, this
is equivalent to S having no isolated points.

Proposition 6.4.4 Let x0 be a point in K. Let s0 2 S such that �s0 D x0. Then the
orbit f"g.x0/ W g 2 Gg is dense in K if, and only if, the orbit fO"g.s0/ W g 2 Ggis dense
in S.

Proof By Corollary 6.4.3, "g.x0/ D �.O"g.s0//. The proposition now follows from
Lemma 6.4.1. ut
Proposition 6.4.5 Let G;K; S and " be as above. Let O" be the action of G on S
induced by the action " on K. Let s0 2 S and let x0 D �s0. Let the orbit f"g.x0/ W g 2
Gg be free then fO"g.s0/ W g 2 Gg is a free orbit in S.

Proof By Corollary 6.4.3, "g.�s0/ D �.O"gs0/. That is, "g.x0/ D �.O"gs0/.
Let h 2 G such that O"hs0 D s0. Then �.O"hs0/ D �.s0/. So "h.x0/ D x0. Since the

orbit f"g.x0/ W g 2 Gg is free, h is the neutral element of G. So fO"g.s0/ W g 2 Gg is a
free orbit in S. ut
Corollary 6.4.6 Let the action of " on K have a dense orbit. Then the extremally
disconnected space S is separable and

B1.K/=M0.K/ D B.K/=M.K/:

Proof The countable set fO"g.s0/ W g 2 Gg is dense in S. So S is separable. Since K
also has a dense orbit, the rest follows from Corollary 4.2.24. ut

The following lemma does not require X to be compact; being a Baire space is
enough.

Lemma 6.4.7 Let X be a Baire space and G a countable group acting as home-
omorphisms of X. Let x0 2 X be such that the orbit GŒx0� is both dense and free.
Then there exists a G-invariant Y; which is a dense Gı subset of X, such that, for
g ¤ {; "g has no fixed point in Y. Also x0 2 Y.
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Proof Fix g ¤ {, let Kg D fx 2 X W g.x/ D xg. Then Kg, the fix-point set of g, is
closed. Let U be the interior of Kg. Then the orbit GŒx0� is disjoint from Kg. So its
closure is disjoint from U. But since the orbit is dense, this means that Kg has empty
interior.

Let Z D SfKg W g 2 G; g ¤ {}. Then Z is the union of countably many, closed
nowhere dense sets. A calculation shows that

"hŒKg� D Khgh�1

and from this it follows that Z is G-invariant. Put Y D XnZ. Then Y has all the
required properties. ut
Remark 6.4.8 Let D be a dense subset of a compact Hausdorff space K. Let ˛
be a homeomorphism of D onto D. Then, in general, ˛ need not extend to a
homeomorphism of K. But, from the fundamental properties of the Stone-Czech
compactification, ˛ does extend to a unique homeomorphism of ˇD, say 
˛ . Let Sb

be the Gelfand-Naimark structure space of B.ˇD/=M.ˇD/. Then, from the results
of this section, 
˛ induces a homeomorphism b
˛ of Sb. Let S be the structure space
of B.K/=M.K/.

By Lemma 6.2.2, the Boolean algebra RegK is isomorphic to RegD. Again by
Lemma 6.2.2, RegˇD is isomorphic to RegD. So, by Proposition 4.2.13, the Boolean
algebra of projections in B.ˇD/=M.ˇD/ is isomorphic to the Boolean algebra of
projections in B.K/=M.K/. It follows that Sb is homeomorphic to S.

Hence each homeomorphism of D induces a canonical homeomorphism of S. So
each action of G, as homeomorphisms of D, induces, canonically, an action of G as
homeomorphisms of S.

Exercise 6.4.9

(a) Let X be a Baire space and Y a dense Gı-subset of X. For each f 2 B.X/ let
Rf be the restriction of f to Y. Show that R maps B.X/ onto B.Y/ and Rf is
in M.Y/ precisely when f 2 M.X/. Deduce that R induces an isomorphism
of B.X/=M.X/ onto B.Y/=M.Y/ (so we may identify these algebras). As we
have seen earlier B.X/=M.X/ is monotone complete and so isomorphic to C.S/,
where S is compact and extremally disconnected. As remarked above S can be
identified with the Stone space of the (complete) Boolean algebra of regular
open subsets of X (or, equivalently, of Y).

(b) Let 
 be a homeomorphism of Y onto itself. Show that the automorphism of
B.Y/ defined by f 7! f ı 
 induces an automorphism H
 of C.S/. Now suppose
that 
 can be extended to a homeomorphism 
X of X onto itself. Show that 
X

induces the same automorphism of C.S/ as is induced by 
 .
(c) Let Y1 and Y2 be dense Gı-subsets of X. Let 
 be a homeomorphism of Y2 onto

Y1. Show that the map from B.Y1/ to B.Y2/, defined by f 7! f ı 
 , induces
an isomorphism of B.Y1/=M.Y1/ onto B.Y2/=M.Y2/. By (a) it follows that this
can be regarded as an isomorphism of B.X/=M.X/ onto B.X/=M.X/; hence it
induces an automorphism of C.S/.
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(d) Let S be compact Hausdorff and extremally disconnected. Let ˛ and ˇ be
homeomorphisms of S. Let h˛ and hˇ be the corresponding automorphisms
of C.S/.

Show that there is a clopen set K � S such that ˛jK D ˇjK if, and only if,
there is a projection �K such that �Kh˛ D �Khˇ. That is for each f 2 C.S/, we
have

�Kh˛. f / D �Khˇ. f /.

6.5 Ergodicity on Special Spaces

In generic dynamics we are especially interested in dense Gı-subspaces of separable
compact Hausdorff spaces. In particular each Polish space is of this form.

Lemma 6.5.1 Let X be a metrisable space. The following are equivalent:

(i) The space X is homeomorphic to a complete metric space.
(ii) The space X is a Gı-subspace of ˇX.

(iii) Whenever X is densely embedded in a (Hausdorff) Baire space, it is a Gı-
subspace.

Proof See [167, Theorem 24.13]. ut
It is clear that if a topological space has a countable base then it is separable.

For metrisable spaces the converse is well-known but, in general, separability is a
weaker property than having a countable base. We shall make use of an intermediate
property – hyperseparability.

Definition 6.5.2 Let X be a (Hausdorff) topological space. Then X is hypersepara-
ble if there exists a sequence of open sets .Vn/ such that, whenever W is a non-empty
open subset of X, then, for some n, ¿ ¤ Vn � W.

By taking a point from each non-empty Vn we see that a hyperseparable space
is separable. It is easy to check that a dense subspace of a hyperseparable space
is, itself, hyperseparable. Obviously the existence of a countable base implies
hyperseparability.

Lemma 6.5.3 Let X be a Polish space. Then the Boolean algebra RegX has a
countable order dense set. Let SX be the spectrum of B.X/=M.X/. Then SX is
hyperseparable. Furthermore, X has no isolated points if, and only if, SX has no
isolated points.

Proof Let .Un/ be a countable base for X. Put Vn D int.clUn/. So Vn is a regular
open set.
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Let W be a non-empty regular open subset of X. Then, for some n; ¿ ¤ Un � W.
So

¿ ¤ Vn D int.clUn/ � int.clW/ D W:

So RegX has a countable subset, .Vn/ which is order dense.
By Proposition 4.2.13 RegX is isomorphic to the Boolean algebra of clopen

subsets of SX . So the Boolean algebra of clopen subsets of SX has a countable order
dense set, .Kn/. Let W � SX be a non-empty open set. Then W contains a non-empty
clopen set. So, for some n, ¿ ¤ Kn � W. So SX is hyperseparable.

Now SX has an isolated point if, and only if, the Boolean algebra RegX has an
atom. Clearly RegX has an atom if, and only if, X has a minimal regular open set V .

Let V be a minimal regular open set. Suppose V is not a one point set. So it
contains distinct points a and b. Since X is metrisable we can find open sets A and
B such that a 2 A � V and b 2 B � V and also clA is disjoint from clB. But then
int.clA/ is a non-empty regular open set, strictly smaller than V . It follows that X
can only have a minimal regular open set if X has an isolated point. ut
Corollary 6.5.4 Let X be any perfect Polish space. Then SX is homeomorphic to
SR.

Proof By Corollary 4.2.14 SX has no isolated points; equivalently RegSX has no
atoms.

But, see [153, page 155], there is exactly one Boolean algebra which is complete,
non-atomic and with a countable order dense subset. So SX is homeomorphic to SR.ut

An alternative argument can be based on the following. By Lemma 6.5.3, RegSX

has a countable order dense set. This countable set generates a countable Boolean
subalgebra B. Let F be the Stone space of B.

Each countable Boolean algebra is a quotient of the free Boolean algebra on
countably many generators. So, by duality, F is a closed subspace of 2N.

Any atom of B would be an atom of RegSX. So B has no atoms. Thus F is
a compact, zero-dimensional metric space with no isolated points. So by [167,
Corollary 30.4] F is homeomorphic to 2N. From this and order-density we get
C.SX/ Š B.2N/=M.2N/. This gives SX Š S2N .

The following result applies to perfect Polish spaces, to SR and to dense Gı-
subsets of SR.

Proposition 6.5.5 Let X be a hyperseparable (Hausdorff) Baire space with no
isolated points. Let G act as homeomorphisms of X. Then the following are
equivalent:

(i) Every G-invariant open subset of X is empty or dense.
(ii) Every G-invariant Borel subset of X is either meagre or is the compliment of a

meagre set.
(iii) There exists a dense, G-invariant, Gı subset Y of X such that GŒy� is a dense

orbit for each y 2 Y.
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(iv) There exists an x0 2 X such that f"g.x0/ W g 2 Gg is dense in X.

Proof By Proposition 6.3.5, (i) and (ii) are equivalent. Clearly (iii) implies (iv). By
Lemma 6.3.1, (iv) implies (i).

It now suffices to show (i) implies (iii). Let .Vn/ be a sequence of non-empty
open sets such that each non-empty open set, W, contains some Vn. Then

S
g2Gg�1ŒVn�

is a non-empty, G-invariant open set. So, by (i), it is dense in X. Since X is a Baire
space, the Gı-set

Y D T1
nD1
S

g2Gg�1ŒVn�

is a dense subset of X.
Let y be any element of Y and let O be any non-empty open subset of X. Then,

for some n, Vn � O. Then g.y/ 2 Vn for some g 2 G. Hence GŒy� is a dense orbit.ut

6.5.1 Zero-Dimensional Spaces

Let us recall that a (Hausdorff) topological space is said to be zero-dimensional
if it has a base of clopen subsets. A topological space is totally disconnected if
its connected components consist of single points. Every zero-dimensional space
is totally disconnected. We proved in Lemma 2.3.1, that the converse holds for
compact Hausdorff spaces. But totally disconnected metric spaces which are not
zero-dimensional do exist [167, Examples 29.8]. But in the literature “totally
disconnected” is sometimes used where “zero-dimensional” is intended, see [157].
For our purposes these delicate distinctions do not matter. Roughly speaking, in
generic dynamics it is enough to work with zero-dimensional spaces.

Proposition 6.5.6 Let X be a perfect Polish space with G acting as homeomor-
phisms of X. Then there exists a dense Gı-subset Z � X such that Z is G-invariant,
zero-dimensional and a perfect Polish space. If the action of G on X is ergodic then
so, also, is its action on Z.

Proof Let .Un/ be a base of open sets for the topology of X. Then clUnnUn is a
closed nowhere dense set for each n. Take their union M1. Now let M2 be the G-
saturation of M1. Put Z D XnM2. Then Z is a dense Gı-subset of X. So Z is a perfect
Polish space. Also Un \ Z D clUn \ Z. So Z has a base of clopen sets.

Suppose G acts ergodically on X. By Proposition 6.5.5 (iii), there exists Y � X,
where Y is a G-invariant, Gı-subset of X and, for each y in Y, the orbit GŒy� is dense
in X. By the Baire Category Theorem, Y \ Z is dense in X. So Z contains a dense
orbit. So, by Proposition 6.5.5, G acts ergodically on Z. ut
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Exercise 6.5.7 Let X be a (Hausdorff) zero-dimensional space. Show that every
subspace is zero-dimensional in the relative topology.

We shall make use of a weaker property than free actions.

Definition 6.5.8 Let X be a Hausdorff space with G acting as homeomorphisms of
X. The action is said to be pseudo free if, for each g 2 G, the fixed point set

Kg D fx 2 X W g.x/ D xg

is clopen. In particular, if GŒx0� is an orbit such that the action of G, restricted to this
orbit, is pseudo free then we say that the orbit is pseudo free.

Lemma 6.5.9 Let X be a Hausdorff space with G acting as homeomorphisms of X.
Let the action of G be pseudo free. Let GŒx0� be a free, dense orbit in X. Then the
action of G on X is free.

Proof Let g 2 G such that g.c/ D c for some c 2 X. Since the action is pseudo free,
the fixed point set K D fx 2 X W g.x/ D xg is clopen.

Since K is not empty and is open, for some h 2 G, h.x0/ is in K. So

g.h.x0// D h.x0/.

Hence

h�1gh.x0/ D x0.

But the orbit GŒx0� is free. So h�1gh D �. Thus g D h�h�1 D �. Hence the action
of G on X is free. ut

If .X;G; "/ is a dynamical system where the action is free then this action is also
pseudo free, because each fixed point set is empty or the whole of X.

Proposition 6.5.10 Let X be a (Hausdorff) Baire space with G acting as homeo-
morphisms of X. Then there exists a G-invariant, dense Gı subset Y such that, for
each g 2 G,

Fg D fx 2 Y W g.x/ D xg

is a clopen subset of Y. When X is zero-dimensional, so, also, is Y.

Proof For each g 2 G, let Kg D fx 2 X W g.x/ D xg. Then Kg is closed. Then
KgnintKg is a closed, nowhere dense set. Then

S
KgnintKg
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is a meagre F� subset of Y. Let M be the saturation of this set by G. Then this is also
a meagre F� . Let Y D XnM. Then, since X is a Baire space, Y is a dense Gı-subset
of Y.

For each g 2 G,

Fg D Y \ Kg D Y \ intKg.

So Fg is both open and closed in the relative topology of Y. ut
We shall need the following lemma shortly:

Lemma 6.5.11 Let X be a Hausdorff space with no isolated points. Let Y be a dense
subset of X. Let O be a non-empty open subset of X. Then O \ Y is an infinite set. In
particular, every dense subset of X is infinite.

Proof Suppose O \ Y is a non-empty finite set, say, fp1; p2; � � � ; png.
Then O n fp1; p2; � � � ; png is an open subset of X which is disjoint from Y. But Y

is dense in X. Hence O D fp1; p2; � � � ; png. So fp1g is an open subset of X. But X has
no isolated points. So this is a contradiction. So O \ Y is infinite. On putting O D X
it follows that Y is infinite. ut

6.6 Orbit Equivalence: Zero-Dimensional Spaces

Let us recall, from Definition 6.1.5, that when a group acts on a space X, two points
of X are orbit equivalent if they are in the same orbit.

In this section we shall focus on group actions on zero-dimensional spaces and
prove a key technical result, Proposition 6.6.16. In Sect. 6.7, we shall apply it to
generic dynamics over extremally disconnected spaces. In Sect. 6.8, we shall use it
to show that when an infinite countable group of homeomorphisms acts ergodically
on a perfect Polish space then the orbit equivalence relation is unique (modulo
meagre sets).

For any perfect Polish space T, let ST be the spectrum of B1.T/=M.T/. Then,
for every T, ST is homeomorphic to SR. When an infinite countable group of
homeomorphisms acts ergodically on ST ; then the orbit equivalence relation is
unique (modulo meagre sets).

Throughout this section X is a separable, zero-dimensional (Hausdorff) space
with no isolated points. Also G is a countably infinite group acting on X as
homeomorphisms, that is, there exists a non-degenerate action " W G 7! Homeo.X/.
Furthermore, let D be a dense G-invariant subset of X.

We shall be particularly interested in dynamical systems with a dense orbit. In
other words, when there exists c 2 X, such that the orbit GŒc� D f"g.c/ W g 2 Gg
is dense in X. Since X has no isolated points, it follows from Lemma 6.5.11 that a
dense orbit must be infinite.
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To simplify our notation, we often write “g” for "g. The restriction of "g to a
G-invariant subspace of X will also be denoted by “g”.

Looking at things another way, we are, in effect, identifying G with the
isomorphic group of homeomorphisms "ŒG�.

Definition 6.6.1 Let Z be a G-invariant dense subset of X and let h be a bijection
of Z onto itself. Then h is said to be strongly G-decomposable over Z if there exists
a sequence of pairwise disjoint clopen subsets of Z; .Aj/ where Z D S

Aj; and a
sequence .gj/ in G such that

h.x/ D gj.x/ for x 2 Aj.

When this occurs, h is a continuous map from Z into Z. Since each gj is a
homeomorphism of Z, each gjŒAj� is clopen. Since h is a bijection, .hŒAj�/ is a
sequence of pairwise disjoint clopen subsets of Z whose union is Z. Hence h�1
is strongly G-decomposable over Z. So h and h�1 are both continuous. Thus h is a
homeomorphism of Z onto Z.

We sometimes use a slightly weaker condition. Let h be a homeomorphism of X
onto itself. Then h is G-decomposable (over X) if there exists a sequence of pairwise
disjoint clopen subsets of X; .Kj/ where

S
Kj is dense in X; and there exists a

sequence .gj/ in G such that

h.x/ D gj.x/ for x 2 Kj.

When this holds,
S

Kj is an open dense subset of X, hence its compliment is a
closed nowhere dense set.

Let 	 be a countable group acting on X as homeomorphisms of X onto itself.
If every � 2 	 is strongly G-decomposable over X and every g 2 G is strongly
	-decomposable over X, then we say that the action of G on X and the action of 	
on X are strongly equivalent.

Exercise 6.6.2 Let G1;G2 and G3 be countable groups acting as homeomorphisms
of X. Let the action of G1 on X be strongly equivalent to the action of G2 on X. Let
the action of G2 on X be strongly equivalent to the action of G3 on X. Show that the
action of G1on X is strongly equivalent to the action of G3 on X.

For a given dynamical system .X;G; "/, the corresponding orbit equivalence
relation, �G, is identified with its graph, Gr."ŒG�/ that is:

f.x; "gx/ W x 2 X; g 2 Gg D f.x; gx/ W x 2 X; g 2 Gg D Gr."ŒG�/.

When it is clear which action, ", of G is intended, we shall use GrŒG�.

Lemma 6.6.3 Let G and 	 be countably infinite groups acting on X as homeomor-
phisms of X onto itself. Suppose that the actions of G and 	 are strongly equivalent.
Then Gr.G/ D Gr.	/. In other words, the orbit equivalence relations with respect
to G and 	 coincide.
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Proof Each element of Gr.G/ is of the form .x; gx/. Since g is strongly 	-
decomposable over X, gx D �x for some � 2 	 . So Gr.G/ � Gr.	/. Similarly
Gr.	/ � Gr.G/. ut

The above lemma tells us that when G and 	 have strongly equivalent actions on
X then orbit equivalence with respect to G is the same relation as orbit equivalence
with respect to 	 . When the actions of G and 	 are free and X is a (Hausdorff) Baire
space, we have a converse, modulo meagre sets.

Lemma 6.6.4 Let X be a (Hausdorff) Baire space. Let 	 and G be countable groups
of homeomorphisms of X, both of which act freely on X. Suppose that the orbit
equivalence relations coincide, that is Gr.G/ D Gr.	/. Then there exists Z, a dense
Gı subset of X which is invariant under the actions of both G and 	 , such that the
actions of the two groups are strongly equivalent over Z.

Proof Let 	 _ G be the countable group of homeomorphisms of X which is
generated by G and 	 .

Take any g 2 G and fix it. Let F�.�/ be the closed set fx 2 X W g.x/ D �.x/g. Let
Fı.�/ be the interior of F�.�/ so that F�.�/nFı.�/ is a closed nowhere dense set.

Let M1 D S
�2	 F�.�/ n Fı.�/. Then M1 is a meagre F� -set. Let M2 be the

	 _ G-saturation of M1 and let Yg D X n M2. Because X is a Baire space Yg is a
dense Gı-subset of X, which is invariant under the actions of 	 and G.

For each � 2 	 , let F.�/ D F�.�/ \ Yg D Fı.�/ \ Yg. So F.�/ is a clopen
subset of Yg. Let y 2 Yg; then g.y/ D �.y/ for some � . So y 2 F.�/ for some � 2 	 .
So Yg is the union of the clopen sets F.�/.

Suppose, for � and � in 	 , there exists x 2 F.�/ \ F.�/. Then we have �.x/ D
g.x/ D �.x/. But since the action of 	 is free on X, it follows that � D � . So
.F.�//�2	 is a clopen partition of Yg. So, g is strongly 	-decomposable over Yg.
Now let Y1 D T

g2G Yg. Then Y1 is a Gı-subset of X, which is dense because X is
a Baire space. Each element of G is strongly 	-decomposable over Y1. Similarly,
we can construct a 	 _ G-invariant dense Gı-subset Y2 such that each element of 	
is strongly G-decomposable over Y2. Put Z D Y1 \ Y2. Then G and 	 are strongly
equivalent over Z and Z is a dense Gı , invariant subset of X. ut
Definition 6.6.5 Let X and Y be Hausdorff spaces. Let G and 	 be countable groups
acting as homeomorphisms on, respectively, X and Y. We say the action of G on
X and the action of 	 on Y are (conjugately) strongly equivalent if there exists a
surjective homeomorphism � W X 7! Y such that the group of homeomorphisms
f�g��1 W g 2 Gg D �G��1 is strongly equivalent to 	 .

Definition 6.6.6 Let T1 and T2 be Baire spaces. Let G1 and G2 be countable groups
acting as homeomorphisms of, respectively, T1 and T2. We say the actions of G1

and G2 are generically equivalent if the following hold: There exists a Gj-invariant,
dense Gı-subset Xj � Tj for j D 1; 2. There exists a homeomorphism � from X1
onto X2 such that the action of G1 on X1 and the action of G2 on X2 are (conjugately)
strongly equivalent.
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Exercise 6.6.7 Let Gj be a countable group acting on a Baire space Tj for j D
1; 2; 3. Suppose the action of G1 on T1 is generically equivalent to the action of G2

on T2 and suppose the action of G2 on T2 is generically equivalent to the action of
G3 on T3. Show that the action of G1 on T1 is generically equivalent to the action of
G3 on T3.

In the special situation where X is extremally disconnected we have the following
useful result.

Lemma 6.6.8 Suppose that X is compact and extremally disconnected. Let D
be a dense subset of X. Let ˛ be a homeomorphism of D onto D. Let ˛ be
strongly G-decomposable over D. Then there exists Ǫ ; a unique extension of ˛ to
a homeomorphism of X onto itself. This Ǫ is G-decomposable over X.

Proof The existence and uniqueness of Ǫ ; follows from Corollary 6.2.8, since X is
the Stone-Czech compactification of D.

Let .Aj/ be a sequence of pairwise disjoint clopen subsets of D. Then, by
Lemma 6.2.6, .clAj/ is a sequence of pairwise disjoint clopen subsets of X. Let
.gj/ be a sequence in G such that ˛.x/ D gj.x/ for x 2 Aj. Then, by continuity,
Ǫ .x/ D gj.x/ for x 2 clAj. Also the open set

S
clAj is dense in X (because it

contains D/. ut
Following our usual notation for each homeomorphism 
 of X onto itself, we

define a homomorphism of the algebra of bounded continuous (C�valued) functions
on X, by h
 . f / D f ı 
 .

Corollary 6.6.9 Let X be compact and extremally disconnected. Let ˛ be a
homeomorphism of X onto itself. Then (i) there exists a sequence .g. j// in G and
a sequence of orthogonal projections

�
pj
�

such that pjhg. j/ D pjh˛ for each j, andW
j�1pj D 1 if, and only if, (ii) ˛ is G-decomposable over X.

Proof By Exercise 6.4.9 (d), pjhg. j/ D pjh˛ is equivalent to pj D �Kj and g. j/jKj D
˛jKj for a clopen Kj. The projections

�
pj
�

are orthogonal if, and only if the clopen sets
�
Kj
�

are pairwise disjoint. Also
W

j�1pj D 1 if, and only if, the open set
S

j�1Kj is
dense in X. So (i) implies ˛ is strongly G�decomposable over a dense open subset of
X. This, in turn, implies (ii). The converse, (ii) implies (i), is equally straightforward
provided we use Lemma 6.2.6. ut
Lemma 6.6.10 Let X be a separable, zero-dimensional space with no isolated
points. Let G and 	 be countable groups acting as homeomorphisms of X. Suppose
also that the action of G is pseudo free. Let each � 2 	 be strongly G-decomposable
over X. Furthermore, let there exist a countable dense subset � � X which is G-
invariant, 	-invariant and

� �� � Gr.G/ and� �� � Gr.	/.
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Then there exists a dense Gı-subset Y of X such that � � Y � X, where Y is G-
and 	-invariant and the action of G on Y and the action of 	 on Y are strongly
equivalent.

Proof Let .d1; d2; : : :/ be an enumeration, without repetitions, of �. Fix g 2 G. We
shall decompose g using elements of 	 . Let x1 D d1. Since .x1; g.x1// 2 � �� �
Gr.	/, there exists a �1 2 	 such that g.x1/ D �1.x1/. Since �1 is strongly G-
decomposable over X, there exists a clopen neighbourhood K of x1 and a g1 2
G such that �1.x/ D g1.x/ for all x 2 K. Since g.x1/ D g1.x1/, we have x1 D
g�1g1.x1/. Since the action of G on X is pseudo free, fy 2 X W g�1g1.y/ D yg
is clopen and contains x1. Therefore, there exists a clopen neighbourhood K1 of x1
with K1 � K and g.x/ D g1.x/ for all x 2 K1. So, g.x/ D �1.x/ for all x 2 K1.

If K1 D X then g D �1 and we stop. Otherwise K1c ¤ ¿. Then, because � is
dense in X, we have K1c \ � ¤ ¿. Let p be the smallest whole number such that
dp 2 K1c \�.

Let x2 D dp. By repeating the above argument, we find a clopen neighbourhood
K2 of x2, and a �2 2 	 such that x2 2 K2 � K1c and g.x/ D �2.x/ for all x 2 K2.
By repeating these arguments, we find a sequence ( finite or infinite) .Kn/ of disjoint
clopen subsets of X and a sequence .�n/ in 	 such that � � S

n�1 Kn and, for each
x 2 Kn, g.x/ D �n.x/.

Let Og D S
n�1 Kn. Then clearly Og is a dense open subset of X such that Og 	

�. Let Y0 D T
g2G Og. Then� � Y0 and so Y0 is a dense Gı subset of X. Let G _	

be the (countable) group generated by G and 	 . (Here we are using “G” for the
isomorphic group of homeomorphisms "ŒG�; similarly for 	). Let Y D Tf�.Y0/ W
� 2 G _ 	g. Then clearly � � Y. Hence Y is a dense Gı subset of X containing�,
which is G-invariant and 	-invariant.

For each g 2 G, gjY is strongly 	-decomposable over Y and for each � 2 	 , � jY

is strongly G-decomposable over Y. Hence the actions of G and 	 on Y are strongly
equivalent. ut

The next two lemmas are easy technicalities. Unless we specify otherwise, we do
not assume anything about X, other than being a zero-dimensional (Hausdorff) space
with no isolated points. The countably infinite group G acts as homeomorphisms of
X. We shall soon require the existence of a dense orbit for the action of G. So X
must be separable.

Lemma 6.6.11 Let Y and W be G-invariant subsets of X with ¿ ¤ W � Y. Let
˛ be a homeomorphism of Y onto itself, which is strongly G-decomposable over Y.
Let ˛W be the restriction of ˛ to W. Then ˛W is a homeomorphism of W onto itself,
which is strongly G-decomposable over W.

Proof The homeomorphism˛ is strongly G-decomposable over Y. So Y D S
n�1 An

where .An/ is a sequence of pairwise disjoint clopen subsets of Y; also, there exists
a sequence .gn/ in G such that ˛.y/ D gn.y/ for each y 2 An.

Let w 2 W. Then w 2 An \ W for some n. Also ˛.w/ D gn.w/. Since W is
G-invariant, ˛.w/ is in W. So ˛W is an injection from W into W.

Now take v 2 W. Let x D ˛�1.v/. Then x 2 Am for some m. Also ˛.x/ D gm.x/.
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Thus x D g�1
m .v/. Since W is G-invariant, x is in W. It follows that ˛W is a

bijection from W onto W.
Since W D S

n�1 W \ An it is now clear that ˛W is strongly G-decomposable
over W. So ˛W is a homeomorphism of W onto W. ut
Lemma 6.6.12 Let Y and Z be G-invariant subsets of X with Y \ Z ¤ ¿. Let ˛ be
a homeomorphism of Y onto itself, with ˛ strongly G-decomposable over Y. Let ˇ
be a homeomorphism of Z onto itself, with ˇ strongly G-decomposable over Z. Then
ˇ˛ restricted to Y \ Z is a homeomorphism of Y \ Z onto itself which is strongly
G-decomposable over Y \ Z.

Proof By Lemma 6.6.11, ˛ and ˇ map Y \ Z onto itself. Also by the lemma, the
restriction of ˛ to Y \ Z is strongly G-decomposable; similarly for ˇ. So it suffices
to prove the result when Y D Z.

Let fAi W i 2 Ng be a partition of Y into clopen sets and .g˛i / a sequence in G
which gives the G-decomposition of ˛. Similarly, let fBj W j 2 Ng be a partition of

Y into clopen sets and .gˇj / a sequence in G which gives the G-decomposition of ˇ.
Then fAi \ ˛�1ŒBj� W i 2 N; j 2 Ng is a partition of Y into clopen sets.

Let s 2 Ai \ ˛�1ŒBj�. Then ˇ˛.s/ D gˇj .˛.s// D gˇj g˛i .s/. ut
The point of the following lemma is that whenever a homeomorphism of D is

G-decomposable over D then it can be extended to a homeomorphism of a Gı set
Y � X.

Lemma 6.6.13 Let D be a G-invariant, dense subset of X. Let ˛ be a homeomor-
phism of D onto itself, which is strongly G-decomposable over D. Then there exists
a G-invariant, Gı-set Y, with D � Y � X, and a homeomorphism ˛# of Y onto
itself, such that ˛# is an extension of ˛ and ˛# is strongly G-decomposable over Y.

Proof There exists a sequence of pairwise disjoint clopen subsets of D, .Cn/ and a
sequence in G, .gn/ such that D D S

n�1Cn and

˛.z/ D gn.z/ for z 2 Cn.

By using Lemma 6.2.1 (vi) we can find a Gı-set Y1, D � Y1 � X, and a sequence
of pairwise disjoint clopen subsets of Y1, .An/ such that Cn D D \ An. Let Y2 DS

n�1An � Y1. Then Y2 is a relatively open subset of Y1. So Y2 is a Gı subset of
X which contains D. and which is the union of the disjoint clopen (relative to Y1)
subsets An.

Since ˛ is a homeomorphism of D onto D, .˛ŒCn�/ is a sequence of pairwise
disjoint clopen subsets of D whose union is D.

Again, by using Lemma 6.2.1 (vi) we can find a Gı-set Y3, D � Y3 � X, and a
sequence of pairwise disjoint clopen subsets of Y3, .Bn/ such that D\Bn D ˛ŒCn� D
gnŒCn�. We may assume, without loss of generality, that Y3 D S

n�1Bn.
Now let Y D T

g2GgŒY2 \ Y3�. Then Y is a G-invariant, Gı-subset of X, with
D � Y � Y2 \ Y3.
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Let A#
n D Y \ An for each n. Then .A#

n/ is a sequence of pairwise disjoint clopen
subsets of Y with Cn D D \ A#

n and Y D S
n�1A#

n.
Let B#

n D Y \ Bn. Then .B#
n/ is a sequence of pairwise disjoint clopen subsets of

Y with gn.Cn/ D ˛.Cn/ D D \ B#
n and Y D S

n�1B#
n.

We now define ˇ on Y by ˇ.y/ D gn.y/ for y 2 A#
n. Since the clopen sets .A#

n/

are pairwise disjoint, ˇ is well-defined. Because Y is G-invariant, ˇ maps Y into
Y. Clearly ˇ is continuous. Similarly we now define � on Y by �.y/ D g�1

n .y/ for
y 2 B#

n. Then � is also a continuous map into Y. Then ˇ�.z/ D z for all z in D. Since
D is dense in Y, it follows, by continuity, that ˇ� is the identity map on Y. Similarly
for �ˇ. So ˇ is a homeomorphism of Y onto Y. On putting ˛# D ˇ we have the
required extension. ut
Corollary 6.6.14 Let D be a G-invariant, dense subset of X. Let 	 be a countable
group. Let � be a (non-degenerate) action of 	 as homeomorphisms of D. Suppose
that �� is strongly G-decomposable over D for each � 2 	 . Then there exists a
G-invariant, Gı-set Y, with D � Y � X and an action �Y of 	 as homeomorphisms
of Y, with the following properties. For each � 2 	 , �Y

� is an extension of �� and �Y
�

is strongly G-decomposable over Y.

Proof For each � 2 	 , apply Lemma 6.6.13 to find a G-invariant, Gı-set Y� with
D � Y� and a homeomorphism �#

� of Y� onto itself, such that �#
� is strongly G-

decomposable over Y� and is an extension of �� . Let Y D T
�2	Y� . Clearly Y is a

G-invariant, Gı set.
By Lemma 6.6.11, each �#

� restricts to a homeomorphism of Y onto Y and is
strongly G-decomposable over Y. Let �Y

� be the restriction of �#
� to Y.

If �#
� is the identity map on Y then �� is the identity map on D. Since � is a

non-degenerate action � D �. So the action �Y is non-degenerate. ut
Lemma 6.6.15 Let X be a zero-dimensional space with no isolated points. Let G be
a countably infinite group which acts on X as homeomorphisms, with a dense orbit
D. Let A and B be disjoint clopen subsets of D. Let a 2 A and b 2 B. Then there
exists a homeomorphism h from D onto D with the following properties. First h is
strongly G-decomposable. Secondly h interchanges A and B and leaves each point
of Dn.A [ B/ fixed. Thirdly, h.a/ D b. Fourthly h D h�1.

Proof Since D is a dense subset of X, D is zero-dimensional in the relative topology
and has no isolated points.

Since a and b are in the same orbit of G, there exists g1 in G such that g1.a/ D b.
Then A \ g�1

1 ŒB� is a clopen neighbourhood of a which is mapped by g1 into B. By
Lemma 6.5.11, each non-empty, open subset of D (in the relative topology) is an
infinite set. So we can find a strictly smaller clopen neighbourhood of a; say A1.
By dropping to a clopen sub-neighbourhood if necessary, we can also demand that
g1ŒA1� is a proper clopen subset of B. Let B1 D g1ŒA1�.

The open sets A and B are infinite sets. Since they are subsets of D; they are both
countably infinite. Enumerate them both. Let a2 be the first term of the enumeration
of A which is not in A1 and let b2 be the first term of the enumeration of B which is
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not in B1. Then there exists g2 in G such that g2.a2/ D b2. Now let A2 be a clopen
neighbourhood of a2, such that A2 is a proper subset of A n A1 and g2ŒA2� is a proper
subset of B n B1. Proceeding inductively, we obtain a sequence, .An/ of disjoint
clopen subsets of A; a sequence .Bn/ of disjoint clopen subsets of B and a sequence
.gn/ from G such that gn maps An onto Bn. The first n points in the enumeration of
B are in

Sn
jD1Bj. So B D S1

n�1 Bn. Similarly A D S
n�1 An. Let us define a function

h on D by:

h.s/ D

8
ˆ̂
<

ˆ̂
:

gn.s/ if s 2 An

gn
�1.s/ if s 2 Bn

s if s 2 D n .A [ B/.

From its definition, h D h�1. So h is a bijection of D onto D. By its construction,
h is strongly G-decomposable over D and so is continuous from D onto D. Since
h D h�1 and h maps D into D, it follows that h is a homeomorphism of D onto D. It
is now clear that h has all the other required properties. ut

The following proposition seems complicated to state. But the basic idea is
straightforward. We are manufacturing a copy of the Dyadic Group,

L
Z2 from the

action of G and, at the same time splitting D into Dyadic pieces. In the following Z
n
2

is f0; 1gn, equipped with the natural (additive) group structure. So it can be identified
with the direct sum of n copies of Z2.

Proposition 6.6.16 Let X be a zero-dimensional Hausdorff space with no isolated
points. Let G be a countably infinite discrete group and let � W G 7! Homeo.X/ be a
non-degenerate action of G on X. Let D D .s0; s1; � � � / be a dense orbit. Let .Dn/ be
a decreasing sequence of clopen neighbourhoods of s0 such that sn … Dn for each
n 2 N. Then the following statements hold.

(a) There is a sequence .hk/.k D 1; 2 : : :/ of homeomorphisms of D onto D where
hk D h�1

k . For 1 � k � n; the hk are mutually commutative. Each hk is strongly
G-decomposable over D.

(b) For each positive integer n; there exists a finite family of pairwise disjoint,
clopen subsets of D,

fKn.˛1; ˛2; : : : ; ˛n/ W .˛1; ˛2; : : : ; ˛n/ 2 Z2
ng

whose union is D.
(c) Let K0.¿/ D D. For 0 � p � n � 1, Kp.˛1; ˛2; : : : ; ˛p/ D

KpC1.˛1; ˛2; : : : ; ˛p; 0/[ KpC1.˛1; ˛2; : : : ; ˛p; 1/.
(d) For 1 � p � n; Kp.0; 0; : : : ; 0/ � Dp and s0 2 Kp.0; 0; : : : ; 0/.
(e) Let .˛1; ˛2; : : : ; ˛p/ 2 Z2

p where 1 � p � n. Then the homeomor-
phism h˛11 h˛22 : : : h

˛p
p interchanges Kp.ˇ1; ˇ2; : : : ; ˇp/ with Kp.˛1 C ˇ1; ˛2 C

ˇ2; : : : ; ˛p C ˇp/.
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( f) For each n,

fs0; s1; : : : ; sng � fh˛11 h˛22 : : : h
˛n
n .s0/ W .˛1; ˛2; : : : ; ˛n/ 2 Z2

ng.

(g) For each s 2 D; if h˛11 h˛22 : : : h
˛n
n .s/ D s then ˛1 D ˛2 D : : : D ˛n D 0.

Proof We give an inductive argument. First, let A D D1 and let B D DnD1. By
applying Lemma 6.6.15, there exists a homeomorphism h1 of D onto itself, where
h1 interchanges D1 and D n D1; and maps s0 to s1. (So ( f) holds for n D 1.) Also
h1 D h�1

1 and h1 is strongly G-decomposable over D.
For any s 2 D; h1.s/ and s are elements of disjoint clopen sets. Hence (g) holds

for n D 1.
Now let K1.0/ D D1 and K1.1/ D DnD1.
Let us now suppose that we have constructed the homeomorphisms h1; h2; : : : ; hn

and the clopen sets

fKp.˛1; ˛2; : : : ; ˛p/ W .˛1; ˛2; : : : ; ˛p/ 2 Z2
pg for p D 1; 2; : : : ; n.

We now need to make the .n C 1/th step of the inductive construction.
For some .˛1; ˛2; : : : ; ˛n/ 2 f0; 1gn, snC1 2 Kn.˛1; ˛2; : : : ; ˛n/. Let c D

h˛11 h˛22 : : : h
˛n
n .snC1/. Then c 2 Kn.0; 0; : : : ; 0/.

If c ¤ s0 let b D c. If c D s0 then let b be any other element of Kn.0; 0; : : : ; 0/.
Now let A be a clopen subset of Kn.0; 0; : : : ; 0/\ DnC1 such that s0 2 A and b … A.
Let B D Kn.0; 0; : : : ; 0/ n A. We apply Lemma 6.6.15 to find a homeomorphism h
of D onto itself, which interchanges A and B, leaves every point outside A [ B fixed,
maps s0 to b, and h D h�1. Also, h is strongly G-decomposable over D.

Let KnC1.0; 0; : : : ; 0/ D A and KnC1.0; 0; : : : ; 1/ D B. By construction, (d) holds
for p D n C 1.

Let KnC1.˛1; ˛2; : : : ; ˛n; 0/ D h˛11 h˛22 : : : h
˛n
n ŒA� and KnC1.˛1; ˛2; : : : ; ˛n; 1/ D

h˛11 h˛22 : : : h
˛n
n ŒB�. Then (b) holds for n C 1 and (c) holds for p D n.

We now define hnC1 as follows. For s 2 Kn.˛1; ˛2; : : : ; ˛n/,

hnC1.s/ D h˛11 h˛22 : : : h
˛n
n hh˛11 h˛22 : : : h

˛n
n .s/.

Claim 1 hnC1 commutes with hj for 1 � j � n.

To simplify our notation we shall take j D 1, but the calculation works in general,
since each of fhr W r D 1; 2; : : : ; ng commutes with the others.

Let s 2 D. Then s 2 Kn.˛1; ˛2; : : : ; ˛n/ for some .˛1; ˛2; : : : ; ˛n/ 2 Z2
n.

So h1.s/ 2 Kn.˛1 C 1; ˛2; ::; ˛n/. Then

hnC1.h1s/ D h˛1C11 h˛22 : : : h
˛n
n hh˛1C11 h˛22 : : : h

˛n
n .h1s/.
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So

hnC1h1.s/ D h1h
˛1
1 h˛22 : : : h

˛n
n hh˛11 h˛22 : : : h

˛n
n h1h1.s/

D h1hnC1.s/.

From this we see that hnC1 commutes with h1. Similarly hnC1 commutes with hj for
2 � j � n.

Claim 2 hnC1is strongly G-decomposable over D.

By Lemma 6.6.12, h˛11 h˛22 : : : h
˛n
n hh˛11 h˛22 : : : h

˛n
n is strongly G-decomposable over

D. So, on restricting to the clopen set Kn.˛1; ˛2; : : : ; ˛n/ this gives that hnC1 is
strongly G-decomposable over each Kn.˛1; ˛2; : : : ; ˛n/. Hence hnC1 is strongly G-
decomposable over D.

So, by Claim 1 and Claim 2, (a) holds for n C1. It is straightforward to show that
(b),(c), (d) and (e) hold for n C 1.

Now consider ( f). Either c D s0 in which case, s0 D h˛11 h˛22 : : : h
˛n
n .snC1/ which

gives snC1 D h˛11 h˛22 : : : h
˛n
n .s0/, or c ¤ s0, in which case

hnC1.h˛11 h˛22 : : : h
˛n
n .snC1// D h.h˛11 h˛22 : : : h

˛n
n .snC1// D s0.

This gives snC1 D hnC1h˛11 h˛22 : : : h
˛n
n .s0/. Because the homeomorphisms commute,

this gives ( f) for n C 1.
Finally consider (g). Let s 2 D with h˛11 h˛22 : : : h

˛nC1

nC1 .s/ D s. If ˛nC1 D 0 then (g)
implies ˛1 D ˛2 D : : : D ˛n D 0.

So now suppose ˛nC1 D 1. Let hˇ11 hˇ22 : : : h
ˇn
n .s/ 2 Kn.0; 0; : : : ; 0/. Then,

since the hr all commute, we can suppose without loss of generality that s 2
Kn.0; 0; : : : ; 0/. Then hnC1.s/ D h˛11 h˛22 : : : h

˛n
n .s/. But hnC1 maps Kn.0; 0; : : : ; 0/

to itself and h˛11 h˛22 : : : h
˛n
n maps Kn.0; 0; : : : ; 0/ to Kn.˛1; ˛2; : : : ; ˛n/. So hnC1.s/ 2

Kn.0; 0; : : : ; 0/ \ Kn.˛1; ˛2; : : : ; ˛n/. But this intersection is only non-empty if
˛1 D ˛2 D : : : D ˛n D 0. So hnC1.s/ D s. But hnC1 acting on Kn.0; 0; : : : ; 0/,
interchanges KnC1.0; 0; : : : ; 0/ with KnC1.0; 0; : : : ; 1/.

So s 2 KnC1.0; 0; : : : ; 1/\ KnC1.0; 0; : : : ; 0/, which is impossible. ut
Corollary 6.6.17 Let .˛1; ˛2; : : : ; ˛p/ 2 Z

p
2. Let T be the set:

T D fh�11 : : : h
�n
n .s0/ 2 D W n � p &�j D ˛j for 1 � j � pg.

Then T D Kp.˛1; ˛2; : : : ; ˛p/ which is a clopen subset of D.

Proof Let .�1; ::; �n/ 2 Z
n
2. By Proposition 6.6.16 (d) s0 2 Kn.0; : : : ; 0/. So, by

Proposition 6.6.16 (e), h�11 : : : h
�n
n .s0/ 2 Kn.�1; ::; �n/. By Proposition 6.6.16 (c),

Kn.�1; ::; �n/ � Kp.�1; ::; �p/ for n � p. So T � Kp.˛1; ˛2; : : : ; ˛p/.
Conversely, take any s 2 Kp.˛1; ˛2; � � � ; ˛p/ and fix n � p. Then by Proposi-

tion 6.6.16 ( f), s D hˇ11 � � � hˇn
n .s0/ for some ˇ1; : : : ˇn.
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Since hˇ11 : : : h
ˇn
n .s0/ 2 Kp.˛1; ::; ˛p/ we have, as above,

hˇ11 : : : h
ˇn
n .s0/ 2 Kp.ˇ1; ::; ˇp/.

So Kp.˛1; ::; ˛p/\ Kp.ˇ1; ::; ˇp/ is not empty. So, by Proposition 6.6.16 (b),

.˛1; ::; ˛p/ D .ˇ1; ::; ˇp/.

Thus Kp.˛1; ::; ˛p/ � T. ut
The countable group

L
Z2 is a sub-group of the compact group

Q1
nD1Z2. We

emphasise that we give
L

Z2 the relative topology it inherits from the compact
space

Q1
nD1Z2. Hitherto we have usually considered countable groups as being

equipped with the discrete topology.
Let � W LZ2 7! D be defined by �.�1; ::; �n; 0; 0; 0 : : :/ D h�11 : : : h

�n
n .s0/.

Corollary 6.6.18 The map � is a bijection from
L

Z2 onto D. Also � is an open
map.

Proof By Proposition 6.6.16 ( f) � maps
L

Z2 onto D. By Proposition 6.6.16 (g) �
is injective.

The product topology of
Q1

nD1Z2 induces the topology of
L

Z2. It now follows,
by using Corollary 6.6.17, that the sets ��1ŒKp.˛1; ˛2; : : : ; ˛p/� form a sub-base for
the topology of

L
Z2. Since each Kp.˛1; ˛2; : : : ; ˛p/ is a clopen subset of D, � is

an open map. ut
Let us recall once more that

L
Z2 is the direct sum of an infinite sequence

of copies of Z2. (So each element of the group is an infinite sequence of zeroes
and ones, with 1 occurring only finitely many times.) The natural action of

L
Z2

on
Q1

nD1Z2 gives rise to the dynamical system, .
Q1

nD1Z2;
L

Z2; "/, described in
Example 6.1.4.

We observe that in the following there is no requirement that X be a Baire space.

Theorem 6.6.19 Let X be a zero-dimensional Hausdorff space with no isolated
points. Let G be a countably infinite discrete group and let � W G 7! Homeo.X/ be
an action of G on X which is non-degenerate and pseudo free. Let s0 be a point in X
such that the orbit f"g.s0/ W g 2 Gg D D; is dense. Let .Dn/ be a strictly decreasing
sequence of clopen neighbourhoods of s0, in the relative topology of D such that

fs0g D T
n�1Dn.

Then there exist Z, a Gı subset of X with D � Z, and an action � W LZ2 7!
Homeo.Z/ such that the following properties hold.

(1) The orbit f�ı.s0/ W ı 2 LZ2g is free and coincides with the set D.
(2) The groups of homeomorphisms "ŒG� and �Œ

L
Z2� are strongly equivalent over

Z, which is invariant under the action of both these groups.
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(3) The orbit equivalence relations corresponding, respectively, to "ŒG� and
�Œ
L

Z2� coincide on Z.
(4) The action � is an isomorphism of

L
Z2 into Homeo.Z/.

(5) For each n let en be the element of
L

Z2 which has 1 in the nth place and
zero elsewhere. Let hn be the restriction to D of �en . Then .hn/ satisfies all the
conditions of Proposition 6.6.16. In particular,

s0 2 Kp.0/ � Dp for p D 1; 2 : : : :

Proof We use Proposition 6.6.16 to find a sequence .hr/ of homeomorphisms of D
onto itself with the properties listed in that proposition.

For each ˛ 2 L
Z2, there exist a natural number n and .˛1; ˛2; : : : ; ˛n/ 2

Z2
n such that ˛ D .˛1; ˛2; : : : ˛n; 0; 0; : : :/. We define  .˛/ D h˛11 h˛22 : : : h

˛n
n . Then

this is a homomorphism of
L

Z2 into Homeo.D/. By Proposition 6.6.16 (g)  is
injective.

By Corollary 6.6.14 we can find a G-invariant, Gı-set V , with D � V � X and an
action V of

L
Z2 as homeomorphisms of V with the following properties. For each

� 2 L
Z2,  V

� is an extension of  � and  V
� is strongly G�decomposable over V .

Also the orbit f V
� .s0/ W � 2 LZ2g D f �.s0/ W � 2 LZ2g. By Proposition 6.6.16

(g) this orbit is free. By Proposition 6.6.16 ( f) the orbit coincides with D.
It is clear, from Definition 6.5.8, that the action of G, when restricted to V , is

still pseudo free. So, by putting X D V in Lemma 6.6.10, we find that there exists
a Gı-subset Z of V , with D � Z � V , such that Z is invariant under the actions of
G and

L
Z2. Furthermore, these actions are strongly equivalent on Z. Let �� be the

restriction of  V
� to Z. So � is an action of

L
Z2 as homeomorphisms of Z which

satisfies properties (1) and (2). It follows from Lemma 6.6.3 and (2) that (3) is also
satisfied.

The restriction of �� to D is  � . So, when �� is the identity on Z, then  � is the
identity on D. Since  is injective this implies � D 0. So (4) holds. Clearly, from
our construction, (5) holds. ut

6.7 Orbit Equivalence: Extremally Disconnected Spaces

The main theorem looks very similar to the previous one but makes use of the fact
that compact (Hausdorff) spaces are Baire spaces and that a compact, extremally
disconnected space is the Stone-Czech compactification of any dense subspace.
In this section S is a compact (Hausdorff) extremally disconnected space with no
isolated points; in particular S is zero-dimensional. As before, G is a countably
infinite group and " W G 7! Homeo.S/ is a non-degenerate action.

Lemma 6.7.1 Let D be a G-invariant, dense subset of S. Let the action of G be
pseudo free over D. Then there exists a Gı-set Y, with D � Y � S, such that the
action is pseudo free over Y.
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Proof Since S is extremally disconnected, it now follows from Corollary 6.2.4, that
so also is the dense subset D. Let g 2 G and let Kg D fs 2 S W g.s/ D sg. Since
g is continuous, Kg is closed. By hypothesis, Kg \ D is a clopen subset of D. So,
by Lemma 6.2.6, cl.Kg \ D/ is a clopen subset of S. Let Fg D Kgncl.Kg \ D/.
So Fg is a closed set which is disjoint from D and so has empty interior. Let F DS

g2GFg. Then F is a meagre F� -set which is disjoint from D. Since D is G-invariant,
the saturation GŒF� is also disjoint from D. Let Y be the Gı-set SnGŒF�. We have
Y \ Kg D Y \ cl.Kg \ D/ which is clopen in Y for each g. ut
Theorem 6.7.2 Let S be a compact Hausdorff extremally disconnected space with
no isolated points. Let G be a countably infinite group. Let " W G 7! Homeo.S/ be
a non-degenerate action of G as homeomorphisms of S. Let s0 be a point in S such
that the orbit f"g.s0/ W g 2 Gg D D; is dense and pseudo free. Then there exist an
action � W LZ2 7! Homeo.S/ and Z, a dense Gı-subset of S with D � Z, such that
the following properties hold.

(1) The orbit f�ı.s0/ W ı 2 LZ2g is free and coincides with the set D.
(2) The groups of homeomorphisms "ŒG� and �Œ

L
Z2� are strongly equivalent over

Z, which is invariant under the action of both these groups.
(3) The orbit equivalence relations corresponding, respectively, to "ŒG� and

�Œ
L

Z2� coincide on Z.
(4) The action � is an isomorphism of

L
Z2 into Homeo.S/.

(5) For each n let en be the element of
L

Z2 which has 1 in the nth place and
zero elsewhere. Let hn be the restriction to D of �en . Then .hn/ satisfies all the
conditions of Proposition 6.6.16.

Proof By Lemma 6.7.1, there exists a G-invariant Y, such that the action of G is
pseudo free on Y. Also Y is a dense Gı-subset of S, and D � Y.

Since Y is zero-dimensional and has no isolated points we may apply Theo-
rem 6.6.19 with X replaced by Y. We find a G-invariant, Gı-set Z, with D �
Z � Y; also an action � W LZ2 7! Homeo.Z/ with the five properties listed in
Theorem 6.6.19.

By Corollary 6.2.8, each h in Homeo.Z/ has a unique extension to Oh in Homeo.S/.
We now define � W LZ2 7! Homeo.S/ by �ı D b�ı. ut
Suppose the action of G on S has a dense, pseudo free orbit D. The following

theorem says there exists a dense, G-invariant, Gı-subset Y, D � Y with the
following property. Orbit equivalence on Y with respect to the action of G, �G,
is the same as orbit equivalence with respect to an action of Z. In other words G
orbit equivalence is generated by a single homeomorphism of S.

Theorem 6.7.3 Let S be a compact Hausdorff extremally disconnected space with
no isolated points. Let G be a countably infinite group. Let " W G 7! Homeo.S/ be
a non-degenerate action of G as homeomorphisms of S. Let s0 be a point in S such
that the orbit f"g.s0/ W g 2 Gg D D, is dense and pseudo free. Then there exists
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a homeomorphism 
 from S onto itself such that the action � W Z 7! Homeo.S/
defined by

�.n/ D 
n

is generically equivalent to the action of G. There exists a dense Gı-set S0 � S,
where S0 is G-invariant and 
ŒS0� D S0, such that, on S0, orbit equivalence with
respect to the G-action coincides with orbit equivalence with respect to theZ-action.

Proof It follows from the preceding theorem that we may replace G by
L

Z2.
There exists a sequence of homeomorphisms of D, .hr/.r D 1; 2 : : :/, which
satisfies all the conditions of Proposition 6.6.16. Each hr has a unique extension
to a homeomorphism of S, which we shall again denote by hr. The action of

L
Z2

on S is:

�.˛1; : : : ˛n;0; 0; : : :/ D h˛11 : : : h
˛n
n :

Then D D fh˛11 : : : h
˛n
n .s0/ W .˛1; : : : ˛n;0; 0; : : :/ 2 LZ2g.

Let E1 D K1.0/ and F1 D K1.1/. Let EjC1 D KjC1.1; 0/ where 1 2 Z
j
2 and let

FjC1 D KjC1.0; 1/ where 0 2 Z
j
2.

We observe that if Kn.˛1; ˛2; : : : ; ˛n/ has non-empty intersection with
KnCp.ˇ1; ˇ2; : : : ; ˇnCp/ then ˛1 D ˇ1; : : : ; ˛n D ˇn. From this it follows that
.En/.n D 1; 2 : : :/ is a sequence of pairwise disjoint clopen subsets of D. Similarly,
.Fn/.n D 1; 2 : : :/ is a sequence of pairwise disjoint clopen subsets of D. Let
E D S

nD1En and
S

nD1Fn D F. We claim that E D D and Dnfs0g D F.
By Corollary 6.6.17 and Corollary 6.6.18, ��1ŒKn.˛1; : : : ; ˛n/� is the set of

all sequences in
L

Z2 whose first n terms are .˛1; : : : ; ˛n/. Sequences beginning
with zero correspond to K1.0/ D E1. Any other sequence in

L
Z2 begins with p

successive ones followed by a zero. So they are in ��1ŒEpC1�. So E D D.
Now consider ��1ŒF1�. It contains any sequence beginning with one. But s0

corresponds to .0; 0; : : : :/ and is not in any of the ��1ŒFk�. All remaining sequences
begin with a string of p zeroes with one in the .p C 1/th place. Such a sequence is
in ��1ŒFpC1�. So F D Dnfs0g.

For s 2 En let 
.s/ D h1h2 : : : hn.s/. Then 
 is a continuous map of En onto
Fn. From this it is straightforward to see that 
 is a continuous bijection of D onto
Dnfs0g. Similarly, 
�1 is a continuous bijection from Dnfs0g onto D.

Since S has no isolated points, Dnfs0g is dense in S. But, by Theorem 6.2.7,
S can be identified with the Stone-Czech compactification of any dense subset
of itself. Applying this to 
�1 and 
 we find continuous extensions which are
homeomorphisms of S onto S and which are inverses of each other. We abuse
notation and denote the extension of 
 to the whole of S by 
 . Then j 7! 
 j is
the Z-action considered here; let � be the subgroup of Homeo.S/ generated by 
 .

On applying Lemma 6.2.6, we see that .clEn/.n D 1; 2 : : :/ is a sequence of
pairwise disjoint clopen subsets of S. So its union is a dense open subset of S which
we shall denote by O1. By continuity, for s 2 clEn we have 
.s/ D h11h

1
2 : : : h

1
n.s/.
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Similarly,.clFn/.n D 1; 2 : : :/ is a sequence of pairwise disjoint clopen subsets of S
whose union, O2; is also dense in S.

Let 	 be the countable subgroup of Homeo.S/ generated by 
 and the homeo-
morphisms .hr/. Let S0 be the intersection

\
f�ŒO1 \ O2� W � 2 	g. Then S0 is a

dense Gı-subset of S which is invariant under the action of 	 . From the definition
of 
 , it is clear that 
 is strongly G-decomposable over S0. (Recall that we have
identified G with

L
Z2.) Similarly, 
�1 is also strongly G-decomposable over S0.

Hence each element of � is strongly G-decomposable over S0.
Let H.�/ be the group of all homeomorphisms h; of S onto S; such that h is

strongly�-decomposable with respect to a finite partition of S into clopen sets. We
shall show that h1 is in H.�/.

For s 2 E1 D K1.0/ we have 
.s/ D h1.s/ and, for s 2 F1 D K1.1/, 
�1.s/ D
h1.s/. We observe that clE1 and clF1 are disjoint clopen sets whose union is S. But
h1 restricted to clE1 coincides with 
 and h1 restricted to clF1 coincides with 
�1.
So h1 2 H.�/.

We now suppose that h1; h2; : : : ; hn are in H.�/. We wish to show hnC1 2 H.�/.
Let s 2 KnC1.ˇ; 0/ where ˇ 2 Z

n
2. By Proposition 6.6.16 (e) hˇ1C11 : : : hˇnC1

n .s/ 2
KnC1.1; 0/ D EnC1. So, from the definition of 
 ,


.hˇ1C11 : : : hˇnC1
n .s// D h1 : : : hnhnC1hˇ1C11 : : : hˇnC1

n .s/.

Making use of commutativity of the hr;we get

hnC1.s/ D hˇ11 : : : h
ˇn
n 
hˇ1C11 : : : hˇnC1

n .s/.

Then, by using continuity, this holds for each s 2 clKnC1.ˇ; 0/. By a similar
argument, for s 2 clKnC1.ˇ; 1/ we get hnC1.s/ D hˇ11 : : : h

ˇn
n 


�1hˇ1C11 : : : hˇnC1
n .s/.

Since fclKnC1.˛/ W ˛ 2 Z
nC1
2 g is a finite collection of disjoint clopen sets whose

union is S; it follows that hnC1 2 H.�/.
So, by induction, G � H.�/.
It now follows that, on S0, the G-action and the Z-action generated by 
 are

strongly equivalent. So the corresponding orbit equivalence relations coincide on
S0. ut
Remark 6.7.4 In the above, D is not a subset of S0. It is not obvious that the Z-
action on S0, implemented by 
 , has any dense orbit in S0. Is it possible to modify
the construction of 
 so that it becomes a bijection of D onto itself?

Exercise 6.7.5 Show that D is disjoint from S0.

Hint: Show that O1 \ O2 \ D D Dnfs0g. Deduce s0 … O1 \ O2. Deduce
h˛11 : : : h

˛n
n .s0/ … S0 for any .˛1; : : : ˛n/ 2 Z

n
2.
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6.8 Orbit Equivalence: Perfect Polish Spaces

Let X be a perfect Polish space. So X is homeomorphic to a complete separable
metric space and X has no isolated points. Let G be a countably infinite group acting
ergodically on X. Then, given the results of Sects. 6.6 and 6.7, it is not surprising
that, modulo meagre sets, the orbit equivalence relation �G arises from an action ofL

Z2. But much more is true. Modulo meagre sets, the orbit equivalence relation,
�G, is unique.

Theorem 6.8.1 Let X be a perfect Polish space, G a countably infinite group and
ˇ W G 7! Homeo.X/ a non-degenerate action which is ergodic. Then the action ˇ is
generically equivalent to the natural action of the Dyadic Group,

L
Z2 on

Q
Z2.

Proof By Proposition 6.5.5 there exists a dense, G-invariant X1 � X such that GŒx�
is a dense orbit for each x 2 X1 and X1 is a Gı-subset of X.

By Proposition 6.5.6 there exists a dense, G-invariant X2 � X such that X2 is
zero-dimensional and X2 is a Gı-subset of X.

By Proposition 6.5.10 there exists a dense, G-invariant X3 � X; where X3 is a
Gı-subset of X, such that, for each g 2 G,

Fg D fx 2 X W g.x/ D xg

is a clopen subset of X3.
Since X is a Baire space, the Gı set T D X1 \ X2 \ X3 is dense in X. Clearly

it is also G-invariant. Since it is a dense Gı-subset of the Baire space X, it follows
from Lemma 6.5.1 that T is a Polish space. Since T is a dense subspace of X, which
has no isolated points, T does not have any isolated points, that is T is a perfect
Polish space. Since T is a subspace of the zero-dimensional space X2, it too is zero-
dimensional.

Let �g be the restriction to T of ˇg for each g 2 G. Since T is a dense subspace
of X and ˇ is a non-degenerate action, it follows that � is also non-degenerate. For
each x 2 X the orbit GŒx� is dense. The action of G on T is pseudo free because
T � X3. Fix s0 in T and let D D GŒs0�.

Since T is a Polish space we can give it a complete metric �. We can now find
a decreasing sequence of clopen neighbourhoods of s0, .Sn/ with each Sn contained
in a ball (centred on s0) of radius 1=2n. Let Dn D Sn \ D for each n.

The dynamical system .T;G; "/ satisfies the hypotheses of Theorem 6.6.19. So
there exists Z; where Z is a G-invariant, Gı-subset of T, and D � Z, and there exists
an action � W LZ2 7! Homeo.Z/ with the properties listed in Theorem 6.6.19.

Let � W LZ2 7! D be defined by �.�1; ::; �n; 0; 0; 0 : : :/ D h�11 : : : h
�n
n .s0/.

Then, see Corollary 6.6.18, � is a bijection and an open map. We claim that � is
continuous.

Let .xn/ be a sequence in
L

Z2 converging to x D .˛1; : : : ; ˛p; 0; 0; ::/.
Fix N. Then for all large enough n, the first N terms of xn and x coincide. It

follows from Corollary 6.6.17 that �.xn/ 2 KN.˛1; : : : ; ˛p; 0; : : : ; 0/ for large n.
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Thus h˛11 : : : h
˛p
p .�.xn// 2 KN.0/ � DN for all large n. Hence

�.h˛11 : : : h
˛p
p .�.xn//; s0/ < 1=2N for all large n. Thus h˛11 : : : h

˛p
p .�.xn// ! s0.

By applying the homeomorphism h˛11 : : : h
˛p
p to this convergent sequence we find

.�.xn// ! h˛11 : : : h
˛p
p .s0/.

It follows that � is a homeomorphism of
L

Z2 onto D.
By Lavrentiev’s Theorem, see Theorem 6.2.9, the homeomorphism � can be

extended to a homeomorphism �# of V onto W, where V;W are dense Gı-subsets
of
Q
Z2 and Z, respectively. Since we could replace W by

T
g2GgŒW� we may

assume that W is G-invariant. Since the G-action on Z and the
L

Z2 action on
Z are strongly equivalent on Z, they are strongly equivalent on W. It now follows
from the properties of � that the ˇ action of G on X is generically equivalent to the
canonical action of

L
Z2 on

Q
Z2. ut

In Sect. 6.7 we showed that when a countably infinite group acts on a separable,
compact, extremally disconnected space with no isolated points, the corresponding
orbit equivalence relation is hyperfinite (the union of an increasing sequence of finite
equivalence relations) modulo meagre sets. But for perfect Polish spaces, we have a
stronger result – uniqueness.

6.9 Automorphisms and the Dixmier Algebra

We have made frequent references to the duality between compact Hausdorff spaces
and commutative unital C�-algebras. Let A be a commutative C�-algebra with
spectrum E; so A is isomorphic to C.E/. We have seen that, for each 
 2 HomeoE,
we can define a �-automorphism by h
 . f / D f ı
 . Moreover every �-automorphism
of C.E/ arises in this way. An action of G on A is a group homomorphism of G into
AutA, the group of all �-automorphisms.

When " is an action of G as homeomorphisms of E, then we can define an action
"0 as homomorphisms of A by "0

g. f / D f ı "g�1 D f ı "�1
g . (We use g�1 instead of g,

because we want "0 to be a group homomorphism, not an anti-homomorphism).
So "0

g D hg�1 D h�1
g . It is straightforward to show that each action of G (as

automorphisms of A) arises in this way from an action of G on E.
We can set up a correspondence between properties of an action " on E, and of

the dual action "0 on A. For example, when E is extremally disconnected, the action
" is ergodic precisely when "0 has the following property: if p is a projection and
"0

g.p/ D p for each g 2 G, then p D 0 or p D 1. This follows from Lemma 6.3.4.
We shall see later that the action " is free on some dense Gı-subset of (an

extremally disconnected) E precisely when "0 is “strictly outer”. That is, whenever
p is a non-zero projection and "0

g leaves each point of pA fixed, then g D �. When A
is a von Neumann algebra, a strictly outer action on A is called a free action [162,
Definition XI.2.24].
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We have "0
g D "0

� if, and only if f ."g.x// D f .x/ for each f 2 C.E/ and each
x 2 E, that is, "g.x/ D "�.x/ for every x. So the action " is non-degenerate precisely
when its dual "0 is non-degenerate.

Now suppose that A is monotone complete or, equivalently E is extremally
disconnected. Let G and 	 be countably infinite groups with, respectively, non-
degenerate actions " and � on E. Let � 2 	 . We say that �0

� is G-decomposable over
E with respect to the action "0 when there exists a sequence of orthogonal projections
.pn/ and a sequence .g.n// in G, such that

W
n�1pn D 1 and pn"

0
g.n/ D pn�

0
� for each

n. By Exercise 6.4.9 (d) this holds precisely when �� is G-decomposable over E.

Definition 6.9.1 Let A;E;G; 	; " and � be as above. The systems .A;G; "0/ and
.A; 	; �0/ are said to be equivalent if, for each � 2 	 , �0

� is G-decomposable and
for each g 2 G, "0

g is 	-decomposable. It follows from the remarks above that this
holds precisely when the actions " and � are equivalent over S.

Let X be a Polish space and RegX the complete Boolean algebra of regular open
subsets of X. Then, by Lemma 6.5.3, RegX has a countable order dense subset and
it can be identified with the Boolean algebra of projections in B.X/=M.X/. Let SX

be the Boolean structure space of RegX. By Lemma 6.5.3 SX is hyperseparable and
B.X/=M.X/ is isomorphic to C.SX/. Also by Lemma 6.5.3, X has no isolated points
if, and only if, SX has no isolated points. By Corollary 6.5.4, whenever X is a perfect
Polish spaces, SX is homeomorphic to SR.

It follows that if 2N is the Cantor space and X is any perfect Polish space
then B.X/=M.X/ is isomorphic to B.2N/=M.2N/. We recall that this is the Dixmier
algebra (see Sect. 4.2). Clearly its spectrum is homeomorphic to SR. Let 	 be the
Dyadic Group ˚Z2. Let � be the natural action of 	 on 2N, that is, �� .x/ D � C x.
(Here we identify 2N with

Q
Z2). Then, as in Sect. 6.4, there is a corresponding

action O� on SR. We shall call O� the canonical action of ˚Z2 on SR. Let � W SR ! 2N

be the continuous surjection such that f 7! f ı � is the natural embedding of C.2N/
into B.2N/=M.2N/ D C.SR/. Let s0 be a point in SR such that �.s0/ is the zero of
the group 	 � 2N. Then, by Propositions 6.4.4 and 6.4.5, the orbit f O��.s0/ W � 2 	g
is free and dense in SR. So the action O� is ergodic.

Let .SR;G; "/ be a dynamical system where the (countably infinite) group G has
a non-degenerate action as homeomorphism of SR. Let this action be ergodic. We
claim that this action is generically equivalent to the action of 	 described above.
We first show that the G-action is equivalent to some ergodic action of 	 , the Dyadic
Group, with a free, dense orbit 	Œs0�.

Lemma 6.9.2 Let .SR;G; "/ be a dynamical system where the (countably infinite)
group G has a non-degenerate action as homeomorphisms of SR. Let this action
be ergodic. Let 	 be the Dyadic Group. Then the G-action is equivalent to some
ergodic action of 	 , with a free, dense orbit 	Œs0�.

Proof Since SR is hyperseparable and the G-action is ergodic, it follows from
Proposition 6.5.5 that there exists a G-invariant, dense Gı set Y1 � SR such that for
each y 2 Y1, the orbit GŒy� is dense. By Proposition 6.5.10, there exists a G-invariant,
dense Gı-set Y2 � SR, such that the action of G on Y2 is pseudo free. Since SR is a
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Baire space, Y1 \ Y2 is a dense Gı set. Let s0 be any point in Y1 \ Y2. Then GŒs0� is
an orbit which is dense and pseudo free. It now follows from Theorem 6.7.2 that the
action of G on SR is equivalent to an action of 	 on SR, where 	Œs0� is a free, dense
orbit. ut

It follows from Lemma 6.9.2 and Exercise 6.6.7 that it suffices to prove our claim
when G is the Dyadic Group and the orbit GŒs0� is free and dense. So from now on
we make these assumptions. Incidentally, since g D g�1 for each element of the
Dyadic Group, it follows that

"0
g. f / D f ı "g�1 D f ı "g D hg. f /.

Let us recapitulate (see Corollary 6.5.4 some observations about ProjC.SR/; the
complete Boolean algebra of projections in C.SR/. It contains a countable subalge-
bra B0 such that each element of ProjC.SR/ is the supremum of the (countable) set
of elements it dominates; that is B0 is order dense in ProjC.SR/. To see this, just
identify C.SR/ with B.2N/=M.2N/ and take B0 to be the countable Boolean algebra
whose elements are �K , where K is a clopen subset of 2N. Now let ƒ be a countable
group of homomorphisms of C.SR/. Then the saturation of B0 by ƒ is a countable
set which generates a countable Boolean algebra B1 � ProjC.SR/ where B1 is ƒ-
invariant. Clearly B1 is order dense in ProjC.SR/. If B1 has an atom then this would
also be an atom of ProjC.SR/ so B1 is non-atomic.

Since B1 is countably infinite, it is a quotient of the free Boolean algebra on @0
generators. The structure space of this free algebra is 2N. By the duality between
the category of Boolean algebras and the category of compact Hausdorff totally
disconnected spaces, it follows that the structure space of B1 is homeomorphic to F,
a closed subspace of 2N. Then F is a separable, compact, totally disconnected metric
space. Also, since B1 has no atoms, F has no isolated points, that is, F is perfect.
But the Cantor set is the unique totally disconnected, perfect compact metric space
[167, Corollary 30.5]. So F is homeomorphic to 2N.

Thus there is a Boolean isomorphism � from ProjC.2N/ onto B1 � C.SR/. We
may think of � as a finitely additive measure which we extend, first to simple
functions then to a linear map … from C.2N/ into C.SR/. It is straightforward to
check that … is a �-isomorphism whose range, A1, is a closed �-subalgebra of
C.SR/. Since A1 is the closed linear span of B1, A1 is invariant under the action
of ƒ.

Alternatively we may establish directly that A1 is a regular subalgebra of C.SR/

and so C.SR/ is the regular completion of A1. Since A1 is generated by its projections
and is a separable Banach space, its spectrum F is a zero-dimensional compact
metric space with no isolated points and so F is homeomorphic to 2N.

We shall make use of the results of Exercise 6.4.9.

Theorem 6.9.3 Let SR be the spectrum of the Dixmier algebra. Let .SR;G; "/ be
a dynamical system where the (countably infinite) group G has a non-degenerate
action as homeomorphisms of SR. Let the action " be ergodic. Then this action is
generically equivalent to the canonical action of

L
Z2 on SR.
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Proof By Lemma 6.9.2 we can suppose that G is the Dyadic Group ˚Z2 and
that its action on SR has a free, dense orbit. Let "0 be the dual action of G as
automorphisms of C.SR/. Using the observations made above, these automorphisms
act on a subalgebra A0 which is isomorphic to C.2N/ (and where B.2N/=M.2N/ can
be identified with C.SR/).

Let h0g be the restriction of hg D "0
g to A0 D C.2N/. Then, by duality, there is

an action ˇ W G 7! Homeo.2N/ such that h0g.a/ D a ı ˇg for each a in C.2N/. By
Lemma 6.4.2, h0g has a unique extension to a homomorphism Hg of B.2N/=M.2N/.
It follows from this uniqueness that Hg can be identified with "0

g.
Let � be the quotient homomorphism of B.2N/ onto B.2N/=M.2N/. Then, by

Lemma 6.4.2, Hg.�. f // D �. f ıˇg/. That is "0
g.�. f // D �. f ıˇg/. In the notation

of that Lemma, b̌g D "g.
It now follows from Proposition 6.4.4 that the action ˇ has a dense orbit in the

perfect Polish space 2N. We can now apply Theorem 6.8.1.
As above, we use � for the natural action of 	 on 2N. Then there exist dense Gı

sets X1 � 2N and X2 � 2N with a homeomorphism 
 W X2 7! X1 with the following
properties. First, X1 is invariant under the action of ˇ and X2 is invariant under the
action of �. Secondly, the action ˇ, restricted to X1 is strongly equivalent to the
action � 7! 
��


�1 on X1.
Fix � and put ˛� D 
��


�1. Then, strong equivalence tells us that there exists a
sequence of disjoint Borel sets .K. j//, where each K. j/ is a clopen subset of X1 in
the relative topology and

S
j�1K. j/ D X1.

Also there exists a sequence .g. j// in G, such that, for each j, ˛� jK. j/ D ˇg. j/jK. j/.
We saw in Exercise 6.4.9 that we may identify B.2N/=M.2N/ with B.X1/=M.X1/.

When �1 is the quotient homomorphism of B.X1/ onto B.X1/=M.X1/ then we
can identify �. f / with �1 .Rf / where Rf is the restriction of f to X1. To avoid
unnecessary complications of notation we shall usually blur the distinction between
f and Rf ; and write � instead of �1. This is analogous to measure theory where we
do not distinguish between two functions which only differ on a set of measure zero,
indeed if the functions are only defined almost everywhere this does not bother us.
In the following we shall make free use of such identifications.

For each j and any f 2 B.X1/,

�K. j/Rf ı ˛� D �K. j/f ı ˇg. j/.

So

�.�K. j//�.Rf ı ˛�/ D �.�K. j//�. f ı ˇg. j//

D �.�K. j//Hg. j/.�. f //

D �.�K. j//"
0
g. j/.�. f //.



6.10 Summary and Preview 179

For each j, �.�K. j// can be identified with a projection in C.SR/ and so with
�C. j/ where C. j/ is a clopen set. Since � is a homomorphism it maps orthogonal
projections to orthogonal projections. So .C. j// is a sequence of disjoint clopen
sets.

Since � is a �-homomorphism onto C.SR/, and
S

j�1K. j/ is a dense open subset
of X1, it follows that

S
j�1C. j/ is a dense open subset of SR.

From the above, we have �C. j/�. f ı ˛�/ D �C. j/"
0
g. j/.�. f // D �C. j/�. f / ı "g. j/.

Using Lemma 6.4.2, the action � 7! ˛� on X1 induces an action � 7! b̨� on SR

where �. f ı ˛�/ D �. f / ı b̨�.
So �C. j/�. f / ı b̨� D �C. j/�. f / ı "g. j/.
It now follows that b̨� is strongly decomposable over

S
j�1C. j/ with respect to

the action g 7! ˇg. Similar arguments show that each b̌
g is decomposable over S

with respect to the action � 7! b̨�. So the actions Ǫ and Ǒ are equivalent over S.
If we can show that the action Ǫ is generically equivalent to the action O� then we

are done.
By Exercise 6.4.9 (c) the map f 7! f ı
 induces an isomorphism of B.X1/=M.X1/

onto B.X2/=M.X2/. On identifying these algebras with C.SR/ we see that there is an
automorphism of C.SR/, V such that the Ǫ 0 and O�0 actions on C.SR/ are conjugate.
Hence the actions Ǫ and O� are conjugate. So they are generically equivalent. ut

6.10 Summary and Preview

We claimed in Sect. 1.2 that when a countable group G acts as homeomorphisms of
a compact extremally disconnected space S then we can construct a corresponding
monotone complete C�-algebra ME , where ME is determined by the orbit equiv-
alence relation E for the G-action. We have seen that actions by different groups
can give rise (modulo meagre sets) to the same orbit equivalence relation; hence to
the same monotone complete C�-algebra. We shall show how to construct algebras
from orbit equivalence relations in the next chapter.

We shall see that ergodicity implies that the corresponding algebra is a factor,
that is, has one-dimensional centre. We know, from Lemma 6.3.1, that if G acts
ergodically on S, then each orbit is either dense or nowhere dense. It is possible
for every orbit to be nowhere dense. (In particular this must hold when E is not
separable). But the existence of a single (pseudo) free dense G-orbit in S has
major implications. In particular the corresponding algebra ME will be shown to
be generated by an increasing sequence of finite dimensional matrix algebras i.e.
“hyperfinite”.

Because of their importance for constructing monotone complete C�-algebras
we shall, later on, give many examples of G-actions on compact extremally
disconnected spaces.

When the action of G has a pseudo free, dense orbit in S then we have shown that
the orbit equivalence relation (and hence the associated algebra) can be obtained



180 6 Generic Dynamics

(modulo meagre sets) from an action of
L

Z2 with a free, dense orbit. So, for the
purpose of constructing monotone complete C�-algebras, it suffices to find free,
dense group actions when the group is

L
Z2. In essence, we shall show that such

an action exists on each of 2c compact, separable spaces. This gives rise to 2c small
hyperfinite factors, where each such factor has a different weight in the classification
semigroup.



Chapter 7
Constructing Monotone Complete C�-Algebras

We build monotone complete C�-algebras from equivalence relations on topological
spaces. This is applied to orbit equivalence relations associated with the action of
a countable group G. In general, these algebras may be identified with monotone
cross-product algebras arising from actions of G on commutative monotone com-
plete C�-algebras. Since different groups can give rise to the same orbit equivalence
relation, this can be used to show that, apparently different monotone cross-product
algebras, are in fact, isomorphic.

7.1 Monotone Complete C�-Algebra of an Equivalence
Relation

The idea of constructing a C�-algebra or a von Neumann algebra from a groupoid
has a long history and a vast literature; there is an excellent exposition in [162].
Here, instead of general groupoids, we use an equivalence relation with count-
able equivalence classes. Our aim is to construct monotone complete (monotone
�-complete) algebras by a modification of the approach used in [157]. We try to
balance conciseness with putting in enough detail to convince the reader that this is
an easy and transparent way to construct huge numbers of examples of monotone
complete C�-algebras which are factors. In other words these algebras have one-
dimensional centres.

We shall also give a sketch of the close connections with monotone cross-product
algebras.

In this section, X is a topological space which is homeomorphic to a Gı-subset
of a compact Hausdorff space. Every locally compact space and every Polish space
(see Lemma 6.5.1) satisfies this condition. Clearly X is a completely regular, Baire
space. We could work with more general topological spaces but this is not necessary
for our applications.

© Springer-Verlag London 2015
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As before, let B.X/ be the set of all bounded complex valued Borel functions
on X. When equipped with the obvious algebraic operations and the supremum
norm, it becomes a commutative C�-algebra. Clearly B.X/ is monotone �-complete.

In the following it would be easy to use a more general setting, where we do not
assume a topology for X, replace the field of Borel sets with a �-field T , and use
T -measurable bijections instead of homeomorphisms. But we stick to a topological
setting which is what we need later.

Let G be a countable group of homeomorphisms of X and let

E D f.x; y/ 2 X � X W 9g 2 G such that y D g.x/g.

Then E is the graph of the orbit equivalence relation on X arising from the action
of G. We shall identify this equivalence relation with its graph. We know, from the
work of Chap. 6, that the same orbit equivalence relation can arise from actions by
different groups.

We see below that E is the union of countably many closed sets. Thus E is an
F� -subset of X � X. Each equivalence class for E is an orbit GŒx� and so countable.

Let us recall that for A � X, the saturation of A (by E) is

EŒA� D fy 2 X W 9 x 2 A such that xEyg
D SfgŒA� W g 2 Gg.

Since each g is a homeomorphism, it follows that the saturation of a Borel set is
also a Borel set.

A slightly different approach, which has many merits, is to “axiomatise”
equivalence relations. More precisely, take as fundamental object, an equivalence
relation E; whose graph is a Borel set and whose equivalence classes are countable.
(Countable Borel equivalence relations and their relationship with von Neumann
algebras were penetratingly analysed in [41] and [42].) See also the important
contributions of Hjorth and Kechris [80] and [79]. When X is a Polish space then, by
a theorem of Feldman and Moore [41] and [42], E is the orbit equivalence relation
arising from the action of a countable group of Borel bijections of X. How far the
Feldman-Moore theorem can be generalised when X is not a standard Borel space
is unknown. Instead of pursuing this issue, we shall only consider orbit equivalence
relations which arise from actions by countable groups of homeomorphisms. For all
our applications this will suffice.

Exercise 7.1.1 Show that the separable space f0; 1gR is not a standard Borel space.
Hint: When X is a standard Borel space, either it is countable or #X D c D #R.

Definition 7.1.2 Let I be a �-ideal of the Boolean algebra of Borel subsets of X
with X … I.

Definition 7.1.3 Let BI be the set of all f in B.X/ such that fx 2 X W f .x/ ¤ 0g is
in I.
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Then BI is a �-ideal of B.X/. (See Sect. 4.2.) Let q be the quotient homomor-
phism from B.X/ onto B.X/=BI .

Lemma 7.1.4 Let A 2 I. Then EŒA� 2 I if, and only if, gŒA� 2 I for every g 2 G.

Proof For each g 2 G, gŒA� � EŒA�. Since I is an ideal, if EŒA� 2 I then gŒA� 2 I.
Conversely, if gŒA� 2 I for each g; then EŒA� is the union of countably many

elements of the �-ideal and hence in the ideal. ut
In the following we require that the action of G maps the ideal I into itself.

Equivalently, for any A 2 I, its saturation by E is again in I. This is automatically
satisfied if I is the ideal of meagre Borel sets but we do not wish to confine ourselves
to this situation.

We show how orbit equivalence relations on X give rise to monotone complete
C�-algebras. A key point (see the remarks above) is that these algebras are
constructed from the equivalence relation without explicit mention of G. But in
establishing the properties of these algebras, the existence of an underlying group is
assumed. This construction (similar to a groupoid C�-algebra) seems particularly
natural and transparent. When applied to examples of countable groups acting
ergodically on compact extremally disconnected spaces, this machinery produces
huge numbers of small factors; factors which take 2c different values in the
classification semigroup.

We shall consider monotone cross-products in Sect. 7.2. We will indicate why,
for countable groups acting on commutative algebras, the corresponding monotone
cross-products are essentially the same as the algebras constructed from an equiva-
lence relation.

An account of monotone cross-products for a countable group 	 acting as
homomorphisms of a commutative monotone complete C�-algebra A, was given
in [132]. This was generalised to the situation where A is not commutative in [64].

We could work in greater generality (for example we could weaken the condition
that the elements of G be homeomorphisms or consider more general groupoid
constructions) but for ease and simplicity we avoid this. We are mainly interested in
two situations. First, where X is an “exotic” space but I is only the ideal of meagre
Borel subsets of X. Secondly, where X is just the Cantor space but I is an “exotic”
ideal of the Borel sets.

For each x 2 X let Œx� be the equivalence class generated by x. Let ŒX� be the set
of all equivalence classes. Let `2.Œx�/ be the Hilbert space of all square summable,
complex valued functions from Œx� to C. For each y 2 Œx� let ıy 2 `2.Œx�/ be
defined by

ıy.z/ D 0 for z ¤ yI ıy.y/ D 1.

Then fıy W y 2 Œx�g is an orthonormal basis for `2.Œx�/ which we shall call the
canonical basis for `2.Œx�/. For each x 2 X, L.`2.Œx�// is the von Neumann algebra
of all bounded operators on `2.Œx�/. (In the rest of the book we would denote the
bounded operators on `2.Œx�/ by L.`2.Œx�/) but because, in this section, we shall
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use “L” for something else, we use “L” to avoid confusion.) We now form a direct
product of these algebras by:

S D Q

Œx�2ŒX�
L.`2.Œx�//.

Remark 7.1.5 One possible source of confusion is a clash of terminology. The
“direct product” of von Neumann algebras is more usually called a “direct sum of
von Neumann algebras” [157, 161]. But, in order to be consistent with our Chap. 3,
we shall use “direct product”.

The direct product of a family of C�-algebras, as defined in [15] is

Q

!2

A! D f.a!/ W supjja!jj < 1g.

We observed in Chap. 3, that when each A! is monotone complete then so, also,
is
Q

!2

A! . When the A! are all von Neumann algebras then so is

Q

!2

A! .

We see that S is a Type I von Neumann algebra, being a direct product of such
algebras. It acts on the Hilbert space which is the direct sum of the spaces `2.Œx�/.
It is of no independent interest but is a framework in which we embed an algebra
of “Borel matrices” and then take a quotient, obtaining monotone complete C�-
algebras. To each operator F in S we can associate, uniquely, a function f W E 7! C

as follows. First we decompose F as:

F D Q

Œx�2ŒX�
FŒx�.

Here each FŒx� is a bounded operator on `2.Œx�/. Then F acts on the direct sum of
these Hilbert spaces. Now recall that .x; y/ 2 E precisely when y 2 Œx�. We now
define f W E 7! C by

f .x; y/ D< FŒx�ıy; ıx > .

When f is restricted to Œx� � Œx� then it becomes the matrix representation of FŒx�
with respect to the canonical orthonormal basis of `2.Œx�/. It follows that there is a
bijection between operators in S and those functions f W E 7! C for which there is
a constant k such that, for each Œx� 2 ŒX�, the restriction of f to Œx�� Œx� is the matrix
of a bounded operator on `2.Œx�/ whose norm is bounded by k. Call such an f matrix
bounded. For each matrix bounded f let L. f / be the corresponding element of S.
Then f .x; y/ D< L. f /ıy; ıx > for y 2 Œx�.

For any � 2 `2.Œx�/ we have

jj�jj2 D P
y2Œx�j < �; ıy > j2.
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So

jjL. f /�ıxjj2 D P
y2Œx�j < L. f /�ıx; ıy > j2 D P

y2Œx�j f .x; y/j2.

On applying the Cauchy-Schwarz inequality, it follows that when f and h are
matrix bounded functions from E to C, then

P
y2Œx� f .x; y/h.y; z/ is absolutely

convergent.
Straightforward matrix manipulations give

L. f /L.h/ D L. f ı h/

where

f ı h.x; z/ D
X

y2Œx�
f .x; y/h.y; z/.

Also L. f /� D L. f �/; where f �.x; y/ D f .y; x/ for all .x; y/ 2 E.
Furthermore f C h is matrix bounded and L. f C h/ D L. f /C L.h/.
Let jj f jj D jjL. f /jj.

Exercise 7.1.6 Give a detailed proof that the matrix bounded functions on E, when
equipped with the norm and algebraic operations described above, form a C�-
algebra and f 7! L. f / is an (isometric) �-isomorphism of this algebra onto S.

Let � be the diagonal set f.x; x/ W x 2 Xg. It is closed, because the topology of X
is Hausdorff. It is an easy calculation to show that L.��/ is the unit element of S.
We note that �� is matrix bounded because it comes from the identity operator in
S.

For each g 2 G; the map .x; y/ 7! .x; g.y// is a homeomorphism of X � X onto
itself. So this homeomorphism maps� onto a closed set f.x; g.x// W x 2 Xg.

Let us recall that

E D S

g2G
f.x; g.x// W x 2 Xg.

So E is the union of countably many closed sets; it is an F� - set. In particular, E
is a Borel subset of X � X.

Definition 7.1.7 Let M.E/ be the set of all Borel measurable functions f W E 7! C

which are matrix bounded.

Exercise 7.1.8 Let Y and Z be Hausdorff spaces. Let f W Y 7! Z be a Borel map.
Prove that f �1ŒT� is a Borel subset of Y whenever T is a Borel subset of Z.

Hint: Let B D fT 2 BorZ W f �1ŒT� 2 BorYg. Show that B is a �-field containing
the open sets of Z.
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Exercise 7.1.9 Let Y;Z;W be Hausdorff spaces. Let f W Y 7! Z and g W Z 7! W be
Borel maps. Show that gf W Y 7! W is a Borel map.

Lemma 7.1.10 The set M D fL. f / W f 2 M.E/g is a C�-subalgebra of S
which is sequentially closed with respect to the weak operator topology of S. When
equipped with the appropriate algebraic operations and norm, M.E/ is a C�-
algebra isomorphic to M.

Proof Let f and h be in M.E/. Clearly f C h is Borel measurable, and, as remarked
above, matrix bounded. So f C h is in M.E/. Similarly, scalar multiples of f are in
M.E/.

Let 
 be the homeomorphism of X � X onto itself defined by 
.x; y/ D .y; x/.
Then its restriction to E is a homeomorphism of E onto itself. So

.x; y/ 7! f .
 .x; y//

is a Borel function. But f � is the complex conjugate of this Borel function. So f � 2
M.E/.

We now wish to show that f ı h is Borel measurable.
First let g1; g2; : : : be an enumeration of G, without repetitions. (When G is a

finite group the same arguments work, but with finite sums instead of infinite series.)
Let �r D f.x; grx/ W x 2 Xg. Since, see above,�r is a closed subset of X � X it is a
Borel subset of E. Because G is not required to act freely, the sets .�r/ .r D 1; 2 : : :/

cannot be assumed to be pairwise disjoint. So we define D1 D �1 and for r � 1;

DrC1 D �rC1n
rS

jD1
�j.

Then each Dr is a Borel subset of E; these Borel sets are pairwise disjoint and their
union is E. Let �Dn be the characteristic function of Dr.

Let fr D �Dr f . Then fr is a Borel function on E.
Fix x. Let y 2 Œx�, then �Dn.x; y/ D 0 unless y D gnx and gnx ¤ grx for any

r < n.
Absolute convergence of a series of complex numbers implies the order of

summation does not matter. So

f ı h.x; z/ D
X

y2Œx�
f .x; y/h.y; z/

D
1X

nD1
�Dn.x; gnx/f .x; gnx/h.gnx; z/

D
1X

nD1
fn.x; gnx/h.gnx; z/:
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The pointwise limit of a sequence of Borel functions is a Borel function. So, to
show that f ıh is Borel, it suffices to show that .x; z/ 7! fn.x; gnx/h.gnx; z/ is a Borel
function on E for each fixed n. But x 7! .x; gnx/ is a homeomorphism from X onto
�n. So x 7! f .x; gnx/ is a Borel function on X. Thus .x; z/ 7! fn.x; gnx/ is a Borel
function on E. Also the map .x; z/ 7! .gnx; z/ is a homeomorphism from E into E.
So .x; z/ 7! h.gnx; z/ is a Borel function on E. The pointwise product of two scalar
valued Borel functions on E is a Borel function. It now follows that f ı h is Borel.
So M is a �-subalgebra of S.

Let .L. fn// be a sequence in M which converges in the weak operator topology
of S to L. f /. So, for any x 2 X and any y 2 Œx�,

< L. fn/ıy; ıx >!< L. f /ıy; ıx > .

Thus fn.x; y/ ! f .x; y/. So f is a Borel function. Since it is also matrix bounded
(by the norm of L. f /), f 2 M.E/ and so L. f / 2 M.

Since S is a von Neumann algebra, it is a Banach dual space. When the weak
operator topology of S, and the weak*-topology of S are restricted to the (norm
closed) unit ball of S, they coincide. ut
Lemma 7.1.11 Let . fn/ be a sequence in the unit ball of M.E/ which converges
pointwise to f . Then f 2 M.E/ and L. fn/ converges to L. f / in the weak operator
topology of S. Also f is in the unit ball of M.E/.

Proof The weak operator topology gives a compact Hausdorff topology on the norm
closed unit ball of S.

Let Kn D fL. fj/ W j � ng and let clKn be its closure in the weak operator topology
of S. Then, by the finite intersection property, there exists T 2 T

n2N
clKn. If U is any

open neighbourhood of T, then U \ Kn is non-empty for all n.
Fix .x; y/ in E. Fix " > 0. Let U D fS 2 S W j < .S � T/ıy; ıx > j < "g. Then we

can find a subsequence . fn.r//.r D 1; 2 : : :/ for which L. fn.r// 2 U for each r. Thus
j fn.r/.x; y/� < Tıy; ıx > j < ". So j f .x; y/� < Tıy; ıx > j � ". Since this holds for
all positive "; we have f .x; y/ D< Tıy; ıx >. So T D L. f /.

Let T be the locally convex topology of S generated by all seminorms of the
form V 7! j < Vıx; ıy > j as .x; y/ ranges over E. This is a Hausdorff topology
which is weaker than the weak operator topology. Hence it coincides with the weak
operator topology on the unit ball, because the latter topology is compact. But
< L. fn/ıy; ıx >! f .x; y/ D< L. f /ıy; ıx > for all .x; y/ 2 E.

It now follows that L. fn/ ! L. f / in the weak operator topology of S. Since f
is the pointwise limit of a sequence of Borel measurable functions, it too, is Borel
measurable. So f 2 M.E/ and, since T is in the unit ball of S; f is in the unit ball
of M.E/. ut

Let p be the homeomorphism of � onto X, given by p.x; x/ D x. So B.X/, the
algebra of bounded Borel measurable functions on X; is isometrically �-isomorphic
to B.�/ under the map h 7! h ı p.
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For each f 2 M.E/ let Df be the function on E which vanishes off the
diagonal,�; and is such that, for each x 2 X,

Df .x; x/ D f .x; x/.

Then D is a linear idempotent map from M.E/ onto an abelian subalgebra which
we can identify with B.�/; which can, in turn, be identified with B.X/. Let QDf be
the function on X such that QDf .x/ D Df .x; x/ for all x 2 X. We shall sometimes
abuse our notation by using Df instead of QDf .

Let � W B.X/ 7! M.E/ be defined by �.h/.x; x/ D h.x/ for x 2 X and
�.h/.x; y/ D 0 for x ¤ y. Then � is a �-isomorphism of B.X/ onto an abelian
�-subalgebra of M.E/, which can be identified with the range of D.

We have � QDf D Df for f 2 M.E/. Also, for g 2 B.X/; QD�.g/ D g.

Lemma 7.1.12 The map D is positive.

Proof Each positive element of M.E/ is of the form f ı f �. But

D. f ı f �/.x; x/ D
X

y2Œx�
f .x; y/f �.y; x/ (#)

D
X

y2Œx�
f .x; y/f .x; y/

D
X

y2Œx�
j f .x; y/j2 � 0. ut

Definition 7.1.13

Let II D ff 2 M.E/ W q QD. f ı f �/ D 0g
D ff 2 M.E/ W 9A 2 I such that QD. f ı f �/.x/ D 0 for x … Ag.

Lemma 7.1.14 The set II is a two-sided ideal of M.E/.

Proof In any C�-algebra,

.a C b/.a C b/� � 2.aa� C bb�/.

So

D.. f C g/ ı . f C g/�/ � 2D. f ı f �/C 2D.g ı g�/.

From this it follows that if f and g are both in II then so also is f C g.
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In any C�-algebra,

fz. fz/� D fzz�f � � jjzjj2ff �.

From this it follows that f 2 II and z 2 M.E/ implies that f ı z 2 II .
Now suppose that f 2 II . Then for some A 2 I; D. f ı f �/.x/ D 0 for x … A.
Since EŒA� 2 I we can suppose that A D EŒA�. Hence if x … EŒA� then Œx� \

EŒA� D ¿. For x … EŒA�, we have

0 D D. f ı f �/.x/ D
X

y2Œx�
j f .x; y/j2.

Thus f .x; y/ D 0 for xEy and x … A. Then, for z … A, we have D. f � ı f /.z/ DP
y2Œz� j f �.z; y/j2 D P

y2Œz� j f .y; z/j2 D 0. So f � 2 II . So II is a two-sided ideal of
M.E/. ut
Lemma 7.1.15 If y 2 II then q QD.y/ D 0. Furthermore y 2 II if, and only if
q QD.y ı a/ D 0 for all a 2 M.E/.

Proof Let T be the (compact Hausdorff) structure space of the algebra B.X/=BI .
By applying the Cauchy-Schwarz inequality we see that for x; y in M.E/ and t 2 T,

jq QD.x� ı y/.t/j � q QD.x� ı x/.t/1=2q QD.y� ı y/.t/1=2.

Let x D 1 and let y 2 II . Then y� 2 II . So q QD.y� ı y/ D 0. From the above
inequality it follows that q QD.y/ D 0.

Because II is an ideal, if y 2 II then y ı a is in the ideal for each a 2 M.E/. It
now follows from the above that q QD.y ı a/ D 0. Conversely, if q QD.y ı a/ D 0 for all
a 2 M.E/ then, on putting a D y� we see that y 2 II . ut
Lemma 7.1.16 LŒII � is a (two-sided) ideal of LŒM.E/�which is sequentially closed
in the weak operator topology of S.

Proof Let . fr/ be a sequence in II such that .L. fr// is a sequence which converges
in the weak operator topology to an element T of S. Then it follows from
the Uniform Boundedness Theorem that the sequence is bounded in norm. By
Lemma 7.1.10, there exists f 2 M.E/ such that L. f / D T where L. fr/ ! L. f / in
the weak operator topology. So fr ! f pointwise. Hence QD. fr/ ! QD. f / pointwise.
For each r there exists Ar 2 I such that x … Ar implies QD. fr/.x/ D 0. Since I is a
Boolean �-ideal of the Boolean algebra of Borel subsets of X, [fAr W r D 1; 2 : : :g
is in I. Hence q QD. f / D 0.

For any a 2 M.E/; . fr ı a/ is a sequence in II such that .L. fr ı a// converges
in the weak operator topology to L. f /L.a/. So, as in the preceding paragraph,
q QD. f ı a/ D 0. By appealing to Lemma 7.1.15 we see that f 2 II . Hence LŒII �
is sequentially closed in the weak operator topology of S. ut
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Corollary 7.1.17 The algebra M.E/ is monotone �-complete and II is a �-ideal.

Proof Each norm bounded monotone increasing sequence in L.M.E// converges
in the strong operator topology to an element T of S. By Lemma 7.1.10, T 2
L.M.E//. Then T D L. f / for some f 2 M.E/. Hence L.M.E// (and its isomor-
phic image, M.E/) are monotone �-complete. It now follows from Lemma 7.1.16,
that II is a �-ideal. ut
Definition 7.1.18 Let Q be the quotient map from M.E/ onto M.E/=II .

Proposition 7.1.19 The algebra M.E/=II is monotone �-complete. There exists
a positive, faithful, �-normal, conditional expectation OD from M.E/=II onto a
commutative �-subalgebra, which is isomorphic to B.X/=BI . Furthermore, if there
exists a strictly positive linear functional on B.X/=BI; then M.E/=II is monotone
complete and OD is normal.

Proof By Proposition 2.2.21 and Corollary 7.1.17, the quotient algebra M.E/=II
is monotone �-complete.

Let g 2 B.X/. Then, as remarked before Lemma 7.1.12, QD�.g/ D g.
Now �.g/ 2 II if, and only if, q QD.�.g/ ı �.g/�/ D 0.
But q QD.�.g/ ı �.g/�/ D q QD.�.jgj2/ D q.jgj2/.
So �.g/ 2 II if and only if jgj2 2 BI i.e. if and only if g vanishes off some set

A 2 I i.e. if and only if g 2 BI .
So � induces an isomorphism from B.X/=BI onto DŒM.E/�=II .
Let h 2 II . Then, by Lemma 7.1.15, q QD.h/ D 0. That is, QD.h/ 2 BI . So � QD.h/ 2

II . But � QD.h/ D Dh.
So h 2 II implies QDh D 0. It now follows that we can define OD on M.E/=II

by OD . f C II/ D QDf .
It is clear that OD is a positive linear map which is faithful. Its range is an abelian

subalgebra of M.E/=II . This subalgebra is DŒM.E/�=II which, as we have seen
above, is isomorphic to B.X/=BI . We shall denote DŒM.E/�=II by A and call it the
diagonal algebra. Furthermore, OD is idempotent, so it is a conditional expectation.

Let . fn/ be a sequence in M.E/ such that .Qfn/ is an upper bounded monotone
increasing sequence in M.E/=II . Then, by Corollary 2.2.18, we may assume that
. fn/ is an upper bounded, monotone increasing sequence in M.E/. Let Lf be the
limit of .Lfn/ in the weak operator topology. (Since the sequence is monotone, Lf
is also its limit in the strong operator topology.) By Lemma 7.1.10, f 2 M.E/; and
fn.x; x/ ! f .x; x/ for all x 2 X. Thus Dfn ! Df pointwise on X. Also, since D is
positive, .Dfn/ is monotone increasing. Since Q is a �-homomorphism, QDf is the
least upper bound of .QDfn/. Since OD . f C II/ D QDf it now follows that OD is
�-normal.

If � is a strictly positive functional on B.X/=BI then � OD is a strictly positive
linear functional on M.E/=II . It then follows from Theorem 2.1.14 that M.E/=II
is monotone complete. Furthermore, if ƒ is a downward directed subset of the
self-adjoint part of M.E/=II , with 0 as its greatest lower bound, then there exists
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a monotone decreasing sequence .xn/, with each xn in ƒ, and
V

xn D 0. It now
follows from the �-normality of OD that 0 is the infimum of f OD.x/ W x 2 ƒg. Hence
OD is normal. ut

We now make additional assumptions about the action of G and use this to
construct a natural unitary representation of G. We give some technical results
which give an analogue of Mercer-Bures convergence, see [101] and [23]. This
will be useful later when we wish to approximate elements of M.E/=II by finite
dimensional subalgebras.

For the rest of this section we suppose that the action of G on X is free on each
orbit i.e. for each x 2 X; x is not a fixed point of g, where g 2 G; unless g is the
identity element of G.

For each g 2 G, let �g D f.x; gx/ W x 2 Xg. Then the �g are pairwise disjoint
and E D [g2G�g.

For each g 2 G, let ug W E 7! f0; 1g be the characteristic function of�g�1 . As we
pointed out earlier, ��is the unit element of M.E/, so, in this notation, u� is the unit
element of M.E/.

The function ug on E is matrix bounded. To show this, we shall define an operator
T 2 S such that < Tıy; ıx >D ug.x; y/ for .x; y/ 2 E.

For each x 2 X, let �g.Œx�/ 2 L.`2.Œx�// be defined by

�g.Œx�/�.y/ D �.g�1y/ for each y 2 Œx� and � 2 `2.Œx�/:

Then �g.Œx�/ is a unitary operator on `2.Œx�/ for each g 2 G. Let Vg 2 S be Vg D
˚Œx��g.Œx�/. Clearly Vg 2 S. For each .x; y/ 2 E; we have

< Vgıy; ıx >D< �g.Œx�/ıy; ıx >D ��g�1 .x; y/:

So, ug is matrix bounded.
For each .x; y/ 2 E we have:

ug ı uh.x; y/ D
X

k2G

ug.x; kx/uh.kx; y/.

But ug.x; kx/ ¤ 0, only if k D g�1 and uh.g�1x; y/ ¤ 0 only if y D h�1g�1x D
.gh/�1x. So ug ı uh D ugh.

Also u�
g .x; y/ D ug.y; x/ D ug.y; x/. But ug.y; x/ ¤ 0 only if x D g�1y, that

is, only if y D gx. So u�
g .x; y/ D ug�1 .x; y/. It follows that g 7! ug is a unitary

representation of G in M.E/.
Let f be any element of M.E/. Then

f ı ug.x; y/ D
X

z2Œx�
f .x; z/ug.z; y/ D f .x; gy/. (i)
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So, for each x 2 X,

D. f ı ug/.x; x/ D f .x; gx/.

Then

D. f ı ug/ ı ug�1 .x; y/ D
X

z2Œx�
D. f ı ug/.x; z/ug�1 .z; y/

D D. f ı ug/.x; x/ug�1 .x; y/

D f .x; gx/��g.x; y/.

So

D. f ı ug/ ı ug�1 .x; y/ D
�

f .x; y/ if .x; y/ 2 �g

0 if .x; y/ … �g.
(ii)

The identity (#), used in Lemma 7.1.12, can be re-written as

D. f ı f �/.x; x/ D
X

g2G

j f .x; gx/j2 (iii)

D
X

g2G

jD. f ı ug/.x; x/j2

D
X

g2G

j QD. f ı ug/.x/j2.

Let F be any finite subset of G. Let fF D P
g2F D. f ı ug/ ı ug�1 . Then, using (ii),

. f � fF/.x; y/ D
�

0 if .x; y/ 2 �g and g 2 F
f .x; y/ if .x; y/ 2 �g and g … F.

We now replace f by f � fF in (iii) and get:

D.. f � fF/ ı . f � fF/
�/.x; x/ D

X

g2GnF

jD. f ı ug/.x; x/j2 D
X

g2GnF

j QD. f ı ug/.x/j2.

(iv)

Now let .Fn/.n D 1; 2 : : :/ be any strictly increasing sequence of finite subsets
of G whose union is G. Write fn for fFn . Then

D.. f � fn/ ı . f � fn/�/.x; x/ decreases monotonically to 0 as n ! 1.
Since Q is a �-homomorphism,

V
QD.. f � fn/ ı . f � fn/

�/ D 0. (v)
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For each g 2 G, let Ug D Qug. Since Q is a �-homomorphism onto M.E/=II , Ug

is a unitary and g 7! Ug is a unitary representation of G in M.E/=II. On applying
the preceding paragraph we get:

Proposition 7.1.20 Let z 2 M.E/=II . Let .F.n//.n D 1; 2 : : :/ be a strictly
increasing sequence of finite subsets of G whose union is G. Let zn DP

g2F.n/
OD.zUg/Ug�1 . Then

V OD..z � zn/.z � zn/
�/ D 0.

Corollary 7.1.21 Let z 2 M.E/=II such that OD.zUg/ D 0 for each g. Then z D 0.

Proof This follows from Proposition 7.1.20 because zn D 0 for every n. ut
Lemma 7.1.22 For each f 2 M.E/ and each g 2 G, u�

g ı f ı ug.x; y/ D f .gx; gy/.
In particular, f vanishes off � if, and only if, u�

g ı f ı ug vanishes off �.

Proof Let h 2 M.E/. Then, applying identity (i) we get .u�
g ı h/.a; b/ D .h� ı

ug/
�.a; b/ D .h� ı ug/.b; a/ D h�.b; ga/ D h.ga; b/.
Let h D f ı ug. Then u�

g ı f ı ug.x; y/ D f ı ug.gx; y/ D f .gx; gy/. ut
Corollary 7.1.23 For each a 2 A , the diagonal algebra, and for each g 2
G;UgaU�

g is in A.

7.1.1 Induced Actions

Let K be a compact Hausdorff space. Let � be a homeomorphism of K onto
itself. Then, see the discussion following Lemma 6.4.1 in Sect. 6.4, the induced
automorphism on C.K/ is defined by

h�. f / D f ı �.

Every �-automorphism of C.K/ arises in this way from a homeomorphism of K.
We recall that Homeo.K/ is the group of homeomorphisms of K onto itself. Then

the map 
 7! h
 is a bijective map from HomeoK onto Aut.C.K//, the group of �-
automorphisms. In general this is not a group isomorphism but an anti-isomorphism.

Let us recall that for any group	 , the opposite group,	op, is the same underlying
set as 	 but with a new group operation defined by x � y D yx. Also 	op and 	 are
isomorphic groups, the map g 7! g�1 gives an isomorphism. So, in the preceding
paragraph, g 7! hg is a group isomorphism of Homeo.K/op into Aut.C.K//. Since
Homeo.K/op is isomorphic to Homeo.K/, this is not of major significance. But we
define hg D hg�1 for each g 2 Homeo.K/. Then g 7! hg is a group isomorphism of
Homeo.K/ onto the automorphism group of C.K/.
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Let � 7! ˛� be an action of a group 	 on K. Then the induced action of 	 as
automorphisms of C.K/ is � 7! ˛� where

˛� . f / D f ı ˛��1 .

Conversely, given an action � 7! ˛� of 	 as automorphisms of C.K/ this can be
identified with the dual of an action � 7! ˛� , of the group 	 as homeomorphisms
of K.

There is a potential clash of terminology which arises as follows. Consider the
category whose objects are the compact Hausdorff spaces and whose arrows are
the continuous maps between them. By Gelfand-Naimark theory, this is dual to the
category whose objects are the commutative, unital C�-algebras and whose arrows
are the �-homomorphisms. Take a compact Hausdorff X and a homeomorphism 


of X. It might seem natural to describe the automorphism of C.X) induced by 

as “dual” to 
 . But this could cause confusion. Because, when we consider actions
of abelian groups, we also refer to actions of the dual group. So we prefer to use
“induced”.

Lemma 7.1.24 Let T be a compact, totally disconnected space. Let 
 be a homeo-
morphism of T onto T. Let h
 be the automorphism of C.T/ induced by 
 . Let K be
a non-empty clopen set such that, for each clopen Q � T; .h
 .�Q/� �Q/�K D 0.
Then 
.t/ D t for each t 2 K. In other words, h
 . f / D f for each f 2 �KC.T/.

Proof Let us assume that t0 2 K such that 
.t0/ ¤ t0. By total disconnectedness,
there exists a clopen set Q with 
.t0/ 2 Q and t0 … Q. We have h
 .�Q/ D �
�1ŒQ�. So


�1ŒQ� \ K D Q \ K:

But t0 is an element of 
�1ŒQ� \ K and t0 … Q. This is a contradiction. ut
Let C be a monotone (�-)complete C�-algebra. We call an automorphism ˛

(of C) properly outer if there does not exist a non-zero ˛-invariant projection e 2 C
such that ˛ restricts to an inner automorphism of eCe. When C is commutative
and ˛ is properly outer, then for an ˛-invariant projection e, if ˛ restricts to the
identity on eCe, then e D 0. Let H be a group and let g 7! ˛g be an injective group
homomorphism ˛ W H 7! AutC. That is, ˛ is an action of H on C.

When, for each h 2 H n f�g, ˛h is properly outer, we call ˛ a free action.
We recall that, on putting A D ODŒM.E/=II �, we have UgAU�

g D A for each
g 2 G. Then we can define the �-automorphism �g of A by �g.a/ D UgaU�

g for
a 2 A and g 2 G. Then g 7! �g is a group homomorphism of G into AutA.

Proposition 7.1.25 When the action � of G is free on A then ODŒM.E/=II� is a
maximal abelian �-subalgebra of M.E/=II .

Proof Let z commute with each element of ODŒM.E/=II �. Let a D OD.z/. We shall
show that z D a. By Corollary 7.1.21 it will suffice to show that OD..z � a/Ug/ D 0

for each g 2 G. We remark that OD.aUg/ D a OD.Ug/ D 0 for each g ¤ �.
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So it is enough to show that if g 2 G and g is not the identity element of G then
OD.zUg/ D 0.

We have, for each b 2 ODŒM.E/=II �, bz D zb. So

b OD.zUg/ D OD.bzUg/ D OD.zbUg/

D OD.zUgU�
g bUg/

D OD.zUg/U
�
g bUg

D U�
g bUg OD.zUg/.

This implies that .�g�1 .b/� b/ OD.zUg/ D 0. For shortness put c D OD.zUg/.
Assume that c ¤ 0. Then, by spectral theory, there exists a non-zero projection e

and a strictly positive real number ı such that ıe � cc�. Then

0 � ı.�g�1.b/� b/e.�g�1.b/� b/�

� .�g�1 .b/� b/cc�.�g�1 .b/� b/� D 0.

So, .�g�1 .b/ � b/e D 0 for each b in the range of OD. It now follows from

Lemma 7.1.24 that �g�1 .ea/ D ea for each a in the range of OD. But this
contradicts the freeness of the action of G. So OD.zUg/ D 0. It now follows that
z is in ODŒM.E/=II�. Hence ODŒM.E/=II� is a maximal abelian �-subalgebra of
M.E/=II . ut
Exercise 7.1.26 Let G act as a group of homeomorphisms of a compact zero-
dimensional space Z. Then this induces a dual action g 7! hg as automorphisms
of C.Z/. Suppose that g 7! hg is a free action, that is, hg is a properly outer
automorphism whenever g ¤ �. Show that there exists a dense, Gı-subset X, where
X is G-invariant and fg.x/ W g 2 Gg is a free orbit for every x 2 X. (Hint see [157].)
Could we strengthen this by showing that GŒz� is a free orbit for every point of Z?
To see that this is not always possible, put Z D 2Z and let s be the shift operation on
2Z. Now let Z act on 2Z by n 7! sn. This action has a fixed point.

Remark 7.1.27 We have said nothing about the centre of M.E/=II . Clearly it is
contained in each maximal abelian �-subalgebra. Let c be a central projection. Then

UgcU�
g D c

for each g. From this it can be deduced that c corresponds to a Borel subset of X,
C, where C is G-invariant. That is C D EŒC�. It now follows that M.E/=II has
one-dimensional centre precisely when each G-invariant Borel subset of X is in I
or is the compliment of a set in I. Now specialise to the situation where I is the
Boolean ideal of meagre Borel sets. Each Borel subset of X has the Baire property
i.e. differs from an open set only by a meagre set. It follows that when the action of
G on X is generically ergodic then M.E/=II has one-dimensional centre.
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A unitary w in a C�-algebra M is said to normalise a �-subalgebra A if
wAw� D A. For future reference we define the normaliser subalgebra of M.E/=II
to be the smallest monotone complete �-subalgebra of M.E/=II which contains
every unitary which normalises the diagonal subalgebra. It follows from Corol-
lary 7.1.23 that each Ug is a normalising unitary for the diagonal algebra, A D
ODŒM.E/=II�. Since each element of A is a finite linear combination of unitaries in
A, it follows immediately that A is contained in the normaliser subalgebra.

7.2 Introduction to Cross-Product Algebras

Cross-product constructions are of importance in C�-algebra theory and in the
theory of von Neumann algebras.

A detailed account of monotone cross-products for a countable group 	 acting
as homomorphisms of a commutative monotone complete C�-algebra A is given in
Saitô [132]; they were considered earlier by Takenouchi [159]. Eventually this was
generalised to the situation where A is not commutative by Hamana [64], who gives
a meticulous exposition.

Here we shall give a brief outline and sketch connections with the algebras
constructed in Sect. 7.1.

First let us recall some familiar facts. Let A be a unital C�-algebra. Let ˛ be an
automorphism of A. If there exists a unitary u 2 A such that, for each z 2 A; ˛.z/ D
uzu� then ˛ is said to be an inner automorphism. When no such unitary exists in A
then ˛ is an outer automorphism.

Let G be a countable group and let g 7! ˇg be an homomorphism of G into
the group of all automorphisms of A. Intuitively, a cross-product algebra, for this
action of G; is a larger C�-algebra, B; in which A is embedded as a subalgebra
and where each ˇg is induced by a unitary in B. More precisely, there is an injective
�-homomorphism j W A 7! B; and a group homomorphism g 7! Ug; (from G into the
group of unitaries in B/, such that, for each z 2 A; jˇg.z/ D Ugj.z/U�

g . So when we
identify A with its image jŒA� in B; although ˇg need not be an inner automorphism
of A it can be extended to an inner automorphism of the larger algebra B. We also
require that B is “in some sense” generated by jŒA� and the collection of unitaries Ug.
When A is a monotone complete C�-algebra, we can always construct a B which is
monotone complete.

For the purposes of this chapter we shall only consider the situation where A
is commutative. So for the rest of this section, A shall be a monotone complete
commutative C�-algebra. Hence A ' C.S/ where S is a compact, Hausdorff,
extremally disconnected space. We shall outline below properties of the monotone
cross-product of A by the action of countable groups. It turns out that they can be
identified with algebras already constructed in Sect. 7.1. In fact the constructions
in Sect. 7.1 can be used to give an alternative definition of these cross-products.
Historically, cross-products came first. One advantage of the Sect. 7.1 construction
is that it makes clear why some, apparently different, cross-product algebras are, in
fact, isomorphic.
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We shall suppose for the rest of this section that S has no isolated points. Then,
as remarked in Sect. 6.2, any dense subset Y has no isolated points. We shall also
require that C.S/ possesses a faithful state. We have seen that when S has a countable
dense set then C.S/ has a faithful state. The converse is false (consider L1Œ0; 1�.)

We now use Sect. 7.1 to relate monotone cross-products to the monotone
complete C�-algebra of an orbit equivalence relation.

Suppose that G is a countably infinite group of homeomorphisms of S, where the
action of G has a free, dense orbit. We shall show that the corresponding monotone
cross-product is isomorphic to one obtained by an action of

L
Z2.

For the convenience of the reader we recall some points from earlier chapters.
Let X be any dense subset of S. Then we recall that S can be identified with the

Stone-Czech compactification of X. So if f W X 7! C is a bounded continuous
function then it has a unique extension to a continuous function Of W S 7! C.
It follows that f 7! Of is an isometric �-isomorphism of Cb.X/, the algebra of
bounded continuous functions on X; onto C.S/. Similarly, as remarked earlier, any
homeomorphism 
 from X onto X has a unique extension to a homeomorphism
O
 from S onto S. We may abuse our notation by using 
 instead of O
 i.e. using
the same symbol for a homeomorphism of X and for its unique extension to a
homeomorphism of S. Slightly more generally, when X1 and X2 are dense subsets of
S, if there exists an homeomorphism of X1onto X2 then it has a unique extension to
a homeomorphism of S onto itself.

Following Corollary 7.1.23 we discussed induced actions. Let G be a countable
group and g 7! ˛g an action of G as homeomorphisms of S then g 7! ˛g is the dual
action of G as homomorphisms of C.S/. Here ˛g. f / D f ı ˛g�1 .

WARNING We also use g 7! �g to indicate an action of G as automorphisms of
an algebra. In other words, we prefer to indicate group actions by using subscripts
unless we wish to emphasise duality between a G-action on a space and the induced
action as automorphisms.

Let h be a �-automorphism of A. Recall that h is said to be properly outer if, for
each non-zero h-invariant projection p; the restriction of h to pA is not the identity.

Exercise 7.2.1 Let 
 be a homeomorphism of S onto itself. Let h
 be the corre-
sponding automorphism of C.S/. Let F be the fixed point set fs 2 S W 
.s/ D sg.
Show that h
 is properly outer if, and only if, the closed set F has empty interior.

Let 	 be a subgroup of Aut.A/ such that every element, except the identity, is
properly outer. Then recall that the action of 	 on A is said to be free.

Let G be a countable group of homeomorphisms of S. Then, by applying
Exercise 7.2.1, if g 7! ˛g is a free action of G on A then there exists a dense Gı-set
Y � S, where Y is G-invariant, such that, whenever g 2 G is not the identity, then
˛g has no fixed points in Y. In other words, for each y 2 Y; GŒy� is a free orbit.

Conversely, we have:

Lemma 7.2.2 Let X be a dense subset of S; where X is G-invariant. Let g 7! ˛g be
an action of G as homeomorphisms of S. Suppose GŒx� is a free orbit for each x 2 X.
Then g 7! ˛g is a free action of G on C.S/.
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Proof Let g 2 G; such that, ˛g is not properly outer. So, for some non-empty clopen
set K, and each f 2 C.S/;

�Kf D ˛g.�Kf / D .�K ı g�1/. f ı g�1/ D �gŒK�. f ı g�1/.

In particular, K D gŒK�. Suppose that x1 2 K with g.x1/ ¤ x1. Then we can find
a continuous function f which takes the value 1 at g.x1/ and 0 at x1. But, from the
equation above, this implies 0 D 1. So g.x/ D x for each x 2 K. Because X is dense
in S and K is a non-empty open set, there exists y 2 X \ K. So y is a fixed point of g
and GŒy� is a free orbit. This is only possible if g is the identity element of G. Hence
the action g 7! ˛g is free. ut

In the following, G is a countably infinite group of homeomorphisms of S and Y
is a dense Gı-subset of S, where Y is G-invariant. Let g 7! ˇg be the corresponding
action of G as automorphisms of A. We use M.C.S/;G/ to denote the associated
(Takenouchi) monotone cross-product. (A formal definition of the Takenouchi
cross-product can be found in Saitô [132] or [159].) We hope the discussion below
will make it clear why these algebras can be obtained in an alternative way by
using Sect. 7.1. We shall sketch a description of the monotone cross-product below.
We hope this “bird’s eye view” will be helpful.

The key fact is that, provided the G-action is free, the monotone cross-product
algebra can be identified with the monotone complete C�-algebra arising from the
G-orbit equivalence relation. The end part of Sect. 7.1 already makes this plausible.

Before saying more about the monotone cross-product, we outline some proper-
ties of monotone complete tensor products.

(Comment: An alternative, equivalent, approach avoiding the tensor product, is
to use the theory of Kaplansky-Hilbert modules [90–92, 166, 169].)

For the rest of this section, H is a separable Hilbert space and H1 is an arbitrary
Hilbert space. Let us fix an orthonormal basis for H. Then, with respect to this basis,
each V 2 L.H1/˝L.H/ has a unique representation as a matrix .Vij/, where each Vij

is in L.H1/. Let M be a von Neumann subalgebra of L.H1/. Then the elements of
M˝L.H/ are those V for which each Vij is in M. Let T be any set and Bnd.T/
the commutative von Neumann algebra of all bounded functions on T. (It may be
thought of as acting on the Hilbert space `2.T/.)

Then, it can be shown that Bnd.T/˝L.H/ is a von Neumann subalgebra of
L.`2.T//˝L.H/. It can be identified with the algebra of all matrices Œmij� over
Bnd.T/ for which t 7! Œmij.t/� is a norm bounded function over T.

We denote the commutative C�-algebra of bounded, complex valued Borel
measurable functions on Y by B.Y/. Then the product B.Y/ Q̋ L.H/ may be defined
as the monotone �-closure of B.Y/˝min L.H/ inside Bnd.Y/˝L. H/. The elements
of B.Y/ Q̋ L.H/ correspond to the matrices Œbij� where each bij 2 B.Y/ and y 7!
Œbij.y/� is a norm bounded function from Y into L.H/. See also [120].

Let H be the Hilbert space `2.G/ with the canonical orthonormal basis fıg W
g 2 Gg, where ıg.h/ D ıg;h for g; h 2 G. Let M� .B.Y/;G/ be the subalgebra of
B.Y/ Q̋ L.H/, consisting of those elements of the tensor product which have a matrix
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representation over B.Y/ of the form Œa�;� � .� 2 G; � 2 G/ where a��;�� .y/ D
a�;� .�y/ for all y 2 Y and all �; �; � in G. Let E be the orbit equivalence relation on
Y arising from G; that is

E D f.y; gy/ W y 2 Y; g 2 Gg.

Lemma 7.2.3 Assume that each g 2 G has no fixed points in Y unless g is the
identity element. Then M� .B.Y/;G/ is naturally isomorphic to M.E/.

Proof (Sketch) The correspondence between these two algebras is given as follows.
Let f 2 M.E/. For each �; � in G and, for all y 2 Y; let a�;� .y/ D f .�y; �y/.

Then a�;� is in B.Y/. Also the norm of Œa�;� .y/� is uniformly bounded for y 2 Y.
So Œa�;� � is in B.Y/ Q̋ L.H/. Also

a��;�� .y/ D f .��y; ��y/ D a�;� .�y/.

It now follows that Œa�;� � is in M� .B.Y/;G/.
Conversely, let Œa�;� � be in M� .B.Y/;G/. We now use the hypothesis of freeness

for the action of G on Y, to deduce that .f.y; �y/ W y 2 Yg/.� 2 G/ is a
countable family of pairwise disjoint closed subsets of E. So we can now define,
unambiguously, a function f W E 7! C by f .y; �y/ D a�;� .y/. This is a bounded
Borel function on E. It follows from the definition of M� .B.Y/;G/ that a�;� .y/ D
a�;���1 .�y/ D f .�y; �y/ for all �; � in G and all y in Y. From this it follows that f is
in M.E/.

Since Y is a dense Gı-subset of S, SnY is a meagre Borel subset of S. Let �1 be
the canonical �-homomorphism of B.S/ onto C.S/ such that �1. f / D f for each
f 2 C.S/; the kernel of �1 is the �-ideal of Borel functions which vanish off a
meagre set. Then, when h 2 B.S/ and h vanishes on Y then �1.h/ D 0. Now, given
g in B.Y/, it can be extended to a function g1 2 B.S/. For example let g1 take the
value 0 on SnY. Let g2 be any other extension. Then �1.g1/ D �1.g2/. So we can
define �.g/ D �1.g1/.

Then � is the canonical quotient homomorphism from B.Y/ onto C.S/, whose
kernel is the ideal of Borel functions which vanish off a meagre set. Also � is a �-
homomorphism satisfying �. f jY / D f for each f 2 C.S/. In fact, Exercise 6.4.9 (a)
and (b) together with Corollary 4.2.8 tell us that there exists a surjective �-normal
�-homomorphism � from B.Y/ onto C.S/ such that �. f ı �/ D �. f / ı � for all
f 2 B.Y/ and � 2 G. ut

We consider the monotone tensor product C.S/˝L.H/. For our purposes here, it
is enough to observe that each element of the monotone tensor product C.S/˝L.H/
has a representation as a matrix over C.S/. (The product is not straightforward. But
it turns out that there exists a �-homomorphism … from B.Y/ Q̋ L.H/, where the
product is straightforward, onto C.S/˝L.H/; with ….Œb�;� �/ D Œ�.b�;� /�.)
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The monotone cross-product can be defined to be the subalgebra of C.S/˝L. H/
corresponding to matrices Œa�;� � over C.S/ for which ˇ�

�1
.a�;� / D a�;� ı ˇ� D

a��;�� for all �; �; � in G. Equivalently, a��;�� .s/ D a�;� .�s/ for all �; �; � in G and
s 2 S. From this it can be shown that the homomorphism…maps M� .B.Y/;G/ onto
M.C.S/;G/.

The diagonal subalgebra of M.C.S/;G/ consists of those matrices Œa�;� � which
vanish off the diagonal i.e. a�;� D 0 for � ¤ � . Also, ˇ�

�1
.a�;�/ D a�;�ıˇ� D a�;� for

each � 2 G. It follows that we can define an isomorphism from A onto the diagonal
of M.C.S/;G/ by j.a/ D Diag.: : : ; ˇ�

�1
.a/; : : :/. We find, see Proposition 7.1.25,

the freeness of the action of G implies that the diagonal algebra of M.C.S/;G/ is a
maximal abelian �-subalgebra of M.C.S/;G/.

Then, by Lemma 3.3 [157], we have:

Lemma 7.2.4 Let E be the graph of the relation of orbit equivalence given by
G acting on Y. Then there exists a �-normal homomorphism ı from M.E/ onto
M.C.S/; ˇ;G/. The kernel of ı is

J D fz 2 M.E/ W D.zz�/ vanishes off a meagre subset of Yg.

Furthermore, ı maps the diagonal subalgebra of M.E/ onto the diagonal subal-
gebra of M.C.S/; ˇ;G/. In particular, ı induces an isomorphism of M.E/=J onto
M.C.S/;G/.

(Comment: Instead of using tensor products to construct cross-products, as
above, we may use Kaplansky-Hilbert modules instead.)

Let C.S/ �ˇ G be the smallest monotone closed �-subalgebra of M.C.S/;G/
which contains the diagonal and each unitary which implements the ˇ-action of
G. It will sometimes be convenient to call C.S/ �ˇ G the “small” monotone
cross-product. It turns out that C.S/ �ˇ G does not depend on G, only on the
orbit equivalence relation. This is not at all obvious but this will be established
in Sect. 7.3. We will show that when w is a unitary in M.C.S/;G/ such that w
normalises the diagonal then w is in C.S/�ˇ G. So, the isomorphism of M.C.S/;G/
onto M.E/=J maps C.S/�ˇ G onto the normaliser subalgebra of M.E/=J.

Does the small monotone cross product equal the “big” monotone cross-product?
Equivalently, is M.E/=J equal to its normaliser subalgebra? This is unknown, but
we can approximate each element of M.C.S/;G/ by a sequence in C.S/�ˇ G; in the
following precise sense:

Lemma 7.2.5 Let z 2 M.C.S/;G/. Then there exists a sequence .zn/ in C.S/ �ˇ G
such that the sequence .D.z � zn/

�.z � zn// is monotone decreasing and

1V
nD1

D..z � zn/
�.z � zn// D 0.



7.2 Introduction to Cross-Product Algebras 201

Proof This follows from Proposition 7.1.20. ut
Theorem 7.2.6 Let Gj.j D 1; 2/ be countable, infinite groups of homeomorphisms
of S. Let g 7! ˇ

g
j be the corresponding action of Gj as automorphisms of C.S/. Let Y

be a dense Gı-subset of S such that GjŒY� D Y and Gj acts freely on Y. Let Ej be the
orbit equivalence relation on Y arising from the action of Gj. Suppose that E1 D E2.
Then there exists an isomorphism of M.C.S/;G1/ onto M.C.S/;G2/ which maps the
diagonal algebra of M.C.S/;G1/ onto the diagonal algebra of M.C.S/;G2/.

Proof The first part is a straight forward application of Lemma 7.2.4. Let E D E1 D
E2. Then both algebras are isomorphic to M.E/=J. ut

As a consequence of a theorem which will be proved in Sect. 7.3, the isomor-
phism in Theorem 7.2.6 maps C.S/ �ˇ1 G1 onto C.S/ �ˇ2 G2.

In the next result, we require S to be separable.

Corollary 7.2.7 Let G be a countable, infinite group of homeomorphisms of S.
Suppose, for some s0 2 S, GŒs0� is a free, dense orbit. Then there exists an
isomorphism � of

L
Z2 into Homeo.S/, such that there exists an isomorphism of

M.C.S/;G/ onto M.C.S/;
L

Z2/ which maps the diagonal algebra of M.C.S/;G/
onto the diagonal algebra of M.C.S/;

L
Z2/.

Proof By Lemma 6.4.7 G acts freely on a dense Gı set containing GŒs0�. By
Theorem 6.7.2, there exists an isomorphism � from

L
Z2 into Homeo.S/ such that

there exists a dense Gı set Y in S with the following properties. First, Y is invariant
under the action of both G and

L
Z2. Secondly the induced orbit equivalence

relations coincide on Y. Theorem 7.2.6 then gives the result. ut
Remark 7.2.8 By Lemma 6.3.4, when G has a dense orbit in S then the action on
S is such that the only invariant clopen set is empty or the whole space. Then by
Remark 7.1.27, this implies that the algebra M.C.S/;G/ is a monotone complete
factor.

Lemma 7.2.9 Let B be a Boolean �-algebra. Let .pn/ be a sequence in B which
�-generates B, that is, B is the smallest �-subalgebra of B which contains each
pn. Let 	 be a group of automorphisms of B. Let 	 be the union of an increasing
sequence of finite subgroups .	n/. Then we can find an increasing sequence of finite
Boolean algebras .Bn/ where each Bn is invariant under the action of 	n and [Bn

is a Boolean algebra which �-generates B.

Proof For any natural number k the free Boolean algebra on k generators has
2k elements. So a Boolean algebra with k generators, being a quotient of the
corresponding free algebra, has a finite number of elements.

We proceed inductively. Let B1 be the subalgebra generated by fg.p1/ W g 2 	1g.
Then B1 is finite and 	1-invariant. Suppose we have constructed B1;B2; : : : ;Bn.
Then Bn [ fpnC1g is a finite set. So its saturation by the finite group 	nC1 is again
a finite set. So the Boolean algebra this generates, call it BnC1, is finite. Clearly
Bn � BnC1 and BnC1 is invariant under the action of 	nC1. ut
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A commutative monotone complete C�-algebra is countably �-generated if its
Boolean algebra of projections is �-generated by a countable subset.

Proposition 7.2.10 Let the Boolean algebra of projections in C.S/ be countably
�-generated by .pn/. Let 	 be a group of automorphisms of C.S/. Let 	 be the
union of an increasing sequence of finite subgroups .	n/. Let g 7! ug be the unitary
representation of 	 in M.C.S/; 	/ which implements the action of 	 on the diagonal
algebra A. Let � be the canonical isomorphism of C.S/ onto A. Then the C�-algebra
generated by fug W g 2 	g [ f�.pn/ W n D 1; 2; : : :g is the closure of an increasing
sequence of finite dimensional subalgebras.

Proof Let B be the complete Boolean algebra of all projections in A. By
Lemma 7.2.9, we can find an increasing sequence of finite Boolean algebras of
projections .Bn/ where B is �-generated by [Bn and each Bn is invariant under the
action of 	n.

Let An be the (complex) linear span of Bn. Then An is a finite dimensional
�-subalgebra of A. Also, for g 2 	n; ugAnu�

g D An.
Now let Bn be the linear span of fbug W g 2 	n and b 2 Ang. Then Bn is a finite

dimensional �-subalgebra. Clearly .Bn/ is an increasing sequence and [1
nD1Bn is a

�-subalgebra generated by fug W g 2 	g [ f�.pn/ W n D 1; 2; : : :g. ut

7.3 The Normaliser Algebra

In this section M is a monotone complete C�-algebra with a maximal abelian
�-subalgebra A and D W M 7! A a positive, linear, idempotent map of M
onto A. It follows from a theorem of Tomiyama [163], see Definition III.3.3 and
Theorem III.3.4 of [161] that D is a conditional expectation. That is,

D.azb/ D a.Dz/b

for each z 2 M and every a; b in A.
The monotone complete algebras considered in Sects. 7.1 and 7.2 satisfy these

conditions when the diagonal algebra, A, is maximal abelian; and A is maximal
abelian when the action g 7! ˇg is free.

We recall that a unitary w in M is a normaliser of A if wAw� D A. It is
clear that the normalisers of A form a subgroup of the unitaries in M. We use
N .A;M/ to denote this normaliser subgroup. Let MN be the smallest monotone
closed �-subalgebra of M which contains N .A;M/. Then MN is said to be the
normaliser subalgebra of M.

Let G be a countable group. Let g 7! ug be a unitary representation of G in
N .A;M/. Let �g.a/ D ugau�

g .
Let ˛ be an automorphism of A. We recall that ˛ is properly outer if, for each

non-zero ˛-invariant projection e 2 A, the restriction of ˛ to eA is not the identity
map. We further recall that the action g 7! �g is free provided, for each g other than
the identity, �g is properly outer.
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Theorem 7.3.1 Let M0 be the smallest monotone closed subalgebra of M which
contains A [ fug W g 2 Gg. We suppose that:

(i) The action g 7! �g is free.
(ii) For each z 2 M, if D.zug/ D 0 for every g 2 G then z D 0.

Then M0 contains every unitary in M which normalises A, that is, M0 D MN .

Proof Let w be a unitary in M which normalises A. Let � be the automorphism of
A induced by w. Then, for each a 2 A, we have waw� D �.a/. So wa D �.a/w.
Hence, for each g, we have

D.waug/ D D.�.a/wug/.

But D is a conditional expectation. So

D.wug/u
�
g aug D D.waug/

D D.�.a/wug/

D �.a/D.wug/.

Because A is abelian, it follows that .�.a/ � ��1
g .a//D.wug/ D 0.

Let pg be the range projection of D.wug/D.wug/
� in A. Equivalently this is the

left projection of D.wug/. So, for every a 2 A;

.�.a/ � ��1
g .a//pg D 0. (#)

Fix g and h with g ¤ h; and let e be the projection pgph. Then we have, for each
a 2 A;

.��1
h .a/� ��1

g .a//e D .�.a/� ��1
g .a//pgph � .�.a/� ��1

h .a//phpg D 0.

Let b be any element of A and let a D �g.b/. Then .�h�1g.b/ � b/e D 0. If e ¤ 0;

then by (i) it follows that h�1g is the identity element of G. But this implies g D h,
which is a contradiction. So 0 D e D pgph. So fpg W g 2 Gg is a (countable) family
of orthogonal projections.

Let q be a projection in A which is orthogonal to each pg. Then qD.wug/ D
qpgD.wug/ D 0. So D.qwug/ D 0 for each g 2 G. Hence, by applying hypothesis
(ii), qw D 0. But ww� D 1. So q D 0. Thus

P
pg D 1. This convergence is in A. But

since A is monotone (�-)closed in M0 this convergence is also in M0, and so in M.
From (#) we see that

.�g�.a/ � a/�g.pg/ D 0.

We define qg to be the projection �g.pg/. Then

.a � �g�.a//qg D 0. (##)
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By arguing in a similar fashion to the above, we find that fqg W g 2 Gg is a family of
orthogonal projections in A with

P
qg D 1.

(Suppose that pqg D 0 for all g 2 G. Then we have

0 D p�g.pg/�g.D.wug// D p�g.D.wug//

D �g.D.wug//p D �gŒD.wug/�
�1
g .p/� D �gŒD.wpug/�

and so we have D.wpug/ D 0 for all g, which implies that wp D 0, that is, p D 0.)
For each g 2 G; let vg D ugpg. Then vg is in M0 and is a partial isometry with

vgv
�
g D qg and v�

g vg D pg.
We wish to show that there exists a unitary v in M0 such that

qgv D vg and vpg D vgpg D ugpg.

We could do this by applying the General Additivity of Equivalence for
AW�-algebras, see page 129 [13]. But we prefer to use the order convergence
results of Chap. 2. Since fvggg2G and fqggg2G are `2-summable over G and M is
monotone (�-)complete, v D P

g2G vg exists and satisfies the required conditions.
(See Lemma 2.1.38 and Proposition 8.3.3.) (We again note that M0 is monotone
closed in M and so v is convergent in M and belongs to M0.) From (#), for each
a 2 A,

�.a/pg D u�
g augpg D pgv

�avpg

D v�vpgv
�avpg

D v�ugpgu�
g avpg

D v�avpg.

So .�.a/ � v�av/pg D 0. Let y D �.a/� v�av. Then y�ypg D 0.
So the range projection of y�y (the right projection of y) is orthogonal to pg for

each g.
Since A is monotone closed in M and

P
g2G pg D 1 in Asa,

P
g2G pg D 1 in Msa.

Hence the right projection of y is 0. So y D 0. It now follows that waw� D vav�
for each a 2 A. Then v�w commutes with each element of A. Since A is maximal
abelian in M it follows that v�w is in A. Since v is in M0; it now follows that w
is in M0. ut

We note that the above theorem does not require the action g 7! �g to be ergodic.
It is applicable to the algebras considered in Sects. 7.1 and 7.2.

Definition 7.3.2 Let C.S/ �ˇ G be the smallest monotone closed �-subalgebra of
M.C.S/;G/ which contains the diagonal and each unitary which implements the
ˇ-action of G. It will sometimes be convenient to call C.S/ �ˇ G the “small”
monotone cross product.
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It follows from Theorem 7.3.1 that C.S/ �ˇ G is the normaliser subalgebra of
M.C.S/;G/.

It turns out that C.S/ �ˇ G does not depend on the group G, only on the
orbit equivalence relation. More precisely, using the same assumptions as in
Theorem 7.2.6, we have the following:

Corollary 7.3.3 Let Gj.j D 1; 2/ be countable, infinite groups of homeomorphisms
of S. Let Y be a dense Gı-subset of S such that GjŒY� D Y and Gj acts freely on Y. Let
Ej be the orbit equivalence relation on Y arising from the action ˇj of Gj. Suppose
that E1 D E2. Then there is an isomorphism of M.C.S/;G1/ onto M.C.S/;G2/

which maps C.S/�ˇ1 G1 onto C.S/�ˇ2 G2.

Proof This is a direct consequence of Theorems 7.2.6 and 7.3.1. More explicitly,
when w is a unitary in M.C.S/;Gj/ such that w normalises the diagonal then w is in
C.S/ �ˇj Gj. So, the isomorphism of M.C.S/;Gj/ onto M.Ej/=J maps C.S/ �ˇj Gj

onto the normaliser subalgebra of M.Ej/=J, where E1 D E2. ut

7.4 Free Dense Actions of the Dyadic Group

We have said a great deal about G-actions with a free dense orbit and the algebras
associated with them. It is incumbent on us to provide examples. We do this in this
section. We have seen that when constructing monotone complete algebras from the
action of a countably infinite group G on an extremally disconnected space S; what
matters is the orbit equivalence relation induced on S. When the action of G has a
free, dense orbit in S then we have shown that the orbit equivalence relation (and
hence the associated algebras) can be obtained from an action of

L
Z2 with a free,

dense orbit. So, when searching for free, dense group actions, it suffices to find them
when the group is

L
Z2.

In this section we construct such actions of
L

Z2. As an application, we will find
2c hyperfinite factors which take 2c different values in the classification semigroup
that was constructed in Chap. 3.

We begin with some purely algebraic considerations before introducing topolo-
gies and continuity. We will end up with a huge number of examples.

We use F.S/ to denote the collection of all finite subsets of a set S. Here we shall
regard the empty set, the set with no elements, as a finite set. We use N to be the set
of natural numbers, excluding 0.

Let C D ffk W k 2 F.N/g be a countable set where k 7! fk is a bijection. For each
n 2 N let �n be defined on C by

�n. fk/ D
�

fknfng if n 2k
fk[fng if n … k.
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Lemma 7.4.1 (i) For each n; �n is a bijection of C onto C; and �n�n D id, where
id is the identity map on C.

(ii) When m ¤ n then �m�n D �n�m.

Proof (i) It is clear that �n�n D id and hence �n is a bijection.
(ii) Fix fk. Then we need to show �m�n. fk/ D �n�m. fk/. This is a straightforward

calculation, considering separately the four cases when k contains neither m nor
n; contains both m and n; contains m but not n and contains n but not m.

We recall that
L

Z2 D ˚n2NZ2; the countable commutative discrete group
obtained by the countable restricted direct sum of Z2. For each n 2 N, let gn,
be the element defined by gn.m/ D ım;n for all m 2 N. Then fgn W n 2 Ng is a
set of generators of

L
Z2.

Take any g 2 LZ2 then g has a unique representation as g D gn1 C� � �C gnp

where 1 � n1 < � � � < np or g is the zero. Let us define

"g D �n1�n2 : : : �np .

Here we adopt the notational convention that �n1�n2 : : : �np denotes the identity
map of C onto itself when fn1; : : : ; npg D ;.

Then g 7! "g is a group homomorphism of
L

Z2 into the group of bijections
of C onto C. It will follow from Lemma 7.4.2 (ii) that this homomorphism is
injective. ut

Lemma 7.4.2 (i) The set C is an orbit. More precisely

C D f"g. f;/ W g 2 LZ2g
D f�n1�n2 : : : �np. f;/ W fn1; n2 � � � ; npg 2 F.N/g.

(ii) For each k 2 F.N/

�n1�n2 : : : �np. fk/ D fk

only if �n1�n2 : : : �np D id.

Proof (i) Let k D fn1; � � � ; npg where ni ¤ nj for i ¤ j. Then �n1�n2 : : : �np. f;/ D
fk.

(ii) Assume this is false. Then, for some k 2 F.N/ we have �n1�n2 : : : �np. fk/ D fk
where �n1�n2 : : : �np is not the identity map. So we may assume, without loss of
generality, that fn1; n2; : : : ; npg D m is a non-empty set of p natural numbers.

First consider the case where k is the empty set. Then �n1�n2 : : : �np. f;/ D
f;. So fm D f;. But this is not possible because the map k 7! fk is injective.
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So k cannot be the empty set; let k D fm1;m2; : : : ;mqg. Then
�m1�m2 : : : �mq. f;/ D fk. Hence

�n1�n2 : : : �np�m1�m2 : : : �mq. f;/ D �m1�m2 : : : �mq. f;/.

On using the fact that the �j are idempotent and mutually commutative, we find
that �n1�n2 : : : �np. f;/ D f;. But, from the above argument, this is impossible.
So (ii) is proved. ut

Let us recall that the “Big Cantor Space” f0; 1gR; is compact, totally disconnected
and separable but not metrisable or second countable. Also each compact, separable,
totally disconnected space is homeomorphic to a subspace of f0; 1gR. Let C be
a countable subset of f0; 1gR then clC, the closure of C; is a compact separable,
totally disconnected space. This implies that C is completely regular and hence has
a Stone-Czech compactification ˇC.

We saw in Chap. 4, that the regular �-completion of C.clC/ is monotone
complete and can be identified with B1.clC/=M.clC/. Let bclC be the spectrum
(maximal ideal space) of B1.clC/=M.clC/. Then this may be identified with the
Stone space of the complete Boolean algebra of regular open subsets of clC.
By varying C in a carefully controlled way, we exhibited 2c essentially different
extremally disconnected spaces in the formbclC.

For each of these spaces bclC we shall construct an action of
L

Z2 with a free
dense orbit.

We need to begin by recalling some notions from Chap. 4. A pair .T;O/ is said
to be feasible if it satisfies the following conditions:

(i) T is a set of cardinality c D 2@0 I O D .On/.n D 1; 2 : : :/ is an infinite sequence
of non-empty subsets of T, with Om ¤ On whenever m ¤ n.

(ii) Let M be a finite subset of T and t 2 TnM. For each natural number m there
exists n > m such that t 2 On and On \ M D ¿.

In other words fn 2 N W t 2 On and On \ M D ¿g is an infinite set.
An example satisfying these conditions can be obtained by putting T D 2N,

the Cantor space and letting O be an enumeration (without repetitions) of the
(countable) collection of all non-empty clopen subsets.

For the rest of this section .T;O/ will be a fixed but arbitrary feasible pair.
Let .T;O/ be a feasible pair and let R be a subset of T. Then R is said to be

admissible if

(i) R is a subset of T; with #R D #.TnR/ D c.
(ii) On is not a subset of R for any natural number n.

Return to the example where T is the Cantor space and O an enumeration of
the non-empty clopen subsets. Then, whenever R � 2N is nowhere dense and of
cardinality c; R is admissible.
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Throughout this section the feasible pair is kept fixed and the existence of at least
one admissible set is assumed. For the moment, R is a fixed admissible subset of T.
Later on we shall vary R.

Since F.N/ � F.T/ has cardinality c, we can identify the Big Cantor space with
2F.N/�F.T/. For each k 2 F.N/, let fk 2 2F.N/�F.T/ be the characteristic function of
the set

f.l;L/ W L 2 F.TnR/; l � k and On \ L D ¿ whenever n 2 k and n … lg.

As in Chap. 4, let N.t/ D fn 2 N W t 2 Ong. By feasibility, this set is infinite for
each t 2 T. It is immediate that fk.l;L/ D 1 precisely when

L 2 F.TnR/; l � k and, for each t 2 L; N.t/ \ .knl/ D ¿.

Let XR be the countable set ffk W k 2 F.N/g. Let KR be the closure of XR in the
Big Cantor space. Then KR is a (separable) compact Hausdorff totally disconnected
space with respect to the relative topology induced by the product topology of the
Big Cantor space. We always suppose XR to be equipped with the relative topology
induced by KR.

Let C D XR. If the map k 7! fk is an injection then we can define �n on XR as
before.

Lemma 7.4.3 Let fk D fm. Then k D m.

Proof By definition, fk.l;;/ D 1 precisely when l � k. Since fk.m;;/ D
fm.m;;/ D 1 it follows that m � k. Similarly, k � m. Hence m D k. ut

For each .k;K/ 2 F.N/ � F.T/ let E.k;K/ D fx 2 KR W x.k;K/ D 1g. The
definition of the product topology of the Big Cantor space implies that E.k;K/ and
its compliment Ec

.k;K/ are clopen subsets of KR. It also follows from the definition
of the product topology that finite intersections of such clopen sets form a base for
the topology of KR. Hence their intersections with XR give a base for the relative
topology of XR. But we saw in Chap. 4 that, in fact,

fE.k;K/ \ XR W k 2 F.N/;K 2 F.TnR/g

is a base for the topology of XR. Also E.k;K/ D ; unless K � TnR.
Since each E.k;K/ is clopen, it follows from Lemma 6.2.1 that E.k;K/ is the closure

of E.k;K/ \ XR.
To slightly simplify our notation, we shall write E.k;K/ for E.k;K/ \ XR and En

for E.fng;;/ \ XR. Also Ec
n is the compliment of En in XR, which is, Ec

.fng;;/ \ XR.
We shall see, below, that ffh W n … hg D Ec

n, equivalently, En D ffh W n 2 hg.
When G is a subset of XR we denote its closure in ˇXR by clG. When G is a

clopen subset of XR then clG is a clopen subset of ˇXR. So the closure of En in ˇXR

is clEn; whereas its closure in KR is E.fng;;/.
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We need to show that each �n is continuous on XR. Since �n is equal to its inverse,
this implies that �n is a homeomorphism of XR onto itself.

Our first step to establish continuity of �n is the following:

Lemma 7.4.4 We have En D ffk W n 2 kg and Ec
n D ffm W n … mg. Also �n

interchanges En and Ec
n. Furthermore, for m ¤ n; �m maps En onto En and Ec

n onto
Ec

n.

Proof By definition fk.fng;;/ D 1 if, and only if fng � k. So fm 2 Ec
n precisely

when n … m.
For fk 2 En we have �n. fk/ D fknfng. So �n maps En onto Ec

n. Similarly, it maps
Ec

n onto En.
When m ¤ n, consider fk 2 En. Then n 2 k. So n 2 k [ fmg and n 2 knfmg.

Thus �m. fk/ is in En. i.e. �mŒEn� � En.
Since �m is idempotent, we get �mŒEn� D En. Similarly �mŒEc

n� D Ec
n. ut

Lemma 7.4.5 The map �n W XR 7! XR is continuous.

Proof It suffices to show that ��1
n ŒE.l;L/� is open when L � TnR.

Let fh be in ��1
n ŒE.l;L/�. We shall find, U; an open neighbourhood of fh such that

�nŒU� � E.l;L/.
We need to consider three possibilities.

(1) First suppose that n 2 h, that is fh 2 En. Then fhnfng D �n. fh/; which is in
E.l;L/. So l � hnfng which implies n … l. Also N.t/ \ ..hnfng/nl/ D ; for all
t 2 L. It follows that l [ fng � h and, for all t 2 L; N.t/ \ .hn.l [ fng// D ;.
Hence fh 2 En \ E.l [ fng;L/.

Let fk 2 E.l [ fng;L/. Then l [ fng � k. Also, for t 2 L; N.t/ \ .kn
.l [ fng// D ;.

Hence l � knfng and, for t 2 L; N.t/ \ ..knfng/nl/ D ;. This implies
�n. fk/ D fknfng 2 E.l;L/. Thus E.l [ fng;L/ is a clopen set, which is a
neighbourhood of fh and a subset of ��1

n ŒE.l;L/�.
(2) Now suppose n … h. Then fh[fng D �n. fh/ which is in E.l;L/. This gives

(a) h [ fng contains l. (b) For all t 2 L; N.t/ \ ..h [ fng/nl/D;. (c) fh 2 Ec
n.

Suppose, additionally, that n 2 l. Then .h [ fng/nl D hn.lnfng/. So, for
all t 2 L; N.t/ \ .hn.lnfng//D;. So fh is in E.lnfng;L/. Hence, by (c) fh is in
Ec

n \ E.lnfng;L/.
Now let fk 2 Ec

n \ E.lnfng;L/. Since fk 2 Ec
n; it follows that n … k. So

fk[fng D �n. fk/.
Since fk 2 E.lnfng;L/;we have lnfng � k. So l � k[fng. Also .k[fng/nl D

kn.lnfng/. So, for any t 2 L;N.t/ \ ..k [ fng/nl/ D ;. Thus fk[fng 2 E.l;L/.
That is, �n. fk/ 2 E.l;L/.

(3) We now suppose that n … h and n … l. As in (2), statements (a), (b) and (c) hold.
Note hnl D .h [ fng/n.l [ fng/. It follows from (b) that N.t/ \ .hnl/ D ;

for each t 2 L. Hence fh 2 E.l;L/ \ Ec
n.
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We also observe that, because n … l; (b) implies that

(d) fng \ N.t/D ; for each t 2 L.

Now let fk 2 E.l;L/ \ Ec
n. Then n … k. So �n. fk/ D fk[fng.

Also l � k and N.t/ \ .knl/ D ; for any t 2 L. It now follows from
(d) that ..k [ fng/nl/\ N.t/D ; whenever t 2 L. Hence fk[fng 2 E.l;L/. Thus
E.l;L/ \ Ec

n is a clopen neighbourhood of fh and it is a subset of �nŒE.l;L/�.
It follows from (1), (2) and (3) that every point of �nŒE.l;L/� has an open

neighbourhood contained in �nŒE.l;L/�. In other words, the set is open. ut
We recall that XR is completely regular because it is a subspace of the compact

Hausdorff space KR. Let ˇXR be its Stone-Czech compactification. Then each
continuous function f W XR 7! XR has a unique extension to a continuous function F
from ˇXR to ˇXR. When f is a homeomorphism, then by considering the extension
of f �1 it follows that F is a homeomorphism of ˇXR. In particular, each �n has
a unique extension to a homeomorphism of ˇXR. We abuse our notation by also
denoting this extension by �n.

Let us recall from Sect. 6.4, that when 
 is in Homeo.ˇXR/ then it induces a
homomorphism h
 of C.ˇXR/ by h
 . f / D f ı 
 . It also induces an automorphism
of B1.ˇXR/=M0.ˇXR/ by H
 .ŒF�/ D ŒF ı 
P�. Then H
 is the unique automorphism
of B1.ˇXR/=M0.ˇXR/ which extends h
 . Let SR be the (extremally disconnected)
structure space of B1.ˇXR/=M0.ˇXR/; this algebra can then be identified with
C.SR/. Then H
 corresponds to O
; an homeomorphism of SR. Then 
 7! h
 is a
group anti-isomorphism of Homeo.ˇXR/ onto AutC.ˇXR/I h
 7! H
 is an isomor-
phism of AutC.ˇXR/ into AutC.SR/. Also H
 7! O
 is a group anti-isomorphism
of AutC.SR/ into Homeo.SR/. When G is an Abelian subgroup of Homeo.ˇXR/ it
follows that 
 7! H
 and 
 7! O
 are group isomorphisms of G into AutC.SR/ and
Homeo.SR/, respectively.

We recall that g 7! "g is an injective group homomorphism of
L

Z2 into the
group of bijections of C onto C. By taking the natural bijection from C onto
XR; and by applying Lemmas 7.4.2 and 7.4.5, we may regard "� as an injective
group homomorphism of

L
Z2 into Homeo.XR/. Since each homeomorphism of

XR onto itself has a unique extension to a homeomorphism of ˇXR onto itself, we
may identify "� with an injective group homomorphism of

L
Z2 into the group

Homeo.ˇXR/. This induces a group isomorphism, g 7! O"g from
L

Z2 into AutC.SR/

by putting O"g D H"g . The corresponding isomorphism, g 7! O"g, from
L

Z2 into
Homeo.SR/, is defined by

O"g D b"g for each g 2 LZ2.

As in Sect. 6.4, � is the continuous surjection from SR onto ˇXR which is dual to
the natural injection from C.ˇXR/ into B1.ˇXR/=M0.ˇXR/ ' C.SR/. Let s0 2 SR

such that �.s0/ D f;.
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Theorem 7.4.6 Let g 7! b"g be the representation of
L

Z2, as homeomorphisms of
SR; as defined above. Then the orbit fb"g.s0/ W g 2 LZ2g is a free, dense orbit in SR.
Furthermore, there exists Y; a G-invariant, dense Gı-subset of SR; with s0 2 Y; such
that the action O" is free on Y.

Proof By Lemma 7.4.2 (i), XR D f"g. f;/ W g 2 L
Z2g. By Proposition 6.4.4 this

implies the orbit fb"g.s0/ W g 2 LZ2g is dense in SR.
By Lemma 7.4.2 (ii) f"g. f;/ W g 2 L

Z2g is a free orbit. This theorem now
follows from Lemmas 6.7.1 and 6.5.9. ut
Corollary 7.4.7 The group isomorphism, g 7! O"g; from

L
Z2 into AutC.SR/ is free

and ergodic.

We shall see below that we can now obtain some additional information about
this action of

L
Z2 as automorphisms of C.SR/. This will enable us to construct

huge numbers of small wild factors which are hyperfinite, that is, generated by an
increasing sequence of matrix algebras.

We have seen that, for each natural number n, �n is a homeomorphism of XR

onto itself with the following properties. First, �n D ��1
n . Secondly, �nŒEn� D Ec

n
and, for m ¤ n; we have �nŒEm� D Em. (This notation was introduced just before
Lemma 7.4.4, above.)

We have seen that �n has a unique extension to a homeomorphism of ˇXR; which
we again denote by �n. Then
�nŒclEn� D clEc

n and, for m ¤ n, we have �nŒclEm� D clEm.
We define en 2 C.ˇXR/ as the characteristic function of the clopen set

clE.fng;;/ D clEn.
Using the above notation, O"�n is the �-automorphism of B1.ˇXR/=M0.ˇXR/ '

C.SR/ induced by �n. We have

O"�n.en/ D 1 � en and, for m ¤ n; O"�n.em/ D em.

Since Reg.ˇXR/ � Reg.XR/ � Reg.KR/, we can apply Proposition 4.3.15
and Corollary 4.3.16 to show that the smallest monotone �-closed �-subalgebra
of B1.ˇXR/=M0.ˇXR/ which contains fen W n D 1; 2; : : :g is B1.ˇXR/=M0.ˇXR/

itself. We shall see that the (norm-closed) �-algebra generated by fen W n D 1; 2 : : :g
is naturally isomorphic to C.2N/.

When S � N we use �S to denote the element of 2N which takes the value 1 when
n 2 S and 0 otherwise. Let Gn be the clopen set f�S 2 2N W n 2 Sg. These clopen sets
generate the (countable) Boolean algebra of clopen subsets of 2N. An application of
the Stone-Weierstrass Theorem shows that the �-subalgebra of C.2N/; containing
each �Gn is dense in C.2N/.

Lemma 7.4.8 There exists an isometric isomorphism, �0; from C.2N/ into C.ˇXR/

such that �0.�Gn/ D en.
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Proof As in Sect. 4.3, we define a map 	 from the Big Cantor space, 2F.N/�F.T/;

onto the classical Cantor space, 2N; by 	.x/.n/ D x..fng;;//. Put J D f.fng;;/ W
n D 1; 2; : : :g. Then we identify 2N with 2J . So 	 may be regarded as a restriction
map and, by definition of the topology for product spaces, it is continuous.

From the definition of fk; we see that fk.fng;;/ D 1 precisely when n 2 k.
So 	fk D �k. Hence

	ŒEn� D f�k W n 2 k and k 2 F.N/g.

By the basic property of the Stone-Czech compactification, the natural embed-
ding of XR into KR factors through ˇXR. So there exists a continuous surjection �
from ˇXR onto KR which restricts to the identity map on XR. Then 	� maps clEn

onto Gn and clEc
n onto Gc

n. For f 2 C.2N/ let �0. f / D f ı	�. Then �0 is the required
isometric isomorphism into C.ˇXR/ � B1.ˇXR/=M0.ˇXR/. ut

Let O" be the action of the Dyadic Group on C.SR/ considered above. Let MR be
the corresponding monotone cross-product algebra. So there exists an isomorphism
�R from C.SR/ onto the diagonal subalgebra of MR and a group representation
g 7! ug of the Dyadic Group in the unitary group of MR such that ug�R.a/u�

g D
�R.O"g.a//. Since each element of the Dyadic Group is its own inverse, we see that
each ug is self-adjoint. Since the Dyadic Group is abelian, uguh D uhug for each g
and h.

As before, let gn be the nth term in the standard sequence of generators of
L

Z2

that is, gn takes the value 1 in the nth coordinate and 0 elsewhere. We abuse our
notation by writing “un” for the unitary ugn and “en” for the projection �R.en/ in the
diagonal subalgebra of MR. We then have:

unenun D 1 � en and, for m ¤ n; unemun D em.

Let AR D �RŒC.SR/� be the diagonal algebra of MR. We recall that the Boolean
�-subalgebra of the projections of AR; generated by fen W n D 1; 2; : : :g; contains all
the projections of AR.

Let us also recall, see [121, p205], that the Fermion algebra is the most basic
of the uniformly hyperfinite C�-algebras (Glimm algebras). It is generated as a
C�-algebra by an increasing sequence of full matrix algebras of dimensions 2n � 2n

.n D 1; 2; : : :/ and is unital and simple.
For any projection p we define p.0/ D p and p.1/ D 1 � p.
For each choice of n and for each choice of ˛1; : : : ; ˛n from Z2, it follows from

Lemma 7.4.8 that the product e˛11 e˛22 : : : e
˛n
n is neither 1 nor 0. In the terminology

of [180], .en/ is a sequence of (mutually commutative) independent projections.
The following Lemma follows from the proof of Proposition 2.1 [180]. But for the
reader’s convenience we give a different, self-contained argument. In particular, for
each n, fuj W j D 1; 2; : : : ; ng [ fej W j D 1; 2; : : : ; ng generates a subalgebra
isomorphic to the algebra of all 2n � 2n complex matrices.
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Lemma 7.4.9 Let F be the Fermion algebra. Then there exists an isomorphism …

from F onto the smallest norm closed �-subalgebra of MR which contains fun W n D
1; 2; : : :g and fen W n D 1; 2; : : :g. This isomorphism takes the diagonal of F onto
the smallest closed abelian �-subalgebra containing fen W n D 1; 2; : : :g.

Proof Let B be the C�-subalgebra generated by fun W n D 1; 2; � � � g and fen W n D
1; 2; � � � g. For each n, let f .n/11 D en; f .n/12 D enun; f .n/21 D unen and f .n/22 D 1�en. Then

for each n, ff .n/ij g1�i;j�2 is a system of 2 � 2 matrix units in B such that f .m/ij f .n/kl D
f .n/kl f .m/ij for all m; n in N and i; j; k; l in f1; 2g and such that the commuting family

Œff .n/ij W i; j D 1; 2g W n D 1; 2; � � � � generates the norm closed subalgebra B. More

precisely, if Bn is the C�-subalgebra of B generated by Œff .n/ij W i; j D 1; 2g W n D
1; 2; � � � ; n� for each n, then we have

B1 � B2 � � � � � Bn � BnC1 � � � � � B

such that Bn D C�.u1; � � � ; unI e1; � � � ; en/, the C�-subalgebra generated by
fu1; � � � ; unI e1; � � � ; eng for each n and B is the norm closure of the �-subalgebra
S

n�1 Bn in MR. Here we used the fact that un D enun Cunen D f .n/12 C f .n/21 for each n.
On the other hand, there exists an inductive system

with the following properties. First M2n D M2.C/˝� � �˝M2.C/ (n-times). Secondly,

�n W M2n 7�! M2nC1

where for each n, and each a 2 M2n ,

�n.a/ D a ˝ 1M2.C/.

Third, F is the C�-algebra obtained by the C�-completion of the inductive limit
�-subalgebra F1 D S

n�1 �n.M2n/, where �n is the canonical �-isomorphism from
M2n into F1. (When a1; � � � ; an 2 M2.C/ we sometimes write

�n.a1 ˝ � � � ˝ an/ D a1 ˝ � � � ˝ an ˝ 1˝ � � � .

For details see [121, p205] or [162, p83, Vol III]. Let feijg1�i;j�2 be the standard
system of matrix units for M2.C/. Since each M2n is �-isomorphic to the simple
C�-algebra M2n.C/, there exists a unique �-isomorphism 
n from M2n onto Bn

satisfying 
n.ei1j1 ˝ � � � einjn/ D f .1/i1j1
� � � f .n/injn

for each ik; jk 2 f1; 2g with 1 � k � n

and 
nC1.x ˝ eij/ D 
n.x/f
.nC1/
ij for each x 2 M2n and 1 � i; j � 2; that is, we have


nC1 ı �n D 
n for each n. Hence there exists a unique �-homomorphism 
 from
F1 onto

S
n�1 Bn satisfying 
 ı �n D 
n for each n. Since each 
n is an isometry,
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 extends uniquely to a �-isomorphism… from F onto B which maps the diagonal
of F onto the smallest norm closed �-subalgebra containing fen W n D 1; 2; � � � g.
This completes the proof. ut
Definition 7.4.10 Let BR be the smallest monotone �-closed �-subalgebra of MR

which contains…ŒF �.

Proposition 7.4.11 The algebra BR is a monotone complete factor which contains
AR as a maximal abelian �-subalgebra. There exists a faithful normal conditional
expectation from BR onto AR. The state space of BR is separable. The factor BR is
wild and of Type III. It is also a small C�-algebra.

Proof Let DR be the faithful normal conditional expectation from MR onto AR. The
maximal ideal space of AR can be identified with the separable space SR. Then,
by Corollary 4.2.21, there exists a faithful state � on AR. Hence �DR is a faithful
state on MR and restricts to a faithful state on BR. So, by Theorem 2.1.14, BR is
monotone complete. Let D be the restriction of DR to BR then D is a faithful and
normal conditional expectation from BR onto AR.

Since each en is in BR it follows that AR is a �-subalgebra of BR. Since it is
maximal abelian in MR it must be a maximal abelian �-subalgebra of BR. So the
centre of BR is a subalgebra of AR. Each un is in BR and so each central projection
of BR commutes with each un. Since the action O" of the Dyadic Group is ergodic
(see Corollary 7.4.7), it follows that the only projections in AR which commute with
every un are 0 and 1. So BR is a (monotone complete) factor.

The state space of every unital C�-subalgebra of MR is a surjective image of
the state space of MR, which is separable. So the state space of BR is separable.
Equivalently, BR is almost separably representable.

Since BR contains a maximal abelian �-subalgebra which is not a von Neumann
algebra it is a wild factor. Also MR is almost separably representable, hence it
possesses a strictly positive state (see the proof of Lemma 3.1.1) and so is a Type
III factor [176], see also [131]. In Sects. 5.8 and 5.9, it is shown that a monotone
complete factor is a small C�-algebra whenever it has a separable state space. It now
follows immediately that the factor is a small C�-algebra. ut

Alternatively we may use results from Theorem 5.9.9 on small C*-algebras to
argue as follows.

Since C.SR/ is small and `2.˚Z2/ is a separable Hilbert space,
C.SR/˝L.`2.˚Z2// is small. Any unital C*-subalgebra of a small C*-algebra is
also small. From the identification of MR as a monotone cross product

MR � C.SR/˝L.`2.˚Z2//:

So MR and BR are both small. Hence they both possess a faithful state and, as above,
must be wild Type III factors.
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Proposition 7.4.12 The homomorphism … extends to a �-homomorphism …1
from F1, the Pedersen-Baire envelope of the Fermion algebra, onto BR. Let JR

be the kernel of …1 then F1=JR is isomorphic to BR.

Proof Let Q… W F1 7! B1
R be the canonical �-normal extension of … (see [121,

p60]). By Theorem 5.4.5, there exists a surjective �-normal unital �-homomorphism
q W B1

R 7! BR. Let …1 D q ı Q…. Then this …1 satisfies our requirements. ut

7.5 Approximately Finite Dimensional Algebras

We could proceed in greater generality, but for ease and simplicity, we shall only
consider monotone complete C�-algebra which possess a faithful state. Every
almost separably representable algebra has this property and hence so does every
small C�-algebra.

Ever since the pioneering work of Connes [30], the notion of a hyperfinite or
approximately finite dimensional von Neumann algebra has been well understood.
The situation for monotone complete C�-algebras is much more obscure, with many
questions unanswered. We have to make a number of delicate distinctions which are
unnecessary for von Neumann algebras.

Definition 7.5.1 Let B be a monotone complete C�-algebra with a faithful state.
Then B is said to be approximately finite dimensional if there exists an increasing
sequence of finite dimensional �-subalgebras .Fn/ such that the smallest monotone
closed subalgebra of B which contains [1

nD1Fn is B itself.

Definition 7.5.2 Let B be approximately finite dimensional. If we can take each Fn

to be a full matrix algebra, then B is said to be strongly hyperfinite.

Definition 7.5.3 Let M be a monotone complete C�-algebra with a faithful state.
We call M nearly approximately finite dimensional (with respect to B and D) if it
satisfies the following conditions:

(i) M contains a monotone closed subalgebra B, where B is approximately finite
dimensional.

(ii) There exists a linear map D W M 7! B which is completely positive, unital,
faithful and normal.

(iii) For each z 2 M; there exists a sequence .zn/.n D 1; 2 : : :/ in B, such that

D..z � zn/.z � zn/
�/ � D..z � znC1/.z � znC1/�/

for each n, and

1V
nD1

D..z � zn/.z � zn/
�/ D 0.
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Suppose M;B and D satisfy the above conditions. In the notation of Chap. 3,
M - B because D W M 7! B is faithful and normal. Also B - M because B is
monotone closed in PM. So B and M are equivalent.

Definition 7.5.4 Let M be a monotone complete C�-algebra with a faithful state.
We call M nearly hyperfinite if it contains a monotone closed subalgebra B such
that (i) M is nearly approximately finite dimensional with respect to B and (ii) B is
strongly hyperfinite.

Theorem 7.5.5 Let S be a compact Hausdorff extremally disconnected space. Let
G be a countably infinite group and g 7! ˇg be a free action of G as automorphisms
of C.S/. Let M.C.S/;G/ be the corresponding monotone cross-product; let �ŒC.S/�
be the diagonal subalgebra; let D W M.C.S/;G/ 7! �ŒC.S/� be the diagonal map.
Let g 7! ug be a unitary representation of G in M.C.S/;G/ such that ˇg.a/ D ugau�

g
for each a 2 �ŒC.S/�. Let B be the monotone closure of the �-algebra generated by
�ŒC.S/� [ fug W g 2 Gg. If B is approximately finite dimensional then M.C.S/;G/
is nearly approximately finite dimensional.

Proof By Theorem 7.3.1, B is the normaliser subalgebra of M.C.S/;G/.
By Lemma 7.2.5, M.C.S/;G/ satisfies condition (iii) of Definition 7.5, with

respect to B and the diagonal map D. It follows immediately that M.C.S/;G/
is nearly approximately finite dimensional whenever B is approximately finite
dimensional. ut

In Chap. 3 we constructed a weight semigroup, W , which classified monotone
complete C�-algebras (of bounded cardinality). In particular, given algebras C1 and
C2, they are equivalent (as defined in Chap. 3) precisely when their values in the
weight semigroup, wC1 and wC2;are the same.

Let .T;O/ be a feasible pair, see Definition 4.3.3. Let R be the collection of all
admissible subsets of T. For each R 2 R let AR D C.SR/ D B1.KR/=M0.KR/.
(See Remark 6.4.8 and Corollary 4.2.24.) Then, by Corollary 4.3.25, we can find
R0� R such that #R0 D 2c, where c D 2@0 with the following property. Whenever
R1 and R2 are distinct elements of R0 then AR1 is not equivalent to AR2 that is,
wAR1 ¤ wAR2 .

Theorem 7.5.6 There exists a family of monotone complete C�-algebras, .B�; � 2
ƒ/ with the following properties: Each B� is a wild, strongly hyperfinite, Type III
factor. Each B� is a small C�-algebra. Each B� is a quotient of the Pedersen-Baire
envelope of the Fermion algebra. The cardinality of ƒ is 2c, where c D 2@0 . When
� ¤ � then B� and B� take different values in the classification semigroup W; in
particular, they cannot be isomorphic.

Proof First we putƒ D R0. For each R 2 R0 we have a faithful normal conditional
expectation from BR onto the maximal abelian �-subalgebra AR. We use the partial
ordering defined in Chap. 3. Since AR is a monotone closed subalgebra of BR and
BR is a monotone closed subalgebra of MR we obtain AR - BR - MR. Since DR

is a faithful normal positive map from MR onto AR; we have MR - AR. Hence
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AR � BR � MR. By using the classification weight semigroup W ; we get wAR D
wBR D wMR. Since, for R1 ¤ R2;we have wAR1 ¤ wAR2 this implies wBR1 ¤ wBR2 .

The only item left to prove is that each factor BR is strongly hyperfinite. But the
Fermion algebra is isomorphic to …ŒF �. So …ŒF � is the closure of an increasing
sequence of full matrix algebras. It now follows that BR is strongly hyperfinite. ut
Corollary 7.5.7 For each orbit equivalence relation E.R/; corresponding to R, the
orbit equivalence factor ME.R/ is nearly hyperfinite.

Theorem 7.5.8 Let S be a separable compact Hausdorff extremally disconnected
space. Let G be a countably infinite group of homeomorphisms of S with a free, dense
orbit. Let E be the orbit equivalence engendered by G and ME the corresponding
monotone complete factor. Suppose that the Boolean algebra of projections of C.S/
is countably generated. Then ME is nearly approximately finite dimensional.

Proof By Corollary 7.2.7, we may identify ME with M.C.S/;
L

Z2/. In other words
we can assume that G D L

Z2. We can further assume that g 7! ˇg, the action of
G as homeomorphisms of S, has a free dense orbit. Hence the corresponding action
g 7! ˇg; as automorphisms of C.S/; is free and ergodic. Let � be the isomorphism
from C.S/ onto the diagonal. Let g 7! ug be a unitary representation of

L
Z2 such

that ug�.a/u�
g D �.ˇg.a// for each a 2 C.S/.

Let .pn/ be a sequence of projections in C.S/ which �-generate C.S/. By
Proposition 7.2.10, the C�-algebra, B0, generated by fpn W n D 1; 2; : : :g [ fun W n D
1; 2; : : :g is the closure of the union of an increasing sequence of finite dimensional
subalgebras. Let B be the smallest monotone �-closed subalgebra containing B0. (B
is the normaliser subalgebra.) Then B is monotone closed (because ME has a faithful
state) and approximately finite dimensional; B can be identified with C.S/ �ˇ G.
Hence ME is nearly approximately finite dimensional. ut

Let B be a monotone complete factor which is almost separably representable
(or, equivalently, small). When B is a von Neumann algebra, being approximately
finite dimensional is equivalent to being injective. Surprisingly, this does not hold
for wild factors.

There exists a wild factor which is approximately finite dimensional but NOT
injective. This follows by applying a deep result of Hjorth and Kechris [80] (see also
[43, 79, 165]). We shall present details of this elsewhere.

This is very different from what the theory of von Neumann algebras would lead
us to expect.

Marczewski asked if the Banach-Tarski paradox could be strengthened so that
the paradoxical pieces had the Baire property. It was proved in [181] that either the
(hyperfinite) Takenouchi-Dyer factor was not injective or the Marczewski problem
had a positive solution. Using completely different methods, in a tour de force, a
positive solution to the Marczewski problem was established in [35].
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7.5.1 Open Problems

In Theorem 7.5.8, the hypotheses allow us to deduce that we can approximate factors
by increasing sequences of finite dimensional subalgebras but in the 2c examples
constructed in Sect. 7.4, we can do better. We can approximate by sequences of
full matrix algebras (strongly hyperfinite). Let M be a monotone complete factor
which is approximately finite dimensional. Is M strongly hyperfinite? Experience
with von Neumann algebras would suggest a positive answer but for wild factors
this is unknown.

Is ME equal to its normaliser subalgebra? Equivalently is the “small” monotone
cross-product equal to the “big” monotone cross-product?

Are nearly approximately finite dimensional algebras, in fact, approximately
finite dimensional?



Chapter 8
Envelopes, Completions and AW�-Algebras

An AW�-algebra is a (unital) C�-algebra where each maximal abelian �-subalgebra
is monotone complete. We sketch a short introduction to AW�-algebras in Sects. 8.2
and 8.3. This does not depend on any results subsequent to Chap. 2. In Sect. 8.1 we
give a brief account of injective envelopes of C�-algebras and regular completions
of arbitrary C�-algebras.

8.1 Injective Envelopes and Regular Completions

Injective envelopes of commutative C�-algebras have been well understood for
many years. Hamana made the very important advance of showing that an arbitrary
C�-algebra always has an injective envelope and always has a regular completion.
See [59–61]. For “small” C�-algebras, the regular completion coincides with the
regular �-completion, discussed earlier.

8.1.1 Completely Positive Linear Maps and Choi-Effros
Algebras

The following proposition is in [38] (see Lemma 6.1.2, page 105).

Proposition 8.1.1 Let B be a C�-algebra and let ˆ W B 7�! B be any completely
positive idempotent linear map. Then, we have

ˆ.ˆ.x/ˆ.y// D ˆ.ˆ.x/y/ D ˆ.xˆ.y//

for all x; y 2 B.

© Springer-Verlag London 2015
K. Saitô, J.D.M. Wright, Monotone Complete C*-algebras and Generic Dynamics,
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Corollary 8.1.2 For any a; b and c in ˆ.B/,

ˆ.ˆ.ab/c/ D ˆ.aˆ.bc//.

Proof Because ˆ is idempotent,ˆ.a/ D a and ˆ.c/ D c. So we find that

ˆ.ˆ.ab/c/ D ˆ.ˆ.ab/ˆ.c//

D ˆ.abˆ.c//

D ˆ.abc/

D ˆ.ˆ.a/bc/

D ˆ.ˆ.a/ˆ.bc// D ˆ.aˆ.bc//. ut

Next, we shall define a new multiplication ı on ˆ.B/ by x ı y D ˆ.xy/ for all
x; y 2 ˆ.B/. Then Corollary 8.1.2 tells us that .x ı y/ ı z D x ı .y ı z/ for all y; z 2
ˆ.B/ and so .ˆ.B/; ı/ becomes an associative algebra with a �-operation.

Corollary 8.1.3 Let B be a unital C�-algebra and let ˆ be a unital completely
positive idempotent linear map from B into itself. Then .ˆ.B/; ı/ becomes a unital
C�-algebra with the unit 1 of B. Let A be a unital C�-subalgebra of B and
ˆ jA D �A. Then A is a unital C�-subalgebra of .ˆ.B/; ı/ with respect to the given
multiplication of A.

Proof Sinceˆ is norm-continuous and idempotent, it is easy to check thatˆ.B/ is a
norm-closed?-subspace of B. Since kˆk D 1, kxıyk � kxk�kyk for all x; y 2 ˆ.B/.
We shall show that kxk2 D kx� ı xk for all x 2 ˆ.B/. Note thatˆ.ˆ.x// D ˆ.x/ for
all x 2 B. If x 2 ˆ.B/, then by the Kadison-Schwarz inequality (see Lemma 5.8.1),
x�x D ˆ.x�/ˆ.x/ � ˆ.x�x/ � kx�xk � 1B and so we have kxk2 D kx� ı xk. Since
1 ı x D ˆ.1 � x/ D ˆ.x/ D x D x ı 1 for all x 2 ˆ.B/, 1 is a unit of ˆ.B/. If
a; b 2 A, then a ı b D ˆ.ab/ D ab and so A is a �-subalgebra of .ˆ.B/; ı/. ut
Corollary 8.1.4 For any x 2 ˆ.B/sa, x � 0 in B if, and only if, x � 0 in .ˆ.B/; ı/.
Proof Let us recall that �B.x/ is the resolvent set, that is, f� 2 C W � … �B.x/g.

If x � 0 in .ˆ.B/; ı/, then there is an a 2 ˆ.B/ such that x D a� ıa D ˆ.a�a/ �
0 in B. On the other hand, we know that when x 2 ˆ.B/ and � 2 �B.x/, one has
y 2 B such that .� � 1 � x/y D y.� � 1 � x/ D 1; which implies, by applying ˆ, that
ˆ..� � 1 � x/y/ D ˆ.y.� � 1 � x// D 1 and so it follows that

1 D ˆ..� � 1 � x/y/

D ˆ.ˆ.� � 1 � x/y/

D ˆ.ˆ.� � 1 � x/ˆ.y//
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D ˆ..� � 1 � x/ˆ.y//

D .� � 1 � x/ ıˆ.y/

and similarly, we get that 1 D ˆ.y/ ı .� � 1 � x/. So it follows that � 2 �.ˆ.B/;ı/.x/.
Hence �.ˆ.B/;ı/.x/ � �B.x/; that is, if x � 0 in B, then, x � 0 in .ˆ.B/; ı/. ut
Corollary 8.1.5 If B is monotone complete, then ˆ.B/ is also monotone complete
with respect to the order inherited from B. Moreover, the C�-algebra .ˆ.B/; ı/ is
monotone complete.

Proof If .a�/ is any norm bounded increasing net in ˆ.B/sa, one has a0 D sup a� 2
B in Bsa, because B is monotone complete. We shall show that ˆ.a0/ D sup a� in
ˆ.B/sa D ˆ.Bsa/. Since a0 � a� for all � , ˆ.a0/ � a� for all � in ˆ.B/. On the
other hand, if c 2 ˆ.B/ satisfies that c � a� in ˆ.B/, so is in B. Hence c � a0 in
B and c D ˆ.c/ � ˆ.a0/ in ˆ.B/ follows and so ˆ.a0/ D supˆ.B/ a� . Hence ˆ.B/
is monotone complete. By Corollary 8.1.4, the above .a� / in .ˆ.B/; ı/sa satisfies
a� " ˆ.a0/ in .ˆ.B/; ı/sa. ut

Completely Positive Idempotent Maps on a C�-Algebra

Definition 8.1.6 Let B be a unital C�-algebra and A be a C�-subalgebra of B with
unit 1B. A seminorm p on Bsa is called an A-seminorm if

(i) p.x/ D jjxjj if x 2 Asa,
(ii) p.u�xu/ D p.x/ if x 2 Bsa and u 2 A is a unitary element,

(iii) p.x/ � jjxjj if x 2 Bsa.

We partially order the A-seminorms on Bsa, by

p1 � p2 if, and only if, p1.x/ � p2.x/ for all x 2 Bsa.

An A-seminorm p on Bsa is said to be minimal if, whenever q is an A-seminorm
on Bsa with q � p, then q D p.

Lemma 8.1.7 Let p be any A-seminorm on Bsa. Then there exists a minimal A-
seminorm p0 on Bsa such that p0 � p.

Proof Let P D fq W q is an A-seminorm such that q � pg. Since p 2 P, it follows
that P ¤ ;. We shall see that each chain in .P; �/ has a lower bound in P and so,
by Zorn’s Lemma, P has a minimal element. Take any chain L of P. Let

q0.x/ D inffq.x/ W q 2 Lg for each x 2 Bsa.

Since kxk � p.x/ � q.x/ for all q 2 L and for all x 2 Bsa, we get that kxk � q0.x/
for all x 2 Bsa. If x 2 Asa, kxk D p.x/ D q.x/ for all q 2 L and so kxk D q0.x/ for
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all x 2 Asa. When u 2 A with u a unitary and x 2 Bsa,

q0.uxu�/ D inffq.uxu�/ W q 2 Lg
D inffq.x/ W q 2 Lg D q0.x/.

Since L is a chain, for any x; y 2 Bsa and for all q; q0 2 L, q0.x C y/ � q.x/C q0.y/
which implies that q0.x C y/ � q0.x/C q0.y/ for all x; y 2 Bsa. Since it is easy to
get that q0.˛x/ D j˛jq0.x/ for all ˛ 2 R; x 2 Bsa; q0 is an A-seminorm such that
q0 � p. So q0 2 P and q0 is a lower bound of L in P. So P has a minimal element
p0.

It now follows that p0 is minimal in the set of all A-seminorms on Bsa. ut
Let B be a unital C�-algebra and let A be a unital C�-subalgebra of B. Let p

be an A-seminorm on Bsa. Let us recall that when � is a state of A then there is
a corresponding Gelfand-Naimark-Segal representation .��; H�/. Let �� be the
canonical embedding of A into H� such that f��.a/ W a 2 Ag is dense in H� . By the
Hahn-Banach theorem, for each state � of A, there exists a state  � of B such that
 �.x/ � p.x/ for all x 2 Bsa and  � jA D �.

Let S be a set of states of A. Let
L

�2SH� be the (orthogonal) direct sum of the

Hilbert spaces H� . Then let
P˚

�2S�� be the representation of A defined for each
x 2 A and � 2 L�2SH� with � D ˚�2S�� by

.
P˚

�2S��/.x/� D L
�2S��.x/�� .

Now let K be the state space of A. Then @K, the set of extreme points of K, is the
set of pure states of A.

Let S be a subset of @K, such that .�;H/ D .
P˚

�2S��;
L

�2SH�/ is an injective
representation of A. We may, for example, take S D @K.

Let . Q�; QH/ D .
P˚

�2S� � ;
L

�2SH � /, where we may assume that QH 	 H. Let E
be the orthogonal projection onto H. Then, E 2 Q�ŒA�0. Define a completely positive
map ‰ from B into L. QH/ by ‰.x/ D E Q�.x/E for x 2 B. Then we assert:

Lemma 8.1.8 The set ‰.B/ � EL. QH/E and k‰.x/k � p.x/ for all x 2 Bsa.

Proof We let E be the orthogonal projection from
L

�2SH � .D QH/ onto the
closed subspace

L
�2SH� D H. Take any x 2 Bsa. Since vectors of the form

� D L
�2S� � .a�/ are norm dense in E QH.D H/, by the definition of the norm

of E Q�.x/E, for every positive real number ", there exists � D L
�2S� � .a�/ with

k�k � 1 such that

k‰.x/k < "C j. Q�.x/�; �/j

D "C
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

X

�2S

. Q�.x/.L�2S� � .a�//;
L

�2S� � .a�//

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
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D "C
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

X

�2S

.� � .x/� � .a�/; � � .a�//

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

D � C
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

X

�2S

. Q�.x/� � .a�/; � � .a�//
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
:

Since Q�.A/ acts irreducibly on � � .A/, there exists, for each �, a unitary u� in A
(see [161] page 92, Theorem II.4.18) such that

1

jj� � .a�/jj
� � � .a�/ D � � .u�/.D � � .u�/� � .1//.

So, it follows that

jj‰.x/jj � � C
X

�2S

jj� � .a�/jj2j.� � .x/� � .u�/; � � .u�/j

D � C
X

�2S

jj� � .a�/jj2j �.u�
�xu�/j � � C

X

�2S

jj� � .a�/jj2p.u�
�xu�/

D � C p.x/
X

�2S

jj� � .a�/jj2 D p.x/jj�jj2 C � � p.x/C �,

that is, jj‰.x/jj � p.x/ for all x 2 Bsa. ut
In the following, as before, A is a unital C��subalgebra of B and p is an

A�seminorm on B.

Proposition 8.1.9 Let D be any injective C�-algebra . Let ˆ be any completely
positive contraction map from A into D. Then, there exists a completely positive
map Ô from B into D such that Ô jA D ˆ and such that k Ô .x/k � p.x/ for all
x 2 Bsa.

Proof For each a 2 A, let Q̂ . Q�.a/E/ D ˆ.a/. Then, Q̂ is well defined, because
Q�.a/E D 0 implies that a D 0. Moreover, Q̂ .1/ D ˆ.1/ and hence k Q̂ k � 1.
Since D is injective, there is a completely positive map ˆ0 from E.L. QH//E into D
such that ˆ0 ˇˇ Q�.A/E D Q̂ . Moreover, kˆ0k D kˆ0.E/k D k Q̂ .E/k D k Q̂ k � 1. Let
Ô D ˆ0 ı‰. Then, Ô satisfies all the requirements. ut

Let us specialise Proposition 8.1.9 by requiring B to be injective and putting
B D D. Let iA be the identity map of A into B. Put ˆ D iA. Let Ô D ‰. Then ‰ is a
completely positive map from B into B such that

k‰.x/k � p.x/ for all x 2 Bsa.

Also ‰.a/ D a for all a in A.
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Lemma 8.1.10 Let A be a unital C�-algebra and let B be any injective C�-algebra
which contains A as a unital C�-subalgebra. (For example, when A acts on a Hilbert
space H as a unital C�-algebra, we may put B D L.H/. In particular, we may let H
be the universal representation space.) Let p0 be a minimal A-seminorm on B. Then
there exists a completely positive map ‰ from B into B, such that ‰ jA D �A and
k‰.x/k � p0.x/ for all x 2 Bsa. Then, ‰ is an idempotent A-projection.

Proof Define q1.x/ D jj‰.x/jj and q2.x/ D lim supn!1 jj .‰C���C‰n/.x/
n jj for every

x 2 Bsa. Since A is in the multiplicative domain of‰, we have‰.uxu�/ D u‰.x/u�
for x 2 Bsa and a unitary u in A by Lemma 5.8.1 (3). Then q1 and q2 are A-seminorms
on Bsa such that q1 � p0 and q2 � p0. Since p0 is minimal, q1 D p0 D q2. So for
every x 2 Bsa,

jj‰.x/�‰2.x/jj D jj‰.x �‰.x//jj D lim sup
n!1

jj .‰ C � � � C‰n/.x �‰.x//
n

jj D 0.

So ‰2 D ‰ follows. ut

8.1.2 Constructing Regular Completions of Unital C�-Algebras

Let A be any unital C�-algebra. In this subsection we shall show that A has a regular
completion. As pointed out in Remark 5.6.12 the proof of Theorem 5.6.11 gives the
uniqueness of the regular completion.

Let .V; jA/ be the Dedekind completion of the order unit vector space Asa. Let
us recall that V is injective, by Proposition 2.3.9, and jA is an isometric order
isomorphic embedding.

The strategy for constructing a regular completion, OA, of A goes as follows.
Consider the monotone closure OAsa of jA.Asa/ in V and define a multiplication on
OA D OAsa C i OAsa in such a way that OA becomes a monotone complete C�-algebra
where A is embedded as an order dense unital C�-subalgebra.

To do this, take any injective C�-algebra B such that A is a unital C�-subalgebra
of B. Since V is injective as a real Banach space, there exists an extension �, a linear
map from Bsa into V , such that k�k D kjAk D 1 and � jAsa D jA. So the set

S.Bsa;V/ D f� 2 L.Bsa;V/ W k�k D kjAk; � jAsa D jAg

is not empty. (Here L.Bsa;V/ is the set of real linear maps from Bsa to V .) Since
each � 2 S.Bsa;V/ is of norm one and unital, � is a positive map. (See the first two
paragraphs of the proof of Lemma 5.8.7.)

Let us define a seminorm p on Bsa by

p.x/ D supfk�.x/k W � 2 S.Bsa;V/g for any x 2 Bsa.
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Lemma 8.1.11 The seminorm p is an A-seminorm on Bsa.

Proof Since jA is an isometry, if x 2 Asa, then p.x/ D kxk. Recall that k�k D
kjAk D 1 and p.x/ � kxk follows for all x 2 Bsa. We only have to show that
p.uxu�/ D p.x/ for all x 2 Bsa and for all unitaries u 2 A. Let Tu be the isometric
map from Bsa onto Bsa defined by Tux D uxu� for all x 2 Bsa. Then Tu.Asa/ D Asa.
Since .V; jA/ is unique, jA ı Tu ı j�1A can be extended to a linear isometry Su from
V onto V such that kSuk D kTuk and Su

ˇ
ˇ

jA.Asa/ D jA ı Tu ı j�1A . So Su� ı � ı Tu 2
S.Bsa;V/ for all unitaries u 2 A and � 2 S.Bsa;V/. So k�.u�xu/k � p.x/ for all � 2
S.Bsa;V/; whence p.u�xu/ � p.x/ for all unitaries u 2 A.

On replacing x by uxu� we have p.x/ � p.uxu�/. On replacing u by u�, p.x/ �
p.u�xu/. So p.u�xu/ D p.x/ for all x 2 Bsa and all unitaries u 2 A. ut
Corollary 8.1.12 Let p0 be a minimal A-seminorm majorised by p. There is a
completely positive linear map ‰ W B 7�! B such that k‰.x/k � p0.x/ for all
x 2 Bsa and ‰ jAsa D �Asa . Also ‰ is an idempotent A-projection on B satisfying

jj‰.x/jj D kxk D supfk�.x/k W � 2 S.Bsa;V/g for all x 2 ‰.Bsa/.

Proof By Lemma 8.1.10 there is a completely positive linear map ‰ W B 7! B such
that k‰.x/k � p0.x/ for all x 2 Bsa and ‰ jAsa D �Asa . Also ‰ is an idempotent
A-projection on B satisfying

k‰.x/k � supfk�.x/k W � 2 S.Bsa;V/g � kxk

for all x 2 Bsa. When ‰.Bsa/ 3 x, we have x D ‰.x/. So

jj‰.x/jj D kxk D supfk�.x/k W � 2 S.Bsa;V/g for all x 2 ‰.Bsa/. ut

Lemma 8.1.13 Fix x 2 Bsa. Thenf�.x/ W � 2 S.Bsa;V/g D

fv 2 V W sup
V

f jA.a/ W a 2 Asa, a � xg � v � inf
V

f jA.b/ W b 2 Asa; b � xgg.

Proof When x 2 A this is trivial so we shall suppose that x … A.
Let � be any element of S.Bsa;V/. Then, when a � x � b, and a; b are in Asa,

jA.a/ D �.a/ � �.x/ � jA.b/.

So

sup
V

f jA.a/ W a 2 Asa, a � xg � �.x/ � inf
V

f jA.b/ W b 2 Asa; b � xg.
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Conversely, keeping x fixed, let v 2 V such that

sup
V

f jA.a/ W a 2 Asa, a � xg � v � inf
V

f jA.b/ W b 2 Asa; b � xg.

We claim that there exists � 2 S.Bsa;V/ such that v D �.x/. First we observe, for
all a 2 Asa,

�kx C ak � 1 � a � x � kx C ak � 1 � a.

So

� kx C ak � 1 � v C jA.a/ � kx C ak � 1. (i)

Let r 2 R. For r > 0 it follows immediately from (i) that

� krx C ak � 1 � rv C jA.a/ � krx C ak � 1. (ii)

In (ii) we replace a by �a, and observe that krx�ak D k.�r/xCak. We multiply
the resulting inequality by �1. This gives (ii) with r replaced by �r. So (ii) is valid
for all real r.

So, without ambiguity, we can define  W Asa C Rx 7! V by  .rx C a/ D
rv C jA.a/. From (ii) we have jj jj � 1. So  has a unique extension to a bounded
operator on Asa CRx. (Since  is bounded it obviously extends to the norm closure
of this space in Bsa. In fact, because x … Asa, it is straight forward to show that
Asa C Rx is a real Banach space.) Because A is unital,  .1/ D 1. So k k D
1 D kjAk. Also  jAsa D jA. Since V is injective,  has an extension to some �
in S.Bsa;V/. ut

Let W D fx 2 ‰.Bsa/ W �.x/ D  .x/ for all � and  2 S.Bsa;V/g. Clearly W is
a norm-closed subspace of ‰.Bsa/ D .‰.B/; ı/sa containing Asa.

Lemma 8.1.14 The (real) Banach space W is monotone closed in .‰.B/; ı/sa and
Asa is a regular subspace of W.

Proof When x 2 W, by Lemma 8.1.13 and the definition of W, for each
� 2 S.Bsa;V/,

sup
V

f jA.a/ W a 2 Asa; a � xg D �.x/ D inf
V

f jA.a/ W a 2 Asa; a � xg.

Recall that, for any z 2 ‰.Bsa/, kzk D supfk�.z/k W � 2 S.Bsa;V/g by
Corollary 8.1.12. When y 2 ‰.Bsa/, if �.y/ � 0 for all � 2 S.Bsa;V/, then we
have y � 0. To show this, we may assume kyk � 1. Then we have 0 � �.y/ � 1

and so k�.1 � y/k D k1 � �.y/k � 1 for all � 2 S.Bsa;V/, whence k1 � yk � 1.
Hence it follows that y � 0. So, � jW is a bipositive linear map from W into V .
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We shall now show that x D supfa 2 Asa W a � xg in‰.Bsa/. To see this, take y 2
‰.Bsa/ such that a � y for all a 2 Asa with a � x. Since � is positive, jA.a/ � �.y/
for all such a 2 Asa. So, �.x/ � �.y/ for all � 2 S.Bsa;V/. Since x � y 2 ‰.Bsa/,
x � y. So x D supfa 2 Asa W a � xg in .‰.B/; ı/sa by Corollary 8.1.4.

Next we shall show that W is monotone closed in ‰.Bsa/. Let .x�/ be any
increasing net in W with x� " x in ‰.Bsa/ for some x 2 ‰.Bsa/. Take any
� 2 S.Bsa;V/. Since .�.x�// is increasing and bounded by kxk1 in V , there exists
v 2 V such that �.x�/ " v in V . Since �.x�/ � �.x/ for all �, we have v � �.x/.
On the other hand, if we take a 2 Asa with jA.a/ � v, then we have �.x�/ � jA.a/,
which implies that �.x� � a/ � 0. So, the bipositivity of � tells us that x� � a for
all � and so x � a, that is, �.x/ � jA.a/ for all such a 2 Asa with v � jA.a/. Since
v D inff jA.a/ W a 2 Asa; jA.a/ � vg in V , it follows that �.x/ � v, that is, v D �.x/
for all � 2 S.Bsa;V/. Since �.x�/ D  .x�/ for all � and �; 2 S.Bsa;V/, we have
x 2 W. This also implies that .x�/ " x in .‰.B/; ı/ by Corollary 8.1.4 again. ut
Theorem 8.1.15 Let A be a unital C�-algebra and let OAsa be the smallest mono-
tone closed subset of .‰.B/; ı/sa.D ‰.Bsa// that contains Asa. The subspace
OADOAsaCi OAsa is a monotone closed unital C�-subalgebra of .‰.B/; ı/ that contains
A and . OA; �/ is a regular completion of A. Moreover, for any x 2 OAsa,

x D supfa 2 Asa W a � xg in .‰.B/; ı/sa.

Proof By Corollary 8.1.3 A is a unital �-subalgebra of .‰.B/; ı/. By Corollary 8.1.5
.‰.B/; ı/ is monotone complete. In Theorem 5.3.7 put B1 D B2 D .‰.B/; ı/
and put ˆ D �. Then OA is a unital monotone closed �-subalgebra that contains
A. Also OAsa is the self-adjoint part of OA and is a subspace of W. So . OA; �/ is a regular
completion of A. In particular, for any x 2 OAsa,

x D supfa 2 Asa W a � xg in .‰.B/; ı/sa. ut

InjectiveEnvelopes of Unital C�-Algebras

Let B be a unital C�-algebra which, for the moment, is not required to be injective.
Let ˆ be a unital completely positive idempotent linear map from B into itself.
So, by Corollary 8.1.3, when ˆ.B/ is equipped with the product ˆ.x/ ı ˆ.y/ D
ˆ.ˆ.x/ˆ.y//, it is a unital C�-algebra.

Lemma 8.1.16 Let C be a unital C�-algebra or an operator system on some Hilbert
space and let 	 W C 7! .ˆ.B/; ı/ be a unital completely positive linear map. Then
	 W C 7! B is also a unital completely positive map.

Proof Take any n 2 N and consider a map ˆn W Mn.B/ 7! Mn.B/ defined by
ˆn..aij// D .ˆ.aij// for each .aij/ 2 Mn.B/. Then ˆn is a completely positive
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idempotent map and for any a D .aij/ and b D .bij/ in Mn.B/, we have

a ı b D ˆn.ab/ D
 

nX

kD1
ˆ.aikbkj/

!

1�i;j�n

D
 

nX

kD1
aik ı bkj

!

1�i;j�n

and so Mn..ˆ.B/; ı// D .ˆn.Mn.B//; ı/ which is an operator subsystem of Mn.B/.
So, using Definition 5.8.5, we only have to check that 	 is a positive linear map

from C into B. Take any T 2 C and suppose that T � 0. Then 	.T/ is positive in
.ˆ.B/; ı/ and so by Corollary 8.1.4, 	.T/ is positive in B. So, 	 is a positive linear
map from C into B. ut
Lemma 8.1.17 Let B be an injective C�-algebra and letˆ be a completely positive
idempotent map from B into itself. Then the C�-algebra .ˆ.B/; ı/ is injective.

Proof Take any unital C�-algebra D and any operator subsystem C of D. Let ‰ be
any completely positive contractive map from C into .ˆ.B/; ı/.

For each n, consider the map

ˆn W Mn.B/ 7�! Mn..ˆ.B/; ı//.D .ˆn.Mn.B//; ı//.

It is unital and positive and its range is an operator subsystem of Mn.B/. So the map
ˆ W B 7! .ˆ.B/; ı/ is completely positive and � W .ˆ.B/; ı/ 7! B is a completely
positive embedding. See Corollary 8.1.4.

By Lemma 8.1.16, ‰ is a completely positive contractive map from C into B.
Recall that B is injective. There is a completely positive contraction ‰0 from D into
B such that‰0jC D �ı‰. Let Q‰ D ˆı‰0, then Q‰ is a completely positive map from
D into .ˆ.B/; ı/ such that Q‰ jC D ‰. Hence .ˆ.B/; ı/ is an injective C�-algebra.ut
Definition 8.1.18 Let A be a unital C�-algebra. An extension of A is a pair .C; k/,
where C is a unital C�-algebra and k is a unital injective �-homomorphism of A into
C. We call .C; k/ an injective envelope of A if the following conditions are satisfied.
First C is an injective C�-algebra. Secondly, whenever ‰ is a unital, completely
positive linear map from C into C such that ‰.k.a// D k.a/ for all a in A then
‰.c/ D c for all c 2 C.

Lemma 8.1.19 Let A be a unital C�-algebra and let B be any injective C�-algebra
such that A is a unital �-subalgebra of B. Let p be any minimal A-seminorm on Bsa.
Let ˆ be any completely positive idempotent linear map from B into itself such that
ˆ jA D �A and kˆ.x/k � p.x/ for all x 2 Bsa. Then ..ˆ.B/; ı/; �/ is an injective
envelope of A. That is, if ‰ is any completely positive map from .ˆ.B/; ı/ into itself
that satisfies ‰ jA D �A, then ‰ must be the identity map.

Proof Let ‰ be any completely positive mapping from .ˆ.B/; ı/ into .ˆ.B/; ı/
such that ‰ jA D �A. We only have to show that ‰ D �.ˆ.B/;ı/.
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For x 2 Bsa, let

p1.x/ D jj‰ ıˆ.x/jj

and

p2.x/ D lim sup
n!1

�
�
�
�
.‰ C � � � C‰n/ ıˆ.x/

n

�
�
�
� :

Then p1 and p2 are A-seminorms on Bsa. We claim that p1 � p and p2 � p. Indeed,
if a 2 Asa, then ‰.ˆ.a// D a and so p1.a/ D kak D p2.a/. Next take any unitary u
in A and x 2 Bsa. Then, by Lemma 5.8.1 (3) we have

p1.uxu�/ D k‰.uˆ.x/u�/k
D ku‰ ıˆ.x/u�k
D k‰ ıˆ.x/k D p1.x/.

Similarly, we have p2.uxu�/ D p2.x/. So, p1 and p2 are A-seminorms such that
p1 D p D p2, because p1, p2 � p by the properties of ˆ.

Then we have kˆ.x/k D k‰ ıˆ.x/k and

kˆ.x/k D lim sup
n!1

�
�
�
�
.‰ C‰2 C � � � C‰n/ ıˆ.x/

n

�
�
�
�

for all x 2 Bsa. Hence, for all a 2 ˆ.B/sa D ˆ.Bsa/, we have kak D k‰.a/k and

kak D lim supn!1
�
�
�
.‰C‰2C���C‰n/.a/

n

�
�
�.

Since a �‰.a/ 2 ˆ.B/sa for all a 2 ˆ.B/sa, we have

ka �‰.a/k D lim sup
n!1

�
�
�
�
.‰ C‰2 C � � � C‰n/.a �‰.a//

n

�
�
�
�

D lim sup
n!1

�
�
�
�
‰.a/�‰n.a/

n

�
�
�
� � lim

n!1
2kak

n
D 0

which implies that a D ‰.a/ if a 2 ˆ.B/sa. ut
The key result of Hamana, which we shall prove below, is that each unital C�-

algebra has an injective envelope. But first we show that injective envelopes are
unique.

Lemma 8.1.20 Let .E; j/ and .F; k/ be two injective envelopes of A. Then there
exists a �-isomorphism ˛ from E onto F such that ˛ ı j D k.

Proof Since F is injective and k ı j�1 maps j.A/ into F, there exists a completely
positive linear map ˆ from E into F such that ˆ

ˇ
ˇ
j.A/ D k ı j�1. Similarly,
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there is a completely positive linear map ‰ from F into E such that ‰
ˇ
ˇ
k.A/ D

j ı k�1. Then, ‰ ı ˆ is a completely positive contractive linear map such that
‰ ı ˆ ˇˇj.A/ D ˆ ı k ı j�1 D .j ı k�1/ ı .k ı j�1/ D �j.A/ . Since .E; j/ is an injective
envelope of A, it follows that ‰ ı ˆ is the identity on E. Similarly ˆ ı ‰ is the
identity on F. So, ˆ is a completely bipositive unital linear isomorphism from E
onto F. Hence by Lemma 5.8.1 (2), we have ˆ.a2/ D .ˆ.a//2 for all a 2 Esa. So,
by Lemma 5.8.1 (3) ˆ is a homomorphism. Hence ˆ is a �-isomorphism from E
onto F such that ˆ ı j D k. ut
Theorem 8.1.21 Let A be a unital C�-algebra. Then there is a unique injective
envelope Inj.A/ of A. The algebra Inj.A/ is monotone complete and the mono-
tone closure QA of A in Inj.A/ is the regular completion of A. That is, OA is
obtained by taking the monotone closure of A in Inj.A/ and for every x 2 OAsa,
x D supfa 2 Asa W a � xg in Inj.A/sa. When OA is wild, so is Inj.A/.

Proof Let B be any injective C�-algebra such that �A W A 7! B is an injective �-
homomorphism. For example, we could let B D L.H/ where H is any Hilbert space
on which A has a faithful representation.

By Lemma 8.1.11 the seminorm p is an A-seminorm on Bsa.
By Lemma 8.1.7 there is a minimal A-seminorm p0 on Bsa such that p0 � p.
By Lemma 8.1.10 there exists a completely positive map ‰ from B onto A such

that ‰ is an idempotent A-projection and, for all x 2 Bsa,

jj‰.x/jj � p0.x/.

It now follows from Lemma 8.1.17 that .‰.B/; ı/ is injective. By Lemma 8.1.19
.‰.B/; ı/ is the injective envelope of A.

We now apply Theorem 8.1.15 to show that QA is a regular completion of A. (As
pointed out at the beginning of this subsection, the regular completion is unique.)

If � is a normal state of InjA then its restriction to QA D OA is also a normal state.
If OA is wild it has no normal states. So InjA has no normal states, in other words, it
is wild. ut
Corollary 8.1.22 Let A be a unital C�-algebra with the injective envelope Inj.A/.
Let C be a unital C�-algebra and suppose that ‰ W Inj.A/ 7! C is a unital
completely positive linear map such that ‰ jA is a complete isometry. Then, ‰ is
also a complete isometry.

Proof Since, by our assumption, .‰ jA /
�1 is a completely positive map from the

operator subsystem‰.A/, of C, into the injective algebra Inj.A/, there exists a unital
completely positive linear map ‰0 W C 7! Inj.A/ such that ‰0 ˇˇ

‰.A/ D .‰ jA /
�1.

Then ‰0 ı ‰ W Inj.A/ 7! Inj.A/ is a unital completely positive linear map such that
.‰0 ı ‰/ jA D �A. Since Inj.A/ is the injective envelope of A, we must have that
‰0 ı‰ D �Inj.A/. Hence ‰ is a complete isometry. ut
Corollary 8.1.23 Let A be a unital C�-algebra and let � be a �-automorphism of
A. Then there exists a unique �-automorphism Inj.�/ of Inj.A/which extends � such
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that Inj.�/. OA/ D OA. Hence there exists a unique �-automorphism O� of OA which is
the restriction of Inj.�/ to OA. Let AutA. OA/ be the automorphisms of OA which restrict
to automorphisms of A. Then the map Aut.A/ 3 � 7! O� 2 AutA. OA/ is a group
isomorphism

Proof Since Inj.A/ is injective and � is a completely positive map, there exists a
completely positive extension � 0 of � to Inj.A/. Since � is completely isometric,
by Corollary 8.1.22, � 0 is also completely isometric. By Lemma 5.8.1 (3), � 0 is an
injective �-homomorphism of Inj.A/ into itself. By applying a similar argument to
��1, we obtain that � 0 is surjective. Since Inj.A/ is an injective envelope of A, � 0 is
unique. Moreover, the normality of � 0 tells us that � 0. OA/ D OA. ut
Corollary 8.1.24 Let A be a unital C�-algebra with the injective envelope Inj.A/.
Then the centre ZInj.A/ of Inj.A/ is A0 \ Inj.A/.

Proof When u is any unitary element of A0 \ Inj.A/, Adu is a �-automorphism of
Inj.A/ satisfying Adu jA D �A. Since Inj.A/ is an injective envelope of A, Adu D
�Inj.A/ and so, ux D xu for all x 2 Inj.A/, that is, u is in the centre of Inj.A/. Since
every element of A0 \ Inj.A/ is a linear combination of at most four unitaries in
A0 \ Inj.A/, A0 \ Inj.A/ � ZInj.A/. Since the converse inclusion is clear, it follows
that A0 \ Inj.A/ D ZInj.A/. ut
Exercise 8.1.25 Let B be an injective C�-algebra and let e be a projection in B.
Show that eBe is an injective C�-algebra.

Corollary 8.1.26 Let Z OA be the centre of the regular completion of a unital C�-
algebra A. Then Z OA D ZInj.A/.

Proof Since Z OA � A0 \ Inj.A/ D ZInj.A/, we only need to check the converse.

Assertion 1 Let A be a unital C�-algebra. Then, for any f 2 Proj.ZInj.A//, we have
fInj.A/ D Inj. f OA/ D Inj. fA/.

Recall that fInj.A/ is an injective C�-algebra which contains fA as a unital C�-
subalgebra. Take any completely positive linear map ˆ W fInj.A/ 7�! fInj.A/ such
that ˆ

ˇ
ˇ
fA D �fA. We shall show that ˆ D �fInj.A/. Let ‰.x/ D ˆ. fx/ C .1 � f /x

for x 2 Inj.A/. Then, clearly ‰ is a completely positive linear map from Inj.A/ into
Inj.A/. When x 2 A, ‰.x/ D ˆ. fx/C .1� f /x D fx C .1 � f /x D x, which implies
that ‰ D �Inj.A/ and ˆ. fx/ D f .ˆ. fx/C .1 � f /x/ D f . fx C .1 � f /x/ D fx for all
x 2 Inj.A/. So ˆ D �fInj.A/. Hence fInj.A/ is an injective envelope of fA (and so of
f OA).

Now take any projection f 2 ZInj.A/. Let F D fe 2 Proj. OA/ W e � f g. Clearly
1 2 F and so F ¤ ;. Since OA is monotone closed in Inj.A/, for any pair e1 and
e2 in F, e1 ^ OA e2 D e1 ^Inj.A/ e2. So F is a decreasing net in Proj.Inj.A//. Let
f1 D Vfe W e 2 Fg in Proj. OA/ (and so in Proj.Inj.A//). Since for any unitary u in OA
and e 2 F, we have ueu� � ufu� D f ; and hence uFu� D F for all unitaries u in OA.
So we have uf1u� D f1 for all such u and it follows that f1 2 A0 \ Inj.A/ D ZInj.A/

and f1 � f .
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Let � W f1Inj.A/ 7�! fInj.A/ be a (normal) �-homomorphism defined by �.x/ D
fx for all x 2 f1Inj.A/. Then we have the following.

Assertion 2 The restriction of � to f1 OA, �
ˇ
ˇ
ˇf1 OA , say, � 0 is a �-isomorphism from f1 OA

into fInj.A/.

If the kernel � 0�1.0/ ¤ f0g, then there exists a non-zero projection e in OA such
that e � f1 and ef D � 0.e/ D �.e/ D 0. Hence we have f � f1 � e Œ f1. Since
f1 � e 2 F, this is a contradiction. So � 0 is injective and it is a complete isometry.
By Assertion 1, f1Inj.A/ is the injective envelope of f1A (and so, of f1 OA/, � is also
completely isometric. So � is injective. Since �. f1 � f / D f . f1 � f / D 0, we have
f D f1. Hence f D f1 2 OA. So it follows that Z OA D ZInj.A/. ut

Until now we have been supposing A to be unital. We now drop that requirement.
Let us recall that A1 is the unital C�-algebra obtained by adjoining a unit to A, when
A is not unital, and A1 D A when A is unital. When A is not unital, we shall define
Inj.A/ to be Inj.A1/ and OA to be bA1.

For any C�-algebra, the positive elements of norm strictly less than 1, form an
upward directed set which, following [121], we call the canonical approximate unit.

Compare the following result with Theorem 5.6.14.

Corollary 8.1.27 Let A be a C�-algebra and let I be any closed two-sided ideal of
OA. If A \ I D f0g, then I D f0g. More generally let B be a unital C�-subalgebra
of Inj.A/ D Inj.A1/ that contains A and let J be a closed ideal of B. Suppose that
A \ J D f0g. Then J D f0g.

Proof First of all, we note that A is an essential ideal of A1. For, by making use of
the canonical approximate unit for A, we can easily check that if I is an ideal of A1

such that I \ A D f0g, then I D f0g.
Let q W B 7�! B=J be the quotient �-homomorphism. If J\A D f0g, J\A1 D f0g

as well by the above argument and so then q jA1 is injective. Hence

.q jA1 /�1 W q.A1/ 7�! A1 � Inj.A/

is also an injective �-homomorphism. Since Inj.A/ is injective, there exists a
completely positive linear map � W B=J 7! Inj.A/ such that �

ˇ
ˇ
q.A1/ D .q jA1 /�1. So,

� ı q is a completely positive (unital) linear map from B into Inj.A/. Since Inj.A/
is injective, there is a completely positive linear map ˆ from Inj.A/ into itself such
that ˆ jB D � ı q. If a 2 A1, then

ˆ.a/ D � ı q.a/ D .q jA1 /�1.q.a// D a

and so ˆ jA1 D �. Since Inj.A/ is the injective envelope of A1, ˆ D � and when
b 2 B, �.q.b// D b. In particular if b 2 J, then q.b/ D 0 and so b D 0 follows and
J D f0g. The above proof is based on an idea due to Hamana. ut
Corollary 8.1.28 For any C�-algebra A, A is prime if, and only if OA is a factor.
Moreover, A is prime if, and only if, Inj.A/ is a factor.
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Proof Suppose that A is prime and that OA is not a factor. Then there exists a non-
trivial central projection z in OA, that is, 0 < z < 1. Let I D A \ z OA and J D
A \ .1 � z/ OA. Then both of them are non-zero closed two-sided ideals such that
IJ D f0g. But this is a contradiction, because A is prime.

Conversely, suppose that OA is a factor. Take any closed two-sided ideals K1 and
K2 in A with K1K2 D f0g. Let fa�g be a bounded increasing approximate unit for
K1 and fb�g be a bounded increasing approximate unit for K2. Then there exist two
central projections z1 and z2 such that a� " z1 and b� " z2 in OAsa. Since a�b� D 0

for all � and � , we have z1z2 D 0. But OA is a factor, this implies that z1 D 0 or
z2 D 0, that is, K1 D f0g or K2 D f0g. Hence A is prime. By Corollary 8.1.24,
Z OA D ZInj.A/, which gives us the second statement. ut

Let A be a unital C�-algebra and let I be a closed two-sided ideal of A. Let z be the
least upper bound of the canonical approximate unit for I in the regular completion
OA. Then, clearly z is a central projection in OA and OAz is the regular completion of
C�.I; z/ (which is �-isomorphic to I1 when I is not unital and, when I is unital, then
z 2 I is the unit of I). See [133] and [134].

Suppose that A is a non-unital C�-algebra and let M.A/ be the multiplier algebra
of A (see [121]). Since A is an essential ideal of M.A/ (see again [121]), if we apply
the above result, we have:

Theorem 8.1.29 The regular completion 1M.A/ of M.A/ is the regular completion
of A1 and the idealiser of A in 1M.A/ is the algebra M.A/, that is,

fa 2 1M.A/ W aA � A and Aa � Ag D M.A/.

Since z D 1 in the above argument, the first statement follows directly. The
second part is a well-known theorem of multiplier theory. Related bibliography can
be found in [122] and [14]. But, by making use of the argument in [122], this is
straightforward to prove. See also [133] for separable A.

When e is a projection in A, beAe D e OAe by Lemma 5.9.1, it can also be shown
that Inj.eAe/ D eInj.A/e. See [63], where Hamana showed a more general theorem:

Theorem 8.1.30 Let B be a hereditary C�-subalgebra (see [121]) of a unital C�-
algebra A. Let e be the least upper bound of the canonical approximate units for B
in OA, then eInj.A/e is the injective envelope of B1 and e OAe is the regular completion
of B1, that is, Inj.B/ D eInj.A/e and OB D e OAe.

By Corollary 8.1.23, for each �-automorphism � of A, there exists a unique �-
automorphism Inj.�/ of Inj.A/ such that Inj.�/. OA/ D OA.

When A is non-unital, let us recall that � is inner if there exists a unitary element u
in M.A/ such that �.a/ D uau� for all a 2 A. We call � outer if � is not inner in this
sense. When A is unital, this definition coincides with the one already mentioned.

By making use of Theorems 8.1.29 and 8.1.30, we have
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Theorem 8.1.31 Let A be a simple C�-algebra and let ˛ be a �-automorphism of
A. Then, ˛ is outer if, and only if, Inj.˛/ is outer in Inj.A/. Let Ǫ D Inj.˛/

ˇ
ˇ OA which

is a �-automorphism of OA. If Ǫ is outer in OA, then so is ˛ in A. As a corollary, the
regular completion OF of the Fermion algebra F has an outer �-automorphism.

See [138, 139, 142, 143]. For other topics on regular completions, see [135, 136].

8.1.3 Open Problem

The group von Neumann factor A D M.F2/ associated with the free group on two
generators is monotone complete but is non-injective and so Inj.A/ ¤ A D OA.

When A is nuclear, does it hold that Inj.A/ D OA ?
If A is GCR (equivalently postliminary, see [34] and [121]), then OA is a type

I monotone complete C�-algebra and so, it is injective. Hence it follows that OA D
Inj.A/. See for example, [10, 11, 59, 61–63, 92, 133, 137, 154]. See also [6, 7, 17, 45–
47, 49, 58].

We also note that for a unital C�-algebra A, A is postliminary if, and only if, bA=J
is a type I monotone complete C�-algebra for every closed two-sided ideal J of A.

8.2 What Are AW�-Algebras?

Kaplansky introduced AW�-algebras as an algebraic generalisation of von Neumann
algebras [13, 90–93]. In particular, he showed that the Murray-von Neumann
classification of projections (in a von Neumann algebra) could be extended to these
more general C�-algebras.

For our purposes the most convenient characterisation is:
An AW�-algebra is a (unital) C�-algebra in which each maximal abelian �-

subalgebra is monotone complete.
We showed in [146] that this is equivalent to Kaplansky’s original definition.

Since this is not obvious, indeed this assertion has been doubted by some, we
shall give a proof here. Clearly this characterisation implies that every monotone
complete C�-algebra is an AW�-algebra. So any results on AW�-algebras can be
applied to monotone complete C�-algebras.

In this section, A will be a C�-algebra which is assumed to have a unit element
(unless we state otherwise). Let ProjA be the set of all projections in A. Let Asa be the
self-adjoint part of A. We recall that the positive cone AC D fzz� W z 2 Ag induces
a partial ordering on A. Since each projection is in AC, it follows that the partial
ordering of Asa induces a partial ordering on ProjA. When p and q are projections
with p � q then, by Lemma 2.2.1 p D pq. This implies that p and q commute. For

qp D .pq/� D p� D p D pq.

Kaplansky’s original definition is:
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Definition 8.2.1 The unital C�-algebra A is an AW�-algebra if (i) each maximal
abelian self-adjoint subalgebra is (norm) generated by its projections and (ii) each
family of orthogonal projections has a least upper bound in ProjA.

When A is an AW�-algebra it can be proved that the partially ordered set of
projections, ProjA, is a complete lattice.

Let B be a C�-algebra which is not assumed to have a unit. For every non-empty
subset S of B, the right annihilator of S is the set

fx 2 A W Sx D f0gg.

Kaplansky [13, 90] showed:

Proposition 8.2.2 A C�-algebra B is an AW�-algebra if, and only if, for every non-
empty subset S of B there is a projection e such that eB is the right annihilator of
S.

Let B be an AW�-algebra. Put S D f0g. Then Proposition 8.2.2 implies the
existence of a projection e 2 B such that B D eB. So e is a unit of B. Hence B
is unital.

When A is an AW�-algebra it is straightforward to show that each maximal
abelian �-subalgebra of A is monotone complete [13]. Also, as noted above, ProjA
is a complete lattice.

Recent work by Hamhalter [68], Heunen and others, see [74, 77, 99] investigate
to what extent the abelian �-subalgebras of a C�-algebra determine its structure.
Also a number of interesting new results on AW�-algebras have been discovered
recently; for example [69] and [75, 76]. Also see [3–5] for more general algebras.

Lemma 8.2.3 Let A be a unital C�-algebra. Let every maximal abelian �-
subalgebra of A be monotone complete. Let P be a family of commuting projections.
Let L be the set of all projections in A which are lower bounds for P. Then (i) L is
upward directed and (ii) P has a greatest lower bound in ProjA.

Proof

(i) Let p and q be in L. Then each c 2 P commutes with both p and q and
hence with p C q. So P [ fp C qg is a set of commuting elements. This
set is contained in a maximal abelian �-subalgebra M1. By spectral theory,
..

pCq
2
/1=n/.n D 1; 2 : : :/ is a monotone increasing sequence whose least upper

bound in M1 is a projection f .
By operator monotonicity, see Sect. 2.1, for each positive integer n, and a; b

in Asa, 0 � a � b � 1 implies a1=n � b1=n.
For any c in P, c � p and c � q. So c � pCq

2
.

So

c D c1=n �
�

p C q

2

�1=n

.

Hence c � f . Thus f 2 L.
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Also

f � p C q

2
� 1

2
p.

So, by Lemma 2.2.2, f � p. Similarly, f � q. So L is upward directed.
(ii) Let C be an increasing chain in L. Then C [ P is a commuting family of

projections. This can be embedded in a maximal abelian �-subalgebra M2. Let
e be the least upper bound of C in M2. Clearly 1 � e � 0.

To see that e is a projection we argue as follows. Since e1=2 is an upper
bound for C, e1=2 � e. So, by spectral theory, e � e2. Since e commutes with
each element of C, by spectral theory, e2 is also an upper bound for C, so e2 � e.
It follows that e2 D e.

For each p 2 P, p � e. So e 2 L. So every chain in L is upper bounded.
So, by Zorn’s Lemma, L has a maximal element. Since L is upward directed, a
maximal element is a greatest element. In other words, P has a greatest lower
bound in Proj.A/. ut

Proposition 8.2.4 Let A be a unital C�-algebra. Let every maximal abelian self-
adjoint �-subalgebra of A be monotone complete. Then A is an AW�-algebra.

Proof Let fe�g�2ƒ be a family of orthogonal projections. Let P D f1�e� W � 2 ƒg.
Since this is a commuting family of projections, it has a greatest lower bound f
in Proj.A/. Hence 1 � f is the least upper bound of fe�g�2ƒ in Proj.A/. Then, by
Definition 8.2.1, A is an AW�-algebra. ut
Theorem 8.2.5 Let A be a C�-algebra which is not assumed to be unital. Let each
maximal abelian �-subalgebra be monotone complete. Then A is a (unital) AW�-
algebra.

Proof All that is required is to show that A has a unit element. Then we can apply
Proposition 8.2.4.

Given any x 2 Asa, there is a maximal abelian �-subalgebra M which contains x.
Then the unit of M is a projection p such that px D x D xp. For any projection q,
with p � q, qx D qpx D px D x. Taking adjoints, xq D x.

Let us argue as in Lemma 8.2.3 but with L D ProjA, and P the empty set. Then
Proj.A/ has a maximal element e and ProjA is upward directed. So e is a largest
projection. In particular, p � e. So ex D x D xe. ut

No one has ever seen an AW�-algebra which is not monotone complete. Are all
AW�-algebras monotone complete? Nobody knows but a number of positive results
are known. We discuss this question in Sect. 8.3. In view of Theorem 8.2.5, this
problem could be reformulated as: if every maximal abelian �-subalgebra of a C�-
algebra A is monotone complete is A also monotone complete?

The following technical lemma is used below. It is usually applied with P D
ProjB or with P D Bsa.
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Lemma 8.2.6 Let B be a unital C�-algebra and let M be a maximal abelian �-
subalgebra in B. Let P be a subset of Bsa such that uPu� D P whenever u is a
unitary in B. Let Q be a subset of P \ Msa which has a least upper bound q in P.
Then q is in M.

Proof Let u be any unitary in M. Then for any x in Q;

uqu� � uxu� D x.

Then uqu� is in P and is an upper bound for Q. So uqu� � q. Similarly u�qu � q,
that is q � uqu�. Thus uqu� D q. So q commutes with each unitary in M. But each
element of M is a linear combination of at most four unitaries. So q commutes with
each element of M. Hence, by maximality, q 2 M. ut
Definition 8.2.7 Let A be an AW�-algebra and let B be a C�-subalgebra of A where
B contains the unit of A. Then B is an AW�-subalgebra of A if (i) B is an AW�-
algebra and (ii) whenever fe� W � 2 ƒg is a set of orthogonal projections in B then
its supremum in ProjB is the same as its supremum in ProjA.

By Lemma 1 in [130], or see Exercise 27A of Section 4 page 27 and page 277 in
[13], if B is an AW�-subalgebra of A and Q is an upward directed set in ProjB then
the supremum of Q in ProjB is the same as it is in ProjA.

In any C�-algebra, each abelian C�-subalgebra is contained in a maximal abelian
�-subalgebra.

Our point of view, in this section, is to study AW�-algebras in terms of their
maximal abelian �-subalgebras. So the following proposition has its natural place
here.

Proposition 8.2.8 Let A be an AW�-algebra. Let B be a C�-subalgebra of A
where B contains the unit of A. Suppose that whenever N is a maximal abelian
�-subalgebra in B, M is a maximal abelian �-subalgebra in A and N � M then N
is monotone closed in M. Then B is an AW�-subalgebra of A. The converse is also
true.

Proof Let N1 be a maximal abelian �-subalgebra in B then it is a subalgebra of some
maximal abelian �-subalgebra M1 of A. Then M1 is monotone complete because A
is an AW�-algebra. By hypothesis N1 is a monotone closed subalgebra of M1. So
N1 is monotone complete. Hence B is an AW�-algebra.

Let C be a set of commuting projections in B such that C is upward directed. Let
p be the supremum of C in ProjA.

Let N2 be a maximal abelian �-subalgebra of B which contains C. Let u be any
unitary in N2. Then, for any c 2 C,

upu� � c.

So the projection upu� is an upper bound for C in ProjA. Thus upu� � p. On
replacing u by u�, we find that u�pu � p. So p � upu�. Thus p D upu�. So
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pu D up. Since each element of N2 is the linear combination of four unitaries in N2,
it follows that p commutes with each element of N2. So N2 [ fpg is contained in a
maximal abelian �-subalgebra M2 of A.

Let q be the supremum of C in M2. By spectral theory, q is a projection. Since p
is the supremum of C in ProjA, q � p. But p 2 M2. So q D p. By hypothesis N2 is
a monotone closed subalgebra of M2. So p 2 N2 � B. So p is the supremum of C in
ProjB.

Now take fe� W � 2 ƒg to be a set of orthogonal projections in B. Let

C D fP�2Fe� W F a finite, non-empty subset of ƒg.

It follows from the argument above that B is an AW�-subalgebra of A.
Conversely suppose that B is an AW�-subalgebra of A. Take any maximal abelian

�-subalgebra N in B and any maximal abelian �-subalgebra M in A with N � M.
We shall show that N is monotone closed in M.

Let .a˛/ be any norm bounded increasing net in Nsa such that a˛ " b in Msa.
We shall show b 2 N. Suppose that ka˛k � k for all ˛. Since N is monotone
complete, there exists a 2 Nsa such that a˛ " a in Nsa. Clearly b � a. Suppose that
a�b ¤ 0. By spectral theory, there exist a non-zero projection p in M and a positive
real number " such that "p � .a � b/p. Since a˛ " a in Nsa, by Lemma 1.1 in [166]
there exists an orthogonal family .e� / of projections in N with sup� e� D 1 in ProjN
and a family f˛.�/g such that k.a � a˛/e�k � "

4
for all ˛ � ˛.�/ for each � .

Since B is AW�, ProjB is a complete lattice. So .e� / has a least upper bound
e in ProjB. By Lemma 8.2.6, e 2 N. But sup� e� D 1 in ProjN. So e D 1. Thus
sup� e� D 1 in ProjB. Since B is an AW�-subalgebra of A, it follows that sup� e� D 1

in ProjA.
Then

"p � .a � b/p � .a � a˛.�//e�p C .a � a˛.�//p.1� e� /

� "

4
p C 2k.1 � e� /

that is, 3"
4

p � 2k.1 � e� / for all � . So

e�pe� D 0.

So jjpe� jj2 D 0. Thus 1� p � e� for all � . So, in ProjA, 1 � p � 1. Thus p D 0.
This is a contradiction. So b D a 2 N. ut
Remark 8.2.9 Von Neumann algebras: originally Murray and von Neumann studied
Rings of Operators. See [105–107, 110, 111, 117]. These were �-subalgebras of
L.H/ which were closed in the weak operator topology or, equivalently, equal
to their double commutants in L.H/. We use von Neumann algebra to mean an
(abstract) C�-algebra, A, which has a faithful �-representation � on a Hilbert space
H where �ŒA� is closed in the weak operator topology. Then a C�-algebra, A, is a
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von Neumann algebra if, and only if, it is monotone complete and has a separating
family of normal states. Equivalently, A has a (unique) Banach space predual, A�.
See [84, 87, 88, 147, 161].

J. Feldman [40] showed that when a finite AW�-algebra (see Sect. 8.3 for “finite”)
has a separating set of completely additive states (states which are completely
additive on families of orthogonal projections) it is �-isomorphic to a von Neumann
algebra. Saitô [129] extended this to semi-finite AW�-algebras. This culminated in
Pedersen [119, 121] showing that every AW�-subalgebra of L.H/ is closed in the
strong operator topology.

8.3 Projections and AW�-Algebras

In this section we give a brief survey avoiding proofs.
First let A be an arbitrary C�-algebra. Then ProjA is a partially ordered set, with

the partial ordering induced by Asa. In general, ProjA need not be a lattice. Given
projections p and q in A we define

p � q

to mean there exists a partial isometry v 2 A such that v�v D p and vv� D q.
Then � is an equivalence relation (Murray-von Neumann equivalence) on ProjA.
See Definition II.3.3.3 [15, p73].

We define another relation on ProjA by

p - q

meaning there exists a projection q1 such that p � q1 and q1 � q. In general it is
NOT true that p - q and q - p implies p � q. See [15, p73].

8.3.1 Projections in AW�-Algebras

For the rest of this section, unless we specify otherwise, A is an AW�-algebra
with centre Z. Since every monotone complete C�-algebra is an AW�-algebra, all
results for AW�-algebras apply to monotone complete C�-algebras. Just as for von
Neumann algebras, A is a factor if its centre is one dimensional, that is, Z D C.

We pointed out in Sect. 8.2 that ProjA is a complete lattice. For any projection
p 2 ProjA, its central cover, z.p/, is the smallest projection in

fz W z 2 ProjZ and z � pg.
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It can be seen that

z.p/ D W
ProjAfupu� W u is a unitary in Ag.

Kaplansky generalised a number of results of Murray and von Neumann to AW�-
algebras by using algebraic methods. Apart from the original papers of Kaplansky,
an excellent source is [13]. Three results are fundamental for classifying projections.

First the Schroeder-Bernstein property:

Proposition 8.3.1 Let p and q be projections in A. If p - q and q - p then p � q.

Secondly, the generalised comparability of projections:

Proposition 8.3.2 Let p and q be projections in A. Then there exists a central
projection z 2 Z such that

pz - qz

and

q.1� z/ - p.1� z/.

Thirdly, the complete additivity of projections:

Proposition 8.3.3 Let fejgj2J and ffjgj2J be two orthogonal families of projections
in A. Suppose that there exists, for each j 2 J, vj 2 A such that vj

�vj D ej and
vjvj

� D fj. Then there exists v 2 A such that v�v D W
j2J ej, vv� D W

j2J fj and
vej D vj D fjv for all j 2 J. We sometimes write v D P

j2J vj.

Proof The proof for general AW�-algebras is fairly complicated but for monotone
complete C�-algebras we have the following straightforward argument.

We have fvjgj2J and ffjg are `2-summable over J and fjvj D vj for each j 2 J. We
apply Corollary 2.1.39. We put vF D P

j2F vj for each F 2 F.J/. Then fvFgF2F.J/ is
convergent in A, say

v D LIMF2F.J/vj D
X

j2J

vj

in A. The fact that
�P

j2F vj

�
e j0 D v j0 if j0 2 F and 0 if j0 … F tells us, by

Proposition 2.1.22, that vej D vj for all j 2 J. Similarly we have fjv D vj for all
j 2 J. Since v�vF D P

j2F vj
�vj D P

j2F ej, by Proposition 2.1.22 again, we have
v�v D W

j2J ej. Similarly, we have vv� D W
j2J fj. It is clear, by Lemma 2.1.24, that

such a v is uniquely determined. ut
For a proof of the above result for arbitrary AW�-algebras see [13] or the original

papers by Kaplansky.
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These results are straightforward to prove for monotone complete C�-algebras by
adapting the classical Murray-von Neumann arguments. But since the AW�-results
are more general and easily accessible we do not need to spend time re-proving them
for monotone complete C�-algebras. We made an exception for Proposition 8.3.3
because the above argument is easy whereas the corresponding generalisation to
AW�-algebras is more intricate.

Types of AW�-Algebras

We give a very brief account of the decomposition of AW�-algebras into types. More
detailed information can be found in [13] or [90–93].

Definition 8.3.4 An AW�-algebra B is said to be finite if x�x D 1 implies xx� D 1.
If B is not finite, it is said to be infinite. A projection e 2 B is said to be finite
if eBe is finite and e is infinite if eBe is infinite. A projection e in B is said to be
abelian if eBe is abelian. The algebra B is said to be properly infinite if the only
finite central projection is 0. That is, the algebra B has no finite direct summand
other than f0g. The algebra B is said to be semi-finite if it has a finite projection e
such that z.e/ D 1, where z.e/ is the central cover of e (see the second paragraph
of the preceding subsection). The algebra is said to be purely infinite if it contains
no finite projections other than 0. The algebra B is said to be discrete if it has an
abelian projection e with z.e/ D 1. The algebra is said to be continuous if it has
no abelian projections other than 0. A central projection z in B is said to be finite
(respectively infinite, purely infinite) if the direct summand Bz is finite (respectively
infinite, purely infinite). The algebra B is said to be of Type I if it is discrete; Type
II1 if it is continuous and finite; Type II1 if it is continuous, semi-finite and properly
infinite and Type III if it is purely infinite. A central projection z of B is said to be of
type � (� D I; II1; II1; III/ if the direct summand Bz is of type �.

Remark 8.3.5 We see from the above that a projection p is finite if q � p and q � p
implies q D p.

Proposition 8.3.6 Let A be an AW�-algebra. There exist unique orthogonal central
projections zI ; zII1 ; zII

1

and zIII in A such that z�A is of Type � (� D I; II1; II1; III)
and zI C zII1 C zII

1

C zIII D 1.

When A is monotone complete, Proposition 8.3.6 is a straightforward generalisa-
tion of the analogous result for von Neumann algebras. For general AW�-algebras,
see [13] and [90].

Monotone Completeness

Is every AW�-algebra monotone complete? Kaplansky showed that all Type I factors
are von Neumann, and so monotone complete. See [112, 113] concerning the
complete classification of Type I algebras. In fact, all Type I AW�-algebras are
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monotone complete (see [92] and [166]). But, in general, this is a difficult question.
An impressive attack on it was made by Christensen and Pedersen [28] who showed
that if A is a properly infinite AW�-algebra then A is monotone �-complete. So when
A is properly infinite and has a faithful state then it is monotone complete. See also
[141].

Let A be an AW�-factor with a faithful state. Then, using Proposition 8.3.6 and
[28], it follows immediately that A is monotone complete unless it is of Type II1.
By [175] a Type II1 factor with a faithful state is always a von Neumann algebra. So
any factor with a faithful state is monotone complete. In particular, all small factors
are monotone complete. Moreover, when A is an AW�-subalgebra of a type I AW�-
algebra with the centre Z, if A contains Z, then A must be monotone complete. See
Theorem 8.3.10 and [130].

Quasi-Linear Maps

Definition 8.3.7 Let B be a unital C�-algebra and Y a Banach space. A function
T W B 7! Y is quasi-linear if it has the following properties:

(i) fTx W jjxjj � 1g is bounded in norm;
(ii) T.a C ib/ D Ta C iTb whenever a and b are self-adjoint;

(iii) Whenever C is a commutative �-subalgebra of B then the restriction of T to C
is linear.

If we put B D M2.C/ and Y D C there are many examples of quasi-linear T
which are not linear.

(But it is known that if B is a von Neumann algebra without a Type I2-
direct summand then each quasi-linear T is linear. See [22]. This generalisation of
Gleason’s Theorem is the culmination of the work of many hands. See Hamhalter
[67, Ch5] for its lucid, scholarly exposition of those results and its extensive
bibliography.)

Finite AW�-algebras

Let us now suppose the AW�- algebra A to be finite that is, x�x D 1 implies xx� D 1.
Then, see [13, Ch6], there exists a (unique) dimension function d W ProjA 7! Z such
that

(i) e � f implies d.e/ D d. f /.
(ii) d.e/ � 0 and d.e/ D 0 only if e D 0.

(iii) d.z/ D z if z 2 ProjZ.
(iv) If e and f are orthogonal, then d.e C f / D d.e/C d. f /.
(v) The dimension function is completely additive on orthogonal projections.
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In [16] there is a very lucid account of the “centre valued quasi-trace”. More
precisely, the dimension function d has a unique extension to a quasi-linear map
T W A 7! Z such that

(i) Tz D z for each z 2 Z.
(ii) 0 � T.xx�/ D T.x�x/ for all x in A.

(iii) T is norm continuous, in particular, kT.a/ � T.b/k � ka � bk for a; b 2 Asa.

It is natural to ask: is T linear? When A is a von Neumann algebra the answer is
“yes”. But, in general, this is unknown.

When A is a finite AW�-factor then, see [175], if it has a faithful state then it has
a faithful normal state. So it is a von Neumann algebra. (So then the quasi-trace,
T W A 7! C, is linear).

Now suppose that A is a Type II1 factor with a faithful state. Then, as remarked
above, it is monotone complete. Since A is monotone complete we can apply [176]
to show that A is a von Neumann algebra. See also [39, 128, 131, 132]. So, whenever
a Type II factor has a faithful state it is von Neumann. It follows that all small wild
factors are of Type III. Further more, in [39], it is shown that when A is an AW�-
algebra, if there exists a projection e with the central cover z.e/ D 1 such that eAe
is a von Neumann algebra, then A itself is a von Neumann algebra.

Embeddable Algebras

As before we suppose that A is an AW�-algebra with centre Z.

Definition 8.3.8 We call A embeddable if there is a Type I AW�-algebra, B, with
centre Z and a �-isomorphism � W A 7! B such that �ŒA� equals its double
commutant in B.

Ozawa [114] used model theory to establish a transfer principle from von
Neumann algebras in Boolean-valued set theory to embeddable AW�-algebras. See
also [115]. Roughly speaking, he replaces the scalars by a commutative AW�-
algebra. This model theory approach makes the following generalisation of [175]
seem plausible.

Theorem 8.3.9 Let A be a finite AW�-algebra with centre Z. Let T W A 7! Z be a
positive, faithful conditional expectation. Then A is embeddable in a type I AW�-
algebra B with the same centre Z.

However this result was proved by Ozawa and Saitô [116] using only standard
set theory.

Earlier Saitô [130] established the following:

Theorem 8.3.10 If B is an AW�-algebra of Type I and if A is an AW�-subalgebra
of B containing the centre of B, then A coincides with its bicommutant in B.
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A striking consequence of Theorems 8.3.9 and 8.3.10 is the following: When C
is a separable unital C�-algebra, its regular (�-)completion OC has no type II direct
summand. See [116].

8.3.2 Open Problems

Let A be a Type II1 AW�-factor. Is A a von Neumann algebra? Or equivalently, is
the quasi-trace T linear? This question has been unanswered for 60 years. By [175]
a necessary and sufficient condition for a Type II1 AW�-factor to be von Neumann
is for it to have a faithful state. So, an equivalent question is: When A is a finite type
II AW�-factor, does it have a faithful state ?

Since the quasi trace T restricts to a faithful normal state on each maximal abelian
�-subalgebra of A, each maximal abelian �-subalgebra of A is a von Neumann
algebra. So, this question can be reformulated: Let A be a C�-algebra where each
maximal abelian �-subalgebra is von Neumann (and so by Theorem 8.2.5 A is an
AW�-algebra). Suppose that A is simple, infinite dimensional and finite. Is A a von
Neumann algebra ?

Handelman [70] showed that every stably finite C�-algebra admits a �-
homomorphism to a finite AW�-factor. (A C�-algebra B is stably finite, if Mn.B/
is finite, that is, if xy D 1 implies yx D 1 for x; y 2 Mn.B/ for every n 2 N.)
Hence the AW�-problem becomes closely related to the following question in the
K-theory of C�-algebras. Does every stably finite C�-algebra have a trace? In
particular, Blackadar and Handelman [16] showed that the quasi-trace problem
for C�-algebras can be reduced to the AW�-problem. See Theorem V.2.1.15 and
Theorem V.2.2.15 in [15]. For a strong attack on this question see [56]. For a
different approach to quasi-traces see [21]. We make no attempt to survey the many
papers related to this problem. Instead we refer the reader to the excellent account
in [15] and its extensive bibliography.

For a more general problem, consider a unital C�-algebra B. Suppose there exists
a �-homomorphism � from B onto M2.C/. Let � W M2.C/ 7! C be a quasi-linear
map which is not linear. Then �� W B 7! C is a quasi-linear map which is not linear.
The most optimistic conjecture is:

Let B be a unital C�-algebra which does not have M2.C/ as a quotient. Let T be
a quasi-linear map from B into a Banach space Y. Then T is linear.

This problem can be reduced to the situation where Y D C. It then turns out that
T is linear if, and only if, it is uniformly weakly continuous on the closed unit ball of
B, see [20]. When B is a von Neumann algebra, the Generalised Gleason Theorem,
see above, gives a positive answer. But for general B this is a mystery.
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8.4 Conclusions

There have been great advances in the investigation of monotone complete C�-
algebras. But many mysteries and challenges remain. The open problems listed
throughout this book, suggest pathways which could lead to further progress.

The classification semigroup and the spectroid invariants introduced in Chap. 3
are far from giving a complete classification but they do produce some order out of
chaos.

The following analogy may be helpful. Consider a vast city where each building
contains a small monotone complete C�-algebra. Suppose algebras in different
buildings are never isomorphic and each building contains only one algebra. Also
suppose each small monotone complete C�-algebra is isomorphic to an algebra in
one of the buildings. By Hamana’s pioneering work there are 2c-buildings. Our
classification splits the whole city into parallel avenues, running west to east. At
the centre is the 0th avenue, housing all the small von Neumann algebras. There
are 2c avenues, each one labelled by an element of the semigroup. Intersecting the
avenues are streets running north to south. One of these streets is that where all
the small commutative algebras are to be found. Many other streets remain to be
explored before a complete map of the city can be made.
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